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DISCRETE MECHANICS AND OPTIMAL CONTROL: AN ANALYSIS*

SINA OBER-BLOBAUM!, OLIVER JUNGE? AND JERROLD E. MARSDEN?

Abstract. The optimal control of a mechanical system is of crucial importance in many application
areas. Typical examples are the determination of a time-minimal path in vehicle dynamics, a minimal
energy trajectory in space mission design, or optimal motion sequences in robotics and biomechanics.
In most cases, some sort of discretization of the original, infinite-dimensional optimization problem has
to be performed in order to make the problem amenable to computations. The approach proposed in
this paper is to directly discretize the variational description of the system’s motion. The resulting
optimization algorithm lets the discrete solution directly inherit characteristic structural properties
from the continuous one like symmetries and integrals of the motion. We show that the DMOC
(Discrete Mechanics and Optimal Control) approach is equivalent to a finite difference discretization of
Hamilton’s equations by a symplectic partitioned Runge-Kutta scheme and employ this fact in order
to give a proof of convergence. The numerical performance of DMOC and its relationship to other
existing optimal control methods are investigated.
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INTRODUCTION

In order to solve optimal control problems for mechanical systems, this paper links two important areas of
research: optimal control and variational mechanics. The motivation for combining these fields of investigation is
twofold. Besides the aim of preserving certain properties of the mechanical system for the approximated optimal
solution, optimal control theory and variational mechanics have their common origin in the calculus of variations.
In mechanics, the calculus of variations is also fundamental through the principle of stationary action; that is,
Hamilton’s principle. When applied to the action of a mechanical system, this principle yields the equations of
motion for that system — the Euler-Lagrange equations. In optimal control theory the calculus of variations also
plays a fundamental role. For example, it is used to derive optimality conditions via the Pontryagin mazximum
principle. In addition to its importance in continuous mechanics and control theory, the discrete calculus of
variations and the corresponding discrete variational principles play an important role in constructing efficient
numerical schemes for the simulation of mechanical systems and for optimizing dynamical systems.
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Discrete optimal control and discrete variational mechanics. The theory of discrete variational me-
chanics has its roots in the optimal control literature of the 1960s; see for example [14,33,34]. Specifically, [14]
developed a discrete calculus of variations theory in the following way: A function is introduced which depends
on a sequence of numbers, e.g. a sequence of times. A minimizing sequence necessarily satisfies a second-order
difference equation, which is called the discrete Euler equation in reminiscence of its similarity with the Euler
equation of the classical calculus of variations. An application of the discrete calculus of variations to an op-
timal control problem leads to a so called direct solution method. In this, one transforms the optimal control
problem into a finite dimensional equality constrained nonlinear optimization problem wia a finite dimensional
parameterization of states and controls. In contrast, indirect methods (see Sect. 2.3 for an overview) are based
on the explicit derivation of the necessary optimality conditions via the Pontryagin maximum principle.

On the other hand, the theory of discrete variational mechanics describes a variational approach to discrete
mechanics and mechanical integrators. The application of a discrete version of Hamilton’s principle results in
the discrete Euler-Lagrange equations. Analogous to the continuous case, near conservation of discrete energy,
discrete momentum maps related to the discrete system’s symmetries and the discrete symplectic form can be
shown. This is due to the discretization of the variational structure of the mechanical system directly. Early
work on discrete mechanics was often independently done by [15,50,51,58,60-62]. In this work, the role of the
discrete action sum, the discrete Euler-Lagrange equations and the discrete Noether’s theorem were clearly
understood. The variational view of discrete mechanics and its numerical implementation is further developed
in [85,86] and then extended in [5,6,38,39,66,67]. The route of a variational approach to symplectic-momentum
integrators has been taken by [59,80]; see the review by [64] and references therein. In this review a detailed
derivation and investigation of these variational integrators for conservative as well as for forced and constrained
systems is given.

Combining optimal control and variational mechanics. The present paper concerns the optimal control
of dynamical systems whose behavior can be described by the Lagrange-d’Alembert principle. To numerically
solve this kind of problem, we make use of the discrete calculus of variations only, that means we apply the
discrete variational principle on two layers. On the one hand we use it for the description of the mechanical
system under consideration, and on the other hand for the derivation of necessary optimality conditions for
the optimal control problem. The application of discrete variational principles already on the dynamical level
(namely the discretization of the Lagrange-d’Alembert principle) leads to structure-preserving time-stepping
equations which serve as equality constraints for the resulting finite dimensional nonlinear optimization problem.
The benefits of variational integrators are handed down to the optimal control context. For example, in the
presence of symmetry groups in the continuous dynamical system, also along the discrete trajectory the change
in momentum maps is consistent with the control forces. Choosing the objective function to represent the
control effort, which has to be minimized is only meaningful if the system responds exactly according to the
control forces.

Related work. A survey of different methods for the optimal control of dynamical systems described by
ordinary differential equations is given in Section 2.3. However, to our knowledge, DMOC is the first approach to
solutions of optimal control problems involving the concept of discrete mechanics to derive structure-preserving
schemes for the resulting optimization algorithm. Since our first formulations and applications to space mission
design and formation flying [35-37,71], DMOC has been applied for example to problems from robotics and
biomechanics [40,46,47,68,73,78] and to image analysis [69]. From the theoretical point of view, considering
the development of variational integrators, extensions of DMOC to mechanical systems with nonholonomic
constraints or to systems with symmetries are quite natural and have already been analyzed in [46,47]. Further
extensions are currently under investigation, for example DMOC for hybrid systems [73] and for constrained
multi-body dynamics (see [56,57,71]). DMOC related approaches are presented in [52,53]. The authors discretize
the dynamics by a Lie group variational integrator. Rather than solving the resulting optimization problem
numerically, they construct the discrete necessary optimality conditions wvia the discrete variational principle
and solve the resulting discrete boundary value problem (the discrete state and adjoint system). The method is
applied to the optimal control of a rigid body and to the computation of attitude maneuvers of a rigid spacecraft.
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Outline. In Sections 1.1 and 1.2 we introduce the relevant concepts from classical variational mechanics and
discrete variational mechanics following the work of [64]. Especially, we focus on the Lagrangian and Hamiltonian
description of control forces for the established framework of variational mechanics. Definitions and concepts of
the variational principle, the Legendre transform, and Noether’s theorem are readopted for the forced case in
both the continuous as well as the discrete setting. In Sections 2.1 and 2.2 we combine concepts from optimal
control and discrete variational mechanics to build up a setting for the optimal control of a continuous and
a discrete mechanical system, respectively. Section 1.3 describes the correspondence between the continuous
and the discrete Lagrangian system as basis for a comparison between the continuous and the discrete optimal
control problems in Section 2.3: We link both frameworks viewing the discrete problem as an approximation of
the continuous one. The application of discrete variational principles for a discrete description of the dynamical
system leads to structure-preserving time-stepping equations. Here, the special benefits of variational integrators
are handed down to the optimal control context. These time-stepping equations serve as equality constraints
for the resulting finite dimensional nonlinear optimization problem, therefore the described procedure can be
categorized as a direct solution method. Furthermore, we show the equivalence of the discrete Lagrangian
optimal control problems to those resulting from Runge-Kutta discretizations of the corresponding Hamiltonian
system. This equivalence allows us to construct and compare the adjoint systems of the continuous and the
discrete Lagrangian optimal control problem. In this way, one of our main results is related to the order of
approximation of the adjoint system of the discrete optimal control problem to that of the continuous one. With
the help of this approximation result, we show that the solution of the discrete Lagrangian optimal control
system converges to the continuous solution of the original optimal control problem. The proof strategy is
based on existing convergence results of optimal control problems discretized via Runge-Kutta methods [21,28].
Section 3.1 gives a detailed description of implementation issues of our method. Furthermore, in Section 3.2
we numerically verify the preservation and convergence properties of DMOC and the benefits of using DMOC
compared to other standard methods to the solution of optimal control problems.

1. MECHANICAL SYSTEMS WITH FORCING AND CONTROL

1.1. Variational mechanics

Our aim is to optimally control Lagrangian and Hamiltonian systems. For the description of their dynamics,
we introduce a variational framework including external forcing resulting from dissipation, friction, loading and
in particular control forces. To this end, we extend the notions in [64] to Lagrangian control forces.

Forced Lagrangian systems. Consider an n-dimensional configuration manifold @ with local coordinates
q=(q',...,q"), the associated state space given by the tangent bundle T'Q and a C* Lagrangian L : TQ — R,
k > 2. Given a time interval [0, T], we consider curves ¢ in the path space C*'([0,T],Q)* and the action map
& : ([0, T],Q) — R,

8(q) = / Lq(t). 4(t)) dt. (L1)

To define control forces for Lagrangian systems, we introduce a control manifold U C R™ and define the
control path space L*°([0,T],U) with u(t) € U also called the control parameter®. With this notation we
define a Lagrangian control force as a map fr : TQ x U — T*(@, which is given in coordinates as fr, :
(q,q,u) — (¢, fr(q,q,u)), where we assume that the control forces can also include configuration and velocity
dependent forces resulting e.g. from dissipation and friction. We interpret a Lagrangian control force as
a family of Lagrangian forces that are fiber-preserving maps f¥ : TQ — T*Q over the identity idgF, i.e. in
coordinates f}' : (¢,4) — (q, f}'(¢,¢)). Whenever we denote fr.(g,q,u) as a one-form on T'Q, we mean the family

4CL1([0,T), Q) is the space of functions q : [0, T] — Q which are continuously differentiable on (0, T) and whose first derivative
is Lipschitz continuous on [0, TJ.

51°%¢ denotes the space of essentially bounded, measurable functions equipped with the essential supremum norm.

6A map ¢ : T*S — T*Q is called fiber preserving if fong = mg o »~1 with T T*Q — Q, s : T*S — S the canonical
projections and where f: Q — S is defined by f = ¢~ 1|Q.
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of horizontal one-forms f}(q, ¢) on T'Q induced by the family of fiber-preserving maps f. Given a control path
u € L>=([0,T],U), the Lagrange-d’Alembert principle seeks curves g € C*1([0,T], Q) satisfying

T T
5 / Lq(t), d(t)) dt + / Fola(),d(t), u(t)) - Sq(t) dt = 0, (1.2)
0 0

where 0 represents variations vanishing at the endpoints. The second integral in (1.2) is the virtual work acting
on the mechanical system wia the force fr. Integration by parts shows that this is equivalent to the forced

FEuler-Lagrange equations
oL d /0L
94 (@:4) — 5 (aq (q,q)) + fr(a, ¢, u) (1.3)

These equations implicitly define a family of forced Lagrangian vector fields X3 : TQ x [0,T] — T(T'Q) and
associated forced Lagrangian flows F}' : TQ x [0,T] — TQ (u € L*([0,T],U) fixed).

Remark 1.1. We distinguish between two notations: When we fix © € U we always consider a family of
Lagrangian control forces f}'. As soon as we consider evolutions given by differential equations or integrals,
instead of fixing only one u € U, we fix an entire curve v € L>°([0, T], U), such that for each time ¢ we use the
force fr that corresponds to fr(q(t),q(t),u(t)). In particular, by fixing a control path uw € L*([0,T],U) we
obtain a non-autonomous system whose evolution is also dependent on the initial time ¢g, such that the flow F}
would be defined on T'Q x [0, T]? rather than on T'Q x [0, T]. In the following we will fix the initial time to be
to = 0 so that we do not need to keep track on the initial time in the notation. This is no restriction since we
consider all possible control paths w € L>([0, T],U).

The one-form ©f on T'Q given in coordinates by O = qui dq’ is called the Lagrangian one-form, and the

Lagrangian symplectic form Qp = dOp is given in coordinates by Q.(q, ¢) = 827,26’:{# d¢* Adg? + %dq’i Adg?.

Recall that in the absence of forces, the Lagrangian symplectic form is preserved under the Lagrangian flow [64].

Forced Hamiltonian systems. Consider an n-dimensional configuration manifold (), and define the phase
space to be the cotangent bundle 7%@Q. The Hamiltonian is a function H : T*Q — R. We will take local
coordinates on T*Q to be (q,p) with ¢ = (¢%,...,q") and p = (p1,...,pn). Define the canonical one-form ©
on T%Q by O(py) - up, = (Pgs Trg - Up,), Where p, € T*Q, up, € T, (T*Q), g : T*Q — Q is the canonical
projection, Tr, : T(T*Q) — TQ is the tangent map of mg and (:,-) denotes the natural pairing between
vectors and covectors. In coordinates, we have ©(q,p) = p;dg‘. The canonical two-form Q on T*Q is defined
to be © = —dO, which has the coordinate expression (q,p) = dq¢* A dp;. A Hamiltonian control force is
amap fg : T7Q x U — T*(Q identified by a family of fiber preserving maps f : T7Q — T7Q over the
identity. Given such a control force, we define the corresponding family of horizontal one-forms f}; on T*Q
by (fi) (pq) - wp, = (f11(Pq): Trq - wp,). This expression is reminiscent of the canonical one-form © on T*Q,
and in coordinates it reads (f%)'(¢,p) - (0q,0p) = f(q,p) - q. For a given curve u € L*([0,T],U), the forced
Hamiltonian vector field X7 is now defined by the equation ixy 2 =dH — (f#) and in coordinates this gives
the well-known forced Hamilton’s equations

OH OH

which are the standard Hamilton’s equations in coordinates with the forcing term added to the momentum
equation. This defines the forced Hamiltonian flow Fyy : T*Q x [0, T] — T*Q of the forced Hamiltonian vector
field X3 = (X, X)) (u € L=([0,T],U) fixed).
The Legendre transform with forces. Given a Lagrangian L, we can take the standard Legendre transform
FL:TQ — T*Q defined by

d

FL(vg) - wg = Qe L(vg + €wg),
e=0
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where vy, w, € T,Q, and which has coordinate form FL : (¢,¢) — (q,p) = (¢,0L/0d(q,q)), and relate
Hamiltonian and Lagrangian control forces by f}' = f}; o FL. If we also have a Hamiltonian H related to L by
the Legendre transform as H(q,p) = FL(q,q) - ¢ — L(q, ¢), then the forced Euler-Lagrange equations and the
forced Hamilton’s equations are equivalent. That is, if X7 and X7 are the forced Lagrangian and Hamiltonian
vector fields, respectively, then (FL)*(X}) = X¥, cf. [64].

Noether’s theorem with forcing. A key property of Lagrangian flows is their behavior with respect to group
actions. Assume a Lie group G with Lie algebra g acts on @ by the (left or right) action ¢ : G x Q — Q.
Consider the tangent lift of this action to ¢79 : G x T'Q given by <Z)§Q(vq) = T(¢g) - v4. For & € g the
infinitesimal generators g @ Q@ — TQ and &g : TQ — T(T'Q) are defined by £g(q) = dig (pg(q)) - € and
Erg(vg) = (f—g (d)gQ(vq)) - ¢, and the Lagrangian momentum map Jr, : TQ) — g* is defined to be Jr(vq) - £ =
Or-&{rq(vg). If the Lagrangian is nvariant under the lift of the action, that is we have LoqbZQ =Lforallge G
(we also say, the group action is a symmetry of the Lagrangian), the Lagrangian momentum map is preserved
of the Lagrangian flow in the absence of external forces. We now consider the effect of forcing on the evolution
of momentum maps that arise from symmetries of the Lagrangian. In [64] it is shown that the evolution of the
momentum map from time 0 to time T is given by the relation

(320 (F)") (a(0), 4(0)) — T1(a(0), 4 / Ji(a(0),4(1)) - Eala(t)) dt (1.5)

Equation (1.5) shows, that forcing will generally alter the momentum map. However, in the special case that
the forcing is orthogonal to the group action, the above relation shows that Noether’s theorem will still hold.

Theorem 1.2 (forced Noether’s theorem). Consider a Lagrangian system L : TQ — R with control forcing
frL:TQxU — T*Q such that the Lagrangian is invariant under the lift of the (left or right) action ¢ : GXQ — @
and (fi'(q,4),80(q)) = 0 for all (¢,4) € TQ, u € U and all £ € g. Then the Lagrangian momentum map
Jr : TQ — g* will be preserved by the flow, such that Jg o (Fg)t =J, for all t.

1.2. Discrete mechanics

The discrete Lagrangian. Again we consider a configuration manifold @, and define the (“discrete”) state
space to be @ x . Rather than considering a configuration ¢ and velocity ¢ (or momentum p), we now
consider two configurations ¢o and ¢, which should be thought of as two points on a curve ¢ which are a
time step h > 0 apart, i.e. go = ¢(0) and ¢1 ~ ¢(h). The manifold @ x @ is locally isomorphic to TQ) and
thus contains the same amount of information. A discrete Lagrangian is a function Ly : @ x @ — R, which
we think of as approxunatlng the action integral along the exact solution curve segment g between gg and g¢;:
La(qo,q1) fo (t)) dt. We consider the grid {t, = kh |k =0,...,N}, Nh =T, and define the discrete
path space Pq(Q ) = {qd At Y, — Q}. We will identify a dlscrete trajectory qa € Pq(Q) with its image
qa = {qr }2_,, where qx = qq(tx). The discrete action map &4 : Pq(Q) — R along this sequence is calculated by
summing the discrete Lagrangian on each adjacent pair and defined by &,4(qq) = Z,ivz_ol La(qk, qit1). As the
discrete path space Py is isomorphic to @ x ... x @ (N + 1 copies), it can be given a smooth product manifold
structure. The discrete action &, inherits the smoothness of the discrete Lagrangian L;. The tangent space
T,.Pa(Q) to Pa(Q) at gq is the set of maps vy, : {tx}2_, — TQ such that 7, o vy, = g4, which we will denote
by vg, = {(qk,vk) . To complete the discrete setting for forced mechanical systems, we present a discrete
formulation of the control forces introduced in the previous section. Since the control path u : [0, T] — U has
no geometric interpretation, we have to find an appropriate discrete formulation to identify a discrete structure
for the Lagrangian control force.

Discrete Lagrangian control forces. Analogous to the replacement of the path space by a discrete path
space, we replace the control path space by a discrete one. To this end we consider a refined grid At, generated
via a set of control points 0 < ¢; < ... <cy <1as At = {tge =tp +coh|k=0,...,N—1,£=1,...,s}. With
this notation the discrete control path space is defined to be Py(U) = {uq : At — U}. We define the intermediate
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control samples uy, on [ty tg+1] as ug = (g1, ..., urs) € U® to be the values of the control parameters guiding
the system from g = qq(tx) to qr+1 = qa(tx+1), where ugy = ug(ty) for I € {1,...,s}. With this definition of
the discrete control path space, we take two discrete Lagrangian control forces fj, fqg 1 @xQxU°* —T7Q,
given in coordinates as

I @y oy wn) = (G £ (@ @, we)) s Fr (@ @t wn) = (aes £ (@ @1 ur)) (1.6)

also called left and right discrete forces”. Analogously to the continuous case, we interpret the two discrete

Lagrangian control forces as two families of discrete fiber-preserving Lagrangian forces f;““’i QxQ —T*Q
in the sense that mg o ;“"i = 775 with fixed ux € U® and with the projection operators 7r5 QX Q — Q,

(qk, Qk+1) — Qr+1 and To 1@ xQ —Q, (qks Qr+1) — qx. We combine the two discrete control forces to give a
single one-form f;* : Q x Q@ — T*(Q x Q) defined by

L5 (@ qit1) - 0@, 0qr1) = £ (@ 1) - 0qis1 + £ (Qhos Q1) - O, (1.7)

where fa(qr, qr+1,ur) denotes the family of all one-forms f;*(qx, gr+1) with fixed up € U®. To simplify the
notation we denote the left and right discrete forces by f,;t = fét(qk,qk_i_l,lbk), respectively, and the pair
consisting of both by fr = fa(qk,qrr1,ur). We interpret the left discrete force f,:r_l (and right discrete
force f, , respectively) as the force resulting from the continuous control force acting during the time span
[tk—1,tx] (during the time span [t,tr41], respectively) on the configuration node gj.

The discrete Lagrange-d’Alembert principle. As with discrete Lagrangians, the discrete control forces
also depend on the time step h, which is important when relating discrete and continuous mechanics. Given
such forces, we modify the discrete Hamilton’s principle, following [39], to the discrete Lagrange-d’Alembert
principle, which seeks discrete curves {qk}kN:O that satisfy

N—-1 N—-1

0 Z L (qr, qe+1) + Z [fo (ks @1y ue) - 0ak + [ (Qrs Qrsrs k) - 6qrs1] =0 (1.8)
k=0 =0

for all variations {6qk}kN:O vanishing at the endpoints. This is equivalent to the forced discrete Euler-Lagrange
equations

DoLa (qi—1,qx) + D1La (qr, qes1) + £ (@h—1s gy wk—1) + f7 (@, @1 ux) =0, k=1,...,N—1. (1.9)

These equations implicitly define the forced discrete Lagrangian map Fg:’l’u’“ QX Q — Q x Q for fixed
controls uk—1,ux € U®, mapping (qx—1,qk) to (¢k, gk+1). The discrete Lagrangian one-forms @}:d and © are
in coordinates @Jer(QOa ¢1) = D2L4(qo,q1)dgr and Or, (go,q1) = —D1L4(qo, q1)dgo. In the absence of external
forces, the discrete Lagrangian maps inherit the properties of symplectic preservation from the continuous
Lagrangian flows. That means the discrete Lagrangian symplectic form Qr,, = d@L =dOy (see [64] for the
coordinate expression) is preserved under the discrete Lagrangian map as (Fr,)*(Qr,) = Qr,, if no external
forcing is present.

The discrete Legendre transforms with forces. Although in the continuous case we used the standard
Legendre transform for systems with forcing, in the discrete case it is necessary to take the forced discrete
Legendre transforms

F/*La: (g0, q1,u0) = (q1.p1) = (@1, D2La (90, 1) + fif (00,91, w0)) , (1.10a)
F/~Lq: (g0, q1,u0) — (g0,p0) = (90, —D1La (g0, q1) — f; (g0, q1,0)) - (1.10b)

"Observe that the discrete control force is now dependent on the discrete control path.
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Again, we denote with F/ iLSO the forced discrete Legendre transforms for fixed controls ug € U®. Using these
definitions and the forced discrete Euler-Lagrange equations (1.9), we can see that the corresponding forced
discrete Hamiltonian map FEZ = IE‘JHELZJ;1 o F}f;“l o (IE‘JHELZ”)*1 is given by the map FEZ : (qo,po) — (q1,p1),
where
po=—D1La(qo0,q1) — £ (0. q1) =DaLq (g0, q1) + 57" (g0, q1) , (1.11)
which is the same as the standard discrete Hamiltonian map with the discrete forces added.
As in [64] one can show that the following two definitions of the forced discrete Hamiltonian map

Fo = BFEpu o Fpo o (FIELS0) T, Fpo = /L% o (F/-Lu0) (1.12)

are equivalent with coordinate expression (1.11). Thus from the second expression in (1.12) it becomes clear,
that the forced discrete Hamiltonian map that maps (qo,po) to (g1, p1) depends on ug only.

The discrete Noether theorem with forcing. As in the unforced case, we can formulate a discrete version
of the forced Noether’s theorem (for the derivation see for example [64]). To this end, the discrete momentum
map in presence of forcing is defined as

I (g0, @) - €= FIHLY (q0.01) o (1)), L, (g0, 1) - € = (FT LY (q0,01) & (90))-

The evolution of the discrete momentum map is described by

MZ

[Jﬁ ° (Ffj) J{d} 90, q1) " (aks r+1) - €@x@ (Q, Qrr1) - (1.13)

k=0

Again, in the case that the forcing is orthogonal to the group action we have the unique momentum map
J] :QxQ — g* and it holds:

Theorem 1.3 (forced discrete Noether’s theorem). Consider a discrete Lagrangian system Lg : Q x Q — R with
discrete control forces fj, fq 1@ xQxU* —=T7Q such that the discrete Lagrangian is invariant under the lift
of the (left or right) action ¢ : G x Q — Q and (f}*,{oxq) =0 for all{ € g and u, € U®, k € {0,...,N —1}.
Then the discrete Lagrangian momentum map Jﬁd 1 Q X Q — g" will be preserved by the discrete Lagrangian

evolution map, such that J{d o F}j:’“’““ = J{d.

1.3. The discrete vs. the continuous Lagrangian systems

In this section, we relate the continuous and the discrete Lagrangian system. First, along the lines of [64],
we define expressions for the discrete mechanical objects that exactly reflect the continuous ones. Based on
the exact discrete expressions, we determine the order of consistency concerning the difference between the
continuous and the discrete mechanical system.

Exact discrete Lagrangian and forcing. Given a regular Lagrangian L : TQ) — R and a Lagrangian control
force fr, : TQ x U — T*Q, we define the exact discrete Lagrangian LdE 1@ X Q xR — R and the exact discrete
control forces ff"’, fi7:QxQxL>®(0,h,U) x R —T*Q to be

h h
L o) = [ La0.0) dte 5 (o) = [ G0,d0.00) - Gt (1.14a)
ffL (g0, q1, 10, h) :/0 fr(q(®),q(t),u(t)) - ag;z) dt, (1.14b)

with u, € L*°([kh, (k + 1)h],U) and where ¢ : [0,h] — @ is the solution of the forced Euler-Lagrange equa-
tions (1.3) with control function w : [0,h] — U for L and f;, satisfying the boundary conditions ¢(0) = ¢
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FE%AH
(90, q1) | . (q1,92)
f—r1E w0 f+ 7 Eu0
]F Ld F Ld ]Ff_LdE’u] f+Lf’ul
(g0, p0) ¥ o 0 (q1,p1) b — — (q2,p2)
F = () By = (Fj7)
FL IB‘L FL
(90, Go) | (Fuo)h (q1,q1) | (Ful)h (92, G2)
L L

FiGURE 1. Correspondence between the exact discrete Lagrangian and forces and the contin-
uous forced Hamiltonian flow.

and ¢(h) = q1. Observe, that the exact discrete control forces depend on an entire control path in contrast to
the continuous control forces. Consequently, the exact forced discrete Legendre transforms are given by

F*LEY (g0, q1,10,h) = (¢1, D2LE (g0, a1, h) + £ (q0, a1, 0, 1))
Ff*Lg (qm(h;an h) = (QO, 7D1Lg‘ (qm‘ha h) - de_ (QOaQIvu(Ja h)) .

As in Section 1.2 FfiLdE’u’“ (qk, qk+1) and ff’u’“’i(qk, gr+1) denote the exact discrete forces and the exact forced
discrete Legendre transforms for a fixed u, € L°([kh, (k + 1)h],U). As in [64] (Lem. 1.6.2) by taking the
presence of control forces into account we obtain that a regular Lagrangian L and the corresponding exact
discrete Lagrangian LY have Legendre transforms related by

Ff—i_Lc? (q07 q1,Uo, h) =FL (qO,l(h)a 40,1(]1)) B IFf_IJdE (QOa q1,Uo, h) =FL (QO,1(0)7 q'O,l(O)) 5

for sufficiently small h and close qo, g1 € ). Here ¢g,1 denotes the solution of the corresponding Euler-Lagrange
equations with ¢(0) = qo, g(h) = ¢1. This also proves that exact discrete Lagrangians are automatically regular.

Combining this result with the relations (1.12) gives the commutative diagram shown in Figure 1 for the
exact discrete Lagrangian and forces. The diagram also clarifies the following observation, that was already
proved in [64] (Thm. 1.6.3) for unforced systems and can now be established for the forced case as well: consider
the pushforward of both, the continuous Lagrangian and forces and their exact discrete Lagrangian and discrete
forces to T*(Q), yielding a forced Hamiltonian system with Hamiltonian H and a forced discrete Hamiltonian

map F 223’ respectively. Then, for a sufficiently small time step h € R, the forced Hamiltonian flow map equals

the pushforward discrete Lagrangian map: (F}f,")h = FE"E
d

Order of consistency. In the previous paragraph we observed that the exact discrete Lagrangian and forces
generate a forced discrete Hamiltonian map that exactly equals the forced Hamiltonian flow of the continuous
system. Since we are interested in using discrete mechanics to reformulate optimal control problems, we generally
do not assume that Ly and L or H are related by (1.14). Moreover, the exact discrete Lagrangian and exact
discrete forces are generally not computable. In this section we determine the error we obtain by using discrete
approximations for the Lagrangian and the control forces and make use of the concept of variational error
analysis (introduced in [64]). In this context, it is considered how closely a discrete Lagrangian matches the
exact discrete Lagrangian given by the action. Thus, a given discrete Lagrangian Ly is of order r, if for a fixed
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curve u € L>([0,T],U) there exist an open subset V,, C T'Q) with compact closure and constants C,, > 0 and
h, > 0 such that

|Ld(Q(0)a Q(h)a h) - Lg(‘](o)a Q(h)a h)| < thr+1 (115>
for all solutions ¢(t) of the forced Euler-Lagrange equations with initial condition (¢°,¢°) € V, and for all
h < h,, were we assume @ to be a normed vector space equipped with the norm || - ||. For forced systems,

we additionally take into account how closely the discrete forces match the exact discrete forces: Analogously,

we define that a given discrete force f;“”i and the discrete Legendre transforms FYL° and F~L}" of a dis-

crete Lagrangian Ly are of order r, if we have Hff;"’i(q(O),q(h),h) - f’uo’i(q(O),q(h),h)H < Cph™* and
[FELY ((0), g(R), h) — FELE™(q(0), g(R), h)|| < Cph™*" for existing open subsets V,,, V; C TQ with com-
pact closure and constants C,,C¢ > 0 and hy,hy > 0 as above, respectively, and with fixed vy € U® and
ug € L*°([0,R],U).

To give a relationship between the orders of a discrete Lagrangian, discrete forces, the forced discrete Legendre
transforms, and their forced discrete Hamiltonian maps, we define that L is equivalent to L? if their discrete
Hamiltonian maps are equal. For the forced case, we say analogously, that for fixed uy € U® the discrete pair

(L1, ;’“’1) is equivalent to the discrete pair (L2, ;’“’2) if their forced discrete Hamiltonian maps are equal,

such that Fgg = Fgg. With 't = F/HLY" o (FF-LYM)~1, it follows that if (LY, f2*') and (L2, f3*?)
are equivalent, then their forced discrete Legendre transforms are equal. Thus, equivalent pairs of discrete
Lagrangians and control forces generate the same integrators. As in [64] (Thm. 2.3.1) and [72] we get the

following equivalent statements:

(i) the forced discrete Hamiltonian map for (L, Zl““’i) is of order 7;

(ii) the forced discrete Legendre transforms of (Lg, Zl““’i) are of order r; (1.16)
(iii) (Lg, g’“’i) is equivalent to a pair of discrete Lagrangian and discrete forces, both of order r.

Note that, given a discrete Lagrangian and discrete forces, their order can be calculated by expanding the
expressions for Lq(q(0),q(h),h) and f;’“’i in a Taylor series in h and comparing these to the same expansions
for the exact Lagrangian and the exact forces, respectively. If the series agree up to r terms, then the discrete
objects are of order 7.

2. OPTIMAL CONTROL OF A MECHANICAL SYSTEM

2.1. The continuous setting

On the configuration space () we consider a mechanical system described by a regular Lagrangian L : T'Q) — R.
Additionally, assume that a Lagrangian control force acts on the system and is defined by a map fr, : TQ xU —
T*Q with fr, : (q,¢,u) — (q, fr(q,¢,u)) and u : [0, T] — U, the time-dependent control parameter. Note that
the Lagrangian control force may include both dissipative forces within the mechanical system and external
control forces resulting from actuators steering the system.

The Lagrangian optimal control problem. We now consider the following optimal control problem: During
the time interval [0, 7], the mechanical system described by the Lagrangian L is to be moved on a curve ¢ from
an initial state (g(0),4(0)) = (¢°,4¢°) € TQ to a final state. The motion is influenced via a Lagrangian control
force fr, with control parameter u such that a given objective functional

J(q,u) = / C (g(t), 4(), u(®)) dt + @ (g(T), d(T)) (2.1)

is minimized. Here C': TQxU — Rand ® : TQ — R (Mayer term) are continuously differentiable cost functions.
The final state (¢(T),§(T)) is required to fulfil a constraint r(q(T),¢(T),q",¢") =0 with r : TQ x TQ — R™"
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and (¢1,¢") € TQ given. The motion of the system is to satisfy the Lagrange-d’Alembert principle, which
requires that

5 / (1)) dt + / fr (a(t), d(t), u(t)) - 6q(t) dt = 0 (2.2)

for all variations g with d¢(0) = d¢(T) = 0. In many cases, one encounters additional constraints on the states
and controls given by h(q(t), ¢(t),u(t)) > 0 with h : TQ x U — R™ where V > 0 for vectors V € R™ holds
componentwise. To summarize, we are faced with the following:

Problem 2.1 (Lagrangian optimal control problem (LOCP)).

qEClvl([O,T},g;,igeLOO([O,T},U) (g w) (2.32)
T T
subject to & / Liq(t). 4(8)) dt + / Fo(a(®), d(t), u(t)) - Sq(t) dt =0, (2.3b)
(4(0),4(0)) = (¢°,4"), (2.3c)
h(a(t),q(t),u(t)) = 0, te[0,T], (2.3d)
T(Q(T)a Q(T)a qu qT) =0. (236)

The interval length T may either be fixed, or appear as degree of freedom in the optimization problem.

Definition 2.2. A curve (q,u) € CH1([0,T],Q) x L>=([0,T],U) is feasible, if it fulfills the constraints (2.3b)—
(2.3e). The set of all feasible curves is the feasible set of Problem 2.1. A feasible curve (¢*,u*) is an optimal
solution of Problem 2.1, if J(¢*,u*) < J(q,u) for all feasible curves (¢,u). An feasible curve (¢*,u*) is a local
optimal solution, if J(¢*,u*) < J(g,u) in a neighborhood of (¢*,u*). The function ¢* is called (locally) optimal
trajectory, and u* is the (locally) optimal control.

The Hamiltonian optimal control problem. We now formulate the problem using the Hamiltonian variant
for the system dynamics. This is equivalent to the Lagrangian formulation as we have seen in Section 1.1 on
the Legendre transform with forces. For a set R = {(¢,q4) € TQ | g(q,¢) > 0} determined via a constraint g :
TQ — R"™ on T'Q we obtain the corresponding set in the cotangent bundle as R = {(¢,p) € T*Q | 4(q,p) > 0}
with g = g o (FL)~!. Analogously, we define J, C, &, h, and 7 such that the optimal control problem in the
Hamiltonian formulatlon reads as follows:

Problem 2.3 (Hamiltonian optimal control problem (HOCP)).

%gj(q,p,U) =, C(q(t),p(t), u(t)) dt + S(q(T),p(T)) (2.4a)

subject to q(t) = V,pH(q(t),p(t)), (2.4b)
p(t) = —VgH(q(t),p(t)) + fu(q(t), p(t), u(t)), (2.4c)

(a(0),p(0)) = (a°,2°), (2.4d)
h(q(t),p(t),u(t)) > 0, tel0,T] (2.4e)
#(q(T),p(T),q",p") = 0, (2.4f)

where (¢T,pT) = FL(¢T,¢"%), p(0) = q 0.4%) and ® = ® o (FL)~! etc., and the
minimization is over ¢ € CH1([0, T], Q) = W2°([0,T],Q), p € W1>([0,T], T;Q) and u € L>([0, T],U).
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Necessary optimality conditions. In this paragraph, we derive necessary conditions for the optimality of
a solution (z*,u*) with z = (¢,p) to Problems 2.1 and 2.3. Since we need (z*,u*) € W2°([0, T],T*Q) x
Wtee([0,T],U) later on we use the same smoothness assumption for the derivation. In addition, we restrict
ourselves to the case of problems with the controls pointwise constrained to the (nonempty) set U = {u €
R™ | h(u) > 0} and fixed final time T. With f(z,u) = (V,H(q,p), —V,H(q,p)+ fu(q,p, u)) we can rewrite (2.4)
as

2eW?2,%0([0,T],T*Q)
uew 1,90 ([0,T],U)

min  J(wu) = /O C(a(t), u(t)) dt + B(x(T)) (2.5)

subject to @ = f(x,u), #(0) = z0, u(t) € U for t € [0,T] and #(x(T),27) = 0. Necessary conditions for
optimality of solution trajectories n(-) = (z(-),u(-)) can be derived based on variations of an augmented cost
function, the Lagrangian of the system:

L(n,A) = /0 Cla(t),u(t) + AT (1) - (& — f(a(t), ult)) dt + @(z(T)), (2.6)

where A € W2°°([0, T],R") is the adjoint variable or the costate. A point (n*,\*) is a saddle point of (2.6), if
L(n,\*) < L(n*,\*) < L(n*, ) for all n and X. The function H(z,u, \) := —C/(x,u) + AT - f(z,u) is called the
Hamiltonian of the optimal control problem. When setting variations of £ with respect to nn and A to zero, the
resulting Euler-Lagrange equations provide necessary optimality condition for the optimal control problem (2.5).
Formally, one obtains the following celebrated theorem (cf. [74]):

Theorem 2.4 (Pontryagin maximum principle). Let (z*,u*) € W2>([0,T],T*Q) x W1>([0,T],U) be an
optimal solution to (2.5). Then there exists a function A € W2°°([0, T],R"*) and a vector a € R™ such that

H(x*(t), u™ (), A(t)) = Igleaéc’}-[ (x(t),u,A(t)) tel0,T], (2.7a)

and A solves the following initial value problem:
AMT) =V, (2 (T)) — V& (:c* (T) ,:L'T) o, A=-V.H (", u*, \). (2.7b)

2.2. The discrete setting

For the numerical solution we need a discretized version of Problem 2.1. To this end we formulate an optimal
control problem for the discrete mechanical system described by discrete variational mechanics introduced in
Section 1.2. In Section 2.3 we show how the optimal control problem for the continuous and the discrete
mechanical system are related. To obtain a discrete formulation, we replace each expression in (2.3) by its
discrete counterpart in terms of discrete variational mechanics. As described in Section 1.2, we replace the state
space T'Q) of the system by @ x @ and a path ¢ : [0, T] — @ by a discrete path g4 : {0,h,2h,.... Nh =T} — Q
with gr = ga(kh). Analogously, the continuous control path w : [0, T] — U is replaced by a discrete control path
ug : At — U (writing ug, = (uq(kh + coh))i_, € U*).

The discrete Lagrange-d’Alembert principle. Based on this discretization, the action integral in (2.2)
is approximated on a time slice [kh, (k 4+ 1)h] by the discrete Lagrangian Lg : Q x Q — R, La(qk, qx+1) =~

k(:—H)h L(q(t),¢(t)) dt, and likewise the virtual work by the left and right discrete forces, f, - dqi + fif - dquy1 ~
k(:—H)h frlq(t),q(t),u(t)) - Sq(t) dt, where f, , fif € T*Q. As introduced in equation (1.8), the discrete version

of the Lagrange-d’Alembert principle (2.2) requires one to find discrete paths {gi }2_, such that for all variations
{8qi}_, with 6go = dgn = 0, one has the discrete Lagrange-d’Alembert principle (1.8), or, equivalently, the
forced discrete Euler-Lagrange equations (1.9).
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Boundary conditions. In the next step, we need to incorporate the boundary conditions ¢(0) = ¢°, ¢(0) = ¢°
and 7(q(T),§(T),qT,¢") = 0 into the discrete description. Those on the configuration level can be used as
constraints in a straightforward way as qo = ¢°. However, since in the present formulation velocities are
approximated in a time interval [tg,tr+1] (as opposed to an approximation at the time nodes), the velocity
conditions have to be transformed to conditions on the conjugate momenta. These are defined at each time
node using the discrete Legendre transform. The presence of forces at the time nodes has to be incorporated
into that transformation leading to the forced discrete Legendre transforms F/ ™ L, and F/* L, defined in (1.10).
Using the standard Legendre transform FL : TQ — T*Q, (q,q) — (¢,p) = (¢, D2L(q, ¢)) leads to the discrete

initial constraint on the conjugate momentum

D>L (¢°,4") 4+ D1La (g0, ¢1) + fy (g0, q1,u0) = 0. (2.8)

As shown in the previous section, we can transform the boundary condition from a formulation with configuration
and velocity to a formulation with configuration and conjugate momentum. Thus, instead of considering a
discrete version of the final time constraint » on T'(Q we use a discrete version of the final time constraint 7
on T*@Q. We define the discrete boundary condition on the configuration level to be rq : @ x Q xU* xTQ — R,

ra (av—1,qn un—1,q",4") =7 (F'*Lq (gv_1,an,un—1) . FL (¢7,¢")),

i.e. we used (qn,pn) = F/La(gy_1,qn,un_1) and (¢%,p") = FL(¢", "), that is py = DoLa(qn_1,qn) +
f;' (gn-1,qn,un—1) and pT = DaL(q", ¢1). Notice that for the simple final velocity constraint ¢(T) — ¢* =0,
we obtain for the transformed condition on the momentum level #(q(T), p(T), ¢, p") = p(T) — pT the discrete
constraint

— DsL(q",4") + DaLa(qn—1,qn) + f (av—1,qn,un—1) =0, (2.9)
which together with equation (2.8) constitute the boundary constraints on momentum level.

Discrete path constraints. Opposed to the final time constraint we approximate the path constraint in (2.3d)
on each time interval [ty,tr11] rather than at each time node. Thus, we maintain the formulation on the
velocity level and replace the continuous path constraint h(q(t),¢(t),u(t)) > 0 by a discrete path constraint
ha : Q x Q x U — R*™ which suitably approximate the continuous constraint pointwise (see Sect. 2.4) with
hd(QkanJrlvuk) >0, k= 0,.. '7N - L

Discrete objective function. Similar to the Lagrangian we approximate the objective functional in (2.1) on

the time slice [kh, (k + 1)h] by Ca(qr, Gr+1,ur) = k(:H)h C(q(t),q(t),u(t)) dt. Analogously to the final time
constraint, we approximate the final condition wvia a discrete version @4 : Q) x Q x U® — R yielding the discrete
objective function

N—1

Ja (qa,uq) = Z Ca (Qrs Qg1 ur) + P (gv-1, 9N, un—1) .

k=0
The discrete optimal control problem. In summary, after performing the above discretization steps, one
is faced with the following discrete optimal control problem.

Problem 2.5 (discrete Lagrangian optimal control problem).

min J, , U 2.10a

(qa,ua)EP(Q)xPg(U) d (Qd d) ( )

subject to g0 = ¢’ (2.10D)
DyL(¢°,4°) + DiLa (g0, @) + fo =0, (2.10c)

DoLa (qr-1,qk) + D1La (qks qes1) + fif 1+ fr =0, k=1,...,N—1, (2.10d)

ha (qr, qrs1,uk) >0, k=0,...,N —1, (2.10e)

Td (QN717QN;UN717quqT) =0. (210f)
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Recall that the f,;t are dependent on uy € U®. To incorporate a free final time T as in the continuous setting,
the step size h appears as a degree of freedom within the optimization problem. However, in the following
formulations and considerations we restrict ourselves to the case of fixed final time T and thus fixed step size h.
Special case: fixed boundary conditions. Consider the special case of a problem with fixed initial and final
configuration and velocities and without path constraints, i.e. consider Problem 2.1 without the constraint (2.3d)
and 7(q(T),¢(T)) = (¢(T) — ¢¥,¢(T) — ¢%). A straightforward way to derive initial and final constraints for
the conjugate momenta rather than for the velocities from the variational principle directly is stated in the
following proposition:

Proposition 2.6. With (¢°,p°) = FL(¢°,¢°) and (¢7,pT) = FL(¢",¢") equations (2.3b), (2.3c) and (2.3e)
are equivalent to the following principle with free initial and final variation and with augmented Lagrangian

T T
6 (/O L(q(t),4(t)) dt + p°(q(0) — ¢°) = p"(q(T) — qT)) +/O fola(t),(t), u(t)) - 6q(t) dt =0.  (2.11)

Proof. Variations of (2.3b) with respect to ¢ and zero initial and final variation dq(0) = d¢(T) = 0 together
with (2.3¢), (2.3e) yield

%%L(q(’f)vq’(ﬂ) - (%L(q(t),d(t)) = fr(a(t),q(t), u(t)), (2.12a)
q(0) = ¢°, 4(0) = ¢°, (T) =¢", 4(T) =¢". (2.12b)

On the other hand variations of (2.11) with respect to ¢ and A\ = (p°, pT) with free initial and final variation
lead to

5o L0 4(0) — 5 Lla0),0) = F1(a(0) d(0) ), (2130)
q(0) = ¢°, ¢(T) =47, (%L(q(tL q(t)) T pt, (%L(q(t% q(t)) L . (2.13b)

The Legendre transform applied to the velocity boundary equations in (2.12b) gives the corresponding momenta
boundary equations (2.13b). O

On the discrete level we derive the optimal control problem for fixed initial and final configurations and
velocities in an equivalent way. Thus, we consider the discrete principle with discrete augmented Lagrangian

N—-1 N—-1
5 (Z La (qr, qe1) +1° (00 — ¢°) —p" (av — qT)) + ) [fe dak + £ - dqria] =0, (2.14)
) =0

which, with free initial and final variation dqy and dqn, respectively, is equivalent to

N—-1 N—-1
0 Lalaraeer) + Y [fi - dax+ fi7 -daqpa] =0, (2.15a)
k=0 k=0
a0 =14" av =q", pP* + D1La(q0,q1) + f5 =0, =p* + DaLq(qn-1,qn) + fi_; =0, (2.15b)

where the third and fourth equations in (2.15b) are exactly the discrete initial and final velocity constraints
derived in the remark containing equation (2.9) with p® = DyL(¢", ¢") and p* = Dy L(q", 7).

We note that this derivation of the discrete initial and final conditions directly gives the same formulation
that we found before by first transforming the boundary condition on the momentum level T*Q and then
formulating the corresponding discrete constraints on @ x @ x U®.
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Necessary optimality conditions. The system (2.10) results in a constrained nonlinear optimization problem,
also called a nonlinear programming problem, that is an objective function has to be minimized subject to
algebraic equality and inequality constraints. Let £ be the set of parameters introduced by the discretization
of an infinite dimensional optimal control problem. Then, the nonlinear programming problem (NLP) to be
solved is

mgin ©(£), subject to a(&) =0, b(§) >0, (2.16)

where ¢ : R” — R, a: R” — R™, and b : R” — RP are continuously differentiable. We briefly summarize some
terminology: A feasible point is a point £ € R™ that satisfies a(§) = 0 and b(§) > 0. A (strict) local minimum
of (2.16) is a feasible point &* with ©(£*) < (&) (¢(£*) < ¢(§)) for all feasible points £ in a neighborhood of £*.
Active inequality constraints b**(§) at a feasible point & are those components b;(£) of b(§) with b;(&) = 0.
Subsuming the equality constraints and the active inequalities at a point £ (known as active set) in a combined
vector function gives the active constraints as a(€) := (a(€),b**(£)). The active set may be different at different
feasible points. Feasible points & that satisfy the condition that the Jacobian of the active constraints, Va(¢)7,
has full rank are denoted as regular points.

To investigate local optimality in the presence of constraints, we introduce the Lagrangian multiplier vectors
A€ R™ and p € RP, that are also called adjoint variables, and we define the Lagrangian function L by

LN 1) = (&) — ATa(&) — u"b(9). (2.17)

The following variant of the Karush-Kuhn- Tucker necessary conditions for local optimality of a point £* have
been derived first by Karush in 1939 [41] and independently by Kuhn and Tucker in 1951 [49]. For brevity, we
restrict our attention to regular points only.

Theorem 2.7 (Karush-Kuhn-Tucker conditions (KKT)). If a regular point £* € R™ is a local optimum of the
NLP problem (2.16), then there exist unique Lagrange multiplier vectors \* € R™ and p* € RP such that the
triple (£, \*, u*) satisfies the following necessary conditions:

VeL(E N0 ) =0, a(€)=0, bE)>0, p">0, pbi(€)=0, j=1,...,p.
A triple (€%, \*, u*) that satisfies these conditions is called a Karush-Kuhn-Tucker point (KKT point).

2.3. The discrete vs. the continuous problem

This section gives an interpretation of the discrete problem as an approximation to the continuous one. In
addition, we identify certain structural properties that the discrete problem inherits from the continuous one.
We determine the consistency order of the discrete scheme and establish a result on the convergence of the
discrete solution as the step size goes to zero.

The place of DM OC amongst solution methods for optimal control problems. In Figure 2 we present
schematically different discretization strategies for optimal control problems:

e In an indirect method, starting with an objective function and the Lagrange-d’Alembert principle we
obtain via two variations (the first for the derivation of the Euler-Lagrange equations and the second
for the derivation of the necessary optimality conditions) the Pontryagin maximum principle. The
resulting boundary value problem is then solved numerically, e.g. by gradient methods [11,16,17,43,70,
81], multiple shooting [7,12,18,24,32,42] or collocation [1,2,19].

e In a direct approach, starting form the Euler-Lagrange equations we directly transform the problem
into a restricted finite dimensional optimization problem by discretizing the differential equation. Com-
mon methods like e.g. shooting [48], multiple shooting [8], or collocation methods [82], rely on a direct
integration of the associated ordinary differential equations or on its fulfillment at certain grid points
(see also [3,76] for an overview of the current state of the art). The resulting finite dimensional non-
linear constrained optimization problem can be solved by standard nonlinear optimization techniques
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FIGURE 2. Optimal control for mechanical systems: the order of variation and discretization
for deriving the necessary optimality conditions.

like sequential quadratic programming [31,75]. Implementations are found in software packages like
DIRCOL [83], SOCS [4], or MUSCOD [54].

In the DMOC' approach, rather than discretizing the differential equations arising from the Lagrange-
d’Alembert principle, we discretize in the earliest stage, namely already on the level of the variational
principle. Then, we consider variations only on the discrete level to derive the restricted optimization
problem and its necessary optimality conditions.

This approach derived wvia the concept of discrete mechanics leads to a special discretization of the
system equations based on variational integrators, which are dealt with in detail in [64]. Thus, the
discrete optimal control problem inherits special properties exhibited by variational integrators. In the
following, we specify particular important properties and phenomena of variational integrators and try
to translate their meaning into the optimal control context.

Preservation of momentum maps. If the discrete system, obtained by applying variational integration to
a mechanical system, inherits the same symmetry groups as the continuous system, the corresponding discrete
momentum maps are preserved. For the forced case the same statement holds, if the forcing is orthogonal to
the group action (see Thm. 1.3). On the one hand, this means for the optimal control problem, that if the
control force is orthogonal to the group action, our discretization leads to a discrete system, for which the
corresponding momentum map is preserved. On the other hand, in the case of the forcing not being orthogonal
to the group action, the forced discrete Noether’s theorem provides an exact coherence between the change
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in angular momentum and the applied control force via (see Sect. 3.2 for examples)

MZ

[Jﬁ ° (F}fj) J{J 0, q1) (@ @e1) - §@x@ (Qhs Qrt1) -

k=0

Conservation of a modified energy. Variational integrators are symplectic, which implies that a certain
modified energy is conserved (see for example [30]). This is an important property if the long time behavior of
dynamical systems is considered. For the case of the optimal control of systems with long maneuver time such
as low thrust space missions, it would therefore be interesting to investigate the relation between a modified
energy and the virtual work. However, this has not been considered within this paper.

Implementation. Rather than using a configuration-momentum implementation of variational integrators as
proposed in [64], we stay on @ X ). That means we just determine the optimal trajectory for the configuration
and the control forces and reconstruct the corresponding momenta and velocities via the forced discrete Legendre
transforms. This yields computational savings. A more detailed description of the computational savings
compared to standard discretizations for optimal control problems is given in Remark 2.11.

2.4. The correspondence with Runge-Kutta discretizations

In this section we are going to show that the discretization derived wvia the discrete Lagrange-d’Alembert
principle is equivalent to one resulting from a finite difference discretization of the associated Hamiltonian
system wvia a symplectic partitioned Runge-Kutta scheme.

Symplectic partitioned Runge-Kutta methods. As shown in [64] (Thm. 2.6.1), the discrete Hamiltonian
map generated by the discrete Lagrangian is a symplectic partitioned Runge-Kutta method. As we will show, a
similar statement is true for discrete Hamiltonian maps with forces. The resulting method is still a partitioned
Runge-Kutta method, but no longer symplectic in the original sense since the symplectic form is not preserved
anymore due to the presence of control forces. However, we still denote it as a symplectic method having in
mind that the symplectic form is preserved only in absence of external control forces.

A partitioned Runge-Kutta method for the regular forced Lagrangian system (L, fr) is a map T%Q x U® —
T*Q specified by coefficients b;, a;;, bi. d;j, i =1,...,s, and defined by (qo, po, uo) — (¢q1,p1), where

Q= (Jo-l-hi:lijp moo= pO‘f‘th:Eija
= =
Qi = QO+hi:1aiija P = poJrhi:CNL P, (2.18)
J= i=1
P = %—2 (Qqu) ) P = (Qu ) + /L (Qi;Qi;Ui) )
i =1,...,s, where the points (Q;, P;) are known as the internal stages and U; are the control samples given

by U; = uoi = ua(to + ¢;h). For a;; = a;; and b; = 51- the partitioned Runge-Kutta method is a Runge-Kutta
method. The method is symplectic (that is, it preserves the canonical symplectic form € on T*@Q in absence of
external forces) if the coefficients satisfy

bz&zj + l;jajz- = bZB] and bz = l;i, Z,] = ]., ey S (219)

Since discrete Lagrangian maps are symplectic, we can assume that we have coefficients satisfying (2.19) and
write a discrete Lagrangian and discrete Lagrangian control forces that generate the corresponding symplectic
partitioned Runge-Kutta method. Given points (go,q1) € @ X @, we can regard (2.18) as implicitly defining
po, p1, Qi, Py, Qi and P, for i = 1,...,s. Taking these to be defined as functions of (go,q1), we construct
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a discrete Lagrangian
La(go,ar,h) = h > biL (Q:,Qs), (2:20)
i=1

and left and right discrete forces as

9Qi

0Q; _ s .
i? fd (QO;QMUO,h) = thsz (QZ)QZ;U’L) : aqo . (2213.)
1=1

oq

£ (@0, q1,u0,h) = B> bif (QiaQi;Ui) :
i=1

For fixed wug the corresponding forced discrete Hamiltonian map is exactly the map (qo,po) — (¢1,p1) which is
the symplectic partitioned Runge-Kutta method for the forced Hamiltonian system (1.4). Straight forward to
the proof for unforced systems in [64] (Thm. 2.6.1) we get:

Theorem 2.8. The discrete Hamiltonian map generated by the discrete Lagrangian (2.20) together with the
discrete forces (2.21) is a partitioned Runge-Kutta method (which is symplectic in the unforced case).

Optimal control and Runge-Kutta discretizations. In this paragraph, we carry forward the results of
the previous section into the context of optimal control problems. To formulate the optimal control problem
for the discrete system in terms of Runge-Kutta discretizations, we have to give appropriate expressions for
the boundary conditions, the path constraints, and the objective functional. Concerning the dynamics of the
mechanical system, we have already seen that the discretization obtained via the discrete Lagrange-d’Alembert
principle can be rewritten as a Runge-Kutta scheme for the corresponding mechanical system in terms of (p, q)
as in (2.18). Since we consider regular Lagrangians and regular Hamiltonians, we reformulate the last equation
of (2.18) with the help of the Hamiltonian as

. OH . OH
Qri = a—p(Qm,Pm% Py = *a—q(kaPki) + fu(Qri, Pri, Uki),

where the additional index ¢ € {1,..., s} denotes the dependence of the intermediate state and control variables
on the time interval [tx, tx41]-

Boundary conditions. Due to a formulation of the optimal control problem within the Hamiltonian frame-
work, we use the same formulation for the boundary constraint as the one for the continuous Hamiltonian
optimal control Problem 2.3 evaluated at (qx,px), i-e. #(qn,pn,q*,p") = 0.

Discrete path constraints. Again we use the formulation in Problem 2.3 and enforce the path constraints to
hold in each time step (Q;, Pi,U;) as h(Qui, Pri, Ugi) > 0for k=0,...,N—landi=1,...,s.

Discrete objective function. We construct the discrete objective function in the same way as the discrete
Lagrangian (2.20). However, corresponding to the Hamiltonian formulation evaluated in each substep (Q;, P;, U;),
it now reads

N— s

Ja (qaspasua) = Y by 0iC (Qri, Pri, Ui) + @ (g, pv)
k=0 =1

Ju

where the final constraint holds for the node corresponding to the final time T. Combining terms, the discrete
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optimal control problem from the Hamiltonian point of view reads

min  Ju(qq, pa, ua) (2.22a)
qd;Pd,Ud

subject to (g0, po) = (¢°p°), (2.22b)
Qk+1 = qr + hzijkja Qri = qx + hz i Qrj, (2.22¢)

J=1 Jj=1
Pk+1 = Dk +hzl;jpkja Pri = py +hzdijpkj, (2.22d)

j=1 j=1

. OH . OH

Qri = o (Qki» Pri),  Pri = v (Qwi> Pri) + frr (Qri Pri, Uki) , (2.22¢)

E(Qki,Pki,Uki) >0fork=0,...,N—1,i=1,...,5s and 7(qw,pn,q",pT) = 0. Problem (2.22) is the
finite dimensional optimization problem resulting from the Hamiltonian optimal control Problem 2.3 that is
discretized via a symplectic partitioned Runge-Kutta scheme.

Theorem 2.9 (equivalence). Given a discrete Lagrangian and discrete forces as defined in (2.20) and (2.21),
respectively. Then, the discrete Lagrangian optimal control problem defined in (2.10) and the problem (2.22)
resulting from discretizing the Hamiltonian optimal control problem by a symplectic partitioned Runge-Kutta
scheme are equivalent in the sense that both problems have the same set of solutions.

Proof. Assume (g}, u}) is a solution of (2.10). By using the discrete Legendre transform we obtain an optimal
solution in terms of the discrete momenta as (¢, pj, uy). To prove that (¢}, pj, u}) is also an optimal solution for
problem (2.22) we have to show feasibility and optimality. Theorem 2.8 and application of the forced discrete
Legendre transform to the boundary conditions give us the equivalence of equations (2.10b)—(2.10d), (2.10f)
and (2.22¢)—(2.22¢) and 7(qn,pn, gL, pT) = 0. For the choice of the discretizations of the curves ¢(t) and u(t)
the inequality condition (2.10e) reads as h(Qxi, Qk,i+1,Ugi) > 0fori=1,...,s—1 and h(Qks, Qk+1,0, Urs) > 0.
Again, due to the forced discrete Legendre transform h and h determine the same solution set. This makes
(¢, p),u}) a feasible solution of the problem (2.22). Optimality holds due to jd(q;,pj;,u:l) = Ja(qj,u}y) <
Ja(qa, ua) = Ja(qa, pa, uq) for all feasible points (g4, pa) € T*Pa(Q) and ug € Py(U) (global optimality), or for
all feasible points (¢q, pd, uq) in a neighborhood of (g}, p}, u}) (local optimality). Analogous, we can show that
an optimal solution (¢}, pj5, u}) of problem (2.22) is also an optimal solution for problem (2.10). O

Example 2.10.

(a) Withb=1and a = % we obtain the implicit midpoint rule as a symplectic Runge-Kutta scheme, that
is the partitioned scheme reduces to a standard one-stage Runge-Kutta scheme. This is equivalent to
the discretization derived wia the Lagrangian approach with midpoint quadrature.

(b) The standard Lobatto IIIA-IIIB partitioned Runge-Kutta method is obtained by using the Lobatto
quadrature for the discrete Lagrangian.

Remark 2.11.

1. The formulations based on the discrete Lagrange-d’Alembert principle on the one hand side and based
on a Runge-Kutta discretization of the Hamiltonian system on the other hand side are equivalent in
the sense that the same solution set is described. However, the Lagrangian approach uses less variables
and less constraints: For ¢ € R” and N intervals of discretization we need (Ns+ 1)n configurations gy,
k=0,...,N—1, v=0,...,s with ¢} :qgﬂ, k=1,...,N—1and nN(s — 1) + n(N — 1) extended
discrete Euler-Lagrange equations, so altogether, (Ns — 1)n constraints excluding boundary conditions.
The Runge-Kutta approach for the Hamiltonian system uses 2(Ns + 1)n configurations and momenta
and 2nN + 2nN(s — 1) = 2nN's equality constraints. Thus, via the Runge-Kutta approach we obtain
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twice as many state variables and (Ns + 1)n more equality constraints. Comparisons concerning the
computational effort are presented in Section 3.2.2.

2. Another advantage of the variational approach over the symplectic Runge-Kutta discretization is that
one does not have to handle any conditions on the coefficients (such as condition (2.19)) to enforce
symplecticity. The symplecticity of the DMOC discretization results naturally from the variational
structure of this approach.

2.5. Transformation to Mayer form

Continuous system. Within the previous sections we introduced optimal control problems in Bolza form, in
which the objective functional consists of a cost functional of integral form and a final point constraint. For the
error analysis in Sections 2.6 and 2.7 it will be useful to transform the problem into Mayer form, in which the
objective functional consists of the final point constraint only. To this end we introduce a new state variable as

2(t) = / C(g(r).d(r),u(r)) dr, 0<t<T, (2.23)

resp. y(t) = fot C(q(r),p(1),u(r))dr, 0 < t < T for the Hamiltonian form. By extension of the state space
from TQ to TQ x R, and from T*Q to T*"Q x R, respectively, the new objective function in Mayer form reads

J(q,u) = 2(T) + ®(q(T), 4(T))

resp. J(q,p,u) = y(T) + ®(¢(T), p(T)). Equation (2.23) is typically adjoint to the problem description as an
additional differential equation of the form Z = C(q, ¢, u), 2(0) = 0, resp. y = C(q,p,u), y(0) = 0. Note that
the Mayer form destroys the unifying Lagrangian and Hamiltonian structures.

Discrete Lagrangian system. As in the continuous setting, the discrete optimal control problem (2.10) can
be transformed into a problem in Mayer form, that is the objective function consists of a final condition only.
The transformation is performed on the discrete level to keep the Lagrangian structure of the original problem.
We introduce new variables zy = 0, zp = Zi;lo Ca(qk, qrt1,ur), £ = 1,...,N, and rephrase the discrete
problem (2.10) into a problem of Mayer type:

ggllul}i 2N+ Pa(gv—1,9n,un—1) (2.24a)
subject to (2.10b)—(2.10f) and zp = 0, 2zg4+1 — 2k — Ca (qk, Gr+1,ur) =0, k=0,...,N — 1. (2.24b)

Thus equations (2.24b) provide the corresponding discretization for the additional equation of motion resulting
from the Mayer transformation of the Lagrangian optimal control problem on the continuous level.

Discrete Hamiltonian system. Similarly, (2.22) can be transformed into an optimal control problem of Mayer
type as follows: analogous to what we did in equation (2.24), we introduce additional variables yq = {y;}}Y, as

-1 s
y0:O7 ylzzhzbiO(Qki7P]€iaUki)a l:17"'7Na (225)
k=0 i=1

yielding the discrete optimal control problem of Mayer type as

min @ (g, pn, yn) = yn + @ (gn, pn) (2.26a)

qd,Pd,Ud

subject to the constraints in problem (2.22). We obtain exactly the same problem by discretizing the continuous
Hamiltonian optimal control problem of Mayer type with the same partitioned Runge-Kutta discretization
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for the extended system of differential equations

q=v(Gpu), 40)=4q
p=n(Gp.u), p0)=7p°

with q = (Q7y)’ V(d,p,u) = (VPH(Q7p)a C’(Qapau))a n((japvu) = 7va(Qap) + fH(Qapvu)a qO = (qo’o)

2.6. The adjoint systems

The adjoint system provides necessary optimality conditions for a given optimal control problem. In the
continuous case the adjoint system is derived via the Pontryagin maximum principle. The KKT equations
provide the adjoint system for the discrete optimal control problem. In [28], a transformed adjoint system
is derived which uses standard Runge-Kutta discretizations. Also, order conditions on the coefficients of the
adjoint scheme are identified up to order 4. In [9], these are extended up to order 7.

By using the same strategy as Hager in [28], we here show that DMOC leads to a discretization of the same
order for the adjoint system as for the state system. Therefore no additional order conditions on the coefficients
are necessary. In the following we ignore path and control constraints and restrict ourselves to the case of
unconstrained optimal control problems.

Continuous setting. We consider a Hamiltonian optimal control problem in Mayer form without final con-
straint, path and control constraints, i.e.

Problem 2.12.

min ®(q(T),p(T)) (2.27)
subject to ¢ = v(q,p), p = n(g,p,u), (¢(0),p(0)) = (¢°,p°), with ¢,p € WH>°([0, T],R"), u € L>(

[0, T[,R™),
v(q,p) = V,H(q,p), (q pyu) = —VqH(q,p)—i—fH(q,p,u). We also write z = (¢q,p), 2° = (¢°,p°) and f(z,u) =

(v(q,p),n(q, p,u)), such that the problem reads as @ = f(z,u), z(0) = 2°.

Along the lines of [28], we now formulate the assumptions that are employed in the analysis of DMOC
discretizations of Problem 2.12. First, a smoothness assumptions is required to ensure regularity of the solution
and the problem functions. Second, we enforce a growth condition that allows for having a unique solution for
the control function of the optimal control problem.

Assumption 2.13 (smoothness). For some integer x > 2, Problem 2.12 has a local solution (z*,u*) which lies
in W x Wr=Lo0 There exists an open set @ C R?™ x R™ and p > 0 such that® B,(z*(t),u*(t)) C Q for
every t € [0, T]. The first k derivatives of v and n are Lipschitz continuous in ), and the first k derivatives
of ® are Lipschitz continuous in B,(x*(T)).

First order optimality conditions. Under Assumption 2.13 there exists an associated Lagrange multiplier
P* = (PO* PpP*) € W for which the following form of the first-order optimality conditions derived wia the
Pontryagin maximum principle is satisfied at (z*, ¢*, u*):

q=v(g,p), q(0)=4d" (2.28a)
p=n(g,p,u), p(0)=7p’ (2.28b)
P = =V H (q,p, %P, u),  U(T) = V@ (g(T), p(T)) (2.28¢)
PP = —VpH (q,p, % ¢P u), ¢P(T) =V, (¢(T),p(T)) (2.284)
VM (q(t), p(t), 9(E), ¥P (£), u(t)) = 0 for all te 0,7, (2.28¢)

8B,(z) is the closed ball centered at z with radius p.
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with the Hamiltonian H defined by H(q, p, ¥%, P, u) = Y% (q,p) + ¢P. We also write H(z, ¢, u) := ¥ f(z,u)
such that (2.28c) and (2.28d) read as ¢ = —V,H(z, ¥, u) with (T) = V,®(z(T)).

Second order optimality conditions. In order to formulate the second-order sufficient optimality conditions
we define the following matrices (cf. [28]):

At) = Vo f(@ (1), (1), B(t) = Vuf(@* (1), u*(t)), V(t) = V2@ (2*(T)),
P(t) = Ve H(z" (1), w*(t)W*(t)), R(t) = VuuH(2" (8), " (1), w (1)), S(t) = VeuH(z"(t), " (), u* (t))-

Let B be the quadratic form B(z,u) = 3 (2(T)"Va(T) + (z, Px) + (u, Ru) + 2(z, Su)), where (-,-) denotes the
usual L? inner product over the time interval [0, T].

Assumption 2.14 (coercivity). There exists a constant a > 0 such that B(z,u) > o|ullf, for all (z,u) € M,
where M = {(z,u) € H x L? | 2(0) = 0 and & = Az + Bu for a.e. t € [0, T]}.

Under the assumptions Smoothness and Coercivity, the control uniqueness property holds (cf. [27]): the
Hamiltonian H has a locally unique minimizer uv* = 4(x, ) in the control, depending Lipschitz continuously on
and ¢ with @ : T*QxR?*" — U. Let ¢ = (¢, ¢*) denote the function defined by ¢4(x, ) = —V H(z, ¥, 0z, 1)),
oP(x, ) = =V yH(z, 9, 4(x, ). Additionally, let n(x,¢) = n(z,u*). By substituting u* = 4(z, ) into (2.28)
one obtains a two-point boundary-value problem with

T = ¢ (q,p, % UP), P = ¢ (q,p, % UP). (2.29)

Note that the functions ¢? and ¢? are defined only implicitly. These can be solved for during simulation.

Discrete setting. It was shown in Section 2.4 that the discrete Lagrangian control problem is equivalent to
problem (2.22) (resp. (2.26)). Using some transformation and change of variables (see [28,71]), by reversing the
order of time and applying the control uniqueness property, we obtain the following version of the first-order
necessary optimality conditions associated with (2.22) (the Karush-Kuhn-Tucker conditions):

Qet+1 = gk + hzs:bil/ (Qwi> Pri) s a0 =’ (2.30a)
1=1

Pk+1 =Dk + hi bin (Qui, Pri, U1, Uy) s po = p°, (2.30b)
i=1

Qri = qi + hiagjl/ (Qkjs Prj)s  Pri =pi + hiafjn (ij, Pyj. \I/kj, (i ) , (2.30c)

Jj=1 j=1

Vi =i+ hibszq (Qris Priy O, 970 s ¥f = V@ (av,pN) (2.30d)

ULy = 4B S b (Qu, Peo W WD) 0% = Ty (v ) (2.30¢)
1=1

:¢g+hia3j¢q (Qus. Py vy 00,), W wp—I—hZa & (Quyy Py W5 W,), (2:306)
j=1

ST T ) e

Assuming h small enough and xp = (qx,pr) near x*(tx) = (¢*(tr),p*(tx)) the intermediate states Qy; and
Py; and costates \I/z and ‘Ili are uniquely determined since 4 (z, 1) depends Lipschitz continuously on 2 near
x*(t) and ) near 1*(t) for any ¢t € [0, T]. This follows from smoothness and the implicit function theorem
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as for standard Runge-Kutta discretization as stated in [28] (see for example [23]). Thus, there exists a locally
unique solution (Qpi, Pri, U1, ¥1.), 1 <i < s of (2.30d)-(2.30f).

The scheme (2.30) can be viewed as a discretization of the two-point boundary-value problem (2.28), (2.29).
To ensure a desired order of approximation for this two-point boundary-value problem, [28] derives order
conditions on the coefficients of the Runge-Kutta scheme via Taylor expansions. In our case, however, we more
easily obtain the following result concerning the order of consistency.

Theorem 2.15 (order of consistency). If the symplectic partitioned Runge-Kutta discretization of the state
system is of order k and b; > 0 for each i, then the scheme for the adjoint system is again a symplectic
partitioned Runge-Kutta scheme of the same order (in particular, both schemes are the same).

Proof. Starting with a symplectic partitioned Runge-Kutta discretization for the state system (2.27), the dis-
crete necessary optimality conditions are given as the adjoint system (2.30d)—(2.30g). This system is again

a partitioned Runge-Kutta scheme for the adjoint equations with coefficients b;, dgj, dfj. Substituting the
.. o bibj—bjal, . . . . _
symplecticity condition a? 229 into equation (2.30g), the coefficients are determined as agj = afj,
dfj = agj. Since the coefficients of the Runge-Kutta scheme of the adjoint system for (¢P,?) are the same as

the coefficients of the Runge-Kutta scheme of the state system for (g, p) the adjoint scheme is of same order. [

i = - and

With Theorems 1.16 and 2.8 one obtains the following:

Lemma 2.16. Let a Lagrangian optimal control problem with regular Lagrangian L and Lagrangian control
force f1, be given. If the discrete Lagrangian Ly (2.20) and the discrete control force fj (2.21) with b; > 0 for
each i are both of order k, then the corresponding adjoint scheme is also of order k.

2.7. Convergence

The purpose of this section is to establish the convergence of solutions of the discrete optimal control prob-
lem (2.10) to a solution of the Lagrangian optimal control problem (2.3) as the step size h — 0. As in Section 2.6,
we restrict ourselves to the case without path and control constraints and without final point constraint. Our
convergence statement is a direct application of the one in [21] (cf. also [28,71]). We need the following abstract
result:

Theorem 2.17 ([29]). Let X be a Banach space and let Y be a linear normed space with the norm in both
spaces denoted by || - ||. Let F : X + 2Y be a set-valued map, let L : X + Y be a bounded, linear operator, and
let T: X — Y with T continuously Frechét differentiable in B.(w*) for some w* € X and r > 0. Suppose that
the following conditions hold for some § € Y and scalars €, A and o > 0:

(P1) T(w*)+ 0 € F(w*);

(P2) |DT (w) — L] <€ for all w € B,(w*);

(P3) the map (F — L)1 is single-valued and Lipschitz continuous in B, (), ® = (T — L)(w*) with Lipschitz

constant A.

Ifed < 1, er < o, and ||6|| < (1 — Xe)r/), then there exists a unique w € B.(w*) such that T(w) € F(w).

Moreover, we have the estimate
A

1—Xe

Consistency corresponds to assumption (P1) and the bounds on the norm of ¢, stability corresponds to
assumption (P3) and the bound on the Lipschitz constant A for the linearization, and convergence is stated
in (2.31). The following convergence result is formulated in terms of the averaged modulus of smoothness of
the optimal control. If J C R is an interval and v : J — R"™, let w(v, J;t, h) denote the modulus of continuity:
w(v, J;t,h) = sup{|v(s1) —v(s2)| : s1,82 € [t —h/2,t+ h/2] N J}. The averaged modulus of smoothness 7 of v
over [0, T] is the integral of the modulus of continuity: 7(v;h) = fOT w(v,[0,T];t, h) dt. Tt is shown in [79] that
limp_,o 7(v; h) = 0 if and only if v is Riemann integrable, and 7(v; h) < ch with constant ¢ if v has bounded
variation.

o]l (2.31)

lw —w*[| <
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Theorem 2.18 (convergence). Let (x*,u*) be a solution of the Lagrangian optimal control problem (2.3a)—
(2.3b). If smoothness and coercivity hold, the discrete Lagrangian Lq (2.20) and the discrete control force f;lt
(2.21) are of order k with b; > 0 for each i, then for all sufficiently small h there exists a strict local mini-
mizer (x",u") of the discrete Lagrangian optimal control problem (2.10) and an associated adjoint variable ¥"
satisfying the first-order necessary optimality conditions such that

Jmax [ — o (be) | + [V — " ()] + |ulag, ) —u* ()] < b1 (A7 (0 Tui b)), (2.32)

where u(mﬁ, Z/JZ) s a local minimizer of the Hamiltonian H corresponding to x = x5 and ¢ = .

Proof. With (1.16) and by Theorem 2.8 we know that a discrete Lagrangian and discrete forces both of or-
der k lead to a symplectic partitioned Runge-Kutta discretization of order x for the state system. Because of
smoothness and coercivity we can build up a discrete adjoint scheme with eliminated control that approximates
the continuous adjoint scheme with order x (see Lem. 2.16). This leads in Hager’s terminology to a Runge-
Kutta scheme of order k for optimal control, and therefore Hager’s convergence result for standard Runge-Kutta
schemes in [28], Theorem 2.1, is directly applicable. O

Remark 2.19. The estimate for the error in the discrete control in (2.32) is expressed in terms of @(zf, )
not ur. This is due to the fact, that we derive the estimate via the transformed adjoint system with removed
control due to the control uniqueness property. In [21] the estimate is proved in terms of wuy for Runge-Kutta
discretization of second order.

Remark 2.20. Theorem 2.18 can be extended to optimal control problems with constraints on the control
function u(t) as it was done in [28] for Runge-Kutta discretizations of order 2.

3. IMPLEMENTATION AND APPLICATIONS

3.1. Implementation

As a balance between accuracy and efficiency we employ the midpoint rule for approximating the relevant
integrals for the example computations in the following section, that is we set

r+1 + k. Gr+1 — Gk r+1 + Gk Qk+1 — Gk
Cd (qka qk+17uk) =hC ( +12 ) +1h 7U’k+1/2) 5 Ld (qk7 qk-‘rl) =hL ( +12 ’ +1h ) B

(k+1)h
. Qo1+ Gk Qet1 — Gk Oqr+1 + 0qk
/kh fL(q(t),q(t),u@))-6q(t>dmhfL( e ,um/a)-%,ko,...,f\fl.

Here, f,_ = f =4/ (w, Lol _dhe Uk+1/2> are used as the left and right discrete forces with g = q(tx)

_ tetteia
and upq1/2 =u (T+)

SQP method. We solve the resulting finite dimensional constrained optimization problem by a standard SQP
method as implemented for example in the routine fmincon of MATLAB. For more complex problems we use
the routine nag_opt_nlp_sparse of the NAG library®. Since SQP is a local method, different initial guesses can
lead to different solutions. This has been observed in almost all our example computations.

Automatic differentiation. The SQP method makes use of the first and second derivatives of the constraints
and the objective function. In the case where no derivatives are provided, the code approximates those by finite
differences. This approximation is time-consuming and cancellation errors lead to bad convergence behavior. In
order to avoid these drawbacks we make use of the concept of Automatic Differentiation (AD) (see [26,77,87]),
a method to numerically evaluate the derivative of a function specified by a computer program. In our imple-
mentation we used the package ADOL-C (Automatic Differentiation by OverLoading in C++ [84]).

QWWW .nag.com.
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3.2. Applications

In this section, we numerically compare DMOC to a collocation method by means of two problems: a low
thrust orbital transfer and the optimal control of a two-link manipulator. For this comparison, we apply a
collocation method of order 2 to two different models: the Hamiltonian system with coordinates (g, p) as well
as the system formulated on tangent bundle with coordinates (g, ¢) = (g, v).

3.2.1. Low thrust orbital transfer

Model. Consider a satellite with mass m which moves in the gravitational field of the Earth (mass M). The
satellite is to be transferred from one circular orbit to one in the same plane with a larger radius, while the
number of revolutions around the Earth during the transfer process is fixed. In 2d-polar coordinates g = (r, ),
the Lagrangian of the system has the form

. 1 ) ; Mm
L(g,q) = §m (7“2 + 7“2<,02) +VT,

where v denotes the gravitational constant. Assume that the propulsion system continuously exhibits a force u
only in the direction of circular motion (i.e. orthogonal to the vector ), such that the corresponding Lagrangian

control force is given by f;, = (0, ru)T.

Boundary conditions. Assume further that the satellite initially moves on a circular orbit of radius r°. Let
(r(0),(0)) = (rY,0) be its position at ¢ = 0, then its initial velocity is given by 7(0) = 0 and ¢ (0) = /v M/(r0)3.

Using its thruster, the satellite is required to reach the point (rT,0) at time T = d/ dn? (r9 + 7T)3 and, without

8y M
any further control input, to continue to move on the circle with radius »¥. Here, d is a prescribed number
of revolutions around the Earth. Thus, the boundary values at t = T are given by (7(T),»(T)) = (rT,0) and

(*(T), &(T)) = (0, /yM/(rT)?).
Objective functional. During this transfer, our goal is to minimize the control effort, correspondingly the
objective functional is given by

Results. We compute the transfer from an orbit of radius ° = 30 km to one of radius T = 330 km around the
Earth. The optimal control for a transfer within one revolution (d = 1) around the Earth is shown in Figure 3a.
First, we investigate how well the balance between the change in angular momentum and the amount of the
control force is preserved. Due to the invariance of the Lagrangian under the rotation ¢, the angular momentum
of the satellite is preserved in the absence of external forces (as stated in Noether’s theorem). However, in the
presence of control forces, equation (1.5) gives a relation between the forces and the evolution of the angular
momentum.

In Figure 3b, we compare the amount of the acting force with the change in angular momentum in each time
interval. For the solution resulting from DMOC and the collocation approach applied to the Hamiltonian system,
the change in angular momentum exactly equals the sum of the applied control forces (to numerical accuracy).
The collocation method of second order corresponds to a discretization wia the implicit midpoint rule. Thus,
the optimization problem resulting from DMOC is equivalent to that obtained by applying collocation to the
Hamiltonian formulation of the system as shown in Theorem 2.9 and Example 2.10a. Obviously, we obtain equal
solutions by applying both methods. These results are consistent with the well-known conservation properties
of variational integrators, that provide discretizations that preserve the continuous properties as momentum
maps in the discrete setting in a natural way. On the other hand, the collocation method applied to the tangent
space system described in velocities fails to capture the change in angular momentum accurately because the
discrete tangent space formulation destroys the discrete Hamiltonian structure and the resulting (also unforced)
scheme is not momentum-preserving anymore.
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The lines for DMOC and collocation (g, p) lie on top of each other.
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FIGURE 4. (a) Approximation error for the configurations (solid) and the controls (dashed)
in dependence of the step size for DMOC and a collocation approach. For all three methods
the lines lie almost on top of each other. (b) Comparison of the number of iteration steps
performed by the SQP solver for DMOC and a collocation approach in dependence on the
number of discretization points.

In Figure 4a we show the convergence rates for all three methods. A reference trajectory is computed with
N = 1024 discretizations points and time step A = 2.9 x 1073, The error in the configuration and control
parameter of the discrete solution with respect to the reference solution is computed as maxg—o,... n |q(tr) —
Gref ()| and maxg—o,. . N |u(tr) — urer(tr)|, respectively, where || is the Euclidean norm. For all three methods
the convergence rate for the configuration and control trajectory is O(h?), as predicted by Theorem 2.18.

Still, DMOC is advantageous regarding the computational efficiency. Due to its formulation on the dis-
crete configuration space, DMOC only uses g ~ 0.6 of the number of variables of the collocation approach
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FIGURE 5. (a) Model of a two-link manipulator. (b) Optimal configuration trajectories.
(¢) Optimal control trajectories.

(cf. Rem. 2.11). Figure 4b shows the number of all iterations that the SQP solver performs in order to solve the
quadratic subproblems (minor iterations). We observe that for DMOC the SQP solver needs about 1.7 times
less iterations in comparison to collocation. This is in exact agreement with the reduced number of variables.

3.2.2. Two-link manipulator

As a second numerical example we consider the optimal control of a two-link manipulator. Again, we compare
DMOC to a collocation method of the same order.
Model. The two-link manipulator (see Fig. 5a) consists of two coupled planar rigid bodies with mass m;,
length /; and moment of inertia J;, ¢« = 1,2, respectively. For ¢ € 1,2, we let 8; denote the orientation of the
1th link measured counterclockwise from the positive horizontal axis. If we assume one end of the first link to
be fixed in an inertial reference frame, the configuration of the system is specified by ¢ = (61, 62).

The Lagrangian is given via the kinetic and potential energy

K(q,q) = % (my + 4my) 1567 + émﬂ%ég + %m2l112 cos (61 — 02)0105 + %Jlé% + %Jzég
and V(q) = %mlgll sin 61 +mogly sin 01 + %m291292, with the gravitational acceleration g. Control torques 71, T
are applied at the base of the first link and at the joint between the two links. This leads to the Lagrangian
control force fr(71,72) = (11 — T2, TQ)T

Boundary conditions. The two-link manipulator is to be steered from the stable equilibrium ¢° = (—%,—%)
with zero angular velocity ¢° = (0,0) to the unstable equilibrium point ¢* = (5, %) with velocity ¢* = (0,0).
Objective functional. Fixing the final time T = 1, we would like to minimize the control effort

T
J (11, 72) = /o % (7'12(15) Jr'rg(t)) dt.
Results. The optimal configuration and control trajectories are shown in Figures 5b and 5c, respectively. In
Figure 6 we show (a) the resulting cost and (b) the difference of the amount of force (including the control and
the gravitational force) and the change in angular momentum in dependence on the number of discretization
points for all three methods. As expected, we obtain (numerically) identical solutions for DMOC and the
equivalent collocation method for the Hamiltonian formulation. The midpoint rule applied to the tangent
space formulation performs equally well with respect to the objective value evolution. However, as in the
previous example it does not reflect the momentum-force consistency as good as the other methods as shown
in Figure 6. In Figure 7a the convergence rates are depicted. Here, a reference trajectory has been computed
with N = 512 discretizations points and time step A = 1.9 x 1073, For all three methods the convergence
rate for the configuration and control trajectory is O(h?), as expected for a scheme of second order accuracy.
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In Figure 7b the number of minor iterations that the SQP solver performs to solve the quadratic subproblems
is shown. Similar to what we have seen in the orbital transfer, we observe that the SQP solver needs about
1.5 times less iterations when using DMOC rather than a collocation approach. This factor reflects the fact,
that DMOC uses only % ~ 0.67 of the number of variables in comparison to the collocation approach.

4. CONCLUSIONS AND FUTURE DIRECTIONS

In this paper we developed a fully discrete formulation of the optimal control of mechanical systems. Based
on discrete variational principles, the discrete optimal control problem yields a strategy, denoted by DMOC,
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for the efficient solution of these kinds of problems. The benefits of using DMOC are twofold: On the one hand,
in the presence of a symmetry group in the continuous dynamical system, it is known that the momentum map
changes in a definite way. The use of discrete mechanics allows one to find an exact counterpart to this on the
discrete level. In this paper, this behavior was shown numerically for specific examples. On the other hand, due
to the fact that DMOC is implemented on the configuration level rather than on the configuration-momentum
or configuration-velocity level, one gets significant computational savings for the number of iterations steps the
SQP solver needs to solve the optimization problem. Again, this was demonstrated numerically in examples.

Although the developed method works very successfully in many examples considered in this paper and
others (see [35-37,57,71]), there are still some open challenges that will be investigated in future work.

Global minima. One challenge is the issue of local versus global minima. The use of an SQP solver for solving
the resulting optimization problem restricts one to local minima that are dependent on the initial guess. One
approach to overcome this issue is the use of DMOC primitives [25,45]. The authors create a roadmap of feasible
trajectories given by a graph where the edges represent small pre-computed DMOC segments referred to as
DMOC primitives. A feasible solution of the optimal control problem corresponds to a specific concatenation of
the DMOC primitives respecting the dynamics. The global optimal control can be approximated by determining
the optimal path in the graph with a given objective function with a global search using techniques from dynamic
programming. Initial demonstrations of this idea show that it can be carried out in real time. This, together
with the fact that real dynamics is included via DMOC primitives are the significant advantages of this approach.

Adaptive time-stepping. For many applications, an adaptive time-stepping strategy is essential. For example,
for problems in space mission design, the planned trajectories require a finer time-stepping nearby planets due
to the strong influence of gravity, while for a transfer in nearly free space only few discretization points are
necessary to accurately reflect the dynamics of the system. Here, different strategies such as error control
based on the discretization grid under consideration and variational approaches could be investigated. For the
variational approach a constraint is included to the Lagrange-d’Alembert principle that ensures time step control
directly at the level of the discrete action [44]. According to different adaption schemes different constraints
can be included such as adaption to acceleration or the strength of control forces.

Convergence involving path constraints. A proof of convergence involving path constraints becomes chal-
lenging due to smoothness issues: changes in the active set result into different DAE system which may lead
to an order reduction of accuracy and convergence. Only few work has been done and mostly for specific cases
(see e.g. [13,20]) Active set changes are important to investigate and will be subject of future investigations.

Miscellaneous. The framework could be extended to the optimal control of mechanical systems with stochastic
influence or contact problems, respectively making use of the theory of stochastic [10] and nonsmooth variational
integrators [22], respectively. Due to the variational formulation of DMOC, an extension towards the optimal
control of partial differential equations for the treatment of fluid and continuum mechanics might be interesting
as well (see [55,63,65] for basic extensions of variational integrators to the context of PDEs).
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