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Summary
This work presents an extensive theoretical investigation of the structureof the nucleon within the stan-
dard model of elementary particle physics. In particular, the long range contributions to a number of
various form factors parametrizing the interactions of the nucleon with an electromagnetic probe are
calculated. The theoretical framework for those calculations is chiral perturbation theory, the exact low
energy limit of Quantum Chromo Dynamics, which describes such long rangecontributions in terms
of a pion-cloud. In this theory, a nonrelativistic leading one loop order calculation of the form factors
parametrizing the vector transition of a nucleon to its lowest lying resonance,the∆, a covariant calcu-
lation of the isovector and isoscalar vector form factors of the nucleon atnext to leading one loop order
and a covariant calculation of the isoscalar and isovector generalized vector form factors of the nucleon
at leading one loop order are performed. In order to perform consistent loop calculations in the covariant
formulation of chiral perturbation theory an appropriate renormalization scheme is defined in this work.
All theoretical predictions are compared to phenomenology and results from lattice QCD simulations.
These comparisons allow for a determination of the low energy constants of the theory. Furthermore,
the possibility of chiral extrapolation, i.e. the extrapolation of lattice data from simulations at large
pion masses down to the small physical pion mass is studied in detail. Statistical as well as systematic
uncertainties are estimated for all results throughout this work.

Zusammenfassung
Die vorliegenden Arbeit liefert eine umfassende theoretische Untersuchung der Struktur des Nukleons
innerhalb des Standardmodells der Elementarteilchenphysik. Es werden dielangreichweitigen Beiträge
zu einer Vielzahl von Formfaktoren, die die Wechselwirkung des Nukleons mit einer elektromagnetis-
chen Probe parametrisieren berechnet. Der theoretische Rahmen für diese Rechnungen ist die chirale
Störungstheorie, der exakte Niederenergielimes der Quantenchromodynamik, in der diese langreich-
weitigen Beiträge durch eine Pionwolke beschrieben werden. Eine nichtrelativistische Rechnungen
für die Formfaktoren, die den Übergang des Nukleons in seinen niedrigsten angeregten Zustand (das
∆) parametrisieren bis zur führenden Einschleifenordnung, eine kovariante Rechnung der isosvekto-
riellen und isoskalaren Vektorformfaktoren des Nukleons bis zur nächstführenden Einschleifenordnung
und eine kovariante Rechnung der isosvektoriellen und isoskalaren verallgemeinerten Vektorformfak-
toren des Nukleons bis zur führenden Einschleifenordnung werden präsentiert. Um wiederspruchsfreie
Rechnungen in der kovarianten Formulierung der chiralen Störungstheorie sicher zu stellen wird ein
entsprechendes Renormierungsschema für diese Theorie definiert.
Die theoretischen Vorhersagen werden mit Ergebnissen der Phenomenologie sowie von Gittersimula-
tionen verglichen. Diese Vergleiche ermöglichen eine Bestimmung der Niederenergiekonstanten. Des
Weiteren wird die Möglichkeit chiraler Extrapolationen, d.h. Extrapolationender Ergebnisse von Gitter-
simulationen bei großen Pionmassen hin zur kleinen, physikalischen Pionmasse, ausführlich untersucht.
Systematische und statistische Unsicherheiten werden für alle Ergebnisse dieser Arbeit abgeschätzt.
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Introduction

Out of the three fundamental interactions of the standard model of elementary particle physics, it is the strong
interaction which governs the dynamics of nucleons. In this work we apply an effective field theory (EFT)
which is the low energy limit of Quantum Chromo Dynamics (QCD) which, in turn, isthe fundamental theory
for strong interactions. We access the spacial shape of the nucleon by calculating various form factors within
the effective theory. In particular we present a nonrelativistic analysisof the form factors which parametrize
the transition of a nucleon to its lowest lying resonance, the∆(1232), a covariant calculation of the isoscalar
and isovector vector form factors of the nucleon and a discussion of thegeneralized vector form factors of the
nucleon in the same framework. Our calculations systematically extend previous studies of all three types of
form factors. To achieve this, we also introduce a consistent renormalization scheme for the covariant formula-
tion of the EFT.
The EFT calculation provides us with momentum transfer and quark mass dependent functions for the observ-
ables under discussion. Throughout this work, we study the dependence of our results on both variables with a
focus on the quark mass dependence. This variable is of particular interest since QCD in discretized space-time
and finite volumes with quark masses far above the physical ones is numerically solved by lattice simulations.
To make contact between this theoretical scenario and the physical world,three extrapolations are thus neces-
sary: the extrapolation of lattice results to the continuum, to the infinite volume and tosmall, physical quark
masses. All three extrapolations can be performed in the EFT.
In this work, we focus on the extrapolation of lattice results towards the chiral limit, i.e. through the physical
point to the limit of massless quarks. This extrapolation is at present necessary due to the limitation of the cal-
culational power available for lattice collaborations. The calculational costsfor lattice simulations scale with a
negative power of the quark massmq where the lattice community frequently gives empirical formulae for the
computational costs which scale like1mn

q
with 2 < n < 7, depending on the action used. Present day lattice

simulations for nucleon form factors are therefore performed at quarkmasses corresponding to a pion mass
well abovemπ = 300 MeV.
At this point one faces one of the central questions of this field, namely: Upto which values of the pion mass is
the effective field theory applicable? Due to its nature as a low energy limit this theory is based on an expansion
in the pion mass and thus the assumption that this mass is small. The EFT is thereforebound to break down at
some “large” value of the pion mass. We believe that this question is worth a more sophisticated answer than
just giving some number for the pion mass which is somehow considered to be large with respect to the scales
of the theory. We therefore start our analyses without any bias with regard to this question but hope to find
an answer in this work by comparing the results of the theory to data at different quark masses and estimating
uncertainties arising due to higher order terms in the low energy expansion which have not yet been included.
However, there is not one universal value for the pion mass from whichon the low energy expansion cannot lead
to trustworthy results anymore. One rather expects the accuracy with whichthe true quark mass dependence is
described by the EFT to decrease with increasing quark mass where the value of the pion mass up to which the
theory can provide significant statements about the quark mass dependence depends on the observable under
consideration, the particular version of the EFT and on the order of the analysis. In this work, we present real
chiral extrapolations, i.e. predictions for the physical values from a combined lattice plus EFT analysis for all
those observables for which the quark mass dependence is found to be reliably described by our EFT results up
to the quark masses of presently available lattice results.
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6 INTRODUCTION

Not only is the EFT a suitable tool for the interpretation of lattice results but it can also profit from the data pro-
vided by simulations on the lattice. The EFT results presented in this work containquite a number of coupling
constants which cannot be determined from the results of experiments yet. However, by fitting our results to
the quark mass (and momentum transfer) dependence of lattice data, we areable to give numerical estimates
for all coupling constants occurring in the calculations of this work.

This work is organized in five chapters plus this introduction, a summary and four appendices. Each chapter is
written such that it can be read independently of all other chapters.
The first chapter gives an introduction to the field theoretical framework inwhich all calculations presented in
this work are performed. Special attention is put on those issues to which wewill contribute in the subsequent
chapters (like e.g. power-counting, renormalization and the possible inclusion of tensor sources).
In chapter 2 we present an analysis of the electromagneticN∆ transition current in the framework of the non-
relativistic “small scale expansion” (SSE) to leading one loop order. We discuss the momentum dependence of
the magnetic dipole- and the electric- and Coulomb quadrupole transition form factors up to momentum trans-
fers ofQ2 < 0.25 GeV2. Particular emphasis is put on the identification of the role of chiral dynamics inthis
transition. Our analysis indicates that there is indeed nontrivial momentum dependence in the two quadrupole
form factors at smallQ2 < 0.15 GeV2 arising from long distance pion physics, leading for example to neg-
ative squared radii in the (real parts of the) quadrupole transition formfactors. We compare our results with
the EMR(Q2) and CMR(Q2) multipole-ratios from pion-electroproduction experiments and find a remarkable
agreement up to four-momentum transfers ofQ2 ≈ 0.3 GeV2. Finally, we discuss the quark mass dependence
of the three transition form factors atQ2 = 0, identifying rapid changes in the (real parts of the) quadrupole
transition moments as a function of the pion mass formπ < 200 MeV, which arise again from long distance
pion dynamics. Our findings indicate that dipole extrapolation methods currently used in lattice QCD analyses
of baryon form factors are not applicable for the chiral extrapolation of N∆ quadrupole transition form factors.
Chapter 3 gives a detailed discussion of general properties of results calculated in covariant Baryon Chiral Per-
turbation Theory (BChPT) followed by a catalogue of requirements which we demand to be fulfilled by a con-
sistent renormalization scheme for this theory. Driven by the fact that none of the renormalization schemes for
covariant BChPT discussed in literature fulfills all of our conditions, we define a new renormalization scheme
– which we nameIR – by a specific modification of the infrared regularization scheme of reference [BL99].
The second part of this chapter is concerned with a calculation of the mass of the nucleon in this framework
and a discussion of the differences between different renormalization schemes on this example. Finally, we
apply covariant BChPT up to next-to-leading one loop order for chiral extrapolations of lattice results for the
mass of the nucleon, leading to a very satisfying result. Systematic uncertainties of this approach are discussed
and are found to be moderate over a quite large range of quark masses. We give a number of arguments, why
dependable chiral extrapolations starting from the domain of presently available lattice data necessarily have to
rely on theIR renormalization technique. These arguments are supported by the chiral extrapolation functions
of all observables discussed in this work. Appendix B collects the necessary technicalities concerning the new
renormalization scheme. All integral- and corresponding regulator functions needed for the covariant calcula-
tions in this work and a proof for the central equation of chapter 3 are given there.
A calculation of the isovector- and isoscalar Dirac- and Pauli form factors of the nucleon up to next-to-leading
one loop order in BChPT using theIR renormalization technique is presented in chapter 4. We analyse both
the momentum transfer- and quark mass dependence of our results in the context of data from experiments as
well as from lattice simulations. We give estimates for the numerical values of allappearing coupling constants
and explore the possibility of chiral extrapolations with these results, including a discussion of systematic and
statistical errors. In contrast to previous studies of chiral extrapolationfunctions for those form factors, we
do not only rely on a dipole parametrization in order to extrapolate the lattice results from finite values of the
momentum transfer to the forward limit but in addition perform the first fit of a ChPT result to lattice data at
different quark masses and different values for the momentum transferdirectly. In the isovector sector we find
a very good description of the corresponding lattice data and are able to give a reasonable prediction for both
nucleon form factors at the physical point. Systematic and statistical errors are again found to be small over a
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large range of pion masses. In the isoscalar sector, the analysis is troubled by larger systematic uncertainties
and the absence of lattice data at small pion masses. Full analytic expressions for the vector amplitudes and
form factors are given in appendix C.
In chapter 5 we present a discussion of the first moments of the parity-even Generalized Parton Distributions
(GPDs) in a nucleon corresponding to six generalized vector form factors. We evaluate these fundamental prop-
erties of baryon structure at low energies, utilizing the methods of covariant chiral perturbation theory in the
baryon sector. Our analysis is performed at leading one loop order in BChPT, predicting both the momentum
and the quark mass dependence for the three generalized isovector andthree generalized isoscalar form factors
which are currently under investigation in lattice QCD analyses of baryon structure. We also study the limit
of vanishing four-momentum transfer where the GPD-moments reduce to the well known moments of Parton
Distribution Functions (PDFs). For the isovector moment〈x〉u−d our BChPT calculation predicts a new mech-
anism for chiral curvature, connecting the high values for this moment typically found in lattice QCD studies
for large quark masses with the smaller value known from phenomenology. Likewise, we analyse the quark
mass dependence of the isoscalar moments in the forward limit and extract the contribution of quarks to the
total spin of the nucleon. We close chapter 5 with a first glance at the momentumdependence of the isoscalar
C-form factor of the nucleon. Throughout, we again give estimates for the systematic uncertainties of the EFT
calculation. The technicalities of the calculation of the generalized form factors are collected in appendix D.
A recent review of the field this work wants to contribute to can be found in reference [PPV06].
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Chapter 1

Basic Concepts of Chiral Effective Field
Theory

In this chapter we introduce a few basics of Chiral Effective Field Theory (ChEFT). It is the aim of this work
to describe strongly interacting systems at low energies. In the following we therefore identify the relevant
degrees of freedom of those systems and give a description of their dynamics. Furthermore, we provide the
necessary tools forperturbativefield theoretical calculations based on the effective Lagrangean. The more
specific parts of the theory needed for the calculation of the observablesdiscussed in this work are presented in
the pertinent chapters.
The basic ideas of this theory have been developed in reference [Wei76] while references [Ber07, BM06, Sch03]
give recent reviews and introductions.

1.1 Construction Principles for the Effective Low Energy Lagrangean

Within the standard model of elementary particle physics the strong interaction isdescribed by a non-Abelian
SU(3) gauge theory [FGML73] called Quantum Chromo Dynamics (QCD). The three interacting charges of
this theory are called colours. Fermions of six different flavours, the quarks, are known to carry this charge.
The masses of three of them lie well above the mass of the nucleon and are thus irrelevant for processes at
low energies. (Furthermore we restrict ourselves to the sector of two active quark flavours: “up” and “down”
quarks.) In QCD the force between coloured objects is mediated by a colour-octet of massless gauge bosons, the
gluons. Due to the fact that interactions among these gauge bosons are allowed in a non-Abelian gauge theory,
the coupling constant of QCD is small in hard processes but becomes largeif soft momenta are mediated
between the quarks. At low energies this coupling constant is of order one or even larger, making the standard
calculational tool of quantum field theories – i.e. an expansion of amplitudes inpowers of the coupling constant
– unusable.
Furthermore, no coloured objects can be observed at low energies: The quarks are confined, i.e. they only occur
in colour-neutral bound states, so-called hadrons. At present two types of hadrons have been unambiguously
observed: mesons (quark-antiquark states) and baryons (three-quark states). It is the spectrum of hadrons
which provides the key to a description of strong interaction at low energiesin terms of effective degrees of
freedom: While there are three pseudoscalar meson states at a mass of about 140 MeV (the pions) the next
heavier hadron (the eta) carries a mass of about550 MeV [Y+06]. Thus the dynamics of a strongly interacting
system at low energies is – to a large extent – determined by pion dynamics. Consequently, an effective field
theory for QCD at low energies can be constructed as a theory of pions.All physics beyond the effects of
dynamical pions is then encoded in the coupling constants of this theory. To be the exact low energy limit of
strong interactions, the effective Lagrangean for the pions must preserve all symmetries of the original QCD
Lagrangean. It must therefore be invariant under parity- (P), charge conjugation- (C) and time reversal (T)
transformations separately. A fourth symmetry leading to very important constraints on the effective field

9



10 CHAPTER 1. BASIC CONCEPTS OF CHIRAL EFFECTIVE FIELD THEORY

theory is the chiral symmetry of the QCD Lagrangean in the limit of massless quarks, i.e the left- and right
handed components of the quark fields (the components with spin parallel and anti-parallel with respect to the
momentum) decouple in this limit and therefore the QCD Lagrangean is invariant under independent global
unitary rotations of the left- and right handed fields in flavour space. Thissymmetry is explicitly broken by
the small but nonzero quark masses. Accordingly, the construction principle for the effective theory (called
Chiral Perturbation Theory – ChPT) is the demand that the Lagrangean beinvariant under chiral rotations and
to subsequently account for the finite quark masses by treating them as a small perturbation to this system.
We start the construction of the effective Lagrangean by choosing a nonlinear representation for the pion-field

operatorsU = exp
(
i τ

iπi

Fπ

)
, whereτ i with i = 1, 2, 3 are the Pauli matrices acting in isospin space,πi are

the (Klein-Gordon) pion-field operators (with quantum numbersJP = 0−) andFπ is the pion decay constant.
The transformation property of thisU field under chiral rotations is found if it is coupled into the original
QCD Lagrangean and invariance under chiral rotations is still demanded.In order to be invariant under P-
transformations, the effective Lagrangean must consist of terms with even numbers ofU fields. To make those
terms chirally symmetric, the trace in isospin-space has to be taken. Together with the constraint that the
Lagrangean has to be a Lorentz-scalar we find that all structures of thekind [GL84]

Tr
(
UU †

)
, Tr

(
∂µU∂

µU †
)
, Tr

(
∂µU∂νU

†
)
· Tr
(
∂µU∂νU

†
)
, ... (1.1)

and thus an infinite number of terms is allowed in the chiral Lagrangean. The relative prefactors of those
terms are not constrained by chiral symmetry but are free parameters of the theory, parametrizing physics not
accounted for explicitly in this Lagrangean. It is thus apparent that thosecoupling constants – which have units
of inverse powers of mass – scale with the mass of the lowest lying resonance not included in the effective
Lagrangean. Together with the observation that a classification of allowedterms in the effective Lagrangean is
possible with respect to the number of derivatives they do contain, we arrive at a consistent hierarchy of terms:
Terms withn derivatives scale ask

n
π

Mn
r

wherekπ is a typical pion momentum andMr is the mass of an arbitrary
resonance not explicitly included in the theory. For sufficiently small pion momenta a perturbative expansion
of the pion Lagrangean is thus possible.
The next step in our introduction to this theory is to repeat the above steps for arbitrary vectorvµ (JP = 1−),
axial aµ (1+), scalars (0+) and pseudoscalarp (0−) external fields (in chapter 5 we introduce external tensor
fields in exactly the same fashion). In the following we denote the momenta carried by those fields withQ.
The leading part of the Lagrangean, i.e. the parts with minimal number of derivatives (note that the first term
in eq.(1.1) is just an unobservable constant) then reads

L(2)
ππ =

F 2
π

4
Tr
[
∇µU∇µU † + χ†U + U †χ

]
, (1.2)

where we have chosen the prefactor to equal one fourth of the pion decay constant squared and defined the
covariant derivative∇µU = ∂µU − i (vµ + aµ)U + iU (vµ − aµ) and the fieldχ = 2B0(s+ ip) containing a
free parameterB0. With the help of this construction it is easy to introduce the finite quark masses which break
the chiral symmetry explicitly into the effective Lagrangean: One just has to identify s = diag(mu,md) where
mu is the mass of the up quark,md the one of the down quark and finds (with all other external sources setto
zero)

L(2)
ππ =

1

2
∂µπ

i∂µπi −B0(mu +md)π
iπi +O(~π4), (1.3)

which is the Klein-Gordon equation for pions of massm2
π = B0(mu +md). This so called GOR relation was

already derived by Gell-Mann, Oakes and Renner from current algebra [GMOR68].
Defining the field strength tensorFL/R

µν = ∂µF
L/R
ν − ∂νF

L/R
µ − i[FL/R

µ , F
L/R
ν ] with FL/R

µ = vµ ± aµ we
have now collected all independent building blocks allowed in the construction of the pion Lagrangean. We
decide to introduce a hierarchy of terms (i.e. terms with increasing “chiral dimension”) in this Lagrangean
by taking the standard choice which is to assign chiral dimension one to the structures∇µU , vµ andaµ and
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chiral dimension two to the structuress, p andFL/R
µν . Note that from this definition we find that the pion mass

has chiral dimension one. The contributions of terms with chiral dimensiond to a matrix element carry an

additional prefactorpd with p ∈
{

Q
Mr
, mπ

Mr

}
due to this definition and are thus numerically suppressed if there

is a sufficiently large mass gap betweenQ andmπ on one side andMr on the other side.
Having discussed the hierarchy of terms in the Lagrangean we now turn to adiscussion of the hierarchy of loop
diagrams in this theory. From the definition ofU we find that every pion-vertex of this theory brings a factor1

Fπ
.

In order to arrive at a dimensionless coupling, this vertex needs anotherdimensionfull parameter. In this theory
either the soft momentumQ or the pion massmπ are available. Furthermore, for topological reasons, every
loop integral brings an additional factor1(4π) . Altogether we find that contributions from a Feynman diagram

containingn pion vertices carry a prefactorqn with q ∈
{

Q
4πFπ

, mπ

4πFπ

}
. This provides a consistent hierarchy

of loop diagrams, assuring that the contributions from higher loop ordersare parametrically suppressed if the
pion masses and momenta are sufficiently small (i.e.q ≪ 1 ⇔ Q,mπ ≪ 1.2 GeV). In this work we follow
Weinberg’s choice which is to tie together the loop expansion inq and the expansion of the effective Lagrangean
in p one-to-one [Wei79] by assigning the chiral dimension one to both of the expansion parameters:p ≈ q.
Therefore we uniformly denote both expansions by an expansion in1

4πFπ
throughout this work. The chiral

dimensionD of an arbitrary loop diagram can then be calculated asD = 2 + 2NL +
∑

d(d − 2)Nd where
NL is the number of pion loops andNd the number of vertices with chiral dimensiond (i.e. calculated from
those pieces of the Lagrangean which are of chiral dimensiond). We note that this choice allows for a UV-
renormalization of all loop diagrams and leads to renormalization scale independent results. Furthermore, it
ensures that for a calculation at a given precisionD one only has to know a finite number of terms of the full
ChPT Lagrangean.
The final step of this section is now to bring the lowest lying baryons, the nucleons, into the theory and to
study their interaction with the pions. In analogy to the procedure describedabove, one has to determine the
transformation properties of the fermion fieldsΨ under chiral rotations (the lengthy derivation is done in great
detail in reference [Geo84]). One finds that the chiral transformation operator of the nucleon is a function of the
pion field. As a consequence, general left-right rotations of the nucleon fields are compensated by the emission
or absorption of pions which – within this theory – is the origin of the pion-cloudsurrounding the nucleon.
Including the (isospin doublet,JP = 1

2

+
) nucleon fieldsΨ one finds the additional chirally invariant, C-, P-

and T symmetric building blocks

Ψ̄DµΨ = Ψ̄
(
∂µ + Γµ − iv(s)

µ

)
Ψ, (1.4)

Ψ̄γµγ5u
µΨ = iΨ̄γµγ5

(
u†∇µu− u∇µu†

)
Ψ, (1.5)

where theγ’s are the Dirac matrices, the chiral connection is defined asΓµ = 1
2 [u†, ∂µu]− i

2u
† (vµ + aµ)u−

i
2 (vµ − aµ)u† with u2 = U andv(s)

µ is an external isoscalar vector source. We organize the infinite number
of possible terms in the Lagrangean by assigning the chiral dimension zero toΨ̄AΨ with A = 1, γµ, γµγ5,
σµν , σµνγ5, M0 and chiral dimension one tōΨBΨ with B = γ5, (i 6D −M0) , Dµ, uµ, whereM0 is the
mass of the nucleon in the limit of massless quarks, i.e. the chiral limit. The leading order chiral pion-nucleon
Lagrangean (with chiral dimension one) then reads:

L(1)
πN = Ψ̄

[
i 6D −M0 +

gA

2
γµγ5u

µ
]
Ψ, (1.6)

wheregA is the axial coupling constant of the nucleon in the chiral limit. All higher orderterms can be
constructed accordingly from the building blocks. Note, however, that inorder to arrive at dimensionless
couplings in Feynman diagrams we have now, besides the constructionsQ

4πFπ
and mπ

4πFπ
, the possibility M0

4πFπ
≈

1 which is not a small quantity! Therefore it is not guaranteed in this theory that contributions from higher
order loop diagrams are parametrically suppressed; there is a priori no one-to-one correspondence among the
expansions in loop diagrams and parts of the Lagrangean. The historic remedy for this problem is given in the
next subsection (and is applied in chapter 2) while we discuss a new solutionto this problem in chapter 3 of
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this work.
We close this paragraph with another observation from the hadron spectrum: While the QCD Lagrangean
displays a (approximate) chiral symmetry, one finds a huge mass gap between chiral partners in the hadron
spectrum which is clearly not explicable with the small explicit symmetry breakingquark masses. Therefore
we conclude that the symmetry of the QCD Lagrangean under independentrotations of left- and right handed
quarks in flavour space (SU(2)L × SU(2)R in the case of two active quark flavours) is spontaneously broken.
However, one finds an approximate isospin symmetry in the hadron spectrumleading to the conclusion that
the subgroupSU(2)L+R is a symmetry of nature. The Nambu-Goldstone theorem for spontaneously broken
symmetries now predicts massless bosons with the quantum numbers of the charge operators of the broken
subgroup, i.e. three pseudoscalar bosons. We identify those bosons with the very light pions which have a
nonvanishing mass due to the explicit symmetry breaking terms of the Lagrangean and are therefore called quasi
Goldstone Bosons. A possible mechanism for the spontaneous breaking of the chiral symmetry is provided by
a nonvanishing vacuum expectation value: For the chiral quark condensate we find〈0|q̄q|0〉 = 〈0| ∂H

∂mq
|0〉 =

−F 2
πB0 whereH is the leading order Hamiltonian corresponding to eq.(1.2).

1.2 Nonrelativistic Limit

In order to implement a consistent perturbative expansion of the Lagrangeanand the loop diagrams in ChPT
with baryons – recall that this was troubled by the presence of a second large mass scaleM0, see above – the
authors of [JM91] decomposed the nucleon field into a massless dynamical component and a heavy remainder
which can consistently be absorbed into the coupling constants of the theory, assuring that terms of the type
M0

4πFπ
≈ 1 are absent in loop calculations after this treatment. Therefore, one first has to identify all appearances

of the large massM0 in the Lagrangean. We find it in the four-momentum of the nucleonpµ = M0v
µ + kµ

N

where we have introduced a velocity vectorvµ with v2 = 1 and a small residual momentumkµ
N and in the

nucleon fieldΨ = e−iM0 v·x (N +H), where we have decomposed the nucleon field into two components
with the help of the projection operatorsP±

v = 1
2 (1± 6v) asN = eiM0 v·xP+

v Ψ andH = eiM0 v·xP−
v Ψ.

Inserting those expressions into the Dirac equation we find thatN is massless whileH has a mass of twice the
mass of the nucleon. The sought after leading order Lagrangean is found if those expressions are inserted into
the LagrangeanL(2)

πN (see eq.(1.6)), it is then diagonalized in theN , H basis and theH fields are subsequently
integrated out. Finally, in order to avoid nonlocal operators, the Lagrangean has to be expanded in inverse

powers of the mass of the nucleonM0, i.e. expanded inr with r ∈
{

mπ

M0
, Q

M0

}
. AsM0 ≈ 4πFπ, the chiral

dimension one is assigned to the parameterr and the nonrelativistic Lagrangean is thus organized as a double
expansion inp andr. The leading order pion-nucleon Lagrangean takes the form

L(1)
πN = N̄ [i v ·D + gA S · u]N . (1.7)

Here we have used the Pauli-Lubanski spin vector defined asSµ = i
2γ5σµνv

ν . Note that some parts of the
leading order covariant Lagrangean of eq.(1.6) now contribute to the next-to-leading (or even higher order)
Lagrangean of this nonrelativistic theory – called Heavy Baryon Chiral Perturbation Theory (HBChPT) – via
the additional 1

M0
expansion. Counting the additional expansion parameterr on the same footing asp and

q: p ≈ q ≈ r, we arrive at a counting rule completely analogous to the one in the meson sector. The chiral
dimensionD of a Feynman diagram can be calculated as

D = 2NL + 1 +
∑

d

[
(d− 2)NM

d + (d− 1)NMB
d

]
, (1.8)

whereNL denotes the number of loops in the diagram,NM
d is the number of vertices from a meson Lagrangean

of orderd andNMB
d the number of vertices from a meson-baryon Lagrangean of orderd. In HBChPT it is

guaranteed by construction that diagrams with larger chiral dimension contribute with higher powers of a small
parameter.
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1.3 Inclusion of Spin-32 Fields

Scanning the hadron spectrum in search for further relevant degrees of freedom of low energy QCD, one is
quickly pointed to the∆(1323), a strong paramagnetic nucleon resonance with quantum numbersspin 3

2 and
isospin3

2 which is less than≈ 300 MeV away from its ground state. It is therefore – at least in some channels–
advisable to include this degree of freedom explicitly in the calculations. In a theory not including this degree
of freedom explicitly it is parametrized in the coupling constants and can thus lead to large values of those
constants. In addition one can not be sure a priori, whether the implicit treatment of the∆(1232) effects in
the coupling constants order by order is a reasonable expansion of the underlying physics. However, in those
chapters where we have not included∆ degrees of freedom explicitly we indeed find large values for some of
the coupling constants but the respective physics can be described very well by this implicit treatment of the
nucleon resonance already at next-to-leading one loop order.
Writing down the chiral Lagrangean with spin32 states is a straightforward exercise: A field theory of those
states was given by Rarita and Schwinger [RS41] and the transformation rules under chiral rotations can be
derived in analogy to the one of the nucleon. In order to introduce a consistent hierarchy of loop orders, one can
again perform a nonrelativistic expansion of the Lagrangean. At this point however, one has to take a decision:
There is a new dimensionfull scaleM∆ (the mass of the∆) in the theory and the question arises how to treat
it with respect to the other mass scales of the theory. Here we follow the choice of reference [HHK98] which
is to assign the chiral dimension one to the ratio∆0

4πFπ
, where∆0 is the nucleon-∆ mass splitting (in the chiral

limit): ∆0 = M∆−M0. In this theory – the so called “small scale expansion” (SSE) – the Lagrangean and the
Feynman diagrams are therefore organized as a series in powers ofǫwith ǫ ∈ { Q

4πFπ
, Q

M0
, mπ

4πFπ
, mπ

M0
, ∆0

4πFπ
, ∆0

M0
}.

We start the next chapter – after an introduction to the matrix element under consideration there – with a brief
discussion of the lowest order Lagrangeans of this theory.
We emphasize that physical quantities calculated in this theory are guaranteed tonotdepend on any unphysical
“off-shell parameter” or gauge parameter of the so called “point symmetry”. In ref. [HHK98] it has been
shown explicitly that the off-shell parameters do not lead to new structuresin the amplitudes and do therefore
not give rise to any effects which are observable independent of the counter-terms of the theory. In this work
we have therefore chosen to set those parameters to zero which just corresponds to a particular definition of the
appearing low energy constants. Furthermore, point symmetry rotations can consistently be factorized and thus
be absorbed by a field redefinition.
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Chapter 2

The Nucleon-to-Delta Transition Form
Factors

2.1 Introduction

∆(1232) is the lowest lying baryon resonance with quantum numbers spinS = 3
2 and isospinI = 3

2 . It
can be studied, for example, in the process of pion-photoproduction on anucleon (γN → πN ). Therein it
shows up both as a clear signal in the cross section and as a pole atM∆ = (1210− i 50) MeV [Y+06] in
the complex W-plane withW =

√
s denoting the total energy as a function of the Mandelstam variables.

At the position of the resonance the incoming photon can excite the target nucleon into a∆(1232) resonant
state via a magnetic dipole M1 or an electric quadrupole E2 transition. Assuming∆ pole dominance at the
resonance energy, one can relate the pion-photoproduction multipoles describing the finalπN state of this
process to the strengths of the sought afterγN∆ transition moments. Extensive research over the past decades
has produced the result EMR= −(2.5±0.1stat±0.2sys)% [B+00], demonstrating that in this ratio of quadrupole
to dipole transition strength the magnetic dipole dominates the transition to the percent level. Extending these
studies to pion-electroproduction the incoming virtual photon carries a four-momentum squaredq2 < 0 and
can also utilize a Coulomb quadrupole C2 transition to excite an intermediate∆(1232) resonance. The three
electromagnetic multipole transitions M1, E2 and C2 then become functions of momentum transfer squaredq2,
analogous to the well known electromagnetic form factors of the nucleon studied in elastic electron scattering
off a nucleon target. Extensive experimental studies of pion-electroproduction in the∆(1232) resonance region
[S+75, B+72, B+68, S+71] have already demonstrated that also for finiteq2 both the electric- and the Coulomb
N∆ quadrupole transitions remain “small” (at the percent level) compared to the dominant magneticN∆
dipole transition. However, recently, new high precision studies at continuous beam electron machines [J+02,
S+05, P+01, S+06] have been performed in order to quantify the observed dependence of these transitions with
respect toq2. It is hoped that from these new results from experiments one can infer those relevant degrees of
freedom within a nucleon which are responsible for the observed (small) quadrupole components in theγN∆
transition. The theoretical study presented here attempts to identify the activedegrees of freedom in these three
transition form factors in the momentum regionQ2 = −q2 < 0.3 GeV2.
Historically the nonzero strength of theN∆ quadrupole transitions has raised a lot of interest because such
transitions are absent in (simple) models for nucleon wave functions with spherical symmetry. The issue of
detecting a “deformed shape” of the nucleon via well defined observables in scattering experiments, however,
is intriguing to the minds of nuclear physicists up to this day, e.g. see the discussion in ref.[Ber03]. On the
theoretical side, most of the work over the past 20 years has focused on the idea that a “natural” explanation
for the nonzeroN∆ quadrupole transition moments could arise from pion degrees of freedom present in the
nucleon wave function, i.e. from the so-called “pion-cloud” around the nucleon. Many calculations to quantify
this hypothesis have been pursued, within the skyrme model ansatz (e.g. see [WW87]), within dynamical
pion-nucleon models (e.g see [SL96, SL01a]), within quark-meson coupling models (e.g. see [Buc99]), within

15
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chiral bag models (e.g see [LTW97]), within chiral quark soliton models (e.g. see [SUW+00]), ... to name just
a few of them. Around 1990 – based on the works of refs.[GSS88, JM91, BKKM92] – the qualitative concept
of the “pion-cloud” around a nucleon could be put on a firm field theoretical footing within the framework
of chiral effective field theory (ChEFT) for baryons, for a brief introduction see chapter 1. The pioneering
study of the strength of the electricN∆ quadrupole transition within ChEFT for real photons was performed in
ref.[BSS94] and the first calculation of all threeN∆ transition form factors forQ2 < 0.2 GeV2 within the SSE
scheme of ChEFT [HHK98] was given in ref.[GHKP99]. In this chapter we present an update and extension
of the nonrelativisticO(ǫ3) SSE calculation of the latter reference and compare the results both to resultsfrom
experiments as well as to recent theoretical calculations [KY99, KYD+01, DHKT99] and will also analyse the
quark mass dependence of our results. A comprehensive overview ofthe field – from the theorist’s as well as
the experimentalist’s point of view – is given in reference [PBe07]
Before we begin the discussion of the generalγN∆ transition matrix element in the next section, we remind the
reader, that the “pion-cloud” around the nucleon in ChEFT calculations does not just lead to nonzero quadrupole
transition form factors but is also responsible for the fact thatall threeN∆ transition form factors– unlike the
case of the elastic nucleon form factors, see e.g. ref.[BFHM98] and thefollowing chapters – arecomplex
valueddue to the presence of the openπN channel, in accordance with the parametrization of ref.[JS73]. In
the following we continue this chapter with a brief discussion of the effectivefield theory calculation in section
2.3 and present our results in section 2.4 before summarizing our main findings in section 2.5. A few technical
aspects are relegated to appendix A. We have already published the main results of this chapter in references
[GH06] and [GH07]

2.2 Parametrization of the Matrix Element

Demanding Lorentz covariance, gauge invariance and parity conservation the matrix element of aI
(
JP
)

=
3
2

(
3
2

+
)

to 1
2

(
1
2

+
)

transition can be parametrized in terms of three form factors, i.e. complex valued functions

of the momentum transfer squared. For our calculation we follow the conventions of ref.[GHKP99] and choose
the definition:

iM∆→Nγ = +

√
2

3

e

2MN
ū(pN )γ5

[
G1(q

2)(6qǫµ− 6ǫqµ) +
G2(q

2)

2MN
(pN · ǫqµ − pN · qǫµ)

+
G3(q

2)

2∆
(q · ǫqµ − q2ǫµ)

]
uµ

∆(p∆). (2.1)

Heree denotes the charge of the electron andMN is the mass of a nucleon at the physical point,pµ
N/∆ denotes

the relativistic four-momentum of the outgoing nucleon/incoming∆ andqµ and ǫµ are the momentum and
polarization vectors of the outgoing photon, respectively. As discussedin ref.[GHKP99] the small scale∆ =
M∆ −MN denoting the nucleon-Delta mass-splitting had to be introduced in front of theG3(q

2) form factor
in order to obtain a consistent matching between the calculated∆ → Nγ amplitudes and the associatedN∆
transition current at leading one loop order in the ChEFT framework of SSE [HHK98]. The dynamics of the
outgoing nucleon is described via a Dirac spinoru(pN ) while the associated∆(1232) dynamics is parametrized
via a Rarita-Schwinger spinoruµ(p∆). From the point of view of chiral effective field theory the signatures
of chiral dynamics in theN∆ transition are particularly transparent in theGi(q

2), i = 1, 2, 3 basis which
serves as the analogue of the Dirac- and Pauli form factor basis in the vector current of a nucleon which will be
analysed in chapter 4. However, most experiments and most model calculations refer to the multipole basis of
the generalN∆ transition current. The allowed magnetic dipole, as well as electric- and Coulomb quadrupole
transitions are parametrized via the form factorsG∗M (q2), G∗E(q2) andG∗C(q2) defined by Jones and Scadron
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[JS73]. They are connected to our choice via the relations

G∗M (q2) =
MN

3(MN +M∆)

[ (
(3M∆ +MN )(M∆ +MN )− q2

) G†
1(q

2)

2MNM∆
− (M2

∆ −M2
N − q2)

G†
2(q

2)

4M2
N

−q2G
†
3(q

2)

2MN∆

]
, (2.2)

G∗E(q2) =
MN

3(MN +M∆)

[
(M2

∆ −M2
N + q2)

G†
1(q

2)

2MNM∆
− (M2

∆ −M2
N − q2)

G†
2(q

2)

4M2
N

− q2G
†
3(q

2)

2MN∆

]
,(2.3)

G∗C(q2) =
2MN

3(MN +M∆)

[
M∆

MN
G†

1(q
2)− (M2

∆ +M2
N − q2)

G†
2(q

2)

4M2
N

− (M2
∆ −M2

N + q2)
G†

3(q
2)

4MN∆

]
.(2.4)

As these multipole form factors have been defined for theNγ → ∆ reaction they are linear combinations of
the hermitian conjugate form factorsG†

i (q
2).

For a comparison with experimental results we also note that the notation of Ash[A+67] is connected to the
Jones-Scadron form factors via:

G∗Ash
M (q2) =

1√
1− q2

(MN+M∆)2

G∗JS
M (q2). (2.5)

The full information about the rich structure of the general (isovector)N∆ transition current is hidden in these
threecomplexform factors. In experiments this transition is studied in the processe p→ e′Nπ in the region of
the∆ resonance (e.g. see ref.[S+05] and references given therein) which has access to a lot more hadron struc-
ture properties than just theN∆ transition current of eq.(2.1). Based on the observation that theγ∗N → πN
transition at the resonance energy is dominated by the magnetic dipole transitionand under the assumption that
intermediate states are dominated by the imaginary part of the∆ propagator, one can relate three of the extracted
(complex) pion-electroproduction multipoles in the isospin 3/2 channelM

I=3/2
1+ (Wres, q

2), E
I=3/2
1+ (Wres, q

2)

andSI=3/2
1+ (Wres, q

2) at the position of the resonanceWres to the sought after form factors via

EMR ≡ Re

[
E

I=3/2
1+ (Wres, q

2)

M
I=3/2
1+ (Wres, q2)

]
≈ −Re

[ G∗E(q2)

G∗M (q2)

]
, (2.6)

CMR ≡ Re

[
S

I=3/2
1+ (Wres, q

2)

M
I=3/2
1+ (Wres, q2)

]

≈ −
√

((M∆ +MN )2 − q2)((M∆ −MN )2 − q2)
4M2

∆

Re

[ G∗C(q2)

G∗M (q2)

]
. (2.7)

Ultimately the validity of this approximate connection between the pion-electroproduction multipoles and the
N∆ transition form factors has to be checked in a full theoretical calculation. At present only nucleon- and
∆ pole graphs have been included as intermediate states in calculations of the processe p → e′Nπ in the
∆ resonance region within chiral effective field theory (e.g. see ref.[PV05]). For such intermediate states
eqs.(2.6,2.7) are exact. It remains to be seen to what extent nonresonant intermediateNπ- or ∆π states in the
isospin 3/2 channel of this process might lead to a correction1 in the connection between EMR, CMR and the
form factor ratios as given in eqs.(2.6,2.7). As we cannot exclude this possibility at present, we have inserted
≈ symbols in eqs.(2.6,2.7).
In the next step we will calculate the form factors of eq.(2.1) using chiral effective field theory and then discuss
our results together with data from experiments for

∣∣G∗Ash
M (q2)

∣∣, EMR(q2) and CMR(q2).

1Such contributions arise in aO(ǫ3) SSE calculation of the processe p → e′Nπ in the∆(1232) resonance region.
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2.3 Effective Field Theory Calculation

The isovectorN∆ transition current has been calculated toO(ǫ3) in nonrelativistic SSE in ref.[GHKP99]. Here
we briefly review the ingredients of this calculation, the basic concepts of thetheory are discussed in chapter 1.
The parts of the ChPT Lagrangean needed for a leading one loop calculation of the matrix element eq.(2.1) can
be written as a sum of terms with increasing chiral dimension. Divided into partswith different active degrees
of freedom they read:

LSSE = L(2)
ππ + L(1)

πN + L(1)
π∆ + L(1)

πN∆ + L(2)
γN∆ + L(3)

γN∆ + ... (2.8)

In order to introduce a hierarchy of terms we utilize a counting scheme called “small scale expansion (SSE)
[HHK98]. This framework contains three light (the momentum transfer|Q|, the pion massmπ and the∆-
nucleon mass splitting in the chiral limit∆0) and two heavy (the nucleon mass in the chiral limitM0 and
the scale of chiral symmetry breaking4πFπ whereFπ is the pion decay constant) scales and is based on an
expansion of the Lagrangean in ratios of a light to a heavy scale. Chiral dimension one is assigned to each of
those ratios and the chiral expansion is performed in the small parameterǫ ∈ { |Q|

4πFπ
, mπ

4πFπ
, ∆

4πFπ
, |Q|

M0
, mπ

M0
, ∆

M0
}.

In order to determine the chiral dimension of a particular Feynman diagram wefollow the standard power-
counting rules of chapter 1

D = 2NL + 1 +
∑

d

[
(d− 2)NM

d + (d− 1)NMB
d

]
, (2.9)

whereNL is the number of independent loop momenta,NM
d the number of vertices from the meson Lagrangean

of orderd andNMB
d the number of vertices from the corresponding meson-baryon Lagrangean. At leading

orderD = 1 we haveNL = 0 and an arbitrary number of insertions from the leading meson- and meson-
baryon Lagrangean. However, the leadingγN∆ coupling is of chiral dimensiond = 2 and hence there is
no D = 1 diagram contributing to the transition amplitude. The diagram withNMB

2 = 1 andNL = 0 is
the only contribution ofD = 2. It gives rise to counter-term contributions to the chiral limits ofG1(0) and
G2(0). At D = 3 first contributions withNL 6= 0 occur. These leading one loop diagrams haveNL = 1
and arbitrary values forNM

2 andNMB
1 . TheNL = 1 topology only allows diagrams with(NMB

1 , NM
2 ) ∈

{(3, 0), (2, 1), (2, 0)}, the corresponding diagrams shown in figure 2.1. However, we alreadymention that
those diagrams withNM

2 = 0 (i.e. all loop diagrams except for (b) and (c)) vanish in the nonrelativistic
limit due to spin- and isospin selection rules. At the same order tree level diagrams contribute viaNL = 0,
NM

2 = NM
4 = 0 andNMB

3 = 1 giving rise to further counter-term contributions to the chiral limits ofG1(0)
andG2(0) which are now also needed for a renormalization of loop contributions. In thiswork we stop at
D = 3 but hope to extend the analysis toD = 4 in the future.
The lowest order chiral Lagrangeans are given by [HHK98]:

L(2)
ππ =

F 2
π

4
Tr
[
∇µU

†∇µU + χ† + χU †
]
, (2.10)

L(1)
πN = N̄ [iv ·D + gAS · u]N , (2.11)

L(1)
π∆ = −T̄µ

i

[
iv ·Dij − δij∆0 + g1S · uij

]
gµνT

ν
j , (2.12)

L(1)
πN∆ = cA

{
T̄µ

i gµαu
α
i N + N̄uα

i
†gαµT

µ
i

}
. (2.13)

gA, g1 and cA denote axial nucleon-,∆- andN∆ coupling constants in the chiral limit, respectively. The
numerical values of these constants used throughout this work are listed intable 2.1. We are working in a
nonrelativistic framework utilizing nonrelativistic nucleon fieldsN as well as nonrelativistic Rarita-Schwinger
fields T i

µ for the four∆ states with isospin-indicesi, j [HHK98] which is subject to the spin- and isospin
constraintsvµT i

µ = 0 andτ iT i
µ = 0 whereτ i are the Pauli matrices. The quasi Goldstone boson pion triplet

πa is collected in the SU(2) matrix valued fieldU(x) = u2. The associated covariant derivatives for the pions
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∇µ, for the nucleonsDµ and for the DeltasDij
µ as well as the chiral field tensorsχ, uµ, u

ij
µ , ui

µ are standard
and read [HHK98]:

Dµ = ∂µ + Γµ − iv(s)
µ , (2.14)

Γµ =
1

2
[u†, ∂µu]−

i

2
u† (vµ + aµ)u− i

2
u (vµ − aµ)u†, (2.15)

uµ = iu†∇µUu
† = τ iui

µ, (2.16)

∇µ = ∂µU − i (vµ + aµ)U + i (vµ − aµ) , (2.17)

Dij
µ = δij

(
∂µ + Γµ − iv(s)

µ

)
− 2iǫijkΓk

µ, (2.18)

uij
µ = ξik

3
2

uµξ
kj
3
2

, (2.19)

wherevµ andaµ denote external vector- and axial vector sources, respectively, and ξij
3
2

= δij − 1
3τ

iτ j is the

isospin 3
2 projector. Finally we note thatvµ denotes the velocity four-vector of the nonrelativistic baryon and

Sµ = i
2γ5σµνv

ν is the Pauli-Lubanski spin-vector of HBChPT [BKM95].
The local operators contributing to theγN∆ transition up to orderǫ3 are given in terms of the low energy
constantsb1, b6, E1 andD1 (see refs.[HHK98] and [GHKP99]):

L(2)
γN∆ =

ib1
2M0

T̄µ
i F

i+
µν S

νN + h.c., (2.20)

L(3)
γN∆ =

1

4M2
0

N̄

[
D1g

ν
µv

αSβF i+
νβα + 2i∆0E1F

i+
µν S

ν + (b1 + 2b6)(S ·
←−
D)vαF i+

µα +

+(b1 − 2b6)v
αF k+

αµ ξ
kj
3
2

S · −→D ji + 2b1F
k+
αβ S

αvβξkj
3
2

−→
D ji

µ

]
Tµ

i + h.c.. (2.21)

Here we have used the definitions

F i+
νβα =

1

2
Tr
(
τ i
[
Dν , F

+
βα

])
, (2.22)

F±
µν = u†FR

µνu± uFL
µνu

†, (2.23)

FL,R
µν = [∂µ − iFL,R

µ , FL,R
ν ], (2.24)

FR = vµ + aµ, (2.25)

FL = vµ − aµ. (2.26)

The rich counter-term structure contributing in this transition gives alreadyan indication that the relevant scales
governing the physics of theN∆ transition form factors arise from an interplay between long- and short-
distance effects, making the detection of genuine signatures of chiral dynamics nontrivial in this transition.
Figure 2.1 shows all Feynman diagrams contributing atO(ǫ3), i.e. leading one loop order in SSE. The strength
of the contact terms in figure 2.1 (a) is given by the LECs of eqs.(2.20, 2.21), the vertices and propagators
appearing in the loop diagrams are determined by the Lagrangeans eqs.(2.10)-(2.13). For details we are again
referring to ref.[GHKP99]. Given that in this chapter we are working in anonrelativistic field theory, the crucial
step is the correct mapping of the∆→ Nγ transition amplitudes calculated from the diagrams of figure 2.1 to
the form factors defined in eq.(2.1). Up toO(ǫ3) one obtains (in the rest frame of the∆) [GHKP99]:

iM∆→γN =

√
2

3
e ūv(rN )

[
S · ǫ qµ

G1(q
2)

MN
+ S · q ǫµ

(
−G1(q

2)

MN
− ∆0G1(0)

2M2
N

+
∆0G2(q

2)

4M2
N

+
q2

4M2
N∆0

G3(q
2)

)
+ S · q v · ǫ qµ

(
G1(0)

2M2
N

− G2(q
2)

4M2
N

)

−S · q ǫ · q qµ
G3(q

2)

4M2
N∆0

+O
(
ǫ4
)]
uµ

v,∆(0). (2.27)
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(a) (b) ()
(d) (e) (f)(g) (h) (i)

Figure 2.1: The Feynman diagrams contributing to the∆→ Nγ transition at leading one loop order in the SSE
formalism [GHKP99]. Double lines represent spin 3/2 states while solid lines stand for nucleon propagators.
The dashed lines denote pion-fields and the wiggly line represents the outgoing photon.

Eq.(2.27) provides the central connection between the Feynman diagrams and the sought after form factors.
Calculating theO(ǫ3) diagrams of figure 2.1 in nonrelativistic SSE utilizing dimensional regularizationone
obtains the expressions given in appendix A.1. The finite parts in four dimensions (at renormalization scaleλ)
still containing a Feynman parameterx read:

G1(q
2) = A(λ) +

cAMN

(4πFπ)2

[
∆0

(
gA

3
− 145g1

81

)
− 4

9
∆0

∫ 1

0
dx (5g1(x− 3)− 9gA(x− 1))x log

(
m̃

λ

)

+
4

9

∫ 1

0
dx (5g1(x− 3)I(−x∆0, m̃) + 9gA(x− 1)I(x∆0, m̃))

]
+O(ǫ4), (2.28)

G2(q
2) = B(λ)− Csq

2 +
cAM

2
N

(4πFπ)2

[
4

81
(27gA − 35g1) +

16

9
(5g1 − 9gA)

∫ 1

0
dxx(x− 1) log

(
m̃

λ

)

+
16

9

∫ 1

0
dx

x2(x− 1)

m̃2 − x2∆2
0

∆0 (5g1I(−x∆0, m̃) + 9gAI(x∆0, m̃))

]
+O(ǫ4), (2.29)

G3(q
2) =

8

9

cAM
2
N∆0

(4πFπ)2

∫ 1

0
dx

x(2x2 − 3x+ 1)

∆2
0x

2 − m̃2
(5g1I(−x∆0, m̃) + 9gAI(x∆0, m̃)) +O(ǫ4). (2.30)

The correspondingO(ǫ3) results in nonrelativistic SSE for theN∆ multipole transition form factorsG∗M (q2),
G∗E(q2) andG∗C(q2) are obtained by inserting eqs.(2.28-2.30) into the definitions eqs.(2.2-2.4).
As already mentioned earlier, inO(ǫ3) nonrelativistic SSE only diagrams (b) and (c) of figure 2.1 give nonzero
loop contributions to the transition form factors. The contributions from those two diagrams can easily be
distinguished: The contributions from diagram (b) are those proportional to the coupling constantg1 while
those from diagram (c) do have a prefactorgA. Only the latter can give rise to an imaginary part since only in
diagram (c) the intermediate states are allowed to simultaneously be onshell – atleast formπ ≤ ∆0.
In eqs.(2.28-2.30) we have introduced the quantitiesm̃2 = m2

π − q2x(1− x) and

I(ω,mπ) =





√
ω2 −m2

π

(
log
(

ω
mπ

+
√

ω2

m2
π
− 1
)
− iπ

)
ω

mπ
> 1,

√
m2

π − ω2 arccos
(
− ω

mπ

)
for −1 ≤ ω

mπ
≤ 1,

−
√
ω2 −m2

π log
(
− ω

mπ
+
√

ω2

m2
π
− 1
)

ω
mπ

< −1.

(2.31)



2.3. EFFECTIVE FIELD THEORY CALCULATION 21

A(λ) andB(λ) collect all short range physics contributing toG1(0) andG2(0):

A(λ) =
MN

M0

[
−1

2
b1 + (2E

(r)
1 (λ)−D(r)

1 (λ))
∆0

4MN

]
, (2.32)

B(λ) =
M2

N

M2
0

[
2b6 −D(r)

1 (λ)
]
. (2.33)

The renormalization scale dependence of the counter-terms cancels the one from the loop contributions exactly.
We note that theO(ǫ3) structure with the coupling constantE1 in eq.(2.21) arises naturally in SSE. Its infinite
part is required for a complete renormalization of theO(ǫ3) result, whereas its (scale-dependent) finite part

E
(r)
1 (λ) cannot be observed independently from the couplingb1. For nucleon observables the finite parts of

terms likeE(r)
1 (λ) are required in order to guarantee the decoupling of the∆ resonance, i.e. those counter-

terms are renormalized such that the according loop contributions vanish in the double limitmπ → 0 and
∆0 → ∞ (see for example the discussion given in ref.[HW02]). In the observables of theN∆ transition
like e.g. G1(q

2) of eq.(2.28), the finite couplingE(r)
1 (λ) can be utilized to removequark mass independent

short distance physics contributions∼ ∆0 from loop diagrams contributing to this structure. Implementing this
constraint one finds

E
(r)
1 (λ) = −cAMNM0

324π2F 2
π

[
36gA − 139g1 + 3(35g1 − 9gA) log

(
2∆0

λ

)]
. (2.34)

We emphasize again that this special choice forE
(r)
1 (λ) does not lead to observable consequences2 in the final

result forG1(q
2). Demanding this decoupling constraint just corresponds to a specific definition of the counter-

terms and changing this definition one would only find different numerical values for the coupling constantsb1
andD(r)

1 (λ). Unfortunately, atO(ǫ3) in SSE we cannot3 separate the three independent couplingsb1, b6 and

D
(r)
1 (λ) as we only encounter the two linearly independent combinationsA(λ) andB(λ). The strength of these

couplings is undetermined in the effective field theory approach and will bedetermined from phenomenology
in the next section.
Finally we comment on the constantCs in eq.(2.29). ToO(ǫ3) in nonrelativistic SSE all counter-terms – i.e. all
short distance physics contributions – only appear atq2 = 0, c.f. eqs.(2.28-2.30). All slope parameters of the
Gi(q

2) form factors therefore arise aspure loop effects from the chiral pion dynamicsat this order. While it is
expected that the dominant parts of these isovectorN∆ transition slope parameters arise from the pion-cloud,
it is also known – for example from calculations of the isovector nucleon form factors (see ref.[BFHM98] and
chapter 4) – that short distance contributions in such slope parameters cannot be completely neglected. A short
distance contribution to ther2 slope parameter of theN∆ transition form factorG2(q

2) like Cs could, for
example, arise from the nonrelativistic reduction of theO(ǫ5) SSE Lagrangean

L(5)
N∆ ∼ Csψ̄

i
µγ5

1

2

(
τ i
[
D2, Fµν

+

])
DνψN + h.c.. (2.35)

While this contribution is formally suppressed by two orders in the chiral expansion, we will argue in section
2.4.2 that the inclusion of such a short distance coupling is crucial for a comparison with phenomenology.
We note that the contribution of eq.(2.35) to the form factorG2(q

2) was not considered in ref.[GHKP99] and
constitutes our main change in terms of formalism compared to those previous results. Short distance effects
do of course contribute to the slope parameters of all form factors. However, we have checked that an inclusion
of such terms inG1(q

2) orG3(q
2) does not lead to significant changes of the best fit curves, indicating that the

according contributions toG1(q
2) andG3(q

2) do behave as small higher order corrections as suggested by the

2This construction ensures that contributions from loops involving∆(1232) as an intermediate state get suppressed once the mass
of ∆(1232) gets larger. For a fixed value of the mass of∆(1232) this decoupling construction is not necessary.

3At O(ǫ4) in SSE one would be able to separate contributions fromb1 andD
(r)
1 (λ) via structurally different contributions to the

quark mass dependencies.
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power-counting.
At the end of section 2.4.4 we will also discuss the chiral extrapolation of latticeresults for the isovectorN∆
transition form factors in the multipole basis atq2 = 0. As the quark mass dependence ofG∗M (0), G∗E(0)
andG∗C(0) is rather involved (see e.g. the definition equations (2.2-2.4)), the specificform of their chiral
extrapolation can only be given numerically. However, the leading quark mass dependence of theGi(q

2), i =
1 . . . 3 form factors atq2 = 0 can be given in a closed form and the expansion up tom3

π provides a very good
approximation of the quark mass dependence of the full result up tomπ = 300 MeV4:

G1(0) = −1

2

MN

M0
b1 −D1(λ)

∆0

4M0
+
icAgA∆0MN

24πF 2
π

+
cAMNm

2
π

576∆0π2F 2
π

[
9gA

(
6− 3π2 + 4iπ

−4 log

(
2∆0

mπ

)(
1 + 2iπ − log

(
2∆0

mπ

)))
− 5g1

(
10 + 3π2

+4 log

(
2∆0

mπ

)
+ 12 log2

(
2∆0

mπ

))]
+
cA(5g1 + 9gA)MNm

3
π

216∆2
0πF

2
π

+ ..., (2.36)

G2(0) = (2b6 −D1(λ))
M2

N

M2
0

− cAM
2
N

162π2F 2
π

[
5g1

(
1 + 3 log

(
2∆0

λ

))

+9gA

(
1 + 3

(
iπ − log

(
2∆0

λ

)))]
+

cAM
2
Nm

2
π

144∆2
0π

2F 2
π

[
9gA

(
10− 3π(π − 4i)

−4 log

(
2∆0

mπ

)(
3 + 2iπ − log

(
2∆0

mπ

)))
− 5g1

(
10 + π2 − 12 log

(
2∆0

mπ

)

+4 log2

(
2∆0

mπ

))]
+
M2

NcA(5g1 + 9gA)m3
π

27∆3
0πF

2
π

+ ..., (2.37)

G3(0) =
cAM

2
N

648π2F 2
π

[
85g1 − 9gA(17 + 6iπ) + 6(9gA − 5g1) log

(
2∆0

mπ

)]
− cA(5g1 + 9gA)M2

Nmπ

36∆0πF 2
π

+
cAM

2
Nm

2
π

288∆2
0π

2F 2
π

[
9gA

(
− 22 + 9π2 − 20iπ + 4 log

(
2∆0

mπ

)(
5 + 6iπ − 3 log

(
2∆0

mπ

)))

+5g1

(
22 + 3π2 + 4 log

(
2∆0

mπ

)(
−5 + 3 log

(
2∆0

mπ

)))]

−cA(5g1 + 9gA)M2
Nm

3
π

27∆3
0πF

2
π

+ ... . (2.38)

We observe that the leading quark mass (mq) dependence5 both forG1(0) and forG2(0) is linear inmq,
whereas the leading nonanalytic quark mass behaviour is proportional tomq logmq both for the real- and for
the imaginary parts. On the other hand,G3(0) displays a chiral singularity∼ logmq near the chiral limit
which will also appear in the Coulomb quadrupole form factorG∗C(0) in section 2.4.4. Finally we observe that
to O(ǫ3) short distance effects arising from the loop integrals have been removedin eq.(2.36) from thereal

part ofG1(0) via the choice forE(r)
1 (λ) given in eq.(2.34), whereas the real part ofG2(0) in eq.(2.37) and

4Note that the expansion inmπ and the integration over the Feynman parameterx do not commute due to the cuts atmπ = x∆0 in
the full unintegrated results. The above result is only found if the expansion is performed after the integration.

5Here we assume the validity of the Gell-Mann, Oakes, Renner relation [GMOR68] given in eq.(2.51) in order to convert themπ

dependence into themq dependence.
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Parameter gA cA g1 MN [GeV] M∆ [GeV] mπ [GeV] Fπ [GeV]
Value 1.26 1.5 2.8 0.939 1.210 0.14 0.0924

Table 2.1: The input parameters for our calculation. The nucleon propertiesgA andMN are taken from [Y+06].
For the definition of the mass of∆(1232) we are utilizing the T-matrix definition of [Y+06], leading to a (real
part) mass of1210 MeV. The couplingg1 has been determined in [K+06], whereas the value forcA is derived
in Appendix A.2.

Parameter A(1GeV) B(1GeV) Cs [GeV−2]
Fit I 10.5 15.4 0 (fixed)
Fit II 10.5 15.4 −17.0

Table 2.2: The values for the previously unknown parameters obtained byfitting our results to data from
experiments for

∣∣G∗Ash
M (Q2 < 0.2 GeV2)

∣∣ and EMR(0) at a regularization scale ofλ = 1 GeV. In Fit I we set
Cs = 0. We note that the values forA(λ) andB(λ) do not change significantly between Fit I and Fit II.

all imaginary parts are still affected by quark mass independent short distance physics generated by the loop
diagrams of figure 2.1. This nuisance can only be remedied at the next order O(ǫ4). In the presentO(ǫ3)
SSE calculation this situation is partly responsible for the rather large fit-values we will obtain forA(λ) and
B(λ) in the next section. An interesting observation from the above formulae is that if on uses the SU(6) quark
model resultg1 = 9

5gA, the two relevant diagrams (diagrams (b) and (c) of figure 2.1) contributewith the same
strength to the real parts of the form factors no matter whether the photon couples to aπN or a π∆ loop.
Furthermore, in this artificial SU(6) scenario, no UV-divergences, scale dependent logarithms or divergences in
the chiral limit are present.

2.4 Discussion of the Results

2.4.1 Fit I: Comparison to previousO(ǫ3) SSE results

The strictO(ǫ3) results of ref.[GHKP99] can be obtained from eqs.(2.28-2.30) by settingCs = 0. For the
numerical values of the input parameters we do not follow that referencebut instead we utilize the updated
values for the couplings given in table 2.1. In Fit I we determine the two unknown parametersA(λ) andB(λ)
by inserting eqs.(2.28)-(2.30) into eqs.(2.2)-(2.4) and fit

• to the experimental data for
∣∣G∗Ash

M (Q2)
∣∣ shown in figure 2.2 for momentum transfers ofQ2 < 0.2 GeV2

• and simultaneously to the experimental value for EMR(0) of ref.[B+00] utilizing eq.(2.6).

The resulting values6 of this Fit I are given in table 2.2 for a regularization scale ofλ = 1 GeV. The dashed
curve in figure 2.2 shows that this procedure leads to a satisfying description of

∣∣G∗Ash
M (Q2)

∣∣ up toQ2 ≈ 0.2
GeV2. We note that the dotted curve also shown in that figure is the parametrization of the MAID result
[TDKY03] which takes into account the fact that this form factor is falling faster than the standard dipole by
inserting an extra exponential function:

∣∣∣G∗Ash
M (Q2)

∣∣∣ =
3

(
1 + Q2

0.71GeV2

)2 exp

(
−0.21

Q2

GeV2

)
. (2.39)

However, while we obtain a reasonableQ2 dependence for the magneticN∆ transition form factor up to
Q2 ≈ 0.2 GeV2, we only get the right value of EMR(Q2) at the photon pointQ2 = 0 while theQ2 dependence

6We discuss the numerical size of the two parameters in section 2.4.2.
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Figure 2.2: The momentum transfer dependence of the absolute value of themagneticN∆ transition form fac-
tor G∗Ash

M (Q2) in the convention of eq.(2.5). The solid- (Fit II) and dashed (Fit I) lines show the nonrelativistic
O(ǫ3) SSE result while the dotted line corresponds to the MAID parametrization [TDKY03]. The shown ex-
perimental data are from [B+00] (diamond), [S+75] (triangle up), [TDKY03] (triangle down), [B+72] (square)
and [B+68] (circle). The grey shaded band marks the onset of the domain whereone does not expect the low
energy expansion to lead to trustworthy results.

of this ratio is far off the experimental data. This can be seen from the dashed curve in fig.2.3. A similarly
nonsatisfying picture results for theQ2 dependence of the CMR-ratio, see fig.2.4. We have analysed the reason
for these breakdowns of theO(ǫ3) SSE results of ref.[GHKP99] at very small values ofQ2. According to
our new analysis presented here these small ratios are very sensitive to the exact form of theG2(Q

2) form
factor. As it can be seen from the dotted curve ofG2(Q

2) in fig.2.5, in Fit I the momentum transfer dependence
of the real part ofG2(Q

2) has an unphysical turning point already at rather lowQ2. It begins to rise again
aboveQ2 ≈ 0.05 GeV2. This “unnatural”7 behaviour is an indication that important physics is not included in
the SSE calculation at the order we are working. Our analysis shows that itis this “unphysical” behaviour of
theG2(Q

2) form factor which is responsible for the poor description of theQ2 dependence of EMR(Q2) and
CMR(Q2) in Fit I. In the next section we will present a remedy for this breakdown. In conclusion we must
say that for state-of-the-art coupling constants as given in table 2.1 the nonrelativisticO(ǫ3) SSE calculation
for the (small) electric- and CoulombN∆ quadrupole transition form factors of ref.[GHKP99] is only valid for
Q2 < 0.05 GeV2 while at least the (much larger) magneticN∆ transition form factor is described well with
the results of ref.[GHKP99] over a larger range inQ2.

2.4.2 Fit II: RevisedO(ǫ3) SSE analysis

The early breakdown of theO(ǫ3) SSE calculation of ref.[GHKP99] discussed in the previous section can be
overcome by introducing the parameterCs in eq.(2.29). As discussed in section 2.3 such a term formally arises

7We consider this behaviour to be unphysical since we expect the momentum dependence of a baryon form factor in an effective
theory to decrease in magnitude in the momentum range0.1 GeV2 < Q2 << (4πFπ)2 ≈ 1 GeV2 when the resolution is increased.
For further examples of this observed behaviour in the case of nucleonform factors we point to refs.[BFHM98, G+05].
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Figure 2.3: EMR(Q2) of eq.(2.6) at small momentum transfer. Solid line:O(ǫ3) SSE result of Fit II. Dashed
line: O(ǫ3) SSE result of Fit I. Experimental data at the real photon point from MAMI[B+00], atQ2 = 0.127
GeV2 from OOPS [S+05] and atQ2 = 0.4 GeV2 from CLAS [J+02].
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Figure 2.4: CMR(Q2) of eq.(2.7) at small momentum transfer. Solid line:O(ǫ3) SSE result of Fit II. Dashed
line: O(ǫ3) SSE result of Fit I. The data points shown are from refs. [P+01] (diamonds), [S+71] (circles) and
[J+02] (triangle).
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Figure 2.5: The momentum transfer dependence of the transition form factorsG1(Q
2), G2(Q

2) andG3(Q
2)

(defined in eq.(2.1)) atO(ǫ3) in SSE. Solid lines show real parts, dashed lines imaginary parts. The curves
shown are plotted taking the coupling constants at the values determined in Fit II with the only exception being
the dotted line in the plot forG2(Q

2) which corresponds to Fit I.
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from higher order couplings in theO(ǫ5) Lagrangean like the one displayed in eq.(2.35). Physically, this term
amounts to a small short distance correction in the slope parameter of the formfactorG2(Q

2) which in Fit
I is given solely by pion loop contributions. One may wonder why such a contribution, which formally is
of higher order in the perturbative chiral calculation, suddenly should play such a prominent role. However,
we have to point out that the rather small electric form factorG∗E(Q2) is very sensitive to theN∆ transition
form factorG2(Q

2). The size of this quadrupole form factor is at the percent level of the dominant magnetic
transition form factorG∗M (Q2) – small changes inG2(Q

2) are therefore disproportionally magnified when
looking at EMR(Q2). In the following we will explicitly include the termCs in Fit II which now has three
unknown parametersA(λ), B(λ) andCs. Utilizing the same input parameters as in Fit I (see table 2.1) we
insert eqs.(2.28)-(2.30) into eqs.(2.2)-(2.4) and fit again

• to the same experimental data for
∣∣G∗Ash

M (Q2)
∣∣ shown in fig.2.2 at momentum transfers ofQ2 < 0.2

GeV2

• and simultaneously to the experimental value for EMR(0) reported in ref.[B+00] utilizing eq.(2.6).

We note that neither in Fit I of the previous section nor in the new Fit II we have used any of the CMR(Q2)
data of fig.2.4. In both fits the resulting sizes and shapes of CMR(Q2) are a prediction. The same holds for the
Q2 dependence of EMR(Q2) since only the real photon point of this observable has been used as input for our
fits. The numerical values for the three parameters resulting from this new Fit II are given in table 2.2. First
we notice that the central values for the parametersA(1 GeV) andB(1 GeV) have not changed significantly
compared to Fit I. While the numerical value for the new parameterCs is quite large, it actually only amounts
to a small correction of0.21 fm in the r2 slope parameter, in agreement with the expectation from the chiral
counting:

r2,Re : 1.57 fm (Fit I) → 1.78 fm (Fit II) . (2.40)

This small correction in the slope parameter of theG2(Q
2) form factor leads to a much more physical be-

haviour8 in the real part ofG2(Q
2) for Q2 < 0.4 GeV2, as can clearly be seen from the solid curve in fig.2.5.

The resulting changes in the momentum dependence of EMR and CMR as shown by the solid curves of figures
2.3 and 2.4 are quite astonishing. The small change in the slope parameter ofG2(Q

2) has lead to agreement
with experimental data both for EMR(Q2) and CMR(Q2) up to a four-momentum transfer squared ofQ2 ≈ 0.3
GeV2. We note again that none of the experimental data points atfiniteQ2 in EMR or CMR have been used as
input for the determination of the fit-parameters. The significant change ofthe quadrupole form factors caused
by the inclusion of theCs term which is formally of higher order indicates that its impact is underestimated by
naive power counting. At the same time the resulting good accordance with phenomenology shows that this
term includes relevant physics into our calculation. These two observations constitute our justification for the
inclusion of the couplingCs at leading one loop order. Similar effects have been observed e.g. in the electric
polarizability of the nucleonαE to O(ǫ3) in SSE (see ref.[HGHP04]) or the contributions beyond the finite
one loop result of the processγγ → π0π0 in refs.[BC88, DHL88]. For completeness we also note that the
resulting absolute value ofG∗M (Q2) of Fit II is now also in decent agreement with the experimental data up to
Q2 ≈ 0.2 . . . 0.3 GeV2. We therefore conclude that in Fit II, after the slope parameter correction inG2(Q

2) has
been inserted, it is now the insufficient momentum dependence ofG∗M (Q2) aboveQ2 ≈ 0.25 GeV2 that sets
the limit inQ2 for the new nonrelativisticO(ǫ3) SSE result of Fit II presented here. We indicate this limitation
by the grey shaded bands in figures 2.2-2.4 and will explore this point further in section 2.4.3.
In table 2.3 we present the findings of Fit II for all sixN∆ transition form factors discussed in this work both
atQ2 = 0 and for their (complex) slope parametersr, defined as:

Gi(Q
2) = Re[Gi(0)]

[
1− 1

6
r2i,ReQ

2 + ...

]
+ i Im[Gi(0)]

[
1− 1

6
r2i,ImQ

2 + ...

]
. (2.41)

8We note that we do not expect the zero-crossing in the real part of the form factorG3(Q
2) nearQ2 = 0.1 GeV2, see fig.2.5, to

correspond to a physical behaviour. However, the size of Re
ˆ

G3(Q
2)

˜

for Q2 > 0.1 GeV2 is so small that this effect does not affect
our results in any significant way. For completeness we note that atO(ǫ4) there is a counter term in the SSE Lagrangean which will
lead to a momentum independent overall shift in Re

ˆ

G3(Q
2)

˜

which should correct this presumed artifact.
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Re[Gi(0)] r2i,Re [fm2] Im[Gi(0)] r2i,Im [fm2] |Gi(0)| r2i,Abs [fm2]
G1 4.95 0.679 0.216 3.20 4.96 0.678
G2 5.85 3.15 −10.0 1.28 11.6 1.73
G3 −2.28 3.39 2.01 −2.26 3.04 0.907

G∗M 2.98 0.627 −0.377 1.36 3.00 0.630
G∗E 0.0441 −0.836 −0.249 0.422 0.253 0.388
G∗C 1.10 −0.729 −1.68 1.90 2.01 1.10

Table 2.3: The values atQ2 = 0 and the slope parameters of the two sets of form factors discussed in this work
as obtained in Fit II.

It is interesting to note that the real parts of the slope parameters of both the electric- and the CoulombN∆
transition form factors are negative. However, such a behaviour is not too surprising for complex form factors
for which the slope parameters cannot be interpreted as radii. As a consequence, the quadrupoleN∆ transition
form factors do not behave like dipoles in the lowQ2 region, they look different both from the Sachs form
factors of the nucleon and from the common parametrization forG∗M (Q2) of eq.(2.39), see 2.6.
Table 2.3 and figure 2.6 constitute the central results of our analysis of theN∆ transition. They make clear
that the nontrivialQ2 dependence of EMR(Q2) and CMR(Q2) observed in figures 2.3 and 2.4 arises from
the quadrupole transition form factors which should therefore be studiedindependently ofG∗M (Q2). Finally
we comment on the size of the short distance contributions “sd” parametrized viaA(1 GeV) andB(1 GeV)
versus the long distance contributions from the pion-cloud “pc”. Despite the large values for the combinations
of LECs (see eqs.(2.32,2.33)), theN∆ transition form factors are not completely dominated by short distance
physics9 – clear signatures of chiral dynamics are visible. At a scale ofλ = 1 GeV one obtains (at the real
photon point):

Re[G∗M (0)]|λ=1 GeV = −1.06|pc + 4.04|sd , (2.42)

Re[G∗E(0)]|λ=1 GeV = 0.155|pc − 0.110|sd , (2.43)

Re[G∗C(0)]|λ=1 GeV = 1.47|pc − 0.365|sd . (2.44)

We note that such a separation into short and long range physics is obviously scale-dependent. However,
at a much lower regularization scale ofλ = 600 MeV we have checked that one arrives at the same pat-
tern. Analysing eqs.(2.42-2.44) we conclude that the magneticN∆ transition is dominated by short distance
physics. Its strength isreduced by ≈ 40% due to pion-cloud effects in the magneticN∆ transition. This
result is very similar to the situation in the isovector magnetic moment of the nucleon (see the discussion in
ref.[HW02] and chapter 4), both in sign and in magnitude! While the pion-cloud and the short distance physics
are of the same magnitude but of opposite sign for the very small electric quadrupole transition moment, the
Coulomb quadrupole moment in our nonrelativisticO(ǫ3) SSE analysis is dominated by the chiral dynamics of
the pion-cloud. We note that the smallness of CMR(Q2) is of purely kinematical origin (see eq.(2.7)), whereas
the electric quadrupole form factor in the Jones-Scadron conventions used in this work is intrinsically small
relative to the magnetic M1 transition form factor.
The situation is somewhat different for the slope parameters: While we find that approximately 22% of the
slope parameter ofG2(Q

2) originate from short range physics, the translation into the Jones-Scadron basis
drastically amplifies this contribution to the slope parameters of the quadrupole form factors10:

9Despite the seemingly large values forA(λ) andB(λ) as given in table 2.2, the size of the short distance contributions inG∗

M (0),
G∗

E(0) andG∗

C(0) is natural as expected (see eqs.(2.42-2.44)).
10From eq.(2.41) one can see that the slope parameters are normalizedto the the size of the respective form factors atQ2 = 0. The

above statements result from just separating the slope parameters into long- and short range physics while keeping the full values for
Gi(Q

2 = 0) given in table 2.3.
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Figure 2.6:O(ǫ3) SSE results of Fit II for theN∆ transition form factors in the multipole-basis. Solid lines:
Real parts. Dashed lines: Imaginary parts.

r2M,Re =
(

0.650|pc− 0.023|sd

)
fm2, (2.45)

r2E,Re =
(

1.31|pc− 2.15|sd

)
fm2, (2.46)

r2C,Re =
(
−0.019|pc− 0.710|sd

)
fm2. (2.47)

All parts marked as short distance contributions in eqs. (2.45)-(2.47) exclusively arise from the local operator
contributing tor22,Re. From this observation one can see that theGi basis is clearly preferred for the discussion
of chiral signatures in theN∆ transition as there are fewer kinematical cancellations between large numbers in
this basis. At the order of our calculation all effects beyond the linearQ2 dependence of the form factors and
hence the rich structures seen in figures 2.7-2.9 exclusively originate from pion-cloud dynamics.
Before we discuss the quark mass dependence of the form factors we first comment on the range ofQ2 in which
the nonrelativisticO(ǫ3) SSE calculation seems applicable.

2.4.3 The range of applicability of the nonrelativisticO(ǫ3) SSE calculation

In nonrelativisticO(ǫ3) SSE calculations the isovector Sachs form factors of the nucleon agree well with
dispersion-theoretical results up to a four-momentum transfer ofQ2 ≈ 0.3 GeV2 (see e.g. the discussions in
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refs.[BFHM98] and [G+05]). On the other hand, it is known that covariant ChEFT calculations ofbaryon form
factors usually do not find enough curvature in theQ2 dependence of such form factors beyond the term linear
in Q2 (e.g. see ref.[KM01] and the discussion in chapter 4) due to a differentorganisation of the perturbative
ChEFT series. We suspect that this is also the reason why theQ2 dependence of EMR and CMR reported
recently in the covariant ChEFT calculation of refs.[PV05, PV06] ismarkedlydifferent from the one presented
here.
In our nonrelativisticO(ǫ3) SSE analysis the limiting factor – as far as theQ2 dependence is concerned –
seems to be the deviation between the result of Fit II forG∗M (Q2) (solid curve in figure 2.2) compared to the
data (parametrized by the dotted curve). In order to demonstrate this we present EMR(Q2) and CMR(Q2) again
in figures 2.8 and 2.9, now withG∗M (Q2) not given by our result of Fit II but with the dipole parametrization
of eq.(2.39). One can clearly observe that in both figures the agreementwith the experimental results now
extends to even larger values ofQ2, giving us confidence that the here calculated results for the electric-
and CoulombN∆ quadrupole transition form factors – which are the quantities where the impact of chiral
dynamics shows up most visibly (see the discussion in section 2.4.2) – have captured the relevant physics up
to a momentum transferQ2 ≈ 0.3 GeV2, similar to the situation for the isovector Sachs form factors of the
nucleon in nonrelativisticO(ǫ3) SSE [G+05, BFHM98]. We also note that the slope of the SSE result for CMR
atQ2 < 0.1 GeV2 is highly dominated byπN intermediate states (originating from diagram (c) in figure 2.1).
However, the intrinsicQ2 dependence of this quantity is dressed with a kinematical prefactor which shows a
strong momentum transfer dependence at small values ofQ2, see eq.(2.7). This prefactor is responsible for
the fast drop-off of CMR(Q2) at very small momentum transfer and thus hides the effects of the underlying
πN dynamics and the interesting behaviour which we found forG∗C(Q2) (see figure 2.5) at smallQ2 cannot
be observed in this ratio. The existence and position of the plateau in CMR(Q2) at higher momentum transfer
however is a ChPT prediction and arises due to a balance between loop effects and short range physics with the
largerr2 of Fit II, see eq.(2.40), again being essential.
In addition to these results ChEFT provides us with the knowledge about the structures which can arise in a
calculation of the form factors at higher orders. The additional structures contributing to each form factor at
lowest order beyond our calculation read:

G
(3)
1 (Q2) → G

(3)
1 (Q2) +

Q2

(4πFπ)2
δ1, (2.48)

G
(3)
2 (Q2) → G

(3)
1 (Q2) +

Q4

(4πFπ)2M2
N

δ2, (2.49)

G
(3)
3 (Q2) → G

(3)
3 (Q2) +

MN∆

(4πFπ)2
δ3. (2.50)

Here only those contributions which cannot be absorbed via a reparametrization of the three free parameters
of our calculation where considered. The uncertainties in theO(ǫ3) calculation due to possible higher order
effects are estimated by varying the coefficientsδi of these structures within their natural size, i.e. between−3
and3. A stronger constraint is put on the value ofδ1 which dominates the error of the magnetic dipole form
factor as we demand the result to be consistent with the input data of our analysis (i.e. G∗M (Q2) at lowQ2).
This condition is only fulfilled for0 < δ1 < 2.
The grey shaded bands around the curves in figures 2.7, 2.8 and 2.9 mark the area in which the set of curves
with parameters0 < δ1 < 2, −3 < δ2 < 3 and−3 < δ3 < 3 is located. This band indicates the uncer-
tainties which arise when neglecting higher order effects. A further source of errors lies in the values of those
low energy constants already present in theO(ǫ3) calculation which have been kept fixed in the error analysis
presented in figures 2.7, 2.8 and 2.9. This is the reason for the fact that the shown error bands forG∗M (Q2) and
EMR(Q2) shrink to zero forQ2 → 0. As the quality of the determination of the low energy constants depends
on the quality of the experimental data used as input, the typical experimental errors of each quantity indicate
the possible variation of the ChPT result due to this source of uncertainties.The conclusion from the error anal-
ysis presented here is that the calculation at leading one loop order givesa trustworthy prediction of all three
transition form factors for momentum transferQ2 smaller than0.2 GeV2 (note that neither theQ2 dependence
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Figure 2.7: The momentum transfer dependence of the magnetic dipole form factorG∗M (Q2): The solid line
represents theO(ǫ3) SSE result as discussed in the text, the grey shaded band indicates the uncertainty of
this result arising due to possible higher order effects. Data points are taken from [B+00] (diamond), [S+75]
(triangle up), [TDKY03] (triangle down), [B+72] (square) and [B+68] (circle).

of EMR nor any information about CMR was used as input for our determination of the low energy constants;
the given curves for the quadrupole moments are a prediction). BeyondQ2 = 0.2 GeV2 higher order effects
can – according to this analysis – play a decisive role. We emphasize that due to the uncertainties arising from
the extraction of the low energy constants the shown results for the quadrupoles are not in contradiction with
most of the models shown in the same figures. E.g., if we where to use theQ2 = 0 values for the quadrupole
moments from Sato and Lee [SL96, SL01b] as input for our analysis (instead of the experimental EMR(0) of
reference [B+00]), the SSE result would exactly agree with this model prediction (see figure 2.9). Furthermore,
we observe that all models (Sato-Lee [SL96, SL01b] and DMT [KY99, KYD+01]) and ChPT calculations (this
analysis and the calculation in theδ scheme [PV06]) containing pion-cloud effects coincidingly predict a de-
creasing EMR at very lowQ2 (where pion-cloud effects should be relevant). We also observe in figure 2.9 that
the DMT model of ref.[KY99, KYD+01, DHKT99] shows the same features at lowQ2 as our SSE calculation.
It is also interesting to note that the turnover in theQ2 dependence of EMR nearQ2 ≈ 0.25 GeV2 in figure
2.8 may not signal the breakdown of our approach at this (already quite large) momentum transfer but could
indicate a real structure effect connecting the OOPS and the CLAS resultsfor EMR(Q2). In order to decide
this issue clearly the next-to-leading one loop order correction to our results has to be calculated. Finally we
note again explicitly that the resulting solid curves in figure 2.8 and figure 2.9 havenot been refit to the data
points at finiteQ2, despite their “perfect“ agreement with the shown data.

2.4.4 Chiral extrapolation of theN∆ transition form factors to O(ǫ3) in nonrelativistic SSE

An upcoming task in the description of the nucleon-to-∆ transition in chiral effective field theory is the study
of the quark mass dependence of these form factors, extrapolating the recent lattice results of refs. [A+05b]
and [A+05a] to the physical point. Figure 2.10 shows – as a first step on this way – the pion mass dependence
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Figure 2.8: The momentum transfer dependence of the ratio of the electric quadrupole to the magnetic dipole
form factor EMR(Q2): The solid line represents theO(ǫ3) SSE result as discussed in the text, the grey shaded
band indicates the uncertainty of this result arising due to possible higher order effects. The dashed-dotted
(MAID [DHKT99]), dashed (DMT [KY99, KYD+01]) and dotted (Sato-Lee [SL96, SL01b]) curves are model
predictions. Experimental date are from MAMI (real photon point [B+00] andQ2 = 0.06 GeV2 [S+06]) and
OOPS [S+05] (Q2 = 0.127 GeV2).
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Figure 2.9: The momentum transfer dependence of the ratio of the Coulomb quadrupole to the magnetic dipole
form factor CMR(Q2): The solid line represents theO(ǫ3) SSE result as discussed in the text, the grey shaded
band indicates the uncertainty of this result arising due to possible higher order effects. The dashed-dotted
(MAID [DHKT99]), dashed (DMT [KY99, KYD+01]) and dotted (Sato-Lee [SL96, SL01b]) curves are model
predictions. The data points shown are from refs.[S+06] (cross), [P+01] (diamonds), [S+71] (circles) and
[S+05] (square).
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of theN∆ transition form factors in the Jones-Scadron basis of eqs.(2.2-2.4) according to nonrelativisticO(ǫ3)
SSE. We note that we did not refit any of the parameters of table 2.2 to produce the extrapolation functions
shown. All parameters have been fixed from experimental observablesat the physical point as described in
sections 2.4.1 and 2.4.2. Both the real and the imaginary parts of the threeN∆ transition form factors develop
a quark massmq dependence which has been translated into a dependence on the mass of the pionmπ via the
GOR-relation [GMOR68]

m2
π = 2B0mq +O(m2

q), (2.51)

consistent with the order at which we are working.B0 denotes the magnitude of the chiral condensate. The
imaginary parts of all three form factors shown in figure 2.10 are zero11 for mπ > ∆0 since the∆(1232) reso-
nance would become a stable particle at this large pion masses. It is interestingto observe that the quark mass
dependence of the magnetic dipoleN∆ transition momentµN∆ = Re[G∗M (0)] qualitatively shows the same
behaviour as the isovector magnetic momentµv

N of the nucleon, studied e.g. in ref.[HW02]. Like its analogue
µv

N , at the physical point (mπ = 140 MeV) µN∆ is substantially reduced from its chiral limit value by≈ 25
percent, dropping further rather quickly in size for increasing quark masses. On the other hand, the quark mass
dependence of both the electric- and the Coulomb quadrupoleN∆ transition momentsQN∆

E = Re[G∗E(0)] and
QN∆

C = Re[G∗C(0)] is rather unexpected: As can be seen from figure 2.10,QN∆
E even changes its sign around

mπ ≈ 100 MeV before approaching anegativevalue in the chiral limit. It will be very interesting to see how
the location of this zero-crossing might be affected by corrections at next-to-leading one loop orderO(ǫ4) in
SSE. In the case ofQN∆

C one can observe the effect ofG3(0) of eq.(2.38), leading to a logarithmic divergence
of the Coulomb quadrupole transition strength in the chiral limit. Curiously, our nonrelativisticO(ǫ3) SSE
calculation indicates thatQN∆

C is near a local maximum for physical quark masses. Given the dominance of
chiral πN physics in this form factor (see the discussion in section 2.4.3), it would be extremely exciting if
such a behaviour could be observed in a lattice QCD simulation. Note that in ourdiscussion we assume all
masses appearing in eqs.(2.1-2.4) to be taken at their physical values (see the discussion in ref.[G+05] and after
eq.(4.1) of this work regarding this point). However, for a consistent comparison with lattice data, the baryon
masses which appear in our ChPT results – mainly through the translation formulae eqs.(2.2)-(2.4) – would
have to be evaluated as a function of the pion mass. Regrettably, present state-of-the-art lattice simulations for
N∆ transition form factors take place formπ > 370 MeV [A+05b] which is outside the region of applicability
of this nonrelativistic leading one loop SSE calculation as indicated by the greybands in figures 2.10 and 2.11.
We hope to extend the range inmπ for which the SSE result provides reasonable chiral extrapolation functions
for theN∆ transition considerably when going to next order in the calculation. We also note that the leading
one loop covariant calculation in theδ expansion scheme presented in ref.[PV05] seems to be also stable at
pion masses larger thanmπ ≈ 200 MeV, presumably due to the additionalmπ/M0 terms present in a covariant
approach (see the discussion in the following chapters). However, the stability of the chiral extrapolation func-
tions of both schemes should be tested further by going to next-to-leading one loop order.
Furthermore, we note that there is no need to consider the rather complex structures of EMR(Q2) or CMR(Q2)
when comparing to lattice QCD results. The intricacies – i.e. the sought after signatures of chiral dynamics –
can be studied in a much cleaner fashion when directly comparing ChEFT results to lattice QCD simulations
of theN∆ transition form factors (e.g in the Jones-Scadron basis), see figure 2.10. Nevertheless, for com-
pleteness, in figure 2.11 we also show our results12 for the chiral extrapolation functions of the real parts13 of

11This vanishing is not necessarily a monotonous function ofmπ as can be see in the imaginary part ofG∗

E(0) in figure 2.10.
12We note again that all chiral extrapolation functions shown in this workimplicitly assume that all accompanying mass factors in

the definition of theN∆ transition current are held at their physical values. The behaviour of the chiral extrapolation functions changes
significantly formπ > 200 MeV when the effects of the quark mass dependence of these masses are also included.

13Lattice QCD results are obtained in Euclidean space and cannot be connected directly with (complex valued) real world observables
in Minkowski space in the case of open decay channels.
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EMR(0) and CMR(0) defined as

emr = −Re[G∗E(0)]

Re[G∗M (0)]
, (2.52)

cmr = −M
2
∆ −M2

N

4M2
∆

Re[G∗C(0)]

Re[G∗M (0)]
. (2.53)

The discussed sign-change inQN∆
E is visible in figure 2.11 inemrwhile the exciting chiral structures ofQN∆

C

dominatecmr for pion massesmπ < 200 MeV. Abovemπ = 200 MeV theO(ǫ3) SSE results foremr and
cmr show a clear breakdown, see fig 2.11. This comes as a consequence ofthe fact that Re[G∗M (0)] (which is
the denominator of those ratios) already becomes very small at those valuesof the pion mass. Guided by our
experience with e.g. the anomalous magnetic moment of the nucleon we would rather expect the real quark
mass dependence of Re[G∗M (0)] to plateau at those values of the quark mass14. However, we are not surprised
by the rapid decrease of our result for the pion mass dependence of Re[G∗M (0)] since thenonrelativistictheory
leads to similar result for the anomalous magnetic moment of the nucleon, see chapter 4.
As already mentioned, available lattice data of these quantities in refs.[A+05b, A+05a] are unfortunately at
too large pion masses to be relevant for the chiral extrapolation functions presented here. However – indepen-
dent of this (present) limitation of our ChEFT results to the domain of small pion masses – we have to note
one importantgeneral caveatfor (future) comparisons of ChEFT results to lattice QCD simulations ofN∆
transition form factors: In figures 2.10 and 2.11 we discuss the chiral extrapolation of the threeN∆ transition
moments atQ2 = 0 while lattice QCD results are usually obtained at finite values of momentum transfer. In
order to correct for this, one often attempts to connect the lattice results of finiteQ2 to the real photon point
by performing global dipole fits with the dipole mass as a free (quark mass dependent) parameter determined
from lattice results. While such a procedure may lead to promising results, forexample, in the case of the form
factors of the nucleon (see the discussion in ref.[G+05] and chapter 4) – and also seems to be applicable to the
(monotonously falling) magnetic dipoleN∆ transition form factorG∗M (Q2) – it should not be applied to the
study of the sought after electric- and Coulomb quadrupoleN∆ transition form factors due to the nontrivial
momentum dependence in these form factors forQ2 < 0.15 GeV2. This can be clearly concluded from fig-
ure 2.6 and from the negative values of (the real parts of) their slope parameters in table 2.3. Global dipole
fits connecting lattice QCD results from largeQ2 across the regionQ2 < 0.15 GeV2 to the photon point at
Q2 = 0 would just “wash-out” all the interesting chiral physics which dominates theN∆ quadrupole transi-
tion momentsQN∆

E andQN∆
C at the physical point! If one wants to study these objects in lattice QCD one

has to perform simulations at such small values of momentum transfer that onecan directly compare with the
ChEFT results for the threeN∆ transition form factorsG∗M (Q2,m2

π), G∗E(Q2,m2
π) andG∗C(Q2,m2

π) in the
(Q2,m2

π) plane and then utilize a function for the momentum dependence down toQ2 = 0 which is consistent
with the turning-points generated by chiralπN dynamics. Figure 2.12 shows the nonrelativisticO(ǫ3) SSE
result of such a three dimensional function forG∗M (Q2,m2

π), further quantitative studies regarding these chiral
extrapolation surfaces are relegated to future work.

2.5 Conclusions and Outlook

The pertinent results of this chapter can be summarized as follows:

1. We have analysed and updated theO(ǫ3) SSE calculation of the isovectorN∆ transition current of
ref.[GHKP99] in terms of the magnetic dipole, electric- and Coulomb quadrupole transition form factors
in Fit I. It was found that the momentum range of reliability of these results is extremely small (i.e.
Q2 < 0.05 GeV2).

14The heuristic argument for this is provided by the observation that pion-cloud effects have usually already been substantially
reduced at those large values ofmπ and only the contributions from pion mass independent short distance physics remain visible. We
will argue in chapter 3 why this effect is nevertheless not observable in nonrelativistic theories.
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Figure 2.10: The quark mass dependence of theN∆ transition form factors in the Jones-Scadron basis accord-
ing to nonrelativisticO(ǫ3) SSE. Solid lines denote the real parts, dashed lines the imaginary parts. All masses
appearing in the definitions of the Jones-Scadron multipole form factors are taken at their values at the physical
point in order to displayonly the intrinsic quark mass dependence of the transition form factors.
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Figure 2.11:mπ dependence of the real parts ofemr andcmr as defined in eqs.(2.52,2.53) atQ2 = 0 according
to nonrelativisticO(ǫ3) SSE. All masses appearing in the definitions of the Jones-Scadron multipole form
factors are taken at their values at the physical point in order to displayonly the intrinsic quark mass dependence
of the transition form factors. Note that a clear breakdown of the nonrelativistic results is visible around
mπ = 0.2 GeV.
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2. We have identified an “unnatural” momentum dependence in theN∆ transition form factorG2(Q
2) as

the reason for the early breakdown of the results of Fit I. In section 2.4.2we have demonstrated that
the inclusion of a (higher order) counter-term which changes the slope parameter ofG2(Q

2) by 0.21
fm is sufficient to correct the momentum transfer behaviour of this form factor. We have checked that
similar correction terms in the slope parameters ofG1(Q

2) andG3(Q
2) are not significant. The physical

origin of the short distance contribution to the slope parameter ofG2(Q
2) parametrized in couplingCs

is not understood at present. The results of Fit II which includes this correction then showed a consistent
behaviour in all three form factors up to a momentum transfer squared ofQ2 = 0.25 . . . 0.3 GeV2.

3. Connecting our results for the transition form factors with ratios of measured pion-electroproduction
multipoles via eqs.(2.6,2.7) we have obtained a remarkable agreement betweenthe results of Fit II and
experiments up to a momentum transfer squared ofQ2 = 0.25 . . . 0.3 GeV2 both for EMR(Q2) and
CMR(Q2).

4. Long distance pion physics was found to be present in all threeN∆ transition form factors. It showed
up most prominently in the momentum dependence of the quadrupole form factors forQ2 < 0.15 GeV2,
leading to momentum dependencies which cannot be described via a (modified) dipole ansatz anymore.
An observable signal of chiral dynamics in theN∆ transition could be a minimum in EMR nearQ2 =
0.05 GeV2 and a maximum nearQ2 = 0.25 GeV2. However, it is not clear whether these effects can be
identified unambiguously in experiments given the size of current experimental error bars in EMR(Q2).

5. We have estimated the numerical size of possible higher order contributions to all transition from factors
and found that those contributions only start to be relevant aboveQ2 = 0.2 GeV2.

6. We have studied chiral extrapolations of the threeN∆ transition form factors atQ2 = 0. We found that
the magneticN∆ dipole transition moment decreases monotonously with the quark mass, displaying a
qualitatively similar behaviour as the isovector magnetic moment of the nucleon. On the other hand, the
quark mass dependencies of the quadrupoleN∆ transition moments were found to display rapid changes
for pion masses below 200 MeV. While the electric quadrupole transition momentQN∆

E in our analysis
even changes its sign nearmπ = 0.1 GeV before approaching a negative chiral limit value, we found that
the Coulomb quadrupole transition momentQN∆

C has a local maximum near the physical pion mass and
diverges in the chiral limit. State-of-the-art lattice simulations cannot yet reach such small pion masses
to test these predictions. On the other hand, our nonrelativisticO(ǫ3) SSE analysis presented here was
found to break down formπ > 0.2 GeV. In the following chapters we will show that properly renormal-
izedcovariantChPT calculations provide a more reliable description of quark mass dependencies in the
domain of presently available lattice results. However, the example of the anomalous magnetic moment
of the nucleonκv given in reference [HW02] teaches us that a considerable improvementconcerning the
pion mass dependence of SSE15 results at large quark masses can be achieved when going fromO(ǫ3) to
O(ǫ4), although this leaves an unpleasant aftertaste concerning the convergence of SSE at larger quark
masses.

7. We also point out that lattice studies of the quadrupoleN∆ transition form factors which are performed
at finiteQ2 cannot be analysed via a simple dipole ansatz to obtain information about the moments at
Q2 = 0 due to the turning-points and structures in theQ2 dependence of these form factors atQ2 < 0.1
GeV2.

In the future we are planning to calculate the quark mass dependence of theN∆ transition form factors atO(ǫ4)
in order to extend the range of applicability of these results for chiral extrapolations and to test the stability of
the structure effects discussed in this work. In conclusion we can say that we have indeed detected interesting

15Note that such an improvement can only be expected in a theory like SSE where besidesmπ a second mass scale is involved (here:
∆0). The arguments for the necessary breakdown of standard HBChPTat large quark masses given in the next chapter are not affected
by this observation.
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signatures of chiral dynamics in theN∆ transition, both for the momentum and for the quark mass dependence.
In particular we hope that the electric- and Coulomb quadrupoleN∆ transition moments will be tested with
higher precision, both on the lattice and in electron scattering experiments in order to verify the signatures of
chiral dynamics discussed in this work.
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Chapter 3

Renormalization of Covariant BChPT

3.1 Introduction

Motivated by the findings of the previous chapter that the convergence of the chiral expansion at quark masses
large compared to the physical one is rather poor in the nonrelativistic theory, we continue our analysis of
baryon form factors in thecovariantformulation of BChPT.
In this chapter we introduce a new renormalization scheme for covariant BChPT. We first develop a catalogue
of conditions which a consistent renormalization scheme for covariant BChPT has to fulfill and, subsequently,
driven by the observation that none of the renormalization schemes discussed in literature so far is consistent
with all of those conditions introduce a new renormalization scheme which we call IR as it is derived starting
from the infrared renormalization technique of reference [BL99]. Furthermore, we show that consistent chiral
extrapolations exploiting the coupling constants as determined in previous HBChPT analyses are only possible
if all of the conditions which we have developed for renormalization schemesare fulfilled, i.e. only in theIR
scheme.
After a discussion of basic aspects of renormalization in BChPT, we definetheIR scheme and discuss its basic
properties. Subsequently, we present an extensive calculation of the mass of the nucleon at next-to-leading
one loop order in this new renormalization scheme in section 3.3. This paragraph gives us the possibility to
demonstrate the implementation and basic properties of the newly introduced renormalization scheme on a
simple example. The last section of this chapter is dedicated to chiral extrapolations of the mass of the nucleon.
Readers who are not interested in all the technical details of renormalizationin BChPT but want to know how
loop diagrams in the new renormalization scheme can be calculated are referred to the framed box in the end
of the first section.

3.2 Infrared Singular- and Regular Parts

In the covariant formulation of standard SU(2) BChPT, there are two light-(mπ andq2) and two heavy mass
scales (M0 and4πFπ). Restricting ourselves to the limitq2 = 0 for simplicity, the contributions to a dimen-
sionless nucleon observableO as a function of those mass scales from a loop diagram of chiral dimensionn in
dimensional regularization at renormalization scaleλ take the general form

O
(n)
loop =

(
M0

4πFπ

)n
[

∞∑

i,odd

o(n,i≥n)
n

(
mπ

M0

)i

+
∞∑

i,even

(
mπ

M0

)i(
o(n,i)
a + o

(n,i≥n)
l log

mπ

M0

+δi,no
(i)
d

(
16π2L+ log

mπ

λ

))
+ o

(n,i<n)
M

(
16π2L+ log

M0

λ

)]
, (3.1)
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where the indexn denotes the order of a specific contribution in1 1
(4πFπ)n andi its order in 1

M i−n
0

. Theo(n,i)
X

with X = n, d, l, a,M and c(i)L are dimensionless, quark mass independent prefactors. For a proof of this
formula and its properties discussed below see appendix B.3. By normalization with a proper power of a quark
mass independent mass scale the reasoning of this chapter can be extended to observables with arbitrary mass
dimensions. The generalization to arbitrary values ofq2 can be done by treatingq2 in exactly the same way as
we treatm2

π in this example.
The full result for the observableO at a certain chiral orderm is the sum

O =
m∑

n=0

(
O

(n)
loop +O

(n)
c.t.

)
+O(pm+1), (3.2)

where

O
(n)
c.t. =





c
(n)
L

(
mπ

4πFπ

)n
n even,

if
0 n odd.

(3.3)

The six different terms in the above equations are:

• o(n,i)
n are the prefactors of terms which are nonanalytic in the quark mass. Their sizes are determined by

the loop calculation in the sense that they are a function of lower order coupling constants.

• o(i)d is the prefactor of the UV-divergent part of the loop integrals parametrized byL. In dimensional

regularization we choose at dimensiond: L = λd−4

16π2

[
1

d−4 + 1
2 (γE − 1− log (4π))

]
whereγE is the

Euler-Mascheroni constant.

• o(n,i≥n)
l denotes the strength of the logarithmic dependencies of the observable on the pion mass. Again

its size is determined by the loop calculation. All coefficients of this type are zero for i < n.

• c(n)
L are counter-terms contributing via local operators of chiral dimensionn, i.e. they are thebarecou-

plings from the LagrangeanL(n)
πN contributing via tree level diagrams. The final result eq.(3.2) therefore

only containsc(n)
L with evenn ≤ m. In BChPT the size of these couplings is unknown since they

parametrize physics beyond the explicitπN dynamics. In practice their numerical values have to be
determined from phenomenology. In theMS renormalization program, these terms also serve to absorb
the UV-divergences of the loop calculation and the dependencies on the unphysical scaleλ.

• o(n,i)
a are the prefactors of the terms analytic in the quark mass. Fori > n their sizes are again determined

by the loop calculation. Fori = n however, there is – due to the presence ofc
(n)
L – a freedom of choice

which terms of the final result forO in eq.(3.2) are considered to come from the loop calculation, i.e the
pion-cloud and are written aso(n,i)

a and which terms are part of the local operator, i.e. arise due to short
range physics parametrized viac(n)

L . Furthermore, the result forO at ordern − 1 already contains all

counter-termsc(i)L with i < n. Such, by adding the ordern contribution to the ordern − 1 result for

O any of theo(n,i)
a with i ≤ n meets such a counter-termc(i)L and therefore at this stage lacks a unique

definition. It is this freedom of choice which allows for many different renormalization prescriptions2

and it is the task of a renormalization prescription to provide a unique separation between long- and short
range physics, i.e. a unique definition of theo(n,i)

a andc(i)L .

1Following the discussion of the introductory chapter 1 the expansions inp andq (notations of chapter 1) have already been tied
together in this expression and are uniformly denoted by1

4πFπ

.
2The infrared renormalization scheme goes even beyond this by claiming that not only for evenn with i = n but for any even value

of i there is a chiral order at which the corresponding counter-termc
(i)
L appears. Therefore the conclusion of [BL99] is that any of the

o
(n,i)
a are scheme dependent, even ifi > n.
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• o(n,i<n)
M are the prefactors of logarithms which depend on the mass of the nucleon. They can only be

nonzero fori < n. Since these terms do not parametrize any nonanalytic quark mass dependencies, they
underlie the same scheme dependence as theo

(n,i)
a .

Note that in the nonrelativistic theory the expression forO
(n)
loop given in eq.(3.1) would only contain the terms

with i = n. Summarizing from a different point of view, one finds that in the final result for O at chiral order

m the observable prefactor of a certain even power of
(

mπ

M0

)i
is

M i
0

i

∂iO

∂mi
π

∣∣∣∣
mπ→0

=
m∑

n=0

(
M0

4πFπ

)n
[
o(n,i)
a + o

(n,i<n)
M

(
16π2L+ log

M0

λ

)
+ o

(n,i≥n)
l log

mπ

M0

]

+

(
M0

4πFπ

)i [
o
(i)
d

(
16π2L+ log

mπ

λ

)
+ c

(i≤m)
L

]
+O(pm+1), (3.4)

where only theo(n,i≥n)
l ando(i)d are scheme independent since they give the strength of a logarithmic depen-

dence on the quark mass which can only be generated by loop calculations and cannot originate from local
operators. However, both loop calculations and local operators can contribute to the other structures and only
the sum

m∑

n=0

(
M0

4πFπ

)n [
o(n,i)
a + o

(n,i<n)
M

(
L+ log

M0

λ

)]
+

(
M0

4πFπ

)i [
o
(i≤m)
d L+ c

(i≤m)
L

]
+O(pm+1). (3.5)

is observable. In contrast, the prefactors of odd powers of
(

mπ

M0

)i
are scheme independent. Note that while

eq.(3.4) gives the contributions with fixedi (the coefficients of a certain power inmπ) to the final result forO
given in eq.(3.2), eq.(3.1) gives the contributions with fixedn (chiral order of the calculated Feynman diagrams,
i.e. order in 1

4πFπ
) to the same result.

We now proceed towards a unique definition of all coefficients appearingin eq.(3.2) by making the expression
forO subject to four conditions. SinceO as a polynomial inmπ is of course a sum of linear independent terms,

these conditions have to be fulfilled by each of the coefficients∂iO(m)

∂mi
π

∣∣∣
mπ→0

individually.

1. ultraviolet regularization: The final result for an observable should be UV-finite and independent of the
unphysical renormalization scaleλ. Therefore, we require all UV-divergences appearing in the loop cal-
culations (in eqs.(3.1), (3.4) and (3.5) they are contained inL) to be cancelled by corresponding infinite
parts of the counter-termsc(i)L = c

(i)
L (λ)− 16π2β(i)L. AsL depends on the scaleλ, the remaining, finite

parts of the counter-terms are consequently also scale dependent and compensate alllog mπ

λ andlog M0
λ

terms of the loop contributions such thatλ ∂
∂λO = 0. A renormalization scheme designed to fulfill this

fundamental condition isMS [GSS88]. In the definitions of eq.(3.2) the renormalization prescription of

this scheme is
(
o
(i)
d +

∑
n o

(n,i<n)
M

)
16π2L+ c

(i)
L → c

(i)

LMS
(λ) with λ ∂

∂λc
(i)
L (λ) = o

(i)
d +

∑
n o

(n,i<n)
M . In

the following, we always assume that the UV-divergences have alreadybeen cancelled and only discuss
the scheme dependence of the finite parts of the counter-termsc

(i)
L (λ).

Note that all UV-divergences and scale dependencies appearing in theloop calculation of the observ-
ableO up to a certain order can be exactly compensated by the counter-terms available at this order as
all UV-divergent and scale dependent contributions toO(n) in eq.(3.1) only appear withi ≤ n where
corresponding counter-terms occur in eq.(3.2), see appendix B.3.

2. power counting: There is a hierarchy of terms in the sum of eq.(3.1): This sum is carried outover
increasing powersi of the ratio of the small scalemπ divided by one of the large scales4πFπ or M0.
Summands with a larger value of the indexi are therefore numerically suppressed. Isolating all terms
with a nonzero mass dimension, the sum over the indexi at fixedn is carried out over terms of the
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form Mn−i
0

(4πFπ)nm
i
π. But note that for anyn those terms start ati = 0 and that there is thus no hierarchy

amongst contributions with differentn! The chiral expansion of eq.(3.2) therefore is not necessarily a
reasonable perturbative expansion. Feynman diagrams of any chiral ordern are not suppressed [GSS88]
but could have arbitrary numerical impact on the final result forO. In order to provide a meaningful
power-counting prescription, a consistent renormalization scheme therefore has to link the expansions in
i andn in such a way that higher orders inn only contain higher orders ofi.
We therefore require all terms withi < n arising in a calculation of a loop diagram of ordern to be
zero in a renormalization scheme suitable for covariant BChPT. This is possible since all contributions to
O(n) of eq.(3.1) withi < n are analytic in the quark mass according to appendix B.3. This condition is
thus fulfilled if all contributions of theo(n,i)

a ando(n,i<n)
M with i < n are absorbed into the corresponding

c
(i)
L (λ).

Two renormalization schemes discussed frequently in literature which do have this property are the
EOMS scheme [FGJS03] and the infrared renormalization scheme [BL99].

3. nonrelativistic limit: In a renormalization scheme fulfilling the previous two conditions which are

both necessary for consistent loop calculations in BChPT, eq.(3.5) reduces to
∑i

n=0

(
M0

4πFπ

)n
o
(n,i)
a +

(
M0

4πFπ

)i
c
(i≤m)
L (λ) still leaving a scheme dependence ifi ≤ m . To uniquely defineo(n,i)

a andc(i)L (λ)

which have the same impact on the final result but are of structurally different origin, we choose to re-
quire the segmentation of this sum in covariant BChPT to happen in exactly the same way as in HBChPT,
i.e. theo(n,i)

a andc(i)L (λ) must be of same numerical size in both formulations of ChPT. This requirement
allows to make contact between covariant BChPT results and the long and successful history of HBChPT.
In a scheme fulfilling this condition all coupling constants are defined in the sameway and their finite
parts do have the same numerical values as in HBChPT. For each diagram, the HBChPT results can be
found by an expansion of the corresponding (properly renormalized)covariant result in 1

M0
.

A renormalization scheme designed to fulfill this condition is the infrared renormalization scheme [BL99].

4. analyticity: After conditions 1.-3. all coefficientso(n,i)
X andc(i)L (λ) of the result forO given in eq.(3.2)

are uniquely defined. However, there is “in principle” a further scheme dependence: While in a cal-
culation ofO at orderm only thec(i≤m)

L (λ) with i ≤ m are explicitly included, the same expression

containso(n,i)
a with any value ofi. By going to higher orders in the chiral expansion,c

(i)
L (λ) with

largeri have to be included and the scheme dependence discussed in condition 3. also pertains the sum
∑i

n=0

(
M0

4πFπ

)n
o
(n,i)
a +

(
M0

4πFπ

)i
c
(i)
L (λ) with i > m. Apart from the fact that this scheme dependence

is only existent “in principle” since thosec(i)L (λ) with large values ofi are not present at a certain order
n < i, we require that no unphysical nonanalyticities are generated by the renormalization procedure.
This last condition is relevant with respect to the infrared renormalization scheme [BL99] since this
scheme takes advance of this possibility “in principle” but at the end has to deal with unphysical cuts,
singularities and imaginary parts at very large quark masses. Although the unphysical singularities in this
scheme are located atmπ = 2M0 and therefore far outside the region of applicability of the low energy
theory, their existence disturbs the convergence properties of the chiral expansion for many observables
even for pion masses just above the physical one.

In table 3.1 we give an overview over different renormalization schemes and how they behave with respect to the
conditions discussed above. In Figure 3.1 we demonstrate in a schematic sketch how different renormalization
schemes treat the double expansion of eq.(3.2), in particular we show which of theo(n,i)

X , X = a,M are set to
zero in a particular scheme and which are not.
Since we are aiming to work with a renormalization scheme fulfilling all four conditions, we now start with a
brief discussion of the infrared renormalization scheme (IR) which fulfills conditions 2. and 3. and subsequently
modify it such that it also satisfies our first and fourth condition.
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power counting analyticity nonrelativistic limit ultraviolet regularization
IR X X X X

standard IR X - X (X)
MS - X - X

EOMS X X - X

Table 3.1: Overview over several renormalization schemes of BChPT frequently discussed in literature and
how they behave with respect to the four conditions discussed in the text. The IR scheme is designed to fulfill
all four conditions.
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Figure 3.1: A schematic plot demonstrating the different treatments of the double expansion in 1
4πFπ

and 1
M0

in three different formulations of BChPT. From left to right:MS- and infrared renormalized covariant BChPT
and HBChPT. From this plot, one can read off at which order in1(4πFπ)n which orders of 1

M i−n
0

are included.

A black dot denotes a nonzero contribution from this structure in the respective scheme while the grey shaded
areas pool all those terms which are considered to be of the same chiral order D. The covariant framework
identifiesD ∼ n while the chiral dimension in the heavy baryon expansion can be calculated asD ∼ i.
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The authors of reference [BL99] were able to implement a computational technique which separates results of
one loop calculations within BChPT consistently into two parts and showed that one part – called theinfrared
singular part – fulfills conditions 2. and 3. discussed above and the remainder – theinfrared regularpart –
is a polynomial in even powers ofmπ, i.e. analytic in the quark mass and can therefore be absorbed into the
coefficientsc(i)L (λ). The identification of the two parts of a one loop integral can be done as follows: With
the help of Feynman parameters, the propagator of every intermediateπN state can be expressed in terms of a
one-pion-one-nucleon state:

H11 =
1

i

∫
ddl

(2π)d

1

(m2
π − l2)

(
M2

0 − (p− l)2
) , (3.6)

which again using Feynman parametrization can be written as an integral overa single propagator:

1

i

∫

I
dx

∫
ddl

(2π)d

1

(m̃2 − l2)2
, (3.7)

where we have introduced the effective massm̃2 = (1− x)m2
π + x2M2

0 and assumedp2 = M2
0 for simplicity.

The expressions in eq.(3.6) and eq.(3.7) are analytically equal if the interval of integration isI = [0, 1]. The
infrared singularpart I11 of this integral is projected out if the interval of integration is identified withI =
[0,∞). The difference between eq.(3.6) and eq.(3.7) with this choice of integration bounds – theinfrared
regular partR11 – is then the integral over the interval[1,∞). Writing it down explicitly, one finds3:

H11 = I11 −R11 =
1

i

[∫ ∞

0
dx −

∫ ∞

1
dx

] ∫
ddl

(2π)d

1

(m̃2 − l2)2
. (3.8)

A loop only containing pion-propagators is completely singular, if it only consists of nucleon-propagators it is
completely regular. As already mentioned earlier,I11 fulfills the conditions 2. and 3. whileR11 appears to be
an even series in the pion massR11 =

∑∞
j=0 ajm

2j
π where the prefactorsaj do not contain any quark mass

dependencies. Since at every even power in the pion mass there is a contribution from a contact termc(i)L (λ),
recall eq.(3.5),R11 can in principle be absorbed into the low energy constants. In other words: The prescription
to neglect the infrared regular parts is nothing else but a specific definitionof the contact termsc(i)L (λ) and such

of
∑m

n=0 o
(n,i)
a and

∑m
n=0 o

(n,i<n)
M , see eq.(3.5). Therefore, the result of an IR renormalized loop calculation is

found when all appearing loop integrals of the type eq.(3.6) are identified with their infrared singular partI11.
Writing it down explicitly, the regular part ofO(n) of eq.(3.1) is of the form:

R
(
O(n)

)
=

(
M0

4πFπ

)n ∞∑

i,even

(
mπ

M0

)i
[
r(n,i)
a + r

(n,i)
M

(
16π2L+ log

M0

λ

)]
, (3.9)

where one finds

r
(n,i)
M =





−o(n,i<n)
M i < n,

for

o
(n,i>n)
l i > n,

(3.10)

and

r(n,i)
a = −o(n,i)

a for i < n. (3.11)

While the equations fori < n are necessary to implement our condition 2., the second line of the first equation
implements a generalization of our condition 3. toi > n for all terms containing a logarithm.

3Note that we define the regular part with a different sign compared to reference [BL99].
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If O(n)
c.t. denotes the contributions toO(n) from counter-terms, the IR renormalized result of orderm is found

by the replacement

m∑

n=0

[
O

(n)
c.t. −R

(
O(n)

)]
→

m∑

n=0

O
(n)
c.t.IR . (3.12)

Such the final result forO(m) in IR renormalization is

O(m) =
m∑

n=0

[
O

(n)
c.t.IR + I

(
O(n)

)]
, (3.13)

whereI
(
O(n)

)
is the infrared singular part ofO(n).

However, this scheme suffers from three deficiencies:

1. As already discussed earlier, the result for an observableO at a certain chiral orderm only contains the
counter-termsc(i)L (λ) with i ≤ m. The possibility to absorb terms contained in the infrared regular part
with larger values ofi is only a possibility “in principle”, i.e. a possibility arising at a higher order.

2. The infrared singular piece of a one loop integral can contain divergences and scale dependent logarithms
beyond the order of the calculation: Ther(n,i)

M are not necessarily zero fori > m! As discussed above,

there are no corresponding termsc(i)L (λ) present inO for these values ofi. Therefore the IR renormalized
result forO can contain divergencesL and scale dependent logarithms which cannot be absorbed into
a corresponding local operator and thus violates our condition 1. The – inour opinion unsatisfactory
– remedy proposed in reference [BL99] is to cancel the divergencesby hand, again motivated by the
possibility ”in principle” to absorb these terms into low energy constants which appear at higher orders,
and to always setλ = M0 to cancel the explicit scale dependence.

3. The infrared regular parts of a loop integral are nonanalytic, they violate our condition 4. This comes due
to the fact that the infinite sumR11 =

∑∞
j=0 ajm

2j
π does not converge for all values ofmπ.

This point is of particular importance in the application of BChPT results to chiral extrapolations. Al-
though the scheme immanent nonanalyticities which are generated by IR renormalization are located at
mπ ≥ 2M0, the quark mass dependencies of some observables see a strong impact from those effects at
pion masses just above the physical one, e.g. start to run into a pole.

The key to a renormalization scheme fulfilling all four conditions is the following observation: While conditions
2. and 3., which are fulfilled by the IR scheme, only affect terms of eq.(3.2)with i ≤ m, the three deficiencies
of IR are due to terms withi > m. Therefore, we propose a modified infrared renormalization schemeIR
which agrees with the IR prescriptions for all terms withi ≤ m but treats all terms withi > m differently.
In particular, we overcome all three deficiencies if the infrared regular parts withi > m are not absorbed into
counter-terms (which are anyway not present at this orderm) in the newly designed renormalization scheme.
Note, however, that the determination of those regular parts which are absorbed into the corresponding counter-
terms such depends on the orderm of the calculation.
In analogy to eq.(3.12) we define the renormalization prescription for a result of chiral orderm in the modified
infrared renormalization scheme (IR) by:

m∑

i=0

[
O

(i)
c.t.−

mi
π

i

m∑

n=0

[
∂i

∂mi
π

R
(
O(n)

)]

mπ=0

]
→

m∑

i=0

O
(i)

c.t.IR
. (3.14)

Using the notations of eq.(3.9) this definition reads

m∑

i=0

[
c
(i)
L −

m∑

n=0

(
M0

4πFπ

)n−i [
rn,i
a + rn,i

M

(
16π2L+ log

M0

λ

)]]
→

m∑

i=0

c
(i)

LIR(λ). (3.15)
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Let us explain the simple concept behind this rather scary formal definition:
In eq.(3.12) terms of any poweri of mπ were absorbed into the counter-terms. This prescription takes advance
of this possibility “in principle” that higher powers ofmπ can be absorbed into counter-terms which appear at
higher orders. However, we refrain from doing so since at a certain chiral ordern only the counter-terms with
i ≤ n are present. In eq.(3.14) the powers ofmπ with i = n are projected out of the regular part, ensuring that
only those term are absorbed into a local operator which really do have a corresponding counter-termc(n)

L . In
eq.(3.14) this projection is done with the help of derivatives with respect tomπ. The sum overn in eq.(3.14) is
necessary since the regular part of a contributionO(n) which goes likemi

π with i > n cannot be absorbed into a
counter-term at ordern but is absorbed at orderi. Thus we find all regular contributions of a certain poweri of
the pion mass appearing at any chiral ordern < i . The sum overn is necessary to absorb the power-counting
violating terms of a contribution of ordern into the counter-term of the lower orderi.
In table 3.2 we give a short introduction to how aIR renormalization of a loop diagram can be performed in
practice. To implement this renormalization scheme in a calculation one does not have to go through eq.(3.14)
but can easily find theIR results via

O = O
loop
MS

+O
(c.t.)
MS

= O
loop
MS

+RIR (Oloop)
︸ ︷︷ ︸

O
loop
IR

+O
(c.t.)
MS
−RIR (Oloop)

︸ ︷︷ ︸
O

(c.t.)
IR

= O
loop
IR

+O
(c.t.)
IR

, (3.16)

whereRIR has to be understood as the regular part in the sense ofIR renormalization, i.e. expanded up to
the power of the pion mass at which a corresponding counter-term is available. According to the above equa-
tion IR renormalized results can be calculated as the sum of theMS result plus the regular partOloop

IR
=

O
loop
MS

+RIR
(
Oloop

)
. The regular part can easily be determined with the help of the integrals given in appendix

B. The integrals which we give in this appendix are written general enoughto be applicable in theories with
explicit ∆ degrees of freedom, etc.
We note that apart from the different treatment of nucleon recoil effects, the same power-counting analysis can
be performed in both HBChPT andIR renormalized covariant BChPT. Thus eq.(1.8) is suitable for a calcu-
lation of the chiral dimension of a particular Feynman diagram in both frameworks and both guarantee that
diagrams with larger chiral dimension come with a higher power of a small parameter. The operators which are
allowed in the Lagrangean and the possible topologies of Feynman diagrams are the same in both formulations
of BChPT.
Finally we discuss an advantage ofIR renormalization not explicitly named in the four conditions in the be-
ginning of this section. Since in theIR scheme only a very finite number of terms is absorbed from the loop
results, the analytic structure of the loop integrals is preserved. In particular, contributions from the pion-cloud
are systematically reduced as the pion becomes heavier. In the following chapters we show that this feature
is not only in accordance with naive expectations but can be observed on the lattice and is thus essential in a
calculation of reliable chiral extrapolation functions. In standard IR renormalization this feature is spoiled by
the subtraction of an infinite number of terms which appear to be nonanalytic. HBChPT results do also not
show this property since the full loop functions are truncated in the nonrelativistic framework. The reduction of

pion-cloud effects for largemπ, however, is analytically realized via an infinite string of
(

mπ

M0

)i
terms, giving

a strong argument for considering all of those contributions to be of the same chiral order.

3.3 An example: Quark Mass Dependence of the Nucleon Mass

3.3.1 Input Lagrangeans

Before we are going to demonstrate the basic properties of the renormalization scheme discussed above by
applying it to a calculation of the nucleon self energy and subsequently a chiral extrapolation of lattice data for
the mass of the nucleon, this section gives the relevant parts of the chiral Lagrangean needed for a calculation
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HOW TO CALCULATE LOOP DIAGRAMS IN IR
- a practitioner’s guide -

1.
Calculate all diagrams inMS as usual.

2.
The infrared regular part of this result is found if all integrals
H11 appearing in theMS result are replaced byR11 (and

analogous forH(i)
11 , ∆N and∆π, see appendix B).

3.
TheIR renormalized result is found, if the regular
part expanded in the pion massa up to the power at
which a counter-term is available is added to the

MS result.

aIf the calculation does contain more than one small param-
eter, e.g. an additional small momentum transfer squaredq2,
additional expansions in those small parameters have to be per-
formed.

Table 3.2: The three steps which have to be performed in anIR calculation in practice. The connection between
those steps and the definition of the renormalization scheme in eq.(3.14) is provided by eq.(3.16).

of this quantity in BChPT at next-to-leading one loop order, i.e.O(p4).
The chiral Lagrangean written as a sum of terms with increasing chiral dimension is:

Leff = L(2)
ππ + L(1)

πN + L(2)
πN + L(3)

πN + L(4)
πN + .... (3.17)

The relevant terms for an evaluation of the nucleon self energy up toO(p4) are (up to third order from [FMS98],
fourth order from [FMMS00]):

L(2)
ππ =

F 2
π

4
〈uµu

µ + χ+〉 , (3.18)

L(1)
πN = Ψ̄

(
i 6D −M0 +

gA

2
6uγ5

)
Ψ, (3.19)

L(2)
πN = Ψ̄

[
c1 〈χ+〉 −

c2
4M2

0

〈uµuν〉 (DµDν + h.c.) +
c3
2
〈uµu

µ〉
]

Ψ, (3.20)

L(4)
πN = Ψ̄

[
e38 〈χ+〉2 +

e115
4

〈
χ2

+ − χ2
−

〉
− e116

4

(〈
χ2
−

〉
− 〈χ−〉2 +

〈
χ2

+

〉
− 〈χ+〉2

)]
Ψ. (3.21)

The quasi Goldstone boson pion triplet is collected in the SU(2) matrix valued fieldU(x) = u2(x) and is con-
tained in the chiral vielbeinuµ = i{u†,∇µu}, the covariant derivativeDµ = ∂µ +Γµ via the chiral connection
Γµ = 1

2 [u†, ∂µu] and the explicit chiral symmetry breaking termχ± = u†χu† ± uχ†u, for details see chapter

1. Here we useχ = 2B0M whereM = diag(mu,md) is the quark mass matrix andB0 = 〈q̄q〉
F 2

π
is the chiral

condensate divided by the pion decay constant squared. Furthermore, 〈...〉 denotes the trace in isospin space
andM0 andgA are the mass- and the axial coupling of the nucleon in the chiral limit. Note that there are no
terms of the third order Lagrangean contributing to our analysis of the mass of the nucleon.
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IR = HB +
HB

HB

HB

+ ...

∼ m3
π

(4πFπ)2
∼ m4

π

(4πFπ)2M0

Figure 3.2: A comparison between the Feynman diagrams representing the leading one loop contribution to
the nucleon self-energy in IR renormalized covariant BChPT and HBChPT. The triangles denote1M0

insertion
which come from theO(p2) Lagrangean of HBChPT. The presence of the diagrams containing thosetriangles
demonstrates that in this scheme higher orders in1

M0
are generated by Feynman diagrams of higher orders.

IR = MS +
∑∞

i,evenaim
i
π

Figure 3.3: A sketch for the different treatment of the leading one loop diagram contributing to the nucleon
self-energy inMS- and IR renormalization. The sizes of all coefficientsan are determined by the definition of
the infrared regular part in eq.(3.8).

IR = MS +
∑m

i,evenaim
i
π

Figure 3.4: A sketch for the different treatment of the leading one loop diagram contributing to the nucleon
self-energy inMS- andIR renormalization. The sizes of all coefficientsan are determined by the definition of
the infrared regular part eq.(3.8). Note that in contrast to the sketch in figure 3.3 the sum in the right hand side
of this figure is truncated ati = m. This displays the main difference between the IR andIR renormalization
schemes. Since only the sum of loop diagrams plus local operators is observable – see figure 3.5 – the additional
ai terms can be absorbed via a redefinition of the counter-terms.
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3.3.2 IR renormalized BChPT calculation of the leading pion-nucleonloop

In this section the general discussion which was given in section 3.2 for thearbitrary observableO of eq.(3.2)
is repeated for the example of the mass of the nucleonO = MN at leading one loop orderm = 3.
The full nucleon propagator has a simple pole which is shifted away fromM0 by means of the nucleon self
energyΣ(p). The location of this pole, the physical mass of the nucleonMN , is the solution of the equation

[ 6p−M0 − Σ(6p)] 6p=MN
= 0. (3.22)

Figure 3.5 shows the Feynman diagrams contributing to theperturbativesolution of this equation forMN at
leading one loop order. Diagram (a) contributes via an insertion from theO(p2) Lagrangean leading to the tree
level result:

MN = M0 − 4c1m
2
π +O(p3). (3.23)

Comparing this expression to the general discussion given above, theseterms are theM (0)
c.t. andM (2)

c.t. of eq.(3.2).

Diagram (b) of figure 3.5 represents the leading pion-nucleon loop fromwhichM (3)
loop is calculated. Its result

thus depends on the renormalization scheme applied in the calculation. Writing theoutcome of a calculation of
diagram (b) in terms of the basic integral of eq.(3.6) one finds [GSS88]:

MN
(3)
loop =

3g2
A

2F 2
π

M0

(
m2

πH11 −∆N

)
, (3.24)

where∆N denotes a loop integral over a single nucleon propagator, see appendixB.
Performing the nonrelativistic expansion of this integral, i.e replacing the nucleon momentum in the integral by
pµ = M0v

µ +O(~p), one finds the HBChPT result for this diagram as the leading term of eq.(3.24) in 1
M0

:

MN
(3.HB)
loop = −3g2

Am
3
π

32πF 2
π

, (3.25)

whereas aMS evaluation of the same loop integrals leads to:

MN
(3.MS)
loop =

3g2
A

32π2F 2
πM0

[
−m3

π

√
4M2

0 −m2
π arccos

(
mπ

2M0

)
−m4

π log
mπ

M0

+m2
πM

2
0 − 2M2

0

(
m2

π +M2
0

)
log

M0

λ

]
. (3.26)

While the HBChPT result eq.(3.25) only contains the leading term in1
M0

and relegates higher orders in1M0

to diagrams of higher orders, all orders of1M0
are present at a certain order in1

(4πFπ) in covariant BChPT.

HBChPT assigns the chiral dimension one tomπ

M0
and such ties together the expansions in1

M0
and 1

(4πFπ) (i.e.

higher orders in 1
M0

appear at higher orders in1
4πFπ

). Figure 3.2 gives a sketch for the correlation between the

expansion in orders of the Feynman diagrams and in orders of1
M0

in HBChPT.

In the MS result of eq.(3.26) the HBChPT result of eq.(3.25) is contained as the leading term of thearccos
structure. Since this leading term occurs at an odd power ofmπ, there are no counter-term contributions to this
structure and the outcome in theMS scheme must reproduce the corresponding term in HBChPT exactly. Note
that this is not ensured if the HBChPT result comes at an even power of thepion mass like e.g. in anO(p4)
calculation of the mass of the nucleon.
All contributions of thearccos structure beyond the leading one, as well as them4

π log mπ

M0
term of eq.(3.26)

are from the viewpoint of HBChPT of higher orders (orders in1M0
) and appear as a consequence of the fact

that the covariant formulation of BChPT resumms all orders in1
M0

at a certain order in 1
(4πFπ) . However,
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due to the presence of positive powers ofM0 in the second row of eq.(3.26) theMS renormalized covariant
result forM (3.loop)

N contains terms which are of chiral ordersp2 and evenp0. Such, a Feynman diagram of
orderp3 generated terms of lower orders. This example demonstrates that there is noconsistent hierarchy of
Feynman diagrams in theMS scheme [GSS88]; a diagram of – following the general power-counting formula
of BChPT given in eq.(1.8) – arbitrary high order can contribute to an observable with unpredictable size.
Contributions from higher order Feynman diagrams are numerically not suppressed. This technical problem
of MS renormalized covariant BChPT can be remedied exploiting the following observation: The terms of the
second row of eq.(3.26) which violate the power-counting are only observable together with the constantsc1
andM0, as the full ChPT result for the mass of the nucleon is (in analogy to eq.(3.2))

MN = M0 − 4c1m
2
π +MN

(3)
loop +O(p4). (3.27)

To avoid the appearance of terms which violate power-counting and to ensure the equation

MN
(n.covariant) = MN

(n.HB) +OHB(pn+1), (3.28)

whereOHB(p4) denotes terms which are only in the framework of HBChPT considered to be of higher order
but in covariant BChPT already appear at orderp3, for any chiral ordern with thesamedefinition of constants4

in covariant and nonrelativistic BChPT, the authors of reference [BL99] introduced the IR scheme. In this
scheme the integralH11 in eq.(3.24) is replaced byI11 as defined in eq.(3.8) while the infrared singular part of
∆N equals zero. One finds:

MN
(3.IR)
loop =

3g2
A

32π2F 2
πM0

[
−m3

π

√
4M2

0 −m2
π arccos

(−mπ

2M0

)
+m4

π

(
1

2
− log

mπ

λ

)]
. (3.29)

This equation now does not contain any positive powers ofM0, all terms are of orderm3
π or higher and the

lower order terms have been absorbed into the counter-terms. Comparing this result to eq.(3.26) we find an
additionalm4

π term which by construction [BL99] already at orderp3 in the covariant scheme gives theO(p4)
HBChPT contributions of the type5 1

M0
. The second difference between eq.(3.26) and eq.(3.29) is the sign of

the argument of thearccos. In IR it is again designed to reproduce all HBChPT terms of the formm
i+1
π

(4πFπ)2M i
0

for

anyi which in HBChPT would only appear atOHB(pi). The difference between the results of loop calculations
in theMS- and IR renormalization scheme is allowed since it only consists of even powers of the pion mass and
such can “in principle” be absorbed into local operators. Figure 3.3 gives a sketch for the different treatment of
the leading one loop diagram inMS- and IR renormalized BChPT.
However, all three deficiencies of the IR scheme discussed in the previous section can be found in this example:

1. The only local operators present inM (3)
N areM0 andc1. All differences between the IR- andMS re-

sults beyondm2
π can only be absorbed ”in principle”, i.e strictly speaking at a higher orderwhere the

corresponding counter-term becomes available.

2. Eq.(3.29) contains a scale dependence (i.e.m4
π log mπ

λ ). However, there is no counter-term available at
this order which could absorb this scale dependence and the final resultfor the physical observableMN

thus depends on the unphysical scaleλ.

3. Thearccos structure of eq.(3.29) diverges formπ → 2M0 and becomes complex afterwards. The IR
renormalized result for the mass of the nucleon such contains an unphysical singularity. However, for the
example of the mass of the nucleon, this singularity becomes numerically relevant only for pion masses
above700 MeV, whereas it appears to play a more prominent role e.g. in the anomalous magnetic
moment of the nucleon (see chapter 4).

4fulfilling this equation,MN
(n.covariant) fulfills conditions 2. and 3. of the previous section.

5Note that the fullO(p4) HBChPT result can – and does – containm4
π structures which are not of the1

M0
type. These additional

terms appear in the nonrelativistic theory as well as in the covariant framework at orderp4.



3.3. AN EXAMPLE: QUARK MASS DEPENDENCE OF THE NUCLEON MASS 53

All three deficiencies arise due to the renormalization of terms which are of higher orders in 1
M0

and thus do
have no corresponding counter-term. In the modified infrared schemeIR they are avoided by only applying
the infrared renormalization technique to terms of low orders in1

M0
for which corresponding counter-terms

are available. Applying the general definition of theIR scheme eq.(3.14) to the example under discussion –
the mass of the nucleon at orderp3 – the infrared regular pieces (see eq.(3.8)) are subtracted from theMS

renormalized results up to m3
π

(4πFπ)2
. Not only in this example but in general, this term is exactly of the same

order in 1
M0

as the corresponding HBChPT result, see eq.(3.25). From this observation one finds the following
general pattern inIR renormalization: At leading one loop level the regular parts have to be subtracted from
the loop results up to order1

M0
0

, while at next-to-leading one loop order all regular parts up to1
M1

0
have to be

absorbed into the corresponding counter-terms.
In IR the mass of the nucleon at leading one loop order is renormalized via

M0 − 4c1m
2
π −R

(
MN

(3)
loop

)
O(m3

π)
= M0 − 4c1m

2
π +

3g2
A

32π2F 2
πM0

[
2M4

0 log
M0

λ

−M2
0m

2
π

(
1 + log

M0

λ

)]

→ M0 − 4c1m
2
π. (3.30)

The leading one loop contribution to the mass of the nucleon inIR renormalized BChPT thus reads:

MN
(3.IR)
loop = − 3g2

A

32π2F 2
π

[
m3

π

√
4M2

0 −m2
π arccos

(
mπ

2M0

)
+m4

π log
mπ

M0

]
. (3.31)

It can easily be seen that up to orderm3
π it coincides with the outcomes of the IR- and HBChPT framework

while all terms beyond this order agree with theMS result. Figure 3.4 gives a sketch for the different treatment
of the leading one loop diagram inMS- andIR renormalization.
To further demonstrate the calculation inIR, we proceed to a calculation of the mass of the nucleon at next-to-
leading one loop order i.e.O(p4). At this order one finds new counter-term contributions fromL(4)

πN :

MN
(4)
c.t. = 4e1m

4
π, (3.32)

where we have introducede1 = −
(
4e38 + 1

2e115 + 1
2e116

)
. At the same order there are contributions from

loop diagrams (c) and (d) of figure 3.6 which afterMS renormalization read:

MN
(4.MS)
loop =

3c1g
2
Am

7
π

8π2F 2
πM

2
0

arccos

(
mπ

2M0

)
+

3m2
π

128π2F 2
πM

2
0

[
32c1g

2
AM

4
0 +

(
16c1g

2
A + c2

)
m2

πM
2
0

−4m2
π

[
4c1g

2
Am

2
π + (−8c1 + c2 + 4c3)M

2
0

]
log

mπ

λ

+16c1g
2
A

(
m2

π + 3M2
0m

2
π + 6M4

0

)
log

M0

λ

]
. (3.33)

The regular part of this result up to orderm4
π – i.e. those pieces of the loop result which are absorbed into the

corresponding counter-terms according to theIR prescription – reads:

−R
(
MN

(4)
loop

)
O(m4

π)
=

3c1g
2
AM

2
0m

2
π

4π2F 2
π

(
1 + log

M0

λ

)

− 3g2
Am

4
π

64π2F 2
πM0

[
8c1M0 + 3 + (24c1M0 + 2) log

M0

λ

]
, (3.34)
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(a) (b)

Figure 3.5: The two Feynman diagrams contributing to the nucleon self-energy at leading one loop order. The
solid line represents the propagating nucleon while the dashed line denotes apion loop. The solid dot in diagram
(a) is an insertion from theO(p2) Lagrangean. At next-to-leading one loop order an insertion from theO(p4)
Lagrangean contributes through the very same diagram.

(c) (d)

Figure 3.6: The two next-to-leading one loop order diagrams contributing to the nucleon self energy. The solid
dots denote insertions from the LagrangeanL(2)

πN .

where the regular part of diagram (c) is of course zero since it does not contain a nucleon propagator in the loop.
Since at orderp4 the regular parts ofMN loop have to be absorbed into the counter-terms up tom4

π according to
theIR prescription, there is an additional contribution from theO(p3) diagram (b) of figure 3.5 which at order
p4 is absorbed intoe1:

R
(
MN

(3)
loop

)
O(m4

π)
= R

(
MN

(3)
loop

)
O(m3

π)
+

3g2
Am

4
π

64π2F 2
πM0

(
3 + 2 log

M0

λ

)
. (3.35)

TheIR renormalization prescription for the mass of the nucleon at this order is

M0 − 4c1m
2
π + 4er1(λ)m4
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loop +MN

(4)
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2
π + 4er1(λ)m4

π, (3.36)

where|O(m4
π) denotes all contributions of the regular part up tom4

π.

3.3.3 Application of the modified renormalization scheme toa chiral extrapolation of the mass
of the nucleon

Summarizing the previous section, theO(p4) IR renormalized BChPT result for the mass of the nucleon is
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The coupling constants occurring in this formula are described in detail in references [PHW04, AK+04,
BHM05, PMW+06]. We now apply this formula for chiral extrapolation of lattice data from reference [AK+04].
Our approach is to extract the coupling constants appearing in the chiral extrapolation function eq.(3.37) from
the quark mass dependence of the lattice results and to subsequently give aprediction for the physical value of
this observable from the combined lattice plus ChPT analysis. Therefore, we perform a fit with three parameters
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(M0, c1 ander1(λ))6 to seven lattice points for the mass of the nucleon belowmπ = 750 MeV. Figure 3.7 shows
the resulting best fit curve with the physical point included in the fit. The resulting values for the fit parameters
are given in table 3.4. In the same figure theO(p3) result with the same values for the parameters is shown
indicating a very good convergence pattern for this observable inIR renormalized BChPT. For the mass of the
nucleon at orderp4 the string of(mπ/M0)

i terms and thus the difference between the standard IR- andIR result
becomes numerically relevant only for pion masses above700 MeV. The values given in table 3.4 as well as
the solid curve in figure 3.7 are therefore well consistent with the analysesof references [PHW04, PMW+06]

where theO(p4) IR renormalized result truncated at orderm5
π

(4πF 2
π)M2

0
was utilized to chirally extrapolate lattice

data.
Figure 3.8 shows theO(p4) result eq.(3.37) fitted to lattice data only and allows the conclusion that lattice
simulations together with BChPT lead to a very reasonable prediction for the physical value of this observable
with small systematic and statistical errors (together they are on the10% level). Not including the physical
point we arrive at values for the parameters which are even within statistical errors only well compatible with
the ones found in a fit including the physical point, see table 3.4.
We have estimated the systematic uncertainties which arise due to the fact that higher order effects have been
neglected as follows: The leading term beyond the chiral order of our analysis is of the form

O(p5) = δ
(5)
MN

m5
π

(4πFπ)4
. (3.38)

The size of the coupling constantδ(5)MN
would be determined by aO(p5) calculation, at the present stage we

estimate the size of higher order effects by varying this coupling within natural size, i.e. −3 < δ
(5)
MN

< 3
and perform the fit to lattice data again. The grey shaded band in figure 3.8is the area covered by the array
of curves resulting from those fits plus statistical errors. For the analyses of statistical errors we rely on the
methods described in references [PMW+06] and [Mus05] throughout this work. Note that neither the analysis
of the convergence pattern in figure 3.7 nor the estimate of possible higher order effects in figure 3.8 signal a
breakdown of ourO(p4) covariant BChPT results belowmπ = 700 MeV. Thus the application of this result to
lattice data at large quark masses clearly seems to be justified.
Finally we comment on two analyses which are concerned with the convergence of the chiral series. The first
one has been worked out in references [MB99] and [MB06] where acomplete orderp5 analysis of the mass
of the nucleon was presented in the framework of HBChPT and the final conclusion was drawn that the chiral
series forMN (mπ) breaks down at rather small pion masses if one includesO(p5) effects. In the nonrelativistic
analysis of reference [MB99] it was found that – apart from recoil corrections which are already present in our
covariant results at orderp4 – the only contributions to the mass of the nucleon appearing at orderp5 enter
the result by replacing the coupling constants of theO(p3) structures (i.e.gA andFπ) by pion mass dependent
functions (gA(mπ) andFπ(mπ)) and include the leading correction to the GOR-relation formπ(mq). Note that
the absence of characteristicp5 effects in HBChPT does not imply the absence of those effects in a covariant
p5 analysis [SDGS07a, SDGS07b]. Since we cannot rule out such nonzero contributions we do not give a
covariantO(p5) analysis based in the findings of reference [MB99].
In our opinion the breakdown of the chiral expansion forMN (mπ) diagnosed in reference [MB06] does appear
as a consequence of two effects:

1. In the nonrelativistic theory only terms up to a certain power of the pion massare included. In an
O(p5) analysis of the mass of the nucleon the highest power of the pion mass appearing in the HBChPT
result ism5

π. Thus, there is always a highest power of the pion mass which from a certain value ofmπ on
dominates the HBChPT formulae and drives the results to±∞. In contrast theIR renormalized covariant

6Since the data basis underlying our analyses is not sufficient to determineall appearing low energy constants from the observables
discussed in this work, we decide to take values for all those constants from literature which enter our results solely as couplings
constants in loop diagrams (i.e. only chiral limit values and the strength of all appearing contact interactions are fitted). The values
which we are using as input throughout this work can found in table 3.3.
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BChPT results typically contain these terms plus higher
(

mπ

M0

)i
corrections in thearccos structure which

is a flat function ofmπ.

2. Calculating the mass of the nucleon at orderp5 one only picks up the leading quark mass dependencies
of gA, Fπ andmπ which are known to be far off the observed quark mass dependencies for pion masses
above the physical one (see e.g. [HPW03] and [Lus06]). Obviously the quark mass dependence of the
mass of the nucleon can only be described properly by a chiral analysis ifthe appearing vertex functions
do have a realistic quark mass dependence.

We have checked that if we use realistic quark mass dependencies forgA(mπ), Fπ(mπ) andmπ(mq) in our
covariant BChPT results forMN (mπ), we arrive at best-fit curves which agree very well with the ones pre-
sented in figures 3.7 and 3.8. Following the procedure described here, abreakdown of the chiral expansion
for MN at orderp5 could not be confirmed. Going fromO(p4) toO(p5) we only found some uncertainty7 in
the numerical determination of the counter-termer1(λ). In general, we propose to use realistic functions of the
quark mass wherever the contributing couplings acquire a quark mass dependence (this is e.g. be done for the
corrections to the mass of the nucleonM0 appearing in the next section). A successful description of quark
mass dependencies above the physical point is of course not possible inChPT if leading order quark mass
dependencies for the appearing couplings are used which are known tobe far off their physical behaviour at
larger quark masses.
We note that the argument given in the above point 1. frequently leads to unsatisfactory quark mass dependen-
cies at large quark masses (i.e. in the domain of presently available lattice data)if results of the nonrelativistic
theory are analysed. However, systematic calculations at higher order inthe covariant framework would be
necessary in order to ultimately test the convergence properties of the chiral series for the mass of the nucleon.
A first step on this way was achieved in references [SDGS07a, SDGS07b] where the orderp6 terms which
contribute to the mass of the nucleon proportional tom6

π were calculated. The presence of a large number of
so far undetermined low energy constants in these structures, regrettably, make a detailed numerical analysis of
these higher order contributions impossible at presence.
Another critical analysis of the convergence properties of BChPT was given in reference [PMHW07]. In this
reference the systematic differences between nonrelativistic ChPT calculations with- or without explicit∆ de-
grees of freedom were discussed on the example of the axial coupling ofthe nucleongA at leading one loop
order. The main conclusions of this analysis were that an interpolation between presently available lattice data
for gA and its physical value based on ChPT at one loop level is only possible if∆ degrees of freedom are
included explicitly and that expanding the leading one loop∆ contributions togA in powers ofmπ around
the chiral limit, i.e.matching them to the theory without explicit∆, one ends up with an asymptotic series if
mπ ≥ ∆0 = M∆ −M0 . 300 MeV. Thus, truncating the series at higher and higher powers of the pion mass,
i.e at higher and higher chiral orders of the theory without explicit∆, one does not find a better description
of the approximated function but in contrast is faced with uncontrollable deviations. This finding of reference
[PMHW07] can even be generalized: An asymptotic series formπ ≥ ∆0 cannot only be found by an expansion
of the leading one loop order SSE8 result forgA but for any observable calculated within this framework at one
loop level since it is a feature of the basicπ∆ loop function in the nonrelativistic (see eq.(2.31) and eq.(A.6))
as well as the covariant (H11(M∆,M0,mπ), see appendix B.1) formulation of the theory. Consequently, the
available one loop order SSE results for the mass of the nucleon [BHM05],its anomalous magnetic moment
[HW02], the slopes of the nucleon form factors [G+05] and the quark contribution to the total spin of the
nucleon [CJ02] all lead to an asymptotic series formπ ≥ ∆0 when expanded in powers ofmπ around the
chiral limit. At the same time, however, the covariantO(p4) BChPT results calculated without explicit∆ are
flat functions which are in good agreement with lattice data for all those observables even ifmπ ≥ ∆0 and
comparingO(p3) withO(p4) results we constantly see a clear convergence towards the lattice data overa large

7The numbers which we give for the low energy constants in this work – in particular for those constants which only appear at the
highest included order – can always be polluted by higher order effects and must therefore only be considered to be rough estimates.

8SSE: small scale expansion, a formulation of ChPT with explicit∆ degrees of freedom, see chapters 1 and 2.
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gA Fπ [GeV] c2 [GeV−1] c3 [GeV−1] c4 [GeV−1]
1.2 0.0924 3.2 −3.4 3.6

Table 3.3: Input values used in this chapter for the numerical analyses.

input M0 [GeV] c1 [GeV−1] er1(1GeV) [GeV−3]
lattice+phen. 0.889± 0.001 −0.815± 0.004 1.46± 0.01

lattice 0.862± 0.04 −0.834± 0.03 1.46± 0.02

Table 3.4: The values for the parametersM0, c1 ander1(λ) as extracted in two different fits. The given uncer-
tainties display statistical errors.

range of pion masses and no signal of a breakdown aroundmπ ≈ ∆0. Furthermore, in the final result for an
observable, themi

π terms resulting from the expansion of the leadingπ∆ loop are only observable together
with a vast number of other structures, see eqs.(3.1) and (3.2). Whetheror not the chiral expansion of a result
calculated in a theory without∆ inevitably becomes an asymptotic expansion abovemπ = ∆0 can therefore
not be concluded from the features of the basicπ∆ loop. However, we cannot rule out the possibility that the
O(p3) andO(p4) BChPT results presented in this work are low order terms of an asymptotic series and that
higher order contributions destroy the good agreement between BChPT and lattice results which we find in our
analyses. If this scenario were true, the conclusion form this work wouldbe that covariant BChPT at ordersp3

andp4 provides a very reasonable approximation of the full result, which then, regrettably, cannot be improved
systematically by going to higher orders. Turning back to the example ofgA, however, we have to admit that
the weak dependence on the pion mass which is found for this observable on the lattice is in ChPT realized
via a cancellation between large contributions fromπN - andπ∆ loops. We do therefore not expect covariant
BChPT without explicit∆ to lead to a very good description of the pion mass dependence ofgA.

3.4 Concluding Remarks

In this chapter we have introduced a new renormalization scheme. This scheme fulfills all necessary conditions
which we request to be fulfilled by a consistent renormalization procedurein an effective field theory:

• It allows for a cancellation of all appearing UV-divergences and leadsto strictly renormalization scale
independent results.

• The results calculated in this scheme follow a consistent hierarchy of terms: The contributions from a
certain Feynman diagram are expected to be more and more suppressed, the higher the chiral order of
this diagram is. Diagrams of higher order are guaranteed to contribute with ahigher power of a small
parameter.

Beyond these very basic conditions, the renormalization program discussed in this chapter has further advan-
tages:

• The low energy constants in this scheme are defined in exactly the same way asin HBChPT (and IR
renormalized BChPT). Informations on the couplings which have been found in this theory can be used
as input in anIR renormalized calculation. A truncation of a such renormalized covariantBChPT result
at the proper power in1/M0 always leads to the corresponding HBChPT result.

• In contrast to standard IR,IR renormalized BChPT calculations do not lead to unphysical cuts, singular-
ities or imaginary parts in the results. Furthermore, effects from pion-nucleon loops are systematically
reduced in the limit of large pion masses. This second feature is not found inthe results of IR renor-
malized BChPT nor in HBChPT, although it is a necessary condition in order toobtain realistic quark
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Figure 3.7: The mass of the nucleon as a function of the pion mass. Full line: best fit of theO(p4) IR BChPT
result to the physical point and the seven lowest lying lattice points; dashedline: O(p3) result with the same
values for the parameters. The shown lattice data are taken from reference [AK+04]; the black box is the
physical point [Y+06].
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Figure 3.8: The mass of the nucleon as a function of the pion mass. Full line: best fit of theO(p4) IR
renormalized BChPT result to the seven lowest lying lattice points without the physical point. The grey shaded
band indicates the size of statistical plus systematic errors for this fit. The shown lattice data are taken from
reference [AK+04].
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mass dependencies for pion masses above the physical one and thus forchiral extrapolations of recently
available lattice data.

All those properties areby constructionguaranteed in anIR renormalized BChPT calculation. This was strictly
proven in section 3.2 and appendix B.3.
A framed box included in this chapter gives the steps which have to be performed in order to arrive atIR renor-
malized results. The three steps given there show that the implementation of this scheme for any observable is
straightforward and relies on well established calculational techniques. Furthermore, we emphasize that where
MS results are already available, theIR result is just a very small step away. All input necessary for this modi-
fication can be found in the appendices of this work.
In the second part of this chapter, we presented leading one loop ordercalculations of the mass of the nucleon
in HBChPT,MS-, IR- andIR renormalized BChPT, displaying the above discussed properties ofIR on a simple
example. Furthermore, the next-to-leading one loop order contributions were calculated utilizing the newly de-
fined renormalization prescription. This analysis finally allowed for a successful chiral extrapolation of lattice
data forMN (mπ) to the chiral limit. For this chiral extrapolation function, we gave a detailed analysis of sys-
tematic and statistical uncertainties as well as an examination of the convergence pattern of the chiral series. A
fast convergence as well as a reasonable prediction of the physical value with small errors (∼ 10%) was found.
We note that for this first, simple example theIR procedure is not necessary in order to arrive at a satisfying
chiral extrapolation function. However, for none of the observables which are studied in the following chapters
any of the other ChPT frameworks discussed can give a reasonable description of their quark mass dependen-
cies above the physical pion mass at the one loop order. This observationdoes not come as a surprise but is
expected from many arguments given throughout this chapter (in particular only IR renormalized results are
flat, analytic functions of the quark mass where contributions from dynamical pions get weaker as their masses
increase). Therefore we are now continuing this work with the firstIR calculations of the nucleon form factors
(at next-to-leading one loop order) and the generalized nucleon form factors (at leading one loop order). An
analysis of our results always includes an examination of its quark mass dependence and systematic errors of
the BChPT calculation due to possible higher order effects are always studied in exactly the same way as for the
mass of the nucleon in this chapter, see eq.(3.38). The values which we found for the low energy constants in
this chapter – see tables 3.3 and 3.4 – are used as input for our studies of nucleon form factors in the following
chapters.
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Chapter 4

The vector Form Factors of the Nucleon

4.1 Introduction

In this chapter we discuss the isovector- and isoscalar vector form factors of the nucleon. Our analysis is based
on a next-to-leading one loop order calculation of these form factors using the methods ofIR renormalized
covariant BChPT. We analyse both the momentum transfer- and quark massdependence of the form factors
and compare our findings to phenomenology and lattice simulations.
The study of nucleon form factors with the methods of ChPT has a long history: First attempts were made in
reference [GSS88] for the case of two active quark flavours and in reference [Kra90] also including strangeness
contributions. In those references leading one loop order calculations were presented usingMS renormalized
covariant BChPT. However, the absence of a consistent power-counting prescription in theMS scheme was
revealed by those calculations and hence, throughout the 1990‘s, chiral analyses of nucleon form factors were
only performed using the nonrelativistic formulation of BChPT. Those nonrelativistic studies include calcula-
tions with explicit∆ degrees of freedom at the leading one loop level [BFHM98] and in HBChPT with πN
degrees of freedom only even at two loop order [Kai03]. After it was shown in reference [BL99] that a con-
sistent power-counting can be implemented in the covariant version of BChPT, next-to-leading one loop order
calculations of the nucleon form factors were performed in the IR [KM01]and EOMS [FGS04] renormalization
schemes.
Recently, chiral analyses of nucleon form factors have seen renewed interest in the context of chiral extrapo-
lations: Present day lattice simulations [G+05, AKNT06] are performed at quark masses much larger than the
physical one and in order to make contact between those theoretical attemptsand data from experiments an ex-
trapolation prescription is needed. ChPT provides such an extrapolation prescription since quantities calculated
in this theory typically depend on the pion mass which, in turn, can be directly linked to the quark mass. The
extrapolation of lattice data for the form factors of the nucleon to the chiral limitis one of the main focuses of
this chapter. While chiral extrapolations of the anomalous magnetic moment havebeen pioneered in reference
[HW02] and the possibility of chiral extrapolations for the slopes of the nucleon form factors has been studied
in references [G+05, AKNT06], the methods applied in this work allow for the first successful chiral extrapo-
lation of the full isovector form factors.
This chapter is organized as follows: After a brief discussion of the vector current of the nucleon, we give the
basic ingredients for our BChPT calculation in section 4.3. The outcomes of the next-to-leading one loop order
BChPT analysis for the isovector anomalous magnetic moment and the slopes ofthe isovector form factors are
given in sections 4.4.1 and 4.4.2 while the accordant expressions in the isoscalar sector are given in sections
4.5.1 and 4.5.2. Numerical discussions of our results are given in section 4.4.3 where theQ2 dependence of
the isovector Sachs form factors is discussed and in sections 4.6.1 and 4.6.2 where chiral extrapolations of both
lattice data which have been extrapolated to the forward limit using a dipole ansatz and lattice data at finite
Q2 directly are presented. A summary section closes this chapter while the lengthyexpressions for the vector
amplitudes and the full pion mass- and momentum transfer dependent functions for the form factors are given
in appendix C.
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gA Fπ [GeV] M0 [GeV] c1 [GeV−1] c2 [GeV−1] c3 [GeV−1] c4 [GeV−1] er1(1GeV) [GeV−3]
1.2 0.0924 0.889 −0.817 3.2 −3.4 3.6 1.44

Table 4.1: Input values used in this chapter for the numerical analysis of the the nucleon form factors.

For a review on the status of the determination of the nucleon form factors in experiments see reference [dJ06].

4.2 The Form Factors of the Nucleon

The vector current of aJP = 1
2

+
baryon contains two independent form factors, in covariant Dirac notation

typically denoted as “Dirac”F1(q
2) and “Pauli”F2(q

2) form factors:

〈
N
∣∣V a
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∣∣N
〉

= ūN (p2)

[
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2)γµ + i
F2(q

2)

2M (n)
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ν

]
T a

2
uN (p1), (4.1)

with the four-momentum transfer

q = p2 − p1. (4.2)

and the quark current

V a
µ = q̄γµT

aq, (4.3)

whereT a = (1, ~τ) is an operator in isospin space;a = 0 corresponds to the isoscalar- anda = 1, 2, 3 to the
isovector current.M (n) is a normalizing mass prefactor introduced in order to arrive at a dimensionless Pauli
form factor. Throughout this chapter, we either identify it withM (n) = M

phys
N (and call the corresponding

Pauli form factornormalized) or we identifyM (n) = MN (mπ) (and call the corresponding Pauli form factor
unnormalized). For the quark mass dependence of the mass of the nucleon we employ the findings of chapter 3
where it was analysed at next-to-leading one loop order in covariant BChPT:
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The numerical values which we use for the low energy constants appearing in this formula can be found in table
4.1.
Our strategy in this chapter is to evaluate the left hand side of eq.(4.1) in the effective field theory framework
with an arbitrary vector sourcevµ coupling to this current. We therefore briefly review the necessary ingredients
for the field theoretical calculation in the next section.

4.3 Formalism

4.3.1 The form factors of the nucleon at next-to-leading one loop order

We start from the general power-counting formula of Baryon ChPT:

D = 2NL + 1 +
∑

d

(d− 2)NM
d +

∑

d

(d− 1)NMB
d . (4.5)
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D denotes the chiral dimensionpD of a particular Feynman diagram,NL counts the number of loops in the
diagram, whereas the variablesNM, MB

d count the number of vertices of chiral dimensiond from the pion(M)
and pion-nucleon(MB) Lagrangeans. We emphasize again that theIR renormalization program developed
and applied in this work guarantees that diagrams with larger chiral dimensionare numerically suppressed.
In this chapter we discuss the vector form factors of the nucleon up to next-to-leading (NMB

2 = 1) one loop
(NL = 1) order in covariant BChPT. This corresponds to the power ofpD=4 in the perturbative expansion
of Baryon ChPT. To leading orderD = 1 we only have the tree level contributions from thep1 nucleon La-
grangean of eq.(4.10) withNL = 0, NM

2 = 0 andNMB
1 = 1. This term only gives rise to the contributions

F
(v,s)
1 (q2) = 1 + O(p2) andF (v,s)

2 (q2) = 0 + O(p2) . At next-to-leading orderD = 2 we find an additional
tree level contribution from thep2 Lagrangean of eq.(4.13) withNL = 0, NM

2 = 0 andNMB
2 = 1 leading to

the resultsF (v)
2 (q2) = M(n)

M0
c6 +O(p3) andF (s)

2 (q2) = M(n)

M0
(c6 + 2c7) +O(p3).

The first contributions from the pion-cloud enter atD = 3 withNL = 1 and arbitrary values forNMB
1 andNM

2 .
However, theNL = 1 topology only allows diagrams with(NMB

1 , NM
2 ) ∈ {(3, 0), (2, 1), (2, 0), (1, 1), (1, 0)}.

The corresponding diagrams are shown in fig.4.1 (a)-(f). In addition, there are loop corrections from the nu-
cleon Z-factor (given in appendix D.2) which at this order only contributes by ensuring charge conservation
F

(s,v)
1 (q2 = 0) = 1, both in the isoscalar- and in the isovector channel. Note that there is an additional possi-

bility of obtainingD = 3 contributions viaNL = 0, NM
2 = 0 andNMB

3 = 1, corresponding to short distance

contributions toF (v,s)
1 (q2) which are linear inq2, see subsection 4.3.3.

In this work we study the nucleon form factors up to next-to-leading one loop order, i.e. up toD = 4. Aside
from theD = 4 tree level contributions withNL = 0, NM

2 = 0 andNMB
4 = 1 (which contribute proportional

tom2
π andq2 to F (v,s)

2 (q2)) one encounters loop diagrams withD = 4 viaNL = 1, NMB
2 = 1 and possible

additional vertices ofNM
2 andNMB

1 (which again only appear in the combinations given above), the corre-
sponding diagrams are shown in fig. 4.2 (g)-(o). Diagram (o) in this figure represents contributions from the
O(p3) Z-factor together with coupling constants from the orderp2 Lagrangean, i.e. contributions toF (v,s)

2 (0).

The additional orderp4 part of the Z-factor again only contributes by ensuringF
(v,s)
1 (0) = 1 in the sum of all

Feynman diagrams.
TheD = 4 diagrams (j), (k), (l), (m) and (n) of figure 4.2 contribute with pion mass dependentc1 insertions
on the nucleon propagators. The sum of those diagrams plus theO(p3) diagrams of the same topology (i.e. the
NMB

d > 1 diagrams: (a), (b), (c) and (d) of figure (4.1)) is just the result of thelatter one with the mass of the
nucleonM0 shifted toM0 − 4c1m

2
π. Strictly speaking, one only finds the leading term of a Taylor series of the

O(p3) amplitudes aroundM0, e.g. Ampd + Ampj =
(
1− 4c1m

2
π

∂
∂M0

)
Ampd. However, we aim to apply

our results to chiral extrapolations of lattice data for the nucleon form factors and thus abstain from such a
perturbative inclusion of the nucleon mass function since the leading behaviourMN = M0 − 4c1m

2
π is known

to only provide a reasonable description of the true quark mass dependence up to the physical pion mass. The
perturbative treatment of those effects is therefore bound to spoil the quark mass dependence of the strictO(p4)
BChPT results for the form factors of the nucleon. In order to overcomethis, we account for diagrams (j), (k),
(l), (m) and (n) of figure 4.2 by assigning a realistic quark mass dependence to the mass of the nucleon appear-
ing in the correspondingO(p3) diagrams. In particular, we choose to use the next-to-leading one loop order
result for the mass of the nucleon found in chapter 3, see eq.(4.4). Formally, this corresponds to a resummation
of all one loop diagrams with reducible (in the sense that they can be absorbed into the mass of the nucleon)
insertions on the nucleon propagators where diagrams (j), (k), (l), (m) and (n) of figure 4.2 are only the very
leading contributions. Resuming the discussion of section 3.3.3, we note that asuccessful chiral extrapolation
curve cannot be found in a calculation relying on vertex functions and propagators which are known to not
display the correct quark mass dependence up the the quark masses at which one aims to apply the results. We
therefore always recommend to follow our example and perform resummations for those vertex functions and
propagators.
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(a) (b) (c)

(d) (e) (f)

Figure 4.1: The loop diagrams contributing to the nucleon form factors at orderp3. The solid lines denote the
propagating nucleon, dashes lines represent pions and the wiggly line is the incoming photon.

(g) (h) (i)

(j) (k) (l)

Z 1
2 Z 1

2

(m) (n) (o)

Figure 4.2: The loop diagrams contributing to the nucleon form factors at order p4. The solid dots denote
insertions from the second order Lagrangean of eq.(4.13).



4.3. FORMALISM 65

4.3.2 Meson Lagrangean

According to our power-counting analysis given in the previous subsection, we only need to know the chiral
meson Lagrangean up toO(p2). At this order it reads [GL84]

L(2)
ππ =

F 2
π

4
Tr
[
∇µU

†∇µU + χ†U + χU †
]
. (4.6)

U = u2 corresponds to a nonlinear realization of the quasi Goldstone boson fields. The covariant derivative
∇µU is defined as

∇µU = ∂µU − i (vµ + aµ)U + iU (vµ − aµ) , (4.7)

while vµ andaµ denote arbitrary vector- and axial vector background fields, for details see chapter 1. The
explicit breaking of chiral symmetry via the finite quark masses is encoded in

χ = 2B0 (s+ i p) , (4.8)

if one switches off the external pseudoscalar background fieldp and assigns the two flavour quark mass matrix
M = diag(mu,md) to the scalar background fields. To the order we are working at, we obtain the resulting
pion massmπ via

m2
π = 2B0 m̂+O(mq

2), (4.9)

wherem̂ = (mu +md)/2 andB0 corresponds to the value of the chiral condensate. The other free parameter
at this orderFπ can be identified with the value of the pion-decay constant (in the chiral limit).

4.3.3 Nucleon Lagrangeans

The well known leading order Lagrangean in BChPT is given as [GSS88]

L(1)
πN = Ψ̄N

[
iγµDµ −M0 +

gA

2
γµγ5uµ

]
ΨN , (4.10)

with

DµΨN =

[
∂µ − iv(s)

µ +
1

2

[
u†, ∂µu

]
− i

2
u† (vµ + aµ)u− i

2
u (vµ − aµ)u†

]
ΨN , (4.11)

uµ = iu†∇µUu
†. (4.12)

ΨN is the nucleon field operator, the coupling constantgA denotes the axial-coupling of the nucleon (in the
chiral limit), M0 corresponds to the mass of the nucleon (in the chiral limit) andv

(s)
µ is the isosinglet vector

background field.
According to subsection 4.3.1 we need to know the nucleon Lagrangean uptoO(p4). The relevant terms are
[FMS98, FMMS00]

L(2)
πN = Ψ̄N

[
c1〈χ+〉 −

c2
8M2

0

(〈uµuν〉{DµDν}+ h.c.) +
ic4
4
σµν [uµ, uν ] +

c6
8M0

σµνF+
µν

+
c7

8M0
σµν〈F+

µν〉
]
ΨN , (4.13)

L(3)
πN = Ψ̄N

[
id6

2M0

(
[Dµ, F̂+

µν ]Dν + h.c.
)

+
id7

2M0

(
[Dµ, 〈F+

µν〉]Dν + h.c.
)
]
ΨN , (4.14)

L(4)
πN = Ψ̄N

[
− e54

2

[
Dλ, [Dλ, 〈F+

µν〉]
]
σµν − e74

2

[
Dλ, [Dλ, F̂

+
µν ]
]
σµν − e105

2
〈F+

µν〉〈χ+〉σµν

−e106
2
F̂+

µν〈χ+〉σµν

]
ΨN , (4.15)
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where we have used the definitionsF+
µν = u†Fµνu+uFµνu

† with the field strength tensorFµν = ∂µvν −∂νvµ

and the explicit chiral symmetry breaking termχ+ = u†χu† + uχu. Furthermore〈...〉 denotes the trace in
isospin space and̂A = A− 1

2 〈A〉 is a traceless SU(2) operator.

4.4 Isovector Form Factors of the Nucleon

Calculating the Feynman diagrams shown in figures 4.1 and 4.2 with the nucleon-and pion dynamics as well as
their couplings to the incoming photon field determined by the Lagrangeans given in the previous section, we
arrive at the amplitudes given in appendix C.2. The rather lengthy explicit analytic expressions for the isovector
form factorsF v

1 (t) andF v
2 (t) are given in appendix C.3.

We start the discussion of those results by analysing the quark mass dependence of their lowest moments in
q2 = t, namely the isovector anomalous magnetic moment of the nucleonκv and the slopesρv

1 andρv
2 of those

form factors defined via

F v
1 (t) = 1 + ρv

1t+O(t2), (4.16)

F v
2 (t) = κv + ρv

2t+O(t2). (4.17)

A numerical discussion of these results in the context of chiral extrapolations of lattice data is given in section
4.6.
Note that due to the presence of the small parameterqν in the current of eq.(4.1) and the prefactorst attached
to the slopes in the above definitions, the contributions of a BChPT calculation at chiral dimensionD to these
structures are of chiral dimensionsD − 2 for κv,D − 3 for ρ1 andD − 4 for ρ2. Systematic uncertainties due
to possible higher order effects are therefore accordingly larger forthose quantities.

4.4.1 The quark mass dependence of the isovector anomalous magnetic moment

The BChPT result for the isovector anomalous magnetic moment of the nucleonκv written as a sum of con-
tributions from orderp3 (δκ(3)

v ) andp4 (δκ(4)
v ) as well as the pertinent contributions from local operators (with

couplingsc6 ander106(λ)) reads (here and throughout this chapter we fix the renormalization scaleatλ = M0):

κv =
M (n)

M0

[
c6 − 16M0m

2
πe

r
106(M0) + δκ(3)

v + δκ(4)
v +Oκv(p

5)
]
, (4.18)

with

δκ(3)
v =

g2
Am

2
πM0

8π2F 2
πM

3

[ (
3m2

π − 7M2
)
log

mπ

M
− 3M2

]

− g2
AmπM0

8π2F 2
πM

3
√

4M2 −m2
π

[
3m4

π − 13M2m2
π + 8M4

]
arccos

(mπ

2M

)
, (4.19)

and

δκ(4)
v = − m2

π

32π2F 2
πM

2
0

[
4g2

A (c6 + 1)M2
0 − g2

A

(
5c6m

2
π + 28M2

0

)
log

mπ

M0

+4M2
0

(
2c6g

2
A + 7g2

A + c6 − 4c4M0

)
log

mπ

M0

]

− g2
Ac6m

3
π

32π2F 2
πM

2
0

√
4M2

0 −m2
π

(
5m2

π − 16M2
0

)
arccos

(
mπ

2M0

)
. (4.20)

While the leading chiral contributions beyond our analysis take the form

Oκv(p
5) = δκv

M0m
3
π

(4πFπ)4
+ ... (4.21)
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The prefactorδκv would be determined in a fullO(p5) calculation. At the level of ourO(p4) analysis, we
estimate the possible impact of higher order contributions to our results by varying this parameter within natural
size, i.e.−3 < δκv < 3, for a numerical analysis see sections 4.6.1 and 4.6.2.
Note that according to the discussion at the end of section 4.3.1, the mass functionM in eq.(4.19) is to be
understood as

M = M0, (4.22)

if one truncates eq.(4.18) already atO(p3), whereas atO(p4) it starts to acquire an intrinsic quark mass depen-
dence given in eq.(4.4):

M = MN (mπ). (4.23)

The mass parameterM (n) in eq.(4.18) appears as a consequence of the normalization ofF2(q
2) in the current of

eq.(4.1). For comparison with experiment and normalized lattice data one wouldhave to chooseM (n) = M
phys
N

while a comparison with raw, unnormalized lattice data has to be performed usingM (n) = MN (mπ).
Comparing the results presented in this chapter to the findings of reference[KM01] where the nucleon form
factors have been calculated using the standard IR renormalization technique of reference [BL99] at the same

order p4, one observes a difference of the formκthis work
v − κ

[KM01]
v =

M2
0

(4πFπ)2
∑∞

i=2 ai

(
mπ

M0

)2i
, i.e. an

infinite sum of even powers of the pion mass starting fromm4
π. In principle these terms can be absorbed

into higher order coupling constants and each one such becomes unobservable at a sufficiently high order of
the chiral analysis. They appear as a consequence of the different regularization prescriptions used here and
in [KM01]. From the viewpoint of applicability for chiral extrapolations ourchoice of the renormalization
scheme is motivated by the fact that theIR scheme utilized here shows a much better convergence pattern for
pion massesmπ > m

phys
π and provides smooth extrapolation functions, where contributions fromπN loops

are systematically reduced for large pion masses in agreement with observations from the lattice but in contrast
to the standard IR result, see figure 4.7. In addition there are some more formal arguments – see chapter 3 –
motivating our choice.
Performing an additional1M0

expansion of the above expressions one finds

δκ(3)
v = −g

2
AMmπ

4πF 2
π

−
g2
Am

2
π

(
1 + 7 log mπ

M0

)

8π2F 2
π

+ ..., (4.24)

δκ(4)
v = − m2

π

8π2F 2
π

[
(c6 + 1) g2

A +
(
2c6g

2
A + c6 − 4c4M0

)
log

mπ

M0

]
+ ... (4.25)

and such recovers theO(p3) HBChPT result [BFHM98] (which is the first term of eq.(4.24)) while the terms
∼ m2

π constitute the accordantO(p4) HBChPT contributions. Note that the second term in eq.(4.24) is of order
p3 in the covariant framework but only appears at orderp4 in the nonrelativistic formulation of BChPT. The
leading, linear dependence ofκV on the pion mass is long-known from current algebra [CP74].

4.4.2 The quark mass dependence of the slopes of the isovectorform factors

The slope of the isovector Dirac form factor again written as a sum ofO(p3) andO(p4) loop contributions plus
a counter-term from the orderp3 Lagrangean reads:

ρv
1 = Bc1 + ρ

v (3)
1 + ρ

v (4)
1 +Oρv

1
(p5), (4.26)
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with

Bc1 = −2dr
6(λ = M0), (4.27)

ρ
v (3)
1 = − 1

96π2F 2
πM

4

[
7g2

AM
4 + 2

(
5g2

A + 1
)
M4 log

mπ

M0
+M4 − 15g2

Am
2
πM

2

+g2
Am

2
π

(
15m2

π − 44M2
)
log

mπ

M

]

+
g2
Amπ

96π2F 2
πM

4
√

4M2 −m2
π

[
15m4

π − 74m2
πM

2 + 70M4
]
arccos

(mπ

2M

)
, (4.28)

ρ
v (4)
1 = − c6g

2
Am

2
π

32π2F 2
πM

4
0

√
4M2

0 −m2
π

[
mπ

(
m2

π − 3M2
0

)
arccos

(
mπ

2M0

)

+
√

4M2
0 −m2

π

[
M2

0 +
(
M2

0 −m2
π

)
log

mπ

M0

]]
, (4.29)

Oρv
1
(p5) = δρv

1

m2
π

(4πFπ)4
+ ... (4.30)

where the last line is again not part of the orderp4 result but represents the leading contribution beyond the
order of our analysis and allows for an estimate of higher order effects.Expanding our results in powers of1M0

we again find the according HBChPT results (m0
π

M0
0

terms correspond to orderp3 in HBChPT while the terms

carrying a factormπ

M0
are of orderp4 in this framework):

ρ
v (3)
1 = − 1

96π2F 2
π

[
7g2

A + 1 + 2
(
5g2

A + 1
)
log

mπ

M

]
+

35g2
Amπ

192πF 2
πM0

+ ..., (4.31)

ρ
v (4)
1 = O

(
m2

π

M2
0

)
. (4.32)

The leading, pion mass independent term given as the first term in eq.(4.31) was first found in the nonrelativistic
ChPT analysis of reference [BKKM92].
Likewise one finds for the slope of the isovector Pauli form factor:

ρv
2 =

M (n)

M0

(
Bc2 + ρ

v (3)
2 + ρ

v (4)
2 +Oρv

2
(p5)

)
, (4.33)

where

Bc2 = 4M0e
r
74(M0), (4.34)

ρ
v (3)
2 =

g2
AM0

96π2F 2
πM

5 (m2
π − 4M2)

[
− 124M6 + 105m2

πM
4 − 18m4

πM
2

+6
(
3m6

π − 22M2m4
π + 44M4m2

π − 16M6
)
log

mπ

M

]

+
g2
AM0

48π2F 2
πM

5mπ (4M2 −m2
π)

3
2

[
9m8

π − 84M2m6
π + 246M4m4

π

−216M6m2
π + 16M8

]
arccos

(mπ

2M

)
, (4.35)
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ρ
v (4)
2 = − g2

Ac6m
3
π

96π2F 2
πM

4
0

(
4M2

0 −m2
π

) 3
2

[
4m4

π − 27m2
πM

2
0 + 42M4

0

]
arccos

(
mπ

2M0

)

+
1

96π2F 2
πM

4
0

(
m2

π − 4M2
0

)
[
16c4M

7
0 + 52g2

AM
6
0 − 4c4m

2
πM

5
0 − 14c6g

2
Am

2
πM

4
0

−13g2
Am

2
πM

4
0 + 8

(
3g2

A − c4M0

) (
m2

π − 4M2
0

)
M4

0 log
mπ

M0
+ 4c6g

2
Am

4
πM

2
0

−g2
A

(
m2

π − 4M2
0

) (
4c6m

4
π − 3c6m

2
πM

2
0 + 24M4

0

)
log

mπ

M0

]
. (4.36)

In order to estimate higher order contributions to this observable we use

Oρv
2
(p5) = δρv

2

M0mπ

(4πFπ)2
+ ... (4.37)

The corresponding HBChPT results can again be found by an additionalexpansion in 1
M0

and read:

ρ
v (3)
2 =

g2
AM

48πF 2
πmπ

+
g2
A

96π2F 2
π

(
29 + 24 log

mπ

M0

)
+ ..., (4.38)

ρ
v (4)
2 = − 1

96π2F 2
π

(
3g2

A + 4c4M0 + 8c4M0 log
mπ

M0

)
+ ... (4.39)

where the second term inρv (3)
2 would be of orderp4 according to the counting in the nonrelativistic framework

and the first term in this equation was already found in reference [BKKM92].
Note that the slopes of both isoscalar form factors are singular in the chiral limit. While ρv

1 displays a logarith-
mic divergence, see eq.(4.31),ρv

2 behaves as1
mπ

, see eq.(4.38). The mass functionM appearing in theO(p3)
expressions of eqs.(4.28,4.35) depends again on the chiral order at which eqs.(4.26) and (4.33) are studied.

4.4.3 The momentum dependence of the isovector Sachs form factors

In this section we discuss the momentum transferQ2 = −t dependence of the isovector electric- and magnetic
Sachs form factors. They are related to the previously discussed Dirac- and Pauli form factors via

GE(Q2) = F1(Q
2)− Q2

4M2
N

F2(Q
2), (4.40)

GM (Q2) = F1(Q
2) + F2(Q

2). (4.41)

TheQ2 dependence of those form factors inO(p4) BChPT atmπ = 140 MeV is shown in figures 4.3 and
4.4. In those plots we have used the input values given in table 4.1 and haveadjusted the parametersc6, Bc1

andBc2 such that we reproduce the anomalous magnetic moment and the slopes of the the parametrization
of reference [FW03] given in table 4.3. The resulting values for those parameters are given in table 4.2. The
Q2 dependence of the phenomenological parametrization is also shown in figures 4.3 and 4.4. A comparison
allows us to conclude a good description of phenomenology byO(p4) covariant BChPT up to momentum
transfers of aboutQ2 ≈ 0.25 GeV2 where we find more curvature and a better agreement ofO(p4) BChPT
with the phenomenological parametrization forGv

E(Q2) but a still satisfying description ofGv
M (Q2) at low

momenta. To get an impression of the convergence properties of the chiralexpansion for those form factors, we
also show theO(p3) results for the Sachs form factors. WhereasGv

E(Q2) receives moderate corrections when
going fromO(p3) toO(p4), the next-to-leading one loop order has a huge impact on the magnetic Sachsform
factor. These largeO(p4) contributions toGv

M (Q2) come as a result of two effects which – at a renormalization
λ = M0 – can be interpreted as follows: Short distance contributions to the radius of this form factor arise at
this order, the term∼ Bc2 considerably changes theQ2 dependence of the magnetic form factor. The large
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Figure 4.3: The momentum transfer dependence of the isovector electric Sachs form factor of the nucleon in
O(p4) BChPT (solid),O(p3) BChPT (dotted) and the phenomenological parametrization of reference [FW03]
(dashed).

values for the coupling constants of the second order Lagrangean give the second, albeit less important reason
for the largeO(p4) contributions. These coupling constants are known to parametrize contributions from the∆
resonance and thus their impact on the magnetic form factor does not come as a surprise [BFHM98]. However,
a convergence of the BChPT results towards phenomenology is clearly signaled by the comparison of the
different orders of our calculation.
A quantitative estimate for systematic uncertainties of theO(p4) BChPT calculation can be given as follows:
The leading contributions of orderp5 to the nucleon form factors (which cannot be absorbed at the physical
point by a shift inc6, Bc1 andBc2) are proportional toQ4. Again assuming the prefactors of these structures
to be within natural size (i.e. between−3 and3), the systematic uncertainties of our analysis ofGv

E(Q2) and
Gv

M (Q2) exceed the30% level aboveQ2 = 0.3 GeV2 but are below10% for Q2 < 0.2 GeV2. Within those
errors BChPT and phenomenology are perfectly consistent.
Given the good agreement between the phenomenological parametrization and theO(p4) BChPT result for
Gv

E(Q2) at low momentum transfer, we to study the deviation of theQ2 dependence of this form factors from
the standard dipole form

GD(Q2) = 1
“

1+ Q2

0.71GeV2

”2 . (4.42)

The result is shown in figure 4.5 as a function of|Q|. Even in this high-resolution plot, the good agreement
betweenO(p4) BChPT and the parametrization of reference [FW03] holds, supporting the claims made about
the deviations of the nucleon form factors from the dipole shape in this reference1. In the same plot, we show
the result of the radius approximation, i.e.F v

i (Q2) ≈ F v
i (0)−ρv

iQ
2, demonstrating that the fullO(p4) BChPT

result contains important structures beyond this approximation.

1Note that the “bumps” observed in reference [FW03] are only visible in the charge channels, whereas in the isovector channel
discussed here, one would – according to reference [FW03] – only find a decline below the dipole behaviour in theQ2 dependence of
the form factors.
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Figure 4.4: The momentum transfer dependence of the isovector magnetic Sachs form factor of the nucleon in
O(p4) BChPT (solid),O(p3) BChPT (dotted) and the phenomenological parametrization of reference [FW03]
(dashed).
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Figure 4.5: The isovector electric Sachs form factor of the nucleon normalized to the standard dipole:O(p4)
BChPT result (solid), radius approximation (dotted) and the phenomenological parametrization of reference
[FW03] (dashed).
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4.5 Isoscalar Form Factors of the Nucleon

Contributions to the isoscalar form factors of the nucleon arise from diagrams (a), (g) and (h) of figure 4.1.
The resulting amplitudes can again be found in appendix C.2 while explicit analytic expressions forF s

1 (t) and
F s

2 (t) are given in appendix C.3. We start the discussion of these form factorsagain by analysing the quark
mass dependence of their lowest moments int defined via

F s
1 (t) = 1 + ρs

1t+O(t2), (4.43)

F s
2 (t) = κs + ρs

2t+O(t2). (4.44)

A first glance at the numerical implications of our results can be found in section 4.6.

4.5.1 The quark mass dependence of the isoscalar anomalous magnetic moment

The BChPT result for the isoscalar anomalous magnetic moment of the nucleonκs written as a sum of contri-
butions from orderp3 (δκ(3)

s ) andp4 (δκ(4)
s ) as well as the pertinent contributions from local operators (with

couplingsκ0
s = c6 + 2c7 ander105(λ)) reads:

κs =
M (n)

M0

[
κ0

s − 16M0m
2
πe

r
105(M0) + δκ(3)

s + δκ(4)
s +Oκs(p

5)
]
, (4.45)

with

δκ(3)
s = −3g2

Am
2
πM0

8π2F 2
πM

3

[
mπ

(
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π − 3M2
)

√
4M2 −m2

π

arccos
(mπ

2M

)
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(
M2 −m2

π

)
log

mπ

M

]
, (4.46)

and

δκ(4)
s =

3g2
Am

2
π

32π2F 2
πM

2
0

[
4M2

0 + κ0
s

(
3m2

π − 4M2
0

)
log

mπ

M0

−κ0
s

mπ

(
3m2

π − 8M2
0

)
√

4M2
0 −m2

π

arccos

(
mπ

2M0
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. (4.47)

The leading chiral contributions toκs beyond our analysis take the form:

Oκs(p
5) = δκs

M0m
3
π

(4πFπ)4
+ ... (4.48)

The corresponding results of the nonrelativistic HBChPT framework canagain be found by an expansion of
our covariant results in1

M0
. In HBChPT one does not find any loop contributions at orderp3. At O(p4) one

finds

δκloop
s = −3g2

Am
2
π

8π2F 2
π

(
κ0

s + 1
)
log

mπ

M0
+OHB(p5). (4.49)

4.5.2 The quark mass dependence of the slopes of the isoscalarform factors

Writing the slopes of the isoscalar form factors of the nucleon as a sum of contributions of different chiral
dimension, we find

ρs
1 = Bs

c1 + ρ
s (3)
1 + ρ

s (4)
1 +Oρs

1
(p5), (4.50)
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with

Bs
c1 = −4d7, (4.51)

ρ
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1 =
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And likewise
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with

Bs
c2 = 8M0e54, (4.56)
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Oρs
2
(p5) = δρs

2

M0mπ

(4πFπ)2
+ ... (4.59)

In the heavy baryon expansion all the above pion-cloud contributions to the slopes of the isoscalar form factors
only appear at higher orders and at orderp4 one would only find the counter-term contributions.
Finally we emphasize again that the mass-functionM in eqs.(4.46,4.52,4.57) depends on the chiral order at
which the respective quantities are studied. It has to be identified withM = M0 in an analysis atO(p3) but
with M = MN (mπ) in aO(p4) result.

4.5.3 The momentum dependence of the isoscalar form factors

After the coupling constantsκs, er105(M0),Bs
c1 andBs

c2 are adjusted such that the isoscalar anomalous magnetic
moment and the slopes of the parametrization of reference [FW03] given intable 4.3 are reproduced, theQ2

dependence of theO(p4) BChPT result for the isoscalar form factors is completely dominated by short distance
physics. Although we do find rich analytic structures resulting from the pion-cloud, their sizes are numerically
negligible compared to the contributions from local operators. Thus, we basically only find a linear dependence
of the isoscalar form factors onQ2 and no substantial curvature. Therefore,O(p4) BChPT cannot provide a
good description of experimental data for these form factors beyondQ2 = 0.1 GeV2. However, due to isospin
and parity conservation, the corresponding spectral functions do have a cut starting atQ2 = −(3mπ)2 [Kai03]
and thus essential contributions to the isoscalar form factors arise from two loop effects (containing three pion
lines in the loop), starting at orderp5.
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4.6 Fit Results

In this section we give a numerical discussion of ourO(p4) covariant BChPT results in the context of chiral
extrapolations, i.e. the extrapolations of lattice data at large values ofmπ through the physical point to the
chiral limit.
Simulations of the nucleon form factors on the lattice are not only performed at large pion masses but also at
finite values of the momentum transfer which in former days did lie clearly outsidethe range of applicability
of BChPT. The standard tool to extract observables like the anomalous magnetic moment and the slopes of the
nucleon form factors from simulation results at largeQ2 is a fit of the dipole ansatz to those lattice data. Thus,
by fitting the dipole formula to the lattice results forF1(Q

2) andF2(Q
2) at every value ofmπ separately, values

for κ, ρ1 andρ2 at the respective pion mass can be given.
The simulation of reference [AKNT06] now for the first time provides us with(quenched) lattice results for
F v

1 (Q2) andF v
2 (Q2) atQ2 . 0.3 GeV2, values for which the previous section gives us some confidence that

the chiral expansion for the isovector nucleon form factors has already well converged at next-to-leading one
loop level. We therefore perform two different types of analyses: Oneis to extract the values for our couplings
by a fit of theO(p4) formulae given in sections 4.4.1 and 4.4.2 to data forκv, ρv

1 andρv
2 gained via a dipole-Q2-

extrapolation (see section 4.6.1). The second approach discussed in section 4.6.2 is a fit of our extrapolation
functions directly to the outcome of lattice simulations at finiteQ2. In both paragraphs we do not include
the physical point in the fits but give predictions for the physical values of the isovector anomalous magnetic
moment and the slopes of the form factors including an analysis of statistical as well as systematic errors.

4.6.1 Fits based on dipole-extrapolated data

In this section we present fits of ourO(p4) BChPT results forκv, ρv
1 andρv

2 (given in sections 4.4.1 and 4.4.2)
to data resulting from lattice simulations ofF v

1 (Q2) andF v
2 (Q2) which have been extrapolated to low values

of Q2 using a dipole ansatz [AKNT06]. As fit parameters we choose the BChPT couplings entering our results
through tree level diagrams2: c6, er106(λ), Bc1 andBc2. Their numerical values are determined by a fit of the
O(p4) BChPT results forκv (see eqs.(4.18)-(4.21)) and the slopesρv

1 (eqs.(4.26)-(4.30)) andρv
2 (eqs.(4.33)-

(4.37)) to dipole-Q2-extrapolated results of dynamical- and quenched lattice simulations, each performed at
three pion masses between 300 MeV< mπ < 700 MeV. The resulting values for the fit parameters can be
found in table 4.2. The values for all other couplings entering our results are taken from chapter 3 and the
literature and are given in table 4.1. The numbers which we find forc6 andBc1 in this fit are well consistent
with what we found by an adjustment to the parametrization of reference [FW03] in section 4.4.3 while we find
a small deviation forBc2.
Figures 4.6, 4.8 and 4.9 show the quark mass dependencies of the isovector anomalous magnetic moment of
the nucleon and the slopes of the Dirac- and the Pauli form factor, respectively. For all three quantities we find
very satisfactory chiral extrapolation curves connecting the lattice resultsat large quark masses with data from
phenomenology (which have not been used as input in the fits) in a smooth fashion. All three extrapolation
curves do only show a very weak dependence on the quark mass in the domain of the available lattice data but
see stronger and stronger influences of the pion-cloud as the pion mass gets to lower values and due to this
effect, the physical values forκv, ρv

1 andρv
2 are found to be considerably larger then the results found on the

lattice – but smaller than the corresponding chiral limit values. Having fixed thefit parameters with the help
of lattice data, we are able to predict the values ofκv, ρv

1 andρv
2 at the physical pion mass. The resulting val-

ues, each given with the corresponding statistical error can be found intable 4.3. For all three observables we
find very good agreement between the predictions from chirally extrapolated lattice data and phenomenology.
However, we have to admit that the phenomenological situation for the slopesis ambiguous since there is quite
some inconsistency between the two analyses [FW03, BHM07] to which we compare our results. We find good
agreement with both references forρv

1 but only with [BHM07] for ρv
2. Furthermore, comparing our findings

2However, note that the couplingc6, determining the chiral limit value ofκv, not only enters our results via a local operator at
O(p2) but also contributes as a coupling constant inO(p4) loop diagrams.
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to data from experiments, one has to be aware of the fact that one therebycompares the results of a theory
with two active quark flavours to the physical world with an additional, moderately light strange quark. Slight
differences between both are therefore expected.
Addressing the question of the range of applicability of ChPT, we concludefrom the following three observa-
tions which can be made in figures 4.6, 4.8 and 4.9 that ourO(p4) covariant BChPT results may be applicable
for pion masses as large asmπ = 600 MeV and a breakdown cannot be observed beforemπ = 700 MeV:

• For κv andρv
1 theO(p3) results are found very close to theO(p4) results leading us to the conclusion

that for those observables BChPT has already converged well at this order. The different orders do not
start to deviate significantly belowmπ ≈ 700 MeV.
In contrast, the convergence of the chiral series forρv

2 is slower, originating in the fact that in a calculation
of the matrix element eq.(4.1) the slope of the Pauli form factor is identified as the prefactor of the
structure∼ σµνq

νq2. Three powers of the small momentumq are thus factorized out and aO(pn)
calculation of the matrix element starts to contribute toρv

2 at the powermn−4
π . As a consequence, the

quark mass independent counter-termBc2 entering this quantity is of orderp4. The appearance of this
counter-term is responsible for the large difference between theO(p3) andO(p4) results forρv

2 observed
in figure 4.9. The size of orderp4 pion-cloudcontributions toρv

2 is small (atλ = M0) and in accordance
with expectations from the power-counting analysis belowmπ ≈ 700 MeV.

• In eqs. (4.21), (4.30) and (4.37) we give terms which allow for an estimate of possible higher order
contributions toκv, ρv

1 andρv
2: Varying the coefficientsδκv , δρv

1
andδρv

1
of eqs. (4.21), (4.30) and (4.37)

between−3 and3 and performing the fits again, we arrive at arrays of curves which areindicated by the
grey shaded bands in figures 4.6, 4.8 and 4.9. In addition to those systematicuncertainties of the ChPT
analysis at the next-to-leading one loop level, the considerably smaller statistical uncertainties resulting
from the determination of the low energy constants in the fits are also included in the grey shaded bands.
Following this analysis we do not expect large higher order contributions toκv, ρv

1 andρv
2 for mπ < 700

MeV.
Due to the large absolute value ofρv

2, the error band in figure 4.9 looks a bit small. We note that for
this intrinsically large observable the assumption−3 < δρv

2
< 3 might be too optimistic and the true

systematic uncertainty for this quantity may be a bit larger than the one indicated.

• As discussed in detail in chapter 3, theIR renormalization program leads to flat chiral extrapolation
functions andπN loops are systematically reduced in this framework as the pion mass takes on larger
values. This is in good agreement with the results from lattice simulations at largepion masses whereκv,
ρv
1 andρv

2 do only show very weak pion mass dependence. However, aroundmπ = 700 MeV, our BChPT
result for the isovector anomalous magnetic moment as a function of the quarkmass begins to raise,
see figure 4.6. This behaviour, which we consider to be unphysical andsuch to signal the breakdown
of our approach, appears as a consequence of the fact that the subtle balance between different chiral
contributions to this observable gets disturbed at very large pion masses. First signals for the breakdown
of our approach can thus be seen aroundmπ ≈ 700 MeV.

Besides the results of covariant BChPT, we show the quark mass dependence of the correspondingO(p4)
HBChPT results forκv, ρv

1 andρv
2 given in eqs.(4.24,4.25), (4.31,4.32) and (4.38,4.39) as the dotted lines in

figures 4.7, 4.8 and 4.9. Forκv andρv
1 the curves from the nonrelativistic- and covariant approach start to

deviate even below the physical pion mass. This observed early breakdown of the HBChPT results does not
allow for chiral extrapolations of presently available lattice data. This comes as a consequence of the fact that

the
(

mπ

M0

)i
terms which sum to flat functions and are all considered to be of the same order in our covariant

approach are artificially expanded in the HBChPT framework which such assigns a low order polynomial in
mπ

M0
to all (Q2 independent) observables. HBChPT results are thus bound to be acceleratedly in- or decreasing

from a certain pion mass on. Typically – see the examples in this chapter and thefollowing one – this value of
the pion mass lies around the physical one and the breakdown of HBChPT already occurs at rather small pion



76 CHAPTER 4. THE VECTOR FORM FACTORS OF THE NUCLEON

c6 er106(λ = M0) [GeV−3] Bc1 [GeV−2] Bc2 [GeV−2]

adjusted to [FW03]
(see section 4.4.3) 4.56 0.08 (fixed) −1.13 5.16

dipole-Q2-extrapolated
(see section 4.6.1) 4.51± 0.06 0.06± 0.03 −1.17± 0.04 7.06± 0.25

direct fit
(see section 4.6.2) 4.46± 0.05 0.10± 0.02 −1.31± 0.02 4.47± 0.16

Table 4.2: The values for the fit parameters determined in three different ways.

masses.
At first sight, theO(p4) HBChPT curve forρv

2 given in figure 4.9 seems to contradict this general reasoning.
However, at the next-to-leading one loop order, the low order polynomialin mπ which is found in HBChPT
for this observable only consists of the terms∼ 1

mπ
and∼ 1, see eqs.(4.38,4.39). Thus, the arguments given

above apply forρv
2 only from orderp5 on where first positive powers ofmπ and such again the early breakdown

are expected to occur in the HBChPT result. Note, however, that for the numerical comparison of covariant-
and nonrelativistic BChPT we use the values for the parameters which we found in the fit ofO(p4) covariant
BChPT results to lattice data3. The statements about the early breakdown of HBChPT are therefore made under
the assumption that these fits lead to a reasonable estimate of the true value of those coupling constants. In our
results we can find a hint which justifies this assumption: Going fromO(p3) toO(p4) in our calculation, we
encounter no new fit parameter inρv

1. We can thus study the stability of the value of the parameterBc1 by
comparing its value in the fit of ourO(p4) result with the one it would get in a fit of the correspondingO(p3)
result to lattice data. This analysis confirms the value which we give forBc1 since we find that between the two
fits this constant only differs about10% (as can easily be seen comparing the solid and dashed lines in figure
4.8). Furthermore, we note that there are no pion mass dependent counter-terms present in the slopes of the
form factors at the order we are working. It is thus obvious from figure 4.8, that no set of parameters can be
found which allows to make contact between lattice simulations and phenomenologyfor ρv

1 using theO(p4)
HBChPT results. Forκv we find a similar behaviour: There is no set of parameters that leads to a reasonable
chiral extrapolation curve for this observable based onO(p4) HBChPT. In nonrelativistic SSE, a formulation
of ChPT with explicit∆ degrees of freedom, however, it is at least possible to reasonably describe the quark
mass dependence ofκv up to larger values of the quark mass [HW02]. The interpolation function calculated in
this reference is – within errors – consistent with the analysis presented here.
Finally we also show theO(p4) covariant BChPT result forκv calculated in standard IR renormalization
[KM01] in figure 4.7. The unphysical singularity which can appear in this renormalization program shows
up very drastically in this figure and dominates the quark mass dependence of κv already slightly above the
physical pion mass. This renormalization prescription thus clearly does notlead to a reliable description of
quark mass dependencies above the physical pion mass.

4.6.2 Direct fits to the simulation results at finitet

In this section we present a fit of ourO(p4) BChPT results forF v
1 (t,mπ) andF v

2 (t,mπ) given in appendix C.3
to lattice data at finiteQ2 and largemπ directly. The fit parameters are againc6, er106(λ), Bc1 andBc2. The
available lattice data are located atQ2 ≈ 0.17 GeV2,Q2 ≈ 0.33 GeV2 and larger values ofQ2. The results of
section 4.4.3 clearly allow the conclusion that the lowest of these values lies well within the region of applica-

3All low energy constants are defined in exactly the same way in both HBChPTandIR renormalized covariant BChPT and are thus
bound to ultimately have the same size in both frameworks, see chapter 3.
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Figure 4.6: The quark mass dependence of the normalized isovector anomalous magnetic moment of the nu-
cleon in covariant BChPT (solid: covariantO(p4) BChPT result fitted to the shown dipole-Q2-extrapolated
lattice data; dashed: correspondingO(p3) curve with the same set of parameters) and lattice QCD [AKNT06]
(squares: dynamical simulations, diamonds: quenched simulations). The bold square represents the physical
point [Y+06] not included in the fit. The grey shaded band is an estimate of statistical plus systematic BChPT
errors and originates from fits withδκv = ±3 (see eq.(4.21)) to the data.
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Figure 4.7: The quark mass dependence of the normalized isovector anomalous magnetic moment of the nu-
cleon in three different ChPT frameworks. Solid:IR renormalized covariant BChPT, dashed-dotted: standard
IR renormalized BChPT, dotted: HBChPT. All three curves correspondto results at next-to-leading one loop
order and are plotted using the same set of parameters, see tables 4.1 and 4.2.

bility of our O(p4) BChPT calculation while the secondQ2 value is on the borderline. Therefore, we would
like to determine our parameters from a fit to lattice data atQ2 ≈ 0.17 GeV2 and find that this is absolutely
sufficient in the case ofF1(Q

2,mπ). However, the curves representing the unnormalizedF2(Q
2,mπ) for the

three different pion masses just happen to cross each other in the vicinity of this value ofQ2. Therefore, to
avoid huge uncertainties in the fit, we perform the fit with four free parameters to nine lattice points (at three
different quark masses forF v

1 (Q2 ≈ 0.17 GeV2) and three each forF v
2 (Q2 ≈ 0.17 GeV2) andF v

2 (Q2 ≈ 0.33
GeV2)). The numerical values for the fit parameters resulting from this fit can again be found in table 4.2. The
values forc6 ander106(λ) are in good agreement with both the results of the fit to dipole-Q2-extrapolated data
and the adjustment to the phenomenological parametrization of reference [FW03].
The predictions for the physical values ofκv, ρv

1 andρv
2 resulting from our chiral extrapolation curves can be

found in table 4.3. We note that in this table we only give statistical errors; the larger systematic uncertainties
are estimated at the end of this section. Keeping this in mind, we find good agreement between the BChPT fits
to both dipole-Q2-extrapolated data and to lattice results directly on the one side and phenomenology on the
other side forκv, ρv

1 and – with larger systematic uncertainties – forρv
2. Forρv

1, the direct fit leads to a value
which is a bit smaller than the one found in the fit to dipole-Q2-extrapolated data. This difference is even more
pronounced in the slope ofF v

2 (Q2). A reason for this is given by the fact that (as can be seen in figure 4.10)
the dipole ansatz shows more curvature in theQ2 dependence of these form factors than theO(p4) BChPT
result does. To describe the same data at finiteQ2, this effect is compensated by smaller values for the slopes
in O(p4) BChPT. These curves are therefore not as steep at very lowQ2 and do not bend upwards as strongly
as the ones based on a dipole ansatz.
Figure 4.10 shows the resultingQ2 dependence of theO(p4) BChPT result forF v

1 (Q2,mπ) at the physical
pion mass and the three pion masses for which lattice data are available at lowQ2. For comparison we also
show the phenomenological parametrization of reference [FW03]. TheQ2 dependence of theO(p4) BChPT
result forF v

2 (Q2) at the pion masses of the lattice simulations and the corresponding curve at thephysical pion
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Figure 4.8: The quark mass dependence of the slope of the isovector Dirac form factor in covariant BChPT
(solid: covariantO(p4) BChPT result fitted to the shown dipole-Q2-extrapolated lattice data, dashed: corre-
spondingO(p3) curve, dotted:O(p4) HBChPT result, all with the same set of parameters) and lattice QCD
[AKNT06]. The points for physical quark masses are from the analyses of references [FW03] (cross) and
[BHM07] (square). The grey shaded band indicates the size of statistical plus systematic ChPT errors esti-
mated via fits withδρv

1
= ±3 (see eq.(4.30)) to the data.
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Figure 4.9: The quark mass dependence of the slope of the normalized isovector Pauli form factor in covariant
BChPT (solid: covariantO(p4) BChPT result fitted to the shown dipole-Q2-extrapolated lattice data, dashed:
correspondingO(p3) curve, dotted:O(p4) HBChPT result, all with the same set of parameters) and lattice
QCD [AKNT06]. The points for physical quark masses are from the analyses of references [FW03] (cross) and
[BHM07] (square). The grey shaded band indicates the size of statistical plus systematic ChPT errors estimated
via fits with δρv

2
= ±3 (see eq.(4.37)) to the data.
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mass again together with the findings of reference [FW03] can be found infigure 4.11. In those figures one
can observe thatO(p4) BChPT bridges the broad gap between the lattice results and phenomenologyfor both
form factors and that the predictedQ2 dependencies of the form factors at the physical point are in reasonable
agreement (see the discussion of systematic uncertainties below) with the parametrization of ref.[FW03] up to
Q2 ≈ 0.3 GeV 2. Moreover, one can see in figure 4.10 that at larger values ofQ2 the lattice results show more
curvature in theQ2 dependence of the Dirac form factor than the correspondingO(p4) BChPT results.
In figure 4.12 we show the quark mass dependence ofκv in O(p4) covariant BChPT resulting from an ex-
traction of the low energy constants at finiteQ2 directly and compare it to the findings of the previous section
where dipole-Q2-extrapolated data were used as input. This figure demonstrates that the lattice data would lie
a bit lower if one were to use ChPT instead of the dipole ansatz in order to extrapolate them down toQ2 = 0.
The grey shaded bands around the BChPT results in figures 4.10, 4.11 and 4.12 indicate the size of statistical
errors. However, since the shown lattice data which serve as input for our analysis were all found on the same
lattice, the errors attached to those data are presumably correlated. Our analysis of statistical errors in contrast
assumes uncorrelated errors on the input data and thus probably leads totoo optimistic estimates for the statis-
tical errors.
In addition to those errors which arise solely due to the statistics of the fits, there are of course systematic
errors from both lattice simulations and the BChPT analysis. One source forsystematic uncertainties lies in the
possibility of lattice artifacts like finite size effects and discretization errors. The following procedure might
give an estimate for the size of those uncertainties:
The direct fits have been performed to unnormalized data forF v

2 (t,mπ), i.e. data which have been projected
out of the matrix element eq.(4.1) at the local mass of the nucleonM (n) = MN (mπ). However, comparing the
quark mass dependence ofMN given in reference [AKNT06] with the one gained in chapter 3 by a fit to lattice
data from reference [AK+04], we find slight inconsistencies which can only arise due to such lattice artifacts.
Thus the normalization of the lattice results which we use to fit the form factors is– numerically – done slightly
different than the one of our ChPT results. Fitting our normalized formula directly to normalized lattice data
we findκv = 3.83 ± 0.1, Bc1 = (−1.57 ± 0.015) GeV−2 andBc2 = (4.95 ± 0.07) GeV−2, indicating that
in addition to the statistical errors, there is an approximate10% uncertainty due to the specific conditions of
lattice simulations.
Furthermore, there are of course uncertainties arising from the fact that higher chiral orders have been neglected
in our analysis. The leading contributions beyond the next-to-leading one loop order are forF v

1 (t,mπ) of the

form m2
πt

(4πFπ)4
and t2

(4πFπ)4
; for F v

2 (t,mπ) they areM(n)mπt
(4πFπ)4

and M(n)m3
π

(4πFπ)4
. Assuming couplings of natural size

in front of these structures (i.e. couplings with numerical values between−3 and3), the possible variation of
the form factors due to those terms at the(Q2,mπ) values at which we fixed our parameters is in average on
the20% level. This value gives an indication for the size of the systematic errors of theO(p4) ChPT analysis
which have to be attached to our predictions given in table 4.2. The best premise for an improvement of the
precision of predictions from chiral extrapolations would be the existenceof lattice data at lower values ofmπ

since e.g. the error for theO(p4) BChPT result forκv scales withm3
π. The systematic uncertainties of the

chiral extrapolation functions can of course also be diminished if the ChPT analyses are carried out at higher
orders. However, a ChPT calculation of the form factors at higher orders would contain a number of so far
undetermined low energy constants and the smaller systematic uncertainties would therefore have to be paid
with larger statistical errors.
Given the present accuracy of our chiral analysis of lattice data and theambiguous situation for the phenomenol-
ogy of the slopes of the nucleon form factors, we find good agreement between the predictions from chiral
extrapolations and phenomenology for all examined quantities. This leads usto the conclusion that lattice
simulations together with BChPT are a powerful and trustworthy tool for predictions of physical observables.

4.6.3 A glance at the quark mass dependence in the isoscalar channel

In this section we present a brief numerical discussion of the quark mass dependence of the isoscalar nucleon
form factors. In particular we examine theO(p4) BChPT results for the observablesκs, ρs

1 andρs
2 given in
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κv ρ1 [GeV−2] ρ2 [GeV−2]
direct fit 3.58± 0.06 2.22± 0.03 9.60± 0.3

dipole-Q2-extrapolated 3.65± 0.06 2.37± 0.04 12.3± 0.3
reference [FW03] 3.71 2.41 10.3

reference [BHM07] 3.71 2.46 12.3

Table 4.3: The predictions resulting from the different fits to lattice data. Theerrors are purely statistical errors
and do not take into account any systematic uncertainties.
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Figure 4.10: Left Panel: TheO(p4) BChPT result for the momentum transfer dependence of the Dirac form
factor. The shown curves correspond to pion masses of 410 MeV (dashed), 490 MeV (dashed-dotted) and 560
MeV (dotted). Right Panel: TheO(p4) BChPT prediction for the Dirac form factor at the physical pion mass
resulting from a fit to lattice data at finiteQ2 directly. The tiny grey shaded area indicates statistical errors. For
comparison we show the parametrization of reference [FW03] (dashed curve). Lattice data are from [Ale].
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Figure 4.11: Left Panel: TheO(p4) BChPT result for the momentum transfer dependence of the unnormalized
Pauli form factor. The shown curves correspond to pion masses of 410 MeV (dashed), 490 MeV (dashed-
dotted) and 560 MeV (dotted). Right Panel: The prediction for the momentum transfer dependence of the Pauli
form factor at the physical pion mass as resulting from the combined fit of theO(p4) BChPT result to lattice
data at finiteQ2 (black) and the corresponding statistical errors (grey shaded). Forcomparison we also show
the parametrization of reference [FW03] (dashed). Lattice data are from [Ale].
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Figure 4.12: The quark mass dependence of the isovector anomalous magnetic moment of the nucleon in
covariant BChPT. The solid line corresponds to a fit ofO(p4) BChPT to quenched lattice data at finiteQ2.
The grey shaded band indicates the statistical error for this fit. For comparison we give the result of the fit to
dipole-Q2-extrapolated data (dashed line).

κs er105(M0) [GeV−3] Bs
c1 [GeV−2] Bs

c2 [GeV−2]
−0.20 0.46 2.92 −0.334

Table 4.4: The values for the parameters entering the isoscalar form factors estimated via a comparison to the
phenomenological parametrization of reference [FW03]. Due to the veryweak dependence of the results at
physical pion masses oner105(λ), we have again used the quark mass dependence ofκs to determine the size of
this coupling.
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Figure 4.13: The quark mass dependence of the normalized isoscalar anomalous magnetic moment of the
nucleon in covariant BChPT (solid:O(p4), dashed:O(p3)). The unknown counter-termer105(λ) is varied
around the value which generates a plateau in the functionκs(mπ). The grey shaded band indicates the size of
possible chiral corrections arising atO(p5), its boundaries are curves withδκs = ±3 (see eq.(4.48)).

sections 4.5.1 and 4.5.2, respectively. As already mentioned earlier we onlyfind small contributions from
the pion-cloud at one loop order and assume two loop effect to play an important role in the isoscalar sector.
Since therelativesize of higher order effects might therefore be large in the isoscalar sector, we abstain from
a similarly elaborate discussion as for the isovector form factors. All results presented in this section really
just constitute a first glance at the quark mass dependence of the isoscalar form factors. However, two loop
contributions are suppressed by powers ofmn

π divided by some large scale wheren = 3 in the case ofκs,
n = 2 in the case ofρs

1 andn = 1 for ρs
2. Therefore, the next-to-leading one loop order results can at least give

a reliable description of the quark mass dependence in a region close to the chiral limit.
Figure 4.13 shows the quark mass dependence of the isoscalar anomalousmagnetic moment of the nucleon as
it is predicted byO(p4) BChPT. The couplingsκ0

s ander105(λ) have been adjusted such that the phenomeno-
logical value of this quantity at the physical pion mass [Y+06] is reproduced and that the curve plateaus at large
pion masses. Figures 4.14 and 4.15 show the quark mass dependencies ofthe slopes of the isoscalar Dirac-
and Pauli form factor, respectively. The numerical values for the counter-termsBs

c1 andBs
c2 are determined

by the condition that – at the physical point – those curves hit the values given in reference [FW03] for those
quantities. All resulting values for the ChPT couplings can be found in table 4.4.
The position of the plateau which we find forκs, see figure 4.13, is consistent with the results of the lattice
simulations at very large pion masses [G+05]. However, disconnected diagrams (diagrams where the incoming
photon does not couple to a valence quark directly) can contribute to isoscalar observables but are neglected in
present day lattice simulations of nucleon form factors leading to uncontrolled systematic errors in the lattice
results.
As already discussed in section 4.5.3 the pion-cloud contributions toρs

1 andρs
2 are small at the order we are

working, resulting in an only weak dependence of those quantities on the pion mass.
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Figure 4.14: The quark mass dependence of the slope of the isoscalar Dirac form factor in covariant BChPT
(solid: O(p4), dashed:O(p3)). The points at the physical quark masses are from the analyses of references
[FW03] (cross) and [BHM07] (square). The grey shaded band indicates the size of possible chiral corrections
arising atO(p5), its boundaries are curves withδρs

1
= ±3 (see eq.(4.54)).
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Figure 4.15: The quark mass dependence of the slope of the normalized isoscalar Pauli form factor in covariant
BChPT (solid:O(p4), dashed:O(p3)). The points at the physical quark masses are from the analyses of
references [FW03] (cross) and [BHM07] (square). The grey shaded band indicates the size of possible chiral
corrections arising atO(p5), its boundaries are curves withδρs

2
= ±3 (see eq.(4.59)).
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4.7 Summary and Conclusions

The pertinent results of this chapter can be summarized as follows:

1. We have calculated the isoscalar- and isovector vector form factors of the nucleon up to next-to-leading
one loop order – corresponding to orderp4 – in covariant BChPT using theIR renormalization prescrip-
tion developed in the previous chapter. Analytic results for the full momentum transfer- and quark mass
dependence of the form factors are given in the appendix of this work,the anomalous magnetic moments
and the slopes of the form factors as a function of the pion mass are givenin this chapter. Together with
the covariant results, we always presented the corresponding expressions in HBChPT.

2. Covariant BChPT predicts the isovector observablesκv, ρv
1 andρv

2 to decrease, with decreasing gradient,
as a function of the quark mass and to finally take on values which are considerably smaller than the
physical ones, in accordance with lattice simulations. TheQ2 dependence of the BChPT result for the
isovector form factors shows less curvature at smallQ2 than the analyses in other approaches.

3. In the isoscalar sector we found short distance contributions – at least at orderp4 – to dominate the
BChPT results. In our approach we therefore found the isoscalar form factors to be linear inQ2 and an
only very weak dependence ofρv

1 andρv
2 on the pion mass.

4. The quark mass dependence of the mass of the nucleon entered our results in two ways: Firstly, it
appeared in the prefactor of the Pauli form factor in the vector currentof the nucleon and hence as an
overall prefactor in all cases where we compared our results to unnormalized lattice data for the Pauli
form factor. Secondly, at orderp4 first pion mass dependent corrections to the mass of the nucleon
occurred in the loop calculations. We have accounted for those effects by a resummation of all quark
mass dependent insertions on the nucleon propagator, i.e. identifiedMN = MN (mπ) as the propagating
nucleon mass since we considered a comparison of BChPT results depending on the leading quark mass
dependence of the nucleon – which is known to only describe the true quark mass dependence at very
low values of the pion mass – with lattice data at large pion masses to be inconsistent.

5. We have compared theO(p4) BChPT results for the isovector electromagnetic Sachs form factors with
the phenomenological parametrization of reference [FW03] and found the ChPT result to provide a sat-
isfactory description of the momentum transfer dependence of the nucleonform factors at the physical
pion mass up toQ2 ≈ 0.25 GeV2. We showed that the chiral expansion does display a clear conver-
gence towards the phenomenological parametrization and that the deviationsbetween both are within the
accuracy of the effective field theory calculation at this order.

6. Comparing our findings to the standard dipole parametrization for the momentum transfer dependence
of the form factors, we found slight deviations between this ansatz andO(p4) BChPT in the momentum
transfer dependence of the Dirac form factor.

7. We have performed chiral extrapolations of lattice data for the isovectornucleon form factors in two
different ways: The first was to extrapolate lattice data at finiteQ2 to the forward limit using a dipole
ansatz and to subsequently perform chiral extrapolations for the anomalous magnetic moment and the
slopes of the form factors. The second approach was to directly fit theO(p4) BChPT result to lattice data
at different values ofmπ andQ2 and to perform chiral extrapolations for the full momentum transfer
dependent functions.

8. Chiral extrapolations of lattice data for the isovector anomalous magnetic moment and the slopes of the
isovector form factors were performed using theO(p4) covariant BChPT results. The findings were
satisfactory in many ways: First of all, the predictions of chirally extrapolated lattice data were in every
case in good agreement with phenomenology. Secondly, systematic uncertainties of the chiral analysis
were found to be small over a large range of pion masses and, thirdly, a good convergence pattern of the
chiral expansion was found for all observables under consideration.
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9. We have studied the quark mass dependence of theO(p4) HBChPT and IR renormalized BChPT results
for κv and theO(p4) HBChPT results forρv

1 andρv
2. We diagnosed a breakdown of all those results in

the vicinity of the physical pion mass and found that lattice data for those quantities cannot be chirally
extrapolated in these frameworks. We therefore consider covariant calculations in theIR renormalization
scheme to be essential in order to arrive at reliable chiral extrapolation functions.

10. We have performed the first fits of ChPT results to lattice data for the isovector form factors at finite
Q2. The resulting chiral extrapolation curves were again satisfactory and allow for a prediction of the
momentum transfer dependence of the nucleon form factors at the physical point with a20% uncertainty
up toQ2 ≈ 0.3 GeV2.

11. The prediction ofO(p4) covariant BChPT for the quark mass dependence of the isoscalar formfactors of
the nucleon was discussed. Due to a lack of reliable lattice data and the expectation that two loop effects
might be essential in this channel we did not perform chiral extrapolationsfor isoscalar quantities.

12. The values for the fit parameters determined in the different fits throughout this chapter are all in reason-
able agreement and within natural size.

In conclusion, covariant BChPT at next-to-leading one loop order provides – at least in the isovector sector –
very reasonable chiral extrapolation functions which may be applicable atquark masses as large asmπ = 600
MeV. All observables discussed in this chapter support the statement thattrustworthy predictions for physical
observables using lattice results as input can be obtained in this framework.Therefore, our hope is that future
studies of nucleon form factors on the lattice rely on covariantIR renormalized BChPT in order to make contact
between the domain of large quark masses and the physical world.
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Chapter 5

The Generalized Form Factors of the Nucleon

5.1 Introduction

About a decade ago the concept of Generalized Parton Distributions (GPDs) has emerged among theorists,
constituting a universal framework bringing a host of seemingly disparatenucleon structure observables like
form factors, moments of parton distribution functions, etc. under one theoretical roof. For reviews of this very
active field of research we refer to references [Ji98, Die03, BR05].
Working in twist-two approximation, the parity-even part of the structure of the nucleon is encoded in two Gen-
eralized Parton Distribution functionsHq(x, ξ, t) andEq(x, ξ, t). For a process where the incoming (outgoing)
nucleon carries the four-momentumpµ

1 (pµ
2 ) we define two new momentum variables

qµ = pµ
2 − pµ

1 ; p̄ = (pµ
1 + pµ

2 )/2. (5.1)

The GPDs can e.g. be accessed in Deeply Virtual Compton Scattering (DVCS) off the nucleon where – in the
parton model of the nucleon – the GPD variablex can be interpreted as the fraction of the total momentum of
the nucleon carried by the probed quarkq. t = q2 denotes the total four-momentum transfer squared to the
nucleon, whereas the “skewdness” variableξ = −n · q/2 with n · p̄ = 1 interpolates between thet- and thex
dependence of the GPDs, for details see the reviews [Ji98, Die03, BR05].
The three-dimensional parameter space of GPDs is vast and rich in information about nucleon structure. The
experimental program for their determination is only at the beginning at laboratories like CERN, Desy, JLAB,
etc. [Ji98, Die03, BR05]. However, moments of GPDs can be interpreted much easier and are connected to well
established hadron structure observables. E.g. the zeroth order Mellin moments in the variablex correspond
to the contribution of quarkq to the well known Dirac- and Pauli form factorsF1(t) andF2(t) of the nucleon
which were discussed in the previous chapter:

∫ 1

−1
dxHq(x, ξ, t) = F q

1 (t), (5.2)

∫ 1

−1
dxEq(x, ξ, t) = F q

2 (t). (5.3)

In this chapter we focus on thefirst moments inx of these nucleon GPDs
∫ 1

−1
dxxHq(x, ξ, t) = Aq

2,0(t) + (−2ξ)2Cq
2,0(t), (5.4)

∫ 1

−1
dxxEq(x, ξ, t) = Bq

2,0(t)− (−2ξ)2Cq
2,0(t), (5.5)

where one encountersthree generalized form factorsAq
2,0(t), B

q
2,0(t) andCq

2,0(t) of the nucleon for each quark
flavourq. For the case of two light flavours thegeneralized isoscalar and isovector form factorshave been anal-
ysed in a series of papers at leading one loop order in the nonrelativistic framework of HBChPT, starting with

89
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the pioneering analyses of Chen and Ji as well as Belitsky and Ji [CJ02,BJ02, ACK06, DMS06a, DMS06b].
In this chapter we provide the first analysis of these generalized form factors utilizing the methods of covariant
Baryon Chiral Perturbation Theory (BChPT) for two light flavours pioneered in reference [GSS88]. The lead-
ing one loop order calculation presented here again relies on theIR renormalization prescription introduced in
chapter 3 which we consider to be inevitable for a consistent analysis of quark mass dependencies in BChPT.
However, a disclaimer has to be added: Since the calculation presented here is only performed at leading one
loop order, systematic errors due to possible higher order effects are of course larger then they were in the pre-
vious chapter where an analysis at next-to-leading one loop order was presented and the convergence properties
of the chiral expansion for the pion-cloud effects cannot be studied in this chapter. Therefore we cannot give
an as elaborate discussion of chiral extrapolations as in the previous chapter, although we show that – at least
for some observables – a satisfying description of the quark mass dependencies up to the domain of presently
available lattice data with moderate errors is already possible at this stage.
Since we are going to compare our findings to the previous analyses in the nonrelativistic theory throughout
this chapter, we note again that (att = 0) a covariant BChPT calculation differs from a nonrelativistic one –
provided both are performed at the same chiral orderD – by an infinite series of terms∼ (mπ/M0)

i where
M0 denotes the mass of the nucleon in the chiral limit, estimated to be around 890 MeV,see chapter 3. As
already observed in chapter 4, such terms quickly become relevant oncethe pion massmπ takes on values
larger than 140 MeV, as it typically occurs in present day lattice QCD simulations of generalized form factors.
Aside from this resummation property in(1/M0)

i, we emphasize again, that the power-counting analysis de-
termining possible operators and allowed topologies for loop diagrams at a particular chiral order (see section
5.3.3) is identical between covariant and nonrelativistic frameworks. Both schemes organize a perturbative
calculation as a power series in(1/(4πFπ))D. Finally we note that the first moments of nucleon GPDs have
also been studied in constituent quark models (e.g. see ref.[BPT03]) andchiral quark soliton models (e.g. see
ref.[G+07]) of the nucleon which – in contrast to ChEFT – can also provide dynamical insights into the short-
distance structure present in the generalized form factors.
This chapter is organized as follows: In the next section we specify the operators with which we are going to
obtain information on the three generalized isoscalar and the three generalized isovector form factors of the
nucleon. In section 5.3 we portray the effective chiral Lagrangean required for the calculation, immediately
followed by the sections containing our leading one loop order results of thegeneralized form factors in the
isovector (section 5.4) and in the isoscalar (section 5.5) matrix elements. A summary of the main results con-
cludes this chapter while a few technical details regarding the calculation of the amplitudes in covariant BChPT
are relegated to the appendix section D. We have already published the main results of this chapter in reference
[DGH07].

5.2 Extracting the First Moments of GPDs

5.2.1 The generalized form factors of the nucleon

In eqs.(5.4,5.5) of the introduction of this chapter it was shown that the firstmoments of nucleon GPDs are
connected to three generalized form factors. In lattice QCD one can directly access the contribution of quark
flavourq to these generalized form factors of the nucleon by evaluating the matrix element of the QCD energy-
momentum (and angular-momentum density) tensor for this quark flavour [Ji98, Die03, BR05]

i〈p2|qγ{µ
←→
D ν} q|p1〉 = u(p2)

[
Aq

2,0(q
2)γ{µpν} −

Bq
2,0(q

2)

2MN
qαiσα{µpν} +

Cq
2,0(q

2)

MN
q{µqν}

]
u(p1).

(5.6)

The brackets{. . .} denote the completely symmetrized and traceless combination of all indices:a{µbν} =

aµbν + aνbµ − 2
dgµνa · b. In eq.(5.6),u (u) is a Dirac spinor of the incoming (outgoing) nucleon of massMN
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for which the quark matrix element is evaluated (recall the discussion after eq.(4.1)1) and the generalized form
factorsA(q2), B(q2) andC(q2) are real functions of the momentum transfer squared. In ChEFT we employ
the same philosophy and also extract information about the first moments of nucleon GPDs of eq.(5.4,5.5) via a
calculation of the generalized form factors according to eq.(5.6). We evaluate the current on the right hand side
of eq.(5.6) using the methods of covariant BChPT in complete analogy to the calculation of the vector current
given in eq.(4.1) with the only difference being that, in this chapter, not an external vector sourcevµ but an
external (symmetric an traceless) tensor sourcevµν is coupling to the current.
Studying a strongly interacting system with two light flavours in the nonperturbative regime of QCD with the
methods of ChEFT one works in the basis of singlet(s) and triplet(v) contributions of the quarks to the three
form factors:

i〈p2|qγ{µ
←→
D ν} q|p1〉u+d = u(p2)

[
As

2,0(q
2)γ{µpν} −

Bs
2,0(q

2)

2MN
qαiσα{µpν} +

Cs
2,0(q

2)

MN
q{µqν}

]
1

2
u(p1),

(5.7)

i〈p2|qγ{µ
←→
D ν} q|p1〉u−d = u(p2)

[
Av

2,0(q
2)γ{µpν} −

Bv
2,0(q

2)

2MN
qαiσα{µpν} +

Cv
2,0(q

2)

MN
q{µqν}

]
τa

2
u(p1).

(5.8)

Note that the2×2 unit matrix1 and the Pauli matricesτa with a = 1, 2, 3 on the right hand sides of eqs.(5.7,5.8)
operate in the space of a (proton,neutron) doublet field.
At present not much is known yet experimentally about the momentum dependence of these 6 form factors.
The main source of information at the moment is provided by lattice QCD studies ofthese objects (e.g. see
refs.[G+04, H+03, E+06, H+07]). Given that present day lattice simulations work with quark masses much
larger than those realized foru andd quarks in the standard model, one also needs to know the quark mass
dependence of all 6 form factors in order to extrapolate the lattice QCD results down to the real world of lightu
andd quarks. This information is also encoded in the ChEFT results, typically expressed in form of a pion mass
dependence of the observables under study. For the quark mass dependence of the generalized form factors we
again perform a double tracked analysis: On one side we extract numerical values for presently unknown ChPT
coupling constants by a fit of the pion mass dependent BChPT results to latticedata at different quark masses.
On the other side, the EFT framework provides an extrapolation function bridging the gap between the domain
of large quark masses used in present day lattice simulations and the physical world of small quark masses.
With this combined lattice plus ChPT analysis we are again able to give predictionsfor physical observables
and in the case of the generalized form factors of the nucleon some of theses prediction come prior to first
results from experiments.
Allowing variable quark masses in the currents eqs.(5.7,5.8) leads to a further complication in the analysis:
One needs to be aware that it iscommon practice in current lattice QCD analysesthat the mass parameterMN

in those currents doesnot correspond to the physical mass of a nucleon, instead, it represents a larger nucleon
mass consistent with the values of the quark masses employed in the simulation. Inorder to compare BChPT
results with the outcome of lattice simulations one therefore has to know the quarkmass dependence of the
mass of the nucleon appearing in the currents eqs. (5.7) and (5.8).

1In this chapter we do not indicate the normalizing mass in the currents independent of the other appearing masses like we did in
the previous chapter but use the local nucleon massMN (mπ) as the normalizing mass in the above definitions of the form factors
throughout this chapter.
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gA Fπ [GeV] M0 [GeV] c1 [GeV−1] c2 [GeV−1] c3 [GeV−1] er1(1GeV) [GeV−3]
1.2 0.0924 0.889 −0.817 3.2 −3.4 1.44

Table 5.1: Input values used in this chapter for the numerical analysis of the chiral extrapolation functions.

In this chapter we utilize theO(p4) BChPT result found in chapter 3:

MN (mπ) = M0 − 4c1m
2
π +

3g2
Am

3
π

8π2F 2
π

√
4− m2

π

M2
0

(
−1 +

m2
π

4M2
0

+ c1
m4

π

M3
0

)
arccos

(
mπ

2M0

)

+4er1(λ)m4
π −

3m4
π

128π2F 2
π

[(
6g2

A

M0
− c2

)
+ 4

(
g2
A

M0
− 8c1 + c2 + 4c3

)
log
(mπ

λ

)]

− 3c1g
2
Am

6
π

8π2F 2
πM

2
0

log

(
mπ

M0

)
+O(p5). (5.9)

Possible effects of higher orders can be estimated asO(p5) ∼ δM
m5

π

(4πFπ)4
whereδM could be varied within

natural size estimates−3 < δM < +3 and were found to be small belowmπ ≈ 700 MeV in chapter 3.
We note that the trivial, purely kinematical effect ofMN = MN (mπ) in eqs.(5.7,5.8) could induce quite a
strong quark mass dependence into the form factorsBs,v

2,0(t) andCs,v
2,0(t) and might even be able to mask any

“intrinsic” quark mass dependence in these form factors. We are reminded of the analysis of the Pauli form
factorsF s,v

2 (t) in ref.[G+05] and chapter 4 where the absorption of the analogous effect into a “normalized”
magneton even led to a different slope (!) for the isovector anomalous magnetic momentκv = F v

2 (t = 0) when
compared to the quark mass dependence of the “unnormalized” lattice data. We therefore urge the readers
that this effect should be taken into account in any quantitative (future) analysis of the quark mass dependence
of the generalized form factorsBs,v

2,0(t) andCs,v
2,0(t) as well. For convenience we give the numerical values

for the appearing coupling constants again in table 5.1 and emphasize that weuse the same values for all
parameters throughout this work. Finally we note that in the forward limitt → 0 the generalized form factors
As,v

2,0(t = 0) can be understood as moments of the ordinary Parton Distribution Functions (PDFs)q(x) andq̄(x)
[Ji98, Die03, BR05]:

〈x〉u±d = As,v
2,0(t = 0) =

∫ 1

0
dxx (q(x) + q̄(x))u±d . (5.10)

Experimental results exist for〈x〉 in proton- and “neutron” targets, from which one can estimate the isoscalar
and isovector quark contributions at the physical point [xpr] at a regularization scaleµ. In this work we choose
µ = 2 GeV for our comparisons with phenomenology2. In section 5.4.1 we attempt to connect the physical
value for 〈x〉u−d with recent lattice QCD results from the LHPC collaboration [H+07], whereas in section
5.5.1 we analyse the quark mass dependence of〈x〉u+d with (quenched) lattice QCD results from the QCDSF
collaboration [G+04].

5.2.2 The generalized form factors of the pion

The first moment of a generalized parton distribution function in a pionHq
π(x, ξ, t) can be defined analogously

to the case of the nucleon discussed above. One obtains [Ji98, Die03, BR05]
∫ 1

−1
dxxHq

π(x, ξ, t) = Aq
π(t) + (−2ξ)2Cq

π(t). (5.11)

2Note that thisµ dependence is not part of the ChEFT framework, as it clearly involvesshort-distance physics. However, all chiral
tensor couplings specified in section 5.3 carry an implicitµ dependence (which we do not indicate) as soon as they are fitted to lattice
QCD data or phenomenological values which do depend on this scale.
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The two functionsAq
π(t) andCq

π(t) are the generalized form factors of the pion, generated by contributionsof
quark flavourq. In the forward limit one recovers the first moment of the ordinary parton distribution functions
in a pion:

〈x〉π = Aq
π(t = 0) =

∫ 1

0
dxx (q(x) + q̄(x)) . (5.12)

In the analysis of the isoscalar GPD moments of a nucleon we encounter tensor fields directly interacting with
the pion-cloud of the nucleon. One therefore needs to understand the relevant pion-tensor couplings in terms
of the two generalized form factorsAπ(t) andCπ(t). We note that the two generalized form factors of the pion
have been analysed at one loop level already in ref.[DL91] for the totalsum of quark and gluon contributions,
whereas the quark contribution to the form factors as defined in eq.(5.11)has been the focus of the more recent
works [KP02, DMS05].

5.3 Formalism

5.3.1 Leading order nucleon Lagrangean

In this section we briefly introduce the relevant parts of the chiral Lagrangean which are necessary for an
evaluation of the tensor currents eqs.(5.7,5.8) at leading one loop level.
The well known leading order Lagrangean in BChPT is given as [GSS88]

L(1)
πN = Ψ̄N

[
iγµDµ −M0 +

gA

2
γµγ5uµ

]
ΨN , (5.13)

with

DµΨN =

{
∂µ − iv(s)

µ +
1

2

[
u†, ∂µu

]
− i

2
u† (vµ + aµ)u− i

2
u (vµ − aµ)u†

}
ΨN , (5.14)

uµ = iu†∇µUu
†. (5.15)

U = u2 corresponds to a nonlinear realization of the quasi Goldstone boson fields while vµ andaµ denote

arbitrary vector- and axial vector background fields andv
(s)
µ is the isosinglet vector background field, for details

see chapter 1. The covariant derivative∇µU is defined as

∇µU = ∂µU − i (vµ + aµ)U + iU (vµ − aµ) . (5.16)

Finally we note that the couplinggA denotes the axial-coupling of the nucleon (in the chiral limit), whereasM0

corresponds to the nucleon mass (in the chiral limit).
We now extend this Lagrangean to the interaction betweenexternal tensor fieldsand a strongly interacting
system at low energies. In this work we focus onsymmetric, traceless tensor fieldswith positive parity in order
to calculate the generalized form factors of the nucleon. In particular, weutilize the chiral tensor structures

V ±
µν =

1

2

(
gµαgνβ + gµβgνα −

2

d
gµνgαβ

)
×
(
u†V αβ

R u± uV αβ
L u†

)
,

V 0
µν =

1

2

(
gµαgνβ + gµβgνα −

2

d
gµνgαβ

)
vαβ
(s)

1

2
. (5.17)

The right- and left handed fieldsV (R,L)
αβ are related to the symmetricisovectortensor fields of definite parity

vi
αβ andai

αβ with i = 1, 2, 3 via

V R
αβ =

(
vi
αβ + ai

αβ

)
× τ i

2
,

V L
αβ =

(
vi
αβ − ai

αβ

)
× τ i

2
, (5.18)
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while v(s)
αβ denotes the symmetricisoscalartensor field of positive parity. In order to study possible interac-

tions with external tensor fields originating from the leading order Lagrangean eq.(5.13), we rewrite it into the
equivalent form

LtπN = Ψ̄N

[
1

2

(
iγµg̃µν

−→
Dν − i←−Dν g̃µνγ

µ
)
−M0 + . . .

]
ΨN , (5.19)

where we have introduced

g̃µν = gµν + as
2,0V

0
µν +

av
2,0

2
V +

µν . (5.20)

The couplingas
2,0 (av

2,0) has been defined such that it corresponds to the chiral limit value of(〈x〉u+d) (〈x〉u−d)
defined in eq.(5.10). We note that the couplingas

2,0 is allowed to be different from unity, as we only sum
over theu + d quark contributions in the isoscalar moments but neglect the contributions from gluons. While
this separation between quark- and gluon contributions does not occur innature where one obtains the sum
rule for the total angular momentumAq+g

2,0 (0) = 1, it can be implemented in lattice QCD analyses at a fixed
renormalization scale (e.g. see refs.[G+04, H+03, E+06, H+07]).
Although the construction of the parity-even tensor interactions with a strongly interacting system started from
theO(p1) BChPT Lagrangean, an inspection of the resulting Lagrangean eq.(5.19) reveals that the leading
interactions actually start out atO(p0). This appears as a consequence of the fact that we do not assign a
nonzero chiral dimensionpn, n ≥ 1 to any of the tensor fields. Furthermore, symmetries allow the addition of
the parity-odd tensor interaction∼ V −

µν . We finally obtain

L(0)
tπN =

1

2
Ψ̄N

[
iγµ

(
as

2,0V
0
µν +

av
2,0

2
V +

µν +
∆av

2,0

2
V −

µνγ5

)−→
Dν

−i←−Dνγµ

(
as

2,0V
0
µν +

av
2,0

2
V +

µν +
∆av

2,0

2
V −

µνγ5

)]
ΨN , (5.21)

with the coupling∆av
2,0 corresponding to the chiral limit value of the axial quantity〈∆x〉u−d [DH]. TheO(p1)

part of the leading order pion-nucleon Lagrangean in the presence ofexternal symmetric, traceless tensor fields
with positive parity then reads

L(1)
tπN = Ψ̄N

{
iγµDµ −M0 +

gA

2
γµγ5uµ +

bv2,0

8M0

(
iσαµ

[−→
Dα, V µν

+

]−→
Dν + h.c.

)

+
bs2,0

4M0

(
iσαµ

[−→∇α, V µν
0

]−→
Dν + h.c.

)
+ . . .

}
ΨN , (5.22)

where we have introduced∇α = ∂α − ivα
(s). The two new couplingsbv2,0 andbs2,0 can be interpreted as the

chiral limit values of isovector- and isoscalar anomalous gravitomagnetic momentsBv
2,0(0) andBs

2,0(0). No
further structures enter our calculation at this order3. Finally we note that the couplingbs2,0 is only allowed to
exist because we do not sum over the quark-and gluoncontributions in the isoscalar moments, otherwise the
anomalous gravitomagnetic moment is bound to vanish in the forward limitBq+g

2,0 (t = 0) = 0 [Ter99].

5.3.2 Consequences for the meson Lagrangean

The choice of assigning the chiral powerp0 to the symmetric tensor fieldsV L,R,0
µν also has the consequence that

the well known leading order chiral Lagrangean for two light flavours inthe meson sector [GL84] is modified:

L(2)
tππ =

F 2
π

4
Tr
[
∇µU

†
(
gµν + 4x0

πV
µν
0

)
∇νU + χ†U + χU †

]
. (5.23)

3We only show those terms where the tensor fields couple at tree level without simultaneous emission of pions, photons, etc., as
these are the relevant terms for ourO(p2) calculation of the form factors according to the power-counting analysis of subsection 5.3.3.
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We note that the new couplingx0
π has been defined such that it corresponds to the chiral limit value of〈x〉π of

eq.(5.12). It is allowed to differ from unity because we only sum over the quark-distribution functions in the
isoscalar channel and neglect the contributions from gluons.
The explicit breaking of chiral symmetry via the finite quark masses is encoded via

χ = 2B0 (s+ ip) , (5.24)

if one switches off the external pseudoscalar background fieldp and identifies the two flavour quark mass
matrixM = diag(mu,md) with the scalar background fields. To the order we are working here we obtain the
resulting pion massmπ via

m2
π = 2B0 m̂+O(mq

2), (5.25)

wherem̂ = (mu +md)/2 andB0 corresponds to the value of the chiral condensate. The other free parameter
at this orderFπ can be identified with the value of the pion-decay constant (in the chiral limit).

5.3.3 Power-counting in BChPT with tensor fields

We start from the general power-counting formula of Baryon ChPT:

D = 2NL + 1 +
∑

d

(d− 2)NM
d +

∑

d

(d− 1)NMB
d . (5.26)

HereD denotes the chiral dimensionpD of a particular Feynman diagram,NL counts the number of loops in the
diagram, whereas the variablesNM, MB

d count the number of vertices of chiral dimensiond from the pion(M)
and pion-nucleon(MB) Lagrangeans. To leading order4 D = 0 we only have the tree level contributions from
the orderp0 Lagrangean of eq.(5.21) withNL = 0, NM

2 = 0 andNMB
0 = 1. At next-to-leading orderD = 1

we find additional tree level contributions from the orderp1 Lagrangean of eq.(5.22) withNL = 0, NM
2 = 0

andNMB
1 = 1. The first loop contributions enter atD = 2 with NL = 1, NM

2 = 0 andNMB
0 = 1 plus

possible contributions fromNMB
1 . The corresponding diagrams are shown in fig.5.1. Diagram (e) in that figure

represents loop corrections from the nucleon Z-factor (given in appendix D.2) which at this order only renor-
malizes the tree level tensor couplings of the orderp0 Lagrangean. Note that there is an additional possibility
of obtainingD = 2 contributions viaNL = 0, NM

2 = 0 andNMB
2 = 1, corresponding to further tree level

contributions discussed in the next subsection.
In this work we stop with our analysis of the generalized form factors at theD = 2, i.e. O(p2) level, corre-
sponding to a leading one loop order calculation. The next-to-leading one loop effects ofD = 3 are postponed
to a later communication. The (perhaps) surprising finding of this power-counting analysis is the observation
that the tensor coupling to the pion field controlled by the couplingx0

π in eq.(5.23) doesnot contribute at
leading one loop order! Here it only starts to enter atD = 3 via NL = 1, NM

2 = 1 andNMB
1 = 1 or 2.

(The corresponding diagram forNMB
1 = 2 is shown in fig.5.2 while the not-shown diagram forNMB

1 = 1
is expected to sum to zero due to isospin-symmetry.) We therefore note that thegeneralized form factors of
the nucleon behave quite different from the standard Dirac- and Pauli form factors of the nucleon where the
pion-cloud interactions with the external source à la fig.5.2 are part of the leading one loop order result and
play a prominent role in the final result. We discuss the impact of this particularD = 3 contribution further in
section 5.5.3 when we try to estimate the possible size of higher order corrections to ourO(p2) analysis.
Note that the discussion given above refers to the chiral dimension of the contributing loop diagrams and thus
of the currents in eqs.(5.8,5.7) and not necessarily to the chiral dimension of the respective contributions to the
generalized form factors. If the currents are evaluated at a chiral dimensionD, the corresponding contributions
toB2,0(q

2) are of chiral dimensionD−1, the contributions toC2,0(q
2) are of chiral dimensionD−2 due to the

presence of one power of a small parameter in front ofB2,0(q
2) and two powers of a small parameter in front of

C2,0(q
2) in the currents (whileA2,0(q

2) does not carry such a small prefactor). At theD = 2 level systematic

4Note that in contrast to the analyses presented in the previous chapters where the leading order contributions were of chiral
dimensionD = 1, the calculation in this chapter starts atD = 0 due to the presence of external fields with zero chiral dimension.
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a) b)

c) d)

e)

Figure 5.1: The loop diagrams contributing to the first moments of the GPDs of a nucleon at leading one loop
order in BChPT. The solid- and dashed lines represent nucleon and pion propagators, respectively. The solid
dot denotes a coupling to a tensor field from theO(p0) Lagrangean of eq.(5.21).

Figure 5.2: (Isoscalar) tensor field coupling to the pion-cloud of the nucleon. This process only starts to
contribute at next-to-leading one loop order in BChPT.

uncertainties due to possible higher order effects are therefore expected to be already moderate forA2,0(q
2) but

still large forC2,0(q
2). We now move on to a discussion of the tensor interactions in theO(p2) Lagrangean

which contribute to the generalized form factors atD = 2 according to our power-counting analysis.

5.3.4 Next-to-leading order nucleon Lagrangean

At next-to-leading order the covariant BChPT Lagrangean for two flavour QCD contains seven independent
terms in the presence of general scalar, pseudoscalar, vector- and axial vector background fields, governed by
the couplingsc1, . . . , c7 [BKM95] which contributed to our results for the mass and the form factorsof the
nucleon in the previous chapters. Extending this scenario tosymmetricandtracelesstensor background fields
with positive parity, symmetries allow the construction ofsixadditional, independent terms which describe the
coupling of a tensor field to the nucleon at next-to-leading order tree level:
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L(2)
tπN =

c8
4M2

0

Ψ̄N

{
Tr(χ+)V +

µνγ
µi
−→
Dν + h.c.

}
ΨN

+
c9

2M2
0

Ψ̄N

{
Tr(χ+)γµi

−→
Dν + h.c.

}
ΨNV

0
µν

+
cv2,0

2M0
Ψ̄N

{[−→
Dµ, [

−→
Dν , V +

µν ]
]}

ΨN

+
cs2,0

M0
Ψ̄N

{[−→∇µ, [
−→∇ν , V 0

µν ]
]}

ΨN

+
c12

4M2
0

Ψ̄N

{[−→
Dα, [

−→
Dα, V

+
µν ]
]
γµi
−→
Dν + h.c.

}
ΨN

+
c13

2M2
0

Ψ̄N

{
γµi
−→
Dν + h.c.

}
ΨN

[−→∇α, [
−→∇α, V

0
µν ]
]

+ . . .

(5.27)

with χ+ = u†χu† + uχ†u. The physics behind these couplingsci wherei = 8, . . . 13 with respect to the
generalized form factors of the nucleon is quite simple:c8 andc9 govern the leading quark mass insertion in
〈x〉u−d and〈x〉u+d, respectively, whereas the couplingsc10 andc11 give the values of the generalized form
factorsCv

2,0(0) andCs
2,0(0) in the double limitt → 0 andmπ → 0. We can therefore denote them ascv2,0 and

cs2,0. Finally the couplingsc12 andc13 parametrize the contributions of short-distance physics to the slopes of
the generalized form factorsAv

2,0(t) andAs
2,0(t) in the chiral limit. Note that the operator controlled by the

couplingc9 is not allowed to exist when we add the gluon-contributions on the left hand side of eq.(5.7) [H+].
After laying down the necessary effective Lagrangeans for our calculation, we are now proceeding to the results
of our calculation.

5.4 The Generalized Isovector Form Factors inO(p2) BChPT

5.4.1 Moments of the isovector GPDs att = 0

In this subsection we present our results for the generalized isovector form factors of the nucleon att = 0. For
the PDF-momentAv

2,0(t = 0) we obtain toO(p2) in IR renormalized BChPT

Av
2,0(0) = 〈x〉u−d

= av
2,0 +

av
2,0m

2
π

(4πFπ)2

[
− (3g2

A + 1) log
m2

π

λ2
− 2g2

A + g2
A

m2
π

M2
0

(
1 + 3 log

m2
π

M2
0

)

−1

2
g2
A

m4
π

M4
0

log
m2

π

M2
0

+ g2
A

mπ√
4M2

0 −m2
π

(
14− 8

m2
π

M2
0

+
m4

π

M4
0

)
arccos

(
mπ

2M0

)]

+
∆av

2,0gAm
2
π

3(4πFπ)2

[
2
m2

π

M2
0

(
1 + 3 log

m2
π

M2
0

)
− m4

π

M4
0

log
m2

π

M2
0

+
2mπ(4M2

0 −m2
π)

3
2

M4
0

arccos

(
mπ

2M0

)]

+4m2
π

c
(r)
8 (λ)

M2
0

+O(p3). (5.28)

Many of the parameters in this expression are well known from analyses of chiral extrapolation functions.
Numerical estimates for their chiral limit values can be found in table 5.1. Furthermore, in a first fit to lattice
data we constrain the coupling∆av

2,0 from the phenomenological value of〈∆x〉phen.
u−d ≈ 0.21 via [DH]

〈∆x〉u−d = ∆av
2,0 +O(m2

π) (5.29)
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Fit I (4 points - 2 parameter) Fit II (6+1 points - 3 parameter)
av

2,0 0.157± 0.006 0.141± 0.0057

∆av
2,0 0.210 (fixed) 0.144± 0.034

cr8(1GeV) −0.283± 0.011 −0.213± 0.03

Table 5.2: The values of the coupling constants resulting from the two fits of theO(p2) BChPT result given
in eq.(5.28) to the LHPC lattice data for〈x〉u−d. The errors shown are of only statistical origin and do nei-
ther include uncertainties from possible higher order corrections in ChEFT nor from systematic uncertainties
connected with the lattice simulation.

and perform a fit with two parameters: The couplingsav
2,0 andc(r)8 (1GeV) at the regularization scaleλ = 1

GeV. We fit to the LHPC data for this quantity as given in ref.[H+07], including lattice data up to effective pion
masses ofmπ ≈ 600 MeV. The resulting values for the fit parameters together with their statistical errors are
given in table 5.2. The resulting chiral extrapolation function is shown as thesolid line in figure 5.3. We note
that the extrapolation curve tends towards smaller values for small quark masses but does not quite reach the
phenomenological value at the physical point which wasnot included in the fit. We therefore again estimate
possible corrections to the solid curve arising from higher orders. Fromdimensional analysis we know that

the leading chiral contribution to〈x〉u−d beyond our calculation takes the formO(p3) ∼ δA
m3

π

(4πFπ)2M0
+ ....

Repeating the fit with values forδA between5−1, . . . ,+1 and accounting for statistical errors one ends up with
an array of curves covering the grey shaded area of figure 5.3. Reassuringly, the phenomenological value for
〈x〉u−d lies well within that band of uncertainties due to possible next-order corrections, giving usno indication
that something may be inconsistent with the large values for〈x〉u−d typically found in lattice QCD simulations

at large quark masses. The resulting values for the couplingsav
2,0 andc(r)8 (1 GeV) of Fit I are also well within

expectations. This analysis allows the conclusion that the physical value ofthis observable can be predicted
with a precision of approximately30% by a combined (leading one loop order) BChPT plus lattice analysis.
Note that the lattice results which we use in this chapter to determine the low energyconstants are calculated
with 2+1 flavours. Our SU(2) ChPT calculation is if course applicable to a scenariowith a large, fixed strange
quark mass since such effects are encoded in the coupling constants of the theory. Therefore however, the
numbers which we find for those constants might differ from the ones in a pure two flavour scenario.
We note that the mechanism of the downward-bending at small quark massesin Av

2,0(0) found in eq.(5.28),
see figure 5.4, is quite different from what has been discussed in literature so far within the nonrelativistic
HBChPT framework (e.g. see ref.[DMN+01]). In order to demonstrate this we truncate eq.(5.28) at leading
order in1/M0 to obtain the exactO(p2) HBChPT limit of our results, agreeing with the findings of references
[AS02, CJ01]:

Av
2,0(0)|p2

HBChPT = av
2,0

{
1− m2

π

(4πFπ)2

(
2g2

A + (3g2
A + 1) log

m2
π

λ2

)}
+ 4m2

π

c
(r)
8 (λ)

M2
0

+O
(

m3
π

16π2F 2
πM0

)
. (5.30)

As proven in chapter 3, the covariant BChPT scheme used in this work is able to exactly reproduce the corre-
sponding nonrelativistic HBChPT result at the same order by the appropriate truncation of the1/M0 expansion.
At leading one loop order no recoil effects are included in HBChPT loop results and our covariant results have

thus to be truncated at order
(

1
M0

)0
in order to obtain the according nonrelativistic limit. In the following we

therefore denote this truncation by1/M0 → 0. All differences between the HBChPT limits presented in this

5The natural scale of all couplings in the observables considered here isbelow one, as all coupling estimates in this section refer to
a moment of a parton distribution itself normalized to unity. This expectation is confirmed by the fit values of tables 5.2 and 5.3 found
for the investigated coupling constants.
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Figure 5.3: The quark mass dependence of the isovector parton distribution in a nucleon. The solid line displays
the best fit curve of theO(p2) result of eq.(5.28) to the LHPC lattice data of ref.[H+07]. The corresponding
parameters are given in Table 5.2. Note that the phenomenological value atthe physical pion mass was not
included in the fit. The grey band indicates the size of possibleO(p3) corrections as discussed in the text.

chapter and the findings of previous HBChPT studies [AS02, CJ01, ACK06, DMS06a, DMS06b] are due to the
inclusion of selected terms of higher order, i.e. terms withD = 3 (and even larger values ofD) according to
the counting formula eq.(5.26) in those references.
Fit I is certainly constricted by the assumption that we use the physical value of 〈∆x〉phen.

u−d ≈ 0.21 for the cou-
pling ∆av

2,0 which presumably takes a value in the chiral limit which is a bit smaller than the phenomenological
value at the physical point [DH]. Furthermore, in order to also numericallycompare theO(p2) HBChPT result
of eq.(5.30) with theO(p2) covariant BChPT result of eq.(5.28) we perform a second fit: We fit thecovariant
expression for〈x〉u−d of eq.(5.28) again to the LHPC lattice data, this time however, we constrain the coupling
∆av

2,0 in such a way that the resulting chiral extrapolation curve reproduces thephenomenological value of

〈x〉phen.
u−d = 0.160 ± 0.006 [xpr] exactly for physical quark masses. The parameter values for thisFit II are

again given in table 5.2, whereas the resulting chiral extrapolation curve of the covariantO(p2) expression of
eq.(5.28) is shown as the solid line in fig.5.4. First, we emphasize that the curvelooks very reasonable, connect-
ing the physical point with the lattice data of the LHPC collaboration in a smooth fashion. Second, we note that
the resulting values for the coupling constantsav

2,0 and∆av
2,0 underlying this curve are very reassuring, indicat-

ing that both〈x〉u−d and〈∆x〉u−d are slightly smaller in the chiral limit than at the physical point! Likewise,

the unknown quark mass insertionc(r)8 (λ) contributes in a strength just as expected from natural size estimates.

For the comparison with HBChPT we now utilize the very same values6 for av
2,0 andc(r)8 (λ) of Fit II as given in

table 5.2. The resulting curve based on theO(p2) HBChPT formula of eq.(5.30) is shown as the dashed curve
in fig.5.4. One observes that this leading one loop HBChPT expression agrees with the covariant result between
the chiral limit and the physical point but is not able to extrapolate on towardsthe lattice data. This behaviour
of the two flavour HBChPT result is completely analogous to the corresponding leading one loop HBChPT

6We emphasize again that due to the definition of theIR renormalization scheme – see chapter 3 – the numerical values of the ChPT
coupling constants have to be the same in HBChPT andIR renormalized covariant BChPT.
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Figure 5.4: “Fit II” of theO(p2) BChPT result of eq.(5.28) to the LHPC lattice data of ref.[H+07] and to the
physical point (solid line). The corresponding fit-parameters are given in table 5.2. The dashed curve shown
corresponds to theO(p2) result in the HBChPT truncation (see eq.(5.30)). The shaded area indicates the region
where one does not expect that ChEFT can provide a trustworthy chiral extrapolation function due to the large
pion masses involved.

expressions for the axial coupling constant of the nucleon [HPW03], for the anomalous magnetic moments of
the nucleon [HW02], the nucleon radii and also for the transition form factors of chapter 2. It appears to be a
pattern that such leading HBChPT extrapolation formulae only describe the quark mass dependence between
the chiral limit and the physical point. Possible reasons for this have been given in chapter 3 of this work.
However, we note that all ournumericalcomparisons with HBChPT results shown in the figures of section 5.4
and 5.5 are based on the assumption that theD = 2 fit values found in tables 5.2 and 5.3 are already reliable
estimates of the true, correct values of these couplings in low energy QCD.Clearly, the shown HBChPT curves
might have to be revised if futureD = 3 analyses [DGHH] lead to substantially different numerical values for
these couplings. The true range of applicability of HBChPT versus covariant BChPT can only be determined
once the stability of the employed couplings is guaranteed. A study of higher order effects is therefore essential
also in this respect. Note, however, that there is no set of parameters forwhich theO(p2) HBChPT result
for 〈x〉u−d provides a reasonable chiral extrapolation function at the quark massesof the lattice data shown in
figures 5.3 and 5.4. At this point we conclude that the smooth extrapolation behaviour of the covariantO(p2)
BChPT expression for〈x〉u−d of eq.(5.28) between the chiral limit and the region of present lattice QCD data

is due to aninfinite towerof
(

mπ

M0

)i
terms. According to our analysis the chiral curvature resulting from the

logarithm of eq.(5.30) governing the leading nonanalytic quark mass behaviour of this moment isnot responsi-
ble for the rising behaviour of the chiral extrapolation function as has been hypothesized in ref.[DMN+01].
In figure 5.4 we have marked the values of the quark mass at which we do not expect ourO(p2) BChPT analysis
to provide a trustworthy chiral extrapolation function. The decision to indicate the onset of this domain clearly
abovemπ = 600 MeV is based on two observations: First, as can be seen in figure 5.3, higher order contri-
butions to our analysis of〈x〉u−d only become sizable abovemπ = 600 MeV. Second, the only indication for
a breakdown of our approach is the downward-bending of our extrapolation curve for〈x〉u−d starting around
mπ = 700 MeV. This effect results from an unbalancing of different chiral contributions to our results and
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does surely not display any real physical contribution of the pion-cloudsince dynamical pions should not play
a prominent role at these large quark masses.
Finally we are discussing theO(p2) BChPT results att = 0 for the remaining two generalized isovector form
factors of the nucleon at twist-two level. One obtains
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As one can easily observe, one encounters plenty of nonanalytic terms and even chiral logarithms in these co-
variantO(p2) BChPT results. However, we note that in the HBChPT limit to the same chiral orderO(p2) one
would only obtain the chiral limit valuesbv2,0 andcv2,0, nothing else [Dor05]. E.g. the chiral logarithms calcu-
lated in ref.[BJ02] forBv

2,0(t = 0) andCv
2,0(t = 0) would only show up in a fullO(p3), respectivelyO(p4)

BChPT calculation of the generalized form factors. From the viewpoint ofpower-counting in BChPT they are
to be considered part of higher order corrections (i.e.D > 2) to the fullO(p2) results given in eqs.(5.31,5.32).
Regrettably, at this point no information from experiments exists for these twostructure quantities of the nu-
cleon. From phenomenology one would expect thatBv

2,0(t = 0) has a “large” positive value atmπ = 140
MeV, as it corresponds to the next-higher moment of theisovectorPauli form factorF v

2 (t = 0) = κv = 3.71
n.m. (Compare eq.(5.5) and eq.(5.3) atξ = 0). Lattice QCD analyses seem to support this expectation
[G+04, H+03, H+07]. In contrast, the value ofCv

2,0(t = 0) cannot be estimated from information known
about nucleon form factors. State-of-the-art lattice QCD analyses (e.g. see ref.[H+07]) suggest that it is con-
sistent with zero. In fig.5.5 we have indicated how the corresponding extrapolation curves based upon this
information might look like. As a caveat we note that in both form factors the intrinsic quark mass dependence
is small and we would see a dominant influence of the quark mass dependence stemming from the kinematical
factorMN (mπ) in eqs.(5.31) and (5.32), if the corresponding chiral limit valuesbv2,0 andcv2,0 are nonzero. A
further observation is that the uncertainties connected with possible higherorder corrections fromO(p3) to
Bv

2,0(t = 0) andCv
2,0(t = 0) could already become substantial for pion masses around 300 MeV. For both

quantities they can be estimated viaO(p3) ∼ δB,C
m2

πMN (mπ)
(4πFπ)2M0

where−1 < δB,C < 1. In order to ultimately
test the stability of the results in eqs.(5.31,5.32) it will be very useful to extendthis analysis to next-to-leading
one loop order. Due to the fact that the systematic errors of our calculationof Bv

2,0(t = 0) andCv
2,0(t = 0)

already become large at the lowest pion masses at which lattice data are available, we abstain from a study of
those two observables based on fits to lattice data. However, such a discussion of the BChPT results presented
in this work including an analysis of statistical errors can be found in reference [H+07].

5.4.2 The slopes of the generalized isovector form factors

In order to discuss the generalized isovector form factorsAv
2,0(t), B

v
2,0(t) andCv

2,0(t) at nonzero values oft,
we first analyse their slopesρX , defined via

Xv
2,0(t) = Xv

2,0(0) + ρv
X t +O(t2); X = A,B,C. (5.33)
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Figure 5.5: Quark mass dependence of the isovector momentsBv
2,0(t = 0) andCv

2,0(t = 0). InBv
2,0(t = 0) we

have varied the (unknown) chiral limit valuebv2,0 between0 and+0.5, as lattice analyses [G+04, H+03, H+07]
suggest that this moment has a large positive value. For the chiral limit valuecv2,0 of Cv

2,0(t = 0) we have
chosen the value zero, as preliminary lattice QCD analyses suggest that thismoment is consistent with zero
[H+07]. The grey bands shown indicate the size of possible higher order corrections to theseO(p2) results.

ToO(p2) in BChPT we find
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c12
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−
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, (5.34)
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C =
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The parametersδt
A, δ

t
B andδt

C are not part of the covariantO(p2) result. They are only given to indicate the
size of possible higher order corrections fromO(p3). A numerical analysis of the formulae given above sug-
gests that the size of pion-cloud contributions to the slopes of thegeneralized isovectorform factors is very
small! The physics governing the size of these objects seems to be hidden in thecounter-term contributions
c12, δ

t
B andδt

C which dominate numerically when assuming natural size estimates−1 < c12, δ
t
B, δ

t
C < +1.

We note that this situation reminds us of theisoscalar Dirac- and Pauliform factors of the nucleonF s
1 (t) and

F s
2 (t), where thet dependence in SU(2) ChEFT calculations is also dominated by counter-terms(e.g. see the
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discussion in chapter 4 or reference [BFHM98]).
Finally truncating the covariant results of eqs.(5.34-5.36) at leading order in 1/M0 we obtain the (trivial)
HBChPT expressions toO(p2):

ρv
A =

c12
M2

0

+O(p3), (5.37)

ρv
B = 0 +O(p3), (5.38)

ρv
C = 0 +O(p3). (5.39)

As already mentioned, the nonzero slope results found in the HBChPT calculations of refs.[ACK06, DMS06a,
DMS06b] are of higher order from the point of view of our power-counting. Most of them can already be added
systematically to our covariantO(p2) results of eqs.(5.34-5.36) atO(p3).

5.4.3 The generalized isovector form factors of the nucleon

In this subsection we present the fullt dependence of the generalized isovector form factors of a nucleon to
O(p2) in BChPT. We note that for all three generalized form factors at this order only the amplitude of diagram
c) of fig.5.1 depends ont. The resulting expressions at this order are therefore quite simple:

Av
2,0(t) = Av
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2,0g
2
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192π2F 2
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t+O(p3), (5.40)

with Av
2,0(0) given above and
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(5.41)

where we have introduced̃M2 = M2
0 +

(
u2 − 1

4

)
t. Note thatF v

2,0(t = 0) = 0 by construction. A conservative
estimate for the size of possible higher order corrections indicated in eq.(5.40) can be obtained viaO(p3) ∼
δA

m3
π

(4πFπ)2M0
+ δt

A
mπ

(4πFπ)2M0
t, in complete analogy to the discussion in the two previous subsections. For the
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remaining two generalized isovector form factors we obtain
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The parametersδB, δC , δt
B andδt

C have again been inserted to study the possible corrections of higher orders
to ourO(p2) results. Varying these parameters between -1 and +1, we conclude that afull O(p3) calculation is
required before one wants to make any strong claims regarding thet dependence ofBv

2,0(t) andCv
2,0(t) beyond

the lineart dependence discussed in the previous subsection. On the other hand, the predictedt dependence of
the form factorAv

2,0(t) of eq.(5.40) appears to be more reliable at this order, as possible higher order contribu-
tions only affect terms beyond the leading linear dependence ont. However, due to the unsettled situation in
thet dependence of those form factors at leading one loop level, we only present fits to dipole-Q2-extrapolated
lattice data throughout this chapter and do not dare to fit to lattice data directly before the next-to-leading one
loop order effects are calculated. To get a rough idea about such direct fits in the sector of generalized nucleon
form factors the reader is again pointed to reference [H+07].

5.5 The Generalized Isoscalar Form Factors inO(p2) BChPT

5.5.1 Moments of the isoscalar GPDs att = 0

ToO(p2) in two flavour covariant BChPT the only nonzero loop contributions to the isoscalar momentAs
2,0(t =

0) (see eq.(5.10)) arise from diagrams c) and e) in fig.5.1. One obtains
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Eq.(5.44) should provide a similarly successful chiral extrapolation function for 〈x〉u+d as the covariantO(p2)
BChPT result of eq.(5.28) did for the LHPC lattice data for〈x〉u−d in section 5.4.1. The uncertainty arising
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from higher orders can be estimated to scale asO(p3) ∼ δ0A
m3

π

(4πFπ)2M0
whereδ0A should again be a number

between−1, . . . ,+1, according to natural size estimates. We note that the coupling∆av
2,0 which played an

essential role in the chiral extrapolation function of〈x〉u−d is not present in the quark mass dependence of the
isoscalar moment〈x〉u+d. The resulting chiral extrapolation function is therefore presumably quite different
from the one in the isovector channel. The absence of a chiral logarithm∼ m2

π logmπ in 〈x〉u+d (compare
eq.(5.30) and eq.(5.45)) presumably only leads to a difference in the chiral extrapolation functions between the
isovector- and the isoscalar moment formπ < 140 MeV.
Note that from eq.(5.44) in the limit1/M0 → 0 we reproduce the leading HBChPT result for〈x〉u+d of
ref.[AS02] which found a complete cancellation of the nonanalytic quark mass dependent terms in this channel:
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πM0
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. (5.45)

The couplingc9 is therefore scale independent (in dimensional regularization) and constitutes the leading cor-
rection to the chiral limit valueas

2,0 of 〈x〉u+d.
At t = 0 we also find nontrivial results for the two other generalized isoscalar form factors of the nucleon. To
orderp2 in the covariant calculation they read
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The parametersδ0B andδ0C have been added “by hand” to these results in order to indicate possible effects of
higher order (i.e.O(p3)) corrections. Presumably they take on values−1, . . . ,+1. Note that ourO(p2) BChPT
prediction forCs

2,0(0) is strongly affected by possible corrections from higher orders. This isdue to the fact
that one only receives a nonzero result for this form factor starting atO(p2) – the order we are working at.
Eq.(5.47) should therefore only be considered to provide a rough estimatefor the quark mass dependence of
this form factor att = 0. For a true, quantitative analysis of its chiral extrapolation behaviour the complete7

O(p3) corrections should first be added. In order to obtain arough estimateof the chiral extrapolation functions
resulting from eqs.(5.44,5.46) we utilize the quenched8 data of the QCDSF collaboration [G+04] as input. A
similar analysis of the here presentedO(p2) BChPT results together with recent LHPC data can be found in
reference [H+07] leading to the same qualitative statements.
However, in particular in the isoscalar channel, there are several sources of systematic errors in the lattice sim-
ulation whose impact is hard to estimate at present. The generalized form factors of the nucleon have not been
simulated at different lattice spacings and volumes at small pion masses yet. Inorder to control possible finite
size and discretization effects in the lattice results further simulations are therefore needed. Furthermore, in
the isoscalar channel disconnected diagrams (all processed where theincoming external field is not directly

7The most prominent correction fromO(p3) arises from the triangle diagram of fig.5.2 and is given in appendix D.3.2 via
∆Cs

h.o.(t = 0, mπ). We note, however, that this is not the only next-order correction.
8The quark masses employed in ref.[G+04] are so large that one does not expect to find differences betweenquenched and dynamical

simulations, see e.g. the discussion in reference [HW02]. Note that we are utilizing the lattice data of reference [G+04] with the scale set
by r0, as we consider the alternative way of scale-setting (via alinear extrapolation to the physical mass of the nucleon) also discussed
in ref.[G+04] to be obsolete in the light of the detailed chiral extrapolation studies of refs.[PHW04, AK+04, BHM05, PMW+06].
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Figure 5.6: Solid lines: The quark mass dependence of theO(p2) BChPT result for〈x〉u+d of eq.(5.44) and
Bs

2,0(0) of eq.(5.46). The values for the three previously unknown parameters resulting from acombinedfit to
the shown QCDSF data of ref.[G+04] and to the phenomenological value for〈x〉u+d [xpr] are given in table
5.3. At the physical point we obtainBs

2,0 = −0.056± 0.016, with the shown error only being statistical. Due
to the poor data situation with its unknown systematic errors, however, these results should only be considered
as a rough estimate of the true quark mass dependence. The dashed lines correspond to the respective HBChPT
results at this order which are again found to only be applicable for very low pion masses.

coupled to a valence quark) contribute to three point functions but are due to large calculational expenses con-
nected with these processes frequently neglected in lattice simulations. The lattice results for isoscalar form
factors at present therefore come with an uncontrollable systematic error.
Performing a combined fit of eqs.(5.44,5.46) to the lattice data shown in fig.5.6 and including the phenomeno-
logical value of〈x〉u+d ∼ 0.54 [xpr], we obtain the two solid curves shown in fig.5.6. The resulting parameters
of the fit are given in table 5.3. Interestingly, despite the large quark masses and the huge error bars in the
data of ref.[G+04] we obtain reasonable chiral extrapolation curves with natural size coupling constants. The
analysis of the QCDSF data in combination with the physical value for〈x〉u+d suggests that the chiral limit
value of this isoscalar PDF-moment is smaller than the value at the physical point, leading to a monotonically
rising chiral extrapolation function as shown in the left panel of fig.5.6. Asa second observation we note that
the value for the generalized form factorBs

2,0(t = 0) could take on asmall negativevalue at the physical point
according to the right panel of fig.5.6, albeit with a large uncertainty due to the poor data situation and large
systematic errors of the BChPT calculation at this order. Because of the small (negative!) value of the isoscalar
Pauli form factorF s

2 (t = 0) = κs = −0.12 n.m., it is somewhat expected that the next higher moment yields
a value close to zero. However, fig.5.6 now opens the possibility thatBs

2,0(t = 0) ≈ −0.06 might be as large
as 50% of itsF s

2 (t = 0) analogue. It will be very interesting to observe whether this feature can be reproduced
when the new data of QCDSF [LQ] at small pion masses and a next-to-leadingone loop order BChPT calcula-
tion of the generalized form factors become available. Fig.5.6 also demonstrates that the correspondingO(p2)
HBChPT results are again not sufficient for a chiral extrapolation at thisorder. However, we note again that the
true range of applicability of HBChPT versus covariant BChPT can only be determined once the stability of
the employed couplings is guaranteed, see the similar discussion for〈x〉u−d in section 5.4.1.

5.5.2 The contribution ofu and d quarks to the spin of the nucleon

In the past few years a lot of interest in generalized isoscalar form factors of the nucleon has focused on the
values ofAs

2,0 andBs
2,0 at the pointt = 0 since one can determine the contribution of quarks to the total spin

of the nucleon via these two structures [Ji97]:

Ju+d =
1

2

[
As

2,0(t = 0) +Bs
2,0(t = 0)

]
. (5.48)
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as
2,0 bs2,0 c9 〈x〉phen.

u+d (µ = 2GeV)

0.527± 0.007 −0.103± 0.016 0.147± 0.002 0.538± 0.012 (fixed)

Table 5.3: The values for the three tensor coupling constants enteringAs
2,0(t) andBs

2,0(t) at orderp2 as ex-
tracted from a combined fit to the lattice results forAs

2,0(0) andBs
2,0(0) [G+04] shown in fig.5.6 and to the

physical point ofAs
2,0(t = 0,mπ = 0.14 GeV) = 〈x〉phen.

u+d . Note that we have obtained a small negative
value forbs2,0. The indicated uncertainties are the statistical errors arising in the fit of eqs.(5.44) and (5.46) to
the data of references [G+04, xpr] and do not reflect the much larger systematic uncertainties from both the
lattice simulations (which e.g. neglect all contributions from disconnected diagrams) and possible higher order
contributions to our chiral analysis.

ToO(p2) in BChPT we find

Ju+d =
1

2

{
as

2,0 + bs2,0

MN (mπ)

M0
+

as
2,0m

2
π

(4πFπ)2

[
3g2

Amπ√
4M2

0 −m2
π

(
8− 6

m2
π

M2
0

+
m4

π

M4
0

)
arccos

mπ

2M0

−3g2
A

(
3− m2

π

M2
0

+

(
2− 4

m2
π

M2
0

+
m4

π

M4
0

)
log

mπ

M0

)]
+ 4m2

π

c9
M2

0

}
+O(p3). (5.49)

Note that despite the plethora of nonanalytic quark mass dependent terms contained in theO(p2) BChPT
result of eq.(5.49), the two chiral logarithms calculated in ref.[CJ02] within the HBChPT framework arenot yet
contained in our result. Both terms (∼ a(q)π, b(q)N in the notation of ref.[CJ02]) are part of the completeO(p3)

result according to our power-counting and will appear in the calculation of the next order9. We further note that
the two logarithms of ref.[CJ02] are UV-divergent and are accompaniedby a counter-term, whereas theO(p2)
BChPT result of eq.(5.49) happens to be UV-finite to the order we are working. In ref.[CJ02] the authors also
reported that the two chiral logarithms (ofO(p3)) which they describe presumably are cancelednumerically
by pion-cloud contributions around an intermediate∆(1232) state. We can confirm that this possibility exists,
as the described∆ contributions also start atO(p3), assuming a power-counting where the nucleon-∆ mass
difference in the chiral limit is counted as a small parameter of chiral dimensionone∼ p1 (as it has been done
in chapter 2, see ref.[BHM03] for details).
Utilizing theO(p2) BChPT result of eq.(5.49) and the fit parameters of table 5.3, we obtain a first estimate for
the contribution ofu andd quarks to the spin of a nucleon:

Ju+d(t = 0, mπ = 0.14 GeV) ≈ 0.24± 0.05, (5.50)

which is only about half of the total spin of the nucleon! We emphasize that thisnumber is just a rough
estimate, as we are assuming that the true error is dominated bysystematicerrors from both the lattice input
to our analysis and the possible higher order corrections to our chiral calculation10. However, the same chiral
analysis performed on a different set of lattice data lead the authors of reference [H+07] to a result which is
consistent with the value given here – within statistical errors.
Based on the same input, we can also predict the quark mass dependence of Ju+d. The result is displayed as
the solid line in fig.5.7. Note that in contrast to the analysis given in ref.[G+04], we do not obtain a flat chiral
extrapolation function between the lattice data and the physical point. TheO(p2) BChPT analysis suggests
that the value at the physical point lieslower than the values obtained in the QCDSF simulation at large quark
masses. Following the above discussion, this curve obviously can only be afirst estimate of the true result.

9The contribution∼ a(q)π is already contained in the function∆Bh.o.(t = 0, mπ) discussed in subsection 5.5.3.
10The size of the statistical error read off from the fit of table 5.3 is±0.01 and therefore negligible. The small value of this statistical

error is of course heavily influenced by the error assigned to the phenomenological value of〈x〉u+d given in table 5.3. Note, however,
that the size of statistical errors will increase once we extend our analysisto next-to-leading one loop order due to the presence of
several so far unknown counter-terms at this order.
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Figure 5.7: The contribution ofu+d quarks to the spin of a nucleon as function of the effective pion mass. The
O(p2) BChPT result shown as the solid line is a prediction of eq.(5.49) which utilizes the fit-parameters of table
5.3. For comparison we have also plotted simulation data from QCDSF [G+04] in the figure. At the physical
point one can read offJu+d ≈ 0.24. (The error bar shown at the physical point is only statistical, i.e. arises due
to the errors attached to the parameters in table 5.3, and does not reflect any systematic uncertainties.)

5.5.3 A first glance at the generalized isoscalar form factors of the nucleon

In this section we present the results for the momentum- and quark mass dependence of the generalized form
factors of the nucleon for the isoscalar flavour combinationu+d atO(p2) in BChPT. We note that at this order
the only nonzero loop contributions to the three isoscalar form factors arise from diagrams c) and e) of figure
5.1, as the coupling of the isoscalar tensor field to the nucleon is not affected by chiral rotations. One obtains

As
2,0(t) = As

2,0(0)−
as

2,0g
2
A

64π2F 2
π

F s
2,0(t) +

c13
M2

0

t+O(p3) , (5.51)

with As
2,0(0) given in eq.(5.44) andF s

2,0(t = 0) = 0 by construction. Interestingly, to the order we are working
here, thet dependence of this isoscalar form factorAs

2,0(t) is given by the same function

F s
2,0(t) = F v

2,0(t) +O(p3), (5.52)

that controls its isovector analogue eq.(5.41) albeit withlarger numerical prefactors (compare eq.(5.51) to
eq.(5.40)). We note thatF s

2,0(t) does not depend on the scaleλ of dimensional regularization for the loop dia-
grams. The chiral couplingc13 is therefore also scale-independent11, parametrizing the quark mass independent
short-distance contributions to the slope ofAs

2,0(t). The unknown contributions from higher orders in the chiral
expansion can be estimated from a calculation of the triangle diagram displayed in figure 5.2. Due to the cou-
pling of the tensor field to the (long-range) pion-cloud of the nucleon, among all the contributions at the next
chiral order this diagram should give the most importantt dependent correction to the covariantO(p2) result
of eq.(5.51), resulting in the estimateO(p3) ∼ ∆As

h.o.(t,mπ). This assumption is motivated by the findings

11We note again that this scale-independence refers to the UV-scales of theChEFT calculation, not to be confused with the scale-
and scheme dependence of the quark-operators on the left hand sideof eq.(5.6) which is completely outside the framework of ChEFT.
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of chapters 2 and 4 and the heuristic argument that the dynamics of theπN loop is much stronger affected if
the incoming momentum is transferred to a propagating pion as if it is transferred to the much heavier nucleon.
The explicit expression for the function∆As

h.o.(t,mπ) can be found in appendix D.3.2. For completeness, we
also note that in the limit1/M0 → 0 we obtain the correspondingO(p2) HBChPT result

As
2,0(t)|p

2

HBChPT = as
2,0 + 4m2

π

c9
M2

0

+
c13
M2

0

t+O(1/(16π2F 2
πM0)) , (5.53)

which is just a string of tree level couplings.
To orderO(p2) in covariant BChPT the two other isoscalar form factors read

Bs
2,0(t) = bs2,0

MN (mπ)

M0
−
as

2,0g
2
AM

2
0

16π2F 2
π

∫ 1
2

− 1
2

du

M̃8
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2
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2
0

(
m4
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πM̃
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log
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− 6m3
πM

2
0√

4M̃2 −m2
π

[
m4

π − 5m2
πM̃

2 + 5M̃4

]
arccos

(
mπ

2M̃

)}

+∆Bs
h.o.(t,mπ), (5.54)

Cs
2,0(t) = cs2,0

MN (mπ)

M0
−
as

2,0g
2
AM
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0

16π2F 2
π
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− 1
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duu2
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{
2
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)
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log
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m4

π − 4m2
πM̃
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]
arccos

(
mπ

2M̃

)}

+∆Cs
h.o.(t,mπ), (5.55)

with M̃ defined in appendix D.2 (c.f. eq.(D.14)).MN (mπ) again denotes the (quark mass dependent) mass
function of the nucleon eq.(5.9), introduced via eq.(5.7). In the limit1/M0 → 0 we obtain the corresponding
O(p2) HBChPT results forBs

2,0(t) andCs
2,0(t) which at this order only consist of the tree level coupling

constantsbs2,0 andcs2,0. As in the case ofAs
2,0(t) we have estimated the contributions from higher orders via

O(p3) ∼ ∆Bs
h.o.(t,mπ), ∆Cs

h.o.(t,mπ), assuming that the dominantt dependent higher order corrections to
our covariantO(p2) BChPT results of eqs.(5.54,5.55) originate from theO(p3) triangle diagram displayed in
fig.5.2. Explicit expressions are given in appendix D.3.2. We note that the nonanalytic quark mass dependent
terms inAs

2,0(t), B
s
2,0(t) andCs

2,0(t) calculated in reference [BJ02] with the help of the HBChPT formalism12

correspond to the leading terms in a1/M0 expansion of theO(p3) BChPT corrections∆Xh.o.(t,mπ) where
X = A,B,C.
At this point we refrain from a detailed numerical analysis of thet dependence of the generalized isoscalar
form factorsAs

2,0(t) andBs
2,0(t). On the one hand very few lattice data for this flavour combination have

been published so far for pion masses below 600 MeV. Moreover, available lattice data neglect contributions
from disconnected diagrams and are therefore accompanied by an unknown systematic uncertainty which is
very hard to estimate. On the other hand, in thet dependence both ofAs

2,0(t) and ofBs
2,0(t) we encounter

chiral couplings (c13 atO(p2) in eq.(5.51) andB34 atO(p3) in ∆Bs
h.o.(t,mπ) of eq.(D.22)) connected with

presently unknown short-distance physics and systematic uncertainties can therefore not be guaranteed to be

12In refs.[ACK06, DMS06a, DMS06b] additional terms have been calculated within the HBChPT approach. While some terms
correspond toO(p3) andO(p4) contributions according to our power-counting, expanding the covariant O(p2) result of eq.(5.54) to
the order 1

(4πFπ)2M1

0

one can e.g. also recognize a term∼ as
2,0 m2

π present in ref.[ACK06]. However, as far as we can see, neither

ref.[ACK06] nor ref.[DMS06a, DMS06b] presents acompleteO(p3) HBChPT calculation of thematrix elementeq.(5.7).
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small at the order we are working here. We are therefore postponing thisdiscussion until further information
is available, in particular from a calculation of the effects of next-to-leadingone loop order. Disregarding the
doubts mentioned here the authors of reference [H+07] have attempted a study of thet dependence of the
O(p2) BChPT results for the isoscalar generalized form factors and report quite satisfactory findings. In the
meantime we are preparing a full (next-to-leading one loop)O(p3) BChPT analysis of the isoscalar moments
of the GPDs which (in addition to several other diagrams!) also contains the contributions from the triangle
diagram shown in fig.5.2, already presented in appendix D.3.2.
Before finally proceeding to the summary of this chapter, we take a look at thethird generalized isoscalar form
factorCs

2,0(t) of eq.(5.55). According to our power-counting, short distance contributions to the radius of this
form factor are suppressed and only start to enter atO(p4), both in HBChPT and in BChPT. After adding the
O(p3) estimate∆Cs

h.o.(t,mπ) to theO(p2) BChPT result of eq.(5.55), we can hope to catch a first glance of
thet dependence of this elusive nucleon structure. Utilizingas

2,0 of table 5.3 and assumingx0
π ≈ 〈x〉sπ ≈ 0.5 at

a renormalization scaleµ2 = 4 GeV2 [GRS99] we can determine its slope

ρs
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(5.56)

At the physical point this would give usρs
C(mπ = 0.14GeV) = −0.77 GeV−2. Truncating eq.(5.56) in1/M0

we reproduce the chiral singularity∼ m−1
π found in ref.[BJ02]13

ρs
C = −g

2
Ax

0
πMN (mπ)

160πF 2
πmπ

− g2
A

960π2F 2
π

[
as

2,0 + x0
π

MN (mπ)

M0

(
−13 + 15 log

mπ

M0

)]
+ ... (5.57)

This amounts to a slope ofρs
C |χ = −1.12 GeV−2 which is45% larger than the BChPT estimate of eq.(5.56).

Interestingly, among the terms∼ m0
π shown in eq.(5.57) it is the1/M0 suppressed corrections to the leading

HBChPT result of ref.[BJ02] that dominate numerically. This gives a strong indication that acovariantcalcula-
tion of ∆Cs

h.o.(t,mπ) as given in appendix D.3.2 is advisable, automatically containingall associated(1/M0)
i

corrections.
The quark mass dependence of the slope functionρs

C of eq.(5.56) already suggests that one obtains an inter-
esting variation of thet dependence of this form factor as a function of the quark mass! We therefore close
this discussion with a look at fig.5.8. There we have fixed the only unknown parametercs2,0 = −0.41 ± 0.1
such that the BChPT result coincides with the dipole parametrization of the QCDSF collaboration att = 0
[G+04] for the lightest pion mass in the simulation, i.e.mπ = 640 MeV. We note explicitly that this coupling

13Note that due to a different definition of the covariant derivative in the quark-operator on the left hand side of eq.(5.6) our definition
of the third isoscalar form factor differs from ref.[BJ02] by a factorof 4: CBJ

2 (t) = 4Cs
2,0(t).
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only affects the overall normalization of this form factor but does not impact its momentum dependence. It
is therefore quite remarkable to observe that the resultingt dependence of this form factor according to this
ChEFT estimate agrees quite well with the phenomenological dipole-parametrization of the QCDSF data at
this large quark mass, even over quite a long range in four-momentum transfer. The result is rather close to
a straight line which is a consequence of the fact that in the renormalization scheme introduces and applied
in this work, pion-cloud effects are switched off at large pion masses (see fig.5.8). We remind the reader that
the value of this form factor att = 0 andmπ = 0.14 GeV determines the strength of the so-called D-term of
the nucleon, playing a decisive role in the analysis of DVCS experiments [Ji98, Die03, BR05]. Utilizing the
extracted value ofcs2,0, we can now study the C-form factor also at the physical point, with the result also shown
in fig.5.8. At this low value of the pion mass one can suddenly observe a nonlineart dependence for low values
of four-momentum transferdue to the pion-cloud of the nucleon. This is a very interesting observation because
such a mechanism would allow for a more negative value ofCs

2,0(t = 0) at the physical point than previously
extracted from lattice QCD analyses via dipole extrapolations (e.g. see ref.[G+04]). We obtain

Cs
2,0 (t = 0,mπ = 140 MeV) ≈ −0.36± 0.1, (5.58)

The assigned error corresponds to the fit error ofCs
2,0(mπ = 0.64 GeV, t = 0)QCDSF given in ref.[G+04], as it

directly influences our unknown couplingcs2,0. However, we note that the (unknown) systematic uncertainties,
both from the quenched simulation results of ref.[G+04] and possible furtherO(p3) contributions (beyond
∆Cs

h.o.(t,mπ)) to our BChPT results are not accounted for in this error bar.
With this value we can finally obtain the first estimate for the radius of this elusiveform factor:

(rs
C)2 =

6

Cs
2,0(t = 0, mπ = 140 MeV)

ρs
C(mπ = 140 MeV)

≈ (0.5± 0.1) fm2. (5.59)

We compare this result with the radii of the isovector Dirac- and Pauli form factors of the nucleon which are
also dominated by pion-cloud effects. Interestingly, with(rv

1)
2 = 0.51 fm2 and(rv

2)
2 = 0.73 fm2 (averages

of the numbers discussed in the previous chapter) the estimated value for(rs
C)2 seems to lie in the same order

of magnitude! We note, however, that our numerical estimate for the slopeρs
C of eq.(5.56) given above is

significantlysmaller than the corresponding slopes of the isovector Pauli- and Dirac form factors, as expected
from general arguments and as already observed in lattice QCD simulations with dynamical fermions [L+04]
(at very large quark masses).
However, before we can go into a more detailed numerical analysis of theseinteresting new form factors of
the nucleon, one should first complete theO(p3) calculation of the generalized isoscalar form factors, as there
are additional diagrams next to fig.5.2 possibly also affecting thet dependence, albeit presumably in a weaker
fashion [DGHH].

5.6 Summary

The pertinent results of this chapter can be summarized as follows:

1. We have constructed the effective chiral Lagrangean for symmetric,traceless tensor fields of positive
parity up toO(p2) in the covariant framework of Baryon Chiral Perturbation Theory for two light quark
flavours.

2. Within this covariant framework we have calculated the generalized isovector- and isoscalar form factors
of the nucleonAv,s

2,0(t,m
2
π), Bv,s

2,0(t,m
2
π) andCv,s

2,0(t,m2
π) up toO(p2) which corresponds to leading one

loop order. Our results were againIR renormalized and we can thus exactly reproduce the corresponding
nonrelativisticO(p2) results previously obtained in Heavy Baryon ChPT by taking the limit1/M0 → 0.
Several HBChPT results published recently could not yet be reproduced, as they correspond to partial,
nonrelativistic results from the higher ordersO(p3, p4, p5).
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Figure 5.8: Momentum dependence of the form factorCs
2,0(t). The quasi lineart dependence of theO(p2)

BChPT result atmπ = 640 MeV (solid line) has been normalized to the dipole parametrization of the QCDSF
data of ref.[G+04] (dashed line), the shown data point gives the result of this reference att = 0 andmπ = 640
MeV. The resulting nonlineart dependence in this form factor for smaller values ofmπ is then due to the
coupling of the tensor field to the pion-cloud, providing an interesting mechanism to obtain “large” negative
values att = 0 andmπ = 140 MeV.

3. According to our numerical analysis of the quark mass dependence ofthe generalized form factors, we
have noted that forBs,v

2,0(t) andCs,v
2,0(t) the observable quark mass dependencies could be dominated

by the (well known) quark mass dependence of the mass of the nucleonMN (mπ). This mass function
appears in several places in the chiral results due to kinematical factors inthe matrix element used in the
definition of the generalized form factors. Such a “trivial” but numericallysignificant effect is already
known from the analysis of lattice QCD data for the Pauli form factors of thenucleon.

4. The pion-cloud contributions to all three generalizedisovectorform factors only show a very weak depen-
dence ont. The momentum transfer dependence of these structures seems to be dominated by presently
unknown short distance contributions. The situation in this isovector channel reminds us of an analogous
role played by chiral dynamics in the isoscalar Dirac- and Pauli form factors of the nucleon. At this
point we are therefore not able to give predictions for thenumericalsize of the slopes of these interesting
nucleon structure quantities. It is hoped that a global fit to new lattice QCD data at small pion masses
and small values oft – extrapolated to the physical point with the help of the formulae presented in this
work – will lead to first insights into this new field of baryon structure physics. A first step on this way
has already been achieved in reference [H+07].

5. The leading one loop order covariant BChPT results for the generalized isoscalarform factorsAs
2,0(t)

andBs
2,0(t) are quite surprising. As far as the topology of possible Feynman diagrams isconcerned, one

is reminded of the isovector Dirac- and Pauli form factors of the nucleon.A power-counting analysis,
however, told us that those diagrams (e.g see fig.5.2) which one would naively expect to strongly depend
on both the momentum transfer and the quark mass only start to contribute at next-to-leading one loop
order. Our analysis therefore suggests that the momentum dependence at low values oft is dominated by
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short-distance physics.

6. It is the value of〈x〉π of a pion in the chiral limit that controls the magnitude of those long-distance
pion-cloud effects in the generalized isoscalar form factors of the nucleon, pointing to the need of a
simultaneous analysis of pion- and nucleon structure on the lattice and in ChEFT.

7. In the forward limit, the isovector form factorAv
2,0(t → 0) reduces to〈x〉u−d. Our covariantO(p2)

BChPT result for this isovector moment provides a smooth chiral extrapolation function between the
high values at large quark masses from the LHPC collaboration and the lower value known from phe-
nomenology. The required chiral curvature according to this new analysis doesnot originate from the
chiral logarithm of the leading nonanalytic quark mass dependence of this moment – as had been specu-
lated in the literature for the past few years – but is due to an infinite tower of terms(mπ/M0)

i with well
constrained coefficients (see eq.(5.28)). The well known leading one loop HBChPT result for〈x〉u−d

of eq.(5.30) was found to be not applicable for chiral extrapolations above the physical pion mass, as
expected.

8. For〈x〉u−d we have also studied the possibility of a real chiral extrapolation of lattice datawith the help
of our orderp2 BChPT result, i.e. we have studied the quark mass dependence of our result for this
quantity with all unknown parameters determined from lattice data only. In addition the possible impact
of higher order corrections on this extrapolation function was examined leading us to the conclusion that
a reasonable prediction of this observable with a∼ 30% uncertainty is possible from presently available
lattice data if one relies on the leading one loop order BChPT result in order toextrapolate to physical
quark masses.

9. Judging from the (quenched) lattice data of the QCDSF collaboration, our O(p2) BChPT result of
eq.(5.44) forAs

2,0(t = 0) = 〈x〉u+d also provides a very stable chiral extrapolation function out to
quite large values of effective pion masses.

10. A study of the forward limit in the isoscalar sector has led to a first estimate of the contribution of
theu andd quarks to the total spin of a nucleonJu+d ≈ 0.24. This low value compared to previous
determinations arises from the possibility of a small negative contribution ofBs

2,0(t = 0) ≈ −0.06
at the physical point, driven by pion-cloud effects. However, at the moment the uncertainty in such a
determination is rather large.

11. In a first glance at the third generalized isoscalar form factorCs
2,0(t) the quark mass dependence was

found to be qualitatively different fromAs
2,0(t) andBs

2,0(t). Its slope contains a chiral singularity∼ m−1
π

and the influence of short distance contributions is suppressed. A firstnumerical estimate of its slope
givesρs

C ≈ −0.75 GeV2 which is much smaller than the slopes of the corresponding Dirac- or Pauli
form factors. At lowt we have also observed significant changes in the momentum dependence ofthis
form factor as a function of the quark mass, resulting in the estimateCs

2,0(t = 0) ≈ −0.35 at the physical
point.

12. Throughout this chapter we have indicated how to estimate possible corrections of higher orders to our
leading one loop order BChPT results. The associated theoretical uncertainties of ourO(p2) calculation
have been discussed in detail. Ultimately, in order to judge the stability of our results it is mandatory that
we analyse the complete next-to-leading one loop order.

Finally we note that the tensor Lagrangeans constructed in section 5.3 invite ahost of further studies, pertaining
both to generalized axial form factors of the nucleon [DH] and to the energy-momentum-tensor of the nucleon
[H+]. The BChPT results for the generalized isovector form factors presented in this chapter have already been
applied in a detailed analysis of recent lattice data in reference [H+07].
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Summary and Conclusions

The pertinent results of the separate chapters have been summarized individually in a summary section at the
end of each chapter. In this paragraph, we want to highlight again the most important findings of this work and
draw conclusions by a comparison of the results of different chapters.
After a brief introduction to the methods of Chiral Perturbation Theory (ChPT) in chapter 1, we discussed the
form factors parametrizing the transition of a nucleon to its lowest lying resonance, the∆(1232) in chapter
2. Our analysis of this transition was based on a nonrelativistic calculation ofthe according matrix element
at leading one loop order in the small scale expansion (SSE). The centralresult of this chapter was that our
SSE results for the three complex form factorsG∗M (Q2), G∗E(Q2) andG∗C(Q2) parametrizing the magnetic
dipole-, electric- and Coulomb quadrupole transitions, respectively, arein good agreement with results from
experiments up to momentum transfers ofQ2 ≈ 0.25 GeV2. Furthermore, the SSE calculation allowed for
a prediction of theQ2 dependence of the ratio EMR(Q2) ∼ G∗E(Q2)/G∗M (Q2) and the size and shape of
CMR(Q2) ∼ G∗C(Q2)/G∗M (Q2). The relative sizes of the quadrupole compared to the dipole transitions were
found to be on the percent level in accordance with phenomenology. Interesting signatures of the pion-cloud
could be found in theQ2 dependencies of the real parts ofG∗E(Q2) andG∗C(Q2), leading to negative slope
parameters and turning points at low momentum transfer in those form factors. Regrettably, these structures
are washed out in the EMR and CMR ratios – which are preferred by experimentalists – and only a turning
point in EMR(Q2) remains as an exciting prediction from SSE. Recent results from experiments are in agree-
ment with this prediction, however, their error bars are too large to unambiguously confirm it. An analysis of
systematic uncertainties of our chiral analysis, i.e. the possible impact of contributions of higher orders, lead
us to the conclusion that such higher order effects should only become relevant aboveQ2 = 0.2 GeV2 and that
the interesting structures predicted byO(ǫ3) SSE for theQ2 dependence of the form factors at the leading one
loop order should not be affected decisively by higher order effects.
Note, however, that we only presented a ChPT calculation for theN∆ transition form factors and hence had
to rely on an approximate connection in order to compare our findings for those quantities with results from
pion-electroproduction experiments. It remains an open issue to connecttheN∆ transition current with the
pion-electroproduction multipoles in a ChPT calculation.
On the lattice, in contrast, theN∆ transition can be directly accessed. Therefore, we have also studied the
quark mass dependence of the transition form factors encoded in the ChPT results via a dependence on the
mass of the pionmπ. Again, interesting structures were predicted by the SSE calculation which was, however,
found to only be applicable for pion masses belowmπ = 200 MeV. Our nonrelativistic analysis therefore did
not allow to make contact between present-day lattice simulations of theN∆ transition form factors at large
quark masses and their chiral limits.
In order to systematically extend the range of pion masses at which ChPT is applicable, we performed all sub-
sequent ChPT calculations in the covariant formulation of this theory. The difference between nonrelativistic-
and covariant calculations in Baryon ChPT (BChPT) is that the latter considers the variable(q/M0)

i, whereM0

is the mass of the nucleon in the chiral limit andq is a small momentum or mass, to be of the same chiral order
for any value ofi. In contrast, the chiral dimensioni is assigned to(q/M0)

i in the nonrelativistic theory which
is thus organized as an expansion inq/M0 where contributions with higher powers ofq/M0 appear at higher
orders of the chiral analysis. However, for consistent loop calculations in the covariant framework, we had to
introduce a new renormalization scheme for covariant BChPT first. In chapter 3, we developed four condi-
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tions which necessarily have to be fulfilled by a consistent renormalization scheme for covariant BChPT. Those
conditions were that, firstly, the results of a properly renormalized BChPT calculation should be UV-finite and
independent of the renormalization scale. Secondly, they should be in accordance with the power-counting of
ChPT, i.e. higher order loop diagrams should be parametrically suppressed. Thirdly, the low energy constants
(LECs) should be defined in exactly the same way in both the covariant and the Heavy Baryon (HBChPT)
formulation of ChPT. Covariant results fulfilling this requirement do have theadvantageous features that an
expansion inq/M0 leads to the corresponding HBChPT result and a numerical value found for a LEC in one
of the schemes can also be utilized in the other one. Fourthly, we demand that no nonanalytic functions are
absorbed into the counter-terms of the theory since such a procedure leads to unphysical cuts, singularities and
imaginary parts in BChPT results.
A renormalization scheme namedIR, fulfilling all four conditions, was constructed in chapter 3 by a modifica-
tion of the infrared renormalization scheme of reference [BL99]. In this new framework the(q/M0)

i terms sum
to flat functions where contributions from dynamical pions are reduced as the pion mass is increased. These
features are spoiled in HBChPT since the sum over the(q/M0)

i terms is truncated and the analytic structure of
loop integrals is thus destroyed in this approach.
As a first application of the new renormalization scheme, we also presented aIR renormalized next-to-leading
one loop order (O(p4)) BChPT calculation of the mass of the nucleonMN in chapter 3. Using this result to
chirally extrapolate lattice results for the mass of the nucleon from pion massesabove500 MeV down to the
physical point, we arrived at a prediction for this observable which wasin remarkable agreement with phe-
nomenology. We have also studied the possible impact of higher order effects on our result, only leading to a
small uncertainty in our prediction for the physical value ofMN . This gives us confidence that our next-to-
leading one loop order result forMN may be applicable for pion masses even aroundmπ = 600 MeV. This
last statement was supported by an analysis of the convergence of the chiral series forMN .
Chapter 4 subsequently was dedicated to the first calculation of the isovector- and isoscalar vector form factors
of the nucleon inIR renormalized BChPT at next-to-leading one loop order. In the isovector sector we found
large contributions from the pion-cloud while our analysis showed that the isoscalar form factors – at least on
the one loop level – are dominated by short distance physics. We therefore extensively studied theQ2- as well
as themπ dependence of theO(p4) BChPT results for the isovector form factors. The momentum transfer
dependence of these results, examined in the basis of the Sachs form factors, was found to be in good agree-
ment with the phenomenological parametrization of reference [FW03] up toQ2 = 0.25 GeV2, although the
BChPT curves showed less curvature than the phenomenological parametrization. AboveQ2 = 0.25 GeV2 the
deviations between the BChPT results and phenomenology as well as the systematic uncertainties of our chiral
analysis grew considerably.
In chapter 4 we have also performed two different analyses of the chiral extrapolation functions for the isovec-
tor vector form factors of the nucleon resulting from ourO(p4) BChPT analysis: One was to use lattice data as
input which were extrapolated toQ2 = 0 GeV2 using a dipole ansatz and to study the resultingmπ dependence
of the isovector anomalous magnetic momentκv and the slopes of the isovector form factorsρv

1 andρv
2. Our

second approach was to fit the quark mass and momentum transfer dependentO(p4) BChPT results for the
form factors of the nucleon to lattice data at finiteQ2 directly. The results of both analyses were well consistent
and both bridged the gap between presently available lattice data and phenomenology in a convincing way
for all observables under consideration. Again, we studied systematic uncertainties of our chiral analysis and
found that – utilizing next-to-leading one loop order covariant BChPT results – the form factors of the nucleon
atmπ = 140 MeV andQ2 . 0.3 GeV2 can be predicted from lattice data abovemπ = 350 MeV with an
uncertainty of≈ 20%. Small systematic uncertainties and a fast convergence of the chiral series – two features
which were observed over a large range of pion masses for all quantitiesdiscussed – may furthermore be an
indication thatO(p4) covariant BChPT possibly provides a trustworthy description of the quark mass depen-
dence of the isovector form factors of the nucleon up tomπ ≈ 600 MeV. The quark mass dependencies ofκv,
ρv
1 andρv

2 were found to display some similarities: At large quark masses the values of allthree observables
are considerably smaller than the physical ones and our ChPT results as well as lattice data only display a very
weak dependence on the pion mass. Approaching smaller values of the pionmass, the chiral extrapolation
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functions for all three quantities start to increase and such connect the lattice results at large quark masses with
the larger phenomenological values. Below the physical pion mass,κv, ρv

1 andρv
2 still increase as a function of

the pion mass and in the chiral limitκv finally takes on a value which is considerably larger then the one at the
physical point while the slopes are singular in the chiral limit.
We also gave a first glance at themπ dependence of the isoscalar anomalous magnetic moment of the nucleon
and the slopes of the isoscalar form factors. The variation of those quantities as a function of the pion mass was
found to only be weak due to the small contributions of dynamical pions in this sector. It could therefore not be
excluded that therelativesize of higher order contributions is large for the isoscalar form factors. Furthermore,
at present, no lattice results at small values ofmπ are available for the isoscalar form factors. Moreover, the
presently available simulation results at large quark masses come with an uncontrollable systematic uncertainty
since contributions from disconnected diagrams have been neglected in those simulations. We therefore did not
perform chiral extrapolations of the isoscalar form factors of the nucleon in this work.
In chapter 5 we finally presented a leading one loop order calculation of theisovector- and isoscalar general-
ized vector form factors of the nucleonA2,0(Q

2),B2,0(Q
2) andC2,0(Q

2) in IR renormalized covariant BChPT.
Since we performed the first covariant analysis of those nucleon observables we first had to construct the rele-
vant parts of the chiral Lagrangean including external tensor fields. Subsequently, we applied our results for a
chiral extrapolation of recent lattice data for the moment of the parton distribution functionAv

2,0(0) = 〈x〉u−d

and were able to connect the lattice data at quark masses abovemπ = 350 MeV with the value found for this
observable in experiments. An estimate of higher order effects showed that the physical value of this quantity
can be predicted with a30% uncertainty by leading one loop order BChPT if so far unknown low energy con-
stants are determined with the help of lattice data. We also performed chiral extrapolations of lattice data for
As

2,0(0) = 〈x〉u+d andBs
2,0(0) and were thus able to estimate the contributions of up- and down quarks to the

spin of the nucleon:Ju+d = 1
2

(
As

2,0(0) +Bs
2,0(0)

)
≈ 0.24. However, as the lattice data which we used as

input in the isoscalar sector were found in simulations at very large pion masses and come with an uncontrol-
lable systematic uncertainty due to the fact that disconnected diagrams have been neglected, we did not perform
an analysis of systematic uncertainties for the isoscalar form factors but surely expect them to be large. The
value which we give forJu+d therefore has to be considered to be a very rough estimate. Furthermore,we
also showed that a combined lattice plus ChPT analysis allows for an estimate of the size of the C-form factor
of the nucleon which plays an important role in the analysis of Deeply Virtual Compton Scattering (DVCS)
experiments.
We close this summary section with a discussion of two effects which have beenobserved on many examples
throughout this work:

• Neither HBChPT- nor standard IR renormalized covariant BChPT resultswere able to reasonably de-
scribe the quark mass dependence above the physical pion mass for anyof the observables discussed in
this work (except for the mass of the nucleon). We therefore conclude that IR renormalization is the most
promising framework for calculating chiral extrapolation functions which maybe applicable up to the
pion masses of state-of-the-art lattice simulations.

• IR renormalized BChPT results at one loop order allowed for a reasonable description of quark mass
dependencies with in most cases small, in some cases only moderate systematic uncertainties up to pion
masses aroundmπ = 600 MeV. Up to this large value of the pion mass the differences between the
results at ordersp3 andp4 were found to be small for all (isovector) observables under consideration.
In this work, no signal for a breakdown of our results could be found belowmπ ≈ 700 MeV. The size
of systematic uncertainties of a ChPT analysis of a certain observable of course depends on the chiral
dimension at which the corresponding matrix element is calculated and on the powers of small quantities
(typically momentaq) which are contained in the prefactor of this observable in the matrix element.

We hope that – as has already been done for our results for the generalized form factors of the nucleon in
reference [H+07] – future studies of lattice results will include chiral extrapolations relyingon the methods
and calculations presented in this work. Ultimately, in our opinion, it is a rewarding goal to study as many
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observables as possible in the same chiral framework since this would allow for a consistent combined fit of
all those observables to lattice data which, in turn, would lead to a simultaneous determination of many low
energy constants with small statistical errors and hence to precise predictions for many physical observables.
We hope that we were able to convince our readers thatIR renormalized covariant BChPT at next-to-leading
one loop order provides a suitable framework for such an analysis.
Accordant results for the mass- and the vector form factors of the nucleon have already been made available in
this work. TheO(p3) calculation for the generalized form factors of the nucleon is in preparation and even the
N∆ transition form factors are analysed at next-to-leading one loop order inIR renormalized covariant BChPT
at present.
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Appendices to Chapter 2

A.1 Integrals

The result of the nonrelativisticO(ǫ3) SSE calculation for theN∆ transition form factors defined in eq.(2.1)
written in terms of standard loop integrals reads:

G1(q
2) =

2cAMN

F 2
π

∫ 1

0
dx

[
gA(x− 1)J ′

2(x∆0, m̃
2)− 5

3
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(
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)
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2
N∆0
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]
. (A.3)

The basic loop integrals (in dimensional regularization) are defined as:
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i
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(A.4)

1
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2
π). (A.5)

For the nonrelativistic one-nucleon-one-pion loop integral one finds:
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Furthermore, we use the notations

J ′
0(ω,m

2
π) = − ∂

∂m2
π

J0(ω,m
2
π), (A.7)

J ′
1(ω,m

2
π) = − ∂

∂m2
π

(ωJ0(ω,mπ) + ∆π) , (A.8)

J ′
2(ω,m

2
π) = − 1

d− 1

∂

∂m2
π

[
(m2

π − ω2)J0(ω,mπ)− ω∆π

]
. (A.9)

The divergences atd = 4 parametrized via dimensional regularization are collected in the functionL:

L =
λd−4

16π2

[
1

d− 4
+

1

2
(γE − 1− ln 4π)

]
, (A.10)

whereγE is the Euler-Mascheroni constant andλ is the renormalization scale.

A.2 The Coupling ConstantcA

We determine the strength of theN∆ axial coupling constantcA from the strong decay width of the∆(1232)
resonance at tree level. In the rest frame of the∆ this width reads:

Γ∆→Nπ =
c2A

6πF 2
π

(
E2

π −m2
π

) 3
2 · M∆ +MN − Eπ

2M∆
, (A.11)

where theπN∆ vertex has been taken from eq.(2.13) and the associated pion energy function reads:

Eπ =
M2

∆ −M2
N +m2

π

2M∆
. (A.12)

For the numerical determination ofcA we use the parametersM∆, MN , mπ andFπ from table 2.1, a width of
Γ∆→Nπ = 100 MeV [Y+06] and arrive at the resultcA = 1.5.
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Appendices to Chapter 3

B.1 Basic Integrals

The integrals required for one loop calculations in BChPT can be reducedto three basic integrals in d-dimensions:

∆π (m) ≡ 1
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wherem (M) is a mass function involving the mass of the quasi Goldstone Boson (of the Baryon) andpµ

denotes the four-momentum of the Baryon. The propagators are shifted into the complex energy-plane by a
small amountǫ to ensure causality. Utilizing theMS renormalization scheme of ref.[GSS88] with
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one obtains the dimensionally regularized results
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More complicated integral expressions needed during the calculations in thiswork are defined via

1
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The integralsH(i)
11 are related to the three basis integrals of eqs.(B.2-B.3) via the tensor-identities
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Finally, we note that the integrals involving more than one baryon propagatorcan be related to the ones defined
above via derivatives with respect to the nucleon- resp. the pion mass squared.

B.2 Regulator Functions

The infrared regular parts of the basicπN integral given above is defined as:

R11 (M,p,m) ≡
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dx

∫
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The analytic expressions for the regular parts of the basic loop functionsread
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R (∆π) = 0, (B.17)

R (∆N ) = −∆N (B.18)

The tensor reduction for theR(i)
11 follows from the one given above if all theH(i)

11 are replaced by their regular
parts.

B.3 Proof of Eq.(3.1)

The contributions from one loop diagrams of a certain ordern to a dimensionless observableO take the general
form

O(n) =
Γµ1···µk

(4πFπ)2

∫
dld

(2π)d

lµ1 lµ2 · · · lµk

ΠiN j
, (B.19)
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whereΓµ1···µk
is a dimensionless Dirac operator of chiral dimension zero,Π = m2

π − l2 is the pion propagator
andN = M2

0 − (p − l)2 is the propagator of the nucleon. The general ordern result forO is the sum of the
right hand side of eq.(B.19) over allk, i andj with

4 + k − 2(i+ j) = n, (B.20)

atd→ 4 for dimensional reasons. We are now going to show all properties of eq.(3.1) for arbitraryk, i, j and
thus for the sum by relating eq.(B.19) to the basic integralH11(M0,M0,mπ) of eq.(B.3) (for simplicity we
only discuss onshell nucleonsp2 = M2

0 , however the proof can straightforwardly be generalized to the case of
offshell nucleons).
The first step on this way is to rewrite the integral of eq.(B.19) as
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The integral of this equation would in complete analogy of eqs.(B.8) and (B.9)be a sum over integral functions
multiplied with structures likegµ1µ2gµ3µ4 · · · and pµ1

M0

pµ2

M0
· · · and compositions thereof. In order to perform

a tensor reduction of this integral we would have to multiply both sides (eq.(B.21) and the result in terms of
Dirac structures times integral functionsH(i)

11 ) either withgµ1µ2 · · · , pµ1

M0
· · · or mixtures, to make a scalar out

of both sides. While the right hand side just gives some dimensionless numbertimes the integral functions, we
find on the left hand side:
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)
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Since all terms in the tensor reduction which go likeΠ andN just correspond to eq.(B.19) with a different set
of k, i andj, we are only interested in the terms∼ m2

π of the tensor reduction.O(n) thus consists of terms of
the form
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wherek
2 ≤ ρ ≤ k (ρ = k

2 corresponds to a contraction of all open Dirac indices with terms likepµ

M0
, whileρ = k

results from a contraction withgµ1µ2 structures only). Note that a contractions with
pµ1
M0

does not generate a
divergence or a scale dependence beyondm0

π. This can be seen from eq.(B.23) via
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Where one can check with the help of the basic functions eqs.(B.2)-(B.3) that it does not contain anL term or
a scale dependent logarithm beyondm0

π. The generalization of this statement for arbitraryi andj follows by
the same argument.
All statement made in eq.(3.1) can now be derived from eq.(B.24):

1. The highest power ofmπ at which a UV-divergenceL can appear ismn
π: All divergences inO(n) are gen-

erated through eq.(B.24) out of the term−2L of H11(M0,M0,mπ), see eq.(B.3). Thus theL terms in
O(n) come fromj = 1 andρ > i terms, where the maximal power ofmπ is generated fori = 1. From
the argument of eq.(B.25) one can see that only terms withρ = k

2 can generate a term∼ L in the final
result. Inserting those values for the indices in eqs.(B.20) and (B.24) onefinds that the maximum power
in the pion mass at which a divergenceL appears inO(n) ismn

π.

2. A term∼ log λ can only appear atmr
π with r ≤ n: The proof for this statement goes exactly as above,

since all basic integrals contain scale dependent logarithms only together withL in terms of the form
L− 1

16π2 log λ.
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3. A term∼ logmπ can only appear atms
π with s ≥ n: Logarithms of the pion mass originate from a term

m2
π logmπ in H11(M0,M0,mπ). The minimal power ofmπ is realized byj = 1 andρ = k

2 . With
these indices we find from eqs.(B.20) and (B.24) that the minimal power of thepion mass in front of a

logarithm of the pion mass ism2
π

k
2
+1−i with k = n+ 2(i− 1) and suchmn

π, wheren is even.

4. The lowest possible odd power in the pion mass isn: All odd powers in the pion mass are generated out

of thearccos structure ofH11(M0,M0,mπ) with a leading term linear inmπ. For the generalO(n) now
the same argument holds as for thelogmπ above.



Appendix C

Appendices to Chapter 4

C.1 Regulator Functions

In this section we give the relevant regular parts of the loop integrals whichappear in a calculation of the
nucleon form factors at next-to-leading one loop order. The full regulator functions can be found in appendix
B.2. We note that for ourO(p4) calculation of nucleon form factors we only need to know these expressions up
to the power1 of m2

π, t in order to obtain a properly renormalized, scale independent result, which at the same
time is also consistent with the requirements of power-counting. The regulatorfunction needed for ourO(p4)
BChPT calculation (see Appendix D.2) reads

R
(1)
11 (M2

0 ,m
2
π, p

2) =

(
1 +

m2
π

M2
0

)
L+

1

16π2

[
log

M0

λ
+

1

2

m2
π

M2
0

(
2 log

M0

λ
− 1

)]
+ ..., (C.1)

The derivatives of the regulator functions needed for the calculation (see Appendix D.2) read

∂

∂M2
0

R11(M̃, p̃,mπ) =
1

M2
0

(
1 +

t

6M2
0

)
L+

1

32π2M2
0

(
1 + 2 log

M0

λ
− m2

π

M2
0

)

+
t

96π2M4
0

log
M0

λ
+ ......, (C.2)

∂

∂M2
0

R
(2)
11 (M̃, p̃,mπ) =

1

2

(
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m2
π

M2
0

)
L+

1
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[
log

M0

λ
+

1

2

(
2 log

M0

λ
− 1

)]
− t

384π2M2
0

+..., (C.3)

∂

∂M2
0

R
(3)
11 (M̃, p̃,mπ) = −m

2
π

M4
0

L+
1

16π2M2
0

[
1

2
+
m2

π

M2
0

(
− log

M0

λ
+ 1

)]
+

t

192π2M4
0

+ ..., (C.4)

∂

∂m2
π

R
(2)
11 (M0, p̃, m̃) =

(
1

2
− m2

π

M2
0

+
t

4M2
0

)
L+

1

96π2

[
3 log

M0

λ
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(
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M0

λ
+ 3

)
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π

M2
0
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+
t

576π2M2
0

(
9 log

M0

λ
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)
+ ..., (C.5)

∂

∂m2
π

R
(3)
11 (M0, p̃, m̃) =

1

2M4
0

(
−4m2

π + t
)
L+

1

32π2M2
0

(
1 + 4

m2
π

M2
0

log
M0

λ

)

+
t

288π2M4
0

(
−9 log

M0

λ
+ 5

)
+ ..., (C.6)

(C.7)

1Strictly speakingF1(t) is renormalized up to terms∼ m2
πt0 and∼ m0

πt1 at orderp3, whereas those structures inF2(t) are only
renormalized at orderp4, see chapter 3.
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One can clearly observe that all contributions are polynomial inm2
π (and therefore polynomial in the quark

mass) and polynomial int, as expected. Their addition to theMS results therefore just amounts to a redefini-
tion of the the coupling constants of the effective field theory and does notaffect the nonanalytic quark mass
dependencies, which are the scheme independent signatures of chiraldynamics.

C.2 Amplitudes

The fiveO(p3) and threeO(p4) amplitudes corresponding to the diagrams of figures 4.1 and 4.2 written in
terms of the basic integrals

I
(i)
11

(
M2,m2, p2

)
= H

(i)
11

(
M2,m2, p2

)
+R

(i)
11

(
M2,m2, p2

)
, i = 0 . . . 3, (C.8)

of Appendices B.1 and C.1 read
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A
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Ampe = − 1

2F 2
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µ∆π u(p1), (C.12)
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∫ 1
2

− 1
2

du

{
γµ

[
− tM2

0

4

∂

∂M̃2
I

(3)
11 (M̃, p̃,mπ)

]

+
i

2MN
σµνqν

1

8

MN

M0

[
−∆π + 4M2

0 I
(1)
11 (M̃, p̃,mπ) + 4m2

πM
2
0

∂

∂M̃2
I11(M̃, p̃,mπ)

−16M2
0

∂

∂M̃2
I

(2)
11 (M̃, p̃,mπ) + 8tM2

0

(
1

4
− u2

)
∂

∂M̃2
I

(3)
11 (M̃, p̃,mπ)

]}
u(p1), (C.14)
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with

M̃2 = p̃2 = M2
0 +

(
u2 − 1

4

)
t, (C.17)

m̃2 = m2
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(
u2 − 1
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t. (C.18)

The nucleon Z-factor reads:
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C.3 Explicit Representation of the Form Factors

C.3.1 Isovector form factors

We employ the definitions
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and obtain for the t-dependent functions
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for the isovector Dirac form factor and
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for the isovector Pauli form factor, wherẽM2 = M2 +
(
u2 − 1

4

)
t. Note that the mass-functionM in

eqs.(C.22,C.24) depends again on the chiral order at which eq.(C.21) is studied.
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C.3.2 Isoscalar form factors

In complete analogy to the isovector sector we define
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and find the following explicit expressions:
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for the isovector Dirac form factor and
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for the isovector Pauli form factor. Note that the mass-functionM in eqs.(C.28,C.30) depends again on the
chiral order at which eq.(C.27) is studied.
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Appendix D

Appendices to Chapter 5

D.1 Regulator Functions

In this appendix we give the explicit expressions for the relevant parts of the regulator functions needed in
order toIR renormalize theO(p2) results for the generalized form factors of the nucleon. We note that at
the order we are working we only need to know these functions up to the power1 of m2

π, t in order to obtain a
properly renormalized, scale independent result, which at the same time is also consistent with the requirements
of power-counting. The full expressions can be found in section B.2 ofthe appendix. The relevant parts of the
regulator functions needed for ourO(p2) BChPT calculation (see Appendix D.2) read
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The derivatives of the regulator functions needed for the calculation (see Appendix D.2) are
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1Strictly speaking we need to know the regular terms contained in the generalized form factorsAs,v
2,0(t) up to powerm2

πt0 and
m0

πt1, whereas forBs,v
2,0 (t) andC

s,v
2,0 (t) only the leading termsm0

πt0 are required, see chapter 3 and eq.(5.6).
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One can clearly observe that all contributions are polynomial inm2
π (and therefore polynomial in the quark mass

andt, as expected. Their addition to theMS results therefore just amounts to a redefinition of the coupling
constants [BL99] of the effective field theory and does not affect thenonanalytic quark mass dependencies,
which are the scheme-independent signatures of chiral dynamics.
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D.2 Isovector Amplitudes inO(p2) BChPT

The fiveO(p2) amplitudes in the isovector channel corresponding to the five diagrams of figure 5.1 written in
terms of the basic integrals
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of Appendices B.1 and D.1 read
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Note that the various couplings and parameters are defined in section 5.3.η denotes the isospin doublet of
proton and neutron. The variables in the integral functions are given as

p̃2 = M̃2 = M2
0 +

(
u2 − 1

4

)
t, (D.14)

wheret = q2 corresponds to the momentum transfer by the tensor fields.ZN denotes the Z-factor of the
nucleon, calculated to the requiredO(p3) accuracy in BChPT. It is obtained from the self-energyΣN at this
order via the prescription

ZN = 1 +
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D.3 BChPT Results in the Isoscalar Channel

D.3.1 Isoscalar amplitudes inO(p2) BChPT

ToO(p2) in BChPT the results in the isoscalar channel are quite simple. The amplitudes corresponding to the
Feynman diagrams of Fig.5.1 can be be simply expressed in terms of results already obtained in the isovector
channel discussed in the previous section D.2. They read

Ampa+b = 0 +O(p3), (D.17)
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†
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Note that the various couplings and parameters are defined in section 5.3.

D.3.2 Estimate ofO(p3) contributions

The contributions from the (higher order) Feynman diagram shown in figure 5.2 to the generalized isoscalar
form factors read
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with the new variable

m̃2 = m2
π +
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We note that the contributions of∆As
2,0(t,mπ), ∆Cs

2,0(t,mπ) are finite atO(p3) in BChPT, while∆Bs
2,0(t,mπ)

contains two new counter-terms,Br
33(λ) andBr

34(λ), at this order.
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