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This paper presents first results from a global stability analysis of subsonic jets. Global
modes of the linear compressible Navier–Stokes equations are computed for one isother-
mal and one hot jet configuration at Re = 100 and Ma = 0.9. The spatial structure of global
mode wave packets is obtained together with their frequencies and temporal growth rates.
Several families of global modes are identified, and characteristic features of their near-
field dynamics are discussed. The computations are designed to encompass the acoustic
far-field of the global modes. Far-field results are presented for one mode where the acous-
tic source region is fully contained within the computational domain.

1 Introduction

The sound that is emitted from subsonic jets is commonly attributed to two distinct aeroacoustic source
mechanisms. On the one hand, turbulent fluctuations in the jet that are characterized by short coher-
ence lengths emit a broad-band noise. On the other hand, coherent large-scale instability waves de-
velop within the slowly varying mean flow of the jet, radiating a low-frequency tonal spectrum. Numer-
ous investigations (recent studies include [4, 9]) demonstrate that the low-frequency emission due to
instability waves contains the largest part of the radiated acoustic energy.

Numerical as well as experimental jet studies, over a wide range of operating conditions, consistently
identify strong oscillations inside the jet at a fairly low frequency, known as the preferred mode. The
acoustic signature of the preferred mode is usually found as a marked peak in the far field, particularly
at radiation angles close to the jet axis. Ref. [10] gives a typical value of the Strouhal number Std ≈ 0.4,
based on jet diameter, for the preferred mode in round jets at low Mach number. Recent numerical
simulations [4, 9] suggest a typical value between Std = 0.2 and 0.25 at high subsonic Mach numbers.
[11] proposed an interpretation of the preferred mode as the least stable mode of a “slightly damped
oscillator”. The present study describes such slightly damped modes in a spatially varying jet.

Temporal global modes of the linearized compressible Navier–Stokes operator will be computed for
subsonic isothermal and hot jet flows. The spatial structure of these eigenmodes encompasses both the
near-field instability waves inside the jet and their acoustic radiation into the far field. The presence of
the nozzle is accounted for; it is modeled as a straight pipe with an infinitely thin wall that extends into
the computational domain.

Similar jet configurations were investigated in a nonlinear framework in ref. [12]. That study com-
pared the simulated nonlinear jet dynamics to theoretical predictions based on local linear stability
properties of the underlying base flow. The investigated parameters were necessarily limited to the ab-
solutely unstable regime, i.e. to strongly heated jets, which were demonstrated to exhibit nonlinear
global instability. The present study extends the scope of [12] in several important ways. First, glob-
ally stable settings such as isothermal jets can be considered. Secondly, in contrast to the earlier local
stability analysis, the global modes immediately contain the acoustic signature of jet oscillations. Fi-
nally, the global approach fully accounts for the non-parallelism of the base flow, as well as for nozzle
effects. However, comparison between linear global modes and nonlinear numerical simulations are
not offered at this point, and sound generation is limited to linear source mechanisms.
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Figure 1: Flow configuration. The jet exits a cylindrical nozzle of radius R with an axial velocity U0, a
temperature T0 and a density ρ0. r and x respectively denote the radial and axial coordinates.

2 Flow model and numerical procedures

2.1 Governing equations and flow parameters

The flow is assumed to be governed by the compressible Navier–Stokes equations. In the present study,
only axisymmetric flow perturbations are considered, and the equations are therefore cast in cylindrical
coordinates (r, x), while all flow variables are taken to be constant along the azimuthal direction ϑ. The
fluid is a perfect gas with adiabatic index γ= 1.4. In this paper, we consider temperature variations due
to compressibility but also due to a possible difference between the jet temperature T0 on the center-
line and the ambient temperature T∞. However, the fluid viscosity µ and thermal conductivity κ are
assumed to be constant throughout the flow. The jet issues from a cylindrical nozzle of radius R at x = 0,
as sketched in figure 1. At the nozzle exit, the flow is characterized by the center-line values of velocity
U0, temperature T0 and density ρ0. Together with the nozzle radius R, these reference values are used
to non-dimensionalize the problem. The full equations are given in [12].

The heating of the jet is characterized by the ratio

S = T∞
T0

which is here taken to be 1 (isothermal configuration) or 0.5 (hot jet). The jet operating conditions are
further defined by the Reynolds, Mach and Prandtl numbers, which for the present study are chosen as

Re = U0Rρ0

µ
= 100, Ma = U0

c∞
= 0.9, Pr = µCP

κ
= 1,

where c∞ denotes the ambient speed of sound and Cp is the specific heat at constant pressure.

In order to correctly capture the physics of the jet acoustics, the numerical domain contains the jet,
a solid nozzle, a portion of the acoustic far-field and sponge layers, as shown in figure 2.

The computation of linear global modes involves two separate steps. First, a steady base flow must be
obtained as a steady solution to the nonlinear equations of motion (section 2.3). Global modes are then
computed as temporal eigenstates of the corresponding linear equations, linearized about the steady
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Figure 2: Computational domain defined by xm ≤ x ≤ xM and 0 < r ≤ rM . The nozzle pipe is modeled by
an infinitely thin solid wall at r = 1 and x ≤ 0. Sponge layers are represented in gray.

base flow (section 2.4).

2.2 Numerical discretization

Spatial derivatives in both the linear and nonlinear equations of motion are discretized using explicit
sixth-order centered finite differences, and time integration is performed via a third-order Runge–Kutta
algorithm. The highly accurate spatial scheme is required in order to minimize the dispersion and dis-
sipation errors for acoustic wave propagation. Numerical instabilities of the finite-difference scheme
arise in the high wave number regime. These are damped by applying a tenth-order accurate spatial
filter procedure at regular intervals [14].

The computational domain covers the flow region over −25 ≤ x ≤ 45 and 0 < r ≤ 35. The geometry is
schematically drawn in figure 2. The singularity at r = 0 is avoided by placing the first radial grid point
at half the local cell size away from the jet axis. The nozzle pipe is modeled as an infinitely thin wall at
r = 1 that extends from the upstream domain boundary down to x = 0. The homogeneous governing
flow equations are solved within the “physical region” −10 ≤ x ≤ 30 and 0 < r ≤ 20 of the computational
domain, whereas damping terms are added in the surrounding “sponge regions” (shaded gray in figure
2) in order to attenuate oscillations before they reach the computational boundaries. Despite the addi-
tion of a damping region, an accurate computation of acoustic wave propagation necessitates the use
of high-quality non-reflecting boundary conditions [6]. Further details on the boundary treatment in
the nonlinear (base flow) and the linear (global modes) computations are given in sections 2.3 and 2.4.

The present calculations use a non uniform rectilinear grid with 570 × 255 points in the (x,r ) di-
rections, with minimum spacing ∆xmi n = ∆rmi n = 0.04 in the vicinity of the nozzle lip. Throughout
the physical region that contains 440×200 points, the grid sizes are no greater than ∆xmax = 0.1 and
∆rmax = 0.2. Strong grid stretching is applied in the sponge regions.
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Figure 3: Axial velocity field for a steady isothermal base flow at Re = 100 and Ma = 0.9.

5 0 5 10 15 20 25 30
x

2r

0.00
0.25
0.50
0.75
1.00

Figure 4: Axial velocity field for a steady hot base flow at Re = 100 Ma = 0.9 and S = 0.5.

2.3 Base flow

The shear layer thickness at the exit of the nozzle is known to be a critical parameter of the stability
features of jet flows, and is thus desirable to control. This is done by imposing

ux =
{

tanh
(

1−r (i )
φ

)
r ≤ 1

0 r ≥ 1

ur = 0

uθ = 0

p = 1

γMa2

T = S + (1−S)ux + γ−1

2
Ma2ux (1−ux )

(1)

at the inlet of the numerical domain, x = xm . Such a profile is characterized by the heating parameter
S and the characteristics length of the shear layer φ. A body force F (r ) is added to the Navier–Stokes
equations such that the flow remains parallel in an infinite pipe. Near the nozzle exit, however, small
modifications of the profile occur.

As our interest is only the computation of a steady solution of the Navier–Stokes equations, the quality
of the non-reflecting boundary conditions is not an issue in this case. We therefore use sponge layer to
smoothly impose prescribed values for the flow variables at the boundaries. For x = xm and r = rM ,
homogeneous Dirichlet conditions are used for the velocity while the density and temperature are set
to 1. The outflow profile at x = xM is computed using a boundary layer approximation.

Figures 3 and 4 represent the axial velocity distribution for isothermal and hot (S = 0.5) jets at Re = 100
and Ma = 0.9, and for an shear layer thicknessφ= 0.25. In this case, the flow is stable to finite amplitude
perturbations, and the steady state can be obtained by long time integration of the equations of motion.
At higher Reynolds number however this is no longer the case as the flow exhibits a Kelvin-Helmholtz
type instability. In these cases selective frequency damping (SFD) [1] proves efficient to numerically sta-
bilize the flow and reach a steady state, provided the cutoff frequency of the algorithm is chosen to be
smaller than the frequency of the non-linear oscillations.
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2.4 Global modes computation

Global modes correspond to the temporal eigenvectors of the Navier–Stokes equations linearized around
the previously determined base flow. The eigenvalue problem is solved using an Arnoldi algorithm. This
method is effective for the computation of a few modes associated with the largest magnitude eigenval-
ues of a linear operator. In the case of the linearized Navier-Stokes equations, this corresponds either
to modes with a large frequency or a large decay rate. These modes are spurious and have no physical
significance. In order to compute physically relevant global modes, two types of transformations of the
spectrum are commonly used. If only the most unstable modes are needed an exponential transform
may be used, which is equivalent to computing the modes of the propagator [8]. If a more accurate
picture of the spectrum is needed, the standard method is the shift-invert spectral transformation (or
a variant called Cayley transformation). This allows to “zoom” into selected parts of the spectrum, but
involves the inversion of a linear system at each iteration. This is usually done using a direct LU decom-
position of the matrix associated with the Jacobian operator, whether in dense of sparse frameworks
depending on the discretization technique employed [2, 3]. Such an approach, when large domains
and high order differentiation schemes are involved (which results in a matrix with a large bandwidth),
becomes extremely demanding in terms of memory. A matrix free version of this method has been pro-
posed [13], using an iterative linear solver such as BiCGStab. In this case, poor conditioning of the trans-
formed operator requires the use of a good preconditioner, which is also computationally expensive.

An alternative method has been developed for the present problem, in which temporal filtering is
used to compute global modes in the vicinity of a prescribed real frequency. To this end, a band-pass
frequency filter, similar to the SFD method described in reference [1], is applied to the linearized equa-
tions of motion. The most unstable eigenmodes of the filtered system are then retrieved by simple time-
stepping. Details of this method will be described in a forthcoming paper.

The choice of well-suited numerical boundary conditions is critical for the success of the present
computations, especially in view of accurate acoustic results. Such boundary conditions must min-
imize spurious acoustic reflections, and at the same time they must let vortical structures leave the
computational domain without unphysical sound generation. Sponge layers, as described above, are
widely used for such purposes in aeroacoustic computations. In addition, we apply the non-reflective
conditions given by [5] on the outermost grid points. This formulation provides a convection of vorti-
cal perturbations across the downstream boundary, and it approximates acoustic waves as being of a
spherical shape, emanating from a given point inside the domain, which here is taken to be the nozzle
exit.

3 Results and discussion

3.1 Isothermal jet

Figure 5 represents some of the least stable eigenvalues of the isothermal jet, as computed with the new
SFD method. Only a few selected frequency regions of the spectrum have been investigated, and the
following discussion will focus on results obtained in the vicinities of real frequencies ω= 0.25, 0.5 and
1. Note that not all results are fully converged; particularly the growth rate values still display a certain
dependency on the computational domain size. However, the spatial structures of these global modes
exhibit sufficiently consistent features to justify a qualitative discussion.

One family of global modes is denoted by red symbols in figure 5. Their eigenvalues are characterized
by low frequencies, ranging from 0.15 to 0.55, and by temporal decay rates between −0.055 and −0.12.
Within this family, the spatial structure of the perturbation eigenfunctions evolves slowly with the real
frequency, and this evolution follows a consistent trend. Vorticity perturbations, defined as the curl of
the velocity vector eigenfunctions, characterize the instability-driven aerodynamic near-field dynamics
associated with a global mode. Real parts of the vorticity eigenfunctions are shown in figure 6a and b
for the modes labeled 1 and 2 in figure 5 (ω1 = 0.16−0.06ı and ω2 = 0.45−0.08ı).

The vorticity field of mode 1 (figure 6a), in the very low frequency regime, displays perturbations that
are exponentially growing in the streamwise direction, both inside the pipe and in the free jet. Perturba-
tions of the streamwise velocity u′

x within the pipe are shown separately in figure 7a. A peak amplitude
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Figure 5: Eigenvalue spectrum for an isothermal jet at Re = 100 and Ma = 0.9 (axisymmetric modes).
The spatial eigenmode shapes associated with labeled eigenvalues are represented in figures
6 and 7.
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Figure 6: Spatial distribution of the perturbation vorticity log10 |∇×u′| in the near-field region for se-
lected global modes of a isothermal jet at Re = 100 and Ma = 0.9. Figures (a) to (c) respectively
correspond to modes 1 to 3, as labeled in figure 5. The full streamwise length of the physical
domain is represented.

of u′
x near the wall seems to characterize these perturbations as a “wall mode” of the pipe flow. In the

free jet, the vorticity perturbations form a regular pattern with local amplitude maxima on both sides of
the r = 1 line. In an infinitely long domain, the amplitude would be expected to reach a maximum near
the location where the base flow becomes stable, followed by streamwise decay. However, this maxi-
mum location appears to lie beyond the downstream boundary of the current physical domain. It has
been demonstrated in [7] that the acoustic radiation from an instability wave packet critically depends
on its precise spatial shape, even in the low-amplitude regions far away from the maximum. As a con-
sequence, a meaningful discussion of the acoustic far-field in the present context will require a large
computational domain that captures the entire length of the near-field wave packet.

The wavelength of vorticity perturbations shortens as the real frequency increases, such that a phase
velocity around cph = 0.4 is maintained for all modes marked by red symbols in figure 5. The vortic-
ity field of mode 2 is shown in figure 6b. The spatial structure immediately downstream of the nozzle
strongly resembles that of mode 1, with amplitude maxima on both sides of the shear layer. Around
x = 10, this shape smoothly transitions to a different pattern, with one single vorticity maximum along
r , located near the radial position of maximum base flow shear. These perturbations continue to grow
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Figure 7: Spatial distribution of the streamwise perturbation velocity log10 |u′
x | inside the pipe. (a) mode

1; (b) mode 2; (c) mode 3; all as labeled in figure 5.

in the downstream direction. Although the spatial growth is only weak near the downstream boundary
of the physical domain (x = 30), the amplitude maximum is again not captured in the present com-
putations. Mode 2 velocity perturbations inside the pipe, shown in figure 7b, are very similar to those
associated with mode 1, except for their shorter wavelength. All global modes of the present family (red
symbols in figure 5) with frequencies ωr > 0.25 exhibit a similar spatial structure as discussed here for
mode 2. The transition between the two distinct radial patterns of vorticity distribution continuously
takes place further upstream as ωr increases.

A second family of global modes is found near real frequencies ωr = 1, denoted by blue symbols in
figure 5. The least stable of these is labeled mode 3 (ω3 = 0.96 − 0.09ı), and its vorticity distribution
is displayed in figure 6c. Perturbations in the free jet are concentrated around the center of the shear
layer, and their amplitude decays immediately downstream of the nozzle exit. Their radial distribution
strongly resembles the downstream part of mode 2. Velocity perturbations inside the pipe (figure 7c)
again bear the same characteristic features of a wall mode as discussed for mode 1. It may indeed be
speculated that the two families of global modes are not distinct, but form one single branch. This will
have to be verified through further computations at intermediate frequencies.
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Figure 8: Dilatation field log10 |∇ ·u′| of mode 3, as labeled in figure 5. The entire extent of the physical
domain is represented.
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The compactness of near-field perturbations in the mode 3 case allows a discussion of the associated
acoustic radiation. The acoustic far-field may be characterized by the dilatation in the outer stream, de-
fined as the divergence of perturbation velocity. The dilatation field of mode 3, represented in figure 8,
exhibits weak sound radiation at downstream angles, measured relative to the jet axis, and considerably
stronger radiation at upstream angles. Both the upstream- and downstream-traveling waves apparently
emanate from the nozzle exit. An extinction angle seems to be present in the downstream-radiating part
of the far-field, measured as approximately 40◦ relative to the jet axis. The directivity pattern suggests
that sound waves produced near the nozzle edge on one side of the jet axis are out-of-phase with those
produced on the opposite side. Downstream radiation would then be affected by destructive interfer-
ence, whereas in the upstream direction such interference would be prevented due to shielding by the
pipe. This simple geometrical argument will need to be confirmed in a detailed study of aeroacoustic
source term distributions.

However, the dilatation field displayed in figure 8 clearly shows evidence of spurious acoustic reflec-
tions from the numerical boundary conditions. In particular, the dilatation amplitude does not decay
with distance ξ from the apparent source location at the expected rate of ξ−1. At some radiation angles,
the amplitude indeed increases with ξ. Further fine-tuning of the damping parameter inside the sponge
regions is likely to remedy this problem in future computations.

3.2 Hot jet

Low-frequency modes have been computed for a heated jet (S = 0.5), with all other parameters identi-
cal as in the isothermal case. The spectrum is represented in figure 9 for frequencies ωr < 0.55. While
all global modes in this frequency range remain stable, a new family of dominant modes is found, rep-
resented by purple symbols. These modes form a contiguous branch over the interval 0.3 <ωr < 0.52. A
second distinct set of modes, represented by light blue symbols, is detected at frequencies nearωr = 0.5.
The dominant branch displays decay rates much closer to zero than those found for the isothermal jet,
i.e. the hot jet is less stable over the investigated frequency range. This finding is consistent with exper-
imental and numerical observations in jets at lower Mach numbers.
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Figure 9: Eigenvalue spectrum for an hot jet at Re = 100, Ma = 0.9 and S = 0.5 (axisymmetric modes).
The spatial eigenmode shapes associated with eigenvalues labeled 4 to 7 (respectively ω4 =
0.23−0.06ı, ω5 = 0.35−0.05ı, ω6 = 0.45−0.02ı and ω7 = 0.49−0.1ı) are given in figure 10.

Figure 10 shows the vorticity distributions associated with selected eigenvalues (labels in figure 9).
Mode 4 (figure 10a) is characterized by long-wavelength perturbations in the outer region of the jet,
r > 1, as well as short-wavelength perturbations in the inner region, r < 1. Similar features are seen
for modes 5 and 6 (figures 10b and c), which are found along the same mode branch at higher real
frequencies. The phase velocity of perturbations in the outer jet region is around cph = 0.6 for all these
modes, and the wavelength therefore shortens with increasing frequencies. The inner short-wavelength
perturbations appear to follow an opposite trend. In the case of the least stable mode (mode 6, figure
10c), the wavelengths in the inner and outer jet regions are comparable. While the outer perturbations
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Figure 10: Spatial distribution of the perturbation vorticity log10 |∇×u′| for a hot jet at Re = 100, Ma = 0.9
and S = 0.5. Figures (a) to (d) correspond respectively to the eigenvalues labeled 4 to 7 in
figure 9. The full streamwise length of the physical domain is represented.

may be said to be qualitatively similar to those of the isothermal jet, no interpretation of the inner
perturbations can be offered at this point. However peculiar, their characteristic shape is consistently
found in computations on different numerical grids.

Mode 7 represents the second family of global modes. Its near-field signature, shown in figure 10d,
clearly sets it apart from the dominant mode branch. Close to the nozzle, the vorticity is concentrated in
two maxima of opposite sign on both sides of the shear layer. Further downstream, pairs of diagonally
opposite maxima of equal sign connect across the shear layer. The pairs finally form skewed continu-
ous patches, vaguely reminiscent of the global mode shape in the isothermal jet at similar frequencies
(figure 6b).

A discussion of acoustic radiation in the hot jet case is not attempted, since the computational do-
main does not include the wave packet maximum of any global mode at present.

4 Conclusion

A global stability analysis has been performed for one isothermal and one hot jet at low Reynolds num-
ber and high subsonic Mach number. A novel method has been employed to compute global modes
using a time-stepping technique, which does not require the explicit solution of very large linear sys-
tems. Two families of stable global modes have been identified in each of the two jet configurations.
In the isothermal jet, low-frequency modes exhibit spatial growth throughout the physical portion of
the computational domain. The radial distribution of vorticity undergoes a smooth transition between
two characteristic shapes, at a location that steadily moves upstream as the frequency increases and the
associated wavelength decreases. This observation suggests that the dominant instability mechanism
in the upstream portion of these modes requires the shear layer thickness to be small compared to the
streamwise wavelength. Higher-frequency modes of the isothermal jet, around ωr = 1, exhibit spatial
decay downstream of the nozzle exit. The vorticity distribution resembles that of the downstream por-
tion of the lower-frequency modes. Whether these two mode branches are indeed distinct will have to
be determined on the basis of further computations. Both have been seen to be connected to a wall
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instability mode in the parallel pipe flow upstream of the nozzle.
The two global mode branches found in the hot jet are clearly distinct. The dominant branch displays

a temporal decay rate close to neutrality near ωr = 0.45. The hot jet therefore is less globally stable than
the isothermal jet. The vorticity perturbations associated with these slightly damped modes display
structures of shorter wavelength near the center-line and structures of longer wavelength in the outer
region of the jet. The physical nature of particularly the inner vorticity structures remains to be clarified.
The second mode branch of the hot jet shows stronger temporal decay, but is characterized by very
orderly vorticity waves.

The acoustic far-field has been presented only for one mode of the higher-frequency branch in the
isothermal case. The strongest radiation is directed upstream, whereas extinction angles are present in
the downstream portion of the acoustic field. This directivity pattern has been attributed to azimuthal
interference effects, which are prevented in the upstream direction by acoustic shielding provided by
the nozzle. All other global modes have been found to still experience spatial growth as they enter the
downstream sponge region, and their dominant region of sound production is therefore not captured
in the present simulations. We hope to soon be able to report further progress from computations on
larger domains.

This work is being supported by a Ph.D. fellowship from DGA (France).
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