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Zusammenfassung

Diese Doktorarbeit behandelt nichtparametrische Schétzverfahren fiir das Sprungver-
halten zeitstetiger stochastischer Prozesse, die iiber die Klasse der Lévy-Prozesse
hinausgehen. Das Hauptaugenmerk liegt auf der Klasse der rekurrenten Markov-
Prozesse welche gleichzeitig ein [to-Semimartingal sind. Der Lévy-Kern eines solchen
Prozesses beschreibt die Verteilung seiner Spriinge. Basierend auf diskreten Beobach-
tungen des Prozesses konstruieren wir einen Schétzer fiir die Dichte des Lévy-Kerns.
Wir weisen nach, daf$ unser Schéatzer konsistent ist und ein zentraler Grenzwertsatz
gilt, wenn sowohl der Zeithorizont als auch die Beobachtungsfrequenz gegen un-
endlich divergieren. Als Herzstiick dieser Arbeit erforschen wir ebenso den Fall,
daf’ stetige Beobachtungen des zugrundeliegenden Prozesses vorliegen. Auf analoge
Weise konstruieren wir einen weiteren Schétzer fiir die Dichte des Lévy-Kerns. Die
Konsistenz dieses Schitzers und die Giiltigkeit eines zentralen Grenzwertsatzes be-
weisen wir fiir eine allgemeinere Klasse von Markow-Prozessen. Praktische Aspekte
der Schitzverfahren untersuchen wir in einer Simulationsstudie. Dartiber hinaus
beschiftigen wir uns in dieser Arbeit mit der Klasse der zeittransformierten Lévy-
Prozesse. Wir konstruieren einen analogen Schitzer fiir die Dichte des Lévy-Mafses
eines solchen Prozesses und beweisen dessen Konsistenz und asymptotische Normal-
itdit. Zum Abschlufl schlagen wir einen bestimmten zeittransformierten Lévy-Prozef3
als ein geeignetes Modell fiir die Intermittenz in Luftturbulenzen vor. Als Teil einer
empirischen Studie wenden wir einen verwandten nichtparametrischen Schétzer fiir
die Lévy-Dichte in unserem Modell an.
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Summary

In this thesis, non-parametric estimation of the jumps of continuous-time stochastic
processes beyond the Lévy case is studied. The main focus lies on recurrent Markov
processes which are Itd semi-martingales. The law of their jumps is described by
the Lévy kernel. Based on observations on an equidistant time grid, we construct an
estimator for the Lévy kernel’s density. We prove the consistency of our estimator
and a central limit theorem as both, the time horizon and the sampling frequency,
tend to infinity. At the core of our study, we also investigate the case where a
sample path is continuously observed. Again, we construct an estimator for the
Lévy kernel’s density. For a more general class of Markov processes than before, we
obtain the consistency of our estimator and a central limit theorem. Practical aspects
of our estimators are investigated in a simulation study. In addition, we consider
time-changed Lévy processes. For an analogous estimator for the Lévy measure’s
density, we prove its consistency and asymptotic normality. Finally, a particular
time-changed Lévy process is advocated as a suitable model for the intermittency in
atmospheric turbulence. As a part of an empirical study, a related non-parametric

estimator for the Lévy density is applied.
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1 Introduction

In many applied fields, such as neuroscience, geology, computer science, physics,
and mathematical finance, continuous-time stochastic processes are used to model
specific dynamics. In many cases, it is natural to include sample path discontinuities,
also known as jumps, into these models. For instance, when modelling the mem-
brane potential of a neuron, jumps may represent the action potentials — modelling
statistically the actual complex biochemical reaction. When modelling tectonic move-
ments (e. g., of the San Andreas Fault in California) jumps may represent earthquakes.
And when modelling the CPU load or the main memory usage in supercomput-
ing systems (e. g., at the Leibniz Supercomputing Centre (Leibniz Rechenzentrum))
jumps may represent the commencement and termination of resource intensive jobs.

The statistical inference for continuous-time models with jumps has received
significant attention in recent years. Since, usually, only discrete observations are
available in practice, one of the main issues encountered is that the jumps are
latent. A vast amount of literature has been devoted to the class of processes with
stationary and independent increments, called Lévy processes. By the Lévy—Khintchine
representation (cf. Sato, 1999, Theorem 8.1), the law of their jumps is characterised by
their Lévy measure. Early works in the literature on parametric and non-parametric
inference for Lévy processes include Rubin and Tucker (1959), Akritas (1982), and
Basawa and Brockwell (1982). Numerous non-parametric and semi-parametric
approaches for the estimation of the characteristic triplet and, in particular, the
Lévy density have been suggested recently. We refer to the special issue Gugushvili,
Klaassen, and Spreij (2010) which contains an interesting collection of papers on this
topic with ample references to previous literature. Another comprehensive literature
review on the Lévy case is presented in the introductory section of Ueltzhofer and
Klippelberg (2011).

In this thesis, we study the estimation of the jumps of processes beyond the Lévy

case. First and foremost, we consider the class of Harris recurrent Markov processes
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which are Itd semi-martingales. We remark that many important, continuous-time
models — at least in finance — are Itd semi-martingales as stochastic integrals and
Itd’s formula play a prominent role. For such a process X = (X¢);>0, by definition
and by the strong Markov property, the law of its jumps AX; = X; — X;_ is more or
less described by a kernel F on the state space, say E. In particular, for every Borel

function g on E x E and t > 0, we have

0<s<t

t
E Y g(Xe AX)x, sx) = E [ds [ FXodypg(Xey), (1)
0

where E denotes the usual expectation. The kernel F is unique (outside an excep-
tional set). We call it the Lévy kernel of X. It is a generalisation of the notion of Lévy
measures: Suppose X is a Lévy process with Lévy measure v; then F(x,dy) = v(dy)
is the Lévy kernel of the Markovian Itd semi-martingale X. We assume that the mea-
sures F(x,dy) on E admit a density y — f(x,y) and we aim for the non-parametric
estimation of the function (x,y) — f(x,vy).

Our main concern is the case where we observe a sample Xy(w), ..., X;a(w)
of the process on an equidistant time grid. Such a discrete observation scheme
is commonly observed in literature on the estimation of stochastic processes; we
refer to the monograph Jacod and Protter (2012) which is entirely devoted to the
“discretisation of processes”. We study a kernel density estimator for f(x,y) which
resembles the Nadaraya—Watson estimator in classical conditional density estimation.
For kernel functions g1, ¢, and a bandwidth # = (71,%2) > 0, in particular, our

estimator is of the form

_ L 81077 (Xee1)a — 1))82(17 ' (Xka = Xk—1)a — ¥))

A”A,’I(x’ ]/) d n -1
158 k18101 (Xk—1)a — %))

(1.2)

As our main results, we show its consistency as nA — oo, A = 0 and 7 — 0
under a smoothness hypothesis on the estimated density. Also, we prove a central
limit theorem: In the positive recurrent case, henceforth also called ergodic case,
our estimator is asymptotically normal. In the null recurrent case, we impose an
additional assumption which goes back to Darling and Kac (1957). Thereunder, we

prove that our estimator is asymptotically mixed normal. As the convergence in



our central limit theorem holds stably in law (a notion due to Renyi, 1963), we also
obtain a standardised version of our theorem which can be used for the construction

of asymptotic confidence intervals.

At the core of this thesis, and en route of the proof of the previously mentioned
results, we essentially study the case first, where a continuous sample path {X;(w) :
s € [0,t]} is observed and, in particular, all jumps are discerned. In this case, we
consider a more general class of strong Markov processes with cadlag sample paths
than Itd semi-martingales only. Benveniste and Jacod (1973) proved that, for a Hunt
process X, viz. a quasi-left continuous, strong Markov process with cadlag sample
paths, the law of its jumps is more or less described by a pair (F, H), where F
is a kernel on the state space and H is a non-decreasing, continuous additive
functional of X. A similar equality as in eq. (1.1) holds where, on the right-hand
side, the differential ‘ds’ is replaced by ‘dHs’. The pair (F, H) is called a Lévy
system. Apparently, it is a further generalisation of the notions of Lévy measures
and Lévy kernels: Suppose X is an Itd semi-martingale with Lévy kernel F as before;
then (F, H) with H; = t is a Lévy system of the Hunt process X.

We emphasise that, in general, neither the Lévy kernel F nor the additive
functional H is uniquely defined. With our main results for the Itd0 semi-martingale
case in mind, we restrict ourselves to the case where H; = t. This amounts to assume
the existence of a Lévy system for some additive functional H which is absolutely
continuous. For the — then distinguished — Lévy system (F,t), we have that the Lévy
kernel is unique (outside an exceptional set). Again, we call F the (canonical) Lévy
kernel of X, and assume that the measures F(x,dy) on E admit a density y — f(x,y).
Based on the additional observed information, we study the following version of our
estimator given by eq. (1.2) for the function (x,y) — f(x,y):

_ Yocs<t 81077 ' (Xs— — 1))g2 (7 1 (AXs — ¥) Ix,_£x.}
ng Jo &1(7y(Xs — x))

f(x,y) . (13)

Under slightly weaker assumptions than before, we prove the estimator’s consistency
and asymptotic (mixed) normality as ¢ — co and 7 — 0.

Along with these main results, we obtain various complementary ones — some

of which are of independent interest: Firstly, we prove a triangular array extension



1 Introduction

of Birkhoff’s theorem for additive functionals. The theorem proves useful in the
analysis of the asymptotic behaviour of our estimator as, jointly, t — oo and 1 — 0.
Secondly, we present a new construction of a uniformly ergodic, auxiliary Markov
chain which is based on a “splitting” of the sample paths of our Markov process at
specific jump times. Although the presentation thereof is tailored specifically for our
needs, the technique may provide a helpful alternative to the famous Nummelin
splitting. Thirdly, we have thoroughly studied the influence of discretisation on our
estimates in the Itd semi-martingale case. In particular, we quantified the difference
between our estimator an "I(x,v) based on discrete observations and the estimator
fg A(x,v) based on the full observation of a sample path. We use the corresponding
results in the following part of this thesis. Lastly, we prove a non-standard limit

theorem for a triangular, martingale array scheme.

In the second part of this thesis, we turn our attention to another class of processes
which, in general, is non-Markov. We consider time-changed Lévy processes X =
LoT, where L is a Lévy process with Lévy measure F and dT; = Y;dt for some
non-negative, cadlag process Y which is independent of L. Time-changed Brownian
motion, as far as known to us, was first studied by Bochner (1949). In mathematical
finance and econometrics, this class of processes received prominent attention (e.g.,
Clark, 1973; Carr, Geman, Madan, and Yor, 2003; Barndorff-Nielsen and Shephard,
2006). In statistical physics, it may also serve as a building block for the modelling

of atmospheric turbulence.

Again, our concern is the case where we observe a sample Xy(w), ..., Xa(w) of
the process on an equidistant time grid. We assume that the Lévy measure F(dx)
admits a density x — f(x). We study an estimator which resembles the classical
Rosenblatt-Parzen window estimator. For a kernel function g and a bandwidth
n > 0, our estimator specifies to

oy L L (XkA_X(k—l)A_x). .
fn (%) nAﬂdk_Zlg 7 (1.4)

Under the assumption that Y is ergodic with finite fourth moment and under a
smoothness condition on the estimated density, we prove the consistency of our
estimator as nA — oo, A — 0 and 7 — 0. Under an additional tightness assumption



on a functional of the time-change, we also prove that our estimator is asymptotically
normal. Since, as in the Markov setting before, the convergence in our central limit
theorem holds stably in law, we also obtain a standardised version of our theorem
which can be used for the construction of asymptotic confidence intervals.

We remark that the proofs for these results are heavily based on the results and
techniques presented in the case of a Markovian Itd semi-martingale. Especially our
analysis of the influence of discretisation plays a crucial role. Moreover, we remark
that a study which is similar — but distinguished from ours —is presented by Figueroa-
Lépez (2009b, 2011). There, estimators of the form (nA) ™' Y ¢(Xga — X(x_1)a) are
investigated. Under the assumption that Y is an ergodic diffusion, Figueroa-Lépez
proved the consistency of such an estimator for [ F(dx)g(x) and a central limit
theorem. In our study, in contrast, the fixed function g is replaced by a sequence of
functions (g, )nen (namely, g,(z) = 7,%¢((z — x)/11,)) where 7, — 0 as n — co.

The third part of this thesis is dedicated to the empirical modelling of the
intermittency in atmospheric turbulence. This part is joint work with Vincenzo
Ferrazzano. Modelling of turbulence is a long-standing problem in physics and
mathematics. Since the seminal work of Kolmogorov (1941a,b, 1942) and its refine-
ment Kolmogorov (1962), it is commonly accepted that turbulence can be regarded
as a random phenomenon.

In our study, we focus on the modelling of the velocity V = (V;);er of a
turbulent flow along the main (longitudinal) flow direction at a single, fixed location.
Virtually every observed turbulent flow displays several stylised facts. Experimental
investigations highlighted that their magnitude depends only on a control parameter
called the Reynolds number. Our paramount aim is to advocate a statistical model,
which is able to reproduce the following essential “intermittent” features of flows
with a high Reynolds number, called fully developed turbulent flows: Firstly, the
velocity increments display a distinctive clustering; the phenomenon originally
called intermittency. In particular, the squared increments of turbulent flow velocities
are significantly correlated; their auto-correlation function is positive and slowly
decaying. Secondly, the velocity increments are semi-heavy tailed and display a
distinctive scaling: On large time-scales, on the one hand, the distribution of the
increments is approximately Gaussian. On small time-scales, on the other hand, the
distribution develops exponential tails and is positively skewed.
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Barndorff-Nielsen and Schmiegel (2008) proposed a causal continuous-time

moving average process
t
V = (Vi)ter, where V; =3+ / g(t—s)dXs, (1.5)

driven by some normalised random orthogonal martingale measure dX, as a suitable
statistical model for a fully developed turbulent flow with mean @ > 0. In such
a model, the second-order properties of V depend only on the square-integrable
moving-average kernel g. The driving martingale X, henceforth called the intermit-
tency process, accounts for all higher-order properties. Deviating from Barndorff-
Nielsen and Schmiegel (2008), we advocate that the intermittency process is appro-
priately modelled by a time-changed Lévy process X = Lo [, Ysds, where L is a
purely discontinuous martingale with tempered stable Lévy measure (see Rosinski,
2007) and Y is itself a positive, ergodic, causal continuous-time moving average
process — independent of L.

We estimated our model from a data set which consists of measurements taken
at the atmospheric boundary layer, about 35m above the ground. Brockwell, Fer-
razzano, and Kliippelberg (2012) proposed a method to estimate the kernel g from
an observed sample Vo(w), Va(w) ..., Vya(w) of the velocity. Ferrazzano and Fuchs
(2012) extended this method to estimate the increments Xys(w) — X(x_1)a(w) of
the intermittency process in addition. Treating these estimated increments as true
observations, we estimated the time-change using a method of moment approach
(see Kallsen and Muhle-Karbe, 2011). Next, we estimated the Lévy density of the
Lévy process L using the projection estimator of Figueroa-Loépez (2009b, 2011) and
the penalisation method which Ueltzhofer and Kliippelberg (2011) studied in the
case of Lévy processes. Under a constraint on the moments of the time-changed
Lévy process, we also calculated least-squares fits of certain parametric families of
tempered stable Lévy densities to our non-parametric estimate. We minimised an
information criterion to find an optimal choice of parameters. In a simulation study,
we compare a sample of increments from our intermittency model and the data. The
fit of the empirical stationary distribution and of the auto-correlation of the squared

intermittency increments (that is, the clustering of large increments) is convincing.



General outline

Apart from this introduction, this thesis contains five chapters, some of which are
based on papers.

In Chapter 2, we introduce the relevant notions used in this thesis and summarise
essential theorems. This includes the notions of semi-martingales and Markov
processes and important limit theorems for stochastic processes. Alongside, we
develop the relevant notation.

In the first part of this thesis, which consists of Chapters 3 and 4, we study the
estimation of the jumps of processes beyond the Lévy case:

Chapter 3 is based on the paper Ueltzhofer (2012). In this chapter, we study the
kernel density estimation of the Lévy kernel of a Markov process. An individual
introductory section is provided. In Section 3.2, we study the estimation of the
Lévy kernel based on discrete observations; we present the statistical problem, our
standing assumptions and our estimator; and we state our main results of this
chapter. In Section 3.3, we study the case where continuous-time observations
are available. The proofs for the latter section are presented in Section 3.4. This
section also contains our extension of Birkhoff’s theorem for additive functionals
to triangular arrays and the construction of the aforementioned auxiliary Markov
chain. The proofs for our main results of Section 3.2 are presented in Section 3.5.
Some technical considerations are put off to the supplementary Section 3.6.

In Chapter 4, we study the kernel density estimation of the Lévy measure of a
time-changed Lévy process. The chapter is organised analogously to Chapter 3. An
individual introductory section is provided. In Section 4.2, we present the statistical
problem, our standing assumptions and our estimator; and we state our main results
of this chapter. The corresponding proofs are in Section 4.3.

In the second part of this thesis, which consists of Chapters 5 and 6, we study

the estimation of jumps in practice:
In Chapter 5, we present a simulation study for the kernel density estimator pre-
sented in Chapter 3 and a simulation study for the penalised projection estimation
of the Lévy measure of a Lévy process. The latter study is based on Section 4 of the
paper Ueltzhofer and Kliippelberg (2011). In the former study, inter alia, we focus on
the influence of discretisation and the importance of suitable bandwidth selection.
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Chapter 6 is based on Ferrazzano and Ueltzhofer (2012). This chapter is joint work
with Vincenzo Ferrazzano and is dedicated to the empirical modelling of the inter-
mittency in atmospheric turbulence. An individual introductory section is provided.
In Section 6.2 we present the statistical problem and the estimation methods which
we apply. In Section 6.3, we perform an empirical study of the so-called Brookhaven
wind speed data set. Finally, in Section 6.4, we compare our fitted model and the

data set in a short simulation study.

Notational conventions

The following notational conventions are used throughout this thesis without further

explanation:

* R denotes the real numbers; R denotes the non-negative real numbers; R
denotes the positive real numbers; R := R U {—o0,00}; Ry := Ry U {o0}

¢ Z denotes the integers; N denotes the non-negative integers; N* denotes the

natural numbers excluding zero; N := N U {co}

* For p € N*, Z, := 7/(pZ) denotes the ring of the residual classes of integers

modulo p



2 Semi-martingales, Markov processes, Limit theorems

The theory developed and studied in this thesis is based on various fields of prob-
ability theory: Firstly, the general theory of stochastic processes (cf. Jacod, 1979).
Secondly, the limit theory for semi-martingales (cf. Jacod and Shiryaev, 2003; Jacod
and Protter, 2012). Thirdly, the theory of Markov processes (cf. Getoor, 1975; Sharpe,
1988; Hopfner and Locherbach, 2003) and their discrete-time analogues — the Markov
chains (cf. Revuz, 1984; Meyn and Tweedie, 1993). We emphasise at this point that
other fields such as measure theory, topology, and functional analysis are an integral
part of the aforementioned. To make this thesis self-contained as far as possible,
we dedicate this chapter to summarise the theory applied in subsequent chapters.

Alongside, we develop the relevant notation.

2.1 Résumé of the general theory of stochastic processes

The presentation of the general theory of stochastic processes in this section is mainly
based on Jacod (1979) and Jacod and Shiryaev (2003). The development of the theory
is closely connected to the work of Joseph Leo Doob, Kiyoshi 1t5, Paul-André Meyer,
Shinzo Watanabe, and Claude Dellacherie, to just name a few.

2.1.1 Random sets; Processes; Optional and predictable o-field

Let (Q), .#,P) be a probability space and let § := (.%;);>0 be a filtration, that is, an
increasing sequence of sub-c-fields of .%. For convenience, we suppose %o, = F#
al’ld ﬂoo_ — \/Szoﬁs.

2.1.1 Definition. The filtered probability space (Q},.7,§, P) is said to satisfy the usual
conditions if

(i) it is complete, that is, .# is P-complete and every .#; contains all P-null sets
of .#; and



2 Semi-martingales, Markov processes, Limit theorems

(ii) the filtration § is right-continuous, that is, .%#; = Ns>¢.%s for all t > 0. o

Given a single probability measure P on (Q),.%), it is no loss of generality to assume
that the usual conditions are satisfied (cf. Jacod and Shiryaev, 2003, .1.4).

A first notion of interest is that of random sets:
2.1.2 Definition. (i) A subset of Q) X R is called a random set.
(ii) A random set A is called evanescent if P({w : 3t > 0s.t. (w,t) € A}) =0.

An important example of random sets are stochastic intervals: Let S, T : QO — R..
Then, we define

[S,T] :={(w,t): S(w) <t < T(w)} (2.1.1)

and, analogously, [S, T[, [|S, T and ]S, T[. Also, we set [T] := [T, T].

Having introduced the space on which our main objects of interest, the stochastic
processes, will be defined, at this point it remains to introduce the space in which
these will take their values: Let (E, .7 ) be a topological space. The o-field generated
by the topology 7 is called the Borel o-field on E, denoted &° := B(E) := o(.7).
By My (E) we denote the set of all finite (positive) measures on the measurable
space (E,&°). For every u € My(E), we denote the yu-completion of £° by &#. The
sets in the family &" := N,crq, (g€ are called universally measurable; &" is called
the universally measurable o-field on E. Throughout the remainder of this section, we
abbreviate E = (E, &), where & denotes an “intermediate o-field” &° C & C &Y.

2.1.3 Definition. (i) A family X = (X;);>0 of mappings X; : Q — E is called
an E-valued process. The process X is called measurable if it is . @ B(R4)-&-
measurable as a mapping X : QO x Ry — E. The mappings t — X;(w) for
tixed w € Q) are called the trajectories or sample paths of X.

(ii) Let X and Y be two E-valued processes. We call them indistinguishable if the
random set {(w, t) : X¢(w) # Yi(w)} is evanescent. o

For w € ), we denote the left-limit at time t > 0 by X;_ (w) := lims_s s« Xs(w) as
soon as it exists for the respective trajectory. Also, we agree to set Xo_ (w) = Xo(w).

10



2.1 Résumé of the general theory of stochastic processes

In the case that E is an additive group, we set AX;(w) := Xi(w) — X;—(w), again,
as soon as X;_(w) exists. Processes where all trajectories are right-continuous and
admit left-limits are of utmost importance to the theory: They are called cadlag
for “continu a droite avec des limites a gauche”. Likewise, processes which are
right-continuous (resp., left-continuous) are called cad (resp., cag). For a cadlag
process X, we denote X_ := (X;_);>0 and AX := (AX;);>0. We say that the trajec-
tory t — X;(w) has a jump at time t > 0 if AX;(w) # 0.

2.1.4 Definition. (i) An E-valued process X is called adapted (to the filtration §) if
the mappings X; : () — E are .%#;-&-measurable for all t > 0.

(ii) The o-field over Q) x R4 generated by all cadlag, §-adapted processes is called
the optional o-field, denoted & = O(F). The random sets in & are called optional.

(iii) The o-field over () x R generated by all cag, §-adapted processes is called
the predictable o-field, denoted & = Z(§). The random sets in & are called
predictable. o

By Proposition I.1.24 of Jacod and Shiryaev (2003), we have & C 0.

2.1.2 Stopping times; Predictable times; Quasi-left continuity
The notions of optionality and predictability are closely linked to stopping times:

2.1.5 Definition. A mapping T : Q — R is called a stopping time if {T < t} € F
for all t > 0. For a stopping time T, we denote

Fr = {AE?:AH{Tﬁt}Gf/}foralltEO} (2.1.2)
and

Fr_ = 0’(550 U{AN{t<T}:teRiand A € ﬂt}> (2.1.3)

The process X! = (X/)i>0 given by X' (w, t) := X(w,t A T(w)) is called the process
stopped at time T. o

By Remark I.1.26 of Jacod and Shiryaev (2003), the optional o-field is generated
by the stochastic intervals [0, T where T is a stopping time. By Theorem L.2.2 of

11



2 Semi-martingales, Markov processes, Limit theorems

Jacod and Shiryaev (2003), the predictable o-field is generated by the stochastic
intervals [0, T where T is a stopping time and the sets A x {0} where A € %.

The following results give further insight on optional and predictable processes:

2.1.6 Proposition (Jacod and Shiryaev (2003) I.1.21 and L.1.25). (i) Let X be an op-
tional process and T be a stopping time. Then X117« is Fr-measurable and the
stopped process X is optional,

(ii) Let X be a cadlag, adapted process. Then the processes X_ and AX are optional.
2.1.7 Proposition (Jacod and Shiryaev (2003) 1.2.4 and 1.2.6).

(i) Let X be a predictable process and T be a stopping time. Then Xrlrcoo is Fr_-
measurable and the stopped process X' is predictable.

(ii) Let X be a cadlag, adapted process. Then the process X_ is predictable. If X is
predictable in addition, then AX is predictable.

Predictable and totally inaccessible (stopping) times play an important role:

2.1.8 Definition. A mapping T : Q — R is called a predictable time if [0, T[€ 2. A
stopping time T is called totally inaccessible if P(T = S < o0) = 0 for all predictable

times S. o

2.1.9 Definition. A cadlag process X is called quasi-left continuous if, for every pre-
dictable time T, AXt =0 a.s. on {T < oo}. o

We have:
2.1.10 Proposition (Jacod and Shiryaev (2003) I.2.24 and 1.2.26).

(i) Let X be a predictable, cadlag process. Then there exists a sequence (Ty)nen Of
predictable times such that {AX # 0} = Upen[Tu]. Furthermore, AXt = 0 almost
surely on {T < oo} for all totally inaccessible stopping times T.

(ii) Let X be a cadlag, adapted process. Then X is quasi-left continuous if, and only
if, there exists a sequence (Ty,)nen of totally inaccessible stopping times such that
{AX # 0} = Upen|Ty] and if, and only if, for every increasing sequence (Sy)neN of
stopping times with limit S, we have Xg — Xg a.s. on {S < oo} as n — oo.

12



2.1 Résumé of the general theory of stochastic processes

2.1.3 Martingales; Increasing processes; Doob—Meyer decomposition
An important class of processes is the class of martingales.

2.1.11 Definition. A process X is called a martingale (resp., sub-martingale) if it is
adapted and a.s. cadlag such that every X; is integrable and such that

Xs =E[X¢ | F] (resp., Xs < E[X: | Z))

for every s < t. A martingale X is called uniformly integrable if the family of
random variables (X;);>¢ is uniformly integrable, and is called square-integrable

if sup; o E X? < oo. o
The next theorem is known as Doob’s inequality:

2.1.12 Theorem (Jacod and Shiryaev (2003) 1.1.43). Let X be a square-integrable mar-
tingale. Then

E sup th < élsuplEXt2 =4EX2. (2.1.4)

£>0 >0
2.1.13 Definition. A process X is called a local martingale if there exists an increasing
sequence (T,),en of stopping times, called a localising sequence, such that T,, — co
a.s. and each stopped process X' is a martingale. A process X is of class (D) if
the set of random variables {Xr : T is a finite valued stopping time} is uniformly

integrable. o

The processes of finite variation form a second important class:

2.1.14 Definition. (i) We denote by ¥ (resp., by ¥) the class of adapted, increasing
processes (resp., of processes of finite variation); that is, of all real-valued, cadlag,
adapted processes such that all its paths are non-decreasing (resp., have finite

variation over each finite interval [0, t]).

(ii) We denote by &/t (resp., by ) the class of integrable, increasing processes (resp.,
of processes of integrable variation); that is, of all processes X € ¥ T (resp., X € ¥)
such that E X < o0 (resp., E Var[X]e < 0, where Var[X] denotes the variation
process of X). o

13



2 Semi-martingales, Markov processes, Limit theorems

This allows to formulate the Doob—Meyer decomposition for sub-martingales:

2.1.15 Theorem (Jacod and Shiryaev (2003) I.3.15). Let X be a sub-martingale of
class (D). Then there exists a unique (up to indistinguishability) increasing, integrable,
predictable process H with Hy = 0 such that X — H is a uniformly integrable martingale.

There is an important extension of this theorem which we extensively use in this
thesis. We remark that the “localising procedure” of Definition 2.1.13 is used analo-
gously for various classes of processes. A process X belongs to the localised class oc
of the class % if there exists a localising sequence (Ty),en as in Definition 2.1.13
such that the stopped processes X' belong to .

2.1.16 Theorem (Jacod and Shiryaev (2003) 1.3.18). Let X € ... Then there exists a
predictable process XP of locally integrable variation, called the predictable compensator
of X, which is unique up to an evanescent set, such that X — XP is a local martingale.

2.2 Semi-martingales

The presentation of the theory of semi-martingales in this section is mainly based on
the monographs Jacod and Protter (2012) and Jacod and Shiryaev (2003). Throughout
this section, let (Q), .#,§,P) be a filtered probability space.

2.2.1 Semi-martingales; Stochastic integrals; Quadratic variation

2.2.1 Definition. A process X : Q x Ry — R is called a d-dimensional semi-
martingale if each of its components X!,...,X? is adapted and cadlag such

that X! — X} is the sum of a local martingale and of a process of finite variation.

Semi-martingales are used as integrators to define stochastic integrals. For a thor-
ough introduction thereof, we refer to Protter (2005) and Section I.4d of Jacod
and Shiryaev (2003). For a semi-martingale X and a predictable, locally bounded
process H, we denote by H - X the stochastic integral given by

t d t . '
(H-X); = /H;dxs — Z/H;dxg. (2.2.1)
0 =10

14



2.2 Semi-martingales

Semi-martingales admit various decompositions. A first decomposition is in

terms of the (local) martingale part.

2.2.2 Definition. A local martingale M is called purely discontinuous if My = 0 and

if MN := (M;N¢)s>0 is a local martingale for every continuous local martingale N.,,

2.2.3 Proposition (Jacod and Shiryaev (2003) 1.4.18). Let M be a local martingale, then
there exists a unique (up to indistinguishability) decomposition

M; = Mo+ M + M,

where M§ = Mg = 0, M€ is a continuous martingale, and M is a purely discontinuous

local martingale.

2.2.4 Theorem (Jacod and Shiryaev (2003) 1.4.27). Let X be a semi-martingale. Then
there exists a unique (up to indistinguishability) continuous martingale X¢ with X§ = 0
such that

X = Xo+ Ar + X§ + M, (2.2.2)

where Ay = M3 = 0, A is an adapted process of finite variation, and M? is a purely

discontinuous local martingale.

The process X¢ is called the continuous martingale part of X. We note that a local
martingale M with E M2 < oo such that AM is locally bounded is locally square-
integrable. By Theorem 2.1.15, thus, there exists an R? ® R¥-valued process (X<, X°)
such that each of its components (X"¢, X/) is an increasing process and such that

each process XX/ — (X', X)) is a local martingale.
2.2.5 Definition. For a semi-martingale X, we call the R? ® R“-valued process [X, X]
with components given by

[Xi,XjL:: <Xi'C,Xj'C> + Y axiax], (2.2.3)

Eoo<s<t

the quadratic variation of X. In the case that (each component of) [X, X] is locally
integrable, by Theorem 2.1.15, there exists a predictable process (X, X, ), called the
predictable quadratic variation of X, such that [X, X] — (X, X) is a local martingale.

15



2 Semi-martingales, Markov processes, Limit theorems

2.2.2 Random measures; Characteristics

The notion of random measures is essential to the understanding of semi-martingales.

A topological space is called a Polish space if it is completely metrisable and separable.

2.2.6 Definition. Let E = (E, &) be a Polish space with Borel o-field &. A fam-
ily m = (m(w;dt,dx) : w € Q) of non-negative measures on (R4 x E, B4 @ &)
with m(w; {0} x E) = 0 is called a random measure. o

We denote (Q),.%) = (Ox Ry XE,FR%,.®6),0:=0xand P == P RE. A
function on () is called optional if it is O-measurable. Likewise, it is called predictable
if it is #-measurable. For a random measure m and every optional function g on Q,

we denote by g x m the stochastic integral given by

| glw,s,x)m(w;ds,dx), if |g|*mi(w) < oo,
grxmy(w) 1= < [0t]xE (2.2.4)
00, otherwise.

2.2.7 Definition. (i) A random measure m is called optional (resp., predictable)
if the process g » m is optional (resp., predictable) for every optional (resp.,
predictable) function g on Q.

(ii) An optional random measure m such that Em(R4 X E) < oo is called integrable.

(iii) An optional random measure m is called Z-o-finite if there exists a strictly

positive, predictable function & on () such that /i x m is integrable. o

Theorem 2.1.16 admits an important generalisation, a “Doob—Meyer decomposition

for random measures”:

2.2.8 Theorem (Jacod and Shiryaev (2003) I1.1.8). Let m be a P-o-finite random mea-
sure. Then there exists a predictable random measure mP, called the predictable compen-
sator of m, which is unique up to a P-null set, such that the following holds: For every
predictable function h on Q with |h| xm € 4, we have |h| *mP € @} and h+m —hxmP

is a local martingale.

16



2.2 Semi-martingales

The most important example of a random measure is the so-called jump-measure

of a semi-martingale; that is, the random measure m = m* given by

m(w;dt, dx) = ) €(s,AX,(w)) (dE, dX), (2.2.5)
{5:AX, (c0) 0}

where €, denotes the Dirac measure at x. We note that the jump-measure takes its
values in N, and is optional and &-o-finite. We denote the predictable compensator
of m, which exists due to Theorem 2.2.8, by n = nX. By Corollary II.1.19 of Jacod and
Shiryaev (2003), we have that X is quasi-left continuous if, and only if, there exists a
version of n with n(w; {t} x E) =0 for all (w,t) € Q x Ry.

A construction of an integral i x (m — n) of some predictable function & on Q)
w.r. t. the compensated jump-measure m — n is presented, e. g., in Section II.1d of
Jacod and Shiryaev (2003). By egs. (2.1.16) and (2.1.17) of Jacod and Protter (2012),
if (h2 A |h]) %0y < oo for all t > 0, then h  (m — n) is defined as the unique (up to
indistinguishability) purely discontinuous local martingale with jumps given by

Al (m—0))e = h(t, AX;) — /h(t,x)n({t},dx).
E

Eventually, we arrive at a second decomposition of semi-martingales. Jacod and
Protter (2012) call it the isolated big jumps canonical decomposition:

2.2.9 Theorem (Jacod and Shiryaev (2003) 11.2.34). Let X be a semi-martingale. Then
there exists a predictable process of locally finite variation B with By = 0 such that

X,{ = XO + Bt + Xf + (XILHngl) * (m — ﬂ)t + (xll||x||>1) * My. (2.2.6)

We call (B, C,n), where C = (X¢, X¢), the characteristics of X.

2.2.3 Ito semi-martingales; 1to’s formula

An important class of semi-martingales are those with absolutely continuous charac-
teristics.

2.2.10 Definition. Let X be a semi-martingale with characteristics (B, C,n). Then X

is called an Ito semi-martingale if its characteristics are absolutely continuous with

17



2 Semi-martingales, Markov processes, Limit theorems

respect to Lebesgue measure; that is,

dBt = btdt, dCt = Ctdt, and I‘l(dt, dX) =dt® Ft (dX), (2.2.7)
where b (resp., c) is a process with values in R4 (resp., in R? ® RY) and F(w;-)is a
measure on RY for each (w,t) € Q x R,. o
For Itd semi-martingales, Itd’s formula reads as follows:

2.2.11 Theorem (Jacod and Protter (2012) eq. 2.1.20). Let X be a semi-martingale with
characteristics (B,C,n) given by eq. (2.2.7) and let g € C>(R?). Then g(X) is a semi-

martingale and satisfies

g(Xr) = g(Xo) +/ (blVg(Xs %/ s V2g(Xs )ds
0 0
+ [(8(X— +x) —g(X-) - XTVg(X—)) ]1||x||§1} * 1y (225)
+ [ Va(xe) dXs+ [ (g(X- +x) — g(X) ) Ujgjza ] * (m — )

(s +2) — (X)) 1ot | wme

where tr(-) denotes the trace operator on RY @ R? and V2g denotes the Hessian of g.

These processes admit another decomposition due to Grigelionis (1971). In the
following theorem, let ' > d be an integer, and A be an infinite measure without
atom on some arbitrary Polish space E. For the definition of a very good extension,

see Section 2.1.4 of Jacod and Protter (2012).

2.2.12 Theorem (Jacod and Protter (2012) 2.1.2). Let X be a d-dimensional It0 semi-
martingale with characteristics (B,C,n) given by eq. (2.2.7). Then there exists a very
good extension of the probability space on which a d'-dimensional Brownian motion W and a
Poisson random measure p with compensator q(dt, dx) = dt ® A(dx) are defined such that

Xt = X() + / bSdS + /U'des + (h1||h||§1) * (p — q)t + (]’l]th”>1) * D¢, (2.2.9)

18
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where ¢ is an R? ® R -valued, predictable process and h is a predictable function
on Q) = Q x Ry x E. Outside a null set, we have 010y = ¢ and the measure F(w;-)
coincides with the image of the measure A under the map x — h(w,t, x) restricted to the
set {x : h(w,t,x) # 0}.

Itd semi-martingales of the form eq. (2.2.9) admit useful estimates.

2.2.13 Proposition (Jacod and Protter (2012) eq. 2.1.43). Let X be a d-dimensional Ito
semi-martingale with characteristics (B, C,n) given by eq. (2.2.7). Then, for t >0, p > 2
and every finite stopping time T, there exists a finite constant { < oo such that

T+t P T+t p/2
%] <(E ( / bsds) + ( / o—szds)
T T

E |sup|| X745 — X7||¥
s<t
Tt Tt p/2
+ / ds/)\(dz)||h(s,z)||”+ /ds /A(dz)||h(s,z)||2 (2.2.10)
T T {zlh(ez) | <1}
T+t P
+ /ds //\(dz)Hh(s,z)H Fr

T {z:|n(t2)[[>1}

Moreover, the class of Itd semi-martingales is closed under absolutely continuous

time-changes.

2.2.14 Theorem (Jacod (1979) 10.12). Let X be a d-dimensional 1t0 semi-martingale with
characteristics (B, C,n) given by eq. (2.2.7). Moreover, let Y = (Y;)¢>0 be a positive cadlag
process — independent of X — such that

t
T; = /sts is an F-stopping time for all t > 0.
0

Then the time-changed process X' = (X});>0 given by X} := Xy, is an Itd semi-martingale
w. r. t. the filtration §' given by F/ := Fr,. Moreover, its characteristics (B, C’,n') satisfy

dB; = b;Y;dt, dC; = c¢;Yidt, and n'(dt,dx) = Y;dt ® F(dx).

19



2 Semi-martingales, Markov processes, Limit theorems

2.3 Tightness; Convergence of processes; Limit theorems

The definitions and limit theorems in this section are based on Chapters VI and VII
of Jacod and Shiryaev (2003). See also Section 2.2 of Jacod and Protter (2012). The
notions of almost sure convergence, convergence in probability, and convergence in
law for R%-valued random variables is assumed to be known. A less common notion

of convergence (introduced by Renyi, 1963) is stable convergence in law:

2.3.1 Definition. Let (X,),cn be a sequence of random variables defined on some
probability space (€),.%,P). Moreover, let X be a random variable defined on an
extension () x (V, .7 ® Z',P) where P is a probability measure whose marginal
on ) is P. Then we say that X, converges stably in law to X if

E[f(Xn)Y] — E[f(X)Y]

n—00

holds for every bounded continuous f on R? and every bounded random variable Y
on (O, .%). We write X, L Ne o

2.3.1 Tightness

Let E be a Polish space and let & denote its Borel o-field. On the space of probability
measures on (E, &), denoted P(E), we consider the weak topology which makes P (E)
another Polish space.

2.3.2 Definition. A subset A C P(E) is called tight if, for every e > 0, there exists a
compact C C E such that u(E \ K) < ¢ for every u € A. o

The famous Prokhorov’s theorem is essential to the sequel:

2.3.3 Theorem (Jacod and Shiryaev (2003) VL.3.5). A subset A C P(E) is relatively
compact for the weak topology if, and only if, it is tight.

The importance of this theorem is appreciated in the following corollary:

2.3.4 Corollary. A tight subset A C P(E) admits at least one limit point in P(E).
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2.3.2 Skorokhod topology and the convergence of processes

In the following, we introduce various modes of convergence for a sequence
of R¥-valued, cadlag processes. We consider such processes as random variables
which take their values in the Skorokhod space D(R?) := D(R,R¥) of all cadlag
mappings from R to R?. Skorokhod (1956) introduced a topology on this space
which makes it a Polish space. We refer to Sections VIIL.1 and VII.2 of Jacod and
Shiryaev (2003) for further details on this topology and to Billingsley (1995) for
details on the space D([0, T];R¢) where T < co.

2.3.5 Definition. Let (X"),cn be a sequence of cadlag processes and X be another
cadlag process. We say that

(i) X" converges in law to X if the distributions .2 (X") of the D(R#)-valued random
variables X" converge weakly in P(D(R%)) to the distribution .2 (X);

(ii) X" converges almost surely (resp., in probability) to X if the D(R?)-valued random
variables X" converge almost surely (resp., in probability) to X w.r.t. to the
Skorokhod topology;

(iif) X" converges uniformly on compacts in probability (or in ucp) to X if, for all t > 0,
we have sup, || X} — Xs|| — 0.

We write X" "——?; X (resp., X" =X, resp., X" LY X; resp., X" == X). o

We note that, as in the random variable case, convergence in law of stochastic pro-
cesses is equivalent to the convergence of E f(X") to E f(X) for every bounded
continuous function f; here, f is continuous w.r.t. Skorokhod’s topology on the
space D(RR?). Stable convergence in law of processes is defined analogously to Defini-
tion 2.3.1.

We summarise important classical results about Skorokhod convergence, which
we use in subsequent chapters of this thesis.

2.3.6 Proposition (Hopfner, Jacod, and Ladelli (1990) egs. 3.2-5).
Let (A"),en and (B"),en be sequences of non-decreasing, cadlag processes, let (X"),en
be a sequence of cadlag processes, and let A and X be cadlag processes. In addition, we
set U(n,t) :==1inf{s > 0: A? >t} and U(t) :=inf{s > 0: A; > t}.
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2 Semi-martingales, Markov processes, Limit theorems

(i) If (A", X") £ (A, X) where A is a.s. continuous such that P(U;— # Uy) = 0
Z
for all t, then (A", X", (U(n, ti)’XrLlI(n,t,-))iSk)) = (AX, (u(t,-),Xu(ti))igk)) for
allk € N*and t; > 0.

(ii) Let ¢, — 0. If X" £ X where X is a.s. continuous, then Xihe, £ X, If A" £ A
and A is as in (i), then U(n, t +€,) — U(t).

(iii) If (A", X™) £ (A, X) where (A, X) is a.s. continuous, then (A", X",) £ (A, Xa).

(iv) If (A", X") % (A,X) and (A", B") % (A, A), then (A", X",B") % (A, X, A).
Moreover, we have (A", A™) £ (A, A) where A" := B}, .+ A}l — A}

o(n) tAo(n)
with o(n) = inf{t > 0 : B > u} for some u > 0.

Families as in the previous proposition, whose limit points are all laws of
continuous processes, play a special role:

2.3.7 Definition. A sequence (X"),cn of processes is called C-tight if it is tight and if

every limit point of the family {.£(X") : n € N} is the law of a continuous process..

2.3.8 Proposition (Jacod and Shiryaev (2003) VI.3.33). Let (Y"),cn be a C-tight se-
quence of d-dimensional processes; let (Z"),en be a tight (resp., C-tight) sequence
of d’'-dimensional processes. Then

(i) the sequence (Y",Z")yen of (d + d')-dimensional processes is tight (resp., C-tight);
and

(ii) if d = d', then the sequence (Y" + Z")pen is tight (resp., C-tight).

2.3.3 Martingale limit theorems

A general, generic scheme to prove limit theorems for stochastic processes was
suggested by Prokhorov:

2.3.9 Theorem (Jacod and Shiryaev (2003) VI.3.18).
A sequence (X™),en of cadlag processes converges to a process X if, and only if,

(i) the sequence (X")nen is tight (that is, the family { £ (X") : n € N} is tight); and
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2.4 Markov chains

(ii) the law £ (X) is the only possible limit point of the family { £ (X") : n € N}.

For our purposes, the following martingale (central) limit theorem and its finite-

dimensional version are the most important:

2.3.10 Theorem (Jacod and Shiryaev (2003) VIIIL.3.6 and VIIIL.3.24). Let X be a con-
tinuous Gaussian martingale with characteristics (0,C,0); let (X"),en be a sequence of
locally square-integrable martingales with characteristics (B",C",w") and X[} = 0; and
let D C Ry.

(i) If B} = 0 and sup,., |AX?| > 0 and
either  [X", X"]; B oo (X", X" e} (2.3.1)
holds for all t € D, then

forallk € N*and t1,...,ty € D : (Xfl, . ,ka) EX (Xt X)), (23.2)

(ii) Suppose that D is dense in R and that the following “Lindeberg condition” holds:

P
(Hx“21{||x||>s}) *ny —=0 forallt > 0,e > 0. (2.3.3)

Then X" % X if, and only if, [ X", X"]; Lo forall t € D and also if, and only
if, (X", X", 5 C, forall t € D.

2.4 Markov chains

Before we come to the class of continuous-time Markov processes, we dedicate this
section to give a résumé of their discrete-time counterparts: The Markov chains. The
presentation in this section is mostly based on the book of Meyn and Tweedie (1993).

Let E = (E, &) be a fixed measurable space.

2.4.1 Definition. (i) A kernel P : E x & — R4 is called a transition kernel if
P(x,E) = 1forall x € E. For a kernel P, a o-finite measure v, and a measurable
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2 Semi-martingales, Markov processes, Limit theorems

function g on E, we denote
= [Prdyg(y), vP(A):= [v(dx)P(x,4), v(g):= [v(dx)g(x).

(ii) Let 7t be a probability measure on E and let P be a transition kernel on E.
A family X = (X,)sen of random variables, defined on some probability
space (Q), . #,P™) endowed with a discrete-time filtration § := (%,)en, is

called a Markov chain with initial law 7T and transition kernel P if X is §-adapted,
a) P"(Xp € A) = m(A) for each A € &; and

b) E™[f(Xy41) | %u] = Pf(X,) for every n € N and every bounded &-
measurable function f.

(iii) A collection X = (Q, %, T, (Xn)nen, (PY)ycp) is called a Markov chain with
transition kernel P if, under every law P¥, (X,),en is a Markov chain with

initial law €, and transition kernel P. o

We refer to Section 1.2 of Revuz (1984) for a rigorous introduction and the proof of
existence of Markov chains. For a probability measure 77, we denote the expectation
w.r.t. to the law P™ := [P¥ 7 by E”. Furthermore, we denote the so-called

n-step transition kernel by P"; these are inductively defined by
P(x,A) = ex(A) and P"(x, A) /P ¥, dy) Py, A). (2.4.1)

The Chapman-Kolmogorov equations (see Theorem 3.4.2 of Meyn and Tweedie,
1993), that is, P"™" = P™P" for all m,n € N, are key to much of the following
analysis of Markov chains.

2.4.1 lrreducibility; Small sets; Periodicity; Feller chains

Many of the notions and concepts developed in this and the following subsection
will find their counterpart in the continuous-time context.
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2.4 Markov chains

2.4.2 Definition. Let A € &. We call
na:=Y_ 1a4(Xy), and T4:=min{n>1:X, € A},
k=1

the sojourn time of, and the return time on A, respectively. o
The concept of irreducibility is best defined in terms of the return times of sets:

2.4.3 Definition. A Markov chain X = (X;),en is called ¢-irreducible if there exists
a measure ¢ on E such that ¢(A) > 0 implies P*(14 < o0) =1 for all x. o

2.4.4 Proposition (Meyn and Tweedie (1993) 4.2.2). Let X be a ¢-irreducible Markov
chain. Then there exists a probability ¥ on E such that X is p-irreducible and, for every ¢’
for which X is ¢'-irreducible, we have > ¢' and, for every p-null set A € &, we have
that {y : PY(t4 < 00) > 0}) is p-null.

Such a measure 1 is also called a maximal irreducibility measure for X. It is unique up

to equivalence. Thus, the following notions are well-defined:

2.4.5 Definition. Let X be a y-irreducible Markov chain. A set A € & is called full if
its complement is -null; it is called absorbing if P(x, A) =1 for all x € A. Moreover,
weset &7 :={A e &:yp(A) > 0} o

2.4.6 Proposition (Meyn and Tweedie (1993) 4.2.3). Let X be y-irreducible. Then ev-
ery absorbing set is full, and every full set contains a non-empty, absorbing set.

An important — at first glance not apparent role — for the asymptotic behaviour of
a Markov chain play small sets and petite sets. To prevent confusion, we emphasise

that we strictly follow the nomenclature of Meyn and Tweedie (1992).

2.4.7 Definition. (i) A set C € & is called a small set if there exists an m € N*
and a non-trivial measure v, on E such that P"(x, A) > v;,(A) for all x € C
and A € &; C is also called v,-small.

(ii) A set C € & is called a petite set if there exits a probability p on N* and a
non-trivial measure v, on E such that Y° ; p(k)P¥(x, A) > v,(A) forall x € C
and A € &. o
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2 Semi-martingales, Markov processes, Limit theorems

Apparently, set p = €5, every small set is petite. The following theorem guarantees
the existence of small sets for yp-irreducible chains.

2.4.8 Theorem (Meyn and Tweedie (1993) 5.2.2 and 5.2.4). Let X be -irreducible.

(i) Forevery A € &7, there exists an m > 1 and a vy,-small set C C A such that C € &+
and v, (C) > 0.

(ii) There exists a countable covering of X by small sets.

(iii) If C € &™ is vy-small, then there exists an m’ € N* such that C is v, -small
with Vm/(C) > 0.

2.4.9 Definition. Let X be y-irreducible.

(i) A collection Dy, Dy, ...,D, 1 € & of disjoint sets is called a p-cycle if
a) for every i € Z, and x € D;, we have P(x,D; ;1) = 1, and

b) the complement of Uiez, D; is -null.
(ii) The largest p € N* for which a p-cycle exists is called the period of X.
(iii) We call X aperiodic if its period is one. o
2.4.10 Theorem (Meyn and Tweedie (1993) 5.4.4, 5.4.6 and 5.4.7). Let X be a p-irre-
ducible Markov chain.

(i) Let C € & be a vy-small set with v,,(C) > 0 and let p denote the greatest common
divisor of the set

{n € N*: Cis vy-small with v, = {,vy, for some {, > O}.

Then there exists a p-cycle Dy, ..., Dy_1 € & and, moreover, p is the period of X.

(ii) Furthermore, let XP denote the so-called sampled Markov chain with transition ker-
nel PP. Then each set D; is an absorbing, p-irreducible set for X? and the restriction
of XP to each D; is aperiodic.

(iii) If X is aperiodic, then every petite set is small.
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2.4 Markov chains

In general, the identification of petite sets is a tedious task. In an important

special case, however, it is straightforward.

2.4.11 Definition. (i) We denote by C(E) (resp., Cp(E)) the class of continuous
(resp., bounded continuous functions on E.

(ii) A kernel P is called weak Feller if Pg € C,(E) for every g € Cy(E).

(iii) A kernel P is called strong Feller if Pg € C,,(E) for every bounded, &-measurable

function g. o
Obviously, the strong Feller property implies the weak Feller property.

2.4.12 Theorem (Meyn and Tweedie (1993) 6.2.5 (ii) and 6.2.9). Let X be a y-irredu-
cible Markov chain with transition kernel P. If P is weak Feller and if the support of the
measure ) has non-empty interior, then every compact set is petite.

2.4.2 Recurrence; Invariant measure; Ergodicity

Usually, a presentation of the recurrence properties of Markov chains would also
take care of its complementary notion, the transience. Since the transient case is

irrelevant in the sequel, we neglect it.

2.4.13 Definition. (i) Let X be y-irreducible. We call X Harris recurrent if

P(A) >0 = P*(yp=o0) =1 forallx € E. (2.4.2)
(ii) A o-finite measure y on E is called an invariant measure for X if yP = u.

2.4.14 Proposition (Meyn and Tweedie (1993) 9.1.7 (ii)). Let X be y-irreducible. If
there exists a petite set C € & such that P*(nc = o0) = 1 for all x € E, then X is

Harris recurrent.

2.4.15 Theorem (Meyn and Tweedie (1993) 10.4.4 and 10.4.5). Let X be Harris recur-
rent. Then there exists an invariant measure y which is unique up to constant multiples. If,
in addition, X is aperiodic, then a measure is invariant for X if, and only if, it is invariant
for every sampled chain X™ with transition kernel P™, m € N*.
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2 Semi-martingales, Markov processes, Limit theorems

As an essential consequence we obtain the following proposition:

2.4.16 Proposition. Let X be Harris recurrent with invariant measure y, period p > 1,
and p-cycle Dy, ..., Dy 1. Then the restriction of the sampled chain XP with transition
kernel PP to each D; is aperiodic and Harris recurrent with invariant measure y; given
by pi(A) = p(AN D).

Proof. By Theorem 2.4.10 (ii), the sampled chain restricted to each of the sets D; is
aperiodic. Since y is invariant for P, by definition of the p-cycle we have y;P = ;.
By iteration, we obtain y;P? = p;. In other words, y; is invariant for P?. Finally, for
each measurable A C D; with u;(A) > 0, we have P*(y74 = o0) =1 for all x € D;.

Thus, we also have Harris recurrence. O
Recurrent processes are further classified in terms of their invariant measure.

2.4.17 Definition. (i) Let X be Harris recurrent with invariant measure u. We
call X positive (Harris recurrent) if y(E) < oo. Otherwise, we call X null (Harris
recurrent). In the positive case, we call the unique invariant probability measure,
the stationary distribution.

(i) A Markov chain with transition kernel P and invariant measure y is called

ergodic if, for every initial probability 7t on E, the total variation norm

l7eP" —ull:= sup [7P"f —u(f)| (24.3)
{Ffl<1)

of the signed measures mP" — u converges to zero as n — 0. The chain is
called uniformly ergodic if

. 0o
,}ggoilélg\lexP pll =o0. (2.4.4)

2.4.18 Theorem (Meyn and Tweedie (1993) 13.3.3). An aperiodic, positive Harris recur-
rent Markov chain is ergodic.

2.4.19 Theorem (Meyn and Tweedie (1993) 16.2.1 and 16.2.2). A Markov chain with
invariant measure u is uniformly ergodic if, and only if, there exists a constant { < 1 such
that ||exP" — u|| < (" for every n € N* and x € E. A -irreducible, aperiodic Markov
chain with invariant measure y is uniformly ergodic if, and only if, the state space is petite.
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2.5 Markov processes

2.5 Markov processes

In this section, we turn our attention to the class of processes which we study at
the core of this thesis: The Markov processes. In the previous section, we have
introduced their discrete-time counterparts, the Markov chains, and introduced
various notions which we will analogously introduce in the continuous-time case.
Due to the abundance of literature on the theory of Markov processes, we only
present selected topics. The presentation is based on the monograph Getoor (1975) as
well as a couple of individual papers (see also Blumenthal and Getoor, 1968; Sharpe,
1988).

2.5.1 Résumé of the theory of Ray processes; Hunt processes

This subsection is dedicated to briefly touch the embedding of the theory of Markov
processes into the general theory of stochastic processes (recall Section 2.1).

The theory of Markov processes, put differently, is the theory of transition
semi-groups and resolvents. Let E = (E, &) be a fixed measurable space.

2.5.1 Definition. Let (R*),~ be a family of kernels on E. Then (R"),~ is called a

sub-Markov resolvent (resp. Markov resolvent) if
i) aR*1 <1 (resp. aR*1 = 1) for each « > 0,
ii) R* — RP = (B — a)R*RP for all «, B > 0. o

It is immediate from (i) that each kernel is bounded. Hence, (ii) is well-defined.
Additionally, we note that R*(-, A) is &“-measurable whenever A € &". There-
fore, (R%),~0 is also a resolvent on (E, &"). By abuse of notation, in this subsection,
we write f € & (resp., f € p&; resp., f € b&) for f being an &-measurable (resp., a
positive &-measurable; resp., a bounded &-measurable) function.

2.5.2 Definition. Let (R"),~¢ be a resolvent on (E,&), let f € p&, and a« > 0.
If BR**P < f forall B > 0, then f is called a-supermedian. An a-supermedian function
is called a-excessive if limg_,q BR*TF f = f pointwise. We denote by S* (resp., £%) the
class of all continuous, a-supermedian functions (resp., of all a-excessive functions).
In addition, we write $% := (J,~¢ S". o
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2 Semi-martingales, Markov processes, Limit theorems
For the remainder of this subsection, we suppose that E is a compact metric
space.

2.5.3 Definition. (i) A sub-Markov resolvent (R%),~¢ is called a Ray resolvent
if R*C C C for all « > 0 and for each pair x,y € E with x # y there exists a
function f € S§* with f(x) # f(y).

(i) A family (P;);>o of sub-Markov kernels on E is called a sub-Markov semigroup

if Pris = PP for all s,t > 0. o

Remark. We note that Py is not assumed to be the identity map.

2.5.4 Theorem (Getoor (1975) 3.6). Let (R*),~0 be a Ray resolvent on E. Then there
exists a unique sub-Markov semigroup (P;)¢>o such that

(i) t — Pif(x) is right continuous on Ry for each x € E and f € C;
(ii) R f = f0°° e ™ Pifdt forall a > 0and f € C.
In addition,

(iii) a function f is a-supermedian if, and only if, e=*'P,f < f for all t > 0. Moreover,
we have e *'P,f — Pof € E%ast | 0.

(iv) Let D := {x € E : limyoaR*f(x) = f(x) Vf € C}. Then D € & and
Py(x,-) = ey if, and only if, x € D. Moreover, Py(x, -) is carried by D for all x € E
and t > 0.

(v) (Pt)¢>0 is Markovian if and only if (R*),~¢ is Markovian.

The set D in (iv) is called the set of non-branch points of (R*),~o (or of (P:)>0).
Accordingly, B := E \ D is called the set of branch points of (R*),~0 (or of (P;)s>0)-

Remark. It is standard in literature to reduce the sub-Markovian case to the Marko-
vian case by, firstly, attaching a cemetery state to the state space, secondly, constructing
a Markov resolvent and, lastly, constructing a Markov semi-group by means of Theo-
rem 2.5.4 (see Getoor, 1975, p. 16).
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2.5 Markov processes

2.5.5 Definition. (i) Let 7= be a probability measure on E and let (P);>o be a
Markov semi-group. A family X = (X;)¢>o of random variables, defined on
some filtered probability space (Q}, .7, §,P"), is called a Markov process with
initial law 7t and transition semi-group (P;);>o if X is adapted to §,

a) P™(Xyp € A) = m(A) for each A € &; and

b) E™[f(Xi+s) | Zs] = Pif(Xs) for every t,s > 0 and bounded measurable
function f on E.

(i) A Markov process X = (Q,.%,5, (Xt)t>0, P¥) is called strong Markov if, for
every §-stopping time, we have

E™[f(X1+6) Lir<oo} | FT] = Pef (X1)L{7<00) (2.5.1)

for every t > 0 and bounded measurable function f on E. S

2.5.6 Theorem (Getoor (1975) 5.1). Let (R*),~¢ be a Markov and a Ray resolvent, and
let (Pt)¢>0 denote the semi-group constructed from (R*)y~o by means of Theorem 2.5.4.
Furthermore, let D denote the set of non-branch points of (R*),~o and denote by

W :={w e D(E):w(t) € DVt >0}

the class of all cad mappings from R to D such that left-limits exist in E on RY.. Let X
be the canonical process on W given by Xi(w) = w(t) and set 9° := o(X; : t > 0)
and 40 = o(X; : s < t). Then, for every probability measure 7t on E, there exists a law P™
on (W, 4°) such that X := (W, 9°,(92)>0, (Xt) 10, P™) is a Markov process with initial
law uPy and transition semi-group (Pr)i>o.

By virtue of this theorem, of every Ray resolvent (R"),~0, there exists a cadlag
realisation. In the following, we summarise some of its interesting properties.

We start with some notation: Let 6 = (6;);>0 denote the semi-group of shift
operators on W given by X;o060s = X;, for all t,s > 0. For every probability 7
on (E,&) we denote by 4™ the P™-completion of 4%, and by .47 (¥) the o-ideal
of P™-null sets in ¢”. Moreover, 4" := % V 4##(¥). Furthermore, we consider
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2 Semi-martingales, Markov processes, Limit theorems

the family (R*),~0 as a resolvent on (E, &") rather than on (E, &). Thus, we change

slightly the definition of the x-excessive functions.

2.5.7 Proposition (Getoor (1975) 5.6). Let f € p&". Then f is a-excessive if, and only
if, e ™Pf 1 fast 0.

2.5.8 Definition. A numerical function f € &" is called nearly Borel (relative to X) if
for every initial law 7t there exist g, € & such that ¢ < f < h and the processes g(X)
and h(X) are P"-indistinguishable. o

The class 6™ := {A € &" : 1, is nearly Borel} forms a o-algebra, and f is nearly
Borel if, and only if, f is £™-measurable. Also, we have & C &™ C &™.

2.5.9 Theorem (Getoor (1975) 5.8 and 5.11). (i) For every probability 1t on E, the fil-
tration & := (9]");>¢ is right-continuous; that is, (W, 47, 8™, P™) satisfies the
usual hypotheses of the general theory of stochastic processes.

(ii) The stochastic process X from Theorem 2.5.6 satisfies the strong Markov property
relative to &™.

(iii) Let & > 0. Then £* C &™. In addition, for each f € E*, the process f(X) is cadlag.

(iv) Let 7t be a probability on E. Let (T,)nen be an increasing sequence of ®*-stopping
times. Set T :=sup, Ty and A :={w € W : T(w) < oo, Ty(w) < T(w) Vn € N}.
Then, for every bounded, universally measurable f on E,

E™ fOXTIL{T<oo} \/gﬁ = foXTI]-{T<OO}I]-AC —|—P0f(XT_)]lA.
n

2.5.10 Corollary (Getoor (1975) 5.16). On {Xr_ € D, T < oo}, we have X7, — Xr
P -almost surely. If there are no branch points, that is, if D = E, then X is quasi-left
continuous.

2.5.11 Definition. Let x € B. Then x is called a degenerate branch point if there exists

ay € E with €,Py = ¢,. The set of degenerate branch points is denoted by Bg.

2.5.12 Theorem (Getoor (1975) 6.2, 6.4, 6.7 and 7.3). Let 7t be a probability on E and T
be a &"-stopping time.
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(i) The set By is Borel.

(ii) Suppose T is predictable. We have 4] = 4" if, and only if, P™(Xr_ € B\ B4,0 <
T < o) = 0. Therefore, if B = By (in particular, if B is empty), then the filtration
&’ is quasi-left continuous for every 7t.

(iii) If X = X7_ P™-a.s.on {0 < T < oo}, then T is predictable and g =97 .

(iv) Let A= {0 < T < oo,Xp_ € D, Xy # Xp_}. Then Ty := Tl g + ool ye is the
totally inaccessible part of T.

In summary, we have introduced resolvents, semi-groups, and Markov processes.
We have presented existence results for an important special case — the Ray resolvents.
The corresponding Ray process constructed by Theorems 2.5.6 and 2.5.9 is defined
on a probability space which satisfies the usual conditions, has cadlag sample paths,
and is strong Markov. By Corollary 2.5.10, moreover, we are given a criterion for
quasi-left continuity. For presentational purposes, we end our presentation of the
general theory at this point (although, there would still be much more to say).
Throughout the remainder of this thesis, all Markov processes which we deal with

are supposed to satisfy the hypothesis (A) of Hunt (1957):

2.5.13 Definition. A Markov process X = (Q, %, F, (Xt)1>0, (0t)1>0, (P¥)xeg) with
values in some locally compact, separable space E is called a Hunt process if its
sample paths are almost surely cadlag and if it is strong Markov and quasi-left

continuous. o

2.5.2 Recurrence; Additive functionals; Ergodic theorems

The notions of recurrence and invariant measure are defined analogously to the
discrete-time case (see Definitions 2.4.13 and 2.4.17).

2.5.14 Definition. Let X be a Hunt process with transition semi-group (P;);>o.
(i) We call X Harris recurrent if there exists a o-finite measure ¢ on E such that

[e0]

p(A) >0 = P* /ILA(XS)ds =oco| =1 forallx €E. (2.5.2)
0
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2 Semi-martingales, Markov processes, Limit theorems

(ii) A o-finite measure y is called invariant if uP; = p for all t > 0.

(iii) If X is Harris recurrent with invariant measure y, then we call X positive (Harris
recurrent) if u(E) < oo; otherwise, we call X null (Harris recurrent). In the
positive case, we call the unique invariant probability measure, the stationary
distribution. o

2.5.15 Theorem (Azéma, Kaplan-Duflo, and Revuz (1967) Théoreme I.3).
If X is Harris recurrent, then there exists an invariant measure y which is unique up to
constant multiples.

Next, we introduce the notion of additive functionals:

2.5.16 Definition. A process H = (H;);>o is called a (perfect, homogeneous) addi-
tive functional of X if it is adapted to the filtration § and if, for all s,t > 0, we
haVe Ht+s — Ht O 05 + Hs. &>

Example. Let g be a measurable function on E and x € E.
(i) The process H; := fot 2(X;)ds is an absolutely continuous additive functional.
(i) The process Hj := Y ;<; (AXs)1ax, 20} is @ discontinuous additive functional,

(iii) The local time of X at x (see Blumenthal and Getoor, 1964, for details) is a

continuous additive functional which is not absolutely continuous.

2.5.18 Definition. Let X be a Hunt process with invariant measure y and H be an
additive functional. We call H integrable if y(H) := E H; < oo. o

Then the Chacon—Ornstein theorem for additive functionals reads as follows:

2.5.19 Theorem (Azéma et al. (1967) Théoreme I1.1). Let H and H' be integrable addi-
tive functionals such that y(H') > 0. Then

E'H;  u(H)
E¥H] t-e0 u(H')

u-almost surely. (2.5.3)

And Birkhoff’s theorem for additive functionals reads as follows:
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2.5.20 Theorem (Azéma et al. (1967) Théoreme I1.2). Let H and H' be given as in The-
orem 2.5.19. Then, for every x € E,

Hy u(H)
H 1=e” u(H')

P*-almost surely. (2.5.4)

2.5.3 Deterministic equivalents; Darling—Kac’s condition; Mittag—Leffler process

Since H] = t is an integrable additive functional if, and only if, #(E) < oo, by
Theorems 2.5.19 and 2.5.20, we obtain convergence for t 'H; and ¢! E* H; in the
positive recurrent case. In the null recurrent case, we obtain a more differentiated

picture.

2.5.21 Definition. A non-decreasing, deterministic function v : R, — R is called a

deterministic equivalent of a Markov process X if the families
{D%(v(t)_lHt) PTt> o} and {.,Z(v(t)Ht_l) IPTt> o} (2.5.5)

are tight for every probability 7t on E and each non-decreasing, additive functional H
of X with 0 < u(H) < oo. °

As seen before, v(t) = t is a deterministic equivalent in the positive recurrent
case. Locherbach and Loukianova (2008) showed that some deterministic equivalent
exists whenever X is Harris recurrent. For further details on the generality of their
approach, we also refer to Locherbach and Loukianova (2011).

2.5.22 Definition. Let X be a Harris recurrent Markov process with invariant mea-
sure p and resolvent (R"),~. We say that X satisfies Darling—Kac’s condition if, for
some 0 < § < 1, there exists a function v : Ry — R4 which is regularly varying of
index ¢ at infinity such that

1

RA - . .
o(1/7) 8(x) -—— p(g) p-almost everywhere as A | 0 (2.5.6)
for every u-integrable function g on E. .

We note that, in the positive recurrent case, Darling-Kac’s condition holds with 6 =1

and v(t) = t/u(E).
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2.5.23 Definition. For 0 < a« < 1, let K = (K});>0 denote the a-stable Lévy subordina-
tor with Laplace transform Ee ¢Kt = ¢ 1" for ¢, t>0.Set Ly :=inf{s > 0: Ks > t}.
We call L = (L¢)¢>0 the Mittag-Leffler process of order a. By abuse of notation, we also
call L; = t the Mittag-Leffler process of order one. o

For a brief introduction to the properties of the Mittag-Leffler processes, we refer to
Hopfner and Locherbach (2003).

2.5.24 Theorem (Touati (1987) Théoréme 3). Let X be a Harris recurrent Markov pro-
cess which satisfies Darling—Kac’s condition for some 0 < 6 < 1 and some v.
Let H= (H',...,H") be a u-integrable additive functional of X with (component-wise)
non-decreasing paths. Then, under every law P”, we have the following convergence in law
in D(R"):

(v(t)—ngt,...,v(t)—l gt) =, (y(Hl)Ls, . .,y(H”)LS) , (2.5.7)

s>0 t—o0 s>0

where L is the Mittag-Leffler process of order ¢.

2.5.4 Jumps of Markov processes; Lévy system; Lévy kernel

2.5.25 Theorem (Benveniste and Jacod (1973) Théoréeme 1.1). Let X be a Hunt pro-
cess on some state space E. Then there exists a kernel F on E with F(x,{0}) = 0 and a
non-decreasing, continuous additive functional H of X such that, for every Borel function
g : Ex E = Ry, every probability 7 on E, and every t > 0,

t
E™ Y g(Xe, AXo)ix, sx) = E"/st/F(Xs,dy)g(XS,y). (2.5.8)
0 E

0<s<t

A pair (F, H) satisfying eq. (2.5.8) is called a Lévy system (see also Watanabe, 1964).
We call F a Lévy kernel of the Hunt process X. If there exists a Lévy system (F, H)
with H; = t, we call the — then distinguished — kernel F of the Lévy system (F, t) the
(canonical) Lévy kernel of X.

The proofs in Benveniste and Jacod (1973) show that the continuity of the addi-
tive functional H is intimately related to the quasi-left continuity of the process and,
hence, to the absence of branch points (recall Corollary 2.5.10). In the terminology of



2.5 Markov processes

Section 2.2, the random measure dH; ® F(X;, dy) on Ry x E is the predictable com-
pensator of the jump measure of the cadlag process X. For conditional expectations

w.r.t. to the strict past of jump times, in this thesis we apply the following result.

2.5.26 Theorem (Weil (1971) Théoréme 1). Let X be a Hunt process with Lévy system
(F,H)andlet A C {(x,y) € EXE:x #y}. Weset T :=inf{s > 0: (X;_, X;) € A}
and suppose that (Xt_, X7) € A almost surely on {0 < T < oo}. Then, for every Borel
function g on E X E and every probability 7 on E, we have

E™ [g(XT_,XT)IL(KT@O | ﬁT_} = Fag(X1_ )lo<T<co P -almost surely, (2.5.9)

where

LFAnSGIated) = ie0 < [ F(x,dy)1a(x,y) < oo,
Fag(x) :=

JF(xdy)La(xy)
0, otherwise.

(2.5.10)
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3 On non-parametric estimation of the Lévy kernel of

Markov processes

This chapter is based on Ueltzhofer (2012). The individual introduction in Section 3.1
has been edited for presentational purposes in view of the general introduction of
this thesis (Chapter 1). Cross-references to the material presented in Chapter 2 have

been added. The proof of Lemma 3.4.10 is presented in a more detailed version.

3.1 Introduction

In this chapter, we consider a Harris recurrent Markov process X which is an Ito
semi-martingale. In view of Theorem 2.2.12, such a process is a solution of some
stochastic differential equation

dX; = b(X,{)df + U(Xt)th -+ /5(XtIy)]l{|(5(Xt_,y)|>1}p(dt/ dy)

(3.1.1)
+ /5(Xt/y)1{|5(xf,y)|<1}(lﬂ —q)(dt,dy),

with coefficients b, ¢ and §; the SDE is driven by some Wiener process W and some
Poisson random measure p (with intensity measure q(dt,dy) = dt ® A(dy)). The
law of its jumps is more or less described by the kernel F where, for each x, the
measure F(x, -) coincides with the image of the measure A under the map y — J(x, y)
restricted to the set {y : (x,y) # 0}. We call F the (canonical) Lévy kernel of X. We
assume that the measures F(x,dy) admit a density y — f(x,y), and we aim for
non-parametric estimation of the function (x,y) — f(x,y).

On an equidistant time grid, we observe a sample Xo(w), Xa(w), ..., Xua(w) of
the process; the jumps are latent. We study a kernel density estimator for f(x,y).
We show its consistency as nA — oo and A — 0 under a smoothness hypothesis on
the estimated density. In the ergodic case, we obtain asymptotic normality. In the
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3 On non-parametric estimation of the Lévy kernel of Markov processes

null recurrent case, we impose a condition on the resolvent of the process which
goes back to Darling and Kac (1957). Thereunder, we prove asymptotic mixed
normality. We also provide a standardised version of our central limit theorem for
the construction of asymptotic confidence intervals.

Our results are comparable to those in classical non-parametric density estima-
tion. In particular: Our estimator’s asymptotic bias and variance resemble those of
the Nadaraya—Watson estimator in classical conditional density estimation. Just as in
the classical context, moreover, the bandwidth choice is crucial for our estimator’s
rate of convergence. We conjecture that, for instance, a cross-validation method
applies here analogously; see Fan and Yim (2004) and Hall, Racine, and Li (2004).
By an optimal choice, if A — 0 fast enough, the rate is v(nA)“laz/ [d(a1+a2)+201 2]
where a; > 0 (resp., ap > 0) stands for the smoothness of f as a function in x
(resp., in y), and the function v plays the role of an information rate. In the ergodic
case, v(t) = t; in the null recurrent case with Darling—-Kac’s condition imposed
(see Definition 2.5.22), v(t) = t°/(t) for some 0 < § < 1 and some slowly varying
function /. We remark that, in the case a; = a,, our achieved rate v(nA)*/(2x1+24)
equals the non-parametric minimax rate of smooth density estimation, related to the
smoothness of f as a 2d-dimensional function and with respect to v(nA).

At the core of our statistical problem, we essentially have to study the case first,
where the process is observed continuously in time and, in particular, all jumps are
discerned. In this case, we can consider a more general class of quasi-left continuous,
strong Markov processes with cadlag sample paths than just Itd semi-martingales.
For these, the law of their jumps is again described by their Lévy kernel. We present
a version of our estimator which utilises that the sojourn time of certain sets and the
jumps are observed. Under slightly weaker assumptions, we prove the estimator’s
consistency and asymptotic (mixed) normality. As these results are valid for a quite
general class of processes, we believe that they are of independent interest, not
only as a benchmark for all possible estimators which are based on some discrete
observation scheme.

For discrete-time Markov chains, a related result is presented in Karlsen and
Tjostheim (2001). We are aware that our final steps of proof appear to be similar. We
emphasise that the main difficulties in our context, however, come in two respects: on

the one hand, from establishing an appropriate auxiliary framework where related
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3.1 Introduction

methods apply; on the other hand, from the discrete observation scheme where our
primary objects of interest — the jumps — are latent.

For continuous-time Markov processes, apart from the Lévy process case and as
far as known to us, estimation of their Lévy kernel has been confined to the special
case of Markov step processes. For these, there exists a one-to-one correspondence
between the Lévy kernel and the infinitesimal generator. On the one hand, efficient
non-parametric estimation of Markov step process models has been studied by
Greenwood and Wefelmeyer (1994). They assume the mean holding times to be
bounded, and the transition kernel to be uniformly ergodic. This excludes the null
recurrent case. On the other hand, the work on parametric estimation of Markov
step processes is more exhaustive. The null recurrent case has been studied, for
instance, by Hopfner (1993). There, the process is observed up to a random stopping
time such that a deterministic amount of information (or more) has been discerned.
Local asymptotic normality is shown in various situations. With a slightly different
aim, in contrast, Hopfner et al. (1990) considers Markov step processes observed
up to a deterministic time. Accordingly, the observed amount of information is
random. Local asymptotic mixed normality (of statistical experiments) is shown
under Darling-Kac’s condition. Here, we utilise some of their results and methods.
We improve upon the restrictions within the aforementioned literature: First and
foremost, we do not restrict ourselves to Markov step processes. Secondly, we
consider processes, null recurrent in the sense of Harris, in a non-parametric setting.
Thirdly, we address the influence of observations on a discrete time grid.

We briefly outline this chapter. In Section 3.2 we study the estimation of the
Lévy kernel based on discrete observations. Split into three subsections, we present
the statistical problem with our standing assumptions; we give our estimator along
with a bias correction; and state our main results — the estimator’s consistency and
the central limit theorem. In Section 3.3, we study the case where continuous-time
observations are available. This section is organised analogously to Section 3.2.
The corresponding proofs are in Section 3.4. The proofs for our main results of
Section 3.2 are in Section 3.5. Each proofs section comes with its own short outline
at its beginning. Since we bring together potential theoretic aspects of Markov
processes with functional and martingale limit theory, we put some of our technical
considerations off to Section 3.6.
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3 On non-parametric estimation of the Lévy kernel of Markov processes

3.2 Density estimation of the Lévy kernel from high-frequency

observations

3.2.1 Preliminaries and assumptions

On the filtered probability space(s) (Q), %, (%t)1>0, (P¥)xecE), let X = (X¢)1>0 be a
Markovian Itd semi-martingale with values in Euclidean space E = (le, %d), or a
subset thereof, such that P*(Xy = x) = 1 for all x. For n € N and A > 0, we observe
Xo(w) and the increments

A X(w) == Xia(w) = Xg—ya(w) k=1,...,n. (3.2.1)

We emphasise that the jumps of the process are latent.

Throughout this chapter, we use the notation introduced in Chapter 2 and,
moreover: We abbreviate E* := E \ {0}. For « > 0 and A C E, in addition, Cr C(A)
denotes the class of all continuous functions on A which are |« |-times continuously
differentiable such that every x € A has a neighbourhood on which the function’s
(partial) |«]-derivatives are uniformly Holder of order « — |«].

We recall from Section 2.2.3: The characteristics (B,C,n) of X are absolutely
continuous with respect to Lebesgue measure; there are mappings b : E — E and
c:E— E®E, and a kernel F on E with F(x,{0}) = 0 such that

t t
B; = /b(Xs)dS, C = /C(Xs)ds, and n(dt, dy) =dt® F(X;, dy). (3.2.2)
0 0

The random measure n is the predictable compensator of the process’s jump measure
(see eq. (2.2.5)): For every Borel function g : E x E — R, (initial) probability 7r, and
t > 0, we have

t
BT Y §(Xa AX)Ux_pxy =E7 [ds [F(Xody)g(Xey).  (23)
0 E

O<s<t

We call F the Lévy kernel. It is unique outside a set of potential zero. We assume it
admits a density (x,y) — f(x,y) which we want to estimate.
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3.2 Estimation from high-frequency observations

Throughout, we work under the following technical hypothesis on the character-

istics:

3.2.1 Assumption. (i) The process X satisfies the following (linear) growth condi-

tion: There exists a constant { < co and a Lévy measure F on E such that
)] <@+ lxll), Nle@)| <2+ [xl*), and F(x,A) < (14 x[)F(A)

holds for all x € E and every Borel set A C E. We denote by B € [0,2] some
constant such that [ F(dw)(||w|/’ A1)) < co.

(ii) The Lévy measure F admits a density f which is continuous on E*.
(iii) There exists a constant { < oo such that sup, ., Izl f(z) < . o

Remark. Apart from the growth condition, there is no assumption on b and c.

Whether X is a weak or a strong solution of eq. (3.1.1) is irrelevant to us.

We impose assumptions on the recurrence of X and on the smoothness of f. To

obtain consistency for our estimator below, we impose:

3.2.2 Assumption. The process X is Harris recurrent with invariant measure y (see

Definition 2.5.14). o

3.2.3 Assumption. There exists an « > 0 for which the Lévy kernel admits a den-
sity f € CJ! .(E x E*); and the invariant measure from Assumption 3.2.2 admits a

. . /
continuous den51ty . >

To obtain a central limit theorem, we also impose:

3.2.4 Assumption. For some 0 < § < 1, the process X satisfies Darling-Kac’s condi-
tion with an — at infinity — regularly varying function v : R — R4 of index ¢ (see

Definition 2.5.22). o

Remark. In the positive recurrent case (that is, when y is finite), Assumption 3.2.4
indeed is satisfied for 6§ = 1 and with v(t) = t/u(E). We also refer to Touati (1987)
and to Hopfner and Locherbach (2003).
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3 On non-parametric estimation of the Lévy kernel of Markov processes

3.2.5 Assumption. For some a1,y > 2, the Lévy kernel admits a density f which
(E) for

(E*) for all x € E; and the invariant measure

is twice continuously differentiable on E x E* such that x — f(x,y) € C/L
ally € E*, and y — f(x,y) € C;2
from Assumption 3.2.2 admits a continuous density y’ which is ([aq] — 1)-times

continuously differentiable. o

Example. Suppose that f is bounded and vanishes outside {||x| < 1,|y|| < 1};
that is, there are neither jumps with left-limit outside the unit ball nor jumps of
size bigger than one. Then our process’s recurrence (or transience) is completely
determined by drift and volatility. For instance:

(i) If the volatility o vanishes everywhere and the drift satisfies b(x) = —x, then

X is positive recurrent.

(ii) If the drift b vanishes everywhere, and the volatility satisfies o(x) = 1, then
X is not positive. In fact, X has the recurrence (or transience) of Brownian
motion: In the univariate case, X is null recurrent and Darling-Kac’s condition
holds with é = 1/2; in the bivariate case, X is null recurrent and Darling-Kac’s

condition fails; and in all other multivariate cases, X is transient.

3.2.2 Kernel density estimator

In principle, we are free to choose our favourite estimation method, for instance, the
method of sieves with projection estimators. Here, however, we introduce a kernel
density estimator as it allows for a more comprehensible presentation of the proofs.
Also, the method is well-understood in the context of classical (conditional) density
estimation.

An outline: Firstly, we choose smooth kernels g1 and g, with support B;(0) (the
unit ball centred at zero) which are, at least, of order & and «», respectively; that is,
for every multi-index m = (my,...,my) € N%\ {0} and each i € {1,2}, we have

m| :=my 4 +my <a; = km(gi) = /xlm1 ----- x;”dgi(x)dx =0. (3.24)

Secondly, we choose a bandwidth vector 7 = (11, 72) > 0. Lastly, we construct an
estimator for f(x,y) using the kernels ¢/ (z) := 7" 19:((z— x)/n;). If the bandwidth



3.2 Estimation from high-frequency observations

is chosen appropriately, we achieve a consistent estimator which follows a central

limit theorem.

3.2.7 Definition. For y = (11,72) > 0, we call ﬁf "I defined by

Y81 (Xpeenya)8d (ARX) .o o 7,x
) P if Yy, Xip_ >0,
Z,w(x,y) = AYi-181" (X(e-1)a) Lic1 81 (Xe-na)

0 otherwise,

(3.2.5)

the kernel density estimator of f (w.r.t. bandwidth 1 based on Xy, Xa, ..., Xja). o

In analogy to classical conditional density estimation, we also introduce a bias

correction for our estimator.

3.2.8 Definition. For 7 = (11,72) > 0, we call 4" defined by

;

77061 Z "m1+m2(gl)ZZ:1 zic_mllg?x(x(k*l)A) "2 AA’”(x Y)
7 n 4
1|m1|+nﬁé|_,x1ml!m2! Y1 g¥x(x(k—1)A) dxm2
A L ma|#0
I (x,y) = g Z Km(gz)i AA,;y(x y), if Yk—1 8117'x(X(k71)A) >0
: || =a ml - oy™ " o oy, 00 € N* ’
0, otherwise,

\

the bias correction for an 1. (The sums in the previous equation are over all multi-

indices of appropriate length.) o

3.2.3 Consistency and central limit theorem

Here, we present our main results. We agree to the following conventions: Under
Assumptions 3.2.2 and 3.2.4, v denotes the regularly varying function given in
eq. (2.5.6). Under Assumption 3.2.2 only, v denotes an arbitrary deterministic
equivalent of the Markov process X (see Definition 2.5.21). For typographical
reasons, we may write v; for v(t) or X(t) for X; etc. as convenient.

We utilise the following conditions as nA — co and A — 0, where 0 < (1, {» < oc:

UﬂAﬂgl,nﬂg,n — o0, and Mn — 0, Mon — 0; (3-2.6)
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3 On non-parametric estimation of the Lévy kernel of Markov processes

d+2uq  d 2 d _d+2a 2
UnA 0 2, — ¢1, and UnAM,nM2n 2= 0 (3-2.7)

In addition, we also utilise the following conditions due to discretisation, where

{ < oo is independent of n:

2V(B+d)

Am—j—d[(lfz/(ﬁﬁ))vo] —0, and Ap,, — 0; (3.2.8a)
d—4-2d[(1-2 d)NO

”Azﬂinﬂg,n < g/ UnAAZULn [( /()N }7’]5,” — O, (328b)

and vnAA217‘li,n17§;4vz(ﬁ+d) — 0. (3.2.8¢)

Remark. If A — 0 fast enough, then egs. (3.2.6) and (3.2.7) are the crucial conditions.

3.2.9 Theorem. Grant Assumptions 3.2.1 to 3.2.3. Let 0, = (11, 2,n) be such that
eqs. (3.2.6) and (3.2.8a) hold. Moreover, let (x,y) € E x E* be such that y'(x) > 0 and
F(x,E) > 0.

(i) If nA? — 0, then, under any law P™, we have the following convergence in probability:

20,11 P
fo " y) —— f(xy). (3-2.9)
(ii) Grant Assumption 3.2.4 in addition. If (nA)'=°A — 0, then, under any law P”,
eq. (3.2.9) holds as well.

Remark. By this theorem, our estimator is consistent for every x and y # 0 if nA — oo
and A — 0. In practice, however, both n and A are given! Then, for instance, if a
continuous martingale component is present, our estimator is unreliable for all y
close to the origin. To illustrate this important point, suppose that X is a univariate
process with constant volatility 0 > 0. Increments with absolute value less than
{oAY?, where  is quite a large constant (e.g., { = 5), are predominantly due to
the continuous martingale and not due to jumps. On the set {y : |y| < {oAl/?},
therefore, our estimator an "I(x,-) is unreliable regardless of the chosen bandwidth 7.
We illustrate this point in a simulation study (see Section 5.1).

For the next theorem, we establish additional notation. On an extension

(Q,2,P)=(Qx0, 7.7 ,PTaP) (3.2.10)
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of the probability space, let V = (V(x,y))xcEycE+ be a standard Gaussian white
noise random field (that is, the finite dimensional marginals of V are i.i.d. stan-
dard normal) and let L = (L¢);>0 be the Mittag-Leffler process of order ¢ (see
Definition 2.5.23) such that V, L and .# are independent. In the theorem below,

convergence holds stably in law (recall Definition 2.3.1).

3.2.10 Theorem. Grant Assumptions 3.2.1 to 3.2.5. Let 11, = (11,4, 2,n) be such that
eqs. (3.2.6) and (3.2.8) hold, and let (x;,y;);c be a finite family of pairwise distinct points
in E x E* such that y'(x;) > 0 and F(x;,E) > 0 for each i € I. If (nA)*°A — 0, then,

under any law P”, we have the following stable convergence in law:

[ o (gl Fgy"") z-st (0(xi,Yi)
< vnAﬂf,nﬂg,n (fn 7 (Xi/yi) - ;(g?,xiz) . oo \/ZL—ll V(xz',yz‘) o
1€

iel

where the asymptotic variance is given by

o(x,y)? = f;i';/)) /gl(w)Zdw/gz(z)zdz. (3.2.11)

In addition, let n, be such that eq. (3.2.7) holds as well. Suppose either that ay, ay € N*
or that {1 = {» = 0in eq. (3.2.7). Then, under any law P”, we have the following stable

convergence in law:

(ot (72 0 = £ ) 2 (i) + V(i) )

iel iel

where — in the former case — the asymptotic bias y(x,y) is given by

o Cl Kmy+my (81) o™ / 0"
’)’(x/y) - ‘u/(X) |m1+§2:a1 ml!mZ! axml ]’l (x) axmzf(x/y)
|ma|#0 (3.2.12)
Km(g2) 9
+ C N 7 7

and — in the latter case — y(x,y) = 0.
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3 On non-parametric estimation of the Lévy kernel of Markov processes

Remark. The asymptotic bias and variance of our estimator are analogous to those
of the Nadaraya—Watson estimator in classical conditional density estimation (see
Hansen, 2009): k,(g;) and [ gi(z)?dz are the relevant moment and the roughness of
the kernel g;, respectively; and f (resp., ') plays the role of the conditional (resp.,
marginal) density.

We recall that v from Darling—Kac’s condition (see Definition 2.5.22) satisfies
vt = t in the ergodic case, and v; = t°/(t) for some slowly varying function ¢ in the
null recurrent case. If we choose 7;,, = v, chi with

%]
a1+ 062) + 20q 00

a1
d(ﬂél + 062) + 2061062,

gl = d( and §2 =

then egs. (3.2.6) and (3.2.7) hold with {; = {» = 1. If A — 0 fast enough such that
nAltld(ata)+2a0]/8 0 in addition, where ¢ denotes the maximum of

4?2
(1—90)d(aq +ap) +2mq0p, Saq(ap+2+d) and day (041 + 2+ 2y d) ,
then our choice of 7, also satisfies eq. (3.2.8) for every p < 2. Consequently, our
estimator’s rate of convergence is

UzlAacz/[d(M-i-“z)-FMl“z]. (3.2.13)

. 2a+2d o
In the case a1 = ay, the achieved rate vzg( -+2d) equals the non-parametric minimax

rate of smooth density estimation, related to the smoothness of f as a 2d-dimensional
function and w.r.t. v,.

Remark. Bandwidth selection has always been a crucial issue in these kind of studies.
Although orders of magnitude are crucial from an asymptotic point of view and
in = (nA)~% for some & > 0 may be a good choice , we note that, in practice,
Nin = C(nA)~% with leading constant { # 1 could be a better one. A detailed
analysis would go beyond the scope of this chapter. We briefly comment on two
problems: How to choose the bandwidths manually such that conditions (3.2.6-3.2.8)
are satisfied for the unknown v, a1, ap and B? What needs to be considered when

employing data-driven methods for selecting optimal bandwidths?
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3.2 Estimation from high-frequency observations

(i) Let ap > 2 and 0 < Jp < 1 such that &y > d/(d + ap). If we choose #;, =
(nA)~1/(24+2%) then egs. (3.2.6) and (3.2.7) hold for all processes X such that
Assumptions 3.2.4 and 3.2.5 hold for some a1, > ap and 6y < 6 < 1. If
A — 0 fast enough such that nAl*2®e+d]/[00+(2+d)Vao] ) in addition, then

our chosen bandwidth also satisfies eq. (3.2.8).

(ii) The asymptotic bias and variance are proportional to the value of f and its
derivatives at the point of interest. The optimal bandwidth choice in terms
of the asymptotic mean squared error, therefore, may depend heavily on x
and y. Especially for processes with infinite activity — where y — f(x,y) has
a pole at zero — this is an important issue in practice. In a future study on
data-driven bandwidth selection methods like cross-validation, this distinction

from estimating a bounded probability density has to be addressed carefully.

Theorem 3.2.10 does not allow for a direct construction of confidence intervals.

For this purpose, we also obtain the following standardised version.

3.2.11 Corollary. Grant Assumptions 3.2.1 to 3.2.5. Let 0, = (11,4, J2,n) be such that
egs. (3.2.6) to (3.2.8) hold. Suppose either that oy, ay € N* or that {1 = (o = 0 ineq. (3.2.7).
Then under any law P™, we have the following stable convergence in law:

d d n Vl/xi
Mo Le1 81 Xoe-0)a) (oamr g >
(J §AHA’,7H (Xi,yi) < n (xz/]/z) —Tn (xz/]/z) _f(xzz]/z))

where &3 = [ g1(w)*dw [ ¢»(2)*dz.

Remark. In principle, the results of this section are extendible to more general Markov
models with Lévy kernel F such that eq. (3.2.3) holds. In view of our proofs, the
assumption that X is an Itd semi-martingale is crucial for the analysis of the influence
of discretisation (see Section 3.5.1). Suppose that an explicit upper bound for the

small-time asymptotic “error”

» P 8000 - [ Pl c)gt
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3 On non-parametric estimation of the Lévy kernel of Markov processes

and an explicit sufficient condition which ensures

, Lsn1] |sn]A

AY (X)) — / ha(X,)dr| £ 0
s<1 UnAli, | k=1 5 e

for &, = 1or & = UnAiyfnﬂgln are available for some Markov process X. Then it is
straightforward (see Lemma 3.5.7 and eq. (3.5.31) — Lemmata 3.5.6, 3.5.9 and 3.5.10,
respectively) to come up with sufficient conditions for Theorems 3.2.9 and 3.2.10,
which replace eq. (3.2.8).

3.3 Density estimation of the Lévy kernel from continuous-time

observations — A benchmark

The Lévy kernel of a Markov process is related with jumps. In fact, our estimator
eq. (3.2.5) uses X(x_1)a and A X as proxies for the pre-jump value X;_ and the jump
size AX; if, at a time t € [(k — 1)A, kA], there is a jump from a neighbourhood of x
and of size close to y. Eventually, such time intervals contain either zero or one such
jump; never more. Certainly, the statistical analysis simplifies if we observed the
whole path of X; introducing proxies would be useless. So, despite observing the
whole path of X is somewhat unrealistic, it is theoretically important to study what
happens in this case. This section is devoted to this question and can be viewed
as a benchmark for what properties are achievable with a more realistic, discrete

observation scheme.

3.3.1 Preliminaries and assumptions

On the filtered probability space(s) (Q, .7, (%#t)i>0, (P¥)xeE), let X = (X¢)s>0 be a
strong Markov process with values in Euclidean space E = (R%, %), or a subset
thereof. Its sample paths are supposed to be cadlag; and X is supposed to be
quasi-left continuous (see Definition 2.1.9). In other words, X is a Hunt process
(see Definition 2.5.13). We observe — continuously in time — one sample path
{Xs(w) :s €[0,t]} for t > 0; in particular, we discern all jumps.
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3.3 Estimation from continuous-time observations

Benveniste and Jacod (1973) proved the existence of a Lévy system (F, H) where
H is continuous (recall Theorem 2.5.25): For every Borel function g: E X E —+ R,

probability 77 on E, and t > 0, we have

t
E™ ), 8(Xs—, AXs)lqx, 2x) =E" / dH / F(Xs,dy)g(Xs,y). (33-1)
0 E

O<s<t

We remark once more that the disintegration into F and H is by no means unique.
For an appropriate reference function gg with F go(x) > 0, nevertheless, ratios of the
form Fg(x)/Fgo(x) are unique outside a set of potential zero.

Throughout this section, we work under the following hypothesis:

3.3.1 Assumption. There exists a Lévy system (F, H) of X where H; = t. o

Recalling eq. (3.2.3), we observe that all Markovian Itd semi-martingales satisfy
Assumption 3.3.1. In analogy to the semi-martingale case, we call this F in Assump-
tion 3.3.1 the (canonical) Lévy kernel of X. It is unique outside a set of potential zero.
Again, we assume it admits a density (x,y) — f(x,y) which we want to estimate.
Compared to Section 3.2, we slightly weaken the assumptions imposed on
the smoothness of f. To obtain consistency for our estimator below, we impose

Assumption 3.2.2 and:

3.3.2 Assumption. The canonical Lévy kernel admits a density f, continuous on
E x E*; and the invariant measure from Assumption 3.2.2 admits a continuous

density . o
To obtain a central limit theorem, we also impose Assumption 3.2.4 and:

3.3.3 Assumption. For some a1, &2 > 0, the canonical Lévy kernel admits a density
f such that x — f(x,y) € C;\(E) for ally € E*, and y — f(x,y) € C/2(E*) for
all x € E; and the invariant measure from Assumption 3.2.2 admits a continuous
density u' which is ([ag] — 1)-times continuously differentiable. o

3.3.2 Kernel density estimator

In Section 3.2.2, we introduced a kernel density estimator and its bias correction based

on discrete observations. Here, we present corresponding versions which utilise
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3 On non-parametric estimation of the Lévy kernel of Markov processes

the continuous-time observation scheme. We recall that g; and g are kernels with
support B1(0) which are, at least, of order a1 and a5, respectively. Given a bandwidth
vector 7 = (171,72) > 0, we utilise the kernels ¢/ (z) = 17,7 %¢;((z — x)/1;).

3.3.4 Definition. For 77 = (111,72) > 0, we call f defined by

st 81 (X ) g (AXs)1
Yo<s<t81 (Xs )82 (AXs) {Xs_ #Xs} if ft ;7x dS >0,

flxy) = Jogt” (Xe)ds
0 otherwise,
the kernel density estimator of f (w.r.t. bandwidth # up to time t). S

Our estimator in Definition 3.2.7 is the discretised analogue from the one pre-
sented here: In the numerator of the former, the jumps AX; and the pre-jump left-
limits X; are replaced by the increments A} X and the pre -increment values X ;_1)a,
respectively. In the denominator, the 50]ourn time fo g1 *(X,)ds is replaced by its
Riemann sum approximation A}, g1 (X(kfl) ). In analogy to Definition 3.2.8,

we also introduce a bias correction for our estimator:

3.3.5 Definition. For 57 = (11,72) > 0, we call 4/ defined by

t am
(’7“1 Y K-y (1) Jo g8l (Xs)ds o2 i (x,y)
1 t
\m1+mz\:a1m1!m2! otg117x( Xs)ds ox™2
”)\’Z(X,y) — |m2‘7é0 . .
gt ¥ 8 Iy, i hST XG0
2 =l gyl AT aq,0p € N* 7
|m|=az
L 0, otherwise,
the bias correction for f;. o

3.3.3 Consistency and central limit theorem

Here, we present our results of this section. We continue to use the notation and
conventions from Section 3.2.3.

We utilise the following conditions as t — oo, where 0 < {1, (> < oo:

vﬂy‘f’tiy‘it —o00, and #1; — 0,12 — O; (3.3.2)

54



3.3 Estimation from continuous-time observations

d
oy, gy — ¢, and oy = GG (3:3:3)
3.3.6 Theorem. Grant Assumptions 3.2.2, 3.3.1 and 3.3.2. Let 5y = (41, J2,+) be such that
eq. (3.3.2) holds. Moreover, let (x,y) € E x E* be such that y'(x) > 0 and F(x,E) > 0.
Then, under any law P, we have the following convergence in probability:

(2, y) = f(xy).

t—o00
3.3.7 Theorem. Grant Assumptions 3.2.2, 3.2.4, 3.3.1 and 3.3.2. Let 5y = (14, 12,+) be
such that eq. (3.3.2) holds. Moreover, let (x;,Y;)ic; be a finite family of pairwise distinct
points in E x E* such that p'(x;) > 0 and F(x;,E) > 0 for each i € 1. Then, under any
law P, we have the following stable convergence in law:

thF myl) P O'(X' )
\/? Al (xi, i) — Gl § - < IV (x,y; > ,
< t’71t772t< (xi, yi) V(grlyt ) oy e NG (xi,yi) ,

iel

where the asymptotic variance is given by

o(x,y)? w)*dw / g2(2)%dz. (3.3-4)

In addition, grant Assumption 3.3.3 and let 17; be such that eq. (3.3.3) holds as well.
Suppose either that a1, 0y € N* or that {1 = (» = 0in eq. (3.3.3). Then, under any law
P, we have the following stable convergence in law:

(\/Uf’ht’?zt( A (xi, 1) _f(xiryi)>>i61 % (’Y(xi,yi) + U(\’;ii_fi)V(xi/yi)>. ,

i€l

where — in the former case — the asymptotic bias y(x,y) is given by

gl Km1+m2(g1) o™ / 0"
) = |m1+§z|—a1 myimyt it Y g (4)
2] #0 ) 3 (3.3-5)
Km\&2
+€ Z _ﬂ’l ( ’y)l
=ty m! dy

and — in the latter case — y(x,y) =0
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3 On non-parametric estimation of the Lévy kernel of Markov processes

We compare Theorems 3.2.10 and 3.3.7: Firstly, we remark that the asymptotic
bias and variance of ﬁ,,A "I"are equal to those of our benchmark estimator f,. Secondly,

if we choose #;; = v, S with
&1 =wp/[d(w1 + ap) +2010p] and & = ap/[d(ag + an) + 2a1a0]

again, then egs. (3.3.2) and (3.3.3) hold with {; = {» = 1. The rate of convergence in
Theorem 3.3.7 is

viqzxz/ [d(aq +m2)+20¢1a2}; (3.3.6)
the rates in egs. (3.2.13) and (3.3.6) are equivalent. Thirdly, we observe that our
remark on the issue of bandwidth selection holds analogously. Lastly, we note that
Theorem 3.3.7 does not allow for a direct construction of confidence intervals just
as Theorem 3.2.10. In analogy to Corollary 3.2.11, we also obtain the following

standardised version.

3.3.8 Corollary. Grant Assumptions 3.2.2, 3.2.4 and 3.3.1 to 3.3.3. Let 5y = (114, 71j2,¢) be
such that egs. (3.3.2) and (3.3.3) hold. Suppose either that a1, 0y € N* or that {1 = (, =0
in eq. (3.3.3). Then under any law P, we have the following stable convergence in law:

(J i i, [ &1 (Xs)ds

§ Atm(xi, Yi)

( A (i yi) = A1 (i i) — f(xi yz’)))
iel
L2 (V)

t—o0 i€l

where &3 = [ g1(w)*dw [ ¢»(2)*dz.

3.4 Proofs for results of Section 3.3

The notion of a deterministic equivalent of a Markov process plays a crucial role in the
limit theory for our estimator (recall Definition 2.5.21). We emphasise the following
consequence of Théoreme 3 of Touati (1987) (see Theorem 2.5.24): Under Darling—
Kac’s condition, the function v in eq. (2.5.6) is a deterministic equivalent of X. For



3.4 Proofs for results of Section 3.3

every H as in Definition 2.5.21, furthermore, we have that (v(t) ! Hg)s>0 converges
in law to a non-trivial process as t — co. For Markov processes violating Darling—
Kac’s condition, the latter convergence may not hold. Nevertheless, Locherbach and
Loukianova (2008) showed that some deterministic equivalent already exists when
X is Harris recurrent.

This section is organised as follows: Firstly, in Section 3.4.1 we prove a triangular
array extension of Birkhoff’s theorem for additive functionals. Secondly, in Sec-
tion 3.4.2 we introduce auxiliary Markov chains Z and Z’ derived from our Markov
process X. We show that our result from Section 3.4.1 applies to these chains. Some
technicalities are put off to Section 3.6. Thirdly, in Section 3.4.3 we demonstrate a
preliminary version of Theorem 13.3.6 which depends only on Z and Z’; we conclude
with the final steps in the proof of consistency. Lastly, in Section 3.4.4 we demonstrate
a preliminary central limit theorem which depends only on Z and Z’; we conclude
with the final steps in the proof of Theorem 3.3.7 and Corollary 3.3.8.

3.4.1 An extension of Birkhoff’s theorem

The theorem presented in this subsection is the underlying key result for our proofs.
It is a triangular array extension of Birkhoff’s theorem for additive functionals (recall

Theorem 2.5.20). We prove a rather general version.

3.4.1 Theorem. Let Z = (Zj)ren+ be a Markov chain with values in some state space D,
with invariant probability 1, and with transition kernel Y. Assume that the state space is
petite, that is, there exist a probability p on N* and a non-trivial measure v, on D such that,
for every Borel set A C D,

inf Zp K)YF(x, A) > v,(A).

xeD

Let (hy)nen+ be a sequence of functions such that (Yhy,)n,en+ is uniformly bounded. Let
¢n > 0 be such that

nén =00, &y Ylha) = <oo, (n&) "' p(|hul) =0 and (nZ3) () — 0

as n — oo. Then, under every law P for some probability 7t on D, the following convergence
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3 On non-parametric estimation of the Lévy kernel of Markov processes

holds uniformly on compacts in probability:

|sn]

G ,%o cs, where : ﬂCn Z ha(Zy). (3.4.1)

Remark. If (hy)nen+ is non-negative (resp., uniformly bounded), then n¢, — co and
& lp(hy) — ¢ < o0 already imply (1¢2) ~1¢(|hy|) — 0 (resp., (n&%) "1y (h2) — 0).

Proof (of Theorem 3.4.1). Convergence in probability is equivalent to the property that
— given any subsequence — there exists a further subsequence which converges almost
surely. By Proposition 17.1.6 of Meyn and Tweedie (1993), therefore, it is sufficient to
prove this theorem under the law P¥ only.

For each s > 0 and n € N*, we observe G! = H" + H", where

w_ Lsnl(i) w1

By assumption, we have H! — sc uniformly in s as n — co. It remains to show that
H" converges to zero uniformly on compacts in probability.

We note E¥ [h,(Zy)] = ¢(hy) for every k,n € N*; thus, EY[H!"] = 0 for all s > 0.
Moreover, its second moment satisfies E¥[( H/")?] = K + K", where

and

Firstly, we note

p(hy) _ p(h)?

ni  ng;

Secondly, let m € N* denote the period and Dy, ..., D,,_1 denote an m-cycle of

1=

> 0. (3-4.2)

n—oo

Z (recall Theorem 2.4.10). By Proposition 2.4.16, the restriction of the sampled
chain with transition kernel ¥ to each set D; is aperiodic and Harris recurrent
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with invariant probability my( - N D;). For every i € {1,...,m} and z € D;, we
denote j(I,z) := (i +1) mod m, where ‘mod’ stands for the modulo operator. For
every ng € N*, we observe

;ZO; (Tlhn (z) - l/"(hn)) = i (Tkm+lhn|Dj(l,z) (z) - mlp(hn|Dj(l,Z))>

Hence,

10

Y (Wha(z) = p(n))

o m
=1 <)) ’Tkm+lh”\0j<z,z> (z) - m"b(hnwja,z))‘ +mlip ().

As the state space D is petite w.r.t. ¥, so is each D; w.r.t. ¥™. By Theorems 16.2.1
and 16.2.2 of Meyn and Tweedie (1993) (see Theorem 2.4.19), there exists a { < 1
such that, for every Il =1,...,m and each k € N,

sup (¥ oo (2) = mp(hajoy, )| < 2 (3.4-4)
Consequently,
m < 2Lsnim ( Cp([hal) — $([hul)|ip(hn)]
< 2 (g ) e e

By egs. (3.4.2) and (3.4.5), EY[(H/")?] — 0, hence H* — 0 in probability as n — co.
It remains to show the local uniformity in s of this convergence.

By egs. (3.4.3) and (3.4.4), we have that h, — (hy,) is in the range of (I —¥). Let
h,, denote its pre-image under (I — ¥) (that is, its potential), and define the process
M" by
1 sn) .

M= L (hn(Zk) —‘mn(zk_l))

We note that M" is a ¢4/"-martingale where ¥ := 0(Z; : k < |sn]). Since (Yhy),en+
is uniformly bounded by assumption, so is (¥,),en:. As n — oo, therefore, we

59
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have
H" = MZ| = (nn) " [¥ha(Zo) = ¥hn(Z gu))| = 0.

Likewise,
EY[(M")?] <2EY(H™)? +2EY |H" — M2 - 0.

By Doob’s inequality (recall Theorem 2.1.12), therefore, M" = 0 in ucp. Hence, also

H'™ = 0 uniformly on compacts in probability as n — oc. O

3.4.2 The auxiliary Markov chains

In this subsection, we construct auxiliary Markov chains Z and Z’ to which Theo-
rem 3.4.1 applies. Once and for all, we fix our points of interest, i.e., {(x;,y;) :i € I}
of Theorem 3.3.7 such that y/(x;) > 0 and F(x;, E) > 0 for each i. Moreover, we
choose a compact set C D {x; : i € I} and constants 0 < ¢¢ < oo such that
e < |lyi|]| < & foralli € I and such that

. . /
inf F(x {y:e < lyll <¢'}) >0 (3.4.6)

Remark. Under Assumptions 3.2.2 and 3.3.2, such a set C always exists by the choice
of the points x; and the continuity of f on E x E*.

Let T7,T,,... denote the successive times of jumps of size between ¢ and 4
starting from C; that is,

T, :— inf{t >0:e< |AX;] < €, X € c} and T, 1:=T o001 +T,.

The conditional expectation w.r. t. the strict past of the stopping times T}, plays a key
role. We set

7(x) == F(x{y e < Iyll < €})1c(x),

g ' (x)f(x,y), ifxeCande< |ly| <¢,
plxy) =

0, else.
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3.4 Proofs for results of Section 3.3

It is well-known that T7 < oo a.s. if, and only if, #(q) > 0. In our case, this holds by
eq. (3.4.6). Therefore, T, < o a.s. for all n as well. For convenience, we abbreviate
the kernel with density p by IT; its shifted version with density (x,y) — p(x,y — x)
we denote by I'1. By Théoreme 1 of Weil (1971) (recall Theorem 2.5.26), IT (resp., IT)
is the conditional transition probability kernel of the jumps at the time(s) T, in the
following sense: On the set {T, < oo}, for every random variable Y, measurable
function g, and all x, we have

E*[g(AXT,) | Fr1,-] = Ng(XT,-), (3-4.7)
]EX[Y 9] QT,, | ng,] = fI]E'[Y](XTn,). (3.4.8)

We note ITE'[Y](x) = [ p(x,y) EXTY[Y]dy.
Let D := D([0,1[;E) x Ry x C. For every k € N*, we define the D-valued and
C-valued random variables

Zpi= (5= Xo_gp,_yesty Te— Te 1, X7, ) and Zj:= X, .

The corresponding filtration (% )ren- is given by % := .%1,_. We emphasise that we
exclude time k = 0. From eq. (3.4.8) and T; < o a.s., we deduce that Z = (Zj)xen-
and Z' = (Z} )ken+ are %-Markov chains. We denote their transition probabilities by
Y and @, respectively. We refer to Section 3.6 for technical results on these auxiliary
Markov chains.

3.4.2 Lemma. Let (g,t,x) € D, let A C C and A C D be measurable, and let k € N*,
Then

O(x, A) =TIP'(Z; € A)(x), (3-4.9)
Y ((g,t,x),A) = ¥ (x, A). (3.4.10)

Proof. We deduce egs. (3.4.9) and (3.4.10) directly from eq. (3.4.8) and the Markov
property of X, respectively. O

By Lemma 3.4.2, Theorem 3.4.1 applies to Z' and, also, to Z.
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3.4.3 Lemma. Grant Assumptions 3.2.2 and 3.3.2. Then the Markov chain Z' is strong
Feller. Its state space C is petite with respect to P.

Proof. Let f be a bounded Borel function and xp € C. Under Assumption 3.3.2, we
deduce from Lebesgue’s dominated convergence theorem that g is continuous. By
eq. (3.4.6), we have that x — p(x,y) is also continuous for every y and sup{p(x,y) :
x € C,y € E} < oo. Again by Lebesgue’s dominated convergence theorem, we
conclude that
Jim Tlg(x) = lim / plx y)g(x +y)dy = / p(x0,y)g(x +y)dy = I1g(xo).

By eq. (3.4.9), consequently, ® = ITP'(Z] € -) is strong Feller on C.

By the same argument as for the equivalence of T; < oo a.s. and u(gq) >
0, we have that the measure with y-density ¢ is an irreducibility measure of Z'.
Under Assumption 3.2.2, it is absolutely continuous. Thus, its support has non-
empty interior. By Theorems 6.2.5 and 6.2.9 of Meyn and Tweedie (1993) (see
Theorem 2.4.12), therefore, every compact set — hence the state space C of Z' —
petite with respect to ®. 0

3.4.4 Corollary. Grant Assumptions 3.2.2 and 3.3.2. Then the state space D of Z is petite
w.r.t. Y.

Proof. By Lemma 3.4.3, there exists a probability p on N* and a non-trivial measure

vp on C such that, for every Borel set A C C,

f k)DF(x, A) > v,(A
inf 22 P09 (5, 4) 2 1(4).

Let (g,t,x) € D, A C D be measurable, and g be the probability on N* given by
p(1) =0and p(k) = p(k — 1) for k > 1. By eq. (3.4.10), then

Z (K)¥*((g.t,x),A) = Y_ p(k)D¥ (x, A) > v,¥(A) =: 75(A).

k=1 k=1

Since Vp i8 non-trivial, so is Ug. 0
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3.4.3 Proof of Theorem 3.3.6

Throughout the remainder of Section 3.4, we work under the law P” for some

initial probability 7t on E and, for presentational purposes, we suppose w.l. 0. g. that

uig) =1.
We consider the processes G™, [ and S given by

’ 1
G (xy) =~ ) 8" (Xn-)83" (AXx,), (3.4.11)
k=1
o 1 lsn) e o 1 Tion) ox
s (x) = . Y ¢ (Xr-) and S¢7(x):= " / g (Xp)dr. (3-4-12)
k=1 0

We emphasise that these processes are of the form Z,&S:nlj hy(Zy) where Z is the
auxiliary Markov chain defined in Section 3.4.2. We utilise the following preliminary
condition as n — oo (cf., eq. (3.3.2)):

nﬂinqg,n — o0, and Min — 0, Non — 0. (3413)

3.4.5 Lemma. Grant Assumptions 3.2.2, 3.3.1 and 3.3.2. Let 11, = 11, be such that
eq. (3.4.13) holds. Then the following convergences hold uniformly on compacts in probability:

P(x) =% sq(x)p/(x) and  SIM(x) = s (x).

Proof. Let p and ¢ denote the invariant probabilities of Z and Z’, respectively. We
apply Theorem 3.4.1:

(i) We note that J"(x) is of the form eq. (3.4.1) with & = y#%and 1, : C = R
given by h,(z) = ¢1((z — x)/1n); (hy)nen- is uniformly bounded. By Corollary 3.6.6
where y(q) = 1, q is the p-density of ¢. Also q and y’ are continuous. By Lebesgue’s
differentiation theorem, thus,

! 1t [ p(d2)()81((z = ) /) s A (x),

Since nyd — oo, likewise, (n172%) 1(|hy|) — 0 as n — co. o
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(i) We note that S (x) is of form eq. (3.4.1) with &, = #% and h, : D — R
given by h,(g,t,z) = tfol 21((g(s) — x)/nn)ds. By Corollary 3.6.6, y = ¢¥. By
Lemmata 3.6.2 and 3.6.5, thus,

T o) = " [ u(d2)gi((z =) /) = b ().

Likewise, (ni13") " @(|hul) < (nyp®)~" [ p(dz)|g1((z — x) /)| — 0. By Corol-
lary 3.6.4, in addition, we observe

p(y) _ 2081l S #(d2)[81((z = x)/74)| 0
ny2® ~ infecq(z) ni2a n—seo D

3.4.6 Lemma. Grant Assumptions 3.2.2, 3.3.1 and 3.3.2. Let 1, = (1, Y2,n) be such
that eq. (3.4.13) holds. Then the following convergence holds uniformly on compacts in

probability:

G (x,y) =% sf(x,y)p'(x).
Proof. Let (#]")s>0 be the filtration given by J#" := 9‘TMH_. By eq. (3.4.7), we
have

E[AG™ | ") = g1 (Z)11gd™ (Z;)  for s = k/n.

Thus, the compensator of G w.r.t. (" )s>0 is given by

Hy"" = Zg””x Z)Tgy" (Zy)-

Fix s > 0. In analogy to the proof of Lemma 3.4.3, I1g7"” is continuous under
Assumption 3.3.2. In analogy to Lemma 3.4.5, s — 1! stnJ 187" (Z 1)| converges in

ucp to a non-trivial process as n — co. Therefore,

[sn]

n,0n 1, n,Mn ns. ns, 1 nsX
HY — gl ()27 (x)| < sup | gh(2) —T1gl ™ (x)| -5 1 [al ()
ZEBIM() k=1
— 0.
n—oo

64



3.4 Proofs for results of Section 3.3

Since p is continuous under Assumption 3.3.2, lim,_ Hgg"’y (x) = p(x,y) by
Lebesgue’s differentiation theorem. We recall f(x,y) = q(x)p(x,y). By Lemma 3.4.5,
hence,

HI =2 sf(x,y)p ().

n—o00
It remains to prove M} := G — H! = 0 uniformly on compacts in probability. By
eq- (3.4.13), we have sup, | AM? ||e < (n7999)71(|g1/|co ]| g2/|cc — O. By the martingale
limit theorem 2.3.10, thus, it is sufficient to show that the predictable quadratic

variation (M", M"); of M" converges in probability to zero for all s. We observe

<Mn,Mn> _ 1 LSZnEn[ X <gg”y(AXTk) TIg!™ ( lec)>2"%ci}n}

1 Lsn

< — Vl Z 771 ng}?n x(Zk / P(Zilc,}/ + 772,nz)g2<z)2dz'
”’71 n’72n B, (0)

In analogy to Lemma 3.4.5 again, s + 1~} ZIES"H & (Z

)2 converges in ucp to
a non-trivial process as n — co. As in the proof of Lemma 3.4.3, moreover, p is

bounded on C x E. Consequently, (M", M")s — 0 in probability as n — oo. O

Next, we carry Lemmata 3.4.5 and 3.4.6 over to the time-scale of X. Let | be the

process given by
Jei=Y Lo (Tx)- (3-4.14)
k=1
We note that | is a non-decreasing additive functional of X. It is the random clock of

Z (and Z') in terms of X. By eq. (3.3.1) — where H; = t —, we have u(]) = u(q) = 1.

3.4.7 Lemma. Grant Assumptions 3.2.2, 3.3.1 and 3.3.2. Let v : R4 — R denote a
deterministic equivalent of X, and let n and (x,y) € E x E* be as in Theorem 3.3.6. Then

the family {02” (Gzt}@t(x,y),szt’/@t(x) | ]P") > O} is tight. (3-4.15)

Moreover, each limit point of the family in eq. (3.4.15) is the law 2 (f (x,y)u'(x)L, ¢/ (x)L)

for some positive random variable L.
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Proof. As ] is a non-decreasing additive functional of X, by definition, the families
{Z(Je/ve | P™) : t >0} and {ZL(v:/]; | P™) : £ > 0} are tight. By Proposition 2.3.8
and Lemma 3.4.6, thus,

the family {.Z(G""(x,y),S""(x),]J/ve,ve/Je | P™) : t > 0} is tight.  (3.4.16)

Let QQ denote a limit point of the family in eq. (3.4.16), and let (¢,),cn a sequence
such that

g(thn/Utn (x,y)’svtnrﬂtn (x),]tn/vfn, Utn/]tn | ]1:)7-() _w > Q

n—o00

On some extension of the probability space, w.1.0.g., there exists a random variable
L > 0 such that Q = Z(s — sf(x,y)p'(x),s — sp'(x),L,1/L). Since its first and
second marginal are the laws of continuous processes, we have

2 (G (ey), Sy (0 | P7) s 2 (W (L L), o

n—o0o

Proof (of Theorem 3.3.6). For every t > 0 and each x and y, we have

. G (x,v)
Z]t (x’ y) = Utr’?t ]t/zit y 77t X
S]t/vt T fT] XS

Let h, : D — R be given by hy,(g,t,z) := tfol g7 (g(s))|ds. By Lemma 3.6.2
and Corollaries 3.6.4 and 3.6.6, we have 1 (h?) < 2||¢ ||00171_,Z(infzec q(z)) tu(lgl ).
By Markov’s inequality, since U%ﬂit — o0, therefore,

PY
/8mx )ds < 07 Mo, (Z),11) — (3.4.17)
T

By Proposition 17.1.6 of Meyn and Tweedie (1993), in analogy to the proof of
Theorem 3.4.1, this convergence in probability holds under every law ™.

We recall the results from Lemma 3.4.7. Let L > 0 be a random variable such
that the law Z(f(x,y)u'(x)L, ¢/ (x)L) is a limit point of the family in eq. (3.4.15).

66



3.4 Proofs for results of Section 3.3

Moreover, let (t,),en+ be a sequence such that

Mtn Mty Z ~ -
(Ghe ey), Syt () 22 (fE ' (L (L),

n—o0

We recall p/(x) > 0. Consequently, AZf”(x,y) — f(x,y) in law as n — oo by the

continuous mapping theorem. As this limit is unique and independent of the
particular limit point of the family in eq. (3.4.15), we have that f" (x,y) converges to
f(x,y) in law, hence, in probability. O

3.4.4 Proofs of Theorem 3.3.7 and Corollary 3.3.8

In this subsection, we work on the extended space eq. (3.2.10), L denotes the Mittag-
Leffler process of order 0 < 6 < 1, and W = (W');c; denotes an I-dimensional
standard Wiener process such that L, W and .# are independent.

In addition to the processes G"/, ] and S given in egs. (3.4.11) and (3.4.12),
we consider the process U™ given by

n n i n
U (x,y) = \V mﬁﬂg (Gsﬁ(x/y) - %Ss U(x)> . (3-4.18)
1

We emphasise again that these processes are of the form Zliqu h,(Zy) where Z is the
auxiliary Markov chain defined in Section 3.4.2.

3.4.8 Lemma. Grant Assumptions 3.2.2, 3.2.4, 3.3.1 and 3.3.2. Let 1, = (1,4, Y2,n) be
such that eq. (3.4.13) holds. Then we have the following convergence in law in D(R!):

@

(U;Z'W(xi/yi)> é(ﬂ'(xi)a(xi/}/i)wsi>

i€l n—oo iel’
where o(x,y)? is given by eq. (3.3.4).
Proof. For n € N*, let Ml be the process given by
; ning /
M) = Y Y| g g o) - [ 10 R (ds |
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3 On non-parametric estimation of the Lévy kernel of Markov processes

and let (4" )s>0 be given by J¢" := = 71, - By the martingale limit theorem 2.3.10,
it is sufficient to prove (i)—(iv) as follows

(i) We have Uy (x,y) — My (x,y) = 0 in ucp as n — oo.
(ii) The process M™" is an J#;"-martingale for each n.

(iii) For all 7,j € I, we have

n n IP?T
<M M (xi, y), MM (xjryj)> —— s[o (i, yi) ' (x)]%63.

s nN—oo
(iv) We have the “conditional Lyapunov condition”

K )= Y5 (0 ) o, | o

n—oo

(i) We note that U™ (x,y) — M"™(x,y) is of form eq. (3.4.1) with h, : D — R
given by

/ — Ty
i t2) =t [ (S0=2) (szn'%g(s)) - ”(g;(;g 2 >> s,
0 & 1

and ¢, = ;7%2172 n/z ~1/2, By Lemmata 3.6.2 and 3.6.5 and Corollary 3.6.6, we have

I3 nY
Y. 7”717177271/:” dZ < gnny( ) y(g]j( ﬂngx) )> =0.

81

Since 1775, — 0, we also observe

¥(|ha)) ( Iy o | (gl EG™)
<7 (Ig7 Fgi™ 1) + u(|g?™"]) - =

ng? ooz ! u(gh™)
—— 0.
n—00
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3.4 Proofs for results of Section 3.3

By Corollary 3.6.4, likewise,

12) _ 25,1810l Fg3"lleo ., o[\ | H(8T" Fg3™)
) < gl o) o) [
ng; inf;cc q(z) u(gl™)
— 0.
n—oo
Since n¢, — oo, we deduce from Theorem 3.4.1 that (i) holds. o

(ii) By construction, M™" is integrable and adapted to (74" )s>0. For s = k/n, we
note %" = .71, ,. By eq. (3.3.1) — where H; = t — the compensator of our process'’s
jump measure is given by dt ® F(X;,dy). By Doob’s optional sampling theorem,
thus,

k
E™ | g7 (Z))g!¥ (AXr,) — / S (X)FgIY (Xo)ds | Zr,,| =0
Ti—q

for all k € N*. Therefore, M""(x,y) is an J#"-martingale. o

(iii) Let i,j € I. In analogy to step (ii), we deduce
<Mn”7”(xi,yi),M”"7”(xj, y]')>

M R o .
Mnl2n ZEn{ﬂngz ]( )gg yzg’zi y](AXTk) ng,l}-

HnXi MnsXj

g1 = 0 whenever x; # x;, and g77n Yi i _

1Y)
whenever y; # y;. For all w, if i # j, thus, (M"™1n (x;,y;), M" ’7"(x]~, y]')>s — 0.

For all n large enough, we have ¢;

Moreover, let ] (x) := n~ 171 , stnJ EXT [g77(Z1)?]. We note that J"™I is of
form eq. (3.4.1) with &, = 171,11 and h, : D — R given by

hn(g t,z) = ES) {81(( _x)/ﬂ1n>2} :

By Lemma 3.6.5 and Corollary 3.6.6 and under Assumption 3.3.2, we observe

noap(h /u (x + 71,02)q(x + 11,02) 81 (2)?dz —— p'( /g1 )2dz.

n—00
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3 On non-parametric estimation of the Lévy kernel of Markov processes

By Theorem 3.4.1, since h, is non-negative and uniformly bounded, thus,

1M, n

M (x) =2 sq(x / g1(z)*dz. (3.4.19)

Hence, we observe

(M 5,9), M (3,9)) = () [ gl

< ]/Tl 7771 /gz Zdw Sup ‘p(x+171’nz,y+772,nW) — p(x;]/)‘
z,weB1(0)

IPT(
— 0.
n—00

Since f(x,y) = q(x)p(x,y), consequently,

(M), M (1)) s s (3) [ ga(0)do [ ga(2)?dz;

n—o00
that is, (iii) holds. o
(iv) We observe |KJ" (x,y)| < K™ + K™, where

/n,r]n ’7%’7% an T, n,x A/l 4
K = LB (gl (ZD)gh (8Xr,)) |,

and
2d |sn]

77” U / 4
K;/n,qn L 1 n 2.n Z ]EXTk 1 /g;},XFggry(Xs)dS
0

We note that K" and K""'I" are of form eq. (3.4.1) with &, = my%dniy%‘fq /4 and,

respectively,

ha(g,t,2) = B8O [ @1((Z1 = %) /1m0 '@ ((AXr, =) /12.0)* ]

wigney o |(Jo (52) froame (321))

and
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3.4 Proofs for results of Section 3.3

By Lemma 3.6.5 and Corollary 3.6.6, for K", we have

hy, 4
$) _ d d // W (x + 11,02)81(2) f (x + 11,02,y + 12,0w) g2 (w) *dwdz
G My uM2,n
— 0.
n—oo

By Corollary 3.6.4 and Lemma 3.6.5, for K" moreover, there exists a { < oo such that

h 4
W) o B [ ) s UG ey + ) ga(0) o
Cn LT3

— 0.

n—oo

Since, in both cases, h; is non-negative and uniformly bounded, we deduce from

Theorem 3.4.1 that |K} ’””(x,y)’ < KM 4 K = 0 in ucp as n — oo. O

Next, we carry Lemma 3.4.8 over to the time-scale of X. We recall that the
additive functional | of X, given in eq. (3.4.14), is the random clock of Z (and Z’) in
terms of X. In addition, let L! denote the process given by L! := v, 1.

We recall that, under Darling—Kac’s condition, we have Touati’s theorem 2.5.24
at hand. Recalling Lemma 3.4.5, by Proposition 2.3.6 (iii), we directly obtain:

3.4.9 Lemma. Grant Assumptions 3.2.2, 3.2.4, 3.3.1 and 3.3.2. Let 17 = 11+ be such that
eq. (3.3.2) holds. Then we have the following convergence in law in D(R*1):

(L (817 ) er) = (L (W ()L ey -

t—o0

3.4.10 Lemma. Grant Assumptions 3.2.2, 3.2.4, 3.3.1 and 3.3.2. Let 5y = (1,1, 2,+) be
such that eq. (3.3.2) holds. Then we have the following convergence in law in D(R*1):

(Lt, (U”f'”*(xi,yi))iel) é (L, (V/(xi)a(xi’yi)Wi>iel> ,

t—o0

where o (x,y)? is given by eq. (3.3.4).
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3 On non-parametric estimation of the Lévy kernel of Markov processes

Proof. From Lemma 3.4.9 and Lemma 3.4.8, we infer

5L and (U (xy) == (W (x)o(y)W) . (3.420)

t—o00 icl t—oo iel

Thus, the families
{£@ | P):t>0} and {L((U(xiy:))ier | PT) 1> 0]
are C-tight. By Proposition 2.3.8, we conclude that
the family {.Z(Lt, (U (x;, y;)ier | ]P”) > 0} is C-tight. (3.4.21)

In the remainder of this proof, we abbreviate U% := (U (x;,;))ic]-

Let (),.%#) := (D(R x RY),Z2(R x R!)) denote the canonical space, and let
(L, W) be the canonical process. Moreover, let P be an arbitrary limit point of the
family in eq. (3.4.21). We deduce from eq. (3.4.20) that its marginals are given by the
Mittag-Leffler law of order 4 and the I-dimensional (scaled) Wiener law, respectively.
For convenience, we abbreviate @1 := Z(L | P) and @ := Z(W | P). Suppose
that L and W are independent processes under P. Then P = QQ; ® Q; holds. As

[P is an arbitrary limit point of the family in eq. (3.4.21), then it has to be unique.
Hence, (Z((L},U”) | P™) — Q1 ® Q, weakly as t — oo. o

Let K denote the right-inverse of L, i.e., K; := inf{s : Ly > t}, and let (4);>0 be
the filtration on () which is generated by the process (K, W). Suppose that — under
P — K and W are processes with independent increments relative to (J4);>o. (That
is, Ki+s — K¢ and % are independent for all 5,t > 0, and Wy s — W; and J7 are
independent for all s,t > 0.) Then, in analogy to Step 6 on p. 122 of Hopfner et al.
(1990), we deduce that — under P - the pair (K, W) itself is a process with indepen-
dent increments relative to (.7#7);>. We recall that K is a J-stable subordinator, thus,
purely discontinuous (resp., deterministic if 6 = 1). Since W is continuous, hence, K
and W are independent processes — under P. Consequently, P = Q1 ® Q5. o

It remains to show that — under P — K and W are processes with independent

increments relative to (.#7):>0. We closely follow Step 7 on pp. 123f of Hopfner et al.
(1990):
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3.4 Proofs for results of Section 3.3

Let0<u; <---<u;=uandr > 0; let also
V= <(K, W, ..., (K, W)ul>, V' i=Kysy— Ky, and V" =W, — W,
In analogy to Step 7 on pp. 123f of Hopfner et al. (1990), it is sufficient to show that

Elg(V)H/(V')] = Blg(V)] B, W (K, aa
Elg(V)' (V)] = Elg(V)] Eq,[h" (W)]
holds for all continuous g : (R x R*)! — [0,1], /' : R — [0,1], and 1" : R¥ — [0, 1])
with compact support.

We abbreviate ¢, := Eq, [I/(K;)] and ¢/ := Eq, [l (W;)]. By eq. (3.4.21), there
exists a sequence (t;)yen such that Z((L',U” | P™) — P. For every y € E,

moreover, we have
L PY) > @ and ZU% | PY) - Q.

Since Q1 (resp., )2) is the law of an a.s. continuous process, and K (resp., W) has

no fixed time of discontinuity, we deduce from Proposition 2.3.6 (ii) that

Ay, ty,e) —c. and c/(y,ty,e) = ¢ asn—>ooande 0,

where
(Y, ture) = BV (K)] and c/(y, b, €) i= BV (U]

with Ki := inf{s : L > u}. Therefore, there exists a set A € &, 0 < u(A) < co such

that, up to a subsequence,
d|<n ! WyeAle <1/n. (3.4.23)

iy tue) —l <n™ and [yt e)

Let H; := u(A)~! fot 14(X,)dr, Hi" = vt_anStn, k(t,) = inf{s : H" > u}, and

Pho=1b 4 sv; . We define

? tn My . Tt Pta _ ftn
—L and L := LsAK(tn)+L5 _Ls/\K(tn)'

Itn — pytn Ttn
Ly = HS/\K(tn) +Ls sAK(ty)
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3 On non-parametric estimation of the Lévy kernel of Markov processes

Moreover, we set K(t,,r) = inf{s : Li" > r},

K'(ty,r) =inf{s: L!" > r}, and U =U"" (L}Z’(it,, r)> ,

where we note that «(t,) = K'(t,,u) as L is strictly increasing. We set also

Vi — ((K’(tn, up), ULM)), .. .,(K’(tn,ul),ll’t”))>,
V=K' (tg,u+r1) — K (tp,u) and V" :=u', — Ul

Due to the choice of (t,),en, we then have under P” for the pre-limiting processes
and under P for the limit:

(L', H™) = (L,L) by eq. (2.5.7); (3-4-24)

(L', L', L") — (L,L,L) by eq. (3.4.24) and P.2.3.6 (iv); (3.4.25)
(L, L', L, u”n) — (L,L,L,W) by eq. (3.4.25) and P.2.3.6 (iv);  (3.4.26)
(L', L, u"n ) — (L,L,WL), by eq. (3.4.26) and P.2.3.6 (iii); (3.4.27)
) =

L//tn
(Vin, V't /' Lt” V,V', V", u) byeq. (3.4.27) and P.2.3.6 (i). (3.4.28)

4 K/
By eq. (3.4.28), therefore,

E"g(V') —— Bg(V)
E" (Vi (V) —— Bg(V)I'(V'),
]Eng(vtn)h//(vlltn) ]Eg(v)h//(vll)

n—00

In addition, we note

V'in(w) = K (tn, u+r— L:gtn)(w),()tn,{(tn)(w)> , (3-4-29)

and

"ty — Uty Ltn 9
v (w) u ( R(tpu+r— Lf(n )( ))’ tnK(tn)(w)>

= U (w7 =L, (@) +O0(1/01,), 0yx(s,) (@)

(3-4-30)
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3.4 Proofs for results of Section 3.3
In combination with the Markov property of X, therefore,

x(tn)

Eﬂg(vtn)h//(vﬂtn) — Ercg(v )Cr/(Xt ()" by, U — L/téq ) +O(1/Utn))

ET g(VI)R (V') = ET g(V")el(Xp ity bt — Ly 1)
/

By the definition of «(t,), we observe that X, ;) € A. By eq. (3.4.28), we ob-

serve L:{t(”tn) — u in law. Up to a further subsequence, thus, we can suppose that

]P"(|L:€tn) —u| >n1) <n!forall n € N. Recalling eq. (3.4.23), since g, ' and h"
are bounded by one, we conclude that
| ET[g(ViH (V)] — o ET[g(Vi)]| <207,
BT [g(ViO (V") — e BT g(VI))]| < 207!

Since E™[g(V'"))] — E[g(V)], consequently, eq. (3.4.22) holds. That is, K and W
have independent increments relative to (.74, ),>0. O

Next, we demonstrate that the convergence in Lemma 3.4.10 holds stably in law.

3.4.11 Lemma. Grant Assumptions 3.2.2, 3.2.4, 3.3.1 and 3.3.2. Let 1; be given as in
Lemma 3.4.10. Then, we have the following stable convergence in law in D(R*1):

(1 (), ) 2 (1 (it momt) ).

t—o0

where o (x,y)? is given by eq. (3.3.4).

Proof. Let h be a bounded, Lipschitz continuous function on D(R!*) and Y be a
bounded .#-measurable random variable. With ¢(x,y)? given by eq. (3.3.4), we

abbreviate

ue — (uvtrﬂt(xi,yi)>iel and W .= (Iul(xi)(?'(xi,yi)Wi>

iel’
We have to demonstrate
E™ [h(Lf, ug;)y} — E[h (L, WL)] E™Y. (3.4.31)

— 00
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3 On non-parametric estimation of the Lévy kernel of Markov processes

At first, we suppose that Y is .%,-measurable for some u > 0. Let 4’ be given by
at = (s —ut~1)*. Then a' converges to a; = s as t — 0. By Lemma 3.4.10, since a
is non-random, .Z(a', L}, U% | P™) — .#(a,L,W | P) weakly as t — oo. The paths

of the limit process are a.s. continuous. By Proposition 2.3.6 (iii), therefore,
Z(a, L, u" o Lty | P™) = 2 (a,1, W, | P).
—00

Since E™[h(L!, 0 6,, (U o L) 06,)Y] = E7[EX*[h(L,, U™ o L!,)]Y] by the Markov
property, and since E [E[h(L, Wy)]Y] = E[h(L, W.)] E™ Y, consequently,

E™ [h (L;t 00, (U oL!,)o eu)y} — E [h(L, WL)} E™Y.

For every r > 0, we note

sup | L§ — Ly 0 8| = sup o Janu| < 07 Ju = 0,
s= i s<r t—o0
and
o) (o) + d F "y ool
sup |[(U" o L!) o, —U o Lf|| < 181 lleo([182ll00Su + 175 1| F5 [|oott) s o
s<r s

o d d t—s00
\/ Ot 4712 ¢

Since h is Lipschitz, therefore,

a.s.
— 0.
t—o0

WL U o L) = (L 0 0, (U™ o LL) 00,)

Since h and Y are bounded, we deduce from Lebesgue’s dominated convergence
theorem that eq. (3.4.31) holds for all bounded .%#,-measurable random variables Y.

Next, for arbitrary bounded .#-measurable Y, we have E7[Y|.%,] — Y in £!
as u — oo. Consequently, again by Lebesgue’s dominated convergence theorem,

lim sup |E* [A(L, U o L', 0" o L') (E"[Y|7,] — Y)]| = 0.

u—00 >0

Thus, eq. (3.4.31) holds in general. O

By Lemma 3.4.9 and Proposition 2.3.6 (iv), we obtain the following corollary.



3.4 Proofs for results of Section 3.3

3.4.12 Corollary. Grant Assumptions 3.2.2, 3.2.4, 3.3.1 and 3.3.2. Let 1 be given as
in Lemmata 3.4.10 and 3.4.11. Then we have the following stable convergence in law in
D(R?!):

, , L—st :
(o™ G U™ (i) ) B (W LW ()or (i) WE)
where o(x,y)? is given by eq. (3.3.4). O

Proof (of Theorem 3.3.7). For every t > 0 and each x and y, we have

Vomimd, (' Goy) = 1 (xy)
}’f/'Z;(x y) = F1 ) nd s, /o fT] 81" (Xs)d

S;}ft/nfltt )+ oy 1fT 17 (Xs)ds

where f1(x,y) = u(g""Fgy”)/u(gl™). Let hy : D — R be as in the proof of
Theorem 3.3.6. We recall y(h?) < @171_‘1 for some { < co. We also note Ut’?z_,td — 0.
In analogy to eq. (3.4.17), thus,

[ /’7 s i
L Zt/ 7 Xs > Lt Zthvt(zft-l-l) ti_>oo 0.

Tj t

Since L and W are independent, V (x;,y;) := L 1/ 2W£1 defines an I-dimensional
standard Gaussian random vector such that L, V and .# are independent. By the

continuous mapping theorem and Corollary 3.4.12, consequently,

[oynd d (£t Flt (. 1. Z—st -y ~1/2
( Utﬂl,tﬂz,t< (xi,yi) — f (x”yl)>)i€1t—>—oo><a(x”yl) (xi, yi) Ly )zel'

where o (x,y)? is given by eq. (3.3.4). o

In addition, grant Assumption 3.3.3 and let 77; = (171, 772,¢+) be such that eq. (3.3.3)
holds as well. We abbreviate ¥ (x,y) = f(x,y) — f(x,y) and note

R y) = [[ e ma) (£l ma,y +ma0) = F(x,9)g1(2)ga(w)dwdz.
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3 On non-parametric estimation of the Lévy kernel of Markov processes

We apply Taylor’s theorem to y’ and f: In x, we expand up to the order [a1] — 1 and,
in y, we expand up to the order [ay| — 1. We recall from eq. (3.2.4) that g1 and ¢
are, at least, of order a; and ay, respectively. By a classical approximation argument,
therefore, there exists a constant { < oo such that [u(g{") ¥ (x,y)| < Z(n7} + 152).
If {1 = {» = 0 in eq. (3.3.3), then it is immediate that (Ufﬁf,t’?g,t)l/z’_ﬂt(xfy) — 0. If
a1, &2 € N*, more explicitly,

XN <1 — M Km1+m2(gl) M 9"
#(g1") 7" (x,y) ﬂl,tlmﬁ%_m g g (g f(x0¥)
|m2|#0

n Km i >
+;7212t Z (gZ)‘u/(x)ay_mf(x,y) —{—0(77%11;4‘772,2,5)'

m!
|m|=ar

Since p(g7") — ' (x), we have (o4 5§ )27 (x,y) = v(x,y) given by eq. (3.3.5).0

Proof (of Corollary 3.3.8). In analogy to the proof of Theorem 3.3.7, by Corollary 3.4.12
it remains to show that (vtiyftqg’t)l/ 241 (x,y) is a consistent estimator for y(x,y).
We recall that in classical (conditional) density estimation, the (partial) derivatives
of a consistent density estimator — provided they exist — are consistent for the (partial)
derivatives of the estimated density. In analogy to Lemma 3.4.7, we observe that this

is also true in our context. In particular,

oo m
gmtm pr 9"t 0 a8l (Xs)ds pr i (%)
/

Mt \ 7
oy V) 0 gy f0y) - and Tl (xg)ds e W (X)

If either a1, 0y € N* or {; = (» = 0 in eq. (3.3.3), consequently,

N P7
(e )29 (2, y) —— 1(xy).

3.5 Proofs for results of Section 3.2

Throughout this section, { < co denotes some generic constant which may depend
on the variables specified at the beginning of each proof. It may change from line to
line.



3.5 Proofs for results of Section 3.2

This section is organised as follows: Firstly, in Section 3.5.1 we study the influence
of discretisation on our estimator. We prove results for the small-time asymptotic
of Itd semi-martingales and for the sojourn time discretisation error. Secondly, in
Section 3.5.2 we prove an auxiliary, non-standard martingale limit theorem. Thirdly,
in Section 3.5.3 we prove the consistency of our estimator (Theorem 3.2.9) utilising our
results from Sections 3.4.3 and 3.5.1. Lastly, in Section 3.5.4 we apply Theorem 3.5.5
from Section 3.5.2 to our case and conclude with the final steps in the proof of the
central limit theorem (Theorem 3.2.10 and Corollary 3.2.11) utilising our results from

Sections 3.4.4 and 3.5.1.

3.5.1 Small-time asymptotic and sojourn time discretisation error

In this subsection, we study the influence of discretisation.

We compare our estimators in Definitions 3.2.7 and 3.3.4: In the numerator
of the former, the jumps AX; and the pre-jump left-limits X;_ are replaced by
the increments AP X and the pre-increment values X(;_1),, respectively. Our Itd

semi-martingale meets the following small-time asymptotic:

3.5.1 Proposition. Let A be a compact subset of E x E*, np < min{||y|| : (x,y) € A},
and let g be a twice continuously differentiable kernel with compact support. Grant Assump-
tions 3.2.1 and 3.2.3. Then, for every m € IN*, there exists { < co such that

1

B EAX)) - [ Fx du)ghi(o)

A(Dé/\l)/Z A 1 A™
T NG ,72v 22V (B+d) t Zi ;72k 2(m+1)+d

(3.5.1)
<7

holds for every (x,y) € A, 1 < no and A < 1, where g1 (w) = n~%¢((w —y) /n).

Remark. For presentational purposes, we have left a small gap in the finite activity
case. For instance, if f is locally bounded on E x E, then we can improve the bound

in eq. (3.5.1) replacing 72V(#+4) by 52 independently of the dimension d.

In the former estimator’s denominator, the sojourn time fot g7*(Xs)ds is replaced by
its Riemann sum approximation Ay}, g?’x(X(k_l) A)-

79



3 On non-parametric estimation of the Lévy kernel of Markov processes

3.5.2 Proposition. Let x € E, v : Ry — Ry be a non-decreasing function, &, > 0,
1w — 0, and (hy)nen+ be a uniformly bounded family of twice continuously differentiable
functions supported on By, (x) such that (17,|1m|8mhn)n€w is uniformly bounded for every

multi-index m with |m| € {1,2}. As nA — oo and A — 0, we suppose v(nA)y? — oo and
—2—d[(1-2/(p+d))V0]
Cnlmy — 0.

(i) Grant Assumptions 3.2.1 to 3.2.3. If nA>¢, — 0 and v(s) = o(st) for some determin-
istic equivalent © of X and some t > 0, then, under any law P”, we have the following
convergence in probability:

|sn|A
g}’l I_S”J / IP7T
sup ————— |A hy (X — h,(X,)dr| —— 0. 5.2
sglto v(nA)iyﬁ k_zl ( (k 1)A) 71( ) 00 (35 )

(ii) Grant Assumptions 3.2.1 to 3.2.4. If (nA)' A&, — 0 and v is the reqularly varying
function from eq. (2.5.6), then, under any law P, eq. (3.5.2) holds for all t > 0.

Before we turn to the proofs of Propositions 3.5.1 and 3.5.2, we present two
auxiliary upper bounds for the small-time asymptotic of Itd semi-martingales. Below,
we heavily utilise the results and notation presented in Section 2.2.

We recall that our underlying process X is an Itd semi-martingale with absolutely
continuous characteristics (B, C, n) satisfying eq. (3.2.2). By Grigelionis decomposi-
tion theorem 2.2.12, we can assume w.1. 0. g. that there exists a d-dimensional Wiener
process W, defined on (Q,.%, (%)i>0, (P¥)xer), and an E ® E-valued function o
with ¢ = 00" such that

t t
Xt = XO + / b(Xs)dt —+ /O'(Xs)dws -+ (ZU]leHSl) * (I’Il — ’I‘l)t + (ZU]l||wH>l) * My
0 0

For ¢ > 0, we denote by T¢ := inf{t > 0 : [|[AX;| > &} the first time of
a jump greater than ¢ . Also, we introduce the following decomposition of our
semi-martingale X:

Xt = XO + Xg + Xlg, where X;é = (w]l‘|w”>€) *my = ZAXSHHAX5H>§'
s<t
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3.5 Proofs for results of Section 3.2

We note that X¢ and X'® are again It semi-martingales; we denote their characteris-
tics by (B¢, C,n¢) and (B’¢,0,n%), respectively. Furthermore, we decompose X¢ into
drift B¢, continuous martingale part M, and purely discontinuous martingale part
M. These are given by

t t
B = / bE(Xs)ds, MS = / C(X)dW, and  ME = (wl ) <g) * (m — ),
0 0
where b%(x) = b(x) — Je< <1 F(x,dw)w in the case ¢ < 1, and be(x) = b(x) +
f1<\|w\|<€F(x’ dw)w in the case ¢ > 1. Under Assumption 3.2.1, we derive the

following two lemmata.

3.5.3 Lemma. Let o > 0 and p > 2. Grant Assumption 3.2.1. Then, there exists a
constant { < oo such that, for every 0 < ¢ < §o, x € E, and t <1, we have

E* sgltonxfmnp < g(1 4 [|x|P)t.
ERSS

Proof. In this proof, { < co may depend on ¢y and p but neither on ¢, x, & nor ¢’
(i) Let 1 < ¢ < {p. We emphasise that, in this case,

165 ()1 < 1BCx) [l + 857 F (x, {1 < [feol] < &o})- (3-5:3)

By eq. (3.2.2), we have n®(dt, A) = dtF¢(X;, A) := dtF(X;, AN B;(0)) for every Borel
set A. By construction, X;é = 0 on {t < T¢}. By Proposition 2.2.13, thus,

E* sup|| X, .||V <
s<t

t

t
0[5 (X + X ) s 4+ 6727 [le(Xo + X, ) [/2as
0

x
CE SATS
0

t
+ [ ds [ Fo(Xo 4 XE, dw) o]
0

p/2

t
4 p/2-1 /ds (/ Féo(Xo + Xg,dw)HWHZ>
0
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3 On non-parametric estimation of the Lévy kernel of Markov processes

Under Assumption 3.2.1, for all t < 1, we observe
t
B sup X ol <€ [ (14 B0 + X, 1)

For {’ > 0,let ¢ :=inf{s > 0: ||X¢|| > {’}. Then

t
B supl|XE, 1 o7 < € Ja+E X+ XE 17
0

where we note sup, <tHX

ATENST | < ¢’ +¢. By the Gronwall-Bellmann inequality,
thus,

t
B SuplXE, o [ < 20+ ) | [ 26 ds | = (1 ) e =),
0

Since ¢ A T¢ — T¢ as {/ — oo, therefore, E* sup, || X7, ellP < C(1+ [|x]|P)t. o

ATC’

(i) Let 0 < ¢ < 1. We note that Xf]lKTg = (Xt — Xo)1,_ ¢ holds, and that X¢ is
continuous at T¢ outside the null set {||AXz|| = &}. As TS < T! for all w, thus,

sggHXEAT; | = sggH(Xs — Xo) Ly el < sup[[(Xs — Xo) Lo || = supHXSm |
s< 55

s<t

almost surely. By case { > 1, consequently, E* sup, _, || X P <Z(1+|x||P)t. @

/\T5|

3.5.4 Lemma. Lety # 0and 1y < ||y||. Grant Assumption 3.2.1. Then, for every m € N*,
there exists a constant { < oo — non-increasing in ||y|| — such that, for every x € E, 1 < 1o,
and t <1,

P*(X; € B;y(XO +v))

L k m (3-5-4)
2(m+1) 2(m+1) d t t
< & (14 [fx][20) o [y 20 [tﬂ (1 +1 nzv(ﬁ+d)+z(k_l)> + nm] .
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3.5 Proofs for results of Section 3.2

Proof. Let 1 < ¢ < (|lyll/no)"/ "), & := (g0 — {™o) /6 > 0 and § < /2. In
addition, let ¢ be a C2-kernel such that Ig o) <8 < HB(g/H)/z(O)' We set g,(z) =
g((z—x —y)/1n) and abbreviate h(t, ) := P*(X; € By(x +y)) < E* g,(X}). In this
proof, { < co may depend on 7, {’, p and m, but neither on x, t nor 7.

By Ito’s formula eq. (2.2.8), we have i(t,5) < |H/| + |H,"| + |H," |, where
. t
H! .= B / b(X:)" Vg, (Xo)ds + 5 ]E"/tr (c(x) V2, (X)) ds,
0

H" := B / dslp,, (vy) (X)
[ B dw){gy (X + ) — gy (Xs) — 0" Ty (X)L |,

t
H' = ]Ex/ds]lBg,ﬂ(Hy)c(Xs) /F(Xs,dw)gn(Xs + w).

Under Assumption 3.2.1, b(z) and ¢(z) are bounded in norm by (1 + ||z|?). More-
over, the gradient and Hessian of g, vanish outside By, /2(x +y) and satisfy
19igyll < Zn~" and [|9;gy|| < {52, Hence,

t

[HI| < G0+ 120+ TP 2B [ L, e (X)ds.
0

For z € By, (x +y), furthermore,

[ P dw) {gy(z+ ) ~ 1(2) — @' Vgy (< | <

D [ ramyan o,

Therefore,

t
1+ ||x|I? +
Lt B W) [y g 59
0
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3 On non-parametric estimation of the Lévy kernel of Markov processes

Suppose that [H,7| < Z(1+ ||x||> + |ly|I*) (t7* + t27F) holds. Then,

h(t,n) <

t
1 2
G+ [P+ Iy 1o+ 20+ SLEIEE DR
0

By iteration, we obtain eq. (3.5.4) after m steps. o

It remains to prove |H,”| < (14 ||x]® + lyl®) (t4? + 27~F). Under Assump-
tion 3.2.1 (iii), on the one hand, we have

/F(z,dw>g,,(z+w S+ 1z [ Fly+x =2+ yw)g(w)dw

Z(1 4+ [|x]))n?, if z € Bse(x),
C(1+|lx+yl) 17d ifz € B1+§/;7(x+y)c.

For z € Byy ¢y (x +y) \ Byy(x +y), on the other hand, we have

] P dwgy -+ w) < EEELS [ aug () o)

Since % < 7P and [ F(dw)(||w||P A1) < co by assumption, thus,

T+ ||l x+yl)y=P, ifze By (x +y)S,

(3-5.6)
(1+ [lx[)n?, if z € Bae(x).

/F z,dw)gy(z +w) < {

Let S¢¢ := inf{t > 0 : ||XfH > 3¢}, and Q?’g := {88 < TS At}. We split the set
Q x [0, t] into

A= Qx [0,t AT NS,
Ay = (Q59) x [T At 1],
As := QO x [S75,4].

Then we obtain the following:
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3.5 Proofs for results of Section 3.2

Firstly: Since supsgt“Xf/\Tg e — Xol| < 3¢, by eq. (3.5.6), we obtain
[ 4P dstn, (o (%) [ E(Xo dw)gy (X +w) < 2L+ 2l
Ay

Secondly: Under Assumption 3.2.1, we have
t
P¥(T¢ < tAS%) < Ex/dS]lB3£(x)(XS)F(XSI lwll > ¢) < &1+ [[x[)t.
0

By the Markov property and eq. (3.5.6), therefore,

// dp~* ds]lBg/”(Hy)c(Xs) /1—“(Xs,dw)g,7(XS +w)

Ap
< E* Typecipsed) EXre /Ot dsﬂBg/n(x+y)C(XS) /If(Xs,dw)g,7(Xs +w)  (3.57)
< S+ [lx +yl)ty PPH(TE < tASH)
< S+ (|2l + [y 129 F.

Thirdly: By Lemma 3.5.3, we have P* (Q‘:'C) < Z(1+ ||x||*)t. By the Markov property
and eq. (3.5.6), therefore,

/ / dP¥ dsly, (s4y)c(Xs) / F(Xs, dw)gy (Xs + w)
Az

.5.8
<4 fxtymfrrss %Y

<L+ [P + Ny lP) 2y =F.

We turn to the proofs of Propositions 3.5.1 and 3.5.2.

Proof (of Proposition 3.5.1). Let 1 < ' < (min{[|y| : (x,y) € A}/no)"/("*+2), and
g,¢ > 0 be given as in the proof of Lemma 3.5.4. In this proof, { < co may depend
on 1o, {', B, m and the set A, but neither on x, y, A nor 7.

Let 7 <19, and (x,y) € A. W.1l.0.g., we assume that g is supported on B;(0).
To avoid cumbersome notation, we abbreviate i, = ¢g"**Y. From eq. (3.2.2) and Itd’s
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3 On non-parametric estimation of the Lévy kernel of Markov processes

formula eq. (2.2.8), we obtain E* i, (X,) = HZ + HZ + H)\", where

A
HY = E* / b(Xy) Vi (X;)dt + % E* /tr (c(X) V21, (X)) i,
0

H) = Ex/dtllgg,ﬂ(xw)(xt)
: /F(Xt,dzU){h;y(Xt +w) = hy(Xi) — wTth(Xt)ﬂuwnzl}f

A
" — B / A1, (cry)e(X) / F(X;, dw)hy (X; + w).
By eq. (3.5.5), we observe

Y+

A
_L/ XtEBél X+y))d
;7 0

By the choice of {/, Lemma 3.5.4 implies

|HL|+ | HY

Ak A1
< C 1+ Z p2V (B+d)+2(k=1) + 21+ | (3.5.9)

Suppose

HI - /P(x, daw)ly (x + w) /dt]Px(Xt ¢ By (x +))

(3.5.10)
S g(Al-l—(aAl)/Z +A277_(ﬁ+d))
Combining eq. (3.5.9) and eq. (3.5.10), we obtain eq. (3.5.1). o
It remains to prove eq. (3.5.10). By eq. (3.5.6), we observe
,B+d , 'f c B , C,
/P(Z,dW)hn(Z+W) < o 2 € Bey(x +y) (3.5.11)
, if z € B3g(x).

86



3.5 Proofs for results of Section 3.2

Let the stopping time S¢¢, and the event ng be given as in the proof of Lemma 3.5.4.
We split the set Q) x [0,A] into A; := Q x [0,A A TE A S, Ay i= (QF)e x [TE A
A,A] and Az = QZ’C x [S, A]. For convenience, we also abbreviate

fly(zw) = fzy+x—z+nw) - f(x,y +qw).
Then we obtain, firstly: By the choice of ¢, we have that the convex hull of the set
{(zy+(x—2)+yw): (xy) € A |z — x| <3¢ [Jw]| <1}

is a compact subset of E x E*. By Assumption 3.2.3 and for all (z, w) € Bs¢(x) x B1(0),
we have |, (z,w)| < ||z — x||*"!. By Lemma 3.5.3, therefore,

/ / dP* dt / duwg(w) fil, (X, w) < (AEY sup||XtAT§/\SS§|| < AVHEAD/2,
Ay

Secondly and thirdly: We compare egs. (3.5.6) and (3.5.11). In analogy to
egs. (3.5.7) and (3.5.8), respectively, by the Markov property and eq. (3.5.11), therefore,

// dp* dt]lBg,”(xw)C(Xt) /dwg(w)sz,y(Xt,w) < A%y (B,
for i € {2,3}. In summary, we proved eq. (3.5.10). O

Proof (of Proposition 3.5.2). W.1.0.g., we assume 1 < 1/4. In this proof, { < co may

neither depend on 7, A nor 7.

By Ito’s formula eq. (2.2.8), we observe

|sn]A Lsn]

o [ —a ¥ (Xaa)
5 =1

S Hi’l + Hln + H//n _|_ Mn’
i |H¢ |+ [HS" [+ |HS" | 4 | M|

where

Hi’l

/ dt / ( (Xr)+%tr<c(Xr)V2hn(Xr)>)dr,
1

UﬂAﬂn k=1

87



3 On non-parametric estimation of the Lévy kernel of Markov processes

Lsn

H = /" dt /" dr
UnAWn —1 (1A
/ mem»prwa—th)—megxg}
Jwl|<1
s kA
HY = S y HM&W&MA&_+AXA—hAX_”,
nA77n =10 A (k 1)A<r<t
and
Lsn t
M = / dt /R'VMAXJ%dXﬁth
UnAWn = 1

(k—1)A

4 / [ {4 0) = (X) f(m = ) (dr, deo)

(k=1)A |lw||<1

It remains to show:

(i) Under Assumptions 3.2.1 to 3.2.3, if v(s) = 3(st) for some deterministic equiv-
alent 7 of X and some t > 0, and if nA%¢, — 0, then H?, H*, H/" and M/
converge to zero uniformly on {0 < s < t} in probability.

(i) Under Assumptions 3.2.1 to 3.2.4, if v is the regularly varying function from
eq. (2.5.6), and if (nA)1=2A&, — 0, then H?, H", H!'" and M" converge to zero
uniformly for {0 < s < t} in probability for all ¢ > 0.

(a) Under Assumption 3.2.1, b(z) and c(z) are bounded in norm by (1 + ||z[|?).
Moreover, the gradient and Hessian of &, vanish outside By, (x) and satisfy [[0;h, | <
iyt and ||0yih,|| < T2, by assumption. Thus,

1 _
b(z) Via(2) + 5 tr (e(2) V2ha(2)) \ <2+ 20721, 0 (2).
By Fubini’s theorem, therefore,

|sn|A
sup [H]| < 21+ 1)) 5550, where sI"M = L [ 1 () (X)db.

r<s 12 Vpal?
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3.5 Proofs for results of Section 3.2

In case (i), we deduce from Lemma 3.4.7 that the family {_Z(S, S A | PY) :n e N*}
is tight under Assumptions 3.2.2 and 3.2.3. As A1, > — 0, sup,, |H!| — 0 in
probability. In case (ii), we obtain from Lemma 3.4.9 that S""2In conv_erges stably in
law to a non-trivial process. As A1, 2 — 0, sup,, |H?| — 0 in probability for all
t>0. o

(b)) Let ' >1and xk =1A2/(B+d). Under Assumption 3.2.1, we have

/ F(z,dw){h,(z + w) — hy(z) — w' Vhy,(z)}

[w]<1
5.12
L(1+ |lz)n 2wa”<1 F(dw)[[wl|?,  for [z — || < Z'n, (3:512)
<Lzl ™ faer P o], for ¢'g5 < |2 — 2] <141,

0, else.

Again by Fubini’s theorem, therefore,

su H/n < 14 ||x gnﬁn S/nAgiyn_i_ gn S/n,A,1+;7,, .
up [H'| < ¢(1+] u>< et L

2—d(1—x)

In analogy to step (a), since Ag,1, — 0, H" — 0 uniformly on {0 < s < t}

in probability in case (i); and for all t > 0 in case (ii). o

(c) In analogy to steps (a) and (b), we note

[H| < End(nani) ™ (1 (X— 4 )| + [ (X2) ) L1 % s
< K+ INFyny il 1K NGl

where
KY := &N (0panfy) " hn (X 4 @) |1 s1 % B jsu]as
K = ZuA(0nan) i (X)) 51 % 0 s s
Ng' = GnA(vna Z) iy (X_+w)|1l|‘w||>1*(m—n)sw,
NI = En(0atgy) ~ hn (X2) [T gps1 % (m = 1)gpa.

Under Assumption 3.2.1, since waH>1 F(z,dw)|hy(z +w)| = 0 for z € By_,, (x), we
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3 On non-parametric estimation of the Lévy kernel of Markov processes

have
F(z,dw)|hn(z + w)| < (1 + [|x]).

l[w]|>1

In both cases (i) and (ii), therefore,

mA%E,
sup [K?| < ¢(1+ [lx|]) A%

s<t nA

— 0,

n—o0

for all t > 0. Furthermore, we observe that N" is a martingale w.r. t. the filtration

(Fsun)s>o0- Its predictable quadratic variation satisfies

A?E2 snA3E2
<Nn, Nn>s - zgn |]’ln(X_ +w)|21\|w”>1*n5ﬂA S g(l + ||x||)2—€dn :} 0.
UTIA U?’ZAUH n

Since [sn]/n — s, N{§y)/n — 0 uniformly on {0 <'s <t} in probability for all ¢ > 0.

In addition, we recall that F(z, {||w| > 1} < {(1+ ||z||) under Assumption 3.2.1.
Thus,

T
sup [K{"| < ¢(1+ [|x])gnaS" ™" —— 0

s<t n—00

in case (i); and for all t > 0 in case (ii). Again, we observe that N is a martingale

w. r. t. the filtration (g, )s>0. Its predictable quadratic variation satisfies

A2 CZ

moagmy i 2 C(1+ [|xI)AEE man,
<N /N >S - U%Aﬂ%d ’hn(X*)‘ ]l||w\|>1 * Ngpp < UnN?ﬁ Ss n_>—oo> 0.
Thus, N’L’;n \n 0 uniformly on {0 < s < t} in probability in case (i); and for all
t > 0 in case (ii). o

(d) Let (M")s>0 and (M")s>0 denote the .Z;,s-martingales given by

sniA
M= =S [ (1) T ha(X,) (X)) AW,
UnAlln 0
&

7 0a () (hn(X— 4 w) = 1y (X)) L j<1 % (M= 1)sna,
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3.5 Proofs for results of Section 3.2

where ¢a(r) := A — (r — |r/A]A). The predictable quadratic variation of M
satisfies

(M, M)y = =1 / A (P 2V I (X)) ¢(X,) Vhn(X,)dt

< (1+ HXH )AzgnS/”Aﬂn

— d+2
OnAln

As A2 — 0 and 0% — o, M!" — 0 uniformly on {0 < s < t} in probability
in case (i); and for all t > 0 in case (ii).

In addition, the predictable quadratic variation of M"" satisfies

2
(M, M) = S0 (pA(r)z(hn(X— + w) _h”(X_))Z]lﬂngl*nsnA
vnA”;%d
snA
2%} :
S 7 /df / F(Xr, dw) (hn (X +w) — ha(X;))".
ATy <

Let’ >1and xk =1A2/(B+d) be as in step (b). By eq. (3.5.12),

F(z,dw) (hy(z + w) — hy(2))?

[w][<1
L1+ |zl %mﬂq F(dw)l|w]2,  for ||z — x| < 2’7,
<36+l fjag e Pl for &5 < 12— x| < 141,
0, else.
Therefore,

(M”n,M”n>5 C(1+ HXH)ACH (Agnﬂn S’”AC/%_’_ AGn S/”fArH"Yn).

d+2 d 5
UnAﬂn 77n+ 17;1—~_K[3

2—d(1—x)

Again since A&7, — 0, M/ — 0 uniformly on {0 < s < t} in probability

in case (i); and for all f > 0 in case (ii). 0
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3 On non-parametric estimation of the Lévy kernel of Markov processes

3.5.2 Auxiliary martingale limit theorem

The theorem presented in this subsection serves as a preliminary result for the
proof of our central limit theorem (Theorem 3.2.10 and Corollary 3.2.11). Itis a
non-standard limit theorem for a triangular, martingale array scheme.

Here, we work on the extension eq. (3.2.10) of the probability space, L denotes the
Mittag-Leffler process of order 0 < 6 < 1,and W = (W');<; denotes an I-dimensional
standard Wiener process such that L, W and .# are independent.

3.5.5 Theorem. For n € N*, let (4")s>0 be the filtration given by 4" := F |y, 5, and |
be a finite index set. Moreover, let hy : E x E — R! be such that ||hy||cc — 0as n — co.
Grant Assumptions 3.2.2 and 3.2.4, and suppose that the process M" given by

|sn]

Z hn (X (k—1)a, Bk X) (3.5.13)

is a G"-martingale such that the predictable quadratic co-variation (M™, M™) is identically
zero for every i # j and all n large enough. If ((M™, M™));c; converges stably in law in
D(RY) to (g2L) ey, then
ZL—st i
M" =" (W} )iel-

Proof. Let 6 = 1. Then we have Ly = s. Therefore, the convergence of M" to
((;ZWI)Ze 1 follows directly from the martingale limit theorem Theorem 2.3.10.

For the remainder, let 0 < § < 1. We consider the processes L™ L", K" and N
given by

|sn]
Lisqz . <an Mm Z ]EXk 1A hz ( (k—1)Ar AZX)ZI

k=1
L':=Y LY, K!:=inf{s>0:L!>u} and NI:= M.
iel
We emphasise that Nj,, = Mg + AMI"@(U,) holds for all s. As ||[AM" || < ||hn|lec — O,

it is sufficient to prove the following stable convergence in law in D(R x R'):

(L7 N") Z2 (L ((earoW) ), where &= )¢ (35.14)

n— £
iel
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3.5 Proofs for results of Section 3.2

By the continuous mapping theorem, we obtain

(Ln’ <Lni>iel> »r%gs: (CZL (g L>zel> ' (3.5.15)

In addition, we remark that K} is a predictable ¢"-stopping time for all # > 0. Thus,
N" is a martingale w.r.t. the time-changed filtration JZ" := %y,. Moreover, we

observe that its predictable quadratic variation satisfies
<Nm', Nni>s — %zg

By eq. (3.5.15), we have |L™ — (¢;/¢)?L"| — 0 uniformly on compacts in probability
for all i € I. We note that the (scaled) Mittag-Leffler process ¢L is a.s. continuous.
Its right-inverse K given by K, := inf{s > 0 : ¢?Ls > u} is a (deterministically
time-changed) J-stable Lévy process, hence, without fixed time of discontinuity. By
Proposition 2.3.6 (i), therefore, L% — (¢i/ (j)zs in law for every s > 0; hence, in
probability. By construction, we have that || AN/ ||« is bounded above by ||/, |. This
bound converges to zero. By the martingale limit theorem 2.3.10, consequently,

N (/W) er (3.5.16)

In analogy to the proof of Lemma 3.4.10 and Steps 6 and 77 on pp. 122-124 of Hopfner
et al. (1990), we obtain that the pair (L", N") converges in law in D(R x R') to
the process (G°L, ((¢i/5)W'),.,)- Finally, the stable convergence in law and the

independence from .# follows in analogy to the proof of Lemma 3.4.11. O

3.5.3 Proof of Theorem 3.2.9

Throughout the remainder of Section 3.5, we work under the law P” for some initial
probability 77 on E, and we denote Eq, := {x € E : y/(x) > 0, F(x,E) > 0}.
We consider the processes G2 and R™*" given by

1 |sn]

G (x,y) == P~ Z gl 28 (ALX), (3-5.17)
nA k=
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3 On non-parametric estimation of the Lévy kernel of Markov processes

|sn]

Z g (3.5.18)

UnA k=

nAvy(x

3.5.6 Lemma. Grant Assumptions 3.2.1 to 3.2.3. Let n, = 111, be such that eq. (3.2.6)
holds, and let x € Eg.

(i) If nA> — 0, then,

the family {f (R?’A’U”(x) ] P”) tn e IN*} is tight. (3.5.19)

(i) Grant Assumption 3.2.4 in addition. If (nA)'=°A — 0, then, eq. (3.5.19) holds as
well.

In both cases, each limit point of the family in eq. (3.5.19) is the law . (y'(x)L) for some
positive random variable L.

Proof. Let St’”( ) i==v; OStgg *(X,)dr. By Lemma 3.4.7, the family {-Z(S] st M (x) |
P™) : n € N*} is tight; moreover, each of its limit points is the law £ (u ( )L) for
some random variable L > 0. In both cases (i) and (ii), since 7, is such that eq. (3.2.6)
holds, we have

BRSNS

n—oo

TR (x) — Ry (x)

by Proposition 3.5.2. Consequently, the family {.# (R}’ A (x) | P™) : n € N*} is tight;
moreover, each of its limit points is a limit point of {,Z (Sl’”(x) | P™) : t > 0}, hence,
the law .Z(u'(x)L) for some random variable L > 0. O

3.5.7 Lemma. Grant Assumptions 3.2.1 and 3.2.3. Let 1, = (41, Y2,n) be such that

2V(B+d)

Mu = 0,12, — 0and An, — 0. Moreover, let (x,y) € Eq X E*, and let g be a

C?-function with compact support. Then

lim sup %]EZ gMY(ATX) — f(x,y) /g(w)dw‘ =0. (3.5.20)

n—00
z€By, , (x)
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3.5 Proofs for results of Section 3.2

Proof. Firstly, by Proposition 3.5.1 — where we choose m large enough — we have

lim  sup ’A 11Ezg’7x(A”X)—Fg’7'y(z)‘ = 0.

"% 2eBy,  (v)
Secondly, under Assumption 3.2.3, f € Ct (E x E*) for some a > 0. Therefore,

lim  sup
n—00
z€By, , (x)

Fg¥(z) —Fg”"'y(x)] < lim ¢nf,' = 0.

n—00
Lastly, by Lebesgue’s differentiation theorem, we observe

lim
n—o0

Fgm(x) ~ f(x,) [ )| =0,

3.5.8 Lemma. Grant Assumptions 3.2.1 to 3.2.3. Let 4, = (f11,12,,) be such that
eq. (3.2.6) holds. Moreover, let (x,y) € Eq x E*. Then, in both cases as in Lemma 3.5.6,

the family {02” (GT’A’W"(x,y),RT’A’”"(x) | ]P”) tn e JN*} is tight. (3.5.21)

Moreover, each limit point of the family in eq. (3.5.21) is the law 2 (f (x,y)u'(x)L, ¢/ (x)L)

for some positive random variable L.

Proof. We note that GI"*" (x,y) = f(x, )R> (x) + HI™ (x,y) + M (x, ) with

HM (x,y) = o Yo 8l (Xe-1)a) (EX(k*l)A (857 (ATX)] — Af(x,y)> ;o (3522)

M () = = 3 g1 (Xena) (8 (41X) = Xm0 g (44X)]) . G529

By Lemma 3.5.6, it is sufficient to prove that H A, y) and M, A, y) converge
to zero in probability as n — co.
(H) We observe

n,A, z Xan
HA (x,y)| < sup \A VEEL(A1X)] - f(xy) -
z€By, (x) k=1 nA
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3 On non-parametric estimation of the Lévy kernel of Markov processes

where } is a C>-function dominating |¢1|. In analogy to Lemma 3.5.6, the sequence
(0p Liimy BH (X (k_1)a) Jnen+ is tight. As

1 z X (AN
sup |+ (g5 (ATX)] = f(x,y)| —= 0

n—00
z€By, (x)

by Lemma 3.5.7, we have HH’A’W’1 (x,y) — 0in law, hence, in probability. o
1,0,

oo

(M) We observe that M1 is an .7 sn|a-martingale. We note sup, _; [|AM;’
< (vnAaniyz’n) Yg1llellg2lle — O by eq. (3.2.6). By the martingale limit theo-
rem 2.3.10, thus, it is sufficient to show that the predictable quadratic variation of
M"An gt time one, denoted (M”'A'W”, M”'A'”")l, converges to zero in probability.

We observe

’751 2
2w gl (a1x)

U;Al Z AR (X (k—1)a)-

<Mn,AJ7/ Mn,A,U> ”gl H 0 sup
k=1

L™ opaning zEBy, (x)

By Lemma 3.5.7,

sup A7V EF g g1 (AX)?] o fly) [ a(w)dw.

z€By, , (x)

In analogy to step (H), since v,an% 14, — oo, we have (M™A/In, M)y — 0 in
law, hence, in probability. O

Proof (of Theorem 3.2.9). We recall the results from Lemma 3.5.8. Let L > 0 be a
random variable such that the law £ (f(x,y)u'(x)L, 4’ (x)L) is a limit point of the
family in eq. (3.5.21), and let (ny)xen+ be a sequence such that

(GT,{,A,W,{ (x’ y)’ Rilik,A,Unk (x)> i> (f(x,y)‘u/(x)i, ,u/(x)i) .

k—o0
Since p/(x) > 0, by the continuous mapping theorem, we conclude

ny, A,
A My le T (x' y) <

Ny (X,y) =

» f(x,y).

/A/
R711k My (X) k—oc0



3.5 Proofs for results of Section 3.2

As this limit is unique and independent of the particular limit point of the family in
eq. (3.5.21), we have that an " (x,y) converges to f(x,y) in law, hence, in probability.

3.5.4 Proofs of Theorem 3.2.10 and Corollary 3.2.11

Throughout this subsection, we work on the extension eq. (3.2.10) of the probability
space, L denotes the Mittag-Leffler process of order 0 < § <1, and W = (Wi)ie I
denotes an [-dimensional standard Wiener process such that L, W and .# are
independent.

We consider the processes G™** and R™*" given by eq. (3.5.17) and eq. (3.5.18),
and the processes U™ and R"*/1 given by

’7/x1: Y
UL (x,y) == \/opanind ( G (x,y) — M1—,7§2)R?’A"7(X)) (3-5.25)

n(gl")

R (x Z gl (X-1)a)* (3.5.26)

We recall that, under Darling-Kac’s condition, Touati’s theorem 2.5.24 at hand. First,

we obtain an extension of Lemma 3.5.6.

3.5.9 Lemma. Grant Assumptions 3.2.1 to 3.2.4. Let n, = 11, be such that eq. (3.2.6)
and eq. (3.2.8a) hold, and let (x;);ic; be a family of pairwise distinct points in Eg. If
(nA)'=°A — 0, then, under any law P, we have the following stable convergence in law
in D(R2):

(R”'A'”"(xi),R’”’A"’”(xi)), =3 <.”/(xi)L/ V/(xi)/gz(w)deL) - (3527)

i€l n—eo iel

Proof. Let S¢"(x) = o' [ ¢ (X,)dr and S (x) := o7t [ gl (X,)2dr. We
note that u(g]"") — #'(x) and u(yi(g]"")?) — p'(x) [ g1(w)?dw for all x. By
Theorems 2.5.24 and 3.4.1, we deduce — in analogy to Corollary 3.4.12 — that

(5785, 50 (x)) 2 (WL ) [ oL )
i€

i€l t—oo
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3 On non-parametric estimation of the Lévy kernel of Markov processes

For every x, moreover, we deduce from Proposition 3.5.2 that

R (x) — §"in (x)| =50 and R (x) — S ()| =2 .
1’l—>00 n—o00
Consequently, we obtain eq. (3.5.27). O

In view of Theorem 3.5.5, we obtain the following preliminary result.

3.5.10 Lemma. Grant Assumptions 3.2.1 to 3.2.5. Let 11, = (1,0, 2,n) be such that
eqs. (3.2.6) and (3.2.8) hold, and let (x;,y;)ic be a finite family of pairwise distinct points
in Eg x E*. If (nA)'=°A — 0, then, under any law P, we have the following stable
convergence in law in D(R!):

f— .
(R (), U (i) ) B2 (W () Loyl (0WE) _, (3.5:28)

i€l n—oo
where o(x,y)? is given by eq. (3.2.11).

Proof. Let (¢4")s>0 be given by ¢ = # |, , and let the process M"A1 be given by

d |sn]
M (x,y \/’71’72 L s (Xeun) (81(820 — B g (410))

We note that M2 is a ¢/"-martingale of the form eq. (3.5.13). The proof is divided
into four steps: Firstly, we prove

ucp
— 0. (3-5.29)

n—oo

s 3, ) — M (1,

Secondly, we show that the predictable quadratic variation of M™*"(x,y) satisfies

(2 (e ), M2 () ) 22 ([ ()PL). (3:530)

ie] n—oo iel

in D(R!). Thirdly, we show that (M™*"(x;,y;), M"™*I"(x;,y;)) vanishes for all n
large enough if i # j. Lastly, we argue

0,1, 1,0,17n ,0,1n Z—st I N (V12
(R ), (M (), MO (i) ) S50 (3 () L [y ()L

ic] n—oo i€l



3.5 Proofs for results of Section 3.2
in D(R?!). By Theorem 3.5.5 and Proposition 2.3.6 (iv), we then obtain eq. (3.5.28).

(i) We note UL (x,y) — M (x,y) = H™ (x,y) + H"*"(x,y) with

81" Fgy
HM (x, \/UnA”lUZ 281 (ng (X(k—1)a) — S >,

n(gl™)

and

H ()| < \Jonanind sup

z€By, (x)

, ; mA,
E? gIY(A1X) — Fg] y(z)] R (),

where R;’”'A"?( ) =Av | ZLSHJ W1 (X (k—1)a) for some C?-function h, dominating |g1|.
Under Assumption 3.2.5, Fg)” is twice continuously differentiable. Since eq. (3.2.8)
holds, by Proposition 3.5.2 and step (i) in the proof of Lemma 3.4.8, H"2"(x,y) = 0
in ucp as n — co. By Proposition 3.5.1 — where we choose m large enough — we have

sup
z€By, (x)

1 z ’ n
~ERQIY(A1X) = Fgl¥ (2)| < ¢ (VA +an, )

since eq. (3.2.8a) holds. Since, moreover, eq. (3.2.8) holds, therefore,
q- 3 q- 3

/ d d
Unalnl2n SUP

z€By, , (x)

E* g (ATX) — Fgi¥(z)| — 0. (3.5.31)

n—00

In analogy to Lemma 3.5.9, R""2I"(x) converges stably in law to some non-trivial
process. So, |H£n’A"7(x,y)| = 0 in ucp as n — co. Thus, eq. (3.5.29) holds. o

(i) We note (M™*1(x,y), M1 (x,y))s = KgA”(x y) — nA”(x,y), where

Lsn]

/A/ 7,
K (x,y) = ’Z}’f L sl () (B0 g1 (41002)
no =1

and

IA/
K" (x,y)| < sup
z€By, (x)

1 2
3z (B0 (0120 | AR ).
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3 On non-parametric estimation of the Lévy kernel of Markov processes

By Lemma 3.5.7 and the continuous mapping theorem,

L (A1) — Flr)?

su
p A2 n—co

z€By, , (x)

By Lemma 3.5.9, R;”’A’W” (x) converges stably in law. Since Aqgn — 0, we observe that

| K;”’A’”” (x,y)| converges to zero uniformly on compacts in probability as n — oo.
Again by Lemma 3.5.7,

d

sup |21 X gl (ATX)2 — F(x,y) / g2(w)*dw| ——— 0.
zeB,“,n(x) A e
In analogy to K" (x,y), therefore,
K0 (x,) = f(x,) [ g1(w)dwR™2 (x)] 22 o, (55.52)

By Lemma 3.5.9, consequently,

<Kn,A,77n(xi,yi)> £t (f(xi,yi)/gl(w)zdw”/(x")/gZ(z)2d2L> /

ie] n—oo

i€l
hence, eq. (3.5.30) holds. o
(iii) Let i,j € I. We note that for all n large enough such that 7 ,, 772, are small
enough, we have g7"* gY"'xj = 0 whenever x; # x;, and g gg"'yj = 0 whenever

yi # yj. For all w and n large enough, thus, (M7 (x;,y;), M2 (x;,;))s = 0 if
i#j. o

(iv) By Lemma 3.5.9 and eq. (3.5.32), we obtain the joint convergence of the pro-
cesses (R (x;));c; and (MMM (x;,y;), M1 (x;,y;)) )it to the required limit.

Proof (of Theorem 3.2.10). For every n, and (x,y) € Eq x E*, we have

d 4 (M 71 uy; " (x,y)
Vot (F7 () = Frr(x,y)) = )
1

where f(x,y) == (g7 Fga”)/u(g]"). Since L and W are independent, V(x;, ;) :=
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3.6 On the auxiliary Markov chains Z and Z’

Ly 1/ 2W£1 defines an I-dimensional standard Gaussian random vector such that L, V
and .# are independent. By the continuous mapping theorem and Lemma 3.5.10,

consequently,

21y = L —st _
Voust i, (£ i) = 77 Geaw)) 22 (onyVylr2)

where o (x,y)? is given by eq. (3.2.11).

In addition, let 4, = (1,4, 72,n) be such that eq. (3.2.7) holds as well. It remains
to prove (UnAiyfnnin)l/z(fW(x,y) — f(x,y)) = v(x,y). This, however, follows in
analogy to the proof of Theorem 3.3.7. O

Proof (of Corollary 3.2.11). In analogy to the proof of Theorem 3.2.10, by Lemma 3.5.10
it remains to show that (v, Ai]iilnﬂg’n)l/ 24" (x,y) is a consistent estimator for v(x,v).
This, however, follows in analogy to the proof of Corollary 3.3.8. o

3.6 On the auxiliary Markov chains Z and Z’

In this section, we derive an explicit representation for the transition kernel ® of the
auxiliary process Z’, and (in-)equalities for expectations of the form E*( fOTl h(Xs)ds)k.
In addition, we derive representations for the stationary probability measures 1 and
¢ of the processes Z and Z'.

We invoke technical results on resolvents of semi-groups. We recall from
Section 2.5 that the resolvent (R)))~o of a semi-group (P;);>o is given by R, :=
fooo exp(—At)Pdt. For bounded measurable functions 7, the generalised resolvent

kernel Rj, is given by

o0

Ry(x, A) i= Ex/e ihXdsy , (x,)dt  Vx € E A€ &
0

These kernels were first introduced by Neveu (1972). For a comprehensive interpre-

tation, we refer to Section 4 of Down, Meyn, and Tweedie (1995).

101



3 On non-parametric estimation of the Lévy kernel of Markov processes

3.6.1 Lemma. Let (R))\0 be the resolvent of X, and let (R} ))~0 be given by

© _ k
Ry:=Rp ) ((Iq - IqH)RA> , where Tph(x) 1= q(x)h(x). (3.6.1)
k=0
Then (R} )0 is the resolvent of a positive contraction semi-group. For its corresponding
process X*, we have that the laws of X* 1o 1,y and X1y 1, are equal.

Proof. Since I,ITis a bounded kernel, (R} )~ is the resolvent of a positive contrac-
tion semi-group by Theorem 4.2 of Bass (1979). It follows from Sawyer (1970) and
Chapter 6 of Bass (1979) that, for the process X* (corresponding to (R}) o), we have
that the laws of X*1g 7, and X1, are equal. O

3.6.2 Lemma. Let h be a measurable function on E. Then
1
E¥h(Z)) = RiLh(x) and EX / h(Xs)ds = Rih(x), (3.6.2)

where Ry denotes the generalised resolvent kernel associated with the modified resolvent
(R ) a0 and the function q. For every Aq > [|q]|co, we have Ry = Y32 R}q(IAq_qR}"\q)k.

Proof. We recall that the laws of X* 1o r,j and X1y 7, are equal. The expectation of
h(Z}) under P¥, therefore, coincides with the expectation of /1(X*) sampled at an in-
dependent killing time according to the multiplicative functional exp(— [, g(XZ)ds).

In formulas, we have
E*1(Z]) = E* / e~ o 10505 (X V(X7 )dt.
0

By eq. (19) of Down et al. (1995), hence, E* h(Z]) = RjI;h(x), where Ry denotes
the generalised resolvent kernel associated with the modified resolvent (R%),~o. By
Chapter 7 of Neveu (1972), Rj = }12 R;q(IAq_qu‘\q)k holds for every Ay > ||q]|co-

Similarly, we observe

[} t
/ h(X,)ds = B / e~ o a(xXi)dug (xx) / h(X*)dsdt. (3.6.3)
0 0
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3.6 On the auxiliary Markov chains Z and Z’

By Fubini’s theorem (cf., eq. (20) of Down et al. (1995)), consequently,

/h Xs)ds = lEx/e JoaX)dsp(xx)dt = Rih(x).

0 ]

Remark. It is immediate from Lemma 3.4.2 that ® = fIR;Iq.

We obtain two corollaries:

3.6.3 Corollary. Let hy, ..., hy be measurable functions on E. Then

T

BT / (X,)ds = Z]Ex / —Jpatiduy (x TT / h(XH)dsdt.  (3.6.4)

j=1 I#j o

Proof. In analogy to eq. (3.6.3), we observe

T ) t
kol k
E*] l/hj(Xs)ds — EX/ef5q<Xz>duq(xj)H/h] (X*)dsdt.
=19 0 =19

By the Leibniz rule, moreover,

t k t s
/h] (x)ds = Y- [ T [ m(x;)drs.
j=1 0 j=1 0

I#i

By Fubini’s theorem, therefore, we have eq. (3.6.4). O

3.6.4 Corollary. Let h be a bounded measurable function on E. For all k € N*, if
infycqupp(n) 9(x) > 0, then

T, k
X a1 P
X < oo * . 6.
(O/h( s)ds) > (infxesupp(h)Q(x))k_qu|h|(x) (3.6.5)
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3 On non-parametric estimation of the Lévy kernel of Markov processes

Proof (by induction). By Lemma 3.6.2, we immediately have eq. (3.6.5) for k = 1. We
assume that eq. (3.6.5) holds for some k € N*. Then we deduce from Corollary 3.6.3
and || < gl|h[eo/ (infrequpp(n) 9(x)) that eq. (3.6.5) holds for k + 1. O

3.6.5 Lemma. ul,TIR; = p.
Proof. By Theorem 4.2 of Bass (1979) and Section 7 of Neveu (1972), we have

(LII—(I-R/HR; =1,

where the formal inverse of R; is defined by R; .= Yol — Rl)k. Since pu is
invariant w.r.t. (P;);>0, we also have yR; = u and u = le_l. Hence, ul,I1 =
u(I,IT— (I—R;Y)). Therefore, uIgTIR, = p. O

3.6.6 Corollary. The measures ¢ := (u(q)) ~*ply and ¢ := ¥ are the invariant probabil-
ity measures w.r.t. ® and Y.

Proof. Since ® = I1R;1;, we observe ul;® = pl;. By eq. (3.4.10), p¥*+! = pPFY =
@Y in addition. O
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4 On the estimation of the Lévy measure of

time-changed Lévy processes

This chapter is dedicated to the case of a time-changed Lévy process. In general,
such a process is no longer Markov; unless, for instance, the time-change is a Lévy
subordinator itself. In analogy to Chapter 3, we study a kernel density estimator
for the density of the Lévy measure. Our results and methods of proof are adapted
from the Markov case.

4.1 Introduction

In this chapter, we consider a process X; = L1, where L is a Lévy process with Lévy
measure F and T is an absolutely continuous time-change. We assume that F admits
a density x — f(x), which we want to estimate in a non-parametric way.

On an equidistant time grid, we observe a sample Xo(w), Xp(w), ..., Xua(w) of
the process; the jumps and the time-change are latent. We study a kernel density
estimator for f(x). We show its consistency as nA — oo and A — 0 under a
smoothness hypothesis on the estimated density and an ergodicity assumption on
the time-change. In addition, we prove a central limit theorem. A standardised
version for the construction of asymptotic confidence intervals is provided.

Our results are comparable to those in the positive recurrent Markov case and
to those in classical non-parametric density estimation. By an optimal choice of
the bandwidth, if A — 0 fast enough, our estimator’s rate is (nA)*/ (2a+d) where
« stands for the smoothness of the function f. We remark that our achieved rate
equals the non-parametric minimax rate of smooth density estimation.

Several non-parametric estimation methods and divers statistical frameworks
for the estimation of the Lévy measure of a time-changed Lévy process have been
considered in literature. For the low-frequency case, where observations take place
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4 On the estimation of the Lévy measure of time-changed Lévy processes

on a fixed sampling grid with A > 0, we refer, for instance, to Belomestny (2011).
Figueroa-Lopez (2009b, 2011) considers the high-frequency setting. Consistency and
a central limit theorem are proved for an estimator of the integral [ F(dx)g(x) of a
test function ¢ w.r.t. to the Lévy measure. Estimators for such integrals serve as the
main building block for projection estimators. Although Figueroa-Lopez’s estimator
is related to ours, the results are clearly distinguishable. In our study, we consider a
sequence of functions (g, )xen Which satisfy [ F(dx)g,(x) — f(x); this is in contrast
to the usage of a fixed function g in Figueroa-L6pez (2009b, 2011).

We briefly outline this chapter. In Section 4.2 we study the estimation of the Lévy
measure based on discrete observations. Split into three subsections, we present the
statistical problem with our standing assumptions; we give our estimator along with
a bias correction; and state our main results — the estimator’s consistency and the

central limit theorem. The corresponding proofs are in Section 4.3.

4.2 Estimation of the Lévy density from high-frequency
observations

Throughout this chapter, we use the notation introduced in Chapters 2 and 3.

4.2.1 Preliminaries and assumptions

On the filtered probability space (Q, %, (4)>0,P), let L = (L¢)¢>0 be a Lévy process
with values in E = R? and characteristic triple (b, c, F). Moreover, let Y = (Y;);>0 be

a positive cadlag process — independent of L — such that
t
T; := / Ysds is a ¢%;-stopping time for all t > 0.
0

By Corollaire 10.12 of Jacod (1979) (recall Theorem 2.2.14), the time-changed Lévy
process X given by X; := Lr, is an Itd semi-martingale w.r.t. the filtration (.%;);>0

given by .%; := ¢r,. Moreover, its characteristics (B, C, n) satisfy

dBt = bYtdt, dCt = CYtdt, and n(dt, d.X') = Ytdt X F(dX)

106



4.2 Estimation from high-frequency observations

For n € N* and A > 0, we observe the increments
AIC[X(CU) = XkA(CU) - X(kfl)A k= 1,...,n
We emphasise that the jumps of the process and the time-change are latent.

Throughout, we impose the following assumption on the time-change:

4.2.1 Assumption. The process Y is ergodic with stationary distribution p on R’
such that E* Y} = [ x*p(dx) < co. o

W.1l. 0.g., we suppose that E Y; = 1. Moreover, we assume that the Lévy measure F
of L admits a density x — f(x) which we want to estimate. Also, we impose an

assumption on the smoothness of f:

4.2.2 Assumption. There exists an a > 0 for which the Lévy measure F of L admits

a density f € Cff (E*). o

To obtain a central limit theorem, we suppose in addition:

4.2.3 Assumption. The family {(v/t(t 1 Ts —5))s>0 : t > 0} is tight. o

4.2.2 Kernel density estimator

We briefly outline our method of estimation: Firstly, we choose a smooth kernel g
with support B1(0) which is, at least, of order «; that is, for every multi-index
m= (my,...,my) € N?\ {0}, we have

m|i=my 4+ +my <oy = Kkp(g) = /x'ln1 ----- xig(x)dx =0.  (4.2.1)

Secondly, we choose a bandwidth # > 0. Lastly, we construct an estimator for
f(x) using the kernel ¢g"7%(z) := n7%¢(n7(z — x)). If the bandwidth is chosen

appropriately, we achieve a consistent and asymptotically normal estimator.

4.2.4 Definition. For 17 > 0, we call an "I defined by

n
AA” = LA ; (4.2.2)

the kernel density estimator of f (w.r.t. bandwidth # based on Xo, Xj, ..., X;a)- o
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4 On the estimation of the Lévy measure of time-changed Lévy processes

In analogy to classical kernel density estimation, we also introduce a bias correc-

tion for our estimator.

4.2.5 Definition. For 7 > 0, we call 'ﬁ " defined by

nt Z\mlza onlg) o AA,U(X)/ if « € N*¥,

m! oxMmJn

Ful (x) = (42.3)

0, otherwise,

the bias correction for an (). o

4.2.3 Consistency and central limit theorem

In this subsection, we present our main results of this chapter. We utilise the
following conditions as nA — oo and A — 0, where 0 < { < co:

nA;yZ —+ oo, and 7, —0; (4.2.4)
nApy 2 — 2. (4.2.5)

In addition, we also utilise the following conditions due to discretisation:

A2

nA217,‘f — 0, and nA377n*47d — 0. (4.2.6b)

5 0; (4.2.6a)

Remark. If A — 0 fast enough, then egs. (4.2.4) and (4.2.5) are the crucial conditions.

4.2.6 Theorem. Grant Assumptions 4.2.1 and 4.2.2. Let 1, be such that eqs. (4.2.4)
and (4.2.6a) hold. Moreover, let x # 0. Then we have the following convergence in
probability:

" (x) ,;Log f(). (4.2.7)

For the next theorem, we establish additional notation. On an extension

(Q,7,P)=Qx0, 7.7 ,PaP) (4.2.8)
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4.2 Estimation from high-frequency observations

of the probability space, let V = (V(x))xcr+ be a standard Gaussian white noise
random field such that V and .# are independent. In the theorem below, convergence

holds stably in law (recall Definition 2.3.1).

4.2.7 Theorem. Grant Assumptions 4.2.1 to 4.2.3. Let (x;);c be a finite family of pairwise
distinct points in E*, and let 17,, be such that eqs. (4.2.4) and (4.2.6) hold. Then we have the
following stable convergence in law:

(Vs (77— Fgr) ) L5 (o)), 429)

where the asymptotic variance is given by

o(x)?:= f(x) /g(z)zdz. (4.2.10)

In addition, let 1,, be such that eq. (4.2.5) holds as well. Suppose either that « € N* or
that ¢ = 0 in eq. (4.2.5). Then we have the following stable convergence in law:

(Vnand (7 = f0) ) 2% (v +ote¥)_, G2

ier " ic
where — in the former case — the asymptotic bias y(x) is given by

Km(g) 0™
e (x), (4.2.12)

y(x):=C )

|m|=a

and — in the latter case — y(x) = 0.

Remark. The asymptotic bias and variance of our estimator are analogous to those of
our estimators in the Markov case (Chapter 3) and, also, analogous to those of the

Rosenblatt-Parzen window estimator in classical density estimation.

If we choose 17, = (nA)~1/(24+4) then egs. (4.2.4) and (4.2.5) hold with = 1.
If A — 0 fast enough such that nA!+(2e+d)/(e+d+2) _, 0 in addition, then our choice

of 1, also satisfies eq. (4.2.6). Consequently, our estimator’s rate of convergence is

(nA)oc/(Zaﬂi)'
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4 On the estimation of the Lévy measure of time-changed Lévy processes

This equals the non-parametric minimax rate of smooth density estimation.

Theorem 4.2.7 does not allow for a direct construction of confidence intervals.

For this purpose, we also obtain the following standardised version.

4.2.8 Corollary. Grant Assumptions 4.2.1 to 4.2.3. Let ,, be such that egs. (4.2.4) to (4.2.6)
hold. Suppose either that &« € N* or that { = 0 in eq. (4.2.5). Then we have the following
stable convergence in law:

(\/ . ”A”" )Zdz(:?'Wxi)—@ﬁ"f"(»cz-)—f(xz-))) 5 (Vi)

icl

4.3 Proofs

Throughout this section, we work on the extension of the probability space given in
eq. (4.2.8). Given the index family I, we denote by W = (W) an I-dimensional

Wiener process such that W and .# are independent.

Proof (of Theorem 4.2.6). For n € N* and x # 0, let G*/1(x) be given by

GgM 28’” AL X)

Moreover let (7")s>0 be the filtration given by " := 7, 5. For s = k/n and
k € N, we have 7" = Z;_1)5. We decompose the process G"M1(x) as follows:

GI (x) = HY A (x) + H{"™ (x) + M (x),
where

H M (x) = <nA>—1TLm |aFg",

Lsn]
H;n,A,fy(x) . nA Z E [8}7 X(An ) _ Fgﬂfo;zT ‘ ﬁ(kfl)A} ’
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4.3 Proofs

and

sn

1
MY (x) 1= Z (87*(A1X) — Fg"*ALT) — HI (x),

We prove that Hy’ A”7”( ) — sf(x), H.A (x) = 0and M A (x) — 0 in probability
for every s > 0 as n — oo.

(H) Since Y is ergodic (Assumption 4.2.1), we have (nA)’lTLSH |a —* s in prob-
ability as nA — oo for every s > 0. Since f is continuous at x (Assumption 4.2.2),

moreover, we observe
Fg'™* = /f(x+ nz)g(z)dz — f(x) asny — 0.

Consequently, H" WA (x) = 5 f(x) in probability as n — oo. o

(H') We recall that — conditionally on T - the distribution .Z(A}X | AIT) is
equal to the distribution Z(Lapr | A{T). Since L and Y are independent, by
Proposition 3.5.1 where we choose m = 3, we obtain that there exists a { < oo such
that

[ 27 (4X) = Fg"ALT | F 1] | <
; (AnT)Z 3 (AnT)] (AnT)Z
(AYT)*% + ,7]2(+d 1+), k2j + =k

j=1 1 n®

(4.3.1)
(E

9(k—1)A] :

By Holder’s inequality, we have (AIT)? < AP7! | (’;(A_l) A Y!ds for p > 1. Since Y is
ergodic and ¥ Y} < oo (Assumption 4.2.1), moreover, we have

|sn] kA
1 yvg YPds | Zpia | ——— sEFYP forall p < 4.
A (k=D)A| = t P

=1 xZ1)a

Since A1, 2~ — 0 by eq. (4.2.6a), thus, HL A (x) — 0 in probability as n — co.

(M) We note that M1 (x) is an #"-martingale. Since nAn? — oo by eq. (4.2.4),
we observe that sup, |AM; A (x)| — 0in probability as n — oco. By the martingale
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4 On the estimation of the Lévy measure of time-changed Lévy processes

limit theorem 2.3.10, therefore, it is sufficient to prove that its predictable quadratic
variation at time s = 1 converges to zero as n — oo.

We observe

4 Lsn] "
<M”’A”7(x),Mn’A’77 (x)> < 2 Z E [gﬁ,x(AkX)z + (Fg’M)Z (AZT)Z ‘ ﬁ(kfl)A} .
k=1

S

In analogy to the case (H'), we have

d |sn]
17” Z E [g”” (A”X) P(g’me)ZAgT ’ ﬁ(k—l)A] LN 0, (4.3.2)

n—oo

EollnX Lan "
(F85) 3 Bl | Fpa) <
k=1

(Pgﬂnx)z 1 | o 43.3)
S S Z]E / Y2ds | Zy_1ya| —— 0.

n—oo
(k—1)A

Since #4F(g"*)2(nA)~ ZLS"J E[AIT | Z_1)al — sf(x) [ §(z)*dz in addition, we
obtain (M™*1n(x), M (x))s — 0 in probability as n — co. O

Proof (of Theorem 4.2.7). For n € N* and x # 0, let U™*"(x) be given by

U (x) 1= \/nand (GE (x) = sf (x)).

We decompose the process U™ (x) as follows:

™ (x) = y/nagd ( H M (x )—sf(X)>+ nAptH (x) + \/nApd MY (x),

We prove that (nAiy,‘f)l/z(Hg’A’”"( ) —sf(x)) — sy(x) and (nAqZ)l/zH;n’A’””(x) — 0
in probability as well as ((nAy)1/2M»D1n (x;))ic; — (0(x;)W');¢; stably in law as
n — o0,

(H) Immediately, we have

(I ) = s£3)) = sy (B = 1(0) + o (2222 — ).
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4.3 Proofs

Under Assumption 4.2.2, by Taylor’s theorem — in the case x € N* —

s\/nbp (Fg™™ — f(x)) = sy/nisn (nf: y i) 7 (x)+0(772‘))

m|=a

)

holds as g is of order « and — in the case { = 0 in eq. (4.2.5) — there is some constant
{’ < oo such that

s\/nAnd (Pg%x _f(x)>' < 's\/nAnint — 0.

In addition, we directly obtain

\/%- VnA ((nA)_thanA — s) L0

n—oo
under Assumption 4.2.3. o

(H") By step (H') in the proof of Theorem 4.2.6, we directly obtain

nApHS M (x) —— 0

since nA%yd — 0 and nA37;74~* — 0 by eq. (4.2.6b). o
(M) Since nAn? — oo and 17, — 0 by eq. (4.2.4), we have

P
—0
n—00

sup \/nAyd| AM, A ()

r<s

for all i € I. Let N»»" and N'»*' be the #"-martingales given by

NH,A,U . n_d Lan TX(ATXY — R X (AMX ar
s (x) == nA Z g k ) g ( 1 X) |‘j¢(k*1)A
k=1
m,A 77d o 7 i
NI ’W(x) — Hpgmx Z / Y, dr — E / Y,dr g(k—l)A
=1 1a (k=1)A
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4 On the estimation of the Lévy measure of time-changed Lévy processes

We note that (nAn,’i)lmM?’A’U(x) = NsnA"(x) - N;"’A’U(x) and, for all s > 0, we
prove

<N/n,A,17n (x), N/n,A,;yn (x) > P 0

7
s nN—oo

<Nn’A’17” (x,-), Nn’A’n” (x])> L) sn(xi)zciij.

s N—0o0

In analogy to eq. (4.3.3), we observe

< NI (x), NI x)> <

S

sn) kA

P
A%Gﬂi- ZE /'ﬁmgaﬁﬁ«;j&
(k=1)A

This also implies

77d |sn] 2 p
i Z E [A”T ’ F-1)A ] —0 (4-3-4)
Next, we have

(N (), NP (7)) =

d |sn] D)
w1 B 87 X0 | Fgnpa] B [958 [ Fya]

We observe that

1711 LS"J x n 2
ZEW”A Lﬂl]é (4-3.52)
apd 1) . ; 2
nWA I{Z(Fg"’ ) E [AkT‘y(k—l)A} (4.3.5b)
775 o 7,x An Tl XA a 2
Z L [8 X) — Fg"ALT ‘ J(kfl)A] , (4-3.5¢)
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where the summand in eq. (4.3.5b) goes to zero by eq. (4.3.4), and — recall eq. (4.3.1)
— the summand in eq. (4.3.5¢) goes to zero in analogy to step (H') in the proof of
Theorem 4.2.6.

Finally, we note that ¢g7*¢"¥ = 0 for all # small enough if x # y, and recall that
n4F(g"") x) [ ¢(z)?dz as 7 — 0. Consequently, we deduce in combination
with eq. (4.3.2) that

n—rco else.

d |sn] sf(x;) [g(z)?dz ifi=],
17” Z B [817 tigi(AgX ‘f k—1)A } e {O )8 / (4.3-6)
By the martingale limit theorem 2.3.10, therefore,

(i), 2 (et ),

where 0 (x)? = f(x) [ ¢(z)?dz. It remains to prove that this convergence holds stably
in law. This, however, follows in analogy to the proof of Lemma 3.4.11 for instance.q

Proof (of Corollary 4.2.8). Tt remains to show that (nAn?)1/24 A”7”( ) —7(x) — 0in

probability as n — co. This, however, follows in analogy to the proof of Corol-
lary 3.3.8. O
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The estimation of jumps in practice:
Simulation studies and

the empirical modelling of intermittency
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5 Simulation studies

The theoretical results developed in the previous chapters are asymptotical. We
dedicate this chapter to investigate on the performance of the various estimators in
practice. We illustrate, inter alia, the influence of discretisation and the importance
of suitable bandwidth selection. In Section 5.1, we study the kernel density estimator
for the Lévy kernel of a Markovian Itd0 semi-martingale for an example process with
finite activity, and another example process with infinite activity. Section 5.2 is based
on Section 4 of Ueltzhofer and Kliippelberg (2011). Within each section, all figures
and tables are put off to the end.

5.1 Markovian I1to semi-martingales

In this section, we present a simulation study for the kernel density estimators
(Definitions 3.2.7 and 3.3.4) of the canonical Lévy kernel of Markovian Itd semi-
martingales. We implemented numerical simulation schemes for a process with finite
activity (that is, with almost surely finitely many jumps on compact time-intervals)
and for a process with infinite activity. In particular, we considered the univariate
Itd semi-martingales with characteristics (B, C,n) given by

dB; = —bXdt, dC;=cdt, and n(dt dy) = f(X; y)dtdy, (5.1.1)

where b,¢ > 0 and

i) the density of the Lévy kernel of the process with finite activity is a mixture
of the normal density ¢( -;0,0?) with mean zero and variance ¢ > 0 and the
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5 Simulation studies

exponential density p( -;A) with mean 1/A > 0; in particular,

(Z0(y:0), if x € ] o0, ¢,
) 2m(x)(y;0,0%) + (1 —m(x))p(y;A)]  if x €]-E,0],
flxy) == 5 _ (5.1.2)
{m(x)e(y;0,0%) + (1 —m(x))p(—y;A)] if x €]0,¢],
Lep(=y:A) if x €], col,

where m(x) = (14 cos(tx/¢))/2;

ii) the density of the Lévy kernel of the process with infinite activity is a stable

density with state-dependent intensities; in particular,

fGry) = (04 Iy (1) + - () Ime () ) Iyl (5.13)
where
(2, if x € |—00, —],
2— (14+cos(nx/&))/2 if x € ]-¢,0],
Ot (x) == _
(14 cos(mtx/&))/2 if x €]0,¢],
\0 if x € ]¢, 00|,

0 (x) =2 L4 (x).

Moreover, we have implemented the kernel density estimators f;/(x,y) based
on the sample-path {Xs(w) : s € [0,¢]} and an "I(x,y) based on the sample Xo(w),
Xa(w), ..., Xya(w) using the so-called bi-weight kernel

8(2) =10 (1-2) 11100) (5.1.4)

Its roughness is given by &z = [ ¢(z)2dz = 5/7; its second moment by [ z2¢(z)dz =
1/7. To calculate asymptotic confidence intervals derived from Corollaries 3.2.11
and 3.3.8 which are non-negative, we invert a test-statistic following, for instance,
Hansen (2009, p. 24). Let q, denote the a-quantile of the normal distribution, then
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5.1 Markovian Ito semi-martingales

the estimated asymptotic confidence interval of level « for f(x,y) is given by

{Z>0 ‘\/’hﬂzAZk 181 (X (k— I)A) <AA17(x y)_z>

and, analogously, for the estimator £}/ (x).

< qzx} (5.1.5)

To calculate the bias corrections 4/ (x,y) and '?ﬁ’n(x, y) for our estimators, we
also estimate the derivatives of f and of the density u' of the invariant measure:
For the estimation of the first-order derivatives o, f(x,y) and d,p'(x), we also use
the bi-weight kernel eq. (5.1.4). For the estimation of the second-order derivatives
93f(x,y) and 95 f (x,y), however, we use the so-called tri-weight kernel

35 3
h(z) := 3 <1 —z ) 1_1,3)(2). (5.1.6)

5.1.1 The finite activity case

Firstly, we investigated the performance of the estimator f;/(x,y) based on the
observation of a sample path {X;(w) : s € [0,t]}. We chose the parameters of the
process with finite activity as reported in Table 5.1. The restriction of the Lévy
density to the set [—4,4] x [—5, 5] for these parameters is presented in Figure 5.1. We
emphasise the discontinuity on the set R* x {0} and that f is not twice continuously
differentiable on the set {—¢,{} x R, which we indicated by the red dotted lines.
We investigated the scenarios

c1) t; = 100, that is, 5000 jumps on average;
c2) t, = 500, that is, 25000 jumps on average; and
c3) t3 = 2500, that is, 125000 jumps on average.

By construction, the jump-times Ty, Ty, ... of the process form a Poisson random
measure on R, with intensity {dt. Given the value X7, for some k € N (with
the convention Ty = 0), we simulated the left-limit X7, , by an Euler step over
the interval [Ty, Ty, 1[. Next, we drew the jump AXr7,, from the distribution with
density y — {1 f (X, - Y). Iteratively, we obtained approximate trajectories of our
process sampled at the jump-times.
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For one simulated trajectory of each scenario ci—c3, we present the jumps
(X1,—, AX7,) in Figure 5.2. The shape of the Lévy density as shown in Figure 5.1 is
clearly visible in all three scenarios. We note that the number of jumps with left-limit
such that | X7 __| > 4 is small compared to the total number of jumps. As the density
f is an odd function which does not change in x for |x| > { = 3, we subsequently
restrict our analysis to the set [0,3] x R*.

At first, we compare our estimates f:’ (x,y) pointwise. For each scenario c1—c3,
each bandwidth n € {0.4,0.8} x {0.2,0.6}, each y € {£0.2,£0.6,...,43,+4}, and
each x € {0,1.5,2.5}, we summarised our estimation results in Tables 5.2 to 5.4.
Based on 100 trajectories per scenario, we give the empirical mean and the empirical
root mean squared error of our estimator, and the empirical confidence level of the
estimated 95%-confidence intervals defined by eq. (5.1.5). Likewise, we also state the
same empirical quantities for the bias corrected estimators f;' (x,y) — 47 (x, y).

We observe the significant influence of the bandwidth choice on the bias of
the estimates. In scenario c2 (Table 5.3), for = (0.4,0.6) on the one hand, we
observe an empirical bias of 0.124 (resp., of 0.052; resp., of 0.011) at (0,2.6) (resp., at
(0,3); resp., at (0,4)); for y = (0.8,0.6) on the other hand, we observe an empirical
bias of 0.169 (resp., of 0.101; resp., of 0.041) at these points. In view of eq. (3.3.5),
this phenomenon was certainly expected. Moreover, we observe that there are
points where the bias correction does its job: In the former case, the bias reduces
to 0.008 (resp., to —0.021; resp., to 0.005); in the latter case, the bias reduces to 0.01
(resp., to —0.014; resp., to 0.005). Nevertheless, we also observe a downside of the
bias correction: The empirical standard deviation of the bias corrected estimator is
increased compared to the estimator itself. At points and for bandwidths where the
bias is small, this increased variability actually worsens the root mean squared error
of the estimator. In addition, we observe that the empirical confidence level of the
estimated (pointwise) confidence intervals is satisfactory. In scenarios c1 and c2, we
observe levels of go—99 % for points and bandwidths where the bias is rather small,
and levels of 60—89 % for points and bandwidths where the bias is of significant
order. In scenario c3 (Table 5.4), this distinction becomes more apparent: For the
bandwidth choice # = (0.8,0.6), the empirical levels drop to 0% for points such as
(0,2.6) or (2.5,1.0) where the bias is dominant in front of the variance. Obviously,
this large bandwidth choice is not appropriate in scenario c3. The bias correction
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5.1 Markovian Ito semi-martingales

improves the results to some extent.

Next, we compare our estimates f,' in terms of their functional properties.
Due to the drawbacks of the bias correction observed in our pointwise analy-
sis before, we only consider the uncorrected estimator in the following. For sce-
nario c2 (resp., ¢3), the bandwidths = (0.4,0.4), (0.4,0.6), (0.6,0.2), (0.6,0.4) (resp.,
n = (0.1,04),(0.2,0.4),(0.4,0.2),(0.4,0.4)), and the points x = 0,0.75,1.5,2.25, we
summarised our estimation results in Table 5.5 (resp., Table 5.6). Based on 100
trajectories per scenario, we present the empirical mean (integrated) squared error
(MSE) of our estimator on intervals of the form [y, y>] C [—3,0[ U0, 3]; that is,

Y2

/

n

f(xy) — f(xy)

2
‘ dy.

Again, we observe the significant influence of the bandwidth choice on the MSE of
the estimate. The “optimal” choice within the set of presented bandwidths varies
with x as well as with [y1,12]. In scenario c2 (Table 5.5), for x = 0.75 on the one
hand, we have that 7 = (0.6,0.4) is better than the others in terms of the MSE
on [1.5,3] but 7 = (0.4,0.6) is better than the others on [—1.5, —0.6]. For x = 2.25
on the other hand, # = (0.4,0.6) is better than the other three bandwidths on
[—3,—0.6] U [0.6,3]. In terms of the degree of smoothing and in terms of the relative
error compared to the true value of the Lévy density, we notice the following: In
scenario c2, for appropriate bandwidth choices, we obtain reasonable estimates (1)
at x = 0 on the sets {0.3 < |y| < 2} and {04 < |y| < 3}, and (2) at x = 2.25
on the sets {—4 < y < —0.6} and {0.6 < y < 2}. In scenario c3, again for
appropriate bandwidth choices, we obtain reasonable estimates (1) at x = 0 on
the sets {0.2 < |y| < 25} and {04 < |y| < 4}, and (2) at x = 2.25 on the sets
{-5 <y < —04} and {04 < y < 3}. We present the estimates corresponding to
these observations in Figures 5.3 and 5.4.

Secondly, we investigated the performance of the estimator an "I(x,y) based
on the observation of the discrete sample Xo(w), Xa(w), ..., Xya(w). We kept the

parameters as reported in Table 5.1. We studied the scenarios

d1) t; =500 and A; = 0.01, that is, 50000 observations;
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d2) t, = 2500 and A, = 0.01, that is, 250 000 observations; and
d3) t3 = 2500 and Az = 0.001, that is, 2 500 000 observations.

We simulated the process in analogy to before. Given the value X7, for some
k € N, we simulated Euler steps over the intervals [T, (| Tx/A] + 1)A] up to
[ Ti+1/A]A, Tyy1[. Next, we drew the jump AXr 41 from the distribution with
density y — ¢! f(X7,,—,y). Finally, we only kept the sample Xo, Xa, - .., Xya-

For one simulated sample of each scenario di—-d3, we present the increments
(X(k-1)a, B} X) in Figure 5.5. In comparison to Figure 5.2, the influence of discreti-
sation is clearly visible. Subsequently, we restrict our analysis to the same sets and
bandwidths as in the continuous observation case.

At first, we compare our estimates an "I(x,y) pointwise. For each scenario d1-
d3, each bandwidth # € {0.4,0.8} x {0.2,0.6}, each x € {0,1.5,2.5}, and each y €
{£0.2, £0.6,...,+3,+4}, we summarised our estimation results in Tables 5.7 to 5.9.
Based on 100 samples per scenario, we give the empirical mean and the empirical
root mean squared error of our estimator, and the empirical confidence level of the
estimated 95%-confidence intervals defined by eq. (5.1.5). Likewise, we also state the
same empirical quantities for the bias corrected estimators an M(x,y) — 457 (x,y).

In scenarios d1 and d2 where A = 0.01, the bias due to discretisation is dominant.
In scenario d3 where A = 0.001, our estimates improve significantly; the drift
component is much less influential for |y| large. Certainly, the influence of the
continuous martingale component for |y| small is still present. Since the bias
correction '?ﬁ’” only captures the bias due to the kernel smoothing, there is no
significant improvement observable comparing the bias corrected estimates to the
uncorrected ones. In the following, we focus on the uncorrected estimates only.

Next, we compare our estimates an "I(x,y) in terms of their functional properties.
For scenarios d2 and d3, the bandwidths # = (0.1,0.4), (0.2,0.4), (0.4,0.2), (0.4,0.4)
and the points x = 0,0.75,1.5,2.25, we summarised our estimation results in Ta-
bles 5.10 and 5.11. Based on 100 samples per scenario, we present the empir-
ical mean (integrated) squared error of our estimator on intervals of the form
[y1,¥2] € [-3,0[U]0,3]. Again, we observe the significant influence of the band-
width choice on the MSE of the estimate. In terms of the degree of smoothing and in
terms of the relative error compared to the true value of the Lévy density, for the
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5.1 Markovian Ito semi-martingales

same bandwidth choices as in scenario c3, we observe the following: In scenario dz2,
we only obtain reasonable estimates (1) at x = 0 on the set {1.75 < |y| < 3}, and (2)
at x = 2.25 on the sets {—5 < y < —3} and {1 < y < 3}. In scenario d3, neverthe-
less, we obtain reasonable estimates (1) at x = 0 on the sets {0.75 < |y| < 2} and
{0.5 < |y| <4}, and (2) at x = 2.25 on the sets {—5 <y < —0.5} and {0.5 < y < 3}.

We present the estimates corresponding to these observations in Figures 5.6 and 5.7.
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5 Simulation studies

Table 5.1: Parameters for the characteristics (B, C,n) given by egs. (5.1.1) and (5.1.2)

b ¢ ¢ ¢ o A
1 1 5 3 1 2

Figure 5.1: Contour plot (left) and topographical image plot (right) with legend (far right) of the
restriction of the Lévy density (x,y) — f(x,y) given by eq. (5.1.2) with parameters as in Table 5.1
to the set [—4,4] x [—5,5]. The dotted red lines indicate the set {—¢,&} x R on which f is not
twice continuously differentiable.
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5 Simulation studies

Table 5.2: Scenario c1 — The empirical mean (columns 3, 6, 9, 12) of the estimator ftﬂ (x,y) (resp.,
bias-corrected estimator f;(x,y) — 47 (x,y)) based on 100 trajectories (up to time t = 100) is
compared to the true value (col. 2) of f(x,y) given by eq. (5.1.2). In addition, the root mean
squared error (rmse; cols. 4, 7, 10, 13) and the empirical confidence level (cl; cols. 5, 8, 11, 14) in

percent of the estimated 95%-confidence interval given by eq. (5.1.5) are presented.

Estimation at x = 0

7 =1(04,0.2) 1 =(0.4,0.6) n=(0.8,0.2) 7 =(0.8,0.6)

y f(x,y) mean rmse <c mean rmse ¢ mean rtmse < mean rmse cl
—4.0 0.007 0.014 0.056 94 0.018 0.039 89 0.037 0.059 79 0.042 0.049 52
-3.0 0222 0236 0268 92 0280 0156 91 0266 0.199 93 0324 0148 77
—-2.6 0.679 0.730 0.358 99 0.820 0.283 93 0.786 0297 95 0.857 0.250 83
—2.2 1.774 1973 0745 93 2024 0486 88 1.902 0510 94 2011 0375 88
-1.8 3948 3888 1.010 94 4170 0603 95 3939 0729 93 4178 0452 92
—-14 7.486 7420 1273 97 7597 0778 96 7414 0945 95 7585 0521 95
—-1.0 12.099 11922 1821 93 11969 1.060 94 11.826 1297 92 11.878 0.702 96
—-0.6 16.661 16.632 2277 92 16362 1221 96 16434 1614 94 16208 0955 91
—0.2 19552 19249 2011 98 — — — 19315 1538 97 — — —

02 19552 19447 2275 95 — — — 19317 1614 94 — —_ -
0.6 16.661 16536 2133 94 16420 1214 95 16387 1633 91 16270 0974 89
1.0 12.099 11876 1742 93 12.012 0951 97 12.009 1319 94 11967 0743 93
14 7.486 7299 1603 92 7542 0851 95 7310 1.141 93 7557 0.614 95
1.8 3948 4053 0999 94 4170 0571 97 4071 0705 97 4188 0451 92
22 1.774 1911 0679 97 2.014 0410 95 1.862 0452 95 2010 0.341 90
2.6 0679 0698 0422 93 0773 0249 93 0774 0360 91 0.831 0240 82
3.0 0.222 0248 0272 92 0273 0.153 93 0286 0204 90 0.328 0.155 79
4.0 0.007  0.013 0.054 94 0018 0034 87 0.037 0060 74 0.045 0.052 48
Estimation at x = 0 with bias correction
7 =(04,0.2) n = (0.4,0.6) 7 =(0.8,0.2) 7 =(0.8,0.6)

y f(x,y) mean rmse «c mean rmse ¢ mean rmse ¢ mean rmse cl
—4.0 0.007  0.017 0.088 95 0017 0056 92  0.021 0066 9  0.018 0.035 85
-3.0 0.222 0249 0397 88 0220 0.227 88 0232 0293 89 0215 0171 74
-26 0679 0717 0546 90 0.688 0365 82 0724 0424 84 0702 0276 80
-22 1774 2100 1.168 75 1941 0676 73 1886 0794 75 1.820 0476 72
-1.8 3.948 3.842 1565 82 3951 0942 80 3.858 1.183 82 3946 0.643 82
—-14 7.486 7422 209 80 7468 1289 74 7373 1440 82 7484 085 79
-1.0 12,099 11907 2782 80 11959 1796 68 11934 1971 84 11944 1177 79
—-0.6 16.661 16.638 3.676 70 16726 1913 80 16.619 2.690 68 16649 1409 75
—-02 19552 19.013 3.205 84 — — — 19455 2310 83 — _ -

02 19552 19.380 3.667 78 — — — 19564 2462 82 — - —
0.6 16.661 16488 3206 80 16.747 1.892 82 16,566 2529 75 16.758 1.385 82
1.0 12,099 11.673 2781 79 12.045 1443 84 1208 2.054 79 12106 1.100 81
14 7.486 7282 2420 74 7347 1365 75 7244 1793 75 7350 1.026 70
1.8 3.948 3995 1.626 81 3969 0.897 79 4.027 1128 81 3989 0594 85
22 1.774 1987 1143 78 1.879 0.580 82 1.817 0731 80 1.792  0.409 82
2.6 0.679 0.695 0.606 89 0.621 0370 80 0.707 0539 76 0.655 0294 77
3.0 0.222 0.288 0457 88 0217 0226 90 0.266 0.300 87 0219 0172 72
4.0 0.007 0.015 0.079 96 0.014 0.042 89 0.024 0.068 88 0.018 0.035 83

128



5.1 Markovian Ito semi-martingales

Table 5.2a: Scenario c1 (continued)

Estimation at x = 1.5

n =(04,02) n = (04,0.6) n = (0.8,0.2) n =(0.8,0.6)

y f(x,y) mean 1rmse < mean rmse c mean rmse cl mean rmse cl
—4.0 1.695 1.664 0818 96 1.642 0496 95 1.625 0582 98 1.605 0369 94
-3.0 2.900 2918 1.004 99 2948 0597 98 2811 0707 97 2.817 0.407 97
-26 3746 3887 1.144 95 3878 0.695 96 3.650 0.851 97  3.690 0530 97
—-22 5.048 5216 1.652 92 5164 0.847 93 4954 1.145 90 4973 0.605 95
-1.8 7056 6954 1790 96 7256 1.014 95 6791 1165 95 7.018 0.705 93
—14 9.951 10236 2119 93 10205 1279 95 9942 1471 93 10.006 0.898 95
—-1.0 13.631 13200 2256 99 13472 1283 96 13368 1715 96 13495 0958 95
—-0.6 17591 17750 2444 98 17565 1395 96 17711 1733 95 17529 1.072 96
—-02 21.087 20907 3.022 95 — — — 20818 2241 94 — — -

0.2 9.776  9.778 2.050 95 — — — 10282 1503 95 — - —
0.6 8.331 8316 1.709 96 8235 1.020 97 8711 1243 95 8.627 0.809 94
1.0 6.049 6445 1425 97 6168 0857 97 6524 1112 96 6399 0.678 91
14 3743 3788 1348 93 3931 0788 93 4019 0930 92 4086 0.608 90
1.8 1.974 2155 0.897 96 2225 0583 92 2206 0711 95 2278 0482 89
22 0.887  1.033 0.637 92 1.077 038 94 1.010 0471 90 1.078 0313 90
2.6 0.340 0.367 0411 90 0420 0250 92 0.384 0280 93 0427 0.186 94
3.0 0.111 0.130 0234 93 0.149 0.142 92 0132 0170 93 0.148 0.102 91
4.0 0.003 0.006 0.062 99 0.004 0.026 98 0.004 0.034 98 0.003 0.014 97
Estimation at x = 1.5 with bias correction
7 =(04,02) 7 = (0.4,0.6) 7 =(08,02) 1 = (0.8,0.6)

y f(x,y) mean rmse <c mean rmse ¢ mean rmse ¢ mean rmse cl
—4.0 1.695 1.748 1226 85 1.607 0.753 84 1.701 0920 78 1.657 0566 75
-3.0 2900 2963 1.675 82 2946 0971 79 2995 1155 82 2922 0629 85
—-2.6 3.746 4033 1911 82 3.849 1121 80 3.892 1266 81 3815 0796 77
-22 5048 5353 2637 74 5093 1359 80 5225 1881 76 5081 0951 81
-1.8 7056 6908 2814 75 7161 1595 82 6998 1.832 82 7.067 1162 77
—-14 9951 10388 3.190 82 10353 2.083 78 10.124 2436 77 10.157 1495 72
—-10 13631 13.088 3546 82 13177 2079 79 13372 2591 82 13380 1507 83
-06 17591 17581 4.052 82 17.722 2332 79 17842 2760 82 17.810 1.637 80
—02 21.087 20.898 4.839 80 — — — 20753 3.631 82 — - —

0.2 9.776 9477 3415 78 — _ - 9.715 2377 77 — _ -
0.6 8.331 8.092 2907 81 8.145 1.637 81 8212 1986 77 8262 1231 77
1.0 6.049 6617 2372 83 6172 1427 75 639 1.624 82  6.096 0988 82
14 3.743 3742 2072 81 3757 1231 75 3.788 1487 82 3772 0.847 80
1.8 1.974 2.088 1415 84 2127 0.840 83 2115 1113 77 2103 0.614 76
22 0.887 1124 1.025 76 1.016 0570 80 1.006 0731 75 0953 0401 79
2.6 0340 0422 0638 84 0377 0357 85 0417 0449 83 0348 0252 79
3.0 0.111 0.143 0351 &9 0.147 0198 86 0.150 0.265 82 0.128 0.152 86
4.0 0.003  0.011 0107 99 0.006 0045 98  0.006 0.060 99 0003 0.025 98
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Table 5.2b: Scenario c1 (continued)

Estimation at x = 2.5

7 =(04,0.2) 7 = (04,0.6) 7 = (0.8,0.2) 7 = (0.8,0.6)
y f(x,y) mean rmse cdd mean rmse c mean rmse cd mean rmse

—4.0 3.157 3.016  1.600 98 3.124 0981 96 2988 1.143 98 2976 0.683 98
-3.0 5.219 4952  1.955 98 5115 1279 95 5041 1.482 99 5075 0911 95
—2.6 6.402 6.015  2.563 94 6.086 1.420 98 5956 1.715 96 6.017 0967 98
—-22 7.883 7505 2.750 98 7.658 1733 96 7.341 1.804 97 7471 1150 96
—-1.8 9.748 9.993 3.396 97 9.741 1988 95 9.456  2.345 97 9.460 1.347 96
—-14 12.085 11983 3.217 98 11932 1957 94 11.810 2.368 9 11.854 1342 95
—1.0 14958 14.588 3.886 99 14770 2074 99 14615 2756 96 14.726 1549 96
—0.6 1839 17.922 4.051 98 18300 2534 96 18251 2887 95 18285 1.843 97
—02 22415 22234 4971 95 — —  — 22050 3.290 97 — —_ -
0.2 1.310 1.535 1.285 93 — —_- — 2188  1.326 79 — —
0.6 1.116 1.242 1117 92 1312 0.677 94 1.859 1.077 83 1.858 0.881 60
1.0 0.810 0.983  0.961 92 1.020 0.644 90 1.330  0.904 84 1400 0.754 66
1.4 0.501 0.673  0.846 92 0.636 0489 92 0922 0.767 85 0.893 0520 69
1.8 0.264 0.309  0.549 96 0335 0318 98 0.477  0.450 91 0.487 0332 80
22 0.119 0.159  0.355 90 0.163 0212 89 0.238  0.327 87 0244 0212 81
2.6 0.045 0.102  0.337 93 0.081 0.151 88 0.105 0.229 86 0.106 0.130 81
3.0 0.015 0.017 0.111 98 0.024 0071 93 0.034 0.122 93 0.034 0.065 88
4.0 0.000 0.000 0.000 100 0.001 0.005 99 0.000 0.000 100 0.000 0.003 99

Estimation at x = 2.5 with bias correction

1 =(04,02) 1 = (04,0.6) n = (0.8,02) 1 = (0.8,0.6)
y f(x,y) mean rmse cd mean rmse c  mean rmse cl  mean rmse cl

—4.0 3.157 2922  2.561 94 3229 1.686 79 2992 1.839 84 3.119 1.150 82
-3.0 5219 4729 3.176 83 4946 1982 81 5176 2.300 87 5289 1.389 82
—2.6 6.402 6.037  4.157 79 5972  2.349 75 6.205 2.717 82 6.182  1.440 89
—2.2 7.883 7.591  4.308 82 7.541 2927 77 7.674 2949 84 7.672 1772 83
—1.8 9.748 10.358 5.154 78 9.849 3.272 75 9.899  3.881 76 9.725 2294 72
-14 1208 11.777 5.257 80 11.714 3.167 78 11.791 3.761 83 11972  2.094 81
—1.0 14958 14455 6.391 75 14524 3225 81 14.826 4.727 75 14.698 2511 77
—-0.6 18396 17.613 6.520 82 18176 4.021 75 18.040 4.924 77 18210 2.950 73
—02 22415 21992 7.958 76 — — — 21927 5578 75 — — —
0.2 1.310 1.481 1.896 88 — — — 1491 1575 79 — — —
0.6 1.116 1.219 1.864 89 1.185 1.021 89 1.199 1.223 87 1.166  0.770 72
1.0 0.810 0926 1.370 86 0934 0.879 84 0956  1.022 81 0925 0.764 65
14 0.501 0.694 1.285 83 0592  0.748 86 0.794  1.008 82 0.612  0.554 82
1.8 0.264 0314  0.823 90 0.303  0.438 91 0381 0.614 83 0.318 0.371 85
22 0.119 0.171  0.498 91 0.159  0.305 89 0243 0477 82 0.177  0.237 83
2.6 0.045 0.144  0.577 94 0.088  0.238 88 0.142 0414 87 0.098 0.173 80
3.0 0.015 0.016 0.120 98 0.018 0.077 95 0.043 0.197 94 0.031  0.091 91
4.0 0.000 0.000 0.000 100 0.000 0.000 100 0.000  0.000 100 0.000  0.000 100
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Table 5.3: Scenario c2 — The empirical mean (columns 3, 6, 9, 12) of the estimator ftﬂ (x,y) (resp.,
bias-corrected estimator f;(x,y) — 47 (x,y)) based on 100 trajectories (up to time t = 500) is
compared to the true value (col. 2) of f(x,y) given by eq. (5.1.2). In addition, the root mean
squared error (rmse; cols. 4, 7, 10, 13) and the empirical confidence level (cl; cols. 5, 8, 11, 14) in
percent of the estimated 95%-confidence interval given by eq. (5.1.5) are presented.

Estimation at x =0

1 =(04,02) 1 = (0.4,0.6) 1 =(0.8,0.2) 1 = (0.8,0.6)

y f(x,y) mean rmse <c mean rmse ¢ mean rmse < mean rmse cl

—4.0 0.007 0.023 0.034 76 0.023 0.022 65 0.048 0.051 34 0.049 0.046 7
-3.0 0.222 0233 0111 96 0284 0.093 80 0275 0.090 92 0324 0116 39
—-2.6 0.679 0726 0222 88 0.804 0170 82 0764 0177 85 0.849 0.190 38
—2.2 1.774 1.786 0296 97 1946 0256 81 1.852 0219 97 1.996 0257 59
-1.8 3.948 3965 0456 96 4160 0335 84 3982 0325 92 4175 0293 83
—-14 7.486 7515 0.620 96 7.668 0.419 90 7483 0435 95 7.636 0300 94
-1.0 12,099 12122 0713 99 12114 0414 98 12071 0527 97 12.041 0305 95
—-0.6 16.661 16539 0958 95 16306 0.607 91 16437 0722 92 16211 0.567 80
—0.2 19552 19433 0915 98 — — — 19334 0.683 98 — - —
02 19552 19487 0902 98 — — — 19325 0695 9 — _ -
0.6 16.661 16722 0936 95 16421 0.600 92 16584 0.698 95 16295 0.533 88
1.0 12.099 12.021 0.806 96 12.060 0459 92 12.023 0549 98 12.015 0323 96
14 7.486 7546 0549 98 7.653 0394 94 7520 0418 97 7644 0308 90
1.8 3.948 4.008 0424 96 4199 0358 85 4.002 0307 96 4204 0318 68
22 1.774 1.849 0294 96 1981 0267 79 1.881 0230 94 2.008 0.262 55
2.6 0.679 0723 0.185 95 0.803 0.170 81 0.766  0.162 88 0.848 0.190 44
3.0 0.222 0213 0107 97 0274 0.085 84 0273 0.094 88 0323 0.112 43
4.0 0.007 0.019 0.030 81 0.018 0.019 75 0.048 0.052 36 0.048  0.044 3

Estimation at x = 0 with bias correction

7 =(04,02) 7 =(04,0.6) n =(08,0.2) 7 = (0.8,0.6)
y f(x,y) mean rmse <c mean rmse ¢ mean rmse ¢ mean rmse cl

—4.0 0.007 0.022 0045 79 0.017 0.024 70 0.026 0.040 66 0.016 0.022 73
-3.0 0.222 0220 0177 78 0.218 0107 74 0215 0121 79 0219 0079 75
—2.6 0.679 0714 0346 73 0.697 0.177 80 0702 0246 74 0.696 0139 73
—2.2 1.774 1.740 0469 78 1.758 0291 78 1.769 0325 80 1.764 0206 78
-1.8 3.948 3946 0736 77 3951 0419 82 3909 0494 80 3924 0.288 81
—-14 7.486 7533 0962 80 7515 0615 75 7487 0.678 79 7484 0408 79
-1.0 12.099 12153 1134 85 12196 0644 85 12163 0897 77 12190 0512 78
—-0.6 16.661 16.612 1463 81 16573 0805 82 16.699 1.068 78 16.601 0580 82
—-02 19552 19.468 1526 79 — — — 19514 1079 84 — _ -
02 19552 19.606 1.445 84 — — — 19550 1.014 83 — - —
0.6 16.661 16698 1563 75 16.709 0909 73 16.849 1161 81 16.758 0.655 82
1.0 12,099 11973 1259 78 12.023 0745 80 12.095 0861 78 12101 0512 77
14 7.486 7607 0918 79 7504 0567 82 7545 0.623 90 7491 0412 73
1.8 3.948 4.001 0704 84 3992 039 83 3973 0488 82 3968 0309 77
22 1.774 1.843 0486 76 1.804 0272 81 1.836 0336 82 1.803 0192 79
2.6 0.679 0.698 0.280 82 0.687 0178 76 0.698 0212 80 0.689 0.137 79
3.0 0.222 0.188 0.167 75 0201 0113 70 0195 0.127 78 0.208 0.080 69
4.0 0.007 0.018 0.040 83 0.012 0.021 84 0.022 0.035 72 0.012 0.018 79
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Table 5.3a: Scenario c2 (continued)

Estimation at x = 1.5

n =(04,02) n = (04,0.6) n = (0.8,0.2) n =(0.8,0.6)

y f(x,y) mean 1rmse ¢ mean rmse ¢ mean rmse cl mean rmse cl
—4.0 1.695 1.668 0383 94 1.688 0225 93 1590 028 92 1.610 0.180 91
-3.0 2.900 2915 0480 96 2.899 0293 94 2799 0353 93 2787 0227 93
-26 3746  3.696 0534 95 3769 0345 94 3570 0401 94  3.630 0266 89
—-22 5.048 5.048 0577 98 5152 0388 93 4859 0449 92 4976 0273 94
-18 7056 7109 0.847 95 7197 0506 92 6903 0576 96  7.028 0313 97
—1.4 9.951 9.896 0.811 98 10051 0545 96 9.789 0585 96 9922 0360 95
—-1.0 13.631 13811 1.092 93 13.694 0587 97 13.679 0713 97 13588 0.391 95
—-0.6 17591 17706 1.184 98 17565 0.618 98 17513 0.857 94 17467 0454 97
—-0.2 21.087 21.081 1304 96 — — — 21.002 0934 98 — — -

0.2 9.776  9.835 0915 96 — — — 10338 0.843 87 — - —
0.6 8.331 8.380 0.798 93 8290 0411 96 8778 0.725 90 8.659 0433 89
1.0 6049 6136 0712 96 6122 0369 97 6392 0.600 92 6380 0418 82
1.4 3743 3877 0570 93 3913 0353 92 4004 0463 88 4066 0390 76
1.8 1.974 2014 0412 94 2127 0299 86 2104 0309 94 2224 0306 70
22 0.887 0930 0289 91 0995 0210 86 0976 0228 87 1043 0202 75
2.6 0.340 0335 0.155 98 0392 0105 91 0366 0.111 95 0414 0103 78
3.0 0.111 0123 0.099 93 0132 0053 95 0123 0.072 94 0.140 0.049 86
4.0 0.003 0.002 0.008 99 0.005 0.012 91 0.003 0.010 95 0.005 0.008 91
Estimation at x = 1.5 with bias correction
7 =(04,02) 7 = (0.4,0.6) 7 =(08,02) 7 = (0.8,0.6)

y f(x,y) mean rmse <c mean rmse ¢ mean rmse ¢ mean rmse cl
—4.0 1.695 1.722 0626 78 1.711 0367 70 l.e66 0421 82 1.701 0243 84
-3.0 2900  3.000 0765 75 2896 0468 78  3.012 0557 77 2906 0322 82
—-2.6 3.746 3744 0.895 77 3734 0537 76 3744 0585 81 3723 0369 81
-22 5048 5108 0958 85 5119 0552 84 5020 0.699 82 5049 0398 83
-1.8 7056 7194 1414 68 7144 0835 68 7110 0943 73 7070 0525 76
—-14 9.951 9971 1325 81 9936 0872 74 9907 0912 85 9.896 0564 77
—-1.0 13631 13846 1764 77 13.689 0985 82 13893 1.189 82 13.686 0.633 81
—-06 17591 17923 1935 82 17.642 1.032 82 17696 1426 77 17.634 0.727 81
—-0.2 21.087 21174 2033 79 — — — 21094 1443 78 — —_- —

0.2 9.776 9.530 1456 73 — _ - 9713 1.047 74 — _ -
0.6 8.331 8302 1295 79 8303 0705 87 8320 0918 83 8316 0477 83
1.0 6.049 6053 1181 76 6.047 0620 81 6.051 0773 81 6.046 0441 81
14 3743 3890 0934 75 3793 0500 80 3797 0689 77 3780 0365 82
1.8 1.974 1979 0701 78 1973 0401 77 1982 0455 82 1989 0270 76
22 0.887 0.888 0438 78 0.892 0280 74 0908 0325 75 0.899 0.199 74
2.6 0340 0305 0261 80 0319 0137 84 0331 0177 83 0329 0.104 80
3.0 0.111 0.135 0.150 84 0.108 0.074 86 0.127 0114 84 0.103 0.061 75
4.0 0.003  0.000 0.005 99 0005 0016 93 0.003 0014 96 0.005 0.011 85
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Table 5.3b: Scenario c2 (continued)

Estimation at x = 2.5

n =(04,02) n =(04,0.6) n = (0.8,0.2) n = (0.8,0.6)

y f(x,y) mean rmse cdd mean rmse c mean rmse ¢ mean rmse «dl
—4.0 3.157  3.021 0.731 99  3.066 0442 96 2969 0519 98 298 0345 95
-3.0 5.219 5276 1.011 94 5281 0.621 94 5.030 0706 96 5028 0470 93
-2.6 6402 6247 1199 94 6395 0739 96  6.007 0893 91 6.125 0580 88
—-2.2 7.883 7.809 1274 95 7780 0.691 98 7562 0947 91 7562 0.601 89
-1.8 9.748 9498 1524 92  9.600 0.877 8 928 1.068 91 9432 0.656 91
—14 12085 11956 1518 96 12.044 0964 92 11.764 0994 98 11.874 0.690 95
—1.0 14958 14.828 1.946 94 14895 1054 97 14778 1360 91 14815 0.758 94
—0.6 18396 18437 2015 95 18433 1150 96 18345 1389 94 18363 0.792 95
—-02 22415 22711 2.091 96 — — — 22475 1398 97 — —_ -

0.2 1.310 1549 0609 93 — — — 2213 0993 36 — - —
0.6 1.116 1.315 0.562 93 1.291 0339 88 1.892 0871 44 1.881 0.801 6
1.0 0.810 1.033 0499 90 0974 029 89 1451 0735 42 1399 0623 7
14 0.501 0612 0342 93 0632 0224 8 0857 0437 64 0885 0413 14
1.8 0264 0413 0292 8 0372 018 8 0511 0307 65 0504 0266 32
22 0.119 0157 0.171 94 0172 0120 90 0208 0.151 85 0232 0139 62
2.6 0.045 0.052  0.097 92 0.060 0.062 93 0.083 0.095 85 0.088 0.067 76
3.0 0.015 0013 0.050 96 0018 0.035 92  0.022 0042 92 0.031 0034 84
4.0 0.000 0.000 0.000 100 0.001 0.006 99 0.000 0.003 98 0.001 0.005 96
Estimation at x = 2.5 with bias correction
7 =(04,02) 7 = (0.4,0.6) 7 =(08,02) 7 = (0.8,0.6)

y f(x,y) mean rmse cd mean rmse ¢ mean rmse cd  mean rmse «cl
—4.0 3.157 3.008 1.188 85 3.031 0.641 84 3.060 0.844 77 3.089 0493 78
-3.0 5219 5419  1.605 84 5375 1.047 78 5285 1.150 80 5292 0718 82
—-2.6 6.402 6.210 1.870 80 6439 1188 71 6.241 1.367 75 6362 0.831 72
—2.2 7.883 7983  2.038 81 7788 1.055 83 7921 1.519 78 7812 0806 76
-1.8 9.748  9.650 2327 75 9533 1378 75 9562 1649 78 9598 0964 77
—14 12085 11941 2.538 78 12.028 1451 80 11954 1.753 80 12.029 1110 74
—1.0 14958 14.831 3.214 73 14744 1701 77 14904 2.382 72 14850 1253 73
—-0.6 18396 18424 3.435 74 18275 1904 74 18510 2.253 74 18360 1304 73
—-02 22415 22939 3.558 79 — —  — 22770 2482 79 — —_ —

0.2 1.310 1.344 0.903 76 — _ - 1.304 0.639 76 — _ -
0.6 1.116 1.141 0.813 74 1.099 0444 82 1.111  0.700 62 1135 0397 73
1.0 0.810 0958 0.667 76 0851 0408 78 0903 0566 69 0841 0320 72
14 0.501 0.542  0.499 86 0525 0.263 86 0.547  0.406 71 0509 0229 73
1.8 0264 0450 0445 75 0342 0256 73 0379 0300 77 0321 0182 71
22 0.119 0.178  0.264 82 0.147 0157 87 0.153 0.171 85 0.129 0124 85
2.6 0.045 0053 0.146 91 0.051 0.080 89  0.073 0.131 81 0.055 0.071 81
3.0 0.015 0.015 0.079 96 0.015 0.048 93 0.020 0.057 91 0.021 0.036 88
4.0 0.000  0.000 0.000 100  0.001 0.009 99  0.000 0.000 100  0.001 0.006 98
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Table 5.4: Scenario c¢3 — The empirical mean (columns 3, 6, 9, 12) of the estimator ftﬂ (x,y) (resp.,
bias-corrected estimator £/’ (x,y) — 4/ (x,y)) based on 100 trajectories (up to time t = 2500) is
compared to the true value (col. 2) of f(x,y) given by eq. (5.1.2). In addition, the root mean
squared error (rmse; cols. 4, 7, 10, 13) and the empirical confidence level (cl; cols. 5, 8, 11, 14) in

percent of the estimated 95%-confidence interval given by eq. (5.1.5) are presented.

Estimation at x = 0

7 =1(04,0.2) 1 =(0.4,0.6) n=(0.8,0.2) 7 =(0.8,0.6)

y f(x,y) mean rmse <c mean rmse ¢ mean rtmse < mean rmse cl
—4.0 0.007 0.019 0.018 67 0.021 0.016 36 0.049  0.045 0 0.051  0.045 0
-3.0 0222 0246 0.051 92 028 0070 38 0288 0075 56 0328 0109 O
—-2.6 0.679 0.695 0.083 94 0792 0123 34 0.747 0.090 81 0.841 0.165 0
—2.2 1.774 1.797 0137 94 1957 0.200 37 1.840 0.114 88 1.996  0.230 1
-1.8 3948 3974 0208 93 4192 0273 42 3977 0153 96 4195 0261 15
—-14 7.486 7543 0258 95 7694 0256 71 7511 0191 95 7651 0196 72
-1.0 12099 12073 0335 94 12071 0212 94 11976 0270 93 11990 0.189 84
—-0.6 16.661 16566 0341 99 16335 0406 72 16453 0327 91 16218 0478 28
—02 19552 19.557 0.409 98 — — — 19354 0354 90 — - —

02 19552 19481 0433 96 — — — 19315 0394 93 — —_ -
0.6 16.661 16555 039 97 16322 0411 67 16453 0332 89 16212 0475 22
1.0 12.099 12.008 0.348 96 12.050 0.199 96 11970 0270 93 11991 0.170 93
14 7.486 7534 0307 91 7.667 0240 81 7509 0205 92 7648 0.196 77
1.8 3.948 4012 0213 94 4190 0277 46 4.020 0159 93 4204 0272 16
22 1.774 1.829 0.144 94 1981 0223 25 1.864 0.128 87 2014 0.247 2
2.6 0679 0727 0.093 92 0811 0141 25 0765 0.106 67 0853 0178 0
3.0 0.222 0242 0.051 92 0285 0.070 37 0289 0.076 51 0.330 0.111 0
4.0 0.007  0.018 0.017 71 0.020 0015 28 0.049 0044 2 0050 0.044 0
Estimation at x = 0 with bias correction
7 =(04,0.2) n = (0.4,0.6) 7 =(0.8,0.2) 7 =(0.8,0.6)

y f(x,y) mean rmse «c mean rmse ¢ mean rmse ¢ mean rmse cl
—4.0 0.007  0.012 0.017 78 0009 0011 75 0015 0019 67 0.010 0.011 67
-3.0 0.222 0.231 0.067 86 0226 0.044 77 0224 0.056 74 0224 0.032 78
-26 0679 0657 0125 78 0672 0082 73 0664 0093 76 0678 0.058 71
-22 1.774 1763 0225 78 1769 0130 74 1765 0.149 81 1778 0.088 77
-1.8 3.948 3936 0325 80 3978 0193 74 3926 0251 73 3967 0137 76
-14 7486 7529 0411 84 7560 0258 78 7529 0313 80 7545 0.182 77
-1.0 12.099 12084 0571 78 12.098 0312 84 12.092 0387 85 12106 0.242 76
—-0.6 16.661 16.614 0569 86 16.608 0353 77 16.660 0401 88 16.627 0271 79
—-02 19552 19.763 0.722 76 — — — 19644 0489 80 — _ -

02 19552 19597 0.697 80 — — — 19561 0494 82 — - —
0.6 16.661 16581 0.620 77 16.604 0411 78 16.648 0436 81 16.623 0.266 79
1.0 12.099 11982 0558 79 12065 0329 77 12028 0390 82 12.090 0210 85
14 7486 7532 0506 75 7517 0265 76 7532 033 70 7528 0.184 82
1.8 3.948 4.000 0324 72 3968 0203 75 3988 0233 74 3970 0151 67
22 1.774 1.802 0229 70 1.798 0134 72 1.795 0.153 80 1.795 0.094 78
2.6 0.679 0.704 0133 77 0.696 0.082 71 0.695 0.091 78 0.695 0.061 68
3.0 0.222 0226 0.078 78 0.218 0.042 80 0226 0.051 79 0223 0034 75
4.0 0.007 0.012 0.017 82 0.009 0.009 82 0.014 0.017 69 0.010 0.009 66
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Table 5.4a: Scenario c3 (continued)

Estimation at x = 1.5

n =(04,02) n = (04,0.6) n = (0.8,0.2) n =(0.8,0.6)

y f(x,y) mean 1rmse < mean rmse c mean rmse cl mean rmse cl
—4.0 1.695 1.672 0185 91 1.676  0.100 93 1.595 0152 87 1.602 0112 72
-3.0 2.900 2.833 0221 93 2890 0125 95 2735 0222 81 2770 0158 71
-26 3746 3706 0243 95 3769 0.148 96 3550 0261 83  3.628 0.158 77
—-22 5.048 5.026 0290 91 5128 0.184 96 4.866 0.268 88 4974 0138 87
-1.8 7056 7.024 0323 95 7155 0224 92 6873 0293 89 7.010 0.145 93
—14 9.951 9.905 0406 97 10032 0270 90 9790 0318 92 9914 0179 94
—-1.0 13.631 13616 0518 91 13.633 0291 93 13528 0.388 93 13559 0218 91
—0.6 17591 17541 0524 96 17496 0331 92 17536 0375 97 17452 0259 90
—-0.2 21.087 21.140 0.608 93 — — — 21.045 0434 95 — — -

0.2 9.776  9.793 0433 93 — — — 10288 059 57 — - —
0.6 8.331 8.463 0.382 96 8339 0199 97 8.845 0573 56 8709 0404 31
1.0 6049 6136 0343 92 6130 018 93 6414 0427 63 6406 0373 20
14 3743 3771 0243 98 3870 0.184 89 3955 0278 78 4052 0325 12
1.8 1.974 2002 0193 94 2107 0175 74 2.098 0.189 77 2209 0249 12
22 0887 0903 0.120 96 098 0122 69 0954 0.111 89 1.037 0158 15
2.6 0.340 0360 0.082 94 0403 0.077 69 0374 0.067 87 0.423 0.088 28
3.0 0.111 0.117 0.041 97 0139 0038 79 0123 0.032 92 0.146 0.039 47
4.0 0.003 0.003 0.008 93 0.005 0.005 89 0.003 0.0056 94 0.005 0.004 88
Estimation at x = 1.5 with bias correction
7 =(04,02) 7 = (0.4,0.6) 7 =(08,02) 1 = (0.8,0.6)

y f(x,y) mean rmse <c mean rmse ¢ mean rmse ¢ mean rmse cl
—4.0 1.695 1.712 0304 73 1.683 0.167 76 1.694 0200 74 1.677 0105 79
-3.0 2900 2871 0330 84 2889 0199 82 2874 0243 78 2866 0145 75
—-2.6 3.746 3768 0394 80 3753 0234 78 3704 0282 76 3715 0171 74
—2.2 5.048 5071 0490 72 5071 0297 69 5042 0316 82 5047 0196 75
-1.8 7056  7.063 0532 79  7.068 0323 81 7016 0363 83  7.036 0232 79
—-14 9.951 9934 0.663 77 9949 0402 77 9910 0454 79 9914 0282 75
—-1.0 13631 13.648 0762 77 13.621 0452 78 13598 0.604 71 13598 0356 72
-06 17591 17530 0.835 78 17.559 0505 71 17613 0.602 81 17597 0.358 76
—-0.2 21.087 21.227 0959 80 — — — 21186 0.695 75 — —_- —

0.2 9.776 9.568 0.723 74 — _ - 9.726 0501 74 — _ -
0.6 8.331 8367 0562 82 8375 0338 81 8401 0413 78 8412 0243 77
1.0 6.049 6.026 0511 82 6050 0291 78 6058 0376 76 6.070 0204 80
14 3.743 3680 0376 73 3716 0221 79 3731 0271 80 3743 0162 80
1.8 1.974 1951 0273 84 1964 0187 72 1961 0229 70 1978 0131 75
22 0.887 0.876  0.189 83 0.877 0.110 80 0.890 0.139 80 0.890 0.077 84
2.6 0340 0347 0132 71 0345 0076 73 0349 0.092 73 0349 0.051 76
3.0 0.111 0.115 0.066 81 0.111 0.042 77 0.115 0.046 80 0.113 0.028 82
4.0 0.003  0.004 0.014 93 0.004 0007 87 0.004 0.008 88 0004 0.005 91
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136

Table 5.4b: Scenario c¢3 (continued)

Estimation at x = 2.5

n =(04,02) n =(04,0.6) 7 = (0.8,0.2) n = (0.8,0.6)

y f(x,y) mean rmse cdd mean rmse c mean rmse ¢ mean rmse «dl
—4.0 3157 3200 0354 97 3170 0213 94 3.052 0263 94 3.036 0.199 87
-3.0 5.219 5173 0.442 95 5192 0243 96 4988 0382 90 4998 0279 83
—2.6 6.402 6.328  0.501 97 6.353 0297 94 6.087 0451 84 6.140 0.327 77
—2.2 7.883 7.682  0.606 91 7.847 0329 96 7490 0561 82 7.625 0347 81
-18 9.748  9.769 0.69 93  9.801 0417 94 9511 0521 89 9557 0336 88
—-14 12085 12180 0.688 97 12170 0456 92 11914 0527 97 11951 0.341 93
—1.0 14958 14910 0.883 95 14994 0466 96 14781 0.633 91 14.854 0337 93
—06 18396 18430 0866 97 18369 0481 96 18280 0.656 93 18301 0349 95
—-02 22415 22.088 1.007 94 — — — 22137 0752 90 — —_ -

0.2 1.310 1.568  0.345 82 — — — 2262 0.970 0 — —_ —
0.6 1.116 1.308 0.288 90 1.298 0225 70 1.897  0.804 0 1.881 0.772 0
1.0 0.810 0963 0242 8 0955 0.18 70 1385 0594 0 138 058 0
14 0.501 0.618 0220 81 0.622 0156 70 0870 0.391 6 0889 0395 0
1.8 0.264 0315 0.114 91 0334 0095 79 0.455 0206 27 0.481  0.222 0
2.2 0119 0149 0.084 91 0.156 0.059 83 0212 0.108 54 0225 0.111 5
2.6 0.045 0.055 0.043 95 0.063 0.032 87 0.077 0.047 79 0.090 0.049 27
3.0 0.015 0.016 0.026 93 0022 0.018 8 0026 0024 88 0.031 0020 63
4.0 0.000 0.000 0.000 100 0.001 0.002 96 0.000 0.002 99 0.001 0.002 90
Estimation at x = 2.5 with bias correction
7 =(04,02) 1 = (0.4,0.6) 7 =(08,02) 17 = (0.8,0.6)

y f(x,y) mean rmse cd mean rmse ¢ mean rmse ¢ mean rmse «cl
—4.0 3.157 3259 0.575 80 3223 0324 84 3241 0411 78 3201 0254 80
-3.0 5219 5220 0.709 82 5227 0418 79 5234 0521 76 5226 0297 80
—-2.6 6.402 6.418 0.854 74 6.380 0497 79 6359 0519 79 6.373 0337 76
-22 7883  7.646 0.975 78 7833 0515 76 7713 0672 76 7.833 0370 76
-1.8 9.748 9889 1107 79 9842 0640 83 9809 0.800 72  9.782 0456 74
—14 12085 12.396 1.105 78 12182 0698 77 12216 0.828 80 12125 0524 75
—1.0 14958 14.922 1.484 68 14919 0762 74 14958 1.013 75 14928 0564 73
—-0.6 18396 18537 1.405 82 18329 0826 75 18381 1.037 75 18316 0550 79
—-02 22415 21976 1.549 73 — — — 22138 1231 73 — — —

0.2 1.310 1.354 0.373 83 — _ - 1.347 0319 67 — —_ -
0.6 1.116 1.101  0.338 79 1.114 0216 74 1102 0276 75 1128 0169 71
1.0 0810 0841 0304 78 0805 018 74 0794 0245 70 0804 0.142 72
14 0.501 0539 0294 68 0527 0169 66 0520 0228 56 0512 0124 66
1.8 0264 0273 0178 74 0264 0.099 78 0260 0130 70 0253 0.075 72
22 0.119 0.134 0.125 84 0120 0.071 73 0.131 0.097 65 0.110 0.055 68
2.6 0.045  0.056 0.061 8 0050 0039 88 0.049 0050 84 0.040 0.032 66
3.0 0.015 0.018  0.040 88 0.019 0.025 84 0.018 0.030 87 0.015 0.017 83
4.0 0.000  0.000 0.000 100  0.000 0.001 97 0.000 0.002 99 0.001 0.002 95
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Table 5.5: Scenario c2 — The empirical mean (integrated) squared error (columns 4, 6, 8, 10)
on the interval [y, y2] of the estimator f//(x,-) for f(x,y) given by eq. (5.1.2) based on 100
trajectories (up to time ¢ = 500) is presented. In addition, the standard deviation (columns 5, 7, 9,
11) of the squared errors are shown.

x=0 x =075 x=15 x =225
7 Y1 Y,  mse sd mse sd mse sd mse sd

(04,04) —-3.0 -15 009 0074 0137 0109 028 0197 0.864 0.527
-1.5 —06 0253 0218 0314 0274 0487 0483 1.086 0.960

-06 —04 0108 0.147 0.092 0110 0.184 0250 0.345 0.499

0.4 0.6 0111 0.153 0.081 0.09 0.075 0.088 0.052 0.064

0.6 15 0287 0277 0217 0200 0216 0214 0171 0.180

1.5 3.0 0108 0.098 0.086 0.079 0.068 0.078 0.041 0.036

(04,06) —3.0 —-15 0097 009% 0162 0155 0227 0195 0.508 0.423
-15 —06 0185 0.18 0.18 0.170 0.393 0.437 0585 0.550

0.6 15 0182 0192 0171 0176 0174 0172 0.104 0.115

1.5 3.0 0106 0102 0.078 0.075 0.072 0.062 0.033 0.040

(06,02) —-3.0 -15 0114 0071 0178 0.094 0418 0215 1.127 0.562
-1.5 —-06 0307 0218 0430 0.288 0.705 0.484 1411 0.823

-06 —04 0119 0158 0.141 0179 0238 0249 0357 0375

—-04 —-02 0143 018 0124 0122 0277 0299 0442 0.569

0.2 04 0138 0162 0111 0.140 0122 0.162 0141 0.168

0.4 06 0126 0182 0101 0.107 0103 0.113 0.117 0.153

0.6 15 0364 0277 0292 0174 0327 0244 0284 0.186

15 3.0 0109 0.064 0.099 0.049 0.094 0.063 0.079 0.064

(0.6,04) —-3.0 -—-15 0062 0049 0110 0.097 0218 0.139 0.602 0.402
-15 —06 018 0159 0234 0218 0311 0257 0.835 0.694

-06 —04 0066 0.089 0068 0.072 0.090 0113 0.345 0.454

0.4 0.6 0.070 0.083 0.060 0.077 0.055 0.076 0.078 0.097

0.6 15 0176 0154 0.165 0135 0.166 0.141 0.208 0.147

15 3.0 0071 0.053 0.063 0.051 0.058 0.056 0.050 0.046
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Table 5.6: Scenario ¢c3 — The empirical mean (integrated) squared error (columns 4, 6, 8, 10)
on the interval [yy,y7] of the estimator ft" (x,-) for f(x,y) given by eq. (5.1.2) based on 100
trajectories (up to time t = 2500) is presented. In addition, the standard deviation (columns 5, 7,
9, 11) of the squared errors are shown.

x=0 x =075 x=15 x =225
1 Y1 Y2  mse sd mse sd mse sd mse sd

(0.1,04) -30 -15 008 0.076 0.111 0081 0214 0.151 0.813 0579
-15 -04 0269 0235 0298 0207 048 0399 1118 0936

0.4 1.5 027 0226 0275 0203 0.199 0.168 0.123 0.088

1.5 3.0 0.069 0.063 005 0.042 0.058 0.061 0.033 0.029

(0.2,04) -3.0 —-15 0.043 0.042 0.051 004 0124 0.099 0294 0.183
-15 -04 0118 0.081 0.154 0.111 0223 016 0478 0.378

0.4 1.5 016 0123 0139 0.122 0.118 0.095 0.079 0.06

1.5 30 0043 0.033 0.04 0030 0.038 0.036 0016 0.014

(04,02) -3.0 -15 0.035 0.021 005 0.033 0138 0.067 0361 0.167
-15 -04 0135 008 0147 0.084 0264 0158 0492 0.247

—-04 —-02 0.045 0053 0.038 0.043 0077 0.092 0121 0235

0.2 04 0034 0.033 0.037 0046 0.032 0.035 0.035 0.042

0.4 1.5 0144 0.098 0128 0.074 0.125 0.069 0.097 0.067

1.5 3.0 0.03 0.02 0031 002 0.029 0.022 0019 0.014

(04,04) -3.0 -15 0.027 0.023 0.033 0.028 0061 0.049 0190 0.143
-15 -04 0.078 0069 0.080 0.057 0.114 0.079 0264 0.247

0.4 1.5 0075 0.057 0.077 0.063 0.064 0.058 0.055 0.041

1.5 3.0 0.026 0.018 0019 0.021 0.018 0.015 0.011 0.011

138



5.1 Markovian Ito semi-martingales

N
;
;
N
;
:

20
20

o
N
o
N
w
.
N
o
N
w

(

N
N

<o
N
N
N
N
o
N
o~

Figure 5.3: Scenario c2 — Estimation of the Lévy density f(x,y) given by eq. (5.1.2) at x = 0
with 7 = (0.6,0.3) (top row), at x = 0 with 7 = (0.4,0.6)) (middle row), and at x = 2.25 with
n = (0.6,0.4) (bottom row) based on continuous observations up to time t = 500. Left: One
typical estimate (grey) is compared to the true Lévy density (black). The upper and lower bounds
of the estimated (pointwise) 95% -confidence intervals given by eq. (5.1.5) are shown in red. For
x = 2.25, we note that the estimate is identically zero for y > 2.7 as there were no jumps. Right:
Estimates based on 100 trajectories (grey) are compared to the true Lévy density (black). The
(pointwise) mean of the estimates (red dashed line) and mean of the upper and lower bounds of
the 95% -confidence intervals (red solid lines) are shown.
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Figure 5.4: Scenario ¢3 — Estimation of the Lévy density f(x,y) given by eq. (5.1.2) at x = 0
with 7 = (0.4,0.2) (top row), at x = 0 with # = (0.1,0.4) (middle row), and at x = 2.25 with
n = (0.4,0.4) (bottom row) based on continuous observations up to time ¢t = 2500. Left: One
typical estimate (grey) is compared to the true Lévy density (black). The upper and lower bounds
of the estimated (pointwise) 95% -confidence intervals given by eq. (5.1.5) are shown in red. For
x = 2.25, we note that the estimate is identically zero for y > 3.5 as there were no jumps. Right:
Estimates based on 100 trajectories (grey) are compared to the true Lévy density (black). The
(pointwise) mean of the estimates (red dashed line) and mean of the upper and lower bounds of
the 95% -confidence intervals (red solid lines) are shown.
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Table 5.7: Scenario d1 — The empirical mean (columns 3, 6, 9, 12) of the estimator an (x,y)
(resp., bias-corrected estimator ff (x,y) — 45 "I(x,y)) based on 100 samples (up to time t = 500
with A = 0.01) is compared to the true value (col. 2) of f(x,y) given by eq. (5.1.2). In addition,
the root mean squared error (rmse; cols. 4, 7, 10, 13) and the empirical confidence level (cl; cols.
5,8, 11, 14) in percent of the estimated 95%-confidence interval given by eq. (5.1.5) are presented.

Estimation at x =0

7 =(04,02) 7 = (0.4,0.6) = (0.8,02) 7 = (0.8,0.6)
y f(x,y) mean rmse ¢ mean rmse c  mean rmse c mean rmse «cl

—4.0 0.007 0.061 0.077 44 0.067 0.069 10 0.088 0.092 5 0.092  0.089 0
-3.0 0.222 0.362 0.198 o4 0.400 0.19 28 0.404 0214 42 0.440 0.228 0
—-2.6 0.679 0.817 0229 91 0.867 0221 57 0.856 0225 68 0917 0253 18
—2.2 1.774 1.744 0261 98 1.840 0176 94 1.782 0220 97 1.881 0.158 89
—-1.8 3.948 3.463 0.624 82 3597 0417 76 3.485 0556 73 3.602 0386 53
—-14 7.486 6.066 1.511 33 6.186 1.331 3 6.027 1.504 7 6.160 1.341 0
—-1.0  12.099 9.292 2.881 2 9.321  2.805 0 9.264 2.874 0 9.262 2.851 0
—-0.6 16.661 12411 4.319 16.214 0.623 94 12310 4.383 0 16117 0616 78
—0.2 19552 69.575  50.048 — — — 69574 50.034 0 — - —
0.2 19552 69.664 50.132 — — —  69.696 50.157 0
0.6 16.661 12.462 4.253 16.269 0574 95 12367 4323 0 16.188 0.560 83
1.0  12.099 9.445 2.739 7 9.351 2.777 0 9.337 2.798 0 9.271 2.841 0
14 7.486 6.124 1.498 38 6.218 1.318 7 6.065 1493 13 6.165  1.345 0
1.8 3.948 3.471 0.625 84 3598 0420 75 3.468 0570 62 3597 0390 54
22 1.774 1.751 0315 94 1.861 0.192 91 1.782 0219 93 1.893 0175 83
2.6 0.679 0.830 0.247 87 0.881 0233 52 0.869 0239 71 0920 0257 15
3.0 0.222 0.358 0.184 70 0397 0192 23 0.391 0.189 43 0.434 0218 0
4.0 0.007 0.071 0.085 34 0.072  0.073 5 0.091 0.097 11 0.094 0.091 0

Estimation at x = 0 with bias correction

n=(04,02) 7 = (04,0.6) 7 =(0.8,0.2) 7 = (0.8,0.6)
y f(x,y) mean rmse cl  mean rmse ¢l  mean rmse cl  mean rmse cl

—4.0 0.007 0.060 0.099 59  0.055 0.069 34 0.059 0.079 40 0.054 0.061 26
-3.0 0.222 0.350 0248 63  0.347 0176 49 0.348 0213 49 0.353 0.165 38
—2.6 0.679 0.806 0315 77 0761 0198 71 0.809 0260 69 0.785 0.171 61
—2.2 1.774 1.697 0416 87 1.681 0294 71 1.740 0338 73  1.709 0203 76
-1.8 3.948 3.438 0794 72 3.450 0.617 53 3.459 0.683 65  3.456 0.568 37
—-14 7.486 6.078 1.672 38 6.123 1.444 8 6.001 1.607 20  6.085 1.442 0
-1.0 12.099 9.281 3.012 11 9391 2777 1 9.310 2.892 1 9.368 2.770 0
—-0.6 16.661 12.495 4.325 1 3830 12851 0 12457 4.295 3.764 12907 0
—-02 19552 52.097 32.656 0 — — — 52242 32749 — _ -
02 19552 52228 32757 0 — — — 52479 32975 —
0.6 16.661 12472 4.328 1 3824 12858 0 12486 4.243 0
1.0 12.099 9.556 2772 21 9424 2.747 0 9.491 2.713 0
14 7.486 6.162 1.652 40 6.156 1452 14 6.089 1573 25  6.104 1.442 0
1.8 3.948 3.462 0798 69  3.457 0.621 50 3.433 0.691 55  3.441 0579 30
22 1.774 1.734 0508 74 1719 0289 75 1.726 0345 77 1734 0208 75
59

36

13

3.842  12.829
9.378 2.759

[N e NN}

w

2.6 0.679 0.815 0358 70  0.790 0209 71 0.830 0277 68  0.799 0.175
3.0 0.222 0.345 0239 62 0342 0177 46 0.341 0177 66  0.341 0.145
4.0 0.007 0.067 0.101 52  0.064 0.077 26 0.070 0.090 36 0.062 0.068
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5.1 Markovian Ito semi-martingales

Table 5.7a: Scenario d1 (continued)

Estimation at x = 1.5

n =(04,0.2) n = (04,0.6) n = (0.8,0.2) n = (0.8,0.6)

y f(x,y) mean rmse c mean rmse c  mean rmse cl mean rmse «cl
—4.0 1.695 1.474 0393 96 1484 0270 89 1.401 0370 87 1418 0303 54
-3.0 2.900 2.706 0483 97 2746 0292 97 2.577 0429 93 2626 0325 70
-2.6 3746 3489 0600 93 3601 0311 95 3371 0548 82 3460 0352 78
22 5.048 4.770 0.707 93 4776 0429 90 4.589 0.642 81 4621 0488 65
-1.8 7056 6266 1103 85 6289 0872 65 6146 1059 65 6183 0918 16
—1.4 9.951 8286 1912 51 8329 1689 10 8207 1.868 25 8242 1741 0
—-1.0 13.631 10.778 2967 13 10.782 2.894 1 10.718 2.968 1 10.689 2964 0
—0.6 17591 13.354 4351 4 18.061 0719 96 13210 4436 0 17967 0547 96
—0.2 21.087 81.052 60.008 0 — — — 80.689 59.623 0 — —_ -

0.2 9.776  53.306 43558 0 — — — 54028 44267 0 — - —
0.6 8.331 6.252 2178 24 9.370 1104 38 6.572 1.826 10 9.699  1.396 0

1.0 6.049 4.453 1.742 41 4480 1.603 1 4.662 1474 19 4699 1372 0

14 3743 2672 1177 46 2785 0995 15 2824 0974 25 2930 0834 4

1.8 1.974 1.418 0.648 74 1.502 0.508 52 1.522 0516 65 1.586 0.415 35

2.2 0.887 0650 0333 88 0706 0231 80 0689 0259 87 0751 0169 75
2.6 0.340 0.273 0.142 99 0.302 0.092 98 0.287 0.110 99 0321 0.067 97
3.0 0.111 0.100 0.084 98 0122 0054 97 0103 0061 99 0125 0.042 93
4.0 0.003 0.012 0.031 89 0.015 0.022 67 0.013 0.022 79 0.015 0.018 60
Estimation at x = 1.5 with bias correction
7 =(04,02) 7 = (0.4,06) 7 =(08,02) 7 = (0.8,0.6)

y f(x,y) mean rmse cl  mean rmse cl  mean rmse cl  mean rmse  cl
—4.0 1.695 1.523 0579 77 1.500 0340 76 1.492 0420 78 1.487 0289 64
-3.0 2.900 2.760 0798 75 2.767 0441 77 2.709 0500 78 2.729 0332 77
—-2.6 3.746 3.483 0.897 76 3.598 0473 81 3.482 0707 72 3.556 0382 73
—2.2 5.048 4.860 1.108 72 4.800 0634 73 4.762 0.768 75 4.721 0513 65
-1.8 7056 6337 1445 69 @ 6213 1079 54 6322 1157 64 6225 0955 37
—14 9.951 8.318 2204 49 8.272 1.845 18 8.316 1.954 36 8.276 1.768 5
—-1.0 13631 10795 3123 28 10.825 2924 6 10824 2949 9 10785 2913 0
—-0.6 17591 13.555 4340 15 3.846 13.778 0 13.347 4.399 4 3.852  13.758 0
—0.2 21.087 65378 44.470 0 — — — 65439 44434 0 — — —

0.2 9.776 ~ 35.181 25519 0 — — — 35362 25.656 0 — _ -
0.6 8.331 6104 2442 26  0.000 8331 0 6167 2295 7 0.000 8331 0
1.0 6.049 4384 2016 37 4389 1752 6 4400 1.846 21 4422 1675 0
14 3.743 2.600 1404 40 2.665 1172 16 2.585 1.266 20 2.666 1.120 4
1.8 1.974 1.355  0.820 69 1.401 0648 42 1383 0709 54 1394 0625 11
22 0.887 0.620 0455 73 0.620 0352 54 0.631 0373 62 0.628 0.304 38
2.6 0340 0269 0209 8 0258 0155 76 0265 0175 79 0262 0124 69
3.0 0.111 0.097 0.124 94 0.110 0.082 83 0.095 0.095 91 0.102 0.062 78
4.0 0.003  0.015 0.048 90 0.018  0.033 71 0013 0031 8 0015 0.022 59
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5 Simulation studies

Table 5.7b: Scenario d1 (continued)

Estimation at x = 2.5

7 =(04,02) 7 = (04,0.6) 7 =(08,0.2) 1 =(0.8,0.6)
vy f(x,y) mean rmse cl mean rmse cd  mean rmse c  mean rmse «cl

—4.0 3.157 2.786 0894 95 2.846 0.571 91 2.689 0.694 92 2736 0519 77
-3.0 5.219 4.815 1.027 94 4805 0.651 91 4.585 0916 89 4592 0731 71
—2.6 6.402 5.801 1.312 94 5.804 0.903 80 5.552 1.135 82 5595 0913 56
22 7.883 6.841 1.599 90 6.950 1.171 75 6.742 1.393 80 6.777 1196 40
-1.8 9.748 8.222 1.951 88 8206 1.737 51 8.063 1.887 57 8.057 1771 17
—14  12.085 9.455 2916 67 9.613  2.580 22 9.444 2773 32 9.526  2.611 2
—-1.0 14958 11.418 3.839 49 11.318 3.744 3 11.260 3.820 11 11.251 3.753 0
—-0.6 1839 12.777 5816 12 18581 0929 100 12913 5.580 1 18578 0.657 98
—-02 22415 88398 66.075 0 — — — 87.616 65.231 0 — — -
0.2 1.310 41.612 40.369 0 — — — 42541 41.260 0 — —
0.6 1.116 1.192 0.409 98 3909 2.807 0 1.619 0592 73 4361 3.251 0
1.0 0.810 0.783 0359 99 0.814 0.180 100 1.093 0.407 81 1113  0.338 63
14 0.501 0.532 0.288 96 0.532 0.164 96 0.703 0297 87 0.700 0236 68
1.8 0.264 0.202 0202 99 0.260  0.123 97 0.319 0162 94 0360 0.134 85
22 0.119 0.140 0.167 93 0.123  0.098 96 0.166 0.126 88 0.167 0.082 89
2.6 0.045 0.045 0.098 94 0.056  0.059 94 0.062 0.070 94 0.074 0.048 90
3.0 0.015 0.024 0.066 93 0.025 0.039 85 0.030 0.056 88 0.032 0.033 84
4.0 0.000 0.016 0.060 91 0.013  0.034 83 0.012 0.035 85 0.010 0.021 75

Estimation at x = 2.5 with bias correction

1 =(04,02) 1 = (04,0.6) n = (0.8,02) 1 = (0.8,0.6)
y f(x,y) mean rmse cl  mean rmse cl  mean rmse cl  mean rmse  cl

—4.0 3.157 2.773 1.447 71 2.874 0.848 74 2.815 0962 75 2.863 0562 79
-3.0 5219 4.939 1.592 78 4.873 0.877 80 4.833 1.159 75 4.806 0785 73
—2.6 6.402 5.975 1.947 78 5.881 1.253 66 5.756 1412 75 5.807 0.937 57
—2.2 7.883 6.807 2256 70 6.952 1459 67 6.969 1.640 66 7.036 1.138 60
—1.8 9.748 8.239 2609 73 8.244 1977 52 8.332 2.057 63 8.272 1.702 35
-14 12.085 9.370 3.441 57 9.544 2.806 24 9.547 2913 37 9.623 2.591 6
—1.0 14958 11.590 4181 53 11.383 3.877 18 11.369 3943 23 11.350 3.741 2
—-0.6 18396 12540 6.336 21 2948 15.525 0 12679 6.028 7 3.128 15311 0
—02 22415 74752 52.710 0 — — — 73994 51.703 0 — —_- —
0.2 1.310 23.691 22.773 0 — — — 23471 22.329 0 — —_ -
0.6 1.116 1.042 0.703 82 0.000 1.116 0 1.069 0539 75 0.000 1.116 0
1.0 0.810 0.678 0.572 86 0.682 0312 87 0.707 0.500 69 0.697 0283 75
14 0.501 0.464 0.464 91 0.479 0284 80 0.497 0344 77 0.466 0220 72
1.8 0.264 0.188 0.289 93 0.196 0.186 90 0.201 0232 93 0.200 0.149 74
22 0.119 0.150 0233 85 0.122 0.150 89 0.142 0.175 85 0.102 0.110 91
2.6 0.045 0.053 0.156 90 0.052 0.081 89 0.057 0.108 88 0.049 0.062 86
3.0 0.015 0.029 0.113 93 0.028 0.061 82 0.033 0.086 88 0.028 0.043 78
4.0 0.000 0.022 0.096 93 0.019 0.056 84 0.016 0.060 90 0.015 0.035 76
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5.1 Markovian Ito semi-martingales

Table 5.8: Scenario d2 — The empirical mean (columns 3, 6, 9, 12) of the estimator an ’”(x,y)

(resp., bias-corrected estimator an (x,y) — '?ﬁ’”(x,y)) based on 100 samples (up to time ¢ = 2500
with A = 0.01) is compared to the true value (col. 2) of f(x,y) given by eq. (5.1.2). In addition,
the root mean squared error (rmse; cols. 4, 7, 10, 13) and the empirical confidence level (cl; cols.
5,8, 11, 14) in percent of the estimated 95%-confidence interval given by eq. (5.1.5) are presented.

Estimation at x =0

7 =(04,02) 7 = (0.4,0.6) 7 =(08,02) 7 = (0.8,0.6)

y f(x,y) mean rmse ¢ mean rmse c  mean rmse c mean rmse «cl
—4.0 0.007 0.063 0.061 3 0.068  0.063 0 0.087 0.083 0 0.092  0.086 0
-3.0 0222 0364 0155 18 0393 0175 0 0398 0182 0 0431 0211 0
—-2.6 0.679 0.802 0.157 67 0.875  0.204 5 0.841 0.177 25 0915 0.239 0
—2.2 1.774 1.739 0.141 95 1.854 0111 83 1.776 0.091 97 1.889 0.126 49
-1.8 3948  3.461 0512 28 3584 0377 10 3474 0487 6 359 0357 1
—-14 7.486 6.107 1.398 0 6.175 1.318 0 6.071 1.425 0 6.147  1.342 0
—-1.0 12099 9309 2803 0 9301 2.801 0 9261 2845 0 9252 2849 0
—-0.6 16.661 12.478 4.200 0 16283 0424 67 12.389 4.279 0 16193 0487 22
—02 19552 69.854 50.307 0 — — — 69744 50195 0 — - —

02 19552 69.782 50.235 0 — — — 69.689 50.139 0 — _ -
0.6 16.661 12494 4179 0 16289 0422 72 12423 4.244 0 16207 0474 14
1.0 12099 9349 2769 0 9341 2762 0 9288 2821 0 9282 2819 0
14 7.486 6.075 1.433 0 6.180 1.314 0 6.032 1.463 0 6.146  1.344 0
1.8 3948 3462 0519 31 3592 0373 13 3472 0493 7 3598 0357 O
22 1.774 1.728 0.118 99 1.852 0.102 90 1.768 0.082 99 1.888 0.122 49
2.6 0679 0809 0159 70 0.874 0.201 0 0845 0178 21 0913 0237 0
3.0 0.222 0.352 0.141 26 0.389 0.171 0 0.388 0.171 2 0.425 0.205 0
4.0 0.007  0.063  0.061 2 0067 0062 0 008 0084 0 0092 008 0
Estimation at x = 0 with bias correction
7 =(04,02) 7 =(0.4,0.6) n = (0.8,0.2) n = (0.8,0.6)

y f(x,y) mean rmse cl mean rmse ¢l mean rmse cl  mean rmse  cl
—4.0 0.007 0054 0060 25 0.055 0054 5 0058 0059 8 0057 0053 O
-3.0 0.222 0.348 0.158 31 0.338 0130 14 0.347 0.143 18 0.343 0.129 1
—2.6 0.679 0.782 0180 61 0.782 0132 42 0.780 0152 55 0.789 0127 23
—2.2 1.774 1.714 0221 74 1713 0143 71 1.722 0.151 80 1.728 0.094 78
-1.8 3.948 3.438 0571 30 3.427 0.545 5 3.437 0546 11  3.436 0.522 0
—1.4 7.486 6.123 1.416 1 6.092 1.412 0 6.102 1.409 0 6.087 1.408 0
-1.0 12.099 9.326 2.811 0 9.307 2.803 0 9.365 2.754 0 9344 2.760 0
—0.6 16661 12530 4178 0 3.861 12805 0 12535 4147 0 3.859 12804 O
—-0.2 19552 52.608 33.081 0 — — — 52605 33.065 0 — _ -

02 19552 52589 33.058 0 — — — 52573 33030 O — - —
06 16.661 12536 4158 0 3.893 12772 0 12585 4092 0 3.887 12776 O
1.0 12.099 9.370 2.776 0 9392 2.719 0 9.362 2.765 0 9383 2.723 0
1.4 7486  6.080 1470 3 6.094 1411 0 6.031 1480 0 6.073 1421 0
1.8 3.948 3.428 0595 32 3.450 0.529 9 3.446 0547 19 3452 0.511 1
22 1.774 1.693 0202 78 1.709 0122 75 1.700 0153 73 1726 0.084 77
2.6 0.679 0.791 0185 64 0.786 0.134 48 0.787 0.156 51 0.788 0.121 23
3.0 0.222 0.331 0142 45 0.333 0122 14 0.333 0128 24 0.334 0.117 1
4.0 0.007 0.056 0.063 21 0.054 0.052 4 0.059 0.059 7 0.056 0.052 1
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5 Simulation studies

Table 5.8a: Scenario d2 (continued)

Estimation at x = 1.5

7 =(04,0.2) 7 = (04,0.6) 7 = (0.8,0.2) 7 = (0.8,0.6)
y f(x,y) mean rmse c mean rmse c  mean rmse cl mean rmse «cl

—4.0 1.695 1.454 0287 69 1472 0241 35 1.403 0314 31 1416 0.286 2
-3.0 2.900 2.694 0.287 84 2746 0188 78 2.591 0.339 47 2635 0276 12
—2.6 3.746 3.578 0.307 87 3597 0204 85 3.421 0368 52 3461 0300 22
—-22 5.048 4.677 0450 76 4741 0346 57 4.549 0.532 31 4.611 0450 3
—-1.8 7.056 6.250 0.881 41 6.309 0.771 2 6.137 0.954 3 6.195 0.871 0
—1.4 9.951 8.298 1.695 2 8.359  1.608 0 8.183 1.785 0 8.260 1.697 0
—-1.0 13.631 10.717 2.944 0 10746 2.895 0 10.689 2.958 0 10.681 2955 0
—-0.6 17591 13.205 4.408 0 17964 0444 84 13.120 4.481 0 17894 0346 79
—0.2 21.087 80.692 59.612 0 — — — 80.392 59.309 0 — —_ -
0.2 9.776  53.619 43.851 0 — — 54223 44451 0 — —

0 9.445 1.126 0 9.743 1418

0 0

0

0.6 8.331 6.326 2.031 6.596 1.750

0
1.0 6.049 4.460 1.612 4483 1.573 4.684 1.381 4701 1.353 0
0

0
0
1.4 3.743 2.719 1.046 0 2.794  0.956 0 2.856 0.901 2935 0.812
1.8 1.974 1.445 0545 10 1.518  0.464 0 1.531 0.453 0 1.603  0.376 0
22 0.887 0.666 0245 55 0.718 0.180 28 0.698 0204 46 0.760 0.134 25
2.6 0.340 0.267 0.098 85 0.300 0.060 87 0.289 0.069 88 0.319 0.038 92
3.0 0.111 0.099 0.041 96 0.117 0.021 98 0.107 0.029 97 0.125 0.021 88
36

4.0 0.003 0.015 0.020 68 0.016 0.015 0.016 0.017 52 0.016 0.014 15

Estimation at x = 1.5 with bias correction

1 =(04,02) 1 = (04,0.6) n = (0.8,02) 1 = (0.8,0.6)
y f(x,y) mean rmse cl  mean rmse cl  mean rmse cl  mean rmse  cl

—4.0 1.695 1.463 0338 64 1.467 0274 40 1.475 0285 52 1.476 0244 25
-3.0 2.900 2.720 0390 67 2.740 0243 66 2.710 0296 68 2.727 0213 50
—2.6 3.746 3.639 0.441 73 3.607 0271 63 3.580 0.333 67 3.567 0.238 53
—2.2 5.048 4.706 0.533 68 4712 0.425 45 4.694 0.451 60 4.690 0.400 22
—1.8 7.056 6.269 0950 41 6.267 0.843 9 6.272 0.891 30 6.258 0.826 1
—-1.4 9.951 8.375 1.687 10 8.344 1.652 0 8.302 1.696 0 8.302 1.669 0
—-1.0 13.631 10.687 3.023 0 10.789 2.868 0 10.732 2.942 10.769 2.876 0
—-0.6 17591 13.307 4.351 3.748 13.849 0 13.204 4.416 3.753 13.841 0
—0.2 21.087 64.880 43.818 — —

0

0 64.892  43.819
0.2 9.776  35.630  25.888 0 — —

2

2

0
0
0
35.718 25961 0 — —
0
0
1

0.6 8.331 6.232 2.170 0.000 8.331 0 6.247 2.120 0.000 8.331
1.0 6.049 4.399 1.703 4.384 1.684 0 4.410 1.670 4.415 1.645
14 3.743 2.657 1.141 8 2.675 1.084 0 2.658 1.115

1.8 1.974 1.408 0.606 17 1411 0.581 1 1.414 0.579 1 1.417 0.565
22 0.887 0.656 0.286 51 0.642 0263 17 0.650 0.267 33 0.640 0.257
2.6 0.340 0.261 0135 72 0.260 0.106 49 0.259 0.108 59 0.255 0.098 28
3.0 0.111 0.093 0.063 77 0.099 0.035 85 0.096 0049 73 0.097 0.028 77
4.0 0.003 0.015 0.026 69 0.015 0.019 49 0.017 0.022 53 0.014 0016 37

0
0
2.677 1.075 0
0
0
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5.1 Markovian Ito semi-martingales

Table 5.8b: Scenario d2 (continued)

Estimation at x = 2.5

n =(04,0.2) n = (04,0.6) n = (0.8,0.2) n = (0.8,0.6)

y f(x,y) mean rmse c mean rmse c  mean rmse cl mean rmse «cl
—4.0 3.157 2.896 0383 98 2918 0297 84 2.760 0442 69 2774 0402 18
-3.0 5.219 4.758 0.619 88 4783 0507 61 4.570 0.707 52 4.605 0.637 9
-2.6 6402 5767 0802 78 578 0.683 49 5566 0895 38 5587 0839 2
22 7.883 6.936 1.056 69 6915 1.011 12 6.756 1.168 13 6.738 1.164 0
-1.8 9.748 8.145 1.703 28 8.173  1.609 0 8.003 1.790 3 8.025 1.738 0
—-14 12085 9.654 2518 6 9.635 2476 0 9538  2.588 1 9544 2554 0
—1.0 14958 11.249 3.768 0 11305 3.674 0 11.267 3.721 0 11294 3.676 0
—0.6 1839 13135 5309 0 18.695 0464 96 13.141 5280 0 18.667 0367 95
—02 22415 87.664 65.268 0 — — — 87293 64.886 0 — —_ -

0.2 1.310 41572  40.277 0 — — — 42510 41.209 0 — —_ -
0.6 1.116 1.193 0.237 95 3.880 2.769 0 1.621 0533 12 4344  3.230 0

1.0 0810 0780 0.176 97 0791 0.104 95 1.084 0301 46 1.099 0299 3

14 0.501 0482 0140 96 0481 0.083 95 0658 0190 67 0669 0179 25

1.8 0264 0250 0.09 97 0258 0.059 97 0345 0109 8 0360 0.105 39

22 0.119 0110 0067 97 0121 0.039 96  0.151 0.059 91 0.168 0.057 63
2.6 0.045 0.051 0.046 95 0.058 0.031 88 0.073 0.047 75 0.077 0.038 59
3.0 0.015 0.023 0031 87  0.027 0.023 81 0.028  0.026 81 0.034 0.024 53
4.0 0.000 0.008 0.020 81 0.009 0.013 53 0.009 0.016 65 0.009 0.012 31
Estimation at x = 2.5 with bias correction
7 =(04,02) 7 = (0.4,06) 7 =(08,02) 7 = (0.8,0.6)

y f(x,y) mean rmse cl  mean rmse cl  mean rmse cl  mean rmse  cl
—4.0 3.157 2.953 0.542 80 2.969 0.348 75 2916 0.400 77 2.924 0312 59
-3.0 5219 4885 0759 76 4814 059 57 4815 0600 64 479 0516 43
—-2.6 6.402 5.816 1.028 68 5.841 0.740 49 5.812 0.806 62 5.805 0.686 31
—2.2 7.883 7.014 1.171 63 6.957 1.037 30 7.009 1.029 46 6.961 0986 10
-1.8 9.748  8.209 1.804 42  8.179 1659 7 8212 1665 14 8173 1622 0
—14 12.085 9.727 2605 25 9.665 2.489 1 9.687 2.514 4 9.635 2.489 0
—1.0 14958 11.268 3.844 3 11.280 3.729 0 11.284 3.752 0 11317 3.672 0
—-0.6 18396 13.097 5.422 0 3274 15138 0 13.135 5.334 0 3.406 14.997 0
—-02 22415 73311 50.960 0 — — — 73582 51.201 0 — — —

0.2 1.310 23.602 22.369 0 — — — 23505 22238 0 — _ -
0.6 1.116 1.054 0359 74 0.000 1.116 0 1.064 0270 74 0.000 1.116 0
1.0 0810 0679 0326 73  0.667 0222 61 0.680 0244 72 0678 0179 53
14 0.501 0.427 0234 80 0.400 0.160 67 0.424 0.184 69 0.398 0.146 48
1.8 0264 0222 0158 79 0204 0112 71 0218 0130 76 0207 0.090 61
22 0.119 0.106 0.102 91 0.089 0.070 69 0.094 0.086 65 0.088 0.057 68
2.6 0.045 0.045 0.066 91 0049 0042 8 0054 0058 77 0.047 0.036 63
3.0 0.015 0.026 0.047 81 0.025 0.029 78 0.024 0.034 80 0.022 0.021 71
4.0 0.000  0.009 0029 86 0010 0019 66 0009 0022 74 0009 0015 46
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5 Simulation studies

Table 5.9: Scenario d3 — The empirical mean (columns 3, 6, 9, 12) of the estimator an (x,y)
(resp., bias-corrected estimator an (x,y) — 4 (x,)) based on 100 samples (up to time ¢ = 2500
with A = 0.001) is compared to the true value (col. 2) of f(x,y) given by eq. (5.1.2). In addition,
the root mean squared error (rmse; cols. 4, 7, 10, 13) and the empirical confidence level (cl; cols.
5,8, 11, 14) in percent of the estimated 95%-confidence interval given by eq. (5.1.5) are presented.

Estimation at x =0

7 =(04,02) 7 = (0.4,0.6) 7 =(08,0.2) 1 = (0.8,0.6)
vy  fxy) mean rmse c mean rmse «cl mean rmse c mean rmse «cl

—4.0 0.007 0.024 0.023 55 0.026 0.022 14 0.052 0.048 0 0.056  0.050 0
-3.0 0.222 0.262 0.065 85 0301 0.08 21 0.302 0.088 40 0343 0.123 0
-2.6 0.679 0.726 0.087 94 0.815 0.145 20 0.766 0102 71 0.857  0.181 0
—2.2 1.774 1.824 0.152 93 1967 0212 33 1.859 0.137 83 2.004 0.239 2
—-1.8 3.948 3.961 0213 96 4125 0212 67 3.971 0.141 94 4141 0210 31
—-1.4 7.486 7.298 0331 89 7478 0172 93 7.285 0276 84 7457 0121 94
—-1.0  12.099 11.804 0451 87 11.747 0397 60 11.728 0448 70 11.673 0449 16
—-0.6 16.661 16.012 0744 71 23403 6.745 0 15.924 0784 27 23310 6.651 0
—0.2 19552 189.703  170.153 0 — — — 189.604 170.053 0 — - —
0.2 19552 189.826 170.275 0 — — — 189.672 170.121 0 — _ -
0.6  16.661 16.124 0.647 80 23479 6.822 0 15.972 0.743 32 23332 6.673 0
1.0 12.099 11.785 0506 85 11.761 0.393 64 11.673 0501 55 11.670 0451 16
1.4 7.486 7.356 0300 91 7493 0.161 90 7.342 0.253 86 7472 0121 94
1.8 3.948 3.938 0213 93 4115 0215 71 3.953 0.153 94 4135 0210 45
22 1.774 1.808 0.139 96 1954 0.196 33 1.846 0124 89 1.992  0.226 4
2.6 0.679 0.723 0.092 93 0.809 0.139 24 0.770 0.107 63 0.855  0.179 0
3.0 0.222 0.252 0.057 90 0296 0.080 27 0.302 0.090 36 0.342 0.123 0
4.0 0.007 0.025 0.023 47 0.027  0.022 8 0.054 0.049 0 0.056  0.050 0

Estimation at x = 0 with bias correction

7 =(04,0.2) 7 =(04,0.6) 7 =(0.8,0.2) 17 = (0.8,0.6)
y f(x,y) mean rmse cl  mean rmse ¢l  mean rmse cl  mean rmse  cl

—4.0 0.007 0.017 0.021 68 0.013 0.014 64 0.018 0.021 54 0.015 0.015 53
-3.0 0.222 0.245 0.087 71 0.241 0.050 73 0.241 0.062 76 0.241 0.039 70
—2.6 0.679 0.715 0.125 83 0.702 0.077 77 0.698 0.082 82 0.697 0.055 76
—2.2 1.774 1.797 0.200 81 1.790 0.142 69 1.785 0.160 75 1.793 0.108 69
-1.8 3.948 3.939 0343 75 3.918 0.189 81 3.936 0228 78 3.931 0.130 78
—1.4 7.486 7.259 0483 77 7.303 0345 57 7.269 0369 68 7.314 0262 50
-1.0 12.099 11.833 0620 78 11.817 0418 62 11.853 0471 71 11.806 0370 53
—-0.6 16.661 16.082 0.830 64 0.000 16.661 0 16.099 0.705 55 0.000 16.661 0
-02  19.552 0.000 19.552 0 — _ - 0.000 19.552 0 — —_ -
02  19.552 0.000  19.552 0 — — — 0.000  19.552 0 — - —
0.6 16.661 16.222 0714 78 0.000 16.661 0 16.163 0.655 56 0.000 16.661 0
1.0 12.099 11.866 0.698 65 11.807 0.448 62 11783 0546 62 11.782 0389 45
14 7.486 7.326 0.457 79 7.328 0293 74 7.367 0333 76 7.361 0233 69
1.8 3.948 3.904 0337 70 3.893 0215 72 3.914 0258 71 3.908 0.155 66
22 1.774 1.783 0.209 79 1.771 0125 76 1.774 0159 77 1.776 0.087 79
2.6 0.679 0.700 0.128 76 0.697 0.083 69 0.699 0.089 81 0.697 0.060 70
3.0 0.222 0.231 0.071 79 0.233 0.050 69 0.240 0.061 76 0.237 0.038 74
4.0 0.007 0.017 0.021 69 0.016 0.014 56 0.019 0.021 61 0.016 0.014 44
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Table 5.9a: Scenario d3 (continued)

Estimation at x = 1.5

n =(04,02) n = (04,0.6) n = (0.8,0.2) 7 = (0.8,0.6)

y  flxy) mean rmse c mean rmse «cl mean rmse cl mean rmse «cl
—4.0 1.695 1.636 0.184 95 1.649 0108 94 1.568 0170 82 1579 0132 61
-3.0 2.900 2.845 0215 98 2895 0117 95 2.726 0226 83 2769 0155 72
—2.6 3.746 3.724 0202 99 3772 0127 98 3.578 0221 91 3.630 0.146 80
-22 5.048 4.997 0275 95 5078 0.177 94 4.846 0275 86 4934 0170 83
-1.8 7.056 6.884 0.404 90 7.037 0227 92 6.752 0402 73 6.901 0222 80
—1.4 9.951 9.731 0474 89  9.824 0272 91 9.646 0424 84 9724 0283 73
—-1.0 13.631 13.314 0534 95 13321 0404 83 13.216 0511 80 13.246 0422 50
-0.6 17591 17.011 0.819 77 25112 7528 0  17.018 0.692 66 25056 7468 0
—0.2  21.087 203.550 182.466 0 — — — 203120 182.035 0 — —_ -

0.2 9.776  168.806 159.032 0 — — — 169593 159.818 0 — - —
0.6 8.331 8.175 0409 92 15142 6.816 0 8.581 0375 81 15531 7.202 0
1.0 6.049 5.952 0357 92 5953 0225 88 6.226 029 84 6231 0228 72
1.4 3.743 3.620 0264 95 3731 0.163 93 3.816 0183 95 3917 0207 57
1.8 1.974 1.958 0.186 95 2034 0129 88 2.039 0.149 92 2130 0176 44
22 0.887 0.867 0112 99 0958 0.103 78 0.912 0.089 94 1.001 0127 42
2.6 0.340 0.333 0.071 94 0.384 0.063 83 0.353 0.051 98 0.403 0.071 45
3.0 0.111 0.112 0.042 96 0133 0.037 83 0.117 0.027 98 0140 0.035 65
4.0 0.003 0.004 0.007 95 0.005 0.005 88 0.005 0.006 94 0.006 0.005 83
Estimation at x = 1.5 with bias correction
7 =(04,02) 7 = (0.4,06) 7 =(08,02) 7 = (0.8,0.6)

y f(x,y) mean rmse cl  mean rmse cl  mean rmse cl  mean rmse  cl
—4.0 1.695 1.655 0286 74 1.657 0.169 75 1.647 0192 78 1.655 0.117 76
-3.0 2900 2884 0332 78 28%  0.188 84 2866 0233 80 2870 0137 79
—-2.6 3.746 3.758 0346 79 3.759 0201 84 3.736 0.237 83 3.728 0.146 84
-22 5048 5028 0430 82 5023 0253 80 5025 0312 80 5002 0204 78
-1.8 7056 6897 0578 75 6937 0360 73  6.891 0434 76 6913 0293 71
—14 9.951 9.775 0.682 74 9.739 0439 76 9.782 0.508 78 9.720 0.358 63
—-1.0 13631 13356 0741 78 13333 0519 70 13285 0581 73 13286 0446 56
—-0.6 17591 16.995 1.099 70 0.000 17.591 0 17.077 0.838 63 0.000 17.591 0
—02 21.087  0.000 21087 0 — — — 0000 21087 0 — - —

0.2 9.776 0.000 9.776 0 — _ - 0.000 9.776 0 — _ -

0.6 8.331 7980 0697 65  0.000 @ 8.331 0 8128 0489 67 0.000 8331 0

1.0 6.049 5844 0592 74 5864 0373 70 5900 0412 75 5916 0262 70

14 3743 3506 0443 64  3.551 0315 62 3583 0309 65 3.604 0225 60

1.8 1.974 1.914 0292 78 1.898 0.190 75 1.920 0229 75 1.907 0152 71

22 0.887 0.828 0.184 75 0.855 0121 74 0.849 0135 79 0.862 0.090 72

2.6 0340 0314 0120 77 0327 0073 75 0323 0.080 81 0329  0.050 77

3.0 0.111 0.109 0.066 80 0.108 0.048 70 0.106 0046 78 0.105 0.032 75

4.0 0.003  0.004 0011 92 0004 0006 85 0.005 0009 88 0.004 0005 86
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Table 5.9b: Scenario d3 (continued)

Estimation at x = 2.5

n=(04,02) n = (04,0.6) n = (0.8,0.2) n = (0.8,0.6)

v floy) mean rmse cl mean rmse «cl mean rmse c mean rmse «cl
—4.0 3.157 3.101 0397 93 3127 0234 94 2.991 0309 89  3.000 0.219 80
-3.0 5.219 5.121 0.468 96 5137 0289 95 4.925 0.445 83 4954 0325 69
-26 6.402 6.268 0547 95 6318 0329 95 6.047 0523 82 6108 0370 63
—-22 7.883 7.701 0.534 97 7769 0327 95 7.460 0.557 84 7539 0405 72
-1.8 9.748 9.482 0721 94 9.590 0.391 94 9.270 0.677 77 9.363 0462 63
—-14 12.085 11.759 0718 95 11.837 0455 93  11.635 0.625 87 11.691 0475 80
—1.0 14958 14.623 0.821 97 14586 0.558 89 14.513 0.698 88 14516 0548 74
—-0.6 18396  17.705 1107 90 26307 7925 0 @ 17.663 0950 74 26231 7843 0
—-02 22415 213415 191.005 0 — — — 212,659 190.246 0 — —_ -

0.2 1310 153.312 152.006 0 — — — 154508 153200 0 — - —
0.6 1.116 1.305 0299 84 7993  6.879 0 1.879 0.783 0 8.582  7.467 0
1.0 0.810 0.936 0231 90 0939 0173 80 1.358 0570 2 1355 0553 0
1.4 0.501 0.576 0175 89 0592 0.134 79 0.831 0355 14 0853 0359 0
1.8 0.264 0.314 0120 93 0326 0.093 80 0.432 0.188 39 0461 0203 O
22 0.119 0.122 0.062 97 0147 0.047 92 0.190 0.088 73 0215 0.101 9
2.6 0.045 0.054 0.046 89 0.060 0.029 &9 0.082 0.050 72 0.088 0.047 35
3.0 0.015 0.022 0.031 87 0024 0.019 88 0.028 0025 84 0033 0.022 53
4.0 0.000 0.002 0.009 94 0.001 0.004 93 0.002 0.007 90 0.002 0.004 84
Estimation at x = 2.5 with bias correction
7 =(04,02) 17 = (0.4,0.6) 7 =(08,02) 1 = (0.8,0.6)

y f(x,y) mean rmse cl  mean rmse cl  mean rmse cl  mean rmse  cl
—4.0 3.157 3.114 0.674 69 3.146 0377 74 3.150 0435 73 3.146 0261 74
-3.0 5219 5193 0739 78 5165 0447 77 5159 0563 77 5170 0318 75
—2.6 6.402 6.315 0.863 74 6.340 0531 74 6.309 0.610 76 6.356 0.363 76
—2.2 7.883 7.784 0.795 81 7.794 0528 78 7.750 0595 83 7.784 0372 79
-1.8 9.748 9527 1101 69  9.601 0580 79 9545 0812 69 9571 0.464 66
-14 12.085 11.763 1.072 83 11.772 0.675 78 11.879 0.810 77 11.829 0504 77
—1.0 14958 14.673 1.174 77  14.543 0774 74 14.681 0923 74 14.603 0.642 67
—-0.6 1839 17.784 1.548 74 0.000 18.396 0 17.738 1193 64 0.000 18.396 0
—-02 22415 0.000 22415 0 — —_ - 0.000 22415 0 — — —

0.2 1.310 0.000 1.310 0 — _ - 0.000 1.310 0 — —_ -

0.6 1.116 1.121 0398 70 0.000 1.116 0 1.117 0290 69 0.000 1.116 0

1.0 0.810 0805 0297 80 0799 0177 82 0811 0264 63 0799 0143 63

14 0.501 0.474 0.246 78 0.487 0.162 65 0.482 0214 66 0.484 0.125 66

1.8 0.264  0.281 0156 79 0269 0111 71 0244 0147 66 0247 0.093 64

22 0.119 0.096 0.096 91 0.107 0.059 81 0.101 0.081 69 0.104 0.053 68

2.6 0.045 0052 0066 88 0046 0042 85 0055 0.054 81 0.043  0.033 68

3.0 0.015 0.025 0.047 82 0.020 0.027 80 0.022 0.031 82 0.018 0.019 83

4.0 0.000  0.002 0013 96  0.001 0.006 94 0003 0012 94 0002 0.006 86
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Table 5.10: Scenario d2 — The empirical mean (integrated) squared error (columns 4, 6, 8, 10) on

the interval [y, y2] of the estimator an "(x,-) for f(x,y) given by eq. (5.1.2) based on 100 samples
(with lag A = 0.01 and up to time nA = 2500) is presented. In addition, the standard deviation
(columns 5, 7, 9, 11) of the squared errors are shown.

x=0 x =075 x=15 x =225
n Y1 Y2  mse sd mse sd mse sd mse sd

(0.1,04) -30 -15 0263 0129 0266 0.168 0.743 0.466 2.053 1.200
-15 05 8164 1405 7497 1520 9.463 2405 12818 3.771

0.5 1.5 7900 1813 7145 1454 2552 0.751 0.207  0.124

1.5 3.0 0284 0172 0469 0222 0246 0.123 0.035  0.026

(0.2,04) -30 -—15 0223 0.094 0209 0.120 0.604 0.260 1973  0.874
-15 -05 808 1123 7473 1.048 8951 1700 12.613 2.850

0.5 1.5 8179 1.091 7.026 1.054 2581 0515 0.150  0.097

1.5 30 0246 0.097 0421 0.139 0231 0.083 0.024 0.016

(0.4,02) -3.0 -15 0273 0.091 0197 0.082 0.640 0.256 2101  0.746
-15 05 8663 0895 7924 0934 9948 1175 14536 2.077

-05 —-03 2758 0406 2754 0.385 3.466 0.519 4.648 0.757

0.3 05 2624 0422 1958 0294 0764 0.134 0.748 0.171

0.5 1.5 8694 1.002 7433 0795 2476 0.398 0.122  0.073

1.5 30 0263 0100 0459 0112 0234 0.062 0.024 0.013

(0.4,04) -3.0 -15 0225 0.066 0173 0.073 0582 0.195 1.857  0.538
-15 05 8169 0774 7368 0784 9.119 1.028 13.020 1.768

0.5 1.5 8257 0756 7113 0753 2.349 0.356 0.099  0.049

1.5 30 0219 0.082 0405 0.101 0199 0.060 0.015 0.010

Table 5.11: Scenario d3 — The empirical mean (integrated) squared error (columns 4, 6, 8, 10) on

the interval [y, y2] of the estimator ff "I(x,-) for f(x,y) given by eq. (5.1.2) based on 100 samples
(with lag A = 0.001 and up to time nA = 2500) is presented. In addition, the standard deviation
(columns 5, 7, 9, 11) of the squared errors are shown.

x=0 x =075 x=15 x =225
n Y1 Yo  mse sd mse sd mse sd mse sd

(0.1,04) -30 -15 0.073 0.055 0.103 0.078 0282 0.207 0.675 0.501
-15 —-05 0368 0279 0415 0316 0534 0473 1.070 0.850

0.5 1.5 0397 0340 0312 0254 0222 0.190 0.109 0.089

15 30 0.078 0.068 0.071 0.077 0053 0.040 0.028 0.025

(02,04) —-30 —-15 0.032 0.032 0.059 0045 0128 0.082 0372 0235
-15 =05 0271 0242 0262 0198 0330 0254 0.654 0.493

0.5 1.5 0270 0207 0225 0176 0.137 0.130 0.065 0.065

15 3.0 0.035 0028 0.033 0.029 0.025 0.022 0.015 0.011

(04,02) —-30 —-15 0.037 0.020 0.054 0034 0124 0.062 0425 0209
-15 —-05 0291 0156 0239 0.130 0.341 0210 0.689 0.404

-05 -03 0133 0.114 0.116 0.099 0.156 0.168 0.215 0.233

0.3 05 0124 0111 0.098 0119 0.031 0.037 0.026 0.032

0.5 1.5 0247 0139 0244 0148 0.102 0.060 0.077 0.055

15 3.0 0.034 0022 0.034 0021 0.030 0.020 0.016 0.012

(04,04) -30 -15 0.027 0.021 0.035 002 0.067 0.038 0204 0.151
-15 =05 0215 0.136 0205 0156 0273 0.198 0397 0.305

0.5 1.5 0241 0152 019 0.130 0.054 0.051 0.039 0.047

1.5 3.0 0.023 0.017 0.015 0.012 0.013 0.010 0.009 0.007
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Figure 5.6: Scenario d2 — Estimation of the Lévy density f(x,y) given by eq. (5.1.2) at x =0
with 7 = (0.4,0.2) (top row), at x = 0 with # = (0.1,0.4) (middle row), and at x = 2.25
with 7 = (0.4,0.4) (bottom row) based on discrete observations with lag A = 0.01 up to time
nA = 2500. Left: One typical estimate (grey) is compared to the true Lévy density (black).
The upper and lower bounds of the estimated (pointwise) 95% -confidence intervals given by
eq. (5.1.5) are shown in red. Right: Estimates based on 100 trajectories (grey) are compared to
the true Lévy density (black). The (pointwise) mean of the estimates (red dashed line) and mean
of the upper and lower bounds of the 95% -confidence intervals (red solid lines) are shown.

152



5.1 Markovian Ito semi-martingales

20

15

ZN

= > o
Xz~ X~
n
o o
2 1 0 1 2 2 1 0 1 2
y y
o o
N N
n n
So Ze
Xz~ X~
n n
o o
) 2 0 2 4 -
y
o o
N N
n n
>o o
Xz~ X~
n n
o o
-5 _25 0 255 5 -5 ~25 0 255 5
y y

Figure 5.7: Scenario d3 — Estimation of the Lévy density f(x,y) given by eq. (5.1.2) at x =0
with 7 = (04,0.2) (top row), at x = 0 with # = (0.1,0.4) (middle row), and at x = 2.25 with
n = (04,0.4) (bottom row) based on discrete observations with lag A = 0.001 up to time
nA = 2500. Left: One typical estimate (grey) is compared to the true Lévy density (black).
The upper and lower bounds of the estimated (pointwise) 95% -confidence intervals given by
eq. (5.1.5) are shown in red. Right: Estimates based on 100 trajectories (grey) are compared to
the true Lévy density (black). The (pointwise) mean of the estimates (red dashed line) and mean
of the upper and lower bounds of the 95% -confidence intervals (red solid lines) are shown.
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5.1.2 The infinite activity case

We investigated the performance of the estimator an "I(x,y) based on the observation
of the discrete sample Xp(w), Xa(w), ..., Xya(w). We chose the parameters of the
process with infinite activity as reported in Table 5.12. The restriction of the Lévy
density to the set [—4,4] x [—1,1] for these parameters is presented in Figure 5.8.
We emphasise the singularity on the line y = 0 and that f is not twice continuously
differentiable on the set {—¢,{} x R, which we indicated by the red dotted lines.
We investigated the scenarios

d4) t4 = 1000 and A4 = 0.01, that is 100 000 observations;
ds) t5 = 1000 and As = 0.0025, that is 400 000 observations;
d6) te = 2500 and Ag = 0.0025, that is 1 000 000 observations.

We simulated the process with the Euler scheme; as step length, we chose 1/10-th of
the observation time-lag A. Given the value X}, /10, we simulated a stable increment
with Lévy density y — f(Xka 10,y) and a Brownian increment with drift —bXjs /19
and volatility c. Iteratively, we obtained an approximate sample Xo, X /10, - - -, Xna-
Finally, we only kept every tenth observation.

For one simulated sample of each scenario d4—-d6, we present the increments
(X(k—1)a, AfX) in Figure 5.9. Our first observation is with regard to the bias correc-
tion. We recall that we use a kernel which is of second-order. Since, for each x, the
true Lévy density is convex as a function in y, on the one hand, we have that the
bias from kernel smoothing is positive. On a neighbourhood of zero, depending on
A > 0, on the other hand, our estimator f,’ ’A(x, -) is always concave by construction.
On this neighbourhood, consequently, the estimated bias correction always has the
wrong sign. In the following, we focus on the uncorrected estimates only.

We compare our estimates an "I(x,y) in terms of their functional properties. Just
as in the finite activity case, we observe a significant influence of the bandwidth
choice. In scenario d4, for instance, we observe that ; > 0.2 (resp., 771 > 0.3) is
necessary to obtain reasonable estimates at x = 0 (resp., at x = 2). On the set
{ly| < 12 + 0.3}, the bias due to discretisation is dominant. At x = 0, we obtain
good estimates on the sets {0.5 < |y| < 1} and {0.75 < |y| < 4} for the bandwidth
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choices 7 = (0.2,0.2) and # = (0.4,0.4), respectively. At x = 2, we obtain good
estimates on the sets {—3.5 < |y| < —0.75} and {0.75 < y < 1.5} for = (0.4,0.4).
In scenario ds5, where the observation time-lag is one quarter of the time-lag of
scenario d4, first, we observe that the bias due to discretisation is dominant on
the set {|y| < 12+ 0.2}. Apart from the improvement for |y| small, the estimates
in scenario ds are similar to those of scenario d4. Finally, we observe that, for
scenarios d5 and d6 where the observation time-lag is equal, the set on which the
bias due to discretisation is dominant coincides. Nevertheless, the estimation for
ly| large improves significantly. At x = 0, we obtain very good estimates on the
sets {0.4 < |y| < 3} and {0.6 < |y| < 5} for n = (0.4,0.2) and = (0.2,0.4),
respectively. At x = 2, we obtain very good estimates on the sets {—4 <y < —0.6}
and {0.6 < y < 2} for n = (0.2,0.4). We present the estimates corresponding to
these observations in Figures 5.10 to 5.12.

In summary, on the one hand, we have seen that larger bandwidths give better
estimates in terms of variability and the degree of smoothing for |y| large. On the
other hand, smaller bandwidths allow for more reasonable estimates closer to zero
than larger ones. Moreover, increasing the number of observations without reducing

the observation time-lag does not give better estimates close to zero.
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Table 5.12: Parameters for the characteristics (B, C,n) given by egs. (5.1.1) and (5.1.3)
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Figure 5.8: Contour plot (left) and topographical image plot (right) with legend (far right) of the
restriction of the of the Lévy density (x,y) — f(x,y) given by eq. (5.1.3) with parameters as in
Table 5.12 to the set [—4,4] x [—1,1]. The distance of the contour lines and the colour scheme are
in logarithmic scale. The dotted red lines indicate the set {—¢, ¢} x R on which f is not twice
continuously differentiable.
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Figure 5.9: Increments (X (k—1)As A} X) of one simulated sample of scenarios d4 (top), d5 (middle),
and dé6 (bottom). Left: All increments. Right: Increments on the set [—4,4] x [—4,4].
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Figure 5.10: Scenario d4 — Estimation of the Lévy density f(x,y) given by eq. (5.1.3) at x = 0 with
7 = (0.2,0.2) (top row), at x = 0 with = (0.4,0.4) (middle row), and at x = 2 with # = (0.4,0.4)
(bottom row) based on discrete observations with lag A = 0.01 up to time nA = 1000. Left:
One typical estimate (grey) is compared to the true Lévy density (black). The upper and lower
bounds of the estimated (pointwise) 95% -confidence intervals given by eq. (5.1.5) are shown
in red. Right: Estimates based on 100 trajectories (grey) are compared to the true Lévy density
(black). The (pointwise) mean of the estimates (red dashed line) and mean of the upper and
lower bounds of the 95% -confidence intervals (red solid lines) are shown.
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Figure 5.11: Scenario d5 — Estimation of the Lévy density f(x,y) given by eq. (5.1.3) at x =0
with 7 = (0.2,0.2) (top row), at x = 0 with 7 = (0.4,0.4) (middle row), and at x = 2 with
n = (0.4,04) (bottom row) based on discrete observations with lag A = 0.0025 up to time
nA = 1000. Left: One typical estimate (grey) is compared to the true Lévy density (black).
The upper and lower bounds of the estimated (pointwise) 95% -confidence intervals given by
eq. (5.1.5) are shown in red. Right: Estimates based on 100 trajectories (grey) are compared to
the true Lévy density (black). The (pointwise) mean of the estimates (red dashed line) and mean
of the upper and lower bounds of the 95% -confidence intervals (red solid lines) are shown.
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Figure 5.12: Scenario d6 — Estimation of the Lévy density f(x,y) given by eq. (5.1.3) at x =0
with 7 = (0.4,0.2) (top row), at x = 0 with 7 = (0.2,0.4) (middle row), and at x = 2 with
n = (0.2,04) (bottom row) based on discrete observations with lag A = 0.0025 up to time
nA = 2500. Left: One typical estimate (grey) is compared to the true Lévy density (black).
The upper and lower bounds of the estimated (pointwise) 95% -confidence intervals given by
eq. (5.1.5) are shown in red. Right: Estimates based on 100 trajectories (grey) are compared to
the true Lévy density (black). The (pointwise) mean of the estimates (red dashed line) and mean
of the upper and lower bounds of the 95% -confidence intervals (red solid lines) are shown.
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5.2 Penalised projection estimation of the Lévy density of Lévy

processes

This section is based on Section 4 of Ueltzhofer and Kliippelberg (2011). The notation

has been adjusted to fit the general notation of this thesis.

We have implemented the penalised projection estimation (PPE) method de-
scribed in Section 2 of Ueltzhofer and Kliippelberg (2011). Our estimator is based
on piecewise quadratic polynomials: For every m € M = N*, we denote by %, the
regular partition of a given domain of estimation D C R* and define the sieve S, by

Sy 1= {g € L*(D) : g|c is a quadratic polynomial VC € @m}.

We note that the constants defined in Section 3.1 of Ueltzhofer and Kliippelberg
(2011) satisfy

Dy =9m/vol(D), D), =45m/vol(D), and d, = 3m.

Also, My, = {1,...,|T,vol(D)/9]}. In addition, the penalty constants in eq. (10) of
Ueltzhofer and Kliippelberg (2011) are set toc; =2, cp =1, c3 = 0.1, and ¢4 = 0.5.
Although in practice, the penalty constants could be tuned to give better estimates in
instances where Brownian motion is clearly present, here, we use the same constants
whether Brownian motion is present or not. In doing so, we intend to emphasise the

effect of Brownian motion on the PPE and the asymptotic behaviour of the PPE.

As a comparison, we also implemented the estimation procedure described in
Sections 6 and 7 of Comte and Genon-Catalot (2009, 2011), respectively. We denote
this estimator by SCE, which indicates the sinus cardinal (basis). Moreover, any
notation referring to the latter procedure will be appended by the label SC. Let g*
denote the Fourier transform of a function ¢ and let ¢ denote the sinus cardinal,
that is, ¢(x) = sin(7rx)/(7rx) with ¢(0) = 1. For mg. > 0 the corresponding SC-
projection space is given by Sic = {g € L?(R : supp(g*) € [—7tmsc, mmsc])}. The
set { @k : k € Z}, where @i, (X) = /Msc@(mscx — k), forms an orthonormal basis
of Sy, Note that mgc plays the role of a bandwidth and is unrelated to the m of our
method.
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Depending on whether Brownian motion is absent or present, the corresponding
SCEs of x — ¢%(x) = xf(x) and x — p*(x) = x3f(x) are given by

ASC ASC ASC 7.sc
gmsc - Z amsc,k q)msc/k and pmsc - Z bmsc,k qomsc/k’
keZ keZ

respectively, where

ASC 1 Tl n n 7.sC 1 Tl n 3 n
amsc’k - T_n Z A] X(Pmsc’k(Aj X) and ek — T_n Z (A] X) q)msc/k(Aj X)
j=1 i=1

The contrast values for the SCEs are equal to — ¥ ez (5 )% and — EkEZ(B;sﬁsc 2
and the respective penalty functions are defined by

sc _ KscMMsc Ry A"X)2 and sc _ KscMMsc T/ AT X6
peny’ (msc) = T2 Z ( i )~ and peny(msc) = T2 Z ( i )°.
n j=1 n j=1

In analogy to Comte and Genon-Catalot (2009, 2011), we truncate the infinite sum
in the definition of ¢} and pj; to {k: |k| < 15}. In addition, ms is chosen from
the set {0.1,0.2,...,10}, and the constant in the penalties is set to ks = 7.5 if there
is no Brownian motion and x5 = 3 otherwise. As we are interested in the Lévy
density itself, we transform the raw estimates ¢’ and pj; to fﬁfsc (x) =& (x)/x
and ﬁ?fsc (x) = P/ x3, respectively, and restrict them to the domain of estimation D
from our method.

We simulated the following univariate models:

(i) a compound Poisson process with intensity 0.5 and exponentially distributed

jumps with mean 1: f(x) = 0.5¢"* 1,0}
(ii) a superposition of (i) and Brownian motion with ¢ = 0.5;
(iii) a standard gamma process: f(x) = x‘le_x]l{x>o};
(iv) a superposition of (iii) and Brownian motion with ¢ = 0.5;

(v) a superposition of a bilateral gamma process with parameters (a*, ) = (1,1)
and (a«~,B) = (0.7,1) and Brownian motion with ¢ = 0.5:
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flx) =x7le  Lixsop + 27 Livcq-

Note that the parameters of the processes are taken as in Comte and Genon-Catalot

(2009, 2011). In all cases, we investigated the scenarios
(1) Ty = 2500, A1 = 0.05 (50000 observations), and
(2) T, = 5000, A, = 0.02 (250000 observations).

Furthermore, we choose D = [0.05,10] in cases (i) and (iii), D = [0.25,10] in cases
(ii) and (iv), and D = [—10, —0.35] U [0.35, 10] in case (v).

As f € C®(D) in all cases (i-v), by Theorem 3.7 of Ueltzhofer and Kliippel-
berg (2011), we expect the PPE based on piecewise quadratic polynomials to con-
verge with rate T-%/7. By Theorem 3.1 and Theorem 4.1 of Comte and Genon-
Catalot (2009, 2011), respectively, we expect the SCE to converge with rates (i) T—3/%,
(ii) T-7/8, (iii) T~1/2, and (iv—v) T~5/¢ in the respective cases. We give a summary
of the theoretical relative reductions corresponding to doubling T from scenario (1)
to (2) in Table 5.13.

For the cases (ii) and (iv), moreover, we remark the probability for a purely
Brownian increment to be bigger than the lower bound of D (0.25 in these cases)
equals 1.27 % in scenario (1) and 0.02 % in scenario (2). Therefore, we expect signif-
icant distortions of the PPEs caused by Brownian motion in scenario (1), whereas
these effects should remarkably diminish in scenario (2). In case (v), we have
chosen D further away from the origin such that min,cp|x| = 0.35. The probabil-
ities that a purely Brownian increment falls into D, hence, are reduced to 0.174 %
and 7.43 - 10 %, respectively, in comparison to cases (ii) and (iv). Accordingly, we
expect the impact of Brownian motion on the PPEs to be small in either scenario. We
want to emphasise that the SCEs are based on all increments independent of their
sizes. Hence, we do not expect a significant difference for the SCEs between cases
(ii) and (iv) on the one hand, and case (v) on the other hand.

Results are given in Figure 5.13. Columns (a/b) correspond to the PPE, and
columns (c/d) correspond to the SCE. Columns (a/c) show 50 estimated Lévy
densities for scenario (1), and columns (b/d) show 50 estimated Lévy densities for
scenario (2). On the y-axis, we restrict the plotted range to (i) [0,0.75], (ii) [0,1.5],
(iii) [0,20], (iv) [0, 6], and (v) [0,5]. Near zero, some of the estimates fall out of this
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range and had to be truncated above. Nonetheless, all these cases are explicitly
discussed below. Moreover, for the cases (iii-v) the Lévy densities and their estimates
plotted over D are indistinguishable to the naked eye. However, there are notable
differences over the range D N [—2,2] which we present here. In addition, for each
scenario, we calculated the empirical MSE, that is, the mean of the empirical squared
error of each estimate (|| f — f 12, (D) cf. the definition at the beginning of Section 2.3
of Ueltzhofer and Kliippelberg (2011)), and the mean of the estimated m and ms
selected by penalisation. These are summarised in Table 5.14. In brackets, we give
the standard deviation over 50 samples.

For (i), the pure compound Poisson process, we observe that all four plots exhibit
high quality estimates with small variability. Near zero, the PPE follows the slope of
the true Lévy density closely. The estimated values ff}en(0.0S) range between 0.36
and o.50, and between 0.31 and 0.39 in scenarios (1) and (2), respectively. The
conclusion that the true Lévy density is bounded (on R*) becomes obvious. For
the SCE, this is not necessarily the case. The estimated values £5°(0.05) range bet-
ween 0.79 and 1.25 in scenario (1), and between 1.54 and 1.95 in scenario (2). Compare
these values with the true value f(0.05) ~ 0.48. Note also, the raw estimates ¢ are,
in general, non-zero at the origin. Without restriction to D, therefore, the SCEs of f
have a pole at zero, whereas f(x) — 0.5 as x — 0. In contrast, the SCEs are smoother
than the PPEs further away from zero. Moreover, the empirical mean squared errors
of the PPEs and SCEs reduce by 52.6 %, and 95.2 % on average, respectively. For
comparison, we refer to the asymptotic values summarised in Table 5.13.

For (ii), the superposition of (i) and Brownian motion, we observe highly unstable
estimates in columns (a), (c) and (d), and high quality estimates in column (b) only.
The distortions in the former cases are due to Brownian motion. However, in
the latter case, the PPE behaves similar to case (i), where Brownian motion was
absent. In particular, the PPE benefits considerably from the smaller observation
time lag A,. For the SCE this is not the case, as all observed increments are taken
into account independent of their sizes. The values fgen(0.25) estimated by the PPE
range between 4.47 and 6.01 in scenario (1), and between 0.36 and 0.48 in scenario (2).
In contrast, the values f5¢(0.25) estimated by the SCE range between -1.46 and +17.0,
and between -0.50 and +7.95 in scenarios (1) and (2), respectively. The true value
is £(0.25) ~ 0.39. Note that the raw estimates p*¢ are, in general, non-zero at the
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5.2 Penalised projection estimation of the Lévy density of Lévy processes

origin. Unrestricted, thus, the SCEs of f have a pole at zero, whereas f(x) — 0.5
as x — 0. Moreover, the defining property of Lévy densities, that is,

/(|x]2/\1)fsc(x)dx < o0,

is violated.

For (iii), the standard gamma process, we observe that all four plots exhibit high
quality estimates with small variability. The empirical mean squared error of the
PPE is slightly smaller than the corresponding mean squared error of the SCE as the
PPEs follow the slope near zero slightly closer. Further away from zero, though, the
SCEs are smoother than the PPEs. We observe the empirical mean squared errors of
the PPEs and SCEs reduce by 66.1 %, and 57.9 % on average, respectively. Again, we
refer to the asymptotical values summarised in Table 5.13 for comparison.

For (iv), the superposition of (iii) and Brownian motion, similar to (ii) we observe
unstable estimates in columns (a), (c) and (d), and estimates of higher quality in
column (b) only. Once more, we observe distortions in the former cases due to
Brownian motion. However, in the latter case, the PPE behaves very similar to case
(iii), where Brownian motion was absent. The PPE benefits considerably from the
smaller observation time lag A,, whereas the SCE does not. The values f;en(0.25)
estimated by the PPE range between 7.55 and 9.11 in scenario (1), and between 3.14
and 3.89 in scenario (2). In contrast, the values 5¢(0.25) estimated by the SCE range
between 3.50 and 11.6 with mean 8.02 in scenario (1), and between 3.49 and 10.4 with
mean 6.78 in scenario (2). Compare these values to the true value f(0.25) ~ 3.12.
Note also, the raw estimates p°¢ exhibit, in general, non-zero values at the origin for
both scenarios (1) and (2). Analogously to case (ii), therefore, the unrestricted SCEs
of f violate [(|x|> A1)f*(x)dx < oo. Furthermore, the empirical mean squared
errors of the PPEs and SCEs reduce by 98.3 %, and 57.9 % on average, respectively.
For comparison, once more, we refer to the asymptotical values in Table 5.13.

For (v), the superposition of a bilateral gamma process and Brownian motion,
we chose D further away from the origin in comparison to cases (ii) and (iv). The
PPE exhibits a reasonable empirical mean squared error in both scenarios (1) and
(2) as compared to case (iii), where Brownian motion was absent. Moreover, the
PPEs are not too large to be plotted and, hence, not truncated. Although one may
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expect estimates like those in case (iv), changing D yields estimates like those in
case (iii). The influence of purely Brownian increments is lowered considerably
in comparison to case (iv). As for the SCE, in scenario (1) the estimated values
£5¢(—0.35) and £5°(0.35) range between 3.21 and 6.36, and between -1.87 and +3.25,
respectively. In scenario (2), the SCEs’ corresponding values range between 2.04
and 5.49, and between 1.43 and 4.35, respectively. Compare these values to the true
values f(—0.35) ~ 2.24 and f(0.35) ~ 2.01. We note that the SCE does not benefit
significantly from the change of D.

From a statisticians point of view, if Brownian motion is present, the choice
of D appears to be crucial for a given scenario. In cases (ii) and (iv) above, if we
choose a domain of estimation further away from the origin, e.g., D = [0.35,10], the
distortions observed in scenarios (ii-1) and (iv-1) vanish and the plots look similar to
cases (i-1) and (iii-1), respectively, where Brownian motion was absent. A practicable
method, therefore, is to estimate ¢ first, e. g., as presented in Mancini (2005). Then,
assuming 0 = ¢, we determine D such that the probability for purely Brownian
increments to fall into D is very small.

Having said that, there exists another provision despite changing D. Again for
cases (ii) and (iv), we observe that the penalisation criterion chooses on average
m = 43.34 and m = 43.96, respectively, in scenario (1), and m = 3.50 and m = 25.58
on average, respectively, in scenario (2). Although, the optimal m, that is, m;;,
increases with rate T'/7 in these cases (cf. Proposition 3.5 of Figueroa-Lopez (2009a)),
the estimated m chosen by penalisation, in fact, decreases from scenario (1) to (2).
Obviously, the relatively large amount of purely Brownian increments just above
the threshold of 0.25 causes the penalised contrast to favour large m in scenario
(1). Since we partition the domain equidistantly, only a few increments remain for
each partition cell where a jump of corresponding size occurred. This increases the
variance of our estimator significantly. If we increase the constants cq,...,c4 in our
penalty, the influence of Brownian motion is decreased such that smaller m, that is,
coarser partitions, resulting in a smaller empirical mean squared error are chosen.
In summary, not only the right choice of the domain of estimation D but the right
balance between D and the penalty constants cy, ..., c4 is crucial.
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Table 5.13: Summary of asymptotic rates of convergence (rows 1 and 3) and relative reduction of
the MSE (rows 2 and 4) as T doubles from scenario (1) to (2) for the PPE (rows 1 and 2) and the
SCE (rows 3 and 4) corresponding to the estimation of f for a CPP-Exp(1) with rate 0.5 (column
i), a superposition of (i) and Brownian motion with ¢ = 0.5 (column ii), a standard gamma
process (column iii), a superposition of (iii) and Brownian motion with ¢ = 0.5 (column iv),
and a superposition of a bilateral gamma(1,1;0.7,1) process and Brownian motion with o = 0.5
(column v).

(i) (ii) (iii) (iv) v)

PPE
Asymptotic rate T—6/7 T—6/7 T-6/7 T—6/7 T=6/7
Rel. reduction (T, = 2Ty) 448%  44.8% 44.8% 44.8% 44.8%
SCE
Asymptotic rate T—3/4 T-7/8 T-1/2 T—5/6 T-5/6
Rel. reduction (T, = 2Ty) 40.5%  455% 29.3% 43.9 % 43.9 %

Table 5.14: Summary of the estimation of f for a CPP-Exp(1) with rate 0.5 (row i), a superposition
of (i) and Brownian motion with ¢ = 0.5 (row ii), a standard gamma process (row iii), a
superposition of (iii) and Brownian motion with ¢ = 0.5 (row iv), and a superposition of a
bilateral gamma(1,1;0.7,1) process and Brownian motion with ¢ = 0.5 (row v) by the PPE based
on piecewise quadratic polynomials and the SCE.

X (Ty, M) mh" s se(fiten) se(fse)

(i) (2500, 0.05) 2.92 (0.34) 0.96 (0.13) 0.876 (0.642) 8.065 (2.599) x1073
(5000,0.02)  2.98 (0.14) 1.87 (0.35) 0.415 (0.209) 0.385 (0.271) x1073

(i) (2500,0.05) 43.34 (2.73) 0.47(0.21) 0.752 (0.068) 1.527 (2.178)
(5000,0.02)  3.50 (0.71) 0.55(0.25) 0.007 (0.003) 5.397 (5.410) x10~1

(iii) (2500, 0.05) 59.10 (4.40) 4.82 (0.41) 0.174 (0.052) 0.765 (0.133)
(5000,0.02) 73.12 (8.68) 5.93(0.31) 0.059 (0.018) 0.329 (0.053)

(iv) (2500, 0.05) 43.96 (4.54) 0.63 (0.27) 0.885 (0.091) 1.185 (0.747)
(5000,0.02) 25.58 (5.40) 0.72 (0.24) 0.015 (0.005) 0.674 (0.488)

(v) (2500, 0.05) 26.36 (3.11) 0.29 (0.03) 0.137 (0.057) 5.679 (4.369) %1071
(5000,0.02) 25.56 (3.00) 0.46 (0.23) 0.051 (0.012) 3.733 (2.003) x10~!

Notes: The empirical mean of the values for m chosen by penalisation, and the empirical MSE
for each pair (T, Ay) are presented. Standard deviations over 50 samples are given within the
brackets. The squared errors and their standard deviations are to be scaled by the factor in the
last column.
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Figure 5.13: Estimation of f for a CPP-Exp(1) with intensity 0.5 (row i), a superposition of (i) and
Brownian motion with o = 0.5 (BM) (row ii), a standard gamma process (row iii), a superposition
of (iii) and BM (row iv), and a superposition of a bilateral gamma(1,1;0.7,1) process and BM
(row v). We present the true (dashed black) and 50 Lévy densities estimated (dotted red) by the
PPE (columns a/b) and the SCE (column c/d), where (T, A,) = (2500,0.05) (columns a/c) and
(Tu, Ay) = (5000,0.02) (columns b/d).
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6 Empirical modelling of the intermittency in

atmospheric turbulence

This chapter is based on Ferrazzano and Ueltzhofer (2012) and is joint work with
Vincenzo Ferrazzano. The individual introduction in Section 6.1 has been edited for
presentational purposes in view of the general introduction of this thesis (Chapter 1).
Cross-references to the material presented in Chapter 2 have been added.

6.1 Introduction

Turbulence is the complex behaviour of a particle in a fluid, under certain conditions,
described by its velocity. Its modelling is a long-standing problem in both physics
and mathematics. The Navier-Stokes equations, the basic equations describing
turbulence, are well-know since the 19th century. Actual comprehension of this
phenomenon, however, is scarce. For an exhaustive account of the turbulence
theory, we refer to the monographs of Frisch (1996) and Pope (2000). Since the
seminal work of Kolmogorov (1941a,b, 1942, 1962), it is commonly accepted that
turbulence can be regarded and analysed as a random phenomenon. In particular,
the velocity of a turbulent flow can be modelled as a spatio-temporal stochastic
process which preserves some statistical structure. The theory developed in a spatio-
temporal setting is reduced to a time-series framework, utilising Taylor’s frozen-field
hypothesis (Pope, 2000, p. 223).

In this chapter, we focus on the modelling of the velocity V = (V})icg of a
weakly stationary turbulent flow along the main (longitudinal) flow direction at
some fixed point in space. We note that virtually every observed turbulent flow
displays several stylised facts. Experimental investigations highlighted that their
magnitude depends only on a control parameter called the Reynolds number; it is

proportional to the mean flow velocity over the kinematic viscosity. Our paramount
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aim is to advocate a statistical model, which is able to reproduce the following
essential “intermittent” features of flows with a Reynolds number above a critical
threshold, called fully developed turbulent flows: Firstly, the velocity increments display
a distinctive clustering; the phenomenon originally called intermittency. In particular,
the squared increments of turbulent flow velocities are significantly correlated; their
auto-correlation function is positive and slowly decaying. Secondly, the velocity
increments are semi-heavy tailed and display a distinctive scaling: On large time-
scales, on the one hand, the distribution of the increments is approximately Gaussian.
On small time-scales, on the other hand, the distribution develops exponential tails
and is positively skewed. The skewness is given by Kolmogorov’s 4/5-law. This law
is a direct consequence of Navier-Stokes equations; it is one of the few exact and

non-trivial results in turbulence theory.

Barndorff-Nielsen and Schmiegel (2008) proposed a causal continuous-time
moving-average process (CCMA)

t
Vi=0+ / qv(t—s)dXs, (6.1.1)

driven by some — for a moment unspecified — normalised random orthogonal
martingale measure dX, as a suitable statistical model for a fully developed turbulent
flow with mean @ > 0. In this model, the second-order properties depend only on the
square-integrable moving-average kernel gy; in particular, the auto-covariance yy

and the (power) spectral density Py have the simple forms

o0

w(t) = [gu(s+Igvs)ds and Py(w) = 5| Fav(w)
0

2

7

where Fh(w) := [ h(s)e'“*ds denotes the Fourier transform of i € L?. The driving
noise X, henceforth called the intermittency process, accounts for all higher-order
properties of V. In addition to the work of Barndorff-Nielsen and Schmiegel,
Ferrazzano and Kliippelberg (2012) give a comprehensive study on the dependence
of the moving-average kernel gy on the Reynolds number of the turbulent flow.
Thereupon, we build our intermittency model.
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We advocate that the intermittency process X = (X;):cr is appropriately mod-
elled by a two-sided, time-changed Lévy process

X =1L (6.1.2)

Jo Yeds

(cf. Section 2.2.3), where L is a purely discontinuous martingale with tempered
stable Lévy measure (see Rosifiski, 2007) and Y is itself a positive, ergodic, causal
continuous-time moving average process — independent of L. In detail: We suppose
there exists an 0 < a < 2 and there exist two completely monotone functions
g+,9- : Ry — R, called the tempering functions, such that the Lévy measure of L is
given by

x —(|x
F(dx) = %l{po}(x)dx + q|x|(1‘+£|K) Licoy(x)dx; (6.1.3)

and we suppose that Y is — again — a cCMA process

t
Y = / gy (t —s)dZs, (6.1.4a)

where the kernel belongs to the family

ColVlexp(—A) if0<t<{,
gy(t) =gv(t;0) = . P . (6.1.4b)
Cot'"texp(—At), ift>¢(,

with strictly positive parameters 6 = (¢, v, A, (), and C = C, , 7 > 0 is a normalising
constant such that [ ¢y(t;6)*dt = 0% note that Z remains some unspecified Lévy
subordinator with Var Z; = 1 such that Y is independent of L, non-negative, and

with finite fourth moment.

Recalling the “intermittent” features which we want to reproduce, we have a
strong motivation for our model: The tempered stable distributions form a class
of infinitely divisible distributions exhibiting the scaling behaviour observed in the
intermittency. This class has been introduced to turbulence modelling by Mantegna
and Stanley (1994) and Novikov (1994). In physics, the corresponding processes are
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known as truncated Lévy flights. Furthermore, since

Cov | (Xxa = X(k-1)a)% (X(kgj)a — X(k+j—1)A)2} -

) A A (6.1.5)
Var(L,]” Cov / Yk—1)a4sdS, / Ykt j—1)ardr
0 0

for every k € 7Z, j € N and A > 0, our model is, in principle, able to reproduce the
clustering behaviour observed in the intermittency. Ferrazzano and Kliippelberg
(2012), for instance, argues that the squared increments of the intermittency approxi-
mate the instantaneous rate of energy dissipation; that is, a quadratic functional of
the spatial gradient of the three-dimensional velocity vector (Pope, 2000, eq. 5.128).
In turbulence literature, such a proxy is often called surrogate energy dissipation. On a
certain interval of time-lags, called the scaling range, the auto-correlation function of
the true energy dissipation follows a power-law. Its exponent, called the intermittency
exponent, measures the tendency of volatility increments to cluster (see Cleve, Greiner,
Pearson, and Sreenivasan, 2004). The impact of surrogacy is studied, for example,
by Cleve, Greiner, and Sreenivasan (2003). Their model (4) for the auto-covariance
function of the surrogate energy dissipation inspired our parametric family for gy.
The parameter v in eq. (6.1.4b) is closely related to the intermittency exponent.

To model volatility clustering, time-changed Lévy processes have been introduced
to mathematical finance by Geman, Madan, and Yor (2001) and Carr and Wu (2004).
Likewise, these processes have been introduced to turbulence modelling by Barndorff-
Nielsen, Bleesild, and Schmiegel (2004) and Barndorff-Nielsen and Schmiegel (2004,
2008). Since the processes W o [, Ysds and [, Y2/2dW; are indistinguishable in the
case of a Brownian motion W, the relation to other stochastic volatility models like
the BNS Ornstein-Uhlenbeck (Barndorff-Nielsen and Shephard, 2001, 2002) and the
COGARCH model (Kliippelberg, Lindner, and Maller, 2004) is apparent.

We estimated our model from the so-called Brookhaven data set (Drhuva, 2000)
which consists of measurements taken at the atmospheric boundary layer, about 35m
above the ground. Brockwell et al. (2012) proposed a method to estimate the kernel g
from an observed sample Vy(w), Va(w) ..., Vya(w) of the velocity. Ferrazzano and
Fuchs (2012) extended this method to estimate the increments Xy (w) — Xx_1)a(w)
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6.2 The intermittency model and its estimation

of the intermittency process in addition. Treating these estimated increments as true
observations, we estimated the time-change using a method of moment approach
(see Kallsen and Muhle-Karbe, 2011). Next, we estimated the Lévy density of the
Lévy process L combining the projection estimator of Figueroa-Lépez (2009b, 2011)
and the penalisation method which Ueltzhofer and Kliippelberg (2011) studied in the
case of a pure Lévy process. Under a constraint on the moments of the time-changed
Lévy process, we also calculated least-squares fits of certain parametric families of
tempered stable Lévy densities to our non-parametric estimate. We minimised an
information criterion to find an optimal choice of parameters. In a simulation study;,
we compare a sample of increments from our intermittency model and the data.
The fit of the empirical stationary distribution and the fit of the auto-correlation of
the squared intermittency increments (that is, the clustering of large increments) is
convincing.

We briefly outline this chapter: In Section 6.2 we present our model framework
and its features; also, we describe the statistical methods which we apply for the
estimation of the relevant quantities. In Section 6.3, we perform an empirical study
of the Brookhaven data set. Finally, in Section 6.4, we compare our fitted model and

the data set in a short simulation study.

6.2 The intermittency model and its estimation

In this section, we present our intermittency model from egs. (6.1.2) to (6.1.4) in a
rigorous manner. We outline its specific features in detail. In addition, we discuss

the statistical methods for its estimation from discrete observations.

6.2.1 Modelling framework

On the filtered probability space (Q), %, (% )icr, P), let L = (L¢)ter be a two-sided,
real-valued Lévy process without Gaussian part and Lévy measure F given by

eq. (6.1.3). We suppose that IE L; = 0; its characteristic exponent takes the form

log Eellt = / (ei”‘ -1- itx) F(dx)
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6 Empirical modelling of the intermittency in atmospheric turbulence

and, for n > 2, its cumulants are given by ¢, := c,[L1] := [ x"F(dx). In addition,
let Y = (Y})icr be the process given by eq. (6.1.4) — independent of L — such that

T; := / Ysds is a %;-stopping time for all t € R.

By Corollaire 10.12 of Jacod (1979) (recall Theorem 2.2.14), the time-changed
Lévy process X = (X¢)ier given by eq. (6.1.2) is a purely discontinuous martin-
gale w.r.t. the filtration given by .%; := %r,; the process has cadlag sample paths
and Xp = 0. We recall that the integer-valued random measure m on R x R given by

m(w;dt, dx) := Y. €ax.(w)(dtdx),
{5:AXs (w)#0}
is called its jump measure. By Theorems 2.2.9 and 2.2.14, the increments X; s — X;
can be represented as the stochastic integral

Xiis — // )(dr, dx), (6.2.1)

Jtt+s] xR

where n(w; dt, dx) = Yi(w)dtF(dx) is the predictable compensator of m. We call X
the intermittency process.

The moments and auto-covariation function of the intermittency increments
and their squares are determined by the cumulants of L and the mean and auto-
covariation function of Y. Since the driving subordinator Z of Y satisfies Var Z; =1
by assumption, the auto-covariation function vy : R — R of Y is given by the

so-called auto-cross correlation of its moving-average kernel gy; that is
1y (£8) == Cov[Yy, Yi] = /gy(s;é))gy(|t| +5;60)ds. (6.2.2)

For A > 0, we abbreviate 74 (k; 0) := f_AA |A — s|yy(kA +s;60)ds. By construction,
we have
EX;=0 and VarX;=tcpEYy forallt> 0.
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6.2 The intermittency model and its estimation

For identifiability, we suppose that EYy = 1; recalling that X is supposed to be
the driving process of the cCMA model of eq. (6.1.1), furthermore, we assume that
the intermittency process is normalised such that c; = VarX; = 1. Under this

assumptions, we note that
EX? =tcs and EX} = tcy +3(v4(0;0) + 2) (6.2.3)

(see, e.g., Barndorff-Nielsen and Shephard, 2006, Proposition 2). Dividing both
sides of eq. (6.1.5) by Var X3, moreover, we obtain that the auto-correlation ,O)A(2 (k) ==
Corr[(Xs — Xo)?, (X(kt1)a — Xit)?] of the squared intermittency increments at
lag k € N* is given by

_ 1y (k;6)
Acy + 2% + 3v3(0;6)

05 (k; ) (6.2.4)

(see, e. g., Barndorff-Nielsen and Shephard, 2006, Proposition 5).

6.2.2 Estimation from discrete observations

We suppose to observe the intermittency process X on a discrete-time grid with
sampling interval A > 0. In particular for some n € N*, we observe a realisation of
the increments

A X = Xpp — Xg—1ya, fork=1,...,n.

The jumps of the process and the time-change are latent.

Firstly, we turn to the estimation of the parameters 6 = (o, v, A, {) of the kernel gy
given by eq. (6.1.4b). For typographical convenience, set s := EX}. Solving
eq. (6.2.3) for c4 and plugging it into eq. (6.2.4), we obtain

Ak; 6
P, ) = 0, (625)

where we emphasise the dependence on 4. We estimate the parameters 6, perform-
ing a least-squares fit of p@z(k; 6, 114) to its empirical version: In particular, let fi4
(resp., ﬁ}A(z) denote the empirical fourth moment of the observed increments A X
(resp., the empirical auto-correlation function of the squared increments (A,’ZX)Z).
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6 Empirical modelling of the intermittency in atmospheric turbulence

Then, our estimator of 6 is given by

2
‘ (6.2.6)

P52 (k) — p52 (K 6, i)

0:= arg min Z
fcRY keN*

Secondly, we turn to the estimation of the Lévy density of the Lévy process
L. The class of tempered stable Lévy measures, recall eq. (6.1.3), is truly of semi-
parametric nature. By Bernstein (1929), every bounded, completely monotone
function is the Laplace transform of some finite measure Q on R’ ; that is, x —
fo e **Q(dA). In literature, parametric estimation of tempered stable Lévy densities
is often based on the assumption that — for known orders p., p— € N* — it belongs
to the 2(p4 + p—) + 1-parametric sub-family

x ey P o exp(—Afx) for x > 0,

f(x0p,p) = (6.2.7)

\x\_l_“ Zk;l Cp exp(—/\,:]x]) for x <0,

where all parameters 6, ,_ := (&, (¢}, A )k=1,..p,, (€} » A Jk=1,..,p_) are strictly pos-
itive and, in addition, « < 2. In view of the number of parameters, eq. (6.2.7) is
frequently used for low orders. The issue of order selection is rarely addressed. We
use a two-step approach to circumvent the latter issue: At first, we estimate the
Lévy density employing an adaptive non-parametric method. Then, we calculate the
least-squares fits of the parametric model eq. (6.2.7) to our non-parametric estimate
for orders p + p_ up to some constant; we normalise our estimates so that the
variance Var X; of our fitted model is equal to one; and we penalise for deviations
from the third and fourth empirical moments. Last, we minimise an information

criterion to find our optimal choice for p; and p_.

Various non-parametric estimators for the Lévy density of a Lévy process have
been suggested in literature. Here, we focus on the projection estimator of Figueroa-
Lopez (2009b, 2011) which employs Grenander’s method of sieves. In particular,
let 4 be some absolutely continuous Borel measure on R*, called the reference measure.
We denote the y-density of the Lévy measure F by f,; thatis, F(dx) = f,(x)u(dx).
Moreover, let D C R* be a compact interval not containing zero, called the domain of
estimation. Throughout, we suppose that f, is y-square integrable over D. For each
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6.2 The intermittency model and its estimation

m € N*, let Ky, := {Ymo,...,Ymm} C D be such that {[y,x—1,Ymi| : k=1,...,m}
forms a y-uniform partition of D. Then the space S, := S(3,K;;) of cubical Cc2-
splines with control points Ky, is an m + 3-dimensional subspace of £2(D, Z, ). The

minimum contrast estimator f;f of f, w.r.t. the sieve Sy, given by

fy = argmln{ — n_ 2 h(APX) + / Ip(x dx)} (6.2.8)
heSm

coincides with the respective projection estimator (cf. Lemma 2.1 of Ueltzhofer and

Klippelberg, 2011).

By Figueroa-Lopez (2009b), under some hypothesis on Y, the estimator f;f is
consistent for the p-density f, of the Lévy measure F if nA — oo, A — 0 fast enough,
and m — oo. For some related, pointwise central limit theorem, we refer to Figueroa-
Loépez (2011). For a numerically stable computation of f;’l”, we construct the B-spline
basis B, := {hm/]- :j=1,...,m+ 3} of the space Sy, and denote the Gramian matrix
w.r.t. p by A = (aj); =1, m+3; thatis,

1= [ 1 ()i (x)l () ().

Let iy : R — R™3 be the mapping with components hy,j. Then the unique

minimiser in eq. (6.2.8) is given by

m+3

A 1 n
i (x) = X Cuhnj(x), where &, := A (M th<A;:x>>'
j=1 k=1

For each m € N*, we are given an estimator f;” of f, on D; its associated contrast
value is equal to — (&) Aéy. As a data driven sieve selection method, we employ
the penalisation method which Ueltzhéfer and Kliippelberg (2011) studied in the
pure Lévy case. For {1 > 1 and (3,3, (4 > 0, in particular, let pen : N* — R be the
penalty function given by

pen(m) := &1 (nA) 2 tr ((hn <A;;x>>k<nA (AL X) )i )

+ 02 (%\/ >+€3( IZ o >+§4 <mnz3\/<n(1n2)34)3)’
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6 Empirical modelling of the intermittency in atmospheric turbulence

where
h 2 7% d 2
Dy := sup Supx€D2| ()l , and D), := sup (Up! (x)2|l/‘( %)) : (6.2.9)
hes, Jp I(x)*u(dx) hes, Jph(x)?p(dx
Then the estimator f;l” where
A . A TaAn
1 := arg min { — (m) Al —I—pen(m)}, (6.2.10)

melN*

is called the minimum penalised contrast estimator of f, (w.r.t. the penalty pen).

In practice, we calculate an estimator f;? * on some domain D, C R and,
separately, an estimator f;,ﬂ ~ on some domain D_ C R*. For the Lebesgue density f

of the Lévy measure F, we are thereby given the non-parametric estimate

fx) = A (0w (0) 1o, () + i (0 () 1p_(x). (6-2.11)

In general, this estimate is not the restriction of a tempered stable Lévy density to the
domain D4 U D_. For orders p4, p— € N* up to a specified order, we calculate the
least-squares fit of the parametric family given by eq. (6.2.7) to our estimate given by
eq. (6.2.11) under the constraint that the variance Var X; of our fitted model equals
one; and we penalise for deviations of the fitted third and fourth cumulant from the
empirical ones (recall eq. (6.2.3)). In particular, our estimator of 6,, ,_is given by

Op, p_ = arg min { /|f Op, p_)|*dx

{0p p—ic2(0pp) D UD_ (6.2.12)

(6. ) (6. )
”<C3 T ‘1'+ ﬁ4c—43§2<@2)+1>‘1’>}'

fiz
P+ p—
culpp ) 1= T =) Yo ()" + (=1)"Tln =) L (4"

where

denotes the n-th cumulant of L; corresponding to the Lévy density f(-;0,, ),
¢ > 0 denotes some penalisation constant, fi,, denotes the n-th empirical moment of
the observed increments, and 62 belongs to the fitted parameters of the kernel gy.
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6.3 An empirical study of the Brookhaven wind speed data set

6.3 An empirical study of the Brookhaven wind speed data set

The Brookhaven turbulent wind speed data set consists of n = 20 - 10° measurements
taken at a frequency of 5000 Hz, covering a total time interval of 4000s (66 min 40s).
A precise description of the data set is given in Drhuva (2000). We remark that the
data set displays a Taylor’s microscale Reynolds number of approximately 17 000
and is regarded a good representative of fully developed turbulence.

Ferrazzano and Fuchs (2012) proposed a method to estimate the increments
Al X(w) of the intermittency process from an observed sample Vy(w), ..., Vya(w)
of the velocity. This method — which, in principle, can be seen as applying an
auto-regressive filter — has been employed to the Brookhaven data set. The filter has
been chosen to involve measurements up to a time-lag of 78.8424s; consequently,
the estimated increments of the intermittency process cover a total time interval of
65 min 21.1276s. For the remainder, we treat these estimates as if they were observed
true increments of the intermittency process; henceforth, we refer to them as the
“(intermittency) data”.

We summarise the data in Figure 6.1 at the end of this chapter: At the top,
we plotted the intermittency increments; the clustering of the increments is clearly
observable. At the bottom, we present histograms of the increments Xya — Xx_j)a
of the intermittency process at time-lags jA for j = 1,1000,10 000; for comparison,
we also present the densities of a Gaussian random variable scaled to the empirical
variance of the intermittency increments. At small-scale, we observe a heavy-tailed
distribution; at large-scale, we observe an approximately Gaussian distribution.

For the estimation of the parameters 6 of the moving-average kernel gy of the
process Y given by eq. (6.1.4), we calculated the empirical auto-correlation func-
tion p@z of the squared, observed intermittency increments (A7 X)?. We obtain from
Cleve et al. (2004, Tablel, data set “a2”) that the surrogacy cutoff time is given by
o.5ms, that is, 2.5A; for reasons stemming from physics, thus, we regard p@z(k)
reliable for k > 3 only. In addition, we observe a significant influence on the
empirical auto-correlation function by non-stationary, large scale effects. For the
estimation, thus, we consider pA)A(Z(k) reliable up to one tenth of the de-correlation
time — the lag p := 26 698 — only as well. We note that the empirical fourth moment
of the increments is given by fiy = 2.166 - 10~°. With these considerations in mind,
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6 Empirical modelling of the intermittency in atmospheric turbulence

in practice, our estimator for the parameters 6 (recall eq. (6.2.6)) is given by

2

4

p
§:=argmin }_ \ 05, (k) — 0% (K; 6, i)
fcRY k=3

where p)A(2 (k; 6, fi4) is given by eq. (6.2.5). We remark that no closed-form solution is
known for the auto-correlation yy(+;6) of Y given by eq. (6.2.2). In practice, hence,
we utilised the convolution theorem, and employed the numerical approximation

2

(W(kA /100;9)) R D1

D [(gy(kA/100;9)>

k_O,...,SOO;ﬁ]

where we sampled gy with a 100-times higher frequency and on a 5-times longer
interval than used afterwards; D denotes the discrete Fourier transform, and | - |2 is
understood component-wise. Our estimate is summarised in Figure 6.2 and Table 6.1.
We present the empirical auto-correlation function p}A@ (k) (black points) for the lags
k=1,...,p and compare it to the estimated auto-correlation function p)A(Z(k; 0,14)

(red solid line). We observe an excellent fit.

For the non-parametric estimation of the Lévy measure F of the Lévy process
L, we chose u(dx) = x~*dx as reference measure. The main advantage of this
particular choice over Lebesgue measure is that the p-density f, of a tempered stable

Lévy measure F does not have a pole at zero; in particular,

fu(x) = 4+ ()27 Ly (3) + - () [P Ly (1)

We employed the minimum penalised contrast method as presented in egs. (6.2.8)
and (6.2.10) to estimate f, separately on Dy = [0.015,0.8] and D_ = [-0.8, —0.015];
we chose the end points 0.8 as there are no observations with absolute value larger
than 0.8 and we chose the end points £0.015 ~ ++/A to exclude an interval with a
radius of about one standard deviation centred at the origin. As penalty coefficients
we chose 1 =2, (> =1, {3 = 0.5 and {4 = 0.1. As no closed-form solution is known
for the constants ©,, and D), in eq. (6.2.9), in practice, we replaced their true value
by numerical approximations. In Table 6.2, we summarised the penalised contrast
values (PCV) for the estimators ( J?;T)mzl,...,S onD, and D_.
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6.3 An empirical study of the Brookhaven wind speed data set

We note that a local minimum is attained at 7z, = 4 and 11— = 1, respectively.
For the Lebesgue density f of the Lévy measure F of the Lévy process L, we are

given the non-parametric estimate

A

F(x) = fil (x)x41p, (x) + fi (x)x41p_(x);

(recall eq. (6.2.11)). We observe that the non-parametric estimate oscillates around
zero for |x| > 0.3; since no more than 591 observations — that is, 0.003% of the data —
are larger in absolute value than o.3, for the remainder, we consider our estimate
reliable on the set D = [—0.3, —0.015] U [0.015, 0.3] only.

For all orders p+ + p— < 4, we calculated the penalised least-squares estimator

0y p_ defined in eq. (6.2.12); we replaced the integral over the set D by the discrete

residual sum of squares given by

300

RSS(6y, p )= Y.
k=15

F ) = £ 0 )|+ 7 (00 — F(x00p )]

where x; = k/1000; and chose the penalty constant { = 5 x 10°. To find an optimal
choice for (p4, p—), we also calculated the corrected Akaike’s information criterion

2Ky, p (Kp,p +1)

AIC.(p+,p-) := Nlog(RSS(0p, »_)/N) +2Kp, »_ + ,
N —Kp,p- —1

where K, ,  :=2(p+ + p-) + 1 is the number of parameters and N := 572 is the

number of squared residuals evaluated for RSS.

Our results are summarised in Table 6.3. We observe that AIC. is minimised
for p+ = 1 and p- = 2. The fitted parameter & = 1.39 indicates that the paths
of our process are of infinite variation. We present the corresponding estimated
density in Figure 6.3. The parametric fit f(x;0;,) (red solid line) is compared to the
non-parametric estimate f(x) (black points). The estimates are indistinguishable to

the eye.
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6 Empirical modelling of the intermittency in atmospheric turbulence

6.4 Simulation study

This section is dedicated to a short simulation study. We simulate a sample of
increments A/ X of our fitted intermittency model up to a terminal time of 1000s
and with a frequency of 5000 Hz. We specify the Lévy subordinator Z and simulate
the moving-average process Y of the time change. Then we simulate the increments
of the time-changed Lévy process X; = L( fot Y;ds) based on the realisation of Y. We
compare our simulated path and the intermittency data.

In our model, the process Y given in eq. (6.1.4) is a causal continuous-time
moving-average. We simulate from it approximating the stochastic integral defining

the cCMA process by a stochastic Riemann sum: For A; > 0, let (YtA Dter be given
by

S Y .
Yt L= Z gy( (|_t/A1J — k) A1;9) (ZkA1 - Z(k—l)Al) ; (641)

k=—o00

then B |YtA ' —Y¢|> — 0 as A; — O for every t € R. To achieve a good approximation
of Y on some time interval [t1, ], we simulate from the driving process Z on a much
longer interval [t, t;] with ty) < t; and with a smaller time-lag A, < Aj. Then we
discard the samples on [to, 1] which are corrupted by numerical errors, and reduce
the sampling frequency of the remainder.

We remark that the Lévy subordinator Z is left unspecified so far apart from
its mean and variance. For this simulation study, we aim for a simple, yet likely
choice for Z. For two reasons, we work with a Gamma process: Subordinators with
infinite activity seem appropriate to us, since turbulent motion requires permanent
injection of energy. And, the Gamma process is a well-understood subordinator
which, moreover, is uniquely specified by its mean and variance.

We chose A, = 107°. On the interval ] — 200,1000], we simulated 1.2 - 108
independent and identically Gamma distributed increments Zs, — Z;_1)5, with
mean A,/ (||gy(t;0)|l1) and variance A,, where ||gy(t;8)||; = 0.1385. To calculate
the convolution in eq. (6.4.1) we truncated the MA-kernel gy at t* = 200, where
gy (t0)/gy(0%;8)) < 3.4-1077. We discarded the observations on the interval
]—120, 0] which are corrupted by numerical errors and down-sampled to a time-lag
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6.4 Simulation study

of A; = 1/5000. Consequently, we obtained 5 - 10° (approximate) observations YkAl
on the interval ]0,1000].
As a time-changed Lévy process, the intermittency process X has independent

increments conditionally on Y. By eq. (6.2.1), moreover, we have

t+Aq

Y} = / sts/ (ei”x—l—iux> f(x;0,, , )dx.

t

log E |:eiu(Xt+A1 —Xt)

For each k, approximating the increment of the time-change by A;Yys,, we simulated
the increment X ;. 1)s, — Xka, using the shot-noise representation (5.19) of Rosinski
(2007). All jumps with absolute value larger than 10~° where simulated exactly; the
small jumps where approximated by a Gaussian random variable of appropriate
variance. Consequently, we obtained a sample of 5 - 10° (approximate) increments
A'X on the interval ]0s,10005s].

We present our simulation result in Figure 6.4. At the top, we plotted the
increments of the intermittency at the sampling frequency of 5000 Hz. In comparison
to the data as presented in Figure 6.1, we observe a convincing similarity. At the
bottom, we compare the simulation and the data in more detail: On the left, we
present a quantile-quantile plot comparing the empirical quantiles of the data (x-axis)
to those of the simulation (y-axis). On the interval [—0.3,0.3], which carries more
than 99.996% of the data, the fit is excellent. Since the least-square fitting of the
Lévy density has been performed on the domain [—0.3, —0.015] U [0.015, 0.3] only,
we are very satisfied with the fit of the stationary distribution of the intermittency
increments. On the right, we compare the empirical auto-correlation function of
the squared intermittency data (black points) to the empirical auto-correlation of
the square simulated increments (red solid line). Both axes are in logarithmic scale.

Again, their agreement is excellent.
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Figure 6.1: Increments of the intermittency process X. Top: (Estimated) increments X;p — X (k—1)A
of the intermittency process covering a total time interval of 65 min 21.1276s. Bottom: Histograms
of the intermittency increments at time-lags jA for j = 1 (left), j = 1000 (middle) and j = 10000
(right). The y-axes are in logarithmic scale. The solid grey line represents the Gaussian density
scaled to the empirical variance of the intermittency increments.
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Figure 6.2: Comparison of the empirical auto-correlation Py, of the squared intermittency
increments (A7 X)? (black points) for lags k = 1,...,26 698 corresponding to a time-lag of 5.3396s
and of the parametric estimate p%, (-; ) (red solid line). Both axes are in logarithmic scale. Right:

Least-square estimates of the parameters 6 of gy (+; Bint)-

184



6.4 Simulation study

Table 6.1: Least-squares estimates of the parameters § of gy (-; fint)

o v A 4
3.6017 0.2881 0.0325 1.152-10°3

Table 6.2: Penalised contrast values (PCV) for the estimators fA[,” on Dy and D_

PCVon D, PCVonD_

m

1 —1.283414 —1.016977
2 —1283749 —1.016962
3 —1.283912 —-1.016947
4
5

—-1.283924  —1.016933
—1.283870  —1.016879

Table 6.3: (Penalised) least squares fitting of the parametric families f(x;6,, ,_) in eq. (6.2.7) to
the non-parametric estimate f(x) given by eq. (6.2.11).

P & A p- & Ay & AIC
1435 1 3101 2417 1314 43614

1033 2 0.740 19.86 1.390 3911.4
16.879 438.58

2 0.177 6.67 1 0219 17.17 1.487 4059.6
16.156 1031.79

_ =
e
o O1
—
o N

2 63.279 3781 2 76977 4744 0.701 5544.7
782.867 2346.48 4.229 243.94
1 0.012 957 3 0.014 19.68 1411 3937.4
0.001 162.75
0.539 518.30
3 0.180 6.74 1 0222 1714 1.487 4062.6
0.000 198.51

15.238  928.82
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Figure 6.3: Comparison of the parametric estimate f(x,0;,) (red solid line) and the non-
parametric estimate f(x) (black points) on the domain D = {0.15 < |x| < 0.3}.
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Figure 6.4: Simulation from the fitted intermittency model. Top: Simulated increments Xy —
X(k—1)a of the intermittency process on an interval of length 1000s. Bottom-Left: Quantile-
quantile plot (black points) of the observed increments A/ X of the data (x-axis) against the
simulated increments (y-axis). The red line indicates the identity diagonal. The fit is excellent
on [—0.3,0.3] which carries more than 99.996% of the data. Bottom-Right: Comparison of the
empirical auto-correlation p§<2 of the squared intermittency increments (A’ X)? of the data (black
points) for lags k = 1,...,26 698 corresponding to a time-lag of 5.3396s and of the empirical

auto-correlation of the squared simulated intermittency increments (red solid line).
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