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Information-Preserving Transformations for
Signal Parameter Estimation

Manuel Stein, Mario Castañeda, Amine Mezghani, and Josef A. Nossek

Abstract—The problem of parameter estimation from large
noisy data is considered. If the observation size is large, the
calculation of efficient estimators is computationally expensive.
Further, memory can be a limiting factor in technical systems
where data is stored for later processing. Here we follow the
idea of reducing the size of the observation by projecting the
data onto a subspace of smaller dimension , but with
the highest possible informative value regarding the estimation
problem. Under the assumption that a prior distribution of the
parameter is available and the output size is fixed to , we derive
a characterization of the Pareto-optimal set of linear transforma-
tions by using a weighted form of the Bayesian Cramér-Rao lower
bound (BCRLB) which stands in relation to the expected value
of the Fisher information measure. Satellite-based positioning is
discussed as a possible application. Here must be chosen large
in order to compensate for low signal-to-noise ratios (SNR). For
different values of , we visualize the information-loss and show
by simulation of the MAP estimator the potential accuracy when
operating on the reduced data.

Index Terms—Dimensionality reduction, parameter estimation.

I. INTRODUCTION

E STIMATION of multiple signal parameters from large
data sets is a problem encountered in different fields. For

signal parameter estimation in low SNR scenarios, receivers
must operate with a large number of samples in order to com-
pensate the lack of receive power. The problem with a large
number of samples is that optimummethods likemaximum like-
lihood (ML),maximum a posteriori (MAP) or conditional mean
(CM) estimation turn out to be computationally expensive due
to the high number of observations . Realizing that infor-
mation contained in large data sets can usually be character-
ized in spaces with less dimensions, an option is to diminish
the size of the data before performing the estimation step. Care
must be taken during such a dimensionality reduction as its de-
sign should assert minimum loss of information with respect to
the unknown parameters. Having available an information-pre-
serving reduction technique, estimation can be performed at low
complexity on the reduced data or the data can be stored effi-
ciently for later processing.
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One possibility to reduce the data size is to find a basis
which spans the -dimensional subspace with maximum
signal energy. Popular approaches in this context include
Karhunen-Loeve transform (KLT) [1], principal component
analysis (PCA) [2], canonical correlation analysis (CCA)
[3] and the Gaussian information bottleneck (GIB) [4]. For
Gaussian signals, it can be shown that these approaches are
equivalent [4]. In this case the data reduction can be achieved by
projecting the original observation onto the subspace spanned
by the eigenvectors corresponding to the largest
eigenvalues of the covariance matrix of the noiseless signal
[5], [6]. Such energy-based approaches have been extensively
discussed in the context of filtering and estimation [7]–[12].
However, as these works assume linear observation models,
they do not cover the fact that in general a non-linear relation
between the signal and its parameters exists. Other works
consider non-linear models but focus on maximizing the Fisher
information measure (FIM) on the reduced data set [13]–[15].
The problem with this technique is that in the case of Fisher es-
timation theory, the FIM is dependent on the parameter. As the
parameter is unknown during the reduction step, estimation and
the dimensionality reduction have to be performed iteratively.
Here, we address dimensionality reduction under a Bayesian

interpretation. Therefore, parameters are random variables
drawn according to a prior distribution. In this context, we
formulate the problem of finding the optimum transform under
a fixed output size . In contrast to the Fisher approach, this
reflects better practical situations as in general prior knowledge
is available through a detection or tracking algorithm and
has the advantage that the optimum transformation can be
determined offline before estimation. Motivated by a simple
implementation, we restrict the transformation to be linear.

II. SYSTEM MODEL

For the discussion, we consider a discrete receive model

(1)

where and is a signal of known structure,
modulated by the unknown parameter . The parameter
is random and distributed according to . The additive

noise is assumed to be independent of , zero-mean
and normally distributed with covariance matrix .
Given , here the goal is to calculate an estimator . The
MSE matrix [16]

(2)

can be used to characterize the performance of .
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III. COMPRESSED PARAMETER ESTIMATION

If is large, calculation of is in general computation-
ally expensive. To simplify the problem, a mapping from the
-dimensional to the -dimensional space, ,

, is applied. Here we restrict to linear forms

(3)

with , . It is now possible to substitute
by the estimate , which is calculated exclusively with the
compressed data and exhibits the MSE matrix

(4)

Having decided for an output configuration , an appropriate
transformation has to be found and the performance-lossmea-
sure for each element of the parameter vector

(5)

where denotes identity, has to be evaluated. In
order to find the right design of under a fixed output size ,
we follow the approach of characterizing the set of projections

which leads to Pareto-optimal points in terms of
estimation performance . This is achieved by solving for the
best design under a weighted MSE criterion

(6)

where

(7)

Having available the solutions for all positive-semidefinite
weightings , allows access to such that the transformation
can be chosen by selecting the matrix which leads to the
desired operational performance for the application of
interest. The expressions (2) (4) (5) and (7) are in general diffi-
cult to evaluate due to the characterization of and . This
can be circumvent by exploiting that (7) and the individual en-
tries on the diagonal of (4) can be bounded through the Bayesian
Cramér-Rao lower bound (BCRLB) [16]

(8)

where is the Bayesian Fisher information matrix (BFIM)

(9)

with the expected Fisher information matrix (EFIM)

(10)

under Gaussian noise and the prior information matix (PIM)

(11)

Estimators which attain equality in (8) are called Bayesian ef-
ficient estimates [16]. Therefore, under the assumption that an
efficient estimate can be used for the problem at hand,
it can be assumed that the MSE equals the BCRLB

(12)

. This allows to replace problem (6) by

(13)

and the figure of merit (5) by

(14)

IV. ALTERNATIVE TRANSFORMATION DESIGN

The solutions to problem (13) with positive-semidefinite ma-
trices provide the boundary of the achievable MSE region,
leading to the set of Pareto-optimal transformations . How-
ever, we consider an alternative problem which turns to be solv-
able in closed form. This problem reads as

(15)

for all positive-semidefinite matrices . In other words, in-
stead of finding the boundary of the MSE region (13), we aim at
finding the boundary of the achievable BFIM region (15). Both
problems turn out to be equivalent, i.e. if is a boundary point
of the BFIM region, then is a boundary point of the achiev-
able MSE region. This is due to the fact that the inverse

is a matrix-decreasing function
and therefore a boundary preserving mapping [17]. Note that the
second step in (15) follows from the fact that is not affected
by the transformation . Using the substitution it
is possible to write

(16)

By the SVD , we have
, such that (15) can be solved

(17)

while, without loss of generality, restricting to matrices
with orthonormal columns, i.e.

(18)
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By using (16), (18) the matrix (10) is

(19)

Defining the matrix

(20)

problem (17) can be written

(21)

where is the -th column of . We relax condition (18)
and use instead , with the restriction
for , such that the Lagrangian function is

(22)

where are Lagrangian multipliers.
Differentiating with respect to for , a solu-
tion for (21) must satisfy , such that

(23)

The maximum value for (23) is achieved by choosing the
columns of according to the orthogonal eigenvectors of
corresponding to the largest eigenvalues. Note, that taking

into account the derivatives in (20) (sensitivity-based) is the
major difference to a KLT-based approach, where only the co-
variance of the signal itself is used (energy-based). The deriva-
tives deliver the space of maximum sensitivity with respect to
changes in the parameter .

V. APPLICATION - SATELLITE-BASED POSITIONING

As an application, we discuss satellite-based positioning with
a GNSS receiver. In order to determine a position in time and
space the receiver measures the distance to four or more syn-
chronized in-view satellites. This is achieved by measuring the
time-delay due to signal propagation from the satellites to the
receiver. This is possible due to the knowledge of the satellite
signal structure. With the unknown parameters ,
the analog receive signal is

(24)

where is the signal strength, denotes a delay and

(25)

is the satellite signal, consisting of a binary sequence and a
transmit pulse . Here the signal GPS L1 C/A [18] is used,
where is periodic with 1023 chips, each with a duration of

ns. The pulse is assumed to be rectangular.

Band-limiting the analog receive signal by an ideal low-pass
filter with one-sided bandwidth MHz and
sampling at a rate of for ms, the digital receive
signal can be written as

(26)

with , , and
, where is the power spectral density of the analog

noise before low-pass filtering. For simplicity we consider
independent parameters and priors

, , where de-
notes the normal distribution with mean and variance . This
results in a diagonal PIM

(27)

The matrix with the derivatives for all entries of is

(28)

such that the matrix can be written as

(29)

where

(30)

With the eigenvalue decomposition , where
contains the ordered eigenvalues

on its diagonal, the principal eigenvectors

(31)

lead to the desired transformation

(32)

Note that for the entries of the EFIM can be written as

(33)
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VI. PERFORMANCE - INFORMATION-LOSS

To visualize the quality of (Fig. 1), we evaluate

(34)

with priors dB, dB, ns
and for the solutions (32) attained by sampling over
all positive-semidefinite matrices

(35)

with and . It can be observed
(Fig. 1), that is sufficient to perform estimation in the
considered scenario with a negligible performance-loss. Results
for show a significant loss in the MSE region.

VII. PERFORMANCE - COMPRESSED MAP

In order to analyze the performance of a real estimator with
compressed data, we simulate the MAP estimator

(36)

For the signal (26) and Gaussian priors, the MAP estimator op-
erating on , can be calculated by

(37)

Fig. 2 shows the estimation performance of the MAP under
priors dB, ns and , while

is varied between dB. The MAP estima-
tors working on the data , which results from the two pro-
jections , and with , are com-
pared to the achievable performance (BCRLB) with the original
data . It is observed that by using the optimized transforma-
tion which favors the estimation of , i.e. , it is possible
to achieve estimation accuracy close to the estimator which is
using the original data . The estimator using the transformation
with favors the parameter and is therefore not able to
achieve the full performance with respect to . Note that here
the special case coincides with the classical energy-based
approaches such as KLT, PCA, CCA and GIB, while is a
pure sensitivity-based approach with full weight on .
In this example the complexity of the MAP without compres-

sion consists of multiplications, where is the number of
evaluations of the the MAP function during the maximization
(36). For the proposed approach we require multiplica-
tions for the linear transformation and for the compressed
MAP. Note that the transformation matrix has only to be cal-
culated once, which can be done offline. For instance, here we

Fig. 1. MSE-Loss Region ( dB, dB, , ).

Fig. 2. Performance - MAP ( dB, , ).

have used , such that , i.e. the run-
time complexity of the estimation process is reduced to four per-
cent at the cost of a small performance-loss.

VIII. CONCLUSION

An approach to the problem of signal parameter estimation
from large data sets has been presented, resulting in a Bayesian
data reduction method through linear transforms. Establishing
a tractable formulation for the problem of finding the optimum
transformation with respect to the weighted MSE criterium, the
projection matrix is found by an eigenvalue decomposition of
a weighted sum of covariance matrices. These belong to the
derivatives of the noiseless signal with respect to all signal pa-
rameters. The presented results show that with an optimized
linear transform the size of the data can be reduced significantly
without loosing the possibility of high-accuracy parameter esti-
mation. Simulation of the MAP estimator for a GNSS scenario,
show that the predicted theoretical estimation performance can
be achieved with the transformed data. The general formulation
of our sensitivity-based approach allows to adjust the transfor-
mation such that the parameters of interest are hardly affected
by the information-loss due to dimensionality reduction.
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