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Abstract— In this work we present a per-subchannel nonlinear adaptive
equalizer for a class of filter bank based multicarrier (FBMC) systems.
We consider the class of exponentially modulated FBMCs with offset
quadrature amplitude modulated (OQAM) input symbols. We present
a fractionally spaced adaptive decision feedback equalizer (DFE) based
on the least-mean-square (LMS) algorithm. The input of each equal-
izer comprises only the output of each subchannel. In the simulation
results we show that, despite its increased computational complexity, the
performance and higher bandwidth efficiency of OQAM FBMC systems
makes them a competitive alternative to conventional multicarrier systems
like cyclic prefix based orthogonal frequency division multiplexing (CP-
OFDM).

I. INTRODUCTION

The advantages of using multicarrier (MC) modulation in broad-
band wired and wireless communication systems is widely known.
The idea to divide the frequency spectrum into many narrow sub-
channels is not new, but only in the last decade a widespread use
in practical systems could be observed. There are many classes of
MC systems, but the CP-OFDM is certainly the most investigated. It
offers the advantage of efficient and simple implementation and trivial
channel equalization. Because of the insertion of redundancy (CP),
only one tap per subchannel is necessary to compensate the frequency
selectivity of the channel. Drawbacks of using CP-OFDM include
a loss in spectral efficiency, because some redundancy is inserted,
a higher level of out-of-band radiation, since the subcarriers pulse-
shaping is trivial, and a higher sensibility to narrowband interferers,
because the low attenuation of the sidelobes implies an undesired
overlap of the subchannels.

CP-OFDM is based on the general MC concept of transmulti-
plexers, which are composed of exponentially modulated analysis
and synthesis filter banks, also called FBMC systems. Of particular
interest are the maximally decimated filter banks. Instead of using a
rectangular window for shaping the pulses a finite impulse response
(FIR) prototype filter that has longer impulse response than the
symbol period, i.e. the number of filter coefficients is higher than
the number of subchannels M , is modulated by complex exponentials
and employed in each subchannel. As a consequence, the latter can be
more concentrated in frequency and only the overlap of immediately
adjacent subchannels is significant. But it is known from filter banks
and communications theory [1] that the real and imaginary part of
the inputs of such a system have to be staggered, resulting in OQAM
signals.

The equalization problem in FBMC systems is still an area of active
research. We focus here on solutions that depend only on the outputs
of each subchannel. In this way per-subchannel equalizers work
like single carrier (SC) equalizers for OQAM modulated symbols,
but with the difference that ICI is present. Since noise cannot be
considered white at the output of a filter with bandwidth smaller

than the sampling frequency, we have to consider it in the equalizer
design.

From communications theory [2] it is known that the optimal
receiver for a frequency selective (band limited) channel with band
limited transmit signal and additive white Gaussian noise (AWGN)
is composed by a (analog) matched filter (MF), a sampling device (at
symbol rate) and a maximum likelihood sequence estimator (MLSE).
But the latter is usually impractical in terms of complexity. Two
practical sub-optimum solutions with lower computational burden are
the linear equalizer (LE) and the DFE that work at symbol rate.

An analog filter matched to the transfer function formed by the
transmitter filter and the transmission channel is not easy to be
designed (e.g. due to channel variations and the difficult estimation).
Alternatively, the receive filter is designed to match the transmitted
signal, and is followed by a fractionally spaced equalizer (FSE).

In an FBMC system with OQAM input symbols the equalizer can
be inserted before the de-staggering, leading to an FSE working at
2/T , where 1/T is the symbol rate.

In [3] the author has presented a first solution to the equalization
problem in an OQAM FBMC systems. The coefficients of the linear
MMSE FSE have been calculated iteratively using a steepest descent
method, which is more complex than an LMS based solution. In [4]
both a LE and DFE for a general class of FBMC have been presented,
but they use the output of many subcarriers to feed the equalizer. The
authors of [5] have extended the solution of [3] to the DFE case using
three feedback filters for each subchannel. The authors of [6] have
proposed some solutions for the LE for another class of exponentially
modulated FBMC systems. The solution is based on the minimization
of the MSE in the frequency domain instead of minimizing the ISI
directly. Some analytical solutions have been given, but the choice
of the number of coefficients is limited to three. In a recent work
[7] we have derived a closed formula for the linear per-subchannel
FSE according to the MMSE criterion for a class of OQAM FBMC
systems and in [8] for the per-subchannel DFE.

In this paper we have extend the results presented in [9] and derive
an LMS based adaptive per-subchannel fractionally spaced DFE for
the OQAM based FBMC. By comparison with the analytical solution
of [8], the adaptive equalizer has considerably less complexity in
the coefficient calculation and is more robust against time variant
channel, i.e. it is able to track it.

A. Notation

We employ the following notation throughout this work: The real
and imaginary parts of a signal or an impulse response are written
as Re[(•)]=(•)(R) and Im[(•)]=(•)(I), viz. (•)=(•)(R)+j (•)(I),
with j =

√−1. Vectors with a time index n ∈ � are always a stack of
signal samples, e.g. x[n] =

[
x[n], x[n−1], . . . , x[n−N ]

]T ∈ �N+1,
where N is explicitly given each time.
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II. OQAM FBMC SYSTEM STRUCTURE

A general FBMC system overview is given in Fig. 1. The transmit-
ter is usually called the synthesis filter bank (SFB) and the receiver
the analysis filter bank (AFB). We assume that the complex input
symbols dk[m], with m ∈ �, are QAM modulated, independent and
identically distributed.

In the SFB the real and imaginary parts of each complex input
dk[m] are staggered as shown in Fig. 2 generating OQAM signals
x′

k[n], with n = 2m at double the symbol rate. Those signals are
upsampled by M/2 and fed into the transmitter subfilters, that are
defined as

hk[l] = h0[l] exp (j 2πkl/M) , l = −KM/2, . . . , KM/2, (1)

where h0[l] is called the prototype filter and has length KM +1. It is
worth noting that the exponential modulation of the prototype filter
can be implemented efficiently using the polyphase decomposition
and the fast Fourier transform (FFT), e.g. as shown in [10].

After the subfilters, all the signals are added up and forwarded to
the radio frequency (RF) processing. After the RF processing at the
receiver the signal is filtered again and downsampled (cf. Fig. 3). The
downsampled signal is equalized and then the OQAM samples are
de-staggered as shown in Fig. 4.

In Fig. 3 the impulse response hch[l] encompasses the whole pro-
cessing between the SFB and the AFB and the multipath propagation
channel.

III. ADAPTIVE PER-SUBCHANNEL DFE

We consider here an FBMC system where only immediate adjacent
subchannel filters overlap significantly, i.e. the interference of non-
adjacent subchannels is negligible, assured that the prototype filter
has a high attenuation level in the stop-band. That is usually true
for a polyphase length K ≥ 4 and roll-off factor ρ≤ 1. With those
assumptions it is possible to correct the distortions caused by the
propagation channel employing just one equalizer working in a 2/T
sampling rate, i.e. in double symbol rate, for each subchannel k.

The conventional LMS algorithm has to be adapted to the OQAM
receive signals. The structure of the LMS based OQAM adaptive
DFE is shown in Fig. 5. The outputs yk[n] of the AFB after
the downsampling by M/2 are filtered by the feedforward stage
wk[n]. From this signal the output of the feedback filter fk[n] is
subtracted. Therefore we get the following estimation of the real and
the imaginary part of the transmitted symbol dk[m]=ak[m]+j bk[m]

âk[m]=Re
[
wH

k [n]yk[n]−f H
k [n]x̂k[n]

]
,

=Re
[
uH

k [n]zk[n]
]

, (2)

b̂k[m]=Im
[
wH

k [n−1]yk[n−1]−f H
k [n−1], x̂k[n−1]

]
=Im

[
uH

k [n−1]zk[n−1]
]

, (3)

where yk[n] ∈ �
N , wk[n] ∈ �

N , fk[n] ∈ �
B+1, uk[n] ∈

�
N+B+1 is the vertical stacking of both feedforward and feedback

filter vectors and zk[n] ∈ �N+B+1 is the stacking of their input vec-
tors, viz. uk[n] =

[
wT

k [n], fT
k [n]

]T
and zk[n] =

[
yT

k [n], x̂T
k [n]

]T
.

Moreover, if we consider that all the equalized symbols are detected
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Fig. 1. FBMC System Overview
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correctly, the input of the feedback filter x̂k[n] ∈ �B+1 is given by

x̂k[n]=

⎧⎪⎪⎨
⎪⎪⎩

[
ak[m−ν−1], j bk[m−ν−1], ak[m−ν−2],

. . . , x̂k[n−2ν−B]
]T

,
k even,[

j bk[m−ν−1], ak[m−ν−2], j bk[m−ν−2],

. . . , x̂k[n−2ν−B]
]T

,
k odd,

(4)

where the last element x̂k[n−2ν−B] depends on B and k according
to Table I and the parameter ν is the delay inserted by the chain of
transmit filter, channel, receive filter and feedforward stage.

TABLE I
LAST ELEMENT OF VECTOR x̂k[n]

x̂k[n−2ν−B] B even B odd

k even j bk[m−ν−�B/2�] ak[m−ν−�B/2�]
k odd ak[m−ν−�B/2�] j bk[m−ν−�B/2�]

Most of the time the adaptive equalizer operates in the decision
directed mode. In this case, the error between the estimated and the
demodulated symbol is defined as

εk[m] = d̃k[m] − d̂k[m] = Q(d̂k[m]) − d̂k[m], (5)

where Q(d̂k[m]) represents the hard decision to the nearest symbol
inside the same modulation alphabet used for dk[m]. In the time
instants when a training symbol is transmitted, the error is calculated
using the transmitted value instead, i.e. εk[m] = dk[m−ν]− d̂k[m].

To guarantee the convergence of the LMS algorithm, either a
training sequence has to be transmitted before the data symbols, while
the equalizer operates in the training mode, or good initial values
wk[0] and fk[0] have to be provided and the equalizer operates
in the decision directed mode. It is worth noting that most current
deployments of multicarrier systems envisage the use of scattered
pilots in a time and frequency grid. In this case the error signal can
be calculated for the pilots like in a training mode.

The filter vector is updated every half symbol duration with either
a pure real or a pure imaginary error signal. The error signal ek[n]
for the update process of the T/2 spaced filter vector results in

ek[n] =

{
ε
(R)
k [(n − 1)/2], n = 2m + 1,

j ε
(I)
k [n/2], n = 2m,

(6)

where the role of real and imaginary parts is interchanged again from
subchannel to subchannel.
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The filter coefficients are updated in the following way

uk[n + 1] = uk[n] + Δuk[n] = uk[n] + μkzk[n]e∗k[n], (7)

where Δuk[n] =
[
ΔwT

k [n],−ΔfT
k [n]

]T

We consider two possibilities for the choice of the step-size
parameter μk . The first choice is taken from the traditional LMS
algorithm, viz.

μk =
2M

trRzk

, (8)

where M is the dimensionless misadjustment parameter. It is given in
% and provides a measure of how close the filter coefficients are from
the optimal MMSE solution after the LMS algorithm has converged.
In pratice, a misadjustment of 10% gives a satisfactory compromise
with convergence speed. The estimated autocorrelation matrix Rzk

is calculated using

Rzk =
1

2B
2B−1∑
n=0

zk[n]zH
k [n], (9)

where B is the number of data symbols transmitted in one frame.
The second choice for the step-size parameter is an adaptation

of the normalized LMS based on set-membership filtering [11],
abbreviated as SM-NLMS. In this algorithm, the step-size is also
adaptive and reflects the information provided by the current data
input without needing knowledge of the input statistics. In this way
the convergence speed of a high step-size LMS and the low steady-
state MSE of low step-size LMS can be combined. The step-size for
the SM-NLMS is defined as

μk[n] =
νk[n]

zH
k [n]zk[n]

, (10)

where

νk[n] =

{
1 − γ

|ek [n]| , if |ek[n]| > γ,

0, otherwise
(11)

where γ ≥ 0 is a bound on the error signal. In(10) the step-size is
time variant.

IV. SIMULATION RESULTS

We have simulated the performance of the per-subchannel adaptive
DFE in a WiMAX framework. We have considered a transmission
bandwidth of 10 MHz and sampling frequency M/T = 11.2 MHz.
The input symbols have been modulated using 16-QAM.

We have considered two versions of the subchannel bandwidth,
i.e. two different total numbers of subchannels in the FBMC. First,
following the WiMAX standard, we have used M = 1024 with a
subchannel bandwidth of 10.94 kHz, but only 840 subchannels have
been occupied with input signals, the others had zero input. Then we
have reduced the total number of subchannels to M = 256 with a
subchannel bandwidth of 43.75 kHz and occupied 210 subchannels.
The symbol rate remains the same for both configurations. Since the
subchannels are wider for a lower M , the channel equalization is
more challenging. For that reason, we have also increased the length
of the equalizers to evaluate its effectiveness. The motivation of using
wider subchannels in an FBMC system is to benefit from a lower
sensitivity to carrier frequency offset (CFO) and to Doppler effects,
and a lower peak-to-average power ratio (PAPR).

As prototype filter we have employed a truncated version of a root
raised cosine filter with K =4 and roll-off factor ρ=0.5, since this
kind of filter is nearly Nyquist (nearly ISI free) and with that roll-off
factor only immediately adjacent subchannels overlap significantly.
A lower K would imply a higher interference between non-adjacent
subchannels.

As channel model we have chosen the Vehicular A Extended, a
variation of the International Telecommunication Union (ITU) model
used in WiMAX with a maximum delay spread of 10 μs. We have
considered a static and a mobile scenario (30 km/h).

The initial values of the equalizer coefficients at the beginning
of each frame have been calculated analytically by using the results
from [8].

Fig. 6 depicts the simulations results in terms of uncoded bit error
ratio (BER) as a function of Eb/N0 for a static scenario. For all
the curves we have used N = 3, B = 1 and both LMS and SM-
NLMS algorithms. The abbreviation “dec.-dir.” stands for decision-
directed mode of operation and pilot means that the true transmitted
symbols have been used for both error and input of the feedback filter,
but the BER has been calculated with the detected symbol after the
equalization. We can see that both equalizers perform very similar.
The SM-NLMS behaves a little worse for high Eb/N0 regimes in
the case of the dec.-dir. mode, because this algorithm realizes fewer
updates of the coefficients than the standard LMS algorithm resulting
in lower complexity.
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Fig. 6. Comparison between LMS and SM-NLMS for different number of
subcarriers in a static channel

Fig. 7 depicts the simulation results for the SM-NLMS algorithm
with different numbers of subcarriers in a mobile scenario. We can
see that even if wider subchannels are used, the equalizer is still
capable of tracking the channel variations. It is worth noting that a
longer equalizer has not shown any advantage in the framework with
the considered parameters.

Considering both decision and pilot directed adaptation an upper
and a lower limit in the expected performance has been obtained for
any scattered pilot structure.

A. Complexity Analysis

In [7] we have derived the increase in computational overhead of
the OQAM FBMC system in relation to the CP-OFDM system. We
have considered an efficient implementation of the filter banks found
in the literature there.

In OFDM the complexity is dominated by the FFT and the
equalizer contains only one coefficient per-subcarrier. The complexity
is, therefore, obtained by one FFT at the transmitter and by one FFT
and M multiplications at the receiver.

Besides one FFT at each receiver and transmitter in an FBMC
the polyphase filtering operation has to be considered. Furthermore,
the equalizer has a couple of coefficients increasing the receiver
complexity. But since only one equalizer per-subcarrier is used, that
increase is a linear function of the number of occupied subcarriers. In
addition to that, both the FFT and the equalizer operate in a T/2 cycle
in contrast to CP-OFDM, where the FFT and the one-tap equalizer
operate in a T cycle. That is the price paid by the OQAM staggering.

It turns out that an FBMC system has about five times increased
multiplications for each received symbol compared to CP-OFDM
system. The difference in the case of the DFE is that 1/2 of the
feedback filter length has to be added to the feedforward filter length
and then used as the total length of the equalizer.

It is important to mention that we have not considered the com-
putation of the equalizer coefficients in the complexity analysis.

V. CONCLUSION

In this contribution we have investigated the problem of adaptive
channel equalization in multicarrier systems. We have introduced
a modified version of both LMS and SM-NLMS based DFE, that
is adjusted to the requirements of the OQAM FBMC system. The
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Fig. 7. Comparison between different equalizer lengths using SM-NLMS,
with different number of subcarriers and for a speed of 30 km/h

equalizer operates as a fractionally spaced (T/2) equalizer in order
to compensate for ISI and ICI.

The simulation results have shown that the FBMC system is
capable of operating with wider subchannels provided the equalizer
is long enough.
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