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Part 1

Introduction

Due to environmental and economical reasons, the development and the improvement of gas turbines
by increasing the efficiency and reducing fuel consumption and pollutant formation has become more
essential than ever before. In order to meet the stringent emission requirements, modern gas turbines
are more and more operated in the lean premixed regime since lean premixed combustion offers the
potential of significantly reducing NOx emissions.

Yet, a major drawback of the lean premixed regime is that it is highly susceptible to thermoacoustic
oscillations and favors the developement of self-excited oscillations of pressure and temperature. The
self-excited oscillations increase the amplitude of the flame motion and heat release which in turn
leads to high variations in the pressure field. Many systems with lean premixed flames have expe-
rienced structural damage caused by these large pressure fluctuations resulting from the interaction
between sound waves and combustion. In extreme cases of resonance the thermo-acoustic instabilities
may lead to the destruction of the whole gas turbine. Consequently there is an important need to
better understand combustion instabilities and to be able to assess the dynamical behavior of modern
low-emission gas turbines already at the design stage. The numerical simulation of reactive flows in
the combustion chamber is an important step towards reaching these goals in modern power plants.

In this work we focus on the equations which describe the different oscillatory phenomena taking
place in the thermoacoustic system. The wave equation describing the pressure fluctuations and their
interaction with the unsteady heat release is of particular interest. Furthermore we are interested in
the chemical composition of the flow as well as the emission levels. Hence we provide the equations
describing the evolution of species concentrations. This enables us to predict the heat release variation.

One further aim of this work is to develop a model describing the thermo-acoustic feedback loop.
We are interested in a model that couples the pressure and velocity fluctuations to the unsteady heat
release and describes how the interaction takes place. Most models used sofar rely on empirical as-
sumptions and use model parameters which need to be adjusted from one application to the other.
We will focus on developing a model without any empirical assumptions or parameters and which
could be used for various configurations and combustion mechanisms. Moreover such a model would
enable us to identify the variables of interest that trigger the thermo-acoustic instabilities. In a next
step we would like to use this model to perform an analysis of the reactive flow properties in the
frequency domain. This analysis includes the determination of the acoustic eigenmodes of pressure
and temperature as well as the assessment of the combustion effects on the thermo-acoustic system.






Einfihrung

Die alarmierende Umweltsituation erfordert eine Minimierung aller aus Verbrennungsprozessen re-
sultierenden Schadstoffe. In dem letzten Jahrzehnten wurden viele internationale Abkommen zur
Minderung der Emissionen getroffen und die Forderungen an den Energieunternehmen werden immer
strenger. Besondere Bedeutung kommt den Stickoxiden (NOx) zu, die in der Troposphére die Bildung
des Ozons und des photochemischen Smogs beglinstigen. Stickoxiden tragen auch zum Abbau des
stratosphrischen Ozons bei, was die ultraviolette Bestrahlung der Erdoberfliche erhoht.

Heutzutage beruhen etwa 90% der weltweiten Energieversorgung auf Verbrennung, so dass auch kleine
Verbesserungen zur erheblichen Reduzierung der Umweltbelastung beitragen sowie zu riesigen Kosten-
und Energieeinsparungen fiithren kénnen.

Der Bedarf, Verbrennungsprozesse in Gasturbinen genauer zu untersuchen und besser zu verste-
hen, gewinnt aufgrund der alarmierenden Umweltlage zunehmend an Bedeutung. Zudem fordert
der verstiarkte Wettbewerb zwischen den Energieunternehmen eine Antwort auf noch ungelosten tech-
nischen Fragestellungen.

Um diese strengen Forderungen zu treffen, wurden magere vorgemischte Verbrennungssysteme in
den modernen Gaskraftwerken eingefiihrt. Diese ermoglichen eine hohe Effizienz sowie eine Re-
duzierung der Schadstoffen, neigen jedoch zu thermo-akustischen Instabilitdten, welche die ganze
Anlage gefahrden und enorme Schaden einrichten kénnen. Um diese Oszillationen vorherzusagen und
zu vermeiden, ist es vonnoten, den Entstehungsmechanismus der thermo-akustischen Instabilitaten zu
verstehen.

Leider sind experimentelle Untersuchungen von Gasturbinen extrem teuer und sehr begrenzt. Grofiten-
teils des Entwicklungspotentiales von modernen Gasturbinen steckt daher in der numerischen Simula-
tion der verschiedenen Vorgange, die in der Brennkammer stattfinden. Die Simulation dieser Vorgange
umfasst das Zusammenspiel verschiedener Bereichen, u.a. Thermodynamik, Strémungsmechanik,
Reaktionskinetik und Numerische Mathematik.

Ziel der Dissertation ist die Entwicklung numerischer Methoden zur Simulation der turbulenten Ver-
brennung in Brennkammern von Gasturbinen. Dazu soll ein mathematisches Modell entwickelt wer-
den, das die Kopplung zwischen den chemischen Prozessen und der thermo-akustischen Instabilitaten
beschreibt. Zudem soll die numerische Simulation im Frequenzbereich eine Vorhersage der Eigen-
moden des Systems liefern. Die Fluktuationen von dem Druck, der Temperatur und der chemischen
Zusammensetzung sind vom besonderen Interesse.
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1 Problem description

1.1 Gas turbines and power generation

A gas turbine is an internal combustion engine that operates with rotary motion. It consists of three
main components :

1. an upstream air compressor
2. a combustion chamber

3. a downstream turbine

The upstream compressor and the downstream turbine are mechanically coupled and the combus-
tion chamber lies in between. The gas turbine extracts energy from the hot gas flow produced by
combustion of fuel in a stream of compressed air.

Figure 1: Gas Turbine

The compressor draws in ambient air and compresses it by a pressure ratio of up to 30 times ambient
pressure. After being compressed, the air is then directed to the combustor section and gets mixed
with fuel and ignited in the combustion chamber, where highly exothermic chemical reactions induce
a large temperature increase. In fact flame temperatures in the combustor can reach 2000°C'. The hot
combustion gases are then diluted with additional cool air from the compressor section and directed
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over the turbine’s blades, spinning the turbine and resulting in work output [29].

Energy is recovered in the turbine section in the form of shaft horsepower. A substantial part of the
output (typically about 60%) is required to drive the internal compressor section and is hence not
available as useful work output. Through the combination of gas and steam turbines it is possible to
achieve a better efficiency such as in the Siemens GuD turbines [2] where around 58% of the work
output is transformed in electrical energy.

Gas turbines are characterized by a high horsepower-to-size ratio which allows efficient space utilization
and a short time from order placement to on-site operation. Furthermore, because of their high
reliability, cost-effectiveness and suitability for remote operation, gas turbines are very attractive
power sources.

1.1.1 Different types of compressors and turbines

The compressor and turbine sections can each be a single fan-like wheel assembly but are usually
made up of a series of stages. There are mainly three kinds of configurations : single-shaft, two-shaft
and three-shaft.

In a single-shaft gas turbine all compressor and turbine stages are fixed to a single, continuous shaft
and operate at the same speed. A single-shaft gas turbine is typically used to drive electric generators
where there is little speed variation.

In the two-shaft gas turbine, the turbine section is divided into a high-pressure and low-pressure
arrangement, where the high-pressure turbine is mechanically tied to the compressor section by one
shaft, while the low-pressure turbine has its own shaft and is connected to the external load unit.
This configuration allows the high-pressure turbine/compressor shaft assembly to operate at or near
optimum design speeds, while the power turbine rotor speed can vary over as wide a range as is
required by most external-load units in mechanical drive applications (i.e., compressors and pumps).
A third configuration is a three-shaft gas turbine : the compressor section is divided into a low-
pressure and high-pressure configuration. The low-pressure compressor stages are mechanically tied
to the low-pressure turbine stages, and the high-pressure compressor stages are similarly connected
to the high-pressure turbine stages. These low-pressure and high-pressure rotors operate at optimum
design speeds independent of each other. The low-pressure turbine stages are mounted on a third
independent shaft and form the power turbine rotor, the speed of which can vary over as wide a range
as is necessary for mechanical drive applications.

1.1.2 Different types of combustors
We distinguish between three types of combustors: silo, annular and can-annular [28].

1. the silo combustor type is one or more chambers mounted external to the gas turbine body.

2. the annular combustor is a single continuous chamber roughly in the shape of a torus that rings
the turbine in a plane perpendicular to the air flow.
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3. the can-annular type uses a similar configuration but is a series of can-shaped chambers rather
than a single continuous chamber.

No matter which type of combustor is used, an inherent problem to combustion consists in the exhaust
products and emissions [36, 46]. Some of these combustion products, in particular nitrogen oxides and
carbon monoxides, represent a major concern in the design of modern power plants. The next section
describes the formation principles of NOx emissions in gas turbines [7].

1.2 NOx emissions and causes of concern

Nitrogen oxides, or NOx, is the generic term for a group of highly reactive gases, all of which contain
nitrogen and oxygen in varying amounts. Many of the nitrogen oxides are colorless and odorless. Chief
causes of concern are that NOx reacts to form toxic chemicals which cause serious respiratory problems
(such as acid aerosols, NO, as well as ground-level ozone) and that it contributes to formation of acid
rain and to global warming. Also since NOx pollutants can be transported over long distances, NOx-
associated problems are of global consequences and not just confined to areas where NOx are emitted.
Nitrogen oxides form when fuel is burned at high temperatures, as in combustion processes. The
primary sources of NOx are motor vehicles (around 50%), electric utilities, and other industrial,
commercial, and residential sources that burn fuels [46].

The next section presents the principles of NOx formation, the types of NOx emitted (i.e. thermal
NOx , prompt NOx , and fuel NOx ), and how they are generated in a gas turbine combustion process.

1.2.1 Principles of NOx formation in gas turbines

Nitrogen oxides form in the gas turbine combustion process as a result of the dissociation of nitrogen
(N3) and oxygen (Oz) into N and O, respectively. Reactions following this dissociation result in seven
known oxides of nitrogen: NO, NOy , NO3 , NoO, NyO3 , NoO, , and NyOs. Nitric oxide (NO) and
nitrogen dioxide (NOj) are formed in sufficient quantities to be significant in atmospheric pollution.
We will use NOx to refer to either or both of these gaseous oxides of nitrogen.

There are two mechanisms by which NOx is formed in turbine combustors :

1. the oxidation of atmospheric nitrogen found in the combustion air (thermal and prompt NOx)

2. the conversion of nitrogen chemically bound in the fuel (fuel NOx ).

The mechanisms leading to the formation of thermal, prompt and fuel NOx are presented below.

1.2.2 Formation of thermal NOx

Thermal NOx is formed by a series of chemical reactions in which oxygen and nitrogen present in the
combustion air dissociate and subsequently react to form oxides of nitrogen. The major contributing
chemical reactions are known as the Zeldovich mechanism and take place in the high temperature area
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of the gas turbine combustor, i.e. in the burnt gas region behind the flame front.

No+O = NO+N
N+0Oy, = NO+O
N+OH = NO+H

Although the Zeldovich mechanism has been one of the most investigated reaction mechanism, there
is still no agreement on the choice of the rate constants of each reaction. Simply stated, the Zel-
dovich mechanism postulates that thermal NOx formation increases exponentially with increases in
temperature and linearly with increases in residence time. Hence, the introduction of cooling air into
the combustor as well as design parameters controlling equivalence ratios and residence time strongly
influence thermal NOx formation.

1.2.3 Formation of prompt NOx

Prompt NOx is formed in the proximity of the flame front as intermediate combustion products such
as HCN, N and NH are oxidized to form NOx as shown in the following equations:

CH+ N, = HCN+N
CHy+ N, = HCN-+NH
HCN,N,NH+ 0Oz = NOz+ ...

Prompt NOx is formed in both fuel-rich flame zones and fuel-lean premixed combustion zones.
The contribution of prompt NOx to overall NOx emissions is relatively small in conventional near-
stoichiometric combustors, but this contribution increases with decreases in the equivalence ratio
(fuel-lean mixtures). For this reason, prompt NOx becomes an important consideration for the low-
NOx combustor designs and establishes a minimum NOx level attainable in lean mixtures.

1.2.4 Formation of fuel NOx

Fuel NOx (also known as organic NOx ) is formed when fuels containing nitrogen are burned. Molecular
nitrogen, present as Ny in some natural gas, does not contribute significantly to fuel NOx formation.
However, nitrogen compounds are present in coal and petroleum fuels. When these fuels are burned,
the nitrogen bonds break and some of the resulting free nitrogen oxidizes to form NOx. With excess
air, the degree of fuel NOx formation is primarily a function of the nitrogen content in the fuel.
Most gas turbines that operate in a continuous duty cycle are fueled by natural gas that typically
contains little or no fuel-bound nitrogen. As a result, when compared to thermal NOx , fuel NOx is
not currently a major contributor to overall NOx emissions from stationary gas turbines.
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1.3 Thermo-acoustic instabilities

Many solutions have been proposed to reduce NOx emissions. One of the very promising methods to
reduce NOx is the lean premized combustion. This technology has been introduced in order to limit
pollutant emissions (especially NOx), and thus comply with the stringent environment norms. In a
conventional turbine combustor, the air and fuel are introduced at an approximately stoichiometric
ratio and air/fuel mixing occurs simultaneously with combustion. Conversely, a lean premixed com-
bustor design premixes the fuel and air prior to combustion. Premixing results in a homogeneous
air/fuel mixture, which minimizes localized fuel-rich pockets that produce elevated combustion tem-
peratures and higher NOx emissions [7].

Development of this technology is very active and modern low-NOx gas turbines are now widely op-
erated in lean premixed regime. Nevertheless, the use of lean premixed combustion presents a major
drawback. In fact, it decreases significantly the stability margin of the flames and makes gas turbines
more prone to thermoacoustic instabilities. Indeed, combustion instabilities have become a major
problem of concern in the conception of modern low-emission gas turbine. In the following section, we
will provide a physical description of this phenomenon and try to understand why and how combustion
instabilities occur.

1.3.1 Historical background and first observations

It has been known for scientists and engineers since a long time that the coupling between acoustic
waves and flames can lead to generation of sound and in some cases to high-amplitude instabilities.
Historically, the first documented observation of combustion oscillation was done by Higgins in the
late 18" Century through his experiments with the " singing flame”. Several researchers investigated
this phenomenon and described that it is possible to produce high levels of sound by placing a flame
(fixed on a small-diameter fuel tube) in a tube of a larger diameter. They noticed that the presence
of the flame excited the fundamental mode or one of the harmonics of the larger tube.

Later on in 1858, another very interesting phenomenon was observed by Le Conte in quite fortuitous
circumstances. He observed that the flame pulsed synchronous with the beats of a music instrument.
This phenomenon was called the ” dancing flame”. Le Conte quoted :

It was exceedingly interesting to observe how perfectly even the trills of the musical instrument were
reflected on the sheet of the flame. A deaf man might have seen the harmony !

On the other side of the Atlantic, in 1859, Rijke discovered a way of using heat to generate a sound
in a vertical tube open at both ends. He used a cylindrical glass tube and placed a metal gauze in its
lower half. While keeping the tube in the vertical position, he heated the gauze with a flame until it
became glowing red hot. Upon removing the flame, he could hear a loud sound from the tube until the
gauze cooled down. In a following experiment, he heated the gauze electrically and hence managed
to get a continuous heat supply. The generated sound became also continuous. Furthermore, Rijke
noted that the sound was heard only when the heating element was placed in the lower half of the
vertical tube.

In 1878, Rayleigh observed the interaction between unsteady heat release and sound generation [42].
He stated a necessary condition for the instabilities to occur based on a phenomenological description
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of the instabiliy. Rayleigh explained that :

If heat be periodically communicated to, and abstracted from, a mass of air vibrating in a cylinder
bounded by a piston, the effect produced will depend upon the phase of the vibration at which the
transfer of heat takes place. If heat be given to the air at the moment of greatest condensation, or
be taken from it at the moment of greatest rarefaction, the vibration is encouraged. On the other
hand, if heat be given at the moment of greatest rarefaction, or abstracted at the moment of greatest
condesation, the vibration is discouraged.

In the late 1930s and early 1940s, during the development of solid rocket motors [15] [16], combustion
instabilities caused numerous failures and led to many interrupted launches or erratic behaviors. Since
then, a considerable effort has been spent on the experimental investigation of this phenomenon to
understand the underlying mechanisms of these so-called thermo-acoustic instabilities . Also, many
mathematical models have been developed in order to find ways to reduce the magnitude of these
instabilities and mitigate their effects.

1.3.2 Underlying mechanisms

Combustion instability [15] [16] is essentially a self-excited oscillation. It is mainly due to the complex
interplay between chemical processes in the flame zone and instationary flow processes in the combus-
tion chamber. It has been long recognized as a problem in continuous combustion systems [17]. As
a matter of fact, it is important to note that the thermo-acoustic oscillations are not a menace in all
industrial applications. For example, ramjet engines strongly depend on the presence of such sustained
oscillations. However, in most technical applications, particularly in gas turbines, these instabilities
are highly undesirable. In fact, they are manifested by large pressure variations as well as growing
heat release. These can lead to serious mechanical failures, high levels of noise [12]. In some cases, it
can lead to uncontrolled burn and heat tranfer possibly resulting in component melting and decrease
of efficiency.

In gas turbines the thermoacoustic instabilities are generated by the coupling between the unsteady
heat release and the pressure oscillations. Both of these subprocesses are affected by each other, re-
sulting in a tightly closed feedback loop. The interplay acts in both directions : the heat release from
the combustion of the reactants produces sound and affects the acoustics of the system by generating
instability waves [15], 16]. Due to fluid dynamic effects, these waves amplify and finally break down
into small-scale perturbations which affect the heat release dynamics, thus closing the interaction loop.
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Figure 2: Thermoacoustic system

As described by Rayleigh in 1878, if the heat release is out of phase with the pressure, the system
is stable. However, if the heat release is in phase with the pressure, then the closed-loop mechanism
becomes unstable and may lead under favorable circumstances to the degradation of the engine per-
formance and the shortening of component life.

In the recent years, the thermoacoustic instability problem has gained importance and is becoming
more relevant due to the new restrictions on emissions and the ever-growing high-power requirements.
As combustion is very sensitive to the interaction between chemical kinetics and fluid mechanics [I§],
we need to understand the flow processes that describe the evolution of the physical quantities within
the combustion chamber, as well as the chemical processes responsible for the production of energy
which eventually maintains or enhances the thermo-acoustic oscillations [17].

In an active combustion chamber, many processes take place, interact and contribute to the global
dynamics of the thermo-acoustic system, such as transport and diffusion processes, fluid dynamics [1§],
acoustics, wave reflections [I1], chemical kinetics, flame kinematics [9], heat transfer [5] [6], fuel/air
mixing and injection dynamics, as well as atomization and vaporization phenomena [7]. These pro-
cesses interact in many different ways and take place at very different time and length scales. The
complex coupling and the large scale range make an accurate description and a detailed modeling of
such a system impossible with the currently available computing ressources.

Hence, we wil be focusing on the two dominant mechanisms that contribute to combustion instabil-
ities, namely heat release dynamics and acoustics [23]. Our objective is to provide a mathematical
model for the combustion dynamics in form of a system of partial differential equations that describe
the acoustics and gas dynamics [I1], as well as the heat release dynamics and chemical kinetics. Using
computational methods to solve these equations numerically, it is possible to predict the evolution of
the main flow variables such as acoustic pressure and velocity as well as the variables that influence
the heat release dynamics.
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Part 11
Mathematical Modeling

2 Navier-Stokes equations

2.1 Continuity equation

Conservation of mass [31] states that mass can neither be created nor destroyed. It can only be moved
from one place to another, that is if mass increases somewhere then it must decrease somewhere else.
Let us consider a fluid flowing through a volume 2 during a time interval [¢1,t5]. Then, a statement
of conservation of mass for this flow reads

change in total mass in Q0 in time interval [ty, to]

net mass passing through boundaries of Q0 in time interval [ty, 5]

Let p(x,t) denote the mass per unit volume and v(z, t) the velocity of the flow. If Q) is a one-dimensional
pipe, say [a, b], then this statement is written mathematically as

/ o(x,15) = pla, ty)]lde = — / [o(b, (b 1) — pla, tyo(a, )]de (1)

t1

p(x,t)v(x,t) denotes the time rate of mass flow past point z. Thus fab p(x,t)dx is the total mass in
[a,b] at time ¢t and fttf p(x,t)v(x,t)dt is the total mass passing x in time interval [ty, t5].

In standard fluid mechanics terminology [I8], the mass per unit volume p is called density, and the
timed rate of flow of any property through any surface called flux. So pv is the instantaneous mass flux
and fttf p(b,t)v(b,t)dt represents the total mass flux through the surface x = b during time interval
[t1,ta].

The arbitrary spatial region [a, b] is called control volume. Similarly, the region in the x-t plane defined
by [a,b] and [t1,ts] is called space-time control volume.

We extend this result to the three-dimensional case and consider a finite control volume © € IR?. At
a point of the control surface 02, the flow velocity is v, the unit normal vector is n and dS denotes
an element surface area. The conservation of mass in €2 in the time interval [t1, 5] reads

/Q (Pl 1) — pla, t))dv = — / 2 / ) (V(s.1) e s 2)

Remark : By convention, the unit normal vector n points out of the control volume. As a result, we
have :

e if the scalar product (v e n) is positive, the mass flow leaves the control volume : we speak of
outflow.

e if the scalar product (v e n) is negative, we speak of inflow.



2.2 Momentum equation 12

2.2 Momentum equation

Conservation of momentum states that only three factors can change momentum, and these consist
in redistribution, conversion of momentum to or from energy and force. So, if momentum decreases
somewhere, it means that either momentum or an equivalent amount of energy increases somewhere
else, or a force is acting. The statement of conservation of momentum [31] reads

change in total momentum in Q in time interval [tq,1s]

net momentum flow through boundaries of Q in time interval [ty,ts)
+

net momentum change due to forces acting on the control volume Q in time interval [ty,ts]

We distinguish between two kinds of forces acting on the fluid :

1. external forces or body forces :
These forces act directly on the control volume itself such as gravitational, buoyancy, Coriolis,
centrifugal or eventually electromagnetic forces.

2. surface forces :
These forces act directly on the surface of the control volume. They are the result of :

e the pressure distribution imposed by the outside fluid surrounding the control volume, or

e the shear and normal stress due to friction between the fluid and the surface of the control
volume.

If we sum up all these contributions, the momentum conservation in the pipe [a, b] takes the form

b to
[ olasta)otants) = ottt = = [ lotbt10%0.0) = pla O(a )t

+ / ’
_ / (b, ) — pla, )] dE + / r(,t) — (a,D)dt (3)

t1 t1

b
/ p(x,t) fe(x, t)dxdt

where p(z,t)v(x, t) represents momentum per unit volume and p(z, t)v*(z, t) denotes the instantaneous
momentum flux. Then fab p(z,t)v(x,t)dx is the total momentum in [a, b] at time ¢, fttf p(z, t)v?(x, t)dt

is the total momentum flux past x in time interval [¢;,ts]. f; p(x,t) fe(z,t)dz is the contribution of

the external forces f. to the momentum conservation. fttf p(z, t)dt is the total momentum change at
to

z due to pressure in time interval [t1,t5]. [,

[7(b,t) — 7(a,t)|dt represents the effect of viscous stress
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on the boundary.
The extension of this result to the three-dimensional case yields

/Q (@ )V (@, 1) — plas t)v(z, 1)lds = — /t 2 /8 ol V(5. (V. 1) e )dSi

N /: /Q o2, D) f. (1) daedt

to
t1

_ /:/mp(s,t)ndetJr/ (7(s,t) em)dSdt  (4)

7 denotes the viscous stress tensor of second order.

Remark : The equation of momentum is the same in reactive and non-reactive flows. Although this
equation does not involve explicit combustion terms, the flow is modified by the chemical reactions. In
fact, the density p as well as the dynamic viscosity change dramatically across the flame front, which
leads to a proportional increase of velocity [9]. So even though the momentum equations are exactly
the same with and without combustion process, the behaviour of reactive flows is very different.

2.3 Energy equation

Conservation of energy states that energy changes due to one of three factors which are redistribution,
conversion of energy to or from momentum, and conversion to or from some other form of energy,
heat or work of forces acting on the volume. So, if energy increases in one place, either energy or an
equivalent amount of momentum must decrease someplace else, heat is produced or work is done. The
conservation of energy can be written as

change in total energy in Q in time interval [ty ts]

net energy flow through boundaries of Q0 in time interval [t, 5]
+

net enerqy change due to heat or work of forces on € in time interval [ty,ts]

For the mathematical formulation of this statement we introduce some important variables :

e the specific internal energy e which denotes the energy per unit mass contained in the microscopic
motions of the individual fluid molecules,

e the specific kinetic energy %|v|2 which denotes the energy per unit mass contained in the macro-
scopic motion of the whole fluid,

e the specific total energy E is the energy per unit mass stored in both microscopic and macroscopic
motion and hence total. It is obtained by adding the internal energy per unit mass, e, to the
kinetic energy per unit mass %|U|2. Thus, the expression for the total energy is

Eot) = e(n.1) + %|v|2(x,t) (5)
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The contribution of the heat flux into the volume may take two forms :

1. diffusion of heat due to molecular thermal conduction : the diffusive flux is proportional to the
gradient of the internal energy and is equal A\VT', with A standing for the thermal conductivity
and 7" the absolute static temperature.

2. volumetric heating due to chemical reactions, or due to absorption or emission of radiation. We
will denote these heat sources [6]- the time rate of heat transfer per unit mass- as ). The volume
sources are obtained by the sum of the heat sources to the work done by the body forces that

will be denoted by f..

In addition to the heat flux, the surface forces also contribute to the energy equation. Their contri-
bution consists in the pressure and shear and normal stresses on the control surface.
We summarize these effects in the equation of conservation of energy [31] which reads

b t2
/[p(:c,t)E(x,t)],ffdx: — /t [p(b,t)v(b,t)E(b,t) — p(a,t)v(a,t)E(a,t)|dt

+ /: /abp(x,t)fe(a:,t)v(a:,t)da:dt

_ / (b (b, £) — pla, o(a, B)]dt + /t (b, )b, 1) — 7(a, )o(a, )] dt

t1

B 9T(bt)  OT(a,t) t2 b
+ /tl Al or Oz ]dt+/tl /QQ(:L*,t)dxdt
(6)

pE is the total energy per unit volume, and pvFE is the instantaneous total energy flux. Then we can
interpret the integrals fab p(x,t)E(x,t)dx as the total energy in [a, b] at time ¢, fttf p(x, t)v(z,t)E(x, t)dt
as the total energy flowing past x in time interval [t, t5], and fttf p(z, t)v(z, t)dt as the pressure work,
i.e. the total energy change at z in time interval [ty, t5].

The extension of these results to the three-dimensional case yields
to
[pteoE@ i =~ [ [ ol 0BG v(s. 0 e masi
Q t Joo
+ / /pxtfea:t v(z,t)dzdt

Q

— / /pst st)ondet—l—// T(s,t) e v(s,t)) en)dSdt
G) o0

+ //)\VTstondet—l—/ /thdwdt
)

(7)
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For a compact version of the previous equation we introduce two new variables :

e the specific enthalpy h = e + % which is the sum of the energy per unit mass found in the

microscopic motions of the fluid molecules, e, and the potential energy per unit mass stored by

compression, %

e the specific total enthalpy H = h + ”—22 which is the total energy per unit mass stored in the
microscopic and macroscopic motions of the fluid plus the potential energy per unit mass stored
by compression.

Using the total enthalpy, we get an equivalent equation of the conservation of energy
to
/ (2 12) Bz ta) — pla, 1) Bla, t1)]do = — / / p(s, ) H (5,1)(v(s, 1) ® n)dSdt
Q t1 JoQ
1152
+ / / p(z,t) fe(z, t)v(z, t)dxdt

t1 Q
n /: /BQ(%(s,t) o v(s,1)) o n)dSdt

+ /t ’ /a A(VT(s.1) e m)asdr + /: /Q O (e, t)dudt
(8)

2.4 Conservation form

In this section we present an other form of the Navier-Stokes equations, which is known as the
differential form or the conservation formof the Navier-Stokes equations [I3]. This form has been
used in a lot of simulation programs. It is less general than the integral form since it is assumed that
all flow variables are differentiable in time and space. In the presence of discontinuities or shocks,
special care is needed to resolve the fronts and one has to consider the integral form of the Navier-
Stokes equations.

To show how to deduce the differential form from the integral from of the Navier-Stokes equations,
we consider the conservation of mass.

Supposing that p(x,t) is differentiable in time, we have then

to a
(@, ts) — p(x, 1) = a—’;dt (9)
t1

Similarly if p(z,t) and v(z,t) are differentiable in space, we have

b
p(b,t)v(b,t) — p(a,t)v(a,t) = / %dx (10)
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Assuming reversibility of space and time integrals, the conservation of mass takes the form

[ LG

Since this equation holds for any a,b,t;,ts, the integrand must be zero :

dp  O(pv)
o Ton

=0 (11)

=0 (12)

Similarly we obtain the differential forms of conservation of momentum and of energy.

2.5 Navier-Stokes equations
2.5.1 One-dimensional flows

For essentially one-dimensional flows the conservation of mass, momentum and energy are written as

dp  O(pu)
a—i— or 0 (13)
d(puw)  O(pu®) Op _ Or
o " or Tow ~ aw PF 14
I(pE)  O(puE + up) our  Jq
= - — F 1
o T on gr oa T PMETE (15)

In some cases, it is more practical to use instead of one of the following two equations. These
equations are equivalent : the first one accounts for the conservation of enthalpy
O(pH) O(puH) Op Our Oq

o T e ot o 5L TPUFTE (16)

whereas the second one represents the temperature equation

T ) 1 (D :
opT)  dpuT) 1 (Dp @_@JFQ
ot ox

Dt Tax ox (17)

In the one-dimensional version of the Navier-Stokes equations, the stress 7 and the flux ¢ are expressed
in terms of velocity and temperature gradients as

4 Ou ar
T—g oz’ Q——)\% (18)

2.5.2 Three-dimensional flows

In the three-dimensional case the stress tensor 7;; and the heat flux ¢; have different expressions

B Ou;  Ouj 2 Oug B or
T”_“(axﬁaxi) L P v

(19)
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To simplify the notations we introduce the scalar m and the vector M defined by

m:M:T:Vu and Mngij:VoT (20)
al‘j 8%»
With this short-hand notation, the 3D Navier-Stokes equations take the form
%—l—Vo(pu) =0 (21)
0
(g:)‘i‘v'(Pu@ll)—i-Vp = M+ pF (22)
J(pE
%+V-<<pE+p>u> = m—Veq+tpueF +Q (23)
The equations of conservation of enthalpy and temperature are given by
o(pH
(gt>+V0(pHu) = m—Veq+pueF+Q (24)
a(pT) 1 (Dp du;
— T = — | =47 - 25
T + Ve (pTu) - Dt+T]8xj Veq+Q (25)

2.6 Equation of state

The thermodynamic state of a physical system is well-defined by three thermodynamic properties,
such as pressure, mass and internal energy. All other thermodynamic properties can be expressed
as functions of these three by means of the equations of state. When using specific quantities, i.e.
expressing all quantities per unit mass, we eliminate one variable, namely the mass, since mass per
unit mass is always one. Thus the specific thermodynamic state is well-defined by two specific ther-
modynamic properties -for example, density and specific internal energy. All other specific properties
can be determined with the specific equations of state [5].

For ideal gases, the equation of state known as the ideal gas law gives a relationship between pressure,
density and temperature. The ideal gas law for the species ¢ reads

R

Pi = Py (26)

p; and p; represents the partial pressure and density of species 7, W; denotes the molecular weight of
species 7 and T the temperature. R = 8.314J.K ~1.mol~! is the universal gas constant.

In a multicomponent flow, the mixture molecular weight W is obtained from the molecular weight W;
of each of its components and reads

Lolyr X @
W_'Os:1W5_s:1W3
Dalton’s law states that for ideal gases the pressure of a gas mixture is equal the sum of the partial
pressures of the gases of which it is composed. This yields the equation of state of the mixture [20]

N,
: R
p=>Y p=p—T (28)
s=1 W
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The second equation of state for ideal gases relates the internal energy e to the temperature 7'
de(T) = ¢,(T)dT (29)

where ¢, is called the constant volume specific heat. An equivalent expression is given for the internal
enthalpy h
dh(T) = ¢,(T)dT (30)

where ¢, is called the constant pressure specific heat.
The ratio of specific heats is the adiabatic exponent v and is given by

=2 (31)

Cy

The gas constant R, the adiabatic exponent v and the specific heats ¢, ¢, are related in many forms

Cp = CU+W (32)
_ T R

@ T L Taw (33)
1 R

S 34

“ T oW (34)

Inserting one of these relations in the ideal gas law, we obtain a equation relating the pressure p to
the internal energy e

p=(y—1)pe (35)
Further, we deduce that the total energy E of an ideal gas has the following expression
1 p 0?2
F=—=+— 36

Yet another important equation is the one defining the speed of sound. It is the speed at which
small disturbances propagate through the flow measured relative to the movement of the flow. For an
isentropic flow, we have

2= {@] _ry (37)
ap S=const P
2.7 Pressure equation
Lemma : If the entropy S is defined through the relation
_ p
S =c, 1n(5) (38)
then the pressure satisfies the relation
op  Op ou DS
- £ — = (v =1 pT— 39
5 T Ug T W5 = (1= 1T, (39)
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Proof : The two first terms in the pressure relation represent the total derivative of p. In fact,
we have 5 9 D
p p P
bt £ 40
ot - Yor T Dt (40)
Using the continuity equation, we show that
ou 1,0p dp 1 Dp
(£ Ly = 41
ox p(8t+u8:1:) p Dt (41)
Therefore, the third term is proportional to the total derivative of p and we obtain
dp = Op du Dp ~pDp
— — — = - =— 42
ot +u(9x +’yp8:c Dt p Dt (42)
Using the identity provided by the ideal gas law and the definition of the heat capacity c,
p=(v— 1>pch (43)
the right-hand side of the previous equation takes the form
dp op ou 1Dp ~Dp
— — — = - 1pe, T(—— — —— 44
5 Ve T Py (v = 1)pc (th th) (44)
Dln(p) _Dln(p)
= 1)pc, T — 45
(v =DpeT (=5~ —7—p; ) (45)
D
= (v=DeT5; (Cv In( 2 )) (46)
DS
= —1)pT— 47
(v =T, (47)
]
Remark : in the one-dimensional case the entropy satisfies the equation
Ds Our Oq
T—=——-— F 4
PL Dt ox 8$+pu e (48)
As a consequence of the previous lemma we obtain the following pressure equation
Dp ou our  0q
= — = (v =1)("— — = F 4
D T 5, = (VDG — o +ruF+Q) (49)
2.8 Temperature equation
We simplify the right-hand side of the momentum equation
Apu)  O(pu®) Op ou dp  O(pu) ou  Op
— = p— — 4+ — — 4+ — 50
o o tar - Pa e e ) T (50)
=0
Du  Op
= p=— 4 2r 51
"Dt * Ox (&)
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and rewrite the momentum equation in the form
Du 0Op Ot
L2 )a 52
"Di * Jor O Tr (52)

As shown in the previous section the internal enthalpy is related to the temperature through h = ¢, T’

therefore it is possible to find a temperature equation equivalent to the enthalpy equation.

Lemma : the temperature satisfies the following equation

DT ou oTu dq or

— — =(— F—— —u(=— + pF
Py TP, =1 T oul = o+ Q) —uls -+ pF) (53)
Proof :
DT  Dp or DT dp Ot Jdp
—_— - F+u— = — —— 4+ — 4+ pF)— = 4
Py~ TP gy = ey tulg b B g, (54)
DT Du  Op
= P TP T b (55)
Dh 1Du?_  0Op
= Aot T (56)
DH Op
— =t PP 57
Dt ot (57)
Inserting the continuity equation on the right-hand side of this equation, we obtain
DT Dp or OH dp  O(pu) OH Op
—_— - — F+u— = p—+H(=—+ —+= —_— - — 58
Poor T De M T e o PG o e T (58)
H H
ot Ox ot
The obtained term represents the right-hand side of the enthalpy equation
J(pH) O(puH) Op Our 0Oq
it A B § Ja
ot o ot o ox PUETC (60)
Hence we have
DT  Dp or our  0q
—_— - F+u— = ——— F 1
Popr ~ e TP T g or ox TPUOT @ (61)
DT Dp ou Oq
- _ == - ;= _ =2 2
P Dr "Dt T Tor ox ¢ (62)
The pressure equation tells us that
Dp ou dur  0q
EWLVP%—(V—l)(a—x—%—Fqu%—Q) (63)
This yields the following temperature equation
DT ou oTu dq or
— — =(—— F—— —u(=— + pF 64
Py T 105, = W5 T oul = o+ Q) —u(g -+ pF) (64)
|

Remark : in the context of gas turbines [10], the impact of body forces is very limited and will be

neglected in the following (F' = 0).
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3 Chemistry and reaction kinetics

3.1 Stoichiometry and Flammability Limits

A stoichiometric mixture is the chemically correct air/fuel ratio for complete fuel and oxygen reaction.
For most hydrocarbon fuels the stoichiometric air/fuel by mass is in the range 14/1 ~ 15/1. If the
air/fuel ratio is greater than 15/1, the mixture is lean or has excess air and this is the normal situation
in gas turbines. But, if the air/fuel ratio is less than 15/1, then the mixture is rich or has excess fuel.
Furthermore, the equivalence ratio ¢ is defined as the ratio of the actual fuel consumption to the
theoretical stoichiometric fuel consumption for the same air supply. In air/fuel ratio it is

(Air/Fuel)stoichiometric

= (Air/Fuel) fiame

(65)

The flame temperature is strongly dependent upon the equivalence ratio ¢ [32]. An equivalence ratio
of 1 corresponds to the stoichiometric ratio and is the point at which a flame burns at its highest
theoretical temperature [9].

Combustion is said to be fuel-lean (¢ < 1) when there is excess oxygen available. Conversely, com-
bustion is fuel-rich (¢ > 1) if insufficient oxygen is present to burn all of the available fuel.

In practice, it is not possible to vary the equivalence ratio arbitrarily. In fact, there exist flamma-
bility limits which define the range where flame propagation is possible. As shown in figure , the
flammability limits [14] are :

e the lean limit, i.e. the least amount of fuel in air that will propagate a flame, and

e the rich limit, i.e. the maximum amount of fuel in air that will support a flame.

rich blow-out

equivalence ratio ¢

stoichiometric
peak velocity

lean blow-out

combustor gas velocity

Figure 3: Range of burnable equivalence ratios versus combustor gas velocity
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For flame stability, these flamability limits represent a vital information since the aim of a lean-burn
well-mixed low NOx gas turbine is to burn as close to the lean flammability limit as possible [9]. All
hydrocarbons are represented by the generic chemical formula C'H, with y being the hydrogen/carbon
ratio. Let n be the carbon number (e.g. n = 1 for methane) then the generic formula is

e for alkanes y = 2 + 2 =, (e.g. y = 2.67 for propane)
e for naphtenes y =2 — 2, (e.g. y = 1 for ethylene)

e for aromatics y =2 — 2, (e.g. y =1 for benzene)

The simplest fire reaction is between C'H, and oxygen
C’Hy+a02 —>bCOQ+CHQO (66)

The atom balance yields the value of the coefficients a, b and ¢

a=1+— b=1, c_g (67)
Hence, the oxygen/fuel ratio by volume is 1+ ¥ and the fuel concentration by volume is 5 +y Using
the molecular weight of C'; H and O, we convert this quantity from volume to mass ratios
2W, 32+ 8y
(O/F)mass - (O/F)vol X o = (68)

We+yWy 124y

As we are usually more interested in combustion in air, all we have to do to convert the O/F ratio to
A/F ratio is use the fact that there is around 21% oxygen in air by volume, corresponding to 23% by
mass. Hence for a general hydrocarbon C'H,,, the air/fuel ratio is

1
21%

1 3248y
23% 12+ vy

)
(A/F)oat = 5757 (145) s (A/Fhmass = (69)
A stoichiometric mixture of fuel and oxidant is one in which the amount of oxidant present is just
sufficient to completely oxidise the fuel. As an example, we consider the reaction between methane
and oxygen :

The stoichiometric oxygen to fuel ratio is 2 by Volume and 4 by mass. Using the formula above yields
the stoichiometric air to fuel ratio by volume (7 and by mass 6(7

3.2 Chemical species equations

In reactive flows the medium consists of many chemical species which interact with one another
inducing a change in the composition of the flow. As we are interested in this detailed chemical
composition we need to determine the evolution of each species present in the flow [22].
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We achieve this by writing the continuity equation for species X and taking into account the chemical
reactions taking place as well as the diffusion process

dps
ot

+Ve(psu)=Ve (pDSV%> + ws (71)

ps denotes the density of species X, D; its diffusion coefficient and wy its chemical production rate.
To quantify the chemical composition of the flow, we also use the mass fraction of species s given by

Ps
Y, = = 72
P ( )

The total density p equals the sum of the partial densities p;. Hence the mass fractions Y, sum to 1 :

Ns
d vi=1 (73)
s=1

Taking the continuity equation for the total density p into account

dp B
§+V0(pu)—0 (74)

we note that the conservation law for the species X simplifies to

p (‘?f tue vys) — Ve (4D.VY)) + 0, (75)

3.3 Balance laws

A chemical reaction involves one or more substances, called reactants, that react to produce other
substances called products. As the reaction proceeds, some chemical species are depleted while others
are formed. This process is governed by certain laws which can be expressed in mathematical terms
[8]. One of the assumptions made in chemical kinetics is the preservation of the number of atoms, i.e.
atoms are neither created nor destroyed. For example, if there are n atoms of carbon present before
the reaction begins, then there will be the same number n of atoms of carbon during all stages of the
reaction. To illustrate this, we take the following reactions which take place inside some automobile
catalytic converters based on the oxidation reaction of C'O, hydrocarbons and H,

200+02 — 2002
203H6+9 02 — 6002—|—6HQO
2H2+OQ — 2H20

Note the conservation of the atoms of C'; H and O in each of these reactions.
Suppose a moles of A react with b moles of B to produce ¢ moles of C' and d moles of D

aA +bB — cC +dD
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Let N4, Ng, N¢, Np represent the molar amounts of the chemical species in the reaction and let V' be
the volume occupied by the reaction mixture. Thus the reaction rate [25] of the species A is expressed
as

mya —va Y =y G WY

where [A] = %, p4 is the partial density, W, the molecular weight of species A.
Assuming the reaction volume V' does not vary in time, the rates of change of the concentrations of

LdNy _ 1d o 1(dVA Vd[A])

A and B are then given by

diA] ~_ d[B]

at P T Tar

Since the number of atoms is conserved, the rates at which C' and D are formed are directly related
to the rates at which A and B are depleted.

Considering only the species A and C, it is true that for every a moles of A that react, ¢ moles of C'

ra =

are produced. Thus the rate of change of C' is ¢/a times the rate of change of A. Since [A] decreases
and [C] increases, the signs are reverted and the mathematical expression reads

die] _ _cdlA]

dt a dt

Reasoning the same way with any pair of species we conclude that

C1dA__1dB]_1dC]_1dD]

a dt b dt c dt  d dt

3.4 Law of mass action

Based on experimental observation, but also explained by collision theory, the law of mass action
states that the rate of an elementary reaction (at a constant temperature) is proportional to the
product of the concentrations of the reactants.

We consider the following reaction
X+Y -7

and introduce the reaction rate coefficient k£ as a constant of proportionality. Then, according to the
law of mass action, the rate of change of [X] is given by

dX]

o = (XY

Applying this principle to a reaction where two molecules X combine to build X5
X + X — XQ

we obtain the rate of consumption of X

diX] _
dt
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The factor 2 appears because two moles of X are consumed.
This reasoning may be extended to our first reaction

aA+bB—-cC+dD

and the time rate of consumption/formation of [A], [B], [C], [D] by the forward reaction are then

@%Sf——ahMHmb

(%), = watarisy

dt
(%), =c waris
(%?L —d RylAPBP

For every elementary reaction, it is in principle possible that the reaction proceeds in the backward
direction as well. Assuming that C' and D react to form A and B, we may write

aA +bB «— cC +dD

The time rate of consumption/formation of [A], [B], [C], [D] by the backward reaction are then

(%)b = a k[C]°[D]"

(%?L — b kD)

(%?L — —¢ R[CYD]

(%?L — —d R[CF[D)

The subscript b denotes here the backward reaction and k; its rate coefficient.
So, the net rate of change is given by the sum of the forward and backward time rate

% - (%) + (%) — —a ky[AP[BP +a k,[C)[D)
:( )f*( ) — b Ry [AF[B] + b R [CID]?
=@§L+@§L:=c@wwwwmwmd

= (50 +(50), = @ warsr - amicripy
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Written in matrix form, the reaction kinetics for the species (A, B,C, D) are
[A] a -1
alm|_ 11| (kA -
dae | [C] | 1 -1 ky[C)°[ D]
D] d -1
0.8 T T T
— A
—B
—c
06— —D
<
g 04 =
8
0.2+ ]
0 1 1 1
o] 0.25 05 075 1

time (s)

Figure 4: Time evolution of the concentration of species A, B, C, D

3.5 Reaction rate coefficients

On the basis of statistical thermodynamics [5], it can be shown that the temperature dependence of
the rate coefficients follows a modified Arrhenius law

kg (T)

ko (T')

By
AT exp =T

Ea
AyT™exp (— R;)

The steric factor 7"/t is due to the fact that few collisions between reactive molecules have the
correct geometry to react. FEf, represents the activation energy, i.e. the minimum energy needed
for the reaction to occur. Ay, is the collision frequency, precisely the frequency of collisions between
two molecules in the proper orientation for reaction to occur. The value of Af; is determined by
experiment and will be different for every reaction. R is the universal gas constant.
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-
-

Energy Coordinate

Activation Energy for
Forward Reaction

Reactants A+B

Products C+D

o

Reaction Progress Coordinate -

Figure 5: Barrier that must be overcome before forward reaction can proceed

Remark : An important consequence of the temperature dependence of the reaction rate coefficients
is that if the reactions taking place are not thermally neutral, and/or if the temperature is varying
due to the effect of an external source, then the system no longer describes the correct reaction
kinetics, and needs to be extended to include an equation accounting for the change of temperature
due to the endo- or exothermicity of the reaction, or due to external effects.

3.6 Chemical source terms
3.6.1 Single-step reactions

We consider an elementary reaction containing an arbitrary number N, of reactants and products
N, Ns
g vi X; = v; X
j=1 j=1

V]f and 1/;’ are respectively the stoichiometric coefficient for the forward and the backward reactions of
species X ;. Further we introduce v; := ij — V]f .
We define the reaction rate of the forward reaction, {2, respectively the backward reaction, (2, by

QO = ky H[Xs]”f
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The time rate of change due to the forward and the backward reaction of any species participating in

L) - (85 -
)5 () o

Thus, the net reaction rate for the s-th species, also called chemical production rate, reads

the reaction is then

d)s = WSV5<Qf—Qb)

= Wk =) () [T — Ro(T) f[[xj]”j]

= Wk =) | T = b H(V’;—)] ()

where W, denotes the molecular weight. Furthermore, the chemical heat release of the given reaction
reads

N,
Qc = - Z hgws (78)
s=1

with h? the specific heat of formation of species X, [26].

3.6.2 General reaction mechanisms

Generalizing these results to more complex reaction mechanisms is quite straightforward. In fact, a
multicomponent mixture in which N, chemical reactions take place may be written in the form

N Ns

f . b _
E vi X, = vegXs, =1+, N,
s=1 s=1

where 17 is now the matrix of the stoichiometric coefficients for the forward reactions, v® is the matrix
of the stoichiometric coefficients for the backward reactions. Ny denotes the number of species.

The source term in the transport equation of species X is the chemical production rate of that species.
It is obtained as a sum of the contributions of every reaction in which the species X is involved [26]

Ny
ws = W Z(VST - Vg'r)QT (79)
r=1

In this relation, 2, denotes the rate of the r-th reaction

Ns N,
b

Q, = ky(T) [T1X)7 — k(1) T 1X)7 (80)

s=1 s=1
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and the Arrehnius coefficient is provided for each reaction by the relation

E'(T)= AT exp (_753’) (81)

The chemical heat release of the whole reaction mechanism reads
. NS
Qe=—_ hl, (82)
s=1

The chemical heat release is a source term in the energy equation and couples the chemical reactions
to the flow internal energy [25].

Example : Kinetics of the Zeldovich mechanism for NO

We consider the Zeldovich mechanism which describes the formation of thermal NO. It basically
consists of three reactions.

Reactionl : No+0O = NO+ N
Reaction2 : N+0y = NO—+O
Reaction3 : N+OH = NO+H

Each of these reactions has two experimentally determined rate coefficients for the forward and back-
ward reaction. We will denote these reaction rates ki, ks and ks and use f and b to indicate the
forward, respectively the backward reaction. The formation kinetics of thermal NO is described by

d[NO]

—— = K/ [O][No] + K [N][Os] + K{[N][OH] — K{[NO][N] — k[NOJ[O] — k5[NO][ H] (83)
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4 Acoustic system

4.1 Reynolds Averaging

At any point in an unsteady flow all physical variables fluctuate with time even though their average
may remain constant. A very useful approach to study this instationary system is to decompose each
flow variable Z(z,t) into

e a mean part denoted Z and

e a fluctuating part Z'(z,t)

such that
o

The mean value Z is obtained by an averaging procedure and can be a function of time and/or space.
In fact, we distinguish between three different forms of averaging :

e Ensemble Averaging :
The average value is obtained through the mean of a sum of realizations or experiments

Z(z,t) = lim %Z Zn(z,t) (85)

The obtained average is still a function of time and space.

e Spatial Averaging :
In this case, the mean variable is uniform in space but is allowed to vary in time. It is obtained
through an averaging over the control volume V'

2(t) = % /V Z(x, t)dx (86)

e Time Averaging :
to+AT

Z(x) = lim — Z(x, t)dt 87
@)= gm [ 2 (87)

Since the mean value varies only in space and does not depend on time, we call it steady state

or stationary state.

In practice, AT — oo means that the time interval AT should be much larger than the typical

time scale of the fluctuations.

Remark : In this thesis, we are primarily interested in the assessment of the thermo-acoustic insta-
bilites. As these instabilities are mainly triggered by the unsteady pressure and heat release oscillations
[2], we will restrict in the following to the time averaging. A common terminology used to denoted
the unsteady pressure is the acoustic pressure.
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Figure 6: The acoustic pressure is the difference between total and time-averaged pressure
By definition, unsteady terms are obtained from the difference between total and mean terms
b

The following rules will be useful while deriving the Reynolds-averaged Navier-Stokes equations.
Let Y and Z be two flow variables, e.g. density p, velocity u or pressure p and s be one of the
independent variables z,y, z or ¢, then the averaging rules are

Z = Z (89)
Y+Z = Y+Z (90)

YZ = YZ (91)

0z 07

ve _ 92 92

95 95 s € {z,y, z,t} (92)

Also, we should note that the average of the product is generally different from the product of the
averages

Y- Z#+Y -Z (93)
Furthermore we assume that the fluctuations are much smaller than the steady-state variables
|Z' (z,t)| < |Z(z)] V x,t (94)
The fluctuating terms Y’ and Z’ obtained through this averaging procedure satisfy
7' =0, but in general Y'Z’ # 0 (95)

A further assumption is that the product of any two fluctuations is negligible. As a consequence all
equations will be linear in the instationary terms.
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4.2 Linearization

In the following we will use the Reynolds time averaging and split all variables appearing in the
governing equations into two parts : steady-state and acoustic such that

pla,t) =p(x) + p'(x,t) | u(z,t) = u(z) + u'(z, )
p(z,t) =p(2) +p'(z, 1) | T(x,t) = T(x) + T'(z,1) (96)
Yz, t) =Y(z) +Y'(2,t) | w(z,t) = w(z) + &' (z,1)

As a consequence the governing equations will also be split into two sets :

e a set of equations for the steady-state part and

e a set of equations for the instationary acoustic terms.

To illustrate this we take the continuity equation as an example. Inserting the Reynolds-average
ansatz in the continuity equation leads to

; o =
Paveim-os{ 00 e o

ST
Note that the term V o (p'u’) was neglected since it includes the product of two acoustic variables.
As a second example, we consider the chemical species equation. Since we are only interested in
the instationary part of the mass fraction, we insert the Reynolds average ansatz in the conservation
equation of species X, and neglect all nonlinear terms (in addition to the term V e (oD, VY,)) [8].
We obtain the following equation for the unsteady mass fraction Y

/

oY’
g P e VY 4 eVY,+pueVY, = Ve (pD,VY))+w. (98)

Since p’ < p this equation simplifies to

Y! 1 1
8823 +ueVY/+ueVY, = %V o (7D,VY]) + —w

W (99)
Inserting this ansatz in the pressure, velocity and temperature equations provides equations for the
steady-state variables [24] as well as for the instationary terms.

The steady-state variables are much easier to obtain than the acoustic variables. In fact, there are
many reliable experimental techniques as well as computational methods available to determine the
values of the steady-state variables. In the following we assume that the steady-state variables have
been obtained either from measurements or previous steady-state simulations [3]. We focus on solving
the equations for the acoustic variables.

We write the linearized equations for the acoustic pressure, velocity, temperature and chemical species

/

0
a—lz—l—ﬁOVp’+u’0Vﬁ+’y(z_9Vou’+p’V0ﬁ) =(y—-1)(m'+Ve(AVT)+ Q")
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ou’ ! 1 1
aUtl (e V)u (0 e V) E (e VU4 V) = oM

he)

hs

! /

T — — —
at —i—ﬁoVT’—l—u’oVT—l—p:ﬁoVT—l—_l(ﬁVou’—irp’Voﬁ) = _l(Vo()\VT’)+Q’+m’)—(ﬁoM’+u’oM)

P D pCp PCp
Y! - 1 !
aats +Ue VY +u e VY, = =V e (5D, VY/) + =i,
0 P

4.3 System equations

In the context of gas turbine applications it is physically well-justified for the computation of the
eigenmodes to assume that :

e U =0 : low Mach number assumption [3]
e Vp =0 : this is the typical case in a gas turbine combustion chamber [10]

e M,m =0 : we neglect the effects of dissipation in the eigenmodes [33]

Due to these three assumptions the acoustic system equations simplify to

8/
SV ed = (- 1)(Q+Ve(AVT)
ou 1_,
ot —i—I%Vp = 0
' !/ sl 71_9 / ’y / !
T4+ 22 - T
T +u' eV +pcpvou ﬁcp(Q + Ve (AVT)

!

oY, —
P ats +pu’' e VY, = Ve (pD,VY])+ .,

In the sequel the source term will be denoted with S := Q'+ V e (AVT").
Since all these equations are linear we assume a harmonic behaviour of the instationary variables and

separate the time dependence out as

Y(x,t) = Pa)e ™ (100)

The function ’(Z)(ZL‘) is implicitly a function of w. Yet this is considered a parametric dependence and
is suppressed. Using a Fourier-synthesis over frequency of these time-independent solutions ¢ (x), it
is possible to recover the full time-dependent solution i (x, ).



4.3 System equations 34

For all instationary variables we consider harmonic oscillations at frequency f := =

2m
Plat) = R(p(x)e™) (101)
u'(z,t) = R(a(x)e ™) (102)
T'(z,t) = R(T(x)e ™) (103)
Yi(e,t) = R(Y(x)e™") (104)
Sz, t) = R(S(x)e ™) (105)
Definition : We define the Fourier transform F of a function y = ¢(z,t) by
Flola 0] = o) === [ la.tyeta (106)
Further, the inverse transform is defined by
1 o ’
Fp(z,w)] = f(t :—/ bz, w)e ™ dw 107
[Pz, w)] = f(1) Jor _0090( ) (107)
Then, the following rules hold for the Fourier transform
Flap(x,t) +bi(z,1)] = aFlp(x,t)] + bF[P(z,1)]
Fle™ (@, )] = (~iw)"Flp(z,1)] (108)

Applying a Fourier transform is equivalent to inserting the harmonic ansatz in the acoustic system
equations and it yields

~

—iwp+pVet=(y—1)S
1
—wi + :Vﬁ =0
P
—iwl +0eVT + Ve =--8
PCp PCp
— iwpY, + pi e VY, = V e (9D, VY,) + w,

Combining these partial differential equations, we obtain an explicit relation between the velocity and
the gradient of pressure and eliminate the velocity mode shape from the remaining equations.

Ve (V) +wlh = (y—1)iwS
iwpl = Vp
w2 pe,T +c,VT o Vp = iwS + w?p
WwpY, +VY,eVp = iwVe (ﬁDSVYS) + iwwy

These partial differential equations are given in the frequency domain and describe the coupling
between acoustic pressure, velocity, temperature as well as the chemical species which account for the
heat release. To complete these equations, one needs to specify the boundary conditions applied to the
system. In fact these play a major role in determining the mode shapes. In the next section we present
the different boundary conditions that could be applied to the system in real-world applications |2} 28].
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4.4 Boundary conditions

For the boundary conditions the flow variables of interest are the acoustic pressure and the acoustic
velocity. In theory it is possible to have some boundary conditions for the acoustic temperature and
species which are different from the homogeneous Dirichlet conditions. However this does not appear
in practical applications. Hence we focus on the four boundary conditions on acoustic pressure or
velocity that are of particular interest for gas turbines.

4.4.1  Zero normal velocity

This condition is used in the case of fully rigid walls or of reflecting inlets where the velocity of the
flow is imposed. Hence the outer normal component of the acoustic velocity is set to zero.

uen=0 (109)
Due to the relation,
1
wp

it becomes clear that expressed in the frequency domain, this condition corresponds to a Neumann
boundary condition on the modes of the acoustic pressure:

my

Let I'y be the part of the boundary 9€) on which we impose this condition. Noteworthy is that there
is no phase change in the pressure waves at I'y.

4.4.2 Imposed pressure

This condition is suited for open walls or fully reflecting outlets, i.e. outlets where the pressure is
imposed to the flow. In this case, the pressure perturbations have to be zero. Therefore it corresponds
to a Dirichlet boundary condition on the pressure fluctuations. Let I'p be the part of the boundary
0f) where we impose

Plr, =0 (112)

In the frequency domain, this boundary condition is still of Dirichlet type for the acoustic pressure

modes p. In this case, the phase change in the pressure waves at the boundary is .

4.4.3 Interface boundary condition

—

At an interface, a hyperplane of equation H(§) = 0, separating two media M; and M, of different
density p1, p2 and wave speed c1, ¢y, we impose the continuity of the pressure fluctuations as well as
the continuity of the normal component of velocity

{ E zi((fj) (113)
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where n is a normal to the interface. For a one-dimensional wave these conditions are equivalent to

AE=) — Bt
{ Lé@ pﬁ@ (114)

pic1  Ox paca Oz

4.4.4 Impedance boundary condition

In acoustics the reflection and transmission properties of interfaces and walls are characterized by
their impedance coefficient Z which relates the pressure to the normal velocity component in the
frequency-domain

~

p
Uen

7 = (115)

We interpret this condition as a linear combination of a Dirichlet and a Neumann boundary conditions.
In fact the previous equation is equivalent to

Z(Vpen) —iwpp =0 (116)

Using the reduced impedance z defined by the following expression
z=— (117)

we may rewrite the impedance boundary condition as

w
2(Vpen) —i—p=0 (118)
c
There is a physical interpretation of the impedance boundary condition. In fact the impedance
coefficient Z is usually a frequency-dependent complex number

Z(w) = o(w) +is(w), with p,¢ € R (119)

where p(w) and ¢(w) denote respectively the frequency-dependent resistance and reactance.

The resistive part o represents the various loss mechanisms an acoustic wave experiences. Resistive
effects remove energy from the wave and convert it into other forms. This energy is then irreversibly
lost from the system.

The reactive part ¢ represents the ability of the boundary to store the kinetic energy of the wave as
potential energy. For example, air is a compressible medium and stores kinetic energy by compression
and rarefaction. The electrical analogy for this is the capacitor’s ability to store or release electric
energy. By reactive effects, energy is not lost from the system but converted between kinetic and
potential forms.
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Part 111

Modes of the thermo-acoustic system

5 Homogeneous Helmholtz equation

By neglecting the combustion source terms we get a purely acoustic system where the pressure mode
shapes satisfy the homogeneous Helmholtz equation

Ve (VD) +w?p=0 (120)

In this system the presence of the flame is still taken into account by the steady-state field of density,
sound speed and temperature. However the unsteady flame interaction with the acoustic variables is
not taken into account.

In this case the temperature modes are obtained by a linear combination of p and Vp

A 1 1 —
PCp 2

or equivalently a linear combination of p and @

~ 1 |
pCyp w
It is possible to further simplify the system by neglecting the presence of the flame and assuming
a spatially-constant sound speed. As a consequence the pressure modes will depend only from the
geometry of the combustion chamber. The elliptic operator simplifies to the Laplacian and we recover

the standard form of the Helmholtz equation with the wave number £ := ¢

AP+ k*p =0 (123)

We want to compute the eigenmodes of this system by considering different combinations of boundary
conditions. To simplify the notation we consider in a first step the one-dimensional case.

5.1 Eigenmodes of the 1D Helmholtz equation

We are interested in the mode shapes of a one-dimensional tube of length L denoted Q = [0, L]. The
mode shapes are the solutions of the following Helmholtz equation

B+ k=0 (124)

Hence the acoustic modes represent the eigenfunctions of the second-order spatial derivative 92,. The
analytic solution for the eigenfunctions is provided by the following ansatz

p(x) = Ae’* + Be ™" (125)
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Its spatial derivatives take the form

Pz) = ik(Ae™™ — Be™™) (126)
Pl(x) = —k*(Ae™ 4 Be ™) = —k*p(x) (127)

The solution is the triplet consisting in the wave number k£ and the coefficients A and B. To each
wave number we find pairs of coefficients A and B which are equal up to a multiplicative constant.
The solution is determined through the boundary conditions and through the geometry which is in
the one-dimensional case through the length of the domain.

Example: we consider a one-dimensional tube [0, L] with the following boundary conditions :

e a Neumann boundary condition at the inlet

p'(0)=0 (128)

e a Dirichlet boundary condition at the outlet
p(L) =0 (129)
These two requirements are equivalent to
A=DB & ¢ +1=0 (130)

The wave numbers k which satisfy this condition are given by

1\ 7
k=(j+=-)%. jeN 131
(J+2)L, je (131)

The corresponding eigenmodes are then

p;(z) = cos ((] n %) %az) . jeN (132)



5.2 Eigenmodes of the 3D Helmholtz equation 39
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Figure 7: First three eigenmodes corresponding to 7 = 0 (blue), j = 1 (green), j = 2 (red)

The most general case is provided by impedance boundary conditions at both ends
20p'(0) +ikp(0) =0 & zpp'(L) —ikp(L) =0 (133)

To get non-trivial solutions we require that z # 1, which means that we have a domain of finite length
and hence exclude transparent boundary conditions.The coefficients A and B are related through the
relation

(A+ B) + 2(A—B) =0 (134)

and the wave numbers &k are solutions of

gokr _ 1 H 2014 2p

= 135
1—201—ZL ( )

5.2 Eigenmodes of the 3D Helmholtz equation

The extension of these results to the three-dimensional case is possible. The wave number k is in this

case a vector in IR?
k= (k. k, k.)! eR® (136)

We make the following ansatz for the eigenmodes p
ﬁ(m, Y, Z) = wx(x)wy(y)wz(z) (137)
Inserting this ansatz in the Helmholtz equation

Ap+k*p=0 (138)
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yields the following relation

Vi + atby s + Yathy bl + (K2 + k) + k2)athyth. = 0 (139)

Dividing this equation by p yields
" " " ) ) )
D o +k, +k;=0 (140)
¢% ¢@ ¢z
By splitting this relation into three equations with appropriate boundary conditions, we reduce this
three dimensional problem into three independent one-dimensional problems and solve them as shown
in the previous section. We illustrate the procedure through the following case.

Example : let us consider the computational domain Q = [0, L,] x [0, L,] x [0, L] with

e Neumann and Dirichlet boundary conditions on the xr—axis :

9%

z=0

e Neumann boundary conditions on the y—axis :

=0 (142)
y=Ly

y=0
e Neumann and impedance boundary conditions on the z—axis :

9

z

z=0

+p(r,y, L) =0 Vay (143)

z:LZ

The solutions for the wave numbers k,, k, and k, are

. 1\ 7
k. = (]—1‘5)3,

LT
ky = ]Ea

o1\ 7
k. = (J‘i‘z)z

The eigenfunctions corresponding to these eigenvalues have to satisfy the boundary conditions and
are given by
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Hence the eigenmodes for the three-dimensional problem read

1 1
p;(z,y, z) = cos <(j + 5) W%) - COS (jﬂ'[%) - COs ((] o Z) FLiz) , €N (144)

Since the Helmholtz equation is linear in p, the full solution of is obtained by a linear combination of
the functions p;.

Remark : If any or all of sides of the box tends to infinity, the eigenvalues, i.e. the wave numbers,
bunch up and the eigenspectrum becomes continuous.

5.3 Orthogonality properties of the eigenmodes

Lemma : We consider the homogeneous Helmholtz equation
Ve (VD) +w’p=0 (145)

defined on €2 with the following boundary conditions on 0Q =T'p UT'y UT'r :

on the Dirichlet boundary I'n :  p =10 (146)
on the Neumann boundary I'y : Vpen =10 (147)
on the impedance boundary I'r : Z(w)(Vpen) + iwpp =0 (148)
Provided that
Lp=10 (149)
or
3C:Tr — R such that Z(z,w) =iC(x)w Vrelp (150)

then the set of eigenmodes is orthogonal.

Proof : Let (py,wn) and (p,,w,) be two distinct eigenpairs of the Helmholtz equation defined
on  with boundary 02 =I'p UI'y UT'r. Then, we have

i [V = = [ Ve @Vppav (151)
Q Q
= / (Vpm @ Vp,)dV — [ p;(Vpy, e n)ds
Q o0
= [0V @V + [ T em) = (T e s
Q o0
= wy’ / PmPpdV + / (Vi en) — ¢l (Vp,, e n)ds (152)
Q 1s)9)

This equation is equivalent to

(W2, — w'?) / PPy dV = / Epm(Vpl em) — pf (Vp,, e n)ds (153)
Q o0
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If the boundary conditions are of homogeneous Dirichlet or Neumann type only, i.e. Q2 =Tp Uy ,
it is clear that the right-hand side of the previous equation is zero because

on FpUly : p(Vp;en) =0 for {i,j} C {m,n} (154)

This means that if 02 = I'p U Ty then the eigenmodes of the Helmholtz equations are orthogonal.
However, in the presence of impedance boundary conditions,

Z(wg)(Vpy en) + iwppr = 0 (155)

the right-hand side of the previous equation is not zero anymore and takes the form

gk

W W .
(w2, —wi?) / PnpdV = / (o + )PPl ds (156)
Q I'r

“(wn)  Z(wm)

In the presence of impedance boundary conditions, the eigenmodes p,, and p,, are orthogonal if

*

w w
d T = r 1
Z(wm) + 7% (wn> 0 on F ( 57)

The necessary condition for all eigenmodes to be orthogonal is that there exists a real-valued function
C : I'r — IR such that for all eigenfrequencies w

Z(z,w) =iC(x)w Vrelp (158)

6 Acoustic eigenmodes in 1D

Our objective is the study of the propagation of acoustic waves in a one-dimensional domain, e.g. a
tube of length L denoted ©Q = [0, L]. Assume that an acoustic energy source is placed at the tube
inlet. The acoustic waves produced by such a source travel through the tube until they reach the
other end. Depending on the outlet configuration, some part of the waves is transmitted throug the
boundary while the remaining part reflects back into tho tube in form of traveling acoustic waves.
These reflected waves interact with the incoming waves to produce standing or stationary waves.

To investigate this phenomenon, we will assume in a first step that the density p as well as the sound
speed c are constant along €. In a second step, we consider that €2 consists of two neighboring media
M; and M, having different density and sound speed.

6.1 Homogeneous medium

Without loss of generality we take as a computational domain Q = [0, L]. We assume that the domain
is homogeneous and that the density p and the sound speed ¢ are constant in §2.
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In the absence of source terms the acoustic pressure p/(x,t) and the acoustic velocity u/(z,t) satisfy

('3p 50U’
— 1
e + pc? e 0 (159)
ou/ 8p
— 1
"ot Tor = (160)

By combining these two equations we note that the wave equation is simultaneously verified by the
acoustic pressure and velocity

a2p/ 02 /
_ 0 161
a2~ Ba2 (161)

a2u/ 82 /
_ 0 162
oz~ © a2 (162)

To solve these equations we introduce the variables £ and 7 defined by

E=x+ct,n=x—ct (163)

By applying the chain rule in the acoustic pressure equation (161]), we obtain
82p/

= 164
dEam (164)

which means that p’ is the sum of two functions f and g depending respectively from & and 7 :
P, t) = f(§) +9(n) = f(z+ct) + g(z — ct) (165)

The physical interpretation of this result is that the acoustic pressure is a superposition of a left- and
a right-traveling wave with constant wave speed c¢. The same applies for the acoustic velocity u/'.
Moreover, we introduce the wave number k and wave frequency w related to the wave speed by the

relation "
c= (166)
It is then easy to show that for all eigenvalues k; of the Helmholtz equation
Ap; + k2p; =0 (167)
the pressure and velocity terms, p] and u , defined by
P; a,t) = etk (168)
W t) = ie“—wtikm (169)

are solutions of the wave equation.
Due to the linearity of the problem (161]j]162)) the acoustic pressure p’ and velocity u' take the form

P(z,t) = p'(z,t)+p (2,1) (170)
_ Z A;”e’i(*w]’t“rkjﬁ) + Z Ajfei(fwjtfka) (171)
J J
u'(x,t) = ut(z,t) —u (x,t) (172)
o 1 + Ji(—wjt+kjx) i(—wjt—k;x)
- - ; Ate — Z Are (173)

where A;r and A} are resp. the amplitude of the right- and left—running wave with frequency w;.
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6.2 Two neighboring media

In this section we assume that €2 consists of two neighboring media M; = {z < £} and M, = {{ < x}.
The interface is located at x = £. Each of the media M; and M, has its own density p; and wave
speed ¢; and hence its own acoustic impedance Z; = p;c;,j € {1, 2}.

pz, C2 = const

M

2

Figure 8: The domain ) consists of two homogeneous media M; and M,

We solve this problem by considering each domain apart and use the analogy of the first case.
On M; the acoustic pressure and velocity satisfy the wave equation

8217/' 262]?/‘
at; -G 03:2] =0 (174)
o, 0%,
@t; —c; 3x2] =0 (175)

The continuity of the acoustic pressure and normal velocity at the interface reads

{ pf(é‘,t)‘i‘pl_(g?t) = p;(g,t)"‘pg(fvt) (176)

7 P& - (0] = 7 P& —p (& 0)]

In matrix form the interface condition is written as

= s (177)
(Z% % ) p3 (&) 7 7 ) \ (&)

Since the characteristic impedances Z; = pic; and Zy = pacy are strictly positive we may invert the
matrix on the right-hand side and obtain the following system

pl_ (57 t) _ 1 Z2 - Zl 2Zl pf(&? t)
b — t (178)
ps (§:1) Zy+ 2y 272y 21— Zy Py (€,1)
The wave traveling from M; into M,, called incident wave w’, is not totally transmitted to the

neighbor domain. In fact, depending on the reduced impedance %7 a portion w' of the incident wave
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is transmitted through the interface into the second medium whereas the remaining part w” is reflected
back into the first one.

3
P; » — P +
—p2—>
r
- [e—P - )
-
I I I >
0 § L
Figure 9: Reflected and transmitted wave at the interface
Hence we have at the interface {z = £} between M; and M, that
_ Zy — 22, _
t) = T )+ ———= ¢ 179
Py (§:1) \Zg—i-lel (3 z—i_\Z?—i_leZ (&t) (179)
pi(&:1) P5(&t)

This enables us to define the reflection factor at the interface, denoted R, which is the ratio of the
amplitude of the reflected wave to the incident amplitude

o pi(&t)  Zy— 274
=1 -
pl (é-at) Z2+Zl

(180)

Similarly we define the transmission factor 7' (from M, into M;) which is given by the ratio of the
amplitude of the transmitted wave to the amplitude of the incident one

et 27,
p; (5, t) Z2 + Zl

Tzﬂl = (181)

The relations between right-running and left-running waves at the interface are summarized in the

()=, ) () sy

Three cases are particularly noteworthy :

following equation

e in the limit case ‘%‘ — 00, the impedance boundary condition is equivalent to the Neumann
boundary condition : the incident wave is identically reflected at the rigid wall (R = 1 and
T=0),
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e whereas in the case g—f — 0, the impedance boundary condition reduces to the Dirichlet boundary

condition. We hence have a reflecting wall (R = —1 and 7" = 2) : the incident wave is fully
reflected but with a sign change.

e In the case of an impedance match, i.e. % = 1, then there is no reflection (R = 0) and the
waves are transmitted identically (7" = 1) as it is the case for perfectly matched layers (PML).

These results are summarized in the following table

boundary condition mathematical reduced reflection transmission Example
expression impedance g—f factor R factor T’

Dirichlet p=20 0 -1 2 open wall

Impedance match Vpen —ikp =10 1 0 1 PML

Neumann Vpen =0 00 1 0 rigid wall

6.3 Case studies
6.3.1 Rigid-wall inlet and open-wall outlet

We consider a rigid wall at the inlet and an open wall at the outlet (equivalent to a fully reflecting
outlet). We would like to find the pulsation number w of the acoustic modes in this duct.

= - i
= pz, C2 = const = |
k=) L oy
0 d O
MZ
1 I 1 >
0 3 L
Figure 10: Rigid wall at inlet and open wall at outlet
Acoustic modes on M,
The pressure modes of the subdomain M; satisfy
Pz, t) = Af itz L A-pil-hiz—wh) (183)

The Neumann boundary condition at the inlet is

op}
o= 4
oy la=0 =0 (184)
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Hence the reflection factor Ry is 1, which means that the amplitudes A and A; of the incident and
reflected waves are equal. Consequently the pressure and velocity modes take the form

pi(zr) = 2A7 cos(kix) (185)
A+

Gy(x) = 2i— sin(k) (186)
pic

Acoustic modes on M,
On M, the pressure modes are given by

p ( ) A—‘,— k’Q(J} L UJt _I_A 6 kQCC L) Wt) (187)

At the outlet we have the Dirichlet boundary condition

ph(L,t) =0 (188)
which implies for the reflection factor R,
i—; =Ry =-1 (189)
Then the pressure and velocity modes are
pa(z) = 2iAF sin(ko(x — L)) (190)
Ug(z) = 2A—;r cos(ko(z — L)) (191)
P2C2

Continuity conditions and pulsation number
The continuity of the acoustic pressure and normal velocity at the interface x = ¢ reads

Af cos(2€) = iAysin(2(€— L))
{ i sin(2e) = ;:; cos(£ (€ — L)) (192)

The continuity conditions written in matrix form are

cos(2€)  isin(2(L-€) \ (AT s
< ey SIN(2€) - co s(2(L - ¢)) ) ( Af ) =0 (193)

To get nontrivial solutions we require that the determinant of the matrix vanishes. Therefore we are

interested in the pulsation numbers w which make the matrix singular. The pulsation numbers are
solutions of these equations

o (2L — e ) sin (o) = P s (“e ) cos (P — o)) =
- (CZ(L 5)) (le) p2C2 (015) <02(L O) 0 (194)
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6.3.2 Impedance wall at both ends

We consider a one-dimensional duct consisting of two parts having different density and sound speed.
We assume impedance walls at left and right boundary . For the well-posedness of the problem, the
domain has to be of finite dimension, which implies that we exclude the case of impedance match, i.e.
R # 0 at both boundaries.

Q Q
& =
— — o
- g = fgﬁ +
o 0=
E £
1 I 1 »
0 § L
Figure 11: Impedance condition at both boundaries of €2
Acoustic modes on M,
The acoustic pressure is given by the general formula
pll (1,7 t) — Aii-ei(kla:—wt) + Al—ei(—klx—wt) (195)
At the inlet an impedance boundary condition is imposed
op
Zo=— |z=0 —1wpp(0) =0 196
08n| o — iwpp(0) (196)
The amplitude of the reflected and the incident wave are related through the reflection factor Ry
AT Zy — picy
R ==_"" 197
AT " Zo+pa (197)
The pressure and velocity modes are then
pi(z) = Aj[Ro *" + e 7] (198)
AT ) .
i (z) = —[Ry e®* — e h17] (199)
p1c1
Acoustic modes on M,
On M, the acoustic pressure is given through
pé(1,7 t) — A%—ei(kz(l‘—L)—wt) + A2_€i(_k2(I_L)_Wt) (200)
We impose an impedance boundary condition at the outlet
op S
217 o=, — iwpyp(L) =0 (201)

on
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The amplitude of the reflected wave is related to the incident wave through the reflection factor R,

Ay 21, — p2C2
2 R, =2 2 202
A; g 21, + paco (202)
The pressure and velocity modes are then
Pa(w) = AJ[e"0H) 4 Rpemhetmb] (203)
Al . ,
122(33) _ 2 [ezkg(x—L) . RLe—zkg(x—L)] (204)
P2C2
Continuity conditions and pulsation number
Written in matrix form the continuity conditions at the interface z = ¢ read
Ry ek1€ 1 g—ikig etk2(§=L) 1 R p—ik2(¢-1) AT .
( 1 [3% (i€ _ gmitig] L [gika(e=0) _% e~ik2(6-D) < Ai ) =0 (205)
pic1 0 p2C2 L 2

For non-trivial solutions the determinant of the matrix has to vanish. This implies the folllowing
frequency equation

prer(Ry €5 4 e 58 (@5 6D _ Ry o) — (1 5ED LR TG EDY (R (5 _ i)

6.4 General Case

In the previous subsections, we showed how to determine the eigenmodes of a duct consisting either
of one homogeneous medium or of two media separated by an interface. However if we want to solve
the problem of the eigenmodes for a more realistic case, we need a method to find these eigenmodes
in a duct where there is an arbitrary evolution of p(x), ¢(z) and T'(z).

The idea is to recursively divide the domain 2 into subintervals such that the flow variables can
assumed to be constant in each subinterval. Hence solving the problem on €2 consists on applying the
procedure described in the previous section to each pair of subintervals.

By dividing the interval Q to N subintervals M, .., My, we get 2N wave amplitudes {A], A; }iz1 n
where A and A; are respectively the amplitudes of the right-running and left-running wave in the
subinterval M;. To obtain the acoustic modes of the system, which correspond to its standing waves,
we require that all these 2N unknown amplitudes are different from zero.

To obtain a complete system of equations, we need to find 2N relations coupling these amplitudes. In
the case of N subintervals there are (N — 1) interfaces which means 2(N — 1) continuity conditions.
The two boundary conditions, i.e. at inlet and outlet, provide the two remaining equations.
Remark : The subintervals do not need to be of the same size. Since the steady-state variables are
known, the intervals can be adaptively refined or coarsened such that the evolution of the stationary
flow variables is well resolved.
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7 Combustion source terms

By neglecting the source terms in the previous section we reduced the complexity of the problem and
could easily compute the mode shapes of the acoustic variables. However, these mode shapes are not
accurate enough to yield a reliable assessment of the dynamics of the thermo-acoustic system since
they do not take into account the unsteady effect of combustion [34]. For a better assessment of the
dynamic behaviour of the system it is necessary to consider the coupling between unsteady flame
and acoustics. In this section we will investigate the coupling between unsteady heat release and the
acoustic variables [35].

7.1 Flame transfer functions

In order to eliminate the combustion oscillations, it is important to understand the fundamental mech-
anisms of the burner system. This guides the engineers at a very early stage on how to make a redesign
of the critical components or to increase the acoustic damping at the appropriate locations, or even
apply active control techniques to suppress the instability. To achieve this goal, it is necessary to
identify the dynamics of the system by examination of the flame transfer function.

The analysis consists in considering the combustion chamber as a dynamical system apart, with the
fluid dynamical properties of air and fuel inflow being its input variables. The output variables of
interest for this dynamical system are the heat release rate, the outflow mixture fraction as well as the
temperature. Generally, the system is linearized since the scope of the analysis is the determination
of the growing and decaying modes when their amplitudes and rates of change are small. The analysis
could be performed on discrete-time or continuous-time signals. In the last case, the flame transfer
function can be described as the ratio of the Fourier transform of the output of the system, to the
Fourier transform of its input variable. As an example of flame transfer function it is possible to
consider the ratio of the unsteady heat release at a fixed position in the combustion chamber to the
fluctuations in air inflow rate.

To determine the transfer function it is necessary to know the performance of the combustor in
the time domain. By means of experiments the characteristics of several burner systems have been
assessed. The response of the flames to different imposed acoustic perturbations have been measured
and investigated.

Unfortunately, experimental sutdy of burner systems is not always feasible. Not only are they ex-
pensive and time-consuming but also prone to high pressure and high temperature rises which dam-
age the hardware. Nowadays more and more studies are performed using numerical simulation and
computational fluid dynamics. Simulation provides a flexible tool which is widely used to analyse the
system dynamics at different operation points.

Bohn performed a numerical simulation of the burner system to determine the transfer function. Af-
ter a steady-state solution is determined, the mass flow rate is changed suddenly. The frequency
response to this disturbance represents the dynamic behavior of the flame. Dowling et al. [51] used
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numerical simulation to calculate the unsteady flow in the combustor. Through calculations of the
forced unsteady combustion resulting from the specified time-dependent variation in the fuel and air
supplies, they identified the main source of the unsteady heat release. By forcing harmonically at a
specified frequency, they determined the transfer function between the heat release rate and the air
inflow rate. In a more recent paper, Zhu, Dowling and Bray investigated the transfer function through
time-dependent simulations of the combustion process. They compared four different methods which
are the use of harmonic forcing frequency, infinite impulse response, the random binary signal and the
sum of sinusoidal signals. The transfer functions are determined as a function of the acoustic frequency.

In addition to numerical simulation, intensive research has been made using analytical techniques
to obtain the transfer function. For Bunsen-type flames, the interaction with an acoustic field is stud-
ied analytically by Fleifil et al. in [23], where the flow field is described by a Poiseuille flow and the
profile is assumed to be undistorted by the flame. The motion of the flame is determined by using the
G-equation and a constant burning velocity.

Burner-stabilized flat flames have been thoroughly investigated in the works of Van Harten et al,
Buckmaster and McIntosh and Clark [34]. Raun and Beckstead, McIntosh and Rylands used the
flame/acoustic transfer functions to investigate Rijke tube oscillations. In [35] McIntosh studied
flames that are anchored to a burner plate and pointed out that it is important to determine the the
significant change in the phase of the velocity of the acoustic disturbance to identify the conditions of
resonance. The change in velocity is governed by a velocity transfer function which depends on the
type of flame and on the geometry used. In his study McIntosh exploits the largeness of the activation
energy and the smallness of the Mach number to find an analytical expression for the transfer func-
tion. The analysis is based on the exact asymptotic solution of the governing equations with one-step
chemistry and provides relations for the velocity fluctuations through the flame. Thus for any combi-
nation of flame and tube, a prediction of the change in velocity of the acoustic disturbance across the
flame region can be made and an estimate given as to the growth or decay rate of a particular mode.
Furthermore the developed theory might be applied to predict where the flame should sit in a constant
length tube in order to cause the largest amplification of the flame noise. The obtained results indi-
cate that the most significant growth always occurs when the flame is in the lower quadrant of the tube.

In a more recent paper, Rook and de Goey [44] studied numerically the interaction of burner-stabilized
flat flame with acoustic waves. The study is restricted to the regime with low Mach numbers and
relatively low frequencies. The flame model is based on flames with a rigid internal structure, in
which the effect of reactions on acoustic distortions is determined by linearized quasi-steady relations.
By comparing the numerical results, the authors concluded that the one-step model and the skeletal
model predict a similar behavior for the acoustic response. Furthermore they pointed out that for an
accurate prediction of the acoustic response of burner-stabilized flames at relatively low frequencies
even a simple chemical reaction scheme is useful.
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7.2 Relation between combustion and velocity

We consider a reactive gas flowing [20] across a one-dimensional duct of length L in which a flame is
stabilized at x = £. The flame represents an interface between two sections M; and M.

On M, the part of the duct upstream the flame, the gas is cold and unburnt and has a sound speed
¢1, a temperature 7; and a density p;. Downstream the flame on M, the gas is hot and burnt and
has a sound speed ¢, a temperature T, and a density po [19].

Flame

pz, cz’Tz_ const

M

2

Figure 12: Flame zone represents the interface between unburnt and burnt gas

Therefore the mean variables p,¢ and T are essentially constant along € except for a step change at
the interface . Therefore we may describe the mean variables through a Heaviside function H(-). In
particular the mean temperature T takes the form

T(x) =T+ H(x—&)(Ty, —T,) (206)
and the continuity of steady mass flow is expressed through
Pru1 = Polia (207)

Furthermore we assume the gas to be ideal and that the mean flow pressure p is constant along the
duct

R _
p=p=T 208
P="ry; (208)
By combining these last two results we obtain a characteristic ratio which we denote ©
P Uy T
o =P1_T_224 (209)
py  ur T,

We assume the flame to be stabilized at = £ and ignore the local boundary layer at the flame front.
This means that the combustion process and the flame zone are spatially localized at the interface &

Q'(z,t) = ¢'()é(x = §) (210)
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where ¢’ denotes the heat release rate per unit area and §(-) denotes the Dirac delta function.
In this case the equations for unsteady density, velocity, temperature and pressure on M; are given by

9s. 95
R (211)
x
ou. oy,
B BT 212
oT! ou', ,
Pty TP = (1—-1)Q (213)
P, = 0T (214)

To obtain the matching conditions between the two domains M; and M, we consider a small control
interval which includes the flame front that we denote I = [(7,&T] = [£ —¢,& + €], for € — 0.

The first matching condition is that the acoustic pressure is continuous across the flame [19)

p/(ff,t) :p/<f+,t) (215)

Assuming the jump of density to occur in a very thin layer we integrate the unsteady density equation
and obtain the second matching condition

52ul(€+7 t) = plu/<§_7 t) (216)

The third matching condition relates the jump of the unsteady velocity to the heat release.
Lemma : At the interface the jump condition for the unsteady velocity reads

(e ) — (6,8 = L1 q () (217)

Proof : the pressure equation is given by

op _ou' ,
o +7p8_x =(v—1)Q(z,1)

We integrate this equation over the control interval I = [£7, 7]

¢ op _ou & ,
/ [E + WP%} dr = (y—1) . Q'(w,t)dx

Since vp = const, we obtain for ¢ — 0 the following jump condition of the velocity

W€ ) — (€ 1) = ”7—;14@)
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We remind the relation between mean flow variables and summarize the three matching conditions at
the flame front

py Uy T
py U T4
PE ) = P 1) (219)
u'(€t) = eu'(¢,1) (220)
-1
WED) = e+ () (221)
The last two conditions describe the unsteady velocity near the flame and are equivalent to
O ~v-1
") = ———(t 222
W(ELD) = g a0 (222
e-1_, _
qt) = ﬁwu'(ﬁ t) (223)

The last equation shows a proportionality between the heat release rate ¢/(t) and the unsteady velocity
upstream the flame «/({7,¢). By rearranging the proportionality factor, we are able to deduce a
physical interpretation of this relation. In fact, using the definition of the heat capacity at constant
pressure ¢, and the upstream sound speed ¢

v R
o =

R _
e 78 and & = VWTI (224)

we rewrite the expression for the coefficient © to get

T
o = =2 (225)
T,
Ty —T,
- (226)
Ty—T
= 1+ (y-— 1)%% (227)
1
Since the upstream sound speed ¢; is also given by
&=,/ (228)
P1
the unsteady heat release rate takes the form
¢(t) = prepuy (€7, 1)(T2 — Th) (229)

Remark : Ty — T represents the temperature jump across the flame. Hence, the physical interpreta-
tion of this equation is that the unsteady heat release is proportional to the unsteady mass flow rate
into the heating zone, i.e. pyu}({,t), and to the heat input required to raise the mean temperature
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from upstream temperature T to downstream temperature Ty, i.e. cp(TQ —T).
Written in matrix form the jump conditions for the particular case above are

cos(, €) i sin(%(L—g)) Af e
< sin(££)0  —- cos(2(L —¢)) ) ( A} ) =0 (230)

p1 c1

The frequency equation is obtained by setting the determinant of the matrix to zero, i.e.

VO sin(2€) sin( (L — £)) — cos(—€) cos(= (L — €)) = (231)

&1 C2 C1 Co
Remark : If there is no combustion (¢’(t) = 0), hence no temperature jump (T'y = T';), the parameter
O equals 1 and we get the same equations for the pulsation w obtained for the case without combustion.

7.3 Modeling the unsteady heat release

We want to compute the eigenmodes of the combustion chamber taking into account the effect of
combustion. Since all the acoustic variables are unsteady terms, only the effect of unsteady heat release
needs to be considered in the Helmholtz equation. The effect of stationary heat release is already taken
into account in computing the steady state of pressure, density, sound speed and temperature fields
[19].

The total heat release due to combustion is given by negative the sum over the reaction rate times
the heat of formation of every species

N
==Y hl, (232)
s=1

By definition, unsteady terms are obtained from the difference between total and stationary terms.
Using this property, the unsteady heat release is given by

Q= Q= Qo=—> o+ > 1o == h(w, — @) (233)

The same applies to the unsteady reaction rate w’,

w; = w;(ytslzl,..,Nsv pla T/) (234)
CZ}S (3/821,.‘,]\/'37 P T) - zS (?521,.‘,]\[3 ) ﬁa T) (235)
- ws((?s + }/;/)szl,..,Ns ) ﬁ + p/, T + TI) - Es <?s=1,..,Ns ) ﬁa T) (236)

The idea of the present model is to consider a Taylor series of the total reaction rate around the
stationary reaction rate

Wy = (Vo + Yoot NP+ 0, T+T) (237)
_ _ am, ow 0w o
= 0(Yer. w0, T “YR '+ —=T"+ h.o.t.
ws( 1N P, L)+ oy, 1 .+ OV, N, + ap o+ a7 + h.o
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By neglecting the high-order terms we obtain a first-order approximation of the unsteady reaction

rate W,
0w Ow ow ow
o= Y+ Y] o+ 2T 238
To simplify the notation we define the vector Y which consists of all mass fractions
Y=Y, ... Yy) (239)
and rewrite the unsteady reaction rate W/ in the compact form
_ 0w Ow
V)t =Vyw,eY’ >y T 240
As a result we obtain the following relation for the unsteady heat release
al ol oo, , O
== W= h(Vyd,eY’ “p T 241
Q. Z;w 2} v, oY+ 0+ 5 (241)

Remark : Through this formalism, we obtained an expression for the unsteady heat release Q' as
a function of the fluctuations of the mass fractions, density and temperature. It is noteworthy that
quite contrary to most of the models used sofar in numerical combustion, this formulation does not
involve any model parameters or empiric assumptions. It is based on a mathematical approach which
linearizes the heat release around its steady state. On the basis of this relation, we will construct a
flame transfer function coupling the unsteady heat release to the pressure fluctuations.

7.4 Density and chemical species equations

In addition to the mode shapes of temperature, the source term Q involves the mode shapes of density
as well as the mass fractions {Y;}s—1, n,. Therefore, we need to find additional equations for these
new unknown quantities.

7.4.1 Equations for the density fluctuation

Assuming the flow to be isentropic it is possible to provide a relation between the acoustic pressure
p’ and the density fluctuation p’. Indeed we have for an isentropic flow the following constitutive

equation
op 1 0%p
=p+p =0+/0 |5-| +:00) |55 +- 242
p=p+p =p p[apL 5 () 7 (242)
Neglecting the nonlinear term this equation means that the density perturbation is proportional to
the pressure perturbation

p/ — /[@} :plc2 (243)
S

which yields for the Fourier transforms
p=p (244)
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7.4.2 Equations for the chemical species

The conservation laws of the chemical species X, reads
_8}/;’ — Sva — / -/
Py TPUe VY,=Ve (pD,VY!) + w. (245)

We take the Fourier transform of this equation and use the expression of the acoustic velocity

Y, + VY, 0 Vp = iwV e (D, VY!) + iww, (246)

Inserting the first-order approximation for w, yields

D B

dp

ﬁwQYA@ +VY,eVp=iwVe (,BDSVYS) +iw(Vyw, Y + (247)

8 Computing the eigenmodes of active combustion chambers

8.1 Combining the equations for temperature and species

At this stage we obtained the additional equations for the temperature, mass fractions and density
modes. We would like to combine the temperature modes equation
1 1 1. & O, . Ow
p*T + VT o Vp = —w’p + va « (WVT) - —iw > h (vyzs oY + 8; p+ aTS T) (248)

Cp p s=1

with the g chemical species equations

Ows . Ows
p+

WY, + VY, e Vp = iwV e (pD,VY) + iw(Vyw, o Y +

dp oT
and write all these equations in matrix form as
Ve (pD,VY1) Yi
| wiwa| [ =bm) +belp 250
Ve (5D k) o | =P b (250)
LVe(AVT) T

The vectors b(p) and by (p) on the right-hand side are dependent on the acoustic pressure p and its
gradient Vp as well as the frequency number w. All other terms appearing in the expression of these
vectors are either constants or steady-state variables.

0 G VY,
w? : w : :
b(p) = —— lp—— = P, by(p) = - o VD, (251)
o | o c? 88% B VY_NS
1 N hS 90y vT

s=1 ¢y 9p
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The matrix J is a square matrix of dimension (N + 1) and is given by
J = iwpl +J (252)

where I represents the identity matrix of size (Ng + 1). The matrix J couples the temperature
fluctuation to the mass fractions fluctuations and is given by

i i i1
oY, s YN, oT
J = o, o, Tow. (253)
aY; T YN, T
N h9 9w, Ns kY dws, N h9 9w,
- 25:1 A SR 25:1 cp YN, Zs:l ¢ 0T

Remark : it is straightforward to note that the last line of the matrix J which corresponds to the
temperature equation can be obtained by a linear combination of all previous lines. Furthermore, the
conservation of mass being still valid in a reactive flow, we know that all reaction rates w, sum up to
0. Hence the sum of the first N, lines of the matrix J is also 0. As a result of these two observations
the matrix J of dimension (N, + 1) cannot have full rank

1 < rank(J) < N,—1 (254)

8.2 Investigating the coupling matrix

We would like to develop a flame-transfer function which couples directly the heat release to the
acoustic pressure. To achieve this we need to examine the properties of the matrix J and if possible
find an inverse of this matrix. It is important to obtain an analytic formula for the inverse of the
functional matrix J as computing the inverse numerically in every grid point would be cumbersome
and infeasible in real-world applications. The only option is to investigate the coupling matrix J
thoroughly and try to use the physical as well as mathematical properties of the thermo-acoustic
system to obtain an analytical expression for the inverse of J.

For a multicomponent mixture in which N, chemical reactions take place, the reaction mechanism is
written as

N N,

f N b —
E vi Xy = voXs, 7=12,--- N,
s=1 s=1

v/ and v are respectively the matrices of the stoichiometric coefficients for the forward and backward
reactions. v = v® — v/ represents the matrix of the net stoichiometric coefficients. Let €, denote the
net reaction rate of the r-th reaction. Then €2, has the following expression

NS ) Ns
0, = k(1) [[ () — k() T (o) (255)
s=1 Ws s=1 WS

The net reaction rate w;, of species X, is obtained by summing over all NV, reactions and is given by

Ny
by = WoeQ, (256)
r=1
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This relation is very interesting as it allows us to understand the special structure of the matrix .J
which becomes more clear by introducing the vectors u and v defined as

0
u, = ( Wll/h« RN WSVST .. WNS UNgy — Zi\gl WS}CL—;VST )t 957
v, = ( oI 00y oy o )t (257)
T 2) %1 T oYs T YN, oT

The matrix .J can be obtained by combinations of these vectors u, and v,. More precisely the matrix
J takes the form of a sum of rank-1 updates

Ny
J=> uv! (258)
r=1

As a direct consequence we obtain a better bound for rank(J)

1 <rank(J) < min(N,, Ny — 1) (259)
Remarks :

e Let z denote the vector (h hy ... kY, ¢,)". The vector z is orthogonal to all vectors u, for any
combination of stoechiometric coefficients vy, and any molecular weights W.

Vrel,.,N, : zu,=0=2z'J=0 (260)

e An important consequence of z'.J = 0 is that z is a right eigenvector of J and the corresponding
eigenvalue is 1wp.

e Due to equation (256 we have that

Ow o0
° = Wovg— 261
and rewrite the right-hand side vector b(p)
0 —_—
w? : W e O
b(p)=——1 ° ) — — “u,p 262
() ol P K ; 5, P (262)
1

8.3 Equation for the acoustic pressure modes

To get the acoustic pressure modes of the thermo-acoustic system [17] we need to solve the Helmholtz
equation with the unsteady heat realease as a source term

Ve (2Vp) +whp = (v — 1)iw@Q (263)
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In the previous section we derived the following equation to describe the unsteady heat release

: ) Oy -
0 S A s
Q= E:h (VywsoY+ 5,0 aTT) (264)

Hence the pressure modes equation involves all the unknown modes p, T, p and Y. As it stands it is
not possible to solve this equation. We need to obtain an equation for the acoustic pressure having
only the eigenpair (p,w) as unknown. To obtain such an equation we combined the temperature and
species equation in matrix form. We are primarily interested in getting the low-frequency modes of the
system which are in practice included in the set of the first thirty eigenomdes. Numerical simulation
shows that diffusion effects are not significant in the low-frequency range of interest. For this reason
the equations coupling temperature and chemical species become

iw] ( b ) — b($) + by (p) (265)

Assuming that the coupling matrix J is invertible -this will be shown later on- it is possible to use
the previous system of equations to eliminate Y,, T and p from the pressure equation. By doing so we
get an equation with only the eigenpair (p,w) as unknown

Ve (’Vp)+w’p+ zw Z ho&us p=—(y—1) Z hy (VYJS —) J7H(b(p) + by (p)) (266)

8.3.1 Computing the inverse matrix J!

The Sherman-Morrison formula provides a way to obtain an analytical expression for the inverse of
the matrix J. In fact let A be a square matrix of size n and u, v! be vectors of length n. We consider
the matrix A obtained by a rank-1 update of A

A=A+ uv (267)

Lemma : If A is invertible and satisfies viA ™ u # —1, then A is invertible and the inverse matrix

A1 reads A lgyt A1
vt A-
A= (A At 268
=(A+uv)™ 1+ vtA~lu (268)
As a result of this lemma it is straightforward to construct a recursive scheme [43] to obtain the inverse

of the matrix J for any number of rank-1 updates N, :

Ny
= iwpl + ) _u,vl (269)

For this we need first to check that the conditions required in the lemma are satisfied by the matrix
J. It is indeed the case since :

e w # 0 and hence the matrix iwpl is invertible

t . . . .
° % is a complex number having a non-zero imaginary part and hence cannot be equal —1

Clearly this reasoning can be extended by induction for an arbitrary number N, of rank-1 updates.
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8.3.2 Velocity, temperature and species modes

By providing an analytical expression for the inverse of the matrix J we obtained an eigenvalue
problem in p. After solving for the pressure modes we use the following equation to get the acoustic
velocity modes

1
wp

The temperature and species modes are provided through the following relation

i
S| =) b 71)
i

9 Benchmark and simulation methods

A suitable benchmark for preliminary studies is a duct, with uniform cross-sectional area, mean tem-
perature, constant density and having no mean flow. The duct is connected to a large plenum at
the inlet cross section and has a restriction at the outlet. In [6] Dowling and Stow examined a sim-
ilar benchmark and performed different analysis on its dynamic behavior. Since the cross-section is
constant, this benchmark can be considered as a one-dimensional case in which the planar wave hy-
pothesis is appropriate. The variation of acoustic pressure and velocity in the duct is a function of time
and abscissa x only. Furthermore the flame is supposed to be concentrated at a particular abscissa.
Under the no flow hypothesis, a Dirichlet boundary condition at the inlet and a Neumann boundary
condition at the outlet is assumed. Considering a quasi-one-dimensional geometry provides a more
realistic approach to the combustion instabilities. The geometry consists in three co-axial cylindrical
ducts modelling the diffuser, the premixer and the combustion chamber. The blockage at the premixer
inlet is modelled by a Neumann boundary condition, whereas the open end at the exit of the combus-
tor is described by a Dirichlet boundary condition. As in the one-dimensional benchmark, the flame
sheet is supposed to be concentrated at the exit of the premixer, exactly at the inlet of the combustion
chamber. The heat release fluctuation is then related to the fluctuations of the fuel and air inflow rates.

In this study the test case consists in a combustor through which a reactive gas is flowing and
gets burnt in the flame region [34]. All external body forces such as gravity are neglected. The
diameter-to-length ratio being very small, we may assume that the propagation is one-dimensional in
the longitudinal direction of the combustor. Furthermore we assume that dissipation effects on the
acoustic waves are negligible. Also we suppose adiabatic conditions, i.e. no heat loss to the surround-
ing takes place.
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Taking these assumptions into account, the equations describing the reactive gas dynamics are the

conservation of mass, momentum and energy.

dp  O(pu)
ot + O 0 (272)
ou ou Op
Por + pum— + p 0 (273)
Oe Oe ou
Pa; + pum . +4q (274)

where p, u, p and e denote the density, velocity, pressure and specific internal energy. The variable ¢
accounts for the heat release due to chemical reactions.

In addition to these three equations we need further equations to describe the evolution of the chemical
species. These are given by

IpYr) | I(pYiu) .
8t + 8:}5 = W1 (275)

I(pYa) | O(pYou) .
ot or (276)
(277)

ApYn,)  O(pYnu) .
ot = en (278)

Y, denotes the mass fraction of species X, and wj its chemical production rate. Furthermore we assume
that the flow is an ideal gas and hence the pressure is related to density and temperature through the
ideal gas law which states that

R
- -1 = o—T 2
p=(y—1)pe P (279)

where R is the universal gas constant and W the molecular weight of the mixture.
Combining the mass conservation, the energy conservation and the ideal gas law, we obtain an equation
describing the evolution of the pressure field

(280)
Finally the assumptions are summarized as :

e one-dimensional ideal gas flow in the longitudinal direction of the combustor [20]
e negligible dissipation on the acoustic waves [21]

e negligible thermal conductivity to the surrounding domain
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9.1 Analytical model for steady-state variables

We propose the following model to describe the mean variables in the case of steady combustion.
Let © = [0, L] be the one-dimensional combustor in which the reactive gas is flowing and let b € (0, L)
denote the location of the flame in its steady state. Without loss of generality we may suppose that
b= é meaning that the flame front is located in the middle of the combustor.

The computational grid has to be defined in such a way that it resolves the flame front as well as the
boundary conditions accurately. To achieve this we require the grid to be very fine at both boundaries
and near the flame zone and to be coarser elsewhere.

Parameters :
Bonin © minimum step size of grid,

h : typical step size of grid,
ng, My, g, : control parameters for grid size distribution

Algorithm :

1= O, x; =0

while (z; < L)

b = b+ ()"
Tip1 =T+ N,

s (12,

T =141,
end
ZL’Z':L,

hiogy =L — i
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Figure 13: Grid points distribution obtained by the adaptive mesh size

algorithm
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In order to capture the very steep gradients of temperature and mass fractions at the flame front it is
very useful to introduce the stretched variable  defined by

z_q

3

i = (281)
where ¢ is a typical flame thickness (e.g.1073 m). The choice of Z is such that it has its origin exactly
at the stationary position of the flame and takes very large values at both boundaries. Furthermore
we introduce the variable y which describes a profile showing two almost constant states and a sudden
jump in between

tanh(z)+1 1

2 12
The following table summarizes the space variables used in the grid generation and their values at the
cold boundary in the preheat zone, at the flame and at the hot boundary in the equilibrium zone.

x = (282)

Variable values at | cold boundary | flame zone | hot boundary
x 0 b L
T —e1 0 et
X 0 % 1

For all steady-state variables representing the density, the temperature, the sound speed or the mass
fractions of the chemical species we expect a very slow variation at both the preheat and the equilibrium
zone and a rapid change across the flame. For this reason we choose the following model to describe
all these variables

plx) = (1—=x)po + XP1 (283)
T(x) (1= x)To + xT1 (284)
(x) = (1—=x)c5+xeq (285)
Yir) = (1=x)Ye0o+xYa (286)

where vy and vy represent respectively the value of the variable v upstream and downstream the flame.
Remarks : the values of these variables upstream and downstream the flame cannot be chosen at
will. In fact these quantities are coupled [26]. As already shown in (209)) we require that

o w T
o=to_M_ "1 (287)
Also since the sound speed is given by
T (288)

then as a consequence we have that

Vo1 (289)
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Figure 14: Evolution of steady-state profiles of density and temperature

Furthermore the temperature values upstream and downstream the flame are directly linked to the
mass fractions values [20]. This is shown by considering the steady-state equations for the mass
fractions and the temperature

_d?s Z
U = Ws
P e
= N,
_ _dar — ~ o=
peyl—— = Q=- E R0, (290)
s=1

Combining these two equations and integrating over the whole domain we obtain an equation describ-
ing the conversion of chemical energy into heat
N

h_g _ _

(Y1 — Ysp) (291)

Tl_TO:_ ) )
Cp

The coupling of the upstream and downstream variables is summarized in the following equation

— N,

Po_w _Ti ¢ hy o
p=fo_M_1_49_;_ S (Yo, — Vi) > 1 292
5 T T, 2 ;:1 cpTo( 1= Ys) (292)
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9.2 Chemical reaction rates and their derivatives

For a given reaction mechanism [49] [50] involving N, species undergoing N, reactions the chemical
reaction rate of the r-th reaction denoted €2, can be modeled by

O, = Ky [ - k) [ (203)

= ] (?V/) (%) (201)

s=1 s=1

with the Arrehnius rate coefficients ky, k; for the forward and backward reactions

a

RT

For the combustion model developed in this thesis we need to know the derivatives of the chemical

k(T) = AT"exp(—

) (295)

reaction rates with respect to the mass fractions Y, the density p and the temperature T'. These are
given through the following equations

: vi-1 N v v -1 N v
01, f p [(pYi\™" 1 pYs\ " b p [ pYi\ " T pYs\ "
= v k%W (T)— ” — v, k[ (T)— ” 296
aY; Virky( )Wz <T/VZ %% Virki )m W - 4% (296)

s=1,s#1 s

0 S T () S o T (2
oy = eI () - = I () (207
s=1

. i g v
o0,  dki(T) ﬁ P\ k() () (208)
or —  dr W,

s=1

with
dk(T) _ E*+ uRT

dar —  RI?
Alternatively it is possible to give a mathematical model for the chemical production rate w, of each

k(T) (299)

species X;. We know that the chemical properties of combustion are such that the reaction terms are
zero at both ends and have their maximum around the flame position. Hence we suggest the following

model function
ws(#)=————, aclR 300
(1’) (ex e—m)Q ( )

According to the chemical species equation the stationary reaction rate w, of species X, satisfies

/0 D0 - / " pudY (301)

v,
1 —0

= [puY]y =prm(Ys —Y5) (302)
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As a consequnce the constant « is provided by the following equation

[ Gy(x)da
—00 (8i+e—i)2
_ _ =1 _ _ =0 e T v
o 2<p1u1Y8 _pOUOYS ) o 2p1u1(}/8 _YS ) (304)
= 1 = 1
fo dx fo dx
Hence we model the stationary reaction rate w, by
— o 2pulY s
ws () = m (305)

Through this model it is possible to obtain the derivative of W, with respect to any of the steady-state
variables p,T and Y. Let v be one of these steady-state variables, then we have

D dog dz ((dvo\ "
ov  di dy (@) (306)
a2 —e ) (P e ) 1
= —=20puY i . — 307
[pu ]0 (ex + e_x)g 2 [’U](l) ( )
— _2p7[75]é ei' — eii (308)
i e e
20ulY ()L
- —anh(@) (309)
[U]o

where [v]§ represents the jump in the value of v downstream (subscript 1) and upstream (subscript 0)
the flame. For example the derivative of w, with respect to temperature is given by
0oy _ [pulY s
= —————tanh(z 310

9.3 Oxydant-fuel combustion reaction

For the computation of the eigenmodes of the gas turbine, we have extended the acoustic pressure
equation in order to take the combustion processes into account. In the following we assume that the
combustion process is triggered by one dominant reaction as it is the case for most hydrocarbon fuels.

4
C H. + n+m

Oy — nCO, + %HQO (311)
For example the combustion reaction of propane (n = 3,m = 8) is given by

CsHg + 505 — 3C 04 + 4H50 (312)
As a generalisation we consider a reaction of the form

VLF + 50 — P (313)
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where O denotes the oxydant, F' the fuel and P the combustion products. Let [X] denote the con-
centration of species X then the combustion reaction rate €2 is given by
Q = K(T)[0)"0[F]'r (314)

and the reaction rates for the fuel and the oxydant are then

wo = voWol (315)
wp = vpWpQ (316)

Note that vp = —V(J; and vp = .

As derived in the previous section we combine the equation for temperature and chemical species and
obtain an equation describing the coupling between these quantities and the acoustic pressure
Yo
iwl | Yo | =b) +be(p) (317)
T

The coupling matrix J for the fuel-oxydant combustion reaction takes the form

dwo dwo dwo

9Yo oY orT

R o 0o 0o o
J =iwpl + 7 e & (318)

hy 9, hg 9, hg s
- Zs:O,F g 8;0 - Zs:O,F g 8;}; - Zs:O,F g 603“
The terms on the right-hand side b(p) and by (p) are given by

[%e)

iw 9 VZO

b(p) = -3 er p, be(p) = | VVF | eVp (319)
iwc? hS W T
_7 - Zs:O,F gaa_p VT

We define the variable H as a global enthalpy of the combustion reaction

Hi= > hivW, (320)
s=0,F
By introducing the vectors B
voWo %
u = VFVL/F , V= % (321)
- )
P aT

we write the matrix J as rank-1 update of the diagonal matrix ‘wpl of dimension 3
J = iwpl + uv’ (322)

According to the Shermann-Morrison formula the inverse of the matrix J is given by

I uv?

J =

— 2
iwp iwp(iwp + vtu) (323)
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Also we rewrite the right-hand side vector b(p) as

W VOWO%
b(ﬁ) = _0_2 VFWF% p (324)
_iwe® _ H 09
cp cp Op

At this stage we remind the equation for the pressure modes
Ve (V) +w’p = (7 — 1)iwQ
0w, . Ows -
~ —"_ ST
ap " ar >
We used the additional equations to eliminate 1}8, T and p from the pressure equation by inverting the

coupling matrix J

N
with Q = —Zhg (VyzsoYA'—i-
s=1

(v =1) = 00
Ve (VP)+wh + iw 70 S hSp (325)

C -y (vyzs ai) T (b(5) + by ()

Using the analytical expression for the inverse of J we obtain an equation with just two unknowns,

namely the eigenpair (p,w).

o By 00 HIO THIN .
3 2 ol oy oM pITOid
iw’pp + w <1/0Wo oY, +vpWp Ny @dl o 8p> D (326)
o 00 00 HOQ e
+ (zw,o + V()WO% + VFWFE — C_p&_T)V o (C Vp)

00— I I0_
—1VH| =—=—VYo+ ——VYr+ —=VT | eVp=0

+(r=1) (aYO Ot v VT T )' b
Using the formula of the combustion reaction rate Q of the combustion we will provide the exact ex-
pression of the different steady-state terms appearing in the eigenvalue problem. To simplify notation
let us introduce the three variables A, B and C' defined as

Gy 00 HOQ  TH 0
A = — - - - 9
VOWO (9Yo + VFWF 8YF Cy 8T CpT (9p <3 7)
i) 90 HOQ
B = V()WO% + VFWF% - gﬁ (328)
i) i) i)
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Using the total derivative of € we obtain an alternative expression for C' which reads

C=(y—1)H <v5 - %2%) (330)

With the new variables A, B and C' the cubic eigenvalue problem takes the form

iw?pp + WA AP + (iwp + B)V e (*Vp) + C e Vp =0 (331)

The combustion reaction rate is given by

o= Koo or e —wm) (52) (5E) (332)

with the Arrehnius coefficient k(7T") being a temperature-dependent function

a

RT)

k(T) = AgT"exp(— (333)

Hence the derivatives of © with respect to fuel and oxydant mass fractions Y, Yo, to temperature T’
and density p are

o0

v, = —;—iQ (334)
88790 = —;—ZQ (335)
% - —E;;QRTQ (336)
% - —¥Q (337)

With these analytical expressions for the derivatives we obtain for the three variables A, B and C

2 2 Ea T -
A4 — (_ I/OWO _ VFWF _ ﬂ +it27?/ + (VF +KO)H) 0O (338)
Yo Yr &  RT e, T
2 2 Eo T —
B = (— voWo _ ville  TET+ 1IRT ) 0 (339)
Yo Yp ¢ RT
Vo VUp o FE°4+uRT __\ =
= —1 ——VYo— —VYpr+—————VT | Q 4
¢ (v )H( v, VYo — 3 V¥e+ = \Y ) (340)
or alternatively for C
= VR TVO Ao
C=(n-1H (VQ + ; QV,O) (341)
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Remarks :

e We should note that the expressions for the derivatives of {0 with respect to the mass fractions
Yr and Yo are only valid for  # 0, i.e. Yr # 0 and Yo # 0. If any of the mass fractions is zero,

then clearly Q = 0 and the derivatives 2—8 are set to be zero as well.
o0 0 if Y,Q=0
== _ ) ' 342
oYy { -5 else (342)

e Assuming that there is no combustion reaction, i.e. Q) = 0, then the three variables A, B and C
vanish and the eigenvalue problem takes the form

iw(V e (c°Vp) + w?p) =0 (343)
Since the frequency number w cannot be zero we recover the original Helmholtz equation.

e If we assume that the reaction is active but thermally neutral, i.e. no heat release (H = 0), then
only the variable C' vanishes whereas the variables A and B become equal

IJZWO I/2WF N
A=B=_ |20 L ) 344
( Y, v, > (344)

and the cubic eigenvalue problem takes the form
(iwp + A)(V e (*Vp) + w?p) =0 (345)

The complex number iwp + A corresponds exactly to the term iwp + viu and is a factor ap-
pearing in the determinant of the matrix J which is for the special case of a single-step reaction
mechanism

det(J) = iwp(iwp + viu) (346)

As already shown the matrix J is invertible and the complex number iwp + A is nonzero. Hence
in the absence of heat release, i.e. H = 0, we recover the original Helmholtz equation without

source terms as expected
Ve (VD) +w’p=0 (347)

Once we solved the eigenvalue problem for the pressure modes it is possible to obtain the modeshapes

of the velocity and of the density
" L. . 1.
u=-—Vp, p= —P (348)
iwp c

The modeshapes of the chemical species and of the temperature are obtained using
Yo J1
Vi | =2—b(p) + bo () (349)
T

W
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By inserting the expression of the inverse matrix we obtain

SA/O 1 uv'
Yp | = e ([ - m) (b(p) + bv(p)) (350)
T
which is equivalent to
YO _dwc? 89 tu 8(2 VOWO VOWO%_Q
~ 1 Cp aT +vu 8p a£ ~
YAF = wnc? wp + viu vl | = VFWF@_” P (351)
T ’ p —& _iwe _ H 0
P cp cp Op i
L (VYo 29V, + vy, + 2y ( volVo )
+ — VY r — veWg o u (352)
w — wp + viu H

VT _K

Cp

By simplifying these equations we get the modeshapes of species and temperature

9 1 8Q 1 8¢
YO 1 _I/OWO pcp OT + 0_26_£
y = — 1 89 199 A
Yr  dwp+vitu —vrWr \ ey T 2 0p p (353)
) O )
1 VXO 8Y VYO 4 06)9 VYF + 1) VT VOWO )
+ — VY r _ %Yo = W ol (354)
1w — pr + vitu y

vT —=

Cp

9.4 Test case

The scope of this test case is to validate the model equations and to compare the eigenmodes of a
tube obtained by taking into account a chemical reaction with the eigenmodes of the same tube but
neglecting the reaction effects, i.e. without source terms.
For an easy comparison we choose the undergoing reaction to be weakly exothermic. For example
we might take the parameter © defined in to be © = 1.1.
With the benchmark assumptions defined in the previous section, we consider a reactive fluid flowing
through a tube. The boundary conditions imposed are of Dirichlet at the inlet and of Neumann at
the outlet. Therefore the pressure modes are sucht that

op

Dlinter = 0 n =0 (355)

outlet

By taking the chemical source terms into account the eigenvalue problem is cubic

d [ 5,0 op
iwpp + w Ap—l—(zwp—l—B)a ( 8§>+08_Z:0 (356)
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whereas in the homogeneous case it is linear

9 ( 29p 2.
%(Cﬁ_x>+wP_O (357)

Using the finite element method [I] described in the appendix we discretize the eigenvalue problem in
both cases and solve for the eigenpair (p,w). By using an adaptive meshing algorithm we are able to
accurately resolve the reaction front and have a coarser mesh in the regions of small gradients. This
makes the number of grid points needed reasonable and the solution procedure quite fast.

First of all we would like to compare the eigenspectrum in both cases. As expected the eigenvalues
A = —iw obtained for the homogeneous Helmholtz equation are pure imaginary numbers, i.e. the
eigenmodes do not show any growth or decay. For the cubic eigenvalue problem the obtained eigen-
values A appear always in pairs as complex conjugate eigenvalues. This means that depending on the
sign of V() the eigenmodes will be growing or decaying or eventually remain unchanged if A is pure
imaginary. The following figure shows the eigenspectrum of both cases.

T T I I I
a’ o0 without combustion effects
. * with combustion effects
o
o
3e3- ° ] .
L
o,
o
3 ¢
; 0,
= . Q .
‘5 Decaying Modes Growing Modes
T 2e3r- o0 i
o
; e DO
2 9
& oD
=
= -3
1e3l s I i
o .
0 .
o .
o .
| | | g | | | |
-3 -2 -1 0 1 2 3 4
Real partof A =-iw
Figure 15: Imaginary part vs. Real part of eigenvalue A\ = —iw with and without combustion effects

We note that taking combustion effects into accounts not only alters the real part of the eigenvalue to
become either positive (i.e. growing mode) or negative (decaying mode) but it also shifts the frequency
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of the mode. As shown in figure there is no global trend which applies to all modes. We note
that some modes get a higher frequency and become decaying while others decrease their frequency
and grow in time. This confirms that the effect of the combustion on the eigenmodes and on their
stability is quite complex and should not be neglected.
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Figure 16: First (upper figure) and second pressure eigenmodes
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10 Conclusion

The subject of this thesis is the study of thermo-acoustic instabilities appearing in ultra-low emission
gas turbines. The enorm potential of lean premixed combustion in reducing the NOx emissions can be
widely used only if the thermo-acoustic instabilities inherent to this combustion regime are eliminated.
Hence these instabilities represent one of the major obstacles towards cleaner gas turbines.

In this thesis we derived the mathematical equations describing the reactive flows inside the combustion
chambers of gas turbines. The Navier-Stokes equations have been extended to include the effects of
chemical reactions. Of particular interest is the equation relating the pressure field to the heat release.
To describe the instationary properties of the combustion system we derived the equations of the
unsteady variables of interest such as the pressure, the temperature and the chemical composition of
the flow. As our primary scope is finding the eigenmodes and assessing their stability, we transformed
the unsteady reactive Navier-Stokes equations in the frequency domain and obtained a system of
coupled eigenvalue problems. This system shows the interaction between the pressure fluctuations,
the unsteady heat release and the chemical components. Such a system can only be solved if an
additional equation, called flame transfer function, is provided. This function describes the unsteady
heat release as a function of the pressure and velocity fluctuations. In this thesis a novel model has
been developed. The flame transfer function developed in this thesis does not involve any model
parameters or empiric assumptions. To the author’s knowledge such a model is developed for the first
time. Since it does not include any parameters it can be used in many applications. It is based on
an approach which takes advantage of the physical as well as mathematical properties of the system
to find a closed-form expression for the unsteady heat release. The developed model does not link
the unsteady heat release directly to the pressure and velocity fluctations. It accurately describes
how the fluctuations in temperature, density and chemical components affect the heat release cycle.
In a further step we derive partial differential equations which couple these influence factors to the
pressure and velocity fluctuations through an operator J. We investigate this mathematical operator
and show that it is invertible for any reaction mechanism. By inverting the operator 7 we obtain the
equation of the unsteady heat release as a direct function of the pressure and velocity fluctuations
without any empirical assumptions or model parameters. With this result it is possible to study the
dynamics the thermo-acoustic system in the frequency domain as presented in this thesis or in the
time-domain as presented in a report to be submitted for publication.

Using the model of the unsteady heat release we derived an eigenvalue problem with only the pressure
modes as unknown. We showed that the cubic eigenvalue problem obtained is an extension of the
homogeneous Helmholtz equation. Using adaptive mesh generation and finite element discretization
we solved both eigenvalue problems with high accuracy. The comparison of the pressure eigenmodes
obtained in both cases shows that the combustion effects are complex. In fact it does not only
affect the stability of the system but also shifts its eigenfrequencies. The mode shapes are also
altered particularly at the flame zone. At the present stage no clear trend could be identified on
how combustion makes some modes go unstable while it dissipates other. This represents a very
interesting problem. Answers could be provided through a sensitivity analysis of the eigenfrequencies
to combustion parameters.
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Rayleigh criterion

The Rayleigh criterion says basically that an acoustic wave will amplify if its pressure and heat release are in
phase. The mathematical formulation of this criterion is that instability will occur if the integral over a cycle
of the product of the pressure and the unsteady heat release is larger than the energy dissipation :

Tosc
/ / [p’(x, Q' (x,t) — ¢(x, t)} dxdt > 0 = Instability (1)
0 Vi

p'(x,t) represents the acoustic pressure and Q' (x,t) the unsteady heat release. ¢(x,t) denotes the wave energy
dissipation which will be neglected in the following.
The acoustic energy density ¢’ is the sum of the kinetic acoustic energy and the potential kinetic energy. In a

one-dimensional flow it takes the form
;o ﬁu/2 p/2 (2)

2 2pc?

e

Assuming that the mean flow velocity u as well as the steady pressure gradient % are negligible, the acoustic

pressure and velocity equations take the form

ap' o iy

E‘FVP% = (v-1HQ (3)
ou 19p

ot tooe O @

Using the definition of the acoustic energy and of the sound speed ¢? = Lf, it is possible to combine the last
two equations to obtain an equation describing the evolution of the acoustic energy

o’ o) y—-1,.

wt o e ©)

Let L be the length of the combustor and T, be the period of acoustic oscillation. Integrating this equation
temporally over the period of oscillation and spatially over the length of the combustor yields

L Toue y—1 [Tose L
[e@ofie=— [ e oveoga s T2 [ [y (6)
0 0 P Jo 0

The left-hand side of this equation represents the change in the acoustic energy along the combustor during an
oscillation period. The first term on the right-hand side denotes the acoustic energy flux across the boundary
and is typically small or inexistent. Assuming no energy flux across the control surface, i.e. [p/(x,t)u’(x,t)]§ =0,
we get the following relation

Tose

L Y1 L
/O ¢ e = 2 /0 Y dudt (1)

It becomes clear that if the Rayleigh criterion is satisfied, i.e. the acoustic pressure and heat release are in phase,
then there will be an increase in the acoustic energy in the combustion system and instabilities are encouraged.

TOSC L .
/ / p'(z,t)Q (z,t)dzdt > 0 = Instability (8)
0 0

The difficulty of this criterion is that the heat release is part of the solution and not known a priori.
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Linearized reactive Navier-Stokes equations

Let Y; = %7 w; denote the mass fraction, the production rate of species 4
Continuity Equation
9p  Olpuj)

ot 81‘]‘

=0

Conservation of mass of species 4

dpi | O(piu;) 0 d .pi
= D i
ot " o, an,PPigg, ) e
We may write the lhs of this equation as
Opi , Opiug) _ OpYi  O(pYiuy)
ot 8xj ot al‘j
dY; dp | O(puy) IY;
Por PVt o, ) TP,
— o T Yo,
Hence we get the following 1-D equation :
aY; aY;, 0 aY;
Mo o) T o) T
and 3-D equation :
oY,
p( o i) =V e (pD;VY;) + w;

Reynolds Average Ansatz :
p=p+p u=u+u . . Y=Y+Y w=0+d
The steady-state variables satisfy : - -
WOV 0o,
P J@xj N al‘j p Z@xj

The equation for the fluctuations in the conservation equation of species i

)+ ;i

P, oY/ oY/ , 0Y; , oY/ o9y, 10 aY; ) 24 1,
1 . } Peg -7 _ —_— D' Di Zy
W+ DG gy, H gy T Uige )+ Gligy. = 5o, W Pigy, T APig )+ 2w
Neglecting the nonlinearities, this equation simplifies to
oY/ aovy oY, p_ov; 10 ,, 9Y;,, 190 ay;] . 1,
iy g5 P T T R L >} - 2 (pD; 2t W
ot T Oz g 0z N ﬁu] Or; pox; (p 8J:j) i pox; (P 0, )+ pwl
which yields in 1-D
aY; 0 aY;
_ _ 9 p 2Ty o
e 6‘:c(p 18x)+wz
ay; oY/ L0, pl 0y, 10, ,.0Y 10, oY/ 1
£ = (D) - (D) + ]
o "or TV or T "0 Sar P Pigy) T 5asPPigy )+ 5w
and in 3-D
pﬁon = Ve (pD;VY;) + @
8Y-’ , 1 , _ 1 1 o
aeVY/+u OVY—&-quVY = —Ve(p)D;VY;)+ =V e (pD;VY/) + —w;
ot p p p p

iv

(11)

(14)

(15)



Matrix Notation :

a 0 0 0 0 Y] 7 0 0 0
0 0 0 0 : 0 . 0 0
0 0 @ 0 0 Y | 4+ 0 0 @ 0
0 0 0 . 0 : 0 0 0 0
00 0 0 a Yi ). 0 0 0 v
w 0 0 0 0 vy (Za+w)e VY
0 0 0 0
0 0 w 0 0 Y/ + | (Za+u)eVy,
0 0 0 0 :
00 0 0 w Yy ), (%'ﬁ-l—u’)oVYN
LV e (p/D1VY1) + 1V o (pD1 VYY) Loy
%V ¢ (0'D;VY;) + %V e (pD; VYY) + | iwf
sV e (0'DNVYN) + 5V o (5DNVYY) Tuwly



Finite element method for steady-state chemistry

In order to find the steady-state chemical composition of the fluid, we consider the following convection-diffusion-
reaction equations

pue VY, =V e (pD,VYy) + Fr(Y1, ., Yi, ... YN, T) (18)
We introduce a "non-physical” relaxation % (physical : p%) and solve the following equation instead
Y,
ZE 4 pue VY, = Ve (pDpVYi) + Fiu(Y1, .., Y, .. YN, T) (19)

ot
These equations build a nonlinear system of N equations
Shorthand Notation :

Fk(Yla "aYka .y YNaT) - Fk(Yl,..,NvT) = wk(Yla L) Yk7 "aYNaT)

Weak Formulation : Test functions 1);, domain 2

Y,
—Eapida + / pue VYyihdr = / Ve (pDVYy)thidx +/ Fp(Y1,. .~ T)idx

o Ot Q ) Q
Partial integration of convective and diffusive terms :

/ pue VYiihdr = / pYi;(uwen)ds — / YV e (pyp;u)de

Q o0 Q
= / pYi;(uwen)ds — / pYru e Vipdr — / Ve (pu)Ypt);dx
o0 Q Q

/ Ve (pDpVYi)idx = / pDr1;(VYy, en)ds — / pDiVY) @ Vipdx
Q 90 Q

This yields the following equation
0Yy

——idr = / Ve (pu)Yiih;dx + / p(Yiu — D VYy) o Vidx
o Ot Q Q

+ / pz/;i(DkVYk—qu)onds—i—/Fk(YLNN,T)i/JZ-dx
o0 Q

Assuming ¥; = 0 on 9f) we get

Y,
a—tkwidx = / Ve (pu)Yiihdx + / p(Yyu — DpVYy) e Vipdx + / F,(Y1, . n, T)dx (20)
Q Q Q Q
We make the following Galerkin Ansatz and split time and space

Yi(z,t) =Y ki (t)p;(@) (21)
J
This ansatz yields

/ > ik = /Q > Ve (pu)yFoii + pyfeu— DrykVe;) o Vibide + /Q Fo(Yi, n, T)dz
@y j

E (/ pjtide)y; = E (/Q V e (pu)p;vide + p(@;u— DpVp;) © Vib)y§ +/QFk(Y1,..,N7T)¢¢d£E
- Q -
J J
This is equivalent to

MY, = A Y, + 1y (22)
where
(Yr); = yf,
M;; = /Q@j%dl“,
(4 = Cy = DDy = [ Te (o + peyue Visdo = Di [ g0 Vi,

(rk)i:-[)Fk(YL,_,N,T)widx

/QFk(Z Ui @i D YN s Uy 05, T)ibida
J J J
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Hence the nonlinear system for the N species is

M

Yl Al Y, r
Yk, = Ak Yk-, + T
M YN AN YN ry

SUPG ansatz for test functions 1); :

In that case

0p;
Ui = i+ Tiw e Vg, = i + Tyt
5:ck
O
ue Vi), = uj%
J
_ 0 Ouy, Do D%
~ Yoy, ALY 0xy " o,
= ue Vgoi + 7i( (uo V)ue Vy; +u’' VZpu)
_ Op Oy
VeeVui = 5 o,
_ 87%0(8%‘ Oug Opi Y P )
T 0w, 0r; | 0x; 0y M Ow;0m,

Op Opi | Op Qu Opi D¢ i
8:5]- Bx]- 8:10] afEJ 8xk ax] 83:J(“)xk
= VeeVy;+7Vpe(VuVy; + Vip;u)

M;; = /%‘%‘dw
Q

= / pjpidr + 75 / pjue Vo;dr
Q Q

/Vo(pu)ijid:c+/pg0juov¢idx

Q Q
/V°(ﬂﬂ)<pj<pidx+n/V-(pu)wjuovwdx
Q Q

/ ppjue Vydr +1; / pp;i( (we V)ue Vi, +ul' VZipu)de
Q Q

éij + Tiéij

= /pij.vwidx
Q

= / PV e Vi + 1 / pVp; e (VuVe; + Vipu)de
Q Q

= DU +TiD1‘j
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(23)

(25)

(26)

(28)



Since we are looking for the stationary chemical composition of the flow, we know that density and velocity are

also steady-state variables

ap Jdu
- —— = 2
5 =0 5 =0 (29)

Because of the continuity equation, the term Ve (pu) is zero and the matrix C' becomes much easier to compute.

Example : 1D case with linear shape functions
In this example we will be assuming p, u piecewise constant.

For a quantity X, let XH% denote %
On [z;-1, i
Xr; — t t— Ti—1 .
ic1(t) = ———, p;(t) = ———,t € [x;_1, xil, el =0 30
pia(t) = T i) = T e oy, else (30)
On [z, 41 . .
Tit1 — — T
it) = y Wi tziate iy g al‘ =0 31
eilt) = T () = e il clse ¢ (31)
i Ti — Ti—y
Mz i—1 = (pz(t)(pzfl(t)dt = 6 (32)
Ti—1
Ti41 P . . — . . — .
M, = / @i(t)(ﬁi(t)dt _ T — Tj—1 + Tit1 — X4 _ Tit1 — Tj—1 (33)
' S 3 3 3
Titt Tit1 — T;
M = pilt)pira (t)dt = ——— (34)
T, , 1
Cz -1 = <pz(t)§01—1(t)dt - §pz——uz—% (35)
Ti—1
Fit1 1 1
C’L,'I = L B @z(t)@l(t)dt - sz—lu -1~ §p7+%ul+% (36)
Ti+1 1
Cz i+l = / ® (t)gthl( )dt §p2+%ul+% (37)
Diiy = / ()t = —— (38)
S i T T
41 1 1
D,;, = / L(t)dt = : — + — 4 (39)
Ti_1 T — Tj—1 Tiy1 — Ty
Ti41 1
Diip1 = / ()i (t)dt = R (40)
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Proof of the Sherman-Morrison Formula

Let A be a square matrix of size n and u, v be vectors of length n. We consider the matrix A obtained by a
rank-1 update of A
A=A+uwt (41)

Lemma : If A is invertible and satisfies v'!A~'u # —1, then A is invertible and the inverse matrix A~! reads

. Ayt A1

-1 _ t\—=1 _ A—1 _
A7 =A+w') " =4 Tr oA Ta (42)

This formula is called the Sherman-Morrison formula.
Proof : Let I be the identity matrix of appropriate size. Since det(I + uv') = 1 + vlu, it follows that if A is
invertible, then the determinant of A is related to the determinant of A by the relation

det(A) = det(A + uwv') = det(A(I + A~ uv?)) = det(A)(1 + vt A~ ) (43)

This means that
A is regular < A is regular and 1+ v/ A" u #£ 0 (44)

In this case, it is possible to compute the inverse of Aina relatively cheap way by updating the inverse of A.
In fact, the inverse of A is obtained by an update of the inverse of A

. A~ lu(A~t)t

A= (A+wh)™ = 4A- T oiATa (45)
A7yt AL
_ 41
= A 1+ vtA—1y (46)
To verify this assertion, we multiply both matrices
A tupt AL AA Tt A7+ uvt A"t AL
¢ —1 _ —1 t -1
(A+uv") (A _1+vtAlu> = AAT 4 w'AT — = (47)
tp—1 tA=1,00t A—1
B a1 WAT HuAT w'A
= IT+w'A™ - T oA Ty (48)
B 1 T+ vt AT M) unt ATE
= T+w'A™ - Ry (49)
= T+w'A™ —wfA™! (50)
= 1 (51)

ix



Finite element method for the Helmholtz equation

In the case of a cube, a parallelepiped or a cylinder it is possible to provide analytic solutions for the eigenmodes.

However, in the general case and for complicated geometries, we have to use numerical methods to compute the

eigenmodes. We use the finite element method to discretize the Helmholtz equation
Ve (2Vp) +w?hp =0

taking into account the following boundary conditions

Type of boundary | abbr. | boundary condition

Dirichlet T'p p=0,9;= O

Neumann I'n u’on:O7 — ﬁV\I/ en=20

Impedance I'p p = Wp (Vp on), V; = — ijj(V\I/j o

The variational form of the Helmholtz equation is
/ ©;V o (2Vp)dV + / oiw?pdV =0
Q Q
Partial integration of the first term yields
/ pi(Vpen)ds — / A(V; o Vp)dV + / Yw’pdV =0
r Q Q

Hence, we may write the boundary integral as

R _olw dw
/ Foi(Vpen)ds = / pe® — pipds = / VP pibds
r I'r T'r
leading to

/ A(Vp; e Vp)dV = ch%%ﬁderw? / 0 pdV
Q Q

I'r

By inserting the finite element ansatz for the pressure modes p

NP
z) = ij%‘(ﬂ?)

in the previous relation, we obtain

Np

Jj=1 Jj=1

which is equivalent to the system
HP = (Z(w) + w?E)P

where

n)

Ny 3
5 ( | w-vwndV) = ( | w Gt [ soiwjdV) »

w
P; = py, HijZ/QCZ(V%)NV%)dV, EijZ/ﬂ%d’de Zij =/ 5027%77/1%8

I'r

(52)

(54)



Finite element method for the convected Helmholtz equation
The variational form of the convected Helmholtz equation is
/ iV o (*Vp)dV + / ©ig e VpdV + / i fpdV + / iw?pdV =0
Q Q Q Q
Partial integration of the first term yields
/ i(Vpen)ds — / A (V; e Vp)dV + / ;g e VpdV + / i fpdV + / ww?pdV =0
T Q Q Q Q

The pressure modes satisfy the following boundary conditions

Type of boundary | abbr. | boundary condition

Dirichlet I'p p=0,p=0,¥;,=0

Neumann I'n Uen=0,u en=0, ﬁV‘I@on:O
Impedance I'rp P =2;Z2(Vp'en), ¥; = ﬁZj(V\Dj en)

Hence, we may write the boundary integral as

/CQ%(Vﬁ'n)dS:/ ,502E<Piﬁd8=/ 7§E%‘ﬁd8
r r. Z rr Z

leading to

/CQ(V@iOVﬁ)dV:/ ﬁczgtpi]ﬁder/goigoVﬁdVJr/cpif]ﬁdVerz/goiﬁdV
Q T'p zZ Q Q Q

Using the following ansatz for the pressure modes p
NP
Pla) = pit(x) = pya;(x)
j=1

we get

1M

([ eorevuar)s

= |l

P

w
(/ 5027%%% + / pig e Vip;dV + / foi;dV + w? / %‘%‘dV) Dj
I'r Q Q o

1

<.
Il

which is equivalent to the system
HP = (Z(w) + G(w) + F(w) + w*E)P
where
Py = pj
H;; = /CQ(V%“V%‘)dV
Q
Gy = [ eievuav
Q
Fy = [ fonsdv
Q
Q
Z

_ o lw
Zij = / pCQngi@/deS
I'r

xi

(61)

(62)

(63)

(64)



Linear shape functions as finite elements
For a quantity X, let X, 1 denote %
2

OIl [iEi_l, l‘i]

pi1(t)
pit) =
pi(t) =
On [, Tis1
pi(t) =

pir1(t) =

pit) =

Eii1 = //Wi(t)@i—l(t)dt:

Ti—1

Tit1
Ei; = L y pit)ei(t)dt = —— 3
o Tiyl — T
Eiiv1 = / @i(t)piv1(t)dt = 6
o Ti — Ti1
Fiia1 = Feilt)pimr(t)dt = fiy ————
Ti—1
Lo Ti — Ti—1 Tit1 — T
F; = feipit)dt = fi oy ———— + fiys——5
Ti—1
T Tip1 — &5
Fiiv1 = / fei(t)pira(t)dt = fi+%T
T
Gii-1 = / 9¢i(t) i1 (t)dt = 59, 1
Ti—1
i4+1 1 1
Gy = i dt==-g, 1 ——=qg., 1
: /z - gei(t)ei(t)dt = 59; 1 = 59i+4
i+1 1
Giit1 = / gi(t) iy (t)dt = 59i+4
H t)dt = ! ;
Qi1 - ()i (t)dt = Tz imh
o+ 1 1
H;, t)dt = ;
' /z 5 CeDgi) T _xi—lc 3 Tig1 —ax; T2
Ti41 Nd 1 9
H;, i i t=- i+
il / C‘P 80+1() $i+1—$icl 5

xi—t

Tj — Tj—1
t—mxi

Tj — Tj—1

0, else

;e [mimy, x4,

Tiy1 — t

Ti+1 — T

t—x;

K2

Ti+1 — T
0, else

xii

at S [miami-i-l]a

Ti — Tj—1

Tij — Tj—1 Tit1 — T4




Formulation as a quadratic eigenvalue problem

We obtain an equivalent equation for the pressure modes by using the species equation. In fact, if we sum over
all the equations for the species, we may write the unsteady heat release

N, N,

2 1 g

Q== heids = =3 ho(pu?Vs + VY, 0 Vp) (91)
s=1 s=1

and the pressure equation takes the form

J\[S Ns
Ve (VP +(v—1)> hVY,eVp+w?h=—(y—Dwp Y hY, (92)
s=1

s=1

Moreover we use the temperature equation to rewrite the pressure equation as
Ve (Vp) — (v = 1)e, VT o Vp + yw?p = (v — Dw?pe, T (93)

Remark: Using the two last equations we get a relation between the pressure, temperature and species modes

NS NS
WP — (VT + Y hVY,) e Vp=wp(c,T+ > hyY.) (94)
s=1 s=1

We will use the last equation for the pressure modes in addition to the temperature equation

N,

ey + ¢, VT o Vp — wp = i ; he(Vyws oY + 85;513 n 5;“; ) (95)
and the chemical species equations
— 2 ", X 7 ~ . ., ~, . - . aas ~ aas al
wYs+ VY, eVp=iwVe (pD,VY;) +iw(VywseY + ap D+ a—TT) (96)
We combine these relations to get the following equations
for the pressure p
Ve (2Vp) — (v — 1), VT © Vi + yw?p = (v — Dw?pe, T (97)
for the temperature T
B N, o N,
Ve (Vh) + (VT +7)  hVY,) e Vp+wp(e,T +7) h¥s) =0 (98)
s=1 s=1
for the species Y,
— 5 — o Ows . Ows -
VY, o Vp +w?pY, = iw(Vyw, o Y + a“; b+ 5‘; T) (99)
For the density p we use the following relation
.1
p= 3P (100)
A finite element discretization of these equations yields a quadratic eigenvalue problem
(MM +XC+ K)X =0, where A = iw (101)

Let N be the number of nodes in the finite element discretization, then the dimension of this problem is
d=(Ns+2)xN.
The eigenvector X consists of the eigenmodes of pressure, temperature and species

X=(PTY, ... Y, ) (102)
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The stiffness matrix K is singular and has rank < N since it has the following stucture

K=| * (103)

cC=1| = = ... % = (104)

M= * (105)

Since the matrix M is nonsingular, this problem has 2 x d finite eigenvalues.

Furthermore, the matrices M, C and K being real, the eigenvalues A = iw are either real or appear in conjugate
pairs (), \).
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Iterative resolution of the eigenvalue problem

The FEM formulation of the Helmholtz equation yields the equation

AP+ F(\)P =0

(106)

where A = —iw. Considering that the eigenmode (P, Ag) of the cold chamber is a good start guess, we want to
solve this equation for the eigenpair (P, A) in an iterative way. To do this, we need a further equation to have

a complete system. We may use the following requirement
|P|3=1< P'P=1
Hence we want to solve the system for X = (P, \)*

FX) = < A};jPF_(/\l)P > 0

Introducing the matrices B and D

)

; ; . OF
(2 — A F 1 fD’l —
B = A+ F(N), D= o=
the Jacobian DF at X' is given by
; B¢ Dip
DF(X") = X

To solve the equation F(X) = 0, we may linearize F
0=F(X*)=F(X)+DF(X)(X* - X)+O(|X* = X|[|*)

and proceed as follows

fori=1,2,...
DF(XHAX™H = —F(XY)
Xi+l — X’L 4 ,yAxi—i-l

XV

(107)

(108)

(109)

(110)

(111)

(112)
(113)
(114)



Reduced reaction mechanism

Combustion involves many physical and chemical processes with very complex dynamics. In practical com-
bustion systems, reaction mechanisms are in the order of thousands of elementary reactions or more and a
large number of reactive intermediates. For example, hydrocarbon combustion involves around 100 species with
10.000 reactions. A simulation of such a reaction mechanism could be possible in spatially homogenous reaction
systems, such as perfectly-stirred tank reactors. However, in the simulation of real systems with spatial de-
pendency such as combustion chambers of gas turbines, one can not afford to include all species and reactions.
In fact, the spatially inhomogeneous nature of reactive flows and the large number of changing concentrations
leads to extremely high computational costs in the simulation of practical systems. For a three-dimensional
complex geometry as it is the case in the combustion chamber of a gas turbine, numerical procedures based on
discretization techniques (such as finite difference, finite element or finite volume methods) typically involve a
few million unknowns. Besides the prohibitive amount of involved variables, the underlying nonlinearities that
describe the chemical kinetics bring additional complexities and make the computation significantly harder. All
this represents a major obstacle to the use of detailed reaction mechanisms. The level of fundamental sophis-
tication that can be realistically included is limited. Therefore, it is highly desirable to use simplified chemical
kinetics schemes which describe the reactions in terms of only a small number of species without significant loss
of detailed information and accuracy. In the last years, many algorithms have been developed to automatically
produce reduced chemical kinetic mechanisms starting with a detailed mechanism and a set of input problems
representing the operating conditions. The major advantage of introducing reduced reaction mechanism is mak-
ing combustion models applicable as design tools for realistic industrial applications. Since computation times
are reduced significantly, the models can be implemented in CFD codes to describe combustion in complex
geometries for practical cases. Such systematically reduced reaction mechanisms have been successfully applied
to a range of hydrogen and hydrocarbon flames in arbitrary geometries.

Basically, there are four steps in the formulation of a reduced chemical kinetic mechanism:

1. Identification of a short or skeletal mechanism containing only the most essential species and reaction
steps of the detailed mechanism.

2. Identification of appropriate quasi-steady-state approximations (QSSA).
3. Elimination of reactions using the algebraic relations obtained in the previous step.

4. Solution of the coupled and nonlinear set of algebraic equations obtained in the previous steps to find the
QSS species concentrations reaction rates of the non-QSS species.
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