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Abstract—It is well known that the availability of M transmit
antennas at the base station enables to serve K single-antenna
users (K ≤ M ), under the assumption of perfect channel state
information (CSI) at the base station. However, in practical
frequency division duplex (FDD) systems, the channel knowledge
available at the base station is not perfect since it is obtained
through a limited feedback in the uplink consisting of B bits per
user. Part of the B feedback bits can be employed to quantize
the channel direction information (CDI), while the rest can be
used to quantize the channel magnitude information (CMI) of
each user. In this work we address the transceiver design of
a multiuser MISO system based on the minimum mean square
error criterion and with transmit CSI obtained through a limited
feedback composed of quantized CDI and CMI. We treat the case
of K ≤ M users with different average channel gains and based
on our findings we conclude that for uncorrelated channels it is
optimum to employ all the B bits for quantizing the CDI under
the assumption that the base station knows the statistics of the
CMI of the users.

I. INTRODUCTION

Deploying M transmit antennas at the base station (BS)
permits to serve K single-antenna users (K ≤ M ) assuming
perfect CSI at the base station. Nonetheless, perfect CSI is
not a realistic assumption in several scenarios as in an FDD
system. Due to the lack of reciprocity between the uplink and
downlink in FDD systems, transmit CSI for the downlink is
obtained through limited feedback in the uplink consisting of
B bits per user [1]. The K users must first, however, estimate
their downlink channel with a common downlink pilot.

With the estimated channels at the users, there are several
strategies that have been studied in the literature, to convey
transmit CSI to the BS with limited feedback of the K users.
For instance, several works on limited feedback in multiuser
systems [2], [3], [4], [5] consider relaying a quantized version
of the channel direction information (CDI), i.e. the normalized
estimated channel vector of each user. Zero-forcing beamform-
ing based on quantized CDI with uniform power allocation
among the users has been considered in [2] and [3], while
MMSE beamforming has been analyzed in [4]. The MMSE
criterion is also considered in [5] but under the assumption
that the users have multiple receive antennas. Another possible
approach for the limited feedback is to quantize the entire
estimated channel vector according to a mean-square error
criterion employing a generalized Lloyd vector quantizer as
it is done in [6], where the tranmission strategy was a
MMSE based precoding. A third feasible method is to quantize

separately the CDI of the estimated channel and the channel
magnitude information (CMI), i.e. the channel norm of the
estimated channel, as described for instance in [7] and [8].

In contrast to the previous works, we address the transceiver
design of a multiuser MISO system based on the minimum
mean square error (MMSE) criterion and with transmit CSI
obtained through a limited feedback composed of quantized
CDI and CMI. The first approach of solely quantizing the
CDI is also included as a special case. After each user has
estimated its downlink channel, each of the K users compute
their estimated CDI and CMI. The estimated CDI is quantized
using the random vector quantization (RVQ) scheme [9] with
BCDI bits, while the estimated CMI is quantized using a Lloyd
Max Quantizer (LMQ) with BCMI bits. The whole feedback
message consists of B = BCMI + BCDI bits, which are then
relayed back to the BS in the uplink. Hence, the BS has only
access to a quantized version of the estimated CDI and CMI.
The transceiver is designed based on this quantized CDI and
CMI in order to minimize the sum MMSE of the users.

We treat the case of K ≤ M users with different average
channel gains and given a limited feedback of B bits, we are
interested in knowing how many bits should be employed to
quantize the CDI and the CMI, i.e. to determine BCDI and BCMI

in order to minimize the MMSE. Our results show that for
uncorrelated channels and K ≤ M it is optimum for each user
to employ all the B bits for quantizing the CDI. This holds
under the assumption that the base station also knows the CMI
statistics of the users. To this end, this paper is organized as
follows. The system model and the cases with perfect CSI
and perfect CDI are presented in Section II. Section III and
Section IV discuss the transceiver design based on quantized
CDI with the CMI statistics and based on quantized CDI and
CMI, respectively. Simulation results are shown in Section V
and the paper is concluded in Section VI.

II. SYSTEM MODEL AND PERFECT CDI

We consider a multiuser MISO downlink with a BS
equipped with M antennas in a single isolated cell transmitting
to K i.i.d. single-antenna users with K ≤ M . Denote the in-
dependent zero-mean transmitted signals with variance σ2

s for
the K users as s ∈ C

K with covariance matrix Rs = σ2
sIK .

Define also the channel from the BS to user k as hk ∈ C
M and

the channel matrix H = [h1,h2, · · · ,hK ]T ∈ C
K×M . We

assume the elements of hk ∀ k to be i.i.d. zero-mean complex
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Gaussian random variables with variance γ2
k for k = 1, . . . ,K,

i.e. user k has basically an average channel gain γk with
Rayleigh fading with unit-variance. With a linear precoder P
at the BS and a transmit power contraint tr

(
PRsP

H
) ≤ PDL,

where PDL is the available transmit power at the BS, the
estimated signal at the K users is given by

ŝ = g (HPs + n) , (1)

where g is a scalar receive filter applied at each user since there
is no cooperation among the single-antenna users and n ∈
C

K is the collection of the zero-mean AWGN experienced at
each user with covariance matrix Rn = σ2

nIK . Under the
assumption of perfect CSI, i.e. H is known at the BS, g and P
can be computed in order to minimize the system mean square
error (MSE) E

[‖s − ŝ‖2
2

]
subject to the power constraint, i.e.

{P , g} = argmin
{P,g}

E
[‖s − ŝ‖2

2

]
s.t. tr

(
PRsP

H
) ≤ PDL,

(2)
where the expectation is taken over s and n. The solution to
(2) is [10]

g =

√√√√ tr
(
(HHH + ξIM )−2

HHRsH
)

PDL
(3)

P =
1
g

(
HHH + ξIM

)−1
HH, (4)

where
ξ =

tr (Rn)
PDL

=
Kσ2

n

PDL
. (5)

In addition, the MMSE with perfect CSI, i.e. given H is

MMSEp = ξ tr
((

HHH + ξIK

)−1
Rs

)
. (6)

Now let us consider as a reference the case when the
users have access to their perfect CSI but the BS has ac-
cess only to the perfect CDI and to the CMI statistics of
the users. The perfect CDI consists of hk

‖hk‖2
∀k. Define

Hn =
[

h1
‖h1‖2

, · · · , hK

‖hK‖2

]T
such that H = BHn with

the perfect CMI (channel norm) of the users on the diagonal
of B = diag ([‖h1‖2, · · · , ‖hK‖2])1.

In order to match the channel observed by the BS, each user
k multiplies its received signal with 1

‖hk‖2
besides a scalar

filter gn, such that the resulting channel B−1H = Hn is
inherently known at the BS. The multiplication with 1

‖hk‖2
represents a normalization with each user’s instantaneous CMI.
Let us denote the precoder and the scalar receiver with perfect
CDI and with the multiplication of 1

‖hk‖2
at each user k as

Pn and gn, respectively. The estimated signal is given as

ŝn = gnB
−1 (BHnPns + n) = gn

(
HnPns + B−1n

)
, (7)

since B−1 = diag
([

1
‖h1‖2

, · · · , 1
‖hK‖2

])
. The overall scalar

receiver for each user k is actually gn
‖hk‖2

which is based on
the CDI and CMI, while Pn is based only on the CDI and

1The operator diag(x) with x ∈ CK results in a K × K matrix with
all zeros except on the diagonal, which contains the elements of x. If X ∈
CK×K , diag(X) returns a vector with the elements of the diagonal of X.

on the statistics of the CMI. The effective noise B−1n has
covariance matrix σ2

nE
[
B−2

]
= σ2

n

M−1Γ
−2 because

E
[
B−2

]
=

1
M − 1

Γ−2, (8)

since the diagonal of B−2 contains the inverse of i.i.d chi-
squared random variables with 2M degrees of freedom each
with variance γ2

k

2 and where Γ = diag ([γ1, · · · , γK ]). Pn and
gn are computed in order to minimize the MSE E

[‖s − ŝn‖2
2

]
subject to the power constraint, where the expectation is taken
over s and the effective noise B−1n, by which we also
average over the CMI of the users. The effective noise in
this case is still uncorrelated with the normalized channel
since the CMI and the CDI are independent [9]. With the
aid of Lagrangian multipliers, the solution to the optimization
problem with perfect CDI and the normalization with the CMI
at each user k results in

gn =

√√√√ tr
(
(HH

n Hn + ξnIM )−2
HH

n RsHn

)
PDL

(9)

Pn =
1
gn

(
HH

n Hn + ξnIM

)−1
HH

n , (10)

where

ξn =
σ2

n tr
(
E

[
B−2

])
PDL

. (11)

The MMSE given the users’ CDI Hn, i.e. averaging over the
noise and the users’ CMI B, results in

MMSEn = ξnσ
2
s tr

((
HnH

H
n + ξnIK

)−1
)

. (12)

We point out, that this MMSE is just employed as an interme-
diate step in order to compute afterwards the average MMSE,
which is obtained by averaging MMSEn over Hn.

III. QUANTIZED CDI: B = BCDI

In an FDD system, the BS obtains transmit CSI for the
downlink through the limited feedback of B bits. To this end,
each user k obtains a minimum mean square error estimate of
its downlink channel using a common pilot of length TDL ≥
M which is emitted from the base station. Since the transmit
power at the base station is allocated over M antennas, we
have that the error variance is given as [11]

σ2
ek

=
γ2

k

1 + γ2
k

PDL
Mσ2

n
TDL

, (13)

where PDL is the transmit power at the BS and σ2
n is the vari-

ance of the AWGN at the users. Denote the estimated channel
of user k as ĥk ∈ C

M and Ĥ =
[
ĥ1, · · · , ĥK

]T
∈ C

K×M .
The channel from all users can be written as

H = Ĥ + E, (14)

where E = [e1, · · · ,eK ]T ∈ C
K×M , ek is the estimation

error vector when user k estimates its channel. The elements
of ek are zero-mean complex Gaussian random variables
with variance σ2

ek
while the elements of ĥk are zero-mean

complex Gaussian random variables with variance (1 − σ2
ek

).
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The MMSE estimate ĥk has the property that E
[
ĥH

kek

]
= 0

and furthermore due to the independence assumption among
the users, we have that E

[
ĥH

kej

]
= 0 ∀j, k, such that

E
[
ĤHE

]
= 0.

After estimating its channel, user k normalizes its estimated
channel ĥk in order to obtain ĥk,n = ĥk

‖ĥk‖2
, which represents

an estimate of the CDI with ‖ĥk‖2 as an estimate of the
CMI. We treat first the case when all the limited feedback
is employed for quantizing the estimated CDI, i.e. B = BCDI.
Each user k then quantizes its estimated CDI, i.e. the nor-
malized channel ĥk,n, with B bits, which are then relayed
back to the BS. For the quantization, we consider random
vector quantization (RVQ) [9] by taking the minimum chordal
distance as follows

ĥk,q = argmax
tk,j∈Ck

|tH
k,jĥk,n|, (15)

where each user k has a different codebook Ck consisting of
2B unit-norm random beamforming vectors tk,j ∈ Ck, which
is also available at the BS. We assume a different codebook for
each user, since otherwise there exists a non-zero probability
that two or more users feed back the same channel vector.
Denote Ĥq =

[
ĥ1,q, · · · , ĥK,q

]T
∈ C

K×M . After error-free
feedback of the B bits from each user, the BS would have
access to Ĥq as transmit CSI. Note that ĥk,q represents a
quantized version of the estimated channel direction informa-
tion of user k. Let us denote ck = ĥH

k,qĥk,n ∈ C with |ck| ≤ 1
since

|ck| = ‖ĥk,q‖2‖ĥk,n‖2 cos θk = cos θk, (16)

since ĥk,q and ĥk,n have unit norm and where θk is the angle
between ĥk,q and ĥk,n as depicted exemplary in Figure 1.

|ck| = cos θk

θk

ĥk,n

ĥk,q

ek,q

Fig. 1. Quantized and Estimated CDI

As pointed out in [12], quantizing a unit norm vector
according to the chordal distance as in (15), produces a phase
uncertainty, i.e. arg (ck) �= 0. Nevertheless, as it will be shown
later on, this phase uncertainty can be removed at the receiver
since the receiver of user k has access to ck and hence, there
is no need to feed back the phase arg(ck) to the BS as it is
suggested in [12].

With ck = ĥH
k,qĥk,n, we can express the normalized esti-

mated channel in terms of the quantized channel as

ĥk,n = ckĥk,q + ek,q, (17)

such that ĥk,q and the quantization error ek,q are orthogonal,
i.e. ĥH

k,qek,q = 0 as shown in Figure 1. This implies that

diag
(
ĤH

q Eq

)
= 0, (18)

which has to be considered when designing the transceiver.
This means that eq,k lies in the nullspace of ĥH

k,q and is
uniformly distributed in the M − 1 dimensional nullspace. In
addition, we have that [4]

‖ek,q‖2
2 = sin2 θk. (19)

Denote Eq = [e1,q, · · · ,eK,q]
T, C = diag ([c1, · · · , cK ]) and

B̂ = diag
([

‖ĥ1‖2, · · · , ‖ĥK‖2

])
. Using (17) and collecting

the estimated CDI of all users, we have

Ĥn = CkĤq + Eq, (20)

and the channel H from (14) can be rewritten as

H = B̂CĤq + B̂Eq + E. (21)

In order to match the channel observed at the BS, each user
k multiplies its received signal with 1

ck‖ĥk‖2
besides the scalar

filter gq. Multiplying with 1
ck

removes the phase uncertainty

discussed before, since arg
(

1
ck

)
= −arg (ck). The estimated

signal of the K users is given by

ŝq = gq C−1B̂−1 (HPqs + n) = gq

(
ĤqPqs + nq

)
, (22)

with the effective noise

nq = C−1EqPqs + C−1B̂−1EPqs + C−1B̂−1n. (23)

The scalar receiver at user k is actually gq

ck‖ĥk‖2
which is based

not only on the estimated CDI but also on the estimated CMI
and ck.

We are now interested in computing Pq and gq which
minimize the MSE based on Ĥq and on the statistics of the
estimated CMI, i.e. B̂, which is the information available at
the BS. The optimizaton problem reads as

{Pq, gq} = argmin
{Pq,gq}

E
[‖s − ŝq‖2

2

]
s.t. tr

(
PqRsP

H
q

) ≤ PDL,

(24)
where the expected value is taken over s, n, E, B̂, C and
Eq since only Ĥq is known at the BS. Note that we do not
consider the feedback of cos θk as in [13]. The solution to
(24) can be derived with the aid of Lagrangian multipliers in
a similar fashion as for the quantized CDI case in [4], where it
is assumed that the users have the same average channel gain.
Due to lack of space we do not show the derivation here. The
optimum gq and Pq read as:

gq =

√√√√√ tr

((
(1 − κ)ĤH

q Ĥq + ξqIM

)−2

ĤH
q RsĤq

)

PDL
(25)

Pq =
1
gq

(
(1 − κ)ĤH

q Ĥq + ξqIM

)−1

ĤH
q , (26)

where
κ =

E
[
tan2 θk

]
M − 1

(27)

ξq =Kκ+
[
cos−2 θk

]
tr

(
E

[
B̂−2

] (
Re +

σ2
n

PDL
IK

))
,
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with E
[
tan2 θk

] ≈ E[sin2 θk]
1−E[sin2 θk]

and E
[
sin2 θk

]
given as [2]

E
[
sin2 θk

]
= 2B Beta

(
2B ,

M

M − 1

)
. (28)

Furthermore, we have Re = diag
([

σ2
e1

, · · · , σ2
eK

])
and

E
[
B̂−2

]
=

(
Γ2 − Re

)−2
, where we observe that E

[
B̂−2

]
depends on both the average channel gain γk of the users,
which can be obtained via measurements in the uplink, and
on the estimation error variance σ2

ek
of the users, which can

be computed at the BS assuming the knowledge of the fading
statistics of the users.

The resulting MMSE given the quantized estimated CDI
Ĥq, i.e. averaging over n, E, Eq, B̂, and C, results in

MMSEq= σ2
s tr

((
ξqIK − κĤqĤ

H
q

)
×

(
(1 − κ) ĤqĤ

H
q + ξqIK

)−1
)

, (29)

which is a function of Ĥq and B. This MMSE represents
solely an intermediate step in order to compute the average
MMSE, which is obtained by averaging MMSEq over Hq.

IV. QUANTIZED CDI AND QUANTIZED CMI

Now we will assume that part of the limited feedback is
employed to convey information about the CMI to the BS, i.e.
B = BCDI +BCMI. We assume that each user k quantizes ‖ĥk‖2

using a LMQ codebook with 2BCMI quantization levels, which
is also available at the BS. Hence, we have that

B̂ = B̂q + B̂e, (30)

where B̂q is a diagonal matrix with the quantized CMI’s of
the users on the diagonal and B̂e is a diagonal matrix with
the quantization error of the users’ CMI. In addition, the users
quantizes the estimated CDI employing the remaining BCDI =
B − BCMI bits of the limited feedback, using RVQ as before

ĥ′
k,q = argmax

t′k,j∈C′
k

|t′,Hk,jĥk,n|,

where each user k has a different codebook C′
k consisting

of 2BCDI unit-norm random beamforming vectors t′k,j ∈ C′
k,

which is a smaller codebook than Ck. We have employed ”′”
to denote the variables when the estimated CDI is quantized
with BCDI < B, in order to distinguish them from the variables
when the estimated CDI is quantized using all the available
feedback bits, i.e. BCDI = B.

Similarly to the previous section, we assume each user k
multiplies its received signal with 1

c′k
besides the scalar filter

g′q. Nevertheless, contrary to when only the CDI is quantized,
in this case no normalization with the CMI ‖ĥk‖2 is performed
since the BS has access to a quantized version of the estimated
instantaneous CMI. The scalar receiver at user k is actually
g′

q

c′k
. The estimated signal of the K users is given by

ŝ′
q = g′q C ′,−1

(
HP ′

qs + n
)

= g′q
(
B̂Ĥ ′

qP
′
qs + n′

q

)
, (31)

with the effective noise

n′
q = C′,−1B̂E′

qP
′
qs + C ′,−1EP ′

qs + C ′,−1n, (32)

where B̂ is given as in (30). We now consider the P ′
q and

g′q which minimize the MSE based on Ĥ ′
q and B̂e, which are

known at the BS:{
P ′

q , g
′
q

}
= argmin

{P ′
q ,g′

q}
E

[‖s − ŝ′
q‖2

2

]
s.t. tr

(
P ′

qRsP
′,H
q

) ≤ PDL,

(33)
where the expected value is taken over s, n, E, C ′, E′

q and
over the CMI quantization error B̂q given Ĥ ′

q and B̂q, which
are known at the BS. The solution to (33) can be derived in
a similar way as for (24):

g′q =

√√√√√ tr

((
(1 − κ′)Ĥ ′,H

q ΛĤ ′
q + ξ′qIM

)−2

Ĥ ′,H
q B̂qRsB̂qĤ ′

q

)

PDL

P ′
q =

1
g′q

(
(1 − κ′)Ĥ ′,H

q ΛĤ ′
q + ξ′qIM

)−1

Ĥ ′,H
q B̂q,

where

κ′ =
E

[
tan2 θ′k

]
M − 1

(34)

Λ = B̂2
q + E

[
B̂2

e

∣∣∣B̂q

]
(35)

ξ′q =κ′tr (Λ)+
[
cos−2 θ′k

]
tr

(
Re +

σ2
n

PDL
IK

)
(36)

where E
[
B̂2

e

∣∣∣B̂q

]
indicates the CMI quantization error vari-

ance in the quantization interval which is represented by B̂q.

E
[
B̂2

e

∣∣∣B̂q

]
depends on the quantization levels of the LMQ

and can be computed in closed form but it is not shown here
due to lack of space. The resulting MMSE given the quantized
estimated CDI Ĥ ′

q and the quantized estimated CMI B̂q, i.e.
averaging over n, E, E′

q, C′ and over the CMI quantization
error B̂e, results in

MMSE′
q=σ2

s tr

((
Λ

1
2 Ĥ ′

qĤ
′,H
q Λ

1
2 + ξ′qIK

)−1

×
(
Λ

1
2 Ĥ ′

qĤ
′,H
q Λ

1
2 − B̂qĤ

′
qĤ

′,H
q B̂q + ξ′qIK

))
,(37)

which is a function of Ĥ ′
q, B̂q, BCDI and BCMI. This MMSE

represents solely an intermediate step in order to compute
afterwards the average MMSE, which is obtained by averaging
MMSE′

q over Ĥ ′
q and B̂q.

V. SIMULATION RESULTS AND DISCUSSION

Let us now present some results for the transceiver design
with quantized CDI and CMI. We assume K = M = 4 with
a downlink training length TDL = 4 and recalling that ξ−1 =
PDL
Kσ2

n
, we set 10 log10 ξ−1 = 12dB. In addition we assume the

following average channel gains for the K = 4 users γ1 =
1, γ2 =

√
2, γ3 =

√
3 and γ4 = 2. Fig. 2 depicts the average

user MMSE as a function of B for the case of quantized CDI
with the statistics of the CMI and for the case of quantized CDI
and CMI with different values of BCMI and with the respective
different values of BCDI = B − BCMI. As a reference we have
also included the case with perfect CSI. It can be seen how
the average MMSE of each of the quantized cases decreases
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linearly with increasing B and approaches the performance
of the perfect CSI. However, one can also observe that it is
optimum to employ all the B bits for quantizing the CDI.
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=5     B
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=6

Fig. 2. Average user MMSE vs. B, K = M = 4, 10 log10 ξ−1 = 12 dB.

We now consider the same scenario as before but we plot
in Figure 3, the average user MMSE achieved with the quanti-
zation of only the CDI with the statistics of the CMI available
at the BS, as a function of the average user SNR ξ−1 in dB.
This is shown for different values of B. As a reference we
have included also the cases of perfect CSI, perfect CDI and
the MMSE achieved with the MMSE based precoding scheme
presented in [6] which is based on quantized CSI, i.e. the
entire estimated vector is quantized using a generalized Lloyd
vector quantizer. The saturation due to the quantization, which
has been documented in the literature, is also visible, since the
quantization error κ does not decrease with increasing SNR. In
addition, we point out that the proposed scheme outperforms
the one from [6] for a given limited feedback of B bits.
Furthermore, the average performance with perfect CDI case
is not far from the perfect CSI case. This behavior is regardless
of the number of antennas M and it indicates that for the case
K ≤ M , the instantaneous CMI does not help much which is
in accordance with the result in Figure 2. This holds for the
case of uncorrelated channels and under the assumption that
BS knows the statistics of the users’ CMI.

VI. CONCLUDING REMARKS

We have presented the transceiver design of a multiuser
MISO system based on the MMSE criterion and with transmit
CSI obtained through a limited feedback composed of quan-
tized CDI and CMI. Given a limited feedback of B bits, our
findings show that for uncorrelated channels it is optimum
to dedicate all the B for the estimated CDI quantization.
However, the BS must know the statistics of the CMI of
the users, which consists of the average channel gain, which
can be obtained from uplink measurements, and of the users’
estimation error variance. This holds when K ≤ M , i.e. no
channel-aware scheduler is involved. As a future work, we
plan to investigate what is the optimum partition between BCDI
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Fig. 3. Average user MMSE vs. 10 log10 ξ−1, K = M = 4.

and BCMI when K > M , which implies user selection at the
BS. Contrary to the case K ≤ M , we posit that quantized
instantaneous knowledge of the CMI would be required in
order to exploit the multiuser diversity when K > M . The
performance of non-linear schemes and the consideration of
correlated channels are also matters of future interest.
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