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Abstract

We study the joint limit distribution of the k largest eigenvalues of a p X p sample covariance matrix
XXT based on a large p X n matrix X. The rows of X are given by independent copies of a linear
process, Xiy = 3. ;¢;Z;,—j, with regularly varying noise (Z;;) with tail index « € (0,4). It is shown that
a point process based on the eigenvalues of XX converges, as n — oo and p — oo at a suitable rate,
in distribution to a Poisson point process with an intensity measure depending on @ and ), c?. This
result is extended to random coefficient models where the coefficients of the linear processes (X;;) are
given by c;(6;), for some ergodic sequence (6;), and thus vary in each row of X. As a by-product of our
techniques we obtain a proof of the corresponding result for matrices with iid entries in cases where
p/n goes to zero or infinity and @ € (0, 2).
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1. Introduction

Recently there has been increasing interest in studying large dimensional data sets that arise in
finance, wireless communications, genetics and other fields. Patterns in these data can often be sum-
marized by the sample covariance matrix, as done in multivariate regression and dimension reduction
via factor analysis. Therefore, our objective is to study the asymptotic behavior of the eigenvalues
A1y = ... = Ay of a p x p sample covariance matrix XX, where the data matrix X is obtained from
n observations of a high-dimensional stochastic process with values in R”. Classical results in this
direction often assume that the entries of X are independent and identically distributed (iid) or satisfy
some moment conditions. For example, the Four Moment Theorem of Tao and Vu [39] shows that the
asymptotic behaviour of the eigenvalues of XX is determined by the first four moments of the dis-
tribution of the iid matrix entries of X. Our goal is to weaken the moment conditions by allowing for
heavy-tails, and the assumption of independent entries by allowing for dependence within the rows
and columns. Potential applications arise in portfolio management in finance, where observations
typically have heavy-tails and dependence.
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Assuming that the data comes from a multivariate normal distribution, one is able to compute the
joint distribution of the eigenvalues (A(y), ..., A)), see [26]. Under the additional assumption that
the dimension p is fixed while the sample size n goes to infinity, Anderson [2] obtains a central limit
like theorem for the largest eigenvalue. Clearly, it is not possible to derive the joint distribution in a
general setting where the distribution of X is not invariant with respect to orthogonal transformations.
Furthermore, since in modern applications with large dimensional data sets, p might be of similar
or even larger order than n, it might be more suitable to assume that both p and n go to infinity,
so Anderson’s result may not be a good approximation in this setting. For example, considering a
financial index like the S&P 500, the number of stocks is p = 500, whereas, if daily returns of the
past 5 years are given, n is only around 1300. In genetic studies, the number of investigated genes p
might easily exceed the number of participating individuals n by several orders of magnitude. In this
large n, large p framework results differ dramatically from the corresponding fixed p, large n results
- with major consequences for the statistical analysis of large data sets [27].

Spectral properties of large dimensional random matrices is one of many topics that has become
known under the banner Random Matrix Theory (RMT). The original motivation for RMT comes
from mathematical physics [20], [42], where large random matrices serve as a finite-dimensional
approximation of infinite-dimensional operators. Its importance for statistics comes from the fact that
RMT may be used to correct traditional tests or estimators which fail in the ‘large n, large p’ setting.
For example, Bai et al. [4] gives corrections on some likelihood ratio tests that fail even for moderate p
(around 20), and El Karoui [21] consistently estimates the spectrum of a large dimensional covariance
matrix using RMT. Thus statistical considerations will be our motivation for a random matrix model
with heavy-tailed and dependent entries.

Before describing our results, we will give a brief overview of some of the key results from RMT
for real-valued sample covariance matrices XX . A more detailed account on RMT can be found, for
instance, in the textbooks [1], [5], or [31]. Here X is a real p X n random matrix, and p and n go
to infinity simultaneously. Let us first assume that the entries of X are iid with variance 1. Results
on the global behavior of the eigenvalues of XX mostly concern the spectral distribution, that is the
random probability measure of its eigenvalues p~! Zle €,-14,,> Where € denotes the Dirac measure.
The spectral distribution converges, as n, p — oo with p/n — y € (0, 1], to a deterministic measure
with density function

1
2rxy O — 0 — x )1 )(x),  xx = (1 £ V)2,

where 1 denotes the indicator function. This is the so called Marcenko—Pastur law [30], [41]. One
obtains a different result if XX is perturbed via an affine transformation [30], [33]. Partially based
on these results, [6, 7, 35, 43] treat the case where the rows of X are given by independent copies of a
linear process (in a Gaussian setting this is a special case of results in [24]). [7] allows also for non-
linear time series models describing the entries. Apart from a few special cases, the limiting spectral
distribution is not known in a closed form if the entries of X are not independent.

Although the eigenvalues of XX offer various interesting local properties to be studied, we will
only focus on the joint asymptotic behavior of the k largest eigenvalues (A1), ..., Adx), k € N. This
is motivated from a statistical point of view since the variances of the first k principal components
are given by the k largest eigenvalues of the covariance matrix. Geman [23] shows, assuming that the
entries of X are 1id and have finite fourth moments, that n‘l/l(l) converges to x; = (1 + \/7)2 almost
surely if p/n — y € (0, 00). Moreover, if the entries of X are iid standard Gaussian, Johnstone [27]



shows that
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where & follows the Tracy—Widom distribution with 8 = 1. Soshnikov [37] extends this to more general
symmetric non-Gaussian distributions if the matrix X is nearly square, and obtains a similar result for
the joint convergence of the k largest eigenvalues. The Tracy—Widom distribution first appeared as the
limit of the largest eigenvalue of a Gaussian Wigner matrix [40]. Péché [34] shows that the assumption
of Gaussianity in Johnstone’s result can be replaced by the assumption that the entries of X have a
symmetric distribution with sub-Gaussian tails, and she allows for y being zero or infinity.

There exist results on extreme eigenvalues of XX which include dependence within the rows or
columns of X, but most of them are only valid if X has complex-valued entries such that its real as
well as its complex part have a non-zero variance. A notable exception, where the real-valued case is
considered, is [13]. They assume that the rows of X are normally distributed with a covariance matrix
which has exactly one eigenvalue not equal to one. To the best of our knowledge there are no results
in the literature for the extreme eigenvalues of a random matrix with (light-tailed) dependent entries
given by a general time series model.

In contrast to the light tailed case described above, there exist only a handful of articles deal-
ing with sample covariance matrices XX obtained from heavy-tailed observations. Almost all these
results only apply to matrices X with iid entries. Cizeau and Bochaud [17] seems to be the first sys-
tematic investigation of the spectrum of heavy-tailed random matrices and Ben Arous and Guionnet
[9] rigorously proved the convergence of the spectrum, i.e. a Maréenko—Pastur type result. Belinschi
et al. [8] compute the limiting spectral distribution of sample covariance matrices based on obser-
vations with infinite variance, which is also investigated in Bordenave et al. [15]. Under a special
dependence assumption Bordenave et al. [14] obtain also a Maréenko—Pastur type of result. Regard-
ing the k-largest eigenvalues, Soshnikov [38] gives the weak limit in case the underlying distribution
of the matrix entries is Cauchy. Biroli et al. [12] argued, using heuristic arguments and numerical
simulations, that Soshnikov’s result extends to general distributions with regularly varying tails with
index 0 < @ < 4. A mathematically rigorous proof of this claim followed by Auffinger et al. [3]. To
the best of our knowledge the first results on the limiting behaviour of the bulk of the spectrum in the
heavy-tailed case, where the entries are dependent and modelled via time series models, are given in
Banna and Merlevede [7] who still assume finite second moments though.

We extend the previous results on the extreme eigenvalues for 0 < @ < 4 by allowing for dependent
entries. More specifically, the rows of X are given by independent copies of some linear process.
Their respective coeflicients can either all be equal (Section 2.1) or, more generally, conditionally on
a latent process, vary in each row (Section 2.3). In the latter case the rows of X are not necessarily
independent. The limiting Poisson process of the eigenvalues of XX depends on the tail index « as
well as the coefficients of the observed linear processes. As a by-product, we obtain an independent
proof of Soshnikov’s result for iid entries which also holds in cases where y € {0, co}.

The paper is organized as follows. The main results will be presented in Section 2 while the
proofs will be given in Section 3. Results from the theory of point processes and regular variation are
required through most of this paper. A detailed account on both topics can be found in a number of
texts. We mainly adopt the setting, including notation and terminology, of Resnick [36].



2. Main results on heavy-tailed random matrices with dependent entries

2.1. A first result on the largest eigenvalue

Let (Z;;)i; be an array of iid random variables with marginal distribution that is regularly varying
with tail index a > 0 and normalizing sequence ay, i.e.,

lim nP(|Z;| > a,x) = x ¢, foreach x> 0. (1)
n—-oo

Equivalently, this means that (|Z;|) is in the maximum domain of attraction of a Fréchet distribution
with parameter @ > 0. The sequence a, is then necessarily characterized by

a, = n"?L(n), (2)

for some slowly varying function L : R, — R, i.e., a function with the property that, for each x > 0,
lim;—, L(zx)/L(¢) = 1. In certain cases we also assume that Z; satisfies the tail balancing condition,
i.e., the existence of the limits

P(Z“ > x) _

P(Zi1 £ —x)
im —————=¢ =
x—00 P(IZ11] > x)

and lim ——M~=1- 3)
s P(Z11] > %) 7

for some 0 < g < 1. For each p,n € N, let X = (X;;) be the p X n data matrix, where, for each i,

[ee)

Xit = Z CiZisj 4

Jj=—00

is a stationary linear times series. To guarantee that the series in (4) converges almost surely, we
assume that

Z |ch‘5 < oo for some § < min{a, 1}. 5
Jj=—0
Thus in our model the rows of X are given by iid copies of a linear process. We denote by 4y, ...,4, >

0 the eigenvalues of the p X p sample covariance matrix XX'. They are studied via the induced point
process

P
Nn = Z ea;ﬁ(ﬂi—nﬂx,a)’ (6)
i=1
where
0 for0 < a <2,
Uxe =13 E (Zfll{zlzl Sa,zw}) Yjc3 fora=2and EZf| = o, 7
E (2121) 2 C; else.

Since we are only interested in the largest eigenvalues, we consider N, as a point process on (0, co)
and only count eigenvalues A; which are positive. Observe that the centralization term nuy , is equal
to the mean of the diagonal elements of XX if the observations have a finite variance. In case the
observations have an infinite variance, we do not have to center, except when @ = 2 and Ele] = 00,
where we use a truncated version of the mean. In the latter case px, also depends on p and 7.



We will always assume that p = p, is an integer-valued sequence in n that goes to infinity as
n — oo in order to obtain results in the ‘large n, large p’ setting. In the following we suppress the
dependence of p on n so as to simplify the notation wherever this does not cause any ambiguity. In
[3, 38] the iid case is considered, i.e., Xj; = Z;;, assuming that the condition (1) holds for 0 < a < 4.
They show, if p,n — oo with

lim 2% = 5 € (0, 00), (8)
n—o n
that
)4
D
2 i N ©)

i=1

where N is a Poisson process with intensity measure ¥((x, oo]) = x~%2_ Our next theorem extends this
result by considering the case where X has dependent entries. More precisely, the rows of X are given
by independent copies of a linear process. It will turn out that the intensity measure of the limiting
Poisson process depends on the sum of the squared coefficients of the underlying linear process. In
contrast to [3], we necessarily have to center the eigenvalues A; by nuy, when @ > 2, since in that
case we consider a regime where p ~ n® with 8 < 1 instead of (8).

Theorem 1. Define the matrix X = (X;;) as in equations (1), (4) and (5) with « € (0,4). Suppose
Pn — o0 and n — oo such that

lim sup p—; <o (10)

n—oo MW
for some B > 0 satisfying

() p<oif0<a<l,and

(ii) B < max {24, 3} if1 <a <2
(lzz),8<max{3 ﬁ} if 2<a<3or
(lv),3<3a—_"4 if 3<a<4

Further assume, in the case a € (5/3,4), that Zy, has mean zero and satisfies the tail balancing
condition (3). Then the point process Ny, as defined in (6), converges in distribution to a Poisson
point process N with intensity measure v which is given by

al2

(o)

v(rool)=x1 3 Al x>0,

j=—00

Theorem 1 weakens the assumption of independent entries made so far in the literature on heavy-
tailed random matrices at the expense of assumption (10), which is more restrictive than the usual
assumption (8) if @ € [1.5,4). It seems that this more restrictive assumption is necessary for our proof
to work, but it is not clear whether it is necessary for the results to hold. However, if @ € (0, 1.5), our
assumption (10) is more general than (8). This is important for statistical applications, because p and
n are usually fixed and there is no functional relationship between the two of them.

If we restrict ourselves to the iid case, then Theorem 2 shows that the point process convergence
result also holds in many cases where the limit y from condition (8) is zero or infinity, for example,
by assuming that p is regularly varying in n. This slightly extends the known theory for the iid case.



Theorem 2. Assume that X;;, = Z;; and equation (1) is satisfied with a € (0,2). Further, let either

(@) pn = n“l(n) for some k € [0, ), where [ is a slowly varying function which converges to infinity
if k = 0, and is bounded away from zero if k = 1, or
(i) pn ~ Cexp(cn®) for some k,c,C > 0.
Then N, converges in distribution to a Poisson point process with intensity measure ((x, 00]) = x~ /2.
It is well known [36] that a Poisson process has an explicit representation as a transformation of a
homogeneous Poisson process. In our case, the limiting Poisson process N with intensity measure v
from Theorem 1 can be written as

(o)

D
NED e (11)
i=1 ’

where I'; = Z}'{: | Ex is the successive sum of iid exponential random variables Ey with mean one. The
points of N are labeled in decreasing order so that, by the continuous mapping theorem, we can easily
deduce the weak limit of the (centered) k largest eigenvalues of XX,

Corollary 1. Denote by Aqy > ... > Ay the upper order statistics of the eigenvalues of XXT -
nux.ol,. Under the assumptions of Theorem 1 we have, for each fixed integer k > 1, that the k-largest
eigenvalues jointly converge,

_ D -2 -2 R
an[% (/l(]),...,/l(k))n:; (Fl /“,,..,Fk /“)[Z C?]

j=—

In particular, for each x > 0,

|
anp 0 n

/1(]{) " k—1 x—mw/Z ma/2
_ —x“ 2
P(_z Sx)n—>_)oo P(N(x,00)<k—-1)=¢ E ¢ .
j

This implies for the largest eigenvalue Ay of XX - nux.ql, that

where V has a Fréchet distribution with parameter a/2, i.e., P(V < x) = e

In a nutshell, the results in this section give the asymptotic behavior of the k largest eigenvalues
of a sample covariance matrix XX when the rows of X are given by iid copies of some linear process
with infinite variance. Our results will be generalized further in Section 2.3, where, conditionally on
a latent process, the rows of X will be independent but not identically distributed.

2.2. Examples and discussion

Theorem 1 holds for any linear process which has regularly varying noise with infinite variance as
long as condition (5) is satisfied. Since the coefficients of a causal ARMA process decay exponentially,
(5) is trivially satisfied in this case. As two simple examples, consider an MA(1) process X;; =
Zit + 0Z; ;—1, which satisfies Zj c? = 1 + 6%; and a causal AR(1) process Xi; — ¢Xir—1 = Zi, 1| < 1,

6



where )’ ; c? = (1 — ¢)~'. Yet another example of a linear process fitting in our framework is a
fractionally integrated ARMA(p, d, q) processes with d < 0 and regularly varying noise with index
a € [1,4), see, e.g., [16] for further details. In this case |cj| < C jd‘1 is summable and therefore
condition (5) is satisfied for o > 1.

Regarding the normalization in (6), the sequence a, is chosen such that the individual entries of
the matrix Z = (Z;);, satisfy (1). Replacing the iid sequence in the rows of Z with a linear process
to obtain the matrix X changes the tail behavior of its entries. Indeed, the result stated in Davis and
Resnick [19, eq. (2.7)] shows, under the assumption (3) and EZ;; = 0if @ > 1, that

nP {| Z CjZLt—j| > anxJ — x ¢ Z lej.
. n_>o<) .
J J

. -1 ~ ~
In view of (1) this suggests the normalization Xj; = (Z jle jla) /aXi,. Denote by 4,..., 4, the eigen-

~ ~ ~ ~ ~ -2/«
values of XXT, where X = (Xit)is» and let ug , = EX%1 = (Zj |ch")
multiplication by a constant, we immediately obtain, by Theorem 1, that

HUx.o- Since this is just a

b

D -
- e
Z Eaﬂg(/li_nﬂ)?,a) n—oo N,
i=1

where N is a Poisson process with intensity measure ¥ given by

2
. C~
—(1/2| 7

Yilejle

|a/2

7((x,00]) = x (12)

Thus ’Z j C?’a/z(z jlejl)™! quantifies the effect of the dependence on the point process of the eigen-
values when the tail behavior of each marginal X;; is equivalent to the iid case.

Assume for a moment that the dimension p is fixed for any 7, and that 0 < @ < 2. Then it
follows easily from [19, Theorem 4.1] and arguments of our paper that a,jz/l( H— 2 j c? maxj<j<p S
in distribution as n — oo, where (§;) are independent positive stable with index «/2. If p is large,
one would intuitively expect that max <<, S; = p* “1"]_2/ ¢, where I'; is exponentially distributed with
mean 1. Corollary 1 not only makes this intuition precise but also gives the correct normalization a;[%.
The distribution of the maximum of p independent stables is not known analytically, hence ‘large n,
large p’ in fact gives a simpler solution than the traditional ‘fixed p, large n’ setting.

2.3. Extension to random coefficient models

So far we have assumed that our observed process has independent components, each of which
are modelled by the same linear process. From now on we will allow for a different set of coefficients
in each row. To this end, let (6;);en be a sequence of random variables independent of (Z;;) with values
in some space ©. Assume that there is a family of measurable functions (c; : ® — R) ey such that

suplcj(@)] <cj, for some deterministic ¢; satisfying condition (5). (13)
5C]

Our observed processes have the form

[

Xi= ), cf0)Zis (14)

j=—0



where (Z;;) is given as in (1) with @ € (0,4). Thus, conditionally on the latent process (6;), the rows
of X are independent linear processes with different coefficients. Unconditionally, the rows of X are
dependent if the sequence (6;) is dependent. Theorem 3 below covers three classes among which
(6;) may be chosen: stationary ergodic; stationary but not necessarily ergodic; and ergodic in the
Markov chain sense but not necessarily stationary. In the following we say that a sequence of point
processes .#,, converges, conditionally on a sigma-algebra #H, in distribution to a point process .#, if
the conditional Laplace functionals converge almost surely, i.e., if there exists a measurable set B with
P(B) = 1 such that for all w € B and all nonnegative continuous functions f with compact support,

E (e—Mn(f)|7.{) (w) ’H_o)o E (e—M(f)|7-{) (w) asn — oo. (15)

Theorem 3. Define X = (X;;) with X;; as given in (14). Suppose that (13) is satisfied, and p,n — oo
such that (10) holds under the same conditions as in Theorem 1. Further assume, in case a € (5/3,4),
that Z1 has mean zero and satisfies the tail balancing condition (3).

(i) If (6)) is a stationary ergodic sequence, then, both conditionally on (0;) as well as uncondition-
ally, we have that

[

D
_ — _
Z Eanlz;(/li_n/lx,a) 00 Z el"i Z/QHZJ- <
i=1

i=1

]

(16)

- (E bt c§(91)|d/2)2/a, and (T) as in (11).

(ii) If (6;) is stationary but not necessarily ergodic, then we have, conditionally on (6;), that

with the constant ||Z s

[e9)

D
Z Eanp(/1 —nxa) n—oc0 EF;Z/QYZ/”’
i=1 i=1

=

withY = E (I 2 c?(Hl)IO‘/ 2|g), where G is the invariant o-field generated by (6;). In particular,
Y is independent of (I';).

(iit) Suppose (6;) is either an irreducible Markov chain on a countable state space ® or a posi-
tive Harris chain in the sense of Meyn and Tweedie [32]. If (6;) has a stationary probability
distribution  then, conditionally on (0;) as well as unconditionally, (16) holds with

> e [ f \Z 20| n(de)]

One can view the assumptions (i) and (ii) of Theorem 3 in a Bayesian framework in which the
parameters of the observed process are drawn from an unknown prior distribution. As an example,
let (6;) be a stationary ergodic AR(1) process 0; = ¢6;_1 + &;, where |¢| # 1 and (&;) is a sequence of
bounded iid random variables, and set X;; = Z;; + 6;Z;;—1. Then, by Theorem 3 (i), we would expect,
for n and p large enough, that

_ _ 2/a
@ (At = npaxa) ~ T2 (E11+001772) 7

Models of this kind are referred to as random coefficient models and often used in times series analysis,
see, e.g., [29] for an overview. In the setting of Theorem 3 (iii) one might think of a Hidden Markov
Model where the latent Markov process (6;) evolves along the rows of X, each state 6; defining another
univariate linear model.



3. Proofs and auxiliary results

The first step is to show that the matrix XX is well approximated by its diagonal, see Section 3.2.
In the second step we then derive the extremes of the diagonal of XX in Section 3.3. Both steps
together yield the proofs of Theorem 1 and Theorem 2 in Section 3.4. The proof of Theorem 3 follows
then by an extension of the previous methods in Section 3.5. In the following we make frequent use
of a large deviation result which is presented in the upcoming section.

3.1. A large deviation result and its consequences

The next theorem gives the joint large deviations of the sum and the maximum of iid nonnegative
random variables with infinite variance. It suffices to deal with the case where 0 < @ < 2 since later
on we mostly consider squared random variables that have tail index a/2 with 0 < a/2 < 2.

Proposition 3.1. Let (x,)uen and (yn)nenw be sequences of nonnegative numbers with x, — oo such
that x,/y, — v € (0,00]. Suppose (Y;)ien is an iid sequence of nonnegative random variables with
tail index a € (0,2) and normalizing sequence b,. If 1 < a < 2, we assume that byx,/n't — oo for

some & > 0. Then

. P(Z?zl Y: > byXy, maxi<i<, ¥ > bnyn)
lim =1. 17)
n—eo nP(Yy > b, max{xy, y,})

Proof. Let us first assume that 0 < @ < 1. Using standard arguments from the theory of regularly
varying functions, see e.g. [36], it can be easily seen that for any positive sequence z, — oo we have

. Pmax <<, Y; > bpz,)
lim =

18
n—oo nP(Y| > b,z,) (18)

Obviously the limit in (17) is greater or equal than one because 3}, ¥; > max<<, ¥;. Thus it is only
left to prove that it is also smaller. Denote by Y(1) > ... > ¥{;) the upper order statistics of Y1,...,Y,.
By decomposing Y, Y; into the sum of max; Y; and lower order terms we see that, for any 6 € (0, 1),

P(Z:’:1 Y: > byx,, maX|<<p Yy > bnyn) <P(max1§,§n Y, > b, max{6x,,y,})
nP(Y| > b, max{x,, y,}) - nP(Yy > b, max{x,, y,})
P(Z0, Yo > buxu(1 - 6))
nP(Yy > b, max{x,, y,})

By an application of [36, Proposition 0.8 (iii)] one can show similarly as in the proof of (18) that

.. P(maxi<<, Y; > b, max{60x,, y,})
lim lim = 1.
6—1n—c0 nP(Y| > b, max{x,, y,})

Hence, it is only left to show that the second summand vanishes as n — oo. To this end we partition
the underlying probability space into {Y(2) < €b,x,} U {Y(2) > €b,x,}, € > 0, to obtain

P(Z, Yo > baxa(1=0))  P(Z, Yo Liveyseby) > baxa(1 = 0))
nP(Yy > b, max{x,, y,}) = nP(Y| > b, max{x,, y,})
P (Y > €bpxy)
nP(Y| > b, max{x,, y,})

=2 + 2.



Denote by M,, = max<.<, Y; and z, = max{x,, y,}. Then easy combinatorics and (18) yield

1 - P (Y < ebyxy,)
nP(Y1 > b,z,)
1 =-P(M, < ebyx,) nP(M,_ < ebyx,) P(Y| > €b,xy)
- nP(Y\ > b,z,) nP(Y\ > byz,)
_P(M,, > €b,x,) P(Yy > €b,x,) P(Y| > €byxy)
" nP(Y1 > €byx,) P(Yy > bnz,)  P(Yy > buzy)
P(Y| > eb,x;,)
P(Y1 > bnzy)

2=

P(M,_1 < €b,x,)

(1-PM,_ <eb,x,)) — O.

The convergence to zero follows from P (M- < eb,x,) — 1 and, by [36, Proposition 0.8 (iii)],

%m — € “max{l,y *}. Thus it is only left to show that ¥ goes to zero. By Markov’s inequal-

ity and Karamata’s Theorem [36, Theorem 0.6] we have that

s <P(Z?:1 Yiliy,<eb,x,) > DnXn(1 — 9)) < 1 E(Y11iy,<epb,x,})
LT P > bymax(xeyal) baxa(1—6) P(Yy > buza)
1 a €eP(Y; > eb,xy) 1 a i,

e “max{l,y "},

“A-0)1-a PO, >byz) moe(1-01-a

which converges to zero as € goes to zero, since @ < 1. Thus for 0 < a < 1 the proof is complete.
If 1 < @ < 2, only X has to be treated differently. The truncated mean p,, = E(Y11{y,<ep,x,)) €ither
converges to a constant or is a slowly varying function. In either case, we have that b, x, /(nu,) =
byx,n~ 70 n® [, — oo by assumption. Thus, a mean-correction argument and Karamata’s Theorem

imply

. . P(Z?;] Ytl{Y,SGbnx,,} —np, > byx,(1 —6) - n,un)
limsupX; <limsup

n—oo n—oo nP(Yl > ann)
I Var(Milyi<ep,x) 1 al2

S lm S < —a ma 1’ —a 07
(=602 mowl 022 PV >byz)  — (1-0P 1-a/2° XLy =
since @ < 2. This completes the proof. -

We finish this section with a few consequences of Proposition 3.1. Note that (1) implies

—a/2

pnP(Z11 > a x) —> X for each x > 0. (19)

Choosing ¥; = Z1 by = a, x, = xa,zlp/aﬁ and y, = ya,zlp/a,zl, we have from Proposition 3.1 and (19),

for a € (0, 2), that

n
pP Z z > asz max Zy 7z > anpy - max{x,y}~*? for each x,y > 0.
=1

Therefore, by [36, Proposition 3.21], we obtain the point process convergence

P b &
Z € 2(30 | Z2max <ren Z2) e € 21,1y (20)

i=1 i=1

10



with (I;) as in (11). Note that I'; 2 “(1,1) is the point with both coordinates being r, 2e je. the

—2/ath power of the random Vanable I';. For another application of Proposition 3.1, set Y = |Zi4l,
b, = an, X, = xapp/a, and y, = ya,,/a,. Under the additional assumption

lim mf = € (0, 00]

n—oo

we have b,x,/n'*? — oo for some v < (2 — a)/a, thus, for a € (0,2),
n
pP Z |Z1/] > appx, {nax |Z1/] > anpy —> max{x,y}"* foreach x,y > 0.
t=1
Therefore we obtain as before

o

D
Z anp(zt I‘le‘lmaxl<f<)‘l |Ztt|) n—oo 4 Er;l/ﬂ(lsl)' (21)

i=1 i=1
The result of the following proposition is also a consequence of Proposition 3.1.

Proposition 3.2. Let (Z;) be as in (1) with 0 < a < 2. Suppose that (10) is satisfied for some
0 < B < 0. Then

a_p max Zlthzﬁl — 0.
1<i<j<p

Proof. By [22], the iid random variables Y; = |Z|;Zy| are regularly varying with tail index @ with some
normalizing sequence b,. Thus, there exists a slowly varying L; such that P(Y; > x) = x “Li(x).
Using (2) this implies

p*nP(Y; > a%pe) =n"'e® Linp)™* L, ((np)z/"L(np)ze).

By Potter’s bound, see, e.g., [36, Proposition 0.8 (ii)], for any slowly varying function L and any ¢ > 0
there exist ¢;, ¢» > 0 such that ¢;n™% < L(n) < can° for n large enough. An application of this bound
together with assumption (10) shows that

p nP(Y1 > a e) —> 0. 22)

Hence, using Proposition 3.1 with x,, = a2 »/bp€ and y, = 0 yields

2
é?fb’i ZlZ,,ZJ;I>a e]<p P(ZYt>a e]w—;o,

since byx,/n'*Y = a%p/n““y — oo fora <2andsomey < (2 - a)/a. O

3.2. Convergence in Operator Norm

Denote by D = diag(XX") the diagonal of the matrix XX', i.e., D; = (XX"); and D;; = 0O for
i # j. In this section we show that a‘z(XXT D) converges in probability to O in operator norm.
This implies that the off-diagonal elements of a, 2XXT do not contribute to the limiting eigenvalue
spectrum. Recall that, for a real p X n matrix A, the operator 2-norm ||A||, is the square root of the
largest eigenvalue of AAT, and the infinity-norm is given by [|All, = maxi<i<p 23 Al

In the upcoming Proposition 3.3 we only deal with the case where 0 < @ < 2. Note that Propo-
sition 3.3 holds under a much more general setting than assumed in Theorem 1 by allowing for an
arbitrary dependence structure within the rows of X.

11



Proposition 3.3. Let X = (Xj;);i; be a p X n random matrix whose entries are identically distributed
with tail index a € (0,2) and normalizing sequence (a,). Assume that the rows of X are independent.
Suppose that (10) holds for some B > 0. If 1 < a < 2, assume additionally that B < (21%0‘ Then we

1
have

a2 ||xx™ - D||, = o. (23)

n—oo

Proof. Since HXXT — DH2 < ||XXT — D||Oo, it is enough to show that for every € € (0, 1),

)4

P maX Z Zthth >ap€ <pP[ZZ|X1’X”|>a e} I’H—K:OO
J 1 j=2 t=1
J#L

By partitioning the underlying probability space into {max ;XX ;| < a%p} and its complement, we
obtain that

N

)4 n P
pP [Z D IXX;l > aﬁpeJ <pP [Z X1 X il Ly, x a2,y > agpe]

j=2 =1 =2 =1

+pP(max max | X1, X | > a )—I+II

2<j<p 1<t<n

The same argument used for (22) shows that II < p 2nP(1X11X21| > a ) —> 0 by independence of

the rows of X. To deal with term I we first assume that @ > 1 and choose some v € (a,2). Holder’s

inequality shows that
P n
[Z > |anﬂ|] [Z > |XnX,f|r] (np)’™",

j=2 t= j=2 t=1

and therefore

=

p @,

np

I<pP Z |X11XI[| 1{|Xer/f|<a (I’lpT
j =1

Note that |X1,.X|” has regularly varying tails with index a/y < 1. Hence we can apply Markov’s
Inequality and Karamata’s Theorem to infer that

2 -1
p n(np)” -
I[<c 5 E(|X11X21|71{|X“X21|§a5p}) ~ cop?n(np)’ ™' P(X11X21| > ay,). (24)

Anp

Therefore, the proof of Proposition 3.2 shows that the term in (24) goes to zero if (np)*~!/n does.
In view of assumption (10) this is true for 8 < (2 —y)/(y — 1). Since we can choose 7y arbitrary
close to « it suffices that § < (2 —a)/(e — 1). If @ < 1 we do not need Holder’s inequality since the
above argument can be applied with y = 1, thus it suffices that (10) holds for some 8 < co. For the
remaining case @ = 1, observe that, for any given 5 < co, we choose vy arbitrarily close to 1 so that
(np)’~'/n — 0. O

The next proposition improves the previous Proposition 3.3 for 5/3 < @ < 2 by relaxing the
condition 5 < 2 —7 at the expense of the additional assumption that the rows of X are realizations of a
linear process. Furthermore Proposition 3.4 also covers the case where 2 < a < 4.

12



Proposition 3.4. The assumptions of Theorem I imply (23).

Proof. Considering the result from Proposition 3.3, we only have to deal with the case a € (5/3,4)
here. In this proof, ¢ denotes a positive constant that may vary from expression to expression. Define

L L
Zi = Zulyz i<a,,)> Xy = E Zi g
k

U_ U _ U
Zit = ltl{lzit|>anp}’ Xit = chzi,z—k
k

Using HXXT DH2 ||XXT D|| as before we have
p | n
P(”XXT - D”2 > aﬁpe) <pP {Z ZX”th > a%pe]
2 1t=1

p

n Cl2 P
SpP[ R Te]+pP[Z
=2 |1=1 =2

UL

+pP[Z ZXUXJI

~.

N

"M

2, XXy >

t=1

¥
%)

We will show that each of theses terms converges to zero. To this end, note that E |Z | converges to a
constant, and, by Karamata’s Theorem,

n

2 XX

)4
>—€]+pP Z
Jj=2 11=1 J=

=[+ I+ II+1IV.

EIZ | ~ canpP(1Z11] > anp) ~ canp(np) n— oo.

Therefore, by Markov’s inequality, we have

2
4p 2 p’n _ p
<z EZZZ'CM'E'ZUME'ZM' [Zml] —anp) ==,

npS =2 =1 k np np
and, by (2), we obtain that this is equal to ¢ L(np) ™' p!=1/*n=1/¢ — 0 as n — co. By symmetry, IIT can
be handled the same way. It is easy to see that term IV is of even lower order, namely

2
pn -
¢ (anp(np)™')* = en
Anp

-1 0.

Thus it is only left to show that I converges to zero. To this end, we use Karamata’s Theorem to obtain

E[Z{)] = E|Z Lz 1sa,1| ~ €2, PUZ11] > anp) ~ cag,(np)™!

Since Z; satisfies the tail balancing condition (3), and EZ;; = 0, we can apply Karamata’s Theorem

to the positive and the negative tail of Z1 \» thus, for g ¢ {0, %, 1},

&n =E[Z}}] = E[Zi1 iz, 12a,)] = —ElZ01 Yz, 50,)] = —E[Z11112,,50,,)] + E[—Zn ~Ziy>anp))

(07
ain(|Z11| > anp) +1- Q)a’ — ain(|Z11| > anp) ~ (1 - 261) anp(np)

a
qoz—l

13



Clearly, for any 0 < g < 1, one therefore has

e, (1 —g—
Anp a—1

As a consequence we obtain for u, = E (XL XL ) = (EX )2 f,zl that

2
unpn _1 [ nDén
anp o ( Gnp ) [Zk: Ck} -

Therefore we obtain for summand I that

2
a
_ E:EILL 2§:LL z:LL np
I—pP[]Zt]Xltht> 6J<pP( X7 X ] ( XX n,un>4p€).
Therefore, it is only left to show that
a,
ZP( E XEXL — | > 4—;’6] -0, (25)

with

2 2
ay),
= (EX{y) = (EZ})* = 0| =55 |-
; (np)2
Now we have to treat the cases @ < 2,2 < @ < 3, and 3 < @ < 4 separately.
Let @ < 2. By Proposition 3.3 it suffices to show that, for @ € (5/3, 2), the assumption
. P

lim — =0 26

L (26)
implies convergence in operator norm in the sense of (23). Since we correct by the mean, Markov’s
inequality yields

Lyl
ZXIIXZI — Nin

n
sz[

=1

2
np 16p* L L
>Ee]<4 VrZXX

anl"g t=1

16p*

dnp€?

> aweweicrCov (2t 2k, 1 2k o750 y). @)
' =1k LI

Due to the independence of the Z’s, the covariance in the last expression is non-zero ifft —k = ¢ — k’
ort—1[ =1t -1 This gives us three distinct cases we deal with separately. First, assume that both
t—k=1t—-k'andt—[=1 -1 Then the covariance in (27) is equal to Var(ZL ZLI) and so bounded
by
E[(Z{))*(Z3)] = (E(Z{))*) ~ (cay,(np)™')* ~ cdy,(np)~>.
Second, lett—k =+t — k' butt— [ # ' — I'. Then the covariance becomes
Cov(Z] ik 2t Z’ZlLt’ 2 1) E((Z k)ZZzL,z—lz’it'—zf) - &
B P - &
2 -1 -152 —1y4
~C;,,(np)~ (€ anp(np) )" = (£ anp(np) )

~cap,(np) = = cal,(np)™ ~ cap,(np) =,
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which is of lower order than in the case considered before. By symmetry, the third case, where
—l=1t-Ibutt—k # ¢ —k’, can be dealt with in exactly the same way. In all cases ¢’ can be assumed
to be fixed, thus we can bound (27) by

p* a 2 P
c—o Z |ck] Zanp(np)_ =c— >0, n-o oo
Anp \ % =1 n

This completes the proof in case a < 2.
If @ > 2, the covariance in (27) converges to a constant. If @ = 2 with Elel = oo, then it is a
slowly varying function. In either case (27) is of order

4
0(%1@ s(np)) < O(nﬂ(4_4/")nl_4/“s(np)) -0
np

since 8 < 4((1 1), where s(-) is some slowly varying function. For a more general result we distinguish
the sub-cases @ € (2,3) and « € [3,4) in the following.
Let us now assume that « € (2, 3). By Markov’s inequality applied to (25) we have

2P(ZX ~ | >
n 3
P | (GRS

anp t,t,t3=1 =

3
64 p Z Z Z r[(ck/cl/)E(n 1.,t;i—k; 2t, l; ‘fn)] (28)

anp tita=1 ki o ks I, ls j= i=1

where

2
2 Hn L\2 np

= =(EZ =0 . 29
g (chk)2 (B2 [(”p)z] @

To determine the order of the expectation in (28) we have to distinguish various cases. In the following
we say that two index pairs (a, b) and (c,d) overlap if @ = c or b = d. If there exists a j = 1,2, 3 such
that the index pair (1; — kj, t; — I;) does not overlap with both the other two, then, due to independence,
we are able to factor out the corresponding term and obtain

3
E(l_l th, ki 2t, f é:n)]_ [I—I(th kzgz, l; fn)] (Z{‘t, k; 2[1 gn) >

i=1 i#j

since &2 = (EZ )2 (ZlL fk; ZZL - ) Thus, in any non-trivial case, each index pair does overlap
with (at least) one of the other two. Therefore we have at least two equalities of the form ¢, — k; =
Hi+1)mod3 — k(i+1)m0d3 ort;—1; = Ki+1)mod3 — l(i+1)mod3 fori=1,2,3. Hence t; and #3 are immediately
determined by some linear combination of # = | and the ks or [/s. Therefore the triple sum Z;’] D=l
is, if we only count terms where the covariance is non-zero, in fact a simple sum 7, and so only has

a contribution of order n. Now we have to determine the order of the products £ (H? 1 ZlL ke Z2 el )
If we only have a single power then, by (29), this gives us

E(ZlLtl Z3 z,) & = o(l).

15



Since @ > 2, powers of order two converge to a constant,
2
E ((zf,l WZait) ) - Var(Zin)*.
An application of Karamata’s theorem yields that
L L\ 6 -2
E ((Zl,t,-—k,-zz,z,-—zi) ) ~ @y (np)

Using the above facts, it is easy to see that

l_[Zu v/ Z,J O (aS,(np) ). (30)

Thus we have, using (29) and (30), for the expectation in (28) that

3 3
[l_[ ZlLt, ki 2t, i é: )J :Z(_l)k Z
k=0 JC(1,2,3},|J|=k

i=1

2|41
th, —k; 2t, ,)
€{1,2,3}\

2 6
_Al6 2 Gnp  Gnp
‘0(“’”’(’”’ S P (np)ﬁ]

=0 (asp(np)_z).

L
1 ti—k; Zz,t,«—l,-

order terms, and that the leading term is of order anp(np) 2. With this observation we can finally
conclude for (28) that

B2 S % S e

np 1,0,13= 1k1k2k3lllzl3[

64 p 64 (p?
_ 0(63 Z nanp(np) )— —30(— — 0,

Anp n

The last calculation shows that the expectation in (28) is equal to £ (Hl 1 ) plus lower

3
1_[ ZlLt —k; 2t -1 é:n))

i=1

which goes to zero by assumption. This completes the proof for a € [2, 3).
The method to deal with @ € [3, 4) is similar to the one before and thus only described briefly. We
use Markov’s inequality with power four to obtain that the term in (25) is bounded by

26546 p: Zn: Z Z n(ck/cl)E(n R fn)) (3D

Wnp 11 1ot3ta=1 ki dea ks ks Lo laola j=1
Observe that the expectation in (31) is only non-zero if either

(i) all index pairs {(t; — k;, t; — [;)}i=12,3,4 overlap, or
(if) there exist exactly two sets of overlapping index pairs, such that no index pair from one set
overlaps with an index pair from the other set. We call these two sets disjoint.

Case (1) is similar to the previous case, so that one can see that

4

a,
n bk e )| = ((E((ZILI)4))2):0[(HP;2),

i=1
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and that the contribution of 3" _
1,82,13,14=
order

6 ad
256 7 o, b ) 256, (01)
e 48 (np)2 et n

App
Thus, we only have to determine the contribution in case (ii). Since the two sets of overlapping index
pairs are disjoint, we obtain that

4
[l_l 1ti—k; 2,, I; fn)]— ((ZlLlZle_frzz)z)z'

i=1

| is of order n. Therefore, in this case, the term in (31) is of the

Since a > 2 this converges to a constant. In contrast to case (i), the contribution of Z;’l iotas=1 18 OF
order n?. This is due to the fact that the two sets of overlapping index pairs are disjoint, hence only
two out of the four indices ¢, ..., #4 are given by linear combinations of the other two and the ks and
I s. Therefore (31) is of the order
256 p°
0P (nz)

— 0.
et aﬁp
The convergence to zero is justified by
6
PT 02 = p28la p6—8/a L(np)—s < O(nZ—S/a/+,B(6—8/a) L(nﬁ+1)—8) -0,
Anp

3.3. Extremes on the diagonal

In this section we analyze the extremes of the diagonal entries of XX’ , which are partial sums of
squares of linear processes. To this end, we start with two auxiliary results. While Lemma 3.1 is only
valid for @ < 2, Lemma 3.2 covers the case where 2 < @ < 4. Subsequently, these two lemmas help us
to establish a general limit theorem for the diagonal entries of XX” for 0 < & < 4 in Proposition 3.5,
the major result of this section.

Lemma 3.1. Let (Z,) be an iid sequence such that nP(|Z,| > a,x) — x ¢ with a € (0,2). For any
sequence (c;) satisfying (5) we have, if p and n go to infinity, that

pP{Z > 37> a x] - (/Z Cﬁ]g ol

t=1 j=—oco

Proof. Fix some x > 0. Observe that Proposition 3.1 and (19) imply for n — oo that pP(}.}, 7?

a%px) — x~%/2. We begin by showing the claim for a linear process of finite order. For any 1 > 0 we
have
2 2 2
[ Sa3a-5 3z, >anpn]sp[z 3 7 >an,,,7] o
j=—m t=1 j=—m -m  t=1-j
Consequently,

. 252 2 | _ —an 2
r}LngopP[Z Z iz ;> anpx] =x¢ [Z ch . (32)

t=1 j=—m j=—m
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This and the positivity of the summands implies

lirrlriglpr[Z Z 222 >a? x] > x "/z[i c?]z. (33)

t=1 j=—c0 Jj=—00

Thus it is only left to show that the limsup is bounded by the right hand side of (33). Using Markov’s
inequality yields

P[i i Az >l x] < Z pnP (322 > a2,x) + i 2 E(221 2212Sa%px}).

=1 j:_oo ]— j:—oo

Since E (Zfl {leg,}) is a regularly varying function with index a/2 — 1 we obtain, by Potter’s bound,
Karamata’s Theorem and (5), that, for some constant C; > 0,

2
(7 & E(ZNzci0) pn
Zi1, 00 )=—' '
{c 4 <a,, x} 2
' * E(Zl I{ZIZSa’wa}) anp
2

SCI%(%‘ )

Likewise, pnP(an[%ZI2 > -) is a regularly varying function with index «/2, thus we obtain, by the same

arguments as before, that

) L E(Z e )
n

apx

l1-a/2+(a/2-6/2) 1 a2 _ = Cx a/2|c |(5
J

pnP (C?le > a%px) < sz_“/2|cj|5.
With C = Cy + C; this therefore implies

hmsuppP[Z Z 3Z,2] > a; x] <C Z lejPPx~e1, (34)

n—oo =1 j=——oo [t

Hence, by (32) and (34), we finally have, for some € € (0, 1), that

hmsuppP[ZZ 2Z >a x]<l1msuppP(ZZ 5lej>(1—26)a ]

n—oo n—oo

t=1 j=—o0 t=1 j=—m
n —-m—1
+11msuppP[Z Z chtzj > ea, x] +11msuppP[Z Z ;> €a, x]
n—eo t=1 j=m+1 n—=eo t=1 j=-o0
m 3 -m—1
<x | —26)—“/2[2 c§J +Ce? Z e, + Ce? Z e’ |. (35)
j=—m Jj=m+1

Assumption (5) shows that the last two terms in (35) vanish for m — oo. Letting € — 0 thereafter
completes the proof. O

For 2 < @ < 4 and m-dependence, we state the upcoming lemma.
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Lemma 3.2. Assume that there exists an m € N such that ¢; = 0 if |j| > m. Then we have, for
2 < a < 4 and p,n going to infinity, that

<

[

D (S o) ™ D & e (36)

i=1 i=1

Proof. Note that we replace px o by px in the following to simplify the notation. For any iid sequence
(Z;) with tail index 2 < a@ < 4 we have that

n
pP ZZ,Z —nuz > a%px) — x72 (37)
1=1

where uz = EZ%. Indeed, [25], and in greater generality also [18], show that, for any x > 0,

P( ’;IZ —n,uz>a2 )

-1 (38)
nP (le — Uz > aﬁpx)

With P (212 — Uz > a%px) ~ P(Z2 > asz) ~ p~'x™¥/2 the result follows. Note that (38) also holds

for @ = 2 if EZ?| < oo. In case EZ?, = oo (which can only happen if @ = 2), one has to replace
Hz by the sequence of truncated means yu! = E (2121 1 2, gaﬁp})- For notational simplicity, we exclude
infinite variance case in the following. It is treated analogously to the finite variance case, except that

everywhere uz has to be replaced by 1, ux by py = >« ci,u}, and finally ux, by gy . = Xji<m c]%,ug.
By the stationarity of the Z’s we have that

[Z Z(Z“ Mz) = Z Z 2(21, j—HZ) >anpn]

j=—m t=1 j=—m

m J
< P(Z c? Z Zit > aﬁpn] - 0.
j=—m  t=1-j
Hence, using (37), this yields

al2

pP{Z Z c; (Z“ j - uz) > a,zlpx] — x? i c? . 39)

=1 j=-m J=—m
This immediately implies that

(o)

P
€ 2 Z _
Z a”P( =1 Zjem /(ZH /_/“‘Z)) 2/0‘2 § /

i=1 i=1

zr/2.

Thus it is only left to show that, for any continuous f : R, — R, with compact support,

A0 Do{ A R Y 3 P Y

i=1 =1 t=1 j=-m
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For convenience, we define f(x) = 0 if x < 0. Clearly, we have that

ZX — npuy - Z Z A2 - nz) <2Z Z lejed

t=1 j=—m Jj=—mk=j+1

Zztt tht k| -

Hence, it suffices to show that

pmax ZZ,, iZig—k| — 0
I<i<p e

foreach fixed j € {-m,...,m—1},k e {j+1,...,m}and s € {0, ..., k—j}, where J; := s+ (k— j+1)Ny.
Note that (Z;;—;Z;;—)rey, is a sequence of iid random variables with mean zero. Therefore we have,
by Markov’s inequality,

tely tely

2
P 11’22); ZZIZ jle k > anpn\] <pP[Zzl,l—jzl,l—k > anpn]

< s D VarZ - Z1m1)
np telJg

(EZ 1)
np

pn —4/a -
ZO(E) = 0((pn)1 4/ L(pn) 4) -0

since a < 4. O

Now we prove the major result of this section, that is, the point process convergence of the diago-
nal elements of the sample covariance XXT (or its centered version). This indirectly characterizes the
extremal behavior of the k-largest diagonal entries of XX . Note that Proposition 3.5 holds for any
0 < B < o in (10) independently of @ € (0, 4).

Proposition 3.5. Let 0 < a < 4 and suppose that (10) holds for some 3 > 0. Then we have that

<

(o)

Z Canp (T Xmmxa) Zer,‘”"z/_,mcﬁ (40)

i=1 i=1
with ux o and (I';) as given in (7) and (11), respectively.

Proof. For notational simplicity we assume without loss of generality that X;, = Z;’;O ¢iZis—j, and
write uy = px,. The extension to the non-causal case is obvious.
We begin with the case of 0 < @ < 2. First we prove the claim for finite linear processes Xj;,, =

’j" 0 CjZi;—j. From Lemma 3.1 we already have that

P D ©
€ > 272 €2 . 41
Z Anp Z;l:l 70 _]th—j n—oo 4 F, o J= Oci ( )

i=1 i=1
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Thus it is only left to show that all terms involving cross products are negligible. By [28, Theorem
4.2] it suffices to show, for any n > 0, that

(3o 3 505,

=1 j=0

n—oo

lim P[

]:0 (42)

for any continuous function f : Ry — R, with compact support supp(f) C [c, ] and ¢ > 0. Choose
some 0 <y < cand let K = [c¢ — 7y, oo]. On the set

m

- _ 272 2

- 1r1<1ax Z it,m ZZC/Z”—] Sanpy
i<p =1 j=0

the following is true: if a,;[% 1 Z;":O c?ZiZJ_ X K, then the absolute difference in (42) is zero, else it
is bounded by the modulus of continuity w(y) = sup{|f(x) — f(»)| : |x—y| < y}. Hence, the probability
in (42) is bounded by

p
Pl Seisse 0, 0> 1) P (82)).
i=1

By (41), the first summand converges to

P ((1)(')/) Z 627]7_1:0 C?F?z/“(K) > T]) .
i=1

Since )7, Esm 2p-2/e (K) < o0 and w(y) — 0 as y — 0, this probability approaches zero as y tends to
j=0 €t

zero. To show that

m-1 m
P((a1)) < P[zz D |Cjck|maXZ|Zn Zis—il > an,,y] — 0 (43)

Jj=0 k=j+1

we use the following observation for fixed j € {0,. —1}and k € {j + 1,...,m}: the product
Z;+—iZi—« has, because of independence, tail index «, and Zir-jZis—k and Z; s_;Z; i are independent
if and only if |s — #| # k — j. Thus, we partition the natural numbers N into k — j + 1 pairwise disjoint
sets s + (k— j+ 1)Ng, s € {0,...,k — j}. Then we have, by Proposition 3.2 and the independence of
the summands, that
- P
dyp Max Z 1Zi i Zi 1| fvd 0,

P 1<isp .
tes+(k—j+1)Ng

for each s € {0,...,k — j}. Since j, k only vary over finite sets this implies (43). Therefore we have
shown (40) for a finite order moving average X .
Now we let m go to infinity. Clearly, we have that

[ [0

D
€2 ) — €2 2. 44
Z Fl ‘ jOCj m—oo & F: (YZ] OC/ ( )

i=1 i=1
Thus, by [11, Theorem 3.2], it is only left to show that

P n
lim limsupP(Z f(a;jzxi%) ( Z ,tm)
i=1

n—oo =1

] 0. (45)
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By repeating the previous arguments, it suffices to show

hf,iscgpp npglax2| ltm|>y]<hmsuppP( an|X 1tm|>y -0,
=1
as m — oo. Clearly, we have that
X2 X%tm = Z Zzlzt i +2 Z c]ckZ” ]th K+ Z Z C]Ckzlt ]Z” k- (46)
Jj=m+1 Jj=m+1 k=0 Jj=m+1 k= m+1

For the first summand on the right hand side of equation (46) we have, by Lemma 3.1, that
o a/2
pP[Z Z ZZ%t ] ip]n:;o [ Z C?] 77—(1/2 W:))OO
t=1 j=m+1 Jj=m+1

Using Lemma 3.1 and the elementary inequality 2|ab| < a® + b*, we obtain for the second term in
equation (46) that

pP[ZZ Z ZlCJCan 7211kl >Uanp]SPP[Z Z Z'Cfck|zlt i~ 3 ]

t=1 j=m+1 k=0 t=1 j=m+1 k=0

m /2 o a/2
+PP[Z Z Z |Cjck|Z1t 0> a ] N 22—0/2 [Z |Ck|] [ Z |Cj|) |
k=0

t=1 j=m+1 k=0 Jj=m+1

and since Z‘;":O |cj| < oo, this term converges to zero as m — oo. The third term in equation (46) can
be handled similarly. Thus the proof is complete for 0 < a < 2.
For 2 < @ < 4, Lemma 3.2 gives us the result for a finite moving average. Thus it is only left to

show that to show that
n
Z( ’uX) l’lP Z( it,m #XM) ) = 0
=1

p
lim limsup P fla;?
m—eo .o (; ( np
for any continuous f with compact support and v > 0. By the arguments given before it suffices to
show that

lim lim sup pP[ > a, py] 0.

m—=0  p—co

DX = X1, = (ax = )
t=1

Clearly, we have that

n
P( DG = X3, = ax = )| > a,%,,y]
t=1
<pP( Z CkZ(Z” « — Mz) >anp3]
k=m+1 =1
(o) m
Y
+pP(2 Z chc,ZZ“ kZ“ 1l > aﬁp?’}
k=m+1 [=0 =1
+pP(2 Z Z ckchZl, kZ“ 1 anp3]
k=m+1 l=k+1 t=1
=I+II+1II
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We will show in turn that I I, Il — 0. We begin with I. Clearly, there either exist a ¢ and a k such
that |cxZ1 sk > appl, or |cxZi s—k < ayp| for all ¢, k. This simple fact and Chebyshev’s inequality yield

_pP[ Z CkZ(th k — Uz) >anp3]
k=m+1 =1
< Z pnP(erZy - >anp|)+ Z Ckzzlt k- HlewZn -4l anp)
k=m+1 k=m+1 t=
+ plico =L +L+1
p {Zk=m+l Can(lel1“”kzl.t—k‘>“"P))>a%P%] ! 2 3

For the first term we have by Karamata’s theorem that

lim limsupI; = 11 Z c; =0.

m—oo .o

Another application of Karamata’s theorem shows that

2
a
2 2—-1"1np
E(Z3 Viozs, avany) ~ leal”! P

therefore ’
P yeo a/2+l >p y
lim { k=m+1 € 3 ]

n—oo 13

=1.

However, pl{zk © o pE) = 0 for n sufficiently large, since p = p, — oo and

(o)

S o

k=m+1

As a consequence, I3 — 0. Regarding I, observe that the covariance in

= yab Z Z cici ZZCOV Lz sisans Zt o Mz, o <an)
k=m+1k'=m+

t=1 v'=1
is zero if t —k # ¢ — k’. In the case of equality, r — k = ¥ — k/, we have that

n

n
2 2
Z Z Cov (Zl,t—k1{|CkZl,r—k|§anp}’ Zl,t’—k’ 1{|Ci,Zl,t'—k’ ‘Sanp})
t=1 =1

n
_ 2
= Z Var (Z] ,_ diie,zi,sizam M2, o o1<an)

t=1

<nE (Z},_ Viminicrcy 1211 1lany))

Using Karamata’s theorem and Potter’s bound we obtain that there exists a C > 0 and an € > 0 such

that o
T E(Z ) Niminteuce 1z, wisan) < C minfcx, e}
np

For m sufficiently large the coefficients become smaller than one, thus

a/d—e—1

min{Ck, ck/}a/4—6—l < C(I/4 €— ICZ//4 €— 1
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All in all we obtain

2
3C N _
lim limsupl, < — lim ( Z C/i+a/4 e] 0.

m—-0oo — m—-0oo
n—eo Y k=m+1

since Y~ ¢k < co. For the second term observe that it follows, using Chebyshev’s inequality, EZ;; =
0 and the independence of the Z’s, that
2 7Y
> anp 5}

i Zmlckclznlzl,t—kzl,t—l
i ickcIZZl, k21— 1]

k=m+1 [=0 t=1
=0 =1

n
=—— Z Z ckCrcicy Z E(Zi 1-1kZ) —1Z1p 10 Z1 y-1r)
Y lnp 1St (=0 =1
6 = 2
S—% Z Z cirepcicynkE (lel)
Y lnp 1St (=0

o 20 m \2

pn
k=m+1 1=0 np

since 2 < a < 4. The remaining term III can be dealt with similarly to the previous term II. Hence the

proof is complete. O

3.4. Proofs of Theorem 1 and Theorem 2

In this section we use the foregoing results from Section 3.1, Section 3.2 and Section 3.3 to
complete the proofs of Theorem 1 and Theorem 2.

Proof of Theorem 1. Denote by S = (XX = 1 X,fl the diagonal entries of XX'. Recall that
A1) > ... > Ap) are the upper order statistics of the eigenvalues of XX —nuy oI, with ,uxa as given in
(7). Similarly we denote by S (1) > ... > § ;) the upper order statistics of Sy —nux,, = Zt | Xi —npx .

Weyl’s Inequality, cf. [10, Corollary II1.2.6], and Proposition 3.4 imply that

-2 -2 ) T P
—_ = —_ < —
Ay, g]?sxp [ =S Wl Ay, lrg];dsxp [ — Si| < Ay “XX D”2 n—>oo 0, “7n

where D = diag(XX"). From Proposition 3.5 we have

p p
No= ) esimmn = 0 Cazsey 2 N- (48)

i=1 i=1

2
np anp
for a nonnegative continuous function f with compact support supp(f) C [c, o], for some ¢ > 0.
For convenience we set f(x) = 0if x < 0. Since N((c/2,0]) < co almost surely, we can choose

Thus, by [28, Theorem 4.2], it suffices to show that

p
m@m—mmbmsﬁz >ﬂ_w
1
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some i € N large enough such that the probability P(N((c/2,]) = i) < /2. By (48), it follows
that P(a, S(,) > ¢/2) = P(N,z((c/2 ]) > i) = P(N((c/2,o0]) > i) and thus, for n large enough,
P(a;, S(l) >c/2) <. Consequently, by (47), it follows that P(a;, /1(,) > ¢) < 26. Since a;, S(i) <c/2
and a;, /l(,) < c imply that both f(a,, M(k)) =0and f(anp/l(k)) = O for all k > i, we obtain

S (S0 ﬂ(j)) S (S (j)) (/lm
{21: (anp) (“%p T Spjz:;f%_f@

>n,a, S(,) > 2]

)4
S A -
P[Zf T’)—f( LA > na2se < 2 a2l > ¢
=11 \Anp np
P
N0 A¢)
P[Zf = -f = |[> e S(z)<2, apadipy < €
= np np

i—1 ) .
S36+P[Z f(%)—f(%] >

=1 np np

)

which becomes arbitrarily small due to equation (47) and the fact that f is uniformly continuous. O

In the case when the entries of X are iid and have tail index o < 2, we can refine our techniques to
weaken the assumptions on the growth of p = p,, cf. Theorem 2.

Proof of Theorem 2. By assumption X = (Z;). First we consider the case (i) and assume that ¥ > 1.
We will show that, for any fixed positive integer k,

A
Py, (49)
S(k) n—oo
Equations (20) and (49) then imply
S A Al S
Qup  Gnp Sw| an, n—e

and hence N, — N as in the proof of Theorem 1. Define M; = max;<<, Xl.zt and denote by My >
. = My the upper order statistics of M, ..., M,. Observe that the continuous mapping theorem
applied to (20) and (21) yields, for any fixed k,

S P X2 p
® Py and XNl P, 1.

because « > 1. Now we start showing (49) by induction. For k£ = 1 we have, on the one hand, that

T 2
Ay XXl 065 Xl Xl Moy p

= < < = — 1.
S S S S My Sy noe
Let us denote by ey, ..., e, the standard Euclidean orthonormal basis in R” and by i; the (random)
index that satisfies S; = S(;). Then we have, on the other hand, by the Minimax Principle [10,

Corollary II1.1.2], that

gy MaXier <v, XXTV> g <€i,,XXT6’i1> Si
S a Sy B S S
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This shows (49) for k = 1. To keep the notation simple, we describe the induction step only for k = 2.
The arguments for the general case are exactly the same. Denote by i, the random index such that
S, =S@. Let X® be the (p — 1) X n matrix which is obtained from removing row i; from X,, and
denote by o(1) the largest eigenvalue of XD(X@)T, Since we have already shown the claim for the
largest eigenvalue, it follows that o(1)/S 2y — 1 in probability. By the Cauchy Interlacing Theorem
[10, Corollary III.1.5] this implies A(2)/S 2) < 0(1)/S2) — 1. Another application of the Minimax
Principle yields

Ao = max minv'XX'v> min v XX'v
MCcCRP  veM vespan{e; ,eiy }
d1m(M):2 HVH=1 ||V||_
= 29 28 o) + 21 (XX ;i
_mr?zlzn Wy + )" (1S 1y + 138 @ + 2p1p2(XX iy ).

Since, by Proposition 3.2 and equation (20),

2M|/12 T
2 (XX T

-2
Ay MaXi<i<j<p 2y [ ZitZ il P

S @58 ) n—eo

uniformly in i, u» € R, an application of the the continuous mapping theorem finally yields that
A2)/S@2 = 1+ op(1), where op(1) — 0 in probability as n — oco. Thus the proof for x > 1 is
complete. Now let « € (0, 1). Since X"X and XX have the same non-trivial eigenvalues, we consider
the transpose X' of X. This inverts the roles of p and n. Therefore, using Potter’s bounds and 1/« > 1,
the result follows from the same arguments as before. Note that we are in a special case of Theorem 1
ifk =0.

In case (ii) we have that n ~ (1/clog(p/C))"/¥ is a slowly varying function in p, thus an application
of Theorem 2 (i) to X" gives the result. O

3.5. Proof of Theorem 3

As we shall see, the proof of Theorem 3 will more or less follow the same lines of argument as
given for Theorem 1. We focus on the setting of Theorem 3 (i) here and mention (ii) and (iii) later.
The next result is a generalization of Proposition 3.5 allowing for random coefficients.

Proposition 3.6. Define X = (X;,) with X;; satisfying (13) and (14). Suppose (10) holds for some
B > 0. If (6;) is a stationary ergodic sequence, then, conditionally on (6;) as well as unconditionally,
we have

p o0
D
— > € a2\2le (50)

; anp(Zr 1 It ~Nxa) n— o0 ; F;z/”(Elz“;":_w C?(gl) /2)
with px o and (I';) as given in (7) and (11).
Proof. We prove the cases 0 < @ < 2 and 2 < « < 4 separately.

Let 0 < @ < 2. We first prove that, conditionally on (6;),
)4 0
D
Z Ea’ 2(0[)22 b (51)

- -2/a 2 “/2)
o b= nveo L r (E'Z 2(00)|

by showing a.s. convergence of the Laplace functionals. By arguments from the proof of [36, Proposi-
tion 3.17] it suffices to show (15) only for a countable subset of the space of all nonnegative continuous
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functions with compact support. Thus we fix one nonnegative continuous function f with compact
support supp(f) C [c, o], ¢ > 0. Conditionally on the process (6,,), the points of the point process are
independent, and thus

E( Ly flany 3, 2656002, /)|(9 ) ﬁ(l _ _f(l —f(x))pp[ 222 2(9)2“ i edx‘H]}

i=1

_ ﬁ( _ _B,,,) (52)

=

where B; , = f (1-¢/ (x))pP(a;I% —1 2 c?(@,-)Zf ) € dx|6;). First assume

1
- Y B, =5 B:= f (1 — e @)y(dx) (53)
p e} n—oo

. . a/2
with v given by v((x, o0]) := x™*?E |Zj c§(91)| , and

F 2, 20 (54

Both claims will be justified later. By assumption (13), we have, using Lemma 3.1, almost surely

l,,_pp[ "PZZ~ZZ%IJ>C],H_;C&/2 &

J
and hence there exists a C > 0 such that B;, < C for all i, p € N a.s. The elementary inequality

al2

—x —x2
eTx <1 —-x<e*Vxe[0,1], equivalently e~ < (1 —x)e* < 1 Vx € [0, 1], implies together with
(54), for some c; > 0, that

B2
B:

14 B i 14
1> ]_[ (1 - ﬂ)ep ]_[
i=1 p

i=1

b 'I’ —1
a.s.
pB,p>| |€ pzpC>ep Z11 1p_>1
l_

n—oo

As a consequence we have that the product in (52) is asymptotically equivalent to
P 1 1 yp
I_I o 7Bir = o 5 LBy &5 B _ - f (l—e’f()‘))v(dx)’

where the convergence follows from (53). This implies the almost sure convergence of the conditional
Laplace functionals, therefore (51) holds conditionally on (6;). Using (13) one shows similarly as in
the proof of Proposition 3.5, conditionally on (6;), that (51) implies (50). Taking the expectation yields
that (50) also holds unconditionally.

Proof of (53) and (54). As a function in x, pP(};_, Z1 > a x) is decreasing and converges
pointwise to the continuous function x™*/2 as n — co. Therefore thls convergence is uniform on
compact intervals of the form [xo, o] with xo > 0. Now fix x > 0 and let d; = }; c?(@,-). Since

di<d=3%; E; <ooforallieN, j > % > 01is bounded from below, and thus

pP [Z 7z > a |d) _“/Zd?/z

250. (55)

n—oo

sup
ieN
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Since (d;) is an instantaneous function of the ergodic sequence (6;), it is also ergodic and thus

1 <&
- Zd;’/z L5 Eldy 2 (56)
p P n—oo

As a consequence of (55) and (56) we obtain

a.s.
— 0.
— 00

x _
(Z z, > anpzi|di] — X2 E)d,|*/? ;

Then it is straightforward to show, as in the proof of Lemma 3.1, using (13), that

_ZPP{ZZCJ(Q )th P> anpx|9] —'> x_“/2E|d |a/2

The vague convergence of above sequence of measures implies p~! Zf: | Bip — B almost surely. In
exactly the same way one can show that p~! Zf:] Bip converges, thus p~2 Zle Bip — 0 a.s., which
establishes (53) and (54) as claimed.

Let 2 < @ < 4. As before one can show, for any m < oo, that

as.  _
_ZPP[Z Z CJ(Q )( ii—j —uz) > a%px‘ei] n—>_o)o X 0/2E|dq"|a/2’

t=1 j=—m

where d{' = Z’J”__m J(6’1) Hence, an adaptation of the proof of Lemma 3.2 yields, for the truncated
process

m m

2 2
Xitm = Z Cilip—ks  Mxm = EXYy, = Z Cikz,

k=—m j=—m
that, conditionally on the sequence (6;),

[

St o 3,
anP( =1 lrm n/le ,._2/“ E‘Zm —m 3(‘91)

i=1 i=1 =

<

o /2)2/{1. (57)

It is only left to show that this result extends to the more general setting where m = co. By Proposi-
tion 3.5 it suffices to show that

14 n
lim lim sup Z P [ Xlzt
m—o0 P p
To proof this claim, follow the string of arguments of Proposition 3.5 and make use of the fact that

l[m (IJX IJX m)) > a

n—0oo

p

Z cj(6)

i=1

SpEj.
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Proof of Theorem 3. Proof of (i). If we condition on (6;), the proofs of Propositions 3.3 and 3.4
easily carry over to this more general setting when we make use of assumption (13). Taking the
expectation then yields convergence in operator norm unconditionally. A combination of this together
with Proposition 3.6 completes the proof.

Proof of (ii). Note that (56) is the only step in the proof of Proposition 3.6 where we use the
ergodicity of the sequence (6;). But also if (6;) is just stationary, the ergodic theorem implies that the
average in (56) converges to the random variable ¥ = E (ld & 2IQ), where G is the invariant o-field
generated by (6;). By construction, Y depends on a and c;(-), but it is independent of (I';), since (6;) is
independent of (Z;).

Proof of (iii). In this setting (6;) is a Markov chain which may not be stationary. But since we
derive all results in the proof of Theorem 3 (i) conditionally on (6;) and then take the expectation,
stationarity is in fact not needed. The theory on Markov chains, see [32], in particular their Theorem
17.1.7 for Markov chains on uncountable state spaces, shows that (56) holds if the expectation is taken
with respect to the stationary distribution of the Markov chain. O
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