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ABSTRACT

We consider a very basic communication scenario: a
transmitter sends data to a receiver over a single invariant
link, where each side has a certain energy budget which is a
common restriction for sensor nodes powered by batteries or
energy harvesting components. Given the channel coefficient,
the instantaneous data rate that can be achieved depends on
the transmit power employed by the transmitter, and the res-
olution of the analog-to-digital converter (ADC) employed
by the receiver. The power consumptions of the transmitter
and the receiver also depend, respectively, on these two pa-
rameters. In this paper we seek to answer the question: what
is the transmit and receive strategy that leads to the maximal
throughput achieved on a finite time interval [0,7'], given
the individual energy constraints at the transmitter and the
receiver? The underlying control problem, which is found
non-convex in its original form, can be made convex by a
reconstruction of the power-rate surface based on which the
optimal solution can be conveniently determined.

Index Terms— Throughput maximization, optimal con-
trol, energy-efficiency

1. INTRODUCTION

Many communication devices, such as wireless sensor nodes
and mobile terminals, are limited by the energy that is con-
tainable to the batteries they have. Although their sustain-
ability can be improved by employing energy harvesting
techniques, it is of fundamental importance to make efficient
utilization of the available energy. In recent years, there
have been various works discussing the trade-offs between
energy/energy-efficiency and the traditional performance
metrics such as delay and spectrum-efficiency, e.g., [1][2],
leading to constrained parameter optimizations in different
system contexts. When it comes to the joint optimization
of the communication between a transmitter and a receiver,
the problem is multidimensional which usually has a rather
complex structure. On the other hand, when the usage of en-
ergy is under discussion, the impact of the variation of power
consumption over time needs to be explored, which is one of
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the central focuses of energy harvesting systems [3][4]. This
is to say, instead of optimizing a scalar or vector parameter,
we optimize one or more functions of time. In this work, we
investigate the joint optimization of transmit power and the
ADC resolution both as functions defined on the time interval
[0,T], with the goal of maximizing the throughput achieved
by the point-to-point communication. Although the consid-
ered scenario is simple and the statement of the problem is
straightforward, this problem has not been touched upon in
the literature to our best knowledge, and requires careful
treatment due to its non-convexity.

2. SYSTEM MODEL

We consider the data transmission from a transmitter to a re-
ceiver in a given time interval [0, 7], where both sides are
not supported by constant power supplies but have a certain
energy budget. It is assumed here that the transmitter and the
receiver both have one single antenna, and the communication
channel between them stays constant during the time interval
of interest. Furthermore, we assume that there is a central
control unit in the system which has perfect knowledge about
all relevant system parameters as well as the channel state,
so that it is able to jointly optimize the transmit and receive
strategies to achieve the maximal possible throughput. Trans-
mit power employed by the transmitter, denoted with py, and
the ADC resolution employed at the receiver, denoted with
b, are taken as the two control variables which we can adapt
continuously in time and magnitude. In this section, the re-
lations between the control variables and the achievable data
rate as well as the energy consumptions are to be explained.

Let the constant channel coefficient during [0,7'] be h €
C, and the receive noise power be o2, With transmit power
Pix, the receive signal-to-noise ratio (SNR) v can be written
asy = |h|? - pix/o?. The channel capacity as dependent on y
and the ADC resolution b is lower bounded by [5]

O =] (1)

where the transmission bandwidth has been normalized with-
out loss of generality. In the aforementioned paper it was



shown that this lower bound is quite tight especially in the
low SNR region. Therefore, we employ (1) as our rate func-
tion R = f(v,b), and define throughput p as the integral of
the instantaneous data rate R from time 0 to 7" as

T
p:/o f(’y’b)dt'

Note that p is a functional of b(¢) and ~(¢), or equivalently,
Pix(t), which are functions of time defined on [0, T']. Yet for
notational simplicity we usually neglect the time index ¢.

The power consumption of the transmitter and the re-
ceiver, denoted with P, and P, respectively, are given by

£o? A

Plif'ptx:W"Y:al%

o

For the transmitter, we assume that the power consumption
is proportional to the transmit power, where the scaling fac-
tor ¢ is related to the efficiency of the power amplifier. It is
often considered that the power consumption consists of an-
other constant part when piy > 0, resulting from other circuit
components [6], which we do not take into our model for sim-
plicity. We distinguish the operation modes of the receiver,
on the other hand, by whether a positive ADC resolution b
is employed: the receiver is in active mode when b > 0 and
is in sleeping mode when b = 0, for which we assume that
the power consumption is negligible. For the active mode,
the power consumption is proportional to 22° and the receive
noise power, scaled by some constant parameter ¢ determined
by the specific design of the ADC [5]. In (2) the constant scal-
ing factors in P} and P; are put into two parameters a; and
as, leading to a more concise description of the system.

0, b=0,

A
co? 22 =gy .22 p>0.

2

3. THROUGHPUT MAXIMIZATION

Let the available energy at the transmitter and the receiver be
Aj and As, respectively. Throughput of the system is to be
maximized with efficient utilization of these energy, by adapt-
ing v (ptx) and b properly during [0, T']. Mathematically, this
can be formulated as a standard control problem as

T
/ f (7. b) dt
0

max
7>0,b>0
s.t. Wi = Pi(y), W,y = Py(b), (3)
Wh (0) = 0; WQ(O) = Oa
Wi(T) < Ay, Wa(T) < Ay,

where W; and W stand for the cumulative energy consump-
tion of the transmitter and the receiver, respectively, which
are referred to as state variables. The derivatives of 17 and
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W4 with respect to time correspond to the power consump-
tion functions P, and P», which serve as state equations of
the system. The energy consumptions at time 0 are naturally
0, and they should not exceed the energy budgets at time 7.

For better tractability of the optimization, we assume that
both pix and b can take any non-negative values although in
practice, the ADC resolution b is an integer. The obtained
fractional valued b can nevertheless be achieved via time-
sharing of integer valued resolutions. However, the discon-
tinuity of function P, at b = 0, and the fact that function f is
not jointly concave in «y and b, render Problem (3) non-convex
and prohibit the direct application of the optimal control the-
ory, which requires convexity of the problem to guarantee the
sufficiency of the first-order optimality conditions.

In our previous work [4], we resolve the throughput maxi-
mization problem of an energy-constrained transmitter, which
also has a discontinuous state equation due to the circuit
power associated only with the active operation mode. The
optimal solution we derived there can be interpreted from a
geometric point of view: a tangent line is made from the point
(P, R) = (0,0), which corresponds to the sleeping mode of
the transmitter, to the power-rate curve, and the power values
between 0 and that of the tangent point should be achieved
via time-sharing. This is to say, after transforming the control
variable to the power consumption P and convexify the P-R
curve, we obtain a convex optimization problem which can
be handled quite easily. Observing this, we seek to convexify
the power-rate surface in our problem, where both the dis-
continuous point (P;, P>, R) = (0,0, 0) and the non-concave
region of the surface need to be taken into account.

4. OPTIMAL TRANSMIT AND RECEIVE
STRATEGY

Following the approach we conceive and describe in the last
section, we first reformulate (3) into an optimization on P;
and P,, where the rate function is now given by

0, P, =0,
R:g(P17P2): 10g2 <%), P2>a2.
ai GZ'TZ

It can be shown that g is concave both in P, and P; for P >
as, yet the determinant of its Hessian matrix

a1as . aiao + 2P1(a2 — PQ)
(In 2)2 (a1 + P1)2PZ(as Py + a1 P2)?

|H(g)| = -

is not always positive. Let the ratio between P; and P» be a.
With fixed « > 0, g is concave in P; for P, € (asq, +00).
As ¢(0,0) = 0, function g with respect to the fixed o can
be convexified by making a tangent line from point (0, 0, 0)
to its graph, and replacing the part between (0,0, 0) and the
tangent point with the straight tangent line. Let u denote the
P -coordinate of the tangent point. The condition g(”’T“/a) =



99
oP; | b

(0,0, 0) leadmg to the equation

should be satisfied as the tangent line passes point

u n( a1 +u > )
a; +u a1 + as2cx

which implicitly defines u as a function of a. Consequently,
for any @ € (0,+400), we can compute the coordinates of
the corresponding tangent point, and convexify the function g
with respect to the direction specified by a. In Fig. 1, we illus-
trate the power-rate surface, which is the graph of g(Py, P»),
with a1 = as = 1, and the line of tangent points. The tangent
lines connecting the origin and the tangent points yield a tan-
gent region. Keeping the part of the original surface beyond
the tangent region unchanged, we construct a new power-rate
surface, which we will show in the following to be concave.
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Fig. 1. Power-rate surface and the line of tangent points

We consider two points X (ayx, x) and Y (aey,y). The
point resulting from the time-sharing of X and Y is given by

Z (Borz + (1 = B)asy, Br + (1 — B)y),
Barx + (1 — Basy
Br+(1—-By

The data rate achieved at point Z, as suggested by the recon-
structed power-rate surface, can be computed as
1 faiz+(1- 75wy

Rz =—" o T ulaz) Q)

0<p<1,

with oz =

when Z is in the tangent region; otherwise Rz can be directly
obtained from evaluating the function g at Z. In the former
case, the concavity of the surface can be proved by showing
that 8;522 < 0, whereas in the latter, we can show that at any
point beyond the tangent region, the rate function g is jointly
concave in P; and P». Note that by taking this approach, we
do not need to discuss separately, the cases that the points X
and Y are inside or out of the tangent region.
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From the definition of vz and (4), it can be computed that

daz -

A8 (Bz+(1—

(o —cnay  du_
By)?  da

(a1 +u)?
u(ay + azaz)’

By using the chain rule we can obtain %’;Z). It then follows

az(a; — az)xy - ay

dRz 1 a1x — QoY
d8 In2 [al + u(ayz)
d’Ry 1
gz

1 az(a1 — az)?(zy)?
2 (Bz+ (1 - B)y)° u(az) (a1 + asaz)
(w +ulan)’ + UW)]

u?(az)

a0z
X |2 —
a1 + asay

From (4) which characterizes the tangent points, we have
ln(1+ ua2a> -
a1 + asQ

leading to the inequality asx < m
that Ry is strictly concave in 3 since

U — asx
a1 + asa’

a1 +u

Consequently, we see

(a1 +u(az))’ + uP(az)
a1 +asay u*(az)

u?(ay) (a% + 2aqu(ay) + 2u2(az))
(a2 4+ 2a1u(az) + u?(az)) u?(az)

a2ty

Suppose point @@ with P;-coordinate p and ratio « is out-
side the tangent region, ie., p > wu(«). Since g is strictly
concave in P; along the fixed direction specified by «, the
R-intercept of the tangent line at () must be positive, yielding

99

> 0.
oP; Pi=p

g(p,p/a) —

Similarly as before, we apply the relation In(1 + z) < x for

2 > 0 and obtain that o < which gives

_
az(2p+ay)’

a(2p+a
ayaz + 2p(az — §> < ajas + 2asp — 2p* - %
= —aiaz — 2azp < 0.

This means, the Hessian matrix H (g) is negative definite at
any point outside the tangent region, suggesting the strict con-
cavity of the surface over this region.

With the above proof, we assure that the reconstructed
power-rate surface, which is obtained by making tangent lines
from the origin to the surface determined by ¢ for all direc-
tions o € (0,+400), is overall concave. Based on this, the
optimal solution to (3) can be achieved via Algorithm 1. Op-
timality of the algorithm can be understood as the straight line
connecting any two points on the power-rate surface would
lie below, or coincide with, the surface due to its concavity.
If the two points have different o values, then the connecting

 (Br+ (1 - B)y)ular + azaz)

|



Algorithm 1 Obtaining the optimal operation power

a + Ay /As, compute u() by solving (4)

if A1 /T > u(«) then
Tx and Rx operate actively for the whole time interval
[0,T] with Py = A, /T, P§ = Ay)T

else
Tx and Rx operate actively for a time period of A; /u(«)
with power P; = u(«), Py = u(«)/«, and then turn
into sleeping mode

end if

straight line lies below the surface, meaning that any way of
time-sharing of the two operation points results in a smaller
average data rate compared to using the average power con-
stantly. The argument also applies when the two points have
the same «, but at least one of them is outside the tangent re-
gion. When both points have the same « and are in the tangent
region, then any point on the connecting line is also on the sur-
face, and it can be achieved via time-sharing of the sleeping
mode and the operation mode specified by the tangent point
in the direction given by a. The above reasoning leads to
the conclusion that both transmitter and receiver should con-
sume their power constantly, and the sleeping mode comes
into play when the desired power is smaller than that of the
tangent point in the corresponding direction. Since the rate
function g increases monotonically in P, and P, all available
energy should be consumed by time 7" in order to maximize
the throughput, and we can therefore determine the optimal
transmit and receive strategy as described in Algorithm 1. The
optimal transmit power p;, and the optimal ADC resolution
b* can then be directly obtained from P} and F5.

5. NUMERICAL RESULTS

We set up some simple test scenarios to see how the maxi-
mal achievable throughput p* and the optimal solution change
with respect to the system parameters a1, az, A; and As. We
take T' = 10, fix the total available energy at the transmitter
and the receiver to 100, i.e., A1+ Ao = 100, and vary the ratio
between A; and As from 0.01 to 100. The maximal through-
put achieved with different a; and a9 are shown in Fig. 2(a),
and the optimal power values during the active mode for the
case a3 = ag = 1 are shown in Fig. 2(b). The peaks in the
p* curves indicate the optimal energy allocation between the
transmitter and the receiver. It turns out that the positions of
the peaks change not only with the parameters a; and a9, but
also with the sum energy A; + As. The crosses and circles as
in Fig. 2(b) indicate the turning points at which the optimal
transmit and receive strategies change. When A, /A, is very
small, the transmitter does not have enough energy to support
the power u(A;/As) for the whole time interval, causing a
sleeping period necessary. Similarly, a sleeping period is re-
quired when A; /As is very large. In the medium region, the

4761

transmitter and the receiver are active for the whole time in-
terval, and therefore P} increases linearly with A;. Since A;
is concave in A1 /Ao when Ay 4 A, is fixed, so should P} be,
which is exactly what can be seen in the figure.

= a1 =1l,a2=1

— a1 =10,a2 =1 ||

= a1 = 1,a2 =10 |]

107 107 10° 0 10°
A1 /A2
(a) Maximal achievable throughput

10 107" 10° 10' 107
Al/Az

(b) Optimal power consumption, a1 = a2 = 1

Fig. 2. Optimization results for a system with fixed total
energy A1 + Ay =100, 7 = 10

6. CONCLUSION

We investigate the throughput maximization problem over
a given time interval for the point-to-point communication
where the transmitter and the receiver have individual en-
ergy constraints, and assume perfect knowledge of all rel-
evant system parameters. An information theoretic model
is established, and the problem is formulated as a standard
control problem with transmit power and ADC resolution as
its two control variables. The essential proposal in finding
the jointly optimal transmit and receive strategy is to trans-
form the optimization variables to the power consumptions
at the transmitter and the receiver, and then convexify the
power-rate surface. The obtained result lays the basis for op-
timizations in more complicated scenarios, e.g., with energy
harvesting transceivers, and can be applied for improving the
performance of energy-constrained communication systems.
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