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Abstract

This thesis presents contributions to X-ray ptychography that enable its use
as a versatile X-ray phase-contrast microscopy and tomography technique.
Instead of relying on high-resolution X-ray optics, ptychography reconstructs
the investigated specimens from their coherent diffraction signals by employ-
ing iterative computer algorithms. While in this way ptychography allows
to overcome the limits of classical optics-based X-ray microscopy, it is also
superior to most other iterative schemes used for coherent diffractive, or
also “lensless”, imaging. This thesis first introduces the basic algorithmic
and experimental concepts of X-ray ptychography and puts them in con-
text with existing techniques for X-ray microscopy with and without lenses.
Furthermore, by means of simulations and experimental results, several in-
novations are discussed that improve sensitivity and spatial resolution in
two-dimensional ptychographic X-ray imaging. The final part focuses on
the pioneering combination of ptychography and computed tomography and
presents applications of this novel phase-contrast nanotomography technique
in bone research.





Zusammenfassung

Diese Dissertation präsentiert Beiträge zur Weitereinwicklung der Röntgen-
ptychographie, die deren Anwendung als vielseitige Technik zur Phasen-
kontrast-Röntgenmikroskopie und -tomographie ermöglichen. Statt sich auf
hochauflösende Röntgenoptiken zu verlassen, rekonstruiert Ptychographie
die zu untersuchenden Proben mittels iterativer Computeralgorithmen aus
ihren kohärenten Streusignalen. Während sie auf diese Weise die Limitierun-
gen klassischer optikbasierter Röntgenmikroskopie umgeht, ist Ptychogra-
phie zudem den meisten anderen iterativen Verfahren zur köharenten (beu-
gungsbasierten), oder auch „linsenfreien“, Bildgebung überlegen. Die vor-
liegende Dissertation führt zunächst in die grundlegenden algorithmischen
und experimentellen Konzepte der Röntgenptychographie ein und setzt sie
in Bezug zu bestehenden, sowohl linsenbasierten wie auch linsenfreien, Rönt-
genmikroskopiemethoden. Mittels Simulationen und experimenteller Ergeb-
nisse werden darüberhinaus mehrere Neuerungen erörtert, die die Sensitiv-
ität und das räumliche Auflösungsvermögen in der zweidimensionalen pty-
chographischen Röntgenbildgebung verbessern. Schließlich wird ein Schwer-
punkt auf die wegweisenden Kombination von Ptychographie und Comput-
ertomographie gelegt und Anwendungen dieser neuartigen Phasenkontrast-
Nanotomographiemethode in der Knochenforschung werden präsentiert.





Es ist nicht das Wissen, sondern das Lernen, nicht das Besitzen,
sondern das Erwerben, nicht das Dasein, sondern das Hinkom-
men, was den größten Genuss gewährt.

Carl Friedrich Gauß
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Chapter 1

X-ray microscopic imaging

This chapter introduces the basic principals of X-ray microscopic
imaging based on X-ray optical elements. After a discussion of
the origin of contrast in X-ray imaging in the first section, the
second section covers the most important types of X-ray optical
elements. The third section dealing with the detectors used for X-
ray imaging is followed by two sections discussing the two major
methods of X-ray microscopy, the full-field and the scanning case.

1.1 Linear imaging systems
Optical imaging set-ups can be conveniently described using linear systems
theory. This section presents the basic ideas of this approach, focusing on
those most relevant in the context of this thesis. The description here is
based on section 2.3 of the book by Goodman (1996), to which the reader is
referred for a more complete treatment of the subject. Further details on the
topic can also be found in the books by Jähne (2002, section 7.6), Ersoy
(2006, section 2.2) and Born and Wolf (2006, section 9.5).

1.1.1 Superposition in linear systems
A two-dimensional (imaging) system is assumed to be fully characterized by
the operator S, which maps the input signal g1(x1, y1) to the output signal
g2(x2, y2):

g2(x2, y2) = S {g1(x1, y1)} , (1.1)

where (x1, y1) and (x2, y2) are the respective transverse coordinates in the
input and output plane of the system. The operator S is linear if the super-
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Chapter 1. X-ray microscopic imaging

position principle

S {af(x1, y1) + b g(x1, y1)} = aS {f(x1, y1)}+ bS {g(x1, y1)} (1.2)

is fulfilled for all input functions f and g and all complex constants a and b. If
the input is decomposed into a set of elementary functions, according to (1.2)
the total response of the system can be described as the sum of responses
for these elementary inputs. With the Dirac δ-distribution (Meyberg and
Vachenauer, 1999), the input g1(x1, y1) can be expressed as

g1(x1, y1) =
∫∫

g1(ξ, η)δ(x1 − ξ, y1 − η) dξ dη . (1.3)

In the case of imaging, this can be interpreted as decomposing an input image
into individual point sources represented by the δ-peaks, where amplitude
and phase at each point source are given by the weighting factor g1(ξ, η).
First inserting (1.3) in (1.1) and then applying the superposition principle
(1.2) yields

g2(x2, y2) =
∫∫

g1(ξ, η)S {δ(x1 − ξ, y1 − η)} dξ dη , (1.4)

i.e. the output is obtained as the weighted sum of system’s response to a
point-like input. With the definition

h(x2, y2; ξ, η) ≡ S {δ(x1 − ξ, y1 − η)} , (1.5)

input and output of the system are related by

g2(x2, y2) =
∫∫

g1(ξ, η)h(x2, y2; ξ, η) dξ dη . (1.6)

h(x2, y2; ξ, η) is the response of the system at output point (x2, y2) to a δ-
shaped input at (ξ, η), called the impulse response.

1.1.2 Shift-invariant systems
If a shift of a δ-peak (point source) in the input plane only causes a shift of
the output, but not a change of its functional form, the system is called shift
invariant or space invariant. In this case, h(x2, y2; ξ, η) depends only on the
transverse distances of source and output coordinates:

h(x2, y2; ξ, η) = h(x2 − ξ, y2 − η) . (1.7)

With this, (1.6) simplifies to

g2(x2, y2) =
∫∫

g1(ξ, η)h(x2 − ξ, y2 − η) dξ dη , (1.8)

18



1.1. Linear imaging systems

i.e. the output g2 of a linear, shift-invariant system is obtained as the two-
dimensional convolution of the input g1 with the impulse response h:

g2 = g1 ⊗ h . (1.9)

Taking the Fourier transform of both sides1 and applying the convolution
theorem (A.5), the spectrum g̃2(qx, qy) of the system output is linked to the
spectrum g̃1(qx, qy) of the system input by

g̃2(qx, qy) = g̃1(qx, qy) · h̃(qx, qy) , (1.10)

i.e. by a simple multiplication with the transfer function h̃(qx, qy), which is
the Fourier transform of the impulse response.

1.1.3 Coherent and incoherent imaging systems
1.1.3.1 Impulse responses

If a given optical imaging system is illuminated with coherent light2, the
system is linear in amplitude and the input and output (complex) wavefields
ψ1(x1, y1) and ψ2(x2, y2) are related by

ψ2 = ψ1 ⊗ h . (1.11)

In this fully coherent case, the impulse response h of the system is called
the amplitude-spread function (ASF). If the same system is used with fully
incoherent radiation, input and output are intensities I1(x1, y1) and I2(x2, y2),
which are linked through (compare Goodman, 1996, section 6.1.3, pp. 132–
134, Ersoy, 2006, section 10.7, or Born and Wolf, 2006, section 9.5, pp.
545–547)

I2 = I1 ⊗ |h|2 ≡ I1 ⊗ PSF , (1.12)
i.e. the system is linear in intensity. The impulse response |h|2 of such an
incoherently-illuminated imaging system is known as the point-spread func-
tion (PSF) and is the squared magnitude of the complex-valued coherent
ASF of the system. However, as most imaging systems like microscopes are
operated with incoherent radiation and the detectors for the visible light and
X-ray regime can only measure intensities, the PSF is of far more practi-
cal importance: typically, it will characterize how the imaging system blurs
the input I1. Therefore, deconvolution of the PSF from the output image

1Definitions and fundamental properties of the Fourier transform are summarized in
Appendix A starting on page 337.

2For more details on coherence properties of wavefields, see section 2.2 on page 46.
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Chapter 1. X-ray microscopic imaging

I2 is frequently used to obtain the actual incident intensity distribution I1,
compare e.g. Banham and Katsaggelos (1997).

Typically, the total PSF of a complex imaging system is composed of the
contributions of the individual components. In an X-ray microscope, e.g.,
one typically has to consider the effects of the X-ray source, the optics, and
the detector:

I2 = I1 ⊗ PSF source ⊗ PSF optics ⊗ PSFdetector ≡ I1 ⊗ PSF system . (1.13)

1.1.3.2 Transfer functions

By Fourier transforming the ASF, one obtains the amplitude transfer function
or coherent transfer function, which characterizes the frequency response
of the system for coherent illumination according to (1.10). While in the
incoherent case also the Fourier transform of the PSF could be used as a
transfer function, one usually works with normalized quantities. According
to Ersoy (2006, section 10.8.2, p. 167), this is done to account for the fact
that “the visual quality of an image is largely determined by the contrast
of the relative intensity of information-bearing details of the image to the
ever-present background”. With the normalized intensities

I ′1(x, y) = I1(x1, y1)∫∫
I1(x1, y1) dx1 dy1

, I ′2(x, y) = I2(x2, y2)∫∫
I2(x2, y2) dx2 dy2

, (1.14)

one obtains for the relation between their Fourier transforms:

Ĩ ′2(qx, qy) = Ĩ ′1(qx, qy) · H(qx, qy) , (1.15)

where the optical transfer function (OTF) is given by

H(qx, qy) = F {|h(x, y)|2}∫∫
h(x, y) dx dy . (1.16)

The OTF is also the normalized autocorrelation of the amplitude transfer
function (Ersoy, 2006, section 10.8.2, p. 168). The modulation transfer
function (MTF) is defined as the modulus |H(qx, qy)| of the OTF (Good-
man, 1996, section 6.3.1, p. 139). The MTF plays an important role in the
characterization of imaging systems. Their spatial resolution, for instance,
is often given as the value for which the MTF falls below a certain threshold
like, e.g., 0.1.

20



1.1. Linear imaging systems

1.1.3.3 Experimental characterization of point-spread and optical
transfer functions

OTFs and PSFs are often measured indirectly using the concept of “knife
edges” (compare also section 3.3.2 on page 110): In this case, one records
an image of an object (edge) which can be assumed to resemble a step func-
tion without the influence of the PSF one wants to determine. A line-out
orthogonal to the blurred edge is sometimes referred to as edge-spread func-
tion (ESF) (compare e.g. Cloetens, 1999, section 3.4.1.3). By taking the
derivative of the ESF, the line-spread function (LSF) is obtained,

LSF(x) = d
dxESF(x) , (1.17)

which is defined as (Gruner et al., 2002b)

LSF(x) =
∫

PSF(x, y) dy . (1.18)

The one-dimensional Fourier transform of the LSF with respect to x yields
the OTF along the qx axis:

H(qx, 0) = F {LSF(x)} . (1.19)

This is a consequence of the Fourier slice theorem (Kak and Slaney, 1988,
chapter 3), see section 4.1.1 and in particular (4.4).

An important special case are imaging systems with a radially-symmetric
impulse response, for instance detectors whose PSF is larger than a sin-
gle pixels. Then also the system’s transfer function exhibits radial symme-
try. When expressing the OTF in radial Fourier space coordinates (|q|, θ),
H(|q|, θ) = H(|q|, 0) is fulfilled for all θ. Through obtaining with (1.19) the
one-dimensional radial component of the OTF as the Fourier transform of
the LSF,

H(|q|, 0) = F {LSF(x)} , (1.20)

the full two-dimensional OTFH(qx, qy) can thus be directly constructed. The
PSF can then be obtained as the inverse two-dimensional Fourier transform
of this full OTF. When exploiting the radial symmetry once again, the radial
component of the PSF can also be obtained directly as the one-dimensional
Fourier-Bessel transform3 of the radial OTF.

3Also known as Hankel transform of zero order, see Appendix A.2 and Champeney
(1973) for definition and properties.
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Chapter 1. X-ray microscopic imaging

1.2 Contrast generation: X-ray interaction
with matter

This section is largely based on Attwood (2000, chapter 3). At the length
scales accessible by X-ray microscopy, the interaction of X-rays with matter
can be described by a continuous, complex refractive index distribution

n(~r, λ) = 1− δ(~r, λ) + iβ(~r, λ) , (1.21)

which is a function of both the spatial coordinate ~r = (x, y, z) = (r, z) as
well as the X-ray wavelength λ. While β is linked to the photoelectric4 linear
attenuation coefficient µ by the relation

β(~r, λ) = λ

4πµ(~r) , (1.22)

δ is related to the electron density ne(~r) of the material as follows:
For a material in which N different atomic species are present, δ depends on
the real parts f 0

1,j(λ) of their complex atomic scattering factors in forward
scattering approximation as

δ(~r, λ) = reλ
2

2π

N∑
j=1

na,j(~r)f 0
1,j(λ) (1.23)

where re = 2.818 · 10−15 m is the classical electron radius and na(~r) the num-
ber density of the atoms. If the X-ray energy is higher than the binding
energies of core level electrons, i.e. the absorption edges, f 0

1 (λ) reduces to
the total number of electrons Z. With ne = Z · na one obtains

δ(~r, λ) = reλ
2

2π ne(~r) . (1.24)

where ne represents the total electron density of the material constituted of
the sum of the electron densities of the different atomic species present.

The wave ψ(r) exiting an object with a refractive index distribution n(~r)
for an incoming wave ψ0(r) propagating along the z-direction of the Cartesian
coordinate system (x, y, z) = (r, z) is given by

ψ(r) = O(r) · ψ0(r) , (1.25)
4At the typical X-ray energies (below 20 keV) used for the work presented here, photo-

electric absorption is the dominant effect of X-ray attenuation and other contributions can
be neglected, e.g. Compton scattering, which only becomes relevant at energies of several
tens of keV.
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1.3. X-ray sources

if the incoming wave field is sufficiently constant over the distance corre-
sponding to the thickness of the object along the propagation direction. The
validity of this projection approximation is further discussed in section 3.2.3.
The complex object transmission function5

O(r) = T (r) eiΦ(r) (1.26)

combines the projections along the propagation direction z of both the ab-
sorbing

T (r) = exp
(
−2π
λ

∫
β(r, z)dz

)
(1.27)

and the phase shifting part

Φ(r) = 2π
λ

∫
δ(r, z)dz (1.28)

of the complex refractive index distribution n(r, z).
In the case of a weak phase object, which shows basically no absorption

and only small phase shifts, the complex object transmission function (1.26)
becomes

O(r) ≈ 1 + iΦ(r) . (1.29)

1.3 X-ray sources
Although high-resolution microscopy has also been demonstrated with con-
ventional laboratory X-ray sources (Feser et al., 2008), the discussion here
will be limited to synchrotron radiation obtained from undulators which was
exclusively used for the work reported in this thesis. Undulators at large
storage ring facilities or free-electron lasers are currently the only sources
providing a sufficient amount of photons for practical applications of coher-
ent X-ray imaging techniques. However, further developments in accelerator
science may provide access to X-ray beams of similar quality on the labora-
tory scale in the future (Fuchs et al., 2009).

At modern ‘third-generation’ synchrotron sources, insertion devices – un-
dulators or wigglers – are placed in straight sections of the electron storage

5O(r) is often also called the object’s exit wave, as it is the wave one would detect
directly behind the object for a plane wave illumination with unit amplitude, which is
the common case in standard coherent diffractive imaging (CDI). However, here the term
(complex) transmission function is preferred to avoid confusion with the general exit waves
ψ(r) in (1.25) which have to be used in in ptychographic CDI.
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Figure 1.1: Comparison of the ratios δ/β for four different materials for X-ray energies
ranging from 30 eV to 20 keV. In the soft X-ray region below 1 keV X-ray microscopy
usually relies on absorption contrast, in particular in the so-called “water window” between
the K-absorption edges of carbon at 284 eV and oxygen at 543 eV. For hard X-rays with
energies above 5 keV, δ is usually one to two orders of magnitude larger than β. So
especially for the lighter elements, phase sensitive techniques potentially provide better
contrast in this energy range. Plots are based on tabulated values by Henke et al. (1993)
using the online-interface to the database available at http://henke.lbl.gov/optical_
constants/.

ring. Insertion devices consist of two long arrays of periodic magnetic struc-
tures (period length λu) causing small transverse oscillations of electrons
passing through the gap in between which therefore radiate. The ampli-
tude of these oscillations depends mainly on the flux density B0 of the mag-
netic field inside the insertion device and is quantified with the parameter
(Attwood, 2000, chapter 5)

K = eB0λu
2πmec2 ' γ · θe,max , (1.30)

where θe,max is the maximum angular deviation of the electron beam from the
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1.4. Free-space propagation

forward direction and γ = Ee/mec
2 is given by the ratio between the energy

Ee of the accelerated electrons and the electron rest energy mec
2. In wigglers

with K � 1 the amplitude of these oscillations is larger than in undulators
(K < 1) so that radiation intensity emitted at different oscillations adds
up incoherently. In contrast, undulators are designed in a way that the
oscillating electrons stay inside the cone of radiation, which for a relativistic
electron has an opening angle 2θrad ' 1/γ. Therefore, the radiation emitted
by an electron bunch at one oscillation is in phase with the radiation from
the following oscillations for certain wavelengths λn of the emitted radiation,
the so-called undulator harmonics (Attwood, 2000, chapter 5):

λn = λu
2γ2n

(
1 + K2

2 + γ2θ2
)
, (1.31)

where the angle θ quantifies the effects of off-axis observation of the X-ray
beam. As the even harmonics have their intensity maxima off-axis, usually
only the odd harmonics are used. The wavelengths of the harmonics can
be shifted by changing the K-parameter of the undulator, usually done by
changing the gap size between the magnetic structures.

1.4 Free-space propagation
For image formation processes in X-ray microscopy, it is important to be able
to calculate from a complex wave field ψ(x, y, z = 0) = ψ0(x, y) in a given
plane6 the diffracted complex field ψ(x = x′, y = y′, z = Z) ≡ ψZ(x′, y′)
formed at a distance Z in vacuum. Therefore, this section briefly reviews
some basic concepts of free-space wave propagation. More details on the
topic can be found, e.g., in the textbooks by Lauterborn and Kurz
(2003, section 9.1) and Paganin (2006, chapter 1), which are the main
sources for the discussion below. The section is partly based on previous
work in Dierolf (2007, section 2.2.2).

According to the Huygens-Fresnel principle, the wave field at any point in
space can be calculated as a superposition of the spherical wavelets emerg-
ing from all points of the original wave front (Born and Wolf, 2006).
A more rigorous mathematical treatment starting from the inhomogeneous
scalar wave equation leads to the Fresnel-Kirchhoff diffraction integral, which
includes an additional direction dependent factor that cannot be derived from
the mere Huygens-Fresnel principle (Lauterborn and Kurz, 2003, section

6As ψ(x, y, z = 0) ≡ ψ0(x, y) is often the object’s exit wave (see section 1.2), the plane
z = 0 is also referred to as object plane in this section.
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Chapter 1. X-ray microscopic imaging

9.1):

ψZ(x′, y′) = 1
iλ

∫∫
ψ0(x, y)eikR

R
cos(^(n̂, R̂)) dx dy . (1.32)

The wave is assumed to be monochromatic with a wave number k = 2π/λ.
The distance R from a point in the object plane to a point on the screen
is given by R =

√
(x− x′)2 + (y − y′)2 + Z2. cos(^(n̂, R̂)) is the said direc-

tional factor where n̂ is the unit normal vector of the object plane and R̂ the
unit vector along the connection of (x, y, z = 0) and (x′, y′, Z).

In the paraxial approximation, the extent of object and diffraction pat-
tern are considered to be small compared to the distance Z between the
two planes, i.e. Z � |x|, |y|, |x′|, |y′|. As this means that all light rays
can be considered to travel almost parallel to the optical axis, one can set
cos(^(n̂, R̂)) = 1. Furthermore, the paraxial approximation allows to expand

R =
√

(x− x′)2 + (y − y′)2 + Z2 = Z

√
1 + (x− x′)2

Z2 + (y − y′)2

Z2 (1.33)

around Z, which – up to the second order term – yields

R ≈ Z + (x− x′)2

2Z + (y − y′)2

2Z . (1.34)

The zeroth-order term is used to replace the factor 1/R in (1.32) by 1/Z. In
the exponent, also the higher order terms have to be considered, resulting in
the Fresnel approximation of the diffraction integral:

ψZ(x′, y′) = eikZ
iλZ

∫∫
ψ0(x, y) e

ik
2Z [(x−u)2+(y−v)2] dx dy . (1.35)

If one defines the Fresnel propagator in real space as

PZ(x, y) = eikZ
iλZ

e
ik
2Z (x2+y2) , (1.36)

(1.35) can be rewritten into

ψZ(x, y) = ψ0(x, y)⊗ PZ(x, y) , (1.37)

i.e. the propagated wave field is obtained as the convolution of the original
wave field with the Fresnel propagator. For numerical evaluation, (1.37) can
be conveniently expressed using Fourier transforms as discussed at the end
of this section, see (1.50). By expanding the quadratic terms in (1.34) such
that

R ≈ Z

(
1− xx′ + yy′

Z2 + x2 + y2

2Z2 + x′2 + y′2

2Z2

)
, (1.38)
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1.4. Free-space propagation

the Fresnel integral (1.35) can also be expressed in a different form:

ψZ(x′, y′) = eikZ
iλZ

e
ik
2Z (x′2+y′2)

∫∫
ψ0(x, y) e−ik(xx′+yy′)/Z eik(x2+y2)/(2Z) dx dy .

(1.39)
The quadratic phase factor contributed by the last exponential can be ne-
glected for large distances from the object to the diffraction plane and for a
finite size of the diffracting object, i.e.

k
x2 + y2

2Z � π . (1.40)

For an object with largest extent a, this can be rewritten into the so-called
far-field condition

Z � a2

λ
. (1.41)

Defining the dimensionless Fresnel number fn, the far-field condition becomes

fn ≡
a2

λZ
� 1 . (1.42)

In this case, the wave field in the diffraction plane can be expressed in the
Fraunhofer approximation

ψZ(x′, y′) = AZ(x′, y′)
∫∫

ψ0(x, y)e−ik(xx′+yy′)/Z dx dy , (1.43)

with the abbreviation

AZ(x′, y′) = eikZ

iλZ
e
ik
2Z (x′2+y′2) (1.44)

for the pre-factor. Identifying the integrand in (1.43) as the two-dimensional
Fourier transform of the exit wave ψ0(x, y) with respect to reciprocal space
coordinates (qx, qy) = (kx′/Z, ky′/Z), see Info box 1.1, (1.43) can be rewritten
into

ψZ(qx, qy) = AZ
(
qx

Z
k
, qy

Z
k

)
F {ψ0(x, y)} (qx, qy) . (1.45)

Also Fresnel propagation can be conveniently expressed in terms of one or
two applications of the Fourier transform and multiplication with quadratic
phase factors: Comparison of (1.45) with (1.39) shows that the latter can
also be written as

ψZ(qx, qy) = A
(
qx

Z
k
, qy

Z
k

)
F
{
ψ0(x, y) eik(x2+y2)/(2Z)

}
(qx, qy) , (1.49)

i.e. in the Fresnel approximation the wave field in the diffraction plane can
be obtained by multiplying the exit wave with a quadratic phase factor and
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Chapter 1. X-ray microscopic imaging

In small-angle approximation, q = (qx, qy) are the transverse components of
the scattering vector ~q = (q, qz). It is defined as

~q = ~ks − ~k0 , (1.46)

with the wave vectors ~k0 for the incident and ~ks for the scattered wave, which
enclose the scattering angle 2θ. In the case of elastic scattering, the condition
|~k0| = |~ks| = k = 2π/λ allows to express the absolute value of the scattering
vector as

|~q| = 2k sin θ = 4π
λ

sin θ . (1.47)

In small-angle approximation, this simplifies to |~q| ≈ 4π
λ
θ. For hard X-ray

energies and small angles, the component qz of the scattering vector along
the beam can usually be neglected, i.e. the Ewald sphere is approximated as
a plane and we have |~q| = |q|. With x′/R = sin2θx ≈ 2θx and accordingly
y′/Z ≈ 2θy, this leads then to the relations

qx = k
x′

Z
, qy = k

y′

Z
, (1.48)

which were used in (1.45).
Info box 1.1: Derivation of the relations between the transverse components of the
scattering vector and the experimental geometry.

then taking the Fourier transform. The second expression is obtained by ap-
plying the Fourier convolution theorem (A.5) to the convolution form (1.37)
of Fresnel propagation, which can then be rewritten as

ψZ(x, y) = F−1
{
ψ̃0(qx, qy)P̃Z(qx, qy)

}
. (1.50)

Here, ψ̃0(qx, qy) = F {ψ0(x, y)} (qx, qy) is again the Fourier transform of the
exit wave and the Fresnel propagator in Fourier space, obtained by Fourier
transforming (1.36), is (Paganin, 2006, section 1.4.1)

P̃Z(qx, qy) = eikZ e−
iZ
2k (q2

x+q2
y) . (1.51)

When implemented numerically, formulation (1.49) of Fresnel propagation
is more suitable for larger propagation distances Z, while (1.50) is better
suited for small Z (Giewekemeyer, 2011): Small Z in (1.49) would result
in a rather steep parabolic phase profile, so it would be hard to represent
it accurately with discrete sampling points. The same is true if the Fourier
space Fresnel propagator (1.51), which is used in (1.50), is evaluated for large
Z.
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1.5. X-ray optics

1.5 X-ray optics

1.5.1 Refractive optics
Due to the fact that the real part of the refractive index is smaller than
unity for X-ray wavelengths, focusing optics based on refraction have to be
of concave shape in contrary to the convex lenses used in visible light. How-
ever, as refraction effects are very small such is the focusing effect of a single
lens. Thicker lenses cannot be employed due to dominance of absorption ef-
fects. To circumvent these problems, compound lenses consisting of rows of
refractive lenses have been introduced by Snigirev et al. (1996). They are
mainly used for (pre-)focusing in beamline optics. Smaller focal spot sizes re-
quire higher curvatures of the individual lenses which are achieved by modern
nanostructuring techniques (Schroer et al., 2003). For two-dimensional
focusing, usually a pair of crossed 1-D focusing lenses is used. The main ap-
plications of these nano-focusing lenses are in scanning (spectro-)microscopy.
Compound refractive lenses show chromatic aberration and their efficiency
(the ratio of focused photons to incoming photons) is limited by the absorp-
tion in the lens material. The minimal focal spot sizes are limited by the
available nanostructuring techniques which prevents them from reaching the
theoretical limit (Schroer and Lengeler, 2005).

1.5.2 Reflective optics
Reflective optics are based on the total external reflection of X-rays at mate-
rial surfaces: If absorption is neglected, the condition n < 1 for the refractive
index together with the small-angle approximation of Snell’s law results in
a critical angle θc '

√
2δ with the surface (Attwood, 2000). All radiation

incident with a smaller angle will be totally reflected. Focusing is achieved
by giving a mirror surface an elliptical shape, typically either by polishing
or by bending flat crystals. A special case are glass capillary optics whose
surface is machined to form part of an rotational ellipsoid around the optical
axis and which can provide a point-focus down to a few hundred nanome-
tres diameter (Thiel et al., 1992). In contrast, two-dimensional focusing
to even smaller focal spots is mostly done with a pair of crossed mirrors,
usually referred to as Kirkpatrick-Baez (KB) mirrors (Kirkpatrick and
Baez, 1948), but is also possible with a single mirror if special multilayer
coatings are applied (Wohlschlögel et al., 2008). Such multilayers are
also added to increase the angular acceptance of reflective optics beyond the
limit of the critical angle (Hignette et al., 2005), which in turn allows to
reduce the length of the mirrors.
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Chapter 1. X-ray microscopic imaging

While single-bounce mirrors operated close to the critical angle are used
for suppression of higher harmonics from crystal monochromators, sometimes
also with the option for slight focusing, and capillaries are mainly used as
pre-focusing or condenser systems, 2D-focusing for microscopy applications is
usually done with dedicated KB-systems: As reflective optics, they not only
have the benefit of being achromatic, which allows to use a broader band-
width beam in applications where no high monochromaticity is required.
Furthermore, they also reach very high efficiencies as only total reflections
at surfaces are employed. The focal spot sizes are limited by surface rough-
ness building up in the production process, but may be further improved by
use of adaptive optics (Mimura et al., 2009). Currently, focal spot sizes
down to 60 nm× 60nm (FWHM) are routinely used in imaging applications
(Martínez-Criado et al., 2012).

1.5.3 Diffractive optics
Diffraction effects are not only used for imaging or focusing optics respec-
tively, but also for spectral filtering of X-ray beams. This is usually based
on diffraction by crystals as described by Bragg’s law

n · λ = 2dhkl sin θhkl , (1.52)

where the integer n is the diffraction order, dhkl the distance between crystal
planes with Miller indices (hkl) and θhkl the angle between incident beam
and scattering planes. For practical purposes, often two successive Bragg
reflections are combined to keep the exit beam parallel to the incident one.
The spectral bandwidth ∆λ/λ depends on the crystal used, e.g. for Si-111 it
is about 1.4 · 10−4 (Als-Nielsen and McMorrow, 2011, chapter 6). In
addition to crystals, also artificially created diffracting structures like multi-
layers or – in the soft X-ray regime – gratings are used for spectral filtering.

For focusing applications in general and imaging in particular, Fresnel
zone plates (FZPs) have been designed for X-ray energies (Baez, 1961):
They can be understood by considering the first-order diffraction of a circular
grating structure for which the periods become shorter for farther distances
from the optical axis. For smaller grating periods, the diffraction angles
become larger so that for the right choice all first-order diffraction peaks can
be made to coincide in a focal spot, see Fig. 1.2. Mathematically, this results
in the condition

r2
n = nλf + n2λ2

4 ' nλf , (1.53)

for the radius rn of the n-th Fresnel zone to get a focal length f . The
approximation on the right is valid for f � nλ/2. The higher diffraction
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f + nλ
2

f

r2 r1

rn

Figure 1.2: Sketch of a Fresnel zone plate which illustrates the constructive interference
in the first-order focus: In the circular grating structure, the sequential zones of radius
rn are designed such that the path to the focal point is f + nλ/2, where f is the focal
length. The zones are alternately transmissive or opaque and thus the waves from the
former interfere constructively at the focal point. Opaque zones may also be replaced
by ones exhibiting a phase shift of π, which is easier to realize for hard X-rays and also
increases the diffraction efficiency, i.e. the fraction of the incident intensity focused into
the first order.

orders η of the grating structures produce focal spots at the fractional focal
lengths of f/η. Usually, higher order focusing can only be observed for
odd values of η as in the discussed zone plate construction even orders with
η >= 2 cancel out due to destructive interference. However, even-order foci
may start to appear already due to slight alterations of the design (Vila-
Comamala et al., 2011b). Starting from (1.53), the focal length f can be
also be expressed as (Attwood, 2000, section 9.2)

f ' 4N(∆r)2

λ
, (1.54)

with ∆r ≡ rN − rN−1 being the width of the outermost of the N Fresnel
zones. ∆r is clearly the most important parameter in zone plate design as it
also determines the size of the focal spot and thus the resolution one can
achieve: Due to the Fourier relationship between the circular entrance aper-
ture and the focal plane, the intensity distribution in the latter is described
by an Airy pattern (Attwood, 2000, sections 9.3 and 9.4). The radius of
its first intensity minimum is given by

∆rRayl. = 1.22 ·∆r . (1.55)

When using a FZP for point-to-point imaging, ∆rRayl. is thus also the mini-
mum distance between two mutually incoherent point sources so that in an
image they are still discernible according to the Rayleigh criterion (Good-
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man, 1996, section 6.5.2). Therefore, the resolution of a zone plate is ul-
timately limited by nanostructuring technology, in particular the ability to
produce small zones with high enough aspect ratios to provide good diffrac-
tion efficiencies. However, (1.54) shows that smaller zones in turn result in
smaller focal lengths and thus reduced working distances.

Production of zone plates typically uses a combination of electron
beam lithography and electroplating with a highly-absorbing material, see
e.g. Jefimovs et al. (2007a). Due to the spread of the electron beam at
higher penetration lengths, writing of small spatially-dense structures is not
easily possible. In order to reduce the need for highest pattern densities,
Chao et al. (2005) have developed a double-exposure technique while Je-
fimovs et al. (2007b) have doubled the number of zones by overcoating a
less dense pattern of low-absorbing material with a uniform highly-absorbing
iridium layer.

As typically at best only about 10 to 20% of the incoming intensity
are diffracted into the first diffraction order (Attwood, 2000, section 9.2)
and thus contribute to the focal spot, a different way to fabricate diffractive
optics with higher aspect ratios and thus higher diffraction efficiencies has
been developed: the so-called multilayer Laue lenses (Kang et al.,
2006) are produced by alternately growing absorbing and transmitting layers
on a substrate to form a one-dimensional Fresnel zone plate with a large
thickness along the optical axis. While the high precision of thin-film growth
techniques allows for very small zone widths and thus very small focal sizes,
again two optical elements have to be combined in a crossed geometry in
order to achieve two-dimensional focusing.

1.6 X-ray detectors
As the last step in an X-ray microscopy set-up, the X-ray photons have
to be detected in a way which in the end allows to convert the recorded
information into images. While this is nowadays mostly achieved using two-
dimensional position-sensitive pixelated detectors, also simpler options like
proportional counters still play a role, e.g. in scanning transmission X-ray
microscopes (see section 1.8 on page 39). The current section provides a
summary of important general detector parameters. The detectors used for
the experiments presented in this thesis are discussed in section 5.1.1.6 on
page 130 and in section 5.2.4 on page 140. The primary sources for this
section are the review by Yaffe and Rowlands (1997) and section 3.6 of
the book by Paganin (2006). More details on the physics of various detector
types can be found, e.g., in the books by Knoll (2000) and Lowe and
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Sareen (2013), where the latter focuses on semiconductor X-ray detectors.

1.6.1 Detector parameters
Detectors as linear imaging systems Detectors are typically treated as

linear (incoherent) imaging systems to which the formalisms introduced
in section 1.1 can be applied. Of particular importance are the relations
for the point-spread function (1.12) and the optical transfer function
(1.15), as both PSF and OTF (or its magnitude, the MTF) are fre-
quently used to characterize detector systems. These parameters are,
e.g., determined following the procedure described in section 1.1.3.3 on
page 21.

Detector geometry Detector geometry strongly depends on the specific
application. For imaging, the most relevant parameters are the size
of the active area, which determines the field of view or solid angle
covered, and the pixel size, whose implications on resolution and mod-
ulation transfer are discussed under the point “Spatial resolution”.

Quantum efficiency Detection of X-rays is based on their interaction with
the detecting medium. If this medium has a thickness d and a linear
attenuation coefficient µ(E), the probability of interaction, or quantum
efficiency, for photons with energy E is

η = 1− e−µ(E)d . (1.56)

As pointed out in section 1.2, photoelectric absorption is the dominant
interaction at the energies of a few keV relevant in the context of this
thesis. In the ideal case where η approaches unity, already a single
incident photon is absorbed and can thus produce a detectable signal.

Dynamic range The dynamic range is typically defined as

DR = largest detectable signal
smallest detectable signal . (1.57)

Often, it is expressed in terms of information bits as log2(DR). This
value cannot exceed the limit set by the digitization electronics (analog-
digital converters, counters), which is typically 14bit to 16 bit, some-
times also 20bit (Kraft et al., 2009a). This limiting case is only
reached if the detector is sensitive to single photons, i.e. if noise levels
are very low. A high dynamic range is especially important for typi-
cal diffraction experiments to measure simultaneously both the usually

33



Chapter 1. X-ray microscopic imaging

very intense central beam and the surrounding scattering signals, which
are many orders of magnitude weaker.

Linearity and uniformity The output signal of a detector element should
be proportional to the number of incident photons. Deviations from
this linear behaviour in the detection process itself, e.g. as an effect of
dead time at high incident fluxes (Knoll, 2000, chapter 4, section VII),
have to be corrected in the read-out process (Kraft et al., 2009a).
The response of area detectors should also be spatially uniform, i.e.
a uniform illumination should produce the same output signal for all
pixels. However, non-uniformities can also be corrected in software by
dividing the detector frames by a gain map in which the inhomogeneous
pixel responses are stored. In full-field imaging, typically the same is
done with flat fields, i.e. images of the illumination without sample.
While the main purpose of this is to correct for inhomogeneities of the
incoming beam, it also removes those of the detector.

Noise Random deviations of a detector’s output signal from the actual num-
ber of incident photons can have various sources: The quantum nature
of X-rays results in fluctuations of the detected intensities which are
independent of the specific detector design. This is known as shot or
Poisson noise, as the fluctuations can be described by a Poisson statis-
tics with a variance

σ2 = N0η , (1.58)
where N0 is the mean number of photons falling on a detector element
and η the quantum efficiency defined in (1.56).
Other sources of noise decidedly depend on the particular detector sys-
tem: In cases where a conversion or amplification process with a mean
gain ḡ and a variance σ2

g follows the initial detection step, the output
signal becomes (Yaffe and Rowlands, 1997, section 3.5)

Ng = N0ηḡ , (1.59)

with a variance
σ2
g = N0η (ḡ2 + σ2

g) . (1.60)
In many systems, the read-out procedure adds noise to the signal. This
read-out noise is strongly influenced by the design parameters of the
specific detector, e.g. its read-out speed. Furthermore, detectors often
record a signal even in the absence of incident X-rays, the dark noise.
Both dark and read-out noise can be reduced by cooling the detector,
which suppresses thermally-induced fluctuations in its electronics. In
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1.6. X-ray detectors

practice, dark frames without X-ray irradiation are recorded to deter-
mine the background noise which is then subtracted from the recorded
images.
As the measure of the quality of an obtained image, often the signal-
to-noise ratio (SNR) is used:

SNR = 〈S〉 − 〈B〉
σ

, (1.61)

where 〈S〉 is the average of the investigated signal over a uniform area,
〈B〉 the mean background, and σ the noise.

Detective quantum efficiency (DQE) The DQE is a measure how the
signal-to-noise ratio SNRin of an input signal is affected by the detector
system, i.e. what the output signal-to-noise ratio SNRout will be. It is
defined as (Gruner et al., 2002b, p. 2838)

DQE = SNR2
out

SNR2
in

. (1.62)

For DQE = 1, SNRout equals SNRin, i.e. the detector adds no additional
noise. For a quantum efficiency η = 1, according to (1.58) the variance
σ2
in of a Poisson-distributed input signal with mean N0 is also N0 and

thus SNRin = N0/σin =
√
N0. With (1.62), the output SNR which can

be expected for a given photon number can be calculated if the DQE
is known: SNR2

out = DQE · N0. However, as the DQE combines the
information about the propagation of both signal and noise through
all stages of the detection, Gruner et al. (2002b) point out that
“the DQE will be seen to be functionally dependent upon practically
every aspect of the detector and the measurement [...]”. As a result, the
DQE will often not only depend on the detector parameters, like read-
out and dark noise, but also the specific experimental conditions, like
the incident flux or the spatial frequencies present in the input signal.
This is expressed by the fact that the DQE can also be related to the
MTF |H(qx, qy)| of the detector system (Cunningham and Shaw,
1999; Rabbani et al., 1987; Shaw, 1978):

DQE(q) = N0MTF 2(q)
NPS(q) , (1.63)

where NPS(q) is the noise power spectrum or Wiener spectrum of the
output signal’s noise and q = (qx, qy) the coordinate in two-dimensional
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Fourier space. If this noise is described by the function ∆S(r) with
r = (x, y) in an image area ∆A, the NPS is defined as (Shaw, 1978,
section 2.3)

NPS(q) = lim
∆A→∞

〈
1

4∆A

∣∣∣∣∫∫
∆A

∆S(r) e−iq·r dr
∣∣∣∣2
〉
, (1.64)

where 〈 〉 signifies an ensemble average. With the relation for the
Fourier transform of an autocorrelation given in (A.7) on page 338,
one finds the Wiener-Khinchin theorem (Shaw, 1978, section 2.3)

NPS = F {∆S ?∆S} , (1.65)

i.e. the NPS can be calculated by Fourier transforming the autocorre-
lation of the real-space noise function.

Spatial resolution As X-ray imaging is nowadays dominated by digital de-
tectors, it is their (effective) pixel size that imposes the fundamental
limit on the resolution. Assuming a pixel has a side-length ∆s, the
position of a photon cannot be determined with better accuracy, i.e.
the smallest possible PSF takes the shape of one single pixel. The cor-
responding MTF is a absolute value of a two-dimensional sinc-function
which has its first zero along each axis at the momentum transfers
qx,y = 2π/∆s. Furthermore, the pixel size also determines the Nyquist
frequency fNyq = 1/(2∆s) = qNyq/(2π), which is the highest spatial fre-
quency that can be sampled unambiguously. More details on sampling
are discussed in section 2.3 starting on page 50. If the intensity pattern
falling on the detector contains higher frequencies than fNyq, aliasing
occurs, i.e. the intensity of these higher frequencies is incorrectly at-
tributed to lower frequencies.
In most cases, however, a detector has a PSF extending over several
pixels. As even complex point-spread functions are often expressed as a
sum of multiple two-dimensional Gaussian functions (Holton et al.,
2012), a single Gaussian may already provide a good approximation
in simple cases. With such an extended PSF, signals originating from
neighbouring point-like inputs can only be distinguished if their sepa-
ration is large enough to show a visible dip in intensity. For instance,
one could require a reduction to 63% of the peak intensity, as this is
the typical value observed at the Rayleigh distance for two overlapping
Airy patterns, compare page 31 and Goodman (1996, section 6.5.2).
For two Gaussians of width σ, the distance between their maxima has
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to be approximately 3σ to fulfil this 63%-criterion7. For a Gaussian
PSF(r) with width σr, MTF (q) is also a Gaussian (compare Als-
Nielsen and McMorrow, 2011, Appendix E.2) with a sigma-width
of σq = (σr)−1 (or σf = (2πσr)−1 when expressed in terms of spatial
frequency f).

Frame rate and readout time The frame rate of a detector becomes
important when a rapid succession of exposures is required, e.g. for
time-resolved full-field imaging or in a scanning-based technique. The
frame rate is constrained by the minimum possible exposure time, for
instance limited by a mechanical shutter, and the time it takes to read
out each frame. Depending on the detector system, readout times are
between a few milliseconds up to several seconds. Most common are
values of a few hundred milliseconds. In particular if exposure times
are in the sub-second regime, readout times may constitute up to 50%
or more of the total acquisition time. It is thus desirable to keep them
as short as possible.

1.7 Full-field microscopy

1.7.1 Transmission X-ray microscopy
A full-field transmission X-ray microscope (TXM) is the direct X-ray equiva-
lent of a classical visible light microscope:8 With a condenser optics the sam-
ple is illuminated uniformly such that the objective can produce a magnified
image of it on a two-dimensional detector. For the condenser in principle
any type of optics discussed in section 1.5 can be used. Due to their higher
efficiency and robustness compared to the traditional condensers based on
zone plates (compare, e.g., the first TXM set-up at a synchrotron by Nie-
mann et al., 1976), glass capillaries are nowadays quite frequently em-
ployed (Zeng et al., 2008). The objective lenses, however, are typically
Fresnel zone plates. Using their first9 diffraction order, the same point-to-

7For comparison: The full width at half maximum (FWHM) of a Gaussian function is
approximately 2.355σ.

8Details on the technical implementation of a TXM and its applications beyond the
brief overview given here can be found e.g. in the textbook by Attwood (2000, section
9.7) and the reviews by Sakdinawat and Attwood (2010) and Kirz et al. (1995),
which are also the primary sources for this paragraph. Descriptions of the history of X-ray
microscopy can be found as part of a detailed review by Kirz et al. (1995), or in the
short historical overview by Kirz and Jacobsen (2009).

9Although it has been demonstrated (Rehbein et al., 2009; Schneider et al.,
2012) that higher resolutions can be reached by employing higher diffraction orders of the
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point imaging behaviour is achieved as with a classical thin lens for visible
light. According to (1.55) on page 31, their outermost zone width is then the
main limiting factor for the resolution of a TXM. By matching the numerical
apertures of condenser and objective, the spatial resolution can be increased
even beyond this Rayleigh limit of the objective lens (Jochum and Meyer-
Ilse, 1995, or section 9.6 of Attwood, 2000) However, due to the rather
low efficiency of zone plates, even at best conditions about 80 to 90% of the
radiation that passes through the sample does not contribute to the imaging
process. As both this efficiency and the resolving power of the available Fres-
nel zone plates decrease at hard X-ray energies, the TXM instruments with
the highest resolutions, routinely reaching about 15nm, are operated at soft
X-ray energies. They are frequently used for biological imaging – often in
a tomographic mode – employing absorption contrast in the water window
between 284 eV and 543 eV (compare Fig. 1.1 on page 24). A summary of
some recent applications in this field is given in the review by Larabell
and Nugent (2010). As in biological imaging radiation damage is a major
concern, most of this latest work has been done with instruments that allow
cryogenic cooling of the specimens during acquisition.

Phase contrast, which is of more interest in the hard X-ray regime where
absorption-based imaging is less sensitive, is also realized analogue to the
case of visible light, i.e. following the approach of Zernike (1942, 1955),
an annular phase ring is inserted in the back focal plane of the objective
(Neuhäusler et al., 2003; Schmahl et al., 1994).

1.7.2 Cone-beam projection microscopy
In laboratory-based X-ray imaging, high magnifications are frequently real-
ized by placing the specimen in the conical beam emanating from a small
source point, which Cosslett and Nixon (1953) called “shadow microscopy”
in one of the first proposals. If z1 is the distance between specimen and source
and z2 the one between sample and detector, the (shadow) image on the de-
tector will be magnified by a factor (z2 + z1)/z1 compared to the original
object. Cosslett and Nixon (1953) already pointed out the two major
limitations of the approach in a laboratory setting: The resolution which
can be reached with such a set-up is limited by the size of the X-ray source
spot. As the heat dissipation in the target of an X-ray tube is the main
factor limiting the X-ray flux, reducing the source size is only possible with
lower electron beam currents. This directly results in the second limitation,
namely that high-resolution (micro-focus) cone-beam laboratory set-ups typ-

objective zone plates, most instruments are designed to use the first order.
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ically provide only rather low X-ray fluxes and thus very long exposure times
are required.

Higher resolutions at shorter exposure times can be achieved by nano-
focusing a synchrotron beam with suitable X-ray optics and thus creating a
virtual source point for cone-beam projection microscopy (Bleuet et al.,
2009; Martínez-Criado et al., 2012). Compared to a TXM where a lot of
photons are lost due to the objective lens, such a set-up is more dose-efficient.
While propagation-based phase contrast employing the partial coherence of
the X-ray beam can in principle also be realized at laboratory installations
(Wilkins et al., 1996), it is more readily achieved at third-generation
synchrotron sources (Cloetens et al., 1996). Furthermore, the adapta-
tion of advanced phase-retrieval techniques like holotomography (Cloetens
et al., 1999) to cone-beam geometry allows to obtain quantitative results
in the latter case. However, imperfections in the beam introduced by the
focusing optics cannot always be completely removed by the usual so-called
flat-field correction, in which an image with sample is divide by one without.
As a result, the quality of the retrieved images may suffer in these cases
(Mokso et al., 2007).

1.8 Scanning microscopy
Although already Horowitz and Howell (1972) built a Scanning Trans-
mission X-ray Microscope (STXM), it was the last of the lens-based X-ray
microscopy concepts to be implemented for regular user operation (Kirz
et al., 1990; Rarback et al., 1988): In such a set-up, the sample is
raster-scanned in the focal plane of a focusing optics and the transmitted
intensity is detected. Each pixel of the resulting image thus encodes the
average transmission of the area illuminated by the focal spot during the
corresponding acquisition. As a consequence, the lateral extent of the focus
is the main factor limiting the spatial resolution. However, if the scanning
set-up fails to provide the required stability and positioning accuracy on the
nanometre scale, the resolution may be degraded further. While in principle
any type of X-ray focusing optics discussed in section 1.5 can be used to
construct a STXM, Fresnel zone plates play again the leading role. Even at
hard X-ray energies, zone plates still excel at achieving the highest resolu-
tion (Vila-Comamala et al., 2011b), although low efficiencies, chromatic
aberrations and too short working distances of FZPs have also led to the con-
struction of KB-based scanning microscopes (Martínez-Criado et al.,
2012). To reach the diffraction-limited focal spot size of a FZP as given in
(1.55) on page 31, the illumination should be sufficiently spatially coherent.
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CS FZP
OSA

S

Figure 1.3: Schematic (not to scale) of a Scanning Transmission X-ray Microscope
(STXM) with a Fresnel zone plate as focusing device. For better visualization, the model
has been cut along the optical axis and is only shown in one half-space. The incident beam
is focused by the Fresnel zone plate FZP onto the sample S located in the first-order focal
plane. The undiffracted beam is rejected through a combination of a central stop CS and
an order-sorting aperture OSA of smaller diameter than the former. Furthermore, the
OSA filters out the higher diffraction orders of the FZP, as depicted for the third-order
beam drawn in red. For data acquisition, the sample S is raster-scanned and the trans-
mitted beam is collected either with a simple intensity monitor or a two-dimensional area
detector (not shown). In the latter case, not only absorption images can be obtained, but
also phase-contrast and dark-field signals (see section 1.8.1 for more details). For X-ray
fluorescence mapping, an energy dispersive detector can be placed close to the sample,
typically in the horizontal plane forming an angle of close to 90° with the optical axis.

This can be achieved by spatial filtering of synchrotron radiation (see section
2.2.1 on page 47). Therefore, STXMs have often been installed at undulator
beamlines (already since the early days, see Kirz et al., 1990), as they
provide high coherent fluxes. The necessary illumination conditions can also
be formulated as the requirement that the de-magnified image of the source
at the focal plane should be smaller than the diffraction-limited focus.

When used in a STXM, the higher diffraction orders of the FZP as well
as the undiffracted beam have to be prevented from hitting both the sam-
ple and the detector. As sketched in Fig. 1.3, this is achieved by combining
a central stop and an order-sorting aperture (OSA). As a consequence, a
STXM is more dose-efficient than a TXM: only the radiation contributing
to the imaging process reaches the sample and there are no optics of limited
efficiency between specimen and detector. However, the necessary scanning
process still makes data acquisition in a STXM slower than in the other types
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of X-ray microscopes. On the other hand, raster scans of an object with a
small X-ray probe enable the application of various spectroscopic methods
(compare also section 3.4 of the review by Kirz et al., 1995): these in-
clude, e.g., near-edge absorption spectroscopy (Ade et al., 1992), X-ray
fluorescence (Rivers et al., 1991), photoemission (Ade et al., 1990),
visible-light luminescence (Jacobsen et al., 1993), or micro-diffraction
(Kapishnikov et al., 2012). Each of the latter three of course requires an
additional dedicated detector. While for the detection of the transmission
signal in principle a simple proportional counter is sufficient, installation of
more sophisticated detection systems can also be beneficial in the forward
direction: in addition to the transmission, also differential phase-contrast
(DPC) and dark-field signals can be obtained with position-sensitive detec-
tors, either by using a dedicated segmented design (de Jonge et al., 2008;
Feser et al., 2003; Hornberger et al., 2008) or standard pixelated
solutions, like CCDs (Chapman et al., 1995; Gianoncelli et al., 2006;
Morrison et al., 2003) or fast hybrid pixel detectors (Menzel et al.,
2010). The analysis of STXM data for these contrast modalities is discussed
in section 1.8.1. Alternatively, phase contrast may also be generated by
placing a phase ring upstream of the focusing optics such that this scanning
set-up is equivalent to a full-field Zernike set-up with reversed propagation
direction (Holzner et al., 2010).

1.8.1 Analysis of STXM data
As ptychographic data sets provide sets of diffraction patterns recorded by
scanning a localized illuminating probe across the sample, analysis schemes
for STXM data can be readily applied to obtain low-resolution images of
the investigated objects. This allows to get a fast on-line visualization of
the scanned area and is thus especially useful to check sample alignment.
Furthermore, upsampled versions of these low-resolution images may be used
as starting guesses for the ptychographic phase-retrieval algorithms.

Fig. 1.4 illustrates the three different types of contrast which can be ob-
tained when using segmented or pixelated detectors (compare also Kirz
et al., 1995 for the basic concepts and Chapman et al., 1995 for the
analysis in case of a pixelated detector):

Attenuation contrast The incoherent bright-field transmission image is
constructed by assigning the total photon count in each detector frame to the
position it was recorded at, compare Fig. 1.4(b). Mathematically, this corre-
sponds to calculating the zeroth moment of the recorded pattern (Thibault
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aa b c d e

Figure 1.4: Analysis of STXM data: (a) Example for a typical signal recorded with a
pixelated detector in a FZP-based STXM. In general, the detector in the far field shows an
image of the effective entrance pupil of the focusing optics, which results in this annular
shape for a FZP with a central stop (compare Fig. 1.3). In the top row of columns (b)–
(e), a schematic representation of this pattern is used to illustrate the analysis options
leading to the different contrast modalities shown in the bottom row. (b) To obtain an
incoherent bright-field transmission image, the total sum of all pixel values in the respective
detector frame is assigned to each pixel of the STXM map. In this case, however, the
absorption of the sample – a human erythrocyte – is too weak to generate a meaningful
image. (c) For dark-field contrast, only the signals outside the annulus are summed up
by applying an appropriate mask to the recorded images. (d) Detecting the horizontal
shifts of the annulus yields differential phase contrast in the horizontal direction (compare
also Fig. 1.5). (e) Analogously, the vertical phase gradient of the object is obtained by
assigning the corresponding vertical beam displacement to each point of the STXM map.

et al., 2009b)
M0(rj) =

∫
|Ψj(q)|2dq , (1.66)

where rj is the current scan position, q the detector plane coordinates, and
Ψj(q) the wave field in the detector plane (obtained by propagation of an
exit wave (1.25)).

Dark-field contrast In analogy to visible light microscopy, dark-field con-
trast is obtained by only considering that part of the recorded photons which
lies outside the bright-field cone. While Chapman et al. (1995) used an
annular mask, it can be beneficial to use a circular mask without a central
hole like in Fig. 1.4(c): At higher X-ray energies, there may still be some
residual transmission through the central stop which should not be assigned
to the dark-field signal. The choice of a circular mask also resembles the
first experimental realizations of dark-field contrast in a STXM by Morri-
son and Browne (1992), who blocked the unscattered bright-field cone by
a circular beamstop in front of the detector. In principle, also directional
information can be obtained if the detector frame is further divided into an-
gular segments like in scanning small-angle X-ray scattering (Bunk et al.,
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Figure 1.5: Relation of beam deflection angle and phase
gradient: Assume that a wavefront (top blue line) accumu-
lates a path-length difference of λ ·Φ/2π compared to vacuum
(bottom blue line) upon passing through a sample at a given
position, while at a lateral distance of ∆x the path-length
difference amounts to λ · (Φ+∆Φ)/2π. If the change in phase
can be considered to be linear over ∆x, the result is a tilted
wavefront, i.e. the propagation direction is changed by an an-
gle α ≈ λ

2π
∆Φ
∆x (in small-angle approximation).

λ·Φ/2π

λ·(Φ+ΔΦ)/2π
αΔx

2009).

Differential phase contrast As depicted in Fig. 1.5, a measurement of
beam deflection α along a given direction allows to obtain the mean derivative
∆Φ/∆x of the phase shift in the illuminated region with linear extent ∆x.
As according to (1.28) the phase shift depends both on the refractive index
and the thickness of the material, a phase gradient may be caused by the
change of either. A beam deflection can be trivially measured by calculating
the difference of the signals detected in the corresponding half-planes (top
and bottom, left and right) of the detector. Another option is to calculate
in each image the centre-of-mass of the intensity along a given axis. Or, in
other words, the first moments of the recorded intensity (Thibault et al.,
2009b):

Mχ(rj) =
∫
qχ|Ψj(q)|2dq , χ = x, y . (1.67)

A more rigorous investigation of the relation between the moments Mχ and
the physical parameters of the object reveals some limitations (Thibault
et al., 2009b): Only when the object is uniformly absorbing and the probe
is centrosymmetric, the first moments are directly proportional to the gra-
dient of the phase. In general, however, the measured differential contrast
also depends on the gradient of the absorption, leading to an additional dif-
ferential amplitude contrast (DAC). The contributions of DAC can usually
be neglected when working in focus (de Jonge et al., 2008), but have to
be considered at a distance ∆z out of focus (Thibault et al., 2009b):

Mχ(rj) ∝ k
∂

∂χ

(
tδ − tβ ∆z

zDOF

)
, χ = x, y , (1.68)

where t is the thickness of the sample, zDOF the depth of focus, and δ and
β the components of the refractive index according to (1.21). As a practical
consequence of (1.68), the contrast inversion of the differential signal does

43



Chapter 1. X-ray microscopic imaging

not occur at the focal plane, contrary to what one would intuitively expect
from simple geometrical considerations.

Fig. 1.4 shows two examples obtained with the momentum analysis of
the detected intensities: in Fig. 1.4(d), the horizontal shift of the beam has
been assigned to each pixel of the STXM map, while in Fig. 1.4(e) vertical
deflections are considered. From such orthogonal differential images, absolute
phase maps can be calculated through integration (de Jonge et al., 2008;
Kottler et al., 2007; Menzel et al., 2010):

Φ(r) = iF−1
{
qxΦ̃x(q) + qyΦ̃y(q)

q2
x + q2

y

}
, (1.69)

where Φ̃x(q) and Φ̃y(q) are the Fourier transforms of the DPC images. As a
constant global phase shift is lost in the DPC signal, additional knowledge
is required to fix this remaining free parameter and get fully quantitative re-
sults. Typically, an empty region in the vicinity of the specimen is employed.
Assuming that the phase shift of the support structure, e.g. a silicon-nitride
membrane, is the same for both this area and the object’s location, the phase
shifts of the specimen relative to this reference are equal to the absolute vales.
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Coherent diffractive imaging

2.1 The phase problem
In the X-ray regime, a detector measures only the intensity of a wavefield inci-
dent upon it. If the electromagnetic field has the complex scalar amplitudes
E0 and H0, this intensity is given by the magnitude of the time-averaged
Poynting vector (Attwood, 2000)

I = 〈|S|〉t = 1
2E0H

∗
0 = n

2

√
ε0
µ0
|E0|2 , (2.1)

where n is the refractive index of the medium. As a result, the phases of
the wavefield E0 are lost in the measurement. This is known as the phase
problem. Reconstruction of the lost phases and thereby finding a solution
to the phase problem is called phase retrieval. While phase retrieval is also
done in the Fresnel near-field regime (compare e.g. Cloetens et al., 1999),
the discussion in this thesis is limited to phase retrieval from Fraunhofer far-
field diffraction patterns. According to (1.45) on page 27, the wavefields in
the detector plane and directly behind object are then related by a Fourier
transform. Reconstruction of the phases in the diffraction plane thus allows
– together with the measured diffraction amplitudes – to obtain the object’s
exit wave O via an inverse Fourier transform.

From a mathematical point of view, half of the information originally
contained in the diffracted wavefield is lost when just its intensity is recorded.
As a consequence, additional constraints have to be imposed to get a unique
reconstruction. The phase (retrieval) problem of coherent diffractive imaging
can thus also be re-formulated as follows:

Definition 2.1 (The phase problem). Find the unique reconstruction of the
object’s exit wave which reproduces the measured diffraction amplitudes and
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satisfies the additional constraints.

Bates (1982) has proven that such “Fourier phase problems are uniquely
solvable in more than one dimension”. However, several ambiguities are
inherent to the phase-retrieval problem from a single diffraction pattern: far-
field intensities do not change if the object’s exit wave is multiplied by a
constant phase factor or if the object is shifted within the field of view (caus-
ing a phase gradient in the diffraction plane, compare (A.3) on page 338).
Furthermore, also the so-called twin image, which is related to the true solu-
tion via complex conjugation and rotation by 180°, is a valid solution. The
Fourier transform of the twin image has the same magnitude as the original
image, but the phase has the opposite sign. In literature (Bates, 1982), all
these results are typically treated as equivalent manifestations of the same
unique solution, also called its “trivial characteristics” (Bates, 1982; Miao
et al., 1998), as they are irresolvable without additional constraints. The
twin image ambiguity, e.g., can be solved by breaking the symmetry of the
problem, compare also section 3.1.4.3 on page 86, while both constant phase
terms typically have to be removed using a priori knowledge about the im-
aged object.

2.2 Coherent X-rays
The coherence of waves is characterized by their spatio-temporal correla-
tions. For a wave field E(~r, t), the mutual coherence function (Mandel
and Wolf, 1965) is defined as the correlation of the wave field at positions
~rj = (xj, yj, zj) (j = 1, 2) for a time separation τ :

Γ(~r1, ~r2, τ) = 〈E∗(~r1, t)E(~r2, t+ τ)〉T . (2.2)

Usually (2.2) is normalized, which yields the complex coherence factor

γ(~r1, ~r2, τ) = Γ(~r1, ~r2, τ)√
Γ(~r1, ~r1, 0)Γ(~r2, ~r2, 0)

= Γ(~r1, ~r2, τ)√
I(~r1)I(~r2)

. (2.3)

It is also called complex degree of coherence as its modulus |γ| gives the ratio
of coherent intensity to total intensity (Born and Wolf, 2006, section
10.3). The wave field is said to be coherent if the modulus takes its maximum
value |γ| = 1, whereas it is incoherent for |γ| = 0. Partial coherence is
characterized by a degree of coherence |γ| in the range 0 < |γ| < 1. (van
Cittert, 1934; Zernike, 1938)

In practice, one is usually interested in the characteristic length scales
over which the degree of coherence is high for a given source, the so-called
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coherence lengths: While the temporal coherence could also be quantified by
the maximum time separation τcoh in (2.3) for which |γ(~r1, ~r1, τ)| first drops
to zero, usually the longitudinal coherence length ξl = c ·τcoh, i.e. the distance
a light wave at speed c would travel during the coherence time τcoh, is used.
The spatial coherence is typically characterized with the transverse coherence
length, i.e. the distance |~r1 − ~r2| for which γ(~r1, ~r2, 0) falls to zero. |γ| can
be directly determined from interference experiments, e.g. with a Young’s
double-slit arrangement as in Fig. 2.1: If the two beams have equal intensity,
one finds for the fringe contrast or visibility (van Cittert, 1958; Mandel
and Wolf, 1965, p. 239; Born and Wolf, 2006, section 10.4):

V = Imax − Imin

Imax + Imin
= |γ| . (2.4)

2.2.1 Transverse coherence
For an X-ray CDI experiment, the illumination of the area from which the
signal is collected has to be spatially coherent. Therefore, it is usually con-
venient to be able to calculate the relevant transverse coherence length from
the experimental geometry. For the derivation of such a simple geometrical
expression, let us consider a Young’s double slit arrangement like in Fig. 2.1
(van der Veen and Pfeiffer, 2004): An incoherent light source of one-
dimensional transverse extent a illuminates small slits of separation d located
in a plane perpendicular to the optical axis at a distance R from the source.
The diffraction from the double slit is visualized on a screen located at a
distance L behind it. Using relation (2.4), we define the transverse coher-
ence length ξt as the separation of the slits d for which the fringe visibility
in the diffraction pattern becomes zero. This means, that the minima of
the diffraction pattern from the double slit illuminated by a point source at
the centre of the extended source coincide with the maxima of the diffrac-
tion for a point source being placed at the edge of the extended source. In
small-angle approximation, one gets αmax,n = nλ/d for the angle to the n-th
maximum and αmin,n = (n + 1

2)λ/d for the n-th minimum for illumination
with the central point source. For an element at the edge of the source, all
extrema are shifted by an angle ∆α = a/(2R). Thus the maxima of this
pattern coincide with the minima of the other and vice versa, if 1

2
λ
d

= a
2R is

fulfilled. Solving for d yields the transverse coherence length

ξt = λR

a
. (2.5)

Realistic two-dimensional sources often have asymmetric Gaussian intensity
distributions in the source plane, so that one can find different coherence
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Figure 2.1: A Young’s double-slit arrangement showing the interference patterns from
two narrow slits (separation d) illuminated from elements at the central part (solid line)
and the edge (dotted line) of the source (size a). The slit distance for which the patterns
are in antiphase corresponds to the transverse coherence length ξt = λR/a. From Dierolf
(2007), originally adapted from van der Veen and Pfeiffer (2004).

lengths along the vertical (ξv,σ) and horizontal (ξh,σ) direction:

ξh = λR

2πσh
ξv = λR

2πσv
, (2.6)

where σh and σv are the sigma widths of the Gaussian source. These trans-
verse coherence lengths represent the sigma widths of the complex coherence
factor as introduced in (2.3)(Sandy et al., 1999). In many cases, the ex-
tent of a source is given as its full width at half maximum (FWHM), which
for a Gaussian is related to the sigma widths by

σ = FWHM
2
√

2 ln 2
≈ 0.424 · FWHM . (2.7)

Accordingly, one can use ξFWHM = 2
√

2 ln 2 · ξσ ≈ 2.355 · ξσ to convert the
coherence lengths in (2.6) to FWHM values.

2.2.2 Longitudinal coherence
For determination of the longitudinal coherence length ξl, two co-propagating
waves with wavelengths λ and λ+ ∆λ are considered (van der Veen and
Pfeiffer, 2004). ξl is then defined as the distance over which these two
waves develop from being in phase to being in antiphase as illustrated in
Fig. 2.2. This means that for N oscillations of the first wave, the second

48



2.2. Coherent X-rays

l     Dl

x l= N ·

Figure 2.2: Two waves of wavelengths λ and λ+ ∆λ starting simultaneously at the same
point in time and space. At the longitudinal coherence length ξl the phase difference has
become π. From Dierolf (2007), originally adapted from van der Veen and Pfeiffer
(2004).

completes only N − 1
2 oscillations. Solving the resulting condition Nλ =

(N − 1
2)(λ+ ∆λ) for N and using ξl = Nλ one obtains

ξl = 1
2
λ2

∆λ . (2.8)

In CDI, the longitudinal coherence length puts a limit on the maximum
observable diffraction angle and thus the resolution: For waves scattered at
an angle 2θ from the centre and the edge of a sample with lateral extent a the
path length difference is ∆spath(θ) = a sin θ. As the condition for coherent
interference is ξl > ∆spath(θ), this results in

λ2

∆λ > a sin θ ≈ a
qmax
k

, (2.9)

where qmax is the largest momentum transfer detected and k = 2π/λ the wave
number. Using the relation ∆x = 2π/qmax between qmax and the resolution
element ∆x in real space (compare also section 2.3), one obtains the condition

∆λ
λ

<
∆x
a

. (2.10)

Considering additionally the thickness l of the sample along the beam yields
the second condition

λ2

∆λ > 4l(sin θ)2 . (2.11)
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A crystal monochromator using a Si(111) Bragg reflection has a spectral
bandwidth ∆λ/λ ' 1.4 ·10−4 (Als-Nielsen and McMorrow, 2011, chap-
ter 6). For a sample (or localized illumination) of lateral extent a = 10 µm,
which is a size matching the typical transverse coherence lengths, (2.10) then
gives a resolution limit of ∆x > 1.4 nm.

2.3 Sampling
Like other digital image processing techniques, phase-retrieval algorithms op-
erate on images formed by arrays of discrete pixels using discretized versions
of mathematical operations, like e.g. the discrete Fourier transform (DFT,
see Appendix A.3 on page 339). Therefore, the sizes of sampling intervals
have to be chosen such that the original continuous functions are still com-
pletely determined when sampled only at discrete points on finite grids. The
conditions for this to be true are established by the sampling theorem (Shan-
non, 1949), which is briefly reviewed in subsection 2.3.1. Based on this, the
specific sampling requirements for phase retrieval from far-field diffraction
data are discussed in subsection 2.3.2.

2.3.1 The sampling theorem
When a DFT is applied to an array which has Npix samples of size ∆x along
a dimension in direct space, the relation to the sampling step size ∆q along
the corresponding dimension of size Npix in Fourier space is given by (Butz,
2006)1

∆x ·∆q = 2π
Npix

. (2.12)

The largest Fourier space component qmax contained in a DFT is

qmax = Npix

2 ∆q = π

∆x . (2.13)

Thus, if the continuous Fourier transform g̃(q) of a continuous function g(x)
contains momentum transfers larger than qmax, the chosen sampling interval
∆x is too coarse. In this case, spatial frequencies with q > qmax are wrapped
in Fourier space upon application of the DFT and create additional intensity

1Analogous relations can be given for the other dimensions of an array. However, as
multi-dimensional Fourier transforms can be expressed as consecutive applications of one-
dimensional Fourier transforms with respect to each coordinate, all relations are given in
a one-dimensional notation in what follows.
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at lower frequencies. This behaviour, known as aliasing, is due to the period-
icity of the DFT, compare (A.12) on page 340. A function with an infinitely
broad Fourier spectrum can thus never be sampled unambiguously. However,
aliasing does not occur if a continuous function g(x) is bandwidth-limited,
i.e.

g̃(q) = 0 ∀ |q| > qNyq , (2.14)
and the condition

qNyq ≤ qmax (2.15)
is fulfilled for the chosen sampling interval. The value fNyq = qNyq/(2π) is
called the Nyquist frequency or sometimes also cut-off frequency. With (2.13),
condition (2.15) can be rewritten into

∆x ≤ 2π
2qNyq

= 1
2fNyq

, (2.16)

i.e. the minimum sampling interval is inversely proportional to twice the
Nyquist-frequency. If at least the equality in condition (2.16) is fulfilled, the
continuous function g(x) is completely determined by its sampled version
gm ≡ g(m∆x) with m ∈ Z. Mathematically, this means that the original
function can be constructed as the sum of sinc-functions which are centred at
the sampling points m∆x and have amplitudes gm (Butz, 2006; Shannon,
1949):

g(x) =
∞∑

m=−∞
gm

sin qNyq(x−m∆x)
qNyq(x−m∆x) =

∞∑
m=−∞

gm sinc π

∆x(x−m∆x) . (2.17)

This is often called the Shannon sampling theorem2 and discretization accord-
ing to the case of equality in (2.16) is also referred to as Shannon sampling.
Sampling with finer steps does not add any additional information about
g(x).

In practice, the function g has not only to be band-limited, but usually
should also be fully contained in the coordinate range covered by the real-
space sampling array. However, Shannon (1949) also pointed out that a
function cannot be both band-limited and of finite extent in direct space.
Nevertheless, he stated that keeping a band-limited function very small
outside a given region is possible and sufficient. In this case, one can as-
sume gm ≈ 0 for m /∈ [−Npix/2, Npix/2 − 1] and the infinite sums in equa-
tion (2.17) can be replaced by a finite sum over all sampling points, i.e.
m ∈ [−Npix/2, Npix/2− 1] ∩ Z.

2This is due to the fact that Shannon (1949) first published this form of the sam-
pling theorem. As he cites earlier work by Nyquist and Whittaker in his article, also the
terms Nyquist-Shannon sampling theorem and Whittaker-Shannon sampling theorem are
frequently used.
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2.3.2 Sampling requirements in far-field phase retrieval

2.3.2.1 From crystallography to coherent diffractive imaging

Two articles by Sayre (1952, 1980) are often referred to as the first ma-
jor conceptual milestones in the development of X-ray coherent diffractive
imaging of non-crystalline specimens through the application of phase re-
trieval3. One of the first connections between solving the phase problem
and sampling of the diffraction data – in this case still for the crystallo-
graphic case – was made in the article “Some implications of a theorem due
to Shannon” (Sayre, 1952): Consider a function g(x) that is non-zero only
on an interval of finite size a in real space. In Sayre’s article, this extent a
is the size of a crystal’s unit cell. To determine the rate necessary to un-
ambiguously sample the Fourier transform of g, a can be considered as the
direct-space analogue of twice the Nyquist frequency. According to (2.16),
the Fourier transform g̃(q) then has to be sampled with a step size of at least
∆q = 2π/a. Therefore, ∆q = 2π/a is also the length scale of the smallest
features in the typical grainy structure (“speckles”) of coherent diffraction
patterns (compare Lauterborn and Kurz, 2003, chapter 6), which is al-
ways inversely proportional to the largest extent a of the illuminated object.
However, the intensity pattern |g̃(q)|2 measured in an X-ray diffraction ex-
periment is not the Fourier transform of the original object g(x), but rather
of its autocorrelation4 g(x)?g(x) (compare (A.7) on page 338). As the maxi-
mum extent of g(x)?g(x) is twice that of g(x), the intensity pattern also has
to be sampled with at least twice as fine steps, i.e. with ∆q = 2π/(2a), to
unambiguously determine the autocorrelation. Sayre (1952) concluded that
sampling diffraction patterns this way would thus allow to solve the phase
problem, at least for centrosymmetric crystals. In standard crystallography,
however, this higher sampling rate cannot be achieved as the diffraction pat-
terns consist only of discrete Bragg peaks appearing at spacings of ∆q = 2π/a
(reciprocal lattice constant). As a result, the idea had only rather limited
practical consequences at first. But three decades after he had published
these first implications, Sayre (1980) proposed that the approach could
instead be applied to the continuous diffraction patterns of non-crystalline

3In his review “X-Ray Crystallography: The Past and Present of the Phase Problem”,
Sayre (2002) gives an overview on various techniques on solving the phase problem and
their historical development. In addition to a discussion of various approaches to solve the
crystallographic phase problem, Sayre also describes his personal perspective of the work
(e.g. Sayre, 1952, 1980; Sayre and Chapman, 1995) which paved the way towards the
first demonstration of X-ray CDI (Miao et al., 1999).

4In the context of crystallography, like in Sayre’s original work (Sayre, 1952), this
autocorrelation is also called the Patterson function.
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specimens. Instead of the unit cell’s size, the quantity a then just represents
the extent of a localized non-crystalline object. Based on some earlier work
by Bruck and Sodin (1979) going in the same direction, Bates (1982)
shortly afterwards proved that adequately high sampling allows to uniquely5
solve the phase problem in two or more dimensions. Based on the historical
origins and the higher sampling rate compared to crystallography, the tech-
nique was later coined “oversampling method to retrieve the phase” (Miao
et al., 1998).

2.3.2.2 Sampling of two-dimensional diffraction patterns

Let us assume that two-dimensional diffraction patterns are recorded with
a pixelated detector with N = Nx × Ny pixels (without loss of generality:
Nx, Ny even) which is positioned at a distance Z behind the sample plane.
Each pixel covers an area of ∆sx × ∆sy. In small-angle approximation, a
position difference of ∆s on the detector corresponds to a scattering angle
of 2θ ≈ ∆s/Z. Inserting this in (1.48) on page 28 reveals that the sampling
intervals in reciprocal space depend solely on the experiment’s geometry:

∆qx = 2π
λZ

∆sx , ∆qy = 2π
λZ

∆sy . (2.18)

As the planes of sample and detector are related by a discrete Fourier trans-
form, the size of the real-space image is also Nx×Ny pixels. The correspond-
ing real-space sampling intervals ∆x and ∆y are given by (2.12) on page 50.
The linear extent of the field-of-view in direct space along the Cartesian axis
is thus

Lx = Nx∆x = 2π
∆qx

, Ly = Nx∆y = 2π
∆qy

. (2.19)

Inserting (2.18) into (2.19), allows to calculate the pixel size in real space for
a given experimental geometry:

∆x = λZ

Nx∆sx
, ∆y = λZ

Ny∆sy
. (2.20)

It is now assumed that the scattering object is represented by a density
function g(x, y) with a finite support S, i.e.

g(x, y) = 0, if (x, y) /∈ S . (2.21)
5In the context of CDI, a unique solution is always to be understood as being unique

apart from the inherent ambiguities, or “trivial characteristics”, discussed in the last para-
graph of section 2.1.
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If Sx×Sy is the smallest rectangle in which the support S is fully contained,
sufficient sampling of its Fourier transform according to Shannon is achieved
for6

∆qx ≤
2π
Sx
, ∆qy ≤

2π
Sy

. (2.22)

However, like in the one-dimensional case discussed by Sayre (1952) and in
the previous section, the correct Shannon sampling intervals of the diffraction
intensity |g̃(qx, qy)|2 have to be determined from the larger support of this
pattern’s Fourier transform, the autocorrelation g(x, y) ? g(x, y). As for this
support of the autocorrelation the size of the minimum containing rectangle
is 2Sx×2Sy, the maximum size for the sampling intervals in reciprocal space
reduces by a factor of two:

∆qx ≤
π

Sx
, ∆qy ≤

π

Sy
. (2.23)

If the intensity is sampled according to these conditions, no aliasing in the
autocorrelation occurs. The minimum sampling rate enforced by (2.23) is a
factor of two higher than that of (2.22). Therefore, the diffraction pattern
is often said to be linearly oversampled by a factor of two, although (2.23)
just states the condition for proper Shannon sampling. When comparing the
total minimum number of sampling points in the two cases, one arrives at
a factor of four. For two and more dimensions and in the absence of noise,
oversampling by this factor “almost always” (Bates, 1982) guarantees the
existence of a unique solution for the corresponding phase problem.

2.3.2.3 Sampling and degrees of freedom

By comparing the number of unknowns to the amount of measured values,
Miao, Sayre, and Chapman (1998) concluded that also lower oversam-
pling factors can allow for unique solutions: In the sampled images, the
pixel coordinates are (qx,n, qy,m) = (n∆qx,m∆qy) in reciprocal space and
(xn, ym) = (n∆x,m∆y) in real space, with integer factors n ∈ [−Nx/2, Nx/2−
1] and m ∈ [−Ny/2, Ny/2 − 1]. The Fourier magnitude, i.e. the square-root
of the measured intensity value, at a given pixel (qx,n, qy,m) is linked to the
object function in real space by the discrete Fourier transform:

|g̃(qx,n, qy,m)| =
∣∣∣∣∣∣ 1
NxNy

Nx/2−1∑
ν=−Nx/2

Ny/2−1∑
µ=−Ny/2

g(xν , yµ) ei2π(n ν/Nx+mµ/Ny)

∣∣∣∣∣∣ . (2.24)

6As already pointed out in section 2.3.1 on the sampling theorem, smaller intervals
than those given by the equality do not increase the information content of the sampled
pattern.
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Considering all N = Nx×Ny pixels of |g̃(qx, qy)|, this leads to set of N equa-
tions to reconstruct the N pixels of g(x, y). If g(x, y) is real-valued, N un-
knowns have to be calculated. However, according to Friedel’s law (compare
(A.8) in page 338), the corresponding diffraction pattern is centrosymmetric
in this case, i.e. |g̃(qx, qy)| = |g̃∗(−qx,−qy)|. The measured data therefore
provides only N/2 independent equations. Due to the breakdown of Friedel’s
law for a complex-valued object g(x, y), |g̃(qx, qy)| then has N independent
values. But as in this case both the real and imaginary part for each pixel
of g(x, y) have to be reconstructed, one still has twice as many unknowns as
the number of equations. For both real-valued and complex-valued object
functions g(x, y), the phase problem is thus underdetermined by a factor of
two. To uniquely solve the phase problem, the number of unknowns there-
fore has to be reduced by at least a factor of two by introducing additional
constraints based on a priori knowledge. With the ratio

σ = total pixel number
unknown-valued pixel number (2.25)

introduced by Miao et al. (1998), this can be expressed as the necessary
condition σ ≥ 2. If g(x, y) has a finite support as defined in (2.21) and this
support contains NS pixels, (2.25) becomes the oversampling ratio (Miao
and Sayre, 2000)

σ = N

NS

. (2.26)

For a rectangular support and Shannon sampling according to (2.23), this
oversampling ratio is σ ≥ 4, so at least two times higher than the minimum
value necessary to constrain all degrees of freedom. This leads to the conclu-
sion cited at the beginning of this paragraph (Miao et al., 1998): unique
reconstructions from two-dimensional diffraction patterns are also possible
with oversampling factors lower than four.

2.3.2.4 Experimental implications

When preparing a CDI experiment, typically Shannon sampling according
to (2.23) on page 54 is used for planning the geometry of the set-up: By
replacing ∆qx,y in (2.18) on page 53 with condition (2.23), one can deduce
either the minimum required distance Z between sample and detector for a
given object,

Z ≥ 2
λ

max (∆sx,∆sy) ·max (Sx, Sy) , (2.27)
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or the maximum extent max (Sx, Sy) of the support or a localized illumination
for a given geometry,

max (Sx, Sy) ≤
λZ

2 max (∆sx,∆sy)
. (2.28)

As an example, we consider some standard settings for CDI experiments at
the cSAXS beamline of the Swiss Light Source (compare section 5.1 start-
ing on page 125): With a wavelength λ = 2Å and a maximum distance
of Z = 7.2m for the Pilatus 2M detector with its pixels of ∆sx × ∆sy =
172 µm× 172 µm size, one obtains the condition max (Sx, Sy) ≤ 4.2 µm for
the maximum size of sample or illumination.

2.4 Iterative phase retrieval in CDI
Additional constraints have been introduced as an integral part of the phase
problem already in its Definition 2.1 on page 46. Their role in reducing
the number of unknowns to allow for a unique reconstruction has been fur-
ther detailed in section 2.3.2.3, in particular for the case of a finite support
in real space. Additional information beyond a simple binary support is
included in other common direct-space constraints, e.g. non-negativity of
a real-valued object (Fienup, 1982), constraints on the object’s histogram
(Elser, 2003a), or a known illumination (Fienup, 2006; Quiney et al.,
2005). These usually improve the convergence behaviour of the iterative
algorithms which are typically employed to solve the system of equations de-
fined by (2.24) on page 54. Most of these algorithms can be mathematically
expressed in terms of iterative projections onto constraint sets. This sec-
tion gives a brief introduction to this concept, mainly adapted from Elser
(2003a) and Bauschke et al. (2002), as well as to some small extent also
from Marchesini (2007) and Thibault (2007). A detailed description of
the mathematical basics of iterative phase retrieval can be found e.g. in the
review by Luke et al. (2002). After introducing the projection formal-
ism, the section discusses some phase-retrieval algorithms commonly used in
CDI and their limitations. The section is partly based on previous work in
Dierolf (2007, section 2.2.3).

2.4.1 Phase retrieval as an optimization problem
Any image with N complex-valued pixels can be represented as a vector x
with complex components xν , ν ∈ [1, N ]∩N, in an N -dimensional Euclidean
vector space VN . If the image is Fourier transformed, the resulting image
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can again be expressed as a vector x̃ in VN , i.e. the Fourier transform just
changes the components of the vector x. However, its norm is preserved due
to Parseval’s theorem (see (A.4) on page 338). The Fourier transform is thus
unitary and can be interpreted as a rotation of the N -dimensional vector x.
Within this vector formalism, constraints both in real and reciprocal space
can be expressed as the sets of all points in VN for which the correspond-
ing images satisfy the respective constraint. In CDI, one of these sets has
of course to contain all images fulfilling the Fourier modulus constraint
which is determined by the square root of the measured diffraction intensi-
ties. Representing these measured Fourier amplitudes by the vector m, the
corresponding constraint set is defined as

CF = {y ∈ VN | |ỹν | = |mν | ,∀ ν ∈ [1, N ]} , (2.29)

where the ỹν are the components of the Fourier transform of y. As pointed
out in the introductory paragraph of this section, several types of a priori
knowledge may be used to construct a direct-space constraint set. For sim-
plicity, the following discussion uses the support constraint introduced in
section 2.3.2.2. Based on the expression for the finite support in (2.21) on
page 53, we define CS as the set of all image vectors y for which the values yv
are non-zero only for the pixels inside the support, i.e. ν ∈ S. In our vector
space terminology, this means that any vector of the set is orthogonal to the
basis vectors of the outside components (the basis vectors of the complement
of CS), i.e. their dot product vanishes. For these two constraints, the phase
(retrieval) problem stated in Definition 2.1 on page 46 can be formulated as

find x ∈ CS ∩ CF . (2.30)

For this phase problem to be uniquely solvable, the two constraint sets thus
have to overlap and this intersection should furthermore consist of just one
single point (image vector).

Convex and nonconvex sets A set D is convex, if for any two points
x1,x2 ∈ D also any point on the connecting line is part of the set, i.e.
x = ηx1 + (1 − η)x2 ∈ D is fulfilled for all η ∈ [0, 1] ∩ R. Optimization
problems analogous to (2.30) in which the constraint sets are convex are well
understood in terms of their convergence behaviour (Bauschke et al.,
2002). Unfortunately, phase retrieval turns out to be a nonconvex optimiza-
tion problem. While the support constraint set CS is convex (Bauschke
et al., 2002; Elser, 2003a), it can be easily shown that the Fourier mod-
ulus constraint generates a nonconvex set (Bauschke et al., 2002): If we
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pick x ∈ CF , also −x ∈ CF . The vector 1
2x + 1

2(−x) = 0 lies on their con-
necting line but does not belong to the set CF which is thus nonconvex7. As
a result, the methods developed for convex optimization cannot be readily
applied to the phase-retrieval problem. Or, as Bauschke et al. (2002)
put it, “[...] the mathematical theory remains unable to completely analyse
the convergence behaviour of these algorithms in nonconvex settings [...]”. In
particular, stagnation of iterative algorithms can occur, see the discussion in
subsection 2.4.3.2 on the error-reduction algorithm and Fig. 2.5.

2.4.2 Projections
To create update rules for iterative algorithms, we have to establish a map-
ping between any possible image vector x ∈ VN and the ones contained in
the corresponding constraint sets. This is done by introducing projections:

Definition 2.2 (Projection onto constraint set). The projection πD(x) onto
a given constraint set D ⊂ VN is the operator which maps every x ∈ VN to
πD(x) = y ∈ D such that the distance ‖x− y‖ is minimized.

In other words, the projection selects the image y fulfilling the con-
straint which is closest – in terms of Euclidean distance – to the current
guess x. If the input vector is already part of the constraint set, the pro-
jection obviously does not change it and is thus an idempotent mapping, i.e.
πD(πD(x)) = πD(x). Again, we restrict our discussion to the projections onto
the constraint sets CF and CS discussed in the previous section. The pro-
jection πS for the support constraint can be obtained rather straightforward
from the mathematical formulation of the support in (2.21) and is defined as
(see also, e.g., Bauschke et al., 2002)

πS(xν) =
xν if ν ∈ S ,

0 otherwise .
(2.31)

The projection onto the Fourier modulus constraint is most conveniently
applied to the Fourier transform x̃ of the input vector x, i.e. πF is usually
expressed as

πF = F−1π̃FF , (2.32)

7Note that the constraint set could be made convex by replacing |ỹν | = |mν | with
|ỹν | ≤ |mν | in (2.29), generating the so-called submodulus constraint. However, this
modified constraint is typically not strong enough to produce reasonable phase retrieval
results (Bauschke et al., 2002).
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Figure 2.3: Visualization of the Fourier modulus projec-
tion. A measured Fourier amplitude mν defines a circle in
the complex plane. The projection replaces the amplitude of
a complex number xv eiφν (blue marker) with this measured
value by picking the closest point on this circle (red marker),
which means the phase φν is left unchanged. For xν = 0, this
operation is not well defined and any point on the circle has
the same distance. The Fourier modulus projection is thus
multi-valued, as characteristic for nonconvex constraint sets.

where the projection π̃F acting on the Fourier components is defined as

p̃M(x̃ν) =
mν

x̃ν
|x̃ν | if x̃ν 6= 0 ,

mν eiα otherwise .
(2.33)

For a non-zero component x̃ν = |x̃ν | eiφν , this projection is unique and re-
places |xv| with the measured diffraction amplitude mν while keeping the
original phase φν . This is illustrated in Fig. 2.3. However, for zero-valued
pixels the phase φν is not defined and the phase α in the projected component
may take any value. Or, in other words, all points on the circle defined by the
modulus constraint of course have the same distance from an xν = 0 located
in the origin (compare Fig. 2.3), therefore no single closest point exists. In
practice, the problem is often addressed by setting α = 0. However, fact is
that the Fourier modulus projection is not unique in all cases. According to
Bauschke et al. (2002), such multi-valued projections occur for all known
examples of nonconvex sets and thus hinder predictions about convergence
behaviour of algorithms using them.

2.4.3 Common iterative projection algorithms
The common iterative projection algorithms only differ in the choice of the
update function GπS ,πF , which determines how the projectors πS and πF have
to be applied to the current iterate x(n) in order to construct the next one,

x(n+1) = GπS ,πF

(
x(n)

)
. (2.34)

Some examples of update functions for common algorithms are given in the
following subsections. Where appropriate, the iteration rules are not only
expressed in this functional style, but also using a simplified operator nota-
tion,

x(n+1) = (GπS ,πF )
{
x(n)

}
. (2.35)
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Reciprocal
space image

apply reciprocal
space constraint

(diffraction intensities)

Reciprocal space 
image (modified)

apply direct 
space constraint 

(e.g. support)

Direct space image

Direct space image
(modified)

IFT

FT

Figure 2.4: Schematic representation of the Gerchberg-Saxton or error-reduction algo-
rithm (Fienup, 1978; Gerchberg and Saxton, 1972). The algorithm can be started
with a random complex-valued input at any of the four different image states occurring
during the cycle (grey boxes). It then iterates between direct and reciprocal space using
the Fourier transform (FT) or its inverse (IFT) respectively. After each transform, the
appropriate projection is carried out, i.e. the upwards arrow on the left corresponds to
application of πS given in (2.31) (or a different real space projection), while the down-
wards arrow on the right signifies the Fourier space projection π̃F defined in (2.33). From
Dierolf (2007).

Such a projection algorithm has converged, once the update procedure has
reached a fixed point xfp = GπS ,πF (xfp) for which the iterates do no longer
change upon repeated application of GπS ,πF . Depending on the update func-
tion used, this fixed point does not necessarily have to be the solution xsol

of the phase retrieval problem (2.30). In general, there are usually many dif-
ferent fixed points associated with the same unique solution (Elser et al.,
2007). In the event of xfp 6= xsol, the latter thus has to be calculated in
an additional step after completion of the actual iterative algorithm. As the
unique solution is part of both constraint sets, it has to be invariant under
application of either projection, i.e.

xsol = πS(xsol) = πF (xsol) . (2.36)

The difference between πS(xsol) and πF (xsol) can be used to monitor con-
vergence and also to assess whether the reached fixed point corresponds to
a local minimum in the optimization problem, which may occur for certain
update functions.

2.4.3.1 Gerchberg-Saxton algorithm

The Gerchberg-Saxton algorithm (Gerchberg and Saxton, 1972) was the
first algorithm used for diffractive imaging. Its iteration scheme is shown in
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Figure 2.5: Error-reduction algorithm
and projections onto constraint sets: Start-
ing from a random image vector x0, the
error-reduction algorithm alternately ap-
plies projections onto the Fourier modulus
constraint set CF and the direct space (sup-
port) constraint set CS . This way the al-
gorithm constantly minimizes the distance
between the points it picks on the respec-
tive sets. It is thus prone to getting caught
in local minima of this distance, as seen for
the initial guess at the bottom. For the one
at the top, the true solution xsol at the in-
tersection of the constraint sets is reached.

Fig. 2.4 and is the same as for the error-reduction algorithm which is discussed
in the next subsection. But as the real space constraint, the Gerchberg-
Saxton algorithm uses a direct image of the object instead of the support
constraint discussed in previous sections8. Such an image can be easily ob-
tained in transmission electron microscopy, where one can simply switch
between imaging and diffraction mode. In a visible light imaging setup, the
same can be achieved by an appropriate choice of lenses. Therefore, the
main objective of this algorithm is to obtain phase-contrast images, rather
than performing lensless imaging in cases where high-resolution direct space
images are hard to get. The latter, however, is an important aspect in X-ray
CDI, so that in this context the work of Gerchberg and Saxton is mainly
interesting as a predecessor of later algorithms.

2.4.3.2 Error-reduction algorithm

The error-reduction algorithm (ER) was designed by Fienup (1978, 1982),
who generalized the work of Gerchberg and Saxton (1972) by introduc-
ing the new real-space constraints non-negativity and finite support9. While
non-negativity and a finite support are usually implicitly enforced by Ger-
chberg and Saxton’s (1972) original use of a direct-space image, removing
the need for this second measurement was an important step for the further
development of iterative phase retrieval. In particular, it paved the way

8However, it should be kept in mind that the algorithm was developed almost a decade
before the general conceptual work on CDI and the role of sampling by Sayre (1980) and
Bates (1982) discussed in section 2.3.2.1 starting on page 52.

9As the update rules are the same and only the direct space constraints differ, “error-
reduction algorithm” and “(generalized) Gerchberg-Saxton algorithm” are sometimes used
as synonyms, see also Fienup (1982).
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towards the reconstruction of an object from just its diffraction pattern as
further discussed in section 2.4.3.6.

For the error-reduction algorithm, the update rule (2.34) has the form
(Bauschke et al., 2002)

x(n+1) = πS
(
πF
(
x(n)

))
, (2.37)

or, in operator notation,

x(n+1) = (πSπF )
{
x(n)

}
, (2.38)

so the algorithm is just based on alternately applying the two projections.
The behaviour of the algorithm is schematically depicted in Fig. 2.5: A
reconstruction run is usually started with an arbitrary guess x0 for the im-
age in direct space. Already after the first application of either projection,
any intermediate image vector reached during the remainder of the itera-
tive procedure will be part of one of the two constraint sets. Any further
projection always picks the closest point of the other constraint set, so the
distance between the images selected from the two sets is constantly mini-
mized. However, this behaviour makes the algorithm very prone to getting
caught in local minima of this distance. In this case, the solution xsol is
not simultaneously part of both constraints and will thus not fulfil condi-
tion 2.36. Therefore, typically many independent reconstructions have to be
carried out with different random starting guesses.

Fig. 2.4 schematically shows the algorithm as a four-step cycle, which
is obtained from (2.37) by considering that the projection πF is actually a
three-step procedure involving one Fourier transform and its inverse.

2.4.3.3 Input-output algorithms

Being aware of the stagnation problems of the error-reduction algorithm,
Fienup (1978, 1982) developed so-called input-output algorithms. In this,
“input” is the image x(n) to which the Fourier modulus projection is ap-
plied, producing the “output” πF (x(n)). The next input x(n+1), however,
is no longer just obtained by executing the direct space projection on the
output. It is rather calculated with a feedback function based on the dif-
ference between the output πF (x(n)) and the input x(n) which produced it.
This mismatch between input and output is minimized by the new class of
algorithms, instead of reducing the difference between images which respec-
tively fulfil one of the two constraints as done in error-reduction. In the basic
input-output algorithm (Fienup, 1978), the input is only modified at pixel
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indices ν /∈ S where it violates the object domain constraints, which are in
our case the pixels outside the support S:

x(n+1)
ν =

x
(n)
ν if ν ∈ S ,

x(n)
ν − βπF

(
x(n)
ν

)
if ν /∈ S ,

(2.39)

where β is a real-valued constant feedback parameter, according to Fienup
(1987) best chosen in the range between 0.5 and 1.0. In another variant,
which Fienup (1982) dubbed the output-output algorithm, all occurrences of
the input are replaced by the output, i.e.

x(n+1)
ν =

πF
(
x(n)
ν

)
if ν ∈ S ,

(1− β) πF
(
x(n)
ν

)
if ν /∈ S .

(2.40)

For β = 1, this reduces to the error-reduction iteration formula.

Hybrid input-output algorithm One of the most widely-used algorithms
in past and present X-ray CDI is Fienup’s hybrid input-output algorithm
(HIO), which in his tests (Fienup, 1982) showed the best convergence be-
haviour. Its name is due to the combination of the upper line of (2.40) with
lower line of (2.39) yielding the new update rule

x(n+1)
ν =

πF
(
x(n)
ν

)
if ν ∈ S ,

x(n)
ν − βπF

(
x(n)
ν

)
if ν /∈ S .

(2.41)

In the multiple reported applications of HIO, β has often been chosen closer
to the upper limit of the interval [0.5, 1] given by Fienup (1987), with β =
0.9 being a rather common choice (Chapman et al., 2006b; Marchesini
et al., 2003). With the support constraint projection πS, the two cases
of (2.41) can be combined into a single recursive update rule for the image
vector x:

x(n+1) = x(n) + (1 + β) πS
(
πF
(
x(n)

))
− πS

(
x(n)

)
− βπF

(
x(n)

)
, (2.42)

or, when expressing the difference to x(n) as an operator,

x(n+1) = x(n) + ((1 + β) πSπF − πS − βπF )
{
x(n)

}
. (2.43)

By design of the algorithm, this iterate – the new input in the input-output
scheme – is not a current guess of the object. When a true fixed point xfp

is reached, the solution xsol can be calculated by applying a single Fourier
modulus projection (Elser, 2003a):

xsol = πF (xfp) . (2.44)
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This relation can be easily derived based on the fact that HIO can be con-
sidered a special case of the difference map, compare section 2.4.3.5. HIO
therefore also shares the properties of the difference map, in particular the
global search behaviour that avoids local minima. For details, see the corre-
sponding paragraph on the properties of the difference map in section 2.4.3.5.

Combination of HIO with ER Following the early example given by
Fienup (1982), HIO is often combined with ER in an alternating fashion.
However, Fienup (1982) introduced some additional ER steps mainly due
to the observation that during HIO his error metric did not always correlate
well with the visual quality of the output image, i.e. the output significantly
improved while the error got barely lower or even increased. When adding
the additional ER steps in these cases, (Fienup, 1982) observed that “the vi-
sual quality of the output image changes very little, but E0 [his error metric]
decreases rapidly until it becomes more consistent with the visual image qual-
ity.” The final application of ER therefore seems to have served somewhat just
as a sort of numerical trick to decrease error levels. In particular, Fienup’s
(1982) original studies do not appear to support the claim that alternating
HIO and ER significantly speeds up convergence, which is often given as
the reason for using this scheme (Marchesini, 2007). Thibault (2007,
section 3.3.2) pointed out that ER just descends into the local minimum
closest to the result of the previous HIO iterations. If this local minimum is
not the global solution, the iterates will again move away from it during the
subsequent application of HIO (compare discussion on fixed points of the dif-
ference map following (2.57) on page 67). It is therefore quite questionable,
how this frequent probing of local minima, which HIO would otherwise pass,
is supposed to improve the overall convergence towards the global solution.

Another motivation to use ER at the end of a run might be the fact that
– unlike in HIO – the current iterate of ER is always the current guess of
the object. Assuming that really the global minimum has been reached, the
result of the final ER run in an alternating scheme thus directly yields the
solution xsol. However, Elser (2003a) emphasized that it is not necessary
from an algorithmic point of view: for any fixed point of HIO, the true
solution can be easily obtained with (2.44). Chapman et al. (2006b), e.g.,
used HIO without combining it with ER.

2.4.3.4 Relaxed averaged alternating reflection algorithm

The relaxed averaged alternating reflection algorithm (RAAR) was developed
by Luke (2005) based on the earlier hybrid projection reflection algorithm
(HPR) by Bauschke et al. (2003). Both algorithms make use of reflection
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operators. Instead of projecting onto a constraint set D, a reflection operator
RC moves twice the distance along the projection direction, i.e.

RC(x) = 2πC(x)− x . (2.45)

For our constraint sets CS and CF , the update function of RAAR takes the
form

x(n+1) = 1
2β

(
RS

(
RF

(
x(n)

))
+ x(n)

)
+ (1− β)πF

(
x(n)

)
, (2.46)

or in operator notation

x(n+1) =
(1

2β (RSRF + I) + (1− β)πF
){

x(n)
}
, (2.47)

where I is the identity operator. With (2.45), (2.46) can be expressed purely
in terms of projections as

x(n+1) = β
[
πS
(
2πF

(
x(n)

)
− x(n)

)
− πF

(
x(n)

)
+ x(n)

]
+ (1− β)πF

(
x(n)

)
,

(2.48)
or

x(n+1) = (β [πS (2πF − I)− πF + I] + (1− β)πF )
{
x(n)

}
, (2.49)

which can be rewritten into

x(n+1) = x(n) + (β [πS (2πF − I)− πF ] + (1− β)(πF − I))
{
x(n)

}
. (2.50)

In this notation it can be easily seen that for β = 1 the update rules (2.50)
for RAAR and (2.43) for HIO coincide (compare also Marchesini, 2007).
RAAR is one of the algorithms implemented in the open-source CDI recon-
struction software Hawk10 (Maia et al., 2010), which was used, e.g., by
Seibert et al. (2011) for the reconstruction of CDI data taken at an X-ray
free-electron laser.

2.4.3.5 Difference map

Probably the most general projection-based algorithm used in CDI is the
difference map (DM) by Elser (2003a). Besides its application in phase
retrieval (Thibault, 2007; Thibault et al., 2006), the difference map can
be used for general optimization problems which can be formulated in terms
of two constraints, e.g., protein folding problems or Sudoku puzzles (Elser

10Available for download on http://xray.bmc.uu.se/hawk.
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et al., 2007). For CDI with a support constraint, its update rule has the
form

x(n+1) = x(n) + β
(
y

(n)
S − y

(n)
F

)
, (2.51)

where β, like in the other algorithms, is a real-valued feedback constant. The
n-th support estimate y

(n)
S and the n-th Fourier estimate y

(n)
F are given by

y
(n)
S = πS

(
(1 + γF )πF

(
x(n)

)
− γFx(n)

)
, (2.52a)

y
(n)
F = πF

(
(1 + γS)πS

(
x(n)

)
− γSx(n)

)
. (2.52b)

The name support estimate for y
(n)
S originates from the fact that πS is

always the last applied operation, therefore y
(n)
S ∈ CS is fulfilled at any iter-

ation n ∈ N0. Analogously, we have y
(n)
F ∈ CF for all n ∈ N0, making y

(n)
F a

Fourier estimate. Geometrically, the parenthesis in (2.52a) can be interpreted
as a general point on the line connecting x(n) and πF (x(n)) (Elser, 2003a).
(2.52b) features a corresponding term based on the support projection. The
positions along the connecting lines are determined by the real-valued tuning
parameters γS and γF . An in-depth analysis of the optimum choice of these
two parameters can be found in Elser (2003b), who also calls them “relax-
ation parameters”. Based on the simplifying assumption that the constraint
sets are orthogonal in the vicinity of the solution, Elser (2003a) had earlier
found what Thibault et al. (2006) called a “near-optimal choice”:11

γS = −β−1 , γF = β−1 . (2.53)

When inserting this in (2.52), the difference map only has the single tuning
parameter β and the estimates become

y
(n)
S = πS

(
(1 + β−1)πF

(
x(n)

)
− β−1x(n)

)
, (2.54a)

y
(n)
F = πF

(
(1− β−1)πS

(
x(n)

)
+ β−1x(n)

)
. (2.54b)

If we set γS = −1, but leave γF = β−1 as a free parameter, (2.54b) simplifies
to y

(n)
F = πF

(
x(n)

)
. When inserting this in (2.51), the iteration rule becomes

identical to (2.42), the update rule for HIO. Therefore, HIO is just a special
11Here we use the convention of Elser (2003a,b). In Thibault et al. (2006), γ1 and

γ2 have the opposite sign. The reason is that the estimates in the difference map definition
(2.51) are exchanged in Thibault et al. (2006), i.e. the parenthesis reads y

(n)
F − y

(n)
S .

This can also be interpreted as a switch of the projectors πS and πF . For this “near-
optimal” choice of γ1 and γ2, such a projector switch corresponds simply to a change of
the signs of the tuning parameters in (2.54).
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case of the difference map12. According to the condition 2.53 for the optimal
choice of the relaxation parameters, γS = −1 also implies β = 1. As pointed
out by Elser (2003a), Fienup (1982) observed the best performance of
HIO just near β = 1 in his tests, so at the optimal settings according to the
difference map formalism. Another popular parameter choice, e.g. applied
by Thibault et al. (2006) in the reconstruction of a yeast cell (Shapiro
et al., 2005), is to use (2.53) with β = −1. Then the estimates become

y
(n)
S = πS

(
x(n)

)
, (2.55a)

y
(n)
F = πF

(
2πS

(
x(n)

)
− x(n)

)
, (2.55b)

and the full update rule reads
x(n+1) = x(n) + πF

(
2πS

(
x(n)

)
− x(n)

)
− πS

(
x(n)

)
. (2.56)

This is also the iteration rule applied in the algorithm for ptychographic CDI
based on the difference map, which is introduced in section 3.2.2 on page 91.

Properties of the difference map From the general definition (2.51) of
the difference map, we can deduce that a fixed point is reached when

y
(n)
S = y

(n)
F . (2.57)

For a given problem, the difference map typically has many such fixed points
(Elser, 2003a). But, as pointed out earlier, the design of the estimates
implies y

(n)
S ∈ CS and y

(n)
F ∈ CF for all iterations n. Therefore, a fixed

point only occurs when the estimates on the two constraints coincide, which
is only the case for the unique solution CS ∩ CF . For a local minimum of
the distance between the constraints, in contrast, we have y

(n)
S 6= y

(n)
F and

thus no fixed point of the algorithm, i.e. the difference map (and its variants
like HIO) does not get trapped in such local minima and moves away from
them (Elser, 2003a)13. Based on this behaviour, it is convenient to monitor
convergence by means of the difference map error

ε =
∥∥∥x(n+1) − x(n)

∥∥∥ = |β|
∥∥∥y(n)

S − y
(n)
F

∥∥∥ , (2.58)
12The basic input-output algorithm (2.39) and the output-output algorithm (2.40), how-

ever, can not be expressed in terms of the difference map (Elser, 2003a). Also HPR, the
algorithm preceding RAAR, has been found to coincide with the difference map for a cer-
tain choice of parameters (Luke, 2005; Marchesini, 2007). For RAAR itself, the same
is only true for β = 1. However, the algorithm can not be derived from the difference map
for a general β 6= 1 (Luke, 2005).

13However, Thibault (2007, section 3.2) pointed out that a sort of trapping may still
occur if the algorithm gets again attracted by the same local minimum after moving away
from it. He furthermore suggests that the occurrence of phase vortices (Peele et al.,
2004) in the reconstructed image may be an example for such a case. For ptychographic
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where ε/|β| is the current geometrical distance between the two constraint
sets. The behaviour of the difference map error often allows to draw some
conclusions on the strength of the constraints: If the error drops to a very
small value right at the beginning and does not show any fluctuations, this
may be a sign of too weak constraints, e.g., a support which is not tight
enough (Elser, 2003a). In such a case, there are many valid solutions which
fulfil the given constraints. In the opposite case, the constraints are incom-
patible, which means a fixed point with y

(n)
S = y

(n)
F does not exist. Strictly

speaking, the phase problem according to (2.30) no longer possesses a unique
solution in this case. In practice, such incompatibilities are mainly caused by
noise in the experimental data. If the distance between the constraint sets
does not get too big, the error just shows tiny fluctuations around a small
constant value. A unique, reproducible solution can then be obtained by av-
eraging multiple of these near-solutions from this plateau region of the error
(Thibault et al., 2006). In contrast, the error tends to show a strongly
oscillating behaviour if the constraints are too far apart. In this case, it does
not settle on the near-solutions but moves away from what it considers just
another local minimum. While this wandering behaviour has sometimes been
considered undesirable (Luke, 2005), it is just a logical consequence of the
design of the algorithm to avoid local minima. In particular, it stresses the
fact that no reliable solution exists for the given constraint sets. A common
measure in this case is to relax the constraints until the error does no longer
show the strong oscillations but rather again settles on a plateau correspond-
ing to a set of near-solutions. Reconstructions in the presence of noise and
relaxation of the Fourier constraint is further discussed in section 3.2.4.1
starting on page 96.

2.4.3.6 Algorithms with dynamic support refinement

As pointed out in subsection 2.4.3.2, the introduction of the support con-
straint made phase retrieval also applicable to cases, where a direct image of
the object, which would be required for the Gerchberg-Saxton algorithm, is
not necessarily easily obtainable. While this on the one hand enables truly
lensless imaging techniques, it also raises the question how to best determine
the exact shape of the support just from the diffraction data. While a first
guess can be done based on the object’s autocorrelation, which is the inverse
Fourier transform of the recorded intensity pattern (Fienup et al., 1982),

phase retrieval using the difference map, e.g., it has been observed that the convergence
slowed down when non-physical phase vortices appeared in the object iterates. The recon-
structions would usually make barely any progress until these vortices annihilated with
ones of the opposite helicity or moved out of the field of view.
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this will usually result in a rather loose support. However, especially when
the object is complex-valued (Fienup, 1987; Spence et al., 2002), good
reconstructions require a tight support which is accurate on the scale of the
desired resolution. Therefore, the initial support guess has to be further re-
fined during the reconstruction, typically using thresholding approaches. In
most of these cases, the actual update function GπS ,πF remains that of a stan-
dard phase-retrieval algorithm, e.g. HIO or RAAR, but the projection πS is
modified during the reconstruction run. Although it is in principle possible
to directly define the projection πS in a dynamic way (Thibault, 2007), the
change of the support is usually done in a separate step outside of the usual
phase-retrieval iterations.

Rather widely used is the Shrinkwrap algorithm by Marchesini et al.
2003, which dynamically updates the support in a fully automated procedure:
In the presented example, the first guess for the support was obtained by
thresholding the autocorrelation at 4% of the maximum intensity. After
every 20 iterations of a standard HIO algorithm, the image of the object
was convolved with a Gaussian and thresholded at 20% of its maximum to
create the new support. The width of the Gaussian was reduced between
its applications. Shrinkwrap is rather popular for the reconstruction of CDI
data taken at X-ray free electron lasers and was used, e.g., by Chapman
et al. (2006a) and Seibert et al. (2011). Although the threshold value
of 20% is frequently reported, the Shrinkwrap parameters usually should be
adjusted for each data set individually. In addition to automated threshold
techniques, visual inspection of repeated reconstruction attempts may be
used to manually refine the support, as e.g. done by Thibault et al.
(2006).

Finally, it should also be mentioned that the support must not get too
small in order not to truncate the object during reconstruction. In their de-
scription of the support update procedure, Thibault et al. (2006) pointed
out: “Excessively tight supports were avoided by noticing sharp upturns in
the difference-map error.” This demonstrates that a too tight support on
the one hand has deteriorating effects on the reconstruction process, but on
the other hand these effects also easily allow to identify this issue. As such
problems were already observed by Fienup (1982), he suggested to actually
start with a very tight support and slightly relax it later in the reconstruction
run.
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2.4.4 Limitations of single-pattern CDI with common
algorithms

Several problems may be encountered upon phase retrieval from a single
diffraction pattern using one of the standard algorithms presented in the
previous section. The following paragraphs describe these limitations and
potential workarounds to overcome them.

Requirement of finite sample support For the discussion of different
phase-retrieval algorithms in the previous section, we have used the con-
straint that the object has a finite support. The sampling requirements
related to this constraint limit the maximum extent of the object according
to (2.28). Even if an experiment’s geometry would be adapted to allow for
very large samples, another fundamental limit exists: As in plane-wave CDI
all information is collected in a single exposure, the size of the object must
not exceed the transverse coherence length of the illumination. Preparation
of perfectly isolated samples can be extremely challenging. As a first major
requisite, the specimen has to show a well-defined, sharp border in order
to be able to define a tight support. Furthermore, already small scatterers
outside the support may negatively affect the reconstruction, as their signal
is not considered in the algorithmic model. An example can be found in the
work of Thibault et al. (2006), who discussed the effect of small dust
particles which were located next to the yeast cell under investigation.

Instead of isolating the sample, constraining the origin of the scattering
signal to a well-defined region in the object plane may also be achieved with
a localized illumination. This can be realized, e.g., by putting an aperture
upstream of the object or by placing the sample in the focal plane of X-ray fo-
cusing optics. However, such an “illumination pattern constraint” (Fienup,
2006) typically has rather smooth edges. As it therefore does not provide
the tight support required especially in the case of complex-valued objects,
the standard algorithms do not work properly (Fienup, 2006). Even though
modified versions (Fienup, 2006) of the algorithms may perform sufficiently
well, the reconstruction of an extended object remains tedious: after collect-
ing diffraction patterns at different relative lateral positions of sample and
illumination, each of them would have to be reconstructed separately. The
final result would be obtained by combining the individual reconstructions
using standard image processing methods. As it typically takes several thou-
sand iterations to reconstruct an object from its experimental CDI pattern
(Chapman et al., 2006a; Shapiro et al., 2005), this approach seems to
be limited to a small number of positions.
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Convergence issues As mentioned in the previous paragraph, reconstruc-
tion of experimental data typically requires a large number – several thousand
– of iterations. This might be a problem in cases where a quick first feed-
back is desirable, e.g., when trying to identify a specific region of interest on
an unknown extended sample. However, modern implementations like the
Hawk14 reconstruction package often make use of parallel computing, either
employing multiple processor cores, or harnessing the vast parallel comput-
ing power of graphics processing units (GPUs). Therefore, the time required
for a single reconstruction run is getting less and less of a limitation.

More important are cases of stagnation in which the algorithm does not
reach the solution. One example would be ER getting caught in a local min-
imum, but this can easily be avoided with the more sophisticated algorithms
like HIO. However, also these algorithms may show stagnation (Fienup and
Wackerman, 1986), e.g. when a superposition of the image and its twin im-
age is reconstructed, which is common for centrosymmetric supports. Yet,
Fienup and Wackerman (1986) also suggested how to reduce such prob-
lems: the previous example of the superimposed images, for instance, may
be avoided by using a non-symmetric support – either in the experiment or
during the first iterations of the reconstruction run. As the preferable ex-
perimental solution may not always be feasible, one should nevertheless be
aware of this potential limitation.

Reconstruction of complex-valued objects In the case of objects that
exhibit both absorption and phase shift, the strong non-negativity constraint
(Fienup, 1982) in direct space can no longer be applied. As pointed out
already in section 2.4.3.6 on dynamic support refinement, very tight sup-
ports are required to get good reconstructions of such complex-valued ob-
jects (Fienup, 1987; Spence et al., 2002). Preferably, these supports are
in addition highly asymmetric or consist of several disconnected parts. To
define the necessary tight real-space constraint, the object area has to feature
a sharp outline. As mentioned before, this is in particular not the case for
localized illuminations and prevents their use in combination with standard
CDI algorithms (Fienup, 2006).

Defocus ambiguity The support is also the only information constraining
the position of the plane of the object reconstruction along the beam direc-
tion, as Fraunhofer patterns are insensitive to small-scale changes of this
longitudinal position. Therefore, it may easily happen that the CDI algo-
rithm produces a Fresnel-propagated version of the object’s exit wave, which

14Available for download on http://xray.bmc.uu.se/hawk.
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provides the user only with a defocused image of the specimen (Spence
et al., 2002). Numerical propagation of the retrieved wavefield often allows
to get a sharp image, but it may be hard to identify the correct propagation
distance in the case of an unknown specimen.

Experimental noise Even for perfect conditions, noise is always present
in any CDI experiment in the form of Poisson noise, see (1.58) on page 34.
Typically, experimental shortcomings like non-ideal detection add further
uncertainties. As a result, the constraints of the phase-retrieval problem may
become incompatible preventing the algorithm from converging to a unique
solution. To compensate for the influence of the experimental uncertainties,
the usual constraints have to be adapted accordingly. A typical approach
would be a relaxation of the Fourier constraint (compare e.g. Chapman
et al. 2006b and the discussion in section 3.2.4.1 starting on page 96).
Some details on the behaviour of the difference map in the presence of noise
have already been discussed in the paragraph on its properties starting on
page 67.

Ambiguities due to the “trivial characteristics” As pointed out al-
ready in the paragraph following the definition of the phase problem on page
46, the solution obtained by phase retrieval from a single diffraction pat-
tern is only unique with respect to its “trivial characteristics” (Bates, 1982;
Miao et al., 1998): results showing an additional constant phase offset,
a translation of the object, the twin image, or combinations of all these,
are considered equivalent manifestations of the unique solution. While they
can usually be corrected in post-processing steps, these ambiguities may still
be undesirable, especially in cases where one wants to obtain quantitative
information.

Partial coherence As, except for free-electron lasers, the emission pro-
cesses of X-ray sources are not coherent, transverse coherence in CDI experi-
ments has to be ensured by placing the sample at a sufficiently large distance
from a small X-ray source according to (2.5). But even if one ensures that the
resulting transverse coherence length is substantially greater than the spec-
imen’s extent, some degree of partial coherence will remain. However, the
discussed CDI algorithms assume fully coherent settings. Williams et al.
(2007) have found that already small violations of this prerequisite degrade
the reconstruction results. These problems are avoid in more recent algorith-
mic developments by Whitehead et al. (2009), which allow to include a
priori knowledge about the coherence properties of the illumination directly
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in the reconstruction.

2.4.5 Advanced iterative CDI techniques
In our discussion of the various limitations in the previous section, we have
already introduced possible workarounds to overcome them or at least reduce
their importance. However, it is more desirable to avoid these problems in the
first place. Therefore, advanced CDI techniques have been developed which
are intrinsically more robust. During the last years, two main approaches
have been successfully demonstrated through several experiments:

Fresnel Coherent Diffractive Imaging (FCDI) This technique is based
on calculations and simulations by Nugent et al. (2003, 2005) and Quiney
et al. (2005), who suggested to use a known illumination with a well-defined
curved wavefront instead of the usual plane wave employed in CDI. They
found that this approach removes the need for a tight support and leads to
a much faster convergence. Furthermore, the ambiguities with respect to
defocus, object translation and the twin image are suppressed (Pitts and
Greenleaf, 2003). According to Williams et al. (2007), it is slightly
more tolerant to partial-coherence effects than standard plane-wave CDI.
Quiney et al. (2005) reported another intriguing effect: with a curved wave
front the error-reduction algorithm can be used for the reconstruction without
showing the usual stagnation problems. Williams et al. (2006) coined the
term FCDI when presenting their experimental demonstration of the concept,
which then became the typical set-up for the later experiments. In this usual
implementation, the sample is put downstream of a Fresnel zone plate’s focus.
This diverging beam features the desired curved wavefront. However, it may
deviate from its ideal shape due to experimental imperfections. Therefore,
a crucial step to get high-quality reconstructions – also already included by
Williams et al. (2006) – is to retrieve also the illuminating wavefield
via a phase-retrieval scheme (Quiney et al., 2006). Employing the same
experimental concept, Abbey et al. (2008) used FCDI to image extended
samples. As FCDI does no longer require a tight support, the localized
illumination, which would be to soft-edged for a classical support constraint,
allows to define the area of the object which is reconstructed. An extended
object can thus be imaged by reconstructing diffraction data from multiple
relative positions of the sample with respect to the beam and combining the
individual results afterwards using standard image processing tools. Abbey
et al. (2008) called this approach keyhole imaging. To remove the need for
this post-processing step and rather reconstruct the whole scanned area in a
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common algorithm, Vine et al. (2009) combined FCDI with ptychographic
ideas.

Ptychographic Coherent Diffractive Imaging (PCDI) While FCDI
was originally developed for phase retrieval from a single diffraction pattern,
PCDI by design employs multiple diffraction patterns. These are taken at
different relative lateral positions of a localized illumination with respect to
the object (Faulkner and Rodenburg, 2004). In principle, there are
no further prerequisites in terms of the shape or structure of the incident
wavefield, although some settings show beneficial properties (compare, e.g.,
Guizar-Sicairos et al., 2012). In particular, a wavefront curvature is
not mandatory. However, the areas illuminated on the object by adjacent
exposures have to partially overlap. PCDI is the phase-retrieval scheme
employed for all the work presented in this thesis and is therefore discussed
in detail in chapter 3. The background of the technique is presented in
section 3.1, while section 3.1.4 introduces the first iterative ptychographic
phase-retrieval algorithm. The main part of the chapter focusses on the
discussion of PCDI with simultaneous retrieval of the illumination in section
3.2 and how to evaluate resolution in section 3.3.
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Ptychographic coherent
diffractive imaging

3.1 Ptychography: from crystals to iterations
The evolution of ptychography from its origins in electron diffraction to the
emergence of the first iterative algorithms has been reviewed by Rodenburg
(2008), the technique’s strongest advocate through many years and developer
of many milestones. This review forms a major source of this section. Also
the corresponding section 2.3.4 in Dierolf (2007) has served as a loose basis
for a few parts.

3.1.1 The original concept of ptychography
Like standard CDI employing a single far-field diffraction pattern (compare
section 2.3.2.1), also ptychographic CDI has its origin in a concept developed
to solve the crystallographic phase problem: Hoppe (1969a) pointed out that
if one can make the Bragg peaks of crystalline diffraction patterns interfere,
information about their relative phases can be obtained. He dismissed that
this could be achieved with X-rays, as the mosaicity of real crystals pre-
vents the successful generation of interference. The stronger interaction of
electrons, however, allows to collect diffraction data from much smaller ar-
eas which may be considered ideal crystallites. Furthermore, electron beams
can be easily manipulated with electric and magnetic fields. Hoppe (1969a)
therefore discussed his approach for experiments on thin crystals done with
a transmission electron microscope in diffraction mode. But as for X-rays,
the Bragg peaks are also highly localized in the standard implementation
of electron crystallography. Hoppe (1969a) therefore suggested to use a fi-
nite coherent illumination instead of the usual extended plane wave. Due
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to the Fourier convolution theorem (compare A.5 on page 338), the crystal’s
diffraction peaks in the resulting far-field pattern are then convolved with
the Fourier transform of the localized illumination. If the extent of the illu-
mination is shrunk to about the same order of magnitude1 as the crystalline
unit cell, this leads to overlap between the patterns of adjacent Bragg peaks
and thus the desired interferences. While these interferences already allow
to determine the relative phases, an ambiguity between the solution and its
complex conjugate remains. Hoppe (1969a) showed that an unambiguous
result can be obtained by recording another diffraction pattern at a slightly
shifted position of the localized illumination.
Hegerl and Hoppe (1970) later introduced the name ptychography for the
technique. The term contains the Greek word for “fold”, πτυξ, which alludes
to the convolution of the Fourier transforms of illumination and crystal. Pty-
chography can thus be translated as “convolution imaging”.
In a second article accompanying his original proposal, Hoppe (1969b) even
discussed already the extension of ptychography to non-periodic objects,
e.g. by inserting different phase-shifting plates in the illuminating wavefield.
Furthermore, he discussed the possibility of scanning transmission electron
diffraction microscopy in two and three dimensions based on his ideas. How-
ever, apart from a few proof-of-principle studies (e.g. by Nellist et al.,
1995), ptychography has gotten rather little interest for almost four decades.
In 1982, Hoppe even called it one of his two “nearly forgotten ideas” (Hoppe,
1982). During the following decades, mainly John Rodenburg continued to
work on the implementation and further development of the technique as
described in his review (Rodenburg, 2008) and below.

3.1.2 Generalized definition of ptychography
Reserving “ptychography” solely for Hoppe’s original approach for crystalline
specimens has some appeal, as it would allow to more clearly distinguish
it from later developments. In recent years, however, the term has also
been used for the emerging combinations of ptychographic principles with
iterative phase-retrieval algorithms, although also other names have been
introduced to tell these techniques apart from ptychography in its origi-
nal sense: “ptychographical iterative phase retrieval” (Faulkner and Ro-
denburg, 2005), “ptychographic coherent diffractive imaging” (Dierolf
et al., 2010b; Giewekemeyer et al., 2010), and “scanning X-ray diffrac-
tion microscopy” (Thibault et al., 2008) are some examples. Therefore,

1In a companion article, Hoppe and Strube (1969) demonstrated the approach by
illuminating a two-dimensional diffraction grating with a localized visible-light illumination
about five times the size of the lattice constant.
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the generalized definition of ptychography by Rodenburg (2008, section
II.C) more accurately reflects the actual use of the name in the X-ray imag-
ing community:

Definition 3.1 (Ptychography). According to Rodenburg (2008, section
II.C), the term ptychography refers to a method with the following charac-
teristics:

(a) In the experimental set-up, which is typically designed for transmission
geometry, a localized illumination impinges on the object and the re-
sulting diffraction intensities are recorded (usually, but not necessarily,
in the far field).

(b) At least two such diffraction patterns are recorded for different relative
lateral positions of illumination and object. The shift between the
positions is usually known. Instead of shifting, also the structure of
the illumination function may be a changed.

(c) A calculation involving at least two of the patterns is used to obtain
all phases in the diffraction plane, or, which is equivalent, the object’s
exit wave in real space.

(d) If the illumination on the object is only changed by means of relative
lateral shifts, a nonperodic object of theoretically unlimited size can be
imaged by processing a large number of diffraction patterns.

In our case, the required change of the illumination conditions according
to Definition 3.1(b) is achieved exclusively through relative lateral shifts of
object and illumination function. We thus adapt the general Definition 3.1(b)
of a ptychographic data set accordingly:

Definition 3.2 (Ptychographic data set). A ptychographic data set consists
of far-field diffraction patterns Ij measured by illuminating an object O(r) at
Nj different positions rj = (xj, yj) with a localized illumination function, the
“probe” P (r). The probe is the full wavefield incident on the object, which
in turn is represented by the complex object transmission function O(r) as
introduced in (1.26) (page 23):

Ij(q) = |F {P (r − rj) ·O(r)}|2 . (3.1)
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Experimentally, the relative displacements rj of probe and object are in
most cases realized by scanning the object with respect to a fixed illumina-
tion. Nevertheless, formulation (3.1), which corresponds to a (small) probe
moving to different locations on a static (large) object, is a equivalent way to
describe the problem mathematically and provides a more intuitive approach
in terms of numerical implementations. The goal of any such implementation
is of course the reconstruction of O(r):

Definition 3.3 (Ptychographic phase-retrieval problem with known illumi-
nation). To reconstruct an image of an object on which a ptychographic data
set according to Definition 3.2 has been recorded, one has to numerically find
the function O that satisfies (3.1) for all scan points j, assuming the illumi-
nation function P is known.

The a priori knowledge of the probe, which is assumed in this definition,
has been a common requirement of most ptychographic imaging techniques.
Because of their importance for the development of X-ray ptychography, two
of these methods are briefly introduced below, starting with an analytic ap-
proach in section 3.1.3, which is followed by a discussion of the first iterative
algorithm in section 3.1.4.

3.1.3 Wigner-distribution deconvolution
Probably the next important milestone in ptychography development besides
the already mentioned successful experimental demonstration of Hoppe’s
original ideas (Nellist et al., 1995), was the introduction of the Wigner-
distribution deconvolution by Bates and Rodenburg (1989), which allows
to reconstruct a non-crystalline object.

3.1.3.1 Reconstruction procedure

In this subsection, the theory of this approach is just briefly summarized,
please refer to the article by Rodenburg and Bates (1992) or the review
by Rodenburg (2008) for more details: If we express the relative positions
of probe and object by the coordinate R ∈ {rj | 1 ≤ j ≤ Nj}, the entirety of
a ptychographic data set according to (3.1) is given as the four-dimensional
function

I(q,R) = |F {P (r −R) ·O(r)}|2 = |F {P (r −R)} ⊗ F {O(r)}|2 , (3.2)

where the rightmost expression is of course based on the Fourier convolution
theorem (A.5). With the Fourier transforms P̃ and Õ of probe and object,
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this can also be written as (Rodenburg, 2008)

I(q,R) =
∣∣∣(P̃ (q) eiR·q

)
⊗ Õ(q)

∣∣∣2 , (3.3)

as, according to the Fourier shift theorem (A.3) on page 338, a translation
in real space corresponds to a phase ramp in Fourier space. Expanding the
convolution in (3.3) results in

I(q,R) =
∣∣∣∣∫∫ P̃ (a)P̃ ∗(b)Õ(q − a)Õ∗(q − b) eiR·(a−b) da db

∣∣∣∣2 , (3.4)

where a and b are dummy variables. For further analysis, the two-dimensional
Fourier transforms of this intensity function with respect to −R and q are
calculated:

H(r,S) =
∫∫

I(q,R) ei(R·S−q·r) dq dR . (3.5)

Using the explicit expression (3.4) for I(q,R), one can show that H(r,S)
can be factorized such that one factor contains only the contributions of the
illumination P , while the other factor depends solely on O (Rodenburg
and Bates, 1992):

H(r,S) = χP (r,−S) · χO(r,S) , (3.6)

where the Wigner distribution functions, or also “ambiguity functions”, of P
and O are defined as

χP (r,S) =
∫
P ∗(a)P (a + r) eia·S da (3.7a)

χO(r,S) =
∫
O∗(a)O(a + r) eia·S da . (3.7b)

If the probe P is known, χP can be easily calculated using (3.7a). We
can then easily deconvolve the contributions of probe and object in (3.2) by
applying a suitable method on the intensity’s Fourier transform H(r,S). For
example, a Wiener filter can be used to obtain an estimate χeO of the object’s
Wigner distribution function (see, e.g., Chapman, 1996):

χeO(r,S) = H(r,S) χ∗P (r,−S)
|χ∗P (r,−S)|2 + α

, (3.8)

where the small constant α is introduced to avoid division by zero. Different
routes exist to obtain an estimate of the object from χeO (Bates and Ro-
denburg, 1989; McCallum and Rodenburg, 1992; Rodenburg and
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Bates, 1992). Here, we continue with the Fourier transform of χeO(r,S)
with respect to r,

D(q,S) ≡ Fr {χeO(r,S)} = Õ(q)Õ∗(q − S) . (3.9)

The absolute phase of a wavefield cannot be retrieved in a diffraction mea-
surement and has to fixed to a value. A typical choice is to assign to Õ(0) a
purely real value equal to

√
D(0, 0). For q = 0 in (3.9), one is able to solve

for the Fourier transform Õ of the object,

Õ(S) = D∗(0, 0)√
D(0, 0)

, (3.10)

from which the complex object transmission function can be obtained via an
inverse Fourier transform.

3.1.3.2 Impact of the Wigner-distribution deconvolution

Experimental results The Wigner-distribution deconvolution was the
first ptychographic technique which yielded reconstructions of non-crystalline
specimens. Rodenburg and co-workers successfully applied it to data taken
with an optical test set-up (McCallum and Rodenburg, 1992) and a
scanning transmission electron microscope (Rodenburg et al., 1993). Just
shortly afterwards, X-ray ptychography was demonstrated for the first time
by (Chapman, 1996, 1997), who used the Wigner-distribution deconvolution
to obtain a reconstruction from data taken with a scanning transmission X-
ray microscope. However, the technique has not seen regular applications
beyond these proof-of-principles experiments.

Resolution Unlike in classical scanning microscopy, the size of the local-
ized illumination does no longer limit the resolution of the reconstruction
(McCallum and Rodenburg, 1992). The Wigner-distribution deconvo-
lution can thus be used to obtain super-resolution images with existing scan-
ning microscopes. Alternatively, it may also be implemented as a lensless
technique, e.g. by using a pinhole to shape the illumination. However, the
steps between the probe positions rj have to be equal to or smaller than
the size of a resolution element in the reconstruction. As high-resolution
imaging of extended areas therefore requires the collection of huge amounts
of diffraction patterns, this makes the approach rather impractical in many
cases. This may also be a main reason why the technique has not seen more
applications.
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Illumination: known or unknown? The standard reconstruction pro-
cedure described in section 3.1.3.1 requires a known probe as input in order
to perform the eponymous deconvolution of the Wigner distributions. This
is in accordance with our current Definition 3.3 of the ptychographic phase
problem, where we have stated the same prerequisite. Consequently, one
has to either fully characterize the illuminating wavefield by an independent
measurement or model it. Both is in the best case tricky and in the worst one
impossible. Typically, probes obtained either way still show deviations from
the actual illumination function, which in turn degrades the corresponding
object reconstructions.
To avoid the need to know the probe a priori, McCallum and Rodenburg
(1993) suggested a way to directly reconstruct it also from the ptychographic
data set: They showed that by replacing (3.8) with a blind deconvolution,
both probe and object can be obtained simultaneously. A discussion of vari-
ous existing approaches to perform blind deconvolution can be found, e.g., in
the review by Kundur and Hatzinakos (1996). Another way to retrieve
the illumination has been suggested by Chapman (1996), who used the inter-
changeability of the roles of P and O in ptychography in general and in (3.6)
in particular. Instead of deconvolving an known probe to get an unknown
object, he used a known object to obtain a better estimate of his illumination
function. This has of course the drawback that in this case the object has to
be perfectly known, including the same difficulties as already mentioned for
the probe. Nevertheless, Chapman (1996) reported improved reconstruc-
tion results after having updated the illumination this way. Furthermore,
he also pointed out that this approach can be employed to characterize the
wavefields of X-ray focusing optics, which is nowadays indeed an important
application of iterative ptychography with probe retrieval (Kewish et al.,
2010a,c; Schropp et al., 2010; Vila-Comamala et al., 2011a).

Partial coherence Already Rodenburg and Bates (1992) extended
the theory of the Wigner-distribution deconvolution to the case of a partially
coherent illumination. For this, they derived equivalent relations to the ones
used in section 3.1.3.1, but now including the mutual coherence function Γ
according to (2.2). They found that the effects of partial coherence are fully
separable from H(r,S) in (3.6), as the generalized version contains just an
additional factor Γ(−S). Like for the other two factors of H(r,S), it is
thus possible to deconvolve Γ(−S) from the data set. Or, like Chapman
(1996) demonstrated, it can be retrieved by using a known object or probe.
Rodenburg (2008) pointed out that even if the mutual coherence function
is not deconvolved before determining the object, the quality and resolution
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of the obtained result are not limited by partial coherence.
The inclusion of and robustness with respect to partial coherence effects is
a quite remarkable feature of the Wigner-distribution deconvolution. Most
CDI approaches by default assume fully-coherent illumination conditions.
As real-life electron or X-ray sources are typically not perfectly coherent, not
considering this in the reconstructions leads to a reduced quality of the results
(Williams et al., 2007). Only in 2009, Whitehead et al. developed
an approach which allowed them to successfully reconstruct data taken with
partially coherent X-rays.

Importance as closed-form approach for ptychography Compared to
the Wigner-distribution deconvolution, the more recent iterative algorithms
for ptychography require much less diffraction data to produce the same re-
construction result. Because in their case, the lateral separation of the probe
positions rj no longer limits the achievable resolution. So for the limiting
case of small scan steps on the scale of a single resolution element, the closed-
form solution of the ptychographic reconstruction problem can be obtained,
which is the Wigner-distribution deconvolution.2 Therefore, it continues to
play an important role to gain insights into fundamental properties of pty-
chography. One recent example is the study by Guizar-Sicairos et al.
(2012) on the role of the length scales present in the probe’s wavefront struc-
ture on the reconstruction quality. The Wigner-distribution convolution also
demonstrated the possibilities to include partial coherence or retrieve an un-
known probe and thus provided an indication that this might also be feasible
in iterative ptychographic reconstructions. And indeed, the latest iterative
schemes implement both probe retrieval (Guizar-Sicairos and Fienup,
2008; Maiden and Rodenburg, 2009; Thibault et al., 2009a, 2008)
and partial coherence (Thibault and Menzel, 2013).

3.1.4 The Ptychographical Iterative Engine (PIE)
3.1.4.1 Basic concept of iterative ptychography

Faulkner and Rodenburg (2004) presented the first application of an
iterative algorithm to (simulated) ptychographic data. As the localized illu-
mination, they used the exit wave of a perfect circular aperture, i.e. an ideal

2One can also find an analogy to computed tomography (CT) here: CT as well has
an analytic solution in the form of the filtered backprojection algorithm (compare section
4.2 on page 119). And also in the case of CT, one major benefit of alternative iterative
reconstruction techniques lies in the possibility to significantly reduce the amount of input
data, i.e. less projection images from different angles have to be recorded.
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Figure 3.1: Schematic representation of an iterative reconstruction algorithm (PIE) ap-
plied to a ptychographic data set consisting of diffraction patterns collected at four over-
lapping positions of the probe, a circular aperture. The diffraction patterns are displayed
on a colour-coded logarithmic scale (arbitrary units) and were calculated with the given
test object by assigning brightness (value) to amplitude and hue to phase. The algorithm
iterates over the scan positions in an outer loop (grey arrows). At each position j, the
current guess of the exit wave ψj(r) = P (r − rj) ·O(r) is constructed by multiplying the
object O with the known probe P shifted to the respective position. An updated guess of
this exit wave is obtained after application of the measured diffraction data in the Fourier
constraint (blue and red diagonal arrows). From this new exit wave, a refined guess of
the current object region is calculated and the algorithm moves to the next scan position.
Due to the overlap between the probes, the result at the previous position directly im-
proves also the exit wave guess at this adjacent scan point, leading to a faster convergence.
Schematic is based on a similar sketch in Rodenburg et al. (2007b).

top-hat function. Fig. 3.1 schematically depicts an experiment like this,
showing four calculated diffraction patterns for the corresponding position
of a circular probe on the given test object (a logo). From an algorithmic
point of view, multiplying the object with such a sharp-edged and perfectly
homogeneous probe is just an application of a support constraint. Conse-
quently, the algorithm reduces to HIO (compare section 2.4.3.3 on page 62)
when using only one probe position (Faulkner and Rodenburg, 2004).
If multiple diffraction patterns are used but the illuminated areas do not
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overlap, an independent HIO reconstruction is performed for each position.
For probes with partial overlap, however, the reconstruction highly benefits
from the redundancy in the data: Consider a region of the object which is
illuminated for several different probe positions, e.g. the centre of the object
in Fig. 3.1. The reconstruction of this area has to be consistent with all
the diffraction patterns to which it contributed, in our example with all four
patterns of the ptychographic data set. So the updates of the object at the
different illuminated patches are no longer independent. When the algorithm
iterates through the scan positions, each subsequent object update benefits
from the improvements already achieved at other overlapping scan points.
This leads not only to a fast convergence, but also overcomes many of the
other limitations mentioned in section 2.4.4 as further elaborated in section
3.1.4.3.

Rodenburg (2008) pointed out that the very first conceptual study of
Faulkner and Rodenburg (2004) with a sharp-edged probe could not be
extended straight away to smoother illuminations like a focused beam, as the
iterations at the individual scan positions are just HIO updates which require
a tight support. An important development was thus the introduction of a
modified update function by Rodenburg and Faulkner (2004), thereby
generating the algorithm which became known as the Ptychographical Iter-
ative Engine (PIE) and is described in the next section.

3.1.4.2 Description of the PIE algorithm

The PIE algorithm is designed to solve the ptychographic phase-retrieval
problem as given in Definition 3.3 on page 78, i.e. assuming perfect knowledge
of the complex-valued two-dimensional probe function P (r). According to
Rodenburg et al. (2007a), this probe may be bandwidth-limited, have
soft edges, or even an infinite spatial extent. It just has to be “substantially
localized” (Rodenburg et al., 2007a), like e.g. a focal spot of an optics,
such that the diffraction patterns are still appropriately sampled according
to the conditions found in section 2.3.2.2 starting on page 53.

In addition to the known probe and the measured Fourier amplitudes,
the iterative reconstruction receives an arbitrary guess O(0)(r) for the ob-
ject function as input. This guess can be, e.g., an array of random complex
number. The updated object O(n+1)(r) after n + 1 iterations is then calcu-
lated according to the following steps (Faulkner and Rodenburg, 2005;
Rodenburg and Faulkner, 2004), compare also Fig. 3.1 and Dierolf
(2007):

1. Calculate a new guess for the exit wave (or “view”) ψ(n)
j (r) from the
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current guess of the object O(n)(r) and the known probe P (r) shifted
to position rj:

ψ
(n)
j (r) = P (r − rj) ·O(n)(r) . (3.11)

2. Apply the Fourier constraint by replacing the magnitude
∣∣∣ψ̃(n)
j (q)

∣∣∣ of the
view’s Fourier transform with the square root of the measured intensity
(blue and red arrows in Fig. 3.1):

ψ
(n)
j,new(r) = F−1

√Ij(q)
ψ̃

(n)
j (q)∣∣∣ψ̃(n)
j (q)

∣∣∣
 . (3.12)

3. Update the guess of the object in the currently illuminated region:

O(n+1)(r) = O(n)(r) + βU(r)
(
ψ

(n)
j,new(r)− ψ(n)

j (r)
)
, (3.13)

where the function3 U(r) is defined as

U(r) ≡ |P (r − rj)|
max(|P (r − rj)|)

P ∗(r − rj)
|P (r − rj)|2 + α

. (3.14)

4. Move to next scan position rj+1 (grey arrows in Fig. 3.1) and repeat
the previous steps. The illuminations P (r − rj) and P (r − rj+1) at
neighbouring points overlap partly. The object update at position rj+1
thus benefits from the previous update at position rj.

5. Repeat the previous steps for the whole number Nj of scan positions
rj to complete one update O(n) → O(n+1) for the full scanned object
area.

6. Monitor convergence using an error metric, for instance the sum squared
error between the measured intensities and the squared Fourier magni-
tudes of the current views (Linfoot, 1964):

Sn =

∑
j

∑
q

(
Ij(q)−

∣∣∣ψ̃(n)
j (q)

∣∣∣2)2

∑
j

∑
q Ij(q)2 . (3.15)

3We adapt here the notation of Rodenburg et al. (2007a), but do not use their term
“update function” for U(r) to avoid confusion with an iteration or update rule like (3.13).
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Repeating steps 1 to 4 once for all Nj scan patterns is commonly referred to
as one PIE iteration (compare, e.g., Faulkner and Rodenburg, 2005).
Typically, a PIE reconstruction converges within just 10 to 30 PIE iterations
to a state where no more changes can be perceived by eye. However, one
should keep in mind that n PIE iterations correspond to Nj ×n applications
of the update rule (3.13). In single-pattern CDI algorithms, one iteration
typically comprises one application of such an update rule. The parameter β
plays the same role as the feedback parameter of the same name in the HIO
update rule, see (2.41) on page 63. It is therefore chosen to be in the same
range, typically one uses β ∈ [0.9, 1].

Let us now take a look at the heart of the PIE update rule, the function
U(r): Its first term, |P |/max |P |, is a weighting factor. In those areas of the
object where the current probe has a strong amplitude |P (r − rj)|, it leads
to a maximum effect of the difference term in (3.13) on the updated object
guess. In contrast, the object is only slightly modified in weakly-illuminated
regions, where otherwise high errors would be observed (Rodenburg and
Faulkner, 2004). If the probe P is a just binary mask, the first term of
U(r) corresponds to the application of a support constraint. The second
factor in U(r), P ∗/(|P |2 + α), removes the contribution of the probe from
an exit wave, leaving an object function. Division-by-zero at pixels r where
P (r) = 0 is avoided by adding the small positive real-valued constant α,
which for a probe normalized to unity amplitude is typically in the order
of 10−3. In analogy to (3.8) on page 79, the factor P ∗/(|P |2 + α) can be
considered as the deconvolution step in PIE which also takes the form of a
Wiener filter.

3.1.4.3 Properties of the PIE algorithm

Benefits compared to standard CDI Iterative ptychography using the
PIE algorithm provides superior performance compared to standard single-
pattern CDI concerning many of the issues discussed in section 2.4.4 on page
70: It has already been pointed out that the convergence of iterative ptychog-
raphy is faster than for common CDI algorithms due to the high redundancy
of the data for adjacent scan positions. In addition, this enforced consistency
of neighbouring illuminated object patches in overlapping regions does not
allow that one of these patches is rotated by 180° and thereby suppresses
convergence to the twin image. Furthermore, the lateral relative translation
of probe and object produces a data set which allows a consistent reconstruc-
tion only at one defocus distance (Rodenburg et al., 2007a). However,
this is the plane which fits best with the fixed input probe. So if for in-
stance the propagation of the probe is not modelled correctly, the result will
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be a propagated (defocused) object reconstruction. With the definition of
the update rule (3.13) according to Rodenburg and Faulkner (2004),
iterative ptychography does not require a sharp-edged illumination, neither
for fixing this defocus distance nor for reliable reconstructing complex-valued
objects (Faulkner and Rodenburg, 2004). According to investigations
by Faulkner and Rodenburg (2005), the algorithm shows a remark-
able tolerance to experimental noise. Altogether, these properties make PIE
well-suited for the imaging of extended specimens without requiring a priori
knowledge of the sample.

Limitations due to required a priori knowledge PIE relies on the
two major assumptions that both the probe P (r) and its positions rj are
perfectly known on the length scale of the aspired resolution. It is therefore
not particularly surprising that the algorithm turns out to be very sensitive to
any errors in either of these (Faulkner and Rodenburg, 2005). However,
such incomplete knowledge will typically be the case in an experiment: For
one, it is extremely challenging to characterize or model an experimental
illumination function flawlessly. As in addition the probe is considered to be
the same for a whole ptychographic data set, potential fluctuations during
a scan are not taken into account. And while we have pointed out that
PIE eliminates defocus ambiguities and reconstructs the object at a well-
defined focal plane, the latter is also the plane which fists best with the given
input probe. So if for instance the propagation of this probe is not modelled
correctly, the result will be a propagated (defocused) object reconstruction.
Independently of all these potential issues with the characterization of the
localized illuminating wavefield, also insufficient knowledge of its shifts rj
is frequent. This shortcoming can be caused, e.g., by inaccuracies of the
employed systems for scanning or position metrology, but may also be created
by long-term drifts.

The other face of illumination overlap Under certain circumstances,
even the basis of the beneficial properties of ptychography – the overlap of
probes at adjacent positions – may be considered a limitation. In partic-
ular for radiation-sensitive specimens, the required multiple illumination of
object regions may make it hard to define the dose that provides the op-
timal trade-off between low damage and high resolution. In the extreme
case, radiation damage can be so large that the object no longer remains
unaltered in overlap areas, making ptychography impossible. One example
is diffractive imaging with an unattenuated X-ray free-electron laser beam,
which typically destroys the sample with a single shot (compare, e.g., the
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CDI demonstration by Chapman et al., 2006a). At XFELs, ptychogra-
phy is therefore restricted to special cases in which a sort of virtual overlap
can be constructed due to translational symmetry of the specimen, e.g. two-
dimensional crystals (Kewish et al., 2010b). Also if radiation damage
is not an issue, the chosen amount of overlap still has an influence on the
performance of PIE. More overlap leads to a higher redundancy in the data
and thus to an improved convergence behaviour. In the extreme case where
the scan step size equals the resolution, even the closed-form reconstruction
through the Wigner-distribution deconvolution (compare section 3.1.3) be-
comes possible. However, high overlap also reduces the field-of-view which
can be covered in a given time and increases the total amount of diffraction
patterns required to do so. In practice, positioning and detector read-out
often create significant overheads, so a too high number of scan points may
lead to an inefficient usage of limited beamtime. The influence of the overlap
on the quality of a PIE reconstruction has thus been investigated in sections
3.1.4 and 4.4 of Dierolf (2007), compare also the publication based on these
results by Bunk et al. (2008): For the specific case of a pinhole illumination
with diameter 2R being moved on a square scan grid with step size a, the lin-
ear relative overlap was defined as o = 1− a/2R. It was found that a value
of o ≈ 60% provides high-quality reconstructions at still reasonable total
acquisition times (doses). For this overlap, not only the nearest-neighbour
probes overlap, but information is also shared with the next-but-one scan
positions.

3.2 Ptychography with probe retrieval
In the previous section we have already seen that the requirement of perfect
a priori knowledge of the probe can be a major limitation for the applica-
tion of PIE to experimental data. The best results with PIE have therefore
been achieved with visible laser light (Bunk et al., 2008; Dierolf, 2007;
Rodenburg et al., 2007a), where the shape of the illumination can be
controlled with very precise pinholes. While the application to X-ray data
has also been successfully demonstrated (Rodenburg et al., 2007b), these
experiments are much more prone to imperfections in the illumination. These
make it hard to define the probe for PIE with the required accuracy which
often results in degraded reconstructions. In order to establish ptychogra-
phy as a real alternative to standard X-ray microscopy techniques, it is thus
mandatory that methods are available for the reliable and exact retrieval of
the illuminating wavefronts. Ideally, these approaches should directly utilize
the recorded ptychographic data sets instead of relying on additional mea-
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surements. In this thesis, the term ptychographic coherent diffractive imaging
(PCDI) is used to refer to these algorithms with probe retrieval in order to
distinguish them more clearly from other types of ptychography, in particular
from PIE.

3.2.1 First concepts for probe refinement
While all the results in Dierolf (2007) where still obtained with PIE and a
modelled probe, also two possibilities to overcome the associated disadvan-
tages were already investigated at this time.

3.2.1.1 Probe retrieval using standard CDI

For testing this method, a diffraction pattern of the probe alone was used as
the Fourier constraint and the known shape of the pinhole as the support in
an HIO reconstruction. Quiney et al. (2006) had earlier employed a similar
approach to reconstruct the wavefield of a Fresnel zone plate. However, in
our tests the quality of the PIE reconstructions using a probe retrieved this
way was poorer than with a modelled probe. This was attributed to the effect
of noise in the diffraction data, which the algorithm interpreted as genuine
signal of the pinhole. Too much noise thus resulted in a degraded probe guess
containing unphysical features. Furthermore, there is the limitation that
very precise knowledge of the aperture is required to form a tight support
constraint. In summary, the approach thus does not provide the means to
perform model-independent ptychography reconstructions.

3.2.1.2 PIE with probe refinement

This method is based on the observation that in ptychography the roles of
probe and object can easily be exchanged, as the exit waves are just given
by the product ψj = Pj · O. So instead of updating the object guess with a
fixed probe, one can also iterate the probe while keeping the object fixed. If
a specimen’s complex transmission function is perfectly known, this can be
used to reconstruct the probe using ptychography. As already mentioned on
page 81, Chapman (1996) has applied exactly this approach to the Wigner-
distribution deconvolution to better characterize his illumination function.
Independently of this work, an iterative scheme was suggested in Dierolf
(2007) in which probe and object are updated in an alternating fashion. The
basic idea of this algorithm is sketched in Fig. 3.2: First, a normal PIE run
is performed with a modelled probe to retrieve a good guess of the object.
Then, the PIE algorithm is inversed, i.e. the object is kept fixed while the
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Figure 3.2: PIE algorithm with feedback loop for probe refinement: At first, a standard
PIE reconstruction with a modelled probe is performed. The resulting object is then used
as the fixed input for an “inversed” PIE loop, in which instead the probe is updated. From
Dierolf (2007).

probe is updated. This whole procedure is repeated several times. Unlike
the probe refinement used by Chapman (1996), this alternating approach
can be carried out with an unknown object. And instead of retrieving the
probe in an independent CDI step like discussed above, it is refined directly
in the ptychographic reconstruction itself. Some first tests of the approach
were carried out on visible laser data in August 2007. It was observed that
some additional, plausible features appeared in the probes, but no general
conclusions could be drawn for the quality of the object reconstructions. Fur-
ther, more systematic studies of the method were not carried out as shortly
afterwards a superior algorithm for ptychography with simultaneous probe
retrieval was developed by Thibault et al. (2009a, 2008), which is de-
scribed in section 3.2.2. Therefore, little is known about the performance
and the optimal choice of parameters for the proposed alternating scheme,
e.g. concerning the best amount of iterations between switching from probe to
object updates and vice versa. Nevertheless, the validity of the general idea
can be inferred from the later work of Maiden and Rodenburg (2009),
who introduced the extended Ptychographical Iterative Engine (ePIE) with
two alternately applied update functions for probe and object. Both update
rules take the some form, just the roles of illumination and object are simply
exchanged. But in contrast to the proposed scheme of alternating PIE runs,
in ePIE both P and O are updated at each scan position. So the alternation
happens directly inside the PIE loop and at much higher frequency.
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3.2.2 The difference map ptychography algorithm for
simultaneous probe retrieval

A few years after the development of PIE, some new algorithms for iterative
ptychography have been proposed which allow to simultaneously reconstruct
both object and probe from the same ptychographic data set. In the pre-
vious section, it has already been mentioned that ePIE (Maiden and Ro-
denburg, 2009) added this capability to the original PIE algorithm. Even
before, Guizar-Sicairos and Fienup (2008) had presented a conjugate-
gradient approach for PCDI, whereas Thibault et al. (2008) had success-
fully demonstrated their iterative-projection PCDI algorithm based on the
difference map on X-ray data. For the reconstructions presented in this the-
sis, mainly this difference map (DM) ptychography algorithm by Thibault
et al. (2009a, 2008) was employed. It is therefore the focus of the discus-
sion for the remainder of this section on ptychography with probe retrieval.
However, in subsection 3.2.5 starting on page 101, an additional PCDI al-
gorithm based on maximum-likelihood (ML) optimization (Thibault and
Guizar-Sicairos, 2012) is introduced as an optional refinement step follow-
ing a DM-based PCDI run. Thibault and Guizar-Sicairos (2012) also
identified the earlier algorithm of Guizar-Sicairos and Fienup (2008) as
a special case of their method.

3.2.2.1 Ptychography as a two-constraint problem

To be able to apply the framework of projections onto two constraint sets used
by the difference map, the ptychographic phase-retrieval problem has to be
reformulated accordingly. Definition 3.3 for ptychography with a fixed probe
was centred on the retrieval of the complex object transmission function O.
In contrast, the generalized problem for the case of an unknown illumination
is instead formulated in terms of the exit waves, or views, ψj:

Definition 3.4 (Generalized ptychographic phase-retrieval problem). Find
the exit waves ψj(r) which for all scan points j are consistent with the Fourier
constraint enforced by the measured diffraction intensities

Ij(q) = |F {ψj(r)}|2 ≡ |ψ̃j(q)|2 , (3.16)

and which at the same time fulfil the overlap constraint

ψj(r) = P (r − rj) ·O(r) , (3.17)

i.e. for all j can ψj be factorized into the object O(r) and the common probe
P (r) in the plane of the specimen shifted to the position rj.
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As in standard CDI, the solution of this problem can be found as the
intersection of the two constraint sets using suitable optimization methods.
While in this generalized definition the probe no longer has to be known,
exact values for the scan positions rj still have to be provided as input
alongside the measured diffraction data. Also detailed information on the
physical parameters and geometry of the experiment is required to calculate
the actual physical size of the sampling intervals. As the pixel sizes in real
and reciprocal space are coupled according to (2.12) on page 50, either the
former can be calculated with (2.20) on page 53, or the latter using (2.18) on
page 53. Therefore, also the wavelength λ, the detector pixel size ∆s, and
the sample-to-detector distance Z become mandatory input parameters for a
PCDI reconstruction. The first two also have to be known accurately in a PIE
reconstruction, while the distance Z may also be obtained by adjusting the
scaling of a modelled diffraction pattern of the known probe until it matches
a measured one. For PCDI with an unknown or complicated probe, this
option does no longer exist. Yet, the importance of the exact determination
of this distance is obvious to most ptychography practitioners, who are well
aware of the severely degrading effects that mismatches in Z have on PCDI
reconstruction results (for an illustration, compare e.g. Burdet et al.,
2014). Luckily, direct or indirect measurement of Z is usually possible with
the required accuracy.

3.2.2.2 Description of the difference map PCDI algorithm

The generalized Definition 3.4 introduced in the previous section allows to use
the concept of projections onto constraint sets for the iterative reconstruction,
in this case by employing the difference map algorithm. The description of
the resulting PCDI algorithm given here is based on Thibault et al. (2008,
supporting online material) and Thibault et al. (2009a): Iterations take
place on the high-dimensional state vector Ψ = (ψ1(r), ψ2(r), . . . , ψN(r))
embedded in the search space which is the direct product of the spaces of
each individual view. This state vector is projected onto the constraint sets
such that the distance ‖Ψ − Π(Ψ)‖2 between the current state Ψ and the
project state Π(Ψ) is minimal.

In this formalism the projection ΨF derived from the Fourier constraint
(3.16) is given by

ΠF (Ψ) : ψj → ψFj = πF (ψj) , (3.18)

where πF is the Fourier modulus projection for a single diffraction pattern,
which replaces the current Fourier amplitudes with the measured ones but
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keeps the phases:

πF : ψ̃j(q)→ ψ̃Fj (q) =
√
Ij(q) ψ̃j(q)

|ψ̃j(q)|
. (3.19)

It should be pointed out that (3.18) is always decoupled in the views j, i.e.
the individual Fourier projections do not influence each other and thus can
be implemented as parallel code without the need for message passing. To
exclude detector pixels for which no valid signal has been measured, e.g.
insensitive inter-module gaps as well as dead pixels or randomly fluctuating
“hot pixels”, a valid pixel mask wj(q) is introduced which may be adapted
individually for each diffraction pattern j. It is equal to 0 for areas of the
measured data to be excluded and to 1 for valid pixels. The projection
operation (3.18) is then implemented in the form

πF : ψ̃j(q)→
ψ̃Fj (q) , q ∈ {q : wj(q) = 1}
ψ̃j(q) , q ∈ {q : wj(q) = 0} .

(3.20)

The overlap projection is computed by minimizing the distance ‖Ψ − ΨO‖2

while ensuring the constraint (3.17) is fulfilled. For this, one has to find the
functions Ô and P̂ that minimize

‖Ψ−ΨO‖2 =
∑
j

∑
r

∣∣∣ψj(r)− P̂ (r − rj) · Ô(r)
∣∣∣2 . (3.21)

So the overlap projection can be formulated as

ΠO(Ψ) : ψj → ψOj (r) = P̂ (r − rj) · Ô(r) . (3.22)

As the minimization of (3.21) can not be carried out analytically, a numerical
approach is required. The roots of the derivative of (3.21) with respect to P̂
and Ô give the solution as a system of equations:

P̂ (r) =
∑
j Ô
∗(r + rj)ψj(r + rj)∑
j|Ô(r + rj)|2

, (3.23)

Ô(r) =
∑
j P̂
∗(r − rj)ψj(r)∑
j|P̂ (r − rj)|2

. (3.24)

In cases where the probe is known a priori, the overlap projection is given
by (3.22) with Ô being calculated with (3.24). This corresponds essentially
to the original PIE algorithm.

If both P̂ and Ô are to be retrieved, (3.23) and (3.24) have to be solved
simultaneously. As an analytical decoupling is not possible, the equations
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are applied in turns for a few steps in an iterative procedure, which was
observed to be an efficient means to obtain the solution. Reconstruction is
started with a rough model of the probe P̂ . Any subsequent iteration uses
the results for P̂ and Ô calculated in the previous iteration as initial guesses.

With the projections (3.18) and (3.22) the reconstruction is implemented
using the difference map algorithm (Elser, 2003a), for details see section
2.4.3.5 starting on page 65. With a standard choice of parameters (Elser,
2003a,b), the update rule for the n+1 iteration then takes the form (compare
also (2.56) on page 67)

Ψn+1 = Ψn + ΠF [2ΠO(Ψn)−Ψn]− ΠO(Ψn) , (3.25)

for the whole state vector Ψ, or

ψ
(n+1)
j (r) = ψ

(n)
j (r) + πF

[
2P̂ (r − rj)Ô(r)− ψ(n)

j (r)
]
− P̂ (r − rj)Ô(r) ,

(3.26)
if formulated for an individual view ψj. In between these difference map
iterations, P̂ and Ô are iteratively refined in a nested loop using (3.23) and
(3.24) as described above. Iteration of (3.25) is continued until a fixed point is
reached, i.e. Ψn+1 = Ψn. From (3.26) it becomes clear, that this is equivalent
to P̂ (r − rj)Ô(r) satisfying the Fourier constraint for all j and therefore
being solutions of the ptychographic phase retrieval problem at hand.

Convergence is monitored with the difference map error

εn+1 = ‖Ψn+1 −Ψn‖ . (3.27)

While in the ideal case this error would become zero if a fixed point had been
reached, this is usually not the case in practice, as discussed in more detail
in section 3.2.4.1.

For the initial views in the initial state vector Ψ0, arrays of random num-
bers are a typical choice. However, convergence can be sped up with better
initial estimates, see also section 3.2.6. It has been observed that using the
starting guess of the probe also as initial views, i.e. the object is assumed
to be completely transparent, helps to avoid formation of phase singularities
and results in faster convergence.

3.2.3 Validity of the wave factorization assumption
The assumption that the exit wave ψ behind the object can be factorized
into two independent functions P and O according to (3.17) is fundamental
for ptychography. Qualitatively, this means that the changes of the probe
should be negligible when propagated on the scale of the object’s thickness. A
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quantitative measure can be derived by a wave optical treatment (Thibault
et al., 2008, supporting online material): The inhomogeneous wave equa-
tion in the presence of a specimen with the complex refractive index n(x, y, z)
is given by

∇2Υ + k2n2Υ = 0 , (3.28)
with the wave field Υ given by the factorization ansatz

Υ(x, y, z) = T (x, y, z)Υ0(x, y, z) , (3.29)

where Υ0(x, y, z) is the incident wave field produced by the apparatus. The
specimen is of finite extent L along the propagation direction, i.e. n = 1
outside of 0 < z < L. For (3.29) to be a valid solution of (3.28) one has
to assess the conditions under which the transfer function T is independent
of Υ0 throughout the specimen’s depth. Substituting (3.29) in (3.28) using
Υ0 = υ0 exp(ikz) yields(

∇2T + 2ik∂zT + k2(n2 − 1)T
)
υ0 + 2∇υ0 · ∇T = 0 . (3.30)

If the rightmost term can be neglected, T can be independent of υ0 and then
T exp(ikz) satisfies the wave equation

∇2[T exp(ikz)] + k2n2T exp(ikz) = 0 . (3.31)

The last term of order k2 in the parenthesis of (3.30) is always dominant. A
sufficient condition for the approximation to be valid is

k|υ0∂zT | � |∇υ0 · ∇T | . (3.32)

Scaling arguments can be used to get a general estimate of this equality
based on the experimental geometry. In the scalar product, the longitudinal
terms along z can be ignored since |∂zυ0| � k|υ0|. An upper bound for the
transverse gradient of T can be given using the inverse resolution (∆x)−1 of
the experiment: |∇T | ∼ (∆x)−1|T |. Along the propagation direction, L−1|T |
is a lower limit of |∂zT |. Substituting in (3.32) gives

∆x
L
� λ

a
, (3.33)

where a is the maximum extent of the illumination υ0 in the specimen plane.
In practice, one is typically interested in a upper limit Lmax in terms of

specimen thickness for specific experimental parameters such that the wave
factorization assumption still holds true. It is roughly given by

Lmax <
a∆x
λ

. (3.34)
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As the probe is assumed to be constant for all points of a ptychographic scan,
the whole scanned region of the specimen has to lie entirely within this depth.
This also imposes a limit on the tilt a flat sample can have with respect to
the beam. As an example, consider a typical pinhole-based ptychography
experiment, with ∆x = 10 nm, a = 2 µm and λ = 2Å: in this case, the
maximum thickness of the specimen should stay below 100 µm.

It should be pointed out that when (3.33) is fulfilled, T solves the wave
equation, without any limitation on the scattering regime. The specimen
neither has to be a weak phase object, nor has the Ewald sphere curvature
to be negligible. Also dynamical scattering does not affect the validity of
the reconstruction. Lmax can also be understood as the focal depth of a
ptychographic reconstruction.

3.2.4 Uniqueness of solution

3.2.4.1 Convergence in the presence of noise

In practical applications, one typically observes that the value of the differ-
ence map error (3.27) does not reach zero. This indicates that there is no
state vector Ψ that perfectly fulfils both constraint sets, i.e. noise and other
experimental imperfections make them incompatible. As a result, there is
typically a whole set of near-solutions which are – in the multi-dimensional
search space of the state vector – in close proximity around the true solu-
tion one would get with a perfect imaging system. When comparing such
near-solutions, they will typically show the biggest differences in the high
resolution features for which the signal-to-noise ratio in the corresponding
diffraction data is lowest. In the following paragraphs, several approaches
used in CDI to nevertheless get to unique solutions are discussed.

Averaging based on random starting guesses Some basic iterative
phase-retrieval algorithms, like the error reduction algorithm (Fienup, 1982;
Gerchberg and Saxton, 1972), by design pick only one of these near-
solutions: they correspond to local minima of the distance between the two
constraint sets in search space in which these algorithms get stuck. So conver-
gence is in this case not a sign of success in terms of finding a unique solution
as it completely ignores the inherent experimental uncertainties. In particu-
lar, retrieved high-resolution features may not be very reliable. To cope with
these issues, reconstructions obtained using several random starting guesses
are typically averaged to form reliable and reproducible results.
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Averaging based on quasi-ergodic steady-state regime More sophis-
ticated algorithms like the difference map, or the hybrid input-output algo-
rithm (Fienup, 1982) as one if its special cases, will be unstable when the
constraint sets are not compatible. If they are too far apart, these algo-
rithms will never converge and reconstruction will fail (unless the constraints
are adapted accordingly, see next paragraph). However, typically a final
steady-state regime is reached in which the difference error fluctuates slightly
around a small, non-zero plateau value. Due to the chaotic behaviour of the
algorithm, the set of all allowed solutions is then covered quasi-ergodically
(Thibault et al., 2006). A unique reconstruction can therefore be ob-
tained by averaging the solution attempts from this steady-state regime. As
the algorithm described in 3.2.2 is also based on the difference map, this is
also the method used in the implementations employed for this work.

Incorporation of noise model in Fourier constraint To avoid failure
in the presence of excessive noise, one tries to adapt the constraints by in-
corporating a noise model. In our case, the simple and efficient – but also
approximate – approach of a relaxed Fourier projection (Chapman et al.,
2006b) has been adapted for PCDI. The details have first been documented
in the article by Giewekemeyer et al. (2010, supporting information). In
the relaxed projection the Fourier amplitudes are not reset to the measured
ones if they already lie within a small range around the latter. The extent
of this range is proportional to the relaxation parameter D. In this case, the
Fourier projection (3.19) becomes

πF : ψ̃j(q)→ ψ̃Fj (q) =

[√
Ij(q) + D

dj

(
|ψ̃j(q)| −

√
Ij(q)

)]
ψ̃j(q)
|ψ̃j(q)| , dj > D

ψ̃j(q) , dj ≤ D,

(3.35)
where dj is the average distance for the j-view given by

d2
j = 1

Nq

∑
q

wj(q)
∣∣∣∣|ψ̃j(q)| −

√
Ij(q)

∣∣∣∣2 . (3.36)

Here Nq is the number of pixels in one diffraction pattern and wj(q) the
respective valid pixel mask. Using the latter, the relaxed Fourier projection
(3.35) is usually also implemented according to (3.20) such that the Fourier
amplitudes are only changed at values of q for which wj(q) is 1 and left
unaltered otherwise. In the limit D → 0 the relaxed formulation (3.35)
converges to the standard Fourier projection (3.19). While for diffraction
patterns fulfilling Poisson statistics an expectation value 〈d2〉 ' 1

4 would give
a theoretical relaxation parameter Dth ' 1

2 (Giewekemeyer et al., 2010),
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it has been observed that smaller values of D may be more favourable: Too
loose constraints may lead to stagnation or even prevent a unique solution.
If the difference map error in the steady-state regime stays perfectly constant
without the tinniest fluctuations, this is typically a sign of stagnation and
thus a too large D. If on the other hand relaxation is chosen too small to
successfully compensate the mismatch of constraints, the algorithm may not
reach a steady-state regime at all, which shows up as oscillation with rather
large amplitudes in the difference map error.

3.2.4.2 Constant phase terms

Phase retrieval reconstructions based on far-field intensity patterns are in-
sensitive to constant phase terms as they do not affect the measured data
and thus remain undetermined. Therefore, if O(r) is a complex object trans-
mission function and solution to the phase retrieval problem at hand, also
O′(r) = O(r) ·exp(ia) is a valid solution, with a being a real-valued constant
coefficient. So a calibration is necessary if absolute phase values are required.

3.2.4.3 Linear phase terms

According to the Fourier shift theorem, a shift in Fourier space corresponds
to multiplication with a linear phase in real space. Therefore small errors
in the determination of the centre of the diffraction patterns can result in a
linear phase ramp in the corresponding CDI reconstructions.

When a ptychographic modality with simultaneous probe retrieval is used,
reconstruction of linear phase terms becomes ambiguous: If the illumination
function P (r) and the complex object transmission function O(r) are solu-
tions to a ptychographic phase retrieval problem, the functions

P ′(r) = P (r) · exp[i(g · r)] (3.37a)
O′(r) = O(r) · exp[−i(g · r)] (3.37b)

result in the exit waves

ψ′j(r) = P ′(r) ·O′(r − rj) = ψj(r) · exp[i(g · rj)] , (3.38)

and
I ′(q) = |F

{
ψ′j(r)

}
|2 = |F {ψj(r)}|2 = I(q) . (3.39)

As discussed earlier, the reconstruction is insensitive to the constant phase
offset in (3.38), thus equations (3.37) will satisfy the constraints (3.17) and
(3.16) for any value of the phase ramp’s slope g = (gx, gy) (Guizar-Sicairos
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et al., 2011). Correction for linear phase terms is performed in a post-
processing step using a object region which is supposed to have a flat phase
as reference. Alternatively, a priori knowledge about flat areas of the object
may also be incorporated as an additional constraint directly in the recon-
struction process. This effectively prevents the built-up of an artificial phase
ramp in the object transmission function. Details on this concept are given
in section 3.2.6.2 on page 108.

3.2.4.4 Phase wrapping

As the reconstructed phase is computed from the retrieved complex-valued
transmission, it is only known modulo 2π, so for larger phase shifts wrapping
occurs. Typically, phase unwrapping is possible in these cases by applying
the correct offsets with an absolute value 2π at the phase discontinuities
in order to obtain a continuous phase function again. Mathematically, this
means that the phase φ(r) at some point r can be obtained from the path
integral

φ(r) =
∫
C
∇φ · dr + φ(r0) , (3.40)

if both the phase gradient4∇φ and the phase at some initial point r0 are
known and C is any path connecting r and r0 (compare also Ghiglia and
Pritt, 1998). However, the phase signal may suffer from true discontinu-
ities or dislocations, noise-corrupted phase gradients or aliasing due to un-
dersampling of the phase signal, i.e. a phase jump larger than π radians for
two neighbouring pixels. These are the sources of so-called “phase residues”
(Ghiglia and Pritt, 1998): a closed-path integral around such a residue
has a non-zero value of either +2π (“positive residue charge”) or −2π (“neg-
ative residue charge”). Thus the integral in (3.40) becomes path dependent
and the choice of the correct integration path a non-trivial problem. Vari-
ous phase-unwrapping algorithms offer different approaches to nevertheless
obtain consistent unwrapping (Ghiglia and Pritt, 1998). Details on the
ones employed in the work with tomographic data can be found in section
9.2.3 (p. 247).

3.2.4.5 Raster grid pathology

If the illuminating probe P (r) and the object O(r) are reconstructed simulta-
neously solving a ptychographic phase-retrieval problem, there is an inherent

4 The phase gradient is of course not defined at the phase discontinuities themselves.
Correct phase unwrapping is achieved by a continuous continuation of the gradient at
these points.
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unconstrained degree of freedom: The two functions

P ′(r) = 1
f(r)P (r) , (3.41a)

O′(r) = f(r)O(r) , (3.41b)

are also valid solutions to the phase problem at hand if and only if

f(r) = f(r − rj) ∀j . (3.42)

Apart from the trivial solution f = const., this condition is also fulfilled
if the scan points rj form a regular two-dimensional lattice. The latter is
very common in practical applications, where raster scans are frequently
used, therefore the effect has been termed “raster grid pathology” (Thibault
et al., 2009a).

There are two general approaches to avoid raster grid artefacts in the
reconstructed object:

1. In the case of a regular raster scan, use additional constraints to sup-
press the development of grid artefacts.

2. Break the symmetry of the scan pattern to make sure condition (3.42)
is not fulfilled.

For the first approach, the fluctuations in an object region which is known
to be flat are constrained to a level at which no grid imprints can develop
in this area. As this breaks the periodicity of f as introduced in (3.42), the
effect of the raster grid is suppressed effectively on the whole object. The
drawback of having to rely on the presence of sufficiently large flat areas in
the specimen can be circumvented by creating an additional artificial empty
area from diffraction data of the probe alone.

For the second approach, it is best to completely abandon standard raster
scanning. However, where a rectangular grid is required due to experimental
constraints, the symmetry can be at least partly broken by using incom-
mensurate grid spacings for the two scan directions. In our experiments we
have been mostly using a scan pattern based on concentric circles which was
termed “round scan” (Dierolf et al., 2010b). While it does not show
translation symmetry, it is still easy to describe analytically. As an addi-
tional benefit, the central part is measured first and thus – compared to a
raster scan – less influenced by drift effects. If a rectangular field of view
is required, a round scan can be cropped accordingly by just dropping scan
points in the outside area. A round scan can be conveniently described by the
three parameters radial step size ∆r, number of concentric circles (shells) Nr
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and the number of points in the first shell Nθ. To ensure a uniform density
of scan points, the number of points in the jth shell is fixed to j ·Nθ.

xj,m = ∆r · j · cos
(

(m− 1) 2π
j ·Nθ

)
, (3.43a)

yj,m = ∆r · j · sin
(

(m− 1) 2π
j ·Nθ

)
. (3.43b)

3.2.5 Maximum-likelihood refinement
3.2.5.1 Motivation

A relaxed Fourier constraint has been introduced in (3.35) on page 97 to be
able to account for experimental noise when using algorithms like the dif-
ference map that are based on projections onto constraint sets. However,
it can be difficult to properly include such statistical information into these
formalisms which are ultimately based on Boolean expressions, i.e. whether
a current state fulfills a constraint or not. Being a standard method for the
estimation of probabilistic quantities (Myung, 2003), a maximum-likelihood
(ML) approach for the ptychographic reconstruction process has been sug-
gested by Thibault and Guizar-Sicairos (2012) as a way to properly
include statistical models into it. While most results presented in this dis-
sertation are based on the difference map algorithm, additional maximum-
likelihood refinement starting from a previous difference map reconstruction
has been applied in some cases. Therefore, the basic ideas presented by
Thibault and Guizar-Sicairos (2012) are repeated in this section, how-
ever, the original publication should be consulted for a more detailed de-
scription. In particular, as it is the one used in the practical applications,
only a Gaussian likelihood model is discussed here, whereas additionally also
Poisson and Euclidean models are introduced in the original article.

3.2.5.2 Ptychographic maximum-likelihood estimation problem

Starting point is again the formulation of the ptychographic phase-retrieval
problem according to equations (3.16) and (3.17), which establish the func-
tional relation between the measured intensities Ij(q) at scan positions rj,
the object O(r) and the probe P (r − rj) shifted to the corresponding posi-
tions on the object. In the next step, a statistical model has to be established
which links P and O to the measured data, i.e. which defines the probability
to measure a certain number of photon counts nj(q) for given P (r− rj) and
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O(r). The goal of the reconstruction process is to estimate the solutions P (r)
and O(r) that – for all scan positions j – best explain the measured values
nj(q) based on the underlying statistical model. Assuming a Gaussian dis-
tribution of measurement errors with the spatially-dependent uncertainties
σj(q) results in a weighted sum of squares for the negative log-likelihood:

L(P (r), O(r)) =
∑
j

∑
q

wj(q)
2σ2

j (q)(Ij(q)− nj(q))2 . (3.44)

Here wj(q), the respective valid pixel mask at position j as introduced in
(3.20) on page 93, restricts the sum over q to include only valid measure-
ments. However, the maximum likelihood formulation offers the possibility
to assign customized weights to specific pixels in the data and thus allows
to deviate from the usual definition of wj(q) as a binary mask. This can be
useful in cases in which the signal is less reliable in certain regions of the
diffraction patterns than in others. Ptychographic reconstruction is equiva-
lent to minimizing L with respect to the probe P (r) and the object O(r).
For this one has to keep in mind that Ij(q) is a function of both as defined
in (3.16) and (3.17).

3.2.5.3 Implementation using conjugate gradient minimization

Calculation of gradient The numerical implementation done by Pierre
Thibault, which has been used for the refinement of some reconstructions
presented in this dissertation, employs a non-linear conjugate gradient min-
imization. Therefore, one has to calculate the gradient g = (gP , gO) of func-
tion (3.44) with respect to P and O. In Thibault and Guizar-Sicairos
(2012) this is done using the Wirtinger derivatives

gP = ∂L
∂P (r) =

∑
j

O(r + rj)χ∗j(r + rj) , (3.45)

gO = ∂L
∂O(r) =

∑
j

P (r − rj)χ∗j(r) , (3.46)

where χ∗j(r) is the complex conjugate of χj(r) = F−1 {χ̃j(q)} with

χ̃j(q) = wj(q)Ij(q)− nj(q)
σ2
j (q) ψ̃j(q) . (3.47)

Here ψ̃j(q) is the Fourier transform of the views ψj(r) as introduced in
(3.16) and (3.17). In cases where Poisson statistics is the only source of
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measurement uncertainties, one can set σj(q) = nj(q) and rewrite (3.47)
into

χ̃j(q) = wj(q)
(
Ij(q)
nj(q) − 1

)
ψ̃j(q) . (3.48)

However, this is only possible for moderately large photon counts for which
the Poisson distribution approaches a Gaussian one.

Update procedure Conjugate gradient minimization is a iterative process
in which the new search direction ∆(n) = (∆P (n),∆O(n)) for the n-th step
is generally not parallel to −g(n) = −(g(n)

P , g
(n)
O ) but instead points into a

conjugate direction defined by the function’s local curvature, e.g. using the
update rule

∆(n) = −g(n) + β(n)∆(n−1) . (3.49)
Here β(n) is calculated using the Polak-Ribière formula

β(n) = 〈g
(n), g(n)〉 − 〈g(n), g(n−1)〉
〈g(n−1), g(n−1)〉

, (3.50)

where 〈, 〉 is the scalar product in the (P,O) space. It can be written as

〈g, g〉 = g†PgP + g†OgO , (3.51)

the dot product between the column vectors gP , gO and their Hermitian trans-
posed versions g†P , g

†
O, where the indices run over all positions r. The mini-

mization of L in the given search direction completes the iteration step. For
the Gaussian model, it turns out that the problem can be reformulated as
finding the relevant root of a polynomial of order eight,

L(P + α∆P (n), O + α∆O(n)) =
8∑

m=0
= cmα

m , (3.52)

with the real-valued path parameter α. The calculation of the coefficients cm
is discussed in Infobox 3.1.

Modified metric for improved convergence The definition of the scalar
product, i.e. the definition of the metric of the embedding space, has a strong
influence on the efficiency of the line minimization procedure. Deviating from
the standard definition (3.51) for improving the convergence behaviour is gen-
erally referred to as “preconditioning”. Thibault and Guizar-Sicairos
(2012) have mentioned two different ad hoc preconditioners, based on a gen-
eral change of variables in the form

L̂(P̂ (r), Ô(r)) = L(UP (r), V O(r)) , (3.56)
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Introducing a displacement in direction (∆P (r),∆O(r)) in (3.44) gives

L(P + α∆P (n), O + α∆O(n)) =
∑
j

∑
q

wj(q)
2σ2

j (q)

( 4∑
n=0

An,j(q)αn
)2

. (3.53)

The expansion of the square results in nine terms. Summing them over j
and q allows to obtain the coefficients cm introduced in (3.52). The arrays
An,j(q) are given by

A0,j(q) =
∣∣∣ψ̃j(q)

∣∣∣2 − Ij(q) , (3.54a)

A1,j(q) = 2<
{
ψ̃j(q)a∗j(q)

}
, (3.54b)

A2,j(q) = 2<
{
ψ̃j(q)b∗j(q)

}
+ |aj(q)|2 , (3.54c)

A3,j(q) = 2<
{
aj(q)b∗j(q)

}
, (3.54d)

A4,j(q) = |bj(q)|2 , (3.54e)

with

ψ̃j(q) = F {P (r)O(r − rj)} , (3.55a)
aj(q) = F {P (r)∆O(r − rj) + ∆P (r)O(r − rj)} , (3.55b)
bj(q) = F {∆P (r)∆O(r − rj)} . (3.55c)

Info box 3.1: This infobox repeats the details given by Thibault and Guizar-Sicairos
(2012) on the calculation of the polynomial coefficients in (3.52) for the line minimization.
Thibault and Guizar-Sicairos (2012) pointed out, that “computation of the polyno-
mial coefficients is preferable to other line search approaches because of the larger number
of fast Fourier transforms (FFT) required for a repeated computation of the gradient”.

where U and V are invertible affine operators. Then the scalar product of
the gradient ĝ = ∇L is transformed to

〈ĝ, ĝ〉 = g†PUU
†gP + g†OV V

†gO , (3.57)

For the reconstructions presented in this dissertation, only one of the two
preconditioners decribed by Thibault and Guizar-Sicairos (2012) is
relevant: It is based on the fact that the relative multiplicative scaling of
P (r) and O(r) is an unconstrained degree of freedom. This can be expressed
by setting U = s and V = 1, with s being a positive scalar. The update
rule (3.49) is then slightly different for the two components of the vector
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∆(n) = (∆P (r)(n),∆O(r)(n)):

∆P (r)(n) = −s2g
(n)
P + β̂(n)∆P (r)(n−1) , (3.58a)

∆O(r)(n) = −g(n)
O + β̂(n)∆O(r)(n−1) , (3.58b)

with

β̂(n) = s2g
(n)†
P g

(n)
P + g

(n)†
O g

(n)
O − s2g

(n−1)†
P g

(n)
P − g

(n−1)†
O g

(n)
O

s2g
(n−1)†
P g

(n−1)
P + g

(n−1)†
O g

(n−1)
O

. (3.59)

Thibault and Guizar-Sicairos (2012) have observed improved conver-
gence – in particular for weakly-scattering objects – if the gradients of probe
and object in the new metric are forced to be equal, i.e.

|ĝP |2 = |ĝO|2 , (3.60)

which defines s as a function of the current gradients and thus the current
estimates for P and O:

s2 = |gO|
2

|gP |2
. (3.61)

Regularization Thibault and Guizar-Sicairos (2012) also reported
that they “have observed a tendency to amplify high spatial-frequency noise,
probable indication of a mild ill-conditioning” in maximum-likelihood recon-
structions. This means that the noise power spectrum deviates from the
expected behaviour at spatial frequencies for which only very little signal
has been recorded in the diffraction patterns. As additionally their “maxi-
mum likelihood formulation is probably formally ill-posed” like many inverse
problems, Thibault and Guizar-Sicairos (2012) suggested to add a reg-
ularization term to the negative log-likelihood function:

LR(P (r), O(r)) = L(P (r), O(r)) + µ

K
R(P (r), O(r)) , (3.62)

where L(P (r), O(r)) is the original definition according to (3.44) on page 102.
The choice of the adjustable parameter µ and the renormalization constant
K are discussed below. In Pierre Thibault’s Python implementation of the
ptychographic maximum-likelihood reconstruction, the regularizer acts only
on the object and is chosen to be proportional to the squared gradient of
the latter, i.e. R(O(r)) ∼ |∇O(r)|2. This term enforces some degree of
smoothness in the final reconstructions by penalizing rapid fluctuations in the
image and therefore efficiently suppressing the amplification of high frequency
noise. In our discrete case, the term takes the form

R(O(r)) =
∑

r

|(O(r + ∆x)−O(r)|2 + |O(r + ∆y)−O(r)|2 , (3.63)
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where ∆x and ∆y are the linear dimensions of the pixels in the object array.
In the update procedure of the algorithm, the derivative of R(O(r)) with
respect to O(r), i.e.

∂R

∂O(r) = 4O∗(r)−O∗(r + ∆x)−O∗(r−∆x)−O∗(r + ∆y)−O∗(r−∆y) ,

(3.64)
has to be added to gO as introduced in (3.58b) on page 105.

The renormalization constant K is obtained by order of magnitude cal-
culations comparing the scaling behaviour of likelihood term L and regular-
ization term R: For the likelihood term L one calculates the expectation
value

〈L〉 =
∑
j

∑
q

wj(q)
2σ2

j (q)
〈
(Ij(q)− nj(q))2

〉

=
∑
j

∑
q

wj(q)
2σ2

j (q)σ
2
j (q)

= 1
2Nm ,

(3.65)

where Nm is the total number of valid pixels in the measurement. For the
expectation value of the regularization term R, although dependent on the
actual object O(r), one can find an upper limit given by the variance ∆O2

originating from noise propagation:

〈R〉 = 4
∑

r

〈
|O(r)− 〈O(r)〉|2

〉
≤ 4Npix∆O2 .

(3.66)

Here Npix is the total number of pixels of the reconstructed object O(r). The
lower limit for the variance is determined by the total number of photons
Nphot measured, i.e. the sum of all photon counts over all diffraction patterns
of the experiment. If one assumes a uniform fluence on the object area,
Nphot/Npix are scattered in each pixel of the reconstruction which results in

∆O2 ' Npix

Nphot
. (3.67)

Defining the renormalization constant K as

K = 8
N2

pix

Nm ·Nphot
(3.68)
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thus results in 〈L〉 and 〈R〉/K having the same order of magnitude and
scaling behaviour. Therefore, the parameter µ can be used to adjust the
relative strength of the regularization term with respect to L, completely
independent of the specific experimental conditions. Typical choices for µ
are in the order of 1%.

3.2.6 Inclusion of additional a priori knowledge
It has been observed that including additional a priori knowledge into the
reconstruction process can increase convergence speed and in some cases even
improve the quality of the results.

3.2.6.1 Initialization closer to solution

Initializing either probe or object or even both with guesses close to the
actual solutions typically significantly speeds up convergence.

Initial probe guess A good initial guess for the probe can on the one
hand be based on a very accurate model. On the other hand, a illumina-
tion function retrieved with the same experimental settings can be used.
To obtain aforementioned illumination at a high quality, it is advisable to
use strongly-scattering specimens. Especially in the case of very weakly-
scattering specimens, the latter approach has been employed frequently, see
also chapter 6 and in particular section 6.4 on page 168.

Low resolution image of object Low resolution images for both the
amplitude and the phase part of the object’s exit wave can be reconstructed
by applying the analysis schemes used for STXM with 2D detectors (compare
section 1.8.1 on page 41) to far-field diffraction patterns of any kind, even if
the illumination is not formed with focusing optics: While the total number
of counts detected gives the transmission at the corresponding scan point,
the shift of the centre of mass of can be used to calculate the differential
phase contrast along both Cartesian axes. The latter can then be integrated
to obtain a phase image. As in classical STXM, the resolution is in all cases
limited to approximately the typical extent of the illumination on the object.

It has been already pointed out in the last paragraph of section 3.2.2
that initializing the object array with ones instead of random numbers al-
ready results in faster convergence. In particular, the formation of point
singularities in the phase (phase vortices) is avoided to a large extent. Using
an even closer starting guess based on a low resolution image can result in
a further speed-up. However, phase guesses obtained from the integration
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of the DPC images often showed artefacts which took a very long time to
disappear again in the course of the reconstruction process. The approach
should therefore not be applied, at least not as the default option, in cases
where such artefacts are observed.

3.2.6.2 Additional constraints applied during reconstruction

While in the options discussed above the a priori knowledge is only applied
once at the beginning of the reconstruction procedure, this section introduces
constraints which are applied several times during the ptychographic phase-
retrieval process, typically once per iteration.

Probe mask In particular for data sets with highly oversampled diffrac-
tion patterns in which the illumination occupies only a comparatively small
area inside the probe array, it has been observed in some cases that unphysi-
cally high amplitudes tend to develop in the corners of the probe array. This
can be easily suppressed by forcing the amplitude outside a probe mask to
zero during each iteration, compare also Thibault and Guizar-Sicairos
(2012). The mask can either be defined dynamically by thresholding the
probe’s autocorrelation or statically at the beginning of the reconstruction.
In the latter case, typically a circular mask with a diameter somewhere be-
tween the lengths of the side and the diagonal of the square probe array is
used. To avoid any truncation effects, the mask should not be chosen too
tight. The constraint may be turned off once the retrieved probe is no longer
changing significantly between iterations.

Enforcing flat regions in the object Additional constraints on the ob-
ject can be applied, if it is known to contain areas of constant phase shift and
absorption, e.g. a totally empty region in which the X-rays only pass through
air or a membrane of uniform thickness supporting the sample. In this case,
the reconstruction may be improved if the flatness of aforementioned areas
is actively enforced. This can be done for either the amplitude or the phase
part, but also for both. For the amplitude, the constraint is implemented by
setting all the pixel values in the respective pre-defined area to a specific or
their average value after each iteration. Before the same operation can be
applied to the phase part, one often has to remove a global phase ramp from
the object (compare page 98 in section 3.2.4.3). Because the phase ramp
can be precisely determined in the region which is know to be flat, this can
be used to correct the phase ramps of probe and object, as introduced in
(3.37) on page 98, already during each ptychographic iteration and thus can
make the usual post-processing step unnecessary. The main application of
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this flatness-enforcing constraint, however, is the suppression of the raster
grid pathology, see page 99 in section 3.2.4.5.

Periodic boundaries This approach has been developed to address some
inaccuracies observed in the cases where a strongly phase-shifting specimen
running from top to bottom in the centre of the object array is surrounded
by disconnected areas of air on both sides. This is a common setting in
projection images taken during a tomographic scan (see also chapter 9) of a
rod-like specimen. Especially when several strong phase jumps occur along a
very small horizontal distance, e.g. if a straight edge is almost parallel to the
beam, slight inaccuracies in the reconstructed phase may accumulate across
the specimen. In this instance, the average phase values retrieved for the air
on the left and right side do not match. When in contrast a direct connection
between the air patches exists, e.g. if the very top of a rod-shaped sample
is imaged, the redundancy due to the overlap of the respective illuminated
areas of neighbouring scan positions ensures an equal average phase value on
either side of the sample.

Introducing periodic boundaries establishes a direct connection between
the otherwise disconnected air patches at the left and right edges of the
object array. Practically, this is achieved by replacing the pixel values in
stripes which cover the width of about one probe array on either side by
their common average value.

3.3 Evaluating the resolution of PCDI recon-
structions

While the theoretical resolution limit given by the radiation’s wavelength
is hardly ever of any importance in coherent diffractive imaging with hard
X-rays, the fundamental instrumental limit is usually the solid angle covered
by the detector. However, the actual resolution achieved in an experiment
depends typically highly on the specimen itself, in particular its scattering
behaviour and its radiation hardness. Some of the various methods that have
been introduced for the evaluation of this resolution are discussed in this
section. Parts of the thoughts presented in this section have been published
in Dierolf et al. (2010b).

3.3.1 Separation of features in test patterns
Resolution in microscopy in general is often demonstrated by the ability to
resolve a structure consisting of lines and spaces of equal width, arranged
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either as a single pair of lines (Vila-Comamala et al., 2009) or, more
commonly, as a periodic grid structure (Chao et al., 2005). The width of
a single line, i.e. a half-period of the structure, for which one is still possible
to distinguish the lines, is then typically said to be resolution of the imaging
system. A criterion for when two lines are still well-separated could be de-
fined analogue to the Rayleigh criterion for the separation of two Airy peaks
created by two point sources: the dip in intensity between the two peaks is
26.5%, so the same value could be defined to be required for the dip between
two lines of a resolution test object for these lines to be separated.

Another frequently used test structure is the so-called “Siemens star”: It
is a radial grating obtained by dividing a circle into N equally-sized radial
segments arranged as alternating lines and spaces. At a given radius r, the
line separation is thus given as d = 2πr/N and can be used as a resolution
criterion analogue to the case of the standard grating introduced above.

While this method provides a direct and immediate feedback on the imag-
ing resolution, its practical importance for diffraction microscopy is limited:
On the one hand, the production of the required nanostructures suffers from
the same technical limitations as the production of high-resolution X-ray
optics (see section 1.5.3). Thus the smallest features of typically – also com-
mercially – available test objects are usually only in the order of about 50 nm
in size. On the other hand, a real-life specimen rarely contains structures that
would allow to apply this method. This limits its use to benchmarking tests
with artificially-created objects which give some hints on potential resolutions
under ideal conditions but do not address the question of experiment-specific
resolving power.

3.3.2 The concept of “knife edges”
The concept of determining the width of a focal spot by scanning it across
a “knife edge” is a quite common method for the characterization of X-ray
optics (Attwood, 2000, section 9.4). Assuming a perfectly sharp edge, i.e.
its profile resembles a step function, the shape of the focal spot is readily ob-
tained as the derivative of the transmission curve measured behind the knife
edge. In diffraction microscopy, resolution of an image is often determined
by applying the same method to features of the sample which are supposed
to have a perfect edge parallel to the projection direction. The blurring of
such sharp boundaries is then taken as a measure of resolution, either again
by taking the derivative or by fitting an error function to the step (see e.g.
Giewekemeyer et al. (2010) for an application of the latter approach).

The method has the obvious limitations that such mathematically exact
edges are neither easy to produce with the required precision in the nanome-
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tre range, nor naturally present in a lot of real-life samples. Even if reasonably
sharp edges are present, a deviation from a perfect step function will add an
error to the determination of the resolution. Where an iterative algorithm
with a support constraint is used on an isolated object, application of this
knife-edge approach on the specimen’s boundary should be avoided as the
support constraint may lead to an unphysical sharpening of this edge – espe-
cially if a support-refining method like “shrinkwrap” (Marchesini et al.,
2003) is used.

3.3.3 Phase retrieval transfer function
In this approach, the Fourier intensities of the averages of many reconstruc-
tions |F {〈ψj(r)〉}| are compared with the measured diffraction intensities√
Ij(q) as a function of the scattering vector q (Shapiro et al., 2005).

As the way the ratio of these two quantities decays for larger values of |q|
reminds of a modulation transfer function (MTF) in classical (incoherent)
microscopy, it is often called “phase retrieval transfer function” (PRTF)

PRTFj(q) = |F {〈ψj(r)〉}|2
Ij(q) . (3.69)

The index j indicates that in ptychographic CDI the PRTF has to be calcu-
lated independently at each scan point. Like an MTF, the function is typi-
cally averaged over shells of constant |q| resulting in a one-dimensional curve.
If the retrieved Fourier phases of the individual reconstructions at a given q
are highly consistent, the PRTF will be unity as the Fourier intensity of the
averaged reconstruction matches the measured diffraction intensity. How-
ever, if these phases are completely random due to a too low signal-to-noise
ratio of the underlying diffraction data, the corresponding average Fourier
intensity and thus the PRTF will go to zero. However, if the reconstruction
algorithm is not unbiased, i.e. strong real-space constraints or screening of
initial conditions change its mixing dynamics or the average, this may result
in artificially high PRTF values.

While the definition with intensities in (3.69) allows for direct compari-
son with MTFs of incoherent imaging systems (Shapiro et al., 2005), the
PRTF is frequently also defined as ratio of amplitudes (Chapman et al.,
2006b), i.e. as the square root of (3.69), which then corresponds to descrip-
tions of coherent imaging systems. Apart from determining the resolution by
comparison with well-known MTFs, often the spatial frequency for which the
PRTF falls below a certain threshold is used as a criterion. However, there
seems to be no general consensus on this threshold: values of 0.1 (Schroer
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et al., 2008), 1/ e ≈ 0.37 (Chapman et al., 2006a), 0.5 (Chapman
et al., 2006b) and 0.6 (Huang et al., 2009) have been used, in these
cases as the threshold for the ratio of amplitudes.

The PRTF formalism was typically not used for resolution determination
of the reconstructions presented in this work because it is quite arguable
whether a global PRTF provides a reliable assessment of reconstruction qual-
ity and resolution in ptychographic CDI:

1. As for each scan position an individual PRTF is calculated each of them
contains information on the local quality of the phase retrieval. In an
extended specimen, however, it is quite likely that the signal-to-noise
ratio in diffraction patterns varies with scan position. It is questionable,
how a global PRTF which allows statements on the reconstruction as
a whole can be obtained from this, as simple averaging will discard all
position-dependent information.

2. As obvious from the fundamental constraints (3.16) and (3.17) of pty-
chographic CDI, both the measured intensities Ij(q) and the recon-
structed exit waves ψj(r) contain contributions of both the object and
the illuminating probe. Therefore, it is not clear whether the obtained
PRTFs are describing the object or the probe. In this context it should
be pointed out again that the reconstruction of the illumination func-
tion is based on all diffraction frames, whereas only a small subset of
them contains information on a given part of the object. In particular
in cases there the diffraction patterns are dominated by the signal from
the probe, the PRTF is thus more likely to indicate the resolution of
the probe rather than the object.

3.3.4 Resolution estimate based on photon statistics
How to estimate the resolution of a ptychographic reconstruction from photon
statistics has been presented in Dierolf et al. (2010b): It is based on
precise knowledge of the total number of incident photons in the experiment
at hand. According to Poisson statistics the variance on the contrast of a pixel
in the reconstruction which receives N incident photons is N−1. This real
space picture can also be transferred to ptychographic measurements which
take place in Fourier space. If one assumes a roughly uniform illumination
of the imaged area, a variance

var Φ · Apix '
A

N0
(3.70)
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on the reconstructed phase Φ is expected. Here Apix is the area of one pixel
and N0/A the fluence, i.e. the total number N0 of incident photons divided
by the total illuminated area A. Relation (3.70), its left hand side being
similar to the definition of photographic granularity introduced by Selwyn
(O’Neill, 2003; Selwyn, 1935), shows explicitly the trade-off between spa-
tial resolution Apix and contrast resolution var Φ for a given photon flux. Due
to its derivation from fundamental photon counting statistics, (3.70) provides
a strict upper bound for the resolution achievable in an experiment. If the
variance var Φ of a reconstruction can be determined accurately and the inci-
dent fluence is known, (3.70) allows to calculate the corresponding “effective
pixel size” which gives the actual spatial resolution of the reconstruction.

Numerical experiments with the difference map suggest that the usually
applied averaging of many object guesses from the steady-state regime of a
reconstruction run (compare section 3.2.4.1 on page 96) cancels the fluctu-
ations caused by the algorithm itself and ensures convergence to a unique
solution which differs from the “true” solution only because of the noise.
So if the imaged region of the object is known to contain uniform areas,
the remaining fluctuations within these directly reveal the value of var Φ.
While the absence of sufficiently uniform regions may make this approach
unfeasible in certain cases, the situation is greatly simplified for a weakly
scattering specimen with negligible absorption: If one uses the fact that the
fluctuations of the complex-valued object are equally shared by its real and
imaginary parts, it is sufficient to compute the variance of the absorption
part after normalizing to a mean 1.

3.3.5 Fourier ring and shell correlations
The Fourier ring correlation (FRC) and its extension for volume data, the
Fourier shell correlation (FSC), are nowadays standard methods for deter-
mining the resolution in cryogenic single-particle electron microscopy (van
Heel and Schatz, 2005). They have first been applied to results of pty-
chographic CDI experiments by Manuel Guizar-Sicairos (compare Guizar-
Sicairos et al., 2012; Holler et al., 2012; Vila-Comamala et al.,
2011a), whose Matlab implementation has been used for calculations.

These Fourier correlation approaches are similar to the PRTF discussed
in the last but one section in the sense that both methods employ multiple
reconstructions to provide a measure of how reliably certain spatial frequen-
cies are retrieved. However, the PRTF is based on averaging many phased
diffraction patterns from independent reconstruction runs on the same data.
In contrast, Fourier ring correlations are typical measures to assess the simi-
larity of two final images which are based on separate data sets but show the
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Assuming a weak phase object O(r) ≈ 1 + iφ(r), for which the exit wave at
a given scan position can be written as

ψ(r) ≈ P (r)(1 + iΦ(r)) =: P (r) + iQ(r) , (3.71a)

the number Ns of photons scattered by the sample is given by

Ns ≈
∫
|Q(r)|2 dr =

∫
|P (r)|2 |Φ(r)|2 dr (3.71b)

= lim
∆A→0

∑
k

|Pk|2 |Φk|2 ∆A . (3.71c)

For the variance of this expression one obtains

varNs = lim
∆A→0

∑
k

(
2 |Pk|2 Φk∆A

)2
∆Φ2

k , (3.72)

which with
|δΦ(r)|2 = lim

∆A→0
∆A∆Φ2

k (3.73)

can be rewritten into

varNs ≈
∫

4 |P (r)|4 |Φ(r)|2|δΦ(r)|2dr . (3.74)

If one infers that δΦ is independent of r (i.e. the error is uniform throughout
the reconstructed phase), this results in

|δΦ|2 ∝ varNs∫
|P (r)|4 |Φ(r)|2dr

(3.75a)

≈ varNs
A

N0
∫
|P (r)|2 |Φ(r)|2dr

(3.75b)

= varNs

Ns

A

N0
, (3.75c)

where (3.75b) uses the assumption, that the illumination is uniform over
an area A, i.e. |P |2 ≈ N0/A (with the total number of incident photons
N0). Equation (3.75c) is then obtained with (3.71b). If Ns follows Poisson
statistics the first fraction in (3.75c) is equal to 1. With δΦ2 ≈ ∆A∆Φ2, this
results in the relation introduced in (3.70).

var Φ · Apix '
A

N0
, (3.76)

where the proportionality constant has been chosen as unity based on nu-
merical simulations performed by Pierre Thibault.

Info box 3.2: Derivation of (3.70) for a weak phase object.114
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same object (for a general discussion of multiple similarity measures including
Fourier ring correlation see van Heel, 1987). In the case of ptychographic
data, this has the benefit that only reconstructed object functions O(r) serve
as input while the PRTF is defined for the exit waves ψj(r) at the individ-
ual scan positions, compare (3.69). Thus the Fourier correlation approaches
do avoid the problem that the resolution information of probe and object
is mixed. The FRC may also be used to replace the PRTF for comparing
independent reconstruction runs of the same data set, but this still requires
further investigation.

The Fourier ring correlation was independently introduced by Saxton
and Baumeister (1982), who called it “spatial frequency correlation func-
tion”, and by van Heel et al. (1982). The three-dimensional Fourier
shell correlation was first presented by Harauz and van Heel (1986). In
both cases, first the Fourier transforms Õ1,2(q) = F {O1,2(r)} of the two
independent object reconstructions (or parts of them) are calculated. Then
the normalized cross-correlation coefficients are determined for corresponding
shells (or rings for the FRC) in Fourier space. A shell (FRC: rings) contains
all Fourier space voxels (FRC: pixels) whose reciprocal space vectors q have
a length corresponding to the given spatial frequency or frequency range qm:

FSC12(qm) =
∑
|q|∈qm Õ1(q) · Õ∗2(q)(∑

|q|∈qm Õ
2
1(q) ·∑|q|∈qm Õ2

2(q)
)1/2 . (3.77)

In practical application, the FRC calculation is usually preceded by a sub-
pixel registration step (Guizar-Sicairos et al., 2008) to make that both
selected input images show exactly the same view of the object. To allow for
this alignment, in most cases not the full reconstructions but rather smaller
regions-of-interest are used. However, one has to ensure that they contain
a range of spatial frequencies typical for the whole object, as otherwise the
FRC may depend highly on the actual features present. An example of the
latter is given in Fig. 9.10 on page 272.

The resolution is defined by the intersection of the FSC with a threshold
curve. van Heel and Schatz (2005) have pointed out that no fixed-value
thresholds should be used as the actual values of the FSC depend strongly
on the specific settings, in particular on the number of voxels n(qm) present
in the Fourier shell at the spatial frequency qm. Taking this into account,
a threshold function T (qm) can be defined such that its value at each qm
provides a lower bound above which the FSC exceeds a predefined signal-to-
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noise ratio SNR (van Heel and Schatz, 2005):

T (qm) =
SNR + 2/

√
n(qm) ·

√
SNR + 1/

√
n(qm)

SNR + 2/
√
n(qm) ·

√
SNR + 1

. (3.78)

van Heel and Schatz (2005) define a threshold curve based on the sig-
nal SNR necessary to achieve an information content per voxel of minimum
1/2bit which can be calculated from the relation (Shannon, 1948)

1/2 bit = log2
√

2 = log2(1 + SNR1/2 bit) , (3.79)

resulting in
SNR1/2 bit =

√
2− 1 ≈ 0.4142 . (3.80)

van Heel and Schatz (2005) “propose the 1/2-bit information threshold
curve as a standard” because its results are comparable to whose produced by
similar criteria used in X-ray crystallography. However, it should be pointed
out that in the standard application scenario in electron microscopy, typically
two halves of a tomographic data are compared which are later combined to
a full volume, or two images are compared whose average is consider the
final result. Therefore, van Heel and Schatz (2005) assume that the
SNR in each half data set only has to reach half of the value given in (3.80)
because the final combination step of the input data will lead to a doubled
SNR in the result. This will typically not be the case for ptychographic
experiments, e.g. if the input images for the resolution determination via
FSC are the two independent projections at 0° and 180° of a tomographic
scan. For the application to PCDI results thus usually the full SNR value of
0.4142 obtained in (3.80) has to be used to calculate the 1/2-bit threshold
curve.
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Computed tomography

A short review on the principles of computed tomography in the
parallel beam case is given in this chapter. Starting from the
Radon transform and the associated Fourier slice theorem, tomo-
graphic reconstruction with filtered back-projection, as the main
method used for analysis of the tomography results presented in
this work, is introduced. In the parallel beam case, signals from
two-dimensional slices of the object perpendicular to the axis of
rotation do not mix in the tomographic reconstruction process.
Therefore, the necessary theory is reviewed for the case of two-
dimensional functions. A more detailed treatment can be found
in the book by Kak and Slaney (1988, mainly chapter 3) on
which the discussion here is based.

4.1 Radon transform and Fourier slice theo-
rem

4.1.1 Definitions
The Radon transform of a two-dimensional function f(x, y) is given by

Pθ(t) =
∫ ∞
−∞

∫ ∞
−∞

f(x, y)δ(x cos θ + y sin θ − t)dx dy , (4.1)

where the parametrization x cos θ + y sin θ = t of the line of projection is
used as the argument of a Dirac δ-distribution. This generates a parallel-ray
projection for different positions t of the parallel rays at a given rotation
angle θ with respect to the (x, y)-coordinate system fixed to the sample.
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Figure 4.1: Radon transform and Fourier slice theorem.

The one-dimensional Fourier transform of such a projection with respect
to t

P̃θ(w) =
∫ ∞
−∞

Pθ(t) e−i2πtw dt , (4.2)

is related to the two-dimensional Fourier transform of the object function
f(x, y)

f̃(u, v) =
∫ ∞
−∞

∫ ∞
−∞

f(x, y) e−i2π(xu+yv) dx dy , (4.3)

by the Fourier slice theorem (Kak and Slaney, 1988, chapter 3):

P̃θ(w) = f̃(w cos θ, w sin θ) . (4.4)

This means, that the values obtained by the one-dimensional Fourier trans-
form of a projection of an object f(x, y) rotated to an angle θ correspond to
the values found along a line forming an angle θ with the u-axis and going
through the origin of the two-dimensional Fourier transform of this object.

4.1.2 Consequences of Fourier slice theorem for angu-
lar sampling

According to (4.4), the Fourier transform of an object can be obtained by
measuring projections covering an angular range of at least π rad. From
this, the object can in principle be retrieved by an inverse Fourier transform,
typically requiring interpolation onto a Cartesian grid first. However, as only
a limited number of projection angles can be measured in practice, sampling
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of Fourier space by the radial lines gets sparser for higher spatial frequencies,
so some degradation for high-resolution features has to be expected (compare
also Kak and Slaney, 1988, chapter 5). To achieve sufficient sampling
of Fourier space at the maximum spatial frequency qmax by means of the
Fourier slice theorem, the distance between the radial lines at qmax must not
exceed the side length ∆q of a pixel in reciprocal space. Thus the maximum
angular step is ∆θ ≈ ∆q/qmax = π/Nproj, where Nproj gives the number of
equally-spaced projections over an angular range of π rad. With the relation
qmax = ∆q ·Npix/2 for projections of a width Npix, one obtains

Nproj ≈
π

2Npix . (4.5)

In practice, often less projections are used, e.g. Nproj ≈ Npix, as the gain from
a larger number of projections is considered to be small (Cloetens, 1999,
page 50).

4.2 Filtered backprojection

4.2.1 Basic algorithm
Rewriting the inverse Fourier transform

f(x, y) =
∫ ∞
−∞

∫ ∞
−∞

f̃(u, v) ei2π(ux+vy) du dv , (4.6)

with polar reciprocal space coordinates (w, θ), i.e. (u, v) = (w cos θ, w sin θ)
with w ∈ (−∞,∞) and θ ∈ [0, π), into

f(x, y) =
∫ π

0

[∫ ∞
−∞

f̃(w cos θ, w sin θ) ei2πw(x cos θ+y sin θ)|w|dw
]

dθ

=
∫ π

0

[∫ ∞
−∞

P̃θ(w) ei2πwt|w|dw
]

dθ , (4.7)

where the second line is using the Fourier slice theorem (4.4) and the defini-
tion of the parameter t. From (4.7), the filtered backprojection algorithm for
tomographic reconstruction can be derived:

1. Measure the projections Pθ(t) (compare Fig. 4.2 (b)).

2. Filtering:

a) Obtain Fourier slices by calculating the 1D Fourier transforms
P̃θ(w) of the projections according to (4.2).
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Figure 4.2: Filtered backprojection of a simulated phantom. (a) Phantom (b) Sinogram.
Filtered backprojections covering an angular range of 180° unless stated otherwise: (c) 6
angles (30° steps), (d) 9 angles (20° steps), (e) 18 angles (10° steps), (f) 60 angles (3°
steps), (g) 1400 angles in a limited angular range of ±70◦ (0.1° steps), and (h) 1800 angles
(0.1° steps).

b) Reciprocal space filtering: |w|P̃θ(w) (or more general h̃(w)P̃θ(w)).

c) Inverse Fourier transforms of filtered Fourier slice: inner integra-
tion in (4.7).

3. Backprojection: Sum in real space these inverse Fourier transforms of
filtered Fourier slices for all angles θ, i.e. perform the outer integration
in (4.7).
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The result of step 2 can be understood as a filtered version of the projection
that has been “smeared” across the real space image along the given projec-
tion angle. Doing this sort of backprojection in step 3 from various angles
results in a tomographic reconstruction, as illustrated in Fig. 4.2 on page 120:
In Fig. 4.2 (c) the “smearing” of the individual (filtered) projections across
the image can be seen, as well as their adding up to a rough representation of
the object in the central part. Fig. 4.2 (d)–(f) and (h) show the improvement
in reconstruction quality as the number of projections that are summed up
in the third step of the algorithm increases.

In practice, the backprojection step requires an interpolation from polar
coordinates onto a discrete Cartesian grid. Frequently, a linear interpolation
scheme is used, but also higher order interpolations, e.g. cubic, may be ap-
plied. According to Kak and Slaney (1988), interpolation in real space
can typically be done with higher accuracy than in reciprocal space, which
would be needed for a direct reconstruction with a 2D Fourier transform. As
in addition implementations of the filtered backprojection are typically much
faster than other tomographic reconstruction schemes, it is widely used.

4.2.2 Filtering

An additional benefit is offered by the separation of the filtering and the
backprojection step: This allows to replace in (4.7) the simple ramp filter
|w|, also referred to as Ram-Lak filter , with a different frequency response
h̃(w). While the ramp filter reduces the weight of low-frequency components
to compensate for the lower density of sampling at higher spatial frequencies,
it also makes the reconstruction sensitive to high-frequency noise. Thus for
modified h̃(w), the Ram-Lak filter is often multiplied with an apodization
function such that the weight of the highest frequencies is again reduced and
therefore the effects of noise are suppressed. The resulting filter functions
differ by the choice of the respective apodization function, which can be,
e.g., a sinc-function (Shepp-Logan filter), a Hann window, a Hamming win-
dow (Hamming filter), or a Parzen window (e.g. implemented in the code by
Guizar-Sicairos et al. 2011). The mathematical expressions for these
filters are listed in Table 4.1 and follow the definitions used in the Mat-
lab implementation of the filtered backprojection (function “iradon”, see
also Matlab 2012b, page 9-29 and Matlab 2012a, page 3-623). The cor-
responding frequency responses are shown in Fig. 4.3(a).
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filter name filter function h̃(w) in Fourier space

Ram-Lak |w| (4.8a)

Shepp-Logan |w|
sin

(
π
2 |w|

)
π
2 |w|

(4.8b)

Hann |w| · 1
2

[
1 + cos

(
π

w

wNyq

)]
(4.8c)

Hamming |w| ·
[
0.54 + 0.46 cos

(
π

w

wNyq

)]
(4.8d)

Parzen |w| ·


1− 6

∣∣∣ w
wNyq

∣∣∣2 + 6
∣∣∣ w
wNyq

∣∣∣3 , 0 ≤
∣∣∣ w
wNyq

∣∣∣ ≤ 1
2

2
(

1−
∣∣∣ w
wNyq

∣∣∣3) , 1
2 ≤

∣∣∣ w
wNyq

∣∣∣ ≤ 1
(4.8e)

Table 4.1: Definitions of Fourier space filters used in filtered backprojection. To generate
the respective filters, the original linear frequency response of the Ram-Lak filter in (4.8a)
is multiplied with different apodization functions, where wNyq is the Nyquist frequency.
As a result, the higher spatial frequencies are damped and therefore the sensitivity of the
tomographic reconstruction to noise is decreased. The frequency response of all five filters
is depicted in Fig. 4.3(a). Definitions as used in the Matlab Image Processing Toolbox
(Matlab, 2012b). Parzen filter as implemented in the code of Guizar-Sicairos et al.
(2011) for ptychographic tomography.

4.2.3 Filtered backprojection from derivatives of pro-
jections

A filtered backprojection from the derivative ∂
∂t
Pθ(t) of a projection gives the

same result as the backprojection of the original Pθ(t) if the condition

k̃(w)F
{
∂

∂t
Pθ(t)

}
(u) = h̃(w)F {Pθ(t)} (u) (4.9)

is fulfilled. With the Fourier theorem for the Fourier transform of derivatives

F
{
∂

∂t
Pθ(t)

}
(w) = i2πwF {Pθ(t)} (w) , (4.10)

one finds that this is the case with redefined filter functions for differ-
ential data

k̃(w) = h̃(w)
i2πw . (4.11)
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Figure 4.3: Frequency response of various filters used in filtered backprojection. (a) Vari-
ous factors h̃(w) (see legend) for weighting the spatial frequencies which can be used instead
of the simple ramp weight h̃Ram-Lak(w) = |w| in (4.7). The frequency-axis is normalized
to the Nyquist-frequency wNyq. The mathematical expressions are given in Table 4.1.
Common to all filters is the damping of higher spatial frequencies which suppresses noise
in the reconstruction. While the Shepp-Logan filter, compare (4.8b), remains very close
to the original Ram-Lak filter for |w| < wNyq/2 and mainly affects the frequencies close to
the cutoff, the other filters not only exhibit a stronger damping at the high frequencies but
also affect the medium frequency range more. The Hamming filter, see (4.8d), still gives
some weight to the Nyquist frequency, whereas the Hann filter (4.8d) and in particular the
Parzen filter (4.8e) completely remove these Fourier components from the tomographic
reconstruction. (b) Differential representations of the filters shown in (a) which are used
for filtered backprojection reconstructions from the derivatives of projections.

Inserting the Ram-Lak filter h̃(w)Ram-Lak = |w| in (4.11), one obtains

k̃Ram-Lak(w) = |w|
i2πw = sgn(w)

i2π , (4.12)

which means that in all the definitions (4.8) on Table 4.1 in page 122 substi-
tuting the term |w| with sgn(w)/(i2π) yields the corresponding filter function
for differential data.

This redefinition of the filter function for differential data has been intro-
duced for beam deflection tomography (Faris and Byer, 1988) and for X-
ray differential phase-contrast tomography (Pfeiffer et al., 2007). In the
work presented here, typically ordinary phase-contrast or amplitude projec-
tions are retrieved to which standard filtered backprojection can be directly
applied. However, as Guizar-Sicairos et al. (2011) have pointed out, it
may be beneficial to work nevertheless with the derivatives of projections,
e.g. if the latter show strong phase wrapping.
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Chapter 5

Experimental realization of
ptychographic CDI

This chapter provides details on the experimental set-ups which
were used to obtain the results presented in this dissertation.
The first section gives a detailed record of the cSAXS beamline
at the Swiss Light Source and the set-ups for two-dimensional
and tomographic PCDI which have been constructed there and
employed for most of the reported work. The second section in-
troduces the nano-imaging endstation of beamline ID22NI at the
European Synchrotron Radiation facility. In order to provide an
overview what has to be considered when planning or performing
PCDI experiments, a general discussion on their current status
and limitations concludes the chapter.

5.1 Ptychographic CDI at the cSAXS beam-
line of the Swiss Light Source

5.1.1 Description of beamline
The cSAXS instrument, dedicated to coherent SmallAngleX-ray Scattering,
is an undulator beamline at the Swiss Light Source (SLS) located at the Paul
Scherrer Institute near Villigen, Switzerland. As it was one of the first beam-
lines whose design was optimized for experiments with coherent X-rays and
most of the experimental work presented in this thesis was performed there,
a detailed description is given in this section. The information provided here,
in particular the numerical values, is based on the cSAXS website (cSAXS
website, 2015) and the cSAXS beamline manual (Bunk et al., 2011).
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5.1.1.1 Storage ring

The SLS is a 3rd generation synchrotron light source with a medium-sized
storage ring with about 288m circumference and 12 straight sections. The
ring is typically operated at an electron energy of 2.4GeV with the beam
current kept constant around 400mA by the so-called “top-up mode”, i.e. the
usual decay of the beam current is compensated by short-period refills with
new electrons. To achieve reasonable photon fluxes at beamlines working
at hard X-ray energies in the range of 10 keV, these are equipped with in-
vacuum insertion devices which allow for smaller gap sizes between the two
magnet arrays resulting in higher magnetic fields.

5.1.1.2 Source

The source of the cSAXS beamline is an in-vacuum undulator with 96 peri-
ods of length λu = 19mm. The minimum undulator gap is about 4.65mm
(Kmax = 2.46), for which the fundamental peak of the X-ray spectrum is
located at about 1.24 keV. As the monochromator restricts the energy range
that can be used to about 4 keV to 18.6 keV, the typical energies used in
PCDI experiments are 6.2 keV (5th harmonic at minimum gap) and, more
rarely, 8.7 keV (7th harmonic at minimum gap). PCDI tests at lower energies
(around 4 keV) suggested that the gain in scattering signal typically does not
compensate the increased absorption losses and the reduced incoming flux
due to the non-optimal undulator gap settings. The source size is about
202 µm× 18 µm (horizontal × vertical, FWHM values, at 12.4 keV) with a
divergence of 135 µrad× 25 µrad (FWHM).

5.1.1.3 Beamline optics

The term beamline optics is used here to summarize all permanently in-
stalled beamline components that are used to precondition the beam before
it exits the beamline vacuum at the first optical table of the experimental
hutch. This table carries the dedicated experimental set-ups. Most of these
optical components are placed in a separate lead hutch to ensure maximum
stability during experiments. Their arrangement is shown schematically in
Fig. 5.1. The elements of the beamline optics are used to control three main
parameters of the X-ray beam: shape, energy and divergence (i.e. focusing).

Beam shaping by slits The shape of the beam is controlled by four pairs
of slits, each allowing for horizontal and vertical confinement of the beam
with four individually movable blades. Their distances from the source are
listed in Table 5.1. Slit pair 1 defines the size of the incoming beam’s footprint
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Figure 5.1: Sketch of cSAXS beamline optics (not to scale). Components from left to
right: slit 0 (horizontal virtual source), slit 1, double-crystal monochromator, mirror, slit
2, slit 3, fast shutter, filter wheel 1, filter wheel 2, and slit 4. Their distances from the X-
ray source are given in Table 5.1. At the beamline, all the sketched components are placed
in vacuum. The components between and including slits 3 and 4 are housed in a common
vacuum vessel, the so-called “exposure box” (label X in Fig. 5.2(a)), which is connected
with a flexible bellow to the preceding vacuum path and can thus be moved along the
beam. This way its exit window, which is mounted at the exit (label N in Fig. 5.2(b)) of
a long thin tube protruding from the downstream end of the exposure box, can be placed
as close as possible to the actual experimental setup.

Component Distance from source / m

slit 0 12.1
slit 1 26.0
monochromator 28.6 (2nd crystal)
mirror 29.4
slit 2 30.7
slit 3 ∼33.4
fast shutter ∼33.6
slit 4 ∼33.7
sample position ∼34
detector position up to ∼41

Table 5.1: Distances of different beamline components at cSAXS from the source point
(cSAXS website, 2015). Compare also the schematic visualization in Fig. 5.1.
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on the first monochromator crystal. Slit pair 2 is placed behind the vertically
reflecting mirror which is directly downstream of the monochromator. The
third and fourth slit pairs are situated at the very end of the evacuated beam
path: they are used for the final definition of the beam shape before it enters
a dedicated experimental set-up. In ptychographic imaging experiments, the
beam incident upon the illumination-defining optical element (focusing optics
or a pinhole aperture) is usually defined with the third slits and the fourth
slit pair is only used to clean up parasitic scattering from the slit blades.

The single horizontal slit 0, which is significantly closer to the source
point (compare Table 5.1), has a different role: it can be used to reduce the
apparent horizontal source size and thus to improve transverse coherence of
the beam by creating a secondary source. As it was only installed in the
second half of 2010, this opportunity had not been available for most of
the experiments reported here and so far no conclusions on its benefits or
disadvantages can be drawn.

Monochromatization The X-ray energy is defined with a Si(111) double-
crystal monochromator using a fixed-exit geometry. The resulting energy
bandwidth ∆E/E is about 1.4 · 10−4 (Als-Nielsen and McMorrow,
2011, chapter 6). The first crystal is cooled with liquid nitrogen which in
this case, despite its lower heat capacity, is preferred to water. This is be-
cause the drastically reduced thermal expansion coefficient at liquid nitrogen
temperatures makes the crystal lattice less prone to deformations caused by
small variations in the heat load. The second crystal needs no cooling as
it is only hit by the monochromatic beam. The accessible energy range is
limited by mechanical constraints to about 4 keV to 18.6 keV. Higher-order
Bragg reflections, which contain the contribution of the higher undulator
harmonics, are rejected by a vertical total-reflection mirror downstream of
the monochromator. This mirror consists of fused silica, a broad stripe of
which is forming the reflecting surface together with two additional coatings
of rhodium and platinum. Together with the possibility to change the inci-
dent angle, this allows to choose the energy dependent reflectivity such that
over the whole energy range higher harmonics are efficiently suppressed.

Focusing The beamline optics offers possibilities to focus the beam both
horizontally and vertically: Horizontal focusing is achieved by dynamical
bending of the second monochromator crystal which allows to focus the beam
by about a factor of 10 to approximately 20 µm FWHM. In the vertical di-
rection, the total reflection mirror is equipped with a bending mechanism
that allows to reduce the vertical beam size at the sample plane down to
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5 µm FWHM. While focusing in the horizontal direction is usually not used
in ptychographic experiments, the excess in transverse coherence along the
vertical direction can be used to slightly prefocus the beam with the mirror.
However, as the surface roughness of the mirror generates a pattern of hor-
izontal stripes with vertically varying intensities inside the beam, a shift of
this pattern with respect to the experimental set-up may lead to unwanted
changes in the incoming wavefront. Focusing reduces the size of the stripes
and thus makes it harder to select large enough flat regions within in the
illumination which provide a stable enough wavefront even if vibrations or
drift occur. Therefore, if at all, typically only mild vertical focusing is used
for ptychographic imaging experiments.

5.1.1.4 Experimental set-ups

As a multi-purpose beamline, cSAXS has no permanently installed experi-
mental set-up, i.e. sample manipulation equipment and – if required – further
beam-defining elements are set up for each experiment individually. Com-
mon to all is the fact that around the sample the X-rays typically have to
pass a short distance through air because the option of a fully evacuated
beam path including the sample environment does not exists.

For CDI experiments, the coherence properties of the X-ray beam at the
location of the experimental set-up are important: With a typical distance
of 34 m from the source and the source size of 202 µm× 18 µm (FWHM),
one obtains with relation (2.6) at an X-ray energy of 6.2 keV (λ ≈ 2Å)
transverse one-sigma coherence lengths of ξh,σ ≈ 13 µm in horizontal and
ξv,σ ≈ 142 µm in vertical direction. For the energy bandwidth ∆λ/λ =
1.4 · 10−4, a longitudinal coherence length of ξl ≈ 0.7 µm follows from (2.8).

During the course of the work presented here, there have been several
iterations of dedicated set-ups for ptychographic CDI: By now, standard
solutions for two-dimensional (discussed in detail in section 5.1.2) and for
tomographic PCDI (see section 5.1.3) have been established, which are also
offered in regular user operation.

5.1.1.5 Flight path

To prevent air scattering and absorption, the cSAXS beamline offers two
flight tubes with lengths of 2.1m or 7.0m that can be inserted between
sample and detector. For standard small-angle X-ray scattering applica-
tions (SAXS), these are typically evacuated. However, it has been observed
that the required thick Mylar exit windows degrade the diffraction patterns
in CDI applications due to their comparatively high absorption and more
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importantly by adding parasitic scattering. Therefore, the flight tubes are
typically equipped with much thinner polyimide (Kapton) exit windows for
CDI experiments. As this does no longer allow to evacuate the tubes, they
are flushed with Helium instead. Due to sampling requirements (compare
condition (2.27) on page 55), typically the longer flight path has to be used
for PCDI measurements.

5.1.1.6 Detectors

For the collection of all type of diffraction data, a PILATUS 2M detector is
installed on an optical table which itself is placed on a rail system running
along the beam. Details on the PILATUS II detector system are reported in
the publications by Kraft et al. (2009a,b), which are also the sources of
the information on the PILATUS 2M in what follows.

The PILATUS 2M detector has 1475× 1679pixels of 172 µm× 172 µm
size which cover a total area of 253.7mm× 288.8mm. It is built from 3× 8
individual detector modules with 487× 195 pixels each. Every module has a
monolithic 320 µm thick silicon sensor structured into the individual pixels
each forming a separate p-n-diode. This sensor is bump-bonded to the 2× 8
readout chips of the module. To avoid dead areas between the readout chips,
the pixels next to these gaps have twice the width of normal ones. The
counts detected by these larger pixels are distributed via software to three
normal-sized pixels, i.e. a third virtual pixel is introduced at the gap. For
digitization of the signal, each pixel has its own 20bit counter. Because only
events are counted for which the energy deposited in the sensor pixel lies
above a certain adjustable threshold, the detector has no dark current, is
insensitive to visible light and – to a large extent – X-ray photons of lower
energy created by fluorescence. Due to the individual digitization of all pixels,
there is also no readout noise. The detector therefore can be considered as
noise-less and allows to obtain diffraction patterns in which Poisson noise, i.e.
photon counting statistics itself, is the main source of errors. However, as for
all detectors operated in single-photon counting mode, the maximum count
rate is limited by the dead time after each event during which no new one
can be detected. The detected rate Nobs thus has to be corrected to obtain
the true incident rate N0. For a given dead time τ , the following relation
(known as a paralyzable model, see Knoll, 2000), is used (Kraft et al.,
2009a):

Nobs = N0 exp (−N0τ) (5.1)
The maximum count rate is typically defined as N0,max = 1/τ . Depending on
the amplifier gain settings used, it is between 0.9 · 106 photons/s/pixel (high
gain) and 8 · 106 photons/s/pixel (low gain).
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For complementary fluorescence measurements, an additional silicon drift
detector (Amptek XR100-CR) can be installed close to the sample.

5.1.1.7 Control system

The standard command-line based user interface to all beamline functions
including the motors of the customized experimental set-ups is based on the
control software spec (Certified Scientific Software). The macro functional-
ity of the software allows rather flexible applications, e.g. the definition of
customized scan patterns like the round scan for PCDI introduced in section
3.2.4.5.

5.1.2 Set-up for two-dimensional scanning (diffraction)
microscopy

Based on experiences with several earlier iterations, the set-up (see Fig. 5.2)
for two-dimensional scanning techniques has been designed for maximum sta-
bility while still retaining enough flexibility for adaptations in geometry. To
minimize vibrations, components with a high stiffness have been used for the
construction of a very compact assembly with short lever arms. Therefore,
all of the custom-made parts were produced in stainless steel instead of the
aluminium used in previous iterations.

The X-ray beam at the cSAXS endstation has a vertical distance of about
50 cm from the surface of the optical table on which the sample environment
is placed. The necessary vertical offset of the scanning set-up is achieved by
mounting it on top of hexapod 6-axis parallel kinematics microrobot (model
M850.11, Physik Instrumente (PI), label H in Fig. 5.2(a)) This hexapod
does not only provide a very stable support, but also allows motorized fine-
positioning in the micrometer range of the set-up as a whole. The actual scan-
ning set-up is formed by up to four different three-axis motor stacks which
carry the different optical components or the sample respectively (compare
Fig. 5.2(b)). For maximum relative stability, in particular of the localized
illumination with respect to the sample, they are mounted on a common base
plate made of stainless steel (Fig. 5.2(a), label BP). Its hole pattern allows
customized arrangements of the stages along the beam at two distances on
either side of the optical axis. Each of the stacks consists of three stepper
motor driven linear stages (model MFA-PP, Newport Corporation, minimum
step size 242nm, maximum range 25mm) allowing independent movements
along the three Cartesian axis. When looking along the beam through the
scanning set-up, they carry the following components:
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central stops or coherence-filtering aperture In a standard scanning
microscopy application, the first stack of stages (Fig. 5.2(b), label CS)
carries an assortment of central stops, which in combination with match-
ing order-sorting apertures (OSAs) block the undiffracted beam. For
coherent scanning microscopy, however, the transverse coherence may
not be large enough to illuminate a whole Fresnel zone plate fully coher-
ently. In this case, the first component is typically a coherence-defining
aperture of significantly smaller diameter (in the range of 10 to 20 µm)
than the zone plates. By putting this first aperture off-axis, the un-
diffracted beam passing through it is blocked by the OSA.

Fresnel zone plates The second holder (Fig. 5.2(b), label FZP) carries the
Fresnel zone plate lenses used for focusing. Typically, a single silicon
chip is used which carries several different lenses of various diameters
between 30 µm and 200 µm and zone sizes between about 25 nm and
100nm.

order-sorting apertures or illumination-defining pinholes The third
holder (Fig. 5.2(b), label OSA) carries apertures of various sizes. If a
focused beam is to be used, an order-sorting aperture can be chosen
among several different pinholes with diameters between about 5 µm
and 20 µm (Plano GmbH). For a ptychographic CDI experiment with
a simple pinhole illumination, custom-made apertures with diameters
from 1 µm to 4 µm are provided, which were specifically manufactured
to fulfil the condition (2.27) on page 55 for sufficient diffraction-pattern

Figure 5.2 (following page): Photos of set-up for two-dimensional scanning (diffrac-
tion) microscopy at the cSAXS beamline: (a) Overview: Out of the so-called “exposure
box” (X) on the right, the X-ray beam passes through the scanning set-up in the centre
of the image into the flight tube (F) on the left. The different motorized stages of the
scanning set-up are mounted on a steel base plate (BP), which is positioned by means of
a high-load hexapod (H). (b) Close-up view of scanning set-up: The X-ray beam enters
the set-up from the bottom, where a nozzle (N) holds the final beamline vacuum window,
which is approached as close as possible to the set-up to reduce the air path. The scanning
set-up itself consists in the most general case of four stacks of linear stages that allow to
move each component independently along the Cartesian axes: The first stack (CS) holds
either central stops or coherence-defining apertures, while the second one (FZP) positions
the Fresnel zone plate focusing lenses in a focused-beam set-up. Order-sorting apertures
are manipulated with the third stack (OSA). The fourth set of motors (S) is used for coarse
positioning of a 2D piezo-electric scanning stage to which the sample holder is attached.
The so-called “X-ray eye” (E) allows to use radiographs, obtained through a combination
of a scintillator with an optical video-microscope, for alignment. The path through air to
the flight tube’s (F) entrance is again kept as small as possible.
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sampling. Placing all apertures on a common holder allows to quickly
switch from a focused-beam to a pinhole-based geometry: the holders
for the central stops and the zone plates are moved out of the beam path
while on the OSA holder just one of the smaller pinholes is selected. If
it is certain that a small pinhole will be the only required illumination
defining element, the first two motor stacks can of course be completely
left out.

2D piezo scanner with sample In the case of the sample stack (label S
in Fig. 5.2(b)), the three stepper motors are only used for coarse po-
sitioning. The actual scanning in the plane perpendicular to the op-
tical axis is done with a piezo-driven two-dimensional scanning stage
(model P-733.2CL, PI), which has 0.3nm nominal resolution, < 2 nm
reproducibility and 100 µm× 100 µm scan range. Most of the samples
investigated with this set-up are typically prepared on silicon nitride
membranes which provide high X-ray transparency and are usually di-
rectly glued onto the metallic mounting plate fixed to the piezo. The
scanning of the sample has to be performed in stop-and-go mode for
the collection of ptychographic data sets. Standard STXM acquisi-
tions can be sped up by operating the piezo in a continuous translation
mode. Recent algorithmic developments for mixed-state reconstruc-
tions (compare Thibault and Menzel, 2013) may allow to use this
fast scanning mode also for PCDI in the future.

Another important component – although mechanically disconnected from
the actual scanning set-up for stability reasons – is the so-called “X-ray
eye” (Fig. 5.2(b), label E) which can be moved into the beam directly behind
the sample when required: by imaging a scintillator screen with a microscope
objective onto a CCD camera running at video frame-rates, it makes available
online X-ray radiographs of the optical components and the sample with a
resolution slightly better than 2 µm. These live images are mainly used for
alignment or to find a region of interest within the sample.

5.1.3 Tomography set-up
The sample rotation required for tomography makes it necessary to discard
the common base plate used in the 2D set-up described in the previous sec-
tion. The required relative stability of illuminating probe and object thus
has to be ensured otherwise. For the cSAXS tomography set-up, geometrical
constraints make it necessary to have the illumination-defining optical com-
ponents hanging upside down from a sturdy support frame (see Fig. 5.3(a)),
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while a stack of various stages carrying the sample (compare Fig. 5.3(b)) is
rising from the surface of the optical table.

By reusing major parts of the 2D set-up, again both a focused-beam and
a pinhole geometry are possible: The support plate of the scanning set-up
is fastened on a heavy sand-filled breadboard (Newport) which is placed
upside down on aluminium posts (Linos). Up to three of the stacks of stages
discussed in detail in the section 5.1.2 are fixed to this plate as visible in
Fig. 5.3(b): one for central stops or coherence-filtering apertures, the other
for Fresnel zone plates and the last for the order-sorting apertures or the
illumination-defining pinholes. The latter motor assembly always has to be
used with a mounting plate with a long arm to allow for unhindered rotation
of the sample stack.

The different components of the assembly of motorized stages carrying the
sample are visible in Fig. 5.3(b): At the bottom, a hexapod 6-axis parallel
kinematics microrobot (model M850.11, Physik Instrumente (PI), label H
in Fig. 5.3(b)) is used for centring the rotation axis in the beam and for
adjusting its tilt. Furthermore, it allows for coarse vertical translations along
the rotation axis. Rotations are done with an air-bearing stage (UPR 160F,
Micos, label R in Fig. 5.3(b)) on top of which two linear translation stages
(model MFA-PP, Newport, label T in Fig. 5.3(b)) are installed for centring
the specimen on the rotation axis. Samples are typically prepared on a brass
pin of 3mm diameter and fixed with a clamping mechanism on top of the
piezos used for scanning. To allow for highly precise stepping in all three
dimensions, a 2D piezo scanner (P-733.2CL, PI, label P in Fig. 5.3(b)) in the
horizontal plane is combined with a 1D piezo (P-622.2CL, PI) for vertical
movements. With both the coarse translations and the piezos, movements

Figure 5.3 (following page): Photos of nanotomography set-up at the cSAXS beamline:
(a) Overview: The X-ray beam passes from the exposure box (X) on the right to the flight
tube (F) on the left. The stages carrying the illumination-defining optical components
hang from a sturdy optical breadboard (BB). The X-ray eye (E) is attached to one of the
aluminium posts supporting the breadboard. The stack of stages for sample positioning
and rotation (see close-up view below) is placed on the hexapod (H). (b) Close-up view of
scanning tomography set-up: Hanging from the top are the three stacks of linear stages for
the optical elements: one for central stops or coherence-defining apertures (CS), another
for Fresnel zone plates (FZP), and the last for order sorting apertures (OSA). For the
latter, mounting on a longer arm is necessary to allow for free sample rotation. The
sample is mounted centred on the top of stack: The hexapod (H) is used to centre the
rotation axis of the air bearing rotation stage (R) on the optical axis and also to correct
its tilt. Two coarse linear translations (T) allow to centre the sample on the rotation axis.
Scanning along the Cartesian axis is done with a combination of a two-axis (horizontal)
with a one-axis (vertical) piezo (P).
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are always done along the fixed Cartesian axes of the laboratory frame by
introducing software pseudo-motors that take the current rotation angle into
account.

As in the 2D set-up, the radiographs provided at video frame rate by the
X-ray eye installed downstream from the sample (label E in Fig. 5.3(a)) are
used for alignment purposes.

The latest version of the tomography set-up at cSAXS (Holler et al.,
2012) additionally provides a precise interferometric measurement for the rel-
ative position of sample and the illumination-defining element (e.g. zone plate
or pinhole). As this option, however, only very recently became available, it
has not been used for any of the work presented here.

5.2 Ptychographic CDI at ID22NI at the Eu-
ropean Synchrotron Radiation Facility

Experiments were also performed at the European Synchrotron Radiation
Facility (ESRF) in Grenoble. The ESRF storage ring (see ESRF web-
site, 2015 and Laclare, 1994 for detailed parameters) is operated at about
6 GeV, which means that the peaks of the insertion devices’ spectra are
shifted to higher X-ray energies compared to smaller machines like the SLS.
This is particularly interesting for materials science applications like imaging
of integrated circuits or metallic pore structures. In these cases, an energy
in the range of about 15 to 20 keV provides both the necessary penetration
power and a sufficient scattering signal.

The nano-imaging endstation of the ID22 beamline (ID22NI) has
been designed to employ a nano-focused X-ray beam for fluorescence mapping
or phase-contrast projection microscopy using the holotomography approach
(Bleuet et al., 2009). It has been chosen for the ptychographic exper-
iments at ESRF because it offers a unique combination of five interesting
characteristics:

1. High (coherent) flux in the energy range 15 to 20 keV.

2. “Pink” beam with a broad energy bandwidth.

3. Achromatic KB nano-focusing optics.

4. Permanently-installed dedicated nano-tomography set-up.

5. Option of simultaneous coherent diffractive and fluorescence imaging.
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The parameters of the beamline ID22 and the nano-imaging endstation in
the description below are taken from Bleuet et al. (2008) and Martínez-
Criado et al. (2012).

5.2.1 Source and beam conditioning

At ID22 the X-ray source consists of two independent undulators, a standard
one (42mm period) and an in-vacuum (23mm period), which create a source
point of 25 µm× 900 µm (vertical × horizontal, FWHM) size. For improved
transverse coherence, a secondary source of typically 10 µm to 20 µm width
can be created with a horizontal high-power slit located about 28m from the
undulator source. At 34m, a horizontally deflecting Si mirror with stripes of
Pd and Pt acts as an energy filter which blocks higher undulator harmonics.

5.2.2 Kirkpatrick-Baez focusing system

The KB system (Hignette et al., 2005; Zhang et al., 2010) is placed
about 64m from the source at the front of the massive stone table which is
used as the common support for all components of the nano-imaging endsta-
tion in order to maximize mechanical stability. A nitrogen-flushed enclosure
ensures the KB assembly stays clean and at a constant temperature. The
entrance aperture of the mirror system is defined by a pair of slits. The two
total-reflection mirrors are made out of silicon which is dynamically bent into
the required elliptical shapes. The vertically-focusing first mirror is addition-
ally coated with a graded-multilayer which acts as a monochromator with an
energy bandwidth of ∆E/E ' 1.5 · 10−2. This corresponds roughly to the
spectral width of a full undulator harmonic. Said multilayer coating also
increases the acceptance angle of the mirror. This specific system thus pro-
vides an X-ray flux in the focus of about 1012 photons/s in the energy range
15 to 20 keV (Bleuet et al., 2008). In the endstation’s most recent de-
velopment stage, the focal distances are 180mm for the vertical and 83mm
for the horizontal focus. The set-up as of July 2011 is routinely operated
with focal spots down to 60 nm× 60 nm. However, spots in ptychographic
experiments are typically more about 120 nm to 180 nm in diameter, as the
necessity to illuminate the entrance slits coherently results in a reduced nu-
merical aperture. For CDI, the installation of an additional pinhole aperture
(label PH in Fig. 5.5(a)) directly after the KB system to clean up parasitic
scattering – in particular from the entrance slits – is highly beneficial. The
effect of this pinhole is illustrated in Fig. 5.4.
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Figure 5.4: Effect of a clean-up pinhole on diffraction data quality at ID22NI. Both
images show the central 512 × 512 pixels of far-field diffraction patterns measured with
the FReLoN detector and using a beamstop to block the direct beam. (a) The signal
without clean-up pinhole is dominated by strong streaks which are attributed to parasitic
scattering from mirror imperfections and the entrance slits. (b) Placing a clean-up pinhole
directly after the KB-system removes most of the parasitic scattering. The location of the
pinhole is shown in Fig. 5.5(a).

5.2.3 Scanning set-up
The main set-up is based on a three-axis stage consisting of an air-bearing
translation along the beam and two stepper motor driven stages for move-
ments in the transverse plane. The rotation stage on top carries a magnetic
disc which has a mounting mechanism for cylinders of 3 mm diameters. A
pusher is used to move the magnetic disc with respect to the rotation axis
in order to centre the sample. A piezo, which is usually employed for ac-
tive position stabilization in the horizontal transverse direction during the
standard holotomography applications of the endstation, is used for scan-
ning in ptychographic tomography. However, as vertical scanning can only
be done with the stepper motor, special scan patterns, like e.g. the “round
scan” introduced in section 3.2.4.5, cannot be used.

In cases where one is only interested in 2D projection images, an addi-
tional platform with a 2D piezo scanner (P-733.2CL, PI, marked by label PZ
in Fig. 5.5(a)) is mounted at the top of the stack of stages. The platform
with the piezo is placed on a tripod construction which allows to keep the
rest of the set-up unchanged.

An on-axis video microscope, which the beam passes through a hole in its
45°-mirror, is used for sample alignment (label VM in Fig. 5.5). It is placed
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Figure 5.5: Photos of scanning set-up at ID22NI. (a) Set-up for two-dimensional scan-
ning: The beam passes from the exit of the KB focusing system (KB) through a cleanup
pinhole (PH) and the hole in the centre of the deflection mirror of the video microscope
(VM) onto the sample (S), which is mounted on a two-axis piezo scanning stage (PZ).
(b) Tomographic set-up, in which the sample (S) is mounted on top of a rotation stage
whose top part (R) is a magnetically-coupled disc. A small actuator (P) can be used to
change via pushing the position of the magnetic disc with respect to the rotation axis.
X-ray fluorescence maps can be collected during ptychographic scans with the energy-
dispersive detector (F).

behind the enclosure of the KBs in such a way that its focal plane coincides
with that of the X-ray optics. This provides reliable means to place samples
in the X-ray focus whose depth of focus is much larger than the microscope’s.

5.2.4 Detectors
As ID22NI is mainly designed for holotomography and fluorescence mapping
(Bleuet et al., 2009), it does not feature a permanently installed detector
for collection of far-field diffraction data. However, the projection images
obtained with the standard holotomography detector, which is based on a
ESRF FReLoN charge-coupled device (CCD) with 2048 × 2048 pixels onto
which the signal from a high-resolution scintillator is optically magnified,
can be used for centring the sample on the rotation axis. While one of the
two identical fluorescence detectors usually has to be removed to be able
to mount the clean-up pinhole mentioned above, the remaining one may be
operated simultaneously with the far-field detector. It is a collimated silicon
drift diode (SDD) detector (SII Nanotechnology Vortex 50 mm2), which is
placed close to the X-ray focus forming an 75° angle with the incoming beam
in the horizontal plane, compare Fig. 5.5(b), label F.

Diffraction patterns are collected with a FReLoN CCD system with a
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fibre-optics taper. The detector is of the same principle design as the ones
studied by Coan et al. (2006) and Ponchut (2006), however with slightly
varied taper dimensions and a different CCD chip. The system employs a
gadolinium oxide scintillator that is fiber-optically coupled to a CCD chip
(Kodak 4320) with 2048 × 2048 pixels. The resulting effective pixel size is
51 µm. A rough estimate of the line-spread function (LSF) of the detector
has been obtained from a radiograph of a regular grid of circular holes which
was placed in close proximity to the scintillator. By taking the derivatives
of lineouts across the edges of the holes, the FWHM values of the LSF were
found to be about 2 to 3 pixels, i.e. about 100 to 150 µm, which is consistent
with the values reported for a similar taper-based system in the article by
Ponchut (2006, page 203). In this article it can also be seen that the
LSF has very long tails which extend to a range of several millimetres. In
particular when locally illuminated with a very intense beam, this will result
in the detection of significant counts in non-illuminated pixels. Investigations
of a similar detector by Holton et al. (2012) suggest that these long tails
originate mainly from scattering in the fibre-optics taper of such systems and
that scattering in the scintillator plays only a minor role in this case.

Data collection with the FReLoN can be sped up by reading out just a
region-of-interest (Labiche et al., 2007), in the case of our experiments
typically the inner 1024× 1024pixels. To spread the intense undiffracted
beam over as many pixels as possible, the detector is usually put to a dis-
tance of about 3m, quite farther away from the sample than required by the
sampling condition (2.27) on page 55. To allow for longer exposure times,
a motorized beamstop can be inserted in front of the detector to block the
direct beam.

5.3 General considerations on PCDI experi-
ments and their limiting factors

Based on the experiences made with the experimental realization of ptycho-
graphic CDI, this section draws some conclusions what has to be considered
in order to collect high-quality data sets. This at the same time provides
an overview of the current experimental limitations ptychographic CDI is
facing. The discussion on instrumentation focuses on the key points incident
beam, detector, scanning overhead, stability, and – in a very broad sense –
sample environment. The section concludes with some remarks on sample
preparation.
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5.3.1 Incident beam

5.3.1.1 Coherent flux

The coherent flux (photons per second) incident on the sample fundamentally
limits both the spatial resolution and the sensitivity which are achievable in
an experiment, compare also (3.70) on page 112. Furthermore, it also influ-
ences the acquisition time after which a given number of scattered photons is
detected and thus the total area which can be scanned within a given time.
In recent experiments at cSAXS, a coherent flux of about 1.2 · 107 photons/s
at 6.2 keV was measured. However, even at this relatively low flux the beam
had to be slightly attenuated to stay below the count rate limit of the de-
tector (compare also section 5.3.2). Higher fluxes can typically be achieved
at larger facilities, especially when it comes to higher photon energies: At
ID22NI, from the incoherent flux of about 1012 ph/s about 5 · 108 ph/s were
left in coherent imaging mode at about 16.96 keV mean energy. For the
nanoprobe based on nano-focusing compound refractive lenses installed at
beamline P06 of the PETRA III storage ring, values between 8 · 108 ph/s
and 1010 ph/s have been reported at 20 keV (Schroer et al., 2010).

Further gains in flux are to be expected with the advent of new sources,
like energy recovery linacs (Gruner et al., 2002a), and the upgrade of ex-
isting ones. However, current X-ray free-electron lasers (XFELs), which are
optimized to deliver a very high peak flux within a few tens of femtoseconds,
are not well suited for ptychographic CDI: Specimens are typically heavily
damaged or destroyed by a single shot so that conducting several exposures
with overlapping illumination positions is not feasible. Nevertheless, in the
special case of periodic objects like two-dimensional nanocrystals, a ptycho-
graphic data reconstruction procedure may also be used for data taken at
XFELs (Kewish et al., 2010b).

The transverse coherence length at the location of the experiment is
mainly determined by its distance from the source and the latter’s size, either
directly at the insertion device or at a secondary source, compare (2.5) on
page 47. These parameters should therefore be considered when setting up
or selecting an experimental station for ptychographic CDI. In order to use
the full available coherent flux of the incoming beam, it should in particu-
lar be attempted to match the effective coherence lengths to the aperture of
the illumination-forming system: In a typical pinhole-based ptychographic
experiment, e.g., the transverse coherence lengths typically exceed the size
of the pinhole by one to two orders of magnitude and therefore the beam
may be pre-focused by this factor onto the pinhole without impairing the
coherence of the illumination.
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5.3.1.2 Localized illumination

A fundamental requirement of ptychographic imaging is that the illumination
formed on the object, in the words of Rodenburg et al. (2007a), “must be
‘substantially’ localised”. Quite frequently, pinhole apertures have been used
to accomplish this (Dierolf et al., 2010a,b; Giewekemeyer et al.,
2010; Holler et al., 2012; Rodenburg et al., 2007b). However, man-
ufacturing pinholes with both small diameters (typically below 5 µm) and
thicknesses which guarantee sufficient absorption at hard X-ray energies re-
mains technologically challenging, even if advanced methods like focused-ion
beam milling are available.

In various ptychographic experiments, the localized illuminations have
been created by different types of X-ray focusing optics: This includes diffrac-
tive Fresnel zone plate optics (Thibault et al., 2008; Vila-Comamala
et al., 2011a), compound refractive lenses (Schropp et al., 2010), and
Kirkpatrick-Baez (Kewish et al., 2010a) or single-bounce reflective optics
(Kewish et al., 2010c). These examples in particular demonstrate the
possibility of implementing ptychographic imaging using existing scanning
microscopy set-ups.

While in principle any localized illuminating probe can be employed, our
empirical observations suggest to use a illumination which has small-scale
features: Reconstructions with very smooth probes have often shown slow
and sometimes incomplete convergence behaviour. In contrast, the presence
of higher spatial frequencies in the illumination has typically resulted in faster
and better reconstructions. This empirical result has recently been confirmed
in a study by Guizar-Sicairos et al. (2012), who show that the presence
of high-frequencies components in the probe leads to a higher signal-to-noise
ratio and thus better reconstruction of high-resolution features. Guizar-
Sicairos et al. (2012) therefore conclude that “the spatial-frequency spec-
trum of the illumination probe, [...], should be a design parameter of a mi-
croscope based on ptychography”.

Another important parameter is the size of the localized illumination: On
the one hand, it depends on the geometry of the set-up, i.e. the pixel size
of the detector and its distance from the object plane, see also subsection
5.3.2.1. On the other hand, the probe’s extent determines the number of
scan points required to cover a certain area. It thus strongly influences the
total scanning overhead time. This is discussed in more detail on page 147
in section 5.3.3.1.

Different aspects of stability, which concern both the illumination itself
as well as the accuracy of the relative positioning of probe and object, are
considered in section 5.3.4.2 from page 149 on.
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5.3.2 Detector
The detector is a crucial part of a ptychographic experiment. In order to
achieve good results, several detector parameters (compare also section 1.6.1
starting on page 33) should be adapted to the specific requirements:

5.3.2.1 Geometry

The detector’s pixel size and distance from the plane in which the specimens
are scanned should be chosen according to (2.27) on page 55 such that the
diffraction patterns are sufficiently sampled. Of course also the typical beam
size at the sample has to be considered in this calculation. Furthermore, the
total size of the detector directly determines the highest spatial frequencies
for which diffraction signal can be detected. The area of the detector should
therefore be large enough to be in principle able to reach the envisioned
spatial resolution.

5.3.2.2 Incoming flux

First of all, the detector must not be damaged by the incoming photons, i.e.
it must either be radiation hard (Sobott et al., 2009) or, e.g. in the case
of a very intense undiffracted beam, the direct beam must either be blocked
or, e.g. at free-electron laser sources, pass through a hole in the centre of the
detector (Graafsma, 2009). In the case of photon-counting detectors, like
for instance PILATUS systems (Kraft et al., 2009a,b) or the MAXIPIX
based on the MEDIPIX II chip (Ponchut et al., 2011), the maximum
count rate – which is limited by the dead time after each event during which
no new one can be detected – has been observed to be a major limiting
factor: During several experiments the coherent beam had to be attenuated
such that in forward direction the incident flux did not exceed the count-rate
limit of the respective detector. As discussed in section 5.1.1.6, the limit
for the PILATUS depends on the amplifier gain settings and lies between
0.9 · 106 photons/s/pixel (high gain) and 8 · 106 photons/s/pixel (low gain).
According to Radicci et al. (2012), the recent single-photon counting de-
tector EIGER can cope with more than 2 · 106 photons/s/pixel already in its
low-noise mode, which is the least favourable in terms of count rate. Fur-
thermore, as the side length of one EIGER pixel is just 75 µm, the photons
that would hit one PILATUS pixel (172 µm× 172 µm) are distributed over 4
to 5 pixels on the EIGER. Count rate is not an issue for integrating detectors
like CCD-based systems or for detectors designed to be used at X-ray free
electron lasers (Graafsma, 2009).
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5.3.2.3 Point-spread function

Reconstructions have been found to be strongly degraded (see the discussion
in sections 8.4.1 and 8.4.3) by the rather extended tails of the FReLoN’s
point-spread function (compare Ponchut, 2006, page 203). In contrast,
when just a single pixel of a PILATUS detector is illuminated in a localized
way, only this very pixel produces a signal, i.e. the PILATUS has a point-
spread function of one pixel. This results in a higher quality of the retrieved
images compared to scintillator-based systems.

5.3.2.4 Readout speed

As ptychographic data sets, in particular for tomographic investigations, may
consist of more than 105 diffraction patterns, the time spent on detector read-
out plays a significant role when it comes to reducing the total duration of
a scan. The actual readout time of modern detectors, i.e. the minimum
time between subsequent exposures, can be as low as just a few milliseconds
(for instance 2.85ms for the PILATUS II readout chip, see Kraft et al.,
2009b). However, such high frame rates are typically only reached if the
detector is operated in a non-interactive “burst mode”, in which a whole
series of exposures is taken and directly written to disk without any fur-
ther communication between detector software and control system. But it
is exactly this communication which amounts for most of the total readout
time observed in a PCDI experiment where each exposure is usually trig-
gered individually by the control software. Among others, this total readout
time constitutes a major contribution to scanning overhead, compare section
5.3.3. First demonstrations (Guizar-Sicairos et al., 2014) show that this
total time can be reduced with novel detector systems like, e.g., the EIGER
(Dinapoli et al., 2011; Johnson et al., 2014; Radicci et al., 2012).
This single-photon counting detector features dead times below 3 µs, a large
2 GB RAM for temporary storing several frames directly on the readout
board, and double buffering which allows to acquire another frame while the
previous one is still being read out.

5.3.2.5 Noise

Scattering signals typically drop off pretty quickly towards higher momen-
tum transfers |q|, as e.g. illustrated by Porod’s law for small-angle scattering
from a colloidal system, which states an asymptotic relation I(|q|) ∝ |q|−4

for the intensity (Porod, 1951). To obtain high-resolution reconstructions,
also the weak signals at large momentum transfers have to be recorded with
high accuracy. In the ideal case, only Poisson noise due to the statistical
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nature of the photon counting process is present in the recorded diffraction
data. A detector may add additional noise which is mainly originating from
two sources: Firstly, there is background or dark noise due to the charge
generated – mostly thermally – in the pixels even when they are not illumi-
nated. Secondly, additional noise is typically added during the readout pro-
cess. On a CCD chip, e.g., usually the charge accumulated in the individual
pixels is transferred to one analog-digital converter per line. The accuracy of
the charge measurement and digitization is limited and gets worse at higher
readout speeds. In hybrid-pixel detectors like the PILATUS (Kraft et al.,
2009a,b) or the MAXIPIX (Ponchut et al., 2011) systems, each pixel has
its own analog-digital converter which counts individual photons by directly
comparing the charge generated in the pixel with a predefined threshold. By
this, both dark and readout noise are eliminated.

5.3.2.6 Dynamic range

For the same reason as the noise, also the dynamic range of the detector is
of utmost importance: The rapid drop of the scattering signal with growing
spatial frequency requires that both very intense signals at the centre of the
diffraction pattern and individual photons at high momentum transfers can
be measured reliably within a single exposure. Within a single frame, the
detector therefore has to be able to both accept and digitize differences in
photon counts of several order of magnitudes. Typical CCD systems often
digitize with 14 or 16bit, i.e. if a photon increments the digital output signal
by one, this allows to measure up to 16 384 or 65 536 photons in a single frame.
In practice, the effective dynamic range is usually slightly lower than the
nominal value determined by the electronics, as a signal first has to be above
the level of the background noise to be detected. The PILATUS detector
features a 20 bit counter (Kraft et al., 2009b) and because there is also
no background noise this allows to reliably measure photon counts between
0 and 1 048 576 in a single exposure. The upcoming EIGER system features
a 12 bit counter which however can be extended to 32 bit by combination
of multiple frames directly in the detector readout board (Radicci et al.,
2012).

5.3.3 Scanning overhead
In ptychographic experiments, the scanning overhead is often observed to
be up to 30% to 50% of the total scanning time. It therefore becomes a
major limiting factor in cases where a lot of diffraction patterns are taken,
in particular in tomographic PCDI. The factors that determine the total
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overhead are the total number of scan positions and how much time is spent
for each individual point in addition to the raw exposure time:

5.3.3.1 Total number of scan positions

The overhead per scan point, which is discussed in more detail in the next
section, typically is a rather constant value which does not depend on the
actual exposure time. If therefore a certain area is to be scanned in a given
time, the ratio of total exposure time to total scan duration is higher the less
points are used. This is illustrated by a numerical example: For an overhead
of 0.2 s per position and a total scan time of 600 s, the accumulated time a
given area is exposed amounts to 400 s if 1000 points are used. But if the
same area is covered with only 100 points, the actual net exposure time is
580 s instead. So while in the first case the overhead amounts to 33% of the
total scan duration, it is only 3.3% for the latter settings. Such a reduction of
the number of scan points can be achieved if a larger illumination is used, e.g.
a pinhole in the micrometer range instead of a nano-focused beam. However,
also a larger beam still has to fulfil the sampling condition (2.27) on page 55,
which also depends on other experimental constraints like the distance to the
detector and its pixel size. It also has to be considered that the diffraction
data may be easier degraded by instabilities during the longer exposure times
which are required to deliver the same photon fluence with a more expanded
beam.

5.3.3.2 Overhead per scan point

Ptychographic scans are typically done in “stop-and-go” mode which in ad-
dition to the major tasks of motor movement and detector readout requires
a lot of interaction by the control software:

1. Send new position to motors.
2. Motor movement.
3. Wait for “position reached” feedback from motors.
4. Send exposure parameters and start command to detector or its specific

control software.
5. Detector readout.
6. Wait for “exposure complete” or “file written” response from detector

or its control software.
7. Write to screen and / or log file, often including additional information

(like temperature sensors, storage ring current etc.).
The main contributions to the total overhead per point are discussed indi-
vidually in more detail in the following paragraphs:
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Motor movement The translations used for scanning are usually piezo-
driven which means that the displacements happen on very short time scales.
However, these actuators are typically operated in a closed-loop mode with
their own digital controller and a position is only considered as “reached”
when the controller reports so after a so-called settle-down time. This time
it takes for the piezo to reach a certain position with a given accuracy depends
heavily on the settings of the controller’s tuning parameters, which should
thus be optimized accordingly.

Detector readout As discussed on page 145 in section 5.3.2, the actual
time it takes to readout a single detector frame is as short as a few millisec-
onds for modern detectors and therefore only marginally contributes to the
scanning overhead. The total exposure time includes the whole procedure
of processing the exposure request of the control system, exposing, reading
out, storing the frame and sending a confirmation to the control software.
In this, everything apart from the actual exposure itself adds up to the total
detector readout time.

Control software interaction Apart from a general optimization of the
communication channels, the reduction of the delays due to interaction with
the control system is not so straight forward: the stop-and-go mode cannot
be easily replaced by schemes which require less interaction. For example, a
continuous scan along a line with exposures at given, pre-programmed time
intervals is often used for fast data acquisition in STXM. In ptychographic
CDI, this may not be applied because unlike in the STXM case the required
movement during the exposure would be much larger than the typical reso-
lution element in the reconstruction. However, it has been demonstrated by
Pelz et al. (2014) and Deng et al. (2015a) that the recent extension of
PCDI to mixed-state reconstructions (Thibault and Menzel, 2013) allows
to use such data.

A promising approach to reduce overhead times seems to be to execute
the above-mentioned communication steps in parallel whenever possible. For
instance, the detector could already send an “exposure complete” signal di-
rectly after the exposure is finished. The control system then immediately
starts moving to the next scan position while the detector is still busy with
reading and storing the last frame.

In general, one should try to keep the interaction with the control software
and the communication caused by it at the minimum required level. In
particular gathering a lot of additional information in step 7 on page 147
often causes significant delays. The amount of requests should therefore be
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reduced as much as possible, e.g. it might be sufficient to record the values
of the storage ring current not at each scan point but rather only at the
beginning and the end of a scan.

5.3.4 Stability
Stability considerations affect many elements of a ptychographic experiment.
The main aspects can be summarized as concerning the general experimental
environment, the illumination, and the positioning stability and accuracy.
They are discussed in more details in the following subsections.

5.3.4.1 Experimental environment

A fundamental prerequisite for all the other points is a general stability of
the environmental conditions: Thermal fluctuations, strong changes in air
flows and transmission of external vibrations through the ground should be
avoided wherever possible. These aspects should not only be kept in mind
during the design and construction phases of an experimental station, but
also when conducting a ptychographic experiment. In the latter case, already
simple measures, like e.g. minimizing the time the door of the experimental
hutch is left open, can significantly improve stability.

5.3.4.2 Illumination

As typically only a small (coherent) portion of the incoming beam is used to
form the illumination on the object, fluctuations or movements of the
beam as such are usually not too critical: In the case of pinhole-based PCDI,
e.g., when an incident beam with a non-uniform intensity distribution moves
relative to the small pinhole, the illumination on the object will typically
only change its overall intensity but not its structure. And as long as the
wavefront of the actual illumination function is stable, the phase part of the
reconstruction is not affected. Changes in the overall intensity affect only the
absorption image, which is in most cases of less interest due to the higher
sensitivity of phase-contrast imaging at hard X-ray energies.

Another aspect linked to the illumination is the number of scan points
required to cover a given field of view, as this depends on the size of the beam
on the object. In terms of stability, covering a given area either with few or
with many points both has its advantages and disadvantages: In the first case,
less movements are required which typically means less chance for positioning
inaccuracies. However, if the accumulated exposure time is to be the same,
the dwell time per point is higher so that the individual diffraction patterns
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become more susceptible to drifts. In the second case, the situation is just
reversed, i.e. while the the shorter time spent at each position makes large
drifts during the exposure less likely, the larger number of points increases
the probability of positioning errors. However, as discussed on page 147 in
section 5.3.3.1, the use of more scan positions to cover the same area results
in a greater overhead. Nevertheless, sections 7.3.3 (simulations) and 7.4.2
(application to experimental data) show results of a new algorithmic scheme
which allows to combine the data of many short, less drift sensitive scans of
the same region into the reconstruction of a single object. The key point is
that for each data set its own individual probe is reconstructed. This acts
as a self-correction mechanism which can efficiently cope with changes of the
illumination between scans, both in structure and position.

5.3.4.3 Positioning stability and accuracy

Most implementations of ptychographic reconstruction algorithms currently
in use assume that the provided scan positions, which are obtained either as
nominal values or as the measurements of position encoders, are accurate.
This implies that their deviations from the actual positions are negligible
on the scale of the retrieved image’s resolution. Therefore, both accuracy
and stability of the relative position of probe and object have to fulfil this
requirement.

Relative movements of the sample with respect to the illumination are
typically realized with standard commercial piezo-driven scanning stages.
So far, their resolution and reproducibility proved to be sufficient to allow for
high-resolution reconstructions, like e.g. the one described in section 7.4.1,
without obvious effects of positioning inaccuracies. In the case of the set-up
at the cSAXS beamline described in section 5.1.2, e.g., one has nominal val-
ues of 0.3nm for the resolution and of < 2nm for the reproducibility. Both
are significantly smaller than the typical pixel sizes achieved in current pty-
chographic reconstructions. In practical applications, however, one should
assure that the piezo system’s parameters for motion and feedback are cor-
rectly adapted to the specific experiments. This is important in order to
avoid that movements excite resonances of the scanning stage, which may
degrade the measurement or even destroy the hardware.

To allow for tomographic imaging, an additional rotation axis has to be
introduced like for instance in the set-up described in section 5.1.3. Although
rotation stages show inaccuracies on much larger length scales, this does usu-
ally not affect the validity of the positions within two-dimensional ptycho-
graphic scans at individual projection angles. Typically, only the positioning
of the retrieved projections with respect to each other suffers. Therefore,
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among other post-processing steps, an additional alignment of the projec-
tions is necessary prior to tomographic reconstruction. This procedure is
detailed in section 9.2.4 starting from page 250. As high-precision rotation
stages are often air-bearing systems which have an active position feedback,
vibrations may be introduced accidentally: a too strong pull of the connector
cables of stages mounted on top of the rotation, e.g., may cause the rotation
stage to slightly deviate from its target position once the motor is switched
off. If the deviation appears again every time after the feedback loop has
put it back to the target position, a periodic motion is induced which may
cause significant errors in the relative position of probe and object during
an individual ptychographic scan. An experiment should be tested for such
effects and modified to avoid them if necessary.

To reach higher resolutions in ptychographic CDI, recently developed
systems which interferometrically measure and actively stabilize the relative
position of the illumination-defining elements with respect to the sample
(Holler et al., 2012) are the most promising approach on the hardware
side. Recently, an isotropic resolution of 16nm in three dimensions was
achieved with this type of set-up (Holler et al., 2014). On the software
side, it has been demonstrated that a refinement of the probe positions within
ptychographic reconstruction algorithms is possible (Guizar-Sicairos and
Fienup, 2008; Maiden et al., 2012b). While in some special cases position
refinement may lead to ambiguous results (compare Fig. 12.1 on page 332),
it is nevertheless expected to play an important role in future high-resolution
imaging with ptychographic CDI.

5.3.5 Sample environment
This section discusses different aspects of the sample environment within a
set-up for a ptychographic experiment. More specifically, requirements and
limitations concerning the mounting, positioning and cooling of the sample
are reviewed.

5.3.5.1 Sample mounting

To avoid mechanical drift during the scans, a rigid connection between the
specimen and the scanning stages should be provided. For experiments in
which only two-dimensional projection images are required, the specimens are
best prepared on some sort of substrate transparent to X-rays like a silicon
nitride membrane or a thin glass slide to be able to easily handle them.
This support can then be fixed directly onto a holder, e.g. a metal plate
with holes of several different sizes which is screwed onto the scanning stage.
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While clamping is one possibility to fasten the substrates on the holder, good
experiences were also made with directly gluing them in place. Glues with
high viscosity or wax heated only slightly above its melting point provide
sufficient control over the gluing process. Another option are glues which
only harden after illumination with UV light. Compared to low-viscosity
glue, which tends to creep also into the smallest gaps, the aforementioned
options avoid unwanted contamination of the specimen and can significantly
ease the process of removing it from the holder if necessary.

For tomographic PCDI, samples should be mounted free-standing when-
ever possible, i.e. such that a rotation of at least 180° can be completed
without the sample holder blocking the field of view. So far, often cylindrical
or rod-shaped samples have been attached to small metal tips, for instance
of standard commercial needles. These are then fixed to the macroscopic
sample supports, for which the scanning set-up provides a mounting mech-
anism, e.g. the brass pins described in section 5.1.3. While a focused-ion
beam preparation of the sample allows to easily place it on top of a metal
tip, mounting of isolated readily-prepared samples may prove challenging:
With typical dimensions of a few millimetres in length and below 100 µm in
diameter, a controlled manipulation with tweezers or similar tools becomes
close to impossible. The best mounting results were achieved with the fol-
lowing procedure: A tiny drop of glue is formed at the tip of a small injection
needle by filling it from a syringe with cyanoacrylate-based adhesive, prefer-
ably of high viscosity and moderately fast hardening. This drop is then used
to directly pick up the sample from a flat surface. If done carefully, the spec-
imen is often already well-aligned with the long axis of the needle. However,
small corrections to the orientation may be performed until the glue is fully
hardened, given the sample is robust enough.

Future directions in sample handling may include kinematic couplings,
also called kinematic mounts. Their construction allows for well-defined,
highly-reproducible mounting, which e.g. results in a broad use in precision-
positioning of synchrotron instrumentation (see e.g. Oversluizen et al.,
1992; Zelenika and Flechsig, 2002, and references therein). An example
for the specific application as a kinematic sample mount can be found in
Warwick et al. (1998, Fig. 5), in this case for a scanning transmission
X-ray microscope. Such systems are of particular interest for correlative
studies, in which regions investigated with another imaging modality have to
be located precisely.
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5.3.5.2 Sample positioning

Important aspects concerning the stability and accuracy of sample position-
ing have already been discussed on page 150 in section 5.3.4.3. The current
section focuses on more general considerations which of the different degrees
of freedom should be motorized and what are the best options to do so.
In particular the decision where to put the rotation stage in a tomographic
set-up strongly affects the requirements for the translations. The following
paragraphs distinguish between the two major cases. It is assumed that the
rotation axis points along the vertical direction and is perpendicular to the
beam:

Rotation stage below scanning stages If the translations for scanning
are mounted on top of the rotation stage and thus are rotated together with
the sample, a three-axis system is the best choice. To ensure scanning is
always done in a plane orthogonal to the beam direction, it is useful to con-
figure pseudo-motors that consider the current angular position. As discussed
before, the stages used for the ptychographic scanning have to provide a suf-
ficiently high positioning accuracy. This is achieved with piezo-based trans-
lations which however offer only rather limited travel ranges in the order of
100 µm. While this is usually sufficient for ptychographic scans, the align-
ment of a sample with respect to the rotation axis or the selection of a region
of interest may require larger motions. Some coarse horizontal translations,
e.g. driven by stepper motors, can be mounted below the piezos to achieve
this. Employing kinematic couplings for sample mounting can make coarse
alignment for centring on the rotation axis obsolete. The rotation stage used
in such a set-up will typically have to be rather big in order to carry all these
components in a stable way. However, this also allows to employ air-bearing
systems which provide a high accuracy. A horizontal translation perpendic-
ular to the beam should be provided below the rotation stage to align the
rotation axis with the beam. An additional coarse translation is required
to adjust the vertical position of the specimen along the rotation axis. In
most cases, it will probably be easier to also mount such a translation below
the rotation stage rather than mounting an additional stage on top. The
set-up at the cSAXS beamline, e.g., employs a hexapod microrobot not only
to implement the two last-mentioned translations, but also to provide the
necessary degrees of freedom to adjust the direction of the rotation axis: By
design the rotation axis is parallel to the vertical scanning axis and perpen-
dicular to the horizontal one within the accuracy provided when mounting
different stages directly on top of each other. However, the orientation of
rotation and scanning axes with respect to the detector pixels may have to
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be adjusted.
In practice, an important aspect when constructing such a set-up is the

aspect of the motor cables: as the motors are rotated during the measure-
ments, one has to make sure that the cables do neither obstruct the beam
nor create positional deviations by exerting to much force on the stack of mo-
tors. A negative example is the earlier-mentioned observation that a periodic
motion of a rotation stage around the target value was created by a cable’s
slight pull which repeatedly triggered the position correction in closed-loop
operation.

Rotation stage on top of scanning stages Several difficulties associated
with rotating a whole stack of translation stages, in particular cabling issues
and the requirement to define pseudo-motors, can be avoided if a rotation
stage is scanned together with the specimen. This type of set-up may also
show benefits in terms of stability, as a rather rigid construction can be
employed for the combined translation stages which no longer have to be
carried by the rotation stage. However, obtaining a rotation stage which is
both light enough to be carried by a piezo scanner but nevertheless provides
a high accuracy may not be straightforward, as e.g. most high-precision air-
bearing rotation systems are way too heavy. Furthermore, also in this design
a possibility to centre the sample on the axis of rotation is required, unless
a very standardized and highly-reproducible way of sample preparation and
mounting is devised.

In the scanning set-up at ID22NI introduced in section 5.2.3 on page
139, the components are arranged in the discussed way. The rotation axis
is based on a commercial rotation stage, which was originally designed for
very high revolution frequencies but nevertheless also at slow speed provides
the necessary accuracy (Peter Cloetens, private communication). Centring
on the rotation axis is achieved by pushing the magnetically-fixed top plate
of the rotation stage into the right position with a small actuator.
In summary, both types of tomography set-ups have been observed to perform
well in ptychographic experiments. While in general the first type, where the
translations are based on top of the rotation, seems to be more frequently
implemented, the second option is worth some consideration if a suitable
small rotation stage can be obtained.
In cases where only two-dimensional imaging is required, a two-axis high-
precision scanner placed perpendicular to the optical axis – like in a standard
STXM – is already sufficient. Some additional coarse translations may be in-
troduced to facilitate centring of regions of interest within samples extending
beyond the range of the scanner.
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5.3.5.3 Sample cooling

Cooling of biological specimens to cryogenic temperatures can prevent struc-
tural changes due to radiation damage, mainly by reducing the mobility of
the free radicals created by ionizing radiation (Henderson, 1990; Meents
et al., 2010). Cryo-cooling has thus been established early in electron
diffraction (Taylor and Glaeser, 1974) and microscopy (Dubochet
et al., 1988). In particular for electron tomography, also the additional
aspect plays an important role that vitrification of water in a hydrated
specimen makes the latter vacuum compatible without inflicting the struc-
tural changes other preparation techniques may cause (Baumeister et al.,
1999). Later, cryo-crystallography has been introduced in the X-ray regime
for protein structure determination (Hope, 1988), where it has now become
the standard method to prevent radiation damage effects (Holton, 2009).
Two typical approaches are used in these fields to realize cryo-cooling:

1. Cooling by heat conduction (typically used in electron mi-
croscopy): The sample is kept in heat-conducting contact with a com-
paratively large cooled mass acting as a heat sink, e.g. by attaching the
specimen to a metal sample holder which is cooled by a liquid-nitrogen
reservoir. This has the benefit that cooling can be kept constant over
long time spans and thus thermal stresses due to changing conditions
can be avoided. That it can only be properly used in vacuum, as other-
wise ice formation on the cooled components and thus also the sample
would take place, is a major disadvantage of the technique. Further-
more, the requirement to ensure a good thermal connection all the time
can complicate tomographic data collection.

2. Cooling by cold gas (typically used in protein crystallogra-
phy): The sample is put inside a laminar flow of cold gas, which is
e.g. evaporating from a reservoir of liquid nitrogen. Such a set-up can
be operated in air, as the gas flow prevents the direct contact of the
specimen which humid air and thus ice formation. However, the cold
flow may induce sample motions, both mechanically as well as ther-
mally. The latter may be the case as with a gas flow the heat transport
cannot be as well controlled as with a conductive connection.

The developments made in electron microscopy and protein crystallography
have been adapted in various X-ray microscopy instruments to allow imaging
of biological specimens:

Several X-ray microscopes use cryo-stages and holders manufactured for
cryo-electron tomography, e.g. the TXM at BESSY II (Schneider et al.,
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2012) or the Stony Brook cryo-STXM (Maser et al., 2000), with which
also some systematic studies of radiation damage at the relevant soft X-ray
energies have been performed (Beetz and Jacobsen, 2002). Furthermore,
this construction principle is also used in a dedicated apparatus for diffrac-
tion tomography, which is installed at beamline 9.0.1 of the Advanced Light
Source (ALS) in Berkeley (Beetz et al., 2005) and was used by Huang
et al. (2009) for coherent diffractive imaging of a frozen hydrated yeast cell.
However, electron tomography cryo-stages have the major disadvantage that
by design the specimen gets obstructed by the frame of the sample holder if
the tilt angle relative to the surface normal gets too high, e.g. greater than
about ±80° (Beetz et al., 2005). Tomographic data sets taken with such
a system will therefore always suffer from the “missing wedge” typical for
limited-angle (electron) tomography (Barrett, 1990).

Other X-ray microscopes keep the sample in a cryogenic gas atmosphere
created by evaporation from a reservoir of liquid nitrogen. This approach
is used e.g. by the group of Carolyn Larabell at the ALS beamline 6.1.2
(Le Gros et al., 2005), where it has enabled high resolution TXM-based
tomography in the water window of full eukaryotic cells (Parkinson et al.,
2008). Also a previous version of the TXM at BESSY was constructed this
way (Schneider, 1998).

At sufficiently high X-ray energies, where the sample can be measured
in air, also a cryo-jet as typically employed in X-ray crystallography may be
used, as Lima et al. (2009) did for their first successful demonstration of
cryogenic plane-wave CDI. Many of these cryo-jet systems sustain the gas
flow by active pumping, which may induce vibrations in the specimen. In
plane-wave CDI of an isolated specimen this does not affect the reconstruc-
tion as the recorded diffraction intensities are invariant with respect to trans-
lations of the object. In ptychographic CDI with its stringent requirements
concerning the relative positioning stability of probe and object, however,
such movements would degrade the reconstruction results. The successful
cryo-PCDI experiments performed by Guizar-Sicairos et al. (2012) and
Lima et al. (2013) at the cSAXS beamline thus employed a cryo-jet with-
out active pumping, i.e. the gas pressure is maintained by the evaporation of
the liquid nitrogen.

For in-air PCDI experiments at multi-keV energies, such a cryo-jet deliv-
ering a constant laminar flow so far seems to be the most promising option,
whereas at soft X-ray energies the established set-ups of standard X-ray scan-
ning microscopes may be employed.
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5.3.5.4 Inspection system for alignment

A ptychographic set-up can greatly benefit from the installation of an in-
spection system that can be used for (coarse) alignment of the sample and
to identify regions of interest. This can be achieved with an “X-ray eye”
as at the cSAXS beamline (compare last paragraph of section 5.1.2), i.e. an
X-ray detector providing a high-resolution online micro-radiographic image
of the specimen preferably at video frame rate. While this approach has the
benefit that the X-ray absorption contrast of the sample can be immediately
assessed, it does for the same reason not work well for weakly-absorbing spec-
imens. In the case of radiation-sensitive samples, the dose delivered during
the inspection or alignment with an X-ray eye may already result in damage.
Another important downside is that no diffraction data can be taken when
such a system is in use, i.e. permanent monitoring of the sample during data
acquisition is not possible.

These drawbacks are overcome by on-axis visible light microscopes, like
e.g. the system at ID22NI described in section 5.2.3. Typically, the set-up
consists of a digital video camera which is coupled to a microscope objec-
tive with a long working distance. Sample illumination and collection of the
reflected light are realized with the help of a mirror which has an angle of
45° with the optical axes and a central hole that allows the X-ray beam to
pass undisturbed. If the localized illumination on the specimen is created
with optics with long focal lengths, such a set-up can be placed between the
focusing elements and the sample. In the frequently used pinhole-based pty-
chographic set-ups, however, a location downstream of the sample should be
considered if the sample is to be monitored also during data collection. In
cases where the sample can also be illuminated from the back and is suffi-
ciently transparent in the visible wavelength regime, the microscope may also
be operated in transmission mode. If necessary, also various spectroscopic
techniques can be implemented in this on-axis fashion (Owen et al., 2009).

Compared with the previously discussed X-ray eye, the only major dis-
advantage may be in some cases the different contrast mechanism, e.g. if one
has to find structures buried inside a material which is not transparent to
visible light.

5.3.6 Sample preparation
In order to first identify whether a sample is in general suitable for ptycho-
graphic imaging, the following questions should be considered:

1. What sensitivity is required and does the sample show sufficient X-ray
contrast at the selected energy?
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2. What is the size of the interesting features?

3. Given the previous two numbers, what X-ray fluence is required (com-
pare (3.70) on page 112)?

4. How large is the area / volume that has to be imaged to obtain a
statistically significant result?

5. What is the total scan time which is required to satisfy all the con-
straints imposed by the previous points?

6. Is there another technique that allows to answer the specific scientific
questions associated with the specimen, but is faster, cheaper, easier
accessible, or less challenging to perform?

7. Can the sample be prepared in a suitable way in terms of size and
shape, mechanical and thermal stability, and radiation hardness?

The actual preparation of the specimen in order to fit the requirements
sketched in question 7 depends on the one hand on the specific type of sample
to be investigated. On the other hand, also the actual ptychographic set-up
imposes certain constraints, based e.g. on the maximum possible scan range
or the X-ray energy. The required preparation steps can be grouped into two
categories:

Fixation Samples for PCDI have to be rigid and mechanically stable, in
particular while scanning them in stop-and-go mode. Especially bio-
logical samples with high water content, which are also very sensitive
to radiation damage, will typically have to undergo a fixation proce-
dure, which can either be chemical or cryogenic. Also for materials that
come as powders, which can usually easily be spread onto a substrate
transparent to X-rays, some additional adhesives may be required to
fix the position of the particles.

Shaping An important criterion for the size and shape of the sample is the
requirement that it has to be sufficiently transparent to the employed
X-rays. This includes also any structures supporting the specimen that
are in the beam path, like e.g. glass capillaries or silicon nitride mem-
branes. Furthermore, the thickness should stay in the regime where the
wave factorization assumption is valid, i.e. that the exit wave ψ behind
the object can be factorized into the two independent functions probe
P and complex object transmission O, compare section 3.2.3 on page
94. For a typical pinhole-based PCDI experiment at cSAXS, (3.34) has
been used to estimate a upper limit for the sample thickness in the
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order of 100 µm on page 96. Thicker samples will have to be thinned
down, e.g. with a focused-ion beam, mechanical polishing or by thin-
sectioning in a microtome.
100 µm is also a typical lateral range which can be covered with piezo-
driven axes in a single scan. For tomographic PCDI, which is intro-
duced in chapter 9, it is also preferable if the sample’s extent perpendic-
ular to the rotation axis does not exceed this lateral range. This way,
each projection contains information about exactly the same volume,
i.e. in each reconstructed tomographic slice the sample is completely
surrounded by air. As a result, the necessary alignment of the pro-
jection images during a post-processing step can be implemented in
a rather simple and robust way, which is introduced in section 9.2.4.
Furthermore, artefacts associated with local tomography are avoided.

Sample preparation in the broader sense also includes mounting the final
specimens in a way that allows not only sufficiently easy handling during the
experiment, but also fits with the specific set-up. Details have already been
discussed in the paragraph “Sample mounting” at the beginning of section
5.3.5 on page 151.
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Part II

Advanced developments for
two-dimensional ptychography
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Chapter 6

Density “resolution”:
weak-object imaging

This chapter discusses ptychographic CDI of low-contrast spec-
imens. After reviewing in the first section the main challenges
involved when imaging this class of objects, a demonstration ex-
periment on a biological specimen consisting of Magnetospirillum
gryphiswaldense is presented: A description of the experiment it-
self (section 6.2) is followed by the introduction of a new strategy
for evaluating the scattering power of weakly scattering speci-
mens (section 6.3). After discussing reference reconstructions as
a means to obtain reliable starting guesses for illumination func-
tions in section 6.4, the chapter concludes with the results ob-
tained for the biological specimen (section 6.5). Most of the work
presented in this chapter has been published in Dierolf et al.
(2010b).

Although many of these low-contrast specimens could be treated
as weak phase objects, neither the corresponding approximation
(1.29) nor any other additional constraints derived from it are
used in the reconstruction process.

6.1 Challenges of imaging weakly scattering
objects

As in traditional CDI, the imaging of weakly scattering objects proves to
be more difficult also in the ptychographic variant of the technique. While
of course the typically reduced signal-to-noise ratio plays a significant role,
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there are some specific challenges:

Dominating probe diffraction When working with a localized illumina-
tion, the far-field diffraction signal is typically dominated by the contribution
of the probe. This may be less of an issue in the case of a focused beam,
where the far-field diffraction usually has a finite extent resembling the en-
trance aperture of the optics. However, a pinhole illumination will generate
an Airy pattern covering the entire detector area on which signal from the
specimen is expected (compare Figure 6.1(c) on page 166). From the raw
diffraction data, it is therefore often impossible to infer what the scattering
contribution of a weak specimen is (compare Figure 6.1(d) on page 166). A
method to disentangle the diffraction signals of probe and object allowing
quantitative assessment of the specimen’s scattering is presented in section
6.3.

Occurrence of raster grid artefacts The so-called raster grid pathology
has been introduced in section 3.2.4.5 on page 99 as an ambiguity inherent
to the ptychographic phase-retrieval problem in cases where the probe is re-
trieved alongside with the object. While the effects of this are often negligible
in the case of strong scatters, they can be severe in the case of a weak object:
Raster grid artefacts are dominating the reconstruction or even cause it to
fail completely. Several methods to suppress this ambiguity have been dis-
cussed in section 3.2.4.5. In practice, the alternative scanning scheme of the
“round scan” has usually been employed for weakly-scattering specimens, see
Figure 6.1(a) on page 166.

Weak constraints on probe defocus Correct reconstruction of low-order
phase modes can be difficult in two-dimensional CDI (Marchesini et al.,
2006). The location of the reconstructed plane along the propagation axis
corresponds to a quadratic phase factor in Fourier space, which is the lowest
problematic order. In traditional CDI, typically a tight support is required
to successfully handle this “defocus ambiguity”. In PCDI, one has the benefit
that the multiplication constituting the overlap constraint (3.17) is only valid
in the sample plane, assuming of course that the thickness of the specimen
is below the limit given by (3.34).

However, in the case of a weakly-scattering specimen, stagnation at a
wrong defocus distance or “focal plane” is more likely to occur as the probe
diffraction pattern is only slightly modified by the object, as illustrated in
panels (c) and (d) of Figure 6.1. Using a very good initial guess for the probe
can improve convergence in these cases: As the probe is already very close
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to the solution, its further refinement – yielding the final defocus – converges
faster profiting from a greatly reduced search space.

Modelling from a few key experimental parameters is one way to obtain
an accurate initial estimate for the probe (Giewekemeyer et al., 2010).
In section 6.4, a more robust approach is presented: It relies on a refer-
ence reconstruction done with a strongly-scattering specimen (Figure 6.1), is
therefore model-free and can also deal with more complicated illumination
functions.

6.2 Description of demonstration experiment

The experiment was carried out at the cSAXS beamline at an X-ray energy of
6.2 keV with the pinhole-based set-up for two-dimensional PCDI described in
section 5.1.2. The pinhole used in this case had a diameter of about 2 µm and
had been milled into a tungsten foil of 20 µm thickness by focused ion beam.
Next to the biological specimen, Magnetospirillum gryphiswaldense on a sil-
icon nitride membrane, a nano-fabricated Fresnel zone plate was mounted
on the same holder as a reference object for the reconstruction of an ini-
tial guess for the probe (see section 6.4). The zone plate was provided by
the X-ray optics group of Christian David at the Paul Scherrer Institute.
The biological specimen was prepared by Ilme Schlichting and Konstanze
von König at the Max-Planck-Institute for Medical Research as described
in Dierolf et al. (2010b): “Liquid cultures (50ml) of wild-type Magne-
tospirillum gryphiswaldense MSR-1 (DSM6361) were grown microaerobically
(FSM medium in 250ml flasks), similarly as described previously (Heyen
and Schüler, 2003). The cells were pelleted by centrifugation and stored
as glycerol stocks at −80 ◦C. Prior to deposition on the silicon nitride mem-
branes (Silson Ltd., 1.5× 1.5mm2 window size with 1 µm thickness) the cells
were washed several times in 25mM ammonium acetate pH 7.5.”

Attached to a two-dimensional piezoelectric scanning stage, the sample
was translated to positions given by the round scan formalism introduced
in section 3.2.4.5 on page 99 as depicted in Fig. 6.1(a). For the biological
specimen, a round scan with Nr = 11 shells covering a total diameter of
10 µm in radial steps of ∆r = 500 nm was used. To increase the dynamic
range of the diffraction data, two exposures of 0.7 s and 7 s duration were
combined at each of the 330 scan points.
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Figure 6.1: Evaluation of scattering power for a weakly interacting biological specimen.
(a) Scan positions of the ptychographic data set overlaid on a visible light micrograph
of the biological specimen (magnetotactic bacteria, Magnetospirillum gryphiswaldense).
The circle on the right edge of the scan indicates roughly the extent of the illumination
function. (b) Scattering power analysis: For each scan position, the number of scattered
photons Ns and the ratio Ns versus N0 are represented by the colour coding, where N0
is the total number of photons incident upon the specimen. This analysis can provide an
immediate online feedback on the location and scattering behaviour of the sample. The
value of Ns at each position is calculated as follows: Low-noise diffraction data of the
probe alone as shown in (c) is collected, here an average of 39 individual frames from
empty areas of the specimen displaying the detected photon counts on a logarithmic scale.
Together with the diffraction patterns at the respective scan positions – (d) shows one
example at the location of a bacterium on logarithmic scale –, one obtains with (6.4) the
signal distribution Ξ, shown in (e) on a logarithmic colour scale. From Ξ, Ns is obtained
with (6.6). The prominent darker stripes running from top to bottom in panels (c) and
(d) originate from a slight tilt of the illuminating pinhole with respect to the optical axis.
The figure has been published in a modified version in Dierolf et al. (2010b, © IOP
Publishing Ltd and Deutsche Physikalische Gesellschaft, used with permission).
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6.3 Evaluation of scattering power
If the diffraction of the probe is dominating the recorded diffraction patterns,
the specimen can be treated as a weak phase object and its scattering con-
tribution can be evaluated quantitatively: In this case, the exit waves can be
approximated as

ψ(r) ≈ P (r)(1 + iΦ(r)) =: P (r) + iQ(r) , (6.1)

where the small effects of the phase shift Φ by the object on the incident wave
field is represented as the perturbation Q. The scan point index j is omitted
as the relations presented here have no j-dependence. Fourier transformation
yields the corresponding far-field diffraction intensities

I(q) ≈
∣∣∣P̃ (q)

∣∣∣2 + 2=
[
P̃ ∗(q)Q̃(q)

]
, (6.2)

with P̃ and Q̃ representing the Fourier transforms of P and Q. A third term,
quadratic in Φ, can be neglected. If one includes Poisson noise, the deviation
from the probe diffraction intensity I0 = |P̃ (q)|2 becomes

I(q)− I0(q) ≈ 2=
[
P̃ ∗(q)Q̃(q)

]
+ δI(q) . (6.3)

We now assume that δI(q) contains only the measurement error in I(q), i.e.
that the noise in the intensity pattern I0(q) of the probe can be neglected.
This is based on the fact that the diffraction of the empty probe can be
measured with very high precision as there are no limits to exposure times
due to radiation damage.

If now the difference I − I0 exceeds the expected noise level, this is in-
terpreted as signal originating from the object. From the variance of the
intensity var I(q) = I(q) ≈ I0(q) this condition translates to Ξ(q) > 1, with
the “signal distribution” (see also Fig. 6.1(e))

Ξ(q) = [I(q)− I0(q)]2

I0(q) . (6.4)

Furthermore, this allows us to define a “local resolution” from the value qmax
of the maximum momentum transfer for which Ξ(q) > 1 is observed. From
that condition one can also derive an expression for calculating the number
of photons scattered by the sample: Inserting (6.3) into the definition (6.4)
and summation over all q yields (see Infobox 6.1 for details)

∑
q

Ξ(q) ≈ Npix + 2
∑

q

∣∣∣Q̃(q)
∣∣∣2 , (6.5)
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where Npix is the number of pixels in a diffraction pattern. Solving for the
number of photons scattered by the specimen Ns = ∑

q |Q̃(q)|2 one obtains

Ns ≈
1
2

[∑
q

Ξ(q)−Npix

]
. (6.6)

These calculations are not very demanding and can in principle be performed
already during the measurements. So a direct feedback on the specimen’s
scattering – and thus on the ‘local’ resolution via Ξ(q) > 1 for |q| < qmax – is
obtained already during data acquisition. This information may be used to
directly adjust experimental parameters like exposure times accordingly. A
plot of scattered photon numbers Ns as functions of scan positions provides
a scattering map which allows to identify large features of the specimen and
the scattering signal they produce. Comparison with the number of incident
photons N0 yields information on the local scattering cross-sections.

6.4 Reference reconstruction
As discussed in section 6.1 on page 164, reconstructions of weak scatterers are
more prone to stagnation at a wrong propagation distance of the probe. To
obtain an accurate initial guess of the illumination, which can greatly ease
this problem, a strongly-scattering specimen is scanned in the same plane
as the weak object. Most conveniently, this is achieved by mounting both
samples on a common support. In the example presented here, a gold (Au)
Fresnel zone plate had been mounted next to the biological specimen (magne-
totactic bacteria). During data acquisition, both samples were scanned right
after each other to make sure the probe guess obtained from the reference
object was as close as possible to the actual illumination on the bacteria.

The test object was reconstructed from a ptychographic round scan with
140 points, combining always a short 0.7 s and a long 5 s exposure at each
scan position to increase the dynamic range. Of each diffraction pattern
– see Fig. 6.2(a) for an example – only the central 192 pixels× 192pixels
were used in the reconstruction. This resulted in a pixel size for both the
retrieved object (Fig. 6.2(c)) and the probe (Fig.6.2(d)) of 43.5× 43.5 nm2.
As this only allows to barely resolve the zone plate structures, which are
around 50 to 60 nm in size in this part of the specimen, one can infer that
the main information on the probe is contained in the scattering arising from
the two irregularly-shaped Au particles visible in Fig. 6.2(c). So very general
strongly-scattering objects situated in the same plane as a weak object can
be used as a reference. In particular, one could put such a reference scatterer
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Inserting the intensity difference (6.3) into the definition (6.4) of the scatter-
ing distribution, one obtains

Ξ(q) =

(
2=

[
P̃ ∗(q)Q̃(q)

]
+ δI(q)

)2

I0(q)

= δI2(q)
〈δI2(q)〉+

4
(
=
[
P̃ ∗(q)Q̃(q)

])2

I0(q) +
4δI(q)=

[
P̃ ∗(q)Q̃(q)

]
I0(q) . (6.7)

In the case of Poisson noise, it is by definition 〈δI2(q)〉 = I(q) and 〈δI(q)〉 =
0. So the first term on the right-hand side of (6.7) is on average equal to
1 and the last term averages to 0. Summation over all pixels Npix in the
diffraction pattern, i.e. over all scattering vectors q, yields

∑
q

Ξ(q) ≈ Npix +
∑

q

4
(
=
[
P̃ (q)
|P̃ (q)|

Q̃∗(q)
])2

. (6.8)

Expressing the Fourier transforms P̃ (q) = |P̃ (q)| · exp(iχP̃ ) and Q̃(q) =
|Q̃(q)| · exp(iχQ̃) in terms of magnitude and phase, one gets

∑
q

Ξ(q) ≈ Npix +
∑

q

4
∣∣∣Q̃(q)

∣∣∣2 sin2
(
χP̃ − χQ̃

)
. (6.9)

When χP̃ and χQ̃ are treated as uncorrelated quantities, this results in〈
sin2

(
χP̃ − χQ̃

)〉
= 1

2 , and (6.9) can be simplified to

∑
q

Ξ(q) ≈ Npix + 2
∑

q

∣∣∣Q̃(q)
∣∣∣2 . (6.10)

Solving for Ns = ∑
q |Q̃(q)|2, the total number of photons scattered by the

specimen, gives (6.6).
Info box 6.1: Derivation of the term (6.6) for calculating the number of photons scattered
by a weak phase object.

directly onto the substrate holding a biological specimen, e.g. in the form of
colloidal gold.
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Figure 6.2: Imaging of a Au Fresnel zone plate structure as a reference for retrieval of the
incident probe. (a) Exemplary diffraction pattern (logarithmic scale). (b) Calculation of
the signal distribution according to (6.4) using the diffraction data in (a). Although the
quantitative relations are not fulfilled for this strong scatterer, a qualitative comparison
with Fig. 6.1(e) shows the large difference in signal strength. (c) Ptychographic phase re-
construction: In the imaged area, the Fresnel zones have widths of about 50 to 60 nm, thus
the pixel size of 43.5× 43.5 nm2 allows only barely to resolve them. The main informa-
tion for the probe reconstruction originates from the two irregularly-shaped Au particles
visible on top of the zone plate. (d) Reconstructed probe (colour-coded complex image,
see colour wheel). In the reconstruction of the biological specimen (see Fig. 6.3), this
probe was used as the initial guess for the illumination. This figure has been published in
Dierolf et al. (2010b, © IOP Publishing Ltd and Deutsche Physikalische Gesellschaft,
used with permission).

6.5 Ptychographic reconstruction of a biolog-
ical specimen

The scattering analysis in Fig. 6.1 showed that all the signal from the spec-
imen was contained within the innermost 192× 192 pixels of the diffraction
patterns. As a starting guess, the probe obtained from the reference recon-
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6.5. Ptychographic reconstruction of a biological specimen

struction discussed in section 6.4 was used. However, the illumination was
not fixed during the reconstruction process: the usual probe-retrieval scheme
allowed it to adapt to any differences compared to the reference scan, in par-
ticular concerning the correct probe defocus. The final reconstruction of the
illumination is shown in Fig. 6.3(a). The retrieved complex wavefield can be
numerically propagated along the optical axis. Propagation to the plane of
the pinhole aperture (Fig. 6.3(b)) reveals its slightly irregular shape. From a
longitudinal cut through the propagated wave field (Fig. 6.3(c)), a distance
of about 1.5mm between pinhole and specimen is determined.

The phase shift Φ of the object itself is displayed in Fig. 6.3(d). This
result was obtained after 200 iterations of the PCDI algorithm based on the
difference map introduced in section 3.2.2. It is an average of 20 iterates
chosen in-between iterations 100 and 200, i.e. from the steady-state regime
of the difference map (compare section 3.2.4.1) which had been reached af-
ter 75 iterations. The maximum observed phase shift is about one order of
magnitude smaller than for the reference object in Fig. 6.2. Although the
assumption of a weak phase object was not at all enforced in the reconstruc-
tion, the bacteria are not visible in the retrieved amplitude which verifies
that this assumption was sound.

Combining the relations (1.28) and (1.24) on page 23, the phase shift
Φ can be converted into a map of the projected electron density ne,∆z (see
second colour bar in Fig. 6.3(d)) using

ne,∆z(x, y) = −Φ∆z(x, y)
reλ

, (6.11)

with the X-ray wavelength λ and the classical electron radius re. The index
∆z was added to point out that at each point (x, y) of the reconstruction the
measured phase shift – and thus also the calculated electron density – is an
integrated value over the corresponding sample thickness ∆z.

Resolution and dose For a first rough estimate of the maximal achievable
resolution of the reconstruction, we use the signal distribution Ξ(q) as defined
in (6.4) on page 167. From Fig. 6.1(d) on page 166 it already becomes clear
that the scattering contribution of the specimen drops to negligible signal-to-
noise ratios much faster than the probe signal. Using the earlier introduced
cut-off criterion Ξ(q) > 1 for |q| < qmax on the average of Ξ(q) over all
collected diffraction patterns results in qmax ' 0.4 µm−1, which corresponds
to a half-period real space resolution of around 200nm, about one tenth of
the diameter of the illumination.

For a more precise evaluation of the upper bound of the resolution, the
statistical approach employing relation (3.70) introduced on page 112 is used.
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Figure 6.3: Ptychographic reconstruction of a Magnetospirillum gryphiswaldense sample.
(a) Colour-coded representation (see colour wheel) of the complex probe reconstructed
simultaneously with the object from the same ptychographic data set. (b) Numerical
back-propagation of the probe to the plane of the pinhole, which reveals that the aperture
was located around 1.5mm upstream from the scanning plane. (c) Slice (parallel to the
beam) through the wave field obtained by numerically propagating (a). (d) Phase part
of the ptychographic reconstruction of the biological specimen. The colour bar indicates
both the phase shift Φ and the projected electron density ne (per Å−2). The pixel size of
the reconstruction is again 43.5× 43.5 nm2. This figure has been published in Dierolf
et al. (2010b, © IOP Publishing Ltd and Deutsche Physikalische Gesellschaft, used with
permission).

From the variance of the absorption part (after normalizing to a mean of
1), a value of var Φ ' 2.56 · 10−5 is determined. With a fluence estimate
of 6.7 · 105 µm−2, this results in

√
Apix ' 242 nm for the side length of an

effective resolution element (half-period) in this reconstruction.
The total dose D absorbed by the specimen is estimated using a empirical

protein model (see Howells et al. (2009), chemical formula H50C30N9O10S1,
density 1.35 g/cm3, optical constants obtained from Henke et al. (1993))
to be about D ' 1.7 · 103 Gy, well below the feature-destroying limit.
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Chapter 7

Ptychography with information
sharing between data sets

This chapter discusses reconstruction approaches based on shar-
ing information between multiple ptychographic data sets which
provide improved performance in certain cases. After discussing
the motivation for such procedures in section 7.1, section 7.2 in-
troduces three basic concepts of sharing. These are applied to
simulated data sets in section 7.3 and experimental ones in sec-
tion 7.4.

7.1 Motivation
As in all coherent diffractive imaging schemes, the resolution in ptychographic
CDI is ultimately limited by the maximum solid angle for which diffrac-
tion data of still sufficiently high quality can be detected (compare section
3.3). However, collection of large-angle scattering signal often results in cases
where diffraction data at certain spatial frequencies is missing in some data
sets but present in others. One example is the use of multiple exposures of
different durations taken at the same scan positions. If for the longer expo-
sures a beam stop is required to protect the detector from the intense central
part of the beam, it is usually impractical to do the multiple exposures right
after another at each scan point as the movement of the beam stop would
create too much overhead. Therefore, typically first the full scan has to be
performed with the short exposure time and then the same scan has to be
repeated with the longer exposures and the beam stop in place. The clas-
sical approach would be to replace the pixels shaded by the beam stop in
the long exposures with the intensities of the same pixels in the short expo-
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sure scaled with the ratios of the acquisition times. However, this method
is sensitive to potential deviations in the illumination’s position for repeated
scans, which may either be caused by insufficient repositioning accuracy or
drift of the specimen. To avoid this problem, a reconstruction approach with
a single object shared by multiple data sets and an inherent mechanism for
drift correction is introduced in section 7.2.2.

Another example are the insensitive areas in modern tiled detectors, e.g.
the gaps between the modules of a PILATUS system. To collect data at
all spatial frequencies, again multiple scans are required for each of which
the detector is transversely translated to a different position with respect to
the optical axis. Section 7.2.1 introduces a reconstruction scheme in which
multiple data sets share a single probe, which not only avoids errors the direct
combination of diffraction data may cause, but even allows to use scans taken
on completely different areas of a specimen.

In practice, the achievable resolution in CDI is typically not only limited
by the available coherent X-ray flux or the feasibility of long enough exposure
times, which both determine the quality of the diffraction data. Often the
most important constraint is radiation damage to the specimen (Howells
et al., 2009), in particular for biological samples. In PCDI, one additionally
has to consider that the regions of the object which are illuminated multiple
times during a ptychographic scan have to withstand radiation damage for
all these exposures. This makes it very hard to assess the effects of very
long exposures required for high resolutions on the specimen. Furthermore,
also relative movements of the illuminating probe and the object during such
long exposures may lead to degradation of the reconstructed image. Section
7.2.2 illustrates how these issues can be addressed by the approach of a
shared object no longer relying on long-exposure scans or direct summation
of diffraction patterns.

7.2 Concepts

7.2.1 Reconstruction with a shared probe
This approach has been developed in the context of high-resolution PCDI
experiments at the cSAXS beamline: In order to make use of a large detec-
tor area, one has to address the problem of missing regions in the diffraction
data due to the intermodule gaps (compare the description of the PILATUS
2M detector on page 130 in section 5.1.1.6). Data for the missing spatial fre-
quencies is obtained by shifting the detector perpendicular to the optical axis
by distances larger than the gap sizes. Being a very slow process, however,
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Figure 7.1: Implementation of ptychographic reconstruction with a shared probe. In
this case, two reconstructions as indicated by the black frames run in parallel, but the
approach can easily be scaled up to more parallel jobs. Each run works with its own
diffraction patterns (left), object (centre) and probe (right). As shown here, different
part of the objects can be scanned. In the diffraction data, certain spatial frequencies
are missing as they fall into the gaps between detector modules, visible here as horizontal
and vertical black lines. However, the missing frequencies are different for the two data
sets as there is an offset of the detector position. Sharing of the probe is implemented
using message passing: after each iteration, one of jobs collects all the probes broadcast
by all the others, averages them and re-broadcasts the resulting average probe to all other
jobs where it replaces the current probe. Probe sharing can also be implemented as a
special case of the “hybrid approach” discussed in section 7.2.3, which is now the more
frequently-used approach and also allows for a more flexible way of parallelization.

it is not feasible to repeat this for every scan point individually. Therefore,
usually first a full scan is done at one detector position which is followed by
one or more scans for which the detector has been shifted, quite similar to
the procedure discussed in the previous section for cases in which a beam
stop is used. Direct combination of the diffraction patterns from the differ-
ent scans into new ones in which the respective missing gaps are filled with
the pixels from one of the shifted frames is straightforward. But it requires
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repositioning accuracy and drift stability better than the resolution one is
aiming for. In particular for very high resolutions, this condition may easily
be violated, leading to degradation of the fine details in the reconstruction.
The concept of a shared probe is designed to avoid this problem.

Sharing of the probe amongst otherwise independent reconstructions of
the data sets with multiple detector positions requires it to be stable during
the whole data acquisition. In this context “stable” means, that the struc-
ture of the illumination must not change. Differences in the total intensity,
however, may be tolerated, because they only affect the reconstruction of the
absorption part but not of the phase shift. During various beamtimes at the
cSAXS beamline, the assumption of the probe’s structure being stable was
found to be valid on a scale of many hours, if the set-up and the beamline
optics were in thermal equilibrium.

The prerequisite of a stable probe being met, multiple data sets are col-
lected such that spatial frequencies missing in one are present in at least one
of the others. For the PILATUS 2M, three data sets are required: During ac-
quisition of the first, the beam is centred on the detector. For the other two,
the detector is shifted along its diagonal once in positive and once in negative
direction. Then ptychographic reconstruction runs are started in parallel on
all these data sets. This is illustrated in Fig. 7.1, which for simplicity only
shows two parallel jobs.

During every single ptychographic iteration, the probes in each of the
runs are set to their common average. This is done by message passing
between the parallel processes: one of the jobs collects the probes that the
others broadcast, averages them and re-broadcasts this average probe to
all other reconstruction runs where it replaces the respective current guess
of the probe. Thus the average probe contains contributions of all spatial
frequencies present in any of the diffraction patterns.

In ptychography, the latter are a convolution of the diffraction signals
of probe and object. Because of this, retrieving the probe with a complete
Fourier spectrum from multiple scans at once allows in turn to reconstruct
each individual object just from a single scan despite the missing spatial
frequencies: The convolution operation efficiently distributes the scattering
contribution of certain length scales in the object, which would normally fall
into one of the detector’s insensitive regions, to other areas of the diffraction
patterns. However, for this the extent of the probe’s diffraction signal has to
be larger than the size of the gaps, which is usually fulfilled in ptychographic
CDI. So despite the presence of missing areas in the detector frames, the mea-
sured data still contains all information on the object. Complete knowledge
of the probe allows an accurate separation of the respective contributions of
illumination and object and therefore complete retrieval of the latter. This
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has the practical implication that although one has to obtain three different
scans with shifted detector positions, they can be performed on completely
different parts of the specimen. In Fig. 7.1, e.g., the run in the upper frame
employs data taken close to the edge of a Fresnel zone plate test specimen,
while in the run below the central part of the same specimen is imaged. The
multiple scans might even be done on completely different specimens under
the condition that these are placed at exactly the same position along the
optical axis, which in practice may only be achieved for objects of equal
thickness mounted in close proximity on the same sample holder.

7.2.1.1 Special case: sharing the probe with an empty object

In a quite different context, the concept of probe sharing may also be used to
prevent the built-up of arbitrary phase ramps (compare section 3.2.4.3, page
98) and of raster-grid artefacts (compare section 3.2.4.5, page 99). In this
case, the data frames of one of the scans sharing a common illumination con-
tain only the diffraction of the probe, i.e. signal taken without any object in
the beam. These diffraction patterns can be associated with an artificial two-
dimensional object, which has to fulfil the constraints that both its amplitude
and phase are flat, i.e. the amplitude should be one everywhere and the phase
must not show a ramp. If these are applied in a shared-probe reconstruction,
on the one hand the phase ramp of the probe is fixed to the orientation by
this empty scan which guarantees that empty areas around any object in the
parallel reconstructions on real specimens would show no ramp. Thus these
objects’ phase ramps are automatically corrected during the reconstruction
and there is no more need for empty reference regions within the individual
reconstructions themselves as usually required for post-reconstruction phase
ramp removal. On the other hand, forcing a flat amplitude and phase pro-
vides the necessary breaking of symmetry to suppress a possibly developing
raster grid pathology. Potential refinements of the approach are still under
investigation, e.g. forcing the object not a be completely flat but rather allow
for some fluctuations of the amplitude and phase values around their fixed
averages to account for noise in the data.

In section 7.3.2 on page 183 this approach is demonstrated with simulated
data.

7.2.2 Reconstruction with a shared object
In this approach, many ptychographic data sets share the same object during
the reconstruction while each has its individual probe. If a detector without
readout noise is used, this can be employed to improve the statistics of a
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Figure 7.2: Ptychographic reconstruction scheme in which multiple data sets share the
same object. In this example, three ptychographic scans of the same object are combined.
While each scan is associated with the same object, a separate probe is assigned to each of
them, which e.g. allows for the reconstruction to automatically compensate offsets in the
relative positions of probes and object which might be introduced between the individual
scans, see also section 7.3.3 for an example. Some details of the practical implementation
of a shared-object reconstruction are discussed in the current section 7.2.2, but it is now
typically treated as a special case of the “hybrid approach” detailed in section 7.2.3.

reconstruction: Instead of very long exposures at the individual scan points,
one can combine the data of many short consecutive ptychographic scans of
the same region on the specimen. This has several advantages:

• The sensitivity to drift and relative movements of probe and object
during acquisition is reduced, as the individual ptychographic scans
are quite short.

• By enforcing a shared object, inter-scan offsets in the scan positions
are compensated by corresponding shifts of the probes such that the
common object remains unaffected.

• As each of the short scans has its individual probe, long-term changes
of the illumination have less effect than in a single scan of the same
duration for which a stable probe is assumed for the whole scan.

• The individual scans may contain missing regions in the diffraction
data, e.g. caused by the use of a beamstop, if in the entirety of all data
sets all spatial frequencies of the common object are present.

• The approach is better suited for radiation sensitive samples: The re-
quirement of overlap in PCDI results in sample regions being illumi-
nated multiple times. If the exposures at individual scan positions are
very long, the specimen may be damaged in the overlapping regions
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before the scan can be completed. The multiple short scans can be
used to slowly approach the radiation damage limit and discard data
taken after the specimen has been damaged, similar to the approach
used in X-ray crystallography, where radiation damage is often assessed
by the fading of high-resolution Bragg peaks in repeated measurements
(Holton, 2009).

A major disadvantage of the approach is the large increase in data volume:
As more than 100 short scans may be used to replace a single long scan,
the amount of diffraction patterns can easily increase by about two orders
of magnitude. Therefore, an implementation like introduced in section 7.2.1
for the case of a shared probe for which each reconstruction is executed on
an individual processor core would only be possible on rather large compute
clusters. Again the processes would have to communicate by message passing.
Also each of the cores would need to have enough memory attached to keep
the respective ptychographic data set in RAM.

Given these constraints, one usually has to resort to different solutions
which can also run on desktop machines or small compute clusters more
widely available. If it is possible to hold all data in memory at once, an
approach that no longer requires a one-to-one mapping of data sets to avail-
able processor cores can be used. As this increase in flexibility allows to also
implement various combinations of probe and object sharing, this method
is referred to as “hybrid approach” and further discussed in more detail in
section 7.2.3. This implementation has also been used to obtain the results
presented in sections 7.3.3 and 7.4.2.

7.2.2.1 Sequential approaches for shared object reconstructions

If the reconstruction cannot operate on the entirety of all ptychographic data
at once, a sequential implementation with frequent hard drive access for read-
ing and writing may become necessary. While the first applications of shared
object reconstructions were still based on such a sequential approach, it has
later been abandoned – upon availability of sufficient computing hardware –
in favour of the implementation presented in section 7.2.3. However, as the
sequential scheme is a good starting point for a generalized combination of
shared-object and tomographic PCDI, it is briefly introduced here.

To have the most benefit from the self-correction effects of using individ-
ual probes for each data set, one would also like to share the object between
the individual reconstructions as frequent as possible, ideally once every pty-
chographic iteration. Taking all these aspects into consideration, a simple
scheme for the reconstruction with a shared object in a fully sequential way
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Figure 7.3: Proposals for sequential implementations of ptychographic reconstruction
with a shared object. Left: The reconstructions of the individual data sets work with the
same object sequentially: when it has been updated during a single ptychographic iteration
using diffraction data and probe of one scan, this new version is used as the input object
for the next scan’s iteration. Right: Modification of the sequential scheme which allows to
run parallel reconstruction jobs on the individual scans: The parallel processes synchronize
with an average of all objects only after all of the runs have completed their respective
ptychographic iteration.

can be developed, see left part of Fig. 7.3. The basic idea is similar to the
original PIE algorithm for ptychographic reconstructions: In PIE the object
is updated sequentially following the scan position by iterating one-by-one
through the diffraction patterns (compare section 3.1.4.2). The reconstruc-
tion approach here employs the same concept of a sequential object update
not for multiple diffraction patterns but rather for multiple full ptychographic
data sets.

The right side of Fig. 7.3 shows a slight modification of the algorithm
which allows to make at least some use of distributed computing: All pty-
chographic iterations start from the same object which is the average of all
objects retrieved for the individual scans in the previous iteration. There-
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Figure 7.4: Scheme for an application of a hybrid approach for data set sharing in a
ptychographic reconstruction illustrated for an example of two scans plus an “empty” one:
Both scans share the same object, but have independent probes. The latter are both shared
with an “empty” scan, which only contains diffraction patterns of the respective probe
alone. The corresponding objects are constrained to be flat, i.e. reset to zero absorption
and zero phase shift at each iteration.

fore, the reconstructions on the individual scans can run in parallel updating
the common object, e.g. via message passing, only after for each scan the re-
spective ptychographic iteration has be completed. Although the hardware
limitations discussed above will still make frequent hard disc accesses neces-
sary, at least a couple of data sets can be processed in parallel on a small
cluster to improve speed compared to the fully sequential approach shown in
the left part of Fig. 7.3.

The major drawback of any sequential implementation is the increase of
time required for the reconstruction. In the implementations proposed here,
a gain in speed could be achieved if more than one ptychographic iteration
was done for each scan before continuing with the next data set or – in the
second approach – averaging the object. The main benefit would be the
reduction of the necessary hard disc accesses. However, as also the cross-talk
between the data sets would decrease accordingly, effects on the convergence
behaviour were to be expected.

7.2.3 Hybrid approach
In the recent implementation in the Python-Ptychography-toolbox by Pierre
Thibault, multiple scans of the same type can share both probes and objects
in various patterns, i.e. along with a list of scan numbers identifying the
different data sets, an index-array is passed which determines the sharing
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between these scans: By default, each scan has its own object and probe.
Adapting the index-array accordingly, sharing of probe and object amongst
multiple data sets can be tuned. In particular, combinations of the two
approaches introduced in the previous sections are possible.

The actual implementation achieves this by no longer employing sep-
arate parallel reconstruction processes for the individual scans but rather
using the diffraction data of all scans at once. The algorithm then initializes
the required number of independent objects and probes and links them to
the data of the different scans according to the data sharing settings defined
in the index-array. How this approach enables a highly flexible intermix-
ing of data sets is schematically shown in Fig. 7.4 for a set of two scans:
Both scans share the same object while for each an individual probe is re-
constructed. Each of the two probes is shared with a third data set, which
contains diffraction patterns of the probe only and for which the correspond-
ing object is constrained to full transmission and no phase shift. How this
suppresses the built-up of raster grid artefacts and arbitrary phase ramps in
the reconstructions has been discussed on page 177 in section 7.2.1.1. The
need to treat the object for this “empty” scan according to these constraints
is implemented by associating the corresponding part of the diffraction pat-
terns with a “flat object”-flag, which not only links them to the flat object
but is also used to modify the object update routines as required.

Limitations of the approach are mainly due to the fact that typically all
data sets have to be kept in memory simultaneously. As discussed in section
7.2.2, this can be a major issue for shared-object reconstructions with many
data sets.

Parallel computing is no longer implemented as an essential part of the
shared-information approach using one reconstruction process per scan, but
rather on a more global scale: Equal portions of all diffraction patterns are
distributed on the available workers. Each reconstruction thread therefore
works on a different part of the data. During each iteration, the so-called
“all-reduce” command of the message passing interface (MPI) is used on the
object and probe arrays. It combines the values of all parallel processes and
re-distributes the result. By this, the MPI implementation behaves exactly
the same as a standard single-thread PCDI reconstruction for any number
of parallel jobs. As each job only loads its specific part of the whole data,
this approach would even allow to reconstruct full shared-object data sets
with more than 100 individual scans. This would require a sufficiently large
cluster, such that the cumulative memory of all nodes used can hold the entire
data, but each individual node only has to come with a moderate amount of
memory.
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7.3 Simulations

7.3.1 General parameters
The object used for the simulations presented here was obtained – in order to
have it cover a wide range of spatial frequencies – from a fractal of the Julia
set generated by 30 iterations of zn+1 = z2

n+c with c = −0.58+0.58i starting
from the complex array z0 = x0 + iy0 (2001 × 2001 pixels) with x0 ∈ [−1, 1],
y0 ∈ [−1, 1]. The amplitude of this procedure’s result was cropped to the
range [0, 2] and used to generate the complex object transmission function,
in this case resulting in a amplitude in the range [0.6, 1] and a phase shift in
the range [0, 0.4π] radians.

The ptychographic data was created from this object using parameters
typical for experiments at the cSAXS beamline: 6.2 keV X-ray energy, 172 µm
detector pixel size, 7.22 m distance from object to detector, 128× 128 pixels
diffraction pattern size and 2.5 µm diameter of illuminating pinhole. The ac-
tual probe incident on the object is generated by blurring a disc of this size
with a Gaussian and propagating the result by 1.2mm. For the respective
simulations, this probe was scanned relative to the simulated object utilizing
different scan patterns. The pixel values in the resulting diffraction patterns
are rounded to integer values to account for the single-photon counting be-
haviour of the detector. Optionally, Poisson noise can be added to the data.

7.3.2 Sharing the probe with an empty object
This simulation was performed to demonstrate the approach introduced on
page 177 in section 7.2.1.1. In this case, the fractal object introduced in the
previous section was scanned with a 21×21 raster using a step size of 1.4 µm.
In addition, 441 diffraction patterns of the probe alone were stored as the
scan of a flat (empty) object. In both cases, no Poisson noise was applied to
the diffraction data.

The generated data was processed with the Python ptychography package
routinely used for the reconstruction of experimental data. 300 iterations
of the difference map PCDI algorithm (see section 3.2.2) were followed by
100 iterations of maximum-likelihood refinement (see section 3.2.5). For the
empty scan, the corresponding object during each iteration was set to a flat
amplitude of one and zero phase shift while its probe was shared with the
second scan containing the fractal object.

That the probe-sharing with a flat object efficiently suppresses both raster
grid artefacts and arbitrary phase ramps can be seen in Fig. 7.5 on page 184.
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7.3.3 Shared-object reconstruction in the presence of
inter-scan sample drift

To avoid the need for additional constraints to suppress raster grid artefacts,
round scans following the definition (3.43) on page 101 were used for this
simulation. Two data sets where created, both with a radial step size ∆r =
1 µm, Nr = 13 radial shells and Nθ = 5 points in the first shell. This
resulted in 455 diffraction patterns per scan. To model the effect of a drift
of sample position between the two scans, their centres on the object were
offset by 3 pixels vertically and 7 pixels horizontally. Three different types
of ptychographic reconstructions were performed on the two data sets:

1. Individual reconstruction of each scan, i.e. a unique probe and a unique
object for each scan.

2. Reconstruction of the averaged diffraction data: To model the approach
of summing up multiple diffraction patterns for improved statistics, the
average of the respective diffraction frames of the two scans at each scan
position is used as input data. One obtains a single probe and a single
object.

3. Reconstruction with a shared object: Following the ideas presented
in section 7.2.2 on page 177, the two scans were reconstructed with a
common shared object but two individual probes. By this, the phase
retrieval process was given the freedom to compensate the object’s shift
between the scans by shifting the probes accordingly.

In each of the three cases, reconstructions were obtained with 300 iterations
of the difference map PCDI algorithm and further refined by applying the
maximum-likelihood implementation for another 300 iterations.

Figure 7.5 (following page): Simulation results illustrating the effects of sharing the
probe with a second object which is forced to be flat. (a) The reconstructed amplitude
obtained with the standard ptychographic reconstruction procedure shows strong artefacts
due to the raster grid pathology. (b) The artefacts are efficiently suppressed if the probe
is shared with a flat object, i.e. a ptychographic data set which only contains diffraction
patterns of the probe alone. (c) In addition to the raster-grid artefacts, the reconstructed
phase also shows a slight ramp in the standard case. (d) With the flat object approach,
empty regions of the object are forced to be flat preventing the built-up of a phase ramp.
(e) Close-up view (with adapted colour scale) of raster-grid artefacts in the region marked
by the black frame in panel (a). (f) Close-up view of the same area on the object when
using probe sharing with the flat object, see black frame in panel (b). Some traces of the
raster grid pathology are still visible on an adapted colour scale. (g) The comparison of
the profiles along the red lines in panels (e) (blue curve) and (f) (red curve) illustrates the
reduction of the artefacts’ amplitudes by about one order of magnitude.
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Fig. 7.6 on page 186 shows a comparison of the result obtained from the
averaged data (left column) with the one from the shared-object approach
(right column). It clearly demonstrates the ability of the shared-object
method to correct for inter-scan drifts.

An individual reconstruction of a single scan is not shown as the result
is indistinguishable by eye – down to the smallest visible features – from the
case where the object is shared. However, as the number of contributing
diffraction patterns and thus the incoming flux is doubled, one should be
able to observe a difference in the variances of the reconstructed pixel values.
To investigate this, the variances for an empty area of the object have been
calculated for the phase and the amplitude part of both reconstructions. The
selected region is marked by the white square with the solid border in panels
(b) and (d) of Fig. 7.6. For the reconstruction of a single scan, one finds
variances of 6.6 · 10−6 for the phase and 5.6 · 10−6 for the amplitude part.
The shared-object result has variances of 3.3 · 10−6 (phase) and 2.8 · 10−6

(amplitude). The change in variance fits well with relation (3.70) on page
112 which links the incoming flux with both the size of the reconstructed
pixels and their variance in value. As the pixel size in the reconstruction
remains the same, the doubling of incident flux in the case of a shared object
results in the observed reduction of the variance by a factor of two.

Figure 7.6 (following page): Comparing the result of reconstructing two simulated
scans with a shared object (right column) to the one obtained from their averaged diffrac-
tion data (left column): (a) Amplitude reconstructed from the averaged data set. The
large-scale structure of the object is successfully retrieved, but the reconstruction shows
strong artefacts in areas that are supposed to be flat and fails for sharp edges and small
features most affected by the offset between the scans. The colour-scale covers the range
[0.55, 1] as shown in the colour-bar between the two panels of the row. (b) The amplitude
obtained with the shared-object approach. It does not suffer from artefacts in the flat areas
and also small-scale features are reliably reconstructed in this case. The area marked by
the white square has been used for comparing the variance of the retrieved values with the
one obtained for the reconstruction of a single scan (see main text for details). (c) Phase
part of the reconstruction from the averaged data set. Colour-scale covers the range of
[0, 1.25] radians, see colour-bar in the centre of the row. (d) Like the amplitude one, the
phase image resulting from the shared-object treatment of the scans is of much higher
quality than the one obtained with the averaged data, in particular concerning the high
spatial frequencies. (e) Close-up view of the region marked by the dashed white square in
(c) using the same colour-scale. (f) The enlarged view of the same part of the specimen
for the shared-object reconstruction (dashed white square in (d)) illustrates the dramatic
improvement compared to (e) in quality for both high-resolution features and uniform
areas.
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7.4 Application to experimental data

7.4.1 Shared-probe reconstruction of a high-resolution
test object

7.4.1.1 Description of experiment

A damaged Fresnel zone plate structure was used as a high-resolution test
specimen. It had been produced using the so-called “zone-doubling tech-
nique” (Jefimovs et al., 2007b): A structure with twice the desired gap
size between the lines is etched into silicon and overcoated by atomic layer
deposition with a heavy element that covers all surfaces, in particular the side
walls of the silicon structure, homogeneously. As a result, the line density is
doubled compared to the silicon template which allows to obtain X-ray optics
for very high resolutions. For the object presented here, the silicon substrate
was structured with line widths going down to 25 nm in its outermost parts
and then coated with an iridium layer of 25nm thickness. Therefore, one
finds a repetitive sequence: air gap, Ir wall, Si ring, Ir wall, air gap. Close to
the edge of the zone plate, each of these elements has a well-defined width of
25nm, which makes it ideally suited as a high-resolution text object.

The experiment was conducted at the cSAXS beamline of the Swiss Light
Source using the set-up for two-dimensional PCDI as described in section
5.1.2 on page 131 at an X-ray energy of 4.8 keV. The illumination on the
object was formed with a pinhole of about 2.7 µm diameter located about
1.7mm upstream from the sample. Data was collected with the PILATUS
2M detector positioned 7.14m behind the plane in which the specimen was
scanned. Four independent round scans were done, each with 10 shells, 5
points in the first shell and 500 nm radial step size. Compared to the scan
position definition (3.43) on page 101, one point per shell was left out by
accident, but as the probe diameter was about five times the radial step size,
the specimen was still completely covered. In addition, the radius of the first
shell was artificially reduced to 350 nm instead of the 500 nm in the standard
mode. Thus each of the scans covered a circular region of 9.7 µm diameter
with 265 points. At every position, two subsequent exposures of 1 s and
30 s were taken. While one of the two different areas scanned was close to
the centre of the Fresnel zone plate, the other was in its outer region which
contained the smallest structures. The second and the fourth scan were done
one the same regions of the sample as their respective predecessor but with
the detector shifted diagonally by nominally

√
2 · 10mm. This was done in

order to also collect data at spatial frequencies coinciding at the detector’s
standard position with its inter-module gaps, compare Fig. 7.7.
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Figure 7.7: Examples of diffraction data used for the high-resolution reconstruction with
a shared-probe approach. In each case, 768× 768 detector pixels around the beam centre
are shown on a colour-coded logarithmic scale which gives the photons counted in each
pixel according to the colour-bar in panel (d). All patterns shown are merged from a short
1 s and a long 30 s exposure. (a) Diffraction pattern from first scan, taken in an outer
area of the Fresnel zone plate. The Airy pattern created by the illuminating pinhole can
be seen in the central part. For the diffraction orders originating from the zone plate’s
grating structure, the convolution of the diffraction signals of probe and object typical
for ptychography can be seen. (b) Diffraction pattern from second scan, taken at the
(nominally) same position but with the detector shifted diagonally. (c) Data measured
close to the centre of the zone plate (third scan). Due to the structures in this region
being larger, the separation of the diffraction orders is decreased. (d) Diffraction pattern
from (nominally) same scan position, but taken from the fourth scan for which again the
detector had been shifted.
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7.4.1.2 Data processing

The data was processed using the shared-probe approach as described in sec-
tion 7.2.1. Fig. 7.1 on page 175 illustrates it with examples from two of the
four scans recorded in this experiment. The input data was preprocessed by
correcting it for global intensity fluctuations in the incoming beam and by
replacing the overexposed central pixels in each of the long-exposure diffrac-
tion patterns with the accordingly scaled values of the corresponding short
exposure. Each of these frame was then cropped to the inner 768 × 768
pixels around the centre of the beam. Reconstruction was done with the
difference map PCDI algorithm (see section 3.2.2) implemented in Matlab.
Using Matlab’s Distributed Computing Toolbox, the data was processed with
four parallel reconstruction runs, one for each scan. After every iteration,
the probe in each of the parallel processes was set to the average of the four
runs’ current probes using inter-process communication methods provided
by the toolbox. In total, 500 iterations of the algorithm were done, which
reached a steady state (see section 3.2.2) already after about 100 iterations.
The final reconstructions were obtained by averaging the object guesses of
80 iterations from this steady-state regime.

7.4.1.3 Results

Together with the other experimental parameters discussed above, the diffrac-
tion pattern size of 768× 768 pixels results in a pixel side length of 14nm in
the reconstructed images of probe and objects. Fig. 7.8 on page 191 shows
the phase part of one of the four reconstructions. In this case, one of the two
scans taken on the outer regions of the zone plate is shown1. Probe shar-
ing infers that the structure of the probe remains constant during all scans.
Since each error in the probe would directly degrade the reconstruction of
the object, the achieved high resolution in the presented scan, see Fig. 7.1(d)
and the corresponding SEM image in (c), clearly indicates the validity of this
assumption. It is also demonstrated that the relatively simple and inexpen-
sive pinhole geometry can provide very high resolution in PCDI: The lines
and spaces of 25nm visible in the image correspond to a more than 100-fold
improvement if compared to the 2.7 µm diameter of the pinhole, which would
be the resolution of the system if used as a STXM.

1A reconstruction of the second scanned area close to the centre of the Fresnel zone
plate can be seen in the lower half of Fig. 7.1 on page 175
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Figure 7.8: Result of a parallel reconstruction of four data sets sharing the same probe:
A Fresnel zone plate structure etched into silicon and overcoated with a layer of 25nm
iridium which also has some some damaged areas was used as a high-resolution test object.
(a) Reconstructed phase shift (in radians) obtained from a ptychographic round scan. To
avoid problems with the dead areas of the detector, four scans with two different detector
positions were reconstructed in parallel (see text for details), shown is one of the final
object reconstructions. (b) Scanning electron micrograph (SEM) of the full Fresnel zone
plate (tilted view). The black ellipse marks the location of the scan presented in (a).
(c) SEM zoom-in on the region of interest indicated by the rectangle in (a). (d) Zoom-in
on the reconstructed phase image, showing the rectangle marked in (a). The inset shows
the line profile taken at the position of the white bar. It cuts through three overcoated
silicon rings (visible as white structures in (c)), forming the following sequence of materials
for each ring: gap, Ir wall, Si ring, Ir wall, gap. The pixel size of 14 nm allows to see the
iridium walls and the air gaps, which are both 25 nm wide. The colour scale is the same as
in (a), with the phase shift (in radians) adjusted to be around zero for the empty region
of the specimen, resulting in negative phase shifts for the gaps etched into the silicon and
positive phase shift for the iridium walls.
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Figure 7.9: Visible-light micrographs of mouse liver slice used as specimen in the shared-
object test experiment: (a) Transmission image (white balance adjusted in post-processing
step) showing dark imprints at the location of different scans done on this specimen. The
area covered by the multiple round scans of the experiment is visible as a disc of darker
colour in the central part of the specimen and is also shown as a close-up view in the inset.
The darker areas below and above have been raster-scanned with a zone plate focus, the
lower ones using the full available flux. (b) Differential interference contrast image taken
in reflection mode of the same region. Imprints are only visible for the STXM scans.

7.4.2 Shared-object reconstruction in cellular imaging

7.4.2.1 Description of experiment

The shared-object reconstruction was tested on a slice of a resin-embedded
mouse liver prepared at the Electron Microscopy Center of the ETH Zürich
(EMEZ). Visible light micrographs are shown in Fig. 7.9. The specimen had
a thickness of 1 µm and was supported on a silicon nitride windowed frame.
The last-mentioned was glued to the sample holder of the cSAXS beamline’s
2D scanning set-up, whose detailed description can be found in section 5.1.2
on page 131. At an X-ray energy of 6.2 keV, a pinhole of about 2.3 µm
diameter milled by focused ion beam into a 50 µm thick tungsten foil was
used to create the illuminating probe. The diffraction patterns were recorded
with the PILATUS 2M detector which was placed 7.16m downstream from
the sample. The same area of the object – compare inset in Fig. 7.9 – was
covered by repetitive round scans with a radius of 6.4 µm for the outermost
of their eight shells and 5 points in the inner shell. The scan positions being
calculated according to (3.43) on page 101, this resulted in 225 points per
scan at each of which a 1 s exposure was taken. With the overhead for motor
movements and detector communication, a single scan took about 10 minutes
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to record. The repeated execution of the round scan was done in groups of
three scans: for the first, the beam was centred on one of the central detector
modules, while for the second scan the detector was shifted diagonally by
means of shifting it 30 pixels horizontally and 30 pixels vertically. For every
third scan, the same shifts relative to the detector position of the first scan
were applied in the opposite directions. Motivation was again to collect
spatial frequencies missing in some of the data sets in other ones. In total,
57 of these triple scans, i.e. 171 single round scans, were performed.

As for the mouse liver slice one faces the challenges associated with a
weakly-scattering object described in section 6.1 on page 163, reference scans
were done on a gold Fresnel zone plate mounted next to the mouse liver
sample on the same sample holder. The reference scans were also performed
as triplets with changing detector positions and with the same parameters
as the ones on the mouse liver specimen.

7.4.2.2 Data processing

To evaluate the effects of data set sharing, three different types of ptycho-
graphic reconstructions were performed, in all cases using 150 iterations of
the difference map algorithm described in section 3.2.2:

1. Individual reconstructions of all data sets. For nine of the scans the
reconstructed objects and in particular the retrieved probes deviated
strongly from the ones obtained for the majority of the data sets. In
all the further reconstructions discussed below, the corrupt data sets
identified this way were excluded.

2. Several reconstruction runs, each of which operated on an increased
number of the input data sets while sharing the object. Starting from
5 scans, the number of data sets was incremented by 5 in each recon-
struction run. Up until a total number of 55 data sets, only scans
taken with the first detector position were used, because in this case
the 192× 192 inner pixels contained no insensitive PILATUS gap area.
Starting from 55 data sets, their number was increased by 15 after
each run until the maximum of 160 was reached. From 70 data sets on
diffraction patterns taken at all three different detector positions had
to be used. In total, 18 reconstruction runs using different amounts of
data were performed.

3. Reconstruction using averaged diffraction patterns. The same 160 data
sets as in the last shared-object reconstruction were used, but in this
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case diffraction patterns taken at the nominally same scan points were
simply averaged resulting in a single data set with 225 frames.

The individual reconstructions of point 1. were started with a simple probe
model, i.e. a propagated disc. In both other cases, additionally the probe
obtained from the reference scans on the gold Fresnel zone plate was used
as an initial guess. For this, a scan triplet was reconstructed with a shared
probe as described in section 7.2.1 using a diffraction pattern size of 512 ×
512 pixels. To fit the size of the data in the reconstruction runs of the mouse
liver, the retrieved probe was numerically downsampled to 192 × 192 in these
cases.

7.4.2.3 Results

Shared-object reconstructions for an increasing amount of input
data Out of the 18 shared-object reconstruction runs with an increasing
number of input data, Fig. 7.10 on page 195 shows a comparison of the phase
parts of nine retrieved objects. The figure shows the object reconstruction
after the last iteration without application of the usual averaging procedure
performed in the steady-state of the difference map procedure. This is done
to avoid the effects of the averaging on the images’ noise statistics, such that
all changes can be fully attributed to the varying amount of input data. The
increasing number of input round scans, given in the upper left corner of each
panel, is clearly reflected in an increased quality of the reconstruction: an
improved signal-to-noise ratio allows to better distinguish small-scale fluctu-
ations in both density and spatial domain. However, for more than 70 input
data sets the improvements become small and the results seem to be almost
identical upon visual inspection.

By calculating the variances for the regions marked by the white frames
for all 18 runs, the quantitative relation between the number of data sets and
the reconstruction quality can be investigated. Again, these calculations are
based on the last iterate of the reconstruction dropping the usual averaging of
the object to avoid its effects on noise statistics. According to equation (3.70)
on page 112, it is expected that the product of the reconstruction’s variance
and the area of one of its pixels is inversely proportional to the incoming
X-ray fluence. In our case, the pixel size is fixed to 43.4nm× 43.4nm. For
the weak scatterer investigated here, the number of incident photons is well
approximated by the total number of photons ND detected with the photon-
counting detector. ND is linearly related to the number Nscans of round scans:
by linear regression one obtains ND = 1.2808 · 106 ·Nscans + 1.3854 · 106 with
a confidence coefficient of R2 = 0.9999. Therefore, one can infer an inverse
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Figure 7.10: Comparison of shared-object reconstruction results (phase parts) for an
increasing amount of input data. The labels in the upper left corners of each panel specify
the number of identical round scans used for each reconstruction. While a significant
improvement of the image quality is observed for up to 70 scans, the results seem to be
identical on visual inspection when even more data sets are included. The white frames
mark the regions used for the calculation of the variances (see Fig. 7.11 and main text for
details). The average phase shift of these regions has been set as the origin of the phase
colour scale (in radians).
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proportionality between the variance and the number of data sets, which is
the parameter being varied.

In Fig. 7.11 (a) and (b) on page 197 one finds the expected behaviour
for the variances of both amplitude (left) and phase part (right) of the re-
constructions. For the pixel size used in the reconstructions and with the
given experimental parameters, the image quality is quickly improving with
a growing number of data sets until about 50 scans are employed. For more
than 50 data sets, the variance decreases only very slowly. However, both the
time required for data acquisition and reconstruction scale linearly with the
number of scans. If therefore only a specific resolution is required, relation
(3.70) on page 112 may be used to estimate the number of scans necessary
for the desired image quality.

Fig. 7.11 (c) for the amplitudes and (d) for the phases of the retrieved
images clearly show the linear relation between the reciprocal variances and
the amount of data used. However, one also observes deviations in the slopes
for the first (less than 55 scans) and the second part (more than 70 scans) of
the reconstruction runs. This fact is further illustrated in Fig. 7.11 (e) and (f)
which shows the values obtained by dividing the reciprocal variance values by
the corresponding number of data sets used. In contrary to a simple linear
behaviour for which all these points should be scattered around the same
mean value, one observes that the points for the first and the second part are
located at different levels corresponding to two different slopes in the linear
trend. The sudden change in noise behaviour can be explained by the fact
that for the second group of reconstruction runs also diffraction data with
missing regions has been used. The first group using up to 55 scans, however,
is entirely based on data from the central detector position which does not
include the detector gaps. The missing information in the second group
of runs therefore leads to higher variances (lower reciprocal variances) than
what would be expected upon extrapolation from the first group of values.
Comparing the mean value of the second group of reciprocal variances per
scan with the one of the first group, one finds a ratio of 0.83 for the amplitude
and 0.72 for the phase part. When calculating the ratio of mean photons per
scan for the same data sets, one obtains the significantly higher value 0.97,
i.e. the simple decrease of photons does not directly explain the change of
noise statistics. Neither does the reduced number of constrained pixels in the
Fourier domain: as the missing areas due to the PILATUS gaps contain 192
× 17 pixels and about 2/3 of the diffraction patterns in the second group of
runs contain one of these, the ratio of valid pixels of second to first group is
0.94.
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Figure 7.11: Dependence of variance in the reconstructed shared object on the number
of data sets, i.e. the total fluence, used for the reconstruction. The plots in the left column
are based on the variances of the reconstructed amplitudes, the right column uses the
variances of the phase images. All have been calculated from an empty region of the
respective object marked by the white frames in Fig. 7.10. In (a) and (b), the reduction
of variance for an increasing number of data sets resembles the reciprocal relation predicted
by equation (3.70) on page 112. In (c) and (d), one expects a linear behaviour for the
reciprocal variances. However, the linear slopes differ for the first (up to 55 data sets) and
the second part of the reconstruction runs. In (e) and (f) this fact is further illustrated
by dividing the reciprocal variance values by the corresponding number of data sets used.
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Comparison with reconstruction based on averaged diffraction data
Fig. 7.12 on page 198 compares the phase reconstructions obtained with a
shared-object reconstruction of 160 individual round scans (left column) with
the results based on a single round scan in which each diffraction pattern is
the average of the 160 respective frames taken at the corresponding position
in the individual scans (right column). The top row presents reconstructions
using the probe obtained from the reference scan as an initial guess. The
central row is based on the same phase-retrieval runs, but instead of showing
just the final iterate of the object, the results displayed here are averages of
ten object iterates from the steady-state regime of the difference map algo-
rithm. The bottom row shows the results one gets if the probe is initialized
with a simple model. However, no clear advantage of employing the shared-
object approach in the case of this specific weakly-scattering object can be
deduced from these reconstructions.

A close inspection of Fig. 7.12 (a) and (b) shows, that small features seem
to be better resolved in the case of the averaged data, e.g. the thin line that
is visible at the border of the bright patch on the right. A comparison of the
variances for said bright area also favours the data averaging as the variance
for the shared-object case is by factors of 1.3 (amplitude) and 1.6 (phase)
larger. However, it should be pointed out again that single object iterates
are compared here. If ten of these iterates are averaged, as done for the
central row of Fig. 7.12, the smoothing effect in the shared-object case is much
stronger than for the averaged data. Therefore the variances when sharing
the object are now lower by factors of 0.53 (amplitude) and 0.65 (phase)

Figure 7.12 (following page): Comparison of shared-object results with reconstructions
based on averaged diffraction data. Top row: Reconstructions using the probe obtained
from the reference object as an initial guess for the illumination. Phase part of the last
object iteration are shown in (a) for the shared-object case and in (b) for the the averaged
diffraction data. Both reconstructions are based on the same set of 160 scans. Small
features seem to be better resolved in (b), e.g. the thin line at the border of the bright
patch on the right. However, also some localized high-frequency artefacts are visible,
e.g. on top of the elliptic cell core in the lower left. Central row: Reconstructions
obtained by averaging ten iterates from the steady-state regime of the reconstruction runs
presented already in the top row. While for the shared-object approach shown in (c) a
efficient suppression of the global high-frequency noise is observed, the result based on the
averaged diffraction data in (d) hardly changes. In particular, the localized high-frequency
artefacts remain visible. Bottom row: Reconstructions obtained when using a modelled
probe as a starting guess. In this case, also a different diffraction pattern centring was used
to avoid the build-up of phase ramps. The retrieved phase for the shared-object approach
is shown in (e), for the averaged data in (f). The shared-object method obviously handles
the case of a modelled initial probe better. The origin of the phase shift colour scale (in
radians) has been set to the mean value of the empty brighter patch in the lower right.
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than in the case of diffraction pattern averaging. This is because the high-
frequency noise uniformly distributed over the whole image (a) is efficiently
suppressed in (c). However, some localized high-frequency artefacts visible
in (b), e.g. on top of the elliptical cell core in the lower left, remain also
for the mean of several object iterates shown in (d). This can be attributed
to the observation that the reconstruction of the averaged data very quickly
converges the solution shown in (b) but then barely changes anymore.

The results based on a modelled initial probe shown in the bottom row
of Fig. 7.12 suggest that the shared-object approach (e) is more robust than
using averaged data in case no highly accurate initial guess of the illumination
function is provided.
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Chapter 8

Broad-bandwidth PCDI:
towards high spatial resolutions

This chapter presents the results of two proof-of-principle PCDI
experiments with broad-bandwidth or “pink-beam” synchrotron
radiation. Following an introductory section motivating this ap-
proach, the experimental details for the two test experiments are
given in section 8.2. Their results are treated in separate sections.
Based on the conclusions in the section 8.5, an outlook for future
improved results from broad-bandwidth experiments is given in
section 8.6.

8.1 Motivation
At a higher incoming flux, a specimen can be imaged either with a bet-
ter signal-to-noise ratio or at higher resolution: relation (3.70) on page 112
shows that the product of signal variance and resolution in a reconstruction
is inversely proportional to the number of photons hitting the specimen area.
The incoming flux can be optimized by fully exploiting the coherence prop-
erties of the beam: An excess in transverse coherence length, e.g. compared
to the size of an illumination-defining pinhole, may be used to prefocus the
beam onto the coherence-filtering aperture to benefit from the full coherent
flux. Most beamlines at which coherent imaging experiments are conducted
can be optimized in this respect.

The longitudinal coherence length, however, typically has a fixed value
determined by the installed monochromator. In many cases, monochroma-
tors for the energy range 5 keV to 20 keV use a Si-111 Bragg reflection with
a bandwidth ∆λ/λ ' 1.4 · 10−4 (Als-Nielsen and McMorrow, 2011,
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chapter 6). A broader bandwidth can for example be provided by using mul-
tilayer monochromators instead. This is done in many beamlines dedicated
to applications in which high flux is more important than monochromaticity,
e.g. X-ray microtomography (compare for instance Rau et al., 2007). In
the case of CDI, however, an increase in bandwidth comes at the price of a
reduction of the maximum spatial resolution which is achievable with a given
geometry, see condition (2.10) on page 49. But (2.10) also shows that this
reduction can be counteracted by reducing the extent of the illumination.
While this typically requires achromatic X-ray optics which are capable of
producing sub-micron focal spots, it in turn allows to fully benefit from the
increased flux of a broad-bandwidth beam.

However, the broad-bandwidth beam also limits the density resolution
which can be achieved: The phase shift observed for a given material (a
given electron density) is proportional to the wavelength, which can be seen
when inserting (1.24) in (1.28) on page 22. This means that a variation in
wavelength causes a proportional variation of the observed phase shifts, i.e.
the width ∆Φ of the distribution of phase shifts produced by a homogeneous
sample is proportional to the bandwidth ∆λ/λ of the illuminating wave field:

∆Φ = Φ · ∆λ
λ
, (8.1)

where Φ is the phase shift at the central wavelength λ of the spectrum.

8.2 Demonstration experiments at ID22NI
The nano-imaging endstation ID22NI at the ESRF offers a combination of
an achromatically-focused broad-bandwidth beam with a dedicated set-up
for nano-scale scanning and tomography. It is therefore ideally suited for
ptychographic imaging with reduced longitudinal coherence: The spectral
bandwidth of the beam is ∆λ/λ ' 1.5 · 10−2 and the maximum extent of the
focus in ptychographic imaging mode amounts to a ' 180 nm. With these
values, the resolution is limited to ∆x > 2.7 nm according to (2.10).

A detailed description of the ID22NI experimental set-up can be found
in section 5.2 on page 137.

8.2.1 Experiment in July 2009
The first test for ptychographic imaging at ID22NI was carried out in July
2009. It allowed to identify various possibilities for improving the set-up,
some of which could be readily implemented during the beamtime while
others could only be considered in later experiments:
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1. Quality of the incoming focused beam:

(a) Some drift problems were caused by the mechanics of the KB
system installed at this time. An approximately linear drift of
the beam position in the vertical direction with a rate of about
0.8 µm per hour could be observed. Before the second experiment
in March 2011, the mechanics had been replaced with a more
stable solution.

(b) The collected diffraction patterns were to a large extent dominated
by strong streaks which were attributed to parasitic scattering
from mirror imperfections and the entrance slits, see Fig. 5.4(a)
on page 139. To reduce this unwanted component in the signal,
an additional clean-up pinhole was added directly downstream of
the KB system during the last part of the beamtime, see Fig. 5.4(b)
for its effect.

2. Collection of diffraction data:

(a) The FReLoN detector (see section 5.2.4 on page 140 for details)
had been placed about 1.58m behind the scanning plane. As the
high flux of the undiffracted beam was concentrated on only a
modest amount of pixels in its central area, the detector quickly
saturated despite the use of attenuators in the incoming undulator
beam. Therefore, it is considered beneficial to place the detector as
far behind the focal plane as possible. However, such a change of
set-up could not be done during the course of this first experiment
and has only been realized for later runs.

(b) Given the fast saturation of the detector, installation of a motor-
ized beamstop became necessary to be able to collect diffraction
data with a high enough dynamic range.

(c) The most important limiting factor of data collection was the time
overhead created by detector readout and motor movements: in
typical scans it accumulated to more than 0.47 s per diffraction
pattern, whereas the exposure times were usually in the range of
0.035 to 0.8 s.

For the test experiment reported here, a Siemens star (compare also section
3.3 on page 109) was used, which formed part of a commercial resolution
chart (XRadia Inc., model X50-30-2 with an increased thickness of 700 nm
electroplated gold). Its smallest features have a size of 50nm.
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For the experiment, the high-power slits were set to a horizontal open-
ing of 10 µm, while in the vertical direction the source size of ∼ 25 µm in the
undulator is relevant. The X-ray peak energy was adjusted to 17.5 keV. Con-
sidering the beamline’s geometry introduced in section 5.2, from these values
coherence lengths (FWHM) at the location of the KB optics of ξh,FWHM ≈
160 µm and ξv,FWHM ≈ 135 µm are estimated. Therefore, the entrance slits of
the KB system were closed to 75 µm (horizontal) × 100 µm (vertical) open-
ing. For these settings, the size of the focus was determined by fluorescence
knife-edge scans to be about 90nm× 130 nm (horizontal × vertical FWHM).

Diffraction patterns were collected with the 2D version of the ID22NI
scanning set-up from a circular region of 2.4 µm diameter close to the centre
of the Siemens star. The scan points were located on concentric circles to
suppress artefacts inherent to reconstructions from a rectangular scan grid
(see page 99 in section 3.2.4.5). These round scans were done with 16 radial
steps and 5 points in the first shell according to definition (3.43) on page
101, which resulted in 765 scan positions in total. A first scan was done
without beamstop. Although the counting time was just 0.035 s, still 3mm
of aluminium filters were required to avoid overexposure of the central detec-
tor area. The same scan was repeated for dwell times of 0.1 s and 0.4 s, this
time without the filters but with a beamstop protecting the detector from
the direct beam. In addition to the diffraction patterns obtained with the
FReLoN camera, Au-Lα fluorescence signals were recorded using the silicon
drift detector, which partially contributed to the observed large time over-
head. For background correction, sets of dark frames were collected for each
exposure time.

8.2.2 Experiment in March 2011
The same Siemens star test object was again scanned during a second exper-
iment in February 2011 which could take advantage of the improved stability
of the upgraded KB system. Also the rest of the set-up already from the start
included the improvements identified during the previous run, in particular
the clean-up pinhole behind the KB mirrors and the beamstop directly in
front of the detector. To spread the central part of the beam over as many
pixels as possible, the FReLoN camera was installed at the very end of the
sample table, i.e. about 2.89m behind the focus. The time required for de-
tector readout was reduced to about 0.1 s by using a region-of-interest of only
the 1024 × 1024 innermost pixels and the FReLoN’s so-called kinetic read-
out mode (Labiche et al., 2007). The experiment was carried out using a
mean X-ray energy of 16.9 keV and with the entrance slits of the KB system
set to 70 µm× 35 µm (vertical × horizontal) opening. Due to the different
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focal lengths of vertical and horizontal mirror (compare section 5.2.2 on page
138) this should lead to a roughly symmetric focus. During this beamtime,
however, the size of the focal spot was not measured independently of the
ptychographic scans, e.g. using fluorescence knife-edge scans. Yet previous
detailed characterization measurements by the beamline staff could be used
to deduce a focal spot size of about 150nm× 170 nm (horizontal × vertical
FWHM).

The specimen was scanned using a raster grid of 73 × 73 points cover-
ing an area of 5.4 µm× 5.4 µm with scan steps of 75 nm. First, a complete
data set was taken with 0.03 s dwell time at each of the 5329 points (with-
out beamstop and with 3mm aluminium filters), while in a second scan an
exposure time of 0.15 s (with beamstop and no filters) was used. The data
sets were complemented by corresponding dark frames.

8.3 Results of test experiment in July 2009
As a first step, a STXM analysis according to section 1.8.1 was performed
which allows to obtain low-resolution images directly after data acquisi-
tion. Fig. 8.1(a) on page 206 shows the transmission calculated by summing
the counts in each diffraction pattern and assigning each result to one pixel
per scan position. The values are normalized to the maximum total counts
measured in an empty area of the sample, see left scale on colour-bar. While
Fig. 8.1(a) is based on a short-exposure scan (no beamstop), only very little
fluorescence counts are detected with these settings. Simultaneous fluores-
cence imaging therefore requires a higher incoming flux such as used in the
scans with beamstop. In turn, this means that – under the condition that
the incoming beam is sufficiently coherent – ptychographic imaging lends
itself as a natural option to make use of the photons transmitted through
the specimen during fluorescence mapping. Fig. 8.1(b) shows the Au-Lα flu-
orescence signal based on a long-exposure scan of the same area as in panel
(a). The number of detected counts is colour-coded according to the right
scale on the colour-bar. For both low-resolution images, the values at the
round scan positions were interpolated linearly onto a raster of square pixels.
While in the upper-left part of the images individual spikes of the Siemens
star can still be distinguished, this is no longer possible when further ap-
proaching the test patterns centre. As expected for the focal size of about
90nm× 130nm (horizontal × vertical FWHM), already the structures with
a half-period of 100nm at the inner radius of the larger ring of segments
are no longer resolved properly. A slight difference reflecting the asymmetric
focus is observed between the resolutions in horizontal and vertical direction.
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Figure 8.1: Low-resolution images of Siemens star test object scanned at ID22NI in July
2009: (a) Transmission image. The total counts in each diffraction pattern were normal-
ized to the maximum total count value (left scale on colour-bar). (b) Au-Lα fluorescence
signal (detected counts, see right scale on colour-bar) based on the long-exposure scan of
the same area. Both images were obtained by linear interpolation of the values at the
round scan positions onto a raster of square pixels.
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Figure 8.2: Results of PCDI reconstruction of test specimen. (a) Reconstructed phase
shift of the object (linear colour scale in radians). Some of the structures of the innermost
ring of spikes with structure sizes down to 50nm are resolved, corresponding roughly to
a two-fold improvement of resolution compared to the size of the focal spot. However,
some distortions due to drift during the scan are visible. (b) Colour-coded representation
(see colour-wheel) of the retrieved complex-valued illumination function showing the wave
field produced by the KB system in the focal plane. The size of the focal spot, about
80nm× 120 nm (horizontal × vertical FWHM of probe intensity), is consistent with the
one obtained from fluorescence knife-edge scans if the effect of the side-lobes is taken into
account (see text for details).
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The ptychographic reconstruction, which is shown in Fig. 8.2, yields a
significant gain in spatial resolution. In this case, the central 128× 128pixels
of the diffraction patterns taken without a beamstop were used. Starting with
a symmetric Gaussian model as the initial probe, a Matlab implementation
of the difference map algorithm (compare section 3.2.2) was applied for 300
iterations. The retrieved phase shift shown in Fig. 8.2(a) (colour-coded on a
linear grey scale, in radians) was obtained by averaging 20 individual object
iterates from the steady-state regime of the reconstruction run. In the result-
ing image, even some of the smallest structures at the tips of the innermost
spikes become visible. There the pattern has a half-period of 50 nm, i.e. more
than a factor of two smaller than the focal spot size.

However, the overall quality of the reconstruction is still quite poor:
Firstly, resolution is lower in vertical than in horizontal direction, visible
in particular in the lower left part of Fig. 8.2(a), where the reconstructed
horizontal spikes additionally suffer from some distortions. Secondly, no part
of the image shows the well-defined sharp edges one would expected for a
lithographically structured specimen. The first point is attributed to vertical
drift of the beam already mentioned in item 1a in section 8.2.1. A major
cause of the second issue is a strong background in the diffraction patterns
mainly attributed to the long tails of the detector’s point-spread function.
This background and its effects are discussed in more detail in section 8.4.1.
As the quality of the reconstructions is mainly limited by the two discussed
factors, data sets acquired with the beamstop and thus with longer dwell
times were not included because no further improvements could be expected.

The simultaneously retrieved illumination function is displayed in
Fig. 8.2(b) in a colour-coded representation which maps amplitude to value
and phase to hue according to the colour-wheel in the bottom-right corner
of the panel. The probe shows the asymmetric shape expected from the
fluorescence knife-edge measurements of the focal spot, its vertical extent
being a factor of about 1.5 larger than the horizontal one. In addition, one can
observe side lobes along the horizontal and vertical directions resembling the
proportionality to a sinc-function along each dimension: As effective entrance
aperture and focal plane of the optics are related via a Fourier transform,
this sinc is the result of the rectangular setting of the KB system’s entrance
slits. However, in this relation one also has to take the different focal lengths
of the two mirrors into account.

The size of the central peak is measured in the intensity image, which
is obtained as the absolute square of the reconstructed probe’s amplitude.
It is about 80 nm× 120nm (horizontal × vertical, FWHM values). This is
slightly lower than the approximately 90nm× 130nm determined as the size
of the focal spot in independent fluorescence knife-edge scans. The deviation
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is attributed to the fact that in the latter case the intensity in the side lobes of
the probe contributes substantially to the generation of fluorescence photons.
Re-binning the reconstructed probe to a lower resolution was observed to
reproduce this effect, i.e. the apparent width of the central peak increases at
the expense of the higher orders.

8.4 Results of improved experiment in March
2011

As a result of the improved experimental set-up, the quality of the data
collected in this second beamtime was significantly better than in the pre-
vious experiment. In the case of the Siemens star test object, this immedi-
ately manifests itself in substantially improved reconstructions, compare e.g.
Fig. 8.2(a) on page 206 with Fig. 8.7(a) on page 228. However, the retrieved
images are still degraded by a strong background which surrounds the un-
diffracted beam in all diffraction patterns. This background is attributed
mainly to the extended point-spread function of the detector, in particular
its long tails (compare also section 5.2.4 on page 140 and Ponchut, 2006).

8.4.1 Investigation of background-induced artefact in
probe

The ptychographically reconstructed probe shows an additional unexpected,
highly-localized peak at its centre. It is located on top of the central max-
imum of the expected probe which is supposed to be proportional to a
two-dimensional sinc-function. The latter assumption is again based on
the Fourier relationship between the respective wave fields at a rectangu-
lar, uniformly-illuminated entrance aperture and at the focal plane of a KB
system. As a highly-localized structure in real space hints at an extended
corresponding Fourier signal, the artefact is suspected to be induced by the
background signal in the diffraction pattern. This is further investigated in
the current section.

8.4.1.1 Model for the illumination function

Fig. 8.3 on page 211 compares the amplitudes of the reconstructed probe
in panels (a) and (b) with modelled ones in (d) and (e). For the model,
the absolute value of a 2D sinc-function was multiplied with an additional
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Gaussian damping factor:

|P (x, y)| = a·|sinc (b1(x+ c1))|·|sinc (b2(y + c2))|·e−(d1(x+c1)2+d2(y+c2)2) . (8.2)

Here the normalized definition of the sinc-function is used, i.e. sinc(x) ≡
sin(πx)/πx. The model (8.2) is adjusted using scaling a, stretching factors
b1 and b2, lateral offsets c1 and c2, and damping constants d1 and d2. While
in the practical applications the six last-mentioned parameters were typically
expressed in pixel units, they can be easily converted to metric units with
the side length of one pixel in the reconstruction, here ∆x ≈ 16.2 nm/px.
With the coordinates being transformed according to x[m] = x[px] ·∆x, the
conversion rules become

b1,2[m−1] = b1,2[px−1]/∆x ,
c1,2[m] = c1,2[px] ·∆x ,

d1,2[m−2] = d1,2[px−2]/∆x2 .

(8.3)

If the origin for the metric units is to be placed in the centre of the array,
an additional offset of half the probe array’s side length has to be subtracted
from c1,2[px] before the conversion.

In many cases, the extent of the central maximum of the 2D-sinc is of ma-
jor interest. It allows, for example, to conveniently compare the parameters
of a ptychographically reconstructed illumination to the ones obtained with
independent characterization methods. For our normalized sinc-definition,
the first minima are located at ±1/b1,2 from the centre of the pattern. The
FWHM values of the central maximum in the intensity image along the
Cartesian axis are of particular interest for a direct comparison with the ex-
pected extent of the focus. The required intensity image is calculated by
squaring (8.2). A direct relation between FWHM values and b1,2 is therefore
obtained by numerically solving |sinc(b1,2x)|2 = 1/2:

FWHMh,v ≈ 0.88589/b1,2 (8.4)

Damping factor in probe model The necessity of the damping factor in
(8.2) is illustrated by the line-outs in Fig. 8.3(f): the decrease of the retrieved
amplitude (red crosses) towards the edges of the array is stronger than in the
case of a unmodified 2D |sinc| (dashed curve) and is better represented by
the solid curve based on the model in (8.2). The damping was first observed
for reconstructions in which the initial probe guess was a simple 2D Gaussian
representing only the central peak of the focus. However, the same behaviour

209



Chapter 8. Broad-bandwidth PCDI: towards high spatial resolutions

A B C
model (Fig. 8.3) fit start fit result

amplitude a 12.6 25.2 13.93± 0.03
stretching b1/px−1 0.094 0.06 0.0972± 0.0001

b2/px−1 0.094 0.06 0.0930± 0.0001
centre c1/px -64 -60 −64.03± 0.01

c2/px -64 -60 −64.64± 0.03
damping d1/px−2 5 · 10−4 5 · 10−4 5 · 10−4

d2/px−2 5 · 10−4 5 · 10−4 5 · 10−4

Table 8.1: Parameters of fits to illumination function. The values are given in pixel
units, see (8.3) for conversion to metric units. (A) Parameters for probe model shown in
Fig. 8.3, panels (b),(c),(e) and (f). (B) Starting parameters for the least-squares fit. The
values that were chosen differ significantly from the ones in the first row in order to test the
robustness of the result for non-optimal starting guesses. (C) Result of least-squares fit
of the probe model (8.2) to the retrieved probe with the area of the background-induced
artefact excluded. A visualization of the fit can be found in Fig. 8.4(a). The fit result
depends strongly on the amount and signal strength of these excluded pixels. However,
the fit is very robust with respect to changes of the initial parameters listed in the second
row with the exception of the parameters d1 and d2 defining the Gaussian apodization. It
was observed that the damping tended to get too strong and the higher order maxima of the
sinc where completely suppressed if d1 and d2 where left unconstrained. Therefore, these
two parameters had to be confined to the interval [−5 · 10−4, 5 · 10−4]. The uncertainty
of the fit coefficients is represented by the 95% confidence bounds. For d1 and d2 no
confidence bounds can be given as they stayed at the upper bound of the interval to which
they had to be constrained.

was exactly reproduced in runs where the probe had been initialized as an
undamped 2D sinc. Therefore, the possibility can be ruled out that the initial
Gaussian probe could be partly imprinting itself onto the retrieved probe in
the form of a Gaussian damping factor.

From a Fourier optics point of view, the wave field in the focal plane is
proportional to the Fourier transform of the wave field incident on the optical
system. In this picture, there are two possible explanations for the obvious
reduction of high Fourier frequencies compared to what would be expected for
a rectangular slit with perfectly sharp edges: Either these spatial frequencies
were only present with reduced amplitudes already in the incident wave field,
or they were damped by the optical system. The first may be the case, if the
slit blades defining the incident beam have smooth edges. If such an edge can
be described as a convolution of a perfect step-function with a Gaussian, the
amplitude of the corresponding Fourier transform according to the convolu-
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tion theorem is the observed product of an undamped |sinc| and a Gaussian.
Alternatively, an apparent smoothness of the slits’ edges may also be caused
by small vibrations. The second case, in which the high frequencies are
damped by the optical system, may be caused by roughness of the reflecting
surfaces which is known to lead to a frequency-dependent reduction of the re-
flectivity. Under the assumptions that the height variations are uncorrelated
and their statistics are Gaussian, the reflectivity R(q⊥) of a rough surface is
the usual Fresnel reflectivity Rf (q⊥) multiplied with a frequency-dependent
Gaussian damping factor (Als-Nielsen and McMorrow, 2011, section
3.8; compare also Sinha et al., 1988), i.e. R(q⊥) = Rf (q⊥) exp (−σ2q2

⊥),
where σ is the root-mean-square roughness of the reflecting surface and q⊥
the component of the scattering vector normal to it.

Another influence could be the point spread function (PSF) of the detec-
tor: The reconstruction is based on the Fourier relation between the focal
plane and the detector plane. In the latter the convolution of the impinging
intensity with the detector’s PSF is measured. For a PSF with Gaussian
shape this again corresponds to a multiplication of the original field in the
focal plane with a Gaussian.

As most likely a combination of all discussed factors causes the observed
damping of the reconstructed probe at higher spatial frequencies, a quantifi-
cation of their individual contributions is not easily possible. However, some
implications of the values obtained for the damping are discussed alongside
with the other quantitative results for the illumination on page 213 in the
next but one subsection.

Figure 8.3 (following page): Manual modelling of ID22NI probe function. (a) Ampli-
tude of reconstructed probe (colour-coded linear scale, maximum value restricted to 13,
see colour-bar). (b) Amplitude of modelled probe shown on same colour scale. The probe
model is based on a 2D sinc function – as the amplitude in the focal plane is proportional
to the Fourier transform of the rectangular entrance aperture – which is multiplied with
a 2D Gaussian damping factor, see (8.2) and main text. The parameters for the model as
listed in the column A of Table 8.1 were chosen by visual comparison of the line profiles
in panel (f). (c) Comparison of horizontal line-outs through the probe amplitudes at the
positions marked by white lines in (a) and (b). The reconstructed values are marked with
red crosses, while the model is represented by a solid blue curve. On this linear scale,
a strong deviation from the expected behaviour can be seen in the central part of the
retrieved probe. (d) Amplitude of reconstructed probe (colour-coded logarithmic scale,
see colour-bar). (e) Amplitude of modelled probe shown on same colour scale. (f) Com-
parison of the horizontal line-outs on a logarithmic scale, see white lines in (d) and (e).
In addition to the reconstructed (red crosses) and the modelled (solid blue curve) probe
amplitudes, the dashed blue curve shows a profile through the 2D sinc function which is
obtained if the probe is modelled without the Gaussian damping factor.
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8.4.1.2 Least-squares fit of probe

For a first comparison of modelled and retrieved probe, the set of param-
eters listed in column A of Table 8.1 was chosen by visual comparison of
the resulting line profiles, compare Fig. 8.3(f). Fig. 8.3(e) illustrates that the
amplitude in the central maximum due to the background induced-artefact
is about two times the expected value. Therefore, this intermediate step
of interactive adjustment was necessary in order to identify the largest de-
viations and exclude these data points in the least-squares fitting process
which otherwise failed to converge. For the fit result shown in Fig. 8.4(a)
and listed in column C of Table 8.1, pixels with amplitude values larger than
0.67 · maxr|P (r)| = 17 were excluded. They are marked by red crosses in
Fig. 8.4(a). The remaining points served as input for the least-squares fit
which was done with the standard surface-fitting routines provided by Mat-
lab. The latter use the trust-region concept (Conn et al., 2000) to solve
this non-linear minimization problem (compare Matlab 2012c, page 6-21
for details on the implementation). To confirm the reproducibility of the fit
result, various starting guesses were used, which in some cases differed signif-
icantly from the parameters used for the first model (Fig. 8.3 and column A
of Table 8.1). Table 8.1(B) lists the input parameters of the particular fitting
run shown in Fig. 8.4(a), whose numerical result can be found in column C
of Table 8.1. While the parameters’ individual 95% confidence intervals are
given as uncertainties in column C of Table 8.1, a coefficient of determination
of R2 = 0.984 and a root-mean-square error of RMSE = 0.123 quantify the
overall goodness of the fit.

8.4.1.3 Quantification of illumination function

From the fitted parameters b1 = 0.0972 px−1 and b2 = 0.0930 px−1, one ob-
tains with (8.3) and (8.4) the following FWHM values for the central intensity
maximum in the focal plane:

FWHMh ≈ 148 nm FWHMv ≈ 154 nm . (8.5)
This result is in good agreement with the 150nm× 170 nm (horizontal ×
vertical FWHM) deduced from older characterization measurements with
similar experimental conditions. The deviations, in particular for the verti-
cal direction, may be due to the fact that these interpolated sizes are not
precise enough in this case. Furthermore, the initial calibration measure-
ments probably also incorporate the effect of the strong side-lobes of the
sinc-shaped focus: as discussed in the last paragraph of section 8.3 on page
207, the intensity in these side-lobes may increase the apparent size of the
focus in fluorescence knife-edge scans.

213



Chapter 8. Broad-bandwidth PCDI: towards high spatial resolutions

−1
−0.5

0
0.5

1

−1
−0.5

0

0.5

1
0

5

10

15

20

25

30

x / μmy / μm

p
ro

b
e

 a
m

p
lit

u
d

e

200 nm

0

2

4

6

8

10

10-1

100

101

102

103

10-2

10-1

100

101

102

103

10-2

a

c d

b

Figure 8.4: Isolation of background-induced artefact in probe by using a least-squares fit
of the model (8.2) to the amplitude of the reconstructed probe. (a) Result of least-squares
fit (colour-coded solid surface) compared to reconstructed amplitude (blue dots). The red
crosses mark the points which have been excluded from the input data of the fit due to
clearly belonging to the artefact. (b) Isolated background-induced artefact obtained by
subtracting the result of the least-squares fit from the retrieved probe amplitude shown
on a colour-coded linear scale. As only the difference in the central peak is of interest,
deviations outside of this region have been suppressed by applying a mask. (c) Fourier
magnitude of the retrieved probe displayed on a logarithmic scale (see colour-bar). As
expected, a projection image of the effective entrance aperture of the KB focusing system
shows up as a square with pretty uniform amplitude. Around the beam a rather extended
halo is visible which is also present in the measured diffraction data and is attributed to
the extended point-spread function of the scintillator-based detection system. (d) The
Fourier magnitude of the isolated artefact shows that the latter accounts for most of the
halo around the central beam. It can thus be concluded that in the reconstruction process
the background halo in the diffraction patterns generates this artefact on top of the central
peak of the probe which in turn degrades the quality of the reconstructed object.

214



8.4. Results of improved experiment in March 2011

From the parameters d1,2 as defined in (8.2), the sigma widths σf1,2 =
(2d1,2)−1/2 of the 2D Gaussian damping factor can be calculated. For
d1,2 = 5 · 10−4 px−2 one obtains σf1,2 = 31.6 px =̂ 512.8 nm, where the super-
script f labels this as the value in the focal plane. The various potential
sources of this damping factor have been discussed in the corresponding
paragraph starting on page 210. To distinguish their respective effect the
widths of the Fourier transforms of the Gaussian damping factor both at the
detector and at the effective entrance aperture of the KB are of interest. In
both cases, the sigma values can be calculated from σf1,2 based on relation
2.20 on page 53 which becomes

σd,e = Ld,eλ

σf
, (8.6)

where λ = 0.73Å is the X-rays’ wavelength and σf = σf1 = σf2 . The calcu-
lation uses the distances between focal plane and detector Ld = 2.89m and
between effective entrance aperture and focal plane Le. The latter value is
given by the focal length of the respective KB, which is Le,h = 83mm in the
horizontal direction and Le,v = 180mm in the vertical one.

If the damping had been due to the smoothness of the entrance slits of the
KB system, a sigma value for the corresponding Gaussian in the convolution
kernel of σe,h ≈ 11.8 µm would be obtained with (8.6) and the values given
above. This is rather large compared to the horizontal slit width of 35 µm.
Furthermore, the difference in focal lengths in the horizontal and the vertical
direction has to be considered: If the damping was due to the slits’ edges
all being smoothed the same way either physically or just seemingly (i.e. by
vibrations or due to the propagation to the mirror), one would expect the
Gaussian damping function in the focal plane to be asymmetric. However, no
asymmetry is observed. The value for σe,v obtained with the same value of σf
and the longer vertical focal length of 180mm is also unrealistic for a smooth
slit as it would be even larger than in the horizontal case: σe,v ≈ 25.8 µm.

In the detector plane, the sigma widths of the Fourier-transformed Gaus-
sian envelope are both σd ≈ 413 µm. This corresponds two about 4 pixels
of 102 µm effective size, where the latter results from the two-fold software
binning applied to the diffraction data in this particular reconstruction run.
According to (2.7) on page 48, this is a FWHM of about 9.5 pixels. This is
significantly larger than the roughly 2 to 3 (unbinned) pixels FWHM which
were estimated for the LSF of the detector in section 5.2.4 (see page 140) and
which were also found to be consistent with values reported by Ponchut
(2006, page 203). However, an estimation (see section 8.4.2 starting on page
216) of the PSF based on the background-induced artefact also yields widths
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which are significantly larger than expected, i.e. even about twice the size of
the values obtained here.

In summary, both the sigma values obtained at the entrance plane and
at the detector were found to be larger than expected. In turn, this means
that the damping in the focal plane is stronger than it would be if just one
of the discussed effects was the reason for it. The observed Gaussian factor
thus probably contains the contributions of several sources. As the lack
of asymmetry in the focal plane makes a strong influence of the entrance
slits less likely, a combined effect of the mirrors’ surface roughness and the
detector’s PSF seems to be the most reasonable explanation.

8.4.1.4 Isolation of background-induced artefact

As shown in Fig. 8.4(b) on page 214, the background-induced artefact on top
of the central peak can be well isolated by subtracting the amplitude of the
undistorted least-squares fit from the amplitude of the reconstructed probe.
Mathematically, this corresponds to the assumption that the reconstructed
probe Prec can be described as the sum of the undistorted probe P and the
artefact P ′:

Prec(r) = P (r) + P ′(r) (8.7)

As the phase part of the retrieved illumination shows no artefact, it is further
assumed that the reconstructed phase resembles the correct value and thus
is the same for both additive components P (r) and P ′(r). Fig. 8.4(c) shows
the Fourier magnitude |P̃rec(r)| which is calculated from the reconstructed
probe and corresponds to the square root of an intensity pattern obtained
without any sample in the beam. As in all measured diffraction patterns,
also here the background halo around undiffracted beam is present. Due to
its close resemblance to the Fourier magnitude |P̃ ′| shown in Fig. 8.4(d), this
background is identified to be the main cause of the artefact P ′.

8.4.2 Estimation of detector PSF based on background-
induced artefact

Based on the assumption that the background around the central beam
present in all diffraction patterns can be fully attributed to the detector’s
point-spread function (PSF), the previously isolated probe artefact P ′ is used
in this section to obtain an estimate for this PSF.
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8.4.2.1 Relation of PSF and previously isolated artefact

In what follows, the detector is described as a general linear imaging system
(Born and Wolf, 2006; Goodman, 1996). The impulse response of such
a system for fully coherent illumination is given by the amplitude spread
function (ASF) h. In our case, it connects the actual diffracted wave field
ψ̃j(q) to the Fourier transform ψ̃j,rec(q) of the reconstructed exit wave, i.e.
the wave field in the detector plane retrieved by the reconstruction algorithm:

ψ̃j,rec(q) = ψ̃j(q)⊗ h(q) , (8.8)

at each scan position j. If the complex-valued amplitude-spread function
of a linear imaging system when illuminated with fully coherent radiation
is known, the point spread function (PSF) for fully incoherent illumination
is the square of the magnitude of the ASF, compare e.g. Goodman (1996,
section 6.1.3, pp. 132–134) or Born and Wolf (2006, section 9.5, pp.
545–547):

Ij,det(q) = Ij(q)⊗ |h(q)|2 = Ij(q)⊗ PSF(q) . (8.9)

According to the Fourier convolution theorem, the convolution with the am-
plitude spread function in the diffraction plane in (8.8) can be expressed as
a multiplication in the object plane, which is the conjugated Fourier plane:

ψj,rec(r) = ψj(r) · h̃(r) , (8.10)

where the Fourier transform h̃ of the amplitude impulse response h is often
called the amplitude transfer function (Goodman, 1996). It is now further
assumed that this multiplicative factor, which is independent of the scan
position j, can be considered to be fully absorbed in the reconstructed probe,
i.e.

Prec(r) = P (r) · h̃(r) . (8.11)

The comparison with (8.7) shows, that h̃(r) can be expressed in terms of the
previously isolated artefact P ′:

h̃(r) =
1 + P ′(r)

P (r) , r ∈ {r : P ′(r) 6= 0}
1 , otherwise

(8.12)

As the artefact is non-zero only within a small localized part of the central
maximum of the 2D-sinc which forms the undistorted probe, one has P (r) 6=
0 for all these pixels and the division in the first case is well-behaved. In
the rest of the area, the artefact does not influence the probe at all, i.e. the
amplitude transfer function is unity as stated in the second case of (8.12).
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According to (8.9), the PSF is then obtained as the squared magnitude of
the Fourier transform of (8.12):

PSF = |h(q)|2 = F
{
P ′

P

}
(q) +O(δ(q)) . (8.13)

In what follows, the contributions O(δ(q)) originating from the constant
term of h(r), which results in its Fourier transform containing a Dirac-δ
distribution as a summand, are not considered. The PSF is thus further
characterized by means of a least-squares fit to the first term in (8.13), which
is depicted on a colour-coded logarithmic scale in Fig. 8.5(b) on page 219.

8.4.2.2 Model used for fit to PSF

Holton et al. (2012) found that the PSF of a fibre-coupled CCD-based
detector similar to the one employed here could best be “described by a
Moffat function (Moffat, 1969), which is essentially the convolution of a
Gaussian with a power law”. As they state that “this convolution cannot
be expressed in closed form”, Holton et al. (2012) model the PSF as a
sum of Gaussians, in their case adding up eight terms. Here, the number of
summands has been restricted to two terms only, as for more terms the least-
squares fit started to become unstable. As a result, there is one term that
models the central, symmetric peak of the background while the second term
accounts for the lower intensities and their asymmetric spatial distribution:

PSFfit(u, v) =
2∑
j=1

aj exp
[
−

u′ 2j
2σ2

u′,j

−
v′ 2j

2σ2
v′,j

]
, (8.14)

where each component depends on its own set of rotated Cartesian coordi-
nates u′j and u′j which are related to the unrotated pixel coordinates u and
v (horizontal and vertical) by(

u′j
u′j

)
=
(

cosφj − sinφj
sinφj cosφj

)
·
(
u− u0,j
v − v0,j

)
. (8.15)

As the pixel coordinate (u, v) is determined with respect to the lower-left
corner of the image, the redefined coordinate system for the fit of the j-th
Gaussian peak in (8.14) is not only rotated by angle φj. Before the rotation,
the origin has to be shifted to the centre (u0,j, v0,j) of the corresponding peak.

8.4.2.3 Result of fit to PSF

The result of the fit of the model (8.14) to the first term of (8.13) is depicted
in Fig. 8.5 on page 219 and listed in Table 8.2. As for the fit of the probe
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j = 1 in (8.14) j = 2 in (8.14)
amplitude aj 175.0± 0.4 9.8± 0.3
widths σu′,j/px 8.13± 0.01 11.20± 0.11

σv′,j/px 8.50± 0.01 20.94± 0.32
σu′,j/µm 829± 1 1142± 11
σv′,j/µm 868± 1 2136± 33

centre u0,j/px 65.0± 0.1 65.0± 0.1
v0,j/px 65.0± 0.1 65.0± 0.2

angle φj/° −39.2± 0.8 −7.5± 0.4

Table 8.2: Parameters obtained for the least-squares fit of the sum of two Gaussians
in (8.14) to the PSF calculated from the Fourier transform of the background-induced
artefact. The result of the fit is visualized in Fig. 8.5 and further discussed there and in
the main text. While the 1st summand (j = 1) models the rather symmetric central peak,
the 2nd summand (j = 2) accounts for the asymmetry of the surrounding lower intensities.

presented on page 213, also this fit was performed with the tools for non-linear
surface fitting which Matlab provides as part of its optimization toolbox
(Matlab, 2012c) and which employ a trust-region concept (Conn et al.,
2000) for the actual minimization. In order to consider only the PSF itself
and exclude the outer parts of the image from the fit, a threshold of 0.1, i.e.
about 6 ‰ of the maximum value, was applied to the data. The excluded
points are coloured red in Fig. 8.5(a) while the input data points used for
the fit are marked by blue dots. The uncertainties in Table 8.2 correspond
to the 95% confidence intervals of the individual parameters. Concerning
the overall goodness of the fit, one finds a coefficient of determination of
R2 = 0.9997 and a root-mean-square error of RMSE = 0.544.

Figure 8.5 (following page): Least-squares fit of the sum of two Gaussians in (8.14)
to the PSF obtained as the first term of (8.13) from the previously isolated background-
induced artefact in the probe (compare Fig. 8.4(b)). (a) Result of least-squares fit (colour-
coded solid surface) compared to input PSF (blue dots). The data points marked in red
have values below 0.1 (about 6 ‰ of the maximum value) and have been excluded from
the input data by thresholding. (b) Input PSF on a colour-coded logarithmic scale.
(c) Result of least-square fit according to (8.14) shown on the same colour scale. The
nearly-symmetric central Gaussian peak and the asymmetry for the lower values are well
reproduced. (d) The difference image shows, that there are still some systematic deviations
between input data and fit result for the simple model employed here. (e) First Gaussian
summand of the fit (8.14) which accounts for the symmetric central peak. (f) Second term
of the fit (8.14) modelling the asymmetry of the lower values.
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For the first Gaussian summand of the fit, which models the central, sym-
metric peak of the PSF, sigma-widths of about 8.1 and 8.5 pixels are obtained.
For the 2-fold binned pixel size of 102 µm, this corresponds to 830 µm and
870 µm (compare Table 8.2). Ponchut (2006, page 203) reported a FWHM
value 2 to 3 (unbinned) pixels FWHM for the line-spread function of a taper-
based FReLoN system. A rough value estimated in section 5.2.4 (page 140)
based on the image of a hole array lies in the same range. Therefore, the
discrepancy to the significantly larger widths of the fitted surface, which def-
initely describes the observed background well, cannot be only attributed to
deviations of the specific detector system from the one studied by Ponchut
(2006). Other possible reasons are:
1. The PSF is broadened due to a non-linear increase of the spread

in the fibre-optics taper at high incoming intensities: Holton
et al. (2012) found for an X-ray detection system which relies on a fibre-
optics taper that scattering in the latter is a major source of the PSF,
in particular its long tails. Consider now a case, in which the detector
is illuminated with a pencil beam significantly smaller than its (effective)
pixel size. Any light detected by the CCD in non illuminated pixels
will then be an effect of the PSF, i.e. the scattering in the taper. At a
higher intensity of the incoming beam, also the intensity of the scattered
light will increase. As long as this increase is proportional to the one
of the incident intensity, the width of the PSF will not change. But if
the amount of light scattered in the scintillator or the fibre-optics taper
and detected by the CCD showed a non-linear dependence on the X-
ray flux hitting the scintillator, this could lead to a broadening of the
PSF for very high incoming intensities. This could for instance be the
case, if the extra mural absorption, which is supposed to reduce the light
transfer between the optical fibres (compare e.g. Gruner et al., 2002b),
became significantly less efficient in removing stray light. However, such
effects have not been described or quantified elsewhere. Furthermore,
the similar FReLoN camera studied by Ponchut (2006) shows a linear
detector response also for higher incoming intensities.

2. The background present in the diffraction patterns around the
central beam contains contributions of multiple effects and is not
only caused by the detector’s PSF:As the latter is usually symmetric,
in particular the asymmetry of the second Gaussian term of the sum (8.14)
suggests the presence of other influences. It seems unlikely that this is
due to a symmetric effect upstream of the KB system which results in
an asymmetric signal on the detector due to the different focal lengths
of the two KB mirrors: any such signal, e.g. scattering from the several
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meters of air the beam passes before entering the focusing device, is first
spatially filtered by the KB system’s entrance slits. As these apertures are
asymmetrically set to create a symmetric beam footprint on the detector,
also scattering that has passed them is expected to reflect their shape.
Therefore, a signal on the detector created by such scattering should also
not show a difference between horizontal and vertical direction. This
leaves the KB system itself as the origin of the asymmetry, e.g. in the
form of residual parasitic scattering which is not completely removed by
the clean-up pinhole behind the mirror box (compare Fig. 5.4(a) on page
139 for the effect of this pinhole). A tilt of this rather thick aperture
with respect to the optical axis could then explain both the asymmetric
shape of the second Gaussian as well as deviation of its long axis from the
vertical direction. A contribution which could be partly responsible for
the broadening of the symmetric Gaussian term is the scattering in the
almost 3m air path between the KB system and the detector.

Considering the various possible factors influencing the recorded diffraction
patterns, the second explanation seems to be most likely. In this case, the
basic assumption that the background in the diffraction patterns can be fully
described as an effect of the detector’s PSF is too strong.

8.4.3 Reconstructions with post-processed diffraction
data

The features of the original object reconstruction in Fig. 8.7(a) do not show
the sharp boundaries one would expect for a lithographically-patterned test
structure, but have rather smooth edges instead, compare also the blue line-
outs in Fig. 8.7(c) and (d). In this section, it is shown that this effect can
be attributed to the strong background around the central beam and the
artefact it causes and that post-processing in which this background is re-
moved from the diffraction data yields significantly improved ptychographic
reconstructions. The section compares different correction approaches and
concludes with a discussion of the obtained quantitative values.

All reconstructions discussed in this sections have been obtained with the
difference-map PCDI algorithm. In particular in cases where the reconstruc-
tions still showed strong artefacts, no improvement could be observed when
applying additional maximum-likelihood refinement.

8.4.3.1 Comparison of different correction approaches

Two major classes of correction approaches can be distinguished:
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Reconstruction-based corrections These approaches rely on the assump-
tion that ptychographic reconstructions of the untreated data allow to
identify, characterize and isolate degrading components in the diffrac-
tion patterns. Even when this is possible, there remains the disadvan-
tage that the processes required to obtain the necessary results may be
rather involved and time consuming.

Data-based corrections This refers to direct corrections of the diffrac-
tion data employing no or only little a priori knowledge. While this
typically allows to circumvent the lengthy characterization process of
the reconstruction-based approaches, many of these methods share the
problem that the correction of the direct beam’s intensity remains un-
known.

The next paragraphs discusses different approaches of both types which were
investigated for the correction of the Siemens star data set:

Subtraction of wave fields This approach is based on the isolation of the
background-induced artefact in the probe in section 8.4.1. As a consequence
of (8.7) on page 216, also the reconstructed exit waves ψj,rec = Prec(r − rj) ·
O(r) at each scan point j can be expressed as the sum of the contributions
of undistorted probe P and artefact P ′:

ψj,rec(r) = ψj(r) + ψ′j(r) . (8.16)

From this, one can obtain a corrected intensity in which the contribution
leading to the artefact P ′ is removed:

Ij,corr =
∣∣∣ψ̃j∣∣∣2 =

∣∣∣ψ̃j,rec − ψ̃′j∣∣∣2 , (8.17)

where ψ̃j signifies the Fourier transform of ψj.
The phase part of the reconstructed object obtained after 600 iterations

of difference-map PCDI with data corrected this way is shown in Fig. 8.7(e).
While locally some minor improvements are observed, the overall smooth
shape of the lithographic structures remains: Line profiles across the bars
differ only marginally from the blue ones in Fig. 8.7(c) and (d), which are
obtained with the uncorrected data. The line-outs for the case at hand
are therefore not plotted separately. As anticipated from the way the data
was corrected, the previously observed artefact is no longer present in the
reconstructed probe amplitude (not depicted).

223



Chapter 8. Broad-bandwidth PCDI: towards high spatial resolutions

Deconvolution As pointed out in section 1.1.3, deconvolution is frequently
used to remove the effects of an imaging system’s PSF from the measured
intensity pattern Idet = Iin ⊗ PSF (compare (1.12) on page 19) in order to
obtain the actual incident intensity distribution Iin. Standard deconvolution
techniques require that a highly accurate input PSF is provided, compare
e.g. the overview given by Banham and Katsaggelos (1997). In con-
trast, iterative blind deconvolution techniques can start from a less precise
PSF guess which is then further refined (see review by Kundur and Hatz-
inakos, 1996).

Blind deconvolution was applied to the Siemens star data employing the
function deconvblind of Matlab’s Image Processing Toolbox (see Mat-
lab 2012b, page 13-16 and Matlab 2012a, page 3-131) at an early stage
of this work. The diffraction patterns treated this way resulted in a slightly
better quality of the reconstructed images. However, the improvement is
not nearly as significant as for other investigated correction approaches. In
addition, the iterative procedure also showed a rather unstable convergence
behaviour, i.e. more iterations of the blind deconvolution algorithm would
degrade the diffraction data rather than improve – or at least stay at – an
already reasonable result. As a consequence, this approach was not pursued
any further in the course of the current studies. Nevertheless, a more de-
tailed future investigation of its applicability in this specific context might
be worthwhile.

Subtraction of global pixel minimum For the scan investigated here,
a lot of points lie in empty areas of the object. The corresponding diffrac-
tion patterns therefore contain only the combined signal of the background
to be corrected and the direct beam. Apart from the area hit by the direct
beam, the minimum value a given pixel q = (u, v) assumes when comparing
its respective counts for all scan positions j should thus give a reasonable
estimate of the sample-independent background intensity. With the further
assumption that this background can be treated as an incoherent contribu-
tion, i.e. additive in intensity, the corrected diffraction pattern for scan point
j is obtained as

Ij,corr(q) = Ij(q)−min
j
Ij(q) , (8.18)

where Ij is the original diffraction pattern recorded at position j. This
method has the benefit that it can be directly applied to the diffraction
data without any further pre-characterization steps. In cases where the ob-
ject does not contain empty regions, a set of dedicated diffraction patterns
taken without sample may be used to determine the background. However,
the approach has the major disadvantage that it does not provide any infor-
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Figure 8.6: Comparison of original and post-processed diffraction patterns. (a),(b)Orig-
inal diffraction patterns which have only been corrected for the dark current of the CCD.
(c),(d) The same diffraction patterns after subtracting from each pixel the minimum
value it recorded during the whole ptychographic scan according to (8.18). The visibility
of the diffraction signal is greatly improved: the four vertical lines, e.g., which are nicely
visible in (d) are barely discernible from the background in (b). All plots share the same
colour-coded logarithmic scale defined by the colour-bar at the bottom.
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mation on how to correct the pixels always covered by the direct beam. In
the application to the Siemens star data set, two different ways have been
investigated:
1. In area of the direct beam, the subtraction (8.18) is not applied and the

reconstruction is done using the original, uncorrected pixel values in this
area. Two examples for the diffraction patterns obtained this way are
shown in the lower row of Fig. 8.6 on page 225, while the upper row of the
figure displays the input data. The resulting reconstruction of the phase
part of the complex object transmission function after 300 iterations of
difference-map PCDI is shown in Fig. 8.7(b) on page 228. In comparison
with the original reconstruction in (a), the features of the test structure
have a much sharper appearance in the case of the background-corrected
data. This is confirmed by the line-outs in Fig. 8.7(c), which are taken
perpendicular to some of the radial bars in both the original image (blue
plot) and the improved reconstruction (green plot). In the green plot in
(c), the bars show the rectangular cross-section one would expect from
their lithographic manufacturing process. The increased sharpness of the
edges also allows to better distinguish the smallest features, as apparent
from the line-outs in Fig. 8.7(d), even down to the minimum bar sepa-
ration of 50nm. This result thus already clearly demonstrates that the
background in the diffraction patterns is indeed the main limiting factor
for the quality of the ptychographic reconstructions. However, Fig. 8.7(b)
also suffers from some grid-like artefacts which are visible in particular in
the bright gaps. They are most likely due to the discontinuity introduced
into the diffraction patterns by excluding their central part with the direct
beam from the subtraction (8.18).

2. In the second case, the area of the central beam is excluded from the
reconstruction, i.e. the mask defining the valid pixels in the Fourier pro-
jection, compare (3.20) on page 93, is set to 0 in this region. This allows
the algorithm to freely adapt the Fourier magnitudes of these pixels in the
way which fits best with the surrounding data. The latter is again cor-
rected according to (8.18). As a result, Fig. 8.7(f) does no longer show the
grid-like artefacts. However, it has to be pointed out that they still occur
in the individual iterations of the object. As they strongly fluctuate while
the reconstruction progresses, they are removed by the averaging step of
the difference-map PCDI algorithm, which has been applied for 600 it-
erations in this case. Although a rather nice result is obtained this way,
there is a fundamental drawback: due to the loss of all information about
the central diffraction order, the relative scaling of the two components
of this binary object is no longer constrained well. As a consequence, the
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phase shift obtained for the gold structures is about a factor of two larger
in Fig. 8.7(f) than for the other reconstructions in (a), (b) and (e). The
result is thus no longer quantitative.

Direct fitting of background in diffraction data This approach is ba-
sically an extension of the subtraction of the global minimum discussed in
the previous paragraph. As such, direct fitting of the background in the
diffraction patterns also allows to avoid the intensive pre-characterization re-
quired for the reconstruction-based corrections. More importantly, replacing
the global minimum by a fit adds the major benefit, that it also provides
correction values for the direct beam area and a continuous transition to the
surrounding pixels.

For the tests of this method, an estimate of the background which formed
the basis of the fit was obtained by calculating the global minimum pixel
map Imin(q) = minj Ij(q). As a fit model a sum of Gaussians with up
to two independent additive terms in analogy to (8.14) on page 218 was
used. The pixels containing the direct beam were not considered for the
least-squares fits, which were again performed with the tools provided by
Matlab’s optimization toolbox (Matlab, 2012c), which implement a trust-
region minimization concept (Conn et al., 2000). The fitted surface was
then used to correct the full diffraction pattern, again by simply subtracting it
from the original diffraction frames. The resulting reconstructions are similar
to Fig. 8.7(b). However, also in these retrieved images a lot of artefacts are
present, most likely due to residual background structures which remain after
subtracting the fit results. More importantly, the fit itself is rather unstable
when in comes to the amplitude of the Gaussian peak which is supposed to
model the background in the area of the central beam: this amplitude proofs
to be very dependent on the choice of initial parameters or small changes of
the area of excluded pixels. The major goal of preserving the quantitativeness
of the ptychographic reconstruction result by appropriate correction of the
direct beam is therefore not achieved.

8.4.3.2 Discussion of quantitative results

The phase shift relative to a reference introduced by a ∆z = 700 nm thick bar
of pure gold is Φ = (2π/λ)δAu∆z, compare (1.28) on page 23. At the X-ray
energy of 16.9 keV used in this experiment, the wavelength is λ ≈ 0.73Å and
the real part of the refractive index becomes δAu = 1.0951 · 10−5. The latter
value has been calculated based on the data compiled by Henke et al.
(1993) using the online-interface to the database available at http://henke.
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Figure 8.7: Comparison of ptychographic reconstructions of the Siemens star test pattern
illustrating the effects of the background present around the central beam in all diffraction
patterns. (a) Phase shift (in radians, see colour-bar) retrieved from the original data
(200 iterations difference-map PCDI). (b) Reconstruction of the same data set after the
diffraction patterns have been corrected to remove the background (subtraction of global
pixel minimum, see main text). Already a visual comparison with (a) shows a improved
sharpness of the retrieved structure. The gain in resolution is further illustrated by line-
outs through bars in the second ring from the centre (c) or the inner one (d), respectively,
as marked by the vertical lines of the corresponding colour in (a) and (b). While in (c) it is
demonstrated how the rectangular shape of the lithographic structures is more accurately
retrieved in (b), (d) presents the improved separation of fine features. (e),(f) Further
examples of phase reconstructions from corrected diffraction data (subtraction of wave
field or global minimum, see main text). Note the different colour scale in (f). The phase
scale has been calibrated by setting the average in the marked rectangular regions to zero.

228

http://henke.lbl.gov/optical_constants
http://henke.lbl.gov/optical_constants


8.4. Results of improved experiment in March 2011

lbl.gov/optical_constants and the standard mass density of 19.3 g cm−3

provided there. From these value, a phase shift Φcalc ≈ 0.66 rad is to be
expected. In the reconstructed images, however, the phase shifts Φrec of the
gold bars fluctuate around only about 0.4 rad. For the same mass density,
this corresponds to a thickness ∆zrec ≈ 430 nm. Yet, previous measurements
of this test pattern with other techniques have shown that this electroplated
gold has a lower density, also because it contains a fraction of nickel, and
thus exhibits a lower phase shift than pure bulk gold (Peter Cloetens, private
communication):

If the material is assumed to be only gold, the proportionality between
phase shift and mass density, which results from the linear relation between δ
and the electron density in (1.24) on page 22, can be employed: The observed
lower phase shift would then correspond to a density reduction to about 61%
of the nominal value, i.e. to roughly 11.8 g cm−3.

If on the other hand the material is modelled as a binary mixture of Au
and Ni in which each of the phases has the nominal mass density of the
bulk material, the respective volume fractions can be estimated: From the
reconstructed phase shift Φrec ≈ 0.4 rad, a mean value δ̄ ≈ 6.67 · 10−6 is
obtained for the real part of the refractive index with the relation

δ̄ = λ

2π∆zΦrec . (8.19)

This δ̄ can be expressed as a weighted sum of δAu of bulk gold and δNi of
pure nickel:

δ̄ = ξδNi + (1− ξ)δAu , (8.20)
where ξ is the volume fraction of Nickel in the material. Solving for ξ yields

ξ = δ̄ − δAu
δNi − δAu

. (8.21)

With δNi = 6.2511 · 10−6 for Ni (with mass density ρm,Ni = 8.9 g cm−3) at an
X-ray energy 16.9 keV (Henke et al., 1993), one obtains ξ ≈ 0.91. The
knowledge of this volume fraction allows to calculate both a mean electron
density n̄e ≈ 2.75Å−3 and a mean mass density ρ̄m ≈ 9.8 g cm−3 with rela-
tions corresponding to (8.20).

The obtained Nickel volume fraction of 91% is most certainly too high
and does not describe the composition of the sample correctly. However,
it has to be considered that the reconstructed phase shift of the bars shows
rather large variations of about 0.1 rad. Compared to such large fluctuations,
the 1.5%-spread in the phase shift distribution due to the broad bandwidth
of the incident radiation, see (8.1), is only a minor influence. To better
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quantify the effect of the phase uncertainties, a general expression for the
volume fraction ξ depending only on the reconstructed phase shift Φrec can
be obtained by replacing δ̄ in (8.20) with its definition in (8.19):

ξ ' −3.55 · Φrec + 2.33 . (8.22)

A phase difference of ±0.1 rad therefore changes the calculated volume frac-
tion of nickel by about ∓0.355. For Φrec = 0.5 rad, e.g., one finds a sig-
nificantly lower Ni content with ξ ≈ 0.56. Furthermore, the fundamental
assumption may be wrong that each of the components has the “density of
the element in its naturally occurring form”, as stated in the online inter-
face1 to the tables of Henke et al. (1993), which is the source for the mass
density values of gold and nickel used in the previous calculations.

In conclusion, the observed discrepancy between the reconstructed and
expected phase shift is most likely due to a combination of all three previously
discussed sources of errors: a contamination of the gold bars with an unknown
fraction of nickel, a deviation of the mass densities from the tabulated values,
and the large uncertainty of the retrieved phase values.

8.5 Conclusions
The work presented in this chapter has proven the feasibility of ptychographic
CDI with broad-bandwidth synchrotron radiation. This paves the way for
high-resolution imaging enabled by the increased coherent flux compared
to set-ups with standard crystal monochromators. Although this potential
could not yet be fully exploited in the presented demonstration experiments,
they allowed to identify and address several important problems: Based on
the first test in July 2009, multiple questions of optimal experimental settings
and data acquisition routines have been solved, compare the list on page 202
in section 8.2.1. While these issues therefore did no longer have a major im-
pact on the results of the improved demonstration experiment in March 2011,
in this second run the quality of the detected diffraction patterns proved to
be the main limitation, namely the strong background observed around the
undiffracted beam. The artefact in the probe reconstruction created by this
background has been investigated in detail in section 8.4.1 on page 208. In
section 8.4.2 starting on page 216, the detector’s point spread function has
been characterized based on its relation to this artefact. This characteriza-
tion, however, resulted in an estimate with a substantially larger width than
expected from previously reported values.

1http://henke.lbl.gov/optical_constants/pert_form.html
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The strong negative influence of the background on the quality of the ob-
tained images has been confirmed by results based on post-processed diffrac-
tion data sets in which the background had been removed prior to the pty-
chographic reconstruction. In section 8.4.3 starting on page 222, various
approaches for background removal have been discussed. So far, subtracting
from each pixel the global minimum value it assumes throughout the whole
ptychographic scan has proven to yield the best results (see Fig. 8.7 on page
228). The improved reconstructions not only reproduce the rectangular cross
sections of the lithographic structures but also allow to clearly resolve the
finest features of the Siemens star test pattern, which have a size of 50 nm.
However, the necessary background correction for the detector area always
covered by the undiffracted beam cannot as easily be deduced from the data.
The retrieved objects thus still either show some grid-like artefacts or the
quantitative information concerning the offset between the two main phase
values of the investigated binary structure is lost.

The quantitative values of the phase shifts obtained for the gold bars of
the Siemens star test pattern have been discussed in the last subsection of
8.4.3 starting on page 227. They were found to be significantly lower than
what would have been expected for a pure gold structure of the test pattern’s
nominal thickness. It has been concluded that this discrepancy is due to a
combination of the presence of an unknown fraction of nickel within the
gold bars, a deviation of the materials’ densities from the tabulated values
used in the calculations, and the retrieved phase values’ large uncertainty
manifesting as fluctuations of about 25% around their mean.

Neither in terms of spatial resolution nor in terms of quantitative accuracy
has the approach yet reached the fundamental limits imposed by the broad
bandwidth of the synchrotron radiation. The main limiting factor has clearly
been the detector, which could not cope with the full coherent flux and with
its extended point spread function has been a major cause of the strong
background degrading the diffraction patterns. If these problems can be
solved, e.g. by the improvements discussed in the outlook section below, it
will be possible to exploit the full potential of broad-bandwidth illuminations
to achieve highest resolutions.

8.6 Outlook

This section introduces some improvements in terms of both hardware and
reconstruction algorithms which are expected to allow to overcome some of
the limitations discussed in the previous section.
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8.6.1 Hardware improvements

The most promising option available at ESRF to avoid the strong background
created by the fibre-optics taper of the FReLoN system is the MAXIPIX
detector based on the MEDIPIX II chip (Ponchut et al., 2011). In
the standard design, however, the absorption in the silicon sensor at the
typical working energies of ID22NI is not sufficient to protect the detector’s
electronics from radiation damage. Only recently, the option of an CdTe sen-
sor has enabled the use of the MAXIPIX at ID22NI (see e.g. Chmeissani
et al., 2004 for an early demonstration of this technology). Although the
technically-challenging production process currently still results in a lot of
sensor defects, first tests have shown that the quality of the recorded diffrac-
tion data is nevertheless better than with the FReLoN. However, the high
flux in the undiffracted beam easily exceeds the count rate limit of this de-
tector, compare also the paragraph “Incoming flux” on page 144 in section
5.3.2.

In order to record in the same detector frame both low intensities at
larger diffraction angles and high intensities in and around the direct beam,
a semi-transparent beamstop has been tested: It consisted of a small
rectangular piece cut from a metal sheet and mounted on a thin polyimide
film (Kapton). Its size matched the footprint of the undiffracted beam on the
detector in the specific experiment. As this significantly lowers the required
dynamic range, an attenuation of the incident beam is no longer required
and the full coherent flux can be exploited. For the reconstruction, the
intensities of the respective pixels have to be rescaled to the unattenuated
values. The rescaling factor can e.g. be determined from taking images with
and without the beamstop at lower intensity which does not saturate the
detector. Another option could be to measure the gain map of the modified
detection system by illuminating it uniformly.

Further hardware improvements are to be expected at the long beamline
NINA (NanoImaging and NanoAnalysis) which will be replacing ID22 as
part of the ESRF upgrade program (Cloetens, 2009): among other things,
it is expected to provide a higher coherent flux, a scanning set-up with higher
precision and an increased overall stability. As it is planned to offer ptycho-
graphic CDI in regular user operation at NINA, the project features some
specific optimizations, most notably the plan to design a dedicated detector:
it would handle the incoming high rate in the central direct-beam region
through an integrating detection approach but still use single-photon count-
ing for the low intensities at higher angles.
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8.6.2 Algorithmic improvements: mixed-state recon-
structions

Especially in the case of the strong background caused by the extended point-
spread function of the detector, further improvements of the reconstruction
algorithms can yield significantly better results already for the current data
sets: The recent extension of ptychographic algorithms by Thibault and
Menzel (2013) compensates for a detector’s point spread by treating it as a
mixed state: The probe is decomposed into several orthogonal modes. Each
mode contributes a signal resulting from its interaction with the object to
the total diffraction intensity such that the latter is the incoherent sum of all
these contributions. This way, intensities which do not truly originate from
the object itself are accounted for by higher order modes. The reconstruction
of the object is thus no longer degraded by forcing it to account for all
recorded intensity values in combination with just one unique probe.

More details on the application of mixed-state reconstructions to data
recorded both with a broad-bandwidth and a detector of limited quality can
be found in the recent article by Enders et al. (2014). A mixed-state
reconstruction with four probe modes has been applied to the Siemens star
data set which has been discussed in section 8.4. Apart from subtracting dark
images and rebinning by a factor of two, no other corrections were carried
out on the input diffraction data. In particular, no attempts to correct for
the background around the central beam were made in this case. The input
data thus was the same as for the reconstruction presented in Fig. 8.7(a).
The mixed-state run used 600 iterations of difference-map PCDI followed
by 400 iterations maximum-likelihood refinement. The retrieved phase shift

Figure 8.8 (following page): Reconstruction of Siemens star test pattern with four
probe modes: (a) Phase shift of test object (in radians, see colour-bar) retrieved after
600 iterations of difference-map PCDI followed by 400 iterations maximum-likelihood re-
finement. The reconstruction is based on the same uncorrected input data as Fig. 8.7(a).
The sharpness of the edges of the nano-structures resembles the results in Fig. 8.7(b) and
(f), which were obtained with data in which the background had been removed prior to
the reconstructions by post-processing. However, the result presented here does neither
show the strong artefacts of Fig. 8.7(b) nor is the quantitativeness lost as in Fig. 8.7(f).
The phase scale has been calibrated such that the average phase value in the marked
rectangular region equals zero. Line profiles along the vertical blue bars are shown in
Fig. 8.9. (b-e) Amplitudes of the four probe modes (top of the respective panel) and of
their Fourier transforms (bottom). All values are displayed on colour-coded linear scales
as encoded by the colour-bars below the individual images. The relative power of the
respective mode, i.e. the percentage it contributes to the total probe intensity, is given in
the top-left corner of each panel.
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Figure 8.9: Line-outs across structures of Siemens star test pattern. The green plots show
profiles along the green lines in Fig. 8.7(b), i.e. through a result obtained with background-
corrected data. The blue plots are obtained for the reconstruction with uncorrected data
and four probe modes which is shown in Fig. 8.8(a) and where the location of the line-
outs is marked by the two vertical blue bars. (a) Line-outs through three bars in the
second ring from the centre (marked by right vertical lines in phase images) which show
the expected rectangular profile of the lithographic structures. (b) Line-outs across five
bars in the ring closest to the centre (marked by left vertical lines in phase images) which
allow to compare the contrast obtained for these small features.

of the object is shown in Fig. 8.8 together with the amplitudes of the four
probe modes and their respective Fourier transform’s amplitudes. As for the
reconstructions in Fig. 8.7, also in Fig. 8.8(a) the object extends into the noisy
border areas of the object array which are not touched by the central peak of
the sinc-shaped probe but just by its side maxima. The object reconstruction
is clearly the best result obtained so far for this data set: The edges are as
sharp as in the results for the background-corrected data in Fig. 8.7(b) and
(f). Profiles across the bars have the very same shape as the green lines in
Fig. 8.7(c) and (d), only a slightly higher average phase offset between empty
regions and bars is observed. Fig. 8.9 provides a direct comparison of these
previous line-outs (green lines) with the ones across the phase image obtained
with the four probe modes (blue lines).

The retrieved orthogonal probe modes, in particular their Fourier space
amplitudes in Fig. 8.8(b) to (e), provide some valuable insights which parts
of the diffraction patterns cannot be attributed well to signal coming from
the object: The first mode in Fig. 8.8(a) contains 81.6% of the total incident
intensity and shows the expected sinc-shaped amplitude distribution in the
focal plane, i.e. its Fourier amplitude reproduces the KB system’s entrance
aperture without any additional signal around. The modes in Fig. 8.8(c)
and (d) however indicate that the illumination contains also strong contri-
butions which are localized at the edges of the entrance apertures’ image.
This signal could thus be an effect of either slit scattering still passing the
installed clean-up pinhole, or of spread in the fibre-optics taper at the edges
of the undiffracted beam. Together the two modes amount to about 15%
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of the total intensity. The fourth mode in Fig. 8.8(e) accommodates for the
background around the central beam (see Fourier amplitude) and thus in
real space resembles the background-induced artefact investigated in section
8.4.1.

In combination with the hardware upgrades discussed in the previous
section, mixed-state reconstructions like the example presented here are ex-
pected to play a major role in improving the results of future broad-bandwidth
experiments.
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Ptychographic nanotomography
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Chapter 9

Development of ptychographic
nanotomography

This chapter presents the development of nano-scale ptychographic
X-ray computed tomography (PXCT) by means of a demon-
stration experiment on a murine bone previously published in
Dierolf et al. (2010a). Details on the experiment are given in
the first section, while the second section introduces the various
data analysis steps required to convert ptychographic data into a
three-dimensional volume reconstruction. The third section dis-
cusses the results of the demonstration experiment. They are
compared both to other imaging techniques in terms of their po-
tential for bone research and to previous coherent X-ray imaging
experiments concerning the applied doses and achieved resolu-
tions. The last section provides conclusions on the current state
and outlook on the future of the technique. Parts of the work
present in this chapter has already been published in Dierolf
et al. (2010a).

9.1 Demonstration experiment

9.1.1 Sample preparation
For the demonstration experiment, a specimen was prepared from a mouse’s
femur bone (approved by the local animal ethics committee, the “Veter-
inäramt des Kantons Zürich”, Zürich, Switzerland). Preparation was carried
out at the Center for Electron Microscopy at the ETH Zurich (EMEZ) by R.
Wepf, M. Meier and P. Gasser. It followed the protocols established for the
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investigation of this class of samples with serial focused ion beam / scanning
electron microscopy (FIB/SEM) (compare Schneider et al., 2010). Here,
the detailed description as published in the full Methods section of Dierolf
et al. (2010a) (available in the online version of the article) is quoted:

“Femora of twelve-week-old C57BL/6 (B6) mice were dissected
and cleaned from soft tissue. After cutting the femora into halves
using a scalpel, bone marrow was washed out using a 70% ethanol
steam. Bones were stored in 70% ethanol and underwent an
ethanol dehydrating series before further processing steps. Bones
were infiltrated at four stages with a progressively increasing ratio
of Lowicryl HM20 (from Polyscience, Chemie Brunschwig AG) to
ethanol and a progressively decreasing temperature from 0 ◦C to
−50 ◦C. The resin was subsequently polymerized for more than
two days at −50 ◦C using ultraviolet radiation. The embedded
specimens were then machined with a high-speed milling system
(Leica EM TRIM2) to access a mid-diaphyseal cross-section. Fi-
nally, focused ion beam milling was performed on a CrossBeam
workstation (NVision 40; Carl Zeiss SMT) to prepare a roughly
cylindrical specimen of about 25 µm in diameter and 35 µm in
height.”

While the last step of FIB milling required the specimen to be vacuum-
compatible, this would in principle not have been necessary for the actual
X-ray measurements in which the sample was placed in air. This possibility
is exploited by a different preparation protocol which is introduced in section
10.1.2 on page 289. As it no longer relies on FIB milling, this approach allows
to skip the complex dehydration and embedding steps.

9.1.2 Data collection
The details of the data collection in the course of the demonstration ex-
periment have first been published in Dierolf et al. (2010a, full Methods
section in online version). The experiment was carried out at an X-ray energy
of 6.2 keV (about 2Å wavelength) at the cSAXS beamline of the Swiss Light
Source (see section 5.1) using a tomography set-up developed in preparation
of this specific run. A detailed description of the set-up and its individual
components can be found in section 5.1.3 on page 134. This set-up offers
the flexibility to use either a pinhole or the focus of a Fresnel zone plate to
create a localized illumination on the specimen. In the case reported here,
a pinhole of about 2.3 µm diameter was employed, which had been milled
by focused ion beam into a tungsten foil of 50 µm thickness (K. Jefimovs,
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Figure 9.1: Data collection and online evaluation in demonstration experiment: (a) Pro-
jection radiograph of the specimen obtained using the so-called “X-ray eye", in which a
scintillator is imaged with a video microscope (see also section 5.1.2). During the experi-
ment, these images were used for alignment and to define the scan range of 40 µm× 32 µm
(horizontal × vertical) size. At each of the 180 projection angles, a ptychographic scan
covers this area with 704 positions which are marked by the black dots. The pattern is a
variant of the round scan introduced on page 101 in section 3.2.4.5, i.e. the scan points lie
on concentric circles which are cropped to fill a rectangular field of view. (b) One of the
127424 collected diffraction patterns (photon counts on logarithmic scale, see colour-bar).
(c) Low-resolution differential phase contrast image. Each pixel corresponds to one scan
position with the grey value encoding the horizontal shift of the underlying diffraction
pattern’s centre of mass. Linear interpolation was used to map the irregular scan pattern
onto a Cartesian grid. That the left edge of the cylinder shows a positive phase gradient
(white colour) while the right edge exhibits negative values (black colour) illustrates the
differential character of the image. While a quantitative analysis (compare e.g. Men-
zel et al., 2010) would be in principle possible, the main interest here lies in a quick
online overview of the scanned area. (d) Tomographic slice obtained using the full set
of low-resolution DPC projections and a filtered backprojection with a differential filter
(Pfeiffer et al., 2007). The black line in panel (c) marks the vertical position of the
slice. Parts of this figure were first published in Dierolf et al. (2010a).
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EMPA). Accurate manipulation of the sample was achieved by mounting it
on a three-axis piezo-driven scanning stage which itself had been placed on
top of a air-bearing rotation stage. Diffraction patterns were recorded with
a PILATUS 2M detector located about 7.18m behind the specimen. To
reduce both absorption and scattering by air, this gap was bridged with a
helium-flushed flight path.

Individual ptychographic projection scans were taken in an angular
range from−90° to 90° for the tilt angle around the vertical axis at an angular
increment of 1°. For each of the 181 projections, 704 diffraction patterns (see
Fig. 9.1(b) for an example) were collected with an exposure time of 1 s per
frame. The scan positions were determined according to the round scan
definitions in (3.43) (see page 101) with Nθ = 5 points in the first shell
and an radial step ∆r = 1.2 µm. However, the scan pattern was modified
such that only the points inside a rectangular field of view of 40 µm× 32 µm
(horizontal × vertical) were used, as illustrated in Fig. 9.1(a).

A differential phase contrast analysis following the basic ideas dis-
cussed in 1.8.1 on page 41 was employed to get first overview images directly
after the corresponding diffraction patterns had been collected. Fig. 9.1(c)
shows the result for one of the projections, while combining them all allows
to obtain tomographic slices like presented in Fig. 9.1(d).

While the cumulative exposure time for all diffraction patterns is
about 35.4h, the total data collection process took about 43 h, due to an
additional overhead of about 7.6h for motor movements and detector read-
out. However, it should be pointed out that in this case not the full coherent
flux of the beamline was exploited as the illumination-defining pinhole was
significantly smaller than the transverse coherence lengths of the beam (see
paragraph “Experimental set-ups on page 129 in section 5.1.1 for a detailed
discussion of the coherence properties of the beam). By prefocusing the beam
with the beamline optics, this excess in transverse coherence can be used to
reduce the exposure time per point by more than one order of magnitude, a
possibility employed in later experiments.

9.2 Data analysis
Data analysis for ptychographic tomography follows the procedure described
below, which was developed in the course of the first demonstration experi-
ment (Dierolf et al., 2010a):

1. Ptychographic reconstruction of individual projections from the diffrac-
tion data.
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2. Removal of phase ramps in the reconstruction and correction for global
phase offsets.

3. As the phase is obtained modulo 2π from the complex projections,
phase unwrapping is necessary if phase shifts exceed 2π.

4. Alignment of projections with respect to each other to correct for in-
accuracies of the rotation stage and drifts in general.

5. Tomographic reconstruction of the three-dimensional volume from the
projection images by standard tomography algorithms (mainly filtered
backprojection).

6. Conversion to a quantitative electron density map.

For later tomographic runs a Matlab implementation of this processing steps
by Guizar-Sicairos et al. (2011) – developed for users of the technique
at the cSAXS beamline – was employed for steps 2 to 6. In what follows, a
description of the individual processing steps is given in a general way. Their
application in the demonstration experiment is discussed in detail and pro-
vides the examples to illustrate the practical use of the analysis procedures.

9.2.1 Ptychographic reconstruction
Each of the projections is reconstructed independently from the correspond-
ing diffraction patterns using the algorithms for ptychographic CDI described
in detail in section 3.2.2. For some data sets the projections were taken with
relatively large point spacings, i.e. small illumination overlaps, in order to
reduce the total exposure time. In these cases single scans with very high
overlap values were used to get a good first reconstruction of the respective
illumination. This reconstruction then acted as a starting guess for the actual
projections resulting in faster convergence.

For tomographic data sets, a lock-file mechanism has been imple-
mented in the reconstruction code. This allows to run several identical copies
of the code in parallel, while making sure that each data set is only processed
by one of the reconstruction jobs without the need for a more sophisticated
message passing implementation. Usually, these multiple reconstruction pro-
cesses were already started during data acquisition so that in the more recent
experiments the projection images were typically available within a few hours
after the corresponding tomographic scan had finished.

The amplitudes of the retrieved complex exit waves are typically of lower
quality than the phase part, i.e. they exhibit lower signal-to-noise ratios and
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Figure 9.2: Ptychographic reconstruction results for a tomographic projection of the
demonstration experiment. (a) Reconstructed amplitude of the complex object trans-
mission function. Values are normalized with respect to air and displayed on a linear
grey-scale (see colour-bar). As the amplitude is very sensitive to fluctuations of the inci-
dent intensity, it is more prone to artefacts. (b) Without any corrections, the phase part
of the complex object transmission function (in radians, see colour-bar) shows both phase
wrapping and a phase ramp, but not the strong artefacts of the amplitude. (c) Profile
along the red line in panel (a) showing the low signal-to-noise ratio in the amplitude re-
construction. (d) This profile along the red line in panel (b) illustrates not only the higher
signal-to-noise ratio in the phase part. Also the wrapping of the phase into the interval
[−π, π] rad is observed, as the maximum phase shift in this region of the specimen is more
than 3π rad. (e) Reconstructed probe at the object plane (colour-coded complex represen-
tation, see colour-wheel). (f) Cut parallel to the beam direction through the propagated
probe wavefield. From this, one can deduce that the pinhole (left dashed line) was located
about 2mm upstream from the object plane (right dashed line). (g) Probe in pinhole
plane as obtained by numerical back-propagation. Parts of this figure were first published
in Dierolf et al. (2010a).
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often significant reconstruction artefacts, compare Fig. 9.2(a). The first can
be attributed to fact that at hard X-ray energies δ, the part of the refractive
index responsible for the phase shift, is typically significantly larger than β,
the imaginary part determining the absorption (compare Fig. 1.1). Artefacts
show up frequently in the amplitude part as it is very sensitive to fluctuations
in the incident intensity, which do not affect the retrieved object’s phase as
long as the phase structure of the illumination does not change. Therefore,
typically only phase projections are used for further analysis, in particular
as input for tomographic reconstructions.

Of the diffraction patterns taken in the demonstration experiment,
the innermost 128× 128 pixels were used for the reconstructions. With the
experimental parameters stated in section 9.1.2 and (2.20) this results in
a pixel size of about 65.2 nm× 65.2 nm in both the retrieved object and
probe, which are shown in Fig. 9.2. All projections were cropped to a size
of 617× 499 pixels (horizontal × vertical) to remove the noisy areas close to
the edges which are caused by the fact that the probe does not illuminate
these regions sufficiently enough to produce a meaningful signal.

9.2.2 Phase ramp removal and offset correction

As discussed in section 3.2.4 on page 96, the projection images obtained by
PCDI are ambiguous when it comes to constant phase offsets and linear phase
ramps. Post-processing to remove these is typically based on the assumption
that some – usually empty – region, that should show no ramp of its own
and whose absolute phase shift is known, is present in each projection. This
reference region may also consist of several disconnected areas on the sam-
ple. Typically, this reference area is picked from some air surrounding the
specimen in the reconstructions.
For the correction itself different implementations have been used:

Least-squares fit For this, points from the aforementioned reference re-
gion are selected from the phase part of the reconstruction. To these points,
a plane is fitted in a least-squares sense. Subtraction of this plane from the
phase image corrects for the phase ramp. The constant phase offset is re-
moved by setting the mean value of the corrected reference region to the
desired value. However, this approach does not work if the slope of a phase
ramp is so large that phase wrapping occurs within the selected reference
region.
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πb
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Figure 9.3: Phase ramp removal and offset correction: (a) Ptychographically recon-
structed phase projection of a bone specimen (Dierolf et al., 2010a) surrounded by air
(linear colour scale, see panel b). The existence of a linear phase ramp along the vertical
direction is indicated by the non-uniformity of the outer region. (b) Resulting phase pro-
jection after ramp removal and offset correction. As a least-squares fit does not work if
phase wrapping occurs within the selected reference region, a first pass is done with the
gradient-based ramp removal approach to avoid this. The reference region is in this case
determined by thresholding the amplitude reconstruction. For the second pass, reference
points close to each corner, the left edge and the top are selected. The values used for the
least-squares fit are determined by averaging squares of 11 × 11 pixels centred on these
reference points. See main text for details on the different approaches for phase ramp
removal. Parts of this figure were first published in a modified version in Dierolf et al.
(2010a).

Gradient-based approach The mean two-dimensional gradient of the ref-
erence region is used to determine the slopes (compare (3.37b) on page 98)
of the phase ramp. With this, a phase factor is constructed that is mul-
tiplied with the full complex image to remove the linear phase. Constant
phase offsets are then corrected by again determining the mean phase value
of the reference region in the such-treated image and setting it to the known
absolute value.

Windowed Fourier transform Guizar-Sicairos et al. (2011) intro-
duce a method based on a windowed Fourier transform of the reference region:
Detection of the position of the central peak of the Fourier transform gives
the slopes of the ramp while its phase directly corresponds to the constant
phase offset, where it is usually assumed the actual value in the reference
region should be zero. The determination of the peak position has to be
very precise, as already a one-pixel shift corresponds to a ramp that intro-
duces a phase difference of 2π radians between opposite edges of the object.
Therefore, the implementation by Guizar-Sicairos et al. (2011) uses up-
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sampling by typically a factor 100 to detect the peak with sub-pixel precision.
Compared to the traditional least-squares fit and the gradient-based method,
this approach is insensitive to discontinuities in the phase caused by phase
wrapping.

The projections of the demonstration experiment were corrected with
the gradient-based approach followed by a least-squares fit. While in the
first case the empty outside area was determined by applying a threshold
to the amplitude reconstruction, the second case used reference points close
to the corners and the centres of the top and left edges. Each of the six
reference points was attributed the average value of a square 11× 11 pixels
surrounding it. Fig. 9.3 shows an example for an original projection together
with the result obtained after ramp removal and offset correction.

9.2.3 Phase unwrapping
Phase unwrapping is unproblematic if no phase residues (compare section
3.2.4.4, page 99) are present. Practical implementations, e.g. Matlab’s built-
in “unwrap” function, in this case directly rely on a numerical integration of
the phase gradient according to (3.40). In cases where this simple method
failed due to the presence of phase residues, implementations of two more
sophisticated path-following algorithms have been used:

Goldstein’s branch cut algorithm This approach is used in the Matlab
processing package by Guizar-Sicairos et al. (2011). The key point is
the introduction of so-called “branch cuts” (a detailed discussion of the algo-
rithm can be found in the book by Ghiglia and Pritt (1998, section 4.2)):
Prior to the actual unwrapping step, pairs or clusters of positive and nega-
tive residues are connected by so-called branch cuts such that the “charges”
of the connected residues neutralize each other in the end. The algorithm
is designed to minimize the length of the branch cuts which is achieved by
iteratively connecting always the nearest residues until the charges are bal-
anced. Then it moves on to the next unbalanced residue and repeats the
process. When all residues are balanced, unwrapping is done by evaluating
the integral (3.40) while making sure that the integration path is not crossing
any of the branch cuts and thus not encircling any unbalanced residues.

Problems may arise in cases where the branch cuts are completely isolat-
ing certain regions of the image from the rest or if connecting just nearest
neighbour residues is not the optimal choice. Therefore, unwrapping becomes
typically increasingly difficult, if many residues are present.
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Figure 9.4: Illustration of phase unwrapping using quality-guided path following. Start-
ing from the input projection (a), unwrapping progress is visualized in panels (b) to (k),
there the brighter pixels are the already unwrapped ones. The quality map (see text for
details) used in this case is proportional to the squared gradient of the input projection (a).
Unwrapping starts with the pixel in the top left corner and in a region-growing approach
always progresses to the neighbouring pixel with the highest quality, i.e. the smallest value
of the squared gradient. For the bone specimen (Dierolf et al., 2010a) shown here,
the algorithm first processes the empty region outside the specimen and then the smooth
regions in the centre of the cylindrical sample. Only at the very end, compare (k), the
regions with steep edges – and thus strong phase wrapping – at the left edge and in par-
ticular at the top of the cylindrical specimen are addressed. The resulting phase image
after unwrapping is shown in (l). The images of both the wrapped (a) and the unwrapped
phase (l) were first published in modified versions in Dierolf et al. (2010a).
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Quality-guided path following This approach uses a “phase quality
map”, which is calculated directly from the input data, to define the in-
tegration path. Typically, residues and corrupted phase signals have low-
quality values. One assumes that with a suitable quality map the integration
path, which follows the high-quality pixels, will not encircle any unbalanced
residues. Although no branch cuts are used, this assumption seems to be
quite valid in practice. See also Ghiglia and Pritt (1998, section 4.3) and
Lim et al. (1995) for a more descriptions of the algorithm, as well as Zhao
et al. (2011) for a comparison of various quality maps. The iterative un-
wrapping process can be understood as a region-growing approach, as from
a starting pixel with reliable phase value the area of unwrapped pixels is
successively growing where the next pixel to be unwrapped is the neighbour
with the highest quality value.

For unwrapping of the projections obtained from the first demonstration
experiment (Dierolf et al., 2010a), quality-guided path following was used
with the squared gradient of the phase as a quality map. For this particular
case, the progress of unwrapping is illustrated for one projection by snapshots
at different points of the process in Fig. 9.4.

Refinement of unwrapping Some problems with unwrapping were fre-
quently encountered if projections were perpendicular to very sharp edges of
the sample: This resulted in very sudden strong phase jumps which could
not be unambiguously unwrapped because of undersampling. This caused
streak artefacts in the tomographic reconstructions. In these cases, some
improvement can be achieved by taking also the phase data at adjacent an-
gles of the tomographic tilt series into account. This is done by enforcing
self-consistency in the sinograms: as the effect of ambiguous unwrapping at
a sharp edge is constrained to very specific angles only, comparison with the
neighbouring pixels along the angular axis of the sinogram typically allows
to determine the correct phase values. In practice, the refinement starts from
a tomographic reconstruction of the data. After blurring a slice by convo-
lution with a Gaussian to suppress the artefacts caused by the incorrectly
unwrapped pixels, an updated sinogram is calculated from this slice. Sub-
traction from the original sinogram yields the pixels of incorrect unwrapping
and allows to determine their offset in multiples of 2π with respect to the
values required to provide a smooth sinogram. The values are corrected right
in the original sinogram and an updated slice is calculated by filtered back-
projection. The procedure is repeated until no pixels with wrong phase are
detected after the subtraction step.
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While in the first demonstration (Dierolf et al., 2010a) complete unwrap-
ping of the projections was mandatory for both the alignment and the follow-
ing tomographic reconstruction, the implementation of Guizar-Sicairos
et al. (2011) can work directly with the wrapped phase in the latter case,
see section 9.2.5. Therefore, only a limited region of all projections has to be
unwrapped for the alignment step. This allows to select an area for which
unwrapping is expected to be well-behaved, i.e. a region with no or only
few residues. The refinement step described in the previous paragraph is
typically not necessary in this case.

9.2.4 Alignment of projections
This is a crucial step as any misalignment of projections with respect to each
other substantially degrades the quality of the tomographic reconstruction or
even creates artefacts. In particular, no incorrectly unwrapped pixels should
be present in the unwrapped input data as these may lead to alignment
errors.

In electron tomography, where the resolution also is much higher than the
mechanical precession of the stages and thus realignment of the projections
is mandatory, very often high-contrast fiducial markers are added to the
specimen (Nickell et al., 2005). For tomographic projections with perfect
alignment, these markers should be moving on straight lines. By tracing
the markers – either manually or in an automated way – for all images of
an imperfect tilt series, the projections can be remapped into a common
coordinate system (Lawrence, 1992). However, amount and distribution
of the fiducial markers has to be well controlled and complicates sample
preparation. Therefore, it has been decided not to use this approach for the
experiments presented in this thesis.

Results obtained with alignment approaches based on two-dimensional
cross-correlation of the images from adjacent projection angles (Frank and
McEwen, 1992) were not sufficient and did not reach the accuracy achieved
with the methods presented below. One problem is that as the computation
of cross-correlation is done pairwise through the image stack, it may lead to
accumulation of error (Guizar-Sicairos et al., 2011; Lawrence, 1992).

Vertical alignment For vertical alignment, the sum of each projection
along the horizontal direction is taken. When the sample always fully stays
inside the horizontal field of view, this sum should be independent of the
projection angle. Therefore, it can be used to detect shifts in the vertical
direction. This is done by finding the shifts that maximize the correlation
between the curves.

250



9.2. Data analysis

b

ap
pl

ie
d 

sh
ift

 / 
pi

xe
l

projection angle / degree
30 60 90 120 150 180

-10

0

10

20

30

40

50

60

su
m

m
ed

 p
ha

se
 / 

ra
d

projection column
100 200 300 400 500 600

-600

-500

-400

-300

-200

-100

0

100c

ap
pl

ie
d 

sh
ift

 / 
pi

xe
l

projection angle / degree
30 60 90 120 150 180

-40

-30

-20

-10

0

10

20d

su
m

m
ed

 p
ha

se
 / 

ra
d

projection row
100 200 300 400

-4000

-3500

-3000

-2500

-2000

-1500

-1000

-500

0

500a

Figure 9.5: Alignment of PXCT projections. (a) Sum along the horizontal axis, the rows,
of the unwrapped phase of the same projection as featured in Fig. 9.3 and 9.4. As always
the full horizontal extent of the sample is within the field of view, the shape of this curve
is – apart from deviations caused by noise or phase unwrapping errors – independent of
the projection angle. The position of the edge, which is determined by the zero-crossing of
the green linear fit, is used to detect the vertical shifts of the specimen. In each projection,
the fit is based on the points (red circles) in the linear centre of the edge in the value range
[−2000,−500]. (b) Vertical shifts of the specimen’s position as detected with the method
illustrated in (a). The curve shows a slow vertical movement of the sample on a total
scale of about 50pixels (=̂ 3.26 µm). Besides the limited accuracy of the rotation stage,
also long-term thermal drift may contribute to this. The small scale fluctuations are in
the order of 5 pixels. (c) Sum along the columns of a horizontal stripe which is 50 pixels
high and spans the full width of the same unwrapped phase image. The centre of mass of
these curves has to be the same for all projections. (d) Horizontal shifts determined with
the approach presented in (c). A long-term sinusoidal movement of about 50 pixels total,
indicating the centre of mass of the chosen area was not well-aligned with the rotation
axis, is modulated with short-term fluctuations of about 5 pixels.
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In cases like the demonstration experiment where the flat tip of a sample
is measured, this creates a distinct edge in the horizontally summed phases,
compare Fig. 9.5(a). Taking the derivative will give a peak whose position can
be used to map vertical movements. For the data from the proof-of-principle
experiment (Dierolf et al., 2010a), it was first attempted to accurately
determine the peak position by means of a parabolic fit. However, in the end
it proofed to be much more robust to detect the shift of the edge directly by
means of a linear fit to its central part. The green line in Fig. 9.5(a) shows
the extrapolated fit while red circles mark the points of the sum used for
the fit. The shifts determined this way for all 181 projections are shown in
Fig. 9.5(b).

For the more general cases, the implementation of Guizar-Sicairos
et al. (2011) was used: At first, constant and linear Legendre polyno-
mial terms are removed from the summed projections, resulting in a one-
dimensional function Υθ(y) for each projection angle θ. The sum-squared
error of these functions with respect to the average 〈Υθ(y)〉θ over all angles
is minimized. In an iterative procedure horizontal and vertical alignment
are then applied alternately until the calculated shifts fall below a prede-
fined threshold, typically one pixel in a first round and 0.1 pixels in a second
sub-pixel alignment run. During the iterative position refinement, the av-
erage 〈Υθ(y)〉θ starts of as a relatively smooth function which as alignment
progresses is showing gradually more distinct features that in turn allow
improved alignment. While the use of 1D curves Υθ(y) makes the process
relatively fast, employing the average 〈Υθ(y)〉θ as a reference makes it very
robust.

Horizontal alignment If in the retrieved images there is air on both sides
of the specimen, the centre of mass in horizontal direction always has to stay
at the same point for the projections to be well aligned. In the practical
implementation, a stripe is cut out of each unwrapped phase image which
covers the whole horizontal range but only part of the vertical one. Its
vertical position and extent are chosen such that a region of well-behaved
unwrapping is selected. The stripes are summed along their vertical axis, see
e.g. Fig. 9.5(c) for a result obtained for one projection of the demonstration
experiment. For each of these summed profiles the centre of mass is calcu-
lated. Fig. 9.5(d) shows the obtained values for the full tomographic data
set of the demonstration experiment. All projections are then shifted, using
nearest-neighbour interpolation to make these centre of masses coincide. If
there are strong changes in the vertical position of the specimen, this will af-
fect the obtained values for the centre of mass as always different parts of the
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specimen are inside the selected stripe if there is no correction. Therefore,
and if only a single alignment step is done for each direction, the vertical
alignment should always come first.

However, this alignment method relies heavily on the assumption that
air is present on either side of the specimen in all projection images. In
more general cases, like local tomography applications or an extension to flat
extended objects by means of either limited-angle tomography (Barrett,
1990) or laminography (Helfen et al., 2005), this prerequisite is not ful-
filled. The use of fiducial markers or cross-correlation for alignment will have
to be reconsidered for those applications.

9.2.5 Tomographic reconstruction
Reconstructions from unwrapped projections In cases where all the
phase projections are completely unwrapped, like the example shown in
Fig. 9.6(a) on page 254, standard parallel-beam filtered backprojection as in-
troduced in section 4.2 on page 119 is used to reconstruct tomographic slices
from the sinograms formed by the respective rows of the projection images.
An exemplary sinogram from the murine bone data set of the demonstra-
tion experiment is shown in Fig. 9.6(b). For the reconstruction of the full
murine bone data, filtered backprojection with a Hamming filter and linear
interpolation was used slice-by-slice. The reconstruction – after conversion
to quantitative electron density values, compare section 9.2.6 – of the slice
corresponding to the sinogram in Fig. 9.6(b) is shown in Fig. 9.9(b) on page
263. From 180 input projections of 617× 499 pixels (horizontal × vertical)
a volume of 617× 617× 499 isotropic voxels with 65.2 nm edge length has
been obtained.

Reconstructions from differential projections For later experiments,
tomographic reconstructions have also been done from the derivatives of the
obtained phase shift maps using the approach and Matlab code of Guizar-
Sicairos et al. (2011). As discussed in section 4.2.3 on page 122, filtered
backprojections from the gradients of projections can be easily done by re-
placing the usual filter functions with their derivative versions according to
(4.11). As input data, the derivatives of the projections along the horizon-
tal coordinate axis (x) are calculated using the relation (Guizar-Sicairos
et al., 2011)

∂

∂x
Φ(x, y, θ) ≈ 1

h
arg [exp(iΦ(x+ h/2, y, θ)) exp(−iΦ(x− h/2, y, θ))] ,

(9.1)
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Figure 9.6: Examples for typical projections and sinograms serving as input for to-
mographic reconstructions. (a) Completely unwrapped phase projection represented on a
linear grey scale, compare colour-bar on the very right. (b) Phase sinogram, in which each
column shows the values of the specific pixel row marked by the dashed white line in (a) for
each of the 180 projection angles θ. The rotation axis runs horizontally through the centre
of the image as marked by the two black ticks on either side. This sinogram has been used
as input of a filtered backprojection reconstruction to obtain the tomographic slice shown
in Fig. 9.8(b) on page 261. (c) Derivative along the horizontal axis of the phase projection
shown in (a) which has been calculated using (9.1). However, the formulation used in (9.1)
is insensitive to phase wrapping and thus gives the same result if applied to a projection
image which has not – or only partially – been unwrapped. The edges of the bone cylinder
show the differential character of the image: a strong positive signal is observed for the
left edge at which the material thickness increases towards the centre of the bone, whereas
the decreasing thickness at the right edge yields negative values. (d) Differential phase
sinogram of the same row as shown in (b), which is also marked by the dashed white line in
(c). Again the contrast inversion for the left edge (at top of sinogram) and the right edge
(bottom) of the specimen is visible. Furthermore, some imperfections can be observed at
angles slightly above 30°, where the flat face of the specimen which is visible at the top
left in Fig. 9.8(b) on page 261 was approximately parallel to the beam. The rapid phase
changes observed at such a sharp edge lead to undersampling of the phase, i.e. there are
phase jumps bigger than π rad for neighbouring pixels. In these cases, also differentiation
according to (9.1) does not eliminate artefacts due to ambiguous phase wrapping.
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where h is the step size of the numerical differentiation and is typically set to
one pixel. As an example, Fig. 9.6(c) shows the derivative of the projection
shown in Fig. 9.6(a) while the corresponding sinogram is shown in Fig. 9.6(d).

Differentiating according to (9.1) eliminates the need to completely un-
wrap the projections: As the complex exponential functions map the phase
values onto the unity circle there are no more wrapping discontinuities and
thus the derivatives are well-behaved. Therefore, unwrapping is only required
for the parts of the projections used in the alignment process, but is no longer
mandatory for the tomographic reconstruction itself. However, also differen-
tiation according to (9.1) requires the phase to be sufficiently sampled, i.e.
phase jumps from one pixel to the next must not exceed π rad. Otherwise,
artefacts due to ambiguous phase wrapping may be observed despite the use
of (9.1). In the differential sinogram in Fig. 9.6(d), for example, such an
imperfection is visible slightly above 30° at top edge of the sinogram. At
these angles, the flat face of the specimen which can be seen at the top left
in Fig. 9.8(b) on page 261 was approximately parallel to the beam resulting
in large phase jumps over short lateral distances.

9.2.6 Conversion to quantitative electron density
The average electron density ne of a volume element with side length ∆x
is directly proportional to the real part δ of the refractive index (compare
relation (1.24) on page 22). The value of δ is directly related to the phase
shift Φ∆x assigned to the respective voxel as the result of the tomographic
reconstruction: from (1.28) on page 23 one obtains δ = Φ∆xλ/(2π∆x), which
allows to calculate the electron density as

ne = 2π
reλ2 δ = 2π

reλ2
λ

2π∆xΦ∆x = Φ∆x

reλ∆x , (9.2)

where re = 2.818 · 10−15 m is the classical electron radius and λ the X-ray
wavelength used in the experiment. The origin of the electron density scale
is calibrated by using the air surrounding the specimen as a reference, i.e. by
shifting the air peak in a histogram like the one in Fig. 9.8(c) on page 261 to
its correct position.

Conversion to mass density values For an element with atomic number
Z and atomic weight A, the mass density ρm can be calculated by

ρm = A

Z
u · ne , (9.3)
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where u = 1.6605 · 10−27 kg is the atomic mass unit and the relation ne = Zna
between the atomic density na and the electron density ne has been used. In
a compound material, the electron density ne reconstructed for a voxel is the
average value of the electron densities of all the elements present in it. This
results in a mean mass density of

〈ρm〉voxel = 1
Nelem

Nelem∑
j=1

ξj

(
A

Z

)
j
u · ne,j , (9.4)

for a total number of Nelem different elements with relative mass fractions ξj.
Therefore, accurate knowledge knowledge of the elemental composition would
be required to obtain a precise conversion. However, for elements with atomic
numbers in the range between 5 (boron) and 20 (calcium), which includes
all the main constituents of bone like calcium, phosphate and oxygen in the
mineralized parts and carbon in the organic components, the approximation
A/Z ≈ 2 is valid within a few percent which is accurate enough for most
practical purposes. With this, (9.4) simplifies to

〈ρm〉voxel ≈
2u
Nelem

Nelem∑
j=1

ξj · ne,j = 2u · ne , (9.5)

where ne is the mean electron density of the material which is calculated
with (9.2). As ne is directly derived from the reconstruction without the
need of the approximation just discussed, the results are usually presented
as electron density values in this work. For the typical units used here, (9.5)
can be written as

〈ρm〉voxel [g cm
−3] ≈ 3.32 · ne[Å−3] , (9.6)

i.e. an electron density of 1Å−3 corresponds to a mean mass density of about
3.32 g cm−3.

9.3 Results of demonstration experiment

The results in this section have been obtained from the data of the demon-
stration experiment described in section 9.1 by applying the analysis steps
detailed in section 9.2. Most of the discussion presented here has already
been published in Dierolf et al. (2010a).

256



9.3. Results of demonstration experiment

-1 1

-1

1

ℑ

ℜ

10-7

10-6

10-5

10-4

10-3

Figure 9.7: Complex-plane histogram plot encoding the relative frequency of each com-
plex value within the data set on a colour-coded logarithmic scale. As input data, all 181
reconstructed complex transmission functions (projections) of the demonstration exper-
iment are used. For a specific material, the distribution follows a logarithmic spiral in
accordance with the projection approximation (1.26) on page 23: While the total phase
shift is given by the angular component of the spiral, the decrease of its radius follows the
usual exponential relation between attenuation and thickness given by Beer-Lambert law.
The variance of the reconstructed projections, which is due to the measurement noise,
and the chemical inhomogeneity of the sample lead to the broadening of the spiral. The
dashed curve is based on a ratio δ/β ≈ 25.8 of real versus imaginary part of the material’s
complex refractive index, which is its most important input parameter. A calculation of
δ/β requires precise knowledge of the chemical composition which cannot be provided for
the mouse bone under investigation. Therefore, the ratio has been calculated for human
cortical bone by combining the elemental composition available from ICRU (1989, Table
4.4 on page 22) with the X-ray interaction properties of Henke et al. (1993), resulting
in δ/β ≈ 32.5. The discrepancy is mainly attributed to the higher density of the mouse
bone (Jepsen et al., 2001) reflecting a different composition, but also to a systematic
overestimate of the specimens absorption (see main text for details). Figure first published
in a modified form in Dierolf et al. (2010a, Supporting Online Material).

9.3.1 Complex transmission functions: qualitative and
quantitative information

From all the retrieved complex transmission functions – after correcting for
phase ramps and offsets according to section 9.2.2 – a two-dimensional his-
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togram for the complex plane as shown in Fig. 9.7 can be constructed1: Both
real and imaginary axis span the interval [−1.5, 1.5] in equally-sized bins
of width 0.01. The relative frequency with which the complex values in
the respective intervals appear in all reconstructed projections is given on
a colour-coded logarithmic scale, see colour-bar in Fig. 9.7. The prominent
peak around (1 + 0i), i.e. no absorption and no phase shift, corresponds to
the outside area where only air has been scanned. Its broadening is due to
the variance of the retrieved values caused by noise in the measured data.

The plot is dominated by a spiral curve curling around the origin which
consists predominantly of complex transmission values of bone material. For
a better understanding of this behaviour, the material is assumed to be ho-
mogeneous and thus constant values are assigned to the components δ and β
of the complex refractive index. Using this in (1.28) and (1.27), the value of
the complex transmission function according to (1.26) depends only on the
material thickness ∆z at the respective position (x, y):

O(∆z) = ei 2π
λ

(δ+iβ)∆z . (9.7)

Introducing the phase shift ∆φ = 2π
λ
δ∆z this can be rewritten into

O(∆φ) = e(i−βδ )∆φ

= (cos ∆φ+ i sin ∆φ) · e−
β
δ

∆φ ,
(9.8)

where for the last line Euler’s formula has been used. The real and imaginary
parts of O

<{O(∆φ)} = e−
β
δ

∆φ · cos ∆φ , (9.9a)

={O(∆φ)} = e−
β
δ

∆φ · sin ∆φ , (9.9b)

can be interpreted as the parametric form of a logarithmic spiral in the
complex plane whose shape depends only on the value −β/δ. Therefore, if a
complex-plane histogram shows a distinct spiral curve for a major component
like in Fig. 9.7, an estimate for the ratio δ/β may be obtained. While in the
innermost part of Fig. 9.7 there are some faint traces of spirals with differ-
ent parameters, the spiral formed by the values associated with projections
through the bulk of the specimen dominates the image. Using the air peak
as a starting point and the centre of the intersection with the imaginary axis

1The Matlab implementation for this analysis makes use of the “hist2” function of
Nedialko Krouchev, GRSNC, Université de Montréal, which is available on Matlab Central
File Exchange (last visited August 2012): http://www.mathworks.de/matlabcentral/
fileexchange/12346-hist2-for-the-people.
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after 1.75 turns of the spiral as a second reference, a parameter δ/β ≈ 25.8
has been determined. This results in the logarithmic spiral according to (9.9)
which is represented by the dashed black line on top of the histogram val-
ues. For the mouse bone investigated here, the precise chemical composition,
which would be required for a calculation of δ/β, is not known. In order to
establish at least some comparison with a closely-related material, the ele-
mental composition for human cortical bone provided in ICRU (1989, Table
4.4 on p. 22) has been used. Calculation of the complex refractive index of
this compound based on the tabulated values of Henke et al. (1993) yields
δ/β ≈ 32.5. Several factors contribute to the observed discrepancy:

• The difference of the chemical compositions of human and murine bone
which manifests itself in a higher mass density of the latter, compare
Jepsen et al. (2001) and also the discussion in section 9.3.2. This
is probably the most important factor, there is already a variability of
up to more than 50% between different mice strains (Beamer et al.,
1996).

• A systematic overestimation of the absorption in Fig. 9.7 when com-
pared to the value of β obtained from the tomographic reconstruction
of the bone volume. The most likely reason for this is the presence of
a high-density surface layer on the cylindrical bone specimen, which
is attributed to gallium implantation during the preparation process.
In particular, a value δ/β ≈ 26.7 is obtained when β and δ are cal-
culated from subvolumes of the tomographic reconstructions of phase
and amplitude, which exclude the surface layer.

• Errors in the reconstructed amplitude values: As already discussed
in section 9.2.1, the retrieved amplitude is both very prone to noise
and reconstruction artefacts and its quantitative values may therefore
not be very reliable. To this, also the averaging process during the
difference map reconstruction may contribute, which reduces the am-
plitudes to means smaller than the maximum values. Furthermore, the
amplitude part is also effected by truncation effects, i.e. any scattered
photons that do not hit the inner part of the diffraction patterns used
for the reconstructions make the specimen seem absorb stronger than
it is actually the case.

Fig. 9.7 also illustrates benefits of imaging techniques which provide phase
contrast: The amplitude signal is confined to the interval 0 < |O| ≤ 1 due
to its exponential decay with the sample thickness according to the Beer-
Lambert law. The phase shift, however, affects only the angular component
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in the complex plane, compare Fig. 9.7. Therefore its sensitivity is not influ-
enced by the sample thickness or a change of the overall incident intensity,
as long as the absorption becomes not so high that the detected intensity
values get too small.

The higher signal-to-noise ratio of the phase signal in comparison to
the amplitude (see also the line-outs in Fig. 9.2) can be seen in Fig. 9.7 by re-
lating the broadening of the spiral curve with the respective signal strengths:
Compared to the change in radius, which encodes the absorption informa-
tion, the relative size of the broadening is much more significant than for the
phase signal of the same sample area, as the latter translates into a much
longer distance along the spiral.

The phase wrapping occurring for thicker samples which exhibit phase
shifts exceeding 2π rad can be observed in Fig. 9.7 as well: As a single turn
of the spiral curve around the origin corresponds to 2π rad phase shift, the
multiple turns visible here will cause the phase projections obtained as argO
to be heavily wrapped. In the picture of the spiral plot, unwrapping means
that the phase value of a pixel is not just determined as argO but it is addi-
tionally considered on which turn of the spiral the value of pixel is located.
For each turn completed before reaching the given value, an offset of 2π rad
has to be added. Unwrapping can therefore be imagined as uncurling the
spiral to get from a periodic to a continuous phase axis. In practice, the
determination to which part of the spiral a pixel belongs is done based on
spatial correlations with the methods presented in section 9.2.3.

9.3.2 Quantitative bone density results
The result of the filtered backprojection of the phase projections, which is
described in detail in section 9.2.5, was converted to a three-dimensional
absolute electron density map of the bone specimen according to section
9.2.6. Fig. 9.8 shows two cuts through this volume, in (a) parallel to the
rotation axis, in (b) perpendicular. The electron density is displayed on a
linear grey scale in units of electrons per cubic ångstrom. Obviously, each
value is the average over the density within one voxel of size (65.2 nm)3.
The histogram in Fig. 9.8(c) shows the relative frequencies of the respective
electron densities within the full volume on a logarithmic scale. The different
peaks can be associated with prominent structural features, which are marked
with the same labels in Fig. 9.8(a):

A The dominating air peak has been used to calibrate the origin of the
density scale while its broadening provides a measure for the uncer-
tainty of the reconstructed densities: for the outside area a standard
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Figure 9.8: Quantitative electron densities ne (linear greyscale, see colour-bar) for the
murine bone specimen of the demonstration experiment obtained by converting the tomo-
graphic phase reconstruction according to relation (9.2) on page 255. (a) Cut through the
reconstructed volume parallel to the rotation axis. Some typical structural features have
been labelled: air (A), bone matrix (B), gallium coating (G) resulting from the focused-ion
beam used for preparing the sample, canaliculi (C), and osteocyte lacuna (L). (b) Tomo-
graphic slice, i.e. a cut perpendicular to the rotation axis, from the top part of the volume
(compare the position of the cubes marked by the red and blue squares in both panels). A
section through the lacuna presented in panel (a) is visible close to the centre of the image,
while a trace of an additional one shows up on top of it. Individual canaliculi show up as
small dark dots. Within the bone matrix, variations of the grey values scan be observed,
which indicate density fluctuations on a submicrometre scale. (c) Histogram showing the
relative frequency of electron density values (500 equally-sized bins in the range −0.2Å−3

to 1.2Å−3) on a logarithmic scale. The colours below the curve indicate the corresponding
grey values in panels (a) and (b), while the labels are the same as used in (a) and link
the peaks in the histogram to the structural features marked there. (d) Comparison of
the bone peak’s position (label B) in the histograms of two cubic sub-volumes of 1 µm3,
whose location within the reconstructed volume is marked by the red and blue squares in
(a) and (b). The position of the red cube has been chosen as to contain mainly voxels of
the lower bone density visible as a darker shade of grey in (b), whereas the blue volume
is located in one of the brighter areas. While the global bone peak in (c) did not allow
to clearly quantify the different densities present in the bone matrix, they can be well
distinguished at this micrometer level. For this type of analysis, the detection threshold
for density fluctuations is slightly less than 0.001Å−3 which corresponds to about 0.2%
of the mean bone density. First published in Dierolf et al. (2010a).
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deviation of 0.04Å−3 is computed.

L,C This smallest peak is formed around 0.37Å−3 by densities correspond-
ing to material inside a partially-imaged lacuna (L) – a void inside the
bone matrix which contains a bone cell, an osteocyte – and the little
channels called canaliculi (C) forming a network between these voids.
Visualization of these morphological features is discussed in section
9.3.3.

B The main part of the specimen consists of bone material, i.e. a min-
eralized collagen matrix, with an electron density fluctuating around
0.63Å−3.

G The highest densities present in the volume are localized at the sur-
face of the bone and are attributed to implantation of gallium dur-
ing focused-ion beam preparation. The corresponding peak in the his-
togram is found at about 1.1Å−3.

Although a visual inspection of slices through the reconstructed volume
shows distinct density differences inside the bone matrix, visible in particu-
lar in Fig. 9.8(b), these cannot be differentiated in the global histogram in
Fig. 9.8(c). Yet, when two subvolumes of (1 µm)3 are selected in parts of
the bone reconstruction which show different grey levels, as marked by the
red and blue boxes in Fig. 9.8(a) and (b), their histograms show a clear shift
of the respective bone peak’s position, see Fig. 9.8(d). The width of these
peaks is consistent with the standard deviation of 0.04Å−3 calculated above
from the empty part of the reconstruction. However, their positions may be
determined with much higher accuracy of 0.001Å−3 on this 1 µm scale, which
corresponds to about 0.2% of the mean bone density or a mass density vari-
ation of about 3.3mgcm−3 according to (9.6). This behaviour - that a lower
resolution allows to discern the (mean) reconstructed values with a higher
accuracy - reflects the relation (3.70) on page 112 linking the total photon
flux to the pixel size and variance of the reconstruction.

9.3.2.1 Comparison of obtained bone density with literature val-
ues

C57BL/6J (B6) mice are extensively studied in bone research, in particu-
lar due to the low mineral density of their bones, which can be more than
50% higher in other mouse lines (Beamer et al., 1996). For the to-
tal mass density ρwet of wet femur diaphysis of C57BL/6J mice, Jepsen
et al. (2001) report ρwet = (2.20± 0.14) g cm−3 with a water content of
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Figure 9.9: 3D rendering of the tomographic reconstruction of the murine bone specimen
used in the first demonstration experiment. (a) Volume rendering in which the voxel
values corresponding to the bone matrix are mapped to translucent colours. This shows
that the sample volume is cutting through two or three osteocyte lacunae (L) and their
connecting canaliculi (C). (b) Segmentation of the lacuno-canalicular network represented
as an isosurface rendering. Voxels have been identified as belonging to the network based
on the electron density values forming the corresponding peak in the histogram shown in
Fig. 9.8(c). The obtained binary representation is independent of the measured densities
and may, e.g., form the basis of a morphological analysis. First published in Dierolf
et al. (2010a).

(11.9± 2.9)%. Considering that in the specimen imaged here this water has
been replaced by Lowicryl HM20 resin, which according to its safety data
sheet has a density of about 0.9 g cm−3, the density estimate reduces slightly
to ρdry ≈ (2.19± 0.14) g cm−3. The electron densities associated with the
bone matrix in the histogram in Fig. 9.8(c) fluctuate around 0.63Å−3. With
(9.6), this gives an estimate for the mass density of 2.09 g cm−3, which is well
within the uncertainty range of ρdry. In comparison, the density of human
cortical bone is reported to be 1.92 g cm−3 in the literature (ICRU, 1989). It
should be stressed once more that all these densities are averages taken over
some larger volume, whereas on a smaller scale quite significant differences
in the local bone density can be observed, as demonstrated in Fig. 9.8(d).
The strength of PXCT lies in the ability to investigate such small density
changes with combination of both high density sensitivity and high spatial
resolution.
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9.3.3 Visualization of bone morphology

9.3.3.1 The lacuno-canalicular network

During the formation of new bone, osteoblasts, which are the cells generating
the bone material, get embedded inside the mineralizing bone matrix. They
transform2 into osteocytes and connect with their neighbouring cells through
several long dendrites joined by gap junctions (Knothe Tate et al., 2004).
The morphology of this cellular network can thus provide important infor-
mation on the bone formation process (Kerschnitzki et al., 2011). The
small channels within which the dendrites run through the bone material
are called canaliculi, while the voids containing the osteocytes are referred
to as lacunae. Together they form the lacuno-canalicular network, which is
only partially filled by the interconnected osteocytes, but additionally con-
tains bone fluid and a gel-like extra-cellular matrix. For more details on the
lacuno-canalicular network, see e.g. Schneider et al. (2010) and references
therein.

The basic shape of the lacunae is a flat elongated ellipsoid (Beno et al.,
2006) whose orientation reflects the growth directions of the surrounding
bone matrix (Kerschnitzki et al., 2011). The specific parameters of
the individual voids as well as their density inside the bone differ signifi-
cantly between species and additionally depend on various factors like age
or anatomical location (Schneider et al., 2010). According to Su et al.
(2006), the size of murine lacunae is in the order of 5 µm by 20 µm, while
for the diameters of the canaliculi a value of about 50 to 100nm is given.
A slightly larger range of 50 to 150nm can be found in the recent work by
Schneider et al. (2011, Fig. 6), together with a distance of about 25 µm
between neighbouring lacunae.

The interconnected osteocytes are considered to constitute the basic sen-
sor network for translation of mechanical strains into biochemical signals
(Burger and Klein-Nulend, 1999; Klein-Nulend et al., 2013, 1995)
and therefore to play a crucial role in the bone remodelling process (Ker-
schnitzki et al., 2011). Imaging of the 3D morphology of the lacuno-
canalicular network is therefore an actively pursued field in bone research and
has been realized – with different degrees of success – with various methods
which are discussed in the review by Schneider et al. (2010) and to some
extent in the second to next paragraph.

2For details of this transformation process, see e.g. Franz-Odendaal et al. (2006).

264



9.3. Results of demonstration experiment

9.3.3.2 Results of PXCT

The distinct differences in densities for the main structural features present
in the murine bone specimen, which are observed in Fig. 9.8(c), allow to
segment them with a histogram-based approach. Fig. 9.9 presents two 3D
renderings obtained this way using the commercial VGStudio Max 2.0 vi-
sualization package (Volume Graphics GmbH). In panel (a), all pixels with
values corresponding to the high-density surface layer are excluded, while the
densities of mineralized the bone matrix are rendered semi-transparently to
visualize the distribution of the lacunae (L) and canaliculi (C) within the full
scanned bone volume. As a starting point for further quantitative analysis, a
binary representation of the lacuno-canalicular network can be created by se-
lecting only the values which form the corresponding peak in the histogram in
Fig. 9.8(c). This segmentation has the benefit that the binary result becomes
independent of the actual densities and thus may be treated more easily with
general morphology analysis tools. Fig. 9.9(b) shows an isosurface rendering
of the segmentation’s result.

However, the reconstruction results may be affected by partial-volume
effects: due to the technique’s high density sensitivity, also tiny structures
produce enough signal that even though they only occupy a small part of a
voxel they substantially influence its resulting value, which is the density av-
erage over the voxel’s volume. Therefore, the apparent size of such structures
in the reconstruction may be bigger than their actual extent.

9.3.3.3 Comparison with other imaging techniques

The comparison of PXCT with other techniques employed for imaging the
lacuno-canalicular network presented in this paragraph focuses on methods
that provide true 3D volume reconstructions. A more complete overview in-
cluding 2D imaging techniques is given by Schneider et al. (2010, 2011).
The benefits and disadvantages are discussed here on the basis of four ma-
jor criteria: sample preparation, compatibility with other techniques (e.g., if
correlative studies with various imaging techniques are feasible), resolution,
and typical volume imaged. The two last-mentioned characterize the ability
of the respective method to handle the challenge of the multiple length scales
present in the lacuno-canalicular network, which extend over three orders of
magnitude from the sub-canalicular level to the distance between neighbour-
ing lacunae. Unless stated otherwise, the comparisons by Schneider et al.
(2010, 2011) and the references cited in the introductory paragraphs of the
respective techniques are the sources of the different parameters given below.

1. X-ray nanotomography The lacuno-canalicular network has also
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been investigated with classical X-ray tomography methods not rely-
ing on coherent imaging techniques (i.e. PXCT is discussed separately
as point 4. on page 269): parallel-beam tomography with a high res-
olution detector also employing propagation-based phase-contrast ef-
fects (Pacureanu et al., 2012), and full-field transmission X-ray
microscopy (TXM) with the option of Zernike phase contrast and the
possibility to do tomography (Andrews et al., 2010). To achieve
the high resolutions required for studying bone on the subcellular level,
both methods are typically implemented at synchrotrons, but lab-based
systems which provide similar resolutions are emerging (Feser et al.,
2008). Current work (compare the outlook by Peyrin, 2009) in this
field aims at the application of holotomography based on a nano-focus
set-up for full-field projection microscopy like available at ID22NI /
ESRF (compare section 5.2).

Sample preparation As at X-ray energies of several keV the sample
to be investigated can be placed in air, the bones can be left un-
treated apart from adapting their extent perpendicular to the rota-
tion axis to the available field of view. For high-resolution parallel-
beam tomography, this maximum size is about 0.5 to 1mm and
for TXM in the order of 50 µm. Samples can be bigger if local
tomography (Faridani et al., 1992) is applied, which however
may lead to artefacts in the resulting images.

Compatibility with other techniques Although radiation dam-
age may occur for too long exposure, the technique is essentially
non-destructive which in combination with the lack of sophisti-
cated sample preparation paves the way for correlative studies.
In particular, parallel-beam tomography may be used to gain an
overview of the sample at a larger scale and define a volume of in-
terest which is then further investigated at higher resolution with
another technique.

Resolution The resolution in parallel-beam tomography is limited by
effective pixel size of the detection system. The latter typically
consists of a high-resolution, i.e. it has small grain sizes and is
relatively thin, scintillator screen whose visible light output is im-
aged with magnifying optics onto a CCD chip. Effective pixel
sizes down to few hundred nanometres can be achieved this way,
e.g. 282 nm in the study by Pacureanu et al. (2012), which is
just sufficient to image the canaliculi in human bone whose size is
given as 300 to 600nm by the authors.
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As discussed in section 1.7 on page 37, the resolution of a TXM in-
strument is limited to few tens of nanometres – Andrews et al.
(2010) e.g. report 30 to 40nm – by the smallest structure sizes of
its Fresnel zone plate objective lens. With nano-focus projection
microscopy set-ups, where the size of the virtual source point of
the diverging beam is the limiting factor, similar values can be
achieved.

Typical volume imaged Parallel-beam tomography allows to obtain
overviews of the structure of the lacuno-canalicular network in
volumes of about 500× 500× 500 µm3 containing several hundred
lacunae in less than 1 hour total acquisition time.
With a field of view of about 30× 30 µm2 per acquisition in TXM-
based tomography, one often has to refrain to scanning the sample
to different positions and combining the individual images into
projection of larger areas. Typical volumes imaged that way are
in the order of 50× 50× 100 µm3, i.e. covering several lacunae.

2. Serial focused ion beam / scanning electron microscopy (FIB /
SEM) While electron microscopy can in principle provide the highest
resolution of about 1nm or below, it is either limited to surfaces in
the case of scanning electron microscopes (SEM) or to thin sections of
a view hundred nanometre thickness for typical transmission electron
microscopes (TEM). As a result, both techniques provide essentially
only 2D information. Electron tomography with a TEM can in principle
be used to obtain 3D reconstructions, but in addition to the small
sample volumes allows only for limited-angle tomography (Barrett,
1990), which is prone to artefacts. To image larger volumes in 3D, serial
sectioning techniques are applied of which serial focused ion beam /
scanning electron microscopy (FIB/SEM) is one variant used in bone
research (Schneider et al., 2010, 2011): from the specimen’s surface,
a thin layer is milled away by FIB and the new surface imaged with the
SEM present in the same instrument. Repeated application allows to
collect volumetric data by combining the obtained cross-sections into
an image stack.

Sample preparation As common in electron microscopy, also speci-
mens for FIB/SEM imaging have to be made vacuum compatible
by dehydrating and resin-embedding. In bone imaging, the resin
also serves the additional purpose to fill the lacuno-canalicular
network in order to have always smooth surface layers during the
milling process (Schneider et al., 2011).
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Compatibility with other techniques As it is inherently destruc-
tive, serial FIB/SEM always has to be the last technique applied in
correlative studies. Apart from that, specimens prepared for one
of the other imaging methods discussed here will in many cases
have to undergo additional preparation steps to ensure vacuum
compatibility.

Resolution With below 10nm, FIB/SEM provides the highest resolu-
tion of the techniques presented here. The main limiting factor is
in this case the accuracy of the FIB milling, as an SEM in general
would be capable of even higher resolutions.

Typical volume imaged If sufficient time is available, the total vol-
ume that can be imaged with FIB/SEM is fundamentally limited
only by the long-term stability of the instrument, e.g. with respect
to drifts of the beam, the specimen or the focal length. The max-
imum dimension of typical volumes, however, is usually just some
few tens of microns. Schneider et al. (2011) formulate a goal
of 40× 40× 40 µm3 for the total imaged volume, as this “will be
sufficient to capture two complete osteocyte lacunae”.

3. Confocal laser scanning microscopy (CLSM)While standard full-
field visible light microscopy allows to obtain two-dimensional images
of internal structures of bone specimens, confocal laser scanning mi-
croscopy allows to investigate the lacuno-canalicular network in three-
dimensional space (Kamioka et al., 2001; Kerschnitzki et al.,
2011), due to its higher resolution along the optical axis: In CLSM,
a specimen stained with fluorescent dyes is scanned in the focal plane
of the microscope’s objective, which is also used to collect the result-
ing fluorescence light. By inserting a small pinhole aperture in the
back-focal plane of the objective only signal originating directly from
the focal plane reaches the detection system. This basic principle can
be further refined to achieve even higher lateral and axial resolutions
(Hell, 2007).

Sample preparation To account for the limited penetration of vis-
ible light, specimens are typically polished down to thicknesses
of about 100 µm or below, but can have lateral sizes of several
millimetres. Apart from this and the required staining with flu-
orescent dyes (Kamioka et al., 2001; Kerschnitzki et al.,
2011), which attach to the surfaces of canaliculi and lacunae, the
bone can be kept close to its native state.

268



9.3. Results of demonstration experiment

Compatibility with other techniques As CLSM is non-destructive
and the bone itself is not altered during the preparation process, it
can be applied before any of the other techniques. Application of
CLSM after X-ray tomography, both in its standard and its pty-
chographic implementation, is in principle possible, but in practice
not advisable: to begin with, the sample volume is either smaller
(PXCT) or thicker (nano-CT) than it has to be for CLSM. For
another thing, the mounting used is typically incompatible with
light microscopes and cannot be easily changed.

Resolution The resolution in CLSM is usually limited by the size
of the volume of the focal spot inside which the intensity is high
enough to excite the fluorescent dyes. This is about 200 to 300 nm
in the lateral plane, there it is ultimately limited by the wavelength
of the used light, and about 500nm along the optical axis (Hell,
2007). Although the diameters of canaliculi may be smaller, this
is sufficient to trace the whole lacuno-canalicular network in the
volume imaged: the canaliculi are spatially well-separated and
produce strong fluorescence signals which in combination allows to
easily distinguish the individual channels. However, the resolution
is too low to determine the actual diameters or the small-scale
morphology of canaliculi.

Typical volume imaged While the vertical extent of the imaged vol-
umes in CLSM is limited by the penetration depth of the light to
some tens of microns, the lateral extent is typically in the order
of some hundred microns, but can in principle be up to a few mil-
limetres. The technique is therefore suited to obtain overviews on
the general organization of lacuno-canalicular networks composed
of several dozens up to several hundreds of cells.

4. Ptychographic nanotomography The application of PXCT in bone
research (Dierolf et al., 2010a; Schneider et al., 2011) is revis-
ited here once more, specifically considering the four criteria stated
above in order to ease comparison with the other techniques.

Sample preparation The horizontal alignment approach presented in
section 9.2.4 requires that the horizontal extent of the object un-
der all projection angles does not exceed the width of the scanned
area and that there is still some empty space left on either side.
Therefore, specimens have to be prepared in the shape of cylin-
drical or cuboid rods which can be mounted with their long axis
parallel to the rotation axis while their size in the perpendicular
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direction stays below 100 µm. As the experiments are conducted
in air, the samples can be left as close to the native state as the
preparation method used for cutting them into their final shapes
permits. In the case of the demonstration experiment, vacuum-
compatibility of the murine bone specimen had to be ensured by
resin embedding (compare section 9.1.1 on page 239) to allow fo-
cused ion beam milling. The samples are typically permanently
glued to needle-like supports centred on top of metal pins with
about 3mm diameter, which allows easy handling and mounting
on the rotating axis.

Compatibility with other techniques PXCT can be used to inves-
tigate a volume of interest cut as a thin rod out of a larger sheet
which has been imaged with CLSM before. If the specimen is pre-
pared in a vacuum-compatible way from the beginning, like the
murine bone used here, a follow-up investigation with FIB/SEM
is possible. Usually, also the mounting systems are compatible
enough to make remounting unnecessary. However, although the
technique is in principle non-destructive, some small-scale alter-
ations due to radiation damage may occur.

Resolution The resolution obtained depends on the coherent flux de-
livered to the sample and therefore on both the parameters of the
source and the total scan time. For typical settings, a resolution
between 50 to 150nm can be achieved. This is apparently a higher
resolution than in both CLSM and X-ray micro-CT but lower than
in FIB/SEM. It allows to resolve the canaliculi in murine femur
whose diameters are in the range of 50 to 150nm (compare e.g.
Fig. 6 in Schneider et al., 2011), which is significantly smaller
than the 300 to 600 nm reported for human bone (Pacureanu
et al., 2012). However, as discussed earlier, the canaliculi may
appear bigger than their actual size due to partial volume effects.

Typical volume imaged Compared to the first demonstration exper-
iment described in this chapter, acquisition speed in PXCT could
be increased by more than a factor of five, mainly by prefocus-
ing the beam with the beamline optics which allows to use more
of the available coherent flux. Therefore, a significantly larger
volume than before can be imaged in a given time, although the
number of projections is usually also doubled. For example, scan-
ning a volume of 65× 65× 25 µm3 at 361 projection angles took
about 12h in recent experiments at cSAXS. The sampled volume
is therefore typically larger than in FIB/SEM and comparable
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technique sample
preparation compatibility resolution volume

throughput

nano-CT native good low to medium high

TXM native, small medium medium to high low

CLSM native,
fluorescent dyes good low high

FIB/SEM for vacuum must be last highest lowest

PXCT native, small medium medium to high low

Table 9.1: Summary of the comparison presented in section 9.3.3.3 that assesses different
techniques commonly used for imaging of the lacuno-canalicular network on the basis
of four specific criteria. This table only lists a qualitative assessment of the respective
method’s performance, while a detailed discussion, including also quantitative values e.g.
for the resolution, can be found in the main text.

with TXM tomography, but still much smaller than what can be
imaged with CLSM and parallel-beam nanotomography.

Conclusion of comparison From this comparison, which is also once
more summarized in a qualitative way in Table 9.1, the conclusion can
be drawn that the best option for imaging the morphology of the lacuno-
canalicular network is a multimodal approach: in a first step, relatively large
overview volumes can be obtained with CLSM or parallel-beam nanotomog-
raphy. Detailed studies of the local morphology are then done on volumes
of interest, selected from the results of the first measurements. In order to
achieve high enough resolutions to properly resolve the features of individ-
ual canaliculi, FIB/SEM seems the most promising candidate for this second
step. Currently, reconstructions obtained with PXCT do not provide suf-
ficiently reliable information on the canaliculi. Instead, this would require
higher resolution to avoid partial volume effects. However, with the other
techniques it is either impossible (CLSM) or very difficult (nano-CT, TXM,
FIB/SEM) to obtain similar high-sensitivity quantitative density results as
presented in section 9.3.2 on page 260. Therefore, further applications of
ptychographic nanotomography in bone research have mainly been focusing
on investigations that strongly benefit from this aspect of the method, see
chapter 10.
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Figure 9.10: Assessment of spatial resolution by calculating Fourier ring correlations
(FRC) between phase-contrast projections taken 180° apart. (a) Reconstructed phase
image at 0°. The dashed white rectangle marks the area used to calculate the FRC
shown in (b). The phase shift (in radians) is encoded on a linear grey scale (see colour-
bar). (b) Fourier ring correlation calculated for the sub-images marked by the dashed
white rectangle in (a). The spatial frequency axis is normalized to the Nyquist frequency
fNyq. The FRC falls below the 1/2-bit threshold curve at 0.48 · fNyq which corresponds
to a real space resolution of about 136 nm. (c) Projection image (phase part) at 180°
flipped horizontally to match the orientation of the 0°-image. In order to demonstrate the
dependence of the FRC on the actual features present in the region of interest, an area
(dashed white rectangle) of the image which contains none the sample’s sharp boundaries
has been chosen for a second calculation whose result is shown in (d). (d) Fourier ring
correlation calculated using the interior region of interest marked in (c). In this case a
cutoff frequency of 0.18 · fNyq is found which amounts to a spatial resolution of about
362 nm.

9.3.4 Spatial resolution

The resolution of the reconstruction is estimated based on the Fourier corre-
lation approach introduced on page 113 in section 3.3.5. According to van
Heel and Schatz (2005), the resolution of a tomographic volume would
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be typically determined by splitting the projection data in two parts which
are reconstructed separately and then calculating the Fourier shell correla-
tion from the three-dimensional Fourier transforms of these two volumes. In
the case of the murine bone data set, however, the number of projections is
already less than half of the specimen’s horizontal extent in pixels (compare
also the relation (4.5) for angular sampling in tomography on page 119). A
tomographic reconstruction with only half of the projections would therefore
introduce additional artefacts which would influence the resolution determi-
nation. To avoid this, the Fourier ring correlation (FRC) of two projections
180° apart is used instead: when one of the projections is flipped horizontally,
they provide two independently obtained images of the same object and can
thus be used as input for a Fourier correlation method. More importantly,
one can infer that in the current implementation of PXCT the resolution of
the volume reconstruction can never exceed the value found for the projection
images: Any high-resolution information which is present in the diffraction
data but too weak to be successfully retrieved during the ptychographic re-
construction is no longer contained in the individual projections. Although
the cumulative information content in the entirety of all diffraction patterns
would be enough to get a meaningful high-resolution signal, the low-pass fil-
tering effect of the PCDI algorithm prevents this information from reaching
the tomographic reconstruction. Thus these spatial frequencies can also not
benefit from tomographic dose fractionation (compare Hegerl and Hoppe,
1976).

The resolution obtained in the test experiment on the murine bone spec-
imen is estimated by comparing the phase part of the ptychographic recon-
structions at projection angles 0° and 180°, which are shown in Fig. 9.10(a)
and (b) respectively. For the calculations of the FRC, a Matlab implemen-
tation has been used which is part of the latest version of the processing
package for ptychographic CDI coded by Manuel Guizar-Sicairos (a general
description of the package – not including the FRC calculation – is given in
Guizar-Sicairos et al., 2011). To illustrate how the choice of the region
of interest may affect the Fourier ring correlation, it is calculated for two
different areas. The first, marked in Fig. 9.10(a), contains a significant part
of the edges of the specimen, which show both a strong contrast and sharp
features. The second, as shown in Fig. 9.10(b), is located in the interior of
the specimen which exhibits only relatively smooth features and little vari-
ations in contrast. As a result, the FRC drops below the 1/2-bit threshold
curve already at 0.18 · fNyq in the latter case, while for the first region the
cutoff is at 0.48 · fNyq. Here fNyq = 1/(2 · Nmax) is the respective Nyquist
frequency of the Fourier transformed region whose maximum linear extent
is Nmax pixels. The 1/2-bit threshold curve is introduced on page 116 in
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section 3.3.5, compare in particular (3.78). According to (3.79) and (3.80),
one has a signal-to-noise ratio of about 0.4142 where the FRC intersects the
1/2-bit threshold curve. This is twice the value used in typical definitions
of this curve (van Heel and Schatz, 2005), because in our case the final
result is not an average of the two compared images and thus does not have
twice the SNR of the input images. Considering the real space pixel size of
65.2nm, the cutoffs determined above result in spatial resolution estimates
of about 136nm for the larger region of interest and about 362 nm for the
smaller one. This illustrates once more the highly local aspect of resolution
values and that a single number for the whole reconstruction conveys only
limited information. For the murine bone result, the single characterizing
value is 136 nm, which is the highest achieved resolution. This value is in
good agreement with what can be expected for the dose delivered during
the experiment. Dose aspects are discussed in more detail in the following
section 9.3.5.

9.3.5 Dose estimation
The total radiation dose a specimen received is defined as the total energy it
absorbed divided by its mass.

9.3.5.1 Estimation of absorbed energy

For the tomography scan of the murine bone, the total number of absorbed
photons is estimated from the photons counted with the PILATUS detec-
tor: after summing the counts in each detector frame, the maximum value
obtained for the 704 diffraction patterns constituting one projection is taken
as the number of incoming photons N0,exp(θ) during one exposure at the
respective projection angle θ. The total number of incoming photons for
each projection is then estimated to be N0,proj(θ) = 704 · N0,exp(θ). This
approximation gives rather too high values for the amount of incident pho-
tons. By attributing this way any reduction in intensity not to fluctuations
of the incoming beam but instead to absorption by the specimen, the cal-
culated dose will be an upper estimate. For the whole tomography scan,
one gets N0,tomo = ∑

θN0,proj(θ). The average incoming coherent flux can be
estimated by dividing N0,tomo by 127 424 s, which is just the total number of
diffraction patterns multiplied by the exposure time of 1 s. The total amount
of absorbed photons is calculated by subtracting from N0,tomo the sum of all
photons measured by the detector. Each photon has an energy of 6.2 keV.
The numerical results of the procedure just described are summarized in
Table 9.2.
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absorbed energy total incoming photons N0,tomo 2.1 · 1011

mean coherent photon flux / s 1.6 · 106

total absorbed photons 5.9 · 1010

total absorbed energy / J 59 · 10−6

specimen mass specimen volume / px 53 · 106

specimen volume / m3 15 · 10−15

specimen mass / kg 31 · 10−12

dose total dose / Gy 1.9 · 106

dose per projection / Gy 11 · 103

Table 9.2: Numerical values related to the estimation of the radiation dose delivered to
the murine bone specimen which is presented in section 9.3.5. The first block lists the
figures related to the calculation of the absorbed energy based on the photon counts mea-
sured by the PILATUS detector. In the second block, the specimen mass is calculated
based on a segmentation of the total specimen volume from the surrounding air in the re-
constructed 3D data set and assuming a uniform mass density of 2.09 g cm−3. The third
block presents the results for the dose obtained by dividing the total absorbed energy by
the sample’s mass.

9.3.5.2 Estimation of specimen mass

For estimating the mass of the specimen, the total sample volume is obtained
by excluding the surrounding air in the tomographic reconstruction and sum-
ming the remaining voxels. For the material in this volume, a uniform mass
density is assumed, which corresponds to the value ρbone = 2.09 g cm−3 de-
termined for the mineralized bone matrix on page 262 in section 9.3.2.1. As
the actual specimen contains some significantly denser parts, in particular
the Gallium-infused surface region, this simplification leads to a systematic
underestimation of the actual mass density (the mean electron density of
the specimen is about 0.66Å−3, while it is 0.63Å−3 of the mineralized bone
matrix). In turn, this results in higher calculated dose values as the same
energy is absorbed in a supposedly smaller mass. As the main interest here
is to obtain an upper estimate of the delivered dose, this mass calculation
is not further refined: for more accurate mass density values, the chemical
compositions of the compounds would have to be known precisely, because
the simplified relation (9.5) on page 256 does not hold for heavy elements.
The numerical values for volume estimates and the resulting specimen mass
are listed in the second block of Table 9.2.
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9.3.5.3 Comparison with calculated lower and upper dose limits

Using the values listed in Table 9.2 for total absorbed energy and specimen
mass, which are obtained by the procedures described in the two previous
paragraphs, a total radiation dose of approximately 1.9MGy is estimated, or
about 11 kGy per projection. In this section, these values are put in relation
to numerical calculations of maximum tolerable and minimum required doses.

Maximum tolerable dose For this dehydrated specimen, the collagen
forming the organic part of the bone matrix is expected to be most af-
fected by radiation damage. For wet bone, significant alterations of the
mechanical behaviour have been found by Barth et al. (2010) for doses
above 70 kGy. In small angle X-ray scattering investigations by Fernández
et al. (2002), the degree of alignment of the collagen and the diffracted
intensity have started to show changes at a dose of 100 kGy. It can therefore
be concluded, that – like in standard synchrotron-based microtomography
techniques (Barth et al., 2010) – the dose in PXCT is too high to allow
in situ mechanical testing. However, although the breaking of cross-links be-
tween collagen molecules quickly influences the mechanical properties, it does
not automatically imply structural changes on the larger length scale of 50
to 150 nm which is the current resolution limit in ptychographic nanotomog-
raphy of bone: using spot fading experiments on protein crystals, Howells
et al. (2009) have found that the maximum tolerable dose Dmax and the
achievable resolution ∆x, i.e. the size of the largest features not exhibiting
radiation damage, are linked approximately by the linear relation

Dmax[Gy] ≈ 108 ·∆x[nm] . (9.10)

Although in the article by Howells et al. (2009), (9.10) has been deter-
mined mainly from data for resolution of 10nm and below, it is also consid-
ered to give a valid lower bound for lower resolutions, as e.g. the few measured
values the authors provide for the range 10 to 100 nm stay clearly above this
limit. The 1.9MGy delivered to the murine bone specimen are therefore well
below the feature-destroying dose.

Required imaging dose Howells et al. (2009) also present calcula-
tions of the imaging dose D required to collect P photons on the detector
from a resolution element (voxel) of size d × d × d, which is characterized
by its mass density ρm, its complex refractive index n = 1− δ − iβ and the
derived absorption coefficient µ = (4π/λ)β:

D = PEphµ

ρm

λ2

4π2|δ + iβ|2d4 , (9.11)
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collagen protein gold
chemical formula C12H24N3O3 C30H50N9O10S1 Au
density / g cm−3 1.35 1.35 19.3
β at 6.2 keV 2.869 · 10−8 4.577 · 10−8 1.246 · 10−5

δ at 6.2 keV 7.964 · 10−6 7.834 · 10−6 7.996 · 10−5

Table 9.3: Material parameters used for the calculations of imaging doses required to
reach a given resolution according to (9.11) which are depicted in Fig. 9.11 on page 278. For
dry collagen a mass density of 1.3 to 1.4 g cm−3 is reported (Podrazký and Sedmerová,
1966). Here a mean value of 1.35 g cm−3 has been used together with an empirical chemical
composition published by (Omokanwaye et al., 2010). Chemical formula and density
of the general empirical protein in the second column are taken from Howells et al.
(2009). All values of real (δ) and imaginary (β) parts of the refractive index at an X-ray
energy of 6.2 keV have been calculated based on the tabulated values by Henke et al.
(1993) using the online-interface to the database available at http://henke.lbl.gov/
optical_constants/.

where the incident radiation has the energy Eph and the wavelength λ. Fol-
lowing the argumentation of Howells et al. (2009), P is chosen as to
match the Rose criterion, i.e. the signal-to-noise ratio (SNR) is larger than
5 (Rose, 1948): if the signal is only limited by Poisson (or shot) noise, this
leads to P = 25. It should be pointed out, that Howells et al. (2009)
have originally derived (9.11) for the case of a 2D projection image. For the
extension to three dimensions, they have assumed perfect dose fractionation
(compare Hegerl and Hoppe, 1976): in order to reconstruct a voxel with
the same statistical accuracy as its projection obtained in a 2D experiment,
the same total dose given by (9.11) has to be applied in the corresponding
3D experiment.

Employing the parameters listed in Table 9.3 for collagen, a general empir-
ical protein and gold, (9.11) has been used to calculate the required imaging
doses at an X-ray energy of 6.2 keV for the resolution range 1 to 500 nm. The
refractive index values correspond to measurements with respect to vacuum
(or with good approximation also air), whereas the resulting dose would
have to be about one order of magnitude higher to achieve the same con-
trast against a background of water. The results are plotted in Fig. 9.11 on
page 278. In addition, the maximum tolerable dose for biological material
according to (9.10) (see also Howells et al., 2009) is shown. To ease
comparisons, the average dose per projection (11 kGy) and the total dose
(1.9MGy) of the tomographic scan are marked with grey horizontal lines.
The combination of all this information in Fig. 9.11 allows for the following
observations:
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Figure 9.11: Doses required to collect a sufficient scattering signal against a background
of vacuum (air) from a resolution element (pixel or voxel) of a given size, which consists
either of collagen (solid blue line), a general empirical protein (dashed blue line) or gold
(red line). The curves are calculated with relation (9.11) (compare also Howells et al.,
2009) using the material parameters listed in Table 9.3. The maximum tolerable dose
for biological material according to (9.10) is shown as a solid black line. For collagen
and the other protein, the allowed dose-resolution value pairs are therefore constrained to
the triangular region between the curves marking the required minimum and the feature-
destroying maximum dose values. The intersections of these curves mark the highest
achievable resolutions for this type of samples in synchrotron-based CDI experiments.
The doses for an individual projection and the total PXCT scan of the murine bone are
marked by grey horizontal lines, whose intersections with the required dose curves allow
to assess the experiment-specific resolution limits. The labeled dots mark pairs of dose
and resolution values reported for other CDI experiments which are listed in Table 9.4 on
page 282. See also the main text for a more detailed discussion.
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Dose per projection Both proteins show a very similar behaviour, al-
though the required dose for collagen with the parameters in Table 9.3
is slightly lower. For the calculated dose per projection, a maximum
resolution of slightly below 100nm is found.

Due to the much stronger interaction of X-rays with gold, the same
dose would already allow to reconstruct resolution elements with side-
lengths below 20nm with the same statistical accuracy. This reflects
the general relation (3.70) on page 112 linking the variance of the re-
constructed values, the resolution and the incident photon fluence.

Total dose The total dose would in principle allow for resolutions below
30nm in the case of the proteins or below 5 nm in the case of gold.
However, the perfect dose fractionation assumed in the generalization
of (9.11) to the 3D case is not given for PXCT: as discussed already in
section 9.3.4, high-resolution information not retrieved in the ptycho-
graphic phase-retrieval process of the individual projections is not at all
propagated to the subsequent filtered backprojection. In the current
scheme, the resolutions of tomographic reconstructions can therefore
not exceed the ones of the projection images.

The potential of dose fractionation could be fully exploited with an ap-
proach which integrates ptychographic and tomographic reconstruction
in such a way that all diffraction patterns directly contribute to the 3D
volume being retrieved.

Maximum tolerable dose The curve for the maximum tolerable dose pre-
sented in Fig. 9.11 has been determined for biological materials (How-
ells et al., 2009) and therefore does not pose a limit in the case of
gold. For the proteins, however, one finds that the highest resolution
achievable in a CDI experiment3 is in the range of 6 to 7 nm. It is also
clearly illustrated that the total dose the murine bone received in the
demonstration experiment is well below the feature-destroying limit.

3 Not considering the latest developments at X-ray free electron lasers (Chapman
et al., 2006a; Neutze et al., 2000), in which this fundamental limit is circumvented
by delivering the full photon flux in such a short time that radiation damage only takes
effects after the X-ray pulse has passed the specimen. Therefore, the collected diffraction
patterns are considered to be essentially unaffected by radiation damage.
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9.3.5.4 Comparison with experimental doses reported in the lit-
erature

To put the dose values delivered to the murine bone specimen in the demon-
stration experiment in a wider context, they are compared with doses re-
ported in the literature for CDI reconstructions of biological specimens.
Some recent examples are summarized in Table 9.4 (alphabetically ordered
by names of first authors). The locations of the corresponding dose-resolution
value pairs in Fig. 9.11 are marked by grey dots labelled according to the first
column of Table 9.4. In cases where a resolution range is given in the original
publication, the lower bound is shown in Fig. 9.11. Apart from the first two
entries, all these results were obtained with isolated objects which allowed
to impose well-defined support constraints in real space during the recon-
structions. Consequently, the respective input data consisted of just a single
diffraction pattern, typically merged from multiple exposures to increase the
dynamic range. As only the work of Nishino et al. (2009) features a three-
dimensional result, the values listed in Table 9.4 should be compared to the
average dose per projection of 11 kGy calculated for the murine bone exper-
iment. Upon closer inspection of Table 9.4 and Fig. 9.11, one can make the
following observations:

• All the specimens are very similar and mainly consist of proteins. The
empirical protein which Howells et al. (2009) used for their calcu-
lations is therefore considered to be a valid model in these cases and
also has been used in several of the publications to estimate the dose.
For photon energies larger than about 2 keV, the required imaging dose
in (9.11) becomes independent of the wavelength (compare Howells
et al., 2009, Fig. 2(b)). This dose is thus well approximated by the
blue dashed curve in Fig. 9.11 for most of the cases, as only experiments
3, 4 and 8 were conducted at soft X-ray energies below 1 keV.

• If all the reported resolutions were fundamentally dose-limited, they
would be expected to lie on or parallel to the blue dashed curve marking
the required imaging dose for the empirical protein. Mathematically,
this corresponds to

Dj · d4
j = const., j = 1, . . . , 9 , (9.12)

i.e. the product of dose D and fourth power of the resolution element’s
side length d should be the same constant value for all experiments j.
The dose-resolution pairs of experiments 1, 2 and 5 fulfil (9.12) within
a few percent and as a result form a straight line in Fig. 9.11. Some
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offset with respect to the theoretical curve is to be expected, as the
latter is based on the idealized assumption of a vacuum background
and also does not take into account that imperfect detection and the
reconstruction algorithms may lead to some resolution degradation.

• The other experimental values show strong deviations from the fourth-
power law described by (9.12). This may have several reasons, ranging
from difficult experimental conditions to the way the resolution was
determined. But even if the delivered dose would in principle allow for
a higher resolution, a reconstruction with a lower value may have the
benefit of better statistical accuracy.

• The results of 1, 2 and 5 do not only show the best correspondence
with (9.12), but have also been obtained with exactly the same X-ray
energy of 6.2 keV as the PXCT reconstruction. Therefore, they are
used here to calculate a mean value for the constant on the right-hand
side of (9.12) which is employed to estimate the resolution of the PCDI
result from the previously determined dose value: For the average dose
per projection of about 11 kGy, the average resolution calculated from
(9.12) is 155 nm which fits well with the 136nm obtained in section
9.3.4. As discussed earlier, the resolution of the tomographic recon-
struction cannot exceed the one of the projection images. The 43 nm
one estimates with (9.12) for the total dose of 1.9MGy could only be
reached in the case of perfect dose fractionation.

9.4 Conclusions and outlook
This chapter has introduced a combination of ptychographic CDI with stan-
dard tomography techniques. It enables quantitative volumetric phase-contrast
imaging of non-isolated specimens, whose size can be much larger than the
transverse coherence lengths of the incident X-ray beam.

The results of a first demonstration experiment on a murine bone spec-
imen presented in section 9.3 show that the method provides a very high
density sensitivity at a high spatial resolution. In section 9.3.2, the former
has been identified as the technique’s most promising feature when it comes
to applications in bone science and forms the basis of the research activities
reported in chapter 10.

At the cSAXS beamline, the technique is now available for regular users
(compare, e.g., Chen et al., 2013; Diaz et al., 2014; Esmaeili et al.,
2013; Trtik et al., 2013) while no longer requiring them to have expert
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# reference specimen dose / Gy
(per projection)

resolution / nm
(half period)

1 Dierolf
et al. (2010b)

Magnetospirillum
gryphiswaldense 1.7 · 103 242

2
Gieweke-
meyer et al.
(2010)

D. radiodurans
(freeze-dried) 1.3 · 105 85

3 Huang et al.
(2009)

yeast cell
(frozen-hydrated) 1.7 · 108 25

4 Lima et al.
(2009)

D. radiodurans
(frozen-hydrated) 3 · 107 30 to 50

5 Miao et al.
(2003) Escheria coli 8 · 106 30

6 Nelson et al.
(2010)

yeast cell
(freeze-dried) 1.2 · 108 11 to 13

7 Nishino et al.
(2009) human chromosome 4 · 108 38

8 Shapiro
et al. (2005)

yeast cell
(freeze-dried) ∼ 108 < 30

9 Song et al.
(2008) herpes virus ∼ 108 22

Table 9.4: Overview of doses and resolutions reported for other CDI experiments con-
ducted on biological specimens. Results are sorted alphabetically by names of first authors.
The enumeration in the first column corresponds to the labels marking the corresponding
dose-resolution values in Fig. 9.11. Entries 1 and 2 are based on ptychographic recon-
structions, while for the remaining a single diffraction pattern and a support constraint
in real space form the basis of the respective phase-retrieval process. Most experiments
were performed at hard X-ray energies between 5 and 8 keV, only for 6, 8 (750 eV) and 3
(520 eV) soft X-rays were used. Abbreviation: D. radiodurans = Deinococcus radiodurans.

knowledge of CDI. The Matlab implementation by Manuel Guizar-Sicairos
of the data analysis procedures (Guizar-Sicairos et al., 2011) described
in section 9.2 plays a major role in this. At TUM, graphical user interfaces
for Python implementations of both the ptychographic reconstruction and
the post-processing steps are being developed.

However, the current standard alignment routine (see 9.2.4) requires that
the specimen always stays fully within the field of view in the direction per-
pendicular to the rotation axis and is surrounded by sufficiently large areas
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of air. More general schemes, which would then allow to integrate ptycho-
graphic CDI with digital tomosynthesis (see also section 10.3), laminography
and local tomography, are an active field of current research. Similarly, other
steps of the analysis procedure are continuously re-evaluated and improved,
e.g. the replacement of the filtered backprojection with iterative tomographic
reconstruction techniques, which are more suited for the typically relatively
small number of projections.

A more fundamental idea aims at making several of the current pro-
cessing steps obsolete, in particular the alignment procedures whose results
tremendously affect the quality of the tomographic reconstructions: it is an
extension of the shared-object reconstruction scheme introduced in section
7.2.2 to three dimensions, such that information is shared between the data
sets through a combination of ptychographic and tomographic reconstruction
steps. Similar to the 2D object sharing, this approach could most probably
compensate automatically for the misalignment of projections by introducing
probe shifts. More details are discussed in section 12.2.1 on page 333.

As discussed in sections 9.3.4 and 9.3.5, the current approach in which
ptychographic and tomographic reconstruction are two subsequent but inde-
pendent steps does not fully exploit the potential of dose fractionation. A
method that would make best use of all detected information would there-
fore have to directly reconstruct the 3D volume from the diffraction data
without the intermediate step of generating projection images in which high-
frequency information may be lost. While this is in principle possible, e.g.
through a generalization of the maximum-likelihood scheme introduced in
section 3.2.5, the large amount of diffraction data which has to be processed
at once complicates the practical implementation.
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Chapter 10

Applications of ptychographic
nanoCT in bone research

Bone is a biological material built from mineralized1 collagen fibrils (Fratzl
et al., 2004; Weiner and Wagner, 1998) in a highly hierarchical manner.
Weiner and Wagner (1998), e.g., define seven hierarchical levels which
are listed in Table 10.1 together with the typical length scales over which
the respective structures extend. From the results of the demonstration
experiment described in chapter 9, it can be inferred that PXCT is best suited
for the investigation of levels 2 to 5: structures with sizes down to about
100nm can be visualized in specimens with a transverse extent of at most
100 µm. In terms of the lacuno-canalicular network (compare also section
9.3.3.1), which is formed by cells (osteocytes) embedded in voids (lacunae)
inside the bone matrix and their connecting cell processes (canaliculi), this
field of view allows to cover several lacunae and their vicinity. The internal
structure of the bone matrix in-between the cells, i.e. in particular the fibril
array patterns (level 4), may be to some extent deduced from the morphology
of the lacuno-canalicular network (Kerschnitzki et al., 2011). For a
direct visualization, however, both resolution and sensitivity of the imaging
technique have to be high enough to image the individual collagen fibrils
which form the larger structures. As demonstrated in section 9.3.2, PXCT

1The mineral in bone occurs as small platelet-shaped crystals of carbonated hy-
droxy(l)apatite (Fratzl et al., 2004; Weiner and Wagner, 1998). Compared
to the original composition of hydroxyapatite, Ca10(PO4)6(OH)2, some of the phos-
phate groups (PO4

3−) are replaced by CO3
2−, resulting in a chemical formula of

Ca10-x[(PO4)6-2x(CO3)2x](OH)2 (Wopenka and Pasteris, 2005). The actual compo-
sition varies strongly depending on species and age, see e.g. the experimental studies by
Biltz and Pellegrino (1983), where a range for x between roughly 0.1 and 0.6 can be
found.
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Level description typical scale

1 major components (collagen, bone mineral crystals) < 100nm
2 mineralized collagen fibril 100nm
3 fibril array / bundle < 1 µm
4 fibril array patterns ∼ 10 µm
5 cylindrical motifs: osteons ∼ 100 µm
6 spongy (trabecular) versus compact bone < 1 cm
7 whole bone ∼ 10 cm

Table 10.1: The seven hierarchical levels of bone according to Weiner and Wagner
(1998, compare in particular their Figure 1). In addition, the third column gives some
rough values for the typical extent of the described structures. In the case of the fibrils,
the given value is referring to the size perpendicular to the long axis. In particular, direct
visualization of structures at levels 3 and 4 is typically only possible if the collagen fibrils
(level 2) themselves can be properly resolved.

provides both nano-scale spatial resolution and quantitative electron density
information with a high sensitivity.

As a consequence of the previously discussed points, feasibility studies
whose first results are presented in this chapter have been focusing on poten-
tial applications of the technique in investigations of the intracellular bone
matrix: on the one hand, the possibility to study bone density fluctuations
in 3D on a sub-micrometer level is further explored in section 10.1. On
the other hand, the direct visualization of collagen fibril arrays and their
patterns is discussed in section 10.2. Tomosynthesis on flat extended bone
slices, which provides the potential to extend the range of accessible sam-
ples and ease preparation procedures, is introduced by means of preliminary
results in section 10.3.

10.1 Quantitative mapping of mineralization
gradients

10.1.1 Motivation: Do osteocytes remodel bone?
Osteocytes as sensors The basic description of the lacuno-canalicular net-
work in section 9.3.3.1 on page 264 has already pointed out the role of the
interconnected osteocytes as a sensor network for mechanical loads (for a de-
tailed review of the mechanisms, see e.g. Klein-Nulend et al., 2013). It is
commonly accepted that this sensor information is used by the osteocytes to
regulate of the activity of osteoblasts (bone-depositing cells) and osteoclasts
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(bone-removing cells) through biochemical signalling pathways (Atkins and
Findlay, 2012).

More than sensors? However, the bone research community has been
debating for more than 40 years whether the osteocytes only have this pas-
sive role of “conductor of the bone orchestra” (Bonucci, 2009), or if they
can also actively remodel bone and thus contribute to mineral equilibrium.
This idea is supported by the fact that in an adult the total surface area
(about 1200m2) of the lacuno-canalicular network is more than 100 times
the surface area covered by osteoblasts and osteoclasts (Aarden et al.,
1994; Bélanger, 1969). Therefore, the osteocytes have access to a huge
reservoir of bone mineral in their closest vicinity. As a result, removal and
deposition of mineral in order to regulate the levels of Ca and P (mineral
homeostatis) could be achieved by the osteocytes without major changes of
the bone’s structure or mechanical properties. Theories which propose ac-
tive bone remodelling by osteocytes are generally referred to as “osteocytic
osteolysis” (Bélanger, 1969), as mostly the removal of mineral has been
studied.

The long debate on osteocytic osteolysis and facts in favour and
against the concept have recently been summarized in reviews by Teti and
Zallone (2009), Qing and Bonewald (2009) and Bonewald (2011):
The removal of mineral by osteocytes was first suggested more than 100
years ago (Rigal and Vignal, 1881 as cited e.g. in Bélanger, 1969; von
Recklinghausen, 19102). The concept gained significant momentum in
the 1960s and 1970s, when it was used to interpret various experimental
findings, like enlarged lacunae or rough lacunar walls (an overview over this
work was compiled by Bélanger, 1969). Also bone formation by osteocytes
was reported (Baylink and Wergedal, 1971). In the late 1970s, however,
osteocytic osteolysis was strongly opposed, especially due to its close connec-
tion to the “bone flow theory”: The latter states that new bone is produced
by osteoblasts on the surfaces and continuously flows towards the osteocytes
inside, which resorb it through osteocytic osteolysis (Parfitt, 1977). As
the physical properties of bone make such a flow impossible, the theory was
rejected in the end and with it osteocytic osteolysis. Among others, the re-
buttal of (Parfitt, 1977) was most influential in this context. In this article
and similar ones, the previous experimental observations for osteocytic oste-

2von Recklinghausen (1910) wrote e.g. on page 38 of his book that the observed
growth of canaliculi and lacunae could be most easily explained, if one assumed that
the solid embedding bone material had been somehow altered and thus softened: “Die
Erweiterung der Knochenhöhlen und -kanälchen [...] erklärt sich am leichtesten, wenn wir
uns vorstellen, daß dabei das feste Material der einbettenden Grundsubstanz nachgiebig
und weich geworden, jedenfalls umgewandelt war.”
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olysis were mainly attributed to sample preparation artefacts. Furthermore,
it was pointed out that most of the data used as evidence was based on
only two-dimensional cuts through osteocytes and thus can hardly provide a
thorough understanding of the 3D lacunar morphology and its changes.

Renewed interest in the concept of osteocytic osteolysis has re-
cently been triggered by new experimental evidence (compare reviews by
Qing and Bonewald, 2009; Teti and Zallone, 2009). In this new
work, however, osteocytes are attributed a more subtle role in bone remod-
elling than in the rejected bone flow theory: Teti and Zallone (2009) con-
clude that normal physiological mineral control activity of osteocytes does
not affect the size and shape of lacunae. Instead, they suppose that mineral
exchange takes place on a sub-microscopical level in the perilacunar matrix3
in close proximity to the lacunar wall, as suggested by Wassermann and
Yaeger (1969, page 319): According to them, this process probably involves
the so-called “coastal crystals” growing at the inner edge of the perilacunar
matrix. Strong morphological changes of lacunar size and shape, however,
are – according to Teti and Zallone (2009) – only to be expected un-
der pathological conditions. Such changes have also been reported for other
times of unusually high calcium requirements like e.g. during lactation (Qing
et al., 2012; Wysolmerski, 2013). Despite the recent evidence, further
investigations are required to proof the theory.

Ptychographic X-ray nanotomography (PXCT) as introduced in
chapter 9 provides a combination of features which make it an ideal tool
for such further investigations of osteocytic osteolysis:

High spatial resolution The high spatial resolution of PXCT allows to
resolve structural details of the lacuno-canalicular network and the sur-
rounding bone matrix.

High density resolution The high sensitivity of PXCT (compare section
9.3.2 on page 260) allows to visualize subtle differences in the degree
of mineralization of the bone matrix.

Three-dimensional volumetric imaging PXCT allows to obtain three-
dimensional volumetric representations of samples with the aforemen-
tioned high spatial and high density resolutions. In contrast, histology-
based methods or electron backscatter imaging, which have been fre-

3According to Parfitt (1977), perilacunar matrix or perilacunar bone is produced by
osteoblasts that only recently became enclosed in bone. Before transforming into osteo-
cytes, these cells continue to “line their lacunar and canalicular walls with a unique form
of bone”. Wassermann and Yaeger (1969) point out that one observes the perilacunar
matrix to be “more heavily mineralized than the bulk of the interlacunar matrix”.
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quently used in the past, provide only two-dimensional information.
PXCT should therefore be less prone to potential misinterpretations
due to the fact that only a 2D slice is used to interpret changes of
lacunae with complex three-dimensional shapes.

For the first application of PXCT in the context of bone mineralization in-
vestigations, specimens with artificially-created mineralization gradients were
used. This experiment had two major objectives:

1. To demonstrate that already a simple NaCl solution at physiological
conditions can lead to significant bone demineralization. In particular,
to show this way that mineral removal does not necessarily require
the strong acidic environment which is created by active osteoclasts
(Boyle et al., 2003; Roodman, 1996).

2. To establish that PXCT allows to quantitatively image bone mineral-
ization gradients in 3D together with the morphology of the lacuno-
canalicular network in a single experiment.

10.1.2 Sample preparation
The ovine bone samples (femur) were prepared by Michael Kerschnitzki and
co-workers at the Max-Planck-Institute for Colloids and Interfaces (MPIKG)
in Potsdam-Golm. The bones were provided by the Julius Wolff Institute at
Charité, Berlin, and originating from animals sacrificed as part of a study
conducted in Berlin, Germany. This study had received an ethics permit is-
sued by the appropriate committee of ethics in animal experiments at Char-
ité. Several specimens for PXCT measurements were prepared according to
the following protocol (compare also Kerschnitzki, 2012, p. 20):

1. Treatment with a non-ionic detergent (Nonidet P-40) to make sam-
ples permeable for NaCl solution by dissolving diffusion barriers (mem-
branes) inside.

2. Immersion in NaCl solution (150mM, pH 7) at room temperature on
a shaker until Ca saturation was reached (72 hours).

3. Mechanical sectioning with a low-speed diamond saw (IsoMet, Buehler
GmbH, Düsseldorf, Germany) followed by mechanical thinning with
an automatic polisher (Logitech PM5, Logitech Ltd., Glasglow, UK;
compare also Kerschnitzki et al., 2011, section 2.1) to sheets of
thicknesses in the order of 40 to 70 µm.
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4. Cutting of small sticks of ∼ 50 µm width and ∼ 3mm length out of
the thin sheets with a UV-laser microdissection system (P.A.L.M Mi-
croBeam C, P.A.L.M Microlaser Technologies AG, Bernried, Germany;
compare also Gupta et al., 2006, page 17744). The direction of
cutting was chosen such that the long axis of the respective stick was
perpendicular to the surface exposed to the NaCl solution. As a result,
the long axis of each stick should be roughly parallel to the expected
mineralization gradient. A visible light micrograph of the specimen
discussed in the following sections is presented in Fig. 10.1(a) on page
291.

5. Drying of samples in air.

6. Free-standing mounting with cyanoacrylate-based adhesive on top of
metal needles (compare section 5.3.5.1 on page 151 for details). Orien-
tation was chosen such that the long axis of the respective stick pointed
along the (vertically aligned) axis of rotation and the region of strongest
demineralization was located at the very top of the specimen.

While the first two steps are specific to the generation of samples with artifi-
cial gradients, specimens very close to the native state can be prepared when
starting from step 3. Furthermore, the procedure is much less demanding
– both in terms of protocol complexity and required equipment – than the
preparation involving FIB milling discussed in section 9.1.1 on page 239.

10.1.3 Experiment
Experiments were preformed at the cSAXS beamline of the Swiss Light
Source with the tomography set-up described in section 5.1.3 starting on
page 134. The energy of the incident X-rays was set to 6.2 keV. The illumi-
nation on the sample was created with a pinhole aperture of about 2.5 µm
diameter, which had been milled into a tungsten foil by focused ion beam
(prepared by K. Jefimovs, EMPA). The excess in transverse vertical coher-
ence length compared to the pinhole’s diameter allowed to prefocus the beam
with the beamline optics (compare section 5.1.1.3). As a result, the typical
exposure time per point could be reduced to about 0.1 s, i.e. by a factor of
ten compared to the first demonstration experiment (see section 9.1.2 for
details of the latter), while counting statistics still remained slightly better.
This increase in acquisition speed allowed not only to scan larger and more
volumes, but in particular also to double the number of projections per tilt
series.
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Figure 10.1: Visible light micrographs of ovine bone specimen with mineralization gradi-
ent indicating area covered by ptychographic scans. (a) Coverage of the top of the sample
by the ptychographic projections of three subsequent tomographic scans. The slight ver-
tical overlap between the three scanned volumes was chosen to allow for merging them
into a single volume later. The first scan (1) at the top had a slightly smaller extent of
60 µm× 20 µm (horizontal × vertical) compared to 65 µm× 20 µm of the lower two. The
offset of the scans’ centres is due to manual corrections of the area to be scanned between
each of the tilt series. (b) The same visible light micrograph overlaid with a phase-contrast
projection to illustrate the effective field of view of the combined scans. The projection
image was calculated from the final volume merged from the result of all three tomographic
reconstructions. Upon comparison with the radiograph, certain features visible in (a) can
be more clearly identified, most prominently the big lacuna in the area covered by scan
3. As the surface exposed to the NaCl solution is at the top of the stick, a mineralization
gradient along the vertical direction is to be expected in a more detailed analysis. Visible
light micrograph provided by Michael Kerschnitzki, MPIKG Potsdam-Golm.

Each tomographic scan consisted of 361 projections taken over an angu-
lar range of 180° with an angular step of 0.5°. To improve stability, these
measurements were done as two consecutive interlaced scans with 1° steps
and 0.5° offset in their angular positions. At each projection angle, pty-
chographic data was collected by scanning the sample perpendicular to the
optical axis and recording far-field diffraction data with the two central mod-
ules of the PILATUS 2M detector. To avoid artefacts arising from the raster
grid pathology (compare section 3.2.4.5), the points of the ptychographic
scans were positioned on concentric circles (round scan) according to (3.43)
with a radial step size of 1.5 µm. Data was only collected at points inside a
pre-defined rectangular field of view. A typical tomographic scan with a field
of view of 65 µm× 20 µm (horizontal × vertical extension) and 361 projec-
tions took about 12 hours (453 points per projection, each with an exposure
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time of 0.1 s). At these settings, an overhead of about 0.1 s per scan point
turned out to be the main limiting factor for further reduction of total scan
times.

To visualize the artificially-induced mineralization gradient, a series of
three such tomographic scans was collected, starting at the top of the speci-
men (strongest demineralization) and progressing into the less-demineralized
lower parts. Fig. 10.1(a) shows the locations of three tomographic scans on
the bone specimen, while Fig. 10.1(b) illustrates the effective field of view of
the combined scans.

In order to obtain a bone volume which had certainly not been affected
by the NaCl solution and could thus serve as a reference showing regular
mineralization, a fourth tomographic scan was performed about 400 µm below
the top of the specimen. While angular spacing (0.5°) and range (0° to 180°)
remained the same, the individual projections covered a slightly larger field
of view of 70 µm× 28 µm (horizontal × vertical) with 690 scan points.

To be able to relate the reconstructed electron-density values to the min-
eral content of the bone specimens, a single spherical particle taken from a hy-
droxyapatite powder was measured to obtain a reference value for the electron
density of pure hydroxyapatite. In this case the scan area was 30 µm× 36 µm
(387 scan points) with otherwise unchanged parameters.

10.1.4 Data processing
Data processing followed the steps developed for the demonstration experi-
ment in section 9.2:

1. The ptychographic reconstructions of the projection images were
performed with a Matlab implementation of the difference-map-based
PCDI algorithm with simultaneous probe retrieval described in section
3.2.2. As input, the central 128× 128pixels of each diffraction pattern
were used. Considering the distance of 7.19m between sample and
detector and the latter’s pixel size of 172 µm× 172 µm, this results
with (2.20) in a pixel size of 65.3 nm× 65.3nm in both reconstructed
object and probe. The projections were obtained after 400 iterations
as the average of 25 object iterates from the steady-state regime of the
difference map algorithm, i.e. by averaging every fifth of the last 100
object guesses.

2. For alignment and related post-processing of the projections,
the methods described by Guizar-Sicairos et al. (2011) (compare
also the detailed descriptions in section 9.2.4) were used in form of a
Matlab implementation provided by Manuel Guizar-Sicairos.
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3. Tomographic reconstructions were done from differential projec-
tions (compare sections 4.2.3 and 9.2.5) employing again the specific
approach and Matlab code of Guizar-Sicairos et al. (2011). Re-
constructions were done with the derivative version of the Parzen filter
(compare Fig. 4.3(b) on page 123). To further suppress high-frequency
noise, the filter was applied with a frequency-scaling of 0.8, i.e. the
filter is compressed into the frequency range between 0% and 80% of
the Nyquist frequency and is set to 0 for all frequencies above.

4. Conversion to quantitative electron density values according to
(9.2) in section 9.2.6. The air surrounding the specimen was used to
calibrate the origin of the electron density.

5. As an additional step compared to the standard processing procedure,
merging of the three overlapping subvolumes from the gradient
region was performed at sub-pixel accuracy (linear interpolation) with
a least-squares optimization approach developed and implemented by
Andreas Fehringer in the course of his Diplom thesis (Fehringer,
2011).

10.1.5 Results
The final volume merged from the three scans close to the top of the sample
consists of 854 tomographic slices. In these, the rectangular cross section
of the sample is contained within a region of about 400× 720 pixels. The
volume has thus been cropped to 521× 902× 854 cubic voxels of 65.3 nm
side length. Given the extent of the specimen, the 360 projections recorded
over 180° are not sufficient to fulfil the condition for angular sampling in
(4.5). However, the absence of abrupt transitions or sharp edges prevents
the generation of very pronounced streak artefacts. Therefore, the artefacts
actually arising in the reconstructed slices have only small amplitudes and
mainly just increase the overall noise level.

10.1.5.1 Visualization of mineralization gradient

A longitudinal cut through the volume, i.e. both parallel to the rotation
axis and the main diffusion direction of the mineral-dissolving NaCl solu-
tion, is presented in Fig. 10.2(a). In addition to canaliculi (C) and lacunae
(L), Fig. 10.2(a) allows to easily distinguish three different grey levels in the
surrounding bone matrix itself, which have been labelled B0 to B2. These
different grey levels clearly indicate a decrease in mineralization closer to
the top, which was part of the surface exposed to the NaCl solution. This
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Figure 10.2: Result of tomographic reconstruction of an ovine bone which exhibits a
mineralization gradient. (a) Exemplary longitudinal plane (cut parallel to rotation axis)
of reconstructed volume. The grey values encode the electron density on a linear scale,
see colour-bar. The bone had been chemically decalcified in the preparation process (see
section 10.1.2 for more details), resulting in a mineralization gradient along the rotation
axis. The gradient is visible as a change in the grey values of the bone matrix from darker
ones at the top (less mineral, label B2) via an intermediate range in the centre (label B1)
to brighter grey values at the bottom (full calcification, label B0). The typical structural
features like lacunae (L) and osteocytes (C) are also visible. Organic material with two
different densities is found both inside the lacuno-canaliculcar network and on the surface
of the specimen. This slice only shows the less dense material labelled O2, the denser O1
is visible in the histogram in panel (b) and in the tomographic slices presented in Fig. 10.3.
(b) Change of histogram along gradient direction. Each row of the image is the histogram
of the respective tomographic slice with the relative frequency of electron density values
(500 equally-sized bins in the range −0.1Å−3 to 0.8Å−3) within this slice represented
on a colour-coded logarithmic scale, see colour-bar. The transitions between the three
independent volumes merged here are visible around slices 300 and 600. The air peak A
was used to calibrate the origin of the electron density scale. The density values of the two
central peaks O1 and O2 representing the organic material are independent of the height
within the sample. However, the peak on the right, which corresponds to the density of
the bone matrix at the respective height, shifts to lower values closer to the surface. While
there are smooth transition regions, one can also identify the three regions of relatively
constant densities which are also labelled in panel (a): fully-mineralized bone at the bottom
(B0), a region of intermediate density in the centre part (B1), and significantly de-calcified
material at the top (B2). Slices and histograms from these regions and the transition
areas, whose positions are marked by the dashed white lines, are compared in Fig. 10.3.
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result thus already demonstrates the possibility to generate substantial bone
demineralization with NaCl solution at physiological conditions, which has
been formulated as objective 1 of the experiment on page 289.

The presentation of all per-slice histograms in Fig. 10.2(b), where each
line in the image colour-codes the relative frequency of the different electron
density values in the respective tomographic slice, allows a more detailed
investigation of the mineralization changes along the rotation axis:

• The rightmost peak in the histogram, which represents the bone matrix
material, shifts from a value of about 0.68Å−3 at the bottom to about
0.52Å−3 close to the top of the specimen.

• The mineralization gradient is not constant: instead of a continuous
change of bone density, one observes three extended areas with quite
constant mineralization and smooth transitions between them. This
can be explained by the complex morphology of the bone and in par-
ticular the lacuno-canalicular network, which is expected to give rise
to strong local variations of the diffusivity. So far, the bone density
has just been examined as a function of the distance from the speci-
men’s top, which was part of macroscopic bone surface in direct contact
with the NaCl solution. A more sophisticated analysis, however, has
to consider all surfaces which had a direct connection to the reservoir
of NaCl solution. The mineralization thus has to be investigated as a
function of distance from the surfaces of the lacuno-canalicular network
(compare e.g. Kerschnitzki et al., 2013). While the segmentation
required for such an analysis works well for the reference bone volume
(Fig. 10.6 on page 300), it fails for the canaliculi in the top part of the
reconstructed volume because the contrast to the surrounding deminer-
alized bone matrix gets too low. This manifests itself in the histogram
in Fig. 10.2(b) as an overlap of peaks B2 and O1.

• Apart from the air peak A, which has been used to calibrate the origin
of the electron density axis, two more peaks O2 and O1 are visible.
They are interpreted as originating from organic components in the
specimen: While O1 most likely resembles unmineralized (collageneous)
bone matrix (compare also section 10.1.5.3), the origin of O2 is not
completely certain. There is a high probability that the material is some
of the cyanoacrylate glue used for mounting the specimen, although a
higher electron density was found for glue which was scanned together
with the hydroxyapatite particle (see section 10.1.5.3 and Fig. 10.7).

Further details are revealed in Fig. 10.3, which on the left-hand side presents
tomographic (transverse) slices through the volume and on the right-hand
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side their respective histograms. Their locations along the longitudinal axis
of the specimen are indicated by the white dashed lines in both panels of
Fig. 10.2. The slices were selected to represent each of the three regions
with relatively constant bone densities previously identified in Fig. 10.2(b),
as well as the two transition regions. Fig. 10.2 allows for three more important
additional observations:

• The bone density in the transition regions (panels (ii) and (iv)) is nei-
ther homogeneous nor showing an intermediate mineralization value.
Instead, the transition regions both show two distinct phases of bone
with the respective mineralizations of the neighbouring regions (below
and above) of nearly constant densities.

• The organic material O2 shows very smooth surfaces and bulges in
the centres of the specimen’s edges, the latter visible in particular on
the left edges in panels (iv) and (v). Both this can be interpreted as
the result of a wetting process, which would be consistent with the
assumption that O2 is cyanoacrylate glue which covered the sample
during the mounting process.

Figure 10.3 (following page): Tomographic slices at five different heights marked by
the dashed white lines bearing the same labels in the longitudinal cut in Fig. 10.2(a). The
respective histogram is shown on the right of each slice (relative frequencies of electron-
density values for 500 equally-sized bins in the range −0.1Å−3 to 0.8Å−3). Each of
these corresponds to a lineout through the colour-coded histogram in Fig. 10.2(b), where
their position is also marked by dashed white lines. As the direction of the artificially-
induced mineralization gradient also points along the rotation axis, the slices represent
different degrees of decalcification: (i) Strongly decalcified bone close to the sample’s
top, which was the surface exposed to the NaCl solution removing the mineral. The
bone peak (B2) approaches the value of the denser organic material (O1). (ii) Transition
area between the two regions of relatively constant bone densities B2 and B1 (compare also
Fig. 10.2(b)), which can be nicely distinguished in the slice on the left. The non-uniformity
in a cut perpendicular to the main diffusion direction of the mineral-dissolving solution
can be attributed to the fact that the latter’s local penetration depends highly on the bone
morphology. As a result, the bone peak in the histogram is a double peak containing the
contribution of both phases. (iii) Slice from the region of intermediate bone density B1,
were the contributions of B2 have largely vanished. (iv) Transition region between region
with density B1 and the part of the specimen in which no mineral was dissolved and thus
the original density B0 has been preserved. The histogram exhibits again a double peak
with contributions of both densities. (v) Slice from lower part of the sample, in which no
more changes of mineralization are observed and the bone peak stays at B0. In addition
to the bone areas of different densities, also areas of the two sorts of organic material O1
and O2 are marked exemplary in each of the slices together with the corresponding peaks
in the histograms. The dashed white lines indicate the position of the longitudinal cut
orthogonal to these slices which is shown in Fig. 10.2(a).
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Figure 10.4: Reconstruction result for ovine bone with native mineralization. A linear
grey scale colour codes the electron density values according to the colour-bar in panel
(c). (a) Tomographic (transverse) slice. The bone’s growth direction is approximately
parallel to the vertical axis of this image. The parallel flat surfaces on either side are an
effect of the grinding processed used to thin down the specimen. Due to the abrupt phase
jump the sample’s left edge produces then aligned parallel to the projection direction,
some reconstruction artefacts are visible in the upper part of said edge. (b) Longitudinal
slice (parallel to rotation axis), whose location is marked by the left of the dashed lines in
(a). (c) Longitudinal slice marked by the right of the dashed lines in (a). The respective
dashed line in (b) and (c) marks the location of slice (a). Examples for slices perpendicular
to both of the directions presented here can be found in Fig. 10.10 and 10.11.

• In contrast, the denser organic material O1 features some rather struc-
tured surface areas, e.g. on the lower edge of the specimen’s cross sec-
tion in panel (iii). This supports the notion of O1 being part of the
original bone which got almost completely demineralized. However,
the interpretation remains disputable as it is unclear why this material
is found also abundantly on surfaces which were not supposed to be
in direct contact with the NaCl solution. Due to the lack of accurate
knowledge about the original morphology of the bone before polishing
and laser cutting, a definite answer to this question can not be given.

10.1.5.2 Reference volumes

Slices through the reconstructions of the two reference volumes are presented
on page 298: Fig. 10.4 shows cuts through the bone volume with native
mineralization, which is referred to as “reference bone” in what follows. It
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Figure 10.5: Slices through the tomographic reconstruction (electron density, see colour-
bar in (c)) of the hydroxyapatite particle. They reveal that the shape of the particle
is close to spherical as well as a highly-porous internal structure. The latter was not
expected for this specimen and raises the concern that it affected the accuracy of the
quantitative electron density values in an unknown way. (a) Tomographic (transverse)
slice. (b) Longitudinal slice, in (a) marked by top dashed line. (c) Longitudinal slice,
marked by the bottom dashed line in (a). At the bottom, the glue holding the specimen
is visible.

also forms the basis for the visualization of collagen fibril patterns discussed
in section 10.2 starting on page 306. Several lacunae are fully or partially
contained within the imaged region, together with the canaliculi connecting
them. The high contrast between canaliculi and surrounding bone material
gives access to the morphological details of the network, see the volume
rendering in Fig. 10.6. As visible in the tomographic (transverse) slice in
Fig. 10.4(a), the specimen has two rather flat, parallel surfaces on either
side, which are a result of the grinding process used to thin it down. Due to
the large, abrupt phase jumps these surfaces produce in projections where
they are parallel to the optical axis, some streak artefacts are visible at these
edges of the specimen. However, they do not impair the overall reconstruction
quality of the interior part of the volume.

The result obtained for the hydroxyapatite (HAP) particle is depicted
in Fig. 10.5: The slices show a highly porous internal structure and not the
anticipated compact particle of rather uniform density. A strong impact of
this porosity on the validity of the quantitative results cannot be ruled out.
Furthermore, also the noise level of the HAP particle reconstruction was sig-
nificantly higher than for all the other volumes. It was reduced by per-slice
application of an anisotropic diffusion filter (Perona and Malik, 1990)
such that the air peak has roughly the same width as in the other recon-
structions, compare histogram in Fig. 10.7. As a consequence of these two
issues, the calculated electron density of HAP has been used as a reference
value in the end, compare the discussion in section 10.1.5.3.
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Figure 10.6: Volumetric rendering of the lacuno-canalicular network (LCN) in the refer-
ence bone volume, which has been segmented using histogram-based thresholding. Voids
within the bone are shown in blue colour, while the canaliculi connecting them are visual-
ized in red. Four lacunae can be identified unambiguously in the central part of the volume.
Segmentation like presented here can be relevant for the study of osteocytic osteolysis if
the mineralization is to be analysed as a function of the distance from the surfaces of the
LCN. For the sample discussed here, however, segmentation fails for the canaliculi in the
demineralized part at the top of the sample, as the contrast is insufficient to distinguish
them unambiguously from the surrounding bone matrix. Long axes of tripod = 5 µm.

10.1.5.3 Discussion of quantitative results

For the discussion of the quantitative electron density values, the full his-
togram of the bone volume which exhibits the mineralization gradient (blue
curve) is compared to the histograms of the reference bone volume (black)
and of the hydroxyapatite sphere (red) in Fig. 10.7. Table 10.2 summarizes
the electron density values ne of the various peaks visible in the histograms.
The uncertainty σne,air = 0.01Å−3 of the peak values is calculated from the
FWHM of the air peak in the respective histogram. σne,air provides an upper
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Figure 10.7: Comparison of the histogram of the bone with a mineralization gradient
(blue) to the histograms of an unaltered reference bone volume (black) and a hydroxyap-
atite particle (red). The histograms give (on a logarithmic scale) the relative frequencies of
electron density values for 722 equally-sized bins in the range −0.1Å−3 to 1.2Å−3 (which
results in the same bin width as in Fig. 10.3). The scale for mineral volume fraction uses
the O1 peak of the bone with gradient, which is interpreted as fully-demineralized bone,
and the mineral peak of the hydroxyapatite particle as reference points, see (10.2). The
positions of the various peaks are listed in Table 10.2.

specimen peak / material ne/Å−3 VHAP
Vbone

mHAP
m0

mCa
m0

bone with gradient bone B0 0.67(1) 0.45(2) 0.66(2) 0.26(1)
B1 0.62(1) 0.36(2) 0.57(3) 0.23(1)
B2 0.52(1) 0.17(2) 0.32(4) 0.13(2)

organic O1 0.43(1) 0.00(3) 0.00(6) 0.00(3)
O2 0.33(1)

reference bone bone Bref 0.68(1) 0.47(2) 0.68(1) 0.27(1)
organic 0.33(1)

HAP particle mineral 0.92
organic (glue) 0.38

calculated values hydroxyapatite 0.958(3) 1.000(8) 1.000(3) 0.399(1)
collagen 0.444(16)

Table 10.2: Peak positions in the comparison of histograms depicted in Fig. 10.7.
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estimate for the noise level in the reconstruction of a completely homogeneous
area. It contains the combined effect of the noise in the raw data and any
additional uncertainties introduced by the reconstruction process. In order
to compare the quantitative results to reference values, the electron densities
of collagen – representing unmineralized bone matrix – and hydroxyapatite
(HAP) were calculated:

• For collagen, an refractive index decrement at 6.2 keV photon energy
δcoll = 7.964(295) · 10−6 was calculated based on the tabulated values
by Henke et al. (1993) using the online-interface to the database
available at http://henke.lbl.gov/optical_constants/, the chem-
ical composition C12H24N3O3 (Omokanwaye et al., 2010), and a
mass density ρm,coll = 1.35(5) g cm−3 (Podrazký and Sedmerová,
1966). With relation (1.24) between δ and electron density ne (see page
22), one obtains ne,coll = 0.444(16)Å−3.

• Analogous calculations for hydroxyapatite, using a mass density of
ρm,HAP = 3.16(1) g cm−3 (Dorozhkin and Epple, 2002) and the
chemical composition Ca10(PO4)6(OH)2 as input4, yield the values of
δHAP = 1.719(5) · 10−5 and ne,HAP = 0.958(3)Å−3.

A comparison of these calculated values to the peak positions listed in Table
10.2 shows that the O1 peak of the NaCl-treated bone volume exhibits an
electron density value ne,O1 = 0.43(1)Å−3, which lies within the uncertainty
range of the value calculated for collagen. The material O1 is therefore
interpreted as completely-demineralized bone matrix, which mainly consists
of collagen, and used as the origin of the mineral volume fraction scale. The
calculated value for hydroxyapatite, ne,HAP = 0.958(3)Å−3, serves as the
reference point for 100% mineral content. This value is used instead of the
mineral peak of the HAP particle which does not provide a sufficiently reliable
reference point: As the particle shows an unexpectedly porous structure, the
mass density even in areas that seem to be solid mineral may not reach the
value given for HAP in the literature. This could be one reason for the
discrepancy between calculated and measured HAP electron density. The
porous structure might also be responsible for the rather broad distribution
of mineral densities that is reconstructed.

4As mentioned earlier, the mineral in bone is actually mostly carbonated hydroxya-
patite. However, calculations with the same mass density but a chemical composition
Ca9.75[(PO4)5.5(CO3)0.5](OH)2 gave (for the four significant digits used here) the same
results for δ and ne as for pure hydroxyapatite. Therefore, the discussion here is limited
to the latter.
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With these reference points, the mineral volume fraction is calibrated
based on the assumption that the electron density ne measured for a given
voxel can be expressed as the weighted sum

ne = ξ · ne,HAP + (1− ξ) · ne,O1 , (10.1)

where ξ = VHAP/Vbone is the volume fraction of hydroxyapatite within the
bone. Solving for ξ yields

ξ = VHAP
Vbone

= ne − ne,O1

ne,HAP − ne,O1

= 1.8940Å3 · ne − 0.814 , (10.2)

where the uncertainty

σξ =
√

0.0014Å6 · n2
e − 0.0026Å3 · ne + 0.0016 (10.3)

of this value is calculated via propagation of uncertainties using the values
listed in Table 10.2. As the main interest is the conversion of the values of the
bone matrix, all relations for uncertainties presented here use the assumption
σne = σne,air = σne,O1

. Equation (10.2) has been used to convert the measured
electron densities ne in Fig. 10.7 and Table 10.2 to mineral volume fractions.

Together with the mass densities ρm,HAP = 3.16(1) g cm−3 for hydroxyap-
atite and ρm,coll = 1.35(5) g cm−3 for collagen, which is the main constituent
of unmineralized bone matrix, the volume fraction (10.2) allows to calculate
the average mass density in a voxel from its electron density value ne:

ρm = ξ · ρm,HAP + (1− ξ) · ρm,coll , (10.4)

which, using (10.2), can be rewritten into

ρm = (3.428Å3 · ne − 0.123)g cm−3 . (10.5)

Propagation of uncertainties yields with (10.2) and (10.3)

σρm =
√

0.0139Å6 · n2
e − 0.0259Å3 · ne + 0.0134 g cm−3, (10.6)

with ξ defined by (10.2) and σξ by (10.3). Equation (10.5) shows some
deviation from the general relation between mass density and electron density
in (9.6) on page 256. However, the actual value used for the mass density
of collagen strongly influences this relation. If, e.g., a density of 1.4 g cm−3

instead of 1.35 g cm−3 is chosen, (10.5) becomes

ρm = (3.333Å3 · ne − 0.083)g cm−3 , (10.7)
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which more closely resembles (9.6). However, this larger mass density would
also result in a higher electron density value for collagen and thus a larger
deviation from the O1-peak. To retain the latter as the lower reference of the
volume fraction scale, (10.5) is used by default.

Relation (10.4) can also be employed to calculate the massm0 of a specific
voxel (volume V0) from its electron density value ne, which determines the
volume fraction ξ via (10.2):

m0 = mHAP +mcoll = ξV0 · ρm,HAP + (1− ξ)V0 · ρm,coll . (10.8)

The mass fraction of hydroxyapatite is then obtained as

mHAP

m0
= ξ · ρm,HAP
ξ · ρm,HAP + (1− ξ) · ρm,coll

= 1.7459Å3 · ne − 0.7507
1Å3 · ne − 0.0362

, (10.9)

with an uncertainty (if ne is given in units of Å−3)

σmHAP/m0 =

√
0.3235 · n4

e − 0.8982 · n3
e + 0.9154 · n2

e − 0.4167 · ne + 0.0833
(3.4280 · ne − 0.1241)2 .

(10.10)
The mass fraction of collagen can be calculated with mcoll

m0
= 1−mHAP

m0
. Based

on the chemical composition of hydroxyapatite and the atomic weights of its
constituents, one finds that calcium accounts for about 39.9% of the mass of
hydroxyapatite. The mass fraction of calcium in bone can thus be calculated
using

mCa

m0
= 0.399 · mHAP

m0
, (10.11)

while the uncertainty is

σmCa/m0 = 0.399 · σmHAP/m0 . (10.12)

The relations between the mass fractions in (10.9) and (10.11), the electron
density, and the mineral volume fraction are visualized in Fig. 10.8.

Comparison to values reported in the literature Relation (10.11) is
of particular importance as it allows to convert an electron density obtained
by PXCT to a calcium weight percentage value (wt%Ca). The latter is the
quantity determined with quantitative backscattered electron (qBSE) imag-
ing (Bloebaum et al., 1997; Roschger et al., 1998), which can thus be
used to study bone mineralization changes on the subcellular scale. For ovine
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Figure 10.8: Conversion
of mineral volume fractions
or electron density values to
mass fractions – calculated with
(10.9) and (10.11) – of hy-
droxyapatite (blue), calcium
(black), and collagen (red).
The vertical lines mark the
bone peak positions of the blue
and the black curve in Fig. 10.7.
The dotted curves give the un-
certainties of the mass frac-
tions, see (10.10) and (10.12).

bone, to the best of the author’s knowledge, so far no wt%Ca reference value
measured by qBSE has been reported. In contrast, human bone has been
studied frequently (compare e.g. Roschger et al., 2008). The chemical
composition of the mineral in ovine and human bone is basically identical
(Ravaglioli et al., 1996) and sheep are thus considered a valuable animal
model in bone research (Pearce et al., 2007). However, Pearce et al.
(2007) also point out significant differences in the respective mass densi-
ties and in total mineral content. The fact that the reference peak value of
22.94(39)wt%Ca used in human bone studies (Roschger et al., 2008) is
significantly lower than the 27(1)wt%Ca calculated for the untreated bone
volume (see Table 10.2) may therefore just be an effect of inter-species vari-
ability. In order to allow for a reliable comparison of the actual numerical
values, it would be ideal to perform PXCT and qBSE measurements on the
same specimen. Furthermore, the accuracy of the calibration for the conver-
sion of electron densities to maps of calcium content can still be improved
by imaging well-defined standards. Nevertheless, PXCT can clearly provide
the same information as qBSE in terms of bone mineralization, however in
three dimensions and without the need for sample preparation compatible
with electron microscopy requirements.

While qBSE has only been established during the last two decades, the
older approach to determine calcium contents relies on analysing the com-
position of ashed bone, for which in the case of ovine bone Moreno and
Forriol (2002) report a value of 25(10)wt%Ca (for 21 specimens studied).
The high standard deviation, however, indicates that very strong variations
in calcium content occur also for individuals of the same species, even if
they are of similar age. The 27(1)wt%Ca calculated from the retrieved elec-
tron density are thus considered a valid result. This is further supported by
comparing the total mineral content mHAP/m0 obtained by PXCT to values
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determined from bone ashes: Skedros et al. (1997), e.g., report a range
of 67.5% to 73% for ovine bone, which includes the 68(1)% measured for
the untreated reference bone volume.

10.2 Visualization of collagen fibril patterns

10.2.1 Motivation: structure-function relationships in
bone

Weiner and Wagner (1998) classify the organization of the fibril arrays
into various patterns as the fourth hierarchical level of bone, compare Table
10.1. They point out that while the structures of levels 1 to 3 show only little
variations in different types of bone, striking differences in the arrangement
of the fibril bundles appear to reflect the function of the respective bone.
Weiner and Wagner (1998) illustrate this by a discussion of the four
most common fibril array pattern types:

Arrays of parallel fibrils In this case, the mineralized fibrils are oriented
parallel on the micron up to the millimetre scale. This can be found for
instance in mineralized tendons (like e.g. in turkey legs) and in parallel-
fibred bone, in which the fibres are usually parallel to the long axis of
the bones, a structure characteristic for bovids. The anisotropy of such
bones corresponds to a optimization of the elastic properties along a
specific direction, i.e. the elastic modulus parallel to the aligned fibrils
is typically around a factor of two higher than perpendicular to them
(compare Weiner and Wagner, 1998, page 285).

Woven fibre structures Woven bone is constructed of fibril bundles of
various sizes which are arranged in an unordered way and thus do not
show a preferential orientation. Furthermore, this type of bone has an
unusually high content of non-collagenous material. Woven bone can
be found, e.g., in the skeletons of amphibia, reptiles and mammalian
embryos. As it can be formed very rapidly, it is also the first type of
bone formed after fractures and is only later replaced with the usual
ordered structures, a process also observed during the development of
embryos.

Plywood-like structures The name of this fibril array pattern type is de-
rived from its resemblance to plywood or other types of laminated com-
posites: It consists of stacked discrete layers of parallel fibrils, whose
preferential orientation is different in adjacent layers. Several variants
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of this structure, in which the angle between preferential orientations
changes in different ways, have been described by Bouligand (1972)
and Giraud-Guille (1988, 1994). In the simplest case, one finds or-
thogonal fibril orientations in alternating layers, which is e.g. typical
for some fish scales. In contrast, lamellar bone – the most common
type of bone in humans – is characterized by a more complex organi-
zation of the collagen fibril layers: Lamellae in general refer to planar
sheets of mineralized collagen fibrils with a thickness of 3 to 7 µm (Rho
et al., 1998). The most common occurrence is in secondary osteons
(level 5 in Table 10.1), in which the lamellae form concentric layers
around a central (Harvesian) channel (see also the schematic sketch in
Fig. 10.9). This structure is a result of bone remodelling, during which
osteoclasts remove bone and create circular tunnels which are then
refilled by osteoblasts with new material in concentric layers starting
from the outer edge till only a central channel containing the blood
supply is left. The lamellae are thus reflecting the formation processes
of osteons in a fashion similar to growth rings in trees.

Collagen fibril orientations inside and between these lamellae are still
under investigation: Bright-dark contrast changes in polarized light mi-
croscopy reveal that the orientation is different for adjacent osteonal
lamellae. Giraud-Guille (1988) interprets the typical patterns ob-
served this way as a result of either orthogonal or twisted plywood. In
the latter case, the bright-dark contrast in polarized light is still due
to fibrils being orthogonal. However, their preferential orientation is
not changing abruptly at the boundary of lamellae like in orthogonal
plywood, but rather goes through several intermediate angles inside
the lamellae themselves.

Weiner and Wagner (1998) point out that the mechanical proper-
ties of such a twisted – or rotated – plywood structure “may reflect
the requirement for lamellar bone to withstand compressive forces in
many directions” as this structure makes the material “more isotropic
than the building block from which it is constructed”. Furthermore,
this arrangement is believed to be beneficial in terms of protection of
the blood vessels inside the Harvesian channels (Wagermaier et al.,
2006) and more resistant to fractures (Weiner and Wagner, 1998).

Radial fibril arrays The inner part of teeth consists of dentin through
which channels called tubules run. The latter are the tracks which
odontoblastic cells form during dentin formation between the pulp
chamber and the dentin-enamel junction (Marshall et al., 1997).
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Tubule density and diameters are smaller at the larger dentin-enamel
interface (about 1% of area, tubule diameters about 0.8 µm) and higher
(22% of area, about 2.5 µm diameter) at the junction to the pulp cham-
ber (Marshall et al., 1997). The collagen fibrils in dentin are ar-
ranged in planes roughly perpendicular to the tubules’ long axis, i.e.
they lie in planes “parallel to the surface at which dentin formation
takes place in the pulp cavity” (Weiner and Wagner, 1998). Within
these planes, however, the fibrils show no preferential orientations but
rather surround the tubules in a tangential fashion. Weiner and
Wagner (1998) thus conclude that “dentin is structured to withstand
compressive forces in one prevailing direction”.

As the arrangement of fibril bundles yields information about mechanical
properties of bone (Weiner and Wagner, 1998), various techniques are
being employed to study it: Electron microscopy allows direct visualization of
the fibrils at high resolution. Some illustrative examples can be found in the
articles by Bouligand (1972) and Giraud-Guille (1988, 1994), who how-
ever also point out that due to the limitation to essentially two-dimensional
samples (surfaces), misinterpretations of fibril array patterns may easily oc-
cur. This problem is circumvented in serial sectioning FIB-SEM recently
employed for this type of studies (Reznikov et al., 2013, 2014), which
allows to investigate volumes in the order of 10 µm× 10 µm× 10 µm at a
resolution of about 10nm (compare also the more detailed discussion of FIB-
SEM on page 267). In case larger volumes are to be investigated or one does
not want to be restricted to specimens prepared in a vacuum-compatible way,
X-ray techniques with their high penetration power can offer an alternative.
Many studies of the orientation of the mineralized collagen fibrils employ
scanning small-angle X-ray scattering (SAXS), in which the preferential ori-
entation within the specimen volume illuminated by a focused X-ray beam
is determined from the anisotropy of the recorded diffraction pattern (Rin-
nerthaler et al., 1999). However, most of these experiments are done
on thin bone slices (see e.g. Wagermaier et al., 2006) and thus provide
essentially two-dimensional information. Tomographic reconstructions from
scanning SAXS data, however, rely on the assumptions that the scattering
from each volume element is either symmetric (fibre symmetry, see Schroer
et al., 2006; Stribeck et al., 2008), or isotropic (Jensen et al., 2011).
Furthermore, the beam size and thus the spatial resolution in scanning SAXS
is typically several microns or even tens of microns and thus too coarse to
resolve e.g. the internal fibril orientations within individual bone lamellae.

Direct imaging of collagen fibrils in three dimensions requires a high-
resolution tomography technique which very high sensitivity. Only recently,
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Langer et al. (2012) obtained reconstructions of a bone specimen with
synchrotron phase-contrast nanotomography based on holotomography in a
cone-beam geometry from which Varga et al. (2013) extracted orientations
of collagen fibril patterns.

Based on the features of ptychographic X-ray nanotomography discussed
on page 288 in section 10.1.1, the two major objectives of the study pre-
sented in the following sections are:

1. To demonstrate that also ptychographic X-ray nanotomography pro-
vides the necessary spatial resolution and contrast to image collagen
fibrils in real space.

2. To investigate the feasibility of determining the fibrils’ preferential ori-
entations from the obtained data.

10.2.2 Data set
The data set used for this study is the reference bone volume already pre-
sented in section 10.1. The corresponding tomographic scan was performed
about 400 µm below the tip of the specimen in a region where the bone should
be unaffected by the NaCl solution which had been used to dissolve the min-
eral in the top part. Each projection of the scan covered a field of view of
70 µm× 28 µm (horizontal × vertical). More details on sample preparation
can be found in section 10.1.2, and a description of the experiment in section
10.1.3. The volume was reconstructed following the first four steps in section
10.1.4. A first discussion of the results can be found in section 10.1.5.2. This
reconstruction serves as the basis for all further analysis presented in this
section.

10.2.3 Extraction of collagen fibril orientations
A sequence of several processing steps was employed on the volume obtained
by PXCT to identify collagen fibril arrays and their arrangement. Exemplary
visualizations are shown in Fig. 10.10. The labels of the panels in Fig. 10.10
correspond to the individual steps of the workflow:

(a) The long axis of the specimen’s rectangular cross section in the trans-
verse plane (see Fig. 10.4(a)) is presumed to point approximately along
the radial direction of an osteon (see sketch in Fig. 10.9). Changes of
fibril array orientations are thus most apparent when investigating lon-
gitudinal slices taken in a plane roughly perpendicular to the bone’s
growth direction, i.e. both parallel to the horizontal axis in Fig. 10.4(a)
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Figure 10.9: Schematic cross-sectional
view of a secondary osteon. The lacuno-
canalicular network is sketched in grey (for
actual images of the LCN in osteons, com-
pare e.g. Kerschnitzki et al., 2011) and
reflects the concentric growth of the lamel-
lar structure. In bone, the central hole –
the Harvesian channel – contains the blood
supply. The red rectangular frame marks
the presumable location of the specimen,
represented by its cross section in the trans-
verse (axial) plane (compare Fig. 10.4(a)),
within such an osteonal structure. As de-
picted here, the long axis of the cross sec-
tion is thus presumed to point approxi-
mately along the radial (growth) direction
of an osteon.

and the rotation axis. On the usual colour-scale covering an electron
density range from 0Å−3 to 0.8Å−3, the fibril arrays manifest as slightly
darker stripes in the bone matrix, which can also be identified in line-
outs as shown in the inset in Fig. 10.10(a). In particular when played
as a movie, already these unprocessed slices allow a human observer to
identify changes in the fibril array patterns.

(b) Restricting the colour-scale to only a small range around the electron
density values associated with the fibril structures can greatly improve
the latter’s visibility in the slice images. In the case of Fig. 10.10(b),
e.g., the colour-scale covers only a range from 0.5Å−3 to 0.72Å−3.

(c) For further processing, a binary representation of the fibril array struc-
tures was created: in the masks, all those pixels are set to unity which
exhibit electron densities between 0.64Å−3 and 0.67Å−3 in the original
slices.

(d) In order to determine the local preferential orientation of the collagen
patterns, a Fourier-based analysis was employed. The approach bears a
resemblance to scanning SAXS, which is an important tool in the study
of collagen arrangements in bone (Rinnerthaler et al., 1999): In
scanning SAXS, the preferential orientation in a far-field diffraction
pattern is used to identify local ordering in the respective area of the
specimen illuminated by a localized X-ray beam. Based on this idea,
the following steps were used:
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1) Each binary image was subdivided into small regions-of-interest
(ROIs) of 32× 32pixels.

2) The Fourier transform of each ROI was calculated after zero-
padding it to a size of 128× 128 pixels.

3) The respective Fourier image was divided into 16 wedge-shaped
angular segments each covering an angular range of π/8 rad (25°)
and a radius > 1pixel and < 64 pixel.

4) As preferential orientation of the given Fourier pattern, the mean
angle of the segment for which the summed-up pixel values were
maximal was assigned. This direction is perpendicular to the dom-
inant fibril direction in the underlying structure.

(e) The orientation information obtained in the previous step was visual-
ized as a field of indicators for each of the slices. The direction of each
indicator was set to point along the dominant fibril direction and its
length to reflect the magnitude of the summed-up pixel values in the
corresponding angular segment.

(f) Superimposing the indicators on the respective slice illustrates the pref-
erential orientations of the underlying fibril array structures. The ob-
tained results were found to provide objective evidence for the orienta-
tion changes a human observer can identify when examining a movie
of the slices.

To verify the presumption in (a) that the selected slices are roughly perpen-
dicular to the bone growth direction, the same analysis has also been applied
to the slices of the perpendicular longitudinal direction. As expected, the fib-
rils have been found to be aligned along the longitudinal direction, i.e. parallel
to the rotation axis. A slice-by-slice investigation is thus sufficient and it is
not necessary to extend the Fourier analysis to determine the preferential
orientation of the three dimensional Fourier transform of a cubic volume, as
it is in principle possible. Furthermore, this restriction to quadratic regions
allows to determine the orientation in each slice along the growth direction,
while using cubic volumes would reduce the resolution along this axis.

In addition to the procedure described here, other approaches for extract-
ing the orientation of the collagen fibrils have been explored: Anisotropic
filtering to detect preferential directions of features (Geusebroek et al.,
2003) was applied both to the data in real space and its Fourier transform.
Detecting preferential orientations in the autocorrelation of slices, as recently
used by Varga et al. (2013) for exactly the same purpose of identifying
collagen fibril orientations, was also tested. However, none of them yielded
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results which correlated well enough with the preferential directions a human
observer can identify in an animated sequence of slices. Furthermore, while
Varga et al. (2013) limited their analysis to volumes without canaliculi or
even lacunae inside, thresholding and binarization of the fibril signal allows
to overcome this restriction.

10.2.4 Results and discussion
The result of the analysis procedure described in section 10.2.3 is shown in
Fig. 10.11. The obtained preferential orientations of the collagen fibrils in the
respective region-of-interests of 32× 32 pixels are depicted as blue indicators
overlaid at the corresponding positions of the slice images. The exemplary 64
slices depicted in Fig. 10.11 are equally spaced by 12pixels or 0.78 µm along
the long axis of the specimen’s cross section. Several observations can be
made:

1. Volumes with and without lacunae are alternating as expected along
the radial direction of a secondary osteon (compare Fig. 10.9). Lacunae
are cut by slices 01–08, 16–21, 26–36 (up to three lacunae), and 49–52.

2. Of the volumes between the lacunae, slices 09–16 and 53–60 are dom-
inated by one or two relatively large regions of aligned fibrils, which
cover up to one third of the total bone area. In terms of electron densi-
ties, these regions show a distinct dark grey colouring which also allows
to trace the respective orientation.

3. In the third interlacunar space, i.e. in slices 37–48, the signal from the
fibrils seems to be weaker and thus they appear in a lighter grey than
the ones discussed in 2. Compared to these, the bone slices are also
divided into more and smaller areas of aligned collagen. Altogether,
alignment along the vertical axis seems to be the most frequent orien-
tation in this subvolume.

4. In between the second and the third lacunar volume, i.e. in slices 21–
26, the slices are dominated by canaliculi and the bone matrix shows
very little ordering. To some extent, this is also true for the third
lacunar volume (slices 27–34). However, also rather extended areas of
aligned fibrils are observed in the presence of lacunae for instance in
slices 01–08, so the decrease in alignment does not seem to be a general
feature.

5. In general, when slices have small sub-regions with a high density of
canaliculi, the degree of alignment detected for these areas is typically
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Figure 10.10: Analysis procedure employed to visualize the orientations of collagen
fibril arrays. (a) Longitudinal slice taken in a plane roughly perpendicular to the bone’s
growth direction. Collagen fibril structures manifest as darker regions in the electron
density (linear grey-scale, see colour-bar) of the bone matrix. The profile (see inset) taken
along the blue line illustrates the density changes observed when crossing fibril bundles.
(b) The same slice displayed on a colour-scale spanning only 0.5 to 0.72Å−3 in order
to increase the contrast of the collagen structures. (c) Binary representation obtained
by setting all pixels with values between 0.64 and 0.67Å−3 to unity (red) and all other
pixels to zero (black). (d) Local Fourier magnitudes calculated for areas of 32× 32pixels
of the binary image. (e) Field of indicators representing the preferential orientations
deduced from the Fourier magnitudes. (f) Superimposing the indicators on the electron
density map provides impartial evidence for the orientation of the underlying fibril array
structures.
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rather low, which manifests as very short and randomly oriented indi-
cators. In these cases, however, the applied analysis might just be too
insensitive to detect a preferred orientation even if one exists.

6. As discussed before, orientation analysis in the perpendicular slices
suggested that the fibrils are aligned parallel to the rotation axis and
thus the fibrils should lie in the planes of the slices in Fig. 10.11. How-
ever, some of the fibril patterns show a curved appearance, e.g. at the
bottom of slice 13. According to Bouligand (1972) and Giraud-
Guille (1988, 1994), only straight features should be observed in the
fibril planes and they interpret such curvatures as an effect of inclined
slices through a twisted plywood structure.

7. The most notable observation is the change of fibril orientations be-
tween close-by slices (in what follows, the preferential orientation of
the fibrils is encoded as clock positions, where 12 o’clock corresponds
to the vertical axis): On the right edge of slices 09–12, a change of
about 90° from 1 o’clock to 4 o’clock occurs by passing through some
intermediate orientations visible in slices 10 and 11. In slices 13–16,
the orientation in the lower central area progresses from 9 o’clock to
12 o’clock. And in 57–60, again a transition of the dark collagen fibrils
direction from 1 o’clock to 4 o’clock can be seen. In all three cases,
the preferential orientations exhibit a clockwise rotation and the slices
with orthogonal orientations are separated by 2.34 µm.

If one compares these results with the serial-sectioning electron microscopy
work by Reznikov et al. (2013), parallels can be found to the three struc-
tural motifs which they identified in a lamella of a rat femur: Their “unidirec-
tional sub-lamella”, in which “the preferred fibril orientation remains nearly
constant” can be linked to observation 3 of a mostly vertical alignment in the
third interlacunar volume. Observation 4, on the other hand, closely resem-
bles what they call “disordered sub-lamella”, i.e. a volume in which “little
or no preferred orientation can be seen”. Finally, “fanning sub-lamella” with
“gradually changing preferred direction” is the same structure as described
in observation 7, better known as rotated or twisted plywood (a description of
“plywood structures” can be found on page 306, in Weiner and Wagner,
1998, or in the original articles by Bouligand, 1972 and Giraud-Guille,
1988, 1994).

Also Varga et al. (2013) report volumes of little anisotropy (com-
pare observation 4) and of twisted plywood (observation 7). For the latter
they found both clockwise and counter-clockwise rotations with a rate of of
24.6± 2.6° per µm, which corresponds to about 3.66 µm for a 90° rotation.
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10.2. Visualization of collagen fibril patterns

Furthermore, they identified regions of so-called “oscillating plywood” in
which the preferential orientation of the fibrils oscillates sinusoidally around
the vertical axis by about ±15° in one area and ±33° in another. However,
some of these zones featured an “irregular oscillating plywood pattern”. This
fits well with the observation 3 of a preferential overall alignment without
obvious twisting.
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10.3 Outlook: flat bone samples

10.3.1 Motivation
In previous PXCT applications, mainly cylindrical or rectangular rod like
samples with an extension of at maximum 80 µm perpendicular to the axis
of rotation – which thus could be covered within the field-of-view of the
projections – where imaged. This kind of sample preparation is beneficial
for the necessary post-processing steps of the reconstructed projections. In
particular, the alignment of projections required to correct for drifts or inac-
curacies of the rotation stage is more robust if the projections have regions of
air on both sides. However, the preparation of such free-standing specimens
of just a few tens of microns in diameter typically is quite challenging, e.g.
requiring focused ion beam milling, and not feasible for all classes of samples.
Additionally, many specimens, like semiconductor elements or cells growing
on flat substrates, already come in thin but laterally extended form. Also
for other applications, e.g. for investigating bone specimens, having to thin
down in just one dimension greatly facilitates preparation procedures.

The test specimens for this methodological development were thin slices
(thickness varying between 10 µm to 50 µm) of ovine bone obtained by me-
chanical polishing.

10.3.2 Experiment
Experiments were performed end of February 2011. Using the excess in
transverse vertical coherence length, the incident X-ray beam (6.2 keV photon
energy) was slightly focused with the beamline optics onto a pinhole with
around 2.5 µm diameter which defined the illumination on the specimen.
Compared to the first demonstration experiment (Dierolf et al., 2010a),
the prefocusing allowed to reduce counting times by a factor of ten, resulting
in an increase in acquisition speed and better counting statistics. Therefore,
not only larger and more volumes could be scanned, but in particular the
number of projections per tilt series could be doubled, resulting in improved
quality of the tomographic reconstructions.

The sample was scanned in the plane perpendicular to the incoming beam
with a three-axis piezo-driven nano-positioning system, which was placed on
top of an air-bearing rotation stage. The scan points were located on concen-
tric circles cropped in the outer regions to form rectangular scan fields. Each
such ptychographic scan corresponds to one projection, while for a full tomo-
graphic scan of a free-standing rod typically an angular range of 180° would
be covered with an angular step of 0.5° (361 projections total). In case of the
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10.3. Outlook: flat bone samples

Figure 10.11 (following page): Visualization of collagen fibril array orientations in the
reference bone sample. Depicted are 64 slices through the electron density in the plane
both parallel to the rotation axis and to the small axis (corresponding to the horizontal axis
in Fig. 10.4(a)) of the sample’s cross section. The spacing between the slices is 12pixels
or 0.78 µm along the long axis of the specimen’s cross section. The linear grey scale is
restricted to a range between 0.5Å−3 to 0.72Å−3 (see colour-bars) to improve visibility of
the collagen fibril arrays (compare also Fig. 10.10(b)). The overlaid blue indicators provide
the preferential orientation of the fibrils in the underlying 32× 32pixels as obtained by
the analysis procedure described in section 10.2.3. See main text for a discussion of the
results.
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flat samples, however, the exposure times had to be adapted according to the
increase of the projected thickness. This limited the accessible angular range
to ±70° which was again covered in 0.5° steps. Typically, two consecutive
interlaced scans were done for stability reasons, each with an angular step of
1° and an offset of 0.5° between them. A typical such limited-angle tomo-
graphic data set covering a field of view of 65 µm× 28 µm (637 scan points)
took about 20 hours, with exposure times per point ranging between 0.1 s at
normal incidence and 0.9 s at ±70°. Data acquisition turned out to be very
stable throughout all tomography scans. An overhead of about 0.1 s per scan
point was observed whose reduction could further shorten total acquisition
times.

10.3.3 Reconstruction results
Ptychographic reconstructions were already done right after the respective
diffraction patterns of a projection. Typically, the central 128× 128pixels
of the diffraction patterns contain data of sufficient quality, which for the
employed experimental geometry leads to a pixel size of 65 nm× 65 nm in
the reconstructed projections. Some exemplary reconstructions are shown in
Fig. 10.12. The 140◦-scans require different approaches for the alignment of
projections. Particularly at deviations from normal incidence larger than 60◦,
the preliminary new alignment routines did not yet provide sufficient relia-
bility. Therefore, no high-resolution tomographic reconstructions have been
obtained from these data sets. Further tests and improvements of the algo-
rithms for alignment as well as for the tomographic reconstruction problem
with a range of missing angles are in progress.
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Figure 10.12: Ptychographically reconstructed phase-contrast projection images of re-
gions on a slice of bone. For better visibility of the interior structures, the colour-scale
in all images has been limited to the interval [0, 1.75π] rad, whereas the maximum phase
shift at normal incidence is about 5π rad. (a)–(c) The three images are part of one of the
limited-angle tomographic scans and show the same region of the specimen for projection
angles (relative to surface normal) of (a) 0°, (b) −35° and (c) −70°. The latter is the
maximum tilt angle used. Not only the lacunae are visible as dark voids in these projec-
tion images, but also the small channels of the connecting canalicular network. The large
dark stripe running from top to bottom is part of a blood vessel. (d) Result of a larger
overview scan at normal incidence. It demonstrates the benefits of being able to work with
flat, extended specimens: Interesting structures within a larger slice can be identified in
medium or high resolution overview scans within short time and then further investigated
with a tomographic scan. In contrast, in the case of the preparation of a free-standing
rod-like specimen the regions of interest have to be identified beforehand.
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Chapter 11

Conclusions

In the final session of the “International Workshop on Phase Retrieval and
Coherent Scattering” (COHERENCE 2010) held in June 2010 in Rostock-
Warnemünde, Janos Kirz, one of the pioneers of X-ray microscopy both with
(Kirz et al., 1990) and without lenses (Miao et al., 1999), gave some
concluding remarks on the status of CDI based on what had been presented
during the days before. He pointed out that CDI in general yet had to
live up to the great expectations which were raised in terms of providing a
higher-resolution alternative to standard X-ray microscopy. He concluded
that CDI was still not a user technique and would have to move away from
“logo science” – the imaging of artificial test objects – and towards real
applications to prove itself a truly useful X-ray microscopy technique.

About five years later, ptychographic coherent diffractive imaging has
been successfully making the transition from pure methodological test ex-
periments to application-driven studies, in which actual scientific questions
concerning the imaged specimens are addressed. Many of the developments
presented in this thesis have been playing an important role in this process:

The crucial prerequisite for all further contributions was our group’s suc-
cessful demonstration of ptychography with simultaneous probe retrieval for
data recorded with an X-ray scanning set-up (Thibault et al., 2008). In
his perspectives introducing this article, Chapman (2008) concluded that
this approach “[...] should be implemented at every STXM at synchrotrons
worldwide”. The importance of this development is also reflected by the fact
that Thibault et al. (2008) is currently the most-cited article in the field
of X-ray ptychography (with 340 citations1, followed by Rodenburg et al.
(2007b) with 256 citations, and Dierolf et al. (2010a) with 180 citations).
Chapter 3 has been largely dedicated to the discussion of this reconstruction

1Citation numbers as of March 2, 2015, based on Thomson Reuters Web of Science,
http://www.webofscience.com.

325

http://www.webofscience.com


Chapter 11. Conclusions

algorithm. Furthermore, we have seen the possibility of incorporating various
types of a priori knowledge or of adding additional maximum-likelihood re-
finement. Reminiscent of Kirz appeal of meeting expectations in particular in
terms of claimed resolutions, we have reviewed existing resolution measures
regarding their applicability to ptychographic reconstructions in section 3.3.

The experimental realization of ptychographic CDI has been discussed in
chapter 5, with a strong emphasis on the set-up constructed at the cSAXS
beamline of the Swiss Light Source. Based on the experiences made at differ-
ent instruments, the concluding remarks in section 5.3 have identified various
factors which have to be considered to perform a good ptychography experi-
ment. This section of “lessons learned” has thus also emphasized the limiting
aspects of current set-ups, which should be the focus of future efforts. As
especially crucial among these, one can single out the issues related to detec-
tors, stability, and scanning overhead, which are also at the heart of ongoing
and future experimental developments, compare section 12.1 in the Outlook.

In part II we have seen three methodological advances for two-dimensional
PCDI which pave the way towards improved spatial resolution and sensitivity
(or density resolution): In chapter 6 we have discussed the challenges asso-
ciated with the imaging of weakly-scattering specimens and have introduced
ideas to overcome them. Their successful application to a measurement on
magnetotactic bacteria has demonstrated the potential of PCDI as a quanti-
tative, highly-sensitive phase-contrast X-ray microscopy technique. The re-
sults of this chapter were published in Dierolf et al. (2010b), which also
plays a role as the article in which the concentric scan pattern, the “round
scan”, was first employed. This pattern has been adapted rather widely in
the community, compare, e.g., Huang et al. (2014), who compared a new
pattern to “the presently used mesh and concentric patterns”.

In chapter 7 we have investigated methods to perform ptychographic re-
constructions using shared data sets. By means of simulations and experi-
mental demonstrations, we have identified several important applications of
this approach: In one case, a common probe is used for the reconstruction of
several data sets taken with off-set detector positions. This allows to over-
come the problem of missing areas in the diffraction patterns due to the gaps
of modern tiled detectors. Another important approach is sharing the probe
with a flat object, which has been demonstrated to suppress the raster grid
pathology and phase ramps. Finally, we have seen the self-aligning effect
when sharing the same, but off-set object among multiple scans. This may
be used to reduce the influence of long-term drifts, to approach stepwise the
damage limit of radiation sensitive samples, or to stitch large fields-of-view,
which has recently been applied by Guizar-Sicairos et al. (2014).
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From the results presented in chapter 8, we can draw the conclusion that
PCDI is in principle possible with relaxed requirements on the bandwidth
of the incident radiation. As the detector employed for the demonstration
experiments had an extended point-spread function which degraded the re-
construction results, we have investigated different options to compensate
this. In the outlook section of chapter 8, we have seen a first glimpse of
the power of the recently developed mixed-state ptychography (Thibault
and Menzel, 2013), whose application to broad-bandwidth data Enders
et al. (2014) have recently discussed in detail.

Part III has focused on the combination of ptychography and computed
tomography, PXCT. In chapter 9, the first successful demonstration of this
new phase-contrast nanotomography technique has been described. A pro-
cessing pipeline has been established which allows to obtain a fully-quantitative
three-dimensional reconstruction of a specimen’s electron density from pty-
chographic data sets collected at many projection angles. This procedure
has served as the basis for more generic implementations in Python (Dau-
rer, 2013) and in Matlab (Guizar-Sicairos et al., 2011). The latter
has been employed in many successful PXCT applications at the cSAXS
beamline. In addition, chapter 9 has also featured a comparison of PXCT,
which in the demonstration experiment was applied to a murine bone speci-
men, to other techniques for bone imaging. We have reached the conclusion
that although PXCT provides the necessary spatial resolution to visualize
the lacuno-canalicular network, one of the other techniques is often a better
choice for this sort of studies. However, ptychographic nanotomography pro-
vides a unique combination of both high spatial resolution and high density
sensitivity. This has given rise to the idea to use the technique for studying
tiny differences in bone mineralization on a sub-cellular level.

Chapter 10 has thus been focused on demonstrating the general feasibility
of such bone studies. We have seen that PXCT has successfully retrieved
artificially-induced mineralization gradients in ovine bone. In addition, it
has been shown that also the orientations of collagen fibril patterns can be
determined. Beyond their immediate implications for future applications of
PXCT in bone science, the two demonstrations also signify the transition
from pure methodological developments to more application-driven studies.

Among other factors, the development of PXCT – and probably also the
fact that the first demonstration on a bone specimen already directly high-
lighted potential applications – has played a major role in enabling the recent
success story of ptychography. The technique gets implemented at more and
more instruments worldwide, in particular at almost every new STXM beam-
line as requested by Chapman (2008). Furthermore, the use of PCDI is no
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longer limited to the small coherent imaging community, as the techniques
are being integrated into the regular user operation of beamlines. All this has
led to a remarkable number of ptychography-based studies: Trtik et al.
(2013), e.g., have investigated density differences in cement. In-situ exper-
iments have been carried out on silk fibres (Esmaeili et al., 2013), wool
(Esmaeili et al., 2015), and a material for CO2-capture (Høydalsvik
et al., 2014). Other materials science applications include imaging of car-
bon fibres (Diaz et al., 2014), paint (Chen et al., 2013), and catalysts
(da Silva et al., 2015). A recent biomedical study was performed on
hair cell stereocilia (Piazza et al., 2014), which are important sensors for
hearing and balance.

Characterization of X-ray focusing optics has become another important
application of PCDI. Because with the reduction of the sizes of focal spots,
investigating them with classical methods, like knife-edges, becomes increas-
ingly harder or even impossible. The possibility to use PCDI instead has
already been pointed out by Thibault et al. (2008) in our first demon-
stration of ptychography with probe retrieval. This experiment can also
be considered as the first iterative ptychographic reconstruction of the full
wavefield produced by a Fresnel zone plate. Another example of FZP charac-
terization, where the experiment was carried out specifically for the purpose
of optics metrology, is the work by Vila-Comamala et al. (2011a). The
approach has also been used with reflective optics (Kewish et al., 2010a,c)
and refractive optics (Schropp et al., 2010). Since these first demonstra-
tions, PCDI has been developing into a regular characterization tool in the
X-ray focusing optics community.
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Outlook

12.1 Experimental developments

In this section, an outlook is given on ongoing and projected experimental
developments. Some also address some of the limitations of current experi-
mental implementations of ptychography which have already been discussed
in section 5.3.

The requirement for highest positioning accuracy and stability presented
in section 5.3.4.3, for example, is addressed by the OMNY project at the
Swiss Light Source: Based on differential interferometric encoding of the rel-
ative position of illumination-defining optics and sample, the system allows
for either precise tracking in open-loop or accurate positioning in closed-loop
operation. The potential for ptychography has been demonstrated impres-
sively by a PXCT result with 16nm isotropic resolution (Holler et al.,
2014).

Novel X-ray detectors address many of the issues raised in section 5.3.2.
One example is the EIGER detector (Dinapoli et al., 2011; Johnson
et al., 2014; Radicci et al., 2012), the successor of the PILATUS detec-
tor. Guizar-Sicairos et al. (2014) have employed the faster readout and
smaller pixel size of this system for a demonstration of PCDI with a very large
field-of-view, with an effective dwell time of just 40 µs per resolution element
in the final reconstruction. Also in terms of count-rate limit, the EIGER
supersedes the PILATUS, compare section 5.3.2.2. Another interesting de-
velopment are detectors which combine photon-counting and integrating op-
eration modes. These allow to record an intense central maximum while still
retaining single-photon sensitivity in the outer regions of the diffraction pat-
tern. Giewekemeyer et al. (2014) have recently used a detector of this
type, the MM-PAD, for ptychography. Energy-resolving imaging detectors

329



Chapter 12. Outlook

like the MEDIPIX 3 (Ballabriga et al., 2011) may also provide some
interesting new opportunities.

Ptychography can of course also greatly benefit from the higher coher-
ent flux of the newest 3rd generation synchrotron sources like PETRA III
(Balewski et al., 2004) or NSLS II (Murphy et al., 2004). While it is
unclear whether the intriguing concept of energy-recovery linacs (Gruner
et al., 2002a) will result in an operational machine any time soon, pty-
chography has already been used at an X-ray free electron laser (Schropp
et al., 2013). However, full-power XFEL beams do not allow to illuminate
sample areas several times in order to create the mandatory overlap. PCDI
at XFELs will therefore probably remain limited to special settings, i.e. spec-
imens with two-dimensional translation symmetry (Kewish et al., 2010b).
Exciting opportunities will arise with the upcoming diffraction-limited stor-
age rings (Eriksson et al., 2014). As the coherent flux is expected to
increase by more than two orders of magnitude compared to a conventional
synchrotron ring, significant gains in quantity and quality of ptychographic
results are envisioned (Thibault et al., 2014). Following up on the work
of Enders et al. (2014), higher spatial resolutions are also possible at ex-
isting sources by employing broad-bandwidth beams or working only with
partially-coherent beams (Thibault and Menzel, 2013).

In terms of applications, one can infer that the possibility of in-situ pty-
chgraphic imaging with hard X-rays (Esmaeili et al., 2013, 2015; Høy-
dalsvik et al., 2014) will give access to a lot of interesting questions. A lot
of emerging applications are now also done with soft X-rays, after the field
has long been dominated by experiments in the multi-keV regime. Recent ex-
amples include the combination of ptychography and near-edge spectroscopy
(Shapiro et al., 2014), or the simultaneous recording of fluorescence infor-
mation (Deng et al., 2015b). Both approaches are expected to further grow
in importance, as well as other multi-modal techniques and soft X-ray pty-
chography in general. Besides the studies on various classes of samples, also
the characterization of focusing optics by PCDI (Kewish et al., 2010a,c;
Schropp et al., 2010; Vila-Comamala et al., 2011a) will remain an
important application.

Recently, ptychography has also entered the field of full-field imaging
through replacing the usual Fourier transform relation between object and
diffraction plane with near-field propagation (Stockmar et al., 2013). The
approach has demonstrated its potential to reconstruct data which is difficult
or impossible to handle with the usual propagation-based near-field phase-
contrast techniques (Stockmar et al., 2015). As near-field ptychography
has lower coherence requirements and might even be used with laboratory
sources, it will certainly remain an active field of research.
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Finally, it should not be forgotten that ptychography is also actively
developed for other types of radiation: Not too long ago, the iterative algo-
rithms have finally successfully returned to their roots in electron microscopy
(Humphry et al., 2012; Putkunz et al., 2012), after there had long been
difficulties with the multiple scattering occurring in the case of electrons. As
in the case of electrons, also PCDI with visible light is part of commercial
efforts of Phase Focus Ltd.1, a company which develops products based on
ptychographic imaging.

12.2 Algorithmic and software developments
Like the experiments, also the software implementations for PCDI recon-
structions strive to become more optimized and more user-friendly at the
same time. With increasing data collection rates, parallel computing ap-
proaches get mandatory to obtain results with as little time delay as possible.
More traditional CPU-based parallelization remains important, e.g. in the
open-source package ptypy (Enders and Thibault, 2014). Recently, also
code harnessing the vast computing power of GPUs has emerged, e.g. in form
of the open-source software Sharp Camera (Sharp Camera Team, 2014),
developed by Filipe Maia and co-workers at the Advanced Light Source in
Berkeley. More recently, also a group from the Advanced Photon Source near
Chicago has published an article on GPU-accelerated ptychography (Nashed
et al., 2014).

Another idea which also has the acceleration of ptychography in mind, is
the recent successful use of on-the-fly scanning (Deng et al., 2015a; Pelz
et al., 2014) instead of the usual stop-and-go mode. As the continuous
scanning acts as a source of decoherence in the diffraction data, the data
can be handled with the mixed-state reconstruction approach of Thibault
and Menzel (2013). This extension of ptychography is probably the most
important algorithmic development in the field since the introduction of si-
multaneous probe retrieval. It is therefore expected to continue to have an
tremendous impact on the further development of the technique. Enders
et al. (2014) have already demonstrated its potential for improving recon-
structions from data collected with non-ideal detectors. A detailed study on
the ability of the mixed-state approach to handle partial coherence has just
recently been published by Burdet et al. (2015).

In usual PCDI, the scan position have to be provided as highly accurate
a priori knowledge, but may easily suffer from inaccuracies and instabilities.

1http://www.phasefocus.com
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a b dc

Figure 12.1: Illustration of ambiguous position refinement due to lack of translation
diversity along one direction: A test object (black drawing) is assumed to be illuminated
at four positions with a localized probe (grey discs). (a) Original shape of object, correct
probe positions. (b) If the scan positions are refined, this result is equivalent to (a): as
only horizontal shifts would cause changes in the diffraction data or inconsistencies in the
overlapping areas, but not the vertical offset introduced here. (c) As the portion of the
object covered at each probe position is still the same as in (a), also this result without
any overlap in vertical direction is possible. (d) In a situation like shown in (c), the lack
of overlap in the vertical direction also allows for horizontal shifts like the one shown here.
It should be pointed out that this is not possible in case (b) where the overlap enforces
the vertical lines to be continuous. Both (c) and (d) may be avoided by constraining the
distances by which the refinement is allowed to change the positions.

Algorithmic position refinement is therefore highly desirable. The first ap-
proach in this respect has been published by Guizar-Sicairos and Fienup
(2008), who include an update of the probe locations in their conjugate-
gradient optimization. Maiden et al. (2012b) suggested a method based
on simulated annealing. Philipp Pelz (born Braun) used a expectation-
maximization in his Bachelor’s thesis (Braun, 2013), whereas the approach
of Zhang et al. (2013) relies on the cross-correlation of object guesses from
adjacent iterations of the ePIE algorithm. Despite all these options, one can
still raise some concerns about their general applicability. Fig. 12.1 illustrates
an example where the position refinement becomes ambiguous.

Also algorithms for the near-field case are being further developed, like,
e.g., longitudinal ptychography utilizing reconstructions taken at different
propagation distances (Robisch and Salditt, 2013).

There are several more recent algorithmic innovations, which have not
yet found the way into mainstream applications. Examples are approaches
exploiting the superresolution capabilities of ptychography (Maiden et al.,
2011), or a multi-slice reconstruction method for thick specimens (Maiden
et al., 2012a). In the future, high dissemination of such advances could
be achieved through the timely addition to one of the emerging open-source
ptychography libraries like ptypy (Enders et al., 2014)

Finally, also Bragg ptychography (Godard et al., 2011) has to be
mentioned as a field of ongoing algorithmic developments.
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back projection: update 3D object

forward projection: update projection

Figure 12.2: Information sharing via a tomographic volume. Ptychographic reconstruc-
tions are performed individually for the respective projection angle (red boxes). After
a certain amount of ptychographic iterations, the three-dimensional volume is updated
through a back-projection operation. If there is mutual misalignment between the pro-
jections, this volume will show a blurred appearance. Updated object guesses for each
projection angle are then calculated by forward-projection of the volume. The projec-
tions will now also show a certain degree of blur. The working hypothesis is that, despite
this blur, the averaging over the three-dimensional volume results in a projection with
less misalignment from the global mean. The PCDI reconstructions are then expected to
compensate for the ensuing shifts by moving the unconstrained probes accordingly (white
arrows), similar to what has been observed for the two-dimensional case of a shared object
in section 7.3.3 starting on page 184.

12.2.1 Algorithms for ptychographic nanotomography

Although we have seen in the chapter 11 of conclusions that ptychographic
nanotomography has been successfully used in different applications, the pro-
cessing procedure introduced in 9.2 starting on page 242 is rather tedious.
The well-written processing packages by Daurer (2013), which also provides
a graphical user interface, and Guizar-Sicairos et al. (2011) have further
streamlined the reconstruction process. However, they still rely on strong as-
sumptions about the object, namely the presence of sufficiently empty areas
on either side of the sample. As a result, PXCT in this form remains limited
to free-standing specimens no thicker than the field-of-view. Local tomogra-
phy or even tomosynthesis on limited-angle data sets (compare section 10.3)
are not possible this way.

Inspired by the self-aligning effect observed when sharing a common ob-
ject between scans with offset positions in section 7.3.3, this has been de-
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veloped into an idea for self-consistent projection alignment. The details of
this proposal are presented in Fig. 12.2. If the approach performs in the
envisioned way, the alignment would no longer rely on a priori knowledge
about the sample and could run almost unsupervised.

Another point where PXCT still has a lot of room for improvements is
the tomographic reconstruction. So far, usually the filtered-backprojection
(FBP) algorithm is used. However, due to the long acquisition times required,
PXCT sinograms are typically angularly undersampled as not enough differ-
ent projections are obtained. One can therefore expect to improve the quality
of the CT reconstructions by using iterative algorithms (Kak and Slaney,
1988), which show a better performance for undersampled data than the
FBP.
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Appendix A

The Fourier transform and its
properties

Due to their paramount importance for far-field coherent diffrac-
tive imaging, this chapter provides a brief summary on the Fourier
transform and its properties, which are frequently used through-
out this thesis. The content of this chapter has been adapted
from section 2.1 of Dierolf (2007).

As a multi-dimensional Fourier transform can be understood as consecutive
applications of independent one-dimensional transforms along each coordi-
nate, all definitions are given in a one-dimensional notation. In what follows,
x is a real-space coordinate and q the corresponding reciprocal coordinate in
Fourier space (component of the scattering vector).

A.1 Definition and properties
In its continuous form, the complex Fourier transform f̃(q) of a square-
integrable function f(x) is defined as (Bracewell, 1986)

f̃(q) = F {f(x)} =
∫ ∞
−∞

f(x) e−iqx dx , (A.1a)

with the corresponding inverse transform

f(x) = F−1
{
f̃(q)

}
= 1

2π

∫ ∞
−∞

f̃(q) eiqx dq . (A.1b)

To express transformations between time and frequency domain in the same
notation, x has to be replaced by the time t and q by the angular frequency
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ω. The Fourier transform has several properties which can be easily derived
from the definitions (A.1) (Champeney, 1973; Goodman, 1996):

1. Similarity theorem:

F {f(ax)} = 1
|a|
f̃
(
q

a

)
. (A.2)

A coordinate “stretching” in direct space causes a contraction of the
corresponding Fourier space coordinates.

2. Shift theorem:
F {f(x± a)} = e±iqa f̃(q) . (A.3)

A translation in direct space results in a linear phase ramp or phase tilt
superimposed on the Fourier transform of the unshifted function.

3. Parseval’s theorem:∫ ∞
−∞
|f(x)|2dx = 1

2π

∫ ∞
−∞
|f̃(q)|2dq . (A.4)

Apart from a constant pre-factor, the integral over the modulus squared
in real and reciprocal space has the same value.

4. Convolution theorem:

F {f ⊗ g} = F
{∫ ∞
−∞

f(x′)g(x− x′)dx′
}

= F {f}F {g} . (A.5)

A convolution of two functions transforms to the product of their
Fourier transforms.

5. Cross-correlation:

F {f ? g} = F
{∫ ∞
−∞

f(x′)g∗(x′ − x)dx′
}

= F {f} (F {g})∗ , (A.6)

with the important special case of the autocorrelation

F {f ? f} = |F {f}|2 . (A.7)

6. Fourier transform of a real-valued function f(x) = f ∗(x):

f̃(q) = f̃ ∗(−q) , (A.8)

which is also known as Friedel’s law in diffraction physics (Als-Nielsen
and McMorrow, 2011).

7. Fourier transform of derivatives:

F
{

dn

dxn f(x)
}

= (iq)nf̃(q) . (A.9)
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A.2 Fourier-Bessel transform for circularly-
symmetric functions

Optical set-ups often show circular symmetry with respect to the optical
axis. If a function exhibits circular symmetry, this is also true for its Fourier
transforms. The two-dimensional Fourier transform can thus be replaced by
the one-dimensional Fourier-Bessel transform, which links the radial compo-
nents in real and reciprocal space and is also known as Hankel transform of
zero order (Champeney, 1973):

g̃(q) = HT0 {g(r)} = 2π
∫ ∞

0
rg(r) J0(rq)dr , (A.10)

where J0 is the zeroth-order Bessel function of the first kind. Discrete versions
of this transform utilize roots of the Bessel functions as sampling points, see
Yu et al. (1998) and Guizar-Sicairos and Gutiérrez-Vega (2004)
for more details.

A.3 Discrete Fourier transform
To analysis discrete data sets like pixelated images, also the mathematical
operations (transforms) have to be discretized. The one-dimensional Discrete
Fourier Transform (DFT) maps an complex-valued vector f of N elements
to another vector space with the same dimension N . Then the n-th element
of the transformed vector is (Butz, 2006)

f̃n = (F {f})n = 1
N

N−1∑
m=0

fm e−2πinm/N , 0 ≤ n ≤ N − 1 , (A.11a)

while the corresponding inverse transform is given by

fn =
(
F−1

{
f̃
})

n
=

N−1∑
m=0

f̃m e2πinm/N , 0 ≤ n ≤ N − 1 . (A.11b)

The theorems introduced in section A.1 for the continuous case also hold
for the DFT (for more details compare Bracewell, 1986; Butz, 2006;
Meyberg and Vachenauer, 1999). One important additional property is
the periodicity of the DFT so that for all n ∈ [0, N − 1]

fn+kN = fn , ∀ k ∈ Z , (A.12a)
f̃m+kN = f̃m , ∀ k ∈ Z . (A.12b)
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Software implementations of discrete Fourier transforms typically rely on
a Fast Fourier Transform (FFT) algorithm (Cooley and Tukey, 1965)1:
The basic idea of such an algorithm is, to divide the vector f of N ele-
ments into smaller sub-units, whose lengths are factors of N . The Fourier
transforms of these sub-vectors can be calculated much faster, thus the total
computation time scales only with N log(N) rather than N2 as for a standard
DFT. The method works best if N is “a highly composite number” (Cooley
and Tukey, 1965) which can be split into many factors. Therefore, the best
performances are typically achieved when N is a power of two.

1Although there are different FFT algorithms, the algorithm of Cooley and Tukey
(1965) is still the most popular one. As a result, “FFT” is sometimes used as a synonym
for the Cooley-Tukey FFT algorithm.
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