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Matrix Multilevel Methods and Preconditioning

Abstract

The Matrix-Multilevel approach is based on a purely matrix dependent deseripti
of Multigrid and related methods. The formulation of Multilevel methods as sawrgul
matrix extensions leads to the description of the Multilevel method as a préioomedi
iterative scheme, and illuminates the significance of the used prolongatipn,rees
striction operator for the related preconditioner. As matrix dependent blaclebticr
tion C' we introduce a shifted form of the original matrix namelyC' = B(:,1:2: n)
with B = al — A, a a good upper bound for the largest eigenvalud of his mapping
is chosen in such a way that via the related preconditioner the small eiges\aie
enlarged while the maximum eigenvalue remains nearly unchanged. If the components
of each eigenvector ol can be seen as a discretization of a continuous function, then
we derive estimates on the improved condition number after one step. We maimly
sider symmetric positive definite matrices related to 1D-problems hieutetsults can
be directly generalized to nonsymmetric and higher dimensional problems.

1. The Twolevel Method

We consider a linear equatiot = b with a sparse ill-conditioned x n matrix
A. The aim is to design a purely algebraic multilevel method that can be agplied
any matrix in order to reduce the condition number. First we restrict ouisete
symmetric positive definite case.

The Multigrid method allows the fagb(n) solution of linear equations arising
from elliptic PDE (see [1,3,9,10]). The method uses a sequence of grids, and the
restrictions and prolongations between the original problem formulated on thediffer
grids. We can consider such methods purely algebraicly based on the rhatiixout
any geometrical information [13,8].

In the symmetric case the multilevel method is based on a mappifgr the
restriction and prolongation of the original linear system on a coarser problem. The
we getCT AC, e.g. as am/2 x n/2 matrix related to the original problem formulated
on a coarse grid. Following [6] and the idea of generating systems we can heite t
sequence of matrices on different levels also as a sequence of matrixexsesithe
form



Let us first analyse the relation between the original equation= b and the
extended matrixd®. If (y7 27)T is a solution of the extended system

(ora orae) (2) = (1)
ctA ctAac)\z) — \a)’
it is obvious that we have to set= C?b, and then: = y+ C'z gives the solution of the

original problemAz = b. Furthermore, in view of (1), the kernel af® is spanned
by the vectors that fulfily = —C'z, and hence the kernel is given by all vectors of the
form <_I ) 2. Similarly with (1) the range ofA® is of the form(C{T> .

To derive the nonzero eigenvalues4i®) we consider the Rayleigh Quotient rela-

tive to the space that is orthogonal to the null spaee ( C{T> x. With

v (er)a 0y o ) (fn)at o) (a)e
vy - xt (I C’)(C{T>a; -

T(I+CCT)A(I+CCT)x  ZT(I+ CCT)Y2A(L + CCT)V/22
2T (I 4+ CCT)x B 2Tz ’
we see that the nontrivial spectrum4f) is given by the eigenvalues of

(I+CCchA, (2)

and furtherhmore the nonzero eigenvalues\Gi are related to the eigenvalues.of
by A(A®) = A(A)(1 + €) with 0 < € < e (CCT).

Now we can think of the restrictiofi also as a preconditioner of the fodm- CC*
applied on the original matrid (see also [2,14]). To be efficient the preconditioner
should enlarge the small eigenvaluesAfwvithout generating larger thai,, .. (A).

Then the condition number of the preconditioned system would be improved. Hence,
the main task is to find a sparse matfixhat is a good approximation on a subspace
related to the small eigenvalues. Similar problems are consideredobusdi sn [4];

but to obtain the exact solution of such kind of problems is to expensive and can not
be used here.

As an example we restrict ourself to the special case that the sizesoeduced to
one column. Then an optimal preconditioner should enlarge ),,;, without chang-
ing A\, = \ee. Based on the eigensystem fdrof the formA = Q7 AQ the problem
can be written as: Find a vectarsuch that the matrid = (I w)” A (I w) has
minimum condition number (neglecting the zero eigenvalye= 0). In view of the
interlace property (see e.g. [12]) we get

O=M<Ah<h<X, MN<A <,
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and the new condition number is bounded by

cond((I +ww")A) = )\CLH > A :
)\2 )\2

An optimal solution is therefore given iy = pu,,;, - the eigenvector related to the
smallest eigenvalue. Therhas to be chosen such that< (1 + p?)\; < \,, and the
condition number is improved by a factar/\,.

In general we are interested in a larger rankK’afvhich is also necessary to lead to
a notable improvement of the condition number for ill-conditioned matrices. Tdreref
we now writeC' in the form

C = BP = B(;,J) (3)

with ann x n matrix B and an elemtary projectioR which is only related to picking
certain columns out oB, given by the index sef.

To make things easier we first describe the case(thatB is a full n x n matrix.
Then we can choosB = (ol — A) with a = A, (A). This matrix has the desired
property: \,.;, becomes large in (2) ang,,., remains the same. For this special case
we can fully analyse the resulting preconditioned system in order to find an dptima
value forp.

Letu be any eigenvector of with length 1 related to an eigenvalig\; < A < a.
Theng has to be chosen as large as possible with

u? (I+ 3 (al = A)(al = A)")Au = A1+ %@ - N)?) <a. (4)

Hence,5? < m The function on the right hand side takes its minimum value for

A = «/2, which leads to the optimal value= 2/a. The change of the eigenvalues of
A under the transformation (2) is described by

A FO) =M (o ).

In the interval[\;, o] the functionf has a relative maximum at = «/2 of size
f(a/2) = «, a relative minimum for\ = 5a/6 with f(5a/6) = 50a/54, a global
maximum forA = « with f(a) = «, and a global minimum fo = \; with
F(A1) = A (1425 (a—X1)?) ~ 5A1. Hence, by applying+BB” as preconditioner the
condition number is improved by a factor of 5. Note, that not only the smallest eigen-
value is enlarged, but the whole spectrum is compressed. For example all &igsnva
of A in the intervall«/8, o] are mapped into the intervgglba /128, o =~ [a/2, o], and
the intervalla/3, o] into [25/27«, .

Now we return to the twolevel approach with nontrivial Then the above relation
(4) translates into

u' (I + B*(ad — A)PPT(al — AN Au = M1+ B (a— N?||PTul|?) <a. (5)



1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1: Functionf(\) for a =1

ThereforeP has to be chosen carefully in such a way that for every small eigen-
value PTu does not become to small. If the eigenvectors are continuous in the sense
that they can be seen as valygg/n) for a continuous functiog, thene.g. P = I(:
,1:2:n) gives ||PTul|?> ~ 1/2 for all eigenvectors. This leads to an optimal value
of 3% =8/a® and we can expect that the smallest eigenvalue is improved by a factor
of ~ 5; but now the related mapping has only half the number of entries. Note,
that forA = (1/4) x tridiag(—1, 2, —1) this optimal factor 8 also appears by diagonal
(Jacobi) scaling of the extended system (1) (compare the BPX- or MDS-method [6])
In this case the spectrum eft") is no more contained in the interv@l\,.;,,, a], but
the eigenvalues ofl, are again smaller tham.

Remark: The eigenvalues af, = C" AC are closely related to the functigii)) =
(%(a — N\)?\, and therefore the spectrum 4f is contained in the interval

[8* (e = Amin)* Amin (A), (Ber)*(4/27)c] .

ForP = I(:,1: 2 : n), an eigenvector to a small eigenvalue of leads to a small
value of the Rayleigh Quotient related to the mattixand the vectoP”«. Therefore
PTw is mainly contained in a subspace spanned by eigenvectots thfat belong to
small eigenvalues.

For many examples there is another easy way to derive a niatikh eigenvalues
in reversed order. Let us chooge = |A| the matrix with the entrie®3; ; = |A; ;
(see [10,5] for such matrix dependent prolongation/restriction operators)A Fer
tridiag(—1, 2, —1) this leads to the standard prolongation with= tridiag(1,2,1).
Hence, for many matrices after diagonal scalinglave can expect a similar behaviour
of the Multilevel approach related # = | A| and toB = ol — A, because the diagonal
scaling transformsl nearly totridiag(—1, 2, —1).
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2. The Multilevel method

The analysis of the previous section describes a twolevel method. Now we have
to generalize the approach that it works in a multilevel fashion. Until now we ha
arrived at the representation= A, = A1, A, = CT A,C},

4@ _ < Ay A,C4

o T
CT A, C’ITA101> = Gy Al G,

or in preconditioned form

Let us assume that the projectioh is chosen properly such that it strongly contains
the eigenvectors related to small eigenvalues. Then, on the next lewsanwestrict
ourself to projections of the ford = C;C,. Now we can apply (2) a second time and
arrive at a preconditioner

(I4+C,CoCICT)(I+C,CT) AL = (I+C,CT+C,C,0T T +C1CoCT CT 0T A,

To make the preconditioner symmetric positive definite we delete the last noretymm
ric term and use only

I+C.Ch+c.00fct = 1+0,(I+0,chHoT .
Then we have different formulas for the extended system:
A AC AC,Cy 1
A® = | (T4 CTAC, CTAC,C, |=| oF |A(I ¢, C.Cy)
clcra clcrac, clctAc,c, crer
=1 Gi(I G)) Al Ci(I G))=

(5 7 &) (cia asa) G 1 a)-
0 I C cta crac,)\o 1 G,

(3 7 &)@ aran ey a)

and in preconditioned form
(I + 0T +C0cFehA =1+ (1 +C,ehehA
or

<1 0 )(A AC’1>_< A AC, )
0 I+CCT)\CTA CTAC,) = \(I+C,CT)CTA (I +C,CTCTAC, )
(7)



This leads to different heuristics for choosiag. In view of (7) we can think of
Cs, as a second preconditioning step relatedio= CT AC, and therefore we can set

Co = Pl — As) Py . (8)

We can derive (8) also based on another approach. The new projéstatefines the
preconditioned system
(I + 0101T + 01020211031)14

and thus in the sense of (4) and (5) we get
ur C,0,CTCTu = p2u” (al — A)PCL,CEPT (ol — A)Tu

= ﬁ%(a - )‘min)2(uzinP)CZCZT(PTumin) =
= B2 (o — Apin) 2 (Ul ;. P1) Bo Py P By (Pl i) -

Now, B, should be chosen in such a way that it gets large for the ve£tbusrelated

to small eigenvalues ofl. In view of the previous remark at the end of Section 1 we
can expect that the vectord' u are related to small eigenvalues 4§ which again
suggests to defin€; via (8).

We can also formulate another way for choosiryg Note, that the eigenvalues of
A, are closely related to the functigri\) = 3?(a — \)?\. This shows that the large
eigenvalues of! are also translated into very small eigenvalued ofIf we defineC,
with (8), then in this second step we try to enlarge these originally laggmealues
together with the small eigenvalues df This suggests another way to defifig,
namely again as a projection of the first level-matrix— A. If for exampleA is a
Toeplitz matrix then we can consider the Toeplitz matrix— A = 7" and choos€’;
as a submatrif’(1 : 2,2 : 2 : 2') (for similar multigrid methods for Toeplitz matrices
see [7]).

In order to obtain similar improvements on the condition number on every fevel i
is necessary that all the derived smaller systems have similar pegastthe original
matrix A. If for example A, is well conditioned then obviously another projection
will lead to no improvement of the spectrum. Hence, we have to ch6oaad P
in such a way that the matrid = PTBT ABP inherits important properties of.

In many cases the behaviour dfon the vector, = (1,...,1)7 is very important
- this is related to the property that the rowsum of entries is often zermcéHee
may ask thabg/zflem = e,(J)' BT ABe,(J) ~ eI Ae,/2. We obtain this property
by choosingB such thatBe,,(J) = e,/»/v2. For B = /2 « tridiag(1/4,1/2,1/4)
andJ = (2,4,6, ....,n) (the usual Multigrid prolongation) this is obviously fullfilled.
In many cases after diagonal scaling this is also nearly satisfied farrbappings
B =\l — AandB = |A|.

Now we have defined a multilevel method based only on the original matand
the maximum eigenvalues of the resulting systetnsit is necessary to include also
some kind of smoothing operation on every level to get fast convergence. Haridd we
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mainly consider the Jacobi method for smoothing. In (1) or (6) the Jacobi smoothing
is nothing else then diagonal preconditioning. Note, that in the same way one can use
Gauss-Seidel or any other levelwise method.

To include Jacobi smoothing let us consider the enlarged problem

A AC, AC,Cy - AC,..Cy
CTA  CrAC, CrAC,C, ---  CrAC,.Cy
AW = ; : ; =
cr.cta ... - CT.CTAC,..C,
=(I C CCy -+ C.CY"A(I C C.Cy -+ C1.Cy)

= (I GG -~ (ICy)--))) AL CLI Co(I -+ (I Cy)--2)) ,  (9)

and in preconditioned form

(I +C\CT + C1C,05CT + -+ + C1.GyCY.CT)A =
(I+Ci(I+Cy(I+ - (I+COF)--)CHCT)A=MP A . (10)

In the form (9) we can comprise any preconditioner on the matffX, for ex-
ample Jacobi, Gauss-Seidel or ILU preconditioner, and employ the conjugate gradient
method with zero starting vector. But usually we want to compute only thd smaal
trices A; and the projections’; on every level and not the whole systetff) much
less the - nearly dense - preconditiodéf®). Therefore, we will use only levelwise
block-diagonal preconditioners based on the level matriges

From (9) we can translate preconditioners very easily to the form (10). In the
Jacobi case for example we hallg = diag(A;) = diag(C] ---CTAC, ---C;) and
for every matrixA; we can useD; /* as left and right preconditioner. Then, with

D= diag(Dfl/Za""Dlzl/Z) )

(9) translates into

A AC,  ACIC, - ACy..Cy
CTA  CTAC, CTAC\C, --- CTAC.C
D : : : D =
cr.cr4 ... - CT.CTAC,..Cy

T .
(I DpY2c, Dy DY2c,D;M? ) DII/ZADIW(I DI2¢, D32 )



Hence, we only have to replacel by A = D,"?AD;'* , and each C; by
C; = DY?C;D;}{* . This leads to the new preconditioned form

(I4C (I +Co(I+ ---(I+C,CFY--CTCTHA. (11)

Note that here the Jacobi scaling is also necessary to obtain that theeméyri
share the same properties (in the sense that the rowsums are nearly zero) .

3. Numerical Examples
For practical implementation of the method we will consider different tana:

- We will always include the diagonal preconditioner in the form (11).

- We will constructC; andC; based om; and an approximate maximum eigenvalue
aj of Ajinthe formC; = (a;1 — Aj)P.

- We can computey; - the approximation on the largest eigenvalue - on every level,
or always usey; = o = A,.(A) . Note that ifa is chosen properly then
)\maw (AJ) S )\maI(A) for everyj'

As numerical examples we consider the finite difference discretization dDredlip-
tic PDE (a(x),u(x)), = f(z) with Dirichlet boundary conditions for

(1) a(x) constant,
(2) a(x) = 1 + sin(8wx)?,
(3) a(z) =1+ sin(167x)?,

(
(4) a(z) = 1+ sin(327x)?,

a
a
a
(
(5) af
a
a
a
(z

z) = 1+ exp(mz)sin(8rx)?,
(6)
(7) a(xz) = 1 + exp(8mx)sin(8mx)?,
(8) a(x) = sin(rz)?.
(9) a(x) is piecewise constant with ten different values betw@eérand2.1.

)
) =
) =
) =
) = (
1) =1+ exp(2nz)sin(8nx)?,
) = (8
) =
)

(10) a(z) is piecewise constant with ten different values betweérand2.1E + 8.

In the first examples we always choases the exact eigenvalue df The next
tables display the condition numbers for the matrix multilevel method based on
- estimatingy; on every level (MML),

- only on the finest level (MMLO),

- for the multigrid method written in the MDS-form that is strongly relatethe BPX-
preconditioner [2,6],

- and for the Jacobi-preconditioned original problem.



! MML MMLO IA] MDS | D 'A
455 6.32 546 | 4.60 4143
5.43 7.26 6.35 | 5.12 1.7E3
6.34 8.19 727 | 562 6.6E3
7.26 9.14 8.20 6.11 2.7E4

Table 1. Condition number exampled(;r) = const.

2! MML MMLO 4] MDS DA
4.41 6.11 528 | 11.60 440.6
5.38 7.15 6.27 | 10.74 1.8E3
6.32 8.15 724 | 1019 | 7.05E3
7.26 9.13 819 | 1042 | 2.8E4

Table 2. Condition number exampled@;r) = 1 + sin(87x)?.

! MML MMLO IA] MDS | D A
431 6.04 523 | 5.75 466
525 7.02 6.14 | 29.2 1.8E3
6.25 8.07 716 | 253 7.0E3
7.23 9.09 8.16 | 226 2.8E4

Table 3. Condition number example®y) = 1 + sin(167x)%.

2! MML MMLO 4] MDS | DA
455 6.32 546 | 4.60 414
5.191 7.98 6.10 6.30 1.9E3
6.12 7.93 7.03 98.8 7.1E3
7.15 9.00 8.07 80.6 2.8E4

Table 4. Condition number exampled;) = 1 + sin(327z)?.

! MML MMLO IA] MDS | D 'A
437 6.08 5.28 36.4 605.4
5.37 7.16 6.28 | 32.00 | 2.2E3
6.32 8.16 7.25 29.9 8.8E3
7.26 9.13 8.20 31.2 3.6E4

Table 5. Condition number exampled&y) = 1 + exp(rz)sin(8rx)?.




n=2 MML MMLO [A] MDS D A
5 4.37 6.10 5.26 250.5 2.6E3
6 5.37 7.17 6.28 149.4 6.2E3
7 6.32 8.18 7.25 97.5 1.7E4
8 7.26 9.14 8.20 86.3 6.2E4
Table 6. Condition number examplex) = 1 + exp(2rx)sin(8mx)>.
n=2 MML MMLO 4] MDS DA
5 4.25 5.94 5.13 8.5E8 6.3E9
6 5.47 7.17 6.31 5.7E8 1.3E10
7 6.42 8.23 7.31 3.7E8 2.7E10
8 7.32 9.19 8.25 2.2E8 5.5E10
Table 7. Condition number exampled{;r) = 1 + exp(8rx)sin(8wz)?.
n=2 MML MMLO [A] MDS D A
5 12.07 6.08 5.57 42.25 1.1E4
6 13.91 7.02 6.51 81.93 8.6E4
7 15.72 7.96 7.45 164.7 6.9E5
8 17.54 8.92 8.41 340.7 5.6E6

Table 8. Condition number example®&y) = sin(mx)?.

Next, we compare the iteration numbers for different methods. In practise it i
not possible to use the exact maximum eigenvalue. Therefore we consider also upper
bounds or estimates far. We definex as

the exact maximum eigenvalue & A, (A4))

the 1-norm ofA (o = || A||,)

as the Lanczos estimakg,,, aftermi Lanczos steps

- aS A\naz + Amin aftermi Lanczos steps (denoted by < 0 in Tables 9).

The right hand side in our numerical examples was chosen ta,be 1)7. The
stopping criterion is fulfilled if the exact relative residual is lessith& . We compute
a on every level, but we get nearly the same results if we use arityr choosingo.
In the following tables ’-" denotes that the computation had to be omitted be@ause
would have been to expensive.
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a / n = 2[ 28 29 210 211
MDS 117 119 121 122
TA[ 122 | 130 | 120 | 124
Amaz 15 - - -
mt = 200 16 17 32 39
me = 150 15 25 32 46
ms = 100 17 37 46 58
mi = 50 42 58 69 89
mi = 30 57 78 98 118
mt = 10 108 123 183 256
mi = —2 15 16 16 17

4] 15 16 16 17

Table 9. Iteration number for exampled() = 1 + exp(8mx)sin(8wz)?.

For example 1-8 we get nearly the same condition number for the different matrix
multilevel methods which is better than the multigrid condition numbers, and only
slightly growing in the size.. From table 9 we see that the Lanczos estimatg, +
Amin @Nd B = | A| give the best results.

Qa / n = 2! 25 26 27 28 29 210 211
MDS 16 17 19 21 22 23 24
MML 14 15 15 15 16 17 17

4] 13 | 13 | 14 | 14 | 15 15 15

Table 10. Iteration number for example 8.

a / n = 2! 25 26 27 28 29 210 211
MDS 23 27 33 41 49 56 64
MML 12 13 14 14 15 15 15

IA] 12 | 13 | 14 | 14 | 15 | 15 15

Table 11. Iteration number for example 9.

Qa / n = 2! 25 26 27 28 29 210 211
MDS 58 82 102 119 103 68 78
MML 11 13 14 15 16 16 16

| A 12 14 14 15 16 16 16

Table 12. Iteration number for example 10.
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These results show that the convergence in the matrix multilevel apprpptac
on the different test examples does not depend on the fungtignand is only slightly
increasing with the problem size. The diagonal preconditioning that is used herg is v
easy to parallelize; therefore the matrix multilevel approach isaalbeinteresting in
a parallel environment.

4. Generalizations of the Matrix Multilevel Method

For the Jacobi or Gauss-Seidel iteration we often introduce damping factors. The
same is possible here if we replace the preconditioner in (10) by

([+W101(]+W202(I+ )Cg)Cf) = (I+w1010f +CU2010202TC%1 + ) .

In view of (1) and the analysis of Section 1 a factor< 1 may be necessary to
reduce the maximum eigenvalue to fex. A factorw > 1 can be helpful for faster
convergence if it is possible to enlarge the small eigenvalues without chakging

If the matrixCT AC = A, = LL” can be inverted we define a preconditioner for
the extended system (1) as a block diagonal matrix

(diag(A)_l/2 0 )
0 )

or a preconditioner fodiag(A)~/? A diag(A)~'/? by
M = I + diag(A)Y? CA;' O diag(A)Y? .

This can be useful if we are not able to apply the full multilevel method and bastep
at a certain level. Then we can include the inverse of thedagt the preconditioner.

For A symmetric indefinite the eigenvalues are negative and positive. Hence, to
find a polynomial that enlarges the small eigenvalues without changing the large ones,
we can choos® = oI — A%. Then small eigenvaluesare replaced by(1 + p) for
a factorp > 0. The main disadvantage of this approach is that the subproblerae
loosing their sparsity. Hence, we have to stop at a lgvel apply the full multilevel
method, but with total costs of at leas{n log(n)).

If the smallest eigenvalue is negative but near zero we can use the oagprakch
and again seB = ol — A with a = A,,.,(A4). As example we consider the Finite-
Difference dicretization of the one-dimensional Helmholtz equation(z)u’(x)) +
cu(z) = 0 with different values of andg(z) = 1 + exp(2z)sin(8z) (see [5]).

12



c = 2! Amin MML (Anaz) mi=-2 MDS |A|
1 5 7.5E-4 9 8 30 7
6 3.2E-4 8 9 33 8
7 1.1E-4 10 10 26 10
8 3.2E-5 11 12 33 10
9 7.7E-6 12 13 37 12
10 - - 12 40 12
10 5 5.3E-4 8 8 28 8
6 2.5E-4 9 9 31 8
7 9.7E-5 10 10 27 9
8 2.7E-5 11 10 37 10
9 6.6E-6 11 10 46 11
10 - - 11 39 12
100 5 -6.6E-3 12 13 36 17
6 -1.3E-3 13 14 34 11
7 -2.7E-4 16 16 38 13
8 -6.5E-5 18 16 31 15
9 -1.6E-5 19 17 36 17
10 - - 23 41 14
1000 5 -3.0E-1 34 30 a7 24
6 -5.3E-2 41 28 57 26
7 -1.2E-2 40 35 51 37
8 -2.9E-3 47 37 67 32
9 -7.2E-4 > 500 43 64 46
10 - - 46 62 41
Table 13. Iteration number for 1D Helmholtz equation

If A isnonsymmetricthen for the mapping we can use a low degree polynomial
p(A) with p(0) = 1 and|p(z)| is small for the extreme eigenvaluesAfIn the normal

casep(A, AT) = |\ — AAT should be a good choice. To preserve the sparsity

of the restricted linear systems;, one can choose the identity for the prolongation
andp(A, AT) for the restriction or vice versa.
For many examples we can again et af — A with a ~ A\, ((A + AT)/2).
As numerical example we consider the Finite-difference discretizatiomefone-
dimensional Convection-Diffusion equatiefig(z)u'(x)) +cu'(x) = f(x) with Dirich-

let conditions for different values efandg(z) = 1 + exp(2z)sin(8z) (see [5]).
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c n=2 MML (Ayaz) MML(mi=-2) MDS 4]
1 5 9 9 35 8
6 10 10 29 9
7 10 10 33 10
8 11 10 29 10
9 - 11 34 11
10 - 13 55 12
10 5 10 10 25 10
6 12 11 29 11
7 12 12 27 13
8 15 14 36 14
9 - 14 32 17
10 - 14 39 15
100 5 24 24 33 33
6 21 21 34 33
7 20 20 33 20
8 24 24 40 24
9 - 28 39 27
10 - 33 42 32
1000 5 73 72 66 72
6 156 136 126 192
7 > 500 222 214 > 500
8 > 500 129 229 > 500
9 - 91 254 > 500
10 - 73 > 500 71

Table 14. Iteration number 1D Convection-Diffusion equation

The last examplel = tridiag(1,2,1) shows that the matrix multilevel approach
can be applied to more general problems as the usual multigrid method.

n =2 MML(mi=-2) MDS
5 12 36
6 13 89
7 13 207
8 14 475
9 14 > 500
10 14 > 500

Table 15. Iteration number tridiag(1,2,1)

14



If the linear system is related tohagher dimensional problem we can introduce
a modified technique in order to capture the structureloh a better way. Let us
consider the 2D case and a separable PDE. Then, the matar e.g. be written as a
Kronecker sum (see e.g. [11])

A=A oD + (I A).

The matrixB that is applied in the Multigrid approach is given not by a Kronecker
sum but by a Kronecker produgt; ® B, with B; = tridiag(1,2,1). Hence, we will
also choose a matrig as a Kronecker produ@ = B; ® B, and then usés to define
the matrixC' in the formC' = BP.

Now the eigenvalues and eigenvectorsiare given by the sum of the eigenvalues
of A; and A, resp. the Kronecker product of the eigenvectors. Hence, every eigen-
vector of A is of the formu = u; ® us. In view of the product rules for the Kronecker
product we get

Au= (A @ 1)+ (I ® Ay))(u1 @ uz) = (A ® ug) + (uy @ Aguy) =

= ()\1 + )\Q)U .
To find an efficient matrixB we again want to enlarge the small eigenvaluesiof
without changing the large ones. Hence, with
Bu = (B; @ By)(u1 ® us) = (Byu; ® Baus)
we can choose
Bl = (Oélj — Al)ﬂl y and B2 = (Oég[ — Ag)ﬁg

with a; anda,; the maximum eigenvalues of;, resp. A,. Then the minimum eigen-

values are approximately enlarged by a factor (5 3.12)?. Furthermore, the

elementary projection matri® can be chosen & = P, ® P,, and then on the second
level we get

CTAC = (CTA,C; @ CTCh) + (CTCy @ CT AyCh)

In the next step we again can define the restriction matrix via the Krongc&duct
where the first factor is designed to improve 6 A,C;, and the second factor is
related toCJ A,C,. This is the direct generalization of the 1D approach to higher
dimensions via the Kronecker product. We can think of the prolongations also in the
form

C - BP - (Bl®B2)(P1®P2) == (B1P1®B2P2) - (Blpl®j) (I®B2P2) - F1F2 .

Hence in general we can writéin the formA = A; + - -- + A4, where each term is
related to the-th direction. Then for eaci; we can define a matrix;, and in total
we cansel = F1F5--- Fy.
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The advantage of this approach is that it better captures the structdrelbive
apply the original method on the 2D case, the twolevel method again leads to an im-
proved condition number, but in general one of the next matricésis more dense
and/or well-conditioned, and then the multilevel approach will give no impronéme
the following steps. Hence, sometimes it is necessary to modify thexmatitilevel
approach in order to generate subproblems with similar properties as the onginal
trix A; only then a full multilevel method can be efficient. We will analyse the ganer
2D case in a forthcoming paper.

5. Conclusions

We have developed a purely matrix-dependent multilevel method for solving linear
equations. The prolongation/restriction operator is defined by aBhR#t\, . (A)l —
A, B(:,1: 2 : n), of the given matrix in order to enlarge,;,(A). This idea can be
applied on every level of the method. The numerical results show an improteme
over the Multigrid approach in the preconditioned form (BPX,MDS). The method
can be generalized to indefinite, nonsymmetric, higher-dimensional problems and is
a promising approach to derive further new matrix-dependent Multigrid algorithms.
The derived approach can be seen as a modified polynomial preconditioner, modified
by elementary projections and the included Jacobi-scaling.
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