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Abstract

Two closed Riemannian manifolds are called isospectral, if the Laplace oper-
ators on them have the same set of eigenvalues counted with multiplicities.
Riemannian manifolds which are isometric are trivially isospectral and up
to date there are only two methods to systematically construct isospectral,
but not isometric, manifolds — the Sunada method and the construction via
effective torus actions.

In this thesis we investigate the question whether isospectral metrics con-
structed via effective torus actions descend along Riemannian covering maps.
This is used to construct continuous families of isospectral, not isometric
metrics on certain lens spaces of dimension at least seven, on the spaces
RP2m−1≥5 × S1 and on the Lie group SO(3)× S1.
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1 Introduction

The Laplace operator ∆ is a fundamental differential operator in physics, e.g.
it is used in the modeling of wave propagation, heat flow and fluid mechanics.
It is a second order differential operator acting on functions f ∈ C2(Rn) as

∆f := −(div ◦ grad)f.

So if we want to define the Laplace operator on a manifold, we have to
define the gradient and divergence operators first. Since the gradient of a
scalar field is a vector field which points in the direction of the highest rate
of increase of the scalar field and whose magnitude is the greatest rate of
change, and since the divergence of a vector field measures the change of
volume density the flow of the vector field generates, we need a method to
assign magnitudes to tangential vectors and a method to measure volume,
i.e. we need a Riemannian metric on our manifold.

Definition 1.1 (Riemannian manifold). Let M be a smooth manifold and let
g ∈ Γ(M,T 2M) be a 2-tensor field on M , which is symmetric (i.e., g(X, Y ) =
g(Y,X)) and positive-definite (i.e., g(X,X) > 0 if X 6= 0). Then g is called
a Riemannian metric on M and the pair (M, g) is called a Riemannian
manifold.

Now given a Riemannian manifold, we define the gradient of a function
f ∈ C1(M) as the unique vector field grad f determined by the fact, that for
all vectors X ∈ TM we have

df(X) = 〈grad f,X〉,

and we define the divergence of a vector field X ∈ Γ(M,TM) as the unique
scalar field divX determined by the equation

(divX)dM = d(iXdM),

where dM is the Riemannian volume form and iX the interior multiplication
withX: for any k-form ω, iXω is the (k−1)-form defined by iXω(Y1, . . . , Yk−1) :=
ω(X, Y1, . . . , Yk−1).

Using these two operators, we now define the Laplace operator on Rie-
mannian manifolds as in the Euclidean case as

∆ := −(div ◦ grad) : C∞(M, g)→ C∞(M, g).

From Stoke’s Theorem we can conclude two very nice properties of the
Laplace operator:
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Lemma 1.2 (Properties of the Laplace operator). Let (M, g) be a closed,
oriented Riemannian manifold. Then the following holds true:

• The Laplace operator is self-adjoint, i.e. we have 〈∆f, g〉 = 〈f,∆g〉 for
any two functions f, g ∈ C∞(M).

• The Laplace operator is non-negative, i.e. we have 〈∆f, f〉 ≥ 0 for any
function f ∈ C∞(M).

Because of these properties we are able to prove a spectral theorem for the
Laplace operator, which leads to the area of spectral geometry. We will give
an idea of the proof in the next section and the whole proof can be found,
e.g., in [Ros97].

We denote by L2(M, g) the completion of C∞(M) with respect to the
norm ‖f‖ :=

∫
M
f 2 dM and by multiplicity of an eigenvalue we mean the

dimension of the corresponding eigenspace.

Theorem 1.3 (Spectral theorem). Let (M, g) be a connected, closed and
oriented Riemannian manifold. Then there exists an orthonormal basis of
L2(M, g) consisting of smooth eigenfunctions of the Laplace operator. All
eigenvalues are non-negative, have finite multiplicity and accumulate only at
infinity.

The condition of orientability can easily be dropped if we use a Rieman-
nian density instead of a volume form for integration, but if the manifold has
boundary we have to impose boundary conditions, because without them
the Laplace operator would no longer be self-adjoint, because we get an ad-
ditional integral over the boundary from Stoke’s Theorem.

The Dirichlet boundary condition requires the functions to vanish on the
boundary and the Neumann boundary condition requires the derivative of
the functions with respect to the outer normal field to vanish. With either
of this conditions the spectral theorem for the Laplace operator holds true
in case the manifold has boundary (for a proof see, e.g., [Sak92]).

After computing with local coordinates, the Laplace operator is given by

∆f = − 1√
det g

∂j(g
ij
√

det g ∂if)

= −gij∂j∂if + (lower order terms),

which shows that not only is the Laplace operator determined by the Rie-
mannian metric but the Laplace operator also determines the metric (by
evaluating ∆ on a function which is locally given by xixj, we can recover gij

and hence gij). Thus we can investigate the relation between the spectral
theory of the Laplace operator and the geometry of (M, g).
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1.1 Heat kernel and the spectral theorem

We have seen that knowing the effect of the Laplace operator on smooth
functions is equivalent to knowing the Riemannian metric. But in physical
experiments we can often only estimate the eigenvalues of the Laplace oper-
ator, so we are led to the question: How much information is stored in its
spectrum.

Definition 1.4 (Spectrum of a manifold). The spectrum of a closed, con-
nected Riemannian manifold is the spectrum of eigenvalues of the Laplace
operator, counted with multiplicities.

The Dirichlet spectrum (resp. Neumann spectrum) of a compact, con-
nected Riemannian manifold with boundary is the spectrum of eigenvalues,
counted with multiplicities, corresponding to eigenfunctions of the Laplace
operator, which satisfy the Dirichlet boundary condition (resp. the Neumann
boundary condition).

The main tool for extracting information about the geometry of a Rie-
mannian manifold from its spectrum is the heat kernel, which is defined by
the following two properties:

Definition 1.5 (Heat kernel). A function e(t, x, y) ∈ C∞(R+ ×M ×M) is
called the heat kernel if it satisfies the following two conditions:

(∂t + ∆x)e(t, x, y) = 0

lim
t→0
〈e(t, x, y), f(y)〉y = f(x).

The name comes from the fact that the heat kernel is a fundamental
solution to the heat equation

(∂t + ∆x)f(t, x) = 0 and

f(0, x) = f(x),

which models the heat flow on a manifold with initial distribution f(x).
The term fundamental solutions means that we can easily get a solution

to the heat equation for any initial distribution: Just let

f(t, x) := 〈e(t, x, y), f(y)〉y(x). (1.1)

It is easy to verify that this function solves the heat equation using the two
defining properties of the heat kernel from Definition 1.5.

For a proof of the heat kernel being a fundamental solution and its con-
struction, see, e.g., [Ros97].
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There we can also find proofs to the two fundamental properties of it:
It is symmetric in the space variables, i.e. e(t, x, y) = e(t, y, x), and for a
compact manifold M, it is also unique.

Motivated by the Equation (1.1), which we use to define solutions to the
heat flow for arbitrary initial values f(x), we define the heat operator :

Definition 1.6 (Heat operator). For any t > 0 the heat operator

e−t∆ : L2(M, g)→ L2(M, g)

is defined to be

(e−t∆f)(x) :=

∫
M

e(t, x, y)f(y) dM.

This operator enjoys some wonderful properties, which are summarized
in the following lemma and for which a proof can be found again in [Ros97].

Lemma 1.7. For any t > 0 the heat operator e−t∆ : L2(M, g) → L2(M, g)
is a continuous and compact operator (compact means, that it maps bounded
sets to relatively compact ones). Moreover, the heat operator is self-adjoint,
positive and has the semigroup property e−t∆e−s∆ = e−(t+s)∆.

Because of the spectral theorem for self-adjoint compact operators on
Hilbert spaces and the Lemma 1.7, L2(M, g) has an orthonormal basis con-
sisting of eigenfunctions for the heat operator e−t∆ with all eigenvalues γi(t)
positive, accumulating only at zero and having finite multiplicity. From
this we can deduce easily the spectral theorem for the Laplace operator by
showing that the eigenvalues λi of the Laplace operator satisfy the equation
γi(t) = e−λit. For a elaborate proof, refer to [Ros97].
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1.2 Asymptotics of the heat kernel

In [Min53] it was shown that for closed, connected Riemannian manifolds for
any positive integer N and all t > 0 there is the asymptotic expansion

trace e(t, x, x) = (4πt)−
n
2

(
1 +

N∑
i=1

tiki(x)

)
+O(tN−

n
2

+1) as t ↓ 0, (1.2)

where, for all i, ki is a C∞-function on M .
The functions ki are polynomials in the components of the curvature

tensor and its covariant derivatives and k1 and k2 were explicitly calculated
in [MS67] and are given by

k1 =
1

6
scal and k2 =

1

72
scal2 − 1

180
|Ric|2 +

1

180
|Riem|2 +

1

30
∆scal, (1.3)

where scal is the scalar curvature, Ric the Ricci tensor and Riem the Rie-
mannian curvature tensor.

Now let {λi} be the eigenvalues of the closed, connected Riemannian
manifold (M, g), repeated as many times as its multiplicity indicates, and let
{fi} denote the corresponding orthonormal eigenfunctions. In [Min53] it was
shown that the series ∑

i

exp(−λit) · fi(x) · fi(y) (1.4)

converges compactly on R+ ×M2 to the heat kernel e(t, x, y) and together
with equation (1.2) we get (for any positive integer N and all t > 0)

∑
i

exp(−λit) = (4πt)−
n
2

(
volM +

N∑
i=1

tiai

)
+O(tN−

n
2

+1) as t ↓ 0, (1.5)

where the coefficients ai for all i are given by ai =
∫
M
ki(x) dx.

Combining equation (1.5) with (1.3) we get the following corollary.

Corollary 1.8. We can hear, i.e. recover from the spectrum, the dimension,
the volume and the total scalar curvature of a closed, connected Riemannian
manifold.
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1.3 Isospectral manifolds

Besides the asymptotic expansions of functions connected to the spectrum
of the Laplace operator, e.g. the heat kernel, there are no other known ways
to recover information from the spectrum. But another possibility to find
out how much of the geometry is stored in the spectrum is by comparing
isospectral manifolds.

Definition 1.9 (Isospectral manifolds). Two closed, connected Riemannian
manifolds are called isospectral if they have the same spectrum (including
multiplicities).

Two compact, connected Riemannian manifolds with boundary are called
Dirichlet isospectral (resp. Neumann isospectral), if the have the same Dirich-
let spectrum, resp. the same Neumann spectrum.

From the above discussion we know already that two manifolds, which are
isospectral, must have the same dimension, volume and total scalar curvature.
But if one of them has some additional curvature properties, then in [Tan73]
it was shown that the other one must have them too — at least in low
dimensions.

Lemma 1.10. Let (M, g) and (M ′, g′) be isospectral, closed, connected Rie-
mannian manifolds.

1. If their dimension is between two and five, then M is of constant sec-
tional curvature sec0 if and only if M ′ is so.

2. For dimension six we have that

• M is conformally flat and has constant scalar curvature scal0 if
and only if M ′ is so and that

• M is of constant sectional curvature sec0 > 0 if and only if M ′ is
so.

From Lemma 1.10 it follows now that the round metric on the sphere is,
in dimension up to six, completely characterized by its spectrum.

Theorem 1.11. Let (M, g) be a closed, connected Riemannian manifold of
dimension up to six, which is isospectral to the round sphere.

Then (M, g) is isometric to the round sphere.

Remark 1.12. It is not known whether Theorem 1.11 is true in dimensions
higher than six. In fact, the proof of Lemma 1.10 uses an explicit comparison
of the coefficients in the asymptotic expansion of the heat kernel and because
these terms become complicated rather quickly, there is little hope that one
can raise the dimension with such a proof.
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2 Sunada construction method

We have seen that although the complete information about the geometry
of a Riemannian manifolds is stored in the Laplace operator, it is very hard
to retrieve it from the spectrum — in fact, almost all methods used to re-
cover geometric information form the spectrum use the coefficients (1.3) in
the asymptotic expansion of the heat kernel, but they become complicated
very quickly. But, despite these problems of extracting information from
the spectrum, it was thought for a long time that it contains a wealth of
information — just not accessible by the methods developed to that time —
and that if two manifolds were isospectral they should share many geomet-
ric properties. This perception was strengthened by theorems like 1.11 and
1.10 and the fact that there was no known way to construct isospectral, not
isometric manifolds in a systematic way.

The first example of isospectral, not isometric manifolds was given in
1964 by John Milnor in [Mil64]: a pair of flat tori in dimension 16; which was
the first proof of the fact that the spectrum of the Laplace operator does not
determine the isometry class of a Riemannian manifold. But this construction
of a pair of isospectral manifolds could not be generalised, because it used in
an essential way properties of flat tori.

The breakthrough came in 1985 when Toshikazu Sunada established the
first general method for a systematic construction of isospectral but not iso-
metric manifolds (see [Sun85]). This also led (via a generalization to orbifolds
by Pierre Bérard in [B9́2] and [B9́3]) to the famous first examples of bounded
plane domains with the same Dirichlet (and Neumann) spectrum found in
1991 by Carolyn Gordon, David Webb and Scott Wolpert (see [GWW92]) an-
swering Mark Kac’s question of 1966 ”Can one hear the shape of a drum?”
(see [Kac66]) negatively. However, these domains do not have a smooth
boundary and the answer to Mark Kac’s question is in the smoothly bounded
case still open.
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2.1 Main theorem

We now present the construction method, now called Sunada method, (as it
is shown in [Bro88]), which reduces the whole problem to finite group theory
at once.

Let M and N be closed, connected Riemannian manifolds, M
π→ N be

a normal Riemannian covering with finite covering group G and eM(t, x, y)
and eN(t, x, y) the corresponding heat kernels.

Proposition 2.1. We have the formula

eN(t, x, y) =
∑
g∈G

eM(t, x̃, gỹ), (2.1)

where x̃ and ỹ are chosen such that π(x̃) = x and π(ỹ) = y.

Proof. We have to verify its two defining properties (see Definition 1.5).
We first have

(∂t + ∆x)eN(t, x, y) =
∑
g∈G

(∂t + ∆x̃)eM(t, x̃, gỹ) = 0

and for a function f ∈ L2(N)

lim
t→0
〈eN(t, x, y), f(y)〉y = lim

t→0

∫
N

eN(t, x, y) · f(y) dy

= lim
t→0

∫
N

∑
g∈G

eM(t, x̃, gỹ) · f(y) dy

= lim
t→0

∑
g∈G

∫
N

eM(t, x̃, gỹ) · f(y) dy

= lim
t→0

∫
M

eM(t, x̃, ỹ) · (π∗f)(ỹ) dỹ

= lim
t→0
〈eM(t, x̃, ỹ), (π∗f)(ỹ)〉ỹ

= (π∗f)(x̃) = f(x).

Lemma 2.2. We have

(trace eN)(t) =
∑

[g]⊂G

card [g]

cardG

∫
M

eM(t, x̃, gx̃) dx̃, (2.2)

where [g] denotes the conjugacy class of g in G.
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Proof. Because of equation (2.1) we have

(trace eN)(t) =

∫
N

eN(t, x, x) dx =
1

cardG

∑
g∈G

∫
M

eM(t, x̃, gx̃) dx̃.

Now we have to check that the term on the right-hand side is unchanged
under conjugation.

We have for any isometry h of M

eM(t, hx̃, hỹ) = eM(t, x̃, ỹ),

therefore∫
M

eM(x̃, hgh−1x̃) dx̃ =

∫
M

eM(h−1x̃, gh−1x̃) dx̃ (2.3)

=

∫
M

eM(t, x̃, gx̃) dx̃ (changing variables),

and the claim results.

Now we are able to prove the construction theorem of Sunada.

Theorem 2.3. Let M,N,N1 and N2 be closed Riemannian manifolds, such
that we have the following diagram of finite Riemannian coverings.

M
H1

}}||
||

||
||

G

��

H2

!!B
BB

BB
BB

B

N1

!!B
BB

BB
BB

B N2

}}||
||

||
||

N

Suppose furthermore that the three labeled coverings are normal and that we
have for all g ∈ G

card([g] ∩H1) = card([g] ∩H2), (2.4)

where [g] denotes the conjugacy class of g in G. Then N1 is isospectral to
N2.

If also H1 is not conjugate to H2 and M has no extra isometries not in
G, then N1 is not isometric to N2.
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Proof. Using equation (2.2) on the coveringM
π1→ N1 and using the conjugacy

invariance (2.3), we get

(trace eN1)(t) =
∑

[g]⊂G

card ([g] ∩H1)

cardH1

∫
M

eM(t, x̃, gx̃) dx̃.

Now on the right-hand side of the above equation, the integral depends only
on G, so if for all g ∈ G we have card([g] ∩ H1) = card([g] ∩ H2), then N1

and N2 will have an identical trace of the heat kernel and therefore will be
isospectral by use of the following Lemma 2.4.

Now if H1 is conjugate to H2 in G (or an even larger group of isometries
of M), then N1 will be isometric to N2. But if the metric on N is such that
M has no extra isometries not in G and N1 and N2 are isometric, then H1

must be conjugate to H2 in G.

Lemma 2.4. The trace of the heat kernel determines all of the eigenvalues,
counted with multiplicities.

Proof. Let {λi} be the set of all eigenvalues, counted with multiplicities, and
ordered by size, i.e. 0 ≤ λ0 ≤ λ1 ≤ . . . . Using that the series (1.4) converges
compactly to the heat kernel (this was shown in [Min53]), we get for the
trace of the heat kernel

(trace e)(t) =
∑
i

exp(−λit).

Now assume that λ0, λ1, . . . , λk have been found. Then λk+1 is the largest
value λ, such that

lim
t→∞

(trace e)(t)−
∑k

i=0 exp(−λit)
exp(−λt)

is finite.

Now we can construct manifolds which are isospectral but not isomet-
ric (even not homeomorphic, if H1 and H2 are not isomorphic as abstract
groups), if we have found examples of groups fulfilling (2.4), because every fi-
nite group arises as the fundamental group of a compact, smooth 4-manifold.

Examples of groups fulfilling (2.4) will be given in Section 2.2.



2 SUNADA CONSTRUCTION METHOD 11

2.2 Examples

The examples of groups fulfilling (2.4) — called almost conjugate — are all
taken from the book [Bus92].

Symmetric group S6

Let S6 be the group of all permutation of the set {1, . . . , 6}. Denote by (a, b)
the cyclic permutation which interchanges a with b and leaves the remaining
elements fixed. For (a, b), (c, d) ∈ S6 we let (a, b)(c, d) denote the product
”(c, d) followed by (a, b)”. The following subgroups H1, H2 of S6 are almost
conjugate but not conjugate.

H1 := {id, (1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3)},
H2 := {id, (1, 2)(3, 4), (1, 2)(5, 6), (3, 4)(5, 6)}.

The index of both H1 and H2 in S6 is 180.

Proof. Every element in (H1 ∪H2) − {id} acts in the same way: it changes
a string (ab cd ef) into a string (ba dc ef). Since S6 permutes all possible
strings, all elements in (H1 ∪H2)−{id} belong to the same conjugacy class.
Hence, H1 and H2 are almost conjugate. Now H1 acts with two fixed points
and H2 acts without fixed points, which shows that H1 and H2 are not
conjugate in S6.

Semidirect product Z∗8 n Z8

Let Z8 be the additive group with eight elements and let Z∗8 be the multi-
plicative group of integers modulo eight. The semidirect product Z∗8 n Z8 is
the group with underlying set Z∗8 × Z8 and group operation defined by

(a, b) ◦ (c, d) := (a · c, a · d+ b) (mod 8).

Z∗8 n Z8 has the following isomorphic abelian subgroups of index eight.

H1 := {(1, 0), (3, 0), (5, 0), (7, 0)},
H2 := {(1, 0), (3, 4), (5, 4), (7, 0)}.

They are almost conjugate but not conjugate.

Proof. Writing

σ = (a, b) = (1, b) ◦ (a, 0) and σ−1 = (a, 0) ◦ (1,−b)
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we find

σ ◦ (m, 0) ◦ σ−1 = (1, b) ◦ (m, 0) ◦ (1,−b)
≡8 (m, b(1−m)) .

From this we see, that H1 and H2 are not conjugate. To see that H1 and H2

are almost conjugate we use the fact that Z∗8 is an abelian factor. It is easily
checked that elements in H1, resp. H2, are paiswise not conjugate and that
for each element in H1 there exists a conjugate in H2.

Groups with prime exponent — Heisenberg groups

Let p ≥ 3 be a prime number and let H1 and H2 be finite groups with the
same cardinality n. Assume that both groups have exponent p (i.e. xp = 1
for all x ∈ H1 and x ∈ H2). Interpret H1 and H2 as subgroups of the
symmetric group Sn, where H1 and similarly H2 is identified with the set
{1, . . . , n} in some fixed way, and where the permutation corresponding to
g ∈ Hi, i = 1, 2, is obtained via its action on Hi by left multiplication.

Under this hypothesis, H1 and H2 are almost conjugate in Sn.

Proof. We have to show that

card([h] ∩H1) = card([h] ∩H2)

for all h ∈ H1 ∪H2. For h = id there is nothing to prove. If h 6= id then h
is a permutation of {1, . . . , n} which has no fixed point. Since h has prime
order p, there exists a partition of {1, . . . , n} into pairwise disjoint subsets
of cardinality p, such that h operates by cyclic permutation on each of this
subsets. This proves that all h ∈ H1∪H2−{id} belong to the same conjugacy
class in Sn, and therefore card([h]∩H1) = card([h]∩H2) for all h ∈ Sn.

Obviously, H1 and H2 are conjugate in Sn if and only if H1 is isomorphic
to H2.

Examples of not isomorphic groups which satisfy the above hypotheses
are, for instance, given by the Heisenberg groups: let k, p ∈ N, k ≥ 3, p ≥ k, p
prime. Define

H1 := {

1 ∗
. . .

0 1

 : ∗ ∈ Zp}

to be the group of all upper triangular (k×k)-matrices with coefficients from
Zp and all diagonal elements equal to 1. Each such matrix G may be written
in the form

G = A+ I,
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where I is the identity matrix and A is an upper triangular matrix with zero
diagonal. Since A and I commute, the binomial formula yields

Gp = (A+ I)p =

p∑
i=0

(
p

i

)
Ai.

In Zp we have
(
p
i

)
= 0 for i = 1, . . . , p − 1. As the matrix A is k-nilpotent

and p ≥ k, we have Ap = 0. Hence, Gp = I. It follows that H1 has exponent
p and order p to the power 1

2
k(k − 1). The same holds for

H2 := Zp × · · · × Zp, (
1

2
k(k − 1) factors).

As H2 is abelian and H1 is not, these groups are not isomorphic.
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3 Construction via effective torus actions

The Sunada method is a very effective one but the manifolds constructed by it
are always locally isometric, because they arise from a common Riemannian
covering. The first example of a pair of isospectral, not locally isometric
manifolds was discovered by Zoltán Szabó (see [Sza99]); these were mani-
folds with boundary, diffeomorphic to the product of an eight-dimensional
ball and a three-dimensional torus, arising as domains in quotients of certain
harmonic manifolds (a Riemannian manifold is said to be harmonic, if the
volume density function ωp =

√
| det(gij)| of M around p is a function of

the geodesic distance dist(p, ·) alone). Motivated by Szabó’s examples, Car-
olyn Gordon constructed, in [Gor94], the first pairs of isospectral manifolds
without boundary. Her isospectrality proof revealed another general princi-
ple which does not necessarily imply the local isometry of the constructed
manifolds.

Theorem 3.1 ( [Gor94]). Let (G/Γ, g) and (G′/Γ′, g′) be compact Rieman-
nian nilmanifolds (i.e., G is a simply-connected and nilpotent Lie-group, Γ a
[possibly trivial] discrete subgroup and the lift of g to G is left-invariant).

The center Z(Γ) of Γ is a lattice in Z(G). Denote with Z(Γ)∗ the dual
lattice to Z(Γ) and define an equivalence relation on Z(Γ)∗ by λ ∼ µ if and
only if kern(λ) = kern(µ). Denote the set of equivalence by [Z(Γ)∗].

Let λ ∈ Z(Γ)∗ and define Gλ := G/ kern(λ). Let πλ : G → Gλ be
the projection, let Γλ := πλ(Γ) and let gλ denote the induced left-invariant
Riemannian metric on Gλ. The quotient (Gλ/Γλ, gλ) depends only on the
equivalence class of λ.

Assume now that there exists a one-to-one correspondence [λ] → [λ′]
between [Z(Γ)∗] and [Z(Γ′)∗] such that spec(Gλ/Γλ, gλ) = spec(G′λ/Γ

′
λ, g
′
λ)

for every [λ] ∈ [Z(Γ)∗].
Then spec(G/Γ, g) = spec(G′/Γ′, g′).

This method was further developed in a series of papers by various authors
and led then, e.g., to the following reinterpretation (from [Sch00]):

If a torus acts on two Riemannian manifolds freely and isometrically with
totally geodesic fibers, and if the quotients of the manifolds by any subtorus of
codimension at most one are isospectral when endowed with the submersion
metric, then the original two manifolds are isospectral.

But since no sphere is a principal T≥2-bundle, the construction of isospec-
tral metrics on spheres was beyond reach up to the year 2001. Then Carolyn
Gordon reformulated her theorem in [Gor01], which now does not need a free
action of the torus on the whole manifold, but instead, just on the princi-
pal orbits (and also changed the condition of totally geodesic fibers to the
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condition that the projected mean curvature vector fields of the submersions
are mapped onto each other), and constructed isospectral metrics on spheres
of dimension at least eight. In [Sch01] Dorothee Schüth reformulated again
the theorem, now instead assuming the condition on the projected mean cur-
vature vector fields, she assumed only that the volume elements are pulled
back onto one another — see below for the precise statement. While these
two conditions actually are equivalent in this context, the volume preserv-
ing condition is easier to check in application and therefore Dorothee Schüth
was able to lower the dimension to five for pairs of isospectral metrics and
to seven for continuous families of isospectral metrics.

Now assume we have two Riemannian manifolds, which were shown to be
isospectral by use of the torus action method and both admit Riemannian
coverings with isomorphic covering groups. We will now develop general
criteria, such that the covered spaces are again isospectral and using this we
will construct isospectral metrics e.g. on certain lens spaces.
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3.1 Isospectrality

We begin by stating the construction method for isospectral manifolds via
torus actions as in [Sch01].

Notation 3.2. By a torus, we always mean a nontrivial, compact, connected
and abelian Lie group. If a torus T acts smoothly and effectively by isometries
on a compact connected Riemannian manifold (M, g) then we denote by M̂
the union of those orbits on which T acts freely. Note that M̂ is an open
and dense submanifold of M . By gT we denote the unique Riemannian
metric on the quotient manifold M̂/T such that the canonical projection
π : (M̂, g)→ (M̂/T, gT ) is a Riemannian submersion.

Theorem 3.3 ( [Sch01]). Let T be a torus which acts effectively on two
compact, connected Riemannian manifolds (M, g) and (N, h), with or without
boundary, by isometries.

For each subtorus W ⊂ T of codimension one, assume that there exists a
T -equivariant diffeomorphism FW : M → N which satisfies

F ∗WdN = dM

and induces an isometry

F̂W : (M̂/W, gW )→ (N̂/W, hW ).

Then (M, g) and (N, h) are isospectral; if the manifolds have boundary
then they are Dirichlet and Neumann isospectral.

Now let G be a finite group, which acts freely on (M, g) and on (N, h)

by isometries (therefore, M
πM→ M/G and N

πN→ N/G are finite Riemannian
coverings).

If we want now to use Theorem 3.3 to show that (M/G, gG) and (N/G, hG)
are isospectral, we have to construct a new torus, which acts effectively on
them. Therefore, we need first to pass to the quotient groups T/(T ∩ G)M
and T/(T ∩G)N (where (T ∩G)M means that we identify T and G with the
corresponding subgroups of the isometry group of M and then identify the
intersection again with a subgroup of T ) and second, that these two quotient
groups are equal.

Definition 3.4. We call a group G, which acts freely and by isometries on M
and N , compatible with T , if G is T -equivariant, T/(T ∩G)M = T/(T ∩G)N
and (T ∩G) is normal in G.

We first prove Proposition 3.5, which guarantees that we still have a torus
which acts effectively and by isometries on the covered spaces.
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Proposition 3.5. Let (M, g) be a connected Riemannian manifold, with or
without boundary, let T be a torus which acts effectively on (M, g) by isome-
tries and let G be a finite group, which is T -equivariant and acts freely and
by isometries on (M, g). Then the torus

TG := T/(T ∩G)

acts effectively and by isometries on (M/G, gG).

Proof. Because G is a finite group acting freely and by isometries on (M, g),

we have a finite Riemannian covering M
πM→ M/G, and because G is T -

equivariant, the action of T on (M, g) descends to a well-defined action on
(M/G, gG). Clearly, the action of the quotient TG = T/(T ∩G) is also well-
defined on (M/G, gG), and because we have a Riemannian covering and both
G and T act by isometries, TG acts also by isometries on (M/G, gG).

It remains to show that TG acts effectively. This would be the case if we
could prove that if there exists a t ∈ T , such that for all x ∈ M exists a
gx ∈ G with t(x) = gx(x), then gx is independent of x; because then t would
be the trivial element in TG.

We show this by an open-closed argument. Therefore, let t ∈ T be as
above, let x0 be a fixed element in M and define X := {x ∈M : gx = gx0}. If
we show that X is both open and closed, it follows by the connectedness of
M that we have X = M (the other case, i.e. X = ∅, can not occur, because
we have x0 ∈ X ).

• X is closed: This is clear by the continuity of t and gx0 , i.e. if we have
(xn)→ x and gxn = gx0∀n, then we get

gx(x) = t(x) = lim t(xn) = lim gxn(xn) = lim gx0(xn) = gx0(x).

Because G acts freely, this is sufficient to conclude that gx = gx0 .

• X is open: Let x ∈M , denote by [x] ∈M/G its G-orbit and let

d := min{dist(y, z) : y, z ∈ [x], y 6= z}.

Then we have d > 0, because G is finite. Because both gx0 and t are
isometries, we have

gx0(Bd/2(x)) = Bd/2(gx0(x)) = Bd/2(t(x)) = t(Bd/2(x)) (3.1)

and also for all h, i ∈ G with h(x) 6= i(x) we have

h(Bd/2(x)) ∩ i(Bd/2(x)) = ∅, (3.2)
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because of the definition of d and because both h and i are isometries.

Now let y ∈ Bd/2(x). Using (3.1) we get

gy(y) = t(y) ∈ gx0(Bd/2(x)),

i.e.
gy(Bd/2(x)) ∩ gx0(Bd/2(x)) 6= ∅.

Together with (3.2) it follows that gy(x) = gx0(x), i.e. gy = gx0 , because
G acts freely.

The following Lemma 3.6 now gives a satisfying answer to the question
whether the covered spaces are again isospectral, which is one of the main
results of this thesis. To the knowledge of the author, this lemma is new.

Lemma 3.6. Let (M, g), (N, h) and the torus T be as in Theorem 3.3. Let
the finite group G act freely and by isometries on both (M, g) and (N, h) and
let G be compatible with T . Assume further that all diffeomorphisms FW
from Theorem 3.3 are G-equivariant.

Then (M/G, gG) and (N/G, hG) are isospectral; if they have boundary
then they are Dirichlet and Neumann isospectral.

Proof. We prove this theorem by showing that (M/G, gG) and (N/G, hG)
satisfy the hypothesis of Theorem 3.3.

Define the new torus
TG := T/(T ∩G).

This quotient is well-defined, because G is compatible with T (i.e., because
T/(T ∩ G)M = T/(T ∩ G)N), and by Proposition 3.5 the torus TG acts
effectively and by isometries on both (M/G, gG) and (N/G, hG).

Now let WG ⊂ TG be a subtorus of codimension one. Then there exists
a subtorus W ⊂ T of codimension one, such that W/(T ∩ G) = WG (we
can take the preimage of WG under the quotient map and then choose the
connected component containing the identity element). The T -equivariant
diffeomorphism FW : M → N descends to a well-defined TG-equivariant
diffeomorphism FWG

: M/G → N/G, because FW is G-equivariant, and it
clearly satisfies

F ∗WG
d(N/G) = d(M/G).

It remains to show that FWG
induces an isometry

F̂WG
: (M̂/G)/WG → (N̂/G)/WG,
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but this follows from

(M̂/G)/WG = (M̂/G)/WG = (M̂/W )/GW ,

where GW := G/(W ∩G) (and analogously with N).

Now we have a convenient way of deciding whether isospectral metrics
descend down the covered manifolds — the compatibility of the group G
with the torus T is a natural requirement and the G-equivariance of the
diffeomorphisms FW will be easy to check in our applications.
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3.2 Non-isometry

It now remains to develop criteria such that our constructed metrics are not
isometric, because isometric metrics are always isospectral. We will again
first state the corresponding result from [Sch01] concerning the metrics on
the covering spaces and then give criteria such that this non-isometry will
keep holding on the covered spaces.

We first recall the notation from 1.5 of [Sch01].

Notation 3.7. We fix a torus T with Lie algebra z = TeT , a compact and
connected Riemannian manifold (M, g0), with or without boundary, and a
smooth and effective action of T on (M, g0) by isometries.

1. For Z ∈ z we denote by Z? the vector field x 7→ d
dt
|t=0 exp(tZ)x on M .

For each x ∈M and each subspace w of z we let wx := {Z?
x : Z ∈ w}.

2. We call a smooth z-valued 1-form on M admissible if it is T -invariant
and horizontal (i.e. vanishes on the vertical spaces zx).

3. For any admissible 1-form λ on M we denote by gλ the Riemannian
metric on M given by

gλ(X, Y ) := g0(X + λ(X)?, Y + λ(Y )?).

4. We say that a diffeomorphism F : M →M is T -preserving is conjuga-
tion by F preserves T ⊂ Diffeo(M). In that case, we denote by ΨF the
automorphism of z induced by conjugation by F .

5. We denote by AutTg0(M) the group of all T -preserving diffeomorphisms
F of M which preserve the g0 norm of vectors tangent to the T -orbits
and induce an isometry of (M̂/T, gT0 ). We denote the corresponding

group of induced isometries by Aut
T

g0
(M) ⊂ Isom(M̂/T, gT0 ).

6. We define D := {ΨF : F ∈ AutTg0(M)} ⊂ Aut(z).

There are two sufficient criteria, which the z-valued 1-forms λ and µ have
to fulfill in order for the metrics gλ and gµ to be not isometric.

Proposition 3.8 ( [Sch01]). Let λ, µ be admissible, z-valued 1-forms on M ,
such that the associated curvature forms Ωλ and Ωµ on M̂/T satisfies the
following conditions:

1. No non-trivial 1-parameter group in Aut
T

g0
(M) preserves Ωµ; and
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2. Ωλ /∈ D ◦ Aut
T

g0
(M)∗Ωµ.

Then (M, gλ) and (M, gµ) are not isometric.

Given a group G as in Lemma 3.6, we want the induced metrics on the
quotient manifolds to also be not isometric. To verify this, we would like to
show that the conditions of Proposition 3.8 are satisfied, but for this we need
the z-valued 1-forms λ and µ to descend to the quotient manifolds, i.e. that
they are invariant under the action of G.

Lemma 3.9. Let (M, gλ) and (M, gµ) satisfy the conditions of Proposition
3.8, let the group G be compatible with the torus T and assume furthermore
that λ and µ are invariant under the action of G.

Then (M/G, gλG
) and (M/G, gµG

) are not isometric.

Proof. By assumption, λ and µ descend to z-valued 1-forms λG and µG on
M/G and it is clear that they remain admissible.

From 2.1(vi) in [Sch01] we get Ωλ = Ω0 + dλ̄, so Ωλ is also invariant
under the action of G and therefore descends to the associated form ΩλG

on

M̂/T/GT = M̂/G/TG and analogously with Ωµ.
We now show that ΩλG

and ΩµG
satisfy the conditions from Proposition

3.8.

1. Let FG
t ∈ Aut

TG

g0
(M/G) ⊂ Isom(M̂/G/TG, g

TG
0 ) be an one-parameter

group preserving ΩµG
.

Then every FG
t is induced by an Ft ∈ Aut

T

g0
(M) ⊂ Isom(M̂/T, gT0 ),

which we can choose, such that they again form a one-parameter group.
Then Ft preserves Ωλ, therefore it must be trivial, so also FG

t .

2. Assume that
ΩλG
∈ DG ◦ Aut

TG

g0
(M/G)∗ΩµG

,

i.e. there exists an FG ∈ Aut
TG

g0
(M/G) and a D ∈ DG, such that

ΩλG
= D ◦ FG

∗
ΩµG

.

But then we get

Ωλ = π∗GΩλG

= π∗G(D ◦ FG
∗
ΩµG

)

= D ◦ π∗G(FG
∗
ΩµG

)

= D ◦ F̄ ∗(π∗GΩµG
)

= D ◦ F̄ ∗Ωµ,
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which contradicts the assumption Ωλ /∈ D ◦ Aut
T

g0
(M)∗Ωµ, because we

have F̄ ∈ Aut
T

g0
(M) and DG ⊂ D.

Again as in Lemma 3.6, the assumed conditions of Lemma 3.9 on the
action of the group G are natural and will also be easy to check in our
applications.
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3.3 Isospectral metrics on RP2m+1≥5 and on certain lens
spaces of dimension ≥ 5

We show that the continuous families of isospectral, not isometric metrics
on spheres of odd dimension at least five, constructed by Dorothee Schüth
in [Sch01], induce continuous families of isospectral, not isometric metrics on
real projective spaces and on certain lens spaces.

Such metrics on real projective spaces can already be found in the lit-
erature, but only in dimensions at least nine: In [Sch03] Dorothee Schüth
constructed examples of such metrics on real Grassmann manifolds Grk,n of
k-planes in Rn≥9, 1 ≤ k ≤ n − 1, via a general method using principal con-
nections. Also in the unpublished Diploma Thesis [R0̈6] of Ralf Rückriemen
he mentions that the metrics on spheres constructed by Dorothee Schüth
in [Sch01] and by Carolyn Gordon in [Gor01] descend down to isospectral,
not isometric metrics on the real projective spaces — though he proves this
by an explicit computation and not via a general lemma as we do.

But to the knowledge of the author, the continuous families of isospectral,
not isometric metrics on lens spaces constructed here are new — though pairs
of such metrics on lens spaces, which are not even homotopy equivalent, were
already constructed by Akira Ikeda in [Ike80].

We first give a definition of lens spaces.

Definition 3.10 (Lens spaces). Let ω be a primitive p-th root of unity and
let q1, . . . , qm+1 be integers coprime to p.

Consider on the 2m+ 1-dimensional sphere S2m+1 ⊂ Cm+1 the Zp-action
generated by multiplication with the matrix

W :=

ω
q1

. . .

ωqm+1

 ∈ U(m+ 1).

The orbit space L(p; q1, . . . , qm+1) := S2m+1/Zp is called lens space.

In order to evoke Lemma 3.6 we have to make sure that the above defined
Zp-action commutes with all diffeomorphisms FW . The definition of these
maps is given in Proposition 3.2.5 of [Sch01]:

FW := (AZ , id) ∈ SO(2m+ 2),

where AZ ∈ SU(m) ⊂ SO(2m).
But since maps in U(m), which commute with an arbitrary AZ ∈ SU(m),

are of the form {λ · id : λ ∈ S1 ⊂ C}, this Zp-actions have to satisfy q1 =
. . . = qm.
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Now recall that the action of the torus

T := R2/(2πZ× 2πZ)

on S2m+1 ⊂ Cm+1 = Cm ⊕ C is given by

(p, q) 7→ (eiap, eibq)

for all a, b ∈ R, p ∈ Cm and q ∈ C.
We see that both the Z2 action given by the antipodal map and the

Zp action given above are part of the torus action itself, so all needed con-
ditions from the Lemmas 3.6 and 3.9 are automatically satisfied (i.e. the
T -equivariance of the actions and the Z2/Zp-equivariance of the z-valued
one-forms) and we have proved the following theorem.

Theorem 3.11. There exist continuous families of isospectral, pairwise not
isometric metrics on the real projective spaces of dimension 2m+ 1 ≥ 7 and
there also exists a pair of isospectral, not isometric metrics on RP5.

There exist continuous families of isospectral, pairwise not isometric met-
rics on the lens spaces L(p; q1, . . . , qm+1) with q1 = . . . = qm of dimension
2m+ 1 ≥ 7 and there also exist pairs of isospectral, not isometric metrics on
such five-dimensional lens spaces.
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3.4 Isospectral metrics on RPn≥8 and on certain lens
spaces of dimension ≥ 9

The examples from Section 3.3 were all trivial because the actions of the
groups G were completely part of the action of the torus. We now discuss
the examples of Carolyn Gordon (which were first constructed in [Gor01]),
i.e. continuous families of isospectral, pairwise not isometric metrics on Sn≥8,
as they are presented by Dorothee Schüth in [Sch01] — she reformulated the
examples in such a way that the construction now uses her method and not
Carolyn Gordon’s. We will see that neither the Z2-action of the antipodal
map nor the Zp-actions used to construct the lens spaces are part of the
torus actions, so we will have to check all conditions from the Lemmas 3.6
and 3.9 (contrary to Section 3.3 where we did not have to check this because
it followed automatically from the fact that the torus actions satisfy it all).

Let m ≥ 5, let Sm+3 ⊂ Rm ⊕ C ⊕ C, let the action of the torus T :=
R2/(2πZ × 2πZ) be induced by its canonical action on the C ⊕ C compo-
nent (generated by multiplication with i on each summand) and denote the
standard basis of its Lie Algebra z ∼= R2 by {Z1, Z2}.

For each linear map j : R2 → so(m) we define a z-valued one-form on
Rm ⊕ C⊕ C ∼= Rm ⊕ R4 (and hence on Sm+3) by

λk(p,q)(X,U) := 〈jZk
p,X〉

for k = 1, 2 and all (X,U) ∈ TpRm ⊕ TqR4.
From the proof of Theorem 3.3 in [Gor01] we see that the action of the

diffeomorphisms FW is given by (AZ , id) ∈ SO(m + 4) for some map AZ ∈
O(m).

We define now the Z2 action to be the action of the antipodal map and
for m = 2r + 1 the Zp action to be the action generated by multiplication
with the matrix

W :=


ωq1

. . .

ωq1

ωq2

ωq3

 ∈ U(r + 1),

where ω is a primitive p-th root of unity and q1, q2, q3 are integers coprime
to p. The reason we have to choose the q’s in the upper left block of the
matrix W all equal is the same as in Section 3.3: We need the Zp-action to
commute with the action of all FW ’s.

It is easy to verify that all conditions form the Lemmas 3.6 and 3.9 are
satisfied, so we get:
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Theorem 3.12. There exist continuous families of isospectral, pairwise not
isometric metrics on the real projective spaces of dimension n ≥ 8 and there
also exist continuous families of isospectral, pairwise not isometric metrics on
the lens spaces L(p; q1, . . . , qr+1) with q1 = . . . = qr−1 of dimension 2r+1 ≥ 9.

Note that in these examples for the lens spaces, we have one more free
parameter than in Theorem 3.11, i.e. here we are free to choose q1, qr and
qr+1 independent from each other (and the rest of the q′i is determined by the
condition q1 = . . . = qr−1), whereas in Theorem 3.11 only q1 and qm+1 can
be chosen.
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3.5 Isospectral metrics on RP2m−1≥5× S1 and SO(3)× S1

Dorothee Schüth also has seen that a little modification of the main con-
struction of isospectral metrics on spheres in [Sch01] can yield continuous
isospectral families on S2m−1≥5×S1 and pairs of isospectral metrics on S3×S1.

We use these to give another application of our Lemma 3.6.
The little modification of the construction from Section 3.3 is as following:

Instead of considering the unit sphere S2m+1 ⊂ Cm+1 = Cm ⊕ C we consider
the manifold S2m−1 × S1 ⊂ Cm ⊕ C.

The antipodal map on the first factor, i.e. on S2m−1, is again part of the
torus action, therefore all conditions from the Lemmas 3.6 and 3.9 are again
automatically satisfied.

For m = 2 we get a pair of isospectral, not isometric metrics on RP3×S1.
Because RP3 is diffeomorphic to SO(3) we can use the induced diffeomor-

phism RP3 × S1
∼=→ SO(3) × S1 to get isospectral, not isometric metrics on

the Lie group SO(3)× S1 (note that the two isospectral metrics on RP3× S1

are not product metrics).

Theorem 3.13. There exist continuous families of isospectral, pairwise not
isometric metrics on RP2m−1≥5×S1 and there also exist a pair of isospectral,
not isometric metrics on the Lie group SO(3)× S1.

Again, to the knowledge of the author, there are no other examples of
isospectral, not isometric metrics on SO(3)× S1.
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