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Abstract—Reliable frequency estimation is considered crucial
for several industrial applications, such as power control, power
system protection and monitoring. In certain applications is
required an accurate and fast frequency estimations of the
sinusoidal signals. Several algorithms are found in literature
able to solve this task. However, their responses under low
Signal to Noise Ratio (SNR) are not reliable. In this paper is
proposed an optimization by least squares of the well-known
zero-crossing technique in order to enhance performance under
such condition. To validate the algorithm, it was performed
some comparisons with other methods using different values of
frequency. The presented technique has shown better results
regarding the estimation error.
Keywords - Zero crossing, frequency estimation, least
square, low SNR.

I.

INTRODUCTION

Frequency estimation of a sinusoidal signal in presence of
broadband noise is considered a common problem among a
variety of signal processing applications [1]. For instance, in
power systems, this parameter is extremely important to
guarantee a safe operation, optimized power flow, efficient
setting of protective relays for load shedding and many others.
Additionally, for others fields of applications, it can be cited
sonar, radar and nuclear magnetic resonance [2].
According to [3], due to the increasing number of
electrical energy consumers and consequently higher demands
for reliability of power supply, several companies are
concerned about the need of a real-time wide area
measurement system, which relies on the correct frequency
estimation, providing useful information about the grid status.
As result, accurate and fast methods are necessary.
By means of instrumentation and signal processing
techniques, the acquisition is accomplished. When the noise
exists and its frequency domain representation is known, it is
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possible to design a specific filter in order to remove it from
the signal. However, in most of the power systems
applications, the noise has a normal probability density
function and its spectrum spreads all over the frequency
domain. Thereby, it is not an easy task to completely remove
it [4]. Several algorithms used for frequency estimation,
assume the noise as random white noise with normal
distribution and are able to estimate accurately the frequency
when the SNR (Signal to Noise Ration) is higher, but their
performance are degraded for low SNR. Additionally, the pdf
(probability distribution function) cannot be modeled as a
normal distribution for some case and under this assumption
the estimation could be poor. For example, the noise may vary
in form due to others factors, such as opening and closing
switches at the power grid, insertion or removal of big loads
and a less discussed effect, the corona noise [5].
A well-established method for estimating frequency of
certain signal consists of measuring the period by counting the
time interval for two consecutive zero-crossings, which gives
half the period. Then, by taking two times its reciprocal, the
frequency is computed [6]. Figure 1 and 2 show the zerocrossing performance for free-noise and with AWGN in the
signal, respectively. It is noticed that this method is accurate
for noise-free signal. However, when the noise level goes
high, spurious counting could occur, generating a false
frequency estimation.
Focusing on this issue, this work presents a least square
optimization of the well-known zero-crossing technique when
the signal is under low SNR. To demonstrate performance
characteristics of this method, it is compared with an enhanced
zero-crossing proposed by [7], which utilizes the histogram of
the time intervals between consecutive zero-crossings and
with a conventional zero-crossing algorithm applied in a
filtered signal.

vector, θ1 and θ2 are the slope and the intercept coefficients,
respectively. Finally, the vector Y is the observed data vector.
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Figure 1. Zero-crossing performance for noise-free signal.

The data vector is chosen to be the signal samples near the
zero, considering that for a few samples, the sinusoid can be
approximated as linear. It is important to consider some prior
information about the frequency of the signal in order to
define the length of the Y vector, since that for high
frequency, the portion near to zero that can be considered
linear, is smaller than for lower frequencies. In other words, it
is required a first approximation of the signal’s frequency in
other to obtain a better estimation. This first approximation is
achieved by the ratio between the length of the entire signal
and the number of semi-cycles sampled. To illustrate how the
length of the observed data affects the optimization, the linear
approximation by least squares of the signal is represented in
Figure 4. It can be noticed that if the portion analyzed was
bigger, the first order least square algorithm utilized for
optimization, would approximate a clearly non-linear signal as
linear, leading to errors.

Figure 2. Zero-crossing performance for signal in presence of AWGN.

II.

PROPOSED METHOD

The proposed method consists in determining an optimized
line that intercepts the zero value as close as possible to the
real instant. This procedure is done by the first order least
squares approximation, which finds the line equation
parameters, whose overall solution minimizes the sum of the
squares of the errors made from the points of the straight line
equation and the values in the observation data.
Figure 3 shows the straight line resulted from a first order
least squares optimization applied in the observed data.

Figure 4. Least squares optimized lines crossing the zero value of the
corrupted signal.

To count the number of semi-cycles, note that when in
presence of noise, the spurious counting occurs at smaller
intervals. As discussed in [7], by measuring these intervals, it
is possible to divide in two clusters, one of small periods,
indicating passage through zero due to noise distortion, and
another with an approximation of the semi-cycle interval. The
clusters can be seen in the histogram presented in Figure 5.
Through this figure, it is possible to conclude that the analyzed
signal has almost 65 falsely counted zero-crossings and near
12 semi-cycles. With this data and the length of the analyzed
signal, the range of the signal close to zero that can be
approximated as linear, is obtained.
Figure 3. Data fitting with the least squares optimization.

The main principle for finding the line coefficients is
presented in (1), where n is the length of the observed data

At this point, the information for the Y vector of equation
(1) is known and the matrix that multiplies the coefficients
vector is constant. In order to solve the matrix equation, the

pseudo-inverse must be computed as shown by (2), where A is
the constant valued matrix of equation (1).
.
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It is noteworthy that once defined the length of the
observed data vector, the matrix A remains unchangeable.
And the same occurs with its pseudo-inverse. Therefore, it can
be calculated outside a loop, avoiding unnecessary
computational effort.

Count the number of
spurious zero-crossing

Obtain the observed data
vector

Create the constant matrix A

Compute the pseudo-inverse
of Matrix A

Calculate the coefficients
vector

Figure 5. Observable cluster from two zero crossings intervals.

After the coefficients from equation (2) are obtained, it is
necessary to do an interpolation with the aim to estimate the
point in the line that intercepts the zero value. Posteriorly, the
frequency is estimated by computing the reciprocal of the time
interval from two consecutive passages through zero value.
Note that when the measurement time is longer, more semicycles are available for estimating the frequency. Therefore,
accuracy could be improved, since a mean value of all
estimation is considered, and for longer data, the error tends to
decrease. Although, it requires more time to perform the
algorithm, turning it unfeasible for some applications.
The algorithm of the proposed method is presented in
Figure 6. As can be seen, initially, for each semi-cycle, is
necessary to count the numbers of the spurious zero-crossing
in order to define the observed data vector length of (2). This
information is also useful to create the constant matrix A. It
can be noticed that this matrix does not vary within each
iteration, allowing computation of its pseudo-inverse only
once, i.e. outside of the loop. After this process, the algorithm
calculates the coefficients of the least squares estimated line
and through interpolation, it is possible to find the
interception, which is an approximated zero-crossing value.
This procedure repeats for all semi-cycles contained in the
sampled signal. In case of the maximum number of iterations
is reached, the method will have all necessary data for
computing the time intervals between the estimated zerocrossings, allowing frequency estimation by its reciprocal.

Define the zero-crossing
point by interpolation

All semi-cycles are
analyzed?

Calculate the time intervals
between line intersections

End
Figure 6. Proposed method algorithm.

III.

RESULTS

As a form of validating the method’s efficiency for
frequency estimation under low SNR, a distorted sinusoidal
signal was generated using a Gaussian noise with standard
deviation of 0.5. Additionally, only three semi-cycles were
considered in order to provide fast analysis. Besides, two
methods known to work under low SNR condition were
selected in order to compare with the proposed algorithm
discussed in this paper. These methods are as follows.

•

Optimized zero crossing by means of filtering the
corrupted signal;

•

Optimized zero crossing by means of statistical
analysis as discussed in [7].

All three methods were executed for a hundred iterations,
while the frequency of the signal was varied from 50 to 250
Hz, with the purpose to measure the mean value for each
frequency. It was used a sampling rate for each fundamental
frequency of the signal, ensuring that the Nyquist rate, to
avoid aliasing effect, was satisfied. Sampling rate was defined
as 500 times the fundamental frequency for this experiment.
The results are shown in Figure 7.
It is observed that the proposed method presented lower
error values compared to the others, besides to having a stable
behavior in a large range of frequency. On the other hand, the
method of enhanced zero crossing by means of statistics
analysis has a higher error variance with large oscillations.

half of this value (i.e. 250 times the fundamental), which for
the normalized scale is one. Note that the normalized
fundamental frequency is 1/250, which results in 0.004.
Therefore, a good value should be chosen around four times
0.004. The filtered signal can be seen in Figure 8.
TABLE I. MEAN ERROR FOR EACH METHOD CONSIDERING DIFFERENT SNR
CONDITIONS.

Error [%]
SNR [Db]
0.01
0.1
1
5
10
15
20
30
40

Enhanced
by least
squares
0.2724
0.2679
0.2422
0.1582
0.0913
0.0549
0.0345
0.0176
0.0149

Enhanced
by filter
0.3924
0.3783
0.3380
0.2153
0.1197
0.0681
0.0387
0.0138
0.0082

Enhanced
by
statistics
0.8461
0.8415
0.7598
0.5033
0.2991
0.1852
0.1165
0.0408
0.0149

Figure 7. Comparison between the three methods.

Instead of varying the frequency, another test was
implemented, changing the values of the SNR. It was also
performed a hundred iterations and the mean error was
considered for all three methods. The results are presented in
Table I. The standard deviation used to produce the normal
distribution noise for each value in Db of SNR is calculated
according to (3).
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As can be seen from Figure 7 and Table I, the least square
optimization proposed outperformed the others techniques
regarding the frequency error.
The filter designed to optimize the traditional zerocrossing method, avoiding improper counting, was a fifth
order Butterworth filter with a normalized cutoff frequency of
0.015. The cutoff frequency was defined considering that the
sampling rate utilized for this experiment was 500 times the
fundamental, so maximum representable frequency should be

Figure 8. Noise removal by a fifth order Butterworth filter with normalized
cutoff frequency of 0.015, considering sampling rate of 500 times the
fundamental frequency.

Note that even after the filter process, the signal remains
with a small distortion due to others components present in the
white Gaussian noise spectrum. It could result in small errors
when simple zero crossing algorithm is applied. This form of
frequency estimation is commonly used with an analog filter,
due to its computational simplicity.
Considering that typical sampling rates used in protection
relays are around 32 samples per cycle, it is important to
validate the algorithm for such condition. Table II shows the
average frequency error obtained for different sample rates. It
was analyzed ten cycles instead of only three in order to
increase accuracy. It is noteworthy that as the number of
samples analyzed increases, error tends to decrease. For fewer
samples, it is necessary to acquire more numbers of cycles,
aiming to approximate the noise distribution function.

frequency estimation method has similar problem and a prefiltering must be used before estimation.
TABLE II. AVERAGE ERROR CONSIDERING DIFFERENT NUMBERS OF SAMPLES
PER CYCLE.

TABLE III.

FUNDAMENTAL FREQUENCY ERROR OBTAINED FOR EACH
COMBINATION OF HARMONICS.

Error [%]
Samples per
Cycle
16
32
64
128

Enhanced
by least
squares
0.1471
0.1002
0.0710
0.0508

Enhanced
by filter
0.2275
0.1154
0.0889
0.0675

Order of the
harmonic
2º and 3º
3º and 4º
2º and 5º
5º and 7
2º and 10º

Enhanced
by
statistics
0.1982
0.1956
0.1851
0.1696

Error [%]
1.199
0.289
0.790
0.005
0.983

In Figure 9 is showed a visual form of validating the
proposed method’s efficiency. As can be seen, the line
coefficients calculated from the least squares algorithm
intercepts the zero value as close as the fundamental,
providing accurate values of frequency estimation even under
high distortion. It is observed that the corrupted signal is
represented by the blue line and the fundamental and
estimated line by green and red, respectively. Note that the
frequency can be measured even in presence of large noises,
in other words, the estimation is accomplished without the
need of filter.

Figure 10. Least square optimization for signal in presence of harmonics.

Furthermore, filtering harmonics of a signal is not a
difficult task, since they have frequencies separated from the
fundamental. Problems arise in situations where interharmonics exist, hampering the signal filtering. For this
reason, the proposed method in this paper is not recommended
for this situation.

Figure 9. Optimized least squares line intercepting near the true zero crossing
point.

A drawback of the proposed method is when in presence
of harmonics, since the least square algorithm is efficient for
normal distributed data. As shown in Figure 10, the line
estimation does not cross near the fundamental, leading to
unreliable values. The fundamental frequency of 60 Hz with
amplitude of 5 and harmonics of 3º, 5º and 6º with amplitudes
of 2, 1 and 0.5 respectively, was used to generate this figure.
The results of frequency estimation are not reliable in this
condition. Table III shows the simulated results of this method
for a 60 Hz sinusoidal signal corrupted by harmonics of
different order, with 20% of energy. It was performed only
one iteration, since there is no random noise applied.
As expected, measured frequency under such conditions is
not reliable. As seen in Table III, perhaps for a certain
combination of harmonics (e.g. 5º and 7º) the error could be
low. In this way the harmonics need to be filtered before the
frequency estimation. It is worth to highlight that several

In order to prove the efficiency of the technique presented
in this paper, others noise distributions were used. Table IV
presents a numerical comparison between three methods using
four noise distributions, which are Gaussian, Rayleigh,
Uniform and Poisson. It is noticed that the enhanced by least
squares technique has also exhibited better results, regardless
of what noise distribution is applied. It is noteworthy that was
used a normalized noise varying from -2 to 2 for all
conditions.
TABLE IV.

MEAN ERROR FOR EACH METHOD CONSIDERING DIFFERENT
NOISE DISTRIBUTIONS.

Error [%]
Noise
Distribution
Gaussian
Rayleigh
Uniform
Poisson

Enhanced
by least
squares
0.2424
0.1413
0.3028
0.1784

Enhanced
by filter
0.3379
0.2606
0.4800
0.2852

Enhanced
by
statistics
0.7485
0.5974
0.7729
0.6409

Moreover, the method has the advantage to be used in any
quantity of semi-cycles. In this way, it was performed

simulations using different values of signal length, as shown
in Table V. Note that, as expected, when the amount of semicycles increase, the error tends to lower values. However, it
demands a higher time for frequency estimation, giving
flexibility of usage for specific applications.
TABLE V.

Number
of SemiCycles
5
9
13
19

There is no intention of the proposed method to substitute
others estimators like the Phase Locked Loop structure,
commonly used to follow frequency variation. However, it is
recommended to work together in such a way that whenever
other structure fails, it relies on the output of this technique,
avoiding oscillations of measurement.

MEAN ERROR FOR EACH METHOD CONSIDERING DIFFERENT
NUMBER OF SEMI-CYCLES.

V.

Mean Error [%]
Enhanced
by least
squares
0.0742
0.0386
0.0255
0.0171
IV.

Enhanced
by filter
0.1548
0.0857
0.0576
0.0390

Enhanced
by
statistics
0.3763
0.2121
0.1492
0.1018
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