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Abstract

We consider a cluster Poisson model with heavy-tailed interarrival times and cluster sizes
as a generalization of an infinite source Poisson model where the file sizes have a regularly
varying tail distribution function or a finite second moment. One result is that this model
reflects long range dependence of teletraffic data. We show that depending on the heaviness
of the file sizes, the interarrival times and the cluster sizes we have to distinguish different
growths rates for the time scale of the cumulative traffic. The mean corrected cumulative
input process converges to a fractional Brownian motion in the fast growth case. However,
in the intermediate and the slow growth case we can have convergence to a stable Lévy
motion or a fractional Brownian motion as well depending on the heaviness of the underlying
distributions. These results are contrary to the idea that cumulative broadband network
traflic converges in the slow growth case to a stable process. Furthermore, we derive the
asymptotic behavior of the cluster Poisson point process which models the arrival times of

data packets and the individual input process itself.
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1 Introduction

The infinite source Poisson model is a fluid queue approximation of network data traffic that
assumes that the transmission of data files to the system happens at the jump times of a Poisson
process. The file sizes are assumed to form an iid (independently and identically distributed)
sequence independent of the underlying Poisson process. This model is also called M /G /oo model
in the queueing literature. There is empirical evidence that the file sizes are heavy-tailed with an
index of regular variation in the interval (1,2) (cf. [7, 8, 9, 18, 35]). The infinite variance of the
file size in the infinite source Poisson model causes long range dependence and self-similarity in
the input process which are stylized facts of teletraffic data (cf. the data analysis in [7, 8, 9, 22|).
However, this explains the long-range dependence of one individual source, but not that of the
overall teletraffic. The teletraffic of the network was studied in the seminal work of Mikosch et
al. [25]; see also the monographs of Resnick [30] and Whitt [34]. Guerin et al. [17] applied the
infinite source Poisson model to teletraffic data and realized some shortcomings in that model.
They suggested as an alternative a cluster Poisson model to be more realistic.

A cluster Poisson model is an obvious extension of the infinite source Poisson model. In the
present paper we consider a cluster Poisson point process N modeling the arrival of data files
sent to a server, i.e. we have a Poisson point process where at any jump time a cluster of data
transmissions is initiated. The cluster sizes will have a finite first moment but an infinite second
moment, and the interarrival times have an infinite second moment as well. This causes IV to be
long range dependent and makes N sufficiently irregular for our results (see Section 3).

On the other hand, we consider the amount of data which is transmitted to the server, the so
called input process (A(t))¢>0. The file sizes are assumed to be regularly varying of index v € (1, 2)
or have a finite second moment. Hence, the present paper contains also the model of Fasen and
Samorodnitsky [15] and extends their results. In particular, we are interested in the characteri-
zation of the traffic generated by one source, but on the other hand we are also concerned with
the overall traffic of the network and on which way the properties of an individual source are
transferred to the traffic of the system. The teletraffic of the network is given by the cumulative
input of all sources. Thus, let (A;);en be iid input processes; e.g. independent users in a computer
pool generate independent traffic and A; models the traffic of user . With n input processes at
a time scale M, the mean corrected cumulative input is the stochastic process

n
Snar(t) = > (Ai(Mt) — E(A;(Mt)))  for t > 0. (1.1)

i=1
The case where the time scale M = M,, depends on the number of users n (bird’s eye view) is the
situation where the term fast growth and slow growth case comes in. Let (M,,) be a sequence of
positive constants such that M,, T oo as n T co. Then the fast growth case means n > M, while
the slow growth case means n < M,. In this paper we will further use an intermediate growth
case; see Section 5.2. Then (MT(ZI)) and (MT(Z2)) are both sequences of positive constants tending
to oo as n — oo with MY(Ll) << M7(L2) where n << MT(LI) reflects the slow, MY(Ll) << n << MT(L2)
the intermediate and n >> MY(LQ) the fast growth case. In Gaigalas and Kaj [16], who studied



the renewal counting process of Pipiras and Taqqu [28| with heavy-tailed inter-renewal times
as a packet arrival model, an intermediate growth case also exist. However, their definition of
intermediate growth case is different to ours.

For a cluster Poisson model we can interpret the different growth cases also as a change in
the connection rate of one source, since the input of one cluster Poisson model with intensity
A(n) = nAp has the same distribution as the cumulative input of n iid cluster Poisson sources
with intensity Ag. Thus, Mikosch et al. [25] described their growth rates of (M,) by a change in
the connection rate rather than in the change of the number of users.

There are substantial reasons to separate the growth cases. If the number of sources n is very
large, then the process in (1.1) is the sum of a very large number of iid terms that change rela-
tively slowly. Hence, under general assumptions we can apply a central limit theorem and obtain
convergence to a Gaussian process; see the interesting paper of Mikosch and Samorodnitsky [26].
On the other hand, if the time scale M is very large, then the main phenomenon in (1.1) is, ac-
tually, in the deviations of the individual input processes from their means, A(Mt) — E(A(Mt)),
for large M. Then it is not obvious which limit we will obtain. In Levy and Taqqu [32, 23, 24|
and Pipiras and Taqqu [28] we find these different cases of first letting n and then M tend to
infinity and opposite for a renewal-reward model. Their limit process not only depends on the
order of the limits but also on whether the tails of the rewards are lighter or heavier than those
of the renewals; fractional Brownian motion, stable Lévy motion as well as stable processes with
dependent increments are possible limits (cf. Kaj and Taqqu [19] for an extension of that idea).
We will see a similar phenomena in our model.

We show that the asymptotic behavior of the variance of the input process and the asymptotic

behavior of the mean corrected individual input process

Att) = A Mf] BAQO M) o 19

Qn

respectively, where (a,) is a sequence of positive constants tending to oo, is either determined
by the cluster Poisson point process N, if v > 3 — 2H (v > H~!, respectively) and if the file
sizes have a finite second moment, or by the file sizes if v < 3 — 2H (y < H™!, respectively),
where H is a constant defined by the cluster Poisson model. We use these results on the traffic
of one source to mathematically explain the behavior of the teletraffic in the system. Thus,
we illustrate that the different regions for + in the asymptotic behavior of the variance and
the input process have also to be distinguish in the asymptotic behavior of the mean corrected
cumulative input of the network. If v > 3 — 2H or if the file sizes have finite second moment,
the process (Sy,a,, (t))>0 converges for any (sufficiently regular) sequence M, T 0o as n — oo to
a fractional Brownian motion. This result extends the results of Fasen and Samorodnitsky [15]
who assumed finite second moments of the file sizes. On the one hand, we also allow heavy-tailed
file sizes and on the other hand, our results include the fast growth case. However, the result is
surprising. In the slow growth case of an ON/OFF and an infinite source Poisson model with
heavy-tailed file sizes the limit is a stable Lévy motion (cf. Mikosch et al. [25]). Mikosch and

Samorodnitsky [26] discovered that the occurrence of a stable limit, in the slow growth case of a



general telecommunication model, is not robust. Our result confirms that idea.

In contrast, for H~! < v < 3 — 2H we have to distinguish three different growth rates of
(M,,) where any growth case has a different scaling and limit distribution; a fractional Brownian
motion with index (3—7)/2 or H, or a «y-stable Lévy motion. Again we obtain in the slow growth
case the convergence to a fractional Brownian motion and not to a stable process. Finally, the
case v < H~! recovers the classical result of the ON/OFF and the infinite source Poisson model;
in the fast growth case the convergence to a fractional Brownian motion and in the slow growth
case to a y-stable Lévy motion.

The paper is organized as follows. We start with some preliminaries in Section 2. In Sec-
tion 2.1 we introduce a general cluster Poisson model and in Section 2.2 we present the model
assumptions. As mentioned, a typical stylized fact of teletraffic data is long range dependence.
Hence, in Section 3 we compute the asymptotic behavior of the variance and the covariance of
the input process A and the point process N. On the one hand, we obtain that the variance
behaves asymptotically like a power function of some index in (0,1), and hence N and A exhibit
long range dependence. On the other hand, we also see the influence of the underlying point
process N and the file sizes Z on the dependence structure of A. Next, we study the asymptotic

properties of

N (0, M,t] — E(N (0, M,t])
Var(N (0, M,)])

for t >0, (1.3)

in Section 4. The results are different to the conclusions for the cluster Poisson point process
in Faj et al. [14] depending on their different model assumptions. Independent of the growth
rate of (M,) we obtain the convergence of (1.3) to a fractional Brownian motion. Finally, the
asymptotic behavior of the input process (A,(t))i>0 and the properly normalized cumulative
input (Sy ar,(t))e>0 are derived in Section 5. To increase the readability of the paper the proofs
are postponed to Section 6.

We will use the notation = for weak convergence, L, for convergence in probability, ==
for vague convergence, and == for weak convergence of the finite dimensional distributions. For
x € R we write x4 = max(0,z) and [z] = inf{k € N : k > z}. For two random variables
X, Y the symbol X 2 ¥ means that X has the same distribution as Y. Let (Zn)neNs (Yn)nen be
sequences of constants then z,, ~ y, as n — oo iff lim,, o 2, /y, = 1. For a distribution function
F we denote by F =1 — F the tail of F and finally, Leb denotes the Lebesgue measure.

2 Preliminaries

2.1 The cluster Poisson model

A cluster Poisson point process, which we use to model the arrival times of data files sent to the

server, is defined as follows:

(i) The initial cluster points, denoted by ... < T'-1 < Ty < 0 < T; < Ty < ... form a

homogeneous Poisson process with rate \g, the connection rate.



(ii)) Each cluster initiated at I';, is of random size (K, + 1) with arrival points
Dok =T+ Tng fork=0,.... Ky,

where

k
T = Zvaj forkeN and T,0=0,
j=1

and the within-cluster arrival times (X, ;);jmen are a sequence of iid positive random
variables with common distribution F’x independent of the sequence of iid positive cluster

sizes (K)mez with distribution Fp.

Note that K = K,,, = 0 gives us the infinite source Poisson model. The times (I';, 1) correspond
in a telecommunication model with the arrival times of data files, denoted by (Z, ), at the

server. The cluster Poisson point process describing the arrivals of data files is then

Km
N = Z ngm,k (2.1)

meZ k=0

where e denotes the dirac measure. This means N (s,t] counts the number of arrivals of data
packets in the time interval (s,t¢]. If E(K) < oo then by Fay et al. [14], Proposition 2.1, the
intensity of N is given by

A= Xo(1 + E(K)). (2.2)

Mostly we will neglect the index m and write shortly
k
Tpy=)Y X;, keN, (2.3)
j=1

for an iid sequence (X;) with distribution Fx. Further, we assume:

(iii) the file sizes (Zp, k)m,ken, are again an iid sequence of positive random variables with
distribution function Fz and E|Z| < oo;

(iv) (k) (Km), (Zmk) and (Xj,,) are independent sequences.

Here,

Km
N = Z Zs(rm,kzzm,k) (2.4)

meZ k=0

is a stationary marked point process. For details on stationary marked point processes we refer
to Karr [21], Daley and Vere-Jones [10, 11] and Fay et al. [14].



If (77)icz denotes the ordered arrival times of (I'y, 1 )mez k=0.... k., With corresponding file sizes
(Z1)1ez where (Z;);cz is again an iid sequence with distribution F, then the point processes N
and NM) have the representation

N = Z@]i and N(M) = 25(73’2”
leZ IEZ

where ... <71 <7y <0< 77 <...as well.

Now the amount of data brought to the server is modeled by the input process

Km
A1) = 3" 1 Zug At = Toni)s = Zunge A(~Ti) ] = /R FANGD, (2.5)
mEZ k':O XR+

where

t
f(s’ Z) = / 1{s<x<s+z} dx  for (8, Z) € R xRy
0

With that representation we are able to compute the first and second moments of A(t) using the
Poisson structure of the underlying point process N™) and hence, of A. This is presented in the

next lemma whose proof is postponed to Section 6.

Lemma 2.1
(a) Let f:R xR, — R be measurable. Then

(M) ) —
E </Rx[[e+de ) )\/RXRJr f(s,z) Fz(dz)ds.

(b) Let f,g:R — Ry be measurable. Then

Cov (/Rde,/Rng> = Xo

where c(k) =E(K —k+1)4.
(¢) Let f,g:R xRy — Ry be measurable and E|Z| < co. Then

Cov (/ de(M),/ ng(M)>
RXR+ RXR+

o0

> cllk) [ B )g(s + 7)) ds

k=—o00

0 37 cllbl) [ E(7(sa1)gls + Tho20)) Fa(de) Fadzn) ds
por o

+A /}RXRJr f(s,2)g(s,2) Fz(dz)ds.

(d) Let E|Z| < oo and hy,ha,hg > 0, hy < hy < hs. Then

hs
Cov(A(h1), A(hg) — A(h2)) = /h » (min(hy, hg — ) — (he — x)4) g(x) dx



where

g(t) = A[E(Z1—t)4+ —E(Z1 A (Z2 — t)1)]

[ Loy Fal-s)Falt = 528 (dsn.dsa) (2.6)
R
and
WB(AXB)=X > c(yk\)/ P(s + Ty € B) Leb(ds) for A, B € B(R,)
k=—o00 A

is the covariance measure of N.

A conclusion of Lemma 2.1 (a) and (2.5) is that A(¢) has a finite mean under the assumption

that Z has a finite mean and
E(A(t)) = ME(Z) (2.7)

(cf. Mikosch and Samorodnitsky [26], Lemma 2.2).

2.2 Model assumptions

In this paper the within-cluster interarrival times and the cluster sizes are assumed to be heavy-
tailed which is modeled by regularly varying tail distribution functions. For a positive measurable

function f we write f € R, for k € R (f is reqularly varying with indez k) if

lim f(tx)
5 7 (@)

More details on regular variation can be found, e.g., in Bingham et al. [6] and Resnick [30].

=" Vi>0.

Assumption A

(a) The interarrival distribution function Fx satisfies

Fx eR_y3 with>1.

(b) The cluster size distribution function Fy satisfies

Fx €R_o with1l < a <min(2,0).

Notice that Assumption A (a) assures that the within-cluster interarrival times have infinite
mean; it also makes the arrival process sufficiently irregular for our results. Assumption A (b)

makes sure that the file sizes transmitted within each cluster have infinite variance.

Assumption B

Assume that either of the following conditions is satisfied:

(a) <2 and

Fx(x)—F 1
limsup X(x)_ x(@+1) < 00. (2.8)
T—00 F)(((L')




(b) F is arithmetic, with step size A > 0, and

lim sup nw < 00. (2.9)

n>0  Fx(nA)
Remark 2.2 We need the technical Assumption B above to apply a local renewal theorem in
Lemma 2.3 (d) below. In fact, if the local renewal theorem is known to hold, then Assumption B
is unnecessary. We conjecture that the local renewal theorem holds under (2.8) for any g > 1,

regardless of whether or not F' is arithmetic. O

Assumption C

The marks (Z2;) satisfy one of the following conditions:
(a) E|Z|?> < co. Then we define v := 2.
(b) Fz € R_, for some 1 <~y < 2.

Two conclusions from this assumption are important for our study. First, we have by Markov’s
inequality (in case (a)) and Karamata’s Theorem (in case (b)) (cf. Resnick [30], Theorem 2.1),
respectively, the following upper bound of the tail of F:

P(Z>z)<Czx™™ forx>1, (2.10)

where vy = 2 if v =2, and 71 < 7y if 1 < v < 2, respectively. In this paper v; will be chosen
sufficiently close to 7. Second, if we define

1/2

a(n) = n if y=2, and

a(n) == Fy(n™) ifl<y<?2,
then by Resnick [30], Theorem 3.3 and Corollary 7.1 we have the central limit theorem

[nt]

LSz -B@2)] | = (50 asn—ocin (D[0,00),.1), 2.11)

a(n) — o
where (S(t))i>0 is a 7-stable Lévy process and for v = 2 the limit process is a Brownian motion.
The space D[0, 1] (D [0, c0), respectively) denotes the space of right continuous functions on [0, 1]
([0, 00), respectively) with left limits (shortly: cadlag = continue a droite, limitée & gauche). The
symbol J; reflects that D0, 1] is provided with the Skorokhod J; topology. For completeness,
C[0,1] denotes the space of continuous functions on [0, 1] which we provide with the uniform
metric; see Billingsley [5].

Throughout the paper we use the following notation:

240 -«

H = —F (2.12)
ck) = E(K—k+1),, keN, (2.13)
G(t) = i c(K)P(T, <t), t>0, (2.14)

k=0
V(t) = D(a,f)t Ha—1)""Fx(t)*P(K > Fx(t)™h), t>0, (2.15)



where

['(1-p71YH%2"°rB-a)
BT(2H)

Here, I' denotes the I'-function. We further use that under Assumption A the inequalities

(2.16)

D(O"ﬂ) =

1
5 <H<1 and l<2-H<H'<3-2H<?2 (2.17)

hold. The next Lemma is crucial for the proof of our results.
Lemma 2.3 Let Assumption A hold. Then we have:
(a) c(k) ~ (@ —1)""kFg(k) € Ri_q as k — .
(b) V(t) € Rag—2 ast — oo, where 2H — 2 € (—1,0).
(c) G(t) ~ (2H — 1)~V (t) € Rag_1 as t — oo, where 2H — 1 € (0,1).

(d) Let additionally Assumption B hold. Then G(t) — G(t — 1) ~ V(t) € Raog—2 as t — 00,
where 2H — 2 € (—1,0).

3 Asymptotic behavior of the variance

We start with the investigation of the asymptotic behavior of the variance of N and A. These re-
sults are essential to the understanding of the asymptotic behavior of these processes in Section 4
and 5.

Proposition 3.1 Let Assumption A hold. Then Var(N (0,-]) € Rog and

Var(N (0,¢]) ~ MNt?V(t)  ast — oo.

1
H(2H —1)
Proposition 3.2 Let Assumption A, B and C hold.

(a) If v >3 —2H then Var(A(-)) € Rau, where 2H € (1,2), and

2
Var(A(t)) ~ %Aoﬁvu) ~ (E(Z))2Var(N (0,4]) as t — co.

(b) If vy <3 —2H then Var(A(-)) € Rs—, where 3 — v € (1,2), and

2)

3 as — OQ.
TG oD LA et

Var(A(t)) ~

Remark 3.3
(a) If v > 3 — 2H the asymptotic behavior of the variance is completely determined by the

point process N. The file sizes Z have no influence on the rate of increase of the variance.



(b) In contrast, if v < 3—2H, the rate of increase of the variance comes only from the file sizes.
If we have an infinite source Poisson model with F; € R_,, for some 1 <« < 2 then we
have the same asymptotic behavior of the variance (cf. Mikosch and Samorodnitsky [26],
p. 895). O

Similarly we derive now the asymptotic behavior of the covariance functions which show the long

range dependence of N and A.

Theorem 3.4 Let Assumption A, B and C hold. Define for h > 1,
yn(h) = Cov(N (0,1],N (h,h+1]),
va(h) = Cov(A(1),A(h+1)— A(h)).
Then vy € Raop—2, where 2H — 2 € (—1,0), and
v (h) ~ AoV (k) ash— 0. (3.1)
(a) If v >3 — 2H then y4 € Rop—o, where 2H — 2 € (—1,0), and
va(h) ~ (E(Z))* v (h) ~ (E(Z))* AoV (h)  as h — oo. (3.2)
(b) If y <3 —2H then y4 € Ri—, where 1 —~ € (—1,0), and

A —
va(h) ~ ﬁth(h) as h — oo. (3.3)

4 Asymptotic behavior of the number of packets

An interesting question itself is the behavior of the arrival process of data files modeled by
the point process N. On the other hand, we require that result also for the derivation of the

asymptotic behavior of the cumulative input to the server.

Theorem 4.1 Let Assumption A and B hold, and let (M,,) be a sequence of positive constants
such that M, T oo as n — oo.

(a) Then

(N (0, Mpt] — AMyt

Ver(N (03L) >t>0 = (Bu(t))t>0 asn — oo in C|0,1],

where (Bp(t))¢>0 is a standard fractional Brownian motion with Hurst index H given in
(2.12).

(b) Let (N;) be iid copies of N. Then

>IN (0, Mot] = AMut) = (Bu(t))iz0  asn — oo in C[0,1].
=1

1
\/n Var(N (0, M,])

Astonishingly in contrast to the results in Fay et al. [14] the limit results in (a) and (b) do not
depend on the growth rate of (M,,).

10



5 Asymptotic behavior of the input process

Let us start now with the asymptotic behavior of a mean corrected individual input process A.

Afterwards we will investigate the cumulative input to the server.

Theorem 5.1 Let Assumption A, B and C hold and let (M,,) be a sequence of positive constants

such that M, T oo as n — oo.

(a) Let v > H™!. Then

<A(Mnt) — AMtE(Z)

Var(N (0, M,) >t>oi(E(z)BH<t>>t20 as n — oo,

where (Bg(t))t>0 is a standard fractional Brownian motion with Hurst index H given in
(2.12). In particular, if v > 3 — 2H then

<A(Mnt) — AMtE(Z)

Var(A (M,)) >t>0 = (Bu(t))t>0 asn — oo in CI0,1].

(b) Let v < H™!. Then

<A(Mnt) — AMtE(Z)
a(My)

) = ()\%S'y(t))tZO as n — oo,
>0

where (S5 (t))t>0 is the y-stable Lévy motion given in (2.11).

Remark 5.2
(i) In the case H~! < v < 3—2H we have only stated the convergence of the finite dimensional
distributions. To show the tightness in C[0,1] we can not use the classical arguments of
Billingsley [5] since the process does not converge in Lo. However, we conjecture that the

convergence holds in C[0, 1] by proving the Ls convergence for some § € (H~!, ). See also
Remark 6.5 in Section 6.4.

(ii) Since the left hand side in (b) has continuous sample paths but the right hand side has
jumps, the convergence can not hold in (D[0, 1], J1); cf. Whitt [33, 34]. However, we conjec-
ture that with some technical effort we can extend the result to convergence in ([0, 1], M)
as in Resnick and Van den Berg [29]|. Analog statements hold for further results presented
in this paper; cf. Theorem 5.5 and Theorem 5.6. U

For the asymptotic behavior of the mean corrected cumulative input process we have to
distinguish again different cases depending on the heaviness of the file sizes. The reason for these
cases is that we have on the one hand, the two different cases for the asymptotic behavior of
the variance (y > 3 —2H, v < 3 — 2H) and on the other hand, the two different cases for the
asymptotic behavior of one mean corrected input process (y > H~!, v < H™!). These cases
result also in different cases for the asymptotic behavior of the mean corrected cumulative input
process; 3—2H < v <2 H ' <~y <3-2Hand1 <~y < H ' Recallthat 1 < H™! < 3-2H < 2.

11



51 3—2H <~ <2

Theorem 5.3 Let Assumption A, B and C hold. Further, let (M,) be a sequence of positive

constants such that M, T oo as n — oo, and either
(a) liminf, n_v_il—mMn > 0 for every n > 0, or
(b) limy, s n_v_i1+nMn = 0 for some n > 0.
Further, let (S, (t))¢>0 be given as in (1.1) and suppose v > 3 — 2H. Then

([n Var(A(M,))] " 2Sa1, (t)>t>0 — (Bp(t)hs0 asn — oo in C[0,1].

In particular, if

lim n~ 7T M, = C € (0,00]

n—oo

holds, then (a) is valid. The conditions (a) and (b) imply a kind of continuity condition on
(M,,) which is natural. However, if E(Z2) < oo we can neglect the continuity condition; see
Theorem 5.4 below.

In the classical results as the ON/OFF and the infinite source Poisson model with heavy-
tailed file sizes we have contrary to Theorem 5.3 to distinguish between fast and slow growth
rates of (M,,). In the slow growth case we obtain the convergence to a ~-stable Lévy motion.
Hence, our general Poisson cluster model shows that this is not necessarily the case if we have

heavy-tailed file sizes.

Theorem 5.4 Let Assumption A, B and C hold. Further, let (M,) be a sequence of positive
constants such that M, 1 oo as n — oo, and let (Sy, ar, (t))t>0 be given as in (1.1). Suppose that
E(Z?) < oo. Then

([n Var(A(M,))] " 2S a1, (t)> — (Bp(t)ys0 asn — oo in C[0,1].

>0

52 Hl'<~<3-2H

Theorem 5.5 Let Assumption A, B and C hold and let H=! <~ < 3 — 2H. Further, let (M,,)
be a sequence of positive constants such that M, T oo as n — oo, and (Sp,m, (t))¢>0 be given as
in (1.1).

(a) Let (M,,) satisfies the fast growth condition

__1
lim n~ 717M, =0

n—~oo

for some 1 > 0. Then

([n Var(A(M,)] "2 S, (t)> — (Bax()iz0  asn— 00 inC[0,1],

12



(b) Let (M,) satisfies the intermediate growth condition

lim n7T 7ML =0 (5.1)
n—oo
and
2=y 1
lim n?™—2" "M " = oo (5.2)
n—o0

for some 1 > 0. Then
(a(nM) ™ 81, (1)) 1mg 222 (A7 S, ()0 a5 11— o0,

(c) Let (M,) satisfies the slow growth condition

2—y
lim n2HW*2J”7]\4n*1 =0
n—oo

for some 1 > 0. Then

oy = E(2)Bu(t))z0  asn — oo,

([n Var(N (0, Mn])]—lﬂsn,Mn(t))

53 1<y < H™!

Theorem 5.6 Let Assumption A, B and C hold and let 1 < v < H~'. Further, let (M,) be a

sequence of positive constants such that M, T co as n — oo, and (Sp u, (t))>0 be given as in
(1.1).

(a) Let (M,,) satisfies the fast growth condition

__1
lim n 7 1"M, =0
n—oo

for some 1 > 0. Then

([n Var(A(Mn))]_1/2Sn7Mn(t)> = (Bs_Tw (t))e>0 asn — oo in C[0,1].

t>0
(b) Let (M,,) satisfies the slow growth condition

1 _
lim n7 1M =0

n—oo
for some 1 > 0. Then

(a(n M) ™ S0, (1)) 1o 222 (AT S, ()0 a5 11— oo,

Remark 5.7 For the ON/OFF and the infinite source Poisson model with heavy-tailed file
sizes the growth rates of (M,,) can be equivalently described by the asymptotics of the covariance

function ~y4. Here, this is only possible for 1 <y < H~ 1. O
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6 Proofs

6.1 Proofs of Section 2

Proof of Lemma 2.1

(a) Consider the marked point process

[e.o]

* : N No
N' = Z (k. K (Xj k) jens(Zsn)jeng) M R x No xRy xR,

k=—o0

which is a Poisson random measure with intensity measure
o0 o0
= (Ao x Leb) x Fie x [[ Fx [ ] Fz-
j=1 =0

Let f*: R x Ny ><IRI_\]F XRTO — R be defined as

k l
f sk, (@ => Fls+d

1=0 j=1
Then foﬂh FANM) — fRXNOXRN RV f*dN*. Thus, by Campbell’s formula (cf. Baccelli and
+XRy
Brémaud [2], p. 18)

E (/ de(M>>
RXR+
RxNoxRY xR} RxNoxRY xR}
k
:Ao/ Zf s+zxj,zl HFZ dz) HFX dx;) Fi (dk) ds
RxNo xR xR No =

= M(E(K) + 1)/ f(s,2) Fz(dz)ds.

RXR+

(b) The covariance measure v3' of N is given by

A (A x B) = Cov(N(A), N(B)) = )\O/R “(5+ A) x (s + B)) ds (6.1)

where

(A X B (Z Z 1{Tk€A TmGB}> for A,B € B(R),

k=0 m=0
see Fay et al. [14], Proposition 2.3. Let

7 (4) = E (Z > 1{Tk_TmeA}>

k=0 m=0
K K

= E ( (K—k+1) 1{TkeA}> +E (Z(K —k+1) 1{—TkeA}>
k=0 k=1

— ic(k) [P(T € A) +P(=T € A)] + ¢(0) 1goeay -
k=1

14



Then by Campbell’s formula

Cov ( /R fan, /R ng) - /R  Fsn)als2) 28 s ds) = o [ F(s)als+ ) ds o)

for measurable functions f,g: R — R. In the case f, g positive this can be rewritten as

[e.9]

Cov (/Rde,/Rng) =X Y. c(|k|)AE(f(s)g(s+Tk))ds. (6.2)

k=—

(c) Finally, the covariance measure ’yéM) of the marked point process N™) is given by

’YéM) (ds1,dsg,dz1,dz) = ’)’éN) (ds1,dso)Fz(dz)Fz(dzo) + D (ds1, dsa, dzy, dzo) (6.3)
where v(@ is the signed diagonal measure
YDAy x Ay x By x Ba) = ALeb(Ay N Ag) [Fz(B1 N By) — Fz(B1)Fz(Bs)] (6.4)
for A1, Ay € B(R), By, B2 € B(Ry). This means

COV(N(M)(A1 X Bl),N(M)(AQ X Bg)) = ’yéM)(Al X A2 X B1 X Bg)

For more details we refer to Mikosch and Samorodnitsky [26], p.895. Again Campbell’s formula

gives
Cov (/ de(M),/ ng(M)) :/ f(sl,zl)g(SQ,zz)véM)(dsl,dSQ,dzl,dZQ) (6.5)
RxR4 RxR4 R2xR3.

for measurable functions f,g: R xR, — R. If f, g are positive the last equation reduces by (6.3)
and (6.4) to

Cov (/ de(M),/ ng(M)>
RXR+ RXR+

o0

Ao Z c(|l<:|)/RX]R2 E(f(s,21)9(s 4+ Tk, 22)) Fz(dz1) Fz(dz2) ds

k=—o00

k#0

+A /}RXRJr f(s,2)g(s,2) Fz(dz) ds

= VA (1) + Va(t). (6.6)

(d) Let us define

f(s,2) ::/ Tscpcstzy dr and (s, 2) ::/ Vscpcstzy dx
[0,h1] [ha;hs3]

for s € R,z > 0. Then

A(hl):/RXR fANM) and A(hg)—A(hg):/R fANUD,

XR+

15



Thus, a conclusion of (6.5) is

Cov(A(hy), A(hs) — A(h2))

= / f(81,zl)f(Sz,zQ)véM)(d&,dsQ,dZLsz)
RQXRi

M
- / / 1{S1<x<s1+zl} dCC/ 1{82<y<82+22} dy 'Yé )(dsl’dSQ’dzl’ dZQ)
R2xR2 J[0,hq] [h2,hs]

M
:/ / Lisi<o<sidar,sa<y<satzs} ’Yé )(d81,d82,dz1,dzg)dx dy.
[O,hl}X[hQ,hg} ]RQX]R%'_

If we define
- 1 M) (dsy, dso, dz1,d
g(:c,y) {s1<x<s1421,52<y<sa+z2} o) ( 51,0A82, 021, 22)’
R2xR2
then
Cov(A(), Alls) — A(h) = | 9(z, ) do dy.
[O,h1]><[h2,h3]

Since NM) is stationary, g depends only on the difference |y — z|. Thus, let g(v) := ¢(0,v). Then

h1 hsy—x
Cov(A(hy), A(hg) — A(he)) = /0 /h g(z,z +v)dvdx

h1 hs—x
= / / g(v) dv dz
0 ho—x
hs3
= / [min(hy, hg —v) — (ha —v) 1] g(v) dv.
ho—hq

Furthermore, (6.3) and (6.4) give

M
g(v) = / 1{81 <0<s1+2z1,52<v<s2+z2} 'Yé )(dsla d82’ le, dZQ)
R2xR3

= AE(Z1 —v)4+ —E(Z1 A (Z2 —v)4)] + /2 15, <09z0) Fz(=51)Fz(v — 52) 1™ (ds1, dsa).
R
]

Proof of Lemma 2.3. (a) follows from Karamata’s theorem and (b) by the definition of V. (¢) is
a conclusion from Omey [27] and (d) from Anderson and Athreya [1], Theorem 2, if Assumption
B (a) holds and from Doney [12], Theorem 3, if Assumption B (b) holds. By Zolotarev [36],
Theorem 3, the constants in [1] and [12] are equal. O
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6.2 Proofs of Section 3

Proof of Proposition 3.1. If we insert f =g =1(y in Lemma 2.1 (b) we obtain

o0

Var(V(0,8)) = do > c(\k:])/o P0 < s+ T}, < t) ds

k=—o00
oo

— )\t+2)\OZc(k)/tP(Tk§v)dv
0

k=1

t
= A+ 2)\0/ G(v) dv.
0
Since G € Rap-1, 2H — 1 > 0, by Lemma 2.3 (¢), we conclude with Karamata’s Theorem,

Var(N (0,¢]) ~ Mt?V(t)  ast — oo. O

1
H(2H — 1)

The proof of Proposition 3.2 is based on some auxiliary Lemmatas.

Lemma 6.1
(a) Let Assumption A and B hold, and let h(z,t) = G(z +t) — G(x + t — z) for x > 0. Then
there exist tg,C' > 0 such that

h(z,t) < C(z+ 1)V (t)
forxz >0,z <t/2,t>tg.
(b) Let Assumption C hold, and let h(t) = E(Z —t)1. Then there exists a C > 0 such that

h(t) <Ct™ ™, t>1.

(¢) Let Assumption C hold, and let h(t) = [ F z(x)F z(x + t) dz. Then there exists a C' > 0
such that

ht) <Ct™™, t>1.

(d) Let Assumption A and C hold, and let h(t) = Y32, c(k) [;° Fz(x)P(Z > x +t + Tj) dx.
Then there exists a C' > 0 such that

h(t) < Ct?H—"M=10 >,

(e) Let Assumption A, B and C hold, and let

o0

h(t) = /OOO Fz(2)) c(k)P(Tp <z +t < Ty + Z) da.
k=1

Then

h(t) ~ (B(Z2))?V(t) ast— oo.

17



Proof.
(a) By Lemma 2.3 we know that G(t) —G(t —1) ~ V(t) as t — oo. Hence, there exist C1,tg > 0
such that

Glxz+t)—Gx+t—1)<C1V(z+t) forx>0,t>t.
Let z < t/2 and t > 2ty. Then

Glx+t)-Glz+t—2) < G@+t)-Gx+t-z])
2]
= Gz +t—j+1)—Gx+1t—7)]

=1

[2]
CLY V@+t—j+1)

j=1
< Ci[z] sup V(z+t—j+1)

1<j<t/2

< C2(Z + 1)V(t)’

<

IN

where we used V() € Rog—_2 and Theorem 1.5.3 of Bingham et al. [6].
(b) Inequality (2.10) gives

E(Z -t)y = / P(Z > z)dx < Cg/ " Mdr = &tl_“.
t t -1
(c¢) We have again by (2.10)
h(t) < 04/ Fz(x)(x+t) " de < Cyt™ ™ / Fy(x)dr = C4E(Z)t . (6.7)
0 0
(d) Note that
h(t) = Fyz(2)) c(k)P(Z >z +t + Ty) do
0 k=1
= / Fy(z) > e(k)P(Ty < z — x — t) Fy(dz) d
0 T+t
< / Fz(z) G(z—x—1t)Fz(dz)dx
0 T+t

Since G is non-decreasing we have

ht) < /0 T F @) /t " 6(2) Fylde) da.

Keep in mind that G € Rog_1,Fz € R_~, then Potter’s Theorem and Karamata’s Theorem

give

h(t) < CsE(Z) =11

18



(e) We can write

h(t) =

k=1

/OO Gz +1) — Gla+1t— 2)] Fy(dz)da
0

t/2 00
i
0 t/2

J,
J,
/

t) + ha(t).

Thus, we obtain by dominated convergence, (a) and Lemma 2.3 (d)

Further,

lim t
t—>0<>Vt

/ Fy(x / 2Fy(dz)dz = (E(Z))%.

_ /Oo Ty(2) /OO (G(& + 1) — Gla + t — 2)] Fy(dz)da
0 t2

< /00 Fz(z)G(z +t)Fz(t/2)dx
0

Then (2.10), Potter’s Theorem and Lemma 2.3 (c) give for some 0 < e < 1

Next,

Thus, (6.8

t —a
hoi(t) < CGt_%/ Fu(a)(z+1t)7 de
0

2w t 2-a o
= CGtT+€_71/ Fz(x) (%—i—l) 7 da
0

< CiE(Z) 5,

IN

hao(t) < Cgt™™ / ez 4 t) T da
t

2—a
® 2-a, t\ B €
= Cgtﬁ/ z B e <1+—> dx
‘ x

2—«a
S Cgt—’)/ltT"'G_’yl'i‘l.

Finally, since 2770‘ +e—v1=2H —14¢€¢— <2H — 2 for small ¢ we have

hg(t) S C10752_Ta+6_’y1 = O(hl (t)) as t — 00.

)-(6.11) result in the proof of (d).

Lemma 6.2 Let Assumption A, B and C hold, and g be defined as in (2.6).

19

/ Zc Pla+t—2<Tp<z+t)Fz(dz)dz
0

Gx+1t) —Gx+t—2)] Fz(dz)dx

Fa(t/2) [ / g / T F(@)Gla + ) de = hoy (1) + hoa (t).

(6.8)

(6.10)

(6.11)



(a) If y >3 —2H then

g(t) ~ N(E(2))?V(t) € Rogr—2  ast — oo.

(b) If y <3 —2H then

g(t) ~ %t?z(t) €Ri_, ast— oo.

Proof. We use the decomposition

g(t) = MNE(Z1 —t)+ —E(Z1 A (Z2 — 1)) +/ L, <0,s0<t) Fz(—51)Fz(t — 52) v (ds1, dss)
RQ

= g1(t) + g2(1).- (6.12)
From Lemma 6.1 (b) we conclude that
g1(t) < 2AE(Z — )y < Ot (6.13)
Further, we have (cf. (35) of Mikosch and Samorodnitsky [26])
92(t) = A (t) + Aoha(t) + Aohs(t) (6.14)
where
hi(t) = /OOO Fz(x)Fz(z +t)dr,
) = 3 k) /OOO Fu()P(Z >z + 1t +T}) de,
k=1
ha(t) = ic(k‘) /OOO Fz(z)P(Ty, <z +t < T+ Z)dx.

1

T

Note that V(-) € Rog—_2 by Lemma 2.3 and 2H — 2 € (—1,0). Then Lemma 6.1 (c)-(e) give
g2(t) ~ Xohs(t) ~ XN (E(Z))*V(t) ast — oo. (6.15)
Let v >3 — 2H. Then (6.12), (6.13) and (6.15) result in (a). If v < 3 — 2H then Fz € R_, and

A
g1(t) ~ ﬁtFZ(t) as t — 00. (6.16)

The reason is that
E(Z1 A (Z2 = t)4) < E(Z1)P(Zg > t) = o(tFz(t)) ast — oo,
and by Karamata’s Theorem

1
]E(Z — t)+ ~ ﬁtFZ(t) as t — oo.
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Thus, (b) follows from (6.12), (6.15) and (6.16). O

Proof of Proposition 3.2.
We have by Lemma 2.1 (d) that

¢ ¢
Var(A(t)) = / [min(t,t —z) — (—z)+]g(z) dx = 2/ (t —x)g(x)dz. (6.17)
—t 0

Let v > 3—2H. Then from Lemma 6.2 we know that g € Rof_o. Hence, by Karamata’s Theorem

itQQ(t) ~ (E(Z))2

Var(A(t)) ~ 57— 1t2g(t) - Qi — 1)H)\0t2V(t) as t — 0o

follows. In the case v < 3 — 2H the same arguments lead to the result. O

Proof of Theorem 3.4. First, we show (3.1). By Lemma 2.1 (b) we have with f = 11,
g = 1(ppy1) (cf. Fay et al. [14], equation (2.9)) that

1 ©©
n(h) = Ao/o > e(k) [P(Ty < v+h) —P(Ti, <v+h—1)] dv
k=1
1

= )\0/0 [G(v+h) —G(v+h—1)] dv.

Since G(u) — G(u — 1) ~ V(u) € Rapg—2 as u — oo by Lemma 2.3 (d) we obtain by Embrechts
et al. [13], Lemma 1.3.5 (a), that

v (h) ~ AoV (h) ash— oo.

Next, we investigate the asymptotic behavior of v4. Here, Lemma 2.1 (d) gives

1

h+1
va(h) = /h—l min(1,h+1—z) — (h — x)4]g(x) dx = /_19(2 + h)(1 —|z]) d=.

Further, g € Ropg—2 if v > 3 —2H and g € R1—, if v < 3 — 2H, respectively (by Lemma 6.2)
such that by Embrechts et al. [13], Lemma 1.3.5 (a), we obtain

1
va(h) ~ g(h) /1<1 el dz=g(h) as h— oo,

which proves the Theorem. O

6.3 Proofs of Section 4

For the proof of Theorem 4.1 we use the following notation. Let

1
nM?2V (M,), n € N[6.18
VDl ga 1 v MV ), e R0

where V' and D(«, ) are given in (2.15) and (2.16), respectively, and
0% = ——
24+ 08—«

+Xo /OOOE (2 E aI(w + 1)2*C¥ + o i 1[(w)[(w + 1)1*& _ m[(w)2a> dw,

by i= \/n M F(M,)B(K > Fx(M,)) =

/0 Y CHABB(S, (1) < ) dy+ (6.19)
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where (S1/3(t))i>0 is a 1/8-stable Lévy process which satisfies

[nt] X
;ﬁ;l_k — (51/g(t))t20 asn — oo in (D[0,00),J1),
Fx(n™1) >0

and
I(w) = inf{t > 0: 5 3(t) >w} for w>0.
Furthermore, for the proof of Theorem 4.1 we require the next Lemma.

Lemma 6.3 Let the assumptions and the notation of Theorem 4.1 hold. Further, let (b,) be
given as in (6.18) and o? be given as in (6.19), respectively. Then

nVar(N (0, M,]) ~ 0?b>  asn — oo,

and in particular,

o = gy P e 1) =

['(1-p71YH2"°T(3 - a)
Bla—1)(2H — 1)HT(2H)"

Proof. We decompose N (0, M,t] in the independent components
N (0, M,t] = N* (0, Myt] + N~ (0, M,t]

where Nt (0, M,t] is the number of arrivals of packets in (0, M, t] belonging to a cluster initiated
in (0, M,t] and N~ (0, My,t] is the number of arrivals of packets in (0, M,t] belonging to a cluster

initiated in (—oo, 0], respectively, i.e.

NY(0,Mut] = #{(m,k) € Z*: T, € (0, Myt], Ty € (0, Myt],k € {0,..., Kp}},
N~ (0, Mpt] = #{(m,k) € Z*: Ty, € (—00,0], Ty € (0, Mpt] , k € {0,..., Kn}}.
Furthermore,

N7E (0, M,t] — E(NT (0, M,t])

bn
are infinitely divisible with characteristic triplet (0,0, ﬂit) where for A € B(R):
Mnt K
g:zr,t(A) = )\0/ o W ZsTk [0,u] € A| du,
0 k=0
00 K
Vni(4) = )\0/ P <bn1 ZeTk (u,u + Mput] € A) du
0 k=0

for more details see Fasen and Samorodnitsky [15], p. 405. Thus, Sato [31], Example 25.12, and
the independence of NT and N~ result in

Var (N(Ob,rf\/_fnt]> — Var (N+ (S;Mnt]) + Var (N— (2;Mnt]>

= /0 xQD:{’t(dx)—i-/O xQD;t(dx).
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Define Z/it = m/ . Now, Lemma 5.1 and Lemma 5.2 of Fasen and Samorodnitsky [15] (which
are also valid for € = o0) give

n R oo - 2H 2H 2

b—2Var(N (0, Mpt)) :/0 z° v, (dz) +/O v, (dx) ~ 1 T+ttor asn— oo,

n

where Ui + 02 =52 O

Proof of Theorem 4.1. We start with the proof of (b).
(b) Fasen and Samorodnitsky [15], Proposition 5.1, says that

FDD

™ Z (0, Myt] — AMt] == (0Bg(t))i>0  as n — oo, (6.20)

which gives together with Lemma 6.3 the convergence of the finite dimensional distributions
in (b). For the proof of the tightness we use Billingsley [3|, Theorem 12.3. Therefore, it is sufficient

to prove
E|N,(t)> < Ct* =0 for t € [0,1], (6.21)

some C' > 0,0 < < 2H — 1, where
n
N, (t) :== (n'Var(N (0, Mn]))fé Z [N; (0, Mpt] — AMpt]  for t € [0,1],
i=1
is stationary. Note that
Var(N (0, My,t])
Var(N (0, M,])
Proposition 3.1 gives Var(N (0,:]) € Rog. Thus, Potter’s Theorem (Bingham et al. [6], Theo-
rem 1.5.6) and t € [0, 1] result in (6.21).
(a) Let vy be the Lévy measure of N, (t), and 7, ; be the Lévy measure of
N (0, M, t] — AMt
Var(N (0, M,])

EIN, (1) =

Then
o=t ()

(i) Unu() = 1Vnt(f ) == 0 on (0,00] as n — oo,

We have to prove

(ii) lim,,— 0 f{\x\Sl} x2 Upt(dz) = limy, o0 f{\z\gn—l/Q} 22 Unt(dz) = t2H
(iii) limy oo f{\x\>1} & Upt(de) = limy, o0 ﬁ f{|z|>n_1/2} 2up(dz) =0,
which reflects the convergence of the characteristic triplet of the infinitely divisible random
variable N, (t) to the characteristic triplet of a Gaussian random variable with mean 0 and
variance t2/1. Then the claim follows by Kallenberg [20], Theorem 15.14.
The proof of (i)-(iii) can be done step by step as in Fasen and Samorodnitsky [15], Lemma 5.1

and Lemma 5.2 using lim,, s nféf(Mn)bn = 0o and Lemma 6.3. O
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6.4 Proofs of Section 5
For the proof of Theorem 5.1 we require the following Lemma.
Lemma 6.4 Let Assumption A, B and C hold, and define

AO@) = 3 1z (Ti+ 204 A1), t20,

leZ

AD() = N ljgeqen(T+ 2 —t)y, t>0.
leZ

(a) Suppose E(Z?) < co. Then
0 < E(AN (1) = E(AP(¢)) <

(b) Suppose 1 < v < 2. Then

Proof. Let f(s,2) = 1{,<03((s + 2)+ A t). Then we obtain by Lemma 2.1 (a)

E(AD () = A/OOO/O ((s+ 2)1 At)ds Fz(dz)

oo 0 t
= )\/ / / Vpcots) drds Fz(dz)
0 —o0 J0

t o}
= )\// Fy(s)dsdx.
0 Jzx
A

E(A(l)(t)) — )\/OOFZ(S) /OSM dxds < )\/OOO Fz(s)sds = %/Ooofz(\/;) dz = §E(ZQ).

0

(a) If E(Z?%) < oo then

(b) Define h(z) = [7°Fz(s)ds. Then by Karamata’s Theorem we know that h € Ri_, and

h(z) ~ (y —1)"'xFz(x) as x — oco. Thus, again with Karamata’s Theorem we have
t
E(AD (1)) = )\/ h(z)dz ~ N2 —3) " Hh(t) ~ A2 —7) Ly = 1)"H2F4(t)  ast — 0.
0

The equality E(AM(¢)) = E(A®)(t)) was proven in Mikosch and Samorodnitsky [26], p. 905. O

Proof of Theorem 5.1. We use the decomposition

N(0,M1]
AMt) = > Z+ ) Lg<oy(T+ 20+ AMat) = > Vgoeqany(Ti+ 21— Myt)
=1 =7 =7

AO (M, 1) + AV (M, t) — AP (M,1),

where A©)(M,t) represents the amount of data whose transmission is initiated in (0, M,t]. On
the other hand, A( (M, t) reflects the data in (0, M,,t] whose transmission was initiated before 0.
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Finally, A®)(M,_t) is the data transfer going on after M,t but which was started in (0, M,t].

Then
N(0,Mpt]
ST 2 - AMGtE(Z) | + [AD (Mt) — AR (M)
=1
=1 Sy (Myt) + So(Myt). (6.22)

A(Mpt) — \MotE(Z)

On the one hand, applying Theorem 4.1 we know that

N (0, M,t] — AM,
< (0, Mnt] - A nt) = (Bu(t))t>0 asn —ooin C|0,1]. (6.23)
Var(N (0, My]) /-,
On the other hand, by (2.11)
(6.24)

=1
a(M,

[Mnt][Z
< & ) E(Z)]> — (S,(t))i=0  asn — oo in (D[0,1], ;).
t>0
1

(a) Furthermore, by Proposition 3.1 and Potter’s Theorem there exists for some 0 < e < H—~~

a C7 > 0 such that for M, large

24

a? (M,) M, 2 _9H+2€
<C =C1 M}
Var(N (0, M,]) — lMgH* 1

which tends to 0 as n — oco. Hence,

[ Myt]
el B EDN 0 o soin (D01, .
< Var(N (0, M,]) >t>0 (0)z0 (D[0, 1], J1). (6.25)
Then (6.23), (6.25) and Whitt [34], Corollary 13.3.2 result in
) — 00 in
( Var(N (0, M"])>t20 = (E(Z)Bu(t))t>0 asn (D0,1], ). (6.26)

Note that 2 —y — H < 0 since v > H~! > 1. Moreover, by Proposition 3.1, Lemma 6.4 and
Potter’s Theorem there exists for some 0 < € < % a constant Cy > 0 such that for ¢ > 0
and M, large
E(AD (M M, 1)2—7+e
( ( nt)) S C ( ntH S C2M3_7_H+26’ ] — 1’ 27
Var(N (0, M,]) My ¢
which tends to 0 as n tends to co. Hence, Markov’s inequality gives for any § > 0,

AY) (M) >8] =0
Var(N (0, M,]) -

lim P

n—oo

which means
So (Mt
2(Mnt) —0 asn— oo. (6.27)

Var(N (0, M,))
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The conclusion follows then from (6.22), (6.26) and (6.27).

In the case v > 3 — 2H we can prove the convergence in C[0,1]. Thus, we show that
(An(t))ief0,1), Where

A(Mpt) — \MotE(Z)

An(D) = Vear(A(M,,))

)

is tight by Billingsley [3], Theorem 12.3. As in Theorem 4.1 it is sufficient to prove that there
exists a 0 < d < 2H — 1 such that

E|A,(t))? < C3t* =0 for t € [0,1] (6.28)

and some C3 > 0. We have

o Var(A(Mput))

E|An(t)]* = Var(A(M,))

Since Proposition 3.2 says that Var(A(-)) € Rom, Potter’s Theorem shows (6.28) as well.

(b) Here we have again by Potter’s Theorem that for some constant Cy > 0:

Var(N (0, M,)) < C4M§H+6 _ C4M2H—%+2e
a?(M,,) 2_ ’
My
which tends to 0 as n — oo. Hence,
N (0, M,t] — )\Mnt> :
= (0)t>0 asn —ooin C[0,1]. (6.29)
< a(Mn) >0 B
Again Whitt [34], Corollary 13.3.2, (6.24) and (6.29) give
S1(Mpt 1
<M> = ()\isw(t))tzo asn — oo in (D[0,1], Jy). (6.30)
a(Mn) />0
Finally, by Lemma 6.4 and Potter’s Theorem there exists for some 0 < € < % a constant
C5 > 0 such that
E(AY) (Mt Myt SCESE
( ( TZ))S 5 nl :C5Mn Y +6_>0 as n — 00, j:1,2
a(My) M7_6
n
Thus, for any ¢ € [0, 1],
So(Myt) &
———= — 0 asn— oo, 6.31
(VL) (6.31)
and we obtain the result by (6.22), (6.30) and (6.31). O

Remark 6.5 In both (a) and (b) we saw that the properly normalized process (S1(Myt))e>0 con-
verges in (D[0, 1], J;). However, the proof of the tightness of the normalized process (S2(Myt))i>0
can be difficult independently of the topology in D[0, 1]. Although the tightness of the scaled pro-
cess (AW (M,t)) is by AW (M,t) < AD(M,), 0 <t < 1, obvious, the tightness of (A (M,t))

is involved. O
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Proof of Theorem 5.3.

(a) We start to prove the convergence of the finite dimensional distributions. Therefore, we use

for i =1,...,n the decomposition
N;(0,4]
_ (4) (4) (4) (4) (@)
A1) = > 2 —+§:1Hm<®«7’—+2 )4 At) §:1m<7<aﬁ7 +2" —t)4
=1 leZ IEZ

= AP + AN (1) - AP (1),

Then

n

Sn,Mn (t) - Z [Az(Mnt) - )‘MntE(Z)]
Z;l N; (0, Mn n

= 2| X A M)+ 3 AT () — AP O

i=1 =1
= S0 + 52, (). (6.32)

First, we investigate the asymptotic behavior of (Sﬁwn (t))t>0- A conclusion of Theorem 4.1 and

Proposition 3.2 is that

<EﬂN@MﬂAMﬂ
n Var(A (M,))

) - (E(Z)leH(t))tZO as n — oo in CJ0, 1]. (6.33)
>0

Next, note that

n [ Ni(0,Mnt] i1 Ni (0,Mnt]
3 Z 2 — AM,tE(Z) 4 S Z-mMgEZ) |, (6.34)
=1 >0 =1 >0

and that by (2.11)

2z - E(2)]
a(nMy,)

) - (S,y(t))tz() as n — o0 in (D[O, 1], Jl). (6.35)
t>0

By assumption (a) we have that there exists a constant Cy € (0, 00) such that
T°M;'<C, forneN. (6.36)

Moreover, by Proposition 3.2 and Potter’s Theorem we have that for any € > 0 there exist Cy > 0
and ng € N such that for n > ng:

2
a(nMn)2 (nMn)§ 1 2H«, 2 g 372y
_anMn) o, )T S = .
WVar(A (ML) = Cy SVELET Cg(nv ) n- , (6.37)
where ¢ = 72—61 + €2H,y¢_2 —2¢2 + . For small € the right hand side of (6.37) tends to 0 by (6.36).

Hence, Corollary 13.3.2 of Whitt [34], (6.33), (6.35) and (6.37) result in

?:1 Ni(O,Mnt}
— A\nMptE(Z)
=1

n Var(A(M,))

= (B (t))>o asn — oo in (D[0,1], 1),
t>0
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and finally by (6.34) in

Sy, ()
n Var(A(M,))

= (Bu(t))>0 asn — oo in (D[0,1], J1). (6.38)
>0

Since v > 3 — 2H is equivalent to

1

2
there exists an € > 0 such that
1 1
—(vy=1)—r-— —2e>2—H — ~.
5(7 )1_6(7_1) € gt

Finally, by Potter’s Theorem, Proposition 3.2, Lemma 6.4 and (6.36) we have for some C3,Cy > 0

and n large

nEAVMY) - n(Mpt)
WVar(A(My) (M)
< O4M ¢, j=1,2, (6.39)

which tends to 0 as n — oco. Then Markov’s inequality and (6.39) result in

n AU (g
limIP’(z:ZZ1 . (Mnt) >5>:O for any § > 0,

n—00 n Var(A (M,,))

and consequently, as n — oo,

(2)
t
\/nVarA nM”( )= \/nVar Z

Thus, (6.32), (6.38), (6.40) and Theorem 25.4 of Billingsley [4] give

[A(l (M) A?)(Mnt)]&o. (6.40)

( — M, tIE(Z)]) == (By(t))>0 asn — oo.

\/nVar(A Z
>0

The tightness follows as in Theorem 5.1 by Proposition 3.2 and Billingsley [3]|, Theorem 12.3.
(b) In the fast growth case the result follows from 3 —2H > 7, Lemma 6.2 (a), and Mikosch

and Samorodnitsky [26], Theorem 4.2, where we have E|M(0)[**¢ < oo for some ¢ > 0 by

Lemma 4.1 of Mikosch and Samorodnitsky [26] and Fay et al. [14], p. 124. O

Remark 6.6 If F; € R_, with 1 < v < 2 then similar computations as in Lemma 6.7 show

that for some constant C' > 0:
Var(AW (1)) ~ Ct3F z(t)  as t — oo.

However, the second moment of A®)(t) does not exist (Va(t) = co in (6.6)) such that with our

approach we can not neglect the continuity condition in Theorem 5.3 in general. U
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Proof of Theorem 5.4. The proof follows as in Theorem 5.3 (a). The only difference is that
we use instead of (6.37),

a(nM,)? <C nM,
nVar(A(M,)) =  nM2T—¢

=CM!2HTe 0 asn— oo,

which does not depend on the growth rate, and instead of (6.39) that

nE(AY (Mt) ~ B(AD(M,1)))* _ Var(AD(Mut)) _ o, My
n Var(A(M,,)) © Var(A(My)) T M2

n

by an application of Lemma 6.7 below and E(A™M (M,t)) = E(A®) (M,t)). O
Lemma 6.7 Let Assumption A, B and C hold and E(Z?) < oo
(a) Let AV (t) =3, 1y7<0y((Z1 + Z1)+ At), t > 0. Then there exist C,to > 0 such that

Var(AD () < Ct  for t > 1.

(b) Let AP (t) =3, Lo<7;<ty(T1+ 2y — t)4, t > 0. Then there exist C,tg > 0 such that

Var(A® (1)) < Ct  fort > t.

Proof.

(a) We use the decomposition (6.6) of the variance in
Var(AM (1)) = Vi (t) + Va(t),

where f(s,2) = g(s, z) = 1{s<0y((s + 2)+ A t). Without loss of generality we can assume A\g = 1.
Then, with Fubini’s Theorem

Va(t)
= Z c(’k‘)/R . E(1{3§0,5+Tk§0}((3+21)+ /\t)((S-i-Tk +ZQ)+ /\t)) Fz(dzl)Fz(dZQ) ds
por o

=2 ) C(—k)/ / E ({p<sta} Yy<stTitzo}) dody Fz(dz1)Fz(dzg) ds
R_ xR% J[0,¢] x[0,t]

k=—o00
o9

—Qch / / Fz(z+v)Ply < —v— Ty + Z) dz dy dv.
[0,t] x[0,t]

By the monotonicity of F we have

t) < Qt/ot /OOOFZ(U)

i c(B)P(Z >y+v+Ty)
k=1

dv] dy.
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A conclusion of Lemma 6.1 (d) with v; = 2 is

Vi(t) < 2t[/t0 /to] / kic(k)P(Z>y+v+Tk) dv] dy

< 2tg(B(Z)E(G(Z)) + C1t?H721) < Cyt, > 1.

Note, min(z,y)? < xy for z,y > 0. Hence,

0
Wa(t) = /R /1{530}((5+z)+/\t)2dsFZ(dz)g/R / (s+ 2)4 tds Fz(dz)

E(Z?
= / / s+ z dsFZ(dz)—t/ —F(dz)—t ( )
R+ —Zz R+ 2 2
(b) With the notation of (6.6) and f(s, z) = g(s,2) = 1jg<s<s} (s + 2 — 1)1 we have

Var(A®) (1)) = Vi(t) + Va(t).

First,
Vi(t)
=;;mwﬂgﬁEmkﬁkﬁmwwan%nw+n+@—m)&@m&ww@
=
= 2;1 c(k) /[O R /RQ E(1sm, <ty Yaowstz—t) Yy<s+Tptza—ty) dT dy Fz(dz1)Fz(dzo) ds

=2 [[[ Fetwr o] M

Markov’s inequality gives

c(k)Ply+v—Z < Ty <v) dy] dv. (6.41)
+ k=1

o . [o¢] 1
F dx < E(Z? dz < Co~ L. 42
| Fresvar<m@) | o< o (6.42
Further,
ck)Ply+v—2Z < T <w)
k=1

[e.o]

_ /y+v Z

c(k)Ply+v—2z<Ty <v)Fz(dz) +/ Zc P(T), <wv) Fz(dz)
y

T =1
Z/‘H)/2 y+v oo
/ / Gy +v—2)] Fz(dz) + G(v) Fz(dz)
y+v/2 y+v

Since G € Rop—1 we have for large v by Lemma 2.3 and Lemma 6.1 (a) that

y+v/2
Ji(y,v) < CQG(U)Ul/ (z—y) Fz(dz) < CQG(v)vflglP’(Z > y)
y
S CgG(U)yiz 1{y21} +03G(’U) 1{0§y§1} . (644)
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Note that by the monotonicity of G and Markov’s inequality we obtain
Jo(y,v) < G)P(Z >y +v/2) < C4G(v)(y +v/2) 2. (6.45)
Finally,
J3(y,v) = G)P(Z > y+v) < C5G(v)(y +v) 2. (6.46)

Thus, (6.44)-(6.46) result in

[e%¢) 0 1
/0 [J1(y,v) + J2(y,v) + J3(y,v)] dy < CeG(v) [/1 %dy + 1/0 1 dy} < C7G(v)  (6.47)

for v > vy and some vy > 1. Since G € Roy—1 we obtain by Karamata’s Theorem and (6.41),
(6.42), (6.43), (6.47),

W) = U /H/R+sz+vdx] [/R

< Cg+ Cg/ G tdv ~ CroG(t) ast — oo. (6.48)
vo

y+v—Z<Tk<v)dy] dv
""k; 1

Finally,

t
Va(t) = )\/ / Tjocs<sy(s + 2 — t)3 ds Fz(dz) < )\/ / 22 dsFy(dz) = tAE(Z?). (6.49)
R, JR - R. J0

Hence, (6.48) and (6.49) complete the proof. O

Proof of Theorem 5.5.
(a) follows again by Lemma 6.2 (b), and Mikosch and Samorodnitsky [26], Theorem 4.2.
(b) We use again the decomposition given in (6.32). On the one hand, applying Theorem 4.1

we have that

(zl LN (0, Myt] — AMyt]
\/nVar (0, M,])

> = (Bu(t))t>0 asn —ooin C[0,1]. (6.50)
£>0

Furthermore, note that v < 3 — 2H is equivalent to

2—rx 1
> .
2Hy -2 ~-—1

We use now the fact that if v > H~! then v~} (2H~ — 2) > 0. Moreover, Var(N (0,-]) € Raoy by
Proposition 3.1. Thus, by Potter’s Theorem for any € > 0 there exist C'y > 0 and ng € N such

that for n > ng we have

n Var(N (0, M,]) nM2+e
a(nMy,) (nM, )——6
2.4 2H«, 2
— Cin 2 M, © nMX
2y —2Hy=2 o
= (nQH"f—?Mn_1> T e (6.51)
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which tends to 0 as n — oo for e small enough by (5.2). Hence, Corollary 13.3.2 of Whitt [34],
(6.50), (6.35) and (6.51) result in

51y Ni(0,Mad]
Z; — A\nMntE(Z)

=1 1 )
D|0,1 . .52
CL(TZMTL) — ()\Wsy(t))tzo as n — o0 In ( [0’ ] 7J1) (6 5 )

>0

A conclusion of (6.34) and (6.52) is that

Spid, (1) :
a(n]\r/l_fn) — ()\w Sv(t)>t20 asn — oo in (D[0,1], J7). (6.53)
>0

Return to mind that E(AY)(-)) € Ra_, by Lemma 6.4, j = 1,2. Thus, by Potter’s Theorem for
any € > 0 there exist Co > 0 and ng € N such that for n > ng we have

nE(AY) (M,t)) < C2n(Mnt)2’7+6 _ oSt Mﬁ(wfl)?ngMgEtQ_we
= 1
a(nMy,) (nM,) ¢ n
2
_ O T (T M) TS 2 (6.54)

which tends to 0 as n — oo for € small enough by (5.1). Thus, Markov’s inequality gives

1 ~ () nE(AU) (M,t))
P(a(nMn)iZ; i ( nt)>5> < ca(nM,) — 0 asn— oo for any § > 0,

and finally for ¢ > 0,

Se
% —0 asn— oo. (6.55)
The statement in (b) is then a conclusion of (6.32), (6.53) and (6.55).

(c) The conclusion follows from (6.32), (6.35), (6.50), (6.54), Whitt [34], Corollary 13.3.2, and

a(nM,)? N C BT
C ( 2H~=2 /[ > 2H~—2
n Var(N (0, M,]) A " " !
which tends to 0 as n — oo for € small enough by the small growth condition. O

Proof of Theorem 5.6.

(a) We use the arguments as in Theorem 5.6 (a).

(b) On the one hand, v < 2 implies 1 — 2y~ < 0. On the other hand, since v < H~! we have
2 (H — 'y*l) < 0. Hence, again by Potter’s Theorem for any € > 0 there exist C; > 0 and ng € N
such that for n > ng

2H+
nVer(W (O’y"]) < 0, MMn - - Oy 3T MAH— )2 (6.56)
a(nM,) (nM,)~ ¢

which tends to 0 as n — oo for € small enough. Note, that here we not require the slow growth con-
dition. Then the conclusion follows from (6.32), (6.35), (6.50), (6.54), Whitt [34], Corollary 13.3.2
and (6.56). O
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