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1 Introduction

Cosmos, from the greek “κóσµoς”, has the etymological meaning of order but also jewel. It
is the perfect word for physicists to name the universe. We want to believe that the physical
cosmos is comprehensible. That it has regular structures and principles that we can observe,
model and, in our own limitations, comprehend. We call this process understanding.

Particle physics aims to understand physical phenomena at microscopic distances. So far,
the field has been most successful in combining experimental observations with appropriate
mathematical descriptions that lead to discoveries shaping the way we perceive our physical
cosmos. Quantum mechanics is arguably the most prominent discovery. Together with the
principles of special relativity it builds today’s particle physics language, quantum field theory
(QFT), which provides a common theoretical framework within which we find accurate de-
scriptions of physics in vastly separated length scales or, equivalently, energy scales: from the
scale of atoms, 10−10 meters, down to the scale probed currently in the Large Hadron Collider
(LHC) experiments, 10−20 meters.

The standard model of particle physics (SM) is the most successful description of the prop-
erties of observed particles. It provides a unified description of the strong and electroweak
interactions and predicted the existence of a new scalar particle, the Higgs boson. In July
2012, the ATLAS and CMS collaborations at the LHC announced the observation of a 126-
GeV heavy particle with the properties of the SM Higgs boson [1, 2]. The last missing part of
the SM seems to have been found - a triumph for the LHC program and a turning point for
the field of particle physics.

LHC was expected to discover some new dynamics at the TeV scale responsible for unitarising
weak-boson scattering. The observation of a Higgs boson basically established that this is
realised through a weakly-coupled scalar. This may be just the SM Higgs, in which case a lot
of questions are left unanswered, as we know from observations that physics beyond the SM
exists: The SM has massless neutrinos contradicting experimental evidence for neutrino masses
from neutrino oscillations. It does not have a viable candidate for dark matter, whose existence
we infer from its gravitational effects on luminous matter. It does not have enough sources of
CP violation to explain the observed ratio of abundances of matter and antimatter. It predicts
a vacuum energy density 120 times larger than observed. These are all phenomenological
reasons for the existence of new physics (NP), but not necessarily for NP at the TeV scale.

There are also more theoretical, and as such more debatable, reasons to go beyond the SM.
We single out two: the flavour puzzle and the hierarchy problem.

In the SM, the Higgs boson couples to the fermions through Yukawa interactions. Their
strength controls the low-energy fermion masses and the mixings between different generations.
The SM merely provides a parametric description of these masses and mixings, which is deemed
unsatisfactory due to the vast hierarchies present in the mass spectrum, e.g. the top-quark
Yukawa coupling is of O(1), while the electron Yukawa coupling is of O(10−6). This is the
so called flavour puzzle. In particle physics, we often understand regular structures and large
hierarchies using symmetries. For instance, we observe a hierarchy in the low-energy spectrum
of quantum chromo dynamics (QCD), where pions are much lighter than all other resonances.
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We have a dynamical explanation for this hierarchy: the spontaneous breaking of a global
symmetry in the fundamental QCD Lagrangian. The hope is that also the flavour puzzle has
a dynamical explanation that answers why fermions come in three generations. However, the
energy scale of this new flavour dynamics is unknown.

The hierarchy problem is related to the Higgs particle, which has a singular role in the SM,
because it is the one fundamental scalar particle of the theory. The presence of NP at some
scale Λ associated with particles that interact with the Higgs has a striking consequence. The
Higgs mass receives corrections proportional to Λ, i.e. its mass is dictated by the high scale,
which renders the observation of a light Higgs unnatural. Fermions and gauge bosons are
fundamentally different in this respect. Chiral and gauge symmetries, respectively, protect
their masses. Whether Λ is the Planck scale, where gravitational interactions become large, or
some other NP scale is not important for the argument. This naturalness issue of the SM is
referred to as the hierarchy problem. Its most popular solution is to introduce low-scale super-
symmetry to relate bosons to fermions and therefore scalars to fermions. The chiral-symmetry
protection of the fermions transmits itself to the scalars and stabilises their mass under radia-
tive corrections. Alternatively, the notion of a fundamental scalar is abandoned, replaced by
a composite particel held together by new strong interactions. The same interactions account
for electroweak symmetry breaking and are therefore expected to be detectable at the LHC.
Taking the naturalness problem of the SM seriously implies NP close to the TeV scale.

The search for physics beyond the SM is pursued in two complementary approaches. In the
high-energy frontier the new degrees of freedom are directly produced in high-energy collisions
of SM particles. In the intensity frontier low-energy properties of SM particles are investigated
that are indirectly sensitive to heavy degrees of freedom via radiative corrections. The absence
of clear deviations from the SM in both direct and indirect searches means that an extension
of the SM is only viable if its low-energy limit is close to the SM. Indirect searches for flavour
violation beyond the SM probe energy scales far beyond those accessible in colliders. For this
reason, flavour physics poses the most stringent constraints on extensions of the SM that solve
the hierarchy problem. A phenomenologically viable low-scale extension of the SM needs to
have a flavour sector closely aligned to the SM one. At the same time, in the era of small
SM deviations, accurate SM predictions are imperative to disentangle NP effects from the SM
background.

This is the theoretical perspective of the research presented in this thesis. It is a quest for
flavourful low-scale new physics in the quark sector motivated by the hierarchy and the flavour
problem, which we shall pursue in three parallel approaches:

Low-Scale Flavour Symmetries: Extending the SM gauge symmetries to include gauged flavour
symmetries is a step towards the solution of the flavour puzzle and is not necessarily in-
compatible with a NP scale close to the TeV. New exotic quarks and flavour-gauge bosons
enrich the SM spectrum and provide new sources of flavour and CP violation. The virtue
of these constructions is the small number of new parameters and, thus, their predictivity.
We investigate the predictions of a minimal construction on low-energy flavour observ-
ables in the bottom and kaon sector, which allow the scenario to be distinguished from
the SM and alternative extensions.

New Strong Interactions in Top Physics: The top sector of the SM is closely linked to Higgs
physics through the large top Yukawa couplings and is one of the least explored sectors of
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the SM. It is currently being probed at the LHC, but the Tevatron experiments may have
already glimpsed the first NP effects in the measurement of a anomalously large asym-
metry in tt̄ pair production. Nevertheless, the absence of further nonstandard signals at
Tevatron and LHC puts strong constraints on extensions of the SM that account for the
tt̄ asymmetry. We construct a renormalisable extension of the SM with new strong QCD-
like interactions and demonstrate that this hypercolour sector naturally accounts for the
measured tt̄ asymmetry without violating present collider and low-energy constraints.

The Bs → µ+µ− Prediction: The first observation of the Bs → µ+µ− decay from LHCb in
2012 was the highlight of the LHC flavour program so far. The good agreement of the
SM prediction with the measured branching ratio marks yet another success for the SM
and forbids large NP effects. The agreement and the prospects of a reduced experimental
error render the improvement of the SM prediction pressing. The two main theoretical
uncertainties in the prediction originate from a non-perturbative hadronic quantity, the
decay constant of the B meson, and a perturbative scheme and scale dependence from,
hitherto, missing electroweak corrections. We compute the full next-to-leading-order elec-
troweak corrections to the Bq → `+`− decays within the SM, eliminating this previously
major source of uncertainty to a large extent and update its SM prediction.

Since the three topics share a common structure we have decided to present them in parallel
and not split, finding this beneficial for the understanding. For each topic we devote a chapter
to each one of the three Parts of this thesis.

In Part I we lay out the foundations for the research. We present the gauged-flavour and
hypercolour extensions of the SM, analyse the underlying theoretical motivation concentrating
on their key elements. We discuss the current experimental and theoretical status of the
Bq → `+`− decays and the level of improvement we expect from the calculation of the two-
loop electroweak corrections.

In Part II we build on the foundations of Part I and look into their theoretical implications
in more detail. We derive the effects of the gauged-flavour model to low-energy flavour ob-
servables. We work within an effective QFT, so some results are applicable to a larger class
of extensions of the SM. For the hypercolour model we discuss its low-energy spectrum and
the way we imitate QCD to gain insight on the strongly coupled regime of the theory. For
the Bq → `+`− decays we present the computation of the next-to-leading-order electroweak
corrections.

In Part III we apply our results and make contact with experiment. We present an extensive
flavour analysis of the gauge-flavour model, analyse its flavour signatures and identify ways
to distinguish the model from alternative extensions of the SM. In the hypercolour model we
discuss benchmarks and explicitly demonstrate that the model can naturally account for the
measured tt̄ asymmetries without contradicting collider constraints from Tevatron and LHC.
Finally, we update the SM predictions for the Bq → `+`− decays and assess the residual
theoretical uncertainties after the electroweak corrections.

3



Part I

Foundations



Minimal Flavour Violation

The modern way of understanding dynamics at different energy scales is through a tower of
effective theories, in which each theory has a validity range within which it is a good description
of physics. As we increase the scale close to the high-energy validity limit of a given theory,
the effects of new heavy degrees of freedom become important and can be parametrisable by
contributions from nonrenormalisable operators. We can think of the SM as an effective theory,
whose high-energy cutoff scale is yet unknown, but is expected to be close to the TeV scale if
the next theory of the tower addresses the hierarchy problem.

Any such extension of the SM with a NP scale close to the TeV needs to have a very
specific flavour structure to evade the stringent constraints from indirect searches of flavour
and CP violation beyond the SM. Since all flavour and CP violation in the SM is described
by the Yukawa couplings, this means that the effects of a viable low-scale extension of the
SM, which are parametrisable nonrenormalisable operators involving only SM fields, should be
approximately aligned to the SM Yukawas. Minimal Flavour Violation (MFV) [3, 4, 5, 6] is
the effective field theory setup proposing that all flavour and CP violation can be parametrised
entirely by the SM Yukawas, i.e. that the only sources of flavour breaking are the SM Yukawas.
In Refs. [7, 8, 9], this criterion has been rigorously defined in terms of flavour symmetries by
constructing nonrenormalisable operators that fulfil the MFV criterion.

We focus here on the quark sector. In the limit of vanishing Yukawa couplings, the SM quark
Lagrangian is invariant under a global flavour symmetry, which is the product of non-abelian
SU(3) terms,

Gf = SU(3)QL × SU(3)UR × SU(3)DR , (1.1)

and three U(1) factors, that correspond to baryon number, hypercharge and a phase trans-
formation on the right-handed down-type quarks. The SU(2)L-doublet QL and the SU(2)L-
singlets UR and DR transform under Gf as

QL ∼ (3,1,1) , UR ∼ (1,3,1) , DR ∼ (1,1,3) . (1.2)

In order to write the usual SM Yukawa terms

LY = QLYdDRH +QLYuURH̃ + h.c. , (1.3)

where H̃ = iτ2H
∗, manifestly invariant under Gf , the Yukawa couplings are promoted to

dimensionless non-dynamical fields (spurions) with non-trivial transformation properties under
Gf

Yu ∼ (3,3,1) , Yd ∼ (3,1,3) . (1.4)

With the aid of these spurion fields, the SM operator basis can be systematically extended to
include nonrenormalisable operators that are formally invariant under the flavour symmetry
maintaining that the only sources of flavour breaking are the SM Yukawas. Note however,
that MFV is just an ansatz for the flavour structure of unknown physics and not a theory of
flavour.

We shall encounter MFV twice in the current work: In the next chapter, we consider a
model that addresses the flavour puzzle and attempts to provide a dynamical understanding
for MFV. In chapter 3, we will employ the MFV prescription on the hypercolour model to
allow the scale to be as low as the TeV and simultaneously evade flavour constraints.



2 Gauged Flavour Symmetries

The flavour symmetry U(3)QL × U(3)UR × U(3)DR is an approximate symmetry of the SM,
broken by the Yukawa couplings, and is a fundamental element of the MFV prescription. A
step towards a theory for quark masses and mixings is to explore extensions of the SM in which
the flavour symmetry is a “fundamental” symmetry and explore dynamical explanations for
its breaking. Such models have new flavour dynamics and the crucial question is then whether
they can evade the strong constraints from indirect searches of NP but still be discovered at
the LHC. This depends on the explicit construction and the nature of the symmetry.

The flavour symmetry may be part of a global symmetry that is spontaneously broken,
similar to the spontaneous breaking of the SU(2)A axial symmetry in two-flavour QCD. In this
case, the spectrum of the theory is enriched by new massless modes, the Goldstone bosons,
which have not been observed so far. Bounds on the existence of such massless states come
from flavour physics and more importantly from hadron decays and astrophysics. Explicit
sources of symmetry breaking could be introduced to evade such bounds, in which case the
models lose predictivity.

Instead of explicitly breaking the symmetry, we can hide the Goldstone bosons of the global
breaking by promoting the global to a local symmetry. This is a drastic modification of the
theory with interesting phenomenological consequences. There is a new massless bosonic degree
of freedom for each broken generator of the gauge group that is absorbed in the longitudinal
components of the new gauge fields. Thus, the theory has massive gauge bosons that are
charged under flavour and as such mediate flavour-changing-neutral currents (FCNC). For
some time such a construction was considered incompatible with a low NP scale or at least
challenging to achieve without violating the stringent bounds from flavour observables [10]. In
Ref. [11] a general framework was presented that achieved exactly this in a natural way. Before
we introduce it, we first sketch the naive argument against a low-scale flavour symmetry.

In the MFV ansatz the Yukawa interactions can be understood as effective interactions from
nonrenormalisable operators built out of the SM fermion fields, the Higgs boson field and the
flavon fields, ϕ. The flavons ϕ obtain vacuum expectations values that generate together with
the NP scale Λ the Yukawa couplings y. The operators are invariant under the SM gauge
group and suppressed by powers of Λ:

LYukawa ∝ y F̄FH ∝
(ϕ

Λ

)n
F̄FH . (2.1)

This translates to a F -ϕ-F coupling of the strength

(〈ϕ〉
Λ

)n−1 〈H〉
Λ
≡ m

〈ϕ〉 , (2.2)

where m is the mass of the fermion and angle brackets indicate vacuum expectation value of
scalar fields. 〈ϕ〉 controls the strength of the coupling, as opposed Λ. Since the flavon field is
itself a source of flavour-symmetry breaking we expect mϕ ≈ 〈ϕ〉. Integrating out the flavon
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field we obtain flavour-changing four-fermion operators. In the ∆S = 2 sector we have

1

Λ2

〈H〉2
〈ϕ〉2 (s̄Γd) (d̄Γs) . (2.3)

The measured value of εK gives a strong constraint on the coefficient 1
Λ2
〈H〉2
〈ϕ〉2 . 〈ϕ〉 must be

small to reproduce the small down-quark masses via Eq. (2.1). Therefore, the bound forces
the scale of the NP, Λ, to be much larger that the TeV scale, Λ ∼ 103 − 104 TeV.

There is a way to evade this naive estimate against a low-scale flavour symmetry. If the
masses of the fermions were not controlled by positive powers of 〈ϕ〉 as in Eq. (2.1), but
instead by negative powers, Λ could be brought down to the electroweak scale without huge
modifications of flavour observables. In such a setup, the SM fermion masses are inversely
proportional to the masses of the flavon or gauge-boson fields; we obtain an inverted hierarchy
of mass scales. Refs. [12, 13, 14] first presented models with inverted hierarchies, while more
recently the authors of [11] identified a minimal and natural way of implementing the inverted
hierarchy, while gauging the full non-abelian flavour symmetry of the SM quark sector. The
minimality and predictivity of the setup in [11] stirred the interest of the community: In
Ref. [15] the embedding of the gauge flavour symmetry in an SU(5) Grand Unified Theory was
considered. The authors of Ref. [16] implemented the mechanism in the presence of a left-right
symmetry. And in Ref. [17] the case of gauging the U(2) parts of the quark flavour symmetry
was analysed. We focus on the most minimal model of [11], introducing it in the next section
and identifying its predictions and signatures in chapters 5 and 8.

2.1 Maximally Gauged Flavour

The most minimal construction presented in [11] limits itself to the quark sector. The full
non-abelian part of the SM quark-flavour symmetry, namely

Gf = SU(3)QL × SU(3)UR × SU(3)DR , (2.4)

is gauged and the mechanism of inverse hierarchies is implemented. We refer to the construction
as the “Maximally Gauged Flavour” (MGF) model. In Tab. 2.1, we list the matter content
of the MGF model and the transformation properties of the fields under the SM and flavour
symmetries.

Two ingredients are necessary to construct the model:

• cancelling anomalies of the flavour symmetries by introducing exotic quarks that are
vectorlike under the SM gauge symmetries,

• forbidding the traditional Yukawa term Eq. (2.1) by the choice of the flavour charges.

In a gauge theory, quantum corrections respect the symmetries of the classical Lagrangian,
as long as the theory is free of anomalies. Four dimensional theories, are anomaly free as long
as the sum of all one-loop fermionic-triangle diagrams of all gauge-boson three-point functions
cancels. This is always possible if the fermions transform under vectorlike representations of the
gauge symmetries in question. We achieve this by introducing the exotic fields ΨuR , ΨdR , ΨuL

and ΨdL with flipped chirality but with the same transformation properties under the flavour
groups of Gf . The new quark fields are two right-handed SU(3)QL-triplets, one left-handed

7



2.1 The MGF Model Gauged Flavour Symmetries

QL UR DR H ΨuR ΨdR ΨuL ΨdL Yu Yd

SU(3)c 3 3 3 1 3 3 3 3 1 1
SU(2)L 2 1 1 2 1 1 1 1 1 1
U(1)Y +1/6 +2/3 −1/3 +1/2 +2/3 −1/3 +2/3 −1/3 0 0

SU(3)QL 3 1 1 1 3 3 1 1 3 3
SU(3)UR 1 3 1 1 1 1 3 1 3 1
SU(3)DR 1 1 3 1 1 1 1 3 1 3

Table 2.1: The transformation properties of the matter fields under the SM and flavour gauge
symmetries.

SU(3)UR-triplet and one left-handed SU(3)DR-triplet, all of which are singlets under SU(2)L
and triplets of SU(3)c. Requiring also the mixed anomalies to cancel fixes the hypercharges of
the exotics rather uniquely1.

In the spirit of MFV we introduce two flavon fields Yu and Yd that transform as bifunda-
mentals under the flavour symmetry and obtain vevs that break the flavour symmetry. The
difference to MFV is that we choose their flavour charges such that we forbid the standard
Yukawa term in the Lagrangian. This choice is the key point to obtain the mechanism of in-
verted hierarchies discussed above. With this matter content, the most general renormalisable
Lagrangian invariant under the SM and flavour gauge groups splits into three parts

L = Lkin + Lint − V [H,Yu, Yd] . (2.5)

Lkin contains the kinetic terms of all the fields and the couplings of fermions and scalar bosons
to the gauge bosons. The covariant derivative in Lkin accounts for the interactions of the SM
gauge bosons with the fermions as well as the new flavour interactions of the flavour-gauge
bosons with the fermions:

Dµ ⊃
∑

f=Q,U,D

i gf (Af )µ , with (Af )µ ≡
8∑

a=1

(Aaf )µ
λaSU(3)f

2
. (2.6)

{gf} are the three new flavour-gauge coupling constants, Aaf are the flavour-gauge bosons in
the flavour basis and λaSU(3)f

the Gell-Mann matrices. Fermions charged under the flavour

symmetry SU(3)f get contracted with λaSU(3)f
and therefore interact with Aaf . The breaking

of the flavour symmetry gives vevs to Yu and Yd that generate the masses of the flavour-gauge
bosons through the kinetic terms of Yu and Yd.
Lint contains the quark-mass terms and the quark-scalar interactions:

Lint = λuQLH̃ ΨuR + λ′uΨuLYu ΨuR +Mu ΨuLUR

+λdQLH ΨdR + λ′dΨdLYd ΨdR +Md ΨdLDR + h.c. .
(2.7)

Mu,d are universal mass parameters and λ
(′)
u,d are universal coupling constants that can be

chosen real and positive through a redefinition of the fields.

1Ref. [11] briefly discusses an alternative hypercharge assignment.
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The last term in Eq. (2.5) is the scalar potential of the model. It has not been constructed
in Ref. [11] and it is not the aim of the present work to provide it. For a complete perturbative
description of the masses and mixings we would have to specify the potential that spontaneously
breaks both the electroweak and flavour symmetry and minimise it (see Ref. [18] for a recent
analysis). The explicit construction of such a potential is an involved and model-dependent
problem. Nevertheless, as shown in [11], low-scale phenomenology is insensitive to the flavon
sectors. The mechanism of inverse hierarchies suppresses the low-energy effects of dynamical
flavons even more than it suppresses the effects of the flavour-gauge bosons. Therefore, we
assume that the spontaneous breaking of the electroweak symmetry proceeds as in the SM
through the Higgs mechanism and that the spontaneous breaking of the flavour symmetry
drives the flavon fields to develop the vevs

〈Yd〉 = Ŷd and 〈Yu〉 = Ŷu V . (2.8)

Ŷu,d are diagonal 3× 3 matrices and V is a unitary matrix. It is always possible to rotate all
sources of flavour violation into the matrix V of the up-quark sector by appropriate (unphysical)
field rotations of the exotic and SM quark fields. Despite the similarity to the corresponding
MFV relation the matrix V is not the CKM matrix and the vevs 〈Yu,d〉 do not coincide with
the SM Yukawa matrices. The reason is the see-saw mechanism of the model that we discuss
next.

2.2 Composite See-Saw Mechanism

After flavour- and electroweak-symmetry breaking the SM and exotic quarks mix, their mass
matrix is not diagonal. In what follows we focus on the up-quark sector, but analogous formulae
apply to the down-quark sector. From the interactions in Eq. (2.7) we obtain after electroweak-
and flavour-symmetry breaking the mass matrix

Lint ⊃
(
UL
ΨuL

)T ( 0 λu
v√
2
× I

Mu × I λ′u〈Yu〉

)(
UR
ΨuR

)
+ h.c. (2.9)

This is a mass matrix that resembles the see-saw neutrino mass matrix. The one-one entry is
per construction exactly zero due to the charge assignment of Yu and Yd. We diagonalise the
up- and down-type mass matrices by separately rotating the left- and right-handed fields by

(
uiR,L
u′iR,L

)
=

(
cu(R,L)i

−su(R,L)i

su(R,L)i
cu(R,L)i

)(
U iR,L
Ψi
uR,L

)
. (2.10)

ui and u′i denote the mass eigenstates with the masses mi
u and m′iu, respectively and cu(R,L)i

and su(R,L)i
the cosines and sines of the mixing angles in question. The see-saw relation then

reads [19]

muimu′i = Mu λu
v√
2
. (2.11)

In this way, the smallness of the SM masses is “explained” through their mixing with heavy
fermions (see [20] and references therein and the discussion in [21]).

We express the masses in terms of the flavour symmetry breaking parameters

mui =
suRi suLi
c2
uRi
− s2

uLi

λ′u(Ŷu)i , mu′i =
cuRi cuLi
c2
uRi
− s2

uLi

λ′u(Ŷu)i , (2.12)

9
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and obtain the mixings

suLi =

√√√√mui

Mu

∣∣∣∣∣
λu vmu′i −

√
2Mumui√

2
(
m2
u′i −m2

ui

)
∣∣∣∣∣ , suRi =

√√√√mui

λu v

∣∣∣∣∣

√
2Mumu′i − λu vmui

m2
u′i −m2

ui

∣∣∣∣∣ . (2.13)

These results are exact and valid for all quark generations. Taking the limit mu′i � mui , we
find simpler formulae that transparently expose the mechanism of inverted hierarchies. In this
limit

mui ≈
v√
2

λuMu

λ′u (Ŷu)i
, mu′i ≈ λ′u (Ŷu)i , (2.14)

suLi ≈
√
mui

mu′i

λu v√
2Mu

, suRi ≈
√
mui

mu′i

√
2Mu

λu v
, (2.15)

as in the case of the usual see-saw scheme in which (Ŷu)i �Mu , v. These simplified relations
are valid for all quarks, with the exception of the top quark for which the condition mt′ � mt

is not necessarily satisfied in which case Eq. (2.15) receives large corrections.
Eq. (2.14) illustrates the inverted hierarchy of the 〈Y 〉 with respect to the SM Yukawas.

This inverted proportionality is a result of the implemented see-saw mechanism and allows
us to lower the scale of NP without saturating the strong bounds from FCNCs of light-quark
generations. Apart from O(1) couplings two mass parameters, Mu and Md, control the up-
and down-sector separately.

2.3 The Departure from MFV

The presence of new exotic quarks mixing with the SM quarks modifies the couplings of the light
mass eigenstates to the SM gauge and scalar sector with respect to the SM. The modifications
are discussed in [11]. We collect in App. A.1.1 the Feynman rules for all modified interactions
in Rξ = 1 gauge.

Here, we focus on the modifications of the charged current-current interactions with SM and
exotic quarks, since they control the new pattern of flavour violation. The couplings of the Z
and Higgs boson to quarks also change, but they remain flavour diagonal, i.e. only transitions
within a generation of SM and exotic quarks are possible (see App. A.1.1). The case of the W
boson couplings is different. Whereas the unitary CKM matrix describes all flavour violation
in the SM, this is no longer true in the MGF construction.

We adopt a matrix notation and construct a 6× 6 non-unitary matrix from:

• the unitary 3× 3 matrix V of Eq. (2.8) and

• the mixings cuLi , cdLi , suLi and sdLi with (i = 1, 2, 3) introduced in Eq. (2.13).

The non-unitary 6× 6 matrix is a generalised CKM matrix parametrising the flavour violation
between the six up-type and the six down-type quarks. The 3× 3 submatrices

cuL V cdL and suL V sdL (2.16)

describe the charged (W+) current-current interactions within the light and heavy systems,
respectively. The analogous matrices

cuL V sdL and suL V cdL (2.17)

10



2.4 Flavour-gauge Bosons Gauged Flavour Symmetries

describe the charged current-current interactions between light and heavy fermions. In this
notation, cu,dL and su,dL are diagonal matrices with the entries cu,dLi and su,dLi , respectively.

The matrix cuL V cdL is the experimentally measured CKM matrix even though it is not a
unitary matrix. This is one way of understanding why the MGF model goes beyond the original
MFV prescription. The amount of mixing, parametrised by the sines and cosines in Eq. (2.13),
controls the extent of the departure from the unitary CKM picture. In the decoupling limit of
no mixing c(u,d)(L,R)

→ 1 and s(u,d)(L,R)
→ 0 the 6× 6 matrix reduces to

(
V 0

0 0

)
. (2.18)

In this case, the CKM matrix coincides with the unitary matrix V and we recover the SM.
As soon as the mixing is switched on, the CKM is modified to include cu,dL and unitarity is
broken. These deviations from unitarity are quite small (see Sec. 8.2) due to the mechanism of
inverted hierarchies. Moreover, no new CP-violating phases enter the resulting CKM matrix.
At first sight this suggests that the CP-violating observables SψKs and Sψφ should remain
unaffected by the NP. However, this is not the case due to the presence of the exotic fermions
matrix and the flavour-gauge bosons that we discuss in the next Section.

Another consequence of the modification of the CKM matrix is the breaking of the GIM
mechanism if we consider only SM quarks in loop-induced processes. The GIM mechanism
is recovered only after including also the exotic quarks. We explicitly demonstrate this in
Sec. 5.2.

2.4 Flavour-gauge Bosons

The mechanism of inverted hierarchies suppresses large effects from the flavour-gauge bosons.
Nevertheless, if the NP scale is close to the TeV scale and accessible at the LHC also the
lighter flavour-gauge bosons should not be unnaturally heavier that the TeV scale. In this
case, low-energy precision observables, which are very sensitive to tree-level flavour violation,
could be the first to feel the effects of the new flavour sector. This makes the detailed study
of the flavour-gauge-boson sector necessary to understand the phenomenological consequences
and viability of the MGF model.

The few O(1) couplings and the two mass parameters Mu and Md in Eq. (2.7) determine all
masses and couplings of the gauge-boson sector. Once the flavour symmetry is spontaneously
broken the flavons settle to their vevs and their kinetic terms reduce to mass terms for the
flavour-gauge bosons. Similarly to the SM Wµ

1 , Wµ
2 , Wµ

3 and Bµ gauge fields also the fields
Aµf from Eq. (2.6) are not mass eigenstates, but mix with each other.

We use a vector notation and summarise the three types of flavour-gauge bosons, AaQ, AaU ,
and AaD in one flavour eigenstate vector

χ =
(
A1
Q, . . . , A

8
Q, A

1
U , . . . , A

8
U , A

1
D, . . . , A

8
D

)T
. (2.19)

The corresponding term in the Lagrangian reads [19]

Lmass =
1

2
χTM2

A χ , with M2
A =



M2
QQ M2

QU M2
QD

M2
UQ M2

UU 0

M2
DQ 0 M2

DD


 (2.20)
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and

(
M2
QQ

)
ab

=
1

4
g2
Q Tr

[
〈Yu〉

{
λaSU(3), λ

b
SU(3)

}
〈Yu〉† + 〈Yd〉

{
λaSU(3), λ

b
SU(3)

}
〈Yd〉†

]
,

(
M2
UU

)
ab

=
1

4
g2
U Tr

[
〈Yu〉

{
λaSU(3), λ

b
SU(3)

}
〈Yu〉†

]
,

(
M2
DD

)
ab

=
1

4
g2
D Tr

[
〈Yd〉

{
λaSU(3), λ

b
SU(3)

}
〈Yd〉†

]
,

(
M2
QU

)
ab

=
(
M2
UQ

)
ba

= −1

2
gQ gU Tr

[
λaSU(3) 〈Yu〉† λbSU(3) 〈Yu〉

]
,

(
M2
QD

)
ab

=
(
M2
DQ

)
ba

= −1

2
gQ gD Tr

[
λaSU(3) 〈Yd〉† λbSU(3) 〈Yd〉

]
.

(2.21)

The mass matrix MA is specific to the number and transformation properties of the flavon
fields; we restricted ourselves here to the case of two bifundamentals Yu and Yd.

Next, we move to the mass-eigenstate basis

ϕ = (Â1, . . . , Â24)T , (2.22)

where {Âm} are the twenty-four mass eigenstates of the gauge bosons. Flavour basis χ and
mass basis ϕ are connected through the transformation

χ =Wϕ . (2.23)

We obtain W by diagonalising numerically MA such that:

M̂2
A =WTM2

AW , (2.24)

with M̂A the diagonal mass-matrix.
At last, we can calculate the couplings to quarks. We define the notation

UT ≡ (u, c, t, u′, c′, t′) and DT ≡ (d, s, b, d′, s′, b′) (2.25)

such that the couplings of the flavour eigenstates to quarks is given by the Lagrangian terms

L ⊃+ U iγµ(GuL + GuR)ij,mUj · χµm (2.26)

+Diγµ(GdL + GdR)ij,mDj · χµm . (2.27)

m is understood to run from 1 to 24 and the tensors G ≡ G[CL,R, gQ,U,D] can be read off from
the couplings of the flavour eigenstates AQ, AU , and AD to the quarks listed in App. A.1.2.
For instance

(GuL)13,1 =
gQ
2
cuL1 (λ1

SU(3))13 cuL3 and
(
GdR
)

42,18
=
gD
2
sdL1

(λ2
SU(3))12 cdL2

.

The rotation to the mass eigenstates of the heavy gauge bosons redefines the couplings:

L ⊃+ U iγµ(ĜuL + ĜuR)ij,kUj · ϕµk (2.28)

+Diγµ(ĜdL + ĜdR)ij,kDj · ϕµk , (2.29)

where (
ĜαL,R

)
ij,m

=
∑

k

W(ϕm, χk)
(
GαL,R

)
ij,m

, with α = u, d . (2.30)

12



2.4 Flavour-gauge Bosons Gauged Flavour Symmetries

In following chapters we shall either use {i, j} ∈ {1, . . . , 6} or refer directly to the SM or exotic
quark flavour, i.e.

(
ĜuL,R

)
15,m

≡
(
ĜuL,R

)
uc′,m

,
(
ĜdL,R

)
23,m

≡
(
ĜdL,R

)
sb,m

. (2.31)

The existence of flavour-violating gauge bosons in the MGF model is another non-MFV
aspect of the MGF model. In the original MFV, setting the SM Yukawa to zero restores the
complete flavour symmetry and forbids any flavour violation. Here, this is not the case. As
seen from Eq. (2.14) we can set the SM Yukawas to zero without setting the spurion vevs 〈Yu〉
and 〈Yd〉 to zero. In this way, the flavour symmetry remains broken and the gauge bosons still
account for flavour violation even though the SM Yukawas vanish.
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3 New Strong Interactions in Top Physics

The nature of electroweak symmetry breaking is a central question in current particle physics
and is being explored by the LHC experiments. An attractive mechanism to stabilise the Higgs
mass under radiative corrections, is dynamical electroweak symmetry breaking via new strong
interactions. Theories with a low, less than 1 TeV, strong-interaction scale are a particularly
exciting possibility in the LHC era, due to the large number of resonances that may be ex-
perimentally accessible. In view of the recent discovery of a Higgs-like particle, an interesting
possibility is low-scale bosonic technicolour [22], such as for instance superconformal techni-
colour presented in Refs. [23, 24]. Here, the Higgs vacuum expectation value is induced by
strong dynamics and thus unnatural fine-tunings are avoided (for a perturbative realisation of
this idea see also [25]). A first hint for a low strong-interaction scale may be the measurement
of an anomalously large top-quark forward-backward asymmetry (Att̄FB) at the Tevatron.

Among the many explanations proposed [26], only a small subset satisfies all flavour con-
straints without fine-tuning. These are models in which the new vector or scalar fields trans-
form non-trivially under flavour symmetries [27, 28]. Going through the list of possibilities,
the best agreement with experiment is arguably achieved with relatively light vector parti-
cles, with masses of O(300 GeV) and large couplings to right-handed up quarks. There are
two possibilities for flavourful vector fields in a renormalisable theory: either they are gauge
bosons of flavour symmetries or they are composite. While theories with light gauge-flavour
bosons are a logical possibility, as we discussed in chapter 2, they must have a very particular
structure to have a low NP scale and simultaneously satisfy flavour constraints. Also, they
may require a complicated and potentially fine-tuned flavon-sector, see e.g. [11], however, this
is still an open question. Thus, in this chapter we explore the second option. It implies a new
strong-interaction scale of approximately 1/2 TeV, accompanied by sub-TeV hypercolour (HC)
resonances, some of which may be charged under ordinary colour. Surprisingly, this possibility
is not excluded by existing collider searches.

We build an explicit model with a confining HC gauge group, SU(N)HC. From the funda-
mental particle-content point of view the model is very minimal. HC matter consists of three
flavours of vectorlike fermions and one flavour-singlet scalar. We shall identify the flavour of
the new fermions with the flavours of the ordinary right-handed up quarks. A hallmark of
the model is the existence of new flavour-nonet vector resonances, as well as a flavour triplet
of composite vectorlike up quarks (u′, c′, t′) after confinement. The latter mix with ordinary
right-handed up-quark fields, rendering up-type quarks partially composite, while down-type
quarks remain fundamental. This is a phenomenologically attractive feature as it permits NP
effects in the up sector, e.g. Att̄FB, without affecting the down-sector. It will follow directly from
the SM gauge-symmetry charge assignments of the HC matter. The model is not constructed
to provide a natural explanation for electroweak symmetry breaking - the Higgs field remains
a fundamental scalar with a mass unstable under radiative corrections. The motivation for
model is to naturally account for the measured tt̄ asymmetries through light vectors with O(1)
couplings to up and top quarks without violating collider and flavour constraints. The model
and its phenomenology will appear in an upcoming publication [29].



3.1 The Hypercolour Model New Strong Interactions in Top Physics

3.1 The Hypercolour Model

QCD provides the prototype for a confining theory with a spectrum that contains flavoured
vector mesons. Using QCD as a guide, we introduce an asymptotically free confining SU(N)HC

hypercolour gauge group. The anomaly-free matter content consists of three copies of vectorlike
hypercolour quarks QLi,QRi (i = 1, 2, 3) and a flavour-singlet hypercolour scalar S, that
transform under the HC and SM gauge symmetries as1

QL,i QR,i S

SU(N)HC N N N
SU(3)c 1 1 3
SU(2)L 1 1 1
Y a a b

We fix the hypercharge (and electric charge) to satisfy a + b = 2/3 and shall consider the
specific case

a = 0 and b = 2/3 .

The fermionic degrees of freedom are singlets under the SM gauge group and only the scalar
S interacts through its colour and hypercharge with the SM gauge fields.

With this matter content, the most general renormalisable NP Lagrangian is

LHC = Lkinetic +
(
hij ūR,iQL,j S + h.c.

)

+ mQij QiQj
+m2

S |S|2 + λ|S|4 + λ′|S|2|H|2 ,
(3.1)

where uR,i are the SM right-handed up quarks. Direct couplings to the left-handed SM quarks
are not allowed by the hypercharge assignments. The “strong” Yukawa couplings hij couple
the HC fermion sector to the up-quark sector of the SM. After confinement, S and Q form
bound states with the quantum numbers of the SM up-type quarks, which induces mixing with
the SM up sector.

The Yukawa couplings hij are new sources of flavour violation to which we apply the principle
of MFV. At some high scale, we impose the global flavour symmetry U(3)UR , under which
(uR1, uR2, uR3) and (Q1, Q2 , Q3) transform as flavour triplets, or its subgroup U(2)UR

, under
which the first two components transform as doublets. In the SM, the top and bottom Yukawa
couplings break the global flavour-symmetry group Gf = U(3)UR × U(3)DR × U(3)QL to its
subgroup Hf = U(2)UR × U(2)DR × U(2)QL × U(1)3. Thus, in either case, at low energies we
expect the strong Yukawa couplings and mass terms to be approximately

h = diag(h1, h1, h3), mQ = diag(mQ1,mQ1,mQ3). (3.2)

Hf is broken in the SM due to the (small) quark Yukawa couplings of light quarks and the
CKM mixing angles. Therefore, the HF breaking is small. We assume that this is the case
in our model as well, i.e. we make use of the MFV hypothesis and align the new sources of
flavour breaking to the SM Yukawas. In this way, the approximate U(2)UR symmetry protects
against dangerous flavour violation and HC-contributions to D − D mixing as well as single
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Figure 3.1: tt̄ pair production through HC matter in the UV description of the model. The
flavour symmetry forbids single and same-sign top production. HC matter condenses to
resonances indicated by ellipses. In the IR description, resonances contribute through both
t- and s-channel tt̄ production, left and right panel, respectively. All HC interactions to SM
quarks proceed through the mixing with the composite up quarks.

and same-sign top production are negligible. Our focus here is the top sector. Thus, the small
breaking of HF is not relevant for our discussion and we work in the limit of Eq. (3.2).

We stress the following:

• The fact that the HC-matter sector couples only to the right-handed up quarks is purely
due to our choice of representations (hypercharge assignments). Were we to change the
hypercharge of the Qi’s to −1/3 the HC sector would couple to the right-handed down
quarks, or it would only couple to the left-handed quarks if the Qi’s were taken to be
SU(2)L doublets.

• The set-up is compatible with generation of the quark-mass and mixing hierarchies via
spontaneous breaking of a horizontal non-abelian symmetry at some high UV scale, e.g.,
U(3), or U(2)×U(1), or a discrete group, under which both SM and HC quarks transform
(see chapter 2). In such a scenario, the MFV structure of the U(3)UR

or U(2)UR
global

symmetry of the hypercolour sector would be an accidental consequence of the underlying
horizontal symmetry, rather than being imposed explicitly. The strong Yukawa couplings
and mass terms in Eq. (3.1) are dimension-four, whereas their MFV breaking corrections
would be due to suppressed higher-dimensional operators.

• The flavour structure of the resonance mass spectrum, which we discuss in chapter 6,
can provide a hint for the existence of such a fundamental horizontal symmetry in the
UV (see also [30]).

The HC model is a minimal renormalisable extension of the SM with a very simple structure.
Since we do not observe any free HC matter, at low energies the HC model has to be in its

1A less minimal alternative, which we do not pursue, is that the fermions are colour triplets and the scalar is
a colour singlet.
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strongly-coupled regime and the connection of the UV to the IR picture is distorted by non-
perturbative dynamics. HC matter confines to bound states described by resonances in the
same way that quarks confine to hadrons and mesons at low energies in QCD. The appropriate
description of phenomena below the HC chiral-symmetry breaking scale is the IR picture.
Fig. 3.1 illustrates tt̄ production in both UV and IR picture. Light quarks mix with bound
states of Q and S to produce the tt̄ pair through exchange of t- and s-channel resonances.

In chapter 6 we discuss the resonance spectrum. Using QCD as an analogy, we relate the
UV parameters of the theory, i.e. h1, h3, mQ1 , mQ3 and mS , to properties of the low-energy
particles and compute their contribution to the tt̄ cross section. In chapter 9 we discuss the
predictions of phenomenologically viable benchmarks. Some details on flavour breaking and
scaling arguments are deferred to App. B.
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4 The Decays Bq → `+`−

The decays of the axial pseudo-scalars Bq with q = d, s to two charged leptons are of particular
importance for current particle physics phenomenology. In the SM, FCNCs mediate the decays
and therefore there are no tree-level contributions; the decays are loop-induced. In addition,
the decays are helicity suppressed, i.e. they are kinematically forbidden in the limit of zero
masses for the charged leptons. For these reasons, the decays are very suppressed in the
SM. At the same time, their decay rate can be predicted with high accuracy since the helicity
structure of initial and final states forbids photonic-mediated one-loop amplitudes and because
only one hadronic quantity enters the prediction, the decay constant of Bq.

The suppression of the Bq → `+`− rates and the theoretical cleanness of their SM prediction
makes them powerful probes of the SM and extensions of it. Most prominent is the case of
scenarios with two higgs-doublets, like supersymmetry. There, the decay rate is highly sensitive
to Higgs penguins if tanβ is large, with tanβ the parameter controlling the hierarchy of the
two vacuum expectation values. The large-tanβ case predicts an enhanced branching ratio
for the Bq → `+`− modes. The helicity suppression of the Bq → e+e− modes is too strong
to experimentally access them at the moment and while the Bq → τ+τ− modes are much
less suppressed, their experimental determination is challenging and unlikely to be possible
in the near future. However, the decays Bq → µ+µ− are currently investigated by the LHC
experiments with the highlight of the LHC flavour-program being the first observation of the
Bs → µ+µ− mode from LHCb [31]. An observation close to what the SM predicts and another
missed chance for supersymmetry to be found. In view of the current experimental status, the
experimental prospects, and the importance of the decays in testing extensions of the SM it is
of paramount importance to understand and improve the SM prediction.

At the moment, the two main sources of uncertainty in the SM are the decay constant fBq
and hitherto unknown electroweak (EW) corrections. The precise calculation of fBq is actively
pursued by the lattice community. In this part of the thesis, we focus on the calculation of
the EW corrections. In the next Sections, we present the experimental status and the SM
prediction for the Bq → `+`− decays. In chapter 7 we calculate the two-loop EW corrections
for Bq → `+`− and in chapter 10 we present their branching ratio predictions and assess the
residual uncertainties.

4.1 Experimental Status

In November 2012, LHCb reported the first experimental evidence of the decay Bs → µ+µ−

with a signal significance of 3.5σ and the time-integrated and CP-averaged branching ratio
[31]

BR(Bs → µ+µ−) =
(
3.2+1.4
−1.2(stat)+0.5

−0.3(sys)
)
· 10−9 , (4.1)
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well in agreement with SM predictions. For the decay Bd → µ+µ− LHCb provided the upper
limit [31]

BR(Bd → µ+µ−) < 9.0 · 10−10 , (4.2)

at 95% confidence-level.
LHCb raised the signal significance to 4.0σ in the summer 2013 after analysing the, at the

time, full data set of 1 fb−1 at
√
s = 7 TeV and 2 fb−1 at

√
s = 8 TeV, with the result [32]

BR(Bs → µ+µ−) =
(
2.9+1.1
−1.0(stat)+0.3

−0.1(sys)
)
· 10−9 . (4.3)

CMS confirmed the result independently utilizing its complete data set of 5 fb−1 at
√
s = 7

TeV and 20 fb−1 at
√
s = 8 TeV [33] reporting

BR(Bs → µ+µ−) =
(
3.0+0.9
−0.8(stat)+0.6

−0.4(sys)
)
· 10−9 (4.4)

and the slightly higher signal significance of 4.3σ. The weighted average of the two measure-
ment is [34]

BR(Bs → µ+µ−) = (2.9± 0.7) · 10−9 . (4.5)

Both experiments also improved the upper 95% confidence limit on the Bd → µ+µ− decay:

BR(Bd → µ+µ−) < 7.4 · 10−10 from LHCb [32] and (4.6)

BR(Bd → µ+µ−) < 1.1 · 10−9 from CMS [33]. (4.7)

The large decay width difference ∆Γs of the Bs system implies that the instantaneous branch-
ing ratio at time t = 0, BR[t=0](Bq → `+`−), deviates from the time-integrated branching ratio,
BR(Bq → `+`−). Neglecting for a moment cuts on the lifetime in the experimental determi-
nation of BR, the fully time-integrated and the instantaneous branching ratios are related in
the SM as [35]

BR =
BR[t=0]

1− yq
, with yq =

∆Γq
2Γq

. (4.8)

In the Bs system, LHCb measured ys = 0.088 ± 0.014 [36, 37] and established a SM-like sign
for ∆Γs [38]. The current world average for ∆Γs yields ys = 0.062± 0.009 [39].

By 2018, the experimental accuracy in LHCb in the Bs system is expected to reach 0.5 ·10−9

and with 50 fb−1 0.15 · 10−9 [40]. The latter corresponds to an error at the 5% level with
respect to the current central value. Results of comparable precision may be expected from
CMS, and perhaps also from ATLAS.

4.2 The Standard Model Prediction

In the SM, the decay Bq → `+`− is governed by the effective ∆B=1 Lagrangian, in which the
heavy degrees of freedom of the SM – the top quark, the weak gauge bosons and the Higgs
boson – are decoupled. At lowest order in EW interactions, a single operator P10 contributes
to the Bq → `+`− decay and the effective Lagrangian reduces to:

Leff = L
(5)
QCD×QED + VtbV

∗
tq C10P10 + h.c. (4.9)
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P10 = [q̄L γµ bL][¯̀γµγ5 `] and C10 is its Wilson coefficient. L
(5)
QCD×QED contains all QED and

QCD interactions of the leptons and the five light quarks. Vij denotes the relevant elements of
the CKM quark mixing matrix. In these conventions the instantaneous branching ratio is

BR[t=0](Bq → `+`−) = N
∣∣C10

∣∣2 , (4.10)

with the renormalisation-scheme-independent normalisation factor

N =
τBqM

3
Bq
f2
Bq

8π
|VtbV ∗tq|2

m2
`

M2
Bq

√
1− 4m2

`/M
2
Bq
. (4.11)

BR[t=0] exhibits the helicity suppression from the smallness of m` and depends on the lifetime
τBq and the mass MBq of the Bq meson. A single hadronic parameter enters the prediction,
fBq , the Bq decay constant defined by the matrix element

〈
0|q̄ γµγ5 b|B̄q(p)

〉
= ifBqpµ . (4.12)

fBq is nowadays subject to lattice calculations with errors at a few percent level eliminating
this previously major source of uncertainty [41, 42, 43, 44]. The uncertainties due to fBq , τBq
and yq approach a level of below 3% [45] in BR.

Next, we consider perturbative uncertainties from the expansion of C10 in powers of QCD
and electromagnetic couplings. In Eq. (4.9) we deviated from the usual convention to factor
out combinations of EW parameters1, such as the Fermi constant, GF , the QED fine structure
constant, αe, the W -boson mass, MW , or the sine of the weak mixing angle sW ≡ sin(θW ).
The most common normalisations are

C10 =
4GF√

2
c10 , C10 =

G2
FM

2
W

π2
c̃10 , (4.13)

with the LO Wilson coefficients

c10 = −αe
4π

Y0(xt)

s2
W

, c̃10 = −Y0(xt) . (4.14)

They depend on the gauge-independent function Y0 [46], where xt = (Mt/MW )2 denotes the
ratio of top-quark to W -boson mass and

Y0(x) =
x

8

(
4− x
1− x +

3x

(1− x)2
lnx

)
. (4.15)

We shall refer to the choice c10 and c̃10 as the “single-GF ” and “quadratic-GF ” normalisation,
respectively. The former choice is the standard convention of the ∆B = 1 effective theory in
the literature, whereas the latter choice removes the dependence on αe and sW in favour of GF
and MW [47]. The virtue of the quadratic-GF normalisation is that the LO Wilson coefficient
depends only on GF , Mt and MW . It is therefore insensitive to the scheme of sW or αe.

As far as pure QCD corrections are concerned the two normalisation choices are equivalent.
C10 depends at LO strongly on the renormalisation scheme for Mt under QCD. The NLO QCD

1 We shall not vary the EW renormalisation scheme of the CKM factor VtbV
∗
tq. Thus, we keep it as a common

factor to have a universal C10 for both q = d and q = s.
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contribution to C10 [48, 49, 50, 51] greatly reduced this major uncertainty and the upcoming
calculation of these QCD corrections at NNLO [52] will render them negligible.

The two normalisations may also be considered equivalent at the lowest order in EW in-
teractions due to the tree-level relation GF = παe/(

√
2M2

W s
2
W ). In practice, however, their

LO numerical values vary by a lot if numerical input for the EW parameters is used that
corresponds to different renormalisation schemes. For instance, the choice of s2

W = 0.2231 in
the on-shell scheme [39] versus s2

W = 0.2314 in the MS [39] shifts the LO numerical value of
the branching ratios by 7%. At higher orders in the EW interactions, the analytic form of C10

depends both on the normalisation choice and the EW renormalisation scheme. The power
of GF affects the matching, whereas the choice of the EW renormalisation scheme changes
the finite counterterms for the parameters. By including these EW corrections, the overall
numerical differences among the different choices of normalisations and EW schemes become
much smaller and the large uncertainty present at lowest order is removed.

So far the full NLO EW corrections we unknown. In this work we close this gap and
calculate them with a two-loop EW matching calculation. Being usually ignored in the budget
of theoretical uncertainties of the branching ratios, the importance of a complete calculation
was emphasized in Ref. [53]. There, the NLO EW corrections were employed in the limit of
large top-quark mass [54], which is known to be insufficient at the level of accuracy aimed
at Ref. [55], where analogous corrections to the K → πνν̄ decays were calculated. Ref. [53]
estimated the residual EW uncertainties to be at least 5% on the branching ratio.

The Wilson coefficient C10 is evaluated at the scale where the heavy degrees of freedom are
integrated out, the matching scale. The renormalisation group of the five-flavour theory evolves
C10 down to the scale at which the matrix element in Eq. (4.12) is computed on the lattice.
Under QCD, no operators mix with P10 and the Renormalisation Group Evolution (RGE) is
trivial. This is not the case in QED. Operators in the effective Lagrangian mix into P10 and
their Wilson coefficients enter the branching ratio prediction. Ref. [47] first considered these
EW RGE corrections and we revisit them in light of our new EW matching calculation.

In chapter 7 we present the technical details of the calculation. We derive C10 at NLO
in the EW interactions adopting the two normalisation choices and three EW renormalisation
schemes. We solve the RGE and obtain C10 at the low-energy scale, of the order of the bottom-
quark mass, at NLO order in the QED expansion. In chapter 10, we assess the numerical effect
of the EW corrections on C10 and update the SM predictions for the branching ratios of the
Bq → `+`− decays.
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5 Gauged Flavour Symmetries

In this chapter we take a closer look into the consequences of the MGF model. We make
the connection to low-energy observables that are sensitive to the new flavour-violating sector
focussing on ∆F = 2 observables and the branching ratio of B →Xsγ. Our goal is to trans-
parently separate the effects of exotic quarks from the flavour-gauge bosons to quantify their
importance in the phenomenological analysis.

A complementary analysis including collider constraints and electroweak oblique corrections
is performed in [11]. Their analysis does not include the effects from the flavour-gauge bosons
that we discuss here in detail. The main constraint from Ref. [11] comes from the tree-level
modification of the bottom-quark coupling to the Z boson. This affects its precisely measured
width. However, as discussed in chapter 2, different parameters control the down- and the
up-sector; they can be tuned independently from each other to evade the bound and still have
light top partners in the spectrum.

In Sec. 5.1 we present the effective Lagrangians for ∆F = 2 transitions and B →Xsγ after
integrating out the heavy degrees of freedom, e.g. W , Z, H bosons, top quark and all exotic
quarks and flavour-gauge bosons. In Sec. 5.2 we calculate the contributions to the Wilson
coefficients from exotic quarks and flavour-gauge bosons. In Sec. 5.3 we connect the high
matching scale with the low meson-mass scales at which the hadronic matrix elements are
evaluated by solving the Renormalisation Group. The results in Sec. 5.3 do not depend on the
details of the MGF model, they apply to all UV completions that generate the same operators.

5.1 Effective Lagrangians

The notion of an effective QFT as a good description of physics for a limited range of en-
ergy scales is well suited to connect phenomena of different energy scales through a tower of
effective QFTs. Here, we make use of such an effective theory to mediate the effects of the
new heavy flavour sector down to the scales of the mesons. We match the MGF theory to the
five-flavour theory of QED and QCD supplemented with nonrenormalisable operators, whose
Wilson coefficients incorporate all effects from the electroweak and NP sector.

If the sole difference between the MGF model and the SM were the exotic quarks the match-
ing would generate the same operators in both cases, since all flavour violation would still come
from the left-handed coupling of the W bosons. The difference would be so-called matching
corrections, i.e. modified Wilson coefficients of the SM operator basis. The presence of flavour
violating bosons coupling to both left- and right-handed quarks changes this. Integrating them
out generates new operators with non-zero Wilson coefficients.



5.1 Effective Lagrangians Gauged Flavour Symmetries

5.1.1 ∆F=2 Transitions

The effective Lagrangian that describes ∆F=2 transitions of down-type quarks at LO in both
the electroweak and flavour-gauge interactions reads

L ∆F=2
eff = LQCD×QED(u, d, s, c, b)− G2

F M
2
W

4π2

∑

i

Ci(µ)Qi . (5.1)

MW is the mass of the W boson, Qi are the relevant nonrenormalisable operators for the
transitions given below and Ci(µ) their Wilson coefficients evaluated at a scale µ; we specify
them in the next section.

In the SM the only operator generated is QVLL
1 (M), while here more dimension-six operators

have non-zero Wilson coefficients. We neglect the effects from the flavon exchanges in which
case the relevant operator basis for the M −M (M = K0, B0

d , B
0
s ) systems reads [56]

QVLL
1 (K) = (s̄αγµPLd

α)(s̄βγµPLd
β) , QVLL

1 (Bq) = (b̄αγµPLq
α)(b̄βγµPLq

β) ,

QVRR
1 (K) = (s̄αγµPRd

α)(s̄βγµPRd
β) , QVRR

1 (Bq) = (b̄αγµPRq
α)(b̄βγµPRq

β) ,

QLR
1 (K) = (s̄αγµPLd

α)(s̄βγµPRd
β) , QLR

1 (Bq) = (b̄αγµPLq
α)(b̄βγµPRq

β) ,

QLR
2 (K) = (s̄αPLd

α)(s̄βPRd
β) , QLR

2 (Bq) = (b̄αPLq
α)(b̄βPRq

β) .

(5.2)

PL,R = (1 ∓ γ5)/2 and the indices α and β indicate the colour of the quark fields. All new
operators have a trivial colour structure, since the flavour-gauge bosons are not charged under
SU(3)c.

5.1.2 B →Xsγ

The decay B →Xsγ is mediated by the photonic dipole operators Q7γ and Q′7γ and through
QCD mixing also by the gluonic dipoles Q8g and Q′8g. In our conventions the dipole operators
read

Q7γ =
e

16π2
mb s̄α σ

µν PR bα Fµν ,

Q8g =
gs

16π2
mb s̄α σ

µν PR T
a
αβ bβ G

a
µν ,

(5.3)

where e and gs are the electromagnetic and chromomagnetic coupling consants, respectively.
The primed operators are the operators in which we substitute the right-handed projector,
PR, with the left-handed one, PL. In the SM the contributions of the primed operators are
suppressed by ms/mb relative to those coming from Q7γ and Q8g and are therefore negligible.

Dimension-six four-quark operators mix into Q7γ and their Wilson coefficients contribute in
this way also to the branching ratio. This mixing is very important in the SM, it enhances the
rate by a factor of 2− 3 [57]. MGF generates two sorts of dimension-six operators:

• Operators present also in the SM after integrating out W and Z bosons, namely two
charged current-current operators, Qcc = {Q1, Q2}, and four QCD-penguin operators,
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5.1 Effective Lagrangians Gauged Flavour Symmetries

QP = {Q3, Q4, Q5, Q6}, with their primed counterparts (PL ↔ PR),

Q1 = (sα γµ PL cβ) (cβ γ
µ PL bα) , Q2 = (sα γµ PL cα) (cβ γ

µ PL bβ) ,

Q3 = (sα γµ PL bα)
∑

q=u,d,s,c,b

(
qβ γ

µ PL qβ
)
, Q4 = (sα γµ PL bβ)

∑

q=u,d,s,c,b

(
qβ γ

µ PL qα
)
,

Q5 = (sα γµ PL bα)
∑

q=u,d,s,c,b

(
qβ γ

µ PR qβ
)
, Q6 = (sα γµ PL bβ)

∑

q=u,d,s,c,b

(
qβ γ

µ PR qα
)
.

(5.4)

• New neutral current-current operators Qnn and Qnn′ generated by integrating out the
flavour-gauge bosons [21]. The first forty-eight of them contain the neutral currents
(s γµ PL,R b) and the flavour conserving currents (f γµ PL,R f), with f = u, c, t, d, s, b. We
introduce the general notation for the Qnn and Qnn ′ operators in question

Qf1,2(A,B) , for A,B = {L,R} . (5.5)

For instance

Qu1(L,R) = (sα γµ PL bβ) (uβ γ
µ PR uα) , Qu2(L,R) = (sα γµ PL bα)(uβ γ

µ PR uβ) .
(5.6)

There are another eight neutral current-current operators with a different colour and
flavour structure than in Qf1,2(A,B):

Q̂d1(A,B) = (sα γµ PA dβ)
(
dβ γ

µ PB bα
)
,

Q̂d2(A,B) =
(
sα γµ PA dα)(dβ γ

µ PB bβ
)
.

(5.7)

In this classification, we refer to Qnn [Qnn ′] as the operators Q1,2(A,B) with A = L
[A = R] and B = L,R [B = R,L].

The operator basis in Eqs. (5.5), (5.7) and (5.4) is reducible by Fierz transformations.
Yet we work with all operators and do not use Fierz relations for the RG analysis to keep
the anomalous dimensions in a transparent form. As discussed in [58, 59], one can use a
linearly dependent operator basis for the RG evolution and only at the end apply Fierz
relations if required. In the case of C7γ(µb) at LO this is not necessary.

We have collected all operators, whose Wilson coefficients contribute to the rate of B →Xsγ.
We adopt the overall SM normalisation for the effective Lagrangian:

L B→Xsγ
eff =LQCD×QED(u, d, s, c, b)

+
4GF√

2

∑

{Qcc,Q(′)
P ,Qnn(′)}

Ci(µ)Qi

+
4GF√

2

[
C7γ(µ)Q7γ + C8g(µ)Q8g + C ′7γ(µ)Q′7γ + C ′8g(µ)Q′8g

]
.

(5.8)

The effective Lagrangians of this section are not specific to the MGF model. All extensions
of the SM with flavour violating vectors, which are not charged under the SM gauge groups,
generate the same operator bases. What is model dependent are the Wilson coefficients that
we present next.
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5.2 Wilson Coefficients Gauged Flavour Symmetries

5.2 Wilson Coefficients from MGF

5.2.1 ∆F=2 Transitions

At LO in the weak and flavour-gauge interactions there are two competing contributions to
the ∆F=2 amplitudes.

• One-loop contributions from box diagrams with W -boson and up-type-quark exchanges.
Due to the mixing among light and heavy quarks, there are three different types of
diagrams: with light quarks only, with heavy quarks only, or with both light and heavy
quarks running in the box, i.e. for the case of K0 − K̄0 mixing:

ui, u′i

W

W

ui, u′i

d

s

s

d
ui, u′i

W W

ui, u′id

s

s

d

If we only consider exchanges of SM quarks, the GIM mechanism is broken in these
contributions. This means that even if we identify all SM-quark masses the contribution
does not cancel as it would in the SM. The GIM is recovered when we include the
exchanges of heavy quarks, as we shall see explicitly below.

• Tree-level contributions from flavour-gauge-boson exchanges that generate the new neu-
tral current-current operators and violate flavour, i.e. for the case of K0 − K̄0 mixing:

Âm

γµPL, γµPR

γµPL, γµPRd

s

s

d

Âm

γµPL, γµPR γµPL, γµPR

d

s

s

d

Box diagrams with flavour-boson exchanges are NLO in the flavour interactions and thus
subleading.

Therefore, we separate the Wilson coefficients in Eq. (5.1) in their box-diagram and tree-level
contributions as:

Ci(µ) = ∆
(M)
box Ci(µ) + ∆

(M)
A Ci(µ) , (5.9)

where M = {K,Bd, Bs}.

Contributions from Box Diagrams

The operator QV LL1 is the only one with an initial condition from boxes. We calculate it by
integrating out W bosons, top quarks and all exotic quarks at the scale µt ≈ mt according to
the Feynman rules in App. A.1. The results are

∆
(M)
BoxC

V LL
1 (µt) = ∆1(µt,M) + ∆2(µt,M) + ∆3(µt,M) , (5.10)
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where for the kaon system we have

∆1(µt,K) = (cdL1
cdL2

)2
∑

i,j=1,2,3

λi(K)λj(K) c2
uLi

c2
uLj

F (xi, xj) ,

∆2(µt,K) = (cdL1
cdL2

)2
∑

i,j=1,2,3

λi(K)λj(K) s2
uLi

s2
uLj

F (x′i, x
′
j) ,

∆3(µt,K) = (cdL1
cdL2

)2
∑

i,j=1,2,3

λi(K)λj(K)
[
c2
uLi

s2
uLj

F (xi, x
′
j) + s2

uLi
c2
uLj

F (x′i, xj)
]
,

(5.11)
and similarly for the Bd and Bs systems. We have introduced the notation

λi(K) ≡ V ∗isVid, λi(Bq) ≡ V ∗ibViq, (5.12)

where q = d, s and V is the unitary matrix of Eq. (2.8) and not the experimentally measured
CKM matrix. The arguments of the box-functions F are

xi =

(
mui

MW

)2

, x′j =

(
mu′j

MW

)2

(5.13)

and the loop function F (xi, xj) is

F (xi, xj) =
1

4

[
(4 + xi xj) I2 (xi, xj)− 8xi xj I1 (xi, xj)

]
(5.14)

with

I1(xi, xj) =
1

(1− xi)(1− xj)
+

[
xi ln(xi)

(1− xi)2(xi − xj)
+ (i↔ j)

]
,

I2(xi, xj) =
1

(1− xi)(1− xj)
+

[
x2
i ln(xi)

(1− xi)2(xi − xj)
+ (i↔ j)

]
.

(5.15)

We consider all terms in the sums of Eq. (5.11) with the same λiλj coefficient, e.g. the same
“CKM” coefficients:

Fij ≡ c2
uLi
c2
uLj

F (xi, xj) + s2
uLi
s2
uLj

F (x′i, x
′
j) + c2

uLi
s2
uLj

F (xi, x
′
j) + s2

uLi
c2
uLj

F (x′i, xj). (5.16)

If all fermion masses were degenerate, this combination would be independent of i, j and the
unitarity of the matrix V would assure the vanishing of FCNC currents. This is what one
expects from the GIM mechanism. In this decomposition we arrange the function F to match
the usual notation. Namely for the kaon system we write

S0(xt) −→ S
(K)
t ≡ (cdL1

cdL2
)2 (F33 + F11 − 2F13) ,

S0(xc) −→ S(K)
c ≡ (cdL1

cdL2
)2 (F22 + F11 − 2F12) ,

S0(xc, xt) −→ S
(K)
ct ≡ (cdL1

cdL2
)2 (F23 + F11 −F13 −F12) .

(5.17)

For the Bq systems we define similar functions S
(Bq)
i derived from the previous ones by sub-

stituting cdL1
cdL2

with cdL1
cdL3

(cdL2
cdL3

) in the case of q = d (q = s). To recover the S0

functions from the S
(M)
i expressions we decouple the exotic quarks, i.e. we take the limit in

which all the cosines are equal to one and all the sines are zero. The mixings ci and sj introduce
a new flavour dependence, which implies a departure from the strict MFV picture even in the
absence of new CP-violating phases.
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5.2 Wilson Coefficients Gauged Flavour Symmetries

Contributions from Tree-level Flavour-gauge-boson Exchanges

The contribution from flavour-gauge-boson exchanges are generated at the high scale µH ≈
M̂Am , around the mass of the boson in question. In the notation of Sec. 2.4 we obtain for the
kaon system

∆
(K)
A CV LL1 =

4π2

G2
FM

2
W

24∑

m=1

1

2 M̂2
Am

[(
ĜdL
)
ds,m

]2

, (5.18)

∆
(K)
A CV RR1 =

4π2

G2
FM

2
W

24∑

m=1

1

2 M̂2
Am

[(
ĜdR
)
ds,m

]2

, (5.19)

∆
(K)
A CLR1 =

4π2

G2
FM

2
W

24∑

m=1

1

2 M̂2
Am

[
2
(
ĜdL
)
ds,m

(
ĜdR
)
ds,m

]
, (5.20)

where the indices d and s stand for the flavour of the external quarks and the index m refers
to the Âm gauge-boson mass eigenstate. The expressions for the Bd and Bs systems are the
previous ones after substituting ds with db and sb, respectively.

The flavour-gauge bosons have flavour-violating couplings that are strongly hierarchical due
to the mechanism of inverse hierarchies discussed in Sec. 2.2:

(
ĜdL,R

)
sb
�
(
ĜdL,R

)
db
�
(
ĜdL,R

)
ds
,

(
ĜuL,R

)
ct
�
(
ĜuL,R

)
ut
�
(
ĜuL,R

)
uc
. (5.21)

In App. A.1.2 we explicitly present these couplings for the lightest gauge boson. The reason
for this hierarchy is both the mixings among SM and exotic quarks and the sequential breaking
of the flavour symmetry encoded in the flavon vevs.

There are no purely new CP-violating phases in this model. The CP-odd phase of unitary
matrix V is the only one and controls both box and tree-level contributions. Nevertheless, with
respect to the SM there can be large modifications to the mixing induced CP-asymmetries
SψKS and Sψφ of the B0

d − B̄0
d and the B0

s − B̄0
s system, respectively. Similarly, also the mass

differences ∆MBd,s and εK are affected. The small number of new parameters in the MGF
construction is the reason for the strict correlations between the new physics contributions
within these observables. We discuss them in the phenomenological analysis.

5.2.2 B →Xsγ

Similarly to the ∆F=2 Wilson coefficients we decompose the Wilson coefficients for the dipole
operators mediating B → Xsγ into two parts. The SM-like W boson and the new flavour-
gauge-boson exchange:

C7γ(µ) = ∆SMC7γ(µ) + ∆AC7γ(µ) ,

C8g(µ) = ∆SMC8g(µ) + ∆AC8g(µ) .
(5.22)

• ∆SMC’s are the SM-like contributions from diagrams with W bosons with modified cou-
plings to both SM and exotic quarks of charge +2/3:
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5.2 Wilson Coefficients Gauged Flavour Symmetries

ui, u′i

W

ui, u′ib s

γ, g

W

ui, u′i

W

b s

γ

∆SMC7γ(µt) = cdL2
V ∗tsVtb cdL3

(
c2
uL3

CSM7γ (xt) + s2
uL3

CSM7γ (x′t)
)
, (5.23)

∆SMC8g(µt) = cdL2
V ∗tsVtb cdL3

(
c2
uL3

CSM8g (xt) + s2
uL3

CSM8g (x′t)
)
, (5.24)

with the SM Inami-Lim functions [46]

CSM
7γ (x) =

3x3 − 2x2

4(x− 1)4
lnx− 8x3 + 5x2 − 7x

24(x− 1)3
, (5.25)

CSM
8g (x) =

−3x2

4(x− 1)4
lnx− x3 − 5x2 − 2x

8(x− 1)3
. (5.26)

The Wilson coefficients of the corresponding primed operators are also given by the
previous expressions, but with an extra suppression factor of ms/mb.

• ∆AC’s are the contributions of neutral-gauge-boson exchanges with virtual SM and exotic
quarks of charge −1/3:

di, d′i

Âm

di, d′i
b s

γ, g

Contrary to the ∆F = 2 transitions there is no tree-level contribution to the B →Xsγ
decay from the flavour-gauge interactions. Both SM-like and flavour-gauge contributions
are loop induced and since the flavour-gauge bosons are typically much heavier than the
W boson we expect smaller effects from the former. However, unlike the W boson, the
flavour-gauge bosons couple to both left- and right-handed quark chiralities. The RL
part of this contribution is thus chirally enhanced and comes with a linear dependence
on the internal down-type-quark mass, which may compensate the suppression from the
mass of the flavour-gauge bosons. Therefore, we can expect potentially large effects from
the heavy exotic down-type quarks, which we analysed in a model-independent manner
in Ref. [21]. The result of the analysis is that in models with a see-saw explanation for
the light quark masses, like here, the smallness of the flavour-violating couplings of the
flavour-gauge bosons is sufficient to suppress large effects to the B →Xsγ rate. We shall
therefore not list these Wilson coefficients here and refer to the original publication in
which we computed them [21].

We also need the initial conditions at µH for the new neutral-current-current operators
discussed in Sec. 5.1. We present here the result for the simplified case in which only one
neutral flavour-gauge boson Âm contributes to the initial conditions. The generalisation to all
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5.3 RGE Gauged Flavour Symmetries

flavour-gauge bosons is straightforward. In the normalisation of Eq. (5.8) the initial conditions

for the Qf2(A,B) and Q̂d2(A,B) operators read

∆ABCf2 (µH) = −2
s2
W

e2

M2
W

M̂2
Am

(
ĜdA
)∗
sb,m

(
ĜdB
)
ff,m

, (5.27)

∆ABĈd2 (µH) = −2
s2
W

e2

M2
W

M̂2
Am

(
ĜdA
)∗
sd,m

(
ĜdB
)
bd,m

, (5.28)

where sW is the weak mixing angle in the SM. The operators Qf1(A,B) and Q̂d1(A,B) receive
no contributions to their Wilson coefficient at the matching scale.

5.3 Renormalisation Group Effects

The effective Lagrangians in Sec. 5.1 are good perturbative descriptions of the physics from the
matching scale down to the scales at which the QCD coupling begins to grow and confinement
takes place. The Wilson coefficients are effective couplings that we calculated at the matching
scale and serve as initial conditions for the RGE down to ΛQCD or, more precise, the mass
of the mesons. At this scale particles carrying colour charges confine to mesons and hadrons
that we observe as free external states. Computations on the lattice are the only way we know
how to evaluate their matrix elements. The RGE is necessary to quantitatively understand the
effect the NP scenario in question has on experimentally accessible properties of the low-energy
degrees of freedom, in our case the B and K mesons. In this section we solve the RGE for the
∆F=2 and B →Xsγ effective Lagrangians of Sec. 5.1.

5.3.1 ∆F=2 Transitions

We calculate amplitudes order by order in perturbation theory using dimensional regularisa-
tion, which introduces an artificial dependence on the unphysical regulator scale µ. In the
case of the ∆F = 2 effective theory both the Wilson coefficients and the matrix elements are
µ dependent; a dependence that only cancels in their combination. Therefore, to connect the
matching scale to the meson scale we can either evolve the Wilson coefficients down to the
meson scale or directly evaluate the matrix elements at the matching scale µH . For the ∆F=2
analysis we follow Ref. [60] and do the latter. At µH the amplitude for the M −M mixing
(M = K0, B0

d and B0
s ) reads

A(M →M) =
G2
F M

2
W

4π2

∑

i,a

Cai (µH)〈M |Qai (µH)|M〉 . (5.29)

The sum runs over all the operators listed in Eq. (5.2) and the matrix element for M −M
mixing is

〈M |Qai (µH)|M〉 =
2

3
m2
M F 2

M P ai (µH ,M). (5.30)

mH denotes the mass of the meson and FM its decay constant. The coefficients P ai (µ,M) collect
compactly all RG effects from scales below µH as well as hadronic matrix elements obtained
by lattice methods at low-energy scales. They explicitly depend on QCD RGE factors and
non-perturbative parameters Ba

i (µL) given in Eqs. (7.28)–(7.34) of Ref. [60]. µL denotes the
low-energy scale and takes the value 2 GeV and 4.6 GeV for the K and Bq system, respectively.
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µH 500 GeV 1 TeV 3 TeV 10 TeV

P V LL1 (µH , K) 0.392 0.384 0.373 0.363
PLR1 (µH , K) −35.7 −39.3 −45.0 −51.4

P V LL1 (µH , Bd) 0.675 0.662 0.643 0.624
PLR1 (µH , Bd) −2.76 −2.97 −3.31 −3.69

P V LL1 (µH , Bs) 0.713 0.698 0.678 0.659
PLR1 (µH , Bs) −2.76 −2.97 −3.31 −3.69

Table 5.1: Central values for the Pi factors at different scales µH = {0.5, 1, 3, 10} TeV.

The bag parameters Ba
i (µL) are subject to considerable uncertainties. The exception is BV LL

1

for which significant progress has been made in the recent years through lattice calculations.
In the SM analysis, the RG invariant parameters B̂V LL

1 are usually denoted by B̂K and B̂Bq .
We report their values in Tab. 8.1. The BV LL

1 values that we then extract from recent lattice
simulations are:

BV LL
1 = 0.515(14) , for the K system

BV LL
1 = 0.825(72) , for the Bd system

BV LL
1 = 0.871(39) , for the Bs system .

(5.31)

We combine the VLL and VRR contributions as their bag parameters are the same.
Our NLO RG analysis involves also the values of the coefficients PLR1 (µH ,K), PLR1 (µH , Bd)

and PLR1 (µH , Bs). For their calculation we neglect intermediate thresholds of exotic quarks.
The smallness of αs at these scales as well as the absence of flavour dependence in the LO
anomalous dimensions of the contributing operators renders these threshold effects negligible.
Their values depend on BLR

1 and BLR
2 that we report below for the NDR scheme1 [61, 62]:

BLR
1 = 0.562(39)(46) , BLR

2 = 0.810(41)(31) , for the K system

BLR
1 = 1.72(4)(+20

−6 ) , BLR
2 = 1.15(3)(+5

−7) , for the Bd system

BLR
1 = 1.75(3)(+21

−6 ) , BLR
2 = 1.16(2)(+5

−7) , for the Bs system .

(5.32)

In Tab. 5.1 we collect the numerical values for the P ai (µ,M) factors for some indicative values
of µH . The numerical value of the PLR1 factors is large compared to its V LL and V RR coun-
terparts. The contributions from LR operators generated by heavy vectors is thus enhanced
by the QCD RGE and may have important phenomenological consequences.

The complication of the MGF model is that there is not only one relevant high scale, but
several, rather different ones: the electroweak scale, the scale of the exotic fermions and the
scale of each neutral gauge boson. Depending on the contribution we choose different high
scales to appropriately account for the RGE effects:

• For SM box diagrams involving W bosons and SM quarks the scale is µt = O(mt).

• For the tree-level contributions mediated by the neutral heavy gauge bosons we choose
the scale to be the mass of the gauge boson in question.

1In Refs. [61, 62] BLR1 and BLR2 are referred to as B5 and B4, respectively.
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5.3 RGE Gauged Flavour Symmetries

• For the case of contributions from box-diagrams that involve simultaneously heavy and
light particles, the correct procedure is to integrate out first the heavy fermions and
construct an effective field theory not involving them as dynamical degrees of freedom.
However, since the most relevant contribution comes from the lightest exotic fermion2,
the t′, whose mass is relatively close to mt, we set the matching scale also here to µt.
This procedure is a sufficiently good approximation to the exact one as the dominant
RGE effects come from low scales in which αs gets large.

5.3.2 B →Xsγ

In Sec. 5.1.2 we extended the SM operator basis to account for flavour-gauge-boson effects on
B → Xsγ. Here, we also extend the SM RGE analysis to consider the QCD effects of the
new neutral current-current operators at scales µb ≤ µ ≤ µH . This mixing is controlled by
hitherto unknown LO anomalous dimension matrices that we derive [21]. Our analysis takes
into account the QCD mixing of the neutral current-current operators: into dipole operators,
among themselves, and into QCD-penguin operators.

QCD- and QED-penguin operators are loop induced in both electroweak and flavour-gauge
interactions; the QCD or QED coupling and the loop order suppresses their Wilson coefficients.
However, contrary to the SM, the penguins compete here with the new tree-level generated
current-current operators. Thus, for all practical purposes the contributions of QCD penguins
are negligible and even more so the effects from QED penguins. Even though the main effect
does come from the mixing into the dipole operators we include the full mixing for completeness.

The results go beyond the specific MGF model that we consider here. They have been
applied in left-right symmetric extensions of the SM [63] and in models with flavour-violating
Z and Z ′ bosons [64]. The same QCD analysis is relevant for processes other than B →Xsγ,
e.g. non-leptonic two-body B decays and ε′/ε.

We denote the charged current-current, QCD-penguin, dipole, neutral current-current oper-
ators and the corresponding primed operators respectively by

Qcc , QP , QD , Qnn , Q′P , Q′D , Qnn ′ , (5.33)

and arrange the NP RG analysis to be independent from the SM evolution:

CSM
i (µb) = Uij(µb, µW )CSM

j (µW ) ,

CNP
i (µb) = Wij(µb, µH)CNP

j (µH) ,

Ctotal
i (µb) = CSM

i (µb) + CNP
i (µb) ,

(5.34)

where Uij and Wij are the elements of the RG evolution matrices. The evolution matrices
depend on the anomalous dimension matrices and the QCD-β functions [65]. Here, we extract

2This is strictly true only for the Bq systems. Our numerical analysis shows that in the K system also
the contribution from c′ may be non-negligible due to the different CKM structure. The most relevant
contribution is still the t′ one, though.
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5.3 RGE Gauged Flavour Symmetries

the unknown elements of the anomalous-dimension matrix:

γ̂(αs) =
αs
4π
γ̂0 =




Qcc QP QD Qnn

Qcc X1 X2 X3 0
QP 0 X4 X5 0
QD 0 0 X6 0
Qnn 0 Y1 Y2 Y3

X4 X5 0 Q′P
0 X6 0 Q′D
Y1 Y2 Y3 Qnn ′

Q′P Q′D Qnn ′




, (5.35)

where Xi denote entries known from the SM analysis [66, 67] and Yi the entries that we
calculate here. In the following we drop the index (0) to simplify the notation.

Anomalous Dimensions

The inspection of the loop diagrams contributing to the anomalous dimension matrices shows
that considering sixteen operators is sufficient to determine the full matrix. These are

Qu1,2(L,L) , Qd1,2(L,L) , Qs1,2(L,L) , Q̂d1,2(L,L) ,

Qu1,2(L,R) , Qd1,2(L,R) , Qs1,2(L,R) , Q̂d1,2(L,R) .
(5.36)

The anomalous dimensions for u replaced by c and t are equal to those of Qu1,2 and the ones

for Qb1,2 are equal to the ones of Qs1,2. The anomalous dimensions of the remaining twenty-
eight primed operators, are the same as those of the corresponding unprimed operators (see
Eq. (5.35)).

We extract the mixing of the Qnn into QD operators, i.e. Y2, from [68, 66] by inspecting the
mixing of QCD-penguin to dipole operators. For the transposed matrices we obtain

γ̂TD(L,L) =

Qu1 Qu2 Qd1 Qd2 Qs1 Qs2 Q̂d1 Q̂d2

Q7γ
416

81
0 −232

81
0 −232

81
−232

81
0 −232

81

Q8g
70

27
3

70

27
3

151

27

151

27
3

70

27

, (5.37)

γ̂TD(L,R) =

Qu1 Qu2 Qd1 Qd2 Qs1 Qs2 Q̂d1 Q̂d2

Q7γ −448

81
0

200

81
0

200

81

16

9
−80

3
−32

9

Q8g −119

27
−3 −119

27
−3 −173

27
−16

3
−4

8

3

. (5.38)

The mixing among neutral current-current operators Y3 is universally given by two 2 × 2
matrices:

γ̂nn(L,L) =

Q1 Q2

Q1 −2 6

Q2 6 −2

and γ̂nn(L,R) =

Q1 Q2

Q1 −16 0

Q2 −6 2

, (5.39)
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in such a way that only operators with the same flavour-conserving structure (f γµ PL,R f) mix
with each other.

Finally, for Y1 there is a universal mixing of the operator Pnn into the QCD-penguin oper-
ators:

γ̂P =

Q3 Q4 Q5 Q6

Pnn −2

9

2

3
−2

9

2

3

(5.40)

where
Pnn =

{
Qu,c,t,d,s,b1 (L,L), Qs,b2 (L,L), Q̂d2(L,L), Qu,c,t,d,s,b1 (L,R)

}
. (5.41)

The remaining operators do not mix into QCD-penguin operators.

QCD evolution of C7γ

Having all Wilson coefficients at µH and the full anomalous-dimension matrix at LO we evolve

the ∆AC
(′)
7γ in the 6-flavour effective theory down to µW , include ∆SMC

(′)
7γ and subsequently

run the total Wilson coefficient in the 5-flavour theory down to µb. For our numerical analysis
we fix the pure SM contribution such that we reproduce the NNLO SM prediction [57, 69, 70].
For µb = 2.5 GeV this translates to CSM

7γ (µb) = −0.3523. We then summarise all NP effects in
the down-scaled Wilson coefficient

∆C7γ(µb) = κ7 ∆C7γ(µH) + κ8 ∆C8g(µH)+

+
∑

A=L,R
f=u,c,t,d,s,b

κfLA ∆LACf2 (µH) +
∑

A=L,R

κ̂dLA ∆LAĈd2 (µH) , (5.42)

where κ’s are RGE factors, the so-called NP “magic numbers”. We list them in Tab. 5.2 for
some indicative scales µH using αs(MZ) = 0.118.

We obtain C ′7γ(µb) by interchanging L↔ R and taking the initial conditions of the primed
Wilson coefficients. The NP magic numbers listed in Tab. 5.2 are the same for the primed
case, since QCD is blind to the fermion chirality. Inspecting Tab. 5.2 we observe that:

• Similarly to the SM, the “magic numbers” κ7 and κ8 suppress the initial values ∆C7γ(µH)
and ∆C8g(µH). The suppression increases with µH .

• Provided ∆ABCf2 (µH) and ∆ABĈd2 (µH) are sufficiently larger than ∆C7γ(µH), the addi-
tive QCD corrections from the mixing of the neutral current-current operators into the
dipoles dominate. Also these QCD factors κi increase in most cases with µH . The most
prominent one is κ̂dLR that reaches O(1) values.

• The SM and NP primed dipole Wilson coefficients are suppressed by ms/mb and are
numerically negligible. This suppression is absent in the Wilson coefficients of the primed
neutral current-current operators Qnn′; they should be considered in the determination
of the branching ratio.

The NLO and NNLO QCD corrections in the SM prediction render its dependence on µb
negligible. This is not the case for the NP contribution at LO. When the NP contribution
enhances the SM value by 20%, the µb dependence in the total branching ratio amounts to

34



5.3 RGE Gauged Flavour Symmetries

µH 200 GeV 1 TeV 5 TeV 10 TeV MZ

κ7 0.524 0.457 0.408 0.390 0.566
κ8 0.118 0.125 0.129 0.130 0.111

κu,cLL 0.039 0.057 0.076 0.084 0.030
κtLL −0.002 −0.003 −0.002 −0.001 -
κdLL −0.040 −0.057 −0.072 −0.079 −0.032

κs,bLL 0.087 0.090 0.090 0.090 0.084
κ̂dLL 0.128 0.147 0.163 0.168 0.116

κu,cLR 0.085 0.128 0.173 0.193 0.065
κtLR 0.004 0.012 0.023 0.028 -
κdLR −0.015 −0.025 −0.036 −0.041 −0.011

κs,bLR −0.078 −0.092 −0.106 −0.111 −0.070
κ̂dLR 0.473 0.665 0.865 0.953 0.383

Table 5.2: The NP “magic numbers” for ∆C7γ(µb) defined in Eq. (5.42) for different high
scales. In the last column we include for completeness the case of a flavour-violating Z.

a 3% uncertainty if µb ∈ [2.5, 5] GeV. The uncertainty further reduces for smaller deviations
with respect to the SM prediction, which is sufficiently small for our purposes.

Similarly to Eq. (5.42) we also evolve ∆C8g down to µb = 2.5 GeV to obtain

∆C8g(µb) = ρ7 ∆C7γ(µH) + ρ8 ∆C8g(µH)+

+
∑

A=L,R
f=u,c,t,d,s,b

ρfLA ∆LACf2 (µH) +
∑

A=L,R

ρ̂dLA ∆LAĈd2 (µH), (5.43)

with the NP “magic numbers” ρi listed in Tab. 5.3.
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µH 200 GeV 1 TeV 5 TeV 10 TeV MZ

ρ7 0 0 0 0 0
ρ8 0.568 0.504 0.456 0.439 0.607

ρu,cLL −0.124 −0.138 −0.147 −0.150 −0.115
ρtLL −0.015 −0.033 −0.046 −0.050 -
ρdLL −0.124 −0.138 −0.147 −0.150 −0.115

ρs,bLL −0.243 −0.279 −0.307 −0.318 −0.222
ρ̂dLL −0.119 −0.141 −0.160 −0.168 −0.107

ρu,cLR 0.184 0.229 0.270 0.287 0.160
ρtLR 0.015 0.037 0.055 0.062 -
ρdLR 0.184 0.229 0.270 0.287 0.160

ρs,bLR 0.311 0.382 0.447 0.474 0.272
ρ̂dLR −0.064 −0.052 −0.034 −0.025 −0.067

Table 5.3: The NP “magic numbers” for ∆C8g(µb) in Eq. (5.43) for different high scales. In
the last column we include for completeness the case of a flavour-violating Z.
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6 New Strong Interactions in Top Physics

In this chapter we discuss the IR behaviour of the HC model constructed in chapter 3 using
QCD as a guide to model and estimate the underlying non-perturbative dynamics. QCD with
u, d and s quarks, has the global chiral SU(3)L×SU(3)R symmetry that is spontaneously broken
by the strong interactions to SU(3)V isospin symmetry. The chiral symmetry is also explicitly
broken by the masses of the quarks. We consider the HC gauge group SU(3)HC, in which case
the main fundamental differences of the HC model to QCD are isospin-breaking effects due to
electromagnetism that we shall neglect, and the HC scalar S. The chiral symmetry of the HC
theory is unrelated to S and we thus also expect the HC chiral symmetry to be spontaneously
broken by the HC dynamics. This will be our working assumption.

We estimate the HC condensates, resonance masses and couplings via naive dimensional
analysis (NDA), vector-meson dominance (VMD) and scaling from QCD. tt̄ phenomenology
will require the Q and S masses to satisfy mQ1 < mQ3 � ΛHC and mS > ΛHC, where ΛHC is
the HC chiral-symmetry breaking scale. We compare constituent quark masses relative to the
chiral-symmetry breaking scale, in the HC theory and in QCD, to find that: the HC quarks
Q1 and Q2 roughly correspond to light quarks in QCD, Q3 to the strange quark and the mass
of S is close to the charm-quark mass.

The low-energy phenomenology is dominated by the lowest lying HC resonances. We thus
consider the following resonances

• the flavour octet of pseudo-Goldstone pseudoscalar resonances, πaHC,

• the set of vector, ρaHC , and axial vector, aa1,HC , resonances,

• the flavour-triplet of vectorlike composite quarks, u′i, and

• the P -wave vector mesons, Vo (colour octet) and Vs (colour singlet) that are bound states
of the HC scalar.

We discuss them in turn in the next section.

6.1 Hypercolour Resonances and Interactions

6.1.1 Pseudoscalar Pseudo-Goldstone Bosons

In the U(3)UR symmetric limit, the Qi form equal condensates, 〈QQ〉 6= 0, which break the
approximate HC chiral symmetry to the diagonal “isospin” subgroup, SU(3)L × SU(3)R →
SU(3)V . This gives rise to a flavour octet of pseudo-Nambu-Goldstone bosons πaHC, with
a = 1, . . . , 8. In NDA we have ΛHC ∼ 4πf HC

π and the condensate

〈QQ〉 ∼ 4π(f HC
π )3 , (6.1)

where f HC
π is the HC-pion decay constant defined through the matrix element

〈πa| QT aγµγ5Q |0〉 = −ifHC
π pµ . (6.2)
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The normalisation of flavour octet Gell-Mann matrices is Tr[T aT a] = 1/2.
The explicit breaking of the chiral symmetry generates masses for the pions that proportional

to the symmetry breaking parameters, the masses mQ. In the case of mQ1 6= mQ3 the pion
states are no longer degenerate. Adopting the notation in QCD we have:

|πHC
1,2,3〉 = |Q1Q2〉, |Q2Q1〉,

1√
2

(|Q1Q1〉 − |Q2Q2〉),

|KHC
1,2 〉 = |Q1,2Q3〉, |KHC

1,2 〉 = |Q3Q1,2〉,

|ηHC
8 〉 =

1√
6

(|Q1Q1〉+ |Q2Q2〉 − 2|Q3Q3〉),

|ηHC
0 〉 =

1√
3

(|Q1Q1〉+ |Q2Q2〉+ |Q3Q3〉) .

(6.3)

For simplicity, we neglect ηHC − η′HC mixing throughout, assuming that the flavour singlet
ηHC

0 is too heavy to be pair produced in decays of the vectors, just like the η′QCD in QCD.
The small coupling of the Goldstone bosons to the SM quarks and the large mass of the η′HC

justify this approximation.
If we ignore potential differences between HC quark condensates, 〈Q̄iQi〉, for i = 1, 2 and

i = 3, the NDA estimates for the pseudoscalar masses are

m2
πHC ∼ 4πfHC

π 2mQ1 ,

m2
KHC ∼ 4πfHC

π (mQ1 +mQ3) ,

m2
ηHC
8
∼ 4πfHC

π 2(mQ1 + 2mQ3)/3 .

(6.4)

Recent lattice simulations compute the QCD condensate [71] and correct the NDA estimate
in Eq. (6.4) to 4πfQCD

π → 29.8fQCD
π , where fQCD

π ' 92 MeV in our conventions. Requiring
vector resonances with mass approximately 200 GeV fixes the value of fHC

π ' 20 GeV. In this
case for mq ∈ [1, 30] GeV the masses of the pseudoscalars range in mπHC ∈ [30, 160] GeV.

6.1.2 Vectors and Axial Vectors

As in QCD, the [QQ] condensate gives rise to vector and axial-vector resonances that are flavour
nonets, with the lowest lying states denoted by ρaHC and aa1 HC (a = 1, .., 9), respectively. ρ9

HC

and a9
1 HC are the flavour-singlet states. The ρaHC and aa1 HC decay constants are defined as

〈ρaHC|QT a γµQ|0〉 = −ifHC
ρ mHC

ρ εµ, (6.5)

〈aa1 HC|QT a γµγ5Q|0〉 = −ifHC
a1 mHC

a1 εµ, (6.6)

with the flavour-singlet matrix T 9 ≡ 13×3/
√

6.
The ρ decay constant in QCD is fQCD

ρ ' 148 MeV [72] and a recent light-cone sum-rule

determination of the a1 decay constant yields fQCD
a1 ' 168 MeV [73]1. We estimate the decay

constants of the corresponding HC resonances via the scaling relations

f HC
π

f QCD
π

∼
f HC
ρ

f QCD
ρ

∼ f HC
a1

f QCD
a1

(6.7)

1 the quoted values have been reduced by a factor 1/
√

2 to conform to our normalisation.

38



6.1 Hypercolour Resonances and Interactions New Strong Interactions in Top Physics

neglecting corrections due to the masses mQi that are expected to be small for mQi � ΛHC.
Breaking the flavour symmetry by mQ1 6= mQ3 splits the flavour nonet. Similarly to

Eq. (6.3), we follow the QCD notation and define the vector states in the flavour basis as

|ρHC
1,2,3〉 = |Q1Q2〉, |Q2Q1〉,

1√
2

(|Q1Q1〉 − |Q2Q2〉),

|K∗HC
1,2 〉 = |Q1,2Q3〉, |K∗HC

1,2 〉 = |Q3Q1,2〉,

|ρHC
8 〉 =

1√
6

(|Q1Q1〉+ |Q2Q2〉 − 2|Q3Q3〉),

|ρHC
9 〉 =

1√
3

(|Q1Q1〉+ |Q2Q2〉+ |Q3Q3〉) .

(6.8)

The analogous states for the axial-vectors are denoted by aHC
1 , KAHC

(1,2) , K
AHC
(1,2) , ρAHC

8 and

ρAHC
9 . Breaking the flavour symmetry generates the non-degenerate mass eigenstates ρHC,

K∗HC, K
∗HC

, VL and VH , where the last two are produced by ρHC
8 − ρHC

9 mixing. We refer to
the corresponding axial-vector mass eigenstates as AL and AH .

In QCD, ρQCD
8 − ρQCD

9 mixing produces the mass eigenstates ωQCD and φQCD that are close
to being “ideally mixed”, i.e. ωQCD is a linear combination of states with u and d quarks,
while φQCD is a pure s-quark state. This is the behaviour we expect if we slowly decouple
the s quark in QCD: by increasing ms above ΛQCD, ωQCD becomes the singlet of the left-over
SU(2)V isospin symmetry. The interesting point is that this decoupling of the s-quark happens
already for ms ∼ ΛQCD/3. We use this dynamical input from QCD to model ρHC

8 -ρHC
9 mixing.

In which case, the HC sector is to a good approximation also ideally mixed

|V HC
L 〉 ' |ωHC〉 =

1√
2

(|Q1Q1〉+ |Q2Q2〉) ,

|V HC
H 〉 ' −|φHC〉 = −|Q3Q3〉 ,

(6.9)

where we follow the notation from Ref. [74]. In App. B.1 we discuss the extent of deviation
from ideal mixing in the HC model for vectors and axial vectors.

Ideal mixing is an important property of the HC theory with direct consequences on tt̄
phenomenology. When VL and VH are not ideally mixed states they couple to both light and
top quarks producing tt̄ pairs in s-channel channel. Such light s-channel tt̄ mediators have to
have O(1) widths in order to not appear as peaks in the differential invariant-mass spectrum of
the tt̄ pairs measured by Tevatron and LHC experiments. Thus, a large departure from ideal
mixing is phenomenologically disfavoured.

We shall consider cases in which the mass hierarchies of the HC quarks Q are not the same
as in QCD. In this case, scaling the QCD vector and axial-vector masses to the HC scale is
not a good description, and therefore, we estimate the masses of the vectors and axial-vectors
using a naive model for a generalised QCD-like theory presented in Ref. [74]. The model relates
vector and axial-vector masses to the constituent quark masses and accounts for deviations
from ideal mixing.

We find the model parameters by fitting the QCD masses and then rescale the fit results

to the HC scale. In this naive model the masses for the three ρHC and four K∗HC
1,2 and K

∗HC
1,2

vectors are

m2
ρHC = m2

ρHC, [mQ=0] + µHC 2mQ1 ,

m2
K∗HC = m2

ρHC, [mQ=0] + µHC (mQ1 +mQ3) ,
(6.10)
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with an analogous prescription for axial-vectors. µHC is a fit parameter rescaled from the
corresponding value in QCD, µQCD ' 2.1 GeV. The masses with the subscript [mQ = 0]
indicate the chiral-limit masses rescaled from QCD. Similarly to Eq. (6.10), the model also
parametrises the VL and VH masses and deviations from ideal mixing, which remain small for
the constituent masses that we consider (see App. B.1). In the following we drop the “HC”
super/subscript, with the understanding that we are referring to HC resonances and decay
constants.

In Ref. [75] it was demonstrated that NP scenarios can account for the measurement of an
unexpectedly large Att̄FB at the Tevatron and simultaneously agree with the SM-like measure-
ment of AC at LHC. If the tt̄ mediators are approximately 200-GeV heavy t-channel vectors or
scalars the Att̄FB−AC correlation is broken by associated tt̄ production. However, for this to be
a viable scenario, the mediators need to have an approximately 25% branching ratio to quarks,
i.e. they cannot decay primarily to quarks. In the HC model, these t-channel vectors are the

mass eigenstates of the vectors K∗(1,2) and K
∗
(1,2), and the axial-vectors KA

(1,2) and K
A
(1,2). The

HC dynamics naturally provide a dominant decay channel for them, other than their decay to
quarks, namely their decay to pseudo-Goldstone bosons.

In the flavour symmetric limit, the flavour octet ρa primarily decays to pairs of HC pions,
with decay widths

Γρ→ππ =
g2
ρππ

32π
mρ

(
1− 4m2

π

m2
ρ

) 3
2

, (6.11)

where gρππ is the ρ-π-π coupling in the Lagrangian interaction

Lρππ = −gρππ fabc ρaµ πb∂µπc , (6.12)

with a = 1, . . . , 8. We use the VMD estimate

gρππ ' mρ/fρ . (6.13)

In QCD, it agrees with the NDA estimate gρππ ∼ O(4π) within a factor of two and lies only
16% below the measured value. VMD is a phenomenologically driven argument stating that
the electromagnetic or chromomagnetic form factors of bound states are dominated at low-
momentum transfer (q2 → 0) by the lowest lying vector resonance. In App. B.2 we briefly
discuss the argument and the underlying assumptions.

We assume the flavour singlet η′ has a mass mη′ ∼ ΛHC, as in QCD, and is therefore too
heavy to be pair produced in decays of the vector nonet. Thus, in the flavour symmetric limit
the decay width of the flavour singlet ρ9

HC is suppressed and only its decays to ordinary quark
uiūi final states are kinematically allowed. The expressions for the vector nonet decay widths
have to be modified to take into account the non-degeneracy of the vector and pseudoscalar
masses in the different decays, and ρ8 − ρ9 mixing. We list them in App. B.1.

The decays widths of the axial vectors require a more sophisticated analysis than the widths
of the vectors. In QCD, the A(3P1) axial-vector multiplet decays primarily through A →
V P , as well as A → V V , if the latter is kinematically allowed (V denotes vectors and P
pseudoscalars). The A → V P decays were discussed in a phenomenological analysis in the
SU(3) symmetric limit in Ref. [76]. Their results may be used to estimate the decay widths
of the HC axial-vectors and we shall discuss them in the upcoming publication [29]. We do
not present this estimate in this work as the axial-vector widths do not have a large impact
on tt̄ phenomenology. In the analysis we find that viable benchmarks exist independent of the
choice of the axial-vector widths.
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6.1.3 Composite Quarks

The HC quarks, Qi, and the scalar, S, form a flavour-triplet of composite vectorlike weak-
singlet up-type quarks,

u′1 ∼ [S Q1], u′2 ∼ [S Q2], u′3 ∼ [S Q3] . (6.14)

The composite quarks mix with the ordinary up quarks via the flavour-diagonal Yukawa cou-
plings hij = hiδij in Eqs. (3.1) and (3.2). The mass mixing terms are (ui = u, c, t),

√
2hi fu′i ūRi u

′
Li, (6.15)

where the composite quark decay constants fu′i are defined by the matrix element

〈u′i|Qi S∗|0〉 =
√

2fu′i ū
′
i , (6.16)

with u′i Dirac spinors.
The composite quarks and the vectors are both S-wave radial ground states, so we naively

expect their masses and decay constants to be of the same order,

fu′i ∼ f
HC
ρ and Mu′i

∼ mHC
ρ , (6.17)

up to potentially large differences due to the short-distance masses mQ and mS . We shall con-
sider the case where mS > ΛHC and model the composite-quark masses by a linear dependence
of Mu′ on mS and small corrections from mQi

Mu′i
'Mchiral +mS +mQi . (6.18)

Mchiral is the ρHC chiral-limit mass mρHC, [mQ=0]. The composite quarks are thus much heavier
than the vectors with masses above ΛHC; their analogue in QCD are D mesons.

In this case, the estimate fu′i ∼ f
HC
ρ is not an appropriate description of their decay constants.

Therefore, we use QCD data to model these decay constants. We perform a fit of the decay
constants of vectors with one light constituent quark in terms of their masses (ρQCD, K∗QCD,
D∗QCD and B∗QCD) and rescale the result to the HC scale to obtain fu′ in terms of Mu′ :

fu′ = fQCD
ρ

Mchiral

MQCD
ρ

F
(

Mu′

Mchiral

)
. (6.19)

The function F(Mu′/Mchiral) is determined by the fit and we plot it in Fig. 6.1.
The masses and decay constants of the composite states, together with the strong Yukawas,

fix the mixing of SM and composite up quarks. The 3×3 up-quark mass matrix is flavour
diagonal and reads, for each flavour,

MRL =

(
mui

√
2hi fu′i

0 Mu′i

)
, (6.20)

with i = 1, 2, 3 and mui the ordinary SU(2)L-breaking quark masses. Diagonalisation then
yields the mass eigenstates

|uRi〉phys = cos θRi |uRi〉 − sin θRi |u′Ri〉,
|u′Ri〉phys = sin θRi |uRi〉+ cos θRi |u′Ri〉 .

(6.21)
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Figure 6.1: The fit for the decay constants of vectors with one light constituent quark
parametrised in terms of M/Mchiral. M is the mass of the meson and Mchiral = mρ, [mQ=0],
the chiral-limit mass of the ρ meson. Crosses indicate the QCD data.

The analogous rotation with the replacement R → L gives the left-handed mass eigenstates.
The SM quarks are identified with the uphys

i states. The special case of fu′i/Mu′i
∼ fρ/mρ, as

indicated by NDA where both ratios are O(1/4π), yields

sin θRi '
√

2hi
fu′i
Mu′i

, sin θLi '
√

2hi
fu′imui

M2
u′i

. (6.22)

We observe that the mixing of left-handed up and charm quarks with the composite quarks is
proportional to the light-quark mass and can be neglected.
S is a constituent of the u′-quarks and is typically much heavier than 4fπ. Therefore,

similarly to B mesons in the SM, we expect the inclusive width of the u′’s to be appropriately
described by the partonic width of S

Γu′i ' ΓS→uiQ̄i . (6.23)

The partonic width S → uiQ̄i is

ΓS→uiQ̄i
mS

=
|hi|2
16π

PS

[
1,
m2
ui

m2
S
,
m2
Qi

m2
S

](
1− m2

ui

m2
S
−
m2
Qi

m2
S

)
, (6.24)

with PS [x, y, z] ≡ (x2 + y2 + z2 − 2xy − 2xz − 2yz)1/2 the phase-space function. This yields
typically 10%− 20% widths for the composite quarks.

Interactions with Vectors and Axial-vectors

The couplings of the vector mesons to the composite quarks are described by the Lagrangian

L = gρ(ū
′T aγµu′)ρaµ + ga1(ū′T aγµγ5u

′)a1
a
µ , (6.25)

where the composite quarks are in the interaction basis of Eq. (6.14). a are flavour indices and
we consider universal couplings for simplicity. In NDA, both gρ and ga1 are O(4π), while we

42



6.1 Hypercolour Resonances and Interactions New Strong Interactions in Top Physics

use the VMD estimate (see App. B.2)

gρ '
mρ

fρ
, ga1 '

ma1

fa1
, (6.26)

which implies gρππ ' gρ and ga1ππ ' ga1 . Applying the rotations in Eq. (6.21) we obtain the
mass eigenstate couplings

L =λR1,ij ūRi γ
µ T aij ρ

a
µ uRj + λR2,ij ū

′
Ri γ

µ T aij ρ
a
µ u
′
Rj

+(λR3,ij ūRi γ
µ T aij ρ

a
µ u
′
Rj + h.c.) + (R→ L) ,

(6.27)

where

λR1,ij = gρ sin θRi sin θRj ,

λR2,ij = gρ cos θRi cos θRj ,

λR3,ij =− gρ sin θRi cos θRj .

(6.28)

For the left-handed quark couplings, λLm,ij , substitute R → L in Eq. (6.28). We denote the

corresponding axial-vector meson couplings by ζ
(RL)
1 , ζ

(RL)
2 , ζ

(RL)
3 . Their expressions follow

by substituting γµ → γµγ5 and gρ → ga1 in Eq. (6.27). Note that the couplings to light
left-handed quarks are negligible, while their right-handed equivalents are typically large.

Leaving aside corrections due to F(Mu′/Mchiral) 6= 1, we have

λR1,ij ' 2 fQCD
ρ /mQCD

ρ hihj ∼ 0.4hihj .

Thus, for O(1) Yukawa couplings the model naturally provides O(1) flavour-violating couplings
of vector resonances to ordinary quarks, which is one of the requirements for a t-channel
mediated solution to the Att̄FB.

In Eq. (6.27) the quarks are mass eigenstates and the vectors degenerate flavour eigenstates.
Flavour symmetry breaking splits the flavour eigenstates to non-degenerate mass eigenstates.
By explicitly evaluating T a and rotating to the mass eigenstates of the vectors, we find the
right-handed mass eigenstate coupling of K∗1 to u and t quarks:

κRK∗1 -u-t =
1√
2
λR1,ut =

1√
2
gρ sin θRu sin θRt .

The partial decay width of the K∗ → t̄u then reads

ΓK∗→t̄u
mK∗

=
1

16π

((
λR1,ut

)2
+
(
λL1,ut

)2)
PS

[
1, 0,

m2
t

m2
K∗

] (
1− m2

t

2m2
K∗
− 1

2

(
m2
t

m2
K∗

)2
)
, (6.29)

if the decay is kinematically allowed. This should be compared to the partial width from
the dominant decay channel to pseudoscalars K∗ → Kπ discussed in Sec. 6.1.2 and given in
App. B.1.

Interactions with Pseudoscalars

The interactions of the composite quarks with HC pions are the analogue of pion-nucleon-
nucleon interaction in QCD. In the interaction basis of the quarks, it is described for the
flavour-symmetric case by

L = i
gHC
A

fHC
π

(
ū′Ri T

a
ij�∂π

au′Rj − ū′Li T aij�∂πau′Lj
)
, (6.30)
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We take gHC
A ' gQCD

A = 1.257. Rotating to the physical quark basis, we obtain

L =
gHC
A

fHC
π

(
cos θRi cos θRj ū

′
Ri T

a
ij�∂π

au′Rj
− cos θRi sin θRj ū

′
Ri T

a
ij�∂π

auRj

− sin θRi cos θRj ūRi T
a
ij�∂π

au′Rj

+ sin θRi sin θRj ūRi T
a
ij�∂π

auRj

)
− (R→ L) .

(6.31)

To find the strength of the interaction of pions to SM quarks we integrate by parts and use
the Dirac equation. In the approximation of Eq. (6.22) and keeping only the first order terms
in the masses of the SM quarks we find

πHC

U

U

∼ 2mU h2
U

gHC
A

fHC
π

f2
U′

M2
U′

γ5 πHC

t

u

∼ 2mt huht
gHC

A

fHC
π

fu′
Mu′

ft′
Mt′

PR

U denotes any SM up-type quark. The axial πHC-U -U coupling is proportional to the mass
of the U quark. Thus, the pion couplings to two light quarks are always negligible. However,
the πHC-u-t coupling of pseudoscalars (KHC) to the right-handed top and light-quark is pro-
portional to the top-quark mass and cannot be neglected, and indeed, the hyper-kaons will
contribute to the Att̄FB in the t-channel.

6.1.4 P -wave Vector Mesons

Finally, we consider the flavour-singlet colour-octet and colour-singlet P -wave vector-meson
bound states of the HC scalars, denoted Vo[S∗S] and Vs[S∗S], respectively. Since the scalar
S has no analogue in QCD, there are large uncertainties in our estimation of their properties.
Their interpolating currents are derivative operators for which we can define the corresponding
decay constants as

〈V a
o |S∗

↔
∂ µ T aS|0〉 = −ifVoMVoεµ,

〈Vs|S∗
↔
∂ µ S|0〉 = −i

√
6fVsMVsεµ ,

(6.32)

with T a the colour Gell-Mann matrices, normalized as Tr[T aT a] = 1/2, and
↔
∂ ≡

→
∂ −

←
∂ .

The couplings of these vector mesons to composite quarks in the interaction basis are

L = gVo ū
′
i T a γµ u′i V aµ

o + gVs ū
′
i γµ u

′
i V

µ
s , (6.33)

where colour indices have been suppressed and we work in the flavour symmetric limit for
simplicity, i.e. universal gVo and gVs . Note that gVo , gVs are of O(4π) in NDA. We estimate
these couplings using VMD, similarly to the ρa-composite quark couplings, yielding

gVo '
MVo

fVo
, gVs '

MVs√
6fVs

. (6.34)
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Kinetic mixing of the gluons with Vo generates universal couplings of the latter to all SM
quarks, which in VMD is given by

L = −g2
s

fVo
MVo

q̄ T aγµ q V a
o µ . (6.35)

in the quark-interaction basis; gs is the strong coupling constant.
We can gain some insight into the magnitudes of the VMD estimates for gVo and gVs or the

ratios MV /fV , from the QCD flavour nonet (3P2) tensor mesons: f2(1270), f ′2(1525), a2(1320),
K∗2 (1430). Like Vo and Vs, they are P -wave bound states with interpolating currents that are
derivative operators. Their decay constants fT can be defined as [77],

〈T |1
2

(q̄1γµ
↔
∂ ν q2 + q̄1γν

↔
∂ µ q2)|0〉 = fTm

2
T εµν , (6.36)

where εµν is the meson polarisation tensor. Light-cone QCD sum-rule determinations of
the decay constants range approximately from 102 MeV for f2 to 126 MeV for f ′2 [77] and
are consistent with extractions of the decay constants from the measured f2 → π+π− and
f ′2 → K+K− decay rates, which employ the tensor-meson dominance hypothesis. The ra-

tios, fQCD
T /mQCD

T ≈ 0.08, are significantly smaller than the corresponding QCD flavour-nonet
vector-meson ratios, like fa1/ma1 . This observation, as well as the fact that the QCD ten-
sor and axial-vector mesons are approximately 50% heavier than their vector-nonet counter-
parts, can be attributed to them being P -wave radially first excited states. Given that Vo
and Vs are also P -wave states, we shall estimate their masses to be ∼ 50% larger than the
flavour-nonet ρaHC masses (not including potentially significant differences due to mQ, mS) and

fVo,s/MVo,s ∼ fQCD
T /mQCD

T < fQCD
ρ /mQCD

ρ .
The V(o,s) interactions in Eqs. (6.33) and (6.35) in the quark-mass basis are then obtained

similarly to Eq. (6.27). For instance, for the right-handed up quarks, the colour-octet interac-
tions are

L = κR1,i ūRi γ
µ T a V a

o µ uRi + κR2,i ū
′
Ri γ

µ T a V a
o µ u

′
Ri

+ (κR3,i ūRi γ
µ T a V a

o µ u
′
Ri + h.c.) + (R→ L) ,

(6.37)

with

κR1,i = gVo sin2 θRi − g2
s

fVo
MVo

cos2 θRi,

κR2,i = gVo cos2 θRi − g2
s

fVo
MVo

sin2 θRi,

κR3,i = −
(
gVo + g2

s

fVo
MVo

)
sin θRi cos θRi.

(6.38)

The couplings to left-handed quarks κLm,i are obtained by substituting R → L above. For the
couplings to down quarks take the limit gVo , θRi, θLi → 0.

The V(o,s) dominantly decay to pairs of SM and composite up quarks with the following
chiralities

V(o,s) → uRi ūLi + uRi ūLi, V(o,s) → u′Ri ūLi + uRi ū
′
Li . (6.39)

This assumes that the decays are kinematically allowed, a situation easily realised given the
enhanced masses of the P -wave vectors and the fact that mS is significantly larger than mQ
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in our case. Which of these channels dominate, depends on the kinematic suppression and the
Yukawa couplings that control the amount of mixing of light and composite quarks.

We obtain for the general case uA = ui, u
′
i and uB = ui, u

′
i the partial width

ΓVo→ūAuB
MVo

=
1

48π
PS

[
1,
m2
A

M2
Vo

,
m2
B

M2
Vo

]{[(
κRAB

)2
+
(
κLAB

)2]

×
(

1− m2
A

2M2
Vo

− m2
B

2M2
Vo

− 1

2

(
m2
A

M2
Vo

− m2
B

M2
Vo

)2
)

+ 6κRABκ
L
AB

mA

MVo

mB

MVo

}
, (6.40)

where κ
(L,R)
(A,B) correspond for a given case to the couplings defined in Eq. (6.38). Our total

width is then the sum of all kinematically allowed decays. For Vs substitute gVo → gVs and
multiply by 6 for the different colour structure.

Taking as a representative example gVo = mVo/fVo = 1/0.08, sin θR = 0.27h (identifying
fu′/Mu′ ≈ fρ/mρ in Eq. (6.22)), Mu′ = 550 GeV, and MVo = 700 GeV (corresponding to
mρ ∼ 300 GeV, Mu′ ∼ mρHC + mS , MVo ≈ 1.5mρHC + 2mS and mQ � mS ∼ 250 GeV) we
sum over all possible final states and obtain for h = 2 that ΓVo/MVo ≈ 30%. Thus, we conclude
that Vo can be very broad for couplings hi ∼ 1, i.e.

ΓVo/MVo = O(1), (6.41)

and the same applies to the Vs width.
Vo and Vs are the reason we are forced to consider mS > ΛHC. They are s-channel mediators

of tt̄-pair production at Tevatron and LHC that, typically, produce peaks in differential mtt̄

spectrum if their masses are close to the production threshold and their widths are small. This
is the case when mS ' mQ; the decays to SM quark-pairs are the only kinematically permitted
decay channels and are not enough to hide the resonances from the differential spectrum. By
increasing mS all channels become kinematically accessible and V(os) are too broad to disturb
the spectra at Tevatron or LHC.

This concludes the discussion of the resonances that we consider in our analysis. For each
resonance we discussed how to estimate its mass, width and couplings to ordinary quarks in
terms of the UV parameters of the HC model: mQ, mS , h1 and h3. The HC model has many
similarities to ordinary QCD, which motivated us to model the infrared behaviour of the HC
theory closely to what is observed in QCD after chiral-symmetry breaking. This is the working
assumption of our analysis with which we restrict the parameter space of the model. The fact
that, even in this restricted QCD-like setup, phenomenological viable benchmarks exist and
account for the observed Att̄FB reinforces our point that new strong interactions at the TeV
scale are possible and may have evaded direct detection so far.

6.2 tt̄ Pair Production with Hypercolour Resonances

In the SM, at the partonic LO level, a tt̄ pair is produced by the amplitudes, qq̄ → tt̄ and
gg → tt̄. The HC interactions modify the UU → tt̄ amplitude only by additional s- and
t-channel amplitudes mediated by vector and pseudoscalar mesons. U = u, c, since the HC
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ūs′
c2

us
c1

t̄r
′

c4

trc3

:= Ms := Mt

Figure 6.2: s- and t-channel diagrams in the left and right panel, respectively, for tt̄ production
from a uū initial state. Here, arrows indicate the momentum flow. s(′) and τ (′) are spin
indices, ci colour indices.

resonances do not couple to the down-quark sector except from Vo, which has a small universal
coupling to quarks from kinetic mixing with the gluon. Here, we consider for concreteness the
NP effects in the uū → tt̄ amplitude. The s-channel mediators in the HC model are: Vo, Vs,
VL, VH , AL and AH . The t-channel mediators are: KHC

1 , K∗HC
1 and KAHC

1 . Fig. 6.2 depicts
the Feynman diagrams for the s- and t-channel amplitudes. The differential partonic qq̄ → tt̄
cross section is then the squared averaged sum of all SM and HC amplitudes:

dσ̂

dz
=

β

32πs

∑
|Mtot| , (6.42)

where s is the centre-of-mass energy, β =
√

1− 4m2
t /s the velocity of the top-quark in the

rest frame of the initial state and z the cosine of the scattering angle of the top quark in the
partonic centre-of-mass frame.

∑
averages over all spins and colour indices of the initial state

and sums over all indices of the final state, i.e. in the notation defined in Fig. 6.2,

∑
=

1

2

1

2

∑

s,s′,r,r′

1

3

1

3

∑

c1,c2,c3,c4

(∑

a

)
. (6.43)

The sum over Gell-Mann indices a = 1, . . . , 8 applies only to the colour-octet exchange Vo.
The s- and t-channel amplitudes for a given resonance then read:

iMs =
(
v̄s
′
c2(p2) 1Γ(ν) u

s
c1(p1)

)
·M (νµ)

s ·
(
ūrc3(k1) 2Γ(µ) v

r′
c4(k2)

)
· Jc2c1Jc3c4 (6.44)

iMt =
(
ūrc3(k1) 3Γ(ρ) u

s
c1(p1)

)
·M (ρσ)

t ·
(
v̄s
′
c2(p2) 4Γ(σ) v

r′
c4(k2)

)
· Jc3c1Jc2c4 (6.45)

with us(p) and vs(p) Dirac spinors.
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• Mµν
(st) are the propagators of the resonance. In the constant width approximation, for a

vector resonance with mass MV and width ΓV they are

Mνµ
s = −i gνµ − qνs qµs /M2

V

q2
s −M2

V + iMV ΓV
with qs ≡ p1 + p2 (6.46)

Mρσ
t = −i gρσ − qρt qσt /M2

V

q2
t −M2

V + iMV ΓV
with qt ≡ p1 − k1 . (6.47)

For a pseudoscalar with mass MS and width ΓS they are

Ms = −i 1

q2
s −M2

S + iMSΓS
(6.48)

Mt = −i 1

q2
t −M2

S + iMSΓS
(6.49)

• iΓ(µ) are the chiral couplings of the resonances to the quarks:

Vector Mediators Scalar Mediators
1Γν = γν(κLuuPL + κRuuPR) 1Γ = (κLuuPL + κRuuPR)
2Γµ = γµ(κLttPL + κRttPR) 2Γ = (κLttPL + κRttPR)

3Γρ = γρ(κ
L
tuPL + κRtuPR) 3Γ = (κLtuPL + κRtuPR)

4Γσ = γσ(κLutPL + κRutPR) 4Γ = (κLutPL + κRutPR)

Details of the couplings for each resonance to quarks are found in the last section. The
κ(LR)’s here include the mixings with the composite quarks sin θRi and sin θLi and the
explicit values of the flavour generators Ta.

• Jcicj are colour factors. They are equal to the identity for all resonances except for the
colour octet:

Jcicj = T acicj for Vo and the gluon,

Jcicj = 1cicj otherwise.
(6.50)

The colour factors control the interference among contributions of different resonances
and interference with SM gluon contribution. We discuss them below.

We compute |Mtot|2 applying standard trace technology. Using |M1 +M2|2 = |M1|2 +
|M2|2 + 2 Re(M1M∗2) we reduce the calculation of all contributions and interferences to three
traces on which we map the specific cases described above. The three general cases are

• the product of two s-channel amplitudes from two mediators, med1 and med2,

Ms(med1) M∗s(med2) =Tr
[
(�p2 −mu)1Γ(ν1)(�p1 +mu)1Γ′(ν2)

]
×

Tr
[
(�k1 +mt)

2Γ(µ1)(�k2 −mt)
2Γ′(µ2)

]
×

M (ν1µ1)
s M (ν2µ2)∗

s ×
Jc2c1Jc3c4J ∗c2c1J ∗c3c4 ,

(6.51)
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• the product of two t-channel amplitudes from two mediators, med1 and med2,

Mt(med1) M∗t (med2) =Tr
[
(�k1 +mt)

3Γ(ρ1)(�p1 +mu)3Γ′(ρ2)

]
×

Tr
[
(�p2 −mu)4Γ(σ1)(�k2 −mt)

4Γ′(σ2)

]
×

M
(ρ1σ1)
t M

(ρ2σ2)∗
t ×

Jc3c1Jc2c4J ∗c3c1J ∗c2c4 ,

(6.52)

• the product of an s- and a t-channel amplitude from two mediators, med1 and med2,

Ms(med1) M∗t (med2) = (−1)Tr
[
(�k2 −mt)

4Γ′(σ2)(�p2 −mu)1Γ(ν1)

]
×

Tr
[
(�p1 +mu)3Γ′(ρ2)(�k1 +mt)

2Γ(µ1)

]
×

M (ν1µ1)
s M

(ρ2σ2)∗
t ×

Jc2c1Jc3c4J ∗c3c1J ∗c2c4 .

(6.53)

To shorten the expressions above we introduced iΓ′µ and iΓ′ defined by their unprimed coun-
terparts as2:

iΓµ = γµ(κLPL + κRPR) 7→ iΓ′µ = (κL∗PR + κR∗PL)γµ
iΓ = (κLPL + κRPR) 7→ iΓ′ = (κL∗PR + κR∗PL)

Finally, we need the colour factors from summing the few colour structures in Eq. (6.50)
over all colour indices in Eq. (6.43). There are few distinct cases for two mediators Mcol

cha and
Ncol

cha with col={S (colour-singlet), O (colour-octet)} and cha = {s (s-channel),t (t-channel)}.

• MS
s and NS

s or MS
t and NS

t :

1

9

∑

c1,c2,c3,c4

(1c2c11c3c4)
(
1
∗
c2c11

∗
c3c4

)
=

1

9
Tr[1] Tr[1] = 1 .

• MO
s and NO

s : giving the interference of gluon and Vo amplitudes,

1

9

∑

c1,c2,c3,c4

∑

a

(
T ac2c1T ac3c4

) (
T a∗c2c1T a∗c3c4

)
=

1

9

∑

a

Tr[T aT a†] Tr[T aT a†] =
2

9
.

• MS
s and NS

t : giving the interference of all s-channel colour-singlet to t-channel colour-
singlet mediated amplitudes,

1

9

∑

c1,c2,c3,c4

(1c2c11c3c4) (1c3c11c2c4) =
1

9
Tr[1] =

1

3
,

2 The definition is not the hermitian conjugate because γ0’s have already been absorbed in the trace taking
into account that (ūiγµPLuj)

† = ūjPRγµui.
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• MO
s and NS

s : yielding no interference of the gluon or Vo to s-channel colour-singlet am-
plitudes,

1

9

∑

c1,c2,c3,c4

∑

a

(
T ac2c1T ac3c4

)
(1c2c11c3c4) =

1

9

∑

a

Tr[T a] Tr[T a] = 0 .

• MO
s and NS

t : giving the interference of the gluon and Vo amplitudes to the t-channel
amplitudes,

1

9

∑

c1,c2,c3,c4

∑

a

(
T ac2c1T ac3c4

)
(1c3c11c2c4) =

1

9

∑

a

Tr[T aT a] =
4

9
.

Adding all contributions together we calculate the |Mtot|2 using FORM [78], which is, however,
too lengthy to be included here. Some results on more restricted cases have been presented in
Ref. [28], which we reproduce analytically. We also implemented all resonances in a FeynRules

[79] model that we combine with Madgraph [80] to automatically evaluate the full uū → tt̄
amplitude at LO. We find numerical agreement with our analytic result.
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7 Electroweak Corrections to Bq → `+`−

In this chapter we return to the decays Bq → `+`− and present the perturbative SM computa-
tion of the NLO EW corrections to the Wilson coefficient that controls their branching ratios,
C10 from Eq. (4.9). We split the calculation in two: the matching calculation that we discuss
in Sec. 7.1 and the folding with the RGE that we perform in Sec. 7.2.

7.1 Matching Calculation of NLO Electroweak Corrections

We obtain the NLO EW corrections to the Wilson coefficient C10 by matching the SM to the
effective theory of EW interactions. For this purpose, we evaluate one-light-particle irreducible
Greens functions with the relevant external light degrees of freedom up to the required order
in the EW couplings in both theories. The Wilson coefficients are determined by requiring
equality of the renormalised Greens functions order by order in perturbation theory

Afull(µ0)
!

= Aeff(µ0) (7.1)

at the matching scale µ0. The scale is chosen to be of the order of the heavy degrees of
freedom to minimise otherwise large logarithms that enter the Wilson coefficients. The Wilson
coefficients have the general expansion

Ci(µ0) = C(00)
i + α̃s C(10)

i + α̃2
s C(20)

i

+ α̃e

(
C(11)
i + α̃s C(21)

i + α̃2
s C(31)

i + α̃e C(22)
i

)
+ . . . ,

(7.2)

in the strong and electromagnetic α̃s,e ≡ αs,e/(4π) running couplings of the effective theory
at the scale µ0, where we follow the convention of [81]. The expansion starts with tree-level
contributions denoted by the superscript (00), has higher-order QCD corrections (m0) with
m > 0, pure QED corrections (mm) with m > 0 and mixed QCD-QED corrections (mn) with
m > n > 0, all of which depend explicitly on µ0 except for (00).

For C10 the non-zero matching corrections start at order α̃e, i.e., for n ≥ 1. C(11)
10 [46] and

the NLO QCD correction C(21)
10 [48, 49, 50, 51] are known and the NNLO QCD correction C(31)

10

will soon be published [52]. Here, we calculate C(22)
10 [82].

Eq. (7.2) is to be understood as the definition of the components C(mn)
i that complies with

the single-GF normalisation in the literature [81]. The comparison with Eqs. (4.13) and (4.14)
yields

C(11)
10 =

4GF√
2
c

(11)
10 = −4GF√

2

Y0(xt)

s2
W

(7.3)

and

C(11)
10 =

G2
FM

2
W

π2

1

α̃e
c̃

(11)
10 = −G

2
FM

2
W

π2

1

α̃e
Y0(xt) (7.4)



7.1 Matching Calculation Electroweak Corrections to Bq → `+`−

for the single- and quadratic-GF normalisation, respectively. This convention introduces an
artificial factor 1/αe into the components of the quadratic-GF normalisation. We prefer to
introduce this artificial dependence than rearrange the expansion in Eq. (7.2). In this way,
the comparison of the RGE evolution in the two normalisations is much more transparent (see
Sec. 7.2). The artificial 1/αe factors cancel anyway in the RGE.

Although the operator P10 does not mix with other ∆B = 1 operators under QCD, at
higher order in QED interactions such a mixing does take place [83, 81]. As a consequence,
the effective Lagrangian in Eq. (4.9) has to be supplemented with new operators:

C10P10 −→
∑

i

CiPi . (7.5)

Terms proportional to ∼ VubV
∗
uq[C1(P u1 − P c1 ) + C2(P u2 − P c2 )] do not contribute at the order

that we consider.
The operators relevant for Bq → `+`− at the considered order in strong and EW interactions

comprise the current-current operators (i = 1, 2), the QCD-penguin operators (i = 3, 4, 5, 6)
and the semileptonic operators (i = 9, 10), where we follow the operator definition of [81]:

P1 = (q̄LγµT
acL)(c̄Lγ

µT abL) ,

P2 = (q̄LγµcL)(c̄Lγ
µbL) ,

P3 = (q̄LγµT
acL)

∑

Q

(Q̄Lγ
µT aQL) ,

P4 = (q̄LγµcL)
∑

Q

(Q̄Lγ
µQL) ,

P5 = (q̄LγµγνγρT
acL)

∑

Q

(Q̄Lγ
µγνγρT

aQL) ,

P6 = (q̄LγµγνγρcL)
∑

Q

(Q̄Lγ
µγνγρQL) ,

P9 = (q̄LγµbL)
∑

`

(¯̀γµ`) ,

P9 = (q̄LγµbL)
∑

`

(¯̀γµγ5`) ,

(7.6)

with q = d, s, Q = u, d, s, c, b and ` charged-lepton fields. The definition does not include a
factor αe/(4π) in P(9,10), which we include in the matching conditions of the Wilson coeffi-
cients at the matching scale. Only P2 and P9 affect the matching calculation. The remaining
operators enter the RGE analysis discussed in Sec. 7.2.

There are also two evanescent operators E9 and E10 [83]

E9 = (q̄LγµγνγρbL)
∑

`

(¯̀γµγνγρ`)− 10P9 + 6P10 , (7.7)

E10 = (q̄LγµγνγρbL)
∑

`

(¯̀γµγνγργ5`) + 6P9 − 10P10 , (7.8)

whose one-loop Wilson coefficients could contribute to the matching. Evanescent operators
vanish algebraically in d = 4 dimensions. In our case only E9 mixes into P10, E10 will not
contribute.
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Parameter Value Ref.

GF (1.166 378 7± 0.000 000 6) · 10−5 GeV−2 [39]

αs(M
pole
Z ) (Nf = 5) 0.1184± 0.0007 [39]

αe(M
pole
Z ) (Nf = 5) (127.944± 0.014)−1 [39]

Mpole
Z (91.1876± 0.0021) GeV [39]

Mpole
t (173.2± 0.9) GeV [84, 85]

Mpole
H (125.5± 1.5) GeV [39, 1, 2]

Table 7.1: The physical input. αs,e are the running MS couplings at µ = Mpole
Z in the

theory with dynamical W , Z and H bosons but with the top-quark decoupled. Masses are the
experimentally measured pole masses.

Beside evanescent operators also equations-of-motion vanishing operators can contribute in
principle to the matching. However, in our case there are no such operators with a projection
on the tree-level matrix element of P10 to affect the matching.

We describe the calculation of Afull and Aeff in Sections 7.1.1 and 7.1.2, respectively. In
the SM calculation of Afull, we apply different EW renormalisation schemes for the involved
parameters to demonstrate that the renormalisation scheme dependence is rendered negligible

when including C(22)
10 . The schemes differ by finite parts of the counterterms that renormalise

the bare parameters of the Lagrangian or equivalently the parameters appearing in the LO
Wilson coefficient. Nevertheless, we use the same physical input in all schemes for the numerical
evaluation that we have chosen to be

GF , αe(M
pole
Z ), αs(M

pole
Z ), Vij , Mpole

Z , Mpole
t and Mpole

H . (7.9)

GF is the Fermi constant as extracted from muon life-time experiments. It is itself a Wilson
coefficient of the effective theory and plays thus a special role in the calculation of EW cor-
rections; we postpone further discussion to Sec. 7.1.2. The couplings αe and αs are the MS
couplings at the scale of the Z pole mass in the SM with the top-quark decoupled, but the
W and Z still dynamical degrees of freedom [39]. We discuss the different definitions of αe in
App. C.3 in connection with its threshold corrections. Vij are elements of the CKM matrix.

Mpole
Z , Mpole

t and Mpole
H are the pole masses of Z boson, top quark and Higgs boson, respec-

tively. The numerical values are summarised in Tab. 7.1. The weak mixing angle sW and MW

are not input for our calculation, they are dependent quantities.

7.1.1 Standard Model Calculation

We keep only the leading contributions of the expansion in the momenta of external states, in
which case the full amplitude for b→ q `+`− takes the form

Afull =
∑

i

Afull, i(µ)〈Pi(µ)〉(0) . (7.10)

Afull,i’s are coefficient functions with the electroweak expansion

Afull, i = A
(0)
full, i + α̃eA

(1)
full, i + α̃2

eA
(2)
full, i + . . . , (7.11)

53



7.1 Matching Calculation Electroweak Corrections to Bq → `+`−

t

ℓ

Z γ

G−

ℓ

b

ℓ

q

G+

b

Z

b

W+t

ℓ

b

ℓ

q t

W−

Z

H t

ℓ

b

ℓ

q

Figure 7.1: Two-loop diagrams in the SM contributing to the b → q`+`− at NLO in EW
interactions.

with αe the electromagnetic coupling in the six-flavour theory with dynamical weak gauge
and Higgs bosons. 〈Pi(µ)〉(0) denote the tree-level matrix elements. Our focus here is the

calculation of the two-loop contribution A
(2
full,10 and some parts of A

(1)
full, i that involve the

evanescent operators E9 and E10 and are required for the matching.
For this purpose, we calculate all two-loop EW Feynman diagrams and the corresponding

one-loop diagrams with inserted counterterms, Fig. 7.1 depicts some examples. We proceed
as in [55] and perform all calculations in the Feynman gauge ξ = 1 using two independent
setups. In App. C.1 we discuss the more technical aspects of the calculation, e.g. γ-algebra in
d dimensions, loop integrals and wave-function renormalisations. Here, we concentrate on the
electroweak renormalisation conditions.

Having fixed the physical input, we define three renormalisation schemes and discuss the re-
lation of their renormalised parameters to the physical input in Eq. (7.9). In all three schemes
we use MS renormalisation for αe and the top-quark mass under QCD. Additional finite terms
are included into the field renormalisation constants as explained in more detail in App. C.1.
Therefore, our schemes differ only by finite EW renormalisations of sW , Mt and MW appear-
ing at LO in c10. For c̃10, sW is absorbed in the additional factor GF and needs no further
specification.

1.) On-shell scheme
In the on-shell scheme, at the order we consider, the masses of Z boson and top quark

coincide with their respective pole masses. The mass of the W boson is a dependent quantity
for our choice of physical input. We calculate it including radiative corrections following [86].
This relation introduces a mild higgs-mass dependence of C10 at LO. The weak mixing angle
in the on-shell scheme is defined by

s2
W → (son-shell

W )2 ≡ 1−
(
Mon-shell
W /Mon-shell

Z

)2
. (7.12)

Therefore, the only finite counterterms necessary are δM2
Z , δM2

W and δMt at one-loop, they
are given in [87, 88]. We also treat tadpoles as in [87, 88]: we include tadpole diagrams (see
Fig. 7.1), and a renormalisation δt to cancel the divergence and the finite part of the one-loop
tadpole diagram. This way we ensure that all renormalisation constants apart from wave-
function renormalisations are gauge invariant [89].

2.) MS scheme
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7.1 Matching Calculation Electroweak Corrections to Bq → `+`−

In the MS scheme the fundamental parameters are those of the “unbroken” SM Lagrangian

g1, g2, g3, v, λ and yt. (7.13)

Here, g3, g2 and g1 are the couplings of the SM gauge group SU(3)c × SU(2)L × U(1)Y , v is
the vacuum expectation value of the Higgs field and λ its quartic self-coupling, whereas yt is
the top-Yukawa coupling. The parameters are renormalised by counterterms subtracting only
divergences and log(4π) − γE terms, i.e., they are running MS parameters. We do not treat
tadpoles differently in this respect, only their divergences are subtracted by the counterterm
for v. By expressing the parameters of the LO Wilson coefficients in terms of the “unbroken”-
phase parameters

s2
W → s̄2

W ≡ g2
1/(g

2
1 + g2

2) , 4παe ≡ g2
1g

2
2/(g

2
1 + g2

2) ,

MW →MW ≡ vg2/2 , xt → x̄t ≡ 2y2
t /g

2
2 ,

(7.14)

we iteratively fix their values at the matching scale µ0. To this end, we require that the one-
loop running of the unbroken parameters in the six-flavour theory together with the appropiate
counterterms reproduces the physical input of Eq. (7.9). Overlines in Eq. (7.14) indicate MS
renormalisation. s̄W is the MS renormalised weak mixing angle in the six-flavour theory.
Ref. [39] denotes it by ŝND

W .

3.) Hybrid scheme
For Eq. (4.14) where sW appears at LO we adopt yet another scheme. We renormalise the

couplings αe and sW in the MS scheme and the masses in xt on-shell. Effectively this corre-
sponds to including the on-shell counterterms for masses and using Eq. (7.14) instead of (7.12)
for sW . Correspondingly, we use sW , αe, Mt, MW and MH as fundamental parameters for the
hybrid scheme. This scheme is a better-behaved alternative to the on-shell scheme, in which
the counterterm for sW receives large top-quark-mass dependent corrections. (see App. C.5).

Having fixed all renormalisation conditions we evaluate A
(2)
full,10. In practice we calculate the

MS amplitude and include the appropriate counterterms in A
(1)
full,10 to shift from the MS to the

on-shell or hybrid scheme. The full expression for A
(2)
full,10 is too lengthy to be included here.

We shall attach the complete analytic two-loop EW contribution in the on-shell scheme for the

quadratic-GF normalisation, c̃
(22)
10 , to the electronic preprint of the upcoming publication [82].

7.1.2 Effective Theory Calculation

The effective theory is described by the effective Lagrangian in Eq. (4.9) supplemented with
the ∆B = 1 operators from Eq. (7.6). All fields are canonically normalised in the theory.
To simplify the notation we drop any indices indicating an expansion in α̃s throughout this
Section. The fields and couplings are MS-renormalised via the redefinitions of bare quantities

q → Z
1/2
d q , `→ Z

1/2
` ` ,

e→ Ze e , Cj →
∑

i

Ci Ẑi,j ,
(7.15)

where q denotes down-type-quark fields and ` charged-lepton fields. Zd and Z` are the field-
renormalisation constants and Ze the coupling-renormalisation constant. Wilson coefficients
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7.1 Matching Calculation Electroweak Corrections to Bq → `+`−

are effective couplings that also need to be renormalised. Their renormalisation is the matrix
Ẑi,j . Off-diagonal entries are due to operator mixing and diagonal entries from self-mixing.
Ẑi,j has the expansion in α̃e

Ẑi,j = δi,j + α̃e Ẑ
(1)
i,j + α̃2

e Ẑ
(2)
i,j + . . . . (7.16)

Similarly, we expand Zd, Z` and Ze. We defer the presentation of the explicit expressions of
the constants to App. C.2.

Since we employ dimensional regularisation for ultraviolet and infrared divergences, all loop
diagrams in the effective theory are scaleless – no mass scale in the loop – and therefore vanish.
Infrared and ultraviolet poles exactly cancel each other. As a consequence, the amplitude is
entirely determined by the tree-level matrix elements 〈Pj〉(0) of the relevant operators Pj . These
are proportional to the Wilson coefficients Ci and renormalisation constants from counterterm
insertions. The divergences associated with the counterterms subtract the pure ultraviolet
poles of the loop amplitudes. Since in the latter, ultraviolet and infrared divergences cancel
each other, the sum of loop and counterterm amplitudes has left over divergences, namely the
infrared ones. These are the same in the full theory because the low-energy behaviour of the
two theories can only be the same. Therefore, the left-over infrared divergences will cancel in
the matching as we shall explicitly see. The renormalised amplitude reads

Aeff(µ) =
∑

i

Aeff, i(µ)〈Pi(µ)〉(0)

= VtbV
∗
tq

∑

i,j

Ci(µ) Ẑi,jZj 〈Pj(µ)〉(0) .
(7.17)

Both the Wilson coefficients Ci and the renormalisation constants have an expansion in α̃e Eqs.
(7.2) and (7.16), respectively. The Zj ’s summarise products of field- and charge-renormalisation
constants of the operator in question, i.e., for P10

Z10 = Zd Z` , (7.18)

which is the only one required for our matching.
Only a few physical operators contribute to the part of Aeff(µ) proportional to 〈P10〉(0) since

only a few mix either at one-loop or two-loop level into P10 and have, at the same time, a
non-zero Wilson coefficient at one-loop or tree-level, respectively. These operators are: P2,

which has a non-zero Wilson coefficient C(00)
2 as well as an entry in Ẑ

(2)
2,10 and P9 which mixes

at one-loop into P10 and has a non-zero C(11)
9 . Moreover, apart from the physical operators,

also the evanescent operator E9 mixes at one-loop with P10 and also has a one-loop Wilson
coefficient. All contributing mixing renormalisation constants of physical operators can be
extracted from the anomalous dimension in the literature [83]. We collect all constants and
discuss the mixing of evanescent operators in App. C.2. Finally, at the two-loop level the
amplitude reads

A
(2)
eff,P10

= VtbV
∗
tq (α̃e)

n

[
C(22)

10 + C(11)
10 Z

(1)
10

+ C(00)
2 Ẑ

(2)
2,10 +

∑

i={9,10,E9,E10}
C(11)
i Ẑ

(1)
i,10

]
,

(7.19)
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7.1 Matching Calculation Electroweak Corrections to Bq → `+`−

with the power n = 2 and n = 1 for the single- and quadratic-GF normalisation, respectively.
The one-loop Wilson coefficients in Eq. (7.19), multiplied with renormalisation constants,

contribute finite terms to the matching through their O(ε) terms. We reproduce the finite and

O(ε) parts of C(11)
9,10 in Ref. [90]. For C(11)

E9
only the finite terms are needed, we list them in

App. C.2. For this purpose we have also matched the one-loop amplitudes proportional to the
〈P9, 10〉(0) and 〈E9, 10〉(0) up to O(ε).

The Fermi constant, GF , is very precisely measured in muon decay and provides a valuable
input for the determination of the EW parameters. It is an input parameter in our computa-
tion and an explicit factor of the Wilson coefficients Ci. To match the full with the effective
amplitude also GF needs to be expanded in terms of αe. Following [55], we define GF to be pro-
portional to the Wilson coefficient Gµ of the operator Qµ = (ν̄µLγρµL)(ēLγ

ρνeL) that induces
muon decay in the effective Fermi theory

GF ≡
1

2
√

2
Gµ =

1

2
√

2

(
G(0)
µ + α̃eG

(1)
µ + . . .

)
, (7.20)

with the tree-level matching relation

G(0)
µ =

2παe
s2
WM

2
W

=
2

v2
(7.21)

and the NLO EW correction G
(1)
µ [91]1. The normalisation of C10 is GF and not 1/(2

√
2)G

(0)
µ .

Since we work at NLO in EW interactions, G
(1)
µ enters the effective theory amplitude (7.17).

Moreover, the power of GF in the normalisation of the effective Lagrangian affects C(22)
i through

a matching contribution proportional to G
(1)
µ /G

(0)
µ × C(11)

i . Contrarily, the leading EW com-

ponents C(11)
i remain unchanged in the two normalisations. We demonstrate this explicitly by

the expansion in α̃e. In the single-GF normalisation

C10 =
4GF√

2
c10 =

[
G(0)
µ + α̃eG

(1)
µ + · · ·

][
α̃ec

(11)
10 + α̃2

e c
(22)
10 + · · ·

]

= G(0)
µ

[
α̃ec

(11)
10 + α̃2

e

(
c

(22)
10 +

G
(1)
µ

G
(0)
µ

c
(11)
10

)
+ · · ·

] (7.22)

and in the quadratic-GF normalisation

C10 =
G2
FM

2
W

π2
c̃10 =

(G
(0)
µ )2M2

W

8π2

[
α̃ec̃

(11)
10 + α̃2

e

(
c̃

(22)
10 + 2

G
(1)
µ

G
(0)
µ

c̃
(11)
10

)
+ · · ·

]
, (7.23)

receiving an additional factor of two. Depending on the choice of normalisation, the according

contribution proportional to G
(1)
µ /G

(0)
µ ×C(11)

i is included in Eq. (7.19) in order to consistently

obtain c
(22)
10 and c̃

(22)
10 . A similar procedure is also necessary for αe. We discuss these threshold

corrections in App. C.3.
The merit of defining GF to be itself a Wilson coefficient at the matching scale is that the

large uncertainties from the scale dependence of the vacuum expectation value in G
(0)
µ do not

appear at all in the Wilson coefficient at LO.

1We have computed G
(1)
µ in Ref. [55]. More recently, the authors of Ref. [92] presented its analytic expression.

A typo slipped in the preprint version, but is corrected in the journal version. Our results agree.
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7.2 Renormalisation Group Evolution Electroweak Corrections to Bq → `+`−

We described separately the calculation of the b → q`+`− at NLO in the EW and QED
interactions in the SM and the effective five-flavour theory, respectively. By matching the
parts of Aeff ∼ 〈P10〉(0) and Afull ∼ 〈P10〉(0) at NLO order in α̃e we obtain for the first time

C(22)
10 . It has been known so far only in the large top-quark-mass limit [54, 93]. We verified the

explicit cancellations of all left-over infrared divergences and reproduce the large top-quark-
mass limit for the quadratic-GF normalisation. More details on the large-mt expansion were
presented in Ref. [55].

7.2 Renormalisation Group Evolution

This section summarises the results of the evolution of the Wilson coefficients under the renor-
malisation group equations from the matching scale, µ0, down to the low scale, µb. µ0 is of the
order of the masses of the decoupled heavy degrees of freedom, approximately 100 GeV and
µb ∼ 5 GeV of the order of the bottom-quark mass at which matrix elements are computed.
The according anomalous dimension matrices of the ∆B = 1 effective theory, including NLO
EW corrections, are given in Ref. [83] and the RGE is solved in Ref. [81] for the single-GF
normalised Lagrangian in Eqs. (4.9) and (4.14) including the running of αe. These corrections
were considered for the first time for Bs → µ+µ− in Ref. [47].

The evolution operator U(µb, µ0) relates the Wilson coefficients at the matching scale,
see (7.2), to the ones at µb:

Ci(µb) =
∑

j

U(µb, µ0)ij Cj(µ0) . (7.24)

At the low energy scale the Wilson coefficients may again be expanded in αs(µb) and the small
ratio κ ≡ αe(µb)/αs(µb):

Ci(µb) =
∞∑

m,n=0

[α̃s(µb)]
m [κ(µb)]

n Ci,(mn) . (7.25)

We obtain the explicit expressions for the components Ci,(mn)(µb) from the solution in Ref. [81]
with further details and the full solution for i = 10 presented in App. C.4.

In the single-GF normalisation the Wilson coefficient c10(µb) starts at order αe with the
following non-zero contributions

c10(µb) = α̃e
(
c10,(11) + α̃sc10,(21)

)

+ α̃2
e

(
c10,(02)

α̃2
s

+
c10,(12)

α̃s
+ c10,(22)

)
.

(7.26)

The components ci,(mn) are functions of the ratio η ≡ αs(µ0)/αs(µb) and the high-scale com-

ponents c
(mn)
j from Eq. (7.2). For illustration, we give here numerical results for the exemplary
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values µ0 = 160 GeV and µb = 5 GeV, yielding η = 0.509,

c10,(11) = c
(11)
10 ,

c10,(21) = η c
(21)
10 ,

c10,(02) = 0.0058 c
(00)
2 ,

c10,(12) = 0.068 c
(00)
2 + 0.005 c

(10)
1 − 0.005 c

(10)
4

+ 0.252 c
(11)
9 + 1.118 c

(11)
10 ,

c10,(22) = 0.133 c
(10)
1 + 0.066 c

(10)
4

+ 0.002 c
(20)
1 + 0.001 c

(20)
2 + 0.004 c

(20)
3

− 0.002 c
(20)
4 + 0.033 c

(20)
5 − 0.039 c

(20)
6

− 1.593 c
(11)
9 − 2.226 c

(11)
10

+ 0.128 c
(21)
9 + 0.569 c

(21)
10 + c

(22)
10 .

(7.27)

We give the explicit solution for arbitrary values of η in App. C.4.

The c10,(mn)’s depend on the initial matching conditions of the Wilson coefficients, the c
(mn)
i

in Eq.(7.2), of various orders [90]. More specifically, they depend on:

• the tree-level coefficient of P2,
• the one-loop αs coefficients of P1, P2 and P4,
• the one-loop αe coefficients of P9 and P10,
• the two-loop α2

s coefficients of P1, P2, P3 , P4 , P5 and P6,
• the two-loop αeαs coefficients of P9 and P10 as well
• the two-loop NLO EW correction for P10 calculated in Sec. 7.1.

We derive the equivalent expressions for the case of the quadratic-GF normalisation from
the single-GF normalisation expansion in Eq. (7.25)

c̃i(µb) =

∞∑

m,n=0

[α̃s(µb)]
m−1 [κ(µb)]

n−1 c̃i,(mn) . (7.28)

For i = 10 the lowest-order non-zero terms

c̃10(µb) = c̃10,(11) + α̃sc̃10,(21)

+ α̃e

(
c̃10,(02)

α̃2
s

+
c̃10,(12)

α̃s
+ c̃10,(22)

)
,

(7.29)

already start at zeroth order in αe. The components of the initial Wilson coefficients in Eq. (7.2)
are related by

c̃
(mn)
i = s2

W c
(mn)
i , for n < 2 (7.30)

where a factor α̃e(µ0) has been pulled out and substituted by α̃e(µb). For cases n ≥ 2, which
is here only of concern for C10, an additional shift has to be taken into account explicitly in the
matching analogously to the discussion below (7.20). Eventually, the downscaled components

c̃i,(mn) in Eq. (7.28) are given by Eq. (7.27) by replacing c
(mn)
i → c̃

(mn)
i and omitting the

contributions of c̃
(11)
10 in c̃10,(12) as well as c̃

(11)
10 and c̃

(21)
10 in c̃10,(22).
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8 Flavour Phenomenology with Maximally
Gauged Flavour

8.1 Observables

In this Section we discuss the observables that we consider in the phenomenological analysis of
the flavour sector in the MGF model. Since the original publication [19] some of the input for
the analysis has changed. The most notable changes are the values of the meson decay constants
for the neutral B mesons and the bag factor B̂K in the neutral kaon sector after new lattice
results. Also, there have been new experimental results, e.g. the branching ratio of B+→τ+ν.
We use the updated input for quantities whose modification has a relevant impact on our
analysis. We keep, however, the input for the elements of the CKM matrix as this is necessary
to avoid breaking the correlation between box and flavour-gauge-boson contributions.1 We
collect the input for the analysis in Tab. 8.1 and discuss next the observables.

∆MK and εK

In the neutral kaon sector the amplitude for the mixing of the flavour eigenstates K0 and K̄0

is:
2mK

(
MK

12

)∗
= 〈K̄0|H∆S=2

eff |K0〉 , (8.1)

with mK the neutral kaon mass. Out of the amplitude two observables are constructed. The
KL-KS mass difference, ∆MK , given to a very good approximation by the real part of the
amplitude

∆MK = 2 Re
(
MK

12

)
. (8.2)

And the parameter εK describing the amount of indirect CP violation in the kaon sector

εK =
κε e

i ϕε

√
2(∆MK)exp

Im
(
MK

12

)
, (8.3)

with the values ϕε = (43.51 ± 0.05)◦ and κε = 0.923 ± 0.006. The value of κε takes into
account that ϕε 6= π/4 as assumed in older analyses and includes long-distance effects in
Im Γ12 [102, 105] and ImM12 [101].

Using the results from Sec. 5.2 and 5.3 we obtain the expression for MK
12 , and therefore also

1A recent progress in the determination of the CKM elements has been the LHCb measurement of the CKM
phase γ = (67 ± 12)◦ [94]. Within the experimental errors the new value is in agreement with the one we
use in the analysis. We refer to Ref. [95] for a discussion on the dependence of flavour observables on γ.
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GF = 1.16637(1)× 10−5 GeV−2 [96] mBd = 5279.5(3) MeV [96]
MW = 80.385(15) GeV [96] mBs = 5366.3(6) MeV [96]
sin2 θW = 0.23116(13) [96] FBd = (188± 4) MeV [44]
α(MZ) = 1/127.9 [96] FBs = (225± 3) MeV [44]

αs(MZ) = 0.1184(7) [96] B̂Bd = 1.26(11) [97]

mu(2 GeV) = 1.7÷ 3.1 MeV [96] B̂Bs = 1.33(6) [97]

md(2 GeV) = 4.1÷ 5.7 MeV [96] FBd

√
B̂Bd = 227(19) MeV [97]

ms(2 GeV) = 100+30
−20 MeV [96] FBs

√
B̂Bs = 279(15) MeV [97]

mc(mc) = (1.279± 0.013) GeV [98] ξ = 1.237(32) [97]

mb(mb) = 4.19+0.18
−0.06 GeV [96] ηB = 0.55(1) [99, 100]

Mt = 172.9± 0.6± 0.9 GeV [96] τB± = (1641± 8)× 10−3 ps [96]

|Vus| = 0.2252(9) [96] mK = 497.614(24) MeV [96]
|Vcb| = (40.6± 1.3)× 10−3 [96] FK = 156.1(11) MeV [97]

|V incl.
ub | = (4.27± 0.38)× 10−3 [96] B̂K = 0.7643(97) [97]
|V excl.
ub | = (3.38± 0.36)× 10−3 [96] κε = 0.94(2) [101]

γ = (68+10
−11)◦ [39] ϕε = (43.51± 0.05)◦ [102]

η1 = 1.87(76) [103]
η2 = 0.5765(65) [99]
η3 = 0.496(47) [104]

Table 8.1: Values of experimental and theoretical quantities used throughout our numerical
analysis of the MGF model. mi(mi) are MS masses and Mt is the pole top-quark mass.
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for ∆MK and εK :

MK
12 =

G2
F M

2
W

12π2
F 2
K mK

[
B̂K ηcc λ

2
2(K)S(K)

c + B̂K ηtt λ
2
3(K)S

(K)
t +

+ 2 B̂K ηct λ2(K)λ3(K)S
(K)
ct +

+ P V LL1 (µH ,K)
(

∆
(K)
A CV LL1 (µH) + ∆

(K)
A CV RR(µH)

) ]∗

+
G2
F M

2
W

12π2
F 2
K mK P

LR
1 (µH ,K)

[
∆

(K)
A CLR1 (µH)

]∗
.

(8.4)

The first term is the complete contribution from the Wilson coefficients of LL and RR operators.
It has a part proportional to the non-perturbative bag factor B̂K , calculated on the lattice
[106, 107, 108, 109, 110], and a part proportional to P V LL1 . The latter is the sum of the
contributions from the flavour-gauge bosons folded with the RGE. Its parts proportional to
ηcc, ηtt and ηct are the contributions from the SM-like box diagrams. The η factors summarise
NLO and NNLO QCD corrections in the SM as calculated in Refs. [103, 104, 99]. This way
of arranging Eq. (8.4) ensures that by decoupling all NP we reproduce the SM prediction (see
Eq. (5.17)). The second term summarises the LR contributions from flavour-gauge bosons. As
discussed in Sec. 5.3, they are enhanced by the RGE and the numerical analysis will show that
they have a considerable impact on |εK |.

∆MBq and CP Asymmetries

Analogously to the kaon amplitude we define the B0
q − B̄0

q mixing amplitude (q = d, s)

2mBq (M q
12)
∗

= 〈B̄0
q |H∆B=2

eff |B0
q 〉 . (8.5)

The mixing in the B0
d and B0

s sectors has some differences with respect to K0−K̄0 mixing. One
is the different CKM structure which strongly suppresses the charm and charm-top contribution
and renders them completely negligible compared to the top contribution. Therefore, we obtain
equivalently to Eq. (8.4)

M q
12 =

G2
F M

2
W

12π2
F 2
Bq mBq

[
ηB B̂Bq λ

2
3(Bq) S

(Bq)
t +

+ P V LL1 (µH , Bq)
(

∆
(Bq)
A CV LL1 (µH) + ∆

(Bq)
A CV RR(µH)

) ]∗
,

+
G2
F M

2
W

12π2
F 2
Bq mBq P

LR
1 (µH , Bq)

[
∆

(Bq)
A CLR1 (µH)

]∗
.

(8.6)

Another difference is that in the B sector the long-distance effects are estimated to be small
and Γ12 �M12. This modifies the expression for the mass differences to be

∆MBq = 2 |M q
12| . (8.7)

In the SM ∆MBd and ∆MBs have a large theoretical error stemming from ∼ 10% uncer-

tainties in the combination FBq

√
B̂Bq [111, 112], but there is still room for improvement from

lattice calculations. A large part of these non-perturbative uncertainties cancel in the ratio
[113, 112, 114]

ξ =
F 2
Bs

F 2
Bd

B̂s

B̂d
= 1.237± 0.032 . (8.8)
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Therefore, we also consider in our analysis the ratio of the two mass differences:

R∆MB
≡ ∆MBd

∆MBs

. (8.9)

Mixing in the neutral B sectors is sensitive to new CP violating phases. To expose the
contributions from NP we follow [115] and define

M q
12 ≡ (M q

12)SM CBq e
2 i ϕBq . (8.10)

The real factors, CBq , parametrise changes in the absolute value of the amplitude and the
phases, ϕBq , the new sources of CP violation. The SM contributions are also complex

(
Md

12

)
SM

=
∣∣(Md

12

)
SM

∣∣e2 i β ,
(
M s

12

)
SM

=
∣∣(M s

12

)
SM

∣∣e2 i βs , (8.11)

where the phases β ' 22◦ and βs ' −1◦ are defined through

V SM
td = |V SM

td |e−iβ and V SM
ts = −|V SM

ts |e−iβs . (8.12)

In this notation, the experimentally accessible coefficients of sin(∆MBd t) and sin(∆MBs t) in
the time-dependent asymmetries of the decays B0

d → ψKS and B0
s → ψφ are

SψKS = sin(2β + 2ϕBd) and Sψφ = sin(2|βs| − 2ϕBs) . (8.13)

The Branching Ratio BR(B+→τ+ν)

We also consider the tree-level decay B+→ τ+ν. For some time now, the world average from
Barbar and Belle [116, 117] was 2σ higher than the SM prediction based on a global fit of the
CKM parameters. The situation changed when Belle reanalysed the data with a new hadronic
tag and removed the tension with the SM [118].

In MGF the B+→τ+ν branching ratio is:

BR(B+→τ+ν) =
G2
F mB+ m2

τ

8π

(
1− m2

τ

m2
B+

)2

F 2
B+ |cuL1 Vub cdL3

|2 τB+ , (8.14)

in which all NP effects come from the mixing with exotic quarks and are thus expected to
be very small. Flavour-gauge bosons contribute only at the loop-level, they are negligible.
We therefore use the ratio RBR/∆M to cancel large hadronic uncertainties in the meson decay
constants F+ and FBd [117, 119]:

RBR/∆M =
BR(B+→τ+ν)

∆MBd

≈ 3π τB+

4 ηB B̂Bd S0(xt)

c2
uL1

c2
dL3

CBd

m2
τ

M2
W

|Vub|2∣∣V ∗tb Vtd
∣∣2

(
1− m2

τ

m2
Bd

)2

, (8.15)

where we used mB+ ≈ mBd , which is justified considering the errors in the other quantities
and the experimental error of the branching ratio.
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The Branching Ratio BR(B →Xsγ)

The SM prediction for the B →Xsγ branching ratio at NNLO [57, 69, 70] is

BR(B →Xsγ) = (3.15± 0.23)× 10−4 . (8.16)

It has been calculated for a photon-energy cut-off Eγ > 1.6 GeV in the B-meson rest frame
and is to be compared with the current experimental value [96]

BR(B →Xsγ) = (3.55± 0.24± 0.09)× 10−4 , (8.17)

for the same energy cut-off Eγ . In the presence of NP the expression for the branching ratio
reads:

BR(B →Xsγ) = R
(
|C7γ(µb)|2 + |C ′7γ(µb)|2 +N(Eγ)

)
, (8.18)

where R = 2.47× 10−3 and N(Eγ) = (3.6± 0.6)× 10−3. The parameter R is an overall factor,
whose determination is discussed in [69, 70], while N(Eγ) is a non-perturbative contribution.
We calculate NP contributions at the LO including the RGE and add them to the NNLO SM
contribution

C7γ(µb) = CSM
7γ (µb) + ∆C7γ(µb) , (8.19)

with the central value of CSM
7γ (µb) at the NNLO corresponding to Eq. (8.16) for µb = 2.5 GeV

CSM
7γ (µb) = −0.3523 . (8.20)

8.2 The Spectrum

To evaluate the flavour observables we first need to calculate the spectrum of the model in
terms of the SM fermion masses and the NP parameters in Eq. (2.5). The spectrum depends
also on the elements of the unitary matrix V , which we determine using its relations to the
experimentally measured CKM matrix defined in Eq. (2.16). From Eqs. (2.13) and (2.15) we
deduce that c(u,d)L ≈ 1, except for t and t′. As a result, in a good approximation the CKM
matrix is

Ṽ '




Vud Vus Vub
Vcd Vcs Vcb

cuL3 Vtd cuL3 Vts cuL3 Vtb


 , (8.21)

in which the deviation from the unitarity of the CKM matrix is

(
Ṽ † Ṽ

)
ij

= δij − s2
uL3

V ∗ti Vtj ,
(
Ṽ Ṽ †

)
ij

= δij − s2
uL3

δit δjt . (8.22)

The deviations are present only when the top-quark entries are considered and are proportional
to s2

uL3
. All other entries of the CKM matrix coincide with the corresponding entries of the

unitary matrix V up to small corrections. The phase γ in the unitary triangle is not affected
by the mixing:

γ̃ ≡ arg

(
− Ṽud Ṽ

∗
ub

Ṽcd Ṽ
∗
cb

)
= arg

(
−Vud V

∗
ub

Vcd V
∗
cb

)
. (8.23)

Therefore, we use the tree-level experimental determinations of |Vus|, |Vcb|, |Vub|, and γ and
the unitarity of the matrix V to fix the values of all its elements. To a good approximation
these determinations are insensitive to NP effects.
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Having determined V , we calculate the spectrum and the couplings of the new parti-
cles. They are fixed once, in addition to the SM parameters, we fix the seven NP couplings

λ
(′)
u,d , gQ , gU , gD and the two mass parameters Mu and Md in Eqs. (2.6) and (2.7). Their actual

determination is subtle since the energy scale at which the see-saw relations in Eqs. (2.11) hold
is a priori not known. We identify this scale with the mass of the lightest flavour-gauge boson.

We fix the spectrum and the see-saw scale iteratively using the condition that all exotic
masses are above mt(mt). As a first step we evaluate the see-saw relation at mt(mt) to obtain
a rough estimate of the masses of exotic fermions and lightest gauge boson. With this initial
spectrum we run the masses of the SM fermions to the newly defined see-saw scale including
all intermediate exotic fermion thresholds. The evaluation of the see-saw relation corrects the
NP spectrum. We repeat the procedure until the values of the exotic fermion masses and the
see-saw scale no longer change. Finally, we evolve the exotic fermion masses down to the EW
scale at which we evaluate the Wilson coefficients from box contributions.

In the numerical analysis we scan the parameter space of the model. We choose λu,d ∈
( 0, 1.5 ] and all other couplings {λ′u,d, gQ, gU , gD} ∈ ( 0, 1.1 ], always staying in the pertur-
bative regime of the theory. One way of decoupling the MGF from the SM is to reduce the
coupling of the NP particles to the SM particles. By allowing small values for the couplings
gQ, gU and gD in the scan, we take into account the case in which the flavour-gauge bosons
are decoupled from the SM, while the exotic quarks remain light. The two mass parameters
are varied in the interval Mu ∈ [ 100 GeV, 1 TeV ] and Md ∈ [ 30 GeV, 250 GeV ] following the
discussion in Ref. [11]. Unphysical points of the parameter space, namely cases with su,d or
cu,d larger than 1, are not considered. Larger Mu and Md values decouple the NP from the
SM and are therefore phenomenologically irrelevant. With respect to the analysis of Ref. [11]
we are scanning over all NP parameters, including λ′u,d and gQ, gU , gD.

8.3 Flavour Analysis

In this Section we present the quantitative effects of the MGF model on the flavour observables
from Sec. 8.1. The value of |Vub| is an essential input for the analysis. At the moment there are
two determinations of its value that disagree with each other: one from exclusive semileptonic
decays and another from inclusive ones. The disagreement is referred to as the |Vub| problem.
The resolution of the discrepancy between the two values is an issue that should be solved in
the near future. At the moment, it means that if we take the unitarity of the CKM matrix
as granted and consider the good agreement of the ratio R∆MB

with the data, the inclusive
and exclusive determinations imply different patterns in CP-violating observables. The value
of |Vub| is especially relevant for the simultaneous prediction of both εK and SψKS given the
ratio R∆MB

, as first discussed in Refs. [120, 102]. We therefore consider the two limiting cases:

Exclusive (small) |Vub|:
|V excl
ub | = (3.38± 0.36)× 10−3

In this case the SM prediction of SψKS is very close to its experimental determination,
while |εK | lies somewhat below its measured value.

Inclusive (large) |Vub|:
|V incl
ub | = (4.27± 0.38)× 10−3

In this case the SM prediction of SψKS is larger than its experimental value by about 3σ,
but the |εK | SM prediction is in perfect agreement with its experimental determination.
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SM predictions for exclusive |Vub| Experimental determinations

∆MBd = 0.56 ps−1 ∆MBd = 0.507(4) ps−1 [121]
∆MBs = 19.0 ps−1 ∆MBs = 17.719(43) ps−1 [121]
R∆MB

= 2.95× 10−2 R∆MB
= 2.8861(26)× 10−2 [121]

SψKS = 0.671 SψKS = 0.673(20) [96]
Sψφ = 0.0354 Sψφ = −0.01(7)(1) [122]
|εK | = 1.86× 10−3 |εK | = 2.228(11)× 10−3 [39]

BR(B →Xsγ) = 3.15× 10−4 BR(B →Xsγ) = 3.55(24)(09)× 10−4 [39]
BR(B+→τ+ν) = 0.849× 10−4 BR(B+→τ+ν) = 0.99(25)× 10−4 [116, 118]

Table 8.2: The SM predictions for the observables we consider using the exclusive determina-
tion of |Vub| and the corresponding experimental values.

In the past, the exclusive-|Vub| case came with its own serious caveats. While the SM could
predict SψKS , its prediction for |εK | laid 2.5σ below the experimental determination. After

our original publication [19], new lattice results increased the value of B̂K by a approximately
4% and softened this tension of the SM. We present the analysis of the MGF model in view of
the new results.

If the new particles in the MGF model are indeed close to the TeV scale, the model will
have concrete predictions on the observables in question. The reason is that contrary to other
popular extensions of the SM, like SUSY models, the Little-Higgs model, the RS-scenario and
models with left-right symmetry, MGF has a much smaller number of new parameters. Since
the MGF model does have new sources of CP violation transmitted from the flavour-gauge
bosons, we investigate whether the model can also accommodate the inclusive-|Vub| case. In
Tab. 8.2 we collect the SM predictions and the experimental determinations for the observables
that we consider for the exclusive-|Vub| case.

|εK |-SψKS Correlation

In Fig. 8.1 we present the correlation between εK and SψKS for the two cases of |Vub|. The colour
represents the percentage of the NP effect due to NP contributions from boxes and flavour-
gauge bosons in blue and red, respectively. The plot demonstrates that the exclusive value of
|Vub| is favoured in this model. Looking at both panels we make the following observations:

• The effects of exotic quarks in the boxes (blue points) typically enhances |εK |.

• The same effects cannot modify SψKS , as there is no new phase in the SM-like contribu-
tion.

• The flavour-gauge bosons always reduce |εK |, i.e. they can only interfere destructively
with the box contributions.

• The new CP-violating phase from flavour-gauge bosons can modify SψKS only by reducing
it.

We have also decomposed the effects of the flavour-gauge bosons in contributions coming from
LL, RR and LR currents to assess their quantitative importance. The decomposition shows
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Figure 8.1: The correlation of |εK | and SψKS . The shaded grey regions are the experimental
1σ-3σ ranges and the cross the SM prediction. The colour of the points represents the
percentage of the exotic-quark and flavour-gauge boson contribution in |εK | in blue and red,
respectively. We have also added the theoretical |εK | SM error in the NP points.

that RR currents have a negligible effect, while the LL currents reduce SψKS without affecting
|εK |. LR currents have no effect on SψKS , but always decrease |εK |. In the model the LL
currents are correlated with the LR currents and cannot be separated from each other. Their
relative importance gives the “slope” of the red points in Fig. 8.1. The steepness of the “slope”
comes from the fact the LR is enhanced from the RGE (see Sec. 5.3).

The numerical importance of the LR currents and the fact that they always reduce |εK |
without modifying SψKS is the reason why the model fails to describe the data in the inclusive-
|Vub| case (Fig. 8.1b). This is a strict correlation and a non-trivial prediction of the model. As
discussed in Refs. [120, 102], a negative NP phase ϕBd in B0

d− B̄0
d mixing would solve the |εK |-

SψKS anomaly in the inclusive-|Vub| case, provided such a phase is phenomenologically allowed
by other constraints. With a negative ϕBd , sin 2β is larger than SψKS , implying a higher value
on |εK |, in reasonable agreement with data and a better Unitary Triangle fit. MGF provides
such a phase, but it comes with contributions from LR currents which go against |εK |. We
thus consider the inclusive determination of |Vub| to disfavour the model and do not pursue it
further.

The left panel with the exclusive-|Vub| case (Fig. 8.1a) shows the current status of the SM
|εK |-SψKS anomaly. With the new value of B̂K the SM is in good shape. In MGF the flavour-
gauge bosons reduce |εK | and can only increase the tension. Contrarily, exotic quarks increase
|εK | and improve the agreement with the data.

|εK |-∆MB Correlation

Next, we consider in Fig. 8.2 the correlation of |εK | with the mass differences in the neutral
B systems for the exclusive-|Vub| case. The colour coding is the same as in Fig. 8.1. The
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Figure 8.2: Correlation plot for |εK | with ∆MBd and ∆MBs on the left and right panel, re-
spectively. The colour of the points represents the percentage of the exotic-quark and flavour-
gauge boson contribution in |εK | in blue and red, respectively.

uncertainties of the hadronic quantities FBq

√
B̂Bq dominate the theoretical errors for ∆MBd

and ∆MBs . We include the error in the SM prediction, but not on each NP point to keep
the presentation more transparent. Even considering the large theoretical errors the MGF
construction has clear predictions.

Both exotic quarks and flavour-gauge bosons cannot decrease the mass differences, a decrease

which seems to be favoured by the current values of FBq

√
B̂Bq . In contrast to the |εK |-SψKS

correlation, there is an unwelcome anti-correlation from flavour-gauge bosons, which always
pushes the NP prediction for both εK and ∆MBq away from their experimental values. Once
again, the current data disfavour large effects from flavour-gauge bosons.

The situation here is more severe than in the |εK |-SψKS correlation. In the latter, simul-
taneous large effects from exotic quarks and flavour-gauge bosons could cancel each other in
such a way that the combined predictions remained within the experimentally allowed range.
Such a cancellation would be a fine-tuned case, but still be compatible with a low NP scale.
Here, such a cancellation is impossible and large effects are completely forbidden. This is an
indication that a low NP scale in the MGF model may indeed not be as viable as the con-
struction implied. Interestingly, the indication here comes solely from indirect searches of NP
and does not depend on the negative results of searches for new particles in direct searches.

In the future, the theoretical uncertainties in FBq

√
B̂Bq and |εK | will shrink and more definite

statements may be possible. For now we consider quantities which are less affected by hadronic
uncertainties, e.g. the ratios R∆MB

and RBR/∆M .

R∆MB -RBR/∆M Correlation

In Fig. 8.3, we show the correlation between the ratio of the mass differences, R∆MB
, and the

ratio of the branching ratio BR(B+→ τ+ν) to ∆MBd , RBR/∆M . As discussed in Sec. 8.1, a
large part of the hadronic uncertainties cancel in these combinations and we expect strong
constrains on the parameter space of the model.
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Figure 8.3: Correlation plot for R∆MB
and RBR/∆M . The grey regions refer to the experi-

mental 1σ-3σ error ranges of the ratios R∆MB
and RBR/∆M . The black cross refers to the

SM values. On the left, the colour coding is the relative effect of exotic-quarks and flavour-
gauge-boson contributions in blue and red, respectively. On the right, red points indicate an
agreement of the εK prediction at the 3σ experimental and 1σ theoretical error range.

The colouring in the left panel is the same as in Figs. 8.1 and 8.2. We observe that in the case
of no flavour-gauge-boson contributions the ratio R∆MB

is not affected at all from NP. Exotic
quarks in the boxes contribute in the same way in ∆MBd and ∆MBs such that exotic-quark
contributions cancel in the ratio. Therefore, the ratio R∆MB

, which has a small approximately
3% theoretical error, is the best observable to identify effects from flavour-gauge bosons. We
observe that large flavour-gauge-boson effects are again disfavoured by the data.

On the right-panel, we plot in red the points that simultaneously satisfy the |εK | bound; they
are within the 3σ experimental and 1σ theoretical error that we added linearly. Only part of the
parameter-space with small effects from flavour-gauge bosons survives the combined bounds.

Regarding the rate of B+ → τ+ν, the central value before the Belle reanalysis [118] was
BR(B+ → τ+ν) = (1.65 ± 0.34) × 10−4. This value lead to a serious tension for the SM
and even more so for the MGF construction, which always decreases RBR/∆M . However, the
new world average, which has still a significant experimental error, poses no longer a strong
constraint on the SM or the parameter space of the MGF model.

Sψφ-SψKS Correlation

We have seen from Fig. 8.1 that a large new CP-violating phase in the neutral B0
d system is

possible, but not phenomenologically viable due to the value of |εK |. Next, we investigate the
possibility of having a large phase in the neutral B0

s sector. In Fig. 8.4 we plot the correlated
prediction of SψKS and Sψφ. In the left panel, the colour coding represents the relative amount
of flavour-gauge boson to exotic-quark contributions. In the right panel, red points predict |εK |,
R∆M and RBR/∆M to be within the 3σ experimental and 1σ theoretical range.

We observe that the effects on Sψφ are even more suppressed than in SψKS . In this respect,
the MGF construction is very close to the SM and it would be very hard to differentiate the
two models, even with an improved determination of Sψφ.

70



8.4 Comparisons & Summary Phenomenology of MGF

0.0 0.5 1.0
SψKS

−0.2

0.0

0.2
S
ψ
φ

0.0 0.5 1.0
SψKS

−0.2

0.0

0.2

S
ψ
φ

Figure 8.4: Correlation plot for SψKS and Sψφ. The grey regions refer to the experimental
1σ-3σ error ranges. The black cross refers to the SM values. On the left, the colour coding
is the relative effect of exotic-quarks and flavour-gauge-boson contributions in blue and red,
respectively. On the right, red points indicate an agreement of the εK , R∆M and RBR/∆M

prediction at the 3σ experimental and 1σ theoretical error range.

B →Xsγ

Finally, we consider the MGF predictions for the B →Xsγ rate. We plot the prediction in
Fig. 8.5 in dependence of the t′ mass. Using our results for the gauge-bosons from chapter 5,
we find that they have a negligible effect on the rate, as anticipated from our discussion in
[21]. The see-saw mechanism is enough to suppress these contributions. The exotic quarks
can only enhance the rate as already pointed out in [11]. With an increasing t′ mass the NP
effects slowly decouple and the SM prediction is recovered. However, the effect of the t′ on the
B →Xsγ is not large enough to provide a relevant bound on its mass.

8.4 Comparison to alternative NP Scenarios and Summary

Before we conclude, we compare the predictions of the MGF construction with alternative
extensions of the SM. A complete comparison of the patterns of flavour violation requires also
the study of ∆F=1 processes. However, the ∆F=2 observables that we studied here provide
enough information to distinguish the MGF construction from other popular NP scenarios.
We discuss here a few examples and refer to [95] for a recent extensive review on the different
flavour patterns in various NP scenarios.

• The original MFV framework restricted to LL operators is called CMFV. An explicit
UV implementation of this set-up is the model with a single universal extra dimension
(UED) for which ∆F=2 observables have been studied in [123]. In CMFV SψKS remains
SM-like and thus, only the exclusive value of |Vub| is viable [124]. This is a general
property of CMFV construction demonstrated in [125]. Therefore, the predictions for
∆F = 2 observables in MGF and CMFV resemble each other a lot, once we impose the
|εK | constraint and decouple all flavour-gauge-boson effects in MGF. ∆F = 1 processes
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Figure 8.5: The BR(B →Xsγ) predictions as a function of m′t. Grey regions refer to the
1σ-2σ experimental error range and the dashed black line to the SM prediction. In red are the
points for which R∆MB

, RBR/∆M and |εK | agree with the experiment at the 3σ experimental
and 1σ theoretical level.

can provide the distinction, though. In MGF the NP contributions uniquely enhance the
BR(B →Xsγ), while in UED they uniquely suppress it [126]. The |εK |-∆MBq correlation
is similar in MGF and CMFV constructions.

• The Two-Higgs-Doublet model with MFV and flavour blind phases, 2HDMMFV [127], can
be distinguished from MGF if future data select the inclusive determination of |Vub|. In
2HDMMFV the contributions to |εK | are small and the interplay of the CKM phase with
the flavour blind phases in the Yukawa couplings and the Higgs potential can suppress
SψKS . 2HDMMFV is compatible with the inclusive determination of |Vub|, while MGF is
not. In both 2HDMMFV and MGF the asymmetry Sψφ is either SM-like or is reduced.

• The left-right asymmetric model (LRAM) has a large number of free parameters with
respect to the MGF model. Ref. [63] presented a detailed analysis of FCNCs within
the LRAM model and showed that both values of |Vub|, inclusive and exclusive, are
phenomenologically viable. The model contains many new phases and the |εK |-SψKS
anomaly has more than one possible solution. It is therefore not as predictive as the
MGF construction. Nevertheless, Ref. [63] demonstrated how a simple structure of the
right-handed mixing matrix enhances |εK | keeping SψKS at the SM value, while at the
same time suppresses ∆MBd,s and significantly enhances Sψφ. These signals cannot be
accommodated in the MGF model. On the downside, LRAM struggles with the |εK |
constraint due to huge neutral-Higgs tree-level contributions and, contrary to MGF,
does not aim to explain masses and mixings.

In this work, we have performed an extensive analysis of the flavour sector of the most
minimal MGF construction first presented in [11]. The model has a small number of new
parameters and has thus strict patterns of flavour and CP violation that go beyond the SM.
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We considered ∆F=2 observables and the branching ratios BR(B →Xsγ) and BR(B+→τ+ν)
laying emphasis on separating the effects from exotic quarks and flavour-gauge bosons present
in the model. We find that RR currents from flavour-gauge bosons are negligible, while LL
currents provide new CP-violating phases that uniquely suppress SψKS and Sψφ. The effects
on Sψφ are small compared to SψKS . The LR currents from flavour-gauge bosons do not affect
SψKS , but suppress |εK |. Therefore, similarly to the SM, the MGF construction can only
accommodate the data for a value of |Vub| close to its current determination from exclusive
decays. The correlation of |εK | and the mass differences ∆MBd and ∆MBs showed that a
cancellation of exotic-quark and flavour-gauge contributions is not possible. Both contributions
uniquely enhance ∆MBd and ∆MBs and thus, large NP effects are phenomenologically not
viable.
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In this chapter, we investigate the TeV phenomenology of the HC model presented in chapter 3.
By discussing the predictions of specific benchmarks of the model, we will demonstrate that the
model can naturally account for anomalously large measurement of Att̄FB and simultaneously
adhere to closely related experimental constraints. The benchmark points will be the result of
a χ2 minimisation taking into account the total tt̄ cross sections and asymmetries at Tevatron
and LHC. In addition to the inclusive cross sections and asymmetries we shall present:

• the differential invariant-mass spectra of the produced tt̄ pair at Tevatron and LHC,

• the differential Att̄FB’s in mtt̄ and the rapidity difference of the tt̄ pair, ∆y, at Tevatron,

• the dijet spectra in the invariant mass of the two jets, mjj , at Tevatron and LHC, and

• the angular dijet distribution over a large range of dijet masses at Tevatron.

9.1 tt̄ Asymmetries at Tevatron and LHC

tt̄ asymmetries are a measure of the different probability for the top, or equivalently the anti-
top quark, to be produced in a specific direction with respect to an initial qq̄ state. If the final
state of the qq̄ → tt̄ transition is symmetric under the exchange of the momentum of the t
and t̄ quark, the probabilities would be the same and the asymmetries would be zero. This is
the case at LO in QCD and is why the asymmetries are small in the SM. They arise at the
perturbative level and the main effect comes from interference of the one-loop box diagrams
with the LO contribution and corrections from initial- and final-state radiation.

The CDF and DØ experiments at Tevatron observed an asymmetry in pp̄ → tt̄ presenting
results for the partonic-level observable

Att̄FB ≡
N(∆y > 0)−N(∆y < 0)

N(∆y > 0) +N(∆y < 0)
, (9.1)

with ∆y = yt − yt̄, the difference of the t and t̄ rapidities, taking the forward direction to be
that of the proton1. In the notation from Eq. (6.42) this is equivalent to

Att̄FB =
σF − σB
σF + σB

, (9.2)

with

σF =

∫ 1

0
dz
dσ

dz
and σB =

∫ 0

−1
dz
dσ

dz
.

dσ/dz is the differential cross section convoluted with the parton distribution functions (PDF)
of the proton and antiproton and integrated over a partial or the full range of the invariant

1∆y is invariant under boosts in the beam direction.
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mass of the tt̄ pair, mtt̄. The SM prediction for the inclusive Att̄FB at NLO QCD including
leading EW corrections [128, 129, 130, 131] is [131]

Att̄ inc SM
FB = 0.088± 0.006 . (9.3)

LO cross sections were used in the denominator of Eq. (9.2) and the PDF set CTEQ6.6m [132].
The error is the pure scale-uncertainty error for µ ∈ [mt/2, 2mt]. Evidently, in the SM top
quarks are preferably emitted in the forward direction while anti-top quarks in the backward
direction. Note, that there is a substantial uncertainty in the SM prediction of the Att̄FB due to
missing NNLO QCD corrections. This can be seen by using the NLO QCD cross section in the
denominator instead of the LO values used above. In this case, we obtain Att̄ inc SM

FB = 0.067,
which further suppresses the SM prediction and would increase the tension with the data.

The first experimental evidence for an unexpectedly large Att̄FB came from CDF which re-
ported an inclusive asymmetry of Att̄FB = 0.158 ± 0.075 [133] using 5.3 fb−1 of data. An
even larger excess was observed in the channel where both t and t̄ decayed semilepton-
ically Att̄FB = 0.42 ± 0.2 [134]. The CDF result was confirmed by DØ, which reported
Att̄FB = 0.196 ± 0.065 [135]. More recently, CDF utilised its full data set of 9.4 fb−1 and
updated its value to Att̄FB = 0.164 ± 0.047 [136]. Naively averaging the CDF and DØ value
gives

Att̄ inc EXP
FB = 0.175± 0.038 . (9.4)

Interestingly, CDF observes that the excess rises with the invariant mass of the tt̄ pair Att̄ low
FB =

0.084± 0.0046± 0.030 for mtt̄ ≤ 450 GeV and Att̄high
FB = 0.295± 0.0058± 0.033 for mtt̄ ≥ 450

GeV, which should to be compared to the SM predictions Att̄ low SM
FB = 0.062 ± 0.003 and

Att̄ high SM
FB = 0.129 ± 0.006 [131]. DØ did not “unfold” its asymmetries so a comparison with

the partonic-level asymmetries is not possible, but it appears that it does not to observe a rise
with mtt̄ at least not at the detector-level asymmetries. We have collected the experimental
determinations in Tab. 9.1.

At the LHC, the initial state is symmetric, so there is no fixed forward or backward direction
to define an Att̄FB. The related observable is the charge asymmetry, AC , which exploits the
fact that the u valence quarks are more energetic than the ū quarks from the quark gluon sea.
Therefore, if in pp̄ collisions top quarks are preferably emitted in the forward direction, in pp
collisions they must be emitted preferably along the beam axis, while anti-top quarks more
towards the central direction. The charge asymmetry at LHC is thus defined by

AC =
N(∆|y| > 0)−N(∆|y| < 0)

N(∆|y| > 0) +N(∆|y| < 0)
, (9.5)

with ∆|y| = |yt|−|yt̄| and has been been observed by both ATLAS and CMS in the semileptonic
and dilepton decay channel with still considerable experimental uncertainties (see Tab. 9.1).
The naive average of the four measurements yields

AEXP
C = 0.010± 0.008 (9.6)

and the SM prediction for LO cross sections in the denominator is [131]

ASM
C = 0.0123± 0.0005 , (9.7)
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Observable Value Ref.

Alow,CDF
FB 0.084± 0.055 [136]

Ahigh,CDF
FB 0.295± 0.067 [136]

Ainc,CDF
FB 0.164± 0.047 [136]

Ainc,DØ
FB 0.196± 0.065 [135]

Ainc, average
FB 0.175± 0.038

Ainc,ATLAS, semileptonic
C 0.006± 0.010 [137]

Ainc,ATLAS, dileptons
C 0.057± 0.028 [138]

Ainc,CMS, semileptonic
C 0.004± 0.015 [139]

Ainc,CMS,dileptons
C 0.05± 0.06 [140]

Ainc,average
C 0.010± 0.008

σCDF
inc 7.50± 0.48 pb [141]
σATLAS

inc 177.± 3± 8± 7 pb [142]
σCMS

inc 165.8± 2.2± 10.6± 7.8 pb [143]
σLHC

inc 172.4± 8.5 pb

σTEV,NNLO
inc 7.395± 0.544 pb [144]

σLHC,NNLO
inc 172.5± 15.0 pb [144]

Table 9.1: Experimental input and SM predictions used in the evaluation of the NP χ2.

in good agreement with the experimental average.

The forward-backward asymmetry at Tevatron and the charge asymmetry at the LHC are
closely related observables governed by the same underlying partonic process. The fact that
an excess is observed in the Att̄FB but not in AC appears to be problematic for many extensions
of the SM that account for the Att̄FB as the two prediction are often correlated [145, 146, 147].
An increase in Att̄FB typically also increases AC . As briefly mentioned in Sec. 6.1.2, a way to
break the correlation was presented in Ref. [75]. In models with a t-channel mediator, Z ′,
which enhances the Att̄FB and AC at the Born level, the associated production of Z ′ in the
process gu → tZ ′ → tut̄ (see Fig. 9.1) gives a negative contribution to AC breaking thus the
Att̄FB −AC correlation. We discussed candidates for the Z ′ in the HC theory in Sec. 6.1.

9.2 The χ2 Fit

In the presence of NP we define the combined SM and NP prediction for Att̄FB as

Att̄ SM+NP
FB =

∆σSM + ∆σNP

σSM+NP
. (9.8)

Above, σSM+NP is the total inclusive LO cross section for pp̄ → tt̄, i.e. it includes associated
production of t-channel mediators. ∆σSM ≡ σSM

F −σSM
B at NLO QCD including EW corrections

extracted for µ = [mt/2,mt, 2mt] from Ref. [131]. ∆σNP ≡ σNP
F − σNP

B at LO including the
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Figure 9.1: Associated production through a t-channel mediator, Z ′. In the left diagram, the
decay of the Z ′ produces a t̄ boosted in the direction of the initial up quark thus reducing AC
and breaking its correlation to the Att̄FB.

interferences of NP contributions with the LO SM amplitude. We define the charge asymmetry
in the presence of NP analogously. This definition ensures that decoupling the NP retrieves
the SM predictions for the asymmetries.

Similarly, we combine the LO NP effects with the NNLO CTEQ10 prediction for tt̄ production
[144]:

σinc = σNNLO
inc + σNP

inc , (9.9)

where again σNP
inc includes associated production and LO interferences with the SM.

Having all NP predictions for total cross sections and asymmetries we fix the scale µ in the
evaluation of LO amplitudes and run a χ2 minimisation on:

χ2 =
∑

inc, low, high

(Att̄NP
FB −Att̄EXP

FB )2

(δAtt̄EXP
FB )2

+
(ANP

C −AEXP
C )2

(δAEXP
C )2

+
∑

TEV,LHC

(σinc − σEXP
inc )2

(∆σEXP
inc )2 + (∆σNNLO

inc )2
,

(9.10)
with the experimental input and SM predictions used for the χ2 minimisation summarised in
Tab. 9.1. Ideally, we would include also differential mtt̄ spectra and asymmetries in the χ2,
but because of the large number of resonances this is computationally too expensive.

The χ2 fit varies the chiral mass of the ρHC meson, Mchiral, the masses of the HC quarks, Q,
and scalar S, and the strong Yukawa couplings hi. We also allow for some small perturbations
around the strict QCD scaling by permitting deviations of HC couplings and decay constants
around their QCD estimates. Minimizing the χ2 in terms of this large number of variables is
an algorithmically hard problem. The result is a local minimum that depends on the initial
conditions and the given typical variation of the variables. The fit uses the COBYLA algorithm
[148] for the minimisation, which allows us to apply constraints on the minimisation procedure
to account for known bounds (see next section). All cross sections are automatically evaluated
in Madgraph [80] using the NLO PDF-set CTEQ6m and a fixed renormalisation and αs scale.

9.3 Benchmarks

The results of the χ2 fit are very encouraging. We discuss one benchmark for µ = mt and one
for µ = 2mt denoted by BMmt and BM2mt , respectively, both of which have a significantly
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BMmt BM2mt

Mchiral[GeV] 177 171
mQ1 [GeV] 3.4 3.1
mQ3 [GeV] 30.2 30.5
mS [GeV] 520 520

h1 2.0 2.0
h3 4.2 4.2

BMmt BM2mt

dev. in gHC
ρ 0.95 0.93

dev. in gHC
a1 0.89 0.93

dev. in fu′ 1.3 1.3
dev. in ma1 0.96 0.99

Table 9.2: The UV parameters of the two benchmark points and the deviations from the naive
QCD rescaling relations.

Masses [GeV] Widths/Masses

πHC, KHC, ηHC 65, 146, 164 0.0%
ρHC, K∗HC, VL, VH 183, 218, 186, 248 6%, 0.2%, 0.1%, 0.0%
aHC

1 , KAHC, AL, AH 267, 290, 276, 313 23%, 6%, 0.2%, 0.0%
Vo, Vs 1291, 1291 33%, 33%
u′, c′, t′ 691, 691, 718 6%, 6%, 19%

Table 9.3: The resonance mass spectrum for BMmt. The spectrum for BM2mt is insignificantly
different.

lower χ2 than the SM:

χ2(BMmt) = 3.5 to be compared with χ2(SM, µ = mt) = 12 ,

χ2(BM2mt) = 3.3 to be compared with χ2(SM, µ = 2mt) = 13 .

The values of the UV parameters are listed in Tab. 9.2 together with the deviations from
naive QCD scaling on which the fit settled. The resulting resonance masses and widths for the
benchmarks are found in Tab. 9.3.

The important facts to be taken from Tab. 9.2 are that: mS is large, approximately 1/2 TeV,
in order to hide Vo and Vs from the differential mtt̄ spectrum at Tevatron (see discussion in
Sec. 6.1.4). mQ3 is significantly larger than mQ1 in order to kinematically suppress the decay
of K∗HC to pseudoscalars, thus increasing the associate effect in AC . The main deviation
from QCD rescaling is in the decay constant fu′ , which we increased by 30% with respect to
the naive fit in Sec. 6.1.3. In this way, we globally enhanced the mixing of the composite to
the SM quarks to obtain an approximately 0.3 coupling of the K∗HC to up and top quarks.
Equivalently, we could have further increased the strong Yukawa couplings (see Eq. (6.22)).

The predictions of the two benchmarks for asymmetries and cross sections are given in
Tab. 9.4. We find that the Att̄FB’s are enhanced, while AC remains SM-like, which is purely due
to the associate effect. Without it, Att̄FB and AC would be correlated resulting in AC = 0.027
and AC = 0.029 for BMmt and BM2mt , respectively. The increased mQ3 kinematically sup-
pressed the decay of the K∗HC to pseudoscalars resulting in an approximately 30% branching
ratio to tū that corresponds to the best fit points found in Ref. [75]. In this sense, the HC
model is a UV realisation of the Z ′ toy model from Ref. [75]. A less positive characteristic
is that the benchmarks show a reduced inclusive cross section at the Tevatron, a behaviour
typical for models of Att̄FB with t-channel vector mediators [28].
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BMmt SMmt BM2mt SM2mt

Att̄ inc
FB 0.185 0.088 0.191 0.082

Att̄ low
FB 0.091 0.062 0.096 0.059

Att̄ high
FB 0.314 0.129 0.327 0.123

AC 0.014 0.123 0.018 0.012

σTEV
inc [pb] 6.26 - 6.53 -
σLHC

inc [pb] 180.6 - 177.4 -

Table 9.4: The predictions of the two benchmarks for tt̄ asymmetries and inclusive cross
sections at Tevatron and LHC. For comparison also the asymmetries in the SM are listed.
The NNLO SM prediction for tt̄ production are included in Tab. 9.1.
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Figure 9.2: Invariant-mass spectra for BMmt (left) and BM2mt (right) at Tevatron compared
with the NLO QCD SM prediction and the measurement by CDF [149].

Differential Spectra and Asymmetries

Next, we consider the invariant-mass spectra at Tevatron and LHC to identify possible peaks
from s-channel contributions or enhancements in the high-energy tail from the dominant in our
case t-channel contributions. CDF [149] presents the spectrum at the partonic level assuming
the SM for the deconvolution. Thus, care is needed when comparing with NP spectra. As
pointed out in Ref. [150, 151], these acceptance corrections are especially important for t-
channel mediated contributions that enhance the production in forward region in contrast to
the SM production, which is more central.

Using the efficiency corrections tabulated in Ref. [28] in bins of mtt̄ and ∆y we correct the
spectra presenting the results in Fig. 9.2. The SM contribution of the spectrum has been
calculated at NLO QCD using the aMC@NLO utility of Madgraph5 [80]. We observe that the
NP spectra are in good agreement with the data, especially at the high-energy tail, where no
enhancement is observed after the efficiency corrections have been applied. A deficit is however
visible close to the threshold region, being also the reason for the reduced total cross section.
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Unfortunately, the extent of the tension is difficult to judge without calculating also the NP
contributions at NLO as the decrease is mainly due to destructive interference of t-channel
contributions with the SM.
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Figure 9.3: Relative differential mtt̄ spectra for BMmt and BM2mt at LHC7 and LHC8 com-
pared to the ATLAS [152] and CMS [153] observations. On the top, the prediction of BMmt

and below the prediction of BM2mt.

ATLAS and CMS report the relative (1/σ)dσ/dmtt̄ spectra at
√
s = 7 TeV [152] and

√
s = 8

TeV [153], respectively. We show the experimental measurement and the NP predictions in
Fig. 9.3. We find 1σ agreement of the two benchmarks with the observed spectra at LHC with
a tendency for an enhanced high-energy tail, which is attributed both to the t-channel tail and
the presence of Vo and Vs at 1.2 TeV, which will thus be probed in the next LHC run.

Finally, we look into the Att̄FB’s, our main motivation for constructing the model. The
improved CDF analysis including the full 9.4fb−1 of data presented Att̄FB results binned in
both mtt̄ and ∆y, that we present for the two benchmarks in Fig. 9.4. Here, the differential
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Figure 9.4: Att̄FB binned in mtt̄ (upper) and ∆y (lower) for BMmt (left) and BM2mt (right)
compared to the CDF measurements [136] and the SM NLO QCD prediction.

Att̄FB’s have been computed at NLO QCD without the EW corrections that were included in
the χ2 minimisation. In both cases, we find that the benchmarks account for the measured
enhancement in the Att̄FB. An enhancement which rises both with the invariant mass and the
difference in the rapidities of the tt̄ pair. The HC model with its tower of s- and t-channel
resonances can thus naturally yield enhanced Att̄FB without spoiling the differential mass spectra
at either Tevatron or LHC.
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Figure 9.5: LO differential in mjj dijet spectra for BMmt (left) and BM2mt (right) at Tevatron

following the CDF analysis in Ref. [156]. No significant deviations from the SM are visible.
Ratio denotes the ratio of NP to SM prediction.

Dijet Constraints

Measurements of the dijet spectrum at a hadron collider strongly constrain extensions of the
SM that predict new particles with interactions to light quarks or gluons, as dijets have the
largest production cross section of all processes at large momentum transfers. In the HC model
there are potential candidates that may disrupt the dijet spectrum, the πHC, ρHC, VL(H), a

HC
1 ,

AL(H) and V(os). As discussed in Sec. 6.1.3, the couplings of pseudoscalars are suppressed

and thus their contribution is negligible. As far as ρHC is concerned there is a related CDF
search for particles that decay into two intermediate hypothesised particles, in our case the
pseudoscalars, which in turn decay to four jets [154]. CDF presents bounds on this decay in
dependence of the new-particle masses, which we apply as a constraint on the χ2 minimisation.
It turns out that this constraint is sufficient to find benchmarks that are also in agreement
with the measured differential dijet spectra considered below.

We compare the dijet invariant-mass, mtt̄, differential spectra predicted by the two bench-
marks and the SM following the CDF analysis for

√
s = 1.96 TeV [155]. The analysis presents

partonic-level results for two jets, each with a rapidity magnitude |∆y| < 1, and reports good
agreement of the SM QCD prediction with the observed spectrum. In Fig. 9.5 we present the
LO result for the SM and the two benchmark points finding no deviations with respect to the
SM expectations.

DØ has presented the measurement of the angular distribution of dijets for a wide spread
of dijet masses mjj ∈ [0.25, 1.1] TeV [157]. The results are given in terms of the relative
differential cross sections (1/σdijet)dσ/dχdijet with χdijet = (1+cos θ)(1−cos θ) and θ the polar
scattering angle in the partonic centre-of-mass frame. The predictions of the two benchmarks
show little deviation from the SM prediction and agree with the DØ measurements. We plot
our LO predictions and the experimental observations in Fig. 9.6.
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Figure 9.6: Angular differential dijet spectrum for the BMmt benchmark compared with the SM
and the DØ observations [157]. The spectrum for BM2mt shows only insignificant differences.
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Figure 9.7: LO differential in mjj dijet spectra for BMmt (left) and BM2mt (right) at LHC8
following the CMS analysis in Ref. [158]. No deviations from the SM are visible. Ratio
denotes the ratio of NP to SM prediction.
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Finally, we present the dijet spectrum at LHC8 as recently observed by CMS in Ref. [158].
Utilizing 4.0 fb−1 of data, CMS reports no significant enhancements with respect to the SM
predictions. In Fig. 9.7 we present the LO spectrum for the SM and the two benchmarks
finding their predictions to be compatible with the SM. Interestingly, the large decay width of
Vo and Vs were sufficient to hide them from the spectrum. The high-energy tail of the spectrum
is in good agreement with the SM considering the PDF uncertainties that we did not include
in our analysis. However, we note that increasing h1, while keeping the product of h1 × h3

fixed to obtain the Att̄FB, results in an enhancement of the high-energy dijet tail at the LHC.
The behaviour is similar to the tt̄ differential spectrum at the LHC which also tends to receive
enhancements from the HC resonances, that will be further probed in the next LHC run.

We have identified two benchmark points of the HC model presented in chapter 3 with
a tower of resonances with masses ranging from 70 GeV to 1.2 TeV. Remarkably, the new
strongly interacting HC sector is not excluded by current collider constraints and can naturally
account for the anomalously large measurement of the forward-backward asymmetry. One of
the predictions of the model is the occurrence of a triplet of exotic up-type quarks, which may
be directly detectable at the next LHC run. The current exotic-quark searches at the LHC
assume that the exotics decay to ordinary quarks and electroweak bosons, which does not
apply on the HC quarks. The HC quarks decay to ordinary quarks and pseudoscalars which in
turn decay to a pair of jets. Thus a more detailed analysis is necessary to assess their chances
for direct detection. Also, the HC model tends to increase both the high-energy tail of tt̄ and
jj invariant-mass spectrum without showing any intermediate peak structure, both of which
will be tested in the next LHC run.
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10 The Standard Model Bq → `+`−

Prediction

In this chapter we return to the SM. In chapter 7 we calculated the NLO EW matching
corrections to the Wilson coefficient, C10, controlling the decays Bq → `+`−. Here, we discuss
the numerical relevance of the corrections. In Sec. 10.1 we analyse their impact on the Wilson
coefficient, compare the result from different renormalisation schemes and estimate residual
EW uncertainties. These results shall soon be published in Ref. [82]. In Sec. 10.2, we make
the connection to the experimental measurements. We update the SM predictions of the
Bq → `+`− branching ratios including our EW corrections and, yet unpublished, NNLO QCD
corrections [52]. The updated predictions shall be presented in a joined publication [159]. I
am grateful to Thomas Hermann, Mikolaj Misiak and Matthias Steinhauser for allowing me
to present in this thesis the complete discussion prior to its publication.

10.1 The Impact of the Electroweak Corrections on C10

We discuss C10 at the high scale, µ0, and the low scale, µb, before and after the RGE, respec-
tively, and assess the reduction of theoretical uncertainties associated with the choices of the
EW renormalisation scheme. First, we specify the level of accuracy of our numerical analysis.

Strong coupling: We use the four-loop β-function for αs including the three-loop mixed QCD×
QED term given in Ref. [81]. When crossing the Nf = 5 to Nf = 6 threshold at the
matching scale µ0, we include the three-loop QCD threshold corrections using the pole-
mass value for the top-quark mass [160].

Electromagnetic coupling: We implement the running of αe in two-loop QED and three-loop
mixed QED×QCD precision, as presented in Ref. [81]. At the threshold Nf =5 to Nf =6
we include the pure QED threshold correction. The value of αe given in Ref. [39] refers
to the coupling in the SM with the top quark decoupled. From this value, we determine
αe at µ = MZ in the full SM or in our five-flavour effective theory using the one-loop
decoupling relations that we discuss in App. C.3.

Top-quark mass: We determine the running top-quark mass in the MS scheme with respect
to QCD from Mpole

t with three-loop accuracy [160]1, mt(mt) = 163.6 GeV. We evolve
it to the matching scale applying the four-loop expression of the quark-mass anomalous
dimension [160]. Here, mt denotes the top-quark mass, where QCD corrections are MS-
renormalised, but EW corrections are considered in the on-shell scheme. In the case that
the latter are also MS-renormalised, we shall choose the notation mt. The additional shift
from mt → mt is numerically quite significant yielding mt(mt) = 172.7 GeV. The shift

is dominated by tadpole-diagram contributions, which cancel in the ratio xt = m2
t /M

2
W

that enters the LO Wilson coefficient.
1 The choice of the matching scale has a numerically negligible impact for µ0 ∈ [50, 300] GeV considered here.
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Figure 10.1: Comparison of the matching scale, µ0, dependence of C10 at the scale µ0 in
four renormalisation schemes (OS-2, OS-1, HY and MS) at LO (dotted) and with NLO EW
corrections (solid). More details in the text.

We list the numerical input for our analysis in Tab. 7.1.
As renormalisation schemes we consider the on-shell, the MS and the hybrid scheme intro-

duced in Sec. 7.1.1. We abbreviate them in the following as OS, MS and HY. As already
emphasized in Sec. 7.1, once considering higher EW corrections, the two ways of normalising
the effective Lagrangian Eq. (4.13) affect differently the NLO EW matching corrections of C10.
We apply both, the single-GF and the quadratic-GF normalisation for the on-shell scheme,
denoted as OS-1 and OS-2, respectively. For the MS and HY schemes we restrict ourselves to
the single-GF normalisation, since in the quadratic-GF normalisation the LO Wilson coefficient
does not depend on αe or sW .

We first consider the size and the reduction of the scheme dependences in C10 at the matching
scale:

C10(µ0) =





4GF√
2
α̃e(µ0)

[
c

(11)
10 + α̃e(µ0) c

(22)
10 (µ0)

]

G2
FM

2
W

π2

[
c̃

(11)
10 + α̃e(µ0) c̃

(22)
10 (µ0)

] , (10.1)

for the single- and quadratic-GF normalisation, respectively, after including the NLO EW

corrections C(22)
10 . To separate the effects of the EW calculation, we first switch off any QCD

dependence. Namely, we omit the NLO QCD correction C(21)
10 and neglect the µ0 dependence of

the top-quark mass under QCD by fixing the QCD scale and using mt(mt) as the on-shell top-
quark mass under EW renormalisation, as far as OS-1, OS-2 and HY schemes are concerned.
In the MS scheme we perform the additional shift mt → mt using the value of mt(mt) as input

value. Note, that for this choice of scale, µ0 = mt, the omitted NLO QCD correction C(21)
10 is

particularly small [49, 50, 51], i.e. the LO result C(11)
10 accounts for most part of the higher-order

QCD correction.
We plot the LO and (LO + NLO EW) results in Fig. 10.1 for the four renormalisation

schemes. The LO C10 is µ0 independent in the OS-2 scheme because the top-quark mass is µ0

independent and the scheme does not depend on coupling constants at LO. The replacement
GF → αe(µ0)/(son−shell

W )2 introduces a µ0 dependence in OS-1 and a quite significant shift of
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about 4% with respect to OS-2 that translates to a 8% modification of the LO branching ratio.
The MS and HY schemes are based on the same single-GF normalisation as the OS-1 scheme.
Nevertheless, at LO they exhibit relatively large shifts with respect to it and a modified µ0

dependence due to: the MS renormalisation of sW in both HY and MS schemes and the EW
MS renormalisation of the top-quark and W mass in the MS scheme.

We estimate the overall uncertainty due to EW corrections at LO from the variation of C10 in
all four schemes. Ranging in the interval C10(µ0) ∈ [−8.9, −8.2] · 10−8 for µ0 ∈ [50, 300] GeV,
it corresponds to a ±8% uncertainty at the level of the branching ratio. The inclusion of the
NLO EW corrections eliminates this large uncertainty, as all four schemes yield aligned (LO
+ NLO EW) results and the µ0 dependence cancels to large extent in all four schemes. The
residual uncertainty due to EW corrections is now confined to the small interval of C10(µ0) ∈
[−8.26, −8.32] · 10−8 at the scale µ0. It is less than ±0.4%, which gives an ±0.8% uncertainty
on the branching ratio.

The strong reduction of the µ0 dependence in Fig. 10.1 is due to the inclusion of the NLO
corrections related to EW parameters that are formally not part of the effective theory, i.e. sW ,
MW and Mt, and hence cannot be cancelled by the RGE in the effective theory. At LO in
the effective theory there is no renormalisation group mixing of C10 and this µ0 dependence
may be used directly as an uncertainty. However, as discussed in Sec. 7.2, beyond LO in QED
operator mixing will reduce this residual µ0 dependence even further.

Before proceeding, we comment on the OS-1 and MS scheme and why we shall discard them
for the estimate of residual higher-order uncertainties. The OS-1 scheme exhibits the worst
perturbative behavior of all four schemes, as seen in Fig. 10.1. The sW -on-shell counterterm
induces this, for an EW correction, unnaturally large shift at two-loop. As further discussed
in App. C.5, the top-quark-mass dependence of the sW -on-shell counterterm implies a signifi-
cant higher-order QCD-scale dependence, which we consider artificial. On the other hand, the
OS-2 and HY schemes do not exhibit this strong dependence on the top-quark mass and the
estimate of the size of higher-order QCD contributions by varying the scale of mt indicates
much smaller corrections. In view of this, we restrict ourselves to schemes with reasonable
convergence properties and leave OS-1 aside. In the case of the MS scheme, the application of
RG equations is required for the iterative determination of the EW parameters from the input
given in Eq. (7.9). For the purpose of Fig. 10.1, QCD could be ignored and lowest order RG
equations were sufficient. However, in the general case the solution of the according mixed RG
equations are rather involved and we shall use the comparison of the HY and OS-2 scheme to
estimate higher-order EW×QCD corrections.

We now switch QCD back on and discuss C10 at the low-energy scale µb after applying the
RGE running presented in Sec. 7.2. We express the Wilson coefficient C10(µb) as a double
series in the running couplings α̃s and α̃e, see Eqs. (7.25) and (7.27). C10(µb) has five relevant
contributions C10,(mn), (mn = 11, 21, 02, 12, 22) that depend on Wilson coefficients at µ0. So
far, only the LO ≡ (mn = 11) and the NLO QCD ≡ (mn = 11 + 21) contributions were
known. Now, we can include the full NLO EW correction with the additional contributions
(mn = 11+21+02+12+22) ≡ NLO (QCD + EW)2. For this purpose, we take into account the
QCD-scale dependence of mt in the variation of the matching scale µ0. C10(µb) is independent

2 These corrections were discussed in the large top-quark-mass limit including the RGE effects in [47]. The
RGE effects have been neglected in [53] for (mn = 02, 12, 22).
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Figure 10.2: The µ0 dependence of the Wilson coefficient C10(µb = 5 GeV) in two renormal-
isation schemes (OS-2, HY) at LO (dotted), NLO QCD (dashed) and NLO (QCD + EW)
(solid). See text for more details.

of the matching scale µ0 up to the considered orders in the couplings due to the inclusion of
the RGE evolution. However, there is a residual µb dependence that can only be cancelled by
the according µb dependence of the matrix elements of the relevant operators.

Fig. 10.2 shows the µ0 dependence of C10(µb = 5 GeV) at LO, NLO QCD and NLO (QCD +
EW) in the OS-2 and HY schemes. It is clearly visible that the dependence on the renormali-
sation scale of mt reduces when going from LO to NLO QCD and that the LO results coincide
with the ones at NLO QCD at the scale µ0 ≈ 150 GeV. A further reduction of this scheme de-
pendence requires the inclusion of NNLO QCD corrections [52]. The NLO QCD result is quite
different in the OS-2 and HY schemes. It comprises values of C10(µb) ∈ [−8.55, −7.98] · 10−8.
The NLO (QCD + EW) result shows again rather large shifts with respect to NLO QCD and
a clear convergence of both schemes towards the same value. The results of the OS-2 and
HY schemes are now confined within C10(µb) ∈ [−8.35, −8.12] · 10−8 reducing the combined
uncertainty due to scheme dependencies of both QCD and EW interactions to ±1.4%. Again,
we emphasise that the substantial part of this uncertainty is due to so far unknown NNLO
QCD corrections. We estimate the uncertainty due to higher-order EW and QCD corrections
to our two-loop EW result from: 1) the ratio of the results of HY to OS-2 scheme, thereby
eliminating the numerically leading QCD µ0-dependence of mt, Fig. 10.3 and 2) by varying the

scale µ0 only in mt in the two-loop EW matching corrections c
(22)
10 (or c̃

(22)
10 ). From Fig. 10.3

we see that the NLO QCD ratio deviates quite strongly from 1, whereas at NLO (QCD + EW)
the deviation is less than 0.3%. The ratio of the LO results coincides with the ratio of the
NLO QCD ones. We find a similar µ0 dependence of the OS-2 and HY results (about ±0.1%)
when varying the scale only in mt in the EW two-loop matching correction. We choose the
OS-2 scheme with µ0 = 160 GeV to predict the central value of C10 = −8.349 · 10−8. The
HY scheme yields −8.339 · 10−8. We assign an error due to higher-order EW corrections from
the variation of µ0 of about±0.3% as suggested by the comparison of the OS-2 and HY schemes.
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Figure 10.3: The µ0 dependence of the ratio of Wilson coefficient C10(µb = 5 GeV) in the HY
and the OS-2 scheme at LO and NLO QCD (dashed) and NLO (QCD + EW) (solid). The
LO and NLO QCD curves coincide.

Next, we investigate the residual µb dependence for the fixed value µ0 = 160 GeV. As
already mentioned above, including the according matrix elements of the involved operators
shall decrease this dependence further. At the moment, however, it remains an additional
source of uncertainty. Fig. 10.4 shows C10(µb) at LO, NLO QCD and NLO (QCD + EW) in
the OS-2 and HY schemes. Whereas the values of C10(µb) are quite different in all three schemes
at NLO QCD, the inclusion of NLO (QCD + EW) corrections in the RGE yields a convergence
towards the same value and a very small residual µb dependence in each scheme. Less than
±0.2% when varying µb ∈ [2.5, 10] GeV. We note that the non-perturbative uncertainty due
to unknown QED corrections in the evaluation of the matrix elements is an additional source
of uncertainty, not included in the above estimate.

The dependence of the EW corrections on the Higgs mass is entirely negligible. Varying
MH ∈ [120, 130] GeV induces variations in C10 of less than ±0.01%.

As our final result we choose for the central value the OS-2 scheme with scale settings
µ0 = 160 GeV and µb = 5 GeV:

C10 = (−8.35 ± 0.04) · 10−8 , (10.2)

where we have estimated higher-order corrections of EW origin from the scale variations of
µ0 ∈ [50, 300] GeV and µb ∈ [2.5, 10] GeV in two schemes, OS-2 and HY, and added linearly
the two errors. The error does not include residual errors associated to higher QCD corrections
that can be removed by the NNLO QCD calculation [52] nor any of the parametric errors listed
in Tab. 7.1. We discuss them in the next Section in conjuction with parametric uncertainties
of the branching ratio predictions.
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Figure 10.4: The µb dependence of the Wilson coefficient C10(µb) for fixed µ0 = 160 GeV
in two renormalisation schemes (OS-2, HY) at LO (dotted), NLO QCD (dashed) and NLO
(QCD + EW) (solid). See text for more details.

To illustrate the numerical relevance of the EW correction, we quote for comparison the
results at NLO QCD

COS−2
10 = −8.55 · 10−8 , CHY

10 = −8.15 · 10−8 , (10.3)

taken from the according curves of the OS-2 and HY schemes in Fig. 10.2.
Finally, we compare our prediction with the previous estimate [53] obtained using the large-

mt approximation of C(22)
10 and neglecting the effects of the RGE evolution BR[t=0] = 3.28 ·10−9

for the HY scheme. Adopting the same numerical input (fBs = 227 MeV, τBs = 1.466 ps−1,
MBs = 5.36677 GeV, |VtbV ∗ts| = 0.0405, mµ = 105.6584 MeV ⇒ N = 4.48409 · 105 from
Eq. (4.11)) and our full result from Eq. (10.2) we obtain BR[t=0] = 3.13·10−9, which is about 5%
lower, mainly due to the above mentioned approximations. The authors of [53] argued that
NLO EW corrections in the HY scheme should be small and suggested a procedure, based on
LO expressions that lead to the preliminary value of BR[t=0] = 3.23 · 10−9 (see Eq. (17) of
[53]), which is closer to our result and deviates only by 3%. It was suggested to use the EW
parameters αe and sW in the MS scheme3 at the scale MZ ≈ 90 GeV and the LO expression

c
(11)
10 ∼ Y0(xt) with mt(mt) in combination with an additional correction factor ηY to account

for the higher-order QCD corrections from c
(21)
10 . From the third panel in Fig. 10.1, we find at

µ0 = 90 GeV a deviation of about 1.5% between the LO and the NLO EW result. We close this
comparison with the remark that the authors of [53] work at LO in the EW couplings. This
permits them to combine values of the input parameters that are dependent beyond LO. In our
case certain EW parameters, e.g. sW and MW , do depend on the choice of input in Eq. (7.9). As
a consequence, a straightforward numerical comparison is of limited value. However, adopting
the suggested procedure and using our numerical values for dependent quantities, we obtain a
slightly larger value BR[t=0] = 3.24 · 10−9 instead of 3.23 · 10−9.

3 In [53] the MS value for sW in the theory with the top quark decoupled was used. In our definition of the
HY scheme, sW is the weak mixing angle in the six-flavour SM. Both values are reported in Ref. [39].
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Figure 10.5: The µ0 dependence of C10 in the EW on-shell scheme for the quadratic-GF
normalisation. The solid line is the full (NNLO QCD + NLO EW) result and the dashed-
dotted line is the NNLO QCD result. We depict the NLO QCD and LO results in dashed
and dotted lines, respectively.

10.2 The Branching Ratio for Bq → `+`−

We computed the NLO electroweak corrections to C10 and estimated the residual uncertainties
to be: ±0.3% from left-over EW scheme and scale dependences and again ±0.2% from the
dependence on µb. The authors of Ref. [52] estimate residual perturbative QCD uncertainties
on C10 after computing the NNLO QCD correction to be less that ±0.1%. We shall not further
analyse this error and await the original publication. We include it in our error budget and
will also present the combination of the NNLO QCD and NLO EW calculations. I thank the
authors of Ref. [52] for allowing me to include their results here, prior to their publication.
Fig. 10.5 shows the combined result for C10 in the EW on-shell scheme for the quadratic-GF
normalisation (OS-2). Comparing the NLO QCD (dashed) and NNLO QCD (dashed-dotted)
result, we find a clear stabilisation of C10 with respect to µ0. Comparing the solid (NNLO
QCD + NLO EW) curve to the dashed-dotted NNLO QCD curve, we observe the numerical
importance of the NLO EW corrections.

For future convenience we give here an approximate formula for c̃10, with C10 = G2
FM

2
W /π

2 c̃10

that includes both NNLO QCD and NLO EW corrections

c̃10 = −1.0031

(
Mt

173.2 GeV

)1.480

+ 1.3425α1.425
s

(
Mt

173.2 GeV

)0.436

. (10.4)

The fit captures the full result for the variation Mt ∈ [171.2, 175.2] and αs ∈ [0.1164, 0.1204]
with an accuracy better than 0.002%.

In Tab. 10.1 we summarise the numerical input for the branching ratio analysis. For the
mass of the top-quark we conservatively increase the experimental error from ±0.9 to ±1.5
GeV to include theoretical uncertainties in the QCD conversion of the pole to the MS mass.
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Parameter Value Ref.

GF (1.166 378 7(6)) · 10−5 GeV−2 [39]

α
(5)
s (MZ) 0.1184(7) [39]

α
(5)
e (MZ) (127.944(14))−1 [39]
MZ 91.1876(21) GeV [39]
Mt 173.2(9) GeV [84, 85]
MH 125(2) GeV [39, 1, 2]
V ∗tbVts 0.04124(64) [161]
V ∗tbVtd 0.00887(20) [161]

fBs 225(3) MeV [44]
fBd 186(4) MeV [44]
τBs 1.516(11) · 10−12 s [121]
τBd 1.519(7) · 10−12 s [121]
∆Γs/Γs 0.123(17) [39]

Table 10.1: The physical input used for the branching ratio predictions. αs,e are the running
MS couplings in the SM with the top-quark decoupled at µ = MZ . Masses are the experi-
mentally measured pole masses. To account for the QCD uncertainty in the shift from pole
to MS top-quark mass, we shall increase its uncertainty to ±1.5 GeV.

With this input, we predict the instantaneous branching ratios for the Bq → `+`− decays in
the SM:

BR[t=0](Bs → e+e−) = (7.72 ± 0.38(param.) ± 0.06(theo.))× 10−14 , (10.5)

BR[t=0](Bs → µ+µ−) = (3.30 ± 0.16(param.) ± 0.02(theo.))× 10−9 , (10.6)

BR[t=0](Bs → τ+τ−) = (7.00 ± 0.34(param.) ± 0.05(theo.))× 10−7 , (10.7)

for the Bs → `+`− decays and

BR[t=0](Bd → e+e−) = (2.41 ± 0.16(param.) ± 0.02(theo.))× 10−15 , (10.8)

BR[t=0](Bd → µ+µ−) = (1.03 ± 0.07(param.) ± 0.01(theo.))× 10−10 , (10.9)

BR[t=0](Bd → τ+τ−) = (2.15 ± 0.15(param.) ± 0.02(theo.))× 10−8 , (10.10)

for the Bd → `+`− decays. In the parametric error we added in quadrature all relevant
parametric uncertainties, fBq , τBq , |VtbV ∗tq|, Mt and αs. We report the individual relative errors
in Tab. 10.2. The theoretical error corresponds to the residual EW and QCD scheme and scale
uncertainties, also added in quadrature, i.e.

√
0.6%2 (µ0 EW) + 0.4%2 (µb EW) + 0.2%2 (µ0 QCD)).

Eqs. (10.5)–(10.10) are the instantaneous branching ratios. At the moment, LHCb [32] and
CMS [33] report the time-integrated and CP-averaged branching ratio for Bs → µ+µ−. The
weighted average of the two measurement is [34]

BR(Bs → µ+µ−) = (2.9± 0.7) · 10−9 , (10.11)
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Decay fBq τBq |VtbV ∗tq| Mt(±1.5 GeV) αs(MZ)

BR[t=0](Bs → `+`−) 2.6% 0.7% 3.1% 2.7% 0.1%

BR[t=0](Bd → `+`−) 4.3% 0.5% 4.5% 2.7% 0.1%

Table 10.2: The dominant relative parametric uncertainties of the SM prediction of the in-
stantaneous branching ratios for the Bq → `+`− decays. The central values for each mode
are given in Eqs. (10.5)–(10.10)

which should be compared with our updated prediction from Eq. (4.8)

BR(Bs → µ+µ−) = (3.52 ± 0.17(param.) ± 0.03(theo.))× 10−9 . (10.12)

The SM prediction of the time-integrated and CP-averaged rate is plagued by the additional
experimental error of ys = 0.062 ± 0.009 [39], which contributes an additional 1.0% relative
error. The SM prediction agrees with the experimental observation; large uncorrelated effects
from physics beyond the SM are not phenomenologically viable. With the theoretical improve-
ment of the perturbative uncertainties presented here, the future of the Bs → µ+µ− decay
lies on the hands of the next LHC run and the next lattice computations that will reduce the
theoretical uncertainty of fBs .
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Summary and Conclusions

We have clear experimental indications that the standard model of particle physics cannot be
the ultimate description of physics at small distances. At the moment, our most direct probe
of dynamics at high energies is the LHC machine, which, already in the first run, has achieved
its main design purpose, namely, the discovery of a scalar particle very much resembling the
SM Higgs boson. In doing so the LHC has basically established that the unitarisation of W
and Z scattering proceeds through a weakly coupled scalar. The hierarchy problem of the SM
let us expect also physics beyond the SM at the TeV scale and has motivated us to investigate
observables that are directly or indirectly sensitive to new heavy degrees of freedom. The
flavour structure of such low-energy extensions of the SM needs to show a highly non-generic
pattern in order to evade, the severe constraints from indirect searches of flavour and CP
violation. This raises the question of why and to what extent viable low-scale extensions of
the SM adhere to the SM pattern of flavour and CP violation, i.e. why is Minimal Flavour
Violation such a good description.

In this thesis we addressed these questions in three complementary approaches. We investi-
gated the possibility of a dynamical realisation of Minimal Flavour Violation at the TeV scale
and its predictions on low-energy flavour observables. Further, we constructed a model with
new flavour-dependent strong dynamics at the TeV scale that can naturally account for the ob-
servation of an anomalously large tt̄ forward-backward asymmetry at the Tevatron. Finally, we
improved the SM prediction for the branching ratio of the recently observed Bs → µ+µ− decay
by computing the next-to-leading-order electroweak corrections. Our findings are summarised
below.

Gauged Flavour Symmetries: A dynamical explanation for the observed hierarchies in the
masses and mixings may come from the breaking of an underlying flavour symmetry.
One possibility is that the symmetry is a spontaneously broken gauge symmetry, which
implies the existence of exotic quarks and massive flavour-gauge bosons that may have so
far evaded detection in indirect searches, but be accessible at the LHC. We investigated
the effects of these new degrees of freedom on low-energy FCNC processes in the bot-
tom and kaon sector and found the construction to be remarkably predictive due to the
gauge character of the flavour symmetry. This implies strong correlations among flavour
observables and thus clear patterns of flavour violation. Combining the predictions of
CP conserving and CP violating observables in the neutral bottom and kaon sector, we
concluded that large effects from flavour-gauge bosons or exotic-quarks are experimen-
tally disfavoured, i.e. they can only increase possible tensions of flavour observables in
the SM, and it therefore appears challenging to distinguish the model from the SM.

New Strong Interactions in Top Physics: The top quark has a prominent role in the SM as
it is the only fermion with a large coupling to the Higgs field. Top physics is thus
closely linked to the mechanism of electroweak symmetry breaking and is considered to
be a promising avenue for the discovery of physics beyond the SM. CDF and DØ may
already have glimpsed deviations from the SM in the measurement of an unexpectedly



large forward-backward asymmetry in tt̄ production. To account for this observation,
we constructed a renormalisable extension of the SM based on an asymptotically-free
confining SU(3)HC gauge symmetry. Its low-energy spectrum contains flavoured vector
and scalar resonances that contribute to the forward-backward tt̄ asymmetry. A key
element of the construction was the occurrence of resonances with the quantum numbers
of the SM right-handed up-type quarks, which induced mixing in the up-quark sector
without modifying the down-quark sector of the SM. Along the lines of Minimal Flavour
Violation we aligned new sources of flavour violation to the SM and used QCD as a
guideline to model the resonance spectrum. We discussed concrete benchmark points
demonstrating that new strong dynamics can both naturally account for the forward-
backward asymmetry and have evaded direct detection so far.

The Bs → µ+µ− Prediction: The recent first-time observation of the rare FCNC decayBs →
µ+µ− by LHCb and subsequently by CMS has been so far the highlight of the LHC flavour
program. The agreement of the SM prediction with the measurements was yet another
missed chance for the discovery of large flavour-violating effects that are often predicted
by extensions of the SM. This rendered the improvement of the SM prediction crucial
to disentangle possible small new physics effects in the next LHC run. So far, the SM
prediction was plagued by an approximately 5-7% error due to electroweak scheme and
scale uncertainties. By computing the full two-loop electroweak corrections in different
electroweak renormalisation schemes we achieved a reduction of this uncertainty down
to approximately 0.7% and updated the SM prediction of the time-dependent and CP-
averaged rate to

BR(Bs → µ+µ−) = (3.52± 0.17(param.) ± 0.03(theo.))× 10−9 .

The detailed studies presented in this work, of aspects of both the SM and two extensions
of it, will be tested by the next LHC run in proton-proton collisions at 14 TeV centre-of-
mass energy. Whether the overall findings of the LHC reveal new dynamics at the TeV scale
or whether they reconfirm the standard model is the central question of the present era of
particle physics. One thing is certain, the energy reach and thus the discovery potential of
the LHC are so large that a confirmation of the SM will cast doubt upon our current notion
of naturalness. In this sense, high-energy particle physics is currently at a turning point with
experimental input being the only way to determine the future direction. And therein lays the
challenge and excitement of this time.
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A Gauge Flavour Symmetries

A.1 Feynmann Rules for MGF

In this Appendix we list the Feynman rules for the MGF model obtained from the Lagrangian
in Eq. (2.5).

A.1.1 Couplings to SM Bosons

γ coupling

The photon coupling remains unchanged; pro-
portional to the quark charges Qu and Qd.

G coupling

The gluon coupling remains unchanged; pro-
portional to the colour generators λaSU(3).

W± coupling

W±

f

f̄

= i e√
2sw

γµPLCL

with the actual values for f̄ , f and CL:

W+ūidj : CL = cuLiVijcdLj
W+ū′id

′
j : CL = suLiVijsdLj

W+ūid
′
j : CL = cuLiVijsdLj

W+ū′idj : CL = suLiVijcdLj

W−d̄jui : CL = cuLiV
∗
ijcdLj

W−d̄′ju
′
i : CL = suLiV

∗
ijsdLj

W−d̄ju′i : CL = suLiV
∗
ijcdLj

W−d̄′jui : CL = cuLiV
∗
ijsdLj

Z coupling

Z

f

f̄

= i e
sw

γµ(PLCL + PRCR)

with the actual values for f̄ , f and C:

Zūiui : CR = − s2w
cw
Qu

: CL =
T 3
uc

2
uLi−s2wQu
cw

Zū′iu
′
i : CR = − s2w

cw
Qu

: CL = +
T 3
us

2
uLi−s2wQu
cw

Zūiu
′
i : CR = 0

: CL = +T 3
u
cw
cuLisuLi

Zū′iui : CR = 0

: CL = +T 3
u
cw
cuLisuLi

Zd̄idi : CR = − s2w
cw
Qd

: CL =
T 3
d c

2
dLi−s2wQd
cw

Zd̄′id
′
i : CR = − s2w

cw
Qd

: CL = +
T 3
d s

2
dLi−s2wQd
cw

Zd̄id
′
i : CR = 0

: CL = +
T 3
d
cw
cdLisdLi

Zd̄′idi : CR = 0

: CL = +
T 3
d
cw
cdLisdLi



A.1 Feynmann Rules for MGF Gauge Flavour Symmetries

H coupling

H

f

f̄

= i 1√
2
(PLCL + PRCR)

with the actual values for f̄ , f and C:

Hūiui : CR = CL = +λusuRicuLi
Hū′iu

′
i : CR = CL = −λucuRisuLi

Hūiu
′
i : CR = CL = −λucuRicuLi

Hū′iui : CR = CL = +λusuRisuLi

Hd̄idi : CR = CL = +λdsdRicdLi
Hd̄′id

′
i : CR = CL = −λdcdRisdLi

Hd̄id
′
i : CR = CL = −λdcdRicdLi

Hd̄′idi : CR = CL = +λdsdRisdLi

G0 coupling

G0

f

f̄

= i 1√
2
(PLCL + PRCR)

with the actual values for f̄ , f and C:

G0ūiui : CR = −CL = −iλusuRicuLi
G0ū

′
iu
′
i : CR = −CL = +iλucuRisuLi

G0ūiu
′
i : CR = −CL = +iλucuRicuLi

G0ū
′
iui : CR = −CL = −iλusuRisuLi

G0d̄idi : CR = −CL = +iλdsdRicdLi
G0d̄

′
id
′
i : CR = −CL = −iλdcdRisdLi

G0d̄id
′
i : CR = −CL = −iλdcdRicdLi

G0d̄
′
idi : CR = −CL = +iλdsdRisdLi

G± coupling

G±

f

f̄

= i(PLCL + PRCR)

with the actual values for f̄ , f and CL:

G+ūidj : CR = +λdcuLiVijsdRj
: CL = −λusuRiVijcdLj

G+ū′id
′
j : CR = −λdsuLiVijcdRj

: CL = +λucuRiVijsdLj
G+ūid

′
j : CR = −λdcuLiVijcdRj

: CL = +λucuRiVijcdLj
G+ū′idj : CR = +λdsuLiVijsdRj

: CL = −λusuRiVijsdLj

G−d̄jui : CR = −λusuRiV ∗ijcdLj
: CL = +λdcuLiV

∗
ijsdRj

G−d̄′ju
′
i : CR = +λucuRiV

∗
ijsdLj

: CL = −λdsuLiV ∗ijcdRj
G−d̄ju′i : CR = +λucuRiV

∗
ijcdLj

: CL = −λdcuLiV ∗ijcdRj
G−d̄′jui : CR = −λusuRiV ∗ijsdLj

: CL = +λdsuLiV
∗
ijsdRj
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A.1.2 Couplings to Flavour Gauge Bosons

AQ coupling

Aa
Q

f

f̄

= i
gQ

2 γµ(PLCL + PRCR)

with the actual values for f̄ , f and C:

AaQūiuj : CR = +suRi(V λ
a
SU(3)V

†)ijsuRj
: CL = +cuLi(V λ

a
SU(3)V

†)ijcuLj
AaQū

′
iu
′
j : CR = +cuRi(V λ

a
SU(3)V

†)ijcuRj
: CL = +suLi(V λ

a
SU(3)V

†)ijsuLj
AaQūiu

′
j : CR = −suRi(V λaSU(3)V

†)ijcuRj
: CL = +cuLi(V λ

a
SU(3)V

†)ijsuLj
AaQū

′
iuj : CR = −cuRi(V λaSU(3)V

†)ijsuRj
: CL = +suLi(V λ

a
SU(3)V

†)ijcuLj

AaQd̄idj : CR = +sdRi(λ
a
SU(3))ijsdRj

: CL = +cdLi(λ
a
SU(3))ijcdLj

AaQd̄
′
id
′
j : CR = +cdRi(λ

a
SU(3))ijcdRj

: CL = +sdLi(λ
a
SU(3))ijsdLj

AaQd̄id
′
j : CR = −sdRi(λaSU(3))ijcdRj

: CL = +cdLi(λ
a
SU(3))ijsdLj

AaQd̄
′
idj : CR = −cdRi(λaSU(3))ijsdRj

: CL = +sdLi(λ
a
SU(3))ijcdLj

AU coupling

Aa
U

f

f̄

= igU
2 γµ(PLCL + PRCR)

with the actual values for f̄ , f and C:

AaU ūiuj : CR = +cuRi(λ
a
SU(3))ijcuRj

: CL = +suLi(λ
a
SU(3))ijsuLj

AaU ū
′
iu
′
j : CR = +suRi(λ

a
SU(3))ijsuRj

: CL = +cuLi(λ
a
SU(3))ijcuLj

AaU ūiu
′
j : CR = +cuRi(λ

a
SU(3))ijsuRj

: CL = −suLi(λaSU(3))ijcuLj
AaU ū

′
iuj : CR = +suRi(λ

a
SU(3))ijcuRj

: CL = −cuLi(λaSU(3))ijsuLj

AD coupling

Aa
D

f

f̄

= igD
2 γµ(PLCL + PRCR)

with the actual values for f̄ , f and C:

AaDd̄idj : CR = +cdRi(λ
a
SU(3))ijcdRj

: CL = +sdLi(λ
a
SU(3))ijsdLj

AaDd̄
′
id
′
j : CR = +sdRi(λ

a
SU(3))ijsdRj

: CL = +cdLi(λ
a
SU(3))ijcdLj

AaDd̄id
′
j : CR = +cdRi(λ

a
SU(3))ijsdRj

: CL = −sdLi(λaSU(3))ijcdLj
AaDd̄

′
idj : CR = +sdRi(λ

a
SU(3))ijcdRj

: CL = −cdLi(λaSU(3))ijsdLj

A.2 Couplings of the lightest Flavour-gauge Boson

To illustrate the mechanism of inverted hierarchies described in Sec. 2.2, we present the cou-
plings of the lightest flavour-gauge boson in the MGF construction. In Fig. A.1 and A.2 we give
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Figure A.1: The couplings of the lightest flavour-gauge boson to the SM down-type quarks.
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Ĝ L

,t
u

×10−6

−1.0 −0.5 0.0 0.5 1.0
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Figure A.2: The couplings of the lightest flavour-gauge boson to the SM up-type quarks.
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the couplings of the lightest gauge boson to the light down- and up-type quarks for the exclu-
sive Vub case by scattering all the parameters of the model. The colour-coding corresponds to
the mass splitting of the lightest to the next-to-lightest flavour-gauge-boson mass: red points
correspond to a large splitting and blue points to complete degeneracy. We observe that the
flavour-violating couplings within the first two generations are in general the smallest ones,
while the opposite is true for the couplings within the last two generations. This is related to
the sequential breaking of the flavour symmetry encoded into the hierarchical structure of the
flavon vevs and the mechanism of inverted hierarchies.
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B New Strong Interactions in Top Physics

B.1 Flavour Symmetry Breaking

Flavour symmetry breaking due to mQ1 6= mQ3 splits the vector-nonet in non-degenerate mass
eigenstates and can lead to potentially large differences in their partial widths to pseudoscalars.
We consider first the case of ideal mixing of ρHC

8 and ρHC
9 that produces the ideally-mixed states

in Eq. (6.9). Dropping the HC super/subscripts, we find the partial widths to HC pseudoscalars
from Eq. (6.11) to be

Γρ
mρ

=
g2
ρππ

48π

(
1− 4m2

π

m2
ρ

)3/2

+
g2
ρKK

96π

(
1− 4m2

K

m2
ρ

)3/2

, (B.1)

ΓK∗

mK∗
=
g2
K∗Kπ
64π

PS

[
1,

m2
π

m2
K∗
,
m2
K

m2
K∗

]3

+
g2
K∗Kη8

64π
PS

[
1,
m2
η8

m2
K∗
,
m2
K

m2
K∗

]3

, (B.2)

Γφ
mφ

=
g2
ρ8KK

48π

(
1− 4

m2
K

m2
φ

)3/2

, (B.3)

Γω
mω

=
g2
ρ8KK

96π

(
1− 4

m2
K

m2
ω

)3/2

, (B.4)

with PS [x, y, z] = (x2 + y2 + z2− 2xy− 2xz− 2yz)1/2. For simplicity, we have neglected η− η′
mixing, and assumed that the flavour singlet η0 is too heavy to be pair produced in decays of
the vectors, like the η′ in QCD.

We find that for mQ1 < mQ3 the ρHC may be significantly broader than K∗HC, φHC and
ωHC, which decay to pseudoscalars with a Q3 constituent. Also, increasing mQ3 kinematically
suppresses the K∗ → Kπ and K∗ → Kη8 decays and thus increases the branching ratio of
K∗ → ut̄. In this way, mQ3 controls the magnitude of the associated production of tt̄ pair
discussed in chapter 9.

For departures from ideal mixing the mass eigenstates VL and VH do not coincide with ω
and φ. In the conventions of Ref. [74], we have

(
|VL〉
|VH〉

)
=

(
cos θV sin θV
− sin θV cos θV

)(
|ρ0〉
|ρ8〉

)
, (B.5)

where cos θV
!

= cos θdec ≡
√

2/3 corresponds to ideal mixing, in which case |VL〉 = |Ω〉 and
|VH〉 = −|Φ〉. The decay widths of VL and VH then read:

ΓVL
mVL

=
g2
ρ

32π
sin2 θV

(
1− 4

m2
K

m2
VL

)3/2

, (B.6)

ΓVH
mVH

=
g2
ρ

32π
cos2 θV

(
1− 4

m2
K

m2
VH

)3/2

. (B.7)
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Figure B.1: The behaviour of sin θid cos θid for vectors and axial vectors in solid and dashed
lines, respectively, using the quark model presented in Ref. [74] in the representative case of
mQ1 = 3 GeV and Mchiral = MρHC[mQ=0] = 200 GeV.

We define the angle θid
V as the deviation from the ideal mixing case by

θid
V ≡ θV − θdec (B.8)

leading to

cos θid
V = +

√
2/3 cos θV +

√
1/3 sin θV ,

sin θid
V = −

√
1/3 cos θV +

√
2/3 sin θV .

(B.9)

In this case, the coupling of the mass eigenstates VL and VH to the HC quarks, in the approx-
imation of universal couplings of to the HC quarks (gρ = g9

ρ), are

L = gρū
′
i

(
cos θid

V T 10
ij − sin θid

V T 11
ij

)
/V Lu

′
j

− gρū
′
i

(
sin θid

V T 10
ij + cos θid

V T 11
ij

)
/V Hu

′
j ,

(B.10)

where we have introduced for convenience the diagonal matrices

T 10 =
1

2




1 0 0
0 1 0
0 0 0


 and T 11 =

1√
6




0 0 0
0 0 0
0 0 1




to best illustrate the deviations from the ideal mixing.
In Fig. B.1 we plot the product sin θid cos θid for both vectors and axial vectors obtained from

the quark model constructed in Ref. [74]. We observe that ideal mixing is rapidly obtained for
values of mQ3 that are mQ3 �Mchiral. The decrease is even more rapid in the vector case.
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B.2 Vector Meson Dominance

Vector meson dominance is the experimental observation that at low momentum transfer, q2,
photons do not interact with pions as if they were point-like particles, but through a form
factor, which turns out to be dominated by the lowest lying vector resonance, the ρ meson
[162]. Nambu had already considered the possibility of describing electron-nucleon scattering
through massive vectors [163] and Sakurai [164] proposed models to describe electromagnetic
interactions of pions that treated the ρ meson as a gauge field. We refer to Ref. [165] and
references within for a modern, more detailed, review on aspects of VMD.

The observation of VMD means that at least the pion-photon interaction is well described
by a mixing of the photon to the ρ meson and its subsequent coupling to the pions. Therefore,
from the mass and decay constant of the ρ we can infer the coupling of the ρ meson to pions,
which has little to do with electromagnetism.

In the HC model the situation is similar, VMD is the assumption that the form factors of
resonances are dominated by the current of the interpolating vector meson. Here, we sketch a
derivation of the consequence of this assumption using a pole theorem stating that amplitudes
at a certain momentum transfer, q2, factorise in two amplitudes and a pole as the momen-
tum transfer approaches the mass of a physical state (see chapter 10 from the QFT book of
Weinberg).

As an example, we consider the q2 dependence of the “nucleon” form factor 〈u′|Jaµ|u′〉,
where the current is given by the interpolating current of the Vo:

Jaµ = S∗
↔
∂ µ T aS . (B.11)

The current has a non-vanishing matrix element between a V a
o state and the vacuum given by

Eq. (6.32). The pole theorem states that as q2 →M2
Vo

:

〈u′|Jaµ|u′〉 → 〈u′|u′V a
o 〉

1

q2 −M2
Vo

〈V a
o |Jaµ|0〉 . (B.12)

Inserting Eq. (6.32) and the first matrix element using the effective Lagrangian Eq. (6.33) we
find for q2 →M2

Vo
:

〈u′|Jaµ|u′〉 → gVo
fVoMVo

q2 −M2
Vo

ū′T aγµu′ . (B.13)

Here, we used
∑
εµε
∗
ν = gµν + qµqν/M

2
Vo

and the Dirac equation. The VMD hypothesis is that
this limit is also a good approximation as q2 → 0. We can obtain this limiting value another
way from the general parameterisation

〈u′|Jaµ(0)|u′〉 = ū′T a[γµf1(q2) +
iσµν
2Mu′

qνf2(q2)]u′ , (B.14)

with the normalisation condition f1(0) = 1 obtained using the conservation of the current Jaµ.
Equating Eqs. (B.13) and (B.14) for q2 → 0 gives the VMD estimate for the HC coupling:

gVo =
MVo

fVo
. (B.15)

Similarly, we can derive the VMD estimates for vector and axial-vector HC couplings to com-
posite quarks.
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C.1 Details on the Standard Model Calculation

The two-loop EW SM calculation is similar to the analogous calculation for the K → πνν̄
decays [55]. The calculation comprises of generating and calculating all two-loop Feynman
diagrams for the transition b→ q `+`− (Fig. 7.1) and renormalising the amplitude.

We perform two independent calculations. We use QGRAF [166] to generate the topologies
and a self-written FORM [78] program to calculate the amplitudes. In the independent calcu-
lation, Martin Gorbahn uses FeynArts [167] and a self-written Mathematica program for the
respective tasks. By setting the external momenta and the masses of all fermions except for
the top quark to zero, all diagrams reduce to massive vacuum diagrams with maximally three
different masses. We reduce them to a few known master integrals using the recursion relations
from Refs. [90, 168].

In order to match the SM to the effective theory with canonically normalised fields in a
single step, it is necessary to also canonically renormalise the SM fields. We renormalise the
bare fields in the Lagrangian by matrix-valued field renormalisation constants [169], e.g. for
the left-handed down-type fields

d bare
L,i =

√
ZLd,ijdL,j , (C.1)

with i = 1, 2, 3. The constants ZLd,ij have an expansion in αe and in dimensional regularisation,
where d = 4 − 2ε, also in ε. A theory with canonically-normalised fields means that the two-
point functions of two fields yield the tree-level propagator if the fields have the same flavour
and vanish otherwise at all orders. As all external fields are massless in our computation,
this is a renormalisation condition for the field-renormalisation constants. For two down-type
quarks i and j the Feynman diagram interpretation of the renormalisation condition is:

i j = i j +

+

one-loop

i j +
O(αe) counterterm

i j +

+

two-loop

i j +
one-loop

O(αe) counterterm

i j + · · · +
O(α2

e) counterterm
i j

+ O(α3
e)

!
=





i j, if i = j

0, if i 6= j
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With one- and two-loop we denote the sum of all one- and two-loop diagrams. Crosses denote
counterterms. Ref. [169] gives the complete set of the SM Feynman rules in Rξ = 1. We
evaluate all two-point functions in an expansion up to first order in external momenta. From
the second line we obtain the O(αe) counterterms up to order O(ε) and from the condition in
the third line we extract the O(α2

e) part the off-diagonal field renormalisation ZLd,ij with i 6= j.
This is the only two-loop renormalisation constant necessary for our calculation.

The counterterm of the CKM matrix is also determined by the field renormalisation constants
ZLij of the up- and down-quark fields [169]. This renormalisation prescription corresponds to
a definition of the CKM elements in the effective theory where the kinetic terms of all light
quark fields are canonical.

We work in dimensional regularisation, which raises the question of how to treat γ5 in d 6= 4
dimensions. The naive anticommutation relation (NDR) {γ5, γµ} = 0 can lead to algebraic
inconsistencies in the evaluation of traces with γ5’s. Yet, the algebraically consistent definition
of γ5 by ’t Hooft-Veltman (HV) [170] leads to spurious breaking of the axial-current Ward iden-
tities and as such requires the incorporation of symmetry restoring finite counterterms. After
incorporating the appropriate finite renormalisation for non-singlet axial currents, the respec-
tive diagrams computed in the HV scheme agree with the NDR calculation [171]. Accordingly,
we use the HV definition of γ5 only for diagrams with axial couplings to internal fermion loops.
For these diagrams, the finite renormalisation that will restore the axial anomaly relation of
diagrams with fermion traces [172] will drop out in our calculation after the sum over the
complete set of SM fermions is performed. The effective theory calculation does not involve
fermion traces with γ5 and for this reason can be performed completely in the NDR scheme.

C.2 Details on the Effective Theory Calculation

To evaluate the two-loop b → q `+`− amplitude in the effective theory we need to know
all Wilson coefficients and renormalisation constants appearing in Eq. (7.19). The tree-level

contribution C(00)
2 and the one-loop results C(11)

9 and C(11)
10 are given in [90] including the O(ε)

terms for the latter two. We reproduce their results by an explicit matching calculation. Here,
we give the missing one-loop Wilson coefficients of the two evanescent operators

c
(11)
E9

= c
(11)
E10

=
1

16s2
W

xt
(xt − 1)2

(1− xt + log xt) +O(ε) . (C.2)

The O(ε) terms of c
(11)
E9

and c
(11)
E10

do not contribute to the matching as the mixing renormal-

isation constants Ẑ
(1)
E9,10 and Ẑ

(1)
E10,10 carry no divergent terms, only finite ones. c

(11)
E9

and c
(11)
E10

come solely from one-loop box diagrams in the SM. Z-penguin diagrams do not contribute
because of their simpler Dirac algebra.

Having all relevant Wilson coefficients, we return to the renormalisation constants. We fix
field- and coupling-renormalisation constants by extracting the UV poles of the appropriate
photonic one-loop diagrams in the five-flavour theory. The results are:

Zi = 1 + α̃e Z
(1)
i + . . . (C.3)
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Figure C.1: One- and two-loop diagrams of operator insertions projected on the tree-level
matrix element 〈P10〉(0). Their UV poles are subtracted by mixing-renormalisation constants.
Finite terms are also subtracted in evanescent-operator insertions. P2 mixes at two-loop in
P10, a true penguin indeed.

with

Z
(1)
d = − 1

9ε
, Z

(1)
` = −1

ε
, Z(1)

e = −40

9ε
.

We proceed similarly for the constants governing the mixing of operators into P10. We calculate
the UV poles of all one-loop insertions of given operator, project on the tree-level matrix
element of P10 and absorb the left-over pole in the renormalisation constants of the Wilson
coefficients.

For the case of physical operators mixing into physical ones, we absorb only the divergences
into the constants ẐP,P . For evanescent operators this is not the case. Evanescent operators
vanish in four dimensions and at each order in perturbation theory their operator basis needs
to be extended. To ensure that the Wilson coefficients at a given fixed order are independent
from the choice of evanescent operators in some higher order, we include finite terms in ẐE,P
and completely cancel the mixing of evanescent to physical operators.

We have calculated all contributing one-loop mixing renormalisation constants. The mixing
of physical operators can also be extracted from the anomalous dimension matrices in [83, 81].
Here, we also report constants for the mixing of evanescent to physical operators

Ẑ
(1)
2,10 = 0 ,

Ẑ
(1)
9,10 = −2

ε
, Ẑ

(1)
10,10 = 0 ,

Ẑ
(1)
E9,10 =

32

3
, Ẑ

(1)
E10,10 = 0 .

(C.4)

The only two-loop renormalisation needed is the two-loop mixing of P2 into P10, Ẑ
(2)
2,10. We

extract its 1/ε-part from the corresponding anomalous dimension in [83] and calculated the
1/ε2-term ourselves

Ẑ
(2)
2,10 =

4

9ε2
− 26

27ε
. (C.5)

Fig. C.1 shows a sample of the diagrams whose UV poles we absorb in mixing-renormalisation
constants.
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∝ eeffQb

γ
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γ

γ

b b !
=

∝ efullQb

γ
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one-loop

γ

b b +

γ

b b

+

γ

b b +
Z
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γ

b b +
Z

γ

b b

Figure C.2: The one-loop matching for the b→ bγ amplitude. On the left the effective theory
amplitudes, on the right the SM amplitudes. Crosses refer to counterterm insertions and
hatched blobs to the sum of all corresponding diagrams. efull and eeff are the electromagnetic-
coupling constants in the two theories and Qb the electric charge of the b quark.

C.3 Threshold Corrections for αe

The MS coupling αe in the SM is not the same as the MS coupling αe in the five-flavour
effective theory. And none of them is the MS coupling reported in Ref. [39] that we use as a
numerical input (Tab. 8.1). The running of the six-flavour coupling, αfull

e , is controlled by the
β functions of the full SU(3)c × SU(2)L ×U(1)Y theory, the five-flavour coupling, αeff

e , by the
QCD and QED β functions only, and the PDG coupling, αPDG

e , is the MS coupling in the SM
with the top-quark decoupled.

Therefore, to apply Eq. (7.1) and obtain the Wilson coefficients we need to relate αfull
e to

αeff
e . The relation depends on the renormalisation scheme for αe. One possibility is to impose

the equality of the coupling constant at the matching scale:

αeff
e (µ0)

!
= αfull

e (µ0) . (C.6)

This procedure requires us to absorb contributions from heavy particles in the finite part of the
coupling-renormalisation constant Z full

e , it is not MS renormalisation. We prefer to renormalise
both couplings αfull

e and αeff
e in the MS scheme in which case

αeff
e (µ0) 6= αfull

e (µ0) . (C.7)

The couplings are related through threshold corrections that affect the analytic expression

of C(22)
10 in the single-GF normalisation. In the quadratic-GF normalisation the LO Wilson

coefficient is free from αe and C(22)
10 is unaffected.

We calculate the threshold corrections by matching the amplitudes of the effective theory to
the SM ones for the process b → b γ at O(αe). Fig. C.2 shows a diagrammatic interpretation
of the matching. The photon is an external state in this matching. Therefore, following our
discussion in App. C.1, we calculate the Z − γ and γ− γ two-point functions and fix the finite
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terms of the corresponding field-renormalisation constants. The result of the matching yields

αfull
e = αeff

e

(
1 +

αeff
e

4π
∆αe

)
, with

∆αe = −2

3
− 7 ln

µ2

M2
W

+
16

9
ln

µ2

M2
t

.

(C.8)

The first two terms come from the decoupling of the weak gauge bosons. The last one from
the decoupling of the top quark. Therefore, we also obtain the relation to the PDG coupling,
αPDG
e :

αfull
e = αPDG

e

(
1 +

αPDG
e

4π
∆topαe

)
, (C.9)

αeff
e = αPDG

e

(
1 +

αPDG
e

4π
∆gaugeαe

)
, (C.10)

with

∆topαe =
16

9
ln

µ2

M2
t

and ∆gaugeαe =
2

3
+ 7 ln

µ2

M2
W

. (C.11)

We use Eqs. (C.9) and (C.10) to obtain αfull
e (Mpole

Z ) and αeff
e (Mpole

Z ) from the PDG input in
Tab. 8.1. In the matching, we apply Eq. (C.8) to substitute αfull

e → αeff
e in the expansion of

the SM amplitude in Eq. (7.11):

α̃full
e A

(1)
full, 10 +

(
α̃full
e

)2
A

(2)
full, 10 = α̃eff

e A
(1)
full, 10 +

(
α̃eff
e

)2 [
A

(2)
full, 10 + ∆αeA

(1)
full, 10

]
, (C.12)

after which we can consistently extract C(22)
10 from equating SM with effective theory amplitudes

at O(α2
e).

C.4 Details on the Renormalisation Group Evolution

General

The dependence of the Wilson coefficients Ci on the renormalisation scale µ is governed by the
anomalous dimension matrix (ADM) γ̂:

µ
d

dµ
Ci(µ) =

[
γ̂T (µ)

]
ij
Cj(µ) , (C.13)

with the expansion in the couplings

γ̂(µ) =
∑

m,n=0
m+n≥1

α̃s(µ)mα̃e(µ)n γ̂(mn) , (C.14)

which is known up to and including relevant entries in (mn) = (30) and (21). It has been
solved as an expansion in terms of the small quantities [81]

ω ≡ 2βs00 α̃s(µ0), (C.15)

λ ≡ βe00

βs00

α̃e(µ0)

α̃s(µ0)
≡ βe00

βs00

κ(µ0) , (C.16)
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with βe(00) and βs(00) the leading terms in the β function of the electromagnetic and strong

coupling, respectively. In this new expansion, the evolution operator (7.24) is

U(µb, µ0) =
2∑

m,n≥0

ωmλn U(mn) , (C.17)

excluding the term (mn) = (22) that requires the knowledge of higher-order contributions to
the ADM. The U(mn)’s are given in Ref. [81], whereas the initial Wilson coefficients of the
single-GF normalisation at the scale µ0 have the expansion

ci(µ0) = c
(00)
i + ω

c
(10)
i

2βs00

+ ω2 c
(20)
i

(2βs00)2

+ ωλ
c

(11)
i

2βe00

+ ω2λ
c

(21)
i

4βe00β
s
00

+ ω2λ2 c
(22)
i

(βe00)2
.

(C.18)

The components Ci,(mn) of the downscaled Wilson coefficients in Eq. (7.25) are then obtained
from the reexpansion of Eq. (7.24) in the new parameters α̃s(µb) from

ω = 2βs00 η α̃s(µb) , (C.19)

and κ(µb) from

λ =
βe00

βs00

κ(µb)

η

[
1 + κ(µb)A1(η)

+ α̃s(µb)κ(µb)A2(η) +O
(
κ2, α̃2

s

) ] (C.20)

by inserting them in Eqs. (C.17) and (C.18). The coefficients A1,2(η) are listed Ref. [81].

Solution

We present the full solution of the components c10,(mn) from Eq. (7.24) for the single-GF
normalisation. At the low scale µb they are functions of η = αs(µ0)/αs(µb) and their initial

components c
(mn)
i at the matching scale µ0. We discussed the derivation of the according

results c̃10,(mn) for the quadratic-GF normalisation in Sec. 7.2.
The numerical diagonalisation of the LO anomalous dimension yields the exponents

ai = (−2, −1, −0.899395, −0.521739, −0.422989, 0.145649, 0.260870, 0.408619) . (C.21)
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i 1 2 3 4 5 6 7 8

bi 0.00354 0.01223 −0.00977 −0.01070 −0.00572 0.00022 0.01137 −0.00117

d
(2a)
i 0 0 0.61602 0.44627 0.57472 0.08573 −0.48807 −0.24089

d
(2b)
i −1.18162 0.22940 0.06522 −0.04380 −0.02201 −0.00316 −0.03366 −0.00414

d
(1)
i 0.01117 −0.03088 0.00411 0.00713 0.00478 0.00012 0.00379 −0.00023

d
(4)
i −0.00799 −0.03666 0.06300 0 −0.01519 −0.00071 0 −0.00344

e
(1a)
i 0 0 −0.25941 −0.29751 −0.48014 0.04647 −0.16269 −0.04728

e
(1b)
i 1.13374 0.09381 −0.03041 0.00781 0.01838 −0.00138 −0.02259 0.00121

e
(4a)
i 0 0 −4.03683 0 1.52565 −0.27461 0 −0.70642

e
(4b)
i 3.38669 −0.10885 0.16283 0 0.06697 −0.01681 0 0.00137

e
(1)
i 0.01117 −0.03088 0.00411 0.00713 0.00478 0.00012 0.00379 −0.00023

e
(2)
i 0.00354 0.01223 −0.00977 −0.01070 −0.00572 0.00022 0.01137 −0.00117

e
(3)
i 0.02179 −0.12336 0.07870 0 0.01930 0.00873 0 −0.00516

e
(4)
i −0.00799 −0.03666 0.06400 0 −0.01519 −0.00071 0 −0.00344

e
(5)
i 0.19550 −0.93249 0.37858 0 0.39909 0.05921 0 −0.09989

e
(6)
i −0.17154 0.39616 0.01201 0 −0.19423 0.00357 0 −0.04597

Table C.1: Numerical values of bi, d
(j)
i and e

(j)
i entering the RGE solution in Eq. (C.22).
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and the explicit expressions for the down-scaled components are:

c10,(11) = c
(11)
10 , c10,(21) = η c

(21)
10 , c10,(02) =

8∑

i=1

biη
ai c

(00)
2 ,

c10,(12) =

8∑

i=1

ηai+1
[ (
d

(2a)
i η−1 + d

(2b)
i

)
c

(00)
2 + d

(1)
i c

(10)
1 + d

(4)
i c

(10)
4

]

− 0.11060
ln η

η
c

(00)
2 +

(
η−1 − 1

) (
0.26087 c

(11)
9 + 1.15942 c

(11)
10

)
,

c10,(22) =
8∑

i=1

ηai+2



(
e

(1a)
i η−1 + e

(1b)
i

)
c

(10)
1 +

(
e

(4a)
i η−1 + e

(4b)
i

)
c

(10)
4 +

6∑

j=1

e
(j)
i c

(20)
j




+
(

0.27924 c
(10)
1 + 0.33157 c

(10)
4 + 2.35917 c

(11)
9 + 3.29679 c

(11)
10

)
ln η

+ (1− η)
(

0.26087 c
(21)
9 + 1.15942 c

(21)
10

)
+ c

(22)
10 .

(C.22)

We list the coefficients bi, d
(j)
i and e

(j)
i in Tab. C.1.

C.5 Numerical Study of C10 in the OS-1 Scheme

In this appendix we estimate higher-order corrections in the OS-1 scheme and supplement in
this context the discussion of the OS-2 and HY schemes from Sec. 10.1. We proceed as for
Figures 10.2 and 10.3 to vary the matching scale µ0 and estimate in this way higher-order
QCD corrections via the dependence on the running top-quark mass. The result is shown in
Fig. C.3 at NLO QCD and NLO (EW + QCD) order normalised to the OS-2 result at the
respective order.

The different µ0 dependence of the NLO QCD result for the OS-1 and OS-2 schemes orig-
inates from the different normalisations (Eq. (4.14)), which bear a µ0 dependence due to the
mt dependence of the determination of Mon-shell

W and consequently son-shell
W . As mentioned in

Sec. 7.1.1, we compute Mon-shell
W with the aid of result [86], which incorporates higher-order

corrections. These contribute beyond the NLO EW calculation of C10 in this work, especially
those that require the choice of a particular renormalisation scheme for the top-quark mass.
Throughout, we use the pole mass as in Ref. [86].

At NLO (EW + QCD) the OS-1 scheme exhibits a much different µ0 dependence with
respect to OS-2 and HY schemes. The main reason is the large EW two-loop correction to

c
(22)
10 from the sW -on-shell counterterm that we discussed in connection with Fig. 10.1. The

counterterm has a strong top-quark-mass dependence. To illustrate the latter, we present
in Fig. C.3 also the NLO (EW + QCD) result (dashed-dotted line) when keeping the scale
of the running top-quark mass in the counterterm contribution fixed at µ0 = 160 GeV. We
observe that the large shift caused by the electroweak two-loop correction in the OS-1 scheme
is accompanied with an artificially large top-quark-mass dependence that we results to the
µ0 dependence of the solid line. As a consequence, we do not consider the OS-1 scheme in
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Figure C.3: The µ0 dependence of the ratio of the Wilson coefficient C10(µb = 5 GeV) in
OS-1 and OS-2 scheme. The LO and NLO QCD result coincide (dashed). The full µ0

dependence of NLO (QCD + EW) (solid) and partial µ0 dependence for fixed mt(160 GeV)
in the sW -on-shell counterterm (dashed dotted).

our estimate of higher-order uncertainties. It would artificially increase the estimate from µ0

variation from the ±0.3% estimate given in Sec. 10.1, to around +0.4% and −1.7%.
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