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Abstract—Filter bank based multicarrier (FBMC) systems
present an alternative solution to cyclic prefix based orthogonal
frequency division multiplexing (CP-OFDM) in wireless environ-
ments with multipath propagation. In this contribution we pro-
pose a novel training sequences design method to be employed in
a per-subcarrier maximum likelihood (ML) narrowband channel
estimation scheme, recently developed by the authors. In the
training design we take into account the knowledge of transmitter
and receiver side prototype filters to calculate the pilot sequences.
The method targets at the minimum mean squared error (MMSE)
of the channel estimation and uses a gradient projection algorithm
to find the optimum sequences. In the numerical results we show
a gain of up to 4 dB for the same MMSE value in a low to
medium Eb/N0 regime.

I. INTRODUCTION

In this contribution we consider FBMC systems in wireless
environments with multipath propagation. In contrast to CP-
OFDM, where a rectangular pulse shaping is used, here a
finite impulse response (FIR) prototype filter with a longer
impulse response than the symbol period, i. e. the filter length
is bigger than the total number of subcarriers M , is modulated
by complex exponentials. As a consequence, we can achieve
more spectrally concentrated subcarriers that overlap only with
their neighbors. The prototype filter can be designed according
to different goals, although here we concentrate our results on
a finite length Root Raised Cosine (RRC) filter with unity
roll-off. But to achieve subcarrier orthogonality, i. e. inter-
symbol interference (ISI) and inter-channel interference (ICI)-
free received symbols the real and imaginary parts of the input
symbols must be staggered by T/2, resulting in the so called
Offset-QAM (OQAM) modulation.

In [1] and [2] the authors have presented methods to analyt-
ically design per-subcarrier fractionally spaced equalizers that
compensate ISI and ICI inserted by the multipath channel, but
they have assumed perfect channel impulse response knowl-
edge at the receiver. In [3] and [4] we have presented methods
for the estimation of the narrowband multipath channel viewed
in each subcarrier. In this contribution we extend those results
by showing how to design training sequences that minimize the
mean squared error (MMSE) of the channel estimation. For the
optimization we employ a gradient projection algorithm.

II. FBMC SYSTEM AND SUBCARRIER MODEL

A high level model of the FBMC system is shown in Fig.
1. This filter bank configuration is known as transmultiplex
in the signal processing literature [5]. A synthesis filter bank
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Figure 1. FBMC System Overview.

(SFB) performs a frequency division multiplexing of the QAM
data symbols dk[m] on parallel subcarriers in a rate of 1/T at
the transmitter. An analysis filter bank (AFB) at the receiver
separates the data on each subcarrier. We assume a static
frequency selective channel and AWGN between SFB and
AFB. Usually some of the M subcarriers are left empty to
limit the transmit signal spectrum.

Here we regard exponentially modulated SFB and AFB.
This means that only one prototype low-pass filter has to be
designed and the other sub-filters are obtained by modulating
it as follows [6]

hk[l] = hP[l] exp
(

j
2π

M
k

(
l − LP − 1

2

))
, l = 0, . . . , LP − 1,

where hP[l] is the impulse response of the prototype filter with
length LP. The prototype is an approximation of a Nyquist
filter with roll-off factor one and as a consequence only the
spectrum of contiguous subcarriers overlap and non-contiguous
subcarriers are separated by a high stop-band attenuation. For
example, an FIR RRC with length LP = KM +1 can be used,
where K is the overlapping factor that determines how many
symbols superpose each other in time. K should be kept as
small as possible to limit the complexity and to reduce the
time-domain spreading of the symbols, in particular in case
time-variant propagation channels are considered.

Because the prototype filter is longer than the number of
subcarriers (LP > M ), to maintain the orthogonality between
all of them and for all time instants, the complex QAM input
symbols dk[m] need to have their real and complex parts
staggered by T/2 resulting in the so-called OQAM modulation
[7]. The OQAM staggering for even indexed subcarriers is
illustrated in Fig. 2. For odd indexed subcarriers the delay
of T/2 is located at the lower branch with purely imaginary
numbers. The OQAM de-staggering is performed at the re-
ceiver by the application of flow-graph reversal [8] in Fig. 2,
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Figure 2. O-QAM staggering for odd indexed subcarrier
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Figure 3. Subcarrier output model

substitution of up-samplers by down-samplers and exchange
of blocks �{·} and j�{·}.

The signals of all subcarriers are up-sampled by M/2 after
the OQAM staggering, filtered and added. A broadband signal
is then generated and digital-to-analog (DA) converted into two
IQ baseband signals that will be analog processed (filtered, up-
converted to IF and RF, amplified, etc.) and transmitted. At the
receiver side the RF signal is amplified, brought to baseband,
filtered and then analog-to-digital (AD) converted. The digital
received signal is then filtered by the analysis filters and down-
sampled by M/2 to generate the OQAM staggered subcarrier
signals.

The fact we have assumed only contiguous subcarriers
overlap in the frequency domain, allows us to construct a
model for the output of one subcarrier as shown in Fig. 3. The
inputs xk[n] are OQAM symbols and the received subcarrier
signals yk[n] still have to be equalized and de-staggered
before further processing of the resulting QAM symbols. As
a consequence, in this subcarrier model the input and output
sampling rates are 2/T . We have assumed here a multipath
channel but with perfect time and frequency synchronization.
In other words, no time or frequency shifts (Carrier frequency
offset or Doppler shift or spread) are present. A more realistic
model should involve this and other issues that are out of the
scope of this contribution.

Now we can collect the subcarrier output symbols yk[n]
into an observation vector yk[n] ∈ Lo . Then we can express it
as a function of the k, (k−1) and (k+1) subcarrier input signals
convolved with three impulse responses. They are a result of
the convolution between transmit and receive filters, and the
propagation channel with further down-sampling by M/2 (ref.
Fig. 3). Of course a thermal noise term is also included. This
leads us to the definition

yk[n] = Gkxk[n] +Mkxk−1[n] +Nkxk+1[n] +Γkη[l], (1)

where xk(±1)[n] ∈ Lo+Lg−1 and we have employed the con-
volution (Toeplitz) matrices Gk, Mk, Nk ∈ Lo×(Lo+Lg−1),

composed by the Lg long impulse responses gk[n], mk[n]
and nk[n], with Lg =

⌈
2(LP−1)+Lch

M/2

⌉
and Lch is the impulse

response length of the multipath channel. Γk ∈ Lo×(LP+
M
2 Lo)

is obtained by taking each M
2 -th row of the convolution matrix

composed by the analysis filter impulse response hk[l]. This is
the reason why the vector η[l] ∈ (LP+

M
2 Lo) is defined in the

high sampling rate M/T . The subchannel model in (1) and in
Fig. 3 was first proposed in [1].

The multipath channel will introduce ISI and ICI in the
received subcarrier symbols. To compensate for that a frac-
tionally spaced equalizer has to be introduced at each subcar-
rier before the OQAM de-staggering. A per-subcarrier linear
MMSE or DFE MMSE equalizer can be employed for this
matter as in [1], [2]. But before the equalizers can be designed
an estimation of the multipath channel impulse response needs
to be available. Instead of estimating the broadband channel
hch[l], we will show in the next section a method of estimating
many narrowband channels that are sufficient for the equalizer
design.

We should mention here that there are many efficient
structures in the literature for the subcarrier filters realization.
For this matter, the modulation of the prototype filter is
performed with the aid of a fast Fourier transform algorithm.
In order to perform the filtering at a lower sampling rate,
the polyphase decomposition [5] of the prototype filter is also
employed. One example of efficient realization can be found
in [6].

III. ML STRUCTURED CHANNEL ESTIMATION

In this contribution we assume that a per-subcarrier linear
or DFE equalizer is employed and as a consequence a per-
subcarrier estimator is sufficient for the equalizers design. We
further assume that training sequences are not only employed
in the subcarriers of interest, but also in their contiguous
subcarriers. In the next section we show a method how to
design those sequences appropriately in order to improve the
estimation quality or reduce the training overhead.

To perform the structured channel estimation we first have
to modify our subcarrier model. The idea is to model the
multipath channel viewed at each subcarrier as a narrowband
channel with a short impulse response and represent it in a
lower sampling rate, namely the double of the QAM symbol
rate 2/T . For this, we first convolve the transmit filters
hk(±1)[l] with the receive filter hk[l]. Then we down-sample by
M/2 the resulting impulse responses and obtain h′

k,k(±1)[n].
As a consequence the narrowband propagation channel expe-
rienced by subcarrier k has impulse response ck[n]. The three
new overall impulse responses for the contiguous subcarriers
are now g′k[n], m′

k[n] and n′
k[n] and have length L′

g. This
new subcarrier model is illustrated in Fig. 4. It is important to
note here the difference to Fig. 3. In that model the impulse
responses gk[n], mk[n] and nk[n] were obtained after the
convolution between transmit filters, broadband propagation
channel and receive filter, and then down-sampling the result-
ing impulse responses by M/2. Furthermore, it can be shown
that for most multipath channels L′

g > Lg is needed for an
acceptable performance.
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Figure 4. Modified subchannel model for structured approach

We can now express the subcarrier received signal as

yk[n] = G′
kxk[n] +M′

kxk−1[n] +N′
kxk+1[n] +Γkη[l], (2)

where now xk(±1)[n] ∈ Lt , the convolution matrices G′
k,

M′
k, N′

k ∈ Lo×Lt contain the impulse responses g′k[n], m′
k[n]

and n′
k[n] , with Lt = Lo + L′

g − 1, L′
g = Lhk

+ Lck
− 1 and

Lhk
=

⌈
2(LP−1)

M/2

⌉
.

If we exchange the role of the matrices and vectors in
equation (2), we get

yk[n] = Xk[n]g′
k + Xk−1[n]m′

k + Xk+1[n]n′
k + νk[n], (3)

where g′
k, m′

k and n′
k ∈ L′

g are vectors containing the
impulse responses g′k[n], m′

k[n] and n′
k[n], plus Xk(±1)[n] ∈

Lo×L′
g are Hankel matrices obtained from the training se-

quences xk(±1)[n]. Moreover, by assuming the training se-
quences have length Lt = Lo + L′

g − 1, the observations
contained in yk[n] are free from time-overlap with subsequent
data symbols. This requisite could be relaxed but some loss
in performance would be expected. However, if one wants to
reduce the training overhead and increase the spectral effi-
ciency, this time-overlap should be considered in the channel
estimation.

It is clear that the vectors g′
k, m′

k and n′
k depend not

only on the narrowband multipath channel, but also on the
known transmit and receive filters. If we separate both impulse
responses we can write g′

k = Hk,kck, m′
k = Hk,k−1ck and

n′
k = Hk,k+1ck, where Hk,k(±1) ∈ L′

g×Lck are Toeplitz
matrices containing the impulse responses hk,k(±1)[n], and
ck ∈ Lck is a vector containing the impulse response ck[n].
Now the received signals are given by

yk[n]=(Xk[n]Hk,k + Xk−1[n]Hk,k−1

+ X′
k+1[n]Hk,k+1)ck + Γkη[l]

=Skck + νk[n], (4)

where we define

Sk = [Xk−1 Xk Xk+1]

[Hk,k−1

Hk,k

Hk,k+1

]
= X̆kH̆k, (5)

with X̆k ∈ C
Lo×3L′

g and H̆k ∈ C
3L′

g×Lck .

We can see that in the linear model of (4) the noise is
zero mean Gaussian distributed with autocorrelation matrix

Rνkνk
= σ2

ηΓkΓH
k and the observation yk[n] given ck is

Gaussian distributed. The maximum likelihood (ML) estimate
of ck in this case is given by

ĉk,ML = arg max
ck

p(yk[n]|ck). (6)

Since Rνkνk
is independent of ck and (SH

kR−1
η,kSk) is invert-

ible, the ML estimate of the narrowband multipath channel in
each subcarrier is given by

ĉk = (SH
kR−1

νkνk
Sk)−1SH

kR−1
νkνk

yk[n]
= (SH

k (ΓkΓH
k )−1Sk)−1SH

k (ΓkΓH
k )−1yk[n]. (7)

We can note that Lck
is a design parameter of the channel

estimator. It can be different for different subcarriers depending
on how frequency selective the channel is for a certain portion
of the spectrum. Structured channel estimation is the name
some authors use when known pulse shaping filters are located
at transmitter and receiver side, like here, and this knowledge
is used by the estimation algorithm [9].

IV. MMSE TRAINING SEQUENCE DESIGN

Now that we have a channel estimation procedure, it
remains the problem of finding optimal sequences to improve
the quality of the estimation. First we have to write the Hankel
matrix as a function of the vector that generates it as

Xk =
L′

g∑
j=1

DjOkxR
k [n]eT

j (8)

where xR
k [n] is a purely real version of xk[n], Dj =

[ 0︸︷︷︸
j−1

ILo 0︸︷︷︸
L′

g−j

] ∈ {0, 1}Lo×Lt selects the part of xR
k [n] that

appear in each column of Xk and Ok = diag([..., 1, j , 1, j , ...])
represents the alternation between purely real and purely
imaginary symbols of the OQAM staggering. ej is a unit
vector of length L′

g with a 1 at position j.

We furthermore define a new purely real vector with
training symbols of the three subcarriers

x̆k =
[
xR,T

k−1[n] xR,T
k [n] xR,T

k+1[n]
]T

∈ C
3Lt (9)

and rewrite Sk as

Sk =
3L′

g∑
j=1

D̆jŎkx̆kĕT
j H̆k, (10)

where now ĕj is a unit vector of length 3L′
g. D̆j ∈

{0, 1}Lo×3Lt , however, has to be defined very carefully to
select the correct part of x̆k, namely

D̆j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[

Lt︷ ︸︸ ︷
0︸︷︷︸

j−1

ILo 0︸︷︷︸
L′

g−j

Lt︷︸︸︷
0

Lt︷︸︸︷
0 ], 1 ≤ j ≤ L′

g,

[

Lt︷︸︸︷
0

Lt︷ ︸︸ ︷
0︸︷︷︸

j−L′
g−1

ILo 0︸︷︷︸
2L′

g−j

Lt︷︸︸︷
0 ], L′

g + 1 ≤ j ≤ 2L′
g,

[

Lt︷︸︸︷
0

Lt︷︸︸︷
0

Lt︷ ︸︸ ︷
0︸︷︷︸

j−2L′
g−1

ILo 0︸︷︷︸
3L′

g−j

], 2L′
g + 1 ≤ j ≤ 3L′

g,



and

Ŏk =

[Ok−1

Ok

Ok+1

]
, (11)

where Ok−1 = Ok+1 = diag([..., j , 1, j , 1, ...]).

With Sk described as a function of x̆k, also c̆k can be
expressed as a function of x̆k and we can finally formulate
our optimization problem. One possible reliability measure is
the mean squared error (MSE) of the narrowband channel es-
timation. We than state the minimization of the MSE (MMSE)
as follows

x̆k = arg min
x̆k

E{‖ck − ĉk‖2} (12)

s. t. ||xk||2 ≤ Ex, ||xk±1||2 ≤ Ex

2
,

where additionally to the constraint of real input sequences
we have introduced the energy constraint with Ex ∈ R+. It is
worth noting that the maximum energy allocated to the training
sequences of the contiguous subcarriers is half of the energy
allocated to the subcarrier of interest. In this way only every
second subcarrier needs to have its inputs optimized and the
training sequences of the subcarriers between them is obtained
by adding the two resulting training sequences. At the end the
training sequences in all subcarriers will obey to the same
power constraint.

To further develop the objective function we first plug (4)
into (7), secondly we plug (7) into the objective function,
third perform some algebraic manipulation, fourth apply the
property ‖a‖2 = aHa = tr{aaH}, fifth exchange the trace with
expectation operator and at the end perform more algebraic
manipulation. Finally, we can find out that the objective
function is given by

J(x̆k) = E{‖ck − ĉk‖2} = tr{(SH
kR−1

νkνk
Sk)−1}. (13)

The optimization problem now looks as follows

x̆k = arg min
x̆k

tr{(SH
kR−1

νkνk
Sk)−1} (14)

s. t. ||xk||2 ≤ Ex, ||xk±1||2 ≤ Ex

2
,

where Sk =
∑3L′

g

j=1 D̆jŎkx̆keT
j H̆k.

It can be shown that this objective function is not convex
and this means that there is no global optimum. As a conse-
quence there is no closed form solution for the optimal training
sequence. Intuitively it is to expect that there is not only one,
but infinitely many training sequences that provide the same
MMSE of the channel estimation. Not so many of them also
fulfill the energy constraints. Also for different starting points
different local minima are reached, but we could observe that
similar performance is achieved. In order to find a local opti-
mum we propose to employ a gradient projection algorithm,
because we have a constrained optimization problem [10]. This
algorithm is like a gradient descent where in each iteration step
a projection onto the feasible set is performed. In Fig. 5 we
show the gradient projection algorithm that allows us to find
optimum training sequences.

After the initialization of many variables and constants,
the gradient of the objective function is given in line 11. The

1: Initialization:
2: Set 0 < ρ < 1 and 0 < β < 1
3: Set Ex

4: Let K be the set of all used subcarriers k
5: Initialize all sequences xk with k ∈ K with Lt zeros
6: for k = 2 : 2 : |K| do
7: x̆k(0) ⇐ random vector inside the feasible set
8: i ⇐ 0
9: repeat

10: Sk(i) ⇐
3L′

g∑
j=1

D̆jŎkx̆k(i)eT
jH̆k

11: ∇J(x̆k(i))⇐2

3L′
g∑

j=1

(
−eT

jH̆k(S
H
k(i)R−1

νkνk
Sk(i))−2SH

k(i)R−1
νkνk

D̆jŎk

)
T

12: � ⇐ 0
13: while true do
14: α ⇐ β�

15: x̆k(i + 1) ⇐ �{x̆k(i) − α∇J(x̆k(i))}
16: if ‖xk−1(i + 1)‖2 > Ex

2 then

17: xk−1(i + 1) ⇐ xk−1(i+1)
‖xk−1(i+1)‖

√
Ex
2

18: end if
19: if ‖xk(i + 1)‖2 > Ex then
20: xk(i + 1) ⇐ xk(i+1)

‖xk(i+1)‖
√

Ex

21: end if
22: if ‖xk+1(i + 1)‖2 > Ex

2 then

23: xk+1(i + 1) ⇐ xk+1(i+1)
‖xk+1(i+1)‖

√
Ex
2

24: end if
25: x̆k(i + 1) ⇐ [

xT
k−1(i + 1), xT

k(i + 1), xT
k+1(i + 1)

]T

26: if J(x̆k(i)) − J(x̆k(i + 1)) ≥ ρ
‖x̆k(i)−x̆k(i+1)‖2

β� then

27: break
28: else
29: � ⇐ � + 1
30: end if
31: end while
32: i ⇐ i + 1
33: until Stopping criterion is met
34: xk−1 ⇐ xk−1 + xk−1(i)
35: xk ⇐ xk(i)
36: xk+1 ⇐ xk+1 + xk+1(i)
37: end for

Figure 5. Gradient Projection Algorithm for Training Sequences Design

derivation of this gradient is long and is not presented here.
In our case we wish to have a purely real solution, so the
projection in this case is obtained by taking the real part of
the solution in each iteration step (see line 15). To fulfill the
energy constraints, we limit the lengths of the solution vectors.
If they do not fulfill them even after the projection onto the
real field, we project them onto spheres with radius equal to
the maximum lengths (see lines 17, 20 and 23). For the choice
of the step size we have employed a generalized Amijo rule
[11]. This rule can be seen in the internal loop between lines
13 and 31, where the step-size is reduced until the condition in
line 26 is fulfilled. This condition guarantees that the objective
function is always reduced.

V. NUMERICAL RESULTS

To evaluate the performance of the narrowband channel
estimation and the optimum design of the training sequences
we have performed some numerical simulations. As broadband
multipath channel model we have chosen static ITU vehicular
A at a bandwidth of 10 MHz and sampling rate M/T = 11.2
MHz. The FBMC system was employed with M = 256 sub-
carriers from which 128 were occupied with training symbols.
For the prototype an RRC filter with K = 4 and consequently
LP = 1025 was chosen. With this configuration and scenario a
length of Lck

= 5 for the narrowband multipath channels has
been shown to be sufficient for all subcarriers. In the gradient
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Figure 6. NMSE of the narrowband channel estimation

projection algorithm we have used ρ = 10−2 and β = 0.5.

In Fig. 6 the normalized MSE (NMSE) of the narrowband
channel estimation is depicted for different number of obser-
vations and for both optimized training sequences and the ones
generated by randomly chosen QPSK symbols. For each of the
curves 250 channel realizations were averaged. In the case of
the randomly generated, 50 sequences were generated for each
channel realization and then averaged. We further show the
best performance achieved by a random training with Lo =14
and different sequences were used in different subcarriers. We
can see from the results that for Lo = 14 a gain of up to
4 dB in low to medium Eb/N0 regime for the same NMSE
value is achieved when the optimized training is employed
instead of random sequences. Alternatively, we can see that if
we increase the number of observations to Lo = 30 and use
random generated training sequences, we still do not achieve
the same NMSE as the optimized sequences for Lo = 14.
This shows that some training overhead can be saved with
the optimal sequences, as we expected.

In addition we have depicted in Fig. 7 the autocorrelation
function of the sequences at the input of the narrowband
multipath channel in each subcarrier. It is clear that the auto-
correlation for the optimized training sequences presents better
time concentration than the obtained with random sequences.
The side-lobes observed there have to do with the correlated
noise that is added after the narrowband channel and that is
also taken into account in the design of the sequences.

VI. CONCLUSION

In this contribution we have presented a method to de-
sign optimum training sequences for the narrowband channel
estimation in FBMC systems. The method is based on the
MMSE criterion and we have employed a gradient projection
algorithm to find the optimum sequences. From the numerical
results we could see that if the optimum sequences are used
a better channel estimation quality is achieved for low to
medium Eb/N0 or, alternatively, a shorter training sequence
is necessary for the same estimation quality.
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