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1 Introduction

Increasingly stricter limits for CO2 emissions, rising energy costs, and growing con-
cerns over energy security—especially the availability of fossil fuels—have led to
the current trend towards electrification. Vehicle electrification varies from merely
replacing inefficient belts and gear driven auxiliary units (such as pumps, cooling
fans, or air conditioning) with efficient electric powered devices to entirely electric
driven battery powered vehicles. Electrification can also combine electric propulsion
with internal combustion engines in various parallel, series, power-split, and plug-
in hybrid configurations to increase efficiency. Hybrid vehicles benefit by avoiding
inefficient operating points such as partial load of the combustion engine and recu-
perating kinetic energy during deceleration. Generally, as vehicle power becomes
more electric and fuel efficiency improves both cost and complexity increase.

Because the increasing trend towards electrification of automotive powertrains is
accompanied by many unsolved problems such as high battery cost, limited electric
range, uncertain reliability of electric components, and electric power’s carbon foot-
print, as well as incomplete public awareness about the practicality of these vehicles,
the internal combustion engine will continue to play a decisive role in the next few
decades. The competition between combustion engine and electric drive will force
innovations in both engine development and design. Reducing fuel consumption is
the automotive industry’s main task. Hence, the combustion engine is constantly
in the focus of current developments towards efficient powertrains. Besides direct
injection, one possible method of meeting ambitious reduction in fuel consumption
and the emissions target is the use of variable valve trains.

Some conflicts of goals arise designing valve train systems due to the nature of fuel
injection and gas exchange of current internal combustion engines. Engineers have
to compromise among engine characteristics as fuel consumption, torque-progress,
maximum power, idle stability, and emissions. Additional degrees of freedom are
needed to meet the all these demands. Fully variable valve trains provide compre-
hensive means of adjustment in terms of variable valve timing and valve lift. The
efficiency of the engine is improved in the operating range, but in return increas-
ingly complex mechanical and control design must be handled. For optimisation
and design of such kinds of complex systems, detailed and efficient simulation mod-
els are needed that cover different physical domains such as mechanics, hydraulics,
electrodynamics and control.

Due to the multitude of different contacts within a valve train—namely coil collision
of the valve spring, closing valves, contacts between cam and roller, frictional impacts
at gearings or contacts within chain drives—it is obvious that within valve train
simulations the main focus has to be the treatment of contact problems. A very
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2 1 Introduction

efficient concept to deal with contacts is to use methods of non-smooth mechanics
in combination with time-stepping integration schemes. Hence, in the first part of
this work a short introduction to non-smooth multi-body dynamics is given. In the
second part of this work extrapolation methods are used to improve the well known
time-stepping integration scheme. Also, parallel computing methods to speed up
integration time are introduced.

The topic of the third part of this work is the variable valve train Audi valvelift
system (AVS). A detailed simulation model of the entire timing assembly is derived,
starting with the components. Specific component test rigs are designed to validate
components including valve springs, hydraulic lash adjusters, electromagnetic actu-
ators, and switch units. Lastly, the overall simulation model and its capabilities to
optimise the system are shown.



Part I

Multi-Body Dynamics

3



2 Non-smooth Multi-Body Dynamics

In this chapter the governing equations describing the system dynamics and the
theoretical framework for smooth and non-smooth multi-body systems are pre-
sented. Non-smooth mechanics concern mechanical situations with possible non-
differentiable relationships such as unilateral contacts, dry friction, collisions, plas-
ticity, damage, and phase transition without any regularisation process.
Non-smoothness could be seen as simplified mechanical modelling, because almost
all dynamic systems in nature are smooth if the time scale is fine enough. Depending
on the time scale of interest, non-smooth modelling in many cases leads to better
approximations than smooth modelling. This is true especially against the back-
ground that approaches which try to reach nature exactly need detailed models and
parameters that are often unknown or not available. Furthermore, such models re-
quire a large number of variables. Therefore, the mathematical formulation becomes
non-smooth and regularising would only be an arithmetic trick without any physical
justification.

The configuration of a set of interconnected bodies is identified by a set of variables
called generalised coordinates q that completely define the location and orientation
of each body. For interconnected systems these generalised coordinates, however,
are not independent but restricted by constraints such as mechanical joints or con-
tacts between adjacent bodies. They are formulated by algebraic equalities and
inequalities. Depending on the type of constraint, the dynamics of such systems can
be generally described in terms of ordinary differential equations (ODE), differential
algebraic equations (DAE), or measure differential equations (MDE).

Unconstrained systems and systems subjected to bilateral (equality) constraints can
be formulated as ODEs and DAEs respectively. An introductive depiction of DAE
formulations for constrained systems is given in Section 2.1. Unilateral constraints,
mathematically written as inequality expressions, yield to jumps within the state
variables, generally the system velocities. The resulting dynamic is said to be non-
smooth. Therefore, MDEs provide an applicative formulation. Section 2.2 gives a
short introduction to non-smooth mechanics with special emphasis on the treatment
of contact and impact problems with friction. The kinematics of contacts, as well
as set-valued force laws and their appropriate formulation using convex analysis are
presented. The methods presented in this work are not restricted to mechanical
systems since they are also applicable to electrical networks [77, 144] and hydraulic
systems [21]. The extension for hydraulic systems is shown in Section 2.3. The
mathematical framework developed in this chapter will give the basis for numerical
simulation methods and integration schemes presented in Chapter 3.

4



2.1 Equations of Motion (ODE/DAE Formulation) 5
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Figure 2.1: Overview: formulations in classical mechanics

2.1 Equations of Motion (ODE/DAE Formulation)

2.1.1 Theory of Classical Mechanics

The differential equations describing the dynamics of mechanical systems are derived
using the classical theory of mechanics. In this section only a short overview is given.
For further reading see e.g. [57,81,88]. To develop an axiomatic formulation of this
theory some fundamental assumptions about time, space, and mass must be made.
The most relevant assumptions are that space is complying with Euclidean geometry,
time and space are absolute, mass is constant and in particular independent from
velocity. Besides these assumptions Newton’s three laws of motion are one possibility
to form the axiomatic basis. Classical dynamics is a deductive theory based on
postulates arising from experimental observations, and as a consequence it is only
valid within the accuracy limits of the observations. As there is no evidence for time
and space being absolute, these assumptions were abandoned by Einstein resulting
in the theory of relativity. By omitting quantum mechanics and relativistic effects,
speeds approaching the velocity of light and dimensions on an atomic or cosmic
scale are eliminated from consideration. With this limitation, which in fact are
no restrictions for most technical systems, classical mechanics is found to be in
excellent agreement with observations over a broad range of system dimensions and
velocities.

The theory of classical mechanics provides several equivalent formulations, which
can all be used to describe the motion of a system in a mathematical model. Syn-
thetic methods are based on Newton’s second law relating force and momentum. In
combination with Euler’s concept of angular momentum conservation for rigid bod-
ies, the Newton-Euler or projective Newton-Euler equations [197] directly provide
the system dynamics in terms of second order ODE systems. Due to the vectorial



6 2 Non-smooth Multi-Body Dynamics

nature of Newtonian mechanics it may be more convenient in certain cases to use
a second formulation referred to as analytical mechanics, which focuses on scalar
energy functions. Built upon two basic postulates, the principle of virtual work
by Bernoulli and the extension to dynamic systems of D’Alembert, Lagrangian or
Hamiltonian mechanics allows set-up of the equations of motion by differentiating
single scalar energy functions, namely the Lagrange L or Hamilton function H relat-
ing kinetic T and potential energy V . Historically, the study of ODEs has proceeded
concurrently with the study of calculus of variation yielding variational principles
in classical mechanics. These principles enable motion to be considered in a more
metaphysical way: Variational approaches arise from the philosophical belief that
there exists a compelling tendency towards rational simplicity in the physical uni-
verse. Hamilton’s principle states that a conservative system always behaves such
that the time integral of its Lagrangian function has a minimum or stationary value
compared to neighbouring geometrically possible trajectories.

2.1.2 Unconstrained Systems

The above-presented concepts of classical mechanics are not a complete list, but
provide an overview of the most relevant formulations (see Figure 2.1). All formula-
tions of classical mechanics are equivalent and can be transformed into each other.
The formulation one chooses to derive the equations of motion depends on the con-
crete system and personal preferences. Thus, orderly procedures for obtaining the
equations of motion are available, yielding a set of differential equations (ODEs) for
systems without constraints:

M (q) · q̈ = h (q̇, q,t) . (2.1)

The symmetric and positive definite mass matrix M depends on the generalised
positions q. The vector h denotes all smooth external, internal, and gyroscopic
forces depending on q, the generalised velocities q̇, and time t.

2.1.3 Constrained Systems

Equation (2.1) holds for unconstrained systems or systems described by a complete
set of independent coordinates called minimal coordinates. As minimal coordinates
specify only feasible system configurations, the constraints are implicitly fulfilled.
For systems described by dependent coordinates, the equations of motion must be
extended by a set of independent algebraic equations of constraints relating the coor-
dinates. Bilateral constraints can be either holonomic or non-holonomic depending
on whether generalised velocities are involved:

g (q, t) = 0 holonomic (2.2)
γ (q̇, q, t) = 0 non-holonomic . (2.3)
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One possible way to treat holonomic systems is to introduce a new set of indepen-
dent coordinates that satisfy all constraints, such as there is the same number of
coordinates as degrees of freedom. As this approach is generally not possible for
non-holonomic systems and not always desirable for holonomic systems (e.g. to sim-
plify the model setup), the Lagrangian multiplier method can be used to extend the
equations of motion by generalised force terms representing constraint forces.

Holonomic Bilateral Constraints

For holonomic bilateral systems the variational problem can be formulated in the
presence of constraints by adding an additional term L1 comprising the independent
Lagrangian multiplier λ(t) and the constraint function g(q,t) to the Lagrangian
function:

L = L0 + L1 = T − V + gT · λ . (2.4)

The term L1 = gT · λ can be interpreted as a kind of extra potential energy. As
long as the system remains within the constraint surface, the constraint function g
is equal to zero and thus the "extra" potential remains constant.
To obtain the equations of motion the conditional minimisation problem can be
solved by evaluating the Euler-Lagrange equations for the augmented Lagrangian
function (2.4):

d
d t

(
∂ L
∂ q̇

)T

−
(

∂ L
∂ q

)T

− Qnc = 0 (2.5)

d
d t

(
∂ L0

∂ q̇

)T

−
(

∂ L0

∂ q

)T

− Qnc︸ ︷︷ ︸
M · q̈−h

+
d
d t

(
∂ gT λ

∂ q̇

)T

︸ ︷︷ ︸
0

−
(

∂ g

∂ q

)T

λ

︸ ︷︷ ︸
W ·λ

= 0 (2.6)

yielding a set of differential equations for the system dynamics and algebraic equa-
tions expressing the constraints:

M (q) · q̈ = h (q̇, q,t) + W (q) · λ (2.7a)
g (q,t) = 0 . (2.7b)

The Lagrangian multiplier λ can be interpreted as constraint forces. The gradient
W T = ∂ g

∂ q
is orthogonal to the manifold g = 0 of the constraint surface and therefore

represents the direction of the constraint forces. Hence, the constraint matrix W
is a transformation from the space of constraints to the configuration space. The
constraint forces are not known directly and are included as additional unknown
variables in the equations of motion. Therefore, the constraint equation (2.7b) must
be added to the equations of motion to yield a DAE system.
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Non-Holonomic Bilateral Constraints

Up to this point only constraints that are expressed by position coordinates have
been considered. However, important cases exist—such as constraints considering
Coulomb friction like a disk rolling on a surface without sliding—that can be de-
scribed only using constraints involving velocities, the so called non-integrable or
non-holonomic constraints. It seems obvious to add non-holonomic constraints to
the Lagrangian function in the same way as in the holonomic case. But it turns out
that the Euler-Lagrangian equations do not result in correct equations of motion.
The main reason for this is that the velocities are not varied independently from the
position parameters. Thus, the generalised forces representing the non-holonomic
constraint forces have to be introduced using the principle of virtual work.
According to Pfeiffer [160] non-holonomic constraints in mechanics are linear in
velocities:

γ (q̇, q, t) = W T (q, t) · q̇ + w (q, t) = 0 . (2.8)

Note that with W T = ∂ g
∂ q

and w = ∂ g
∂ t

holonomic constraints can be transformed
into the form of Eq. (2.8) by differentiating and using the velocity level ġ as con-
straint equation (cf. Eq. (2.16)). Thus, subsequent formulations will be found to be
applicable for the holonomic as well as for the non-holonomic case.
The differential form of the non-holonomic constraint Eq. (2.8) is written as:

W T dq + wdt = 0 . (2.9)

At any instant of time the variation δq of the generalised coordinates in a virtual
displacement must meet the condition

W T δq = 0 (2.10)

as the variation δt in time is equal to zero. The virtual displacement is consistent
with the instantaneous constraints of the system and therefore no work is done by
the corresponding generalised (constraint) forces Qc:

QT
c δq = 0 . (2.11)

First, a single constraint is considered. The constraint matrix W only consists of
a single column vector W i. Now Eq. (2.10) is multiplied with a scalar factor λi,
known as Lagrangian multiplier:

W T
i δqλi = 0 . (2.12)

Next, Eq. (2.12) is subtracted from Eq. (2.11) yielding:
(
QT

c,i − W T
i λi

)
δq = 0 . (2.13)

So far, λi has been considered as arbitrary, whereas the variations δq satisfy the
constraints. However, it is possible to choose λi such that the coefficient of δq
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vanishes. Then Eq. (2.13) will apply for any value of δq. They can be chosen
independently if the constraint force Qc,i = W iλi is taken into account.
For more than one constraint each column of the matrix W represents a single
constraint and λ is the vector of all associated Lagrangian multipliers. The resulting
reaction of all constraints is obtained by the superimposition principle:

Qc =
∑

i

Qc,i = W λ , (2.14)

resulting in equations of motion with an analogue structure as for the holonomic
case:

M (q) · q̈ = h (q̇, q,t) + W (q) · λ (2.15a)
γ (q̇, q,t) = 0 . (2.15b)

The only difference between the time derivative of holonomic constraints ġ and non-
holonomic constraints γ is that ġ can be integrated to g whereas γ is not integrable.
In most cases this distinction is not relevant. Unless otherwise indicated, ġ is used
in the following sections for both holonomic constraints on the velocity level, as
well as non-holonomic constraints. For non-holonomic constraints γ is only used for
emphasizing that the constraint is not integrable.

Differential Algebraic Equation Formulation

Systems such as Eq. (2.7) and Eq. (2.15) are called differential algebraic equations
(DAE). The differentiation index plays an important role in the numerical treatment
of such DAEs. It is the minimal number of analytical differentiations that is needed
to transform a DAE system into an explicit ODE system for all unknowns, namely
generalised coordinates q and Lagrangian multipliers λ. Hence, the index is a non-
negative integer that provides useful information about the mathematical structure
of the DAE, and is in addition a measure of the singularity. In general, the higher
the index the more difficulties can be expected for its numerical solution. Stability
and convergence cannot be guaranteed [159]. Errors and perturbations due to finite
precision arithmetic pollute the numerical solution of high index DAEs [10,48]. This
pollution can cause disastrous effects for small values of the time step size. State
variables and Lagrangian multipliers are affected by increasing errors as the time
step size decreases [158]. A short overview of numerical methods for the solution of
DAEs is given by Cash [30].
Mechanical systems with constraints on the position level as in Eq. (2.7) are of index
3. As only a few straight forward integration algorithms exist for index 3 formula-
tion (e.g. the implicit Runge-Kutta method RADAU5 [86, 87] from Hairer and
Wanner, half-explicit Runge-Kutta methods [156] or Botassos’s preconditioning
approach [22]), index reduction by differentiating the constraint equation g = 0 is
an usual technique for such systems:

g = 0 ⇔ ġ = W T · q̇ + w = 0 ∨ g(q0,t0) = 0 . (2.16)
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Constraints on the position level can be described on the velocity level if the initial
conditions are fulfilled. Replacing constraints on the position level (Eq. (2.7b)) by
constraints on the velocity level yield the equations of motion in an index 2 formu-
lation. Similarly, the index can be reduced to index 1 by describing the constraints
on the acceleration level:

g = 0 ⇔ g̈ = W T · q̈ + w̃ = 0 ∨ g(q0,t0) = 0 (2.17)
∨ γ(q̇0,q0,t0) = 0 .

Substituting q̈ in the constraints on the acceleration level by the equations of motion,
the constraint force can be derived explicitly:

λ =
(
W T M−1W

)−1 (
−w̃ − W T M−1h

)
. (2.18)

Differentiating Eq. (2.18) yields an ODE in the unknown variables λ and q. Thus,
the equations of motion for multi-body systems (Eq. (2.7)) are index 3 DAEs. Non-
holonomic constraints γ can be treated equally to holonomic constraints ġ on the
velocity level.
The formulations with index 1 to 3 are mathematically equivalent. However, if sys-
tems with index less than 3 are integrated numerically, the constraint g on position
level will no longer be satisfied. Since the derivatives of the constraint g are not
met exactly, but only within the numerical accuracy, the error on the position level
increases with time. To minimise this numerical drift, projection or stabilisation
methods like Gear-Gupta-Leimkuler [75] or Baumgarte [15] stabilisation are
applied.

2.1.4 Kinematic Equations

Since the angular velocities in the spatial case are not equal to the time derivative
of the angular position parameter (e.g. Euler or Cardan angles or Euler parameter),
it may be advantageous to introduce generalised velocities u that can be directly
interpreted as angular velocities. Thus, kinematic equations have to be regarded by
the linear relationship:

q̇ = Υ · u . (2.19)

The block-diagonal transformation matrix Υ = Υ (q) is not necessarily square (for
example if Euler parameters are used). The blocks are composed of the degrees
of freedom for the individual objects e.g. rotational and translational degrees of
freedom for rigid bodies. Using Eq. (2.19) the equations of motion for constrained
systems can be rewritten as:

M · u̇ = h̄ + W · λ , (2.20)
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with the transformation formulas:

M = Υ T MΥ (2.21a)
h = Υ T h − Υ T MΥ̇ u (2.21b)

W = Υ T W =
(

∂ ġ

∂ u

)T

. (2.21c)

Setting up the equations of motion using [q; q̇] or [q; u] as state variables yields
equations of the same structure that relate state variables, mass matrix, force vec-
tor, and constraint reactions. As it is apparent from the context which formulation
is used, in the following chapters we will not distinguish the involved matrices and
vectors by any labelling such as an overbar. One must be aware that mass matrix,
constraint matrix and force vector for both formulations are identical only in the
case that the transformation matrix Υ is an identity matrix (cf. Eq. 2.21).
In the next chapters the following formulation of the equations of motion for sys-
tems with holonomic and non-holonomic constraints is used. Since the structure of
Eq. (2.8) and (2.16) is similar, the constraint equations ġ contain non-holonomic as
well as holonomic constraints on the velocity level:

q̇ = Υ · u (2.22a)
M · u̇ = h + W · λ (2.22b)

ġ = W T · u + w = 0 . (2.22c)

2.2 Equations of Motion for Non-Smooth Systems

The equations of motion of the previous section express non-impulsive dynamics of
a constrained system at acceleration level under the assumption of state variables u
and q being continuously differentiable. Hence, the acceleration u̇ is continuous for
all times and the corresponding systems are called smooth. According to Peano’s
theorem [157] a solution exists for such systems.
In many applications physical phenomena such as friction, impacts, or backlash re-
sult in mathematical models with discontinuities making methods of non-smooth
mechanics necessary; see among others Brogliato [25, 26] for a general overview
and Pfeiffer [160], Pfeiffer and Glocker [161], and Glocker [76] for elabora-
tions focused on mechanical systems. The term non-smooth refers to systems whose
trajectories are not overall differentiable. Since the existence theorem of Peano is
not valid in this case, the corresponding initial value problem may have no solution.
Standard ODE theory is not applicable and special theory and solution strategies
are necessary.



12 2 Non-smooth Multi-Body Dynamics

x

F
k1

x t

x

x
x

t

k1

xF
k2

k2

x

t

xF
d

d t

x

t

x�

x

Type 1 (totally smooth)

Type 2 (discontinuity order )�1

Type 3 (Filippov type)

Type 4 (impulsive)

Figure 2.2: Classification of smooth and non-smooth systems

2.2.1 Classification of Non-Smooth Systems

In literature the term non-smooth is often used for various systems without stating
explicitly which properties of the system are meant. In this work dynamic systems
ż = f(z,t) are classified by continuity properties of the right-hand side function
f(z,t) and divided into four types according to their degree of smoothness (see
Figure 2.2):

1. The vector field f is totally smooth or in other words infinitely differentiable.
Hence, standard ODE theory is applicable and the existence of a solution is
guaranteed.

2. The function f itself is continuous and has at least one discontinuity in the
partial derivative of order q ≥ 1 and has continuous derivatives of order zero to
q−1. In most issues ODE theory systems belonging to this type can be treated
equally to systems of the first type. However, attention has to be paid to dis-
continuous gradients in numerical solving methods and stability analyses; e.g.
the time integration order is restricted by the order of discontinuity [29]. An
example for this type of system is a single mass oscillator one-sided supported
by a linear spring.

3. The right-hand side function is discontinuous, but the states are continuous
(Filippov systems). In order to guarantee the existence of a solution additional
assumptions have to be made e.g. no spontaneous or infinite jumps are allowed.
Examples for this type of non-smooth system are a single mass oscillator with
one-sided viscoelastic support or dry friction.

4. Systems of this type of non-smoothness are characterised by discontinuities in
the state variables e.g. impact systems with velocity reversals due to impacts.
To obtain a solution for such impulsive systems additional impact laws are
necessary.

Type 3 and 4 systems are called non-smooth. The source of the non-smoothness
of Filippov systems are discontinuous but bounded functions that contribute to
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the right-hand side e.g. discrete controllers or force switching elements. Classical
examples for type 4 systems are inequality constraints e.g. due to set-valued force
laws. With changing constraints the dimension of the differential equation is not
necessarily constant resulting in a time-variant system topology. The last example
in Figure 2.2 is a ball impacting a rigid floor. The contact force at the instant of
impact can be described mathematically as a Dirac pulse. In the next section the
measure differential equation (MDE) is introduced for a general description of such
impulsive systems. For a more detailed classification of non-smooth systems consult
Acary and Brogliato [3].

2.2.2 Unilateral Constraints and Impacts

In Section 2.1 bilateral or equality constraints of the form gB = 0 (index 3 formula-
tion) or ġB = 0 (index 2 formulation) have been considered. Unilateral constraints
are expressed by an inequality equation:

gU (q, t) ≥ 0 . (2.23)

Unilateral constraints are, for example, used to describe normal contact conditions.
Equations for unilateral constraints are derived by sorting between smooth transi-
tions and discrete impacts. The variational problem in the presence of unilateral
constraints is formulated in the same way as for bilateral constraints by adding
the term L1 = gT

U · λU with the positive Lagrangian multiplier λU ≥ 0 to the
Lagrangian function:

L = T − V + gT
UλU . (2.24)

As the "extra" potential L1 should have no effect if the constraint is fulfilled, the
equation gT

UλU = 0 must be met. Evaluating the Euler-Lagrange equations for
Eq. (2.24) yields:

Mu̇ = h + W UλU (2.25a)
gU ≥ 0, λU ≥ 0, gT

UλU = 0 . (2.25b)

Equation (2.25a) describes only the smooth part of the motion. Additional impact
laws are needed for discontinuities such as closing contacts. These laws must at
least ensure post impact validity of the constraint equations. The complementary
condition (gU ≥ 0, λU ≥ 0, gT

UλU = 0), which arises from a variational problem,
can also be interpreted as description of a mechanical contact; only active or closed
contacts (vgN = vgU = 0) imply positive contact forces λN = λU in normal direction,
whereas for inactive contacts (gN = gU > 0) the contact force is equal to zero.
Hence, active contacts can be treated in the same way as bilateral contacts as
long as the contact force is positive. Inactive contacts have no influence on the
system dynamics. Additional equations are necessary for transitions. Corresponding
equations can be derived for unilateral constraints on the velocity level.
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2.2.3 Measure Differential Equations

The equations of motion in its presented form cannot represent discontinuous mo-
tion because at discontinuities tk such as impacts, the acceleration u̇ is not defined.
In Figure 2.3 the continuous and discontinuous parts of the velocity of an elastic
impact are shown. Almost everywhere the derivative u̇ of u is equal to the gravita-
tional acceleration, except for a single instant infinite peak at time tk.
One possibility is to distinguish between continuous and discontinuous motion. There-
fore, the set MS containing all discontinuities tk is defined. At t = tk special impact
laws are applied, whereas between tk and tk+1 the motion is described with standard
ODE/DAE formulations. This approach is the basic concept for integration schemes
with event detection.
Another suitable and more efficient way to describe impulsive systems is to use
measure differential equations (Eq. (2.26)) introduced by Moreau [145]. This de-
scription leads in a natural way to a special class of numerical integration schemes,
the so called time-stepping schemes.

Mdu = hdt + W dΛ (2.26)

At the discontinuities the standard notation of the derivative is not defined. Hence,
to allow for finite jumps within the velocities a measure for the velocities is intro-
duced:

du = u̇dt +
(
u+ − u−

)
dη . (2.27)

It is split in a Lebesgue integrable term u̇dt for the continuous part and a purely
atomic part (u+ − u−) dη at the discontinuities. The left and right limits of the
velocities at tk ∈ MS are denoted by u+ and u−. For technical systems we can
assume that these limits always exist and are always bounded. Pre- and post-impact
velocities are weighted by the sum of the Dirac point measure at tk as defined in
Eq. (2.28). An arbitrary measurable map is denoted by f and T is a time interval.

dη =
∑
MS

dδk dδk = dδ (t − tk) (2.28a)

∫
T

f(t)dδk =

⎧⎨
⎩f(tk) tk ∈ T

0 t /∈ T
(2.28b)
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Since u+ and u− are still bounded and the impacts are assumed to be discrete, the
position parameter q remains constant during impacts with infinite length. As a
consequence the position parameter and the depending matrices M and W are C0

continuous.
The reaction measure W dΛ is composed by the generalised direction of the non-
smooth constraint forces and the impulse magnitude dΛ. The reactions are also
split into a Lebesgue measurable part λdt containing smooth forces and an atomic
part Λdη for discrete impulses for example due to collisions or impacts:

dΛ = λdt + Λdη . (2.29)

Integration of Eq. (2.26) under consideration of the Dirac measure Eq. (2.28) yields
the classical equations of motion for continuous periods:

Mu̇ = h + W λ ∀t /∈ MS , (2.30)

as well as for discrete impulsive points:

M k

(
u+

k − u−
k

)
= W kΛk ∀t ∈ MS . (2.31)

Both equations contain a priori unknown reactions λ and Λ, respectively. Hence,
additional constraint and impact laws connecting reactions and kinematics are nec-
essary for the evaluation of Eq. (2.26).

2.2.4 Kinematics of Constraints

For the description of contacts between two bodies (index i = 1,2), the contact
geometry needs to be analysed no matter which contact model is used. The poten-
tial contact points rCi

on the contours need to be determined, as well as the gap
distance gN and the relative velocities ġN and ġT . This information is used for the
evaluation of the force laws, as well as for the calculation of the generalised force
directions W .

Contours are described by a position vector rCi
= rCi

(q,si), the inward pointing
contour normal ni = ni(q,si) and the associated tangents T i = [ti(q,si),bi(q,si)]
including the bi-normal bi, all depending on the generalised position of the associ-
ated body and on the contour parameters si. To avoid additional impacts due to
the geometric parametrisation of the contour, the parametrisation must comprise
parametric continuity of order 2, i.e. the first and second derivatives with respect to
s are continuous. Hence, cubic splines or cubic B-splines are often used to describe
non-primitive curves.
Potential contact points can be identified by the necessary contact condition, that
the difference vector

rD = rC2 − rC1 (2.32)
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between potential contact points on both bodies is perpendicular to both tangents:

rT
D(s1, s2) T 1(si) = 0 (2.33)

rT
D(s1, s2) T 2(si) = 0 .

Depending on the structure Eq. (2.33) is solved analytically for geometric primitive
contour pairings or numerically using root-finding algorithms (e.g. Newton’s method,
Bisection methods, or Regula Falsi) to get a set of potential contact parameters.
Selecting the solution with minimal normal distance gN :

gN = rT
D n2 (2.34)

the relative normal and tangential velocities are calculated by the projection equa-
tions:

ġN = [ṙC2 − ṙC1 ]T n2 (2.35)
ġT

T = [ṙC2 − ṙC1 ]T T .

Based on the contact points the Jacobian JCi
= (∂ ṙCi

/∂ u )T between the system-
space and the generalised coordinates of the two bodies are developed. The gener-
alised force directions are written as:

W T
N = nT

1 JC1 + nT
2 JC2 (2.36)

W T
T = T T

1 JC1 + T T
2 JC2 .

A detailed description of contact kinematics can be found in [76]. The calculation
of a planar contact pairing, namely a circle and an arbitrary convex hyper-surface,
is shown in section 6.3.3.

2.2.5 Force Laws

Solving the equations of motion by calculating the accelerations u̇ and post-impact
velocities u+

k requires knowledge of the unknown contact reactions λ and Λ respec-
tively at the discontinuities. To establish different force laws, a decomposition of the
contact force λC = n λN + T λT in a component normal to the contact plane and
tangential components is used. A bilateral or unilateral constraint may correspond
to λN ∈ {λB, λU}. The tangential forces due to Coulomb’s friction law are λT ∈ IR2.
The decomposition for discrete impulses is carried out analogously.

Single-Valued Force Laws

A commonly used approach to model a unilateral contact considering elasticity is
to use spring and damper elements to minimize penetration. Using linear elements
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with spring stiffness c and damping coefficient d the force law is written as:

λN =

⎧⎨
⎩−c gN − d ġN if gN < 0

0 else .
(2.37)

More sophisticated constitutive laws are obtained by using non-linear correlations.
For example, according to Hertz [100], exponential force laws for gN < 0 [114]
are used to apply contact stiffness. To avoid discontinuities in λN at the beginning
of the penetration, d is set to zero for gN = 0 and is increased with increasing
penetration up to a maximum value. For bilateral contacts equivalent force laws can
be stated leading to linear or non-linear constitutive laws that may be interpreted
as spring-damper elements. These regularised or flexible force laws are illustrated
in Figure 2.4.

For considering friction in a bilateral or closed unilateral contact, Coulomb’s law
with relative tangential velocity ġT ∈ IR2 and friction coefficient μ is used:

ġT = 0 ⇒ |λT | ≤ μ|λN | (2.38a)

ġT 	= 0 ⇒ λT = − ġT

|ġT |μ|λN | . (2.38b)

To use this discontinuous friction model in smooth systems, integrable by standard
ODE solvers, the discontinuities must be regularised as illustrated in Figure 2.4 for
planar friction.

Set-Valued Force Laws

In the previous section contacts were modelled using spring and damper elements.
Due to the high stiffness of the contacts this approach results in stiff differential
equations with unintentional high eigenfrequencies and high computing times, as
well as uncertainties in the parameters for contact stiffness and damping. Therefore,
another possibility to model contacts, namely the rigid approach, is discussed. For
the rigid approach the contact is described by a discrete point model where the
stiffness in the contact zone is assumed to be infinite, resulting in a constraint (cp.
Section 2.2.2). Mathematically this means that an explicit functional relation with
respect to the state variables no longer exists (cp. Figure 2.4. The contact reactions
are described by set-valued laws.

Contact laws
For unilateral contacts the assumption of no penetration can be expressed by the
Signorini-Fichera-condition:

gN ≥ 0, λN ≥ 0, gNλN = 0 . (2.39)
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Figure 2.4: Set-valued force laws: uni- and bilateral contact and friction

In terms of set-valued force laws a bilateral contact implies a bilateral constraint of
the form:

gN = 0, λN ∈ R . (2.40)

Using set-valued force laws to describe contacts with friction, Coulomb’s law can be
applied directly without any regularisation. Therefore, real sticking and transitions
between stick and slip are modelled in a physically correct way.
Due to their mathematical nature set-valued force laws lead to jumps in velocities
and therefore cannot be integrated with standard ODE solvers. Special integration
schemes and solvers are needed for calculating the reaction forces λ and Λ.

Impact laws
For impact formulations, the contact laws are transformed to the velocity level
yielding for bilateral constraints:

ġ+
N = 0, ΛN ∈ R , (2.41)

and for unilateral constraints:

ġ+
N ≥ 0, ΛN ≥ 0, ġ+

NΛN = 0 if gN = 0 . (2.42)

For the time discretization used within this study (cp. Section 3) Eq. (2.42) rep-
resents an inelastic impact as shown by Funk [74]. To consider elastic impacts
described by Newton’s impact, law the post-impact velocity ġ+

N is replaced by a
kind of mean velocity calculated from the sum of pre- and post-impact velocities
weighted with the restitution coefficient ε:

˙̄g+
N = εġ−

N + ġ+
N (2.43)

˙̄g+
N ≥ 0, ΛN ≥ 0, ˙̄g+

NΛN = 0 if gN = 0 . (2.44)

Proximal Point Formulation

The formulations of the contact and friction laws Eqs. (2.38), (2.39) and (2.40) are
self-evident from a mechanical point of view, but are not suitable for numerical
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computation. A more appropriate formulation can be attained using the proximal
point to a convex set C ∈ IRIN [170], which is in general defined by:

proxC(x) = arg min
x∗∈C

‖x − x∗‖, x ∈ R
IN .

Then, the relations (2.38), (2.39) and (2.40) have the form [5, 6]

λB = proxCB
(λB − r gN) , (2.45)

ΛB = proxCB
(ΛB − r ġ+

B) , (2.46)

λU = proxCU
(λU − r gU) , (2.47)

ΛU = proxCU
(ΛU − r ˙̄g+

U ) , (2.48)

λT = proxCT (λN )(λT − r ġT ) , (2.49)
ΛT = proxCT (ΛN )(ΛT − r ġ+

T ) . (2.50)

with the corresponding convex sets being specified by:

CB = {x ∈ IR} ,

CU = {x ∈ IR| x ≥ 0} ,

CT (y) = {x ∈ IR2| ‖x‖ ≤ μ|y|} with y ∈ IR .

The variable r > 0 is an independent auxiliary parameter for each contact, which
is arbitrary from the mechanical but not from the numerical point of view. The
optimal choice of r with respect to numerical efficiency and stability of the solution
scheme is discussed by Förg [62, 64].

2.3 Hydraulic Systems

Hydraulic systems are considered to be a network of basic components such as valves,
hydraulic lines, and hydraulic cylinders. Abstracted to a logical structure, hydraulic
systems comprise nodes and links. The behaviour of nodes is described by the
pressure p as a possible state variable and volume V . Links that connect hydraulic
volumes or mechanical systems are characterised by their volume flow Q as a possible
state variable. Considering compressibility of the fluid, mass conservation results in
a non-linear differential equation for nodes:

ṗ =
E

V

⎛
⎝∑

j

Qj + Qmec

⎞
⎠ . (2.51)

Therein Qj denotes the hydraulic volume flow into the node and Qmec = W A,Q u the
variation of the volume due to mechanical systems such as hydraulic pistons. W A,Q
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represents the area of a mechanical interface to the hydraulic volume projected in the
direction of the generalized velocity u of a connected multi-body system, yielding
the generalised hydraulic force hhmi. The bulk modulus E = −V ∂p

∂V
depending on

the air content and the pressure describes the compressibility of the fluid.

Hydraulic links with cross section area A and length l relate the change of flow
Q̇ with the connected pressures (pin, pout and pressure loss Δp) using momentum
conservation:

Q̇ = 1
ρl

A (pin − pout − Δp) (2.52)

with Δpk ∝ Q .

The exponent k, which relates pressure loss and flow, is equal to 1 for laminar flow
(Hagen-Poiseuille) and 0.5 for energy conservation according to Bernoulli’s principle.
Combining the mechanical and hydraulic equations, the differential equations for
multi-body systems including first order systems are written as:

⎛
⎜⎝M 0 0

0 MQ 0
0 0 Mp

⎞
⎟⎠
⎛
⎜⎝

u̇
ṗ

Q̇

⎞
⎟⎠ =

⎛
⎜⎝

h + hhmi∑
Qj + W A,Q u

pin − pout − Δp

⎞
⎟⎠ (2.53)

with the diagonal matrices MQ,ii = Vi

Ei
and Mp,ii = ρili

Ai
. The structure of the

equations of multi-body systems with and without hydraulic components is equal
and therefore, the same integration schemes and solvers can be used.

One main problem of the simulation is that for small volumes and nearly incompress-
ible fluids such as oil this approach leads to very stiff differential equations. Hence,
the differential equation Eq. (2.51) can be substituted by an algebraic equation as-
suming an incompressible hydraulic volume. For an incompressible node only the
mass conservation equation has to be satisfied as a constraint:

∑
j

Qj + Qmec = 0 . (2.54)
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Sophisticated computational methods have been established to adopt non-smooth
mechanical models to a wide range of industrial applications. Additionally, the
choice of the mechanical model, as well as the appropriate time-integration method,
is essential. In order to integrate multi-body systems with rigid contacts, two
different numerical methods can be distinguished: event-driven and time-stepping
schemes.

3.1 Event-Driven Integration Schemes

Event-driven schemes [161] detect changes of the constraints—for example, closing
of unilateral contacts or stick-slip transitions—and resolve the exact transition times.
Between these events the motion of the system is smooth and can be computed by
a standard ODE- or DAE-integrator, respectively. Hence, the performance of this
type of integration scheme depends on the underlying integrator.
While the event-driven integration is very accurate, the detection of events can be
time consuming, especially in the case of frequent transitions for example for systems
with numerous contacts. This approach is best suited for systems with few impacts
and changes of the system configuration.

3.2 Time-Stepping Integration Schemes

Time-stepping schemes are based on a time-discretization of the system dynamics
including the contact conditions. Nowadays a wide variety of time-stepping methods
for multi-body systems with unilateral constraints exist; see literature references [73,
74, 132, 185, 186]. Time-stepping schemes provide solutions for the average overall
system dynamics and do not focus on single events. The number of combinatorial
problems is reduced and event detection is avoided, resulting in a robust integration
scheme for non-smooth systems with a large number of discontinuities. However,
the common time-discretizations are of order one with fixed time-step size. In order
to overcome these disadvantages, an integration scheme with step size selection
and higher order integration based on time-stepping and extrapolation methods is
developed within this work. This new approach is presented in the next chapter.
A half-explicit time-stepping algorithm of first order with constraints on the velocity
level and with constant step size H is used as the base integration scheme. More
details are provided by Förg [64]. A single integration step l → l + 1 is outlined
below:

21
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1. Compute the new generalised positions. ql+1 = ql + Υ l ul H .

2. Compute the distances gl+1
U = gU(ql+1,tl+1) of all unilateral contacts.

3. Compute the index set {i : gl+1
U,i ≤ 0} of active unilateral contacts.

4. Compute the generalised velocities by solving the discretized equations of mo-
tion considering the active constraints (index a) on velocity level:

ul+1 = ul +
(
M l+1

)−1
(ĥ

l+1
H + W l+1

a Λl+1
a ) , (3.1a)

ġl+1
a = ġa(ul+1,ql+1,tl+1) , (3.1b)

Λl+1
a = proj(ġl+1

a ,Λl+1
a ) . (3.1c)

Here, the half-explicit evaluation ĥ
l+1

= h(ul,ql+1,tl+1) is used to increase
numerical stability. The function proj comprises the projection functions prox
for bilateral and unilateral constraints as well as friction.

5. If constraints are violated, perform an additional drift correction step.

Details about this time integration scheme with a focus on efficient solution algo-
rithms for the fix-point iteration of equation (3.1c) are provided by Förg [63,64].



Part II

Extrapolation Methods Based on
Time-Stepping Schemes
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4 Step Size Selection

Time-stepping schemes are well suited to mechanical systems including many set-
valued force laws for bilateral and unilateral contacts with friction. For each time
step the status of all contacts (open, closed, stick or slip) is determined and ap-
plied for the entire step. Assuming that all contacts remain unchanged during one
integration step, the next state of motion is computed using the whole set of the
discretized equations of motion and constraints. With a small step size, the discrete
states and exact solution become similar. As a drawback, time-stepping methods,
commonly used with constant time discretization, require a very small step size. In
order to improve this, a strategy for selecting the step size within time stepping
schemes is presented. A step size control with error estimation based on Richardson
Extrapolation is used for the smooth part. Some heuristic adjustments are made
since error estimation is not possible during the non-smooth part.

4.1 Step Size Control in ODE Theory

The aim of step size control in ODE theory is to adjust automatically the step
size in order to achieve a prescribed tolerance of the local error. On the one hand
the step size Hi must be chosen sufficiently small to yield the required precision
of the computed results, and on the other hand the step size must be sufficiently
large to avoid unnecessary computational work and round-off errors. The oldest
device, used by Runge in his numerical examples, is to repeat the computations
with half step size and compare the results. The underlying theory was presented
by Richardson [169].

Consider a differential equation of the form

ż = f(t,z) with initial values z(t0) = z0 . (4.1)

Suppose that with given initial values (t0,z0), step size H , and integration method
of order p, a numerical approximation for z(t0 + H) is computed by one single
integration step obtaining the result ẑH(t0 +H). Using the same integration method
and initial values, a second approximation ẑH/2(t0 +H) by two successive integration
(sub-)steps with step size H/2 is calculated. By comparing both numerical results, an
estimation for the discretization error can be derived. Using asymptotic expansion,
the discretization errors eH and eH/2 are written with the step size independent error

24
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coefficient ep:

‖ ẑH − z ‖ = eH = Hpep + O(Hp+1) (4.2a)

‖ ẑH/2 − z ‖ = eH/2 =
(

H

2

)p

ep + O(Hp+1) . (4.2b)

By combining Eq. (4.2a) and Eq. (4.2b), a first approximation for the discretization
error is obtained:

eH/2(t0 + H) = ‖ ẑH/2(t0 + H) − z(t0 + H) ‖

≈ 1
2p − 1

‖ ẑH/2(t0 + H) − ẑH(t0 + H) ‖ . (4.3)

With asymptotic expansion for ep(t0 + H) and considering ep(t0) = 0 the error can
be calculated as

eH/2(t0 + H) =
(

H

2

)p

ep(t0 + H) + O(Hp+1) ≈ Hp+1

2p
e′

p(t0) . (4.4)

For an optimal step size Hopt, the error has to satisfy a prescribed tolerance Tol:

eHopt/2(t0 + Hopt) = Tol = aTol + z · rTol . (4.5)

Solving Eqs. (4.4) and (4.5), an estimation for the optimal step size Hopt (Eq. (4.6))
can be calculated. The error coefficient e′

p can be estimated by Eqs. (4.3) and (4.4).

Hopt = p+1

√√√√Tol

e′
p

2p = H p+1

√
Tol

‖ ẑH/2 − ẑH ‖(2p − 1) (4.6)

For an efficient step size control, some common modifications are applied. Equa-
tion (4.6) is multiplied by a safety factor smaller than one so that the step will be
accepted the next time with high probability. Furthermore, Hopt is not allowed to
increase or decrease too fast.

4.2 Step Size Selection for Non-smooth Systems

Due to changing constraints and impacts coming along with discontinuous velocities,
expansions in series are not valid and therefore the ODE theory is not applicable
for non-smooth problems. Hence, two adjustments are made, namely adapting the
error tolerances and "Gap Control".
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4.2.1 Adaptation of Error Tolerances

As the requirements of ODE theory are violated by discontinuities in the velocity,
an obvious first approach is to apply error estimation and step size control only to
position parameters and to exclude the velocity parameters. A more sophisticated
approach is to scale the velocity parameters. This approach is used in this work.
For the purpose of error estimation and step size control, scaling variables with
step size H according to their index is commonly used by several DAE solvers e.g.
RADAU5 [87]. Thus, the velocity parameter u is multiplied by H and the position
parameter q remains unchanged. Assuming p = 1, the inequality condition for an
accepted step can be reformulated:

‖ ûH/2 − ûH ‖ · H ≤ aTol + H · ûH/2 · rTol (4.7)
‖ q̂H/2 − q̂H ‖ ≤ aTol + q̂H/2 · rTol .

Using Eq. (4.7), only the position increment u · H is considered for error estima-
tion, instead of the velocity parameter. For further information and justification
see [84].

4.2.2 "Gap-Control" for Inelastic Impacts

Theory

The second adaptation made is a discretization of time with respect to events such
as impacts, resulting in a kind of low-level event detection. This idea can be demon-
strated by a simple example: a single mass falling on the ground with inelastic
impact (see Figure 4.1).
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q Gap-Control off
Gap-Control on

Figure 4.1: "Gap-Control": Falling mass with inelastic impact

Integration without "Gap-Control" is illustrated on the left side of Figure 4.1. Start-
ing at t0, two numerical approximations q̂H

i (step size H) and q̂
H/2
i (two sub-steps

with step size H/2) are calculated. Within the second integration step the impact
occurs at t = t∗. As the time-stepping scheme identifies closing contacts by checking
g < 0 at the beginning of each integration step, the contact is closed at t = t1 + H/2
within the two sub-step approximation (dotted line) and at t = t2 within the one
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step approximation (full line). Besides the constraint violation, the error estimation
by comparing q̂H

i and q̂
H/2
i makes this integration step likely to be rejected.

As seen on the right in Figure 4.1, error and penetration can be reduced by changing
the time discretization towards a kind of low-level event detection. The next impact
t∗ is estimated using the gap velocities ġ. This information is then used to reduce
the step size Hi+1 for the next step, so that the impact is located at the end of the
integration step. Hence, constraint violation and errors in the position parameters
are reduced without resolving the events exactly.

The possibility exists that more than one contact will close in subsequent integration
steps while integrating systems with several contacts. Therefore, a strategy on how
to deal with multiple impacts at t∗

i is proposed. In this work three different strategies
are used. Let {t∗

i } denote all points in time at which an impact is estimated.

• Strategy 1: fastest integration progress by choosing the biggest t∗
i

• Strategy 2: choose the biggest t∗
i on the condition that penetration for all

t∗
j < t∗

i is smaller than a given tolerance

• Strategy 3: highest accuracy by choosing the smallest t∗
i

Discussion and Examples

To demonstrate robustness and efficiency of the presented method, even for systems
with many constraints, two demonstrative problems with inelastic impacts are solved
(see Figure 4.2). More application-related and complex numerical examples can be
found at the end of this section.

(a) Test System 1: con-
secutive impacts

(b) Test System 2: simultaneous im-
pacts

Figure 4.2: Test systems with multiple inelastic impacts

The system comprises 216 balls and a wall. Frictional contacts are possible between
each ball and between ball and wall. The wall is inertially linked with a spring.
The balls are shot against the wall with random velocities between 150 and 200m/s
leading to multiple impacts. The system can be described by 650 degrees of freedom
and 23436 possible contacts. Tolerances aTol = 10−7 and rTol = 10−5 are used.
Figure 4.3 illustrates the functionality of the "Gap-Control" algorithm. The impacts
(red dots) and time discretization (vertical lines) with and without "Gap-Control"
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are plotted for test system 1. Without "Gap-Control" the points in time for the
impacts are scattered almost arbitrarily, whereas with "Gap-Control" nearly every
impact occurs right before the end of a single integration step.

5.3 5.35 5.4 5.45 5.5
time [ms]

gap control on

gap control off

Figure 4.3: Time discretization adjusted by "Gap-Control"

Table 4.1: Test system 1: Effect of adapted error test and "Gap-Control"

scale u "Gap - Control" integration steps refused steps mean penetration
for error test (comput. effort)

no off 1000 197 3.1e-6
no on 1065 159 1.2e-8

yes off 446 45 9.3e-6
yes on 424 3 9.6e-8

const. step size H= 1e-7 4106 - 3.2e-6
const. step size H= 3e-7 1370 - 9.0e-6

The effects of adapting the error test and "Gap-Control" for both test systems can
be studied in Tables 4.1 and 4.2. The individual columns represent the number of
integration steps and refused steps, as well as the geometric mean value of constraint
violations due to penetration. For better legibility, the number of integration steps
is normalized. The results from time-stepping with constant step size can be found
in the last two rows of Tables 4.1 and 4.2. To make results comparable, the number
of integration steps with constant step size is divided by three, as there are three
sub-steps necessary with step size selection compared to one without. Hence, the
number of integration steps represents the computational effort.
Taking penetration as a measure for accuracy we can compare the results with and
without step size selection. The number of integration steps is reduced significantly.
For both examples "Gap-Control" has two positive effects: the number of refused
steps and penetration are both reduced, whereas the total number of steps remains
nearly unchanged. The data is obtained with "Gap-Control" strategy 1. Penetration
can be reduced to approximately 10−11 by strategy 3.
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Table 4.2: Test system 2: Effect of adapted error test and "Gap-Control"

scale u "Gap - Control" integration steps refused steps mean penetration
for error test (comput. effort)

no off 1000 541 6.7e-8
no on 1032 268 4.6e-9

yes off 257 116 7.4e-7
yes on 360 57 7.6e-8

const. step size H= 1e-6 2808 - 5.6e-8
const. step size H= 2e-7 14045 - 4.3e-9

4.2.3 "Gap-Control" for Elastic Impacts

For elastic impacts, the post-impact velocity ġ+
N = −εġ−

N is in general not equal
to zero. Hence, the "Gap-Control" strategy to place the impact at the end of the
integration step does not work. The idea of "Gap-Control" in the elastic case is to
use very small step sizes for integration steps with impacts. Again, ġ is used to
estimate the next impact t∗. The step size is reduced to HGC

1 if t∗ is within the next
integration step with step size Hssc (cp. Figure 4.4). Hssc is the step size suggested
by the step size control. The integration is stopped before the impact occurs and
Hssc

1 is stored. Next, the integration step containing t∗ is performed with HGC
2 .

After the impact, integration proceed with the stored step size Hssc
1 . The value for

HGC
2 relative to the previous step size is estimated using the applied integration

tolerances as a measure for the accuracy of the impact estimation t∗.

q

t
t0 t1

t*

Gap-Control on
q

t2 t3

H0

SSC H1

GC H2

GC
H1

SSC

Figure 4.4: "Gap-Control": Falling mass with elastic impact

Using this strategy for the example of the falling mass, the number of integration
steps could be reduced from 807 to 638 steps and the number of refused steps from
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Figure 4.5: Falling mass with elastic impacts: position and step size

208 to 48 (cp. Figure 4.5). The results for the test systems of the previous section
are shown in Table 4.3. Again, the effect of "Gap-Control" is more towards accuracy
in terms of penetration than towards reduction of the integration steps.

Table 4.3: Test system 1 and 2: Effects of "Gap-Control"

"Gap - Control" integration steps refused steps mean penetration

Test system 1
off 1000 257 5.9e-5
on 790 39 5.3e-7

Test system 2
off 819 386 4.2e-6
on 1000 134 2.2e-7

Although the adaptations presented in this section provide a robust and efficient
integration scheme, it is important to point out that for integration steps with
discontinuities such as closing contacts or stick slip transitions, an error estimation in
terms of ODE theory is not possible. It cannot be assured that the integration error
is lower than a prescribed tolerance. For the non-smooth part, step size selection is
primarily directed towards robustness and stability rather than accuracy.
For higher accuracy requirements "Gap-Control" can be used to resolve nearly every
impact, achieving a low-level event detection.



5 Extrapolation Schemes for Non-smooth
Systems

5.1 Extrapolation Methods for ODEs

In this section a brief introduction to extrapolation methods is given. More detailed
information can be found in [39, 40, 85, 187]. In this work extrapolation is used to
increase the integration order in the smooth part. The use of time-stepping as a base
integration scheme for extrapolation can also be found in Studer et al. [188].

Figure 5.1: Extrapolation methods

The idea described in Richardson [169] is to consider the final answer of a numer-
ical calculation as itself being an analytic function with step size H as parameter.
That function can be probed by performing numerical calculations with various step
sizes, none of them necessarily small enough to yield the desired accuracy. Different
sequences of fine and finer sub-steps span the large interval H . The results are fit-
ted to an analytical function and extrapolated to H → 0 giving an answer that is
supposed to correspond to infinitely fine sub-steps (see Figure 5.1).
Considering a base integration scheme of order p and using k approximations cal-
culated by the base integration scheme with different sub-step sizes, extrapolation
methods allow the construction of an order p + k − 1 approximation z̃(t0 + H).

31



32 5 Extrapolation Schemes for Non-smooth Systems

First we choose k different sequences of sub-steps and corresponding step sizes hi:

hi =
H

ni
with i = 1...k and n1 = 1 < n2 < ... < nk (ni ∈ Z) .

Then, the numerical results of the initial value problem Eq. (4.1) are computed for
all sequences to obtain k estimates:

ẑhi(t0 + H) i = 1...k . (5.1)

Calculating the interpolation polynomial

P (H) = z̃ − epHp − ep+1H
p+1 − ... − ep+k−2H

p+k−2 (5.2)

derived by an asymptotic expansion of the global error and using the estimates
ẑhi(t0 + H) = P (hi) for all sequences, the error coefficients ep in Eq. (5.2) are elim-
inated. Finally, "extrapolation to the limit" hi → 0 is done to get P (0) = z̃ as the
extrapolation result of order p + k − 1.

Example
This example illustrates how to build the extrapolation tableau for order p = 1 and
two sub-step series (k = 2). Two approximations ẑH(t0 + H) and ẑH/2(t0 + H) are
calculated using the (sub-)step sizes h1 = H and h2 = H/2:

z(t0) H−−−−−−−−−−−−−−−−−−−−−−−−→ ẑH(t0 + H)

z(t0) H/2−−−→ ẑH/2(t0 + H/2) H/2−−−→ ẑH/2(t0 + H)

interpolation polynom : P (H) = z̃ − epH
supporting points: ẑH = z̃ − epH

ẑH/2 = z̃ − ep
H
2

solving for z̃ : ⇒ z̃ = 2 · ẑH/2 − ẑH .

Higher order extrapolations can be derived analogically:

order 3: z̃ = 1
3

· ẑH − 2 · ẑH/2 + 8
3

· ẑH/4

order 4: z̃ = − 1
15

· ẑH + ẑH/2 − 16
3

· ẑH/4 + 27
5

· ẑH/6

order 5: z̃ =
1
30

· ẑH − 2 · ẑH/2 +
27
2

· ẑH/3 − 64
3

· ẑH/4 +
54
5

· ẑH/6 .
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5.2 Extrapolation Methods Applied to Time-Stepping
Schemes

5.2.1 Inelastic Impacts

Time evolution of non-smooth systems can be divided into smooth parts and inte-
gration steps with changes in the structure of the underlying equation of motion,
e.g. due to closing contacts or stick-slip transitions. It is important to point out
that it is not feasible to apply any higher order integration scheme to non-smooth
integration steps, because the asymptotic expansion of the integration error is only
valid for continuous functions. Therefore, time integration during the non-smooth
part is always performed with integration schemes with maximum order one. Ex-
trapolation methods are applied during the smooth part that allows an increase in
the integration order. For contacts with friction and plastic impacts, no adaptations
have to be made. The extension to elastic impacts is presented in the next section.

Step Size Selection and Extrapolation

Accuracy: Variable Order or Variable Step Size
To achieve the desired accuracy of the numerical solution, extrapolation methods
offer two possibilities, namely a variable step size and a variable integration order.
For a variable step size, the integration step is recalculated using a reduced step size
in the case the estimated error exceeds the specified tolerance. Within the concept of
a variable order the integration order is increased by adding a new series of sub-steps
to the extrapolation scheme until the estimated error is smaller than the specified
tolerance.

Within this work a variable step size is used, coming along with a fixed order during
the smooth part and order p = 1 during non-smooth integration steps.
From a computational and algorithmic point of view, an algorithm based on extrapo-
lation methods with a variable step size, which itself contains algorithmic parallelism,
has the advantage that they are almost ideal for the application of parallel computing
techniques. Using a fixed order, all sub-step series can be calculated simultaneously
by parallel computer architectures e.g. multi-core CPUs. In contrast, for variable
order the sub-step series are consecutively evaluated until the desired accuracy is
reached.
Facing the choice between variable order and variable step size from a numerical
and mathematical point of view, variable step size is preferable. Extrapolation tech-
niques are known to be sensitive against discontinuities. For high approximation
orders the right side of the differential equation must be several times continuously
differentiable. Modelling technical systems, one has to deal with higher order discon-
tinuities even in the smooth part. Various reasons for these discontinuities, which
are not necessarily obvious at first glance, include force inputs from discrete mea-
surements, function evaluations by table look-up, discrete controllers, and numerical
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evaluations of contact kinematics between non-analytical contours. For these rea-
sons increasing the integration order is restricted in practice. It cannot be assured
that extrapolation is always contractive. Therefore, for a robust algorithm, the best
approach is to choose a fixed integration order appropriate for the modelled system
and reduce the step size to achieve the desired accuracy instead of increasing the
integration order.

Error Estimation: Extrapolation or Embedded Methods
To estimate the integration error two approximations obtained with different step
sizes are compared as described in previous sections. For the smooth part, there are
two different possibilities to construct a step size control: by extrapolation (com-
paring two approximations obtained by different sub-step size (Figure 5.2)) or em-
bedded methods (comparing two approximations obtained by different integration
orders (Figure 5.3)). Both possibilities are illustrated in Figures 5.2 and 5.3 for
order 2.
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Figure 5.2: Integration order 2 and step size control by extrapolation

As previously mentioned, extrapolation to higher integration orders is sometimes
not reliable in practice. Therefore, step size control by comparing two approxima-
tions obtained by different step sizes seems to be preferable. This assumption is
confirmed by numerical examples in the next section. As shown in Figure 5.3, the
embedded technique requires one sub-step less. Using parallel computing techniques,
this reputed drawback of extrapolation methods can be eliminated.

A flow chart of one integration step is depicted in Figure 5.4. Starting with ti, ẑi

and H as the step size for the overall integration step, the first half of the sub-steps
is computed. If there are any events detected within the interval from ti to ti + H/2,
the integration order is restricted to one. By comparing the result of the smallest
sub-step with the next smallest sub-step, a decision must be made whether the
half-step is accepted or refused. In the case of unchanged constraints, all remaining
(sub-)steps are computed. Again, it has to be checked if there are any events within
the integration step. Only if there are no events, the extrapolation scheme for higher
order approximation can be applied.
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Figure 5.3: Integration order 2/3 and embedded step size control

5.2.2 Failure of Extrapolation: Elastic Impacts

According to Studer et al. [188] problems with extrapolation can occur in cases of
enduring unilateral contacts which are described by Newton’s impact law:

ġ+
N = −εġ−

N . (5.3)

This equation must hold for both impact and enduring contacts. Consider a ball
falling onto a table with restitution coefficient 0 < ε < 1. If the ball touches the
table, the velocity of the ball is inverted according to the impact law Eq. (5.3). After
a while the ball will remain on the table yielding an enduring contact. Applying
now the impact law to one integration step with step size H starting with γ− = ġ−

N ,
yields γ+ = −εγ−. If the same integration progress is done with a refined time grid
of H/2, the result is γ+ = ε2γ−, which is a completely different result and even
a different sign. Eq. (5.3) is independent of the step size. Hence, the impact law
must be seen as a mapping, and not as a consistent integration scheme for enduring
contacts. As ε < 1, this mapping is a contraction and therefore noise amplification
is normally not observed.

When using the time-stepping integration scheme as base integrator for extrapola-
tion methods, the mapping given by Newton’s impact law is no longer always a
contraction. For example, extrapolation to order 2 with step size H and H/2 is
done:

γ− H−−−−−−−−−−−−−−−−−−−−−−−−→ −εγ−

γ− H/2−−−→ −εγ− H/2−−−→ ε2γ−

Extrapolation: γ̃+ = (2ε2 + ε)︸ ︷︷ ︸
>1∀ε>0.5

γ− (5.4)

For ε > 0.5 the effective restitution coefficient 2ε2 + ε is greater than one. This may
lead to noise amplification, growing kinetic energy, and gap velocities resulting in
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Figure 5.4: Flow chart of one integration step

contacts that may open after a while. In Figure 5.5 the amplification for different
extrapolation schemes is plotted as a function of the restitution coefficient.

Modifications to Prevent Failure of Extrapolation

There are two approaches to prevent extrapolation from failure. Studer [188]
demonstrated that if extrapolation is restricted to an uneven number of sub-steps,
then the extrapolated mapping remains contractive.
The second approach is to set the restitution coefficient to zero for enduring contacts.
This approach is used in this work. It is done by implementing a velocity dependent
restitution coefficient that is smooth set to zero for gap velocities becoming smaller
than a predefined limit. The effect can be seen in Figure 5.6 where the simulation
results for a bouncing ball are shown. For extrapolation without modification (left
side), the contact opens due to the described numerical reasons. With modifications,
the contact remains closed and no oscillations can be observed.
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5.3 Examples

All examples are computed using the software MBSim [206] that was developed at
the Institute of Applied Mechanics 1, Technische Universität München. The software
is freely available under the GNU Lesser General Public License.

5.3.1 Woodpecker Toy on Elastic Pole

The woodpecker toy is a classic example for non-smooth multi-body system dynam-
ics (see Figure 5.7). Hammering down a pole, the system uses gravity as its energy
source and stick-slip effects between the guiding sleeve and the pole as the switch
between free and constrained motion. With the sleeve sticking, the spring forces
the woodpecker back towards the pole. The pole is modelled by a spatial bending
beam using finite-element formulation for slender structures and is based on Euler-
Bernoulli’s theory. The tolerance between pole and sleeve is 0.8mm. Overall the
system has 29 degrees of freedom, six for the plane motion of the woodpecker and
the sleeve and 23 for the elastic beam as well as six frictional contacts, one for the
beak and four between the edges of the sleeve and the pole. For a more detailed
description of the model see [63].

Figure 5.7: Model of a woodpecker toy

Figure 5.8 shows the data obtained with a maximal integration order two, step size
selection by extrapolation and "Gap-Control" strategy 1. The nearly horizontal lines
in the diagram for the vertical sleeve position indicate sticking between the sleeve
and the pole. A closer look shows that although the contacts remain closed during
such periods, there are stick-slip transitions due to vibrations of the elastic pole
indicated by integration order one.

Table 5.1 compares the different methods of error estimation for varying orders.
As the possible contact point between beak or sleeve and pole, mathematically
described by shape functions, is solved numerically with a certain tolerance, there are

1 http://www.amm.mw.tum.de
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Figure 5.8: Woodpecker Toy: Results

Table 5.1: Woodpecker Toy: Results

Step Size Selection by Extrapolation

order computational integration steps steps refused function
time (QuadCore) evaluations

1 184s 1000 21 3062
2 154s 274 51 2481
3 246s 222 59 4419

Embedded Step Size Selection

order computational integration steps steps refused function
time (QuadCore) evaluations

1 256s 1381 39 4261
2 156s 332 25 2414
3 306s 439 98 6232
4 277s 267 96 5203
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weak discontinuities, even in the smooth part. According to the results (Table 5.1),
extrapolations to higher orders than two cannot increase computational efficiency.
Comparing the results with respect to the presented methods of error estimation,
step size selection by extrapolation seems to be more efficient than embedded step
size selection. To improve legibility the number of integration steps is normalised.

5.3.2 Lottery

The German Lotto 6/49 has a random drawing of six numbers selected from numbers
1 to 49, using 49 balls mixed in a barrel (see Figure 5.9). The player picks six numbers
between 1 and 49 and wins a prize if three or more numbers match the numbers on
the balls drawn from the barrel.
Using six degrees of freedom for each ball, the equation of motion has 294 degrees
of freedom. Between all bodies spatial Coulomb friction with a friction coefficient
of μ = 0.2 is considered. Therefore, up to 2156 possible unilateral constraints must
be handled. At the beginning of the simulation all balls are outside the barrel on
a plate with inclination. Due to gravity the balls roll and bounce into the barrel.
After approximately 1.5 seconds all balls are inside the turning barrel. Deflectors
stuck to the barrel strengthen mixing.
Integration is carried out with step size selection by extrapolation, extrapolation to
order two in the smooth part and without "Gap-Control".

Figure 5.9: Lottery

The results are shown in Figure 5.10. Most of the balls are in free flight at the
beginning and only a few contacts are closed at the same time. Therefore, the
majority of integration steps are performed with integration order two. After a
while the balls are concentrated at the bottom of the barrel and nearly every ball is
subject to a closed contact. Hence, nearly all integration steps are restricted to order
one due to changing constraints. Due to a high number of changing constraints, the
computational time could not be reduced by extrapolation to a higher integration
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order for this example. The uniform distribution of the step size demonstrates the
robustness of the derived integration scheme.
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5.4 Parallel Computing

Frequency scaling was the dominant reason for improvements in computer perfor-
mance from the mid-1980s until 2004. Increasing processor power consumption led
to the end of frequency scaling as the dominant computer architecture paradigm in
2004 and multiprocessor architectures for parallel computing became popular [61].
Therefore, parallel computing is one of the most promising possibilities to accelerate
numerical integration and speed up multi-body simulations.
As mentioned in the previous section, extrapolation methods themselves contain
algorithmic parallelism and therefore are ideal for the application of parallel com-
puting techniques. All sub-step series can be calculated simultaneously by parallel
computer architectures e.g. multicore CPUs. In this work OpenMP (Open Multi-
Processing) [1, 33] is used for parallelising the sub-step series. OpenMP is an appli-
cation programming interface for shared memory multiprocessing programming. It
consists of a set of compiler directives, library routines, and environment variables.
Parallel threads are specified through the use of compiler directives and therefore
can be embedded with little effort in existing source codes.
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i+1

ẑ
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Figure 5.11: Parallelisation: Sub-steps grouped by threads

For order two, Figure 5.11 exemplary illustrates how single sub-steps are grouped by
threads for parallelisation. On the left side, the sub-steps for integration with step
size control by extrapolation are depicted. Eight sub-steps can be grouped into two
parallel threads, each with four subsequent steps yielding an acceleration of 8 : 4 = 2
on a dual-core CPU. On the right side of Figure 5.11 (embedded step size control)
seven subsequent steps are grouped into two parallel threads with four and three
subsequent steps, respectively, yielding an acceleration of 7 : 4 = 1.75. In Table 5.2
the theoretical accelerations for different integration orders are calculated.

The derived time-stepping scheme with step size selection and extrapolation to
higher integration order has been extensively tested using various numerical ex-
amples with academic (e.g. the woodpecker toy [206]) and industrial backgrounds
(e.g. the AVS valve train [108] or a pushbelt CVT [176], Figure 5.12). The achieved
accelerations due to parallelisation are shown in Table 5.4 and are very close to the
theoretical maximum values.
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Table 5.2: Acceleration due to parallelisation (theory)

Step Size Control by Extrapolation

maximal order number of threads theoretical acceleration
1 2 1.5
2 2 2
3 3 2.83

Embedded Step Size Control

maximal order number of threads theoretical acceleration
1 2 1.5
2 2 1.75
3 3 2.16
4 3 2.66

Figure 5.12: Examples for testing the derived integration scheme

Table 5.3: Acceleration due to parallelisation (numerical studies)

maximal order number of threads acceleration (theory) acceleration (practice)
1 2 1.5 1.4 - 1.5
2 2 2 1.8 - 1.9
3 3 2.83 2.4 - 2.6
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Dynamics of Variable Valve Trains: Outline

Variable valve trains provide a comprehensive means of adjustment in terms of vari-
able valve timing and valve lift. Efficiency, torque, and emissions of gasoline engines
are improved, but in return an increasingly complex mechatronic system must be
handled. For optimization and design of such kinds of complex systems, detailed
simulation models covering different physical domains such as mechanics, hydraulics,
electrodynamics, and control are indispensable.
Topic of this work is the modelling and simulation of the variable valve train Audi
valvelift system (AVS) of the Audi 2.8 litre V6 FSI engine. To investigate the dynam-
ical behaviour and interactions between all subsystems e.g. between chain vibrations
and shifting events, an overall simulation model of the timing assembly comprising
chain drive, chain tensioner, hydraulic cam phasing system, valve train, and AVS
system including the electromagnetic actuator, is derived (cp. Figure 5.13).

�

�

Audi valvelift
system
valve train

Mechatronics

Mechanics
� chain drive with

chain tensioner

Hydraulics

� cam phasing
system

Figure 5.13: Timing assembly as multidisciplinary system

The first chapter (Chapter 6) of this section gives a short overview of variable valve
timing and the design and concept of the Audi valvelift system. Moreover, modelling
approaches for valve trains and the contact between cam and roller are presented.
In the next chapters, the components of the AVS valve train are described in detail
and analysed by simulation and experiment. Specifically designed test rigs are used
to validate the simulation models. The AVS specific switching unit is described in
Chapter 7. Besides dynamical investigations, special friction measurements have
been carried out. A simulation model of the electromagnetic actuator based on
an analytical solution of Maxwell’s field theory equations is derived in Chapter 8.
The equations of motion for a mass carrying coil spring based on a curved beam,
including coil to coil contacts, are presented in Chapter 9. Modelling of the hydraulic
lash adjuster is shown in Chapter 10.

The dynamic of the entire timing assembly is analysed in Chapter 11. Models of
the cam phasing system, the chain drive, and the chain tensioner have been adapted
from previous works. Parallel co-simulation techniques [67] are used to analyse
interactions between all components during a switching process.
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New emissions legislation, tougher CO2 standards, and increasing consumer expec-
tations concerning fuel consumption make new solutions in engine technology nec-
essary. Whereas in the past increased engine power, torque, and response charac-
teristics have been the major development objectives, nowadays fuel efficiency and
emissions are the most important factors in engine technology.
For gasoline engines, promising approaches for reducing emissions and increasing
fuel efficiency include downsizing concepts, gasoline direct injection combined with
stratified fuel charge, variable valve trains, engines with variable compression ratio,
as well as the reduction of friction and weight. Downsizing is a well known and
widely used technology to achieve higher fuel efficiency. With turbo- or supercharg-
ing concepts the engine displacement or the number of cylinders can be reduced
resulting in a higher mean load and lower heat and frictional losses. The potential
of downsizing is limited as the compression ratio has to be reduced to avoid engine
knocking under full load. Hence, a variable compression ratio offers an opportunity
to increase the possible downsizing potential. A higher compression ratio results in
better fuel efficiency, but also has negative effects on losses due to friction. Flierl

et al. [60] investigated the effects of variable compression with a single cylinder
engine. Under partial load, fuel efficiency could be improved about 2.5% with a
compression ratio of ε = 13. Raising ε above 14 has no further positive effects on
fuel consumption due to the higher friction level.
Along with direct injection, the variable valve train offers the largest potential for
fuel consumption improvement gained via one individual measure. Compared to
direct injection methods, variable valve train techniques have the advantage that
with homogeneous stoichiometric combustion processes, conventional exhaust after-
treatment technologies can be used without requiring special fuel qualities. Besides
fuel consumption, variable valve timing is increasingly used in production engines to
improve torque characteristics, especially at low speed, engine response, and emis-
sions of gasoline engines.

6.1 Valve Train Variability

In a reciprocating internal combustion engine, the valve train is responsible for
controlling the gas exchange by opening and closing the valves. The quality of gas
exchange is determined by the valve train mechanism on the one hand and by the
gas dynamics design on the other hand. The gas dynamics are influenced by the
cross sections defined by the valve position and by the valves’ opening and closing
times. Due to the nature of fuel injection, gas dynamics and gas exchange of internal

46
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combustion engines, some conflicts of goals arise designing such systems. Engineers
have to find a compromise in engine characteristics in terms of fuel consumption,
torque-progress, maximum power, idle stability, and emissions. To meet demands,
additional degrees of freedom are needed. Possible variabilities in valve timing are
illustrated in Figure 6.1. Technical implementations are not restricted to a single
variable. They also make use of combinations of the presented variations.
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Figure 6.1: Possible valve train variabilities

6.1.1 Types of Variable Valve Trains

In terms of variability, valve trains can be categorized into different groups with
increasing degrees of freedom. The first step towards a variable valve train is the
application of cam phasing systems, which only alter the phasing of the intake and
exhaust lift. By adjusting valve overlapping, exhaust gas recirculation and valve
closing times, idling quality, torque curve, emissions and efficiency are improved.
Partial dethrottling is possible as the load is controlled by the ratio of exhaust gas
recycling. Cam phasers consist of an element that changes the phase of the camshaft
relative to the crankshaft by means of rotation. Cam phasers are widely used in
series production. They are commonly designed as hydraulic systems based on the
functional principle of a slewing motor.

The next generation of variable valve lifts are mechanical systems that modify the
valve lift curve. Discretely operating systems called shiftable or switch-over valve
lift systems change the shape of the valve lift by switching between up to three
different cam contours. The basic idea of such systems is that there are more than
one cam contour per valve. Depending on the operating point, switching elements
or actuators make sure that the desired cam and corresponding cam follower are
engaged. Two stage shiftable systems commonly use a high lift curve for full load
and a low lift curve. During partial load, the valve lift on the intake side is reduced
and thus the opening time is shortened. As a result, the load control is shifted at
least in part from the throttle flap towards the intake valve train reducing pumping
losses. Instead of the low lift curve, a zero cam profile can be used for cylinder
deactivation. The implementation of a third stage provides for a significantly higher
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potential for reducing fuel consumption, since both strategies "low lift" and "cylinder
deactivation" can be combined. Alternatively, three-stage systems can be used to
apply three different cam profiles for low-end, mid-range, and peak power. Cylinder
deactivation can also be realized by modified two-stage systems. For this purpose,
transmission elements are used instead of different cam contours to change the valve
lift. Switch-off cam followers or switchable hydraulic lash adjusters can generate
lost motion to prevent movement of the valve in order to deactivate the valve or
cylinder [47].
Shiftable valve train concepts have been installed by car manufacturers since the
early 90s. The first high volume system called VTEC (Variable Valve Timing Engine
Control) was presented by Honda in 1989 [105], later combined with a cam phasing
system [4] and enhanced to a 3-stage system. Afterwards, various discrete operat-
ing two-stage systems have been implemented in production engines: MIVEC [92]
(Mitsubishi innovative valve timing electronic control system) by Mitsubishi Motors,
VVTL-i [183] (Variable Valve Timing and Lift intelligent system) by Toyota, Vario-
Cam Plus [28] by Porsche, and AVS [96,108,205] (Audi valvelift system) by Audi.
A further adjustment of the gas exchange process within all operating ranges can
be accomplished by a continuous adjustment of the valve lift. Mechanical variable
valve train concepts commonly use an additional set of intermediate rocker arms
or levers between the camshaft and the valve stem as lift scalers. By actuating
the intermediate transmission mechanism, the effective relationship of the levers is
changed providing the possibility to vary the valve lift continuously between zero
and maximum valve lift. In combination with an adaptation of the phase relation, a
continuously adjustable valve lift concept permits operation in any map area with-
out the use of the throttle flap. As a result, the combustion process is improved
and the gas exchange losses are significantly reduced yielding better fuel efficiency
during partial load operation. In addition to fuel consumption, full variable valve
lift systems also have the advantage of a clearly improved torque curve and a more
direct response.
The only continuously operating mechanical system used in production engines have
been introduced in the year 2001 by BMW under the name Valvetronic [58,198]. In
addition, there are several further concepts for mechanically variable valve trains
without series implementation.

The next generation of variable valve trains provides additional degrees of freedom
by single actuated valves and therefore a higher fuel economy potential. Camless
systems allow individual control of each valve by an electromagnetic actuator in-
dependently of the crankshaft angle. To minimize the electric power demand, a
vibrating armature in combination with springs is commonly used to store the ki-
netic energy of the valves. At the upper and lower end position, the valve is held
by electromagnets. As electromagnetic forces are strongly distance dependent, high
currents would be necessary to hold the valves at positions between the end stops.
Hence, the valve lift is not varied, but load control is achieved by adjusting the
point of intake closing. Compared to mechanical valve trains, where small valve
lifts are used to control the load, the additional flow losses at the intake valve are
smaller. A further improvement in process efficiency can be achieved by decoupling
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load management and generation of in-cylinder gas dynamics. Generation of the
in-cylinder gas movement must occur as near to the ignition timing as possible to
prevent the charge movement from slowing down. By opening the intake valve once
more for a short period, an additional turbulence is excited and yields an improved
combustion process.
Further developments of electro-mechanical valve trains also offer the possibility to
change the valve lift. For this purpose electric linear motors or rotational actuators
may be used. Such systems, along with electro-hydraulic systems, form the fourth
generation of variable valve trains. Although various car manufacturers have partic-
ipated for over twenty years in examining camless engines, vehicles with engines of
this type are still not available due to difficulties ensuring reliable performance.

As previously mentioned, the restriction to a constant valve lift results in the fourth
generation of variable valve trains, which allow a complete variation of the valve
lift curve. Besides electro-magnetic actuators, such systems are mainly driven hy-
draulically and controlled by fast switching solenoid valves. Applying double acting
hydraulic cylinders, there are almost no restrictions to the valve lift curve [37]. But
in return, the disadvantages of high energy consumption and high valve closing
velocities make series production application difficult. Nevertheless, such camless
systems are widely used in combustion research.
Another type of electro-hydraulic valve control systems called UniAir or Multi-
Air [19], has been launched into series production in 2009 by Fiat. Instead of a
double acting piston, the valves are opened by oil pressure and closed by a valve
spring. A cam follower, driven by a mechanical camshaft, is connected to the engine
valve through a hydraulic chamber. The oil pressure generated by the cam can be
controlled by activating hydraulic solenoid valves resulting in a variation of valve
timing and maximum valve lift. Furthermore, during one cam revolution multi-lifts
are possible. The valve seating velocity is limited by a hydraulic break orifice.

A comprehensive presentation of published variable valve actuation systems is not
the objective of this section. For further information and application examples see
Basshuysen and Schäfer [199], Dengler [38], Hannibal [90], Hannibal et
al. [91], and Scharrer [175].

6.1.2 Benefits of Variable Valve Timing

Variable valve actuation can be used to positively influence specific fuel consump-
tion, emission behaviour, torque characteristics, and maximum power output. A
basic goal of varying the valve lifting curves is to lower the charge cycle loss under
partial loads by controlling the load solely by varying the valve lift instead of using a
throttle. The utilisation of variable valve lift systems increases engine torque in the
low speed range and leads to more spontaneous engine response and stable idling.
Throttling with the valve has fairly complex effects on the load exchange, combus-
tion, and thermodynamic cycle of the engine. For example, a strategy to decrease
pumping losses is to control the load by an early closure of the inlet valve [59]. Löb-

bert [134] applied this strategy to a naturally aspirated 4-cylinder engine. Due to
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a decelerated charge motion resulting in a reduced residual exhaust gas tolerance,
no significant improvement in fuel consumption could be obtained in a first step.
Only optimisation measures to intensify charge motion like an asymmetric valve lift
or masking for a better induction swirl made the potential of a throttle free load
control accessible.

This example reveals that a lot of mutually interacting effects have to be taken
into consideration when evaluating the influence of variable valve trains on engine
behaviour. For a gasoline engine the most important effects concerning fuel efficiency
of a variable valve timing system are:

• charge cycling and pumping losses

• flow losses at the valves

• charge motion, mixture generation and in-cylinder flow

• exhaust gas recirculation and residual gas tolerance

• shifting of the load point

• knocking and effective compression ratio

• influence of the VVT system on friction and inertia forces

• energy consumption of the VVT system

• emission behaviour

For a more detailed presentation of the interactions, relations, and implications,
refer to the works of Dilthey [42], Löbbert [134], and Scharrer [175] who
investigated throttle free load control.

In the last decades, various investigations have been performed to determine to
what degree variable valve actuation can improve fuel consumption. But different
engine concepts and different boundary conditions (e.g. residual gas content, load
condition) make it difficult to compare these results. In addition to variable valve
control, series engines are frequently optimised in other ways, making the specific
influence of the variable valve actuation difficult to identify by manufacturer’s data.
Having these difficulties in mind, Figure 6.2 is an attempt to quantify improvements
in fuel efficiency by different variable valve actuation systems in the New European
Driving Cycle (NEDC). The values are based on a 4-cylinder engine and are adapted
from Duesmann [44, 45], and Kirsten [118].

In comparison to spark-ignition engines, the potential for improving diesel engines
from variable valve actuation is limited. Since diesel engines are unthrottled, the
focus of variable valve timing is placed on emission behaviour by adjusting the
exhaust gas recirculation rate and generating charge motion for a better mixture
formation [119]. Furthermore, low-end torque can be increased by utilizing exhaust
pressure pulsation.
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Figure 6.2: Different variable valve train systems in series production

6.2 Design and Concept of the Audi Valvelift
System

The Audi valvelift system (AVS) manages the valve timing in a gasoline engine
in a way that provides greater power and torque in combination with lower fuel
consumption. The aim is to open and close the valves in such a way that the correct
charge of air is drawn into the cylinders at the right time with minimal losses.
To adjust the valve timing, the Audi 2.8l V6 FSI engine (cp. Figure 6.3) comes with a
hydraulic cam phasing system at both the inlet and exhaust camshaft. The hydraulic
cam phaser operates like a slewing motor. In combination with a proportional 4/3-
way flow control valve, the relative angle between the camshaft and crankshaft can
be controlled continuously.

Based on the described cam phasing system, which permits the valve opening and
closing times to be varied, the Audi valvelift system goes a step further by varying
the valve lift of the intake valves in two stages. The idea of AVS is to use different
cam lobes at different operating points. Each intake valve can be actuated by a large
and a small cam. For full load, the two inlet valves are opened by the large cam
profile (shown in red in Figure 6.4)—ideal for high charge volumes and flow speeds
in the combustion chamber. Under partial load, the small cam (green) profiles are
used. The valves are opened with a small asymmetric lift that leads to charge air
rotating spirally as it flows into the combustion chamber.

As shown in Figure 6.4 the four cam lobes for two valves of one cylinder are mounted
on a cam element (2). The cam element is fixed for co-rotation with the base
camshaft (1) by an involute gearing but can be moved in an axial direction on the
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Figure 6.3: Cylinder head with integrated Audi valvelift system

toothed base shaft. Which cam acts on the roller cam follower depends on the
axial position of the cam element. The shifting motion is induced by a pair of
metal pins, which are extended by bi-stable electromagnetic actuators. The pins are
located above an S-shaped control groove milled into the cam element at both ends.
When the metal pin is lowered, it engages the spiral groove on the cam element and
pushes the cam element in a longitudinal direction. In this way the operating cams
are changed from one set to another. An axial movement of the cam element is
only possible between two valve actuations. At the end of the switching process the
switched pins are in the front end position and are pushed back into the retracted
end position by a reset ramp at the end of the spiral grove. Due to electromagnetic
induction, a reset voltage is generated within the actuator while the pin slides in.
This signal is measured by the engine control unit to confirm successful completion
of the switching process. As soon as the cam element has reached its end position,
it is locked by a spring-loaded ball stop. The changeover takes place in a range
between 700 and 4000 rpm and is completed within one revolution of the camshaft.
In order to reverse the cam element, the second actuator is activated.

As a result the gas exchange improves, throttling losses are minimised, and the fuel
consumption drops by up to 7% percent. Compared to mechanical systems using
intermediate levers to adjust the valve lift continuously, the Audi valvelift system
is an easy to manufacture robust system that achieves approximately the same fuel
consumption benefit. Dengler [38] compared a two-stage cam shifting system and
a fully-variable mechanical valve lift system. In theory, an ideal fully-variable system
has a greater potential to minimise throttling losses than a two-stage switching
system. Only at the design point of the partial load cam are both systems equal.
Having a closer look at technical realisations of fully-variable mechanical systems,
some inherent design disadvantages arise: additional force transmitting parts and
joints with backlash reduce the stiffness of the mechanism, restrict the slope of the
valve lift ramps, and cause higher frictional forces. In addition, the friction level rises
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21

Figure 6.4: Audi valvelift system

as higher moving masses make stiffer valve springs necessary. These are the reasons,
amongst others, why a two-stage lift variation comes close to the performance of a
fully-variable system, and is even better at operating points for which the shifting
system is optimised for. Further comparisons of fully-flexible, two- and three-step
variable systems are shown by Sellnau et al. [181].

The Audi valvelift system has been introduced with the naturally aspirated 2.8 litre
FSI V6 engine to vary the lift of the inlet valves. Later, the system has also been
applied to the exhaust camshaft to improve response and low-end torque character-
istic of turbocharged direct-injection gasoline engines [82]. For the 1.8 litre TFSI
engine [49,97], the AVS system on the exhaust camshaft is combined with a camshaft
adjuster. A similar system is used by Audi and Volkswagen to implement cylinder
deactivation as in the 1.4 litre TSI engine [143].
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6.3 Valve Train Simulation

In combustion engines valve trains are used to control the combustion process. The
valve train is responsible for opening and closing the valves that let fresh air fuel
mixture into the cylinder and exhaust gases out. For this purpose, the camshaft
rotary motion is converted into a reciprocating motion of the valves. This is almost
universally done by using mechanisms that relies on a cam. Usually cams do not
act directly on valves since their rotary motion would impose a side force on the
end of the valve stem. To avoid lateral loads on the valve stem, cam followers are
interposed between the cam and the valve. In direct drive valve trains, linear guided
tappets or cam followers are used that rest upon the cams. Direct drive offers very
good stiffness of the valve actuating system and relatively modest masses in motion.
Indirect drive valve trains include systems with rockers or levers rotating upon fixed
pivots.
In modern passenger car engines a trend towards roller-actuated cam followers with
hydraulic lash adjustment can be observed. The use of rolling bearings has the
effect of friction reduction, particularly in the lower speed range. This reduction in
friction is paid for with a significant reduction in damping of torsional vibrations at
the camshaft, which has negative effects on the timing chain. In comparison with
sliding cam follower concepts, these systems are heavier. Consequently, they are not
used in sports car engines because in high-revving engines, low moving masses and
high system stiffness are basic prerequisites.

6.3.1 Literature Survey

When designing mechanical valve train systems there is generally a conflict between
steep valve lift curves for an ideal gas exchange and low valve spring forces for reduc-
ing friction. To optimise the design within these oppositional requirements, several
aspects including moving masses, cam contours, and dynamic characteristics of com-
ponents such as valve springs and hydraulic lash adjusters have to be considered.
Hence, a lot of research has been done in the field of valve train dynamics.
The first simulations were carried out in 1956 on electronic analogue computers by
Franke [66]. Hofbauer used a dynamic valve train model to optimise the cam
lobe [102]. Pisano and Freudenstein derived a dynamic model of a high-speed
cam follower system with a distributed parameter approach for the return spring
and verified it with the aid of experimental data [165]. Further refinement was
done by Hanachi and Freudenstein by considering energy dissipation, hydraulic
lifters and damping due to nested valve springs. By identifying the predominance
of Coulomb damping at high speeds, the predictive capability of the dynamic model
could be improved [89].
Later on Phlips and Schamel also considered the interactions between valve lift
and gas exchange processes [164]. Kreuter and Pischinger [122] investigated the
influence of oil film effects and lubrication on the effective values of damping and
stiffness within valve trains. Degenhardt investigated friction conditions within
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valve trains using theoretical approaches and experimental studies [35]. The interac-
tions between crankshaft and valve train, as well as the influence of shaft elasticity
in a complete timing assembly have been analysed by Fritzer [72]. Furthermore,
he compared analytical approximation methods and numerical integration for the
analysis of the vibrational behaviour.
Kalser et al. [117] used valve train models to reduce the valve train noise in multi-
valve engines by optimising the cam profile. Roß [172] extended dynamic valve
train modelling by bending and torsional modes of the camshaft. Brands [24]
presents the integration of elastic valve train components and elastohydrodynamic
methods in multi-body environments for valve train simulation. Different levels of
detail of valve train and timing assembly models were used by Mendl [141] depend-
ing on the objective of the simulation (e.g. strength, dynamics, acoustics, or gas
exchange processes).
Engelhardt [50] applied the methods of non-smooth mechanics to valve train sim-
ulation. Förg [65] et al. compared different contact models within the valve train.
Focus has been directed towards contact between the cam and the cam follower. Hu-

ber et al. used non-smooth methods in hydraulics for modelling the hydraulic lash
adjuster [109]. Krüger [123] investigated the interactions between valve actuation
and the hydraulic cam phasing system.

Simulation has become a standard method for virtual prototyping in the valve train
design process. Hence, libraries for valve train simulation at different levels of detail
are included in most established multi-body system simulation tools; For example
FEV Virtual Engine, ADAMS/Engine, LMS DADS, and SIMPACK Engine. How-
ever, these proprietary tools are restricted to smooth mechanics and continuous sys-
tems and do not offer the possibility of implementing new systems or components
easily.

6.3.2 Valve Train Modelling

The AVS valve train investigated in this work is based on an end-pivot roller rocker
arm valve train with overhead camshaft. The exhaust valve train consists of the
roller pivot-mounted in the rocker arm (1), the hydraulic lash adjuster or HLA (2),
the valve spring (3), the valve (4) and the cam (5) (cp. Figure 6.5). To change the
engaged cam contour at the intake side, the basic valve train is extended by the
AVS cam element (6) and the electromagnetic actuator (7). The distance between
end pivot, roller and valve stem defines a transmission ratio between cam lift and
valve lift enabling small cams.

The valve train is modelled using rigid bodies for the roller and the rocker arm. The
valve and valve spring are implemented as flexible bodies. Planar motion is consid-
ered for a single valve actuation subunit. To describe the motion during switching
operations, the cam element is extended by an additional degree of freedom in the
axial direction. Detailed models and the internal dynamics of the valve spring, the
hydraulic lash adjuster, the cam element with ball stop, and the actuator are pre-
sented in the next chapters.
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Figure 6.5: Intake and exhaust valve actuation system

The single components are connected via four unilateral contacts: HLA to rocker
arm (circle to circle), rocker arm to valve stem (circle to line), valve to valve seat
(point to line), and cam to roller (circle to parametrised curve), as well as one bi-
lateral connection or joint with one rotational degree of freedom between roller and
rocker arm.
The roller follows the cam contour due to a frictional contact between these two bod-
ies. For the exhaust planar and for the intake spatial Coulomb friction is supposed.
The camshaft rotary motion is converted into a reciprocating motion of the valves
by the rocker arm. The rocker arm actuates the valves via a frictional contact. Due
to the dynamics of the system, impacts can occur between the cam and the roller,
between the rocker arm and the valve, between the rocker arm and the HLA, as well
as in the valve seat. Coil collisions in the valve spring or the internal dynamics of
the HLA are further sources of discontinuities.

Due to the multitude of different contacts and hydraulic sub-models with nearly
incompressible oil volumes, valve trains are suitable systems for applying non-smooth
mechanics. Stiff differential equations are avoided by treating contacts as rigid and
oil volumes as incompressible.
Within the derived model, all contacts and oil volumes can be considered either
as rigid using set-valued force laws or as elastic using single-valued force laws. By
using a completely rigid model, one could see pulsating contact forces leading to
transitions between open and closed contacts at a very fast time scale, especially at
the valve’s closing position. Therefore, at least the contact between the rocker arm
and the valve should be modelled elastically.
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6.3.3 Contact Kinematics

To describe the contact between roller (index 1) and cam (index 2), the potential
contact points rCi

on the contours need to be determined, as well as the gap distance
gN and the relative velocities ġN and ġT (see Figure 6.6). This information is
used for evaluating the force laws, as well as for calculating the generalised force
direction W .
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Figure 6.6: Kinematics of the contact between cam and roller

To obtain smooth contact forces if the roller and cam roll off one another without
impacts, periodic cubic splines for each coordinate are used to interpolate the cam
geometry rC2 . A single point on the contour can be referenced by the scalar contour
parameter s. As the cam contour is plane the bi-normal direction is fixed and
parallel to the camshaft. The tangential and normal vectors t2, b2, and n2 are
obtained using standard differential geometry methods [27]. The modified distance
vector rD̂ is defined by:

rD̂(s) = rC2(s) − rOP1 , (6.1)

whereas rOP1 is the centre of the roller with radius R. The contour parameter for
potential contacts can be calculated by solving

f(q,s) = rT
D̂

t2 = 0 (6.2)

with Newton’s method or with the Regula Falsi method in the case of a non-
converging solution. By minimising the distance of the surfaces gN = rD̂T n2−R the
actual solution s is obtained. The differential geometrical values of body 1 (roller)
are in accordance with Newton’s third law of reciprocal actions given by:

n1 = −n2 (6.3)
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t1 = −t2 (6.4)
b1 = −b2 (6.5)

rC2 = rOP1 − R n1 . (6.6)

The relative contact velocities and the generalised force directions can be calculated
following Eq. (2.35) and (2.36). At the intake side, there are two different cam
contours for one roller. Hence, the active cam contour parametrisation is chosen
depending on the axial position of the cam element.



7 AVS Cam Element

This chapter deals with the cam element including a spring loaded ball stop and
toothing. The simulation model is derived and validated with experimental data
obtained from a component test rig. The test rig is also used for the identification
of friction parameters.

7.1 Modelling the Cam Shifting System

The cam element is axially displaceably mounted on a toothed camshaft. Depending
on the position of the cam element the smaller or bigger cam profile is active. Since
errors during the changeover can cause engine damage, the cam element must be
seen as a critical component and will therefore be examined more closely.

7.1.1 Contact Kinematics

The lateral contact between the pin and the spiral groove is modelled as a contact
between a cylinder and a spatial curve. The geometry of the lateral flank of the
groove is parametrised by the scalar contour parameter s, which can be interpreted as
the angle between the beginning of the groove and the actual position in cylindrical
coordinates (cp. Figure 7.1).
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Figure 7.1: Parametrisation of spiral groove
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A single point C1 of the contour is given by:

rC1(q, s) = rP1(q) + R1 r̂(s) + êx(q)xg1(s) (7.1)

with radial direction r̂T = [0, cos(s), sin(s)] and axial direction êx. The distance
in axial direction xg1 is approximated by cubic spline interpolation. The planar
projection of the contact kinematics is drawn in Figure 7.2.
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Figure 7.2: Planar projection of the contact kinematics pin to groove

In analogy to the cam roller contact, the defining equation for potential contact
points is given by:

f(q,s) = rT
D t1 = 0 . (7.2)

In contrast to the previous contact problem, both contours are not within the same
plane. Hence, the solving of Eq. (7.2) is adapted to consider the spatial contact
situation. Equation (7.2) is solved in two steps: First, using cylindrical coordinates
the groove contour is approximated by a helical curve with constant slope. Thus, the
contour can be described using analytical functions and an analytical approximate
solution s0 exists. Second, this approximation is used as a starting value for a
fixed point iteration to calculate the exact value of the contour parameter. The
computational procedure of the fixed point iteration is obtained by an orthogonal
projection of the centre axis of the pin in the tangent space of the contour:

ri+1
C1 = rP2 − n nT

(
rP2 − ri

C1

)
. (7.3)

With s being a solution of Eq. (7.2), the remaining kinematic quantities are calcu-
lated according to Section 6.3.3. The vertical contact problem between the ground
of the spiral groove (reset ramp) and the end surface of the pin is also solved with
the methods presented for the cam roller contact.



7.1 Modelling the Cam Shifting System 61

7.1.2 Toothing

The cam element is fixed for co-rotation with the basic camshaft by an involute
gearing but can be moved in the axial direction on the spline shaft. The gearing
with 24 cogs is designed to bear the load along its flanks. The level of detail for
the gearing depends on the intention of the simulation. For stationary simulations
with kinematically excited camshaft at constant speed, it is sufficient to connect the
relevant degrees of freedom of camshaft and cam element by a bilateral constraint.
If alternating loads are applied to the camshaft e.g. due to combustion forces or
due to an active cam phasing system, an appropriate model for the toothing is a
frictional unilateral contact with backlash.

Figure 7.3: Possibilities for reducing spline shaft contact geometry

To achieve an efficient model and avoid multiple overdetermined systems, the number
of possible contact points must be reduced. Possibilities to reduce the spline shaft
contact geometry are illustrated in Figure 7.3. Two different levels of detail are
used. A direct implementation of the spline shaft geometry is to approximate the
real contour by ring segments or cubic splines. Two teeth are sufficient to constrain
the planar motion. In most applications it is possible to use contacts between
points and planes. For camshafts and cam elements with only one relative rotational
degree of freedom, one plane to point contact is used to model the backlash in the
circumferential direction. The ball of the ball stop has one degree of freedom relative
to the camshaft. Numerical studies reveal that the results of all approaches do not
differ significantly. The use of contact pairings based on points and planes shows a
slightly reduced computational effort.

7.1.3 Ball Stop

The movement of the cam element is mainly affected by three forces. The contact
force between the spiral groove and the pin accelerates the cam element during the
changeover and ensures that the changeover takes place during the base-circle phase.
The resultant force from the ball stop decelerates the cam element at the beginning,
accelerates it at the end of the changeover, and provides a static contact force to fix
the cam element in the end positions against the end stop. Lastly, frictional forces
acting against the direction of movement must be taken into account.
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Figure 7.4: Cam element with ball stop

The contact between ball and cam element is described by a unilateral contact with
friction between a circle and a cone. The geometry of this contact pairing is outlined
in Figure 7.5(a). To make this type of contact problem (Eq. (2.33)) analytically
solvable, the apex of the cone is replaced by an infinite segment of a circle to ensure
parametric continuity. The simulation results of the axial forces necessary to push
the cam element against the ball stop in axial direction are shown in Figure 7.5(b)
for Coulomb friction with altering friction coefficients. As the axial force is very
sensitive to the friction coefficient, the friction force is experimentally investigated
in the next section.
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Figure 7.5: Simulation of axial forces with different Coulomb friction coefficients

7.2 Test Rig for Friction Measurements

Friction is a complex phenomenon and difficult to determine. Hence, in technical
simulations friction is often neglected or roughly estimated. To get reliable friction
models and parameters, a test rig for both static and dynamic measurements has
been developed. The test rig is designed to quantify friction forces at the spline
shaft. The forces due to friction are measured for different relative velocities and
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lubrication conditions. Measurements have been performed with and without ball
stop.
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Figure 7.6: Test rig for friction measurement

The experimental setup is shown in Figure 7.6. The camshaft (3) is mounted with
almost frictionless air-lubricated bearings (1). Using a compressed spring (7) re-
leasable by two electromagnets (6), the cam element (4) is accelerated in an axial
direction. The section for accelerating the cam element is limited by two end stops
(5). After the acceleration phase, the position of the cam element is gauged by a
laser sensor (8). Assuming zero friction at the air bearings, the friction force between
cam element and camshaft can be measured with a force sensor (2) at the end of
the camshaft. For different normal forces at the friction contact, the prestress of the
spring (9) is varied. To fix the camshaft in axial direction without interlocking and
without applying radial bearing forces, an electromagnet (10) is activated after the
camshaft is lifted up by the air bearings. A more detailed description can be found
in [53].

The influence of temperature is determined indirectly using oils with different viscosi-
ties at room temperature as it is very difficult to operate the test rig, air-lubricated
bearings, and sensors at high temperatures. The underlying engine oil is Castrol
TOPUP 0W-30. Instead of heating up the engine oil, the hydraulic fluid AVIA RSL
is used. It is similar to mineral oil and different viscosity grades are available. The
viscosity values and corresponding temperatures are illustrated in Figure 7.7(a).
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(a) Oil viscosities used in experiment
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(b) Fitted parameters as function of viscosity

Figure 7.7: Viscosities of used oils and resulting viscosity dependency of fitted
parameters

7.3 Results

7.3.1 Friction Model

In Figure 7.8 the measured friction values for different oil viscosities are plotted as
dots against the relative velocity. Although the data shows high variation, some
trends can be identified.

Higher normal forces Fnormal, growing velocities v, and rising oil viscosity have the
effect of increasing friction forces Ffriction. These results suggest that with increasing
velocity hydrodynamic effects become more and more significant. Interpolating the
test series to zero velocity yields an oil-independent friction force. Relating the
interpolated friction forces with the normal forces a constant friction coefficient can
be identified. Analysing the data with curve fitting methods, the following friction
model has been derived:

Ffriction = α Fnormal + β v + γ v Fnormal. (7.4)

The lines of best fit for different normal forces and different oil viscosities are shown
in Figures 7.8(a) to 7.8(c). The surface of best fit compared with the individu-
ally measured data points is drawn exemplary for Castrol TOPUP 0W-30 in Fig-
ure 7.8(d).
The parameters α, β, γ for the derived friction model are calculated by curve fit-
ting supposing that the parameter α is constant for all test series. The results are
shown in Table 7.3.1. The viscosity dependency of β and γ is illustrated in Fig-
ure 7.7(b). For small viscosities both parameters are approaching zero. For high
velocities, the friction force seems to become independent from the velocity and a
non-linear velocity dependency would be helpful in this region.
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(d) Castrol TOPUP 0W-30 (20◦ C)

Figure 7.8: Friction characteristic

Table 7.1: Best fit parameters

oil ν [mm2/s] (20◦ C) α [−] β [N ] γ [s/m] RMSE [N]
0W-30 134 0.102 2.15 0.057 0.34 N
RSL 22 53 0.102 1.09 0.032 0.23 N
RSL 13 27 0.102 0.0 0.017 0.23 N
RSL 5 7.8 0.102 0.0 0.006 0.17 N

7.3.2 Axial Forces due to Friction and Ball Stop

The derived friction model (Eq. (7.4)) is used in simulations to approximate fric-
tion forces at the contacts between camshaft and cam element, as well as between
cam element and ball stop. In Figure 7.9 the axial forces at the camshaft during
the movement of the cam element across the ball stop are shown. Simulated and
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experimental results agree very closely. The dotted lines are obtained under the
assumption of dry Coulomb friction with coefficient μ = 0.198. The solid lines are
obtained using the derived friction characteristic for a lubricated contact.
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Figure 7.9: Ball stop - experiment and simulation



8 The Electromagnetic Actuator

This section deals with the actuator for driving the AVS cam element. Starting with
the geometrical and technical configuration, a physical simulation model based on
Maxwell’s equations is derived and compared to experimental results.
In normal operation the system response is very fast and the pin is fixed at its end
stop before the changeover begins. Hence, the actuator has only a slight influence
on the overall system dynamics. The requirements of the actuator model are that
it can be easily integrated into the multi-body formalism, it allows for short com-
putational times, and it predicts the magnetic force and thus the movement of the
pin with adequate accuracy. The actuator model is not intended to be used for the
electromagnetic design and optimisation of the actuator, or to calculate detailed
magnetic fields. Hence, an analytical model for a simplified geometrical topology is
the best choice in this work instead of a detailed FEM model.

8.1 Types of Actuators

As the rotation of the camshaft is the source of energy for the switching operation,
the force delivered by the actuator is not used to drive the cam element directly and
therefore can be relatively small. It must be only large enough to overcome friction
and the inertia forces of the moving parts.

Actuators can be distinguished by the type of their energy source, as illustrated
in Figure 8.1. A comparison of different actuator concepts can be found in [112]
and [196]. Magnetic actuators are ideal for this kind of application as pneumatic or
hydraulic systems need a lot of periphery and the operating displacement of piezo
or electrostatic actuators is very small.

In principle, all kinds of magnetism and corresponding phenomena can be described
by the theory of quantum mechanics [137]. The concept of elementary particles
having a spin in combination with the Pauli Exclusion Principle for fermions is the
fundamental quantum theoretical basis for most magnetic properties of solids. As
this theory is not easily explained and not practical for technical problems, a more
phenomenological approach to magnetism is often used [115]. In a technical context
magnetic actuators can be classified by the technical or physical principles used for
generating the magnetic force:

• reluctance force

• electrodynamic Lorentz force

67
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actuator

fluid pressure electric current

hydraulic pneumatic piezo electrostatic magnetic

Figure 8.1: Energy sources of actuators

• magnetostriction

• magnetic shape-memory alloys

• ferro-fluids and magneto-rheological fluids

8.1.1 Reluctance Actuators

The principle of magnetic reluctance (reluctance = magnetic resistance) describes
magnetic forces between materials with different magnetic permeability. Stepwise
changes in the permeability μr induce magnetic forces at the corresponding bound-
ing surfaces. These reluctant forces try to minimise the overall reluctance of the
system.
Similar to an electric field in which an electric current follows the path of least
resistance, a magnetic field results from the magnetic flux following the path of
least magnetic reluctance. Magnetic flux always forms a closed loop, but the path
of the loop depends on the reluctance of the surrounding materials and is always
concentrated around the path of least reluctance. The concentration of flux in
low-reluctance materials such as iron forms strong temporary poles and causes me-
chanical forces that tend to move the materials towards regions of higher flux and
to minimise the magnetic resistance.
In contrast to electrodynamic Lorentz forces, the direction of reluctant forces be-
tween ferromagnetic materials is independent of the field direction. Reluctant forces
are always attractive and try to minimise the air gap. A second magnet is needed
to generate repulsive forces.

The properties of an electromagnetic reluctance actuator can be expanded if, in
addition to the coil excitation, a permanent magnet as a complementary source of
the magnetic field exists. This arrangement is called a bipolar or polarised electro-
magnetic actuator [171]. As magnetic fields and forces are active even without coil
current, powerless clamp forces can be realised. Furthermore, polarised actuators
have a very good force-to-weight ratio and a high energy and force density.

The principle of reluctance is used in reluctant motors, electromagnets (magnetic
clamp, lift, switch, or proportional solenoid), and high power shakers [99] or actu-
ators. Beside the present AVS switch actuator, reluctant actuators, mainly propor-
tional solenoids, have a wide range of automotive applications as an alternative to
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Figure 8.2: Drawing of the electromagnetic actor

expensive servo-hydraulic valves from aerospace engineering [133]. They are used
within direct-shift gearboxes, cam phasing systems, and fuel injection systems.

8.1.2 Non-Reluctance Actuator Classes

Actuators or systems based on the electrodynamic principle utilise the so called
Lorentz force, which acts on current-carrying wires in magnetic fields. Unlike re-
luctant forces, the direction can be attractive or repulsive depending on the field
and current direction. Although the force density of such actuators is smaller, this
principle is widely used for electric motors and generators.

Magnetostriction is the effect of altering the magnetisation of a material that results
in a change of its shape [17, 129]. Magnetostrictive materials can convert magnetic
energy into kinetic energy, or reverse, and are used to build sensors or actuators with
a small operating displacement (e.g. ultrasonic or audio devices). Magnetostriction
is also a source of the electric hum around transformers.

Magnetic shape-memory alloys and magneto-rheological fluids are used within spe-
cial applications such as aeronautics and medical engineering. Please refer to litera-
ture [113, 208] for further information.

8.2 Design and Concept

The actuator used for the Audi valvelift system is a polarised electromagnetic ac-
tuator. To induce the motion of the cam element, the metal pin of this bistable
reluctance actuator is extended.

The functional principle of this actuator is the repulsion force of two magnets that
are magnetised in opposite directions. As painted in Figure 8.2, one of these magnets
is a solenoid consisting of a coil (7) and a ferromagnetic core (8). The second magnet
is a permanent magnet (5) amplified by a pole disk (6) and an armature (4). These
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Figure 8.3: Components of the electromagnetic actor

Table 8.1: Components of the electromagnetic actuator

Pos. Description Material
1 pin steal
2 guide tube steal
3 box steal
4 armature steal
5 permanent magnet steal
6 pole disk steal
7 solenoid coil copper
8 coil core steal
9 connector plastic

three parts are attached to the pin (1) and compose the moving assembly of the
magnetic actuator (see Figure 8.3 and Table 8.2). Due to the permanent magnet,
the metal pin is held at both end stops with a defined magnetic force. Electric
energy is only needed to extend the pin. As the pin is pushed back by the spiral
groove of the cam element, no magnetic forces are supplied that could retard the
pin. Hence, the actuator can be designed as a unidirectional device.

In Figure 8.4(a) the operational sequence of a switching process from the large to
the small cam element is illustrated. Data is recorded at a crankshaft speed of 1000
rpm [192].

Before the switching operation starts, the iron core of the solenoid is magnetised by
the permanent magnet to yield a static magnetic force that holds the pin at its inner
end stop. To start the changeover, a 12V voltage step is applied to the coil (point
1). The inductance L of the coil causes a delay in current rise, and consequently
in the rise of the magnetic field. Hence, the pin reacts with a time delay on the
voltage step and starts to move (point 2) from the inner to the outer end stop (point
3). At point 4 the voltage is shut down and the magnetic field energy induces a
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Figure 8.4: Illustration of switching process and mechanical Model

voltage overshoot. After changing the cam contour, the pin is pushed back by the
contact forces between the tip of the pin and the bottom of the spiral grove. As the
permanent magnet is attached to the moving part of the actuator, the magnetic flux
in the coil changes and induces a voltage signal (point 5). As this signal is used for
monitoring the changeover, induction due to pin motion has to be considered in the
actuator model. A simulation model coupling both physical domains is necessary.

8.3 Physical Model of the Electromagnetic Actuator

Both physical domains—mechanics and electrodynamics including magnetostatics—
are modelled to achieve a dynamic model of this mechatronic component. The
mechanical model is shown in Figure 8.4(b). The motion of the pin is constrained
by the inner and outer end stops as well as by the contact between the spiral groove
and the pin yielding the constrained forces λi, λo and λc. With known magnetic
force F mag, the equations of motion can be derived with the methods described in
Section 2.1. As the pin is built similarly to a pneumatic piston, it has to compress
or eject air. This effect is most notable near the end stops. Therefore, a modified
viscous damping force F damping with quadratic velocity dependence is used.
Calculations of the magnetic forces as well as induction and coupling between me-
chanics and electrodynamics, are presented in the next section.

8.3.1 Electromagnetic Field Theory

This section presents a summary of electrodynamics and field theory [56, 131]. The
basic equations in electrodynamics are a set of partial differential equations postu-
lated by Maxwell [139] that combine electric field quantities (electric field E, electric
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displacement field D) with magnetic field quantities (magnetic field strength or mag-
netising field H , magnetic induction or flux density B):

rot E = −∂ B

∂ t
(Farady’s law) (8.1a)

div D = ρ (Gauss’s law) (8.1b)

rot H = j + ∂ D

∂ t
(Ampere-Maxwell’s law) (8.1c)

div B = 0 (Gauss’s law for magnetism) . (8.1d)

Electric fields are generated by a charge density ρ or electromagnetic induction Ḃ.
The source of magnetic fields are current densities j or displacement currents Ḋ.
The field quantities are linked by the material properties permittivity ε (ε0, εr) and
permeability μ (μ0, μr) [142].

D = ε0εrE
.= εE (8.2a)

B = μ0μrH
.= μH (8.2b)

Together with Maxwell’s equations (8.1), the Lorentz force law Eq. (8.3) forms the
foundation of electrodynamics, optics, and electric circuits. All classic electrody-
namic phenomena can be described by these five equations.

F = q (E + v × B) (Lorentz force law) (8.3)

There are only slowly varying processes within the actuator compared to electro-
magnetic wave propagation. Furthermore, the conduction current j overbalances
the displacement current ∂ D

∂ t
[120]. In addition, the capacitance of the system

is very small, which means that the energy stored in the electric field of the coil
is negligible against the magnetic field. Hence, the displacement current ∂ D

∂ t
in

Ampere-Maxwell’s law (Eq. (8.1c)) is set to zero [128]:

rot H = j . (8.4)

This assumption means not that all fields are regarded as static. Time dependence
persists by Faraday’s law of induction (Eq. (8.1a)) and current density j = j(t)
which is a function of time.
Integration of Eq. (8.1a) over area A yields the electromotive force or voltage of
induction due to a changing magnetic induction:

Uind = − d
d t

∫
B dA . (8.5)

Magnetic Vector Potential

In many cases problems can be solved more easily if electrodynamic potentials are
used instead of the field quantities. The magnetic induction B is a solenoidal or
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divergence free vector field (Eq. (8.1d)) implying that the B field can be written as
the curl of a vector potential A [13]:

B = rot A . (8.6)

As the curl of an arbitrary gradient field vanishes (rot grad Ψ = 0 ∀Ψ = Ψ (r)) [27],
grad Ψ can be added to the vector potential A without having any effect on rot A.
To ensure uniqueness, an additional gauge condition has to be stated. In this work
the Coulomb gauge is used:

div A = 0 . (8.7)

Combining the simplified Ampere-Maxwell law (Eq. (8.4)) with the definition of
permeability (Eq. (8.2b)) and the Coulomb gauge (Eq. (8.7)) yields the Poisson
equation:

ΔA = −μj . (8.8)

In cylindrical coordinates the Poisson equation for the vector potential A = (Ar Aϕ Az)
is written as:

Δ Ar − 2
r2

∂ Aϕ

∂ ϕ
− Ar

r2 = −μjr (8.9a)

Δ Aϕ + 2
r2

∂ Ar

∂ ϕ
− Aϕ

r2 = −μjϕ (8.9b)

Δ Az = −μjz (8.9c)

with the Laplace operator in cylindrical coordinates:

Δ = 1
r

∂

∂ r
r

∂

∂ r
+ 1

r2
∂2

∂ ϕ2 + ∂2

∂ z2 .

Boundary Conditions

At the interface between two media with different permeabilities μ1 and μ2, the
fields B and H must fulfil additional restraints, called boundary conditions, which
result from applying Stokes’ and Gauss’ theorem to the magnetic part of Maxwell’s
equations (Eq. (8.1d) and (8.4)) [56]:

Bn2 = Bn1 (8.10)
(H2 − H1) × n = K . (8.11)

First, the magnetic induction Bn in normal direction n is continuous. Second, the
tangential components of H are continuous across the interface for a current free
surface. It otherwise changes discontinuously by an amount given by the surface
current density K (current per length).
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Figure 8.5: The homogeneous magnetisation of a cylindrical permanent magnet is equiv-
alent to an azimuthal surface density

Permanent Magnetic Fields

Consider a homogeneous magnetic field from a cylindrical permanent magnet with
radius R, height h, and magnetisation M 1 in z direction (Figure 8.5).

According to Eq. (8.4), it is possible to introduce a magnetisation current jM that
is equivalent to the magnetisation field strength M :

rot M = jM . (8.12)

For rotational symmetry and magnetisation M = (0 0 Mz) in z direction, the
magnetisation current has only an azimuthal component jM,ϕ:

rot M =

⎛
⎜⎝

0
−∂ Mz

∂ r

0

⎞
⎟⎠ =

⎛
⎜⎝ 0

jM,ϕ

0

⎞
⎟⎠ . (8.13)

The magnetisation is given by Mz = M1 inside the cylinder and by Mz = 0 outside
the cylinder. According to Eq. 8.10, this discontinuous shift is equal to the surface
current density KM,ϕ, which is proportional to a hypothetical current I:

KM,ϕ(r,z) =

⎧⎨
⎩M1 = I

h
if r = R and |z| ≤ h

2
0 else .

(8.14)

With the hypothetical current density, the electromagnet and permanent magnet
can be described in the same way. Hence, the equations derived in this section are
valid for both types of magnets.

Magnetic Force

Two different methods can be used to calculate the magnetic force: the Maxwell
stress tensor and the Lorentz force law.
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integration
area

integration
area

Figure 8.6: Magnetic induction and integration area of Maxwell stress tensor (left) and
Lorentz force law (right)

Maxwell Stress Tensor
First, the common magnetic induction B of two magnets is calculated by superposi-
tion. Then, the magnetic force can be calculated by integrating the Maxwell stress
tensor [54, 126] along a closed surface around one of the magnets (see left part of
Figure 8.6). The magnetic force density f is given by Eq. (8.15):

f = (j + rot M) × B = div T M . (8.15)

The tensor

T M =
1
μ0

B ⊗ B

is known as the magnetic part of the Maxwell stress tensor. Making use of Gauss’s
divergence theorem the volume integral (volume Ω with surface area ∂Ω) is written
as surface integral. The magnetic force F M is given by:

F M =
∫
Ω

div T M dV =
∮

∂Ω

nT M dA =
∮

∂Ω

1
2μ0

(
2(Bn)B − B2n

)
dA . (8.16)

Lorentz Force Law
If all electric currents—even the hypothetical ones, which are caused by the mag-
netisation of materials—are known, the magnetic force can also be calculated by the
Lorentz force law (Eq. (8.17)) [127].

F M =
∫

KM × B dA (8.17)

B is the magnetic induction of the first magnet, whereas KM is the surface current
density of the second magnet. The magnetic force results from the Lorentz force
on moving charges of the second magnet caused by the magnetic field of the first
magnet. To get the force by integration (right part of Figure 8.6), only the magnetic
induction B of the first magnet has to be evaluated on the lateral surface of the
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Figure 8.7: Boundary conditions field equations

second magnet. As the vector potential of the first magnet has to be evaluated only
on a few points, this method is numerically much cheaper than the Maxwell stress
tensor method.

8.3.2 Magnetic Field of Actuator

The task is to calculate the vector potential of the magnetic fields for a given electric
current under consideration of certain boundary and symmetry conditions. The
boundary conditions for the permanent magnet of the actuator are given in Eq. (8.18)
and illustrated in Figure 8.7. Analogue conditions are valid for the electromagnet.

Hz,2 − Hz,1 = −KM,ϕ boundary conditions at r = ri

Br,2 − Br,1 = 0
Hz,3 − Hz,2 = KM,ϕ boundary conditions at r = ro,c

Br,3 − Br,2 = 0
Hz,4 − Hz,3 = 0 boundary conditions at r = Ri

Br,4 − Br,3 = 0
Hz,5 − Hz,4 = 0 boundary conditions at r = Ro

Br,5 − Br,4 = 0 (8.18)

Fields with Rotational Symmetry

The rotational symmetry of the actuator results in ∂
∂ ϕ

= 0, Bϕ = 0, jr = 0, while
jz = 0. jϕ is the only component of the current density that does not vanish [115].
Consequently, the vector potential A only consists of the azimuthal component
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Aϕ(r,z). The magnetic induction B (Eq. (8.6)) reduces to:

B =
(
−∂ Aϕ

∂ z
0 1

r
∂

∂ r
(rAϕ)

)T
. (8.19)

The rotational symmetry reduces the Poisson equation (8.9) to:

1
r

∂

∂ r
r

∂

∂ r
Aϕ(r,z) +

∂2 Aϕ(r,z)
∂ z2 − Aϕ(r,z)

r2 = μjϕ(r,z) . (8.20)

The space with electric current is split into a current free space and the necessary
boundary conditions containing the surface current density. Hence, the homogeneous
part of Eq. (8.20) is solved by separating the variables:

Aϕ(r,z) = R(r)Z(r) . (8.21)

The partial differential equation is split into two ordinary differential equations by
this ansatz. With separation of eigenvalue k, the ordinary differential equation for
Z(z) is written as:

∂2 Z(z)
∂ z2 = −k2Z(z), k ∈ R

+
0 (8.22)

with solution

Z(z) = A1(k) cos(kz) + A2(k) sin(kz) . (8.23)

The ordinary differential equation for R(r) becomes the modified Bessel’s differential
equation of first order:

1
r

∂

∂ r
r

∂

∂ r
R(r) −

(
k2 + 1

r2

)
R(r) = 0 . (8.24)

The solution of the modified Bessel’s differential equation can be expressed by a
linear combination of the modified Bessel function of first I1(kr) and second kind
K1(kr) of first order [27]:

R(r) = C̃1(k)I1(kr) + C̃2(k)K1(kr) . (8.25)

The solution for the azimuthal component of the vector potential Aϕ gets

Aϕ(r,z) =
∞∫

0

(A1(k) cos(kz) + A2(k) sin(kz))
(
C̃1(k)I1(kr) + C̃2(k)K1(kr)

)
dk .

(8.26)

Because of the symmetry equation for the surface current density:

KM,ϕ(z) = KM,ϕ(−z) , (8.27)
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and the rotational symmetry of the actuator, terms containing sin(kz) are set to
zero. Furthermore, the limits of the modified Bessel functions are divergent:

lim
x→∞

I1(x) = ∞ (8.28)

lim
x→0

K1(x) = ∞ . (8.29)

Hence, the integration constants C̃i coming along with I1(kr) must vanish in the
most outer region and with K1(kr) in the most inner region. To solve the boundary
value problem (Eqs. (8.18) and (8.20)), the ansatz below is used.

A(1)
ϕ (r,z) =

∞∫
0

C1(k)I1(kr) cos(kz) dk r ≤ ri

A(2)
ϕ (r,z) =

∞∫
0

(C2(k)I1(kr) + C3(k)K1(kr)) cos(kz) dk ri < r ≤ ro

A(3)
ϕ (r,z) =

∞∫
0

(C4(k)I1(kr) + C5(k)K1(kr)) cos(kz) dk ro < r ≤ R1

A(4)
ϕ (r,z) =

∞∫
0

(C6(k)I1(kr) + C7(k)K1(kr)) cos(kz) dk Ri < r ≤ Ro

A(5)
ϕ (r,z) =

∞∫
0

C8(k)K1(kr) cos(kz) dk r > Ro

(8.30)

This ansatz contains eight unknown integration constants Ci(k) i = 1...8, which
have to be calculated by the corresponding boundary conditions at the three lateral
surfaces. The boundary conditions of Eq. (8.18) yield:

Hz,2 − Hz,1 = 1
μ0

(
1
r

∂

∂ r
rA(2)

ϕ (r,z) − 1
r

∂

∂ r
rA(1)

ϕ (r,z)
)∣∣∣∣∣

r=ri

= −KM,ϕ

Br,2 − Br,1 = −
∂ A(2)

ϕ (ri,z)
∂ z

+
∂ A(1)

ϕ (ri,z)
∂ z

= 0

Hz,3 − Hz,2 = 1
μ0

(
1
r

∂

∂ r
rA(3)

ϕ (r,z) − 1
r

∂

∂ r
rA(2)

ϕ (r,z)
)∣∣∣∣∣

r=ro

= −KM,ϕ

Br,3 − Br,2 = −
∂ A(3)

ϕ (ro,z)
∂ z

+
∂ A(2)

ϕ (ro,z)
∂ z

= 0

Hz,4 − Hz,3 =
1

μ0μr

1
r

∂

∂ r
rA(4)

ϕ (r,z)
∣∣∣∣∣
r=Ri

− 1
μ0

1
r

∂

∂ r
rA(3)

ϕ (r,z)
∣∣∣∣∣
r=Ri

= 0

Br,4 − Br,3 = −
∂ A(4)

ϕ (Ri,z)
∂ z

+
∂ A(3)

ϕ (Ri,z)
∂ z

= 0

Hz,5 − Hz,4 =
1

μ0μr

1
r

∂

∂ r
rA(5)

ϕ (r,z)
∣∣∣∣∣
r=Ro

− 1
μ0

1
r

∂

∂ r
rA(4)

ϕ (r,z)
∣∣∣∣∣
r=Ro

= 0
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Br,5 − Br,4 = −
∂ A(5)

ϕ (Ro,z)
∂ z

+
∂ A(4)

ϕ (Ro,z)
∂ z

= 0 .

(8.31)

To evaluate Eq. (8.31), the recurrence relations and properties of Bessel’s functions
stated below are used [2].

d
d x

(xI1(x)) = xI0(x) (8.32)

d
d x

(xK1(x)) = −xK0(x) (8.33)

I0(x)K1(x) + K0(x)I1(x) = 1
x

(8.34)

Furthermore, the surface current density at r = ro is analysed by Fourier expan-
sion:

KM,ϕ(z) = M1 rect
(

z

h1

)
= M1

⎛
⎝ ∞∫

0

2
sin(h1

2 k)
πk

cos(kz)dk − h1

2π

⎞
⎠

≈ M1

∞∫
0

2
sin(h1

2 k)
πk

cos(kz)dk (8.35)

rect(x) =

⎧⎪⎪⎨
⎪⎪⎩

0 if |x| > 1
2

1
2 if |x| = 1

2
1 if |x| < 1

2

. (8.36)

Substituting the vector potential A(i)
ϕ in Eq. (8.31) with Eq. (8.30) under considera-

tion of Eqs. (8.32) to (8.34), and equating coefficients with the Fourier synthesised
surface current density (Eq. (8.35)), the boundary conditions result in a system of
linear equations for Ci(k):

C2(k)I0(kri) − C3(k)K0(kri) − C1(k)I0(kri) = −2μ0M1
sin(h1

2 k)
πk2

C2(k)I1(kri) + C3(k)K1(kri) − C1(k)I1(kri) = 0

C4(k)I0(kro) − C5(k)K0(kro) − C2(k)I0(kro) + C3(k)K0(kro) = 2μ0M1
sin(h1

2 k)
πk2

C4(k)I1(kro) + C5(k)K1(kro) − C2(k)I1(kro) − C3(k)K1(kro) = 0
C6(k)I0(kRi) − C7(k)K0(kRi) − μrC4(k)I0(kRi) + μrC5(k)K0(kRi) = 0
C6(k)I1(kRi) + C7(k)K1(kRi) − C4(k)I1(kRi) − C5(k)K1(kRi) = 0
− μrC8(k)K0(kRo) − C6(k)I0(kRo) + C7(k)K0(kRo) = 0
C8(k)K1(kRo) − C6(k)I1(kRo) − C7(k)K1(kRo) = 0 .

(8.37)

The solution for the unknown integration constants Ci(k) is unique. The equations
above describe the magnetic induction of the permanent magnet with boundary
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Figure 8.8: Magnetic field of the electromagnet in a radial box

conditions according to Figure 8.7(a).
The magnetic induction of the electromagnet can be obtained analogously or by
calculating the limit of B for ri → 0. The normalised magnetic induction B of the
electromagnet is shown in Figure 8.8.

In Lang [127] a similar system is solved with an alternative method using complete
elliptic integrals. Using Fourier transformation, the equivalence of both methods
can be proved.

To model an axial ferromagnetic box, the reflecting method [180] is used. A reflection
of the magnetic field without an axial box is calculated and positioned with the same
distance to the axial box, but opposite sign. The superposition of the original field
with the reflection field yields the magnetic induction of the magnet with an axial
box as an additional boundary condition. In Figure 8.9 the magnetic induction of
the permanent magnet is plotted without an axial box (left) and with upper and
lower axial boxes (right).

The field lines with constant magnetic induction B are bent towards the radial and
axial boxes. Due to the high permeability μ of the boxes, the field lines hit them
almost perpendicularly. At the outer radius of the radial box the magnetic induction
almost vanishes.
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Figure 8.9: Field lines of the permanent magnet in a radial box

8.3.3 Electrodynamics

In the previous section the magnetic induction B of the coil has been derived as
a function of the current I. To calculate the electrodynamic current, the electric
circuit shown in Figure 8.10 is used. It comprises the interior resistance Ri, the coil
resistance RL, the inductance L of the coil, and the shut down resistance Re.

Re

RL

LU (t)L

U (t)RL

U (t)Ri

I (t)
Ri

U (t)signal
U0

on

off

Figure 8.10: Electric circuit

Kirchhoff’s circuit laws [36]

Usignal = URL
+ UL

I = IRi
= IRL

= IL

U = URi
+ URL

+ UL with U =

⎧⎨
⎩U0 switch on

0 switch off
(8.38)
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electrodynamic
system

mechanical
system

L İ = Uind +
∑

Ui
m z̈ = Fmag +

∑
Fi

I B Fmag

z, żUind Ḃ

Figure 8.11: Coupling of mechanical and electrodynamic systems

in combination with the relations for the electronic components, coil voltage, and
resistance voltage

UR = RI , (8.39)

UL = L
d I

d t
(8.40)

are used to describe the electrodynamics of the system in terms of an ordinary
differential equation for the current I.

8.3.4 Coupling Mechanical and Electrodynamic Systems

The permanent magnet is attached to the pin. Hence, the motion of the pin causes
a change in the magnetic flux fed by the permanent magnet at the coil. As seen in
Figure 8.4(a), this motion results in an inductive voltage. To take this effect into
account, Eq. (8.40) is expanded starting with Faraday’s law (Eq. (8.5)):

Uind = − d
d t

∫
B dA = −

∫
∂ Bcoil

∂ t
dA −

∫
∂ Bext.

∂ z
ż dA

= L
d I

d t
− ∂ Φext.

∂ z
ż . (8.41)

The magnetic induction Bcoil is proportional to the current I. Hence, the first term
in Eq. (8.41) describes the self-inductance of the coil. The second term represents
the induction due to a changing external field Bext.. For the actuator, Bext. is fed
by the permanent magnet and changes with its motion.

The coupling of both physical domains, mechanics and electrodynamics, via the
magnetic induction is shown in Figure 8.11. The effect of coupling both differential
equations on the electric system is that the pin motion generates an additional
induction voltage. The consequence for the mechanical system is that the pin motion
is dampened by induced eddy currents.

The time profile of the voltage Usignal at the clamps is plotted in Figure 8.12. The
effect of induction due to the pin motion on Usignal is small during extending the pin.
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Figure 8.12: Induced voltage due to shut down and pin motion: simulation and
measurement

Table 8.2: Static magnetic forces

pin position 0 V 8 V 12 V
z= 0 mm (pin in) simulation -11.6 N 0.5 N 6.5 N

measurement -11.6 N 2.4 N 7.2 N

z= 4 mm (pin out) simulation 13.8 N 15.2 N 15.9 N
measurement 13.8 N 15.1 N 15.4 N

At t ≈ 130ms the induction peak due to retracting the pin is quite visible as the
circuit is open at this time.

8.4 Results

To verify the derived simulation model and identify unknown parameters (e.g. per-
meability of the boxes, magnetisation of the permanent magnet and internal resis-
tances), the simulation results are compared to experimental data.
To identify and adjust the simulation parameters, the static common magnetic forces
at both end stops are measured first. The experimental data and simulation results
for different, constantly connected load voltages are presented in Table 8.2. Except
for the values at z = 0 and 8V input all deviations are smaller than 1N.

Next, voltage steps of 8V and 12V are applied and the position of the pin and voltage
U at the clamps are measured (for test rig setup compare Figure 8.15(b)). The right
parts of Figures 8.13 and Figure 8.14 present the measured pin position zpin and
voltage U , as well as the simulated pin position and current I. There is very good
correlation between the pin motion in simulation and experiment for 12V,. For 8V,
the reaction or dead time is about 2ms longer in the simulation than experimental
data, whereas the flight time corresponds well. This is partly due to the fact that
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Figure 8.13: Supply voltage: 12V
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Figure 8.14: Supply voltage: 8V

the common magnetic force of the simulation model is slightly too small for zpin = 0
(Table 8.2) and partly due to the nature of the magnetic force, which rises very slow
at 8V (Figure 8.14(a)).

In Figure 8.13(a) and Figure 8.14(a) the magnetic forces are plotted during the
extending process of the magnetic actuator. The magnetic force Fperm. due to the
permanent magnet is a function of the distance between the two magnets. At both
end stops the permanent magnet sticks to the axial ferromagnetic boxes. Fcoil is the
contribution of the solenoid. It is a function of the distance between both magnets
and the electric current passing through the coil. At the beginning Fcoil is rising,
because of the increasing current. At the end, the current is almost constant and
Fcoil is decreasing with the distance becoming higher. The actual active force on the
moving parts Fsum is the sum of Fperm. and Fcoil.

At the beginning of the changeover at t = 10ms, an 8V and 12V step are applied
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Figure 8.15: Shifting times

respectively. The pin does not react directly on the step. This so-called dead time is
caused by the iron core that is magnetised by the permanent magnet. The electro-
magnetic force Fcoil of the coil has to overcome the magnetic force of the permanent
magnet Fperm. before the moving assembly starts to accelerate. Comparing the zero-
crossing of the active force Fsum for 8V and 12V, the slope for 8V is very small. As
a consequence, the dead time is very sensitive to force errors for low voltages.

In Figure 8.15(a) the flight time from the inner to outer end stop is plotted as a
function of the applied voltage. For 12V the error between measured and simulated
switching time is approximately 2.5 %. For lower voltages the error rises due to
reasons mentioned previously. The critical voltage at which the pin does not move
is reproduced accurately in the simulation to 0.3V.



9 Valve Springs

9.1 General Introduction to Valve Springs

The valve spring is one of the most important parts of the valve train regarding
dynamic behaviour, friction, and operational reliability. A failure or fracture of
this part may result in a total loss of the engine. Considering the dynamics, the
valve spring is the component with the lowest natural frequency in the motor and
therefore plays a crucial role in the overall dynamics of the valve train.

9.1.1 Characteristics of Valve Springs

The purpose of the valve spring is to store energy and maintain the contact between
components in the valve train so that the valve motion will follow the cam profile.
The valve spring keeps the valve tightly closed against its seat until the cam opens
the valve and contracts the spring. At the maximum valve lift, the kinetic energy
of the valve is stored in the valve spring and is used to retract the valve into its
seat. The spring force must be high enough to close the valve reliably and prevent
the valve from bouncing off the seating due to surge modes after it has been closed.
Conversely, the spring forces affect the friction level in the engine and therefore fuel
consumption. For this reason the spring force should be kept as low as possible.

cylindrical
symmetrical

cylindrical
asymmetrical

conical beehive

Figure 9.1: Winding shapes of valve springs

Different types of valve springs are used to generate the spring force. Helical coil
springs with different winding shapes are usually used [14]. Other types of springs
used especially in the early days of engine design are hairpin, leaf, and torsion bar
springs [18,110]. Due to the limited space in the cylinder head of modern multi-valve

86
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engines, these types of springs are not commonly used. Another interesting approach
are pneumatic valve springs, for example, in high-speed Formula One racing engines.
Pneumatic valve springs enable high rotational speeds of up to 20,000 rpm due to
their progressive characteristic and the reduced number of moving parts [182].

Some typical winding shapes of coil springs are shown in Figure 9.1. Nearly with-
out exception valve springs of current engines have a progressive behaviour. This
behaviour is mainly caused by a non-constant pitch between adjacent coils. The
coils with a lower pitch come into contact earlier than coils with a higher pitch. The
active part of the spring is reduced resulting in increasing total spring stiffness with
increasing compression of the spring. The characteristic becomes progressive and
resonant frequencies rise (Figure 9.2).

An operating point near the natural frequency can result in excessive vibrations
and forces. This phenomenon is called surging and has a negative effect on the
durability of springs and causes valves to bounce off their seating after they have
closed. Moreover, if the forces are great enough, adjacent coils may clash. Springs
with asymmetric shapes are less prone to surging because of lower moving masses
and geometrical reasons [101].
For further reduction of the moving mass, conical valve springs are used. Conical
springs have advantages that the moving mass of the spring itself is reduced, smaller
spring fixings and collars are possible, and the solid length is marginally shorter.
A drawback is the less progressive characteristics compared to cylindrical springs.
Beehive springs are a combination of cylindrical and conical springs. The moving
mass is reduced by the conical part and the progressive characteristic is provided by
the cylindrical part.

The cross section of a valve spring wire is not restricted to a circular shape. Some
typical cross sections are shown in Figure 9.3. Elliptical cross sections allow a
reduction of the overall height. Multi-arc profiles (MA) are generated from several
circular segments with differing radii and centre points. Compared to elliptical cross
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sections, MA profiles display better stress distribution and allow better utilisation
of the material. For example, Muhr [149] uses MA profiles in combination with
beehive winding shapes to reduce the spring forces in a valve train by 13%.

9.1.2 Impact on Fuel Consumption

Although there is a public demand for cars with lower specific fuel consumption,
additional costs are only accepted on a small scale. Manufacturing costs of valve
springs are comparatively low and therefore valve springs provide an economical
starting point for the reduction of fuel consumption.
In the lower rpm range in combustion engines approximately 30% of the friction
losses are caused by the valve train. Under full load conditions, this contribution
reduces to 8% and in return the friction at the pistons and crankshaft becomes dom-
inant [184]. Since vehicles are mostly operated under partial load, fuel consumption
can be reduced significantly by reducing the spring forces in valve trains. In Speck-

ens [184] an example is given for improvement of the fatigue limit by 7% that results
in a 400 rpm higher limit for the valve train. If the engine is operated at the same
rpm range, this improvement can be used to reduce the spring force to result in a
consumption advantage of 0.3%.

All measures to reduce the spring force contribute to an optimisation of engine
efficiency. In general, these measures aim to reduce moving masses or improve
material utilisation. Some possibilities are listed below:

• beehive valve spring

• elliptical cross section

• multi-arc cross sections

• high tensile steel

• lightweight construction material (e.g. titan [150])

Besides friction, valve springs also affect fuel consumption by their influence on the
valve lift. To achieve an optimal gas exchange and minimise flow losses, the periods
for opening and closing the valves, especially for opening the exhaust valve, should
be minimal. Regarding this, a rectangular valve lift would be desirable. As a square
wave contains infinite odd harmonics, the bandwidth of the excitation is very large.
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Hence, the dynamic behaviour and natural vibrations of valve springs become more
and more important if the valve trajectory draws near to a rectangular shape.

9.1.3 Literature Survey

As a very important and widespread machine part, coil springs have been the focus
of research since the beginning of the 20th century. First relevant works concerning
stiffness and stress distribution in spring wires were done by Göhner and go back
to the 1930s [78–80]. A summary of the works concerning stress distribution of non-
circular cross sections is given by Niepage [154] and an overall summary of metal
springs is given by Meissner and Schorcht [140].

The dynamics of coil springs were first studied using a one dimensional wave equation
(e.g. Hußmann [8] or Pischinger [166]). A brief overview is provided by Speck-

ens [184]. Under the assumption of small rotations, Wittrick [203] derived six
coupled partial differential equations to describe the dynamics of coil springs. Mot-

tershead [146] presented a finite element based on the partial differential equations
and derived an extension for large deflections [147]. Phillips and Costello [162]
presented a solution of the linearised equations. Nagaya et al. [151] analysed the
free vibration of coil springs with arbitrary shape.
Using static or natural frequency analyses, all of the above-mentioned investigators
showed that the set of six partial differential equations, which are also the topic of
this work, provide an accurate way of modelling coil springs without coil contacts.
Results from Lee [130] indicate that by modelling the spring as a curved beam
and by considering motion in all directions, higher frequencies are more accurately
modelled.

To get time-resolved results for arbitrary excitations, there are two possibilities: tran-
sient FEM analyses or considering the spring as a flexible body within a multi-body
system. In the works of Häufle [94] and Säger [174], detailed 3D FEM models
of coil springs are used. As this approach requires a lot of computational time, it is
not practical for investigating springs in valve train multi-body simulations. Mainly
three dynamic spring-models are used within the context of multi-body simulations:
modal model, multi-mass model and multi-beam model.

Modal Model

The motion of a flexible body can be described by superimposing its different eigen-
modes. The eigenmodes are weighted with time-dependent functions. In most cases,
it is sufficient to consider the first few eigenmodes because the most energy is con-
tained in these modes. The main advantage of this spring model is that the number
of degrees of freedom is small and therefore the computational time is relatively
short. A modal-reduced model was used by Philips et. al. [163] in valve train simu-
lations. The serious disadvantage, however, is that no contact modelling is possible.
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For that reason this model does not have enough potential for detailed simulations;
for example it is not possible to map progressive characteristics.

Multi-Mass Model

The multi-mass model is most commonly used in valve train simulations. The valve
spring is modelled by a series of masses, coupled with spring-damper-elements. More
precisely, each coil is split into 4 to 8 masses. The stiffness of the spring can be cal-
culated from a static experiment. The individual stiffness of each connecting spring
can be calculated from the overall stiffness.
Advantages of the multi-mass model are that progressive behaviour can be modelled
and coil interactions are possible. On the other hand, the model has two meaningful
drawbacks: the amount of degrees of freedom is high and the equations of motion
will mostly become numerically stiff, potentially resulting in a higher computational
effort.
Bakaj [12] used a multi-mass model without contacts between the coils. A non-
linear multi-mass model with progressive characteristic was presented by Roß [172]
and Speckens [184]. Non-smooth contacts between coils were added by Engel-

hardt [50]. Multi-mass models are also available in commercial multi-body simula-
tion environments (e.g. FEV Virtual Engine (former MSC ADAMS / Engine) [155])
and are used for industrial applications [52].
An extended multi-mass model was presented by Wittkopp [202]. He considered
the coil spring as an unwound torsion rod, which is discretised using rotational force
elements. Lateral motion is possible with this parametrisation as the rotation of the
cross section and translation in spring direction are uncoupled.

Multi-Beam Model

Straight or curved beams are used to approximate the spring wire in the multi-
beam model. If straight beams are applied, a large amount of beams is needed
to approximate the curvature of the spring wire. Tichanek et al. [189] used 24
elements per coil for a valve spring model within a valve train simulation. This
results in a significantly higher computational effort compared to the multi-mass
model.
Dreyer [43] developed a valve spring model based on a finite element for a curved
beam with 12 degrees of freedom. Experimental analyses were performed by fixing
strain gauges to a valve spring to assure the results of the simulation, [71].

9.1.4 Objectives and Structure

For modelling valve springs, the substantial difference between the dynamic response
of the spring and the static response has to be taken into account. The internal dy-
namics of the spring, such as moving masses of the coils and contacts between the
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windings, must be considered. Consequently, sophisticated valve spring models con-
sidering the internal dynamics are needed for the design and optimization of modern
valve trains. This is important as in the future components such as valve springs
will also need to be fully optimised in order to reduce fuel consumption.
In this thesis a new valve spring model for efficient multi-body simulations of valve
trains is presented. The approach is to approximate the spring wire as a curved
beam and derive the equations starting with the basic equations of continuum me-
chanics. The resulting system of six coupled partial differential equations is reduced
to one hyperbolic partial differential equation to utilise the model for multi-body
simulations. The interactions between windings are included using the Augmented
Lagrangian method and non-smooth contact mechanics.
Compared to a multi-mass-model approach, the presented method allows the de-
grees of freedom and the stiffness of the resulting differential equations to be reduced.
Therefore, the computational effort can be reduced along with slightly increased ac-
curacy. The model is validated in the frequency and time domain with experimental
data using a test rig.

9.2 Continuum Mechanics

In this section the theoretical background and methods to derive the governing equa-
tions for a coil spring are provided. For a more detailed presentation see [9,16,104].
First, the fundamental concepts and principles of continuum mechanics are pre-
sented. Continuum mechanics study the response of materials to different loading
conditions. Starting with the kinematics of a continuum, strain as a measure to
describe deformations is introduced. Using material-dependent constitutive equa-
tions, the strain is related to stress, resultant forces, and momentums. Applying
balance laws and equilibrium equations such as the principles of linear and angular
momentum yields the equation of motion as partial differential equations (PDE). To
solve such equations numerically, the PDEs must be discretised. For this purpose
the Finite Element Method (FEM) is used to yield ordinary differential equations
that can be integrated easily in a common multi-body system approach.

9.2.1 Kinematics and Strain

A particle or material point within the context of continuum mechanics means an
infinite volume of material inside a body or object.
Let us suppose that an undeformed body at certain time t = t0 occupies a certain re-
gion Ω0 of physical space. The position of a particle in the undeformed configuration
can be described by its position vector a. As the position in the undeformed state
is unique for each particle, a is often used to label or reference a certain material
point and is often known as the material coordinate.
The new shape of the deformed body at time t is denoted by Ωt. The vector
x = x(a,t) references the position of a single particle a in the deformed body, while
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x(a,t) describes the path line or trajectory of the particle and is also known as
the spatial coordinate or deformation. The displacement u and the deformation
gradient tensor F are defined as:

u(a,t) = x(a,t) − a (9.1)

F = ∇ax = ∂ x

∂ a
. (9.2)

One of the basic tasks of continuum mechanics is to describe the strain within
material objects. As the deformation gradient involves rigid body motion, F is not
suitable for this purpose. By elimination of rotations and rigid body motion, the
Green-Lagrangian or Eulerian-Almansi strain tensors are defined (see Figure 9.4).

Lagrangian and Eulerian Description

When a continuum is in motion, quantities associated with specific particles change
with time. These changes can be described by two different perspectives.

Within the Lagrangian description, which is normally used in solid mechanics, the
position and physical properties of the particles are described in terms of the material
coordinate a and time. An observer is focused on the trajectory of a single particle.
Physical properties are expressed as functions of a and time t. The material or
substantial derivative of any property f is simply the partial derivative with respect
to time (Eq. (9.3)) and a is held constant.

Df

Dt
= ḟ =

∂ f(a,t)
∂ t

(9.3)

The Eulerian or spatial description focuses on the current configuration, giving at-
tention to what is occurring at a fixed point in space. This approach is conveniently
applied in fluid dynamics as flow lines are of more interest than trajectories of all
particles. Physical properties are expressed as a function of x and time t. To obtain
the material or substantial derivative of any property f , the chain rule has to be
used. This yields the local and convective rate of change:

Df(x,t)
Dt

= ∂ f

∂ t
+ v · ∇xf with v = ∂ x

∂ t
. (9.4)

9.2.2 Kinetics and Equations of Motion

The subjects of this section are kinetic quantities such as forces, momentums, and
stresses. Stress is a result of external loads applied to the surface or volume of a
deformable continuum. The correlation between deformation (in terms of stress)
and loads (in terms of strain) is given by constitutive equations.
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Figure 9.4: Lagrangian and Eulerian description: Overview

With the mass density ρ, the body force density k, and the surface force vector per
unit area t, body and surface forces are defined by Eq. (9.5):

df 1 = ρ · k · dV volume force
df 2 = t · dA surface force . (9.5)

According to Cauchy, the stress at any point P and any tangent planes containing
P is completely defined by nine components of a second-order tensor known as
stress tensor. For the Eulerian description the stress components are related to the
area in the deformed configuration. The corresponding stress tensor T is called the
Cauchy stress tensor. It is used for stress analyses with small deformations. For
large deformations other measures such as the first and second Piola-Kirchhoff or
Kirchhoff stress tensors are required, which are related to the area of the reference
configuration.

To relate forces and stresses to the motion of the continuous body the equations of
motion must be derived. The basic postulate is that each particle of the continuum
must satisfy Newton’s law of motion. Starting with the principle of linear momentum
for one particle and integrating it over the body volume Ω with corresponding surface
∂Ω and normal n yields:

d
d t

∫
Ωt

ρvdV =
∫
Ωt

ρkdΩ +
∫

∂Ωt

n · T dA . (9.6)

Figure 9.4 gives an overview of the continuum mechanical quantities of this section.
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9.2.3 Linear Theory

For small displacement gradients ∇u << 1, which do not necessarily mean that the
displacements u are small, geometric linear theory may be applied and the difference
between Lagrangian and Eulerian description vanishes.

ε = 1
2
(
∇auT + ∇au

)
(9.7)

Geometric linear problems are generally solved with the linear strain tensor ε as
defined in Eq. (9.7) and the Cauchy stress tensor T = σ. The constitutive law used
in this work is Hooke’s generalised law (Eq. (9.8)) with Young’s modulus E and
lateral contraction coefficient μ.

σtt =
E

1 + μ

(
εtt +

μ

1 − 2μ
(εtt + εnn + εbb)

)

σnn = E

1 + μ

(
εnn + μ

1 − 2μ
(εtt + εnn + εbb)

)

σbb = E

1 + μ

(
εbb + μ

1 − 2μ
(εtt + εnn + εbb)

)

τtn =
E

(1 + μ)
εtn

τtb =
E

(1 + μ)
εtb

τnb = E

(1 + μ)
εnb (9.8)

Constitutive equations for different materials can be found in literature for general
non-linear cases [9, 11, 194].

9.3 Governing Equations of the Coil Spring

In this section the partial differential equations of motion for a mass carrying coil
spring is derived. In a first step the coil spring is approximated as a curved beam.
In accordance with regular beam theory, the overall displacement is composed of
displacement of the centre line, rotation of cross sections, and warping. Based on
this, the strain measurements of an arbitrary point of the wire can be determined.
The stress in the spring coil is calculated as a function of the strain using Hooke’s
linear constitutive law. Six coupled partial differential equations are derived by
applying the principles of linear and angular momentum. To make the model more
comfortable to use within multi-body simulation, these six equations are reduced to
a one-dimensional wave equation at the end of this section.
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9.3.1 Kinematic Equations

From a geometrical point of view, a coil spring can be described by a cross section
extruded along a smooth space curve (=centre line) that is wound about a central
axis. The cross section is assumed to be elliptical and constant. As a consequence,
the geometry of the coil spring can be defined by a helical centre line rCL of the
winding and the semi-axis a, b of the elliptical cross section (see Figure 9.5).

The centre line can be parametrised in cylindrical coordinates (R,ϕ,z) by the angle
ϕ:

rCL(ϕ) =

⎛
⎜⎝

R(ϕ) cos ϕ
R(ϕ) sin ϕ

h(ϕ)
2π

ϕ

⎞
⎟⎠ =

⎛
⎜⎝ x

y
z

⎞
⎟⎠ . (9.9)

R is the radius of the coil curve after projection onto the xy-plane and h is a
quantity describing the pitch of the curve. For constant R and h, h denotes the
distance between two coils. For valve springs the pitch and radius are not constant,
but a function of ϕ.

Frenet-Serret Frame

Instead of a regular Cartesian coordinate system, tangent, normal and binormal
are used as an orthonormal basis for a new reference frame at each point on the
curve. Such a frame is called a Frenet-Serret frame. To calculate the basis of the
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Frenet-Serret frame the curve is parametrised by its arc length s instead of ϕ.

s(ϕ) =
ϕ∫

ϕ0

∥∥∥∥∥d rCL(ξ)
d ξ

∥∥∥∥∥ dξ, t = d rCL

d s
, n = d t

d s

1∥∥∥ d t
d s

∥∥∥ , b = t × n (9.10)

For coil springs it can be assumed that rCL(ϕ) is a unique parametrisation and
d rCL(ϕ)

d ϕ
	= 0. Therefore, Eq. (9.10) can be inverted yielding ϕ as a function of s.

Derivatives in the Frenet-Serret Frame
The curvature κ and torsion τ are often used to characterize a continuous differen-
tiable space curve. The curvature at a special point of a given curve is the reciprocal
of the radius of the osculating circle at that point. The torsion of a curve measures
how sharply it is twisting. The relation between the derivatives of the Frenet-Serret
basis and the quantities torsion and curvature are given by the Frenet-Serret theo-
rem [27]. In finding the derivative of a vector expressed in the Frenet-Serret frame,
it must be considered that the Frenet-Serret frame changes with s. An arbitrary
vector a with components at, an, and ab in the Frenet-Serret frame is written as:

a = at(s) · t(s) + an(s) · n(s) + ab(s) · b(s) . (9.11)

Making use of the Frenet-Serret theorem, the derivative of a can be calculated. For
a compact presentation the vector-matrix notation as shown in the next equation is
often very useful:

d
d s

⎛
⎜⎝at

an

ab

⎞
⎟⎠ =

⎛
⎜⎝

d at

d s
− κan

d an

d s
+ κat − τab

d ab

d s
+ τan

⎞
⎟⎠ . (9.12)

Displacement and Strain

A cross section of the spring wire in the undeformed state is characterised by its
corresponding point P on the centre line r0P (s). As illustrated in Figure 9.6, Q is
an arbitrary point in the cross section and can be referenced with the coordinates
s, η, and ζ (Eq. (9.13)):

r0Q(s,η,ζ) = r0P (s) + ηn(s) + ζb(s) . (9.13)

It is assumed that the total displacement u can be composed of three components:

• translation of the centre line

• small rotation of the cross section

• warping of the cross section
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Figure 9.6: Deformed state: Reference to an arbitrary point Q̄ after deformation due to
translation and rotation

The translation and rotation can be interpreted as rigid body motion of independent
cross sections, whereas warping is an out-of-plane displacement of the cross section.
Translation and rotation are illustrated in Figure 9.6. Quantities in the deformed
state are labelled with a bar (¯).

Translation
The translation of any point of the cross section is equal to the translation of the
centre line. The deformation can be expressed in the Frenet-Serret frame:

rP P̄ = ut(s)t(s) + un(s)n(s) + ub(s)b(s) . (9.14)

As the centre line is parametrised by only one parameter s, the coordinates ut, un,
ub, and the translation rP P̄ itself are also functions only of the arc length s.

Rotation
As rotation is assumed to be small, the order of the elemental rotations can be
neglected. For instance, Cardan angles can be used to describe the rotation by its
rotation matrix A which is composed of three elemental rotations:

A = Ab(ϑb)An(ϑn)At(ϑt) . (9.15)

For small rotations Eq. (9.15) is linearised and the rotation of an arbitrary point in
the cross section can be calculated:

rP̄ Q̄ = A · rP Q = (ϑnζ − ϑbη)t + (η − ϑtζ)n + (ϑtη + ζ)b . (9.16)

Warping
Torsion applied to a non-circular cross section causes the cross section to not only
rotate, but also warp. Warping is an out-of-plane displacement in t-direction of the
cross section as illustrated in Figure 9.7.
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Figure 9.7: Deformed state: Deformation due to torsional warping of an elliptical cross
section

Overestimation of the torsional rigidity of non-circular cross sections results when
warping is neglected. The deformation due to warping as a result of twisted cross
sections is given by Eq. (9.17):

uwarping = ψ(η,ζ)α(s)t (9.17)

where ψ(η,ζ) is the warping function and α(s) is a quantity describing the twist
of the cross section. Assuming that the curvature of the wire has no effect on the
warping behaviour, the warping function Eq. (9.18) from regular theory for a straight
beam is valid:

ψ (η,ζ) = b2 − a2

a2 + b2 ηζ . (9.18)

Displacement
According to Figure 9.6 an arbitrary point in the deformed state is referenced by:

r0Q̄ = r0P + rP P̄ + rP̄ Q̄ + uwarping . (9.19)

The difference of the deformed and undeformed state results in the displacement u
in the Frenet-Serret frame:

u(s,η,ζ) =

⎛
⎜⎝ut(s) + ϑn(s)ζ − ϑb(s)η + ψ(η,ζ)α(s))

un(s) − ϑt(s)ζ
ub(s) + ϑt(s)η

⎞
⎟⎠ . (9.20)

As the deformations are assumed to be small, a linear strain measurement based on
geometric linear theory is feasible and the linear Cauchy strain as defined in Eq. (9.7)
can be calculated:

εtt =
d ut

d s
− κun + ζ

(
d ϑn

d s
+ κϑt − τϑb

)
− η

(
d ϑb

d s
+ τϑn

)
+ ψ

d α

d s
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εtn = 1
2

(
d un

d s
+ κut − τub − ζ

(
d ϑt

d s
− κϑn

)
− ϑb + d ψ

d η
α

)

εtb =
1
2

(
d ub

d s
+ τun + η

(
d ϑt

d s
− κϑn

)
+ ϑn +

d ψ

d ζ
α

)

εnn = 0
εbb = 0
εnb = 0 . (9.21)

By comparing the derived strain tensor with a straight beam [98],

α(s) = d ϑt

d s
− κϑn (9.22)

is chosen as the quantity determining the twist of the cross section.

9.3.2 Constitutive Equations

The Cauchy strain tensor Eq. (9.21) and Hooke’s generalised law are used to derive
the forces acting on the cross sections.
As deformation of the wire has been parametrised without considering lateral con-
traction, applying Hooke’s generalised law as stated in Eq. (9.8) would result in false
stresses in n and b direction, making the wire too stiff as εnn = 0 and εbb = 0 must
also be fulfilled. Therefore, Hooke’s generalised law is reduced to Eq. (9.23) using
εnn = εbb = −μεtt :

σtt = Eεtt

τtn = E

(1 + μ)
εtn = 2Gεtn

τtb = E

(1 + μ)
εtb = 2Gεtb (9.23)

with the shear modulus

G = E

2(1 + μ)
. (9.24)

The resultant forces Ft, Fn, Fb, and moments Mt, Mn, and Mb at the cross section
are obtained by integrating the stresses over the cross section A. For an elliptical
cross section the constitutive equations are given in Eq. (9.25):

Ft = EA

(
d ut

d s
− κun

)

Fn = GA

(
d un

d s
+ κut − τub − ϑb

)
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Fb = GA

(
d ub

d s
+ τun + ϑn

)

Mt = GIt

(
d ϑt

d s
− κϑn

)

Mn = EIη

(
d ϑn

d s
+ κϑt − τϑb

)

Mb = EIζ

(
d ϑb

d s
+ τϑn

)
(9.25)

with the torsional second moment of area

It = a3b3

a2 + b2 π . (9.26)

9.3.3 Equations of Motion

The constitutive equations Eq. (9.25), which are describing the relation between
displacement and resultant forces, are used to derive the equations of motion of an
individual cross section. The following assumptions are made:

• curvature is negligible for the leverage of the momentums

• distributed loads are constant within the infinitesimal part

• motion due to warping has no dynamic effects

• rotations are small

With the distributed loads f and d, Eq. (9.6) is evaluated yielding Eq. (9.27)

EA

(
∂2 ut

∂ s2 − ∂ κun

∂ s

)
− κGA

(
∂ un

∂ s
+ κut − τub − ϑb

)
+ ft = ρA

∂2 ut

∂ t2

GA

(
∂2 un

∂ s2 + ∂ κut

∂ s
− ∂ τub

∂ s
− ∂ ϑb

∂ s

)
+ κEA

(
∂ ut

∂ s
− κun

)
−

τGA

(
∂ ub

∂ s
+ τun + ϑn

)
+ fn = ρA

∂2 un

∂ t2

GA

(
∂2 ub

∂ s2 + ∂ τun

∂ s
+ ∂ ϑn

∂ s

)
+ τGA

(
∂ un

∂ s
+ κut

)
−

τGA (τub + ϑb) + fb = ρA
∂2 ub

∂ t2
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GIt

(
∂2 ϑt

∂ s2 − ∂ κϑn

∂ s

)
− κEIη

(
∂ ϑn

∂ s
+ κϑt − τϑb

)
+ dt = ρAR2

gtt

∂2 ϑt

∂ t2

EIη

(
∂2 ϑn

∂ s2 + ∂ κϑt

∂ s
− ∂ τϑb

∂ s

)
+ κGJ

(
∂ ϑt

∂ s
− κϑn

)
−

τEIζ

(
∂ ϑb

∂ s
+ τϑn

)
− GA

(
∂ ub

∂ s
+ τun + ϑn

)
+ dn = ρAR2

gnn

∂2 ϑn

∂ t2

EIζ

(
∂2 ϑb

∂ s2 + ∂ τϑn

∂ s

)
+ τEIη

(
∂ ϑn

∂ s
+ κϑt − τϑb

)
+

+ GA

(
∂ un

∂ s
+ κut − τub − ϑb

)
+ db = ρAR2

gbb

∂2 ϑb

∂ t2 .

(9.27)

The equations of motion for the curved beam are derived as six coupled partial
differential equations. The equations are valid for constant cross sections. If the
cross section varies along s, the derivatives of A, E, G, Iη, Iζ , and It with respect
to s have to be considered.
Similar equations have already been specified by Wittrick [203]. In contrast to
this work, Wittrick derives the forces and momentums directly using an infinite
element and neglects warping.

9.3.4 Reducing the Partial Differential Equations

The aim of this work is to derive a set of ordinary differential equations that can
be incorporated into a multi-body simulation framework. As the main focus of
this work are valve springs that are mainly under axial load, further restrictions
for movement of the cross sections are admissible to reduce the degrees of freedom
and save computational time. This is done by examining a coil spring under axial
load. By calculating the spring stiffness, torsion is identified as the main influencing
quantity and the equations are reduced to one torsional degree of freedom.
A coil spring under axial load is depicted in Figure 9.8. The force F is parallel to
the centre line and applied to the spring via virtual rigid extensions. The lower end
is clamped. The spring has nc number of active coils, radius R, constant pitch h,
and an elliptical cross section with semi-axis a and b.

Decomposition of the external axial force F yields the internal forces and momen-
tums at the cross section:

F ax,t = − sin βF Max,t = −R sin βF

F ax,n = 0 Max,n = 0
F ax,b = − cos βF Max,b = −R cos βF . (9.28)
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Figure 9.8: Coil spring with constant pitch and axial load along the centre line

Elastic Energy and Approximation of Spring Stiffness
Starting with elastic energy U , the spring stiffness can be derived with Castigliano’s
theorem [31]:

U =
∫
A

L∫
0

1
2

σ : ε ds dA =
∫
A

L∫
0

E

2
ε2

tt +
E

1 + μ
ε2

tn +
E

1 + μ
ε2

tb ds dA . (9.29)

For the static case, a uniform torsion of spring wire can be assumed. Next, the
strains are substituted with Eq. (9.21) and integrated. With Eq. (9.25), Eq. (9.28),
and the abbreviation μ̂ = 2 cos β(1 + μ), the elastic energy can be written as:

Uax = 1
2

L∫
0

(
F 2

ax,t

EA
+

F 2
ax,b

GA
+

M2
ax,t

GIt

+
M2

ax,b

EIζ

)
ds

=2πR3nc

2GIt

F 2
(

sin2 βIt

μ̂AR2 + cos βIt

AR2 + cos β + sin2 βIt

μ̂Iζ

)
. (9.30)

According to Castigliano’s theorem the displacement w in the direction of the force
F at the free end is given by the partial derivative:

w =
∂ Uax

∂ F
=

2πR3nc

GIt
F

(
sin2 βIt

μ̂AR2 +
cos βIt

AR2 + cos β +
sin2 βIt

μ̂Iζ

)
. (9.31)

Neglecting the terms corresponding to Fax,t, Fax,b, and Max,b, Eq. (9.31) turns into
the commonly used approximation formula for axial loaded coil springs (cp. [83,153]).
It is tolerable to consider only terms associated with Max,t under two assumptions:

• widely wound wire (a,b << R)

• small pitch (β << 1) .
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Figure 9.9: Geometric coupling between rotation and translation

Under these assumptions the elastic energy is almost completely stored in the tor-
sional deformation of the cross section. According to Eq. (9.25) torsion is predomi-
nantly affected by ϑt. Under the assumptions

ut = 0, un = 0, ub = 0, ϑn = 0, and ϑb = 0 (9.32)

for an axial loaded spring, the system of PDEs in Eq. (9.27) can be reduced:

GIt
∂2 ϑt

∂ s2 + dt = ρAR2 ∂2 ϑt

∂ t2 . (9.33)

As the spring is loaded axially, a twist of the individual cross sections will produce a
displacement uz of the spring wire in z-direction. Figure 9.9 illustrates this relation-
ship. Under the assumption of small rotations, uz ∝ Rϑt is a good approximation
and Eq. (9.33) is transformed into Eq. (9.34).

ρA
∂2 uz

∂ t2 − GJ

R2
∂2 uz

∂ s2 = fz (9.34)

This is a hyperbolic PDE, also known as the one-dimensional wave equation, which
can be solved analytically for the homogeneous case.

9.3.5 Validation of the Wave Equation

For an axial loaded spring, the general system of partial differential equations has
been reduced to one degree of freedom using the assumptions of widely wound spring
wire and small pitch.

To validate these, a detailed FEM model of a coil spring has been built for static
and dynamic calculations. The results for differing geometries (curvature, pitch,
and ellipticity) and boundary conditions are compared to the analytic solution of
Eq. (9.34). In the static case deformations are compared whereas in the dynamic
case natural frequencies are matched.

The FEM analysis has been done with ANSYS®Academic Research Vers. 11.0. The
spring is discretised with approximately 3000 SOLID92-elements. The reference set
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Table 9.1: Acceptable parameters for 1% and 2% error limit

variation error < 1% error < 2%
curvature R/a < 2.6 < 2.3
pitch β < 17 ◦ < 21◦

ellipticity a/b < 1.3 < 1.5

of parameters for a coil spring with nc = 8 active coils is

R = 10mm, h = 5mm, a = b = 1.5mm

E = 210 GPa, μ = 0.28, ρ = 7800
kg

m3 . (9.35)

Before discussing the results in detail, an overview is given in Table 9.1. The rel-
ative error is expected to be smaller than 1% or 2% for the given variations. The
assumptions seem to be valid for commonly used valve springs.

Static Analysis

Curvature The coil radius R is varied while the cross section and pitch are kept
constant to investigate the influence of the curvature. Assumptions concerning the
radius have been made at two passages: First, curvature is assumed to be small to
derive the six coupled PDEs. Second, J

AR2 is neglected in order to reduce the full
PDEs to the one-dimensional wave equation. The validation of both assumptions
in total is shown in Figure 9.10. The maximum deviation is approximately 3%.
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Figure 9.10: Effect of curvature

Pitch Next, the pitch of the spring is varied while keeping the remaining param-
eters R, a, and b constant. The stiffness is overestimated for a small pitch and
underestimated for a large pitch (see Figure 9.11). The maximum error occurs for
high pitches and is approximately 2%. For high values of β, torsion is not the only
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Figure 9.11: Effect of pitch

resultant reaction due to axial load, as assumed in the derived model. Hence, it is
too flexible.

Ellipticity To prove the assumptions regarding warping, the cross sectional shape
is varied from circular to elliptical. Warping does not occur for a straight rod with
a circular cross section. For explicit elliptical shapes the stiffness of the spring is
underestimated (see Figure 9.12). Compared to the variation of R and β, the relative
error is rather high. For a ratio a

b
= 3, the deviation is about 20%.
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Figure 9.12: Effect of ellipticity

Dynamic analysis

For dynamic analysis the natural frequencies of the ANSYS FEM model are com-
pared to those of the wave equation. As each node of the ANSYS model has three
degrees of freedom, there are more than one dominant motion directions within the
eigenmodes. Distinct dominant motions such as lateral, extensional, and torsional
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are identifiable. According to Table 9.2, the first four extensional modes are rela-
tively accurate. As the dynamics of the spring are described by the wave equation,
the natural frequencies are increased by an integral multiple of the wave propagation
speed divided by the wave length. As can be seen in Table 9.2, all frequencies are
separated by approximately 341 Hz. The extensional modes of the ANSYS analy-
sis are not separated equidistantly. Results from [130] indicate that by considering
motion in all directions, higher frequencies are obtained more accurately.

Table 9.2: First 16 natural frequencies for a spring with clamped-free boundary
conditions

number ANSYS wave equation primary motion
[Hz] [Hz]

1 90.02 lateral
2 90.12 lateral
3 171.2 170.5 extensional
4 191.1 torsional
5 363.0 lateral
6 369.7 lateral
7 509.4 511.6 extensional
8 567.7 torsional
9 752.2 lateral
10 766.4 lateral
11 840.1 852.7 extensional
12 924.0 torsional
13 1024 lateral
14 1033 lateral
15 1116 1194 extensional
16 1226 torsional

Next, the same parameter variations as for the static case are carried out calculating
the natural frequencies. As a measure of the accuracy of the assumptions, only the
first extensional natural frequency is compared. Two different cases are investigated.
First, the spring is clamped at one end and free at the other end. Second, both ends
of the spring are clamped. The results show the same trend as in the static case
(see Figures 9.13, 9.14, and 9.15).

9.3.6 Coil Springs as Multi-Body Systems

The one dimensional partial differential equation derived in the previous sections
may be solved in closed form for the homogeneous case. As for practical applications
coil clashing, changing boundary conditions, and arbitrary excitation have to be
considered, and a finite element formulation augmented with coil-to-coil contacts is
necessary. Therefore, the wave equation is discretised using standard FE methods
(e.g. [23] or [204]) with linear and quadratic Lagrange, as well as cubic Hermite
polynomials as form functions to yield Eq. (9.36) [107].
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Damping

To take damping into account three different damping approaches with damping
matrix D according to Eq. (9.37) are applied to the coil spring. The equations of
motion are extended with a velocity proportional damping and result in Eq. (9.36).

Mq̈ + Dq̇ + Kq = F (9.36)
D = D1 + D2 + D3 (9.37)

The damping matrix D is composed of three effects: Rayleigh damping due to
material and air damping (D1), discrete dampers between the degrees of freedom
(D2), and damping applied to non-active coils (D3). The last type of damping is
motivated by the energy dissipation due to friction between rubbing coils in contact.
If coils clash or come into contact, the coils will rotate against each other or perform
small movements in the contact plane as the pitch changes due to compression or
expansion. This kind of motion has not been considered in the derived coil spring
model. Additional dampers are added to the degrees of freedom if the corresponding
coils are in contact.

9.4 Test Rig

A test rig was designed and built to obtain experimental data for validating of the
spring model. An overview of the test rig with its main functionality is given in
Figure 9.16. More details can be found in [34].
The basic principle of the test rig is that a roller is pressed against a cam with
a stiff spring so that the roller follows the cam contour. With this construction
the rotational motion of the cam is transformed in a translational motion of the
cam follower. The cam follower is mounted with a hydrostatic bearing to minimise
friction and wear and to make high revolution speeds possible (Figure 9.17).

Figure 9.16: Test rig for valve springs
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The test rig is designed to stimulate springs with different types of excitation. Mainly
two different excitations are used to validate the spring model: cam discs with a
harmonic excitation and cam discs with an excitation similar to the way a valve
travels in a combustion engine. At the clamped side a force sensor based on the strain
gauge technique is installed. At the free side a laser sensor for large displacements
or an eddy current sensor for small displacements is used to measure the position of
the rod (Figure 9.18).

Figure 9.17: Details of the test rig: cam disc, cam follower and hydrostatic bearing

Figure 9.18: Details of the test rig: laser sensor, eddy current sensor and force sensor



110 9 Valve Springs

9.5 Results

In Section 9.3.5 it was shown that the wave equation is an appropriate approximation
for coil springs under axial load.
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Figure 9.19: Valve spring from combustion engine

Next, the results of the multi-body model are compared to experimental data. This
is done by validating the static characteristics as well as validating the dynamics in
the frequency and time domain.
The subject of investigation is a valve spring of a current combustion engine having
an elliptical cross section (2a= 3.8mm, 2b= 3.1mm), progressive behaviour, and
seven active coils (Figure 9.19).

9.5.1 Static Characteristics

For static validation the model is verified using load displacement characteristics.
Figure 9.20(a) shows the load displacement of the spring with about one quadratic
element per coil and seven coil to coil contacts. A very good correspondence between
simulation and measurement can be observed, even for large compressions.

In Figure 9.20(b) the error in terms of the RMS value is plotted against the number
of contacts for different elements with comparable numbers of degrees of freedom:
22 linear elements (23 dofs), 11 quadratic elements (23 dofs), and 10 cubic elements
(22 dofs) were used.
Because the number of contacts has a serious influence on the numerical effort, only
as many contacts as necessary should be used. According to Figure 9.20(b), about
one contact per coil element seems to be sufficient for this type of valve spring in
the static case.
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(a) Static behaviour: progressive characteristic (b) RMS simulation vs. measurement

Figure 9.20: Static validation of the progressive characteristic and error as a function of
the number of contacts

9.5.2 Validation of the Dynamics

For validating the dynamics, measurements from the cam disc test rig are used. In
the frequency domain, the spring is excited with a harmonic excitation of 0.05mm
amplitude and the eigenfrequencies are compared. In the time domain, the excita-
tion is comparable to the valve lift of the corresponding combustion engine. For
this purpose, an appropriate cam disc has been designed. The measured kinematic
quantities are used as kinematic excitations for the simulation model. The measured
force is compared to the force obtained by the simulation model. A spring model
with seven contacts and seven quadratic elements is used.

Frequency Domain

For different pre-stresses, the spring is harmonically excited in a quasi-static run-up.
Analysing the measured data with Fourier transformation, a waterfall diagram as
in Figure 9.21(a) is obtained for every discrete pre-stress. As the amplitudes are
small, the obtained frequencies can be interpreted as pseudo-eigenfrequencies for the
particular configuration.

The comparison between the simulated and measured pseudo-eigenfrequencies of
the valve spring is shown in Figure 9.21(b). It must be considered that the simu-
lation model can only produce discrete eigenfrequencies because the contacts close
at discrete points. Nevertheless, the deviation between the measured and simulated
eigenfrequencies is small.

Time Domain

The measured time responses are used to find appropriate values for the damping
parameters. In this work three different approaches for energy dissipation are used:
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(a) Waterfall diagram of a run-up (b) Pseudo eigenfrequencies under differ-
ent load

Figure 9.21: Frequency domain

(a) Material and discrete damping (b) Final results

Figure 9.22: Force at the clamped end of an excited spring: different damping
approaches

material damping, energy dissipation due to rubbing coils, and damping in the
contacts between coils.
Dissipation at contact points depends on the contact model in use. For rigid contact
formulations, impacts are considered to be fully plastic and therefore no damping
parameters are needed. For flexible contacts, viscose damping is applied in the
contacts. To take into account energy dissipation due to rubbing coils, discrete
dampers are used that are only active for coils being in contact.

The effects of different damping approaches can be seen in Figure 9.22. In Fig-
ure 9.22(a) material damping according to Rayleigh and discrete dampers are con-
sidered. The simulated force diverges from the measured force at two points: At
point 1 a contact closes and therefore creates an overshooting of the force. At point
2 contacts are reopened, which also lead to an overshooting of the force. Apart from
this, the simulation and measurement are consistent. Especially the frequencies are
in good correlation. This result suggests that too much energy is stored in the con-
tacts and energy dissipation is too small.
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Based on this consideration, discrete dampers are used for degrees of freedoms of
coils being in contact to model the dissipation due to rubbing coils. The correspond-
ing damping matrix has to be recalculated at every time step. The results are shown
in Figure 9.22(b).
The effect of overshooting forces can also be decreased slightly by using rigid coil to
coil contacts with set-valued force laws instead of flexible contacts. Within rigid con-
tact formulations impacts are considered to be fully plastic and therefore maximum
energy is dissipated in the contact zone.



10 Hydraulic Lash Adjuster

10.1 General Introduction to Hydraulic Lash
Adjusters

The hydraulic lash adjuster (HLA), also known as hydraulic valve lifter, is a stan-
dard construction element of modern valve trains. Valve trains without self adjusting
valve lifters require a small clearance between rocker arm and valve to allow thermal
expansion, valve lengthening, and abrasive wear. However, if the clearance is too
large, this will result in excessive noise and component wear. While if the clearance
is too small or negative, the valve will not be able to fully close causing pressure
losses in the cylinder and burnt valves.
It is possible to operate the valve train with zero clearance using a hydraulic lash
adjuster. Thus, the cam surface and entire mechanism is less subject to mechan-
ical stress and the operating noise is reduced. Maintenance and assembly costs
are reduced as there is no longer the need to manually adjust the valve clearance.
Furthermore, more precise valve timing for improved thermodynamic processes is
possible.
Besides hydraulic lash adjusters, there are also mechanical lash adjusters e.g. with
buttress threads and return springs [136]. Lifters with expanded functionality are
used for cylinder deactivation [103]. Deactivation mechanisms within the lash ad-
juster are actuated by solenoids to release lost motion components and allow the
lash adjuster to telescope. The pivot function is deactivated, the lifters are unable
to support the rocker arm, and the valves remain closed [7].
Nevertheless, there are also some potential problems with hydraulic lash adjusters.
Oil draining from the lifters, air inside the high pressure chamber, or blocked oil feed
are possible sources for tappet noise and rattling noise at engine start-up. Under
certain circumstances, a HLA can pump up creating a negative valve clearance so
that its valve cannot close. Lifter pump-up is serious, as there may be the risk of a
collision between valve and piston or burnt valves.

10.1.1 Design and Function

As shown in Figure 10.1 the hydraulic lash adjuster consists of a hollow plunger (1),
a check valve (2) with ball and spring, and a plunger spring (3) between plunger and
housing (4) that lifts the plunger even without oil pressure. The volume between
the plunger and housing is called the high pressure chamber. It is connected to the
low pressure or supply chamber via an orifice with check valve. The lash adjuster

114
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Figure 10.1: Components of the hydraulic lash adjuster

is supplied with engine oil from an oil gallery through a small drilling. The lifter is
located between valve and camshaft at the pivot point of the roller cam follower.
During the base-circle phase, the valve is closed and the lash adjuster is free to
fill with oil. The return spring and the hydraulic pressure from the supply line
forces the plunger against the finger follower removing any existing gaps between
the valve train components. When the valve is opening, compressive forces are
applied to the lifter by the camshaft. The plunger is forced into the hosing, the
check valve closes and the pressure in the high pressure chamber increases. Due to
the pressure difference between the high pressure chamber and supply line, oil is
squeezed through the leakage gap. This is the only form of damping inside the HLA.
At the end of the valve lift, the compressive forces on the plunger become smaller
than the hydraulic forces and return spring forces on the plunger. Thus, the high
pressure chamber expands to occupy any clearance. The check valve opens and the
leaked oil is replenished.

10.1.2 Literature Survey

Compared to a solid supporting point for the rocker arm, a hydraulic lash adjuster
induces additional flexibility in the valve train and has a non-negligible influence
on the overall dynamics of the valve train. A deep insight into HLA dynamics is
required, making detailed simulation models and experimental analyses necessary.
In the context of the simulation of timing assemblies many publications exist regard-
ing lash adjusters. Kreuter and Maas [121, 135] discussed the influence of the
lifter on valve bouncing utilising measurements of the plunger motion.
Bakaj [12] was among the first to use simulation techniques to analyse the dynam-
ics of valve trains including hydraulic lash adjusters. Philips et al. [163] included
a reduced model of the HLA in their valve train model. This model was based on a
spring damper model characterised by experimental data including leakage and the
influence of air on oil stiffness.
In the earlier works of Pisano, a simplified hydraulic model neglecting oil stiffness is
presented [32]. Later, this model was amended with the influence of the air content
on oil stiffness [93].
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Figure 10.2: Simulation model of the hydraulic circuit and the coupling between hy-
draulics and mechanics

Zou and McCormick [207] developed a hydraulic model of the lash adjuster in-
cluding the check valve. Porot and Trapy [167] applied a similar model to a direct
acting valve train doing numerical and experimental studies. Further investigations
on the dynamics of timing assemblies were done by Heiduk [95].

The design of basic hydraulic chain tensioners is similar to hydraulic lash adjusters.
Both systems comprise standard hydraulic elements such as pressure chamber, check
valve, and leakage gap. Therefore, reference is made to the comprehensive literature
regarding chain tensioner at this point. Post [168] et al. investigated the influence
of chain tensioners on the dynamics of timing chains. This work has been contin-
ued by Hösl [106] and Engelhardt [50] who derived simulation models based
on characteristic diagrams obtained from CFD simulations. CFD-based modelling
of chain tensioners has been refined by Krüger [123], showing an excellent corre-
lation between experiment and simulation [124, 125]. Nicola [152] discussed the
dynamic behaviour of chain drives and chain tensioners under rotational irregularity
excitation with the help of simulation and experiment.

The lash adjuster model presented in this work extends the models known from
literature by two aspects: First, the calculation of the drag coefficient is refined and
second, the influence of the plunger elasticity on the leakage flow is considered.

10.2 Simulation Model

In the simulation framework, hydraulic elements are classified in nodes and links.
Links serve as connectors between hydraulic volumes (nodes) or as an interface be-
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Figure 10.3: Model of the hydraulic lash adjuster

tween hydraulic and mechanical components. Modelling hydraulic systems means
to apply this logical structure and to describe the real system in terms of links and
nodes.
The hydraulic circuit of the HLA is depicted in Figure 10.2. The model comprises
the high pressure chamber as hydraulic node with variable volume, as well as a check
valve and a leakage gap as hydraulic link.
The interaction between both physical domains—hydraulics and mechanics—is at-
tained by the plunger. The motion of the plunger changes the volume of the high
pressure chamber and the flow condition inside the leakage gap. Vice versa, the
pressure p inside the hydraulic node and the velocity of flow u inside the gap result
in forces on the plunger. The coupling between the mechanical and hydraulic sys-
tem equations is illustrated by the interface quantities and arrows in blue. As the
dynamics of the check valve ball is only influenced by its own hydraulic quantities,
the hydro-mechanical interface (hmi) for the ball is omitted in this drawing.
Furthermore, the fluid properties and the boundary conditions in terms of plunger
excitation and hydraulic pressure ps in the supply line have to be taken into account.
In the next section, the governing equations describing the hydraulic behaviour of
the hydraulic components are derived. Mechanical modelling, e.g. spring forces or
contact forces between ball and check valve, is done as described in Chapter 2.

10.2.1 High Pressure Chamber

To a certain degree oil circulating in a combustion engine is always mixed with air.
Hence, the compressibility of hydraulic fluids is not a priori negligible. Considering
compressibility, the high pressure chamber is described as an elastic hydraulic node
with pressure p and volume V . The rate of pressure change ṗ is proportional to
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the hydraulic (Qcv, QL) and mechanical flow rate (Qhmi) with bulk modulus Kfl as
proportionality factor. Kfl is evaluated with respect to the air ratio of the oil.

ṗ =
Kfl

V
(Qcv − QL + Qhmi) (10.1)

V = V0 + Vhmi (10.2)

The mechanical flow rate Qhmi is caused by the motion of the plunger. The current
volume V is composed of the initial volume V0 and the volume Vhmi due to the
plunger displacement and is obtained by integrating Qhmi.

Qhmi = −ẋpr2
pπ (10.3)

Vhmi = r2
pπ (xp − xp,0) (10.4)

Expressions for the flow rate Qcv through the check valve and through the leakage
gap (QL) are derived in the next sections.

During valve lift operation, vertical forces are supported by the oil volume of the
high pressure chamber and transferred by the plunger. The equations of motion for
the plunger result from mechanical forces due to limit stops, the plunger spring, and
the connection to the roller cam follower, as well as from hydraulic forces Fhmi,plunger
of the hydraulic mechanical interconnections.

Fhmi,plunger = (p − pinf) r2
pπ + r2

cvπ(ps − p) + η
∂ u

∂ r

∣∣∣∣∣
r=ri

(10.5)

The last summand in Eq. (10.5) arises from friction due to leakage flow through
the gap between piston and housing. It represents the main contribution to system
damping of the lash adjuster.

10.2.2 Check Valve

The check valve is used to prevent the oil from flowing back into the supply chamber
and the plunger from sinking down during valve operation. Fig. 10.3(a) shows the
check valve with orifice and spring-loaded ball. In many cases it is not sufficient
to model only the unilateral characteristic of the check valve. It is also necessary
to consider the dynamic behaviour of the ball and hydraulic losses. In general, the
pressure loss at given flow velocity v is characterised by the resistance coefficient ζ
according to Eq. (10.6) [200]:

Δp = 1
2

ρv2ζ . (10.6)

The main loss in pressure occurs while opening the check valve at the orifice and at
the annular section by the released ball. The calculation of the resistance coefficient
becomes complicated as the pressure loss is a function of the Reynolds number and
ball position. The modelling of the pressure losses is one of the main parameters
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that determine the sophistication of the lash adjuster model.
A very detailed model of a check valve within a chain tensioner is presented by
Engelhardt [50]. It is based on resistance coefficients as a function of the Reynolds
number Re and the ball position obtained by CFD simulation. For the modelling
of hydraulic lash adjusters within valve train simulation, such a model depth is
normally not required. Therefore, the relation between the volumetric flow rate Q
and the pressure loss Δp is derived starting with the orifice formula [55]:

Qcv = sgn(Δp) αeff Acv

√
2 |Δp|

ρ
, (10.7a)

Δp = ps − p , (10.7b)
Acv = r2

cv π . (10.7c)

The orifice or flow factor αeff summarises losses due to all mechanisms including
the influence of the cross section ratio, the contraction coefficient, and friction. In
general, αeff is a function of the ball position and Re.
Comparing Eq. (10.7a) to Eq. (10.6), a relation can be derived between the flow
factor α and the resistance coefficient ζ :

α2
eff = 1

ζ
=

1
2ρv2

Δp
. (10.8)

Determining the losses is one of the main challenges of modelling a check valve.
If the influence of the Reynolds number is neglected, one possibility is to use the
resistance coefficient given by Idelchik [111]:

ζ = 2.7 − β1 + β2 (10.9)
with:

β1 = 1.6 rcv

h
,

β2 = 0.56
(

rcv

h

)2
.

As Eq. (10.9) is only valid for 0.2 < h
rcv

< 0.5, another approach is given by
Eq. (10.10). To model the ball position dependency, the area Acone of a truncated
cone is used as flow cross section area (cp. Figure 10.3(a)) in combination with
a constant flow coefficient α. This approach is implemented for example in the
ADAMS/Engine software package [148].

Qcv = sgn(Δp) α Acone

√
2 |Δp|

ρ
(10.10a)

Acone = π (�2 − r2
ball)

rcv

�
(10.10b)

� =
√

(h +
√

r2
ball − r2

cv )2 + r2
cv (10.10c)
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The flow rate Qcv is equal to zero if the ball is in contact with the orifice (h = 0).
The boundary value of the flow rate for large values of h goes to infinity according
to Eq. (10.10). But from a physical point of view, one would expect the flow rate
to be independent from the ball position for high values of h and having the limit

lim
h→∞

Qcv = sgn(Δp) α Acv

√
2 |Δp|

ρ
. (10.11)

To describe the flow resistance in a physically correct way even at the limits, a new
approach is used within this thesis. The reformulated flow equation Eq. (10.12)
converges for small values to Eq. (10.10) and for large values to Eq. (10.11):

Qcv = sgn(Δp) α

√
2 |Δp|

ρ

(
Acone

(
rball

�

)2
+ Acv

� − rball

�

)
(10.12)
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check valve for different ball
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The effective flow coefficient for all
three approaches is illustrated in Fig-
ure 10.4. Furthermore, the allowed
positions of the ball between inner
and outer stop are drawn. For small
values of h, all three flow coeffi-
cients are in good agreement. For
larger h values, both the approach
according to Idelchik and the de-
rived new approach tend to a constant
value, whereas the approach used within
ADAMS/Engine yields unbounded flow
rates.

The formulas derived in the previous section describe the flow rate as a function of
the pressure difference neglecting inertia forces of the fluid. To consider fluid inertia
Eq. (10.13) has to be added.

Q̇cv = Acv

ρ�cv
(ps − p − Δploss) (10.13)

The pressure loss Δploss is equivalent to Δp of the previous orifice formulas and can
be expressed as a function of Qcv yielding a differential equation for the flow rate.

For a simplified check valve model, the position of the check valve ball can be
calculated from the static equilibrium of pressure and spring forces neglecting inertia
and damping forces. As these forces are essential for the check valve dynamics, the
ball position is considered as a mechanical degree of freedom within this thesis. The
equations of motion contain mechanical forces due to the spring and due to the
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contact between ball and plunger, as well as hydraulic forces Fball,hmi:

Fball,hmi = −Acv Δp − Fη . (10.14)

The hydraulic force Fη caused by the oil viscosity can be interpreted as a damping
force and is given by:

Fη = 1
2

ρv2
relcwr2

ballπ with (10.15a)

vrel = Qcv

Acv
k1 + ḣ . (10.15b)

The parameter k1 is first and foremost determined by the ratio Acv
Ap,i

of cross sectional
areas (Ap,i is the inner cross section area of the plunger), but is also used to adjust
the simplified flow conditions underlying Eq. (10.15). The drag coefficient is given
by:

cw =

⎧⎨
⎩k 24

Re Re ≤ Relim

0.4 + k 26
Re0.8 Re > Relim

(10.16)

with Reynolds number Re =
2 vrel rball ρ

η
.

For small Re numbers the resistance force is calculated according to Stokes’ law [190],
whereas for large Re numbers Prandtl’s approximation formula [46] supplemented
by the parameter k is used. The change over Reynolds number Relim has to be cal-
culated so that the drag coefficient is continuous.
The parameter k considers wall effects and other uncertainties. For a sphere with
radius r in a cylindrical vessel with radius R and height H , the parameter k has
been determined by Ladenburg to k = (1 + 2.1 r

R
)(1 + 3.3 r

H
) [190].

10.2.3 Leakage Gap

The volume of oil passing through the annular gap between the plunger and housing
has two main effects on the lash adjuster dynamics. First, the plunger is retract-
ing during the cam lift event resulting in a reduced cam lift. Second, the leakage
flow generates viscous friction forces and is the main source for damping within the
hydraulic lash adjuster. Modelling approaches for the leakage flow can be found in
Hösl [106] and Heiduk [95].
The flow QL through the leakage gap is derived using a cylindrical geometry with
moving boundaries and constant oil density. Neglecting fluid velocities in circum-
ferential direction, a two dimensional flow is assumed. With cylindrical coordinates
the continuity equation is written as:

1
r

∂ (rur)
∂ r

+ ∂ ux

∂ x
= 0 . (10.17)
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In fluid dynamics, the equations of momentum describing the motion of fluid sub-
stances are called Navier-Stokes equations. Without gravity forces the two-dimensional
Navier-Stokes equations for Newtonian fluids are given by Eq. (10.18) [193]:

ρ
∂ ur

∂ t
= − ∂ p

∂ r
+ η

[
1
r

∂

∂ r

(
r

∂ ur

∂ r

)
+ ∂2 ur

∂ x2 − ur

r2

]
(10.18a)

ρ
∂ ux

∂ t
= − ∂ p

∂ x
+ η

[
1
r

∂

∂ r

(
r

∂ ux

∂ r

)
+

∂2 ux

∂ x2

]
. (10.18b)

Due to the small oil volume within the gap, inertia forces are neglected while steady
state and laminar flow conditions are assumed. In this case with ux = ux(x,r) and
ur = 0, Eq. (10.17) and Eq. (10.18) simplify to

∂ ux

∂ x
= 0 ,

∂ p

∂ r
= 0 , and − ∂ p

∂ x
+ η

[
1
r

∂

∂ r

(
r

∂ ux

∂ r

)
+ ∂2 ux

∂ x2

]
= 0 .

(10.19)

Hence, the velocity profile is constant in x-direction (u = u(r) = ux(r)) and the
pressure p = p(x) is constant in the radial direction. The leakage flow is subject to
Eq. (10.20):

d p

d x
− η

1
r

d
d r

(
r

d u

d r

)
= 0 . (10.20)

Eq. (10.20) can be interpreted as the equilibrium of pressure and viscosity forces
on an infinitesimally small fluid volume as illustrated in Figure 10.3(b). Applying
the equilibrium of forces and expanding p(x + dx) and τ(x + dx) in Taylor series
yields:

d p

d x
+

1
r

d (τ r)
d r

= 0 . (10.21)

For a Newtonian fluid [193] the shear stress τ is given by the velocity gradient or
strain rate multiplied with the dynamic fluid viscosity η:

τ = −η
d u

d r
. (10.22)

Eq. (10.21) in combination with Eq. (10.22) forms Eq. (10.20) which has been derived
from Navier-Stokes equations. With the boundary conditions u(r = ri) = ẋi and
u(r = ra) = ẋa at the inner and outer surface of the gap, the boundary value
problem is solved by integration:

u = ẋi + (ẋa − ẋi)
ln r

ri

ln ra

ri

+
1
4η

d p

d x

(
r2 − r2

i + (r2
i − r2

a)
ln r

ri

ln ra

ri

)
. (10.23)
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The flow rate is calculated by the integral of the velocity on the cross section area
of the gap yielding:

QL = π

(
ẋar2

a − ẋir
2
i − (ẋa − ẋi)

r2
a − r2

i

2 ln ra

ri

)
− d p

d x

π

8 η

(
r4

a − r4
i − (r2

a − r2
i )2

ln ra

ri

)
.

(10.24)

The first term in Eq. (10.24) is the flow rate due to motion of the plunger ẋi = ẋp

and housing ẋa and the second term is caused by the pressure gradient.
The flow rate is proportional to the third power of the gap distance (cp. Eq. (10.24)
or [138]) and it is therefore very sensitive to variations of the gap distance. Compared
to chain tensioners the gap distance in hydraulic lash adjusters is very small and in
the range of a few micrometres. Hence, it is possible that a radial deformation of
the plunger due to oil pressure in the high pressure chamber has an influence on the
leakage flow rate. With Young’s modulus Ep and wall thickness tp of the plunger,
the change of the plunger radius is given by:

Δri = k3
−Δp r2

i

tp Ep

. (10.25)

As Eq. (10.25) is exactly valid for infinite pipes, the real plunger geometry has to
be adjusted by the parameter k3. The deformation in radial direction of a pipe is
larger than the deformation of the vessel-like plunger. Hence, k3 is less than one
and has to be identified by comparing simulation and measurement.

The influence of plunger elasticity in radial direction is shown in Figure 10.5. The
force acting on the plunger—obtained by simulation and measurement—is drawn
in the upper part of the figure. The lower part shows the absolute value of the
difference between measurement and simulation. Considering radial elasticity results
in a higher force level during pressure peaks, as well as in better agreement between
simulation and experiment.

10.2.4 Fluid

The oil viscosity has a significant influence on the leakage flow rate and the pres-
sure level in the high pressure chamber. As illustrated in Figure 10.6(a), the oil
viscosity is strongly temperature dependent. To calculate the viscosity as a func-
tion of temperature, a double logarithmic linearisation according to Ubbelohde-
Walther [195,201] is used. For lubricating oils the viscosity-temperature behaviour
is specified by DIN 51563 [41]. With given kinematic viscosities ν1 and ν2 at two test
temperatures T1 and T2 (in degree Kelvin), the slope m of the viscosity-temperature
function is:

m =
W1 − W2

log T2 − log T1
. (10.26)
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Figure 10.5: Effect of flexible plunger (variable leakage gap)

The double logarithmic interim values W1 and W2 are given by:

W1 = log log(ν1 106 + 0.8) , (10.27a)
W2 = log log(ν2 106 + 0.8) . (10.27b)

The viscosity νx corresponding to Tx is interpolated in two steps:

Wx = m (log T1 − log Tx) + W1 , (10.28a)
νx =

(
1010Wx − 0.8

)
10−6 . (10.28b)

Modern motor oils have a lot of additives e.g. detergents, antiwear additives, al-
kaline additives, and viscosity index improvers. Such non-Newtonian multigraded
oils show different viscosity behaviours compared to mineral oils. Nevertheless, the
empirical Ubbelohde-Walther equations are applicable for this kind of hydraulic
simulation.

Besides viscosity, the bulk modulus is a further physical parameter with a very strong
influence on the dynamics of the lash adjuster. As hydraulic fluids typically become
aerated in use and aeration has a significant effect on the bulk modulus [173, 191],
the air content of the oil has to be considered for the simulation model of the lash
adjuster.
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Figure 10.6: Temperature and pressure dependencies of oil properties

Air reduces the bulk modulus of hydraulic fluids because air is much more com-
pressible than oil. Air dissolved in a fluid at high pressure can form bubbles when
pressure drops. This phenomenon can cause cavitation. To consider all these effects
the compressibility of air and pure oil is combined. For the air volume, an isothermal
compression and expansion or an isentropic process can be assumed. With the bulk
modulus Koil of pure oil, the heat capacity ratio κ and the volumes Vair,0 and Voil,0
of air and oil at pressure p0, the bulk modulus for a given air content α and fluid
pressure p is given by:

Kfl,isentropic = Koil
1 + α

1 +
(

p0
p

) 1
κ α Koil

κ p

(10.29)

with air fraction α = Vair,0

Voil,0
,

and

Kfl,isothermal = Koil
p

(1 − α̃) p + α̃Koil
(10.30)

with α̃ =
Vair

Vair + Voil
=

α

α + p
p0

.

The pressure and air ratio dependency of the bulk modulus is shown in Figure 10.6(b).
High volume fractions of air cause a smooth performance, whereas decreasing air
content results in higher plunger forces and stiff behaviour. During engine operation
oil and air are permanently mixed. Hence, the air content varies in a low percent-
age range. For matching experimental results with the simulation this parameter is
tuned within a certain range.

To complete the physical properties of the hydraulic fluid, the temperature and
pressure dependency of the oil density is considered (cp. Figure 10.6(c)). The tem-
perature dependency is described by the average coefficient αV of volumetric thermal
expansion. The influence of the pressure is measured by the average compressibility
K of the degassed hydraulic fluid. Starting with the density ρ0 at the reference point
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T0 and p0, the density as a function of T and p is given by Eq. (10.31):

ρ = ρ0
1

1 + αV (T − T0)
1

1 − K(p − p0)
(10.31)

In Figure 10.6 the physical properties of the oil in use (Castrol LongLife 2 TopUp
0W-30) are shown.

10.3 Test Rig and Experimental Results

10.3.1 Test Rig

1

2

7

4

5

6
3

1: cam disc
2: cam roller
3: connection rod
4: displacement sensor
5: force sensor
6: hydraulic lash adjuster
7: oil tank

Figure 10.7: Test rig for the hydraulic lash adjuster

For verification of the simulation model, the dynamics of the lash adjuster are investi-
gated in an experimental setup. The test rig for the investigation of chain tensioners
was designed by Engelhardt [50]. It is described by Krüger et al. [124]. With
small adaptations it is also possible to use this test rig for hydraulic lash adjusters.
The test rig is shown in Figure 10.7. The HLA is inertially fixed and supplied with
conditioned oil in a temperature range from 20 to 110◦ C. The oil feed pump is
connected with a heatable tank and the pressure of the pre-conditioned oil can be
adjusted by a pressure valve in a range between 0 and 9 bar relative to ambient
pressure. In addition, the oil can be heated by a cartridge heater. The dynamic
excitation is realised by a stiff cam disc assembly. The circular contour of the cam
disc (1) is superposed by a sinusoidal shape generating the desired harmonic trans-
lational motion.
The connection rod (3) and the cam roller (2) follow the contour of the cam disc
without clearance and excites axially the plunger of the lash adjuster (6). By using
different cam discs, different excitation amplitudes can be realised. Contact to the
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Figure 10.8: Hysteresis curves hydraulic lash adjuster

disc is ensured by a spring. The position of the connection rod is gauged by an eddy
current displacement sensor (4), while the contact force between the lash adjuster
plunger and the connection rod is measured by a force sensor (5). Furthermore, the
pressure in the supply line is recorded.

Hysteresis curves are often used in practice to characterise the performance of non-
linear elements such as chain tensioners and lash adjusters. For the present lash
adjuster, the plunger force is plotted against the plunger position in Figure 10.8
to illustrate the behaviour in the expansion and compression phase at different
temperatures and frequencies. For higher temperatures, the force level is reduced
resulting in a less stiff behaviour. The influence of temperature on the damping
behaviour is nearly negligible. For higher frequencies, the damping and friction
forces become more and more visible.

10.3.2 Boundary Conditions

The choice of the system boundary within the simulation model determines the
experimental boundary values. Besides temperature, two boundary conditions are
considered: the pressure in the supply line and the kinematic excitation of the
system. The measured pressure in the supply line is applied to the hydraulic model
as a boundary condition for the low pressure chamber. The kinematic excitation is
applied to the body of the force sensor. The force sensor itself is connected to the
plunger by a unilateral contact. The stiffness of this connection is chosen according
to the force sensor stiffness specified in its data sheet. The plunger force obtained
by simulation is compared to the experimental force to verify the simulation model
and to adjust unknown parameters.

To use a measured position as a kinematic excitation within the multi-body system
simulation in general, the velocity and acceleration have to be calculated. With
the help of a Kalman filter [116] the corresponding velocity and acceleration can be
derived. Due to measurement errors and signal noise, the Kalman filter provides
better accuracy compared to numerical differentiation. The resulting kinematic
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Figure 10.9: Processing measured data: numerical differentiation and Kalman filter

excitation is plotted in Figure 10.9 and compared to the values obtained by numerical
differentiation.

10.3.3 Comparison of Experiment and Simulation

Verification of the model and identified parameters is done by the comparing the
measured and simulated plunger forces, including several working points at different
temperatures, frequencies, and amplitudes. In Figures 10.10 to 10.12 the plunger
forces are shown for excitation frequencies from 20 to 70 Hz and 15 μm amplitude.
Figure 10.13 presents the results for 50 μm. All simulations are done with the same
set of parameters. Only the initial volume of the high pressure chamber is adjusted
for every single working point, because one cannot be sure that the starting position
of the plunger does not change between two experiments.
There is a remarkable agreement at all working points. The force maxima increase
with increasing frequency and decreasing temperature.
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Figure 10.10: Piston amplitude 15 μm and 20 Hz excitation frequency
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Figure 10.11: Piston amplitude 15 μm and 40 Hz excitation frequency
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Figure 10.12: Piston amplitude 15 μm and 70 Hz excitation frequency
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11 AVS Timing Assembly

To analyse the entire AVS valve train, the subsystems presented in the previous
sections are merged into one overall simulation model. For studying interactions
between the AVS valve train and further subsystems of the timing assembly, the
AVS valve train is coupled with a cam phasing system and a chain drive. The entire
timing drive is illustrated in Figure 11.1.

Figure 11.1: Left cylinder bank of AVS valvetrain

11.1 Simulation of the Timing Assembly

11.1.1 Chain Drive and Cam Phaser

Simulation models already exist for the remaining components. Therefore, they are
not topics of this study. For further information refer to the following references for
comparisons between simulation and measurement for the subsystems.
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Krüger and Schneider [123, 178, 179] derived a validated simulation model of
a hydraulic cam phasing system. In this work a test rig, experimental studies of
the dynamical behaviour, simulation models, and simulation results are presented.
Simulation models of the cam phaser and the chain tensioner has been adopted from
this works. Simulation models and experimental results for different chain tensioners
can be found in Krüger et al. [124, 125].
An example for a chain drive can be found in [51]. The theoretical background of
chain drive modelling is given by Fritz [70].

11.1.2 Co-Simulation

The conventional approach is to simulate the dynamics of each component e.g. valve
train, cam phaser, and chain drive separately from each other mostly using different
software tools. The results from one subsystem are used as kinematic or kinetic
boundary conditions for the next subsystem. However, in order to analyse the
interactions between the subsystems, a combined simulation becomes necessary.

The Institute of Applied Mechanics at the Technische Universität München has
developed several highly specialised and efficient computer programs to compute the
dynamics of complex multi-body systems including hydraulics [206]. MBSim [177]
is used for the AVS valve train and the cam phaser. MBSim is an object orientated
software for multi-body systems including hydraulics and control. It differs from
standard commercial codes because special attention is devoted to the treatment of
uni- and bilateral constraints using non-smooth formulations and methods of convex
analysis. MBSim is the basis for current and upcoming research projects including
valve trains, continuously variable transmissions, and robotics at the Institute of
Applied Mechanics. To calculate the dynamics of the timing chain drive KetSim [70]
is used. KetSim is a simulation tool to calculate the dynamics of chain drives. The
program is able to simulate bush and roller chains, as well as toothed chains and
chain tensioners. The software tool HySim [20] can be used for a more sophisticated
modelling of chain tensioners [125].

Each of the simulation programs has been developed to meet different demands of
the corresponding subsystems, and therefore it is difficult to include models from
other disciplines. One way to solve this problem is to use co-simulation techniques
to couple pre-existing simulation tools. The co-simulation method used in this
work has been developed by Friedrich [67–69]. The equations of motion of each
subsystem are integrated with their respective numerical integrator. The connection
between these subsystems is done by communication at discrete macro time steps.
During a macro time step the input vector, mainly external forces to the subsystems,
is held constant. After integration to the end of the macro time step is done, the
subsystems must provide an output vector, e.g. position and velocity of the coupling
point. The output vector is used by the master to calculate the new input vector
for the subsystems (see Figure 11.2(a)).
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(a) Co-Simulation (b) Simulation model of the timing assembly

Figure 11.2: Simulation of the timing assembly

The coupling can be seen as a spring connecting the subsystems. The spring force
is calculated by the master. Thereby, the position and velocity information of the
end points of the spring are provided by the subsystems or slaves.

The integration of the subsystems is independent of each other. That is the reason
why integration of the subsystems can be done parallel on multi-core architectures
and why integration time can be speed up. The computational effort of the master
is very low compared to the numerical effort for the integration of the subsystems.
Thus, the part of serial code is very small and efficient parallelisation is possible.
For this work all subsystems are coupled by parallel co-simulation and five threads
are used: one for the timing chain drive including the chain tensioner, two for both
cam phasers, and two for both AVS valve trains. The overall model is visualised in
Figure 11.2(b).

11.2 Results

11.2.1 Pin Forces

To validate the overall AVS valve train simulation model, the forces acting on the pin
of the actuator are compared to measurements during a changeover. The pin forces
at the lateral contact between pin and groove were measured by Tröster [192]
at different speeds using a strain gauge applied to the pin shaft. The results from
measurement and simulation are shown in Figure 11.3.

Based on the pin forces, the switching process can be divided into two phases: Phase
one is characterised by a permanent contact between pin and groove resulting in an
oscillating and continuously positive contact force. This phase is finished by an
open contact. Phase two comprises a free-flight phase interrupted by single impacts
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between the pin and groove. In general, there is a good correspondence between sim-
ulation and experiment in phase one concerning the force level and the frequencies.
The force magnitude of single impacts during phase two also matches quite well,
whereas the phasing and the transition between both phases differ. Furthermore,
the change of sign of single impacts is reproduced correctly by the simulation model.
For low speeds contact between the pin and groove always take place at the same
side of the groove, whereas for higher speeds (2000rpm) the last impact is located
at the opposite groove contour.
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Figure 11.3: Pin force

Having a closer look at the pin force at 500rpm (Figure 11.3(a)), force level and
frequency match well during the first part of phase one (up to 300◦ camshaft angle),
even if the simulated frequency is slightly too high. The force amplitudes of the os-
cillation are significantly too large in the simulation model. This may be one reason
that in the simulation model the contact between the pin and groove opens early at
350◦ camshaft angle. Instead of a permanently closed contact indicated by the ex-
periment, the pin detaches in the simulation and is in a free-flight phase interrupted
by three single impacts. Although the force over time differs in measurement and
simulation, the exchanged impulse is approximately comparable.
For 1000rpm there is a very good correspondence concerning force level, frequency,
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and amplitude as well as the transition between phase one and two. Only at about
350◦ camshaft angle does the force level differ slightly.
For higher speeds, phase one and two are clearly separated with a distinct free-flight
phase. The free-flight phase is terminated by one single impact. In addition, sepa-
rated impacts occur at the beginning that merges into a permanently closed contact.
Both effects can be seen in simulation and experiment. The impact during the free-
flight differs, but the ending impact at 350◦ camshaft angle matches very well. At
high speeds (Figure 11.3(d)) the last force peak has a negative sign. This means
that at the end of the changeover process the pin hits the opposite side of the groove.
This effect is also reproduced well by the simulation model.

11.2.2 Optimisation of the Spiral Groove

The validated simulation model is now used to analyse different contours of the spiral
groove in order to reduce the pin forces. In Figure 11.4(a) the developed view of
different groove contours are drawn. Three different layouts are under investigation:
a contour with S-shape (base), a contour with constant gradient (layout A), and
contours with flat initial gradient and steep end gradient (layout B, C).
The initial base contour has been designed with an S-shape. This design is motivated
by the claim that at the centre of the S, the pin is "handed over" as smoothly
as possible from one side of the groove to the other and pin forces are minimal.
Comparing the maximal pin forces obtained by simulation (Figure 11.4(b)), an S-
shape seems to not be necessary for minimising the pin forces. Small pin forces are
obtained for a flat initial gradient of the spiral groove (layout C).
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Figure 11.4: Optimization spiral groove contour

11.2.3 Subsystem Interactions

As an example for subsystem interactions, a changeover process is analysed using the
derived simulation model. The effects of a switching process on the chain drive are
shown in Figure 11.5. The valve train can be interpreted as a source of excitation
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for the chain drive. The cam phasing system acts as a stiff non-linear transfer
element and filter. The chain drive with inlet and exhaust cam phasers is shown in
Figure 11.5(a). The yellow line indicates the reference position for determining the
chain oscillations.
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Figure 11.5: Interaction of the AVS with the chain drive

The operating cam changes from the partial load configuration with small cam pro-
file to the large profile. Therefore, the camshaft torque increases (Figure 11.5(b))
and the asymmetric excitation due to the asymmetric lift of the two small profiles
vanishes. Induced by the changeover and in correspondence with a suddenly rising
camshaft torque, the oscillation amplitudes of the transversal chain movement (Fig-
ure 11.5(c)) and longitudinal chain force (Figure 11.5(d)) increase by 20 to 25%. No
overshoot effect is visible after switching the cam lobes.

As the chain tensioner and the chain drive is designed and laid out for the high
force level and excitation with the full load cam profile, the oscillations are normally
not critical for the chain drive. However, during partial loads (small cam profile
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being active) the force level of the chain tensioner is higher than necessary. A
reduction of this chain tensioner force offers an opportunity to reduce friction within
the timing assembly, increase the efficiency of the combustion engine, and save CO2
emission. The simulation model presented in this work is suitable for simulating and
evaluating further developments and enhancements of the AVS, such as switching
chain tensioners for friction reduction.



Part IV

Conclusion
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12 Conclusion

The first part of this work deals with the numerical integration of non-smooth multi-
body systems (MBS). Non-smooth MBS are characterised by set-valued force laws
describing unilateral contacts, friction, and frictional impacts leading to discrete
jumps within the system velocities at so called switching points. These points are
time instants for which the structure of equations of motion changes. To integrate
the underlying measure differential equations of such systems, time-stepping schemes
are commonly used. Time-stepping schemes are based on a time discretization of
the system dynamics including the constraint conditions. As a consequence, jumps
within the system velocities are allowed to fulfil constraints and impact equations.
The fact that time-stepping schemes do not need to resolve switching points makes
such schemes ideal for systems with many contacts and switching points. As a draw-
back, time-stepping schemes are a priori of integration order one and have a constant
time discretization. To overcome these disadvantages, a strategy for selecting the
step size of a half explicit time-stepping algorithm has been developed within this
work. As ODE theory is only applicable during the smooth part of the solution,
some adjustments have been made for integration steps containing discontinuities.
One of these adjustments is to use the gap velocities to estimate the switching points
and use this information to adjust the time discretization. Hence, step size selection
can be directed towards robustness and accuracy.
Furthermore, extrapolation methods with time-stepping as the base integration
scheme are used to increase the integration order during the smooth part.
Efficiency and robustness of the new integration algorithm with step size selection
and higher integration order for non-smooth systems developed within his work, has
been tested using various examples with academic (e.g. woodpecker toy, many balls
in a barrel) and industrial backgrounds (e.g. variable valve trains, pushbelt CVT).
Extrapolation to orders higher than two or three has been shown to be inefficient for
several technical systems with weak discontinuities (e.g. due to discrete controllers
or imported contours from CAD), even in the smooth part.
As extrapolation methods themselves contain algorithmic parallelism, parallel com-
puting techniques are used to speed up integration by computing all sub-step series
simultaneously. The achieved accelerations due to parallelisation are very close to
the maximal theoretical values.

The second part of this work presents the modelling and dynamical analysis of a
variable valve train, namely the Audi valve lift system (AVS) using the methods
presented in the first part of this work. Moreover, modelling approaches are pre-
sented for valve trains with a focus on contact mechanics—for example the contact
between cam and roller.
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In a first step, dynamic models of the components of the AVS valve train are derived
and validated using specifically designed test rigs. The AVS specific switching unit
consists of a cam element fixed for co-rotation with the camshaft by an involute
gearing and an electromagnetic actuator. Besides dynamical investigations, special
friction measurements for the gearing have been carried out. For the electromag-
netic actuator a simulation model based on an analytical solution of Maxwell’s field
theory equations has been derived and validated with experimental data. Moreover,
a new model of a mass carrying coil spring based on a curved beam including coil
to coil contacts has been derived and validated for the simulation of valve springs.
In addition, modelling and validation of the hydraulic lash adjuster is shown.
In the next step, the validated simulation models of the components are integrated
into an overall simulation model of the entire AVS valve train. This model is used to
predict and optimise mechanical forces on the AVS components during a changeover.
Finally, the dynamics of the entire timing assembly consisting of chain drive, cam
phasing system, and AVS valve train are analysed using parallel co-simulation tech-
niques while concentrating on the interaction between the components during a
switching process.
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