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Opportunistic Eigenbeamforming: Exploiting Multiuser Diversity
and Channel Correlations

Mario Castañeda, Michael Joham and Josef A. Nossek

Abstract Multiuser diversity is an inherent form of diversity
present in any time-varying system with several users. An op-
portunistic scheduler has to be used in order to exploit this type
of diversity. A scheme that increases the effective dynamic range
of the channel by deploying multiple antennas at the transmitter
is called opportunistic beamforming. Opportunistic beamform-
ing increases the degree of multiuser diversity in several sce-
narios, including correlated channels. Nevertheless, multiuser
diversity can also be combined with other transmit schemes
that have proven to be effective in correlated channels, such as
eigenbeamforming. Eigenbeamforming is a point-to-point link
transmit technique that could easily be combined with an op-
portunistic scheduler to extract multiuser diversity. We refer to
the joint use of eigenbeamforming with an opportunistic sched-
uler as opportunistic eigenbeamforming. In this work we show
that the available multiuser diversity with opportunistic eigen-
beamforming is larger than the one achieved when opportunis-
tic beamforming is employed using the proportional fair sched-
uler under different degrees of correlation in the channel. In the
present work we have considered a single cell scenario.

Keywords eigenbeamforming, MIMO systems, mobile commu-
nication, opportunistic beamforming, proportional fair schedul-
ing

1. Introduction

In third generation wireless systems such as CDMA2000
and WCDMA, the ever increasing demand for high data
rate in the downlink has been addressed by including a
high-speed shared channel through theHigh Data Rate
(HDR) [1] mode and theHigh Speed Downlink Packet Ac-
cess (HS-DPA) [2], respectively. In these multiuser sys-
tems, the spectral efficiency is improved by exploiting a
novel form of diversity calledmultiuser diversity. Tradi-
tionally, schemes that employ link diversity view fading
as a nuisance and mitigate the fading by averaging it out
to resemble more closely a pureadditive white Gaussian
noise (AWGN) channel (e.g. [3]). On the other hand, mul-
tiuser diversity does not treat fading as a non-desired el-
ement of the system but actually takes advantage of the
channel variations.

The multiuser diversity concept is best motivated by the
informatic-theoretic result presented in [4]. There, Knopp
and Humblet showed that to maximize the sum throughput
of the users in the uplink of a multiuser system, atime divi-
sion multiple access (TDMA) scheme must be used, serv-
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ing at each time slot the user with the largest channel gain.
Similar results have been obtained by Tse for the down-
link in [5]. Multiuser diversity is inherent in the downlink
of a system, which actually represents a point-to-multi-
point link. By serving the best user at each time instant,
multiuser diversity makes use of the channel gains of all
users as efficiently as possible. As the number of users
in the system increases, the gain in spectral efficiency
achieved by multiuser diversity also increases. However,
for the transmitter to be able to serve the best user, feed-
back of thesignal to noise ratio (SNR) or partialchan-
nel state information (CSI) from each user is required. In
addition, multiuser diversity can only be exploited by a
proper scheduler.

A simple scheduler for a multiuser system is the deter-
ministic round robin scheduler (RRS). The round robin
scheduler is fair in the sense that it allocates the resources
(time slots) equally among all users with a fixed delay.
However, it produces a constant sum throughput of the
system regardless of the number of users in the system and
does not exploit multiuser diversity. On the other hand,
anopportunistic scheduler serves the users taking into ac-
count their CSI, thus being able to exploit multiuser di-
versity and achieving a higher throughput compared to
the round robin scheme. However, this gain comes at the
expense of unfairness. Various opportunistic scheduling
schemes have been summarized in [6]. There Liu et al. ex-
pressed that an opportunistic scheduler basically has two
performance measures: throughput and fairness. In addi-
tion, a framework for opportunistic schedulers has been
presented in [7] considering a minimum-performance re-
quirement and two long-term fairness requirements: tem-
poral fairness and utilitarian fairness. Temporal fairness
means that each user obtains a certain part of the re-
sources (time slots); meanwhile, utilitarian fairness means
that each user obtains a certain portion of the overall
system performance, e.g. spectral efficiency. A scheduler
that achieves a good tradeoff between the aforementioned
types of fairness and the throughput performance measure
is theproportional fair scheduler (PFS) [8].

In addition to the number of users, the degree of mul-
tiuser diversity depends on other factors such as the dy-
namic range of the channel fluctuations. An approach that
increases the dynamic range with the use of multiple an-
tennas at the transmitter is calledopportunistic beamform-
ing [9]. Opportunistic beamforming can be considered as
random beamforming and as an extension of the phase
sweeping antennas presented in [10]. In [9], Viswanath
et al. considered a point-to-multi-point link such as the
downlink of a system with multiple anntenas at the trans-
mitter and a single antenna at each receiver.

It has been shown in [11, 12, 13] that combining trans-
mit diversity schemes, traditionally designed for point-to-
point links, with an opportunistic scheduler under partial
CSI feedback reduces the degree of available multiuser di-
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versity compared to a system with no point-to-point link
diversity at all. However, as it has been stated in [14],
proper use of spatial diversity does not really reduce the
available multiuser diversity. Moreover, when high mobil-
ity is present among the users, multiuser diversity suffers
due to the use of outdated feedback in the opportunistic
scheduler [15]. The previous results motivate us to con-
sider combining point-to-point link transmitting schemes
with an opportunistic scheduler in a point-to-multi-point
link in order to exploit multiuser diversity.

Opportunistic beamforming produces gain in several
scenarios but it has been shown that this scheme achieves a
higher gain in correlated channels [9, 16]. However, there
is a point-to-point link scheme termed eigenbeamform-
ing [17, 18] that has proven to be effective in correlated
channels as well. For eigenbeamforming, the transmitter
needs to know the principal eigenvector of the correlation
matrix of the channel seen by the receiver. To this end,
the receiver feeds back the principal eigenvector to the
transmitter and not the whole correlation matrix. Note that
the transmitter actually only requires partial CSI. Further-
more, in [19] it was shown how eigenbeamformingoutper-
forms opportunistic beamforming in correlated channels
for different degrees of spatial correlation. In this work,we
investigate how eigenbeamforming combined with mul-
tiuser diversity can exploit not only spatial correlationsin
a channel but also the correlation that exists between time
slots. We refer to the scheme that uses eigenbeamforming
to exploit multiuser diversity asopportunistic eigenbeam-
forming. In the work at hand, it is shown not only that op-
portunistic eigenbeamforming is able to make better use
of the spatial correlations but also is more robust to out-
dated feedback. We focus on the downlink of a multiuser
system, i.e. a point-to-multi-point link.

In Section 2, an overview of multiuser diversity and
the proportional fair scheduler is presented. Section 3 de-
scribes the channel model that will be utilized in this work.
The concept of opportunistic beamforming is discussed in
Section 4. Meanwhile, Section 5 defines the opportunistic
eigenbeamforming approach by explaining how it can be
combined with multiuser diversity. The results and analy-
sis of our work are given in Section 6. Finally, the conclu-
sions of this papers are presented in Section 7.

2. Preliminaries

2.1 Multiuser Diversity

Let us consider a point-to-multi-point link where a base
station serves several users in the downlink. In order for
such a link to attain multiuser diversity two general con-
ditions are required: one at the transmitter and the other at
the receivers. To exploit the multiuser diversity, the base
station requires the channel gain or equivalent SNR from
all of the users before scheduling a user. This informa-
tion is gathered at the transmitter through fast feedback
of the partial CSI from all the users to the base station.
To this end, each user must be able to track and estimate
his channel magnitude through a common downlink pi-
lot and then feed it back to the base station. Upon feed-
back of all partial CSI of all the users, the base station

decides to which user to transmit with a constant power.
Once the transmitter has the partial CSI from all the user,
we now come across the other requirement to extract the
multiuser diversity: the base station must have the abil-
ity to schedule transmission among the users as well as to
adapt the data rate to the fed back partial CSI. Neverthe-
less, the above mentioned requirements are present in the
designs of many third generation systems such as IS-856
[1]. However, besides these requirements the actual degree
of multiuser diversity depends on additional factors.

With a larger number of users and a larger dynamic
range, there is more multiuser diversity available. In addi-
tion, a time-varying channel is required in order to exploit
multiuser diversity. As the speed of the channel fluctua-
tions increases so does the available multiuser diversity.
However there is a limit on how fast the speed of the fad-
ing should be, such that the fedback CSI is not outdated.
If the time-variance of the channels is incured by random
beamforming, which is the same in the pilot- and subse-
quent payload phase, no outdating of CSI will occur.

Summing up, we can state that for a point-to-point link,
a non-fading channel is the most reliable and desirable, but
for a point-to-multi-point link with time varying indepen-
dent fluctuations this statement is no longer true. Instead a
system with several users with independent time-varying
fading channel with high probability of large channel mag-
nitudes and fast fluctuations is better in order to extract
multiuser diversity.

2.2 Proportional Fair Scheduler

Multiuser diversity can only be exploited through the use
of an opportunistic scheduler, for which we will consider
the proportional fair scheduler [8] (PFS). Let us define
the supported data rate for userk at time slotn asRk[n].
When the PFS is employed, the base station transmits to
the user with the largest current supported data rate com-
pared to its own average rate, i.e. the userk∗

k∗[n] = argmax
k

Rk[n]

Tk[n]
, (1)

whereTk[n] is the average throughput of userk at time
slotn. Through this scheduling principle, the statistically
weaker users will not suffer at the expense of the stronger
user as they do not have to wait to have the best channel
or largest supported data rateRk[n] to be served. In this
sense, the user with the bestrelative channel is served.
Moreover, the average throughputTk is updated as fol-
lows:

Tk[t+1] =

{

(1 − 1
tc

)Tk[n] + 1
tc
Rk[n] k = k∗[n],

(1 − 1
tc

)Tk[n] k 6= k∗[n],
(2)

wherek∗[n] refers to the user served in time slotn andtc
is a time constant.

The proportional fair scheduler can be tuned to achieve
different fairness and delay performances. To this end, let
us define the forgetting factorf as the inverse of the time
constanttc (f = 1

tc
). Then, the forgetting factor ranges

from 0 to 1 and it represents the percentage of how much
weight the served data rateRk∗ [n] for time slotn has on
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Fig. 1. MISO Channel Model for userk

the average throughputTk∗ [n] for userk∗[n]. The PFS
achieves the best delay performance when the forgetting
factor approaches1. In this case, the PFS approaches the
round robin scheduler and no multiuser diversity can be
exploited with this setting. Meanwhile, when the forget-
ting factor in the PFS approaches0, the PFS now ap-
proaches the thegreedy scheduler (GS), thus achieving the
maximum multiuser diversity of the system but at the ex-
pense of increased delay on the weaker users. Hence, the
degree of multiuser diversity that can be exploited from
the system can be tuned with the forgetting factorf in the
PFS.

3. Channel Model and Correlations

Before presenting the concepts of opportunistic beam-
forming and eigenbeamforming let us first introduce the
channel model that will be employed. We will consider a
flat fading downlink of a multiuser system withK users,
i.e. a point-to-multi-point link.N antennas are deployed
at the base station while the receiver at each user has
only one antenna, thus we have amultiuser mutiple-input
single-output (MU-MISO) system as shown in Fig. 1 for
userk. Let us definex[n] ∈ C as the transmitted symbol
for time slotn, hm,k[n] ∈ C as the complex channel gain
from antennam to thekth user for time slotn, nk[n] ∈ C

as the additive white noise at the receiverk for time slot
n, andyk[n] ∈ C as the received signal at userk for time
slotn. In our model, we assume thathn,k[n] are complex
Guassian distributed random variables with unit variance,
i.e. Rayleigh fading.

Futhermore, let us assume that the base station has a
uniform linear array (ULA) with N identical transmit an-
tennas. Even though we have made the assumption of fre-
quency non-selective channels we considered that each
channelhm,k[n] is composed ofB unresolvable subpaths.
We assume that the directions of departure of each of the
B subpaths for each user are distributed over a given an-
gle spreadδ with a certain mean angle of departureθk per
userk. This mean angleθk per user is taken to be uni-
formly distributed from[0, 2π]. Furthermore, a far field
assumption is made so that the narrow band signals de-
lay caused by the geometry of ULA can be expressed as

a phase shift. Therefore, themth element of the steering
vector of the antenna array is given by e−j(m−1)2πd sin θk,b ,
whered andθk,b are the distance between antennas given
in wavelengths of the signal, and the angle of departure of
the bth subpath of thekth user, respectively. Notice, that
θk,b ∈ [θk− δ, θk+ δ]. Let us now denote the channel vec-
tor for userk ashk[n] = [h1,k[n], h1,k[n], . . . , hN,k[n]]T,
where(•)T represents the transpose operator. Assuming a
distance between antennas ofd = 1/2 and based on the
geometry of the ULA we can model the channel vector
hk[n], for userk as follows:

hk[n] = ATx,k · φk[n], (3)

whereφk[n] ∈ CB whose elements are zero mean in-
dependent complex Gaussian random variables with vari-
ance equal to1/B in order to have E

{

|hm,k|2
}

= 1. Fur-
thermore, we have thatATx,k is the transmit array steering
matrix given by the Vandermonde matrix:

ATx,k =









1 · · · 1
e−jπ sin θk,1 · · · e−jπ sin θk,B

...
. . .

...
e−jπ(M−1) sin θk,1 · · · e−jπ(M−1) sin θk,B









,

(4)
whereATx,k ∈ CN×B.

If hk is generated as shown in (3), then the resulting
elements ofhm,k[n] are still complex Gaussian random
variables with zero mean and unit variance. This comes
from the fact that each of thehm,k[n] results from a sum-
mation ofB complex Gaussian random variables, through
the steering matrixATx,k, which in turn generate a com-
plex Gaussian random variable with a variance equal to
that of the sum of the variances which in this case is
∑B

b=1 1/B = 1. Therefore, if thehm,k, m = 1, . . . , N ,
are Rayleigh distributed with unit variance and some cor-
relations among them for each userk.

Moreover, we have that the spatial transmit correlation
matrix of the channel vector of each userk is given by:

Ck = E
{

hk · hH
k

}

=
1

B
· ATx,kA

H
Tx,k ∈ C

N×N , (5)

where(•)H denotes the conjugate transpose or Hermitian
operator(•)∗,T. This spatial correlation matrixCk de-
pends specially on the angle spreadδ of the path to userk
among where theB unresolvable paths are located. For a
small angle spreadδ (δ ≈ sin δ) and with a large number
of scatterers located on a ring around each user terminal,
the spatial correlation between antennasm andp, i.e. the

elements of the matrixCk, i.e. E
{

hm,kh
∗

p,k

}

, can then be

approximated by [20]:

J0 (2π(p−m)dδ cos (θk)) e−j2π(p−m)d sin (θk), (6)

where J0(•) denotes the Bessel function of the first kind
of order zero.

Furthermore, we assume the channel to have a tempo-
rally correlated block fading, which means thathm,k[n]
remains constant for time slotn. As for the temporal corre-
lation, we assume a Jakes power density spectrum, which



4 M. Castañeda: Opportunistic Eigenbeamforming: Exploiting Multiuser Diversity and Channel Correlations
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results in a temporal auto-correlation function ofhm,k[n]
for antennam, m = 1, . . . , N , and userk that reads as
follows [21]:

E
{

hm,k[n] · h∗m,k[n+ ∆t]
}

= σ2
k · J0(2πfn∆t), (7)

fn and ∆t denote the normalized Doppler frequency,
and the difference in number of time slots, respectively.
The normalized Doppler frequency is given byfn =
fcarrier·v
fslot·c

cosβ, wherefcarrier, v, fslot, c, andβ are the carrier
frequency, the speed of the user, the frequency of the slots,
the speed of light, and the angle between the direction of
the user and the path to the antennam, respectively1. We
assume thatβ = 0 for everyk.

The multiple antennas at the base station shown in
Fig. 1 will be used for beamforming rather than trans-
mit diversity. In that case, the corresponding MISO sys-
tem for each user can be described by an equivalent SISO
system. However, when considering the rest of the users
we now have a multi-point-to-point link. Let us denote the
beamforming vector applied at the base station, as shown
in Fig. 1, asw[n] = [w1[n], w2[n], . . . , wN [n]]T ∈ CN ,
where |wm[n]| ∈ [0, 1] and arg (wm[n]) ∈ [0, 2π], for
m = 1, . . . , N , are the power allocation and phase alloca-
tion on each antennam, respectively. In order to preserve
the transmit power, we must satisfy

∑N

m=1 |wm[n]|2 = 1,
i.e. the vectorw[n] has unit norm. Therefore, we then have
that the received signalyk[n] for userk, shown in Fig. 1,
reads as follows:

yk[n] = wT[n] · hk[n] · x[n] + nk[n] (8)
= hk[n] · x[n] + nk[n], (9)

wherehk[n] = wT[n] · hk[n] is the equivalent channel
seen by userk.

4. Opportunistic Beamforming

When applying a random vectorwob[n] ∈ CN through
opportunistic beamforming in correlated channels, the re-
sulting equivalent channelhk[n] for each userk from (9)
will have a larger fluctuations than the original channels
hm,k[n], m = 1, . . . , N , for userk. This will increase ar-
tificially the degree of multiuser diversity in the system.
Furthermore, just as in the case of a single antenna at the
base station, the users must track their equivalent chan-
nelhk[n] and feed back to the base station their supported
data rateRk[n] resulting from the power and phase allo-
cation done at the transmitter given bywob[n]. Then, the
base station decides which user to transmit to based on
the scheduling policy. If the PFS is used, the base sta-
tion transmits to the best relative user applyingwob[n]
at the transmit antennas. With opportunistic beamforming
not only does the equivalent channel resembles actually a
SISO channel for each userk, but also the use of the mul-
tiple antennas is completely transparent at each receiving
user.

1 Note thatfslot appears in the denominator of the normalized
Doppler frequencyfn, because∆t in (7) is given in number of time
slots and not in seconds.

For opportunistic beamforming to be effectively em-
ployed in a correlated channel, the generated opportunistic
beamswob[n] must have the same distribution as that of
z/

√
zHz, wherez ∈ CN is a vector whose elements have

the same distribution as that of thehm,k form = 1, . . . , N
[9]. Furthermore, since thehm,k are complex Gaussian
random variables, with independent real and imaginary
parts, then the magnitude and phase of eachhm,k are in-
dependent [22]. Hence, the magnitude and phase of the
elements ofwob[n] can be generated seperately. Thus,
the magnitudes|wob,m|, m = 1, . . . , N of the vector
wob[n] are taken form the magnitudes of the elements of
an isotropically distributed vector.

As for the distribution of the anglesθm = arg (wob,m)
of the elements ofwob[n], one could expect that to match
the distribution of the correlated Rayleigh channelshm,k,
the anglesθm, m = 1, . . . , N , should be uniformly dis-
tributed over[0, 2π], i.e.wob[n] would be an isotropically
distributed vector. However, when considering the spatial
correlations one needs only to transmit over the strongest
beam to userk. Therefore, only one angle of departure
θ[n] is required, to transmit over one beam to each user, in-
stead ofN independent angles [9, 23]. This can also be ob-
served by looking at the approximation given in (6) of the
elements ofCk for small angle spread. Assuming that the
distance between adjacent antennas given in wavelengths
is d = 1

2 , then the allocated phaseθm[n] would be given
by:

θm[n] = (m− 1)π sin (θ[n]), (10)

for each antennam, m = 1, . . . , N . Notice that assum-
ing that the angle of depatureθ[n] is uniformly distributed
over [0, 2π] does not lead to a uniform distribution of the
angleθm[n], for m = 1, . . . , N . The fact that only one
angle needs to be varied can explain why does opportunis-
tic beamforming performs better under correlated fading
than under uncorrelated fading. In uncorrelated channel,
opportunistic beamforming needs to select appropiately
N anglesθm[n] in order to coherently beamform a user.
However, in a correlated channel it is easier to achieve the
maximum rate through coherent beamforming since only
one angle instead ofN needs to be selected appropiately
[24].

5. Opportunistic Eigenbeamforming

A transmitting scheme that efficiently makes use of the
fading correlations in point-to-point links is eigenbeam-
forming [17, 18]. Eigenbeamforming takes advantage of
the spatial correlations present at the base station by tran-
mitting over the strongest beam to a given user. To this
end, eigenbeamforming requires partial CSI at the trans-
mitter, which in this case refers to the principal eigenvec-
tor of the spatial correlation matrixCk of the channel for
each userk. However, the receiving user can not exactly
calculateCk given by (5) and instead along-term corre-
lation matrixCLT,k is used as an estimate. How this long-
term correlation matrix is estimated will be described later.
Let us then denote the sorted eigenvalue decomposition of
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the correlation matrixCLT,k as follows:

CLT,k = VkΛkV
H
k =

N
∑

i=1

λi,kvi,kv
H
i,k, (11)

wherev1,k is the principal eigenvector ofCLT,k, i.e. the
eigenvector belonging to the largest eigenvalueλ1,k of
CLT,k. Under eigenbeamforming, the beam vectorweb,k[n]
applied at the transmitting base station for userk would
then beweb,k[n] = v∗

1,k. Contrary to opportunistic beam-
forming, in opportunistic eigenbeamforming there is a
beamforming vector for every user, since each user has his
own distinct principal eigenvector. By applying this power
and phase allocation at the base station, the data for user
k is transmitted over the strongest beam available in the
channel to userk. This in average increases the through-
put of the point-to-point link under the correlations present
in the channel [17, 18].

In [19], it was shown how eigenbeamforming can be
combined with multiuser diversity. We refer to this combi-
nation asopportunistic eigenbeamforming. In opportunis-
tic eigenbeamforming the users must feed back their prin-
cipal eigenvector to the base station. This can be done over
several time slots with a given feedback rate. For the users
to calculate this principal eigenvector, they first requireto
track and estimate their channelshm,k[n],m = 1, . . . , N ,
for userk. To this end, the base station must send sepa-
rate pilot signals on each antennam for m = 1, . . . , N .
Once the receiving users have estimated his channel they
proceed to calculate ashort-term correlation matrixCST,k

with the current channel conditions:

CST,k[n] = hk[n] · hH
k [n], (12)

for each userk. This short-term correlation matrix is used
to update the long-term correlation matrixCLT,k at time
slotT as follows:

CLT,k[n] =
1

T
·
T

∑

n=1

CST,k[n]. (13)

Let us now assume that the base station has the prin-
cipal eigenvectorv1,k for each userk. When combining
eigenbeamforming with multiuser diversity the base sta-
tion must decide to which user to transmit based on some
fed back partial CSI. Even though, that for opportunis-
tic eigenbeamforming the individual linkshm,k, for m =
1, . . . , N , are required for updatingCLT , a good estimate
of the individual links is not required at each time slot for
choosing the best user. At each time slot each user must
feedback what would their equivalent channelhk from (9),
if they were served by transmitting over their strongest
beam with the beamforming vectorweb,k[n] = v∗

1,k ap-
plied at the base station. Based on the Karhunen-Loève
expansion [25] we can write the channel vector of userk
as follows:

hk =

N
∑

i=1

ξi,k · vi,k, (14)

where ξi,k, i = 1, . . . , N are unit variance complex
Gaussian random variables. If the beamforming vector

web,k[n] = v∗

1,k is applied at the transmitter then the
equivalent channel is given from (14) as:

hk = wT
eb,k · hk = vH

1,k · hk = ξ1,k. (15)

In order to determinehk, the receivers do not need to mea-
sure the individual linkshm,k, form = 1, . . . , N . Instead,
they just need to measureξ1,k which represents the equiv-
alent channelhk seen by userk when applyingweb,k[n]
at the base station. The equivalent channelhk is still just
one complex number as in the case of opportunistic beam-
forming. Moreover, the users feed back the magnitude of
hk or the supported data rateRk[n], described in Sec-
tion 2.2, for this channelhk. Upon reception of all the
supported data rates from all the users, the base station
decides to which user to transmit by employing an oppor-
tunistic scheduler. In case the proportional fair scheduler
is employed, the base station transmits to the best relative
user.

Therefore, in opportunistic eigenbeamforming the
channel is tracked, through the aid of the pilot signals
transmitted from the base station, for two purposes. On
the one hand, these pilots are used to estimate the channels
hm,k[n], form = 1, . . . , N . These individual links are re-
quired by the eigenbeamforming scheme in order to calcu-
late the short-term correlation matrix which is then used to
update the long-term correlation matrix from where their
current principal eigenvector for each user is estimated.
On the other hand, the channel is also tracked in order to
estimate the equivalent channelhk = ξ1,k for each user
under the assumption that the base station transmits over
their strongest current beam.

5.1 Feedback of Principal Eigenvectors

In order to schedule the users and exploit multiuser diver-
sity in both schemes, opportunistic beamforming and op-
portunistic eigenbeamforming, the feedback of the SNR
is required. However, opportunistic eigenbeamforming
needs additional feedback so that the principal eigenvector
of each user is available at the base station.

In order to provide a quantitative comparison of the
additional feedback required by opportunistic eigenbeam-
forming, let us consider the following example. Let us as-
sume that the SNR feedback is constrained to500 Hz and
that the feedback is quantized withB ≥ 1 bits. That means
that in one second each user needs to feedback500B bits
to the base station. Now, let us assume that the long-term
properties of the channel remain constant for one second.
For a speed of36 kmph, that means that the we assume
that thelong-term correlation matrixCLT,k and therefore
the principal eigenvector of userk remain constant over a
distance of10 meters, which is a reasonable assumption.

In addition, let us assume that the users feedback their
principal eigenvector by usingP ≥ 1 quantization bits per
real and imaginary part of the eigenvector. Furthermore,
let us recall that the beamforming vector is constrained
to have unit norm and that only the relative difference be-
tween the phases of the eigenvector elements are of impor-
tance. To show this, let us assume that userk, instead of
feeding backvi,k, feeds back as its principal eigenvector
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v′

i,k, where

v′

i,k = ejψ · vi,k, (16)

whereψ ∈ [0, 2π]. Thus, from (15) we have that the equiv-
alent channel for userk with v′

i,k is

h′k = e−jψ · ξ1,k, (17)

which still has the same maginitude ashk from (15).
Therefore, we only needN − 1 complex numbers to char-
acterize the principal eigenvector. The magnitude of the
N -th element of the eigenvector is determined from the
unit norm constraint while the phase of theN -th element
can be determinely set to zero. Hence, forN antennas each
user needs to feedback2(N − 1)P bits in order to send
the principal eigenvector to the base station.2 The ratio of
the additional feedback of the principal eigenvector to the
SNR feedback in one second per user is then:

2(N − 1)P

500B
=

(N − 1)P

250B
. (18)

If we considerN = 4 antennas withB = 4 bits for the
SNR feedback andP = 4 bits for the quantization of the
real/imaginary part per eigenvector element, we have that
the additional feedback required by opportunistic eigen-
beamforming is just1.2% of the required SNR feedback.
Hence, the additional feedback of the principal eigenvec-
tor is negligible compared to the SNR feedback required
to exploit multiuser diversity. The2(N − 1)P bits which
represent the principal eigenvector do not need to be fed
back at once and can be distributed over several feedback
slots. Additionally, the principal eigenvector feedback can
be further reduced by using tracking algorithms such as
the approach for tracking the signal subspace presented in
[26].

Finally, note thatN pilots are required to estimate the
principal eigenvector for each user, whereas only one pilot
is required in the opportunistic beamforming scheme. In
the opportunistic eigenbeamforming scheme, theN pilots
are used to estimate for each userk, thehm,k for m =
1, . . . , N , with which the correlation matrixCLT,k can be
estimated and in turn the principal eigenvectorv1,k for
each userk.

6. Comparison: Opportunistic Beamform-
ing vrs. Opportunistic Eigenbeamform-
ing

6.1 Simulation Setup

To evaluate the performance of opportunistic beamform-
ing and opportunistic eigenbeamforming in correlated
channels with outdated feedback, let us consider the

2 Thus, we have22(N−1)P possible vectors for characterizing
the principal eigenvector. If we haveN = 4 antennas and use
P = 4 bits, we have more than1.6 × 10

7 possible eigenvectors.
If we useP = 5 bits, then we have more than1 × 10

9 possible
eigenvectors.

downlink of a single cell with a base station with a ULA
constituted ofN = 4 transmit antennas with a distance
d = 1

2 wavelengths between antennas and with only one
antenna at each receiver. Thus, each point-to-point link
constitutes a MISO system as depicted in Fig 1. Further-
more, we have the overall downlink system represented
as a point-to-multi-point link where we assume there are
a maximum ofK = 64 users with the same normalized
Doppler frequencyfn and angle spreadδ. The carrier fre-
cuency isfc = 2 GHz. We assume that the channels
hm,k, for m =, 1, . . . , N for userk are block correlated
Rayleigh flat fading with unit variance as described in Sec-
tion 3. Moreover, the average SNR at the receiver is0 dB
and there are1500 time slots transmitted per second.

The effect of the outdated feedback is represented as
follows. We consider the existence of a training phase at
time slotn where the magnitude of the equivalent chan-
nel hk[n] given by (9) or (15) is measured by userk for
opportunistic beamforming and opportunistic eigenbeam-
forming, respectively. The users are served through the
proportional fair scheduler with different forgetting fac-
torsf . We assume no processing delay and consider that
the feedback required to exploit the multiuser diversity by
the PFS is fed back during time slotn + 1, while the ac-
tual transmission to the best relative user is done in time
slotn+ 2. Therefore, the equivalent channelhk[n] that is
measured is based on thehm,k[n], while the actual chan-
nels when the selected userk is served arehm,k[n + 2],
for m = 1, . . . , N , as shown in Fig. 2. Hence, the result-
ing loop delay is 2 slots.

Training Slot Feedback Slot Transmission Slot
hm,k[n] hm,k[n+ 1] hm,k[n+ 2]

Fig. 2. Outdated Feedback Model

In addition, the correlation matrix among the transmit
antennas is given by (5) but we use the approximation
that of each of the elements of this matrix is given by (6).
This approximation is valid since we consider small an-
gle spreads such thatδ ≈ sin δ, then the random beam
used for opportunistic beamforming will be directed only
over one beam by randomly varying a single angleθ as
explained at the end of Section 4. Moreover, the auto-
correlation among the time slots is given by a Jakes model
described in (7).

Furthermore, when considering opportunistic eigen-
beamforming we assume that the long-term correlation
matrix CLT,k has been estimated over a large number of
time slotsT as given by (13). In addition, we assume
that the base station has available the principal eigenvec-
tor v1,k of the long-term correlation matrix for each user
k = 1, . . . ,K. This is done through some feedback de-
pending on how fast the channel changes. However, if we
assume thatCLT,k[n] = CST,k[n] at each time slotn and
that the users can feedback their principal eigenvector at
each time slot, then the base station has available instanta-
neous channel state information. If this is the case the base
station can perform coherent beamforming to the best rel-
ative user. With such a theoretic case the maximum rate
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can be achieved and it serves as an upper bound for oppor-
tunistic eigenbeamforming.We will refer to this scheme in
the following asopportunistic coherent beamforming.

To depict the corresponding delay performance for dif-
ferent degrees of multiuser diversity achieved through dis-
tinct forgetting factors in the proportional fair scheduler,
let us define theoutage delay Dout which is related to a
probabilitypout as follows:

Prob{D < Dout} = 1 − pout, (19)

wherepout is theoutage probability that a given delayD is
larger thanDout. The delayD is given in number of time
slots. In the simulation we setpout = 2%. Each forgetting
factor in the PFS corresponds to a certain delay perfor-
mance represented through the outage delayDout.

Regarding the degrees of correlation in the channel, we
will consider angle spreads up to40◦. As for the normal-
ized Doppler frequency the maximum speed treated is80
km per hour.

6.2 Analysis and Results

In the following, the figure of merit that will be
used to asset the degree of multiuser diversity will
be the average sum throughput of the system. Fur-
thermore, we assume that the supported data rate
or throughput for userk is given by the Shan-
non equationRk[n] = log2 (1 + SNR[n]), where
SNR[n] = |hk[n]|/σ2

k with σ2
k as the variance of the

noise at the receiving userk for which we have assumed is
equal to unity for every user. As mentioned in Section 2.1,
one of the determining factors in the degree of multiuser
diversity is the number of users in the system. In order to
observe this performance, we have plotted in Fig. 3 the av-
erage sum throughput as a function of the number of users
for the three opportunstic schemes detailed in the previ-
ous section: opportunistic beamforming (OB), opportunis-
tic eigenbeamforming (OEB) and opportunistic coherent
beamforming (OCB). These results correspond for a speed
of 35 kmph with several angle spreads. In addition, the
users are served through the PFS with a forgetting factor
of 0.001. The gain resulting from multiuser diversity can
clearly be seen from this figure, for which as the number
of users increases all of the treated schemes increase their
performance represented by the average sum throughput
of the system.

To evaluate the peformance for different settings of the
proportional fair scheduler, Fig. 4 depicts the average sum
throughput for a set ofK = 64 users as a function of the
forgetting factor. As stated in Section 2.2, the degree of
multiuser diversity that can be exploited in a system in-
creases as the forgetting factor is reduced which can be
clearly seen in this figure. However, this increase in mul-
tiuser diversity comes at the expense of delay. To observe
the tradeoff between the multiuser diversity and the de-
lay, Fig. 5 shows the average sum throughput but now as a
function of the outage delayDout with a outage probabil-
ity set topout = 2%. Every forgetting factor from Fig. 4
translates into an outage delay in Fig. 5.

Moreover, in each of the previous figures, Figs. 3-5,
it can also be seen how opportunistic eigenbeamform-
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ing outperforms opportunistic beamforming for different
degrees of correlation in the channel. The different de-
grees of correlation are represented by the different an-
gle spreads. As the angle spread decreases the degree of
correlation increases and the performance of opportunis-
tic eigenbeamforming basically matches the one of oppor-
tunistic coherent beamforming. For each case, the maxi-
mum possible achieved performance is obtained through
opportunistic coherent beamforming and is represented
as an upper bound on the average sum throughput. The
opportunistic eigenbeamforming scheme still outperforms
opportunistic beamforming also for different values of the
forgetting factor. When the delay performance is consid-
ered, it can be seen that the for a given outage delay,
the average sum throughput achieved with opportunistic
eigenbeamforming is higher than compared to opportunis-
tic beamforming. These results agree with the ones pre-
sented in [19]. Nevertheless, we will now proceed to eval-
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uate the impact of the temporal correlations in the channel
and the effect of the outdated feedback on the proportional
fair scheduler for different user’s velocities under different
degrees of correlation.

When different speeds for the users are take into ac-
count, one must consider the effect of the outdated feed-
back, since the channel that was tracked is no longer the
same at the moment a user is served. Then, it might turn
out that the selected user is no longer the best user. In
Fig. 6, the effect of the outdated feedback can be observed
for the different opportunistic schemes treated so far. The
results presented in this figure correspond to angle spread
δ = 1◦ and δ = 30◦. In addition, PFS 1 stands refers
to the proportional fair scheduler with a forgetting factor
f = 0.001, meanwhile PFS 2 corresponds to the propor-
tional fair scheduler with a forgetting factorf = 0.002.
One can see that for low speeds, the degree of multiuser
diverstiy increases up to a maximum value as the speed
of the users increases. This can be explained from the fact
that there is a larger degree of multiuser diversity when the
channel fluctuations are fast. When there is fast fading, the
dynamic range of the channel fluctuations over the latency
time scaletc increases, thus increasing the available mul-
tiuser diversity. Notice also that this increase is relatively
larger for OCB and OEB as compared to OB, since op-
portunistic beamforming is already inducing faster chan-
nel fluctuations through the use of the random beam at
the transmitter. After reaching maximum sum throughput,
the degree of multiuser diversity decreases as the speed of
the users increases for all of the schemes since they suffer
from the effect of the outdated feedback and in fact now
it incurs in a loss. Moreover, we have that PFS 1 outper-
forms PFS 2 since PFS 1 has a smaller forgetting factor.

In order to evaluate the degree of multiuser diversity
as a function of the degree of correlation, Fig. 7 depicts
the average sum throughput as a function of the angle
spread. These results correspond to a speed of35 kmph
with the PFS using two forgetting factors,f = 0.001 and
f = 0.002. A small angle spread indicates a large degree
of correlation as all of the subpaths to one user practically
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have the same angle of departure. As the angle spread
increases, the degree of correlation decreases and so the
multiuser diversity available in the system. When there is
a fully correlated channel, all the power of the channel is
allocated over only one eigenmode of the channel. How-
ever, as the angle spread increases, i.e. the spatial correla-
tion in the channel decreases, the condition of the spatial
correlation matrix decreases since the power of the chan-
nel is distributed over all the eigenmodes. This means that
the throughput achieved through coherent beamforming of
a user with full correlation would be in average larger than
the throughput achieved through coherent beamforming of
a user with a less correlated channel. This would explain
the decrease in performance as the angle spread increases
for opportunistic eigenbeamforming, since the eigenvalue
corresponding to the principal eigenvector is now smaller
as compared to when the angle spread is smaller. In ad-
dition, we have that opportunistic beamforming is outper-
formed by opportunistic eigenbeamforming because OB
does not always transmit on the strongest eigenmode of
the channel as OEB does. In the limit, when we have a
fully uncorrelated channel, where the condition of the spa-
tial correlation matrix of the channel is equal to1, we
would have that the performance of OB is the same as that
of OEB.

Furthermore, one can also analyze the performance of
opportunistic eigenbeamforming relative to opportunistic
beamforming. To this end, let us define the following ratio:

η(δ,K) =
SOEB(δ,K)

SOB(δ,K)
(20)

whereSOEB andSOB are the sum throughput achieved with
the PFS (f = 0.001) for opportunistic eigenbeamforming
and opportunistic beamforming, respectively. This relative
gainη is a function of the number of users, speed of the
users and of the angle spread. For a speed of35 kmph,
Fig. 8 depicts this ratio as function of the angle spreads for
different number of users. It can be seen from this figure
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that as the number of users increase the gain of OEB over
OB decreases. This can be explained as follows. As the
number of users increases the probability that the random
beam generated by OB actually matches the complex con-
jugate of the eigenbeam of a certian user increases. In the
limit, whenK → ∞, one can expect that the performance
of OEB is the same as that of OB. The multiuser diversity
gain is further reduced as the correlation available in the
channel decreases, i.e. the angle spread increases.

7. Conclusion

Opportunistic schedulers exploit the multiuser diversity
inherent in a multiuser system. Through the use of op-
portunistic beamforming the degree of multiuser diversity

is increased in correlated channels. Nevertheless, an effi-
cient transmit schemes for point-to-point correlated links
can be employed to achieve an even greater gain. We have
shown that combining eigenbeamforming with an oppor-
tunistic scheduler, such as the proportional fair scheduler,
increases the degree of multiuser diversity. This concept,
which we term opportunistic eigenbeamforming, not only
outperforms opportunistic beamforming for different de-
grees of spatial correlations in a channel, but also at dif-
ferent speeds of the users. Opportunistic eigenbeamform-
ing is more robust to outdated feedback that results from
the speed of the users. The larger achievable sum through-
put of opportunistic eigenbeamforming over opportunistic
beamforming is a result of having more partial CSI of each
user at the base station. This partial CSI corresponds to the
largest eigenvector of each user which must be fedback
from each user. However, the feedback of this eigenbeam
is not comparable with the SNR feedback required to ex-
ploit multiuser diversity in a TDMA system. This addi-
tional partial CSI can be fed back a much slower rate than
the SNR feedback required by an opportunistic scheduler
to serve a user at each time slot.

In addition, the existing tradeoff between the multiuser
diversity gain and the delay performance provided through
different settings of the forgetting factor in the propor-
tional fair scheduler was also shown. For all the for-
getting factors and the corresponding values of the out-
age delays, opportunistic eigenbeamforming achieves a
higher average sum throughput as compared to opporun-
tistic beamforming. Furthermore it was shown how oppor-
tunistic eigenbeamformer comes close to the upper bound
of the average sum throughput, achieved through oppor-
tunistic coherent beamforming, when the angle spread is
very small. As the angle spread increases the power of
the channel is distributed over all the eigenmodes of the
channel, thus decreasing the multiuser diversity gain that
can be extracted with OCB, OEB and OB. However, for
any angle spread OEB still outperforms OB. Meanwhile,
as the number of users increases and the angle spread in-
creases, the perfromance of the opportunistic beamform-
ing and opportunistic eigenbeamforming converge.
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