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Abstract

Grating-based x-ray phase-contrast imaging provides three different contrast
modalities, which are also known from visible light microscopy: transmis-

sion contrast, differential phase contrast, and dark-field contrast. Dark-field con-
trast has its origin in small-angle scattering and arises mainly at sample structure
sizes below the detector pixel pitch. Thus, it is a promising candidate for visu-
alization of a sample’s microstructure without the requirement of resolving it
directly. On the one hand, it has been shown that dark-field contrast allows to
perform computed tomography under the assumption of isotropic scattering.
Here, the reconstructed quantity represents the local x-ray scattering power. On
the other hand, it was proven that the dark-field signal obtained from grating in-
terferometry is strongly dependent on the sample orientation. This is exploited
in Directional Dark-Field Imaging. As a consequence, a simple tomographic ap-
proach like in absorption-based tomography is not accurate, as it neglects this
direction dependence.

In this thesis, I present a novel tomographic reconstruction technique called X-
Ray Tensor Tomography, which takes this direction dependence into account
and allows to reconstruct the scattering power and its direction at the same time.
Several steps had to be taken in advance, to reach this goal: To improve the un-
derstanding of the signal formation in x-ray dark-field imaging, I developed a
numerical framework, which allows to simulate grating interferometry exper-
iments efficiently (see chapter 2). With this simulation framework, the influ-
ence of a sample’s microstructure was examined and validated by experiments
for simple dark-field imaging (see chapter 2) as well as Directional Dark-Field
Imaging (see chapter 3). The new tensor tomography method is based on these
results. Its theoretical, experimental, and algorithmic details are treated in chap-
ter 4. Several scientific publications emerged from this PhD project. They are
listed together with conference talks and poster presentations starting on page
107.

The novel X-Ray Tensor Tomography technique can be applied to answer ques-
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Abstract

tions in materials science as well as in the medical field. Especially in the clinical
environment, the dose applicable to a patient limits the the resolution of the
recorded images. Consequently, the resolution of tomographic reconstructions
is restricted to several 100µm as well. However, with the aid of X-Ray Tensor
Tomography, it is still possible to extract information about structures that are
smaller than the corresponding resolution would allow. The reconstruction re-
sults display the local average orientation and anisotropy. This additional infor-
mation could improve diagnostic results for bone pathologies like osteoporosis
without the requirement of a higher detector resolution, which would mean a
higher dose to the patient. Further applications and improvements or extensions
to the method are the topic of chapter 5.
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Zusammenfassung

Gitter-basierte Phasenkontrastbildgebung mit Röntgenstrahlen bietet drei
unterschiedliche Kontrastmodalitäten, die bereits von Mikroskopieanwen-

dungen aus dem sichtbaren Bereich des elektromagnetischen Spektrums be-
kannt sind: Transmissionskontrast, differentiellen Phasenkontrast und Dunkel-
feldkontrast. Der Dunkelfeldkontrast hat seinen Ursprung in der Kleinwinkel-
streuung und tritt daher an Probenstrukturen auf, die kleiner sind als die De-
tektorpixelgröße. Daher ist diese Kontrastart ein vielversprechender Kandidat
für die Visualisierung der Probenmikrostruktur, ohne dass es erforderlich wäre,
diese direkt aufzulösen. Einerseits wurde bereits gezeigt, dass es der Dunkelfeld-
kontrast unter der Annahme isotroper Streuung erlaubt, Computertomographie
zu betreiben. Die rekonstruierte Größe repräsentiert in diesem Fall die lokale
Streustärke. Andererseits legen weitere Ergebnisse aus der gitterbasierten Dun-
kelfeldbildgebung nahe, dass das Dunkelfeldsignal stark von der Probenorien-
tierung abhängt. Dies wird z.B. bei richtungsabhängiger Dunkelfeldbildgebung
(im Englischen: Directional Dark-Field Imaging) ausgenutzt. Einfache Tomogra-
phieverfahren wie bei herkömmlicher Absorptionsbildgebung sind dafür unge-
eignet, da sie diese Richtungsabhängigkeit vernachlässigen.

In dieser Doktorarbeit präsentiere ich eine neue tomographische Rekonstrukti-
onsmethode, die Röntgen-Tensor-Tomographie, die diese Richtungsabhängigkeit
berücksichtigt und es ermöglicht, die Streustärke und ihre Richtung gleichzei-
tig zu rekonstruieren. Um dorthin zu gelangen, waren einige Vorarbeiten nötig:
Mit Hilfe eines numerischen Simulations-Frameworks, das ich im Rahmen die-
ser Arbeit entwickelt habe, können Gitterinterferometrie-Experimente effizient
simuliert werden (siehe Kapitel 2). Als wichtige Voraussetzungen für das Ver-
ständnis der physikalischen Prozesse, die zum Dunkelfeldsignal führen, habe
ich den Einfluss der Mikrostruktur der Probe auf einfache Dunkelfeldbildge-
bung (siehe Kapitel 2) und richtungsabhängige Dunkelfeldbildgebung (siehe
Kapitel 3) untersucht und experimentell bestätigt. Die neue Röntgen-Tensor-
Tomographie-Methode basiert auf diesen Ergebnissen. Ihre theoretischen, expe-
rimentellen und algorithmischen Details werden in Kapitel 4 behandelt. Im Rah-
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Zusammenfassung

men dieses Doktorarbeitsprojekts sind mehrere wissenschaftliche Publikationen
entstanden. Diese sind zusammen mit Konferenzvorträgen und Posterpräsenta-
tionen ab Seite 107 aufgeführt.

Röntgen-Tensor-Tomographie könnte zukünftig z.B. in den Materialwissenschaf-
ten zum Einsatz kommen oder im medizinischen Bereich. Gerade im klinischen
Umfeld limitiert die Strahlungsdosis, der ein Patient ausgesetzt werden darf,
die Auflösung der Röntgenaufnahmen. Damit ist auch die Auflösung der to-
mographischen Rekonstruktion beschränkt auf mehrere 100µm. Mit Hilfe der
Röntgen-Tensor-Tomographie ist es jedoch möglich, trotzdem Informationen zu
Strukturen aus den gewonnenen Aufnahmen zu extrahieren, die deutlich klei-
ner sind als es der verfügbaren Auflösung entsprechen würde. Das Rekonstruk-
tionsergebnis zeigt die lokale durchschnittliche Orientierung und Anisotropie
an. Mit dieser Zusatzinformation könnten beispielsweise die Diagnoseergebnis-
se von Knochenkrankheiten wie Osteoporose verbessert werden, ohne eine hö-
here Detektorauflösung zu benötigen, welche auch eine höhere Dosis für den
Patienten bedeuten würde. Weitere Anwendungsmöglichkeiten und zukünftige
methodische Verbesserungen oder Erweiterungen werden in Kapitel 5 themati-
siert.
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1 Introduction

How quick are we to learn, that is, to imitate what
others have done or thought before. And how slow
to understand, that is, to see the deeper
connections. Slowest of all, however, are we in
inventing new connections or even in applying old
ideas in a new field.

Frits Zernike [1]

In 1953, Frits Zernike was awarded the Nobel Prize in Physics for his invention
of phase-contrast microscopy [2, 3]. By placing an annular phase plate at

the rear focal plane of a microscope’s objective, which shifted the phase of the
direct light (background illumination) by 90◦, he was able to produce a focused
image of phase-shifting but otherwise transparent objects. Former approaches
were only able to improve the contrast generated by this type of sample by
defocusing the object and thus suffered from a trade-off between smearing out
the object’s features and improving its visibility. As weakly absorbing specimens
are rather common in biology and medicine, one can imagine the large impact
his invention generated in these fields.

Before Zernike’s invention, only two other contrast modalities had been known
in microscopy: bright-field and dark-field contrast. The first one is based on
the pure absorption properties of the object under examination. The second one
is created by modifying the object’s illumination and introducing a specifically
designed condenser aperture, which blocks the central part of the incident light.
Here, without the object, no light reaches the ocular lens. As soon as an object
is placed in the beam, fine structures will appear bright in the produced image,
as they scatter the incident light. Figure 1.1 shows the three contrast modalities
obtained by visible light microscopy of a paper sample.

For a long time since the discovery of x-rays by Wilhelm Conrad Röntgen in
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1 Introduction

a b c

Fig. 1.1: Three contrast modalities of visible light microscopy. Micrographs of What-
man lens tissue paper at tenfold magnification. a) Bright-field contrast shows the ab-
sorbing parts of the specimen. b) Phase contrast, however, visualizes its phase-shifting
properties, which is especially useful for thin biological samples. c) Dark-field contrast
is sensitive to scattering structures only, as the direct light is blocked in this modality.
(Images by Richard Wheeler [4–6].)

1895 [7], only one type of contrast modality was known and used with x-rays,
namely transmission contrast. It finds its correspondence in the bright-field
contrast of visible light microscopy. In 1901, Röntgen was awarded the Nobel
Prize in Physics. In his award ceremony speech, C.T. Odhner, President of the
Royal Swedish Academy of Sciences, described Röntgen’s achievements in the
following way [8]:

The Academy awarded the Nobel Prize in Physics to Wilhelm Conrad Rönt-
gen, Professor in the University of Munich, for the discovery with which his
name is linked for all time: the discovery of the so-called Röntgen rays or, as
he himself called them, X-rays. These are, as we know, a new form of energy
and have received the name "rays" on account of their property of propa-
gating themselves in straight lines as light does. The actual constitution of
this radiation of energy is still unknown. Several of its characteristic prop-
erties have, however, been discovered first by Röntgen himself and then by
other physicists who have directed their researches into this field. And there
is no doubt that much success will be gained in physical science when this
strange energy form is sufficiently investigated and its wide field thoroughly
explored.

Röntgen himself did not give a Nobel lecture at that time. Due to the charac-
teristics of x-rays – which are electromagnetic waves with wavelengths between
10 nm and 0.01 nm – and the unavailability of materials, that show sufficiently
strong refraction at these wavelengths, no efficient optical devices such as lenses
and mirrors can be constructed up to now. Thus, x-ray imaging techniques rely
on other means to achieve this task. Although the first x-ray interferometer was
built in the 1960s [9], the aforementioned phase-contrast and dark-field imag-
ing methods have been intensively developed only since the 1990s for the x-ray
regime. During that decade, Zernike’s setup was directly transferred to the x-
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Fig. 1.2: Phase-contrast imaging techniques. a) Crystal interferometry: The incident
x-ray beam is split up in two paths and recombined in front of the detector by three
identical single-crystals. This produces an interference fringe pattern at the detector.
The sample is located along one of the two beam paths and causes a distortion of the
pattern, which is measured and allows to calculate the phase shift introduced by the
sample. b) Analyzer-based imaging: An analyzer crystal is used to measure the angu-
lar dependence of the scattered waves. The incident radiation has to be filtered by a
monochromator. c) Inline phase contrast: This technique exploits the effects of x-ray
propagation by taking several images at different known distances from the sample.
d) Grating interferometry: Similar to crystal interferometry, a well-defined pattern is
imprinted on the wavefront by a grating interferometer. Deviations from reference im-
ages taken without a sample (flat field) are compared to those taken with the sample in
place. This allows to calculate the differential phase shift introduced by the specimen.
(Adapted from figs. 1 & 2 of [12].)

ray spectrum (see e.g. [10, 11]), but only for applications in microscopy using
coherent radiation.

Nowadays, a large variety of different x-ray phase-contrast imaging techniques
exists (see figure 1.2). Among them are propagation-based phase contrast [13, 14]
(developed in 1995, also known as inline phase-contrast), crystal-interferome-
ter-based phase contrast [9, 15] (developed in 1965 and refined for applicabil-
ity in 1995), and diffraction-enhanced imaging [16–18] (developed in 1980 and
improved in 1995, also known as analyzer-based imaging). Most of them are
strongly limited to monochromatic and coherent illumination, suffer from a
small field of view, or face high requirements with respect to setup stability
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1 Introduction

or photon flux. This strongly limits their applicability in a laboratory-based
environment.

In contrast to these methods, x-ray grating interferometry – the method that this
thesis is based on – does not face such restrictions. It is a very promising can-
didate to improve current imaging techniques in materials science and security
scanning without the large effort of creating a completely new machine design.
Instead, the existing machine design only needs to be altered to include the
grating interferometer. Moreover, its potential in the field of medical diagnosis
is currently evaluated [19–21].

The use of grating interferometry to avoid x-ray lenses was first proposed by
Clauser and Reinsch in 1992 [22]. They already provided the theoretical treat-
ment for interferometers consisting of two and three gratings. In 2002, David
et al. developed a grating-based setup for x-rays, which was a combination of
Talbot interferometry and the crystal-analyzer method [23]. The first pure Talbot
interferometer for hard x-rays was reported by Momose et al. in 2003 [24]. Until
2005, only the Moiré fringes produced by grating interferometry were used for
evaluation of the phase-shifting properties of the specimens. Weitkamp et al.
introduced the phase stepping technique, where one of the gratings is moved
sideways relative to the others and the resulting intensity changes are used
to calculate the resulting signal [25]. In 2006, Pfeiffer et al. first used grat-
ing interferometry in combination with hard x-rays and a Talbot-Lau geome-
try at a laboratory setup with an ordinary x-ray tube instead of a synchrotron
source [19, 20].

Besides transmission and phase-contrast imaging, grating interferometry also
provides the dark-field contrast channel, which is well-known from visible light
and electron microscopy as described above [21]. Like in visible light microscopy,
it originates in fine structural changes on the micrometer scale, which scat-
ter the x-ray photons. Without requiring high resolution detectors, dark-field
radiography and tomography allow to draw conclusions about morphological
parameters of sub-pixel-size structures such as their dimensions, location, and
orientation [12, 26–34]. This is especially relevant in the medical field, as small
detector pixels would require a significantly higher dose to keep the noise level
low enough.

The ultimate goal of my PhD project was to develop a novel computed tomogra-
phy technique based on the x-ray dark-field signal from grating interferometry.
For that purpose, a deeper knowledge of the signal formation was required first.
However, there is no simple link between sample morphology and x-ray dark-
field contrast. As a foundation to understanding this connection, the following
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1.1 Absorption, Refraction and Scattering Processes of Electromagnetic . . .

sections will explain the physical principles of the interactions between x-rays
and matter playing a role in dark-field imaging as well as the measurement
technique in detail. The principles of computed tomography will be explained
in section 1.5 followed by details on the current status of dark-field imaging and
tomography in section 1.6.

1.1 Absorption, Refraction and Scattering Processes
of Electromagnetic Waves

Although x-rays at first were believed to undergo neither scattering nor refrac-
tion at all [7, 35], soon indications were found by Charles Glover Barkla and Max
von Laue that they are electromagnetic waves just as visible light [36–38]. As for
all electromagnetic waves – when they pass through matter – their intensity and
phase both change according to the material. In principle, one can discrimi-
nate three different processes which can be observed at object boundaries but
have their origin in the material through which the rays traveled before: ab-
sorption, refraction, and reflection. Absorption is characterized by an intensity
reduction in an energy range of the x-ray beam’s spectrum. In the geometri-
cal optics point of view, refraction is a change in beam direction for example at
interfaces or, in general, wherever the medium changes. From a wave-optical
point of view, refraction is a modification of the wavefront shape. Reflection is
very weak for x-rays except below the critical angle, as the refractive index is
near unity.

Absorption, refraction, and reflection are all macroscopically observable pro-
cesses. Each of them is linked to another type of interaction occurring when
electromagnetic waves interact with matter or elementary particles: scattering.
For x-ray photon energies in the range between 10 keV and 100 keV, the relative
size of the scattering particle has to be compared to λ

2π , which is bounded by
0.002 nm . λ

2π . 0.02 nm. Consequently, the required particle diameter must
be far below the atomic length scale. In this energy range of the electromag-
netic spectrum, only scattering at elementary particles plays a role, which are
electrons for all materials considered in this thesis.

When x-rays scatter at electrons, two processes can occur: Thomson and Comp-
ton scattering. The first one is elastic and the second one is inelastic, meaning
that the x-ray photon energy stays constant or changes, respectively.

Compton scattering is most easily expressed relativistically in the particle image
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1 Introduction

as a collision between an x-ray photon and an electron. Depending on the de-
flection of electron and photon the x-ray photon energy changes. The Compton
scattering cross section dσ

dΩ Compton describes the probability of an x-ray photon
being scattered in a certain spatial angle interval. It is expressed by the Klein-
Nishina formula [39]:

dσ
dΩ Compton =

r2
0
2 P2(Ex-ray, θ)

[
P(Ex-ray, θ) + 1

P(Ex-ray,θ) − 1 + cos2 θ
]

, (1.1)

P(Ex-ray, θ) = 1
1+

Ex-ray
Ee (1−cos θ)

. (1.2)

Here, r0 is the classical electron radius also known as Thomson scattering length.
θ specifies the scattering angle relative to the incident beam. The x-ray photon
energy changes with respect to the scattering direction as follows:

E′x-ray = Ex-rayP(Ex-ray, θ). (1.3)

Because of this photon energy change, the wavelength of the scattered pho-
tons deviates from the incident beam. Therefore, Compton scattering is incoher-
ent.

Thomson scattering has its origin in the dipole-radiation of the electrons in a ma-
terial, which are oscillating in the electromagnetic wave of the incoming x-ray
beam [40]. This radiation has the same frequency and hence the same wave-
length (elastic scattering) as the driving wave. For the purposes of this work,
no free electrons need to be considered. All electrons are bound to an atom or
molecule and oscillate in the atomic electrostatic potential driven by the exter-
nal electromagnetic field introduced by the x-rays. Thomson scattering can be
described classically by a driven harmonic oscillator model of electrons bound
to an atom [41]. The Thomson differential scattering cross-section is defined as
follows:

dσ

dΩ Thomson
=

r2
0
2

[
1 + cos2 θ

]
. (1.4)

The main effect of Thomson scattering inside a medium is that it introduces a
phase-shift to the x-ray waves. As the oscillation frequency of the x-ray photons
in the x-ray energy range in general is above several resonances of the bound
electrons, the phase-shift of the x-ray waves emitted by the bound electrons
relative to the incident beam is 180◦. From the viewpoint of geometric scattering,
this can equivalently be described by a change δ of the real part of the refractive
index n relative to vacuum, Re(n) = 1− δ. Consequently, Thomson scattering
and geometric refraction are two sides of the same coin. For x-rays, δ is in the
order of 10−5 and below. A detailed derivation connecting Thomson scattering
and the refractive index decrement δ is given in [40]. More details on calculating
δ for any given material can be found in section 2.2.2.
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Thomson
Compton, E = 50 keV

Compton, E = 100 keV
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a b

Fig. 1.3: The Thomson and Compton scattering cross-sections and x-ray photon en-
ergy change. a) The Thomson and Compton differential scattering cross-sections dσ

dΩ
with respect to the scattering angle θ following from the Klein-Nishina formula. b)
The energy of the scattered x-ray photon with respect to the scattering angle. Thomson
scattering is valid for very low x-ray energies below the electron rest energy (511 keV).
The typical photon energies in this study lie below 100 keV. Therefore, two scenarios
for Compton scattering were calculated, one for 50 keV and the other at 100 keV. For
the forward directions between −10◦ and +10◦, Compton scattering does not deviate
significantly from Thomson scattering with respect to both the scattering cross-section
and the energy change.
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Thomson scattering can be regarded as the low-energy limit of Compton scat-
tering (see fig. 1.3), where the latter converges towards the elastic case. This
is only with respect to the change in energy, as Compton scattering is always
incoherent [41]. Here, low x-ray energy means well below the electron rest en-
ergy:

Ex-ray � Ee ≈ 511 keV. (1.5)

This is met by all experiments and numerical simulations which are described
in this thesis. Especially in the forward direction, in between ±10◦, the change
in x-ray energy is less than 0.1 %. The analyzer grating used in grating-based
phase-contrast imaging strongly limits the angular range of photons arriving at
the detector. Those photons scattered outside this angular range will not arrive
at the detector and thus contribute to the absorption signal. However, the small
fraction of all Compton-scattered photons that arrives at the detector was scat-
tered incoherently and does not contribute to the interference pattern measured
by the grating interferometry setup. In this small angular range Compton scat-
tering contributes a diffuse background of approximately the same energy as
the incident beam. This background affects the dark-field signal but is ignored
throughout this thesis as it is considered rather small.

Absorption is mainly caused by the photoelectric effect, Compton scattering and
– only at very high photon energies – by pair production. In terms of a material’s
refractive index n, absorption is represented by its imaginary part: Im(n) = β.
More details on calculating the absorption cross-section and β for any given
material can be found in section 2.2.2. In the next section, after explaining its
working principle, I will relate absorption and refraction to the measured quan-
tities of x-ray grating interferometry. For x-ray dark-field imaging, refraction
plays the major role.

1.2 X-Ray Grating Interferometry

In his Nobel lecture, Frits Zernike spoke about the original developments lead-
ing to his invention of phase-contrast microscopy [1]:

«Phase contrast» was not discovered while working with a microscope, but
in a different part of optics. It started from my interest in diffraction gratings,
about from 1920 on.

It is fascinating, that even though phase-contrast imaging started from observa-
tions with diffraction gratings, this was not transferred to the field of x-rays for
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1.2 X-Ray Grating Interferometry

such a long time. Already in 1836, William Henry Fox Talbot discovered the so-
called Talbot effect, which he described the following way:

About ten or twenty feet from the radiant point, I placed in the path of the
ray an equidistant grating [footnote: A plate of glass covered with gold-leaf, on
which several hundred parallel lines are cut, in order to transmit the light at
equal intervals.] made by Fraunhofer, with its lines vertical. I then viewed the
light which had passed through this grating with a lens of considerable magni-
fying power. The appearance was very curious, being a regular alternation of
numerous lines or bands of red and green colour, having their direction parallel
to the lines of the grating. On removing the lens a little further from the grat-
ing, the bands gradually changed their colours, and became alternately blue and
yellow. When the lens was a little more removed, the bands again became red
and green. And this change continued to take place for an indefinite number of
times, as the distance between the lens and grating increased. In all cases the
bands exhibited two complementary colours. [42]

What Talbot actually saw, were images of the grating, which appeared at cer-
tain distances from it. As he used polychromatic light, these distances differed
depending on the wavelength. In between these locations the intensity is dis-
tributed more evenly over the field of view. Thus he saw the grating’s images in
changing color. These self-images are the foundations to the working principle
of x-ray grating interferometry.

A typical x-ray grating interferometry setup is sketched in figure 1.4. Starting
from a conventional x-ray radiography or tomography setup containing an x-ray
source X, a sample S, and a detector D, grating interferometry in addition to that
introduces two or three grating structures (G0, G1, G2) along the optical axis. The
first grating (G0) is commonly referred to as the source grating. It ensures that
the illumination of the actual grating interferometer formed by G1 and G2 pro-
vides high enough transversal coherence [19]. Otherwise no interference effects
could be observed. Of course, if the source already provides enough coherence,
like many synchrotron sources do, this grating can be omitted. G1 introduces
a periodic line pattern to the incoming beam with period p1. The lines either
modulate the wavefront’s intensity or shift its phase. All setups relevant for this
thesis work with a phase-shifting grating G1. Therefore it is also called phase
grating. By the fractional Talbot effect [42, 43] the phase-shift is then transferred
into a well-defined intensity pattern at certain distances along the beam path be-
hind G1. Because of this transfer, the fractional Talbot effect does not create exact
self-images and the term Lohmann images is used instead. At these spots, the
intensity more or less resembles the periodicity of the phase grating. The phase
gratings used for this thesis all had a duty cycle (ratio between the width of the
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1 Introduction

Fig. 1.4: Sketch of a typical x-ray grating interferometry setup. It consists of an x-ray
source X, a sample S, the Talbot-Lau interferometer formed by the source grating G0, the
phase grating G1 and the analyzer grating G2, and the detector D. If the source provides
sufficiently coherent illumination, the source grating can be omitted. This can typically
be the case at a synchrotron, whereas x-ray tubes usually have too large focal spot sizes.
The distance between G0 and G1 is commonly denoted by L, the distance between G1

and G2 by d. During measurement one grating is moved sideways. Here, this is G2 and
its position is given by xg.

spaces and the period) of 0.5. Then, for a total phase shift of π, the resulting
intensity patterns have a period which is half the one of G1. For a total phase
shift of π/2, the period is identical to p1. The exact distances where these self-
images arise, are called fractional Talbot distances. These distances also depend
on the phase shift which is introduced by the lines of G1, the x-ray wavelength λ,
and the phase grating period p1. They can be specified relative to the full Talbot
distance zT, which in a non-magnifying setup is given by:

zT =
2p2

1
λ

. (1.6)

For a phase shift of π/2, intensity self-images of G1 appear at fractions α = 1
4 , 3

4 ,
etc. of the full Talbot distance zT, for a phase shift of π at α = 1

16 , 3
16 , and so on

(cf. [43]). In a magnifying geometry with magnification m = L+d
L , where L is the

distance between the source grating and the phase grating and d the distance
between the phase grating and the self-image, the full and the fractional Talbot
distances change accordingly:

z′T = zT
L

L− zT
, (1.7)

d = αz′T. (1.8)

The last grating, G2, is placed exactly at one of these positions d and its period
p2 is chosen identical to the period of the intensity pattern. Here too, the mag-
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1.2 X-Ray Grating Interferometry

Fig. 1.5: The stepping curve. When displacing one of the gratings (here it is G2)
sideways relative to the others for the distance xg, the recorded intensity in each detector
pixel oscillates harmonically. This is used to evaluate the effects of a sample introduced
into the beam. The lower row shows the intensity seen by a single detector pixel for the
stepping positions A-D marked in the plot. Typically the detector pixels are a lot larger
than the period of the interference pattern to keep the detector noise and, in medical
scenarios, also the dose at a low level.

nification of the interference pattern has to be taken into account. The period
of the interference pattern is magnified by the factor m. A good description on
how to choose the parameters of such a grating interferometer can be found
in [44] and a detailed discussion of different basic setup geometries is given
in [12]. The interference pattern itself has a period which usually is too small
to be recorded directly by a detector, unless the x-ray intensity is high enough.
In tube-based setups, the required flux for a sufficiently high count rate or suf-
ficiently low signal-to-noise ratio in each detector pixel cannot be provided by
the tube. And especially for medical applications, the maximum dose appli-
cable to the patient limits the intensity and the exposure time. Therefore, the
detector pixels in tube-based setups have to be orders of magnitude larger than
the interference pattern. Nevertheless, information about changes in the inter-
ference pattern can be obtained. This approach is similar to Schlieren imaging
[45]. When moving one of the gratings sideways for the distance xg in several
discrete steps, the intensity recorded in each detector pixel oscillates approxi-
mately harmonically (cf. fig. 1.5). This procedure is called a stepping scan (cf.
[25]). In the ideal case of a point source this curve would have a triangular
profile, as the rectangular interference pattern is analyzed with a rectangular
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profile grating (G2). For the laboratory-based setups used in this thesis, the il-
lumination is given by the source grating and, therefore, is further smoothed by
another rectangular function producing a stepping curve which is section-wise
parabolic.

The working principle of the grating interferometer is similar to the one of a
lock-in amplifier known from electronics. There as well, a signal of known fre-
quency is imprinted on the measured signal, which corresponds to the inter-
ference pattern created by the phase grating. The lock-in amplifier can then be
used to significantly improve the signal-to-noise ratio of the original signal or to
measure the phase-shift introduced by it.

Let us return to x-ray grating interferometry. When a sample is introduced into
the beam path, it can influence the interference pattern and thereby the stepping
curve in three ways (cf. fig. 1.6). Absorbing samples rescale the stepping curve
by a constant factor. From this change, conventional attenuation contrast can be
extracted. Phase-shifting samples move the stepping curve sideways. The shift
of the stepping curve is directly related to the phase gradient introduced by the
sample. If changes in the phase gradient contain spatial frequencies varying on
larger length scales than the detector pixel pitch, this will appear as (differential)
phase contrast. Specimens containing fine substructures shift the interference
pattern locally in different directions and, thus, only affect the amplitude of the
stepping curve while leaving its offset and phase unaltered. Calculating the
changes in this amplitude serves the dark-field contrast. Both differential phase
and dark-field contrast have their origin in the same physical process: refraction.
Of course this is only true when looking at it from a macrosopic, ray-optics
viewpoint. From a microscopic viewpoint, Thomson scattering causes the phase-
shift in the specimen and thus produces both contrasts. Throughout this thesis I
will use the term scattering whenever the structures causing refraction are rather
fine, and the term refraction for rather coarse structural variations to distinguish
between the two modalities dark-field and phase-contrast.

1.3 Signal Extraction / Raw Data Processing

With respect to grating interferometry, the term processing refers to extract-
ing the three contrast modalities from the stepping curve on a pixel-by-pixel
basis. Here, several approaches exist, two of which were used in the work de-
scribed below. As each stepping curve is to a good approximation identical to a
sine/cosine, the three contrast channels were either extracted by Fourier trans-
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1.3 Signal Extraction / Raw Data Processing

Fig. 1.6: Effects of idealized sample types. Any sample can affect the interference
pattern in one of three ways, which affects the stepping curve recorded in each detector
pixel. a)-c) show sketches of idealized samples. d)-f) demonstrate the effect on the
interference pattern. The size of a single detector pixel is indicated by a square in each
of the subfigures. g)-i) display the corresponding stepping curve. Left: Absorption
rescales the curve. Middle: A sample, which introduces a phase gradient to the x-
ray wavefront that varies on a length scale above the detector pixel pitch, moves the
interference pattern sideways. Two example locations, where this shift becomes visible,
are marked by arrows. As this shift is the same over the whole detector pixel, only the
phase of the stepping curve changes (differential phase contrast). Right: If the phase
gradient varies on length scales comparable to or below the detector pixel pitch, the
interference pattern is locally moved sideways in different directions. This causes a
reduced amplitude of the stepping curve (dark-field contrast).
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forming the stepping curve and using the zeroth and first order coefficients or
by least-squares-fitting of a sine and cosine. In the first case the stepping curve
with ( Ĩs) and without ( Ĩr) sample is approximated by

Ĩs/r(x, y; xg) ≈ Is/r(x, y) + Vs/r(x, y)Is/r(x, y) sin
(

2π
xg

p2
+ φs/r(x, y)

)
(1.9)

= Is/r(x, y)
[

1 + Vs/r(x, y) sin
(

2π
xg

p2
+ φs/r(x, y)

)]
and the transmission T, differential phase shift ∆φ, and dark-field D signal cal-
culated from

T =
Is

Ir , (1.10)

∆φ = φs − φr, (1.11)

D =
Vs

Vr . (1.12)

Here Is/r is the mean intensity during the stepping process, φs/r the phases,
and Vs/r the visibilities (amplitudes relative to mean intensity) extracted from
the stepping curves with and without sample. The images forming the ref-
erence stepping curves for each detector pixel are commonly also called flat
field.

In the alternative least-squares harmonic fit approach, the approximation for the
stepping curve is written as

Ĩs/r(x, y; xg) ≈ As/r(x, y) sin xg + Bs/r(x, y) cos xg + Is/r(x, y), (1.13)

Vs/r(x, y) =

√(
As/r(x, y)

)2
+
(

Bs/r(x, y)
)2

Is/r(x, y)
, (1.14)

φs/r(x, y) = arctan2 (Bs/r(x, y), As/r(x, y)). (1.15)

Because of the low number of points recorded for each stepping curve (typically
below 20), both methods can be regarded as equally computationally expensive.
The least-squares fit allows to calculate goodness-of-fit parameters, which can
then be useful for further processing of the data. These can be beneficial for ex-
ample in computed tomography, which will be explained in section 1.5. The fol-
lowing section introduces the coordinate system convention, which is a prereq-
uisite to all measurement techniques described thereafter.
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1.4 Coordinate Systems and Eulerian Angles

Fig. 1.7: Coordinate systems and Eulerian angles. a) Throughout this thesis, the labora-
tory coordinate system will be denoted by the coordinates x, y, z, whereas the coordinate
system fixed to the specimen will be given by x′, y′, and z′. Depending on the measure-
ment technique, the sample will be rotated around one or several different axes given by
the Eulerian angles φ, θ, and ψ as demonstrated in b)-d). b) First the sample is rotated
around the y axis by ψ. At this stage this is identical to a rotation around the y′ axis.
c) Then the sample is rotated around its z′ axis by θ. d) Finally, another rotation by the
angle φ follows, which is around the sample’s y′ axis.

1.4 Coordinate Systems and Eulerian Angles

The laboratory coordinate system used throughout this thesis will always be
Cartesian and oriented in the following way: The positive z direction is given
by the optical axis from the source to the detector. The x axis then is aligned
horizontally and the y axis is pointing upward. Thus, the laboratory coordi-
nate system is right-handed. The sample may be rotated around one or several
different axes depending on the measurement technique. An Eulerian rotation
scheme involving three rotation angles (φ, θ, ψ) will be used, which is shown by
fig. 1.7 a). With x′, y′, z′ being the Cartesian sample coordinate axes and x, y, z the
Cartesian lab coordinate system, θ is the angle between the y and y′ axis, ψ the
rotation angle around y and φ the rotation angle around y′. Fig. 1.7 b)-d) demon-
strates how the whole transformation can be decomposed into three consecutive
rotations defined by these three angles. The rotation between the two coordinate
systems can be expressed by the rotation matrix M:

r = Mr′, (1.16)

M =

l1 m1 n1
l2 m2 n2
l3 m3 n3

 . (1.17)

Here, the coordinates of vector r′ are specified in the sample coordinate sys-
tem and the coordinates of r in the laboratory coordinate system. With these
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definitions, M has the following entries:

l1 = − sin ψ sin φ + cos θ cos ψ cos φ, (1.18)
l2 = sin θ cos φ,
l3 = − cos ψ sin φ− cos θ sin ψ cos φ,

m1 = − sin θ cos ψ,
m2 = cos θ,
m3 = sin θ sin ψ,
n1 = sin ψ cos φ + cos θ cos ψ sin φ,
n2 = sin θ sin φ,
n3 = cos ψ cos φ− cos θ sin ψ sin φ.

Conventional computed tomography, as described in the next section, only needs
rotations around a single axis (rotation angle φ), whereas XTT requires more de-
grees of freedom for the sample orientation.

1.5 Computed Tomography

Computed Tomography was developed independently by Allan M. Cormack
and Godfrey N. Hounsfield in the 1960s and beginning 1970s. Cormack discov-
ered parts of the underlying algorithms [46, 47], while Hounsfield invented the
first scanner [48]. Both were awarded the Nobel prize in Physiology or Medicine
in 1979. In his Nobel lecture, Hounsfield himself described computed tomogra-
phy the following way:

Computed tomography [...] measures the attenuation of X-ray beams passing
through sections of the body from hundreds of different angles, and then, from
the evidence of these measurements, a computer is able to reconstruct pictures
of the body’s interior. Pictures are based on the separate examination of a series
of contiguous cross sections, as though we looked at the body separated into a
series of thin “slices”. By doing so, we virtually obtain total three-dimensional
information about the body. [49]

The physical basis of computed tomography is the Beer-Lambert law, which
describes the absorption of x-rays penetrating matter:

T(x, y) = exp
(
−
∫

µ(x, y, z)dz
)

. (1.19)
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1.5 Computed Tomography

Fig. 1.8: Sketch of a typical absorption tomography setup. It contains an x-ray source
X and a detector D. The specimen S is rotated around a direction perpendicular to the
optical axis. Alternatively both source and detector can be rotated around the sample,
which e.g. is the case for many clinical applications. The angle of rotation is denoted by
φ.

The x-rays are assumed to travel along the z direction and µ is the attenuation
coefficient, which is specific to each material and related to the imaginary part
of the refractive index. It describes the absorption power with respect to the
position. Mathematically, computed tomography is called an inverse problem,
because it calculates the local attenuation coefficient from a set of transmission
values measured for a large number of rays passing through the patient or spec-
imen. Calculating the transmission values from given attenuation coefficients is
the corresponding forward problem.

That solving this inverse problem is possible at all, is expressed by the Fourier
slice theorem, which in its simplest form can be stated as follows: The values
along the one-dimensional Fourier transform of a parallel projection of an object’s slice
are equal to those along a line parallel to the detector through the center of the slice’s two-
dimensional Fourier transform. By rotating source and detector around the sample
or the sample itself (cf. fig. 1.8), it is thus possible to acquire an increasing
amount of coefficients of the two-dimensional Fourier transform of each sample
slice. Figure 1.9 gives a visual representation of the Fourier slice theorem. In
the following, the axis of rotation will be the Cartesian y axis. From figure 1.9,
one can already see that the sampling points in Fourier space are located on
radial lines. Therefore, their distance increases for higher spatial frequencies. A
theoretical algorithm that could be used for reconstruction starts with recording
projections for all angles of rotation around the fixed axis. Mathematically, this
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Fig. 1.9: The Fourier slice theorem. The one-dimensional intensity recorded by a single
detector row D is Fourier transformed (FT). Then the result is identical to the central
slice through the two-dimensional Fourier transform parallel to the detector row. This
is used in analytical reconstruction methods to fill the object’s Fourier space and apply
the inverse Fourier transform (IFT) to retrieve the actual object (adapted from [50]).

is equivalent to the Radon transform of the object:

Pφ(x, y) = R{ f (x′, y, z′)}(r, φ) (1.20)

=
∫

f (x cos φ + t sin φ, y, x sin φ− t cos φ)dt.

Here, Pφ(x, y) denotes the projection data and f (x, y, z) is the object function. To
agree with the form of (1.20), the Beer-Lambert law has to be recast by applying
the logarithm:

− ln T(x, y) =
∫

µ(x, y, z)dz. (1.21)

For each projection, its Fourier transform is calculated and all the one-dimen-
sional Fourier transforms for each height step y are summed up to get the
two-dimensional Fourier transform of a slice through the object at this height,
which is then inverted. This is also called inverse Radon transform (R−1). This
approach only suffers from the fact that it is impossible to sample the whole
Fourier space on an infinitesimally fine grid in finite time. Therefore, an approx-
imation has to be used, which allows to limit the recording time and takes into
account the increasing sampling point distances towards higher spatial frequen-
cies.

The approximating algorithm, which nowadays is most commonly used, is Fil-
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tered Backprojection (FBP). For this algorithm, it has been shown that, to pro-
duce an accurate reconstruction result with respect to sampling theory (Nyquist
theorem), projections for at least a total of

Nφ = w
π

2
(1.22)

equidistant angles have to be taken if an object’s projection spans w detector
pixels [50]. As the data is recorded along radial lines through the axis of rotation,
the points at which the Fourier space is sampled in general do not coincide with
the equidistant Cartesian grid points of the object’s discretized two-dimensional
Fourier transform. FBP tackles this problem by expressing the two-dimensional
inverse Fourier transform in polar coordinates (cf. [50]):

f (x, y, z) =

∞∫
−∞

∞∫
−∞

F(u, y, v)e2πi(ux+vz) dudv (1.23)

=

2π∫
0

∞∫
0

F(q cos φ, y, q sin φ)e2πiq(x cos φ+z sin φ)q dqdφ.

The Jacobian of this coordinate transformation introduces a factor of q into the
integral. This compensates for the larger sampling point distances towards
higher spatial frequencies. Taking the symmetries of F into account, namely

Re F(q cos φ, y, q sin φ) = Re F(−q cos(φ + π), y,−q sin(φ + π)) (1.24)
= Re F(−q cos φ, y,−q sin φ)

= Re F(q cos(φ + π), y, q sin(φ + π)),
Im F(q cos φ, y, q sin φ) = Im F(−q cos(φ + π), y,−q sin(φ + π)) (1.25)

= −Im F(−q cos φ, y,−q sin φ)

= −Im F(q cos(φ + π), y, q sin(φ + π)),

this can be written as (cf. [50]):

f (x, y, z) =

π∫
0

∞∫
−∞

F(q cos φ, y, q sin φ)e2πiq(x cos φ+z sin φ) |q| dqdφ. (1.26)

With this form of the Radon inversion formula, the grids of required and recor-
ded data points are identical and

F(q cos φ, y, q sin φ) =

∞∫
−∞

Pφ(x, y)e−2πixq dx (1.27)
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is the Fourier transform of the detector row at height y. The Jacobian can be
interpreted as a filter function. With these steps, the reconstruction of a single
slice can be calculated as in the following listing:

Listing 1.1: The FBP algorithm (python pseudo code adapted from [50]).

1 import numpy
2

3 # Initialize volume
4 volume = numpy.zeros(volume_size, dtype=numpy.double)
5

6 # For every recorded angle
7 for angle_index in range(number_of_angles):
8 # Calculate the one-dimensional Fourier transform
9 # along each detector row

10 F = numpy.fft.fft(projection[angle_index], axis=1)
11

12 # Apply filter to F along horizontal axis
13 F_filtered = apply_filter(F, axis=1)
14

15 # Apply inverse Fourier transform
16 f_single_angle = numpy.fft.ifft(F_filtered, axis=1)
17

18 # Add the result to the volume
19 volume += add_line_to_volume(f_single_angle)

Hounsfield originally used a completely different algorithm to compute the to-
mographic reconstruction, the Algebraic Reconstruction Technique (ART) [51].
Here, the reconstruction problem is treated by discretizing the object function
f (reconstructed quantity) with respect to the position into volume elements f j
and formulating a set of equations, which in the case of absorption-based x-ray
CT are given by the Beer-Lambert law but in general can realize any physical
model (cf. [52]):

p1 = w11 f1 + w12 f2 + w13 f3 + . . . + w1N fN, (1.28)
p2 = w21 f1 + w22 f2 + w23 f3 + . . . + w2N fN,

...
pM = wM1 f1 + wM2 f2 + wM3 f3 + . . . + wMN fN.

Each equation corresponds to a single ray from the source to a specific detector
pixel. The resulting values of these equations are given by the detector’s mea-
surement values pi for each detector pixel and rotation step. The coefficients
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of the equations wij describe the contribution of each volume element f j to the
measurement value pi. They form the so-called system matrix. Now the aim is
to invert this system matrix to calculate the reconstructed quantity, which is dif-
ficult because of its sheer size. Consequently, this is computationally a lot more
expensive than FBP, which can build on very fast numerical implementations of
the Fourier transform like FFTW [53]. ART applies the Kaczmarz algorithm to
perform the matrix inversion iteratively (see e.g. [51]). This algorithm uses one
equation out of the whole set at a time and corrects the reconstructed volume
such that the detector reading agrees better with the result given by the sys-
tem matrix. Each update step can be expressed mathematically by the equation
(cf. [52])

f (k+1)
j = f (k)j + λu

pi −
N

∑
n=1

win f (k)n

N

∑
n=1

w2
in

wij, ∀1 ≤ j ≤ N. (1.29)

This way, the technique, in each step, corrects the volume according to a single
hyperplane in solution space. With λu = 1, the i-th line of the system of equa-
tions (1.28) is fulfilled exactly after the corresponding update step. To reduce
possible correction overshoot, it is beneficial to use 0 < λu < 1 (see [52]). The
index of the measurement value used for a certain update step can be chosen
in different ways. Commonly, this is done in random order or consecutively.
One iteration of the algorithm runs through all equations of the whole set. Sev-
eral iterations are required to finally converge to a solution within a given er-
ror.

For the purposes of this work, I used an improved variant of this iterative re-
construction approach, the Simultaneous Algebraic Reconstruction Technique
(SART) [54]. Instead of solving for single rays, it computes the update based on
all rays forming a complete detector image. Here the reconstruction algorithm
can be described as follows:

Listing 1.2: The SART algorithm (python pseudo code adapted from [52]).

1 import numpy
2

3 # Initialize volume
4 volume = numpy.zeros(volume_size, dtype=numpy.double)
5

6 # Until convergence or - in this case - until a certain
7 # number of iterations is reached
8 for iteration in range(number_of_iterations):
9 # Generate a random permutation of the set of
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10 # projection indices
11 angle_indices = numpy.random.permutation(
12 number_of_projections)
13

14 # Iterate over all projections (in random order)
15 for random_index in angle_indices:
16 # Image projection: Compute line integrals through
17 # all detector pixels of the currently selected
18 # projection
19 temp = project(volume, angle[random_index])
20

21 # Correction image: For all detector pixels
22 # calculate the correction images from the
23 # difference to the measured projections
24 difference = projection[random_index] - temp
25

26 # Image backprojection: Distribute corrections
27 # onto grid
28 volume += update_weight * backproject(difference,
29 angle[random_index])

In this algorithm, first the reconstructed volume is initialized. This is done here
by filling it with zeros, but other schemes are possible as well. For example, it
is very common to use the results of Filtered Backprojection as a starting point.
Then, the algorithm iterates until convergence is reached or, as in this case, a
given number of iterations was performed. In the case of SART, an iteration
consists of updates for every single recorded projection Pφ.

Pφ = { i |measurement value pi was recorded under angle φ}.

For each iteration and every recorded projection, the current volume is used to
calculate a projection image, which then is compared to the actually recorded
one denoted by Pφ. The difference then is weighed by a constant factor λu
(update_weight in listing 1.2) and distributed over the volume. This up-
dated volume is used to calculate the next projection, which then resembles the
changed values in the volume. A proof for the convergence of this algorithm is
given in [55]. It is beneficial to randomize the order, in which the projections are
selected, as this speeds up the convergence of the algorithm (cf. [52]). Therefore,
a distinct but randomly chosen angle φ and projection image Pφ correspond to
each specific update step. Mathematically, each update step k to k + 1 can be

22



1.6 Current Status of X-Ray Dark-Field Methods and Open Questions

expressed by (cf. [52]):

f (k+1)
j = f (k)j +

∑
i∈Pφ

λu

pi−
N

∑
n=1

win f (k)n

N

∑
n=1

win

wij

∑
i∈Pφ

wij
, ∀1 ≤ j ≤ N. (1.30)

In the equation the forward projection is marked in red and the backward pro-
jection in blue. A difference to the Kaczmarz algorithm presented in eq. (1.29)
arises: the normalization by quadratic weight factors is split up into a normal-
ization with respect to the contributing volume elements and another one with
respect to the contributing rays. In the presence of measurement errors like
noise, no unique solution to the system of equations (1.28) exists. Then the al-
gorithm starts oscillating around the unique solution, which would be the result
without any errors, and only gives a result close to it [51]. Therefore, the al-
gorithm presented above is written such that it stops after a fixed number of
iterations.

Instead of rotating only around a single axis, X-Ray Tensor Tomography re-
quires rotations around several axes and Pφ has to be replaced by P(φ,θ,ψ)
(see chapter 4 for details). A more detailed treatment of computed to-
mography, available algorithms, and its implementation is given for example
in [50, 51].

1.6 Current Status of X-Ray Dark-Field Methods and
Open Questions

Bech et al. showed in 2009 that the x-ray dark-field signal obeys a relation similar
to the Beer-Lambert law, which is the basis of conventional x-ray absorption
radiography and tomography [44]:

D(x, y) =
Vs

Vr = exp
(
−
∫

µd(x, y, z)dz
)

. (1.31)

Here, µd denotes the scattering coefficient. It describes the local scattering power
of the material passed by the x-ray beam under the assumption that scattering
is isotropic. In their work, Bech et al. used a stair of paper to demonstrate this
exponential behavior. Because of the similarity to the Beer-Lambert law, they
proved that it is possible to reconstruct a scattering tomogram with conventional
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Fig. 1.10: Sketch of a typical dark-field tomography setup. It contains the same com-
ponents as fig. 1.4. For tomography the sample S is rotated around the axis parallel to
the grating interferometer’s lines. The angle of rotation is denoted by φ.

reconstruction methods by simply exchanging the transmission data with the
dark-field data. Figure 1.10 shows a typical setup for dark-field tomography.
The only difference to imaging is the rotation of the specimen around the vertical
axis throughout the experiment.

By contrast, Wen et al. [26] and Jensen et al. [56, 57], already found that the scat-
tering and, consequently, the dark-field signal strongly depends on the relative
orientation between the sample’s sub-pixel structures and the grating lines of the
interferometer. Jensen et al. exploited this in their radiography method called
Directional Dark-Field Imaging (DDFI). The experimental principle is demon-
strated in figure 1.11. Here, the sample is rotated around the optical instead of
the vertical axis. Upon rotation, the intensity of the dark-field signal changes
with the orientation of the sample’s scattering structures relative to the grating
lines (see chapter 3 for details).

Nevertheless, this dependence on the relative orientation contradicts the as-
sumption of an isotropic scattering contribution produced by the sample when
rotating it during a dark-field tomography scan. In addition to that, the chang-
ing illumination direction during a tomographic scan could also cause the local
amount of scattering to change. Only isotropic structures would cause constant
scattering. Thus, the simple tomographic approach for dark-field imaging is
limited to isotropically scattering samples only.

In this work, I will present a reconstruction method called X-Ray Tensor Tomog-
raphy (XTT), which takes the changes in scattering strength with respect to the
sample orientation into account. Here, the reconstructed volume in every vol-
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1.6 Current Status of X-Ray Dark-Field Methods and Open Questions

Fig. 1.11: Sketch of a typical directional dark-field radiography setup. Like for dark-
field tomography, the setup contains the same components. Only the axis of rotation is
different. For Directional Dark-Field Imaging, the sample is rotated around the optical
axis. The corresponding angle is denoted by θ throughout this thesis.

ume element contains a tensor describing the amount of scattering with respect
to the incident beam direction. From this tensor, deductions about the local sam-
ple morphology can be drawn without resolving each single structural element
with the x-ray detector. One example for a practical application is computed to-
mography in the medical field. XTT could visualize the orientation of fine bone
structures below 100µm in thickness (e.g. trabecular bone), which can not be
resolved up to now. As a consequence, this might improve detection of bone
pathologies or treatment monitoring.

With these goals in mind, I first developed a numerical simulation framework,
which allows to predict the outcome of a grating interferometry experiment.
Chapter 2 presents the details of this numerical approach and an examination
of the influence that structural sample parameters have on the measured dark-
field signal. This, at the same time, was used to check the correctness of the
simulations. To be able to perform XTT, an analytical model had to be devel-
oped, which in analogy to the Beer-Lambert law describes how the recorded
directional dark-field image is formed from the signals originating from differ-
ent locations along the beam path through the investigated object. This was
done, on the one hand, on the basis of simulations and, on the other hand, by
use of experiments (see chapter 3). Finally, I extended this model for X-Ray Ten-
sor Tomography. Chapter 4 covers the development of the underlying theory
and the first experimental results for a well-defined specimen gained with XTT.
More future developments and possible applications based on this technique are
discussed in chapter 5.
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2 Numerical Simulations of X-Ray Grating
Interferometry

A theory is something nobody believes, except the
person who made it. An experiment is something
everybody believes, except the person who made it.

Attributed to Albert Einstein

Fully understanding the novel contrast mechanisms provided by grating-
based x-ray phase-contrast imaging is vital for its applications in non-de-

structive testing, materials science, and in the medical field. While the forma-
tion of the transmission and phase-contrast signal have been intensively inves-
tigated and understood in the recent past, a proper and profound knowledge
of the formation of the dark-field imaging signal is still not available. Sev-
eral studies have analyzed the influences of sample parameters and noise [26–
33, 56–58]. To analyze the relation between the dark-field signal and specific
morphologic sample parameters, I wrote a numerical simulation framework:
pyXSFW1. This tool gives full flexibility with respect to the design of the speci-
men, whereas even specifically tailored real-world samples never provide a per-
fectly known geometry. With the comprehensive control of all simulated ex-
perimental parameters, predictions of the outcome of real experiments can be
made.

In this chapter, I will first present the necessary theoretical background behind
the simulations (section 2.1), followed by an overview of the logical structure
of the simulation software (section 2.2). A first step, before reliably using this
numerical approach, was to prove its validity. Therefore, I cross-checked the sim-
ulation results by comparing them to existing theoretical predictions and exper-
imental data. This is covered in section 2.3. The results presented in this chapter
strongly reflect the publication in Europhysics Letters [34].

1Python X-Ray Simulation Framework
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2 Numerical Simulations of X-Ray Grating Interferometry

2.1 Theoretical Foundations

Because of their very short wavelength, the simplest way of describing x-rays
is – nomen est omen – by ray optics. However, due to the fact that grating
interferometry relies on interference effects and simple ray optics is unable to
describe these phenomena, the numerical simulation tool presented in this work
(pyXSFW) is based on a Fourier optics approach. Each simulation step takes an x-
ray wavefront as input, performs calculations with these input data, and returns
a modified wavefront as output. A wavefront ψ(x, y; z) is described by the local
amplitude and phase of the electromagnetic field in a plane z = z1 perpendicular
to the propagation direction (z). The following sections will justify this approach
by deriving it from the Maxwell equations.

2.1.1. Scalar Diffraction Theory

Our first aim is to develop a time-independent description of an electromagnetic
wave, a so-called phasor representation, and relate it to the optical properties
of the surrounding medium. The values of this phasor only depend on the
location, but the time-dependence can easily be included later on if necessary.
The following derivation closely follows the one given in chapter 1 of the book
written by Schmidt [59].

Like every electromagnetic phenomenon, x-rays also obey the well-known
Maxwell equations:

〈∇, D〉 = ρ, (2.1)
〈∇, B〉 = 0, (2.2)

∇× E = −∂B
∂t

, (2.3)

∇×H = J +
∂D
∂t

, (2.4)

with

D = ε0E + P, (2.5)

H =
B
µ0
−M. (2.6)

Here, 〈·, ·〉 is the Euclidian scalar product and · × · denotes the vector product.
∇ is the del operator. E denotes the electric field, D the electric displacement
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2.1 Theoretical Foundations

field, B the magnetic flux density, H the magnetic field, P the polarization, M
the magnetization, and J the free current density. ε0 = 8.8541878 · 10−12 Fm−1

is the vacuum permittivity, and µ0 = 4π · 10−7 NA−2 the free space permeabil-
ity.

As we first want to describe electromagnetic waves propagating in free space
(vacuum2), we can set ρ, J, P, and M to zero. Then we arrive at the following set
of equations:

〈∇, E〉 = 0, (2.7)
〈∇, B〉 = 0, (2.8)

∇× E = −∂B
∂t

, (2.9)

∇× B = ε0µ0
∂E
∂t

. (2.10)

To state this in separate equations for E and B, we calculate the curl of equations
(2.9) and (2.10), apply the vector identity ∇ × (∇ × ·) = ∇〈∇, ·〉 − ∇2 · , and
obtain:

∇× (∇× E) = ∇〈∇, E〉 −∇2E = − ∂

∂t
(∇× B), (2.11)

∇× (∇× B) = ∇〈∇, B〉 −∇2B = ε0µ0
∂

∂t
(∇× E). (2.12)

〈∇, E〉, 〈∇, B〉, ∇× B, and ∇× E are already given by equations (2.7) - (2.10)
and can be replaced. This yields:

∇2E− ε0µ0
∂2

∂t2 E = 0, (2.13)

∇2B− ε0µ0
∂2

∂t2 B = 0. (2.14)

This is the electromagnetic wave equation. It consists of six equations of the
components of the electric field E and the magnetic flux density B. They are
coupled by the requirements of equations (2.9) and (2.10), which for example
state that B ⊥ E. Consequently, as soon as a solution for E is known, B is fixed,
too. Each of the wave equations can be written as(

∇2 − ε0µ0
∂2

∂t2

)
U(x, y, z, t) = 0, (2.15)

with U being a scalar field representing one distinct vector component (Ex, Ey,
etc.). For convenience, the solutions to equations (2.13) - (2.15) will be expressed
as complex-valued functions from now on.

2Because of its very low absorption at high x-ray energies, air can be treated as vacuum, too.
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2 Numerical Simulations of X-Ray Grating Interferometry

When equation (2.15) shall be valid for an arbitrary medium, it has to be mod-
ified accordingly. For the purpose of simulating x-ray grating interferome-
try, we can restrict all media to the class of linear, isotropic, dispersive, and
dielectric ones. Polarization effects shall be neglected. Then equation (2.15)
reads (

∇2 − εµ0
∂2

∂t2

)
U(x, y, z, t) = 0, (2.16)

where ε is the absolute permittivity of the medium. Isotropic in this context
refers to ε being a scalar value. The refractive index n is related to the relative
permittivity ε/ε0 and the speed of light c to ε0 and µ0 by

n =

√
ε

ε0
, c =

1
√

ε0µ0
. (2.17)

This leads to the formulation(
∇2 − n2

c2
∂2

∂t2

)
U(x, y, z, t) = 0. (2.18)

Applying separation of variables, we factorize the solutions of (2.18) into a
location-dependent and a time-dependent part:

U(x, y, z, t) = ψ(x, y, z)χ(t), (2.19)

with
χ(t) = exp(±iωt). (2.20)

Here, ω > 0 is the circular frequency of the solution wave. Waves with positive
sign would travel back in time while those with negative sign travel forward.
Consequently, the solutions we look for are of the form

U(x, y, z, t) = ψ(x, y, z) exp(−iωt). (2.21)

Putting this into equation (2.18) yields(
∇2 +

n2ω2

c2

)
{ψ(x, y, z)} exp(−iωt) = 0. (2.22)

Here, we can drop the time dependence as it can always be added again later
and introduce the wavenumber k = ω

c and finally reach the scalar Helmholtz
equation (

∇2 +
n2ω2

c2

)
ψ(x, y, z) = 0. (2.23)

Commonly, this equation is written in terms of the wavenumber in vac-
uum

k =
2π

λ
=

ω

c
, (2.24)
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2.1 Theoretical Foundations

where λ denotes the vacuum wavelength:(
∇2 + k2n2

)
ψ(x, y, z) = 0. (2.25)

With this formulation, the wavenumber inside the medium is then written as
k′ = kn.

ψ(x, y, z) now is the phasor part of the x-ray waves, which fully describes the
optical wave’s amplitude and phase with respect to the position. This is also
the quantity which will be computed throughout the numerical simulation at
several positions within the virtual experimental setup.

2.1.2. Wave Propagation and Fourier Optics

An essential part of the simulation algorithm will be to compute the propagation
effects introduced to an arbitrary wavefront. Given a wavefront at position z1,
the wavefront at a different location z2 has to be calculated. The Huygens-Fresnel
principle gives an exact answer to this problem, which in many cases can be
simplified to allow numerical calculations as well as to meet the requirements
with respect to efficiency and computation time. This leads to the field of Fourier
optics.

The Huygens-Fresnel principle can be derived from Rayleigh-Sommerfeld the-
ory and stated as follows [60]:

ψ(x2, y2; z2) =
1
iλ

∫∫
∂V

ψ(x1, y1; z1)
exp(ik |r2 − r1|)
|r2 − r1|

cos θ dr1. (2.26)

Here, ψ denotes the phasor part of the x-ray waves and r1/2 = (x1/2, y1/2, z1/2)
T.

∂V refers to the closed surface of the volume of integration V containing
(x2, y2, z2). V can be chosen corresponding to the locations where ψ is already
known. θ is the angle between r1 − r2 and the normal vector on the integration
surface. The z coordinates were separated from the others by a semicolon to
point out that this will be the intended propagation direction later on. With
positive z being the direction of propagation, the normal vector points against
the propagation direction and

cos θ =
z2 − z1

|r2 − r1|
. (2.27)

Therefore, (2.26) can be reformulated as follows:

ψ(x2, y2; z2) =
z2 − z1

iλ

∫∫
∂V

ψ(x1, y1; z1)
exp(ik |r2 − r1|)
|r2 − r1|2

dr1. (2.28)
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2 Numerical Simulations of X-Ray Grating Interferometry

Several approximations to (2.28) exist. The most common ones are the Fraun-
hofer approximation (far field) and the Fresnel approximation (near field).
Both are based on the Taylor expansion of |r2 − r1| under the assumption that
(z2 − z1)

2 � (x2 − x1)
2 + (y2 − y1)

2:

|r2 − r1| =
√
(z2 − z1)2 + (x2 − x1)2 + (y2 − y1)2

= (z2 − z1)

√
1 +

(
x2 − x1

z2 − z1

)2

+

(
y2 − y1

z2 − z1

)2

= (z2 − z1)

[
1 +

1
2

(
x2 − x1

z2 − z1

)2

+
1
2

(
y2 − y1

z2 − z1

)2

+ . . .

]
.

For the Fresnel approximation, the occurrence of |r2 − r1| in the denominator
is approximated by using the zeroth order term only and the occurrence in the
complex exponential by using zeroth and first order. This can be justified by
the strong dependence of the complex exponential in eq. (2.28) on the actual
value of its argument, whereas the linear denominator stays almost constant
throughout the whole integration path. Consequently, the Fresnel approxima-
tion reads

ψ(x2, y2; z2) =
eik(z2−z1)

iλ(z2 − z1)

∫∫
z=z1

ψ(x1, y1; z1)e
ik (x2−x1)

2+(y2−y1)
2

2(z2−z1) dx1dy1. (2.29)

The surface of integration in this case is chosen such that it reaches from the
plane z = z1 – where the input wavefront is defined – to infinity in the half-
space containing z2. Hence the only contributions to the integral come from the
plane z = z1 and the integral is defined for every ψ with compact support on
this plane. The Fresnel approximation is valid only for small angles of diffrac-
tion with respect to the optical axis. Therefore, it is equivalent to the paraxial
approximation [60].

The Fraunhofer approximation follows from the additional assump-
tion

z2 − z1 �
k(x2

1 + y2
1)max

2
(2.30)

and simplifies the Fresnel approximation one step further:

ψ(x2, y2; z2) =
eik(z2−z1)e

i
k(x2

2+y2
2)

(z2−z1)

iλ(z2 − z1)

∫∫
z=z1

ψ(x1, y1; z1)e
−i k(x2x1+y2y1)

(z2−z1) dx1dy1. (2.31)
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For the purposes of this work, the Fresnel approximation is the appropriate one.
The propagation distances are around 1 m and the mean x-ray energy approx-
imately 50 keV meaning k ≈ 2.5 · 1011 m−1. This would limit all investigated
setup components to the nanometer range to fulfill (2.30), which is for example
far below the structural dimensions of the gratings.

The Fresnel diffraction integral can be interpreted as a convolution with the
free-space propagator function

H(x, y; ∆z) =
eik∆z

iλ∆z
eik x2+y2

2∆z , (2.32)

where ∆z is the propagation distance. Direct evaluation of this convolution is
possible and is also part of the simulation framework presented below. How-
ever, this does not give full flexibility with respect to the discretization of the
wavefront throughout the whole simulation. While the grid size has to be
kept constant, it is possible to change the grid spacing when the Fresnel in-
tegral is reformulated appropriately. There are basically two ways to achieve
this, called two-step propagation and angular spectrum propagation (cf. [59]),
where both involve two Fourier transforms but different computations in be-
tween.

To make it easier to understand the different computational steps, an operator
notation is very handy. Here, we use the notation from [59]:

Q[c, x′, y′]{ψ(x, y)} ≡ ei k
2 c(x′2+y′2)ψ(x′, y′), (2.33)

V [b, x′, y′]{ψ(x, y)} ≡ bψ(bx′, by′), (2.34)

F [x′, y′, fx, fy]{ψ(x, y)} ≡
∞∫
−∞

ψ(x′, y′)e−i2π( fxx′+ fyy′) dx′dy′, (2.35)

F−1[ f ′x, f ′y, x, y]{ψ( fx, fy)} ≡
∞∫
−∞

ψ( f ′x, f ′y)e
i2π( f ′xx+ f ′yy) d f ′xd f ′y, (2.36)

Q2[d, x′, y′]{ψ(x, y)} ≡ eiπ2 2d
k (x′2+y′2)ψ(x′, y′). (2.37)

With this operator notation, the Fresnel integral can be reformulated according
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2 Numerical Simulations of X-Ray Grating Interferometry

to the two-step propagation approach as follows (cf. [59]):

ψ(x2, y2; z2) = Q
[

1
z2 − za

1
, x2, y2

]
V
[

1
λ(z2 − za

1)
, f a

x , f a
y

]
(2.38)

◦ F [x2, y2, f a
x , f a

y ]Q
[

1
z2 − za

1
, xa

1, ya
1

]
◦ Q

[
1

za
1 − z1

, xa
1, ya

1

]
V
[

1
λ(za

1 − z1)
, fx1, fy1

]
◦ F [x1, y1, fx1, fy1]Q

[
1

za
1 − z1

, x1, y1

]
{ψ(x1, y1; z1)}.

The composition operator in this and all following equations is denoted by ◦.
As can already be deduced from its name, two-step propagation first calculates
a temporary wavefront at an intermediate plane (denoted by xa

1, ya
1, za

1, . . .) and
then propagates to the target plane. This is reflected by the repetition of the
composite operator QVFQ. The location of the intermediate plane can be found
from the boundary conditions given by the grid spacings in the initial and the
final plane, δ1 and δ2. The magnification m between these two planes then is
(see [59]):

m =
δ2

δ1
=

∣∣∣∣z2 − za
1

za
1 − z1

∣∣∣∣ . (2.39)

This also defines the location of the intermediate plane. One can choose ar-
bitrarily from two solutions. The numerical implementation always uses the
intermediate plane, which is between z1 and z2.

The angular spectrum representation A of a wavefront ψ is given by its two-
dimensional in-plane Fourier transform (cf. [60]):

A
(αx

λ
,

αy

λ

)
=

+∞∫∫
−∞

ψ(x1, y1; z1)e−i2π( αx
λ x+

αy
λ y) dxdy. (2.40)

Each coefficient of the Fourier transform is reinterpreted as the amplitude and
phase of a plane wave traveling in a direction given by the direction cosines
αx and αy. These plane waves can be propagated separately, which is identical
to evaluating the convolution with the free-space propagator from eq. (2.32) in
Fourier space. In this thesis, I use the term angular spectrum propagation only
for the modified variant, which allows to rescale the grid sizes between the
source and target plane. For this variant, the Fresnel integral is written as follows
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(cf. [59]):

ψ(x2, y2; z2) = Q
[

m± 1
m(z2 − z1)

, x2, y2

]
F−1

[
fx1, fy1,∓x2

m
,∓y2

m

]
◦ Q2

[
±z2 − z1

m
, fx1, fy1

]
F [x1, y1, fx1, fy1]

◦ Q
[

1±m
z2 − z1

, x1, y1

] (
∓ 1

m

)
{ψ(x1, y1; z1)}. (2.41)

Here, both signs of m give a valid solution. The implementation of this propa-
gation method also automatically splits the complete propagation distance into
smaller parts if necessary. A detailed description of this multi-step approach can
be found in [59]. All computational steps represented by the single operators can
easily be parallelized to speed them up or are already available in very fast im-
plementations like the Fourier transform library FFTW [53].

2.2 Numerical Implementation (pyXSFW)

To simulate x-ray grating interferometry experiments numerically, I started de-
veloping an object-oriented software framework. It is called pyXSFW and written
in python with parallelized extensions in C++. Because of its object-oriented ap-
proach it can be extended flexibly or adapted to fit to any possible future appli-
cation. Fig. 2.1 shows an overview of the main classes forming the framework.
There exist three main types of classes: Simulation components, propagators,
and a wavefront class. Simulation components represent actual experimental
setup parts and are subclasses of SimulationComponent, which defines com-
mon attributes and methods of all components. For example, in the case of
grating interferometry, these required classes would be a source, the gratings,
different types of samples and a detector. Propagators are used to connect the
different components by free-space propagation steps. All numerical operations
are performed on a Wavefront object, which is hidden from the user most of the
time and basically contains a two-dimensional array representing a wavefront in
a plane perpendicular to the propagation direction at a location along the x-ray
beam path. The x-ray energy and the current position along the beam path are
stored here as well. Several convenience methods allow for example to transform
the wavefront to Fourier space and back. The simulation’s Cartesian coordinate
system is right-handed with the z axis pointing in the direction of propagation,
the x axis aligned horizontally and the y axis pointing upward (cf. section 1.4).
Material is a helper class which provides the complex refractive index of ele-
ments and compound materials for any given x-ray energy.
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2 Numerical Simulations of X-Ray Grating Interferometry

Fig. 2.1: UML class diagram of the numerical x-ray simulation framework (pyXSFW).
The central classes are Wavefront, SimulationComponent, and Propagator. A
Wavefront object stores the actual pixels of a wavefront, its position, x-ray energy,
and grid spacing. It also offers several methods for convenience, e.g. to transform the
representation of the wavefront to Fourier space and back. SimulationComponent is
the superclass for all experimental setup components. The subclasses of Propagator
implement different propagation methods as described in section 2.1.2.

36



2.2 Numerical Implementation (pyXSFW)

The available propagation methods in this simulation framework reach from a
simple implementation of the Fresnel integral without any flexibility (Simple-
FresnelPropagator) over the two-step propagation approach to the angular
spectrum propagation method (cf. section 2.1.2). Another type of propaga-
tor was added to the simulation framework, which only connects consecutive
simulation components, but does not perform any actual propagation and is
therefore called DummyPropagator. It is especially useful as a fast replacement
of another propagator when checking the output of a certain setup component,
because no positions have to be changed. The set of available setup components
consists of two types of sources, a source emitting a plane wave and a point
source, a variety of specialized sample types, gratings and detectors. All existing
detector classes store their recorded images in a HDF5 file [61], whose filename is
specified when creating the detector object. The two classes GratingStepper
and DetectorController both play a special role among the available setup
components. A DetectorController object evaluates the steps a Wavefront
object has undergone since its creation by the source and modifies the controlled
detector output path accordingly. The GratingStepper splits up the logi-
cal path of a Wavefront through the simulated scenario. For each iteration
of the specified stepping scan, a copy of the input wave is created. Then, the
grating controlled by the stepper is moved to the correct position and the simu-
lation is continued for each step separately. The DetectorController even-
tually reacts on the presence of a grating stepper such that for each step every
single resulting detector image is stored at a separate location in the output
file.

Most of the computationally expensive methods provided by pyXSFW’s classes
use parallelization with POSIX threads (pthreads) as well as the parallelized
variant of FFTW wherever applicaple to reduce computation time. In the follow-
ing sections the most important classes provided by pyXSFW will be described
shortly. An in-depth description of every single class of the simulation frame-
work is beyond the scope of this thesis. Please refer to the extensively docu-
mented electronic copy of the software, which can be obtained via the following
website: http://www.e17.ph.tum.de/.

2.2.1. Simulating Different Source Types

The simplest type of source emits a plane wave, which is represented in the sim-
ulation by a wavefront with identical amplitude and phase in all locations. The
PlanewaveSource class creates such an instance of Wavefront and normal-
izes its integral intensity over the simulated grid area to 1. The initial phase is
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2 Numerical Simulations of X-Ray Grating Interferometry

zero, meaning that the imaginary part of the wavefront is zero everywhere. The
two-dimensional Fourier transform of this wavefront is strongly bandlimited as
it only contains one delta peak at frequency zero.

Apart from this rather simple type of source, pyXSFW also offers a point source
emitting spherical waves to simulate divergent setup geometries. Simulating a
point source at its origin is rather tricky:

The field [of a point source] has a Fourier spectrum that is constant across all
spatial frequencies. This means that it has infinite spatial bandwidth, which is
unusual because most optical sources are spatially bandlimited. The infinite spatial
bandwidth is a problem for the discretely sampled and finite-sized grid that we
must use in computer simulations. [...] Therefore a bandlimited version of a point
source must suffice. The point source in the simulation must have a finite spatial
extent. [59]

The point source implementation in pyXSFW follows the approach presented
in [59]. It basically consists of calculating an analytical expression from the
wavefront of a point source at a given distance, which is then propagated back
to the location of the source. This gives an approximate expression for the point
source, which can be discretized. Because the wavefront spreads out when prop-
agating away from the source location, an absorbing boundary is added to avoid
numerical wrap-around. This aperture is located a distance ∆z away from the
source and has dimension DA. Both values have to be specified when creat-
ing an instance of the PointSource class. Otherwise those parts of the wave-
front leaving the simulated area at one side would enter it on the opposite side
again. To avoid aliasing effects with respect to the phase of the point source
wavefront a Gaussian is added, which smears out the borders of the aperture
slightly. A detailed derivation can be found in [59]. Here, I only state the re-
sult:

ψpoint source(x1, y1) = Ae−i k
2∆z (x2

1+y2
1)ei k

2∆z (x2
c+y2

c )e−i k
∆z (xcx1+ycy1) (2.42)

×
(

DA

λ∆z

)2

sinc
[

DA(x1 − xc)

λ∆z

]
sinc

[
DA(y1 − yc)

λ∆z

]
× e−

(
DA

4λ∆z

)2
(x2

1+y2
1).

In this equation, A is an arbitrary amplitude of the wavefront and sinc x =
sin πx

πx . As the PointSource class usually normalizes the integral intensity of the
created wavefront, A is calculated implicitly. xc and yc specify the position of the
source and are set to zero in the numerical implementation.
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In order to simulate realistic tube sources, the subclasses of
PolychromaticSpectrum provide x-ray emission spectra in the energy
range between 1 keV and 150 keV for a number of different anode materials.
The underlying algorithm is an adapted version of Spektr [62], which does
allow to calculate not only a tungsten spectrum but also those generated by
molybdenum and rhodium.

2.2.2. Calculation of Material Properties

If one is not interested in simulating experimental setup components with ideal
optical properties only, this requires an exact calculation of their complex refrac-
tive index n = 1− δ+ iβ at any given x-ray energy. This functionality is provided
by the Material class and its subclasses. They calculate β and δ separately for
the simulated materials.

The values for β are calculated with an adapted version of mucal writ-
ten by Bandyopadhyay and Segre [63] from the absorption coefficient µ us-
ing

β =
µλ

4π
=

ρNAλ

4πA
σa (2.43)

with the atomic density ρ, Avogadro’s number NA, the atomic mass number
A and the absorption cross-section per atom σa (cf. [40]). mucal provides tab-
ulated values of absorption edges, the atomic weight, atomic density, coher-
ent and incoherent scattering cross-sections and allows to compute the absorp-
tion cross-section from fit curves for every element with an atomic number
Z ∈ {1, . . . , 83, 86, 90, 92, 94}.

The Material class extends these features by allowing to calculate the decre-
ment of the real part of the refractive index δ, too. These values are calculated
from the material’s density ρ, its atomic number Z and mass mA using the rela-
tion

δ =
Zρr0λ2

2πmA
(2.44)

(cf. [40] and section 1.1). Here, r0 denotes the classical electron radius or Thom-
son scattering length (cf. section 1.1). Only near absorption edges, the calculated
values will deviate from the correct solution.

The only parameters required to compute the complex refractive index for an
element – apart from the x-ray wavelength, physical constants, and tabulated
values – are the element’s chemical formula and the material’s density. For
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Fig. 2.2: Cross-sections of the ideal complex amplitude transmission functions τ of
an absorbing and a phase shifting grating. Both the absolute value |τ(x)| and the
phase shift arg τ(x) introduced by the gratings are shown in a) and b), respectively. The
absorption grating (red) completely absorbs x-rays with its lines, whereas the spaces
leave the intensity unaltered. It also shows no variations with respect to the phase. The
phase grating (blue) introduces a phase shift of −π with its lines and leaves the x-ray
intensity unaltered. The scale of the x axis is relative to the grating period p.

compounds, δ and β are calculated as a weighted sum of the respective values of
the compound’s constituents. Here, instead of a single element, a chemical sum
formula can be specified. In this case, β and δ of the compound are calculated
(cf. [40]) from the mass densities ρj of the specified elements, their refractive
indices, and the mass density ρ of the compound using

µ = ρ ∑
j

wj

(
µj

ρj

)
, (2.45)

and

δ = ρ ∑
j

wj

(
δj

ρj

)
. (2.46)

Here, wj is the atomic weight fraction of each component.

2.2.3. Numerical Implementation of Gratings

The effects of the gratings in the simulation framework are taken into ac-
count by representing them as two-dimensional, infinitesimally thin, absorb-
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ing, and phase shifting objects. Their optical properties are calculated using
the Material class instantiated with the corresponding chemical formula and
mass density. The effects of these gratings are calculated fastest by multiplying
the incoming wavefront in real space with the complex amplitude transmission
function τ of the grating (projection approximation). τ is calculated the follow-
ing way:

τ(x, y) = exp
(

i
2π

λ

∫
(n(x, y, z)− 1)dz

)
. (2.47)

Figure 2.2 shows the absolute value and the phase of two typical transmission
functions for ideal purely absorbing or phase shifting gratings with rectangular
profile. As long as multiple interactions of photons with the grating structures
can be neglected, this approach produces a good approximation to the exact
result. For x-rays this definitely can be assumed. Only for x-ray beams with
strong divergence, errors will be introduced, because the beam does not pass
the grating parallel to its structures.

The two grating types currently provided by pyXSFW are
RectangularGrating and TrapezoidalGrating. The latter allows to
change the grating profile freely between the two extreme cases of rectangular
and triangular. Although not used for the studies presented here, different
grating shapes appear to have favorable properties concerning the Talbot effect
and this will certainly be helpful for future examinations.

2.2.4. Detectors

Up to now, only a variety of strongly idealized detectors exists in pyXSFW.
They all are derived from the FileDetector class and store their results
as HDF5 [61] files in the file system. The RawDetector stores the plain
complex-valued wavefront, while the RealDetector first computes the inten-
sities I = |ψ|2 from the amplitude values and stores them instead. In addition
to calculating intensity values, the PilatusLikeDetector weighs the intensi-
ties with the absorption of a silicon layer and integrates them over each single
detector pixel area (rebinning). Both the silicon thickness and the detector pixel
size can be specified. The results are the intensities as they would be measured
with a coarse detector resolution, typically much smaller than the one of the
grid used inside the simulation. Finally, the TalbotCarpetDetector records
a Talbot carpet, the intensity at a given height step y as it develops with the
distance to a certain point along the beam path. Typically, this kind of detector
is put downstream from a grating.
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2.2.5. Samples

A large variety of different specimens can be simulated flexibly. They all are
represented by subclasses of Sample. If no fitting sample class exists, simply
a new subclass of Sample has to be created, which then can be tailored to the
specific needs. Among the already existing classes is FlatVoxelSample, which
takes a three-dimensional volume of index values. Each index points to an entry
in a list containing material definitions and represents a specified material. From
the refractive indices specified by this list, the complex transmission function of
the whole volume is calculated. Although specified in three dimensions, the
sample is assumed flat (projection approximation), when it comes to calculating
its effect on the incoming wavefront.

If computation time does not play a role and the setup geometry makes it nec-
essary, MultisliceSample can be used to avoid the projection approximation.
Here, the propagation through the sample is calculated in equidistant steps. Ef-
fectively, the whole sample is split in several slices with propagation steps in
between and each slice is represented by its transmission function. Hence the
name.

For the results presented below the FlatSpheresSample was used. It simu-
lates a number of spheres, whose positions are read from a text file, computes
their complex transmission function (projection approximation), and applies it
to the input wavefront. This is equivalent to thinking of the sample as an in-
finitesimally thin slice. The class also allows to create a random distribution of
spheres and store it to a text file, which can be read in again later on during a
simulation.

2.2.6. Sampling Constraints and Choice of Simulation
Parameters

A correct choice of the main numerical simulation parameters – grid spacing
δ and grid size N – can be quite hard, especially if the amount of memory
and computing power is limited. A good treatment of this topic can be found
in [59]. Here, only the key steps of choosing these parameters shall be pre-
sented.

One of the main challenges is posed by correctly sampling the quadratic phase
factors appearing in the implementations. As the phases of the operators Q
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and Q2 (cf. equations (2.33) and (2.37)) oscillate at higher and higher fre-
quency towards the boundaries of the simulated area, it has to be ensured
that the sampling grid points lie close enough to each other to avoid alias-
ing.

This directly follows from the Nyquist sampling criterion and can be expressed
by the condition (cf. [59])

N ≥ λ∆z
δ1δ2

, (2.48)

posed by Q2, with ∆z being the propagation distance. δ1 and δ2 refer to the
grid spacing in the input and output plane, respectively. Basically the same
condition applies for the SimpleFresnelPropagator. The condition for Q
can be computed in a similar manner (see [59] for details):∣∣∣∣δ2 −

(
1 +

∆z
R

)
δ1

∣∣∣∣ ≤ λ∆z
D1

. (2.49)

Here R is the radius of curvature of an idealized spherical input wavefront and
D1 is the source aperture size.

Plane waves exhibit infinitesimal extent in Fourier space. Consequently they are
strongly bandlimited and (2.48) can be ignored confidently. If δ2 = δ1, the same
is true for (2.49), because its left side becomes zero, as

(
1 + ∆z

R

)
= 1, and the

right side is positive and the inequality is always fulfilled.

In addition to (2.48) and (2.49), two more conditions have to be met, which are
caused by the plain propagation geometry, that is by diverging partial waves and
finite grid sizes in the input and output plane. Here, only a rough estimation for
a simple set of boundary conditions can be given. Its validity should always be
checked for each simulated geometry for a case with a well-known result. We
assume that the input wavefront is limited by an aperture of size D1 and the
output wavefront shall be examined in the area D2 only.

First, it has to be ensured that the frequency bandwidth of the input wave-
front does not restrict the wavevector components present in the beam. The
spatial frequency components of the input wavefront can be interpreted as
the angular spectrum content of the wavefront (angular spectrum formula-
tion). Each frequency then corresponds to a plane wave component of the in-
put wave traveling in a direction defined by the two direction cosines αx and
αy:

αx = λ fx, αy = λ fy. (2.50)

The Nyquist theorem then states that, in order to resolve the maximum spatial
frequency and, at the same time, the maximum angle, the grid spacing δ1 is
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limited by

δ1 ≤
λ

2αmax
. (2.51)

The direction cosine αmax is given by the propagation geometry, the grid spacing
in the output plane δ2 and the input and output aperture sizes D1 and D2. After
examining the geometry in detail, we obtain (see [59]):

δ2 ≤ −
D2

D1
δ1 +

λ∆z
D1

. (2.52)

Second, it has to be ensured that each single wave component, even those that
deviate most from the optical axis, do not wrap around the finite simulated area.
This results in

N ≥ D1

2δ1
+

D2

2δ2
+

λ∆z
2δ1δ2

. (2.53)

Please refer to [59] for further details behind all relations presented in this sec-
tion.

2.2.7. An Example Python Script

The following python script was used to simulate a typical flat field for the
setup described in section 2.3. It first creates every necessary setup compo-
nent, then connects them with the corresponding propagator and finally calls
source.calculate_results(). This starts the calculation and stores the re-
sulting detector intensity images in the file with the name passed to the detector.
The required grid size and grid spacing were calculated manually (cf. section
2.2.6).

Listing 2.1: Example python simulation script calculating the results of a flat-field scan.

1 # -*- coding: utf-8 -*-
2 """
3 flat_field.py
4

5 Dark field simulation script.
6

7 This script calculates the flat field (reference result
8 without sample).
9

10 @author: Andreas Malecki
11

12 """
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13

14 import time
15 from pyXSFW.material import Material
16 from pyXSFW.propagation import (AngularSpectrumPropagator,
17 DummyPropagator)
18 from pyXSFW.components import (PlanewaveSource,
19 RectangularGrating,
20 GratingStepper,
21 PilatusLikeDetector,
22 DetectorController,
23 GaussianSmoother)
24

25 start = time.time()
26

27 source = PlanewaveSource(name=’Source’,
28 position=(0, 0, -1.0),
29 energy=45.7e3, N=(4096, 4096),
30 delta=5e-6/20)
31

32 G1 = RectangularGrating(name=’G1’,
33 position=(0, 0, 0), period=5e-6,
34 dutycycle=0.5,
35 material_substrate=Material(’Si’, 2.336),
36 material_lines=Material(’Ni’, 8.908),
37 material_spaces=Material(),
38 height_substrate=500e-6,
39 height_lines=8e-6,
40 height_spaces=0e-6)
41

42 smoother = GaussianSmoother(name=’Smoother’,
43 position=(0., 0., 0.46075),
44 sigma_x=1e-6,
45 sigma_y=1e-6)
46

47 G2 = RectangularGrating(name=’G2’,
48 position=(2.5e-6, 0., 0.46075),
49 period=5e-6, dutycycle=0.5,
50 material_substrate=Material(’Si’, 2.336),
51 material_lines=Material(’Au’, 19.32),
52 material_spaces=Material(),
53 height_substrate=500e-6,
54 height_lines=150e-6,
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55 height_spaces=0e-6)
56

57 stepper = GratingStepper(name=’Stepper’,
58 grating=G2, steps=8,
59 distance=(G2.get_period(), 0))
60

61 detector = PilatusLikeDetector(name=’Detector’,
62 filename=’results/flat_field.h5’,
63 position=(0, 0, 0.46075),
64 pixelsize=(250e-6, 250e-6),
65 sensor_material=Material(’Si’, 2.336),
66 sensor_thickness=450e-6)
67

68 controller = DetectorController(’Controller’,
69 detector=detector)
70

71 source.add_propagator(AngularSpectrumPropagator(to=G1))
72 G1.add_propagator(AngularSpectrumPropagator(to=smoother))
73 smoother.add_propagator(DummyPropagator(to=stepper))
74 stepper.add_propagator(DummyPropagator(to=controller))
75

76 source.calculate_results()
77

78 end = time.time()
79 print ’The complete simulation took %f s.’ % (end-start)

In this script a GaussianSmoother object is used, which will be explained in
section 2.3.1.

2.3 Validation of the Simulation Framework

The aim behind the simulation study presented in this section was to correctly
account for the underlying physical interactions that give rise to the image for-
mation process, and quantitatively predict the outcome of dark-field imaging
experiments on various samples. This study was carried out together with Guil-
laume Potdevin and Franz Pfeiffer. It focused on the analysis of the comple-
mentarity of the conventional transmission and dark-field imaging signal of
samples containing an ensemble of scatterers modeled by sub-pixel diameter
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spheres. In several different sets of simulation runs, we varied their diameter,
material, and number and examine the resulting transmission and dark-field
signals.

The basis for comparing the results to existing work was the ground-breaking
publication by Wataru Yashiro et al. [27]. In their work, they present a theoretical
model for the dark-field signal gained from grating interferometry by splitting
up the phase shift introduced by the specimen in both a fast and a slowly varying
part with respect to the spatial frequency transversal to the propagation direction
(∆Φf, ∆Φs). The slowly varying part gives rise to the phase-contrast signal,
whereas the dark-field signal is attributed to the fast varying part. In addition to
that, they modeled the scattering processes by a Gaussian model with standard
deviation of the scattering angles σ. With these assumptions they derived an
expression for the dark-field signal D at position (x, y) for a phase grating with
π/2 phase shift:

D =
Vs

Vr ≈ exp[i∆Φf(x, y; αp2)] ≈ exp[−σ2(x, y){1− γ(x, y;−αp2)}]. (2.54)

As in section 1.2, p2 denotes the period of the analyzer grating. α is the
relative Talbot order, which in this publication corresponds to the Talbot dis-
tance zT = αp2

1/λ. γ denotes the normalized autocorrelation function defined
by

γ(x, y; ∆x) =
Φf(x, y)Φf(x + ∆x, y)

σ2 . (2.55)

Susanna K. Lynch et al. [32] explicitly calculated the autocorrelation function
for a sample containing a large number of spheres and arrived at the following
expression:

D(x, y) =
Vs

Vr = exp
(
−
∫

µd(x, y, z)dz
)

, (2.56)

µd =
3π2

λ2 f |∆χ|2 d0



D′ −
√

D′2 − 1(1 + D′−2/2)+
(D′−1 − D′−3/4)

ln[(D′ +
√

D′2 − 1)/
(D′ −

√
D′2 − 1)], for ds > d0;

D′, for ds ≤ d0.

(2.57)

Here, µd is the visibility extinction coefficient (scattering coefficient), a scalar
value representing the scattering power of the sample at a certain position. Equa-
tion (2.56) had been found previously in experiment by Bech et al. [29]. For a
sample consisting of homogeneous spheres, µd is a constant and can be cal-
culated analytically. In (2.57), f denotes the volume fraction occupied by the
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Fig. 2.3: Experimental setup simulated to characterize the dependence of the x-ray
dark-field signal on the scattering properties of the sample. It consisted of an x-ray
source X, a sample S, the Talbot interferometer formed by the phase grating G1 and the
analyzer grating G2, and the detector D. The sample was designed to contain one or
more slices of an ensemble of randomly distributed sub-pixel scatterers (spheres).

spheres and ∆χ is the difference in complex refractive index between the sphere
material and the surrounding medium. d0 = λ

p2
L, where L is the distance be-

tween sample and analyzer grating, and

D′ = ds/d0 (2.58)

is the ratio between the sphere diameter ds and d0.

Both the theoretical results of Yashiro et al. and Lynch et al. were verified
experimentally in the named publications. Consequently, by validating the sim-
ulation results against these predictions, the correctness of the simulation can be
proven.

2.3.1. Simulation Details

The simulated x-ray grating interferometry setup considered particularly in this
chapter, is shown in fig. 2.3. X-rays are emitted by a monochromatic x-ray source
in coherent plane waves at the energy Eph = 45.7 keV, corresponding to a wave-
length λ = 0.271 Å. The different samples are located between the source and
the first grating G1. This grating is made of 8.0µm high Nickel lines on a
500µm thick silicon substrate introducing a phase difference between its lines
and spaces of π/2 to the incoming beam at the given energy. The grating period
p1 is 5.0µm and the duty cycle 0.5 (Ronchi ruling). The second grating G2 is lo-
cated exactly at the first fractional Talbot distance d = p2

1/2λ = 46.1 cm behind
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G1. The interference pattern in this case has the same period as the phase grat-
ing G1. The period of G2 is p2 = p1 = 5.0µm. The grating lines of G2 are made
of 150µm of gold on a silicon substrate of 500µm thickness. A pixelated photon
counting detector is placed right behind G2. Its pixels are Dx × Dy = 250µm ×
250µm large. To retrieve the three different contrast signals, the last grating (G2)
is moved perpendicular to the beam over one grating period in 8 steps (phase
stepping) [25].

The initial wavefront amplitude at the source position was constant and nor-
malized to an integral intensity of 1 over the simulated area, thus, resem-
bling a plane wave (PlanewaveSource). The grid spacing was chosen to be
∆ = p1/20 = p2/20 = 0.25µm. This allowed sampling the finest structures
in the simulation well below the Nyquist frequency. With this grid spacing,
aliasing effects could be reduced to a minimum, too. All setup components and
propagation steps were sampled at this resolution. The gratings were repre-
sented by instances of RectangularGrating. The detector class, which was
used for this study, was the PilatusLikeDetector. With the number of grid
points of 4096 x 4096 the simulation covered approximately 5 x 5 detector pixels.
Only the center pixel was used for further evaluation to avoid possible border
effects originating in the wavefront propagation or caused by the sample bound-
aries. Propagation from one setup component to the next was done with the
AngularSpectrumPropagator.

To account for a finite focal spot size of the source and grating imperfections,
the intensity pattern was convoluted using a two-dimensional isotropic Gaussian
filter kernel with a standard deviation of σ = 1µm before applying the second
grating. This is done by the GaussianSmoother class from the simulation
framework. As in a real experiment, the second grating G2 was scanned over
one grating period (GratingStepper). For each scanning position a detector
image was taken.

All samples were subdivided into one or more slices consisting of spheres
randomly distributed over an area of 500 × 500 µm2 (several instances of
FlatSpheresSample). The slices were positioned in the center of the simu-
lated area and, thus, covered the central detector pixel and half or a quarter of
its direct neighbors. The number of spheres NS per slice as well as the sphere di-
ameter dS were chosen according to the examined properties of interest. dS was
chosen (deliberately) between the grating periods and the detector pixel size:
p1 . dS < 250µm.
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2.3.2. The Influence of the Sample Morphology on the X-Ray
Dark-Field Signal

The computed transmission and dark-field signal were examined regarding
their dependence on the sample thickness, the diameter of the sample’s sub-
structures, the number of spheres inside the sample, and the material density.
Furthermore, it was checked whether the use of the projection approximation
was valid as well as how the signal behaves for samples containing mixed
structure sizes as opposed to the parts containing only one size of substruc-
tures.

Dark-Field Contrast and Sample Thickness

A first set of simulations was performed to analyze the transmission and the
dark-field signal with respect to the sample thickness (results shown in fig. 2.4).
For this purpose the sample was separated into 9 layers containing a fixed num-
ber NS of calcium spheres per layer with a diameter of 50µm each and a density
ρ = 1.55 g/cm3. The simulation was run for 3 different numbers of spheres
NS ∈ {250, 500, 1000} and NL ∈ {1, . . . , 9} layers. For each thickness 10 simu-
lations differing only in the random positions of the spheres were carried out,
which allowed to calculate a statistical mean and to estimate the possible errors
caused by the finite number of spheres inside the sample (see fig. 2.4). The re-
lation for both contrast mechanisms was found to be exponential with stronger
signal for increasing sample thickness. The transmission is much less affected
by the increasing thickness because of the low absorption of calcium at 45.7 keV
compared to the scattering caused by the numerous spheres resulting in a strong
dark-field signal.

The intensity reduction of x-rays passing through matter follows the Beer-
Lambert law:

T(x, y) = exp
(
−
∫

µ(x, y, z)dz
)

. (2.59)

Here, the x-rays travel along the z direction. This relation stays valid for the
transmission signal calculated from the stepping procedure [21]. For the given
kind of sample the transmission measured by one detector pixel can be approx-
imated by:

T ≈ exp (−µ〈∆z〉) = exp
(
−µ

NSπ

6AS
d3

S

)
. (2.60)

A derivation of this equation is given in appendix A. Here, µ is the absorp-
tion coefficient of the sphere material, 〈∆z〉 the thickness of penetrated material
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Fig. 2.4: Dependence of a sample’s dark-field signal on the sample’s thickness.
a)+b) Semi-logarithmic plots of the simulated transmission and the dark-field signal
(T = Is/Ir and D = Vs/Vr) with respect to the number of scattering sample layers
NL ∈ {1, . . . , 9}. The sample consisted of an increasing number of slices each contain-
ing a fixed number of calcium spheres NS ∈ {250, 500, 1000} at randomly distributed
positions with a diameter of 50µm and a density ρ = 1.55 g/cm3. The shown statistical
mean and errors were calculated by evaluating 10 different sets of slices. The theoretical
curves are shown in solid red lines. c) A two-dimensional histogram plot showing the
correlation of the dark-field signal with the transmission signal for each sample thick-
ness NL and number of spheres NS.

averaged over one detector pixel, and AS denotes the area covered by the sam-
ple (500× 500µm2). This approximation is valid only for samples whose mean
thickness does not vary too much over one detector pixel area. The theoretical
curves calculated from eq. (2.60) are shown in fig. 2.4a). They agree very well
with the simulation results.

The dark-field signal as well obeys a similar exponential law found in the afore-
mentioned theoretical and experimental works [27, 29, 32]. For the parameters
used in this study, the expression for the line integral in equation (2.57) can be
simplified to∫

µddz = µd∆z (2.61)

=
Lπλ3NSd3

S
8p2AS

[(r0Zρ/mA)
2 + µ2](

D′ −
√

D′2 − 1(1 + D′−2/2)

+(D′−1 − D′−3/4)

× ln[(D′ +
√

D′2 − 1)/(D′ −
√

D′2 − 1)]
)

.

Here, L is the distance from the sample to the detector, Z, ρ, mA, µ are
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Fig. 2.5: Dependence of a sample’s dark-field signal on the structure size inside
the sample when the number of structures is kept constant. a)+b) Simulation re-
sults for the dependence of the transmission and the dark-field contrast (T = Is/Ir and
D = Vs/Vr) on the diameter of the spheres inside the sample dS for 3 different sphere
numbers NS ∈ {250, 500, 1000}. The spheres were made of calcium with a density of
ρ = 1.55 g/cm3 and their diameters dS were varied in 5µm steps from 10µm up to
100µm. c) Comparison of the two signals in a two-dimensional histogram correlating
the dark-field signal to the transmission signal for each sphere diameter dS and number
of spheres NS.

the material properties, and D′ = dS p2/λL. The calculated theoretical
curves for the dark-field signal also agree well with the simulation results (cf.
fig. 2.4b)).

For rather homogeneous samples – as assumed in the simulated setup – the ex-
ponents of the Beer-Lambert law and its dark-field equivalent only differ by a
constant factor, as can be seen from the two-dimensional histogram in fig. 2.4c),
which highlights the high level of correlation between the two signals. The
dark-field signal mostly depends on the position of the sphere borders, where
the x-rays are refracted most, while the transmission relates to the average ma-
terial thickness lying in front of the detector pixel. Consequently, the statis-
tical deviations in the dark-field signal are larger than those for the transmis-
sion.

Dark-Field Contrast and Structure Size at Constant Number of Structures

Furthermore, we investigated the behavior of the two signals as a function of
the sphere diameter dS, while keeping the number of spheres inside the sample
(NS) constant. Hence the total volume occupied by the sample material changed
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as well. Now the sample consisted of one single slice filled with 250, 500, or
1000 calcium spheres, respectively. Their diameters were varied in 5µm steps
from 10µm up to 100µm (see fig. 2.5) and their density was ρ = 1.55 g/cm3.
We observe that both signals become stronger with growing sphere diameter.
The small absorption power of calcium at 45.7 keV causes rather weak losses
in the transmission signal. Again, the dark field is affected much stronger be-
cause of the scattering at the large number of substructures inside the sam-
ple.

The transmission and the dark field, again, follow the expected curves given
in eq. (2.60) and eqs. (2.56) and (2.61), respectively. In fig. 2.5a) the red solid
lines belong to the exp(x3)-law and fit agreeably to the simulated data. In con-
trast to the previous case, the dark-field signal deviates significantly from the
transmission as it roughly follows an exp(x4)-law (cf. fig. 2.5b)+c)). For larger
sphere diameters the transmission is expected to dominate more and more as
the particles reach the detector pixel size.

Dark-Field Contrast and Structure Size at Constant Amount of Material

A third set of simulation runs provided data for the relationship between the
transmission or dark-field signal and the number of scattering spheres in the
beam while the volume fraction occupied by the spheres was kept constant. The
scatterers were located in a single sample slice and made of three different ma-
terials, Carbon (C), Silicon (Si), and Calcium (Ca) with densities ρ = 2.2 g/cm3,
2.336 g/cm3, and 1.55 g/cm3, respectively. As in the last section, the sphere
diameter was varied in 5µm steps from 10µm up to 100µm. To examine the in-
terferometer’s region of maximum sensitivity in detail we added a refined set of
data points in the range from 3µm up to 10µm in steps of 0.5µm. The number
of spheres inside the sample then followed from the constant integrated sphere
volume Vtotal = 0.0655 mm3. This value results for 1000 spheres with a diameter
of 50µm.

While the transmission for a certain total volume is constant for a certain ma-
terial, the dark-field signal becomes stronger with an increasing number of
scattering structures inside the sample, which is equivalent to a decrease in
diameter (see fig. 2.6a)+b)). The dark-field signal is stronger for the two ma-
terials with smaller atomic number, carbon and silicon, and weaker for cal-
cium.

From eq. (2.60) and the constant average thickness of the penetrated material
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Fig. 2.6: Dependence of a sample’s dark-field signal on the structure size inside the
sample when the amount of material is kept constant. a)-c): Dependence of the trans-
mission and the dark-field signal (T = Is/Ir and D = Vs/Vr) on the number of struc-
tures inside the sample. The total volume occupied by all equally sized spheres was
kept at the constant value Vtotal = 0.0655 mm3. From left to right the sphere diameter
increases from 3µm up to 10µm in steps of 0.5µm and from 10µm up to 100µm in
steps of 5µm. The number of spheres changes accordingly. To visualize the details in
the region of maximum sensitivity c) shows a magnification of the results below 10µm.
d): Two-dimensional histogram correlation of the two signals.
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Fig. 2.7: Dependence of a sample’s dark-field signal on the material density. The
sample contained a total of 500 spheres with a diameter of 50µm each. The spheres
consisted of carbon (C), phosphorus (P), and calcium (Ca), respectively. Left: The trans-
mission decreases exponentially with increasing density. The simulated values coincide
with the theoretical predictions given by the red lines. Right: The exponent of the
dark-field signal law contains a quadratic dependence on the density. The theoretical
curves (red) agree with the simulation results only for small density values. Above a
density of approximately 4 g/cm3, the simulated dark-field signal is much weaker than
theoretically expected.

there follows that the transmission signal stays constant for a constant volume
occupied by the carbon spheres. In contrast to that, the dark-field signal becomes
stronger for more numerous and smaller scattering structures. Here, the increas-
ing number more or less clearly outweighs the changes in sphere diameter. This
way, it becomes possible to discriminate between a perfectly homogeneous solid
material with low absorption and a material containing denser substructures.
From eqs. (2.56) and (2.61), we can deduce that for a constant volume occupied
by the scattering spheres, the dark-field signal only depends on D′. The simula-
tion results agree with the theoretical prediction also in this scenario. Moreover,
they clearly show the theoretically expected maximum at structure sizes around
4.5µm (see fig. 2.6c)). In this setup the main potential of the dark-field signal
becomes clearly visible. It visualizes the number of scattering substructures in
the sample without requiring a high detector resolution.

Dark-Field Contrast and Material Density

In addition to the thickness and the number of spheres, I also performed simu-
lations which varied the density ρ of the sphere material. The spheres consisted
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of carbon (C), phosphorus (P), or calcium (Ca), respectively. The material den-
sity was varied between 0.55 g/cm3 and 9.6 g/cm3, while the number of spheres
was kept constant at 500. Each sphere had a diameter of 50µm. For each den-
sity and material, 10 simulation runs were performed with different random
positions of the spheres. Fig. 2.7 shows the results for transmission and dark-
field signal together with the theoretically expected curves (red). The trans-
mission increases exponentially with increasing density, whereas the dark-field
signal shows a different behavior. It first increases stronger and stronger until
ρ ≈ 5 g/cm3. For larger densities, the increase in dark-field signal diminishes
again.

From equations (2.60) and (2.43), one would expect exactly the behavior seen for
the transmission signal. The exponent of the dark-field signal, however, should
depend on the density quadratically (cf. eq. (2.57)). For small densities, the-
ory and simulation agree within the statistical error. For densities larger then
approximately 4 g/cm3, the dark-field signal deviates significantly from the the-
oretical expectations. One possible reason for this error may be a too low simula-
tion resolution. Regarding the complex transmission function of a single sphere,
the phase of the output wave changes strongly at the sphere’s borders. For very
dense materials, the simulation resolution has to be fine enough to adequately
sample these borders. Let us examine two simulated pixels inside the sphere.
The first one shall be directly at the border but still inside the sphere. The second
one shall be its neighbor towards the sphere center. At the given photon energy
of 45.7 keV, a grid spacing of 0.25µm, and a material made of phosphorus with
a density of 7 g/cm3, the change in phase between these two simulation pixels
is roughly 25◦. Consequently, for such a strongly refracting material, the grid
spacing is too large. As most of the signal originates in this area, this explains
the large deviations between theory and simulation.

Projection Approximation and Inhomogeneous Samples

All sample slices used in the simulation were treated in projection approxima-
tion. This ignores possible multiple interaction of x-rays with the sample matter.
To show that this can safely be neglected for the chosen setup parameters an-
other simulation was done for a sample consisting of two parts moved apart
along the beam direction. Each part contained 1000 carbon spheres with a di-
ameter of 50µm and a density ρ = 2.2 g/cm3. If the interaction inside the
sample played a role the resulting dark-field signal should depend on the dis-
tance between both sample parts. The distance between the two sample slices
was increased from 0 mm to 200 mm in steps of 10 mm and the resulting trans-
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Fig. 2.8: Validation of projection approximation in the simulation and cross-check
for a simulated sample containing different structure sizes. Left: Transmission and
dark-field contrast for samples consisting of two parts. The distance between these two
parts was varied. Right: Simulation results for two different structure sizes inside the
sample. Configuration 1: 25µm. Configuration 2: 50µm. Configuration 3: Both sizes
combined in two slabs one after the other.

mission and dark-field signal calculated (see fig. 2.8 on the left). Transmission
and dark-field signal both are constant and, consequently, prove the validity
of using the projection approximation3. A comparison of these findings to the
theoretical predictions shows that for the given setup the dark-field coefficient
is almost independent of the sample to detector distance, which cancels out in
eq. (2.61).

To ensure that all the above results also hold for mixed structure sizes, another
sample configuration was tested as well. Here, the sample consisted of two
slices a distance of 10 mm one after the other containing 1000 carbon spheres
each. The spheres in the first slice had a diameter of 25µm while those in the
second slice were 50µm large. A simulation run was done for samples consisting
of only one of the two slices and for both of them (see fig. 2.8 on the right). The
combined sample exactly causes the same drop in transmission and dark field
as the product of both its parts. In consequence, relations (2.59) and especially
(2.56) and (2.61) stay true for mixed structure sizes.

3For a cone-beam geometry this would not hold unless the sample is sufficiently small.
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2.4 Conclusion

The wave-optical numerical simulation framework pyXSFW, which was pre-
sented in detail in this chapter with respect to the underlying theory and nu-
merical approaches, quantitatively models the dark-field signal formation in a
grating interferometry imaging setup. This could be shown for a specimen con-
sisting of an ensemble of sub-pixel sized spheres. The dark-field signal simu-
lations showed which additional complementary information about the sample
can be obtained when compared to the transmission signal. For samples con-
taining substructures of sub-pixel size the dark-field signal is more sensitive to
the thickness of the sample. It also depends on the size of the substructures and
strongly discriminates between samples containing the same amount of material
distributed, on the one hand, over a few large particles and, on the other hand,
over many smaller ones while the transmission is not influenced at all. The sim-
ulation results prove as well that the origin of the dark-field signal can be found
in refraction at structures with sizes below the detector pixel pitch. The lower
bound to structures giving a strong signal is one order of magnitude below the
period of the interference pattern, which can be inferred from fig. 2.6. Moreover,
it was shown that the projection approximation is valid for the given setup pa-
rameters and that mixed structure sizes do not affect the validity of the results.
All results agree well with theoretical and experimental work done previously
showing their validity and accuracy. The only deviations found for very dense
materials could be explained by a too coarse simulation grid. On top of that
the simulation approach allows to examine arbitrary samples that may not be
described analytically.

The next chapter will present an investigation of an extension method to
simple x-ray dark-field imaging: Directional Dark-Field Imaging. This
study was also substantially based on simulation results gained from
pyXSFW.
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3 Superposition in Directional Dark-Field
Imaging

If I’m sitting next to a swimming pool, and
somebody dives in - and she’s not too pretty, so I
can think of something else - I think of the waves
and things that have formed in the water. And, uh,
when there’s lots of people have dived in the pool
there’s a very great choppiness of all these waves all
over the water and to think that it’s possible,
maybe, that in those waves there’s a clue as to
what’s happening in the pool.

Richard Feynman

Dark-field contrast obtained from x-ray grating interferometry does not only
offer to perform radiography and tomography. It also provides another

experimental method to retrieve information about the sub-pixel structure ori-
entation and anisotropy called Directional Dark-Field Imaging (DDFI) or X-Ray
Vector Radiography (XVR). As described in section 1.3, the dark-field contrast
signal D is extracted from the visibility of the interference pattern created by
the grating interferometer. The more the interference pattern is distorted and
its visibility decreases, the stronger is the measured dark-field signal. One re-
sult of chapter 2 was that scattering in the sense of x-ray dark-field imaging
can be regarded as refraction at small structures. Since the interferometer is
built from two-dimensional plane gratings made of one-dimensional lines and
spaces, it is only sensitive to distortions that occur perpendicular to these lines.
This direction-dependence is utilized in Directional Dark-Field Imaging. Here,
the dark-field signal is examined for different orientations of the sample relative
to the interferometer lines. By rotating the sample and recording the dark-field
signal D(θ) with respect to its orientation θ, it allows to draw conclusions on
the anisotropy of the sub-pixel size structures as it will be described further
below.
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For thin specimens, the x-ray beam passes only through a few structures located
one behind the other. Here, the scattering signal recorded by each detector pixel
is produced by at most one single sample feature. Because of that, almost all
structures that contribute to the dark-field signal in each single detector pixel can
be assumed to be parallel and it is easy to deduce their direction and anisotropy
from the orientations producing the maximum signal. Jensen et al. showed
this for several different specimens: A strawberry leaf, a chicken wing, a fiber
mesh and a tooth slice [56, 57, 64]. For weakly scattering samples they found
that the dark-field signal D in detector pixel (j, k) with respect to the angle of
rotation θ can be approximated by a Fourier expansion up to the first order
[64]:

D(j, k, θ) =
∞

∑
n=0

bn(j, k) cos[2n(θ − τn(j, k)) + π], (3.1)

≈ b0(j, k) + b1(j, k) cos[2(θ − τ1(j, k)) + π].

They interpreted b0 as the local average scattering power, b1 as the scat-
tering asymmetry, and τ the preferred scattering direction. For strongly
ordered systems, where the amount of scattering can reduce the visibility
of the interference pattern below the noise level, they proposed a different
model:

D(j, k, θ) = (1− α) + α exp

[
−2π2σ2

p2
2

]
. (3.2)

In this Gaussian model, α denotes the amount of photons scattered by the sam-
ple, σ is the standard deviation of the scattering directions with respect to the
angle, and p2 is the analyzer grating period. The simulation results discussed
in section 3.2 show that the assumption of a Gaussian profile does not hold
and that the Fourier expansion should be performed on − log D instead of
D.

In [28], we performed XVR on several thin vertebral bone slices and showed
that the resulting signal can be explained by each sample’s structural arrange-
ment.4 However, for thick samples the connection between the recorded direc-
tional dark-field signal and the morphology is not self-evident. Here, several
differently oriented layers of substructures can lie behind each other, each layer
producing its own direction-dependent signal. Knowing the physics behind the
signal formation is a fundamental prerequisite for potential future medical di-
agnostic and materials science applications. Moreover the direction-dependent

4These early works like those by Jensen et al. assumed the dark-field signal itself to be cosine-
shaped instead of its logarithm.
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computed tomography method described in chapter 4 is based on this knowl-
edge.

In this chapter, the x-ray directional dark-field signal of the superposition of
arbitrarily oriented structure layers is related to the signal created by each com-
ponent alone. In contrast to the experimental work by Revol et al. [65] – which
was published independently and parallel to mine – this study is theoretically
based on numerical simulations carried out with the simulation framework pre-
sented in chapter 2. The predictions from the simulations give rise to a the-
oretical model describing the superposition principle, which additionally can
be related to setup parameters. The model then is validated qualitatively and
quantitatively with experimental data of samples containing a large number of
highly oriented sub-pixel size structures. Instead of spheres, like in the previous
chapter, these were cylinders. I published most parts of this chapter’s contents
in PLoS ONE together with Guillaume Potdevin, Thomas Biernath, Elena Eggl,
Eduardo Grande Garcia, Thomas Baum, Peter B. Noël, Jan S. Bauer, and Franz
Pfeiffer [66].

3.1 The Simulation Procedure

Let us first focus on the theoretical predictions for the superposition of direc-
tional dark-field signals that can be drawn from simulations. For that purpose,
we simulated a complete but simplified x-ray grating interferometry setup for
Directional Dark-Field Imaging using pyXSFW (see fig. 3.1). It consisted of a
monochromatic x-ray source (X) emitting plane waves, two sample layers (L1 and
L2), the grating interferometer (G1 and G2) and a detector D. The source was rep-
resented by a PlaneWaveSource object with a photon energy of Eph = 45.7 keV.
From this point on, angular spectrum propagation was used to connect the dif-
ferent setup components. The wavefront was discretized at 8192 × 8192 grid
points that were δ = 0.125µm apart.

The two gratings G1 (phase grating) and G2 (analyzer grating) had a period
of 5.0µm and a duty cycle of 0.5 (RectangularGrating). The height of the
phase grating lines was 8.0µm, which is equivalent to a phase shift of π/2 at
the chosen photon energy. The analyzer grating was located 46.1 cm behind G1,
which corresponds to the first fractional Talbot distance at this energy. Its lines
were made of 150µm of gold to ensure high absorption and interference pattern
visibility. The grating lines were oriented along the vertical direction at all times.
Right after the last grating followed a pixelated photon counting detector with
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3 Superposition in Directional Dark-Field Imaging

Fig. 3.1: Schematics of the x-ray grating interferometry setup used to study the super-
position principle in Directional Dark-Field Imaging. The simulated setup consisted
of an x-ray source , two layers of highly oriented structures (cylinders, L1 and L2), the
grating interferometer (G1 and G2), and a detector (D). For the experiment, an addi-
tional grating (G0) was used right behind the source to enforce the coherence conditions
required by the interferometer. The sample layers were rotated independently from
each other around the optical axis to retrieve the direction-dependence of the dark-field
signal.

a pixel size of Dx × Dy = 250µm × 250µm (PilatusLikeDetector). The
finite focal spot size was taken into account by smoothing the intensity of the
wavefront right behind the analyzer grating with a Gaussian filter kernel of
width 1µm (GaussianSmoother).

Here, we considered a sample consisting of 2× 250 parallel cylinders all lying
in two separate planes perpendicular to the beam axis and one plane behind
the other. Each cylinder has a well-defined scattering direction perpendicular
to the cylinder axis. In consequence, we expected the signal to be completely
anisotropic meaning a strong cosine oscillation with respect to the angle of rota-
tion around the beam axis as it was found previously in experiments [56, 57, 64].
The cylinder positions were randomly distributed over an area of 500µm ×
500µm around the beam axis. Every single cylinder consisted of calcium (den-
sity ρ = 1.55 g/cm3), was oriented perpendicular to the beam direction, and
had a diameter of 50µm and a height of 1000µm. Because of the much smaller
dimensions of the detector pixels, we avoided border effects of the cylinder end-
caps. Two instances of the class FlatCylindersSample were used to represent
the two separate sample layers. FlatCylindersSample is basically identical
to FlatSpheresSample described in section 2.2.5. Instead of spheres, it com-
putes the transmission function of long parallel cylinders. The two sample layers
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(L1 and L2) were located 3.0 cm and 2.0 cm in front of the phase grating G1. Each
sample layer was applied to the wavefront separately with an angular spectrum
propagation step in between.

At first, each layer was simulated separately to retrieve its independent contri-
bution to the dark-field signal. To get the directional information, we rotated
the sample in discrete steps of 22.5◦ around the beam axis. The angle of ro-
tation θ is measured between the horizontal axis and the cylinder axis. For
each sample orientation, a stepping curve was recorded by moving the ana-
lyzer grating (G2) in horizontal direction over one grating period in 8 steps.
The simulated area covered roughly 5 x 5 detector pixels, but only the center
pixel provided the dark-field data used for this study. Each simulated orien-
tation was repeated 9 times with different random positions of the cylinders.
This allowed to estimate the average and spread of the dark-field values. After-
wards, both sample layers were simulated together for certain constant relative
angles ∆θ = 0◦, 45◦, 90◦ in between the two of them. In addition to that, the
45◦ orientation was simulated with the first layer containing only 125 cylinders
corresponding to half the thickness. The listing in appendix B shows the python
script used for this study. We calculated the three different contrast signals from
the Fourier transform of the resulting intensity variation as it was described in
section 1.3.

3.2 Predictions Drawn from the Simulation Re-
sults

Each simulated single sample layer on its own produces a dark-
field signal which can be described to a good approximation by (see
fig. 3.2)

D(θ) = exp[−A(cos[2(θ − τ)] + 1)]. (3.3)

This relation is deduced from the plot of a single layer and visualized by the
corresponding fit curve shown in addition to the data points in gray color. The
constant parameter τ gives the orientation causing the strongest signal (lowest
values of D). A is related to the amount of direction-dependent scattering and
depends on the setup parameters as well as the structure dimensions inside the
sample. The maximum signal is reached for orientations where the cylinders
are oriented parallel to the direction of the interferometer’s grating lines. Anal-
ogously, when the cylinders are orientated perpendicular to the grating lines
the dark-field signal vanishes completely. From the cosine curves, the average
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Fig. 3.2: Directional dark-field simulation results for a single strongly oriented sam-
ple layer. The sample layer contained 250 cylinders with randomly distributed positions.
The logarithmic dark-field signal with respect to the orientation of the cylinders has the
shape of a cosine with period π.

logarithmic dark-field signal and the anisotropy with respect to the angle of ro-
tation can be calculated. The average signal is equal to the constant offset of the
cosine curves. Since the cylinders are perfectly anisotropic, the offset matches
the amplitude A in equation (3.3). The anisotropy is calculated from the am-
plitude of the oscillation relative to this offset. Consequently, for a completely
anisotropic signal the amplitude of the cosine is equal to its offset. Therefore,
the anisotropy calculated from the dark-field signal takes values between 1 (per-
fectly anisotropic) and 0 (isotropic). With respect to these calculations, we de-
viated from the earlier descriptions by Jensen et al. [56] by using the (negative)
logarithmic dark-field signal for the calculation of the average dark-field signal
and the main orientiation instead of the dark-field signal itself. This was done
due to the fact that for large oscillation amplitudes the directional dark-field sig-
nal D(θ) significantly deviates from a cosine. The Gaussian profile proposed for
strongly oriented systems by Jensen et al. in [57] is inadequate as well. In this
work, the scattering produced by the specimen was strong enough to decrease
the visibility below the noise level of the measurement. Therefore, the actual
cosine curves are cut off at the noise level and only appear similar to a Gaussian.
This is visualized in fig. 3.3. The setup sensitivity with respect to the dark-field
signal can be tuned by choosing the distance between the sample and the de-
tector appropriately. This has been studied by Michael Chabior [12] and can be
deduced from equation (2.57). Consequently, the dark-field sensitivity can be
optimized for Directional Dark-Field Imaging such that a cut-off due to noise
can be avoided.

Figure 3.4 visualizes the directional dark-field signal produced by each single
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Fig. 3.3: Effect of noise on the angular profile of the directional dark-field signal.
For weakly scattering anisotropic samples, the directional dark-field signal is always
above the noise level, which in this plot is assumed to be at dark-field values of 0.2.
For strongly scattering anisotropic specimens, the dark-field signal can no longer be
extracted reliably from the measurement data, when it drops below the noise level. The
resulting curve appears like a Gaussian, although it is a truncated cosine.

sample layer and by both layers together for different angles between the two
layers. The signal of both layers together shows the same angular dependence
as the two single layers but with varying amplitude and phase depending on
the relative orientation and the amplitudes of the signal of each single layer.
When the orientations of the structures in both layers are chosen to be parallel,
the sum signal only changes in amplitude compared to the individual signals.
The variance of the superposition signal with respect to the actual microstate of
the statistical ensemble of cylinders is quite large. We ascribe this to the high
correlation between both layers and the grating lines. For a relative angle of
∆θ = 45◦ between the two layers, the superposition signal has its maximum right
in the middle between the maxima produced by the separate layers and it has a
slightly larger amplitude. When the structures inside the two layers are oriented
perpendicular to each other, the resulting directional dark-field signal is almost
constant. The remaining oscillations originate in the randomly distributed loca-
tions of the cylinders. Finally, if the first layer contains less scatterers, the phase
of the sum signal is less affected by this layer and consequently approaches the
phase of the dominating signal produced by layer two.
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Fig. 3.4: Directional dark-field simulation results for three different relative orien-
tations of two strongly oriented sample layers. a)-c) show the dark-field signal with
respect to the orientation of two sample layers containing 250 cylinders each. The cylin-
ders were randomly distributed over a plane perpendicular to the x-ray beam. We
examined three different relative orientations between the layers ∆θ = 0◦, 45◦, 90◦. For
each relative orientation, the plots show the dark-field signals of the separate layers and
both of them together. Clearly visible is the exp(cos 2θ) dependence for each single layer
and the superposition of both of them. For the single layer results, we calculated the
corresponding fit curves shown as solid gray lines. The product of both fit functions
is shown as a solid orange line. It perfectly agrees with the simulation results for the
superposition of both layers. In d) the first sample layer contained only 125 cylinders
to simulate a layer of half the thickness. The shape of the signals does not change.
From these results, we derived that the superposition signal is simply the product (log-
arithmic scale) of the two single layers. As a simple consequence, for a relative angle
of ∆θ = 90◦, the oscillation almost completely vanishes and the whole sample appears
nearly perfectly isotropic.
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3.3 A Model for the Superposition Principle

From these findings, we derived a physical model predicting the superpo-
sition principle of X-ray Directional Dark-Field Imaging. The directional
dark-field signal of each single layer D1(θ) and D2(θ), respectively, is given
by

D1/2(θ) = exp [−A1/2(cos[2(θ − τ1/2)] + 1)] (3.4)

= exp
[
−2A1/2 cos2(θ − τ1/2)

]
.

Here, θ− τ1/2 is equal to the angle between the direction of scattering of the sam-
ple and the direction of maximum sensitivity of the interferometer. A1 and A2
are the oscillation amplitudes. The second line in (3.4) follows from the first after
applying an addition theorem for the cosine and the Pythagorean trigonometric
identity.

Starting from eq. (3.4), we can express the scattering caused by each sample layer
with a two-dimensional vector ε1/2 ∈ R2 with its magnitude corresponding to
the scattering strength and its orientation giving the direction of scattering. The
interferometer itself is only sensitive to scattering perpendicular to the orienta-
tion of the grating lines. This as well can be expressed by a two-dimensional
vector quantity t ∈ R2 with its magnitude being the sensitivity of the interfer-
ometer in the direction of t. With these prerequisites, we reformulate eq. (3.4)
and express the dark-field signal by

D1/2(θ) = exp
[
−〈ε1/2, t〉2

]
, (3.5)

with 〈·, ·〉 denoting the two-dimensional scalar product and
√

2A1/2 =
|ε1/2| |t|.

From the plots in fig. 3.4 and the observations described above, we infer
that the superposition signal is given by the product of both single lay-
ers:

D1&2(θ) = D1(θ)D2(θ) (3.6)

= exp
[
−(〈ε1, t〉2 + 〈ε2, t〉2)

]
.

This equation describes the directional dark-field superposition principle for two
completely anisotropic sample layers passed by an x-ray beam one after the
other.
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One immediate consequence of this equation is that the superposition of two
orthogonal structures of equal scattering strength results in a constant scatter-
ing profile with respect to the rotation angle. In Directional Dark-Field Imaging
such a sample will appear isotropic (see proof in eq. 3.8 below). Furthermore,
every directional dark-field signal will be a superposition of harmonics of the
same angular period and consequently be another harmonic with identical pe-
riod.

For two arbitrary scattering directions and strengths, the logarithmic sum signal
can be calculated by simply adding two harmonics. We predicted the results for
the superposition signal by multiplying the fit curves of the single sample layers,
which is equivalent to that. The expected curves are shown in fig. 3.4 as orange
lines and the data points agree with this theoretical model.

Generalizing eq. (3.6) to a sample consisting of infinitesimally thin scattering
layers leads to

D = exp
[
−
∫
〈ε(z), t〉2 dz

]
, (3.7)

the line integral for anisotropic scattering samples. In eq. (3.7), |ε(z)|2 is a scat-
tering density instead of the absolute amount of scattering of a single layer,
which was denoted by |ε1/2|2 in eq. (3.6). In this model, an isotropic scatterer
can be represented by the superposition of two perpendicular scattering direc-
tions causing a dark-field signal that is independent of the sample orientation.
This is proved most conveniently with the expression given in eq. (3.4) and the
superposition principle stated in eq. (3.6). Let τ2 = τ1 + 90◦ and A1 = A2.
Then

D1&2(θ) = exp
[
−2A1 cos2(θ − τ1)

]
exp

[
−2A2 cos2(θ − τ2)

]
(3.8)

= exp
[
−2A1

(
cos2(θ − τ1) + cos2(θ − τ1 − 90◦)

)]
= exp

[
−2A1

(
cos2(θ − τ1) + sin2(θ − τ1)

)]
= exp [−2A1] .

Because of the addition of sin2 x and cos2 x, the direction dependence van-
ishes. Therefore, the superposition signal D1&2(θ) does not depend on the
angle of rotation θ and the sample appears isotropic. For a mixed isotropic
and anisotropic sample, this leads to an additional constant offset of the cosine
curves in the simulated/measured data. Consequently, an arbitrarily scatter-
ing sample can always be expressed by a superposition of perfectly anisotropic
layers.
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3.4 Experimental Realization by a Well-Defined Sample

Fig. 3.5: Photographs of the skewer samples. From three skewers, the two with the
most homogeneous orientation were selected. They were mounted on a plexiglass panel
with double-sided scotch tape. First, each skewer was scanned separately and then both
skewers together with several different relative orientations.

3.4 Experimental Realization by a Well-Defined
Sample

The experiments were performed at a laboratory setup at the Technische Uni-
versität München consisting of a High Power X-Ray tube (MXR-160HP/11 by
COMET AG, Switzerland) at an acceleration voltage of 65 kV and a current of
15 mA with a 3.0 mm aluminum filter. The gratings consisted of two absorption
gratings (G0 and G2) with a silicon substrate height of 500µm and 150µm and
160− 170µm high gold lines filled with SU-8 in between. The phase grating was
made of 8µm nickel lines on a 200µm thick silicon substrate. The period of the
gratings was 10µm for the absorption gratings and 5µm for the phase grating
and their duty cycle was 0.5. A Varian PaxScan 2520D with a CsI scintillator
served as x-ray detector.

The samples were measured in air while mounted on a plexiglass (PMMA)
panel, which was fixed inside an Eulerian cradle manufactured by Huber
Diffraktionstechnik GmbH & Co. KG, Germany. This goniometer allowed ro-
tation of the samples around the beam axis. The distances between the grat-
ings were 92.7 cm, which corresponds to a design energy of 46 keV of the in-
terferometer. The samples were located 28 cm downstream from the phase
grating and we ensured that their dark-field signal never reached saturation.
In order to avoid noise effects, we applied a threshold when calculating the
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3 Superposition in Directional Dark-Field Imaging

Fig. 3.6: Transmission and dark-field projections for four exemplary sample orienta-
tions. a)-d) Transmission radiographs of the two skewers with a relative orientation of
45◦ for rotation angles θ = 0◦, 45◦, 90◦, 135◦. e)-h) Dark-field radiographs for the iden-
tical respective orientations. While the local transmission stays the same with respect
to the orientation, the dark-field signal changes significantly depending on the relative
orientation of the sample structures to the grating lines, which were oriented vertically.

anisotropy data, such that only data points with an average dark-field signal
stronger than 0.97 (wooden skewers) or 0.94 (femur cubes) were taken into ac-
count.

To realize the simulated situation in experiment, we chose a specimen composed
of two wooden skewers located one behind the other in the x-ray beam (see
fig. 3.5). For these samples, scattering mainly occurs in directions perpendicular
to the skewer axis because of the numerous wooden fibers oriented along this
direction (cf. fig. 3.6). From three skewers the two were selected which showed
the most homogeneous orientation to keep subsequent errors in the analysis to
a minimum. For the experimental demonstration, we utilized a more involved
setup than the simplified one used for the simulations above. We used a tube
source for illumination, so that the introduction of a source grating (G0) was
necessary to meet the coherence requirements of the setup. Because of this,
the illumination was polychromatic as well and the x-ray beam was divergent.
Nevertheless, with respect to the physical effects in the sample and the setup,
these changes did not affect the experimental results significantly. This can be
deduced from the correct cosine-shaped rotation curves of the obtained dark-
field signal presented in section 3.5. The angular area occupied by the sample
was small enough to neglect the beam divergence. The scattering strength in
the sample differs for the various photon energies, but concerning the measured
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orientation and anisotropy, every part of the spectrum contributes in the same
way.

Fig. 3.7 displays the transmission, average dark-field and anisotropy signals for
three different relative orientations (∆θ = 0◦, 45◦, 90◦) of the two skewers. Here,
the structure orientation is encoded in color, while the anisotropy is given by
the brightness. Qualitatively, the superposed average dark-field signal – like the
transmission – appears to be the product of the average dark-field signals gen-
erated by each skewer alone. As expected from the suggested model, for com-
parable sample thickness, the orientation of the sum signal is equal to the mean
direction of the single skewers. This corresponds to a roughly equal amount of
scattering structures in both skewers at this location. For perpendicular scat-
tering directions, the anisotropy in the signal is strongly suppressed. In the
following section these observations will be checked by a quantitative analy-
sis.

3.5 Quantitative Check of the Model

A quantitative examination of several representative locations taken from the
example in fig. 3.7 is shown in fig. 3.8. In accordance with the plotted directional
dark-field curves, the locations containing only a single skewer in the beam path
are marked by colored crosses. They are compared to data taken from locations
where both skewers overlap. The latter are marked by filled triangles, squares,
and circles for relative orientations ∆θ = 0◦, 45◦, and 90◦, respectively. Each
single directional dark-field signal obeys eq. (3.7). Due to a remaining isotropic
contribution caused by wood fibers that are not oriented along the skewer axis,
the curves show a small additional offset. We derived the model parameters
from these two curves by fitting the model to the data (shown in gray). From
the directional dark-field signal of each single sample and the superposition
principle derived above, we calculated the expected values for the superposition
of both sample layers (shown in orange). The measured superposition signal
follows the model in all cases, although some deviations remain. They originate
in slight variations between the different locations from which the curves are
taken.

For a relative orientation of ∆θ = 45◦, the curves, on the one hand, show the
results for a location where both sample layers have almost identical thickness
(green) and, on the other hand, for a point moved a bit sideways such that the
first layer has almost half the thickness (magenta). Here, the locations of the
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3 Superposition in Directional Dark-Field Imaging

Fig. 3.7: Experimental realization of the simulated scenario of differently oriented
layers on top of each other. Two wooden skewers were put on top of each other and
examined with respect to different relative orientations. Because the fibers of the wood
form highly oriented substructures parallel to one skewer’s central axis, each skewer
strongly scatters in a well-defined direction perpendicular to its central axis. The color
scale has been adapted to increase the contrast for the transmission images. Compared
to the rather weak absorption of the material, the dark-field signal clearly predominates
for this kind of sample. Shown in the middle row, the mean value of the dark-field
signal with respect to the rotation increases where the skewers overlap. A quantitative
analysis shows that the superposition signal is the product of the mean directional dark-
field values of each skewer, as it is the case for the transmission (cf. figs. 3.4 and 3.8). In
the bottom row, the anisotropy images encode the direction of the structures in the color
and the degree of anisotropy in the brightness. For completely parallel orientation of
the two skewers (∆θ = 0◦), the superposition shows the same orientation. For an angle
of ∆θ = 45◦ between them, the resulting signal depends on the amount of material
penetrated by the beam. Wherever both thicknesses are equal, the measured orientation
is exactly the circular mean of both individual orientations. Otherwise, intermediate
orientations appear wherever the penetrated thickness of one of both skewers is larger
than for the other. For an angle of 90◦ and equal thicknesses, the anisotropy signal
completely cancels out. Length of the scalebar: 5 mm.
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a b

c d

Fig. 3.8: Quantitative evaluation of the superposition principle at specific locations
of the combined samples. a)-d) The positions from which the curves were taken corre-
spond to locations on the wooden skewers, where either one of them were penetrated by
the x-ray beam or both after each other. They are marked in fig. 3.7 by the corresponding
symbols. For the parallel oriented samples shown in a), the single layer data were taken
from separate scans of the single samples. To test the validity of the model derived from
the simulation results, fit curves were calculated for the single samples shown in gray.
The predicted superposition signals resulting from the fit parameters and the model are
shown in orange color. The direction-dependent curves for the superposition of both
samples coincide with the predictions drawn from the model and both single curves for
every relative orientation between the two wooden skewers.
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3 Superposition in Directional Dark-Field Imaging

Fig. 3.9: A clinically relevant example for the application of the derived model. Here,
the two sample layers consist of human femoral bone cut in cubes. Both cubes were each
measured separately with the beam penetrating cube 1 in the anterior-posterior and cube
2 in the medial-lateral direction, and then once again when both cubes were placed on
top of each other but oriented in the same way. The upper image row shows the resulting
transmission images and the lower row the measured orientation and anisotropy. As
before, the anisotropy images encode the direction of the structures in the color and the
degree of anisotropy in the brightness. Depending on the local amount of anisotropy in
both separate samples, the local direction of the combined sample is either dominated
by one of the components (regions marked with circle and rectangle) or the anisotropy
is strongly reduced because the average structure orientations are perpendicular to each
other between both cubes (arrow).

superposition curve’s extrema clearly move towards the locations of those of the
skewer which has the stronger scattering contribution. As the scattering mainly
depends on the amount of scatterers, this is the skewer which is thicker at the
chosen location.

3.6 Application to Biomedical Specimens

Fig. 3.9 shows a biomedical example of an application of the superposition prin-
ciple: Transmission and directional dark-field images of two human trabecular
bone cubes, which were harvested from the femoral head of one female indi-
vidual. In contrast to cortical bone, trabecular bone is a sponge-like structure of
calcified bone matrix. The trabecular microstructure is aligned with the princi-
ple stress trajectories. Consequently, there exist preferred structure orientations
depending on the anatomical location inside the femur.
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1

2

1,2

Fig. 3.10: Illustration for the harvesting process of the femoral bone cubes. The orig-
inal anatomical locations and orientations of both cubes are marked with their indices.

Both cubical bone specimens (10× 10× 10 mm3) were harvested from the head of
a fresh frozen human femur (62 year-old female, 1.62 m, 72 kg). The femur was
scanned with a 256 row multidetector CT (Philips Medical Care, Best, Nether-
lands) and no pathological lesions were observed on the macroscopic scale. Pre-
vious to the cutting process, the center of the femoral head and neck were me-
chanically defined. The specimens were cut from the center of the femoral head
according to the anatomical direction of the femoral neck (cf. fig. 3.10). They
were irrigated with 0.9 % saline during machining using a low speed diamond
saw (Dia Tech, Dia BS200, GmbH, Stuttgart, Germany). Thereafter, the bone
specimens were defatted chemically by submerging them in ethanol and ace-
tone to allow storage for all imaging procedures. The donor had dedicated her
body for educational and research purposes to the local Institute of Anatomy
prior to death, in compliance with local institutional and legislative require-
ments. Written informed consent was obtained from the donor. The study
was reviewed and approved by the local institutional review boards (Ethikkom-
mission der Fakultät für Medizin der Technischen Universität München, Ger-
many).

The two cubes were once measured separately with the viewing direction
aligned along the anterior-posterior (cube 1) and the medial-lateral direction
(cube 2). In the first case, the superior-inferior direction was pointing upward,
while in the second case it was the anterior-posterior direction. The relative
orientation was kept constant for the whole experiment.
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3 Superposition in Directional Dark-Field Imaging

Both femoral cubes showed a distinct preferred orientation as expected (cf.
fig. 3.9, left and middle column). Their structures pointed roughly in per-
pendicular directions. In addition to that, another measurement was carried
out, where both cubes were put on top of each other (cf. fig. 3.9, right col-
umn).

Depending on the amount of anisotropy found in each separate cube, the direc-
tional dark-field image of the combined sample shows a preferred direction that
is more or less equal to the dominating component. Two such areas are marked
by a circle (dominated by cube 1) and a rectangle (dominated by cube 2). A
large fraction of the area that is occupied by both cubes in the combined sample
shows less if no anisotropy at all. One location with strongly reduced anisotropy
is marked by an arrow in the figure. This follows directly from the superposi-
tion model derived above and the perpendicular orientation of the structures
between both cubes (cf. eq. (3.8)).

3.7 Conclusion

In summary, we have shown how the directional dark-field signal drawn from
x-ray grating interferometry can be calculated for samples that are composed of
highly anisotropic layers of differing orientation. Starting from theoretical pre-
dictions gained from simulations, we developed a model for the superposition of
the signals originating in two different sample slices: The harmonic oscillations
observed for the single layers can simply be added to retrieve the superposi-
tion signal. As a direct consequence, layers with perpendicular orientation and
similar scattering strength will show no anisotropy in dark-field imaging. We
checked the correctness of this model by means of experimental data and found
very good agreement.

With this model at hand, it is now possible to predict and describe the direc-
tional dark-field signal for thick samples containing more than one layer of ori-
ented scatterers. It will be extended in chapter 4 to perform direction-dependent
computed tomography based on the dark-field signal. This will allow to recon-
struct the sub-pixel structure orientation and anisotropy with respect to the exact
anatomical location.
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4 X-Ray Tensor Tomography

When I investigated the advantages over
conventional X-ray techniques however, it became
apparent that the conventional methods were not
making full use of all the information the X-rays
could give.

Godfrey N. Hounsfield [49]

The physical model for Directional Dark-Field Imaging, which was developed
in chapter 3, applies to radiographic methods only. It suffers from averaging

over all structures, which are passed by the x-ray beam. In the following, I will
show how to combine the directional dark-field signal with computed tomog-
raphy and reconstruct the local direction-dependent scattering of the sample.
Because the scattering is represented by a tensor in every sample point, this re-
construction technique is called X-Ray Tensor Tomography (XTT). Most parts
of this chapter will be published under the title “X-Ray Tensor Tomography”
together with Guillaume Potdevin, Thomas Biernath, Elena Eggl, Konstantin
Willer, Tobias Lasser, Jens Maisenbacher, Jens Gibmeier, Alexander Wanner, and
Franz Pfeiffer [67]. Section 4.1 gives an account on the underlying theory. The
experimental data were obtained from a well-defined specimen, which is de-
scribed in section 4.2. The setup and scanning parameters are discussed in sec-
tion 4.3 followed by a discussion of the reconstruction algorithm in section 4.4.
In section 4.5 the correct reconstruction of the sample’s scattering parameters
is proven by comparing it to high-resolution micro-tomograms from the same
specimen.

77



4 X-Ray Tensor Tomography

Fig. 4.1: Sketch of the X-Ray Tensor Tomography setup. It consists of an x-ray source
(X), a sample (S), the grating interferometer (G0, G1, and G2) and a detector (D). s ∈
R3 and t ∈ R3 mark the x-ray beam direction and the interferometer’s direction of
sensitivity (vertical to the grating lines), respectively. Here, the sample is a carbon fiber
cube, which is mounted on a three-circle Eulerian cradle, a goniometer type often used
in crystallography, and rotated around a fixed rotation center covering the maximum
available spatial angular range. The orientation is defined by the three Eulerian angles
(ψ, θ, and φ) as described in section 1.4. For each orientation, an x-ray dark-field image
is recorded. For clarity, the laboratory and sample coordinate systems are shown as
well.

4.1 Theory

The experimental approach of X-Ray Tensor Tomography is based on combining
an imaging setup with multi-dimensional sample orientation (as known from
crystallography). In this study, a typical laboratory-based experimental setup for
grating interferometry was used (see fig. 4.1), but synchrotron-based imaging is
equally possible. The setup consisted of an x-ray tube as source (X), a Talbot-Lau
grating interferometer with three gratings (G0, G1, and G2), and a detector (D).
The sample (S) was mounted on a three-circle Eulerian cradle placed between
source and phase grating. Consequently, its orientation could be chosen almost
arbitrarily within a wide spatial angular range only limited by the goniometer’s
geometry. By contrast, for both dark-field tomography (cf. section 1.5) and
Directional Dark-Field Imaging (cf. chapter 3), only a single axis of rotation is
required.

To reconstruct direction-dependent x-ray scattering, we developed a physical
model starting from relations well-known from Directional Dark-Field Imaging.
It has been shown in section 3.3 that the physical model behind X-Ray Direc-
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tional Dark-Field Imaging can be described by

D(x, y) = exp
[
−
∫
〈ε(x, y, z), t〉2 dz

]
. (4.1)

This is a relation similar to the Beer-Lambert law for the absorption of x-rays
penetrating matter. Here x, y, and z are given relative to the laboratory coor-
dinate system. D denotes the measured dark-field signal, and 〈·, ·〉 the Euclid-
ian scalar product, ε(x, y, z) ∈ R3 is the location-dependent scattering density
introduced by the sample, and t ∈ R3 the sensitivity vector of the grating in-
terferometer. t describes the absolute sensitivity and its direction at the same
time. It always points in a direction parallel to the grating surface but perpen-
dicular to the grating lines. The magnitude of the sensitivity vector depends on
the setup parameters of the interferometer, the sample location, and the x-ray
photon energy. The scattering as well is energy-dependent and characterized
by its direction and magnitude as represented by ε. In chapter 3, t and ε were
two-dimensional quantities, as the sample was rotated around the beam axis
and the third dimension could safely be ignored. Now, because the sample will
be oriented arbitrarily, both are given in three dimensions. For this work, we
ignored all deviations that may have been caused by the polychromatic energy
spectrum and reconstructed effective values.

X-Ray Directional Dark-Field Imaging is a two-dimensional technique, which
works best for thin specimens that contain only few structure layers. Otherwise,
it would be unfeasible to deduce the structure orientation from the scattering sig-
nal because of ambiguities [65, 66]. By contrast, computed tomography allows to
reconstruct physical quantities in 3D with respect to the location, but requires an
adaption of the line-integral for Directional Dark-Field Imaging. Therefore, we
generalized the existing model for Directional Dark-Field Imaging by allowing
a finite number O ∈N of different scattering directions εα ∈ R3 at every sample
position. When performing tomography, the sample is rotated relative to the
penetrating beam. As a consequence, the scattering in each voxel also depends
on the direction of the incoming beam s ∈ R3 relative to the sample coordinate
system. These considerations lead to

D(x, y) = exp

[
−
∫ O

∑
α=1
〈εα(s, x, y, z), t〉2 dz

]
. (4.2)

This is the basis for calculating the x-ray scattering tensor at every sample loca-
tion after reconstructing the discrete scattering contributions εα(s, x, y, z). We
chose to fit an ellipsoid to the scattering data to calculate the tensor coeffi-
cients.

79



4 X-Ray Tensor Tomography

As already shown in section 3.3 and in [65, 66], it is impossible to distinguish be-
tween an isotropic scattering sample and two completely anisotropic layers put
close to each other but with a relative orientation of 90◦. Thus, we can ignore
constant scattering contributions by absorbing them in at least two perpendic-
ular anisotropic contributions. If we ensure that enough different scattering
directions are available, even isotropic scattering contributions can be handled
by this model. They will be distributed more or less equally over all scattering
directions. This also avoids ambiguities with respect of the representation of
isotropic scatterers.

To be able to perform a reconstruction, we still need to specify how εα(s, x, y, z)
changes when rotating the sample, which is equivalent to changing the direction
of the incoming beam s. Here, we assume that the scattering direction is always
fixed with respect to the sample’s coordinate system but the amount changes
with the relative orientation of εα and s like

εα(s, x, y, z) = |ŝ× ε̂α(x, y, z)| εα(x, y, z). (4.3)

Here, ·̂ denotes the vector normalized to unit length, × the vector product, and
|·| is the Euclidian vector norm. εα(x, y, z) ∈ R3 now is a quantity independent
of the illumination vector and represents the scattering in a fixed direction but
with an arbitrary magnitude.

Using (4.3), we can substantiate (4.2):

D(x, y) = exp
[
−
∫ O

∑
α=1

(|εα(x, y, z)| |t|)2 (4.4)

(|ŝ× ε̂α| 〈ε̂α, t̂〉)2 dz
]

.

All values of the weight factor

vα := (|ŝ× ε̂α| 〈ε̂α, t̂〉)2 (4.5)

can be precalculated from the corresponding sample orientation for a given
recording scheme. For parallel geometry, they are constant for all rays con-
tributing to a single projection image. The results presented below show
the reconstruction of the product of the absolute values of εα(x, y, z) and
t,

ζα(x, y, z) = |εα(x, y, z)| |t| , (4.6)

which we will call effective scattering strength. This is equivalent to the as-
sumption that all sample voxels contain an identical distribution of scatterers
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Fig. 4.2: The carbon cube sample. a) Photograph of the carbon cube specimen mounted
on a PMMA disk. The change in fiber orientation between the layers can be observed
directly. b)-d) Three-dimensional renderings of the specimen showing the position of the
cross-sections depicted in e)-g). e)-g) Micro-tomographic slices from the planes that were
marked in b)-d), respectively. They show the changes in orientation of the structures in
the different sample layers. In e), most structures are aligned along the z′ direction
and consequently cause scattering along the x′ axis. f) shows an intermediate felt layer,
which is completely isotropic. In g), the structures are oriented along the x′ axis and
cause scattering in the z′ direction.

with respect to their size and material. If one can furthermore assume that the
sensitivity is more or less constant and known, this directly allows to reconstruct
the scattering caused in each sample voxel. In general, this is not applicable, as
the sensitivity strongly depends on the x-ray photon energy and structure di-
mensions. How to separate the two contributions from scattering and sensitivity
and correctly model the energy dependence, will be part of future examina-
tions.

4.2 The Investigated Sample

The specimen investigated in this study was a block of carbon fiber reinforced
carbon (see fig. 4.2a)). The concept behind such compound materials in gen-
eral is to combine beneficial features of two or more materials or material states,
for instance low density at a high crack resistance, which gives these kinds of
materials a broad field of application in engineering. The basic idea with this
combination is to use the anisotropic properties of graphite to reinforce a carbon
structure giving access to a light but strong material at a high thermal stabil-
ity.
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The sample was created from several layers of carbon fibers, which were then
infiltrated with the carbon matrix by chemical vapor infiltration (CVI). This was
done at the Institute for Chemical Technology and Polymer Chemistry at the
Karlsruhe Institute of Technology (KIT). Blocks of 15× 50× 55 mm3 size were
streamed under isothermal and isobaric conditions with methane. The specific
correlations between infiltration parameters and resulting carbon-carbon struc-
tures can be found in [68]. The specimen researched in this work has been
infiltrated at 1095 ◦C and 25 kPa for 90 h with a dwell time of 0.1 s. The carbon
fiber laminate is commercially available (“Surface Transforms”, Ellesmare Port,
UK) and consists of HT-fibres (Panox®, SGL Carbon) with a Young’s modulus
of 190 GPa and a density of 1.72 g/cm3.

Due to the fabrication process, the carbon reinforced carbon (CFC) materials de-
scribed in this chapter exhibit a certain porosity. In earlier studies, it has already
been shown that pore networks in CFC materials based on a pure felt-like fiber
structure are connecteded, whereas in specimens as in this investigations the
pore networks between each layer are quite separated [69]. Furthermore, prolate
shaped pores tend to appear parallel and oblate shaped ones perpendicular to
the main fiber direction.

From one of the large carbon blocks, a cube of size 1.03 cm× 1.03 cm× 1.02 cm
was cut, which served as specimen in our study. It contained eight layers of
oriented fibers. The fibers in each layer mainly pointed in one direction. All
layers were separated by thinner felt layers with an arbitrary fiber orientation
resulting in a total of fifteen different layers. Groups of two equally oriented
layers were oriented perpendicular towards each adjacent group and parallel to
the upper/lower surface of the cube. All the layers were woven together by
strings of fibers from the top to the bottom. 60 % of the fibers were oriented
in each layer’s main direction, 30 % connected the different layers in vertical
direction, and the remaining 10 % were directed perpendicular to the other two
orientations.

To get an insight into the inner structure, we recorded absorption-based micro-
tomograms of the specimen at a very higher resolution (cf. fig. 4.2b)-g)). These
micro-CT measurements were carried out at Technische Universität München at
a v|tome|x s 240 by GE Sensing & Inspection Technologies GmbH (Germany).
The scan parameters were 50 kV and 350µA with an exposure time of 2000 ms
averaging over 3 images and 1000 angular steps over 360◦. The resulting voxel
size was 17.896µm. One can clearly distinguish oriented pore networks of alter-
nating orientation (fig. 4.2e)+g)) and the intermediate felt layers (fig. 4.2f)). The
felt layers are expected to produce a rather isotropic scattering signal, whereas
the oriented layers should be clearly distinguishable by their anisotropic scatter-
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Fig. 4.3: The experimental realization of the X-Ray Tensor Tomography setup. a) As
in fig. 4.1, the setup consisted of an x-ray tube (X), the grating interferometer (G0, G1,
and G2), the sample (S) and a detector (D). The sample was mounted on a three-circle
Eulerian cradle allowing free rotations around any axis. b)-d) Visible light microscopy
images showing the structures of the three gratings G0, G1, and G2, respectively (see
section 4.3 for grating parameters). For better stability of the grating structures their
layout deviates from the ideal binary ruling by additional supporting bridges.

ing profile.

4.3 Experimental Setup and Scanning Parameters

We carried out the X-Ray Tensor Tomography experiments at a laboratory setup
at the Technische Universität München (see fig. 4.3). A High Power X-Ray tube
(MXR-160HP/11 by COMET AG, Switzerland) served as x-ray source and was
accompanied by a Varian PaxScan 2520D with a CsI scintillator as detector with
a pixel pitch of 127µm and a scintillator thickness of 600µm (Varian medical
systems, USA). We chose an acceleration voltage of 90 kV and an anode current
of 8 mA with an additional aluminum filter of 3.0 mm thickness. The interferom-
eter consisted of two transmission gratings (G0 and G2) with a silicon substrate
height of 500µm and 150µm and 160− 170µm high gold lines and spaces filled
with SU-8. Our phase-shifting grating (G1) induced a phase shift of π/2 at the
targeted design energy of 56.9 keV and was made of 10µm nickel lines on a
200µm thick silicon substrate. We used a symmetric setup with an inter-grating
distance of L = d = 1.15 m. The period of the gratings was 10µm for the ab-
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Fig. 4.4: Transmission and dark-field projections for four exemplary sample orien-
tations. a)-d) Transmission radiographs for the following sample orientations (φ, θ, ψ):
(0◦, 0◦,−36◦), (0◦, 0◦, 0◦), (0◦, 90◦,−36◦), (90◦, 0◦, 0◦). e)-h) Dark-field radiographs for
the identical respective orientations. While the local transmission stays the same with
respect to the orientation, the dark-field signal changes significantly. The dark-field con-
trast between the differently oriented sample layers even is inverted between f) and h).
The grating lines were oriented vertically.

sorption gratings and 5µm for the phase grating and all duty cycles were 0.5. A
three-circle Eulerian cradle manufactured by Huber Diffraktionstechnik GmbH
& Co. KG, Germany served as sample mounting system. It was placed such
that the sample was located 89 cm from the source grating, which resulted in
a magnification of 2.6. This allowed to assume parallel beam geometry for the
computed tomography reconstruction problem later on.

As the contribution of each scattering component depends on the relative ori-
entation with respect to the beam direction and the setup is sensitive only per-
pendicular to the grating lines, it was necessary to rotate the sample not only
around a single rotation axis but freely around the center of rotation of the Eu-
lerian cradle. Otherwise there would have been scattering coefficients ζα with a
constant weight factor vα equal to 0. The sample was rotated freely around the
center of rotation of the Eulerian cradle covering the following Eulerian angle
values:

φ ∈ {0◦, 45◦, 90◦, 135◦},
θ ∈ {0◦, 45◦, 90◦, 135◦},
ψ ∈ {−36.67◦,−36.00◦,−35.33◦,−34.67◦, . . . , 36.67◦}.
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4.4 The Reconstruction Algorithm

This resulted in a total number of 1776 projections. The sample and labora-
tory coordinate systems and the Eulerian angles were defined as described in
section 1.4. During the experiment, ψ was used as fastest and φ as slowest
axis. For each sample orientation the phase grating was scanned in 8 steps over
one grating period (phase stepping, cf. section 1.2). Reference images were
taken before and after scanning the fast axis completely. We calculated the three
different contrast signals from the Fourier transform of the resulting intensity
variation as described in section 1.3. Only transmission and dark-field contrast
was used for this study. Figure 4.4 displays exemplary transmission projections
and the corresponding dark-field images for four different sample orientations.
The local transmission in the sample does not change with the rotation. By
contrast, the dark-field signal strongly depends on the orientation of the sam-
ple.

4.4 The Reconstruction Algorithm

For the reconstruction, we discretized the sample volume with cubic volume
elements (voxels) and used the Simultaneous Algebraic Reconstruction Tech-
nique (SART) [54]. Therefore, the SART algorithm presented in section 1.5 had
to be adapted to the physical model of X-Ray Tensor Tomography given by
eq. (4.4). The reconstructed quantity is the squared effective scattering strength
ζ2

α(x, y, z) = |εα(x, y, z)|2 |t|2, as ζα(x, y, z) appears squared in eq. (4.4). There-
fore, we introduce the auxiliary quantity

ηα(x, y, z) = ζ2
α(x, y, z), (4.7)

which will be reconstructed by the algorithm. Afterwards, ζα(x, y, z) is calcu-
lated from the reconstructed values by applying the square root. The discretized
quantity corresponding to ηα(x, y, z) shall be denoted by ηαj with 1 ≤ α ≤ O. As
before, α determines the scattering component and j specifies the voxel index.
For SART, all rays arriving at the detector pixels i that form a single projec-
tion image P(φ,θ,ψ) are treated simultaneously. In introductory section 1.5, the
projections were specified by a single angle only. As we need more rotational
degrees of freedom for XTT, the exact projection now is specified by the triplet
(φ, θ, ψ). The measurement values pi for XTT are not the logarithmic relative
intensities of conventional tomography but the measured logarithmic dark-field
signals. As in section 1.5, i shall specify the detector pixel and the rotation
step. For a single update step k to k + 1, one distinct sample orientation and
the corresponding projection image P(φ,θ,ψ)k

is required. The order, in which the
projections are processed during a single iteration, is randomized. In general,
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4 X-Ray Tensor Tomography

for an arbitrary setup geometry, the weight factors vα depend on the location
inside the volume and on the chosen ray i arriving at detector pixel pi. For this
reason, their discretized realizations are denoted by vαij. With these prerequi-
sites, the SART update equation for X-Ray Tensor Tomography can be written
as

η
(k+1)
αj = η

(k)
αj +

∑
i∈P(φ,θ,ψ)k

λu

pi−
O

∑
β=1

N

∑
n=1

winvβinη
(k)
βn

O

∑
β=1

N

∑
n=1

winvβin

wijvαij

O

∑
β=1

∑
i∈P(φ,θ,ψ)k

wijvβij

, ∀1 ≤ j ≤ N. (4.8)

As in section 1.5, the forward projection is marked in red and the backward
projection in blue in eq. (4.8). In addition to the conventional weight factors
of SART, the equation contains the new weights for each scattering compo-
nent.

It has been mentioned above, that vαij is independent of the location in the re-
constructed volume and constant for all rays of a certain projection if the illu-
mination is with parallel rays. This constant value shall be denoted by ṽαk and
ṽαk = vαij for all j and all i ∈ P(φ,θ,ψ)k

. Thus, for a single update step k to k + 1,
vαij varies only with the index α and eq. (4.8) can be simplified by substituting
vαij with ṽαk and factorizing the constant factors out:

η
(k+1)
αj = η

(k)
αj +

ṽαk(
O

∑
β=1

ṽβk

)2 ·

∑
i∈P(φ,θ,ψ)k

λu

pi−
O

∑
β=1

N

∑
n=1

win ṽβkη
(k)
βn

N

∑
n=1

win

wij

∑
i∈P(φ,θ,ψ)k

wij
, ∀1 ≤ j ≤ N. (4.9)

From this equation, one can see that the conventional SART algorithm only has
to be extended by a multiplication with an additional factor of ṽαk(∑O

β=1 ṽβk)
−2

before performing the actual update and an additional weighted summation in
the forward projection step. In the algorithm used for the results presented in
this thesis, the backprojection step contained the multiplication with the con-
ventional update weight λu and the additional XTT weights to improve its
performance. The following listing shows the algorithm in python pseudo-
code:
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4.4 The Reconstruction Algorithm

Listing 4.1: The SART algorithm used for X-Ray Tensor Tomography (python pseudo
code).

1 import numpy
2

3 # Initialize volume
4 volume = numpy.zeros(volume_size, dtype=numpy.double)
5

6 # Until convergence or - in this case - until a certain
7 # number of iterations is reached
8 for iteration in range(number_of_iterations):
9 # Generate a random permutation of the set of

10 # projection indices
11 angle_indices = numpy.random.permutation(
12 number_of_projections)
13

14 # Iterate over all projections (in random order)
15 for random_index in angle_indices:
16 # Image projection: Compute line integrals through
17 # all detector pixels of the currently selected
18 # projection
19 temp = project_and_weight(xtt_weights, volume,
20 angles[random_index])
21

22 # Correction image: For all detector pixels
23 # calculate the correction images from the
24 # difference to the measured projections
25 difference = projection[random_index] - temp
26

27 # Image backprojection: Distribute corrections
28 # onto grid
29 volume += backproject_and_weight(update_weight,
30 xtt_weights, difference,
31 angles[random_index])

Instead of reconstructing only a single volume, several volumes are recon-
structed in parallel, one for each scattering component α. Therefore, the variable
volume contains values for each volume element and scattering component. For
forward and backward projection, we rotated the volume using trilinear interpo-
lation and subsequently summed along the beam direction.
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4 X-Ray Tensor Tomography

Fig. 4.5: Reconstructed slices by scattering component. a) A three-dimensional render-
ing of the specimen based on micro-CT. b)-h) show the effective scattering strength along
the slice marked in red in a) with respect to the scattering direction. The correspond-
ing directions are given in the bottom row. i)-o) show the same scattering components
but now along the slice marked in blue. The broken lines mark the position of the
slices with respect to each other. When moving along the sample’s y′ axis the strongest
scattering direction inside the sample alternates between the x′ direction and the z′ di-
rection. The scattering parallel to the y′ axis is almost constant throughout the whole
cubic specimen. At the locations of the intermediate felt layers, the fiber orientation is
isotropic, which becomes visible in the equal distribution of the scattering power over
all scattering components, even the diagonal ones.

4.5 Raw Reconstruction Results

The SART reconstructions for the carbon cube sample were done with a to-
tal of four iterations over all projection images. Afterwards, no significant
changes in the reconstructed volume could be observed. Each voxel had an
edge length of 49µm such that the whole sample was approximately covered by
2063 voxels. The projection images were cropped around the center of rotation
to 358× 358 pixels in size. The resulting volume of scattering coefficients was
weighted with an exponential windowing function generated from the absorp-
tion data to suppress artifacts outside the specimen caused by the goniometer.
Fig. 4.5 shows two representative slices of the raw results gained from recon-
structing the effective scattering coefficients for seven different scattering orien-
tations, along the three Cartesian coordinate axes and the four space diagonals.
In the sample coordinate system these are

ε̂1 =
(
1 0 0

)T , ε̂2 =
(
0 1 0

)T , ε̂3 =
(
0 0 1

)T ,

ε̂4 =
1√
3

(
1 1 1

)T , ε̂5 =
1√
3

(
1 −1 1

)T ,

ε̂6 =
1√
3

(
1 1 −1

)T , ε̂7 =
1√
3

(
1 −1 −1

)T .
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4.5 Raw Reconstruction Results

We limited the number of scattering directions to 7 to save memory and com-
putation time. In the figure it becomes evident that the scattering occurring
inside the sample is mainly along the Cartesian coordinate axes and alternating
between the x′ and the z′ direction when moving along the y′ axis, while it is
almost constant in the y′ direction throughout the whole specimen. Mainly only
at the locations of the intermediate felt layers, the diagonal scattering compo-
nents show a significant contribution. For a fixed height y′ inside the specimen,
the scattering in all components is rather homogeneous.

In general, scattering only occurs perpendicular to the structures in the sample.
This leads to a strong dark-field signal pointing in these directions. From the
reconstructed scattering components, one can deduce that, because of the max-
imum scattering strength alternating between the x′ and z′ direction, the main
orientation of the structures between the corresponding layers must be alternat-
ing as well. Strictly speaking, the scattering structures in the uppermost layer
and the second lowest have to point in the z′ direction and the features in the
remaining two layers have to point in the x′ direction. As all fiber layers are
stacked on top of each other in y′ direction, no change in the vertical scattering
component can be observed.

However, the amount of scattering appears to be independent of the relative
amount of fibers that point in the different directions. Otherwise, the main scat-
tering direction would have to be along the y′ axis. One possible explanation
are the pores between the fibers stemming from the production process of the
carbon cube material and the interferometric setup being most sensitive to struc-
tural changes at larger lengthscales than the fiber thickness, which is around
15µm. Moreover, because of the infiltration of the carbon fibers with additional
carbon, most of the material also could appear rather homogeneous and only the
remaining pores could cause the scattering. To check these hypotheses, we can
compare the XTT results to the microtomographic measurements (cf. fig. 4.2e)-
g)). These measurements clearly show that the scattering corresponds to the
orientation of the pores in between the fibers. In the sample’s uppermost layer
the pores are oriented along the z′ axis and produce scattering mostly in the x′

direction. In the intermediate felt layers, no oriented pores are found and the
scattering is isotropic. The pores in the lowermost layer are oriented along the
x′ axis and produce scattering mostly in the z′ direction.
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4 X-Ray Tensor Tomography

Fig. 4.6: Reconstructed local orientation and anisotropy. Based on the raw data shown
in fig. 4.5, we derived the local orientation and anisotropy by fitting an ellipsoid to
the scattering strength in every volume element. From the orientation and length of
its major and minor axis, we computed the local scattering direction and anisotropy.
a) A microCT rendering of the sample showing the location of the plane visualized
in subfigure b). b) 3D rendering of the plane marked in a). Arrows show the local
scattering direction and strength. A different way to visualize the local orientation and
anisotropy is by color encoding. The three color channels (red/green/blue) correspond
to the components of the scattering direction. The transparency channel is used to
indicate the magnitude of the scattering strength. c) The whole volume rendered using
the described color encoding. For better visibility of the inside, the upper right half
of the cube is displayed with higher transparency. The reconstructions results gained
with X-Ray Tensor Tomography qualitatively agree with the micro-tomography data (cf.
fig. 4.2).

4.6 Extraction of Anisotropy and Main Scattering Di-
rection via Ellipsoid Fitting

From the already quite large number of different scattering directions shown
in fig. 4.5, it is hard to deduce the actual scattering amount and direction by
eye. Therefore, we fitted an ellipsoid to the scattering data in every volume
element. The fitting procedure was performed according to [70] by iterative
least square ellipsoid-specific fitting. With this method, the result is guaranteed
to be an ellipsoid and not only an arbitrary quadratic surface. Each ellipsoid
represents a scattering tensor describing the amount of scattering with respect
to the direction. Every ellipsoid’s major axis then points in the direction of
maximum scattering and the ratio between the length of the major and minor
axis is a measure of the anisotropy at this location.

Fig. 4.6b) shows the reconstructed main scattering direction and anisotropy of
a single plane through the sample as vector arrows and encoded in color. The
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location of this cross-sectional plane is marked in subfigure a). In the color
representation, the scattering direction is encoded in the red, green, and blue
color channels with the absolute value of the vector component x′ corresponding
to red, y′ to green, and z′ to blue. The anisotropy is encoded in each voxel’s
transparency with transparent meaning isotropic and opaque corresponding to
completely anisotropic. Fig. 4.6c) gives an impression of the scattering directions
in the whole cube by applying the color encoding. For better visibility of the
reconstructed data inside the object, the upper right half of the cube is rendered
with higher transparency.

From the color encoding and the corresponding micro-tomography slices shown
in fig. 4.2, one can see that the scattering orientation calculated with the new
low-resolution dark-field tensor tomography agrees with the pore structures ob-
tained from the high-resolution but absorption-based micro-tomography. The
main orientation is quite homogeneous inside each of the oriented layers stacked
on top of each other, while it appears inhomogeneous at the locations of the in-
termediate felt layers.

4.7 Conclusion

In summary, the results presented in this chapter show that the directional dark-
field signal obtained with x-ray grating interferometry allows to tomographically
reconstruct the local scattering properties of a specimen. By fitting an ellipsoid
to the reconstructed scattering data, we calculated a symmetric scattering ten-
sor describing the local direction-dependent scattering power. The scattering
properties of the sample calculated with this X-Ray Tensor Tomography method
agree with the orientation of the micro-structures forming the sample. The fol-
lowing chapter focuses on future applications, improvements, and extensions of
the simulation framework, Directional Dark-Field Imaging, and – last but not
least – X-Ray Tensor Tomography.
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5 Outlook

We are at the very beginning of time for the human
race. It is not unreasonable that we grapple with
problems. But there are tens of thousands of years
in the future. Our responsibility is to do what we
can, learn what we can, improve the solutions, and
pass them on.

Richard P. Feynman

Which future investigations could be performed on the basis of the results
presented in this thesis? Concerning the dark-field simulations, the re-

sults should be extended for classes of samples with sample structure sizes be-
low and above the lenghtscales adressed in chapter 2. An interesting question
is, at which length scale and how the dark-field signal is transferred to phase
contrast. Of course, the detector pixel size will play a role here, but the exact
details have not been examined, yet. More realistic simulations could be per-
formed if detector noise was included in the simulation process. Its influence on
the different contrast modalities should as well be investigated. Until now, all
simulations I performed were strictly monochromatic. The changes in the signal
of (Directional) Dark-Field Imaging with respect to polychromatic illumination
as in laboratory-based setups is another interesting topic. I already carried out
simulations for a cone-beam setup geometry, but they are not part of this thesis.
Please refer to [71] for further details. Finally, a more general theoretical descrip-
tion than the existing approximation for spherical objects has to be derived, that
connects the sample properties and the dark-field signal.

With respect to Directional Dark-Field Imaging, the model developed in chapter
3 could for example be applied in materials science (e.g. compounds containing
carbon fibers or meshes) and even have a large impact on medical diagnostics
for example in the case of trabecular bone. For instance, diagnosis and treatment
monitoring of osteoporosis, which is a major public health problem through its
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association with fragility fractures, may be improved by taking interferometric
projection images. Osteoporosis is characterized not only by loss of bone min-
eral density but also by decreasing bone quality including a deterioration of
the trabecular microstructure [72]. Such changes of the trabecular bone struc-
ture due to osteoporosis or osteoporosis-related treatment may be detected a
lot earlier and with higher sensitivity if compared to conventional x-ray tech-
niques.

A large set of modifications could be realized to improve the X-Ray Tensor To-
mography method presented in chapter 4. From the scattering tensor it is pos-
sible to derive the local sub-pixel structure orientation, but not the sizes of the
contributing features. In the future, if energy-resolving pixelated detectors be-
come available, it should also be possible to reconstruct the size distribution
of these non-resolvable features, because then it is possible to take the energy-
dependence of scattering and interferometer sensitivity into account. Nowadays,
the energy dependence could already be studied at a synchrotron or a Compact
Light Source. Even without high energy resolution, the sensitivity of the inter-
ferometer should be taken into account during reconstruction. Then not only
effective scattering values like in chapter 4 but also the actual amount of scatter-
ing in the sample could be calculated.

X-Ray Tensor Tomography, in principle, could also have a large impact in the
medical field, for example in the diagnosis of bone pathologies like osteoporo-
sis. Up to now, only a qualitative comparison of the scattering directions and
the sample morphology has been carried out. A quantitative comparison be-
tween the scattering tensor data and the actual structure orientation should be
performed as well. This could be done based on the local orientation derived
from high-resolution structural data, for example by computing the local Star
Length Distribution (SLD) [73]. A major challenge will be the visualization of
the tensor data, though. The raw data potentially will be constituted by a lot
more different scattering directions, which cannot be viewed at the same time.
Even the visualizations chosen in this thesis have their drawbacks. For a good
overview, an arrow representation either requires a coarse grid, which neglects
a lot of the data and might hide exactly the relevant features of interest. With-
out a three-dimensional viewing device, this visualization has ambiguities, too.
Color encoding has been used in other techniques like Diffusion Tensor Imag-
ing, which also need to display direction information. Here as well, the color
encoding cannot be chosen such that there is a unique correspondence between
color and direction [74]. The encoding presented in section 4.5 displays several
diagonal directions in the same color. Another in-depth study should be per-
formed with respect to time and dose reduction and influence of the number of
angles on the accuracy of the reconstruction. Moreover, different experimental
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techniques (e.g. Small-Angle X-Ray Scattering) might provide a physical model
similar to the one derived here. Thus, the algorithm could easily be adapted to
perform reconstructions in other areas.
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A The Transmission of a Set of Randomly
Distributed Spheres

In section 2.3.2, an analytic value for the transmission of a large number of
randomly distributed spheres was used to compare it to the results from

the simulations. Here, the expression given in equation (2.60) shall be de-
rived.

For an arbitrary sample, the transmission T(x, y) with respect to the
position transverse to the x-ray beam is given by the Beer-Lambert
law:

T(x, y) = exp
(
−
∫

µ(x, y, z)dz
)

. (A.1)

µ(x, y, z) denotes the absorption coefficient of the sample. Only one material
was used for the randomly distributed spheres in chapter 2. Therefore, µ(x, y, z)
takes either a fixed value µ or 0, depending on whether we are inside or outside
a sphere. Then, the Beer-Lambert law can be simplified to

T(x, y) = exp (−µ ∆z(x, y)) , (A.2)

with ∆z(x, y) denoting the length of the path, which lies inside the spheres, for
the ray arriving at (x, y). As long as the thickness of the sample does not vary
too much over the area of a detector pixel, the transmission T measured in this
pixel is given by

T ≈ exp (−µ 〈∆z〉) . (A.3)

〈∆z〉 is the mean path, which all rays arriving at the detector pixel travel through
the sphere material.

Consequently, only an expression for 〈∆z〉 is required. Let NS be the number of
spheres in the whole sample volume and AS be the total area transverse to the
beam covered by the sample. Without loss of generality, as the mean thickness
is assumed to be constant with respect to the position (x, y), we can assume that
all spheres relevant for the calculation of the mean thickness are spread over the
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circular area A centered at x = y = 0. Let d(x, y) denote the thickness of one
single sphere located at the coordinate center and dS the sphere diameter. Then
the mean thickness 〈∆z〉 can be calculated from

〈∆z〉 = NS

AS

∫∫
A

1 dxdy︸ ︷︷ ︸
(?)

∫∫
A d(x, y)dxdy∫∫

A 1 dxdy︸ ︷︷ ︸
(??)

. (A.4)

The terms denoted by (?) represent the number of spheres falling in the relevant
area to contribute to the mean thickness. (??) is the mean thickness produced by
one sphere. In the following, the integrals are calculated:

〈∆z〉 =
NS

AS

A
A

∫∫
A

d(x, y)dxdy

=
NS

AS

dS/2∫
−dS/2

√
(dS/2)2−y2∫

−
√

(dS/2)2−y2

2
√
(dS/2)2 − x2 − y2 dxdy

=
2NS

AS

d3
Sπ

12
.

With this result, we arrive at

T ≈ exp (−µ〈∆z〉) = exp
(
−µ

NSπ

6AS
d3

S

)
(A.5)

as it was stated in eq. (2.60).
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B Simulation Script for Directional Dark-
Field Imaging

The following script was used to generate the simulation results presented in
chapter 3:

Listing B.1: The python simulation script used to simulate directional dark-field imag-
ing.

1 # -*- coding: utf-8 -*-
2 """
3 superposition.py
4

5 Dark-field simulation script.
6

7 This script simulates two anisotropic layers to examine
8 the underlying superposition principle.
9

10 @author: Andreas Malecki
11

12 """
13

14 import numpy as np
15 import time
16 from pyXSFW.material import Material
17 from pyXSFW.propagation import (AngularSpectrumPropagator,
18 DummyPropagator)
19 from pyXSFW.components import (PlanewaveSource,
20 RectangularGrating,
21 GratingStepper,
22 PilatusLikeDetector,
23 DetectorController,
24 FlatCylindersSample,
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25 GaussianSmoother)
26

27 start = time.time()
28

29 output_prefix = ’results/’
30 sample_prefix = ’samples/’
31

32 configurations = list()
33

34 Nangles = 16
35

36 # Do simulations for 10 different sets of randomly
37 # distributed positions
38 for statistical_run in np.arange(10):
39 # Do simulations for 125 and 250 cylinders
40 for number_of_cylinders in (125, 250):
41 # Do simulations for sample 1 and different
42 # orientations
43 for i in range(Nangles):
44 configurations.append({
45 ’output_path’:
46 ’%d cylinders layer 1 angle %03d run %02d.h5’ %
47 (number_of_cylinders, i*360./Nangles,
48 statistical_run),
49 ’sample’: [{’filename’:
50 ’%d random cylinders layer 1 run %02d.csv’ %
51 (number_of_cylinders, statistical_run),
52 ’angle’: i*2.*np.pi/Nangles}]})
53

54 # Do simulations for sample 2 and different
55 # orientations
56 for i in range(Nangles):
57 configurations.append(
58 {’output_path’:
59 ’%d cylinders layer 2 angle %03d run %02d.h5’%
60 (number_of_cylinders, i*360./Nangles,
61 statistical_run),
62 ’sample’: [{’filename’:
63 ’%d random cylinders layer 2 run %02d.csv’ %
64 (number_of_cylinders, statistical_run),
65 ’angle’: i*2.*np.pi/Nangles}]})
66
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67 # Do simulations for sample 1 and 2 and different
68 # orientations
69 for i in range(Nangles):
70 # Only simulate relative angles of 0°, 45° and
71 # 90° to save time
72 for j in (i, (i+2)%Nangles, (i+4)%Nangles):
73 configurations.append(
74 {’output_path’:
75 (’%d cylinders layer 1 + 2 angle1 %03d ’+
76 ’angle2 %03d run %02d.h5’) %
77 (number_of_cylinders, i*360./Nangles,
78 j*360./Nangles, statistical_run),
79 ’sample’: [{’filename’:
80 ’%d random cylinders layer 1 run %02d.csv’%
81 (number_of_cylinders, statistical_run),
82 ’angle’: i*2.*np.pi/Nangles},
83 {’filename’:
84 ’%d random cylinders layer 2 run %02d.csv’%
85 (number_of_cylinders, statistical_run),
86 ’angle’: j*2.*np.pi/Nangles}]})
87

88 # Do simulations for sample 1 (125 cylinders) and 2
89 # (250 cylinders) and different orientations
90 for i in range(Nangles):
91 j = (i + 2) % Nangles
92 configurations.append(
93 {’output_path’:
94 (’%d cylinders layer 1 + %d cylinders layer 2’+
95 ’ angle1 %03d angle2 %03d run %02d.h5’) %
96 (125, 250, i*360./Nangles,
97 j*360./Nangles, statistical_run),
98 ’sample’: [{’filename’:
99 ’%d random cylinders layer 1 run %02d.csv’ %

100 (125, statistical_run),
101 ’angle’: i*2.*np.pi/Nangles},
102 {’filename’:
103 ’%d random cylinders layer 2 run %02d.csv’ %
104 (250, statistical_run),
105 ’angle’: j*2.*np.pi/Nangles}]})
106

107 for configuration in configurations:
108 source = PlanewaveSource(name=’Source’, index=0,
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109 position=(0, 0, -1.0), energy=45.7e3,
110 N=(8192, 8192), delta=5e-6/40)
111

112 samples = list()
113 for entry in configuration[’sample’]:
114 samples.append(FlatCylindersSample(name=’Sample’,
115 index=0,
116 position=(0,0, -30e-3 + len(samples) * 10e-3),
117 filename=sample_prefix+entry[’filename’],
118 scale=(500e-6, 500e-6),
119 rotate=entry[’angle’],
120 height = 1000e-6, force_height=True,
121 diameter=50e-6, force_diameter=True,
122 material=Material(’Ca’, 1.55)))
123

124 G1 = RectangularGrating(name=’G1’, index=0,
125 position=(0, 0, 0), period=5e-6, dutycycle=0.5,
126 material_substrate=Material(’Si’, 2.336),
127 material_lines=Material(’Ni’, 8.908),
128 material_spaces=Material(),
129 height_substrate=500e-6, height_lines=8e-6,
130 height_spaces=0e-6)
131

132 smoother = GaussianSmoother(name=’Smoother’, index=0,
133 position=(0., 0., 0.46075), sigma_x=1e-6,
134 sigma_y=1e-6)
135

136 G2 = RectangularGrating(name=’G2’, index=0,
137 position=(2.5e-6, 0., 0.46075),
138 period=5e-6, dutycycle=0.5,
139 material_substrate=Material(’Si’, 2.336),
140 material_lines=Material(’Au’, 19.32),
141 material_spaces=Material(),
142 height_substrate=500e-6, height_lines=150e-6,
143 height_spaces=0e-6)
144

145 stepper = GratingStepper(name=’Stepper’, index=0,
146 grating=G2, steps=8,
147 distance=(G2.get_period(), 0))
148

149 detector = PilatusLikeDetector(name=’Detector’,
150 index=0,
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151 filename=output_prefix+
152 configuration[’output_path’],
153 position=(0, 0, 0.46075),
154 pixelsize=(250e-6, 250e-6),
155 sensor_material=Material(’Si’, 2.336),
156 sensor_thickness=450e-6)
157

158 detector_controller = DetectorController(’Controller’,
159 detector=detector)
160

161 source.add_propagator(
162 AngularSpectrumPropagator(to=samples[0]))
163 for i in range(len(samples) - 1):
164 samples[i].add_propagator(
165 AngularSpectrumPropagator(to=samples[i+1]))
166 samples[len(samples) - 1].add_propagator(
167 AngularSpectrumPropagator(to=G1))
168 G1.add_propagator(
169 AngularSpectrumPropagator(to=smoother))
170 smoother.add_propagator(DummyPropagator(to=stepper))
171 stepper.add_propagator(
172 DummyPropagator(to=detector_controller))
173

174 source.calculate_results()
175

176 end = time.time()
177 print ’The complete simulation took %f s.’ % (end-start)
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