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1. Introduction

1.1 Communication in Control Systems

For the transmission of information from a source where it is generated to a destination where
it is needed, it is a well known fact that the quality of the channel which connects source and
destination is the limiting factor for the amount of information that can be transmitted in a certain
time interval [1]. According to [1], “[t]he channel is merely the medium used to transmit the signal
from transmitter to receiver. It may be a pair of wires, a coaxial cable, a band of radio frequencies,
a beam of light, etc.” From this point of view, it is clear that the presence of a channel makes it
necessary to process signals at the input and the output of this channel. First of all, the information
must be represented in a way that is suitable for the channel. For example, when transmitting
speech over a wireless channel, the acoustic waves have to be transformed into electromagnetic
waves. The received signal has to be converted back to an acoustic signal at the destination. The
concrete conversion mechanisms are determined by the parameters of the wireless channels, e. g.,
its bandwidth or frequency response. Additionally, signals can be corrupted during the transmission
because “[w]hatever the physical medium used for transmission of the information, the essential
feature is that the transmitted signal is corrupted in a random manner by a variety of possible
mechanisms, such as additive thermal noise generated by electronic devices; man-made noise [...];
and atmospheric noise [...]” (cf. [2, p. 3]). Thus, it may be necessary to recover the transmitted
information from the distorted received signal, often it is even mandatory because the signal of
interest is completely masked by noise and distortions. These facts are captured in the generic
block diagram shown in Figure 1.1 which taken from [1].

Information

Source Transmitter . Receiver Destination

. Received
Signal Signal

> >
L | L

Message Message

Noise Source

Figure 1.1: Schematic diagram of a general communication system [1].

The problem of information transmission is to design a transmitter-receiver pair such that the
message which is generated by the information source can be reconstructed at the destination either
perfectly (without an error) or with a distortion which is as small as possible. A major challenge in
the design of transmitters and receivers is that, in general, the resources which are available for the
transmission of information are limited. It has already been mentioned that the physical medium
may offer only a finite bandwidth which restricts the choice of possible signals to band-limited
ones. Sometimes the channel can only carry a finite number of signals for the transmission of an
uncountable number of messages which makes it necessary to decide which signal represents the
message best. Additionally, the power of the signals that amplifiers and electronic devices can
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handle and generate is finite. Thus, in general, a transmitter has to take a power constraint into
account. An even harder restriction might be that the signals are only allowed to have a finite
(peak) amplitude. The main point is that due to these limitations, the channel distortions can not be
neglected. As an example, assume that a real number z is transmitted over a channel that simply
adds an unknown constant n such that the receiver observes the value z + n. If it is possible to
transmit a real number with arbitrarily large magnitude, a transmitter can amplify z to 2’ = ax
using an arbitrarily large real scalar a.. A receiver simply performs the inverse operation to get
2" = a~'2'. It is easy to verify that lim,_,, " = x, i.e., the number = can be reconstructed
perfectly. With an amplitude constraint on 2/, this is not possible and it remains an error of o~ 'n
at the receiver. One can think of more sophisticated transmit and receive schemes, but in general a

limitation of communication resources results in imperfect transmission of information.

The term information is essential for a communication system, which is obvious as the first
block in Figure 1.1 is the information source which generates the messages to be transmitted. For
control systems, information also plays a central role. This can be confirmed with almost every
textbook concerning (stochastic) control problems (e. g., [3-6]) where one can find discussions
about the amount and quality of available information and how it is used for controller design.
In order to explain the importance, let us first describe what we understand by a control system
(see, e. g., [4, p. 119]). The starting point is a dynamical system or plant which represents a given
physical or technical process. Sensors at the output of the system provide observations about its
state!. Typically, the dynamical system is desired to show a certain behavior that is different from
its intrinsic one. The system itself, i. e., its parameters, structure etc., can not be changed, but it
has an input which can be used to manipulate the system in order to achieve the desired dynamical
behavior. The output of the system is used to compare the actual with the desired behavior and
an appropriate input signal has to be generated if a deviation is observed. The device which maps
the observations of the system output to input signals is the controller and has to be designed
accordingly. This setup is called a closed loop control* system since a feedback loop between
output and input of the plant is created which can easily be identified in Figure 1.2.

External
Signals

_ | Dynamical
System

Controller |-

Reference
Signal

Figure 1.2: Feedback control loop.

I At this point, we do not go into detail what the state of a dynamical system is. For the moment, we use it as an
abstract term: the state represents the condition of a dynamical system and summarizes all past information that is
relevant for the future evolution of the system (see, e. g., [6, p. 2] and [7, pp. 62-63]).

2This thesis considers the closed loop case only since open loop control systems can not take into account distur-
bances or changes of the plant which are not known to the controller (cf. [4, p. 123]). In situations where communica-
tion channels are present, such disturbances are inevitable in general.
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The feedback loop which is shown in Figure 1.2 also includes external signals at the dynamical
system and a reference signal at the controller. External signals are, e. g., disturbances or input
signals generated by the environment of the system, which are not known to and can not be changed
by the controller. This is a reason for the introduction of feedback since the controller can compare
the desired with the actual behavior of the plant which differs due to the unknown external signals.
The reference signal at the controller side is the representation of what has been called “desired
behavior” so far, e. g., a given trajectory that should be tracked by the system output signal or the
stabilization of an unstable dynamical system.

Using Figure 1.2, it can be seen how and which information flows in a control loop. The con-
troller obtains information about the dynamical system by observing the system output. This is
relevant information due to the presence of external signals at the plant which are not known to
the controller, i. e., the controller can not determine the system output with the knowledge of the
(self generated) system input and the parameters of the dynamical system alone. The information
flows from the plant to the controller and is used to determine an appropriate input signal for the
plant. In the other direction, i. e., from the controller to the plant, information flows about the de-
sired behavior of the dynamical system, represented by the reference signal and encoded in the
control signal which is sent to the system input. In the classical analysis of control systems, the
channels which connect the dynamical system and the controller are often assumed to be ideal,
i.e., the output of the plant is identical to the input at the controller and the output of the controller
is identical to the input of the system, and that all information is available instantaneously without
any delay. There are scenarios where this assumption is valid, e. g., when short and shielded wires
which offer a high physical bandwidth with low disturbances are used for the connection. But even
models used in classical control theory take into account disturbances like those described at the
beginning of the section. One example is the measurement or observation noise (cf., e. g., [4, p.
121]) which is present due to the amplifiers that are necessary for the sensing of output signals.
In that case, the output of the plant is not identical to the input of the controller but differs by
the additive observation noise. Especially when the dynamical system and the controller are spa-
tially separated, their physical connections or channels, as mentioned earlier, introduce additional
disturbances which are determined by the concrete model of the channels that are used and the
associated limited communication resources.

It can be seen that information is important for a control system, on the one hand information
about the actual system behavior (provided by the system output) and on the other hand about
the desired behavior (given by a reference signal and the control input). This information has to
be exchanged between the dynamical system and the controller. Thus, we identify two sources
of information and two destinations which are connected in a feedback loop. Having noticed that
the dynamical system and the controller exchange information over communication channels that
are, in general, not ideal due to limited communication resources, it is natural to apply the model
of the general communication system shown in Figure 1.1 to the two communication links of the
feedback control loop depicted in Figure 1.2. The resulting closed loop system is shown in Figure
1.3. In order to distinguish the directions of information flow, the channel which connects the
output of the dynamical system with the input of the controller is called the observation channel,
whereas the channel between the controller and the system input is called the control channel. In
contrast to Figure 1.1, the channels are depicted as abstract entities because a variety of different
channel models can be found in the literature for the present scenario. This point is discussed in
more detail in Chapter 2. As a final remark, note that the shaded area in Figure 1.3 indicates that
the three included blocks, i.e., receiver, controller and transmitter, can be interpreted as a joint
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controller-transceiver® since all three components can be chosen by the system designer and their
connections are assumed to be ideal. Thus, the separation in three distinct blocks is not necessary.

External

Signals
Receiver Transmitter
_ | Dynamical |
System o
Control Observation
Channel Channel
- Controller [=
Transmitter Receiver

Reference
Signal

Figure 1.3: Feedback control loop closed over two communication channels.

Since communication channels introduce disturbances, we expect that the performance of a
control loop which is closed using such channels is generally worse than that of a loop with ideal
connections (cf. Figure 1.2). Nevertheless, the application of transmitters and receivers for the
exchange of information offers additional degrees of freedom to reduce the negative effects of the
communication channels within the limits that are given by the available communication resources.
The task of the system designer is to optimize the transmitters and receivers w.r.t. the performance
of the control system. Note that this goal can be different compared to objectives encountered
in pure communication systems as shown in Figure 1.1 because there the focus is put on the
information itself and not on the purpose it has been transmitted for.

1.2 Networked Control Systems

The control system shown in Figure 1.3 is one of the simplest* instances of a so-called Networked
Control System (NCS). Following the definition in the guest editorial of [8], a key feature of such
systems is that the application of sensors, controllers and actuators is coordinated by “some form
of communication network™. Typically, these elements are spatially distributed and communicate
using wired or wireless links. From this point of view, the term NCS can be applied to a wide range
of systems, including sensor networks [9, 10], control over Internet-like data networks [11, 12] or
the Internet [13], control of individual systems using a shared communication medium [14—16] or
coordination of a group of individual control systems, e. g., a rendezvous in space [17] or formation
control of robots [18]. The examples and references given here are far from being exhaustive, but
the large interest in and variety of topics in NCSs can be verified with the special issues [8, 19,20]
and the references therein. Note that the expression network is used ambiguously. On the one hand,
it refers to a wide area network (like the Internet) with advanced communication protocols where

3The expression transceiver refers to a pair of transmitter and receiver.

40f course, the system model can be further simplified by assuming one of the two channels to be ideal. This would
correspond to the case where the controller is either directly located at the input or the output of the dynamical system.
Thus, such cases are included in the presented model of the control system.
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the control loop uses the network as an application without direct access to the physical parameters
of the communication channels that are used. On the other hand, it also refers to a single channel
with a direct interaction of the control system and the physical channels. Not surprisingly, the
challenges and solution approaches are quite different depending on the network model under
consideration. In this thesis we adopt the second point of view in order to explore the interaction
of control and communication and the degrees of freedom that are offered by a joint design of
controllers, transmitters and receivers.

It is worth noting that some of the effects encountered in the analysis of NCSs are discussed in
the literature on control system design for a long time already. One example are so called packet
drops (or packet loss, data loss etc.) which describe the effect that in networks information may be
lost due to network congestion [21] or because the receiver is not able to reconstruct the transmitted
information due to disturbances of the communication channel. The fact that information about
the system output or the control input may be lost can be modeled by switching input and output
parameters of the dynamical system from a regular mode of operation to a failure where the input
or the output is disconnected. The effect of such jump parameters on a control system is studied for
more than four decades (see, e. g., [22,23] and references therein). A second example is uncertainty
of system parameters which plays an important role when considering physical channel models.
The phenomenon of model or parameter uncertainty appears especially in wireless communication
systems. Due to the mobility of transmitters, receivers and the environment, the parameters of the
channel can change very fast (cf. [2, Chapter 14]) and often it is not possible to predict or estimate
these changes accurately. The resulting uncertainty can be interpreted as uncertainty about the
parameters of the dynamical system to be controlled. Starting in the 1970s, methods have been
developed to describe the effect of model uncertainties on control systems and to design controllers
that take into account these uncertainties (e. g., [24,25], [26] and references therein). As a last
example, amplitude constraints on the control signals have been considered since the late 1950s
(cf. [27] and references therein) because the effect of saturating actuators can never be avoided in
physical control systems. Thus, it is necessary to take into account this kind of non-linearity in the
control design procedure in order to guarantee a desired system behavior in the presence of such
input constraints.

The fact that uncertainties and constraints that are encountered in NCSs are considered for the
design of control systems already for decades does not imply that research on NCSs is not neces-
sary and already covered by the existing results. The feature of NCSs is that the channel and net-
work models provided by information and communication theory define very specific constraints,
e. g., on bandwidth, rate, power etc., which have to be taken into account for the optimization of
a control system. Thus, the interaction between these constraints and the dynamical behavior of
the control system can be explored. Taking this point of view, some fundamental limitations, e. g.,
on stabilizability of linear systems, have been derived during the last years. The authors of [28]
determined the lowest rate® that a communication channel which supports only a finite number of
input and output signals must provide in order to stabilize an unstable linear dynamical system
using feedback control. For the model of additive noise channels, the authors of [29] showed that
the stabilization of an unstable linear dynamical system is only possible if the Signal to Noise
Ratio (SNR) of the channel is large enough. For the packet drop model and an estimation prob-

The term rate is often used in a misleading way in the literature on NCSs. In [28], it has not the general, informa-
tion theoretic meaning but refers to the number of input (and output) values of a discrete channel that are transmitted
instantaneously without an error. This corresponds to the number of quantization levels that are used for the represen-
tation of continuous control signals.
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lem, the authors of [30] derived upper and lower bounds for the critical probability of a packet
loss which leads to an unbounded expected estimation error variance. In all cases, the determined
bounds depend solely on the unstable eigenvalues of the system matrix. The main difference of the
results is the channel model that is used. Note that for the determination of the mentioned bounds,
the authors always considered unstable dynamical systems. The reason is that a stable system can
always be left in open loop, i. e., with no control input at all, without the danger of a catastrophic
system behavior. In such a case, the minimal requirement for any communication resource is al-
ways zero, but the system does not show the desired behavior, i. e., the performance of the control
system is poor. For unstable systems, a non-zero control input is mandatory and thus at least some
communication resources have to be provided.

1.3 Notation

Throughout the thesis, the following notation is used:

e The set of real numbers is denoted by R, the set of non-negative real numbers by R, ,, and
the set of strictly positive real numbers by R, . The set of integer numbers is denoted by Z,
of non-negative integers by Ny, and of strictly positive integers by N. Finally, C is the set of
complex numbers.

e Scalars are denoted by upper or lower case letters, vectors by lower case bold letters and ma-
trices by upper case bold letters, e. g., a or A, a, and A, respectively.

e The constant matrix of dimension M x N which contains only zeros is denoted by 0,y and
the corresponding all-zeros vector of dimension M by 0,,.

e The identity matrix of dimension M x M is I,;. The ¢-th column of this identity matrix is
denoted by e

e The imaginary unit is denoted by j and Euler’s constant by e.

e The operators tr, T and ™ are the trace, transpose and Hermitian transpose of a matrix (or vector
for T and ).

(V) g (N).T

[ 7

e diag[a;]Y, is the diagonal matrix .~  ae
e The operator vec stacks the columns of a matrix, i.e., for A = [a;,as,...,ay| € RV jt

holds vec [A] = [a],a],.. .,a%]T € RMN,

e The expectation operator w.r.t. to the distribution of a random variable z is denoted by E, and
the conditional expected value w.r.t. to the conditional distribution of x given the event {y = 1}
by E,|, [#| 7], where x and y are jointly distributed random variables (see also Appendix A5.2).

e The expected value of a random vector x is pu, = E,[x] and its covariance matrix

C,=E;|(x—p)(z— p,w)T]. The correlation matrix is denoted by R, = E,, [zx™].

e N (ug, C,) denotes the Gaussian (also called normal) distribution of the real random vector x
with expected value p,, and covariance matrix C,,.
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1.4 Definitions

In this section, we provide standard definitions which are used throughout the thesis.

Definition 1.4.1: Positive (semi)definite matrix
A square matrix A € RV*¥ is called positive definite if it is symmetric, i.e., A = A", and it
holds that

Az > 0, Ve € RY.

It is positive semidefinite if it is symmetric and it holds that

xtAx >0, Ve € RY.
A necessary and sufficient condition for positive definiteness is that all eigenvalues of A are larger
than zero, while for semidefiniteness, all eigenvalues are non-negative. For a positive definite ma-

trix, we use the notation
A > ONXN?

whereas a positive semidefinite matrix is denoted by

A > Onyn.

Remark: The definition above is restricted to symmetric matrices despite the fact that this is
not necessary in general. Since an arbitrary square matrix A € RV*" can be decomposed in its
symmetric and anti-symmetric part, i. €.,

1 1
A= 5(A + AT + 5(A — AT,
and it holds that z7(A — AT)x = 0, V& € R”, a real matrix is positive (semi)definite if and

only if its symmetric part is positive (semi)definite. In the following, we are only interested in the
symmetric case, which is the reason for the restriction.

Definition 1.4.2: Matrix inequality
Let A ¢ RV*N and B € RY*¥ be two symmetric matrices of the same dimension. The matrix
inequality

A>B

is equivalent to the condition
A—-B > 0N><N7

i.e., that the difference between A and B is positive semidefinite. The definite case is defined
analogously.
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Definition 1.4.3: Controllability [6, p. 152], [31, Chapter C.3]
Let A € RV and B € RV*M | The pair (A, B) is called controllable if and only if® the matrix

[B,AB, A’B, ..., AV'B]

has full rank .

Remark: The name controllability stems from the interpretation of A and B as the parameters of
a controlled dynamical system which is described by the difference equation

Tyl = Az + Buy, k € Ng.

If (A, B) is controllable, there exists a sequence of N control inputs ug, w1, ..., uy_1; which
drives any initial state x to an arbitrary state x  at time index /V.

Definition 1.4.4: Observability [6, p. 152], [31, Chapter C.4]
Let A € RN and C € RM*N, The pair (A, C) is called observable if and only if the pair
(AT, C") is controllable.

Remark: The concept of observability stems from an interpretation of an autonomous dynamical
system given by the equations

L1 = A.’Bk,
y, = Cxy, k € Ng.

If (A, C) is observable, it is possible to determine the initial state x, exactly from the sequence of
state observations Yo, Y1, ..., YnN_1.

Definition 1.4.5: Stabilizability [31, Chapter C.3], [6, p. 159]
Let A € RV*N and B € RY*M_ The pair (A, B) is called stabilizable if there exists a matrix
L ¢ RM*N guch that the eigenvalues of

A—-BL

have magnitude less than 1.

®There exist equivalent definitions of controllability, see, e. g., [31, Chapter C.3]
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Remark: Stabilizability is a weaker condition than controllability as it only requires the unsta-
ble subspace of a dynamical system to be contained in the controllable subspace (cf. [4, p. 461]
and [31, p. 763]). This can be illustrated by a system which is stabilizable but not controllable and
thus can be represented as (cf. [32, p. 73] and [4, pp. 461-462])

Ay, A
Tpr1 = [ 11 12

B,
, k € Ny,
AQQ} Tt |:0U><M:| H 0

with 0 < U < N and where the pair (A1, By) is controllable. For the system to be stable, the
eigenvalues of Ay, (which represents the uncontrollable subspace) must be less than 1 in magni-
tude since the corresponding subspace of the state space can not be reached by the control input.
The unstable subspace of the system (represented by A;; which has eigenvalues with magnitude
larger than 1) must be controllable or at least contained in the controllable subspace.

Definition 1.4.6: Detectability [31, Chapter C.4], [6, p. 159]
Let A € RV*N and C € RM*N, The pair (A, C) is called detectable if the pair (AT, C7T) is
stabilizable.

Remark: Analogous to the case of stabilizability, detectability requires the subspace of the system
which is not observable to be stable (cf. [4, p. 465]), i. e., the corresponding part of the state vector
eventually goes to zero.

Definition 1.4.7: Wide Sense Stationary (WSS) random sequence [33, p. 361]
Let (xy : k € Ny) be a sequence of random vectors. The sequence is called WSS if

and

Ez.. @ [wmwﬂ =Ea, @i [:chrkka] , ke Z and m,n,m+ k,n+ k € Ny,

i.e., if the first and second order moments of the random sequence are shift invariant.

Remark: A WSS random sequence is also called weakly or second-order stationary [33, p. 361].

Definition 1.4.8: Asymptotically WSS random sequence, (cf. [34, p. 392])
Let (xy : k € Ny) be a sequence of random vectors. The sequence is called asymptotically WSS if

E., [xx] and E,, ., [mmwﬂ exist and are finite for all m, n, k € Ny and additionally
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and
: T
klggo Emm+k7mn+k [merk‘wnJrk} = Rm (m - n)v
1. e., if the expected value converges to a constant value and the cross-correlation matrix to a func-
tion R, which only depends on the distance (m — n) of the sequence elements ,,, 1 and &, for
k — oo.

Remark: Speaking in terms of dynamical systems, an asymptotically WSS random sequence may
possess a non-WSS transient phase but eventually reaches a WSS steady state.

Definition 1.4.9: Mean square stability [35]
Consider a dynamical system given by the difference equation

Ty = Az, + wy, k € Ny,

where A is a square matrix, &, is a random vector with mean g4, and covariance matrix C,, and
(wy : k € Np) is an (asymptotically) WSS sequence of random vectors. The dynamical system is
said to be mean square stable if

klgglo Emk [wk‘] = Hz

and

lim B, [mkwﬂ =R

€T
k—o00

irrespective of the distribution of the initial state x, i. e., the first and second order moments of the
state vector x; converge to finite values.

Remark: Note that Definition 1.4.9 is only meaningful for time-invariant systems which are
driven by (asymptotically) WSS random sequences. The reason is that even if first and second
order moments remain bounded, the limits do not exist for systems with time varying parameters
and excitations. In this case, the definition from [36] that a system is mean square stable if

sup B, [[lz4l3] < o0
keNy

is appropriate. It is easy to verify that a system which is mean square stable in the sense of Defini-
tion 1.4.9 also fulfills the above condition.

1.5 System Model

Throughout the thesis, we consider discrete-time’ linear dynamical systems which are described
by the state space representation

Tpr1 = Arxy + Bruy + wy,

(1.1)
yr. = Crzy, + vy, k € Ny,

"For the conversion of a continuous-time linear model to discrete-time, see Appendix Al.
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where x;, € R is the system state, u;, € R« is the system input and y;, € R™v the observation
of the system state, i.e., the output of the dynamical system, at time index k. The parameters of
the system, i. e., the system matrix A; € RY=*N= input matrix By, € R™>*Nu and output matrix
C; € RNv*Nz_ are in general not constant but depend on the index & € Nj. The time-invariant
case when A, = A, B, = B and C; = C for all k£ € N will be of special importance in the
following and we will always assume that the pair (A, B) is stabilizable and the pair (A, C) is
detectable, respectively (see Definitions 1.4.5 and 1.4.6).

The initial state =, € R™V* is modeled as a Gaussian random vector with 2y, ~ N (O Ny Co 0).
For the sake on simplicity, the process noise (wy, : k € Ny) and the observation noise (vy, : k € Ny)
are assumed to be sequences of independent random vectors which are mutually independent as
well as independent of the initial state xg, and their distributions are w;, ~ N (0 Na s ka) and
v, ~ N (ONy, Cvk), respectively, with £ € Nj. When considering time-invariant systems, it
will be additionally assumed that the noise sequences are stationary. Together with the indepen-
dence assumption, this implies that (wy, : k € Ny) and (v : k € Ny) with wy ~ N (Oy,, C,,) and
v ~ N (0 Ny C’v) for all £ € Ny are identically and independently distributed (i.i.d.) sequences
of random vectors in the time-invariant case.

Note that the independence assumption of the process and observation noise can be relaxed. If
the noise sequences are given by Gauss-Markov sequences, they can be described by a state space
model which is driven by a sequence of independent random vectors (cf. Theorem A7.2). Thus,
the overall system can be described using a model according to Equation (1.1) by augmenting the
model of the original dynamical system with the state space description of the noise sequences
(cf., e. g., [37, Chapter 11]). Mutual dependencies of (wy, : k € Ny) and (v : k£ € Ny) can also be
included and slightly affect the results presented in Appendix A7. A detailed description of the
necessary modifications can be found in, e. g., [38, pp. 69-71] and [31, Chapter 9].

1.6 Channel Model

The channels which are used to exchange information between the dynamical system described
above and a controller in a closed loop system are assumed to be linear, memoryless and to in-
troduce additive noise which corrupts the transmitted information. Thus, in the general case, the
received vector 7, € RM at time index k € Nj at the channel output reads as

where t;, € RY is the transmitted vector, H;, € RM*V ig the matrix which describes the linear
channel and mn; is the additive noise described by a sequence of random vectors with properties
defined in Section 1.6.2. The sequence of transmit vectors (¢, : k € Ny) is a sequence of random
vectors where we do not make specific assumptions about its properties at this point despite the
existence of finite first and second order moments for all £ € Nj. Figure 1.4 illustrates the channel
model.

tk:i>Hk: :>§?:>T‘k

nyg

Figure 1.4: General model of a linear memoryless additive noise channel.
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Note that the dimensions N and M are not necessarily the same. However, if the channel matrix is
known, it can be included in the model of the dynamical system presented in Section 1.5. Assume
for example that the observations y; (cf. Equation 1.1) are transmitted using the channel model
of Equation (1.2). An equivalent channel without an explicit channel matrix can be constructed if
the system output matrix C}, is replaced by H};.C; and the observation noise vy by Hjvy. In this
case, the remaining channel is simply represented by the additive noise n;, and the dimensions of
the input and the output of this channel are the same.?

1.6.1 The Limited Communication Resource

The communication resource which is limited by the specific choice of the communication channel
is the power of the transmitted signal.’ It is given by its variance and limited by the available power
Pry > 0 at the transmitter. Thus, in general, the constraint

Ee, [llte — e, |I3] = tr [Cy,] < Py, k € Ny, (1.3)

has to be considered. Using this formulation of a communication constraint, it is implicitly assumed
that the variance of the additive noise is given and not a design parameter. In the literature on NCSs
which considers the presented channel model one can often find an equivalent formulation of the
constraint presented in Equation (1.3) which explicitly includes the variance of the channel noise.
In this case, the SNR, i.e., the ratio of the power of the transmitted signal and the power of the
channel noise, is the limiting factor and assumed to be bounded by some constant ¢ > 0. Thus,
Equation (1.3) becomes

tr [C’tk]

tr [C

s

<o, k € Ny. (1.4)

Equation (1.4) is obtained by dividing Equation (1.3) by tr [an} , 1. e., the variance of the channel
noise. This shows the equivalence of both representations of the limited communication resource
by noting that Pry = ptr [an] .

1.6.2 Additive (White) Gaussian Noise

For this channel model only the additive noise sequence (ny, : k € Ny) is considered. Thus, Equa-
tion (1.2) reduces to

rr =t + ny, k € Ny, (1.5)

with transmitted vector ¢, € R and received vector 7, € R . The noise sequence (ny : k € Ny)
is assumed to be uncorrelated (white) and Gaussian with n;, ~ N (O M an) for k € Ny. Addi-
tionally, it is independent of all other random variables which contribute to the sequence of transmit
vectors (¢, : k € Np). Due to its properties, the sequence (n; : k € Ny) is referred to as Additive
White Gaussian Noise (AWGN).

8Similar considerations lead to the treatment of channels with memory and temporarily correlated noise sequences
by including their descriptions in the system model given by Equation (1.1).

°If the power is not limited, an infinitely large amplification of the transmit signal together with the reverse opera-
tion at the receiver can be used to eliminate the additive channel noise (see Section 1.1). Thus, the consideration of a
non-zero noise always implies the limitation of the transmit power.
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Remark: The consideration of the AWGN case in the context of information exchange of dynam-
ical systems is not as restrictive as it may seem and can be extended to the case of Gauss-Markov
noise sequences (1 : k € Ny) which allow for a state space representation (cf. Theorem A7.2)!'°

ol = AL+ B

(n) .(n) (n) (1.6)
’I’Lk:Ck Z, +Dk Nk, k € N,

with system state :B,(g") € R¥, an uncorrelated (white) sequence (1;, : k € Ny) of zero-mean Gaus-

sian random vectors, i.e., 9 ~ N (0., C, ), and system parameters A", B,in), C,ﬁ"’ and Dli")
of appropriate dimensions. Additionally, the random vectors n;, £ € Ny, are independent of all
other random variables under consideration. As an example, assume that the output y; of the dy-
namical system introduced in Equation (1.1) is transmitted over the additive noise channel given
by Equation (1.5), i.e., ti = y, with correlated noise n; according to Equation (1.6). The output
7, of the channel reads as

Ty = Yk + ng = CkiL‘k + (%3 + C](Cn)ilflgn) + D](gn)'rlk

Lk (1.7)
[en o, o] || o
Mk

T
This corresponds to the noisy observation of the state [acg, w,(cn)’T, 77,?] of a system given by the

difference equation

Tt Ay Ty, B, wy,
x| = A B g [0, | e+ | 0k |- (1.8)
Mk+1 Orxr] | M Orxn, Mi+1

Recalling the assumption that the sequences (wy, : k € Ny), (nx : k € Ny) and (vy, : k € Ny) are
white and mutually independent, it can be seen that the correlated noise case can be included in
the AWGN channel model. Similar steps are possible if the correlated noise is added to the system
input uy. Thus, only the AWGN case will be considered in the following.

Finally, Figure 1.5 illustrates the application of the AWGN channel model to a control sys-
tem. It shows a control loop which is closed using two additive noise channels which introduce
the disturbances (g : k € Ny) and (ny, : k € Ny) and separate the controller from the dynamical
system to be controlled (cf. Section 1.5). Comparing with Figure 1.3, we identify the observation
and control channel and recognize that the transmitters and receivers for the respective channels
are not present in Figure 1.5. Their design subject to the limitation of communication resources
(cf. Section 1.6.1) will be discussed in the following chapters.

'0In Theorem A7.2 the feed-through parameter Dy, has not been introduced but can be included in the presented
stochastic model.
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Figure 1.5: Model of the control loop which is closed over two additive noise channels.



2. Challenges in Control Problems Due to Communication
Constraints

In the preceding chapter, it has been explained what we understand by a control system and how
communication systems and the associated constraints extend the problem of control system de-
sign. At this point, we give some concrete examples of limitations and disturbances due to the
presence of communication channels in a control loop. The examples cover the most important
channel models that are used in the literature on NCSs. Note that for the following examples, we
will make use of specific system and channel models that have not been introduced so far, provide
solutions without a detailed derivation and sometimes anticipate results from subsequent sections.
Nevertheless, the reader who is familiar with stochastic systems and basics in communication the-
ory should be able to follow the explanations and may obtain some intuition about the problems
that arise when considering limited communication resources in a control loop.

2.1 Models of the Communication System

2.1.1 Distributed Control Systems

What has not been mentioned so far are the implications of the distributed nature of NCSs (cf. Sec-
tion 1.2). Having a look at Figure 1.3 and using a general approach, the joint design of transmitters,
receivers and the controller can be viewed as a controller design with a structural constraint. In this
case, the controller has a distributed configuration where each element has access to different in-
formation. One element (in communication terms: the transmitter) has direct access to the system
output, one (the receiver) has access to the system input and a third element (the traditional con-
troller) connects the other two using the observation and the control channel. Thus, the different
parts of the controller generate the information which is the input to the subsequent parts.

The configuration that defines what information is available at which component of a dis-
tributed controller is called information pattern [39]. The classical information pattern assumes
that all components of the controller have access to the same information at the same time. This
is of course true if a centralized controller which collects all available information in the feedback
loop is used. It is easy to verify that this is not the case for the distributed control system shown
in Figure 1.3, i.e., transmitter, receiver and controller have access to different information. The
author of [39] gave a very simple example of a control problem with a linear dynamical system
and quadratic cost function, but with distributed structure, i.e., with a non-classical information
pattern. He showed that the optimal control problem is not convex in the optimization variables and
that the optimal control scheme must be non-linear.! However, with a classical information pattern,
the problem is convex and allows for a linear solution in the framework of Linear Quadratic Gaus-

'Tt may be interesting for the reader with a background on communication systems that in [39] it has been pointed
out that “[w]hen communications problems are considered as control problems (which they are), the information pat-
tern is never classical since at least two stations, not having access to the same data, are always involved.” Thus, the
well known fact is stated that optimal communication strategies are in general non-linear and the associated optimiza-
tion problems are non-convex.

15
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sian (LQG) control. In [40], this example is revisited and presented in a more information theoretic
context which provides some additional intuition about the results. As a final remark, the authors
of [41] analyzed the property of (non-)convexity in decentralized control and provided the largest
known class of convex problems for this case.

The results presented here demonstrate that we can not expect in general to find straightforward
solutions to the problem of joint optimization of transmitters, receivers and controllers for a NCS,
e. g., by applying convex optimization techniques, and suboptimal approaches may be necessary.

2.1.2 Packet Drops

The packet drop channel model is quite popular in the literature on NCSs for several reasons. First
of all, it can be motivated information theoretically [42] as well as from a practical point of view
since a lot of general purpose communication systems and data networks are packet switched , i.e.,
the network can either deliver a packet with all its information or lose the contained information if
a packet can not delivered or correctly decoded.” A second reason is that such a channel abstracts
the physical properties of the communication channel and the question how to allocate the limited
communication resources in an optimal way is not part of the control system design. With the
packet drop model, the obvious goal of the communication system is to provide a probability of
packet loss which is as small as possible. Thus, the design of the communication and the control
system is decoupled. Note that despite the fact that the packet drop model typically is the result of
a digital, packet switched communication system, the effect of quantization of the transmitted data
is neglected in most cases. The standard argument is that a packet can carry such an amount of
information that the effect of quantization is extremely small or can be modeled as additive white
noise (cf. [44—46]). For a discussion of quantization in NCSs, see Section 2.1.3.

In order the get an intuition why the presence of packet drops has to be taken into account for
the design of a control system, consider the following example from [47] with a dynamical system
where the input signal can be lost due to packet drops, i.e., without a packet drop the system
operates as a closed loop while the loss of the input signal results in an open loop system. We will
use the function §(k) to describe if the channel loses a packet. It has the value 0 when a packet
drop occurs and 1 otherwise. Assume that the dynamical system is linear and described by the
difference equation

Tpt1 = Ag(k)wk, k € Ny and 5(]€) € {0, 1}, 2.1)

where x;, € R™= is the state of the dynamical system at time index %k with the initial state x.
The matrix A; € RY>*N= 4 € {0, 1}, determines the dynamics of the system where A refers to
the open loop dynamics when the control input is lost and A; to the closed loop dynamics when
the packet which contains the control signal has been delivered. We can see that due to the packet
drops the dynamical system becomes time variant and switches between two possible operation
modes. Assume that in both cases, i.e., if the system is operating in open or closed loop mode
exclusively, the system is stable in the sense that

lim ), = lim AFxy =0y, i€{0,1}, (2.2)
—00

k—o0

for all £, € RY=. An example for such a case is depicted in Figure 2.1 for N, = 2, where x,(gl) and

xl(f) denote the first and the second component of the state vector x, respectively. It is relatively

2For an information theoretic discussion of the infinite alphabet erasure channel see [43, pp. 318-320].
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(a) Open loop dynamics with Ay. (b) Closed loop dynamics with A;.

Figure 2.1: Trajectories of a system which is open loop (left) and closed loop (right) stable.

easy to determine a sequence of packet drops, i.e., a switching between the open and the closed
loop dynamics, which produces an unstable behavior of the control system. The result is shown in
Figure 2.2.

Figure 2.2: Trajectory of a switched system which is open loop (dashed line) and closed loop (dash-dotted
line) stable. The system can become unstable by switching (switching points are denoted by []).

The presence of packet drops as a result of limited communication resources of course has
negative effects on the performance since the system is operating in open loop for a fraction of the
time and thus its behavior differs from the desired one which is realized by closed loop control. But
the example shows that the performance can become arbitrarily bad because of the loss of stability.
This effect must be taken into account for the design of a controller. Dynamical systems with
abruptly changing parameters have been studied in, e. g., in [22,23,47,48], under different aspects
like stability and controllability, where the change of the system parameters can be deterministic or
driven by a stochastic process. Especially the latter point of view is an interesting starting point for
the investigation of NCSs using the packet drop channel model. In this case, the loss of information
in a control loop can be modeled as a stochastic change of system parameters between two possible
modes, depending on the event of a packet drop. The problem of state estimation with probabilistic
loss of measurements of the system output has been investigated in, e. g., [30,49-51]. The closed
loop control problem has been addressed in [11,45,52-58], which demonstrates the popularity of
the packet drop channel model for the investigation of NCSs.

Nevertheless, in this thesis we do not focus on this channel model because it does not allow for
a deeper analysis of the parameters of the physical communication channels and their impact on
the control system.



18 2. Challenges in Control Problems Due to Communication Constraints

As a final remark, the model of a channel which carries a real number without introducing
disturbances but with a certain probability of data loss is a good example why concepts from
information theory which solely concentrate on the problem of reliable transmission of information
may be inadequate for control system design. It has been pointed out in [42] and is proved? in [43,
pp- 318-320] that the packet drop channel with infinite input alphabet has infinite Shannon capacity,
i.e., it can be used to reliably transmit any amount of information. Nevertheless, this property is not
sufficient for the feedback stabilization over packet drop channels (see, e. g., [56]). For a detailed
discussion of the properties of communication channels which are compatible with the objective
of closed loop control, see [42].

2.1.3 Quantization

A digital communication system offers a finite word length for the data that is transmitted. Typi-
cally, this is expressed by the number of bits that can be sent and received reliably per time unit.
Thus, it is necessary to evaluate the effect of quantization of the transmitted information in the
control system which is generally represented by real numbers. It has already been mentioned in
Section 2.1.2 that a possible way of doing this is to simply ignore the effects of quantization or
to use an additive noise model like in, e. g., [44,46,59]. A different line of research focuses ex-
plicitly (and often exclusively) on the effect of quantization as the main representation of limited
communication resources. For example, the authors of [36,60-65] consider the case were a com-
munication channel supports a finite (sometimes relaxed to countable) set of messages which can
be transmitted without an error.* This introduces the necessity of quantizers which determine a dis-
crete representation of the generally continuous information like sensor measurements and control
signals with a finite number of bits, which is the limited resource in this scenario.

One of the major challenges in the analysis and design of NCSs with error-free but bit rate
limited channels is the non-linearity of the quantizers which change the closed loop dynamics of
the control system significantly and can even lead to a chaotic behavior (cf. [60] and references
therein). This complicates the analysis of quantized control systems and the design of optimal
quantizers. A second problem occurs due to the boundedness of signals which have to be repre-
sented by a finite number of bits. In [66] a linear dynamical system which is driven by Gaussian
noise is considered. The control loop is closed over discrete channels with finite input and output
alphabets and it is assumed that the control loop which consists of dynamical system, channel
encoders and decoders, channels and controller is an irreducible Markov chain. In [66, Theorem
4.2] it is shown that for this scenario, a bounded control input leads to a transient behavior of the
Markov chain, which is in conflict with notions of stochastic stability (cf. [67, Section 1.3.1]), e. g.,
stability in the mean square sense. A possibility to overcome this problem is a zooming type of
quantizer which dynamically adapts the range of values that can be quantized [61, 65], i.e., the
same number of quantization points is distributed over a large range when large values have to be
quantized and over a small range for small values. This means that large values, e. g., of the state
or the control input, tolerate a larger quantization error than small ones. This effect has also been
observed in [62] where a quantizer is optimized such that a linear dynamical system with scalar

3The author of [43] considers an erasure channel with a countably infinite alphabet and it is shown that its capacity
is infinitely large. Since this alphabet is a subset of the real numbers, the capacity of an erasure channel with real input
is also infinitely large.

“This means that the message at the input of the channel is identical to the channel output. A positive effect of
this model is that the transmitter has exact knowledge about the information at the receiver which often simplifies the
analysis of such systems.
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control input is quadratically’ stabilized. The authors of [62] assume a countable instead of finite
number of values for the representation of the control signal and show that the coarsest quantizer
for the control signal is logarithmic, i. e., the control input at time index k € N can represented as

up = +ap', i€ 7Z, (2.3)

with the constants & > 0 and 0 < p < 1. An important result of [62] is that p can not be chosen
arbitrarily close to zero but has to be larger than a value that depends on the unstable eigenvalues
of the system matrix. The larger the magnitude of these eigenvalues, i.e., for a higher degree of
instability, the larger p must be which results in a smaller distance between the quantization points.
Note that irrespective of the size of p, a countably infinite set of values is always available for the
quantization. Obviously, this fact alone is not sufficient for a logarithmically quantized controller
to stabilize an unstable dynamical system.

The following example illustrates the result of [62]. The model of the dynamical system to be
controlled is given by the linear difference equation

Tpy1 = Ax, + bu,, ke Ny, 2.4)

with the system state z;, € RY=, system matrix A € R¥=*¥=_ gystem input vector b € R+ and
initial state <, € R"=. For the determination of the control input u; according to Equation (2.3),
the complete knowledge of the state vector x; is available. For the example, N, = 2 has been
chosen and for the applied system matrix® we obtain the smallest value of p that ensures quadratic
stabilizability to be pni, ~ 0.714. In Figure 2.3, the basis for the logarithmic quantizer is p = 0.75
which implies quadratic stability. Consequently, it can be observed that the closed loop system
with quantized control reaches the zero state in approximately the same number of steps as the one
with unquantized control.

10
B Quantized
5 .
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k k
(a) System states. (b) Control input.

Figure 2.3: System with logarithmically quantized control input. Applied quantizer basis is p = 0.75, coars-
est basis is ppin ~ 0.714.

The situation changes if the basis is chosen too small. The result for p = 0.49 is shown in Figure
2.4. Despite the fact that a countably infinite set of quantized values with unrestricted magnitude
is available, the closed loop system is not stabilized by the quantized controller.

The purpose of this section is to demonstrate the difficulties that arise in the design of control
systems with quantized information. Note a standard assumption for the investigation of control

SThis stability criterion is also referred to as Lyapunov stability, see, e. g., [7, pp. 177- 180].
1

3
The exact system parameters are A = [ 9

] and bT = [0,1]", respectively. The initial state is 27 = [1,0]".
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Figure 2.4: System with logarithmically quantized control input. Applied quantizer basis is p = 0.49, coars-
est basis is ppin ~ 0.714.

systems that include quantization is the absence of any other disturbance due to limited commu-
nication resources. One possible implication of this assumption is the necessity of a very reliable
communication channel which might be realized by the application of a powerful channel code.
The situation becomes much more involved when the possibility of errors is considered, i. e., that
a transmitted value is mapped to a wrong value at the receiver. One approach for this scenario can
be found in [66].

2.1.4 Model Uncertainty

It has already been mentioned that limited communication resources lead to an imperfect exchange
of information, e. g., due to noise, data loss or quantization. In this case, the imperfections of the
communication channel directly affect the transmitted signals which carry the information. But
this is not the only consequence of imperfect communication. A second problem concerns the
knowledge of the parameters of the channels. In order to design a controller with satisfactory per-
formance, it is essential to have a precise model of the dynamical system to be controlled as well
as of the channels which connect the system and the controller. It is, for example, important that
the control signal at the output of the control channel (i. e., the input of the dynamical system, cf.
Figure 1.3) has the value which leads to the desired system behavior. Thus, the signal at the chan-
nel input, which is subject to distortions and disturbances, must be chosen accordingly. Without
accurate knowledge of the parameters of the channel model, this is not possible. Imperfect channel
knowledge is equivalent to uncertainties about the system dynamics, but this uncertainty enters the
control system at very specific points and can be modeled according to the channel model under
consideration.

The assumption that the model of the dynamical system and its parameters are perfectly known
for the controller design can be justified if it is a technical system which is completely determined’
by a system designer or if there are enough resources like time, bandwidth, power etc. to apply
identification techniques (cf., e. g., [68]) for the offline determination of the parameters of a phys-
ical system. For the latter case, we have to assume that the system parameters remain constant
for a sufficiently long time interval or that it is always possible to repeat the system identification
when the parameters change. But these two points are critical for the identification (or estima-
tion) of communication channels. Especially in wireless scenarios, parameters like the channel
gain change continuously over time and have to be identified repeatedly using channel estimation

7An example is the Internet where TCP is used to control the congestion of the network, see, e. g., [21].
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techniques (see, e. g., [69]). The amount of communication resources which is available for the
estimation procedure is a limiting factor for the accuracy of the estimate. Assume a model of a
communication channel with additive noise and an unknown channel gain such that a transmitted
real number x results in a channel output y = azx + n, where a is the gain factor and n the noise.
The value of a can be estimated by transmitting a so-called training symbol, i. e., a value of z that
is known to the transmitter and the receiver, and using the received value for the determination
of the unknown constant, e. g., by computing degimae = £~ 'y = a + 2~ 'n. Note that with finite
communication resources it is in general not possible to obtain a perfect estimate of a. For exam-
ple, with a constraint on the magnitude of x, there is a residual error in the estimate due to the
additive noise. This problem can be circumvented if other resources are not limited. With a rea-
sonable (stochastic) model of the noise, the error can be made arbitrarily small by transmitting an
infinitely long sequence of known symbols over the channel and applying estimation methods like
least squares, maximum likelihood etc. (cf. [31, Chapters 2 and 3] and [70, Chapters 6-9]). The
drawback of this approach is that it trades the limited magnitude of transmit signals with an un-
limited amount of time or bandwidth, respectively, in order to transmit an infinitely long sequence
of training symbols. But even if we could determine the value of a exactly, this information would
only be useful when a remained constant after the training period. Especially in wireless scenarios,
the parameters of a communication channel can change fast and it is very likely that parameters
that have been determined with training are not the same when transmitting relevant information.

In order to demonstrate why the accurate determination of system parameters is essential for
the design of control systems, we show the result of [25] which is called the uncertainty threshold
principle and considers a dynamical system with imperfect knowledge of its model parameters.
The time-variant linear system is described by the scalar difference equation

Tp1 = apTy + bpug, k€ N, (2.5)

where z;, is the system state at time index £ with initial state xy and uy is the control input. In
order to model the effect of uncertainty, the parameters a; and by, k € Ny, are assumed to be given
by i.i.d. random sequences which are mutually independent®. In more detail, the model for the
uncertainty is ax ~ N (fiq, ¢q) and by ~ N (jy, ¢p) for all k, where the mean is interpreted as the
actual knowledge (or estimate) of the respective parameter while the variance corresponds to the
degree of uncertainty, i. e., a parameter is perfectly known if its corresponding variance is zero. If
the controller has access to the state x;, at time index k, the optimal control input for the system
which minimizes a quadratic cost function reads as (see [25] and [38, pp. 42-53 and Section III.3])

-1
ur = = (grs1 (co+15) +7) 7 Grsattaioms, 2.6)
where gi, k € {0,1,..., N}, is given by the backward recursion

9k = Gt (Ca+ 1) = Ghoi2iid (gsr (eo+ 1) +7) 7 + 4, 2.7)

with initial condition gy = 0. The numbers N € N, ¢ > 0 and r > 0 are parameters of the
respective optimization problem. We refer to Appendix A6 for a detailed description of the cost
function and the meaning of its parameters. The optimal value of the cost function that is achieved
by applying the result of Equation (2.6) is given by

J* = gorh. (2.8)

8This assumption has not been made in [25] where correlations between ay, and b, are considered. We omit these
correlations here for the sake of simplicity.
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The value of N determines the number of steps or the horizon of the control problem. If the
control system operates over a very long horizon, i.e., in the limit for N — oo, it is of special
interest if the recursion in Equation (2.7) converges and does not grow without a limit which
would result in an unbounded optimal value of the cost function (cf. Equation 2.8). In [25] it has
been shown’ that the cost function is only bounded if

-1
m = cq + u2 — plu; (cb + ,uz) <1 (2.9)

Thus, even if the dynamical system is, loosely speaking, stable on average, i.e., if |u,| < 1, a large
uncertainty of the system parameters, represented by large values of ¢, and ¢, respectively, results
in unbounded costs for N — oo because the sequence g, does not converge.
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Figure 2.5: Normalized cost (cf. Equation 2.8) of a control problem with uncertain parameters vs. horizon
(g=r=1).

Figure 2.5 shows the value of the optimal cost function given by Equation (2.8), normalized
w.r.t. 2. The uncertainty of the system parameters is given by 1, = 0.5, yi, = 1 and ¢, = 1. The
variance of ay, is chosen to be ¢, € {0.7,0.8,0.85,0.9} which results in the threshold parameter
m € {0.825,0.925,0.975, 1.025} (cf. Equation 2.9). It can be seen that the cost function is bounded
as long as m < 1, but it grows for increasing horizon without a bound if m is larger than one.

The result presented in this section is only one example of the consideration of dynamical
systems which are not perfectly known. The problem of control of and state estimation for sys-
tems with uncertain parameters has a long history and can be traced back through more than five
decades [25, 71-77]. The references named here model the uncertainty as random variables or
processes, respectively, which is consequent from the point of view of stochastic control theory.
This is of course not the only possibility to consider imperfect knowledge of system parameters,
sometimes there may be even not enough knowledge to provide a suitable stochastic model. A
different approach is to assume that the actual dynamical system is an element of a certain set. The
uncertainty is modeled by the fact that the system is not known but the set it is taken from. Several
approaches to deal with this model description can be found, e. g., in [32,78,79].

As a final remark, note that the problem of model uncertainty is not restricted to physical sys-
tems which can not be identified with infinite precision. For example, the fact that a coefficient

The result can be verified by assuming that g, is large and thus neglecting the effect of r in Equation (2.7). The
resulting linear time-invariant difference equation converges under the condition of Equation (2.9). Another possibility
is to assume that a fixed point of Equation (2.7) exists. The optimal cost is only well defined if the resulting quadratic
equation has a positive solution. This also leads to the condition of Equation (2.9).
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of a communication channel is not perfectly known can not only be observed in wireless com-
munication scenarios. This uncertainty is also present on the abstract transportation layer in data
networks, despite the fact that its parameters are completely determined by the designer and thus
can be assumed to be perfectly known. Nevertheless, the data packets of different users that share
the network can lead to congestion and packet loss. From the point of view of one user, this can be
modeled as a channel coefficient which is either one (packet is delivered) or zero (packet is lost)
with a certain probability. In general, this coefficient can not be determined by a transmitter and
thus represents a model uncertainty.

2.1.5 Finite Signal-to-Noise Ratio

A fundamental resource for the transmission of information over a communication channel is the
power of the signals that carry the information [1]. If a channel is considered which introduces
additive noise with constant power, an equivalent representation of the transmit power for such a
channel is the so-called SNR [1,2,70], a common term for the ratio of the power of the transmitted
signal and the noise power. It is intuitively clear that the more power is available for the trans-
mission of information (or the higher the SNR), the less destructive is the effect of the noise. On
the other hand, the amount of available power is typically limited, e. g., due to regulatory reasons
or the non-linearity of power amplifiers, which gives rise to the question how to design transmit-
ters and receivers that use the limited communication resource such that the effect of the channel
disturbances is minimized.

For the isolated problem of information exchange between one transmitter and one receiver
(see Figure 1.1), an increase of the SNR typically'? results in a better performance of the commu-
nication system, but a decrease usually leads to a graceful performance degradation. One example
is the Shannon capacity of a scalar channel with real input and AWGN (cf. [1]) which is given
by the well known [1, 80] expression C' = % log, (1 + %) bits per transmission, where P > 0 is
the power (or variance) of the channel input signal and N > 0 the power of the noise. Thus, as
long as the signal to noise ratio is larger than zero, the transmission of information is possible.
This situation can change when the AWGN channel is used to transmit observations of the state
of a dynamical system to a controller in a closed control loop. The critical point is the open loop
(in)stability of the dynamical system to be controlled. In the following, we give a simple example
of the effect of transmit power limitations in a control system.

Let the system to be controlled be scalar, linear and time-invariant and given by the stochastic
difference equation

Tp41 = AQTE + buy, + wy, k € Ny, (2.10)

with the system state x, at time index k, initial state zo ~ N (0, ¢, ), control input u;, and the i.i.d.
driving process noise sequence wy ~ N (0, ¢,,). The system parameters a and b are assumed to be
known. At the output of the system, it is assumed that the state x; can be observed without any
error at time index k, but has to be transmitted over an AWGN channel to the controller subject to a
maximal transmit power of P. In order to control the power of the transmit signal, x;, is multiplied
by the factor ¢, before transmitting it over the channel. Thus, the controller receives the observation

Yr = T +ng, k€ N, (2.11)

10A properly designed communication system must not react on an increase of the available transmit power with a
decrease of performance.
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where ny ~ N (0,¢,) is the i.i.d. Gaussian channel noise. The controller is chosen such that
the infinite horizon LQG average cost function with ¢ = 1 and r = 0 is minimized. We do not
discuss the approach in detail at this point and refer the reader to Appendix A6. Loosely speaking,
this controller minimizes the variance of the system state, i.e., the amount of information to be
transmitted, and thus helps the transmitter to exploit the available power efficiently. Finally, the
scalar ¢y, is chosen to use the full amount of transmit power, which can be shown to be optimal in
the scenario under consideration, i. e.,

P
= 4] —. (2.12)

Cay

Note that with the system and channel model from Sections 1.5 and 1.6 as well as the choice of
the controller, it is possible to determine the sequence of variances c,, , k € Ny, which is given by
the iteration'!
-1
C
Corr = @ | €y — &, (cxk + C—Z) + Cy (2.13)
k

with initial condition c,, for £ = 0. Finally, by inserting the factor ¢, from Equation (2.12) and
some algebraic manipulations, Equation (2.13) can be simplified to

_2_Cn
Copyy — @ mcfk + Cw
c E-+1 k c i (2.14)
2 n 2 n

=|a Cpy + g a Cy-

( P+cn) o i0< P+cn) s
Obviously, this sequence of covariances only converges for azﬁ < 1, otherwise it grows without

Cn

a bound. This inequality can be rewritten to provide an explicit condition for the transmit power
that has to be provided such that the variance of the system state stays bounded:

P> (a®> —1)c,. (2.15)

The property of a bounded state covariance matrix corresponds to the stability of the system in the
mean square sense, see Definition 1.4.9. Thus, in order to obtain a stable control loop, the available
transmit power P has to be chosen depending on the system parameter a and the variance of the
channel noise.

Equation (2.15) shows the fundamental difference between the control of stable and unstable
dynamical systems with finite transmit power. If the system is stable even without control, i.e., if
la| < 1, the available transmit power can be reduced down to zero, which is a quite obvious result:
a stable system does not need control to be stabilized. On the other hand, dynamical systems
which are open loop unstable always need some control input to be stabilized which results in the
requirement of a strictly positive transmit power. The amount of the power depends on the degree
of instability, i. e., the value of the squared system parameter a.

It can be seen by Equation (2.13) that as long as £ is finite, the variance of the system state
is also finite and consequently the power constraint can be met with a non-zero transmit scaling.
In order to show the effect of the available transmit power on the stability of the control loop,
Figure 2.6 shows the asymptotic value of the state variance for £k — co. As long as the transmit

""Equation (2.13) stems from the Riccati iteration for the error covariance matrix of the Kalman filter, see Appendix
A7, since the variance of the system state is in this case identical to the variance of the state prediction error.
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Figure 2.6: Asymptotic variance c, = klim ¢z, of the system state over the SNR (a = 2, ¢,, = 1).
—00

power (or SNR, respectively) is large enough, the closed loop system is mean square stable and
thus has a finite variance of the system state. For the chosen parameters a = 2, the bound for the
SNR, given by cﬁ, is 3 (cf. Equation 2.15). Consequently, we observe an unbounded increase of the
asymptotic variance of the system state when the SNR approaches this value. On the other hand,
the asymptotic value of the state variance for — — oo is (cf. Equation 2.14) ¢,, = 1.

Finally, consider the case when the avallable transmit power does not suffice to stabilize the
scalar system in the mean square sense. For the parameters a = 2 and ¢,, = 1, the power must be
larger than 3. If we chose instead only 95% of this value, i.e., P = 2.85, it can not be expected to
obtain a stable closed loop system. Figure 2.7 shows the effect on the variance of the system state.
In order to fulfill the power constraint, the transmitter has to chose a scaling factor c; which leads
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Figure 2.7: Variance of the system state, scalar at the transmitter and variance of the transmit signal for a
transmit power that is not sufficient for stabilizability in the mean square sense (a = 2,¢, = 1, P = 2.85).

to an increase of the variance of the system state. Consequently, the transmitter further decreases
its scaling, leading to a further increase of the state variance and so on. The fact that the transmit
power is too low results in an unbounded increase.

The consideration of power constraints in control problems has a long history. Even the uncon-
strained optimization of a weighted quadratic cost function in LQG control problems (see, €. g., [4]
and Appendix A6) includes the desire to keep the variance of the system states, outputs or control
inputs small. An explicit consideration of variance constraints using Lagrange multipliers can be
found in [81] where the controller is the only instance which can be used to fulfill the constraints
and no additional transmitter like the scaling factor in the example above is present. The authors
of [82] take into account power constraints together with the optimization of the measurement (or
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transmission) strategy. The variance of signals at the system output is the subject of investigation
in [83, 84], where [84] formulates the constraints not in terms of power but SNR. A consideration
of limited transmit power as an extension to classical LQG control can be found in [85]. A break-
through for the investigation of linear systems with power or SNR constraints was [29] where a
condition similar to Equation (2.15) has been determined for general Single-Input Single-Output
(SISO) systems with linear controllers. The work has been extended in [86] with a scaling at the
transmitter and in [87] where it has been shown that the limits of stabilizability do not change
when arbitrary time varying or non-linear control is used. Contributions which emphasize the role
of (convex) optimization techniques for the controller, transmitter and receiver design are [35]
and [88], were the authors of [89] and [35] provide a connection between additive noise, data
rate limited channels and information theoretic aspects of control with communication constraints
which lead to implementable NCSs.

2.2 Scope of the Thesis

The concept of NCSs covers a wide range of models for the dynamical systems and the com-
munication infrastructure that is used for the information exchange of such systems. A common
feature which separates NCSs from the classical control system design is to consider explicitly
the influence of the communication infrastructure on the dynamical behavior of the control sys-
tem. Depending on the dynamical system and communication channel model under consideration,
different effects can be observed and a suitable analysis and design methodology has to be found.

The intention of this thesis is to investigate challenges and benefits of a joint design of control
systems, transmitters and receivers on a low level, i. e., with system and channel models which are
close to their physical description. From a practical point of view, other models like erasure chan-
nels (packet drops, cf. Section 2.1.2) or discrete channels (quantization, cf. Section 2.1.3) can be of
larger interest, e. g., if control systems are designed on top of a existing general purpose communi-
cation system like a Local Area Network (LAN) or the Internet. With the model of communication
imperfections on the higher level of abstraction which are provided by those networks, data loss
and quantization are relevant problems to deal with. But despite the practical importance of the
investigation of scenarios using these channel models and the theoretical bounds derived from it,
the degrees of freedom for a joint design of control and communication are somehow restricted.
If data loss is the only imperfection, the underlying communication system must be designed to
provide the lowest possible loss probability. If quantization is the only source of distortion, one
has to provide the largest possible resolution of the quantizer. Of course there may be a coupling
between the resolution of the quantizer which determines the data rate and the probability of data
loss in a communication network and it is not trivial to find the optimal trade-off. Nevertheless, the
design of the physical communication system is separated from the controller design and shifted
to higher levels of abstraction or layers, e. g., the design of control oriented communication and
routing protocols for data loss networks [90,91].

In the following, for the goal of a joint design of control and communication, simple but not
trivial system and channel models have been chosen which can be treated in a common framework.
In more detail, the models are linear dynamical systems and additive noise channels. Additionally,
only linear transmitters and receivers are considered and optimized, although it is known that
even in such a simple scenario non-linear communication and control techniques are optimal (cf.
[39, 40]). The linear models are compatible in the sense that they can be treated on the same
level and in the same optimization framework. Additionally, the consideration of variance-based
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constraints is quite natural in this framework. Thus, the limited communication resource will be
the power of transmit signals or the SNR of the communication channels, respectively, where the
former is more common in the communication community and the latter in the control community.

At the time of writing, the author of this thesis was member of a research group with a focus
on signal processing for communications. Consequently, the following results are presented with
the intention to introduce the special features and problems of a joint investigation of control and
communication systems to the signal processing and communication community. This is the reason
why some results which might be considered standard in the context of control system design,
e.g., LQG optimal control, dynamic programming, optimal estimation using the Kalman filter,
Lyapunov and Riccati equations, are introduced in the Appendix. Since they represent the basic
tools for the analysis and design of control systems under power or SNR constraints, respectively,
we hope that the way of presenting these tools is useful for the reader who is not familiar with them.
The reader with a background in the corresponding topics may start directly with the discussion of
power (or SNR) constrained LQG control in the following chapter.






3. Optimal Control With Power Constraints

3.1 The Unconstrained Optimization Problem

Consider the problem of the optimal design of a controller which is separated from the dynamical
system to be controlled by two communication channels, one which is used for the transmission
of the system output to the controller and one for the transmission of the control signal back to the
system input. According to the system and channel model which have been presented in Sections
1.5 and 1.6, the dynamical system is assumed to be Linear Time-Invariant (LTI) and the channels
are assumed to introduce stationary additive noise into the closed control loop. Figure 3.1 illustrates
the scenario.

Wi, Vi
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Control :n i A I 3 %C q iObservation

R Channel

Controller pu,

U

Figure 3.1: Model of the control loop which is closed over two channels with additive noise g and ny.

The optimal controller is determined by the solution of the Linear Quadratic Gaussian (LQG)
optimization problem (cf. Chapter A6 and Section A6.3)

1 —[z,]"[Q S][«
minimize lim NE 20, W0, WN—1,V0,--,UN—1, [m%QNZL'N‘FZO [u:} [ST R:| |:'U'Z}] (31)

0,415 42...  N—00 q0,--,dN—1,10.--,TUN -1
subject to @y, 1 = Axy + B(ug + ny) + wy, k € Ny,
yr = Czp + vy, k € N,
wy, = (L), k € Ny,
I, — {{(yo+qo)}, k=0,
=
{(yo+ao), (yi+a1), ..., (Yye+aqr), o, u1,...,uk_1}, keN,

where the controller yux, k£ € Ny, is the function which maps the available information at time index
k to the control signal u;. Note that the system input is the sum u; + ng, &k € Ny, of the control
signal and the control channel noise, and the observations for the determination of the control
signal are given by the sum y; + qi, £ € Ny, of the system output and the observation channel
noise. Since the additive noises of the communication channels are modeled as random sequences,
the expected value in Equation (3.1) is additionally taken w.r.t. the corresponding random vectors.

Recall the assumption that (wy, : k € Ny), (v, : k € Ny), (qr : k € Ng) and (ny, : k € Ny) are
mutually independent sequences of independent Gaussian random vectors and are additionally

29
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independent of the initial state &y which is described by a Gaussian random vector. Since the time-
invariant case is considered, the noise sequences are also assumed to be stationary. Using these
assumptions, it can be seen that the above optimization is a standard LQG problem with process
noise Bny + wy, k € Ny, and observation noise vy + qx, k € Ny, where the corresponding noise
sequences also fulfill the above independence assumptions. Thus, the channel noise sequences just
change the parameters of the process and observation noise. Note the coupling of the noise and
system parameters by the covariance matrix C,, + BC,, B" of the effective driving process noise.

In Section A6.3 it is shown that the solution to the above optimization problem, more precisely
the control sequence (uy : k € Ny), is given by

uy, = Lay, k € Ny, 3.2)

where .
L=-(B'"KB+R) (B'KA+S"), (3.3)

with the stabilizing solution K of the Discrete Algebraic Riccati Equation (DARE) (see Appendix
A3)
K=A"KA- (ATKB+S)(BTKB+R)  (BTKA+S")+Q, (34

and the state estimate

The estimate & is computed using the Kalman filter (cf. Appendix A7 and Section A7.2) which
also provides the covariance matrix of the asymptotic estimation error

Cs = lim Eq, 7, [(wk — &) (p — f@k)T}

(3.6)
—C!-CECcT (ccicT +c, +C,) " CcCt,

which is determined by the stabilizing solution of the DARE
c’—A (c; —cicT(ccic +C, +C,) cc;;) AT+ C,+BC,BT. (3.7

Since the observation and control channel represent a communication system, it is of importance
for the design of such a system which amount of transmit power has to be provided for the trans-
mission of the system output and the control signals. However, for the determination of the optimal
control sequence (uy : k € Ny) (cf. Equation 3.2), no constraints for the variances of y; and wy,
k € Ny, i.e., the powers of the signals at the input of the observation and the control channel,
respectively, have been considered. This means that we have to live with the result of the optimiza-
tion and provide the corresponding power for the transmission of these signals. In the following,
the necessary transmit power for the observation and control channel will be determined using the
results of the optimal controller given in Equations (3.2) to (3.7). To this end, we will consider
asymptotic variances which are associated to the property of mean square stability (cf. Definition
1.4.9). Note that under the assumption that the DARESs given by Equations (3.4) and (3.7) have sta-
bilizing solutions (see Appendix A3), the closed loop dynamics of the interconnection of the origi-
nal system and the optimal controller which is based on the Kalman filter are described by a stable
dynamical LTI system, see, e. g., [3, pp. 275-276], [4, pp. 542-543] and [5, pp. 300-301]. Thus,
if this system is driven by Wide Sense Stationary (WSS) noise sequences, the resulting state se-
quences (x;, : k € Np) and (z : k € Ny) as well as the associated output sequences (yy. : k € Ny)
and (uy : k € Ny) are asymptotically WSS (see Definition 1.4.8).
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Definition 3.1.1: Power of transmit signals

The transmit power of the observation channel is determined by the variance of the observations yy,
k € Ng, at the system output. With the LTI system, the time-invariant controller and the stationary
noise sequences, this power is (asymptotically) given by

Py = lim By, [|yel3] = tr[CC,CT + C,]. (3.8)

Analogously, the power of the control channel is given by the variance of the control signal wy,
k € Ny, and reads as

Py = lim E,, [[|luslj3] = tr[C
k—o0

u

] =tr [LC,L"]. (3.9)

For both transmit powers, the assumption has been used that all random vectors have zero mean.

The first step for the computation of the covariance matrices C,, and C;, which determine P,
and P is to insert the optimal control input given by Equation (3.2) in the state equation given by
the constrains of the optimization problem (3.1) which results in

3.10
= (A+ BL)x) + A%y + wy + Bny, k € Ny, ( )

with the state estimation error (cf. Equation 3.6)
T, = T} — Ty, k € Np. (3.11)

A standard result which is also used for the derivation of the Kalman filter (see Section A7.2) is
that the optimal state estimate @; and the resulting estimation error & are uncorrelated for all
k € Ny, i.e., for the presented scenario it holds that

E [#:Z} | = On,xn, k € No. (3.12)
Using this fact, the asymptotic covariance matrix of the system state is given by,
C,=(A+BL)C;(A+BL)" + AC,A" + C,, + BC, B". (3.13)
Due to the property of uncorrelatedness, the covariance matrix above can also be expressed as
C,=C,+C,. (3.14)

which together with Equation (3.13) provides the following Lyapunov equation for the determina-
tion of C,;:
C,=(A+ BL)C;(A+ BL)" + C% - C;, (3.15)

where CY = AC,A" + C,, + BC, B" (cf. Equations 3.7 and 3.6). Note that the difference
C? —C, is positive semidefinite, which can be verified with Equation (3.6), and that the magnitude
of all eigenvalues of A + BL is less than one because K is the stabilizing solution of the DARE
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given by Equation (3.4). Thus, C,, is the unique positive semidefinite solution of Equation (3.15).
Finally, the covariance matrix C, is given by Equation (3.14).

The following example will be used to illustrate the above result. It does not represent a specific
physical or technical system and has been chosen randomly in order to visualize and hopefully
clarify the presented concepts and the impact of different approaches to the joint treatment of
control and communication. Consequently, we will come back to this example repeatedly in the
following sections and chapters.

Example 3.1.1 Let the LTI system to be controlled be given by the matrices

0.5 09 -04 27 0.7
A=| 15 03 03], B=|-13 0. C:[:gf 1151 éﬂ
15 —13 12 307 4o U

i.e., N, = 3and N, = N, = 2. The pair (A, B) is controllable and (A, C) is observable. The
matrix A has only real eigenvalues and is unstable, i. e., the magnitude of one eigenvalue is larger
than one (approximately 1.96).

The process and observation noise sequences are Gaussian, identically and independently dis-
tributed (i.i.d.) with zero mean and covariance matrices

0.2 0 0.1
C = 0 0.6 —0.2 s Cv = ONyXNyv
0.1 —-0.2 0.2

respectively. Note that we assume the absence of observation noise at this point without loss of
generality because it can be combined with the observation channel noise sequence (gy, : k € Ny).
This sequence describes the effect of communication imperfections in one channel. The other
channel is characterized by the random sequence (n; : k € Ny). Both sequences are Gaussian
1.i.d. with zero mean and covariance matrices

1 —01 0.7 —0.4
Co= {—0.1 0.5} - Gh= {—0.4 0.3} !

respectively. Finally, the parameters of the LQG cost function are given by

72 —0.7 —1.3
Q=|-07 42 -04], R:{
1.3 —04 0.35

Using all these parameters of the dynamical system, the communication channels and the cost
function, the solution of the optimization problem in Equation (3.1) leads to the transmit powers

2.7 0.6
:| ) S = O3><2-

0.6 0.3

P =tr [CC,C"| ~ 4189 and P, =tr[LC,L"| ~ 1661. (3.16)
The respective Signal to Noise Ratios (SNRs) are
o1 = R ~ 2793 and (= B ~ 1661. (3.17)
tr [Cq] tr [C,,]

In order to compare these values with later results, Figure 3.2 shows the SNRs with a logarithmic
scale, i.e.,
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Figure 3.2: SNRs of the observation and control channel for the unconstrained LQG problem.

3.2 The Constrained Optimization Problem

The transmit powers or SNRs, respectively, which are the result of the optimization problem (3.1)
without the consideration of any power constraints may be unsatisfactory for many reasons. As-
sume for example an asymmetric communication scenario where the transmitter at the system out-
put has a much smaller maximum transmit power available than the transmitter at the controller.
This is often the case if the system to be controlled is a mobile unit with simple communication
equipment and the controller is located at a base station without this restriction. As a second exam-
ple, consider the case where both transmitters have more transmit power available than the amount
which must be provided for the optimal LQG controller. In this case, it is desirable to use the
additional communication resources to combat the negative effect of the channel noises.

The obvious way to incorporate the limited communication resources of the transmitters in a
control loop which is closed over communication channels is the addition of constraints to the prob-
lem (3.1). Let the available transmit powers for the observation and control channel be Pry; > 0
and Pry o > 0, respectively. The corresponding constraints for the actual transmit powers thus are
(cf. Equations 3.8 and 3.9)

tr [C’C’wC’T + C’v] < Prx1 and

3.18
tr [Cu] S PTX’Q. ( )

In this section we adopt a method which has been proposed, e. g., in [81] and recently in [88],
to include the constraints given by Equation (3.18) in the LQG control problem. The basic idea is
to reformulate the optimization problem in terms of (asymptotic) covariance matrices. This formu-
lation is equivalent to problem (3.1) if the optimization is carried out within the class of controllers
which provide asymptotically WSS state and control sequences (xy : k € Ng) and (uy : k € Ny),
respectively. Since the optimal controller shown in Equations (3.2) to (3.7) belongs to this class,
we expect no loss of optimality due to this restriction.! The reason for the reformulation of the

I'The constrained optimization problem can be solved using the formulation of Equation (3.1) (cf. Chapter 4) which
provides the same result as the one shown in the following. Thus, the optimality of the solution is not just a conjecture.
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LQG control problem in terms of covariance matrices is that it allows for a direct application of
general purpose software for semidefinite optimization for the numerical investigations. We do not
claim that this is the most efficient way of solving the problem, but it is not necessary to develop
a special algorithm for the numerical evaluation of the presented results and we can focus on the
structure of the problem in the following discussions.

We start with the reformulation of the basic LQG problem (3.1) in terms of covariance matrices
and include the power constraint in a second step. Since it is assumed that the controller gener-
ates jointly asymptotically WSS state and control sequences, the respective covariance matrices
converge to their stationary values and the average cost infinite horizon problem becomes

gligimiée tr H.SC?T IS%} [C% CC'“,”“” (3.19)
T
subject to  C, =[A B] [CC,;“’ %“} [gT} +C, + BC, BT,

C C
[C’Tﬂ: Cwu} 2 O(N,+ N X (Nat-Nu) >

where we have to keep in mind that the control input u, at time index k € Nj is restricted to be
a function py, of the information Zj. This restriction is not captured by the problem formulation
above and it can not be expected that its solution has the required property. In order to include
this constraint in the optimization problem (3.19), the fact can be used that the state estimate
T, = Egp 7, [@)| Zx] and the associated estimation error & = x;, — &} are uncorrelated, which
results in the property C,, = C, + C,. Additionally, the estimation error and any function of the
information for the determination of the estimate are uncorrelated (cf. [33, p. 346)), i.e.,

C.. = lim Ewk,uk,Ik [(.’Bk — Exk‘Ik [wk\ Ik]) ug]

z,u
’ k—o0

= lim E;, 7, [(wk — Bz iz, [in|Ik]) Mk(Ik)T]

k—00

= lim (Ea,z, [2etn(Zr)"] — Bz, [Bayiz [2ew(Zi)" | Zi]]) (3.20)

k—00

= lim (Ewk,Ik [wkﬂk(zk)T} — Es, 1, [Cvkﬂk(fk)T])

k—00

= 0N, x Ny s

where the results of Sections A5.1 and A5.2 have been used. Consequently, we have the identity
Crouw=Csa (3.21)

Note that the covariance matrix of the system state reads as C, = C, + Cj, where the controller
has no impact on the covariance matrix C}, of the estimation error (cf. Section A6.2) for the given
scenario. Thus, together with Equation (3.21), it can be seen that the LQG problem in Equation
(3.19) can be reformulated using the joint covariance matrix of the state estimate and the control
signal. Since the estimate at time index £ € Nj is a function of the information Zy, the opti-
mization over the joint covariance matrix ensures that no additional information is required by the
optimal controller. Using this formulation of the optimization problem (3.19) and considering the
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constraints given by Equation (3.18) finally leads to the power constrained LQG control problem

o Q S||C; C;,

Hilniniléi tr HST R||cT, C. +tr [QC,] (3.22)
subject to  tr [C’C’iC’T + C’v} + tr [CC:;:C’T} < Pry 1,

tr [Cu] S PTX,27

C, C,.l[A"T
g, %] e
c. C,
|:Cfu Cm:t} = O(NIJFNU)X(NerNu)?

where the estimation error covariance matrices C; and C% do not depend on the optimization
variables and are obtained from Equations (3.6) and (3.7). For the equality constraint, the fact has
been used that CE = AC, A" + C,, + BC,,B". The problem above consists of a cost function
and equality as well as inequality constraints which are linear in the optimization variables and an
additional semidefiniteness constraint for the joint covariance matrix of the state estimate and the
control input. Thus, it can be solved using standard software for semidefinite optimization. In the
following, the toolbox SeDuMi [92] will be used together with the interface YALMIP [93] which
allows for a direct implementation of the problem formulation above.

The remaining step is to recover the functions py of the information Z, k£ € Ny, for the
computation of the control sequence (uy : k € Ny) from the covariance matrices determined by
the optimization problem (3.22). Recall that in the unconstrained case, these functions are given
by a constant linear function of the optimal estimate of the system state x; given Zy, k € Ny, (cf.
Equation 3.2). Assume that in the constrained case, the optimizing covariance matrices are given
by C3, C} ,, and C;;. Thus, we only know the joint covariance matrix of the state estimate @ and
the control u; but not the mapping from Zj, to u,. On the other hand, since the state estimate &y, is
a function of 7, a mapping from &, to the control w; which provides the optimal joint covariance
matrix solves the problem.

It is not guaranteed that the optimal control input is a linear function of the optimal state
estimate alone since, in general, their joint covariance matrix may have full rank. In the following,
it will be shown that this is not the case for the optimizing joint covariance matrix given by C7,
C’;f:’u and C;;. To this end, the linear estimate uy, & € Ny, of the control signal given the state
estimate is computed, i. e.,

uy, = Lxy, k € Ny, (3.23)

where
L=C;,Ci (3.24)

and it is assumed that the inverse exists.? Note that 1, is the optimal linear estimate of u;, given
a; in the mean square sense for the asymptotically stationary case (cf., e. g., [6, pp. 485-486]
or [31, Section 3.2]). The estimation error is

U = Uy — Uy, k € Ny, (3.25)

2Noting that w, is the optimal estimate of uy, given &y, it is not necessary to assume the existence of the inverse.
Nevertheless, this facilitates the following derivations.
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which is (asymptotically) uncorrelated with the estimate uy, i. €.,

C,.=C,+Cg, (3.26)
as well as with the state estimate xy, 1. €.,
Ciu=Cia (3.27)
Using these results, the optimal joint asymptotic covariance matrix of & and wy, reads as
C; Ci. C; C;L" In] e [T [Onaxn,
R P e e B A P c,|r O
and the optimal value of the cost function (cf. optimization problem 3.22) is given by
T
J*=tr [L } {ST R} {L C;| +tr[QC%] + tr[RCE] . (3.29)
Additionally, the equality constraint of problem (3.22) can be rewritten as
“—(A+BL)C:(A+BL)" + BC:B" +Ct — C.. (3.30)

Since Equation (3.30) is a Lyapunov equation, we conclude that all eigenvalues of A + BL have
magnitude less than one in order to obtain a positive semidefinite solution Cj.?
It is now easy to verify that the solution of optimization problem (3.22) has the property

As a first step, note that the solution C, of Equation (3.15) is smaller (in the positive semidefinite
sense) than C7, if u;, from Equation (3.23) instead of wy, is applied to the dynamical system since
C': is not present. It is obvious from Equation (3.26) that this holds analogously for the covariance
matrix C7, compared to C;,. Thus, if the transmit power constraints are fulfilled by the optimiz-
ing covariance matrices C;, and C,, they also hold for the matrices which are obtained by the
application of the control signal u; shown in Equation (3.23). Additionally, the value J* of the
cost function shown in Equation (3.29) decreases in this case due to the decrease (in the posi-
tive semidefinite sense) of C, compared to C; and since the positive summand tr [RC?;] can be
dropped. Consequently, the assumption of C7; # On, xn, leads to a contradiction since C3, C3 ,
and C; can not be optimal if there exist a controller, given by Equation (3.23), which fulfills the
power constraints and at the same time results in a reduction of the cost function. It follows that
the optimizing matrices lead to Equation (3.31) and thus a control signal which is a linear function
of the optimal state estimate.

Remark: The case of C # Oy, «n, can be interpreted as a controller which artificially adds
independent noise to the control input given by Equation (3.23). It is intuitively clear that this
leads to an increase of the transmit power of the control signal and an increase of the variance of
the system state which again leads to a larger transmit power for the observation channel and to a
larger cost.

3The solution C + 18 positive semidefinite due to the constraint of the optimization problem. Additionally, the matrix
& = BC;B" + CL — C; is positive semidefinite. Assume now that (A + BL)" has a real eigenvalue [\| > 1
with corresponding eigenvector z. Multiplying Equation (3.30) with 2™ from the left and z from the right results in
2T Chz = \22TC}%z + 2T ®z. This equality can not be fulfilled for |\| > 1 which leads to a contradiction. The case

of complex eigenvalues can be treated similarly.
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The presented approach is essentially the one shown in [88], where additionally the finite hori-
zon case is considered. The author of [88] formulates the dual of the constrained optimization
problem in order to obtain the solution. This is not done here in order to keep things simple and
since the focus of this section is not to develop algorithms for the determination of the optimal con-
troller. Instead, a compact formulation for the problem has been chosen which allows for a direct
application of general purpose software for semidefinite optimization for the numerical evaluation
of power constrained LQG problems. Finally, note that the derivation of the optimal control se-
quence (uy, : k € Ny) from the joint covariance matrix of the state estimate and the control signal
is different to the approach shown in [88] and relies on estimation theoretic arguments.

3.3 Feasibility

In the preceding section, a convex optimization problem for the determination of the LQG con-
troller with power constraints has been presented in terms of the joint covariance matrix of the
system state or its estimate, respectively, and the control input (see problem 3.22). Additionally,
given the optimal joint covariance matrix, it has been shown how to determine the actual control
sequence (uy, : k € Ny) (see Equations 3.23 and 3.24). Nevertheless, until now no statement has
been made about the existence of such a solution. The critical point which may prevent the feasi-
bility of optimization problem (3.22) are the power constraints, given by the constants Pry; and
Pry ». Without these constraints, the problem is always feasible if the system to be controlled is
stabilizable and detectable. In this case, the solution is the standard LQG controller.

It is possible to construct a very simple example where the constrained LQG problem is not
feasible. Assume that the system to be controlled is unstable, i.e., the matrix A has eigenvalues
with magnitude larger than one, and that Pry » = 0. In this case, the control sequence (uy, : k € Ny)
must also be zero because its power, which is non-negative, is restricted to be zero.* With no control
input, the system remains unstable which results in an unbounded covariance matrix of the system
state.> Note that this example can still be feasible for stable systems since they have a bounded
asymptotic covariance matrix of the system state even without a control input. This covariance
matrix determines the power of the signal at the system output if no control is applied. If this
power is smaller than Py ;, the problem is feasible, otherwise not.

The discussion above shows that there is a clear distinction between stable and unstable sys-
tems for the determination of the feasibility of the constrained LQG control problem. Thus, these
two cases are discussed separately in the following. Nevertheless, in both cases a closed form ex-
pression for the set of feasible values of (Pry 1, Prx2) is not available in general which makes it
necessary to determine this set numerically. The corresponding problem to be solved is the de-
termination of the smallest values of transmit powers which allow for a solution of optimization
problem (3.22). The simple reason is that if the problem is feasible for given values of FPry; and
Pry 2, it is obviously also feasible if one or both powers are increased. Thus, transmit powers have
to be determined which can not be further decreased.

In order to formalize the problem, we notice that the value of the cost function of problem
(3.22) is not important for the question about minimal transmit powers as long as it is finite. Thus,

4We do not consider the case that u, k € Ny, with variance zero can take values from a set with probability zero.
SMore technically, the equality constraint which determines the asymptotic covariance matrix of the state estimate
can not be fulfilled with a positive semidefinite matrix.
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only the equality constraint which describes the system dynamics, i.e.,

T
C,=[A B] { (%u %ﬂ E’T} +C; - C;, (3.32)
and the semidefiniteness constraint of the original LQG control problem have to be fulfilled for the
determination of the minimal values of the transmit powers P; and P, respectively, which can be
achieved by an LQG controller without the consideration of an additional performance criterion.
These minimal values determine the lower bounds for Pr, ; and Pry 2 such that the general power
constrained LQG problem (see optimization problem 3.22) is feasible. Unfortunately, the transmit
powers of the observation and the control channel are coupled by the joint distribution of the
system state and the control signal which can be seen by Equation (3.32). Thus, it can not be
expected in general that there exists a minimum® pair (P, P,) of achievable transmit powers in
the sense that all other achievable pairs of available transmit powers are larger than (P;, P,) in
both components. For example, it is intuitive that a smaller transmit power for the control channel
will lead to an increase of the variance of the system state due to the reduced control effort and
thus to a larger power of the observations at the system output. But despite the fact that it is
in general not possible to determine a pair of achievable transmit powers (P;, P») such that all
other achievable pairs are larger in both components, it is possible to determine pairs (P, P,) of
achievable transmit powers such that there exist no pairs which are smaller in both components.
Such values are called Pareto optimal [94, Section 4.7.3]. They have the property that, loosely
speaking, it is not possible to decrease the value of one component of ( P, P») without the necessity
to increase the other one. The set P of Pareto optimal values of (P;, P») determines the boundary of
the set of feasible transmit powers (Pry 1, Pry2) for the constrained LQG control problem (3.22).
Thus, the optimization problem is feasible if the set P contains at least one pair of achievable
transmit powers which is smaller in both components than (or equal to) the pair (Pry 1, Pry2) of
transmit powers which are available for the actual optimization problem.

One possible approach to the determination of Pareto optimal values of transmit powers is the
so-called scalarization (see [94, Section 4.7.4]) of the problem of jointly minimizing P; and P,
1. e., the transmit power of the observation channel and the control channel, subject to the system
dynamics. Instead of the joint minimization, a weighted sum of the transmit powers is considered
by the optimization problem

.. T .
erncl’illérwllfe ) ptr [CC,CT+C,] +(1—p)tr[C,] (3.33)
: C, C,.l[A"
subject to C, =[A B] [CE,U C; } [BT} + Ct - C;,
C,.=C,+C,,
Cc. C,
[C’Tm CM] 2 O(No+ M) x (No+Nu)

with the weighting factor p € [0, 1] and where Definition 3.1.1 has been used for the transmit pow-
ers P, and P;. Note that the minimization above fits into the framework of unconstrained LQG opti-
mization problems (see Section 3.1 and Equation 3.19) by choosing Q = pCTC, R = (1 — p)Iy,
and S = O, xn,. A problem formulation using both C,, and C, although redundant, has been

SFor a formal definition of minimum and minimal points see, €. g., [94, Section 2.4.2].
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chosen in order to make the minimization of P; = tr [CC,C™ + C,] explicit. The reason for the
introduction of C';, is explained in Section 3.2.

In the following, the minimizing covariance matrices for a specific value of p in the optimiza-
tion problem (3.33) are denoted by CY, C’agp ), Cg(f L and CY, respectively. Choosing p = 1 in
problem (3.33) results in the smallest value of P; without taking into account the value of P, and
thus in the individual lower bound for Pry ;. For p = 0, we get the analogous result for P, and
Pry 2. The trade-off between the decrease of one transmit power and the corresponding increase
of the other is performed by varying the value of p between zero and one. Putting a larger weight
on the power of the observation channel will typically result in a lower value of this power at the
expense of a larger power of the control signal, and vice versa. Thus, different elements of the set
‘P of Pareto optimal values are determined by the optimization problem (3.33) using different val-
ues for p. Note that in our case, all Pareto optimal values can be determined by varying p € [0, 1]
since both transmit powers P, and P as well as the constraints of problem (3.33) are convex func-
tions of the optimization variables (see, e. g., [94, pp. 179-180]). This also leads to the fact that the
trade-off curve of Pareto optimal values of the transmit powers is convex (cf. Appendix A8).

3.3.1 Stable Systems

It has already been mentioned that a fundamental difference between stable and unstable dynamical
systems is that the latter ones require a strictly positive value of Pry 5 because they always need
some stabilizing control input. Since the former ones are stable even in the case of no control, we
expect that the lowest possible value of Pry o which is feasible is zero. In fact this is true which can
be verified by considering optimization problem (3.33) with p = 0. The minimal value of the cost
function is zero by choosing C&O) = On,xn, - The constraints are fulfilled with C:(;;(?L = On,xnN,
and the covariance matrix of the state estimate which is determined by the Lyapunov equation

C:(iO) _ AC’;O)AT + lef - C,. (3.34)

This matrix is positive semidefinite since all eigenvalues of A have a magnitude less than one. The
corresponding covariance matrix of the system state is determined by

cV=AcVA"+ BC,B" +C,, (3.35)

4

which can be verified using the system equation x;,; = Axy + Bn; + w; when the control input
is zero. Note that the corresponding transmit power P; of the observation channel is larger than
zero, i. e, even if the controller is effectively switched of by setting Pry » to zero, it is still necessary
to provide a positive amount of power for the transmission of the observations at the system output
to the controller. This behavior results from the system model which offers no possibility to stop
the transmission of observations in this case.

Example 3.3.1 In order to illustrate the region of feasible transmit powers, the parameters given
in Example 3.1.1 are used, but the system matrix A is replaced by Agupe = %A, which has
only eigenvalues with magnitude less than one. The optimization problem (3.33) is solved for 200
values of p which are equidistantly sampled from the interval [0, 1]. The resulting transmit powers

P =tr [CC’;”)CT] +tr[C,] and P, = tr [Cff)] are shown in Figure 3.3.

It can be observed that the trade-off curve of Pareto optimal values of the two transmit powers is
convex and that the minimal value of P, is zero which corresponds to the case where the controller
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Figure 3.3: The set of Pareto optimal values (solid line) of transmit powers for the observation and control
channel and feasible values (shaded area) for the constrained LQG control problem. The values of the
transmit powers for p = 0 and p = 1 are denoted by e, the transmit powers for the unconstrained LQG
problem by X.

is switched off. The shaded area shows all values of Pry ; and Pry o, respectively, which result in a
feasible power constrained LQG control problem (cf. optimization problem 3.22).

Besides the illustration of the results of this section, Example 3.3.1 shows one fundamental
shortcoming of the presented approach to the consideration of power constraints in LQG control.
Even if the controller is switched off, 1. e., when Pry o = 0 and consequently P, = 0, the observa-
tions at the system output are still transmitted to the controller which results in a strictly positive
transmit power for the observation channel. This power is wasted since the controller does not use
the transmitted information. An obvious step would be to stop the transmission of observations in
this case which corresponds to a transmit power of zero. Unfortunately, the system model does not
allow for such a step because there is no degree of freedom at the system output to control the
transmission. This degree of freedom, the transmitter, will be considered in Chapter 4.

3.3.2 Unstable Systems

The discussion about the feasibility of the power constrained LQG control problem (3.22) for
unstable dynamical systems is in many ways analogous to the one concerning stable systems. Due
to the coupling of the transmit powers of the observation and the control channel (cf. Equation
3.32), it is again necessary to resort to the optimization problem (3.33) in order to determine Pareto
optimal values of transmit powers. Those values represent the boundary of the set of feasible values
of (Prx 1, Prx2) for the power constraints.

The fundamental difference between the consideration of stable and unstable dynamical sys-
tems is that for the latter ones, the values of Pry; and Pry » which are the available transmit powers
of the observation and the control channel must both be strictly positive. The intuitive reason is
the fact that unstable systems always need a stabilizing control input in order to have a bounded
covariance matrix of the system state. Therefore, the power of the control channel must be larger
than zero. Additionally, the power of the observation channel must be larger than zero in order to
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provide the controller with information about the system state which is needed to stabilize the sys-
tem. It can be seen that the information exchange between the dynamical system and the controller
in both directions is essential for the task of stabilization, which leads to the fact that all transmit
powers in the closed loop system have to be strictly positive.

Example 3.3.2 Example 3.3.1 is revisited at this point with the original system matrix from Exam-
ple 3.1.1, i. e., with an unstable dynamical system. For the determination of Pareto optimal values
of the transmit powers for the observation and the control channel, 1000 values of the weighting
factor p of optimization problem (3.33) are sampled equidistantly from the interval p € [0, 1].
Note that for the given parameters of the dynamical system and the noise sequences, the resulting
transmit powers vary over more than two orders of magnitude. Thus, a logarithmic scale has been
chosen in Figure 3.4 for the presentation of the results. Finally, since it is a common quantity in
communication systems, not the transmit power but the SNR is shown in this figure, i.e.,

801 = tr |:C }71 Pl and QOQ = tr [Cn]il P27

where P, = tr [CCY)C"] + tr[C,] and P, = tr [C] are given by the solution of the opti-
mization problem (3.33) for a given weighting factor p. The SNRs ¢, and 5 which correspond to
Pareto optimal values of the transmit powers P, and P, are also Pareto optimal. This can be seen
by noting that the SNRs and transmit powers are proportional, which means that the minimization
of the weighted sum of transmit powers with weighting factor p is equivalent to the minimization
of the weighted sum of SNRs with weighting factor pSN®) which is a function of p, tr [C,] and
tr [C,,].” As in Example 3.3.1, the set of Pareto optimal values of transmit powers or SNRs, respec-
tively, represents the boundary of feasible values for the constrained LQG control problem (3.22).
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Figure 3.4: The set of Pareto optimal values (solid line) of SNRs for the observation and control channel and
feasible values (shaded area) for the constrained LQG control problem. The values of the SNRs for p = 0
and p = 1 are denoted by e, the point of SNRs for the unconstrained LQG solution is denoted by X.

tr|C, —lulc
"In fact, p(SNR) = (1 —p+ tr[[cﬂ p) tr[[Ci]] p-
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Note that the trade-off curve of Pareto optimal values in Figure 3.4 does not seem to be convex
due to the logarithmic scales. In fact, it is convex, which is ensured by the result shown in Appendix
A8 and confirmed by Figure 3.5 which shows a detail of Figure 3.4 with linear scale.
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Figure 3.5: Detail of Figure 3.4 with linear scale where 101logq (¢1) and 10logq (¢2) are in the interval
(10, 40).

3.4 Solution of the Optimization Problem

The solution of the power constrained LQG control problem (3.22) is, at least from a theoretical
point of view, not a problem since it can be determined numerically with standard software pack-
ages due to the convexity of the optimization problem. Thus, in the preceding section, the question
about the feasibility of the problem (3.22), i. e., about the transmit powers Pry ; and Pry » that have
to be provided for the transmission of observations and control signals, has been treated. In or-
der to answer this question, Pareto optimal values of transmit powers have been determined since
no pairs (P, P,) can be realized which are smaller than those values in both components. Larger
values of Pry; and Pry o always lead to a feasible problem due to the existence of a controller,
determined by the optimization problem (3.33), which realizes Pareto optimal values of transmit
powers that obviously fulfill those power constraints.

Since the solution of the power constrained LQG problem is in principle obtained relatively
easy, it is of interest to have a closer look on some of its properties. Aspects which have not been
discussed so far are the influence of the transmit power constraints on the value of the LQG cost
function in problem (3.22) and the set of transmit powers that can actually be achieved by the opti-
mization of the controller for the considered scenario (see Figure 3.1). One important observation
has already been made in Example 3.3.1 where we saw that even for the case of a stable dynamical
system where the controller is switched of by setting Pry o = 0, the corresponding transmit power
P, of the observation channel which is limited by Pry; is larger than zero. Thus, even not used
for any control action, observations of the system state are transmitted from the system output to
the controller and the corresponding transmit power is wasted. The reason for this behavior is that
the controller is the only entity which has an influence on the system performance, represented
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by the LQG cost function, and on the transmit powers for the control channel and the observation
channel. The former power is directly determined by the choice of the control signal while the
latter one is the result of the response of the dynamical system to the control action. Thus, it is the
task of the controller alone to optimize the system performance while simultaneously taking into
account the communication restrictions, i. ., the transmit power constraints. We will see later that
this does not only lead to the fact that transmit power may be wasted, but also that an increase of
transmit power does not always lead to an increase in system performance.

3.4.1 Inequality Constraints and Achievable Transmit Powers

Recall the power constrained LQG problem which has already been presented in Section 3.2:

o Q S||C; C;,

nilnlaiuéi tr HST R||cT, C. +tr [QCy] (3.36)
subject to  tr [CC,CT + C,] + tr [CCCT] < Pryy,

tr [Cu] S PTX,Q)

c, C,,l AT
C;=[A B] [Cgu Cu:| |:BT:| +C; - C;,
Cc. C.
[Cf C:::Lu:| Z O(Nw+Nu)X(Nw+Nu)'

In Section 3.3 it has been shown that the transmit powers P, and P, of the observation and control
channel can not be made arbitrarily small and thus the optimization problem above is only feasible
if Pry; and Pry o are large enough. But the question which transmit powers can be achieved by a
controller that is determined by optimization problem (3.36) is not only interesting for small values
of Pry; and Prx 2 but also for large ones. In order to understand this, consider the optimization of
a controller using the LQG approach without any power constraints. The solution leads to specific
values of P, and P, respectively, which have been determined, e. g., in Example 3.1.1 (cf. Equation
3.16) and are depicted in Figures 3.2, 3.4 and 3.5. But if Pr,; and Pry o are larger than the corre-
sponding values of P, and P, of the unconstrained optimization, the transmit power constraints are
not active. In other words, if more transmit power is provided than needed by the unconstrained
LQG controller, it will not be used. From the perspective of a communication system designer this
is an unsatisfactory result because additional communication resources can be used to improve the
quality of the transmitted information. In our case, the additional transmit power could be used to
reduce the negative effect of the channel noise. Nevertheless, this is obviously not possible for the
present scenario.

It has already been mentioned earlier that the transmit powers of the observation and control
channel are coupled by the state equation shown in Equation (3.32). Thus, it seems reasonable
that the set of unachievable transmit powers is not only determined by power constraints which
are too restrictive, but also by constraints which require the transmit power of one communication
channel to be small while the other channel is provided with a large amount of transmit power. The
following example illustrates this intuition.
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Example 3.4.1 The parameters of the dynamical system to be controlled, the noise sequences
and the LQG cost function are again given by Example 3.1.1. Without any power constraints (or
equivalently, for Pr,; — oo and Pry2 — 00), the optimization problem (3.36) results in the
standard LQG controller with the associated transmit powers (cf. Figure 3.2). Let these to powers
be Prqg,1 for the observation channel and P g2 for the control channel. Since the associated
solution results in the minimal value of the LQG cost function, any power constraints where both
values of Pry; and Pry o are larger than [ oG and Prgg,2, respectively, will not be active. The
additional transmit power can not be used to decrease the value of the cost function.

In order to evaluate the largest values of the transmit powers which are the result of a con-
strained optimization of the LQG cost function, the following variants of the original problem
(3.36) are considered:

e . Q S Cgﬁ C:iz,u
Hilmmni%i tr HST R||cl, C. +tr [QCy] (3.37)
subject to  tr [C’C’iC’T + C’v} + tr [CCjCT} < Pry 1,
Cﬁ: C:iu AT
C,-[A B {C{u % ] {BT} ‘e,
CcC. C.
[C:fp C:f:{| Z O(Nw+N1L)X(Nw+Nu)’

i.e., no constraint is imposed on the power of the control channel. Thus, the controller can use
as much power as desired in order to minimize the value of the cost function while satisfying the
power constraint of the observation channel. Analogously, dropping the constraint on the power of
the observation channel results in the optimization problem

Q S Cﬁ: C:i,u
s* R||CcI, C

minimize tr H
u

C,.C, .Cu

M Eu

H 1 [QC, (3.38)
subject to  tr[C,] < Prya,

T
c.-[4 8|5 G| [m]rex-c

C:i C:i}u
{C’T C } 2 O(N, +Nu) % (N +Nw)

which allows for an arbitrary amount of transmit power for the observation channel to minimize
the cost function while satisfying the power constraint of the control channel.

For the optimization problem (3.37), the relevant interval P; of values for Pr,; is between
P qc,1 and the lowest Pareto optimal value of P, which is determined by the optimization problem
(3.33) for p = 1. Lower values of Pry; obviously render the problem (3.37) infeasible, while
values larger than P o, lead to an inactive power constraint. Analogously, the relevant interval
P, of values for Pry > in the optimization problem (3.38) is between P g 2 and the Pareto optimal
value of P, determined by the optimization (3.33) for p = 0. For the results which are shown in
Figure 3.6, 200 logarithmically spaced values have been sampled from the intervals P; and P,



3.4 Solution of the Optimization Problem 45

101logo(p2)
A

B0 [
of
T e S e S
S N S SO SO SR SN N

40
30

20

S T N S T S
10 20 30 40 50 60 70 80 og10($1)

Figure 3.6: The SNR region for the inequality constrained LQG problem (3.22).

respectively. Additionally, the Pareto optimal values of the SNRs (see Figure 3.4) and the SNR
point of the unconstrained LQG controller, denoted by X, are shown.

It can be seen that the region of SNRs ; = tr [C’q] - Py and oy = tr [C’n]_1 P> which is the
result of the optimization problem (3.22) between the lowest possible, Pareto optimal values and
the maximal values when no or one power constraint is considered for the controller optimization
is relatively small. Thus, the potential to improve the system performance by increasing the amount
of available communication resources of one or both channels in the control loop is rather limited.

Example 3.4.1 demonstrates the inherent contradiction between the goal of minimizing the
LQG cost function and of using the communication resource transmit power for the improvement
of the value of the cost when the controller is the only entity which has an impact on all these
quantities. Both the cost function and the transmit powers depend on the joint covariance matrix of
the system state and the control signal (see problem 3.36). This means that the controller has only
limited possibilities to reduce the value of the cost function while at the same time increasing the
value of one or both transmit powers.

3.4.2 Equality Constraints and Shortcomings of the Solution

In the last section, we saw that the available transmit powers for the observation and the control
channel, given by Pr, ; and Pry 2, may not be used for the optimization of the system performance
and the corresponding inequality constraints of the optimization problem (3.36) are not active. An
ad hoc approach to change this behavior is to replace the inequality constraints by equalities. This
ensures that the available transmit power is used. Unfortunately, this is not a good idea in general
since the modification can only lead to an increase of the LQG cost function, i.e., a decrease of
system performance. The simple reason is that an inactive inequality constraint means that the
optimal value of the cost function is achieved without using the full transmit power. If we force
the constraint to hold with equality, the resulting solution can not exhibit a decrease of the optimal
value of the cost function.

Despite the fact that it results in a worse system performance, we investigate the case of equality
constraints for the transmit powers of the observation and the control channel in order to obtain
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some insights in the effects of power constraints on the LQG control problem. Until now, we
only relied on the fact that the constrained optimization problem (3.36) is convex to make the
statement that a solution exists and that the global optimum can be determined relatively easy
using standard software packages [92,93]. Nevertheless, we investigate some steps of the problem
solution in more detail at this point. In order to keep things simple, only one power constraint is
considered with equality while the other one is dropped. The equality constraint is reformulated as
two inequality constraints, i. e., we consider the optimization problem

égiréimiée tr H‘gT IS%} {C?L” %“H +tr [QC,] (3.39)

subject to  tr [CC,CT + C,] + tr [CC,CT] < Pryy,
tr [CC,CT + C,| +tr [CC,CT]| > Pry,

C, C,.l[A"T
comta 1[G, %] 8] et
Cc. C.
{C’fu Cmuu} Z O(Ny Vo)< (No V) -

This problem is again convex and if it is feasible, the transmit power P; of the observation channel
has the value Pr4 ;. To understand the effects of the power constraint on the LQG control prob-
lem, we use the method of Lagrangian duality (see, e. g., [94, Chapter 5] or [95, Chapter 6]) to
include the power constraints in the cost function and thus obtain the optimization problem for the
determination of the Lagrange dual function:

B T ) 3
(Q+ (A Ol C) }Z} l G Cc”” L [QCL  (3.40)

minimize tr H
+ ()\1 — )\2) (tI‘ [CC:;}CT + Cv} — PTx,l)

i’ci,qucu
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subject to  C, = [A B] [C“A’ C‘%vu} [A

ci, C BT} TG

C:i: Cﬁ:,u >0

where \; > 0 and A\, > 0 are the Lagrange multipliers associated with the two inequality con-
straints for P,.® Note that for given values of the multipliers, the minimization above corresponds
to an unconstrained LQG optimization (cf. problem 3.19), where the weighting matrix for the sys-
tem state @ is replaced by the matrix Q + (\; — \y) CTC. This replacement is quite intuitive
when considering the case that A\; > 0 and A\ = 0, i.e., the constraint which forces a larger value
of P, to meet the more restrictive value Pry ; is active. The loading of @ with the positive semidef-
inite matrix \; CTC shifts the solution of (3.40) towards covariance matrices with a lower value
of P, = tr [CTCC,] + tr [CC;CT + C,]. As long as the problem is feasible, the value of \; is
increased until the power constraint is met by the solution of the original problem (3.39).

80bviously, the two non-negative multipliers can be combined to one real-valued one since the two inequality
power constraints are effectively one equality constraint.
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If the transmit power for the unconstrained LQG controller is smaller than Pry ;, the second
inequality constraint of the optimization problem (3.39) is active, i.e., the Lagrange multiplier
A1 of problem (3.40) is zero while A\, > 0. It can be seen that in order to increase the power
of the transmit signal for the observation channel, the weighting matrix @ gets a negative load-
ing with —\,CTC'. Consequently, solutions of (3.39) are preferred which result in larger values
of P;. Note that the negative value of A\; — Ay can even lead to an indefinite weighting matrix
Q + (A — X\o) CTC. This is of special interest since for the indefinite case the cost function of
the problem (3.40) which is linear in the optimization variables is not bounded from below in gen-
eral for positive semidefinite covariance matrices of the state estimate and the control signal. The
corresponding solution of the minimization is not useful due to the fact that the variance of at least
one of the system states is not bounded from above in this case.

In the following, we investigate the case of \; = 0 and Ay > 0, i.e., it is necessary to increase
the transmit power P; to meet the value Pry; with equality. The goal is the determination of the
largest value of A\, for which the minimum of the optimization problem (3.40) has a finite value.
Additionally, a numerical method for the solution of this problem is presented. This maximal value
limits the range of the optimal value of the dual variable \,. Similarly to the preceding parts of
this chapter, the determination of the maximal value of \, is formulated as a convex optimization
problem. In order to keep the notation simple, we define the joint covariance matrix of the state
estimate and the control signal as

C, C,
X = {Cf C”“‘] . (3.41)

u

Additionally, define the matrix E = [I,, On,xn,] € {0, 1}Vex(Na+Nu) Consequently, the equal-
ity constraint of the optimization problem (3.40) can be rewritten as

+Ck - C;

x x°

EXE'=[A B|X { (3.42)
Note that if X > O(n,1n,)x(N,+n,) fulfills Equation (3.42), i.e., X is a feasible matrix for the
problem (3.40), the matrix X + Y, where § > 0and Y > O(y,+n,)x (N, +N,) fulfills the equation
AT}

B (3.43)

EYE'=[A B]Y {
is also feasible. This can easily be verified by adding Equation (3.42) and Equation (3.43) which is
scaled by £ > 0. Note that with the stabilizability assumption, besides the trivial all-zeros solution,
Equation (3.43) has infinitely many solutions since it corresponds to the state equation of a closed
loop system where the state of the system to be controlled is known to the controller.’

In order to determine the largest value of s such that the optimization problem (3.40) has a
bounded solution, its cost function which is evaluated at a feasible matrix X + £Y is rewritten as

(Q@-XC*C) S Q S CT™C Oy, .,
trH SQT Rl X|+eltr]|gT R|Y |~ Aetr Oron. Oiuxzu Y| |, (3.44)

9Let the state equation be @11 = Axy + B(uy + ni), k € No, with the standard assumptions of the LQG
scenario and let the controller be u;, = Lxj such that the matrix A + BL has only eigenvalues with magnitudes
less than one. If the asymptotic covariance matrix of this system is partitioned according to Equation (3.41), it can
be rewritten as Equation (3.43). Due to the freedom of the choice of L and of the stationary covariance matrix of
(ng : k € Np), we get infinitely many non-trivial solutions of Equation (3.43).
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where only the terms which depend on the optimization variables have been considered and where
A1 = 0 has been used. Obviously, the value of Equation (3.44) is only bounded from below for
given values of X and Y if the difference in the parentheses is positive since it can be scaled with
an arbitrary large scalar ¢ > 0. Consequently, the largest value of \; is determined by the largest
absolute value of the negative trace expression in Equation (3.44) for a fixed value of the first trace
expression of the difference. This value of A, is given by the solution of the following optimization
problem, where the choice of the positive semidefinite matrix Y is restricted by Equation (3.43):

(3.45)

T
max}ifmize tr H c°c ON””XN“] Y]

ONuXNw ONuXNu
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Note that the constant 1 for the constraint which fixes the value of the first summand inside the
parentheses in Equation (3.44) is chosen arbitrarily. Nevertheless, with this choice, the maximal
value of )\, is given by (tr [C’EY*ETCT] )~1, where Y* is the optimizing matrix of the convex
maximization problem (3.45).

The same approach as the one presented above can be used to analyze an equality constraint
for the transmit power P, of the control channel or equality constraints for both channels. In any
case, the requirement to use the full available transmit powers Pry; and Pry o, respectively, can
effectively lead to a negative loading of the weighting matrices @ and R, respectively, for the
unconstrained LQG problem which has to be solved for the determination of the Lagrange dual
function (cf. optimization problem 3.40). As a result, the variance of the control signal and of the
system state, respectively, increases in this case which leads to a larger LQG cost compared to
the scenario where no (or inactive) inequality constraints are considered. This is the shortcoming
of controller solutions which are obtained by equality constrained LQG problems. Transmit pow-
ers which are larger than those obtained by unconstrained or inequality constrained optimization
problems can only be realized by increasing the variance of the system states which is in general
in conflict with the primary goal of LQG control. Additionally, the increased SNR (recall that the
noise variances of the observation and control channel are assumed to be fixed) does not lead to
a smaller error of the state estimate which is an integral part of all controller solutions obtained
in this chapter and which also contributes to the LQG cost (cf., e. g., optimization problems 3.36
and 3.39). The simple reason is that all increases of SNRs are due to the choice of the control
signal (uy : k € Ny) which has no influence on the estimation error and thus the cost function in
the scenario under consideration (see Section A6.2). Consequently, the intuition that larger SNRs
for the transmission of signals over a noisy channel lead to smaller estimation errors at the receiver
side does not apply here.

Example 3.4.2 To conclude this section, the following example presents several results obtained
so far. Again, the parameters of the dynamical system and the noise sequences of Example 3.1.1
are used. In order to determine the maximal region of transmit powers P, and P which can be
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achieved with the equality constrained LQG approach, the optimization problem (3.39) is solved
with the specific choice of Q = Oy, «n,and S = Oy, «n,. For the weighting matrix of the control
signal, we chose R = Iy, for the determination of the minimal value of P, when P, is fixed to
Pry 1. Analogously, R = —1y, is applied for the maximization of P, for the given value of P;.
The transmit powers that can be realized for a given constraint on P, must obviously lie between
these minimal and maximal values. For the constraint for Py, i.e., Pry 1, 250 logarithmically spaced
values between the minimal value of approx 92.1 which leads to a feasible optimization problem
(see Section 3.3) and 10° have been evaluated. The resulting region of SNRs, which is determined
by the minimal and maximal values of P, is shown in Figure 3.7. Additionally, the maximal region
of transmit powers that can be realized with inequality constraints (cf. Figure 3.6) and the point of
transmit powers of the unconstrained LQG controller with the original weighting matrices Q, R
and S from Example 3.1.1 (cf. Figure 3.2) are shown.
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Figure 3.7: The SNR region for the equality constrained LQG problem.

In Figure 3.7, it can be seen that the region of SNRs ¢, and ¢, (cf. Equation 3.17) for the
inequality constrained LQG control problem lies inside the region for the equality constrained
optimization and shares the Pareto optimal set of transmit powers. Nevertheless, the larger set of
SNRs is achieved at the expense of a larger value of the cost function, i. e., of worse performance.
This is illustrated by the solution of the optimization problem (3.39) where the value of Pry ; is set

to4-10%,1i.e., 10 log,,(tr [C’q] - Pry 1) &~ 54.26, and where the original matrices Q, R and S from
Example 3.1.1 are used. Since the equality constraint can be fulfilled, we have P, = Pry ;. The
controller which minimizes the LQG cost subject to this constraint results in a transmit power for
the control channel of P, &~ 4.61 - 10* with the respective SNR of 10 log,,(tr [C, ] P,) ~ 46.63.
The cost associated with this SNR point, depicted by e in Figure 3.7, is approximately 2.40 - 10%.
In contrast, the cost of the unconstrained LQG solution which leads to the SNR point depicted
by X is approximately 799. Thus, the cost is increased by a factor of 30 in order to provide the
desired values of transmit power. This increase is due to the negative contribution of the Lagrange
multipliers Ay — Ay &~ —0.0591 in the optimization problem (3.40) which leads to the fact that
the weighting matrix Q + (A; — X\o)CTC is indefinite. Considering the solution of the problem
(3.40), the magnitude of the largest eigenvalue of the associated matrix A + B L which describes
the closed loop dynamics of the controlled system and where L is given by Equation (3.24) is
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approximately 0.995. Thus, the closed loop system is stable, but the eigenvalue which is close to
one leads to a large variance of the system states.

Finally, the largest value of A\, for the case when )\, is zero and which is determined by the
optimization problem (3.45) is approximately 0.0591. The difference between this value and the
one determined above for the specific power constraint is in the order of 1079,

3.5 Discussion

In this chapter, we presented an approach to LQG controller design with additional transmit power
constraints which is based on convex, or precisely, semidefinite optimization. For the reformula-
tion of the classical LQG optimization problem, the fact has been used that for LTI systems with
stationary Gaussian disturbances which are stabilized by a stationary LQG controller (and with
the respective stabilizability and observability assumptions), the joint distribution of the system
state and the control signal converges to an asymptotically stationary distribution. Since it is again
Gaussian due to the linearity of the closed loop system, the determination of the optimal controller
is equivalent to the determination of the optimal covariance matrix of the stationary distribution.
The mean vector has not been considered because it is zero due to the simplifying model assump-
tions. The reformulation of the LQG problem in terms of covariance matrices has the appealing
property that transmit power constraints can be included directly in the optimization of the cost
function. Besides the semidefiniteness constraint for the covariance matrices, the cost function and
all constraints are linear in the optimization variables and thus a numerical solution can be obtained
relatively easy using standard software packages for semidefinite optimization.

There are several examples of constrained LQG controller designs which use a description
of the optimization problem in terms of covariance matrices. In [81] (see also [96]), trace con-
straints for the covariance matrices of system output variables are considered and the Lagrangian
associated with the constrained optimization problem is formulated. In order to determine the op-
timal value of the dual variables, a quasi-Newton method is applied to the associated system of
non-linear equations. Nevertheless, the covariance matrix of the system state or its estimate, re-
spectively, is not optimized directly but is the solution of a Lyapunov equation (cf. Equation 3.13
or 3.15, respectively) which depends explicitly on the optimal feedback gain L (cf. Equation 3.3).
This gain matrix is determined by the solution of a DARE, see Equations (3.3) and (3.4).

A second example which uses a systematic approach to the constrained LQG control problem
in the context of convex optimization is [78, Chapter 12 and Section 14.5]. The authors consider
only the continuous-time case and formulate the LQG optimization in the frequency domain, i.e.,
in terms of transfer functions or power spectral densities, respectively (cf. Section A6.3). Con-
sequently, the variance constraints for output signals are taken into account by the norms of the
associated transfer functions. Unfortunately, in order to apply the proposed optimization algo-
rithms, it is necessary to find finite dimensional approximations for the transfer functions under
consideration [78, Chapter 15].

The authors of [83] do not restrict themselves to variance or power constraints, i. €., constraints
for the (weighted) trace of covariance matrices of output signals or the norm of the associated
transfer functions, but consider matrix inequalities for these covariance matrices. Although not
mentioned explicitly, a projected gradient algorithm is used to determine the optimal value of
the dual variables which are associated with the matrix constraints. Again, the controller itself is



3.5 Discussion 51

determined conventionally, i. e., according to Equations (3.3) and (3.4), where the case of output
feedback which makes it necessary to estimate the system state is also taken into account.

The approach introduced in [88] is the basis for the results presented in this chapter. The opti-
mization problem for the determination of the optimal LQG controller is not formulated in terms
of a linear function of the system state or its estimate, respectively, but of the joint covariance ma-
trix of those quantities and the control signal. The author of [88] analyzes the structure of the finite
horizon LQG problem using the dual of the original optimization problem and establishes relations
to the classical solution methods for the optimal LQG controller. Since this has not been the focus
of this chapter, we relied on the approach from [88] for the infinite horizon case to highlight the
convexity of the constrained optimization problem and to provide a formulation which can be im-
plemented almost directly using software packages for semidefinite optimization. Additionally, we
provided a discussion about the feasibility of the problem and some basic properties of the region
of transmit powers that can be realized using inequality and equality constraints. The analysis of
the latter case led to the consideration of LQG control problems with indefinite weighting matrices
and presented a condition which determines if the optimization problem is well-posed, i.e., has a
cost function which is bounded from below within the constraint set. Note that we did not intend
to provide a detailed analysis of the indefinite LQG control problem and thus refer the interested
reader to, e. g., [97,98].

The investigation of the transmit powers which can be realized using the power constrained
LQG approach showed some shortcomings of this way to consider limited communication re-
sources. One example are dynamical systems which are stable even without control. In this case,
the minimal power which must be provided for the transmission of the control signal is obviously
zero (see Section 3.3.1). Since the controller is switched off, it is not necessary to transmit the ob-
servations at the system output to the controller, i. e., also this transmit power could be set to zero.
Unfortunately, this is not possible since the controller is the only degree of freedom which has an
influence on all transmit powers in the control loop. If it is switched off, the observations at the
system output require a certain amount of power which is determined by the open loop behavior
of the dynamical system and is larger than zero in general. A second example is the benefit of
available transmit power which exceeds the requirements of the optimal, unconstrained LQG con-
troller. This power can only be used if the variance of the system states and their estimates (which
determines the power of the control signal) is increased (see Sections 3.4.1 and 3.4.2). Since these
quantities are also elements of the LQG cost function, the performance of a system which ampli-
fies its transmit powers beyond the point that is determined by an unconstrained controller will
perform worse than without this increase. These two examples show that additional degrees of
freedom, i. e., transmitters and receivers for the signals in the control loop, have to be introduced
in order to use the available communication resources efficiently. A simple extension of the system
model shown in Figure 3.1 is presented in the following chapter.
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It has been shown in the preceding chapter how the optimal Linear Quadratic Gaussian (LQG)
controller which takes into account the limited communication resources, i. €., transmit powers, for
the exchange of information in a closed loop control system, is obtained by the solution of a convex
optimization problem. Nevertheless, the investigation of power constraints for the standard LQG
system model (see Figure 3.1) revealed some undesired properties of the solution. For example, if
the controller can be switched off without loosing stability (which is the case for open loop stable
dynamical systems), it is reasonable to stop the transmission of observations from the system
output to the controller. Consequently, it should be possible to reduce the transmit power at the
output of the dynamical system to zero. As a second example, assume that the controller is allowed
to use more power for the transmission of control signals than the optimal solution of the LQG
problem without constraints. Since the input matrix of the dynamical system B is fixed, it is in
general not possible to simply amplify the control signal due to the potential loss of stability of the
closed loop system. This behavior becomes clear if we consider a stabilizing controller, represented
by the matrix L (cf. Equation 3.3), such that the closed loop matrix A + BL has only eigenvalues
with magnitude less than one. If the control signal is amplified using a scaling factor ¢ > 0 for the
controller gain L, it is obvious that the resulting closed loop matrix A+ BcL will have eigenvalues
with magnitude larger than one if ¢ is chosen too large and thus the system becomes unstable.

4.1 Extension of the System Model

The two examples mentioned above show that it is desirable to introduce two degrees of freedom
for the closed loop control system shown in Figure 3.1. One should allow for a scaling of the
transmit signal of the observation channel such that, in the limit, it can be switched off when it is
not needed by the controller. The other one should enable the receiver of the control channel to
scale the received signal such that the transmitting controller can adjust its transmit power without
the negative effects for the stability of the closed loop system. The most simple instances of these
degrees of freedom are scalars at the transmitter of the observation channel and the receiver of the
control channel, respectively, which fulfill the requirements mentioned above. The modification of
the system model from Chapter 3 using the two scalars ¢ > 0 and g > 0 is shown in Figure 4.1.
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Figure 4.1: Model of the control loop which is closed over two channels with additive noise q; and 1. At
. . . 1 . Rt . .
the system input and output, the receive scaling g2 and the transmit scaling ¢~ 2, respectively, is introduced.

53



54 4. Joint Design of Controller and Scalar Transceiver

The case of a zero transmit or receive scaling is not considered since it leads to an undetectable
or unstabilizable dynamical system, respectively.! Note that the transmit and receive signals are
scaled by the square root of t ! and g, respectively, The reason for this choice will become clear in
the following. Furthermore, the restriction to the positive root represents no loss of generality since
the optimal controller, which has to take into account the scaling of the system input and output,
has the possibility to change the sign of its input and output signals if the negative root is chosen.
This has no effect on the system performance or the transmit powers. In the following, we refer to
t as transmitter and to g as receiver. A pair of transmitter and receiver is called transceiver.

In Chapter 3, the state and observation equation shown in Equation (1.1) have been modified
for the problem (3.1) to take into account the channel noises, i.e., the communication channels
have been incorporated into the system model for the optimization of the LQG controller. The
analogous steps are necessary now to include the transmitter ¢ and receiver g. The resulting LQG
optimization problem then reads as

e R o 4 | RSN
subject to Ty = Axy + Bg%(uk + 1) + wy, k € Ny,
yp = Cxj, + vy, k € N,
wy, = i (Zi), k€ No,
. {{(tﬁyﬁqo)}, 1 k=0,
{(t"2yo+qo), ..., t 2yp+aqr),uo,...,ux_1}, k€N,

where the standard LQG assumptions are made (cf. Appendix A6) and where the indices of the ex-
pected value (cf. Equation 3.1) have been dropped in order to simplify the notation. Together with
the channel model assumptions (cf. Section 1.6.2), (wy, : k € Ny), (vg : k € Np), (qx : k € Ny)
and (ny : k € Ny) are mutually independent identically and independently distributed (i.i.d.) se-
quences of Gaussian random vectors which are independent of the initial state oy which is also a
Gaussian random vector. Note that we do not optimize w.r.t. the transmitter ¢ and the receiver g but
assume the two scalars to be fixed for the moment. It can be seen that for the optimization prob-
lem (4.1), the input of the dynamical system at time index k € Ny is now given by g%(uk + ng).
The information Z; which is available to the controller at time index £ € Ny contains the noisy
observations t_%yi +q;,i € {0,1,...,k}, which depend on the transmitter 3.

The fact that the cost function of the optimization problem (4.1) takes into account the scaled
control signal g%un, n € Ny, and gets the additional term g tr [RC,,] needs some explanations.
The LQG cost captures the effort of the control signal which is actually applied to the dynamical
system, i.e., g% (u, +n,), n € Ny, for the present scenario. Consequently, it takes into account
the cost associated with g%un, n € Ny, rather than u,,. Additionally, the noise g%nn, n € Ng, is
included in the cost function since it is fed in the dynamical system and thus contributes to the
control effort. Due to the model assumptions, the noise sequence (1, : n € Ny) is uncorrelated
with all other random variables describing the scenario under consideration. The increase of the
cost because of this disturbance is thus given by g tr [RC,,].

'This corresponds to a disconnection in the closed control loop which can be considered for open loop stable
systems but is of no interest for unstable ones.
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4.2 Optimization of Controller and Transceiver With Power Constraints

4.2.1 Optimal Controller With Fixed Transceiver

Before we start with the consideration of power constraints for the optimization problem (4.1)
and the determination of the optimal values of the transmitter and receiver, the solution of the un-
constrained LQG problem according to Appendix A6 which has also been presented in Equations
(3.2) — (3.7) is investigated for the case of given values of ¢ and g. For the adaption of the results,
it is useful to incorporate the transmitter and receiver in the system model and in the parameters
of the noise sequences and the cost function. Having a closer look at the cost function and the
constraints of the optimization problem (4.1), it can be seen that the weighting matrix for the cross
products of the system state and the control signal is not S but effectively g% S by pulling the scalar
g% in the joint weighting matrix, while for the control signal alone R has to be replaced by g R.
The system input matrix becomes g%B instead of B. Shifting the scalar ¢~2 from the information
set 7, k € Ny, to the observation equation which provides y;, k € Ny, leads to a replacement
of the system output matrix C' by tzC. Finally, due to the scaling, the covariance matrix of the
observation noise is t ' C,, instead of C,,. Using these replacements, it is straightforward to see by
comparison with Equations (3.2) — (3.7) that the optimal control sequence is given by

up = L.’i)k, ke No, 4.2)

where the controller gain reads as
L=-(9B"KB+gR) "' (g%BTKA + g%ST> s
— g (B'KB+R)  (B"KA+S"),
and where we used the fact that g # 0. This expression depends on the stabilizing solution of the
Discrete Algebraic Riccati Equation (DARE)
K—ATKA-— (g%ATKB n g%s) (9jB"KB +gR)" (g%BTKA + g%ST> +Q w
— ATKA— (A"KB+S) (B'"KB+R) ' (B"KA+5S")+Q.
The second lines of Equation (4.3) and (4.4), respectively, are valid since the non-zero scalar g can
be pulled out of the inverse. Thus, the DARE does not depend on the receiver scaling. Comparing
the controller solution in the equations above with the solution shown in Equations (3.2) — (3.4),
it can be seen that we get a controller gain L that is almost identical to the case when no receiver
scaling is present. The only difference is that with the receiver g2, the control signal is simply
scaled by the inverse g‘é.
Since the overall system is linear using the scalar transmitter and receiver and all disturbances
are Gaussian, the estimate &, =Eg, |7, [21| Zs], k € Ny, of the system state is computed using the
Kalman filter (see Appendix A7), where its estimation error covariance matrix now reads as

C,=CL -t :CECT ('CCECT +t7'C, + C,) 't :CCE

B (4.5)
— CE - CECT (CCECT +C, +1C,) CCE
and depends on the stabilizing solution of the DARE
c? :A(Cg Yook (t—lcCgCTH—lCﬁCq)*lt—%ch) A'+C,+gBC,B"
(4.6)

iy (Cg —c:CcT (ccicT + ¢, +1C,) ! ch) AT +C, +g¢BC,B".
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Remark: The results above show the equivalence of two different points of view in the context of
LQG control with power or Signal to Noise Ratio (SNR) constraints. It is common in the literature
on Networked Control Systems (NCSs) to consider the SNR as the limited communication resource
and not the transmit power for an additive noise channel with fixed noise variance, see, e. g., [29,46,
84]. One reason is that in a control loop, the variances of transmit signals like the system output or
the control signal, are directly related to the variance of disturbances which are fed into the system,
which makes it natural to investigate the ratio of these variances and not the transmit power alone.
Another reason is the additive noise approximation for noise free but quantized communication
channels, where the resolution of the quantizer determines the channel SNR [44,46].

Having a closer look at the DARESs in Equations (4.4) and (4.6), it can be seen that they corre-
spond to the solution of an LQG optimization for the control system shown in Figure 4.2. In this
case, no transmit or receive scaling factors are present but the channel noises are scaled with t2
and g%, respectively, which leads to the noise covariance matrices ¢{C, and g B C, B" in Equation
(4.6). From this point of view, not the transmit and receive scaling factors are design parameters
but the variances of the noise sequences in the communication channels. This is the reason for the
specific choice of the transmitter and receiver shown in Figure 4.1: the variances of the observa-
tion and control channel noise depend linearly on the scaling factors. Note that also for the scenario
shown in Figure 4.2, the covariance matrices C, and C,, are assumed to be given and fixed.

Wk Vg

éé Yk

xy,
I C
génkﬁﬁ A %C t2qy

Controller pu,

Uy

Figure 4.2: Equivalent model of the control loop which is closed over two channels with additive noise gy,
. 1 . S . .
and n;, where the transmitter ¢2 and receiver g2 are interpreted as parameters of the channel noise variances.

Considering the limited communication resources in an NCS, a power constraint for the scenario
shown in Figure 4.1, where it is assumed that the channel noise variance is fixed, translates into an
SNR constraint for the scenario in Figure 4.2. In the former case, let Pry; be the available trans-
mit power for the transmission of observations to the controller. The corresponding constraint thus
reads as t ! tr [CC,C" + C,] < Pry; (cf. Equation 3.18). In the latter case, let ¢ be the maxi-
tr[cc,CcT+C,

W < ¢
which is equivalent to ¢! tr [CC,CT 4 C,] < ¢, tr [C,] and thus to the power constraint.

The introduction of an inverse scaling at the input and the output of an additive noise com-
munication channel and the interpretation of an equivalent change of the noise statistics has been
discussed, e. g., in [86], [35] and also [44]. Nevertheless, no statement is made that the restriction
to an inverse pair of transmitters and receivers represents no loss of generality when the optimal
controller is used. Other works like [46] and [99] do not make use of explicit transmitters and
receivers but consider the variance of the channel noise as a design parameter, for example if the
disturbance models a quantization error which depends on the choice of the actual quantizer.

mal value of the SNR of the observation channel. The constraint now becomes
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Since it is an LQG problem, it is straightforward to determine the optimal value .J_ of the opti-
mization problem (4.1). With the modifications due to the channel noises, the transmitter ¢ and the
receiver g, this optimal value reads as (cf. Appendix A6.3)

Ji,=tr[K (C, +gBC,B")] + tr[PC;] + gtr [RC,], 4.7)

where P = ATK A— K+Q. Note that K and P do not depend on ¢ and g, whereas the covariance
matrix C}, of the state estimation error (see Equation 4.5) is a function of these parameters. Since
the transmitter and the receiver have an influence on the additional observation noise, given by
tC,, and process noise, given by gBC,,B", respectively, it is intuitively clear that an increase of
g or t results in a larger estimation error and thus in a monotonic increase of JZ, . This intuition
is confirmed by [100] where it is shown that if qu > tC, and §BC,B" > ¢BC, B", then

C? > C%, where C? corresponds to the DARE with parameters C,, and §BC,, BT. Additionally,
the results in Appendix A4 show that the derivative of C; w.r.t. ¢ and g is positive semidefinite,
i.e., tr [PC}] increases monotonically with ¢ and g.

4.2.2 Joint Optimization

Having established the basic results for the LQG control problem with fixed transmitters and re-
ceivers, we now turn to the optimization of these parameters when additionally power constraints
have to be taken into account. The optimization of the transmitter and receiver obviously only
makes sense with these constraints because otherwise ¢ and g can be chosen to be arbitrarily small.
This would lead to the elimination of the negative effect of the channel noises on the control per-
formance by increasing all transmit powers towards infinity. In order to be compatible with the
infinite horizon average cost function of the optimization problem (4.1), the power constraints are
also formulated as averages over the infinite horizon.

Definition 4.2.1: Power of transmit signals
For the system model depicted in Figure 4.1, the transmit power P; of the observation channel and
P; of the control channel is given by

B N-1
. 1 —1 T ~T T
P = lim —F |t (ZO zI'C"Cx, + vlv, and (4.8)
1 :Nfl
. T
P i B[S “

respectively, where the expected values are w.r.t. all random variables of the system and channel
models. For P, the cross terms of the system state and the observation noise have been omitted
since their expected value is zero due to the model assumptions.

Note that if the distributions of the system state and the control signal converge to stationary
values (which is the case for the following results), we obtain expressions for the transmit powers
analogous to Equations (3.8) and (3.9), which are formulated in terms of the asymptotic covariance
matrices of the system state and the control signal. Let the available power for the observation
channel be given by Prc; > 0 and for the control channel by Pr, o > 0. With the constraints that
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P, < Pry; and Py, < Pry o, the optimization problem (4.1) becomes

N-1
mNQN$N+Z|:gQUn:| {SC?T 1‘2} L]QUJ +gtr[RC,] (4.10)

1
minimize lim — E
t,9,00,141,12... N—oo N

subject to xpy, = Axy + Bgi(uk + ny) + wy, k € Ny,
yr = Cxy + vy, k € Ny,
w, = (i), k € N,
I {{@fyo ta)k k=0,
{t2yo + qo), .- -, (t 2yr + @), w0, . . ., up—1}, K EN,
t>0,g>0,

I 1] -1 - T ~T T <

i N E |t <; z,C Cx, + vn'vn) < Pryga,
o [y .

Jim = B ; upu, | < Pryo,

where the minimization now is additionally w.r.t. ¢ and g. Note that the positivity constraint for
the transmitter and the receiver is explicitly shown since otherwise the problem would not be well-
posed, e. g., if the weighting matrix R for the control variable is scaled by a negative value.

For fixed values of ¢ and g, the minimization in (4.10) w.r.t. to the controller, i.e., ux, k € Ny,
reduces to the problem discussed in Chapter 3. In this case, the controller is the only degree of
freedom to minimize the LQG cost subject to the power constraints. With the additional transmit
and receive scaling, an interaction between the controller and the transceivers is introduced. For
example, the choice of a smaller value of ¢ leads to a smaller error of the state estimate which is
computed by the optimal controller (cf. Equations 4.5 and 4.6) and thus has the potential to reduce
the variance of the system state and the associated observations. In contrast to this reduction, the
observations are multiplied with +~2 before transmission, which corresponds to an increase of
transmit power. It follows that the choice of the optimal value of ¢, and also of g, such that the
LQG cost is minimized and the transmit power constraints are fulfilled is not obvious.

In order to get a better insight in the interaction of the controller and the transceivers, we
formulate the Lagrangian which is associated with the problem (4.10) where only the transmit
power constraints are dualized, i.e., attached to the cost function using the Lagrange multipliers
A1 > 0and Ay > 0. To this end, the constraint which is associated with Pry ; is multiplied by ¢ on
both sides of the inequality, whereas the constraint associated with Pry o is multiplied by g. This
step does not change the validity of the power constraints because ¢ as well as g is positive. The
reason for this equivalent formulation of the constraints will become clear in the following. Let
J+ denote the cost function of the optimization problem (4.10) and P, and P, the variances of the
transmit signals for the observation and the control channel, respectively (cf. Equations 4.8 and
4.9). Then, the Lagrangian associated with the optimization problem (4.10) is given by

L = Jo + Mt(Py — Prc1) + A2g(Py — Pryo)
N-1 T 1
T z,| [Q+\C'C g2 S x,
1 4.11
HQuen + 3 H { i b | v D
+ )\1 tr [Cv] + gtI’ [ch] — AltPTXJ — )\QgPTXQ.

1
= lim —E
TN

N—oo
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Note that for fixed positive (non-negative) values of ¢, g, A\; and A\, Equation (4.11) is again the
cost function of an LQG control problem where the weighting matrix of the system state is given
by Q + X\, C"C and of the control variable by g R + \ygIy,. Consequently, the minimization of L
w.r.t. ug, k € N, for fixed values of ¢, g, A\; and A, subject to the state and observation equation and
the constraint that the control variable at time index k is a function of Z, alone, i. e., the problem

minimize L 4.12)
HOSHL 2
subject to Ty = Axy + Bg%(uk + ny) + wy, k € Ny,
yr = Cxy + v, k € Ny,
u = pk(Zy), k € Ny,
I {{(tfyo fak k=0,
{t72yo+qo), .., (t Zys + qi), w0, ..., up—1}, K EN,

is readily solved and provides the optimal value (cf. Equation 4.7)

L*(t, g, M, Xe) = tr [K (C,+9BC,B")] + tr [PC;] + A\ tr [C,] + g tr [RC,)]

(4.13)
— MtPrg1 — Mg Pry 2,

where it is explicitly shown that L* is a function of ¢, g, A; and A,. This result can be verified
by comparison with the respective expressions of Equation (4.1) and (4.12). Note that L* is only
defined for positive (non-negative) arguments. Using the results from Equations (4.4) — (4.6), L*
depends on the stabilizing solutions of the DAREs

K=A"KA— (A"KB+S)(B"KB+R+\ly,)  (BTKA+ST) +Q+)\C'C (4.14)
and

Ct = A (CE-CiCT (CCECT + C, +1C,) " CCE) A" + C,, +¢BC,B",  (4.15)

where P = ATK A~ K +Q+\C"C and C, = CE~CEC™ (CCEC™ + C, +1C,) " CCL.

For fixed values of ¢ and g, e. g., t and g, the optimization problem (4.10) is convex (see Chapter
3) and Lj ;(A\i, A2) = L*(t, g, A1, A2) represents the dual function associated with it.2 Thus, an
approach to obtain a solution for given transmit and receive scaling factors is to maximize the
dual function w.r.t. the non-negative dual variables A\; and \, (see, e. g., [94, Chapter 5] and [95,
Chapter 6]). This requires that strong duality holds, i.e., that the optimal value of the problem
(4.10) (evaluated at ¢ and g) and the supremum of L*, wrt. Ay > 0 and Ay > 0 are equal.
A sufficient condition for this is Slater’s constraint quahﬁcatlon (see, e.g., [94, Section 5.2.3]
and [95, Section 5.3.1]), 1. e., the existence of a controller such that the power constraints hold with
strict inequality while the equality constraints are satisfied. This condition is fulfilled if at least
one pair (P, P») of Pareto optimal transmit powers exists such that Pr,; > P, and Pryo > Ps
(see Section 3.3). In the following, we assume that this is the case, i.e., that Prc; and Pry o are
chosen large enough, where the lowest possible values are determined according to Section 3.3.
Note that if the available transmit powers Pry; or Pry o are too small, i. e., the power constraints
are not feasible, the dual function L* is unbounded from above.

’The indices # and g are used to emphasize that transmit and receive scaling are assumed to be fixed at this point.
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Equations (4.13), (4.14) and (4.15) show how the controller and transceiver optimization are
coupled. The optimal controller gain (cf. Equation 4.3)

L=—g (B KB+ R+ \ly,)  (BTKA+ ST (4.16)

depends, up to the inverse of the receiver scaling g%, only on the Lagrange multipliers A\; and
A2 via the solution of the DARE given in Equation (4.14). Thus, for fixed values of ¢ and g, the
controller uses A\; and A, to fulfill the power constraints at the expense of an increased LQG cost
by shifting the weighting matrix @ towards \;CTC (which represents the transmit power of the
observation channel) and R towards A\;Iy, (which represents the transmit power of the control
channel). The transmit and receive scaling acts differently. Since u, = L&y, k € Ny, (cf. Equation
4.2 and 4.16), where &}, is the optimal estimate of the system state at time index k, a change of
t and g has an immediate impact on the transmit powers since the respective transmit signals are
scaled accordingly, which can be verified with Equations (4.8) and (4.9). A secondary effect is due
to the dependence of the variance of the estimation error on the parameters ¢ and g, see Equations
(4.5) and (4.6). Recalling the equality x; = ) + x;, k € Ny, where ;, and x;, are uncorrelated
(see Appendix A7.2), we observe that a change of the variance of the estimation error & has also
an effect on the variance of x;, and &;, and thus on P, and P>.

It can be seen that there are two ways to manage the transmit powers of the communication
channels in the LQG control problem. One of changing the controller objective from the original
performance criterion towards the transmit powers, which is realized by the adaption of \; and )\,
and the other one of scaling the controller and system output signals while taking into account the
resulting variance of the state estimation error. These approaches are coupled by the function L*
(cf. Equation 4.13) in the subtractive terms A\t Pry 1 and AogPrx 2. This specific representation of
the function L* is due to the multiplication of the power constraints of the optimization problem
(4.10) by the respective transmit and receive scaling for the construction of the Lagrangian L. The
equivalent formulation of the constraints results in the fact that the multipliers A\; and A\, only have
an effect on the controller gain (cf. Equations 4.16 and 4.14) which determines the closed loop
dynamics via the matrix A, = A + Bg%L (see Equation 3.10 and A36). With Equation (4.16)
it follows that this matrix does not depend on ¢ and g. The transceivers have an immediate effect
on the transmit powers due to the scaling of the respective transmitted signals and the resulting
variance of the state estimation error (cf. Equation 4.15).

4.2.3 Properties of the Optimization Problem

With the formulation of the problem (4.10), it is immediate to see that the joint optimization of the
controller and the scalar transceivers is non-convex because the cost function as well as the state
equation (which is an equality constraint) contain the product of the optimization variables g% and
uk, k € Ny. Additionally, the constraint concerning the transmit power of the observation channel
is quadratic in the system state but multiplied by ¢!, which represents also a non-convex function
of the optimization variables. Note that this property remains unchanged for a reformulation of
the problem without transmitter and receiver where the channel noise variance becomes a design
parameter and the power constraints are converted to SNR constraints like in [46,99] (see Figure
4.2). Even if the optimization problem is formulated in this context, we obtain exactly the same
function L* as in Equation (4.13). Consequently, we can not expect to determine a solution of
(4.10) by minimizing L*(¢, g, A1, A2) (cf. Equation 4.13) w.r.t. ¢ > 0 and g > 0 in order to obtain
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the dual function® (see, e. g., [94, Section 5.1.2] and [95, Section 6.1])

D()\l, )\2) = t>1(]I,1gf>O L (t, qg, )\1, )\2) (417)
for the problem (4.10), and then maximizing D(\;, A2) w.r.t. Ay > 0 and Ay > 0. The reason
is that the dual function represents a lower bound for the optimal value of the original (primal)
optimization problem which is in general not tight for the non-convex case. Thus, the largest lower
bound, i.e., the supremum of D(A{, A2) w.r.t. A; > 0 and Ay > 0, is smaller than the optimal
value of the problem (4.10) and we have a so-called duality gap. Nevertheless, Equation (4.13)
allows for an investigation of the characteristics of the dual function for the specific problem at
hand. To this end, we use the properties of the solution of a DARE with parameters which depend
on scalar variables (see Appendix A4). Applying these results to the error covariance matrix C%
shown in Equation (4.15), it can be seen that its first derivative w.r.t. ¢t and g, respectively, is positive
semidefinite, whereas the second derivatives are negative semidefinite. These properties carry over
to the error covariance matrix C;, which can be verified using Equation (4.5) and applying the
steps analogous to Appendix A4 to the right hand side of the expression. Thus, we observe that
0?C,

= tr [P 8752””} <0 and

9*C,
= tr {P 3¢ } <0, (4.18)

O?L*
0g?

O*L*
ot

i.e., L*(t, g, A1, A2) is a concave function of ¢ and g, respectively, because all terms of L* except
for tr [PC;)] are linear functions of the transmitter and receiver scaling. Since we are looking for
the minimal value of a concave function over all non-negative values of ¢ and g, depending on the
values of \i, Ao, Pry;1 and Pry 5, the infimum of L* w.r.t. ¢ and g is either —oo (with ¢ — oo or
g — 00) or the finite positive value which is obtained by setting ¢ = 0 and g = 0. The latter case
which can easily constructed by setting A\; = 0 and Ay = 0 does not provide a valid solution, but
the resulting infimum is approached in the limit for ¢ — 0 and ¢ — 0. This corresponds to an
unbounded increase of the transmit powers for the observation and control channel (recall that the
scaling factor at the system output is ¢~% and that the controller gain is scaled by g_% , see Equation
4.16) and thus is not a feasible solution. Due to the concavity, the infimum of L*(¢, g, A1, A2) W.r.t.
tand g is —oo if lim;_, % < Oorlimg_,s %—Ig < 0. Since all summands of the concave function
L* except for tr [PC,] are linear in ¢ and ¢ and the state estimation error increases monotonically
with these two variables, this trace expression can at most behave linearly in the limit for £ — oo
and g — oo. Thus, if Pr,; or Pry > is large enough, the respective part of L* with negative slope,
i.e., =\1tPry 1 or —A2gPry 2, dominates for ¢ — oo or g — 0o, which leads to the infimal value
—oo. This case corresponds to scaling factors =% and g_% (recall that the optimal controller gain
L contains the scaling factor g*%) at the input of the observation and control channel, respectively,
which go to zero. Thus, the variance of the receiver noise is amplified towards infinity together
with the value of the LQG cost function, which is obviously not optimal if enough transmit power
is available.

The fact that the infimum of the function L* w.r.t. £ > 0 and g > 0 corresponds either to an
infeasible or obviously not optimal solution has two reasons. The main one is the non-convexity
of the optimization problem (4.10). Due to this property, the dual function, i.e., the infimum of
L* wr.t. t and g, provides only a lower bound for the optimal value of the original optimization
problem which is not tight. The value —oo is a trivial lower bound, whereas the case ¢ — 0 and

3The dual function is determined using the infimum because the minimum may not exist.
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g — 0 provides a lower bound by violating the power constraints. This behavior is due to the
second reason, i.e., the equivalent reformulation of the power constraints for the construction of
the Lagrangian L (cf. Equation 4.11). For example, the constraints

P < PTX,l and t > 0, (419)
where P is given by Equation (4.8), are equivalently expressed as
th < tPTx,l and ¢ > 0. (4.20)

The constraints for the power of the control channel are treated analogously. However, for ¢ — 0
or g — 0, the corresponding transmit powers grow towards infinity whereas the product ¢P; or
gP, converges* to a constant value. Thus, the Lagrangian associated with the formulation of the
transmit power constraints according to Equation (4.20) does not grow towards infinity for ¢ — 0
or g — 0. On the other hand, if the transmit powers P, and P, are feasible for ¢ — oo and
g — 00, 1. e., smaller than or equal to Pry ; and Pry 2, respectively, the Lagrangian associated with
the constraints according to Equation (4.20) may not be bounded from below even though the
LQG cost grows towards infinity due to the unbounded noise amplification at the receivers of the
observation and the control channel. In this case, the magnitude of the slope of \t(P, — Pry 1) is
larger than the slope of the LQG cost function in the limit for ¢ — oo (and analogously for the
power constraint of the control channel with g — 00).

Note that for both cases, i.e., fort — 0 and g — 0 or £ — oo and g — oo, the Lagrangian
associated with the original formulation of the transmit power constraints according to Equation
(4.19) grows towards infinity, either because of the unbounded transmit power or the unbounded
cost function. Thus, the infimum w.r.t. £ and g corresponds in general to finite and non-zero values
of the transmit and receive scaling factors. Nevertheless, the optimization problem (4.10) remains
non-convex and it is even harder to determine the dual function D (A1, \) because the associated
function L* has less exploitable properties, which is demonstrated in the following example.

Example 4.2.1 In order to illustrate the properties of the Lagrangian associated with the optimiza-
tion problem (4.10) and of the function L* (see Equation 4.13) as well as the effect of the different
formulations of the transmit power constraints on this function, we use the parameters from Exam-
ple 3.1.1. The available transmit powers Pry ; and Pry 2 of the observation and the control channel
are given by

logy, (tr [C’q]fl PTXJ) = logyg (tr [C’nr1 PTX,2> =31.1,

where the actual transmit powers P; and P, are determined according to Equations (4.8) and (4.9),
respectively, and the variance of the channel noises is assumed to be fixed. Additionally, the receive
scaling factor g of the control channel is chosen to have the fixed value

g = 2.00565,

and the Lagrange multipliers for the function L* from Equations (4.11) and (4.13) are fixed to

A\ = 9.44165 and )\, = 24.0299.

“In the limit, the noise of the respective communication channel does not contribute to the state estimation error
any more. Thus, the transmit powers of these channels are proportional to t~! or g, respectively.
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Thus, L? 5 5,(t) = L*(t,3, A1, A2) is only a function of ¢ in order to show the dependence on
a single optimization variable. Note that the specific values of g, A; and )y are optimal for the
problem (4.10) with the given system parameters, where we do not comment at this point on how
they have been obtained. This question is treated in Section 4.3.4. Nevertheless, it can be seen in

Figure 4.3 that the function L; 5,3, 18 concave in ¢ > 0. Its maximum is attained at

t =~ 2.42593,

which is, together with g, A\; and )\, and the resulting controller (the controller gain is given by
Equation 4.16), the solution of problem (4.10). Again, we refer to Section 4.3.4 for a detailed
treatment of the determination of these values.
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Figure 4.3: The function L; S (t) = L*(t, g, M, \2) which has been obtained from the Lagrangian as-
sociated with problem (4.10) and the formulation of power constraints according to Equation (4.20). L* is
evaluated at g, A\; and Ao and depicted as a function of ¢.

The picture changes if the Lagrangian associated with the optimization problem (4.10) is not
constructed with the alternative formulation of the power constraints (see Equations 4.20 and 4.11)
but with the original one, 1. e., according to Equation (4.19), which results in the Lagrangian

L= Ju+1v1(P — Prx1) + 10(P2 — Pr2). 4.21)

The Lagrange multipliers are now ; > 0 and v, > 0 in order to emphasize the difference to the
Lagrangian L. The function L* is obtained analogously to L* by minimizing L w.r.t. the controller
functions ux, k € Ny, which is again an LQG control problem (cf. optimization problem 4.12).
Finally, we define

v = E_l and Uy = gj\g

Figure 4.4 shows the respective values of L? , _ (t) = L*(t,g, 1, ) for t > 0. As expected, the

g,V1,V2
function increases for ¢ — 0, which is due to the increase of transmit power, and for ¢ — oo, which
is due to the increase of the cost function, i.e., J.

It can also be seen in Figure 4.4 that I_/;,; .., 18 neither convex nor concave and has three local
minima. The global minimum is attained at ¢ and is identical to the maximum of L; 0, At t. The

fact that the value of both functiPns at ¢ is the same is a result of the specific choice of 7; and .
Since L (cf. Equation 4.11) and L (cf. Equation 4.21) only differ by the multiplication of the power
constraints with ¢ and g, respectively, both functions are identical if they are evaluated at 1y = A\t
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Figure 4.4: The function L* which has been obtained from the Lagrangian associated with problem (4.10)
and the formulation of power constraints according to Equation (4.19). L* is evaluated at g, 7; and 7 and
depicted as a function of .

and 15 = A9, which is also true for the specific choice of these variables in the this example.

The observation that L? 5 (t) is the maximum of L5, 5, Whereas L: o o (7t_) with 77 = t)\

and 7y = g5\2 is the global minimum of E;Dhﬁz is due to the fact that ¢, g, A\; and Ao actually
solve the optimization problem (4.10). Since these values are optimal, the so-called Karush-Kuhn-
Tucker (KKT) conditions (see, e. g., [95, Section 4.2.13]), which are necessary for a locally optimal
feasible point, must hold at ¢ = ¢, i.e., the derivatives of L;;\l’;\2 and E;DIJQ w.r.t. t must vanish
at t. Although these conditions are in general not sufficient for optimality, the determination of
KKT points provides candidates for the solution of the original optimization problem. If such an
approach is taken, the Lagrangian L seems to be the better choice due to the concavity, at least

individually in ¢ and g, and thus the absence of local minima.

4.3 Solution of the Optimization Problem

If the values of the transmit and receive scaling factors ¢ and g are assumed to be fixed, the resulting
optimization of the LQG controller under power constraints is a convex optimization problem and
the results of Chapter 3 can be readily applied. Unfortunately, we have seen in the preceding section
that the joint optimization of controller, transmitter and receiver is a non-convex problem and it is
not obvious how to determine the solution. Even the question if the power constrained optimization
problem is feasible, i.e., if a solution exists such that the transmit powers of the observation and
the control channel are smaller than or equal to a predetermined value, has to be asked again. If the
problem is feasible for a specific choice of ¢ and g, it is not ensured that this is true for arbitrary
values, e. g., if t and g are chosen to be so small such that the resulting amplification of the transmit
signals can not be compensated by the controller.

4.3.1 Feasibility

As in Chapter 3, it is of interest how the available transmit powers Pry; and Pry o for the obser-
vation and the control channel, respectively, can be chosen such that the power constrained LQG
optimization problem (4.10) is feasible. In order to answer this question, we determined Pareto op-
timal values of the transmit powers in Section 3.3, i. e., pairs of (Pry 1, Prx 2) such that no controller
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exist which achieves a transmit power for the observation channel which is smaller than Pry ; and
at the same time a transmit power of the control channel which is smaller than Pry . Such points
have been computed by minimizing the weighted sum of both transmit powers. For the convex
setting in Chapter 3, all Pareto optimal transmit powers can be calculated using this approach (see
Section 3.3). However, with the additional degrees of freedom provided by the transmit and re-
ceive scaling factors ¢ and g, the problem of finding Pareto optimal transmit powers becomes more
involved because, like the original problem (4.10), the joint minimization of the weighted sum of
the transmit powers w.r.t. the controller and the transceiver is a non-convex problem. This will be
discussed in more detail in Section 4.3.2.

In Chapter, 3 the feasibility question has been treated by the exploration of the set of Pareto
optimal transmit powers. However, it is not always practical to determine this set (or approximate
it by computing a sufficient number of Pareto optimal transmit powers) in order to decide if a
certain pair (Pry1, Pry2) of available transmit powers leads to a feasible optimization problem
for a specific choice of ¢ and g. Thus, the approach described in [78, Section 14.5] can be used to
decide if a tuple (%, g, Pr«1, Pry2) is feasible. The basic idea is to replace the LQG cost function for
the power constrained controller optimization by a constant, e. g., the value 0, and to consider the
Lagrangian associated with this modified problem. With these changes, Equation (4.11) becomes

Lieas = 0+ Mt(Py — Pry1) + A2g(Po — Prg2)

1 Nzl z, ] [\CTC T,
u, )\QQINu Uy

=lim —E
n=0

(4.22)
+A1tr [C,] = A1t Pry 1 — Aag Pry 2,

N—oo

and the minimization of L, w.r.t. the controller 1, k& € Ny, analogous to the optimization prob-
lem (4.12), results in the solution

Lios(M, X2) = tr [K(C,,+9gBC,B")] + tr [PC;] + A\ tr [C,] — Mt Pry1 — Mg Pry 2, (4.23)
which depends on the stabilizing solutions of the DAREs
K=A"KA- A"KB(B"KB + \1y,) BTKA+)\C"C, (4.24)
and
Ct = A (CE-CECT (CCECT + C, +1C,) CCE) A" + C,, +gBC,B".  (425)

Additionally, P = ATKA — K + \;C*C and C, is given by Equation (4.5). Note that com-
pared to Equation (4.13), the arguments ¢ and g have been omitted in Equation (4.23) because they
are not considered to be optimization variables at this point and are interpreted as given system
parameters. Consequently, Lf,, is the dual function associated with the problem of minimizing
a constant cost function subject to the constraints of the optimization problem (4.10). Although
the cost function does not depend on the optimization variables in this case, the dual function can
be used to determine the feasibility, i. e., the existence of a controller such that the constraints of
problem (4.10) are satisfied for fixed values of ¢ and g. To this end, the dual function Lf,, is maxi-
mized w.r.t. A\; and )\y. The usual constraint that A\; > 0 and Ay > 0 is extended by the additional
(convex) constraint A\; + Ay = 1. This normalization is introduced because the multiplication of

the Lagrangian Lg,s by any positive value simply results in the scaling of the respective minimum
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L., with the same value. Note that the three constraints for the Lagrange multipliers can be equiv-
alently replaced by \; = p, Ay = 1 — p and p € |0, 1]. Using this formulation, the dual of the

feasibility problem is given by

maximize Lf,, (p,1 — p) subject to p € [0,1], (4.26)
p

which is a convex problem because a concave function (the dual function is always concave) is
maximized over a convex set. Due to the dependence of the solution K of the DARE in Equation
(4.24) on the Lagrange multipliers A\; and A, or p, respectively, the results of Appendix A4 can be
used to determine the first and second derivative of the dual function Lf,, w.r.t. p, which allows
for a variety of possibilities for the solution of problem (4.26), e. g., a gradient ascent, the Newton
algorithm or line search approaches like bisection.

The sign of the optimal value of problem (4.26) tells us if the power constrained LQG opti-
mization is feasible for given values of ¢, g, Pry 1 and Pry ». A controller which satisfies the power
constraints exists if and only if the maximum determined by (4.26) is smaller than or equal to zero.
For a detailed treatment of this statement we refer to [78, Section 14.5]. However, its validity is
quite intuitive. Note that the minimization of the Lagrangian Lg,s with \; = pand Ay = 1 — p,
where p € [0,1], w.r.t. to the controller is essentially identical to optimization problem (3.33)
which is used to determine Pareto optimal transmit powers. The only difference is that the system
model is extended by ¢ and g and that the cost function differs in the subtractive terms —pt Pry 1
and —(1 — p)gPrx 2 which do not depend on the controller. Consequently, Lf, . (p, 1 — p) provides
the difference between the weighted sum power ptP; + (1 — p)gP,, which is minimized by a
specific controller, and the respective weighted sum of the available transmit powers, given by
ptPry1+ (1 — p)gPrgo. If this difference is positive for some value of p, at least one of the power
constraints must be violated because the actual transmit power is larger than the available one. On
the other hand, if even the maximal difference, given by the maximum of Lf,,  w.r.t. p € [0, 1], is
negative (or zero), there exists at least one controller which fulfills the power constraints, i. e., the
controller that minimizes Ly, and thus provides a Pareto optimal pair of transmit powers.

In order to get an intuition about the possible choices of ¢ and g such that the power constrained
LQG controller optimization is feasible and to provide some insights for possible approaches to
the optimal choice of the transmit and receive scaling, the following example applies the feasibility
test described above to a set of sampled values of ¢ and g.

Example 4.3.1 The parameters of the dynamical system as well of the noise sequences which
drive the system are again taken from Example 3.1.1. With the fixed channel noise variances, the
available transmit powers Pry ; and Pry 5 are determined by the respective SNRs of the observation
and the control channel which are chosen to be

10log,, (tr c,]™ PTX,1> — 10log,, (tr c, ] Pm) — 31.1.

Note that the transmit powers Pry ; and Pry 5 lead to an infeasible optimization problem for ¢ = 1
and g = 1, where this choice of £ and g corresponds to the case considered in problem (3.33), since
they lie outside the region shown in Figure 3.4. Nevertheless, the additional degrees of freedom
provided by the scaling of transmit and receive signals allow us to determine a solution which
satisfies the power constraints. To this end, the intervals ¢ € [0,14] and g € [0, 7] are sampled
equidistantly to a set of 5- 10° different pairs of transmit and receive scaling factors. The feasibility
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test described above is applied to each pair. Figure 4.5 shows the result of this procedure, where
a feasible point is depicted by a dot and only a subset of 2500 of such points which are randomly
chosen are shown due to the large amount of data. Approximately 25% of all tested pairs of ¢ and
g resulted in a feasible optimization problem.

LYS | Tk}

0 . ]
0 2 4 6 8 10 12 14
t

Figure 4.5: Feasibility of the optimization problem (4.10) for 10log (tr [Cq]fl Pr1) = 31.1 and
10log g (tr c,]! Pry2) = 31.1 and given values ¢ and g. A feasible pair (¢, g) is denoted by a dot.

It is interesting to see that the set of transmit and receive scaling factors which lead to a fea-
sible power constrained controller optimization seems to consist of two disjoint regions. This is a
problem if a local optimization algorithm is applied to the determination of optimal values of ¢ and
g due to the dependence of the resulting local optimum on the initialization of such an algorithm.
Of course this is not surprising since the problem of joint controller and transceiver optimization
is non-convex. A second observation is that the shape of the region seems to imply that if a certain
point (¢, g) is feasible, then the point (¢, 5g) with 8 > 1, i. e., a pair with the same ratio of transmit
and receive scaling factors which are not smaller that ¢ and g, respectively, also leads to a feasible
optimization problem. We will see in the following section that the ratio of ¢ and ¢ is actually of
importance for the joint optimization of controller and transceiver with power constraints.

4.3.2 Achievable Transmit Powers

In the preceding section, the feasibility of the power constrained LQG control problem for fixed
values of the transmit and receive scaling factors ¢ and g, respectively, and available transmit pow-
ers Pry; and Pry o has been treated. At this point, we come back to the question of how small
the values of Pry; and Pry 2 can be chosen if the degrees of freedom provided by the transceiver
are used and ¢ and ¢ are adapted in order to minimize the LQG cost function while satisfying the
transmit power constraints. As a first step to answer the question, we determine Pareto optimal
transmit powers analogous to the approach presented in Section 3.3, i. e., the weighted sum of the
transmit powers of the observation and the control channel is minimized. The difference is that now
this sum is minimized w.r.t. the LQG controller and additionally the transmit and receive scaling
factors, which turns the convex optimization problem from Section 3.3 into a non-convex one.
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Before we consider the optimization problem for the determination of Pareto optimal values of
the transmit powers, the state and observation equation which describe the dynamical system to be
controlled and which have been used above, e. g., for the optimization problem (4.10), are equiv-
alently reformulated. This facilitates the line of argumentation in the following. Define the scaled
state of the dynamical system z; = g*%mk, k € Ny, and the scaled system output 7, = g*%yk,
k € Ny. This step is not problematic since g > 0, i.e., g # 0. Using this notation, the corresponding
dynamical system is described by the state and observation equation

Zi1 = Azp, + B (ug + np) + g 2wy,
k+1 k (1 k k) g k 4.27)
2

M = Cz, + g 2vy.

Up to the scaling of the system output with g_%, the system above has the same input-output be-
havior as the original one with state x; and the scaling factor g% at the system input. The dynamical
system described by Equation (4.27) is the result of pulling g% from the input to the output of the
system. Finally, define the ratio of the transmit and receive scaling as

a=-. (4.28)

Using these definitions, the system model which has been introduced at the beginning of this
chapter and depicted in Figure 4.1 is equivalently represented by Figure 4.6. The transmit power

g 2w 2 g 2k -
B T C %ﬂ
R -

%@ 9k
Controller gy

Figure 4.6: Model of the control loop which is closed over two channels with additive noise g and nj. The

2"

scaling factor g2 is shifted from the input to the output of the system, resulting in the transmit scaling factor

a b= (1),
9

of the observation channel which is given by Equation (4.8) now reads as

. 1
P = lim B >

N-1
a! <Z zEC’TCzn + g_lvgvn>] , (4.29)

whereas the transmit power P, of the control channel is given by Equation (4.9). Analogous to
the optimization problem (3.33), we use the cost function pP; + (1 — p) P, with p € [0,1], i.e.,
the weighted sum of the transmit powers, for the determination of Pareto optimal values of these
powers. With the reformulation of the system model from above, this cost function fits in the
LQG framework with @ = pa 'CTC, R = (1 — p)Iy, and S = Oy, .y, . Consequently, the
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minimization of the weighted sum of the transmit powers reads as

N—-1 T
. .1 z,| [pa~tC*C z, .
iz ]%‘E%ONE[Z ol o | | R CR

n=0
subject to zpy1 = Az + B(ug + ny) + g’%’wk, k € Ny,
1
M = Czp + g 2, k € N,
up = pr(Ze), k € Ny,
7 - {(a"2n0+qo)}, k=0,
- 1 1
{(0475770‘“10)7 CI) (aiﬁnk—i_qk% U, - - -, uk71}7 k € N7
a>0, g>0.

Since this minimization is an LQG control problem without power constraints for fixed values of
a and g, the minimum w.r.t. g, & € Ny, is known and given by (cf. Appendix A6.3)

Ji(a,9)=tr [K (¢7'C, + BC,B")| + tr[PC;] + p(ag) " tr [C,], (4.31)
which depends on the stabilizing® solutions of

K=A"KA-A"KB(B'"KB + (1 - p)INu)*1 B'KA +pa~'C'C (4.32)

CP— A (Cg —a 'CECT (a'CCEC + (ag)'C, + C,) 7 ch) AT+ g 'C, + BC,B"

—A (C‘f —CICT (CCEC +¢g7'C, +aC,) ccg) A" +47'C, + BC,B",
(4.33)

where P = ATKA — K + pa'CTC and C; is the covariance matrix of the (scaled) state
estimation error which is given by C; = Cf — CEC" (CCEC + ¢g7'C, + ozC’q)_1 CC:%. Note
that JZ_ in Equation (4.31) is denoted as a function of « and ¢ in order to emphasize the fact that
it still has to be minimized w.r.t. « > 0 and g > 0. Having a closer look at the cost function in
Equation (4.31) and the expressions of the covariance matrices C¥ and C; of the state estimation
error (cf. Equation 4.33) it can be seen that the minimum of JZ_, or precisely the infimum, w.r.t. g
for a given value of o > 0 is achieved for ¢ — oo, which corresponds to a dynamical system with
no process or observation noise. This statement is easy to verify since the summands tr [K¢~'C,]
and p(ag)~! tr [C,] decrease monotonically towards zero in this case. Additionally, the estimation
error variance and thus tr [PC}] also decreases monotonically if the noise covariance matrices
C,, and C, in Equation (4.33) are scaled down by ¢g~!, which can be confirmed using the results
in Appendix A4 and [100]. Note that for a fixed value of «, letting g — oo implies together with
Equation (4.28) that also ¢ — oo. Keeping in mind that this limit corresponds to the consideration
of a system with no process and observation noise, we are effectively left with a scenario where

>We have to keep in mind that the closed loop system is required to be stable. For the specific case considered here,
the choice of p = 1 can lead to the fact that Equation (4.32) has a non-stabilizing positive semidefinite solution which
minimizes the cost function given by Equation (4.31), see, e. g., Appendix A3 and [101].
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only the noise sequences (g : k € Ny) and (n; : k € Ny) of the observation and control chan-
nel, respectively, drive the closed loop system and thus contribute to the transmit powers of both
channels. Such a scenario has been investigated, e. g., in [29]. With the definition of
I{a) = inf T2 (a, )
920 (4.34)
= tr [KBC,B"| + tr [PC],

where the estimation error covariance matrix C; = C% — CEC"T (CCEC + Oqu)_l CC? is
determined using Equation (4.33) with g~! replaced by 0 and where K and P are determined
according to Equation (4.32), the remaining part for the solution of optimization problem (4.30) is

minimize [(«) subjectto « > 0. (4.35)

Note that despite the fact that the infimum of the weighted sum of transmit powers which is given
by [ is finite for o > 0, the resulting variance of the original system state x;, k € Ny, and thus of
the control signal uy, k € Ny, is unbounded from above for g — oo (together with ¢ — oo). This is
easy to see because the input of the dynamical system is scaled by g% which leads to an unbounded
amplification of the control channel noise (ny, : k € Ny) (see Figures 4.1 and 4.2). Analogously, at
least for unstable dynamical systems, the estimation error of the system state grows towards infinity
if the observations at the output of the system are scaled by ¢~% which goes to zero. Consequently,
the performance of the closed loop control system which is measured by an LQG cost function
becomes arbitrarily worse in general if it is desired to achieve Pareto optimal transmit powers.

Although the minimization (4.35) is only w.r.t. to one real variable, its solution is not straight-
forward, which is expected due to the non-convexity of the original problem (4.30) and illustrated
by the following example.

Example 4.3.2 Consider the model parameters provided by Example 3.1.1. The optimization

problem (4.30) is solved for the parameter p = % and a given value of the variable «. Thus,

the solution provides the function /(«) shown in Equation (4.34), i.e., the infimum w.r.t. ¢ > 0 of
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Figure 4.7: Infimum of the weighted sum power pP; + (1 — p) P, with parameter p = % for g — oo (cf.
optimization problem 4.30 and Equation 4.34).

the weighted sum of the transmit powers which has been optimized w.r.t. the LQG controller fi,
k € Np. In order to get an impression about the final minimization w.r.t. to o > 0, this function is
evaluated for a large range of values of « and shown in Figure 4.7.
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Note that in the limit for « — 0 and o — o0, I behaves as expected, i.e., is not bounded
from above, because either the transmit power of the observation or the control channel is scaled
by a factor which goes to infinity. Between these two limits, the optimized weighted sum [ of the
transmit powers exhibits one global minimum and additionally two local minima.

The example above shows that it is not straightforward to determine the solution of the mini-
mization problem (4.35). One approach is of course a sampling of the function [ for a finite set of
values of the optimization variable «. It is easy to implement, but has the general problem of an
appropriate selection of the sampling range and the sampling intervals. Additionally, it is not guar-
anteed that the global optimum of [ is actually determined. In order to avoid these problems and to
obtain a certificate about the optimality of a solution candidate of problem (4.35), the framework
of monotonic optimization is introduced and applied to the problem of the determination of Pareto
optimal transmit powers.

4.3.3 Determination of Achievable Powers by Monotonic Optimization

For the determination of the solution of the problems (4.30) and (4.35), respectively, efficient algo-
rithms for convex optimization can not be used due to the lack of convexity. The minimization of
the weighted sum of the transmit powers w.r.t. the ratio o > 0 of the transmit and receive scaling
factors does not even offer a quasi-convex structure but the respective cost function exhibits sev-
eral local minima (cf. Figure 4.7). Thus, line search algorithms like the golden section method or
bisection to determine the root of the derivative (see, e. g., [95, Chapter 8]) are not applicable for
the determination of the global minimum. Fortunately, there is usable structure left which allows
us to apply the global optimization framework of monotonic optimization.

In [102], the authors propose several algorithms to exploit the monotonicity of the cost function
and the constraints of an optimization problem to obtain globally optimal solutions when no other
simplifying structure is present. In this thesis, we concentrate on the branch and bound approach
which is based on a simple idea. By an exhaustive partitioning, i.e., branching, of the set the
optimization variables can be taken from, the optimal value of the problem under consideration is
determined. In order to reduce complexity, bounds for each set of the partition are generated which
allow for the decision if the optimal value of the problem lies within a certain set or not.

The following example of the approach is used to illustrate the idea and the necessary steps of
the branch and bound procedure. Assume that the optimization variable « is element of an interval
A = [a, ], a < b, which is a non-empty subset of R, and we want to determine the value of o within
this interval which minimizes a function / of o. Assume further that this function can be expressed
as [ = I, — I, where both I, and I, are monotonically increasing functions of «, i.e., for a; < ap
it follows that I} («;) < Ix(a2), k € {1,2}. No additional properties are required. In the branching
step, the interval A is partitioned into a number of subsets which cover the original set. For the
sake of simplicity, let this partition be A = A; U A, with A; = [a,c], Ay = [¢,b] and a < ¢ < b.
Now, the function I is evaluated at one point in each subset in order to obtain an upper bound for
the minimal value of the function within this interval. One possibility is to use a boundary point of
each interval, e. g., the upper bounds are determined by 14, = I(a) for A; and I 4, = I(c) for A,.
The next step of the bounding procedure is of great importance and determines a non-trivial lower
bound for the function [ for each subset. At this point, the monotonicity of /; and /5 is used. Since
both functions are increasing, a lower bound for [ is obtained by evaluating the positive summand
I, at the lower boundary point of the considered interval and the negative summand /5 at the upper
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boundary point. This minimizes the positive contribution to / and maximizes the summand which
is subtracted. The corresponding lower bounds in our example are thus givenby 1, = I1(a)—1I3(c)
for Ay and I, = I;(c) — I2(b) for A,. The upper and lower bounds for the minimal value of [
within each subset of A are now used to determine if the optimal value of this function over the
whole interval A can lie in one of its subsets or not. Even if the global minimum is not known,
it is not possible that it lies in a subset A, of A which has a lower bound [ ,, with a larger value
than the smallest upper bound obtained so far, i.e., if I, > min, 1 4,. Such sets can be excluded
from any further investigation of the minimization problem. With the remaining subsets of A, the
branching and bounding procedure described above is repeated. Due to the increasing refinement
of the partitioning of A with each step of the branching, the global minimum of / w.r.t. a € A is
approximated with increasing accuracy, provided that if a subset of A collapses to a single point,
the value of the corresponding lower bound converges to the actual value of the function [ at this
point. This property of the lower bound is called consistency (cf. [102, Section 7.5]).

Note that the approach described above can be interpreted as a sampling of the function /
within the interval A. The difference to a conventional sampling approach is that there is no a pri-
ori decision about the sampling method, e. g., equidistant, logarithmic or random, or the resolution,
1. e., the number of sampling points which are evaluated. Additionally, the branch and bound proce-
dure provides information about subsets of A which do not need to be sampled because they do not
contain the minimizer of /. Nevertheless, the most important feature is that the presented approach
allows for a statement about the (sub-)optimality of the result of the branch and bound process.
Due to the availability of upper bounds, i.e., actually sampled values of /, and lower bounds for
the optimal value of 7, the gap between the smallest upper and smallest lower bound at a certain
point of the branching process tells us how far we are away from the global optimum. Thus, we get
a certificate for the optimality of a sampled point which is not available for any standard sampling
approach. The branching process can be stopped if a desired accuracy is obtained.

4.3.3.1 Minimization of Weighted Sum of Transmit Powers

After the short description of the branch and bound method which exploits the underlying mono-
tonicity of an optimization problem in order to find a solution, we come back to the computation of
Pareto optimal values for the transmit powers in a control loop which has been discussed in Section
4.3.2. Such values can be determined by minimizing the weighted sum of the transmit powers of
the observation and the control channel. We have seen that the minimization w.r.t. to the controller
Lk, k € Ny, is a standard LQG problem and that the infimum of the weighted sum of the powers is
achieved in the limit for ¢ — oco. At this point, we start with the remaining optimization problem
(4.35) for the determination of the optimal ratio « of the transmit and receive scaling factors ¢ and
g (cf. Equation 4.28). However, it is not possible to determine the lower bound for the branch and
bound approach as described above because the function /() = tr [K B CnBT} +tr [PCj}] (see
Equation 4.34) can not be simply rewritten as a difference /; — I, of increasing functions. Thus,
we use the fact that the matrix P = ATK A — K + pa~'C"™C allows us to obtain an alternative
expression for /, i.e.,

I(a) =tr [KBC,B"] + tr [PC}]
=tr [K (BC,B" + AC;A" — C;)| + pa” ' tr [CC;C"] (4.36)
=tr [K (C; —C;)] +pa~'tr [CC;C"],
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where K is given by Equation (4.32) and C¥ by Equation (4.33) with ¢! replaced by 0. The co-
variance matrix of the scaled state estimation error is C; = CY — CLC" (CCEC+aC,) “'c C:.
Using the results of Appendix A4, it can be seen that the matrix K is increasing in a1, i.e.,
% > Op,xn,, and thus decreasing in . On the other hand, C’13 is increasing in a, i.e.,

P
aa((’; > On, xn,,» Which is also true for C;. These monotonicity results are used to obtain lower

bounds for the branch and bound algorithm. Let o« € A = [, @] with 0 < o < @. Then, it holds

I(a) =tr [K(a) (Ci(a) — Ci())] + pa " tr [CC(a)CT]
> tr [K(@) (Ci(a) — Cs(a))] + pa " tr [CC;(a)C"]
= tr [K(@)BC,, BT} +tr [P(a)C;(a)) (4.37)
> tr [K (@) BC,,B"| + tr[P(a)C; ()]
— 1,

Note that in Equation (4.37) the matrices K, P, C% and C; are explicitly denoted as functions
of o in order to illustrate which element of / is lower bounded using the corresponding boundary
point of A. It can be seen that I , is a lower bound for /(«) for all & € A since it only depends
on the boundary points of A. Thus, it is also a lower bound for the minimal value of / within this
interval. In order to obtain an upper bound for the minimum, / is evaluated at some o € A, e. g.,
at &, which results in

T,=I(a). (4.38)

Remark: The specific choice of the lower bound 7 4 given by Equation (4.37) can be interpreted
as a relaxation of the original optimization problem (4.30). Note that for / 4, the matrices K and
P are evaluated at @&. Since these matrices depend on the parameters of the LQG cost function
(see Appendix A6.3) it can be seen that this contribution to the underestimate of [ is due to the
replacement of the cost function, i.e., the weighted sum of the transmit powers, by a function
which is smaller than or equal to the original cost for each given state sequence (xy : k € Ny) and
control sequence (uy : k € Ny). The covariance matrix of the estimation error is evaluated at « for
the determination of [ 4. With Equation (4.33) it can be seen that this corresponds to a relaxation
of problem (4.30) by replacing the scaled covariance matrix aC|, of the noise sequence in the
observation channel with the smaller one ng which leads to a smaller state estimation error and
thus a smaller value of the optimum of (4.30). With this interpretation, the determination of the
lower bound I , fits into the framework discussed in [103] where the optimization problem under
consideration exhibits a convex structure for some of the optimization variables and a monotonic
structure for the other ones. In our case, the problem is a convex LQG controller optimization for
fixed values of ¢ and «, and monotonic w.r.t. those scalar variables for a fixed controller.

Note that in order to determine the global minimum of / for @ > 0, the lower bound given in
Equation (4.37) needs to be consistent, which means that if the interval A = [, @] collapses to a
single point , i.e., for « — « and @ — «, it is required that I , — [(«). This is the case if the
solutions K and C?, of the corresponding DARESs are continuous w.r.t. the optimization variable
a. Concerning the continuity of such solutions w.r.t. to the parameters of the dynamical system
and the LQG cost function, we refer to [104]. The continuity of the stabilizing solution of a DARE
is shown under the assumption of left invertibility of the corresponding dynamical system, which
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means that its input is uniquely determined by its output (see, e. g., [105]). Keeping in mind the
LQG cost function and the optimal estimation of the system state, the parameters of the DAREs
for the determination of K and C? correspond, in the context of [104], to left invertible systems
for p # 1 and if C, has full rank. Using the generic formulation of the DARE in Appendix A3,
this means that the matrix R has to be invertible.

Before the branch and bound algorithm is applied to the problem (4.35), we have to deal with
the fact that the optimization variable « is constrained to be larger than zero, implying that it can
become arbitrarily large. The set A =]0, 00| is not suited for a branching procedure, which is the
reason why we map it to the interval B =0, 1] by

(67

B=1—.

a >0, (4.39)

or equivalently a = (1 —£)~'§ with § €0, 1[. The branching is then performed w.r.t. 5. Note that
we use the initial set B = |3, 5] = [0, 1] for the search of the global optimum of /. The inclusion
of the boundary points is not a problem for the determination of the lower bound I , (ct. Equation

4.37) since the matrices K and P dependon @ ! = B_l(l — B), which is zero at 3 = 1, whereas
the estimation error covariance matrix of the system state depends on o = (1 — 3)~13, which is
also zero for 3 = 0. Consequently, the lower bound for I can be evaluated for B = [0,1] and
any subset of it. For the upper bound, one can either chose a different value than « or @ if they
correspond to 3 = 0 or 3 = 1, respectively, or the trivial upper bound 7, = oo is used in such a
case. Finally, we are in the position to apply Algorithm 4.1 to the optimization problem (4.35).

Algorithm 4.1 Branch and bound approach for weighted sum power minimization (cf. [102, 103])

1: Select a desired relative accuracy € > 0
2: Use as initial partition S; =P, = B = [0, 1]
k=1
4 I*=0and T = o0
5: while 1 — - > ¢ do
6:  Compute the lower bound [ , for each A € Py
7. Compute the upper bound I 4 for each A € P,
8:  Determine the smallest upper bound T" = min aes, La
9:  Remove every A € S with [, > T from Sk, and let the set of remaining members of Sy
be Rk
10:  Determine [* = mincg, 14 as well as B = argmin 4, 14

(if more than one minimizer is present, choose one randomly)
11:  Determine the partition Py | = {[é, % (ﬁ +B)] , [% (ﬁ +B) ,B,]} of B=[f, ]
12: Sk+1 = (Rk \ B) UPriq
132 k<« k+1
14: end while

For the above algorithm, the sets S, Ry and P, k£ € N, are introduced. In the k-th iteration,
Ry, is the set of remaining intervals after removing all subsets of [0, 1] with a corresponding lower
bound that is larger than the best upper bound obtained so far, meaning that they can not contain
the optimizer of problem (4.35). Sy, is determined by replacing one of its elements by a subdivision
of the respective interval. Finally, P, contains the intervals which are the result of a subdivision of
the set B which corresponds to the smallest lower bound obtained so far.
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The rule for the subdivision of a given set B = [3, 3] is a simple bisection (cf. [102]), which
can be seen in line 11 of Algorithm 4.1. This subdivision rule has the property that an interval
eventually collapses to a single point. For the subdivision in iteration k, the set B with the smallest
corresponding lower bound is chosen (cf. line 10). The set S;;; for the next iteration is then
determined by removing B from the set of remaining intervals and replacing it with its subdivision
in line 12. In the next iteration, the new lower and upper bounds for the sets which have been
created by the subdivision are determined (see lines 6 and 7). Finally, the intervals which can
be excluded from further steps are determined using the best upper bound I~ which might have
changed due to the subdivision of the interval B in the last iteration (see line 8 and 9). The accuracy
of the result after each iteration is measured by the gap between the smallest upper bound and the
smallest lower bound (which is a lower bound for the global optimum), relative to the best value
of I obtained so far, which given by the smallest upper bound T .

Example 4.3.3 Using the parameters given in Example 3.1.1, Algorithm 4.1 (with a relative ac-
curacy of ¢ = 1073) is applied to the minimization of the function I (cf. Equation 4.34) which
is depicted in Figure 4.7 for p = % For the determination of Pareto optimal values of the powers
Py and P, 1000 values of p = (1 + 6)~! are considered, where 6 is sampled logarithmically in
the interval [107'°, 10'°]. In Figure 4.8 the resulting values of the SNRs ¢; = tr [C,] ' P, and

Py =tr [C’nr1 P; are shown as a solid line. Since all pairs of SNRs below this line are not feasible,
the shaded area shows the region of SNRs which correspond to feasible transmit powers.
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Figure 4.8: Outer bound (solid line) of the region of feasible SNRs (shaded area) for the power constrained
LQG problem with optimal selection of the parameter c.

The region of feasible transmit powers or SNRs, respectively, for the power constrained LQG
control problem with no transmit and receive scaling which is shown in Figure 3.7 lies inside the
shaded area in Figure 4.8. This is not unexpected because the scenario discussed in Chapter 3 is
a special case of the scenario considered here where the transmit and receive scaling factors are
fixed to t =g =1. If the transceiver is not optimized, the resulting optimal value of the optimization
problem (3.33) is larger than the corresponding optimum of problem (4.30) in general.
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Note that the solid line in Figure 4.8 is not connected but shows a gap. This is no inaccuracy
but relates to a discontinuity of the value of o which minimizes the cost function I given by
Equation (4.34). Let o* = (1 — 8*)7!3* = argmin,., I(a) be the optimizing value which has
been obtained by the application of Algorithm 4.1. In Figure 4.9, o is depicted as a function
of 6 = p~(1 — p), where 6 has been introduced above. It can be seen that for # ~ 3000, the
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Figure 4.9: Optimal value o* of the scaling parameter o over § = p~1(1 — p), where p is the weighting
factor for the minimization of the weighted sum of the transmit powers (cf. optimization problem 4.30).

optimal value of « jumps over more than two orders of magnitude. This jump leads to the gap in
the set of Pareto optimal transmit powers which can be observed in Figure 4.8 and is the result of
the non-convexity of the optimization problem (4.30). In this case, the approach of minimizing the
weighted sum of the transmit powers P; and P, can still be used to determine Pareto optimal values,
but it is generally not possible to determine all of them if the set of feasible transmit powers is not
convex (see, €. g., [94, Section 4.7.4]). Besides the non-convexity, a more precise explanation for
the discontinuity of the optimal value o* which is shown in Figure 4.9 is possible. Recall Example
4.3.2 where we have seen that the cost function / exhibits one global minimum and two additional
local minima for a specific value of the weighting factor p. This configuration, i.e., location and
number of local minima, varies for changing values of p, which becomes important for 6 = 3000
or p ~ 3.33 - 107, respectively. Figure 4.10 shows the function I near the global optimum for
two different values of p which are close to the value mentioned above. Choosing p ~ 3.21 - 10~*
results in the minimal value which is slightly less than 60, but the nearest local minimum is only
a little bit larger. For increasing values of p, the values of the global and the local minimum get
closer and finally switch their position, i.e., the global optimum becomes a local one and vice
versa. The resulting cost function for p = 3.66 - 10~* is shown by the solid line in Figure 4.10.
Thus, the optimizer of  exhibits a jump, which has been observed in Figure 4.9.

Example 4.3.3 demonstrates that the set of feasible transmit powers for the joint optimization of
controller and scalar transceiver is not convex, which has been expected due to the properties of the
original optimization problem (4.10). Consequently, the approach of the weighted minimization of
the transmit powers in the observation and the control channel to determine Pareto optimal values
only provides an outer bound for the set of feasible transmit powers. This bound is tight for the
solution of problem (4.10) with a specific choice of the weighting factor p, 1. e., the corresponding
transmit powers can be approached arbitrarily close for ¢ — oo and ¢ — oo with a fixed ratio of
both values. For a gap in the set of Pareto optimal transmit powers like in Figure 4.8, the bound is
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Figure 4.10: Weighted sum power for different values of p. For p ~ 3.33 - 10™%, the optimal value of the
scaling parameter o jumps from approximately 0.4 to approximately 1.2 - 1073,

generally not tight, i. e., transmit powers which are obtained by a linear interpolation between the
boundary points of the gap are not feasible.

4.3.3.2 Constrained Minimization of Transmit Power

Due to the non-convexity which has been observed in the last section, the approach of minimizing
the weighted sum of the transmit powers of the observation and the control channel is not suitable
for the determination of the whole set of Pareto optimal transmit powers. This set is of special
interest because it provides the bound for feasible power constraints for the optimization problem
(4.10). In order to determine Pareto optimal values of the transmit powers also for the non-convex
part of the set of feasible transmit powers, an approach is proposed which is slightly more in-
volved than the unconstrained minimization of the weighted sum of transmit powers presented in
the preceding section. The idea is to minimize only one of the transmit powers, i. e., P; for the ob-
servation channel or P, for the control channel, while taking into account a constraint for the other
one. Loosely speaking, we try to make one transmit power as small as possible while keeping the
other one below a given value. Using the formulations introduced earlier, the resulting optimization
problem reads as

N-1
1
inimize  lim B |70 rCTCx, + vl v, 4.40
inimize i [ (Z #1C"Ca, + vl a0
subject to xp1 = A$k+Bg%(uk+nk) +wy, ke N,
Y = ka +’U]<;, k € No,
u, = (L), ke No,

1, = {{(t_%yo+q0)}, k=0,

{(tféyo —+ qo), RN (tiéyk + qk)7u07 . '7uk—1}7 ke N’
t >0, g>0,

1 N-1
: E : T
]\}gréo N E [ —~ u, uy S PTX,Q)
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where the transmit power P, of the observation channel (see Equation 4.8) is minimized subject to
the controller, the transmitter ¢ and the receiver g while taking into account that the transmit power
P, of the control channel (see Equation 4.9) must not exceed the available power Pr, o. For the
solution of problem (4.40), we reformulate the system state and observation equation equivalently
analogous to Equation (4.27). Note that the reformulation introduced there could also be used at
this point, but the expressions derived in the following result in a convenient structure of the prob-
lem which has already been observed in Section 4.2.2. Additionally, the problem setting becomes
comparable to a very similar approach presented in [46]. This point will be discussed later.

Analogously to Equation (4.27), define the scaled system state z;, = t2my, k€ Ny, which
is not problematic since ¢ # 0 due to the constraints of problem (4.40). The resulting state and
observation equation of the dynamical system to be controlled thus become

Zki1 = Azk+a’%B(uk+nk)+t7%wk, 441)
n, =Cz, + t*%vk,

where o = 3 as in Equation (4.28) and n, = t*%yk, k € Ng. The reformulation introduced

above corresponds to a dynamical system which is driven by process noise with covariance matrix
t~1C,,, exhibits observation noise with covariance matrix t'C,, and scales its input signal by
a3, Figure 4.11 shows the respective closed loop control system.
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Figure 4.11: Model of the control loop which is closed over two channels with additive noise g and 1.
1
The scaling factor ¢~ 2 is shifted from the output to the input of the system, resulting in the receive scaling

1 _1
factor a2 = (%) 2,

With Equation (4.41) the transmit power P; of the observation channel reads as

.1
A=yt

N-1
Z zECTC’zn + t_l'vg'vn] . (4.42)
n=0

For reasons which will become clear soon, the inequality constraint is multiplied with o', which
is a valid step due to the constraints that ¢ > 0 and g > 0, i.e., a > 0. Thus, we require that

< Oé_lpTx,Q, (4.43)

1 N-1
: -+ -1,,T
J&IL&NE[ZOQ ot

with a > 0.
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Putting together all previous steps, the optimization problem (4.40) becomes

N—1
minimize lim —E ZzTCTCzn+t*1vzfvn 4.44)
a,t, o, 101,142 N—oco N
subject to zpy1 = Az, + OFEB(uk +ny) + t’%'wk, k € Ny,
N = C’zk +t_%'vk, ke NQ,
w, = (L), k € Ny,
7, = {{(ano)}, k=0,
. =
{(7704“10)7---7(7719+Qk)au07---auk71}7 kENv
a>0,t>0,
: _ -1, T < 1
]\}grloo E Za u un] o " Pryo

For fixed values of « and ¢, this optimization is a power constrained LQG control problem which
can be solved using the approach from Chapter 3 or the with the help of Lagrangian duality. At
this point the latter approach will be used since is provides insights in the joint optimization of the
controller and the transceiver as well as the corresponding solution. Taking into account the power
constraint by the multiplier A > 0, the Lagrangian associated with problem (4.44) is given by

N-1

1
L = lim —E ZzTCTCzn—ir)\oz u un—l—t v vn] —)\oflPTx,Q, (4.45)

N—ooo N

and its minimum w.r.t. i, £ € Ny, and the remaining constraints of problem (4.44) reads as

L*(e,t,\) =tr [K (t7'C, + o 'BC,B")] + tr [PC;] + tr [t7'C,] — A" 'Prys, (4.46)
where

K=ATKA-o'A"KB (a'B"KB + o 'Iy,) BTKA + C"C

] (4.47)
— ATKA- ATKB (B"KB + Aly,) BTKA+C™C

and
c’ = A(Cg ~cictccict +t'e, +C,) Cc‘;) AT 17'C, + a 'BC,B. (4.48)

Finally, the matrices P and C; in Equation (4.46) are given by P = ATKA — K + C'C
and C; = Cf - CEC™T (CCECT +t7'C, + C,) ~1 CCP?, respectively. We make an observation
analogous to Section 4.3.2 and the optimization problem (4.30), i.e., the infimum of problem
(4.44) is achieved for ¢ — oo. This is intuitively clear since this limit corresponds to a dynamical
system without process and observation noise, i.e., with C, = O, xn, and C, = Oy, . For a
formal argumentation, assume that problem (4.44) is feasible and that strong duality holds. Then,
the solution for fixed values of o and ¢ is found by maximizing L* w.r.t. A > 0. Now, for any given
values of A and «, L*(a, t, \) is a monotonically increasing function of ¢~*. This is obvious for the
summands tr [Kt~'C, ] and tr [t~'C,] (cf. Equation 4.46) and can be shown for tr [PC.] using
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the results from Appendix A4, i.e., the derivative of tr [PC;] w.r.t. t~* is non-negative. Since the
monotonicity w.r.t. t~! holds for each ), also the maximum of L*(«, ¢, \) w.r.t. A > 0 increases
with ¢ 1. Consequently, the infimum of problem (4.44) for a fixed value of « is achieved for t — oo
due to the assumption of strong duality, i. e., the optimal value of (4.44) is found by maximizing
the dual function w.r.t. A\ > 0. Thus, in the following we consider

G(a, A) =inf L*(a, t, A)
=0 (4.49)
= tr [Ka 'BC,B"] + tr [PC;] — Aa™ ' Pry2,

where K (cf. Equation 4.47) and P are given above and the covariance matrix of the state estima-
tion error reads as C; = Ct — CEC™ (CCEC™ + Cq)fl CC? with

cl=A (Cg —crcr (ccrct + ) ch) AT 1o 'BC,BY.  (450)

Comparing the function GG from Equation (4.49) with L* shown in Equation (4.13), it can be seen
that the results of Section 4.2.3 are also applicable at this point, i. €., G is concave in ! for a given
value of A > 0. It follows that problem (4.44) can not be solved by minimizing G w.r.t. « > 0 and
maximizing the resulting dual function w.r.t. A > 0.5 We will thus solve the optimization problem
(4.44) by keeping « fixed, which reduces the problem to a convex optimization and provides the
function

I(a) = sup G(a, A). 4.51)

A>0

Then, the value of o which minimizes [ is determined using the monotonic optimization frame-
work introduced above. The following example shows why this step is necessary.

Example 4.3.4 With the parameters given in Example 3.1.1, the optimization problem (4.44) is
solved for fixed values of «, where @ € [2 - 1074, Omax)- The value o =~ 967 is the largest
value such that the minimization of P, with the constraint P < Pry» ~ 1288 is feasible, which
is equivalent to the SNR constraint 10logy, (tr[C,,] ™' P,) < 31.1 from Example 4.3.1. For the
determination of ay,.x, the feasibility test introduced in Section 4.3.1 can be used to perform a
bisection on «.”

Figure 4.12 shows the resulting transmit powers P, i.e., the cost function of problem (4.44),
and P, i.e., the power which is constrained by Pry ». It can be seen that the transmit power con-
straint is always satisfied but not active for small values of a.. The global minimum of P; ~ 559 is
achieved for o =~ 492, but there are additionally two local minima for smaller values of a.

Example 4.3.4 demonstrates that due to the lack of convexity or quasi-convexity, it is not
straightforward to determine the solution of problem (4.44) when « is also considered as an opti-
mization variable. It is of course possible to sample values of « and to chose the one which leads to
the smallest value of P, but this implies the difficulties of, e. g., the selection of the sampling range

This means that strong duality holds for a fixed value of « but not if this scalar is also an optimization variable.
A faster approach is a fixed point iteration for the determination of the root of L7, . (cf. Equation 4.23) w.r.t.
a~!, where this function has to be adapted to the problem at hand. The concavity in a~! can be used to show the

convergence of the iteration.
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Figure 4.12: Minimal value of P; = I(«a) for a given value of o with the constraint P» < Pry 2, where
Pry o =~ 1288. For small values of « the constraint is not active, for large values the problem is not feasible.

and sampling interval, and does not provide information about the optimality of the best sampled
solution. Thus, we resort to the monotonic optimization framework introduced in Section 4.3.3.

Due to the assumption that strong duality holds, /(«) defined in Equation (4.51) provides the
optimal value of problem (4.44) for a fixed value of «. In order to apply the branch and bound
approach, which is the basis of Algorithm 4.1, to the minimization of I («) w.r.t. « > 0, it is neces-
sary to derive a lower bound for the optimal value of (4.44) when « is restricted to lie in an interval
A C R,. In contrast to Section 4.3.3.1, we are dealing with a constrained optimization problem
and thus use the function G given by Equation (4.49) for the derivation. Let « € A = [, @] with
0 < a < @. Then, it holds for every A > 0 that

1

G(a,\) = tr [Ka'BC,,B"| + tr [PC;(a™")] — A" Pry
> tr [Ka 'BC,B"] + tr [PC;(a")] — A" Pry (4.52)
> tr [Ka 'BC,B"| +tr [PC;(a )] — Aa ' P2 = G4 (V).

Note that the matrices K and P do not depend on « (cf. Equation 4.47) and that the error covari-
ance matrix C is explicitly denoted as a function of a~! (cf. Equation 4.50). The monotonicity
of the first and the last summand of Equation (4.52) which has been used for the lower bound is
obvious, whereas the monotonicity of the second summand has been discussed earlier and can be
shown using the results of Appendix A4. It can be seen that for each value of the Lagrange multi-
plier A > 0, G 4(A) is a lower bound for G(«, \) which holds for all & € A. Consequently, G4 can
now be used to lower bound the optimal value of problem (4.44) by I , when « is taken from the
interval A:

I(a) =sup G(a, A) > G(a,A) > GA(A) =sup G () =14, a€ A (4.53)
A>0 A>0

Here, ) denotes the maximizer of G 4(\), where it is assumed that ) exists and is finite. Note that
even the relaxed problem for the determination of the lower bound I , may not be feasible, which
means that [, = I(a) = oo. In this case, the intermediate steps in Equation (4.53) have to be
ignored. In order to obtain an upper bound I 4, the optimization problem (4.44) is solved for some

value of « € A = [, @), e. g.,
I,=1I(a). (4.54)

Again, if the corresponding optimization problem is not feasible, we have I 4 = oo.
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Remark: The lower bound G 4 (cf. Equation 4.52) which is a function of A > 0 can be interpreted
as the dual function which corresponds to a relaxation of the optimization problem (4.44) when «
is constrained to lie in the interval A. This relaxation has two elements. The first one is the scaling
of the covariance matrix of the driving noise process from o~ BC,, B" down to @ 'BC,, B".
The second element is the relaxation of the transmit power constraint from P, < Pry 5 to the less
restrictive requirement P, < g—lasz. With the results of Appendix A9, it can be seen that the
associated lower bound [, for the optimal value /(«) which is derived from G, (cf. Equation
4.53) is consistent, i.e., for « — « and @ — «, it holds that / , — I(«). The required properties
for the derivations in Appendix A9 are the monotonicity and continuity of the function G, in
Equation (4.52) w.r.t. a and @, respectively. The monotonicity follows from, e. g., [100], whereas
the continuity can be shown using the results from [104] under the assumption that C; in Equation
(4.50) has full rank.

Basically, we are now in the position to apply the branch and bound Algorithm 4.1 using the
mapping of the parameter « € A =R, to § € B =0, 1] with (cf. Equation 4.39)

(%

b=1Ta

a > 0. (4.55)

Like in Section 4.3.3.1, we include the boundary points of the interval B, i.e., we will use
B = [B, 8] = [0, 1]. For the evaluation of I , and I 4, the larger boundary point 5 = 1 is not prob-

lematic because I , and I 4 are actually evaluated at &' = Bil(l — B), which is zero at 3 = 1.
For the smaller boundary point = 0, we use the convention that 0 - oo = 0. In this case, the
function G , given by Equation (4.52) has a finite positive value for A\ = 0 and is unbounded from
below for A > 0 when evaluated at the boundary point 3 = 0. Thus, we obtain [, = G ,(0) if
a = 0.8 Finally, because we have to deal with a constrained optimization problem, it is necessary
to perform a feasibility check of the problems for the determination of I , and I 4, e. g., using the
approach discussed in Section 4.3.1. If the corresponding optimization problems are not feasible,
we set [ , = oo or I 4 = 0o, respectively. A second possibility is to determine the value a,,, which
has been introduced in Example 4.3.4 and to initialize Algorithm 4.1 with the set B = [0, Bnax]»
where Bnax = (1 + Qmax) ™ Cmax.-

For the following example, Algorithm 4.1 is applied to the optimization problem (4.44), where
the feasibility issue is taken into account by setting the upper and lower bounds to infinity if the
corresponding optimization problem is not feasible. Of special interest is the determination of
Pareto optimal transmit powers which can not be computed with the approach of Section 4.3.3.1,
1. e., the gap in the solid line shown in Figure 4.8.

Example 4.3.5 As in Example 4.3.3, the system and noise parameters of Example 3.1.1 are used
in the following. Algorithm 4.1 is applied to solve optimization problem (4.44) with a relative
accuracy of ¢ = 1073, In order to fill the gap in the set of Pareto optimal transmit powers shown
in Figure 4.8, 100 values of Pr, 2 which determine the constraint for the transmit power of the
control channel are selected between 28.2 and 46.8. Figure 4.13 shows the resulting Pareto optimal
transmit powers as a solid line. The boundary points of the gap which has been observed in Figure
4.8 are denoted by dots, and the linear interpolation between these two points is indicated by the

8This is confirmed by the interpretation that the lower bound I , corresponds to a relaxed optimization problem.
For o« — 0, the constraint on P is effectively removed which leads to an inactive power constraint with A = 0.
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dashed line. Note that Figure 4.13 depicts the SNRs ¢; = tr [C, ] “'Pyand @y = tr[C,] ' P, with

linear scale. Thus, it can be seen that the set of feasible transmit powers is not convex.

i i i i -1
3-10% 4-10% 5-10% 6-104

Figure 4.13: Pareto optimal transmit powers with optimal scaling ratio « (solid line). Since the optimization
problem is not convex, the region of feasible transmit powers is not a convex set (dashed line).

Remark: The scenario which is depicted in Figure 4.11 and investigated in Example 4.3 .4 fits into
the framework discussed in [46]. For the situation considered there, the transmit power P; which
is minimized with problem (4.44) has to be interpreted as a tracking error variance and the power
constraint P, < Pry o corresponds to an SNR constraint. Although the limiting case for ¢ — oo
is discussed, Example 4.3.4 demonstrates that the associated optimization problem may exhibit
several local minima. Consequently, the minimization based on a line search which is proposed
in [46] does not guarantee to find the global optimum since it requires at least quasi-convexity
of the optimization problem.” The sampling approach in [58] is in principle capable to determine
the optimum, but suffers from problems like the selection of the sampling range and the sampling
interval. Additionally, it does not provide information about the optimality of the sampled values,
which is available for the monotonic optimization approach.

4.3.4 Solution of the Joint Optimization of Controller and Transceiver

After the discussions in the preceding sections about the properties and the feasibility of the joint
optimization of an LQG controller and scalar transceivers, we come back to the original goal, i.e.,
the solution of the optimization problem (4.10). To summarize the task, it is required to minimize
a standard infinite horizon LQG cost function, which is characterized by the weighting matrices
Q. R and S (see Appendix A6), while satisfying the transmit power constraints of the observation
and the control channel, given by the available transmit powers Pry; and Pry o, respectively. The
degrees of freedom which are added to the conventional power constrained LQG control problem
(see Chapter 3) are the scaling factors 72 and g% at the output and the input, respectively, of the
system to be controlled (cf. Figure 4.1).

9The proposed approach which requires quasi-convexity is the golden section method, see, e. g., [95, Section 8.1].
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We start with the solution of the joint controller and transceiver optimization by restating the
problem to be solved, i.e.,

+gtr[RC,] (4.56)

N QnTy + Z |:gz'u,n:| {‘SC?T IS'J LIQUJ

. ) 1
minimize lim — E
£,g,110,11 2. N—oo [N

subject to @y = Az, + Bgi(uk + ny) + wy, k € Ny,
yr = Cxy + vy, k € Ny,
up = pp(Zy), k € Ny,
7, = {{(t_%yo +qo)}, 1 k=0,
{(t72yo+qo),..., [t 2yp + qi), ug, ..., up_1}, kEN,
t>0, g>0,
lim 1 E (NZ_f:BTCTC’:B +ovlv ) <tP
A 2 n nt U,V || S hryn,
L[ v
Jim = Elg 2 uru, | < gPrya.

Note that the transmit power constraints (see Equations 4.8 and 4.9) are equivalently reformulated
by multiplying them by ¢ > 0 and g > 0, respectively. For given values of ¢ and g, the power con-
strained optimization of the controller is a convex problem and we have chosen a solution method
based on Lagrangian duality in the preceding sections, but other methods for convex optimiza-
tion can also be used. Since the minimization of the Lagrangian in Equation (4.11) corresponds
to an LQG control problem, the minimum is readily obtained and reads as (cf. problem 4.12 and
Equation 4.13)

L*(t, g, M\, Ao) = tr [K (Cy+9BC,B")] + tr [PC;] + A\ tr [C,] + g tr [RC,)]

4.57)
— MtPrg1 — Mg Pry 2,

where the matrices K and P are determined by the DARE shown in Equation (4.14) and where
the covariance matrix of the state estimation error C; depends on the solution C% of the DARE
from Equation (4.15). Assuming that strong duality holds, the solution of problem (4.56) for fixed
values of ¢ and g is found by maximizing the dual function L* w.r.t. A\; > 0 and A\ > 0. Thus, the
optimal value in this case is given by

I(t,g) = sup L*(t, g, A1, Aa). (4.58)
A1>0
A2>0
This representation of the optimal value of problem (4.56) with fixed values of ¢ and g is the basis
for the remaining optimization w.r.t. these two variables.

Due to the properties of problem (4.56) which have been described in Section 4.2.3, we resort
again to the monotonic optimization approach introduced in Section 4.3.3. More precisely, Algo-
rithm 4.1 is applied but has to be slightly modified because the remaining minimization w.r.t. ¢
and g is a two dimensional problem. Thus, the branch and bound procedure is performed on two
dimensional sets, but the determination of upper and lower bounds for the optimal value of prob-
lem (4.56) when the pair of transmit and receive scaling factors is constrained to a set A C R is
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completed analogously to Section 4.3.3.2. Let this set be A = [¢, 7] x [g, 7], i.e., the scaling factor
t is constrained to lie in the interval [¢,¢] with 0 < ¢ < ¢ and at the same time we require that g
lies in the interval [g, g| with 0 < g < g. For all values of the transmit and receive scaling factors
within this set, a lower bound for the dual function L* is given by

L*(t, g, M1, Ao) = tr [K(Cy,+9BC,B")] + tr [PCy(t, 9)] + M\ tr [C,] + g tr [RC,,]
— MtPrg1 — Mg Pryo
> tr [K(C,+9BC,B")| + tr [PC,(t, 9)] + M tr [C,] + g tr [RC,,] (4.59)
— Mt Pry1 — MG Prx 2
= L (M, A2),

where the covariance matrix Cj(t, g) is explicitly denoted as a function of ¢ and g¢. In order to
obtain the inequality above, all summands which depend linearly on the optimization variables are
evaluated at the smallest possible value within the set A if they represent a positive contribution
to L* whereas the largest value is inserted for negative contributions. Since the error covariance
matrix C;, is a monotonically increasing function of ¢ and g, the respective summand tr [PC] is
lower bounded using ¢ and g. At this point we repeat the steps from Equation (4.53) with the lower
bound given by Equation (4.59) which holds for every pair (¢,9) € A = [t,t] X [g,g] and for each
A1 > 0 and Ay > 0. Thus, we obtain a lower bound I , for the optimal value of the optimization
problem (4.56), which is given by I(t, g) (cf. Equation 4.58), with the restriction that (¢, g) € A:

I(t,g) = sup L*(t, g, A\, A2) = L7(t, 9, A1, Ay) = Ly (Ar, Ay) = sup Ly (Ai, Ao) = 1, (4.60)
2120 2120
220 2220

where it is assumed that the maximizers \; and )\, exist and are finite.

Remark: As in Section 4.3.3.2, the lower bound given by Equation (4.59) can be interpreted as
the dual function which corresponds to a relaxed version of optimization problem (4.56). First,
the scalar ¢ in the cost function is replaced by g which leads to a smaller cost for each given
state sequence (x; : k € Ny) and control sequence (uy, : k € Ny). Second, the covariance matrix
of the noise in the control channel which enters the dynamical system as additional process noise
is scaled down from gC,, to gC,,. Moreover, the covariance matrix of the noise in the observation
channel which acts like additional observation noise is scaled from tC, down to tC, (cf. Figure
4.2). Finally, the power constraints are relaxed by tP; < ¢Pry; and gP» < gPry 2, respectively,
which corresponds to an increase of the available transmit power by a factor of t~'¢# > 1 and
g~ 'g > 1. Consequently, the optimal value of the relaxed optimization problem is an underestimate
of the solution of problem (4.56). Note that with the monotonicity and continuity properties of
the functions L* and L’ (cf. Equation 4.59) which are summed up in Appendix A9, the results
presented there show that the lower bound I , in Equation (4.60) is consistent, i.e., for t — ¢,
t—t,g—gandg — g, wehave [, — I(t,g)."

If the optimization problem for the determination of / , is not feasible, we obtain / , = oco. Since
this value is still a lower bound for I(, g), the inequality in Equation (4.60) also holds for this case

10For a discussion of the monotonicity and continuity of the stabilizing solutions of the DAREs which are involved
in Equation (4.59), we refer again to [100], Appendix A4 and [104]. The continuity holds in our case under the
assumption that R in Equation (4.14) and C, or C,, in Equation (4.15) have full rank.
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but the intermediate steps have to be omitted. In order to check the feasibility for a given interval
A, the approach described in Section 4.3.1 can be used, where the relaxations mentioned in the
remark above have to be taken into account, i.e., the replacement of gC, and {C, by gC,, and
zC’q, respectively, in Equation (4.25), and of the (scaled) transmit power constraints ¢/ <¢Pry
and g P < gPrs2 by 1P, <tPry; and gP, <gPry 2, respectively, in Equation (4.22).

A further modification of the monotonic optimization Algorithm 4.1 concerns the subdivision
rule for certain set A in order to obtain lower bounds for subsets of A. For the one dimensional
case discussed in Section 4.3.3, an interval has been divided into two subsets by simple bisection,
1. e., the set has been split in the middle. A similar approach is used for the two dimensional case
with A C R?. According to [102], if a set A is selected during the branch and bound procedure for
a subdivision, the longer side of A is divided at its midpoint which provides two subsets A; and
As of A which have equal size and where A; U A, = A.

Finally, in order to deal with the fact that the optimization variables ¢ and g are elements of the
unbounded set R?, the pair (¢, g) is mapped as in Section 4.3.3 to the set B =10, 1[* by

t 9 2
(m,v) = (1+t’1+g)’ (t,g) € RY. 4.61)
For the application of the branch and bound procedure, the boundary of B is included, i.e., the
monotonic optimization algorithm is initialized with B = [0, 1]2. The lower boundary points = = 0
and v = 0 which correspond to ¢ = 0 and ¢ = 0 can be inserted directly in Equation (4.59) for
the computation of the lower bound I 4 (cf. Equation 4.60). The application of the upper boundary
points with 7 = 1 and ¥ = 1 corresponds to an optimization problem where either the power
constraint for the observation channel or the control channel is removed, which leads to an inactive
power constraint with A\; = 0 or A\, = 0, respectively.!! Thus, these points can be included in
the preceding discussion. Note that Example 4.3.1 (see Figure 4.5) demonstrated that it is not
obvious if a certain pair (¢, ¢) of transmit and receive scaling factors leads to a feasible optimization
problem. Additionally, even if the lower bound [ 4 corresponds to a relaxed problem, we have to
take into account that it still may be infeasible. It is therefore necessary to perform a feasibility
check for the computation of the value (¢, g) with (¢,g) € A as well as for the corresponding
lower bound [ , (or the respective mapped variables (7, 7), see Equation 4.61).

Example 4.3.6 In Section 4.2.3, Example 4.2.1 illustrated some properties of the problem of joint
controller and transceiver optimization. The respective values of ¢ and g, i.e., the transmit and
receive scaling factors, and of the resulting Lagrange multipliers A\; and Ay were given without an
explanation how they have been obtained. At this point, Algorithm 4.2 is applied to optimization
problem (4.56) to compute these values. The algorithm is initialized with the set B = [0, 1] (cf.
Equation 4.61) and with a desired relative accuracy of € = 1072, Due to the repeated subdivision,
subsets A C B which lead to an infeasible optimization problem for the determination of the lower
bound [ , are eventually discarded. The subdivision rule for the set B and its subsets in line 11 of
Algorithm 4.2 is the bisection of the larger side of B as mentioned above.
As in Example 4.2.1, the SNRs of the observation and the control channel are constrained by

logy, (tr [C’q]fl PTXJ) = log, (tr [C’nr1 PTX,2> =31.1,

"This can also be interpreted as setting fPTX,l = oo or gPry 2 = 00, respectively, and using the convention 0-0o0 = 0
in Equations (4.59) and (4.60).
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Algorithm 4.2 Branch and bound approach for the joint optimization of controller and transceiver
under power constraints (cf. [102, 103])

Select a desired relative accuracy € > 0

1:

2: Use as initial partition S; =P, = B

k=1

4 I"=0and T = o

5: while 1 — 2 > = do

6:  Compute the lower bound [ , for each A € Py

7. Compute the upper bound I 4 for each A € P,

8:  Determine the smallest upper bound T" = min Aes, La

9:  Removeevery A € S with [, > T" from Sk and let the set of remaining members of Sy

be Rk
10:  Determine [* = mineg, [, as well as B = argmin 4 .p 14

(if more than one minimizer is present, choose one randomly)
11:  Determine the partition Py, ; of B according to the chosen subdivision method
12: Sk+1 = (Rk \ B) UPriq
13: k< k+1
14: end while

where the parameters of the dynamical system to be controlled and of the noise sequences are
again taken from Example 3.1.1. With the described initialization, 4.2 provides the solution

t* =~ 2.42618 and g* ~ 2.00569.

For these values, the corresponding Lagrange multipliers are given by

Al ~ 9.40201 and A5 ~ 23.9293.

The transmit power constraints are fulfilled with an absolute deviation of less than 2 - 10719, and
the value of the LQG cost function for the solution of problem (4.56) is given by

J% ~ 2580.25.

Note that the derivatives of L* (see Equation 4.57) w.r.t. t and g (where the results of Appendix
A4 are used to determine the derivatives) are not zero at t*, g%, A} and A}, respectively, implying
that these values are not optimal. In order to determine a local optimum in the neighborhood of
(t*, g*), a gradient descent which is initialized at this point is performed. The resulting values of
the transmit and receive scaling factors as well as the associated Lagrange multipliers read as

to A 2.42593, gv ~ 2.00565,
ALy ~ 9.44165, Ao A 24.0299.

The norm of the gradient of L* at this point is ||V gy, 2, L*(tv, 9v, M,v, Aev)|l, = 1.75 - 1075,
The absolute value of the difference between the corresponding LQG cost and the value of JZ_
given above is less than 3 - 1074, i. e., even less than the desired relative accuracy.

For a comparison of the result provided by the monotonic optimization approach with the
solution of the subsequent local optimization based on the gradient descent, Figure 4.14 shows
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a contour plot of the function I (see Equation 4.58) in the neighborhood of pairs (¢*, ¢*) and
(tv, gv)- Thus, for the whole range of transmit and receive scaling factors shown there, the power
constrained controller optimization is feasible and the power constraints are fulfilled. The small-
est value of the resulting LQG cost function is attained using (¢, gv). This pair which has been
obtained by the gradient descent mentioned above is depicted in Figure 4.14 as the point x. The
associated value of the cost function is given by /(tv, gv) ~ 2580.25168.

2.0065 p—= ==
S S R e e
2.0060 — R
= o) o0
_x * bi
2.0055 e S —
————©9 — —9 O
2.0050 — —
2.4250 2.4260 2.4270

t

Figure 4.14: Values of the function I(t,g) in the neighborhood of the result provided by Algorithm 4.2.
Points which have been evaluated by Algorithm 4.2 are denoted by o, the minimizing point by X.

The LQG cost at the point (¢*, g*) (depicted as e in the figure above) which is the result of
the monotonic optimization approach, is I(t*, g*) ~ 2580.25192, i.e., only slightly larger than
I(ty, gv). Feasible points which have also been evaluated by Algorithm 4.2 are marked by o. Note
that the largest value of the cost function for all pairs of transmit and receive scaling factors shown
in Figure 4.14 is approximately 2580.28058.

In the example above, we were able to determine feasible values of the transmit and receive
scaling factors ¢ and g as well as the Lagrange multipliers A\; and A\, such that the gradient of
the function L* vanishes. Thus, it has been shown that the actual accuracy of the result which is
determined by the monotonic optimization approach is significantly better than ¢, i. e., the relative
accuracy which is guaranteed by Algorithm 4.2.

Unfortunately, despite the fact that it worked for Example 4.3.6, the gradient descent algorithm
mentioned above is based on some assumptions which might not hold in general. Nevertheless, we
give a short outline of the approach in the following. The gradient descent is actually performed
using the function /(t, g) (cf. Equation 4.58) which provides the optimal value of the power con-
strained controller optimization with fixed values of ¢ and g. Since this function is the supremum
w.r.t. the Lagrange multipliers A\; and Ao, it is not obvious how to compute its derivatives w.r.t. ¢
and g. Assume that (¢, g) is actually a maximum and that it is attained at A} and A}, i.e.,

I(t,g9) = I}\hg}g L*(t, g, M\, A2) = L*(t, g, \], \3), (4.62)
)\;EO
and
(AT, A5) = argmax L*(t, g, A1, Ag). (4.63)
A1>0

A2>0
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With reference to Equation (4.63), the optimizing Lagrange multipliers A} and A} are functions of
the transmit and receive scaling factors, i.e.,

Using the chain rule for the computation of the derivative of [ w.r.t. ¢ and g, we get

oI _ oL OL* O\, OL* O
ot Ot O\ Ot Oy Ot

(4.65)

where it is assumed that the respective derivatives exist (especially for the derivatives of the La-
grange multipliers w.r.t. ¢ this is not obvious). The derivative g—é is given by the analogous ex-
pression. If the transmit power constraints are active, i.e., A\; > 0 and Ay > 0, Equation (4.63)

together with the assumption of differentiability implies that g—i:(t, g, A}, A5) = 0 as well as

9L" (t, 9, A7, \3) = 0. Thus, it holds

%(t 9) = aait(t, 9, A1, A3), (4.66)
with the analogous result for the derivative w.r.t. g. Consequently, the derivatives of I w.r.t. ¢
and g are obtained by first solving the power constrained LQG control problem for fixed values
of the transmit and receive scaling factors, which provides the Lagrange multipliers A} and A3 (cf.
Equations 4.62 and 4.63). Then, the derivative of L* (see Equation 4.57) w.r.t. t and g, respectively,
is computed for the given values A} and \3.

The assumption of strictly positive values of A} and A} at the minimum of /, i.e., the power
constraints are active and thus hold with equality, can be verified with Equation (4.57). The KKT
conditions (see, e. g., [95, Section 4.2.13]), which are necessary for a locally optimal point, must
hold, i. e., the derivatives of L* w.r.t. ¢ and g must vanish at the optimum. Thus, we require that

L* N
a—(t,g, )\T, )\;) =1tr |:Pacm:| — )\TPTX,l = 0, and

ot ot
L o . ac, * (4.67)
a—g(t,g, AL A;) =tr [KBC,B'] +tr | P 99 +tr[RC,,] — AN5Prg2 = 0.

With the results of Appendix A4 it can be shown that the derivative of C; w.r.t. ¢ and g, respec-
Lo

tively, is a positive semidefinite matrix. Assuming that the derivative —5;# and the noise covariance
matrix C,, or the weighting matrix R are positive definite and noting that Pr,; > 0 and P, > 0,
it can be seen that A7 > 0 and A5 > 0.

It has to be mentioned again that the argumentation based on Equations (4.62) — (4.67) relies
on a number of assumptions which do not hold in general. Nevertheless, the goal of the preceding
discussion is not to provide a universally applicable local minimization algorithm for the determi-
nation of the optimal transmit and receive scaling factors. Instead, it demonstrates that the result
provided by the monotonic optimization approach may be much better than the guaranteed accu-
racy suggests.

A final example demonstrates that the introduction of transmit and receive scaling factors is
beneficial for the system performance even if no explicit transmit power constraints are given and
the control loop which is closed over two communication channels could be optimized using an
unconstrained LQG approach.
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Example 4.3.7 Let J ;g be the value of the LQG cost function which is obtained by an opti-
mization with no power constraints and with no transceivers, i.e., with ¢ = 1 and g = 1, which
means that J3_ | o = L*(1,1,0,0), see Equation (4.57). This case has been considered in Example
3.1.1 and provides the optimal value

T LG ~ 800.5.

The corresponding transmit powers have been computed there and are given by (cf. Equation 3.16)
P16 =~ 4189 and Py 1o ~ 1661.

For the comparison with the LQG controller which uses the optimal scaling factors ¢ and g, the
transmit power constraints of problem (4.56) are set to the values of the unconstrained controller
optimization, i. e., we require that P} < Pry; = P 1oc and P, < Prc o = Py1c. The application
of Algorithm 4.2 to the system in Example 3.1.1 determines the solution of the joint optimization
of controller and transceiver and provides the corresponding parameters

#* ~ 0.0790306, g* = 0.0804537,
A & 0.313852, A} &~ 0.960286.

Note that Algorithm 4.2 is initialized with B = [0, 1]?, where the mapping to the actual opti-
mization variables ¢ and g is performed according to Equation (4.61), and a relative accuracy of
e = 1072 is chosen. Using the values given above, the power constraints of problem (4.56) are
met with an absolute deviation of less than 1077, i.e., the power constrained LQG controller with
the optimal choice of transmit and receive scaling factors uses the same amount of transmit power
as the LQG controller without transceiver and power constraints. Nevertheless, the optimal value
provided by Algorithm 4.2 is
Jo, ~ 119.037.

This significant decrease of the LQG cost is due to the relatively small values of ¢ and g which
reduce the negative effect of the channel noise on the system performance. Because of the ampli-
fication of the transmit signals in the observation and control channel (recall that these signals are
multiplied by ¢t~2 and g*%, respectively), the Lagrange multipliers \; and A, have a positive value.
Thus, a penalty based on the respective transmit power is added to the Lagrangian L* (cf. Equation
4.11). This Lagrangian is the effective cost function for the determination of the optimal controller.
Obviously, the fact that the controller now uses the weighting matrices Q +\;CTC and R+ \,1 N,
(cf. Equation 4.14) as performance criterion instead of Q and R alone (cf. Equation 3.4) and thus
does not simply focus in the smallest value of the original cost function, is more than compensated
by the reduction of the channel noise which is fed into the closed loop control system.

4.4 Discussion

Having identified some of its shortcomings, the system model for the solution of power constrained
LQG control problems from Chapter 3 has been extended in the present chapter by the introduction
of scaling factors as the most simple instances of linear and memoryless transmitters and receivers
at the input and the output of the system to be controlled. These additional degrees of freedom



4.4 Discussion 91

allow for an amplification or attenuation of the signals which are transmitted in the closed control
loop and thus offer the possibility to either meet transmit power requirements which can not be
fulfilled by the controller alone or to improve the system performance if the available transmit
power is increased.

In Section 4.2.1, the unsurprising fact has been shown that the only impact of transmit and
receive scaling factors effectively is a change of the variance of the channel noise sequences. Con-
sequently, for fixed values of these factors, the power constrained controller optimization reduces
to the case discussed in Chapter 3. A new quality is introduced by the joint optimization of the
transmit and receive scaling factors and the controller in Sections 4.2.2 and 4.2.3. Compared to
the optimization of the controller alone, the appealing property of convexity is lost and the jointly
optimal solution of transmitters, receivers and controller can not be determined by a dual approach,
which has been illustrated in Section 4.2.3. Even the set of feasible values of the transmit and re-
ceive scaling factors for given power constraints is not necessarily connected (see Example 4.3.1).
Note that the non-convexity of distributed, i.e., structurally constrained, controller optimizations
is a well known phenomenon, see, e. g., [39-41].

In order to get an impression about the set of feasible transmit power constraints, Pareto opti-
mal values have been computed by the minimization of the weighted sum of the transmit powers
of the observation and the control channel. In Section 4.3.2, it has been shown that this approach
requires the determination of the optimal ratio of the transmit and receive scaling factors which
is a demanding task due to the non-convexity of the considered optimization problem and the ex-
istence of local optima (see Example 4.3.2). Despite the fact that convexity can not be used to
efficiently calculate Pareto optimal values of the transmit powers, the problem exhibits monotonic-
ity properties which allow for the application of the monotonic optimization framework for global
minimization [102,103], see Section 4.3.3. This approach has been used to minimize the weighted
sum of the transmit powers in Section 4.3.3.1, where it could also be observed that not all Pareto
optimal values can be determined this way. In order to fill this gap, such transmit powers have been
computed in Section 4.3.3.2 by minimizing the power of the observation channel with a constraint
for the power of the control channel. Again, the monotonic optimization framework has been ap-
plied. Finally, a solution method for the original problem of the joint optimization of controller,
transmitter and receiver based on the presented global optimization method has been introduced in
Section 4.3.4.

Note that we did no consider problems as in [106] where the communication channel itself
has a non-trivial transfer function, or tracking problems as in [35, 46]. The reason is that if the
corresponding processes, represented by the transfer function of the communication channel or the
power spectral density of the signal to be tracked, allow for a state space representation, they can be
included in the description of the dynamical system to be controlled and the resulting optimization
can be treated as a standard LQG control problem.

Despite its simplicity, the model of additive noise communication channel is used in a consid-
erable amount of literature related to NCS, e. g., [29, 35,59, 81-88, 99, 107]. Especially the more
recent publications often focus on a scenario where only one communication channel, i. e., the ob-
servation or the control channel, is present in the control loop while the other channel is assumed
to be ideal. For the further restriction to Single-Input Single-Output (SISO) systems, fundamental
results have been derived like the smallest value of the channel SNR which allows for the stabi-
lization of an unstable Linear Time-Invariant (LTI) system [29, 89, 106, 107]. Since this scenario
is a special case of the general system model considered in Chapter 4, the proposed numerical
methods are also applicable and allow for the minimization of transmit powers or the optimization
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of an LQG cost function subject to a transmit power or SNR constraint. The corresponding results
for SISO systems with one communication channel in the control loop are presented in Chapter 6
where also some of the results of [29], which rely on a frequency domain approach, are reproduced
in the framework of this thesis.

It is important to note that in [35,46, 108] essentially the same problem as in this thesis, i.e.,
a power constrained controller optimization with the additional degree of freedom to choose the
variance of the channel noise, is treated for the one channel SISO case. The main difference is that a
frequency domain approach is applied and that the properties of the optimization w.r.t. the channel
noise variance (in our case the transmit or receive scaling factors) are not discussed in detail.
Especially the non-convexity of the problem which becomes apparent in the examples presented
in Chapter 4 and which prohibits a straightforward solution is not considered.

Finally, we want to mention the early contribution [84] to the investigation of control loops
which are closed over communication channels with fixed SNR, where the imperfect communica-
tion is due to computations with finite precision and thus rounding errors. The SNR constraints are
not explicitly taken into account, but the covariance matrices of the channel noises are expressed
as functions of the covariance matrix of the system state and thus implicitly define the constraints.
The corresponding optimization problem is solved using a formulation based on Lyapunov(-like)
and Riccati(-like) equations and with a Lagrangian approach. Additionally, an algorithm for the
computation of a solution (if one exists) is provided. A major difference to the other approaches
mentioned so far is that a static feedback controller which has only access to a noisy version of
the system state is used, i.e., no state estimate is computed. Consequently, the available state in-
formation is not used optimally. The absence of the state estimation problem leads to the fact the
optimization problem considered in [84] is convex and can be solved with an approach analogous
to the one presented in Chapter 3, where the respective continuous-time formulation of the problem
has to be used. This comment also applies to [109] where the authors assume that the controller
has perfect knowledge about the system state and that the communication channel can be modeled
as an additive noise channel. Despite the fact that the variance of the channel noise is considered
as an optimization variable, the joint optimization together with the controller turns out to be a
convex problem. It is expected that this property is lost for the output feedback case, i.e., if the
choice of the channel noise has an impact on the error of the optimal state estimate.
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In Chapter 4, we considered the problem of the joint optimization of a Linear Quadratic Gaussian
(LQG) controller together with scalar transceivers, i. €., the processing of signals at the input and
the output of the dynamical system to be controlled was represented by a scaled identity matrix
(see Figure 4.1). The non-convexity of the problem was the reason for the introduction of the
monotonic optimization framework for the global minimization of the LQG cost function subject
to transmit power constraints. Due to the generality of this optimization approach, the question
arises now if it can be used to extend the simple scaling factors at the system input and output to a
larger class of transceivers. In the following, it will be shown that this can be achieved in principle,
but a straightforward generalization of the preceding results is only possible for the special case
of diagonal covariance matrices of the channel noise. For the general case, a suboptimal approach
based on the diagonalization of the covariance matrices is proposed in Section 5.2.1. Finally, the
case of additive noise with general covariance matrix in addition to linear distortions of the channel
input signal, represented by a channel matrix H (see Equation 1.2 and Figure 1.4), is discussed in
Section 5.2.2.

5.1 Communication Channels With Diagonal Noise Covariance Matrices

With the assumption that both covariance matrices of the additive noise sequences in the obser-
vation and the control channel are diagonal, the methods for the analysis and the optimization of
the power constrained control problem developed in Chapter 4 can be extended in a straightfor-
ward way to diagonal transmit and receive scaling matrices. We start with the description of the
respective model of the communication channels, transmitters and receivers.

5.1.1 System Model

The system to be controlled is, as in the previous to chapters, the discrete-time linear dynamical
system which has been introduced in Equation (1.1), with the assumption that it is time-invariant,
1. e., the system parameters are constant. For the closed loop control, additive noise communication
channels are used for the transmission of observations from the system output to the controller and
of control signals from the controller back to the input of the system (see Section 1.6 and Fig-
ures 3.1 and 4.1). Assume now that the communication channels which are used to transmit the
N,-dimensional observations and the /V,,-dimensional control signals consist of N, and [V, inde-
pendent scalar sub-channels, respectively. In this case, it is reasonable to model the corresponding
additive noise in all scalar channels as mutually independent random sequences. Due to the inde-
pendence assumption, the covariance matrices which describe the joint distribution of the scalar
noise sequences are diagonal, i.e.,

C, = diag ¢, and C

q i=1 n

= diag [c,i], (5.1)

u
=17
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respectively. Thus, the variance of the channel noise in the i-th scalar channel for the observations
and the control signal is given by ¢,; > 0,¢ € {1,2,...,N,},and ¢,,; > 0,7 € {1,2,...,N,},
respectively.!

In Chapter 4, the system model which has been used in Chapter 3 for the solution of the
LQG control problem under power constraints has been extended by scaling factors at the input
and the output of the dynamical system to be controlled. These additional degrees of freedom
allowed for a more efficient use of the available communication resources compared to the case
when the controller alone has to satisfy all control and communication requirements. Regarding the
model of independent sub-channels, represented by the diagonal noise covariance matrices shown
in Equation (5.1), it is desirable to use a different scaling factor for each of these channels. The
reason for this extension is that the quality of the channels, represented by the respective Signal to
Noise Ratios (SNRs), is not equal in general, or it may be necessary to take into account different
power constraints for different channels. Formally, this modification is represented by replacing
the scaled identity matrices at the system input and output (see Figure 4.1) by diagonal matrices,
1. e., by introducing the diagonal scaling

T = diag [t;]", , t; >0, ie{1,2,...,N,}, (5.2)
for the observation channel and
G = diag 9., g;>0,i€{1,2,...,N,}, (5.3)

for the control channel. Note that the diagonal elements of T" and G are assumed to be strictly
positive. A negative sign has no influence on the closed control loop because the optimal LQG
controller can invert the sign of the respective communication channel without changing the diago-
nal covariance matrix of the channel noise. Consequently, negative values can be excluded without
loss of generality. This is not true for the restriction to non-zero values. In Chapter 4, the value
of the scaling factors at the system input and output had to be non-zero. Otherwise the properties
of stabilizability or detectability of the resulting system would have been lost. With the different
scaling factors for the individual scalar sub-channels which are taken into account in this chapter,
some of these channels can be switched off, i. e., multiplied by zero at the channel input or output,
as long as the resulting open loop system remains stabilizable and observable. Regarding the joint
optimization of the controller and the transceivers, it is not obvious that the optimizing values of
the transmit and receive scaling factors for the individual sub-channels are non-zero because ev-
ery scalar channel introduces additional noise to the closed loop system and requires additional
transmit power. Thus, the optimal transceivers may switch off one or more scalar channels. Since
the focus of this chapter lies on the investigation of diagonal instead of scalar transceivers, we do
not consider the additional problem of how to determine the optimal subset of the available scalar
channels for the transmission of control inputs and of observations obtained at the system output.

With the restriction to strictly positive scaling factors for each sub-channel (cf. Equations 5.2
and 5.3), we obtain the system model depicted in Figure 5.1 which allows for a notation analogous
to the preceding chapter due to the invertibility of the scaling matrices 1" and G. Note that the
square root of T! and G is used in Figure 5.1. The reason for this step is analogous to the scenario
with scalar transceivers: the effective variance of the noise sequence in each scalar communication
channel is proportional to the respective diagonal element of T" and GG, which will become clear in
the following.

'The variances of all scalar sub-channels are assumed to be strictly positive. Otherwise, the optimization of the
LQG controller subject to power constraints is of no interest because any constraint can be met in this case.
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Figure 5.1: Model of the control loop which is closed over two channels with additive noise g and ny.
Both noise sequences are assumed to have diagonal covariance matrices. At the system input and output, the
diagonal receiver G'? and transmitter T~ %, respectively, is introduced.

5.1.2 Optimization Problem and Solution

The optimization problem to be solved is, as in Chapters 3 and 4, an LQG control problem with
power constraints for the observation and the control channel. The respective transmit powers
which are limited by the available communication resources are given by expressions analogous to
Equations (4.8) and (4.9), 1.e.,

[N—1
1
P = lim —E|Y «/C"T"'Cx, + v, Tlfun] and
N—oo e

1 o (5.4)
Py = lim —E uZun] :

N—oo

n=0

The values of P, and P, represent the sum of the powers of all scalar sub-channels for the trans-
mission of observations and control signals, respectively. In the following, we consider constraints
for these sum powers, but it is not a problem to take into account individual constraints for the
scalar channels in the presented framework. This can be verified for fixed values of T" and G using
the problem formulation in Equation (3.22) where the sum-power constraints are expressed by the
trace of the covariance matrices of the signals to be transmitted. Constraints for the diagonal ele-
ments of these covariance matrices (which represent the transmit powers of the individual scalar
channels) are again inequalities containing linear functions of the optimization variables which
renders the resulting optimization problem convex. The remaining minimization w.r.t. the diagonal
elements of T" and G has the monotonicity properties which are required for the application of
the monotonic optimization framework introduced in Section 4.3.3 and which will be used for the
subsequent derivations.

It has already been mentioned that we consider sum-power constraints (cf. Equation 5.4) in
the following for the sake of simplicity. The cost function to be minimized is the infinite horizon
average cost (see Appendix A6.3)

N—-1 T T Q S T
T n n
mNQNwN + ZO |:G%’an:| |:ST R:| |:G%’U,n:|

Since the input which is actually applied to the dynamical system (see Figure 5.1) is G 2 (ug + ng),
k € Ny, the LQG cost in Equation (5.5) contains the additional term tr [RG %C’nG %] due to the

1
Joo = lim —E
im

N—oo

+tr [RG%CnG%} . (5.5
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channel noise which is fed into the system. The control sequence (uy, : k € Ny) is multiplied by
G? at the system input which makes it necessary to take into account the control signal G %uk,
k € Ny, in the cost function. The problem of the joint optimization of an LQG controller and the
diagonal matrices T" and G thus reads as

Jaimize T+ 59
subject to @y, = Axy + BG%(uk + ny) + wy, k € Ny,
yr = Cxy + vy, k € N,
up = (L), k € No,
I {{<T§yo fak k=0,
{(T2yo+ qo), .-, (T 2yr + qi), w0, . . ., up—1}, Kk EN,

T = diag [tl]fvzyl > On,xnN,
G = diag ;] > On, ..,
Py < Py,
Py < Prys.

Note that the requirement of positive diagonal elements of T" and G has been expressed as positive
definiteness constraints above for notational compactness.

As in Section 4.3.4, we start the solution of optimization problem (5.6) by minimizing the
LQG cost function w.r.t. the controller alone and for fixed values of T' and G. It has already been
mentioned in Section 4.3.4 that the minimization of the Lagrangian associated with problem (5.6)
i1.e., of

L= Juw+ M (P — Prc1) + A2 (P2 — Prx2), (5.7)

w.r.t. to the controller u, k € Ny, where A\; > 0 and A\, > 0 are the Lagrange multipliers which are
associated with the constraints for P; and P, respectively, is again an LQG problem. This makes
it easy to determine the minimum of L which is given by

L*(T,G, \, ) = tr [K(C,,+ BGC,,B")|+tr [PC;|+ A tr [T"'C,] +tr [RGC,)]

(5.8)
- >\1PTX,1 - >\2PTX,27

where we used the fact that diagonal matrices commute and thus the square roots of G' can be
merged. Note that L* in Equation (5.8) is explicitly denoted as a function of 7" and G, and the dual
variables \; and \,. The matrices K and P are given by the stabilizing solution of the Discrete
Algebraic Riccati Equation (DARE)

—1
K-A"KA - (ATKBG% + SG%) (G%BTKBG% + GiRG? + )\QINU>

X (G%BTKA + G%ST> +Q+ ) NC'T'C (5.9)
— ATKA - (ATKB+S) (BTKB+ R+ )G™') " (BTKA+S")

+ Q + AlcTT_lca
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with P = ATKA — K + Q + \\CTT~'C. The covariance matrix C,; of the optimal estimate
of the system state is determined by the stabilizing solution of the DARE

1 1 1 1 1 -1 1
Cr = A(Cg _CrOtT (T*ECCgCTT*a + T*ach*qu) Tzccg) AT
+C,+BG:C,G:B" (5.10)
~A (Cg —CiC" (ccic” + ¢, +TC,) " ch) A"+ C, + BGC, B"

and reads as C; = Ct — CEC" (CCECT + C, + TC'q)f1 CC:. Due to the convexity of the
optimization problem for given values of 7" and G and with the assumption that strong duality
holds, the minimal value of the optimization problem (5.6) w.r.t. the controller alone is given by

I(T,G) = fug)L*(T, G, )\, o). (5.11)
S0

For the remaining minimization of the LQG cost function w.r.t. to the diagonal matrices 1" and
G, the branch and bound approach presented in Section 4.3.3 is applied. In order to see that the
required monotonicity is also present for the model with diagonal transceivers, note that the scaled
covariance matrices of the channel noise sequences which contribute to the Lagrangian in Equation
(5.8) and the covariance matrix in Equation (5.10) read as

TC, = diag [tic,:], and GC,, = diag [gicai ™. (5.12)

Thus, if T > T and G > G, the corresponding error covariance matrices have the property that
CY(T,G) > CX(T,Q), which follows from [100] or the results from Appendix A4. Addition-
ally, it is intuitively clear that an increased noise variance results in a larger variance of the state
estimation error in any subspace of the state space (or at least not in a smaller variance). These
arguments carry over to the covariance matrix C;.> A final application of the results provides
the relation K (T, G) < K(T,G) since K depends on the inverse of the diagonal transmit and
receive matrix, i.e, CTT 'C < CTT'C and G ' < G.

In order to apply the branch and bound approach for the minimization of / (see Equation
5.11) w.r.t. T and G, the monotonicity results mentioned above are used. Recall that this approach
sequentially partitions the set B of possible values of the optimization variables. For each subset
A of such a partition, upper and lower bounds of the optimal value of the optimization problem
under consideration are computed where the optimization variables are constrained to lie within
the subset A. The availability of such bounds then allows for a systematic search of the global
optimum within the original set B. We refer to Section 4.3.3 for a detailed description.

Assume that a set A of diagonal transmit and receive matrices is defined by

A= {(T, Q) ]I <T<T,G<G<G, T=dag[t]™ G =dig [g]j.V;l}, (5.13)

where T, T, G and G are diagonal matrices with positive diagonal elements. A lower bound for
the optimal value of the problem (5.6) when T" and G are constrained to lie in A is obtained as

2Thisr_neﬂm that by increasing the noise variance, it holds zTCi (T, @)z > zTC'i(T7 G)z forall z € RN= and
thus C; (T, G) > C;(T, G).
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follows. As a first step, note that for all pairs of transmitters and receivers within this set, a lower
bound for the Lagrangian from Equation (5.8) is given by

L(T,G, M\, X)) =tr [K(T,G) (C, + BGC,B")] + tr [P(T,G)C4(T,G))

+ A tr [T7'C, ] + tr [RGC,,] — A\ Prg1 — APy
> tr [K(T,G) (C, + BGC,B")]| + tr [P(T,G)C;(T,G)]

At [T“Cv} +tr [RGC,) — M Pret — Ao Prxo
=tr [K(T,G) (C;(T, G) — C3(T, G))]

+tr[(Q+MC'T'C) C4(T, G)]

At [T‘lcv} 4 tr[RGC,] — A\ Pret — AoPrys
>tr [K(T,G) (C3(T,G) — C4(T,G))]

bt [(Q + AlcTTlc) C, (T, Q)]

(5.14)

+ )\1 tr [Tﬁlcv} + tr [RQC’n] — >\1PTX,1 — )\2PTX72
- LZ(AM >\2)

For the derivation, the matrices K, P, C; and C’g are denoted as functions of the diagonal transmit
and receive matrices and the fact is used that P = ATKA — K + Q + \;C"T~'C. Note the
similar expressions in Equations (4.36) and (4.59) which have been derived earlier. A reformulation
of the lower bound L (A1, \o) as

L (A, \2) = tr [K(T,G) (C,, + BGC,B")| +tr [P(T,G)C;(T, G)]

S (5.15)
-+ )\1 tr [T Cv:| + tr [RQCn] - )\1PTX,1 - )\QPTX’Q
shows that it is the dual function of a power constrained LQG problem where the controller gain
(represented by the matrices K and P) is determined using T and G, whereas the estimator prob-
lem (represented by the error covariance matrices CE and C.,) is solved using T and G, i.e., by
an underestimate of the variance of channel noise sequences. The fact that the controller gain is
determined based on T and G results in the possibility to use a control signal with smaller variance
compared to the case with G since the gain at the system input is increased. Thus, the power con-
straint on the control signal is less restrictive. The application of T at the system output effectively
relaxes the power constraint for the observation channel. Together with the underestimate of the
variances of the channel noise sequences, the corresponding relaxed optimization problem leads to
the lower bound L’ shown in Equation (5.15).

With the availability of a lower bound for L*, the respective lower bound for the optimal value
of the optimization problem (5.6) for given values of T" and G within the set A (cf. Equation 5.13)
is determined analogous to Equation (4.60):

I(T7 G) =Ssup L*(T7 G7 )\17 )‘2) Z L*(Tv G7 Ala AQ) ZL*A(AM AQ) = Ssup Lj:&()\h )\2> :lA7 (516)
i M0

where it is again assumed that strong duality holds and the corresponding optimization problem

is feasible. For the case that the problem which is used for the determination of the lower bound
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is not feasible, I, as well as I(T', G) are unbounded from above. The consistency of the lower
bound, i. e., the fact that the value of the lower bound converges to the actual value of [ if the set
A collapses to a single point, is shown in Appendix A9. This property depends on the continuity
of the solutions K and C?Y of the respective DAREs w.r.t. T, G. We refer again to [104] for a
discussion of the continuity properties and note that the stabilizing solutions of the DAREs are
continuous w.r.t. T" and G if R and either C), or C have full rank.

For the application of the branch and bound approach to the determination of the global op-
timum of problem (5.6) w.r.t. T' and G, it remains to find an upper bound for the optimal value
within a given set A (see Equation 5.13). Additionally, a subdivision rule for such sets which pro-
vides an exhaustive partitioning process has to be determined as well as a method to handle the
unboundedness and positivity of the diagonal elements of 7" and G. The upper bound is simply
obtained by evaluating I at an arbitrary point from A, i.e.,

I,=1(T,G), (T, G) € A. (5.17)

The subdivision rule is chosen to be a bisection, i.e., a set A is partitioned in two smaller sets by
dividing it at the midpoint of its longest side. A partition process performed this way is exhaustive,
1.e., eventually collapses to a single point (see, e. g., [102, 103]). For the sake of simplicity, the
initial set for the search of the optimal diagonal transmit and receive matrices is chosen to be

B={(T,G)|tly, <T <ily,, gIy, <G <gly,}, (5.18)

where ¢, 7, g and g have to be selected according to the desired search interval.? Note that this choice
does not guarantee that the optimal matrices T and G are elements of B. In the following, it is
assumed that this requirement holds by choosing ¢ and g sufficiently small and 7 and g sufficiently
large. With the lower bound I , (cf. Equation 5.16), the upper bound I 4 (cf. Equation 5.17), the
selection of the initial set B (cf. Equation 5.18) and the bisection subdivision rule, Algorithm 4.2
from Section 4.3.4 can now be used for the determination of the optimal diagonal transmit and
receive matrices 7" and G within the set B.

In order to demonstrate the benefits of the joint optimization of LQG controller and scalar as
well as diagonal transceivers, the following example considers a scenario with diagonal covariance
matrices of the channel noise sequences and a power constraint which can also be fulfilled by the
LQG controller alone.

Example 5.1.1 Analogous to the examples in the preceding sections, the system and noise
parameters given in Example 3.1.1 are used, but channel noise sequences (g : k € Ny) and
(ny : k € Ny) are assumed to have uncorrelated components with the same variance as before.
Thus, their covariance matrices read as

C,=diag[1,0.5] and C, =diag[0.7,0.3],

3The positive diagonal elements of T and G' can be mapped to the interval ]0, 1| as in the preceding sections (see
Equations 4.39, 4.55 and 4.61).The boundary points 0 and 1 can also be included for the computation of the upper and
lower bounds 7 4 and I ,, respectively. These points correspond either to the case that one or more components of the
observation or the control signal are multiplied by zero (which effectively reduces the dimension of the observation or
the control channel) or to the case that one or more components of transmitted or received signals are amplified by an
unbounded scaling factor (which leads to an unbounded value of the respective upper or lower bound).
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respectively. Using these matrices, the solution of the LQG control problem without transmitters,
receivers and power constraints is computed as a reference. Taking into account a limited transmit
power, solutions are determined according to the approaches presented in Chapter 3 (no trans-
mitters and receivers but power constraints), Section 4.3.4 (scalar transceivers) and Section 5.1
(diagonal transceivers). Table 5.1 shows the results for different LQG controller optimizations.

| [LQGcost| P | P | T | G IR

no constraints 954.7 150201972 I, I, — —

no Tx/Rx 1513 | 2377 | 1585 I, I, 1.318 1.556

scalar® 895.6 | 2377|1585 | 0.8347 -1, 0.5401 - I, 3.038 10.21
diag [t1, 2] | diag|g1, g]

diagonal 71.36 | 2377|1585 | t; = 0.09930 | g; = 0.005894 | 0.02177 | 0.008706
to = 0.06334 | go = 0.1551

ideal channels 28.84 o0 00 — — — —

Table 5.1: Comparison of power constrained control approaches with and without transmitters and receivers.

The first row contains the values for the optimal LQG controller without transceiver (equiva-
lently, the transmitter and receiver is represented by the identity matrix) which does not take into
account any power constraints and closes the control loop over the communication channels with
additive noise. Without power constrains, there are also no dual variables A\; and \,. The val-
ues of the resulting transmit powers correspond to SNRs of 10log;,(tr [C,] ' P,) ~ 35.25 and
10log,o(tr [C,] " P) ~ 32.95, respectively.

For the power constrained controller optimizations, we require that the logarithmic values of
the SNRs of the observation as well as of the control channel fulfill the inequalities

101og,, (tr c,]™ P1> <32 and  10logy (tr c,] Pz) <32,

respectively, which corresponds to the upper bounds Pry; ~ 2377 and Pry 2 ~ 1585 for the re-
spective transmit powers P and P». For these values, the power constrained LQG control problem
without transmitters and receivers which has been discussed in Chapter 3 is feasible. The solution
of the resulting convex optimization problem is shown in the second row of Table 5.1. Note that the
value of the cost function is increased significantly compared to the solution of the unconstrained
LQG problem. This is not surprising since the transmit powers of both the observation and the
control channel are required to be smaller than the powers for the case without power constraints.

The third row of Table 5.1 contains the results when a simple scaling factor is introduced
at the system input and output (i. e., the transmitter and the receiver is represented by a scaled
identity matrix) and optimized jointly with the controller using the approach described in 4.3.4.
The desired relative accuracy of the minimal value of the cost function is ¢ = 1072 and the values
of the transmit and receive scaling factors are mapped to the set [0, 1]? as described in Section 4.3.4
(see Equation 4.61). The subdivision rule is a bisection in the image space of this mapping. Since
the scaling factors for T' = tI, and G = gl are both smaller than one, the impact of the channel
noise on the control performance is reduced, which results in a smaller value of the LQG cost

“Note that in Section 4.3, the transmit power constraints are multiplied by ¢ and g, respectively. For the constrained
optimization problem without this multiplication (e. g., when comparing to the case without transceivers), the Lagrange
multipliers read as v; = tA; =~ 2.536 and 12 = g2 = 5.516, respectively, see Example 4.2.1.
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function even with a smaller amount of transmit power compared to the original and unconstrained
LQG controller.

Note that the problems related to the non-convexity of the joint optimization problem which
have been encountered in the preceding sections remain for the case of diagonal noise covariance
matrices. For example, Figure 5.2 shows pairs (¢, g) of transmit and receive scaling factors which
lead to a feasible optimization problem for the given power constraints. Compared to Figure 4.5
which shows analogous results for non-diagonal covariance matrices, we observe a similar behav-
ior, especially the disjoint regions of feasible pairs. Consequently, local optimization approaches
do not guarantee to find the global optimum which requires the application of global approaches
like the presented branch and bound algorithm.

10
8 o P
. ﬁ"
o 2 1 ¢
t

Figure 5.2: Feasibility of the optimization problem (4.10) (i. e., the joint optimization of controller and scalar
transceivers) for 10log,,(tr [C,] ' Pry1) = 32 and 10log o (tr [C,,] ! Pry2) = 32 and given values of ¢
and g. A feasible pair (¢, g) is denoted by a dot.

Finally, the monotonic optimization approach is used to determine the optimal diagonal trans-
mit and receive matrices T' = diag [t1, t2] and G = diag [g1, go] With t1,%2, 91,92 > 0, i.e., the
search for the global optimum is performed in a four dimensional set. Nevertheless, Algorithm 4.2
from Section 4.3.4 can readily be applied. The initial set for the optimization is chosen according
to Equation (5.18) witht = g = 1079 and = g = 107 and the desired relative accuracy of the
result is ¢ = 2 - 1072, Note that despite the fact that it is not necessary here, each scalar optimiza-
tion variable is again mapped to the set [0, 1] as in Chapter 4 (see Equations 4.39, 4.55 and 4.61).
The subdivision using a bisection of sets selected by Algorithm 4.2 is then performed w.r.t. subsets
of [0, 1]*. With this setup, Algorithm 4.2 provides the solution shown in the fourth row of Table
5.1. Note that the value of the LQG cost is reduced by a factor of more than 12 compared to the
case with scalar transceivers and a factor of more than 21 compared to the power constrained LQG
controller without transmitter and receiver.

In order to get an impression about the control performance which could be achieved without
the noisy communication channels, the last row provides the performance of an unconstrained
LQG controller where it is allowed to use an infinitely large amount of transmit power for the
transmission of observations and control signals or, equivalently, where no channel noise is present.
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5.1.3 Impact of the Channel Assignment

Until now, the assignment of individual components of the input and output signals of the dynam-
ical system to be controlled to the components of the communication channels, i.e., the scalar
sub-channels, has been considered to be given and fixed. However, this assignment is only arbi-
trary and has no impact on the performance of the closed loop system if the variances of the noise
sequences in all sub-channels are identical. Otherwise, the response of the dynamical system to
the noise which is fed in at the system input, i. e., the channel noise of the control channel, and the
impact of the noise in the observation channel on the state estimation error is generally different for
each permutation of the available scalar sub-channels and the associated variances of the channel
noise sequences.

Since the dynamical system to be controlled and the communication channels which are used
for the information exchange between the system and the controller are distinct (physical or techni-
cal) entities, it is a degree of freedom for the system designer to decide which scalar component of
the system output or the control signal is transmitted over which scalar sub-channel. This assign-
ment of inputs and outputs of the dynamical system to inputs and outputs of the communication
channels is formally described by a permutation matrix

K
F=> eel" e {01}, (5.19)
k=1

where K is either equal to the dimension N, of the system output or to [V, i.e., the dimen-
sion of the system input. The permutation is determined by the numbers i, € {1,2,..., K} for
ke {1,2,..., K} with the property that 7, € {1,2,..., K} \ {i1,4,...,7_1}. In the following
we assume that different permutations can be chosen at the system input and output, which results
in the following modification of the state and observation equation of the dynamical system to be
controlled:

Ty = Axy + BFQG% (u + i) + wy,

(5.20)
yr = F (Cxy + vy)

for k € Ny, and where F; € {0,1}*M and F;, € {0,1}"+*Nu are permutation matrices (cf.
Equation 5.19). Compared to the system model described in Section 5.1.1, we obtain the same
scenario by replacing the system input matrix B with BFj, the system output matrix C with
F,C and the covariance matrix C, with FleFlT . Additionally, due to the permutation of the
system input, the weighting matrices R and S for the control signal in the LQG cost function (cf.
Equation 5.5) have to be replaced with FQTRFQ and SF5, respectively. Thus, for fixed channel
assignments, given by F and F5, the optimal scalar or diagonal transceivers can be determined
using the approach presented in Section 5.1.2.

In order to demonstrate the effect of changing the assignment of system inputs and outputs to
the scalar sub-channels, Example 5.1.1 is revisited. In the following we will see that the compari-
son of the results presented there using no, scalar and diagonal transceivers should be interpreted
carefully.

Example 5.1.2 The diagonal covariance matrices of the noise sequences in the observa-
tion and the control channel, i.e., C, = diag[1,0.5] and C,, = diag[0.7,0.3], and the asso-
ciated power constraints, i.e., transmit powers P, and P, which are limited according to
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101log,o(tr [C,] - Pp) <32 and 101log, (tr c,]! P,) < 32, from Example 5.1.1 are used for
the solution of the optimization problem (5.6).° Since a permutation of the scalar components of
the system input and output is taken into account, the state and observation equation for the con-
straints of problem (5.6) have to be replaced with Equation (5.20). Additionally, the weighting
matrices @, R and S of the LQG cost function (see Equation 5.5) have to be replaced with Q,
1. €., no replacement, F2T RF, and SF5, respectively. The values of ), R and S are provided by
Example 3.1.1.

Since the dimensions of the input and the output signals of the dynamical system are
N, = N, = 2, there exist only two permutations for the scalar components of these signals, i.e.,

F, e {L, I}, (5.21)

fori € {1, 2}, where the non-identity permutation matrix is given by

IT = {1 1} . (5.22)

Table 5.2 shows the resulting values of the LQG cost and the associated transmit powers for the
observation and the control channel using different permutations of the input and output signals of
the dynamical system. Additionally, the values of the optimizing scalar and diagonal transmitters
and receivers are provided. For the sake completeness, results which have already been presented
in Table 5.1, i.e., for F| = F, = I, are also shown in Table 5.2.

Note that the different channel assignments have a significant impact on the value of the cost
function as well as on the transmit powers for the unconstrained, standard LQG controller without
any transceiver (i.e., with T' = G = 1), which are shown in the first row of Table 5.2. The
qualitative results for this scenario carry over to the case when the transmit power constraints are
included in the controller optimization, provided in the second row of Table 5.2. Since at least one
power constraint is violated by the LQG controller for the unconstrained case irrespective of the
channel assignment, the value of the cost function increases if it is required that both constraints
are satisfied. Interestingly, the power constrained controller optimization becomes infeasible if
the assignment for the observation channel is switched, i.e., if F; = II and F;, = I,. On the
other hand, the power constraint for the control channel is inactive if only the assignment for the
control channel is switched or if both F} and F), are equal to II. As in Chapter 3, we observe
that the introduction of power constraints without the degrees of freedom which are offered by
transmitters and receivers at the output and the input of the dynamical system to be controlled lead
to unsatisfactory results.

The third row of Table 5.2 shows the optimal values of the LQG cost function, the associated
transmit powers and the optimizing values of the scalar transceivers which are obtained using the
approach presented in Chapter 4. For the determination of these results, Algorithm 4.2 has been
applied with a relative desired accuracy of ¢ = 1072. The search interval for the transmit and
receive scaling factors ¢ and ¢ has been set to [1071°, 107] and mapped into the interval [0, 1] (see
Section 4.3.4). The subdivision rule is again a bisection of sets in the image space of this mapping
(cf. Equation 4.61). For the obtained results, all transmit power constraints hold with equality
for each possible channel assignment, but the value of the cost function varies significantly, i.e.,

>The constraints for the SNRs of the individual communication channels translate to the power constraints
P, <2377 and P, < 1585, where the numerical values are rounded to four significant digits.
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H FleQIIQ ‘Flzﬂ,FQIIQ‘Flzlz,FQIH‘ FleQIH‘

LQG cost 954.7 1032 622.0 675.7
no constraints P 5020 5407 3247 3505
P 1972 2149 1317 1441
LQG cost 1513 o0 656.2 736.9
no Tx/Rx P, 2377 — 2377 2377
P 1585 — 1337 1459
LQG cost 895.6 2659 131.2 173.2
P 2377 2377 2377 2377
scalar I 1585 1585 1585 1585
T 0.8347 - I, 4.802 - I 0.1216 - I, 0.1454 - I,
G 0.5401 - I, 0.06583 - I 0.09930 - I, 0.1281 -1,
LQG cost 71.36 70.47 72.89 72.05
P 2377 2377 2377 2377
P 1585 1585 1585 1585
diagonal T t1=0.09930 | t;=0.04597 t1=0.09871 t1=0.04543
t2=0.06334 t5=0.1416 t5=0.06334 t5=0.1416
G g1=0.005894 | g, =0.005894 g1=0.1082 g1=0.1088
go=0.1551 go=0.1532 g2=0.009364 | go=0.009116

Table 5.2: Impact of different assignments of system inputs and outputs to scalar sub-channels on the LQG
cost function and the transmit powers of the observation and control channel.

the maximal cost of 2659 is more than 20 times larger than the minimal value of 131.2 which is
obtained for | = I, and F;, = I1I.

Finally, the last row of Table 5.2 contains the results of the power constrained LQG problem
where the optimal diagonal transmit and receive matrices T' = diag [t;, t2] and G = diag [g1, go]
are applied. Due to the slower convergence compared to the scalar case (recall that 4 instead of 2
parameters have to be optimized), the relative desired accuracy is now chosen to be ¢ = 2 - 1072
and the search interval for each scalar optimization variable is again [1071°, 107], together with the
mapping to [0, 1] and the bisection subdivision rule. As expected, the value of the cost function can
be further decreased while the power constraints hold with equality.

In contrast to Example 5.1.1 which presented only the results of the first column of Table
5.2 above, the gains which can be achieved by the optimization of diagonal instead of scalar
transceivers are less impressive. Comparing the best performance of each approach which takes
into account the power constraints, the LQG cost without transceivers can be reduced by a fac-
tor of approximately 9.3 and the cost using scalar transceivers by a factor of approximately 1.8 if
the optimal diagonal transmitters and receivers are applied. Nevertheless, for the optimal diagonal
transceivers, a remarkable observation is that the minimal value of the cost function differs from
the maximal one by less that 4%. This suggests that the diagonal transceivers are better suited for
scalar sub-channels with unequal noise variances. It is however important to remember that not
only the channel noise variances determine the behavior of the closed loop system but also the
parameters of the dynamical system to be controlled. Consequently, it is not clear if the results
presented using one specific example can be generalized to other scenarios.
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The example above demonstrates that if more than one scalar sub-channel is available for
the transmission of observations and control signals, respectively, in the closed control loop, it
becomes important how the components of input and output signals of the dynamical system to
be controlled are assigned to the available scalar sub-channels of the control and the observation
channel, respectively.® The following example demonstrates that the optimal assignment does not
only depend on the properties of the dynamical system and the communication channels but also
on the operating point, i. e., the values of the available transmit powers Pry ; and Pry ».

Example 5.1.3 The same scenario as in Example 5.1.2 is considered here, i.e., the dynamical
system to be controlled and the communication channels are described by the same parameters. In
the following, we solve the problem of minimizing the weighted sum pP; + (1—p) Ps, p € [0, 1], of
the transmit powers P; and P, (cf. Equation 5.4) w.r.t. the LQG controller and scalar transceivers,
i.e., using T' = tI, and G = gI,. This problem has already been investigated in Section 4.3.3.1.
At this point, the goal is to demonstrate the impact of the channel assignment which is represented
by the permutation matrices F and F;, (see Equations 5.20, 5.21, 5.22) on the resulting Pareto
optimal transmit powers. For the computation of these powers, optimization problem (4.30) is
solved for 1000 values of the weighting parameter p, where p = (1 + 6)~! and the values of 6 are
logarithmically spaced in the interval [1071%, 101°] (see Example 4.3.3).

Figure 5.3 shows the resulting Pareto optimal values of the SNRs ¢ = tr [C] ' P and
@y = tr[C,] " P, for different choices of the permutation matrices F; € {I, IT}, i € {1,2} (see
Equation 5.21 and 5.22). For their computation, Algorithm 4.1 is initialized with the set B = [0, 1],
where the optimization variable o« € R, is mapped to this set by the function given in Equation
(4.39). For more details we refer to Section 4.3.3. The desired relative accuracy for the result of
the optimization is chosen to be ¢ = 1073,

It can be observed that the assignment of inputs and outputs of the dynamical system to the
available scalar sub-channels has a clear impact on the set of feasible transmit powers or SNRs,
respectively, which is bounded by the Pareto optimal values. Especially for large values of o,
the associated minimal value of (; can be reduced significantly. Note that this is not true if the
roles of (¢ and 5 are changed. In this case the channel assignment has a much smaller impact on
the set of feasible SNRs. Another important observation is that there is no unique optimal channel
assignment in the sense that the set of feasible SNRs is maximized. For example, over a large range
of SNRs the choice F, = F;, = IT (solid line) seems to be the best channel assignment. However,
in a neighborhood of 101log;,(¢1) = 50, there exist pairs of SNRs which are only feasible for
F, =1, and F;, = II (dash-dotted line).

Finally, recall the results presented in Table 5.2, i. e., the solutions of an LQG control problem
with the constraints 10log,,(1) < 32 and 10log,,(p2) < 32. Despite the fact that this operating
point has the largest distance to the Pareto optimal SNRs which are obtained using the channel
assignment F} = F, = II, the optimal value of the cost function is achieved with F} = I, and
F, = I1I. It can be seen that the optimal channel assignments which have been found for a certain
design criterion do not necessarily carry over to optimization problems using a different criterion.

6At this point it becomes obvious that the concentration on diagonal transmitters and receivers is restrictive and
that is in general possible to obtain better results for general transmit and receive filter matrices. Unfortunately, the
monotonicity properties which have been used so far for the joint optimization of controller and transceivers are not
present in the latter case.
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Figure 5.3: Pareto optimal values of SNRs ¢; of the observation channel and (9 of the control channel ob-
tained by the minimization of the weighted sum power pP; 4 (1 — p) P, p € [0, 1], using scalar transceivers.

The goal of this section is to demonstrate that the problem of the assignment of inputs and
outputs of the dynamical system to be controlled to the available scalar sub-channels of the control
and observation channel can not be neglected. Unfortunately, we are not able to provide a sys-
tematic approach to the determination of the optimal assignment. Consequently, the two examples
which are shown in this section provide results where different assignments are simply fixed and
the corresponding optimization problems are solved using the approaches presented in the preced-
ing chapters and sections. Note further that the consideration of transmitters and receivers which
consist of diagonal and permutation matrices is restrictive and it would be desirable to determine
general optimal transceivers, i. e., matrices without structural constraints. However, a suitable ap-
proach to this problem is still missing.

5.2 Generalizations

The channel model with diagonal noise covariance matrices which has been introduced in Section
5.1.1 to describe a scenario with parallel and independent communication channels allowed for an
extension of simple scaling factors at the input and output of these channels to the class of diagonal
transmitters and receivers. Thus, the approach for the joint optimization of the LQG controller and
the diagonal transceivers can be used for any communication system which is able to provide a set
of independent scalar channels with mutually independent channel noise sequences. However, for
the system model at hand, it is possible to consider some specific generalizations of the diagonal
scenario investigated in Section 5.1.

5.2.1 Communication Channels With General Noise Covariance Matrices

In the following, an approach is proposed which reduces the case of communication channels with
non-diagonal channel noise covariance matrices to the scenario presented in Section 5.1. In this
context, it is not possible to optimize diagonal transceiver matrices based on the monotonicity
properties of the associated optimization problem because these properties which are required by
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the branch and bound approach in the preceding sections are not present any more. The reason for
this behavior can be found, e. g., in the DARE for the determination of the covariance matrix of
the prediction (and estimation) error of the system state shown in Equation (5.10). If C,, and C,,
are not diagonal, this equation becomes

1 1 -1 1 1
ngA(Cg—CgCT (00§CT+Cv+TvaT§> ch) AT C, +BGiC,G}B". (523)

N

For the diagonal matrices 1" and G, it is generally not true that, e. g., for T>>T 3 , it follows that

1 1
°Cc,T*>T %C’qT 2. A simple example illustrates this fact.

Example 5.2.1 Let D = diag [dx];_, be a diagonal matrix with d,,d, €10, 1] and

X — 105 =951 1 11 111 I
=95 105 2|1 -1 200 |1 —1] /2
be a positive definite matrix with the corresponding eigenvalue decomposition. Without loss of

gnerility, we considei the definiteness of the matrix X — DX D in order to investigate if
DXD > DXD for D > D. With the specific choice of

~ [0.75 ind N
0.25 = |1]>

D =
we observe that
¢" (X - DXD)q =1,

which shows that X »? DX D. In fact, the matrix X — DX D is indefinite.

Since the partial ordering the of diagonal transmit and receive matrices 7" and G does not
carry over to the diagonally scaled noise covariance matrices, i.e., T%CqT% and G %CnG 2, the
monotonicity results from [100] can not be used to determine the bounds which are required by
the monotonic optimization approach introduced earlier. Actually, it is not difficult to construct
examples where the solutions of the corresponding DARESs do not inherit the partial ordering of T’
and G. As aresult, it is not clear how to jointly optimize an LQG controller together with diagonal
transceivers and non-diagonal noise covariance matrices.

Having noticed that the applicability of the monotonic optimization approach is prevented by
the fact that the covariance matrices of the channel noise sequences are not diagonal, and motivated
by the results from, e. g., [110-112], we propose a heuristic design approach. Consider the system
model shown in Figure 5.4 where it is not assumed that the covariance matrices of the channel noise
sequences (qx : k € Ny) and (ny, : k € Ny) are diagonal. For this case, it is proposed to chose a
transmit and receive matrix, respectively, with the special structure

T=UT"> ad G=GU., (5.24)

respectively, where the orthonormal matrices U, and U, are given by the eigenvalue decomposi-
tions of the noise covariance matrices

C,=U,AU; and C,=U,AU,, (5.25)
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Figure 5.4: Model of the control loop which is closed over two channels with additive noise gy, and n;. At
the system input and output, the receiver G and transmitter T, respectively, is introduced.

with the diagonal matrices of eigenvalues A, and A,,. At this point, it is important to note that
the eigenvalue decompositions are not unique, €. g., it is possible to introduce a permutation of the
eigenvalues which are contained in A, and A,, and the associated eigenvectors, i. e., the columns
of U, and U,,. This permutation corresponds to the problem of the channel assignment discussed
in Section 5.1.3.

Analogous to Section 5.1, T and G are diagonal matrices with positive diagonal elements, i. e.,

T = diag [t;]%, and G =diag[g]", (5.26)
with £; > 0 and g; > 0. Due to the invertibility of the transmitter and receiver matrices, the joint

optimization problem of LQG controller and transceiver is almost identical to problem (5.6) and
reads as (see also Equations 5.4 and 5.5)

N-1 T
L IS B

— [RéCnéT] (5.27)

C . ) 1
minimize lim —E
T ,G,uo, 01,142 N—ooo [N

subject to @y, = Az + Bé'(uk + ny) + wy, k € Ny,
yr = Cxy, + vy, k € Ny,
w, = pup(Zy), k € Ny,

Iy =

{(Ty0+q0)}7 k= 07
{(Ty0+QO)>---a(Tyk+Qk),uoa---,uk—1}, kENv

UIT = T% = (diag [ti]ﬁ\iyl> > Oy,

GU, = G> (diag [gi]]-\fﬁ)E > 0N, <N,

lim — E Z wZCTTTTC:cn + UETTT'vn < Prg1,
N—oo
L n=0
N—1
lim — E uru, | < Preo
N—oo 0
Ln=

Paralleling the derivations in Section 5.1, we observe that for given matrices T and G the mini-
mization of the Lagrangian associated with the problem above (where only the power constraints
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are dualized) w.r.t. the controller is an LQG problem and has the optimal value (cf. Equation 5.8)

L' (TG, A, %) = tr [K (C,, + BGC,GBY) | + tr [PCy] + A tr [TC,T7]
+ tr [RGCHGT] — M Proi — AoPrys .

=tr [K (C, + BGA,B")| + tr [PC;] + M\ tr [T'C,]
+tr [RGA,] — M\ Pry1 — Ao Pry2,

where the fact has been used that GC,,G™ = G:UC, U,G? = GA,, and that tr [TC,T"] =
tr [U,T~2C,T2U}] = tr [T~'C,]. Applying analogous identities, the matrices K, P and C;
are determined by the DARE:s (see Equations 5.9 and 5.10)

K—ATKA— (ATKB + S) (BTKB + R+ )\QG_l)il (BTKA + ST) (5.29)
+Q+MCTTC, |

where P = ATKA - K +Q+ \C'T~'C, and
c’- A (C; ~ CECT (CCEC™ + C, +TA,) " ch) AT+ C, + BGA, B, (5.30)

which results in C, = CY — CECT (CC;’CT—l—Cv%—TAq)*lCCg. Comparing Equations (5.8),
(5.9) and (5.10) from Section 5.1 with Equations (5.28), (5.29) and (5.30) and recalling that T" and
G are diagonal matrices with positive diagonal elements, it becomes clear that problem of finding
the optimal values of T" and G is identical to the problem considered in Section 5.1.

Remark: The basic idea for the specific choice of T and G in Equation (5.24) is to apply an
orthonormal matrix to the transmit an received signal, respectively, which diagonalizes the covari-
ance matrix of channel noise. The orthonormality ensures that the (sum) power of the transmit
signals is not increased and that there is no amplification of the (sum) power of the channel noise
at the receivers. The monotonic optimization framework can then be used to determine the optimal
diagonal scaling matrices T" and GG. Unfortunately, with the introduction of the orthonormal matri-
ces for the joint optimization of the controller, the transmitter and the receiver, it is not possible any
more to consider individual power constraints for the different scalar components of the transmit-
ted vectors of observations and control signals. The reason is that even though these orthonormal
transformations diagonalize the covariance matrices of the channel noise, this is not true for the
summands in the DARE for the determination of the matrix K which are introduced by the con-
sideration of individual power constraints. Only for the sum power constraints considered in the
optimization problem (5.27), the special choice of T' and G shown in Equation (5.24) preserves
the monotonicity properties which are required by the global optimization approach.

The following example demonstrates that the proposed heuristic for the joint optimization of con-
troller, transmitter and receiver has the potential to reduce the LQG cost function for the general
case of non-diagonal covariance matrices of the channel noise. The reduction is in the same order
of magnitude as it could be observed for the diagonal case in Example 5.1.1, but the impact of the
channel assignment (cf. Section 5.1.2) is even more severe as in Example 5.1.2.
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Example 5.2.2 Using the system and noise parameters from Example 3.1.1 (i. e., the covariance
matrices of the channel noise sequences are not diagonal), solutions of the LQG control problem
with different transceiver configurations are compared. Table 5.3 shows the corresponding results.
The first row contains the values of the LQG cost function and the transmit powers of the observa-
tion and the control channel when no transmitter and receiver is used and the control loop is closed
over the additive noise communication channels.

Example 5.1.2 demonstrated that a permutation of the scalar components of the input and
output signals of the dynamical system to be controlled may have a significant impact on the
performance of the closed loop control system (see Equation 5.20 for the corresponding modifi-
cation of the system model using the permutation matrices F; and F5). Despite the fact that we
do not assume here that the covariance matrices of the channel noise sequences (g, : k € Ny) and
(ny, : k € Np) are diagonal, such a permutation is of course still possible. The second row of Table
5.3 thus shows the results for the optimal channel assignment which are obtained using F; = I
and F, = II (we refer again to Equations 5.20, 5.21 and 5.22 for a definition of these matrices).

‘ HLQGCOSt‘ P1 ‘ P2 ‘ T ‘ G ‘ )\1 ‘ )\2 ‘
no constraints 800.5 4189 1661 I, I, — —
no constraints |13 6 | 5196 | 886.1 I, I, _ _
(opt. assign.)
no Tx/Rx 00 — — I, I, — —
no Tx/Rx
: 415.4 | 1932890.8 I, I, 0.01981| 0
(opt. assign.)
scalar’ 2580 | 1932 1288 | 2.426 - 1, 2.006 -1, 9.402 | 23.92
scalar 1155 [1932] 1288 | 0.1228 -1, 0.1185 -1, | 0.4974 | 0.3243

(opt. assign.)

T =diag [t1, t2] | G =diag [g1, g
diagonal 8477 1932|1288 | 4 —(.1824 | 91 =0.02811 |0.03812]0.01805
ty = 0.05785 | 92 = 0.1155

diagonal 11 = 0.1852 g1 = 0.4066
(opt. assign.) 79.33 11932 1288 ty = 0.06004 | gy = 0.005894 0.03326 | 0.01058
ideal channels 28.84 00 00 — — — _

Table 5.3: Comparison of power constrained control approaches with and without transmitters and receivers.

The next step is the addition of the power, or precisely SNR, constraints

101og;, (tr c,]™ P1> <311  and  10logy, (tr c,] " P2> <311

to the problem of minimizing the LQG cost function. These constraints correspond to a limitation
of the transmit powers to approximately P, < 1932 and P, < 1288, respectively. The addition of
these constraints leads to an infeasible optimization problem when the degrees of freedom which
are provided by a transmitter and receiver are missing and the communication channels are used

"In order to compare the values of the Lagrange multipliers, the scaled values v; = t\; ~ 22.81 and
Vo = gho & 47.99 have to be considered.
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as they are, i.e., with F| = F, = I,. The corresponding value of the cost function is denoted as
oo in the third row of Table 5.3. With the optimal channel assignment, represented by F; = I, and
F, = 11, the problem becomes feasible (see fourth row of Table 5.3), where the constraint for the
transmit power P, remains inactive.

With the introduction of scaling factors at the input and the output of the dynamical system to
be controlled, the power constrained joint optimization problem of the LQG controller and these
scaling factors becomes feasible for F} = F, = I, and is solved using the approach presented in
Section 4.3.4. The relative accuracy for the branch and bound algorithm is chosen to be ¢ = 1072,
The set for the search of the optimal scaling factors is [10719 107]?, which is again mapped to
[0, 1]? to obtain the initial set B of Algorithm 4.2 (see Equation 4.61) and the bisection subdivision
rule is applied. Note that with the optimal channel assignment using F; = I, and F;, = II, we
observe a tremendous decrease of the LQG cost, which demonstrates that care must be taken for
the assignment of the communication channels if scalar transceivers are applied to a system with
multiple inputs and outputs.

Finally, with a relative accuracy of ¢ = 2 - 1072, the transmit and receive matrices based on
the diagonalization of the noise covariance matrices and diagonal transmitters and receivers 1’
and G (see Equation 5.24) are optimized. The initial set B for the branch and bound algorithm is
obtained by mapping [1071%, 10°]* to a subset of [0, 1]* analogous to Equations (4.39), (4.55) and
(4.61), i.e., the minimal and maximal values for the search of the optimizing diagonal elements
of T and G have been chosen to be 1071% and 10°. The eigenvalue decomposition of C,and C,,

which is computed for the actual transmitters 7" and G provides the diagonalized noise covariance
matrices

A, ~ diag [0.4807,1.019) and A, ~ diag[0.05279,0.9472], (5.31)

respectively. Note that the ascending order of the eigenvalues is chosen, but due to the non-
uniqueness of the decomposition w.r.t. a permutation of the eigenvalues, a different order is possi-
ble. This degree of freedom is analogous to the channel assignment discussed in Section 5.1.3 for
the case of diagonal covariance matrices of the channel noise sequences. Unfortunately, we are not
able to provide a satisfactory answer to the question which permutation is optimal. Nevertheless,
the ascending order is chosen arbitrarily at this point since we observed a relatively small depen-
dence of the value of the LQG cost function on the channel assignment in Example 5.1.2, at least
for the case of diagonal transceivers.

The seventh and eighth row of Table 5.3 provide a picture analogous to the results of Example
5.1.2: the LQG cost which can be achieved using scalar transceivers can be further decreased if
diagonal transmit and receive matrices are applied, but the gain is moderate if the optimal channel
assignments are used. Additionally, changing the order of the eigenvalues has a minor impact on the
optimal value of the cost function which suggests that the diagonal transceivers have the potential
to balance an unequal distribution of the eigenvalues of the noise covariance matrices even without
the optimal choice of their order. Note that the optimal permutation of the eigenvalues is given
by the matrices F; = I, and F, = I, i.e., A, is given by Equation (5.31) whereas the order of
the eigenvalues in A,, is reversed, and that the associated cost of 79.33 is only determined with a
relative accuracy of approximately 4.1 - 10~ which is obtained after 500000 iterations.

The last row shows the value of the LQG cost function which can be achieved if an infinitely
large amount of transmit power is available or, equivalently, no channel noise is present.
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As a final remark concerning the branch and bound approach for the determination of the
optimal transmitters and receivers together with the optimal controller, note that a good solution
candidate, represented by the upper bound which is determined by the monotonic optimization
algorithm, can often be found relatively fast. Nevertheless, the certificate that it is actually a good
solution, which is provided by the lower bound, needs a lot of computations, i.e., iterations of
the algorithm. The following example illustrates this fact for the optimization of T" and G from
Example 5.2.2.

Example 5.2.3 In order to demonstrate the behavior of the monotonic optimization approach
given by Algorithm 4.2, we revisit Example 5.2.2 and the problem of finding the optimal values
of T' and G for the transmitter and receiver proposed in Equation (5.24). The solution presented
there resulted in the value 84.77 of the LQG cost function.

Figure 5.5 shows the evolution of the minimal value T of the upper bound (the cost function
which is evaluated at specific values of T' and ) and the minimal value [* of the lower bound (the
solution of a relaxed optimization problem) with an increasing number of iterations of Algorithm
4.2. Note that the optimization is performed w.r.t. a four-dimensional set in this case. The set for
the search of the optimizing matrices 1" and G is chosen according to Equation (5.18). The values
of t and g and those of ¢ and g are 10~'% and 10°, respectively. The initial set B of Algorithm 4.2 is
obtained by mapping this set to a subset of [0, 1]* analogous to Equations (4.39), (4.55) and (4.61).2
One iteration corresponds to a bisection of the (mapped) set which provides the smallest value I*
of all currently available lower bounds, and the determination of the upper and lower bound for the
cost function in the so obtained sets.
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Figure 5.5: Smallest upper bound T" and lower bound I* over the number of iterations of Algorithm 4.2.

It can be observed that the value of the smallest upper bound T decreases relatively fast and
provides a feasible result for controller, transmitter and receiver with a corresponding cost below
100 after 44 iterations and with a cost below 90 after 219 iterations.” Nevertheless, the confirmation
that this is actually an acceptable value, which is given by the smallest lower bound *, needs a
significantly larger amount of iterations. The desired relative accuracy of ¢ = 2 - 1072 and the

8 Again, this mapping is not necessary at this point but is performed in order to be consistent with preceding
examples.

°0On a 2.2 GHz AMD Opteron CPU, 219 iterations can be executed in approximately one minute of CPU time
using a Matlab implementation of the branch and bound algorithm.
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associated value 84.77 of the LQG cost function is attained after 130650 iterations.'? This number
corresponds in the worst case'! to 391950 evaluations of the optimization problem (5.27). Note
that this number is equivalent to approximately 25 sampling points in each dimension (i.e., for
t1, t2, g1 and go) which are distributed over a search interval spanning 15 orders of magnitude.
Since it is not obvious where these points should be placed by an approach which only samples
the diagonal elements of 7" and G and does not use the information provided by the branch and
bound approach, it is expected that the resulting solution will be generally worse compared to the
monotonic optimization approach with the same computational complexity.

5.2.2 Communication Channels With Linear Distortions

For the second generalization of the optimization approach presented in Section 5.1, we take into
account the general model of the communication channel which is described in Section 1.6 (see
Equation 1.2 and Figure 1.4). Thus, besides non-diagonal covariance matrices of the channel noise
sequences, linear distortions of the signals which are transmitted over the observation and the
control channel are considered. These distortions are represented by the channel matrices H; and
H,, respectively, where the dimension of these matrices is discussed below. Figure 5.6 depicts the
model of the closed loop control system which extends the model used in Section 5.2.1 (see Figure
5.4) by the channel matrices.

Wi, Uk
“ B Ticﬁgﬁf

H,

Hy %@ qs
[ Controller ju,

Uy,

ng

BSPN
o~

Figure 5.6: Model of the control loop which is closed over two channels with additive noise g and 7.
At the system input and output, the receiver G and transmitter 7", respectively, is introduced. Besides the
additive noise, the channels lead to linear distortions, represented by H; and Hs.

All model assumptions which have been made in the preceding chapters, e. g., the independence
of all noise sequences or constant parameters of the dynamical system, are used in the following
and thus not restated at this point. Note that the channel matrices H; and H, are also assumed to
be constant. Consequently, they fit into the LQG control framework which has been applied so far.
Thus, the information at time index k& which is available for the computation of control signals wuy,

reads as B
H,T k=0
T, = {( 1~y0+q0>}7 ) ; (5.32)
{(H\Tyo + qo), ..., H\'Tyr + q), uo, ... ,up—1}, k€N,

10The final value of the cost function is actually found after 46901 iterations, but the refinement of the lower bound
for the optimal value needs the larger number of iterations.

1 Assume that no subset can be excluded from the search. Then, due to the bisection in every iteration, it is necessary
to compute one upper bound (the other one can be taken from the original, unpartitioned set) and two lower bounds
for each of the two new sets. For the computation of each bound, the optimization problem (5.27) is solved one time.
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and the actual input signal for the dynamical system to be controlled as
iy, = G (Hyuy, + ny,) . (5.33)

The goal is now to jointly optimize the controller, i.e., the mapping from the information Z
to the control signal uy, k& € Ny, together with the transmit matrix T and the receive matrix G.
It has been mentioned earlier that this problem is hard to solve in general, but that the restriction
to diagonal transmit and receive matrices allows for a systematic approach for channels without
distortions, i.e., for H; = Iy, and H, = I,, and diagonal channel noise covariance matrices. For
non-diagonal covariance matrices, we proposed an approach in Section 5.2.1 which is based on the
diagonalization of these matrices and thus reduces the more general case to the diagonal one. The
same idea will be applied in the following, where we derive the necessary transformations at the
transmitter and the receiver based on the solution of the optimal control problem for fixed matrices
T and G.

For the sake of simplicity, we assume in the following that H; has more rows than columns,
i.e., is tall, and that H5 has more columns than rows, i.e., is a wide matrix. This simplifies the
subsequent derivations and is motivated by a scenario where the largest amount of computational
complexity is represented by the controller and where the transmitter and receiver perform only
memoryless linear operations. Thus, it is justified to assume that a larger dimension of the channel
input and output signals can be handled at the controller and not at the input and the output of the
dynamical system. Finally, we make the assumption that H; has full column rank, H> has full
row rank, and that the number of columns of H; is N, whereas H5 has N, rows in order to be
compatible with the dimensions of the dynamical system.

With the introduction of the channel matrices H; and Hs, the control problem (5.27) presented
in Section 5.2.1 becomes

T
e i B [wNQNWZ it |8 R)|Ga, )| [REC.CT] 630
subject to xpy, = Axy + BG(HQ'u,/LC + 1) + wy, k € Ny,
yr = Cxy + vy, k € Ny,
w, = (i), k € N,
7, = {{(Hl'liyo +qo)}, i k=0,
{(HiTyo+ qo), ..., H\Tyr + qx), uo, ..., up_1}, k€N,

N
I

VoT -5, T = dlag[ ]Z | >0Nnyy,

[N—1

: 1 T A~TAT TAT
Jim = E Zomnc T'TCx, + v T "Tv, | < P,
[N—1
lim — E ul nUn | < Prgo.
N—oo s

Note that the channel matrix H is included in the cost function of problem (5.34) since it affects
the actual input signal of the dynamical system. Additionally, the state equation and the expression
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for the information Z; which is available to the controller at time index & € Ny are modified
according to Equations (5.33) and (5.32), respectively. Finally, the transmit matrix 7" and receive
matrix G’ are chosen to have the special structure

T = VT3 and G =G:Vg, (5.35)

respectively, where T" and G are diagonal matrices with positive diagonal elements as in Equation
(5.26). This choice is analogous to the transmitter and receiver given by Equation (5.24). However,
the matrices V and Vi are not determined by the eigenvalue decompositions of the covariance
matrices C, and C,, alone as in Section 5.2.1. In the following, we propose a specific choice which
effectively reduces the general channel model considered in this section to the one of Section 5.1.

For fixed transmit and receive matrices T and é, 1. e., without the optimization of the LQG
cost function w.r.t. the associated diagonal matrices T and G, the solution of optimization problem
(5.34) can be determined as in the preceding sections. More precisely, the dual function of the
problem (5.34) which has to be maximized w.r.t. the dual variables A\; > 0 and Ay > 0 reads as
(cf. Equation 5.28)

L' (T, G\, %) = tr | K (C,, + BGC,G'B" )| + 1 [PC,] + A tr [ TC,T7]
. (5.36)
+tr [RGC,G"| = M Prt — AP

As before, \; and A, are the dual variables associated with the power constraints P; < Pry; and
P, < Pry 2, respectively. In contrast to Section 5.2.1, the DAREs for the determination of K and
C? are now given by'?

K = ATKA - (A"KBGH, + SGH, ) (HG" (B'KB + R) GH, + A1y, ) -

X (HQT G'BTKA + HY (;TST) +Q+MCTTTTC,
(5.37)

where Ny > N, is the number of columns of Hy € RV«*Nu and

i ) B -1
CP — A(Cg _ CPCT'TTHT (HIT (ccict+c,) TTH1T+Cq> HlTCCmE) AY (5.38)

+C, +BGC,G"B".

Analogously, the matrix P which depends on the solution of Equation (5.37) reads as
P=ATKA - K+ Q+ )\CTTTTC, whereas the covariance matrix C, of the state estima-
tion error is given by C; = Ct—CEXCTTTHY (H,T (CCLC™ +C,) TTHF—I—C’q)AHlTCCg.

For the determination of the matrices Vr and Vi (see Equation 5.35) such that the general sce-
nario described above is reduced to the diagonal case discussed in Section 5.1, Equations (5.37)

I2Note that we assumed that H is a wide matrix. Thus, the inverse in Equation (5.37) exists only for Ay > 0, i.e.,
if the transmit power constraint of the control channel is active. This case can be assumed without loss of generality
because otherwise the solution K (and consequently P) would not depend on G. In this case the value of the LQG
cost function would be minimized for vanishing values of G, i.e., by eliminating the effect of the control channel
noise (cf. Equation 5.36).
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and (5.38) are suitably rewritten. We begin with Equation (5.38), more precisely with the covari-
ance matrix Cj of the state estimation error. With the assumption that C, is invertible'?, and by
the application of the matrix inversion lemma (see, e. g., [113]), the equation which determines C';,
also reads as

- - . -1 -
C, =Ct — CEC'"TTHT (HlT (ccic™ +c,)T"HY + C’q> H,TCC
=Ci - CiC"T"HY

- _ ~ -\ 1 .
x (Cq—l— C,'H\T ((Cc;,’CT +C,) '+ TTHY C;1H1T) T'H/ Cq—l)
x HyTCC? (5-39)

=Ct-Cctc” (TTHE C,'H\.T-T'HIC,'H,T
- ~ N\ —1 ~
X ((CCgCT +c,) '+ T HT C;1H1T) TTHT C;1H1T) cc?.

With a second application of the matrix inversion lemma and by inserting the result in Equation
(5.38), we finally get

. -1\ T
Ct=A (cg —-CiC” (chcT +C, + (TTH1T C;1H1T) ) ch) AT (5.40)

+C,+BGC,G"B",

i.e., a DARE for the determination of the covariance matrix CE where the effective channel noise
. R~ =\ -1 . . .
has the covariance matrix (TTH L C, 'H 1T) . Note that we assumed the invertibility of this

matrix which must be ensured by the choice of T Thus, following the same approach as in Section
5.2.1, the monotonic optimization approach for the determination of the diagonal matrix T' shown
in Equation (5.35) can be applied if Vi diagonalizes the matrix H{ C, LH,.'* Consequently, we
use the orthonormal matrix

Vr =Un, 4, (5.41)

which is determined by the eigenvalue decomposition
H{C;'H, = Uy, Ay U 4 (5.42)

where the diagonal matrix Ay, 4 contains the inverse of the eigenvalues of H " C, ' H,. Note that
this notation has been chosen in order to be compatible with the results in Sections 5.1 and 5.2.1.
Additionally, due to the non-uniqueness of the eigenvalue decomposition w.r.t., e. g., a permutation
of the eigenvalues, the discussion from Section 5.1.3 concerning the channel assignment is also
relevant at this point.

The situation for the determination of the matrix V¢ is more involved. The simple reason is
that it has an influence on the LQG cost function through the state estimation error (see Equation

13This assumption has already been made earlier since a non-invertible covariance matrix would provide a noise
free sub-channel such that an arbitrary (positive) power constraint could be fulfilled.

14Since the authors of [110-112] consider communication systems which minimize the mean square error of the
transmitted data, they take into account the analogous matrix and diagonalize it by an eigenvalue decomposition.
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5.40) and additionally due to the modified input matrix of the dynamical system which is not B but
BG. This latter point is reflected by the DARE for the determination of the matrix K in Equation
(5.37). Paralleling the derivations in Equations (5.39) and (5.40), this DARE can be rewritten as

. R AN
K=A"KA-(A"KB+S) <BTKB+R+ (A;lGHQHE GT) ) (B'TKA+S") (5.43)
+Q+\MC'T'TC,

where the assumption that A\ > 0 is used.

Now we are in the position to propose a matrix Vi such that the monotonic optimization
framework can be applied. The scenario which is considered in the present section is reduced
to the one from Section 5.1 if Vi jointly diagonalizes the channel noise covariance matrix C,,
and the product HoHJ by congruence, i.e., such that both VgC, Vg and VgH,H, V| are
diagonal. The conditions which ensure that this is possible can be found in, e. g., [114, p. 229] and
hold in our case. The authors of [114] discuss this topic in detail and also provide a method for
the diagonalization. However, we propose an alternative procedure which hopefully contributes to
obtain some intuition about the relation between the properties of the channel matrix H, the noise
covariance matrix C,,, and the resulting matrix V. As a first step, the eigenvalue decomposition
of HyH. is computed, i.e.,

H,H) = Uy, A, Ujy,, (5.44)

where the diagonal matrix Az, contains the eigenvalues of H,Hy which are strictly positive by
assumption. As a next step, the following eigenvalue decomposition is determined:

AU C U, A = UHQ,nAHQ,nU,T__,W (5.45)

where the diagonal matrix A, ,, again contains the strictly positive eigenvalues. Since Ug, j, is
orthonormal, it is easy to verify that the matrix

Ve =Up, Az Ug, (5.46)
jointly diagonalizes H, H.} and C,, by congruence, i.e.,
VeH,H]V; =1y, and VeC, Vi = Amym. (5.47)

With the proposed choice of Vr (see Equations 5.41 and 5.42) and Vi (see Equations 5.46,
5.44 and 5.45), and together with the matrices T" and G given by Equation (5.35), the DAREs
which have to be solved for the determination of the solution of optimization problem (5.34) read
as

K=A"KA- (A"TKB+S)(B"KB+ R+ )G ') (B'TKA+8")

(5.48)
+Q+MC'T O,

and

ct=A (Cg — et (CCgCT+Cv+TAH1,q)‘1CCmP> AT 1 C, + BGAy, ,B", (5.49)
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with the associated matrix P = ATKA — K +Q + \;CTT~!'C and the error covariance matrix
C;=C:—CECT (CCECT+C,+TAp, ) _1C’C’§ . With these results, the dual function from
Equation (5.36) which is associated with problem (5.34) is finally given by

L*(T,G, M\, \) =tr [K (C, + BGAg, »B")] + tr [PC;] + M\ tr [T'C,] (5.50)
+tr [RG A, n] — M Pri — Ao Prxo. '

The problem described above has the same properties as the results shown Sections 5.1 and 5.2.1,
i.e., in Equations (5.8), (5.9) and (5.10) or (5.28), (5.29) and (5.30). Thus, the same approach as
before can be used for the determination of the optimizing diagonal matrices T" and G.

Note that the structure of the transmit and receive matrices T and G given by Equation (5.35)
and the choice of Vi and Vi shown in Equations (5.41) and (5.46) can not be motivated by some
optimality criterion. The reason for these specific decisions is that they preserve the property of
monotonicity which can be used by the monotonic optimization approach introduced in Chapter
4. We have no answer to the question how the optimal transmit and receive matrices look like in
general and how much loss in performance has to be accepted due to the restricted structure of the
transmitters and the receivers which are considered in this thesis.

5.3 Feasibility and Achievable Transmit Powers

We conclude this section with the consideration of the feasibility question for the power con-
strained controller design with diagonal transmitters and receivers. An associated problem is the
determination of the set of feasible transmit power constraints. For the scalar case, this problem
has been treated in Sections 4.3.1 —4.3.3. With fixed transmit and receive matrices T and G (or T
and G, respectively), the approach presented in Section 4.3.1 can be applied in order to determine
if a pair of power constraints, given by the values Pry ; and Pry o of the available transmit powers,
can be fulfilled. Note that a slightly different formulation of the power constraints has been used
in Section 4.3.1, but the general approach stays the same. The remaining problem is to identify if a
pair of transmit and receive matrices exists such that the power constrained controller optimization
is feasible.

In Section 4.3.3, Pareto optimal values of the transmit powers for the observation and the
control channel have been determined. These values separate feasible from infeasible problems
since no transmit powers can be realized which are smaller than P, for the observation channel
and at the same time smaller than P, for the control channel if ( Py, P) is a Pareto optimal pair. On
the other hand, all inequality constraints which allow for a power larger than P; for the observation
channel and at the same time for a power larger than P, for the control channel can be fulfilled. In
order to determine the set of feasible power constraints for the case of diagonal transmitters and
receivers, we adapt the approach presented in Section 4.3.3.2 for the computation of Pareto optimal
pairs of transmit powers.'> Thus, the transmit power of one communication channel is minimized
while the power of the other channel is required to be smaller than a given value. To this end, recall
the optimization problem (4.40) for the determination of the minimal value of P, subject to the
constraint that P, < Pry o, where Pry o > 0 is the available transmit power for the control channel.
For the problem at hand, the powers P, and P, are given by Equation (5.4). Consequently, the

13Since the heuristic approaches proposed in Section 5.2 reduce to the optimization of diagonal transceivers for
channels with diagonal noise covariance matrices, only the latter case will be considered in the following.
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optimization problem to be solved reads as

e 551
subject to Ty = Axyp + BG%(uk + ny) + wy, k € Ny,
yr = Cxy, + vy, k € N,
wy, = (i), k € N,
- {{<T—§yo fak k=0,
{(T2yo+ qo), .-, (T 2yr + qi), w0, . . ., up—1}, Kk EN,

T = diag [ti]ﬁ\i’l > On, <Ny, 5
G = diag [g:]Y > On, ..,
Py < Pryo.

In Section 4.3.3.2, a reformulation of the system model has been used to demonstrate that if the
problem is feasible, the infimum of the transmit power of the observation channel subject to the
constrained power of the control channel is achieved if the transmit scaling factor t ! goes to zero
and the receive scaling g grows towards infinity with a fixed ratio o« = g~ 't (see also Figure 4.6 and
Equation 4.28). Simply speaking, if the signal at the system input is amplified with an unbounded
scaling factor while the output signal is attenuated by a vanishing scalar, the channel noise se-
quences (g : k € Ny) and (ny, : k € Ny) become the dominant driving disturbances whereas the
impact of the process and observation noise (wy, : k € Ny) and (v, : k € Ny) on the transmit pow-
ers becomes negligible. Thus, the infimal transmit powers are determined using the same system
model as for the optimization problem (5.51) but with vanishing process and observation noise.

The same line of argumentation also holds for the case of diagonal transmit and receiver ma-
trices, i. e., the solution of problem (5.51) provides optimizing matrices 1" and G with unbounded
diagonal elements. In order to see this, consider the optimization problem (5.6) and the dual func-
tion L* for fixed values of T and G which is given by Equation (5.8). For the problem (5.51), we
obtain the analogous function which is given by

L*(T,G,\) =tr [K (C,, + BGC,B")]| + tr [PC;] + tr [T'C,] — A\Pry2, (5.52)

where A > 0 is the dual variable associated with the transmit power constraint. The matrix K is
the stabilizing solution of the DARE (cf. Equation 5.9)

K=A"KA-A"KB(B"KB+ )G ') B'"KA+C'T'C. (5.53)

With this solution, the matrix P is givenby P = ATKA — K + CTT~'C. The covariance
matrix of the state estimation error C; = CE — CEC™T (CCECT + C, + TC,) ~1 CC? depends
on the stabilizing solution of the DARE (cf. Equation 5.10)

c=A (Cg ~-CiC" (ccic” +c, +TC,) ch) AT 4 C, + BGC,B". (5.54)

Note that a common scaling of T' and G by a factor ¢ > 0 leads to the inverse scaling of the
solution K from Equation (5.53) and the associated matrix P, i.e., K(cT,cG) =c'K(T,G)
and P(cT,cG)=c ' P(T,G). Thus, the evaluation of L* at ¢T and cG results in

L*(cT, cG,\)=tr [¢ 'K (C,+BcGC,B")|+tr [ 'PC;]+tr [¢'T™'C,| = A\Pry

5.55
=tr [K (c’lejLBGCnBT)] +tr [P%] +tr [T’lc’le] —APry 2, ( )
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where C; = ¢ 'C; = C} — CEC" (CCLCT + ¢ 'C, + TCq)fngmlf which depends on
CE = A(CE - CECT(CCEC™+¢'C, + TC,) 'CCE) AT+ ¢'C,, + BGC,B". (5.56)

Together with the fact that a smaller noise variance results in a smaller state estimation error in
Equation (5.56), it can be seen that the value of the dual function in Equation (5.55) decreases
monotonically with increasing values of ¢ for each T', G and \. In the limit for ¢ — oo, Equation
(5.55) is the dual function for the optimization problem (5.51) with vanishing observation and
process noise. The corresponding optimal value is smaller than the one that can be achieved in any
scenario where these noise sequences are non-zero. Thus, the infimum of problem (5.51), if it is
feasible, is achieved for transmit and receive matrices 7" and G with unbounded diagonal elements.

One result of the discussion above is the unboundedness of the optimizing transmitter 7" and
receiver G when observation and process noise is present. A second one is the fact that if this
limiting case is considered or, equivalently, if C', = Oy, xn, and C,, = Oy« N, » the corresponding
optimization problem becomes invariant w.r.t. a common scaling of 7" and G. Thus, in order to
determine unique optimizing transmitters and receivers, it is necessary to keep an arbitrary diagonal
element of either T or G fixed, e. g., by setting it to one.'® Taking into account these results, the
infimal value of the transmit power in the observation channel subject to a power constraint for the
control channel is determined by the following optimization problem:

N—-1
1
inimi lim —E Tc'r-'Ca, 5.57
Pynimize - Jim y B2 @O Cs 57
subject to Lyl = Ax;, + BG%(uk + ’I’Lk), k € No,
yr = Cxy, k € N,
wr, = (i), k € Ny,
{(T2yo + q0)}, k=0,

1y, =
{(T*%yo +qo),---, (T*%yk +qi); o, w1}, KEN,

T = diag [ti]ﬁ\iﬁ > On, %N,
G = diag [gi]ﬁ\i‘l > 0N, x N, »

tl = 17
N—-1
. T
ngnoo N E ZO U, Uy | < Pryp.
n=

The choice of setting £, = 1 is arbitrary, any other diagonal element could have been selected.!’
Note that this additional constraint reduces the dimensionality of the optimization w.r.t. T" and G
by one. This fact has already been observed in Section 4.3.3 where the optimization w.r.t. to the
transmit and receive scaling factors ¢ and g reduced to the determination of the optimal ratio of
these factors.

16Setting a diagonal element of T' or G' to one corresponds to a normalization of all other diagonal elements w.r.t.
the selected one. The remaining optimization is then w.r.t. these normalized values. For example, in Section 4.3.2, the
scaling factor g has been set to one and the normalized value of ¢ has been called «, see Equation (4.28).

7This is of course only true due to the assumption that T' and G are invertible. Without this restriction, setting a
diagonal element of those matrices to one excludes a solution where the respective value is zero.
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For fixed transmit and receive matrices, the dual function of optimization problem (5.57) which
is obtained by the dualization of the transmit power constraint is (cf. Equation 5.52)

L*(T,G,\) = tr [KBGC,B"] + tr [PC;] — A\Pry», (5.58)

where K and P are determined using Equation (5.53) and C; is obtained with the solution of
Equation (5.54) where the covariance matrices C,, and C, are set to zero. Note that one diagonal
element of T" or G, e. g., the first diagonal element of T" for optimization problem (5.57), has been
chosen to be fixed and is thus not an optimization variable. With the assumption that strong duality
holds, the solution of optimization problem (5.57) is determined by maximizing the concave dual
function L* w.r.t. A > 0. For the remaining optimization w.r.t. the positive diagonal elements of
T and G, the monotonic optimization approach which has been used in Section 5.1 can be read-
ily applied since the optimization problem (5.57) and the resulting dual function L* in Equation
(5.58) have the required monotonicity properties. Thus, the lower bound which has been derived
in Equations (5.14)—(5.16) is also applicable for the determination of the optimizing transmit and
receive matrices 1" and G’ using the monotonic optimization framework.

Analogous to the results shown in Figures 3.4, 4.8 and 4.13, the following example presents a
numerical evaluation of the optimization problem (5.57), 1. e., Pareto optimal values of the transmit
powers for the case of diagonal transmit and receive matrices are determined.

Example 5.3.1 For the computation of Pareto optimal pairs of transmit powers, the system and
noise parameters from Example 3.1.1 are used. Since the covariance matrices C, and C,, of the
channel noise sequences are not diagonal, the heuristic optimization approach presented in Section
5.2.1 is applied, i. e., the transmit and receive matrix is composed of an orthonormal matrix, which
effectively diagonalizes the covariance matrix of the channel noise, and a diagonal matrix T" and
G, respectively (see Equations 5.24 and 5.25). Besides the controller, these diagonal matrices
which act on the so obtained channel with diagonal noise covariance matrices are the variables to
be optimized.

Figure 5.7 shows the SNRs which are obtained by solving the optimization problem
(5.57), where 11 values of the available transmit power Pryo are selected according to
101log,, (tr c.]! Pre2) € {0,5,10,15,20,25, 30, 35,40, 45, 50}. For the determination of the
optimizing transmit and receive matrices, Algorithm 4.2 is initialized with the set B which is ob-
tained by mapping the set [107°,10°]® to a subset of [0, 1] analogous to Equations (4.39), (4.55)
and (4.61), i. e., the diagonal elements of those matrices which are not fixed (cf. optimization prob-
lem 5.57) are constrained to be larger than 10~° and smaller than 10°. Despite the fact that a larger
set would be desirable for the determination of the global optimum, the reason for this choice is
the very slow convergence of the monotonic optimization algorithm for the problem at hand which
renders larger search spaces problematic. The subdivision rule for Algorithm 4.2 is again a bi-
section (in the image space of the mapping described above) of the largest side of the subsets of
B which are generated during the branching process. Finally, the desired relative accuracy of the
result is chosen to be ¢ = 1072

In order to compare the Pareto optimal transmit powers or SNRs, respectively, with the case
where transmitter and receiver are scaled identity matrices (see Section 4.3), the results presented
in Figures 4.8 and 4.13 are shown as a reference (solid line and shaded area). Since we observed a
strong dependence of the system performance and transmit powers on the channel assignment (cf.
Section 5.1.3) for the case of scalar transceivers, Pareto optimal pairs of transmit powers or SNRs,
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respectively, are computed for all of the four possible channel assignments. The corresponding
SNRs are depicted in Figure 5.7 by dashed lines. Note that the original assignment is not optimal
for almost all operating points and that significant gains are observed for a large range of SNRs.

The solutions of optimization problem (5.57) for diagonal transceivers are denoted by x in Fig-
ure 5.7. For a verification of these results, the power constrained power minimization is additionally
solved where the roles of P, and P, have been changed, i. e., the transmit power P, is minimized
subject to the constraint P, < Pry ;. The corresponding results, where Pry; is chosen according
to 10logy, ( tr [C,] ™ Pres) €10, 5,10, 15,20, 25, 27.5, 30, 35, 40, 45, 50, 55}, are denoted by e in
Figure 5.7. It can be seen that the region of feasible power or SNR constraints becomes larger for
the optimal choice of diagonal transceivers compared to the case of scalar transceivers, but the
gains are relatively small for medium to large values of the SNR ¢y = tr [C’n]_1 P, of the control
channel. Note that we do not consider a permutation of the eigenvalues in A, and A,, given by
Equation (5.31) (see also Equation 5.25) which is analogous to the problem of the optimal channel
assignment.

101ogy (¢2)
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Figure 5.7: Pareto optimal values of SNRs determined by optimization problem (5.57) (denoted by Xx).
Results of an analogous optimization where the roles of P; and P» are exchanged are denoted by e. The
shaded region is taken from Figures 4.8 and 4.10. The SNRs ¢ and ¢ are defined in Equation (3.17).

For the computation of the optimizing diagonal matrices 1" and G, problem (5.57) (or the anal-
ogous problem where the roles of P, and P, are swapped) is solved, i. e., the first diagonal element
t; of T is set to the constant value one. Only for the minimization of P, subject to the constraint
101ogyq (tr [C’n]f1 Pg) < 0 the second diagonal element g, of G is set to the value one which re-
sults in a better relative accuracy after 500000 iterations of the branch and bound algorithm. Note
that the desired relative accuracy of ¢ = 1072 is not achieved after 500000 iterations of Algorithm
4.2 for any result with 10 log;, (1) > 45, where ¢; = tr [Cq] - P;. The other results are obtained
with the required accuracy after 6653 to 246207 iterations. For the two solutions of optimization
problem (5.57) with a power constraint of 10 log;, (tr [C,,] " Pry2) € {0, 5}, the relative accuracy
after 500000 iterations is approximately 0.6, which means that the obtained solutions exceed the
optimal value by a factor of 2.5 in the worst case. Unfortunately, although supported by these two
solutions, the other mentioned results do not show an acceptable accuracy.
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In Example 5.3.1 above, the set for the search of each diagonal element of 7" and G is chosen
to be [107°, 105]. This limitation is due to slow and in some cases unsatisfactory convergence of the
monotonic optimization algorithm, e. g., for large values of the transmit power of the observation
channel. Nevertheless, the obtained results suggest that not all subspaces of the communication
channels are used for the transmission of system outputs and control inputs in order to obtain
Pareto optimal values of transmit powers. This observation is discussed in the following example.

Example 5.3.2 Consider the matrices 7' and G which are computed in Example 5.3.1 by
Algorithm 4.2 for the optimization problem (5.57) with a power constraint according to
101ogyo (tr[C,] ™" Prys) = 50, the initial set B = [1079,10°]> and the required accuracy
e = 1072 Since the first diagonal element of T is set to the constant value one, the resulting
matrices read as

T ~ diag [1,10°] and G~ diag [1.722-107%, 4.547-107°] . (5.59)

The eigenvalue decompositions which are needed for the determination of the actual transmit and
receive matrices 1" and G (see Equations 5.24 and 5.25) are again computed with an increasing
order of the eigenvalues, i. e., the diagonalized noise covariance matrices read as

A, ~ diag[0.4807,1.019] and Ay, =~ diag [0.05279,0.9472] . (5.60)

Noting that the transmitter uses the inverse of T for a diagonal scaling of transmit signals (see
Equation 5.24), it can be seen that the power which corresponds to the larger eigenvalue of the
covariance matrix C, is attenuated significantly compared to the transmit power for the channel
which is associated with the smaller eigenvalue. This is also true for the actual transmit powers
since the (asymptotic) covariance matrix of the system output y,, £k € Ny, of the optimization
problem (5.57) is given by (note that the covariance matrix of the observation noise is C,, = 02x2)

C,=CC,CT+C,~ l1.727 0.8041} ’

0.8041 1.273

i.e., the variances of the scalar components of the system output, which are the signals to be
transmitted, have the same order of magnitude.'® Consequently, the covariance matrix of the signal
which is transmitted over the effective channel with diagonalized noise covariance matrix reads as
1 _1 1.727 0.002543

T~ l0.002543 1.273 10—5] '

This suggests that only one of the two dimensions which are provided by the observation channel
is effectively used and that the second diagonal element of the transmit matrix 7" is only bounded'
from above due to the restricted search interval of the monotonic optimization algorithm.

With the conjecture that the optimal transmitter only uses the subspace of the observation
channel which is associated with the smaller eigenvalue of the noise covariance matrix C, it is

I8For the determination of the covariance matrix Cy, the transmit and receiver matrices T" = UqT’% and
G = G%UE (cf. Equation 5.24), where T' and G are given by Equation (5.59), of course have to be taken into
account in the model of the closed loop system.

®Taking into account the normalization w.r.t. the first diagonal element of T, the case that the second diagonal
element of T" goes to infinity means that the inverse scaling of the corresponding signal to be transmitted goes to zero,
i.e., this component of the transmit signal is switched off.
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straightforward to modify the system model used in optimization problem (5.57) accordingly. Due
to the fixed value of the first diagonal element of T", the transmitter 7" becomes (cf. Equation 5.24)

T =U,Pe?™. (5.61)

Note that this matrix is not invertible, which makes it necessary to formulate the optimization
problem for the determination of Pareto optimal transmit powers analogous to problem (5.27).
Since the transmitter in Equation (5.61) is constant, the solution of optimization problem (5.57)
has only to be determined w.r.t. the controller and the diagonal matrix G at the receiver. To this end,
Algorithm 4.2 is applied with the initial set B which is obtained by mapping the set [1071°, 1019]2
to a subset of [0, 1]* analogous to Equation (4.61) for the two variables of the diagonal elements
of G. The desired relative accuracy is ¢ = 1072 and the subdivision rule is again bisection. The
resulting receiver matrix is obtained after 823 iterations and given by

G ~ diag [1.651 - 107°,4.599 - 107%] , (5.62)

which is very close to the result determined by the full optimization of the transmit-
ter and the receiver shown in Equation (5.59). Using the same power constraint, given by
101log;, (tr [C’n]_1 PT,(Q) = 50, the value of P, which is achieved by the transmit and receive
matrices in Equation (5.59), i. e., with T = UqT*% and G = G%UE, is P, ~ 1.7267. The respec-
tive result for the fixed transmitter from Equation (5.61) and the receiver matrix G from Equation
(5.62) is given by P, ~ 1.7265, where we have to keep in mind that the latter value is obtained
using a larger set for the search of the optimal receiver and a desired relative accuracy of ¢ = 1073,

Having noticed that (almost) identical results are achieved for the computation of Pareto
optimal transmit powers if one dimension of the observation channel is not used, the next
step is to determine more of such transmit powers under the restriction that the transmitter
T is given by Equation (5.61). To this end, 80 values of Pry o are sampled in the interval
101ogy, (tr[C,,]) " Prys) € [14.098,79] and the transmit powers P; of the observation channel
for the corresponding power constraints are determined. The results are shown in Figure 5.8 by
the dashed line. As before, the initial set for the branch and bound algorithm is chosen to be
[10719,10°], but the desired relative accuracy now is ¢ = 1072,

It can be observed that the results for the fixed transmitter which uses only one of the two
dimensions of the observation channel (see Equation 5.61) coincide over a large range of SNRs
with the results where this restriction is not imposed. Nevertheless, the SNR of the control channel
can not be decreased below 10 log;, (tr [C'n]_1 P2) ~ 14.098, which demonstrates that the chosen
transmitter is not optimal for all possible transmit power constraints. However, an optimization
problem analogous to the one investigated so far suggests similar properties of the transmitter and
receiver for the case of smaller values of P, i.e., the power for the control channel.

Consider the problem of minimizing the transmit power P, with a constraint for the power P;
w.r.t. the controller, the diagonal transmitter 7" and receiver G.2° The application of the mono-
tonic optimization algorithm to this minimization problem with a power constraint according to
10logy, (tr [Cq} - PTXJ) = 40 and where, in contrast to the case considered above, the first di-
agonal element of G is fixed to be one provides the value P, ~ 12.543. The associated diagonal

20For the minimization, an optimization problem analogous to problem (5.57) is formulated where the roles of
Py and P are exchanged and P; is constrained by the value of Pry ;. Additionally, since we consider the case of
non-diagonal noise covariance matrices, the system model of Section 5.2.1 is used.
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Figure 5.8: Pareto optimal values of SNRs ¢, and 9 (see Equation 3.17) determined by switching off the
second component of the transmit signal in the observation channel (dashed line) and the receive signal in
the control channel (dotted line). For a comparison, the results shown in Figure 5.7 (no signal switched off,
e and X) are also shown.

transmit and receive matrices read as

T ~ diag[0.4884,0.1730] and G ~ diag [1, 9.875-107"].

The initial set for the monotonic optimization is chosen to be B = [107°, 10°]* and the solution has
the relative accuracy of ¢ = 1072, Increasing the desired accuracy to € = 1072 slightly changes
the result to

T =~ diag[0.4868, 0.1700] and G ~ diag [1, 1.321-107%], (5.63)

which leads to the transmit power P, ~ 12.529. This suggests that the second diagonal element
of GG is driven towards zero and thus only the subspace of the channel which is associated with
the smaller eigenvalue of C), is used for the transmission of control signals to the system input. In
order to emphasize this suggestion, note that the covariance matrix of the signal which is applied
to the input of the dynamical system to be controlled reads as

12.53 0.001171

1 1 1 1
G2, (LCLT + Co) UnG2 = | 001171 1195 10-7| T GFAnGY,
where the transmitter and receiver with the diagonal matrices from Equation (5.63) are used and
where A,, is given in Equation (5.60). It can be seen that the controller puts much more weight on
the first component of the signal which is fed into the system than on the second such that the latter
one is dominated by the channel noise. Thus, it seems to be reasonable to switch off the second
component of the system input by setting G = diag [1, 0] which results in the fixed receiver (cf.
Equation 5.24)

G =ePe? Ul (5.64)

The minimization of the transmit power P, subject to the constraint ; < Prc; now has to be
performed w.r.t. to the controller and the diagonal matrix 7" at the transmitter. This optimization
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problem can again be solved using the branch and bound approach given by Algorithm 4.2. With
the initial set B = [10719,10'°)? and a desired relative accuracy of e = 1073, the transmit power
P, =~ 12.527 and the associated transmitter

T =~ diag [0.4873,0.1700]

are obtained. This solution is almost identical to the respective transmit matrix in Equation (5.63)
which has been computed without the assumption that the second diagonal element of G is zero.
For a comparison with previous results, the minimization of P, subject to the requirement
that the transmit power P, does not exceed Pry; is solved using the fixed transmitter given
in Equation (5.64). For the power constraint, 95 values of Pry; are sampled from the interval

101ogy, (tr [C,] ~' Pry1) € [21.93, 79]. The initial set of the branch and bound algorithm is again
B = [107%°,10'%]2 and the desired accuracy is chosen to be ¢ = 1072, The resulting transmit
powers or SNRs, respectively, are depicted in Figure 5.8 by the dotted line. Note that SNRs below
the value of 10 log,, (tr [C’ rl PTXJ) ~ 21.93 are not feasible with the specific choice of the

q
receiver from Equation (5.64).

Example 5.3.2 above demonstrates that the assumption of invertible transmit and receive matri-
ces T and G (or T and G, respectively) is too restrictive in general. It has already been mentioned
in Section 5.1 that the additional power which is required to transmit, e. g., a two-dimensional
instead of a scalar signal, and the additional channel noise which is fed into the closed control
loop may lead to the fact that the optimal transceivers do not use all available degrees of freedom
of the communication channels. In this case, it is optimal to allocate all available communication
resources, i.e., transmit power, to a lower dimensional subspace of the channel. Unfortunately, a
systematic answer to the question when this behavior can be observed is not available. The exam-
ple above suggests that for very low transmit powers of the observation and the control channel,
only the subspace which corresponds to the smallest eigenvalue of the respective noise covariance
matrix is actually used for the transmission of observations or control signals. However, also the
assignment of the scalar components of the control and observation channels to the individual in-
puts and outputs of the dynamical system to be controlled is of importance (see Section 5.1.3 and
Example 5.2.2). This fact is not taken into account for any result presented in Examples 5.2.3, 5.3.1
and 5.3.2 where the assignment is determined by computing the eigenvalue decomposition of the
covariance matrices of the channel noise sequences with an ascending order of the eigenvalues.
The question if this is the optimal allocation remains open at this point.

5.4 Discussion

In Chapter 4, the transceivers have been chosen to be scaled identity matrices. The degrees of
freedom provided by the scaling of transmit and receive signals have only impact on the transmit
powers or, taking a different perspective, the variances of the channel noise sequences. While this
is the only possibility to affect the transmit signals in scenarios with Single-Input Single-Output
(SISO), i.e., scalar, communication channels, the Multiple-Input Multiple-Output (MIMO) chan-
nel models considered here allow for the application of general transmitter and receiver matrices
at the output and the input of the dynamical system to be controlled. Consequently, within the
class of linear memoryless transceiver schemes, the goal is to determine the optimal transmitter
and receiver matrices and not only scaling factors.
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A first step towards this direction has been taken in the present chapter with the optimization
of diagonal transmitters and receivers when the channel noise covariance matrices are diagonal.
For the general case of non-diagonal covariance matrices, a heuristic has been proposed which is
based on the diagonalization of these matrices and motivated by solutions developed in the area of
signal processing and communication, €. g., [110-112], for a pure communication setting without a
closed control loop. Unfortunately, those approaches can not be adapted in a straightforward way to
the closed loop control scenario. For a pure communication setting, the transmitter and the receiver
are designed to minimize a given cost function, e. g., the mean square error, subject to a transmit
power constraint. For the LQG control setting, the design goal for, e. g., a transmitter at the system
output, is to minimize the state estimation error, which is one contribution to the LQG cost function
(see, e. g., Appendix A6.3, Summary A6.2), subject to a power constraint. A first problem is that
the power constraint is associated with the covariance matrix of the system state whereas the state
estimation error is associated with the covariance matrix of the innovation sequence computed by
the Kalman filter. These two matrices are related to each other by the solution of a DARE and a
discrete Lyapunov equation (cf. Equations 3.6, 3.7 and 3.13 — 3.15), which makes the consideration
of this relation challenging. The second problem is the common scenario that the dimension of
the system state is larger than the dimension of the communication channel, which violates the
assumptions of [110, 111]. Finally, the solutions presented there use transceivers which are based
on a diagonalization of the covariance matrix of the transmit signal. However, in a closed control
loop, the covariance matrix of the system state depends on the actual transmit and receive matrix
and thus can not be diagonalized independently to the transceiver design.?!

For the case of diagonal covariance matrices of the observation and control channel noise se-
quences, the approach for the joint optimization of controller and transceivers presented in Chapter
4 could be extended to diagonal transmit and receive matrices in a straightforward way. The rea-
son is that the monotonicity properties required by the monotonic optimization algorithm still hold
for diagonal transceivers in combination with diagonal noise covariance matrices. However, it has
been demonstrated in Section 5.1.3 that the assumption of unequal variances of the scalar com-
ponents of the channel noise sequences leads to the unsurprising fact that the assignment of the
components of input and output signals of the dynamical system to be controlled to the scalar com-
ponents of the communication channels has a significant impact on the closed loop behavior, e. g.,
the transmit powers or the LQG cost function. This problem is not covered by diagonal transmit
and receive matrices. Unfortunately, an approach for the determination of the optimal permutation
of the scalar components of the communication channels is not available. Nevertheless, Example
5.1.2 showed that the impact of the channel assignment on the closed loop performance can be
compensated up to a certain degree by the optimal choice of the diagonal transmitter and receiver,
which is not the case for the optimal scalar transceivers.

In Section 5.2, two generalizations of the optimization of diagonal transceivers to the case of
non-diagonal channel noise covariances and to communication channels with linear distortions
have been proposed. To summarize, both approaches aim at a diagonalization of the communica-
tion channels and the associated noise covariance matrix. Once this goal is achieved, the problem
of the joint optimization of controller and diagonal transceivers can be solved using the approach
presented in Section 5.1. This means that the joint design of the control and the communication
system is separated at this point. As a first step, a set of independent scalar communication channels

2INote further that the sequences which are transmitted in the closed control loop are temporally correlated in
general, which can not be handled by memoryless transceivers. If not the control but the estimation problem alone is
considered, the results of [115] can be applied which are also derived in [116] using a different approach.
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is provided by the diagonalization of the available, non-diagonal channels. The joint optimization
of diagonal transceivers and the controller subject to power constraints is performed subsequently.
However, we do not claim that this separation is optimal. Finally, note that the authors of [117]
investigate the case of parallel Gaussian communication channels, i. ., the scenario considered in
Section 5.1, where only the control channel is modeled as an additive noise channel and where
the state of the dynamical system to be controlled is available for the design of the controller, or
encoder and decoder, respectively. They derive bounds for the stabilizability of the system under
power constraints and investigate a more general class of controller, transmitter and receiver than
in this thesis. However, this requires the knowledge of the system state and no results beyond
stabilizability are available.

The dependence of properties of the transmitted signals on the transceivers which are used
for their transmission makes it hard to find solutions which are jointly optimal together with the
controller. Even the simple case with scalar transceivers is not easy to solve. Note that the authors
of [50] analyzed the impact of a matrix transmitter for packet drop channels (cf. Section 2.1.2). But
despite the fact that the state estimation problem alone is considered, i. €., no closed loop system is
investigated, no systematic design procedure could be derived due to the problem structure. Thus,
the joint optimal design of controller and transceivers remains a challenging task.



6. Results for SISO Systems With One Communication
Channel

Throughout this thesis, a general system model with Multiple-Input Multiple-Output (MIMO) Lin-
ear Time-Invariant (LTI) systems and Additive White Gaussian Noise (AWGN) communication
channels has been investigated. Additionally, both links which connect the dynamical system to
be controlled with the controller have been modeled as communication channels with transmit
power or, effectively, Signal to Noise Ratio (SNR) constraints, which models a spatial separation
of controller and dynamical system. The resulting optimization problems allowed for numerical
solution approaches, but their properties prevented an analytical investigation, e. g., the region of
feasible transmit powers could only be determined numerically. Nevertheless, the related literature
on Networked Control Systems (NCSs), e. g., [29, 35, 46, 53, 59, 85-87, 106, 107, 118], provides
analytical results, like the relation of minimal transmit power (or SNR) to the unstable eigenvalues
of the system matrix A.

All references mentioned above have in common that they consider Single-Input Single-Output
(SISO) systems, i. e., dynamical systems with scalar input and output signals, and only one commu-
nication channel in the control loop. This allows for a concentration on the impact of the channel
on the control system without the coupling of the two different channels.! A second advantage
of the SISO model is that the only parameter which describes the properties of a channel noise
sequence is its variance and not a covariance matrix. Thus, the channel noise can not have a differ-
ent impact on different subspaces of the transmit signals since all these signals are of dimension
one. Nevertheless, the problem formulation and the insights from the preceding chapters provide
valuable tools for a unified treatment of the scenarios with SISO systems and one communication
channel. Using these tools, existing results are reproduced in a different context in the following.

6.1 Ideal Observation Channel

An ideal observation channel describes the situation where the observations which are obtained
at the system output can be transmitted to the controller without any error, i.e., where the input
and the output signal of the observation channel are identical. In the limit for ¢ — 0, this situation
is a special case of the system model which has been used so far because the channel noise is
effectively scaled down to zero (cf. Figure 4.2). Consequently, all preceding results from Chapter
4 can be applied to the scenario where the observations obtained at the output of the dynamical
system are transmitted over an ideal communication channel to the controller, provided that there
is no power constraint for the corresponding channel or that the available transmit power Pry ; is
set to infinity.

Figure 6.1 depicts the scenario with an ideal observation channel, where the special case of a
SISO system is considered, 1. e., where the dimension of the system input and output is equal to

'For example, a decrease of the available transmit power for the control signal typically leads to an increased
variance of the system state and thus an increased demand for communication resources for the transmission of the
system output signal to the controller.

129
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one and thus y; and ug, £ € Ny, are scalars. Consequently, the system input vector b and output
vector ¢ are elements of R+, A similar situation for the MIMO case has already been investigated
in Section 4.3.3.2 and is depicted in Figure 4.11. By comparison, the model which is considered
in Figure 6.1 is a special case with Cq = On,xn,» Vy = N, = 1 and ¢t = 1, which leads to the
equivalence a~! = g (cf. Equation 4.28).
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Figure 6.1: Model of the control loop which is closed over one channel with additive noise nj. At the system
. . . 1. .
input, the receive scaling g2 is introduced.

Since it is has been shown in the preceding chapters how to jointly optimize the controller and
the transmitter with a power constrained Linear Quadratic Gaussian (LQG) approach, which is
also possible for the special case with ¢ = 1 and Cq = Oy, xn, When N, = 1, we address again
the feasibility problem. More precisely, we want to determine the smallest value of the available
transmit power Pry o such that optimization problem (4.10) is feasible for the special case consid-
ered here. To this end, the feasibility test described in Section 4.3.1 is applied. Note that a power
constraint for the ideal observation channel does not make sense at this point because it is either
implicitly assumed that an infinite amount of power is available or, because no channel noise is
present, any positive value of transmit power can be achieved by an appropriate scaling of the
transmit signal y, k£ € Ny. Thus, the Lagrange multiplier \; (cf. Equation 4.22) which is associ-
ated with the power constraint for the observation channel is set to zero. Additionally, in order to
simplify the derivations, the transmit power constraints are not multiplied with the corresponding
transmit and receive scaling factor, which provides the Lagrangian for the feasibility problem (cf.
Equation 4.22)

Lieas = APy — Pry2), (6.1)

where the transmit power P is given by Equation (4.9) and we set A\; = 0. Consequently, the dual
function (cf. Equation 4.23) for the feasibility test reads as

Lis(X2) = tr [K (C,, + gbc,b")] + tr [PC3] — Ao Pro, (6.2)
where
K=A"KA—g:A"Kb(¢b"Kb+),)  ¢?b"KA
= ATKA - ATKb(b"Kb+g7')) bTKA ©3
and
ct=A (Cg — CPc(c"Cle+c,) ! cTCg> AT+ C, + gbe, b 6.4)

Additionally, we have P = ATKA — K and C; = Ct — Cle (c"Cle + cv)f1 c'C?. For the
feasibility test in Section 4.3.1, the Lagrangian is maximized w.r.t. A; > 0 and Ay > 0 in order
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to determine if the power constraints can be satisfied, where additionally the sum of the Lagrange
multipliers is required to be equal to one. The latter constraint ensures that the dual function does
not grow towards infinity (or zero) by a positive scaling of A\; and \,. Since in the present scenario
we have A\; = 0, this constraint determines the value of A5 to be one and a maximization of the
dual function (cf. optimization problem 4.26) is not necessary. Thus we are interested in the sign
of L},,.(1) which tells us if the minimal value of the difference P, — Pry 5 can be negative and thus
the power constraints can be fulfilled.

In order to analyze L, (1), note that the solution of the Discrete Algebraic Riccati Equation

(DARE) in Equation (6.3) is a scaled version of
K=A"KA- A"Kb(b"Kb+1)  b"KA, 6.5)

were K = g~ '\, K. Using this identity, we get
L) =tr[K (¢g7'Cy, + be,d")| +tr [P Cy| — Pryo, (6.6)

_ L _ 1
where P = g\, 'P and C, = C% — Cte (cTCgc + g’lcv) c'Ct with

- - - - 1 -
Ct=A (Cg —CFe (cTcgc + g_lcv> cTcg) AT 4 glC, +bed”. (67)

Since the first two summands of Lj,, (1) represent the actual transmit power P, the available
transmit power Pry o has to be larger than this sum, otherwise there exists no LQG controller
which fulfills the power constraint.

Note that the preceding discussion is valid for a given value of g, where this scaling factor is still
a degree of freedom which is used to determine a feasible solution. Thus, if we are interested in the

smallest possible value of Pry 5 such that Lf, (1) (cf. Equation 6.6) is non-positive, we have to find

the value of g which minimizes the sum tr [K (¢g~'C,, + bc,,b")] + tr [P C;], which is identical
to the actual transmit power P». Fortunately, it is easy to verify that L}, (1) is a monotonically
decreasing function of g because an increase of g corresponds to a decrease of the variance of the
driving noise process, given by the scaled covariance matrix g~ 'C,,,, and of the observation noise,
given by g~'c, (see Equations 6.6 and 6.7). Consequently, the infimal value of P, which can be
approached arbitrarily close for ¢ — oo determines the lower bound for Pry o, 1.€., in order to
ensure feasibility of the power constrained LQG controller optimization, for Ay = 1 it must hold

that (cf. Equation 6.6)

Prea > tr [Kbe,b™] + tr [F %] , (6.8)
-1
with the asymptotic estimation error covariance matrix C; = C} — Cic (chgc> c"'C} and
the corresponding DARE
-1
cP=A (Qg ~ Che(c"Che) chg> AT 4 be,b" (6.9)

The dependence of the first summand of the right hand side of Equation (6.8) on the eigenvalues
of the system matrix A can now be made explicit. It has been shown in [62] and [29] that for the
DARE in Equation (6.5) it holds

b'Kb+1=]] _ o (6.10)

|oi|>1
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where 0,7 € {1,2,..., N,}, are the eigenvalues of the system matrix A. Inserting Equation (6.10)
in (6.8) results in the inequality

Pros > ((Hai|>1 |0—Z.|2) _ 1) ¢+ tr [F%] . 6.11)

The first summand of the right hand side of Equation (6.11) is a well known result which provides
the infimal value of the transmit power (or SNR when divided by the variance c¢,, of the channel
noise) which has to be provided to stabilize an open loop unstable dynamical system over an
additive noise channel.> The second summand which increases this value is also known, but in
a different representation and with a different interpretation. In [29], this summand is absent if
the controller has perfect information about the system state (the state feedback case) whereas it
is a function of the relative degree and the non-minimum phase zeros of the open loop transfer
function of the system to be stabilized (given by A, b and c) in the output feedback case, i.e., if
the controller has only knowledge about ¥, k € Nj.

The absence of the second summand of the right hand side of Equation (6.11) is obvious for the
state feedback case because the estimation error of the system state is zero if the state is known. For
the output feedback case, the relative degree and the non-minimum phase zeros of the dynamical
system have to be interpreted in terms of the resulting state estimation error. At this point, we
only provide a qualitative discussion, the quantitative description can be found in [29]. Assume
that the dynamical system to be controlled is minimum phase and has relative degree one, i. e., all
zeros of its corresponding transfer function have a magnitude less than one and the degree of its
denominator is greater than the degree of numerator by one. Using Equation (6.9), it is easy to
verify that

CE =bc,b" (6.12)

is a positive semidefinite solution of the corresponding DARE if ¢'b # 0, which holds because
the relative degree of the system is assumed to be one (see, e. g., [32, p. 93]). With the minimum
phase assumption, it is a stabilizing solution, i. e., the magnitude of all eigenvalues of

AT —¢ (cTC’gc) 1 c'CEAT = AT — ¢ (ch)f1 bt AT (6.13)
is less than one. It is shown in [119] that the eigenvalues of the matrix in Equation (6.13) are the
zeros of the open loop transfer function of the system under consideration, which have a magnitude
less than one by assumption.? Having shown that the covariance matrix in Equation (6.12) is the
positive semidefinite stabilizing solution of the DARE in Equation (6.9), it can be seen that the
resulting covariance matrix of the state estimation error is zero, i.e., C; = O, xn,, and the second
summand of the right hand size of Equation (6.11) is also zero. o

The result above allows for a more intuitive interpretation. If the dynamical system to be con-
trolled is minimum phase, it can be inverted using a stable system. Consequently, with the ideal

2The authors of [29] provide a remark for the case when A has eigenvalues with magnitude one. These eigenvalues
obviously do not contribute to Equation (6.10) but still have to be stabilized. Nevertheless, this can be established with
an arbitrarily small increase of transmit power.

3The eigenvalues of the matrix in Equation (6.13) correspond to the zeros of the transfer function for the system
described by AT, the system input vector ¢ and the output vector b. Since this system has the same transfer function
as the original one, the above statement is correct. Additionally, it is shown in [120] that a stabilizing controller gain
for this situation is given by IT = — (ch)_1 bT AT, which provides the stable closed loop matrix AT + ¢l =

AT — (") BT AT.
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knowledge of the system output sequence (y; : k € Ny), its input sequence which is the scaled
sum of (uy : k € Ny) and (ny, : k € Ny) can be reconstructed after the transient phase. Due to the
relative degree of one, a one step delay has to be introduced for a causal inversion. Now, with
the knowledge of the system input®, the decay of the influence of the initial state (the closed loop
system is stable) and the absence of process noise (since we are considering the asymptotic case
for ¢ — 00), the system state can be estimated asymptotically with no error. This interpretation
also shows why the estimation error grows with the relative degree and for non-minimum phase
systems. In the minimum phase case, the increase of the relative degree results in an additional
delay for the state estimate, which increases the estimation error. Non-minimum phase systems
can not be stably inverted and thus their input sequence (precisely, the channel noise which is fed
into the system) can not be perfectly reconstructed, which also leads to an increase of the state
estimation error.

6.2 Ideal Control Channel

For the second scenario which takes into account only one communication channel in the closed
control loop, it is assumed that the control signal is transmitted to the input of the dynamical
system to be controlled over an ideal channel, e. g., when the controller is spatially very close
to the system input. As in Section 6.1, this is a special case of the general scenario considered
in Chapter 4 if no power constraint is taken into account for the control channel, i.e., if Pry 2 is
arbitrarily large. With no power constraint, the receive scaling factor g in the control channel can
be chosen arbitrarily small which effectively results in a vanishing effect of the corresponding
channel noise on the closed loop system. A second point of view is the case where the channel
noise is zero, i.e., C,, = Oy, xn, . In this case, a transmit power constraint is meaningless since it
can be set to any positive value by the appropriate choice of g. Note that this is a special case of
the scenario considered in Section 4.3.2 (cf. Figure 4.6). Using C, = Oy, xn, With N, = N, = 1
there, the fixed value of ¢ = 1 and the resulting identity o = ¢ (cf. Equation 4.28) lead to the
scenario depicted in Figure 6.2. Consequently, the results which have been derived earlier also
apply to this special case.
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Figure 6.2: Model of the control loop which is closed over one channel with additive noise g;. At the system
1
output, the transmit scaling ¢~ 2 is introduced.

For the investigation of the feasibility problem with the ideal control channel, i.e., the deter-
mination of the smallest value of the available transmit power Pr, ; which has to be provided such
that a power constrained LQG controller exists, we parallel Section 6.1 to a large extent. Using

4Due to the one step delay, the system input g% (uk—1+nk—1) can be reconstructed at time index k. In the noiseless
case, this corresponds to the knowledge of the system state xy, = Axy_1 + bg% (Ug—1 + Mp—1).
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again the approach presented in Section 4.3.1, the Lagrangian for the feasibility test reads as (cf.
Equation 6.1):
Lfeas = )\1 (Pl - PTx,l) ) (614)

where the actual transmit power P; of the observation channel is given by Equation (4.8). For a
fixed value of the scaling factor ¢, the corresponding dual function reads as (cf. Equation 6.2)
L*

feas

()\1) =tr [ch] + tr [PC:;}] — )\1PTx,17 (615)

where
K=ATKA— ATKb(b"Kb) ' b"KA+t '\ec” (6.16)

and

ct=A (Cg —t 3 CRe (" Che+t ey + o) t*%cTCg) A"+ C,
6.17)
=A (C’m'~> —Cic(c"Che+e, + th)_l cTCg) AT+ C,.

The matrices P and C in Equation (6.15) are given by P = ATKA — K + t~')\jcc’ and
C; = CE — C2c(c"Cle+ ¢, + tey) ~1 ¢TCE. Since only one power constraint, represented by
Pry 1, is present, the feasibility test described in Section 4.3.1 reduces to the evaluation of L, (A1)
at \; = 1 and to verify if its sign is not positive, i. e., the minimal value of the actual transmit power
P, does not exceed the available power Pry ;. As in Section 6.1, the degree of freedom which is
provided by the transmit scaling factor ¢ is used to determine the smallest lower bound for Pry ;
such that the power constrained LQG controller design is feasible.

Note that the solution of the DARE in Equation (6.16) can also been obtained by solving
K=A"KA—- A"Kb(b"Kb)  b"KA+cc” (6.18)

and using the identity K = t~'\, K, i.e., both solutions only differ by a scalar factor. Together

with the matrices P = tA{*P and C, = C? — C®c (CT@C +t7te, + cq> c"C?, where

N N N [— -1 J—
Ct=A <Cg —Cte (cTcgc +t e, + cq> cTcg) AT +t1Cy, (6.19)

the value L}

Fas(1) reads as

L*

feas

(1) =tr [t 'KC,] +tr [PC,]| — Pr1. (6.20)

Since this value is non-positive for a feasible optimization problem, the first two summands of the
right hand side of Equation (6.20) should be as small as possible. This is achieved for ¢ — oo,
which is obvious for the first summand and intuitively clear for the second because the effective
variance t !¢, of the observation noise and the covariance matrix ¢t ~'C, of the process noise are
scaled down towards zero in this case which results in a monotonic decrease of the estimation error
of the (scaled) system state. Consequently, the available transmit power must fulfill the inequality

Pryoy > tr [F %] , 6.21)
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-1
where C; = C} — Cic (chgc - cq> c" C} with (cf. Equation 6.19)

-1
ct=A (C_g — Cke (chgc + cq> cTc_g) AT (6.22)

In order to obtain results analogous to Section 6.1, it is advantageous to rewrite the right hand side
of Equation (6.21). This expression is nothing but the infimal value of the transmit power P; for
the observation channel which can be achieved by an LQG controller in the limit for ¢ — oo. For
a finite value of ¢, this power is also given by (cf. Equations 3.8 and 4.8)

P =t"(c"Crc+c,), (6.23)

where the covariance matrix C,, of the system state is determined according to Equations (3.13) —
(3.15) and reads in our case as

C,=(A+bl"C,(A+bI")T + CE, (6.24)
with the optimal controller gain
"= — (b"Kb) 'b"KA=— (b"Kb) b"KA. (6.25)

Using Equation (6.24) which is multiplied by ¢! for the determination of the transmit power (cf.
Equation 6.23), the right hand side of Equation (6.21), which is the limit for ¢ — oo, can now also
be expressed as

tr [F%] _ ((A +6I")CL(A+ b + Qg) c. (6.26)

The (scaled) covariance matrix C,, is the solution of a discrete Lyapunov equation analogous to

Equation (3.15) where the error covariance matrices CE and C; are replaced by their (scaled)
counterparts QE and Cj, respectively. Thus, the inequality from Equation (6.21) becomes

Pry1 > chgc +ct(A+ blT)%(A + bl e. (6.27)

We are now in the position to provide a formulation of this inequality analogous to Equation (6.11).
Noting that the DAREs for the determination of K (cf. Equation 6.5) in the preceding section and
Qg (cf. Equation 6.22) in this section are structurally identical and obtained from each other when

replacing A by AT, b by ¢, and a multiplication by c,, the result of Equation (6.10) can be used

and we obtain
T P _ 2
c"Cie+cy = (H|a,-|>1 |0 ) Cor (6.28)
where 05,7 € {1,2,..., N,}, are the eigenvalues of AT and thus also of A. This provides the final

representation of the inequality which must hold in order to obtain a feasible power constrained
LQG optimization problem:

Pry1 > ((H|a.|>1 |az~|2) — 1) cg+c (A+blM)Cy(A+blT) e (6.29)

The first summand of the right hand side of Equation (6.29) is, analogous to Equation (6.11),
the well known infimal value of the transmit power (or the SNR when divided by the channel
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noise variance c,) which is necessary to stabilize an open loop unstable dynamical system over an
additive noise communication channel. Since it depends on the error covariance matrix C% and the
system output vector ¢ alone, the controller has no influence on this part of the transmit power.
Recalling that the optimal LQG controller uses the Kalman filter (see Appendix A7) to determine
the optimal estimate of the system state, it seems reasonable that the available transmit power must
be at least as large as cT CE ¢ since this is the variance of the innovation sequence (subtracted by the
variance of the channel noise) which is computed by the Kalman filter to decorrelate the channel
output sequence for the sequential estimate of the system state (see Equations A192, A193 and
A196). Thus, the variance of the innovations, which represent the actual information processed by
the Kalman filter, determines the infimal value of the transmit power Pry ;.

The second summand of the right hand side of Equation (6.29) can be interpreted as in Section
6.1 in terms of the relative degree of the system to be controlled and the zeros of its transfer
function. Assume that the system to be controlled is minimum phase and has relative degree one.
Repeating the argumentation of Section 6.1, it can be shown that

K = cct (6.30)

is a positive semidefinite stabilizing solution of the DARE in Equation (6.18), which results in the
optimal controller gain (cf. Equation 6.25)

I"=—(b"c)'c'A. (6.31)

It is now easy to verify that the product ¢* (A + bl") is equal to 03 and thus the second sum-
mand on the right hand side of Equation (6.29) is zero. This behavior has been reported in [86]
and explained by the fact that the optimal controller inverts the system to be controlled, which is
possible using a stable system due to the minimum phase assumption, and subtracts the optimal
prediction of the system output from the actual output. A transmit power of zero would be achieved
if the system output could be subtracted from itself, but since the controller can only determine an
(imperfect) state estimate, the signal that must be subtracted from the system output in order to
minimize the variance of the difference is its optimally predicted value. Consequently, the vari-
ance of the remaining transmit signal is the variance of the prediction error, given by ¢*CZc. The
prediction and not estimate is subtracted due to the one step delay of the closed control loop which
is a result of the relative degree, assumed to be one, of the dynamical system to be controlled.

From this point of view it becomes clear that the summand ¢* (A + blT)C,(A + bl")"c in
Equation (6.29) is strictly larger than zero for the non-minimum phase case or for systems with
a relative degree larger than one. In this case, additional delay is present in the control loop and
thus the variance of the transmit signal increases because the one step prediction of the system
output can not be subtracted at the transmitter any more. With a non-minimum phase system, it is
not possible to stably invert the dynamical system to be controlled and thus it is not possible for a
controller to subtract an arbitrary signal from the system output.

6.3 Discussion

Due to the general treatment of the joint optimization of LQG controller and scalar transceivers,
the results presented in Chapter 4 can easily be applied to the case of SISO systems with only one
communication channel in the control loop. In order to compare the presented approaches with
known results, Chapter 6 considered this special case since it received considerable attention in the
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existing literature on NCSs. The solutions obtained in Chapter 4 are confirmed by the reproduction
of well known results for the SISO one channel case, i.e., the feasible transmit power which is
lower bounded by a function of the unstable eigenvalues of the open loop system. Additionally, the
fact that this lower bound is increased for non-minimum phase systems with relative degree larger
than one has also been verified.

For the SISO case where only the control signals are transmitted over an imperfect, i. ., noisy,
communication channel, the authors of [29] carry out an extensive analysis of control loops which
are closed over an additive noise channel using frequency domain formulations. They consider
continuous-time as well as discrete-time systems with state and output feedback and provide ex-
pressions for the minimal SNRs which is necessary to stabilize open loop unstable systems in
terms of the unstable poles, non-minimum phase zeros and the relative degree of the system. The
optimization of transmit and receive scaling factors is not considered because these degrees of
freedom are not necessary in their system model in the absence of process and observation noise.
Additionally, system performance is not considered since the authors investigate the relation of
SNR and stabilizability.

The authors of [86] describe the observation channel by an additive noise model while the
control channel is assumed to be ideal and extend the system model of [29] by introducing process
noise and an inverse scaling of the transmit and received signal of the communication channel.
The cost function to be minimized is the variance of the observations at the system output, i. e., the
transmit signal of the observation channel. With the assumption of a minimum phase system with
relative degree equal to one, the structure of the optimal controller is derived and it is shown that
the system output is (except for the channel noise) identical with the innovation sequence of the
optimal estimator. It is also demonstrated how the transmit scaling factor can be used for a trade-off
between the value of the cost function and the available transmit power. Additionally, information
theoretic tools are applied to analyze the dependence of the transmit power requirements on the
process noise sequence. In [87], information theoretic quantities are used for the investigation
of the transmit power requirements for general non-linear and time varying transmit and receive
strategies.

A different approach to the consideration of a transmit scaling factor at the output of a dynam-
ical system to be controlled is proposed in [85], where again the observation channel is assumed
to be non-ideal. The authors extend the classical LQG cost function by an additional summand
containing the squared value of the scaling factor. The resulting optimization problem is analyzed
in terms of (quasi-)convexity for a scalar dynamical system where the transmitter has access to the
scalar system state. Instead of frequency domain formulations, the analysis relies on the DAREs
for the optimal regulator and state estimator. Using the modified LQG cost function, the trans-
mit power is bounded by preventing the scaling factor at the transmitter from going to infinity,
but there is no explicit control over the actual transmit power, e. g., by a power constraint for the
optimization of the LQG controller.

A constrained optimization approach based on transfer functions is used in [46] and [35] for the
design of an LQG controller subject to a limited SNR of the communication channel. The variance
of the channel noise becomes a design variable, which renders the considered problem equivalent
to one with a power constraint and scaling factors at transmitter and receiver. This fact is pointed
out in [35]. Besides the investigation of minimal SNR requirements, also performance issues are
addressed and a joint optimization of the controller and the channel noise variance is proposed.
Unfortunately, no statement about the (non-)convexity of the problem is provided. Since it has been
demonstrated that the general problem considered in Chapter 4 is not convex, it is not obvious that
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the algorithm proposed in [46] is capable to determine the global optimum. Nevertheless, many
questions treated in Chapter 4 are motivated by [46] and [35].



7. Summary and Conclusions

In the context of optimal control, it is natural to consider constraints in the optimization prob-
lems which are solved for the determination of the optimal controller. This is reflected by the
monographs [78] and [121] which provide a lot of examples for constrained controller designs.
Networked Control Systems (NCSs) are a special class of such optimization problems, where
the channels which are used for the exchange of information in a control system are explicitly
taken into account. Consequently, the constraints to be considered are not due to the required per-
formance of the control system but due to the limitations which are inherent to communication
systems. Ultimately, these limitations are the result of finite physical resources for the transmis-
sion of information, e. g., bandwidth or power. This leads to effects like received signals which
are corrupted by noise, data loss because of collisions of users which have to share the same com-
munication channel or finite data rates due to channels with limited Shannon capacity, which are
observed for different types of communication infrastructures.

In order to take into account the communication system for the design of the controller, the op-
timization problems which are formulated for the determination of a controller have to be modified
depending on the actual model of the communication channels which are used for the transmission
of information. Section 2.1 provided an overview of the variety of models which are commonly
used in the literature on NCSs and references which give an example of the various approaches to
the joint treatment of communications and control. In this thesis, we decided for a simple additive
noise channel model. This implies that the limited communication resource is the transmit power
because otherwise an unbounded amplification of the transmit signal could be used to eliminate
the negative impact of the additive disturbance.

For the investigation of a control loop which is closed over power constrained channels with
additive noise, we applied the Linear Quadratic Gaussian (LQG) framework. There are several
reasons for this choice. First of all, it is possible to build on a well understood and well developed
basis for the design of an optimal controller which supports the investigation of the aspects related
to the consideration of communication channels. Second, and even more important, this framework
allows for a straightforward embedding of the communication system, i. e., the channel model and
the associated power constraints, in the overall system model of the NCS. Consequently, the analy-
sis and the design of the control and the communication system can be performed jointly and on the
same level of abstraction. This is an interesting property compared to, e. g., packet drop channels
where the complete communication system is reduced to the probability of a data loss and thus has
to be designed to minimize this probability irrespective of the control application. Nevertheless,
such channel models are of great importance if an existing communication infrastructure like the
Internet shall be used for a control task.

We started the consideration of additive noise communication channels and the associated
power constraints in Chapter 3, where both links which connect the dynamical system to be con-
trolled with the controller, i. e., for the transmission of observations and control signals, are mod-
eled as noisy channels. This represents a remote control scenario where the dynamical system and
the controller are spatially separated. For the situation investigated in Chapter 3, the controller is
the only degree of freedom to fulfill the transmit power constraints of both communication chan-
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nels. In this case, the constrained controller optimization is a convex problem which can be solved
relatively easy. Solution approaches date back to the 1980s [81, 96, 122] and are systematically
investigated in the context of convex optimization in [78]. Thus, the presented results are not new
and serve as the introduction of the basic problem to be solved. Note that we have chosen a refor-
mulation of the standard infinite horizon LQG control problem with average cost in terms of the
stationary covariance matrices of the system state and the control signal. Such a formulation has
recently been used by [88] and allows for a direct application of tools and software packages for
convex optimization like [92] and [93].

The results presented in Chapter 3 also demonstrated that it is problematic to use the controller
as the only degree of freedom to optimize a control specific performance criterion and at the same
time to fulfill the transmit power constraints. The reason is that these quantities, i.e., the LQG
cost and the transmit powers, are linked by the properties of the closed loop system and it is
thus not possible in general to use an increased amount of transmit power to improve the control
performance, i. e., decrease the value of the cost function.

In contrast to a considerable amount of the literature on NCSs which investigates the model
of additive noise channels, we restricted the available amount of transmit power while keeping
the variance of the channel noise fixed instead of limiting the Signal to Noise Ratio (SNR) of
the communication channels, i.e., the ratio of these two quantities. This emphasizes the point of
view that the channel noise is a physical quantity, e. g., thermal noise, which can not be changed.
However, in addition to the controller, there is the degree of freedom to design a transmitter and
a receiver at the input and the output of the communication channel in order to satisfy the power
constraints. This point of view has been made explicit in Chapter 4 with the introduction of scaling
factors at the input and the output of the dynamical system to be controlled as the most simple
instances of transmitters and receivers. Note that this extension of the system model represents
no loss of generality w.r.t. to comparable approaches, e. g., [35,46], where no transmit or receive
scaling is taken into account but the variance of the channel noise is considered as a degree of
freedom. Additionally, the respective SNR constraints can be reformulated as power constraints.

The joint optimization of the LQG cost function w.r.t. the separated elements controller, trans-
mitter and receiver can be interpreted as a controller optimization with structural constraints. In
more detail, the controller is required to be split up into two gain factors which directly act on the
input and output signals of the dynamical system, and a general function which maps the output of
one communication channel to the input of the other channel. Thus, the investigation of the joint
optimization problem in Section 4.2.2 revealed a well known property of distributed controller de-
sign: the non-convexity of the associated optimization problem [39—41]. For example, it has been
shown that the set of pairs of the transmit and receive scaling factors which lead to a feasible power
constrained optimization problem is not necessarily connected. Even the unconstrained optimiza-
tion problem for the determination of Pareto optimal values of the transmit powers turned out to be
non-convex and to have several local optima. Consequently, such problems are not tractable using
standard methods for convex optimization.

Since fixed values of transmit and receive scaling factors result in a convex controller design
problem, only a small number of variables has to be determined in the non-convex setting. It is thus
possible to sample these variables. However, this approach allows for no statement about the global
optimality of an obtained result and the quality of a possibly suboptimal solution. Fortunately, al-
though non-convex, the considered optimization problems exhibit monotonicity properties which
can be used for the application of a branch and bound method in order to determine the global
optimum [102, 103]. The derivation of lower bounds for the minimal value of the optimization
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problems under consideration and the application of the branch and bound approach to the de-
termination of the optimizing transmit and receive scaling factors are main contributions of this
thesis.

Note that the branch and bound method which exploits the monotonicity properties of the opti-
mization problem can also be interpreted as a systematic way to sample its “non-convex’ variables.
The required lower bounds are obtained by solving a relaxed convex LQG control problem with
fixed values of the transmit and receive scaling factors. The upper bounds are simply calculated
by solving the original convex LQG control problem for fixed transmitters and receivers. Since the
determination of these bounds thus has the same computational complexity as the evaluation of
the optimization problem in a conventional sampling of the “non-convex” variables, the applica-
tion of the branch and bound approach is not prohibitively complex, at least for a small number of
variables.

In Chapter 5, the joint optimization of the LQG controller and the scalar transmit and receive
scaling factors has been extended to transceivers which are represented by diagonal matrices. This
extension is straightforward for communication channels with diagonal noise covariance matrices.
For the general case of non-diagonal covariance matrices (Section 5.2.1) and linear channel dis-
turbances (Section 5.2.2), we proposed a modification of the transmitter and receiver such that the
resulting equivalent communication channels are reduced to the diagonal case. Consequently, this
step allows for the application of the branch and bound approach for the determination of optimiz-
ing diagonal transceiver matrices. However, the diagonalization of the communication channels is
performed independently of the controller design and thus can not be claimed to be optimal.

Finally, the results in Chapter 6 have been presented in order to apply the framework for the
analysis and design of power constrained control systems to scenarios which are commonly used
in the literature on NCSs. Some of the fundamental results which have been derived in the past for
Single-Input Single-Output (SISO) systems with only one communication channel in the control
loop have been reproduced.

The investigation of NCSs involves a variety of concepts which have been developed inde-
pendently for the analysis and the design of communication and control systems. Especially the
models of the communication channels which are used for the information exchange in a control
loop and the associated constraints determine to a large extent the approach to the joint design
of the controller and the components of the considered communication system. To name a few
examples, a structural separation of transceivers and the controller can be treated in the context
of distributed control systems, packet drop channels can be considered within the framework of
Markov Jump Linear Systems (see, €. g., [109] and references therein), and additive noise com-
munication channels with power constraints fit in the LQG framework. However, there are several
problems which prevent a direct application of results from the communication and information
theory to NCSs and render the joint treatment of control and communications a challenging task.

The first problem is that sophisticated coding and transmission schemes which can be applied to
a pure communication task often require the processing of data in large blocks and thus introduce a
considerable amount of delay which can not be tolerated in a control loop in general. The reduction
of this delay typically results in more distortion or transmission errors which degrades the quality of
the information which is available to the controller. Additionally, such distortions are also fed into
the dynamical system to be controlled which makes it even harder to determine a controller which
achieves a satisfactory performance. In the worst case, the controller is not able to combat the



142 7. Summary and Conclusions

distortions and errors with the limited amount of available information which renders the problem
of the joint design of the control and the communication system infeasible.

Such considerations are of course not relevant for the investigation of additive noise channels
in the LQG framework with the additional restriction to linear transmitters and receivers. However,
the second problem which is encountered in optimization problems for NCSs is still present. In a
pure communication setting, the information source can be treated independently of the transmit-
ters and receivers which are designed for the transmission of information over a communication
channel. For example, a correlated source can be whitened in order to remove redundancy or scaled
appropriately such that it has a desired variance. This separation is not possible for the transmit
signals in a closed control loop where the sources of information are the dynamical system (for
the transmission of system outputs to the controller) and the controller (for the transmission of
control signals to the system input). Since they are interconnected in a feedback loop, the choice of
a transmitter or a receiver has a direct impact on the properties of the signals to be transmitted or
received. Consequently, the communication system and the information which is exchanged using
this system are not independent any more. This fact has been observed for the minimization of
the LQG cost function under power constraints in Chapter 4 where the covariance matrices of the
signals to be transmitted are functions of the transmit and receive scaling factors. This is the main
reason for the difficulties which are encountered for the joint optimization of the LQG controller,
the transmitter and the receiver even for the case of a simple scaling of transmit and receive signals.

In this thesis, we proposed a numerical solution for the problem of a joint optimization of the
controller and the transmit and receive scaling factors in the LQG framework, where the control
loop is closed over power constrained additive noise channels. This approach has also been gen-
eralized to the optimization of diagonal transmitters and receivers. However, there remain open
questions. For the system model under consideration, we observed that the assignment of the indi-
vidual scalar components of the system input and output signals to the components (or subspaces)
of the available communication channels has a significant impact on the performance of the closed
loop control system. We have no satisfactory answer to the question how to choose this assignment,
i.e., how to jointly optimize (diagonal) transmitters and receivers and the respective permutation
of the input and output signals of the dynamical system to be controlled. A further question is of
more interest but also even more difficult to answer. What are the optimal linear transmitters and
receivers? For a communication (or estimation) setting, the answer to this question is known for
memoryless [110-112] and temporally correlated [115,116] sources. However, due to the coupling
of the sources of information and the transmitters and receivers which are used for the information
exchange, it is not obvious how these approaches can be extended to a closed loop scenario. For
a SISO system with one control channel in the control loop, the authors of [123] propose a joint
transceiver and controller design. They provide a reformulation of the problem which is not convex
but quasi-convex and thus a systematic approach for the determination of the global optimum is
possible.

As a final remark, the non-convexity of optimization problems for the joint design of control
and communication systems complicates the determination of their globally optimal solution but,
at least for some cases, does not prevent the possibility to determine it. An example is the joint de-
sign of transmitters and receivers for data transmission or estimation, respectively [115,116]. This
non-convex optimization problem can be reformulated as a problem which allows for an efficient
determination of the solution. Even if such a reformulation is not available, the problem may still
have properties which can be exploited by global optimization algorithms. The problems which
have been investigated in this thesis have such a property, i. e., monotonicity in the “non-convex”
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optimization variables, which is the basis for a branch and bound method for the determination of
the global optimum. This approach can be interpreted as a systematic sampling procedure which
additionally provides information about the accuracy of the obtained results. Consequently, at least
for low-dimensional problems, such non-convex optimization problems are feasible.






Appendix

Al. Sampling of Continuous-Time Linear Systems

Although physical (stochastic) processes are generally functions of a continuous time parameter,
estimators and controllers which are used for their observation and manipulation are often im-
plemented using digital computers. Consequently, those devices are represented by discrete-time
systems and thus it is necessary to sample the continuous-time processes to be estimated or con-
trolled. Note that in this thesis only linear systems are used which is also the focus of this section.

We start with a simple deterministic example. In the following, it will be extended towards
the case which is relevant for the derivation of the stochastic difference equations that are used to
describe discrete-time linear dynamical systems. Consider the following system of homogeneous

linear differential equations
d

dt
where the coefficient matrix A, € RY*¥ is also a function of ¢. The initial value of the equation
above is &y € RY. The solution of Equation (A1) can be expressed as (cf. [4, p. 11], [124, p. 20])

T, = Ay, t€Ryp, (AD)

Ty = ét,omm te R-F,Oa (Az)

where &, , € RV*N with s, ¢ € R, is the so-called transition matrix from the time s to . It is
the solution of the matrix differential equation

d

Eﬁpt,o = AP, t € Ry, (A3)

with initial value # o = Iy. Unfortunately, the transition matrix does not allow for a closed form
expression in general but can be determined by an infinite series (see, e. g., [125] and [124, pp.
20-21]). Nevertheless, it has the properties (cf. [4, p. 12])

gptl,to = ditl,sgps,tov tOu tla S IRJr,Ov (A4)
Do = Diiy» to, 1 € Ry, (AS)

where the inverse always exists since ¥, ;, is non-singular [126, pp. 171.172], [124, p. 28]. For
the case of a constant coefficient matrix, i.e., when A, = A for all ¢ > 0, the transition matrix can

be expressed using the matrix exponential (see, €. g., [4, p. 13]) and reads as
Dy, g = Tt t € Ry, (A6)

where the formal notation of a square matrix X in the exponent is defined as

00
eX = E
k=0

The properties of the matrix exponential are exactly those of a transition matrix [126, p. 170].

| —

‘X’“. (A7)

3
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Having established the results for homogeneous systems, we now turn to inhomogeneous ones
(cf. [4, p. 12], [126, p. 173], [124, Section 1.6]),

d
awt = Az, + By, te Ry, (A8)

with the initial value £, € R". The equation is denoted analogous to linear systems using the
input matrix B; which is in general a function of ¢. Note that u; is assumed to be deterministic at
this point. With the transition matrix, the solution of Equation (A8) is given by

t
o= uaot | B Budr  teRi, (A9)
0

which can be verified by inserting the result in the differential equation from Equation (A8). It can
also be derived by computing

d, . _ d _ . d

&(qjt,olmt) = _qst,é (&qst,o) gljt,olmt + gliml&mt Al
= —@;&Atétﬁd&;&wt —+ 45;01 (Atmt + Btut) ( )
= Sﬁ;&Btut,

where Equation (A3) is used for the derivative of @, (. Integrating both sides from 0 to ¢ results in
t

D,y — B o = / & B,u, dr. (A11)
0

Since P,y = Iy (cf. Equation A3) and due to the properties given in Equations (A4) and (AS),
Equation (A11) is equivalent to Equation (A9).

When dealing with stochastic systems, one could simply consider the model above with a
stochastic disturbance, i. €.,

d
&wt = At:ct + wy, te R+70, (A12)
where (w; :t € R, () is a white noise stochastic process with E,, [w;] = Oy, t > 0, and

Ew.w, [wsw]] = C,, (s — t), where § denotes the Dirac distribution. In this case, the solution
of Equation (A12) is (cf. Equation A9)

t
Ty = dﬂzo.’ﬂo + / diw'wT dT, t e R+70. (A13)
0

The expected value of the second summand of this equation is zero due to the linearity of the
integration and its covariance matrix is given by!

t t T t pt
/ gptﬂ'l wy, dmy (/ dit,TQ Wr, dT2) ] = / / gpt,ﬁ Ewrl,-rz [le ’LUE;] gpsz dr dr
0 0 0 0

t t
= / / gpt,n Cle(S(Tl — ’7'2)@3:7_2 dT1 dT2
0 0

Eq

t
= / &, ,C,, ¥, dr.
0
(Al14)

I'The expected value in Equation (A14) is denoted with index w and not w, with 7 € [0, ¢] since we deal with an
uncountable number of random variables at this point.
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Using the abbreviation

t
W, = / ®,,C, P, dr, (A15)
0

the result of the equation above is determined by the matrix differential equation (cf. [124, pp.
60-61] and [3, p. 66])
d

&W’t =AW, + WA/ +C,, (A16)

with initial value W, = Oy, which can be verified by inserting Equation (A15) in Equation
(A16).2

Although the result is correct (cf. [4, p. 470]), it is derived without taking into account the
stochastic nature of (w; : t € Ry (), which makes it necessary to introduce stochastic differen-
tial equations and the concept of calculus for stochastic processes. The corresponding theory is
out of the scope of this section. A detailed description of the rigorous approach using stochastic
differential equations in the form of

d:L‘t = Atmt dt —+ d'rh, (A17)

where (1, : t € R, o) is a Wiener process with differential covariance matrix C,, dt can be found
in, e. g., [3, Chapter 3].

Finally, we are in the position to derive the sampled version of the stochastic differential equa-
tion

d

&wt = At:ct + Btut + wy, t e RJF,O’ (A18)
with initial condition® ¢, € RY and where (w; : t € R, ) is zero mean* white Gaussian noise,
ie., w, ~ N (Oy,C,,) and Ey_ 4, [wsw]] = C,,0(s — t). We assume that Equation (A18) is
sampled at equidistant time indices t = k7', k € Ny, where 7" > 0 is the sampling period, and use
the notation

Ty = Ty, k € No, (A19)

where the ambiguity that (x : k € Np) is a random sequence and (x; : £ € R () is a random
process of a continuous parameter should be clear from the context. Additionally, it is assumed
that u;, ¢ € R, o, which is interpreted as the control input of a dynamical system, is constant
within one sampling period, i. e.,

uy = uy, te[kT,(k+1)T[ with k€ N,. (A20)

This is one possibility to perform the “discrete-to-continuous” conversion which is the counterpart
of the sampling and is commonly referred to as zero order hold. Using the results of Equations

*This result is of particular interest for constant matrices A; = A and C,,,, = C,, forall t € Ry . In this case,
the differential equation has a close relation to the investigation of the stability of linear systems. For the equilibrium
solution with d—dt W, = Onxn, Equation (A16) is called the continuous-time Lyapunov equation.

3The initial value can also be a random vector. This case can be incorporated in the derivations above without
difficulties, see, e. g., [3, Section 3.6].

4The assumption that the stochastic process has zero mean is not restrictive since a different expected value can be
considered by simply adding a constant vector.
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(A9) and (A13), we get for the time index (k + 1)7T with k& € Ny
(k+1)T (k+1)T
T1 = PernyroTo + / P (o1, Brus dT + / P o+ 1)r, Wy AT
0 0

kT kT
= P )T ET (djkT,oon + / b1 Bru,dr + / D7 w, dT)
0 0

(k+1)T (k+1)T (A21)
+ / di(kJrl)T,TBTuT dr + / ¢(k+1)T,TwT dr
k

T kT

(k+1)T (k4+1)T

B Brdrunt [ Buyrow, dr

= D)y RTTE + /
kT

kT
= Ak.’Bk —+ Bkuk + ’li)k,

where we also applied the property of the transition matrix from Equation (A4). In the last line of
Equation (A21), one can identify the parameters of the discrete-time system which is obtained by
sampling the corresponding differential equation as

Ay, = B0

e (A22)
B = / D11 Brdr, k € N,
kT

while the parameters of the discrete-time noise sequence (wy, : k € Ny) are

wy, ~ N (0n, Cy, ) , (A23)
C. —
Ey, o, [otp] =4 o 00 (A24)
’ Oxxn oOtherwise,
(k+1)T
Cy, = / ‘p(kﬂ)T,erT‘ﬁaH)T,T dr. (A25)
kT

These properties follow directly from the fact that (w, : ¢t € R, () is a Gaussian white noise pro-
cess. The linear operation of integration does not change the type of distribution and the zero
mean (Equation A23). The intervals for the integration of the continuous-time noise which results
in wy = ,gi“)T D 1)1 w, d7 are disjoint for different values of k € Nj. Consequently, the
discrete-time noise is an uncorrelated sequence of random variables (cf. Equation A24). Finally,
the covariance of the noise sequence is given by Equation (A25), which results from the derivations

in Equations (A12)-(A14).

A2. The Discrete Lyapunov Equation

Let A € RY*N and Q € RY*¥ be constant matrices and X € RY*Y be a matrix variable. The
discrete Lyapunov equation is defined as

X =AXA"+Q. (A26)

The main points associated with this equation are the conditions for the existence of a unique solu-
tion X and, if it exists, its properties. A detailed discussion about the discrete Lyapunov equation
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can be found in, e. g., [31, Appendix D]. There are several approaches for the determination of a
solution of the equation, cf. [127]. For the direct method, the Lyapunov equation (A26) is rewritten
as a system of linear equations, i.e.,

vec [X] = (A ® A)vec [ X] + vec [Q]
& (Iy2: — (A® A)) vec[X] = vec Q]

(A27)

where vec is the operator which stacks the columns of X in a column vector of dimension N2,
and ® denotes the Kronecker product (cf. [128]). Since the eigenvalues of A ® A are \;\j,
i,7€{1,2,...,N}, where \;, i € {1,2,..., N}, are the eigenvalues of A (cf. [126, pp. 234-
235]), we see that a unique solution only exists if A\;\; # 1, Vi, j. For the case when \;\; = 1 for
some 14, j, there exists no solution if vec [@] is not an element of the space spanned by the columns
of (In2 — (A ® A)), otherwise there exist infinitely many solutions.

The iterative method can be used if all eigenvalues of A have magnitude less than one. Note
that in this case, the solution is always unique since |\ \;| < 1,4, € {1,2,..., N}. Then, the
solution of Equation (A26) is obtained by the iteration

X = AX AT +Q, (A28)

which converges to (cf. [5, pp. 63-64])

X =) AQA™" (A29)

k=0

From the result in Equation (A29) it can be seen that the unique solution X is symmetric if Q is
symmetric and that X is positive (semi)definite if Q is positive (semi)definite.’

Finally, although not the best approach from a numerical perspective, the unique solution of
the Lyapunov equation (A26) when all eigenvalues of A have magnitude less than one and Q is
positive semidefinite can be determined by the convex program

mini};nize tr[Y] subject to

Y — AY
[Y Pra } > Oveaw. (A3D)

where the fact is used that in this case the linear matrix inequality®
Y >AY A"+ Q (A31)

can be rewritten as a positive semidefinite Schur complement’ which is equivalent to the constraint
of the above optimization problem. Additionally, any positive semidefinite matrix Y which fulfills
the inequality (A31) has the property® Y > X, where X is the solution of Equation (A26).

SMore generally, the solution X is positive definite if the pair (A, Q%) is controllable, see [31, Appendix D].

SFor a definition and detailed treatment of linear matrix inequalities, see, €. g., [129]. An important feature is that
linear matrix inequalities define convex sets which can be handled by numerical algorithms for the solution of convex
optimization problems.

TFor properties of the Schur complement in terms of definiteness, see, e. g., [94, Appendix A.5.5].

IfY > AYAT + Q,itholdsY = AY AT 4+ Q + &, where & is a positive semidefinite matrix of appropriate
dimensions. Thus, Y = Y] + Y5, where Y; = AY, AT + Q and Vs = AY> AT + & are the positive semidefinite
solutions of two Lyapunov equations. Since the solutions are unique, we have Y7 = X, which shows that Y > X.
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A3. The Discrete Algebraic Riccati Equation

Let A €¢ RVXN B e RVM Q ¢ RV*N R € RM*M and § € RV*M be constant matrices with

S
Q > Onxn, R > Oy, LC?T R} > O(N4M)x(N+M)- (A32)

Then, the associated Discrete Algebraic Riccati Equation (DARE) is given by
X=A"XA-(A"XB+S)(B"™XB+R)  (B'XA+S")+Q, (A33)
with the matrix variable X € RY*¥_ Note that with the substitution
A=A-BR'S", (A34)
the equation above can be rewritten as (cf. [130])
X=A"XA-A"XB(B'XB+R) B'XA+Q-SR'S". (A35)

Unlike the discrete Lyapunov equation (see Section A2), the DARE is a non-linear matrix equation
and it is more involved to discuss the conditions for the existence of a solution and of its properties.
Especially for the purposes of estimation and control, we are interested in positive semidefinite
and stabilizing solutions, 1. e., positive semidefinite matrices X which fulfill Equation (A33) such

that the matrix
A,=A+ BL, (A36)

where
L--(B"XB+R) ' (B"XA+S"), (A37)

has all eigenvalues inside the complex unit disk, i. e., with magnitude less than one. An important
fact is that if a stabilizing solution exists, it is positive semidefinite and unique [31, p. 775]. There
are several results which state the existence of stabilizing solutions, positive definite solutions and
the uniqueness of these solutions. We will not discuss these results and the corresponding proofs
at this point but refer to the detailed treatment of the topic in [31, Appendix E and Chapter 14] and
also [6, Chapter 4].
In many cases, the following result is of most interest. Recall the substitution given in Equation
(A34) and additionally define
Q=Q—-SR'S", (A38)

where Q > Oy, due to the assumptions of Equation (A32). The DARE (A33) has a umque
positive semidefinite solution if and only if the pair (A, B) is stabilizable and the pair (A Qz) is
detectable [31, Appendix E], in which case this solution is also stabilizing. This unique solution
can be obtained in several ways. The simplest one is using the iteration

Xy = ATX,A— (ATX,B+S) (B"X,B+R) (B"X,A+S")+Q  (A39)

with an arbitrary positive semidefinite initialization Xy > Oy« . Under the conditions mentioned
above, this iteration converges to the positive semidefinite stabilizing solution

X = lim X, (A40)

k—o0
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irrespective of the (positive semidefinite) initialization (cf. [6, Section 4.1] and [31, Chapter 14]).
A more efficient and numerically stable method for the computation of the stabilizing solution of
the DARE is the so-called Schur or invariant subspace method (cf. [130] and [31, Appendix E.7]).
Finally, the solution of Equation (A33) can also be determined by the convex program

AYA-Y+Q A'YB+ S

max}ifmize tr[Y] subject to B'YA+S'T B'YB+R > O(N+M)x(N+M), (Ad1)

Y Z 0N><N7

because, under the stabilizability and detectability assumption, the stabilizing solution of the
DARE is also the maximal® element (cf. [31, Appendix E.3] and [100]) of the set of positive
semidefinite matrices X which satisfy the Riccati inequality

X <A"XA- (ATXB+S)(B'XB+R) ' (B"XA+S") +Q. (A42)

Note that the condition R > 0,/ (cf. Equation A32) is not necessary for the existence of a
positive semidefinite and stabilizing solution of the DARE and can be relaxed to R > 0,;xs. The
only requirement to be fulfilled is that the matrix BT X B + R is invertible (cf. Equation A33). In
this case, the optimization-based solution approach given in Equation (A41) can still be applied,
and the Schur method can be modified to deal with singular matrices R. However, in this case
the stabilizability of (A, B) and, e. g., for S = Oy, detectability of (A, Q%) do not guarantee
a unique positive definite solution which is also stabilizing. Consider the simple counterexample
with M = 1, Q = cc' and r = 0 (the matrix R reduces to a scalar here), where (A,b) is
stabilizable and (A, c) is detectable and with ¢Tb # 0. The corresponding DARE reads as

X =ATXA-ATXb(b"Xb) 'b' XA + cc’, (A43)

and it is easy to verify that X = cc? is a positive semidefinite solution. Nevertheless, the closed
loop matrix (cf. Equations A36 and A37)

Ag=A—(blc)'bc’ A (Ad4d)

has in general eigenvalues with magnitude larger than one.'® A more detailed treatment of the case
when R is singular can be found in, e. g., [131]. One result is that if the corresponding DARE
has a stabilizing solution, it is unique. The authors of [131] also provide a necessary and sufficient
condition for the existence which is more involved than the stabilizability and detectability condi-
tions for the non-singular case and which is checked in the process of computing the stabilizing
solution. A further discussion of this topic and the analysis of more general Riccati equations and
inequalities is provided by [132].

As a final remark, note that for the special case of Q = Oy and S = Oy, the require-
ment of detectability of (A, Q) is obviously not fulfilled. Consequently, the existence of a unique
positive semidefinite stabilizing solution of the DARE is not guaranteed. Nevertheless, as long
as (A, B) is stabilizable, there exists at least one positive semidefinite solution which is semi-
stabilizing, i.e., the corresponding matrix A, given by Equation (A36) has no eigenvalues with
magnitude larger than one (see [31, p. 775]).

9The maximal element X , which satisfies inequality (A42) has the property that X ; > X for all positive semidef-
inite matrices X which satisfy inequality (A42).

10The eigenvalues of A, which is given in Equation (A44) can be identified as the zeros of the transfer function of
a linear dynamical system described by A, b and ¢, cf. [119].
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A4. Derivative of the Discrete Algebraic Riccati Equation

Let X be the stabilizing positive semidefinite solution of the DARE in Equation (A33) and let
the matrix L be given according to Equation (A37), i.e., the magnitude of all eigenvalues of
A, = A+ BL is less than one. Additionally, let the parameters @ and R be functions of a scalar
variable (5. Then, the derivative of X w.r.t. J is given by

0X 0X 0X 0X 0X OR 0Q
AT A+ AT BL+L"B"—A+ LT (BT —B+ — |L+—-=>
98 gt Tt ag ( 98 *’aﬁ) o8
10X 1OR 0Q (A43)
:ACI%AC1+L %L+%,

which is a discrete Lyapunov equation (see Appendix A2). Since the magnitude of all eigenvalues
of A, is less than one, this equation has a unique solution. Note that the solution is symmetric if
LT%L + ?9_652 is a symmetric matrix.

Before computing the second derivative of X w.r.t. 5, we determine the derivative

g—g’ — —(B"XB+R)" (BT%—);B + g—?) L-(B"™XB+R)™ BT%—);A
(A46)
_ (g (X, | OR
=—(B"XB+R) (B aBAML%L :
The second derivative of X w.r.t. J reads as
92X 92X OLT 90X 0X 0L
=AT A+ ——B—A,+ A ——B—
oz~ Magp AT Gy P gg At AaprBas
OLT OR OROL PR 8*Q
+——L+L"——+L"—L+
op 9B op 9B op? op? (AdT)
92X 0X OR L 0X OR
=Al- A, -2(A=—B+L"——)(B'XB BT— A, ,+—L
g o —2(A G G "X (BT A
PR 0*°Q
L L+-—=
+ iz + 95

where Equation (A46) has been used for the last line of the equation above. Like Equation (A45),
(A47) has a unique solution.

Note that if (Q and R are affine functions of 3,1i.e., Q = Q1+ Q> and R = R, + SR, where

Q1, Q2, R, and R, are positive semidefinite and 5 > 0, %—)‘f is positive semidefinite whereas %%
is negative semidefinite. This is easy to verify because LT%—?L + %—g =L"R,L + Q> > Onyn,

which implies the positive semidefiniteness of the first derivative. For the second derivative, note

that L™ %;?L + %2;22 = Onxn and that (BT X B + R) > 0y, where N and M correspond
to the dimensions of @ and R shown in Equation (A32). Due to the negative sign, the second

derivative of X w.r.t. 3 is negative semidefinite.
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AS. Properties of Expected Values
AS5.1 Expected Value of a Function of Random Variables

Let x be a random vector, g a measurable function and y = g(x) be the random vector which is
obtained by applying g to x. Then,
Ey [y] = Ez [9(z)] . (A48)

Proof. This is a standard result and can be found, e. g., in [34, pp. 142-143]. U

AS.2 Conditional Expected Value and Conditional Expectation

Although using the same notation, we distinguish between the conditional expected value and the
conditional expectation of a random variable. Let x, y be random vectors with a joint distribution.
Then, the conditional expected value of x given the event!! {y = n}, where ) is a constant vector,
is a deterministic vector given by the expression (cf. [34, p. 231])

Eqpy [z 1] = /:cfxm (z|n)dex. (A49)
Thus, the conditional expected value can be interpreted as the value of a function

¢(n) = Eqjy [z| 7] (A50)

evaluated at 7.

In contrast, the conditional expectation is itself a random variable. A straightforward definition
of this random variable is obtained by replacing the realization 77 in Equation (A50) by the random
vector vy, i. e., the random vector z which is given by

z = Eqpy [z|y] = (y) (A51)

is the conditional expectation of x given y.

The rigorous definition (cf., e. g., [33, p. 347]) of the conditional expectation is as follows:
Let (£2,F, P) be a probability space and z a random variable'? on this space. Additionally, let
G C F be a sub o-algebra of F. Then, a random variable z which is measurable w.r.t. G is called
conditional expectation of x given G if

/B:E(w) dP(w) = / z(w) dP(w), VB € G. (A52)

B

Using the indicator function' I3 (w), this equation can be rewritten in terms of expected values'*:

Elzlz] =E[:15],  VBeG. (A53)

"'"The distinction between % and 7 should emphasize the fact that y is a random vector while 7 is a realization.

12The definition of the conditional expectation can be extended to random vectors if the components are treated
separately and the o-algebra which represents the condition is generated jointly by all random variables that are the
components of the given random vector.

Blp(w) = 1ifw € B and 0 otherwise.

4“The subscripts of the expectation operators have been dropped to emphasize that 2 and z are defined on the same
probability space and that the expected value is determined using the same probability measure P, cf. Equation (A52).
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The random variable z is denoted by z = E, g [2| G]. In order to be consistent with the notation
introduced in Equation (A51), let G be the o-algebra generated by the random variable y which
maps (£2,F) to (2',F), i.e.,

G={B|B=y'(A),AcF}. (A54)
Keeping this in mind, we obtain

An important property of the conditional expectation is the following: let  and y be two random
vectors with a joint distribution. Then,

Ey [Eay [%] Y]] = Eg [#]. (A56)

Proof. Equation (A56) is a direct result of Equation (A53) by setting B = (2. Another proof uses
the definition of the conditional expectation as (y) (cf. Equations A49-A51). Thus, we obtain

By [Eapy [2]y]] = /Ewly[w|n] fy (m)dn = //a:fwm (x|n) dwf, (n) dn
://:Efm,y (x,m)dxdn = /mfw (x) d (A57)
= Eq [z]

AS5.3 Pointwise Minimization

Letx : 2 — R and y : 2 — R be random vectors with a joint distribution, / : R — RM
be a measurable function of y and g : R x R — R, ; a non-negative, measurable function
of & and h(y). Assuming its existence, the determination of the function hA* which minimizes
Ezy [9(x, h(y))] can be determined pointwise, i. e.,
h*(n) = argminEgyy [g(x, 2)[n], 7 €R™. (AS8)
zeRM
Proof.

i By (@, h(w))] = in [ [ fuo (6.m)9(6,h(m)) €
—win [ 1y ) [ fuy € gl nm) dgan (a50)

—uin [ £, (1) Eay oo h(n)) | n] .

Note that all Probability Density Functions (PDFs) and the function g are non-negative. Thus,
the minimum of the expression above is attained by using the function A which, evaluated at
each given value 7, minimizes E,, [g(x, h(n))| 0], i.e., the problem is to determine the value
z = h(n) € R which minimizes the conditional expected value at a given point 1. Consequently,

h zeRM

i By (e, h(w))) = [ £y () min By lg(z,2)| n] i (AG0)

where the minimizer is z* = h*(n), i.e., is the value of the optimal function h* evaluated at . [J
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Remark: A different approach of proving the above result can be found in, e. g., [3, pp. 260-261].
There, it is argued that

min By, [g(@. 2) 7] < Eapy [9(2, h(n))| 7] (A61)

zER]M

for every function h. Consequently, taking the expected value w.r.t. y on both sides, we obtain

z€RM

By | i,y (0022 91| < Ba oo 1) (A62)
Since this inequality holds for every function A, it is also true that
By | i, By [0(2. 9] < minEay (e, 1(0)- (A6

On the other hand, the minimum of the expected value w.r.t. h must be smaller than its value using
an arbitrary function, e. g., h* which is given in Equation (A58). This results in

00 By 9, h(9)] < Byl (9)] = By | min Bu Lo 2)lu)| . (A
Putting both inequalities (A63) and (A64) together leads finally to the result
i By (2, ()] = By | i, By [9(2,2)] 9] (A65)

A6. LQG Control

The term Linear Quadratic Gaussian (LQG) describes scenarios where the associated control prob-
lems deal with linear dynamical systems, quadratic cost functions and a Gaussian model for the
stochastic driving processes. For the dynamical system to be controlled, we adopt the system model
introduced in Section 1.5, 1.e.,

Ty = Agzy, + Bruy, + wy,

A66
Y. = Crxy + v, ke{0,1,...,N — 1}, ( )

where ¢, € R is the system state at time index k, u;, € RN is the control input
and y, € R is the output of the system. The system matrix at time index k is given
by A;, the system input matrix is By and the output matrix is Cj, where all dimensions
are according to the state, input and output vectors, respectively. The driving noise sequence
(wg : k€{0,1,..., N —1}) is assumed to be independent but not necessarily identically Gaus-
sian distributed, i.e., w; ~ N (O Noys ka)- The same holds for the measurement noise sequence
(vp : k€ {0,1,...,N —1}), i.e, vy ~ N (Oy,, C,, ). The initial state is ©o ~ N (ftay, Cy,)-
Additionally, the process noise sequence, the observation noise sequence and the initial state are
assumed to be mutually independent.!®> The number N € N is the so-called horizon, i. €., it deter-

mines the number of steps which are considered for the LQG problem.

15The independence assumption can be relaxed if (wy : k € {0,1,..., N — 1}) is a Gauss-Markov sequence, i. e.,
admits for a state space representation which is driven by white noise. Thus, by augmenting the state equation (A66)
(cf. [38, p. 38]), the problem of correlated noise can be reduced to the white (independent) noise case. The same holds
for the observation noise (vy, : k € {0,1,..., N — 1}) and if the different noise sequences are mutually correlated
(cf. [37, Section 11.2] and [133, Sections 5.9 and 5.10]).
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The last part for the description of the LQG control problem is the quadratic cost function
which is used to determine the control sequence (uy, : k € {0,..., N — 1}). It reflects the goal to
keep the deviation of the system state from the origin small without an excessively large control
effort. The criterion for the quantification of the terms “small” and “large” is the expected value of
the squared and weighted Euclidean norm of the state and the control input vector, respectively. The
expected value is applied because the state as well as the control are in general random variables
due to the process and the measurement noise. Since the dynamical system is considered over a
horizon of N steps, the overall cost function is chosen to be the sum of the cost of the individual
steps. Thus, the cost function of the LQG control problem reads as

Un Un

Nolpo a7 Q. 5.7 [z
J = Eagp,in—1s00,0w-1 | ENQNEN + 2_% [ } [ 5t R’j [ } : (A67)
where the weight matrices Q,, € RY=*Ne R, ¢ RN«*Nu and §,, € RY=*Nu fylfill the conditions

Q. > On, xn,, R, > Oy, xN,,

n Sn
[CSQT R } Z O, + N X (Na 4 Nu) (A68)

forn € {0,1,...,N}orn € {0,1,...,N — 1}, respectively, in order to obtain a convex cost
function which is bounded below by zero.!® These weight matrices are not given a priori but have
to be chosen by the system designer to reflect the objectives of the specific control problem. As
an example, for S, = Oy, xn,, 7 € {0,1,..., N — 1}, a scaling of @Q,, while keeping R,, fixed
can be used to trade the goal of keeping the system state small against the goal of a small control
effort.!” Additionally, the weight matrices can be used to emphasize subspaces of the state and
control space, respectively, where large deviations are more severe than in other subspaces. Note
that the expected value in Equation (A67) is taken w.r.t. all random variables which are involved
in the description of the dynamical system to be controlled and the measurements of the system
output (cf. Equation A66) over the horizon N.'8

For the determination of the optimal control input for the dynamical system given by Equation
(A60), it is typically assumed in the LQG framework that at time index k the controller has access
to all measurements of the system output up to this time and all preceding (self-generated) control
inputs. The information state at time index & thus reads as the set

{y0}7 k= O,

I
{Yo, Y1, -, Y, ug, U1, ..., up1}, ke{l,2,...,N—1}.

(A69)

Note that this assumption results in a recursive description of the information state, i.e.,
Tiv1 = {Zk, Y11, ur ), k € {0,1,..., N — 2}, with the initial set Zy = {yo}.

16The condition R,, > 0 can be relaxed to R,, > 0 (cf. Section A3), but care must be taken w.r.t. the stability of
the optimal control (cf. [101]). Note that the minimization of the cost function given in Equation (A67) may still be a
well-posed problem for indefinite weight matrices, see, e. g., [97,98].

"This is a typical case for a multicriterion optimization problem, see, e. g., [94, Section 4.7].

18The expected value in Equation (A67) represents some abuse of notation because z,,, n € {0,1,..., N}, and u,,
n € {0,1,..., N — 1}, are random vectors which are taken into account for the computation of the expected value.
Nevertheless, since they can be represented as functions of the fundamental random vectors g, wo, w1, ..., WN_1,
o, V1, - .., UN—1, they are not explicitly listed in the index of the expectation operator.
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Now we are in the position to formulate the LQG control problem. The goal is to determine a
sequence of measurable '° functions y, k € {0,1,..., N — 1}, of the information state Zy, i.€.,

Uy, :Mk(zk)v ke {0717---7]\]_1}7 (A70)

such that the cost function given by Equation (A67) is minimized for the dynamical system given
by Equation (A66). Formally, the control problem reads as

KOs 5 N —1

N-1 217 Q, S -
S o 5 3 5

subject to @41 = Apxy + Brug +wy, ke€{0,1,...,N — 1},
yr = Crxp + vy, k’E{O,l,...,N—l},
uk:uk(l'k), kE{O,l,...,N—l},

where 7y, 1s the information set given by Equation (A69).

Note that the above optimization problem can not only be used to express the desire to keep the
system state close to the origin. It is also possible to minimize the deviation from a given non-zero
point or a trajectory which can be deterministic or stochastic. In order to explain this modification,
assume that the control objective is to follow a trajectory generated by the dynamical system

G = A& +wr,  ke{01,... . N-1}, (A72)

where &, € RM is the state of the reference system and (wy,: k € {0,1,..., N —1}) with
wp ~N (OM, C’wk), k € {0,1,...,N — 1}, is the independent driving noise process which is
also assumed to be independent of all other random variables. The behavior of the reference sys-
tem is determined by the system matrix A,(CR) € RM*M and the parameters of noise distribution.
For the sake of simplicity, let N, = M. Using this assumption, the squared Euclidean norm of the
deviation of the system state from the state of the reference can be expressed as

ks — &5 = {w’“r { L. _IN“} {mk} (A73)
BoSMz T g, & |’

Iy, Iy,

T . . .
where the vector 2z = [, £} can be interpreted as the state of a dynamical system described
by the difference equation

B
Zpi1 = A(R)}ZH{ k }uﬁl":j ke{0,1,...,N—1}, (A74)
k

Oarx .,

Thus, by choosing the weight matrices ),, according to Equation (A73), the tracking problem can
be recast to fit in the formulation of the optimization problem given by Equation (A71).

A6.1 Dynamic Programming

The LQG control problem which has been introduced above fits into the more general framework of
dynamic programming. It considers the problem of the optimal choice of a sequence of decisions,

Precisely, the function p, at time index k is measurable w.r.t. the o-algebra generated by the random variables
Lo, Wo, W1, ..., Wk—-1, Vo, V1, ..., Uk.
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where the decision in one step changes the basis for the decisions of subsequent steps. Examples
for such situations are shortest path problems, inventory control or games like chess [6]. A key
property of these problems is the necessity to trade the minimal cost of a single, local decision
against the possibility that this step will lead to a higher cost of future decisions.

According to [6, pp. 2-3], two features characterize the considered model. The first one is a
discrete-time dynamical system

T = [o(Th, wp, wy), ke{0,1,...,N —1}, (A75)

where x;, is the system state, uy, is the control input and wy, is a random disturbance with properties
given below. The initial state x is assumed to be a random variable. Additionally, the function fj
maps the system state, control input and disturbance at time index & to the state at the subsequent
time index. The number of considered steps is given by the horizon N. The sets from which
all variables are taken and the underlying probability space are not explicitly given at this point
because they do not provide much insight into the description of the generic problem.

The goal of dynamic programming is to chose a sequence (uy: k € {0,1,..., N —1}) of
control inputs such that the dynamical system given by Equation (A75) behaves in an optimal way,
where the optimality criterion is defined below. Thus, for the determination of uy, information
about the system state at time index £ is necessary. Since we adopt the model of [6, pp. 218-219],
it is assumed that this information is provided by observations (or measurements) y; according to

hO(w(]a/UO)a k=0,

A76
hk(wk,uk,l,vk), ke {1,2,...,]\[— 1}, ( )

Y =
where v;, represents a random measurement disturbance and h;, are functions which map the sys-
tem state, the control input and the measurement disturbance to the actual observations. For the
sake of simplicity, we assume that (wy, : k € {0,1,..., N —1})and (v : kK € {0,1,...,N —1})
are independent random sequences which are also mutually independent and do not depend on the
initial state ,.2°

The second feature of the model for dynamic programming concerns the cost which is incurred
at each step and which provides the optimality criterion for the determination of the control input. It
is given by the functions g, k € {0,1,..., N — 1}, which depend on the state, the disturbance and
the control variable u;, to be determined, i. e., the decision to be made, and since these quantities
are not deterministic due to the system and observation model, the expected value of the cost is
considered. An important assumption is that the overall cost over the horizon N is additive, i.e.,

N-1
JN = Eﬂ}Oﬂ”O,---,“’N—l7'007---7'0N—1 gN(wN) + Z gn(wnv Unp, wn) ) (A77)
n=0
where gy () is the cost incurred by the terminal state «y alone. Finally, it is assumed that for the
determination of the control input at time index k, all observations up to time k£ and all preceding
inputs can be used. Thus, the available information set is given by

{y0}7 k= O,

I
{Yo, Y1, -, Y, ug, U1, ..., w1}, ke{l,2,...,N—1}.

(A78)

20This assumption can be relaxed, e. g., if the dependencies of the noise sequences can be described by a state space
model which is driven by independent noise. In that case, the original and the noise model can be combined to an
augmented state space model with independent driving noise. Additionally, dependencies of the noise distributions on
the state and control inputs may be considered, cf. [6, Chapter 5.1].
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In order to minimize the cumulative cost of the individual steps over the horizon N (cf. Equa-
tion A77), functions have to be determined which map the available information about the system
state (cf. Equation A78) to an appropriate input for the dynamical system (cf. Equation A75), i.e.,

U = Mk(z-k)a k€ {07 L.. '7N - 1}7 (A79)

where 1, is @ measurable function of Z;.. The optimization problem to be solved thus reads as

N-1
minimize gy o awx_1.00, 01 [gN<mN> + ) gn(@n, U, w,) | (A80)
B0 ey AN — 1 e
subject to @11 = fr(Tg, Uk, wy), ke{0,1,...,N —1},
_ | ho(=o, vo), k=0,
Yr = hk(:ck,uk,l,'vk), ke {1,2,...,]\[—1},
uk:Mk(Zk)a ke{O,l,...,N—l},

where 7, is given by Equation (A78).

The main idea for the solution of the optimization problem (A80) is the principle of optimality
(cf. [134, p. 83] or [6, p. 18]). In order to understand this principle, consider the following “sub-
problem” of (A80):

N-1

minimize  Eg wo. o wn_1,0m, vN_1|Tm [gN(CL‘N)+§ gn(iﬂmun,’wn)
K omA4-15-+ N —1

Zn|, (A81)

subject to @1 = fe(Tp, up, wy), ke{mm+1,...,N—1},
yk:hk(mk,uk_l,vk), ke{m,m+1,...,N—1},
uk:Mk(Ik)a ke{m,m+1,...,N—1},

with m > 0. This problem considers only the tail of the optimization problem given by (A80).
The first m steps are assumed to be given and described by the information set Z,, which con-
tains the measurements up to time index m and the control inputs which are functions of these
measurements. The objective of (A81) is to determine the optimal control input for the remaining
steps when the first m steps have already been made and are fixed. Loosely speaking, if we came
to some point after an arbitrary choice for the first m steps, the question to be answered is what is
the optimal way to finish the optimization problem to the terminal point at time index N. This is
the reason why the cost function of the optimization problem (AS81) is called the cost-to-go. The
solution of the minimization of this cost subject to the state and observation equations results in
the optimal sequence of control inputs for the remaining part of the horizon which now depends
on the choice of control inputs for the first m steps and the resulting measurements, i.e., on Z,,.

The principle of optimality states the following: assume that an optimal sequence of functions
i, k€ {0,1,..., N — 1}, for the computation of the control input has been determined for the
original problem (A80) and is used for the first m steps of the control problem, which results in
the information set Z,,, at time index m. Then, given this information set, the remaining part of
the optimal functions u;, k € {m,m + 1,..., N — 1}, also minimizes the cost-to-go, i.e., is
the solution of the optimization problem (A81). Thus, the solution of the optimization over the
complete horizon is also the solution of all tail problems.
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The solution of the optimization problem (A80) can now be obtained by recursively solving the
tail problems described by (A81). In order to derive the recursive representation of the problem,
let J* be the optimal value of the problem (A80), i.e.,

N—-1
JF = min Emo,wo,...,wwfl,1’0=---7va1 [gN(wN) + Z gn(mna ,un(Zn)a wn)7 (A82)
O[T 5y AN —1 n=0

subject to the corresponding constraints. Since the control input u, must be determined as a func-
tion o of Zy, recall Section AS.3 and use the result of Section AS5.2 to introduce the conditional
expected value given Zy. Additionally, due to the fact that the cost function is additive, J* can be
rewritten as

J = min Emoﬂfo [Em07w07---7wN—17'007~~~7'UN—1IO gO(w07/~LO(IO)7wO)
HOsHT 5 N —1
N1 (A83)
+9N(mN) + Zgn(wnvﬂn(zn)awn) Io| |,
n=1

where Z, = {yo} (cf. Equation A78) and the distribution of y, is completely described by the
joint distribution of & and vy (cf. Equation A76). Following the arguments of Section AS5.3, the
functions p, £ € {0,1,..., N — 1}, which minimize J can be determined pointwise for each
given value of Zy. Thus, the minimization can be carried out inside the outer expected value and
we get?!

J* == E:l:o,'v() [Hiltlon (Emo,wol() [90(m07 Uy, wO)|IO]

N1 (A84)
+ min Ewl,wl,...,wN,l,vl,...,'vN,l|Io gN(mN)+Z gn(wna ,un(In)a wn) IO ) )
M1 EN—1 n—1

where the random variables that are considered for the individual expected values have been
adapted to the respective arguments. The principle of optimality ensures that the functions i,
k€ {1,2,..., N — 1}, which are obtained by the minimization of the second summand of Equa-
tion (A84) alone are also optimal for the overall problem of minimizing J*.?* Comparing this
minimization problem with Equation (A82), we identify an essentially equivalent problem which
starts at £ = 1 and is conditioned on the information Z,. Consequently, the same steps which led
to Equation (A84) can be repeated to obtain

N-1
1 mlﬂ%\f Eml,wl,...,wN_l,vl,...,vN_l |Zo [gN(wN)+Z gn<wn7 Mn(In)a wn) Z-0
EARRE) —1

n=1
N-1
- Em1,’01|.’[0[ mln Eml,wl,...,wN_l,vl,...,vN_l ‘1-1 gN(mN)+Z gn(mﬂd Mn(In)a wn) IO) y17 uo IO Y
Hisees EN—1 =1
(A85)

2I'The notation of Equation (A84) is potentially misleading because the inner conditional expectation is a ran-
dom variable due to the fact that the condition Zy is a random variable. Thus, the minimization w.r.t. wg and puy,
ke {1,2,...,N — 1}, has to be understood in the sense of Section A5.3, i. e., pointwise.

22 A detailed derivation of this argument can be found in [6, Chapter 1.5].
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where the equivalence Z; = {Zy, y1, uo } (cf. Equation A78) and the fact that u is a deterministic
function of Z; have been used. Denote the solution of the optimization problem (A81) as J,,,(Z,,),
i.e.,

N-1
i (Tn) = 00 B s s omconalZo | ON(@N)+ Y 00 (@, pin(Ln), w0)| T | (AS6)

subject to the corresponding constraints. Using this notation, Equation (A84) can be rewritten as
J* = By [Jo(Z0)] 4 (A87)
and the expression inside the expected value becomes (cf. Equations A84 and A85)
Jo(Zy) = I%ion (B w0lz0 [90(X0, o, wo)| o] + Egy 0,17, [J1(Z1)] Lo))

) (A88)
= H&H B w0010 [90(T0, o, wo) + J1 (Lo, Y1, uo)| Lo) -

A further repetition of the above steps finally results in the recursive determination of the optimal
control inputs and the associated costs:

( rﬁin Emmwm,vmﬂ\Im [9m (s Wiy Win) + Tt (Lons Yt 1, W) | Lo
m € {0,..., N—2},
I (L) =

11}1111 EmN,l,wN,l\IN,l [ngl(fL'th UN-—1, ’wa1)
N-1

\ +gN(fN_l(fflcN—l, UN-1, ’wN—1))|IN_1], m=N-—1.

(A89)

This result provides the following interpretation of the optimization problem: formally, the
minimization of the cost function J can be split in two parts. First, assuming that the inputs for the
first m steps of the problem which lead to the information Z,,, are given, optimize the remaining
steps based on this history, i. e., minimize .J,,(Z,,). Second, with the knowledge about the minimal
cost-to-go, determine the first m control inputs such that the sum of the cost which is associated
with these steps and the optimal cost-to-go is minimal. Equation (A89) shows that this can be
performed one step after another going backwards in time and starting with m = N —1. At this time
index, the terminal stage of the optimization problem is considered and the cost-to-go is simply
determined by gy and gy _1. Subsequently, a sequence of optimization problems is solved by going
one step back and minimizing the sum of the cost associated with this step and the previously
determined minimal cost-to-go. Depending on the actual structure of the dynamic system and the
cost function, this dynamic programming algorithm can lead to an efficient solution method.

As an example for the application of the dynamic programming algorithm, consider the prob-
lem of finding the shortest path through a directed graph which is depicted in Figure Ala. The
goal is to traverse the graph from the left to the right. The nodes of the graph correspond to the
states of the system and a state transition to the move from one node to a neighboring node along
the edge which connects both. The cost of such a transition is denoted by the weight of the edge
and the cost of a path from the left to the right is the sum of the weights of the edges which make
up the path. Note that the control input corresponds to the choice of the specific neighboring node
to move to. Although this is an informal description of the problem, it should be clear that it fits
in the framework of dynamic programming, i.e., the propagation of the system state can be de-
scribed according to Equation (A75) and the overall cost accumulates the cost of the individual
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steps of the problem (cf. Equation A77). In order to keep things simple, the problem is assumed to
be deterministic, i. ., the state transitions as well as the associated costs are deterministic, and it is
assumed that the system state is known perfectly.

2.”
« -3
1
e
(c) Shortest paths for the last three steps. (d) Shortest path through the graph.

Figure A1: Shortest path problem solved by dynamic programming.

Since exactly four state transitions are necessary to move from the left to the right of the
graph and it is not allowed to stay at a specific node, we have N = 4.2} The determination of
the minimal cost-to-go for the last transition is trivial (there is only one edge connecting the right
node with each preceding one). Thus, we start with the determination of the minimal cost-to-go
for m = N — 2 = 2. The result is shown in Figure A1b. Starting from the top node, the shortest
path to the destination has weight 4, from the center note 2 and from the bottom note we obtain
the cost 4. Now the optimal cost of the tail of the path (the optimal cost-to-go) is known depending
on the state this tail is starting from and irrespective of the path that led to this state. Thus, for the
determination of the optimal cost-to-go for m = N — 3 = 1, it is only necessary to determine
the minimal sum of the cost of a state transition from any state to the neighboring top, center
or bottom node and the remaining cost-to-go from that node which has been optimized one step
earlier. Figure Alc shows the result which gives a cost of 3 from the top node, 5 from the center
node and 7 from the bottom node to the destination. For the calculation of the minimal overall cost,
i.e., the shortest path from the left to the right, this step has to be repeated which is again simple
due to the fact that the starting node has only one edge which connects it to each of the neighboring
nodes. The shortest path, which has a weight of 5, is shown in Figure Ald.

Having a closer look on the above example, the reader with a background in communication
and information theory might recognize the Viterbi algorithm [135]. This algorithm is an instance
of the dynamic programming principle which is commonly executed forward in time. This is not
a contradiction to the description that has been chosen here since for deterministic shortest path
problems, a path from the starting point to the destination has the same length as from the destina-
tion to the starting point. Thus, the graph can be equivalently traversed backward or forward.

23 An equivalent problem is to allow to stay at a node and associate an arbitrary positive cost with the stay. In that
case, the optimal choice is to directly move to the next node because the cost of any path with a stay is always larger
than without one.
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A6.2 Solution of the LQG Control Problem

The LQG control problem can be solved by applying the dynamic programming approach which
has been introduced in the last section. To this end, we identify that the function which describes
the evolution of the system state (cf. Equation A75) is given by Equation (A66), i, e.,

fr(@g, u, wi) = Agxy, + Bruy, + wy, ke{0,1,...,N — 1}, (A90)
and the observation equation (cf. Equation A76)** is
hi(xy, v) = Cray + vy, ke{0,1,...,N —1}. (A91)
Finally, comparing the cost functions of Equation (A77) and Equation (A67), we observe that
gv(@N) = TN QN (A92)
and
ge(xp, up, wi) = L Qg + up Ryuy + 2u; Sy xy, ke{0,1,...,N —1}. (A93)

Using these functions, the optimization problem (A80) leads to the LQG problem (A71). It is
solved by recursively minimizing backwards in time the cost-to-go, i. e., the cost for the remaining
steps of the optimization problem when the first m steps have already been made and provided the
information (cf. Equation A69)

=0
7, = ok e (A94)
{y07y17'"7ym7u07u17"'7um—1}7 m e {1727"'7N_1}7

starting with m = N — 1. Thus, it is assumed that the optimal control inputs wg, ®1, . . . , u_o have
already been applied and the observations yg, ¥1, . . ., yn_1 are known. The minimal cost-to-go for
the last step of the control problem is then given by (cf. Equation A89)

INa(Ina) = H}Vin By wynalZya [ZE%A QN+ Uy Ry gun g +2uy Sy Ty
UN_1
+(Anaxnag+Byiuny g +wyg )TQN (Anagxng+Byajuyi+wyg) ) IN—1:|

=min Ezy | wy 1jzh s [»’13%_1 (A%—lQNANfl + QNA) TN-1 (A93)

UN-1

+uy_; (By_1QnBy_1+ Ry_1) uy_y
+ 2“%—1 (BJE—lQNAN—l + S]T,_l) Tyt ’w]TV_lQN’wN_l‘IN_l} )
Note that due to the assumption that the process noise wy_; has zero mean and is independent of

all other random variables, i. e., independent of Zy _1, the terms of Equation (A95) which depend
linearly on wy_; are zero and have been dropped. In order to determine the minimal cost-to-go

24Note that Equation (A76) allows for ¥y, to be a function of uj_1. Since the linear system given in Equation (A66)
is assumed to provide observations which are not directly influenced by the control input, the argument wy_; of hy is
omitted.
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Jn_1(Zn_1), the derivative w.r.t. u_; of the function to be minimized is determined and set to
zero. This leads to the equation

2 (BJEAQNBNA + RN—1) UN_1

A96
+ 2 (B]TV—lQNAN—l + S]T/,l) Ezn_11Zvo1 [CEN—1’ZN—1} = Op,. ( )

Thus, the optimal control input which minimizes the cost-to-go for the last step of the control
problem reads as

uyng = — (B, QnBya +RN—1)71 (ByaQNANa+SN) By yzas [®8a| Ina], (A7)

where the inverse always exists by the assumption R, > Oy, xn,, k¥ € {0,1,..., N — 1}, and
Qr > On,«n,, k €40,1,..., N—1} (cf. Equation A68). In order to simplify the notation, we use
the abbreviation

Z :Emk\Ik [$k|1'k], k € {0,1,...,N—1}, (A98)

for the conditional mean of the system state a; given the information Z;, at time index k. Addition-
ally, the deviation of the system state from the conditional mean is denoted by

&p =, — &y, ke{0,1,...,N—1} (A99)

Inserting the result from Equation (A97) in Equation (A95) and using the notation from Equations
(A98) and (A99), the minimal cost-to-go reads as

IN-1(In-1) = Eay | won11Zns [iﬂﬁ_l (AN QNAN_1+Qn_1) TN_1
— TN (A%AQNBNA + SNfl) (B]THQNBJ\H + RJ\H)_l (A100)

X (B]T\/Ll QnANa + SEH) En + W QWi INfl]v
where it has also been used that

Finally, due to this property, Equation (A100) can be rewritten in terms of & y_; and Zy_1:
IN1(In-) =By wonaizns [Tra BTy + &y Pyva@ya +way, Qnwn| Iva ], (A102)
where
Py, = (A%AQNBNA + SN—l) (B]TVleNBN—l + RN—l)il (BJTHQNAN—l + S]TH) (A103)

and
Ky ,=Ay QnAyx_1+Qn_1 — Py_.1. (A104)

Before we proceed with the next step of the minimization of the overall cost function given by
Equation (A67), note that the last term of Jy_1(Zy_1) (cf. Equation A102) does not depend on
any control input or observation due to the independence assumption. Thus,

By 1oy fzy [Wy 1 @NwN 1| In1] = Buy_, [wy Qnwy 1], (A105)
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which is a constant. The same holds for the second term, i.e., the quadratic form in & _;, W.I.t.
the control inputs, which is not as obvious and proved in [6, pp. 231-232]. In order to show this
independence, note that the state equation (cf. Equation A66) is a linear function of the system
state, the control input and the driving noise. Thus, the system state at time index k£ + 1 can be
expressed as a linear function of the initial state x, the driving noise sequence and the control
input sequence up to time index k. Formally, this means that

Ty = By + Uy, k€ {0,1,..., N~ 1}, (A106)

where &), € RV=x(+2Ne and @, € RN-*(k+DNu gre constructed from the system matrices A,
and the input matrices B,,, n € {0,1,...,k}, and

T
Ek:[wg‘awg‘awlrra"'awg] )

v o (A107)
Yo = [ug,ui, ... up] ke{0,1,...,N —1}.

This means that the system state can be separated in an uncontrolled part which exclusively de-
pends on the initial state and the process noise, and a controlled part which is a function of the
control inputs alone. Note that at time index k, the vector [ug ,u{,...,u} |7 is contained in the
information set Z, see Equation (A69). It follows that

Xy =X — Tp, = T — Egy 7, [T0] Zi

(A108)
= @1 (&1 — Bey iz, [E-11 Th)) + ProrVi—1 — P 1¥i—1,

i.e., the summand of &;, containing the vector [ul,w],... ul ;] cancels out. Thus, a potential

dependence of this expression on the control input is only due to the information Z; when comput-

ing the conditional expected value of &;_1. In order to show that this is not the case, it is convenient

to express Zj, in terms of &1 and ~;_;. Using Equations (A66) and (A106), we get

Yi = Co.’B() + v, k= 0, (A109)
deikflfk,l —|—Cka,1’7k,1 + v, k€ {1,2,...,]\[— 1}

Since the vector 7,1, represented by the sequence (w, : n € {0,1,...,k — 1}), is part of Zj, the
information provided by the set Z; and the set

_ k=20
7, W ’ (A110)
{y07y17"'7yk7u07u17"'7uk—1}7 ke {1727"'7]\]_ 1}7

where
gk :yk_Ck!pk;—l’Yk—la ke {1727"'7N_ ]-}7 (Alll)

is equivalent since Z;, and Z, are mapped to each other by an invertible and deterministic function.
Finally, a reasonable assumption is that §;_ 1, which determines the uncontrolled part of the system
state xy, is conditionally independent of the control input given yg, Y1, . . ., Yx. This assumption
is justified if it is not known how the control inputs are computed and only the numerical values
are given. In that case one can model the control inputs as stochastically independent of &;_;. It
is also justified for the setting of the LQG problem where the control inputs u; are computed as
deterministic functions of the available information Z, k € {0,1,..., N — 1}. Here, it is easy to



166 Appendix

show that u;, can be expressed as a deterministic function of yg, 41, . . . , Yi. Thus, the knowledge
of the control inputs does not provide additional information about &, _;, compared to the observa-
tions of the uncontrolled part of the system state (cf. Equation A111). Putting everything together,
we observe that

Zp = Py (gk‘*l - EEk—ﬂIk [ékfl‘ Ik])

B (A112)
=P (fkfl — B¢, yo.91,9k (k-1 Yo, Y1, - - -, yk]) )

1. e., T 1s not a function of the control inputs.
Having shown that the choice of the control input has no effect on & _1, the minimal cost-to-go

at time index NV — 1 can be written as
In-1(In-1) = Ean_iZns [w%qKquL’Nfl‘ INfl} (A113)
+Ezy iz [N 1 Pvaa@no1| Ino1] + By, [wy_1Qnwn_1]

where the last two summands do not depend on the control input. Following the dynamic program-
ming approach (cf. Equation A89), the minimal cost-to-go for the time index N — 2 is determined
by minimizing the sum of the cost associated with the isolated step at this time index and the
remaining cost-to-go, given by Jy_1(Zy_1), i.e.,

: T
JN—Q(IN—Q) = min EmN727'wN—27'UN—1|IN72 [wN72QN—2mN—2
UN -2

T T QT
+uy Ry ouny o+ 2uy oSy _oTN_2

+ Eay_1zv [w%qKNfleq’INfl]

+ Eay 1 1zns [fi%qPNflfiNfl‘IN71]+EwN_1 [’w%leN’qu] ’INQ}

_ : T
- g;lnz EmN727'wN—2|IN72 [wN72QN—2mN—2

T T QT
+un Ry oun o+ 2upn oSN 2T N2

+ (Anoxno+Byoun o+ ’LUN72)TK N (ANoxn o+ By osunot+wn o)

LH}

+Ezy 1 1zvs [i%qPN—ﬁiN—ﬂIN—Q} + Ewy_, [wzrffleNwN—l} )
(A114)

where the minimization is not carried out for the last two terms because they do not depend on
uy_o. In order to obtain this expression for Jy_o(Zx_2), note that

In—1 ={In—2,Yn-1,UN_2}

(A115)
={Zn_2,Cn_1(ANy_2xn_o+ By_oun_o+wWyN_2) +Vy_1,Un_2}.

Using this equivalence, we get

T
E$N—27'UJN727'UN71‘IN—2 [EwN—1|IN71 [walKN—lmN—l}IN—l] ’IN—Q}
T
= EmN—27wN—27yN—1|IN—2 [EmN—27wN—2|IN—1 [(AN*QwN*2+BN*2uN*2+wN*2) K

X (AnoTy o+ Byoun st wy o) ‘IN727 YN-1, 'UIN72} ‘INQ] (A116)

= By swy oy [(ANwaN72 + Bn_sun_o + ’LUN72)T Kny_;

X (AN—2ZN_2+ By_sun_o+ Wn_2) IN72} ;
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since uy o is not considered to be a random vector due to the minimization (cf. Equation A114),
and

~T ~
E$N—27U’N—2='UN—1|IN72 [Ei}N—l‘IN—l [mele—lmN—l}IN—l] ’IN—Q}

A T A~
= EmN,l,yN,ﬂIN,g [EmN,ﬂIN,l |:(wN—1_mN—1) PN—1(CEN—1—=’EN—1) IN—ZayN—lauN—Q] IN—2}

= EfiN—1|IN—2 [i‘%—le—liN—llzN—Z} s
(A117)

where we used the result from Section A5.2 and the fact that &, k£ € {0,1,..., N}, does not
depend on the control input.

The solution of the minimization problem given by Equation (A114) becomes obvious by com-
paring it with Equation (A95). The two optimization problems are principally identical except for
the different time index, weighting matrices and additive constants, which has no effect on the
structure of the solution. Thus, we conclude that (cf. Equation A97)

UN2=— (B;/,QK]\HBN—Q ‘|‘RN—2)71 (B]T/,QKN—l AN+ S]T/,z) E:;;N,2|IN,2 [iEN—2| IN—Q] , (AL18)

and that the optimal cost-to-go Jy_2(Zy_2) can be expressed by a quadratic form in x_» and
additional constants described by €y _o and wy_» (cf. Equation A113). Using these results, we
can proceed with the minimization of the overall cost function going backwards in time and get

-1
u, = —(B K1 By + Ry)  (Bp K1 Ay + Sy) By, (2] ] (A119)
where?
K= A K1 A, + Qp, — P, (A120)
1
P, = (A K; 1B, + S)) (BiKi1Bi+ R,)  (BiKi1 A+ Sy ), (A121)

fork e {0,1,...,N —1}and Ky = Qx, and

N-1 N-1
Te(Zk) = Bayz, (@] Kyaon| ) + Y Bayr, (2] Pidi| Ti] + Y B, [w] Kiw;] . (A122)
i=k i=k

Finally, noting that J* = E,, », [Jo(Zo)] (cf. Equation A87) and that Z, = {y,} = {Coxo + vo},
we get the optimal cost of the LQG control problem:

N-1 -1

J* = Eq, [@g Kozo] + Y Ea, &1 Pudt] + > Eu, [wi Kiwy]
h=0 h=0 (A123)

N-1 N-1

= pg Koptay + 1 [KoCy ] + ) 0 [PC3 ] + ) tr [KiniCy, ]
k=0 k=0

=

It can be seen that the optimal cost consists of three contributions. The first one is due to the
initial state and is given by its mean value and the associated uncertainty which is described by its

BTt is shown in [6, pp. 149-150] that K, and consequently P, are positive semidefinite matrices for
ke {0,1,...,N —1}.
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covariance matrix. The second contribution is due to the fact that the system state is not known
exactly but has to be estimated by computing its conditional mean given the available information
7). at time index k, i.e., £, = Eg, |z, [@)| Zx]. The associated cost is given by the covariance
matrix of the estimation error &), = x; — ;. The third contribution is due to the noise process
(wy : k€ {0,1,..., N — 1}) which drives the system state away from zero.

What is still missing is the description of the computation of the conditional mean
Ex, iz, [Tk Ze], k € {0,1,..., N — 1}, which is not simple in general if arbitrary distributions of
the contributing random variables are considered. Nevertheless, due to the assumption of Gaussian
random variables and a linear system, which leads to the fact that the evolution of the system state
and the associated observations are described by a Gauss-Markov process, the computationally
efficient Kalman filter algorithm can be used to determine the conditional expectations and the
associated error covariance matrices. This algorithm is introduced in Appendix A7.

The following summary presents the results of this section in compact form. The weighting
matrices are assumed to fulfill Equation (A68) and the sequences (wy : k € {0,1,..., N —1})
and (v : k€ {0,1,..., N —1}) of independent random vectors have zero mean, are mutually
independent and additionally independent of the initial state .

Summary A6.1 The optimization problem

N-1 T
minimize E rNnQNnxN + E
mo7w0,---7wN17vo7---,UN1[ NQ : U S;f Rn U, )
n=

KO0 N —1 n

subject to @1 = Apxy + Brug +wg, k€{0,1,...,N —1},
yr = Crxy + vy, k‘G{O,l,...,N—l},
uk:,uk(Ik), kE{O,l,...,N—l},

where

Ik; _ {yO}a k - Oa
{Yo, Y1, -, Yk, ug, U1, ..., w1}, ke{l,2,...,N—1},

is solved by
=
u, = — (B, K1 B, + Ri) (B K1 Ay + Sy ) Exyiz, [26] T
where

K; = AEKkJrlAk + Qi — Py,
=il
P, = (A KB, +S)) (B K .1By+ R;,)  (BiKi1Ar+S)),

fork € {0,1,..., N — 1}, and Ky = Q. The optimal value of the cost function is

=2

-1 —1
J* = Eq, [x) Kozo) + Y Egs, [Z; Pii] + Y Eu
0 0

=

b [w;kaHwk} .

B
Il
e
Il
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A6.3 Infinite Horizon LQG Control with Average Cost

In practice, control systems can operate over a very long time. For the LQG control problem,
this means that the horizon N becomes large and, in the limit, grows to infinity. Having a look
at Equation (A123), it becomes clear that in this case the optimal cost J* grows without a bound
and thus does not allow for an evaluation of the actual control performance. One approach to the
solution of this problem is not to consider .J*, but the average cost per stage of the control problem,

i.e.,
1
Joo = ngnoo NJ (A124)

where J is the LQG cost function given by Equation (A67). Note that while .J is always finite for
finite values of N if o) and w; have bounded second order moments, this is not necessarily the
case for J..

Of special interest is the investigation of time-invariant systems with stationary process and ob-
servation noise sequences and constant weighting matrices for the LQG cost function. The reason
is that for this scenario, it turns out that the optimal controller is also time-invariant and can be de-
termined with low computational and memory requirements. For the stationary and time-invariant
scenario, assume that

Ty = Az + Buy + wy,

A125
= Cuxy + vy, k € Ny, ( )

i.e., a Linear Time-Invariant (LTI) system is considered. Additionally, (wy :k € Ny) and
(v : k € Ny) are identically and independently distributed (i.i.d.) sequences which are addition-
ally mutually independent and independent of the initial system state &g ~ N (umo, Cmo). Since
the noise sequences are assumed to be i.i.d., i.e., they are also stationary, and Gaussian, we have
wy ~ N (0y,,C,)and v ~ N (ONU, C’v), k € Ny. Finally, the cost function is given by (cf.
Equations A67 and A68)

p=g o Q S|z
J = Ew07w07~"7w1\7—17v07"'7vN—1 [w%QwN _'_ ZO |:’U'Z:| |:ST R} {u:]] Y (A126)
with
Q S
Q > On,«n,, R > Oy, xn,, ST R > O(N,+Nu)x (No+Na)- (A127)

For this scenario, the average optimal cost per stage can be obtained using the results from Section
A6.2 and is given by (cf. Equation A123)

N—
1,1 1
7/ = & (Ba Kotta, + tr [KoC, Nkz (tr [PCy, ] +tr (K C,)) . (AL28)

where K, and Py, k € {0,1,..., N — 1}, are determined by the iteration (cf. Equations A120 and
Al21)

K, =A"Ky A— (A'K, B+ S) (B'K;,,B+R)  (B"K,1 A+ S7) +Q, (A129)
P.=A"K, . A-K,+Q, (A130)
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with initial condition Ky = Q. The covariance matrix C; , k € {0,1,..., N — 1}, of the state
estimation error is obtained by the Kalman filter iterations (cf. Equations A182 and A198) and
reads as

i, —A(ck -chct(ccrct e, ect ) AT v, (A131)
C,, =C: —Ct C"(CcCcict +c,)  cct (A132)

with initial condition C; = C,, . Before the minimization of .J, is discussed, we analyze the
behavior of the average optimal cost, i.e., %J *, in the limit for N — oo. In this case and under
the assumptions from Section A3, the iterations in Equations (A129) and (A131) converge to their
respective unique positive semidefinite steady state solutions given by the DAREs

K=A"KA- (ATKB+S) (B'TKB+R) (BTKA+5S") +Q (A133)

and
Ch=4A(ct-cic (ccic" +c,) cch) AT + ¢, (A134)

irrespective of the initial conditions. Consequently, the matrix P, converges to P and the error
covariance matrix Cg to Cj. Using this result for Equation (A128), it can be seen that the constant
term depending on g4, and C, vanishes in the limit for N — oo, whereas the remaining terms
converge to constant values. Thus, we obtain

1
lim —J* = tr[PCy] + tr[KC,]. (A135)

N—o0

The optimal controller becomes the LTI system
up = Ly, k € Ny, (A136)

where
L--(B'KB+R)  (B"KA+S8"), (A137)

and the state estimate &, determined by the steady state Kalman filter (see Section A7), i.e.,

~P ~
z,,, = Az, + Buy,

A138
&, =&, + G (yr — C}) , k € N, ( )

with )
G=Cic"(ccic+c,) . (A139)

It is an appealing property of this solution that it can be computed offline and implemented as an
LTI filter. Additionally, it can be used as an approximate solution for the finite horizon control
problem when N is sufficiently large.

Now we turn to the minimization of .J, given by Equation (A124) because so far the limit of the
optimal LQG cost has been considered and not the minimum of the infinite horizon average cost.
In general, the treatment of infinite horizon average cost problems, especially for problems with
infinite state or control spaces, needs advanced mathematical tools which will not be discussed
here. An introduction to these problems and associated solution methods can be found in, e.g.,
[6, Chapter 7] while a more detailed discussion is presented in [136, Chapter 4]. The methods
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introduced there are applied to the infinite horizon LQG problem with average cost in [136, Section
4.6.5] when the system state is perfectly known, i.e., when y, = xx, £k € Ny, and it is shown
that the solution according to Equations (A135) and (A136) (with & replaced by x; and C by
On, xn,) 1s indeed optimal.

A different approach to the solution of the infinite horizon LQG problem with average cost is
the so-called 5 minimization [137-139]. The basis for this approach is the fact that the second
moment of a stationary random sequence can be calculated using its power spectral density, see,
e.g., [4, pp. 468-469], [31, pp. 194-195 and 203-204] or [34, pp. 420-421]. Thus, assuming that
(& : k € Np) is a K-dimensional stationary?® random sequence, we get

1 [7 .
e (16l = |5 [ Se@)as]. ket (A140)

where Sg: C — CK*K s the element-wise z-transform of the correlation (matrix) sequence
R(k) = Be, e, [€n€uin] . nENok+neN, (A141)

cf. [4, p. 468]. Assume further that (& : k € Ny) is the output of an LTI system with transfer
matrix A: C — C5*L [ € N, which is driven by a white noise sequence (n; : k € Ny) with
Sp(e) = 0211, w € {—m, 7}. Then, the second moment of the output sequence is given by
(cf. [4, p. 469])

Be [168] = |5 [ Al)A" ) o] 2 = Al (A142)
1. €., by the squared H, norm of the system transfer matrix (see, €. g., [138, p. 85] or [139, p. 23]).
Consequently, the minimization of E¢, [||€||3] is equivalent to the minimization of the 7> norm of
the corresponding system transfer matrix.

The H- minimization problem can be identified as an LQG control problem with infinite hori-
zon and average cost. First, we have to assume that a time-invariant controller exists which leads to
asymptotically and jointly stationary state and control sequences (xy : k € Ny) and (uy : k € Np),
respectively. Second, define

&, = Exy + Fuy, k € Ny, (A143)

where EF and F' are constant matrices of appropriate dimensions. Since the state and control se-
quences are asymptotically stationary, we consider

Jlim Eg, A HES Jim B, o, [z, ET Ex), + u, F'Fuy, + 2u, F" Ex,] (A144)

which can be identified to be the cost function .J,, (cf. Equation A124) by setting Q = ETE,
R = F'F and S = E"F and using the fact that due to the convergence of the second order
moments of the state and control sequence to their stationary values, the limit of the average in
Equation (A124) and the limit in Equation (A144) have the same value. Finally, [137] and [138,
Chapter 6.5] show that the solutions of the /5y optimization and of the stationary LQG control
problem are the same, i. e., they are obtained by the solution of the two DAREs given in Equations
(A133) and (A134) which are used to compute a linear function of the optimal state estimate. The

26This implies that the components of &, are jointly stationary.
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optimal value of the cost function is the sum of the contributions due to the process noise and
the state estimation error (cf. Equation A135). We conclude that the solution given in Equations
(A136)-(A139) is the optimal linear time-invariant controller which minimizes J..

Summary A6.2 For the LTI system given in Equation (A125), the optimal linear time-invariant
controller which minimizes the infinite horizon average cost function

where J is given by Equation (A126), reads as
u,=—(B'"KB+R) (B'TKA+S8") &,  keN,

where the optimal state estimate x, = Eg, |z, [@| Zy], with Z; given by Equation (A94), is
determined by the steady state Kalman filter (cf. Section A7), i.e.,

~P ~
T, = AZy + Buy,

&y = @ + CECT (CCEC™ + C,) ™ (yx — C#Y), k € No.
The result requires the stabilizing solutions of the two DAREs
K=A"KA- (A"KB+S)(B"KB+R)  (B"KA+S")+Q

and
Cr—A(CE-CicT (ccic +¢,) " cCE) AT + C,,.

The optimal value of the cost function is given by
JL =tr[PCgl+tr [KC,],

with
P=ATKA-K+Q

and

Cs

— Ct - CECT (CCEC™ + C,) " CCE.
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A7. The Kalman Filter

The Kalman filter [140] is a very popular method for the optimal estimation of a random sequence
which is described by a Markov model using incomplete and noisy observations. For the case
of Gauss-Markov sequences, it is the optimal estimator in the mean square sense, without the
Gaussianity the best linear estimator in that sense [37, Section 3.2]. By introducing a state space
model for the sequence to be estimated, it allows for an efficient sequential estimation procedure
which can be performed on-line when new observations become available. In the following, we
present the basic idea of sequential estimation for general Markov sequences, while in Section
A7.2 the Kalman filter algorithm is derived using a state space description of the Gauss-Markov
sequence to be estimated.

Let (z) : k € Ny) and (yx. : k € Np) be two random sequences which are described by their
joint distribution functions. The problem is to infer from the observation sequence (y;, : k € Ny)
on the sequence of interest, (xy : k € Ny), which cannot be observed directly.

Given a set of observed random vectors yi, k € {i1,1s,...,ix} C Ny, all information about a
set of random vectors @y, £ € {j1,J2,...,Jm} C Ny, is provided by the conditional PDF

fmjl7"'7wj]\,f‘yi17~"7yiN (mj17 ttt ij |yi17 ctt yZN) ? (A145)

where we assume that the PDF exists and is well defined. Of special interest is the filtering problem,
1. e., the determination of the conditional PDFs

fwk\yo,-..,yk (wk|y07 e 7yk) ) ke NO- (A146)

This can be interpreted as making inference about an unknown quantity, described by the random
vector g, at a time index & from measurements or observations y;, ¢ € {0, 1,..., k}, which are
obtained sequentially from an initial time 0 up to k. For a certain class of stochastic models,
the determination of the conditional PDF can be performed sequentially when a new observation
becomes available, which allows for the development of on-line estimation algorithms that rely on
the knowledge of this PDF.

A7.1 Sequential Estimation for Markov Models
Assume that the joint PDFs of (x, : k£ € Ny) and (yx. : k¥ € Ny) can be written as

wayml7---7113N7'y07y17~~~7yN (wOv L1y« LN, Y0, Y1, - -, yN)

N N
= fao (@0) [ [ fortoror @il [ ] funian (wlze) . (A147)
k=1 k=0
for all N € Ny.? This is possible if (xy, : k € Np) is a Markov sequence, i.e.,
N
Frows oy (@0, T, TN) = fuo (@0) [ [ forors (Telrr) (A148)
k=1

for all N € Ny, where f, (xo) is the PDF of the initial random vector and fz, ||z, (Trt1]Tk),
k € Ny, is the transition density of the sequence. Additionally, Equation (A147) implies that the

2TWe assume that the PDF exists and is well defined, which will also be the case in the remainder of this section.
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conditional PDF of the observation sequence given the state sequence factorizes as

N
fyo,yl ----- yn|zo,x1,....EN (y07 Y, ..., yN|w0> Liy--ey mN) = H fyk\mk (yk|wk) 3 (A149)
k=0

for all N € Nj. Loosely speaking, this requires that the observation y;, k£ € Ny, only depends on
the state xj, at time index k. Formally, Equation (A149) holds if y; is conditionally independent
of all states (x; : ¢ € Ny, i # k) and observations (y; : i € Ny, 7 # k) given the state x;, for all
k € Ny. Consequently, the stochastic model of the state and observation sequence is fully deter-
mined by the transition densities fz, ||z, (Tx+1|Tx) and the observation densities fy, |z, (Yi|T)
for k € Ny as well as the PDF of the initial state f5, ().

In the following, it will be useful to note that the model assumptions which lead to Equation
(A147) determine the conditional independence of y; and (y; : ¢ € {0,1,...,k — 1}) given xy,
i.e.,

Jyorwr v elee (Y05 Yk—1, Yk|Tr) = fyplze WklTr) fyorye 1lze (Yos- - Yr—1|Zr) , (A150)

which follows directly from the assumption of the conditional independence above. Additionally,

the state x;1 is conditionally independent of (y; : i € {0, ..., k}) given x;, which results from
1
fwk+17y0 ----- Yi |z (warl? Yo, -, yk“wk‘) = 7fmk7wk+lvy0 ~~~~~ Yk (wk‘v L1, Yo, - - - 7yk>
1 k+1 k+1

= m/ : / fzo (T0) Hfm”a:i_l (xi|xia) nyimi (yi|x;) dzo . . . dopy dypn

_ fm;@_ﬂ\mk (mk+1|wk)

Sorale (Trp|xr)
= il?lc-H;k (wk) fmk,y(),...yk (wk, Yo, - - - yk)
Tk

k k
[+ [ a0 @) ] fotons @ eit) [T o () dao .. o A1)
1=1 1=0

= f:n;c+1|ack (warl‘wk) fyo7...yk\mk (y07 .. yk|wk> .

In the following, it will be shown how to determine the PDFs given in Equation (A146) sequen-
tially. The result relies on the the application of Bayes’ theorem for PDFs [34, p. 224]. We start by
noting that

. fy0|fl50 <y0|w0) fmo (w())

Jaolyo (@olyo) = ; (A152)
o Fuo (w0)
where [y, (Yo) = [ fyolwo (Yo|Zo) fay (To) dao. This expression is determined by the given
stochastic model. Assume now that the PDF f,, 1y v 1 (Tr—1|Y0,- ., Yr—1) is known for the

index (kK — 1) € Ny. Then, the marginalization w.r.t. &;_; and the application of the model as-
sumption (cf. Equation A147) provides the density
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Note that the equation (*) holds due to the conditional independence of (x, : k € Nj) and
(yx : k € Np). Analogously, we get

fyklyo ..... Yk—1 (yk‘y(b---aykfl) :/fyk,mkyo ..... Yk—1 (ykawk|y07---aykfl)dwk

= / fyk|$k,y0 ----- Yr—1 (yk|wk:7 Yo, .-, yk:—l) fmk,|yo ,,,,, Yk—1 ($k|y0, ceey yk_l) d:zck (A154)

Having computed the two PDFs in Equations (A153) and (A154), the same reasoning without the
marginalization step is applied to get the desired density (cf. Equation A146) at time index k € Ny:

Jyo,... Yhk—1,Yk Tk (Yo, - - - Yk—1, Yi|Tk) fax (x)
Tyoruk (Yo, - Yk)
_ Jvow sl (Yo, - Yror| @) far (1) Fylan (Yrl2) (A155)
Syoroye (Yo, -+ -5 Yn)
_ Sorlyo, i (®r|Yo, - - - Yr-1) Jyilas (yr|r)
Juelvoryes (YklYos -+, Yr—1) '

Thus, using Equations (A153), (A154) and (A155) together with the initial condition given by
Equation (A152), the conditional PDFs for the filtering problem can be calculated sequentially.

Equations (A153) and (A154) are often called prediction and Equation (A155) update (or cor-
rection) steps of the solution of the filtering problem. This follows from the fact that Equations
(A153) and (A154) describe the distribution of the quantity of interest, &y, or the observation yy,
respectively, conditioned only on past observations up to time index k£ — 1, i.e., the distribution
of quantities that lie in the future w.r.t. the available observations. When a new observation yj
becomes available, this information can be used to update the conditional PDF of x; given all
available observations up to time k (see Equation A155).

fmk-|y0 ~~~~~ P (wk‘yoa - -7yk> =

Summary A7.1 Let (x; : k € Ny) and (y; : £ € Np) be two random sequences with a joint
distribution described by Equation (A147). Then, given the conditional PDF

f:l:k_1|y0 ..... Yr_1 (mk—1|y07 000 7yk71) ; ke N7

the corresponding PDF for time index k can be computed sequentially by

f | (mk|y0 yk) _ fwk|yo ..... Yr_1 (mk|y0, . 7yk71) fyk|mk (yklwk)
Tk|Y0,-- Yk ) ) fyk|yo ..... e (yk|y07 s yk—l) )

where
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A7.2 Sequential Estimation for Gauss-Markov Models

Although the results of the preceding section are very general and can be applied to any stochastic
model which satisfies Equation (A147), it may be difficult or even not possible to evaluate the
integrals in Equations (A153) and (A154). On the other hand, the determination of the conditional
PDFs for the filtering problem can be tremendously simplified for the case that (x, : k € Ny) and
(yx : k € Ny) are jointly Gaussian random sequences. For such sequences, it is well known that
all subsets of random vectors are jointly [34, p. 386], [37, p. 322] as well as conditionally [31, pp.
116-117] Gaussian distributed and thus the corresponding distributions are completely determined
by the mean vector and the covariance matrix. Consequently, for the sequential determination of
the conditional PDFs, it suffices to determine the corresponding means and covariances.
For the remainder of this section, the following result will be useful:

Theorem A7.1 Let x and y be two jointly Gaussian distributed random vectors. Then, the mean
vector and the covariance matrix of the conditional distribution of & given y are

Haly = pa + Cp oy Cy ' (Y — py)  and (A156)
c,,=C,-C,,C,'C., (A157)

respectively, where it is assumed that the inverse exists.

Proof. This is a standard result and can be found, e. g., in [31, pp. 116-117] or [70, p. 300]. U

Thus, for the Markov model introduced by Equation (A147), the restriction to Gauss-Markov se-
quences results in the conditional PDFs

forafor @esrl@n) =N (Boysions Cory ) K ENs, (A158)
with (cf. Theorem A7.1)

l’l’wk-ﬁ»l‘mk’ = /"l’wk+1 _'_ ka+1,wkC;k1 (wk - l’l'wk> and

Coprier = Corer ~ oo Cal O N
Analogously,
Furtae Wel®n) = N (B e, Cypiay) » ke Ny (A160)
with
Moy, = My, + CyMka;l(wZ; — ) and (AL6D)
Cpiz, = Cy — Cyp 0. Ca Cyp -

For the derivation of the Kalman filter, it is convenient to use a state space model for the sequences
(g : k € Ny) and (y, : k£ € Ny). This represents no loss of generality since Gauss-Markov se-
quences with the properties from Equation (A147) can always?® be constructed with an appropriate
linear state space model.?

Z0f course we assume that all inverses which are used for the description of the model parameters exist. A state
space model covering the singular case can also be constructed but will not be discussed here.
29For the case of two jointly Gaussian distributed random vectors, see, €. g., [70, Section 7.5].
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Theorem A7.2 Let (x, : k € Njy) be a Gauss-Markov sequence which, together with
(yr : k € Ny), satisfies Equation (A147). Then, the random sequences (x; : k& € Nj) and
(yr : k € Ny) with given conditional PDFs (cf. Equations A158 and A160) can be constructed
using the state space model

Tpr1 = ApTr + Wy,

Al162
Yr = Crxi, + i, k € Ny, ( )

where (wy : k € Ny) and (vy, : k € Ny) are mutually independent sequences of independently
distributed random vectors with wy ~ N (phey,, C,, ) and vy ~ N (Ko C,, ). k € Ny. Addition-
ally, the initial value zg ~ N (pt4,, C,,) is independent of (wy, : k € Np) and (v, : k € No). The

xo
parameters of the state space model are

A.=C, . C.. C.=C, ,,C.l, (A163)
HPw, = Hay g — ka+1,mkc.';kll'l’illka Moy, = My, — Cyk,mk C;;kll'l':l:ka (A164)
ka = C$k+1\$k’ C'Uk - Cyk\mk’ (A165)

which are completely determined by the Gaussian transition densities me - (Thi1|T)) and
Furlze (UslTr), k € Ny, and fo, ().

Proof. The stochastic description of the Gauss-Markov sequence requires the knowledge of the
transition densities fy, |z, (Trt1|Tx) and fy, |z, (Ye|Zr), k& € No, as well as the distribution of
the initial random vector f,, (x¢). Since all random vectors are jointly Gaussian distributed, it can
be seen with the results of Theorem A7.1 that this knowledge is equivalent to the knowledge of
a sequence of affine functions which describe the conditional expected values of the distributions
and a sequence of constant covariance matrices which describe the conditional covariances (cf.
Equations A159 and A161). These sequences can be constructed using the state space model in
Equation (A162). First, consider the conditional expected value of x, given xy,

oz, = Ewk+1\$k [wk+1| wk]

(A166)
= Eg, wy|ay, [Arxy + wyi| ] = Ay + Py, k € Ny,

where the fact has been used that (wy, : k € Ny) is a sequence of independently distributed random
vectors and thus wy is independent of x;. Comparing this function which is affine in x; with
Equation (A159), we find that

A,=C, . C.., k € N, (A167)
and
wy Tri1|T - A X
Fron = Bovoala = 6Bk (A168)
= Hmk+1 - C;z;k+17a;k,cmk /"’-’Bkv k E NO.

With the independence of x; and wy, the state space model generates the sequence of covariance
matrices
C,. =AC, Al +C, k € Ny, (A169)

Lr41



178 Appendix

with initial value C,, as well as the sequence of cross-covariance matrices

C = A;C

Lk41,Lk Ty

k € Np. (A170)
This result provides the correct choice of the covariance matrix of wj, which is (cf. Equation A159)

C

LTp+1 ‘mk

— A,C, AT +C,, — A,C, C;'C, A}

¢, (A171)
for k € Ny. The presented steps can be repeated for the sequence of observations (y; : k € Np) to
obtain the results for the parameters C', py, and C,, , k € No. Finally, due to the independence
assumptions of the noise sequences (wy, : k € Ny) and (v, : k € Ny), it is easy to verify that the
conditional independence of the state and the observation sequences which lead to Equation (A147)
holds for the linear state space model. U

In the following, we will use the state space model of Equation (A162) to derive the Kalman filter.
At this point, we change the introduced notation to one which is more common in the existing liter-
ature on optimal estimation. As already mentioned, the conditional PDF of x; given the available
observations, i.e., fz,|yo.y1,...ux (Tk|Y0, Y1, -, Yi), is fully described by (cf. Theorem A7.1) the
conditional mean

A~

Ly = Ewk|y07y17---7yk [wk‘ Yo, Y1, -+ yk‘] = Pxylyo,y1,...yx (A172)

and the conditional covariance matrix
Cs = Ealyomn. e [(wk — ) (e — 30 yo g yk] = Copownne (A1T3)
for all k£ € Ng. Note that we introduce the vector
Ty = T — Ty, k € Ny, (A174)

which represents the estimation error between the quantity of interest, x, and its conditional mean
estimate, £, = Eg, |yoy1,...ux [Tk| Y0, Y1, - - -, Y. As we have already seen in Section A7.1 (cf.
Equation A153), the procedure of sequential estimation includes a prediction step, represented by
the determination of the PDF fg, |y v1....un_ 1 (1Yo, Y1, - - -, Yr—1). The parameters of this density
are given by

iz = Ewk\y07y17---7yk—1 [wk| Yo, Y1, - - - 7yk—1] = Haylyo,y1,Yr—1 (A175)

and
A ~p\T
Cgk - E‘”k|y07y17""yk"1 [(wk o wz) (wk o ZEI;) ’ Yo, Y, - Yk—1] = ka|y07y17~~~7yk—l (A176)

for k € N, where
Zp = ), — 2}, k € Np. (A177)

The superscript P indicates the prediction of x; at time index k given all observations up to time

index k& — 1. Note that for k = 0, we have Z{ = 14, and consequently C; = C, .
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An important property of the conditional mean &, and the deviation &, of the random vector x,
from its conditional mean is that these random vectors are uncorrelated [70, pp. 300-301], i.e.,*°

Eik7y07y1,---7yk [(ik - Mmk)jg} = ONwXNw7 k € Ny. (A178)

Additionally, &y, is uncorrelated with the random vectors it is conditioned on, i.e.,

Eiyy: [(Ui — y,) &4 | = On,xn,, i€{0,1,....k}. (A179)

These results hold analogously for the random vectors &} and .
Now we are in the position to derive the well known Kalman filter equations. To this end, we
use the state space model introduced in Equation (A162), i.e.,

Tpr1 = ArTy + wy

A180
Yr = Crxi, + i, k € Ny, ( )

where the initial state x, and the random sequences (wy, : k € Ny) and (v, : k € Ny) are indepen-
dently (not necessary identically) jointly Gaussian distributed and mutually independent. Analo-
gously to the prediction and correction steps shown in Section A7.1, the parameters of the corre-
sponding PDFs, i. e., the conditional mean and covariance, will be determined sequentially in the
following. Assume that these parameters #;_; and Cz _ are known for some (k —1) € Ny. Then,
for the prediction step, we get®!

ig - Ewk\yo,yl,...,yk,l [wk| Yo, Y1, . .. 7yk—1]

= Ewk—l7'wk—1|y07y17---7yk_1 [Ak—lfﬁk—l + 'wk—1| Yo, Y1,-- -, yk—l]
(A181)

()
- Ak}—l Ewkfl‘yo,yl,...,ykfl [mk‘—1| y07 y17 oty yk}—l] + Ewk_l [wk—l]
= Ap_ 1 ZTp1 + Py,

Equation () holds because, due to the model assumptions, wy,_ is independent of the observations
vi,1 €{0,1,... k — 1}. For the corresponding covariance matrix we get

Cgk - Emk|y0,y1,...,yk,1 |:(mk - C%Z) (mk - iZ)T‘ Yo, Y1, - - -, yk—1:|
= Emk—lvwk—l‘yOw-vykfl |: (Ak‘*l (.’Bk,1 - ',ikfl) + ('wk‘*l - l'l'wkﬂ))

X (Ap_1 (Tro1 — B—1) + (Wit — uwkfl))T ’yOv e ’y’H] (A182)

N . T T
=Ai, Emk,ﬂyo,...,y,H [(fﬁk—l - in—1) (fEk—1 - ka—1) ’ Yo, -, yk—l} Ak_l

+ Buw,_, [('wm — Py ,) (Wit — uwk,l)T}
= A .C;, AL, +C,,

1’

39The subtraction of p15, can be omitted without changing the result because Z, is a zero mean random vector.

31Equation (A181) shows how to deal with linear dynamical systems which are additionally driven by a known
input sequence, €. g., a controlled system. In this case, the input sequence can be interpreted as a different value of
the mean vector p,,, , of the process noise and thus, for the case of linear systems, can simply be added to Equation
(A181). This is of importance for the LQG control approach, see Section A6.
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The derivation of the correction step needs more work but offers a different view on the repre-
sentation of random sequences. For a compact notation, define the vector ~; which collects all
observations up to time index k, i.e.,

Yo
Y = y.l , k € Ny. (A183)

Y

Since the conditional distribution of x; given = is Gaussian, its mean value for k£ € N is given by
(cf. Theorem A7.1)

ik = Emk|7k [mk| ’Yk?] = I"l’wk + C:Bk,’ykc’;kl (’7]‘5 - I"lm/k)

-1
= g, + [C’ C ] Coi Criim Y1 — My, (A184)
- PRt B C’?kflyyk Cyk yk - l’l'yk .

For a sequential computation of x; it would be comfortable to have uncorrelated observations,
1. e., that Cw_l,yk = Oxn, xn,» k € N. In this case, the inverse in Equation (A184) would be block
diagonal and the conditional mean could be written as a sum (cf. [6, p. 490]) where one summand
is already known (cf. Equation A181):

Ty = Eoypyey [T0] Yeo1] = oy + Copyy  C50 (Yoot — ) - (AIS)
Of course the desired cross covariance matrix is not zero because the observation sequence
(yr : k € Np) is in general not a sequence of uncorrelated random vectors. But we have the de-
gree of freedom to apply an invertible affine function to the collection of observations -, which
does not change the mean vector and covariance matrix of the conditional distribution of x; given
the (transformed) observations. Define

M = LYk + Sk, k € Ny, (A186)

where Tk_1 exists and sy, is a constant vector of appropriate dimension. It is easy to verify that

Emklnk [wk| ’r,k] = Hay, T kaka;kl (nk - l’l’nk>
= o), + C. TIETELTC;;TIJI (Thyr + Sk — Tipy, — Sk) (A187)

LTk, Yk

= Ewkhk [wk| 'Yk] .

Analogously, the equality of the conditional covariance matrices can be shown. For the Kalman
filter, we use an affine function with

_ Iin, Ok, x N,
T, = {_ o Mo } (A188)

Ye:Ve—1 ~ Yk—1

and
_I'lyk +Cyk7¥k—1CH€—1‘ Yk—1

for £ € N, while for k£ = 0 the mapping with T = I, and sy = —p,, is applied. The matrix T},
is clearly invertible since it is lower triangular with ones on the main diagonal. Additionally, note

(A189)
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that T}, and s; only depend on mean vectors and covariance matrices up to time index k. Having a
closer look on T}, and sy, it can be seen that the vector 1, of the transformed observations reads as

e = [’7’“—1] : keN, (A190)
€

and 19 = e, where we introduced the vector ey, k € Nj. Using Equations (A183), (A186), (A188)
and (A189), we identify

€k =Yk — Py, — Cykf)’kﬂc’)’k 1 (7k 1= “"kal)

(A191)

=Yr — Eyk|y0,y1,...,yk71 [yk| Yo, Y1, - - -, yk—l] ) ke N7
and ey = Yo — Uy, It can be seen that ey, is the deviation of the observation y;, from its conditional
mean given the past observations y;, i € {0,1,...,k — 1}, and thus it is uncorrelated with these

observations (cf. Equation A179). Consequently, using the transformed observations 7, we get
with Equations (A184) and (A187) the conditional mean

-1
'ri'k = Mz, + C C:z:k,eki| [ C’Yk_l OkNnyy:| |:7k—1 - I‘I"Yk—l}

LThyVk—1

Owpinyy - Coy e (A192)
- I‘l’wk + Cﬂck Yk— IC'Yk 1 (719 L= I‘I”Vk—l) + kavekc ( I‘l'ek)
ka ekC €L

for k € Ny. The last step is valid due to Equation (A185) and the fact that e, has zero mean.
It remains to determine the covariance matrices C,, . and C,, for k € Ny. We start with the
latter one and get by simple calculations*

C., = By, [(Uk—Fuyuiyor s (U1 Y0, Y5 1)) =Bty ws Wl W0, -, 961]) "]
= Fag s | (Cr (@4 = Bay (@] i 1]) + (00 = o))
X (Cx (26 — Eappyyy [0 Ye1]) + (0 — uvk))T] (A193)
= Bay o [(Ck (@h — &) + (vk — o)) (C (2 — @) + (04 — uvk))T}
—c.ct el +C,

where we used Equations (A162), (A176), (A183) and the fact that v, is independent of Ty and
~r—1. For the cross covariance matrix, together with Equation (A177) and the fact that x and zP A
are uncorrelated (cf. Equation A178), we get

ka,ek = Emk,yoyy17~~~7yk [-’Bk(yk - Eyk|y07y17~~~7yk—1 [yk| Yo, Y1, - - - ykfl] T]
N ~ N T
= E$k7"-’k7907y17---7yk—1 [(CEZ + ZEZ) (Ck (mk - :L‘Z) + (vk - I‘l"vk)) } (A194)
~ctcr.

Finally, inserting Equation (A194), Equation (A193) and Equation (A191) in Equation (A192) and
using the identity
Eyk|y07y17---7yk—l [yk| Yo, Y1,-- -, yk—l] = Ewkvvk|y07y17---7yk—l [Ckmk+vk| Yo, Y1, - -- 7yk—1]

’ (A195)
= Ckwllz + l’l”vku

3For k = 0, we have eg = yo — fy, as wellas CL = C,, , which directly provides the result of Equations (A193)
and (A194) using the state space model (cf. Equation A180).
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we get the desired result
. . -1 .

which can be computed from the known quantities ;_; and Cy, | for k € N.
Finally, we determine the covariance matrix C;, of the distribution in the correction step. To
this end, note that (cf. Equations A191, A195 and A162),

er = Ui~ Cr — fio, (A197)
- Cki'z + (vk - l-l'vk)'

Keeping that in mind and using Equations (A192), (A193) and (A194), the desired covariance
matrix reads as>

~ \T
Cz, = Eayyo,..y [ @y — &) (@ — &) |
_ -1 - -1_\T
P~PT ~P 1 T
= B [wkwk ] — Eay g, [#he}] CICE, ., (A198)

Tk,€k Tk,€k Tk,€k

=C;, — Cwlka,;F (CkCgkCg + Cvk)_ C.C;, .

~ Coy 0, Co B |08 | + Coy 0, € By, [evel] €2 C

An important step for the derivation of the Kalman filter is the mapping of the observations
using an affine function:

[ Yo ] [ Yo | [ |
Y1 . Y1 Ye—1
L | Tl : = . (A199)
Yi—1 Yi—1
| Y | Yk — Eyk\yo,yhm,ykﬂ [yk“ Yo, Y1, - - - 7yk*1]_ | €k |

This step decomposes the available observations into ~y;_1, which is used to compute &;_1, and ey,
which represents all information about the new observation y;, that is not contained in yj_;. This
is the reason why e;, is commonly called innovation. In other words, ey, is the part of y;, which lies
in the space of random variables which are orthogonal to the space of random variables spanned
by the observations y;, i € {0,1,...,k — 1}. Thus, «y,_1 and ey, are orthogonal (and uncorrelated
since ey, is a zero mean random vector).

In Equation (A199), an invertible affine function has been used to decorrelate the observation
Y. and the set of earlier observations, given by the vector 4;_;. Of course, such a function can be
applied for every k£ € N, i.e.,

€x = Yr — Eyk|y0ay1a---=yk—1 [yk| Yo, Y1, - -- ,yk—l]

) (A200)
=Yk — Ckwllz 22

3 Note that the covariance matrix C;, has been defined differently in Equation (A173), i.e., using the condi-
tional distribution of xj given the observations yg, y1,- .., Yk, While Equation (A198) uses their joint distribu-
tion. This is not a contradiction since the estimation error & is uncorrelated with the observations (cf. Equa-

tion A179) and thus also stochastically independent due to Gaussianity. Consequently, C; = kal Yoy yr

Ewk|y07y1;---7yk [(mk*a}k)(mkiﬁjk)’lw Yo, Y1,--- 7yk] = E:i:k|y0,y1,...,yk [‘ik-’iﬂ Yo, Y1,--- ayk} = Efi?k [jkjg] =
Ezk Yo, Y1, Yk [(mk - "ﬁk)(mk - aA:k>T]
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for k € N, and ey = yo — py,. In this case, the sequence (ej, : k € Ny) is called the innovation
sequence. It has the property that it is an orthogonal (and uncorrelated since it is zero mean)
sequence. Consequently, the covariance matrices which describe the joint densities of all subsets
of random vectors from the sequence (e : k € Ny) are block diagonal. This allows for a simple
sequential computation of the parameters of the conditional densities fy,|e.....e, (xkleo, ..., ex)
which is equivalent (not identical) to the density fa, |yo,....y, (Tk|Yo, - .-, Yi) because observations
are mapped to innovations by invertible affine functions.

The idea of a decorrelation of observations enables a sequential computation of the mean
vector and covariance matrix of the distribution of the state vector x; given the observations
Yo, Y1, - - ., Y. It is worth noting that it is not necessary to store all these observations, i.e., the
Kalman filter algorithm has finite memory requirements. Equation (A200) shows that the compu-
tation of the innovation at time index k just needs the current observation y, and the predicted
system state &F. Since the latter one can be calculated sequentially (cf. Equations A181, A196,
A182 and A198), it is only necessary to keep the current state estimate, estimation error covari-
ance matrix and observation in the memory.

The innovation sequence is an equivalent representation of the original observation sequence
since the mapping from the latter to the former is invertible. The motivation for this mapping is the
fact that the elements of the innovation sequence are uncorrelated and thus orthogonal because they
have zero mean. This orthogonalization is performed sequentially, i. e., each new observation y 1,
k € Ny, is orthogonalized against all previous observations (y; : ¢ € {0,...,k}) or, equivalently,
innovations (e; : i € {0, ..., k}). In the context of sequential orthogonalization, the transformation
of the observations to the innovation sequence is also called the Gram-Schmidt method (see, e. g.,
[34, pp. 270-272].

Summary A7.2 Let () : k € Ny) and (yi : k£ € Np) be two random sequences generated by
the state space model

Tpr1 = ATy + Wy,
Yi = Crxi, + g, k € Ny,

where (wy : k € Ny) and (v;, : & € Np) are independently (not necessarily identically) dis-
tributed random sequences with wy, ~ N (ftu,, ka) and vy, ~ N (po,, C’vk), k € Ny. Addi-
tionally, the initial value o ~ N (s, C,, ), the sequence (wy, : k € No) and (vy, : k € Ny) are
mutually independent. Then, the parameters of the PDF f5, 1y 4.y (®&|Y0, Y1, ..., Yr) can be
calculated sequentially by

&y = &)+ CL CF (CL,CE CT +C,) " (Y — Ch} — o) »
c, =Ct —Ct cf (et cl+c,) ' c.ct k € Ny,

Ty’
and

i}: - Ak*likfl + l'l"u}k,17
C. =A;,..C; Al +C keN.

Wg—17

The initial values are &{ = py, and C5 = C,, .
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A8. Convexity of the Trade-off Curve of Pareto Optimal Values

Let fi : RY — R,pand f, : RY — R, be two convex functions and consider the joint
minimization of f; and f, w.r.t. z € RY. By convexity, it holds (cf., e. g., [94, Section 3.1.1])

filaxs + (1 — a)xzs) < afi(xr) + (1 — ) fi(xs), and
folax, + (1 — a)zz) < afs(xr) + (1 — a) f2(22),

for all 1, x5 € RY and « € [0, 1]. This is equivalent to

Ho £ 0 oo < oo Lo ] = [t v ] azon

where the inequality has to be understood component-wise.

Now, let 21" = [fy(x*), fo(x)]Tand 25" = [f1(x3), fo(x3)]" be two Pareto optimal values,
i.e., ] and x} are Pareto optimal points (for a definition of Pareto optimal values and points see,
e. g., [94, Section 4.7.3]). Then, Equation (A202) tells us that the curve in Ri,o which connects
z7 and z5 when f; and f, are evaluated at * = ax} + (1 — @)x}, a € [0, 1], lies below the
straight line which connects 2z} and z3. Thus, there must exist at least one more Pareto optimal
value along this curve. The same argumentation can be repeated with an arbitrary pair of Pareto
optimal values. This implies that the set of all these values, which describes the trade-off curve
for the two objectives represented by f; and fs, is convex. Otherwise, we obtain a contradiction
because for a non-convex trade-off curve there exist triples of Pareto optimal values such that one
of them lies above the straight line which connects the other two.

The argumentation above is not a rigorous proof but provides the basic ideas to understand the
convexity of the optimal trade-off curve which is obtained by the determination of Pareto optimal
values of two convex functions.

(A201)

A9. Consistency of a Lower Bound for Convex-Monotonic Optimization
Problems

With reference to [103], a convex-monotonic optimization problem exhibits convexity w.r.t. to
a subset of optimization variables for fixed values of all other variables and monotonicity in
those other variables for fixed values of the “convex” ones. In Chapters 4 and 5, several convex-
monotonic minimization problems are solved using a branch and bound approach to determine the
optimizing values of the “non-convex” variables.

With the assumption that strong duality holds, the solution of the convex part of the constrained
minimization problem is obtained by maximizing the corresponding dual function (see, e. g., [94,
Chapter 5] or [95, Chapter 6]). In order to generalize the notation presented in Chapters 4 and 5,
i.e., Equations (4.52), (4.59) and (5.14), let the dual function be L*(ax, A1, \2), where the vector a
contains the positive valued, “non-convex” variables, and A; > 0 and A\, > 0 are the dual variables
for two dualized inequality constraints.** Thus, the solution of the considered optimization problem
is given by

I{a) = sup L*(a, A\, Ag). (A203)
2

3 Comparing with Chapters 4 and 5, the components of « represent the (ratio of the) transmit and receive scaling
factors ¢ and g, respectively, or the diagonal entries of the diagonal matrices T' and G, respectively. If only one
inequality (power) constraint is considered, A; or \e, respectively, has to be set to zero.
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For the cases considered in Chapters 4 and 5, i.e., for channel noise covariances and weighting
matrices R for the control input with full rank, the dual function L* is continuous w.r.t. c (see [ 104]
for a discussion of the continuity of stabilizing solutions of a DARE). It is also continuous® and
concave w.r.t. A\; and \s. For continuity, we refer again to [104], whereas the concavity always
holds for dual functions [94, Section 5.1.2].

In order to obtain a lower bound for the minimal value of /(a) w.r.t. & when these parameters
can be chosen from a set A, the monotonicity of the dual function L* has been used in Chapters 4
and 5 to obtain a lower bound

L (M, Ae) < L, Ap, Aa), a € A, (A204)

which holds for all A; > 0 and A\ > 0. Consequently, the inequality also holds for the supremum,
i.e.,

L, =sup L (A1, Aa) < sup L™ (e, A1, \o) = [ (@), ac A (A205)
A120 A120
A22>0 A2>0

The lower bound for the dual function shown in Equation (A204) is itself the dual function of
a relaxed version of the original minimization problem, see Equations (4.52), (4.59) and (5.14).
Thus, it is also concave in A; and A, and its supremum [ , is the optimal value of the relaxed
problem.

For the guarantee that the branch and bound algorithm described in [103] finds the global
minimum of /(a) over all possible parameter vectors c, the bound derived in Equation (A205)
must be consistent, i. e., it has to be shown that if the set A collapses to a single point «, the value
of the lower bound converges to the optimal value /(a) of the original optimization problem. To
this end, let the set A be parametrized by the two vectors o and ‘& with positive entries according
to

A={ala<a<al, (A206)

where the inequalities have to be understood component-wise. Using such sets, the lower bound
for the dual function given by Equation (A204) has the property that if B C A, it follows that
L5 (A, Aa) < Li(Ai, Ap) forall Ay > 0 and Ay > 0, which is due to the monotonicity of the
original optimization problem w.r.t. the parameter vector c. Thus, L% (A1, A2) is monotonically
increasing w.r.t. o and decreasing w.r.t. a. Note further that for the specific problems investigated
in Chapters 4 and 5, L7 (A1, A2) is also continuous w.r.t. & and &, which is a result of the continuity
of the stabilizing solutions of the respective DAREs w.r.t. to the parameter vectors (see [104]).
Additionally, taking into account Equation (A206), it holds

LZ()\l, )\2) = L*(OL, )\1, )\2) for a=a= «, (A207)

i.e., the lower bound for the dual function is tight if the set A collapses to a single point. Having
stated this property, which can be verified with Equations (4.52), (4.59), and (5.14), it will be
shown that this is also true for the supremum. To this end, we discuss the feasible and infeasible
case separately.

3Regarding the results of [104], the solution of the DARE in Equation (4.47) might not be continuous at A = 0.
Nevertheless, since the dual function is concave w.r.t. the dual variable, A = 0 can not be the maximizer of the dual
function when it is not continuous at this point.
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Case 1: The optimization problem is feasible using the parameters ., i. e., [ () is finite.

Since I(a) is the supremum of the dual function w.r.t. A; and Ay, there exist A} > 0 and A, > 0
such that
I{@) — L*(ce, N}, \y) < &1 (A208)

for each ¢; > 0. Additionally, due to the continuity and monotonicity of the lower bound
L% (A1, \2) and with Equation (A207), there exist & < ¢ and @ > « such that

L*(a, N, Ny) — L (A, \)) < &g (A209)

for each €5 > 0. Note that this inequality holds for every set B C A which is parametrized
according to Equation (A206). Adding Equation (A208) and (A209), we get the inequality

I(e) — Ly(N, Xy) < &1 + e (A210)

for each ¢; + €2 > 0. Since the supremum of L’ is larger than or equal to L’ (A}, \}), it can be
seen that for a set A which is sufficiently small, it holds

Ia)— 1, <e¢ (A211)

for each e = g1 + 2 > 0, 1. e., the optimal value [ 4 of the lower bound converges to the optimal
value /() of the original optimization problem if the set A collapses to the point c.

Case 2: The optimization problem is infeasible using the parameters o, i.e., I () = oo.

It will be shown by contradiction that in this case also the lower bound [ , for the optimal value
I(ex) is not bounded from above and thus [, — oo when the set A collapses to the point cx.
Assume that [ , converges to the finite value ¢ > 0 for &« — a and @ — a. Since L*(a, A1, \o) is
unbounded from above, there exist \| and )} such that

L (o, N, \) — ¢ > (A212)

for each £; > 0. Now, let e5 > 0 and § > 0 with £; = &5 + §. Then, with Equation (A209), there
exist &« < ¢ and & > « such that

LN N) — L (e Ny, Ny) > 6 — &1 (A213)

Adding Equation (A212) and (A213), we get
LN, X)) — ¢ > 6. (A214)
Since [ 4 is the supremum of L and thus larger than or equal to L7 (A}, A}), it can be seen that I ,

does not converge to the finite value c and thus growths without an upper bound.

The two cases show that under the assumption that strong duality holds for the considered
optimization problems, the lower bound [ , for the optimal value /() is consistent.
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