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Zusammenfassung

In dieser Arbeit werden verschiedene stochastische Modelle im Hinblick auf ihr ex-
tremales Verhalten untersucht. Der Begriff extremales Verhalten meint hier insbesondere
die regulare Variation. Das Konzept der regularen Variation ist weit verbreitet und kann
sowohl auf eindimensionale, als auch mehrdimensionale und funktionale Zufallsvariablen
angewandt werden.

Zunachst werden die maximalen Zuwachse von zufalligen Irrfahrten analysiert. Es
wird gezeigt, dass die Verteilungsfunktion dieser maximalen Zuwachse gegen eine Fréchet
Verteilung konvergiert, wenn die Spriinge der zugehorigen Irrfahrt regular variierend sind.
Dieses Resultat wird sowohl fiir Irrfahren mit linear abhéngigen Spriingen bewiesen, als
auch fiir Irrfahren mit allgemein abhangigen Spriingen, wenn zusatzliche Mischungsbedin-
gungen erfiillt sind.

Weiterhin wird auch die allgemeine Klasse der mehrdimensionalen Mixed Moving Aver-
age (MMA) Prozesse behandelt. Diese Klasse beinhaltet viele interessante Prozesse, wie
zum Beispiel CARMA Prozesse, Ornstein-Uhlenbeck (OU) Prozesse und Uberlagerungen
von Ornstein-Uhlenbeck (supOU) Prozessen. Es wird gezeigt, dass die endlich dimension-
alen Verteilungen solcher MMA Prozesse regulér variierend sind, wenn die treibende Lévy
Basis regular variierend ist und die Kernfunktion eine Integrierbarkeitsbedingung erfiillt.
Es wird auflerdem bewiesen, dass ein MMA Prozess sogar reguldr variierend in einem
funktionalen Sinn ist, wenn die Kernfunktion einige zusatzliche Bedingungen erfiillt.

Als Spezialfille von MMA Prozessen werden auch die multivariaten supOU Prozesse
beleuchtet und im Hinblick auf ihr extremales Verhalten untersucht. Die Bedingungen fiir
die regulare Variation, die fiir MMA Prozesse hergeleitet wurden, werden in diesem Spezial-
fall verifiziert und somit konnen geeignetere Bedingungen angegeben werden. Aufler-
dem analysieren wir das extremale Verhalten des stochastischen Volatilitatsmodells vom
Typ supOU, bei dem die Volatilitat durch einen positiv semidefiniten supOU Prozess
beschrieben wird.
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Abstract

In this thesis, several different stochastic models are analyzed with respect to their tail
behavior. Here, tail behavior is understood in terms of regular variation. The concept of
regular variation is well known and can be applied to univariate, multivariate and functional
settings.

The first model to be analyzed is the maximum increment of a random walk. It is
shown that the distribution of the maximum increment converges to a Fréchet distribution
if the jump times of the random walk are regularly varying. The result is proved for
random walks with linearly dependent increments and for general dependent increments if
additional mixing conditions hold.

Furthermore, we consider the general class of multivariate mixed moving average (MMA)
processes. This class includes many interesting processes such as CARMA processes,
Ornstein-Uhlenbeck (OU) processes and superpositions of Ornstein-Uhlenbeck (supOU)
processes. It is shown that the finite-dimensional distributions of an MMA processes are
regularly varying if the driving Lévy basis is regularly varying and the kernel function sat-
isfies an integrability condition. Moreover if the kernel function satisfies some additional
conditions, it can be proved that the MMA process is also regularly varying in a functional
sense.

As a special case of MMA processes, multivariate supOU processes are also analyzed
in detail with respect to their tail behavior. The regular variation conditions derived for
MMA processes are verified and more suitable conditions are given for supOU processes.
Furthermore, the tail behavior of the supOU type stochastic volatility model, where the

volatility is modeled by a positive semi-definite supOU process, is also considered.
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Chapter 1

Introduction

In recent decades, there has been an increasing demand for heavy tailed models, espe-
cially in applications such as insurance, finance, meteorology and others. This led to the
development of extreme value theory and related fields. However, the notion of an “ex-
treme value” is not very precise. Intuitively, an extreme value of a time series is a value
which is relatively high compared to the others. Then, a heavy tailed random time series
is one where extreme values occur with a relatively high probability. Before making this
idea mathematically precise, let us consider several examples showing the importance of
extreme value models.

In meteorology, statistical methods are used to measure and model weather impacts
such as rainfall, air pressure, wind, temperature etc. The results are used to get a better
understanding of the interrelations between the different factors affecting the weather and,
as a consequence, to be able to make better forecasts. Although this is already a very
important field of research itself, the real threat is posed by extreme weather events.
Events of that kind can be, for example, huge storms, heavy rainfalls or long dry spells
and they cause great damages to the affected area and its inhabitants. Thus, a thorough
understanding of such extreme events is indispensable and can lead to prevention programs,
early warning systems and evacuation plans that help minimizing the damage.

Closely related are insurance companies where customers are insured against weather
damages and other events. In particular, reinsurance companies work with so-called excess-
of-loss contracts, where they agree to cover all losses of the primary insurer excessing a
certain threshold. Hence, the reinsurance companies are mostly interested in the extreme
values of the loss distribution and not in characteristics like means or standard deviations
describing the center of the distribution. The need of appropriate models is apparent, see

also Embrechts et al. (1997).

As a final example we have a look at data networks, where an increasing demand for
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Figure 1.0.1: Simulation of one path of a Brownian motion B;

heavy tailed models has occurred in recent years. In such networks, data packets of variable
size arrive at the nodes of the network at different times. The transmission duration of
a data packet at a certain node depends mainly on the packet size as well as on the
transmission rate of the node. If too many packets of a certain size arrive in a small
time interval, it can cause the network to collapse. Thus, in order to avoid collapses, the
capacity of a network has to be adjusted according to the expected maximal data traffic.
Since empirical measurements show that characteristics such as file sizes, transmission
durations etc. are often heavy tailed (cf. Maulik et al. (2002) and Resnick and Rootzén
(2000)), the application of appropriate extreme value models is well motivated. For details
see also Resnick (2007), Section 8.

Next we show the importance of extreme value modeling in the example of several well-
known time series models. Figure 1.0.1 shows a Brownian motion (B;). A Brownian
motion is a stochastic process where the increments B; — B, are independent and follow
a normal (Gaussian) distribution. Since all moments of the normal distribution are finite,
the movements of the Brownian motion can be considered as light tailed, i.e. no extreme
movements occur with a high probability. The Brownian motion and Gaussian distributions
are well understood and data modeling with related distributions is relatively easy. In
contrast, the increments of an a-stable Lévy motion (L;) are heavy tailed for values a < 2.
Figure 1.0.2 shows such a Lévy motion which is a-stable with @ = 1.5. Comparing it

to the Brownian motion, we see that the Lévy motion has some additional and relatively
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Figure 1.0.2: Simulation of one path of an a-stable Lévy motion L; with
a=1.5

large jumps. Although these jumps are relatively rare, they cannot be neglected in the
study of these processes. This gets even more obvious for o = 1, which is shown in Figure
1.0.3. In that case, the movement of the process L; is more or less only determined by
one extremely large jump at approximately ¢ = 52. This means that extreme values can
massively influence a time series, even if they are rare events. Consequently, there is a
need for heavy tailed models in places where Gaussian and other light tailed distributions
seem to be an inappropriate choice. On the other hand, the major problem of extreme
value statistics is also obvious: in general, as extremes are rare events, there are only very
few data points that can be used for the statistical analysis.

The most basic extremal characteristic of a distribution is the maximum. For a sequence

of random variables (X;), i € N, the sample maximum is given by
M, =max{Xy,..., X}, n € N.

The properties of M, have been thoroughly studied and are well understood. In partic-
ular, if (X;) is a sequence of independent and identically distributed random variables, it
follows from the classical result of the Fisher-Tippett theorem (cf. Embrechts et al. (1997),
Theorem 3.2.3) that the limit distribution of the properly normalized and centered sample
maxima M, can only be one of the following three distributions: a Fréchet distribution

®,, a Weibull distribution ¥, or a Gumbel distribution A. These are considered as the
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Figure 1.0.3: Simulation of one path of an a-stable Lévy motion L; with

a=1

standard extreme value distributions. In the study of the domains of attraction, one is
interested in the following question: which conditions on the distribution function F' of
X, are necessary and sufficient for the maxima M, to converge to a Fréchet, Weibull or
Gumbel distribution? The answer for the Fréchet and Gumbel distribution can be given

in terms of regularly varying functions, i.e. functions f : Rt — R* satisfying

o fltx) g
tlggo f(t) -

for some index o > 0. Then F' belongs to the maximum domain of attraction of the Fréchet

distribution ®,, if and only if the function P(X > x) =1 — F(z) is regularly varying with
index a (c.f. Embrechts et al. (1997), Theorem 3.3.7). Furthermore, F' belongs to the
maximum domain of attraction of the Weibull distribution ¥, if and only if the function
P(X >azp —1/x) =1— F(xp — 1/2) is regularly varying with index «, where zp is the
finite right endpoint (c.f. Embrechts et al. (1997), Theorem 3.3.12). This is the beginning
of the long success story of regular variation in extreme value theory.

One of the big advantages of regular variation is the fact that it can be implemented
in basically any proper space. It can be defined for real-valued random variables, random
vectors, stochastic processes and even for random elements of a general Banach space (cf.
Hult and Lindskog (2006b)). Following the above discussion on maxima, a univariate

random variable is regularly varying if the tail of the distribution function is a regularly



varying function. For more general spaces, regular variation is set up as convergence to
limit measures. A random variable X with values in E is regularly varying if
nP (a,'X € ) &5 u(e),

where the limit measure p is a nonzero Radon measure with no mass at infinity and (a,,)
is an increasing sequence of positive real numbers. Here, 2 is understood as convergence
in a proper topology depending on the concrete state space F, e.g. vague convergence in
finite-dimensional spaces. It turns out that the limit measure p is homogeneous, i.e. in
every direction, the distribution of extreme values behaves like a regularly varying function.
On the other hand, i contains the relevant information about the structure (or directions)
of the extremes in space. Therefore, the theory of regular variation is an appropriate tool
for the description of extreme values. The concept is well known and applied in many
areas of probability theory and statistics. For further details we refer to Resnick (2007)
and Hult and Lindskog (2006b).

The Maximum Increment of a Random Walk

In this thesis, the concept of regular variation is applied to several different time series
models. One of the most basic models in discrete time is the random walk. For a sequence

of increments (X,), the corresponding random walk (S,,) is given by
So=0 and S,=X;+---+X, for n>1.

Hence, the movement of the random walk at time n is described by the random variable
X,. A survey on the general limit theory and (functional) central limit theorems of random
walks can be found in Embrechts et al. (1997), Section 2. Random walks play an important
role in the modeling of insurance claims, where the ruin probabilities

P(sup(Sn —cn) > u)

neN

are considered for ¢ > 0 and u — oo. See Mikosch and Samorodnitsky (2000a), Mikosch
and Konstantinides (2005) and Mikosch and Samorodnitsky (2000b) for the study of these
probabilities in several different settings. In this thesis we focus on one extremal charac-

teristic of the random walk: the maximum increment given by

—

_ 1 _
Mn—lfg@l(f(l)) ngilgii_l\skﬂ Skl,

where n € N and f is a proper normalizing function. Quantities of that kind appear as test

statistics for the detection of epidemic change points in a time series. See also Csorgd and
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Horvath (1997) for a general survey on change point analysis and Rackauskas and Suquet
(2004) and Rackauskas and Suquet (2006) for the related limit theory.

Mikosch and Rackauskas (2010) have shown that M, converges to a Fréchet limit distri-
bution ®,, if the jumps (X;) of the random walk are independent, identically distributed
and regularly varying with index a. However, independence is not always an appropriate
assumption in real-life applications. Thus, it is always helpful to have similar results for
the case of dependent increments. In this thesis we prove limit theorems for the maximum
increment of a random walk in several cases of stationary, but dependent jumps which are
regularly varying.

First, we study the case of linear dependent jumps, where the increment sequence (X;)

constitutes a finite moving average, i.e.
q
X, =X = "iZ s, (1.0.1)
i=1

where (1;);en is a real-valued sequence of coefficients and (Z;);cz is an iid noise sequence.
We assume that Z; is again regularly varying with index « and consequently the same
holds true for (X;). In that case, we can show that M, converges to a transformed Fréchet
distribution &5 (x). Here, m, is a characteristic based on the moving average coeflicients
(1;), i.e. the linear structure appears in the limit distribution.

The same result holds for linear processes or moving averages of infinite order. A linear
process (X;) is given by (1.0.1) with ¢ = co. Assuming almost sure convergence of the
linear process, the limit distribution of M,, is shown to be ®m= (x), where m,, is again a
constant depending on the linear structure of the process described by the coefficients (1);).

Furthermore, convergence to a (transformed) Fréchet distribution is also proved for a
general dependent setting. In this setting, we use the theory of Davis and Hsing (1995),
who provided results for the point process convergence of dependent regularly varying
sequences that satisfy certain mixing conditions. The general result is then also applied
to two examples of heavy tailed time series with multiplicative noise: GARCH processes
and stochastic volatility models. In both cases, the conditions of the general setting are

verified and thus convergence to a (transformed) Fréchet limit distribution holds.

Multivariate Mixed Moving Average Processes

Another important class of processes being studied in this thesis are multivariate mixed

moving average (MMA) processes. They have been first introduced by Surgailis et al.



(1993) and can be given in the integral representation

X, = / / F(At— $)A(dA, ds),

where f: My x R +— M, 4 is a general measurable kernel function and A is an R%-valued
Lévy basis. Here, M, denotes the set of all d x d matrices and M, 4 is the set of all n x d
matrices. Thus, (X;) is R"-valued. The class of MMA processes is a rich class including
many continuous-time processes used in various areas of application. Examples include
Ornstein-Uhlenbeck (OU) processes, superpositions of Ornstein-Uhlenbeck (supOU) pro-
cesses (cf. Barndorff-Nielsen (2001)), CARMA processes, fractionally integrated CARMA
processes (cf. Brockwell (2004) and Marquardt (2007)) and increments of fractional Lévy
processes (cf. Marquardt (2006) and Bender et al. (2011)).

The tail behavior of real-valued MMA processes has already been studied by Fasen
(2005) and Jacobsen et al. (2009). We extend their results to the multivariate setting.
Given the condition that the driving Lévy basis (or driving Lévy process or driving Lévy
measure resp.) is regularly varying with some index «, we show that the finite-dimensional
distributions of the MMA process are regularly varying with the same index «. Sufficient
conditions therefore are, besides existence, an integrability condition f € L® on the kernel
function and a non-degeneracy condition. We also derive necessary conditions on the kernel
function f, which are very close to the sufficient ones. In fact, in the univariate case both

conditions coincide and thus we get necessary and sufficient conditions.

Furthermore, we apply the definition of functional regular variation to MMA processes.
Hult and Lindskog (2005) have introduced this notion for processes with cadlag sample
paths and showed that regular variation of the finite-dimensional distributions implies
functional regular variation if several relative compactness criteria are satisfied. We verify
these conditions for MMA processes under some additional integrability and continuity
assumptions on the kernel function f. This shows that MMA processes are also regularly

varying in the space of cadlag functions.

As an example we also study the tail behavior of multivariate supOU processes. The
introduction of these processes is motivated by the problem that the well-known OU pro-
cesses do not account for long memory effects. To overcome this problem, Barndorff-Nielsen
(2001) defined univariate supOU processes as the superposition of infinitely many OU pro-

cesses. This concept has been extended to the multivariate setup by Barndorff-Nielsen and
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Stelzer (2011a). Multivariate supOU processes can be given in their integral representation

¢
X = / /eA(t_s)A(dA,ds),
My =0

where A is again an R%valued Lévy basis and M is the set of all d x d matrices with
eigenvalues having strictly negative real part. It is clear from this representation that
supOU processes are MMA processes with kernel function f(A4,s) = e4® 110,00)(s). Hence,
the regular variation results derived for MMA processes can be applied.

In particular, we verify the MMA conditions for both, finite-dimensional and functional
regular variation, in the special case of supOU processes. This leads to some more acces-
sible sufficient conditions on the supOU kernel function which needs to decay in a proper
way. Additionally, we also study the sufficient conditions for regular variation of supOU
processes.

One of the main areas of application of OU and supOU processes are stochastic volatility
models. In these models, the variance (or volatility) process is modeled by an OU or supOU

process. Then, the logarithmic stock price process (X;) is given by

dX, = aydt + S} dW, + U(dL,)
XO = 07

where a is predictable process, W is the standard Brownian motion, L is the Lévy process
associated with A and W is a linear operator. Of course, one can also consider more basic
versions of the model. Models of that type have been introduced by Barndorff-Nielsen and
Shephard (2001) in the univariate OU case and have been extended to the multivariate
OU setting by Pigorsch and Stelzer (2009).

In this thesis, we study in detail the tail behavior of the multivariate supOU type
stochastic volatility model introduced by Barndorff-Nielsen and Stelzer (2011b), where
the volatility process (3;) is modeled by a positive semi-definite supOU process. Based on
the preceding results on multivariate MMA and supOU processes, we show that positive-
semidefinite supOU processes are regularly varying with index « under similar conditions.
As a consequence, it can then be proved that the volatility part Zz / 2dW, of the logarithmic
stock prices process is regularly varying with index 2a. As regular variation of the drift
term a;dt and the leverage term W(dL,) is in general easy to obtain for the common choices
of these terms, this result yields a good intuition for the understanding of the tail behavior

of the stock price process (X3).



General Qutline

The thesis is subdivided into four main chapters.

In Chapter 2 we introduce the relevant theory that is used repeatedly in the later parts
of the thesis. Section 2.1 is a survey on regular variation of functions, real-valued random
variables, multivariate random vectors and stochastic processes. In Section 2.2 we imple-
ment point processes as well as the related weak convergence theory and discuss their use
in extreme value theory. Then, in Section 2.3, we review the theory of Lévy processes and
infinitely divisible distributions and analyze their tail behavior.

In Chapter 3 which is based on the paper Mikosch and Moser (2012) we examine the
limit behavior of the maximum increment of a random walk with regularly varying jumps.
After the introduction of some important preliminaries in Section 3.2, we distinguish three
different settings of the dependence structure of the random walk increments: the indepen-
dent setting is reviewed in Section 3.3, the linear dependent setting is analyzed in Section
3.4 and the general dependent setting is dealt with in Section 3.5.

In Chapter 4 which is based on the paper Moser and Stelzer (2011) we study finite-
dimensional regular variation of multivariate MMA processes. The essential preliminaries
and the related integration theory for MMA processes are introduced in Section 4.2. In
Section 4.3 we analyze necessary as well as sufficient conditions for regular variation of
MMA processes. The conditions are then verified in the special case of multivariate supOU
processes in Section 4.4. Finally, in Section 4.5, we apply the results to the multivariate
supOU type stochastic volatility model.

In Chapter 5 we prove functional regular variation of multivariate MMA processes. After
the statement of some useful preliminaries in Section 5.2, we first analyze the sample path
behavior of MMA processes in Section 5.3. In Section 5.4 we introduce the notion of
regular variation for processes with cadlag sample paths and show that MMA processes
are regularly varying in that sense. The results are then applied to supOU processes in
Section 5.5. Finally, we discuss the benefit of functional regular variation of MMA processes

in view of point process convergence and their extremal behavior in Section 5.6.

General Notation

Given the real numbers R we use the notation R* for the positive real numbers and R~
for the negative real numbers, both without 0. N are the natural numbers, Z the integers
and Q the rational numbers. The respective sets including 0 are denoted by Ry, Ry and

Np. The integer part |a] rounds a real number a € R to the next lowest z € Z. Sy is the
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unit sphere on R%. By B,(x) := {y € R?: ||y — z|| < r} we denote the closed ball of radius
r centered at x. The o-algebra of Borel sets on a space E' is given by B(E) and B,(E) is
the respective restriction to bounded Borel sets. For a set A € B(E), A is the boundary
of A and A is its closure. 1 is the standard indicator function.

D is the space of cadlag (right-continuous with left limits) functions z : [0, 1] — R? and
Sp = {x € D : sup,¢(o ) [|¢|| = 1} is the unit sphere in D.

For matrices, M, 4 is the set of all n x d matrices and M, the set of all d x d matrices.
M, is the set of all d x d matrices with eigenvalues having strictly negative real part. I,
is the d x d identity matrix, S; denotes the symmetric d x d matrices and S} the positive
semidefinite d x d matrices. We write A” for the transposed of a matrix A and ||A|| for
an arbitrary matrix norm. Since all norms on finite-dimensional spaces are equivalent, the
type of norm is not important for the results, but if we make no further specifications, we
use the operator norm induced by the Euclidean norm.

If random variables, vectors, processes, measures etc. are considered, they are given as
measurable mappings with respect to a complete probability space (2, F, P). Furthermore,

A denotes the univariate Lebesgue measure and [E X is the expectation of the random
variable X.

10



Chapter 2

Regular Variation, Point Processes and
Lévy Processes

This thesis touches a wide range of topics in probability theory and statistics. Just to
name a few, throughout this thesis we make use of extreme value theory, regular variation,
vague topology, weak topology, w-topology, point processes, random measures, Poisson
processes, Lévy processes, Lévy bases, random walks, linear processes, stochastic volatility
models, GARCH-, MMA-, supOU- and CARMA processes and many more.

Although the general theory of most of these topics is well known and can be found in
the standard literature, it seems appropriate to introduce the relevant notation and main
results in view of a clear representation of this thesis. Wherever possible, we incorporate
such notations, definitions and results into the sections of this thesis where they are used.
However, there are three subjects which appear repeatedly throughout this thesis: regular
variation, point processes and Lévy processes. Hence, it might be beneficial for the reader
to have a more general introduction to these topics.

The three topics correspond to the three sections of this chapter. In each, we first
introduce the necessary notation and give the relevant definitions. Moreover, we also state
the main results that help in the understanding of the theory and also those that we use
in the later parts of this thesis. Most of them are well known and thus we only refer to
the relevant literature for proofs. Some results are also proved directly, since the proofs
are not to be found in the literature.

The chapter is organized as follows. In Section 2.1 we introduce the concept of regular
variation starting with regularly varying functions. Then, step by step, we extend it to real-
valued random variables, then to multivariate random variables and, finally, to stochastic
processes with cadlag sample paths. In Section 2.2 we give a survey on the theory of

(weak convergence of) point processes and its relevance to extreme value theory. Finally,
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Chapter 2 Regular Variation, Point Processes and Lévy Processes

the definition, the main properties and the tail behavior of Lévy processes and infinitely

divisible distributions are given and analyzed in Section 2.3.

2.1 Regular Variation

The relevance of the concept of regular variation for the characterization of the tail behavior
of random variables, vectors, processes etc. has already been discussed in the introduction
in Chapter 1. Regular variation can be defined on many different spaces, e.g. for random
variables with values in R, R? or in a functional space. Even regular variation of random
variables with values in a general Banach space can be defined.

The origin of regular variation can be found in the theory of regularly varying real-valued
functions, which is introduced in Section 2.1.1. This method is then extended to random
variables. In Section 2.1.2 we analyze regular variation of real-valued random variables,
where regular variation of the random variable is understood as regular variation of the tail
of the distribution function. In Section 2.1.3 multivariate regular variation is formulated in
terms of vague convergence of measures. Furthermore, we state some alternative definitions
and several important results characterizing multivariate regular variation. In Section 2.1.4
we review the work of Hult and Lindskog (2005), who extended regular variation to the

space of stochastic processes with cadlag sample paths.

2.1.1 Regularly Varying Functions

In the field of extreme value theory, the use of regularly varying functions if essential in
many areas. Regularly varying functions are functions acting like a power law in the limit.
The theory has its origin in the work of Karamata (1930) and it has been brought to
probability theory by Feller (1966). For a detailed survey on the topic, see also Bingham
et al. (1987).

Definition 2.1.1 (Regular Variation of Functions). Let f : R™ — R™ be a Lebesgue

measurable function. Then f is reqularly varying with inder o € R if

o ftx)
Am O

for every x > 0. We write f € RV, and « is called the index of reqular variation or tail

index. A Lebesgue measurable function [ : Rt — R* is slowly varying if | € RVj.

The above definition describes regular (and slow) variation at oo. Similarly, regular

variation can also be defined at any point a € R. If nothing else is specified, we always

12



2.1 Regular Variation

consider regular variation at oo throughout this thesis. We start with a few easy results

that characterize regular varying functions.
Lemma 2.1.2. Let f : Rt — R" be a Lebesque measurable function.

(i) If there exists a function h such that for all x > 0,

lim f(tr)
then h(x) =z~ for some index o € R and f € RV,

= h(z),

(i) f € RV, if and only if there exists | € RVy such that
f(x) =27 ().

(uir) If f € RV,, then

i (29U @)
=00 log(x)

and consequently

lim f(x) =

T—00

{o if a >0,

oo if a<0.

Proof. For (i) see Proposition 2.3(i) in Resnick (2007). (ii) is a direct consequence of
l(z) == f(x)/z=* € RV, for every f € RV,. The proof of (iii) is based on Karamata’s

representation and can be found in Resnick (2007), Proposition 2.6(i).
([

Example 2.1.3. Examples of slowly varying functions are constant functions, logarithms
and iterated logarithms and all functions asymptotic to any of these. By Lemma 2.1.2(ii),
functions of the class RV, can be given as a product of the power law 7 and a slowly

varying function, e.g.

fx) =

fx) = 7a> ¢ € R\{0},
f(z) =2~ In(1 + x),

f(z) =2z %In(ln(e+x)) and
f(z) = (a:+ln(1+x)) .

One of the most essential results for regular variation is Karamata’s theorem. It links

regular variation of functions to regular variation of integrals.

13



Chapter 2 Regular Variation, Point Processes and Lévy Processes

Theorem 2.1.4 (Karamata’s Theorem). Let f be locally integrable. Then the follow-
ing statements hold:

(i) Let f € RV, and o < 1. Then

/f(t) dt e RV,_1 and h_)m ;L‘fi - 1—o.
0 ’ moff(t) dt

(i) Let f € RV, and a > 1. Then

/f(t) dt € RV,_1 and lim m — o —1.

(i1i) f € RVi_o for a> 0 if
lim —xf(:r) =«

() f € RViy, for a >0 if

/f(t)dt<oo and limoff&:a
v TRt

Proof. See for example Resnick (2007), Theorem 2.1.
([

Karamata’s theorem and the related Karamata representation are very powerful tools for
the analysis of regularly varying functions. Many results can be derived from these two. As

a final example, we present the Potter bounds giving concrete bounds for regularly varying
functions.

Lemma 2.1.5 (Potter Bounds). Let f € RV, for a« € R and let ¢ > 0. Then there
exists tog such that for x > 1 and t > tg,

—a— f(tz) —a+t
l—g)z™ " < ——<(1+e)x ™.
(1-2) <
Proof. See Resnick (2007), Proposition 2.6 (ii).
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2.1 Regular Variation

2.1.2 Real-Valued Random Variables

The notion of regular variation for real-valued random variables is closely linked to regular
variation of functions. It is motivated by the classical problem of extreme value theory,
the distributional convergence of maxima (cf. Chapter 3 in Embrechts et al. (1997)). For a
short introduction to the problem, assume that (X;);cn is an iid sequence of non-degenerate

random variables with common distribution function F' and denote by
M, = max{Xy,..., X,}

the sample maxima of (X;). Now one is interested in the question, whether there are
sequences of norming constants ¢, > 0 and d,, € R and a (non-degenerate) limiting distri-
bution function H such that, as n — oo,

U (M, —d,) S H. (2.1.1)

n

If the limit exists, then by the classical result, the Fisher-Tippett Theorem, H can only be

of one of the following three types of distribution functions:

0 it z <0,

_ and o > 0.
exp(—z~®) ifx >0

Fréchet distribution: O, (x) = {

exp(—(—z)~*) ifx <0,
1 itz >0

Weibull distribution: U, (z) = { and o > 0.

Gumbel distribution: A(z) = exp(—e ™) for all x € R.

Therefore, the Fréchet-, Weibull- and Gumbel distribution are referred to as the standard
extreme value distributions. In particular, we say that X (or its distribution function F')
belongs to the mazimum domain of attraction of the standard extreme value distribution
H, written X € MDA(H) (or F' € MDA(H)), if (2.1.1) is satisfied for H and constants
¢, > 0 and d,, € R. In order to describe the maximum domains of attraction of the three
standard extreme value distributions, we need the concept of regularly varying functions
introduced in Section 2.1.1. By F(z) := 1 — F(x) = P(X > x) we denote the tail of the
distribution F' and by

zp:=sup{z € R: F(z) < 1}

we denote the right endpoint of F. We start with the result for the Fréchet distribution.
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Chapter 2 Regular Variation, Point Processes and Lévy Processes

Theorem 2.1.6 (Embrechts et al. (1997), Theorem 3.3.7). Let a > 0. Then F €
MDA(®,,) if and only if F(z) € RV,

Examples of the class MDA(®,,) are Pareto distributions, Cauchy distributions, Burr
distributions and a-stable distributions with a < 2. A similar result can be obtained for
the Weibull distribution.

Theorem 2.1.7 (Embrechts et al. (1997), Theorem 3.3.12). Let a« > 0. Then F €
MDA(V,,) if and only if xp < oo and F(xp — 1/) € RV,

Examples of the class MDA(¥,) are uniform and Beta distributions. Although the
conditions for F' € MDA(A) (including e.g. normal and lognormal distributions) cannot
be described by regular variation (instead they can be derived using von Mises functions,
see Section 3.3.3 in Embrechts et al. (1997)), we now see the importance of the concept of

regular variation for real-valued random variables.

Definition 2.1.8 (Regular Variation of Random Variables in R). A real-valued
random variable X with distribution function F' is regularly varying with index o > 0 if
there exists p, ¢ € [0, 1] with p+ ¢ = 1 such that

—Q

=px and lim PX < —tx)

. P(X > tx)
lim ————~ —_
B (x> 0

=qa° >0. (212
imoo P(IX] > 1) gr ", (2.12)

Condition (2.1.2) is referred to as the tail balance condition and « is the tail index. Note

that if X is regularly varying with index o > 0, then
P(|X| > z) € RV,.

The tail coefficients p and g are the univariate equivalent to the so-called spectral measure
that we use in the following section in order to introduce the more involved concept of

regular variation in R%.

2.1.3 Multivariate Random Variables

The extension of regular variation to the multivariate setting is not straightforward, since
it is not clear, what an extreme value is in a multivariate space. However, Definition
2.1.8 already gives us a good idea if we interpret the coefficients p and ¢ as a probability
measure on the univariate unit sphere S; = {—1,1}. Thus univariate regular variation can
be given in terms of vague convergence of measures and this concept can be extended to

the multivariate case.
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2.1 Regular Variation

A measure p on B(R?) is called a Radon or locally finite measure if pu(B) < oo for all
bounded Borel sets B € B,(R?). A sequence of Radon measures (u,,) converges vaguely to

the Radon measure p if

[ t@atdn) [ siantas)

for all continuous functions f with bounded support. We write y, — p. Convergence in
the vague topology is closely linked to weak convergence of measures, which implies vague
convergence. On the other hand, if the measures (11,,) and p have uniformly bounded total
mass, then the notions of vague and weak convergence coincide (cf. Kallenberg (1983),
15.7.6).

Let K denote the compact subsets of RY, G the open subsets of R? and let

B, :={B € ByR?) : n(dB) =0} .
Then we can state the following characterization of vague convergence of measures.

Theorem 2.1.9 (Resnick (2007), Theorem 3.2). Let p and (p,) be positive Radon

measures on B(R?). Then the following statements are equivalent:

(i) pin = pi-
(1t) pn(B) = u(B) for all B € B, that are relatively compact.

(11i) For all K € K we have
lim sup p, (K) < p(K)

n—o0

and for all G € G that are relatively compact we have

liminf 4, (G) > u(G).

n—o0

In terms of regular variation and extreme value theory, one is usually interested in the

“big” values of a random variable. This leads to a focus on sets of the form
V. ={z e R: ||z|| >}, r >0,

which are bounded away from the origin. However, the sets V, are in general not relatively
compact in the vague topology if we define it on R?. To overcome this problem, we
consider regular variation on the space Ed\{()} = R4U {—00,00}\{0}, which assures that

the sets B C V,. can be referred to as the relatively compact sets in the vague topology.
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Chapter 2 Regular Variation, Point Processes and Lévy Processes

This procedure of excluding the origin from the original space is called the one-point
uncompactification (c.f. Resnick (2007), Section 6.1.3).

We mention that vague convergence can similarly be defined on any other complete, sep-
arable metric space E which is locally compact. For further reading on vague convergence
we refer to Kallenberg (1983). Very good introductions to vague convergence in view of
regular variation can also be found in Resnick (1987), Resnick (2007), Lindskog (2004) and
Basrak (2000).

Now we can state multivariate regular variation in terms of vague convergence of mea-
sures, where several different but equivalent definitions exist. We start with one that is

widely used and can be easily extended to other spaces than RY.

Definition 2.1.10 (Multivariate Regular Variation). A random vector X € R? is
reqularly varying if there exists a sequence (a,)nen, 0 < a, /" 00, and a nonzero Radon
measure j on B(@d\{O}) such that u(@d\Rd) =0 and, as n — o0,

v

nP(a,' X € -) = p()

on B(Kd\{O}). Similarly, we call a Radon measure v regularly varying if (a,) and p exist

as above such that, as n — oo,

From Theorem 1.14 in Lindskog (2004) we know that the limit measure y is homogeneous,

i.e. there exists o > 0 such that

p(uB) = u"u(B)

for every w > 0 and B € B(Ed\{()}). Thus we say that X (or v resp.) is regularly varying
with (tail) index o and we write X € RV («, (ay), 1) (or v € RV («, (ay), ) resp.). The

sequence (a,) can always be chosen as
ap, =inf{z >0: P(|X||<2)>1-n""}, n>1,

and is regularly varying with index 1/« i.e. for every x > 0 the convergence

. a nr
lim —2 = /e
n—00  (y,

holds (cf. Lindskog (2004), Remark 1.13). In analogy to the univariate case we also have

P(||X|| > z) € RV,.
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2.1 Regular Variation

If d =1 and there exists p € [0, 1] such that
. P(X>u2)
lim ———= =p,
% P(X] > 2)
then regular variation as given in Definition 2.1.10 coincides with univariate regular vari-
ation of Definition 2.1.8. Next we give a very illustrative characterization of multivariate

regular variation.

Theorem 2.1.11 (Lindskog (2004), Theorem 1.15). The random vector X € R? is
reqularly varying with index o > 0 if and only if there exists a probability measure o on
B(S4) such that, ast — oo,
PIX| > tu, X/ X]| € ) o _
—u “o()
P(IX] > 1)

for every u > 0.

The probability measure o in the previous theorem is called the spectral measure (of reg-
ular variation) of X. This characterization shows nicely, how multivariate regular variation
is established. If we decompose the regularly varying vector X into its polar coordinates
(|1X]|, X/|X||), we see that the radial part and the spherical part behave asymptotically
independent. The radial part || X|| can be described as a regularly varying random vari-
able on the positive real numbers, whereas the spherical part X/||X|| is described by the
probability measure o.

The following theorem states two more characterizations of multivariate regular variation

which can often be found in the literature.

Theorem 2.1.12. Let X be an R%-valued random variable. Then the following statements

are equivalent.
(i) X € RV(a, (an), 1)

(i) There exists a Radon measure p on Rd\{O} with ,u(@d\Rd) = 0 and a relatively
compact set B C @d\{()} such that tE € B,, t € T, for a dense set T' C (0,00) and,

ast — o0,
P(X et)

)= By erm)

()

(1ii) There exists an o > 0, a slowly varying function | and a nonzero Radon measure
defined on B(Rd\{()}) with M(Rd\Rd) = 0 such that, as u — oo,
u*L(uw)P(u™'X € ) 3 pu()
on BR\{0}).
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Chapter 2 Regular Variation, Point Processes and Lévy Processes

Proof. (i) & (i)

Theorem 2.1.11 in combination with Basrak (2000), Theorem 2.1.8.

(i) = (iii)

Let X be regularly varying in the sense of (ii). According to Basrak (2000), p. 27, if the
condition in (ii) holds for one E € B, it also holds for all £ € B,,. Choose

E:={z:|z|]| >1}.

Then by definition, there exists some Radon measure p with M(Kd\Rd) = 0 such that, as

t — 00,
P(X et) .

Pixem M)
From Basrak (2000), p. 27, we know that tE € B, for all ¢ > 0. Furthermore, we define

f(x) == P(IX]| = x).

We have

fltr) _ POX[ > tr) P(IX|| 2 2E) enoo, p(t{IIX[|=1}) _ o

flz)  P(X|| =z zE) P(|X] = =) p({lI XN = 13) ’
since u(tB) = t~*u(B). It follows that f(z) is regularly varying as a function of z and
thus

P(X € tB) = P(|X] 2 t) = t-°I()

for some slowly varying function [. It is easy to show that

is again slowly varying. Putting things together, we obtain
~ PulXe:) PXeu) ,

u*l(uW)Plu'X € ) = =) = P(X € ub) = pu(s).

(iif) = (ii)
Let « be positive, [ be a slowly varying function and p a nonzero Radon measure defined
on B(Rd\{O}) with u(@d\Rd) =0 and, as u — oo,
ul(u)P(u™'X € ) 5 u(v)
on B(Kd\{()}). As p is nonzero and locally finite, there exists a constant » > 0 such that,
for £ :={x : ||z|| > r}, we have 0 < u(E) < oo and p(0F) = 0. It follows
P(X eu) uwluwPul'Xe:) , pl)

P(X € uk) B u=l(u)P(u='X € F) - 1(E) =: ().

Obviously, i is again a Radon measure with ﬁ(@d\Rd) =0.
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2.1 Regular Variation

Note that both limiting measures p of (i) and (iii) in the theorem above are again
homogeneous with index a, where the index of regular variation coincides with the index
specified in (i). Furthermore, we can see from the proofs that the sequence (a,,), the slowly
varying function [ and the set E can be chosen such that the limiting measures p coincide
in all three cases. Since the characterization of Theorem 2.1.12(iii) is very convenient in
some proofs of this thesis, we write X € RV («, 1, u) if we want to emphasize the usage of
this definition.

A direct consequence of multivariate regular variation can be obtained by observing
that for a multivariate regularly varying random variable X, the norm ||.X|| is univariate

regularly varying and thus P(||X|| > x) is a regularly varying function.

Lemma 2.1.13. Let X € R? be a random vector such that X € RV («, (ay), ). Then for

0>0
< oo ifd < a,
EIX]° § .
=00 ifd>a.

No general statement can be given in the case d = a.

If (a,) is a sequence corresponding to a random vector X € RV («, (a,), p), i.e. (a,) is
regularly varying with index 1/, then we have an interesting result for random variables

with an existing 6 moment, where § > a.

Lemma 2.1.14. Let (a,) be a sequence that is regularly varying with index 1/a. IfY € R?

is a random vector such that E||Y]|° < oo for some § > «, then

lim nP(a,'Y € B) =0

n—oo

for every relatively compact B € B(@d\{()}).

Proof. The result follows directly from the proof of Lemma 1.32 in Lindskog (2004).
O
Next we consider sums of independent random vectors which are regularly varying. In
the following theorem, the definition of regular variation is weakened in the sense that

degenerate limit measures are also allowed.

Theorem 2.1.15 (Lindskog (2004), Theorem 1.28). Let X;, Xy € R? be two inde-
pendent random vectors such that there exists a positive sequence (ay), a, / 0o, and two
Radon measures j11 and iy on B(Rd\{O}) with ,ul(Rd\]Rd) = ,ug(Rd\Rd) = 0 such that, as
n — 0o,

nP(a,*X, € ) 5 () and nP(a,'Xy € ) > ()
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Chapter 2 Regular Variation, Point Processes and Lévy Processes

on B(R\{0}). Then
nP(a, (X1 + X2) € ) % () + pal-):

Combining Theorem 2.1.15 and Lemma 2.1.14 we obtain an immediate corollary.

Corollary 2.1.16. Let X, Xy € R? be two independent random vectors such that X, €
RV (a, (an),p) and B || X5|]° < oo for some § > a. Then

nP(a, (X1 + Xz) € -) = u(),
ie. (X714 X2) € RV (o, (an), ).

Note that the previous theorem also holds in case of dependent random variables.
Since one is often interested in sums of random vectors which are regularly varying with
a different index of regular variation, we can also obtain an easy corollary for that special

case.

Corollary 2.1.17. Let X1, X, € R? be two independent random vectors such that X, €
RV (ay, (an), 1) and Xo € RV (v, (by), p2), where oy < ag. Then

nP(a, (X; + X3) € ) = (")
and hence (X1 + Xo) € RV (o, (ay), p1).

Proof. Set & := (a1 + ag)/2. Then § € (ay,a9) and thus by Lemma 2.1.13 E || X, ||° < oco.
The result follows by Corollary 2.1.16.

(Il

In addition to sums of random variables, products can also be considered. The following

Theorem is the multivariate version of Breiman’s Lemma.

Theorem 2.1.18 (Basrak et al. (2002), Proposition A.1). Let X € R be a random
vector such that X € RV («, (ay),p) and let A be a random q X d matriz independent of
X. IfE||A||° € (0,00) for one § > «, then, as n — oo,

nP(a,'AX € ) S E (no A7'("))
on BR\{0}).

The results of Corollary 2.1.17 and Theorem 2.1.18 can be interpreted as follows. In
sums (and products resp.) of independent random variables, the tail behavior is always
dominated by the summand (and factor resp.) with the lowest index of regular variation.
On the other hand, the summands (factors) with lighter tails do not contribute to the tail

behavior of the sum (product).
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2.1 Regular Variation

2.1.4 Processes with Cadlag Sample Paths

We follow Hult and Lindskog (2005) to introduce the notion of regular variation on D.
Let D be the space of cadlag (right-continuous with left limits) functions z : [0,1] — R?
equipped with the J; metric (equivalent to the dy metric of Billingsley (1968)) such that D is
a complete and separable metric space. Using the supremum norm |[[z{|e = sup;ej 1 || 24|
we can then introduce the unit sphere Sp = {z € D : ||z]l = 1}, equipped with the
relativized topology of . Next, we equip (0,00] with the metric p(z,y) = |1/z — 1/y|
which makes it a complete separable metric space. Then also the space Dy = (0, 00] x Sp,
equipped with the metric max{p(z*,y*), do(Z, )}, is a complete separable metric space.

If we use the polar coordinate transformation 7' : D\{0} — Dy, = = (||7]ls0, /]2 ),
we see that the spaces D\{0} and (0,00) x Sp are homeomorphic. Thus, the Borel sets
B(Dy) of interest can be viewed as the infinite dimensional extension of the one-point un-
compactification that is used to introduce finite dimensional regular variation (cf. Bingham
et al. (1987), Embrechts et al. (1997) and Resnick (1987)).

Regular Variation on D can then be introduced in terms of the so-called w-convergence
of boundedly finite measures on Dy. A measure p on a complete separable metric space F
is said to be boundedly finite if u(B) < oo for every bounded set B € B(E). Let (fin)nen
be a sequence of boundedly finite measures on E. Then (u,) converges to u in the -
topology if p,(B) — u(B) for all bounded Borel sets B € B(E) with u(0B) = 0. We
write RN 1. Note that for locally compact spaces E the boundedly finite measures are
called Radon measures and the notions of w-convergence and vague convergence coincide.
See Daley and Vere-Jones (1988) and Kallenberg (1983) for details on w-convergence and
vague Convergence.

We are now able to formulate regular variation for stochastic processes with sample
paths in D.

Definition 2.1.19 (Functional Regular Variation). A stochastic process (X;) with
sample paths in D is said to be regularly varying if there exists a positive sequence (a,),
n € N, with a,, /* 0o and a nonzero boundedly finite measure y on B(Dy) with p(De\D) = 0
such that, as n — oo,

nPa;'X €)% u(-)  on B(Dy).

As in the finite dimensional case, direct calculation shows that the measure p is homo-
geneous, i.e. there exists a positive index a > 0 such that pu(uB) = v “u(B) for all u > 0
and for every B € B(Dy). Thus, it makes sense to say that the process (X;) is regularly
varying with (tail) index a. For short, we write X € RV (a, (an), 1)

23



Chapter 2 Regular Variation, Point Processes and Lévy Processes

Several alternative definitions of regular variation exist. For example, a process (X;) in
D is regularly varying if and only if there exists an index o > 0 and a probability measure
o on B(Sp) such that for every positive z > 0, as u — o0,

P X oo > vz, X/[| X € ) & 4
P(Xw>w) " 0
In this definition, the probability measure o is called the spectral measure of X. See
Theorem 4 in Hult and Lindskog (2005) for the equivalence between (2.1.3) and Definition
2.1.19.

Now we recall several useful results from Hult and Lindskog (2005) related to regular

on B(Sp). (2.1.3)

variation on ID. Since it is often of interest, how the regular variation property is preserved
under mappings, we look at two different continuous mapping theorems. Therefore, for
any function h from a metric space E to a metric space E’ we introduce the set disc(h)

which consists of all discontinuities of h.

Theorem 2.1.20 (Hult and Lindskog (2005), Theorem 6). Let (X;) be a stochastic
process with sample paths in D and let E' be a complete separable metric space. Assume that
X € RVg,(a,(an), ) and h : D — E' is a measurable mapping such that p(disc(h)) = 0
and h™Y(B) is bounded in Dy for every bounded B € B(E'). Then, as n — oo,

nP(h(a;*X) € ) S poh™ () on B(E).
There is a different version of the previous theorem for the special case of positively

homogeneous mappings of order v > 0, i.e. mappings h : D — D with h(Azx) = \Vh(zx) for
all A > 0 and =z € D.

Theorem 2.1.21 (Hult and Lindskog (2005), Theorem 8). Let (X;) be a stochastic
process with sample paths in D and let X € RVg (o, (an), p). Furthermore, suppose that
h:D — D is a measurable mapping which is positively homogeneous of order v > 0 such
that p(disc(h) NDy) = 0 and h=*(B) is bounded in Dy for every bounded B € B(Dy) ND.
Then, as n — 00,

nP(a,"h(X) € ) 2 pio hH(-ND) on B(Dy).

The next theorem states some necessary and sufficient conditions for regular variation
on D. In the theorem, we use the notation

w(z, Ty) = t stugT |xy, — 2|  and
1,02 0

w"(z,0) = sup min {||z; — @4, ||, ||z, — 2}
t1<t<to; ta—t1<6

forx €D, Ty, C [0,1] and ¢ € [0, 1].
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2.1 Regular Variation

Theorem 2.1.22 (Hult and Lindskog (2005), Theorem 10). Let (X;) be a stochas-

tic process with sample paths in D. Then the following statements are equivalent.
(i) X € RVg, (0, (an), ).

(13) There exists a set T C [0, 1] containing 0, 1 and all but at most countably many points

,,,,,

-----

t €T such that
_ v —dk
nP(a; (Xiy, . X)) €)% gy () on BERM{0}) (2.1.4)

holds for all ty,...,tx € T. Furthermore, for every e,mn > 0, there exist § € (0,1) and
ng € N such that, for n > ny,

nP(a;lw(X, [0,0)) >¢) <n, (2.1.5)

nP(a; 'w(X,[1 —6,1)) >e) <, (2.1.6)

nP(a;'w"(X,8) >¢) <n. (2.1.7)

v

Remark 2.1.23. The theorem links regular variation of the process (X;)¢cpo,1] with sample
paths in D to regular variation of the finite dimensional distributions (X4,,..., X, ) of the
the process. Key to that connection are the relative compactness criteria (2.1.5), (2.1.6)
and (2.1.7) which restrict the oscillation of the process (X;) in small areas. See Hult and
Lindskog (2005), Example 11, for a process satisfying conditions (2.1.5) and (2.1.6), but
not (2.1.7).

Some more accessible sufficient conditions for regular variation in D can be given in case
of a strong Markov process with sample paths in D. In that case we denote by P;(z, B)

the transition functions and define
o (u) == sup { Py 4(z, B,(z)) : x € RY s,t€[0,1] and t — s € [0,u]} .

Theorem 2.1.24 (Hult and Lindskog (2005), Theorem 13). Let (X;), t € [0, 1], be
a strong Markov process with sample paths in D that satisfies lim, o (1) = 0. Assume
that X, is reqularly varying for every fized t € [0,1], i.e. there exists a set T C [0,1]
with 0,1 € T' containing all but at most countably many points of [0, 1], a positive sequence
a, /0o and a collection {y; : t € T'} of Radon measures on B(Rd\{O}) with ,ut(Kd\Rd) =0

and py 18 nonzero such that, as n — oo,

nP(a; (X)) €)% () on BR\{0})
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Chapter 2 Regular Variation, Point Processes and Lévy Processes

holds for allt € T'. If, additionally, for every e > 0 and n > 0 there exists 6 > 0 such that
0eT, 1-90eT as well as

p5(B:(0)%) — po(B:(0)) <n and i (B:(0)) — pa—s(B=(0)%) <,
then (X;) € RVg, (a, (an), 1), where p is uniquely determined by {j; : t € T'}.

A similar theory can also be established for stochastic processes with continuous sample
paths. See e.g. de Haan and Lin (2001) for details and limit results.

2.2 Weak Convergence of Point Processes

Point processes (or random point measures resp.) play an important role in probability
theory and statistics. They are especially useful in extreme value theory, as they are closely
related to regular variation. Hence, in a regularly varying setting, point processes are a
very helpful tool in proofs. Furthermore, point processes of maxima, exceedances etc. play
an important role in the analysis of the structure of the extremes. Interesting aspects of
that area can be, for example, extremal clustering, long memory effects etc.

In Section 2.2.1 we introduce the general theory of point processes. We define point
processes and introduce the notion of weak convergence of point processes. Furthermore,
we also have a closer look at the special case of the Poisson process. Then, in Section
2.2.2, we state the classic result that links regular variation to point process convergence.
Moreover, we introduce several other (point) processes of interest, e.g. the point process of
exceedances, the point process of record times and extremal processes. Finally, we state a

result for a functional setting.

2.2.1 General Theory

In this section we shortly introduce point processes and the relevant theory of weak con-
vergence. For more detailed and very good introductions to the topic, see also Daley and
Vere-Jones (1988) and Daley and Vere-Jones (2008). Since point processes are a special
case of random measures, see also Kallenberg (1983) for more general reading on random
measures. Introductions to point processes with extreme value theory in view can also
be found in Resnick (2007) and Embrechts et al. (1997). The statistical aspect of point
processes is examined in Illian et al. (2008).

Let E be a locally compact space and £ the corresponding o-algebra. A measure m :

E — Ny U {oo} is called counting measure. A counting measure m is a point measure if
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2.2 Weak Convergence of Point Processes

m is Radon, i.e. m(K) < oo for every compact set K € £. A point measure m is called
simple if m({z}) € {0,1} for all x € E. Defining the Dirac measure e, by

1 if A
€I(A): %336 ,
0 ifzd¢A,

for any x € E and A € &, every point measure m can be written in the form

m(A) =) e, (A),
ieN
where z; € E, i € N, are called the atoms of m. Illustrative, m(A) denotes the number of
points in the set A. Denote by M, (E) the set of all point measures on E and by M,,(E) the

corresponding o-algebra. Now a point process can be defined as a random point measure.

Definition 2.2.1 (Point Process). A measurable mapping
N : (Q,F, P) = [My(E), M,(E)]
is called point process (or random point measure).

A point process N is called simple if N is a simple point measure with probability 1.

Likewise to point measures, point processes can be written in the form

N(A) = ex.(A),
iEN
where A € £ and (X;);en are random elements of E. Very useful for the characterization

of point processes are Laplace functionals.

Definition 2.2.2 (Laplace Functional). Let N be a point process. Then the Laplace
functional of N is given by

Un(f) =E (exp (—/Ede>)
_ /M o (— [E (@) m(dw)) Py (dm),

where f: E — [0,00) is a measurable function.

Note that the definition of the Laplace functional can be easily extended to a more general
space of random measures. The importance of the Laplace functional can be derived from
the following fact.
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Lemma 2.2.3. The Laplace functional Vy determines the distribution of N uniquely.

The limit theory for point processes is described by the concept of weak convergence.
Weak convergence is in general defined as convergence of the infinite-dimensional distri-
butions, but by Daley and Vere-Jones (1988), Theorem 9.1.1V, it is sufficient to consider

only the finite-dimensional distributions.

Definition 2.2.4 (Weak Convergence). A sequence of point processes (N, )nen on the

space [E, £] converges weakly to a point process N (on the same space) in M, (E) if
P(N,(A1) =k1,...,No(Am) = ki) = P(N(AL) = k1, ..., N(Ap) = k)

for all m,ky,...,k, € N and Ay,... A, € & such that P(N(0A4;) = 0) = 1 for i =
1,...,m. In that case we write N, < N.

There exists an important characterization of this convergence concept which is very
useful in many proofs: weak convergence of point processes is equivalent to convergence of
the corresponding Laplace functionals. Therefore denote by C(E) the space of continuous

functions f : E — [0, 00) with compact support.

Theorem 2.2.5 (Daley and Vere-Jones (1988), Theorem 9.1.VII(ii)). Let N and
(Nn)nen be point processes on [E,E]. Then N, 4 N if and only if

U, (f) = Yn(f)
for all f € CH(E).
Another important tool for the work with point processes are continuous mapping ar-
guments. They ensure that weak convergence is preserved under continuous mappings.
Therefore, consider a second locally compact space F, with corresponding o-algebra &

and let T': ¥ — E, be a continuous function. For a point measure m = ), €, define

the transformed measure T'(m) by

T(m)=mo 71 = ZgT(ri)'
ieN
Theorem 2.2.6 (Resnick (2007), Proposition 5.5). Let N and (N,,)nen be point pro-
cesses on [E, E]. Suppose that T : E — Es is a continuous function such that the preimages
of compact sets are again compact. If N, 4N in M,(E), then
T(N,) % T(N)

m Mp(EQ) .
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2.2 Weak Convergence of Point Processes

Finally, we introduce as an example one of the most important point processes: the
Poisson random measure. It has two properties: the number of points in a fixed set A

follows a Poisson distribution and the numbers of points in disjoint sets are independent.

Definition 2.2.7 (Poisson Random Measure). Let u be a Radon measure on €. A
point process N is called Poisson random measure or Poisson process with mean measure
w (write PRM(p)) if the following two conditions are satisfied:

(i) Forany A€ £ and k € N

e~ HA) %’?k if u(A) < o0,
0 if u(A) = co.

(ii) For any m € N and for any collection of disjoint sets Ay, ..., A, € & the random
variables N(A;),..., N(A,,) are independent.

The Laplace functional which determines the distribution of the Poisson random measure

completely can be given explicitly.

Theorem 2.2.8 (Resnick (2007), Theorem 5.1). A point process N is a PRM(p) if
and only if the Laplace functional is of the form

wn(f) =esp (= [ (1= ) piao))

for measurable functions f : E — [0, 00).

A result similar to Theorem 2.2.6 does also hold for Poisson random measures: contin-

uous transformations of Poisson random measures are again Poisson random measures.

Theorem 2.2.9 (Resnick (2007), Proposition 5.2). Let T : E — E, be a function
such that the preimages of compact sets are again compact. If N is a PRM(u) on E, then
T(N) is a PRM(T(u)) on Es.

Poisson random measures are very important for extreme value theory. They appear as
a weak limit of point processes with points that are independent and regularly varying.

The complete theory is introduced in the following section.
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Chapter 2 Regular Variation, Point Processes and Lévy Processes

2.2.2 Point Processes and Extreme Value Theory

The relevance of point processes for extreme value theory is part of basically any monograph
on the topic. In this section we introduce the basic idea and show the main results. For
details we refer to Resnick (1987), Resnick (2007), Embrechts et al. (1997), de Haan and
Ferreira (2006) and Leadbetter et al. (1983).

We start with the main theorem that links regular variation to point process convergence.
As we have defined multivariate regular variation on the space R? in Section 2.1.3, we state
the result for the case £ = R? and £ = B(R?).

Theorem 2.2.10 (Resnick (2007), Theorem 5.3). Let (X;)ien be a collection of iid
random variables with values in RY. Then X, € RV («, (ay), i) if and only if

n

d
E 5a;1Xi — N,
=1

where N is a PRM(p).

This basic result can now be used in combination with the continuous mapping theorem
to obtain numerous other results. As an example we present a result for point processes
of vectors (X, Xx_1,..., Xg_qr1), where the single entries are given by an iid sequence of
real-valued random variables. Results of that kind are used for example in the analysis
of the extremal behavior of discrete time moving averages and linear processes. See also
Section 3.2.2 and Section 3.4.3.

Theorem 2.2.11 (Davis and Resnick (1985), Theorem 2.2). Let (X;)icz be a se-
quence of 1id real-valued random variables which are reqularly varying with index «, i.e.
the tail balance condition of Definition 2.1.8 is satisfied. Let (a,) be the positive sequence
satisfying nP(a;'| X1 > x) — 27 for allz > 0. For fived d € N define the point processes

00
Ny = Z Ear_Ll(Xk7Xk—17---7Xk—d+l)
k=1

in M,(R™\{0}). Then

00 d
No S N=>"esen

k=1 i=1

where (Ji) are the points of a PRM(u) on @d\{()} with mean measure

() = alo "™ (pLion)(2) + 4 1oy () da

and e; is the ith unit vector in R?.
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2.2 Weak Convergence of Point Processes

Another interesting characteristic is the point process of exceedances, see also Embrechts
et al. (1997), Section 5.3. It is given by

=1

where n € N, (X;);en is a sequence of real-valued random variables and (u,,) is a sequence
of real thresholds. From the following observation, we see the importance of such processes
for extreme value theory. Let Xj., be the kth biggest value (order statistic) of the sample
Xi,..., X, and denote by M,, = X;., the sample maximum. Then direct calculation shows
(cf. Embrechts et al. (1997), Remark 5.1.3)

{Nu((0,1]) < b} = {Xpen < un}

and in particular
{Na((0,1]) = 0} = {M,, < uy}.

The results for weak convergence of point processes of exceedances to Poisson random

measures are also well known.

Theorem 2.2.12 (Embrechts et al. (1997), Theorem 5.3.2). Suppose (X;)ien is a
sequence of iid real-valued random variables with common distribution function F and (u,)

1s s sequence of real thresholds. Assume that the condition

nF(u,) =E (Z 1{Xi>un}> — T

=1

holds for some T € (0,00). Then the point process of exceedances given by (2.2.1) satisfies
N, % N,
where N is a PRM(TA(-)) on (0,1].

The conditions of the theorem can be relaxed in several ways. First, in the definition
of N, the number of summands n can be replaced by a random Number N’(n) and the

times ¢ by 7;. Then the point process of exceedances is given by

N'(n)
Ny() = Z eTy/n(*) Lixi>un}s
i=1

where T,, = Y} + --- + Y}, are the points of a renewal counting process, (Y;);ey is an iid

sequence of positive random variables independent of (X;) and N'(n) = #{i € N: T; < n}.
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Then by Embrechts et al. (1997), Theorem 5.3.4, the result of Theorem 2.2.12 still holds.
Furthermore, the result of Theorem 2.2.12 still holds if the iid sequence (X;) is replaced by
a strictly stationary sequence (X;) (cf. Embrechts et al. (1997), Theorem 5.3.6). Results for
limit probabilities and distributions of upper order statistics as well as weak convergence of
the number of exceedances can be obtained likewise (cf. Embrechts et al. (1997), Theorem
5.3.8, Theorem 5.3.9 and Corollary 5.3.10).

Next, we analyze the convergence of sample maxima to extremal processes. Recall that

M, = max(Xy, ..., X,) denotes the sample maximum of an iid real-valued sequence (X;).
If N given by
N = Z E(ti,gi)
ieN

is PRM( x p) for the univariate Lebesgue measure A and a Radon measure pu, define the

corresponding extremal process by

Y,(t) = max j. (2.2.2)

keN: ¢, <t
Weak convergence of Y, is equivalent to regular variation.

Theorem 2.2.13 (Resnick (2007), Proposition 7.2). Let (X;);en be an iid sequence
of real-valued nonnegative random variables. Then X1 € RV («, (ay), p) if and only if

_ d
Yo() == ay' My = You(+)
on the space of cadlag functions y : [0,00) — [0,00).

Note that the theorem also holds for random variables in R? if maxima are taken com-
ponentwise.

Extremal processes can also be defined for general (not regularly varying) random vari-
ables. For an iid real-valued sequence (X;) of random variables with common distribution
function F' the finite-dimensional distributions of the maxima M, are given by

P(M, <zy,...,M,,, <x,,)=F" (mn&x x2> Ftz—t (m"éx x2> co FImTime () (2.2.3)

i=1 1=2
where m,tq,...,t, € Rsuch that t; <ty < ... < t, and z1,...,2, € R (cf. Embrechts
et al. (1997), Section 5.4.2).

Definition 2.2.14 (F-Extremal Process). The process Y = (Y(t));er+ which is
uniquely determined by the finite-dimensional distributions (2.2.3) is called F-extremal

process.
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2.2 Weak Convergence of Point Processes

F-extremal processes are the natural extension of the discrete-time sequences of sample
maxima (M,,) to a continuous-time setting. By Resnick (1987), Proposition 4.7, F-extremal
processes are stochastically continuous, cadlag, nondecreasing (almost surely) and they are
Markov jump processes. Furthermore, it follows from Embrechts et al. (1997), Proposition
5.4.4, that F-extremal processes have a point process representation, i.e. any F'-extremal

process (Y (t)) can be given in the form

where Y, is the extremal process specified by (2.2.2) and p is given by u((a,b]) = In(F (b)) —
In(F(a)) for a < b. The jump times of an F-extremal process constitute another Poisson

random measure.

Theorem 2.2.15 (Embrechts et al. (1997), Theorem 5.4.7). Let Y = (Y (t)) be an
F-extremal process and let (1;), i € N, be the jump times of Y. If F' is continuous, then

the point process No of jump times given by

Ny = Z Er,
is a PRM(u) on RT with
((@,8]) = In(®) — In(a).

F-extremal processes are closely related to records and record times. Intuitively, for a
sequence (X;) of random variables, X, is a record if X,, > M,,_;. Denote by (L;) the record

times, i.e. the times where the records occur given by the recursion
Li=1 and L,=min{k>1L,:Xy>X,, ,} forn>1.

The sequence of records is then given by (X7,);en and these are the points of a Poisson

random measure.

Theorem 2.2.16 (Embrechts et al. (1997), Theorem 5.4.1). Let F' be a distribution
function with left and right endpoint given by

v =inf{zr € R: F(z) >0} and 2} =sup{r €R: F(x) <1}

and let (X;)ien be an iid sequence with common distribution function F. Then the records

(X1,) are the points of a PRM(p) with mean measure p given by

1((a,b]) = In (F(a)) — In (F(b))

for a,b € R such that:c%<a§b<x§;.
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From the definition of F-extremal processes one would intuitively hope that the record
times (L;) and the jump times (7;) of the corresponding F-extremal process (Y (¢)) behave
similarly, as (M,,) < (Y(n)) for n € N. The relation holds in the limit as shown in the

following theorem.

Theorem 2.2.17 (Embrechts et al. (1997), Theorem 5.4.9). Let (L;) be the record
times of an iid sequence (X;) and let (1;) be the jump times of the corresponding F-extremal
process (Y (t)). Then

Nal) = 3 2rn() 5 Noo) = D en ()

on M,(R").

There exist many other results related to records and extremal processes. For example,
limits results for the frequency and growth of records can be derived accordingly. For
further details and many interesting applications we refer to Embrechts et al. (1997),
Chapter 5, and Resnick (1987), Chapter 4.

To conclude this section, we present a result for the point process convergence of stochas-
tic processes with cadlag sample paths. Therefore, recall the definitions of D and Dy from
Section 2.1.4 and let Mp(ﬁo) denote the space of all point measures on Dy equipped with
the w-topology.

The following theorem is the extension of the classical result of Theorem 2.2.10 to the
space D, i.e. to a state space which is not locally compact. Similar results have also been
proved by de Haan and Lin (2001), Theorem 2.4, in the case of real-valued processes which
are regularly varying with index 1 and by Davis and Mikosch (2008) for D-valued random
fields.

Theorem 2.2.18. Let (X;);en be an iid sequence of stochastic processes with values in D.
Then X1 € RVg, (a, (an), 1) if and only if

n
d
Nn: E 5a;1Xi_>N
=1

in M,(Dy), where N is a PRM ().

Proof. The proof can be obtained by changing from vague-topology to the w-topology in
the proof of Proposition 3.21 in Resnick (1987). This change of topology does not affect
the proof which is based on the Laplace functionals of the point processes involved (cf.
Davis and Mikosch (2008), Proof of Lemma 2.2).

O
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2.3 Lévy Processes and Infinite Divisibility

Lévy processes are a very general class of stochastic processes which have stationary and
independent increments. They cover a wide range of commonly used examples such as
the Brownian Motion (or Gaussian processes), Poisson and compound Poisson processes.
Lévy processes are the natural extension of random walks with independent increments to
a continuous time setting and they are closely linked to infinite divisibility.

In Section 2.3.1 we introduce the general theory of Lévy processes and infinite divisibil-
ity. We give definitions and the results that link the two. Furthermore, we also analyze
the corresponding characteristic functions and introduce the Lévy-Ito decomposition. In
Section 2.3.2 we analyze the tail behavior of Lévy processes in terms of regular variation

which is closely linked to the driving Lévy measure. A functional result is also given.

2.3.1 General Theory

We follow the relevant literature to give a short introduction to Lévy processes and infinitely
divisible distributions. For details and very good monographs on the topic we refer to Sato
(2002), Applebaum (2004) and Kyprianou (2006).

Definition 2.3.1 (Lévy Process). A stochastic process (L;), t € R*, with values in R?

is called a Lévy process if it satisfies the following conditions:

(1) (L;) has independent increments, i.e. for every n € N and for every increasing se-
quence 0 < tg < t; < ... < t, the increments Ly, Ly, — Ly, ..., L, — Ly, _, are

independent.

(2) the increments of (L;) are stationary, i.e. the distribution of L;, s— L; does not depend

on the choice of ¢.
(3) Lo =0 almost surely.
(4) (L) is stochastically continuous, i.e. for every ¢ > 0 and ¢t > 0
fim P(1L, ~ L] > <) =0.
(5) (L) has cadlag sample paths almost surely.

Note that two-sided Lévy processes (L;), t € R, can be defined similarly. There are
several other processes closely related to the conditions above. An additive process is a
process where all of the conditions of a Lévy process except (2) are satisfied. If condition

(5) is not required, we speak of a Lévy process (additive process) in law.
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Theorem 2.3.2 (Sato (2002), Theorem 11.5). Let (L;) be a Lévy (resp. additive) pro-

cess in law. Then there exists a modification of (L) which is a Lévy (resp. additive) process.

The theorem shows, why condition (5) in the definition of Lévy processes does not play
an important role in the theory of such processes. This is also the reason, why one often
finds definitions of Lévy processes without this condition in the literature.

Closely related to Lévy processes are infinitely divisible distributions.

Definition 2.3.3 (Infinite Divisibility). A random vector X € R? is said to be in-
finitely divisible if for each n € N there exist iid random vectors Yl("), e ,YVS") such that

X Ly™ 4y,

Infinite divisibility can also be defined in terms of probability measures. For any proba-

bility measure i denote by

M ::M*...*M
———

n-times
the n-fold convolution of . Then a probability measure p is said to be infinitely divisible
if for any n € N there is a probability measure p, such that g = u;.. The measure p, is
the so-called n-th root of p. By Applebaum (2004), Proposition 1.2.6, both definitions of
infinite divisibility coincide if p is the law of X.

The concrete form of the characteristic function of an infinitely divisible random variable
(distribution) is also known. It is called the Lévy-Khintchine representation or Léuvy-

Khintchine formula an can be found for example in Sato (2002), Theorem 8.1.

Theorem 2.3.4 (Lévy-Khintchine Formula). Let the random variable X € R? be in-
finitely divisible. Then the characteristic function of X is given by

E (eiuTX> _ ego(u)
for all w € R? and the characteristic exponent ¢ has the form
1 )
p(w) = iy — Su"Su + / (e“‘T”C - iuTx]l[_LH(HxH)) v(dz), (2.3.1)
Rd

where v € RY, ¥ is a nonnegative-definite d x d matriz and the measure v : R — R

satisfies

v({0}) =0  and /(Hx|]2 A1) v(de) < .
R4
Conversely, for any v, ¥ and v as above there exists an infinitely divisible distribution with

characteristic function e
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The matrix Y in the above theorem is called the Gaussian covariance matriz and v is the
Lévy measure. As the choice of v, ¥ and v is unique for every infinitely divisible random
variable X (cf. Sato (2002), Theorem 8.1(ii)), we call (v, X, v) the characteristic triplet (or
generating triplet) of X.

We have already mentioned that there is a close link between infinite divisibility and

Lévy processes.
Theorem 2.3.5. The following statements hold.
(i) If (L;) is a Lévy process, then Ly is infinitely divisible for each t > 0 and
E (ewTLt> _ otew)
where ¢ is the characteristic exponent of Ly given by (2.3.1).

(ii) For every infinitely divisible distribution u on R? there is a Lévy process (L;) such
that Pr, = p. Furthermore, the choice of the Lévy process is unique apart from

modifications.

Proof. See Applebaum (2004), Proposition 1.3.1 and Theorem 1.3.3, and Sato (2002),

Corollary 11.6.
O

The theorem shows that Lévy processes and infinitely divisible distributions can be
considered as equivalent. If (L;) is a Lévy process and (7, 2, v) is the characteristic triplet
of Ly, then we observe that (¢v,t%,tv) is the characteristic triplet of L; for all ¢ > 0.
Hence, the Lévy process is uniquely determined by (v,%,v) and we say that (v,%,v) is
the characteristic triplet of (L;).

Next we recall an interesting result describing the jump structure of Lévy processes, the
Lévy-Ito decomposition. The main statement is that any Lévy process can be decomposed
into a deterministic drift, a continuous Brownian motion and a jump part. The jump part
is given by the big jumps described by a Poisson random measure with mean measure
v X A, where X is the univariate Lebesgue measure, and the small jumps are represented
by the corresponding compensated Poisson measure. Details and proofs of the Lévy-Ito
decomposition can be found in Sato (2002), Chapter 4, Applebaum (2004), Section 2.4,
and Kallenberg (2002), Chapter 15.

Theorem 2.3.6 (Lévy-Ité6 Decomposition). Let (L;) be a Lévy process with charac-
teristic triplet (7,3,v). Then there exists a drift b € R?, a Brownian motion (B;) with
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covariance matriz 3 and a Poisson random measure N independent of (By) and with mean

measure v X A such that for each t > 0

t t

Lt:bt+Bt+/ / x (N(dx,ds)—dsz/(dx))+/ / x N(dz,ds). (2.3.2)

0 Jl=ll<1 0 flzf|>1

The theorem shows that the sample paths of a Lévy process are described by a Brownian
motion and the jumps of a (compensated) Poisson process. Note that by definition (or
Theorem 2.3.2 resp.) Lévy processes have cadlag sample paths. The following theorem
gives necessary and sufficient conditions for the sample paths of a Lévy process to be of

finite variation.

Theorem 2.3.7 (Sato (2002), Theorem 21.9). A Lévy process (L) is of finite varia-
tion if and only if X =0 and

/ lzll v(dz) < oo.

l[=]I<1

As the Brownian motion has paths of infinite variation on any compact interval, the
condition ¥ = 0 is obvious. The additional condition me” <1 |7]] v(dz) < oo ensures that
the integral for the small jumps with ||z|| < 1 in (2.3.2) exists without a compensator and

thus the small jumps are of bounded variation.

2.3.2 Regular Variation of Lévy Processes

In this section we analyze the tail behavior of Lévy processes. Therefore, we give conditions
for multivariate and functional regular variation of Lévy processes. We start with necessary

and sufficient conditions for Lévy processes to have finite moments.

Theorem 2.3.8 (Sato (2002), Corollary 25.8). Suppose (L;) is a Lévy process with
characteristic triplet (v,3,v) and let § > 0. Then E (|| L¢||°) < oo for all t > 0 if and only
if

/ lzll® v(dz) < oo.

llz]|>1

Combining Theorem 2.3.8 with the Lévy-Ito decomposition of Theorem 2.3.6 we obtain

an immediate consequence.

Corollary 2.3.9. If (L;) is a Lévy process with bounded jumps, then E (|L;||°) < oo for
all o > 0.
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It is well known that also all moments of the Brownian motion are finite. Consequently,
in view of the Lévy-Ito6 decomposition and Corollary 2.1.16 we see that the heavy tails of
a Lévy process can only be caused by the big jumps of it. The big jumps are described
by the Poisson random measure N which has an intensity driven by the Lévy measure v.

Hence, the extreme values of the Lévy process must come from the extreme values of v.

Theorem 2.3.10 (Hult and Lindskog (2006a), Proposition 3.1). Let X € R? be an
infinitely divisible random variable with characteristic triplet (v, 3,v). Then we have X €
RV (a, (an), 1) if and only if v € RV («, (ay), ). In particular, a Lévy process (L) with
characteristic triplet (v,3,v) satisfies Ly € RV («, (ay),tn) for all t > 0 if and only if
v e RV(a, (an), 1t).

Combining this theorem with the results of Lemma 2.1.13 and Theorem 2.3.8, we obtain

the following.

Corollary 2.3.11. Let (L) be a Lévy process and suppose that (L) (or v resp.) is regu-
larly varying with index o« > 0. Then

E||L|° < oo and / |2||°v(dx) < oo

[[=]|>1

foralld < a andt > 0.

Functional regular variation as introduced in Section 2.1.4 follows similarly. If the un-
derlying Lévy measure of the Lévy processes (L;) is regularly varying, then (L;), restricted

to t € [0, 1], is also regularly varying in a functional sense.

Theorem 2.3.12. Let (Ly)icpo1] be a Lévy process and assume that Ly has Lévy measure
v € RV(a, (an), p1). Then (L;) € RVg (a, (an), 1), where p is uniquely determined by the
measures {py = tuy,t € [0,1]}.

Proof. By definition (or Theorem 2.3.2 resp.) (L:) has sample paths in D. Furthermore,
(L) is also a strong Markov process (cf. Sato (2002), Theorem 10.5 and Corollary 40.11).
Moreover, Theorem 2.3.10 yields L; € RV («, (ay),tp). Then the result follows by Theorem
2.1.24. See also Hult and Lindskog (2005), Example 17.

|

Note that a similar result for the bigger class of additive processes does not hold in
general (cf. Hult and Lindskog (2005), Example 12).
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Chapter 3

The Limit Distribution of the Maximum
Increment of a Random Walk with

Dependent Regularly Varying Jump

Sizes!

In this chapter, we investigate the maximum increment of a random walk with heavy-tailed
jump size distribution. Here heavy-tailedness is understood as regular variation of the
finite-dimensional distributions. The jump sizes constitute a strictly stationary sequence.
Using a continuous mapping argument acting on the point processes of the normalized jump
sizes, we prove that the maximum increment of the random walk converges in distribution
to a Fréchet distributed random variable. Several different settings of the dependence

structure between jumps sizes are considered.

3.1 Introduction

For several decades, the interplay between heavy tails and serial dependence in a strictly
stationary sequence (X;) of random variables with common distribution F' has attracted a
lot of attention. One of the main goals of this research is to investigate the distributional
behavior of suitable functions acting on (X;) and to compare it with the corresponding
behavior of an iid sequence with the same marginal distribution F'. In a dependent sequence
(X:), high/low level exceedances typically appear in clusters and significantly determine

the distributional behavior of functions of (X;).

!The content of this chapter is based on Mikosch and Moser (2012).
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Chapter 3 The Maximum Increment of a Random Walk

Early on, the asymptotic behavior of the maximum functional M,, = max;—;,__, X;, n >
1, was studied for various classes of heavy-tailed stationary sequences. Not surprisingly,
linear processes (such as ARMA) with heavy-tailed innovations were the first objects of
interest: they constitute a major class of stationary processes in time series analysis. The
extremes of such processes were studied first by Rootzén (1978) in the case of infinite
variance stable innovations and later by Davis and Resnick (1985) for general innovation
processes with regularly varying tails. Another class of a heavy-tailed stationary processes
constitute solutions to stochastic recurrence equations. Pioneering work by Kesten (1973)
and Goldie (1991) showed that the marginal distributions of such a process have power law
tails. The extreme value theory of such processes was studied in detail in de Haan et al.
(1989). We mention that the class of GARCH processes can be embedded in a natural
way in some stochastic recurrence equation and therefore, under general conditions, these
processes have power law tails and the asymptotic behavior of their extremes can be treated
by similar methods. See for example de Haan et al. (1989) , Mikosch and Starica (2000),
Basrak et al. (1999) and Basrak et al. (2002) in the ARCH(1), GARCH(1,1) and general
GARCH cases. Motivated by applications in time series analysis, Davis and Resnick (1986)
studied the asymptotic behavior of the sample autocovariance and sample autocorrelation
functions of linear processes with innovations with regularly varying tails and infinite 4th
moment. The sample autocovariance and sample autocorrelation functions of GARCH
and heavy-tailed bilinear processes were studied in the papers Davis and Resnick (1996),
Basrak et al. (1999), Davis and Mikosch (1998), Mikosch and Starica (2000) and Basrak
et al. (2002).

Due to very distinct extremal clustering behavior, the results for GARCH, heavy-tailed
linear and iid processes differ significantly. The extremal clustering behavior of these
sequences is well described by the point processes of the scaled points X;. The results
for the extremes and the sample autocovariances of a heavy-tailed sequence are then a
consequence of a continuous mapping argument acting on the weakly converging sequence
of these point processes. Under weak dependence conditions on the heavy-tailed stationary
process (X;), the seminal paper Davis and Hsing (1995) developed a general theory for the
weak convergence of these point processes.

Different distributional behavior of functions acting on heavy-tailed stationary sequences
can also be observed on the magnitude of the ruin probabilities P(sup,>; (S, —cn) > u)
as u — 00, for a constant ¢ > 0 and assuming that the random walk S,, = X; +--- + X,,,
n > 1, is driftless. These probabilities were studied for linear processes with regularly vary-
ing innovations, solutions to stochastic recurrence equations and infinite variance stable

processes. See for example Mikosch and Samorodnitsky (2000a), Mikosch and Konstan-
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tinides (2005) and Mikosch and Samorodnitsky (2000b). In this context, the study of large
deviation probabilities P(S,, > z,) — 0 for suitable choices of z,, — oo is crucial for
the understanding of the very different ruin probabilities of distinct heavy-tailed processes
(X0).

Distinct distributional behavior of functions acting on stationary sequencees (X;) sheds
light on the dependence structure of these sequences. In a sense, these results yield qualita-
tive and quantitative indicators which measure certain aspects of the dependence structure,
far beyond covariances and correlations. This aspect is particularly important in the case
of heavy-tailed sequences, where covariances and correlations are less meaningful.

As a final example of a functional acting on a heavy-tailed sequence (X;) we mention the
maximum increment of a random walk (S,,). For an iid sequence with regularly varying
tails, Mikosch and Rackauskas (2010) studied the asymptotic behavior of the quantities

-1
fg&);(f(l)) o Joax |Sk1 — Sk|, m>1, (3.1.1)

for suitable choices of non-decreasing sequences (f(l)). They gave conditions under which
the distributions of (3.1.1) converge weakly to a Fréchet distribution, i.e. one of the ex-
treme value distributions. The purpose of this chapter is to investigate (3.1.1) and related
functionals for dependent stationary sequences (X;). As in the case of maxima, sample au-
tocovariances, ruin and large deviation probabilities, a natural candidate of a heavy-tailed

stationary sequence (X;) is given by a linear process
Xo=> ViZi;, tel, (3.1.2)
j=0

for an iid regularly varying sequence (Z;), i.e. a generic element Z of this sequence? satisfies

the tail balance condition
P(Z>z)=px *L(z) and P(Z < —z)=qx *L(x), x— o0, (3.1.3)

where L is a slowly varying function, o > 0 is the index of regular variation and p,q > 0,
P+ q = 1. We refer to Z as a regularly varying random variable. It is well known (see
e.g. Embrechts et al. (1997)) that, under conditions on (1)) ensuring the a.s. convergence
of the infinite series in (3.1.2), the relations P(X > z) ~ ¢, P(Z > z) and P(X < —z) ~
c_P(Z < —x) as x — oo hold for constants c_ and c; depending on « and (¢;); see also

Lemma 3.2.2 below. Using a truncation of the infinite series in (3.1.2) and the techniques

2Here and in what follows, we denote by X a generic element of any strictly strictly stationary sequence
(Xe).
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Chapter 3 The Maximum Increment of a Random Walk

from Mikosch and Rackauskas (2010), in Section 3.4 we derive a Fréchet limit distribution
for the maximum increment functional (3.1.1). For the derivation of this result we make
heavy use of the linear structure of (X;). For linear processes, this approach is similar to the

investigation of maxima, sample autocovariances, ruin and large deviation probabilities.

On the other hand, Davis and Hsing (1995) provided some extreme value theory for very
general strictly stationary sequences with regularly varying finite-dimensional distributions.
This theory is less suited for linear processes but it is applicable to sequences which satisfy
certain mixing conditions. In Section 3.5 we exploit this theory together with a continuous
mapping argument to derive an asymptotic theory for the functional (3.1.1) for general
strictly stationary regularly varying sequences. The limit of (3.1.1) will again be a Fréchet
distribution. We apply these results to two standard financial time series models: the
GARCH and heavy-tailed stochastic volatility models.

The chapter is organized as follows. In Section 3.2.1 we introduce notions such as regular
variation of a random vector and a regularly varying sequence. In Section 3.2.2 we give
some background on linear processes, including conditions for their existence as well as
some results on their limiting behavior in case of a regularly varying noise sequence. In
Section 3.3 we recall the results from Mikosch and Rackauskas (2010). They describe
the distributional limit behavior of the maximum increment and of related quantities of a
random walk with iid regularly varying jump sizes. This result serves as a benchmark in
the case of dependent jump sizes. In Section 3.4 we treat the maximum increment of a
random walk with jump sizes given by a linear process with regularly varying innovations.
In Section 3.5 we consider the maximum increment of a random walk for a general strictly

stationary sequence, but we assume certain mixing conditions.

3.2 Preliminaries and Notation

3.2.1 Regular Variation of Random Elements and Stationary

Sequences

In this chapter, we describe the heavy distributional tails of a sequence of random variables
by the notion of regular variation. For a real-valued random variable Z, this notion was
made precise in (3.1.3). However, we will also need regular variation of random vectors: An
R%valued random vector Z is said to be reqularly varying with index o > 0 if there exist a
non-null Radon measure p on the Borel o-field B of Kﬁ = @d\{O}, where R = RU{o0, —o0}
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3.2 Preliminaries and Notation

and a non-decreasing sequence (a,) of positive numbers such that
nPla'Z € )5 u(), (3.2.1)

where = denotes vague convergence. A detailed introduction to vague convergence and
regular variation has been given in Section 2.1. See also Kallenberg (1983) and Resnick
(1987) for details on vague convergence and Resnick (1987), Hult and Lindskog (2005) and
Basrak and Segers (2009) for more reading on regular variation. The sequence (a,) can

always be chosen as
a, =inf{r >0: P(|Z|<2)>1-n"'}, n>1,

and the measure u necessarily satisfies the relation pu(t-) = t=*u(-) for any t > 0.

The defining property (3.2.1) can be equivalently expressed in spherical coordinates:

P(|Z]| > zu,Z/|Z| € *) w

—u “P(O € - 0 — 3.2.2
where the random vector © assumes values in the unit sphere S*! = {z € B: ||z|]| = 1} of
R?. The distribution of © is called the spectral measure of Z. For d = 1, (3.2.2) coincides

with (3.1.3).

The strictly stationary sequence (X;) of real-valued random variables is said to be regu-
larly varying with index a > 0 if for every d > 1 the vector Z; = (X, ..., Xy) is regularly
varying with index « and limiting measure p4, where for all d > 1 the sequence (a,) is
chosen such that nP(|X| > a,) — 1. A simple example of a regularly varying sequence
with index v > 0 is an iid sequence (X;), where X is regularly varying with index «. The
limiting measures py are then concentrated on the axes. More complicated examples of

regularly varying sequences (X;) will be considered in the following sections.

3.2.2 Linear Processes

In this section, we introduce linear processes and state some useful results regarding their

existence and limit behavior.

Definition 3.2.1 (Linear Process). Let (1) be a sequence of real numbers and let (Z;)

be a noise sequence of iid real-valued random variables. If the process (X;) given by
X = Z Vi Zij
7=0

exists for all ¢ € Z, it is called a linear process (or Moving Average of infinite order).
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Chapter 3 The Maximum Increment of a Random Walk

In this chapter we will especially consider the case where the generic element Z of the
iid noise sequence (Z;) is regularly varying with index a > 0. If X, is a genuine infinite
series one needs to verify whether the series (3.1.2) converges a.s., and this condition has
to be reconciled with the regular variation of Z. In the following lemma we give sufficient
conditions for the a.s. convergence and regular variation of X;, see e.g. Embrechts et al.
(1997), Section A3.3. Similar conditions have also been given by Cline (1983), but they can
be weakened by condition (3.2.3) below, which is taken from Mikosch and Samorodnitsky
(2000a). This condition is close to those dictated by the 3-series theorem.

Lemma 3.2.2. Let (Z;) be an iid sequence of regularly varying random variables with
index a > 0 satisfying the tail balance condition (3.1.3) and, if « > 1, EZ = 0. Moreover,

assume
D il < oo, (3.2.3)
=0

where p =2 for a > 2 and p = a — 6 for some § > 0 for a < 2. Then the series (3.1.2)

converges a.s., Xy 1s reqularly varying with index o > 0 and the following relation holds

Jim S — > (s +awe).

We mention that the linear process (X;) with regularly varying innovation sequence is
then also regularly varying (see e.g. Hult and Samorodnitsky (2008), where this is proved
for multivariate linear processes with random coefficients). However, this property will not
be crucial in the sequel.

The limit theory for linear processes with a regularly varying noise sequence has been
developed by Davis and Resnick (1985). It is based on a point process result adapted to
the special setting of regularly varying linear processes. Therefore, denote by M,(E) the
space of all point measures on the space E and let ¥ be the measure on (0,00) x R\{0}

given by
I(dt,dz) = dt x (apz™* ") (@) dz + a g (—2) " (e o)(x) dz),

where p and ¢ are given by the tail balance condition (3.1.3). For details on point processes,

we refer to Section 2.2.

Theorem 3.2.3 (Davis and Resnick (1985), Theorem 2.4). Let (X;), t € Z, be a

linear process that exists with respect to Lemma 3.2.2 and let the noise sequence (Z;) be
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3.2 Preliminaries and Notation

reqularly varying, i.e. the tail balance condition (3.1.3) is satisfied and there exists a positive
sequence (a,) such that (3.2.1) holds. Additionally, assume that (3.2.3) holds for p = 1
and that {(tx, jx)}, k € Z, are the points of a PRM(V) on (0,00) x R\{0}.

(1) In My,((0,00) x R\{0}) it holds, as n — oo,

o0 o0 o0
E : E(k/n, Xy /an) E § :5 (tr, Jrtpi)
k=1 =0 k=1

(ii) In M,((0,00) x RIFIN{(0,0,...,0)}) we have, as n — oo,

o (o, ¢] oo
Z Ek/n, (Xg, Xk—1,Xk—1)/an) Z Z E(thy i (Wistim1,mi1))
0 k=1

k=1 1=

for any | € N.

The theorem can now be used to derive several properties of the linear process. In par-
ticular, the joint limit distribution function of the sample maxima M,, = max{Xy,..., X,}

and the sample minima W,, = min{ X}, ..., X,,} can be given. Set
Y =max{y; VO0} and ¢_ = max{—;V 0}
J20 320

Theorem 3.2.4 (Davis and Resnick (1985), Theorem 3.2). Again, let (X), t € Z,
be a linear process that exists with respect to Lemma 3.2.2 and let the noise sequence (Z)
be reqularly varying, i.e. the tail balance condition (3.1.3) is satisfied and there exists a

positive sequence (ay) such that (3.2.1) holds. Then for all x,y € R, as n — oo,
P (a':len S ZL', aglwn S y) - Gﬁ(xv OO) Ga(OO,ZL') - Gﬁ(l‘? _y) Ga(_y7$)7
where

0 otherwise.

Gz, y) = { exp(—y% x7) Aexp(—¢® y=®) if x>0 and y > 0,

Theorem 3.2.4 directly leads to a result for a limit distribution of M,,.

Corollary 3.2.5. Under the setting of Theorem 3.2.4, we have

P (a;an < .’ﬂ) — (I)a (%) s

YEp+Y g

where O, (x) = exp{—x~*}, v > 0, denotes the Fréchet distribution function .
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Chapter 3 The Maximum Increment of a Random Walk

Proof. The result follows from the observation
P(a,'M, <z) =P (a,'M, <z, a,' W, <00) .
O

Similarly, maxima of absolute values can be considered. Therefore, define the absolute

sample maxima by M, = max{|Xi|,...,|X,|} and set ¢ = max;>¢ [1);].
Corollary 3.2.6. Suppose that the conditions of Theorem 3.2.4 hold. Then
P (a;u\%’n < x) @, (%) = 3V (2),
where ® again denotes the Fréchet distribution function.
Proof. We observe that ¢» = ¢, V1_ and calculate
P <a;1Mn < :L‘) =P (a;an <z, a,'W, > —x)
=P (a,'M, <z)—P(a;'M, <z, a,'W,, < —z)
= GP(z,2) Gi(z, x)
_ (e—ﬁwi 2= p P x—a) (e—awi N T x—a>
— e PWEVYZ) 2™ —q(PevyY2)a
—e VT
O
Several other limit results can be obtained as consequences of Theorem 3.2.3, e.g. conver-
gence to extremal processes, convergence of the point process of exceedances to compound
Poisson processes etc. For details we refer to Davis and Resnick (1985), Section 3. Limit

results for covariance and correlation functions of linear processes with regularly varying

noise can also be found in Davis and Resnick (1986).

3.3 Random Walks with Independent Jump Sizes

In Mikosch and Rackauskas (2010) the limit distribution of the maximum increment of a
random walk with iid regularly varying Banach-valued jump sizes was studied. We recall
some of the results as a benchmark for the case of dependent jump sizes, but we restrict
ourselves to real-valued random variables Xj;.

For an iid sequence (X;) of random variables we define the corresponding random walk
So=0 and S, =X;+---4+4X,, for n>1,

and (X,,) denotes the corresponding sequence of the sample means.
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3.3 Random Walks with Independent Jump Sizes

Definition 3.3.1 (Maximum Increment). The mazimum increment of the random
walk (S,,) is given by the quantity
M = max (f(1))"' max NSk = Sil, =1, (3.3.1)

1<i<n 0<k<n

and by the corresponding centered version

T .= max (f(I(1—1/n)))~" max |Sk+l — Sk —IX,|, n>1, (3.3.2)

1<I<n 0<k<

we denote the centered mazimum increment of (S,,).

The functions f are chosen from the class F,, v > 0, given by

Fy:={f: [ is a non-decreasing function on [0,00), f(1) =1, f(I) > " for l > 1 and
for any increasing sequence (d,,) of positive numbers such that d2/n — 0,

the following relation holds nh_)rgo 1glzngfdn fA@=1/n))/f(1) =1}

The class F,,, v > 0, contains the functions f(z) = 27" for ¥/ > v, and f(z) = 27 log”(1+z)
for g > 0.
The main result of Mikosch and Rackauskas (2010) in the case of real-valued random

variables is the following.

Theorem 3.3.2 (Mikosch and Rackauskas (2010), Theorem 2.2). Let (X;) be a
sequence of itd random variables which are reqularly varying with index o > 0. In addition,
assume EX = 0 if E|X| < oco. Then, for f € F,, v > max(0,0.5 — a™t), with the
normalizing sequence (a,) chosen such that nP(|X| > a,) — 1,

lim P(a;le/I:EV) <z)=d,(x), x>0,

T—00

lim P(a,

n
T—00

T < 2) = Bo(z), x>0,
where @, () = exp{—x~*}, x > 0, denotes the Fréchet distribution function.

Remark 3.3.3. It is known from classical extreme value theory (e.g. Section 2.1.2 or
Embrechts et al. (1997), Chapter 3) that regular variation of |X| is necessary and suf-

ficient for the convergence in distribution of the sequence of normalized partial maxima

1

(a, ' max;—1,_,|X;|) towards a ®,-distributed random variable. Hence, for [ > 2 the nor-

.....

malized random walk increments a, ' (f(1)) ™! maxo<p<n_i | Sk — Sk| do not contribute to
the limits of a;lMﬁ) in Theorem 3.3.2.
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Remark 3.3.4. The results in Mikosch and Rackauskas (2010) are sharp in the following
sense. If f(I) = 7 for some v < 0.5 — a~! and some a > 2, then an application of the

invariance principle in Holder space yields

n70.5+'y]/\\4/7(b7) i sup ’W(t> — W(S>|
s,t€[0,1],55t it —s|

Y

where W is a Brownian motion on [0, 1]; see Rackauskas and Suquet (2006).

One of the original motivating ideas for considering limit theory for statistics of the type
MY or T was to use these statistics for detecting epidemic changes in a sample. We
refer to the monograph Csorgé and Horvath (1997) as a general reference to change point
problems and the recent papers Rackauskas and Suquet (2004) and Rackauskas and Suquet

(2006) for advanced limit theory in the context of epidemic changes.

Besides ]T/[;(ﬂ) and ﬁ(ﬂ), several one-sided characteristics have also been discussed in
Mikosch and Rackauskas (2010). Define

(G0 - -1 _

M) = 1m§la§>; f() Ogmkgfil(SkH Sk) and
(0 - ; -1 ; _

= min (F(D)7 min (S — Sg).

Theorem 3.3.5 (Mikosch and Rackauskas (2010), Theorem 2.10). Let (X;) be a
sequence of iid real-valued random variables with common distribution function F' which
is regqularly varying with index o > 0 in the sense of (3.1.3) and assume EX = 0 if
E|X| < co. Then, for b, = p‘/?a,, where (ay) is chosen such that nP(|X| > a,) — 1,
f€F, and v > max(0,0.5 —a™')

lim P (b,'r) < —z, b, M) < y) = d,(y) (1 — 2/%(x)),

n—o0

where x,y > 0.

One can also consider the centered characteristic

T = max (I(1 — I/n))™" max (Sew — Sk — 1X,)

" 1<i<n 0<k<n—I

which is the one-sided version of ﬂﬂ).

Theorem 3.3.6 (Mikosch and Rackauskas (2010), Theorem 2.12). Let (X;) be a
sequence of iid real-valued random variables with common distribution function F which
is reqularly varying with index o« > 0 in the sense of (3.1.3) and assume EX = 0 if
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3.4 Random Walks with Linearly Dependent Jump Sizes

E|X| < co. Then, for b, = p*%a,, where (ay) is chosen such that nP(|X| > a,) — 1,
v > max(0,0.5 —a™') and z > 0

lim P (b,;lf,@ < x) = O, ().

n—oo

)

A symmetric version with similar structure than M can be given by

—

MO = max (f(1)))™" max (Sks — Skt — 25k).

1<I<n 1+1<k<n-—lI

As the random variables Si; — Sp_; — 25, are symmetric, the condition E X = 0 can be

dropped.

Theorem 3.3.7 (Mikosch and Rackauskas (2010), Theorem 2.13). Let (X;) be a
sequence of iid real-valued random variables with common distribution function F which is

reqularly varying with index « > 0 in the sense of (3.1.3). Then, for (a,) chosen such that
nP(|X|>a,) — 1, f€F, and v > max(0,0.5 — a™ ")

lim P @;U\Z@ < a;> = 02 (x),

n—oo

where x > 0.

3.4 Random Walks with Linearly Dependent Jump Sizes

3.4.1 The Jump Size is a Finite Moving Average
In this section, we derive the limit distribution of the quantities MY and T defined in
(3.3.1) and (3.3.2), respectively, for a moving average of finite order q, i.e.

q

X, =X"=>"iZ;, teL, (3.4.1)

i=1
for an iid sequence (Z;). The following result is the analog of Theorem 3.3.2 for moving
averages.

Theorem 3.4.1. Let (X;) be a moving average process of order q > 1 with an iid noise
sequence (Z;) of reqularly varying random variables with index o > 0. If E|Z] < oo we
also assume EZ = 0. Then, for f € F,, v > max(0,0.5 — 1/a), the following relations
hold:

lim Pla;'MY) < 2) = ®p(z), x>0, (3.4.2)
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lim P(a;'TO) < z) = dn (), x>0, (3.4.3)

n—oo
where ®,, again denotes the Fréchet distribution, (a,) is chosen such that n P(|Z] > a,) —
1 and

Uk pri-1] J o

. RS with =) 1<i<j<gq.

Ma = 8 <kt f(D) with iy . A?/Jk, Jor 1<i<j<gq
=3

The proofs of this and the other results of this section will be given in Section 3.4.3.

Remark 3.4.2. For v > 1, we have [/f(l) < 1,1 > 1, and then direct calculation shows

that
Sk — S X 4+ -+ X Il maxy<j<; Xgig
k+l k k+1 kL 1<isl Akt X1s

f() f() B f() 1<i<i

.....

Davis and Resnick (1985) that lim P(a; M. < z) = ®47 (z) , where 1y = maxg>i>1 [¥i).
n— o0 -
This is in agreement with (3.4.2), since, for v > 1,

max || = max (f(1)) x| < mg < max(l/f(l)) max || = max |¢y].

1<k<q 1<k<q 1<I<q 1<k<q 1<k<q

A corresponding remark applies to (3.4.3).

Similar to Section 3.3, it is also possible to derive results for quantities based on the

one-sided increments of a random walk, for example,

(G0 - -1 _
M? = max(f(l))™ max (Sew— Sk,
(G0 — ; -1 : _
= min (f(1))7 min (Se — Sk,
M .= _ -1 _q, _
T = 1n§ll?<1f<l(1 l/n)) 1§I£127>1<7[(Sk+l Sy —1X,).

Theorem 3.4.3. Assume the conditions of Theorem 3.4.1. Choose (by,) such that nP(Z >
b,) = 1, where we also assume that p > 0. Then, for f € F,, v > max(0,0.5 - 1/a) and
x,y > 0, the following limit relations hold

lim P (b;lrﬁﬂ) < -z, bglMT(Lv) < y) = qyflm(?)“(y) (1 — cp((g/ﬁ)(mg)“ (m)) :

n—oo

lim P(b;'T\) < x) = @&mﬂ’(a:),

n—oo
where
mf = max max ek
1<i<q 1<k<g-t+1 f(I)
1<I<q 1<k<q—I+1 f()
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3.4 Random Walks with Linearly Dependent Jump Sizes

3.4.2 The Jump Sizes Constitute a Linear Process

In this section we analyze the limit distribution of the maximum increment of a random
walk whose jump sizes constitute an infinite order moving average, i.e. ¢ = oo in (3.4.1).
Then the limit distributions of M.” and T\ are not straightforward consequences of
Theorem 3.4.1 by simply letting ¢ — oo.

Throughout we assume that the infinite series X; in (3.4.1) is finite a.s.; Lemma 3.2.2
provides sufficient conditions. In what follows, we assume additional conditions on the
coeflicients (v;):

> 1) < oo, (3.4.4)
j=3
where
o) = (jloglog j)'/? if var(Z) < oo
1= gL for some p < aif @ < 2 or @ = 2 and var(Z) = oo.

In view of Lemma 3.2.2, (3.4.4) implies the a.s. convergence of the series X; for a > 1 if in
addition E Z = 0.

Theorem 3.4.4. Let (X)) be a linear process (3.1.2) with iid regularly varying noise se-
quence (Z;) with index o > 0. If E|Z] < oo we also assume EZ = 0. Furthermore,
assume (3.4.4), and if a <1 also 3 77, 10,170 < oo for some § < a. Then for f € F,,
v > max(0,0.5 — 1/a) we have

lim Pla;'MY) <z) = O™ (z), x>0, (3.4.5)
n—oo
lim Pa;'T" <) = ®™(z), >0, (3.4.6)
n—oo
where
Moo = lim m, = max mauxM
g T T k2l f(D)

Remark 3.4.5. From the proofs of Theorems 3.4.1, 3.4.3 and 3.4.4 it is straightforward
that Theorem 3.4.3 extends to the infinite order moving average case as well provided
the conditions of Theorem 3.4.4 for (1;) are satisfied and the constants m; and m, are

replaced by

b (Vh kri-1)+ o (Vrg1-1)—
mg, = lim m,; = maxmax ———— and mg = lim m, = maxmax ————,
g0 >1 k>1 f() g—00 >1 k>1 f()
respectively.
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Chapter 3 The Maximum Increment of a Random Walk

Remark 3.4.6. In the case v > 1, a remark corresponding to Remark 3.4.2 can be given.

.....

Corollary 3.2.6 that lim P(a; M\ < z) = ®Y"(z), where 1) = max;>1 [¢;]. On the other

n—o0
hand,

-1
n

¢ = max(f(1)) M| < Mo < max(l/ f(1)) max [iy] = max|i] =

k>1

and hence, the result of (3.4.5) coincides with the classical results of Davis and Resnick
(1985).

We mention in passing that Juodis et al. (2009) and Rackauskas and Suquet (2010)
proved functional central limit theorems in Holder space for partial sum processes of linear
processes. Results of this type yield limits for MY and T when a > 2 and v <0.5—at
The mentioned results show that the statements of Theorem 3.4.4 are sharp in the sense
that different limit distributions appear when the normalizing functions f() increase too

slowly.

3.4.3 Proofs
Proof of Theorem 3.4.1

The proof uses arguments similar to the ones in the proof of Theorem 2.2 in Mikosch
and Rackauskas (2010). Lemma 3.4.7 in this section replaces Lemma 2.4 in Mikosch and
Rackauskas (2010).

Lemma 3.4.7. Assume the conditions of Theorem 3.4.1 hold for (Z;) and (X;). Then the

following statements hold.
(1) Forany f € Fy, v>0and h > 1,

. -1 1 _ < ): mg h
Tim P(an max (f(1))7 max [Sew =Skl < @) = o™ (2),

where
L |V ot1-1]
M, i= max LRI R

h T Jhng 1<k<goi+1 f()

(2) For any § >0 and f € F,, v > max{0,0.5 — '},

lim lim sup P (max(f(l))_1 max I|Sk+l — Sk| > 5an> =0.

h—oo 500 h<I<n 0<k<n—
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3.4 Random Walks with Linearly Dependent Jump Sizes

Remark 3.4.8. Notice that for h > ¢, my, = my, as defined in Theorem 3.4.1.

Proof. (1) The proof uses arguments from the proof of Lemma 2.4(1) in Mikosch and
Rackauskas (2010) and a continuous mapping argument for point processes, going back to
Davis and Resnick (1985). Write M,(E) for the set of point measures on a Borel state
space E of some Euclidean space, and equip M,(E) with the vague topology. Introduce

the point processes

AT(R) . h) ._
N7(l : T ZEa:zl(Zt—qyzt7q+17--~7zt+hf2) and N7s ) T Zga;I(Xt,Xt+Xt+1>~~~7Xt+"'+Xt+h71) ’
=1 =1
on Mp(ﬁg%_l) and Mp(ﬁg ), respectively. It follows from Theorem 2.2.11 that
qgth—1 oo
N® 4 N® = Z Zghek, n— oo,
k=1 i=1

where (J;) are the points of a Poisson random measure on R, with intensity
alz* 7 [P 0,00 () + G L -oc0) ()] dz

and ey, is the kth unit vector in R7*"~!. According to the proof of Theorem 2.4 in Davis

and Resnick (1985), the continuous function

t q t+1 g t+h—1 ¢q
(Zi—gs Zi—qits - -y Zpgh—2) — <Z Z¢iZk—ia Z Z ViZg—iy. .., Z Z %‘Zk—z‘)

k=t i=1 k=t i=1 k=t i=1

= (X, Xo + Xpg1, ., Xo -+ Xygna),

induces a continuous mapping on the limit relation N 4N (M) resulting in the following

convergence in M,(R;)

g oo
(h) 4 Ar(h) _
Ny = NV = Z Z EJi($1vi,anks P1vk,gnkt1)s = s P1vk,gA(k+h—1)) ) (3.4.7)
k=2—h i=1

where we set ¢, ; = 0 if j < 1. As in Mikosch and Rackauskas (2010) we write for [ > 1,
M, = max |Sk4; — Sk| and introduce the sets
0<k<n
Bg(y) = {(xl,...,xh) € Rg ] <y f(i) for i = 1,...,h} , y>0.

Write J = sup;>, |J;|. It follows from (3.4.7) and the monotonicity of f that

—~

P(a," max (f(1))"'Mu < y) =

™ 1<i<h
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Chapter 3 The Maximum Increment of a Random Walk

J max [Yrvmgnel < yf(1), J max [Vivkanierny] S uf(2),. ..,

J max |¢1vk,q/\(k+h—1)|§yf(h)>

2—h<k<q
- P<<] < y/mq,h>
= (Da(y/mq,h)'

This concludes the proof of the first statement.

(2) Let (gn)nZO denote the random walk generated by the iid sequence (Z;). Observe that
for 1 <1 < n and some constant ¢ > 0 depending on (¢;), using the stationarity of the iid
sequence (Z;),

ke+1
max max |Sgy — Sg| < ¢ max max max g Zi
h<i<n k<n—I nsisnksn—i1sisq| £~

‘7:

2 ¢ max max max \§k+q,i+l — §k+q,i]
h<l<n k<n—11<i<q

< ¢ max max \gkﬂ —gk\
h<I<n 0<k<n+q-I

An application of Lemma 2.4(2) in Mikosch and Rackauskas (2010) yields that for every

0> 0,

lim limsupP< max max |Sg_; — Sk| > (5an> <
h—o0 500 h<i<n 0<k<n-—l

< lim lim sup P( max max | Skt — Sk| > an5>
h—0c0 00 h<i<n+q 0<k<n+qg—l

=0.

This concludes the proof of the lemma.

Relation (3.4.2) is now a straightforward consequence of Lemma 3.4.7.

For the proof of (3.4.3), we can use the following lemma which is an application of the
Remarks 2.5 and 2.6 of Mikosch and Rackauskas (2010) to the setting of finite moving
averages. It shows the connection between the limit distributions of M,(ﬂ) and T, TSV) that we
need for the proof of (3.4.3).
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3.4 Random Walks with Linearly Dependent Jump Sizes

Lemma 3.4.9. Let (X,,) be the Moving Average process of order g < oo and let

¢ = max f()7' max |Sk+l—Sk—lX .

1<I<n 0<k<n

(1) If v > 1, we obtain

MO = max | X and () = max |X), — X,

1<k<n 1<k<n

and thus the relations (3.4.2) and (3.4.3) are trivially satisfied.

(2) If the assumptions of Theorem 3.4.1 hold, then the sequences a;ljf\ﬂv) and a,! o
have the same limit distribution.

Proof. (1) Using the assumption v > 1 and the property f(I) > {7 we conclude

max | X — X,| < max f(I)™* max. |Sk+l — S, —1X,|

1<k<n 1<i<n 0<k<n
- C('y
n
kot
< max ' max Z 1X; — X,
1§lgn 0<k<n-—1
i=k+1
< ma D7 max | X, — X,
= 12is, uoN 1<hen X |
< max | X — X,
1<k<n

and likewise for M. , see also Remark 3.4.2. Then (3.4.2) follows by classical extreme

value theory for Moving Averages, see Resnick (1987), Chapter 4.5, and Davis and Resnick
(1985), and (3.4.3) follows in view of the proof of Lemma 3.4.9 (2).
(2) We make use of the relation

_ 1 1
R[St ] = (o) pas o
j= i=
Since 1/n Z?Zl Z;_; has the same distribution as 7, for all i = 1,...,q, we can follow

the argumentation of Mikosch and Rackauskas (2010), Remark 2.6, which shows that
aVZ,| £ 0 in the case v > 1 and a; ! maxi<j<,, (17| Z,| 2 0 for v € (0,1).

O

This concludes the proof of (3.4.3), since the same arguments as in the iid case apply,

using that (X;) is a finite moving average process.
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Chapter 3 The Maximum Increment of a Random Walk

Proof of Theorem 3.4.3

The proof is similar to the one of Theorem 3.4.1. We focus on the proof of the joint limit
of b;l(r,(ﬁ), M,SV)).

Lemma 3.1 in Mikosch and Rackauskas (2010) is still valid if we substitute a,, by b,. The
only difference is that we get a slightly different limiting Poisson random measure with
mean measure p given by pu(dr) = o|z|™*[L00) (%) + (¢/P)1[-c0,0)(x)|dz. Now we follow
the proof of Lemma 3.4.7, replace (a,) by (b,) everywhere and use the same notation.
Write

Bi(z,y) == {(z1,...,2n) ER": —xf(i) < z < yf(i) fori=1,....h}, z,y>0.
We obtain

P(N{"((By(z.y))) = 0) =

n

= P(b;l max (f(1))™" max (Siy — Sk) <y,b," min (f(1))™" min (Spy — Si) > —x)

1<i<h 0<k<n—I 1<i<h 0<k<n—I
— P(NM((By(x,9))) = 0)

_ o rl(mooma/my 0ty mi00))

= I (x/my,) ®aly/myy).

where
. (Vrfori—1)+
m,, = max max ————
q 1<I<hAg 1<k<q—I+1 f()
and
m,;, = max m —(wk7k+l_1)_ )
1<I<hng 1<k<g-1+1  f(1)

Therefore for x,y > 0,

P(b‘1 max (f(1))”' max (Spy — Sk) <, b, min (f(1))™" min (Sgy — Si) < —x)

™ 1<i<h 0<k<n—I 1<I<h 0<k<n—I

= P (b max (F0)! max (St — Su) <) -

" o<i<h 0<k<n—I

P(b_1 max (f(1))”" max (Spy — Sk) <y, b, min (1)) min (Sgy — Si) > —x)

" 1<i<h 0<k<n—l " 1<i<h 0<k<n—I

— (1= 0VP(x/m,)) ®aly/m,).

Finally, in view of Lemma 3.4.7(2), and observing that mzh = m; and m_, = m, for

large h, we derived the limit distribution of the sequence (b;'(ri”, M),
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3.4 Random Walks with Linearly Dependent Jump Sizes

Proof of Theorem 3.4.4

For ¢ > 1 write
Z¢th ]+ Z w]Zt -7
J=q+1

In the analysis of the quantities MY and TV , the first term on the right-hand side can
now be controlled by Theorem 3.4.1 when ¢ — oo and the second term is handled by the

following lemma.

Lemma 3.4.10. Under the assumptions of Theorem 3.4.4, for any 6 > 0 and f € F,,
v > max{0,0.5 — a~ '},

k+l1 0o
3 3 _1 . . —
S s P(px (PO o | 32 3 02| > )
t=k+1 j=q+1
Proof. We have
k+1 00
max (f() ™ max | > > vz
t=k+1 j=q+1
< ) o (3 Wl § 2+ > | Z Zs]). Gas)
J=q+ t=k+1 j=n+ t=k

The first maximum expression on the right-hand side of (3.4.8) is bounded by

k+1
-1
Z sl moax ()7 max >z
j=q+1 t=k+1

In view of the results in Mikosch and Rackauskas (2010) for the maximum increment of

the iid sequence (Z;) and since ) ;. [¢;| — 0 as ¢ — oo we have

lim limsup P(RY >§) =0, 6>0.

4g—0 noco

Next we bound the second maximum term on the right-hand side of (3.4.8). For o > 2

and if var(Z) < oo we can bound this term by

k+l1
max ~" max g E Z | <
1§l§n( 1<k<n. [l =i =
j=n+1 t=k+1
0
< max " max E ‘ E Z. ‘ + )
- 1§l§n( 1<k<n [l t
j=n+1 t=k+1—j t=k+l—j
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Chapter 3 The Maximum Increment of a Random Walk

JF‘ZZ,5

)

Z V3l loglog j sup rloglogr(’ ZZt

Jj=n+1

= Qn.

By virtue of the law of the iterated logarithm the right-hand supremum is bounded a.s.
Therefore and since (3.4.4) holds, lim,,_,o, P(Q,, > 6) = 0 for 6 > 0. This proves the lemma
for a > 2 and var(Z) < oo.

In the cases a < 2 or a = 2, var(Z) = oo, the argument with the law of the iterated
logarithm is replaced by a Marcinkiewicz-Zygmund strong law of large numbers (see e.g.
Theorem 6.9 in Petrov (1995)) with normalization n!/? for some p < a.

O

The proof of Theorem 3.4.4 now follows by some elementary calculations. Indeed, since

k+1 q
max (f(0) ™ max [Sey — Sil = max(F(1)7" max | >0 > vZi
t=k+1 j=1
k+1 o)
= ) > >
< gfaé(f(l 152132([ Vi Zij|,
t=k+1j=q+1

we can combine Lemma 3.4.10 and Theorem 3.4.1, by first letting n — oo and then ¢ — oo,

to obtain

lim P(a;'M™ <z) = lim ® a(z/my) = Po(x/mo) .

n—00 q—00

This concludes the proof of the theorem.

3.5 Random Walks with General Dependent Jump Sizes

In this section we study the maximum increment of a random walk with jump sizes which
constitute a general strictly stationary regularly varying sequence (X;) with index o« > 0. In
contrast to the results in Section 3.4 we do not assume any particular dependence structure
of (X;). As a compensation, we will need some mixing and anti-clustering conditions. These
conditions are in general hard to verify for a regularly varying linear process with iid noise.
In particular, for such a sequence mixing conditions are in general difficult to check and

sometimes not true.

60



3.5 Random Walks with General Dependent Jump Sizes

3.5.1 General Theory

In what follows, we write M for the collection of Radon counting measures on R* \ {0},
M is the subset of those measures y in M for which p({x:|z| >1}) =0and p({z: |z| =
1}) > 0. Moreover, B(M) is the Borel o-field of M. We recall a result from Davis and
Mikosch (1998), Theorem 2.8, which is a multivariate version of Theorem 2.7 in Davis and
Hsing (1995).

Theorem 3.5.1. Assume that the sequence (X;) of R%-valued random wvariables is reg-
ularly varying with index o > 0 and satisfies the mizing condition A(b,) of Davis and
Hsing (1995), where (by,) is chosen such that n P(|X1| > b,) — 1, and the anti-clustering
condition

lim lim supP< Vh<itj<r, | Xt > 0by,

h—oo nsoo

10| >5bn) =0, §>0, (3.5.1)

holds for a certain sequence r, — oo such that r, = o(n); see Remark 3.5.2. Then

d
TR SLRNER S 3 ST
t=1 i=1 j=1
where (P;) are the points of a Poisson process on (0,00) with intensity measure given by
v(z,00) = O xj2™ for x > 0, Ox| € [0,1] is the extremal index of the sequence (|Xy|) and
Z;’il €Q,;, @ = 1, constitute an iid sequence of point processes with common distribution Q

on (M, B(M)), and these point processes are independent of (P;). The distribution Q is
given in Theorem 2.8 in Davis and Mikosch (1998).

Remark 3.5.2. Condition A(b,) is a rather general mixing condition which is suited for
the purposes of extreme value theory for dependent sequences. This condition follows for
example from strong mixing of (X;) with geometric rate. The definition of A(b,) involves
the block length r,, — oo such that r, = o(n). Under strong mixing with geometric rate,
one can choose r, = n? for any v € (0,1). The block length 7, also appears in the anti-
clustering condition (3.5.1).

The extremal index of a strictly stationary real-valued sequence is a measure of the ex-
tremal clustering in the sequence; see Leadbetter et al. (1983) and Embrechts et al. (1997),
Section 8.1.

Next we apply Theorem 3.5.1 to the lagged vector sequence Xt(h) = (X¢yo o, Xowno1),
t € Z, of a real-valued strictly stationary sequence (X;) for increasing h > 1. Instead of the

normalization (b,,) which would depend on the dimension h we choose a sequence (a,,) such
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Chapter 3 The Maximum Increment of a Random Walk

that n P(|X:| > a,) — 1. By regular variation, we have b,/a,, — ¢, for certain constants
cp, > 0.

Corollary 3.5.3. Assume that (X;) is reqularly varying with index o > 0, satisfies the
mizing condition A(a,) of Davis and Hsing (1995), where the sequence (a,) is chosen such
that n P(|X1| > a,) — 1, the anti-clustering condition (3.5.1) (with (by,) replaced by (ay))

and the extremal index 0|x| is positive. Then

n o0 [ee]
d
D SO RS 3) pEwny

k2
=1 i=1 j=1

where the limiting quantities were explained in Theorem 3.5.1. The Poisson points (Pi(h))

now have an intensity measure given by vy,(z,00) = (0 xm/cn)x™*, x > 0.
Now we are ready to formulate a general result.

Theorem 3.5.4. Assume that (X;) is reqularly varying with index o > 0, satisfies the miz-
ing condition A(ay) of Davis and Hsing (1995), where (ay,) is chosen such that n P(|X:| >
an) — 1, the anti-clustering condition (3.5.1) and 0)x) > 0. If the condition

lim limsup P(max (f(1))”' max l|Sk+l — Sk| > da,) =0, 0>0, (3.5.2)

h—00 00 h<I<n 0<k<n—

holds for f € F,, some v > 0, then

hmpmjﬂwkgmzhmp(mpﬂmwmgx>,a»w, (3.5.3)

n—oo h—o00 i>1

where the iid sequence (Vi(h)) is defined in (3.5.5) and independent of the Poisson points
(Pi(h)) from Corollary 3.5.3. Moreover, the limit (3.5.3) can be written in the form ®(z),

x >0, for some constant & > 0.

Proof. A continuous mapping argument (the map acting on the points Xt(h) is continuous

and maps zero into zero) yields that for any non-decreasing sequence of positive numbers
(f(1)) and h > 1,

n
D¢
-1
t=1

an (Xt/f(l)y(xt+Xt+l)/f(Q)v---77(Xt+"'+Xt+h—1)/f(h))

o0 o

d

— 5 :
; ; P (QE?’“/f(lL(QEj“”+Q§§“2))/f(2>,...,(QE?’”+...+Q§§-’"")/f(h))
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3.5 Random Walks with General Dependent Jump Sizes

Here lek) denotes the kth component of the vector le) Hence we may conclude that
for every f € F,,v>0,and h > 1,

lim P(a,* max (f(1))"* max |Sk1 — Sk| < x) =

n—00 1<i<h
= P(sup P max (f(1)) P sup |QUY + -+ QU <x), w>0.  (3.5.4)
i>1 1<i<h §>1

The random variables

‘/z(h) — max(f(l))*l SUP|QZ(';L71) ++Qz(jh’l)‘7 1= 1,2,..., (355)
<< j>1

constitute an iid sequence independent of the Poisson points (Pi(h)). It is well known (see

e.g. de Haan and Ferreira (2006), Corollary 9.4.5) that Y, = sup;, Pi(h)V;(h) has a Fréchet

distribution ®& with shape parameter a > 0 and scale factor &, = E [(V(h))a]e‘x(hH/Ch.
In view of (3.5.4) we have for every h > 1,

_ -1 ~1 _ d _ (h)y/(h)
Yon = a,” max (f(1))7" max |Spyr — Sil = Y silZlIfPZ Vi

and the limit has a Fréchet distribution ®%+. By virtue of (3.5.2) and Theorem 2 in Dehling
et al. (2009) we conclude that Yj, % Y for a random variable Y and a-' M % Y . Since

limy, ;0o & exists, the limit & = limy, o &, exists as well and @, is the distribution of Y.

,,,,,

hand side has the limiting distribution @Z)X‘ with 6|x| positive by assumption; see Davis
and Hsing (1995).
O

3.5.2 The Increment Process is a Process with Multiplicative Noise
In this section we assume that the strictly stationary real-valued process (X;) has the form
Xt = O¢ Zt s tE Z, (356)

where (Z;) is an iid sequence and (oy) is a strictly stationary sequence of non-negative
random variables such that o; and Z; are independent for every ¢. We mention two popular

specifications of the volatility process (oy).

3.5.2.1 The GARCH Process

The perhaps best known process of type (3.5.6) is a GARCH process introduced in Boller-
slev (1986).
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Definition 3.5.5 (GARCH Process). Let o, 5; € [0,00) and p, ¢ € N such that o, 5, #
0. Then the process (X;) given by (3.5.6) with a volatility process (o:) satisfying the

recursion
p q
ol =00+ Y aX{+> Biot,, teL. (3.5.7)
i=1 j=1

is called a GARCH(p,q) process.

In Basrak et al. (2002) one finds general conditions for the existence of a strictly stationary
version of the process X; = 0,7, i.e. one has to ensure that the recursion (3.5.7) has a
strictly stationary causal solution. These conditions require that ag > 0, E log" |Z;] < oo
and negativity of the Lyapunov exponent of a certain matrix whose entries depend on
the Z%'s and the parameters o; and (3;. See Basrak et al. (2002), Theorem 3.1(A), for
details and for some simple sufficient conditions for the Lyapunov exponent to be negative.
In the same result a sufficient condition for regular variation of (X;) is given: Z; has a
positive density on R and there exists 0 < hy < oo such that E|Z;|" < oo for h < hg
and E|Z; " = co. (If hy = oo the latter relation has the interpretation that E|Z;|" — oo
as h — 00.) It follows from Theorem 3.1(B) in Basrak et al. (2002) that the sequence
((X?,07)) is regularly varying with some index /2 > 0. In Basrak et al. (2002) the result
was proved under the additional condition that «/2 is not an even integer. Following the
recent approach in Boman and Lindskog (2009), this additional condition can be dropped.
Then one may follow the proof of Corollary 3.5 in Basrak et al. (2002) to see that, under the
conditions above, ((X¢, 0¢))ez is a regularly varying sequence with index a. We mention
that in the GARCH(1, 1) case with E Z; = 0 and E Z? = 1, « is the unique positive solution
to the equation E (o Z? + 31)%/? = 1. The regular variation of the GARCH process is a
consequence of Kesten (1973) on the tail of solutions to stochastic recurrence equations; see
also Goldie (1991). Finally, Corollary 3.5 in Basrak et al. (2002) also gives strong mixing
of ((X4, 04))iez with geometric rate provided Z; is symmetric and has a density on R. The
latter condition is satisfied in most applications where Z; is assumed standard normal or
t-distributed with variance 1. It was mentioned in Remark 3.5.2 that regular variation and
strong mixing with geometric rate for the sequence (X;) imply the mixing condition A(a,,).
Moreover, the anti-clustering condition (3.5.1) is also satisfied as proved for Theorem 2.10

in Basrak et al. (2002). We summarize as follows.

Theorem 3.5.6. Let (X;) be a strictly stationary GARCH(p, q) process with an iid sym-
metric noise sequence (Z;) such that EZ? = 1. Further assume that Z; has a positive
density on R and there exists hg < 0o such that E|Z,|" < oo for h < hy and E|Z;|" = oco.
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3.5 Random Walks with General Dependent Jump Sizes

Then (X3) is reqularly varying with some index o > 0 and the statement of Theorem 3.5.4
holds for v > max(0,0.5 — a™1).

Proof. In view of the discussion preceding the theorem, all conditions of Theorem 3.5.4
but (3.5.2) have been verified. Thus we focus on the latter condition. We also notice that
the condition f € F, for some v > max(0,0.5 — @~ !) has not been used so far. It will
be crucial in the sequel. For notational simplicity we restrict ourselves to the functions
£ty =1,

We introduce the truncated random variables X; = o0y1(5,<pva,} 2 (we suppress the

dependence on n and h in the notation) and the corresponding partial sums

k
Si=d_Xi, k21, =0,
Then for any 6 > 0,
P(max |77 max: |Sk+l—5k;|>5an)_

h<I<n 0<k<

<P > ha,) + P [ S S.| > da,
(maxox > hlay) + P(max 177 max |Sg, — Sy > dan)

logy (n/R)
< P(maxoy, > h'a,) + 2 Z 275, (3.5.8)

k<n
< =
where log, denotes logarithm with base 2 and

T; = P(1<1£252%7}f2 ) 1S, > d(n277)a,,) . (3.5.9)
In the last step we used Lemma 3.3 in Mikosch and Rackauskas (2010). There the proof
was given for an iid sequence (X;) but the proof remains the same for a strictly stationary
sequence.
It is well known that a,,* maxj<, 0% converges in distribution to a Fréchet @gjf distributed
random variable, where 6, > 0 is the extremal index of the sequence (o). This fact follows
e.g. from the point process convergence results in Basrak et al. (2002). Hence

lim lim P(a,’ max oy > h")=0. (3.5.10)

h—o0 n—00

Since Z; is assumed symmetric an application of Lévy’s maximal inequality (e.g. Petrov
(1995), Theorem 2.2) conditional on (0¢|Z;]) yields

T; <2P(|Sjn| > 6N"a,), where N = [n277]. (3.5.11)
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Chapter 3 The Maximum Increment of a Random Walk

Assume « < 2. Then by Markov’s inequality and Karamata’s theorem (see Bingham et al.
(1987)),
T; < ch_ha;?E [leaf]l{aléhﬁan}]
~ ch* ' N*" 2 P(oy > h'a,)
< Ch'y(Qfa)nlele'y'

Hence
logy(n/h) logy (n/h)
Z VT <en WG N 929 < ch e (3.5.12)
7j=1

In sum, we conclude from (3.5.8)—(3.5.12) that (3.5.2) holds for every 6 > 0, f(I) = {” and
v > 0. Now assume « > 2. It follows from the assumptions that E|Z;|? < oo for some

p > «. Then Markov’s and Burkholder’s inequalities and Karamata’s theorem yield

P(|Ssy| > 6N"a,) < ¢(NVa,) PE[Shyl?

< c(N”an)’pr/QEUfﬂ{alshwn}

-~ CNp(O-S—V)thp(Jl > h“Yan)

~  NPOS) prp—a), —1 (3.5.13)

Since v > 0.5 —a™!,

log,(n/h) log, (
Z 2]T <Ch'ypa —1+p(0.5—7) Z j(1—p(0.5—7)) < ch o 1+0.5p

Now choose p > « so close to a that —ay — 1+ 0.5p < 0. Then (3.5.2) follows.

3.5.2.2 The stochastic volatility model

Another model of the type (3.5.6) has attracted some attention in the financial time series

literature: the stochastic volatility model.

Definition 3.5.7 (Stochastic Volatility Model). Let (0;) be a strictly stationary se-
quence independent of the iid sequence (Z;). Then the process (X;) given by (3.5.6) is

called a stochastic volatility process.

Remark 3.5.8. There is a number of different stochastic volatility models in the literature.
They differ in particular by the chosen volatility process ;. See also Section 4.5 for a
multivariate stochastic volatility model where the volatility process ¥; is modeled by a
positive semi-definite supOU process.
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3.5 Random Walks with General Dependent Jump Sizes

If Z is regularly varying with index o > 0 and Eo? < oo for some p > « then (X;)
is regularly varying with index a. In this case, the limiting measures of the regularly
varying sequence, i.e. the measures appearing as vague limits of nP(a,*(Xy,..., X}) € +),
are concentrated on the axes; see Davis and Mikosch (2001). For this reason, the stochastic
volatility model (X;) has very much the same extremal behavior as an iid sequence with
the marginal distribution as X;. In particular, the extremal index of (X}) is one and the
following point process convergence result holds: if the tail balance condition (3.1.3) holds

and (log o) is a linear Gaussian process, then

n

h oo
Zsan N Xty Xipho1) i Z Z‘C:Jiek ) (3514)

t=1 k=1 i=1

where ey, is the kth unit vector in R"  (J;) are the points of a Poisson process on R, with
intensity o |z|* P L(0,00) (%) + §L(—c00)(x)] dz and (a,) is chosen such that n P(|X;| >
a,) — 1. In the case of an iid regularly varying sequence (X;) with tail balance condition
(3.1.3) (with Z replaced by X) relation (3.5.14) holds as well.

Now we are ready to formulate the following analog of Theorem 3.5.6.

Theorem 3.5.9. Let (X;) be a stochastic volatility process. Assume that Zy is symmetric
and has a regularly varying distribution with index « and (logoy) is a Gaussian linear
process. Then for f € F,, v > max(0,0.5 —a™ 1),
i —1 -1 - < )
Jim P(a,” max (f(1)7" max |Ses — Skl < @) = Palz), >0
Proof. The point process convergence (3.5.14) was the starting point in Mikosch and
Rackauskas (2010) for proving that for any f € F, and v > 0,

i —1 -1 — < )
7}1_}12013((1” gla;%(f(l)) X, |Skt — Sk| < x) =Pu(z), x>0

The same arguments apply in the stochastic volatility case, i.e. the relation above remains
valid. Now consider the truncated random variables X; = 0,Z,1{2,/<hva,} and denote their
partial sums by S;, & > 0. Then the following analog of (3.5.8) holds:

P(max [77 max |Sk+l — Sk| > da,) <
h<l<n 0<k<n

< P(max|Zk| > h'a,) + P(H<11a<}il 7()333}( |Skas — Skl > day,)

logy (n/h)
< Y J
_P(rl?ga;de] > ha,) + 2 Zl 27T
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.....

Fréchet distributed random variable,

lim lim sup P(r}glgx |Zk] > Wa,) =0.

h—=oo  p oo

Now assume that Z; is also symmetric. Then, by Lévy’s maximal inequality conditional on
(01), relation (3.5.11) follows. We consider the case av < 2 first. An application of Markov’s

inequality and the conditional independence of the X,’s yield

T; < e N0, E (01 2712, <hvan)]
~ ch® ' N P(|Z,| > ha,)
< Ch'y(2—a)n—1N1—2'y’

Now one can follow the lines of the proof of Theorem 3.5.6. Next we consider the case
a > 2. Then for p > a the Markov and Marzinkiewicz-Zygmund inequalities conditional

on (o) and the Minkowski inequality yield

/ —p \—P(1-0.5) LN o\
E[P(IShy] > 0N, | ()] < ¢, NI Z P07 00 B (N1 0F)

t=1
< Ca;pN_p(W_Oﬁ)]E |Zl|p]l{|zl|§man}E O’f .

Now we may follow the lines of the proof of Theorem 3.5.6 for a@ > 2.
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Chapter 4

Finite Dimensional Regular Variation of
Multivariate Lévy-Driven Mixed Moving
Average Processes and SupQOU
Stochastic Volatility Modelsl

The class of multivariate Lévy-driven mixed moving average (MMA) processes of the type
Xy = [ [ f(Ajt — s)A(dA,ds) covers a wide range of well-known and extensively used
processes such as Ornstein-Uhlenbeck processes, superpositions of Ornstein-Uhlenbeck
(supOU) processes, (fractionally integrated) CARMA processes and increments of frac-
tional Lévy processes. In this chapter, we introduce multivariate MMA processes and give
conditions for their existence and finite dimensional regular variation of the stationary dis-
tributions. Furthermore, we study the tail behavior of multivariate supOU processes and
of a stochastic volatility model where a positive semidefinite supOU process models the

stochastic volatility.

4.1 Introduction

In many areas of application Lévy-driven processes are used for modeling time series. One
elementary example of the processes used is the Lévy-driven Ornstein-Uhlenbeck (OU)

type process
t

X, = / e~ =9qL,,

—00

!The content of this chapter is based on Moser and Stelzer (2011).
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Chapter 4 Finite Dimensional Regular Variation of Mixed Moving Average Processes

where L is a Lévy process (see Section 2.3 and Sato (2002) for detailed introductions).
These processes are used, for instance, to model the variance (i.e., the volatility in the ter-
minology of mathematical finance) in the OU type stochastic volatility model of Barndorff-
Nielsen and Shephard (2001) which has been extended to the multivariate setting by Pig-
orsch and Stelzer (2009). Even though this model has many nice properties (e.g. stochastic
volatility with jumps and clustering, heavy tails etc.) it does not account for the long
memory effects that can often be found in real data. This problem can be bypassed by the

superposition of OU type processes which leads to supOU processes of the type

t
Xt://ea(t_s)/\(da,ds),
R —o0

where A is a so-called Lévy basis. These processes have been introduced by Barndorff-
Nielsen (2001), extended to a multivariate setting by Barndorff-Nielsen and Stelzer (2011a)
and they are used in the multivariate supOU type stochastic volatility model of Barndorft-
Nielsen and Stelzer (2011b). Bayesian estimation of univariate supOU stochastic volatility
models is e.g. carried out in Griffin and Steel (2010).

The aim of this chapter is to analyze the tail behavior of the multivariate mixed moving

average (MMA) processes

X, = / / F(At — s)A(dA, ds)

that allow for a general kernel function f : M; x R — M, 4 (A is an R%valued Lévy basis
in this setting). They reach back to Surgailis et al. (1993) and they cover both, OU and
supOU processes, as well as CARMA processes, fractionally integrated CARMA processes
(cf. Brockwell (2004), Marquardt (2007)) and increments of fractional Lévy processes (cf.
Marquardt (2006), Bender et al. (2011) and references therein). The tail behavior of
univariate MMA processes has already been studied by Fasen (2005) and Jacobsen et al.
(2009) and we extend the results to a multivariate setting and analyze also the special case

of supOU processes and the related stochastic volatility model given by

dX, = aydt + S} dW, + U(dL,)
XO = 07

where @ is an R%valued predictable process, W is the standard d-dimensional Brownian

motion, L is the Lévy process associated with A, ¥ : S; — R? is a linear operator and
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4.2 Preliminaries

the stochastic volatility process (3;)cr is a matrix-valued positive semidefinite supOU
process. The multivariate extension is non-trivial, since the definition of regular variation is
considerably more involved in the multivariate setting and we have to take the peculiarities
created by the use of matrices into account.

In finance understanding the tail behavior is of great importance for risk assessment and
risk management. Moreover, the results of this chapter allow one to understand how
one can model the so-called “correlation breakdown” effect (viz. in times of extreme crisis
basically all correlations get close to one) which is regarded by econometrics to be typically
present in observed financial data.

The chapter is structured as follows. We start by giving some general notation in Section
4.2.1. In Section 4.2.2 we will give a short excursion to multivariate regular variation that
we need when we analyze the tail behavior of the processes given. An introduction to
Lévy bases and conditions for the existence of integrals with respect to Lévy bases will
be given in Section 4.2.3. Based on these preliminaries, we can then define and analyze
multivariate mixed moving average processes in Section 4.3. We give sufficient conditions
for the mixed moving average processes to be regularly varying given that the driving Lévy
basis is regularly varying. Furthermore, we examine the restrictiveness of the conditions by
establishing closely related necessary conditions. In Section 4.4 we apply these results to
multivariate supOU processes and give some more accessible conditions for this special case.
Moreover, we consider a stochastic volatility model that is based on positive semidefinite
supOU processes and analyze its tail behavior in Section 4.5, which is very important for

risk assessment. Finally, we discuss the model’s relevance to finance in Section 4.5.2.

4.2 Preliminaries

4.2.1 Notation

Given the real numbers R we use the notation R* for the positive real numbers and R~ for
the negative real numbers, both without 0. N is the set of positive integers. The Borel sets
are denoted by B, where B, are the bounded Borel sets and B, := {B € B : u(0B) = 0}
describes all Borel sets with no p-mass at the boundary 0B. The closure of a set B is given
by B. S is the unit sphere, A is the Lebesgue measure on R and N(0, I;) is the standard
normal distribution in R¢.

For matrices, M, 4 is the set of all n x d matrices and M, the set of all d x d matrices.
M, is the set of all d x d matrices with eigenvalues having strictly negative real part. I,

is the d x d identity matrix, S; denotes the symmetric d x d matrices and S} the positive
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Chapter 4 Finite Dimensional Regular Variation of Mixed Moving Average Processes

semidefinite d x d matrices. We write A" for the transposed of a matrix A and ||A|| for
its matrix norm. Since all norms are equivalent, the type of norm is not important for the
results, but if we make no further specifications, we use the operator norm induced by the
Euclidean norm. j(A) := minj,|=; [|Az|| is the modulus of injectivity of A. vec(A) is the
well-known operation that creates a vector by stacking the columns of an n X n matrix
A below each other to obtain an R™-valued vector and @ is the tensor product of two
matrices.

Vague convergence is denoted by . It is defined on the one-point uncompactification
@d\{O}, which assures that the sets B C V,. := {z : ||z]| > r}, » > 0, that are bounded
away from the origin can be referred to as the relatively compact sets in the vague topology.

In this topology, the compact sets shall be denoted by K and the open sets by G.

4.2.2 Multivariate Regular Variation

For the analysis of the tail behavior of multivariate stochastic processes, we use the well
established concept of regular variation. However, there is not only one single definition of
multivariate regular variation, but many different equivalent ones (cf. Section 2.1.3). For
detailed and very good introductions into the different approaches to multivariate regular
variation, we refer the reader also to Resnick (2007) and Lindskog (2004). Throughout
this chapter, we use the following well-known definition of multivariate regular variation
(cf. Resnick (1986) and Hult and Lindskog (2006a)).

Definition 4.2.1 (Multivariate Regular Variation). A random vector X with values
in R? is called regularly varying with index a > 0 if there exists a slowly varying function
[ : R +— R and a nonzero Radon measure y defined on B(Kd\{O}) with ,u(@d\Rd) = 0 such
that, as u — oo,

ul(u)P(u™'X € -) 35 u(-)
on BR\{0}). We write X € RV (e, 1, ).
Similarly, we call a Radon measure v regularly varying if «, [ and u exist as above with

v

ul(uv(u) = ()

for u — oo and we write v € RV («, [, ).
A stochastic process (X;)icr € R is called regularly varying with index « if all its finite

dimensional distributions are regularly varying with index a.

Remark 4.2.2. Note that in this chapter we consider regular variation of processes only

in terms of (multivariate) regular variation of their finite dimensional distributions. This
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is not to be confused with the infinite dimensional regular variation theory of Section 2.1.4
that we will analyze with respect to MMA processes in Chapter 5. Both concepts are

linked by the necessary and sufficient conditions of Theorem 2.1.22.

The measure 1 is homogeneous, i.e. it necessarily satisfies the condition

u(tB) =t~ u(B)

for all B € B(@d\{O}) and t > 0. We make use of this property throughout this chapter.
In this chapter, we will deal with infinitely divisible random variables and processes. For
those, the following very useful connection between regular variation of the random variable

and its Lévy measure exists.

Theorem 4.2.3 (Hult and Lindskog (2006a), Proposition 3.1). Let X € R be an
infinitely divisible random vector with Lévy measure v. Then X € RV («a,l, 1) if and only
if ve RV (a,l, ).

Furthermore, we will also need regular variation of matrix-valued random variables and
processes. If we take into account the well-known vec operation that creates a vector
by stacking the columns of a matrix below each other, we can simply apply the above
definition. This allows us to use all known results for the R%valued case also in the

matrix-valued case.

4.2.3 Lévy Bases and Integration

In this section we recall R%valued Lévy bases which are generalizations of Lévy processes,
and the related integration theory. For a general introduction to Lévy processes and in-
finitely divisible distributions see Sato (2002). Lévy bases are also called infinitely divisible
independently scattered random measures (i.d.i.s.r.m.) in the literature. For more details
on Lévy bases see Rajput and Rosinski (1989) and Pedersen (2003).

Definition 4.2.4 (Lévy Basis). An Rvalued random measure A = (A(B)) with B €
By(M; x R) is called a Lévy basis if:

e the distribution of A(B) is infinitely divisible for all B € B,(M; x R).

e for any n € N the random variables A(By),...,A(B,) are independent for pairwise
disjoint sets By, ..., B, € By(M; x R).
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e for any pairwise disjoint sets (B;);en € By(M,; x R) with |J
have A(U,,eny Bn) = D neny A(By) almost surely.

Bn € Bb(MJ X R) we

neN

neN

In this thesis we consider only time-homogeneous and factorisable Lévy bases, i.e. Lévy

bases with characteristic function
E (enA5) — eetns) (4.2.1)

for all w € R? and B € By(M; x R), where Il = X x 7 is the product of a probability

measure 7 on M, (R) and the Lebesgue measure A on R and

1 )
o(u) = iu’y — §uTZu + / (ewT’” —1- iuTx]l[,Ll](HxH)) v(dx)
Rd

is the cumulant transform of an infinitely divisible distribution with characteristic triplet
(v,%,v). By L we denote the underlying Lévy process associated with (v, %, v) and given
by Ly = A(M; x (0,t]) and L_, = A(M; x [-t,0)) for t € RT. The quadruple (v, %, v, 7)
determines the distribution of the Lévy basis completely and therefore it is called the

generating quadruple. A definition of Sg-valued Lévy bases follows along the same lines.

Remark 4.2.5. Considering only time homogeneous and factorisable Lévy bases is mo-
tivated by possible applications where models with too many parameters are of no real
help, and the so far developed theory of special cases, particularly the supOU process,
where this assumption is also made. However, it should be noted that this assumption
is not overly restrictive, because stationarity of a Lévy-driven MMA requires obviously in
general a time-homogeneous Lévy basis, i.e. the Lebesgue measure has to be used on the
time axis. In this work it appears very natural only to consider stationary cases. Hence,
the only possible generalization would be to allow the infinitely divisible distribution to
depend on A € M, . We could have (A, u) instead of p(u). Then we would also have
a characteristic triplet (y(A),3(A),v(A,dz)) with v being a “Lévy kernel” and all the
results would have immediate extensions to this case noting that as far as regular variation
is concerned one would have to demand that A(B) has to be regularly varying for all sets
B with same index « and slowly varying function [ (or “degenerately a-regularly varying”,
ie. u*l(u)P(u™'A(B € -)) — 0) and the measure of regular variation would have to be
given via a nontrivial kernel p1,, (A, -). Like the univariate literature (see Fasen (2005), Fasen
(2009) and Fasen and Kliippelberg (2007)) we refrain from stating the results on this level
of generality, since it would not add real insight, but lead to overly technical statements

not relevant for applications.
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The main focus of this chapter, the mixed moving average processes, are defined by
integrating over a function f with respect to a Lévy basis. Regarding the existence of

these integrals we recall the following multivariate extension of Theorem 2.7 in Rajput and

Rosinski (1989).

Theorem 4.2.6. Let A be an R¥*-valued Lévy basis with characteristic function of the form
(4.2.1) and let f: M; x R — M, 4 be a measurable function. Then f is A-integrable as a
limit in probability in the sense of Rajpul and Rosiriski (1989) if and only if

//MMH7+/fAsUmMWM@M)ﬂmMMH(MMmM&<w (4.2.2)

e
/ / 1£(A, )2 f(A,s)T||dsm(dA) < 0o and (4.2.3)
- R
/ / / (1A IF(A, 8)2]2) v(de)ds(dA) < oo. (4.2.4)
M; R R4
If f is A-integrable, the distribution of Xo = fM fR+ A(dA,ds) is infinitely divisible

with characteristic triplet (Yint, Yint, Vint) given by

'mtl//(ﬂA$7+[ﬂA$$@mﬂfMﬁﬂ)%m(wﬂwmgdmum7

My R

Yint = / /f (A, 9)2 f(A,s)Tdsm(dA)  and

Vint (B / //]IB f(A,s)z)v(dx)dsm(dA) for all Borel sets B C R,
M; R R4

We give now some more accessible sufficient conditions for the special case of a regular

varying driving Lévy measure v. Therefore, we define the set

LI x ) i= 4 f: M; x R — M, measurable, / / I£(A, 5)|Pdsm(dA) < o0

My

The following theorem is a multivariate analogue of Proposition 3.1 in Fasen (2005), which
is non-trivial due to the peculiarities arising from the used matrices.

Theorem 4.2.7. Let A be a Lévy basis with values in RY and characteristic quadruple
(v, X, v,m), let v be reqularly varying with index o and let f: M; x R — M, 4. Then f
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is A-integrable in the sense of Rajput and Rosiniski (1989) and Xq is well defined and in-
finitely divisible with the characteristic triplet given in Theorem 4.2.6 if one of the following

conditions hold:
(i) Ly is a-stable with o € (0,2)\{1} and f € L*NL".
(ii) f is bounded and f € L.° for some § < a, § < 1.

(iii) f is bounded, EL; =0, a > 1 and f € L? for some § < a, § < 2.

Proof. We will prove the result by validating the conditions (4.2.2), (4.2.3) and (4.2.4)
given in Theorem 4.2.6 in each of the three settings.

(i). From Theorem 14.3 of Sato (2002) we know that in the a-stable case ¥ = 0, which
makes condition (4.2.3) trivial. Furthermore, there is a finite measure 6 on the unit sphere
S such that

d¢) for B € B%

For condition (4.2.2), this yields

/] Hf<A, i+ [ 1) (o (LA, s)al) = Ty D) v(de) | dsm(4)
M; R R4

= [ [lrasn+ / [ 149 (10 (174, 9)7€]) = 1o Ire]) S50(de)) | dsm(d)

M; R 0
If(A,s)El

= f(A s)v+ f(A,s) [ & r~%dro(dE))||dsm(dA)
e

= [ [+ s [ e (g - 1)ode)| dsn(aa)
My R S

= [ [+ £22 / €74, s)el " o)) — LA )|dsw(a)
M- R

< [ [ (seasn+ gy o M2 Mg0s) ) asnaa)
M; R

< o0
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where we used f € L® N1, For condition (4.2.4) we get

/ / / (LA NLF (A, s)z]?) v(de)dsm(dA) =

— d
M; R R

:///]l{||f(A7s)z||21}V(d&?)dSﬂ'(dA)—i- (4.2.5)

- d
M; R R

+///||f(A,S)ZE||2]1{||f(A7S)x||§1}V(dx)dSﬂ'(dA).

— d
M; R R

The first term on the right hand side can be bounded by

/ / / Lyjsa0e)=1yv(dr)dsT(dA) =
M; R R4
i 1
= Loisasprelz1y g dré(dg)dsm(dA)
My R S 0

_ / / / 7 0 drg(d)ds(dA)

My RS [|f(As)e]?

-1 / / / LF(A, $)€]°0(d€)dsm(dA)

< 15) / / 1£(A, 5)[[*dsm(dA)

My R

< 00

and for the second term on the right hand side we get

///Hf(A,S)xHQﬂ{ﬂA,s)xs1}V(dx)d87r(dA)=

M; R Rd
Ji 1
= [ [ [ [ 1549061 samaien s drotddseian
My R S O

1f(A,s)El1

- [ [ [ isasgpreasgasaa
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(dg)dsm(dA)

)||“dsm(dA)

< 0Q.

(ii) and (iii). Condition (4.2.3) can be bounded by

| iz s asaa < =) [ [ 1as)dse(an) < oc

M; R Mj

which follows from the boundedness of f together with f € L% for some § < 2. For
condition (4.2.4) we use (4.2.5) again. For the first term on the right hand side of (4.2.5)

we use the inequality

IF (A ) ]l = | (A, s)zl| = 1

which implies
1

]l > -
1(A, 5]
This yields

///ﬂ{f(A,s>x|zl}V(dﬂf)d87T(dA)S ///H{Hmzm}u(dx)dsw(d/x)

:M/ / o ({12 gy ) atan

Now we can apply the Potter bounds (Lemma 2.1.5), giving the existence of some ¢, such
that for all ¢ > ¢y a regular varying function (in this case v) can be bounded. Therefore,
we distinguish the cases 1/||f(A, s)|| > to and 1/]|f(A4, s)|| < to. For the first case we set
C = sup{||f(A4, s)|| : ||F(A, )| < 1/to} < 1/to. Then we can apply the Potter bounds for
t= 1/5 >ty to get

M/ R/ﬂ{l/nfm,s)n»o} v ({II%’H > A )||}) dsm(dA) <
(1+a-— / /]1{1/||f(A s)I>to} V ({Hx” > C}) (W) 7(dA)
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< Q.

In the other case we set C' := sup || f(A4, S)H < 00 and obtain

/ / tasanme v ({12 oy f) domea) <
< / /]1{1/||f<A,s>||Sto} v ({HCEH > é}) dsm(dA)
- ud({uasu > o) oo ({asssasnz )

< 00,

since f € L%. The second term on the right hand side of (4.2.5) can be bounded by

/ / / 1F(A, $)2 P L agep ey () dsm(dA) =

— d
M; R R

:// / 1F (A, )2 "Ly aspen<ayv(de)

M; R [z]<1

" / (A, 8)2[IP Ly a0)0) <1y (dx)dsT(dA)

[lz]|>1

<[ [ [ 1asPlevan + [ 15 s)alvdo)dse(aa)

My R zfl<1 fl=f|=1
+ [ [irasliamaa [ falv)
M il >1

< 00,

where we used the fact that for bounded functions f the assumption f € I.°, § < 2, implies
f € L2, Moreover, note that fllezl |z]|°v(dz) < oo by Sato (2002), Corollary 25.8, since
0 < § < a and hence the underlying Lévy process has a finite jth moment (cf. Corollary
2.3.11). Condition (4.2.2) in Theorem 4.2.6 can be reformulated as

//Hf (4,5 7+/f (A, s)x (Lo (1F (A, s)zll) = Lo ([J2]])) v(de)||dsm(dA) =

/ /Hf (4, 8)7+ f(A’ S)x]l{uf(A,S)ngl}V(dx)

llz(|>1
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- / f(A, S)J]]l{“f(A75)$||>1}V(dI) dS?T(dA) =:T.

=<1

In case (ii) we use || f(A, s)|| < C and thus T can be bounded by

T < / / Ilf(A,s)!5<Cl‘5\vl+ / lelPv(dz) + C13 / ||:c||%<dx>>dsw<dA>.

M; R [|l][>1 lzlle(&,1]

In case (iii), we know v = — fo”>1 zv(dx). Since a > 1 and § < «, we can arbitrarily

choose a & € (d,«) with £ > 1. This yields

7= / / H_ / F(A, $)av(dz) + / FOA, $)a Ly syo <y v(d)

Jafl>1 Jafl>1
— / f(A,S):L‘]l{Hf(A7S)xH>1}V(dI) dST('(dA)
Jafl<1

://H— / F(A; )2 peas)a>13v(d2)

My R fel>1
- / J(A, s)xLya,8)2>137(dx)||dsm(dA)
Jafl<1

< [ [ [ 192l pyotdopisean)

M; R RE

<c [ [irasliasma [ el

My R 1> &
< 00.

4.3 Mixed Moving Average Processes

Mixed moving average (short MMA) processes have been first introduced by Surgailis et al.
(1993) in the univariate stable case. As we have already mentioned in the previous sections,

they are integrals over a given kernel function with respect to a Lévy basis.

Definition 4.3.1 (Mixed Moving Average Process). Let A be an R%-valued Lévy ba-
sison M, x R and let f: M; x R+ M, 4 be a measurable function (kernel function). If
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_ //f(A,t—s)A(dA,ds)

exists in the sense of Theorem 4.2.6 for all ¢t € R, it is called an n-dimensional mized

the process

moving average process (short MMA process).

Note that we could also define “generalized MMA” processes by integrating over a slightly
more general function g : M; x R x R — M, 4, which gives us

X, = //g(A,t,s)A(dA,ds).

However, the extension of all upcoming results is trivial, so we stated the results for the
notationally easier case of Definition 4.3.1. Moreover, an MMA process is obviously always
stationary and this needs not to be true for generalized MMA processes. Note also that
M, can obviously be replaced by Mgy or basically any other Borel set. Again we state
everything for M, , because this eases notation and is the canonical choice in the supOU
case.

Existence of the MMA processes follows directly from Theorem 4.2.6 and Theorem 4.2.7.
Especially Theorem 4.2.7 turns out to be very useful in this setting, since it is based
on similar conditions compared to the key conditions of the following theorem: regular
variation of the driving Lévy measure v and f € LY(\ x 7).

The theorem is the multivariate analog of (3.1) in Proposition 3.2 of Fasen (2005), where
the same conditions, simplified to the univariate set-up, are used. A similar result also
exists for the special case of a univariate filtered Lévy process, where the kernel function

f is continuous and of compact support, see Hult and Lindskog (2005), Theorem 22.

Theorem 4.3.2. Let A be an R¥*-valued Lévy basis on M; x R with generating quadruple
(7,2, v,7) and let v € RV (a, 1, ). If Xo = fM Je f( A(dA,ds) exists (in the sense
of Theorem 4.2.6), f € L¥(A x m) and p,(f~ (A 3)(R”\{0})) = 0 does not hold for m x A
almost-every (A, s), then Xo € RV (a1, pux) with

_ ///]IB(f(A,s)x)u,,(dx)dsw(dA).

- d
M; R R

Proof. From Theorem 4.2.6 we know that the distribution of X is infinitely divisible.

Following Theorem 4.2.3 it is sufficient to prove that its Lévy measure vy is regularly
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varying. The concrete representation
vx = ///]lB(f(A,s)x)l/(d$)ds7r(dA)
M; R Rd

is also known from Theorem 4.2.6. Regular variation of v then yields the existence of a
constant o > 0, a slowly varying function [ and a Radon measure j, on B(@d\{()}) with
,uy(@d\Rd) = 0 such that, as u — oo,

(2

ul(wr(u-) = ().

Using Theorem 2.1.9 and Fatou’s Lemma, we have that for all compact sets B € K

lim sup u”1(u) / / / Lo (F(A, 8)z) v(dz)dsm(dA) <

| //hinfogp“ {(u /]luB (f(A,s)z) v(dx)dsm(dA)
///]13 F(A, 8)) i, (dx)dsm(dA)

and conversely for all open sets B € G that are relatively compact

lim inf u®l(u /// ws (f(A, s)x)v(dr)dsm(dA) >

//higg.}fual /]luB (f(A, s)z) v(dx)dsT(dA)
///]13 f(A; 8)2) pu, (d)dsm(dA).

Note here that for any set B € K (resp. G) also the preimage f(A,s) ' (B) € K (resp. G) for
all A, s, since f(A,s) is for fixed A, s a linear mapping. This yields the vague convergence

wCl(w)vy (u / / / ) v(d)ds(dA)

o, / / / Loy (f(A, 5)2) o (do)dsm(dA) = jx ().
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It remains to prove that sy is again a Radon measure with iy (R \R") = 0. The second

property follows directly from the observation
]l(@”\ugn)(f(Ay s)z) < H(Rn\Rn)(x).

For the local finiteness of py, take some compact B € B(@d\{O}), i.e. there exists some
finite > 0 such that B C V, := {x : ||z|| > r}. For all x with f(A,s)z € B CV, we have
r < |[f(A,s)z|| < || f(A,s)| ||z]]. By using f € L*(\ x 7) and the local finiteness of u,, we
get

ux(B) = [ [ [ 18(704.55) m(dn)dsw(aa)

— d
M; R R

< [ [ [0 QA s) ) putdordse(aa

- d
M; R R

= [ [t s ol 2 1A D) Lo (1A, dd)

d

— (v [ [ 158 Pasn(aa)

< 0Q.

O

The theorem shows that the tail behavior of the driving Lévy measure determines the
tail behavior of the MMA process. Since the Lévy measure is related only to the jumps
of the underlying Lévy process, we see that the regular variation of the MMA process is
caused by the jumps of the underlying Lévy process. Furthermore, we intuitively have that
the extremes of the MMA process are caused by a single extremely big jump in the Lévy
basis.

Remark 4.3.3. Another important consequence of the theorem is that we know the con-
crete measure px of regular variation. This is useful to describe the location or mass of
the extremes in R™. It is similar to the spectral measure in an analogue definition of reg-
ular variation, see Theorem 2.1.11. See also Example 4.4.4 for some calculations of these

measures in the Ornstein-Uhlenbeck case.

As mentioned before, Theorem 4.3.2 uses two crucial conditions. The first one is the

regular variation of the driving Lévy measure, meaning that the tail behavior of the input
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determines the tail behavior of the resulting MMA process. The second condition f €
LY\ x m) is a restriction on the function f. We will now analyze its restrictiveness by

looking at necessary conditions. Therefore, we define the set

J*(A\ x7) = {f : M, x R+~ M, ; measurable, / /j(f(A, s))%dsm(dA) < oo},

My

where j(A) is the modulus of injectivity of A.

The following theorem extends even the univariate work by Fasen (2005) and Hult and
Lindskog (2005), where necessary conditions are not considered. Note that the focus is
on necessary conditions on f whereas Jacobsen et al. (2009) considered whether regular
variation of a moving average implies regular variation of the driving Lévy process in the

univariate case.

Theorem 4.3.4. Let A be an R%-valued Lévy basis on M; x R with generating quadru-
ple (v,X,v,m) and let v € RV (a,l,p,). If Xo = fM Je f( A(dA,ds) exists and
o (f7HA, s)(R™\{0})) = 0 does not hold for = x A almost- every (A s) then f € J*(A x )
is a necessary condition for Xo € RV («a,l, pux) with

///13 f(A; 8)x) py(dx)dsm(dA).

M; R Rd

Proof. We use a simple contradiction. Suppose f & J*(\ x ), i.e

[ [ty assan -

Since p, is nonzero there is a positive number r > 0 such that p,(V;) > 0. Then we use
the relation

for all z € R% and get
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= [ [l ol 2 545} Loy G (A, o)) dsm(da)

(V) [ [ s))dsnda)

= 0

and this is a contradiction to px being a Radon measure.
([
Now we have necessary conditions as well as sufficient conditions and both lie close
together. Since j(f(A,s)) < ||f(A,s)|| we immediately have L*(A x 7) C J*(A x 7). In
the univariate case we even have L*(\ x 7) = J*(\ x ) and thus we get necessary and
sufficient conditions.

Having proved the regular variation of the random vector, we can now easily get the regular

variation of the process X;.

Corollary 4.3.5. Given the conditions of Theorem 4.5.2, the MMA process (X;)ier s also

reqularly varying with index o as a process.

Proof. We have to show that the results also hold for the finite dimensional distributions
of X;. Form e Nand t = (¢y,...,t,) € R™ we have

/ Ik[ F(A t; — s)A(dA, ds)

X, . f(A t; —s)
: = : = : A(dA,ds)
X, | [ f(At, — s)A(dA, ds) M; R f(A L, — s)
M; R
= / /g(A, t,s) A(dA,ds)
M7 R

d
with the function g : M; x R™ X R +— M,,, 4 defined by
f(A, tl - 8)
g(A,t,s) = :
f<A7 tm - 8)

Next we show that f € LP(\ x m) implies g € L?(\ x 7) for all 3 > 0. Therefore, we
choose the matrix norm

14]l = max{]as;|}.
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We get

/ / lg(A,t, )| dsm(dA) =
f(Aa i1 — S)
- : ds m(dA)
M; R f(A t, —s)

- / / max {17 (A tr = ), (A b — )]} dsm(dA)

M; R
< If(Aty —3)|P+ ...+ ||f(A tm — 5)||° dsT(dA)
/]

< 00,

since f € LP(\ x m). If the existence of X; is ensured by Theorem 4.2.7 (ii) or (iii), this
implies that for the existence and regular variation of (X[, ..., X/ )T a simple application
of Theorem 4.3.2 and Theorem 4.2.7 conclude. However, in general we note that assuming
existence of X; in the sense of Theorem 4.2.6 implies that each of the m individual integrals
of (X[, ..., X )7 exists as a limit of approximating sums in probability. From these
individual approximating sums one easily constructs a sequence of approximating sums for
fM[ Je H (f(At =), (At — s)T)THﬁ A(dA,ds) converging in probability. Hence,
the necessary and sufficient existence conditions of Theorem 4.2.6 are satisfied and Theorem
4.3.2 shows the regular variation of (X, ..., X/ )T.

O

A very important class of heavy tailed distributions are a-stable distributions with a €
(0,2). See Samorodnitsky and Taqqu (1994) for a detailed introduction. In Theorem 4.2.7
we have already given a criterion for the existence of MMA processes with stable driving
Lévy process. Similar to Theorem 4.3.2; there is also a well-known link between stability

of the driving Lévy measure and stability of the MMA process.

Lemma 4.3.6. If the driving Lévy process of an MMA process X; is a-stable and its Lévy

measure is non-degenerate, then X; is also a-stable.

Proof. From Theorem 14.3 in Sato (2002) we have the result that a-stability of an infinitely

divisible distribution is equivalent to

Y=0 and v(:)=b“w(b':) forallb>0.
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Using the assumption together with Theorem 4.2.6, we immediately have ¥x, = 0 and

VX,g(') =b“ l/Xt(b_l )
O

Now we apply this result to multivariate continuous-time autoregressive moving average
(MCARMA) processes.

Example 4.3.7 (MCARMA Processes). Univariate Lévy-driven CARMA processes
have been introduced by Brockwell (2001) and they have been extended to multivari-
ate CARMA (MCARMA) processes by Marquardt and Stelzer (2007). A d-dimensional
MCARMA(p,q) process, p > ¢, driven by a two-sided square integrable Lévy process
(L¢)ter with E(L;) = 0 and E (L, LT) = ¥} can be formally interpreted as the stationary

solution to the p-th order d-dimensional differential equation
P(D)Y, = Q(D)DLy,

where D denotes the differentiation operator with respect to t. The autoregressive and

moving average polynomials are given by
P(2) =132 + Ai2P" '+ ...+ A, and Q(2) = Byz?+ B2 ' +... + B,

with Ay,...,A,, By,...,B, € M, such that B, # 0 and {z € C : det(P(z)) = 0} C
R\{0} +iR.  The MCARMA process Y; can be represented as a moving average process

Y, = / Ft - s)dL,

with kernel function f : R — M, given by

1

f(t) = Py /ei“tP(iu)_lQ(iu)du.

Obviously, MCARMA processes are MMA processes and thus we can apply Lemma 4.3.6
to obtain an a-stable MCARMA process by using an a-stable driving Lévy process. Fur-
thermore, by Proposition 3.32 of Marquardt and Stelzer (2007) we know that in the case
p > q+1 MCARMA processes have continuous sample paths and these are p— g — 1 times
differentiable. This shows that in the case a € (0,2) and p > ¢+ 1 we can get heavy tailed
MCARMA processes, where the heavy tails come from the jumps of the underlying Lévy
process, but the paths of the observed process are continuous and may even be differen-
tiable.

87



Chapter 4 Finite Dimensional Regular Variation of Mixed Moving Average Processes
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0.6

0.2
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-0.6 —

t=0 20 40 60 80 100

Figure 4.3.1: Simulations of one path of the driving Lévy process L; and
the CARMA(3,1) process Y in the a-stable case with a = 2

To illustrate this, we simulated several univariate CARMA(3,1) processes. They are given

by the autoregressive and moving average polynomials
p(z) =2 +45224+652+3 and q(z) = 2.

The CARMA(3,1) process can then given in its state space representation (see Marquardt
and Stelzer (2007), Theorem 3.12)

t

G(t) = / A B dL,,

—0o0
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15
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0.5

0.0

-0.5 1
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T
t=0 20 40 60 80 100

Figure 4.3.2: Simulations of one path of the driving Lévy process L;, the
CARMA(3,1) process Y; and its derivative in the a-stable

case with a = 1.5
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Figure 4.3.3: Simulations of one path of the driving Lévy process L;, the
CARMA(3,1) process Y; and its derivative in the a-stable

case with o = 1
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where
0 1 0 0
A= 0 0 1 and (= 1
-3 —6.5 —4.5 —4.5

This representation has the advantage that it applies also in the multivariate setting and
it directly includes the derivatives of the CARMA process, as long as they exist. In that
case, we have Y, = Gy(t) and £Y; = G>(t). Due to the foregoing results G is regularly
varying with index « (resp. a-stable) if L is so.

For the driving Lévy process L; we used a symmetric a-stable Lévy motion without
skewness and with a-values of 2 (Brownian Motion), 1.5 and 1 (both heavy-tailed). Fur-
thermore, we plotted the simulated values after a burn-in period of 1000 to ensure sta-
tionarity. In all three cases, one can see nicely, how the tail behavior of the driving Lévy
process determines the tail behavior of the continuous CARMA(3,1) process.

In Figure 4.3.1 we see the case a = 2 where the integrator is a light tailed Brownian
Motion and the resulting CARMA process is also light tailed. In the cases a = 1.5 (see
Figure 4.3.2) and a = 1 (see Figure 4.3.3) the driving process is heavy tailed and, as « is
decreasing, the process is more and more determined by only a few very large jumps. The
respective CARMA process is also heavy tailed and oscillates around the mean except for
some large, but continuous shocks. For these two cases we also plotted the first derivatives
of the paths of the CARMA process, which are not continuous anymore, but jointly a-stable
together with the process itself.

4.4 Application to SupOU Processes

One example of MMA processes are superpositions of Ornstein-Uhlenbeck processes, or
supOU processes for short. They are especially useful in modeling the stochastic volatility
in continuous time models or long range dependent time series. For an introduction to uni-
variate supOU processes see Barndorff-Nielsen (2001) and for the extension to multivariate

supOU processes we refer to Barndorff-Nielsen and Stelzer (2011a).

Definition 4.4.1 (R-Valued SupOU Process). Let A be an R%-valued Lévy basis on

M, x R. If the process
t
X, = / / AN (dA, ds)
My —oo

exists for all t € R, it is called R¥-valued supOU process.
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We easily see that supOU processes are MMA processes with special kernel function

f(A, S) = GAS ]1[0700)(8).

Consequently, existence of supOU processes is covered by Theorem 4.2.6. But if we take
the special properties of supOU processes into account, some more accessible sufficient

conditions for the existence can be given.

Theorem 4.4.2 (Barndorff-Nielsen and Stelzer (2011a), Theorem 3.1). Let X;
be an Ré-valued supOU process as defined in Definition 4.4.1. If

/” ||>11n(HxH)V(d$) < 0

and there exist measurable functions p : M; — RT\{0} and x : M — [1,00) such that

Kk(A)?
p(A)

e < k(A)e P Ws s € RY m-almost surely and / m(dA) < oo

My
then the sup process Xy = — et ,ds) 15 well defined for all t € an
hen th oU X % ' eAIA(dA,d Il defined for all R and

stationary. Furthermore, the stationary distribution of X, is infinitely divisible with char-

acteristic triplet (yx,Xx,vx) given by Theorem 4.2.6.

Now we want to go one step further and analyze the tail behavior, but regular variation

of the supOU processes follows directly from Theorem 4.3.2.

Corollary 4.4.3. Let A € R? be a Lévy basis on M; x R with generating quadruple
(7,2, v,7) and let v € RV (a1, ). If the conditions of Theorem 4.4.2 hold and addition-

ally )
/ o ) < o0

M7

then Xy = fM Jer €**A(dA, ds) € RV (a1, pux) with Radon measure

/ / / )t (de)dsm(dA).

My R+ Rd

Proof. Using the given conditions, we have

/ ) / e4%]|° dsm(dA) < / ) / (AP D3 g (dA)
My Jrt My Jrt
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— o ! /{(A)O‘W
- /M o) ")

< o0

and thus e* € LY\ x 7). It is left to show that yu,(f~1(4,s)R") = 0 does not hold for

™ X A almost-every (A, s), but since
o (e RY) = pu, (RY)

for any (A, s), this follows simply from p, being a nonzero measure.
O

For illustration, let us now calculate the measures py of regular variation in some special

cases.

Example 4.4.4 (Measure of Regular Variation of OU Processes).  SupOU pro-
cesses with probability measure 7 being a one-point measure (i.e. 7(A) = 1 for some
A € M) are called Ornstein-Uhlenbeck (OU) processes. They can be defined as stochas-

tic integrals of the form
t

/ eA(tfs) dLS,

—00

where (L;) is a Lévy process with values in RY and A € M is the parameter matrix.

Applying Corollary 4.4.3, their measure of regular variation can be given by
pux(B) = /u,, (e_ASB) ds.
R+

We consider several examples in the case d = 2. Let us first assume that the mass
of the measure pu, is concentrated on a straight line, i.e. on the points of the form h =
(a(1,0)")aer\fo} for b € R, see Figure 4.4.1 for an example with b = 0.5.

1. If A=cly,c € R7, is a multiple of the identity matrix, then

uy(B)'

cx

px(B) = / pw (e7°B) ds = / 1, (B) ds = —

R+ R+

Consequently, pux has its mass in the same directions as p, and thus its mass is also

concentrated on h.
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1.0
|

0.5
|

Figure 4.4.1: Mass of the measures u, and px in case 1.

2. If A =diag(ay,as) is a diagonal matrix, then the mass of px is concentrated on the
cones between the straight line h and one of the two axes, see Figure 4.4.2. The mass
is drawn to the horizontal axis if as > a; and to the vertical axis if a; > as (i.e. to
the axis associated with the slower exponential decay rate). Intuitively this happens
as follows. An extreme jump (z1,22)7 occurred at some time u in the past and had
direction s. This causes an extreme value (e®(=Wg, e®2(t=Wg,)T at a later time t.
Since one of the components decays slower, this extreme event is now in a direction

closer to the direction with the slowest exponential decay.

3. If A is real diagonalizable, i.e. A = UDU™! with D = diag(dy,ds), then the mass is
drawn to the eigenspace e that belongs to the biggest eigenvalue max(dy, dy). This
means that the mass is concentrated on the cone between e and h, see Figure 4.4.3.

This follows immediately by a change of the basis from the last case.

However, if the support of j, is the whole space R, then the support of ux is also R,

regardless of the choice of A in any of the three cases above.

Like in the general MMA case, we shall again have a closer look at the essential condition

/M U d4) < oo,
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Figure 4.4.2: Mass of the measure py in Figure 4.4.3: Mass of the measure py in

case 2. case 3.

Using the modulus of injectivity, we can derive necessary conditions similar to the previous
chapter, see also Barndorff-Nielsen and Stelzer (2011a), Proposition 3.3, where comparable

necessary conditions are given for the existence of supOU processes.

Corollary 4.4.5. Let A € R? be a Lévy basis on M; x R with generating quadruple
(v, 5, v,7), letv € RV (e, 1, p,,) and let Xy = fM; Jer € A(dA, ds) exist following Theorem
4.4.2.  Furthermore, assume there exist measurable functions v : M; — R™\{0} and
v My — [1,00) such that

7 (e*) > 9(A)e "W ¥s € RY m-almost surely.

CAGN
/ (A) m(dA) < o0

My

Then

is a necessary condition for Xo € RV («a,l, pux) with

/ / / ) o (dz)dsm(dA).

R+ R4
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Proof. Suppose

oA
/ (A) m(dA) = oo.

My

/ / 7 (e*)" dsm(dA) / / )T WS dsm(dA)
My Jrt R+

- /M o)

= OQ.

Then

Consequently e ¢ J¥(\ x w) and Theorem 4.3.4 yields the result.
|

Finally, as a consequence of Theorem 4.3.5, we also have regular variation of the finite

dimensional distributions of the process.

Corollary 4.4.6. Given the conditions of Corollary 4.4.3, the supOU process (X;)ier 1S

also reqularly varying with index o as a process.

4.5 Stochastic Volatility Model

4.5.1 The Model

In this section we review and analyze the supOU type stochastic volatility model introduced
in Barndorff-Nielsen and Stelzer (2011b). We consider a d-dimensional logarithmic stock
price process (X;)ier given by an equation of the form
dX, = 52 dw, (4.5.1)
Xo = 07
where W is a d-dimensional Brownian motion and /2 denotes the unique positive semidef-

inite square root. The stochastic volatility process (X,)icr is given by an S} -valued supOU

process that is independent of the Brownian Motion W.

Definition 4.5.1 (Positive Semi-Definite SupOU Process). Let A be a Lévy basis
on M, x R with values in S;. If the process

t
Y= / /eA(tS)A(dA,ds)eAT(ts)
M —o0
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exists for all ¢t € R, it is called a positive semi-definite (or ST -valued) supOU process.

The process (X;)er+ being given by equation (4.5.1) with volatility process (X;)er given
by a positive semi-definite supOU process is called multivariate supOU type stochastic
volatility model or SVsupOU.

The introduced model is of course only the most basic version of a SVsupOU. We can
easily enhance the model by adding a stochastic or deterministic drift a and a leverage
term ¥, see Barndorff-Nielsen and Stelzer (2011b) for details. The model is then given by

the equation

dX, = adt + X;2dW, + U(dL,)
XO = 07

where a is an R%valued predictable process, W is the d-dimensional Brownian motion, L
is the Lévy process associated with A and ¥ : S; — R? is a linear operator. The stochastic
volatility process (X¢)ier is again a matrix-valued supOU process.

However, the drift term and the leverage term are usually dominating the tail behavior
if they are non-vanishing. The leverage term is determined by the behavior of the Lévy
process L and as we always assume the driving Lévy measure to be regularly varying with
index «, the leverage term is also regularly varying with index «. A popular choice for the

drift term is

ay = p+ B,

with 3 : S; — R? being a linear operator and in this case a, is regularly varying with index
a, as we will show below. This means that if such a drift or leverage term exists, they
dominate the Brownian term which will turn out to be regularly varying with index 2a.
For this reason, we will only consider the simple model in this chapter.

Let us start with analyzing the volatility process. Existence of the positive semi-definite

supOU processes is given similarly to the existence of R%valued supOU processes.

Theorem 4.5.2 (Barndorfi-Nielsen and Stelzer (2011a), Theorem. 4.1). Let A
be an Sg-valued Lévy basis with generating quadruple (v,0,v,7) and with vy = v —
fllxl\gl zv(dz) € ST, v(Sq\S) =0,

/ In(||z||) v(dz) < o0 and / ||z||v(dz) < oo.

[Jz]|>1 =<1
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Furthermore, assume the existence of measurable functions p : My — RT and k : My —
[1,00) such that

Kk(A)?
p(A)

HeASH < k(A)e P M3 s € RT 1-almost surely and /

My

m(dA) < 0.

Then the positive-semidefinite supOU process

t
Y= / /eA(t_S)A(dA,ds)eAT(t_s)
My =00

is well-defined for all t € R, has values in'S,) for allt € R and its distribution is stationary

and infinitely divisible. Moreover, the vector representation has the form

¢
vec (%) = / /e(A@’Id“d@A)(t_s)vec(A)(dA,ds)

My —o°

and the distribution of ¥, is infinitely divisible with characteristic function

exp (itr(ud;)) = exp | itr (uys) + / (eitr(m) — 1) vg(d)
Sa

foru € Sg with

e v e dst(dA)  and

/
/

s
VE(B)

Mg
As . ATg

/ /]lB (e xe )V(dac)dsw(dA)

My Y sy

for all Borel sets B C Sy.

Note that in the above theorem vec(A) is defined by vec(A)(A) := vec((A(A)) and it is
a Lévy basis in R?.
Based on this theorem, we can now analyze the tail behavior of the volatility process.
Therefore, we have to define regular variation in a matrix-valued setting, which is just a

translation of R%-valued regular variation. A random matrix X € M, is said to be regularly
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varying with index a > 0 if there exists a slowly varying function [ : R — R and a nonzero
Radon measure u defined on B(M4\{0}) with u(M4\M,;) = 0 such that, as u — oo,

ul(u)P(u'X € ) 5 u(+)

on B(M,\{0}) and we write X € RV (a,l,u). Of course, for a random matrix X € M,
there exists the straightforward connection that X € RV (a,l, ) if and only if vec(X) €
RV (a,l, 1), where p’(vec(A)) = u(A). Given this relationship, we can then analyze the
tail behavior of the volatility process, where regular variation can be derived using the

results of the previous sections.

Corollary 4.5.3. Let A € Sy be a Lévy basis on M; x R with generating quadruple
(7,0,v,m) and let v € RV (a,l, ). If the conditions of Theorem 4.5.2 hold and addi-

tionally
/ ﬁﬁfﬁ) (dA) < o

My

then g = fM; Jos €A (dA, ds)e"™ € RV (a1, ps) with Radon measure

/ / / etzet ) p,(dx)dsm(dA).

My Rt R4
Furthermore, the supOU process (X;)ier s also reqularly varying with index o as a process.

Proof. From Theorem 4.5.2 we have

¢
vec (%) = / /e(A@’Id“d@A)(t_s)vec(A)(dA,ds)

M, ~

and thus the vectorized volatility process vec(3;) is an MMA process with kernel function
f(A,s) = eAlatla®Dsy ) (s). In order to apply Theorem 4.3.2, it is left to show that
f € LY\ x 7). For that purpose, we make use of the relations e(A®latla®@4)s — oAs ) gAs
and ||e?* @ || = ||e?*]|? (see Horn and Johnson (1991), Chapter 4.2, Problem 28, and
Chapter 6.2, Problem 14) and obtain

//H€A®Id+1d®A)s”ad8ﬂ_(dA //HeAs ’2adS7T(dA)

M; Rt M; Rt

/ / ~200(A)s s (d A)

My Rt
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1 k(A)>
2CVM7 (A m(dA)
< 0.

O

Now we want to go one step further and analyze the tail behavior of the logarithmic
stock price process. Therefore, we use the independence between W and A yielding the

equality
; ; 1/2

/ S2aw, £ / Sods | WA (4.5.2)
0 0
We immediately see that it is necessary to analyze the integrated volatility

t

DIng ::/sts

0

in order to obtain regular variation of the stock price process. We start with its existence.

Theorem 4.5.4 (Barndorff-Nielsen and Stelzer (2011a), Theorem 4.3).  Let ¥
be a positive semi-definite supOU process as given in Definition 4.5.1 that exists according
to Theorem 4.5.2. Then %i(w) is measurable as a function of t € R and w € Q. If also

/ K(A)?T(dA) < 00

My

then the paths of X are uniformly bounded in t and the integrated process ¥ exists for all
t € Rt and the equation

0

S = / / IA(dA, ds)e / / gt (e A(dA, ds)e” )
-/ / 67" (A(dA, ds))

holds with the function ga : Sq — Sq, X +— AX + X AT.

Another important and closely related characteristic of a time series are observed log

returns over given time periods of length A € RT (representing for example observation
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intervals, trading periods etc.) given by

1/2
nA nA

Zn = ApA T X(n—l)A = / E;/QdWs g / Esds Wl‘

(n—1)A (n—1)A
Existence of the related integrated volatilities

nA

¥k = / >ds

(n—1)A

(4.5.3)

is given by the previous theorem and conditions for regular variation of ¥} and of the

integrated volatility X can be derived simultaneously.

Corollary 4.5.5. Let A € S; be a Lévy basis on M; x R with generating quadruple
(7,0,v,7) and let v € RV (a,l, ). If the conditions of Theorem 4.5.4 hold and addi-

tionally

/ pﬁ(%)ajlﬂ(dA) < 00

My
then XF € RV (a,l, pg+) with Radon measure

nA

Nzﬁ ///]lB / €A(S_“)xeAT(S_“)]l(—oo,nA}(u)ds ,ul,(dx)dmr(dA)

M; R R4 uV(n—1)A

and ¥} € RV (a,l, psy) with

Nzﬁ ///]13 /GAS “)IeAT(s_“)]l(_oqt](U)dS My(dx)duﬂ(dA).

M R R4 uVO0

Furthermore, the process (X} )ier+ 48 also regularly varying with index o as a process.

Proof. Again, we use the vector representation of the process and get from the proof of

Theorem 3.12 in Barndorff-Nielsen and Stelzer (2011a)

vec (BF) = / // (Alatla®A) (s~ yec(N)(dA, du)ds

(n— 1AM
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// (A, t, w)vec(A)(dA, du)

R M*
with
nA
g(A, t, u) — / €(A®Id+ld®14)(87u)]1(_007’”A} (U)dS
uV(n—1)A

As before, it is left to show that g(A,¢,u) € L*(\ x 7) in order to apply Theorem 4.3.2.

Therefore, we estimate

nA
lg(A, t w)ll < Li—oonay(u) / [elAetattas 0] ds
uV(n—1)A
nA
a2
) [ as
uV(n—1)A
nA
< T(—ooma) (u) / K/(A)QG_Q'D(A)(S_U)dS
uV(n—1)A
K(A? 1 Ay
= S (e A0 () = Tineyana) (1)

— W (ODAy (“)> ‘

For the first term of the sum we get

nAK/ 2a —2ap(A)(nA u)
du w(dA) = / / du (dA)

2 —2p(A (nA—u) |¢

—2p(A) )
Md
1 k(A)*
:zaﬂa/ oA
My
< 00.

The second summand is in L*(A X 7), since the function has bounded support, and for the
last term in the sum we simply substitute n by (n — 1) in the first term. The result for 3,
follows directly setting A =¢ and n = 1.

O

Note that this result also gives us regular variation with index « of a possible drift term
ap = p+ B3
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1/2

The next step is to derive the tail behavior of the square root (37)'/# of the integrated

volatility process.

Lemma 4.5.6. Let X be a random variable with values in S} and let ©Y/? be its square
root. Then ¥ € RV (a,l, us) if and only if X2 € RV(20¢,Z1/2,,u12/2) with 112(z) = I(2?)
and p!*(B) = p(B?).

Proof. Note that the square root of a matrix in S} is a bijective mapping and is thus well

defined. Since both functions, the square as well as the square root, map compacts to
compacts, we can apply Proposition 3.18 of Resnick (1987).

O

Now we can consider the log-returns and the logarithmic stock price process regarding

their tail behavior.

Theorem 4.5.7. Let (X;)ier be the stock price process given by equation (4.5.1), let Z,
be the log-returns given by (4.5.3) and let 3 be the increments of a positive semi-definite
supOU process (X4)ier+. Furthermore, let the conditions of Corollary 4.5.5 hold. Then
Zn € RV (20,112, 1) with Radon measure

uz(B) =E (wl? (Wi'(B)))
and X; € RV (2a,1Y2, ux) with

ux(B) = E (nf? (W'(B))).

where Wy : My + R? is considered to be a random linear mapping with Wy (z) := - W, 2

xN(0, ;). Furthermore, (X;)ier is also reqular varying with index 2« as a process.

Proof. Since W and A are independent, we have

nA 1/2 ¢ t 1/2
Zy 2 ( / Esds> Wa and / S12qw, L ( / sts) A
(n—1)A 0 0

From Corollary 4.5.5 we know that
Sr e RV(a,lugy) and X € RV (L, ps)
and, together with Lemma 4.5.6, this yields
(S € RV(2a,1'?, pf?)  and  (5)'V € RV(Qa,ll/Q,Mlz/tf).

Finally, we use the fact that the Brownian Motion has finite moments to apply the multi-
variate version of Breiman’s Lemma (see Theorem 2.1.18), which yields the result.
O
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4.5.2 Relevance and Applications in Finance

Let us conclude with some final remarks. First, we easily see that the model allows for
heavy tails, in the volatility as well as in logarithmic stock prices and log-returns. This is a
useful fact, since observed market data often shows heavy tails. Furthermore, we see that
there is a direct connection between the indexes of regular variation of the driving Lévy
measure on the one hand and the volatility, log-prices and log-returns on the other hand.
We can also calculate the concrete measure p of regular variation in order to describe the
spatial structure of the extremes.

Second, we note that all the results given above hold also in the case of an Ornstein-
Uhlenbeck type stochastic volatility model where the volatility is modeled by an S}-valued
OU process. This is obvious, since OU processes are special cases of supOU processes with
7 being a Dirac measure.

In a financial context, the results can now be used for a statistical analysis of observed
data. We can use one of the well established estimators (see Embrechts et al. (1997) or
Resnick (2007)) to estimate the index of regular variation of the given data (logarithmic
stock prices or log-returns). The result can then be compared with the estimated index
of regular variation of the integrated volatility. If they do not match by the factor of 2,
this is a hint for the existence of a leverage or drift term of the form specified in this
chapter. Yet, there is still some future work to be done to analyze and estimate the (index
of regular variation of the) integrated volatility, since it cannot be observed directly. If we
make additional assumptions on the different terms (leverage, drift) to exist or not, we can
calculate the index of regular variation of the log-prices or log-returns from the index of
the volatility and vice versa.

It would also be very interesting to generalize the stochastic volatility model by substituting
the Brownian motion W; by a more general Lévy process Zt. However, as there is then no
analogue of (4.5.2) available, it will be much more difficult to get results for this case and
different methods will be needed.

Modelling the Correlation Breakdown

Applied research in financial mathematics and econometrics has often noted that one typ-
ically encounters what has been dubbed “correlation breakdown” in times of severe crisis.
This notion means that when extreme negative events potentially affecting the whole (or
large parts of the) economy occur, basically all traded stocks are loosing tremendously in

value simultaneously and the correlations between them are seemingly more or less one.
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Moreover, after such an event the variances are typically extremely high. Models employed
in financial institutions (for risk management) clearly need to include this feature in order
to be realistic and provide accurate predictions.

The results of this chapter on the (sup)OU stochastic volatility model allow us to under-
stand how to incorporate such effects into the model. Clearly, the most extreme movements
in crisis can typically not come from the Brownian term but have to come from jumps.
Hence, ¥ needs to be chosen non-zero and such that when all variances have a jump up-
wards all prices have jumps downwards. Assume now that the positive semidefinite Lévy
basis is regularly varying with index a and the measure pu, is concentrated on the rank
one matrices with all diagonal elements being non-zero and all correlations being 1. The
extremes of ¥ are now caused by a single big jump which will be such that it is (almost)
a rank one matrix with all diagonal elements being non-zero. After the occurrence of the
jump the process ¥ will be almost equal to the value of this jump and hence all correla-
tions will be very close to one for quite some time afterwards. Moreover, by the choice of
parameters the prices will simultaneously have a huge jump downward. Clearly, this would
model the “correlation breakdown”. The results actually show that > would be regularly
varying with index a and py would be concentrated on the rank one matrices with all
diagonal elements being non-zero as this class of matrices is preserved by the mappings
X — e XeA"s for all A € My(R) and s € Rt. Likewise the log prices would be regularly
varying with index « (unless we had a drift with heavier tails which seems not reasonable)
and the measure of regular variation for the log prices follows easily, because what matters
is only the linear transformation ¥ of the driving positive semidefinite Lévy basis. Note
that the measure of regular variation of the log prices will in general still have a completely
non-degenerate support (in the positive d-dimensional cone).

In practice the above explained model can only form an important building block of a
realistic and suitable model, since not all extreme events affect the whole economy, some
only affect individual sectors of industry or companies. However, also for such extensions
(which basically demand regular variation of A with appropriate uy) the results of this

chapter provide the necessary insight into the resulting tail behavior.
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Chapter 5

Functional Regular Variation of
Lévy-Driven Multivariate Mixed Moving
Average Processes

In Chapter 4 we have introduced multivariate mixed moving average (MMA) processes and
given conditions for regular variation of their finite-dimensional distributions if the driving
Lévy basis is regularly varying. In this chapter, we extend the results to functional regular
variation in the space D of cadlag functions. We give sufficient conditions for an MMA
process (X;) to have cadlag sample paths. Furthermore, we prove that (X;) is regularly
varying in DD if the finite-dimensional distributions are regularly varying and the kernel
function f satisfies certain conditions. The conditions are also validated in the special case

of supOU processes.

5.1 Introduction

In many applications of stochastic processes, the center of the distributions involved and
related quantities (e.g. sample means, variances etc.) can be modeled quite well. In
view of the central limit theorem, Gaussian distributions play an important role in that
field. However, this needs not to be true for the tail of the distribution which is of great
importance in many areas of application. Possible examples are severe crisis in stock
markets or extreme weather events which can cause huge losses to the financial industry,
insurance companies and also to private people. Therefore, it is of great importance to
model the distribution tail and related quantities (e.g. quantiles, exceedances, maxima etc.)
correctly.

A very well established concept to model extreme values is regular variation. It has
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its origin in classical extreme value theory, where limit distributions for sample maxima
are derived. The maximum domains of attraction of two of the three possible standard
extreme value distributions (Fréchet and Weibull) can be described by regular variation of
functions, meaning functions behaving like a power law in the limit, see also Embrechts
et al. (1997) and Resnick (2007).

Moreover, regular variation can intuitively be extended to a multivariate setup. It is

then formulated in terms of vague convergence of measures given by
nP(a;'X €)= u(-), (5.1.1)

where X is a multivariate random vector, (a,) an increasing sequence and p is a Radon
measure. Since p is homogeneous, multivariate regular variation of X can be interpreted
as convergence of the radial part || X|| to a univariate regularly varying random variable
Y and of the spherical part X/||X]|| to a random variable Z on the unit sphere, which
is independent of Y and can be described by the measure p. Detailed introductions to
multivariate regular variation can be found in Resnick (2007) and Hult and Lindskog
(2006Db).

Finally, Hult and Lindskog (2005) extended the definition (5.1.1) to the space of mul-
tivariate stochastic processes with sample paths in the space D of cadlag functions, i.e.
right-continuous functions with limits from the left. The formulation of regular variation
in such generality has the advantage that, in addition to functionals based on the values
of a stochastic process at fixed time points, one can also analyze functionals acting on
the complete sample paths of the process. This is a very powerful tool for the analy-
sis of extremal properties of a process, especially in combination with methods for weak
convergence of point processes which are closely related to regular variation (see Section
5.6).

In this chapter we apply the concept of regular variation on D to multivariate mixed
moving average (MMA) processes with cadlag sample paths. MMA processes have been
first introduced by Surgailis et al. (1993) in the univariate stable case and are given as

integrals of the form

X, = / / F(At — s)A(dA, ds),

where A is a multivariate Lévy basis. The class of (multivariate) MMA processes covers
a wide range of processes which are well known and extensively used in applications. Ex-
amples include Ornstein-Uhlenbeck processes (cf. Barndorff-Nielsen and Shephard (2001)
and Pigorsch and Stelzer (2009)), superpositions of Ornstein-Uhlenbeck (supOU) processes
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(cf. Barndorff-Nielsen (2001) and Barndorff-Nielsen and Stelzer (2011a)), (fractionally in-
tegrated) CARMA processes (cf. Brockwell (2004), Marquardt (2007)) and increments
of fractional Lévy processes (cf. Marquardt (2006), Bender et al. (2011) and references
therein).

Regular variation of the finite-dimensional distributions of MMA processes has already
been proved in Section 4.3, given that the underlying Lévy basis is regularly varying and
the kernel function satisfies the integrability condition f € L*. In this chapter we give
additional integrability and continuity conditions on the kernel function f such that the
MMA process is functionally regularly varying on ID. Furthermore, we also analyze the

special case of multivariate supOU processes given by

M, —

¢
X, = / e IN(dA, ds)
d

and give some more accessible sufficient conditions for supOU processes to be functionally
regularly varying.

The chapter is organized as follows. In Section 5.2.2 we introduce the notion of multi-
variate regular variation and related properties. In Section 5.2.3 we recall the definition
of MMA processes and the related integration theory. Furthermore, we review the condi-
tions for existence of MMA processes and for regular variation of their finite dimensional
distributions. The sample path behavior of MMA processes is discussed in Section 5.3.
We give an overview over the relevant literature and derive sufficient conditions for MMA
processes to have cadlag sample paths in the case where the driving Lévy process is of finite
variation. In Section 5.4 we introduce the notion of functional regular variation and prove
that MMA processes are regularly varying on I, given certain conditions. In Section 5.5
we verify these conditions in the special case of supOU processes. Finally, in Section 5.6 we
show the connection between functional regular variation and point process convergence

and discuss the relevance of the results to the extremal analysis of MMA processes.

5.2 Preliminaries

5.2.1 Notation

Let R be the real numbers, R* the positive and R~ the negative real numbers, both
without 0. N is the set of positive integers and QQ are the rational numbers. The Borel

sets are denoted by B and B, are the bounded Borel sets. A is the Lebesgue measure on
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R and B,(r) == {y € R? : ||y — x|| < r} is the closed ball of radius r centered at .
D is the space of cadlag (right-continuous with left limits) functions z : [0,1] — R? and
Sp = {x € D : sup,eo ) [|7¢|| = 1} is the unit sphere in D.

For matrices, M, 4 is the set of all n x d matrices and M, the set of all d x d matrices.
M, is the set of all d x d matrices with all eigenvalues having strictly negative real part.
I, is the d x d identity matrix. We write AT for the transposed of a matrix A and || A|| for
the matrix norm induced by the Euclidean norm.

If random variables, vectors, processes, measures etc. are considered, they are given as
measurable mappings with respect to a complete probability space (2, F, P).

Vague convergence is defined in terms of convergence of Radon measures and it is denoted
by —. It is defined on the one-point uncompactification @d\{O}, which assures that the
sets bounded away from the origin can be referred to as the relatively compact sets in
the vague topology. Similarly, w-convergence is given by the convergence of boundedly
finite measures and is defined on Dy = (0, 00] x Sp, which can be viewed as the one-point

uncompactification in D.

5.2.2 Multivariate Regular Variation

The tail behavior of multivariate random variables is often described by the property of
regular variation. This concept is derived from the notion of regularly varying functions,
i.e. functions behaving like a power law in the limit, and has an intuitive extension to
the space of real-valued and multivariate random variables. Regular variation on R? is
expressed in terms of vague convergence of measures and several different, but equivalent,
definitions exist. For a detailed introduction we refer to Section 2.1. Very good overviews
on regular variation can also be found in Bingham et al. (1987), Resnick (1987), Resnick
(2007) and Lindskog (2004).

Definition 5.2.1 (Multivariate Regular Variation). A random vector X € R? is reg-
ularly varying if there exists a sequence (a,)nen, 0 < a, / oo, and a nonzero Radon
measure j on B(Rd\{O}) such that p(Rd\Rd) =0 and, as n — o0,

nP(a,'X € ) 5 u()

on B(Rd\{()}). Similarly, we call a Radon measure v regularly varying if (a,) and p exist

as above such that, as n — oo,
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The limiting measure p of the definition is homogeneous, i.e. it necessarily satisfies the

condition
u(tB) = t~"u(B)

forall B € B(@d\{O}) and t > 0. Hence, we write X € RV («, (ay), p) or v € RV (a, (an), i)
respectively. In the special case of an infinitely divisible random vector X € R¢ with Lévy
measure v we know that X € RV («, (a,), p) if and only if v € RV («, (an), 1) (see Theorem
2.3.10). This result is very useful throughout this chapter, since MMA processes are
infinitely divisible, just as the driving Lévy bases are. Detailed introductions to infinitely

divisible distributions and Lévy processes can be found in Sato (2002) and Section 2.3.

5.2.3 Multivariate Mixed Moving Average Processes

In this section we shortly recall the definition and main properties of multivariate mized
moving average processes (short MMA processes) which have already been introduced and
analyzed in Section 4.

A multivariate (R™-valued) MMA process (X;) can be defined as an integral over a
measurable kernel function f : M; x R — M, 4 with respect to an Revalued Lévy basis
Aon M; xR, ie.

X, = //f(A,t—s)A(dA,ds).

An Révalued Lévy basis A = (A(B)) with B € B,(M; x R) is a random measure which is

o infinitely divisible, i.e. the distribution of A(B) is infinitely divisible for all B € By,(M; x
R),

o independently scattered, i.e. for any n € N the random variables A(By),...,A(B,) are
independent for pairwise disjoint sets By, ..., B, € By(M; x R) and

e o-additive, i.e. for any pairwise disjoint sets (B;)ien € By(M,; x R) with (J,cn Bn €
By(M; x R) we have A({U,cy Bn) = X_,eny A(Br) almost surely.

Thus, Lévy bases are also called infinitely divisible independently scattered random
measures (i.d.i.s.r.m.). Following Section 4.2.3 and Remark 4.2.5 we only consider time-

homogeneous and factorisable Lévy bases, i.e. Lévy bases with characteristic function

E <€iuTA(B)> _ pp(WI(B) (5.2.1)
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for all w € R? and B € By(M; x R), where Il = X x 7 is the product of a probability

measure 7 on M, (R) and the Lebesgue measure A on R and

o(u) = iuy — %uTEu + / (ei“T’” -1- iUTﬂﬁ]l[—l,1](’|iU\\)> v(dz)
Rd
is the characteristic function of an infinitely divisible distribution with characteristic triplet
(7,2, v). The distribution of the Lévy basis is then completely determined by (v, X, v, 7)
which is therefore called the generating quadruple. By L we denote the underlying Lévy
process which is given by Ly = A(M; x (0,t]) and L_y = A(M; x [—t,0)) for t € RT. For
more details on Lévy bases see Rajput and Rosinski (1989) and Pedersen (2003).

As in Section 4.3, we also mention that the set M, in the definition of MMA processes
can be replaced by M, or basically any other Borel set of matrices. The choice of M, is
motivated by the special case of supOU processes, where this is the canonical choice.

Necessary and sufficient conditions for the existence of MMA processes are given by the

multivariate extension of Theorem 2.7 in Rajput and Rosinski (1989).

Theorem 5.2.2. Let A be an R¥-valued Lévy basis with characteristic function of the form
(4.2.1) and let f: M; x R — M, 4 be a measurable function. Then f is A-integrable as a
limit in probability in the sense of Rajput and Rosiriski (1989) if and only if

J [ stasm s [ s o e sgel) - v (lalh) vid)|[asnaa) < 0. 522
M; R R

/ / 1£(A, )2 f(A,s)T||dsm(dA) < 00 and (5.2.3)
7 R
/ / / (1A IF(A, 8)2]?) v(de)dsm(dA) < oo. (5.2.4)
M; R R4
If f is A-integrable, the distribution of Xo = fM fR+ A(dA, ds) is infinitely divisible

with characteristic triplet (Yint, Yint, Vine) given by

»mtL//(ﬂA$v+[ﬂA@w@mmewm>MN<x»medmwm,

My R

Yint = / /f (A, 5)2 f(A,s)Tdsm(dA)  and

Vint(B / //]IB f(A, s)z)v(dx)dsm(dA)  for all Borel sets B C R%.
M; R Rd
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However, since the focus of this section is on regularly varying processes, we will also
use some more convenient conditions for this special setting. They have been derived in
Theorem 4.2.7 and are based on integrability conditions described by the set

Lo\ x ) == {f : M, x R+ M, 4 measurable, / /Hf(A, s)||°dsm(dA) < oo}.

M; R

Theorem 5.2.3. Let A be a Lévy basis with values in R? and characteristic quadruple
(7, Z,v,m). Furthermore, let v be regularly varying with index o and let f = M; xR — M, 4
be a measurable function. Then f is A-integrable in the sense of Rajput and Rosiriski
(1989) and X, is well defined for all t € R, stationary and infinitely divisible with known
characteristic triplet if one of the following conditions is satisfied:

(i) Ly is a-stable with o € (0,2)\{1} and f € L*NL!.
(ii) f is bounded and f € L for some § < o, § < 1.

(iii) f is bounded, EL; =0, a > 1 and f € L? for some § < a, § < 2.

Regular Variation of X; for fixed ¢t € R as well as regular variation of the finite dimen-
sional distributions of the process (X;) have been derived in Theorem 4.3.2 and Corollary

4.3.5 under similar conditions.

Theorem 5.2.4. Let A be an R¥-valued Lévy basis on M; x R with generating quadruple
(7,2, v,m) and let v € RV (o, (an), p). If Xo = fMd_ Jo F(A, s)A(dA,ds) exists (in the
sense of Theorem 5.2.2), f € L*(\ x «) and pu,(f~1(A, s)(R"\{0})) = 0 does not hold for
T X X almost-every (A, s), then Xy € RV (a, (ay), px) with

nx(B) = [ [ [ 16 (54900 puldo)dsn(aa)

— d
M; R R

Furthermore, the finite dimensional distributions (Xy,,...,Xs,), t; € R and k € N, are

also regularly varying with index o and a given limiting measure [, . 4, -

Comparable necessary conditions for regular variation do also exist, see Theorem 4.3.4
for details.

Next we introduce a result which allows to decompose a Lévy basis into a drift, a
Brownian part, a part with bounded jumps and a part with finite variation. This is the

extension of the Lévy-Itd decomposition of Theorem 2.3.6 to Lévy bases.
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Theorem 5.2.5 (Barndorff-Nielsen and Stelzer (2011a), Theorem 2.2). Let A be
a Lévy basis on M; x R with characteristic function of the form (5.2.1) and generating
quadruple (v, X, v,m). Then there exists a modification A of A which is also a Lévy basis
with the same characteristic quadruple (v,%, v, ) such that there exists an R%-valued Lévy
basis AC on M, x R with generating quadruple (0,3,0,7) and an independent Poisson
random measure N on R? x M, x R with intensity measure v x © X X such that

R(B) = 4(rx \)(B)+A%(B)+ / / +(N(dz, dA, ds)—(dA)dsv(dz))+ / / oN (dz, dA, ds)

lzl<1 B l[zl|>1 B

for all B € By(M; x R) and w € Q. If, additionally, me”q |z||v(dx) < oo, then

R(B) = 7o(r x A)(B) + AC(B //xN (dz, dA, ds)

R? B

for all B € By,(M; x R), where

Yo =7y — / zv(dz).
[l=]I<1

Moreover, the Lebesgue integral exists with respect to N for all w € €.

In the case of an underlying Lévy process with finite variation, Theorem 5.2.5 and
Theorem 5.2.2 can be combined to obtain integrability conditions for this special set-

ting. Note that by Theorem 2.3.7 finite variation of (L;) is equivalent to ¥ = 0 and
fll:cl\sl ||| v(dx) < oo

Proposition 5.2.6 (Barndorff-Nielsen and Stelzer (2011a), Prop. 2.4). Let A be
a Lévy basis on M; x R with characteristic function of the form (5.2.1) and generat-

ing quadruple (v,0,v,m) such that fl\wll<1 |z|| v(dz) < co. Let vy and N be as defined in
Theorem 5.2.5. If f € L' and

/ / / (LA LA, )all) v(de) ds w(dA) < o,

- d
M; R R

X = //f(A,s)A(dA,ds): /f(A,S)”)/OdSﬂ'(dA)—i-///f(A,S)IN(dQ?,dA,dS)

R pr7 R
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and the integrals on the right hand side exist as Lebesgue integrals for every w € ). More-

over, the distribution of X is infinitely divisible with characteristic function

E (ei“TX> = exp Z'uT’Ymt,o + / (ei“Tx - 1) Vit (dz) |,
Rd

where

Yint,0 = //f(A s)vdsm(dA) and
M7 R

Vins(B) = / / / Lu(f(A, $)2) v(dz) ds 7(dA)

— d
M; R R

for all Borel sets B C R?.

5.3 Sample Path Behavior

In Section 5.4 we review the concept of regular variation for cadlag processes and apply it
to MMA processes. Therefore, we first have to discuss the sample path behavior of MMA
processes.

Many examples of results for MMA processes to have cadlag sample paths exist in
the special case where the underlying Lévy process is of finite variation, i.e. ¥ = 0 and
f||x|\§1 ||| v(dz) < oco. In this case, the sample path behavior of the driving Lévy process
transfers to the sample paths of the MMA process. For example, define for any Lévy
process L; the corresponding filtered Lévy process X; by

X, - / f(t,s) dL, (53.1)

for t € [0,1]. If X; exists, L; is of finite variation and the kernel function f is bounded and
continuous, then X; has cadlag sample paths (cf. Hult and Lindskog (2005), Lemma 28).

A more general result for supOU processes is given by Theorem 3.12 in Barndorff-Nielsen
and Stelzer (2011a). This result can be extended to the general case of MMA processes.
For that reason, we introduce the filtration (F;);er, where for ¢t € R the o-algebra F; is
generated by the sets

{A(B) : B € B(M; x (—oc0,t])}.

That way it is ensured that the paths X;(w), understood as a function of t € R and w € €,
are adapted to the filtration (F;);cr.
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Theorem 5.3.1. Let A be a Lévy basis on M, x R with characteristic function of the
form (5.2.1) and generating quadruple (7,0, v, 7) such that waIISI ||z]| v(dx) < co. Suppose
that the kernel function f(A,s) is continuous and differentiable in s for all s € R\{0} and
f(A,07) =lim, ~ f(A,5) = Cy € My q as well as f(A,01) = limy o f(A,5) = Cy € My 4
forall Ae M, . Set

o ) af(As) if s #0,
f(4s) '_{ limeo £f(A,s) ifs=0

and assume that for some § > 0 and for every ti,ts € R such that t; < ty and ty —
t1 < 0 the function sup,ey, 41 |1f'(A,t — s)|| satisfies the conditions of Proposition 5.2.6,
where (v,0,v,7) is replaced by (||v||,0,vr,m) and the Lévy measure vp(-) = v(T7Y(")) is
transformed by T(x) = ||z||. If the processes X; = fM Je f( s)A(dA,ds) and

7, = /M ) /R F(A— $)A(dA, ds)

exist (in the sense of Proposition 5.2.6), then
t
XtIX0+/Zudu+(Cl—CQ)L
0

and consequently X; has sample paths in D which are of finite variation on compacts.

Proof. We follow the proof of Theorem 3.12 in Barndorff-Nielsen and Stelzer (2011a) and
begin by showing that Z; is locally uniformly bounded on compacts. Note that by Propo-

sition 5.2.6 the processes X; and Z; can be given as integrals with respect to a Poisson

measure and 7 x A. For § > 0 and every t;,t; € R such that t; <ty and t, —t; < § we
obtain
sup || Z;]] = sup

/ / f’(A,t—s)A(dA,ds)H
tE[t1,ta] tE€(t,ta] 7
/ / sup [[F(At — )| Ap(dA, ds),
R

te(ty,ta]

where T : RY — R is given by T'(z) = ||x|| and Ay is the transformed Lévy basis with char-
acteristic triplet (||v|[,0, vr, m). Existence of the right hand side is covered by Proposition
5.2.6. Thus Z; is locally uniformly bounded and it follows by Fubini that

o/tZUduo/tM{Z F(Au— $)A(dA, ds) du+0/tM{ ]Of’(A,uS)A(dAde) "

116



5.3 Sample Path Behavior

oo tAs

/_éolf (A, u—s) duA(dA, ds) +M{O//f’Aus duA(dA, ds)
/ / (4 ZZOVSAWA’CISH / 70 f(Au—s) ::A(dA,ds)
My —o9 A

_ / / F(AE — $)A(dA, ds) — / /0 F(A,0 — $)A(dA, ds)
_ / /t F(A,01)A(dA, ds) + / 70 (At — )A(dA, ds)

My

//on A(dA, ds) M/Zf 10— s)A(dA, ds)

:Xt—X()“‘(Cl_CQ)
([

Remark 5.3.2. The inclusion of kernel functions with a discontinuity at s = 0 is mo-
tivated by the class of causal MMA processes where the kernel function is of the form
f(A, s$)Lj,0)(s). For example, in the supOU case the kernel function is e 1}y +)(s) and
the limits at s = 0 can be given directly by C} = 0 and C5 = I; yielding
t
Xt:Xo—l—/Zudu—Lt.
0
This coincides with the result of Theorem 3.12 in Barndorff-Nielsen and Stelzer (2011a),
where the existence conditions on X; and Z; as well as the integrability condition on

SUDyepyy 10 I/ (A, £ — ) || are expressed in terms of the special properties of supOU processes

with driving Lévy process of finite variation.

If C7 — C5 = 0 in the above theorem, further properties of the sample paths of X; follow
directly.

Corollary 5.3.3. Assume that the conditions of Theorem 5.5.1 hold. If additionally C7 =
Cs, then the paths of X; = fM fR f(A t—s)A(dA,ds) are absolutely continuous and almost
surely differentiable.
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Remark 5.3.4. The condition C; = C5 holds if and only if f(A,s) is continuous in s = 0
and f(A,0) is constant for all A € M, . This is satisfied, for example, by two-sided supOU

processes which are MMA processes with kernel function
f(A, S) = GAS]I[O’OO)(S) —|— B_As]l(,oo’g)(s).

In that case C7; = Cy = I;. In the case of moving average processes, where 7 is a one-point
measure, the condition only requires that f is continuous in s = 0. Processes of this class

include, for example, two-sided CARMA and two-sided Ornstein-Uhlenbeck processes.

Similar results for the sample paths of MMA processes, where the driving Lévy process
is not of finite variation, are in general not so easy to obtain. Basse and Pedersen (2009),
Corollary 3.3, give necessary and sufficient conditions for filtered Lévy processes of the form
(5.3.1) to have cadlag sample paths of bounded variation even if the driving Lévy process
itself has sample paths of unbounded variation. Furthermore, they also study two-sided

moving averages of the form

t

X, = / (it — 8) — fal—s)) dL,

—00

where fi, fo : R — R are measurable kernel functions such that fi(s) = fa(s) = 0 for
all s € (—00,0). They give necessary and sufficient conditions for such processes to have
cadlag sample paths of finite variation. These conditions also allow the underlying Lévy
process to be of infinite variation. Moreover, they also consider the special case where the
driving Lévy process is symmetric a-stable with o € (1, 2] (cf. Basse and Pedersen (2009),
Lemma 5.2, Proposition 5.3 and Proposition 5.5). Conditions for a-stable MMA processes,
a € (0,2), to have cadlag sample paths are also given in Basse and Rosiniski (2011), Section
4.

Additionally, there also exist some results for the stronger property of continuous sample
paths. See Marcus and Rosinski (2005), Cambanis et al. (1990) and Rosinski (1989) for
results on general MMA processes to have continuous sample paths. For the special case
of a-stable MMA processes, see also Rosinski et al. (1991) and Rosinski (1986).

5.4 Functional Regular Variation

Following Hult and Lindskog (2005), regular Variation on D is given in terms of the -

convergence of boundedly finite measures on Dy. A measure p on a complete separable
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metric space E is said to be boundedly finite if u(B) < oo for every bounded set B € B(E).
Let (i )nen be a sequence of boundedly finite measures on E. Then (u,) converges to u
in the w-topology if pu,(B) — p(B) for all bounded Borel sets B € B(E) with u(0B) = 0.
We write p, RN 1. A complete introduction of the used topology can be found in Section
2.1.4 or Hult and Lindskog (2005). See also Daley and Vere-Jones (1988) and Kallenberg

(1983) for details on w-convergence and vague convergence.

Definition 5.4.1 (Regular Variation on D). A stochastic process (X;), t € [0, 1], with
sample paths in D is said to be regularly varying if there exists a positive sequence (a,),
n € N, with a,, /* 0o and a nonzero boundedly finite measure y on B(Dy) with p(De\D) = 0

such that, as n — oo,
nP(a,'X €-) = pu(-)  on B(Dy).

As in the finite dimensional case, direct calculation shows that the measure p is homo-
geneous, i.e. there exists a positive index a > 0 such that p(uB) = u=*u(B) for all u > 0
and for every B € B(Dy). Thus, we say that the process (X;) is reqularly varying with
indez a and write X € RVg, (o, (an), i)

Analogously to multivariate regular variation, several alternative definitions of regular

variation on D exist, we will just state one example here.

Theorem 5.4.2 (Hult and Lindskog (2005), Theorem 4). A process (X;) with sam-
ple paths in D is reqularly varying if and only if there exists an index o > 0 and a probability

measure o on B(Sp) such that for every positive x > 0, as u — 0o,

P Xl > uz, X/[| X[l € ) @

P(| X[ > ) =% (-)  on B(Sp),

where || X||oo = supyep 1y | Xe]l-
The probability measure o is called the spectral measure of X.

Example 5.4.3 (Lévy Process). Let (L;) be a Lévy process. Then by definition (or
Theorem 2.3.2 resp.) (L;) has sample paths in D. Furthermore, (L;) is also a strong
Markov process (cf. Sato (2002), Theorem 10.5 and Corollary 40.11). Now the results of
Hult and Lindskog (2005), Section 3, can be applied. If L; € RV («, (ay,),tp), then it
follows by Theorem 13 of Hult and Lindskog (2005) that (L;) € RVj, (c, (an), i) for some
measure fi. For details we refer to Hult and Lindskog (2005), Example 17.

We will now recall some useful results from Hult and Lindskog (2005) related to regular

variation on ID. Since it is often of interest, how the regular variation property is preserved
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under mappings, we look at a continuous mapping theorem. Therefore, for any function h
from a metric space E to a metric space E’ we introduce the set disc(h) which consists of

all discontinuities of h.

Theorem 5.4.4 (Hult and Lindskog (2005), Theorem 6). Let (X;) be a stochastic
process with sample paths in D and let E' be a complete separable metric space. Assume that
X € RV, (a, (an), 1) and h : D — E' is a measurable mapping such that p(disc(h)) = 0
and h™'(B) is bounded in Dy for every bounded B € B(E'). Then, asn — oo,

nP(h(a;'X) €)% poh () on BE).

There also exists a different version of the previous theorem for the special case of
positively homogeneous mappings of order v > 0, i.e. mappings h : D — D with h(Az) =
Ah(z) for all A > 0 and = € D. See Theorem 2.1.21 for details.

The next theorem states some necessary and sufficient conditions for regular variation

on D. In the theorem, we use the notation

w(z, Ty) = t stué)T |xy, — ||  and
1,2 0

w"(z,0) = sup min {||z; — @4, ||, ||z, — 2}
t1<t<t2; t2—t1<6

forx €D, Ty € [0,1] and ¢ € [0, 1].

Theorem 5.4.5 (Hult and Lindskog (2005), Theorem 10). Let (X;) be a stochastic

process with sample paths in ID. Then the following statements are equivalent.
(i) X € RV, (e, (an), ).
(i1) There exists a set T C [0, 1] containing 0, 1 and all but at most countably many points
t €T such that
_ v —dk
nP(a; (X, ., Xt,) €)= peyrn () on B(RT\{0}) (5.4.1)

holds for all ty,...,t, € T. Furthermore, for every e,n > 0, there exist § € (0,1) and
ng € N such that, for all n > ny,

nP(a, 'w(X,[0,0)) >¢) <, (5.4.2)
nP(a; 'w(X,[1 —6,1)) >¢) <, (5.4.3)
nP(a;'w"(X,8) >¢) <n. (5.4.4)
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Remark 5.4.6. The theorem links regular variation of the process (X;)¢cp,1] with sample
paths in D to regular variation of the finite dimensional distributions (X, ..., X, ) of the
the process. Key to that connection are the relative compactness criteria (5.4.2), (5.4.3)
and (5.4.4) which restrict the oscillation of the process (X;) in small areas. See Hult and
Lindskog (2005), Example 11, for a process satisfying conditions (5.4.2) and (5.4.3), but
not (5.4.4).

Now we will extend the finite dimensional regular variation of MMA processes in the
sense of Theorem 5.2.4 to regular variation in D by applying Theorem 5.4.5. Therefore, we
need to restrict the MMA process (X;) as defined in Section 5.2.3 to the time interval [0, 1].
Note that a restriction to any other compact time interval [a, ], a < b, would not change
any of the results. Furthermore, we assume that (X;) has sample paths in the space D of
cadlag functions. See Section 5.3 for possible conditions ensuring this. We start with the

main theorem for functional regular variation of MMA processes.

Theorem 5.4.7. Let A and Ay be R%*-valued Lévy bases on M, xR with generating quadru-
ples (7,3, v,m) and (0,0,v|p, o), ™) respectively such that v € RV (c, (an), ). Assume
that the kernel function f(A,s) is bounded, f € LY\ x m), w,(f1(A4,s)(R"\{0})) =
does not hold for m x X almost-every (A, s) and

// / (LA (A, s)z]]) v(dz) ds w(dA) < oo. (5.4.5)

My R Jlzj>1

Moreover, suppose that the MMA process X; = fM Je f( A(dA ds) ezists for t e

[0,1] (in the sense of Theorem 5.2.2) and that the processes Xt and X? = fM; Je f(
s)\a(dA, ds) have cadlag sample paths. If the function fs given by

fs(A,s) = sup 1 f(Ata —s) = f(A t1 = 5)|| Lt a0 (5) (5.4.6)

0<t1<t2<1; ta—t1<8

satisfies (5.4.5) and, as 6 — 0,

/ / £5(A,5)° dsm(dA) — 0, (5.4.7)

-
then
(Xt>t€[0,1] S RVEO (O[, (an)7 :u)v

where 1 1s uniquely determined by the measures fu, in Theorem 5.2.4.

7777 ti
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The condition [, [ fs(A,s)*dsm(dA) — 0 is closely linked to the behavior of the
d
function f in small areas. It restricts the amplitude of jumps and continuous oscillations

for arbitrarily small values of §.

Lemma 5.4.8. Let 7 be a probability measure and f : M; x R +— M, 4 be a measurable
kernel function. Assume that the function fs(A,s) given by (5.4.6) satisfies fs € L.* for
some & > 0. Then

6—0

lim / / F5(A, 5) dsm(dA) = 0

if and only if lims_o f5(A,s) = 0 for m x X almost every (A, s).

Proof. Let fs(A,s) — 0 for 7 x A almost every (A, s). Then

/ / F5(A, )" ds(dA) — 0

M; R

follows by dominated convergence and the assumption f5 € L* for some § > 0. On the

other hand, suppose that the set
B = {(A,s) € By(My; xR): fs(A,s) > 0asd—0}

satisfies 7 x A (B¢) = C' > 0. Then the monotonicity of f5 in ¢ implies lims_q f5(A,s) > 0
for every (A, s) € B¢ and thus

(lsirr(l) //f(;(A,s)adsw(dA)>0.
Mm; R

O

Remark 5.4.9. From the definition of f5; we see that the condition lims_,o f5(A,s) = 0
for 7 x A\ almost every (A, s) is equivalent to the kernel function f(A, s) being continuous
in s for all s € R\{0}. Now we also see the importance of the restriction 1, sc (s) in the
definition of f5 because it allows for f(A,s) being discontinuous at s = 0. Without such
a restriction, condition (5.4.7) would be violated by many examples of the class of causal
MMA processes which have a kernel function of the type f(A,s)Lp)(s). Causal MMA
processes with f(A,0) # 0 include CARMA and supOU processes as well as many other

well-known examples of MMA processes.

We can also give sufficient conditions for a general function f : M; x R — M, 4 to
satisfy condition (5.4.5).
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Lemma 5.4.10. Let f : M; xR — M, 4 be a measurable function. Then condition (5.4.5)

holds if one of the following two conditions are satisfied:
(i) feL! and a > 1.
(i1) f e L= for one e € (0,) and o < 1.

Proof. For (i) we calculate

/ / / (LA (A, $)z]) v(da) ds m(dA) <

My R Jla>1
<[ [ ] wrasiisvia) dswiaa)

My R Jail>1

= [ [1sasass@a) [ fefvia
2o R lz]|>1

< 0

by Sato (2002), Corollary 25.8, and similarly for (ii) we obtain

/ (LA|f(A, s)z||) v(de)dsm(dA) <

My R Jlzj>1

< [ [ ] anisassvid) dswiaa

Mo B al>1

< [ [ [ i elele i) dswaa)
My B i1

= [ [ ase@ay [ el )
M R Jail>1

< 0.

O

Remark 5.4.11. The conditions of Lemma 5.4.10 are only sufficient, not necessary, similar
to the ones of Theorem 5.2.3. Thus in general we will only demand the weaker condition
(5.4.5) which is also one of the existence conditions for MMA processes with driving Lévy
process of finite variation in Proposition 5.2.6. Furthermore, we see from Lemma 5.4.10(i)
that condition (5.4.5) in Proposition 5.2.6 can be dropped if o > 1.
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Proof of Theorem 5.4.7

Let (X:) be an MMA process as given in Theorem 5.4.7, i.e. (X;) exists for ¢t € [0,1]
(in the sense of Theorem 5.2.2), the kernel function f is bounded by C' € Rt and the

regular variation conditions of Theorem 5.2.4 hold. Then there exists a positive sequence

.....

,,,,,

Applying Theorem 5.4.5, it is left to show that the conditions (5.4.2), (5.4.3) and (5.4.4)
hold.

Using the Lévy-Ito6 decomposition we have two independent Lévy bases A; and Ay such
that A = Aj+As, Ay has generating quadruple (v, X, 14, ) and A, has generating quadruple

(0,0, v9, ), where vy = v|p, () and v, = v|g, ()e. This yields
X, =xV 4+ x?, (5.4.8)

where

xV = / / F(At — s)Ai(dA, ds) (5.4.9)

and
x® = / / F(At — s)Ay(dA, ds). (5.4.10)

M; R

Note that the term Xt(Q) can be written in the form

x® = F(A,t — s)a N(dx,dA, ds),
[ /]

lell>1 a1

where N is a Poisson random measure with mean measure v x m x \. Before we proceed,

)

we need to ensure the existence of Xt(l) and Xt(2 . Therefore, we give conditions for w-wise

existence of Xt(Q) as a Lebesgue integral. Then the existence of Xt(l) = X; — Xt(Q) follows

from the existence of X; and Xt(Q).

Proposition 5.4.12. Let Xt(z) be the process given by (5.4.10), where Ay is a Lévy basis
with generating quadruple (0,0, vy, 7). If

/ //(1 AN F(A, $)z|) va(dz) ds w(dA) < oo,

- d
M; R R
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5.4 Functional Regular Variation

then Xt(Z) exists as a Lebesque integral for all w € €.

Proof. By definition, Xt(2) has no Gaussian component and fIIxH <1 llz|lva(dz) = 0 and thus
we have an underlying Lévy process of finite variation. Now the result follows as a special
case of Proposition 5.2.6, where the condition f € L' is obsolete due to the absence of a

drift.
O

Like for X;, we also assumed that Xt@) has cadlag sample paths. Then also Xt(l) =
X — Xt(2) has cadlag sample paths. Appropriate conditions for MMA processes to have
cadlag sample paths have been given in Section 5.3.

Now we continue the proof of Theorem 5.4.7 by verifying the relative compactness con-
ditions (5.4.2), (5.4.3) and (5.4.4). For the first condition (5.4.2) we obtain

sup | X, = Xl < sup X - X s X - X
t1,t2€[0,0) t1,t2€[0,0) t1,t2€[0,0)
and hence
nP(a;l sup || Xy, — X4l > E) <
t1,t2€[0,6)
<nP(a; swp X = XD = e/2) +nP(a) sup X - X P > /2).
t1,t2€[0,9) t1,t2€[0,9)
The analogue result for the second condition (5.4.3) can be obtained likewise. For the third
condition (5.4.4) we estimate

sup_ min {1, = i1, — X1} <

t1<t<ta; ta—t1<6

1 1 . 2 2 2 2
< s XD -xP0+ s min (X - PP 1XS - X2,

t1<ta; to—t1<0 t1 <t<tg; ta—t1<d

and

n
t1 <t<ty; t2—t1<0

nP(at sup min X, - Xl X - X} 2 ¢) <
<nP(a;' s X - x| > e/2)
t1<t2; ta—11<6

+npP(a;t s min{ X - XPU XD - x P} 2 2/2).

t1 <t<to; to—t1<6

For every €, > 0 we have to show that there exists nyp € N and § > 0 such that for n > ny
these quantities can be bounded by 1. Regarding the quantities based on Xt(l) we observe

nP(a;t swp XD - XD > 2/2) <nPlo; swp XS - X > /2)

t1,t2€[0,5) t1<to; t2—t1 <8
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Chapter 5 Functional Regular Variation of Mixed Moving Average Processes

and for (5.4.3)

nP(a;t sup XD = XD > e/2) <nPa s XS - X > /2)

t1,t2€[1—6,1) t1<to; ta—11<6
and thus it is sufficient to prove the bound only for the right hand side of the inequality.
Proposition 5.4.13. Let Ay be the R%-valued Lévy basis on M; x R determined by the
generating quadruple (v, X, v, ), where vy = v|p, ). Assume that the kernel function f is

bounded, that the MMA process Xt(l) given by (5.4.9) ezists for t € [0, 1] and that Xt(l) has
cadlag sample paths. Moreover, suppose that v € RV («, (ay,), ). Then Xt(l) satisfies

lim nP(a;'  sup XV =XV >e)=0

n—roo t1<tg; t2—t1<6
for all§ € (0,1) and £ > 0.
Proof. We start by observing that Xt(l) is cadlag and thus also separable and hence we can

estimate

1 1 1 1
sup XD - x| <2sup IXP=2 sup [|X).
t1<to; to—1t1<6 te€(0,1] t€[0,1]NQ

Due to the equivalence of norms, we can now choose the matrix norm
| Al == max{|a;;| : 1 <i<mnand1l<j<d}
for A € M,, 4 and denote by Xt(yli) e R, 1 <i <n, the i-th component of Xt(l), ie.
T
1 1 1 1
Xt( ) - (Xt(,1)7 Xt(,2)7 e 7Xt(,n)> .

Furthermore, define the (countable) set

T:={(t,i):t€[0,1]NQandie {1,...,n}}.
Then we obtain

sup XV = sup  max | X =sup XD,
te[0,1]NQ te[0,1]NQ 1<i<n seT

where sup, .+ is a subadditive functional on RT. Furthermore, by Theorem 4.2.6 the
processes Xt(? are infinitely divisible with specified characteristic triplet (y:, X¢4, 14,) and

Lévy measure

vii(B) = / / / Lp(fi(A £ — s)2)vy (dx)dsm(dA)

— d
M; R R
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5.4 Functional Regular Variation

for all B € B(R), where f; denotes the i-th row of f. It follows that X®*) = {Xél) :
zeT } is infinitely divisible with characteristic triplet (7, i,ﬁ), where 7, & and ¥ are
given as projective limits of the corresponding finite dimensional characteristics described
by (Vt.iy Ltis Vi) (cf. Maruyama (1970)). Moreover, the boundedness || f|| < C implies
| fi]] < C and this, together with the definition of 14 = v|p, (0, yields that the support of
the Lévy measures v; and v can be bounded by C. Now we are able to apply Lemma 2.1

of Braverman and Samorodnitsky (1995) to obtain

E [exp [ sup || XV
seT

for all £ > 0. Finally, the finite exponential moments in combination with Lemma 2.1.14
yield
lim nP(a;l sup HXt(ll) - t2 H > 5) < lim nP( sup (e 5/2) =

=00 t1<to; ta—11<9 n—00 seT

for all e > 0.
O

Next we check the process Xt@) with respect to the relative compactness conditions
(5.4.2), (5.4.3) and (5.4.4).

Proposition 5.4.14. Let A be an R%-valued Lévy basis on M; xR with generating quadru-
ple (v, X,v,m) and let v € RV («, (an), 1). Assume that the kernel function f is bounded,
the MMA process X( ) fM Jp F(A,t — s)Ao(dA, ds) satisfies the existence conditions of
Proposition 5.4.12 and that the reqular variation conditions of Theorem 5.2.4 hold. If the
function fs given by (5.4.6) satisfies the ezistence condition of Proposition 5.4.12 and, as

0—0,
/ / F5(A, 5)* ds(dA) — 0

My

then X2 given by (5.4.10) satisfies the relative compactness conditions (5.4.2), (5.4.3) and
(5.4.4).

Proof. We define the difference function gy, +,(A, s) := f(A,t1—s)—f(A,t2—s) and mention
that for every ¢,y € [0, 1] the random vector

Xt(f) / //gtl t,(A,8) x N(dx,dA,ds)

l=l>1 A1y
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Chapter 5 Functional Regular Variation of Mixed Moving Average Processes

is again MMA and by Theorem 5.2.3 and Theorem 5.2.4 it exists and is regularly varying
with index a.
Condition (5.4.2): We verify the condition by showing that, as 6 — 0,

lim nP(a;' sup [X —XP|>e)—=0

n—00 t1,t2€[0,8)

for every € > 0. We use the decomposition

X®
/ / / Gt 15(A, s) © N(dx,dA,ds) + / / / Gt 1,(A, 8) © N(dx,dA,ds)
lzl|>1 a1y (t1,te] ll|>1 ar; (t1t2]e
= Z{), + 27, (5.4.11)

which yields

nP(a;t s X - x| ze) <
tl,t2€[0,5)

<nP(a s 20,12 e/2) 0P (0t s (20,2 2/2).  (5.4.12)
t1,t2€[0,5) ’ t1,t2€[0,0)
With vy = v| g, (o) and using the transformation 7' : R? — R given by T'(z) = ||z|| together
with the boundedness f(A,s) < C for all (A4,s) € M; x R we can now calculate
2%

1,2

I= / / / 19611, (As ) [ || N(dw, dA, ds)
2> a7 (t1t2]
<2C A(Mj x (t,ta))
=2C (14 (2) Lg)), .

where Al is a Lévy basis with generating quadruple (0,0, ,”, 7) and the transformed Lévy
measure 17 is given by 17 (-) = w(T71(-)). By (L!”) we denote the underlying Lévy
process given by L§2) = Ay(M; x (0,t]) for ¢t > 0. Using a continuous mapping argument
similar to Theorem 5.4.4 we see that v € RV («, (ay), uy) implies 1,” € RV («, (ay), pt,r)
with u,r defined respectively. Thus by Theorem 4.2.3 L ) e RV (a, (ay), p,r) and then by
Example 5.4.3 also (Lg2 ) € RVg,(a, (ay), i) for some measure ji. Now another application
of Theorem 5.4.5 yields that condition (5.4.2) holds for the process (L§2)) and hence, as
0 —0,

lim nP(a sup ||Zt(11t2|] > 5/2) < hm nP< sup (Lg) — Lg)) > 5/(46’)) —0
n—00 t1 tQE[O 5) t1,t2€[0,§)
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5.4 Functional Regular Variation

Similarly, the supremum of the second term Zt( can be bounded by

1,t2
s (1Z00< [ f / 0D g0,05(A, 9l L () o] N(do, A, )
t1,t2€[0,8) t1,t2€[0,6)

l=l>1 a7, R

/ //ﬁ; (A, 5) ]| N(dz, dA, ds)

l=l>1 pr;

= //f(;(A,s)Ag(dA,ds): Y.
7

d

Then assumption (5.4.7) implies fs € L* for some ¢ > 0 sufficiently small and another
application of Theorem 5.2.4 yields Y € RV («, (ay,), pty) with

:///]IB(f(;(A,s)||x||)ul,(dx)ds7r(dA).

M; R R4
Finally, as n — oo, we obtain

nP(a;l sup HZt(f)tQH > 5/2) < nP(a;lY > e/2)
t17t26[0,5) ’

= / [t (A5 el = £/2) dsw(da)

=, (z: ||z|| > €/2) / /f(;(A, s)*dsm(dA)

My

and since u, is a Radon measure the result follows by the assumption.

Condition (5.4.3): The condition follows likewise to condition (5.4.2) (note also that the
MMA process (X;) is stationary).

Condition (5.4.4): For the third condition we use (5.4.11) again and obtain

. 2 2 2 2
sup — min {||7 — X, x5 - X7} <
t1 <t<ta; t2—t1<6
: 1 1 2
< s min{IZGLIZ0013 +2 sup (17,

t1<t<to; ta—t1 <6 t1<ta; t2—t1<0

and

nP(at sup o min {1X7 - X)X - P} = 0) <

t1 <t<ty; t2—t1<0

_ . 1 1 £ _ 2 g
<nP(a;) s min{JZQ0Z00} = 5) 0P (e s 125,012 7).

t1<t<ta;ta—t1<4 t1<tajta—t1 <8
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Applying (5.4.13) this implies, as 6 — 0,

lim nP swp  min {||Z51, 1200} = e/2) <

—1
(an
n—00 11 <t<tg; ta—t1 <6

< lim nP<a;1 sup  min {|Z? — L?| IL® — L)} > /(4 0)) 0,

t1 <t<to; ta—t1 <6

since this is exactly condition (5.4.4) for the Lévy process LEQ) which is regularly varying
in D and thus by Theorem 5.4.5 satisfies (5.4.4). Furthermore,

s (122,00 < [ [ sasaiaads =y
t1<t2; t2—11 <6

M; R

and consequently, as 6 — 0,

lim nP(a;l sup HZt(Q) | > 5/4) < nP(a;lY > 5/4) — 0
5

1,t2
=00 t1<to; ta—1t1<

as shown for condition (5.4.2).

This concludes the proof of Theorem 5.4.7.

5.5 Application to SupOU Processes

In Section 4.4 we have introduced superpositions of Ornstein-Uhlenbeck processes (supOU
processes) which have useful properties and a wide range of applications. A supOU process

(X:) can be defined as an MMA process with kernel function
f(A, S) = eAs]l[()’OO)(S).

We will shortly recall the main results of Section 4.4. Sufficient conditions for the existence
of supOU processes are given in the following theorem which takes the special properties

of supOU processes into account.

Theorem 5.5.1 (Barndorff-Nielsen and Stelzer (2011a), Theorem 3.1). Let X;
be an R¥-valued supOU process as defined in Definition 4.4.1. If

/” H>11n(H;1:\|)1/(d:U) < 00

and there exist measurable functions p : M; — RT\{0} and k : M; > [1,00) such that

k(A)?
p(A)

HGASH < k(A)e P M3 Y5 € RT 1-almost surely and / m(dA) < oo,

My
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5.5 Application to SupOU Processes

then the supOU process X; = fo ffoo A=\ (dA, ds) is well defined for all t € R and
d
stationary. Furthermore, the stationary distribution of X; is infinitely divisible with char-

acteristic triplet (vx,Xx,vx) giwven by Theorem 4.2.6.

Conditions for regular variation of X; and of the finite-dimensional distributions of (X})

were given in Corollary 4.4.3 and Corollary 4.4.6.

Corollary 5.5.2. Let A € R? be a Lévy basis on M; x R with generating quadruple
(7,2, v,m) and let v € RV («, (ay), 1) If the conditions of Theorem 5.5.1 hold and addi-

tionally
K(A)®
/ ey m(dA) < o0

My

then Xo = fM Jer €*°A(dA, ds) € RV (a, (a,), px) with Radon measure

/// ©) p(dz)dsm(dA).

My R+ R4

Furthermore, the finite dimensional distributions (Xy,,..., Xy, ), ti € R and k € N, are

also regularly varying with index o and given limiting measure fi,

-----

In order to apply Theorem 5.4.7 to obtain conditions for regular variation of supOU
processes in D, we state some useful sufficient conditions for the function fs(A,s) =
SUDy, <ty ty—t1<6 | f(Ata —s) = f(A,t1 — 5)|| 14,45 (5) to be an element of L* for av > 0.

Proposition 5.5.3. Let f(A,s) = e 1y (s) be the kernel function of a supOU process
satisfying the conditions of Theorem 5.5.1 and let f5 be given by (5.4.6). If for some a > 0

/“MVW@®<m

p(A)
My
and
/mm (dA)
then fs € L“.

Proof. We start with the observation

fg(A, S)a _ sup HeA(tg—s) . eA(tl—s)Ha ]l(_ooﬂ:l](S)

t1<t; ta—t1<d
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S sup ||€A(t2—8) _ eA(tl—s) HCM ]1(70070](8)
t1<to; toa—11<6

+ sup Heﬂtz—s) _ eA(tl—s)Ha Lo (5)- (5.5.1)

t1<tg; to—11<0

Now for the first summand we obtain

/ / sup HeA(tQ_s) - eA(tl_s)Ha L(—oo0(5) ds m(dA) <
t <to;

to—1t1<8

0

< [ [ e Qe s
t1<to;

to—t1<8
Md
0

< / / sup (A)a(e—P(A)(tz—S) + e P(A)(t1=s ) ds w(dA)
t1<t2

to—t1<d

My~

0

< 90 / / KA €D dsr(dA)

My =

_ 2 [ (A"
o ) p(4)

m(dA)

and the second summand of (5.5.1) can be bounded by

/ / sup HeA(tQ_S) — eA(tl_S)”a L(0,1(s) ds m(dA) <
t <t;

to—t1<d

/ f iy QI )t
t1<to;

to—t1<d

/ / Sup (A)a(e*P(A)(tsz) + e*P(A)(tlfS))a ]1(07151](5) ds W(dA)
t1<to;

// ® 99 101y(s) dsm(dA)
e / H(A) 7(dA)
< OO.Md
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Remark 5.5.4. Requiring fs € L“, the first condition

/ AN d4) < oo

is already needed for the regular variation condition f € L% of Corollary 5.5.2. The

additional condition [, k(A)* m(dA) < oo is of importance if p(A) decays very fast. In
d

that case

w(A)e .
oAy <R

for values of A € M, with high norm and therefore, the stronger integrability condition is

needed. If we consider the case of a bounded kernel function f, i.e. in the supOU case & is

bounded, it follows directly that fs is also bounded. Moreover, the condition

/ K(A)® T(dA) < o0

My
is true for all & > 0 and for all probability measures .

Now we can use Proposition 5.5.3 to obtain conditions for functional regular variation
of supOU processes with sample paths in D. Therefore, we restrict the time interval to
t € [0,1] and assume the supOU process to have cadlag sample paths, see Section 5.3
and Barndorff-Nielsen and Stelzer (2011a), Theorem 3.12, for details on the sample path

behavior of supOU processes.

Theorem 5.5.5. Let A and Ay be R%-valued Lévy bases on M; xR with generating quadru-
ples (v,3,v,m) and (0,0,v|p, o), ) respectively such that v € RV («, (an), ). Assume
that the supOU process (X;) given by X; = fM; fjoo eAt=9N(dA, ds) exists for t € [0,1]
(in the sense of Theorem 5.5.1) and that the processes X; and x® = fM(; Jo f(At —
s)\a(dA, ds) have cadlag sample paths. Furthermore, suppose that k is bounded and that

K(A)“
/ oy m(dA) < 0.

My
If f(A,5) = e** 1y »0)(s) and the function f5 given by (5.4.6) satisfy condition (5.4.5), then
(Xt>t€[0,l] € Rvﬁo (Oé, (an)v :u’)a

where p 1s uniquely determined by the measures ji, in Corollary 5.5.2.

7777 ti
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Proof. Applying Theorem 5.4.7, we start by observing that the supOU kernel function
F(A,8) = e o) (s) < K(A)

is bounded if x is. Next we show that, as 6 — 0,

/ / F5(A, 5)* dsm(dA) — 0.

The assumptions together with Proposition 5.5.3 and Remark 5.5.4 yield fs € L* and thus
by Lemma 5.4.8 it is sufficient to show that limso fs5(A,s) — 0 for 7 x A almost every

(A, s). When considering differences of matrix exponentials, we can use the inequality
At = 8)" — (t1 — 5)")
> i

k=0

_ JAlita=s) _ lAlltt-s)

A(ta—s) eA(tl—s)H —

le

Z AR ((ty — $)F — (£, — s)*
‘SI;H 1 (C ])d ( )")

if o > t;. This yields

fa(A, 8) _ sup ||6A(t2—s) _ 6A(tl—s)H 1(_Oo7tl](s)
t1<to; to—t1<d
< sup sup (ellAII(tH) _ eIIAII(trS)) ]1(_00’“}(3)

$€[0,1—5} t2,t1€[w,$+5]; t1<t2

< sup  (MIGH- Ay ()
z€[0,1-4]

z€[0,1—4]

< (elA15 _ 1y elAla=5-9 3 (s

and by the continuity of the exponential this term converges to 0 as 6 — 0 for every
(A,s) € B(M; xR).
O

Conditions for f and fs to satisfy the existence condition (5.4.5), i.e.
/ / / (LA F(A, s)zl]) v(de) ds 7(dA) <
My R >t
can be obtained by combining Lemma 5.5.1 with Lemma 5.4.10.

Corollary 5.5.6. Let f(A,s) = e*1jg)(s) be the kernel function of a supOU process
satisfying the conditions of Theorem 5.5.1 and let fs be given by (5.4.6). Then f and fs

satisfy condition (5.4.5) if one of the following two conditions are satisfied:
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(i) a>1 as well as

r(A)
/ (A m(dA) < oo and /R(A) m(dA) < 0.

My My
(i) o <1 and there ezists € € (0, ) such that

K(A)a—s / 3

——— 7(dA) <oo and | k(A)*° w(dA) < occ.

[ S ) (A)°~F m(da)
My My

In correspondence with Remark 5.5.4 we mention that for all &« > 0, € € (0, «) and for

all probability measures 7 the conditions

/ k(A) T(dA) < 0o and / K(A)°~ 1(dA) < 0o

are redundant if x is bounded.

5.6 Point Process Convergence

In this section we discuss the use of the results of the previous two sections in combination
with point process results for stochastic processes with sample paths in D. Therefore, let
Mp(ﬁo) denote the space of all point measures on Dy equipped with the 1-topology and
let €, be the Dirac measure at the point x. Furthermore, let X;, i € N, be a sequence of
iid copies of a regularly varying stochastic process X € RVg, (o, (a,), 1) with values in D.

We start by stating the main result that links regular variation of X to weak convergence

of the point processes
n
No=) &1y, neN
i=1

The following theorem is the extension of the classical result of Proposition 3.21 in Resnick
(1987) to a state space which is not locally compact. Similar results have also been proved
by de Haan and Lin (2001), Theorem 2.4, in the case of real-valued processes which are
regularly varying with index 1 and by Davis and Mikosch (2008) for D-valued random
fields.

Theorem 5.6.1. Let (X;);en be an iid sequence of stochastic processes with values in D.
Then X1 € RVg, (o, (an), ) if and only if N, 4 N in M,(Dy), where N is a Poisson

random measure with mean measure p (short PRM(u)).
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Proof. See the proof of Theorem 2.2.18 in Section 2.2.2.
O

This result can now be combined with the results of Sections 5.4 and 5.5 to obtain func-
tional point process convergence for MMA and supOU processes. Point processes of that
kind include full information of the complete paths of the process X. In combination with
the continuous mapping theorem (cf. Daley and Vere-Jones (1988), Proposition A2.3.V)
this is an extremely powerful tool to analyze the extremal behavior of MMA and supOU
processes. Using such methods, one gets a better understanding of the structure of the
extreme values and their properties, e.g. the extremal clustering behavior or long memory
effects.

In contrast to finite-dimensional point process results, functional point process conver-
gence does not only allow to analyze, for example, the behavior of maxima at fixed time
points, but also of functionals acting on the paths of the process in compact time intervals.
Examples of such functionals are the subadditive functionals (e.g. suprema) studied by
Rosinski and Samorodnitsky (1993) for a subexponential, by Braverman and Samorodnit-
sky (1995) for an exponential, and by Braverman et al. (2002) for a univariate regularly
varying setting. Moreover, since point processes of suprema do not incorporate the direc-
tions of the extremes, it is also possible to include the directions into the analyzed point
processes. Finally, we mention that basically in any field of extreme value theory, point
process techniques are often very helpful to prove results.

For more reading on point processes we refer to Daley and Vere-Jones (1988) and Daley
and Vere-Jones (2008). See also Kallenberg (1983) for a more general reading on random
measures. Very good introductions to the use of point processes in extreme value the-
ory can be found in Embrechts et al. (1997), Resnick (1987), Resnick (2007), Leadbetter
et al. (1983) and de Haan and Ferreira (2006). For the exemplary use of functional point
processes, see de Haan and Lin (2001) and Davis and Mikosch (2008).
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