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Preface

The present work examines the potential of current oversampling for the sensorless control
of synchronous machines. Using linear regression, the current evolution during a switch-
ing state is approximated by a straight line. The approximated offset and slope represent
low-noise current and current derivative values. Upon this basis, three position estima-
tion techniques are developed and merged in two oppositional hybrid sensorless control
methods which demonstrate the advantages of the oversampling.

The research behind those contents has been enabled by and carried out at the Insti-
tute for Electrical Drive Systems and Power Electronics of the Technische Universitaet
Muenchen (Munich, Germany) in the period from 2012 to 2014 and under supervision of
Prof. Ralph Kennel. At this point in time the required hardware components were signifi-
cantly more expensive than conventional drive hardware. Hence, the reader is supposed to
gain a preview of the opportunities that are going to emerge for sensorless control as soon
as the prices of more elaborate components (e.g. DSP-FPGA combinations or magneto-
resistive current transducers) will drop into a range relevant for series production.

For accomplishing this project, including all hardware and software development, within
a period of 3 years the efficient collaboration with the following people has been essential:
During the work of his Diploma thesis Janos Jung developed the real time system capable
of current oversampling and the respective data processing. This development has been
broadly supported by the scientific employee Peter Stolze. As a part of his studies Math-
ias Kramkowski implemented the recursive linear regression algorithm in VHDL which
enabled the real time evaluation of the oversampling data. Based on the above works the
former student Tino Müller manufactured and commissioned a portable and reliable test
bench with which all experiments of this work have been realized.

Despite of the author’s aim to investigate thoroughly and provide comprehensible de-
ductions, he remains aware that no insight is ultimate - instead, the reader is welcome to
comment, ask critically or discuss new experience.

Munich, January 2015
Peter Landsmann
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Chapter 1

Introduction

The finite resources of our planet face a growing global development that already ex-
ceeds their sustainable limits [1]. The severity of the consequences of global resource
over-exploitation makes profound political changes inevitable [2–4], of which the recent
sustainability trend in industrialized nations, such as Germany, is just a beginning. Re-
garding energy production and consumption (as parts of the resource scarcity problem),
we already note an increased currency of "green" technical products, but the required
reduction of fossil fuel extraction and carbon emission is by far not reached yet [5]. A fur-
ther reduction can be facilitated, inter alia, by the increasing electrification of applications
and the improving efficiency of electro-mechanical power conversion.

Although power electronics and machine control strategies have made significant
progress in the past three decades, in practice still a major part of the generated electric
energy is used by machines in direct grid connection (Fig. 1.1(a)) - a simple operating
mode with low efficiency. However, the installation of a more efficient drive system,
consisting of inverter and machine, entails a higher initial investment. Especially when
utilizing the potential of inverters to employ (more efficient) synchronous machines, the
inverter requires the rotor position information.

Figure 1.1: Machine operation topologies.

1
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This information is normally obtained by means of a rotor position sensor - a relatively
expensive and sensitive component that demands a free shaft end, construction space on
this side, an additional cable and an evaluation circuit (see Fig. 1.1(b)); and that increases
the (often manual) installation effort and aggravates the overall fault probability of the
drive system. This set of drawbacks obviously affects the attractiveness of inverter driven
synchronous machines, and thereby motivates the development of control strategies that
overcome the need for a position sensor (Fig. 1.1(c)).

In this sense, so called “sensorless control” strategies further the relevance and cur-
rency of synchronous machine drive systems, by making them cheaper, smaller, saver and
more robust - and do hence, in a broader sense, give a small contribution to the overall
electrification of applications and to the reduction of fossil energy consumption.

However, according to the state of the art in sensorless control, these strategies do also
entail drawbacks, difficulties and limitations:

(1.) Due to internal or subsequent filtering, the estimation bandwidth of most sensorless
methods is limited. Moreover, some injection-based methods require a reduction of
the current controller bandwidth which propagates into all above cascades. Hence,
a sensorless controlled drive will not fulfil very high dynamic requirements.

(2.) Sensorless control methods employ the machine as a sensor, despite its design for
energy conversion. Hence, manufacturing tolerances, age and temperature depen-
dences, nonlinearities and harmonics that may be negligible regarding energy con-
version, limit the accuracy of the position estimate in comparison a sensor signal.

(3.) At low speed and standstill, the position information is commonly obtained from the
anisotropy orientation, using signal injection techniques. Due to switching frequency
limitation for drives larger than 1 kW, this injection is normally located in the
audible frequency range, resulting in an acoustic noise emission at low speed.

(4.) The anisotropy, exploited for low speed position estimation, shows harmonic and
load dependent deviations from the rotor position. Harmonics of very high magni-
tude, as for instance in discretely wound machines, and very high torques can both
lead to an assignment problem between anisotropy and rotor position. Especially
the latter cause is crucial, since it results in a general torque limitation for sensorless
control techniques at low speed.

(5.) The transition between the techniques for low and for high speed angle estimation
is based on the estimated speed, i.e. on the time derivative of the angle estimate,
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resulting in non-smooth transitions (up to stability problems) during acceleration
or deceleration processes.

(6.) Finally, most high speed schemes presume the preliminary knowledge of at least a
few machine parameters, reaching up to multi-dimensional parameter curves. Low
speed schemes comprise a set of filter parameters and gains that in some cases are
machine parameter dependent and in most cases are complex to tune.

Those problems do still prevent the use of sensorless techniques in many applications
where at least one of the above points hurts an essential requirement. Applications with
close placement of the machine to the customer, for instance, are often not realizable
because of the third reason, while the other reasons may be irrelevant. Hence, solving
this one drawback, would already increase the number of possible applications of sensorless
controlled synchronous machines.

To stay with this example, the particular extent of acoustic noise emission at low speed
depends on the amount of injection required to identify the anisotropy orientation with
sufficient signal quality. This identification is based on the relation between voltage and
current time derivative, where the voltage is relatively well known from the pulse width ref-
erence. The current derivative, however, is not measured directly with a standard drive
setup, but calculated from the difference between consecutive current samples. Hence,
only a fraction of the current measurement range and resolution is utilized in this deriva-
tive calculation. Moreover, depending on the saliency ratio of the machine, only a fraction
of the calculated current derivative is actually angle dependent. Hence, although the noise
and quantization of the current measurement is sufficient for the current control, it may
constitute the bottleneck for the anisotropy identification and for the desirable reduction
of injection magnitude (i.e. acoustic noise emission).

On the other hand, the standard current sampling technique, referred to as synchronous
current sampling (SCS), has been designed for the purpose of current control as well.
By sampling in the centre of the passive switching state (once per PWM half-period),
SCS aims to segregate the fundamental content of the current evolution from the pulse
width modulation (PWM) induced harmonics [6]. However, conventional analogue to
digital (A/D) converters are able to sample at a much higher rate than once per control
interval. The respective gain in information, obtained without a change to the hardware
configuration, could be employed for the purpose of sensorless control.
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1.1 Contributions

This thesis deals with the development and assessment of sensorless control techniques
that utilize the maximum A/D conversion frequency. The underlying idea herein is to
approximate the oversampled current evolution during each switching state by a straight
line. Using a least squares based technique (linear regression) for approximation, the
resulting straight coefficients contain markedly less noise than single current samples.
Moreover, the approximated straight slope provides a measure of the current derivative
- the key information for anisotropy-based methods. Hence, the approximated straight
slope and offset are employed to obtain low noise inductance and EMF information,
allowing for the design of position estimation techniques for standstill and high speeds.

Beyond the noise reduction potential, this thesis shows that the approximated slope in-
formation can be utilized to develop an EMF based position estimator for surface mounted
permanent magnet synchronous machines that does not involve any machine parameter.
In order to realize this second advantage in a hybrid sensorless control scheme for the full
speed range, two extensions are proposed: a parameter-free signal to noise ratio (SNR)
based estimate fusion technique that, moreover, obviates the utilization of the estimated
speed, and a q-axis pulse test for the identification of the load dependent anisotropy
displacement.

A second (parameter involving) hybrid approach is developed in order to demonstrate
the maximum achievable performance of oversampling based sensorless control, where the
particular focus is on speed controller bandwidth and injection magnitude. It is shown
that, in order to reach maximum bandwidth, non-static effects in the current-flux relation
must be compensated.

By proposing and validating the above techniques, this work contributes to the solution
of the problems (1.), (3.), (5.) and (6.) of the state of the art in sensorless control.
Moreover, with the thorough analysis of the oversampled current response and its first
utilization for the closed loop sensorless control of alternating current (AC) machines, this
work provides deep insight into several effects in synchronous machine drive systems that
are neglected in conventional models.

1.2 Related works

Current oversampling has been considered for sensorless control in a small number of
other publications, however, using different approaches and attaining different results:

In 2010 the evaluation of switching transient by means of current oversampling has been
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proposed by Wolbank et al. [7, 8]. In particular, the rarely documented machine winding
recharge transient (discussed in Ch. 4.2.3) is captured by means of Rogovski-type current
derivative sensors. By applying edge- and amplitude-detection techniques to the over-
sampled Rogovski-sensor signal, the anisotropy information is obtained from the current
derivative oscillation. However, the placement of those sensors and the filtering of their
output signal is not clear since, particularly, the significantly larger cable-related transients
(discussed in Ch. 4.2.2) are not visible in the current derivative signal. Those normally
dominating oscillations do not contain the position information, but would severely aggra-
vate the proposed detection. Moreover, although in a later publication [9] the proposed
technique has been implemented in a control system, a closed loop sensorless operation
has not been presented for this approach.

In 2011 the evaluation of Rogovski-type current derivative sensors by averaging multiple
high frequent samples has been proposed by Bolognani et al. [10]. In this way, the influence
of parasitic effects related to this type of measurement could be minimized. However, as
for this evaluation the above transient oscillations firstly need to settle [9], this technique
requires relatively much injection magnitude. Moreover, both above approaches are based
on current derivative sensors, i.e. additional hardware with respect to a conventional drive
setup.

In 2012 the least squares based derivative approximation of oversampled current signals
has been proposed theoretically by Sumner et al. [11], which is considered having the
closest relation to the work of this thesis. The approximated current derivative during
an active switching state (ASS) is approximated by a straight line, the slope of which
is considered to provide the anisotropy information. The idea has been supported with
simulation results, that did not contain parasitic effects. In practice, however, the current
signal during ASSs of reasonable injection magnitudes is mostly described by the above
mentioned transient oscillations, such that the approximation results are not usable. Due
to this difficulty, Sumner et al. replaced the least squares based derivative approximation
in 2013 by an artificial neuronal network (ANN) based slope identification [12] in order
to still evaluate the oversampled current data during the ASS. Yet, the results showed
only medium accuracy, while requiring relatively long ASSs, i.e. a relatively high injection
magnitude.

In a broader sense, the term oversampling also includes methods that sample more
than once per control interval, but obtain the time derivative of the current from the
difference between two current samples. While some of these methods sample continuously
and disregard unreasonable samples [13], other methods schedule the sampling instants
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according to the switching pattern [14–16]. However, since these methods sample at a
rate close to control frequency and employ the difference between two current samples,
they are considered relating closer to conventional anisotropy-based methods than to the
techniques proposed in this work.

1.3 Outline

After this introduction, the second chapter elucidates the underlying machine model, in
order to agree on an understanding and a description of the electromagnetic relations and
effects in synchronous machines. Moreover, extensions are added to the model to explain
and predict parasitic effects discovered during the course of the thesis. Chapter 3 provides
a brief review and classification of sensorless control techniques in literature, in order to
describe the origin and illustrate the context of the techniques used in this thesis.

The following four chapters constitute a step-by-step development of the eventual cur-
rent oversampling based hybrid sensorless control techniques. Firstly, Ch. 4 briefly de-
scribes the hardware setup designed for this thesis and provides an in-depth investigation
of the oversampled current signal itself. Ch. 5 chapter focuses on the linear approximation
of the oversampled current data, analyses the straight coefficients depending on several
operating conditions, and compares the results to the theoretical expectation. Ch. 6 firstly
contrasts reasonable ways to obtain the position information from the straight coefficients
and proposes three position estimation techniques that are effective in different speed re-
gions. Based on the experimentally determined properties of those position estimates,
Ch. 7 finally concludes the development by proposing two oppositional fusion techniques,
each aiming to support and work out one essential advantage of the oversampling-based
position estimates.



Chapter 2

Drive model

A model, as a simplified description of reality, is helpful to segregate, understand and
predict certain aspects of a real subject, but cannot give full evidence for the applicability
of a method to the subject. In the context of sensorless control of synchronous machines,
the purpose of this chapter is, hence, to agree on an underlying understanding of their
electromagnetic behaviour, to set the foundation for theoretical descriptions and deriva-
tions, and to provide an explanation for particular effects found in practice, allowing for
their prediction and compensation. The validation of approaches, however, will in this
thesis only be performed by practical experiments and not by simulation.

After defining the nomenclature of this work, the space vector representation is de-
rived and discussed briefly. Based on those mathematical conventions a generic non-
linear synchronous machine model is be derived, including a closer consideration of its
anisotropic behaviour. From this generic model a linear permanent magnet synchronous
machine (PMSM) and a linear reluctance synchronous machine (RSM) model are deduced
as two special cases. Finally, a simple dynamic eddy current model will complement the
overall machine model, such that most significant effects in the oversampled current re-
sponses can be emulated and partially predicted.

2.1 Nomenclature and definitions

This section provides a brief summary of the mathematical principles underlying the
present work. Besides the usual work-specific choice of symbols for physical quantities
that needs to be defined, the symbol font as well as super- and subscripts are employed
to indicate certain properties of a quantity, such as dimension or reference frame. The
condensed and centralized description allows to interpret all following parts of the thesis.

7
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2.1.1 Quantities

Firstly, Tab. 2.1 shows the definition of the symbols for physical quantities. All quantities

Symbol Description
u, ψ voltage and flux linkage
i, ξ current and current derivative
ν normalized voltage / pulse width
γ scaled current progression

R, L resistance and inductance
Y , C admittance and capacity

M , ω, θ torque, speed and angle (electrical)
Θ, kf inertia and friction coefficient (electrical)
t, T time and time constant
N Gaussian noise

Table 2.1: List of Quantities.

will be quantified using SI units – with the following two exceptions:

(1.) A voltage or injection magnitude stated in percent (%) relates to the maximum
vector length in the voltage hexagon of 2

3
Udc (ca. 373 V).

(2.) For comparability reasons, current slopes are stated in ampere per sampling interval
A/Ts or milliampere per sampling interval mA/Ts.

2.1.2 Dimensions

Quantities with one dimension, i.e. scalars, are written in regular letters. Multidimen-
sional quantities, such as vectors and matrices, are written in bold letters, where vectors
are written in lower case and matrices are written in upper case. A summary of the
dimension definitions with examples is given in Tab. 2.2.

Description Dimension Character Examples
scalar 1 regular Rs, M , θ
vector n bold, small iss, ψ

s
s

matrix m× n bold, capital Lss, T

Table 2.2: Nomenclature of Dimensions

2.1.3 Subscript

The subscript is used to specify the physical location or origin of a quantity. A few
examples are given in order to circumscribe this notation: Rs is the resistance of the
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stator windings, ia is the current in phase winding a, iα is the alpha component of the
stator fixed current vector (see section 2.1.4) and ψpm is the flux linkage component caused
by the permanent magnet. A list of the general subscripts used in this work and their
respective description is given in Tab. 2.3

Subscript Description
s stator or sampling (in case of times)
r rotor

pm permanent magnet
dc DC-link
ed eddy current
a anisotropy (used with vectors, matrices and angles)

a, b, c stator phase windings (only scalars except angles)
u, v, w inverter and motor terminals
α, β stator fixed Cartesian axes
d, q rotor fixed Cartesian axes

D, Q anisotropy fixed Cartesian axes
x, y voltage fixed Cartesian axes

Σ, ∆ specific average and difference
P , I proportional and integral
z, p active and passive switching state

z+, z− positive and negative active switching state
0, 1, 2.. number of sampling interval in the past

Table 2.3: List of Subscripts

2.1.4 Reference frames (superscript)

The superscript (e.g. ir or Ls) is used to determine the reference frame in which a quantity1

is described. The superscript “s” stands for stator fixed, “r” for rotor fixed, and “u” for
voltage fixed reference frame. Each reference frame has a specific denotation for its axes
which is summarized in Tab. 2.4.

Alignment Superscript Abscissa Ordinate
stator s α β
rotor r d q

anisotropy a D Q
voltage u x y

Table 2.4: Denotation of reference frames

1Only vectors and matrices will have superscripts, since scalars do not have an orientation and are
therefore not reference frame dependent.
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As indicated in Fig. 2.1, the stator frame is spatially fixed and its α axis is aligned
with the axis of the phase winding a. The rotor frame is fixed to the rotor, i.e. with

Figure 2.1: Orientation of reference frames.

respect to the stator fixed frame it is rotated by the rotor angle θ. For a given rotor speed
the rotor frame is moving, which must be considered for derivations in this frame. The
same applies for the anisotropy fixed reference frame that is rotated by the angle θa with
respect to the stator fixed frame, and by ∆θa = θa − θ with respect to the rotor fixed
frame. The voltage fixed reference frame is aligned with the voltage (average voltage in a
PWM interval), where in case of Fig. 2.1 a negative c phase voltage vector −usc has been
applied.

There are two other usages of superscripts: the mathematical operation “power of”
(e.g. cos2 θ or T−1) and the vector or matrix operation “transpose” (e.g. iss

>Jψs
s) which is

denoted by a >.

2.1.5 Transformations

The reference frames introduced in Ch. 2.1.4 have the same origin but a different orien-
tation. Hence, a transformation of a vector from one into another reference frame is a
rotation, realized by the matrix T

T = T(θ) =

[
cos θ − sin θ

sin θ cos θ

]
. (2.1)

Multiplying a vector by T results in a vector with the same magnitude, rotated by θ in
mathematically positive direction, i.e. anticlockwise. The negative rotation is realized by
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the inverse matrix T−1 which due to the orthogonality [17] of T is

T−1 = T> = T(−θ) =

[
cos θ sin θ

− sin θ cos θ

]
. (2.2)

Using T or T−1 in this particular way, without subscript, refers to a rotation by the rotor
angle θ. In case another angle is used within T, then the subscript of the angle is attached
to T, or T is expressed as a function of the angle

T1 = T(θ1) =

[
cos θ1 − sin θ1

sin θ1 cos θ1

]
. (2.3)

In analogy to the complex notation the orthogonal rotation operator is referred to as
matrix J

J = T
(
π
2

)
=

[
0 −1

1 0

]
, (2.4)

which for instance appears as a result of derivatives

dT

dt
=
∂T

∂θ

dθ

dt
= JωT. (2.5)

Furthermore essential are the identity matrix I that does not influence a vector

I =

[
1 0

0 1

]
(2.6)

and, in analogy to the complex conjugation, the matrix X that flips the second component
of a vector

X =

[
1 0

0 −1

]
. (2.7)

Note that, in contrast to most other matrices, all rotation matrices are commutative

TJ = JT. (2.8)
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2.2 Space vector representation

Conventional AC machines are equipped with three terminals which give access to their
three phase windings. Since this work addresses the sensorless control of synchronous
machines, the phases are considered2 being Y-connected (see Fig. 2.2). A coupling
condition between the three phase currents restricts the electrical system to having only
two degrees of freedom. This allows for a bijective transformation into a two dimensional,
ideally decoupled reference system that simplifies the mathematical description of an AC
machine.

This transformation, often referred to as Clarke-Transformation, is a commonly em-
ployed operation in most modern drive control techniques. The particular definitions
in literature, however, involve different mathematical procedures and imply different as-
sumptions. Most commonly, so-called space phasors are employed [18, p. 411][19, p.
9-16][20, p. 116] which are complex numbers with an interpreted spacial orientation.
This representation originated from the early alternating current (AC) theory where AC
machines were directly connected to the grid. In the grid-connected case, temporal and
spatial quantities are sinusoidal and geometrically related.

In the highly dynamic and non-sinusoidal operation of controlled, voltage source inverter
(VSI)-driven AC machines, however, a clear distinction between temporal and spacial
relations is necessary in order to understand the dynamic system behaviour. Moreover, the
description and handling of anisotropic relations (see. Ch. 2.3.2) that are essential within
this thesis, is more restricted and often insufficient when using the complex description, as
can be seen e.g. in [21, p. 175]. For these reasons, the vectorial notation [22, p. 30][23, p.
27] is used that provides clear segregation of spacial and temporal quantities and enables
to efficiently process anisotropic relations by means of matrices.

Within the vectorial representation we find two conventions of the Clarke-
Transformation [23, p. 27]:

(1.) The first retains the amplitude of currents and voltages, meaning that the magni-
tude of the current vector equals the amplitude of the phase currents (in sinusoidal
operation). Then the resistances and inductances in space vector representation will
be equal to the phase values. However, for energy-related equations, e.g. for torque
production or electrical power consumption, a factor 2

3
must be included.

(2.) The second convention is referred to as “energetically correct” and uses a different

2Delta connection is unusual for synchronous machines, as their third harmonic EMF component
induces circular currents in this connection type.
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scaling for the current in the transformation (but not for the voltage). Then the
current vector magnitude is 1.5 times the amplitude of the phase currents and the
resistance and inductance in space vector representation are only two thirds of the
phase values. However, energy and power can be obtained directly from the vectorial
quantities without using a correction factor.

Although in literature the first convention is used more often, the author decided to use
the second one, i.e. the energetically correct convention of the Clarke transform. It should
hence be noted that there will be no scaling factor in torque equations and the current
graphs will be scaled 1.5 times larger. Yet, all other general relations remain unchanged.

Fig. 2.2 shows the phase configuration of an AC machine with three sets of windings a,

Figure 2.2: Y-connection scheme for three phase AC machines .

b and c in Y-connection with open neutral point that are connected to the three terminals
u, v and w. The Y-connection results in the following relations between terminal and
phase voltages

ua = uu − u0

ub = uv − u0

uc = uw − u0

(2.9)

and between terminal and phase currents

ia = iu

ib = iv

ic = iw.

(2.10)

The open neutral point results in a coupling condition between the terminal currents

iu + iv + iw = 0, (2.11)
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providing only two degrees of freedom for the currents. Furthermore, only a voltage drop
between the terminals will affect the machine currents, which provides two degrees of
freedom for the actuating variable as well

uuv = uu − uv, uvw = uv − uw, uwu = −uuv − uvw. (2.12)

Hence, a three phase machine with open neutral point is a two dimensional system.

Seen from a physical perspective, the overall magnetomotive force F s
s in the machine

results from the superposition of all single phase ampere-turns Fa, Fb and Fc. The
120◦(electrical) spacial shift between the phase windings requires a respective vectorial
summation, indicated in Fig. 2.3(a). Due to the proportional relation between current

(a) Superposition of the phase ampere-turns. (b) Superposition of the phase currents.

Figure 2.3: Superposition of current related phase values to a vector in αβ-frame.

and magnetomotive-force (by the number of turns per phase winding), the same vectorial
summation is applied to the phase currents, such that the overall current vector iss, as a
representation of the phase current composition, is interpreted having a spacial direction
(see Fig. 2.3(b)).

The mathematical equivalent for this geometric superposition of current related phase
quantities is the transformation matrix Qi

Qi =

[
1 −1

2
−1

2

0
√

3
2
−
√

3
2

]
, e.g.

[
iα

iβ

]
= Qi


iu

iv

iw

 . (2.13)

The reverse transformation from a stator frame vector back to the phase quantities is
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realized by the pseudo inverse of matrix Qi

Q+
i =

2

3


1 0

−1
2

√
3

2

−1
2
−
√

3
2

 , e.g.


iu

iv

iw

 = Q+
i

[
iα

iβ

]
. (2.14)

The constraint (2.11) would allow to obtain the current vector iss from only two phase
sensors, which for the case of sensors being located in the lines u and v, would be realized
by the following reduced transformation matrices

Qi2 =

[
3
2

0
√

3
2

√
3

]
, Q−1

i2 =
2

3

[
1 0

−1
2

√
3

2

]
. (2.15)

For voltage related quantities (voltage, flux and flux linkage) a vectorial superposition
does not apply, as the flux does not split up between the phase windings, but penetrates all
phases – depending on its angle, however, to a different extent (see. Fig. 2.4). Hence, the

Figure 2.4: Exemplary sketch of the flux distribution between the phase windings.

overall flux vector must be projected onto all phase directions, in order to obtain the phase
flux values, as indicated in Fig. 2.5(a). Due to the proportional relation between voltage
and flux derivative (by the number of turns per phase winding), the same projection is
applied to the voltage, such that also the voltage vector uss, as a representation of the
phase voltage composition, is interpreted having a spacial direction (see Fig. 2.5(b)).

The mathematical analogue of this projection is the transformation matrix Q+
u,ph

Q+
u,ph =


1 0

−1
2

√
3

2

−1
2
−
√

3
2

 , e.g.


ua

ub

uc

 = Q+
u,ph

[
uα

uβ

]
, (2.16)

which determines the phase voltages ua, ub and uc from the voltage vector uss. According
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(a) Projection of the flux vector. (b) Projection of the voltage vector.

Figure 2.5: Projection of voltage related quantities on the phase axes.

to (2.9), the terminal voltages uu, uv and uw are obtained by adding the neutral point
voltage u0 to the phase voltages, resulting in the full inverse voltage transformation matrix
Q−1
u

Q−1
u =


1 0 1

−1
2

√
3

2
1

−1
2
−
√

3
2

1

 , e.g.


uu

uv

uw

 = Q−1
u


uα

uβ

u0

 . (2.17)

Since this added voltage offset u0 does not cause a potential difference between the termi-
nals, it has no effect on the currents in the machine. However, by varying it intelligently,
the sinusoidal excitation range can be extended by about 15% [21, p. 31].

The reverse transformation of voltage related quantities from the terminals to the vec-
torial values is, hence, realized by the matrix Qu

Qu =
2

3

[
1 −1

2
−1

2

0
√

3
2
−
√

3
2

]
, e.g.

[
uα

uβ

]
= Qu


uu

uv

uw

 , (2.18)

where the voltage offset u0 is not relevant and was therefore left out.

In conclusion, a three phase AC machine with open neutral point is a two dimensional
system, enabling the description of its electromagnetic relations in a Cartesian reference
frame where all electric or magnetic quantities are represented by space vectors with
two components. The Clarke transformation links phase with vectorial quantities, where
particularly its “energetically correct” definition is underlying this thesis.
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2.3 Generic nonlinear synchronous machine model

Using this two dimensional representation, in the following section a generic nonlinear
model of synchronous machines is derived. The particular structure and parametriza-
tion of the central key block in the model will then allow to emulate the characteris-
tics of different kinds of synchronous machines, such as a surface mounted permanent
magnet synchronous machine (SPMSM), an interior permanent magnet synchronous ma-
chine (IPMSM), a reluctance synchronous machine (RSM) or a permanent magnet assisted
reluctance synchronous machine (PMARSM).

Firstly, the nonlinear electrical part of the model is derived in a relatively generic way,
after which the anisotropic relations resulting from this derivation are analysed. Finally,
the derivation of a simple mechanical model completes the system and allows to summarize
all parts in a nonlinear model for simulation.

2.3.1 Electrical model

Despite the very different mechanical structure synchronous machines may have, their
electrical behaviour can be described by a model that only differs in one component.
As indicated in Fig. 2.6, the mechanical cross section of synchronous machines may show
different winding schemes and rotor symmetries, leading to a different number of pole pairs

(a) SPMSM with 4 pole pairs. (b) RSM with 2 pole pairs.

Figure 2.6: Exemplary structural sketches of the mechanical cross section of differ-
ent types of synchronous machines.
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zp and hence to a different angular width of the mechanical projection of the rotor fixed
frame. Moreover, the existence and placement of permanent magnets and flux barriers in
the rotor, of which two extremes are indicated in Fig. 2.6, categorizes the machine type
either as SPMSM (Fig. 2.6(a)), IPMSM, RSM (Fig. 2.6(b)) or PMARSM.

After the above described Clarke Transform, however, the particular winding scheme,
the pole pairs, the stator and the rotor geometry are not noticeable anymore, such that
any machine can be interpreted having the structure indicated in Fig. 2.7. There are two

Figure 2.7: Simplified structure of a synchronous machine in the electrical model.

orthogonal windings α and β, within which a magnetic body rotates with the electrical
rotor angle θ. The voltages uα and uβ and the currents iα and iβ are the components of
the respective stator frame vectors uss and i

s
s, and the characteristics of the machine are

represented by the magnetic properties of the rotating body, particularly its current-flux
relation.

The mathematical derivation of the generic electrical model is started by considering
that the voltage uss = [uα uβ]> is the sum of the resistive voltage drop in the coils of
Fig. 2.7 and the voltage induced by a variation of the flux linkage in each coil

uss = Rsi
s
s +

dψs
s

dt
. (2.19)

Since the resistive voltage is considered being isotropic, the stator resistance value Rs is
a scalar.
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In rotor fixed frame the flux linkage ψr
s is defined as a function of the current irs

ψr
s = fψi(i

r
s) =

[
ψd(id, iq)

ψq(id, iq)

]
. (2.20)

In particular this function fψi(·) is assumed to be a bijective assignment between a current
vector irs and a flux linkage vector ψr

s in rotor frame. Hence, fψi(·) can be inverted to
obtain the currents when knowing the flux linkage in rotor frame

fiψ(·) = f−1
ψi (·) (2.21)

irs = fiψ(ψr
s) =

[
id(ψd, ψq)

iq(ψd, ψq)

]
. (2.22)

This function fψi(·) is the characteristic element in the machine model, that identifies
the machine type by defining whether the machine is linear or saturating, whether it is
isotropic or salient, whether it is cross saturating and in case it is, fψi(·) defines how the
ratio and the orientation of the saliency are affected by the load current. Fig. 2.8 shows
this function fψi(·) for the above two machine type extremes SPMSM and RSM.

However, (2.20) also implies two major neglects:

(1.) By assuming that the function fψi(·) does not depend on the rotor angle, a stator
fixed anisotropy and slotting effects are not considered.

(2.) By assuming that the function fψi(·) does not depend on its values in the past or
on the current derivative, dynamic effects like hysteresis and eddy currents are not
considered.

As the voltage equation (2.19) requires the flux linkage in stator frame, (2.20) must be
transformed using the Park Transform. The result ψs

s depends on the rotor angle θ

ψs
s = Tfψi(T

−1iss) (2.23)

= ψs
s(i

s
s, θ). (2.24)

In particular, the voltage equation (2.19) requires the time derivative of the flux linkage
in stator frame (2.23), in which both iss and θ are time dependent

dψs
s

dt
=

d

dt

(
Tfψi(T

−1iss)
)
. (2.25)
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(a) 2.0 kW SPMSM Merkes MT4-0750 (SPM1).

(b) 1.1 kW RSM Stellenbosch V1.0 (RSM1).

Figure 2.8: Measured current-flux relation fψi(·) of different types of synchronous
machines.

Deriving the product of T and fψi(·) results in the summation

dψs
s

dt
=

dT

dt
fψi(T

−1iss) + T
dfψi(T

−1iss)

dt
, (2.26)

where the derivatives of T and fψi(·) with respect to time are rewritten in partial form

dψs
s

dt
=
∂T

∂θ

dθ

dt
fψi(T

−1iss) + T
∂fψi(T

−1iss)

∂(T−1iss)

d

dt
(T−1iss) (2.27)

The derivative of the flux linkage ψr
s with respect to the current irs in rotor frame is the
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rotor fixed inductance Lrs

∂fψi(T
−1iss)

∂(T−1iss)
=
∂ψr

s

∂irs
= Lrs. (2.28)

Since both the flux linkage and the current are vectorial quantities, Lrs is a matrix

Lrs =

[
Ldd Ldq

Lqd Lqq

]
=

[
∂ψd
∂id

∂ψd
∂iq

∂ψq
∂id

∂ψq
∂iq

]
. (2.29)

By using the derivative of the transformation matrix T given in (2.5) and the definition
of the inductance matrix (2.28), the partial derivatives in (2.27) are substituted

dψs
s

dt
= JωTψr

s + TLrs
d

dt
(T−1iss), (2.30)

where the derivation of the product (T−1iss) results in two terms

dψs
s

dt
= JωTψr

s −TLrsT
−1Jωiss + TLrsT

−1 diss
dt

. (2.31)

Finally, the constellation of the matrices T and T−1 transforms the rotor frame quantities
ψr
s and Lrs to stator frame

dψs
s

dt
= Lss

diss
dt

+ Jωψs
s − LssJωi

s
s, (2.32)

in which the stator frame inductance Lss has been introduced as

Lss =

[
Lαα Lαβ

Lβα Lββ

]
=

[
∂ψα
∂iα

∂ψα
∂iβ

∂ψβ
∂iα

∂ψβ
∂iβ

]
= TLrsT

−1 (2.33)

Lαα = Ldd cos2 θ + Lqq sin2 θ − 2Ldq sin θ cos θ (2.34)

Lαβ = (Ldd − Lqq) sin θ cos θ + Ldq(cos2 θ − sin2 θ) = Lβα (2.35)

Lββ = Ldd sin2 θ + Lqq cos2 θ + 2Ldq sin θ cos θ. (2.36)

Note that each of these values L constitutes a derivative of the flux linkage and does
consequently depend on the current.

Finally, (2.32) is inserted into (2.19) to obtain the explicit voltage equation

uss = Rsi
s
s + Lss

diss
dt

+ Jωψs
s − LssJωi

s
s, (2.37)
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that can be solved for the current derivative

diss
dt

= Lss
−1(uss −Rsi

s
s − Jωψs

s + LssJωi
s
s). (2.38)

Those equations (2.37) and (2.38) constitute the generic nonlinear electrical model of a
synchronous machine and form the basis of several derivations within this thesis.

2.3.2 Anisotropy consideration

As a consequence of the law of energy conversion, inductance matrices are symmetrical
(e.g. Ldq = Lqd) and positive semi-definite (e.g x>Lrsx ≥ 0, ∀x ∈ R2) [24]. According to
the principal axis transformation [17, p. 321], every real symmetrical matrix A can be
transformed into a diagonal matrix D by means of an orthogonal matrix U

D = U>AU, (2.39)

where the diagonal entries of D are the eigenvalues of A and the columns of U are the
respective normalized eigenvectors (which for symmetrical matrices must be orthogonal).

Within the range θx = −π . . . π the columns of the transformation matrix T(θx) rep-
resent all possible combinations of two normalized perpendicular vectors, meaning that
T(·) does (exactly) constitute the set of all possible matrices U. Hence, there is an angle
θa for which the inductance matrix in stator frame Lss can be transformed into a diagonal
matrix Las

Las = TaL
s
sT
−1
a =

[
LD 0

0 LQ

]
. (2.40)

Since in particular (2.40) applies for four angles within θx = −π . . . π, we establish unique-
ness of (2.40) by prescribing the order of the eigenvalues

LD < LQ (2.41)

and by restricting the transformation angle to

−π
2
< θa ≤ +

π

2
. (2.42)

The physical interpretation of the above derivation is that every stator frame inductance
matrix Lss can be transformed to an anisotropy fixed reference frame (see Ch. 2.1.4) which
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is spanned by the eigenvectors of Lss. Thus, in this frame vertical and horizontal voltages
result in parallel current slopes.

In the anisotropy fixed reference frame the inversion required to obtain the admittance3

matrix Ya
s is simple

Ya
s =

[
YD 0

0 YQ

]
(2.43)

Ts�
LD
Rs≈ (Las)

−1 Ts =

[
Ts
LD

0

0 Ts
LQ

]
, (2.44)

with Ts being the sufficiently small4 sampling time. According to (2.41), the order of the
diagonal entries is

YD > YQ. (2.45)

Starting from this anisotropy fixed reference frame, the following transformations can be
carried out analogously for inductances and admittances. However, since for low speed
sensorless control, where the current response to an imposed voltage is evaluated, the
admittance has a higher relevance, the derivation steps for the inductance are not listed
separately.

In order to separate the admittance into components with certain characteristics, the
auxiliary quantities YΣ and Y∆ and the angle dependent matrix S(·) are introduced: The
mean admittance YΣ is the average value of the diagonal entries of the admittance matrix
(i.e. the self-admittances), independent of the reference frame used

YΣ =
YD + YQ

2
=
Ydd + Yqq

2
=
Yαα + Yββ

2
. (2.46)

The differential admittance Y∆ is defined as (half) the biggest possible difference between
the diagonal entries that is obtained most easily from the anisotropy fixed reference frame

Y∆ =
YD − YQ

2
. (2.47)

3In a strict sense, the usage of term “admittance” is wrong. Originating from AC theory it is an
excitation frequency dependent complex conductance. However, in literature to sensorless control the
term “admittance” is often employed to shorten the frequent usage of the long term “inverse inductance”.
Moreover, the definition (2.44) is similarly frequency dependent and shows for high frequencies (small
Ts) a nearly inductive behaviour as well. For those reasons the author follows this terminology.

4If the sampling time Ts is much smaller than the smallest electrical time constant LD/Rs, the resistive
influence on the time-discretisation can be neglected, as the current evolution within Ts is nearly linear.
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However, Y∆ can also be calculated from any other reference frame by taking into account
the mutual entries (e.g. Ydq)

Y∆ =

√(
Ydd − Yqq

2

)2

+ Y 2
dq (2.48)

=

√(
Yαα − Yββ

2

)2

+ Y 2
αβ. (2.49)

The matrix S(·) is one of the essential tools for the derivation of the anisotropy-based
sensorless control theory, as it segregates the rotor angle dependent behaviour of an
anisotropic inductance

S(θ) =

[
cos 2θ sin 2θ

sin 2θ − cos 2θ

]
. (2.50)

Its effect on a vector is a vertical flip and a subsequent rotation with twice the rotor angle

S = TTX. (2.51)

Using these three auxiliary quantities, YΣ, Y∆ and S(·), the admittance in stator frame
Ys
s is rewritten concisely in such a way

Ys
s = YΣI + Y∆S(θa) (2.52)

=

[
YΣ + Y∆ cos 2θa Y∆ sin 2θa

Y∆ sin 2θa YΣ − Y∆ cos 2θa

]
, (2.53)

that the anisotropic behaviour is split up into an isotropic, scaling part YΣI and an angle
dependent rotating part Y∆S(θa). When starting the derivation from rotor fixed frame5,
the less salient diagonal entries and the emerging mutual terms have to be considered,
resulting in a more complex expression

Ys
s = YΣI +

(
Ydd − Yqq

2
I + Ydq J

)
S(θ). (2.54)

As mentioned before, the derivation of the inductances would be carried out identically
and results in analogous equations.

5For instance when not knowing the anisotropy angle, or when deriving the admittance from a flux-
current look-up table (LUT).
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2.3.3 Mechanical model

Since the focus of this work is not on plant or drive train related effects, the mechani-
cal model is kept simple, comprising only of the torque generation and the integrations
required to obtain speed and angle.

The torque equals the vector product of current and flux linkage which can be carried
out in rotor frame

M = irs
>Jψr

s (2.55)

as well as in stator frame

M = iss
>Jψs

s. (2.56)

The rotor angle and speed are obtained by integrating the sum of all torques,

dω

dt
=

1

Θ
(M − kfω −ML) (2.57)

ω =

∫
dω

dt
dt (2.58)

θ =

∫
ω dt (2.59)

where (2.57) exemplarily contains a linear friction term kfω. If necessary, this can be
replaced by any more sophisticated friction model which, however, is not the in focus of
this work.

It is herein important to note that in the model the angle θ as well as the speed ω are
electrical. In order to obtain the respective mechanical values θm and ωm, both of them
must be divided by the pole pair number zp

ωm = ω/zp (2.60)

θm = θ/zp. (2.61)

Hence, the inertia Θ and the friction coefficient kfr are the electrical representations,
obtained from the mechanical values by

Θ = Θm/z
2
p (2.62)

kf = kfm/z
2
p . (2.63)
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This electrically focused modeling has been chosen, since the work on sensorless control
involves only minimal mechanical considerations. For comparability reasons, however,
experimental results will show the mechanical values.

2.3.4 Nonlinear model for simulation

The nonlinear model derived in the previous sections 2.3.1 and 2.3.3 is the groundwork for
further mathematical derivations. For the purpose of simulation in c©MATLAB/Simulink,
however, the model is designed in an easier way while maintaining its transfer behaviour.

Firstly, the stator voltage equation (2.19) is integrated to obtain the flux linkage in
stator frame

ψs
s =

∫
(uss −Rsi

s
s)dt. (2.64)

Using the inverse function fiψ(·) defined in (2.21) and the rotor angle θ, a current vector
in stator frame iss is assigned to the flux linkage ψs

s

iss = Tfiψ(T−1ψs
s). (2.65)

The function fiψ(·) can be realized using a two dimensional lookup table or an analytical
approximation [25]. Due to its inherent energetical constraints, the source data should
however be obtained from either flux measurements or finite element analysis (FEA).

In conclusion, these two vectorial equations (2.64) and (2.65) represent the entire non-
linear electrical model of a synchronous machine. The mechanical part is modelled by the
equations (2.56) to (2.59).

Fig. 2.9 shows the block diagram of the model derived in this section which is used for
simulation. The number of lines in a connector represents the dimension of the quantity.

Figure 2.9: Generic nonlinear model of synchronous machines.
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A single line represents a scalar, two lines represent a two dimensional vector and four lines
represent a 2× 2 matrix. The type of machine is characterized by the block fiψ(·) which
accomplishes an interpolation in an LUT obtained from steady state flux measurements
(examples indicated in Fig. 2.8).

2.4 Linear PMSM model

The term “linear” refers to the relation between rotor frame flux linkage ψr
s and current

irs. Note that even if this condition is fulfilled, from a control point of view there are still
nonlinearities in the model, due to the multiplication with the angle dependent matrix T.

However, a linear relation between ψr
s and irs leads to a constant inductance in rotor

frame

Lrs =
∂ψr

s

∂irs
= const. , (2.66)

meaning that the inductance Lrs can be used as a factor between flux and current. In
a linear PMSM this current dependent flux is added to the permanent magnet flux ψpm
which is aligned with the d-axis of the rotor frame

ψr
s = Lrsi

r
s +ψr

pm (2.67)

ψr
pm =

[
ψpm

0

]
. (2.68)

The inductance may still be salient, but in linear case it is always (also under load) aligned
with the rotor position

Lrs =

[
Ld 0

0 Lq

]
. (2.69)

The stator voltage equation (2.19) requires the time derivative of the flux linkage in
stator frame which is obtained by transforming (2.67) to stator frame

ψs
s = TLrsT

−1iss + Tψr
pm (2.70)

= Lssi
s
s +ψs

pm (2.71)
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and deriving it with respect to time

dψs
s

dt
=

dLss
dt
iss + Lss

diss
dt

+
dψs

pm

dt
(2.72)

(2.5)
= (JTLrsT

−1 −TLrsT
−1J)ωiss + Lss

diss
dt

+ Jωψs
pm (2.73)

= (JLss − LssJ)ωiss + Lss
diss
dt

+ Jωψs
pm. (2.74)

Finally, inserting (2.74) into (2.19) leads to the specific stator voltage equation for a linear,
salient PMSM

uss = Rsi
s
s + Lss

diss
dt

+ Jωψs
pm + (JLss − LssJ)ωiss. (2.75)

The respective state equation is obtained by solving (2.75) for diss
dt

diss
dt

= Lss
−1(uss −Rsi

s
s − Jωψs

pm − (JLss − LssJ)ωiss). (2.76)

The particular torque equation for a linear, salient PMSM is obtained by inserting the
linear current-flux relation in rotor frame (2.67) into the general nonlinear torque equation
(2.55)

M = irs
>Jψr

s (2.77)

= irs
>J(Lrsi

r
s +ψr

pm) (2.78)

= (Ld − Lq)idiq + ψpmiq (2.79)

which comprises both a reluctance torque and the permanent magnet torque. The other
mechanical equations (2.57) to (2.59) remain unchanged.

2.5 Linear RSM model

The step from the linear salient PMSM to the reluctance synchronous machine (RSM) is
done by eliminating the permanent magnet flux

ψs
pm = ψr

pm = 0. (2.80)
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Using (2.80), every equation of the last Ch. 2.4 can be transformed to an equation valid
for the linear RSM. The resulting flux linkage in rotor and in stator frame is

ψr
s = Lrsi

r
s (2.81)

ψs
s = TLrsT

−1iss = Lssi
s
s, (2.82)

which leads to the particular voltage equation

uss = Rsi
s
s + Lss

diss
dt

+ (JLss − LssJ)ωiss, (2.83)

the electrical state equation

diss
dt

= Lss
−1(uss −Rsi

s
s − (JLss − LssJ)ωiss) (2.84)

and the torque equation of a linear RSM

M = (Ld − Lq)idiq. (2.85)

The other mechanical equations are given by (2.57) to (2.59) as well.

2.6 Eddy current model

In the derivation of the generic machine model in Ch. 2.3 harmonics, hysteresis and
eddy currents have been neglected. As will be shown in the later chapters, however,
eddy currents play an important role within the scope of this work. Their influence can
be observed in the oversampled current response, does thereby affect the current slope
approximation and, hence, both the anisotropy-based and the fundamental model based
position estimation. In order to verify the existence and the influence of eddy currents,
the observed effects will be compared to an eddy current model in the respective parts of
this thesis.

Most literature on eddy currents in ACmachines focuses on the modelling of the losses in
steady state operation [26–28], resulting in the well known squared frequency dependence.
Dynamic eddy current simulations in literature are mostly based on finite element methods
(FEM) [29–31] and, hence, very complex and computationally expensive. This work
requires an eddy current model for two purposes: for the qualitative verification of the
influence of eddy currents itself and for the compensation of a dynamic error in a flux
estimator. In both cases a simple model is sufficient that must, however, be able to
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emulate the transient behaviour. A model which matches these requirements will be
derived in this section, where the focus is by trend on the high frequency behaviour.

As indicated in Fig. 2.10, the basic consideration of this derivation is that the stator
flux ψs

s penetrates different paths within the machine6, some of which are electrically

Figure 2.10: Stator flux penetrating conducting and isolating paths.

conducting (e.g. the permanent magnet), while others are isolating (e.g. laminated ma-
terial). The stator flux ψs

s, generated by (2.19), is hence considered to split up into two
components ψs

1 and ψs
2

ψs
s = ψs

1 +ψs
2, (2.86)

where ψs
1 only penetrates the stator winding

ψs
1 = L1i

s
s (2.87)

and ψs
2 penetrates an additional coil with the same number of turns as the stator winding

that conducts the summarized eddy current ised

ψs
2 = L2 (iss − ised) . (2.88)

L1 and L2 are the respective path inductances. As this second coil is shorted via the resis-
tor Red, representing the electric resistivity of the material conducting the eddy currents,
it is described by a voltage equation with zero excitation

0 = Redi
s
ed −

dψs
2

dt
. (2.89)

This is the basic set of equations for the simple eddy current model.
6Due to their proportionality, flux linkage is used instead of flux and current instead of penetration,

such that both relate to each other by the inductance and not by the reluctances of the paths.
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We firstly insert (2.87) and (2.88) into (2.86) and the time derivative of the result into
the voltage equation (2.19)

ψs
s = L1i

s
s + L2 (iss − ised) (2.90)

uss = Rsi
s
s + L1

diss
dt

+ L2
diss
dt
− L2

dised
dt

. (2.91)

Secondly, the time derivative of (2.88) is inserted into (2.89) and rewritten as the eddy
current state equation

0 = Redi
s
ed − L2

diss
dt
− L2

dised
dt

(2.92)

dised
dt

=
diss
dt
− Red

L2

ised. (2.93)

Eq. (2.93) demonstrates the transformer effect of the eddy currents: the derivative is equal
to diss

dt
, while the eddy currents gradually fade out. Now inserting (2.93) in (2.91)

uss = Rsi
s
s + L1

diss
dt

+ L2
diss
dt
− L2

(
diss
dt
− Red

L2

ised

)
(2.94)

= Rsi
s
s + L1

diss
dt

+Redi
s
ed. (2.95)

reveals that the high frequency response of the stator currents iss is determined only by
the inductance of the non-conducting path of L1

diss
dt

= L−1
1 (uss −Rsi

s
s)−

Red

L1

ised. (2.96)

By substituting diss
dt

in the eddy currents state equation (2.93) with (2.96), the explicit
eddy current state equation is obtained

dised
dt

= L−1
1 (uss −Rsi

s
s)−

(
Red

L1

+
Red

L2

)
ised (2.97)

that describes the eddy currents as a result of a stator voltage excitation. Eq. (2.97)
constitutes an eddy current model that can be integrated into the conventional machine
model of Ch. 2.3 by first solving (2.91) for diss

dt

diss
dt

=
1

L1 + L2︸ ︷︷ ︸
Ls

(uss −Rsi
s
s) +

L2

L1 + L2

dised
dt

(2.98)
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and then integrating (2.98) with respect to time

iss =

∫
diss
dt

dt =
1

Ls

∫
(uss −Rsi

s
s) dt+

L2

L1 + L2

ised. (2.99)

Hence, the summarized eddy current ised is simply scaled by the factor L2

L1+L2
and added

to the stator current of the conventional model that, in contrast to the high frequency
response described by (2.96), is the result of the inductance of all paths Ls = L1 + L2.

However, considering the amount of parameters involved in (2.97) and (2.99) which
can hardly be determined, the eventually simple model is obtained by means of a final
simplifying summary. Firstly, the eddy current estimation equation is defined in a way
that with respect to the state equation (2.96) is scaled by L2

L1+L2

dî
s

ed

dt
=

L2

L1 + L2

L−1
1 (uss −Rsi

s
s)−

(
Red

L1

+
Red

L2

)
î
s

ed (2.100)

≈ L2

L1Ls︸ ︷︷ ︸
Yed

ushf −
(
Red

L1

+
Red

L2

)
︸ ︷︷ ︸

1
Ted

î
s

ed, (2.101)

and where the term (uss−Rsi
s
s) has been replaced by the high pass filtered stator voltage

ushf = HPF (uss) . (2.102)

Since the term (uss−Rsi
s
s) cannot have a constant offset (flux would drift away) and since

mainly the high frequency behaviour of the eddy currents is relevant in this model, this
substitution is valid and yields a higher independence of parameters and input signals.

The resulting scaled eddy current estimator

dî
s

ed

dt
= Yed u

s
hf −

î
s

ed

Ted
(2.103)

comprises only of two parameters, the eddy current admittance Yed and the eddy current
fade out time constant Ted, that both are to be tuned empirically in the application. This
scaled eddy current value îsed can then simply be added to the current of the conventional
model

iss =
1

Ls

∫
(uss −Rsi

s
s) dt+ îsed. (2.104)
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Sensorless control – state of the art

The goal of sensorless control is the regulation of the current and torque of an AC machine,
based on an estimate of the electrical rotor position instead of an angle measurement by
an encoder, a resolver or another position sensor. However, the so-called sensorless drive
system must still be equipped at least with current sensors in order to estimate the rotor
position. Most approaches also require a direct current (DC)-link voltage measurement
and some methods even additional current derivative- [14, 32, 33], phase voltage- [34–
36] or torque sensors [37]. Hence, referring to these solutions as “Sensorless” is – in a
strict sense – incorrect terminology. At the other hand, alternative expressions like “Self-
Sensing” or “Encoderless” that aim to be more correct, do still not succeed 20 years after
their first appearance. Hence, for the sake of correct classification, this work uses the
common terminology.

Beyond the current control, the rotor position estimate is also used as a feedback signal
for outer control cascades like speed and position control. The rotor speed is obtained
as the time derivative of the estimated rotor position signal. The resulting amplification
of estimation noise can be damped by filtering which, however, leads to a time delay in
the feedback signal. Hence, the speed controller is usually the most critical cascade in a
sensorless drive and it is preferably used as a benchmark to demonstrate the dynamical
capabilities of a sensorless method.

Within the variety of sensorless control techniques in literature two generally different
approach categories are distinguished: fundamental model (FM)-based and anisotropy-
based approaches. Reconsidering the explicit voltage equation of the nonlinear syn-
chronous machine model (2.37)

uss = Rsi
s
s + Lss(θ)

diss
dt

+ Jωψs
s(θ)− Lss(θ)Jωi

s
s (3.1)

33



Page 34 Chapter 3

there are three angle dependent terms. The first term Lss(θ)
diss
dt

carries the position infor-
mation of the anisotropic inductance and, apart from sufficient anisotropy magnitude, it
requires (only) the presence of a current time derivative diss

dt
6= 0. The second and third

term Jωψs
s(θ)−Lss(θ)Jωi

s
s are referred to as electromotive force (EMF) (or more precisely

extended electromotive force (eEMF)) and constitute the source of information for fun-
damental model (FM)-based methods. As can be seen from these terms, the EMF scales
with the rotor speed which for these methods results in the loss of position observability
around standstill.

For this reason several hybrid sensorless strategies have been proposed [38–42] that
utilize the EMF information at medium and high speed and employ signal injection tech-
niques to utilize the anisotropy information at low speed. The challenge of this fusion,
however, is the phase-over strategy between the two approaches [43], since it relies on the
estimated speed.

In the following sections fundamental model-based and anisotropy-based position es-
timation will be introduced in more technical detail, where for each category a rough
classification of approaches will be given.

3.1 Fundamental model based position estimation

In general, fundamental model (FM)-based sensorless techniques exploit the fact that the
relation between current and flux in the machine is rotor position dependent which, as
the precondition for the electro-mechanical energy conversion, is always given. Since,
consequently, the rotor speed causes a time derivative of the flux, often the relation
between current and induced voltage is employed in FM-based techniques.

In particular, for most synchronous machines the rotor frame d-axis is defined by the
direction of the permanent magnet (PM) flux. Hence, when estimating the PM flux
vector ψs

pm, the angle of this estimate, arg( ˆψs
pm), will be the rotor angle. The induced

voltage, as the time derivative of the PM flux, consequently shows a 90◦ phase advance
with respect to the rotor angle. A reluctance synchronous machine (RSM), however, that
does not have a rotor flux source, requires special consideration in order to evaluate its
angle dependent current flux relation.

In this section the above mentioned three FM-based approaches will be described in
terms of their basic structure and properties. Since for some of these approaches several
particular ways of realization are available, this section aims to provide only a rough
overview about the categories of FM-based techniques.
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3.1.1 Electromotive force observers

The first category of FM-based sensorless techniques is the electromotive force (EMF)
observer. EMF observers deduce the rotor position from the angle of the back EMF, for
which a variety of different methods has been proposed. Well known examples are the
(extended) Kalman Filter [39], the Luenberger Observer [38], the Sliding Mode Observer
[44] and the model reference adaptive system (MRAS) [42]. Despite their very different
structures, EMF observers can be interpreted to have a similarity in their approach: The
EMF is seen as an unknown state in a machine model that leads to a model error, if
not estimated correctly. This deviation between model and reality is, hence, employed to
correct the estimation of the EMF.

In the following an exemplary way of realizing an EMF observer will be described which
summarizes the above principle with similarity to Luenberger and Sliding Mode observers.
A reduced electrical model of the machine that considers only the resistive and inductive
behaviour

d

dt
îss =

1

Ls
(uss −Rsi

s
s) (3.2)

maps all influences on the current, except for the EMF. While calculating the current
response by the above model, the real machine will (to the same voltage) produce a current
response

d

dt
iss =

1

Ls

(
uss −Rsi

s
s − Jωψs

pm

)
(3.3)

which differs due to the presence of the EMF. This difference is forced to zero by adding
a correcting voltage term uscorr to (3.2)

d

dt
îss =

1

Ls
(uss −Rsi

s
s + uscorr) (3.4)

which is the output signal of a correction controller. This controller may be a proportional
(P), a proportional-integral (PI), a Sliding Mode or another type of controller, which
mainly affects the dynamic response of the observer. In steady state, however, the con-
troller output voltage uscorr must match the actual EMF in order to keep the model
deviation îss − iss zero.

Fig. 3.1 shows an exemplary structure of this approach. Since the actuating variable
of the preferably fast controller (especially for Sliding Mode Observers) has a high noise
content, some filtering must be applied to this signal before its evaluation. Eventually,
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Figure 3.1: Exemplary structure of an EMF observer.

the 90◦ phase advance of the EMF with respect to the flux is subtracted in order to obtain
the rotor angle estimate θ̂. For the direction of this subtraction the sign of the estimated
speed must be taken into account.

Since at high speed the EMF is the strongest voltage component in (3.3), EMF observers
provide a very clean and reliable estimation signal above medium speed. However, since
the EMF is a derivative signal, the magnitude of flux harmonics is in the EMF scaled by
the order of the respective harmonic. At low speed, when the EMF becomes weaker, the
noise content of the angle estimate increases and a parameter error of the resistance1 Rs

and offsets in the voltage2 uss or the current3 iss lead to (low frequency) angle estimation
errors.

3.1.2 Flux estimators

The second FM-based sensorless approach category is the flux estimator. In contrast to
the EMF, the flux does not scale with rotor speed. Hence, the signal to noise ratio (SNR) is
not a problem of this estimation approach and additional filtering of the position estimate
is not necessary – a unique quality in sensorless control. However, as will be explained in
this section, this FM-based technique leads to a different problem that is especially hard
to cope with at low speed. In the following the most simple flux estimator for an SPMSM
will be introduced to elucidate the principle. A method for different synchronous machine

1The resistance Rs depends on the phase winding temperature and can vary for more than 30% within
ten seconds.

2The stator voltage measurement offset can be caused by an inaccurate DC link voltage measurement,
the insulated gate bipolar transistor (IGBT) voltage drop and the inverter dead time.

3A current measurement offset can be caused e.g. by a pre-magnetization of the current transducer.
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types can be found for instance in [45].

In flux estimators the general voltage equation in stator frame (2.19) is solved for the
flux derivative and integrated with respect to time

ψ̂s
s =

∫
uss −Rsi

s
s dt, (3.5)

where the stator resistance Rs is a required parameter. According to the linear PMSM
flux equation (2.67), the PM flux vector ψs

pm is then obtained by subtracting the inductive
term form the total flux ψs

s,

ˆψs
pm = ψ̂s

s − Lsiss, (3.6)

for which the inductance Ls must be known. Finally, the angle evaluation of the estimated
PM flux arg

(
ˆψs
pm

)
gives the rotor angle estimate θ̂ and completes the relatively simple

estimation scheme indicated in Fig. (3.2).

Figure 3.2: Flux estimator for an SPMSM.

The physically justified integration leads to a low noise content in ψs
s and hence also

in ψs
pm. However, a parameter error of the resistance Rs and offsets in the voltage uss

or the current iss causes an offset at the integrator input which results in the integrator
output drifting away from the origin – a common problem of an open integration. For
this reason flux estimators require a feed back structure that compensates this drift. The
most simple stabilizing feedback is achieved by adding a negatively scaled flux term in
the integral of (3.5), resulting in the drift compensated flux estimation state equation

d

dt
ψ̂s
s = uss −Rsi

s
s − kdψ̂s

s (3.7)

and the drift compensated flux estimation scheme indicated in Fig. 3.3. The tuning factor
kd adjusts the bandwidth of the drift compensation, where by trend higher values allow
to compensate stronger and faster varying errors but impose more phase lag at low speed.
Such incorrect influence of the drift compensation creates a limit of feasible operation for
flux estimators at low speed.
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Figure 3.3: Flux estimator for an SPMSM with simple drift compensation.

The particular height of this speed limit depends on the intelligence of the feedback
structure. While simple feedback techniques, targeting zero flux [46, 47] (as the above
introduced), have a relatively high speed limit, the incorporation of the internal voltage4

angle [45, 48] allows to operate at lower speeds. Incorporating the angle estimation of
an anisotropy-based method [40, 49–51] extends the feasible operation down to standstill,
which will be described in more detail in Ch. 7.2.

3.1.3 Fundamental model based position estimation for the RSM

The reluctance synchronous machine (RSM) constitutes a special case within fundamental
model based position estimation techniques, since it does not have a rotor flux source that
could be tracked. For this reason and because of its still sparse application in industry,
FM-based solutions for the RSM are rare in literature. In [52] a method has been proposed
that exploits the fundamental saliency of the RSM. The fundamental saliency causes a
misalignment between flux linkage ψs

s and current iss. As shown in Fig. 3.4, the total
flux linkage vector ψs

s can be separated into an isotropic part ψs
Σ that is aligned with

Figure 3.4: Fundamental current and flux linkage vectors in an RSM.

the current vector and a salient part ψs
∆ that spans a circle around the isotropic part.

The exact orientation of the salient part ψs
∆ within the circle is determined by twice the

angle between the current and the rotor position. Employing this relation in reverse, the
4The EMF is directly calculated from the voltage equation. The relatively high noise content of this

estimate does not allow for it to be directly employed for the rotor position estimation, but it is sufficient
for the drift compensation.
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rotor angle θ can be obtained when knowing the current iss, the flux linkage ψs
s and the

isotropic component ψs
Σ.

The total flux linkage ψs
s is obteined by voltage integration, similar to (3.7). The

isotropic component of the flux linkage is calculated as a function of the measured current
ψs

Σ(iss), for instance by means of a look-up table (LUT)5. The content of this LUT is
obtained from FEM results or flux measurements (as in Fig. 2.8) by using the following
precept:

ψΣ(|iss|) =
ψd(|iss|, 0) + ψq(0, |iss|)

2
. (3.8)

In order to align the respective vector ψs
Σ(iss), ψΣ is multiplied with the current direction

ψs
Σ(iss) = ψΣ(|iss|)

iss
|iss|

. (3.9)

Finally, the isotropic component ψs
Σ is subtracted from the total flux linkage ψs

s in order
to obtain the angle dependent salient component

ψs
∆ = ψs

s −ψs
Σ, (3.10)

which is tracked by a phase locked loop (PLL) structure in order to deduce the rotor angle
θ. Fig. 3.5 shows the complete estimation scheme, where the drift compensation feedback
targets the isotropic component ψs

Σ in order to minimize the before mentioned incorrect
influence of the drift compensation on the flux estimator.

Figure 3.5: Nonlinear fundamental model based position estimation scheme for
RSMs.

5Since efficiently dimensioned RSMs have a nominal operating point in deep magnetic saturation,
while being unsaturated in idle condition, their overall current flux relation is strongly nonlinear.
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Apart from the above flux-based fundamental saliency evaluation, also EMF-based
sensorless techniques have been proposed for the RSM [53, 54].

3.2 Anisotropy-based position estimation

The incapacity of FM-based approaches to observe the rotor position around standstill
has a physical reason and cannot be solved without employing a physically different source
of information. Looking at the explicit voltage equation (3.1), the only angle dependent
term that does not scale with the rotor speed is Lss(θ)

diss
dt

– the relation between voltage
and current time derivative that is influenced by the so-called anisotropy.

To specify this terminology: Anisotropy is the opposite term of isotropy which means
independence of direction. Hence, the term anisotropy describes a dependence on direction
which in the specific technical context of AC machines refers to a property of the induc-
tance Lss: The way in which the current responds to a voltage depends on the direction
in which the voltage is applied.

Anisotropy-based sensorless control methods have been developed assuming that the
inductance anisotropy is rotor fixed, i.e. that the anisotropy is always aligned with the
electrical rotor position. This assumption has been motivated by two thoughts:

(a) Idle machine. (b) Loaded machine.

Figure 3.6: Possible reasons for an inductance anisotropy.

• Geometry - If the material in the rotor with high magnetic permeability inheres a
rotatory asymmetry (see Fig. 3.6), the resulting flux paths with different reluctance
can lead to a variation of the inductance of the stator windings. This geometrical
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asymmetry is also referred to as saliency6, and occurs in an IPMSM as a side effect
(saliency ratio ≈20–30%), while in an RSM or PMARSM it is created intentionally
for torque production (saliency ratio ≈50–80%).

• Saturation - Although SPMSMs are designed symmetrical, they still show a mag-
netic anisotropy of about 5–15% which, as indicated in Fig. 3.6(a), results from their
strong permanent magnets saturating the stator iron. As under magnetic saturation
a certain current causes less flux, the value of the inductance L = dΨ/di decreases.
In PMSMs with geometrical saliency this saturation effect causes an additional drop
of the d-axis inductance.

In practice, however, there are two neglects implied when assuming a rotor fixed
anisotropy: Firstly, the influence of the current that contributes to the main field (see
Fig. 3.6(b)) and hence to the saturation state of the machine. The result is a load-
dependent steady deviation between the anisotropy orientation and the rotor angle [55].
Secondly, slotting effects, non-sinusoidally distributed windings or stator asymmetries
cause harmonic deviations between the anisotropy orientation and the rotor angle [56].
We must therefore distinguish between

(1.) the identification of the anisotropy and

(2.) the assignment between anisotropy and rotor angle,

as they constitute two separate problems. Depending on the machine type and particular
design, point (2.) may constitute a sophisticated challenge [57], but will not be focused
in this thesis.

The anisotropy position information is contained in the relation between the inductive
voltage and the time derivative of the current. The stator voltage is obtained precisely
from the DC-link voltage and the pulse width. However, as the inductive voltage is only
a part of the stator voltage, all other voltage components must firstly be eliminated.
Moreover, the current derivative is not measured directly within a standard drive setup,
but must be obtained from the difference between current samples from different time
instants. The particular solution to those two challenges and the particular way to de-
crypt the anisotropy angle from the resulting quantities (inductive voltage and current
derivative) is what distinguishes the anisotropy-based sensorless methods that have been
proposed in literature.

6Although the term saliency originates from the geometrical shape of the rotor, it is often used in
literature as a synonym for anisotropy.
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Firstly, a pulse response technique has been proposed for the initial position detection
at standstill in 1988 [58] which in later publications [14, 59–61] has been extended for
low speed operation and referred to as Indirect Flux detection by online Reactance Mea-
surement (INFORM). In this technique the field oriented current control is recurrently
interrupted in order to apply three consecutive test pulses in the three phase directions.
The resulting current responses are transformed and added in a particular way, such that
a vector is yielded that represents the rotor position (with 180◦ modulo). The test pulse
pattern is applied once per speed controller cycle, which if scheduled every 2ms results
in a 500Hz acoustic noise. Since INFORM set the foundation of anisotropy-based sensor-
less control and does moreover work also with very simple current measurement (DC-link
shunt), it is today the most well known anisotropy-based method and relatively wide
spread in industry. However, according to [62], the estimation performance increases with
the injection frequency, due to the ease of the filtering trade-off between bandwidth and
SNR. An increase of the INFORM update rate, however, would affect the current con-
troller through additional interruptions. Thus, the required estimation performance can
only be gained by means of pulse magnitude, resulting in a relatively high acoustic noise
emission.

Later, modulation-based techniques have been proposed which superimpose a continu-
ous (mostly sinusoidal) signal on the field oriented control (FOC) voltage (without inter-
rupting the controller) and demodulate the current response in order to extract the rotor
position. Within the modulation-based techniques two branches can be distinguished:
The first one is based on the injection of a rotating carrier voltage in stator frame (see
Fig. 3.7(a)) and has firstly been proposed in [63]. The demodulation aims to find a
counter injection wise rotating component in the current response, referred to as negative

(a) Rotating Injection. (b) Alternating Injection.

Figure 3.7: Modulation-based position estimation approaches.
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sequence component, the orientation of which reveals the rotor position (with 180◦ mod-
ulo). The second branch of modulation-based techniques is based on the injection of an
alternating carrier voltage in estimated rotor frame and was first published in [38]. The
demodulation aims to find a quadrature component (perpendicular to the injection) in
the high frequency (HF) current response, being a measure for the misalignment between
the estimated and the actual anisotropy reference frame. This quadrature component
is consequently employed to correct the orientation of the estimated frame by creating
a drive involving PLL structure (see Fig. 3.7(b)). However, in both branches a variety
of demodulation techniques has been proposed, exhibiting different properties in terms
of SNR, estimation bandwidth, robustness, stability and so forth. For instance within
Alternating Injection the following (incomplete) list of demodulation techniques can be
summarized:

• Sinusoidal injection with Fourier Analysis based demodulation [38, 64].

• Sinusoidal injection with band pass filter (BPF) and sign-multiplication based de-
modulation [65].

• Square wave injection with BPF and equation based demodulation [62].

• Square wave injection with matrix-based demodulation [66].

• Optimized pattern injection with matrix-based demodulation [50].

However, as a very general property, modulation-based techniques are reliant on the shape
of the carrier signal they are defined for. Deviations from the expected injection shape af-
fect the demodulation process and create artefacts in the position estimate. There are two
main distortions to be noted: Firstly, the voltage limitation may clip the HF voltage com-
ponent, if the voltage demanded by the FOC is too high. For this reason modulation-based
methods are generally excluded from high speed. Secondly, modulation-based methods
assume sufficient separation between the injected HF component and the actuation of
the current controller, which requires a reduction of the current controller bandwidth and
still leads to estimation error peaks during torque transients. Consequently, superordinate
control cascades, as speed or position control, must also have a reduced bandwidth.

Recently, methods without a demand for a specific shape of injection have been proposed
[16, 42, 67–71]. By considering the full machine model in their derivation, these methods
can utilize any current derivative, regardless of its source, shape or frequency content, to
deduce the anisotropy orientation (with 180◦ modulo). Hence, the FOC actuation voltage
does not need to be filtered out, but it becomes a source of information as well. Moreover,
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since these methods do not assume frequency separation, they work with high bandwidth
current controllers and are insensitive to torque transients.

Around zero speed sufficiently much current ripple must be sustained by injecting a
voltage signal. In contrast to modulation-based techniques, this injection signal can have
various shapes without requiring an adaptation of the evaluation algorithm. However,
a major restriction of all methods that aim to estimate the position through a direct
resolution of the inductance matrix [42, 68–70] is that the underlying voltage vectors
must be linearly independent (see Appx. C) – particularly the quality of the position
estimate scales with the voltage direction difference. The consequent aim to maximize
the angle between consecutive voltages and to avoid (anti-) parallel or steady excitation
does not allow for an entirely arbitrary injection. For instance, the pure FOC voltage or
an alternating injection shape could not be evaluated.

This restriction has been nearly overcome with [16, 71] as will be explained in the
following section 3.2.1. After an injection based start-up these methods are able to utilize
any voltage excitation, regardless of its linear dependence. Hence, these methods are
referred to as Arbitrary Injection based and chosen for the evaluation of the oversampling
data of this work.

3.2.1 Arbitrary Injection based anisotropy identification

This section explains the technical function of the anisotropy position estimation technique
underlying this thesis. As the author contributed only partially to the development of
this method, a respective explanation depth and placement within the thesis has been
chosen.

One special aspect of Arbitrary Injection is that it is a model-based technique for
anisotropy position estimation. The comparison of the measured machine behaviour with
an isotropic machine model directly reveals the anisotropy information. The sophistication
comes with the demand to have a parameter-free model in order to ensure accuracy and
robustness under presence of saturation-, current-, voltage- and parameter-variation. The
respective derivation in this section is a selection and rehashing of the information from
[16] and [71] and starts with the consideration of the current time derivative in stator
frame of a general synchronous machine (2.38). Hence, no assumption regarding linearity,
saliency ratio or presence and strength of a permanent magnet is implied. Considering
the sampling time of the digital control system Ts, (2.38) is rewritten in a discrete-time



3.2 Anisotropy-based position estimation Page 45

form

∆iss = Ys
s (uss −Rsi

s
s − Jωψs

s + LssJωi
s
s) (3.11)

with Ys
s being the admittance matrix in stator frame. According to Ch. 2.3.2, matrix Ys

s

is angle dependent and will, hence, be employed for the position estimation.

Regarding the frequency content of the terms, the current progression (3.11) is separated
into two parts

∆iss = Ys
su

s
s −Ys

s (Rsi
s
s + Jωψs

s − LssJωi
s
s) , (3.12)

where the right hand side only consists of parameters and state variables and is therefore
relatively slowly changing over time. The left hand side, in contrast, might acquire a
complete opposite value within one sampling cycle and is therefore relatively fast changing.
Based on this consideration the component ∆isFM is introduced

∆iss0 = iss0 − iss1 = Ys
su

s
s1 −∆isFM0, (3.13)

where now additionally the sampling cycle is denoted to which a quantity is assigned. In
this notation the state values within the FM current progression ∆isFM0 would, in a strict
sense, have to be assigned to middle of the previous sampling period

∆isFM0 = Ys
s

(
Rsi

s
s 1

2
+ Jω 1

2
ψs
s 1

2
− LssJω 1

2
iss 1

2

)
(3.14)

which, however, is unimportant as the following steps will show. In order to eliminate all
unknown parameters and state variables contained in ∆isFM , its slow change over time is
employed to assume that it remains constant7 over two sampling cycles

∆isFM0 ≈ ∆isFM1. (3.15)

Then, the difference between two current progressions ∆2iss becomes free of all resistive

7This assumption is sufficient for low rotor speed. When applying Arbitrary Injection for high speed
as well, ∆isFM has to be considered linearly changing over time. The respective derivation is included in
[16]. When utilizing current oversampling data, ∆isFM will be obtained in a different way.
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or EMF related terms

∆2iss0 = ∆iss0 −∆iss1 (3.16)

= (Ys
su

s
s1 −∆isFM0)− (Ys

su
s
s2 −∆isFM1) (3.17)

(3.15)
≈ Ys

s (uss1 − uss2) (3.18)

= Ys
s(θa) ∆uss1. (3.19)

Note that in (3.19) the angle dependent admittance matrix Ys
s(θa) is directly connecting

a voltage with a current difference. This eases the admittance estimation problem, as
both the applied voltage and the current difference are known.

Using the anisotropy angle θa, the angle dependence of the admittance shows the simple
form of (2.53)

Ys
s(θa) = YΣ I + Y∆ S(θa) (3.20)

=

[
YΣ + Y∆ cos 2θa Y∆ sin 2θa

Y∆ sin 2θa YΣ − Y∆ cos 2θa

]
. (3.21)

According to (3.21), the 4 entries of Ys
s comprise 3 unknowns, YΣ, Y∆ and θa. Thus,

if one parameter YΣ or Y∆ was known, the angle θa could be determined from a single
(two dimensional) voltage-current-relation as in (3.19). Hence, in contrast to [42, 68–
70] (see Appx. C) even linearly dependent consecutive voltages could be employed. The
Arbitrary Injection scheme proposed in [16, 71] decouples the estimation of YΣ from the
angle estimation. Only for updating YΣ linearly independent voltage vectors are required,
which technically is only necessary in certain conditions.

By combining Eq. (3.19) and (3.20), Arbitrary Injection considers the EMF free current
progression ∆2iss to consist of an isotropic and a rotating component

∆2iss = YΣ∆uss + Y∆S(θa)∆u
s
s, (3.22)

where the sampling cycle assignment stays the same, but is not noted anymore. In order
to segregate the rotating component, the isotropic component must be eliminated, which
is done by the key idea of Arbitrary Injection: An isotropic prediction of the current
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progression ŶΣu
s
s is subtracted from the measured current progression ∆2iss

esprd = ∆2iss − ŶΣ∆uss (3.23)
ŶΣ≈YΣ≈ Y∆S(θa)∆u

s
s, (3.24)

which is referred to as the prediction error. In case the mean admittance YΣ is sufficiently
well represented by ŶΣ, the prediction error esprd forms a rotating vector, the orientation
of which depends on (twice) the ansiotropy angle. The vector components of (3.24)

eα = Y∆uα cos 2θa + Y∆uβ sin 2θa (3.25)

eβ = Y∆uα sin 2θa − Y∆uβ cos 2θa (3.26)

constitute two equations with two unknowns Y∆ and θa which can simply be solved for
the anisotropy angle θa. The result is the direct anisotropy angle estimation equation of
Arbitrary Injection

θ̂a =
1

2
atan2(uαeβ + uβeα, uαeα − uβeβ) (3.27)

where the function atan2(y, x) calculates the angle of a vector [x y]> within the range
−π . . . π. The vector composed by the arguments of (3.27) evolves on a circular trajectory
(for negligible anisotropy harmonics) when the rotor moves. As voltage and prediction
error are proportional (3.24), this circle would scale with the squared voltage, which
is irrelevant for the evaluation of its angle by (3.27). However, while the noise in the
prediction error esprd, imposed by the current measurement, is nearly constant, the noise
in this circle would be scaled by the voltage. Hence, for later SNR considerations in
Ch. 6.1 and 7.1 it is reasonable to define a circular moving vector ∆isa that contains a
voltage independent noise

∆isa =
1

|uss|

[
uαeα − uβeβ
uαeβ + uβeα

]
(3.28)

|∆isa| =
∣∣∆esprd∣∣ = Y∆ |∆uss| , (3.29)

and consequently has the physical unit [A]. This vector will be referred to as anisotropic
current progression.

A summary of the key steps of Arbitrary Injection is given by:

(1.) Eliminate the resistive and EMF related components in the current progression by
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employing the difference between current progressions ∆2iss (3.19).

(2.) Subtract the isotropic current progression ŶΣu
s
s from ∆2iss in order to obtain a

component rotating with twice the anisotropy angle.

(3.) Use Eq. (3.27) to directly calculate the anisotropy angle from this rotating compo-
nent.

However, within this derivation we assumed in (3.23) that a sufficiently accurate estimate
of the mean admittance ŶΣ is available, which still has to be obtained.

3.2.2 Mean admittance estimation

The above described angle estimation technique premises the knowledge of only one ma-
chine parameter, required for the elimination of the isotropic component of the current
response in (3.23): the mean admittance

YΣ =
1

2

(
1

Ldd
+

1

Lqq

)
Ts. (3.30)

According to (2.46) and [72], YΣ could be deduced from the average parallel component
of the current response to multiple equally long voltages vectors that are equidistantly
distributed within (a modulus of) 180 electrical degrees. Several injection forms, like
rotating or triangular injection, do fulfil this condition – in steady state. However, in
order to allow for transient operation and for the general interference of a high bandwidth
current controller, a more sophisticated approach is required that can obtain the mean
admittance from an arbitrary combination of voltage vectors.

As a reflection of [71], in this section a mean admittance estimation technique is de-
rived that is capable of working with arbitrary voltage excitation. Therefore firstly the
anisotropic voltage-current relation is reconsidered from a certain perspective. Upon this
groundwork, a geometrical approach is derived that is finally extended with machine
background information in order to improve the performance of the technique.

3.2.2.1 Anisotropic voltage-current relation

The following consideration is based on the voltage frame, a Cartesian reference frame
in which the x-axis is aligned with the previously applied voltage vector (see Fig. 2.1 in
Ch. 2.1.4). In voltage frame the anisotropic current response ∆2ius (to a fixed voltage time
expanse) is located on a circle. As shown in Fig. 3.8 the centre of this circle is specified
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Figure 3.8: Anisotropic current response in voltage frame.

by the isotropic current response ∆2iuΣ which is parallel to the applied voltage

∆2iuΣ = YΣ∆uus . (3.31)

The magnitude of the rotating component ∆2iu∆ scales with the saliency magnitude Y∆

defined by (2.47) to (2.49). The direction of ∆2iu∆ is determined by twice the angle
difference between anisotropy and voltage

∆2iu∆ = Y∆S(θa − θu)∆uus , (3.32)

with S(·) being the saliency matrix according to (2.50). Hence, the total anisotropic
current response ∆2ius is the sum of both ∆2iuΣ and ∆2iu∆

∆2ius = (YΣI + Y∆S(θa − θu)) ∆uus . (3.33)

3.2.2.2 Geometrical approach

When dividing the current progression in voltage frame ∆2ius by the magnitude of the
respective voltage vector |∆uss| we obtain the so-called admittance vector in voltage frame

γu =
∆2iuHF
|∆uss|

. (3.34)

In a strict sense, γu is not an admittance, but a scaled current progression in voltage frame.
However, γu is an important quantity because, independent of the applied voltage, this
vector will always point at the edge of the circle in Fig. 3.9, the centre of which is located
at (YΣ, 0) – the mean admittance.

Using scalar and vector product related operations, this voltage frame vector γu is
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Figure 3.9: Identification of the mean admittance YΣ with a geometrical approach.

obtained from measured stator frame quantities

γu =

[
γx

γy

]
, γx =

∆2iss
>

∆uss
∆uss

>∆uss
, γy =

∆2iss
>
J∆uss

∆uss
>∆uss

. (3.35)

After two arbitrary voltages ∆us1 and ∆us2 (generated by FOC and/or injection) have
been applied and the resulting current progressions ∆2is1 and ∆2is2 have been measured,
two admittance vectors γu1 and γu2 are obtained through (3.35) which already comprise
enough information to compute the value of the mean admittance:

Considering the fact that both vectors γu1 and γu2 must point to the edge of an unknown
circle, there is an infinite amount of circles which would match this description, exemplified
by the dashed circles in Fig. 3.9. However, since all points on the edge of a circle must
have the same distance to its centre, the centre of all possible circles must be located on
the straight g(x) in Fig. 3.9. The respective straight equation is given by

g(x) =
γ1x − γ2x

γ2y − γ1y

·
(
x− γ1x + γ2x

2

)
+
γ2y + γ1y

2
. (3.36)

Within this infinite amount of circles there is only one with the y-component of its centre
being equal to zero (YΣ describes the isotropic part of the current progression). YΣ is
consequently found as the root of the straight g(x)

g(YΣ) = 0 (3.37)

ŶΣ =
γ2

1y − γ2
2y + γ2

1x − γ2
2x

2(γ1x − γ2x)
. (3.38)

The result (3.38) is an explicit law for calculating the extended mean admittance YΣ from
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the current response after applying two arbitrary voltages. Considering the denominator,
however, it is clear that this approach will be sensitive to current measurement noise for
cases in which the tips of the vectors γu1 and γu2 are vertical above one another. In these
cases one would calculate the root of an almost horizontal straight g(x). The simulation
result in Fig. (3.10), including current sampling noise, shows that most of the connecting

Figure 3.10: Admittance vector γu1 calculation for 15 simulation steps.

lines between two consecutive admittance vectors can happen to be rather vertical. For
most of these points the straight g(x) would be rather horizontal and consequently its
root would be very sensitive to current sampling noise.

3.2.2.3 Extension with machine background information

By extending the geometrical approach with physical background information the sensi-
tivity to current measurement noise can be reduced. According to Fig. 3.8, the orienta-
tion of the radial current response ∆2iu∆ is defined by twice the angle difference between
anisotropy and voltage 2(θa − θu). Hence, when applying two consecutive voltages ∆us1

and ∆us2 without a change in anisotropy position, the angle between both radial responses,
∆2iu∆1 and ∆2iu∆2, must be 2∆θu

2(θa − θu1)− 2(θa − θu2) = 2(θu2 − θu1) = 2∆θu. (3.39)

As indicated in Fig. 3.11, the angle between the straight g(x) and one radial component
will therefore be equal to ∆θu, i.e. to the angle between the voltages ∆us1 and ∆us2 in
stator frame. This defines the location of YΣ on the straight g(x) just depending on the
voltage angles (i.e. the pulse width references), i.e. independent of current measurement
noise. Especially in the horizontal case this will markedly reduce the noise in the mean
admittance information.
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Figure 3.11: Identification of mean admittance with machine background informa-
tion.

For the respective mathematical description, in a first step two elementary vectors γuΣ
and γu∆ are defined which represent the average of and the distance between the measured
vectors γu1 and γu2

γuΣ =
γu1 + γu2

2
, γu∆ =

γu1 − γu2
2

. (3.40)

The average vector γuΣ points at the middle between γu1 and γu2 . Starting from this point,
the circle centre is located in a direction perpendicular to the distance vector γu∆[

ŶΣ

0

]
− γuΣ = λ J

γu∆
|γu∆|

, (3.41)

where λ represents the distance between γuΣ and the circle centre that is now gained
through the machine background information. According to the relations in a right-
angled triangle, this distance λ is represented by the length of the adjacent leg and |γu∆|
by the length of the opposite leg with respect to the angle ∆θu. Hence, λ can be rewritten
by

λ = tan(∆θu) |γu∆| =
cos ∆θu
sin ∆θu

|γu∆|, (3.42)

where the sine and cosine functions of the angle between the voltage vectors ∆us1 and
∆us2 can be obtained from scalar and vector product related operations

cos ∆θu =
∆us1

>∆us2
|∆us1||∆us2|

(3.43)

sin ∆θu =
∆us1

>J∆us2
|∆us1||∆us2|

. (3.44)

Finally, by combining (3.42) to (3.44) the vectorial mean admittance estimation equation
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is obtained [
ŶΣx

ŶΣy

]
=
γu1 + γu2

2
+
us1
>us2

us1
>Jus2

J
γu1 − γu2

2
, (3.45)

in which, supposedly, the y-component should be zero ŶΣy = 0. As will be shown in
Ch. 6.1, however, certain parasitic effects emerging at low injection magnitudes result in
a vertical shift of the circle in Fig. 3.8 that is important to track in the mean admittance
estimation.

When using standard synchronous current sampling (SCS) and hence usual injec-
tion magnitudes the circle centre is located nearly on the x-axis, such that only the
x-component of (3.45) needs to be evaluated

ŶΣ = ŶΣx =
γ1x + γ2x

2
+
us1
>us2

us1
>Jus2

γ1y − γ2y

2
. (3.46)

The noise sensitivity of the equations (3.45) and (3.46) depends on the vector product
between the voltages us1

>Jus2, which from physical perspective is inevitable, since an angle
difference between the voltages is the source of information. When finally low pass filtering
the estimates ŶΣ, or ŶΣx and ŶΣy in order to reduce noise, it is therefore reasonable to
weight the low pass filter time constant with this vector product

d

dt
ŶΣ,lpf = kΣu

s
1
>Jus2

(
ŶΣ − ŶΣ,lpf

)
, (3.47)

where the tuning parameter kΣ influences the resulting overall bandwidth of ŶΣ,lpf .
For some methods proposed in this work, an online estimation of the saliency magnitude

Y∆ is essential to achieve sufficient accuracy without preliminary knowledge of machine
parameters. This value Y∆ is simply the distance between each measured admittance
vectors γu and the filtered mean admittance value ŶΣ,lpf , which for noise reasons should
also be low pass filtered

d

dt
Ŷ∆,lpf = k∆

(√(
γ1x − ŶΣx,lpf

)2

+
(
γ1y − ŶΣy,lpf

)2

− Ŷ∆,lpf

)
. (3.48)

The tuning factor k∆ allows the adjustment of the filter bandwidth.
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Chapter 4

Current oversampling

In contrast to grid-connected machines, the current waveform in inverter driven AC ma-
chines is not sinusoidal, but consists of various frequencies. The pulse pattern, imposed
by the discrete voltage states of the inverter, generates components with multiples of its
repetition frequency. Since these frequencies exceed the current control cycle frequency,
it is important to consider the Aliasing problem when sampling the current.

For most drive control techniques in literature the average current over one control
cycle is relevant, since only this average value can directly be actuated through the pulse
width and since this value corresponds to the generated shaft torque. Hence, the measured
current value should ideally represent the average current over one control cycle. However,
as averaging-based measurements [73, 74] are relatively complex and cost extensive, a
technique referred to as synchronous current sampling (SCS) has been established in
drive systems.

As indicated in Fig. 4.1, SCS is generally employed in combination with a symmetrical
PWM structure [75], generated by a triangular PWM counter. The current sampling is

Figure 4.1: PWM voltage synthesis and ideal current response.
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then triggered with the direction change of the counter, which is consequently located
in the middle of each passive switching state (PSS). As indicated by the red crosses in
Fig. 4.1, the current does at these instants match the average value over one control cycle
– i.e. the fundamental wave without PWM-induced harmonics. The assumption implied
in this conclusion is that the current evolves linearly during constant voltage phases.
In literature, this assumption is considered to hold if only the sampling period is much
shorter than the electrical time constant of the machine Ts � Ls/Rs [6], such that only
a small fraction of the normally exponential current response of an RL-load passed.

Exceeding the purposes of conventional drive control, sensorless control aims to gain ad-
ditional information out of the current response that can be employed to deduce the rotor
position without using a position sensor. Considering that the employed A/D converters
are often able to sample at higher frequencies than given by the switching frequency lim-
itation (and hence the control cycle), SCS neglects information that could be useful for
the position estimation.

Instead of sampling only once per PWM half-period at a specific time, in this work
the analogue to digital converter (ADC) is operated with a much higher frequency. The
increased amount of data must be collected and pre-processed, such that its evaluation
by a sensorless algorithm working at control frequency is possible.

In particular, we utilize the above assumption that during constant voltage phases a
linear voltage evolution can be found – a constant slope that, according to (2.38), is
described inter alia by the EMF and the anisotropy orientation. This supposedly linear
evolution will be approximated by a straight, resulting in one slope and one offset value for
each switching state. These low noise straight coefficients comprise both the anisotropy
and the EMF information and do hence form the basis for the later sensorless evaluation.

In order to allow for the experimental investigation of this approach, a specific hardware
setup has been designed and manufactured which will be described in the following section.
The remaining parts of this chapter will provide an in-depth analysis of the current data
obtained with this setup, in order to validate the above assumptions and to pre-asses
potential sources of errors.

4.1 Test bench hardware setup

The test bench setup designed for this work employs an industrial 7.5 kW inverter (SEW
MDS60A0075), modified in order to impose the IGBT switching signals. However, when
providing a PWM signal, the 8 kHz switching frequency restriction must be respected.
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The internal 3 phase diode bridge of the inverter rectifies the three phase low voltage grid
into a 560 V DC-link voltage. Depending on the load, this voltage may decrease during
motoring condition momentarily down to 484 V and increase during generating condition
up to 800 V where the break chopper interferes. Due to this large possible variation, a
DC-link voltage measurement is received from the inverter and considered in the control
algorithms. Through standardized plugs the connected machine can quickly be replaced
by another one, allowing for the development and investigation of generic control methods.
The four machines used for the validation of the theory derived in this work are described
in Tab. B.1 in Appx. B.

However, as indicated in Fig. 4.2, the speciality of the test bench setup is the self devel-
oped real time system (RTS) that provides a fast current measurement, while facilitating
quick and easy prototyping of control algorithms. The core part is the field programmable

Figure 4.2: Hardware setup underlying this thesis.

gate array (FPGA)-Board which, among other components, houses a Cyclone III FPGA
from Altera and a very fast 12 bit ADC from Analog Devices. Although both components
could operate faster, they are triggered by the general board clock with 20 MHz which
corresponds to 1250 current samples per 16 kHz control cycle (resulting from the switch-
ing frequency limitation). The 20 MHz clock, however, is provided by the inverters logical
circuit, which pre-processes the commanded switching signals for safety reasons. Using
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this unified 20 MHz clock, the FPGA generates the PWM with 8 kHz and the control
interrupt (irq) with 16 kHz, such that all tasks in all discrete-time components of the test
bench are executed synchronously and any jitter is avoided.

The FPGA, as the central component, executes a variety of tasks. Apart from the
communication and data exchange with all peripheral components and the PWM- and
control interrupt generation, this does (most importantly for this work) comprise the
recursive linear regression (RLR) algorithm, described in section 5.2. Only in this way
the extensive amount of oversampled current data could be processed and summarized
into a few coefficients per control cycle which are manageable by the central processing
unit (CPU). In the respective moment during the control process, the CPU requests these
coefficients from the FPGA which will then provide these values via the ISA bus.

The 3 GHz c©Pentium CPU, as part of an entire personal computer (PC) on a slot card
(PICMG 1.0), runs a mastering real time operating system that in its idle time allows a
Linux operating system to execute its tasks. In this way both, the code development and
code execution are done on the same hardware, while the execution has absolute priority.

Apart from the CPU, the FPGA boards communicates to 3 main peripheral boards:

(1.) A digital to analogue converter (DAC) & Encoder board is located within the RTS
housing. The DAC data is transmitted to this board via a serial communication.
The increment and index signals of the encoder are directly fed through (including
potential insulation) and evaluated by the FPGA. The main purpose of the DAC
is the visualization of physical and algorithmic quantities on an oscilloscope.

(2.) The inverter board is located directly at the inverter. It receives the IGBT switching
signals and sends the 20 MHz clock both in optical form (orange colour in Fig. 4.2)
in order to avoid electro magnetic interference (EMI). Especially momentary mis-
interpretations of a switching signal can markedly increase the switching frequency
and thereby overload and destroy an IGBT. Furthermore, the DC-link voltage mea-
surement, provided by the inverter, is converted to an analogue differential signal
(purple colour in Fig. 4.2) in order to minimize the EMI during the (potentially long
distance) transmission to the RTS. In this way the differential analog inputs of the
ADC are utilized.

(3.) The current measurement box is a relatively important component of the test bench
and has been redesigned in 3 iterations, using different current transducer types.
Finally, the sensors CMS3015 from c©SENSiTEC have been selected, since these
showed the most veridical output signal in an empirical comparison, compared to a
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high bandwidth current measurement probe of an Oscilloscope. In contrast to the
widespread Hall-compensation based current transduction principle, these trans-
ducers utilize a magneto-resistive principle which has just recently been realized in
commercial current sensors for drive systems. Although their long-term behaviour
is not entirely approved yet, these magneto-resistive sensors provide a higher quality
signal than compensation-based transducers with a significantly higher bandwidth
and less artefacts. Both points influence on the ability to evaluate the oversam-
pling data. Generally, the attentive selection of an appropriate current sensor is a
highly important part of the hardware design for high performance sensorless con-
trol, as will be concluded in Ch. 5.4.4. For the purpose of EMI minimization the
current measurement box is shielded and the analogue output voltage is provided
in differential form as well.

All in all this hardware setup shown in Fig. 4.3 that has been developed to investigate
the potential of oversampling-based sensorless control, combines a very fast and high

Current Meas. Box hhhhhhhh

Inverter Board HHH Inverter
��

Real Time System@@

Figure 4.3: Photo of the hardware setup underlying this thesis.

quality current measurement and the individually programmable low-level pre-processing
capabilities of an FPGA with the high computation power, the easy high-level C-code
development and the convenient live data indication and logging facilities of the Linux-
RTAI based PC. Although, for an RTS, the overall system cost is relatively cheap, the
components involved are too expensive for industrial serial production. This dimensioning
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has, however, been motivated by the thought that the purpose of this academic system is
to asses the potential and the limits of an approach itself, instead of of the hardware.

4.2 Analysis of the oversampled current response

Using the above described hardware, all three phase currents are measured 20 million
times per second, such that 1250 12 bit current samples per PWM half-period for each
phase current are available for the control algorithms. Since this amount of data can
neither be communicated to nor be processed by the CPU, it is summarized within the
FPGA (see Ch. 5.2) and only a few resulting coefficients are subsequently transmitted to
the CPU. Hence, all graphs within this work that directly show oversampled current data
have been captured in and transmitted from the FPGA using the JTAG protocol.

Following the common assumptions in drive control that for instance also form the
basis of synchronous current sampling (SCS), the current should evolve linearly during
the application time of a switching state (see Fig. 4.1). Then, the oversampled current data
can be approximated adequately by a straight, the slope of which contains information
about the inductance and the EMF, and hence about the rotor position. However, the
measured current oversampling data, shown in Fig. 4.4, reveals a notably more complex
drive behaviour than described by the conventional machine equations. In the following
section the major additional effects are analysed in order to scrutinize whether the above
simplification can still be employed for a sensorless approach and whether adaptations
are necessary.

4.2.1 Dead time

Fig. 4.4 shows the switching state command and the resulting α-axis current measured
over one cycle of the triangular injection with 12% magnitude. There is an evident dead
time between the command of a switching state and the first response in the current
signal which is the result of several delays in the signal path. The major part is caused by
the fixed IGBT interlock time, inherently programmed in the industrial inverter. Other
delays like the gate recharging or the current path changing1 time depend on the sign and
the magnitude of the current in the switching IGBT and do therefore cause a variation of
the overall delay. The resulting distribution of the total dead time is indicated in Fig. 4.5
which was obtained from more than 100,000 switching transitions. The machine has

1The switching of an IGBT forces the current to take a different path within one inverter half bridge,
which due to parasitic inductances requires time.
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Figure 4.4: Current response at 12% injection over one injection cycle.

been load free while applying injection with 0.1% to 10% magnitude. Since the current
value during the switching transitions increases with the injection magnitude, this analysis
already includes a medium scale current variation (up to 20% rated current), which allows
to deduce that the width of the distribution will remain within the scale of Fig. 4.5. All
in all, this investigation is concluded to the dead time occurring with an average of 39

samples (1.95 µs) and a variation of ±1 sample (±0.05 µs).

Figure 4.5: Dead time occurrence distribution at idle machine.
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Thus, when deducing the location of the regression window (time range in which the
current signal is analysed, grey area in Fig. 4.4) from the PWM reference signal, this dead
time has to be taken into account. In particular, a reduced dead time value of 35 samples
is parametrized in the regression algorithm in order to allow for some uncertainty. A
reduction is preferable in this case since the dead time parameter only defines the end
of the regression window directly where oscillations from the succeeding switching state
must be omitted (see Ch. 4.2.2). However, as all delay components result from effects in
the inverter and the controller, the uncertainty does not relate to the machine or cable
configuration.

4.2.2 Cable recharging

A very obvious effect in Fig. 4.4 is the oscillation appearing after each switching state
alteration, the peak of which may exceed rated current. These oscillations in the current
signal appear on the inverter side end of the motor cable as a result of the cables specific
impedance being excited by the high frequency contents of the PWM edges. The same
oscillation appears on the motor side end of the cable in the voltage signal, severely
aggravating ageing, robustness and temperature related issues of the winding insulation
and the shaft bearings [76–81]. The current peaks on the inverter side end are less severe
from physical perspective2, but demand special considerations from control side: At high
fundamental voltage (high speed), the short duration of the passive switching state (PSS)
brings these transient oscillations into the SCS instants, severely distorting the measured
current value. In order to obviate a voltage limitation, drive manufacturers shift the
current measurement instant into a neighbouring active switching state (ASS), which in
this case causes less distortion.

Within the scope of this work these switching transients in the current signal constitute
a problem, as they distort the slope calculation to an unusable extent. Since a pure,
average free oscillation should not have an effect on the slope calculation, the properties
of the present oscillations are investigated in the following, in order to determine the
reason of the distorting effect. Fig. 4.6 zooms into two consecutive switching instants
from Fig. 4.4. A short time average filter with the window length of one oscillation period
has been applied to the measured signal, resulting in the dotted red curve. As can be
seen from the second half of each oscillation, the averaging over one period completely

2According to [76], the oscillation only appears when the IGBT switches faster than half the period of
the oscillation, implying that the current peak is situated within the fully conducting state of the IGBT.
Considering its short duration, the peak therefore results only in a minor contribution to the overall
thermo-mechanical strain in the IGBT [82].
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Figure 4.6: Switching transients comprising cable recharging current.

removes all content at the resonance frequency of the cable, and does therefore segregate
any DC content within the transient that would distort the slope calculation. Those peaks
in the red curve found at the very beginning of each transient represent the recharging
processes of the parasitic line-to-line and line-to-earth capacitance of the cable, where the
particular problem for the sensorless evaluation is the variation of their shape between
the transients.

However, since this DC content is restricted to the very beginning of each switching
state, it can simply be blinded out by ignoring the first few microseconds of each switching
state. As will be determined in Ch. 5.4, a blind-out time of 6 µs results in the lowest
noise content of the linear approximation and will therefore already be considered in the
following figures and investigations of this section.

4.2.3 Machine recharging

Depending on the used cable type and length, the above analysed cable recharging oscil-
lations are roughly in the scale of nominal current (for the machines of this work a few
Amperes) and last for about five microseconds. When zooming in 50 times on the current
axis, while zooming out 5 times on the time axis, a different oscillation becomes apparent
which (because of its tiny scale) has rarely been documented in literature, yet [9, 83, 84].

Fig. 4.7 shows three exemplary measurements of this oscillation during a zero vector
alteration (zero pulse with, all bridges switch from 0 V to Udc at the same time), where the
machine type and the cable length have been altered. Between the graphs with the same
machine type but different cable length, only the initial high frequency oscillation differs,
which affirms the assignment of this fast oscillation to the recharging of the cable. As
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Figure 4.7: Difference between cable and machine recharging oscillations.

indicated by the light grey area in Fig. 4.7, this oscillation is almost completely blinded out
even for the longer cable. However, the secondary slow oscillation which is roughly in the
scale of 100 mA and has only about a hundredth of the frequency of the cable oscillation,
is independent of the connected cable but evolves differently for different machine types.
Since an oscillating behaviour requires the interaction of an inductance with a capacitance,
the only explanation for this rarely documented phenomenon is a recharging process of
the machine winding-to-case capacitance through the winding inductance.

It is moreover interesting to note that the particular shape of this oscillation depends on
the rotor position. Fig. 4.8 shows two exemplary rotor positions and the resulting shape
of the current oscillation over one PWM period. Since zero pulse width has been applied,
all phases were excited identically and the resulting oscillation in the three phases seems
nearly the same. However, after transforming the currents into stator frame (carried out in
the FPGA before the linear approximation), the α and β component contain a projection
of the phase oscillation, which implies that there is a difference between the individual
phase responses. Moreover, a comparison between the left and the right graphs deduces
that this difference between the phases varies with the rotor position.

Since from a physical perspective a rotor position dependent winding-to-case capaci-
tance is implausible, an explanation of this rotor dependent oscillation shaping requires
a closer investigation by means of the a high frequency model of the phase windings (im-
plemented in MATLAB code). As indicated in Fig. 4.9, each phase winding is split up
into multiple copies of an RLC-circuit, where a layer depth of n = 15 has been chosen as
a compromise between accuracy and simulation time. The primed values are fractions or
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Figure 4.8: Measured and simulated phase- and stator frame currents over one
PWM period, resulting from zero voltage (all phases 50% pulse width).

multiples of the respective overall phase values

L′a,b,c =
La,b,c
n

, R′ph =
Rph

n
, R′C = nRC and C ′ph =

Cph
n
, (4.1)

where the phase resistance Rph and the phase inductances La,b,c have been parametrized
according to the real machine values. The phase capacitance Cph and the recharging
resistance Rc have been tuned empirically to Cph = 0.8 pF and Rc = 1030 Ω, such that the
oscillation of the phase currents (upper graph in Fig. 4.8) matches the measurement. With
this parametrization the simulation develops the same stator frame current oscillation
(lower graphs in Fig. 4.8), with the same angle dependence. Through the above modelling
and simulation it has been found that the appearance of the oscillation in stator frame
is a result of the inductance anisotropy. A phase with lower inductance value recharges
quicker with slightly higher peak currents and slightly shorter oscillation periods than
a phase with higher inductance. The difference between those phase current evolutions
projects into the stator frame current and forms an oscillation there as well which due to
the saliency ratio (≈ 15%) is markedly smaller than the phase current oscillation. The
rotor position defines which phase inductance is higher and which is lower, and thereby
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Figure 4.9: High frequency model of the phase windings.

also in which stator frame direction this oscillation appears.

Since the modelling has been straightforward with realistic parametrization, and since
the resulting simulated currents match the measurement relatively well, this simulation
affirms the assumption that a recharging distributed winding-case capacitance is the cause
of this slow stator frame current oscillation that appears after the cable recharging.

As most of this oscillation is located outside of the blind-out window (light gray areas
in Fig. 4.7 and Fig. 4.8), it is expected to have an effect on the linear approximation (see
Ch. 5.4).

4.2.4 Eddy currents

The third effect, causing the current evolution during constant voltage phases to differ
from a straight, can be seen after stator frame voltage alterations – i.e. for instance
after the transition from an ASS to a PSS. Fig. 4.10 shows the measured α-current
evolution during switching state alterations in black colour. The middle section belongs
to a PSS where, according to the conventional machine model, the current should drop
with the electrical time constant exponentially towards zero. The dotted blue curve shows
a conventional model simulation, in which the current during constant voltage phases can
indeed not be distinguished from a straight. However, the measured current shows an
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Figure 4.10: Effect of eddy currents in measured current response.

additional, much faster exponential behaviour that converges towards a point different
from zero.

This behaviour can be emulated by means of the simple eddy current model introduced
in Ch. 2.6, in which the eddy current admittance Ys

ed has been set to 2
3
YΣ and the eddy

current time constant Ted to 0.15 Ts (i.e. SCS captures less than 5% of the initial value).
The combination of conventional and eddy current model according to Ch. 2.6 results in
dotted red curve in Fig. 4.10 which resembles the measured current relatively well. Hence,
it can be concluded that this deviation from the conventional model can be explained with
eddy currents.

When approximating the measured data using linear regression (LR) (with blind-out
time), the green straight in Fig. 4.10 is obtained which has a steeper slope and a slightly
higher offset than the supposed blue curve. It can therefore be expected that eddy currents
will influence the position estimation. However, since in Ch. 6 three position estimation
techniques based on the oversampling data are proposed, the particular influence of the
eddy currents on each technique will be analysed in the respective subsections.

4.2.5 Summary of the oversampled current response analysis

In this section 4 essential insights into the oversampled current data have been gained
which shall be summarized in the following:

(1.) A dead time between the switching state reference and the current measurement of
39± 1 samples has been identified. This dead time is accounted for by shifting the
regression window for 35 samples – which maintains the window length.
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(2.) Within the first few microseconds of each switching state, the cable recharging
oscillations contain a strong DC component that will distort the current slope ap-
proximation. Consequently, a blind-out time must be introduced – which shortens
the regression window length.

(3.) After the cable recharging oscillations have disappeared, a much slower and weaker
oscillation remains that is the result of an anisotropic machine recharging process.
This weak oscillation is too long to be blinded out and will therefore slightly affect
the linear approximation.

(4.) Stator frame voltage alterations induce an eddy current related overshoot in the
measured stator frame current which affects the linear approximation. Potential
effects of this phenomenon on the position estimation approaches will be analysed
in the respective sections.



Chapter 5

Linear approximation

Following the understanding of conventional machine models (e.g. Ch. 2.3), the current
and the time derivative of the current for a given voltage are rotor position dependent, as
both are determined by the orientation of the anisotropy and the EMF. Accordingly, the
key idea of this thesis is the approximation of the current evolution during each switching
state by a straight line which will yield two position dependent coefficients, offset and
slope. By employing a least squares based approximation method (linear regression), those
coefficients will comprise minimal possible noise (see Ch. 5.3). Hence, the approximated
straight coefficients of the current evolution during each switching state may not only
improve the quality of the position estimation source signal – the current – but also
provide a high quality signal for a position dependent quantity that is normally not
measured – the current slope.

Although, according to Ch. 4.2, the shape of the current evolution during constant
voltages phases in practice is not entirely linear, the analysis of terms of second or higher
order in the approximation polynomial is not part of this thesis. Nevertheless, it should
be noted that these terms could potentially be used to evaluate a possible position de-
pendency of eddy current, hysteresis or winding capacitance related effects as described
in Ch. 4.2.

This chapter starts with a brief description of the first order least squares method linear
regression, after which its recursive implementation on an FPGA will be discussed. In
the next step, the theoretical noise reduction potential of linear regression is discussed,
in order to set a reference mark for the following experimental investigation. The re-
sulting insights into the properties of the approximated straight coefficients under several
operating conditions will eventually be compared to the initial theoretical expectation.

69
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5.1 Linear regression

The method of least squares [85, p. 427] is a well-known approach for curve approximation
of stochastic data. The optimal solution curve is obtained analytically, i.e. straightforward
without iterative search loops and without the common optimization problem of local
minima. A cloud of points P (xi, yi), with i = 1 . . . n and n being the number of points
in the cloud, is approximated by a polynomial f(·) of arbitrary order, the parameters of
which are directly obtained in such a way that the sum of all squared vertical distances
between the points and the polynomial is minimized.

Figure 5.1: Point cloud and approximation curve.

The simplest realization of this general approach is referred to as linear regression (LR),
where a first order polynomial – a straight – is used for approximation

f(x) = a1x+ a0. (5.1)

As a least squares method, LR defines the error function N2 as the sum of all squared
vertical deviations between the cloud points P (xi, yi) and the approximation curve f(·)

N2 =
n∑
i=1

(yi − f(xi))
2 (5.2)

=
n∑
i=1

(yi − a1xi − a0)2 . (5.3)

The optimal straight is described by that set of parameters a1 and a0 that minimizes the
error N2 – i.e. a1 and a0 are the roots of the partial derivatives of (5.3)

∂N2

∂a1

=
n∑
i=1

−2 (yi − a1xi − a0)xi = 0 (5.4)

∂N2

∂a0

=
n∑
i=1

−2 (yi − a1xi − a0) = 0. (5.5)
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By summarizing (5.4) and (5.5) and factoring out a1 and a0,

0 = a1

n∑
i=1

x2
i + a0

n∑
i=1

xi −
n∑
i=1

yixi (5.6)

0 = a1

n∑
i=1

xi + a0 n−
n∑
i=1

yi, (5.7)

and by considering that all values xi and yi are known, a simple set of two equations with
two unknowns is obtained. Solving this set of equations for a1 and a0 leads to the well
known LR equations

a1 =

n∑
i=1

(xiyi − xy)

n∑
i=1

(x2
i − x2)

(5.8)

a0 = y − a1x, (5.9)

in which an overline indicates an average value, like for instance x = 1
n

n∑
i=1

xi. The coeffi-

cients a1 and a0 describe the straight with the overall minimum quadratic deviations to
all measured points P (xi, yi).

The general least squares based solution that minimizes the squared deviations to a
polynomial of arbitrary order is described for instance in [86], but is not considered within
the scope of this work. In contrast to the above derived linear regression, general least
squares methods involve matrix inversion which significantly increases the overall compu-
tational effort.

5.2 Recursive implementation on an FPGA

The present RTS provides current measurements with 20 MHz sampling rate, whereas the
sensorless, current and speed control algorithms run twice per PWM period, i.e. at 16 kHz

control update rate. Consequently, the system obtains 1250 current samples per control
cycle for all phases. This sums up to 3750 12 bit integers that have to be processed within
62.5 µs (≈ 150 MB/s) in order to approximate the slope of the current evolution in real
time. Concluding from practical implementations, this exceeds the capability even of the
used Pentium 4 CPU by far. Yet, an FPGA (already included in the RTS, e.g. for the
communication with the fast ADC) is capable of processing data at this rate which does,
however, come at the cost of a higher implementation complexity.
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Fig. 5.2 exemplifies the measurement data of the α-current over time, where each dot
represents one current sample. Due to measurement noise and quantization, the measured
current values form a point cloud around the actual current evolution which for the sake
of clearness is illustrated in an exaggerated way.

Figure 5.2: Linear approximation of the current measurement point cloud.

In spanning slightly more than one switching state, Fig. 5.2 shows only a fraction of
a sampling period. The moment t = 0 represents the switching instance of the PWM
reference signal delayed by tdead = 35FPGAsamples (see Ch. 4.2.1). At this point the
software time counter t is reset and starts to raise linearly over time. Between t = 0 and
t = tblind all current samples are ignored in order to prevent the cable recharging currents
(see Ch. 4.2.2) from affecting the slope calculation. In the following phase – the so-called
regression window which starts at tblind and ends with the next switching transition (also
determined by the switching reference signal and the delay tdead) – all measured current
values are taken into account for the LR algorithm.

Considering both, the α- and the β-current, the specific implementation of LR approx-
imates a vectorial straight isreg(t), defined by

isreg(t) = ξsst+ iso, (5.10)

where ξss = [ξα ξβ]> is the current slope over time and iso = [ioα ioβ]> is the current offset
at the switching instance t = 0. By applying the derivation from Ch. 5.1 to the vectorial
case, the straight coefficients are obtained as

ξss =

n∑
i=1

(
issi ti − i

s
s t
)

n∑
i=1

(
t2i − t

2
) (5.11)

iso = iss − ξss t. (5.12)
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However, this standard LR equation (5.11) can only be computed after all measurement
data has been obtained, since the summations require the average values iss and t. This
means that n data samples (up to 3750 in the case of the present RTS) would have to be
stored in memory first and then be processed at once after all data has been obtained.

In order to mitigate this intense computational effort, a recursive equivalent is derived
from (5.11) which will be referred to as recursive linear regression (RLR). After splitting
up the brackets of numerator and denominator

ξss =

n∑
i=1

issi ti −
n∑
i=1

iss t

n∑
i=1

t2i −
n∑
i=1

t
2

, (5.13)

the expression within the right hand side summation of both is constant and can therefore
simply be multiplied by n

ξss =

n∑
i=1

issi ti − n i
s
s t

n∑
i=1

t2i − n t
2

. (5.14)

Now, reducing both the numerator and the denominator by n

ξss =

1
n

n∑
i=1

issi ti − i
s
s t

1
n

n∑
i=1

t2i − t
2

. (5.15)

yields a left hand side expression that matches the arithmetic method of average calcula-
tion

ξss =
iss t− iss t
t2 − t2

. (5.16)

Considering the recursive way of average calculation

x[i] = x[i− 1] +
x[i]− x[i− 1]

i
(5.17)

with i = 1 . . . n (and x[0] being irrelevant), there are only 4 recursive average values t,
iss, t2 and iss t to be computed and finally summarized by the non-iterative equations
(5.16) and (5.12). In this way the approximated current slope ξss and the current offset
at the switching instant iso can be updated with every current sample, involving minimal
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computational effort and allowing for a feasible realization in Very High Speed Integrated
Circuit Hardware Description Language (VHDL).

Although the complete set of equations (2.13), (5.17), (5.16) and (5.12), necessary for
the LR, appears quite simple, its particular implementation in VHDL required quadruple
pipelining, an LUT storing 3000 integers and an overall delay of 27 FPGA cycles (1.35 µs).
The result are four normalized 32 bit fixed point values for the slopes ξα and ξβ and the
offsets ioα and ioβ which are required to realize the accuracy potential of the LR approach.
Each 32 bit value is split up into two 16 bit values in order be communicated through the
16 bit bus to the CPU where they are recomposed and converted to a floating point value
in SI unit.

5.3 Noise suppression through linear regression

The specific implementation of linear regression used in this thesis constitutes a special
case of combining stochastic data. Before evaluating the practical regression results, we
will assess from a theoretical point of view to which extent this linear regression is able
to reduce noise content.

Therefore we firstly assume that the measured current values contain white noise, such
that each sample is a partially random value i. As indicated in Fig. 5.3, a large set of
single values i will form a Gaussian distribution around the expected current value µ with
a standard deviation σ

i = N(µ, σ2), (5.18)

where N(·) is the function creating a random value with this probability distribution.
Since the root mean square (RMS) value of the current noise equals the definition of σ,
only σ and not µ is relevant for the analysis in this section.

When scaling a measured current sample i with a constant factor c, both the expected
value µ and the standard deviation σ are scaled

ci = cN(µ, σ2) (5.19)

= N
(
cµ, (cσ)2

)
. (5.20)

When adding two different current samples i1 and i2 which show the same Gaussian
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Figure 5.3: Gaussian probability density distribution for the current measurement.

properties σ and µ, the resulting value will have the following properties

i1 + i2 = N(µ, σ2) +N(µ, σ2) (5.21)

= N(µ+ µ, σ2 + σ2), (5.22)

if i1 and i2 can be considered stochastically independent from another [87, p.176]. Note
that in this stochastically independent case, not the standard deviation σ itself, but its
squared value σ2 is subject to the summation. Based on those two rules from probability
theory, we will now derive to which extent the noise content from the current samples
projects into the regression results.

Considering that n current samples i1...in are employed for the linear approximation,
the straight offset i in the middle of the regression window (see explanation in Ch. 5.4.1)
is obtained through a simple averaging process

i =
1

n

n∑
k=1

ik =
1

n

n∑
k=1

N(µ, σ2) (5.23)

indep. sum: =
1

n
N(

n∑
k=1

µ,
n∑
k=1

σ2) =
1

n
N(nµ, nσ2) (5.24)

scaling: = N

(
n
µ

n
, n
(σ
n

)2
)

= N

(
µ,

(
σ√
n

)2
)
, (5.25)

in which the expected value µ is retained, but the noise RMS is lowered by factor 1√
n
.

This result is part of the known properties of oversampling, e.g. described in [88, p.997].

The noise RMS of the slope coefficient, however, depends on the particular implementa-
tion of the LR and will therefore be derived specifically for the present conditions. Firstly,
we must consider that the current samples ik are equidistantly distributed in time. We
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normalize the time axis with respect to the regression window length

tk =
k − 1

n− 1
− 1

2
with k = 1 . . . n, (5.26)

such that the resulting slope values will be comparable to the current. The particular
relation between the current slope and the current value is given by the factor Ts/2, as
will be derived in Ch. 6.1.2. Hence, when interpreting the results in this section, the slope
results will be halved for the comparison with the current offset.

Due to the symmetric definition of (5.26), the average time value is zero (t = 0), which
simplifies the slope approximation equation (5.16)

ξ =
i t

t2
. (5.27)

The denominator t2 is a noise-free value that only depends on the number of samples n

t2 =
1

n

n∑
k=1

(
k − 1

n− 1
− 1

2

)2

, (5.28)

and that converges towards t2 = 1
12

with increasing n. Practically, for n > 50 (4% of the
PWM half-period), it can be considered t2 ≈ 1

12
.

The numerator i t constitutes a summation of individually scaled noisy values i

i t =
1

n

n∑
k=1

tkik =
n∑
k=1

1

n

(
k − 1

n− 1
− 1

2

)
N(−, σ2) (5.29)

scaling: =
n∑
k=1

N

(
−,
[

1

n

(
k − 1

n− 1
− 1

2

)
σ

]2
)

(5.30)

indep. sum: =N

(
−,

n∑
k=1

[
1

n

(
k − 1

n− 1
− 1

2

)
σ

]2
)

(5.31)

=N

(
−, 1

n

n∑
k=1

(
k − 1

n− 1
− 1

2

)2
σ2

n

)
(5.32)

(5.28)
= N

(
−, t2 σ

2

n

)
, (5.33)

in which the expected value µ is irrelevant for the noise consideration and has therefore
been disregarded. When combining numerator (5.33) and denominator (5.28) in order to
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obtain the current slope ξ, the denominator acts as a noise scaling factor

ξ =
1

t2
N

(
−, t

2

n
σ2

)
(5.34)

= N

(
−, t

2

n

[
σ

t2

]2
)

(5.35)

= N

−, [ σ√
t2n

]2
 . (5.36)

Hence, in the approximated slope the noise RMS is scaled by factor 1√
t2n

with respect

to the current samples which (because of the convergence of t2) for almost all switching
state lengths is approximately factor 3.46 1√

n
.

The above result implies that the varying number of samples n is equally distributed
over the entire PWM half-period, which is especially relevant for an oversampling ratio
(OSR) consideration. When the varying number of samples n, however, is a result of the
shortened switching state at a fixed oversampling frequency, then the resulting slope value
ξpw is scaled with the ratio between involved samples n and the number of samples in a
full PWM half-period n0

ξpw =
n0

n
N

−, [ σ√
t2n

]2
 (5.37)

= N

−, [n0

n

σ√
t2n

]2
 (5.38)

= N

−, [ 1

n3/2

n0σ√
t2

]2
 . (5.39)

Hence, in case of a (pulse width induced) switching state length variation, the noise RMS
of the average value i still scales with 1√

n
, but the noise RMS of the slope ξ scales with

1
n3/2 . When the switching state fills the complete PWM half-period, the slope noise is
already 1.73 times stronger than the noise of the average value1, and from this initial level
it raises markedly quicker than the noise of the average value i when the switching state is
shortened. This stronger increase is the result of two deteriorating facts coming together:

(1.) The number of current samples involved in the least squares method decreases pro-
1As will be shown in Ch. 6.1, the relevant factor between both quantities is Ts/2. Since for this

derivation the factor Ts has been used the above factor 3.46 has to be divided by two.
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portionally with the switching state length, which affects the average value noise
the same way as the slope noise.

(2.) The overall distribution of the current samples over time shrinks with decreasing
switching state length, which does not affect the average value but does affect the
slope noise. According to (5.38), this loss of distribution has a stronger influence on
the slope than the loss of involved samples.

Fig. 5.4 illustrates the above relations, where the upper edge of the frame represents the
noise RMS of the current samples. The above analytical derivations are supported by the
results of a numerical RMS computation based on the artificial generation of white noise
with MATLAB. On the right hand side axis can be seen that, in ideal condition and if the

Figure 5.4: Theoretical oversampling based noise reduction depending on involved
number of current samples.

switching state amounts the complete PWM half-period (1250 samples), the noise of the
offset could be up to 33 times lower than the original noise in the current. The slope noise
ends at factor 1/10 which according to Ch. 6.1.3 results in a noise reduction by factor
20, compared to the conventional current measurement. According to the green graph in
Fig. 5.4, the slope approximation is not reasonable if the regression window amounts less
than a fifth of the PWM half-period – i.e. including blind time, if the respective switching
state is shorter than 30%.

Finally, Tab. 5.1 compares the white noise reduction potential of the least squares ap-
proximation (order 2) with the (iterative) linear approximation targeting the minimization
of other error orders. Order 1, for instance, minimizes the mean absolute value of the
error, whereas order 4 minimizes the mean fourth power error. Since order 2 shows the
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Error order 1 2 3 4 5
Straight offset 27.4 33.2 30.7 26.3 21.6
Straight slope 8.2 10.5 9.5 8.0 6.5

Table 5.1: White noise reduction factor depending on the order of the error, mini-
mized in the linear approximation.

highest noise reduction factors in both offset and noise, least squares based linear ap-
proximation is considered to be give the best possible approximation results, comprising
minimal possible noise.

However, all above results constitute only the theoretical limits of noise reduction,
assuming that the white (temperature) noise is the only distortion of the current signals.
The next subsection comprises an experimental investigation of this subject, scrutinizing
to which extent this theoretical potential of the linear approximation can be reached in
practice.

5.4 Experimental validation of the linear approxima-

tion

As the least squares based linear approximation can employ more than a thousand current
samples, the resulting noise content in the straight coefficients should be significantly lower
than the noise in the synchronous current samples. Hence, the amount of signal content,
required to extract the position information from the straight coefficients, is expected to
be much lower as well. This section aims to validate this assumption and to moreover
evaluate the extent to which the non-ideal effects discovered in Ch. 4.2 distort the expected
current behaviour.

As determined in the previous section, the straight slope ξss should have a significantly
higher noise content than the mean value of the samples iss. Due to the equidistant distri-
bution of the current samples over time, this mean value iss represents the straight offset
in the middle of the regression window ism which consequently is the point of the straight
with the lowest overall noise content. According to (5.12), however, the straight offset
value iso provided by the RLR implementation refers to the beginning of the regression
window and does hence contain a mixture of slope noise and mean value noise. Thus,
in order to segregate slope and offset related effects, in all following sections the term
straight offset will refer to the middle of the regression window and is calculated from the
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regression results ξss and i
s
o by

ism = iso + ξss t = iss. (5.40)

5.4.1 Noise properties and components in idle condition

Fig. 5.5 shows a time plot of the SCS current and of the straight coefficients slope and
offset during zero stator frame voltage (all phase pulse widths 50%). It can be seen

Figure 5.5: Time plot of sampled current and approximated straight coefficients at
zero stator frame voltage (each phase 50% pulse width).

that all signals contain noise, where expectedly the noise of the straight coefficients is
significantly lower. The scaling of the slope axis has been set according to the influence
of the slope when it is eventually combined with the offset in equation 6.17. This scaling
of 1:2 in between both graphs will be applied throughout the rest of this section in order
to establish comparability for the slope results.

According to the frequency plot of the current and the straight coefficients, shown in
Fig. 5.6, the noise type is white in all cases. White noise exhibits an equal power density
over all relevant frequencies and forms the basis for various filter techniques. The later
property is particularly important for the sensorless observer design.

In Fig. 5.7, the dark-red and -blue curves show that the distribution of the straight
coefficients is roughly Gaussian. For comparability reasons, the height of each curve
has been normalized to its maximal value. The distribution of the synchronous current
samples exceeds the width of the plot, where the dull corners around 1.8 mA constitute
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Figure 5.6: Frequency plot of sampled current and approximated straight coeffi-
cients at zero stator frame voltage (each phase 50% pulse width).

the projection of the ADC resolution in stator frame2. The RMS value of the SCS is
3.83 mA which is in the scale of the phase current resolution.

When analysing the straight offset values for their RMS, we obtain 0.62 mA which is
6.15 times smaller than the SCS value. However, the respective Gaussian curve with
σ = 0.62 mA, indicated in grey colour, does not completely match the measured distribu-
tion and does hence point out its slight non-Gaussian shape. Even more distinct is this
deviation for the slope which has an overall RMS value of 2.43 mA/Ts.

The reason for this deviation can be found when analysing positive (all phases UDC) and
negative (all phases GND) PSSs separately. The resulting distribution curves are drawn in
lighter colours and with respectively smaller height in both plots. The RMS value of those
sub-quantities is 0.52 mA for the offset and 1.79 mA/Ts for the slope which corresponds to
Gaussian curves (indicated dotted grey in Fig. 5.7) that match the measured distributions
exactly. The expectations of both sub-distribution-curves lay at µ = ±0.34 mA for the
offset and at µ = ±1.65 mA/Ts for the slope.

Hence, we must distinguish between an actual noise in the straight coefficients that
shows all normal noise properties, and a component that alternates with PWM fre-

2The phase current resolution is 3.7 mA and the smallest factor within the Clarke transformation
matrix (2.13) is 0.5.
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Figure 5.7: Probability distribution of sampled current and approximated straight
coefficients at zero stator frame voltage (each phase 50% pulse width).

quency. The reason for this alternating component has been discovered and investigated in
Ch. 4.2.3. It is the recharging process of the isotropic winding-to-case capacitance through
the anisotropic phase inductances of the machine that consequently projects into stator
frame. This relatively small scaled and rarely documented machine recharging process
does affect the straight coefficients to a notable extent. Moreover, according to Ch. 4.2.3,
the magnitude and more importantly the direction of this alternation depends on the ro-
tor position, which raises the question whether this anisotropy-based information – that
emerges already by pure transition between opposite zero vectors (i.e. without injection)
– can be utilized for (absolutely silent) position estimation at standstill. Since first inves-
tigations, however, showed an increased entailed complexity of a respective approach, the
realization will not be part of this thesis.

Fig. 5.8 shows the dependence of the noise and the alternation on the blind-out time.
In this plot both noise and alternation are magnitude values of stator frame vectors, and
hence scaled roughly by factor

√
2 with respect to the above plots. As shown in Ch. 4.2.2,

the cable recharging oscillations are located within the first 100 samples and it is very
interesting to note that these oscillations result in an increase of the alternation curves,
but not of the noise. This means that the oscillations exhibit a precise repeatability and do
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Figure 5.8: Noise and alteration of straight coefficients over blind-out time.

not appear as a random signal for the current oversampling. However, as also alternating
straight coefficients do distort or complicate the position estimation, these oscillations
have to be blinded out.

Furthermore, it can be seen from Fig. 5.8 that the noise content of the straight offset
increases slightly and the noise content of the straight slope increases markedly with
the blind-out time. It is consequently reasonable to keep the blind-out time as short as
possible. Hence, the blind-out time is parametrized with a value slightly higher than the
duration of the cable recharge oscillation (alteration fade out): 120 FPGA samples or
6 µs. This value has been and will be assumed for all other derivations and investigations
of this work.

5.4.2 Linear approximation during injection

For the position estimation around standstill a triangular voltage injection will be ap-
plied to the machine and the resulting current response will be evaluated by means of the
Arbitrary Injection method. Since especially under low injection magnitude the ASS is
much shorter than the above defined blind-out time, only the PSS straight parameters
can be evaluated. Fig. 5.9 shows the dependence of signal, noise and alternation of the
approximated PSS straight coefficients on the injection magnitude. Expectedly, the sig-
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Figure 5.9: Noise and alternation of the PSS straight coefficients depending on
injection magnitude.

nal content of the passive straight offset increases linearly over the injection magnitude.
Although the noise content should not be directly influenced by the injection magnitude,
the noise RMS of the straight offset increases slightly towards very high injection magni-
tudes. EMI and chaotic effects could be considered as reasons for this increase. However,
since the oversampling-based anisotropy position estimation will require less than 10%
injection magnitude, this effect does not play an important role.

It is more interesting to note that for low injection magnitudes the alternation becomes
larger than the noise RMS and, hence, larger than the alternation value without injection
(zero voltage). The reason for this lies in the now different instants at which the single
phases switch. Hence, not only the anisotropic inductance causes a difference between
the phase winding recharging processes, but the single phase winding capacitances are
excited at slightly different times. As a result, a bigger part of the 100 mA phase winding
recharging current (see Ch. 4.2.3) projects into stator frame and causes this increase in
magnitude of the alternation.

In contrast to the noise, however, which according to Fig. 5.6 has equal power density in
all frequencies, the alternation has only one frequency component: PWM frequency. Since
this is the highest recognizable frequency, it is much easier to suppress this alternation
by means of the subsequent filtering than to suppress the noise. The hence more crucial



5.4 Experimental validation of the linear approximation Page 85

noise content of the straight offset is significantly lower than the value of the SCS.

The noise RMS and the alternation of the approximated slope evolve similar to the
offset, whilst the signal content of the slope exhibits a more interesting property. When
calculating the straight slope according to the electrical time constant Ls/Rs of the ma-
chine and the actual current due to the injection (upper left hand side graph of Fig. 5.9),
we obtain the slope value indicated by the green curve in Fig. 5.9. This value, which
relates to the expected exponential fade out process of the current due to the winding
resistance, is an almost negligible component within the measured current slope. Hence,
the current slope during injection at standstill (zero EMF) is almost solely generated by
eddy currents, the influence of which has already been disclosed in Ch. 4.2.4.

5.4.3 Linear approximation in the presence of rotor speed

At medium and high rotor speed the voltage required to counter the EMF is much higher,
than the injection magnitude. Moreover, the major portion of the EMF-induced current
response is angle dependent, while the angle dependent portion of the injection-based
current response corresponds to the saliency ratio Y∆/YΣ, i.e. makes only 5− 15% of the
total current response in an SPMSM. Thus, in the presence of rotor speed, the EMF-based
current response is commonly employed for the rotor position estimation.

When utilizing current oversampling, the linear approximation data comprises the EMF
information mainly within the slope coefficients. The straight offsets comprise this infor-
mation only in the same indirect form as the synchronous current samples do. In order to
investigate the new potential of current oversampling for sensorless control, this work only
focuses on the development of current slope based EMF estimation techniques. Hence,
within this subsection 5.4.3 the offset properties will not be investigated.

The left hand side graph of Fig. 5.10 displays the approximated current slope values of
several hundred thousand PSSs which have been recorded while the machine was running
at rated speed. The hexagon indicates the maximum current slopes that can be generated
by the PWM and the machine admittance, i.e. the maximum EMF-induced PSS slope
that could be countered.

Considering the whole set of measured slope values, comprising of both the orange and
the light blue graph, the slope trajectory normally appears to have a relatively wide noise
band. The orange and the light blue graphs have been segregated by distinguishing upper
(all phases at UDC) and lower (all phases at ground potential) PSSs. Then both graphs
evolve different from another and have a markedly narrower noise band.

An alternating component in addition to the noise has been noted before in Ch. 5.4.1,
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Figure 5.10: PSS current slope due to EMF at nominal speed.

but with a significantly smaller magnitude. As the blue and the red curve in the right
hand side graphs of Fig. 5.10 show, the alternation magnitude in this case is up to 10
times larger than the noise RMS and generates up to 10% of the measured slope.

Generally, those right hand side plots show how noise and alternation evolve over one
electrical rotor revolution. The noise content changes with the length (application time) of
the PSS since the number of implied current samples changes. As indicated in black colour,
this length naturally varies over rotor position, because the rotating voltage vector with
(more or less) constant magnitude must be composed of different active vector directions.

Figure 5.11: Vector composition in SVM, resulting switching state sequence in sym-
metric PWM, and alternation colour (orange and light blue) assign-
ment depending on counter direction.
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Fig. 5.11 exemplifies this composition of the stator frame voltage uss by two ASS vectors
usz+ and usz−, which forms the basis of SVM. The length of the coloured vectors represents
the application time of their respective switching states (see right hand side of Fig. 5.11).
Hence, for geometrical reasons, the same voltage magnitude |uss| requires more overall
active time in the sector middle than at the sector edge, which explains the varying PSS
length. The strong variation of the alternation magnitude in Fig. 5.10 cannot be explained
by the varying PSS length and will, hence, be investigated later.

Looking at the current slope of the positive ASS (one phase at UDC , two at ground
potential), indicated in Fig. 5.12, the alternation is much more obvious and the trajectories
seem to burst at their ends. Here the alternation results from the difference between an

Figure 5.12: Current slope during positive ASS distorted by EMF at nominal speed.

ASS being applied as first or as second ASS within the PWM half-interval. Hence, this
time those two cases comprise the exact same switching state that only differs in its past
– a clear evidence for later derivations.

Again, the noise content increases with decreasing switching state length. However,
at certain sector bounds, the ASS length becomes zero, which, as indicated in the upper
right graph of Fig. 5.12, causes a huge increase of the noise content. In the left hand side
graph of Fig. 5.12 this increase in noise causes the burst at the trajectory ends.

Also the magnitude alternation increases strongly towards the trajectory ends – much
stronger than for the PSS, as can be seen by the red graph in Fig. 5.12. It is, however,
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Figure 5.13: Projection on the tangential direction of the measured current slope.

interesting to note that the projection of the alternation on the relevant direction is in
the same scale as the alternation of the PSS slope.

The phrase relevant direction refers to the tangential component of the circular trajec-
tory shape, because this eventually affects the EMF-based angle estimation. As indicated
in Fig. 5.13, the EMF-induced current slope ξsEMF is the only slope component during the
PSS (approximately), and adds to one of the active slope vectors, represented by hexagon

Figure 5.14: Current slope during negative ASS distorted by EMF at nominal speed.
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corners, during the ASSs. Hence, ideally, the PSS slope trajectory forms an origin-centred
circle and the ASS slope trajectories form shifted third-circles, centred around the hexagon
corners. The relevant direction for the EMF angle evaluation is the perpendicular to the
measured EMF slope and is indicated by the green dashed tangents in Fig. 5.13.

Fig. 5.14 shows the evaluation of the slope approximation for the negative ASSs (two
phases at UDC , one at ground potential) which, apart from the 180◦ shift of all quantities
with respect to the electrical rotor angle, shows identical effects in comparison to the
positive ASS.

However, one question remains: what causes this strong alternation? Since it is much
stronger than the winding recharge currents, it must relate to a different physical effect.
We already noted that the alternating cases are identical switching states that only differ
in their past. This hints that dynamic effects, such as eddy currents, could be the reason.
In order to investigate the influence of eddy currents on the linear approximation, the
simple eddy current model from Ch. 2.6 is employed.

Figure 5.15: One PWM cycle current simulation with conventional- and eddy cur-
rent model, and resulting linear approximation.

For each dot in Fig. 5.10, 5.12 and 5.14 the pulse widths have been recorded, from which
the switching pattern could be reconstructed (top graph in Fig. 5.15). Using this voltage
evolution, a simulation of one PWM cycle has been carried out for every angle interval,
assuming that the applied voltage exactly compensates the EMF, i.e. that the current
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eventually reaches its initial value again. As indicated in Fig. 5.15, the current simulated
with a conventional machine model evolves on nearly straight lines, while the eddy current
model, parametrized according to Ch. 4.2.4, shows clearly exponential evolutions. After
blinding out the first 6 µs, the remaining current evolution of each switching state has been
approximated with linear regression, resulting in the thickly drawn straights in Fig. 5.15.
The slopes of the approximation straights are clearly different from the slopes of the
conventional model current evolution. Moreover, the approximated slopes in the second
half-period are different from the ones in the first-half period, which is demonstrated
through the grey copies of first half-period slopes.

This difference results from the fact that the sequence of applying ASSs is interchanged
in between the half-periods (see Fig. 5.11). Since for each switching state there is a specific
steady state value that the eddy currents converge towards, the eddy current value at the
end of a switching state is more or less fixed. The initial eddy current value at the
beginning of a switching state, however, depends mainly on the previous switching state.
Hence, the transition between initial and eventual value, and hence the approximated
slope, depend on the excitation difference between the previous and the current switching
state.

The above simulation (Fig. 5.15) has been carried out for 150 (evenly spaced) rotor
positions, using the pulse widths that have been recorded during the above measurements

Figure 5.16: Passive and positive active slopes in stator frame over one rotor rev-
olution – comparison between measurement and eddy current simula-
tion.
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(averaged for each angle interval) and the admittance and eddy current parameters from
Ch. 4.2.4. The resulting simulated current slope trajectories in stator frame for the PSS
and for the positive ASS are indicated in Fig. 5.16. For both switching states the simu-
lation develops a qualitatively similar alternation to the measurements, but in a slightly
different scale and also including a slight asymmetry. The scale can be explained by
the simplicity of the eddy current model which does not include any distribution char-
acteristics or the superposition of multiple fade out times, such that already in Fig. 4.10
a difference between the simulation and the measured slightly non-exponential fade out
process could be noticed. The asymmetry results from the asymmetric excitation, also
visible in the state length evolution in Fig. 5.10, 5.12 and 5.14. Here it is not clear why
this asymmetry does not affect the measurement. However, since the purpose of the sim-
ulation is to scrutinize whether or not the presence of eddy currents could explain this
strong alternation of the slope values, the qualitative conformance of both curves clearly
affirms this hypothesis. Hence, a further model refinement to achieve also quantitative
conformance, will not be pursued.

Finally, the evolution of noise and alternation of the slope approximation over rotor
speed is analysed. Fig. 5.17 shows how both quantities evolve for two different surface

Figure 5.17: Noise and alternation of PSS and ASS over rotor speed, within the
range of feasible sinusoidal voltage generation.

mounted PMSMs. By trend the PSS length decreases and the ASS length increases with
increasing rotor speed, which explains the orientation of each hyperbolic noise curve. In
particular, the analysis of the ASS has been carried out involving only one switching state
at any instant: that one positive or negative ASS that has been applied the longest within
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the considered PWM half-interval. Yet, the application time varies with the rotor position
and hence does also the noise content, for which the overall RMS value is indicated here.

It is interesting to note that for both machines the PSS noise (dark red) curves are sim-
ilar, whereas the ASS noise (dark blue) settles at different levels which are both markedly
higher than the PSS noise at low speed. The left hand side graph eventually shows even an
increase in ASS noise with increasing rotor speed, although then the ASS becomes longer
and more current samples are involved. The reason for this effect lies in the ripple of the
DC link voltage (caused by the diode bridge rectification) which induces a proportional
variation of the ASS current slope. Since this variation is not accounted for, it is seen
simply as a deviation from the average value by the RMS analysis and, hence, interpreted
as noise. The DC link voltage ripple in free-wheeling condition showed a linear increase
over speed, reaching ±6 V at rated speed. Using the admittance of the machines, this
voltage ripple is translated into an expected DC link induced current slope variation, the
RMS of which is indicated by the grey curves in Fig. 5.17. The convergence of the ASS
noise towards these expected grey curves affirms that a DC link induced slope variation
explains the increased ASS noise content at high speed. Whilst in free-wheeling condition
the ripple causes only a 0.6% RMS variation of the slope, in worst case load condition the
much stronger ripple may cause up to 4% RMS variation. It is, hence, very important to
take the DC link voltage into account when evaluating the ASS current slopes.

Furthermore, the second machine shows markedly less alternation than the first ma-
chine, which has to be regarded in relation to the different machine admittance. At rated
speed the alternation of the first machine amounts 2.55% of the standstill ASS slope,
whereas this relative value for the second machine is 1.66%. The remaining factor 1.5 in
between both machines can be explained by different machine design or lamination thick-
ness etc. and will not be investigated further. In summary, however, it is interesting to
note that the alternation is mainly machine dependent, whereas the noise content seems
nearly independent of the machine.

In particular, the noise content is expected to depend mainly on the switching state
length since this designates the amount of current samples employed in the regression.
Fig. 5.18 visualizes the relation between the switching state length and the noise content
of the ASS and PSS. While the duration of the PSS around standstill can reach 100%
of the sampling period Ts, no ASS of more than 77% length was required within the
sinusoidal voltage range (no overmodulation). Hence, the ASS curve stops at this point.
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Figure 5.18: Noise RMS of PSS and ASS current slope approximation depending
on switching state length.

5.4.4 Comparison to the theoretical expectation

According to the theoretical considerations in Ch. 5.3, the noise RMS of the straight offset
should qualitatively scale by 1√

n
with the switching state length and the noise RMS of

the straight slope by 1

n3/2 , where n is the number of involved samples. Quantitatively,
the noise RMS of the straight offset should be 1

33
times lower and the noise RMS of the

straight slope should be 1
10Ts

times lower than the noise of the sampled current if the
switching state amounts the entire PWM half-period.

However, when analysing the measured noise curves in Fig. 5.9 and 5.18, we find the
expected qualitative evolutions but not the expected quantitative values. As stated in
Ch. 5.4.1, the measured full length noise reduction factor for the straight offset is 1

7.3

and for the straight slope 1
2.2Ts

which is both about 4.5 times higher than predicted by
theory. This significant deviation from theory will be analysed and explained through the
comparison of the following two Figs. 5.19 and 5.20.

The top graph of Fig. 5.19 shows a 1ms capture of the FPGA internal α-axis current
signal (16,384 samples at 20 MHz) that has been recorded while the current sensor was
disconnected from the ADC. Then only the A/D-conversion noise [88] is measured which
had an RMS value of 2.09 mA and a nearly white spectrum, as can be seen from the lower
graph in Fig. 5.19. The red curve in the upper graph is the result of a moving average
filter with a window width of 1100 samples (entire PWM half-period minus blind-out
time), showing a reduced RMS value of only 0.097 mA. The ratio between both is 21.45
which is nearly two thirds of the noise reduction factor predicted by theory.

The top graph of Fig. 5.20 shows the same α-axis current signal that has been recorded
after the current sensor was re-connected to the A/D-converter (normal drive setup but
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Figure 5.19: Current measurement with current sensors disconnected.

without PWM). Apart from the 114 mA offset, now the noise band is increased with
respect to the disconnected case, showing an RMS value of 4.13 mA. This additional noise
is consequently caused by the current transducer. It is, however, more interesting to note
that the frequency spectrum of this current signal (bottom graph) is not white anymore
but shows a peak around 6 MHz and an even bigger increase towards low frequencies, while
the other frequency bands appear nearly unchanged. This constitutes a major deviation
from the assumptions made in Ch. 5.4.1.

The disproportionate increase in the low frequency range deteriorates the noise filtering
potential. Practically spoken, the averaging process over one PWM half-period is unable
to suppress frequency components below PWM frequency. As a result, the red graph in
Fig. 5.20 still comprises a nearly unchanged low frequency variation with 0.57 mA RMS.
Hence, in this non-white case the noise reduction factor is only 7.25 which conforms to
the experimentally determined value.

In a simplified summary, the resulting noise RMS of the linear approximation can
be considered as a combination of the suppressible noise of the A/D conversion and
the unsuppressable signal variation of the current transducer (see Fig. 5.21). Without
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Figure 5.20: Current measurement with current sensors connected, same frequency
plot normalization as in Fig. 5.19 (2.09 mA).

averaging, the ADC noise is much stronger than the sensor signal variation, such that the
latter is negligible for conventional sampling techniques and has not been noticed during
the analysis in Ch. 4.2. For high OSRs, however, the ADC noise can be suppressed to
such an extent that the resulting linear approximation noise is solely generated by the
sensor signal variation.

Figure 5.21: Illustration of the simplified summary.
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The factor 4.5 between theoretical and experimental RMS in this work indicates that
the 20 MHz oversampling reduces the ADC noise already 4.5 times below the sensor signal
variation and that a further increase of the OSR would not improve the signal quality
anymore. In fact, the noise dependency on 1√

n
(see Ch. 5.3) would allow a reduction of

the OSR by factor 4.52 = 20.25 – i.e. down to 1.0 MHz. Only then would the ADC noise
be in the scale of the sensor signal variation, which could be considered as economically
reasonable dimensioning.

It is at this point important to note that in the test bench of this work, magneto-resistive
current transducers CMS3015 from SENSiTEC have been employed. Not at least due to
their new appearance on the market, these sensors are still somewhat more expensive than
hall-compensation based transducers. However, during the hardware design phase of this
work the output signals of various current sensor types and brands have been compared
empirically, where the above mentioned magneto-resistive transducers showed clearly the
best signal quality and bandwidth. As has been shown in this section, this aspect is very
important to take into consideration when designing the hardware of a high performance
sensorless control drive. In composition with oversampling-based techniques, mainly the
signal quality of the current sensor is what restricts the possible injection magnitude
reduction.



Chapter 6

Position estimation

As deduced in the previous chapters, the phase currents of a VSI driven synchronous
machine are oversampled and approximated by one stator frame straight for each switching
state. Hence, for the three switching states in one PWM half-period, there will be up
to three two-dimensional low-noise slope ξss and offset iso coefficients available per control
interval – one pair for every sufficiently long switching state.

In this chapter different techniques will be proposed to deduce the rotor position from
the approximated straight coefficients and their relation to the applied voltage. At low
speed the anisotropy of the inductance will be exploited using the Arbitrary Injection
method. As will be shown, this is only reasonable when reconstructing the ASS slope
from the PSS information using the so-called PSS extension. At high speed the rotor
position will be deduced from the EMF orientation which for SPMSMs can be obtained
in a parameter-free way from the PSS current slope ξsp. In this case an (inverse) extension
will deduce the PSS slope from the ASS coefficients, in order to allow for operation at
very high speed (very short PSSs) as well.

All derived position estimation techniques will be validated by experiments, where
especially the resulting signal to noise ratio (SNR) will be essential. In literature there
are different definitions of the SNR. One [88, p. 92] is power-based and defined as the
ratio between the squared signal magnitude and the variance of the signal µ2/σ2. The
other one [88, p. 969] is magnitude-based and defined as the ratio between the effective
value of the signal and the noise RMS (for Gaussian noise the standard deviation)

s =
µ

σ
. (6.1)

Since in the context of A/D conversion rather the second one is used, this work will align
with this convention. This definition will be relevant for the interpretation of the SNR

97
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graphs in this section and especially for the derivation of the fusion technique in Ch. 7.1.

In the following, firstly the position estimation for low speed and standstill will be
derived and validated experimentally, after which the different options for position es-
timation in the presence of rotor speed will be considered and discussed. The logical
conclusion leads to the selection of one source of information, for which an extended es-
timation technique will be derived and validated experimentally as well. The eventual
selection of oversampling-based position estimation techniques and their experimental val-
idations will form the basis for the later estimate fusion techniques proposed in Ch. 7 and
the resulting entire speed range sensorless control.

6.1 Position estimation close to standstill

Sensorless control for low speed and standstill is based on the (assumedly) rotor fixed
inductance anisotropy. As described in Ch. 3.2.1, Arbitrary Injection methods [16, 71]
extract the anisotropy position information from the current response to an active voltage.
Hence, the current slope ξsz, obtained from the regression during an ASS, should contain
the required information.

However, as discussed in Ch. 4.2.2 and also in [12], in the first phase after a switching
state transition, cable recharging currents distort the slope calculation, resulting in the
decision to ignore the first 120 current samples. Thus, for ASSs shorter than 8.8% of
the sampling time Ts, the ASS regression does not provide any results. An injection of
this magnitude would, however, in many drives be sufficient for position estimation based
on SCS, which would defeat the idea of utilizing the oversampling-based gain in signal
quality to lower the injection magnitude.

Yet, the current slope during the ASS can be reconstructed from the approximation
straights of the surrounding PSSs when taking the respective switching times into ac-
count. At low speed and low injection magnitude the PSS amounts almost the complete
sampling period, assuring a high number of current samples being employed for the linear
approximation.

Hence, at first the theory for this PSS extension will be derived, after which this section
will explain how to incorporate the high quality PSS-regression based current slopes into
an Arbitrary Injection scheme.
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6.1.1 The passive switching state extension

In creating relations between the regression data of different sampling intervals and the
voltage reference that leads to the respective switching instances, we are technically con-
sidering the point where the FPGA data is merged into the CPU. It is herein indispensable
to take the particular timing relations of the RTS into account. Besides the actual deriva-
tion of the passive switching state (PSS) extension, this section will therefore devote high
attention to the placements of the signals in time.

Fig. 6.1 exemplifies the PWM reference signals, the current measurement and the re-
gression results over two and a half sampling periods Ts. The time t = 0 is defined as the
instant where the current CPU control interrupt is triggered by the peak of the PWM
triangle counter (situated in the FPGA). This is the point where the actual synchronous
current samples iss0 are taken, where the encoder angle θ0 would be captured and from
where on the voltage uss0 will be applied. This voltage uss0 has been the control result of
the previous period, based on the current samples iss1, taken at t = −Ts. Hence, an addi-
tional subscript will be used to indicate how many sampling cycles Ts a certain quantity
is located in the past.

As a didactical simplification, the slight dead time in between voltage and current
measurement (see Ch. 4.2.1) will be neglected in this section. Apart from complicating
the illustration, it would, if considered, anyhow be cancelled out during the mathematical
derivation and therefore not affect the results of this section.

Figure 6.1: ASS current slope reconstruction from PSS parameters.

The close placement of the terminal pulse widths νu, νv and νw make Fig. 6.1 a low
voltage situation in which there are no regression results for the ASSs. There is also no
regression result for the current PSS, located around t = 0, since the respective regression
process will only be finished around 1

2
Ts in the future. Hence, the youngest available
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regression result belongs to the PSS located around t = −Ts, represented by the grey
straight within the red dots for the current samples. These youngest results comprise of
the current slope ξsp1 and the offset isop1, in which the subscript p denotes the assignment
to the PSS.

The idea of the PSS extension is to reconstruct the ASS current slope during tz2 by
utilizing the surrounding PSS regression results. While under low voltage condition the
ASSs are too short, the PSS amounts almost the complete sampling period Ts. Hence,
with the present system, more than 1,000 current samples are incorporated, resulting in
very accurate PSS straight parameters ξsp and i

s
op.

In order to reconstruct the ASS current slope ξsz2, the points P = [tP , i
s
P ]> and Q =

[tQ, i
s
Q]> are introduced (see Fig. 6.1) which represent the intersections between the

accurately known PSS straights and the unknown ASS straight. The locations in time of
those points P and Q are determined from the pulse width reference for the respective
intervals

tz2 = max(νu2, νv2, νw2)−min(νu2, νb2, νw2) (6.2)

tP = −3
2
Ts − 1

2
tz2 (6.3)

tQ = −3
2
Ts + 1

2
tz2, (6.4)

implying the assumption that the ASS phase is placed centric within the PWM half-
interval1.

Considering that the point P is located at the end of the regression window 2 and Q at
the beginning of the regression window 1, the ordinates are obtained from the respectively
parametrized straight equations

isP = ξsp2

(
Ts −

tz2 + tz3
2

)
+ isop2 (6.5)

isQ = ξsp1 0 + isop1. (6.6)

Finally, the mean current slope during the presence of the ASSs, ξsz2, is reconstructed

1This assumption is inherently fulfilled at low and medium voltage conditions when using a standard
SVM. However, it does not hold for the more simple sinus-triangle based PWM generation techniques and
not under voltage limitation or especially flat top modulation. For applying the PSS extension without
this assumption, the exact switching times of the first and the last phase must be computed.
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using the difference between the points P and Q

ξsz2 =
isQ − isP
tQ − tP

(6.7)

=
isop1 − isop2 − ξsp2

(
Ts − tz2+tz3

2

)
tz2

. (6.8)

Due to the high number of current samples involved in the approximation of the passive
straight parameters, this reconstructed ASS current slope ξsz2 has very low noise content
and is able to resolve current differences far below the quantization of the ADC.

6.1.2 Elimination of the fundamental current slope

According to the nonlinear model (2.38), the current slope measured through (6.8) is
the result of all voltage components, the terminal voltage, the resistive voltage and the
extended EMF

ξsz2 = Ys
su

s
z2m −Ys

s (Rsi
s
s + Jωψs

s − LssJωi
s
s) , (6.9)

where usz2m is the average voltage during the ASSs. Since this average value results from
a weighted geometrical summation of two active vectors, the magnitude of usz2m is within
the range

√
3

3
Udc ≤ |usz2m| ≤ 2

3
Udc. Its exact value can simply be calculated from the

reference voltage uss when considering that the overall voltage-time-face uss2Ts is imposed
only within the active time tz2

usz2m =
Ts
tz2
uss2. (6.10)

In order to estimate the anisotropy position, the first term of (6.9) must be segregated.
As described in Ch. 3.2.1, Arbitrary Injection [67] assumes the right hand side term,
referred to as fundamental model (FM) current slope, to be constant within two sampling
intervals and eliminates it by subtracting two consecutive equations (6.9).

However, when using current oversampling, this right hand side term can be directly
measured during the PSS, as it equals the current slope equation (6.9) for zero voltage

ξsFM =
ξsp1 + ξsp2

2
(6.11)

= −Ys
s (Rsi

s
s + Jωψs

s − LssJωi
s
s) . (6.12)

In particular, (6.11) implies that the FM current slope value at the exact time of the ASS
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z2 should be averaged from the values of the surrounding PSSs.
By subtracting this FM slope (6.11) from (6.8), an EMF free current slope ξsu2 is

obtained that only relates to the terminal voltage uss and the anisotropic admittance Ys
s

ξsu2 = ξsz2 − ξsFM (6.13)

=
isop1 − isop2 − ξsp2

(
Ts − tz2+tz3

2

)
− tz2

2
ξsp2 − tz2

2
ξsp1

tz2
(6.14)

= Ys
s

Ts
tz2
uss2. (6.15)

By cancelling the denominator tz2 and summarizing the numerator, (6.14) is rewritten in
a more intuitive way

∆isu2 = Ys
sTsu

s
s2 =

[
isop1 − ξsp1

tz2
2

]
−
[
isop2 + ξsp2

(
Ts −

tz3
2

)]
. (6.16)

Eq. (6.16) represents the current difference between the two PSS straight equations that
are both solved for the middle of the ASS (see blue marks in Fig. 6.2). This difference
relates exactly to the flux linkage imposed through uss2Ts.

Figure 6.2: Illustration of (6.16) and (6.17).

Another intuitive way of rewriting (6.16) is

∆isu2 =

[
isop1 + ξsp1

Ts − tz2
2

]
︸ ︷︷ ︸

ism1

−
[
isop2 + ξsp2

Ts − tz3
2

]
︸ ︷︷ ︸

ism2

−Ts
ξsp1 + ξsp2

2
, (6.17)

where the terms in brackets (red marks in Fig. 6.2) represent the current values at the
synchronous sampling points −2Ts and −Ts and the last term equals the FM current
difference over one sampling period Ts.
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6.1.3 Experimental evaluation of the regression based anisotropy

identification

The Arbitrary Injection algorithm described in Ch. 3.2 identifies the anisotropy from
the current response to an arbitrary voltage excitation. Fig. 6.3 shows the results of
this identification for a triangular injection with 1.6% magnitude (5.9V), where the same
current evolution has been evaluated with the same algorithm, but using different current
sampling techniques.

The conventional technique, synchronous current sampling (SCS), results in the red
point clouds which for both the mean admittance estimate [ŶΣx ŶΣy]

> and the anisotropic
current progression ∆isa show a relatively wide distribution. Due to the scaling of (3.29),
the noise in the anisotropic current response ∆isa directly corresponds to the current
measurement noise, while its signal strength varies proportionally with the applied voltage.
Hence, the regression based results in Fig. 6.3 (black and blue clouds) show the same
diameter/mean value, but a less wide spread distribution.

Figure 6.3: Anisotropy Information at 1.6% injection.

According to the noise scaling laws introduced in Ch. 5.3, the ∆2 approach (3.16) for
resistance and EMF elimination causes the following scaling of the current signal strength
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and noise RMS

µa∆2 =
√

3Y∆uinj (6.18)

σa∆2
(3.16)
=
√
σ2
i + (2σi)2 + σ2

i ≈ 2.45σi, (6.19)

where σi is the current sampling noise RMS and σa∆2 and µa∆2 are the noise RMS and
signal strength of the anisotropic current response. Using the results of the current sam-
pling noise analysis in Ch. 5.4.1, the SCS based ∆isa noise should hence be 13.2 mA. The
actual RMS of the red cloud in Fig. 6.3 is 12.7 mA, resulting in an SNR of 0.89.

The regression based anisotropy identification (black cloud) eliminates the EMF by
means of (6.17) which results in a different signal and noise scaling

µareg = Y∆uinj (6.20)

σareg
(6.17)
=

√
2σ2

m + 2

(
σξTs

2

)2

≈ 0.71σξ, (6.21)

where σξ and σm are the noise RMS values of the approximated current slope and offset,
respectively. According to Ch. 5.3 and 5.4.1, the offset noise is markedly smaller than the
slope noise σm � σξTs, which justifies the rough simplification at the end of (6.21). Using
the results of the approximation noise analysis in Ch. 5.4.1, the regression based noise in
∆isa should hence have 2.73 mA RMS. The actual RMS of the black cloud in Fig. 6.3 is
2.25 mA, i.e. significantly weaker than the SCS based result. However, as the regression
based signal strength is 1.73 times weaker as well (respective scaling of the bottom centred
graph in Fig. 6.3), the resulting SNR of 2.85 is consequently (only) 3.2 times higher than
the SCS based SNR. In other words, the noise content of the slope value that contributes
through (6.17), does not allow to achieve the expected noise reduction potential of about
factor 6 that has been predicted in Ch. 5.4.

However, when eliminating the EMF in the regression results by means of the ∆2

technique (instead of using the PSS slope), the stronger noise of the slope values does
not aggravate the anisotropy identification. Then the following signal strength and noise
RMS can be expected:

µareg∆2 =
√

3Y∆uinj (6.22)

σareg∆2 ≈ 2.45σm. (6.23)

As the signal strength is identical to the SCS and according to Ch. 5.4.1, the offset noise
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σm = 0.62 mA is 6.2 times smaller than the SCS noise σi = 3.83 mA, the regression based
∆2 technique should increase the SNR by factor 6.2. The blue cloud in Fig. 6.3 shows a
noise RMS of 2.1 mA, resulting in an actual SNR of 5.35 which is 6.0 times larger than
the SCS value.

However, the above relations are only valid for triangular injection without an FOC
voltage, because the ∆2 technique evaluates only the difference between voltages, whereas
Eq. 6.17 utilizes mean voltage components as well. Hence, when the FOC provides an
additional voltage, the SNR of the pure regression may exceed the ∆2 results. Yet, when
aiming a minimum acoustical noise emission, the regression based ∆2 will be advantageous.

Fig. 6.4 shows the signal and noise content of the anisotropic current progression ∆isa

depending on the injection magnitude. As explained above, the ∆2 based EMF elimi-

Figure 6.4: Signal and noise content of the anisotropy information over injection
magnitude.

nation yields a 1.73 times stronger signal. In all cases the signal content scales linearly
with the injection magnitude and the noise RMS appears nearly independent of the in-
jection magnitude, where the SCS noise is significantly higher than the regression based
techniques. When looking closer, however, the regression based noise increases slightly
towards the right hand side of Fig. 6.4. As a result, the regression based SNR scales
with the injection magnitude first, but eventually saturates above 20. Hence, it is less
beneficial to aim for a gain in SNR at the same injection magnitude than for a reduction
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of injection magnitude at the same SNR – which supports the motivation of this thesis.

Apart from the above discussed noise relations, also the signal content of the different
quantities shows an interesting evolution over the injection magnitude. Fig. 6.5 shows the
signal content of the above Arbitrary Injection estimates, mean admittance [ŶΣx ŶΣy]

> and
anisotropic current progression ∆isa, where the latter is indicated in its relative magnitude
Y∆ = |∆isa|

|∆uss|
and its angle error with respect to the rotor angle arg(∆isa)− θ.

As indicated in Fig. 6.5, the signal content of the SCS (red) and of the regression with
∆2 evaluation (blue) evolve similar, while the regression with PSS-based EMF elimination
(6.17) shows a different, partly oppositional behaviour. Note that these evolutions depend

Figure 6.5: Signal properties of the anisotropy information over injection magni-
tude.

on the injection pattern which in this case has been triangular with positive rotational
direction. In case of a negative rotation, for instance, the curves for ŶΣx and the angle
error are flipped vertically.

According to the conventional machine model (Ch. 2.3), all quantities in Fig. 6.5 should
not depend on the injection magnitude. Moreover, the mean admittance should not have
a quadrature component, YΣy = 0 – i.e. the typical anisotropy circle of Fig. 3.8 should lie
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on the x-axis. However, as can be seen in Fig. 6.5, the mean admittance has a quadrature
component YΣy 6= 0 (see also Fig. 6.3) and towards very low injection magnitudes all
quantities evolve with a nearly hyperbolic shape. This evolution could be recreated in
simulation by considering eddy currents (see Ch. 2.6) and a small IGBT (diode) voltage
drop of 0.3 V in the machine model. The resulting dotted green curve in Fig. 6.5 matches
the ∆2 based evolutions relatively well (except for the parallel component of the mean
admittance ŶΣx).

The particular influence of both effects is segregated by the comparison shown in
Fig. 6.6. The blue and the dotted green curve are identical to Fig. 6.5 and contain both

Figure 6.6: Comparison of the hyperbolic behaviour in different conditions.

the influence of the eddy currents and the diode voltage at zero average current i = 0. At
zero average current the injection forces the current to cross different sectors, leading to
a varying diode voltage which influences the anisotropy identification. The dotted blue
curve has been measured with an imposed current offset, such that under injection the
current stayed in one sector. In this condition the diode voltage is constant and does not
influence the anisotropy estimation. As a result, the dotted blue curve loses its hyperbolic
shape, but not its offset. In conclusion, the hyperbolic shape is the result of an IGBT
(diode) voltage drop, the constant magnitude of which affects the admittance estimation
inversely proportional to the injection magnitude.

The purple curve in Fig. 6.6 demonstrates the opposite case: zero average current with
the SEW CFM71S (SPM2) which in Ch. 5.4 showed less influence by eddy currents. After
the purple curve has been scaled by the ratio between the admittances of the two machines
(the same voltage magnitude induces only about half the current slope in this second ma-
chine), the hyperbolic shape matches the blue curve, but the purple curve shows a smaller
offset. As the magnitude of the eddy currents scales with the injection, their effect on the
admittance estimation is found as a constant offset. In particular, not the magnitude of
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the eddy currents but the fade out time (i.e. the losses) influences this quadrature compo-
nent. According to simulation, a very high stator resistance value (increase by factor 50)
would have the same effect. This investigation, however, considered the ∆2-based EMF
elimination. As shown in Fig. 6.5, the PSS slope based EMF elimination by (6.17) has a
different sensitivity to both effects.

In conclusion, the influence of eddy currents and for very low injection magnitudes es-
pecially the influence of the IGBT diode voltage affect the admittance identification and
makes an estimation of the quadrature component of the mean admittance inevitable.
Below 0.3% injection the diode voltage does also have a significant2 effect on the admit-
tance angle estimation if the current is zero in average (unloaded standstill). Under load
this angle error will appear only close to the current sector boundaries where the injection
forces one phase current to frequently cross zero. Hence, while from an SNR point of view
the injection magnitude can be reduced relatively by factor 3.2 when using regression
with PSS-based and by factor 6.2 when using regression with ∆2 based EMF elimination,
there is an SNR independent absolute minimum for the injection magnitude due to diode
voltage which for the inverter of the used test bench setup lies at about 0.3% (1.1 V).

6.2 Position estimation in presence of rotor speed

When a sufficient amount of rotor speed is present, then three other sources of informa-
tion (in addition to the anisotropy information from the above PSS extension) become
available: Firstly, the EMF generates a PSS current slope that can be measured precisely
at low speed already. Within this slope, however, the influence of the resistance and other
distorting factors must be eliminated. If the rotor speed exceeds a certain threshold, given
by the regression blind-out time, the regression results for the ASS become available as
well. Since here an active voltage is applied to the machine, the slope during the ASS
comprises both, the anisotropy orientation and the EMF angle.

Anisotropy EMF
PSS (see Ch. 6.1) at low speed already
ASS if ASS long enough if ASS long enough

Table 6.1: Position information in active and passive switching states.

Tab. 6.1 summarizes which additional information is available in the presence of rotor
speed. Both, the anisotropy and the EMF information are present in both, the ASS and

2An error of more than 5 electrical degrees has been considered significant in this case.
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the PSS, where the anisotropy angle extraction from the PSS has been derived in Ch. 6.1.
By means of Arbitrary Injection the anisotropy information can also be extracted from
the ASS slope at high speed, where we must, however, firstly raise the question: is this
even reasonable?

After discussing this question and drawing a conclusion, the respective position estima-
tion methods will be derived and experimentally validated in the following subsections.
These estimation methods will then form the basis for the fusion techniques described in
Ch. 7.

6.2.1 Passive switching state EMF evaluation

The basic idea of this section is that the PSS leads to a simplified voltage equation in which
the input voltage is zero. Then the current slope is generated mainly by the electromotive
force (EMF). In particular, the usual current trajectory of SPMSMs allows to neglect
the influence of the resistance, which makes this a very simple and parameter-free direct
EMF estimation approach. Moreover, the IGBT interlock time does generally not affect
the PSS current slope and hence the angle estimation. However, as will be shown, the
approach entails some simplifications and assumptions that affect the estimation accuracy.

6.2.1.1 Derivation of the estimation approach

The latest PSS regression results received from the FPGA are the values ξsp1 and isop1
which for the reason of simplicity are noted without temporal information (index 1) in
this section. These values ξsp and isop correspond to the general voltage equation (2.19)
for zero input voltage

uss = Rsi
s
s +

dψs
s

dt
= 0. (6.24)

As mentioned before, this approach is suited best for SPMSMs, since their maximum
torque per ampere (MTPA) target current trajectory is located on the q-axis. Assuming
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the flux of an SPMSM to be linear and isotropic3

ψs
s = Lsi

s
s +ψs

pm (6.25)

with ψs
pm = Trψ

r
pm = Tr

[
ψpm

0

]
, (6.26)

the voltage equation consists only of three terms, the resistive and the inductive voltage
and the EMF

0 = Rsi
s
s + Ls

diss
dt

+ Jωψs
pm. (6.27)

The current derivative diss
dt

in the inductive term is measured through the regression result
ξsp which is provided by the FPGA. It is, hence, substituted in Eq. 6.27

0 = Rsi
s
s + Lsξ

s
p + Jωψs

pm. (6.28)

In the next step we introduce the estimated rotor frame (denoted by the circumflex )̂
that is aligned with the angle θ̂ and that can be accessed from stator frame using the
transformation matrix T̂ = T(θ̂). Hence, the angle error with respect to the real rotor
frame (see Fig. 6.7) is defined by θ̃ = θ̂ − θ and the respective transformation matrix
between the real and the estimated rotor frame is T̃ = T̂T−1.

Figure 6.7: Current slope components in estimated and real rotor frame.

3The absence of a geometrical saliency in SPMSMs and, hence, their low saliency ratio justify this
assumption. It is, however, not fully valid and results in an estimation error which is discussed and
compensated in Ch. 6.2.1.2.
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Based on this definition, the voltage equation is rewritten in estimated rotor frame

0 = T̂−1Rsi
s
s + T̂−1Lsξ

s
p + T̂−1JωTψr

pm (6.29)

= Rsi
r̂
s + LsT̂

−1ξsp + T̃Jωψr
pm, (6.30)

with ir̂s being the current in estimated rotor frame. Since the FOC works in estimated
reference frame, the d-component of ir̂s is controlled to zero (for an SPMSM below rated
speed). This allows to rewrite (6.30) in the following way

ξr̂p = T̂−1ξsp = −Rs

Ls

[
0

iq

]
− ωψpm

Ls

[
sin θ̃

cos θ̃

]
. (6.31)

Hence, after transforming the PSS current slope ξsp from stator- to estimated rotor frame,
the d-component consists of only one term that scales with the deviation between the
estimated and the real rotor angle θ̃. Note that this quantity ξr̂p is the stator frame
current derivative value ξsp that has been transformed to estimated rotor frame, which is
different from the rotor frame current derivative

ξr̂p 6=
dir̂p
dt

= T̂−1

(
diss
dt
− Jωiss

)
. (6.32)

However, in order utilize this d-component as a control error for a phase locked loop
(PLL) structure, it must be normalized in such a way that it loses its dependence on
the rotor speed ω. As shown in [89], this can for instance be achieved by dividing the
d-component by the q-component

eθp =
ξpd̂
ξpq̂

=
ωψpm sin θ̃

Rsiq + ωψpm cos θ̃
(6.33)

≈ ωψpm sin θ̃

ωψpm cos θ̃
= tan θ̃, (6.34)

where the simplification (6.34) applies for sufficient EMF magnitude |ωψpm| � |Rsiq|.
Due to the tangent, this normalization does, however, entail a 180◦ periodicity and hence
a polarity uncertainty that has to be coped for when merging the position estimates.
Moreover, the progressive nonlinearity of the tangent aggravates the weighted fusion of
the estimates in Ch. 7.1 and its infinite output values for angle errors around θ̃ ≈ ±90◦

can lead to instability in discrete-time systems.

However, the derivation of (6.34) made clear that for an SPMSM the PSS slope based
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EMF estimation does completely pass on machine parameters. Considering that the slope
is obtained from a single switching state, it is moreover unaffected by the IGBT interlock
time. Hence, this EMF estimation technique exhibits essential advantages, but requires
reconsideration regarding the normalization strategy.

Therefore, as a further development with respect to [89], this work uses a different nor-
malization strategy that overcomes the above drawbacks. Using the atan2(y, x) function
which calculates the angle of a vectorial quantity [x y]> within the range −π . . . π, the
EMF angle in estimated rotor frame is calculated by: atan2

(
−ξpq̂, −ξpd̂

)
. Since in real

rotor frame the EMF is always aligned with the q-axis, error angle θ̃ between the reference
frames is obtained from the deviation of the above term from ±90◦

eθp = atan2
(
−ξpq̂, −ξpd̂

)
+ π

2
signω (6.35)

= atan2
(
Rsiq + ωψpm cos θ̃, ωψpm sin θ̃

)
+ π

2
signω (6.36)

≈ atan2
(
ωψpm cos θ̃, ωψpm sin θ̃

)
+ π

2
signω = θ̃, (6.37)

where (6.37) implies the same simplification as (6.34). In contrast to (6.34), however,
(6.37) does not entail a polarity uncertainty and depends linearly on the estimation error
θ̃ (without resistive influence), which eases the later fusion of the estimates. Yet, also
here only the d-component ξpd̂ affects the control error eθp (for small errors θ̃) which is
still unaffected by the resistive term and consequently allows to disregard the resistance
in the EMF based angle estimation technique.

In order to account for the relatively strong alternation between the approximated slope
values, discussed in Ch. 5.4.3, the particular implementation of (6.35) employs the average
slope value of the rising and the falling PWM interval

eθp = atan2
(
−ξpq̂1 − ξpq̂2, −ξpd̂1 − ξpd̂2

)
+ π

2
signω, (6.38)

which increases the relative dead time of the estimate by 1
2
Ts. Hence, for the PSS evalua-

tion the dead time is increased from 1.0Ts to 1.5Ts (and for the later ASS evaluation from
0.5Ts to 1.0Ts) with respect to the current sampling instant. However, as a result, the
alternation is completely eliminated and only the (white) noise will remain in the position
estimate which due to the averaging is reduced by factor 1√

2
(see Ch. 5.3).

Finally, the influence of the simplification between (6.36) and (6.37) should be inves-
tigated since the implied assumption |ωψpm| � |Rsiq| does not apply at very low speed.
Therefore, the unity factor VRΨ is introduced that constitutes the (speed and current
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dependent) ratio between resistive and EMF induced q-axis voltage

VRΨ =
Rsiq
ωψpm

. (6.39)

At medium and high speed, when the above assumption holds, this ratio is nearly zero.
Then the simplification is possible, such that eθp = θ̃. However, when operating at low
speed this ratio will become VRΨ > 0 in motoring condition and VRΨ < 0 in generating
condition.

Fig. 6.8 illustrates the effect of this growing factor VRΨ on the analytical relation be-
tween estimation error θ̃ (actual difference between estimated and real rotor angle) and
control error eθp (detected error, used for the angle correction). While the relation is

Figure 6.8: Influence of the resistive term on the relation between estimation error
and control input error.

completely linear for VRΨ = 0, it is more and more distorted when this factor grows. The
distortion in motoring condition (blue lines) is disadvantageous but not critical, as the
slope around zero decreases by trend and for VRΨ > 1.0 (resistive voltage stronger than
EMF) the end of the line flips over to zero. Both effects only result in a slower control
performance but not in stability problems. In generating condition, however, the slope
around zero error θ̃ increases by trend, phasing over into a step for VRΨ ≤ −1.0. Since this
step constitutes an infinite slope around zero, the tracking controller will adopt bang-bang
behaviour. However, since all graphs are located only in the first and the third quadrant,
they exhibit a globally increasing behaviour with sign change at θ̃ = 0. This means that
in all cases the tracking behaviour should be stable and the steady state tracking error
should be zero.
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In conclusion, the resistive voltage may influence the control behaviour at low speed,
such that the tracking might become slower or oscillate, but it should be feasible and not
cause instability. In order to maintain a predictable tracking behaviour, VRΨ should be
lower than 0.5, i.e. |ωψpm| > 2|Rsiq|, which for the selection of SPMSMs used in this work
(see Appx. B) does apply above 10% rated speed. However, although below this threshold
the particular tracking behaviour will vary, it should be stable and without steady state
error.

6.2.1.2 Influence of a present anisotropy

The previously described EMF estimation technique is based on the assumption that the
machine is isotropic. Then the current slope at zero voltage will only consist of a q-axis
component, if the estimation error is zero. However, most SPMSMs show an anisotropy in
the scale of Y∆/YΣ ≈ 10% which is essential for the application of HF injection techniques.

Considering the presence of an anisotropy, the current slope in estimated rotor frame
(6.31) becomes more complex

ξr̂p = −RsT̃
−1Yr

sT̃i
r̂
s − YqωT̃Jψr

pm − ωT̃−1 (Yr
sJL

r
s − J) T̃ir̂s, (6.40)

for which the particular derivation can be found in Appx. D. If a q-axis current is controlled
by the FOC in estimated reference frame, then the last term in (6.40) causes a d-axis
component of the current slope which, according to (6.35), will cause an estimation error.
As shown in Fig. 6.9, this error scales progressively with the saliency ratio and degressively
with the q-axis current.

Figure 6.9: Estimation error due to saliency neglect (red) and influence of compen-
sation term (6.42) (black).

However, when knowing the saliency ratio, this estimation error can be compensated by
subtracting a current dependent d-axis slope component. Targeting ideal compensation,
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the subtraction is assumed to be carried out in actual rotor frame (T̂ = T, T̃ = I), which
simplifies eq. (6.40)

ξr̂p =−RsY
r
si
r̂
s − YqJωψr

pm − ω (Yr
sJL

r
s − J) ir̂s (6.41)

such that the disturbing d-component of the last term can be rewritten as a simple current
dependent compensation term

ξd = −ωLd − Lq
Ld

iq = ω
2Y∆

YΣ − Y∆

iq. (6.42)

The different reference frames explain the slight difference between the influence of the
compensation (6.42) and the original closed loop estimation error in Fig. 6.9. Yet, (6.42)
is the analytically correct compensation term which must be subtracted from the PSS
current slope ξr̂p in order to eliminate the estimation error.

Since the mean and the differential admittance, YΣ and Y∆, are estimates within the
HF injection method (see Ch. 3.2.2), this compensation can be carried out without pre-
liminary knowledge of a machine parameter. However, due to dynamic effects in the
flux-current-relation (mostly eddy currents), the effective differential admittance for the
HF injection method differs by 10 − 20% from the fundamental one [90]. This entails
a respective remaining estimation error that, according to Fig. 6.9, should however be
within an acceptable scale.

6.2.2 Active switching state current slope evaluation

According to the current derivative equation (2.76) of the linear anisotropic PMSM model,
the measurable current slope during an active switching state (ASS) is described by

ξsz = Ys
s

(
usz −Rsi

s
s − Jωψs

pm − (JLss − LssJ)ωiss
)
, (6.43)

where usz is one of the six fixed ASS voltage vectors with 2
3
Udc magnitude. Eq. (6.43) can

be separated into an excitation term and the PSS current slope known from (6.40)

ξsz = Ys
su

s
z + Ys

s

(
−Rsi

s
s − Jωψs

pm − (JLss − LssJ)ωiss
)

(6.44)

= Ys
su

s
z + ξsp. (6.45)

Hence, the ASS current slope is capable of providing both information, the anisotropy
orientation in the first term and the EMF angle in the remaining part. As mentioned at
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the beginning of this section, it is firstly to be scrutinized which of those two information
is reasonable to extract from the ASS current slope: the anisotropy, the EMF or both?

Considering the usual scale of the saliency ratio of an SPMSM, only about a tenth of the
anisotropic current slope is actually position dependent, while the EMF based slope fully
depends on the rotor position. So the consideration starts with an (assumed) factor 10
between the magnitudes of the position dependent terms of EMF and anisotropy response.
Since the anisotropic term rotates twice per electrical rotor revolution, in contrast to the
EMF term rotating exactly with the electrical position, the resulting factor between the
sensitivity of both slope components with respect to the rotor angle is only 5. Finally,
we must consider that both information are induced and thus scaled by different voltage
sources: While the EMF information scales with the EMF-voltage term (and hence with
rotor speed), the anisotropy information is, according to (3.24), induced directly by the
terminal voltage which has a fixed magnitude of 2

3
UDC during the ASS. This is the

maximal voltage magnitude, corresponding to 100% pulse width which the EMF will not
exceed in any condition. However, according to Fig. 5.18, the noise content of the ASS
allows a reasonable evaluation only above 30% ASS-length which in normal operation is
applied because of a respective amount of EMF. Thus, the above factor 5 must be be
scaled by those 30% in order to derive the overall worst case sensitivity factor 1.5 between
both current slopes components. In other words, even in worst case condition (when
the ASS is still much shorter than the PSS), the EMF slope term is already 1.5 times
more sensitive to the rotor position, than the anisotropy information. Towards very high
rotor speed, where only it is advantageous to evaluate the ASS instead of the PSS slope,
this factor converges towards 5. Note that this factor is based on a 10% saliency ratio
assumption.

In conclusion, it is not reasonable to evaluate the anisotropy information within the
ASS current slope in addition to the EMF information. Since it is much weaker, it would
be inherently disregarded by the later SNR based fusion approach (see Ch. 7.1).

6.2.2.1 EMF evaluation from the ASS current slope

According to (6.45), the ASS current slope is the vectorial sum of the PSS current slope
and an anisotropic excitation term. This relation is illustrated in Fig. 6.10, where two
ASS current slopes ξsz+ and ξsz− are exemplified that would be measured in the same
PWM half-period. The respective excitation terms of this period, Ys

su
s
z+ and Ys

su
s
z−, are

indicated in black colour, while the 4 remaining excitation possibilities are indicated in
grey. Due to the anisotropy, the voltage hexagon is skewed during the transition to the
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Figure 6.10: Geometrical relation between PSS and ASS current slope.

excitation terms, which is important to take into account in the following derivation.

Since eliminating the excitation term in the ASS current slope (6.45) would reveal the
PSS current slope

ξsz −Ys
su

s
z = ξsp, (6.46)

for which the EMF based position estimation has already been solved in Ch. 6.2.1, the
ASS-based angle estimation is seen as an extension to Ch. 6.2.1 that only determines
the PSS slope from the ASS. The particular challenge, however, is that the admittance
matrix Ys

s in (6.46) is not known and may moreover change rapidly under varying load
conditions. Hence, the key point of the ASS-based EMF estimation is the identification
of the relevant admittance.

The proposed idea of this section is to obtain the admittance information from the
difference between the slopes ξsz1 and ξsz2∣∣ξsz+ − ξsz−∣∣ =

∣∣(Ys
su

s
z+ + ξsp

)
−
(
Ys
su

s
z− + ξsp

)∣∣ (6.47)

=
∣∣Ys

s(u
s
z+ − usz−)

∣∣ , (6.48)

which is indicated by the orange line in Fig. 6.10.
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In the next step, the magnitude and the direction of the voltage difference (usz+ −
usz−) are considered: Since the voltage hexagon is composed of equilateral triangles, the
magnitude of the difference equals the magnitude of each single vector – i.e. 2

3
Udc. The

direction of the voltage difference is roughly aligned with the d-axis (see Fig. 6.10), which
is a result of the EMF mostly determining the voltage sector and hence the selected ASSs.
Moreover, the slope approximation noise (see Fig. 5.18 in Ch. 5.4) demands a minimum
length (ca. 25%) of both ASSs within one PWM half-period, which is only given within
the white areas in Fig. 6.11. Since even on the outside edges of the hexagon (maximum

Figure 6.11: Voltage regions with minimum 25% ASS length.

voltage) these areas are only 30◦ wide, the orientation of (usz+ − usz−) will vary for max.
±15◦ from the d-axis. Hence, the effective admittance for this difference (usz+ − usz−) is
nearly Yd.

According to the above considerations, (6.48) can be rewritten as

∣∣ξsz+ − ξsz−∣∣ = Yd
∣∣usz+∣∣ = Yd

∣∣usz−∣∣ (6.49)

= Yd |usz| , (6.50)

and be used to define a low pass filtered estimation variable Ŷd

dŶd
dt

= kY d

(
3
∣∣ξsz+ − ξsz−∣∣

2 Udc
− Ŷd

)
, (6.51)

that is always updated when both switching states usz+ and usz− are applied long enough
within one PWM half-period. The tuning factor kY d adjusts the estimation bandwidth
and can be defined adaptively, e.g. depending on the length of the shortest ASS involved.

Once Ŷd has reached its steady state Ŷd = Yd, it can be multiplied with the direction
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of the applied ASS voltage and then be subtracted from the measured ASS current slope

ξsz − Ŷdusz
(6.45)
= Ys

su
s
z + ξsp − Ŷdusz (6.52)

= ξsp + (Ys
s − YdI)usz. (6.53)

The benefit of the above derivation is revealed when transforming (6.53) to rotor frame

T−1
(
ξsz − Ŷdusz

)
= ξrp + (Yr

s − Yd I)urz (6.54)

= ξrp +

[
Yd − Yd 0

0 Yq − Yd

]
urz (6.55)

= ξrp +

[
0

(Yd − Yq)uq

]
, (6.56)

where a possible deviation between rotor and anisotropy frame has been neglected. Ac-
cording to (6.56) and according to the geometrical derivation by the orange dashed lines
in Fig. 6.10, the directed subtraction (6.52) results in the wanted PSS current slope with
an additional q-axis term. As both the admittance difference (Yd − Yq) and the q-axis
term of the ASS voltage are roughly constant, this additional term should result in a
fixed increase in apparent signal strength, without position information. However, since
the accuracy of the angle estimation from the PSS slope ξrp only depends on the d-axis
component (see Ch. 6.2.1.1), the estimation law (6.51) and the directed subtraction (6.52)
are sufficient for the extraction of the PSS slope from the ASS

ξ̂
s

p = ξsz − Ŷdusz. (6.57)

The subsequent angle estimation from ξ̂
s

p is carried out according to Ch. 6.2.1 and results
in the control error angle eθz of the ASS-based EMF evaluation.

6.2.3 Experimental validation of the current slope based EMF

estimation

In the above sections a parameter-free FM based rotor position estimation technique has
been derived that identifies the EMF from the PSS current slope ξsp. An extension allows
to deduce the PSS slope orientation from the ASS results such that the ASS approximation
straight can be employed for rotor position estimation as well. Both position estimation
techniques have been implemented on the test bench setup described in Ch. 4.1 and will
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be validated by experiments with the SPM1 in this section.

Firstly, a general impression of the signal evolutions is provided by the graph array
in Fig. 6.12 which compares the PSS-based EMF estimation with the ASS-based one at
different rotor speeds. The upper row shows the estimation of the d-axis admittance

Figure 6.12: EMF based rotor position estimation from the approximated PSS and
ASS current slope during one electrical revolution.

through (6.51). Only if this value Ŷd is known, the PSS slope can be deduced from the
ASS results. At 40% rated speed (left column) the FOC voltage is too low for both
the positive and the negative ASS being applied for longer than 25% of the PWM half-
period (see Fig. 6.11). Hence, there is no calculation result for

∣∣ξsz+ − ξsz−∣∣ (black graph
always zero) and the low pass filtered value ξ̂d is stuck at a wrong value (deduced from
the Arbitrary Injection based admittance estimation, see Ch. 3.2.2). As a result, the
PSS slope computation from the ASS approximation results (blue colour) shows strongly
oscillating deviations from the actual PSS slope (red colour), as can be seen in the second
row of Fig. 6.12. The last row shows the resulting angle estimation error that for the
ASS is too large to allow for closed loop rotor position estimation. The direct PSS slope
approximation (red colour), however, only comprises the EMF harmonics of SPM1, but
does otherwise exhibit a high signal quality that can easily be employed for position
estimation.
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The second column in Fig. 6.12 shows the results at 90% rated speed where both
techniques provide nearly the same signal quality. As can be seen in the first row, in the
majority of times there are calculation results for

∣∣ξsz+ − ξsz−∣∣ and the low pass filtered
estimate Ŷd has reached a valid steady state value. As a result, the ASS-based PSS
slope computation (second row, blue colour) provides a high signal quality as well. As
predicted by Fig. 6.10 and (6.56), the anisotropy of the machine increases the magnitude
of the ASS-based PSS slope estimation (blue colour) with respect to the actual PSS slope
(red colour), while the angle (see last row) is not affected. It is, however, interesting to
note that the harmonics in the ASS-based angle estimate are smaller than the actual EMF
harmonics of the machine.

The last column in Fig. 6.12 shows the estimation close to the limits of sinusoidal
voltage excitation where the ASSs are applied for relatively long times (see large areas
of
∣∣ξsz+ − ξsz−∣∣ results in the first row). On the other hand, especially in the middle of

the voltage sectors, the PSS is too short for an approximation of the current slope. As a
result, the ASS-based PSS slope estimation (blue colour) is very clean, whereas the actual
PSS slope signal (red colour) shows strong distortions and does partially freeze, as can be
seen in the second row. Also the resulting angle signals in the last row demonstrate that
at these very high speeds it is clearly advantageous to employ the ASS instead of the PSS
for rotor position estimation.

In order to further analyse the discovered EMF harmonics reduction in the ASS-based
estimation, Fig. 6.13 shows a comparison of the rotor frame PSS slope values, obtained
through different techniques at rated speed with zero current. Firstly, the direct mea-
surement by the PSS regression (red cloud) matches the known EMF harmonics of the

Figure 6.13: Harmonic trajectory of the PSS current slope in rotor frame ξrp –
comparison between direct measurement and two different deductions
from the ASS.
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machine (dashed black ellipse in all graphs). The trajectory of the ASS-based estimation
according to Ch. 6.2.2 (blue cloud), however, evolves markedly different and particularly
narrower in d-direction, which is relevant for the angle evaluation. Moreover, due to the
anisotropy, the ASS-based estimation has an increased q-axis component (see ordinate
values4), which additionally downscales the angle harmonics.

Since the EMF harmonics have sixth order of the electrical angle and the ASS-based
trajectory does not split up in multiple paths, the distorting effects that shrink the ASS
trajectory must also have order six (or integer multiples of six). According to the previous
deduction of this thesis, there are two potential sources of error with order six:

(1.) The simplifications within the estimation of Ŷd: Firstly, depending on the angular
width of the white areas in Fig. 6.11, a value slightly lower than Yd is estimated.
And secondly, this value is applied to an ASS voltage during ±30◦ rotor movement.

(2.) The influence of eddy currents on the approximated ASS slope that has been dis-
closed in Fig. 5.16. The most evident effect, the strong alternation between the
ASS being applied first and second in a PWM half-period, has been compensated
by using the average value of both cases. Hence, the alternation is cancelled, but
an effect on the average value may remain that would have order six and/or integer
multiples as well.

In order to distinguish between both effects, the right hand side graph in Fig. 6.13 shows
an ASS-based PSS slope trajectory in rotor frame, where not the estimate Ŷd, but the
correctly parametrized admittance matrix Ys

s including the measured rotor angle θ has
been employed in (6.57) to deduce the PSS slope from the ASS approximation (see realistic
ordinate values). Hence, the first source of error is eliminated and the difference between
the blue and the green graph is concluded being the result of the simplification in the Ŷd
estimation. The difference between the green graph and the dashed ellipse (or the red
graph) is concluded being the result of the ASS slope distortion by eddy currents.

However, in order to assess the PSS– and ASS slope-based estimation performance
in the entire operating range, two more abstract comparisons are provided. Firstly, the
overall evolutions of signal and noise content of the PSS and ASS current slope based
EMF angle estimation over rotor speed are shown in Fig. 6.14 for two different SPMSMs,
where the graphs of the SPM2 are generally lower because of its higher inductance values
and slightly shorter because of its higher PM flux linkage. Obviously, the signal strength

4Apart from the ordinate values, the overall d-axis shift of the trajectories results from the fact that
the PSS approximation is located 1.5Ts and the ASS approximation 1.0Ts in the past (see Ch. 6.2.1.1),
with respect to the encoder angle used for the rotor frame transformation. This dead time is considered
in the eventual angle estimation and compensated for by using the filtered rotor speed estimate.
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Figure 6.14: Properties of the EMF signal detected from the PSS and the ASS slope
– for two different SPMSMs.

of all signals increases linearly over speed. The strong increase of the ASS at low speed
and the slight increase of the PSS at very high speed are erroneous detections because of
the very strong noise content in these regions. As predicted by (6.56), the anisotropy of
the machine leads to an increase of the interpreted ASS signal strength with respect to the
PSS. The slightly decreasing difference between both results from the fact that at high
speeds (and voltages) the estimate Ŷd is obtained over a wider angle area (see Fig. 6.11)
and does hence decrease slightly with respect to the actual d-axis admittance Yd. The noise
RMS of all curves shows the expected hyperbolic evolution. It is, however, interesting
to note that the ASS and the PSS curves intersect about 20% earlier for SPM1 than for
SPM2. This can be explained by both higher EMF harmonics and stronger eddy currents
in SPM1 which increase the detected PSS noise and decrease the detected ASS noise,
respectively. In conclusion, SPM1 reaches a markedly lower PSS-based signal to noise
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ratio (SNR) than SPM2, whereas the ASS-based SNR of both machines is in comparable
scale. Yet, in all cases the SNR provides a sufficient representation of the respective signal
quality and reaches a similar scale as the anisotropy evaluation in Fig. 6.4. At very low
speed, however, the wrong interpretation of the ASS-based SNR must be avoided when
aiming to employ the SNR for an estimate fusion.

Finally, the load-dependence of the proposed EMF angle estimation is analysed in
Fig. 6.15, where the upper graphs show the estimation error average and the lower graphs
the estimation error noise RMS over speed. In the left column the estimation is based on

Figure 6.15: Average error and noise content of the PSS and the ASS-based EMF
angle estimation.

the PSS, in the right column on the ASS approximation. The graph colours indicate the
load conditions as either unloaded (black), 70% positive rated load (red) or 70% negative
rated load (blue).

According to Ch. 6.2.1.1 and especially to Fig. 6.8, this EMF based angle estimation ap-
proach should not show an average estimation error at low speed and high load, although
the particular tracking behaviour may vary. However, as can be seen in the upper left
graph of Fig. 6.15, for a very low speed-to-load ratio of |VRΨ| < 2 (defined in Ch. 6.2.1.1),
this only applies to the motoring condition (same sign of speed and current). The gener-
ating condition (opposite sign of speed and current) causes a relatively large angle error
which is not suitable for position estimation. Between 10% and 100% rated speed, how-
ever, the average error is in a sufficiently low scale. It is noted but not clear why the
average error of the positive load generating case evolves different. Regarding the PSS-
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based noise, idle and motoring condition evolve similar while the generating condition is
increased. In conclusion, the PSS-based estimation is good-natured in idle and motoring
conditions, but shows worse properties in generating condition. However, in all cases the
SNR is a good indication for the overall quality and reliability of the PSS-based signal.

Apart from the lack of estimation results below medium speeds, the ASS-based esti-
mation shows a markedly bigger (but still acceptable) load-dependence on the right hand
side of Fig. 6.15. As the final parts of both estimation techniques (the PSS evaluation)
are identical, the load-dependence must result from the ASS-based PSS slope deduction
by Eq. (6.51) and (6.57). Motoring and generating cases do, however, evolve similar and
again, in all cases the SNR appears to be a good indication for the signal quality of the
ASS-based EMF angle estimation.
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Chapter 7

Fusion of the position estimates

After the current oversampling data, described in Ch. 4, has been approximated by a
straight for each switching state in Ch. 5, three linear approximation based position es-
timation techniques have been derived in Ch. 6. According Ch. 6, the single position
estimates have their optimal SNR in different speed ranges, which concludes in the com-
mon decision to design the eventual sensorless control scheme for the entire speed range
by using a hybrid fusion of all estimates.

Summarizing the two main advantages of the oversampling-based position estimation
techniques proposed in Ch. 6,

(1.) their independence of machine parameters and

(2.) the injection magnitude reduction potential around standstill,

two oppositional fusion techniques will be proposed in this chapter, each aiming at the
best possible realization of one advantage in an overall sensorless control structure.

The first scheme, proposed in Ch. 7.1, targets an entirely machine parameter-free hy-
brid sensorless control scheme for SPMSMs, using three key techniques: the online SNR
determination, the injection magnitude controller and the initial anisotropy displacement
test. The second scheme, proposed in Ch. 7.2, disregards the parameter consideration
while aiming at an optimal estimation performance using minimal injection magnitude.
The key techniques herein are the flux stabilization with anisotropy information and the
compensation of non-static effects in the current-flux relation.

127
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7.1 Parameter-free hybrid sensorless control for

SPMSMs

Both the anisotropy-based and the EMF-based position estimation techniques of Ch. 6
have been derived without the implication of any machine parameter. In order to maintain
that advantage for the complete hybrid method, the fusion of and phase-over between
the estimates is based on a signal quality consideration – namely the signal to noise
ratio (SNR) which, according to Ch. 6, is a viable indication for the overall signal quality.

Following the idea of the Kalman Filter, the single position estimates (Anisotropy, PSS-
EMF and ASS-EMF) which inhere different amounts of white noise, should be weighted
and merged in such a way that the SNR of the resulting hybrid position estimate is
minimized at all times. Therefore, the SNR of each estimate must be determined online
and fed into a fusion scheme that fulfils the above goal.

In this section, firstly the online SNR determination technique will be derived such
that for all position estimates the SNR value is available. Based on these values, an
SNR minimization strategy is employed to derive an adaptive fusion law for the position
estimates. Moreover, it will be shown that, based on this SNR consideration, also the
injection magnitude can be adjusted. The result is an overall hybrid sensorless control
scheme for SPMSMs that does not require the preliminary knowledge of any machine
parameter. Finally, this scheme will be validated by experimental results.

7.1.1 Online SNR determination

As analysed in Ch. 5.4, noise imposed through the current transducer and the analogue
to digital converter (ADC) leads to a variation of the approximated straight coefficients
with the properties of white noise. Moreover, the influence of eddy currents led to an
alternation between the slope values of the rising and the falling PWM half-period that
has been eliminated in the angle estimate by using the average of both PWM half-periods.
However, as shown in Ch. 6, the approximation noise can be found in all position estimates.
The eventual PLL filter structure will suppress this noise only to a certain extent, as the
filtered signal also needs to fulfil certain dynamic requirements. Hence, the signal to
noise ratio (SNR) of the direct position estimate is an essential information regarding the
feasibility and the performance of closed loop sensorless control. As shown in Ch. 6.2.3
it does, moreover, correlate with the reliability of the estimate that in certain operating
conditions can be impaired by other influences (e.g. the resistance).

The easiest way to determine the SNR online would be a noise analysis of the angle
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estimate itself, as the angle signal can be considered to have a constant “signal strength”
that does not need to be determined. In case the signal strength of an estimation source
variable (∆isa, ξ

r̂
p or ξ̂

r̂

p) increases while its noise content is constant, the resulting noise in
the angle estimate would drop and the SNR would be determined higher. The difficulty
herein is that the SNR determination should be both fast and accurate in order to correctly
weight the estimates in the fusion process and to be employed in a control cycle as in
Ch. 7.1.3. An accurate noise determination, however, requires a long analysis interval,
such that also the low frequency content of the noise is included. This long analysis
interval allows only a low estimation bandwidth. On the other hand, the signal strength
can be determined rapidly. In summary, the signal strength can vary quickly and be
determined rapidly, whereas the noise content mostly stays constant and can only be
determined slowly. In order to fulfil both above requirements to the SNR determination,
it is hence reasonable to determine signal strength and noise content separately for the
estimation source variable and to calculate the SNR as the ratio between both.

According to the Sections 3.2.1, 6.2.1 and 6.2.2, all position estimation techniques result
in a two-dimensional source signal ∆isa (Anisotropy-based estimation), ξr̂p (PSS-based es-
timation) and ξ̂

r̂

p (ASS-based estimation) from which the rotor angle is directly deduced.
According to the sections 6.1.3 and 6.2.3, all these signals scale with the respective source
of information (injection or speed), whereas the noise content depends mostly on the (op-
erating point specific) average length of the employed type of switching state. Moreover,
the PSS slopes in estimated rotor frame, ξr̂p and ξ̂

r̂

p, and the anisotropic current response
transformed with twice the estimated rotor angle

∆ir̂ra = T−1(2θ̂)∆isa (7.1)

form stationary (not moving) point clouds. Fig. 7.1 shows an exemplification of these
clouds at rated speed for the EMF-based signals (left hand side) and at 4% injection for
the anisotropy-based signal (right hand side). Although both graphs were measured over
several electrical rotor revolutions, the anisotropy-based signal ∆ir̂ra is located stationary
on the d-axis and the EMF-based signal nearly on the q-axis, only showing the harmonics
and the dead time related shift described in Ch. 6.2.3. The dark grey vectors indicate the
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Figure 7.1: Stationary point clouds of the position estimation source data.

signal content of each cloud that is obtained by low pass filtering the source signals

d

dt
∆ir̂ra,lpf = kµa(∆i

r̂r
a −∆ir̂ra,lpf ) (7.2)

d

dt
ξr̂p,lpf = kµp(ξ

r̂
p − ξr̂p,lpf ) (7.3)

d

dt
ξ̂
r̂

z,lpf =

{
kµz(ξ̂

r̂

z − ξ̂
r̂

z,lpf ), if max(νz+, νz−) ≥ 0.25

−kµzξ̂
r̂

z,lpf , else
. (7.4)

In order to prevent the erroneous detection of a high ASS signal strength at low speed
(see Fig. 6.14 in Ch. 6.2.3), the ASS signal content vector ξ̂

r̂

z,lpf in (7.4) converges to zero
in case no ASS is applied for longer than 25%Ts (see also Fig. 6.11). The low pass filtering
is particularly important for the detection of very low signal strengths (low injection or
speed) in order to avoid noise being interpreted as signal. However, in order to ensure
a sufficient detection bandwidth, the cut-off frequency should be chosen higher than the
bandwidth of the speed controller (e.g. kµ = 200/s ) and the injection magnitude controller
(Ch. 7.1.3), respectively.

Based on the above approximation of the signal content vectors, the signal strength µ
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is defined as the magnitude of each content vector

µ2
a = ir̂r Ta,lpf i

r̂r
a,lpf (7.5)

µ2
p = ξr̂ Tp,lpf ξ

r̂
p,lpf − µ2

p0 (7.6)

µ2
z = ξ̂

r̂ T

z,lpf ξ̂
r̂

z,lpf − µ2
p0 (7.7)

where the offset value µ2
p0 accounts for the influence of the resistance on the PSS current

slope that especially at standstill should not be misinterpreted as signal strength. µ2
p0

can be determined as the maximum value of µ2
p during the macroscopic current pulses in

the initial polarity check for the anisotropy-based method. The particular implementation
must ensure that the result of this subtraction does not become negative. The anisotropy-
based signal strength µa, however, does not need such a correction.

The noise content σ is determined as the RMS value of the distance between the single
source signal measurements ∆ir̂ra , ξ

r̂
p and ξ̂

r̂

p, and their respective signal content

d

dt
σ2
a = kσa

((
∆ir̂ra −∆ir̂ra,lpf

)> (
∆ir̂ra −∆ir̂ra,lpf

)
− σ2

a

)
(7.8)

d

dt
σ2
p = kσp

((
ξr̂p − ξr̂p,lpf

)> (
ξr̂p − ξr̂p,lpf

)
− σ2

p

)
(7.9)

d

dt
σ2
z = kσz

((
ξ̂
r̂

z − ξ̂
r̂

z,lpf

)> (
ξ̂
r̂

z − ξ̂
r̂

z,lpf

)
− σ2

z

)
, (7.10)

where the low pass filtering is an approximation of the averaging process in the actual RMS
algorithm that gives higher relevance to recent and gradually “forgets” old information.
The bandwidth of this low pass filter (LPF) should be markedly lower (e.g. 1 Hz) than
the signal strength filter bandwidth because of the reasons given at the beginning of this
section.

Finally, the SNR is defined as the quotient of signal over noise

s2
a =

µ2
a

σ2
a

, s2
p =

µ2
p

σ2
p

, s2
z =

µ2
z

σ2
z

, (7.11)

where, as in all previous derivations, the square root to actually obtain the SNR value
has not been accomplished consciously, because only the squared values are relevant for
the subsequent estimate fusion.

However, all signal, noise and SNR graphs shown in this thesis, have been determined
according to the above techniques (but using averaging instead of an LPF), where the
square root has been accomplished and the linear value has been shown.
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7.1.2 Adaptive fusion technique for noise minimization

Knowing the SNR of each position estimate through the techniques proposed in Ch. 7.1.1,
the goal of this subsection is to scale and merge the estimates in such a way that the overall
noise of the hybrid position estimation is minimized.

This is realized through the adaptive parametrization of the weighting factors ka, kp
and kz in Fig. 7.2 which weight the output signals of the different position estimators
according to their SNR before feeding them into a PLL structure.

Figure 7.2: Fusion of the position estimates in the error of a shared PLL structure.

The particular weighting factor adaptation law is

ka =
s2
a

s2
a + s2

p + s2
z

(7.12)

kp =
s2
p

s2
a + s2

p + s2
z

(7.13)

kz =
s2
z

s2
a + s2

p + s2
z

, (7.14)

which generally gives an estimate with more SNR a bigger influence on the PLL. Accord-
ing to the derivation of this law in Appx. E, it leads to the minimization of the noise σhy
in the PLL input signal ehy

σhy =

√
1

1
σ2
a

+ 1
σ2
p

+ 1
σ2
z

(7.15)

=

√
σ2
aσ

2
pσ

2
z

σ2
aσ

2
p + σ2

pσ
2
z + σ2

aσ
2
z

, (7.16)

such that the hybrid noise RMS σhy is always lower (or equal) than the lowest noise of
all single estimates. Moreover, the inherent property ka + kp + kz = 1 maintains the
dimension (electrical radians) for the hybrid error ehy, allowing a straightforward tuning
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of the PLL.

In summary, the complete set of equations for the PLL is given by

epll =
s2
a(θa − θpll) + s2

peθp + s2
zeθz

s2
a + s2

p + s2
z

(7.17)

ωpll = kP epll + kI

∫
epll dt (7.18)

θpll =

∫
ωpll dt, (7.19)

where the tuning factors kP and kI can be used to adjust the bandwidth and the dynamic
behaviour of the PLL. Whenever the SNR decreases or increases due to speed, injection
magnitude or the availability of a regression result, the influence of the respective estimate
in the PLL is automatically adapted. So will, for instance, at low speed no regression
result for the ASS be available and the PSS inhere low signal magnitude and hence a low
SNR. In this case, the injection-based angle estimate θa may have the highest SNR and
hence the biggest influence on the PLL – depending on the anisotropy and the injection
magnitude.

7.1.3 Injection magnitude controller

Normally, the injection magnitude (amount of pulse width used for injection) constitutes
a machine specific parameter in the sensorless control scheme that depends on the admit-
tance difference |Yd−Yq|, the sampling time Ts and the quality of the current measurement
(resolution and noise). As a result, the injection magnitude has to be adjusted for ev-
ery machine in order to yield a sufficient estimation quality. Moreover, the injection is
switched off when the EMF estimator takes over at higher speed.

The idea behind the injection magnitude controller is that the SNR, as a reasonable
measure for the angle estimation quality, can be raised or lowered by changing the injection
magnitude. In particular, not only the anisotropy-based SNR sa but the overall hybrid
SNR

shy =
√
s2
a + s2

p + s2
z (7.20)

is considered since all terms sa, sp and sz contribute to (7.17) and do therefore determine
the overall estimation quality. Yet, sa has a direct influence on shy, which makes shy a
viable control variable, actuated by the injection magnitude νinj.
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Based on the above definition of the control variable shy, the control law

uinj = kinj

∫
(s∗hy − shy) dt (7.21)

is introduced which constitutes a simple integral controller with one tuning parameter kinj.
Hence, the so-called injection magnitude controller actually controls the hybrid SNR at
low speed, using the injection magnitude as actuation variable.

For the choice of the hybrid SNR target value s∗hy we rely on the empirical experience
that 15-17 electrical degrees noise RMS in the direct angle estimate (before filtering)
is sufficient for a PLL parametrization that allows for closed loop sensorless control with
relatively high quality and dynamic stiffness. This value in degrees corresponds to 0.26 rad

and hence to a hybrid SNR target value s∗hy = 4.0 which has been validated for a variety
of tested machines. The injection magnitude νinj has moreover been limited between 0
and 10% since no tested machine required more than 5%.

When the EMF-based SNR values sp and sz increase with increasing rotor speed, νinj
will be reduced and eventually, at sufficient EMF magnitude, it is switched off completely
due to the lower limit of 0%.

7.1.4 Initial identification of the load-dependent saliency dis-

placement

Now that the machine parameter-free EMF-based sensorless method, proposed in Ch. 6.2,
has been combined with the machine parameter free anisotropy-based sensorless method
Arbitrary Injection, using a machine parameter free SNR-based fusion technique and in-
jection controller, an overall parameter-free hybrid sensorless control technique has been
obtained that will be applicable to any SPMSM without preliminary configuration. How-
ever, one crucial aspect within the fusion has been neglected: the cross saturation induced
anisotropy displacement under load which requires a machines specific compensation.

Anisotropy-based methods rely on the alignment of the inductance anisotropy with the
rotor position which is the result of both the geometrical saliency (if present) and the
saturation of the stator iron due to the PM flux. However, the saturation state of the
machine changes with the torque-producing current. Particularly, cross saturation effects
(reduction of d-axis flux with increasing q-axis current) lead to cross coupling entries
Ldq 6= 0 in the rotor fixed inductance matrix Lrs. Hence, the (uncoupled) anisotropy
frame (see Ch. 2.3.2) shows a displacement with respect to rotor frame. After disclosing
this displacement in [91, 92], a load-dependent angle compensation has become one of the
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standard elements in anisotropy-based sensorless control which improves the efficiency
and extends the feasible load range at low speed. This compensation, however, is a
machine-specific curve over load and constitutes a set of machine parameters that has to
be known.

Recently, different approaches have been proposed to identify this curve without using
a position sensor. For instance in [93] the curve is obtained from a limited number of FE
computations, while [94] utilizes a polynomial approximation of the machine flux curves.
In [86] and [95] the comparison to an FM-based method is employed for the identification
of this curve during operation. However, all these methods require either FEM results
or the machine working in several operating points with speed and load. Nevertheless,
some applications demand that all relevant machine parameters are obtained in an initial
self commissioning process during which the rotor must not move. This is fulfilled by the
initial anisotropy shift identification technique proposed in [96].

The idea behind [96] is that in idle (current-free) condition the flux linkage of a PMSMs
is aligned with the rotor fixed d-axis. According to the flux linkage equation for a linear
machine in rotor frame (2.67), an increasing pure q-axis current would result in a straight
flux trajectory, indicated by the light blue dotted line in Fig. 7.3(a). In practice, however,
magnetic cross-saturation leads to a reduction of the d-axis flux linkage with increasing q-
axis current magnitude. As a result, a saturating machine will show the dark blue dotted
flux trajectory in Fig. 7.3(a) in response to a pure q-axis current which is always slightly
bent towards the current.

(a) Flux trajectory resulting from a pure q-
axis current.

(b) Current trajectory resulting from a pure
q-axis voltage.

Figure 7.3: Current and flux responses to pure q-axis excitation in linear and cross-
saturating case.

In order to identify the anisotropy displacement, the inverse relation is employed: the
current trajectory resulting from a pure q-axis flux imposition. During an initiation
sequence, a short voltage injection phase identifies the orientation of the rotor frame
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(with 180◦ uncertainty) after which a strong test voltage pulse is applied into the q-axis.
If the rotor does not move (ω ≈ 0) and if the applied voltage is much stronger than the
resistive term (|u| � Rs|i|), then the voltage equation in rotor frame is simplified

dψr
s

dt
= urs −���Rsi

r
s − J�ωψ

r
s (7.22)

≈ urs. (7.23)

Thus, a pure q-axis voltage pulse will force the machine flux to evolve on a straight vertical
trajectory, indicated by the blue dotted line in Fig. 7.3(b).

While an ideal linear machine would respond with pure q-axis current (light red dotted
line in Fig. 7.3(b)), a real saturating machine will show a current evolution that is bent
towards the PM-flux (dark red dotted line in Fig. 7.3(b)) – a parabolic trajectory with
an always positive d-component

id =
Y∆k1

YQ
i2q (7.24)

= a2 i
2
q, (7.25)

where k1 is the linear anisotropy displacement factor

θa = θ + k1iq. (7.26)

Hence, when knowing the saliency ratio Y∆/YQ (e.g. from the initial injection sequence),
the load-dependence of the saliency displacement k1 can be concluded from the curvature
of the parabolic d-axis current response a2 to a macroscopic q-axis voltage pulse.

Fig. 7.4 shows this initial test with SPM1, using a suitable voltage pattern that leads to
an overall momentum-free1 current evolution. The q-axis current response to the constant
voltage pulses is linear, whereas the d-axis current develops the predicted parabolic shape.
Three zero voltage phases have been inserted in order to obtain three clean current samples
for the accurate computation of the squared coefficient

a2 =
id3 − id1

(iq3 − iq1)(iq3 − iq2)
− id2 − id1

(iq2 − iq1)(iq3 − iq2)
. (7.27)

The magnitude of this coefficient is subsequently used to deduce the load dependence of

1As the q-axis current produces torque, the total area underneath the q-axis current graph must be
zero in order to finish the pattern without remaining rotor speed. As shown in [96], the entailed rotor
movement during this test is in the range of about 0.1 mechanical degrees.
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Figure 7.4: Measured current response to pure q-axis voltage.

the anisotropy

k1 =
YQ
Y∆

|a2|. (7.28)

As shown by the bottom graph of Fig. 7.4, the sign of a2 can additionally be employed
for the rotor polarity identification which is normally realized by a d-axis pulse [97].

7.1.5 Experimental validation of the parameter-free hybrid

scheme

Apart from particular investigations, the proposed hybrid sensorless control schemes will
be investigated and compared using closed loop sensorless speed control as the key chal-
lenge. As indicated in Fig. 7.5, the speed feedback signal is obtained from the time
derivative of the hybrid position estimate. The respective noise amplification is damped
by means of a first order LPF, the bandwidth 1/Tω of which must exceed the speed
controller bandwidth by at least factor 2 (stability). Hence, in this test scenario the
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Figure 7.5: Cascaded FOC and speed control structure for the validation of the
proposed sensorless control techniques.

bandwidth-noise trade-off problem is markedly aggravated, such that the resulting dy-
namic stiffness in combination with the cleanness of the estimation and actuation signals
is a good indication for the achievable performance of a sensorless control approach. For
this reason, the scheme indicated in Fig. 7.5 will be used as the superordinate control
structure for the experimental performance validation in both this section and the follow-
ing section 7.2.

During a slow acceleration from standstill to the voltage limit (in closed loop sensorless
speed control) the single and hybrid SNR values of Fig. 7.6 have been recorded with
SPM1. As a result of the subtraction of the signal strength offset in (7.6) and (7.7),

Figure 7.6: Online identified individual and hybrid SNR with injection magnitude
control over speed.
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the PSS-based estimation has nearly zero SNR below 10% rated speed. In this area the
injection magnitude controller actuates with about 1.6% injection in order to maintain
the overall hybrid SNR of shy = 4.0 and thus sufficient signal quality for sensorless control
around zero speed. Between 20-40% rated speed the PSS evaluation has its optimal SNR.
Beyond 50% rated speed the ASS evaluation reaches very high SNR values as it combines
the increasing signal (EMF) strength with the growing ASS length. However, the PSS
signal quality remains further on reasonable and contributes to the hybrid SNR until
120% rated speed (where the PSS finally becomes too short for being evaluated).

In order to validate the dynamic properties of the proposed machine parameter-free hy-
brid scheme, Fig. 7.7 shows its response in speed control to reference and load variations.
The step-shaped speed reference adopts the values 0%, 30% and 110% rated speed. Ac-

Figure 7.7: Reference and load step response of the parameter-free hybrid scheme
with SPM1.
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cording to Fig. 7.6, each of these values results in a different position estimate (anisotropy,
PSS-, or the ASS-based) being dominant in the hybrid fusion. During the constant speed
phase a load of roughly2 two thirds rated torque has been applied. The initial injection
and pulse sequence identified the saliency ratio being Y∆/YQ = 12.94% and an anisotropy
displacement factor k1 = 1.76◦/A, respectively. Based on these values the compensations
for both the PSS-based and for the anisotropy-based angle estimation are carried out.

During load free standstill the SNR target value s∗hy = 4.0 results in 1.8% injection
magnitude3, using the ∆2 evaluation of the regression results. When a load torque is
applied, the noise content increases such that the injection magnitude controller actuates
with 6.0%. During torque transients the noise in the estimation error reaches peak values
of up to 11◦before the injection magnitude is respectively adapted.

During the load free phases the idle estimation error of each estimate can be seen,
where (as noted before in Ch. 6.2.3) the PSS-based estimation shows larger harmonics
than the ASS-based estimation. The difference between load free and loaded operation at
each speed demonstrates the effectiveness of the compensation techniques of Ch. 6.2.1.2
and 7.1.4. The compensation of the anisotropy displacement (Ch. 7.1.4) is satisfactory,
whereas the compensation of the load error of the EMF-based techniques (Ch. 6.2.1.2) is
only partially successful, leaving 4◦ estimation error difference under load. This results
mainly from the fact that the initial injection sequence determines a 30% lower HF saliency
ratio than given by the tangential inductances of this machine – i.e. by the slope of the
flux curves in Fig. 2.8(a) which are particularly relevant for the compensation of these
fundamental effects. According to the investigations in [90], this difference may result
from hysteresis and eddy currents.

In order to prove the machine parameter independence of the proposed SNR-based
hybrid sensorless scheme, Fig. 7.8 shows the same experiment repeated with a structurally
different machine: an IPMSM of almost double size. Since the proposed scheme presumes
in two points (Ch. 6.2.1 and 7.1.4) that the reference current trajectory is located on the
q-axis (which makes it suitable only for SPMSMs), IPM1 is not operated on its actual
MTPA. Moreover, with this test bench setup no load could be applied.

The initial injection and pulse sequence identified a saliency ratio Y∆/YQ = 46.1% and
an anisotropy displacement factor k1 = 1.38◦/A. Due to the different rated speed value,

2Due to the configuration limits of the load inverter (induction machine saturation behaviour), the
load torque is speed dependent. Hence, the load reference graph only indicates the time of the load steps.
The actual load magnitude can be seen from the steady state value of the speed controller actuation
torque.

3For this dynamic experiment the speed controller gains have been increased with respect to Fig. 7.6,
which increases the overall noise level in the estimation signals and leads to this slightly increased injection
magnitude.
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Figure 7.8: Parameter-free hybrid scheme controlling IPM1.

the reference steps are lowered respectively. Still, a full stop from rated speed was not
possible with the big inertia of the machine (see Tab. B.1) and the passive front end of the
inverter. With this very different and unsuited machine the sensorless control performance
is worse than in Fig. 7.7, showing larger estimation errors and even slight injection peaks
at high speed (due to a temporarily low SNR), but still acceptable in comparison to other
results in literature. All in all, this experiment demonstrates that, although designed for
SPMSMs, the proposed scheme can be applied to PMSMs of different structure and size
without a change to its configuration or parametrization. Hence, in contrast to any other
hybrid sensorless control method in literature, this method can be considered machine
parameter independent.
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7.2 Generic high performance hybrid sensorless control

The second fusion method, proposed in this section, has oppositional properties to the
one of the previous section. By demonstrating both extremes, the author aims to provide
a scope of the capabilities of oversampling-based sensorless control. This method will,
on one hand, contain several machine parameters. On the other hand, it will provide
very high estimation dynamics and good signal quality while still having low injection
magnitude requirements. It is therefore considered to exhibit one of the best sensorless
performances available in recent literature.

The basis of this hybrid sensorless control technique is the simple flux estimator, de-
scribed in Ch. 3.1.2 and indicated in Fig. 7.9 again. Its design without any filtering

Figure 7.9: Basic flux estimator.

provides theoretically unlimited estimation bandwidth while the (physical) integrator en-
sures low noise content in the estimated flux ψs

s and hence in the estimated angle θ̂fm.
As a result, this FM-based position estimator can be employed to design a closed loop
sensorless control with very high dynamic stiffness.

However, as mentioned in Ch. 3.1.2, its major drawback is the open loop integration
which (due to inevitable parameter errors or offsets of the input signals) will show a
drift problem – i.e. ψ̂

s

s will drift towards a random direction and over time lose its angle
information.

Consequently, practical implementations of this technique always include a feedback
structure for drift compensation where, as mentioned in Ch. 3.1.2, the intelligence of this
feedback determines the lower speed limit for the flux estimator.

Most sources in literature employ a feedback controller that either targets zero flux
[46, 47] or the internal voltage4 angle [45, 48], which both entails a lower speed limit.
Consequently, it is necessary to switch over to anisotropy-based angle estimation at low
speed. These methods, however, provide only limited dynamics which in particular depend
on the injection magnitude.

4The EMF directly calculated from the voltage equation. Its relatively high noise content is still
sufficient for the drift compensation.
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7.2.1 Intelligent feedback design

The feedback approach employed in this work is rather seldomly used in literature [40, 50,
51]. As indicated in Fig. 7.10, the anisotropy-based angle information is utilized within
the drift feedback structure to create a reconstruction of the PM flux ψ̃

s

pm. This value is

Figure 7.10: Arbitrary Injection Scheme used for stabilization of a flux estimator.

more or less noisy but does, in average, provide a valid representation of the real PM flux
ψs
pm – also at standstill. By feeding the difference ψ̃

s

pm− ψ̂
s

pm into the PI drift controller,
the estimated flux ψ̂

s

pm is gradually “pulled” towards the centre of the noisy reconstruction
ψ̃
s

pm and does, hence, also at standstill match the real PM flux ψs
pm.

As a result, the output angle of the flux estimator θ̂fm can be used as a reliable position
estimate also at low speed and standstill such that a switch over to using the anisotropy
angle is not necessary anymore. Hence, the very good estimation properties of the flux
estimator, especially its very high dynamics, are now also available at standstill.

Moreover, the noise content in θa and the subsequent PLL tuning must now only suffice
the bandwidth of the drift compensation which is usually much lower than the demanded
bandwidth of the output angle estimate. This allows an additional reduction of the
injection magnitude compared to the direct usage of the PLL filtered anisotropy angle θa.

Fig. 7.11 shows the results of the proposed hybrid sensorless control scheme employed
in closed loop speed control, i.e. the low pass filtered derivative of the position estimate
is fed back to a superordinate PI speed controller (see Fig. 7.5). This derivative feedback
aggravates the tradeoff between quality and bandwidth of the estimated signal and is
therefore considered a good demonstration of the dynamical capabilities of a sensorless
control scheme. The low noise content in the unfiltered position estimate θ̂fm allowed
to use a relatively fast speed filter time constant Tω = 1.25 ms, resulting a very short
delay in the speed estimate. For medium and low speed controller bandwidths (usual in
sensorless control) this delay is negligible. Then the speed control plant can be considered
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Figure 7.11: Response of the stabilized flux estimator in speed control to a reference
speed steep from standstill to 75% rated speed and back.

as a simple integrator which is generally suitable for high gain control. Hence, the only
expected restriction for the speed controller bandwidth kω is

kω ≈
kpω
Θ
� 1

Tω
= 800/s, (7.29)

with Θ being the inertia of the rotor and all directly connected revolving parts.

However, the experimental results in Fig. 7.11 have been obtained with the highest
possible P-Gain of the speed controller kpω = 0.047 Nm/rpm which, according to the
torque decay time after limitation, results in an overall speed controller bandwidth of
kω = 111/s. This bandwidth is high in comparison to the hybrid methods proposed in
literature [39–42], but still 8 times lower than the expected limitation. As described before
in [98], a further increase of kpω results in an oscillation and later in the instability of the
speed control loop.
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7.2.2 Dynamic limitation due to eddy currents

This phenomenon, only arising for very stiff tuning of the superordinate speed controller,
has neither been documented nor investigated in literature [45, 46, 48]. Yet, the relatively
large distance to the expected bandwidth limitation hints that there could be potential
for a further increase of the sensorless dynamics.

In order to scrutinize this limitation, the experiments indicated in Fig. 7.12 have been
carried out. The top right graph shows a the response of the current control loop to a
reference step of 70% rated current which could be the command of the speed controller.
The light green graph in Fig. 7.12 shows what could already be seen in Fig. 7.11: during
fast current transients an oppositional peak appears in the estimation error (estimated
minus measured position). This peak propagates (amplified by the time derivative and
damped by the LPF) into the estimated speed signal ω̂ that is fed back to the speed con-
troller. The speed controller will consequently demand a higher current in order to counter
this negative estimated speed, which explains the emerging instability for sufficiently high
speed controller gains.

Figure 7.12: left: Non-static relation between flux and current and compensation
through eddy current model.
right: Peak in estimation error during current transients before and
after eddy current compensation.

Yet, the questions remains: What causes this peak in the estimation error during cur-
rents transients if the flux estimator though exhibits a theoretically unlimited bandwidth?

The answer lies in the left hand side graph of Fig. 7.12 that displays the current and flux
response to a to a short, strong voltage pulse. The flux has been obtained through voltage
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integration using (3.7) and scaled by the admittance in order to facilitate the comparison
to the current. If the relation between flux and current was static5, as assumed for
the subtraction of the inductive flux term Lsi

s
s in (3.6), then the measured current and

the scaled flux curve in Fig. 7.12 would match perfectly for this nearly linear SPMSM.
However, in the time during and short after the voltage pulse those two curves differ,
re-coinciding only about 0.2 ms after the voltage pulse. Hence, a strong voltage excitation
causes a short-time non-static relation between flux and current.

Using the simple eddy current model from Ch. 2.6, this dynamic deviation could be
emulated, resulting in the light blue curve in Fig. 7.12. Subtracting this simulated eddy
current from the measured current results in the compensated current which, as indicated
by the dark blue curve in Fig. 7.12, shows a nearly static relation to the flux again. Hence,
this compensated current value inheres the properties required for the subtraction of the
inductive term Lsi

s
s and is hence employed within (3.6).

It is, however, interesting to note that the simple eddy current model, used in various
sections of this thesis, had to be parametrized differently here in order to match the
measured deviation from the static behaviour: The eddy current admittance has been set
to Ys

ed = 0.17YΣ (26% of the usual value) and the eddy current fade out time has been
set to Ted = 4.0 Ts (27 times the usual value). Since the differently parametrized model
does, however, precisely match the measured non-static behaviour, we conclude that eddy
currents are a valid explanation for this dynamical phenomenon, but that there must be
different locations of the eddy currents in the machine material (laminated iron, copper,
permanent magnets) with different quantitative characteristics. A further validation of
this explanation would require an FEA and is not part of the scope of this thesis.

Figure 7.13: Stabilized flux estimator with eddy current compensation.

5A fixed (time-independent) relation between current and flux, representable by a linear or nonlinear
curve.
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Finally, the hybrid sensorless control scheme is extended by the eddy current model, as
indicated in Fig. 7.13. The additional block reads in only the terminal voltage, based on
which it simulates the eddy currents. This current value is subtracted from the measured
current in order to obtain the compensated current with static relation to the flux.

As indicated by the dark green line in the bottom right graph of Fig. 7.12, the output
angle of this extended hybrid scheme does not show the short time peak during current
transients anymore, which allows to further increase the speed controller P-gain without
causing an oscillation or instability of the speed control loop. A reasonable6 value for the
P-gain has been found empirically at kPω = 0.265 Nm/rpm which is 5.6 times higher than
the limitation of the uncompensated scheme and about twice as high as a simple 1024
line encoder evaluation would allow.

Fig. 7.14 demonstrates the resulting high bandwidth closed loop speed control that is
possible with this compensated hybrid sensorless control scheme. The increased inertia

Figure 7.14: Response of the stabilized flux estimator with eddy current compensa-
tion in speed control to a reference speed steep from standstill to 66%
rated speed and back.

6As stiff as possible, without relevant acoustic noise emission.
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(bigger load machine coupled) leads to a longer acceleration time during the current lim-
itation, but the torque decay phase is markedly shorter than in Fig. 7.11. Despite this
high speed controller gain, the torque signal is relatively smooth – especially during the
standstill phases where the acoustic noise emission is of increased importance. The esti-
mation error does not show the transient peaks anymore and stays within ±3 electrical
degrees (1 mechanical degree) – apart from the slow transient after reaching standstill
again which can also be seen in Fig. 7.11. This transient is the result of the drift com-
pensation adapting to the specific steady state errors (interlock time error voltage, diode
voltage, etc.) belonging to the new sector that the deceleration phase ended in.

However, in order to furthermore analyse the achievable dynamic stiffness of the com-
pensated hybrid scheme, Fig. 7.15 shows a zoom into the torque decay phase, indicated by

Figure 7.15: Zoom into torque transient for control bandwidth evaluation.

the dotted grey frame in Fig. 7.14. The tangent of the decaying toque reaches zero after
2.2ms which corresponds to a speed controller bandwidth of kω = 450/s or 72 Hz. This
bandwidth is much higher than the results shown in literature for sensorless control and
rather ranks into the bandwidth scale of speed control with advanced sensors. Moreover,
this bandwidth is achieved without employing an observer for the mechanical system and
hence, without requiring structural and parametric knowledge of the mechanical system.

However, it is important to note that the analysis and the results demonstrated in this
section have been carried out using SPM1 while they do depend on the specific machine
geometry and the used material lamination. Hence, for other machine types and sizes, the
influence of eddy currents will be quantitatively different. Yet, the qualitative relations
deduced in this section should remain the same.

Finally, the disturbance response of the hybrid scheme is validated by applying a step
of about two thirds rated load at standstill, accelerating the machine to 2000 rpm and
releasing the load. In contrast to Fig. 7.14, the acceleration phase takes 120 ms due to the
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load, but does otherwise not give new insight. Hence, in order to analyse the contracted
speed distortion (due to the high speed controller bandwidth) in detail, Fig. 7.16 shows a
zoom into the instants of load imposition.

Figure 7.16: Load step response of the stabilized flux estimator with eddy current
compensation in speed control targeting standstill and 66% rated speed.

Due to load inverter programming restrictions the applied load is speed dependent (as
explained before in Ch. 7.1.5). Hence, the reconstructed load torque graphs do rather
indicate the time of the load imposition than the actual height or shape. The high zoom
factor of the speed signal (range ±2.6%ωN) amplifies noise and variations that are barely
visible in Fig. 7.14, such that the load-induced speed disturbance can be seen. This
disturbance reaches peak values of 45 rpm at standstill and 70 rpm at high speed (both
measured). The estimated speed signal, based on which the speed controller actuates,
shows a partially different amplitude and a delay of about 2 ms. Within 4 ms after the
step the load torque is compensated, after which it takes about 30 ms for the oscillations to
calm down. At high speed, this transient process does not entail an estimation error. At
standstill, (uncompensated) anisotropy harmonics cause an initial estimation error that
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varies by about ±2◦ during the transient and settles, due to the anisotropy displacement
compensation, at nearly the same error value again.

All in all, it is interesting to note that this quick detection of this tiny speed variation
at standstill (overall rotor movement less than 1 mechanical degree) can only be realized
by the eddy current compensated flux estimator that, as described in Ch. 7.2.1, provides
the position estimate at all speeds. The necessary filtering behind the anisotropy angle
estimation (or any other sensorless technique) would not allow to counter a load torque
that rapidly – especially not at standstill.

The injection magnitude required for the high bandwidth settings of the above exper-
iments is indicated in Fig. 7.17. Using SCS, a relatively smooth (calmness of the shaft)

Figure 7.17: Injection magnitude required for speed control with 20 rpm reference.

sensorless low speed operation of the hybrid scheme could be reached with 10% injection
magnitude. This subjective calmness corresponds to a speed controller actuation noise7

RMS of 0.3 Nm which has been taken as a reference value. In order to reach these 0.3 Nm

with the regression-based anisotropy evaluation, 1.8% injection magnitude (3.3 V) have
been required in idle condition, corresponding to a reduction by factor 5.7. As found
before in Ch. 7.1.5, under load the injection magnitude needs to be increased in order to
retain the SNR of the anisotropy identification. However, those specific injection mag-
nitude values depend on the particular hardware setup (DC link voltage, anisotropy of
the machine and quality of the current transduction) and on the required estimation and
control bandwidth. The still high dynamics of Fig. 7.11, for instance, required only 0.7%
injection magnitude, resulting in a barely perceivable acoustic noise emission.

7The noise of the anisotropy angle feeds through the drift feedback (see Fig. 7.13) into the flux
estimator. The resulting FM angle estimation noise propagates through the time derivative and the
high bandwidth LPF into the speed signal (see Fig. 7.5) where it is amplified by the speed controller
proportional gain kpω into a reference torque noise that can be felt at the shaft.
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7.2.3 Stabilized flux estimator for the RSM

Finally, this highly dynamic concept for full speed range position estimation will be applied
to the reluctance synchronous machine (RSM). Since EMF-based schemes for the RSM
[53, 54] suffer from estimation noise around standstill, they are not suitable for this
concept. It must be a flux estimation based approach which shows a drift problem around
standstill. A well known generalised flux estimator is the Active Flux concept [45] which is
also applicable to the RSM. However, its application to the RSM requires the permanent
presence of a d-axis current. This is in conflict with the claim of anisotropy based schemes
to always pre-saturate the q-axis of the RSM by means of a slight q-axis current in order
to make the anisotropy visible [52]. Since combining both requirements does not leave
any torque-free operating point, the Active Flux concept is not suitable for the design of
a stabilized hybrid estimator.

The fundamental saliency based approach, proposed in [52] and described in Ch. 3.1.3,
also employs a flux integration but does not presume the presence of a d-axis current.
A torque-free operating point is hence possible on the q-axis. The drift problem of [52]
can be stabilized by means of an anisotropy-based feedback structure similar to Ch. 7.2.1.
Then the high bandwidth of the flux estimation is also available at standstill.

Since the current-flux relation of an RSM is highly nonlinear (see. Fig. 2.8), the flux
reconstruction in the feedback structure requires a rotor fixed nonlinear assignment fψi(·)
which in this work has been realized by interpolating a 2D LUT. As indicated in Fig. 7.18,
the anisotropy-based angle estimation θa is employed to transform the measured stator
fixed current iss to (estimated) rotor frame where the assignment fψi(·) is realized. Then
the resulting flux value ψ̃

r̂

s is transformed back to stator frame using the same angle θa.

Figure 7.18: Stabilized flux estimator for the RSM.
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Due to the noise in the anisotropy estimation, this stator fixed reconstructed stator
flux ψ̃

s

s is noisy but drift free, and hence, a suitable reference value to gradually “pull”
the estimated flux ψ̂

s

s towards ψ
s
s (using a PI controller).

In order to utilize the full dynamic potential of the flux estimation, the eventual PLL
structure of the scheme in Fig. 3.5 is replaced by a direct resolution of the rotor angle out
of the relation between the salient flux component ψs

∆ and the current iss

θ̂fm =
1

2
atan2(iαψ∆β + iβψ∆α, iαψ∆α − iβψ∆β) (7.30)

which corresponds to the saliency angle equation of Arbitrary Injection (3.27). In this way,
there is no filter structure included in the position estimation such that the estimation
bandwidth is theoretically unlimited. Yet, due to the physically justified integration, the
noise content in the angle estimate θ̂fm is sufficiently low to allow for a direct usage of
θ̂fm in the FOC. The time derivative for the speed controller feedback, however, requires
low pass filtering (see Fig. 7.5). It should, moreover, be noted that for good estimation
accuracy both the anisotropy-based and the fundamental saliency based scheme require a
load compensation which, for simplicity reasons, is not indicated in Fig. 7.18 but described
in [96] and [52], respectively. In the following experimental results this compensation has
been realized based on the current-flux LUTs (Fig. 2.8(b)).

Firstly, Fig. 7.19 demonstrates the dynamic properties of the stabilized flux estimation
based hybrid sensorless control scheme for the RSM. In contrast to the results for the
PMSM in Fig. 7.14, only a much lower bandwidth of the speed controller could be achieved
which in Fig. 7.19 is about 14/s. Although this is far below the theoretical bandwidth
of the flux estimator, an increase of the speed controller gain or the LPF bandwidth of
the speed feedback (see Fig. 7.5) would cause an oscillation in idle (torque-free) condi-
tion. Again, peaks in the estimation error during torque transients, now in the scale of
±10◦, indicate that the assumed static current-flux relation is not valid in transient con-
ditions. In this case, however, an eddy current model could not solve the problem. Closer
investigations indicated that this non-static relation shows the properties of magnetic hys-
teresis, the presence of which has been identified for this particular machine before in [90].
The extent of this hysteretic behaviour strongly depends on the saturation state of the
machine, showing effect mainly in idle condition (i.e. current free; under load the speed
controller bandwidth could be increased). As compensating for this effect would require a
markedly more complex model which is outside the scope of this thesis, the development
will be concluded with these medium performance results. Yet, these results demonstrate
the general feasibility of the design of a stabilized flux estimator for the RSM and its
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Figure 7.19: Response of the stabilized RSM flux estimator in speed control to a
speed step from standstill to 66% rated speed and back.

potential limitations.
Fig. 7.20 shows the response of the hybrid scheme for the RSM to a load step. As

the load has been passive, only a load release could be shown at standstill. Due to the
low bandwidth of the speed controller, the speed deflection is markedly worse than in
Fig. 7.16. Yet, the estimation error stays within ±5◦ at high speed and within ±10◦

at standstill. Moreover, all signals show an overall good-natured and stable behaviour,
because for the above reasons load has a rather stabilizing effect.



Page 154 Chapter 7

Figure 7.20: Load step response of the stabilized RSM flux estimator in speed con-
trol targeting standstill and 66% rated speed.



Chapter 8

Conclusion

In this work, the potential of current oversampling for the sensorless control of synchronous
machines has been examined. In contrast to synchronous current sampling (SCS), the
analogue to digital converter (ADC) is operated close to its maximum sampling frequency
– a change in software configuration, possible in most conventional drive hardware. Using
a least squares based method “linear regression”, the oversampled current evolution is
approximated by one straight per PWM switching state. The results are a few slope and
offset coefficients (up to 3 pairs) per control interval that contain less noise and have a
higher resolution than the current samples, and that can easily be employed in a sensorless
control algorithm. Moreover, the slope value represents the time derivative of the current,
which is essential for anisotropy-based methods and not measured in conventional drive
hardware.

8.1 Summary

In order to experimentally validate the proposed oversampling-based sensorless control
techniques, an academic control hardware setup has been designed for this work that
employs a fast ADC (operated at 20 MHz), an FPGA and a Pentium CPU. The conscious
over-dimensioning of this system in comparison to industrial hardware allows to determine
the effects and restrictions of the approach itself, while the way of presentation in many
cases enables a respective downscaling of the results.

The initial thorough analysis of the oversampled current response revealed that the
actual current evolution within the time scale of one PWM period differs significantly from
the conventional model. Apart from the well known switching transients that necessitate
an initial regression blind-out time in every switching state, two minor and one major
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effects have been identified: The minor effects are an easily compensatable 1.7 µs dead
time between the PWM reference and the current response, and an anisotropic recharging
process of the winding capacitance that at zero voltage causes a very slight, position
dependent alternation of the approximation signals. Both minor effects do not have a
relevant effect on the subsequent parts of this work. The major effect, however, is an
overall significantly nonlinear evolution of the current during the constant voltage of a
switching state. It could be identified that this perturbation is caused by the presence
of eddy currents (in the magnetic material) that are excited by the active switching
state (ASS) and decay during the passive switching state (PSS). This machine specific
phenomenon cannot simply be compensated and does, hence, affect the results in later
parts of this work – in certain cases necessitating adaptations.

The linear approximation has been realized on the FPGA, since the high current data
rate cannot be communicated to or be processed by the CPU. In order to avoid memory
problems and distribute the computational effort over time, the linear regression has
been derived and implemented in a recursive way. Before validating the approximation
properties experimentally, the noise suppression potential of linear regression has been
determined theoretically: Considering the oversampling ratio (OSR) of this work, the
SCS noise should be reduced by factor 33 in the offset and by factor 20 in the slope, if
the switching state spans the entire PWM half-period. A reduction of the OSR scales
the noise of both offset and slope by 1√

n
, with n being the number of involved current

samples. A reduction of the switching state duration (e.g. due to pulse width), however,
still scales the offset noise by 1√

n
but the slope noise by 1

n3/2 , making an evaluation of
the slope for switching states shorter than 30% unreasonable. However, the experimental
evaluation showed different results: At idle standstill the anisotropic recharging of the
winding capacitance causes a slight, position dependent alternation of the coefficients,
that does not need further consideration. More importantly, the SCS noise is only reduced
7.3 times in the offset and 2.2 times in the slope, which has been identified to result from
an increased (unsuppressable) low frequency content in the current sensor output noise.
In the presence of rotor speed, the dominant effect is a strong alternation of all (PSS
and ASS) slope values between consecutive PWM half-intervals, much stronger than the
actual noise content. It could be shown that this is the result of the ASSs being scheduled
differently for increasing and decreasing PWM counter, leading to a different eddy current
excitation. The hence machine specific alternation itself can be eliminated by averaging
two consecutive slope results, which would however not eliminate an eddy current related
average error in the slope value.
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Based on the identified properties of the approximated straight coefficients, three
oversampling-based position estimation techniques have been proposed. At low speed,
the anisotropy information is obtained from the relation between ASS voltage and current
slope using the Arbitrary Injection method. Since for low injection magnitudes the ASSs
are too short for the approximation, the average ASS current slope is reconstructed from
the surrounding PSS approximation results and the switching time reference by means of
the proposed PSS extension. The experimental validation showed that the relatively high
slope noise, feeding into the PSS extension, leads to a noise reduction by only factor 3.2
with respect to SCS. Using the ∆2 technique (e.g. from Arbitrary Injection) for the EMF
elimination allows for a noise reduction by factor 6.2, which is consequently chosen for the
later parts of this work. However, apart from the above relative factors, an absolute lower
limit for the injection magnitude of 0.3% (1.1 V) has been determined, below which the
IGBT voltage drop distorts the anisotropy estimation by more than 5◦ (electrical). The
second and third oversampling-based position estimation technique work in the presence
of rotor speed and employ the current slope values for EMF estimation. Assuming a pure
q-axis reference current trajectory (suited for SPMSMs), the second technique obtains
the rotor angle information from the PSS current slope without requiring any machine
parameter. The third technique is an extension to the second one. It deduces the PSS
current slope from the ASS regression results, such that at very high speed (when the
PSSs are too short) still a clean EMF-based position estimate is available. Although both
techniques employ the PSS slope (either measured or deduced) and should, hence, result
in similar position estimates, the third technique showed weaker harmonics – smaller than
the actual EMF. This deviation has been identified to result from the above mentioned
average influence of eddy currents on the slope value and may for a different machine
cause an increase of harmonics.

Finally, the oversampling-based position estimates have been merged by means of
two oppositional hybrid techniques, each supporting one essential advantage of the
oversampling-based position estimation. The first technique realizes the machine parame-
ter independence of all oversampling-based position estimates in an overall parameter-free
hybrid technique: An online SNR determination is employed to merge the position esti-
mates and to regulate the injection magnitude – independent of any machine parameter
and, moreover, independent of the estimated speed signal, avoiding the usual phase-over
problem. Furthermore, an initial macroscopic q-axis pulse is imposed to identify and
compensate the load-dependent saliency displacement. In the experimental results this
parameter-free hybrid technique showed a reasonable performance and could also be ap-
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plied to a differently structured machine, as long as the current trajectory is located on the
q-axis. The second proposed hybrid technique exhibits oppositional qualities, involving
several machine parameters while providing a high performance compared to literature.
The position signal of the oversampling-based Arbitrary Injection method is employed to
stabilize a flux estimator which then provides the overall position estimate at all speeds
(including standstill). Hence the theoretically unrestricted dynamics of the (filter-free)
flux estimator are available in the entire speed range, while allowing for a further reduc-
tion of the injection magnitude. However, the experimental results revealed a dynamic
restriction that could be identified being the result of eddy currents. A simple eddy cur-
rent model, employed for compensation, allowed for an increase of the speed controller
bandwidth by factor 4 to an absolute value of 450/s (72 Hz) which cannot be achieved
by means of a simple encoder evaluation and exceeds the sensorless results, shown in lit-
erature, by far. It has furthermore been shown that this generic hybrid approach is also
applicable to the reluctance synchronous machine (RSM), where hysteretic effects in the
used machine, however, only allowed for achieving medium performance.

8.2 Outlook

In order to maintain the scope of this thesis, at several points throughout its course the
development of techniques or investigation of effects had to be concluded. Those could be
the starting points for further works and shall therefore be recalled in this final section.

Firstly, in contrast to the assumptions underlying this thesis, the current evolution
during short-time constant voltage phases has been shown being strongly nonlinear, inter
alia, resulting from the influence of eddy currents and an anisotropic winding recharging
process. When not approximating the current evolution by a straight but by a higher
order polynomial, those effects could possibly be segregated in corresponding coefficients.
A possible position dependence of those coefficients could moreover be employed for sen-
sorless control, which for the anisotropic recharging process would be feasible at standstill
without applying injection.

Secondly, there were several indications that the eddy current fade-out evolution is not
entirely exponential, but rather the superposition of several exponential evolutions with
different fade-out times. A better mapping of this behaviour by an improved dynamic
eddy current model could allow for one parametrization, valid for all parts of this thesis.
Moreover, this could improve the eddy current prediction and compensation in the hybrid
flux estimator and thereby possibly allow for a further increase of the speed controller
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bandwidth.
Thirdly, the hybrid sensorless control of the RSM allowed only for a relatively low

bandwidth due to the influence of magnetic hysteresis. In analogy to the above eddy
current compensation, a dynamic hysteresis model could possibly solve this problem.
Hence, the author suggests the development of a preferably simple dynamic hysteresis
model and its incorporation into the fundamental saliency based flux estimator for the
RSM.
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Appendix

A Abbreviations

AC alternating current
A/D analogue to digital
ADC analogue to digital converter
ANN artificial neuronal network
ASS active switching state
BPF band pass filter
CPU central processing unit
DAC digital to analogue converter
DC direct current
eEMF extended electromotive force
EMF electromotive force
EMI electro magnetic interference
FEA finite element analysis
FEM finite element methods
FM fundamental model
FOC field oriented control
FPGA field programmable gate array
HF high frequency
IGBT insulated gate bipolar transistor
INFORM Indirect Flux detection by online Reactance Measurement
IPMSM interior permanent magnet synchronous machine
IPM1 Yaskawa SSR1-43P7AFN
JTAG Joint Test Action Group
LPF low pass filter
LR linear regression
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LUT look-up table
MRAS model reference adaptive system
MTPA maximum torque per ampere
OSR oversampling ratio
P proportional
PC personal computer
PI proportional-integral
PLL phase locked loop
PM permanent magnet
PMARSM permanent magnet assisted reluctance synchronous machine
PMSM permanent magnet synchronous machine
PSS passive switching state
PWM pulse width modulation
RLR recursive linear regression
RMS root mean square
RSM reluctance synchronous machine
RSM1 Stellenbosch V1.0
RTS real time system
SNR signal to noise ratio
SPMSM surface mounted permanent magnet synchronous machine
SPM1 Merkes MT4-0750
SPM2 SEW CFM71S
SCS synchronous current sampling
SI systeme international d’unites
SVM space vector modulation
VHDL Very High Speed Integrated Circuit Hardware Description Language
VSI voltage source inverter

B Machines used in the experiments of this work

For the experimental investigations and validations within this work four different ma-
chines have been used: one RSM, one IPMSM and two SPMSMs from different manu-
facturers. Tab. B.1 summarizes the properties of those four machines which within the
chapters of this thesis are referred to by their abbreviations. All experiments without
explicit statement of the machine type are carried out with the default machine SPM1.
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Table B.1: Description of the machines used for the experimental validations in
this work.
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C Direct admittance matrix identification

A voltage difference ∆uss and a current progression difference ∆2i
s
s obtained through (3.19)

are free of resistive and EMF related content and do therefore directly relate through the
admittance matrix Ys

s

∆2iss[n] = Ys
s ∆uss[n− 1]. (C.1)

According to the machine model described Sec. 2.3.1 this matrix Ys
s

Ys
s =

[
YΣ + Y∆ cos 2θ Y∆ sin 2θ

Y∆ sin 2θ YΣ − Y∆ cos 2θ

]
(C.2)

comprises 3 unknowns YΣ, Y∆ and θ, that cannot be identified through the two dimen-
sional vector equation (C.1). Thus, in order to directly calculate the rotor angle, at least
two current voltage relations have to be employed. Several particular solutions have been
proposed for the angle calculation [42, 68–70], which basically constitute only mathemat-
ical variations of the same principle, carrying the same restrictions:

Following [68] for instance, two consecutive vectors ∆2iss[n], ∆2iss[n−1] and ∆uss[n−1],
∆uss[n− 2] are employed to construct the matrices

∆Iss =

[
∆2iα[n] ∆2iα[n− 1]

∆2iβ[n] ∆2iβ[n− 1]

]
∆Us

s =

[
∆uα[n− 1] ∆2uα[n− 2]

∆2uβ[n− 1] ∆2uβ[n− 2]

]
, (C.3)

which, assuming that the rotor position did not change, are connected by one admittance
matrix Ys

s

∆Iss = Ys
s(θ) ∆Us

s. (C.4)

However, now that the admittance matrix forms the connection between two matrices, it
can in reverse be obtained through inversion of the voltage matrix

∆Iss∆Us
s
−1 = Ys

s(θ) (C.5)

which from mathematical point of view is feasible, if the ∆Us
s has full rank - or in other

words, if the two voltages ∆uss[n−1] and ∆uss[n−2] have not been parallel or anti-parallel
∆uss

T [n − 1] J ∆uss[n − 2] 6= 0. This however constitutes a restriction to the targeted
arbitrary-ness, since all consecutive voltage vectors must have different directions. When
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in practice noise and resolution affect the current measurement, the SNR of the matrix’
entries and hence of subsequent angle estimation

θ̂ =
1

2
atan2(Yαβ + Yβα, Yαα − Yββ) (C.6)

scales with the value of the cross product ∆uss
T [n − 1] J ∆uss[n − 2]. This concludes

to the fact, that all methods which aim to estimate the angle through direct inductance
identification from only a few current samples [42, 68–70] need to employ an injection
pattern with continuously large voltage direction differences.

D PSS current slope in presence of an anisotropy

We start with Eq. (2.76) for the stator frame current derivative of the linear anisotropic
PMSM, which we rewrite for the conditions of the PSS - i.e. with uss = 0 and i̇ss = ξsp

ξsp = −Ys
s

(
Rsi

s
s + Jωψs

pm + ω (JLss − LssJ) iss
)
. (D.7)

This stator frame current slope ξsp is transformed to estimated rotor frame by multiplica-
tion with T̂−1

ξr̂p = T̂−1ξsp (D.8)

= −T̂−1Ys
sRsi

s
s − T̂−1Ys

sJωψ
s
pm − T̂−1Ys

sω (JLss − LssJ) iss. (D.9)

The inductances, admittances and the PM flux are rewritten using their rotor fixed values
(as their are given by the rotor orientation) and the current is rewritten in estimated rotor
frame (as the FOC controls it in this frame)

ξr̂p =− T̂−1TYr
sT
−1RsT̂i

r̂
s − T̂−1TYr

sT
−1JωTψr

pm

− T̂−1TYr
sT
−1ωT (JLrs − LrsJ)T−1T̂ir̂s. (D.10)

Using the rules T̂T−1 = T̃, T̂−1T = T̃−1 and TT−1 = I, Eq. (D.10) is summarized

ξr̂p =− T̃−1Yr
sT̃Rsi

r̂
s − T̃−1Yr

sJωψ
r
pm − T̃−1Yr

sω (JLrs − LrsJ) T̃ir̂s. (D.11)

ψr
pm has only a d-axis component, which through J excites only the q-axis admittance in

the second term. Hence, the matrix Yr
s in the second term can be replaced by the scalar

Yq. Moreover, considering Yr
s = Lrs

−1 the third term in Eq. (D.11) can be summarized,
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which results in the equation

ξr̂p =−RsT̃
−1Yr

sT̃i
r̂
s − YqωT̃−1Jψr

pm − ωT̃−1 (Yr
sJL

r
s − I) T̃ir̂s, (D.12)

that has been stated in Sec. 6.2.1.

E Minimum noise signal merging

The problem of merging three different sources of information, that all share the same
expected value µ, but inhere different amounts of noise, is indicated in Fig. E.1. The

Figure E.1: Scaled addition of noisy quantities.

target is the minimization of the noise in the output signal x123 by means of an optimal
choice of the weighting factors k1, k2 and k3. However, maintaining the expected value µ
in the output signal x123 requires a unity sum of the weighting factors

k1 + k2 + k3 = 1. (E.13)

In order to derive this optimum analytically, the two-dimensional optimization is split
up into two one-dimensional optimization sub-problems. As indicated in Fig. E.2, firstly
x1 and x2 are scaled and merged, targeting minimal noise in the intermediate variable

Figure E.2: Varied addition of noisy quantities.

x12. In a second step x12 and x3 are merged analogously. Herein the substitutes k′1 and
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k′2 are defined as

k1 = k′1k12 and k2 = k′2k12 (E.14)

and the maintenance of the expected value µ in the output signal x123 is ensured by

k′1 + k′2 = 1 (E.15)

k12 + k3 = 1. (E.16)

Moreover, we substitute the noise RMS by the inverse SNR

σ =
σ

1
=

1

s
(E.17)

since the merged values x1..x3 are angles, which all have unity signal strength.

According to the above considerations, merging x1 and x2 is described by
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where the noise is minimized by solving the first derivative of the numerator in Eq. (E.21)
with respect to k′1
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The optimized (squared) SNR s2
12 of the merged quantity x12 is consequently
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Following the same steps for the second merging process of x12 and x3 results in

x123 = k3N
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with the minimization of the numerator resulting in
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Hence, the original factors k1 and k2 are
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and the overall (squared) SNR is

s2
123 =s2

12 + s2
3 = s2

1 + s2
2 + s2

3. (E.33)

Due to the requirement (E.13) this solution is a special case of the maximum-ratio com-
bining technique known from telecommunications and information technology [99].
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