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ABSTRACT 
 

In this work, an advanced reliability evaluation method is implemented in conjunction 
with a state of the art fatigue crack growth evaluation, to determine the fatigue reliability 
under variable amplitude loading. Material properties and initial crack geometry are 
modelled as random variables, based on experimental observations. Fatigue loads are 
treated as a random process, characterised by varying correlation lengths. A crack growth 
algorithm is implemented using an approximated integration of the Forman-Mettu 
equation, also known as Nasgro equation, which accounts for the fatigue threshold and 
describes well the three regions of the fatigue crack growth curve. The subset simulation 
method is presented and applied to compute the reliability of mechanical components 
subject to internal pressure fatigue loads. In the numerical investigations, it is found that 
the assumptions on the correlation length of the load process have significant influence 
on the resulting reliability; the probability of failure can vary up to several orders of 
magnitude. This points to the importance of an accurate modelling of the fatigue load 
processes.   

 
NOMENCLATURE 
𝑎  crack depth 
𝑎!  initial crack depth 
𝑐  crack semi-length 
𝑓    Newman’s closure function 
𝑓’  prior probability distribution  
𝑓’’, f(a|ND) posterior probability distribution 
𝑓!   fatigue crack growth rate in 𝑎-direction 
𝑓!  fatigue crack growth rate in 𝑐-direction 
𝑓!   fatigue crack growth rate 
𝑔(𝑋), 𝑔(𝑈) limit state function 
𝑘!, 𝑘, 𝑘!"# parameters of the toughness 
distribution 
𝑚,𝑝, 𝑞,𝐶,𝐶!! ,𝐴! Forman-Mettu equation 
parameters 
𝑝!  probability of failure 
𝑥    crack length 
𝑋  vector of random variables 
𝑈  vector of standard normal uncorrelated 
random variables  
𝑉  vector of standard normal correlated random 
variables 
𝑧  correlation length of the load distribution  
𝐶𝐷𝐹 cumulative density function 
𝐶𝐷𝐹𝐹 crack driving force failure 
𝐸  elastic modulus 

𝐹  cumulative density function 
𝐹!  yield load 
𝐽  J-integral 
𝐽!   elastic J-integral 
𝐽!"#  fracture toughness expressed as J-integral 
𝐾  stress intensity factor 
𝐾!"# fracture toughness expressed as K-factor 
𝐾!"# maximum stress intensity factor 
𝐿  length of the tubes 
𝐿!   ligament yielding factor 
𝑁  number of cycles 
𝑁!"#$ number of cycles at failure 
𝑁!"#$%! target number of cycles 
𝑁!"#$  number of cycles at which the crack growth 
algorithm stops 
𝑁𝐷𝑇 non-destructive tests 
𝑃  load 
𝑃𝑂𝐷 probability of detection 
𝑄  material properties dependant parameter in the 
formulation of Lr  
𝑅  stress ratio 
𝑅!"   elastic limit 
𝑈𝑇𝑆 ultimate tensile strength 
𝑊𝑇 wall thickness 
𝛽  boundary correction factor 



𝜃, 𝜁 parameters of the POD distribution 
𝜈 Poisson’s ratio 
𝜎!  yield strength 
𝜎!,!"!# cyclic yield strength  
𝜌  geometric parameter in the formulation of 
𝐿! 
𝛥𝐾  stress intensity factor range 
𝛥𝐾!!  fatigue threshold 
𝛥𝐾!!! fatigue threshold at 𝑅 = 0 
Δ𝜎 stress range 
𝛷  standard normal cumulative density 
function 
 
 
1. INTRODUCTION 
 
The assessment of the fatigue life of mechanical 
components subjected to variable amplitude loads 
can be addressed with various approaches. The 
standards EN13445 [1] and Eurocode 3 [2] use 
damage accumulation rules and provide relevant 
𝑆 − 𝑁  curves taken from experimental data. 
Alternatively a crack growth evaluation can be 
carried out, applying the simple Paris equation, as 
recommended in BS7910 [3], a bilinear curve or 
the Forman-Mettu equation [4], which describes 
the entire crack growth behaviour from the 
threshold region to the failure zone. 
Due to the variability of the applied loads and to 
the uncertainty of many input variables, such as 
the presence of initial flaws or the fatigue 
resistance of the material, a probabilistic approach 
is required to avoid over-conservative results and 
to achieve an optimized design.  
Many crack propagation stochastic models have 
been developed, such as those proposed in [5] and 
[6]. A first-order approximation can be used to 
rapidly estimate the expected value of the fatigue 
life, [7], but the evaluation of the full distribution 
of the fatigue lifetime requires more complex 
approaches. 
To model variable amplitude loading, many 
standardized load sequences have been proposed 
[8], but their repetition introduces sequence effects 
[9]. Variable amplitude load sequences can be 
better described as random processes [10, 11, 
12,13]. 
This paper exemplarily addresses tubes for 
hydraulic cylinders subjected to internal pressure 
fatigue loading. In this work an advanced method 
to efficiently evaluate the reliability, namely the 

subset simulation [14], is applied in combination 
with a cumulative integration of the Forman-Mettu 
equation, also known as Nasgro equation [4, 14]. 
The description of the loads as random processes 
with varying correlation length provides insights 
into the influence of the load sequence on the 
reliability. 
 
2. CRACK GROWTH  
 
2.1 MECHANICAL MODEL 
Hydraulic cylinders are subjected to internal 
pressure fatigue loads. This type of loading causes 
hoop stresses, which are here considered to be 
constant through the tube wall. Surface flaws 
might be present on the tube surface, from which 
fatigue crack growth can initiate.  
Experimental observations on surface flaws in 
such components are reported in [16 - 18]. The 
geometry of these flaws can be modelled by a 
semi-elliptical shape that is characterized by a 
depth a and a semi-length c. Under fatigue loading, 
the crack grows in both directions a and c, as 
shown in Fig. (1).  
 

 
Fig. 1. Scheme of a tube having a semi-elliptical surface 
flaw characterized by the depth a and the semi-length c. 

 
2.2 CRACK GROWTH 
Crack growth in the two directions is modelled by 
the following coupled differential equations as a 
function of 𝑎, 𝑐, stress range Δ𝜎 and stress ratio 𝑅: 
 

𝑑𝑎
𝑑𝑁 = 𝑓!(𝑎, 𝑐,Δ𝜎,𝑅)	   (1a)	  
𝑑𝑐
𝑑𝑁 = 𝑓!(𝑎, 𝑐,Δ𝜎,𝑅)	   (1b)	  

 



The crack growth rates 𝑓!(𝑎, 𝑐,𝛥𝜎,𝑅)  in both 
directions 𝑎  or 𝑐  are described by the Forman-
Mettu equation: 
 
𝑓! 𝑎, 𝑐,𝛥𝜎,𝑅

= 𝐶
1− 𝑓 𝛥𝜎,𝑅

1− 𝑅 Δ𝐾!(𝑎, 𝑐,Δ𝜎,𝑅)
!

 

∙
1− Δ𝐾!! 𝛥𝜎,𝑅

Δ𝐾!(𝑎, 𝑐,Δ𝜎,𝑅)
!

1−
𝐾!,!"#(𝑎, 𝑐,Δ𝜎,𝑅)

𝐾!"#

! 

	  

(2a)	  

𝛥𝐾!! 𝛥𝜎,𝑅

=   
𝛥𝐾!!,!

1− 𝑓 𝛥𝜎,𝑅
[1− 𝐴!(𝛥𝜎,𝑅)] 1− 𝑅

(!!!!!!)
	   (2b)	  

 
Here, 𝑥 is the crack dimension (either 𝑎 or 𝑐), 𝑝, 𝑞, 
𝑚 , 𝐶  and 𝐶!!  are empirical parameters obtained 
from the fitting to experimental data. Δ𝐾! is the 
stress intensity factor range in 𝑥-direction. The 
stress ratio 𝑅 is assumed constant and equal to 0.1. 
𝐾!"#,! is the maximum stress intensity factor in 𝑥-
direction, given as: 
 

𝐾!"#,! 𝑎, 𝑐,Δ𝜎,𝑅 =
Δ𝐾! 𝑎, 𝑐,Δ𝜎

1− 𝑅  (3) 

 
𝐾!"# is the material fracture toughness and 𝑓(𝑅) 
denotes the Newman’s crack opening function 
[19] which is defined as the ratio of the opening 
stress and the maximum applied stress, !!  

!!"#
.  

Δ𝐾!!  is the fatigue threshold, computed as a 
function of 𝛥𝐾!!,! , the fatigue threshold at a 
reference level of 𝑅 = 0. 𝐴! is a function of the 
three-dimensional constraint and of the ratio of the 
maximum applied stress to the yield stress, !!"#  

!!
.  

The stress intensity factor range Δ𝐾! is obtained 
according to eq. (4), based on the solution for a 
semi-elliptical surface flaw on a plate subjected to 
pure tension [20, 21].  This solution applies to thin 
wall thickness pipes, in which the hoop stresses 
can be considered constant through the wall. 
 
𝛥𝐾! 𝑎, 𝑐,𝛥𝜎 = 𝛽!

𝑎
𝑐 ,

𝑎
𝑊𝑇 ,

𝑐
𝐿 𝛥𝜎 𝜋𝑎 (4)	  

 
The boundary correction factor 𝛽!  is obtained 
according to the stress intensity solution for a 

semi-elliptical surface crack in a flat plane with 
𝑎 ≤ 𝑐 [20, 21].   
Assuming that the ratio !

!
 is constant, Eqs. (1a) and 

(1b) can be written as: 
 

𝑑𝑁 =
𝑑𝑥

𝑓!(𝑥,
𝑎
𝑐 ,𝛥𝜎,𝑅)

 (5) 

 
If additionally Δ𝜎 is assumed constant, Eq. (5) can 
be integrated on both sides to obtain: 
 

𝑑𝑁
!!!!

!

= Δ𝑁 =
𝑑𝑥

𝑓! 𝑥,𝑎𝑐 ,Δ𝜎,𝑅

!!!!

!

. (6) 

 
The right-hand side of this equation can be 
numerically integrated to evaluate the number of 
cycles 𝛥𝑁 necessary for the crack to grow from 𝑥 
to  𝑥 + 𝛥𝑥. 
However, because !

!
 is not a constant and variable 

amplitude loads are present, Eq. (6) does not hold. 
The applied bi-dimensional crack-growth model 
implies that the crack growth in directions 𝑎 and 𝑐 
cannot be evaluated separately, since the value of 
the boundary correction factor 𝛽! depends on the 
ratio !

!
. Furthermore, under variable amplitude 

loading, Δ𝜎 varies with time and, therefore, is a 
function of 𝑁 , i.e. Δ𝜎(𝑁) . It follows that the 
integrations over 𝑁  and over 𝑥  cannot be 
performed separately.  
To evaluate the crack growth exactly, it is 
necessary to cumulatively calculate the crack 
increment Δ𝑥  for every stress cycle. Given the 
large number of stress cycles, such an approach, 
however, is not computationally feasible. 
Therefore, the integration of Eqs. (1a) and (1b) is 
performed by dividing the cycles into blocks of 
Δ𝑁 cycles. In each block 𝑘, comprising the cycles 
from 𝑁! to 𝑁! + 𝛥𝑁 , the stress range Δ𝜎  is 
assumed to be constant and equal to the value at 
𝑁! +

!!
!

 cycles (corresponding to the midpoint 
discretization). Additionally, the boundary 
correction factor 𝛽!  is also approximated by a 
constant value, equal to value at 𝑁! cycles, i.e. at 
the beginning of the block. Under these 
assumptions, Eq. (5) holds and is applied to 
compute the crack size increment Δ𝑥  in the 𝑖 th 
block. Δ𝑥  is found through a root finding 
algorithm, by numerically evaluating the integral 



in Eq. (6) for various values of Δ𝑥 and finding the 
one corresponding to Δ𝑁. 
 
2.3 INITIAL FLAW SIZE 
The tubes are subjected to a quality control by 
means of non-destructive testing, to identify and 
eliminate detected surfaces flaws. Therefore, when 
modelling the probability distribution of the size 
of the initial surface flaws, the probability of 
detection (𝑃𝑂𝐷) of the applied non-destructive 
tests must be taken into account. Here, the 𝑃𝑂𝐷 is 
modelled by a lognormal cumulative distribution 
function [22] depending on the initial crack depth 
a0:  
 

𝑃𝑂𝐷 𝑎! = 𝛷
ln 𝑎! − 𝜃

𝜁 	   (7)	  

 
According to Bayes’ rule, the posterior probability 
density function of surface flaws given the event 
of no detection 𝑓 𝑎! 𝑁𝐷  is computed as: 
 

𝑓!! 𝑎! = 𝑓 𝑎! 𝑁𝐷

=
𝑓! 𝑎! [1− 𝑃𝑂𝐷 𝑎! ]
𝑓! 𝑎! 1− 𝑃𝑂𝐷 𝑎! 𝑑𝑎!

!
!

	   (8)	  

 
Where 𝑓!(𝑎!)  is the prior probability density 
function (PDF) of the flaw depth before the 𝑁𝐷𝑇 
tests. Figs. 2a and 2b show the prior PDF 𝑓′(𝑎!), 
the posterior 𝑃𝐷𝐹 𝑓′′(𝑎!) and 𝑃𝑂𝐷(𝑎!), for two 
different 𝑃𝑂𝐷𝑠 , corresponding to two different 
levels of quality control. 
 

	  
Fig. 2a Updating the initial flaw size distribution following 
quality control, where a is expressed as a percentage of the 
tube wall thickness and the mean threshold of NDT is equal 

to 2.7% of the tube wall thickness.	  

	  
 Fig. 2b Updating the initial flaw size distribution 

following quality control, where a is expressed as a 
percentage of the tube wall thickness and the mean 
threshold of NDT is equal to 5% of the tube wall 
thickness. 

 
 
2.4 FAILURE CRITERIA 
Two failure criteria are relevant: 
• Leakage: stable crack growth until the crack 

depth reaches the tube wall thickness. Failure is 
modelled as the event of the crack depth 
exceeding 95% of the wall thickness.  

• Crack driving force failure condition (𝐶𝐷𝐹𝐹): 
the applied crack driving force exceeds the 
fracture resistance of the material, which 
accounts for both plastic collapse and unstable 
crack growth. 

The 𝐶𝐷𝐹𝐹 assessment is carried out according to 
the procedure in [23]. The analytical solution for a 
tension loaded flat plane, valid for materials not 
displaying a yield plateau, are used.  
To check for plastic collapse, the ligament 
yielding factor 𝐿! is evaluated as: 
 

𝐿! =
𝜎!"#
𝜎!

=
𝜎!

1− 𝜌 𝜎!
	   (9)	  

 
where 𝜎!"# is the reference stress (𝜎!"# = ( !

!!
𝜎!) 

where 𝑃 indicates the load and 𝐹!the yield load), 
𝜎!  is the yield stress, 𝜌  is a geometric factor and 
𝜎! is the membrane stress. Plastic collapse occurs 
when 𝐿! ≥ 𝐿!"#$ , with 𝐿!"#$  being the plastic 
collapse limit. 
To check for unstable crack growth, the J-integral 
is evaluated as: 
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𝐽!""#$%& = 𝐽! ∙ 𝑓 𝐿! !!	   (10a)	  

𝐽! =
𝐾!,!"#  !

𝐸(1− 𝜐!) 	   (10b)	  

 
 
where 𝐾!,!"# is determined following Eq. (3), 𝐸 is 
Young’s Modulus and 𝜈 is the Poisson ratio. The 
function 𝑓(𝐿!) is defined as: 
 

𝑓(𝐿!) =
0.3 + 0.7 exp −𝜇𝐿!!

1 + 0.5𝐿!! !.! ,      0 ≤ 𝐿! ≤ 1

𝑓 𝐿! = 1 𝐿!
!! ,                      1 < 𝐿! ≤ 𝐿!,!"#

	   (11)	  

 
where the parameters 𝜇, 𝑄, depend on the material 
and the geometry following the relations given in 
[23].  
Unstable crack growth occurs when 𝐽 ≥ 𝐽!"#. The 
material fracture toughness expressed in terms of 
the J-integral, 𝐽!"#, is a function of the material 
fracture toughness expressed as K-factor, 𝐾!"#:  
 

𝐽!"# =
𝐾!"#!

𝐸(1− 𝜈!  )	  
(12)	  

 
Fig. (3) illustrates the different cases that can be 
encountered when evaluating crack growth: no 
propagation, propagation without failure, failure 
by leakage or by 𝐶𝐷𝐹𝐹 condition. 
 

 
Fig. 3. Illustration of crack growth and the possible failure 
modes. Failure by 𝐶𝐷𝐹𝐹 or by leakage can occur, in this 
example, at 𝑁!"#$,!  and at 𝑁!"#$,!  , respectively. Any case 
when 𝑁!"#$ > 𝑁!"#$%!  is in the “No Failure” domain and 
when no propagation occurs 𝑁!"#$ is equal to infinite.  
 
 

2.5 LIMIT STATE FUNCTION FOR FATIGUE 
FAILURE 
The fatigue failure event can be described by the 
single limit state function: 
 

𝑔 𝐗 = 𝑁!"#$(𝐗)− 𝑁!"#$%!	   (13)	  
 
where 𝑁!"#$%!  is the number of stress cycles 
during the anticipated service life time and 
𝑁!"#$(𝐗) is the number of cycles to failure as a 
function of the random variables 𝐗, as illustrated 
in Fig. (3). This limit state function includes both 
the leakage failure and the CDFF criterion. The 
computation of 𝑁!"#$(𝐗)  is summarized in the 
flow chart in Fig. (4). To avoid long computations, 
the evaluation of the crack growth stops at 𝑁!"#$ 
cycles. 𝑁!"#$ is a number larger than 𝑁!"#$%! that 
is selected according to the algorithm used for 
reliability analysis.  
 
3. FATIGUE STRESSES AS A 
RANDOM PROCESS  
 
3.1 CONSTANT AND VARIABLE 
AMPLITUDE LOADING 
It can be distinguished between constant 
amplitude loading and variable amplitude loading.  
In the case of constant amplitude loading (with 
constant stress ratio 𝑅 ), two situations can be 
encountered in the presence of initial flaws. If the 
applied stress intensity factor is higher than the 
threshold, the crack propagates and the failure 
condition is typically reached after a relatively 
short number of cycles. If the stress intensity 
factor is below the fatigue threshold, the crack 
does not propagate. In the case of constant 
amplitude loading, the stress ranges can be 
modelled by a random variable or a deterministic 
parameter.  
When variable amplitude loading is applied, 
generally a fraction of the applied stress cycles 
leads to crack propagation whereas the remaining 
cycles are below the fatigue threshold. In this case 
the applied stress ranges should ideally be 
modelled by a random process. Such a model is 
presented in the following section. 
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No failure 
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Fig. 4. Algorithm for evaluating 𝑁!"#$. 
 
 
3.2 RANDOM PROCESS MODELLING OF 
FATIGUE LOADS 
In this work, the applied load is described as a 
stationary random process {Δ𝜎 𝑁 }  with 
cumulative distribution function (𝐶𝐷𝐹) 𝐹!(𝜋(𝑁)). 
The joint distribution of any two stress ranges 

Δ𝜎 𝑁!  and Δ𝜎 𝑁!  is described by a Gaussian 
copula, which is outlined in the following. 
Let Δ𝜎 𝑁!  be defined through a transformation 𝑇 
from a standard Normal variate 𝑉(𝑁!) as: 
 

Δ𝜎 𝑁! = 𝑇 𝑉! = 𝐹!!!![Φ(𝑉(𝑁!))]	   (14)	  
 
where Φ is the standard Normal CDF and 𝐹!!!! is 
the inverse of the 𝐶𝐷𝐹 of Δ𝜎 𝑁! . If it is imposed 
that 𝑉(𝑁!)  and 𝑉(𝑁!)  have the joint Normal 
distribution, then the Δ𝜎 𝑁!  and Δ𝜎 𝑁!  defined 
through the transformation in Eq. (14) are said to 
follow the Gaussian copula, also known as Nataf 
distribution.  
The autocovariance function of the process 
{Δ𝜎 𝑁 } is described through an autocovariance 
function of the underlying standard Normal 
process {𝑉(𝑁)}: 
 

𝐶𝑜𝑣 𝑉(𝑁!),𝑉(𝑁!) = 𝑒𝑥𝑝 −
𝑁! − 𝑁!
𝑧 	   (15)	  

 
where 𝑧 is the correlation length. 
It can be shown that with this autocovariance 
function, the process {𝑉(𝑁)} has the Markovian 
property [24]. Consequently, the process {Δ𝜎 𝑁 } 
is a Markov process, i.e.  
 

𝐹! 𝑣 𝑡! 𝑣 𝑡!!! , 𝑣 𝑡!!! , . . 𝑣 𝑡!
= 𝐹![𝑣(𝑡!)| 𝑡!!! ]	  

(16)	  

 
3.3 APPROXIMATION OF THE LOAD 
SEQUENCE 
As explained in Section 2.2, the evaluation of the 
crack growth is carried out by approximating the 
fatigue load by blocks of length Δ𝑁 with constant 
stress amplitudes. The stress range process is 
therefore represented by 𝑙 = !!"#$

!"
 random 

variables Δ𝜎!, which are equal to the mid-point 
value of each block, i.e. 𝛥𝜎! = 𝛥𝜎 𝑁!!! +

!"
!

. 
The approximate load sequence is illustrated in 
Fig. (5). 

INPUTS 
a0 - initial crack length 
a0/c0 - initial ratio  
ΔKth0 - fatigue threshold at R=0 
KIC - fracture toughness 
Ntarget - target  number of cycles 
Nstop  - number of cycles at which the algorthm stops  
ΔN - number of cycles of the integration step 
k=1 
Nk=0 

yes 
Failure by CDF 

condition: 
J>Jmat? 

Lr>Lrmax? 

Failure 
NFail=Nk 
 

ak=ak-1+Δak   
ck=ck-1+Δck  
Nk=Nk-1+ΔN 

yes 
NFail=Nstop 

da
dN

= fa (ak,ck,Δσ k,R)

dc
dN

= fc (ak,ck,Δσ k,R)

N<Nstop? 
no 

ak,ck - updated crack size 
Δσκ - applied load 
 

Two dimensional crack growth 
evaluation 

a 
c 

k=k+1 
 

Failure by 
Leakage? 

yes 

no 

no 



   

 
 
Fig. 5 Illustration of the simplified load sequence built as 
blocks of constant amplitude loads of length ΔN. The value 
of the stress amplitude in each block is equal to value of the 
original random process of the stress amplitude in the mid-
point of each block. 
 
3.4 ROSENBLATT TRANSFORMATION OF 
THE LOAD PROCESS 
For reliability analysis, a transformation of 
uncorrelated standard Normal random variables 
𝑈!,… ,𝑈! to the discrete load process Δ𝜎!,… ,Δ𝜎! 
is required. The Markovian property of the process 
Δ𝜎!,… ,Δ𝜎! (see Eq. 16), facilitates the application 
of the Rosenblatt transformation [25 - 26] for this 
purpose. First, the random variables 𝑈!,… ,𝑈! are 
transformed into the correlated standard normal 
random variables  𝑉!,… ,𝑉! sequentially: 
 

𝑉! = 𝐹!!
!! Φ 𝑈! = 𝑈! (17a) 

𝑉! = 𝐹!!
!! Φ 𝑈! |𝑉!  

=
𝑈! − 𝜇!!|!!
𝜎!!|!!

 

 

(17b) 

𝑉! = 𝐹!!
!! Φ 𝑈! |𝑉!,𝑉!  

= 𝐹!!
!! Φ 𝑈! |𝑉!  

=
𝑈! − 𝜇!!|!!
𝜎!!|!!

 

 

(17c) 

⋮  

𝑉! =
𝑈! − 𝜇!!|!!!!
𝜎!!|!!!!

 (17d) 

 
 
The conditional mean and standard deviation of 𝑉! 
given 𝑉!!! are: 
 

𝜇!!|!!!! = 𝑉!!!𝜌 (18a) 
𝜎!!|!!!! = 1− 𝜌! (18b) 

 
where the correlation coefficient 𝜌 is equal to the 
covariance between 𝑉!!!  and 𝑉! , defined 
following Eq. (15). Due to the stationarity of the 
load process, 𝜌 is equal for all 𝑘. 
Finally, Δ𝜎!,… ,Δ𝜎!  are obtained from 𝑉!,… ,𝑉! 
through the marginal transformation 𝑇(𝑉!) 
defined in Eq. (14).    
 
3.5 SOME OBSERVATIONS ON THE LOAD 
MODEL 
It is worth noticing that the process {Δ𝜎 𝑁 } does 
not have the same correlation function as the 
underlying Gaussian process {V 𝑁 } . However, 
the difference between Cov Δ𝜎(𝑁!),Δ𝜎(𝑁!)  and 
Cov 𝑉(𝑁!),𝑉(𝑁!)  is generally small.  
Because of the grouping of stress cycles into 
blocks of equal stress ranges (Section 3.3), the 
correlation among stress cycles is – on average – 
overestimated by the model, since this model 
implies a correlation of one among stress cycles 
within a block. The overestimation is relevant 
when the correlation length is equal to or smaller 
than Δ𝑁.  
 
4 SUBSET SIMULATION 
ALGORITHM 
 
The subset simulation algorithm [14] is   
implemented to evaluate the probability of failure 
with respect to the limit state function defined in 
Eq. (13). This method permits to efficiently 
evaluate low probabilities of failure in problems 
involving a large number of random variables. 
To facilitate the implementation, the limit state 
function is transformed from the space of the 
original random variables 𝐗  to the space of 
uncorrelated standard Normal random variables 𝐔.  
Let 𝑇  denote the transformation of 𝐗  to 𝐔 , 
𝐗 = 𝑇(𝐔) . For the discrete load process 
Δ𝜎!,… ,Δ𝜎! , this transformation is described in 
Section 3.4; for the remaining random variables, 
only a marginal transformation is required. The 
limit state function in standard normal space 𝐺(𝐔) 
is:  
 

𝐺 𝐔 = 𝑔(𝑇 𝐔 ) 
= 𝑁!"#$ 𝑇 𝐔 − 𝑁!"#$%!	  

(19)	  

 
The failure event is correspondingly defined as:  
 



𝐹𝑎𝑖𝑙 = 𝐺 𝐔 ≤ 0 	   (20)	  
 
In subset simulation, intermediate failure events 
𝐸! = 𝐺 𝑈 ≤ 𝑏! , 𝑖 = 1, . . . ,𝐵, are defined. It is 
𝑏! > 𝑏! > ⋯ > 𝑏! = 0  and therefore 𝐸! ⊃ 𝐸! ⊃
… ⊃ 𝐸! = 𝐹𝑎𝑖𝑙 . Because 𝐸!  is a subset of 𝐸!!! , 
which in turn is a subset of 𝐸!!! and so on, the 
probability of failure can be expressed as: 
 

𝑝! = 𝑃 𝐸!

!

!!!

= 𝑃 𝐸! 𝐸!!! 𝑃 𝐸!

!!!

!!!

= 𝑃 𝐸! 𝑃 𝐸! 𝐸!!!

!

!!!

 

(21) 

	  
where P E! E!!!  is the conditional probability of 
E! given E!!!.  
The conditional probabilities 𝑃 𝐸! 𝐸!!!  are 
obtained by means of a Markov Chain Monte 
Carlo (𝑀𝐶𝑀𝐶 ) sampling approach using the 
modified Metropolis-Hastings (𝑀 − 𝐻) algorithm 
from [14]. This algorithm allows to generate 
samples from the conditional distribution of 𝐔 
given 𝐸!!! , 𝐹 𝐔 𝐸!!! . The conditional 
probability 𝑃(𝐸!|𝐸!!!)  is then evaluated from 
these samples using a Monte Carlo approach. 
In this work, the constants 𝑏!  defining the 
intermediate failure events are chosen such that 
𝑃 𝐸! 𝐸!!! = 10!! , and 500 samples are 
generated at each step.   
 
5 CASE STUDY AND RESULTS 
 
5.1 CASE STUDY 
The case study is on tubular mechanical 
components subjected to internal pressure fatigue 
loads, as illustrated in Fig. 1. Crack growth and 
failure are modelled following Section 2. 
Table 1 summarizes the material properties 
(mechanical characteristics and and parameters of 
the crack growth curve). These have been fitted to 
experimental data [16].  
 

Table 1 Material properties 
Parameter Distribution Value 

𝐾!"# 

3-parameter Weibull                                                                                                                        

𝐹 𝐾!"#

= 1 − 𝑒
! !!"#!!!"#

!!!!!"#

!

 

K0= 40 MPa√m,                
k=5                               

Kmin=28.7 MPa√m, 

𝜎! - 590 MPa 
𝜎!,!"!# - 350 MPa 
𝐸 - 210.000 MPa 
𝑛 - 0.3 

𝛥𝐾!!,! Gaussian mean=5.5 MPa√m,                        
stand. dev.=0.17 

𝐶!! - 0.48 

𝐶 - 
1.33 10-11 𝑀𝑃𝑎 𝑚 

given !"
!"

 in !!
!"!#$

 

𝑚 - 2.85 
𝑝 - 0.3 
𝑞 - 0.01 

 
  
The correctness of the crack growth algorithm has 
been verified using: 
•  the commercial software AFGROW [15], 

wherein the Forman-Mettu equation is used to 
evaluate the growth of a centre semi-elliptical 
surface crack subjected to pure tension stress; 

• full scale experimental data on tubes with 
artificial notches of 0.3 mm depth and 3 mm 
total length [16]. 

Table 2 shows the input parameters used for the 
case studies, namely the geometry of the tubes, the 
parameters of the applied 𝑃𝑂𝐷 curves, the initial 
ratio of  !

!
 , the value of the stress ratio and of the 

anticipated number of cycles during service life, 
𝑁!"#$%!. This number of cycles corresponds to a 
service life of 20000 hours. 
 



Table 2 Input parameters 
 

 
 
The model of the stress amplitude is derived from 
experimental measurements of load on hydraulic 
cylinders of earth moving machines [16]. The 
resulting empirical cumulative density function is 
shown in Fig. (6). Only stress amplitudes larger 
than 10 MPa are considered. 

 

 
Fig. 6 Empirical cumulative density function and 

corresponding probability density function of the stress 
range. 

 
The stress range process {Δ𝜎 𝑁 } is modelled as a 
stationary process with autocovariance function 
according to Eq. (15). Information on the 
correlation structure during service is not available. 
Instead, various values of the correlation length 𝑧 

are applied, to study the influence of this 
parameter on the reliability.  
 
5.2 EXAMPLES OF LOAD SEQUENCES 
To illustrate the influence of the correlation length 
𝑧 on the stress range process {Δ𝜎 𝑁 }, Fig. (7a-d) 
show random realizations of {Δ𝜎 𝑁 } for varying 
𝑧 . The sequences shown here are obtained by 
fixing the initial values of the stress range at 
values Δ𝜎! =20, 30, 146 MPa. For correlation 
lengths 𝑧 ≤ 10! , the initial value does not 
influence the general shape of the load sequence. 
When the correlation length is of the same order of 
magnitude as the service life (𝑧 = 10!), the initial 
value can influence the shape of the load sequence, 
which shows slowly varying stress range levels.  
 

	  

 

 

 
Fig.	  7	  Random	  load	  sequences	  obtained	  starting	  from	  three	  
different	  values	  of	  initial	  stress,	  𝛥𝜎! = 20, 30, 146  𝑀𝑃𝑎,	  and	  
applying	   various	   correlation	   lengths:	  𝑧 = 10! 	  (a),	  𝑧 = 10!	  
(b),	  𝑧 = 10!	  (c),	  𝑧 = 10!	  	  (d).	  
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Parameter Distribution Value 

Tube 
dimensions   
𝑂𝐷  𝑥  𝑊𝑇 

- 242 x 22 mm 

initial flaw 
depth, a!   

Gumbel type I 
distribution see Fig. 2 

POD(a!) 
Lognormal  
CDF (eq. 7) 

𝜁 = 0.32 𝜃 = −0.56   
(Fig. 2a)    

𝜁 = 0.18   𝜃 = 0.08 
(Fig. 2a)    

a!
c!  
   - 0.1 

R   - 0.1 
N!"#$%!   - 18 ∙ 10! 



Load sequences obtained with 𝑧 ≈ 10! might be 
used to simulate a situation where the components 
undergo only a few different mission types during 
their service life. For correlation length 
significantly higher than the service life of the 
component (𝑧 ≈ 10!), the load is approximately 
constant. In this case, the random process model 
might be replaced by a random variable model. 
 
5.3 RESULTS 
The influence of the correlation length z on the 
probability of failure is assessed by fixing the 
block length at 𝛥𝑁 = 10! and varying z. To study 
the influence of the initial flaw size distribution, 
the evaluation is carried out for two different 𝑃𝑂𝐷 
curves, as shown in Fig. (2). Additionally it is 
conservatively assumed that one flaw is present in 
each component.  
Figs. (8a) and (8b) show the probability of failure 
𝑝!  evaluated with the subset simulation, plotted 
against z for the 𝑃𝑂𝐷  curves. As a reference, 
results obtained with Monte Carlo simulation 
(𝑀𝐶𝑆) are also reported with their 95% confidence 
interval. The evaluation for 𝑧 > 10! is carried out 
with 𝑀𝐶𝑆  describing the load as a random 
variable. 
The results obtained with subset simulation are 
consistent with 𝑀𝐶𝑆  results. Even if the 
probabilities of failure are quite high in the 
examples presented here, subset simulation still 
leads to shorter computation times. For example, 
to obtain the results for 𝑧 = 1  in Fig. 9a, the 
evaluation with Monte Carlo is around ten times 
longer than with Subset.  
The probability of failure is not affected by 
changes in the correlation length 𝑧 for values of 
𝑧 < 10!. For higher values of 𝑧, the probability of 
failure increases with increasing 𝑧 until it reaches 
a maximum for values of 𝑧 close to the service life 
time, around 10! − 10! . For 𝑧 > 10! , 𝑝! 
decreases again until it reaches the value 
corresponding to the random variable case (𝑧 =
∞).  
Values of 𝑧 in the range 10! − 10! correspond to 
cases with a few distinct service conditions during 
the service life. These are the most unfavourable 
cases, since they imply a high probability of 
enduring a high load level during an extended time 
period. Shorter correlation lengths correspond to a 
single service condition with randomly varying 
stress ranges. In these cases, lower failure 

probabilities are observed because the mixing of 
the stress ranges decreases the actual uncertainty 
in the loading (law of large numbers). Finally, for 
𝑧 > 10!, the probability of having a high load 
level during lifetime decreases, and therefore the 
probability of failure decreases. 
By comparing the probability of failure obtained 
for two different 𝑃𝑂𝐷 curves (Figs. 8a and 8b), it 
can be noticed that 𝑝!  is sensitive to the 
distribution of the initial flaw size in the case of 
low correlation lengths. For higher correlation 
lengths, the probability of failure is less influenced 
by the initial flaw size. 
 

 
Fig. 8a Probability of failure versus correlation length for the 

initial flaw size distribution reported in Fig. 2a.  
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Fig. 8b Probability of failure versus correlation length for the 
initial flaw size distribution reported in  Fig. 2b.  

 
 

6 CONCLUSIONS 
 
The probability of failure of mechanical 
components subjected to fatigue, with a service 
life of around 10!stress cycles, is evaluated using 
the subset simulation method and a fatigue crack 
growth algorithm based on the Forman-Mettu 
equation. Random processes with varying 
correlation lengths are applied to describe various 
types of fatigue loading, corresponding to different 
mission types. The results show that the 
probability of failure is strongly influenced by the 
characteristics of the stress process beyond the 
marginal distribution of stress ranges (the load 
spectrum). The probability of failure appears to be 
particularly high for stress range processes with 
correlation lengths slightly shorter than the service 
life.  
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