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Abstract

In this paper pseudo 3-D Hidden Markov Models
(P3DHMMs) are applied to the task of dynamic facial ex-
pression recognition. P3DHMMs are an extension of the
pseudo 2-D case, which has been successfully used for the
classification of images and the recognition of faces. Al-
though the application of P3DHMMs for image sequence
recognition has been reported before, this paper provides a
formal definition of the novel approach as well as a detailed
explanation of a triple embedded Viterbi algorithm. Fur-
thermore an equivalent one-dimensional structure is intro-
duced, which allows the application of the standard Viterbi
and Baum-Welch-Algorithms. The approach has been eval-
uated on a person independent database, which consists
of 4 different facial expressions, performed by 6 individu-
als. The recognition accuracy achieved in the experiments
is close to 90%.

1. Introduction

The modeling of entire image sequences using novel
pseudo 3-D HMMs has first been described in [1]. In this
publication the new approach has been evaluated on a crane
signal database, which consists of 12 different predefined
gestures for maneuvering cranes. It was found that the ap-
proach allows the recognition of dynamic gestures such as
waving hands as well as static gestures such as standing in a
certain pose. This was achieved by the use of statistically in-
dependent streams, which allow the integration of features
derived from temporal as well as spatial data into a single
model. Although the paper [1] introduced the P3DHMMs
and showed first promising results, a formal definition of the
model as well as details of the algorithms used have been
omitted. The present paper provides a formal definition of
P3DHMMs and a description of the triple embedded Viterbi
algorithm as well as a description of the equivalent one-
dimensional HMM structure. Furthermore, the P3DHMM
approach is for the first time introduced to the task of dy-
namic facial expression recognition. Fig. 1 shows images
taken from sequences that belong to our facial expression
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database. The sequences show individuals performing the
facial expressions anger, surprise, disgust and happiness.
Other publications which deal with facial expression recog-
nition include [2, 3].

This paper is organized as follows. Section 2 gives a
formal definition of the pseudo 3-D HMMs, describes the
triple embedded Viterbi algorithm and introduces the equiv-
alent one-dimensional HMM structure. Section 3 presents
experimental results. A summary is given in Section 4.

2. Pseudo 3-D Hidden Markov Models

Hidden Markov Models are finite non-deterministic state
machines which have been successfully applied to numer-
ous applications. They consist of a fixed number of states
with associated output density functions (pdfs) as well as
transition probabilities ����� . For a continuous HMM the pdf� �	��
�� of state ��� is usually given by a finite Gaussian mix-
ture of the form:

� � ��
��������������� � ��� ��
� � 
! � � �#" � �  (1)

where � � � is the mixture coefficient for the $ th mixture
and � ��
� � 
! � � �#" � �  is a multivariate Gaussian density with
mean vector 
! � � and covariance matrix " � � . A detailed
explanation of the one-dimensional HMM-framework is
given by Rabiner in [4]. Pseudo 3-D HMMs are an exten-
sion of the one-dimensional HMM paradigm, which have
been developed in order to model three-dimensional data.
The following section provides a formal definition of the
P3DHMMs.

2.1. Definition of P3DHMM

When using a P3DHMM, the emission of observations
is considered to origin from a three-staged hierarchical pro-
cess. The topmost stage in this hierarchy models the depen-
dencies of consecutive images using a first order Markov
Model. The images itself are emitted by the well docu-
mented pseudo two-dimensional HMM (see e.g. [5, 6, 7]).
Fig. 2 illustrates a pseudo 3-D Hidden Markov Model. The
figure shows three so-called hyperstates, which are denoted
as � � and �&% and two pseudo 2-D HMMs which are as-
signed to those hyperstates. The P2DHMMs consist of
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Figure 1. Examples for the facial expressions
anger, surprise, disgust and happiness (from
left to right)
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Figure 2. Pseudo 3-D Hidden Markov Model

three superstates (e.g. � �� for hyperstate � � ) containing three

states each (e.g. �
��� ,. . . , �

��� for superstate � �� ).
A three-dimensional pattern

���
	��
can be modeled by a

P3DHMM in the following manner: each image ( ������ ��� �
const.) in the image sequence is assigned to a hyperstate,
which results in a time warping of the pattern. Addition-
ally, each image is modeled by a P2DHMM, which results
in a non-linear warping of the image in both spacial direc-
tions. Each column ( � ������ � ��� � const.) is assigned to a
superstate which leads to a nonlinear warping in horizontal
direction. The columns itself are modeled by an ordinary
one-dimensional HMM and thus a warping in vertical di-
rection is achieved.

A P3DHMM (L) is explicitely characterized by the fol-
lowing parameters: First the number of hyperstates ( � ) has
to be chosen. As shown in Fig. 2 the hyperstates are de-
noted as ��� , where � ���	������� � � . Transition probabilities
and initial states probabilities have to be assigned to the hy-
perstates. Their definitions are as follows:

� ��� � � �"! � � � �$# ! �&% � � � �  (2)

and ' � � � �(! � � ���  (3)

A P2DHMM is assigned to every hyperstate and thus the
superscript � is added to every parameter of the P2DHMM
in order to indicate the assignment to the � -th hyperstate.
The P2DHMMs ( ) � ������� � )+* ) are characterized by the fol-
lowing parameters:

,.- � is the number of superstates ( � �� ������� � � �/10 ) of the
P2DHMM which is assigned to hyperstate ���, The superstate transition probabilities � � 2�3

� � 2�3 �4� �(! 65 � � � �3 # ! �% � 5 � � � �2  (4)

where ! 65 � denotes the actual superstate at time � and for
column �, The initial superstate probabilities' �� �4� �(! � 5 � � � ��  (5)

The conventional 1-D HMM which is assigned to the super-
state has the following parameters:,87 �� is the number of states ( �

0 9: ��������� � 0 9; 09 ) of the 1-D

HMM which is assigned to hyperstate � � and superstate
� ��, The transition probabilities �

0 9 < :
�
0 9 < : �4� �(! �5 �=5 � � �

0 9: # ! �5 �=% � 5 � � �
0 9<  (6)

where ! 65 �>5 � is a state at time � and position ����? ., The initial state probabilities

' 0 9< � � �"! �5 � 5 � � �
0 9<  (7)

, The observation probabilities
� 0 9 < ��
�  for each state

� 0 9 < ��
�  � � ��
� # ! �5 �=5 � � �
0 9<  (8)

which can be expressed as a Gaussian mixture (see
Eq. 1).

After specifying the parameters defined above, a P3DHMM
is fully characterized.

If we assume that there exists a special version of the
Viterbi algorithm for P3DHMMs, it is possible to classify
image sequences with these models and it is also possible to
adapt the models to training data. The latter is possible due
to the segmental k-means algorithm, which is also known as
Viterbi training ([4]). Such a special version of the Viterbi
algorithm exists as triple embedded Viterbi algorithm. This
algorithm is explained in the following section.

2.2. Triple Embedded Viterbi Algorithm

The triple embedded Viterbi algorithm is an extension of
the double embedded Viterbi algorithm which has been in-
troduced by Kuo and Agazzi for P2DHMMs in [5]. The
triple embedded version is build by performing an addi-
tional execution of the Viterbi algorithm for the time di-
mension.

Like in the one-dimensional case the most probable
state sequence @BA�
	C� is calculated and based on this se-
quence an estimate for the probability that the observation
sequence has been generated by the model is determined
( � � � �
	D� � @EA�
	F� # G  �H� A � � �I	�� # G  ). Because the ob-
servation

�J�I	D�
is a three-dimensional matrix, also the



state sequence @BA can be arranged on a three-dimensional
grid.

Due to the hierarchical structure of the P3DHMM, the
most likely state sequence is calculated in three stages. The
first stage is to calculate the probability that the columns
of the individual images have been generated by the one-
dimensional HMMs, that are assigned to the superstates of
the P2DHMMs. In the next step these probabilities are
used as observation probabilities of the superstates of the
P2DHMMs. A second Viterbi algorithm is executed for
the superstates. Finally, on the top hierarchy level a third
Viterbi algorithm is executed. The complete triple embed-
ded Viterbi algorithm is stated explicitly as follows:
1.1 Initialization

� 0 9 � ��� ��� �� ' 0 9: � 0 9 : ��
�> � � 
� 0 9� ��� ��� ���� (9)

1.2 Recursion

� 0 9 �
	 � ��� �� ����3 % %�� 2 � 3 � �
0 9
��� 	�� � � � ��� �� � 0 9 < :  � 0 9 < ��
� ���� 

� 0 9�
	 � ��� �� arg����3 % %�� 2 � 3 � �
0 9
��� 	�� � � � ��� �� � 0 9 < :  (10)

1.3 Termination

� � � � �����  � ����� � 3 � � 09 �
� 0 9 �
� � ���  

� � � � � ���  � arg����� � 3 � � 09 �
� 0 9 ��� � ���   (11)

The quantity
� 0 9�
	 � ���  is used to keep track of the optimum

states that maximize
� 0 9 ��	 � ���  which is the highest probabil-

ity along a single path which ends in state �
0 9: and account-

ing for the first � observations in column ? for the image at
time � . The second application of the Viterbi algorithm is as
follows:
2.1 Initialization

 � � 5 � �"! �� ' �� � � � � � ��� # �� 5 � �"! ��$� (12)

2.2 Recursion
 ��5 � �"! �� ����� % %%� 2 � � �  ��% � 5 � ��� �� � � 2 � "� � � � ����� 
# ��5 � �"! �� arg �&���� % %%� 2 � � �  ��% � 5 � ��� �� � � 2 �  (13)

2.3 Termination

� � � � �� ����� ���"� / 0 �  �� 5 � �"!  
' � � �  � arg ����� ���"� / 0 �  �� 5 � ��!   (14)

The quantities
� 0 9 �
	 � ���  and

 ��5 � �"!  as well as
� 0 9��	 � ���  and

# ��5 � ��!  correspond to each other. The third application of
the Viterbi algorithm is as follows:

3.1 Initialization ( � � � �� ' � � � � � ) � � � ���� (15)

3.2 Recursion
( � � �  � ����� % %%�+*�� � � ( �&% � ��, �� � * �  � � � � ) � � � �� arg ����� % %��-*.� � � ( �&% � ��, �� � * �  (16)

3.2 Termination � A �/����� � �%� * � ( � � �  ! � � arg����� � �%� * � ( � � �   (17)

The value � A obtained from Eq. 17 is a measure of how well
the P3DHMM models the data

�
. Finally, by backtracking

through
) � � �  , # �65 � �"!  and

� 0 9�
	 � ���  it is possible to find the
maximum likelihood state sequence.

2.3. Equivalent 1-D Topology

Samaria shows in [6] that a P2DHMM can be trans-
formed into an equivalent one-dimensional HMM by in-
serting special start-of-column states and features. This
has been verified by experiments in the domain of speech
recognition by Weber et al. [8]. Consequently, it is pos-
sible to obtain a one-dimensional HMM which is equiva-
lent to a P3DHMM by applying the technique suggested by
Samaria twice, i.e. by additionally inserting special start-of-
image states and features. Figs. 3 and 4 illustrate the equiva-
lent one-dimensional modeling technique. Fig. 3 shows the

Figure 3. Generation of a one-dimensional ob-
servation sequence from an image sequence

three-dimensional pattern, which is a part of an image se-
quence representing the expression surprise which shall be
modeled by the HMM in Fig. 4. In order to be able to repre-
sent the pattern by a one-dimensional structure, it is neces-
sary to transform the pattern into an observation sequence.
As illustrated in Fig. 3 the sequence is obtained in the fol-
lowing manner: Each image of the sequence is scanned with
a sampling window from top to bottom and from left to
right. The beginning of each column is indicated by a spe-
cial feature set (start-of-column feature) which is shown in
light gray in Fig. 3. The feature sequences of adjacent im-
ages are concatenated via start-of-image features (marked
in black in Fig. 3).



1.0

1.0

�������

� �����

� ���	�

�����	�

1.01.0
���
���

� �
�	�

� �
���

���
���

��	�	�

� �	�
�

��	���

� �	���

1.0

1.0

�������

� �����

� ���	�

�����	�

1.01.0
���	���

� �	�	�

� �	���

���	���

�����	�

� ���
�

�������

� �����

� ���	� � ���	�

Figure 4. One-dimensional HMM structure
which is capable of modeling whole image
sequences

Fig. 4 illustrates the 1-D HMM topology which can be
used in order to represent whole image sequences. The
states which are shaded light gray generate a high proba-
bility for the emission of start-of-column features whereas
the states which are black generate a high probability for the
emission of start-of-image features. When using the struc-
ture in Fig. 4 one has to take care of the fact that the values
for the start-of-column and start-of-image features are dif-
ferent from all possible ordinary features. These equivalent
HMMs can be trained by the standard Baum-Welch algo-
rithm and the recognition step can be carried out using the
standard Viterbi algorithm.

3. Experiments and Results

In order to obtain a detailed evaluation of the P3DHMM
approach, experiments on a facial expression database con-
sisting of 4 classes (see also Fig. 1) have been performed.
In the experiments a one-dimensional structure was used,
which is equivalent to a P3DHMM with four hyperstates
and encapsulated P2DHMMs sized (4 � 4).

As feature extraction a discrete cosine transform (DCT)
was applied to blocks of size (16 � 16) pixels. The blocks
did not contain the gray values itself, but the difference of
neighboring frames (difference image). A block overlap of
75% was utilized. A single P3DHMM was trained for each
of the facial expressions using 3 sequences for each of the 6
different persons.

The training of the equivalent 1-D HMMs is a very
time consuming process. This is due to the complexity of
the Forward-Backward algorithm which is proportional to' % ��� , where

'
is the number of states in an HMM and� is the length of the observation sequence. Therefore the

training has been divided into two steps: In a first step, sec-
tions of the sequence have been used to train 1-D HMMs
which are equivalent to P2DHMMs. This can be considered
as an initialization step. Afterwards the initialized HMMs
are concatenated to form an HMM with a topology similar
to Fig. 4 and a training of the model with complete image

sequences is performed. Due to the initialization of parts
of the model, the required number of training iterations for
the whole model is reduced drastically. This is particularly
important, because the whole model consists of the large
number of 64 states in total. Table 1 shows the recognition
accuracies achieved in the experiments for a varying num-
ber of Gaussian mixtures (see Eq. 1). As can be seen the
recognition accuracy increases with the number of mixtures
and does not improve further after using 3 mixtures.

Table 1. Recognition accuracies achieved in
the experiments

rec.rate 1 mixture 2 mixtures 3 mixtures 4 mixtures
on rank 1 75.00% 79.17% 87.50% 87.50%
on rank 2 79.17% 87.50% 95.83% 95.83%

4. Summary

This paper presented dynamic facial expression recog-
nition based on pseudo 3-D Hidden Markov Models. A
formal definition of P3DHMMs as well as a triple embed-
ded Viterbi algorithm have been described. Experiments on
a person-independent facial expression database have been
carried out and recognition accuracies of up to 87.5% have
been achieved. In the experiments a one-dimensional HMM
structure has been utilized which has similar modeling ca-
pabilities with respect to the P3DHMM approach.
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