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Summary

The use of probabilistic methods has a long tradition in the physical sciences. The idea
is to describe high-dimensional, fast dynamics not by deterministic, overwhelmingly
complex equations of motion, but instead in terms of simple statistical models. The
prototypical example is the collective behaviour of molecules of an ideal gas, which
was the main object of studies for the pioneers of the molecular theory of heat. Their
combined efforts built the fundament on which rests now the discipline of Statistical
Mechanics. It provides wide access and powerful tools for theories of all forms of matter,
capable of explaining phase transitions, thermodynamic laws and material properties.

In the same spirit, the theory of stochastic processes tries to predict the behaviour of
individuals which are in part affected by deterministic forces, but also coupled to the
hectic, complex dynamics of a surrounding environment. Thus, probabilistic aspects
are introduced into the classical, continuum theories of transport and diffusion. The
paradigmatic role that the ideal gas plays in Statistical Mechanics, is taken by Brownian
motion amongst diffusion models. The theory of Brownian motion has been studied and
extended continuously during the past century. It turned out to provide an extremely
versatile approach to model all kinds of fluctuating systems. Today, the applications
span all fields of sciences, including biology, chemistry, engineering, geology, finance,
and the computer and social sciences.

However, within roughly the last ninety years, it became clear that the standard
models of diffusion fail to describe the phenomena observed in highly disordered en-
vironments, like amorphous semi-conductors, turbulent fluids, biological cells, glasses,
porous surfaces or stock markets. The alternative models invented to replace the stan-
dard techniques fundamentally depart from the standard Brownian motion assumptions,
and are therefore collected under the umbrella term anomalous diffusion processes.

The analysis of such processes on a theoretical basis is the major scope of this the-
sis, which is devised into four parts. Chapter 1 outlines the historical development of
stochastic process theory. Previous knowledge on stochastic theory is helpful, but by no
means necessary.Several standard methods and concepts are being introduced along the
way, such as random walks, Langevin equations, Fokker-Planck equations and central
limit theorems.

In chapter 2, three paradigmatic anomalous diffusion models are presented. The Lévy
flights are distinct by their scale-free, discontinuous trajectories and fractal exploration
of space. Continuous time random walks are characterised by scale-free sticking or
caging times, resulting in several peculiar phenomena such as weak-ergodicity breaking
or ageing. The fractional Brownian motion is a model for long-ranged memory, its
behaviour ranging from vivid, anti-persistent jiggling to seemingly biased motion going
in cycles of arbitrary duration. The distinct properties of these anomalous processes are
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Summary

highlighted and contrasted to the standard Brownian motion.
An attempt to unify these anomalous diffusion processes is made in chapter 3. The

study focuses on the interplay of the various “anomalies” and on ways to distinguish and
analyse them. Moreover, a specific model ingredient is added, which has not been con-
sidered in previous studies, namely both scale-free and long-range correlated relaxation
dynamics. It turns out that memory effects in temporal and spatial relaxation dynamics
can mingle and mask each other. Thus the analysis in terms of simple time scalings or
propagator functions can be misleading.

Complimentarily, chapter 4 is concentrated on a single anomalous diffusion process, the
continuous time random walk. Its ubiquitous ageing features are emphasised. The term
ageing is used whenever the properties of a process depend on the time of its observation.
Continuous time random walks exhibit remarkable ageing effects, such as the splitting
of random walker populations in a mobile and a seemingly immobilised fraction. At the
core of these peculiar phenomena lies the scale-free ageing renewal process. Reviewing
the anomalous diffusion in the light of the more fundamental renewal theory will be
crucial to extending the methods and results beyond the class of diffusion processes,
such as quantum mechanical two-state systems.
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1 Stochastic modelling of diffusion phenomena – a brief history

1.1 The random walk’s walk to fame

In 1905, Nature published a letter from the English mathematician Karl Pearson, who
addressed “The Problem of the Random Walk” [1] to the journal’s audience:

“A man starts from a point O and walks l yards in a straight line; he then
turns through any angle whatever and walks another l yards in a second
straight line. He repeats this process n times. I require the probability that
after these n stretches he is at a distance between r and r + dr from his
starting point, O.

The problem is one of considerable interest, but I have only succeeded in
obtaining an integrated solution for two stretches. I think, however, that a
solution ought to be found, if only in the form of a series in powers of 1/n,
when n is large.”

The random walk was thus introduced by Pearson to the physics community as an
abstract gedankenexperiment. The application Pearson immediately had in mind was
a random migration problem. During his long and fruitful collaboration with zoologist
Walter F. R. Weldon, he got interested in quantitatively analysing the spreading of a
mosquito infestation in a forest [2].

But the theoretical concept turned out to be extremely versatile and was adopted
to model various phenomena throughout different scientific fields. It proved to be “of
considerable interest” indeed.1 Thus, the desired solution in the limit of large n was
provided by no other than Nobel laureate-to-be John William Strutt, Lord Rayleigh, who
identified the analogy with a subject from a seemingly unrelated discipline. In the course
of his own acoustics studies, he considered [4] the superposition of elementary sound
waves xj(t), with common frequency ω and amplitude a, but varying phases φj . Let
xj(t) = Re[zje

iωt] represent the time evolution of an individual wave, where the complex
number zj = aeiφj incorporates both the (real valued) wave amplitude and phase shift.
Adding n such independent waves produces a signal Xn(t) =

∑n
j=1 xj(t) = Re[Zne

iωt],

with Zn =
∑n

j=1 zj = Ane
iΦn . If the phases φj are uniformly random and independent,

then Zn is exactly Pearson’s random walk in the complex z-plane. The single-wave
amplitude a corresponds to the walking distance l, random phases φj are the random
turning angles of the walker, and the total wave amplitude An is the distance r from the

1The list of applications of random walk theory presented here is far from complete. For further
reading, consult the excellent introductory chapter of Hughes’ book [3], from which many of the
following examples and references are borrowed.
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1 Stochastic modelling of diffusion phenomena – a brief history

origin after covering n stretches. Rayleigh was able to derive the desired asymptotics,
and answered Pearson’s inquiry only one week after its publication [5]:

“If n be very great, the probability sought is

2

n
exp

(
r2

n

)
r dr. ” (1.1)

Similar ideas later entered the analysis of waves of different physical origin, including
oscillatory electrical signals [6], and coherent laser light [7, 8, 9, 10] or radar waves [11]
scattered at irregular plane surfaces. Several modifications of the model were introduced
as needed, such as replacing the fixed walk distance l by a random one, in order to
describe microwave radiation in the sea [12]. Concurrently, the accuracy of Eq. (1.1)
was improved in terms of power series for moderately large n [13].

Further examples in the biological field, from which Pearson originally drew his moti-
vation from, are nowadays to be found also in the behaviour of microscopic living organ-
isms. Some bacteria use flagella to swim through a fluid medium. Their motion pattern
was observed to be piecewise straight [14], and thus can be approximately described by a
three-dimensional random walk, or random flight, with random travel lengths. However,
all turning angles should not be considered equal, when the organism can feel chemical
or temperature gradients. In this case, the random walk becomes locally biased [15].
The migration patterns of larger species are studied mainly in the context of foraging
behaviour, and several modifications and refinements of the original random walk idea
were made to model, compare and predict animal search strategies [16, 17, 18, 19].

The distance r to the origin of the random walk is not always the prime quantity
of interest. The ideal chain (or freely-jointed chain) is the simplest model to describe
synthetic or natural polymers [20, 21]. A polymer is a large molecule that consists
of a large number of aligned, identical elements, the monomers. The ideal chain model
assumes that monomers are approximately line-shaped, rigid objects. The joints between
consecutive monomers are taken to allow for force- and torque-free rotation. Hence, a
single conformation of the ideal chain, linearly composed of n monomers of length l,
corresponds to a single random flight path generated from n flights of distance l. When
the polymer is placed in a solvent, the end-to-end distance of the polymer (as represented
by the random flight coordinate r) is a relatively uninteresting quantity, as it is rather
difficult to access experimentally. Rather, a statistical physics analysis naturally brings
up the task of counting the number of conformations (i.e. the number of random flight
paths) which are compatible with certain geometric constraints (like selected bonds
sticking to a surface or spatial confinement). Another statistical quantity of interest is
the radius of gyration, that is the root mean squared distance of joints from the common
center of mass. In order to give quantitatively accurate results, the relatively crude ideal
chain approximation has to be modified in various ways, but the basic idea to model
polymer conformations in terms of (refined) random walks proved to be an excellent
approach to the problem [22].
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1.2 Probability theory in physics beyond estimation of errors

1.2 Probability theory in physics beyond estimation of errors

Mathematically, the random walk idea was not exactly invented by Pearson. Uncoupled
from any real world application, the addition of independent and identically distributed
two-dimensional random vectors appears to have been considered before (see citation of
Ch.M. Schols in Ref. [23]. The random vectors can be interpreted as the directed walking
distances during a random walk. At least in its one-dimensional form, the random walk
had been (and still is) studied extensively in probability theory, where it is commonly
related to games of chance [24]. The random steps – which in one dimension simply go
forwards or backwards with equal probability – are losses or gains of a gambler during
a fair game.

While such parallels might seem obvious from a modern perspective – standard proba-
bilistic and combinatorial methods are commonly taught in elementary mathematics and
physics classes, as they form the basics of statistical physics – the discipline of “applied
probability theory” at the beginning of the 20th century was developed poorly, to say
the least. There was nothing like a lively, networking statistics community, at a time
when several competing languages were dividing the readers of scientific publications
anyway. Considering, in addition, the fast pace at which new ideas and concepts were
emerging, it does not come as a surprise that scientists from separate fields were par-
tially studying the same topics in parallel, without taking notice of one another. Pearson
apologises [25]:

“I ought to have known it, but my reading of late years has drifted into
other channels, and one does not expect to find the first stage in a biometric
problem provided in a memoir on sound.”

For sure, he did not expect to read relevant information on this issue in a doctoral
thesis on finance either. Thus, the innovative work of the French mathematician Louis
Bachelier from 1900 completely escaped Pearson’s attention. Likewise, his physicist
contemporaries Rayleigh, Einstein and Smoluchowski (more on them below) apparently
did not take notice. Several aspects included in the thesis certainly would have been
valuable to any of them. Bachelier modeled the rise and fall of price options at the
French stock market by a simple (one-dimensional) random walk (although he did not
use that term). Even more, he provided probabilistic arguments to demonstrate that the
long time statistics are described in terms of a diffusion equation (to be re-derived by
different means five years later by Einstein and Smoluchowski) and showed the Gaussian
solution (which implies a one-dimensional analogue of Rayleigh’s asymptotics Eq. (1.1)).

Karl Pearson in the context of random walk theory should be credited for presenting
and popularising a probabilistic model to a physics community that was largely either
not aware of it or simply not interested in it. The name “random walk” is colourful and
the associated picture is intuitive (as compared to e.g. the addition of sound waves in
the complex plane). Pearson later further improved the pictorial quality by making the
walking protagonist “a drunken man who is at all capable of keeping on his feet” [25]. The
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1 Stochastic modelling of diffusion phenomena – a brief history

notion of a drunkard’s walk or drunk sailor’s walk can frequently be found in scientific
texts to this day and even triggered empirical studies on the topic itself [26].

Pearson and Rayleigh, among others, deserve critical acclaim for promoting the use
of probabilistic methods to describe phenomena which are at the heart deterministic in
nature. The foundations of what we call now statistical physics were laid by a series
of works of James C. Maxwell, Ludwig Boltzmann, Josiah Gibbs and others dating
back to 1860 [27]. But the physical theory they aimed to achieve, the kinetic theory
of heat, was far from complete and subject to extensive debates. Its critics’ reluctance
to admit to such a concept was not only based on physical objections, but in part
originated in rather philosophical concerns. On the one hand, a positivistic attitude
lead some to refute the necessity for postulating the existence of atoms or molecules in
the first place. At a time when a successful theory of thermodynamics, resting on firm
axiomatic grounds, already existed, why hypothesise an object which can not actually be
“seen“ nor its direct properties be measured otherwise? On the other hand, some may
have felt uncomfortable with the implied statistical doctrine, as being used to approach
physical problems with a stringent, deterministic way of thinking. The traditional realm
of probability theory in physics was error estimation – from where actually Maxwell
borrowed the basic formulae.

The discoveries at the beginning of the 20th century should drastically change the
physicists’ scientific and philosophical perspective. The need to develop advanced sta-
tistical tools and mathematical foundations became immanent when quantum theory
appeared, mathematical finance emerged, and both the atomic theory and the kinetic
theory of heat were fully established and confirmed. The latter experienced a decisive
breakthrough, when Maxwell’s and Boltzmann’s ideas were extended to theoretically
describe, in an experimentally verifiable manner, the phenomenon of Brownian motion.
From a history point of view, the contributions that random walk theory made in this
context, are maybe the most valuable ones.

1.3 Molecules and heat: probably related

The prime assumption of the kinetic theory of heat is that matter is not continuous,
but composed of small elemental particles, which constantly exert an agitated motion.
The properties of a macroscopic substance are then interpreted as the collective effect of
microscopic particle dynamics: the pressure onto a wall of a confined volume stems from
constant particle bombardment, and any transfer of heat is actually a transfer of kinetic
energies, realised by mixing or collisions of particles. In this respect, the kinetic theory
competed with alternative approaches such as the caloric theory of heat. The latter
suggests that heat is being transferred by means of a caloric, a fluid substance flowing
from hotter to colder bodies. At the same time, the idea of an aether transmitting
electromagnetic waves, was not completely dead. By the turn of the 19th century, the
existence of molecules and atoms was considered by most an established fact, or at least
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1.3 Molecules and heat: probably related

a very practicable working hypothesis.2 Several physical and chemical studies as the likes
of Robert Boyle, Joseph Gay-Lussac, John Dalton and Amedeo Avogadro indicated that
any substance indeed consists of an integer amount of molecules, defining the general
properties of the substance. Molecules in turn are built from chemically indivisible
atoms, and any chemical transition of substances implies the decomposition or merging
of atoms into other types of molecules.

However, it was not clear in which exact form energy is stored within and distributed
among molecules, how they interact or how large or heavy they actually are. In fact,
the atomic theory was, to some extent, compatible with ideas of a caloric, filling the
space between molecules as a mean to transfer energies, and thus heat, among them.
The kinetic theory for (ideal) gases as developed by Maxwell and Boltzmann made very
specific assumptions on the nature and dynamics of molecules: their size is very small as
compared to their average distance; interactions between the molecules themselves and
between molecules and a confining wall can be described in terms of instantaneous, fully
elastic collisions; except during collisions, interactions among molecules are negligible
(ruling out the existence of a caloric); due to the very large number of molecules con-
tained within a macroscopic amount of gas, their dynamics are to be treated statistically
(implying in particular a purely statistical interpretation of thermodynamic equilibrium,
the equipartition theorem and the second law of thermodynamics). Such precise and
extensive presumptions were of course difficult to justify without concise experimental
evidence. But as Joseph Loschmidt pointed out in 1865, an estimation of the size of
a molecule compliant with kinetic theory can be obtained from density measurements
on the same same substance in liquid and gaseous state. He arrived at an estimate of
the size of an average ”air molecule“ of the order 10−7 cm. Direct observation of the
trajectory of an non-isolated object that small and fast is still beyond practical reach to
this day.

Yet, there was hope to find a nearly direct experimental validation in a phenomenon
signalled by Scottish botanist Robert Brown back in 1828 [29]. Brown examined pollen
grains suspended in water under the microscope. Inside, he spotted minute particles
which, when ejected from the grain, started to exert a jiggering motion inside the so-
lution. Figure 1.1 provides an image of the Clarkia pulchella pollen grain that Brown
was studying. A similar behaviour had been reported back in 1785 by Dutch physician
Jan Ingenhousz for coal dust particles on the surface of alcohol.3 Brown carried out his
studies further with much care and detail. He asserted that the particle agitation is not
specific to the plant’s species. Even more, sufficiently fine powders from non-organic
matter initiate the same type of movement in water. This ruled out any live-related

2Ref. [28] provides an extensive outline of the history of the kinetic theory of heat from a modern
perspective. Its author’s main views are adopted in the present introduction.

3From a historical perspective, a bit of chance appears to be involved in the naming of the ”Brownian“
motion. Albert Einstein, the man who triggered the breakthrough of the theories of Brownian motion,
was working at the time in patent office and was thus, scientifically, relatively isolated. He simply did
not know about Ingenhousz’ earlier work, and therefore chose to coin the phenomenon ”Brownian“
motion – although he reportedly even did not have access to Brown’s original work.
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1 Stochastic modelling of diffusion phenomena – a brief history

Figure 1.1: A Clarkia pulchella pollen grain bursts open and releases its content into
the surrounding water. The larger cell organelles are detectable under the
microscope. When entering the solution, they begin an erratic motion, which
was first observed by Robert Brown [29]. The image is from a modern high
resolution microscopy camera used in a recent experiment [32].

explanation. In the years to come, several scientists contributed to experimentally char-
acterising the phenomenon, including Christian Wiener (1863 [30]) and Louis Georges
Gouy (1888). The erratic movement indeed persisted, regardless of how long the time of
observation, how low the liquid temperature, how intense the incident light, how long its
wave length, and how careful the shielding from any thinkable external source of pertur-
bation. An example of an experimental observation of Brownian motion can be studied
in Fig. 1.2, which was recorded roughly 100 years after Brown’s original discovery by
Eugen Kappler [31].

Such findings rendered the Brownian motion (a term to be coined later by Einstein)
very pre-dispositioned towards a kinetic theory interpretation. Water molecules may be
too small to be traced individually and thus appear as a fluid continuum under the micro-
scope. But an immersed micrometer-sized particle is large enough to be identified, still
might just be small enough to be visibly impacted by the immense number of surround-
ing water molecules. Such an explanation seemed satisfying and elegant – unfortunately,
the first attempts to make quantitative predictions failed to describe the observed re-
ality. This was mainly due to inappropriate theoretical reasoning. For instance, Swiss
cytologist Karl von Nägeli – who is commonly credited for considering the first colli-
sion model of Brownian motion – argued that the suspended particle has a mass many
orders of magnitude larger than a water molecule, and thus each displacement induced
by a single collision is way too small to be visible [33, 34]. But the opposing statistical
argument for this collective effect, in the words of Belgian Jesuit Ignace Carbonelle, is
the following (see quotation in [35]):

”In the case of surface having a certain area, the molecular collisions of
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1.3 Molecules and heat: probably related

Figure 1.2: Trajectories of the Brownian motion of a small mirror, suspended from a fine
quartz thread. The erratic angular twist of the mirror is measured by fol-
lowing the motion of a reflected light beam. The high precision data allowed
Kappler [31] to obtain the Avogadro number N = 60.591022 ± 1%. Since
the fibre exerts a torsional torque on the mirror, the motion is harmoni-
cally bound Brownian. For the two examples shown here, only the pressure
conditions are different. In both cases, the motion is overdamped.

the liquid, which cause the pressure, would not produce any perturbation
of the suspended particles, because these, as a whole, urge the particles
equally in all directions. But if the surface is of area less than necessary
to insure the compensation of irregularities, there is no longer any ground
for considering the mean pressure; the inequal pressure, continually varying
from place to place, must be recognised, as the law of large numbers no longer
leads to uniformity; and the resultant will become more and more apparent
the smaller the body is supposed to be, and in consequence the oscillations
will at the same time become more and more brisk.”

The controversy is exemplary to the case. The traditional physicist’s line of argument
focused on averaged microscopic quantities such as the mean displacement per collision.
The open question was how to properly construct a macroscopic picture, if frequent
deviations from the average were to be taken into account. In particular, the precise
mathematical mechanism of the inferred law of large numbers and its connection to the
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1 Stochastic modelling of diffusion phenomena – a brief history

central limit theorem (to be detailed below) was not yet part common knowledge. 4 The
celebrated efforts of Albert Einstein (1905 [36]) and Marian Smoluchowski (1906 [37])
finally lead to a satisfying probabilistic and quantitative theory of Brownian motion.

1.3.1 Albert Einstein and the diffusion equation

Einstein combined two parallel perceptions of a diffusion phenomenon. First, a large
collection of small particles immersed in a fluid can be described in terms of a concen-
tration gradient f(x, t), that is f(x, t) dx gives the number of particles contained in a
small volume around position5 x at time t. Upon invoking the principles of kinetic the-
ory, Einstein establishes a law of osmotic pressure for the suspended substance, which
is essentially identical to the ideal gas law. Then, along the lines of Fick, Thomson and
Fourier, he argues that f(x, t) should be subject to the classical laws of diffusion. In
particular, in a dynamical equilibrium, any current induced by global external forces,
such as gravity or electric fields, is counterbalanced by a diffusional current −D (∂f/∂x),
expressing the tendency of the substance to fill regions of lower concentration. The diffu-
sion constant D has units of m2/sec and indicates the strength of the diffusion current.
Einstein further assumes that particles are spherical subject to Stokes friction and uses
above-mentioned osmotic pressure law to arrive at the relation

D =
RT

6πηrN
, (1.2)

where R is the ideal gas constant, T is the temperature of the fluid, η its friction
coefficient, r gives the particle radius, and N is Avogadro’s number.

In a second step, Einstein takes an alternative view on the process. The Brownian
particles are large enough (order of micrometers) to be studied individually. Einstein
now makes the following crucial assumption [36]:

”It must clearly be assumed that each individual particle executes a motion
which is independent of the motions of all other particles; it will also be
considered that the movements of one and the same particle in different time
intervals are independent processes, as long as these time intervals are not
chosen too small.

We introduce a time interval τ into consideration, which is very small com-
pared to the observable time intervals, but nevertheless so large that in two
successive time intervals τ , the motions executed by the particle can be
thought of as events which are independent of each other.”

4The first profound mathematical formulation of a central limit theorem for the binomial distribution
was by Pierre-Simon Laplace in 1811. Still [38], “It was not until the nineteenth century was at
an end that the importance of the central limit theorem was discerned, when, in 1901, Russian
mathematician Aleksandr Lyapunov defined it in general terms and proved precisely how it worked
mathematically. Nowadays, the central limit theorem is considered to be the unofficial sovereign of
probability theory.”

5In his 1905 paper, Einstein derives essentially one-dimensional formulae. Any external force is assumed
to act along the x-axis and displacements are measured in x-direction.
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1.3 Molecules and heat: probably related

Einstein then considers the probability6 φ(∆) for any Brownian particle to be displaced
by a distance ∆ between times t and t+ τ . In order to accord with above assumptions,
φ(∆) is taken to be the same law for all particles, and to be is symmetric in ∆ and
independent of time t and past movements. This implies the number of particles in a
small volume around x evolves with time according to

f(x, t+ τ) dx = dx

∫ ∞
−∞

f(x+ ∆, t)φ(∆) d∆. (1.3)

Taylor-expanding both sides with respect to small τ and ∆ yields

∂f

∂t
= D

∂2f

∂x2
, (1.4)

where

D =
1

2τ

∫ ∞
−∞

∆2φ(∆) d∆. (1.5)

Equation (1.4) affirms the original assumption that the concentration gradient indeed
evolves according to the classical laws of (Fickean) diffusion. However, in this case the
interpretation is based on a single particle picture. The diffusion constant D is related
via Eq. (1.5) to the transition probability φ(∆), governing the microscopic particle dis-
placements. Einstein proposes the following method to measure this quantity. After
the recording of particle motions, on can spatially shift all trajectories such that the
origin of the coordinate system x = 0 corresponds to the origin of motion at t = 0.
By virtue of spatial homogeneity, the transformed particle concentration should still
obey the diffusion equation. The initial condition is then7 f(x, t = 0) = n δ(x), where
n =

∫∞
−∞ f(x, t) dx is the total number of suspended Brownian particles. The corre-

sponding solution to Eq. (1.4) is the famous Gaussian distribution, that is

1

n
f(x, t) =

1√
4πDt

exp

(
− x2

4Dt

)
. (1.6)

Hence, the diffusion constant can be obtained from empirically establishing the distri-
bution of total particle displacements f(x, t). A more simple and direct approach, as
Einstein points out, is to calculate the mean squared displacement per particle in the
direction of x, i.e. the ensemble average〈

x2(t)
〉

=
1

n

∫ ∞
−∞

x2f(x, t) dx = 2Dt. (1.7)

6Einstein actually avoids the use of the term “probability” (german: “Wahrscheinlichkeit”) completely
in his 1905 paper. He rather speaks of a “frequency distribution” (“Häufigkeitsverteilung”), that
is, in modern terminology, a histogram. Still, he clearly uses the concept of a properly normalised,
continuous probability density, and calculates its first and second moment, and he writes down
(Eq. (1.3)) what today is known as a Chapman-Kolmogorov equation for a Markov process. His
nomenclature might be coincidence or common habit of the time – or it might reflect the author’s
attempt to appeal to a broad audience who is not completely familiar with probabilistic ideas.

7Here, δ(x) is the Dirac delta function, i.e. a generalised function defined by
∫∞
−∞ g(x)δ(x) dx = g(0)

for any well-behaved test function g(x). Einstein did not use the delta function, but essentially did
use the concept.
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1 Stochastic modelling of diffusion phenomena – a brief history

The diffusion constant can thus be found by averaging square displacements over a
multitude of trajectories of Brownian particles. In combination with Eq. (1.2), this
method allows to determine experimentally Avogadro’s number N . The latter consti-
tuted an essential aspect of the atomic theory (see Perrin’s work below).

The originality of Einstein’s method lies in his dual approach to the problem: On
the one hand, he argues on the level of continuous matter, in terms of concentration
gradients, pressure laws and the classical diffusion laws. On the other hand, he uses a
probabilistic particle description, analysing the properties of trajectories of individual
Brownian bodies. By focusing directly on the position coordinate x at times large as
compared to τ , Einstein elegantly circumvented several difficulties of earlier statistical
arguments, such as inconsistent estimations of the instantaneous velocity of a Brownian
particle or its average displacement per microscopic collision. These delicate issues were
later attacked directly by Smoluchowski.

1.3.2 Marian von Smoluchowski and the random walk

Einstein defines the statistical properties of Brownian particle dynamics in terms of
the displacement probability φ(∆). He makes certain reasonable assumptions (such as
independence of x and t), but he does not exactly specify its functional form, nor does
he relate it directly to the dynamics of the surrounding medium. In this sense, the
approach presented in 1906 by Smoluchowski [37] is more microscopic, as it explicitly
models the effect of single collisions with the invisible fluid or gas molecules. His basic
method of choice is the random walk.

Along his derivation, he clears out several precedent misconceptions. For instance, he
addresses von Nägeli’s concern on the tininess of displacements. The velocity increase
of a Brownian particle with a diameter of 10−4 cm by a single shock from a light water
molecule should be of the order of a mere 10−6 cm/sec. This is way below the observed
(and observable) Brownian movement characteristics. Although there are many such
shocks per second, the net displacement should be zero, according to von Nägeli, due to
their unbiased directionality. Smoluchowski argues:8

“This is the same error in reasoning as if a hazard9 player believed he could
never loose an amount larger than the bet of a single throw.”

Within n throws of dice, the probability p(m;n) of winning m times is given by

p(m;n) =
n!

2nm!(n−m)!
=

1

2n

(
n

m

)
.

8English translation and footnote by J. S..
9Hazard was a popular game of dice in the 17th and 18th centuries. Its rules were relatively complicated,

but Smoluchowski uses effectively the simple mechanism of the fair gambling game (and thus of the
one-dimensional random walk): the player places a unit bet, and at each throw of the dice there is
an equal probability for either winning or loosing the bet.
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1.3 Molecules and heat: probably related

Having won m out of n rounds, the total earnings are v = 2m − n. Since the game is
fair, p(m;n) = p(n−m;n). Consequently, the average gain 〈v〉 is zero, but the average
(positive or negative) deviation from zero is

〈|v|〉 =
n∑

m=0

|2m− n| p(m;n) = 2
n∑

m=n/2

(
n

m

)
2m− n

2n
=

n

2n

(
n

n/2

)
,

which for large n becomes10

〈|v|〉 ∼
√

2n

π
. (1.8)

Hence, a gambler who intents to play n rounds should expect to loose or win an amount
of the order of

√
n and should have an appropriate budget at his disposition. Following

the random walk analogy, the velocity component vx in x-direction of a Brownian particle
is assumably either increased (gambler wins) or decreased (gambler looses) by a fixed
amount at each collision. Then the average (signed) velocity vanishes, 〈vx〉 = 0, but the
average (absolute) speed 〈|vx|〉 increases like the square root of n. Within a single second,
a suspended Brownian particle experiences about n = 1016 shocks (in gaseous air) or n =
1020 shocks (in fluid water). In this most simplistic picture, the speed increase per second
can hence be of the order of 102 or 104 cm/sec, respectively. Smoluchowski thus gives a
comprehensible demonstration of how an accumulation of random effects, while unbiased,
yet can increasingly deviate from the expected zero net effect. In fact, according to the
central limit theorem (discussed below), the observed square root dependence on the
number of random effects n, if n be large, is something quite general.

While such considerations resolve von Nägeli’s concern, this simple random walk must
still be rejected as a complete model for Brownian motion. As Smoluchowski points out,
Eq. (1.8) indicates an unbounded increase of speed, and thus, an unbounded increase of
kinetic energy. The essential flaw of the above theory is that it does not account for the
velocity dependence of collision probabilities. In reality, the faster the Brownian particle
moves in one direction, the more frequent become collisions with solvent molecules on
that side. Hence, collisions drive the Brownian motion, yet they also induce a friction
mechanism. Ultimately, the velocity distribution in general and the average speed in
particular will attain a certain limiting value. According to Maxwell’s idea of a kinetic
theory, this is exactly what defines the thermodynamic limit. More precisely, in an
equilibrated system, all particles, regardless of size, shape or weight, should bear the
same mean kinetic energy. Assuming that the Brownian particles are spherical with
mass M and velocity11 V , and the water molecules are point-like with mass m and
velocity v, this implies 〈

V 2
〉

=
m

M

〈
v2
〉
. (1.9)

10To show this, use Stirling’s formula, i.e. n! ∼ (n/e)n
√

2πn for large numbers n.
11Bold mathematical symbols are used here to indicate vectors in Euklidean space, e.g. v = (vx, vy, vz)

T .
Equivalent non-bold characters stand for respective Eukidean norms, v = |v| =

√
v2
x + v2

y + v2
z .
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1 Stochastic modelling of diffusion phenomena – a brief history

Based on this relation, Smoluchowski roughly estimates the average speed of a Brow-
nian particle suspended in water under equilibrium conditions as 〈V 〉 ≈

√
〈V 2〉 ≈

0.4 cm/sec. Such value, he notes, is much faster than any velocity measured in ex-
periment; a fact that unfortunately brought initial scepticism over the kinetic theory
approach. The error is, again, an error in interpretation. Smoluchowski explains:12

”What we observe is just the average position of a particle moving with such
speed [V ], but changing its direction 1016 to 1020 times per second. Its centre
of mass follows an immensely more complicated, zig-zag shaped path, whose
straight line segments are much smaller in magnitude than the dimensions
of the particle itself [...].“

The straight point-to-point displacement distance δX = |X(t+δt)−X(t)| is not even
an approximate measure for the real length of the trajectory, as it utterly underestimates
its complexity. Any attempt to calculate the instantaneous speed V from δX/δt, with
experimental time resolution δt being way beyond 10−16 sec, is bound to fail.

Smoluchowski substantiates his argument by introducing a more elaborate random
walk scheme. The position of the Brownian particle after the nth collision with a
surrounding fluid or gas molecule is labelled X(n). Motion starts at X(0) = 0 in a
random direction. For the model to be analytically tractable, Smoluchowski makes sev-
eral simplifying assumptions. Some are obvious (mostly justified by the asymmetric
ratio of masses, M � m); others are rather subtle, see the original text [37] for de-
tails. In short, the model definition is as follows. (i) Collisions with solvent molecules
occur at fixed time intervals, any randomness of impact times is neglected. (ii) In be-
tween any two collisions n and n + 1, the motion is straight with constant velocity
V (n). The speed of the Brownian particle is a priori dictated by the equipartition
theorem (1.9), that is V (n) ≡ V = 〈V 〉 =

√
〈v2〉m/M . In principle, the equiparti-

tion theorem is a statistical one and allows for fluctuations around the average, but
the latter are neglected. It follows from (i) and (ii) that the displacement vector is
given by δX(n) = X(n + 1) − X(n) = V (n)/ν, where ν is the collision rate. Note
that down to this point, the model is a three-dimensional version of Pearson’s random
walk, since the Brownian particle covers fixed, nonrandom distances l = δX = V/ν
between any two consecutive collisions. However, in Smoluchowski’s random walk the
new direction of movement after each step (collision) is not entirely random. Instead,
(iii) the turning angle ε(n), defined through cos[ε(n)] = [V (n − 1)V (n)]/V 2, is again
assumed to be constant and nonrandom, ε(n) ≡ ε. Following von Nägeli’s argument,
the effect of an individual collision should indeed assumed to be small, since M � m.
Consequently, the turning angle is small and to first order proportional to the ratio of
momenta (mv)/(MV ). Estimating v ≈

√
〈v2〉 and using V as defined in (ii), this yields

ε = O
(√

m/M
)

.

Summarising (i) through (iii), after each collision, the tip of the displacement vector
δX(n) is required to land on a definite small circle centred around δX(n−1), see Fig. 1.3.

12Translation, addition and omission by J.S.
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1.3 Molecules and heat: probably related

Figure 1.3: Schematic of Smoluchowski’s persistent random walk in three dimensions.
Starting atX(0) = 0, the distance length of displacements is fixed, δX(n) = l
for all n. The first travel direction is fully random. Consequent turning
directions are constrained by a fixed, constant polar angle ε. The azimutal
angle is uniformly random, and independent from step to step. Figure taken
from Ref. [37], with amendments by J. S. marked in blue.

In contrast to the fully random zig-zag pattern of the Pearson walk, Smoluchowski
introduces an element of persistence: a Brownian particle tends to keep its direction of
motion after collisions, which is a manifest of its heavy inertial mass. If ε is very small,
then even after a moderately large number of collisions, the observed path will appear
to be approximately straight. Thus, Smoluchowski argues, emerges the apparent mean
free path λ, which can be several orders of magnitude larger than the real mean free path
l.

Smoluchowski gives a quantitative example by considering the mean squared displace-
ment

〈
X2(n)

〉
of a Brownian body suspended in a gas. Its spatial dimensions in this case

are smaller than the mean free path of a gas molecule. Hence, following Boltzmann’s
original kinetic theory ideas, the effects of consecutive collisions can be assumed to be
statistically independent. This completes the definition of the Smoluchowski walk: (iv)
Randomness of collisions enters through the azimuthal angles of δX(n) along the circle
around δX(n − 1). These angles are drawn independently from a uniform distribution
on [0; 2π]. Identifying the time coordinate as t = n/ν, the results of Smoluchowski’s
calculations [37] can be written as

13



1 Stochastic modelling of diffusion phenomena – a brief history

〈
X2(t)

〉
=

{
(V t)2, for ν−1 � t� τ,

6Dt, for t� τ,
(1.10)

where

τ =
1

2ν[1− cos(ε)]
≈ 1

νε2
= O

(
M

νm

)
,

λ = V τ = λx
√

3,

D =
λ2
x

2τ
= O

(〈
v2
〉

ν

)
. (1.11)

These findings are remarkable in several ways. First, Eq. (1.10) underpins Smolu-
chowski’s scale separation argument. Motion appears to be linear,

√
〈X2〉 = V t, on

temporal scales smaller than τ . Conversely, the chaotic nature of the process becomes
noticeable on large scales. This regime is a diffusive one: the mean squared displacement
equals the behaviour described by Einstein’s Eq. (1.5).13 But Einstein did not include
persistence of motion: Eq. (1.3) explicitly states the independence of past and future
displacement vectors. In fact, at large times, Smoluchowski’s random walk mimics a
non-persistent Pearson walk with effective path lengths l = λ = V τ . Such analogy
comes by virtue of the central limit theorem (explained below, but in this form not
available to Einstein nor Smoluchowski at the time).

Thus, Smoluchowski establishes a connection between the experimentally unobservable
small-scale motion characteristics (collision rate ν, real free path V/ν) and the measur-
able diffusion properties (such as the diffusion constant D). For instance, Eq. (1.11)
predicts that D should be independent of the mass ratio m/M . As Smoluchowski ex-
plains, a Brownian particle with a heavy mass maintains a low average speed at thermal
equilibrium, but is highly persistent in keeping its direction of motion; these two factors
apparently balance out each other.

1.3.3 Jean Babtiste Perrin and Avogadro’s number

Einstein had presented the satisfactory probabilistic approach to the modelling of particle
diffusion. Smoluchowski had demonstrated that random walks can provide the missing
link to kinetic collision models. This established a largely consistent theory of Brownian
motion, which had yet to be validated experimentally. The outcome of such experiments
was published by French physicist Jean Babtiste Perrin [35] in 1909. Together with his
students Chaudesaigues and Dabrowski, Perrin carried out several extensive tests to
verify the kinetic theory in general, and Einstein’s considerations in particular, by study
of Brownian motion.

The major focus of Perrin’s 1909 paper lied on the determination of Avogadro’s num-
ber N . The latter is defined as the number of molecules contained within two grams of

13Note that under isotropic conditions,
〈
X2(t)

〉
=
〈
X2(t)

〉
+
〈
Y 2(t)

〉
+
〈
Z2(t)

〉
= 3

〈
X2(t)

〉
.
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hydrogen.14 According to Avogadro’s principle, this number should be the same for any
other gas occupying the same volume as the hydrogen standard, and being maintained in
a steady state under the same pressure and temperature conditions. Such principle arises
naturally in the kinetic theory of heat, and consequently, N appears as a universal con-
stant in various formulae from atomistic theories.15 Several estimations of its value were
already available, as calculated from, e.g., the ideal gas law, counting of α-decays, elastic
scattering of light, electric mobility measurements and black-body radiation. However,
the object was to confirm the constant’s universality, which required a certain amount of
precision. Perrin achieved in calculating N with unprecedented accuracy (roughly 19%
off from modern measurements).

Both his 1909 paper and his 1913 book “Les Atomes” [39] are still recommended
reading today, as they provide interesting historical insights, but also impart a profound
understanding of the theory. Perrin exhibits the basic principles and implications of the
kinetic theory up to this point, collects the various experimental methods to measure
related physical quantities (e.g. indirect measuring of the atomic radius or elementary
electric charge, and existing estimations for Avogadro’s number N), discusses recent
experimental approaches (a first series of experiments had seemed to disprove Einstein’s
formulae), and finally he describes in much detail his own careful and profound experi-
mental procedures. Beyond following Einstein’s suggestion to calculate N , Perrin indeed
confirms the Gaussian nature of the displacement distribution (1.6), verifies experimen-
tally the applicability of Stokes’ law of friction for such small particles, establishes a
barometric formula for Brownian particles subject to gravitation, and experimentally
confirms equipartition of energies (including even rotational contributions); he uses par-
ticles of different materials, ranging in diameter from tenths to tens of micrometers, thus
indeed showing universality. Perrins complete and detailed studies won him the Nobel
prize in 1926 and managed to convert even the harshest critics of kinetic theory [40].

1.4 Crafting the tools of stochastic modelling

The introduction of these novel probabilistic concepts at the beginning of the 20th cen-
tury sparked rapid developments of analytic methods on several grounds. Such research
was finally conducted in a parallel, yet orchestrated way. Various scenarios raising from
physics, mathematics and, somewhat delayed, also finance questions were now put on
the common stage of stochastic process theory.

A stochastic process should be seen as a collection of random variables, {X(t)}t∈I ,
14Perrin’s definition of Avogadro’s number N differs from the modern definition of the Avogadro constant

NA. The latter is the number of constituent particles in one mole of a given substance. In turn, 12
grams of pure carbon-12 are defined to contain exactly one mole (1 mol). Hence, N and NA slightly
differ in their numerical value. Furthermore, N is dimensionless, while NA has a base unit mol−1.

15Some of these theories were still “under construction” at the time of 1909, in particular the quantum
theory and the corpuscle theory of light. Hence, the partial results and formulae Perrin quotes are not
presented here. Also note that, when the latter appear in their modern form, Avogadro’s constant
usually enters indirectly via the Boltzmann factor kB = R/NA.
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Figure 1.4: Studies on Brownian motion by Jean-Babtiste Perrin [35]. Left: Trajectories
of a Brownian particle (projected onto a plane), as measured in time intervals
of 30 sec. Center: All displacements (straight line segments of the rectilinear
trajectories) of all trajectories are shifted to the origin. The figure illustrates
the Gaussian nature of the distribution of travel lengths, predicted by Ein-
stein. Right: Two snapshot pictures of a dispersion of Brownian particles
under the influence of the gravitational field along the vertical axis. Due to
thermal agitation, Perrin argues, the particles do not sediment, but attain a
stationary, barometric (i.e. exponentially decaying) spatial distribution.

indexed by what is commonly referred to as time parameter t. The index set can either be
discrete (e.g. for a random walk, the obvious choice are the natural numbers, I = N0)
or continuous (for Brownian motion, set I = R). The state of the process at fixed
time t is represented by the random variable X(t). The sample space of the latter
can be defined as appropriate; for instance, for three-dimensional Brownian motion one
should actually consider random vectors X(t) ∈ R3. For any finite set of measurement
times (t1, ..., td) ∈ Id, d ∈ N, one can then draw samples X(t1) = x1, ..., X(td) = xd,
which constitutes a set of sample points of a realisation or path or trajectory of the
stochastic process {X(t)}. It should be noted that such definition is straight-forward
only for a finite set of sample points. The question of how to find a proper notion of
the “probability” of a full path t 7→ x(t), or of how to probabilistically describe analytic
path properties, is highly nontrivial.

1.4.1 The Wiener process

On the mathematics side hence arises naturally the task to consistently and uniquely
define specific processes, to classify them, and to define and study properties of their
sample paths. Such efforts culminated in the works of Norbert Wiener [41].He studied

16



1.4 Crafting the tools of stochastic modelling

a stochastic process {B(t)}t∈R+
0

, today named in his honour the Wiener process, which

is uniquely defined by the following three properties: (i) B(0) = 0; (ii) a sample tra-
jectory B(t) is almost surely16 continuous everywhere; (iii) increments B(t2) − B(t1)
have a Gaussian distribution with mean 0 and variance |t2 − t1|, and they are mutu-
ally independent for any non-overlapping time intervals [t1, t2], [t′1, t

′
2], etc. This is in

fact a mathematical treatment of the (one-dimensional) Brownian motion described by
Einstein. (The Wiener process uses arbitrary space and time units, standardised such
that D = 1/2. To recover Einstein’s equations, use a scaled, non-standard Brownian
motion

√
2DB(t).) Point (iii) reflects Einstein’s requirement that “in two successive

time intervals τ , the motions [...] are independent of each other” [36]. Gaussianity is
implied by Eq. (1.6), and the variance property is Eq. (1.7). More generally, the position
coordinate scales17 with time as X(t) ∼ t1/2.

Wiener proved the existence of this process in that he constructed an appropriate space
of sample paths, equipped with a proper probability measure, satisfying (i)-(iii). On this
basis he derived several path properties; compare to the sample trajectories generated
numerically in Fig. 1.5. Arguably the most important feature is that any path of a
Wiener process, while being continuous by definition, is non-differentiable everywhere
with probability 1. Such is the mathematical precise way of expressing the hopelessness
in determining velocities of Brownian particles. Conversely, attempts were made to give
a senseful meaning to the integral of a stochastic process, which ultimately led to the
development of stochastic calculus [42] by Kiyoshi Itō [43, 44], and later Stratonovich’s
contributions, which have become specifically important for physics applications [51].

1.4.2 The Langevin equation

The desire to invent such mathematical machinery arose with the concurrent discussion
of stochastic differential equations in the physics community. The first to propose such
concept was French physicist Paul Langevin [45], who described Brownian motion in

16An event A is said to happen almost surely if Pr {A} = 1. This does not imply that the event must
always happen, when performing a certain number of trails. For example, draw some random integer
number and let A be the event that the number is different from 5. Although drawing 5 is possible
in principle, the probability for A is one, since there is an indefinite amount of different outcomes.
The concept becomes particularly relevant when studying asymptotic convergence of a property An,
referring, for example to a characteristic of a stochastic path {X(n′)}n′≤n. One says property An
holds asymptotically almost surely for large n, if limn→∞ Pr {An} = 1.

17Let {X(t)}t∈R+ be some stochastic process and let H > 0 be a constant. The notation X(t) ∼ tH

indicates a scaling relation with respect to time: the random variable X(t) has the same distribution
as tHX(1). For the associated PDF p(x; t), this equivalent to writing p(x; t) ≡ t−Hp(xt−H ; 1). It
should be noted however, that for most cases considered in this thesis, an actually stronger statement
holds: the motions in question are self-similar with index H, that is, for any constant c > 0, the
processes {X(t)}t∈R+ and {c−HX(ct)}t∈R+ have the same finite-dimensional distributions.
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Figure 1.5: Sample paths X(t) of a Wiener process, that is, the mathematical model of
ordinary Brownian motion, generated by numeric simulation. The sample
paths are erratic but continuous and at no time one can determine a favoured
direction. Locally, the simulated trajectories agree remarkably well with the
real Brownian motion as observed, e.g., by Kappler, see Fig. 1.2. However,
due to the torsional stalling force, Kappler’s trajectories globally tend to
drift towards the equilibrium position.

terms of the equation of motion

dX

dt
= V (t),

m
dV

dt
= −γV (t) + ξ(t), (1.12)

where now m denotes the mass of the Brownian particle and γ the linear friction coef-
ficient with respect to the surrounding medium. At first glance this equation appears
as ordinary manifest of Newton’s second law, with the familiar inertia term on the left
hand side and the dissipative friction force on the right. The time-dependent force ξ(t)
is meant to represent the momentum transfer by collisions with external fluid or gas
molecules. The collision rate is again assumed to be much faster than the typical in-
verse “time scale dt” defining the scope of Eq. (1.12). The definition of ξ(t) therefore
comes quite out-of-the-ordinary as a stochastic process, rather than a deterministic func-
tion of time. Such randomness is of course passed on to the motion X(t) (respectively
V (t)), which should be characterised by its probabilistic traits. Langevin’s equation thus
evaded classical methods of analysis, and engaged physicists and mathematicians alike
in the course of the coming decades [43, 46, 47, 48].

The following treatment is akin to presentations found in modern textbooks [49, 50,
51]. First, one needs to specify the collision process ξ(t). If the environment is being
helt at thermal equilibrium conditions, one can readily invoke the principles of kinetic
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theory which already inspired Einstein’s and Smoluchowski’s theories. The surrounding
molecules then obey the Maxwell-Boltzmann distribution laws. It follows in particular
that momentum transfer is unbiased on average; the Brownian particle is equally likely
to be kicked in one direction or the other. Moreover, equilibrium laws are stationary,
implying that the processes ξ(t) and ξ(t + t0) are statistically equivalent for any time
shift t0. Finally, any two collisions are assumed to be statistically independent events.
These considerations amount to requiring18

〈ξ(t)〉 = 0〈
ξ(t)ξ(t′)

〉
= 2Dγ2 δ(t− t′), (1.13)

for all times t, t′. The occurrence of a diffusion constant D will become clear shortly;
for now, it is merely a positive constant whose magnitude determines the amplitude
of fluctuations in the collision or noise process ξ(t). Later in 1945, Wang and Orn-
stein [47] demonstrated that it is highly reasonable (today, it is common practice), to
define ξ(t) as a Gaussian process. This is consistent with the Gaussian nature of the
Maxwell-Boltzmann momentum distributions of bombarding molecules, but also has
further important implications.19 The distributional properties of the Gaussian white
noise20 ξ(t) are thus uniquely defined in terms of the drift and autocorrelation function21

in Eq. (1.13).

Next, the stochastic differential equation (1.12) should be provided a reasonable inter-
pretation. One way to do this is to first solve it while treating the noise term formally as
an analytic function. The general solution thus obtained can then be used [49] to calcu-
late first and second moments, autocorrelation functions or cross-correlators of X(t) and
V (t). Relations (1.13) have to be applied at this point. The solution depends on initial
values X(0) and V (0), which are also allowed to be random. Of particular interest is the

18Let A and B be two continuous random variables with probability density functions pA(x) and pB(x),
respectively. Also define their joint probability density function pAB(x, y). A and B are said to be
(statistically) independent, if pAB ≡ pA pB . Two independent random variables are also uncorrelated,
meaning that 〈AB〉 =

∫ ∫
xy pAB(x, y) dx dy =

∫
x pA(x) dx

∫
y pB(y) dy = 〈A〉 〈B〉. The converse

holds if, in addition, A and B are jointly Gaussian.
19 {X(t)}t∈I is called a Gaussian process, if the distribution of any finite-dimensional random vector

X = (X(t1), ..., X(td)), d ∈ N, ti ∈ I, is multivariate Gaussian [52]. A Gaussian process is uniquely
defined in terms of its mean drift 〈X(t)〉 and its correlation function 〈X(t1)X(t2)〉. This is due to
Isserli’s theorem. Defining the zero-drift Gaussian process {Y (t)} = {X(t) − 〈X(t)〉}, one has odd
moments 〈Y (t1) . . . Y (t2d−1)〉 = 0, and even moments 〈Y (t1) . . . Y (t2d)〉 can be calculated recursively
from the covariance function (see e.g. [49]).

20“White” noise refers to the constant power spectral density S(ω) = 2
∫∞
−∞ e

−iωt 〈ξ(0)ξ(t)〉 dt = 2γkBT .
This is analogous to an ideal “white” light, where all wave lengths have equal contributions. Because
of the Dirac δ-function in the correlation function, the noise is also referred to as δ-correlated noise.

21Mathematically, the covariance of two random variables A and B is defined as Cov[A,B] = 〈AB〉 −
〈A〉 〈B〉. It is related to the correlation via Corr[A,B] = Cov[A,B]/

√
σ2
Aσ

2
B in terms of the variances

σ2
A =

〈
A2
〉
− 〈A〉2 and σB respectively. Confusingly, the common physicist’s habit its to call Cov[·]

a correlation and refer to Corr[·] as normalised correlation. The present work uses the physics
terminology. In any case, the terms covariance/correlation function of a stochastic process X(t)
refer to respective functions of two times t1, t2, constructed by setting A = X(t1) and B(X(t2)).
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1 Stochastic modelling of diffusion phenomena – a brief history

equilibrium solution, which is characterised by a time independent (Maxwell-Boltzmann)
distribution of velocities. This is realised by the initial condition

〈V (0)〉 = 0 ≡ 〈V (t)〉 ,
〈
V 2(0)

〉
=
γD

m
≡
〈
V 2(t)

〉
. (1.14)

Notice that for a Brownian particle with one mechanical degree of freedom, equipartition
of energies requires that

〈
V 2(0)

〉
= (RT )/(Nm), where T is the temperature of the

surrounding medium. This defines the constant D = (RT )/(Nγ). In addition, for a
spherical particle of radius r, the Stokes friction coefficient is γ = 6πηr, which exactly
reproduces Eq. (1.2) found by Einstein by a completely different reasoning. But for the
Langevin equation at hand, is D really a coefficient of diffusion? The corresponding
mean squared displacement is found to be (set X(0) = 0 without loss of generality)

〈X(t)〉 = 0,〈
X2(t)

〉
=

2D

γ

[
t/τ −

(
1− e−t/τ

)]
=

{〈
V 2(0)

〉
t2, for t� τ,

2Dt, for t� τ.
(1.15)

The time scale τ = m/γ obviously measures a competition between friction and inertia
forces. It separates two temporal regimes. For very small times (Langevin estimates
τ = 10−8 sec for a typical Brownian particle in fluid suspension), the mean squared dis-
placement increases with time squared. The regime is called ballistic. The motivation
for such a terminology becomes evident when comparing to Smoluchowski’s Eq. (1.10):
a particle travelling at deterministic speed Vdet =

√
〈V 2(0)〉 shows the exact same be-

haviour. However, in contrast to Smoluchowski’s ansatz, particle speeds and velocities
are here a priori random and, by virtue of Eq. (1.14), are distributed in accordance with
the Maxwell-Boltzmann laws.

The large time regime is said to be a diffusive one, as the behaviour of the mean
squared displacement is exactly congruent with the result (1.5) of Einstein’s diffusion
model. Moreover, the Gaussian nature of the noise process ξ(t) is passed on to X(t)
and V (t) [47]. The position coordinate X(t) in particular is distributed as in Eq. (1.6).
In fact, the full behaviour of X(t) is, in an asymptotic sense, essentially that of a
Wiener process B(t), for as long as all measurement times and time intervals are large
as compared to τ .

An interesting analogy is now found by direct approximation of the Langevin equa-
tion (1.12). With τ = m/γ a tiny parameter, one can formally neglect the inertia term
(proportional to m) as being small compared to the friction term (proportional to γ).
The equation of motion then reads

V (t) =
dX

dt
=
ξ(t)

γ
. (1.16)

If indeed the process X(t) in this approximation is literally taken to be a Wiener process,
then the noise ξ(t) appears as (being proportional to) the derivative of a Wiener process.
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1.4 Crafting the tools of stochastic modelling

Hence, while sample trajectories of an exact Wiener process are non-differentiable, the
derivative process can now be interpreted in a limiting sense. The Langevin equation
motion has by definition a well-defined velocity. But on time scales where inertia is neg-
ligible, the effects of shocks obtained from ξ(t) are virtually instantaneous displacements
X(t+ dt)−X(t) = γ−1ξ(t) dt. Consequently, the particle’s velocity becomes as sharply
peaked and wildly fluctuating as the fuelling collision process.

The mathematical difficulties with such an identifications is being circumvented by
using Doob’s interpretation [48] of the Langevin equation. Its original form (1.12) is of
course highly attractive from the physicist’s point of view, since it provides a natural
and intuitive approach to translating familiar deterministic mechanical problems to the
realm of stochastic motions. Mathematicians instead prefer the (formally) integrated
version of such a differential equation. The involved integrals with respect to ξ(t′) dt′

are then interpreted as dB(t′), that is an integral with respect to a Wiener process. The
latter in turn can be treated conveniently by Itō’s stochastic calculus.

On such profound mathematical grounds, one can start to approach more complex
problems. For instance, the motion under the influence of an additional external po-
tential U(x, t) is treated by introducing to the Langevin equation (1.12) a force term
−∂U/∂x. This was done by Wang, Ornstein and Uhlenbeck22 [46, 47] for the harmonic
potential U(x) = mω2/2. Up to this day, formulating non-deterministic problems in
terms of stochastic differential equations is a highly favoured practice. Itō’s stochastic
calculus can in principle treat any equation of the form

dX

dt
= a(X(t), t) + ĝ(X(t), t) ξ(t). (1.17)

Here, a(x, t) is a vector-valued, ĝ(x, t) a matrix-valued function, and ξ(t) is a stochas-
tic process whose components ξi are mutually independent Gaussian white noises. The
vector X collects all variables needed to completely determine the state of the sys-
tem at a given point in time. For instance, for a d-dimensional Wiener process, X =
(X1, . . . , Xd)

T . To recover Langevin’s original equation (1.12) for one-dimensional Brow-
nian motion, set X = (X,V )T . But the components of X can also represent angles,
an angular moment or other physical quantities. Thus, the effect of thermally agitated
charge carriers (electrons or ions) can be considered be using state variables of the form
X = ({Ui}, {Ii}), where the Ui and Ii are the various voltages and currents, respectively,
measured in a particular electric circuit. Further examples are be given in section 1.5.1
below. Despite the generalised and abstract formulation, equations of the form (1.17)
are commonly referred to as Langevin equations in the physics literature.

1.4.3 The Fokker-Planck equation

Bachelier (in the context of stock prices) and Einstein (by study of Brownian motion)
showed that the probability density function for the state of a Wiener process B(t) at

22Remarkably, at these scientists discussed the harmonically bound Brownian particle, the mathematical
principles of stochastic calculus had not yet been developed. Even the question of how to interpret
the noise term ξ(t) was subject to debates.
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1 Stochastic modelling of diffusion phenomena – a brief history

time t obeys a linear, partial differential equation, namely the diffusion equation (1.4).
Now, can one find a similar equation for more elaborate dynamics such as the Langevin
equation motion?

Considerable efforts in this direction were made in the years which followed Einstein’s
original publication on Brownian motion. It eventually turned out that any kind of
stochastic differential equation (1.17) has associated to it a partial differential equation
of the form [50]

∂

∂t
p(x; t) = −

d∑
i=1

∂

∂xi
[ai(x, t) p(x; t)] +

1

2

d∑
i,j=1

∂2

∂xi∂xj
[bij(x, t) p(x; t)] . (1.18)

The joint PDF for the state variables x is p(x; t). The real-valued functions ai(x; t)
are the components of a(x, t) appearing in Eq. (1.17). They are called drift coefficients.
Likewise, the positive functions bij(x; t) are the components of ĝ(x; t)ĝ(x; t)T , called dif-
fusion coefficients. It is important to contrast the deterministic Fokker-Planck equation
for the real-valued probability densities, to the stochastic Langevin-equation, describing
a random process evolution.

The complete equation (1.18) was introduced by Andrey Kolmogorov in 1931 [53] and
today is frequently found in texts on probability theory as Kolmogorov forward equation.
Einstein and Bachelier’s original one-dimensional diffusion equation is recovered by set-
ting a(x; t) = 0, b(x; t) = 2D. Adriaan Fokker, during his Ph.D. years with Max Planck
(finished 1913) discovered a very general form of Eq. (1.18) in the course of their studies
on rotating dipoles [54, 55, 50]. In the physics’s literature, they are thus commonly
referred to as Fokker-Planck equations. In 1915, Smoluchowski generalised the diffu-
sion equation [56] to the now-called Smoluchowski equation, which incorporates external
forces and operates in the overdamped limit of negligible inertia forces. Conversely, a
differential equation in velocity space in the absence of external forces was considered
by Lord Rayleigh as early as in 1891 [57]. Finally, the Klein-Kramers equation, named
after Oskar Klein [58] and Hans Kramers [59], accounts for both external and inertial
forces. It consequently provides a description in complete phase space x = (x, v).

To solve of Fokker-Planck equations (1.18) is complementary to Langevin’s method.
The Langevin equation treatment is, in a way, more complete, as it fully defines the
stochastic process to be studied. The Fokker-Planck equation describes only the be-
haviour of the associated PDF of the single-time state variable, p(x; t). It is thus inca-
pable of predicting, for example, two-time correlations 〈X(t1)X(t2)〉. Yet, in the analysis
of the specific PDF the Fokker-Planck equation focuses on, it does its job exceptionally
well. Being a deterministic differential equation, several solving and approximation tech-
niques from standard analysis are available such as eigenfunction expansions, separation
ansatz or elaborate operator methods developed in the quantum mechanics field [50].
Plus, boundary conditions are particularly easy to implement by using the method of
images [60].
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1.5 Gaussian white noise: universal approach for modelling fluctuations

The generality of the Langevin equation (1.17) and the associated Fokker-Planck equa-
tion (1.18) is impressive. The range of applications is vast, and goes far beyond the
analysis of Brownian particle diffusion. The concept is to devise all kinds of influences
onto a dynamical variable X(t) under study into deterministic and fluctuating contri-
butions. The deterministic aspects then define the overall structure of the Langevin
equation of motion (1.17). Fluctuating components essentially enter through the white
Gaussian noise(s) ξ(t).

1.5.1 Applications

Several physical applications of Langevin equation motion in periodic potentials are
listed in Risken’s 1989 book [50], including the following: synchronisation of an os-
cillator, locking of two laser modes, quantum noise in ring laser gyros, charge carrier
transport in superionic conductors, current through a Josephson Tunneling Junction
(two superconductors which are separated by a thin oxide layer), noise in phase locked
loops and noise in a laser. Moreover, rotational Brownian motion is central to the De-
bye theory of dielectric relaxation [49, 50], allowing to calculate susceptibilities in linear
response for rotation of dipoles in an external field [50].

W. T. Coffey (2004 [49]) adds dynamic light scattering and Kramer’s escape rate
theory [50, 59]. The latter was originally developed to explain the breaking of a chemical
bond induced by thermal agitation. In this context, the variable X(t) is not a classical
position, but rather a reaction coordinate, i.e. the distance between two fragments of a
dissociated molecule [49]. The theory yields explicit formulas for the escape rates in any
physical system in which there is noise-activated escape from a potential well. Among its
diverse applications are [49] the dielectric relaxation of nematic liquid crystals, magnetic
relaxation of fine ferromagnetic particles, laser physics, and the dynamics of Josephson
junctions.

Concersely, if the typical time scale of a chemical reaction is relatively small, then its
progress is predominantly determined by the time it takes the reaction partners to find
each other. In this regime, called diffusion-limited or diffusion-controlled reaction [61],
Brownian motion naturally governs statistics and transition rates.

In electrical circuits, Johnson-Nyquist noise [51, 62, 63] is the electronic noise gen-
erated by the thermal agitation of the charge carriers (usually the electrons) inside an
electrical conductor at equilibrium, which happens regardless of any applied voltage.
Thermal noise in an idealistic resistor is approximately white and has a nearly Gaussian
amplitude distribution [64]. This highly motivates the study of a Langevin equation for
the involved currents and voltages, whenever thermal noise effects are to be taken into
account.

The 2002 book of R. M. Mazo [65] contributes by discussion of fluorescence depolar-
isation of molecules in solutions. The author elaborates on a toy model for diffusion of
polymers and provides a large list of references for further reading.

23
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Active Brownian motion (that is, a Langevin equation motion with nonlinear friction
term a(X)) has found biological application in the description of self-propelled motion
patterns, such as directed transport in living cells or collective swarming behaviour. [66]

With the first studies of a statistically motivated diffusion equation being conducted by
Bachelier in the context of stock markets, it does not come as a surprise that Langevin
equations also play an important role in modern mathematical finance. The Black-
Scholes model describes the evolution of an option price X(t) under the influence of
market fluctuations [67]. It is formulated in terms of a Langevin equation with mul-
tiplicative noise: the noise strength g appearing in Eq. (1.17) is not constant in this
case, but proportional to X(t). This effectively generates a geometric Brownian motion,
which is essentially and exponentiated Wiener process with drift. Hence, X(t) is always
positive, and characterised by independent multiplicative increments, and a log-normal
distribution.

1.5.2 Fast versus slow variables

Langevin’s object of theoretical study was the Brownian motion. In order to overcome
the burden of treating the complex interplay with the dynamics of the ambient medium,
Langevin suggested to use his stochastic equations of motion (1.12). There, all interac-
tion with the medium is packed into a linear friction term −γV and the Gaussian white
noise ξ(t). This approach is for sure a very attractive one, since it provides intuitive
insight and allows for a natural extension to other problems (like the ones cited above).
However, it should be stressed that such an ansatz is purely phenomenological. A brief
heuristic argument motivating his method can be given in terms of a separation of time
scales as follows.

The systems listed in the previous section, albeit being extremely diverse, have the
following common trait. On the one hand, there is an individual (or a finite set of
individuals) whose dynamics are followed and studied in detail via the variableX(t). On
the other hand, the behaviour is coupled to a noisy environment, or, by its physical term,
a heat bath. The latter constitutes itself a dynamical system with an immense number
of degrees of freedom, but made up of constituents who, in some sense, all act very fast in
comparison to the observed individual: the position of a Brownian particle is measured,
say, every second, which corresponds to 1020 sec collisions with one of the water molecules
in the bath. A share price might be looked at once per month, during which several
thousands of shares may change owner. The “slow” variable X(t) is not notably affected
by single interaction events, but rather by large accumulations thereof. This justifies
the concentration on (time) averaged statistical effects. Moreover, correlations between
successive interactions should decay fast so as to be negligible for the observed motion.
For instance, immediately after the collision between a fluid molecule and the Brownian
particle, their motions are correlated – but by the time the two meet again, the fluid
molecule has undergone such a large amount of collisions with other fluid molecules that
the correlation with the Brownian particle has almost vanished. This explains the use
of a white (i.e. δ-correlated) noise in the Langevin approach.
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1.5 Gaussian white noise: universal approach for modelling fluctuations

One can conduct these considerations in a much more careful and quantitative way by
using elaborate tools such as Mori-Zwanzig projection operators [68, 69]. The procedure
is outlined in Ref. [65] for the case of a heavy Brownian particle in a gas or fluid. Starting
from a deterministic Liouville equation, the fast variables are eliminated in favour of the
slow ones, eventually reproducing the stochastic Langevin equation of motion. This way
one even finds the microscopic connection between friction and diffusion coefficient.23

This mathematical treatment however is far from trivial. The extension to more complex
systems poses a considerable challenge, and for many problems, an ultimate resolution is
still missing. In fact, the Mori-Zwanzig method is not a prominent approach to legitimate
Brownian motion models – it is meant to find the limit where the Brownian theory breaks
down. A careful analysis in some cases reveals a need to generalise Langevin’s treatment,
questioning in particular the uncorrelated noise and the linear friction (see for example
the discussion on Brownian motion in a dense fluid [65] and in a lattice of harmonic
springs [65, 70]).

1.5.3 Attractiveness matters

Given such reservations, one cannot help but wonder why so many profoundly different
phenomena as the ones compiled in section 1.5.1 are still successfully tackled by the same
stochastic equations (1.17). How come that fluctuation mechanisms which are micro-
scopically so distinct – a laser beam’s disordered scattering sites, the thermal agitation
of a charge carrier, or a hard sphere or a magnetic moment, the transactions on a stock
market – can universally be captured by the same mathematical noise model ξ(t)? In
particular, why are the noise statistics Gaussian?

Here, the statistician can give a very clear answer: Gaussianity comes by virtue of
the central limit theorem. A very large class of motions are, to use the mathematical
phrase, attracted towards a Gaussian process at large times. The most common form of
the theorem is as follows. Suppose one is interested in the statistics of a sum

X(n) =
n∑
j=1

δXj (1.19)

of random variables δXj which are statistically independent, but characterised by iden-

tical probability distributions. Let specifically µ = 〈δXj〉 and σ2 =
〈
δX2

j

〉
− µ2 denote

their common average and variance, respectively. Consider now the dimensionless, cen-
tred, rescaled sum

X ′(n) =
X(n)− µn√

σ2n
. (1.20)

and denote with p′(x′;n) its probability density function. The central limit theorem
now says that for large n, this probability density converges point-wise to a standard

23Notice that Langevin establishes the relation between friction and diffusion constant through an addi-
tional equation, independent of his equations of motion. Namely, he requires equipartition of energies
at equilibrium.
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Gaussian, i.e.

p′(x′;n)→ p′(x′) =
1√
2π

exp

(
−x
′2

2

)
(n→∞). (1.21)

A basic proof is provided in section 2.1.1. For now, investigate the consequences for
stochastic process theory. In this section, two view-points on the central limit theo-
rem will be presented. On the one hand the sum X(n) may be interpreted as a one-
dimensional random walk, that is, a step-wise linear motion with random step lengths.
This perspective gives additional insight into the classical Brownian motion theories and
helps detecting their connection. On the other hand, the δXj may represent small scale
distortions in a noisy environment. If, on an observational scale, only the effect of large
accumulations of such microscopic effects are resolvable, then one needs to study incre-
ments of X(n). Such an analysis showcases Gaussian noises as a tool of outstanding
importance in stochastic theory, but also reveals their limitations.

The central limit theorem for random walks. First, pursue the random walk picture.
In this interpretation, δXj is the distance of the jth step. The random step lengths are
assumed to be independent and identically distributed. For example, a one-dimensional
Pearson walk has discrete step distances: either δXj = +l or δXj = −l with equal
probabilities. Then, µ = 0 and σ2 = l2. In a two-dimensional Pearson walk, the x-
coordinate has a continuous distribution: for a single step, δXj = l cos(θj), where each
θj is distributed uniformly on [0; 2π). In that case, µ = 0 and σ2 = l2

〈
cos2(θj)

〉
= l2/2.

A random walk with µ 6= 0 is said to be biased.
Now let n be large, and study the probability density function p(x;n) of the random

walk position coordinate X(n). It directly follows from Eqs. (1.20) and (1.21) that
p(x;n) is approximately Gaussian with mean µn and variance σ2n. In order to interpret
the random walk as a real process, define a physical time coordinate t = nτ , that is, τ
is the time passing between consecutive steps. In this form, the central limit theorem
reads

p(x; t) ∼ 1√
4πDt

exp

[
−(x− vt)2

4Dt

]
, for t� x2/D. (1.22)

where the drift v = µ/τ and diffusion constant D = σ2/(2τ) are introduced as actual,
physically measurable parameters.

The point to stress here is the universality of the result. Independent of the detailed
step length statistics, the distribution of the position coordinate is approximately Gaus-
sian; there is a constant drift 〈X(t)〉 = vt, and the square width increases linearly in
time,

〈
X2(t)

〉
= 2Dt. For example, Einstein arrives at Eq. (1.6), which corresponds to

Eq. (1.22) with v = 0. In fact, he implicitly uses a random walk approach: his step
lengths are defined in terms of the symmetric function φ(∆). A more specific example
is Pearson’s random walk in the plane. Both the x-coordinate and the y-coordinate
exhibit unbiased random walks with σ2

x = σ2
y = l2/2. While the x- and y-motions are

not statistically independent (since they are coupled through the turning angles θj),
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they are uncorrelated: 〈δXjδYj〉 = l2 〈cos(θj) sin(θj)〉 = 0. In such a case, a straight-
forward generalisation of the central limit theorem to sums of random vectors yields
p(x, y; t) = p(x; t) p(y; t), where each of the marginal distributions p(x; t) and p(y; t) is
again the Gaussian (1.22). For the radial coordinate r =

√
x2 + y2, dx dy = r dθ dr,

one therefore finds p(r; t) = [r/(Dt)] exp
[
−r2/(2Dt)

]
, with two-dimensional diffusion

coefficient D = Dx +Dy = l2/(2τ). This perfectly coincides with the asymptotics (1.1)
provided by Lord Rayleigh (who uses standardised coordinates, n = t/τ and r′ = r/l).

To be precise, the Gaussian approximation (1.22) becomes better the larger the ratio
x2/(Dt). Inaccuracies are potentially found in the far tails of the distribution, hence
the name “central” limit theorem. From now on, assume that the expression in (1.22)
is an exact feature of the process X(t). Formally one can achieve this by sending τ and
σ2 to zero, while keeping D fixed. X(t) is then said to be the diffusion or scaling limit
of the random walk X(n), due to the involved rescaling procedure (1.20). Notice that,
by its very construction in terms of independent, identically distributed step lengths,
the process’ increments X(t2)−X(t1) are independent if time intervals do not overlap.
They are also Gaussian with variance 2D|t2 − t1|, provided that one can only resolve
time differences beyond |t2 − t1| � τ . These considerations highly suggest that the
scaling limit of the random walk X(n) is a scaled Wiener process with constant drift,
X(t) = vt +

√
2DB(t). Indeed, this statement can be formulated more precisely and

proved with mathematical rigour in terms of a theorem by Monroe D. Donsker.
The central limit theorem can be generalised in various ways. Alexandr Lyapunov

considered a sequence δXj of independent step lengths which are allowed to vary in
distribution. Given that the higher moments of the step length distribution do not tend
to dominate for increasing j, there is again convergence to a Gaussian law. Lyapunov
gave a precise necessary condition [71] for this behaviour, which was later refined by
Jarl Waldemar Lindeberg [72]. In such a case, the scaling limit X(t) has the Gaussian
distribution (1.22), but the coefficients become effectively time dependent, v = v(t) and
D = D(t).

Conversely, one may ask whether a stationary sequence δXj with some amount of in-
herent dependence is still attracted to the Gaussian limit. Unfortunately, this is a rather
subtle question. The answer is affirmative, if the δXj are mixing in time. This means,
loosely speaking, that step distances temporally far apart from one another are almost
independent. However, the definitions of what exactly is mixing are diverse. Several
notions exist in the literature, some intuitive, others rather abstract; for a mathematical
survey see Ref. [73]. Determining whether or not a given, dependent sequence of step
lengths ultimately sums up to a Gaussian random variable is therefore an intricate task.
In addition, even if such a convergence happens on the distribution level, it is not evident
that the scaling limit X(t) is clear of any residual interdependence; see the discussion on
the fast decay of correlations in the preceding section 1.5.2 and on short- and long-range
dependence in section 2.3.1. Two Brownian motion related examples which are indeed
attracted to a Wiener process are the Smoluchowski random walk (section 1.3.2) and
the Langevin equation motion (section 1.4.2). In both cases, the process increments are
initially highly correlated: due to the inertia of the particle, the motion is persistent.
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But at times large as compared to the correlation time scale τ , the Wiener process
approximation holds.

The central limit theorem for random noises. The appearance of the Wiener processes
in stochastic process theory is hence ubiquitous. The Gaussian white noise is of course
intimately related as being, in a loose sense, the derivative of a Wiener process. The
process shall be revisited now in the light of the central limit theorem. For this, think
of the variables δXj as effects of interactions with a strongly fluctuating environment.
For instance, they might model the momentum transfer induced by single or moderately
few particle collisions. The object under study might also be subject to other influences,
but the δXj are assumed to be the only random contribution.

In short, the variables δXj are the only sources of stochastic noise. Now assume that
the object being affected by the noise reacts only slowly to those stimuli. The reason
might be the object being highly inertial itself, or an additional external, strong but
slowly varying influence. A single δXj then does not have a notable effect, and it is
useful to define an effective noise

ξτ̄ (t) =
γ

τ̄

(t+τ̄)/τ∑
j=t/τ

δXj =
γ

τ̄
[X(t+ τ̄)−X(t)]. (1.23)

Here, the time τ passing between any two consecutive noise shocks is assumed small as
compared to τ̄ . The latter measures the typical time it takes to accumulate a sufficient
number of noise impacts δXj in order to create a recognisable effect for the slow object.
(The additional prefactors are introduced for consistency with the formulae for Brownian
motion. Their meaning and units of course depend on the setting.)

In this context, the statement of the central limit theorem can be rephrased as follows.
First, under suitable conditions on the microscopic noise δXj (Lyapunov or Lindeberg
condition, mixing), the distribution of the effective noise ξτ̄ (t) becomes approximately
Gaussian. Second, from the detailed statistics of the microscopic noise δXj , only the
means µj and variances σj are relevant, determining its center and width, respectively.
The effective noise can be split into two parts, ξτ̄ (t) = ξdrift

τ̄ (t) + ξfluct
τ̄ (t). The first is a

drift term and accounts for the accumulated means µj . It is deterministic and defines
the average evolution of the noise: 〈ξτ̄ (t)〉 =

〈
ξdrift
τ̄ (t)

〉
≡ ξdrift

τ̄ (t). The second term
emerges from the microscopic fluctuations σj . It is zero on average and gives the random
deviations from the deterministic drift behaviour:

〈
[ξτ̄ (t)]2

〉
−〈ξτ̄ (t)〉2 =

〈
[ξfluct
τ̄ (t)]2

〉
. It

is therefore reasonable to treat drift effects as if they were another external, deterministic
influence. For example, according to the Langevin equation (1.12), a Brownian particle
at a given velocity v experiences two kinds of forces. Both originate in interactions
with fluid molecules. On the one hand, the frequency of particle collisions is spatially
asymmetric for v 6= 0. This results on average in a net deceleration −γv. On the other
hand, the randomness of particle collisions enters through the separate noise ξ(t), which
is unbiased.
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Finally, consider the case where the fluctuating contributions are stationary, σj ≡ σ,
and where the temporal “range” of dependency24 in the microscopic noise sequence
{δXj} is small as compared to τ̄ . In this case, the scaling limit becomes ξfluct

τ̄ (t) =
γτ̄−1

√
2D [W (t+ τ̄)−W (t)] with diffusion constant25 D > 0. In other words, ξfluct

τ̄ (t) is
a Gaussian process with〈

ξfluct
τ̄ (t)

〉
= 0,

〈
ξfluct
τ̄ (t) ξfluct

τ̄ (t′)
〉

=
2Dγ2

τ̄


0 for |t− t′| ≥ τ̄ ,(

1− |t− t
′|

τ̄

)
for 0 < |t− t′| < τ̄,

1 for t = t′.

(1.24)

Here, both the independence and stationarity of Wiener process increments came to
use. It follows from direct comparison with Eq. (1.13) that for all practical purposes, the
effective noise ξfluct

τ̄ (t) behaves like a Gaussian white noise. It is not perfectly white, but
this is only relevant on time scales of the order of τ̄ . The formal limit τ̄ → 0 conveniently
eliminates this regime, and the noise becomes effectively δ-correlated.

Recall that the statistics of the discrete, microscopic noises δXj are not necessarily
Gaussian. They are even allowed (to a limited extent) to vary with j and be to mutually
dependent. By virtue of the central limit theorem, their accumulated effect is then
approximated well by a Gaussian white noise process at sufficiently large times. This
justifies their ubiquitous use in stochastic modelling.

The history of the central limit theorem dates back to the studies on the Bernoulli
distribution of de Moivre (1733) and Laplace (1812). The first precise formulation of
the theorem in a general setting was given by Lyapunov in 1901 [38]. As with other
fields of probability theory, the development of the central limit theorem in its various
forms started with the beginning of the 20th century. Important contributions attribute
to von Mises, Pòlya, Lindeberg, Lévy, and Cramér. To complete the historical record,
the reader is referred to the thorough accounts in Refs. [38, 74].

In retrospective, the early works by the visionaries of the kinetic theory of heat in
the mid 19th century are thus indeed impressive. At their time, the ample scope of the
central limit theorem was not yet apparent. Appreciated by many merely as a law of
errors, it revealed its beauty only to the very enthusiasts of statistical methods. One
such convinced individual was Sir Francis Galton,26 who in 1889 praised the central limit
theorem with the following words [75]:

24The precise definition of short-range dependence is provided in section 2.3.1. Here, the condition
makes certain that the noise ξτ̄ (t) can be approximated in terms of a Wiener process increment.

25If the microscopic noise impacts δXj are mutually independent, then D = σ2/(2τ). If not, the value
of D is determined by the exact nature of noise correlations, see section 2.3.1.

26Galton is also credited for being the inventor of linear regression analysis and popularised the concept
of correlation. He was mentor of Karl Pearson, who some consider his “statistical heir”.
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1 Stochastic modelling of diffusion phenomena – a brief history

“I know of scarcely anything so apt to impress the imagination as the won-
derful form of cosmic order expressed by the ’Law of Frequency of Error’.
The law would have been personified by the Greeks and deified, if they had
known of it. It reigns with serenity and in complete self-effacement, amidst
the wildest confusion. The huger the mob, and the greater the apparent
anarchy, the more perfect is its sway. It is the supreme law of Unreason.
Whenever a large sample of chaotic elements are taken in hand and mar-
shaled in the order of their magnitude, an unsuspected and most beautiful
form of regularity proves to have been latent all along.”

1.6 Anomalous diffusion and noise: not Gaussian, not white

The elimination of fast variables technique and the central limit theorem analysis lay the
fundament for theories based on Langevin stochastic differential equations, Eq. (1.17),
and Fokker-Planck diffusion equations, Eq. (1.18). But a careful treatment also indicates
the limitations of these approaches. In general, a breakdown of the classical noise and
diffusion theories is to be expected in the context of complex, disordered environments.
It became common habit to refer to such a behaviour as anomalous dynamics. This
term of course requires further classification.

The most common form to characterise an anomalous diffusion process X(t) is in
terms of the mean squared displacement (assume X(0) = 0)〈

X2(t)
〉
' t2H . (1.25)

In the absence of any external binding or drift forces, and at large times, the mean
squared displacement of a classical diffusion processes – as treated by Einstein, Smolu-
chowski or Langevin – is Eq. (1.25) with H = 1/2. The linear dependence is thus indica-
tion of normal diffusion. Processes with a Hurst exponent H ranging within 0 < H < 1/2
are coined subdiffusive. The case H > 1/2 is referred to as superdiffusion, and H = 1 is
the limiting ballistic or wavelike regime.

Examples for anomalous diffusion of the form (1.25) range from the motion of charge
carriers in amorphous semiconductors [76, 77] over the diffusion of submicron tracers in
living biological cells [78] or the dynamics of small particles in weakly chaotic flows [79]
to the dispersion of chemical tracers in the groundwater [80] or the dynamics of stock
markets [81], just to name a few [82, 83, 84, 85].

In general anomalous diffusion processes are not universal and thus their definition
through equation (1.25) is not unique. Instead, this form may be caused by multiple
physical mechanisms, some of which are very distinct conceptually. Several pathways to
anomalous diffusion have been discussed. The object of the chapter 2 is to introduce and
characterise in detail three prominent paradigmatic diffusion processes used in modern
stochastic modelling.

Lévy flights. Under suitable conditions, the noise fluctuations can take on extreme
values. The central limit theorem requires that the variance of individual noise shocks
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1.6 Anomalous diffusion and noise: not Gaussian, not white

σ2 be finite. If such a preliminary is violated, convergence to a non-Gaussian limit is
consequential. Lévy flights are instead characterised by heavy-tailed statistics. More-
over, the motion is highly discontinuous and superdiffusive. The field of application
for Lévy flights, or their close relative, the Lévy walks, are dynamic motions in fractal
embedding spaces or in highly turbulent environments. A detailed discussion on Lévy
flights, including several examples of applications, is given in section 2.1.

Continuous time random walks. The pathway to normal diffusion generally goes along
one or several time scale separation arguments. Continuous time random walks tackle
systems where in fact the internal relaxation time scales are subject to a considerable
amount of randomness. When the concept of a “typical” noise time scale has to be
rejected, then also the central limit theorem needs to be reconsidered. The situation
may be encountered when diffusion takes place in a highly heterogeneous medium, in-
volving multi-scale binding, trapping or reaction dynamics. In the most extreme case,
the expectation of the relaxation time is infinite, which leads to ubiquitous phenomena
such as subdiffusion, ageing and weak ergodicity breaking. An extensive treatment of
this topic is provided in sections 2.2 and 4.

Fractional Brownian motion and noise. Elimination of fast variables is a formidable
technique to construct Langevin or Fokker-Planck equations directly from the underlying
Hamiltonian dynamics. However, identifying the slow and fast variables in a system more
complex than the Brownian motion in a dilute gas is not straight-forward. It turns that
slow modes in the dynamics of dense or crowded environments can make significant
contributions to the large scale behaviour. Effectively, the simple white noise and linear
drift terms in the associated Langevin equation are then to be endowed with a power-law
memory component. Such a noise is called fractional Brownian (or Gaussian) noise and
the integrated diffusion process is a fractional Brownian motion. The latter, while still
Gaussian, feature persistent or anti-persistent behaviour and may lead to both to sub-
or superdiffusion. These processes are the focus of section 2.3.

The range of distinct anomalous diffusion processes is wide, and listing them in en-
cyclopedic completeness goes beyond the scope of this work. For extensive accounts
on the topic, including additional information on self-avoiding walks, obstructed mo-
tion, diffusion on fractals, single-file diffusion and models of quenched disorder, see
Refs. [3, 82, 83, 84, 85]. The program of the following chapter is rather to present the
three models introduced above as paradigmatic case studies. Their distinct anomalous
diffusion properties are highlighted and contrasted. Section 3 is devoted to a unified
model, and the interplay of anomalous diffusion phenomena is investigated.
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2 Paradigms of anomalous diffusion

This chapter highlights three paradigmatic models which are commonly put under the
large umbrella of anomalous diffusion processes: Lévy flights, continuous time random
walks (CTRWs) and fractional Brownian motion (FBM). They are studied here first on
an abstract theoretical basis. Each defines a class of stochastic processes which somehow
depart from the laws of normal diffusion. The latter refers to the statistical interpretation
of the Brownian motion as described in the introductory chapter. To be specific, from
here on throughout the rest of this work, the term “Brownian motion” is being identified
with the mathematical notion of a “Wiener process” (see section 1.4.1).1 The ubiquitous
properties of each anomalous diffusion paradigm naturally define the field of typical real
world applications, a collection of which is given at the end of each subsection.

2.1 Lévy flights

Lévy flights can be defined in terms of a random walk process. Let X(n) label the
position of a random walker along a continuous line after making a discrete number of
n ∈ N0 steps. Let any step length δXn = X(n) − X(n − 1), n ≥ 1, be random, but
independent from all previous step lengths. Moreover, all step lengths share the same
probability density function (PDF) λ(δx), i. e.

Pr {δXn ≤ a} =

∫ a

−∞
λ(δx) d(δx) (2.1)

for all n ∈ N0 and a ∈ R. In short: step lengths are assumed to be independent,
identically distributed (IID) random variables.

A specific choice of step length characteristics λ(δx) implies specific random walk
statistics. As outlined in section 1.5, the focus of the applied theory often does not rest
on the detailed, step-by-step random walk features, but on the approximated behaviour
as measured on very large spatial and temporal scales. Now, the powerful central limit
theorem and Donsker’s theorem dictate an ultimate convergence in distribution of a
random walk to a Brownian motion process under very general conditions. To escape
the realm of normal diffusion, one therefore needs to target at least one of the theorem’s
requirements.

In the case of Lévy flights, the requirement in question is the finiteness of the second
moment of step lengths. From a probabilistic point of view, such an assumption is not

1This may be considered as an abuse of language, as it confuses the physical observation with its
mathematical model. Still, the nomenclature is common especially in theoretically oriented texts.
For instance, what Mandelbrot’s calls fractional Brownian motion is a stochastic integral with respect
to a Wiener process, see below.
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2 Paradigms of anomalous diffusion

self-evident. For example, a Lévy flight is typically generated from a heavy-tailed PDF,
that is

λ(δx) ∼ Aµσµ |δx|−1−µ, 0 < µ < 2, (2.2)

for large distances |δx| � σ > 0. The constant Aµ = sin(πµ/2)Γ(1 + µ)/π is intro-
duced for convenience, see the calculations of the following sections. Notice that such a
λ(δx) is perfectly integrable at ±∞, but its key feature is the diverging second moment,〈
(δXn)2

〉
=
∫∞
−∞(δx)2λ(δx) d(δx) = ∞. In fact, any moment 〈|δXn|q〉 with q ≥ µ is in-

finite. The distribution is hence, in a sense to be made more specific below, very broad.
The parameter σ > 0 here plays the role of a typical microscopic scale for individual
step distances. But it should not be confused with the statistical notion of the standard
deviation of steps, since the latter, again, is infinite.

Now, with this peculiar choice of step length distributions, will the dynamics at large
times still be Brownian-motion-like? This question is the focus of the following section.

2.1.1 Generalized central limit theorem and stable random variables

Consider a random walk X(n) as introduced above. For simplicity, assume the IID
step lengths δXn are symmetric, λ(δx) ≡ λ(|δx|). Apart from that, λ(δx) is arbitrary
for now. The random walk is hence not biased globally or locally, and without loss of
generality, one can assume X(0) = 0. Let pµ(x;n) be the PDF for the random walker
position X(n). Its asymptotic form can be derived in terms of a generalised central limit
theorem, due to Gnedenko and Kolmogorov [87]. It is instructive to go into the basic
reasoning of this theorem in some detail.

Since X(n) is a sum of independent, identically distributed random variables, the
analysis can be conducted most conveniently by use of characteristic functions:

pµ(k;n) = 〈exp(ikX(n))〉 =

〈
exp

ik n∑
j=1

δXj

〉

=
n∏
j=1

〈exp(ik δXj)〉 = [λ(k)]n. (2.3)

The factorisation of averages from the first to the second line is allowed due to the
independence of step lengths. λ(k) is the characteristic function, or Fourier transform2

of the probability density λ(δx).

At this point, one has to distinguish two cases. First assume that λ(δx) decays so fast
for large |δx| that all of its moments are finite. Then the latter are encoded in a Taylor

2The Fourier transform f(k) = Ft→k{f(t)} =
∫∞
−∞ f(x) exp(ikx) dx of a function f(x) is expressed,

throughout this work, by explicit dependence on the Fourier variable k. Fourier inversion is occa-
sionally indicated explicitly as f(x) = (2π)−1

∫∞
−∞ f(k) exp(−ikx) dk = L−1

k→x{f(k)}.
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2.1 Lévy flights

expansion of λ(k):

λ(k) = 〈exp(ik δXj)〉 =

∫ ∞
−∞

eik δx λ(δx) d(δx)

=

∫ ∞
−∞

[
1 + ik δx− (k δx)2

2
+ . . .

]
λ(δx) d(δx)

= 1− σ2k2 +O
(
k4
)
, (2.4)

where specifically 2σ2 =
〈
(δXj)

2
〉

denotes the second moment. The first moment van-
ishes for symmetric steps. Furthermore, the asymptotics on the last line of Eq. (2.4)
can be extended to include cases where σ2 is finite, but some higher moments diverge.
Then, the full Taylor series becomes inaccurate only in the higher order terms.

The second case are the heavy-tailed distributions (2.2), where the second moment
is infinite. Here, the Taylor expansion fails and one has to invoke on Tauberian theo-
rems [24] to find

λ(k) ∼ 1− σµ|k|µ. (2.5)

Again, the parameter σ does not represent the standard deviation here, since the latter is
infinite. Still, notice that the cases of non-heavy-tailed distributions with finite variance
can actually be included into the asymptotics (2.5) by allowing the value µ = 2.

In order to find a large-n approximation for the random walk statistics pµ(x;n), define
a rescaled, dimensionless coordinate

X ′(n) =
X(n)

σn1/µ
. (2.6)

The limit of the respective characteristic function p′µ(k;n) can be found by combining
Eqs. (2.3) and (2.5):

p′µ(k;n) =
〈
exp
[
ikX ′(n)

]〉
=

〈
exp

[
ik
X(n)

σn1/µ

]〉
= p(k/(σn1/µ);n)

→
(

1− |k|
µ

n

)n
→ exp(−|k|µ) , (n→∞). (2.7)

To interpret the random walk as a real process, define a physical time coordinate t = nτ ,
that is, τ is the time passing between consecutive steps. For the implied random motion
X(t) follows the large-time approximation

pµ(k; t) = exp(−Kµ|k|µt) , (2.8)

where the effectively observable parameter Kµ = σµ/τ is a generalised diffusion constant,
bearing units of cmµ/sec.
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2 Paradigms of anomalous diffusion

In the scaling limit of large times, the random variable X(t) is uniquely defined in
terms of the characteristic function pµ(k; t), as specified in Eq. (2.8). Two important
properties can be derived from this representation by merely looking at it. Arguably
the most remarkable observation is: the distribution is Gaussian for µ = 2, but it is not
Gaussian for any 0 < µ < 2. Hence, indeed Lévy flights qualify as anomalous diffusion
processes. Second, without carrying out the Fourier inversion of Eq. (2.8) explicitly, one
can infer the scaling form

pµ(x; t) = (Kµt)
−1/µ `µ

[
x(Kµt)

−1/µ
]
. (2.9)

In other words, the position coordinate evolves with time as X(t) ∼ t1/µ, that is faster
than in the Brownian case (∼ t1/2), which is why Lévy flights are referred to as superdif-
fusive processes.

The scaling function `µ is a standard3 symmetric µ-stable law, uniquely defined by its
characteristic function ∫ ∞

−∞
eikx`µ(x)dx = exp(−|k|µ) . (2.10)

Stable distributions [24, 88] were studied extensively by French mathematician Paul Lévy
– who also lent his name to the Lévy flight – and play a crucial role in the context of
generalised central limit theorems [87]. In fact, Lévy showed that stable random variables
(i.e. random variables with stable distributions) form the basin of attraction for any sum
of IID random variables. The Gaussian random variables, µ = 2, are a particular subclass
which are relevant in the case of finite variance (see section 1.5.3). Symmetric stable
laws (2.10) are the proper candidates for symmetric random variables with heavy-tailed
distributions (2.2). A third subclass are the one-sided stable distributions, which will
be the topic of section 2.2.

Stable random variables are central to the analysis of both Lévy flights and continuous
time random walks. Two very important features are to be listed here. The statements
come without mathematical proof; see for instance the book of Samorodnitzky and
Taqqu [88] for a complete discussion.

First, the attribute “stable” refers to the following property. Let X1 and X2 be
two IID stable random variables. Then the linear combination aX1 + bX2 with real
coefficients a and b is again stable. More precisely, the latter has the distribution of
(|a|µ + |b|µ)1/µX1 + d, where d is a suitable real constant and 0 < µ ≤ 2. If, in addition,
X is symmetric then d = 0, and the exponent µ is the same as in the characteristic
function (2.10). This property can of course be recursively extended to include any
finite linear combinations

∑n
i=1 aiXi.

3A non-standard symmetric µ-stable law has characteristic function exp(−σµ|k|µ) with some σ > 0.
The “standard” of Eq. (2.10) thus lies in the special choice σ = 1. The parameter σ is called scaling
parameter, as it tunes the scale of the random variable: if X is standard symmetric µ-stable, then
σX is (non-standard) symmetric µ-stable with scale parameter σ. Note that a standard symmetric
2-stable distribution is actually a Gaussian with a non-standard variance of 2. Still, the common
definition of physical parameters is such that the generalised diffusion constant Kµ is related to the
ordinary diffusion constant D of Brownian motion via K2 = D.
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2.1 Lévy flights
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Figure 2.1: Sample paths X(t) of Lévy flights. The motion is uncorrelated and unbiased,
but characterised by large-scale, discontinuous jumps. The tail index is µ =
1.5.

Second, except for the Gaussian case µ = 2, any µ-stable distribution is heavy-tailed
with tail exponent µ. For instance, in the symmetric case, the characteristic func-
tion (2.10) has small-k expansion (2.5) with σ = 1. Therefore, `µ(x) ∼ Aµx

−1−µ for
x� 1. This also implies divergence of any moments 〈|X|q〉 with q ≥ µ.

To conclude, the distributional properties of Lévy flights strongly contrast the Gaus-
sian nature of ordinary Brownian motion, even in the scaling limit of large times. How-
ever, the latter is an effect which is to be observed in the ensemble statistics of many
independent random walkers. Can even an individual Lévy flight trajectory be discerned
from its Brownian motion counterpart? The answer is given in the following section.

2.1.2 A scaling limit free of scales

An ordinary random walk with finite variance displacements converges, according to
Donsker’s theorem, to an ordinary Brownian motion. Several sample trajectories are
provided in section 1.4.1, Fig. 1.5. Lévy flights are fundamentally different processes,
as already indicated by the distributional and scaling analysis. But their distinctiveness
actually is obvious at first glance when looking at an individual trajectory, such as
provided in Fig. 2.1.

While locally the motion might be mistaken for an ordinary Brownian motion by a
naked eye inspection, it is interrupted by occasional but remarkably far displacements.
This definitely contrasts the continuous Brownian behaviour (compare with Fig. 1.5).
The Lévy stable motions shown in Fig. 2.1 are generated from a huge amount of Lévy
flight steps. The coordinate system used in the figure is rescaled appropriately, so as to
capture the full trajectories. On these macroscopic scales, the scale parameter σ, which
determines the “typical scale” of individual displacements (via Eq. (2.2)), is infinitely
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2 Paradigms of anomalous diffusion

small. Still, displacements of observable size do occur regularly in all four trajectories.
The following mathematical analysis helps to understand the origin of this phe-

nomenon. For a discrete random walk X(n) =
∑n

j=1 δXj , consider the random variable

L(n) = max {|δXj | : j ≤ n} , (2.11)

that is, L(n) denotes the largest displacement distance in a single step among the first
n steps. What is the distribution of this random variable, and how does it evolve with
n? For displacements δXn which are IID with common PDF λ(δx), the calculation is
simple: since the maximum displacement L(n) falls below some value l if and only if all
the displacements up to this point do, one has

Pr {L(n) > l} = 1− Pr {L(n) ≤ l} = 1−
[∫ l

−l
λ(δx) d(δx)

]n
. (2.12)

As n increases, for any fixed value of l, this probability tends to one. This is natural,
since the random walker gets more and more chances to draw at least one step distance
larger than l. So, in short, the largest single step distance L(n) grows with n. But
so does the overall random walk coordinate X(n). Thus the critical question is: do
the maximum displacements L(n) increase fast enough as to be visible on spatial scales
dictated by the full motion X(n)?

It turns out the question is affirmative for Lévy flights, that is, for heavy-tailed step
length distributions as in Eq. (2.2). To see this, define L′(n) analogous to X ′(n) as

L′(n) =
L(n)

n1/µ
. (2.13)

Now calculate

Pr
{
L′(n) > l′

}
= Pr

{
L(n) > l′n1/µ

}
= 1−

[∫ l′n1/µ

−l′n1/µ

λ(δx) d(δx)

]n
→ 1−

[
1− 2

∫ ∞
l′n1/µ

Aµσ
µ(δx)−1−µ d(δx)

]n
= 1−

[
1− 1

n

2Aµ
µ

(σ
l′

)µ]n
→ 1− exp

[
−2Aµ

µ

(σ
l′

)µ]
(n→∞). (2.14)

Therefore, the large scale time evolution of the distribution of the maximum step length,
expressed in terms of t = nτ , is

Pr {L(t) > l} = 1− exp

[
−2Aµ

µ

Kµt

lµ

]
. (2.15)
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2.1 Lévy flights

The most important aspect of this result is the scaling relation L(t) ∼ t1/µ, which is
the exact scaling behaviour of the Lévy flight itself. This implies that within any section
of the trajectory one may indeed observe a single step distance which is of the order of
the observable spatial scales. Yet, the temporal scale τ cannot be resolved in this limit,
so these displacements appear to be instantaneous. This is why they are also commonly
referred to as jumps, and one speaks rather of a Lévy flight than a Lévy walk (although
the latter notion also exists, see section 2.1.4). In the same spirit, Lévy flights are said to
exhibit scale-free spatial dynamics. From the exact jump length distribution all details
besides the tail behaviour are irrelevant to the motion beyond microscopic scales, x� σ,
t � τ . But the fundamental characteristic of jump-like dynamics persists on even the
largest of scales.

Notice that this line of reasoning must be restricted to the case of heavy-tailed jump
length distributions. As a counterexample, consider a power-law distribution of jump
distances as in Eq. (2.2), but with µ > 2. Then the scaling relation L(t) ∼ t1/µ still
holds, since the derivation of Eq. (2.15) is independent of µ (provided µ is positive). But
since in this case the second moment of jump lengths is finite, the process falls in the
scope of the (standard) central limit theorem. X(t) is attracted to a Brownian motion
with X(t) ∼ t1/2, which is now faster than t1/µ. Hence, the larger the observational
scales, the smaller in comparison become jump distances. Ultimately, the trajectory will
thus appear continuous. (Although, if µ is close to 2, the convergence to this continuous
limit can actually be very slow.)

The large-time scaling limit of a (symmetric) Lévy flight is called a (symmetric) Lévy
stable motion. This is analogous to interpreting Brownian motion as the scaling limit of
a random walk with finite-variance jump lengths. As Wiener showed (see section 1.4.1),
there is an equivalent way of defining Brownian motion directly without invoking a limit
theorem. The same can be done for a Lévy µ-stable motion Lµ(t), in terms of the
following properties (see e.g. Ref. [88]): (i) Lµ(0) = 0; (ii) increments Lµ(t2) − Lµ(t1)
are mutually independent for non-overlapping time intervals; (iii) increments are equal
in distribution to |t2 − t1|1/µ · Lµ(1), and Lµ(1) obeys a standard µ-stable law. (In the
symmetric case, the standard µ-stable law is given by Eq. (2.10). Notice that above
definition uses the same mathematical reductionism as the standard Wiener process:
coordinates are rescaled such that Kµ = 1. This can be reversed by considering (Kµ)1/µ ·
Lµ(t) instead.)

For µ = 2, the definition is effectively equivalent the definition of an ordinary Brown-
ian motion.4 While the above definition is very useful in calculating ensemble properties,
such as distributions, moments, dependence structures, etc., it hides the scale-free char-
acter of jumps. It also emphasizes an important parallel between the symmetric Lévy

4This is not strictly correct. Notice that (i)-(iii) only specify the properties all finite dimensional
distributions of the process. Path properties are not included. In particular, L2(t) is not required to
have continuous sample paths, so it is not necessarily a Brownian motion. However, the two processes
are identical in all finite dimensional distributions, and sample path properties are not the scope of
the present thesis. To be perfectly concise, standard Lévy 2-stable motion is equal in distribution to
a standard Brownian motion multiplied by a scaling factor of 2 (compare footnote on page 36).
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2 Paradigms of anomalous diffusion

stable motion and Brownian motion: the increments of both processes are stationary
(i.e. invariant under time shifts) in distribution and statistically independent. This is
in fact the crucial defining property of any Lévy process. It represents the continuous
time analogue to constructing random walks or Lévy flights from IID jump distances.

2.1.3 First passage statistics, leap-over lengths and other properties

The fingerprint characteristics of Lévy flights as presented in the previous sections are:
superdiffusive scaling, heavy-tailed, stable distributions and scale-free jump-like spatial
motion. Several other interesting properties are to be subsummized in the following.
Some might be considered as straight-forward implications, others are maybe less ex-
pected. The list is far from exhaustive, but rather meant to give a feeling for the special
character of Lévy flights. For proofs or mathematical details, the interested reader is
referred to the cited literature.

A µ-stable PDF (2.9) with 0 < µ < 2 does not solve the ordinary diffusion equa-
tion (1.4). Standard methods like the analysis of the Fokker-Planck equation (1.18)
therefore have to be modified to capture general stable dynamics. This can be done by
using fractional derivatives [83, 85, 86, 89]. They appear in a Fourier space represen-
tation as algebraic power-law factors |k|µ, while in real space, diffusion equations are
turned into integro-differential equations with power-law memory kernels.

But also the standard treatment of such diffusion equations should be reconsidered.
For instance, the method of images fails to correctly predict the effect of an absorbing
boundary [90]. The implied Dirichlet condition p(a; t) = 0 in fact only introduces an
absorbing point at position x = a. In contrast to Brownian motion, Lévy flights exhibit
jumps on all scales and therefore the point a can be passed by without terminating
the motion. The proper way of treating boundary conditions for fractional diffusion
equations is rather to use non-local operators [91] or to consider directly first passage
statistics (see below).

The behaviour of Lévy flights in the presence of confining boundaries is indeed curious.
The time evolution of a radial Lévy flight starting in the center of a periodic box is studied
extensively in Ref. [92]. On the one hand, the initial motion for times t� aµ/Kµ (a is
half the edge length of the box, Kµ is the diffusion constant) appears to be unbounded:
the PDF pµ(x; t) is well-fitted by a stable distribution, and the analysis of moments
〈|X(t)|q〉 ' tq/µ, with q < µ, is consistent with the unbounded motion’s scaling law,
Lµ(t) ∼ t1/µ. On the other hand, due to the capability of covering huge distances
in only a few steps, the particle motion is affected by the boundary from the very
beginning of the motion, no matter how large the confining box. Therefore, bounded
Lévy flights exhibit an initial hybrid behaviour: moments with q ≥ µ do not diverge; the
second moment in particular is finite and evolves linearily in time, just like for ordinary
Brownian motion; the assotiated diffusion constant depends on a (the larger the box,
the faster the diffusion); an analysis of the fractal box counting dimension [93] reveals a
bifractal behaviour (part Lévy flight, part Brownian like).

Another interesting aspect, are first passage statistics and leap-over lengths. It is
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2.1 Lévy flights

worthwhile to go into these topics in some detail, since they are of particular importance
to the discussion on continuous time random walks and ageing renewal theory.

For one-dimensional motions considered here, the first passage time T (x) measures
how long it takes a process X(t), starting at X(0) = 0, to cross a given boundary x > 0
for the first time. Mathematically, the random variable T (x) can be defined as

T (x) = inf {t > 0 : X(t) > x} (2.16)

Depending on the scenario in question, it can be thought of as the time needed for
a share at the market to pass a certain threshold price, for an animal to find a food
location, or for an enzyme to reach a target polymer cite.

For a Brownian motion X(t) = B(t), the PDF pf (t;x) of the first passage time can
be calculated as [60]

pf (t;x) =
x√

4πDt3
exp

(
− x2

4Dt

)
. (2.17)

This implies a scaling law T (x) ∼ x2, as may be anticipated from the “inverse” scaling
law X(t) ∼ t1/2. Moreover, the asymptotics of the first passage time PDF are pf (t;x) '
t−3/2 as t � x2/(2D). It therefore gives a fine example of a heavy-tailed PDF, and
consequently, the average first passage time diverges, 〈T (x)〉 =∞.

According to Sparre-Anderson’s theorem [94, 95] this is in fact a universal property: for
any random walk based process characterized by IID jump lengths with some continuous,
symmetric distribution,5 the first passage time density asymptotically decays like t−3/2.
This includes in particular the symmetric Lévy flights X(t) = Lµ(t), for which one
finds [96]:

pf (t;x) '
√
xµ

Kµ
t−3/2, (2.18)

as t� xµ/Kµ. The omitted numerical prefactors depend on µ only. Here, the scaling is
T (x) ∼ xµ, consistent with X(t) ∼ t1/µ.

But especially in the case of Lévy flights, the analysis of first passage problems does
not close with the successful calculation of pf (t;x). Depending on the application in
mind, it might not be enough to know when the dynamical variable X(t) passes the
boundary x; it can be crucial to be able to estimate how close it lands. For instance, an
animal which cannot scan for food “on the fly”, needs to arrive on a target site within
the local field of vision. The stock market analyst is certainly interested in knowing
how far a stock share is expected to fall below a given lower bound. This motivates
introducing the concept of a leap-over length Z(x). It gives the distance to the arrival
position directly after first passage at x. Mathematically,

Z(x) = |X(T (x))− x|. (2.19)

5 The situation is of course different, if either a drift or a reflective boundary biases the motion towards
the boundary x. In such a case, the average first passage time is finite [60].
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2 Paradigms of anomalous diffusion

If X(t) is a Brownian motion, µ = 2, then clearly Z(x) = 0 almost surely. For continuous
paths, the concepts of first passage and first arrival are equivalent. In contrast, the jumps
of Lévy flights, µ < 2, are scale-free, so that leap-overs do occur. The respective PDF
pl(z;x) is given by [96]

pl(z;x) =
sin(πµ/2)

π

|x|µ/2
zµ/2(|x|+ z)

. (2.20)

Observe that this is independent of Kµ. While the diffusion constant does set the scale
for the typical first passage time, it does not influence the distance by which the motion
overshoots the target bound. Instead, there is a scaling relation Z(x) ∼ x. The further
away the bound of first passage from the origin of motion, the longer the leap-over
distance. Finally, notice that also this PDF is heavy-tailed, pl(z;x) ' z−µ/2 (z � |x|),
albeit with a tail exponent which is even “heavier” than the tail exponent µ of the
distribution of individual jump distances.

2.1.4 Applications

When trying to survey even a small range of Lévy flight applications, it is almost un-
avoidable to also touch the issue of Lévy walks. Hence, this closely related anomalous
diffusion process shall be briefly introduced here. The spatial displacement statistics of a
Lévy walk are, much like for the Lévy flights, governed by heavy-tailed, that is scale-free
distributions of the form (2.2). Yet, displacements do not occur instantaneously, but
any transition is penalised by a certain amount of time required to get from one point
to the other. The travel distances and travel times may be connected simply through a
fixed, constant velocity, but also more complicated relations have been considered [97].
In effect, the coupling between flight length and duration makes the trajectories smooth
in comparison to the discontinuous Lévy flight paths. In addition, the mean squared
displacement is finite for Lévy walks, despite the superdiffusive scaling. Especially this
last property is why Lévy walks are often considered conceptually superior over Lévy
flights. Indeed, scale-free, instantaneous jumps imply arbitrarily large velocities, which
is for sure physically unreasonable for a lot of systems. Still, in many respects the two
processes are very similar, and insights or results gained from one of them can readily
be transferred to the other.

Sometimes, the distinction is even irrelevant. For instance, the authors of Ref. [98]
describe how to prepare a highly disordered optical medium. When an incident light
beam hits the surface, it is scattered very irregularly. The microscopic structure of the
surface can even be designed to be fractal, i.e. self-similar in a statistical sense, and
scale-free. Figure 2.2 provides a schematic of the surface landscape in the left panel
and includes also a hypothetical “trajectory” of a scattered light beam. The scale-
free distribution of scattering sites, gives rise to a scale-free distribution of straight line
segment lengths of the light path. With the individual light beam “travelling” at the
speed of light, studying the temporal evolution of the “diffusion” process clearly cannot
be the experimental object. Instead, the experiments here are static: e.g. one can

42



2.1 Lévy flights

Figure 2.2: Light scattering on a fractal surface [98]. Left panel : The disordered optical
medium has a fractal, i.e. statistically self-similar structure, see the magni-
fying inset. In addition, the distribution of scattering sites is scale-free. This
feature is carried over to the trajectory of a singly light beam (red). Centre
panel : Transmission intensity of an incident light bundle. Since scale-free
scatter distributions are dominated by exceptionally large local structures,
the intensity profiles vary largely from one surface section to the next. Right
panel : In contrast, a optical medium lacking the self-similarity property gen-
erates a reproducible, Gaussian intensity profile throughout the surface.

measure the transmission intensity of an incident bundle of light beams, see the middle
panel of Fig. 2.2. Notice the significant variation between measurements at different
points of the surface. Much like the trajectory statistics of a scale-free Lévy flight is
dominated by single, large-scale displacements, the fractal surface statistics are governed
by single, but wide, optically inactive gaps. Disorder realisations hence fluctuate heavily.
This contrasts the small variation for “normal diffusion” in an optical medium which is
disordered, yet characterised by a finite average scattering length, see the right panel of
Fig. 2.2.

Another natural field of application for Lévy flights/walks are turbulent systems. The
authors of Ref. [79] demonstrate how to generate, within an annular fluid-tank, a circular
chain of flow vortices. This is achieved by a combination of a rapid rotation of the tank
with a radial, non-isotropic pumping of fluid. A passive tracer particle tends to stick
to flow layers near the vortices, but can suddenly be transported quickly over wide
distances when caught by a jet stream connecting the vortices, see Fig. 2.1.4. The
chaotic trajectories indeed display distinct Lévy walk behaviour, as indicated by an
angular superdiffusion and scale-free displacement distributions. Interestingly, even the
sticking time distributions are heavy-tailed, so the motion is also close to the continuous
time random walk models discussed in the next section. Further examples for scale-
free models based on Hamiltonian chaos can be found in [99]. On the theory side, the
first analytic concepts for anomalous diffusion in turbulent media originate back to the
early works of Richardson [100]. The relation to Lévy walk processes was recognised by
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2 Paradigms of anomalous diffusion

Figure 2.3: Motion of a passive tracer particle in a turbulent rotational flow [79]. Left
panel : The cross section of the quasi-two-dimensional setup is an annular
disc, bounded by inner and outer walls. The fluid is set in motion by a
rotation of the walls, and pumps superimpose a radial flow at a non-isotropic
rate. The result is the formation of a chain of turbulent vortices, connected
by jet streams. One can see the streams of 40 particles in part (a), revealing
six almost periodically distributed vortices. (b)-(f) are trajectories of single
tracer particles. Periods of long sojourn times near specific vortices are
interrupted by long flights, with distances easily ranging to a full rotation.
Right panel : Angular displacement of the tracer particles (b)-(f) as a function
of time.

Shlesinger et al. [97]. Many references for further reading can be found from their paper.

Topological constraints are another common origin for anomalous diffusion mecha-
nisms. The linear particle diffusion along a fast-folding polymer chain [101] is an ex-
ample for this phenomenon. For an enzyme passively searching for a target site on
the polymer, it can be a reasonable strategy to switch between a bounded and an un-
bounded state. By this, periods of one-dimensional search alternate with periods of free
motion in the bulk. Given that the polymer is closely packed, this strategy is advanta-
geous, as it allows the enzyme to occasionally cover large distances with respect to the
one-dimensional polymer coordinate. Under certain circumstances (see Ref. [101]), the
motion along the chain can bear Lévy flight characteristics. Notice that in this case, the
infinite variance of displacements does not contradict fundamental physical principles,
since it is simply an effect of the special geometry of the search space.

Finally, there is a deep connection between Lévy flights and continuous time random
walks, which will be the focus of the following section. A large portion of the theory on
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symmetric stable random variables worked out above can be easily extended and adopted
to fit the needs of continuous time random walk theory. Many of the effects encountered
here are then to be re-interpreted in the new context. Given these strong parallels, it is
not exaggerated to say that the theory of Lévy flights, and of stable processes in general,
lies at the heart of any application of continuous time random walk models.

2.2 Continuous time random walks

Continuous time random walks (CTRWs) are – the name suggests it – defined in terms
of a microscopic random walk scheme. The position X(n) is a sum of random, IID
step lengths δXn = X(n) −X(n − 1), n ≥ 1. The common step length PDF is λ(δx).
Lévy flights resist the attractiveness of Gaussian distributions due to an infinite step
length variance σ2. Continuous time random walks approach anomalous diffusion from
a different angle. A key concept in the study of scaling limits is the introduction of a
microscopic time scale τ , characterising the time it takes to accumulate a noise impact
of the order of δXn. But in many systems, noise shocks do not occur at a perfectly
constant, deterministic rate (e.g. the collisions with a molecule from the solvent, or a
propagating wave meeting one of the randomly distributed scattering sites).

A CTRW is specifically designed to account for such a randomness of the microscopic
time scale. At each step of the random walk, the generation of a random step distance
δXj is accompanied by the drawing of a random waiting time δTj . The latter are
assumed to be IID with a common waiting time PDF ψ(δt). For ordinary random walks
or Lévy flights the time coordinate is related to the number of steps via the deterministic
identity t = nτ . In contrast, for a continuous time random walk, the real or laboratory
time as measured by the observer is a sum of random waiting times T (n) =

∑n
j=1 δTj .

This has to be distinguished strictly from the number of steps n ∈ N0, also referred to
as the internal time of the stochastic processes {X(n)} and {T (n)}.

While this additional account for the randomness of noise time scales, for many appli-
cations, makes the random walk approach more realistic, it for sure also makes it more
complicated to analyse. So is it worthwhile? Intuitively, one might expect that on time
scales large as compared to the average waiting time 〈δTj〉, the fluctuations around the
mean become irrelevant. In other words, the scaling limit of the CTRW is the same as
for an ordinary random walk with fixed scale τ = 〈δTj〉. Indeed, this conjecture can
be made on more solid grounds of limit theorems (see the following section), which a
posteriori legitimates the concept of the microscopic time scale τ , implicated by ordinary
random walk approaches. For example, Smoluchowski carefully refers to ν as the “aver-
age collision rate”, but in his random walk model, section 1.3.2, he uses a non-random
τ = ν−1.

But here again, an observant statistician, acquainted with the concepts of scale-free
Lévy flights, may bring up an objection. What if 〈δTj〉 is infinite? Given the complexity
of typical noisy systems, it is not obvious that there exist upper bounds for relaxation
time scales, or that one can properly define an average scale, or, even if so, that this
scale is small as compared to the observable time scales. The prototype waiting time
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Figure 2.4: Sample pathsX(t) of continuous time random walks (CTRWs). The spatially
continuous motion is paused for scale-free waiting periods. This considerably
slows down the exploration of space as compared to ordinary Brownian mo-
tion. Waiting times are heavy-tailed (see text) and thus appear on all time
scales, but they are also mutually independent.

PDFs for the study of and infinite mean waiting time are the heavy-tailed functions,
with asymptotics

ψ(δt) ∼ Bατα(δt)−1−α, 0 < α < 1 (2.21)

for large waiting times δt� τ . The prefactor is Bα = 1/|Γ(−α)|, and τ is from here on
coined a typical microscopic time scale. All moments 〈(δTj)q〉 with q ≥ α diverge, which
generally includes the mean value. The following section is devoted to the study of this
class of CTRW processes and the involved scaling limits.

2.2.1 Flying in time

Continuous time random walks will be subject to an in-depth study in chapter 4.2.
Therefore, the analytic details are largely omitted here, and the discussion focuses on the
phenomenology. In order to understand the mechanism by which heavy-tailed time scale
statistics induce a departure from the familiar random walk behaviour, it is instructive
to first look at the non-heavy-tailed case.

As a simple example, let ψ(δt) be the PDF for the IID waiting times δTj , and let
both the average τ = 〈δTj〉 and variance ω2 =

〈
(δTj)

2
〉
− τ2 be finite. For example,

waiting times may be discrete and non-random, or they might be Poissonian. Since the
laboratory time T (n) is a sum of the IID random variables δTj , the central limit theorem
applies, see section 1.5.3. For large n, the distribution of T (n) can thus be approximated
by a Gaussian. Notice that the mean drift increases linearly with n, 〈T (n)〉 = τn; at the
same time, the fluctuations around the mean, as measured by the standard deviation,
only increase like the square root of time,

√
〈T 2(n)〉 − τ2n2 = ω

√
n. Indeed, in this
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case, fluctuations cease to be relevant for large n, and one might as well approximate
T (n) = τn, or respectively, δTj = τ .

Now turn to heavy-tailed waiting time statistics of the form (2.21). They fall outside
the scope of the standard limit theorem, since their average and mean values diverge,
and τ is merely a “typical” time scale. The generalised central limit theorem presented in
section 2.1.1 for Lévy flights does not apply either, since it is concerned with symmetric
random variables. The waiting times δTj are of course to be restricted to positive values.
Such random variables, and also the respective distributions, are said to be one-sided
or totally skewed. Fortunately, Gnedenko and Kolmogorov also accounted [87] for the
skewed, heavy-tailed random variables. The respective limit theorem is analogous to
the symmetric case. A quasi-continuous parameter s = nτ is introduced to measure
the internal time for the scaling limit process T (s). Remarkably, it turns out that the
emerging scaling limit is a one-sided Lévy α-stable motion, T (s) = L+

α (s). Or, to use a
more neat, descriptive phrase: the laboratory time of a CTRW exhibits a Lévy flight in
the positive direction.

The specific one-sided flights encountered here have many properties in common with
their symmetric relatives discussed in the previous sections. Figure 2.4 provides a good
impression of what this distinct model ingredient can do to the resulting random walk
motion. While the Lévy flights of Fig. 2.1 are conspicuous by large scale displacements,
the CTRW trajectories are distinct in terms of extremely long waiting time periods. The
most relevant properties of one-sided Lévy flights are listed in the following. While math-
ematical derivations are omitted, appropriate interpretations in the context of CTRWs
are added.

Distribution and scaling. The limiting PDF gα(t; s) for the laboratory time T (s) =
L+
α (s), a one-sided Lévy flight, is given by

gα(t; s) = (καs)
−1/α `+α

[
t(καs)

−1/α
]

(2.22)

in terms of terms of a standard one-sided α-stable law `+α and the parameter κα = τα−1.
Hence, the scaling of the laboratory time is T (s) ∼ s1/α, which is faster than the linear
scaling in case of finite mean waiting times. Notice that the support for the PDFs of
all time-related random variables are of course the positive real numbers. It is thus
natural to represent the stable PDF `+α in terms of it Laplace transform, in place of the
characteristic function:〈

exp
{
−θL+

α (1)
}〉

=

∫ ∞
0

e−θt`+α (t)dt = exp (−θα) . (2.23)

To no big surprise, the distribution is heavy-tailed, `+α (t) ' t−1−α, so that the ex-
pectation value (and higher order moments) of the laboratory time diverges, 〈T (s)〉 =∫∞

0 tgα(t; s)dt = ∞. Note that in the limit α → 1 the PDF in Eq. (2.22) becomes a
Dirac δ-distribution, g1(t; s) = δ(t− s). Thus, this limiting case restores the equivalence
of internal and laboratory time, such that the particle motion is no longer paused for
random waiting time periods.
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Scale-free waiting times, first passage times and leap-over statistics. In close analogy
to the effects of scale-free jump lengths for symmetric Lévy flights, the infinite first
moment of the waiting times amounts to immobilisation periods on all time scales, see
Fig. 2.4. This calls for a careful study of first-passage and leap-over behaviour.

The first-passage time of T (s) is for every t > 0 defined through

S(t) = inf{s > 0 : T (s) > t}, (2.24)

and plays a very important role in CTRW theory. Recall that T (s) is constructed in
terms of a sum of positive random variables δTn. Therefore, T (s) increases strictly with
s. When, at a given laboratory time t > 0, the observer measures the state variable of
the CTRW, the process T (s) has “passed the boundary t”. In this sense, the process
S(t) is the inverse process of the laboratory time process T (s): it measures the internal
time S passed (implicitly, the number of steps executed) at a given laboratory time t.
The PDF hα(s; t) of the internal time S(t) at a given instant t is (see section 4.1, or
Refs. [96, 102, 103])

hα(s; t) =
1

α
t(καs)

−1/α−1 `+α

[
t(καs)

−1/α
]
. (2.25)

One finds the scaling S(t) ∼ tα, consistent with T (s) ∼ s1/α. In contrast to the sym-
metric case, the mean first-passage time is finite.6 But arguably the most important
observation is that S(t) has a nontrivial distribution. Recall that for waiting times with
finite mean, there is a deterministic relation t = τn = s in the scaling limit of large n.
One can recover such a behaviour from Eq. 2.25 by letting α tend to 1: h1(s; t) = δ(s−t).
Hence, randomness of internal time is intimately connected to scale-free waiting times.

The leap-over time, defined by

T1(t) = T (S(t))− t, (2.26)

is also called forward recurrence time in the context of CTRW or ageing renewal theory,
discussed in chapter 4. Its interpretation is as follows. The CTRW was constructed here
such that all dynamic activity commences at time t = 0. Consequently, the PDF for
the occurrence time of the very first random walk step is given by ψ(δt). If an observer
starts monitoring the motion not at time 0, but at a later time ta, then he probably will
also have to wait some time period T1(ta), until the first observed step occurs. However,
since the respective previous step might already lie some time in the past, the PDF of
T1(ta) is not ψ(t1). Instead, it is given by [96, 104, 105, 106, 107]

h(ta, t1) =
sin(πα)

π

tαa
tα1 (ta + t1)

. (2.27)

6The apparent difference to the symmetric Lévy flight or Brownian motion is that the latter is not
bounded. The random walker may hence diffuse away arbitrarily far from the first-passage bound.
The strictly increasing process T (s) obviously cannot do this, and must hit the “bound” t eventually.
Indeed, for Lévy flight or Brownian motion bounded by a reflective wall, the mean first-passage time
is also finite.
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Thus, the PDF of the forward recurrence time is heavy-tailed, with the same index
α that characterises all other waiting times. But the characteristic parameter κα (and
hence the typical time scale τ) does not appear in the equation. Instead, there is a
scaling dependence T1(ta) ∼ ta. Remarkably, the later an observer starts to look at the
motion, the longer he will have to wait to actually witness the onset of activity. This
property has severe consequences for the CTRW behaviour, as shown below.

2.2.2 Subordination

The previous discussion focused on the evolution of the laboratory time process T (n), or
rather its scaling limit T (s), which was identified as a one-sided Lévy α-stable motion.
How can one relate these findings to the actual random walk process? The difficulty
of this task depends on the specific model under consideration. The critical question is
whether or not the microscopic waiting times δTn and step lengths δXn can be treated
as mutually independent random sequences. An interesting model class where this is
not the case, are the Lévy walks. There, waiting times are actually interpreted as travel
times, and are thus coupled to displacement lengths via a more or less complicated
velocity relation. Lévy walks are not within the scope of this work. The interested
reader can find related references in section 2.1.4.

The present discussion is meant to be a case study on the effect of scale-free waiting
times. Consider hence the most simplistic model where waiting times and step distances
are mutually independent. Then also the discrete time random walks X(n) and T (n)
are independent processes, and so are the respective scaling limits, X(s) and T (s). With
the internal time process S(t) as defined above, the pair X(s), S(t) is independent, too.

Consider now the combined CTRW motion7

Y (t) = X(S(t)), (2.28)

i.e. the random, unsteady progression of internal time is modelled by S(t), while in-
dependently the spatial displacements during times of dynamic activity are governed
by the process X(s). Such a way of combining two random motion is called subor-
dination [103, 108]. Ensemble statistics combine the distributional properties of both
independent random processes X(s) and S(t). For instance, let hα(s; t) denote the PDF
for internal time S at laboratory time t. Similarly, p(x; s) is the PDF of the position X
when the internal time s has passed. Then the PDF pα(y; t) for the CTRW position Y
at time t can be computed as

pα(y; t) =

∫ ∞
0

p(y; s)hα(s; t) ds. (2.29)

7Equation (2.28) directly subordinates the scaling limit processes X(s) and S(t). But one might also
first combine the two time-discrete random walk based processes X(n) and N(t) (the latter being
the inverse of T (n)), and only then carry out the scaling limit. It is not a priori clear that the result
is the same. The distinction is particularly important when it comes to sample path properties. An
example where the equivalence can actually be established mathematically can be found in Ref. [103].
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Not knowing how much internal time S has passed up to time t, the integral averages
over all possible values. The independence of the processes X(s) and S(t) is reflected
explicitly in the factorisation into probabilities p and hα, appearing in the integral. For
calculating multipoint PDFs like pα(y1, y2; t1, t2) one needs to use the multipoint versions
of p and hα [102, 109].

2.2.3 Fingerprint characteristics of scale-free relaxation times

With CTRW processes being the major topic of section 4.2, the discussion here is limited
to a phenomenological list of facts, including intuitive explanations.

Subdiffusion. An immediate effect of scale-free waiting times is the slowing down of
diffusion. To see this, consider an ordinary Brownian motion process X(s) = W (s)
and subordinate to it an independent internal time process S(t), based on heavy-tailed
waiting time statistics with tail index 0 < α < 1. One then has X(s) ∼ s1/2 and
S(t) ∼ tα. It follows directly from Eq. (2.29), that in this case Y (t) = X(S(t)) ∼ tα/2.
Hence, the waiting time process has slowed down the motion from normal diffusion to
subdiffusion behaviour.

Ageing. A CTRW Y (t) is an ageing process in the following sense. Assume the process
starts at time 0 at position Y (0), and at the same instant, an observer starts recording
the motion up to time t. His time window of observation is thus [0; t]. He does this several
times, analyses the data and calculates the ensemble statistics. A second observer looks
at the same process, but starts collecting information only after some time delay ta > 0.
For him, the origin of motion is Y (ta), and the observation period is [ta; ta + t]. If Y (t)
is an ordinary Brownian motion (Wiener process), then both observers will obtain the
same statistics. The increments of Brownian motion are stationary in distribution: the
statistics are invariant to the time shift ta. The same holds if Y (t) is a Lévy flight. For
a CTRW with scale-free waiting times, the situation is different. The two observers,
monitoring different time windows, will get different results. This is referred to as
non-stationary behaviour. The cause for it lies in the special character of the forward
recurrence time T1(ta) of the internal time process S(t), as alluded to in section 2.2.1.
The late observer starting at ta > 0 has to initially wait a time T1(ta) before the random
walk is set in motion. T1(ta) is statistically very different from all other waiting times,
see Eq. (2.27). Since it tends to increase with ta, a late observer is inclined to diagnose
a reduced dynamic activity, an effect referred to as ageing. The precise ageing effect for
CTRW, and the broader class of ageing renewal processes, is the topic of chapter 4.

Weak ergodicity breaking. Consider now a stationary process Y (t). This does not
mean that a single realisation of the process is stuck Y (t) = const; but the statistics of
the random variable Y (t) do not depend on time. For example, the motion of a Brow-
nian particle, being confined by an external binding potential U(y), relaxes towards the
Boltzmann equilibrium: an ensemble of independent particles is eventually distributed
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with PDF p(y; t) ≡ p(y) = Z−1 exp[−U(y)/(kBT )], where Z is a normalisation constant,
the partition function. Assume an experimenter is interested in measuring this PDF. To
do this, he basically has two options:

The first is to consider the ensemble statistics. For this, a large ensemble of trajectories
needs to be generated – either by repeatedly executing the measurement in identically
prepared systems, or by immersing many particles at once, making sure that mutual
interaction is negligible. From this, one can calculate the ensemble PDF

pens(y) dy =
number of trajectories terminating between y and y + dy

total number of recorded trajectories
. (2.30)

An average of some observable f(y), derived from the ensemble distribution through
〈f(Y (t))〉 =

∫
f(y) pens(y) dy, is called an ensemble average. The quality of ensemble

statistics improves with the size of the ensemble.
An alternative notion are the occupation time statistics. From a single trajectory,

recorded over a long measurement time, one may calculate the occupation time PDF

ptime(y) dy =
amount of time spent between y and y + dy

total measurement time
. (2.31)

Associated is the time averaged observable f(Y (t)) =
∫
f(y) ptime(y) dy. The accuracy

of occupation time statistics is determined by the total time of measurement.
The process is said to be ergodic, if both types of statistics are equivalent, provided

their quality is sufficiently good. The underlying hypothesis is that a single realisation,
if given enough time, samples the full space of microstates many times, effectively gen-
erating by itself the ensemble statistics. Brownian motion is an example of an ergodic
process. However, if the mean sojourn time in microstates (e.g. the waiting times of a
CTRW) diverges, long time and ensemble averages are not equivalent. While a single
process realisation may in principle have access to the complete state space, it takes
an infinitely long time to fully explore it. This phenomenon is sometimes called weak
ergodicity breaking [110].

More concretely, if the waiting times of a CTRW are scale-free, then the statistics
of a single trajectory Y (t), observed during t ∈ [0;T ], are being dominated by single,
exceptionally large waiting times of the order of T . No matter how large the measurement
time T , the resulting occupation time statistics are determined by only a few microstates
where the trajectory stayed for an extraordinary amount of time. The occupation times
vary largely from one trajectory to the next. Consequently, time averages are inherently
random, a seemingly counter-intuitive effect which cannot be reduced by increasing the
measurement time T .

2.2.4 Motivation

The following two examples are intended to give an intuitive understanding of how the
ubiquitous power-laws inherent to continuous time random walk models may emerge
from basic microscopic principles. The first describes a particles diffusing along some
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2 Paradigms of anomalous diffusion

Figure 2.5: Diffusion on a comb-like structure [82]. The particle diffusion is normal, i.e.
Brownian, along all sections of the comb. The motion in the x-direction is
paused whenever the particle enters one of the spikes. If the spikes extend
indefinitely, L = ∞, the mean time spent in a spike is infinite, so that the
motion along the x-axis is a CTRW.

channel, with the possibility of getting lost in outgoing long, one-way side-arms. The
model is likely too simple to describe any realistic system, but gives an impression on
the effect of topological traps. The second example deals with the diffusion in a random
environment. While being motivated specifically by the study of glassy materials, it
generally provides information on how “much” random the characteristic relaxation
scales need to be in order to indeed produce scale-free dynamics.

Diffusion on comb-like structures. The following problem can be found in Ref. [82],
which is anyway a recommended lecture, as it provides an extensive and understandable
overview on contemporary anomalous diffusion approaches and physical applications.
The diffusion along a comb-like structure is pictorially represented in Fig. 2.5. Assume
the dynamics of interest is the transport along the horizontal x-direction. The basic
linear diffusion is taken to be normal Brownian in the whole structure. However, with
respect to the motion along the x-axis, diffusion is paused whenever the particle happens
to enter one of the perpendicular branches, the “teeth” of the comb. It stays there for
a random waiting time δT . If the teeth are taken to be infinitely long, L = ∞, then
δT is the first return time at the origin (the fork at the entrance of the tooth) of a
one-dimensional Brownian motion. The associated PDF is similar to that of the first
passage time, Eq. (2.17). In particular, its large time asymptotics are of the same form
' t−3/2 [82, 60]. Hence, the diffusion transport as projected onto the x-axis is indeed
anomalous, namely a simple CTRW with divergent mean waiting time. The heavy-tail
parameter in this case is α = 1/2. But if the geometry of the branching structures is more
complicated than depicted here, other types of power-laws may be encountered. The
important lesson here is that anomalous diffusion in general, and CTRW-like trapping
behaviour in particular, can emerge from projecting a topologically complicated motion
onto a single diffusion coordinate.
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Random energy landscapes. Introduced originally in Ref. [111] in the context of relax-
ation dynamics of glass systems, the random energy landscape or quenched trap models
relate scale-free temporal dynamics with disorder. Consider a two- or higher-dimensional
random walk, for simplicity, on a lattice structure. Hopping transitions occur between
nearest neighbour sites only, with equal probabilities. With each lattice site i, associate
an energy Ei ≥ 0. The latter quantifies the depth of a local potential minimum. The
binding potential might represent the interaction with a non-homogeneous lattice struc-
ture or the involvement into local chemical reactions. The effect is that the particle,
once arriving at a new lattice site, is bound in place until it escapes the potential trap
by means of thermal excitation. The escape process can be assumed to be Poissonian.
The average trapping time is given by the Arrhenius law 〈δT (Ei)〉 = Γ0 exp[Ei/(kBT )],
where kB is the Boltzmann constant, T denotes temperature, and the rate factor Γ0 > 0
is approximately independent of temperature.

Notice that with trapping times being energy- and thus site-dependent, the quenched
trap model contrasts the assumption of IID waiting times made for the CTRW mod-
els discussed in the previous. With that being said, unbiased, simple random walks
in two or higher dimensions are transient (Pólya’s theorem [3]): the probability of re-
turning to any specific previously visited cite tends to zero at large times. This sug-
gests that, on large time scales, the depth of the traps encountered by the particle
are “almost independent“. In other words, one can approximate the quenched trap
model by a coarse-grained, annealed disorder model, where the trap depths Ei are mu-
tually independent, and site-independent random variables, drawn from a common PDF
ρ(E). A natural form for this distribution in glassy materials is a Poissonian law [111]:
ρ(E) = (kBT0)−1 exp[−E/(kBT0)], where the critical temperature T0 is specific for the
glass material. In the annealed model approximation, the random walker resides on
any given site for a random waiting time δT , which is determined by first drawing an
energy E from ρ(E), and then drawing a waiting time δT (E) from a Poissonian law
ψ(δt;E) with the average given by the Arrhenius law above. The waiting time PDF, as
an average over disorder, is therefore given by

ψ(δt) =

∫ ∞
0

ρ(E)ψ(δt;E) dE

=

∫ ∞
0

e−E/(kBT0)

kBT0

e−E/(kBT )

Γ0
exp

[
−e
−E/(kBT )

Γ0
δt

]
dE

= Γ0
T /T0

(Γ0δt)1+T /T0

∫ Γ0δt

0
yT /T0e−y dy

' Γ
−T /T0
0 δt−1−T /T0 , (2.32)

where the substitution used is y = δtΓ0 exp[−E/(k0T )], and the asymptotics are for
δt� Γ−1

0 . Hence, by comparison with Eq. (2.21), the waiting time distribution is heavy-
tailed for temperatures below the critical temperature, T /T0 < 1. The resulting random
walk dynamics are therefore qualitatively described by a CTRW. This is remarkable,
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2 Paradigms of anomalous diffusion

because both the average depth of a trap 〈E〉 and the average waiting time in a given
trap 〈δT (E)〉 are finite. But as time progresses, the particle probes its environment,
averaging over the disorder found in the energy landscape, which effectively produces
infinite mean trapping times.

Interpreting a CTRW as a random walk in a random energy landscape helps a lot
in acquiring an intuitive understanding of its anomalous characteristics: subdiffusion,
ageing, weak ergodicity breaking and other phenomena emerge since the particle con-
tinuously finds deeper and deeper traps in its environment. One should notice however,
that disorder is not a generally sufficient condition for scale-free behaviour. For instance,
for temperatures above T0, the average waiting time is finite. The distribution of energies
studied here is exponential. For a Gaussian distribution, the resulting dynamics are ulti-
mately normal at large time scales, but with an intermittent regime of iterrupted aging,
see Ref. [111]. Finally, a random walk is not transient if the dimension of the embedding
space is less than two, or in the presence of a sufficiently strong bias [3]. In this case,
the annealed disorder approximation is not applicable. While diffusion in the quenched
trap model can still be highly anomalous in these cases, it cannot be represented by an
effective CTRW [112].

2.2.5 Applications

CTRWs were originally proposed as a model for charge carrier transport in amorphous
semiconductors [76]. In such materials, individual charge carrier reside on specific, ran-
domly and sparsely distributed acceptor sites random time spans, before hopping to a
neighbour site. The system therefore falls into the category of random energy landscapes
with quenched disorder. The authors put considerable effort into justifying the use of an
effective CTRW description. Their theory is able to explain the anomalous properties
of the photocurrents, as measured experimentally for semi-conducting materials used in
contemporary photocopying machines [77].

Moreover, networks of entangled polymer filaments as found in mammalian cells
can cause caging effects for micron-sized objects, as demonstrated in in vitro experi-
ments [113]. The diffusion of a colloidal bead immersed in a semi-dilute solution of
polymeric filaments is constrained by the surrounding network structure. The motion
characteristics strongly depend on the ratio of the bead size and the average mesh size
of the network. If both are of comparable order, the particle ”jumps“ between between
cage-like micro-environments. In this regime, the residence time in cages is indeed heavy-
tailed. The reason for this may be conjectured to be the power-law correlations in the
network fluctuations (cf. section 2.3.4).

Indeed, CTRW was identified as diffusion process also in living cells [114, 115]. Sim-
ilarly, the model applies to multiscale trapping times of particles on sticky surfaces
[116] and it has been successfully applied to many other physical and geological prob-
lems [83, 86].
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Figure 2.6: Diffusion of a bead in a polymeric network [113]. The network is formed
from entangled, semi-flexible actin filements, and has an average mesh size
of ξ. Left : Images of two individual bead trajectories. (a) and (c) depict the
motion as projected onto the x-y-plane, while (b) and (d) plot x versus time.
The bead in (a),(b) is trapped in network cage for the full duration of obser-
vation. (c),(d) show a bead which jumps between local micro-environments.
Right : Mean square displacement versus time for a bead of radius 0.25µm.
Depending on the average mesh size ξ (see key), the diffusion ranges from
fully confined over subdiffusion to normal.

2.3 Fractional Brownian motion

For standard CTRW and Lévy flight models, the anomaly with respect to ordinary
Brownian motion comes through the special scale-free statistics defining jump lengths
or waiting times or both. The fractional Brownian motion (FBM) describes a totally
different sort of anomaly.

Individual noise impacts may be “small”, in the sense that fluctuations can be quan-
tified by a small, finite variance σ2; they may also happen “fast”, in the sense that they
are separated by a well-defined, microscopic, average time scale τ . Both preliminaries
do not rule out in principle the presence of notable, long-lasting correlations within the
noise dynamics. After all, he term “noise source” is typically a placeholder for a large
collection of individual actors (molecules, charges, spins, humans,...) who produce the
noisy signal. While the dynamics of individuals might be fast, and the single effect
be small, correlations can induce collective dynamics, which vary slowly and have a
macroscopically observable effect.

To see the immediate consequences of such a memory component in a diffusion model,
study a simple random walk X(n) =

∑n
j=1 δXj , where the random step lengths δXj

are unbiased and identical in distribution with finite variance σ2. Consider now three
cases. (i) Normal, memory-less diffusive behaviour is generated if step lengths are, in
addition, statistically independent: in this case, by virtue of the central limit theorem,
the distribution of X(n) approaches a Gaussian for large n, and the mean squared
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displacement evolves according to
〈
X2(n)

〉
= σ2n. (ii) An extremely persistent random

walk is obtained by requiring that all step lengths take exactly the same value. Thus,
only the first step length δX1 is chosen at random, any subsequent step has the same
length and goes in the same direction, δXj+1 = δXj for all 1 ≤ j ≤ n. In this case,
X(n) = n δX1, so the distribution is a rescaled copy of the (possibly non-Gaussian) step
length distribution. The “diffusive” behaviour here is ballistic,

〈
X2(n)

〉
= σ2n2. (iii) In

a way the opposite case is a random walk with forced oscillations: all step lengths are
identical in absolute value, but the signs alternate, δXj+1 = −δXj . Now, there is no net
transport, since the random walk constantly oscillates between the values 0 and δX1.

In general, the behaviour of a random walk with somehow correlated step lengths
can be expected to be intermediate between the three extreme cases (i)-(iii). For mixing
systems in particular (see section 1.5.3 and references therein), the random walk’s scaling
limit is still Gaussian, and the diffusion characteristics are anomalous with respect to
the dependence structures and the scaling with time. The FBM is constructed as an
ideal candidate for the diffusion limit of such anomalous motion. Its formal definition is
provided in section 2.3.3. First, it is useful to acquire further understanding of correlation
effects and to introduce some basic terminology to describe them.

2.3.1 Assessing memory

In the following, two concepts to characterise dependency are introduced: persistence
and dependence range. This is done most conveniently on the level of discrete random
walk processes, X(n) =

∑n
j=1 δXj . Although the principal ideas are very general, the

precise definitions given here are formulated with respect to finite variance statistics.
Thus, for preparation, let σ2

j =
〈
(δXj)

2
〉
< ∞ and introduce the correlation or covari-

ance function c(j, k) = 〈δXj+kδXj〉 of step lengths (a footnote on page 19 contrasts the
inconsistent usage of vocabulary in physics and mathematics literature). In addition,
for simplicity, let the random walk be unbiased, µj = 〈δXj〉 = 0.

Persistence and anti-persistence. Loosely speaking, whenever certain motion patterns
observed in the past tend to be repeated in the future, one speaks of a persistent process.
Conversely, an anti-persistent memory seeks to undo previous actions. A common tool
designed to detect this kind of dependence is the Pearson correlation coefficient. For
two random variables, say, two steps of a random walk δXj and δXk, it is defined as

r(j, k) = Corr[δXjδXk] =
〈(δXj − µj)(δXk − µk)〉

σjσk
=
〈δXjδXk〉 − µjµk

σjσk
. (2.33)

For a particular sample of δXj and δXk, the product (δXj − µj)(δXk − µk) is positive
if both variables fall on the same side of the respective value. For instance, the case
of interest here is µj = µk = 0, so the product is positive if and only if both random
steps go in the same direction. Moreover, the correlation coefficient is normalised such
that −1 ≤ r(j, k) ≤ 1. If r(j, k) = ±1, one says the variables are perfectly correlated;
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2.3 Fractional Brownian motion

for r(j, k) = +1, the correlation is persistent or positive; respectively anti-persistent or
negative if r(j, k) = −1.

The correlation coefficient has the following advantages and limits. First, it can proof
the existence of dependence. If r(j, k) 6= 0, then the two variables are statistically
dependent. However, the converse is does not hold. Namely, if r(j, k) = 0 there can
still be dependence. This is because the correlation coefficient only measures linear
dependence. For example, if δXj = aδXk + b, for some constants a, b, then r(j, k) =

sign(a). But if δXj is symmetric and δXk = δX2
j , then 〈δXjδXk〉 =

〈
δX3

j

〉
= 0,

for symmetry reasons. Another counterexample is, ironically, given by the X- and Y -
coordinates of Pearson’s walk in the plane, see section 1.1. Since X = cos(θ), Y = sin(θ),
the two variables are clearly dependent. But with θ uniformly distributed on [−π;π),
〈XY 〉 = (2π)−1

∫ π
−π cos(θ) sin(θ) dθ = 0, again, due to symmetry.

Fortunately, for jointly Gaussian random variables – fractional Brownian motion is
defined as a Gaussian process – the correlation coefficient is an excellent measure of
dependence. One can show that two jointly Gaussian random variables are independent
if and only if the r(j, k) = 0. In the following discussion, mainly the sign of r(j, k)
will matter (indicating negative or positive or no dependence). Therefore, the non-
normalised version c(j, k) = σjσk r(j, k) will be used, while still being referred to as
correlation coefficient or function.

Short- and long-range dependence. While the sign of the correlation function c(j, k)
indicates the basic nature of dependency (persistence or anti-persistence), it does not
provide information on the relevance of the effect. For instance, while a Brownian
particle must in principle exhibit persistent motion due to inertia at short time scales, the
dynamics which have actually been observable experimentally for decades are perfectly
well approximated by the memory-less Wiener process. Thus, a quantitative measure
for the temporal range of correlations is desirable.

The following definition is in wide use in the context of diffusion models, see Ref. [82]
for examples from physics. The property of long-range dependence, also long memory,
is usually defined with respect to random motions with stationary increments, i.e. the
sequences {δXj}j∈N and {δXj+k}j∈N obey the same probability laws for any k ∈ N; non-
stationary increments are addressed below. The “relevance” of memory effects is then
assessed with respect to anomalous diffusion behaviour. More precisely, the decisive
measure is the mean squared displacement asymptotics. Since stationary increments
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imply σ2
j ≡ σ2 and c(j, k) ≡ c(|k|), one can write

〈
X2(n)

〉
=

〈 n∑
j=1

δXj

2〉
=

n∑
j=1

〈
(δXj)

2
〉

+

n∑
j,k=1; j+k≤n

〈δXjδXj+k〉

= σ2n+ 2
n∑
j=1

n−j∑
k=1

c(k) = σ2n+ 2
n∑
k=1

(n− k) c(k)

= σ2n+ 2n
n∑
k=1

c(k)− 2
n∑
k=1

k c(k). (2.34)

This form allows to establish a connection between the long-term diffusive behaviour〈
X2(n� 1)

〉
and large-lag correlations c(|k| � 1).

For example, consider correlations which are asymptotically persistent, c(|k| � 1) > 0,
but decay fast enough as to be summable, i.e.8

lim
n→∞

n∑
k=1

|c(k)| <∞ (2.35)

Then the dominant contributions to the mean squared displacement, Eq. (2.34), for a
large number of steps n, are the first two terms, both growing linearly with n. Hence,
diffusion ultimately becomes normal,

〈
X2(n)

〉
∼ σ̄2n; correlations solely enter the asso-

ciated coefficient σ̄2 = σ2 + 2
∑∞

k=1 c(k). For this reason, in situations where Eq. (2.35)
holds, one speaks of a short memory or short-range dependence. It occurs for instance
when correlations decay exponentially fast, c(k) ' e−λk with λ > 0. But also power-
laws c(k) ' k−γ with γ > 1, come to mind. Conversely, if the correlations are not
summable, i.e. the sum in Eq. (2.35) grows with n indefinitely, then the second term in
Eq. (2.34) increases faster than linear with n. It eventually dominates the mean squared
displacement behaviour, so from this point of view, the correlations induce anomalous
diffusion. Consequently, non-summability of correlations can be used as an indicator of
long-range dependence. A simplistic example is the extremely persistent random walk
introduced above: since all step lengths are equal, the correlation function is simply
c(k) ≡

〈
(δX1)2

〉
= σ2, independently of k, which is clearly not summable. But remark-

ably, anomalous diffusion can arise even when correlations do decrease for large lags
k. If the decay is slow enough, e.g. a weak power-law c(k) ' k−γ , γ ≤ 1, then the
correlations are not summable. This type of persistence drives a superdiffusive motion.
The persistent FBM, introduced in section 2.3.3, has exactly this feature.

Thus, the decay behaviour of the correlation function c(k) can be defined as the
indicator for short- or long-range dependence. This has become a common habit, mainly
because the computation of c(k) is comparatively easy both in terms of theoretical and

8The limit in Eq. (2.35) is here assumed to be either finite or +∞ or −∞. Cases where the sequence
of partial sums oscillate are not covered by the present discussion. Notice that the latter can happen
only if the correlation function c(k) itself oscillates indefinitely.
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data analysis. The present work will not break this habit. Still, the definition comes
with several caveats, which should not go unnoticed. To start with, the situation is
more subtle if random walk steps are asymptotically anti-persistent, c(k � 1) < 0.
In this case, the summability condition (2.35) is automatically fulfilled; otherwise, the
mean squared displacement would turn negative eventually. Anti-persistent correlations
are hence, using above criterion, to be called short-ranged. However, this does not
necessarily imply that diffusion is normal, nor that the effect of memory is irrelevant.
Notice that the leading order coefficient σ̄2 can turn out to be zero, so that for the mean
squared displacement, Eq. (2.34), the third term returns the leading order behaviour.
For a simple example with exponential decay, consider c(0) = σ2 and c(|k| ≥ 1) =
−σ2e−λ|k| with λ = ln 3. A straight-forward calculation, using geometric series formulae,
in this case yields σ̄2 = 0 and

〈
X2(n)

〉
→ 3σ2/2 as n → ∞. Despite their “fast”

exponential decay and “short range”, such correlations do confine the diffusion dynamics
to stationary limit. A less drastic example is the anti-persistent FBM, introduced in
section 2.3.3. It is characterised by negative correlations which decay like a power-law,
resulting in subdiffusive dynamics. In general, the only thing one can say for sure about
asymptotically anti-persistent memory is that it limits the mean squared displacement〈
X2(n)

〉
to increase at most linearly for large n.

This kind of complications is in fact typical when it comes to assessing memory ef-
fects. It turns out that “memory” is a complex aspect and has multiple facets, which
are not easily characterised by single parameters, like the tail exponent of a correlation
function. Samorodnitzky provides a thorough treatment [117] of the issue of long-range
dependence, including a historical motivation and an extensive overview of several alter-
native notions of the concept. The section should be closed, however, with an appeasing
remark. For FBM, which is the central process of the following discussion, the approach
introduced above is applicable and useful. This is, first, because FBM is a Gaussian
process, so any information on dependence structures is indeed encoded in the correla-
tion function. Second, it is a self-similar process, which excludes degenerate cases like a
stationary or oscillating diffusion limit.

2.3.2 Gaussian random walks

A random walkX(n) =
∑n

j=1 δXj is called a Gaussian random walk, if any d-dimensional
random state vectorX(n1, ..., nd) = (X(n1), ..., X(nd)) is jointly Gaussian. The simplest
case is where the step distances δXj are IID. The random walk is then said to be
uncorrelated or memory-less.9 An uncorrelated, unbiased Gaussian random walk can be
interpreted as the time-discrete version of a Brownian motion.

9To be precise, the IID step lengths δXj are uncorrelated: 〈δXjδXj+k〉 = 〈δXj〉 〈δXj+k〉 for all k, j ∈
N0. The process X(n) itself is not: clearly, knowing the position of the walker at a time n hints to
where to find it at time n + m. Still, the common habit is to refer to a random walk X(n) as an
(un-)correlated process, whenever its step lengths δXj have this property. Analogously, a random
walk can be said to be (anti-)persistent or to exhibit long- or short-range dependence. The same
slight abuse of language can be found in the context of time-continuous processes X(t), where the
correlation attribute refers to increments [X(t+ s)−X(t)] from non-overlapping time intervals.
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Conversely, a random walk X̃(n) may carry a certain degree of memory, implying that
step distances are not drawn independently. The motion can be characterised by a po-
tential drift

〈
X̃(n)

〉
and the correlation function

〈
X̃(n)X̃(n+m)

〉
. Such a specification

is concise and, in the Gaussian case, also complete. However, an alternative definition
shall be presented here which helps in understanding the fundamental structure of Gaus-
sian process. The idea is to construct a correlated process from a memory-less one by
means of a linear transformation.

Let δXj be IID Gaussian random variables as above, for simplicity again unbiased.
Now introduce a nonrandom function Mj , the correlation kernel, and define new step

lengths via δX̃k =
∑k

j=1Mk−j+1δXj . Recall that Gaussian random variables are stable
(see section 2.1.1). Hence, the Gaussianity of the independent variables δXj carries

over to the step lengths δX̃k. They also remain centred at zero. However, as a first
consequence of the linear transformation, the correlated sequence in general becomes
non-stationary: the variances

〈(
δX̃k

)2〉
= σ2

∑k
j=1M

2
j = σ̃2

k depend on k. In order
to generate a step length sequence which is at least stationary in the long time limit,
require from here on that the correlation kernel Mj decays with j fast enough as to be
square summable, that is

σ̃2 = lim
k→∞

σ̃2
k = σ2

∞∑
j=1

M2
j <∞. (2.36)

In addition, it is more convenient to slightly modify the definition of step lengths, namely

δX̃k =

k∑
j=−∞

Mk−j+1δXj (2.37)

Notice that the sum now starts at j = −∞. The benefit is to obtain a sequence δX̃k

which is stationary in distribution from the start,
〈

(δX̃k)
2
〉

= σ̃2 for all k ≥ 1. The

definition is meaningful due to the fast decay of the correlation kernel. The drawback
is that technically an infinite number of IID variables δXj is needed to generate even a

single step length δX̃k.

At this point, both sequences δXj and δX̃k are stationary and centred Gaussian. The
crucial difference between the two lies in their memory. For the independent variables,
one can write 〈δXjδXj+k〉 = σ2 δ0k, with δjk denoting the Kronecker symbol. But for
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the step lengths δX̃k, the correlation kernel Mj introduces correlations of the form

〈δX̃kδX̃k+m〉 =
k∑

j=−∞

k+m∑
i=−∞

Mk−j+1Mk+m−i+1〈δXjδXi〉

= σ2
k∑

j=−∞
Mk−j+1Mk+m−j+1

= σ2
∞∑
j=1

MjMj+m ≡ c(m) (2.38)

for all k ≥ 1,m ≥ 0. Depending on the exact behaviour of the correlation kernel Mj ,
this correlation function can have either a negative or positive sign, signalling persistence
or anti-persistence, respectively. Also short- or long-range dependent processes can be
generated by a suitable choice of Mj . To see this, write

∞∑
m=1

|c(m)| = σ2
∞∑
m=1

∞∑
j=1

|MjMj+m|

=
σ2

2

 ∞∑
k=1

∞∑
j=1

|MjMk| −
∞∑
j=1

|Mj |2


=
σ2

2

 ∞∑
j=1

|Mj |

2

− σ̃2

2
(2.39)

Hence, random walk steps are long-range dependent in the sense of section 2.3.1, if and
only if the correlation kernel is summable. The decay rate of the correlation function is
determined implicitly by the asymptotics of the correlation kernel. Oscillations in the
kernel Mj naturally induce oscillating correlations c(m). A few instructive examples are
given in table 2.1 at the end of this section.

Finally, the random walk process X̃(n) =
∑n

k=1 δX̃k associated with such correlated
jump lengths has the following series representation:

X̃(n) =

n∑
k=1

δX̃k =

n∑
k=1

k∑
j=−∞

Mk−j+1δXj

=

0∑
j=−∞

(
M̃n−j+1 − M̃−j+1

)
δXj +

n∑
j=1

M̃n−j+1δXj (2.40)

where

M̃k =

k∑
j=1

Mj . (2.41)
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Thus, the correlations indeed preserve the Gaussian nature of the process: X̃(n) can
itself be written as a linear transformation of the IID Gaussian variables δXj , j ∈ Z.

The transformation coefficients are collected by the random walk kernel M̃k, which is
simply the sum of the step length correlation kernel Mj .

An important observation is that correlations in a Gaussian random walk generally
modify its scaling behaviour. They are even capable of inducing anomalous diffusion.
Equations (2.34), (2.38) and (2.41) tightly tie together the asymptotics of the mean
squared displacement

〈
X̃2(n)

〉
, the step length correlation function c(m) and correlation

kernel Mj and the random walk kernel M̃k. For instance, if the random walk is directly

defined in terms of the random walk kernel M̃k, then the mean squared displacement,
according to Eq. (2.40), can be derived through

〈
X̃2(n)

〉
= σ2

 0∑
j=−∞

(
M̃n−j+1 − M̃−j+1

)2
+

n∑
j=1

M̃2
n−j+1


= σ2

 ∞∑
j=1

(
M̃j+n − M̃j

)2
+

n∑
j=1

M̃2
j

 (2.42)

Table 2.1 lists a few instructive examples.

2.3.3 Definition of the process

There are essentially two equivalent ways of defining the FBM – as a stochastic integral
or in terms of the correlation function – which are both presented in the following.

Stochastic integral representation. Benoit Mandelbrot, who introduced the FBM to
the community of applied probability theory with his seminal 1968 paper [118], started
from a representation in terms of a stochastic integral. Let B(t) be a standard Brownian
motion – in other words, a standard Wiener process, see section 1.4.1. From this, derive
a standard FBM BH(t) via a stochastic integral with respect to dB(t):

BH(t) =
1

CH

{∫ 0

−∞

[
(t− t′)H−1/2 − (−t′)H−1/2

]
dB(t′) +

∫ t

0
(t− t′)H−1/2 dB(t′)

}
,

(2.43)
where the constant CH > 0 is defined below. In addition, let BH(0) = 0 almost surely.
The parameter H is called scaling or Hurst exponent, for reasons which will become
apparent below. A complete analysis of this process of course requires some expertise in
stochastic calculus. But a few key properties can already be anticipated by recognising
the strong formal analogy with the Gaussian random walks discussed in the previous sec-
tion. In particular, compare the stochastic integral definition (2.43) with the correlated
walk X̃(n) defined through the sum (2.40). The parallels are obvious: the integral with
respect to dB(t′) is the time-continuous counterpart to the sum with the IID Gaussian
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2.3 Fractional Brownian motion

random walk type correlation
kernel Mj

correlation
function c(m)

random walk
kernel M̃k

scaling of〈
X̃2(n)

〉
uncorrelated = δ1j = σ2 δ0m = 1 = σ2n

exponential corre-
lations (persistent)

= e−λj , λ > 0 = σ̃2e−λ|m| ∼ σ̃/σ ∼ σ̃2n

exponential corre-
lations
(anti-persistent)

Aδ1j+
B(1−δ1j)e

−λj ,
λ,A,B > 0
appropriately

= σ2 [δ0m−
(1−δ0m)] e−λ|m|

' −1 ' 1

power-law correla-
tions (persistent,
short-ranged)

= j−γ , γ > 1 ' |m|−γ ' 1 ∼ σ̃2n

power-law correla-
tions (persistent,
long-ranged)

= j−γ ,
1/2 < γ < 1

' |m|1−2γ ' k1−γ ' n3−2γ

Table 2.1: Comparison of various Gaussian random walks. The processes are specified
in terms of the step length correlation kernel Mj , which implicitly defines the

step length correlation function c(m), the random walk kernel M̃k and the
random walk scaling behaviour

〈
X̃2(n)

〉
via Eqs. (2.34), (2.38) and (2.41).

The asymptotics for some entries are for large arguments. In some cases,
numeric prefactors are omitted for clarity, but in a way that the overall sign
is preserved correctly.

random variables δXi. Both are linear transformations, and hence it is natural to expect
that FBM is a Gaussian process. Moreover, the sum (2.40) was constructed such that
the random step lengths δX̃k are stationary in distribution, but mutually correlated.
Likewise, the increments BH(t2) − BH(t1) of FBM are stationary in distribution, but
not independent even for non-overlapping time intervals.

Finally, the diffusive behaviour of FBM can be obtained from a formal conclusion by
analogy. The “random walk” kernel for the FBM is a power-law M̃(t) = tH−1/2. Now
replace the sum in Eq. (2.42), to get〈

B2
H(t)

〉
=

1

CH

{∫ ∞
0

[
M̃(t+ t′)− M̃(t′)

]2
dt′ +

∫ t

0
M̃2(t′) dt′

}
=

1

CH

{∫ ∞
0

[
(t+ t′)H−1/2 − (t′)2H−1

]2
dt′ +

∫ t

0
(t′)H−1/2 dt′

}
=
t2H

CH

{∫ ∞
0

[
(1 + y)H−1/2 − yH−1/2

]2
dy +

1

2H

}
. (2.44)
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2 Paradigms of anomalous diffusion

Hence, H is indeed a scaling exponent, and the mean squared displacement indicates
subdiffusion for H < 1/2 and superdiffusion for H > 1/2. Ordinary Brownian motion
is recovered by setting H = 1/2, which can also be seen directly at Eq. (2.43). The
constant CH may at this point conveniently be chosen to equal the expression in the
curly brackets of Eq. (2.44), such that FBM is standardised to

〈
B2
H(1)

〉
= 1. Notice

however that for CH to be well-defined one has to require 0 < H < 1. Otherwise, the
integral diverges either at y → 0 or ∞.10

Correlation function representation. Being a Gaussian process, FBM is of course per-
fectly well defined in terms of its position correlation function. Thus, let BH(t) be a
Gaussian process with

〈BH(t)〉 = 0

〈BH(t1)BH(t2)〉 =
1

2

[
|t1|2H + |t2|2H − |t2 − t1|2H

]
. (2.45)

It is possible to prove the equivalence with the stochastic integral definition (2.43) [118,
88]. The latter is more constructive and gives a better understanding on path properties.
The correlation function in turn is for sure useful for distributional analysis.

For example, the mean squared displacement can be obtained directly by setting
t1 = t2 = t, recovering the familiar result

〈
B2
H(t)

〉
= t2H . Furthermore one can study

the properties of the motion memory in terms of the unit increments δBH(t) = BH(t+
1)−BH(t). The increment correlation function can be derived from Eq. (2.45). On the
one hand,〈

[δBH(t)]2
〉

=
〈
[BH(t+ 1)−BH(t)]2

〉
=
〈
B2
H(t+ 1)

〉
+
〈
B2
H(t)

〉
− 2 〈BH(t)BH(t+ 1)〉 = 1. (2.46)

Thus, indeed increments are stationary in distribution. On the other hand,

c(t) ≡ 〈δBH(s+ t)δBH(s)〉 = 〈δBH(t)δBH(0)〉
= 〈[BH(t+ 1)−BH(t)]BH(1)〉
= 〈BH(t+ 1)BH(1)〉 − 〈BH(t)BH(1)〉

=
1

2

[
|t+ 1|2H − 2|t|2H + |t− 1|2H

]
,

∼ H(2H − 1)|t|2H−2 , |t| → ∞. (2.47)

Interpret now, for the moment, the unit increments δBH(t) as the steps of a random
walk (essentially a FBM on the integers t ∈ N). In this context, one can apply the
vocabulary worked out in section 2.3.1. It turns out that the single parameter H in

10The constant CH and the stochastic integral in Eq. (2.43) is also well-defined for the special value
H = 1. However, this case is degenerate: one can show [118, 88] that it produces a straight line
process, i.e. BH(t) = tBH(1) almost surely.
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2.3 Fractional Brownian motion

fact determines the complete anomalous diffusion characteristics of the FBM. One has
to distinguish three regimes. For 1/2 < H < 1, the correlation function c(t) is posi-
tive and not summable,

∑∞
t=1 |c(t)|. This implies persistence, long-range memory and

superdiffusion. For H = 1/2, the motion is ordinary Brownian, hence memory-less and
normal. For 0 < H < 1/2, memory effects anti-persistence, since c(t) < 0. Although the
dependence is short-ranged in the language of section 2.3.1, this regime is anomalous,
too, because σ̄2 = 1 + 2

∑∞
t=1 c(t) = 0. Consequently, FBM in this case is subdiffusive.

2.3.4 Generalisations and applications

For physically motivated problems, it often not the pure FBM that comes into use.
Instead, the Langevin equation approach (see section 1.4.2) can be generalised to include
the memory. The white noise ξ(t) is to be replaced by a standard fractional Gaussian
noise ξH(t), that is, a stationary Gaussian process with [118, 119]

〈ξH(t)〉 = 0

〈ξH(t1)ξH(t2)〉 = H(2H − 1)|t2 − t1|2H−2

+ 2H|t2 − t1|2H−1δ(t2 − t1). (2.48)

For H = 1/2, this collapses to a white noise process, see Eq. (1.13). For H < 1/2 or
H > 1/2, there are negative or positive correlations, respectively. Fractional Gaussian
noise is the derivative of FBM in the sense that averaging over the integrated noise

BH(t) =

∫ t

0
ξH(t′) dt′ (2.49)

recovers the correlation function (2.45) which defines a standard FBM BH(t).
However, simply exchanging the white noise in the Langevin equation (1.12) produces

processes which have unacceptable properties for most physical applications. Instead,
the fractional Langevin equation reads, in the one-dimensional case,

mẍ(t) = F (x, t)− γ
∫ t

0
(t− t′)2H−2 ẋ(t′) dt′ + η ξH(t), (2.50a)

where

η =

√
kBT γ

H Γ(2H)
, γ = γΓ(2H − 1). (2.50b)

The dots indicate derivatives with respect to time, γ > 0 is a generalised friction constant
(units are kg sec−2H), kBT > 0 is the thermal energy of the environment, and F (x, t) is
an external force. Most importantly, concurrently with introducing a non-white noise,
also the linear friction force has to be replaced by a non-linear expression. The involved
integral samples over the full history of velocities ẋ(t′) starting from time t′ = 0, where
the process began. The exponent of the friction memory kernel is linked to the noise
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2 Paradigms of anomalous diffusion

Hurst exponent H. While the noise process itself can be defined, in principle, for any
0 < H < 1, the friction kernel in Eq. (2.50) diverges for values H ≤ 1/2. Hence, one has
to restrict the parameter to 1/2 < H < 1, implying that noise correlations are of the
long-range, persistent type.

There are two approaches to constitute a Langevin equation of this type. First, notice
that some kind of relation between friction and noise terms is in fact natural, since both
originate in the interaction with the heat bath. This statement can be made much more
precise in terms of the fluctuation dissipation theorem, which was particularly promoted
and extended by the work of Kubo [120]. He established a general relation between the
friction kernel of the noise, and the correlation function of the noise. Only in the special
white noise case does the friction term reduce to a linear relation. The key argument in
the derivation of the fluctuation dissipation theorem is that Eq. (2.50) should admit a
stationary solution. A second pathway to the fluctuation dissipation theorem goes along
the Mori-Zwanzig formalism, see section 1.5.2. Under quite general conditions, one can
derive a generalised Langevin equation – with more general noise and friction forces –
for a large class of Hamiltonian systems [65].

The FBM as encapsulated in the fractional Langevin equation, has found wide appli-
cation in physics and other natural sciences. This anomalous diffusion aspect stands for
the interaction with a complex environment, where relaxation of correlations is slow and
cannot be characterised in terms of a single, exponential or otherwise slow relaxation
rate.

For example, a Brownian particle experiences collisions with individual molecules of
an ambient fluid at a rapid rate, and the impulse transferred by each collision is minute.
But if the fluid is dense, the movement of the Brownian particle might generate local
convection flow or perturbation in the fluid. The effect falls back onto the Brownian
particle dynamics, a phenomenon referred to as hydrodynamic memory [65].

Similar correlation phenomena come about when accounting for obstructed motion
(e.g. single-file diffusion [121] or other many-body systems [122, 123, 124]) or an inter-
action with a viscoelastic network [125, 126]. Biological cells feature highly complex,
crowded environments, crossed by filament networks. FLE dynamics have thus found
wide application in biological physics, describing diffusive motion processes within the
cell [126, 127, 128, 129, 130], but also conformational dynamics of individual protein
complexes [131].

Historically, one of the first empirical phenomena that called for a convincing theory
of long-range dependence came from hydrology. Harold Hurst, who was interested in
damn design (the Hurst exponent of FBM is named after him), investigated data on the
flow of Nile river [132, 117].

Further inspiration came from economic data sets, and finance is still a prominent field
of application for FBM related processes. Several examples can be found in Mandelbrot’s
book, Ref. [133]. The early Brownian motion theory of Bachelier was a pioneering
concept at the time; but Mandelbrot comments:

“Alas, the theory is elegant but flawed, as anyone who lived through the
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2.3 Fractional Brownian motion

booms and busts of the 1990s can now see. The old financial orthodoxy was
founded on two critical assumptions in Bachelier’s key model: Price changes
are statistically independent, and they are normally distributed. The facts,
as I vehemently argued in the 1960s and many economists now acknowledge,
show otherwise.

Why this should be is not certain; but one can speculate. What a company
does today – a merger, a spin-off, a critical product launch – shapes what
the company will look like a decade hence; in the same way, its stock-price
movements today may take a long time to absorb and fully price information.
When confronted by bad news, some quick-triggered investors react imme-
diately while others, with different financial goals and longer time-horizons,
may not react for another month or year. Whatever the explanation, we can
confirm the phenomenon exists—and it contradicts the random-walk model.
Second, contrary to orthodoxy, price changes are very far from following the
bell curve. [...] In fact, the bell curve fits reality very poorly. From 1961
to 2003, the daily index movements of the Dow Jones Industrial Average do
not spread out on graph paper like a simple bell curve. The far edges flare
too high: too many big changes. [...] Truly, a calamitous era that insists on
flaunting all predictions. Or, perhaps, our assumptions are wrong.”

Hence, long-range memory as in FBM is only one of many crucial ingredients for the
modelling of financial data. This raises the general question whether a separate, in-
dependent study of anomalous diffusion paradigms is sufficient for the treatment and
understanding of complex empiric phenomena.
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3 Correlated continuous time random walks

Anomalous diffusion arises in a wide range of systems across disciplines and is usually
characterised in terms of the mean squared displacement

〈
[X(t)−X(0)]2

〉
' t2H of a

random variable X(t), where the anomalous diffusion or Hurst exponent H distinguishes
subdiffusion (0 < H < 1

2) from superdiffusion (H > 1
2) [82, 83]. In general, anomalous

diffusion processes are not universal and thus their definition through the deviation from
the normal diffusive scaling H = 1

2 is not unique. Instead, this form may be caused by
multiple physical mechanisms, some of which are very distinct conceptually. Several
pathways to anomalous diffusion have been discussed in section 2: (iii) paths with scale-
free displacements are generated by Lévy flights and walks (section 2.1; (ii) trapping
mechanisms leading to long sojourn times are modelled in terms of continuous time
random walks (CTRW, section 2.2); (iii) long-ranged memory, induced by interaction
with a complex surrounding is captured by fractional Brownian motion (FBM) and
fractional Langevin equations (section 2.3). These approached are are paradigmatic in
the sense that they are designed to tackle one specific aspect of anomalous diffusion.

However, in complex, disordered environments one should expect that more than one
of the patterns (i) to (iii) emerge, compete and collude to generate anomalous diffusion
patterns, and it remains an open challenge to identify and differentiate them. Thus, the
global properties of dispersion in amorphous media can be related to the microscale flow
dynamics by adding a memory component to the standard CTRW description [134].
Modern single particle tracking techniques in experiment and simulations indeed cor-
roborate the co-existence of different diffusion mechanisms [78, 84, 115, 128, 135]. For
instance, for the motion of individual granules in the intracellular fluid of living cells char-
acteristics of CTRW-style trapping and FBM-like anti-persistence were observed [78].

This section is devoted to the study of a unified stochastic model, namely the correlated
CTRW (CCTRW), that merges and extends the classical paradigmatic models of CTRW,
FBM, and Lévy flights. Two quantities which are typically accessible experimentally are
discussed in detail: the scaling of the particle position X with time t, and the shape
of the probability density function (PDF) p(x; t) of the particle displacement x at some
instant of time t. The result is a very flexible stochastic model, that will be of use
for the data analysis of stochastic processes in complex systems. One immediate lesson
is the interplay of the underlying stochastic modes, the blend of which may lead to
indistinguishable forms for the PDF p(x; t) for different sets of model parameters.

The content of this section has been published previously to a large extent, so further
details on the topic can be found in Ref. [136].
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3 Correlated continuous time random walks

3.1 Model Definition

In standard CTRW and Lévy flight models, individual jump lengths and waiting times,
respectively, are independent of each other. The correlated CTRW aims at extending this
theory to systems where highly complex environments induce long-range correlations.
The basic theoretical approach is to derive a correlated process from an uncorrelated one
in terms of linear transformations. By this method, correlations are introduced without
altering the scale-free distributional properties of the processes itself.

As described in section Section 2.3.2, a set of independent, identically distributed (IID)
Gaussian random variables can be transformed into a set of correlated Gaussian step
lengths by means of a linear correlation kernel. This method of correlating a Gaussian
random walk can be readily transferred to Lévy flights and CTRWs as defined in the
previous sections. The reason is that the involved Gaussian, symmetric stable and one-
sided stable random variables are all belong to the important class of general stable
random variables. Recall that “stability” refers to the very property of being closed
under linear transformations.

The CCTRW is defined here not as a random walk, but directly on the level of scaling
limits.1 The definition is completely analogous Eq. (2.43) for FBM. While the latter is
given in terms of a stochastic integral with respect to a Brownian noise dB(t), scale-free
dynamics can be generated by integrating with respect to a Lévy stable noise dLµ(s).
For instance, for a symmetric motion, let Lµ(s) be a symmetric Lévy flight with stable
index 0 < µ < 2. Now define a linear fractional stable motion via the stable stochastic
integral

Y (s) := (µK)1/µ

∫ s

0
(s− s′)K−1/µ dLµ(s′). (3.1)

Here 0 < µ < 2, and K > 0 will be referred to as the Hurst exponent of the stable motion
Y (s). In analogy to the fractional Brownian motion, the choice for the correlation kernel
is a power-law, so that correlations are potentially of a long-ranged kind.2 The detailed
properties and mathematical foundations of stable stochastic integrals can be found in
Ref. [88]. Most importantly, the process Y (s) stays in the domain of µ-stable processes,
just like FBM remains a Gaussian process. In particular, at given time s, the probability
density function (PDF) pµ,K(y; s) of the position Y (s) is of the stable form (2.9), albeit
with an altered time scaling Y (s) ∼ sK ,

pµ,K(y; s) = s−K`µ(ys−K). (3.2)

1How and when a time-discrete correlated random walk converges to a time-continuous correlated
motion is taken up in references [137, 138].

2There is an apparent discrepancy between the stable motion defined here through Eq. (3.1) and FBM
as given by Eq. (2.43). Most notably, the Gaussian integral extends over negative values down to
−∞. The motivation for this is that FBM is desired to have stationary increments. In contrast, the
more simple definition (3.1), where the integral starts at time s = 0, implies that increments are not
stationary. For reasons laid out below, the model definition presented here is deliberately extended
to include processes with potentially non-stationary increments. A complete discussion on this issue
is given in section 3.2.
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The scaling prefactor (µK)1/µ in Eq. (3.1) makes sure that the scaling function `µ is
again exactly represented by the characteristic function in Eq. (2.10).

What really sets the process Y (s) apart from the ordinary Lévy motion Lµ(s) is
the stochastic dependence of increments. One may also say the noise related to Y (s) is
strongly correlated,3 or coloured. However, to assess the nature of interdependence here,
one cannot use the covariance or correlation function like in Eq. (2.45). While the latter
is a meaningful and precise measure of dependence for Gaussian processes, µ = 2, it is ill-
defined for stable processes µ < 2. In reference [88], several alternative concepts to deal
with the stable cases are introduced and discussed, such as covariation or codifference
functions. In short, applying these analytic tools to the correlated process Y (s), yields
positive, long-range dependence when K > 1/µ, and negative, short-range dependence
when K < 1/µ. (Compare this to the analogous discussion on linear fractional stable
motion in [88]. An extensive discussion of the notion of long-range dependence can be
found in [117]).

These considerations can be supplemented by spectral analysis arguments, compare
also Ref. [138]. Consider a sample path of a Lévy flight Lµ(s) and denote its Fourier

transform by L̂µ(ω). Now since the stable stochastic integral (3.1) is of a convolution
form, there is a simple relation in Fourier space between the correlated noise dY (s) and
the Lévy stable noise dLµ(s), namely dŶ (ω) ∝ dL̂µ(ω)/(−iω)K−1/µ. When comparing
the two noise types in the case K > 1/µ, one thus finds that the correlation kernel
in the stable integral (3.1) emphasises the low frequency components of the correlated
noise. In a sample path of Y (s), this might be conceived as a comparatively steady
motion, even in the form of long-term periodic cycles. Conversely, when K < 1/µ, high
frequencies are amplified. A sample path Y (s) is then fluctuating violently as compared
to an ordinary Lévy flight.

Hence, both the analysis in terms of covariation/codifference functions and the spectral
analysis support the idea of an either persistent or anti-persistent motion Y (s). For
K > 1/µ, persistence effects long cycles of seemingly steady, biased motion. If K < 1/µ,
anti-persistent motion is observed as being wildly fluctuating, since strong, short range,
negative memory leads to a quick succession of directional turns. The special case
K = 1/µ recovers ordinary Lévy flights with mutually independent jump lengths.

The last step in the definition of the CCTRW model is the introduction of correlations
of waiting times. Analogously to the above, define

T (s) := (αG)1/α

∫ s

0
(s− s′)G−1/α dL+

α (s′), (3.3)

in terms of a stable integral with respect to one-sided Lévy α-stable noise dL+
α (s). Here,

0 < α < 1 and G ≥ 1/α. The corresponding PDF gα,G(t; s) at given internal time s in

3Calling a stable process “correlated” is a bit misleading, since the correlation function is ill-defined
if µ 6= 2. Here, being “(un-)correlated” should be interpreted as equivalent to being “statistically
(in-)dependent”, wich is (some might say unfortunately) a common habit in the physics literature
and some other fields of applied probability theory.
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this case reads

gα,G(t; s) = s−G`+α (ts−G), (3.4)

where the basic shape is still provided by a one-sided α-stable law `+α as defined in
equation (2.23). The scaling with internal time s in this case reads T (s) ∼ sG. While
T (s) is still an α-stable motion, waiting times are no longer independent. Note that for
T (s) to be an increasing process, one has to require that G ≥ 1/α. Thus, correlations
in waiting times are necessarily of the persistent type, and have a tendency to increase
with s. The only exception to this rule is G = 1/α, a parameter setting which leads
back to heavy-tailed but uncorrelated waiting times.

In complete analogy to the uncorrelated case, introduce now the inverse process S(t)
according to equation (2.24) and combine it with a correlated stable motion, X(t) =
Y (S(t)), via subordination, see section 2.2.1. The PDF for the particle position X at
real time t is then given by

pµ,α,K,G(x; t) =

∫ ∞
0

pµ,K(x; s)hα,G(s; t) ds, (3.5)

where hα,G(s; t) denotes the PDF of internal time S at real time t. The latter is discussed
extensively in section 3.3.

Several sample trajectories of a CCTRW can be studied in Fig. 3.1. In addition,
the figure includes the trajectories of the uncorrelated Brownian motion, Lévy flight
and CTRW processes, also shown in the respective sections, in order to facilitate direct
comparison. For the correlated process, the spatially continuous motion is paused for
large-scale waiting periods, which appear on all time scales. Waiting times are not
independent but persistent here: long rests are directly followed by periods of reduced
dynamic activity, but then slowly turn into vivid almost Brownian-like motion. Note
however that also spatial displacements are persistent.4

This completes the definition of the CCTRW model presented here. A discontinuous
progression of spatial displacements and laboratory time is modelled in terms of the
stable noises dLµ(s) and dL+

α (s). Correlations are separately introduced by power-law
correlation kernels to both the spatial dynamics Y (s) and the time evolution T (s). The
full model is defined in terms of four parameters: 0 < µ < 2 and 0 < α < 1 determine
the respective distributional properties of individual jump lengths δX and waiting times
δT . In particular, they define the heavy tails λ(δx) ' |δx|−1−µ and ψ(δt) ' δt−1−α.
The special cases of continuous spatial and/or temporal evolution are included in the
correlated CTRW model on a distribution level as the limits µ → 2 and α → 1. The
parameters K > 0 and G ≥ 1/α directly measure the scaling exponents with respect to
internal time, Y (s) ∼ sK and T (s) ∼ sG. Finally, the nature of the correlations can be

4All trajectories in Figs. 1.5-3.1 were generated by simulating long random walk trajectories and rescal-
ing temporal and spatial coordinates appropriately. This method approximates the time-continuous
motion defined in the respective sections. Heavy-tailed jump lengths or waiting times, respectively,
are realised by drawing stable random variables [139]. Correlations as in Eqs. (3.1) and (3.3), are
introduced as described in Ref. [88], section 7.11.
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Figure 3.1: Sample paths X(t) of correlated CTRWs. Parameters, from top to bottom:
Brownian motion µ = 2, K = 1/2, α = 1, G = 1
Lévy flight, µ = 3/2, K = 2/3, α = 1, G = 1
CTRW, µ = 2, H = 1/2, α = 1/2, G = 2
CCTRW, µ = 2, K = 1.1/2, α = 1/2, G = 2.2.
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3 Correlated continuous time random walks

assessed by comparing respective parameter pairs: jump distances (waiting times) are
persistent if K > 1/µ (G > 1/α), uncorrelated if K = 1/µ (G = 1/α), or anti-persistent
if K < 1/µ (impossible for waiting times).

3.2 Stationarity

The stable processes Y (s) and T (s) are defined directly in terms of their distributional,
scaling and correlation properties, as characterised through the parameters µ, α, K,
and G, respectively. This quite large class of processes can further categorised through
their stationarity properties. For this, apply the preliminary definition of the nth order
increments of a stochastic process Y (s),

∆(1)Y (s; τ) = Y (s+ τ)− Y (s)

∆(2)Y (s; τ1, τ2) = ∆(1)Y (s+ τ2; τ1)−∆(1)Y (s; τ1)

...

∆(n)Y (s; τ1, . . . , τn) = ∆(n−1)Y (s+ τn; τ1, . . . , τn−1)

−∆(n−1)Y (s; τ1, . . . , τn−1). (3.6)

Thus, ∆(1)Y is the usual process increment while ∆(2)Y is an increment of increments,
etc. If Y (s) is meant to stand for the position of a particle at time s, then the ratio
∆(1)Y (s; τ)/τ can be viewed as the average velocity (bearing in mind that the one-time
velocity, i.e., the limit τ → 0, in general does not exist for the processes discussed here).
Likewise, ∆(2)Y (s; τ1, τ2)/(τ1τ2) corresponds to the intuitive notion of an acceleration,
and higher order increments represent higher levels of temporal evolution.

The nth order increments of Y (s) in now said to be asymptotically stationary in dis-
tribution (ASD), if the random variable ∆(n)Y (s; τ1, . . . , τn) has a nontrivial limiting
distribution for large times, s→∞. The degrees of stationarity for the stable processes
Y (s) and T (s) as defined in the previous section shall be determined in the following.
Note that this classification is not a purely academic one. For the application and inter-
pretation of a stochastic process as a real world model system, stationarity properties are
highly relevant. Let, for instance, Y (s) model an animal foraging process. Then station-
arity of first order increments is an indication for a time-independent search strategy:
the distance ∆(1)Y travelled during, say, τ = 1 day is statistically indistinguishable from
one day to the next. Conversely, non-stationary statistics of travel distances can be
a signature for an adaptive search strategy, an ageing animal, or changes in the envi-
ronment. In this case, one would further ask whether or not such internal or external
variations are stationary. This relates to second order increments. On smaller scales,
Y (s) could be a model for particle diffusion in a heat bath. There, non-stationarity of
first order increments is the fingerprint either of an inhomogeneous environment (i.e., the
particle displacement statistics changes as the particle explores various spatial regions)
or a non-equilibrated environment (i.e., the noise imposed by interaction with the sur-
rounding heat bath is itself non-stationary). Then, analysis of second and higher order
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3.2 Stationarity

increments yields information on the precise nature of the spatial or temporal variations
in the surroundings.

The displacement process Y (s) as defined through the stable integral (3.1) is a non-
stationary process, as indicated by the time scaling Y (s) ∼ sK . As the particle explores
its surrounding space, the probability to find it in any region of fixed size around the
origin of motion is decaying with time. Now, the integral representation of first order
increments reads

∆(1)Y (s; τ) = (µK)1/µ

{∫ s

0

[
(s+ τ − s′)K−1/µ − (s− s′)K−1/µ

]
dLµ(s′)

+

∫ s+τ

s
(s+ τ − s′)K−1/µ dLµ(s′)

}
, (3.7)

so that its distribution is given in terms of the characteristic function

〈exp(ik∆(1)Y (s; τ))〉 =

= exp

[
−µK|k|µ

∫ s

0

∣∣∣(s+ τ − s′)K−1/µ − (s− s′)K−1/µ
∣∣∣µ ds′

−µK|k|µ
∫ s+τ

s

∣∣∣(s+ τ − s′)K−1/µ
∣∣∣µ ds′]

= exp
[
−|k|µI(1)

µ,K(s)− |kτK |µ
]
, (3.8)

using the abbreviation

I
(1)
µ,K(s) = µK

∫ s

0

∣∣∣(s′ + τ)K−1/µ − (s′)K−1/µ
∣∣∣µ ds′. (3.9)

Non-stationarity is indicated by the explicit s-dependence of the integral I
(1)
µ,K . The latter

vanishes identically if K = 1/µ. This is natural, since these cases are the symmetric
Lévy stable motions, Y (s) = Lµ(s), which have stationary increments by definition.
Conversely, for any K 6= 1/µ, the integral differs from zero, so in general the first order
increments of the stable motion Y (s) are non-stationary. However, they can still be
asymptotically stationary, depending on the parameters. The expression in the integral

I
(1)
µ,K behaves, for large s′, like (s′)µK−µ−1. The asymptotics at large times s � τ are

therefore given through

I
(1)
µ,K(s) '


const, for 0 < K < 1,
log(s), for K = 1,

τµsµ(K−1), for K > 1.

(3.10)

First order increments are hence ASD whenever 0 < K < 1, while spreading indefinitely
when K ≥ 1. One can readily extend the procedure to the study of increments of
arbitrary order, see Appendix of Ref. [136]. In general, two classes of parameter settings
can be distinguished.
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3 Correlated continuous time random walks

If there is a non-negative integer m such that K = 1/µ + m, then all increments
of order n > m are stationary in distribution, and lower order increments, n ≤ m
on average broaden. This includes the Lévy stable motions, m = 0, K = 1/µ, with
stationary increments of all orders. To understand this, recall that correlated and Lévy
stable noises are related in Fourier space through dŶ (ω) = dL̂µ(ω)/(−iω)K−1/µ. Now
for K = 1/µ + m, this suggests that Y (s) can be interpreted as an m-fold repeated
integration of a Lévy stable noise. In other words, for m = 0, Y (s) is a Lévy flight, so
increments are stationary; for m = 1, the noise generating Y (s) is already a Lévy flight,
therefore only second and higher order increments of Y (s) are stationary; for m = 2,
the noise generating the noise of Y (s) is a Lévy flight, so one has stationary third order
increments; etc.

The opposite case is K 6= 1/µ + m for all nonnegative integers m. Interestingly,
here the result is µ-independent: all increments of order n > K are ASD, while lower
order increments, n ≤ K, are spreading indefinitely. An extensive and mathematically
rigorous treatment of stochastic processes with stationary nth order increments can be
found in [140].

The one-sided α-stable process (3.3), which describes the evolution of laboratory time
with respect to the internal time has completely analogous properties. Increments of
any order are stationary if G = 1/α, since then T (s) = L+

α (s) is a one-sided Lévy stable
motion. If there is a non-negative integer m such that G = 1/α+m, then only increments
of order n > m are stationary in distribution. If there is no such m, increments of orders
n > G are ASD. Lower order increments are non-stationary at all times. Note, however,
that for the waiting time process one is forced to require G ≥ 1/α for the following
reason. Writing out the integral representation for the first order increments,

∆(1)T (s; τ) = (αG)1/α

{∫ s

0

[
(s+ τ − s′)G−1/α − (s− s′)G−1/α

]
dL+

α (s′)

+

∫ s+τ

s
(s+ τ − s′)G−1/α dL+

α (s′)

}
, (3.11)

it becomes obvious that the first integral could potentially give a negative contribution
when G < 1/α. This is clearly unacceptable in terms of causality: negative increments
in laboratory time T (s) would correspond to waiting times finishing earlier than they
began. Therefore, one can consider only G ≥ 1/α, which has two implications. On
the one hand, as mentioned above, correlated motions are necessarily persistent. On the
other hand, first order increments—reflecting waiting time statistics—are non-stationary.
More precisely, they are, in a statistical sense, increasing beyond all bonds, as their (one-
sided!) distribution persistently broadens with internal time s.

This section is concluded with a general remark on stationarity in CTRW models. The
inverse process S(t) measuring the internal time at fixed laboratory time t, Eq. (2.24), is
a highly non-stationary process, as are all of its increments. This holds even when G =
1/α, i.e. when waiting times are not correlated. This phenomenon has been discussed
extensively in the CTRW literature, where it is commonly referred to as ageing [141,
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3.3 Time scaling analysis and probability density function

142, 143, 144] and is closely related to other peculiar effects such as weak ergodicity
breaking [144, 145]. The deeper reason behind this non-stationarity are the scale-free
characteristics of waiting times. Thus, CTRW models are by definition highly non-
stationary stochastic processes, and it is indeed natural to extend the common model
candidates (K = 1/µ for uncorrelated, stationary jump distances and G = 1/α for
uncorrelated, stationary waiting times) to the larger class of stable, but correlated and
potentially non-stationary motions considered here.

3.3 Time scaling analysis and probability density function

For ordinary Lévy flights or CTRWs, the tail parameters µ and α determine both the
distributional and the scaling properties of the process. The present correlated model is
slightly more complex in this respect. While the shape of the PDF depends on all four
parameters, only the Hurst parameters K and G determine the time scaling. To see
this, recall that for the Lévy stable motions the characteristic scalings are Lµ(s) ∼ s1/µ

and L+
α (s) ∼ s1/α. From Eqs. (3.1) and (3.3) it follows that Y (s) ∼ sK and T (s) ∼ sG.

Consequently, the internal time scales as S(t) ∼ t1/G, and for the correlated motion one
gets

X(t) = Y (S(t)) ∼ tH , where H = K/G. (3.12)

The parameter H is therefore the scaling or Hurst exponent of the correlated motion
X(t). Interestingly, from the point of view of time scaling, persistence in waiting times
competes with persistence in jump distances, and the process can turn out to be either
sub- (H < 1/2), or superdiffusive (H > 1/2), or exhibit a normal diffusive scaling
(H = 1/2). Conversely, measuring the Hurst exponent H alone does not reveal specific
information on the time scaling of correlated waiting times (G) and correlated jumps
(K), but only on their ratio.

This ambiguity actually goes beyond a simple time scaling analysis and extends to the
analysis of the PDF. Let hα,G(s; t) denote the probability density for the internal time S
at given laboratory time t. Recall that T (s) ∼ sG is a monotonically increasing process.

This implies [103] S(t)
d
= (t/T (1))1/G for any fixed laboratory time t. Therefore,

hα,G(s; t) = Gts−G−1`+α (ts−G). (3.13)

One can now combine Eqs. (3.2), (3.5) and (3.13) to write the PDF pµ,α,K,G(x; t) for the
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3 Correlated continuous time random walks

correlated CTRW X(t) = Y (S(t)) at time t in terms of stable densities,5

pµ,α,K,G(x; t) =

∫ ∞
0

pµ,K(x; s)hα,G(s; t)ds

=

∫ ∞
0

1

sK
`µ

( x

sK

) Gt

sG+1
`+α

(
t

sG

)
ds

=
1

tH

∫ ∞
0

`µ

(
x

(st)H

)
1

sH+2
`+α

(
1

s

)
ds

=:
1

tH
qµ,α,H

( x
tH

)
(3.14)

This representation demonstrates that the qualitative shape of the PDF can be classified
in terms of only three parameters: the tail parameters µ and α and the scaling exponent
H = K/G. This means that two processes may seemingly be the same when only
studying their PDF and time scaling behaviour, although they are inherently different
with respect to their correlations. Apparently, persistence in jump distances can balance
persistence in waiting times, similar to the previously observed twin paradox [146].
Consider, for instance, the stochastic process X(t) defined by µ = 2, K = 1/2, α = 1/2
and G = 2. This special case has been studied extensively in the literature, as it
represents the simplest type of a CTRW process and is bare of correlations both in jump
distances and waiting times. For comparison, now define X ′(t) by choosing µ′ = 2,
K ′ = 1.1/2, α′ = 1/2 and G′ = 2.2. Obviously, X ′(t) is different from the ordinary
CTRW X(t), since both its jump distances and its waiting times are persistent. This
is clearly visible when investigating a few sample trajectories, as provided in Fig. 3.16

However, on the level of time scaling analysis, Eq. (3.12), and PDF, Eq. (3.14), the
random motions are indistinguishable, since H = H ′.

To study the PDF p(x; t) analytically (subscript parameters are dropped from here
on), it is natural to first study equation (3.14) in Fourier-Laplace domain. Making direct
use of equations (2.10) and (2.23), one finds

p(k;u) ≡
∫ ∞
−∞

∫ ∞
0

eikx−utp(x; t)dtdx

=

∫ ∞
0

exp
(
−|k|µsHµ/α

)
uα−1 exp (−uαs) ds. (3.15)

The integral can be interpreted as a Laplace transform with respect to internal time s,
while expressing the exponential in terms of a Fox H-function [148],

exp(−z) = H1,0
0,1

[
z

∣∣∣∣ (0, 1)

]
. (3.16)

5The subordination integral (3.14) is evaluated numerically to generate the PDF plots in Fig. 3.2.
For the associated stable densities `µ [Eq. (2.9)] and `+α [Eq. (2.22)], numerical evaluation tools are
available for computer programs such as Mathematica or MATLAB.

6Methods to estimate such parameters from empirical CCTRW trajectory data are discussed in [147].
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3.3 Time scaling analysis and probability density function

After some straightforward manipulations of the H-function [148], this yields the follow-
ing representation in Fourier-Laplace space,

p(k;u) =
α

uµH
H1,1

1,2

[
uα

|k|α/H
∣∣∣∣ (1, α/(µH))

(1, 1)

]
. (3.17)

Inverting to laboratory time t and real space x, one gets [148]

p(x; t) =
t−H

2µ
√
π
H2,1

2,3

[ |x|
2tH

∣∣∣∣ (1− 1/µ, 1/µ); (1−H,H)
(0, 1/2), (1−H/α,H/α); (1/2, 1/2)

]
. (3.18)

Since for H-functions, series representations for small and large arguments are known,
one can now analyse in detail the behaviour around the origin and in the tails. Series
expansions can in principle be evaluated up to any order, see Refs. [148, 149]. Here, the
focus is on the leading order contributions to the PDF, or equivalently, to the scaling
function q(z) = p(z; 1).

In the vicinity of the starting position, z ≈ 0, the qualitative shape depends highly on
the ratio α/H, if waiting times are heavy tailed, α < 1:

q(z ≈ 0) ∼


const · |z|−1+α/H , α/H < 1,
const · log |z/2|, α/H = 1,

q(0)− const · |z|−1+α/H , 1 < α/H < 3,
q(0)− const · z2 log |z/2|, α/H = 3,
q(0)− const · z2, α/H > 3.

(3.19)

The constants depend on the parameters µ, α,H, but not on the scaling variable z.
Thus, the behaviour around the origin can be divergent (α/H ≤ 1), continuous with
divergent derivative (1 < α/H < 2), continuous with discontinuous first derivative
(2 ≤ α/H ≤ 3), and continuous with vanishing first derivative (α/H > 3). While
the cusp-like shape for low values of α/H is reminiscent of CTRW propagators, the
increasingly smoother shape for higher values of α/H is imitating Gaussian distributions.
Also note that in the absence of heavy-tailed waiting times, corresponding to α→ 1, the
scaling function returns to the class of stable laws, which are completely smooth (i.e.,
infinitely differentiable) everywhere. Example plots are given in Fig 3.2.

In contrast, if µ < 2, the heavy tails are directly inherited from the underlying jump
length distribution,

q(z →∞) ' |z|−1−µ, for µ < 2. (3.20)

This holds regardless of which type of correlations or waiting time distributions charac-
terise the motion, see also Fig. 3.2. In the special case of Gaussian jump lengths, the
tails of the PDF are of exponential type, log[q(z →∞)] ' −|z|1/2+H(1−α)/α.

Finally, notice an interesting, but maybe not intuitively expected property of the
scaling function q(z). From Eq. (3.18) one can derive [148]

q(z)|α→1 = q(z)|H→0. (3.21)
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Figure 3.2: Scaling function q(z) for the propagator p(x; t) = t−Hq(xt−H), numerically
evaluated through equation (3.14). The insets detail the behaviour around
the origin (left) and in the tails (right). Top: The exponent of power-law tails
varies with µ, but the behaviour at the origin is universally q(0) − q(z) '
|z|−1−α/H . Centre: Conversely, a fixed exponent µ < 2 defines the tail
properties, q(z) ' |z|−1−µ. By varying the ratio α/H, the shape of the
maximum turns from a distinct cusp to a smooth Gaussian-like bell. Bottom:
With µ = 2, tails are stretched exponentials. When α < H, q(z) diverges at
the origin. With H = 1/2, X2(t) ∼ t universally indicates normal diffusion.
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The limit α → 1 leads back to a steady time progression, ultimately rendering internal
time and laboratory time equivalent. Interestingly, in terms of the shape of the PDFs,
this is effectively the same as choosing H very small. Thus, if either waiting times are
sufficiently persistent, or jump distances are sufficiently anti-persistent, then the shape
of the propagator indicates dynamics devoid of any stalling or trapping mechanisms.

3.4 Comparison with other models of correlated motions

In this section, the correlated continuous time random walk model discussed in the
previous sections are compared, contrasted and connected to other existing models of
correlated motion.

First, CCTRWs are distinct from the correlated (persistent) random walk models as
discussed in [16, 17, 18, 19]. The latter are two-dimensional random walk models, aim-
ing at describing animal foraging and movements patterns. Angular correlations are
introduced by means of non-uniform angular distributions, governing the directional
evolution of the random walk at each step (akin to the persistent Smoluchowski ran-
dom walk, see section 1.3.2). Angular and step length distribution define characteristic
correlation scales, beyond which the dynamics are essentially Brownian.

The present CCTRW model is a direct continuation of the CTRW with correlated
waiting times presented in [150]. The authors discuss a laboratory time process (see
Eqs. (23) and (24) in [150], the notation is adopted slightly)

T (s) =

∫ s

0
m(s− s′) dL+

α (s′), with m(s) =

∫ s

0
M(s′) ds′.

While the the correlation kernel m(s) defines the integral representation of laboratory
time T (s), the function M(s) = dm/ds can be interpreted as a correlation kernel for
the noise or waiting time process “ dT/ ds” (see Eq. (20) of [150]). Two different types
of correlation kernels are taken into consideration. First, power law correlated waiting
times, M(s) ∝ s−β, β < 1, lead to a power law correlated laboratory time process,
m(s) ∝ s1−β. By identifying G = 1 − β + 1/α, G > 1/α, one exactly recovers the
process definition used here, Eq. (3.3). Since jump lengths in the model of [150] are
Gaussian and independent (which, using the language of this chapter, means µ = 2,
K = 1/2) one can expect a scaling relation X(t) ∼ tH = tK/G = tα/[2α(1−β)+2]. This
is fully consistent with the mean squared displacement analysis in Eq. (43) of [150]. A
second interesting choice for the kernel behaviours is an exponentially decaying one, i.e.
M(s) ∝ exp(−∆s), ∆ > 0, corresponding to m(s) ∝ 1 − exp(−∆s). While the full
scaling behaviour is difficult to calculate explicitly, one can look at the limiting cases
t � ∆ and t � ∆. By virtue of the monotonic increase of the process T (s), this is
equivalent to studying approximations with respect to internal time s. For small s, one
has m(s) ' s = s1−0, while for large s, m(s) ' 1 = s1−1. Hence, one can expect a
turnover from the scaling X(t) ∼ tα/[2α+2] at t � ∆ to X(t) ∼ tα/2 at t � ∆. This
is in perfect agreement with the mean squared displacement results Eqs. (36) and (38)
in [150].
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3 Correlated continuous time random walks

The authors of [147] discuss a subordinated process close in spirit to the one presented
here. In their case, the model ingredients are scale-free, correlated jump statistics as
in Eq. (3.1). Waiting times are not correlated, yet have an interesting distributional
property: tail statistics are intermediately power law distributed, but an exponential
cut-off introduces an intrinsic time scale and ensures finiteness of all moments. Conse-
quently, the diffusion process X(t), defined via subordination, behaves very differently
during different temporal regimes, as separated by the average waiting time. Of partic-
ular interest is the important discussion on the estimation of parameters from sample
trajectory data.

While correlations in CTRW waiting times are not discussed explicitly in [151], the
author establishes an intimate principal connection between correlated waiting times,
fluctuating waiting time distributions, and rate fluctuations in the underlying higher-
dimensional Markovian dynamics. The methods and concepts from this work may thus
provide a useful approach to build a microscopic foundation of correlated CTRWs on
the one hand, and to find reasonable model extensions on the other.

Finally, there is a close connection to the correlated CTRW introduced in Ref. [152].
On the discrete random walk level, the basic idea is to define a non-stationary and
correlated sequence of jump lengths or waiting times in terms of separate random walk
processes. For instance, correlated jump lengths δYn are derived from a Lévy flight in
jump length space. In other words,

δYn =
n∑
j=1

ξj ,

Yn =
n∑
j=1

δYj =
n∑
j=1

j∑
k=1

ξk, (3.22)

where the ξj are independent, symmetric µ-stable random variables. The intuitive way
of guessing a long time limit approximation of this process can be found by replacing
sums with integrals:

Y (s) =

∫ s

0

∫ s′

0
dLµ(s′′) ds′ =

∫ s

0
Lµ(s′) ds′. (3.23)

Indeed the convergence in distribution of the discrete random walk Yn to the continuous
process Y (s) was proved in [153]. The latter can be thought of, according to above
equation, as an integrated symmetric Lévy flight. Now according to the spectral analysis
discussion brought up in section 3.2, such a process should actually be included in the
class of correlated motions discussed here. Indeed, one could also rewrite the double
sum in Eq. (3.22) as

Yn =

n∑
j=1

(n− j) ξj . (3.24)
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3.4 Comparison with other models of correlated motions

The analogous step for continuous time is formal integration by parts of Eq. (3.23):

Y (s) =

∫ s

0
(s− s′) dLµ(s′). (3.25)

Up to a constant prefactor, this exactly corresponds to definition (3.1) with K = 1/µ+1.
One thus finds, in complete accordance with [152, 153], that the integrated Lévy flight
is a µ-stable process with superdiffusive scaling Y (s) ∼ sK = s1/µ+1.

Correlated waiting times however, are defined in [152, 153] in a slightly different
manner. There, consecutive waiting times δTn are taken from a symmetric Lévy flight,
subject to a reflecting boundary condition at δTn = 0. In short,

δTn =

∣∣∣∣∣∣
n∑
j=1

ζj

∣∣∣∣∣∣ ,
Tn =

n∑
j=1

δTj =

n∑
j=1

∣∣∣∣∣
j∑

k=1

ζk

∣∣∣∣∣ , (3.26)

where the ζj are independent, symmetric α-stable random variables with 0 < α ≤ 2.
The continuous version is

T (s) =

∫ s

0

∣∣∣∣∣
∫ s′

0
dLα(s′′)

∣∣∣∣∣ ds′ =
∫ s

0

∣∣Lα(s′)
∣∣ ds′, (3.27)

which is not a stable process [153], and hence cannot be represented by any of the
correlated laboratory time processes (3.3). Still, there is a formal analogy in scaling
behaviours. It is easy to show that the integrated Lévy flight on the positive half-line,
Eq. (3.27), is self-similar with T (s) ∼ s1/α+1. The present model yields the same scaling
for G = 1/α+ 1; interestingly, this corresponds to a single integration of a one-sided α-
stable motion. In the case of independent Gaussian jump lengths, µ = 2 and K = 1/2,
such scaling produces subdiffusive dynamics X(t) ∼ tK/G = tα/[2(1+α)], as previously
found in [152].
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4 Ageing renewal theory

The continuous time random walk (CTRW) was introduced in section 2.2 as a model for
anomalous diffusion. This class of processes sets itself apart from standard models by
the lack of a limiting time scale for microscopic dynamics. Instead of discussing the full
CTRW diffusion process, one can extract and focus on this core anomaly. The single
steps of a random walk are interpreted as the events of a renewal process. This approach
has two advantages. On the one hand, renewal theory is very versatile, owing to its
abstract formulation. Renewals can alternatively be interpreted as switching events
in two-state models, domain crossings of a random motion, the arrival of a shot-noise
signal, etc. In complex, disordered media, processes with scale-free waiting times play a
particularly prominent role. It is therefore desirable to find a unified analytic foundation
for such anomalous dynamics. First steps in this direction are made in the course
of section 4.1, in terms of a detailed discussion of the probability density function of
the ageing (i.e. scale-free) renewal process, its ageing properties and consequences for
ensemble measurements.

On the other hand, anomalous diffusion as observed in experiments is usually a multi-
layered phenomenon, where different types of anomaly are encountered; see the examples
given in the introduction to section 3. Knowing precisely the effects of scale-free relax-
ation dynamics – ageing and weak ergodicity breaking among others – helps to single
them out from other anomalous mechanisms like long-range memory. The discussion
of section 4.2 lays out in detail how the characteristic behaviour of the ageing renewal
process translates to the anomalous diffusion properties of CTRWs. In particular, sec-
tion 4.2.5 provides a specific example for a combined anomalous diffusion model, which
captures both the memory effects of a fractional Langevin equation, and the scale-free
relaxation of a CTRW.

This chapter summarises results preciously published in Refs. [142, 143], where the
reader can find additional information.

4.1 The Ageing renewal process

4.1.1 Motivation

A stochastic process n(t) counting the number of some sort of events occurring during a
time interval [0, t] is called a renewal process, if the time spans between consecutive events
are independent, identically distributed random variables [154]. Renewal theory does
not specify the exact meaning or effect of a single event. It could be interpreted as the
appearance of a head in a coin tossing game, the arrival of a bus or of a new customer in
a queue. In a mathematical formulation, events remain abstract objects characterised by
the time of their occurrence. Thus, not surprisingly, renewal processes are at the core of
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4 Ageing renewal theory

many stochastic problems found throughout all fields of science. Maybe the most obvious
physical application is the counting of decays from a radioactive substance. This is an
example of a Poissonian renewal process: the random time passing between consecutive
decay events, the waiting time, has an exponential probability density function ψ(t) =
τ−1 exp(−t/τ). In other words, events here are observed at a constant rate τ−1 (that is,
if the sample is sufficiently large and the half-life of individual atoms sufficiently long).

A physical problem of more contemporary interest is subrecoil laser cooling [155, 156].
Two counter-propagating electromagnetic waves can cool down individual atoms to an
extent where they randomly switch between a trapped (i.e. almost zero momentum)
state and a photon emitting state. Successive life times of individual states are found to
be independent and stationary in distribution. Hence, the transitions from the trapped
to the light emitting state form the events of a renewal process. Similar in spirit, colloidal
quantum dots [157, 158] switch between bright states and dark states under continuous
excitation. In contrast to the Poissonian decay process, the latter two examples feature
a power law distribution of occupation times t, whose long time asymptotics are of the
heavy-tailed form (2.21), that is

ψ(t) ∼ 1

|Γ(−α)|
τα

t1+α
, 0 < α < 1. (4.1)

This type of distributions is not uncommon for physically relevant renewal processes.
To see this, consider a simple unbounded, one-dimensional Brownian motion, and let n(t)
count the number of times the particle crosses the origin. Then the waiting time between
two crossings is of the form (4.1) with α = 1/2. Indeed, a random walk of electron-hole
pairs either in physical space, or in energy space, was proposed as a mechanism leading
to the power law statistics of quantum dot blinking [159]. In general, whenever events
are triggered by domain crossings of a more complex, unbounded process, power law
distributed waiting times are to be expected. In addition, the latter can be interpreted
as a superposition of exponential transition times with an (infinitely) wide range of rate
constants τ . The power-law form (4.1) for the inter-event statistics is a typical ansatz
to explain such renewal dynamics in highly disordered or heterogeneous media such as
spin glasses [160], amorphous semiconductors [77] or biological cells [114, 115].

Distributions as in (4.1) imply a divergent average waiting time, 〈t〉 =
∫∞

0 t ψ(t) dt =
∞. Renewal processes of this type are said to be scale-free, since, roughly speaking,
statistically dominant waiting times are always of the order of the observational time; see
sections 2.2.1 and 2.2.4 for a more complete idea. Hence, their outstanding characteristics
play out most severely on long time scales: while for t� τ , Poissonian renewal processes
behave quasi-deterministically, n(t) ≈ t/τ , heavy-tailed distributions lead to nontrivial
random properties at all times. Stochastic processes of this type are known to exhibit
weak ergodicity breaking [110], i.e. time averages and associated ensemble averages of
a physical observable are not equivalent. Moreover, despite the renewal property, the
process n(t) is non-stationary [105]: events na(ta, t) counted after an unattended ageing
period ta > 0, i.e. within some time window [ta, ta + t], are found to be statistically
very distinct from countings during the initial period [0, t]. Fewer events are counted
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4.1 The Ageing renewal process

during late measurements, in a statistical sense, and thus one also says the process
exhibits ageing. Deeper analysis reveals that this slowing down of dynamics is due to an
increasingly large probability to count no events at all during observation. Intuitively,
in the limit of long times t, ta � τ , one would expect to see at least some renewal
activity na > 0. Instead, the probability to have exactly na = 0 increases steadily, and
as ta →∞, the system becomes completely trapped.

4.1.2 Model definition

Suppose one is interested ind a series of events that occur starting from time t = 0.
Later, these events may be specifically identified with the arrival of a bus, the steps of a
random walk or the blinking of a quantum dot—for now, they remain abstract. Let n(t)
count the number of events that occurred up to time t; refer to it as a counting process.
The time spans between two consecutive events are called waiting times. They are not
necessarily fixed. Instead, they are taken to be independent, identically distributed
random variables. In such a case, it is justified to refer to events as renewals: The
process n(t) is not necessarily Markovian, but any memory on the past is erased with
the occurrence of an event—the process is renewed. The probability density function
(PDF) of individual waiting times is denoted by ψ(t). Obviously, the nature of this
quantity heavily influences the statistics of the overall renewal process. Figure 4.1 shows
realisations for deterministic periodic renewals, ψ(t) = δ(t − τ), for Poissonian waiting
times, ψ(t) = τ−1 exp(−t/τ), and for heavy-tailed waiting times, i.e. ψ(t) has long-t
asymptotics (4.1). In all cases, the scaling parameter τ > 0 serves as a microscopic scale
parameter for individual waiting times.

First, study the inset of Fig. 4.1, which focuses on the initial evolution of these pro-
cesses at short time scales. The complete regularity of the deterministic renewals is
distinct, but the two random counting processes are not clearly discernible by study
of such single, short-period observations. Now compare this to the main figure, which
depicts realisations of the processes on much longer time scales. Here, the realisations of
the deterministic and Poissonian renewal processes look almost identical. Recall that for
independent exponential waiting times, the average time elapsing until the nth step is
made increases linearly with n, while the fluctuations around this average grow like n1/2.
Thus, the relative deviation from the average decays to zero on longer scales. Roughly
speaking, on time scales that are long as compared to the average waiting time 〈t〉 = τ
one observes a quasi-deterministic relation n(t) = t/τ .

For heavy-tailed waiting times as in Eq. (4.1), the picture is inherently different. Above
scaling arguments fail, since the typical time scale to compare to, the average 〈t〉 of a
single waiting time, is infinite. This is why this type of dynamics are sometimes referred
to as scale-free and they are studied in light of generalised central limit theorems [87].
Some of the involved analytic aspects are sketched in the following section. Most im-
portantly, it turns out that in the absence of a typical time scale, waiting time periods
persist and are statistically relevant on arbitrarily long time scales; see also the discus-
sions in sections 2.1.2 and 2.2.1. The effect is clearly visible in Fig. 4.1: The renewal
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Figure 4.1: Sample realisations for three different types of renewal processes. Events are
separated by waiting times, which are independent, identically distributed
according to a probability density function ψ(t). Depicted here are determin-
istic periodic renewals, ψ(t) = δ(t−1), Poissonian waiting times, ψ(t) = e−t,
and of heavy-tailed waiting times, ψ(t) = 4.5 · (5t + 1)−1.5, see key on top.
Inset: During an observation on short time scales, the randomness of Poisso-
nian and heavy-tailed waiting times contrasts the regular progression of the
deterministic process. However, it is difficult to distinguish the two random
processes on this level of analysis. Main figure: Observation on long time
scales reveals the profound statistical difference between the two random
processes: The Poissonian renewal process behaves almost deterministically
on time scales long as compared to 〈t〉 = 1. At the same time, the random
nature of heavy-tailed waiting times is visible on all time scales, as 〈t〉 =∞.
On the one hand, this means that counting the number of renewals n up to
time t yields different results from one process realisation to the next. On
the other hand, ageing should be taken into account: The statistics of the
number of renewals n(t) during observation time [0, t] can turn out to be
different from the statistics of na(ta, t), the number of renewals in [ta, ta + t].
The conceptual difference of the two counting processes lies in the forward
recurrence time t1, which measures the time span between the start of ob-
servation at time ta and the counting of the very first event, see graph.
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4.1 The Ageing renewal process

process n(t) remains a nontrivial random process, even when t� τ .

At this point, also introduce the concept of an aged measurement: while the renewal
process starts at time 0, an observer might only be willing to or capable of counting
events starting from a later time ta > 0. In place of the total number of renewals n(t) he
then studies the counted fraction na(ta, t) = n(ta+t)−n(ta). The fundamental statistical
difference between the renewal processes n and na stems from the statistics of the time
period t1 which passes between start of the measurement at ta and the observation of
the very first event. It is referred to her as a forward recurrence time (see Ref. [105] and
section 2.2.1) and denote its PDF by h(ta, t1). If the observer counts starting at time
ta = 0, the forward recurrence time is simply distributed like any other waiting time,
h(0, t1) = ψ(t1). But for later, aged measurements, ta > 0, the distribution is different,
as indicated in Fig. 4.1.

The dependence of the statistical properties of the counted renewals na on the starting
time of the measurement ta is called an ageing effect. Its impact crucially depends on the
waiting time distribution in use. For instance, a Poissonian renewal process is a Markov
process, meaning here that events at all times occur at a constant rate. In this case,
h(ta, t) ≡ ψ(t), so there the process does not age. For any other distribution, h(ta, t) 6=
ψ(t); yet, if the average waiting time is finite, then on time scales long in comparison to
the average waiting time 〈t〉, the renewal process behaves quasi-deterministically (details
below). Thus ageing is in effect, but becomes negligible at long times. But scale-free
waiting times as in (4.1) result in nontrivial renewal dynamics, with distinct random
properties, and ageing effects should be taken into careful consideration. Thus, in the
following section, the statistics of the renewal processes n(t) and na(ta, t) are studied
and compared in detail in terms of their probability distributions and the consequences
for calculating aged ensemble averages.

4.1.3 Long time scaling limit

Several authors have studied the ageing renewal process as defined above and its long
time approximation, see [3, 102, 103, 105] and references therein. The basic concept of a
scaling limit is demonstrated in the following, focusing on the calculation of the rescaled
PDF.

The probability p(n; t) of the random number of events n taking place up to time t
takes a simple product form in Laplace space1

p(n; s) = Lt→s{p(n; t)} =

∫ ∞
0

e−stp(n; t) dt

= ψ(s)n
1− ψ(s)

s
, (4.2)

1The Laplace transform f(s) = Lt→s{f(t)} =
∫∞

0
f(t) exp(−st) dt of a function f(t) is expressed,

throughout the complete chapter 4, by explicit dependence on the Laplace variable s. Likewise,
f(sa) and f(ta) are Laplace pairs, and Laplace inversion is occasionally indicated explicitly as f(t) =
L−1
s→t{f(s)}.
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which is a direct consequence of the renewal property of the process. It can be read as
the probability to count exactly n steps at some arbitrary intermediate points in time
and not seeing an event ever since.

In addition, the measurement may be made after some time period ta during which
the process evolved unattendedly. Therefore, consider na(ta, t) = n(ta + t) − n(ta), the
number of events that happen during the time interval [ta, ta + t]. The corresponding
probability pa(na; ta, t) reads in double Laplace space, (ta, t)→ (sa, s), [105]

pa(na; sa, s) =

{
(sas)

−1 − h(sa, s)s
−1, na = 0

h(sa, s)ψ
na−1(s)(1− ψ(s))s−1, na ≥ 1

(4.3a)

introducing

h(sa, s) =
ψ(sa)− ψ(s)

s− sa
1

1− ψ(sa)
, (4.3b)

the PDF of the forward recurrence time t1 as described phenomenologically in the pre-
ceding section, or defined explicitly through Eq. (2.24). The interpretation of Eq. (4.3)
is straightforward: The probability to see any events at all during the period of obser-
vation equals the probability that t1 ≤ t. Furthermore, the observer counts exactly na
events if the first event at time ta + t1 is followed by (na − 1) events at intermediate
times ta + ti and an uneventful time period until the measurement ends at ta + t.

For a check, notice that for Poissonian waiting times, ψ(t) = τ−1 exp(−t/τ), one
has ψ(s) = 1/(sτ + 1) = sah(sa, s), and hence h(ta, t) ≡ ψ(t). The Poissonian (i.e.
Markovian) renewal process is unique in this respect.

Now assume that waiting times are heavy-tailed, i.e. their PDF is of the form (4.1).
Waiting times of this type have a diverging mean value, which has severe consequences
for the resulting renewal process, even in the scaling limit of long times. To see this,
introduce a scaling constant c > 0 and rescale time as t 7→ t/c. Then write the follow-
ing approximation in Laplace space, where, by virtue of Tauberian theorems [3], small
Laplace variables correspond to long times,

Lt→s{cψ(ct)} = ψ(s/c) ≈ 1− (sτ/c)α. (4.4)

By rescale the counting process accordingly, meaning here n 7→ n/cα, one can take the
limit c→∞ to arrive at a long time limiting version of the renewal process. For instance,
the probability distribution in Eq. (4.2) takes the following form:

p(n; s) 7→ Lt→s{cαp(ncα; ct)} = cα−1p(ncα; s/c)

≈ ταsα−1

[
1− n(sτ)α

ncα

]ncα
→ ταsα−1 exp[−n(sτ)α] (c→∞). (4.5)

Note that in these equations, n was turned from an integer to a continuous variable,
characterised by a PDF. (Still, for simplicity, one may continue to refer to this variable
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4.1 The Ageing renewal process

as “number of events”). For the sake of notational simplicity, set τ = 1 in what follows,
bearing in mind that the rescaled time variables t and ta are measured in units which
are by definition large as compared to the microscopic time scale of individual waiting
times.

The evolution of the probability density with respect to real time t is now given
through

p(n; t) =
1

α
tn−1−1/α`+α (nt−α), (4.6a)

where

`+α (z) = L −1
s→z{exp(−sα)} . (4.6b)

This perfectly coincides with Eq. (2.25) (set κα = τα−1 = 1), obtained by a different
argument. Remarkably, n(t) thus remains a nontrivial random quantity even after the
rescaling procedure. The special limit α→ 1 is representative for finite average waiting
times. In this case, the Laplace transform in Eq. (4.4) is a moment generating function,
and thus returns τ = 〈t〉. In the scaling limit such a process collapses to a deterministic
counting process: Eq. (4.6) then implies p(n; t) = δ(n− t).

In contrast, for any 0 < α < 1, n(t) obeys a scaling relation n(t) ∼ tα and follows
a Mittag-Leffler law [102], directly related to the one-sided stable density2 `+α (z) [87].
The latter is a fully continuous function on the positive half-line z ≥ 0. This implies
in particular that for t > 0, the probability to have exactly n(t) = 0 is infinitely small.
Apparently, for the long time scaling limit of the counting process n(t), the length of
the very first single waiting time is negligible and the observer starts counting events
immediately after initiation of the process.

The procedure for finding the PDF pa of counted events na in an aged measurement,
ta ≥ 0, is analogous. In the long time scaling limit defined above, Eqs. (4.3) and (4.3b)
turn into

pa(na; sa, s) = δ(na)

[
1

sas
−mα(sa, s)

]
+ h(sa, s)p(na; s), (4.7a)

mα(sa, s) = h(sa, s)/s, (4.7b)

h(sa, s) =
sαa − sα
sαa (sa − s)

. (4.7c)

Eq. (4.7) demonstrates the ageing time’s distinct influence on the shape of the PDF
of the number of events. Most remarkably, as t, ta > 0, the occurrence of a term
proportional to δ(na) indicates a nonzero probability for counting exactly na(ta, t) = 0.
This means that possibly no events at all are observed in the time interval [ta, ta + t].
This is a quite distinct ageing effect, contrasting the immediate increase of the non-aged
counting n(t). Only the limit α → 1 leads back to a trivial deterministic, non-ageing
counting process, and consequently pa(na; ta, t) ≡ p(na; t) = δ(na − t).

2Numerical tools for computing stable densities are available for common programs such as Mathematica
or Matlab.
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Figure 4.2: Scaling convergence of the ageing renewal process. A renewal process with
a waiting time distribution ψ(t) = (4π)−1/2(π−1 + t)−3/2 is generated by
numeric simulation. The distribution is of the heavy-tailed form (4.1) with
α = 0.5, τ = 1 (a.u.). Time is rescaled as t 7→ t/c and renewals as na 7→
na/c

α. The plot shows the PDF pa(na; ta, t) for the number of renewals
within the time interval [ta, ta + t], with ta = 100 and t = 1, in terms of the
rescaled quantities. The area below each step in the graph represents the
probability to count a certain number of (rescaled) renewals; the respective
values are indicated by symbols. As the scaling constant c increases (see
key), pa converges to the analytic, smooth scaling limit, i. e. the PDF
given through Eqs. (4.8) to (4.8c) (same as in Figs. 4.4-4.6, right centre
panel). Since here, only renewal probabilities for na > 0 are shown, the total
area below each graph equals the probability mα to count any events at all.
Ensemble statistics are based on data from 107 independent renewal process
realisations.
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For the aged PDF pa, Laplace inversion of Eqs. (4.5) to (4.7c) to real time ta, t yields
[106, 107]

pa(na; ta, t) = δ(na) [1−mα(ta, t)] + h(ta, t) ∗t p(na; t) (4.8a)

with [24, 104, 105]

mα(ta, t) =

∫ t

0
h(ta, t

′) dt′

=
B
(
[1 + ta/t]

−1; 1− α, α
)

Γ(1− α)Γ(α)
≡ mα(ta/t), (4.8b)

and where

h(ta, t) =
sin(πα)

π

tαa
tα(ta + t)

. (4.8c)

Here the asterisk ∗t indicates a Laplace convolution with respect to time t. Figure 4.2
gives a first example of how such an aged PDF behaves. It depicts the case α = 0.5 at
high ages, ta/t = 100. In addition the plot demonstrates scaling convergence: if a renewal
process with simple power-law waiting time distribution is monitored on increasingly
long scales for time and event numbers, then its statistics approach the continuous limit
described by Eqs. (4.8) to (4.8c).

At this point, a brief remark on the issue of broadly distributed waiting times is in
place. As such are designated waiting times characterised by the algebraic decay (4.1),
albeit with an exponent 1 < α < 2. They result in renewal dynamics which are,
in a sense, intermediate between simple Poissonian and scale-free behaviour. On the
one hand, the average waiting time 〈t〉 is finite. Hence, by virtue of above scaling
arguments, the renewal process n(t) behaves quasi-deterministically on time scales which
are arbitrarily large as compared to 〈t〉. On the other hand, the fluctuations around
the average waiting time are considerable, since 〈t2〉 = ∞. This has a remarkable
consequence for the forward recurrence time. The PDF of the latter in this case becomes,
at infinite age [105], h(ta =∞, t) ' 〈t〉−1(t/τ)−α, which is in fact heavy-tailed. In other
words, although the average time passing between events is finite, the average time
passing before the very first event is infinite. The inferred ageing effect might thus still
be notable on time scales t several orders larger than 〈t〉. Therefore, the parameter
regime 1 < α < 2 certainly deserves a thorough investigation; see also the related
discussion in [161, 162, 163]. However, this is not the scope of the present work, and in
what follows, the tail parameter is restricted to 0 < α < 1.

In this case, Eqs. (4.8) to (4.8c) relate the aged PDF pa to the non-aged PDF p via
the PDF h of the forward recurrence time. mα is the probability to count any events
at all during observation. Its representation in terms of an incomplete Beta function
B(z; a, b) (see Appendix of Ref. [143]) is found by a simple substitution u = t′/(t′+ ta).
It can be written as a function of the ratio ta/t alone and the latter may be used as a
more precise and quantitative notion of the age of the measurement. In particular, the
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Figure 4.3: Double logarithmic plots of the probability mα to observe any events during
the measurement period [ta, ta + t] (bottom) and the complementary prob-
ability 1 − mα (top), both as a function of age ta at t = 1. The full ana-
lytic behaviour is given by Eq. (4.8b). Notice the initial power law increase
(1−mα) ' (ta/1)α and the final power law decay mα ' (1/ta)

1−α. Vertical
lines indicate the values of ta used for the plots in Figs. 4.4-4.6.

process or measurement or observation is called slightly aged, if ta � t. Conversely, it is
strongly or highly aged, if ta � t. These two limiting regimes are now looked into more
deeply.

4.1.4 Ageing probability distribution

Slightly aged PDF. First, notice that in Eqs. (4.8) to (4.8c), the PDF h of the forward
recurrence time appears inside integrals, and should be interpreted in a distributional
sense. For instance, in the limit ta → 0 one should recover the PDF of a non-aged
system, pa → p. To confirm this, study the limit sa → ∞ in Laplace space. There,
h(sa, s) ∼ s−1

a . Thus one should write h(0, t) = δ(t) in terms of a Dirac δ-distribution,
consistently implying mα(0) = 1 and pa(na; 0, t) ≡ p(na; t). Again, the result is that
only an observer counting from the initiation of the (rescaled) renewal process, ta = 0,
witnesses the onset of activity instantly.

One can go one step beyond this limit approximation and study the properties of a
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Figure 4.4: Continuous part of the PDF p(na; ta, t) of the number of events na counted
during the measurement period [ta, ta + t]. Exact results are provided in
terms of a numerical evaluation of the convolution h(ta, t)∗tp(na; t) as defined
through Eqs. (4.6) and (4.8) to (4.8c). Sample graphs for t = 1 and α =
0.1. The top graphs show the non-aged case (ta = 0), the slightly aged
case (ta = 0.05) and the leading order approximation for the slightly aged
PDF [ta = 0.05, see Eq. (4.9d)]. The bottom graph depicts the highly aged
case (ta = 100) and the approximation thereto [ta = 100, see Eq. (4.10d)].
Notice the significantly different vertical scales in the panels, owing to the
age-sensitive probability mα to count any events at all during observation
(cf. Fig. 4.3).
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slightly aged system (ta � t and sa � s). Write h(sa, s) ∼ s−1
a − s−1−α

a sα to find, by
use of Tauberian theorems, that

1−mα(t/ta) ∼
(ta/t)

α

Γ(1 + α)Γ(1− α)
, (4.9a)

and

h(ta, t) ∗t p(na; t) ∼ L −1
s→t
{
sα−1e−nas

α}− (ta/t)
α

Γ(1 + α)
L −1
s→t
{
s2α−1e−nas

α}
∼ p(na; t)−

tαa
Γ(1 + α)

L −1
s→t
{
s2α−1e−nas

α}
. (4.9b)

Here, first order corrections are provided in terms of a Laplace inversion. For the analytic
discussion, one can alternatively express them as

h(ta, t) ∗t p(na; t) ∼ p(na; t) +
tαa

Γ(1 + α)

∂p(na; t)

∂na
, (4.9c)

relating them to the non-aged PDF, and thus to the familiar stable density, see Eq. (4.6).
Finally, one can also interpret these contributions as Fox-H functions, for which series
expansions for small arguments and asymptotics for large arguments (see Appendix
of Ref. [143] and [148]; the connection between Fox-H functions, stable densities and
fractional calculus is established in [164]) are known:

h(ta, t) ∗t p(na; t) ∼ H10
11

[
n

tα

∣∣∣∣∣ (1− α, α)

(0, 1)

]

− (ta/t)
α

Γ(1 + α)

1

tα
H10

11

[
n

tα

∣∣∣∣∣ (1− 2α, α)

(0, 1)

]
. (4.9d)

From any of these representations, one can get the leading order corrections to the
non-aged PDF, which are of the form (ta/t)

α. An intuitive reasoning for this can be
given as follows. A slightly late observer generally has to wait the forward recurrence
time before seeing the first event. The corrections thus have to account for waiting
times which start earlier than the beginning of the observation ta, but reach far into
the observation time window [ta, ta + t]. Note that the number of (still few) waiting
times drawn before time ta is measured by n(ta) ∼ tαa , while the probability for any
of them to be statistically relevant during an observation of length t is proportional to∫∞
t ψ(t) dt ' t−α. The expected number of statistically relevant waiting times starting

before but reaching into the time window [ta, ta + t] therefore scales like tαa × t−α, and
so do leading order corrections.

The precise nature of the modifications to the non-aged PDF due to ageing can be
separated into two aspects. On the one hand, the continuous part of the aged PDF,
h ∗t p, looses weight to the discrete δ(na)-part with growing age ta of the counting
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4.1 The Ageing renewal process

process. This reflects an increasing probability to have waiting times that not only
reach into, but actually span the full observation time window, so that no events at
all are observed. A graphical study of the early age-dependence of 1 − mα, i.e. the
weight of the discrete contribution, is provided in the left panel of Fig. 4.3. The double
logarithmic plot clearly demonstrates the initial power law growth ' (ta/t)

α. Moreover,
for any fixed age ta/t, the value of 1−mα is higher for lower values of α. This was to be
expected, since lower values of α are related to broader waiting time distributions, and
thus stronger ageing effects.

Interestingly, on the other hand, the modification to the continuous part of the aged
PDF, h ∗t p, goes beyond this weight transfer: It is not proportional to the non-aged
PDF itself, but, according to Eq. (4.9c), to its slope. With increasing age ta/t, regions
with negative (positive) slope increase (decrease), so that local maxima have a tendency
to shift towards na = 0. Furthermore, one can deduce from the Fox-H function repre-
sentations, Eq. (4.9d), the behaviour around the origin, 0 < nat

−α � 1, and the tail
asymptotics, nat

−α � 1. See Appendix of Ref. [143] for details. For α > 1/2, the
initial slope of h ∗t p is negative, and hence the early ageing effect is an increase of h ∗t p
between the origin and the local maximum. This is notable since on the long run (i.e.
for sufficiently long ta), the probability to have any na > 0 tends to zero. For α < 1/2,
the converse holds: the initial slope is negative, and the PDF in the vicinity of the origin
starts dropping from early ages. The PDF tails are, for any value of α, of a compressed
exponential form, meaning here log(h ∗t p) ' n1/(1−α).

The validity of this early-age approximation can be assessed by studying the left panels
of Figs. 4.4-4.6. Depicted are the non-aged PDF, Eq. (4.6) (full lines), a numerical
evaluation of the continuous part of the aged PDF, h ∗t p, as given through the full
convolution integral in Eq. (4.8) (dotted/dashed lines), and the early-age approximation
by expanding the Fox-H functions in Eq. (4.9d) as power series (symbols). All qualitative
statements from the previous paragraph are confirmed by the sample plots. Still, the
leading order approximation, Eqs. (4.9b) to (4.9d), is apparently not equally suitable for
all values of α. Deviations occur when α gets close to 1. Indeed, one can show that the
leading order terms in Eqs. (4.9b) to (4.9d), which account for corrections of O([ta/t]

α),
are followed by higher order terms of O(ta/t). Hence, in general, these “almost leading
order” corrections need to be taken into account when α is close to 1. Yet again, in this
case, the total corrections with respect to the non-aged PDF, as measured in terms of
the weight loss 1−mα, are relatively small anyway.

Highly aged PDF. Conversely, one can approximate for sa � s: h(sa, s) ∼ s−αa sα−1.
This yields the leading order behaviour for highly aged measurements, ta � t:

1−mα(t/ta) ∼ 1− (t/ta)
1−α

Γ(α)Γ(2− α)
(4.10a)

and

h(ta, t) ∗t p(na; t) ∼
1

Γ(α)

1

t1−αa
L −1
s→t
{
s2α−2e−nas

α}
. (4.10b)
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Above Laplace inversion can be related to the non-aged PDF (4.6) through

h(ta, t) ∗t p(na; t) ∼ −
1

Γ(α)

1

t1−αa

∫ t

0

∂p(na; t
′)

∂na
dt′,

(4.10c)

or expressed as Fox-H function by

h(ta, t) ∗t p(na; t) ∼
(t/ta)

1−α

Γ(α)

1

tα
H10

11

[
n

tα

∣∣∣∣∣ (2− 2α, α)

(0, 1)

]
. (4.10d)

Again, modifications account for waiting times that start before but reach into the
time window of observation. But in this late time regime, the initiation of the renewal
process already lies far in the past, so not all waiting times before ta have a realistic
chance to do that. Instead, assume again that statistically relevant pre-measurement
waiting times need to be of the order of t (implying a probability ' t−α). To estimate
their number, note that they must follow events which occur roughly within a time
period [ta− t, ta]. However, at this (late) stage of the renewal process, the average event
rate has dropped to (dn/dt)t≈ta ∼ tα−1

a . Thus the expected number of waiting times in
the (comparatively short) time period preceding the measurement scales like ∼ tα−1

a t.
This heuristic line of argument explains why for highly aged measurements, leading order
contributions are of the order tα−1

a t× t−α = (t/ta)
1−α.

Graphical examples for this regime are included in Figs. 4.3-4.6. Here, the continuous
part h ∗t p of the aged PDF is not proportional to the slope of the non-aged PDF, but,
according to Eq. (4.10c), rather its time integral over the duration of the measurement.
Moreover, its Fox-H function representation (4.10d) reveals that the initial slope of the
late age PDF is positive for α > 2/3 and negative if α < 2/3. The far tail behaviour
however persists at late ageing stages, as still log(h ∗t p) ' n1/(1−α). Notice that in the
case of high ages, in Figs. 4.4-4.6 realised as ta/t = 100, the leading order terms (4.10)
to (4.10d) are satisfactorily approximating the exact convolution (4.8) for all values of
α.

4.1.5 Ageing ensemble averages

From the non-aged PDF in Eq. (4.5) one can derive the expected time behaviour of any
function f of the number of events n counted since the initiation of the renewal process:

〈f(n(t))〉 =

∫ ∞
0

f(n) p(n; t) dn

= L −1
s→t
{
sα−1Ln→sα{f(n)}

}
. (4.11)

Concrete examples are given below. How such an ensemble average is altered if evaluated
for the aged counting process? To answer this, substitute n by na and p by pa and insert
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4.1 The Ageing renewal process

Eq. (4.8):

〈f(na(ta, t))〉 =

∫ ∞
0

f(na) pa(na; ta, t) dna

= f(0)[1−mα(ta/t)] + h(ta, t) ∗t 〈f(n(t))〉, (4.12)

with the limiting behaviour provided as in Eq. (4.9c)

h(ta, t) ∗t 〈f(n(t))〉 ∼

〈f(n(t))〉+ tαa 〈f ′(n(t))〉/Γ(1− α), ta � t

tα−1
a

∫ t
0 〈f ′(n(t′))〉 dt′/Γ(α), ta � t.

(4.13)

These equations relate an ensemble average taken for the observation window [ta, ta + t]
to the respective quantity measured in [0, t]. Interestingly, the modifications due to
ageing are rather related to the ensemble average of the derivative of the observable,
f ′(n) = (∂f/∂n)(n).

As an example, consider qth order moments of the number of renewals, f(n) = nq,
q > 0. They are given by

〈nq(t)〉 = L −1
s→t

{
sα−1 Γ(q + 1)

sαq+α

}
= A0t

αq (4.14a)

and

〈nqa(ta, t)〉 =
Γ(q + 1)

Γ(α)Γ(1 + αq − α)
(t+ ta)

αq B
(
[1 + ta/t]

−1; 1 + αq − α, α
)

∼
{
〈nq(t)〉+A1t

α
a t
αq−α, ta � t

B1t
α−1
a t1−α+αq, ta � t.

(4.14b)

The incomplete Beta function comes into play again by substituting u = t′/(t′ + ta)
in the convolution integral in expression (4.12). The time-independent coefficients are
given by

A0 =
Γ(q + 1)

Γ(αq + 1)
, A1 =

Γ(q + 1)

Γ(1− α)Γ(αq + 1− α)
, B1 =

Γ(q + 1)

Γ(α)Γ(αq + 2− α)
. (4.14c)

For the non-aged system, moments evolve like tαq, reflecting the characteristic scaling
property of the renewal process, n(t) ∼ tα. But for aged systems, ta > 0, the scaling is
broken, and moments behave more complex with respect to time. Only at very high ages,
ta � t, one can approximate again by a single power law. When comparing the growth of
the counting processes for the two limiting regimes, Eq. (4.14b) is somewhat ambivalent.
At high ages, the probability for observing no events at all tends to one. Consequently,
a prefactor tα−1

a lets all moments decay to zero as ta goes to ∞. However note that
for a fixed, large but finite value of ta, the t-dependence is ' t1−α+αq (in accordance
with [165]), so the power law exponent is actually larger than for the non-aged moments.
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In summary, at higher ages ta, the absolute number na of counted events drops, but it
increases faster with measurement time t. In particular, consider the average number
of events during observation, q = 1: Counting from the start of the process, there is a
sublinear behaviour 〈n〉 ' tα; but at fixed, high age of the process, the average rate of
events is approximately constant, 〈na〉 ' t, like in a non-ageing, Poisson type of renewal
process.

Another useful expression is the Laplace transform of Eq. (4.6) with respect to the
number of renewals, n → λ, and respectively Eq. (4.8) with na → λ, which is obtained
through the same techniques. Thus,

〈exp[−λn(t)]〉 = L −1
s→t

{
sα−1

sα + λ

}
= Eα(−λtα) , (4.15a)

and

〈exp[−λna(ta, t)]〉 ∼
{
〈exp[−λn(t)]〉 [1− λtαa/Γ(1− α)] , ta � t

1− (t/ta)
1−αEα,2−α(−λtα) /Γ(α), ta � t

, (4.15b)

where Eα and Eα,2−α are (generalized) Mittag-Leffler functions (see Ref.[187] or Ap-
pendix of Ref. [143]). Interestingly, here the early first order corrections due to ageing
do not significantly alter the t-dependence. At low age, the Mittag-Leffler function in-
terpolates between 1 − const · tα for t � λ−1/α and const · t−α at t � λ−1/α. At high
age, the transition is from 1− const · t1−α to 1− const · t1−2α.

4.1.6 Conditional ensemble averages

The section concludes with a discussion of the following question: how do counting
statistics change when selectively evaluating only realisations of the process where na >
0? In other words, what if all the data where no events happen during the complete
time of observation [ta, ta+ t] is discarded? This is, on the one hand, a relevant question
when it comes to the application of renewal theory: An observer who is unaware of
the underlying counting mechanism, might misinterpret realisations with na = 0 as
a separate, dynamically different process, since the statistics are so distinct from the
remaining continuum na > 0. A process realisation during which no events occur at all
might even not be visible to the observer in the first place. An example follows in the
next section. On the other hand, this study also helps us to distinguish two aspects of
the ageing PDF: One can deliberately neglect the effect of having single waiting times
that cover the full observation window, leading to a weight transfer from the continuous
to the discrete part of the PDF. By instead specifically only accounting for waiting
times that start before but finish during the period of observation, one can study the
modifications of the continuous part beyond its loss of weight. To this intent, consider
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the conditional ensemble average

〈f(na(ta, t))〉m ≡
∫ ∞

0
f(na)pa(na|na > 0; ta, t) dna

=
h(ta, t) ∗t 〈f(n(t))〉

mα(t/ta)

∼

〈f(n(t))〉, ta = 0

tα−1
∫ t

0 〈f ′(n(v))〉 dv/Γ(2− α), ta/t→∞.
(4.16)

For ta = 0, as mentioned above, counting of events starts instantly, so the restriction to
na > 0 is redundant. But in the limit of late ages, a possibly nonzero forward recurrence
time affects the measurement. Ensemble averages conditioned to na > 0 have a well
defined, nontrivial limiting time dependence, even when ta/t tends to infinity. This is
in contrast to the full ensemble, where at infinite ages, 〈f(na(ta, t))〉 → f(0). As an
example consider again the time evolution of qth order moments, restricted to na > 0.
The behaviour is

〈nqa(ta, t))〉 → 0, as ta/t→∞, (4.17a)

but

〈nqa(ta, t))〉m ∼
{
A0 t

αq, ta = 0,

C0 t
αq, ta/t→∞,

(4.17b)

where A0 is given by Eq. (4.14c) and

C0 =
Γ(q + 1)Γ(2− α)

Γ(αq + 2− α)
. (4.17c)

Thus, as opposed to the unrestricted ensemble measurement, conditional moments scale
like ∼ tαq in both non-aged and extremely aged systems. Note however, that prefactors
are different, and a behaviour deviating from a simple power law is still observable at
intermediate ages.

4.2 Ageing continuous time random walks

4.2.1 From renewal theory to continuous time random walks

The theory of CTRWs (see section 2.2) directly builds on the concept of the renewal
theory. Many of the intriguing features of this random motion can be viewed in the light
of the abstract analytic renewal theory ideas developed above. Consider a random walk
process (one dimensional, for the sake of simplicity) where steps do not occur at a fixed
deterministic rate, but are instead separated by random, real valued waiting times. The
idea is to model the random motion in a complex environment where sticking, trapping
or binding reactions are to be taken into account. In the simplest scenario, sticking or
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trapping mechanisms are decoupled from diffusion dynamics. On the level of theoretical
modelling, this means one can take jump distances of the base random walk to be
independent from waiting times. The renewal theory of the previous section is readily
extended to describe such idealised systems. Let x(n) be the random walk process as a
function of the number of steps n. Then by means of subordination (see section 2.2.1
or Refs.[103, 108, 109, 166]), one can construct a CTRW as x(t) = x(n(t)), where n(t)
is a renewal counting process. Each step of the random walk is hence interpreted as an
event of the renewal process. The properties of x(t) follow from the combined statistics
of x(n) and n(t). For example, if WRW(x;n) denotes the PDF for the position coordinate
x after n steps, starting with x(0) = 0, then, according to Eq. (2.29),

WCTRW(x; t) =

∫ ∞
0

WRW(x;n) p(n; t) dn (4.18)

is the PDF of the associate CTRW process at time t. Note that n is seen as a continuous
variable here, so the discussion is on the level of long time scaling limits. In the simplest
case, x(n) would be an ordinary Brownian motion so that WRW would be a Gaussian.

Now imagine that a particle is injected into a complex environment, beginning a
CTRW like motion at time 0. In general, the experimenter might start its observation
at a later time ta > 0. The reason for this could be experimental limitations, or maybe
the goal is to study a maximally relaxed system, which makes it necessary to wait for
relaxation. In either case, the particle motion is initially unattended. At time ta the
particle is tracked down, and its position at this instant serves as the origin of motion
for the following observations. Instead of the full CTRW x(t), the experimenter then
monitors the aged CTRW xa(ta, t) = x(ta + t) − x(ta). Thus, as worked out in the
previous section, if the dynamics are characterised by heavy-tailed trapping or sticking
times, the issue of ageing has to be taken into careful consideration.

4.2.2 Population splitting

Arguably the most striking ageing effect in CTRW theory is the emergence of an apparent
population splitting [107, 142]. The aged renewal process na(ta, t) controls the dynamic
activity of the aged CTRW xa(ta, t). Consequently, the forward recurrence time t1 marks
the onset of dynamic motion in the monitored window of time. The analysis of ageing
renewal theory revealed that for increasingly late measurements, one should expect t1
to assume considerable values. Physically, this reflects the possibility for the particle
to find ever deeper traps or to undergo more complex binding procedures, when given
more time to probe its environment before the beginning of observation. In particular,
the forward recurrence time is more and more likely to span the full observation time
window, t1 > t, so that the particle does not visibly exhibit dynamic activity.

From an external, experimental point of view, an ensemble measurement in such
system appears to indicate a splitting of populations. Let, for instance, the base random
walk x(n) be Markovian, and let the PDF WRW(x;n) be a continuous function of x (e.g.
Gaussian or stable). In this case one can supplement the ensemble PDF WCTRW from
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Eq. (4.18) by its aged counterpart WACTRW, using renewal theory Eq. (4.12):

WACTRW(xa; ta, t) =

∫ ∞
0

WRW(xa;na) pa(na; ta, t) dna

= δ(xa)[1−mα(ta/t)] + h(ta, t) ∗tWCTRW(xa; t). (4.19)

This propagator was discussed previously in [107]. The ensemble statistics have a sharply
peaked δ-contribution, caused by a fraction 1−mα of particles which remain immobile
at the origin of the observed motion. They contrast the mobile fraction mα of particles,
since the PDF of their arrival coordinates, h ∗t WCTRW, varies continuously along the
accessible regions of space 0 < xa < ∞ (as derived, by virtue of Eq. (4.18), from the
continuous nature of the PDFs h, WRW and p). For fixed evaluation time t, the size of
the immobile subpopulation increases with growing age ta, as ageing renewal dynamics
terminally come to a complete halt. An exhaustive discussion on the shape of the aged
propagator WACTRW can be found in [107] for both unbiased motion and in the presence
of a drift.

Indeed, splitting into subpopulations is a phenomenon encountered in complex envi-
ronments such as biological cells. Such dynamics was observed for the motion of lipids in
phospholipid membranes [167], single protein molecules in the cell nucleus [168], H-Ras
on plasma membranes [169], and of membrane proteins [170]. The immobile fraction is
also often found in fluorescence recovery after photobleaching experiments [167]. The
authors of Ref. [113], who conducted the in vitro experiment on the diffusion in a poly-
meric network described in section 2.2.5 (see in particular Fig. 2.6), indeed report that
a considerable fraction of beads, roughly 80%, remain caged during the full observation
time.

It is important to understand that for CTRW types of motion, this effect emerges
without assuming non-identical particle dynamics. Even during the evolution of the
process, stochastic motion of individual particles in an ensemble is independent and
identical. In particular, all particles in principle exhibit their dynamic activity for an
indefinite amount of time. The ’immobility attribute’ can only be assigned when the
evolution of the (aged) process is studied within a finite time window. Then, a certain
fraction of particles—the immobile ones—stand out statistically from the rest. The
displacement propagator (4.19) with its conspicuous, discontinuous contribution serves
as a statistical indicator for the population splitting, if evaluated at finite times t < ∞
(more precisely, the effect is most noticeable while t remains short as compared to the age
ta). Similarly, population splitting is particularly relevant when assessing time average
data on a per-trajectory basis, as shown in the following section. Of course, in any case,
observations of real physical systems are finite by nature. It is hence important to know
the characteristics of the ageing population splitting, as to set it apart from separation
mechanisms due to physically non-identical particle dynamics.

105



4 Ageing renewal theory

4.2.3 Analysis of mean squared displacements

An alternative way to assess particle spreading in the solvent is to study the time evolu-
tion of the mean squared displacement. This is particularly useful when ensemble data
is not extensive enough as to deduce reliable propagator statistics WACTRW. There are
two common ways of defining such mean squared displacements: either in terms of an
ensemble average or a single-trajectory time average. Analysis and comparison of these
two types of observables reveals several fingerprint phenomena of CTRW motion, such as
subdiffusion and weak ergodicity breaking. The following section collects known results
and extends the discussion to implications for aged systems.

Ensemble average. As a simple example, take x(n) to be unbounded, unbiased Brow-
nian motion and consider an ensemble measurement of the mean squared displacement.
In this case, the PDF WRW is Gaussian, and consequently

〈[x(k + n)− x(k)]2〉 = 〈x2(n)〉 =

∫ ∞
−∞

x2WRW(x;n) dx = 2Dn (4.20)

for all k, n > 0. Spatial units are arbitrary from here, 2D = 1. Since x(n) is a process
with stationary increments, the calculation of moments is independent of the number of
steps k made before start of the measurement. Thus, if the process the experimenter
studies is Brownian motion, there are no ageing effects: at all initial times k, one observes
a linear scaling with respect to observational time n, 〈x2(n)〉 ' n, a behaviour commonly
classified as normal diffusion. However, if the motion is paused irregularly for heavy-
tailed waiting time periods, the dynamics are of CTRW type and the picture is quite
different. For the process x(t) = x(n(t)), one has

〈[x(ta + t)− x(ta)]
2〉 = 〈x2

a(ta, t)〉

=

∫ ∞
−∞

x2
aWACTRW(xa; ta, t) dxa

=

∫ ∞
−∞

∫ ∞
0

x2
aWRW(xa;na)pa(na; ta, t) dna dxa

=

∫ ∞
0

napa(na; ta, t) dna

= 〈na(ta, t)〉 = 〈n(ta + t)〉 − 〈n(ta)〉

=
1

Γ(1 + α)
[(ta + t)α − tαa ]

∼
{
tα/Γ(α+ 1) + tαa/Γ(1− α), ta � t

tα−1
a t/Γ(α), ta � t

, (4.21)

in accordance with Ref. [107]. As expected, the non-stationarity of the ageing renewal
process carries over to the CTRW. If monitored at ta = 0, the mean squared displacement
grows like 〈x2

a〉 = 〈x2〉 ' tα. Since the increase is less than linear in time, the CTRW

106



4.2 Ageing continuous time random walks

is subdiffusive. For ta > 0, the mean squared displacement is no longer described in
terms of a single power law. The process looks more like diffusion in a non-equilibrium
environment and in fact ta might be conceived as an internal relaxation time scale.
Interestingly, if the measurement takes place in the highly aged regime ta � t, the
mean squared displacement as a function of the observation time t indicates normal
diffusion with an age dependent diffusion coefficient, 〈x2

a〉 ' tα−1
a t. Only if data on an

extensive range of time scales is available, one can identify the complete turnover from
one ageing regime to the other as a fingerprint of CTRW dynamics. Still, for as long
as the experimenter cannot control the age ta of the measurement, the ageing effect
can be misinterpreted as internal relaxation mechanism. The situation gets even more
complicated, if ta is possibly random.

Time average. Now consider the alternative time average notion of the mean squared
displacement. For a single particle trajectory x(t), recorded at times t′ ∈ [ta, ta + T ], it
is defined in terms of the sliding average

δ2(∆; ta, T ) =
1

T −∆

∫ ta+T−∆

ta

[
x(t′ + ∆)− x(t′)

]2
dt′. (4.22)

Here, ∆ is called lag time, and parameters defining the time window of observation are
also referred to as age ta and measurement time T . While the ensemble mean (4.21) is
evaluated in terms of squared displacements from a multitude of independent process
realisations, the time average (4.22) uses data from within a single trajectory at several
points in time. The latter is thus a useful alternative whenever measurements on long
(i.e. T � ∆) but relatively few trajectories are available. For ergodic, stationary
processes, both types of averages are equivalent. For example, for a Brownian motion,
the time average δ2 is by definition a random quantity differing from one trajectory to
the next; but in the limit of long trajectory measurements, T � ∆, the time average
converges to the corresponding ensemble value, δ2 → 2D∆, and fluctuations become
negligible [144].

In contrast, the CTRW x(t) = x(n(t)) violates both ergodicity (δ2 remains random for
arbitrarily long measurement times) and stationarity (δ2 depends on ta and T ). In the
context of ageing, one can now ask two questions. First, does the distribution of the time
average change qualitatively when evaluated after the onset of the particle dynamics,
ta > 0? This issue is discussed extensively in [142]. In short, the time averaged mean
squared displacement is directly related to the number of steps na made during the
measurement via [144, 145, 171]

δ2(∆; ta, T )〈
δ2(∆; ta, T )

〉 =
na(ta, T )

〈na(ta, T )〉 . (4.23)

Figure 4.7 provides a numerical validation of this relation in terms of explicit CTRW
simulations for free and confined motion. Notice that Eq. (4.23) is not a distributional
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4 Ageing renewal theory

equality, but meant to be a stronger, per-trajectory equality which is validated here by
means of simulations data. Hence, all random properties of the time average in this
case are not only related to, but quite literally taken over from the underlying counting
process. In particular, the distribution of the time average δ2 is a rescaled version
of the renewal theory PDF pa as discussed in section 4.1.3 and plotted in Figs. 4.3
and 4.4-4.6. This implies that a statistical study of time averages reveals the ageing
population splitting: within an ensemble of independent particles, there are some which
do not exhibit any dynamic activity during observation, na = 0, δ2 = 0, and thus
apparently stand out as an individual subpopulation from the remaining continuum,
na > 0, δ2 > 0. Likewise, one can study [172] the statistics of microscopic diffusivities
Dα = δ2/∆α = [x(t′ + ∆) − x(t′)]2/∆α along a single time series t′ ∈ [0, T ]. These
diffusivities are consistently found to have a discrete probability for Dα = 0. The latter
implies that no steps are made during any ∆-sized lag time interval along the time series,
and the probability for this actually grows with measurement time T .

The second ageing-related question addresses the explicit lag time dependence. Albeit
being different from one trajectory to the next, δ2 is generally characterised by a universal
scaling with respect to lag time ∆. The question now is: Is this scaling age-dependent?
To answer this, consider the average (over many individual trajectories) of Eq. (4.22).
By help of Eq. (4.21),〈

δ2(∆; ta, T )
〉

=
1

T −∆

∫ ta+T−∆

ta

〈
[
x(t′ + ∆)− x(t′)

]2〉 dt′ (4.24)

=
1

(T −∆) Γ(2 + α)

[
(ta + T )α+1

−(ta + T −∆)α+1 − (ta + ∆)α+1 + tα+1
a

]
∼ Λα(ta/T )

Γ(1 + α)

∆

T 1−α , (4.25)

where

Λα(z) = (1 + z)α − zα. (4.26)

The approximation in the fourth line is for the relevant case of long measurement times,
T � ∆. A few points are remarkable when comparing the time dependence of the
ensemble average, Eq. (4.21) to the scaling of the time average, Eq. (4.25). The answer
to the question on lag time dependence is a simple one: There is generally a linear scaling
δ2 ∼ ∆, regardless of age ta. In this respect, the time average is a less complicated
observable than the ensemble average. The latter has a comparatively complicated t-
dependence and is characterised by an age-dependent regime separation. Compare this
to the time average, where non-stationarity enters in terms of the prefactors Λα and
Tα−1. Only the amplitude of time averages depends on the measurement duration and
age. More precisely, if either measurement time parameter tends to∞, the time average
itself tends to zero. This is why Λα is called an ageing depression. It can be expressed
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Figure 4.7: Numerical demonstration of the asymptotic identity (4.23) in the limit of
long measurement times T � ∆. While ∆ = 100 remains fixed, the com-
parison of T = 2 × 105 (blue squares �), T = 2 × 106 (red discs •), and
T = 2× 107 (orange triangles N) demonstrates convergence. Each point in
the graph represents an individual CTRW trajectory. Full symbols represent
free CTRW, open symbols are for motion bounded by a box. ta is either 0
(non-aged), or for specific α and T chosen such that mα(ta/T ) = 0.21 (aged).
The simulation data is extensive enough as to ensure that every system is
represented by roughly 200 points with δ2 > 0.
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4 Ageing renewal theory

in terms of the dimensionless ratio ta/T . In analogy to ensemble measurements one thus
speaks of a non-aged (ta = 0), a slightly aged (ta � T ) and a highly aged (ta � T ) time
average.

Aside from the differences, there is also an interesting parallel between ensemble and
time average: the linear scaling of the time average with respect to ∆ is reminiscent of
the linear t-dependence of the ensemble average at high ages. If, in addition to a very
long measurement duration, the preceding ageing period is even longer, ta � T � ∆,
then the similarity even becomes an equivalence,〈

δ2(∆; ta, T )
〉
∼ tα−1

a

∆

Γ(α)
∼ 〈x2

a(ta,∆)〉. (4.27)

The time scalings of ensemble and time averages are hence identical at high ages. This is
quite surprising considering that these quantities are fundamentally distinct in a process
that exhibits weak ergodicity breaking. In the following it shall be clarified whether or
not these discrepancies and parallels of the two types of averages are specific to the mean
squared displacement.

4.2.4 Ageing ensemble and time averages

Consider a random walk x(n) and a stationary observable F (x2, x1), meaning that

〈F (x(n+ k), x(k))〉 = 〈F (x(n), x(0))〉 ≡ f(n) (4.28)

for any number of steps n or k. In other words, the above ensemble average should not
depend on when the observation begins. The example discussed in the previous section
falls into this category. There, x(n) was Brownian motion, F (x2, x1) = (x2−x1)2 was the
squared displacement, and thus f(n) = 2Dn. But condition (4.28) would also allow for
general order moments or any other function of displacements F (x2−x1). Moreover, x(n)
can be replaced by other processes with stationary increments, like fractional Brownian
motion (section2.3). If x(n) is even stationary itself (e.g. the stationary limit of confined
motion), then any function F is fine (allowing to calculate, e.g. correlation functions,
F (x2, x1) = x2x1; CTRW multi-point correlation functions have been studied extensively
in [109, 144, 173, 174]).

Ensemble averages. In any such case, one can ask the question of how the statistical
properties of the random motion and the measured observable change when introducing
heavy-tailed waiting times between steps. Define x(t) = x(n(t)) via subordination,
assuming that x(n) and n(t) are stochastically independent processes. In general, the
ageing properties of the renewal process n(t) are inherited by the CTRW x(t). The
stationarity of the ensemble average is broken. To calculate the magnitude of the effect,
conditional averaging can be used by virtue of the independence of the two stochastic
processes at work. Denote with 〈·〉RW the average with respect to realisations x(n) and
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4.2 Ageing continuous time random walks

write

〈F (x(ta + t), x(ta))〉 = 〈F (x(n(ta + t)), x(n(ta)))〉

=

∫ ∞
0

∫ ∞
0
〈F (x(n2), x(n1))〉RW

× Pr{n(ta) = n1, na(ta, t) = n2 − n1} dn1 dn2

=

∫ ∞
0

∫ ∞
0

f(n2 − n1)

× Pr{n(ta) = n1, na(ta, t) = n2 − n1} dn1 dn2

=

∫ ∞
0

∫ ∞
0

f(m)Pr{n(ta) = n1, na(ta, t) = m} dn1 dm

=

∫ ∞
0

f(m)pa(m; ta, t) dm

= 〈f(na(ta, t))〉. (4.29)

The average on the last line is with respect to na(ta, t), so all knowledge on ensemble
averages of the ageing renewal process can come to use. The latter are characterised by
a distinct turnover behaviour, see Eqs. (4.11) to (4.13). For the slightly aged CTRW
ensemble average, one has

〈f(n(t))〉 = L −1
s→t
{
sα−1Ln→sα{f(n)}

}
, (4.30a)

〈f(na(ta, t))〉 = 〈f(n(t))〉+O((ta/t)
α) (ta � t). (4.30b)

For CTRWs, the leading order corrections due to ageing are of the order (ta/t)
α, just as

for the underlying renewal process. Conversely, at high ages, slightly rewrite the leading
order terms as

〈f(na(ta, t))〉 ∼ f(0) +
tα−1
a

Γ(α)

∫ t

0

[
〈f ′(n(t′))〉 − f(0)

(t′)−α

Γ(1− α)

]
dt′

= f(0) +
tα−1
a

Γ(α)
L −1
s→t
{
s2α−2Ln→sα{f(n)− f(0)}

}
≡ C +

tα−1
a

Γ(α)
g(t) (ta � t), (4.31)

introducing the constant C = f(0) and defining an auxiliary function g(t), either relating
it to the analogue stationary average f(n) (third line) or to the corresponding non-aged
CTRW average 〈f ′(n(t))〉 (second line). When the measurement of the observable F is
taken arbitrarily late, ta → ∞, one ultimately measures the constant C. For example,
if the base random motion x(n) is a random walk with a characteristic scaling x ∼ nH ,
H > 0, and one studies moments of displacements, F (x2, x1) = |x2 − x1|q, q > 0, then
f(n) ' nqH ; in this case, C = 0, moments become arbitrarily small at high ages. If
x(n) is the stationary limit of a confined motion and one is interested in the correlation
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4 Ageing renewal theory

function F (x2, x1) = x2x1 (as studied in Refs. [144, 142]), then late measurements will be
close to the thermal value of the squared position C = 〈x2〉. The decay to this constant
value is generally of the order (t/ta)

1−α, no matter which observable is being studied.

Time averages. Now turn to the analogue time average, namely

F (∆; ta, T ) =
1

T −∆

∫ ta+T−∆

ta

F (x(t′ + ∆), x(t′)) dt′, (4.32)

and calculate its expectation value

〈
F (∆; ta, T )

〉
=

1

T −∆

∫ ta+T−∆

ta

〈f(na(t,∆))〉 dt

∼ C +
1

T

∫ ta+T

ta

(t)α−1

Γ(α)
g(∆) dt

= C +
Λα(ta/T )

Γ(1 + α)

g(∆)

T 1−α . (4.33)

The approximation in the second line holds for sufficiently long trajectories, T � ∆.
Notice that from the full, possibly complicated time dependence of the ensemble average,
only the late-age limiting behaviour, Eq. (4.31), entered this approximation. The reason
is that with the integrand in the time average of Eq. (4.33) decaying like (t′)α−1, the
integral itself is still an increasing function of T , namely it grows like Tα.

Thus, indeed ageing effects for time averages in CTRW type of random motion are
universally described in terms of the constant C and simple prefactors Λα and Tα−1.
The full lag time dependence is captured by the function g(∆), which is independent
of the parameters defining the time window of observation, ta and T . Conversely, the
concrete choice for the model x(n) or the observable F enter only C and g, but not the
prefactors.

Moreover, the ∆-dependence of the time average is closely related to the t-dependence
of the ensemble average at high ages, ta � t. In particular, a universal asymptotic
equivalence is found in the time scaling of time and ensemble averages, if both are taken
during late measurements:〈

F (∆; ta, T )
〉
∼ 〈F (x(ta + ∆), x(ta))〉 for ta � T � ∆. (4.34)

Thus indeed, averaging at late ages appears to happen under stationary conditions. Keep
in mind however, that above identity refers to the expectation value of time averages, and
thus to the time scaling behaviour. Since CTRWs exhibit weak ergodicity breaking, the
amplitude of the time average of a single trajectory can largely deviate from the expected
value, especially at high ages. (See for instance the discussion on the ergodicity breaking
parameter for δ2 in Ref. [142]).
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4.2 Ageing continuous time random walks

4.2.5 Interplay of ageing and internal relaxation

This section on ageing CTRWs closes with the study of a process which extends the
previous examples to a more elaborate model. On the one hand, this serves as exem-
plary application of the formulae and methods described in this paper. In particular, it
gives a concrete meaning to the analytic discussion of time and ensemble averages and
their relation to internal relaxation time scales. On the other hand, its complexity and
versatility makes it more suitable for possibly describing real world physical phenomena
(examples below). The definition of the model is as follows.

With the base random walk x(n) depart now from the simple Brownian motion and
instead consider the fractional Langevin equation (FLE, see section 2.3.4)

0 = −λx(n)− γ
∫ n

0
(n− n′)2H−2 ẋ(n′) dn′ +

√
γkBT ξH(n). (4.35)

Here, the dot signals a first order derivative, γ > 0 is a generalised friction constant,
kBT > 0 gives the thermal energy of the environment, and λ > 0 quantifies the strength
of an external, harmonic potential V (x) = λx2, centred around x = 0. Thus, this
Assume that dynamics are overdamped, meaning that the particle mass is so small that
one can neglect particle inertia. Consequently, there is no term proportional to ẍ(n)
in Eq. (4.35). Recall that fractional Gaussian noise is a stationary Gaussian process
defined through (see section 2.3.4 and Refs.[118, 119])

〈ξH(n)〉 = 0 (4.36a)

〈ξH(n1)ξH(n2)〉 = |n2 − n1|2H−2 +
2

2H − 1
|n2 − n1|2H−1δ(n2 − n1), (4.36b)

where 1/2 < H < 1.
Eq. (4.35) admits a solution with a stationary velocity profile, so that the net energy

exchange of the particle with the heat bath is zero. Such solution is a Gaussian process
defined by [175]

〈x(n)〉 = 0 (4.37a)

〈[x(k + n)− x(k)]2〉 =
2kBT
λ

[
1− E2−2H

(
−λ
γ
|n|2−2H

)]
, (4.37b)

in terms of a generalised Mittag-Leffler function E2−2H(z) (see Ref. [187] or Appendix
of Ref. [143]), introducing γ = γΓ(2H − 1). Note that the definition of a Gaussian
process in terms of its correlation function is equivalent to the definition in terms of
squared increments, since 〈[x2 − x1]2〉 = 〈x2

1〉 + 〈x2
1〉 − 2〈x1x2〉. The non-equilibrium

solutions to the FLE are discussed in Refs. [176, 177], including an interesting discussion
on their transient ageing behaviour [177]. In the limit H → 1/2, Eq. (4.37) defines
a stationary Ornstein-Uhlenbeck process, implying exponential relaxation. Physically,
the latter models overdamped motion in an harmonic potential where friction and noise
forces are memoryless.
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4 Ageing renewal theory

The stationary Gaussian process (4.37) is the starting point for the discussion on age-
ing induced by heavy-tailed waiting times. There are, of course, various ways to intro-
duce an ageing, non-ergodic, CTRW-like model component, and the resulting stochastic
processes differ largely. For instance, one can combine the Gaussian dynamics with an
independent CTRW motion in a purely additive manner, as discussed in [178]. More-
over, for a non-overdamped, inertial motion, the FLE velocity process v(n) = ẋ(n) can
be modified by adding periods of constant velocity with heavy-tailed statistics [179].
Here, the standard subordination approach is followed, as described in the preceding
sections: stalling dynamics are introduced by defining x(t) = x(n(t)), where the ageing
renewal process n(t) is assumed to be statistically independent from x(n). Physically,
this scenario implies that the particle under observation is governed by the FLE (4.35).
Eventually, it becomes trapped for a random waiting time governed by the probability
density ψ(t). After release from the trap the particle motion quickly thermalises and the
particle again follows the stationary Gaussian dynamics (4.37) until the next trapping
event.

The independence of x(n) and n(t), physically implies that stalling dynamics are nei-
ther affected by the external binding potential, nor intertwined with heat bath relaxation
mechanisms. The theory presented here may thus be considered as an effective or ap-
proximated approach or merely a simplified case study; the implications of waiting time
parameters τ or α responding to external forces are discussed for two-state models in
Refs. [180, 181]; the interplay of ageing renewals and adapted non-stationary external
forces are highlighted in Ref. [182, 183]. Finally, the origin of the time coordinate is set
at a time where the particle enters a trap (i.e. n(t) starts at t = 0), and by the time
ta the observation starts, the FLE dynamics x(n) have already relaxed to the station-
ary equilibrium state. Note that for ta = 0, this implies that one either has means to
measure or control the onset of trapping dynamics.

There are basically three motivations to study this random motion. First, CTRWs
provide one approach to model diffusive motion in biological cells, where waiting times
represent multi-scale binding or caging dynamics. The sheer complexity of this kind
of environment however brings the necessity to further introduce aspects of anomalous
diffusion not contained in the renewal process n(t) [165, 135, 124, 78, 84]. While the
overdamped FLE dynamics (4.37) adds both friction and external binding forces, it also
introduces the concept of long-time correlations within an equilibrated environment.

From the point of view of a theoretical discussion of ageing CTRWs, the second motive
to discuss this particular model is the stationarity of increments of x(n). It allows to
exercise the methods introduced in the previous section by calculating ensemble and
time averages—mean squared displacements in particular—of the ageing process x(t).

Third, aside from its didactic purpose, the definition of the process x(n) also ex-
tends the ordinary Brownian motion by introduction of an intrinsic time scale n∗ =
(γ/λ)1/(2−2H), characterising the competition between binding and friction forces. Ac-
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cording to Eq. (4.37), stationary Langevin dynamics exhibit a turnover

〈[x(k + n)− x(k)]2〉 ∼ 2kBT
λ

[Γ(3− 2H)]−1(n/n∗)2−2H , n� n∗

1, n� n∗,
(4.38)

from subdiffusion on short time scales to the stationary Boltzmann-limit 2kBT /λ on
long scales. Now for the ageing process x(t), the age of a measurement ta itself can
be conceived as a time scale separating the time dependence into early and late age
behaviour. It would be interesting to know how complex the process x(t) behaves with
respect to both time scales. Are all conceivable time regimes clearly distinct? Are time
and ensemble averages equally sensitive to transitions from one regime to the other?

A partial answer is given by Eqs. (4.29) to (4.31), which focus on the calculation of
ensemble averages. The mean squared displacement is obtained by setting F (x1, x2) =
(x1 − x2)2 and f(n) as defined through Eq. (4.37). Inserting the latter into Eq. (4.30),
yields an approximation for low ages, ta � t:

〈x2
a(ta, t)〉 = 〈[x(ta + t)− x(ta)]

2〉
= 〈[x(t)− x(0)]2〉+O((ta/t)

α)

∼ 2kBT
λ
×

L −1
s→t/τ

{
sα−1Ln→sα

{[
1− E2−2H

(
−λ
γ
|n|2−2H

)]}}
=

2kBT
λ

L −1
s→t/τ

{
1

s
− s(2−2H)α−1

s(2−2H)α − λ/γ)

}

=
2kBT
λ

[
1− E(2−2H)α,2−α

(
− λ

γα
t(2−2H)α

)]
.

(4.39)

In order to obtain reasonable physical units, the parameter τ from Eq. (4.1) was reintro-
duced, bearing the dimension of seconds s. Moreover, the new constant γα = γτ (2−2H)α

has physical units kg s−(2−2H)α−2.
For increasingly aged ensemble measurements, ageing corrections of the order (ta/t)

α

come into play. The detailed time behaviour of the ensemble mean squared displacement
is found by combining Eqs. (4.37), (4.29) and (4.12). Here f(0) = 0, and thus one can
write

〈x2
a(ta, t)〉 =

2kBT
λ

h(ta, t) ∗t
[
1− E(2−2H)α,2−α

(
− λ

γα
t(2−2H)α

)]
. (4.40)

The full time dependence of the ensemble average comes as a convolution of the for-
ward recurrence time PDF (4.8c) with a generalized Mittag-Leffler function. Graphical
examples are provided below.
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The behaviour at high ages, ta � t can be calculated analytically by use of Eqs. (4.37)
and (4.30):

〈x2
a(ta, t)〉 ∼

tα−1
a

Γ(α)
g(t),

where in this case C = f(0) = 0 and

g(t) =
2kBT
λ

L −1
s→t/τ

{
s2α−2Ln→sα

{
1− E2−2H

(
−λ
γ
|n|2−2H

)}}
=

2kBT
λ

t1−α
[

1

Γ(2− α)
− E(2−2H)α,2−α

(
− λ

γα
t(2−2H)α

)]
. (4.41)

The time dependence of the mean squared displacement, Eq. (4.40), is relatively com-
plicated. In both the limits of slightly and highly aged measurements there is a Mittag-
Leffler behaviour, but with different parameters. From Eqs. (4.39) and (4.41), four time
regimes can be extracted, where the diffusive behaviour with respect to time t is de-
scribed in terms of single power laws; regimes are separated by a time scale ta induced
by ageing and an intrinsic relaxation time scale τ∗α = (γα/λ)1/[(2−2H)α]:

〈x2
a(ta, t)〉 ∼

2kBT
λ



A∗α t
α−1
a t1−(2H−1)α, t� ta, τ

∗
α,

B∗α t
(2−2H)α, ta � t� τ∗α,

C∗α t
α−1
a t1−α, τ∗α � t� ta,

1, ta, τ
∗
α � t,

(4.42)

with coefficients

A∗α =
[
τ∗α

(2−2H)αΓ(α)Γ(2− (2H − 1)α)
]−1

,

B∗α =
[
τ∗α

(2−2H)αΓ(1− (2− 2H)α)
]−1

,

C∗α = [Γ(α)Γ(2− α)]−1 .

Figure 4.8 gives several examples for the detailed turnover behaviour of the mean
squared displacement for various values of α and H. At infinite times t → ∞, the
ensemble mean squared displacement converges to the Boltzmann limit. At finite times,
there is generally a subdiffusive behaviour. The dynamics are slowest when t is short as
compared both intrinsic relaxation and ageing time scales. Notice that the behaviour
at times t� τ∗α is independent of the parameter H defining the memory of friction and
noise forces. This regime is fully dominated by the ageing transition.

Importantly, the full double turnover behaviour of the ensemble average might not be
visible to the observer of a real physical system due to limitations of the experimental
setup. In addition, precise knowledge on the ageing time ta, which preceded the actual
ensemble measurement, might not be available. Maybe ta is even random, varying from
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one trajectory to the next. In any such case, the observer can not know which of
the power law regimes of (4.42) he is probing by means of mean squared displacement
measurements.

The analogue time average measurement is much less complex and thus easier to
interpret. According to Eq. (4.33, for T � ∆,〈

δ2(∆; ta, T )
〉
∼ Λα(ta/T )

Γ(1 + α)

g(∆)

T 1−α

=
Λα(ta/T )

Γ(1 + α)T 1−α
2kBT
λ

×∆1−α
[

1

Γ(2− α)
− E(2−2H)α,2−α

(
− λ

γα
∆(2−2H)α

)]
. (4.43)

The dependence on measurement time parameters ta and T factorises from the lag time
dependence. The latter is captured by the function g. Recall that for weakly non-ergodic
CTRW dynamics, the amplitude of a single-trajectory time average δ2 is random by
nature, while its scaling with lag time ∆ is not. Thus, the ∆-scaling of the time averaged
mean squared displacement is age-independent. For combined CTRW-FLE dynamics, it
is universally given by g in terms of a Mittag-Leffler type single turnover, with (lag) time
regimes being separated by the intrinsic time scale τ∗α = (γα/λ)1/[(2−2H)α]. In particular,
a single, long trajectory measurement is in principle sufficient to read off the scaling
exponents α and H, and the time scale τ∗α.

Ageing affects the amplitude of the time average only; as ta increases, the typical
values of δ2 become smaller. For exemplary plots, see Fig. 4.9. Notice that the late lag
time behaviour is generally ∆1−α, independently of H, as reported previously [184, 144]
for confined, memory-less CTRWs (i.e. for H = 1/2). Moreover, in the limit α → 1,
ageing becomes negligible, Λ1 ≡ 1, recovering the ergodic FLE result 〈δ2(∆)〉 = 〈[x(n =
∆/τ)− x(0)]2〉, with x(n) as in Eq. (4.37).

117



4 Ageing renewal theory

10−6

10−5

10−4

10−3

10−2

10−1

100

101

10−6 10−5 10−4 10−3 10−2 10−1 100 101 102 103

ta τ∗
α

t

〈x
2 a
(t

a
,t
)〉

×
λ

2
k
B

T

≃ t1−α(2H−1) ≃ t2α(1−H) ∼ 1

α = 0.1, H = 0.5

α = 0.7, H = 0.6

α = 0.7, H = 0.9

α = 0.9, H = 0.5

10−6

10−5

10−4

10−3

10−2

10−1

100

101

10−3 10−2 10−1 100 101 102 103 104 105 106

τ∗
α ta

t

〈x
2 a
(t

a
,t
)〉

×
λ

2
k
B

T

≃ t1−α(2H−1) ≃ t1−α ∼ 1

α = 0.1, H = 0.5

α = 0.7, H = 0.6

α = 0.7, H = 0.9

α = 0.9, H = 0.5

Figure 4.8: Time evolution of the ensemble averaged mean squared displacement for
combined CTRW and overdamped, confined FLE dynamics. Plots are nu-
merical evaluations of the convolution integral (4.40). Several parameter
configurations for H and α are considered. The behaviour is characterised
by a double turnover between several power law regimes as labelled above
the graphs, see also Eq. (4.42). Respective turnover time scales τ∗α and ta
are indicated as vertical lines. A horizontal line gives the infinite time sta-
tionary limit 〈x2

a〉 → 2kbT /λ. Top: The ensemble measurement starts at a
time which is small compared to the FLE relaxation time scale, i.e. ta � τ∗α.
Bottom: Opposite case, ta � τ∗α.

118



4.2 Ageing continuous time random walks
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Figure 4.9: Expectation value of the time averaged squared displacement δ2 as a func-
tion of lag time ∆. Plots graphically represent Eq. (4.43), for the same
system parameters α and H as in Fig. 4.8. In all cases the duration of the
measurement is T = 106. In contrast to the analogue ensemble average, the
behaviour is given by a single turnover at the internal relaxation time scale
τ∗α, no matter at which time ta the recording of the trajectory was initiated.
Results obtained at late age (ta/T = 103, dashed/dotted lines) differ from
those at early age (ta/T = 10−3, continuous lines of same colour) merely by
a prefactor (displaying as a constant shift in the double logarithmic plot).
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5 Discussion and outlook

Anomalous diffusion is a term that really covers a plethora of phenomena. The paradig-
matic models presented in chapter 2 and the following, are prominent examples, with
various, distinctive traits – but they are only the tip of the iceberg. Several refined,
modified or independent models have been and still are discussed in the literature –
random walks on fractals, tempered heavy-tailed statistics, models of obstructed diffu-
sion, crowding models, just to name a few. Even more, the class of anomalous diffusion
processes grows tremendously when starting to combine these models, in order to build
multi-layered processes capable of describing realistic complex environments.

At this point, it becomes imperative to find the deeper structure behind these models.
In which aspect are they distinct/where do they overlap? Is there maybe a certain
redundancy, some re-invention of the wheel? Do some even contradict each other? Such
questions need to be answered in order to find sensible categories, simplified approaches,
and finally, to develop an understanding for the mechanisms behind anomalous diffusion
processes. Basically two pathways can lead to such profound understanding.

One option is to follow a phenomenological approach. After “blindly” mixing several
model ingredients, one can study the effects for certain experimentally observable quan-
tities. By means of this rather positivistic method, one finds categories for anomalous
diffusion effects. For example, the correlated CTRW introduced in chapter 3 combines
the effects of scale-free displacements, scale-free sojourn times and long-range correla-
tions for both. It is thus applicable to a wide range of complex, heterogeneous systems.
The probability density function is very distinct from an ordinary Gaussian distribution.
A detailed study of its shape reveals information contained in the tail properties and
the detailed behaviour around the origin. However, care must be taken when assessing
the effects of correlations: processes with contrasting jump length and waiting time cor-
relations can be indiscernible on the level of scaling and propagator analysis. In other
words, the overall effect of competing correlations is not visible in terms of this physical
observable.

Moreover, correlated CTRWs can be classified in the context of processes with sta-
tionary increments of higher order. Such considerations indicate an intimate connection
between strong correlations and higher-, possibly fractional-order integrals of stochastic
noise processes.

To see the exact nature of correlations, further studies of this process need to include
an in-depth discussion of second order quantities of the correlated model. This question
is particularly intricate, on the one hand, for scale-free displacements (µ < 2), since the
ordinary correlation function 〈X(t1)X(t2)〉 is ill-defined. But even for CTRW dynamics
with µ = 2, on the other hand, the issue of inter-dependencies is a subtle one. By
means of simple subordination arguments, one can show that the increments – and
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by this any notion of “velocities”– of an unbounded, possibly correlated CTRW are
uncorrelated. Yet, they are not stochastically independent (cf. e.g. [103]). It thus
remains an open question how (or if) correlation functions can be used to determine and
assess dependencies, especially within correlated CTRW data.

It would also be interesting to study a process where correlations within displacements
and waiting times are coupled, such as Lévy walks. Finally, the physical properties of
these processes, such as ageing or (non-)ergodicity, will be of interest.

The second strategy to handle the overwhelmingly complex class of anomalous diffu-
sion processes is to pick one such model, deconstruct it and search for its core anomaly.
This helps finding the analytic structure of stochastic models and the deep relation
between them. Thus, the continuous time random walk can be reduced to a renewal
process, which is probably the most fundamental representative of a scale-free relax-
ation process. It has several nontrivial properties, one of which is ageing, as discussed
in chapter 4: the statistics of renewals counted within a finite observation time win-
dow strongly depends on the specific instant at which one starts to count. The most
remarkable ageing effect is a growing, discrete probability to not count a single event
during observation. Concurrently, also the continuous distribution of nonzero number
of renewals is transformed. In section 4.1, several analytic expressions for this distribu-
tion can be found, including and analysis in terms of series expansions, tail behaviour
and monotonicity. Moreover, expressions for related ensemble averages are given, for
instance, arbitrary moments of the number of renewals in terms of incomplete Beta
functions. Fewer renewals are counted at increasingly late ages. However, this is mainly
due to the high probability of counting zero renewals. Restricting the counting statistics
to eventful measurements, see Eq. (4.17), yields a finite distribution even at infinite age,
characterised by the same time scaling as the non-aged process.

Ageing renewal theory controls the CTRW motion: renewal events are identified with
steps of the random walk. The ageing effects translate from the renewal to the random
walk process. Thus the increasing probability for the complete absence of dynamic
activity is conceived as a population splitting effect. In an ensemble of identical particles,
a certain fraction remains fully immobile during a finite time observation. The total size
of the mobile population decreases with age, but also their detailed statistics change.

The implications for ensemble and time averaged observables in CTRW theory were
discussed in section 4.2. Ageing affects the distributions of time averages, and population
splitting has to be considered in particular. Remarkably, ensemble averages behave
very differently with respect to ageing effects than related time averages. The age of a
measurement modifies the complete time dependence of an ensemble average, mimicking
an internal relaxation mechanism. In contrast, ageing enters the associate time average
only as a distributional modification, while its scaling with respect to (lag) time remains
indifferent. The precise ageing modifications for the ensemble averaged time average
do not depend on details of the definition of the process or the observable. Instead
they are captured by universal constants, and the age enters in particular through the
ageing depression Λα. Despite this fundamental conceptual difference between time and
ensemble averages, their time scalings are identical in highly aged measurements. This
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is a surprising result since CTRWs are notorious for weak ergodicity breaking, i.e. the
general inequivalence of the two types of averages.

Clearly, an advantage of the de-constructive strategy towards anomalous process, is
that, once sufficient understanding has grown, the constituents can be rearranged to
conceive other theories. Thus, while CTRW is a very natural application of ageing
renewal theory, it is far from unique. All ageing effects such as population splitting and
altered ergodic behaviour have their analogue phenomenon in any physical system where
the mean sojourn time in micro-states is infinite. Thus one can expect a certain fraction
of blinking quantum dots, or cool atoms, to be constantly stuck in one state during a
delayed observation period. At the same time the statistics of the switching population
are ageing. Power spectral densities obtained from signals from such systems should
display related ageing properties, as discussed briefly in [185]. Aside from stochastic
process studies, also weakly chaotic systems were shown to exhibit analogous ageing
behaviours [186]. When it comes to diffusion dynamics, a study of alternative CTRW-like
models might turn out worthwhile. Examples are the noisy CTRW [178], ageing renewals
on a velocity level [179], Lévy walks [97, 161] and correlated CTRW [152]. Moreover,
further studies of the ageing renewal process, e. g. with respect to higher dimensional
probability distributions, will reveal additional insight into ageing mechanisms of such
physical systems.
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