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Chapter 1

Introduction

Neutrino oscillation physics has clearly entered the era of beam-based long baseline experi-
ments. Already a few years ago in 2002, the first experiment, the K2K in Japan, that uses
a collimated νµ neutrino beam to search for oscillations at the atmospheric frequency, has
confirmed the oscillations that have been observed in data coming from atmospheric neutri-
nos. At this time the succeeding conventional beam-based neutrinos oscillation long baseline
experiments were in the stage of preparation, the MINOS experiment in the United states and
the CNGS experiments in Europe.

In 2006 the MINOS collaboration published their highly anticipated results of the first year
of operation which was in perfect agreement with the data from atmospheric neutrinos and
K2K. Additionally, the MINOS results could already significantly improve the precision in the
measurement of the atmospheric parameter |∆m2

31|. This amazing development followed the
extraordinary example of the KamLAND experiment in Japan, where in 2003 the data from
a totally earth-based experiment could confirm and even improve the measurements from
naturally produced neutrinos, i.e. in case of KamLAND the data from solar neutrinos.

Recently, also the CNGS beam delivered the first neutrinos which then could be detected
in the Gran Sasso underground laboratories in Italy at the OPERA detector after traveling
along the 732 km baseline from their production at CERN in Switzerland. Now, all three
beam-based neutrino oscillation long baseline experiment setups are in operation.

However, the first generation of conventional beam-based neutrino oscillation long baseline
experiments will mainly contribute to the precision measurements of the leading atmospheric
parameters since the experiments do not provide good sensitivities to three-flavor effects
because of the relatively small detector dimensions and the relatively small beam powers
compared to planned future experiment scenarios. The reason is that three-flavor effects,
which would manifest in the appearance of electron neutrinos from the muon neutrino beams
at the conventional beam-based oscillation experiments, are suppressed due to the small third
mixing angle sin2 2θ13 and the hierarchy of the oscillation frequencies ∆m2

21/∆m2
31, resulting

in an effective decoupling of the atmospheric and solar neutrino oscillations that are so far
well explained in an effective two-flavor picture.

It is the goal of future neutrino oscillation experiments to discover three-flavor effects
beyond the pure precision measurements of the leading oscillation parameters and various
long baseline scenarios have been proposed to shed light on the puzzles of three-flavor oscil-
lations, i.e. the question of the actual size of the small mixing angle sin2 2θ13, the question
of the presence of CP violation in the neutrino sector, and the question of the actual mass
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ordering of the neutrino mass eigenstates that can be revealed in matter effects of the neutrino
oscillations. These questions are to be addressed at future neutrino oscillation experiments,
hence the experimental setups have to be optimized for optimal performance in the search for
three-flavor effects.

The most obvious advancement from the point of view of the conventional beam-based
long baseline experiments is the enhancement of the detector masses and the beam energies
to allow for increased statistics. This is the aim of the so-called Superbeam experiments that
represent the upgrades of the conventional beam experiments and proposed realizations are
the NOνA experiment in the United States, the T2K and T2HK experiments in Japan, and
the SPL experiment in Europe. Unfortunately, the conventional beam-based experiments
are naturally limited by the intrinsic beam background and flavor pure produced beams are
required to be able to observe three-flavor effects for very small sin2 2θ13.

At this point the technologies of the sophisticated ideas of conceivable β-Beam experiments
and Neutrino Factory experiments come into play. While conventional beam-based experiments
use the decay of pions for the neutrino beam production which results in flavor contaminations
within the beam and a high energy tail in the neutrino spectrum that enhances the background
from neutral-current events, the β-Beam and Neutrino Factory beam production technologies
provide neutrino beams with well-known neutrino spectra and definite flavor compositions.

The β-Beam technology is planned to use the decay of accelerated β-decaying isotopes
to produce a flavor-pure electron or anti-electron beam depending on the properties of the
stored isotopes, i.e. if they are β+ or β− emitting isotopes. The Neutrino Factory scenarios on
the other hand produce the neutrino beam in the decay of accelerated muons or anti-muons.
Consequently, as for the β-Beam beam production a neutrino spectrum of well-known shape is
produced. In the case of a Neutrino Factory the beam composition is not absolutely flavor pure
because electron-flavored neutrinos and muon-flavored neutrinos are contained in the beam
at an equal amount. Both technologies are very promising candidates and imply sensitivities
to three-flavor effects for large parts of the parameter space.

The aim of this work is to first discuss the phenomenological framework of three-flavor
oscillations in light of the current available data and to illustrate the requirements of
future neutrino oscillation experiments to be able to observe three-flavor effects and provide
excellent sensitivities to the sub-leading parameters sin2 2θ13, δCP, and additionally the mass
hierarchy. The main focus is the discussion of possible optimization strategies for β-Beam
experiments and Neutrino Factory experiments.

The structure of this work is as follows: First, we will briefly review the Standard Model
of elementary particle physics in Chapter 2. There we will focus on the electro-weak part of
the Standard Model Lagrangian and briefly discuss the Higgs mechanism where the gauge
bosons and the charged fermions acquire their masses. Then in Chapter 3, we will introduce
the possibilities to extend the Standard Model in order to introduce neutrino masses. We will
additionally discuss the neutrino mixing that can arise in combination with neutrino masses
and briefly explain the See-Saw mechanism that gives a natural explanation for the smallness
of neutrino masses. Thereafter we will give a short summary of the possible implications of
neutrino masses and mixing, i.e. neutrino oscillations, neutrino-less double beta decay, and
Leptogenesis. Since the main topic of this work is the simulation of future neutrino oscillation
long baseline experiments, the phenomenology of neutrino oscillations will be discussed in
greater detail in Chapter 4. There we will first discuss vacuum oscillation and matter effects in
a two-flavor framework before the three-flavor oscillation framework is explained. In addition
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we will discuss expansions of the three-flavor oscillation probabilities of the relevant channels
that are later discussed for the respective experiments. This discussion will set an analytical
basis that allows to understand the numeric results that are discussed in later chapters.

In Chapter 5 the current available neutrino data and the current knowledge about neutrino
properties will be presented. This involves a discussion of data that allows a conclusion about
the number of neutrino flavors, data that allows constraining the absolute mass scale of
neutrinos, and finally the available oscillation data. The latter will be discussed in regard to
the data from solar neutrinos, atmospheric neutrinos, and artificially produced neutrinos in
reactor cores or in pion decays for the first generation of conventional beam-based experiments.
There we will also briefly discuss the results from the neutrino experiment LSND that do not
agree with the global data in the three-flavor framework. The next Chapter will give a detailed
description of the technologies of proposed or conceivable future neutrino oscillation long
baseline experiments, i.e. the conventional accelerator beam-based experiments, their possible
upgrades, the so-called Superbeam scenarios, reactor experiments, neutrino experiments with
a neutrino beam from electron capture, and of course the experiment technologies that will
be simulated in the chapters where the main results are presented: β-Beam experiments and
Neutrino Factory experiments.

In Chapter 7 we will give a detailed discussion of the performance of β-Beam experiments
where we focus on different detector technologies, Water Cherenkov and Totally Active Scin-
tillator, and the three basic categories of β-Beam experiments: low γ, medium γ, and high
γ. First the details of the simulation techniques are presented before we give an extensive
discussion of the β-Beam optimization in terms of the baseline L and the acceleration factor γ
of the stored isotopes. Thereafter, we will concentrate on single technical considerations such
as the impact of the ratio of the neutrino and anti-neutrino runtime fractions, the impact of
external disappearance data to handle parameter correlations with the leading atmospheric
oscillation parameters, and the impact of a possible γ-scaling of the number of isotope decays
that affects the potential of medium and high γ scenarios. Finally, we will compare the per-
formances of optimized β-Beam reference scenarios for both detector technologies in terms of
the performance indicators: discovery reach in sin2 2θ13, sensitivity to any CP violation, and
sensitivity to the mass hierarchy.

Thereafter in Chapter 8 the main focus will lie on the performance of Neutrino Factory
scenarios at very large baselines. Again, we will first introduce the simulation techniques for
the Neutrino Factory simulations. Then, as for the β-Beams in the previous chapter a detailed
discussion considering the optimization of a golden channel Neutrino Factory experiment in
terms of the baseline L and the energy of the stored parent muons Eµ will be presented.
Also for the Neutrino Factory experiments we will examine technical considerations such as
the impact of the ratio of the runtime fractions in the µ+-stored and the µ−-stored phase,
the impact of the matter density uncertainty along the baseline, and the impact of additional
channels: the silver channel νe → ντ and the platinum channel νµ → νe. Finally, we will
compare the performances of optimized Neutrino Factory reference scenarios including the
additional channel scenarios, multiple detector scenarios, and an optimized golden channel
scenario with a lower threshold and better energy resolution in terms of the performance
indicators: discovery reach in sin2 2θ13, sensitivity to any CP violation, and sensitivity to the
mass hierarchy.

The performance of the optimized reference scenarios, the different β-Beam scenarios from
Chapter 7 and the different Neutrino Factory scenarios from Chapter 8 will be compared in
Chapter 9 for different regions of true sin2 2θ13. The aim is to find the optimal technology
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in the respective regimes of sin2 2θ13 and to discuss the advantages and disadvantages of the
different setups. In this Chapter we will also give a discussion of the future road map of future
neutrino oscillation experiments of various technologies and expenses in order to classify the
β-Beam and Neutrino Factory performances before we give the summary and conclusions.
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Chapter 2

The Standard Model

The Standard Model of elementary particle physics describes the interactions of all known
elementary particles very successfully up to the high energies at the electroweak scale. The
formulation of the electro-weak interactions within the Standard Model goes back to the
1960’s [1–3] and the extension including the strong interactions went on to the 1970’s [4]. The
model has been tested to very accurate precisions and no deviations have been found at the
experiments of the collider facilities LEP or Tevatron. Three of the four known fundamental
interactions are combined into one theory, the strong interactions of the quarks, the weak
interactions of leptons and quarks, and the electromagnetic interactions of charged particles.
Only the gravitational force is not included to the Standard Model, but the gravitational
interactions are the weakest of the four fundamental forces at the observable energies and
thus negligible. However, it is expected that at very high energies, i.e. the Planck Scale
MP l ∼ 1019GeV, the gravitational forces become similarly significant. This is the first
indication that, despite the extreme success of the Standard Model, it can only be seen
as an effective theory at the observable energies and physics at higher energies has to be
expected. Further reasons to believe in new physics beyond the Standard Model are the
Hierarchy Problem, i.e. the question of stabilization of the Higgs mass against quadratic
divergencies, or the puzzles of the origin of Dark Matter and Dark Energy. The evidence
for neutrino masses that has been established with the observation of neutrino oscillations is
also considered as a hint for physics beyond the Standard Model.

The Standard Model is a local gauge theory with the underlying local gauge symmetry of the
group

GSM = SU(3)C × SU(2)L × U(1)Y , (2.1)

where the strong interactions are associated with the local SU(3) symmetry. The unified
electro-weak interactions are governed by the SU(2)×U(1) and only the left-handed compo-
nents of the fermion fields transform under the SU(2) group, hence the right-handed com-
ponents do not participate in the weak interactions. The particle content of the Standard
Model and the associated representations of the Standard Model gauge group are summarized
in Table 2.1. We will here only focus on the electro-weak part of the Standard Model since
the strong interactions are not relevant for the considerations of this work. The electro-weak
interactions are described in the electro-weak part of the Standard Model Lagrangian

LSU(2)L×U(1)Y
= LG + LF + LH + LY . (2.2)
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1st Gen. 2nd Gen. 3rd Gen. SU(3)C SU(2)L Y Q

(
u
d

)

L

(
c
s

)

L

(
t
b

)

L

3 2 1
3

2/3
−1/3

uR cR tR 3̄ 1 4
3 2/3

dR sR bR 3̄ 1 −2
3 −1/3

(
νe

e

)

L

(
νµ

µ

)

L

(
ντ

τ

)

L

1 2 −1
0
−1

eR µR τR 1 1 −2 −1

Table 2.1: The fermion particle content of the Standard Model and the representations of the gauge groups
SU(3)C and SU(2)L to which the quark and lepton fields are assigned. Furthermore the respective hypercharge
Y and the resulting electric charge Q is given.

Here, LG contains the kinetic terms and self-interactions of the gauge bosons, LF contains the
kinetic terms of the fermionic fields and their interactions with the gauge bosons, LH contains
the kinetic terms, self-interactions, and interactions with the gauge bosons of a postulated,
yet undiscovered scalar field called the Higgs boson, and finally LY contains the interaction
terms of the Higgs boson with the fermions. The first part LG is built up with the field
strength tensors and is written as

LG = −1

4

3∑

i=1

FiµνFµν
i − 1

2
GµνGµν . (2.3)

The field strength tensors contain the partial derivatives of the gauge fields, the SU(2) vector
fields W µ

i and the U(1) scalar field Bµ. Due to the non-commutative structure of the SU(2),
self-interactions of the fields W µ

i occur as is also the case for the gluons which are the SU(3)
gauge fields. Since the U(1) transformations commute, no self-interactions appear for the field
Bµ. This can be seen if the field strength tensors are explicitly given:

Fµν
i = ∂µW ν

i − ∂νW µ
i + gεijkW

µ
j W ν

k , Gµν = ∂µBν − ∂νBµ. (2.4)

The kinematics of the fermion fields is given in LF

LF = i
3∑

α=1

[
lLαγµDµlLα + eRαγµDµeRα + qLαγµDµqLα

+ uRαγµDµuRα + dRαγµDµdRα

]
, (2.5)
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Higgs SU(3)C SU(2)L Y Q

φ =

(
φ+

φ0

)

1 2 1
1
0

Table 2.2: The Higgs scalar field of the Standard Model and the representations of the gauge groups SU(3)C

and SU(2)L to which it is assigned. Furthermore the respective hypercharge Y and the resulting electric charge
Q is given.

where the partial derivatives are replaced by the covariant derivatives and the interactions
with the gauge fields are introduced to restore the local gauge symmetry. The covariant
derivatives are given as

Dµ = ∂µ − igTjW
µ
j − ig′

Y

2
Bµ (2.6)

Here, Tj are the generators of the SU(2) gauge group and Y is the hypercharge and the
interaction strength is given by the respective coupling constants g and g′.

Up to now, all gauge fields and fermion fields are assumed to be massless which does not
match with the experimental evidence of non-vanishing fermion masses since the quarks and
charged leptons are known to be massive particles. Furthermore, the gauge bosons of the
weak interactions are known to have masses. However, mass terms for the leptons and gauge
fields cannot be introduced explicitly to the Lagrangian since this would violate the gauge
symmetries. A loophole was found by introducing Spontaneous Symmetry Breaking which
required the postulation of a new additional complex scalar field, the Higgs, that transforms
as a doublet under the SU(2) of the Standard Model gauge group and evolves a non-vanishing
vacuum expectation value. This is the so-called Higgs mechanism [5–8]. The Higgs particle
and its assigned gauge representations are given in Table 2.2.

The kinematics of the Higgs field are added to the Standard Model Lagrangian, and as
for the fermionic fields, the partial derivative is exchanged with the covariant derivative and
interactions with the gauge fields are introduced. Furthermore a potential V (φ) is introduced:

LH = (Dµφ)†(Dµφ) − V (φ) (2.7)

The Higgs potential V (φ) is chosen as

V (φ) = −µ2φ†φ + λ(φ†φ)2, µ2 > 0 (2.8)

such that the minimum is off the origin and the potential takes the form of a “Mexican Hat”.
This implies a non-zero vacuum expectation value for the Higgs field and a degenerate

continuum of minimum eigenstates. The symmetry is broken since only one eigenstate can
be occupied. We can choose the gauge such that this minimum state is

〈φ〉 =

(

0
1√
2
vEW

)

, with vEW =

√

µ2

λ
. (2.9)

and around the vacuum expectation value the field can be expressed as

φ =

(
φ+

φ0

)

=

(

G+
1 + iG+

2
1√
2
(vEW + h + iG0)

)

(2.10)
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where the Goldstone bosons G+
1 , G+

2 , and G0 get “eaten” by inserting this into the Lagrangian
and introducing the following linear combinations of the gauge fields:

W±
µ =

1√
2
(W 1

µ ∓ W 2
µ)

Zµ = cos(θW )W 3
µ − sin(θW )Bµ

Aµ = cos(θW )Bµ + sin(θW )W 3
µ . (2.11)

Here, we already introduced the Weinberg angle θW that is defined as

cos(θW ) =
g

√

g2 + g′2
, sin(θW ) =

g′
√

g2 + g′2
. (2.12)

Furthermore, the gauge bosons aquire masses due to the non-vanishing vacuum expectation
value vEW because the Higgs part LH of the Lagrangian contains the following terms after
Spontaneous Symmetry Breaking that can be interpreted as mass terms

LH ⊃ 1

8
v2
EW (g2 + g′2)ZµZµ +

1

4
v2
EW g2W−

µ W+µ =
1

2
m2

ZZµZµ + m2
W W−

µ W+µ (2.13)

and as can be seen, the masses of the W and the Z bosons are related by the Weinberg angle.
The Higgs mechanism additionally allows to introduce masses for the fermions by adding

the so-called Yukawa interactions of the Higgs field with the quark and charged lepton fields
to the Lagrangian:

LY = −
3∑

α,β=1

[
(Yl)αβ lLαφeRβ + (Yd)αβqLαφdRβ + (Yu)αβqLα(iσ2φ

∗)uRβ

]
+ h.c. (2.14)

Here, the Yukawa couplings Yl, Yd, and Yu are 3×3 matrices in flavor space. If one now con-
siders Spontaneous Symmetry Breaking, the fermions aquire masses due to the non-vanishing
vacuum expectation value similar to the gauge bosons:

LY
SSB−→ −

3∑

α,β=1

[
(Ml)αβeLαeRβ + (Md)αβdLαdRβ + (Mu)αβuLαuRβ

]
+ h.c. (2.15)

where the mass matrices are given by

Mu =
1√
2
vEW Yu, Md =

1√
2
vEW Yd, Ml =

1√
2
vEW Yl. (2.16)

Note, that the neutrinos cannot acquire masses in the Standard Model since right-handed
neutrinos νR are not contained in the Standard Model particle content. These right-handed
neutrinos would carry no charge or hypercharge and be singlets under SU(2) and SU(3), hence
they would be absolute singlets under the Standard Model gauge transformations and do not
interact with any of the Standard Model particles. So, they have not been introduced and
neutrinos were believed to be massless particles.

However, the observations of the last decade have established flavor transitions in the
neutrino sector and neutrinos have been observed to be massive. So, the Standard Model of
elementary particle physics has to be extended in order to allow for neutrino masses.
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Chapter 3

Neutrino Masses and Mixing

Within the last Chapter, we briefly discussed the electro-weak part of the Standard Model
and the Higgs mechanism where the gauge bosons of the weak interactions and the fermions
acquire a mass. It was stated that no masses have been assigned to the neutrinos in this
mechanism since no right-handed neutrinos have been introduced to the particle content of
the Standard Model. However, the experimental evidence of neutrino oscillations indicates
that neutrinos indeed have masses. This requires an extension of the Standard Model and
neutrino masses have to be introduced.

3.1 Neutrino Mass Terms

The simplest extension of the Standard Model to incorporate neutrino masses is to introduce
right-handed neutrinos to the particle content. These are singlets under the SU(3) and the
SU(2). Furthermore neutrinos do not carry electric charge and hence also no Hypercharge as
is summarized in Table 3.1. So, the right-handed neutrinos do not contribute to the electro-
weak interactions but similar to the other fermions one can introduce Yukawa couplings to the
Higgs field that lead to an additional fermionic Dirac mass term after Spontaneous Symmetry
Breaking, now for the neutrinos:

LDirac
ν = −

∑

α,i

(Yν)αilLα(iσ2φ
∗)νRi + h.c.

SSB−→ −
∑

α,i

(mD)αiνLανRi + h.c. (3.1)

Again, the Yukawa coupling Yν is a 3×3 matrix in flavor space and the neutrino Dirac mass
matrix is given by the Yukawa coupling and the vacuum expectation value of the Higgs field:

mD =
1√
2
vEW Yν (3.2)

Especially for neutrinos, since they do not carry electric charge, there exists a second way to
introduce a Poincare invariant neutrino mass term besides a Dirac type mass term that can
be added to the Lagrangian, a so-called Majorana mass term:

LMajorana
ν = −1

2

∑

α,β

(mL)αβνLα(νL)Cβ

︸ ︷︷ ︸

not SU(2)L invariant

−1

2

3∑

i,j=1

(MR)ij(νR)Ci νRj + h.c. (3.3)
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SU(3)C SU(2)L Y Q

νRi 1 1 0 0

Table 3.1: The right-handed neutrinos that are added in the minimal extension of the Standard Model to
allow for neutrino masses and the representations of the gauge groups SU(3)C and SU(2)L to which they are
assigned.

However, the mass terms that are added to the Lagrangian do not have to only obey Poincare
invariance but also the gauge symmetry of the Standard Model and the first term in Eq. (3.3),
the Majorana mass term of the left-handed neutrinos, is not invariant under transformations
of the SU(2) and cannot be introduced explicitly to the Lagrangian. The Majorana mass term
for the right-handed neutrinos on the other hand is invariant under the gauge transformations
since it is a total singlet and can be simply added to the Lagrangian. As can be seen from
Eq. (3.3), the Majorana mass matrix MR is symmetric, i.e. (MR)ij = (MR)ji.

In principle a Majorana mass term can also be generated for the left-handed neutrinos
by Spontaneous Symmetry Breaking. One could either have an effective coupling of the
two neutrino fields to two Higgs doublets to construct a SU(2)-invariant operator, but this
would correspond to a 5 dimensional operator and require a suppression factor 1/Λ of mass
dimension -1 where Λ indicates the scale of new physics that give rise to the effective operator.
A second possibility is to introduce an additional Higgs field, a SU(2) triplet, to the particle
content. This Higgs triplet can also couple to the two neutrino fields and if it develops
a non-vanishing vacuum expectation value similar to the Higgs doublet, a Majorana mass
for the left-handed neutrinos is generated by Spontaneous Symmetry Breaking. However,
the existence of such a Higgs triplet is heavily constrained by electro-weak precision data,
especially by the measurement of the ρ-parameter (see e.g. [9] for a review). The mass
term of the right-handed neutrinos on the other hand is not constrained at all and also not
protected by any Standard Model symmetry. Usually the magnitude is naturally expected
near the GUT scale MGUT . 1016 GeV.

3.2 Neutrino Mixing

Parallel to the introduction of neutrino masses to the Standard Model the option of neutrino
mixing becomes enabled. In the Standard Model no neutrino masses are present, so that
neutrino mass eigenstates are not well defined. In this scenario, the flavor basis of the charged
leptons can always be chosen such, that the mass eigenstates of the charged leptons and their
weak eigenstates, i.e. the interaction eigenstates, are identical and no mixing occurs. However,
in this basis also the flavor eigenstates of the neutrinos να are fixed and not necessarily identical
to the mass eigenstates νi after the introduction of the mass terms.

The flavor eigenstates, i.e. the eigenstates of the weak interactions, and the mass eigen-
states, i.e. the eigenstate basis that provides diagonal mass matrices, are related by a unitary
transformation, described by unitary 3×3 matrices in flavor space. This is similar to the
Cabibbo-Kobayashi-Maskawa [10, 11] mixing in the quark sector. The mass eigenstates are
indicated by Latin indices i = 1, 2, 3 and the flavor eigenstates are indicated by Greek indices
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α = e, µ, τ :

eLα =
∑

i

(U e
L)αi eLi eRα =

∑

i

(U e
R)αi eRi

νLα =
∑

i

(Uν
L)αi νLi νRα =

∑

i

(Uν
R)αi νRi (3.4)

These so defined unitary matrices diagonalize the mass matrices in flavor space, which reads
for the charged leptons as

(U e
L)∗αi(Ml)αβ(U e

R)βj = mliδij . (3.5)

For the neutrinos, one has to discriminate between the two possible underlying mass terms,
how to diagonalize the mass matrices:

Dirac Neutrino Case : (Uν
L)∗αi(mD)αβ(Uν

R)βj = mνiδij

Majorana Neutrino Case : (Uν
L)αi(mL)αβ(Uν

L)βj = mνiδij (3.6)

Now, we will focus on the weak interactions of the neutrinos and see how the lepton mixing
affects the interactions of neutrinos. The relevant part of the Lagrangian is:

Lν
W = −

∑

α

[
g√
2
eLαγµνLαW−

µ +
g

4 cos θ
νLαγµνLαZ0

µ

]

+ h.c.

= −
∑

i,j

[
g√
2
eLi(U

e
L)∗αiγ

µ(Uν
L)αjνLjW

−
µ +

g

4 cos θ
νLi(U

ν
L)∗αiγ

µ(Uν
L)αjνLjZ

0
µ

]

+ h.c.

= −
∑

i,j

[
g√
2
eLiγ

µ(U e†
L Uν

L)ijνLjW
−
µ +

g

4 cos θ
νLiγ

µνLiZ
0
µ

]

+ h.c. (3.7)

As can be seen, the unitary matrices cancel out in case of neutral current interaction of
the neutrinos due to the unitarity condition. The charged current interactions however are
sensitive to leptonic mixing, since the mixing matrices do not cancel. In general, one considers
a flavor basis, where the charged lepton eigenstates do correspond to their mass eigenstates
and leptonic mixing is shifted to the neutrino sector. In this case only one unitary matrix U
merges the mixing of the leptonic sector:

U = U e†
L Uν

L (3.8)

The unitary matrix U is the mixing matrix of neutrinos, sometimes referred to as the
Pontecorvo-Maki-Nakagawa-Sakata mixing matrix [12]. Similar to the standard parameter-
ization of the Cabibbo-Kobayashi-Maskawa matrix in the quark sector, the matrix can be
parameterized by three Euler angles θ12, θ13, and θ23. Furthermore, U can generally be a
complex matrix and six phases remain as free parameters in the parameterization after the
nine unitarity constraints are considered. However, three of these phases are unphysical be-
cause they can be canceled out by a re-definition of the charged lepton fields, i.e. these phases
are absorbed. The remaining phases are referred to as the Dirac phase δCP and the Majorana
phases φ1 and φ2. The parameterization has to be defined by the ordering of the three Euler
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rotations matrices U12, U13, and U23:

U23 =





1 0 0
0 c23 s23

0 −s23 c23



 , U13





c13 0 s13e
−iδCP

0 1 0
−s13e

iδCP 0 c13





U12 =





c12 s12 0
−s12 c12 0

0 0 1



 , PM =





eiφ1/2 0 0

0 eiφ2/2 0
0 0 1



 (3.9)

Here, the notation is chosen such that cij ≡ cos θij and sij ≡ sin θij. The Majorana phases
are contained in the diagonal matrix PM . In the Dirac case also the Majorana phases are
unphysical because they can be canceled out by a re-definition of the right-handed neutrino
fields. In this case only one complex phase, the Dirac phase δCP, remains in the parameteri-
zation of U . Depending on the nature of the neutrino mass term, the neutrino mixing matrix
U is given as:

DiracNeutrinoCase : U = U23U13U12

MajoranaNeutrinoCase : U = U23U13U12PM (3.10)

In the Dirac case the neutrino mixing matrix takes the form

U23U13U12 =





c12c13 s12c13 s13e
−iδCP

−s12c23 − c12s23s13e
iδCP c12c23 − s12s23s13e

iδCP s23c13

s12s23 − c12c23s13e
iδCP −c12s23 − s12c23s13e

iδCP c23c13



 , (3.11)

that is similar to the standard parameterization of the Cabbibo-Kobayashi-Maskawa matrix
of the quark sector. The mixing matrix U relates the weak flavor eigenstates νe, νµ, and ντ

to the neutrino mass eigenstates ν1, ν2, and ν3:

|να〉 =
∑

i

U∗
αi|νi〉 (3.12)

Note that, different than can be naively expected from the last line in Eq. (3.7), the complex
conjugate U∗

αi enters in the relation between flavor and mass eigenstates. The reason is, that
Eq. (3.7) contains fields and here we consider one-particle states that have to be generated
out of the vacuum state |0〉 by applying the conjugate of the field [13].

3.3 See-Saw Mechanism

The observation of neutrino oscillations has given the evidence for massive neutrinos. The ab-
solute scale of the neutrino masses however is not definitively determined yet. But, constraints
from Tritium endpoint experiments and cosmology imply an upper bound with mν . 1 eV1.
In case of Dirac neutrinos where only a Dirac mass term is present, the smallness of neutrino
masses is commonly addressed as unnatural. Naively, one would expect the Yukawa couplings
of all fermions to be of the same magnitude which would lead to similar masses of all fermions.
This expectation is already violated by the charged fermions since the masses, i.e. the Yukawa
couplings of the lightest charged fermion, the electron, and the heaviest charged fermion, the

1The details of the measurements and the exact bounds will be given in Chapter 5
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top quark, are divided by six orders of magnitude. The smallness of neutrino masses in the
Dirac case would have to be achieved by the introduction of even smaller Yukawa couplings,
five orders of magnitude smaller than the Yukawa coupling of the electron. The big difference
is that the charged fermions follow a strong hierarchy of masses between the generations, but
are within one or two orders of magnitude within one generation. The neutrinos on the other
hand would additionally introduce a strong hierarchy within the generations.

The so-called See-Saw mechanism is the most popular scenario to provide an explanation
for the smallness of neutrino masses. However, the See-Saw mechanism requires the existence
of a Dirac and a Majorana mass term simultaneously. The neutrino mass terms in the
Lagrangian from Eq. (3.1) and Eq. (3.3) can be merged to a compactified notation:

LMass
ν =

(

νL (νR)C
)( mL mD

mT
D MR

)

︸ ︷︷ ︸

M

(
(νL)C

νR

)

+ h.c. (3.13)

The neutrino mass eigenstates are found by diagonalization of the mass matrix M. The
single contributions within M are supposed to follow a hierarchy mL ≪ mD ≪ MR. We
stated earlier that mL is constrained since it arises either from a five dimensional operator
or through the vacuum expectation value of a Higgs triplet, constrained by electro-weak
precision measurements, and commonly is taken to be mL = 0. The Dirac mass is generated
by Spontaneous Symmetry Breaking and expected to be of the order of the electro-weak
scale ΛEW ∼ 102 GeV or lower while the Majorana mass of the right-handed neutrinos is
not constrained by any Standard Model symmetry and is allowed to be as large as the GUT
scale MGUT ∼ 1016 GeV.

The diagonalization of M

MDiag = V TMV =

(
m̃L 0

0 M̃R

)

(3.14)

can be achieved by approximate block-diagonalization with the matrix

V ≃
(

1 m∗
DM∗

R
−1

−MR
−1mT

D 1

)

(3.15)

which is close to the identity matrix and hence we get

ν̃L ≃ νL, ν̃R ≃ νR. (3.16)

The block-diagonal matrix MDiag only connects left-handed neutrinos with their conjugates
and right-handed neutrinos with their conjugates and the mass eigenstates are pure Majorana
neutrinos after the diagonalization process. The block-entries are given by the famous See-Saw
relation:

m̃L ≃ mL − mDM−1
R mT

D = mL − v2
EW

2
YνM

−1
R Y T

ν , M̃R ≃ MR (3.17)

Here, the right-handed neutrino masses are still at the GUT scale but the left-handed neutrino
masses are suppressed by the GUT scale through M−1

R and the smallness can be explained.
If mL = 0 is assumed, it is referred to as the See-Saw mechanism of Type-I, while a non-zero
mL leads to the denotation of See-Saw Type-II. In case of See-Saw Type-I, although mL = 0,
the effective low energy neutrinos are left-handed Majorana neutrinos and the non-zero mass
is generated by the See-Saw mechanism. This effect is schematically shown in the diagram of
Fig. 3.1.
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�νL νLνR

φ0

νR

φ0

mD MR
mD

vEW vEW

Figure 3.1: Diagramatic illustration of the generation of an effective left-handed majorana mass operator
mL of light neutrinos through the See-Saw mechanism involving the Dirac mass term and the Majorana mass
term of the heavy right-handed neutrinos νR.

3.4 Implications

The presence of neutrino masses and neutrino mixing implies additional phenomenological
consequences compared to the Standard Model. We will review in this section the three
most interesting possible implications of neutrino masses. Neutrino oscillations have already
been established and confirm that neutrinos indeed do have a mass and there is mixing
between the neutrino flavor eigenstates. For the oscillation mechanism to work, the nature
of neutrino masses, i.e. if they are Majorana or Dirac particles, is not relevant and hence
this cannot be observed in neutrino oscillations. The further discussed possible implications
of masses and mixing are the famous neutrino-less double beta decay, in abbreviation 0νββ,
and Leptogenesis, i.e. the mechanism to explain the baryon asymmetry of our universe by the
decay of heavy right-handed neutrinos in the early universe.

Neutrino Oscillations

Here, we will only briefly discuss the framework of neutrino oscillations as they are implications
of non-zero neutrino masses and neutrino mixing. Since neutrino oscillations are the topic
of this work, a more detailed introduction to the framework is given in the next chapter.
Neutrino oscillations can be understood in a complete quantum mechanical framework. The
first description of neutrino oscillations was given in [14] but for ν ↔ ν, whereas the first
discussion of neutrino oscillations between the flavor eigenstates was given in [15, 16]. The
starting point is the neutrino mixing described by the unitary mixing matrix as introduced
in Eq. (3.12):

|να〉 =
∑

i

U∗
αi|νi〉

The time evolution of the neutrino states is described by the Schrödinger equation, here
formulated for neutrino mass eigenstates in the rest frame of the neutrinos:

i
∂

∂τi
|νi〉 = Ĥ|νi〉 = mi|νi〉 (3.18)

Thus, the time evolution of the neutrino mass eigenstates is described by a time dependent
complex phase factor:

|νi(τi)〉 = e−imiτi |νi(0)〉. (3.19)

However, the time evolution is required to be described in the laboratory frame where the
measurements take place. We will only consider relativistic neutrinos since the neutrino mass
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is very small and all considered neutrino energies throughout this work will satisfy the con-
dition Eν ≫ mν . The phase exponent in the time evolution of the neutrino mass eigenstates
in the laboratory system is expressed in terms of neutrino energy Ei and momentum pi as

miτi = Eit − pix = Eit −
√

E2
i − m2

i x

≃ Et − Ex +
m2

i

2E
x

≃ m2
i

2E
x =

m2
i

2E
L (3.20)

where we have used the expansion of the square root and the relativistic approximation x ≈ t.
Furthermore, we have introduced the baseline L, i.e. the distance between the location of
neutrino production and detection. It can be seen that the phase factor can be approximated
and expressed in terms of squared neutrino masses2.

Now, the relevant aspect leading to neutrino oscillations is that neutrinos can only be
produced or detected in charged current weak interaction processes where only neutrino fla-
vor eigenstates participate. Between production and detection the neutrinos propagate as
superposition of neutrino mass eigenstates with different evolutions of the phase factors and
flavor transitions become possible, i.e. the detection of a neutrino of different flavor as the
flavor of the initially produced neutrino. The probability Pαβ of such a flavor transition from
flavor α to flavor β is again calculated in the simple quantum mechanical picture:

|ν(t = 0)〉 = |να〉 =
∑

k

U∗
αk|νk〉 (3.21)

Pαβ = |〈νβ|ν(t)〉|2 =

∣
∣
∣
∣
∣

∑

k

U∗
αke

−i
m2

k
2E

L〈νβ |νk〉
∣
∣
∣
∣
∣

2

=

∣
∣
∣
∣
∣
∣

∑

k,j

UβjU
∗
αke

−i
m2

k
2E

L〈νj |νk〉

∣
∣
∣
∣
∣
∣

2

=

∣
∣
∣
∣
∣

∑

k

UβkU
∗
αke

−i
m2

k
2E

L

∣
∣
∣
∣
∣

2

=
∑

k,j

UβkU
∗
αkU

∗
βjUαje

−i
m2

k−m2
j

2E
L (3.22)

It arises that the transition probability has indeed an oscillatory behavior since it is 2π-
periodic in the parameter L/E, i.e. for a fixed neutrino energy the probability oscillates with
the distance from the location of neutrino production. Besides, it is obvious that a non-zero
transition probability between the different flavors α 6= β can only be obtained if neutrino
mixing and non-zero neutrino masses are present simultaneously. If only one is present, i.e.
either neutrino mixing of massless neutrinos or no mixing of massive neutrinos, no neutrino
oscillations can occur:

2Note, that this is similar to the equal energy approximation (all mass eigenstates have equal energies
Ei = E) which is in principle not the correct assumption but gives the right result as does the opposed equal
momenta approximation (all mass eigenstates have equal momenta pi = p). In general, the kinematics of the
process where the neutrino is produced has to be taken accurately into account. See [17] or the review [18] for
details of the discussion.
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Ν1

Ν2

Ν3

Ν1

Ν2

Ν3

Normal Hierarchy Inverted Hierarchy

Νe ΝΜ ΝΤ

A
tm

ospheric

S
olar

Figure 3.2: The mass spectrum of the three neutrino mass eigenstates ν1, ν2, and ν3 in case of normal
hierarchy (left) and inverted hierarchy (right). The single mass eigenstates are separated into the respective
contributions coming from the three flavor eigenstates νe (red), νµ (green), and ντ (blue). The contribution of
νe to ν3 is given by |Ue3|

2 and would vanish in case of sin2 2θ13 = 0. Here a value of sin2 2θ13 = 10−2 is chosen.

No neutrino masses (mi = 0)

Pαβ =
∑

k

UβkU
∗
αk

∑

j

U∗
βjUαj = (UU †)βα(U †U)βα = δαβ (3.23)

No neutrino mixing (Uαi = δαi)

Pαβ =
∑

k,j

δβkδαkδβjδαje
−i

m2
k−m2

j
2E

L = δβαδβαe−i
m2

β−m2
α

2E
L = δαβ (3.24)

Furthermore, Eq. (3.22) shows that not the absolute neutrino mass scale or absolute neutrino
mass differences enter the oscillation probabilities but the difference of the squared neutrino
masses ∆m2

kj ≡ m2
k−m2

j , the so-called mass-squared differences. It should be mentioned that
in the Majorana case the introduced Majorana phases φ1 and φ2 do not enter the oscillation
probability and neutrino oscillations do not distinguish phenomenologically between the Dirac
and the Majorana case. So, neutrino oscillations do not provide any possible insight to this
important puzzle of neutrino physics and the Majorana phases are the only parameters in the
neutrino mixing matrix that cannot be addressed in neutrino oscillations.

The masses and mixing of neutrinos is illustrated in Fig. 3.2. The horizontal bars repre-
sent the neutrino mass eigenstates ν1, ν2, and ν3 with increasing mass from bottom to top.
The mass eigenstates are linear combinations of the flavor eigenstates νe, νµ, and ντ indicated
by the colored contributions to the bars. The three neutrino framework allows to combine
neutrino masses to three mass squared differences ∆m2

21, ∆m2
31, and ∆m2

32. However, only
two out of the three mass squared differences are independent. From neutrino oscillation
observations, that will be presented in detail in Chapter 5, it is known that one mass squared
difference ∆m2

21, the so-called solar mass squared difference since it appears in flavor transi-
tions of solar neutrinos, is two orders of magnitude smaller than the other two mass squared
differences ∆m2

31 and ∆m2
32, the so-called atmospheric mass squared differences since they
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Figure 3.3: The simplest diagram leading to neutrino-less double beta decay (0νββ) in case of a non-
vanishing Majorana mass term for the left-handed neutrinos νL. Lepton number Le is violated by two units
since two electrons are emitted. The amplitude is proportional to the 11-element of the neutrino mass matrix
mee

appear in the neutrino oscillations of neutrinos produced in the Earth’s atmosphere. This
is illustrated in Fig. 3.2 by the hierarchical ordering in the figure. But since the sign of the
atmospheric mass squared differences is not known yet there exist two possible mass hierar-
chy ordering scenarios for the neutrinos, one where the third mass eigenstate ν3 is heavier
than the other two which is called the normal neutrino mass hierarchy (left-hand side) and
the opposite mass ordering where ν3 is the lightest neutrino mass eigenstate which is called
the inverted neutrino hierarchy (right-hand side)3. Note, that the absolute mass scale is not
known and there only exist upper bounds that still allow for a so-called quasi-degenerate
neutrino mass spectrum, where the absolute mass scale of the neutrinos is considerably larger
than the mass differences between the single neutrinos and all three neutrino mass eigenstates
have very similar masses.

Neutrino-less Double Beta Decay

Within the last subsection we stated that neutrino oscillations cannot distinguish between the
Dirac neutrino case and the Majorana neutrino case. One of the most promising processes
that could shed light to this very important puzzle of neutrino physics is the process of
neutrino-less double beta decay. If neutrinos are of Majorana type, i.e. have non-vanishing
Majorana masses, lepton number violating processes become possible with one of them being
this famous neutrino-less double beta decay (0νββ) where a nucleus decays to another nucleus
with the atomic number Z increased by two units and accompanied by the emission of two
electrons

(A,Z) → (A,Z + 2) + 2e−, (3.25)

hence the lepton number Le is violated by two units. This can only be observable for nuclei
that already allow normal double beta decay where single beta decays are energetically forbid-
den but two beta decays simultaneously accompanied with the emission of two electrons and
two anti-neutrinos are allowed. The spectrum of the electron energy sum of the conventional

3Here, the terms “normal” and “inverted” refer to the prejudice that neutrinos should fit into the usual
picture of mass orderings as is true for the other fermions, since for the charged leptons and up- and down-type
quarks the mass differences increase between 1st/2nd and 2nd/3rd generation. However, neutrinos are known
to allow for surprises, since due to a similar prejudice it was expected that neutrino mixing should be small as
in the quark sector.
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Figure 3.4: The diagram of the black box argument that shows that the presence of neutrino-less double
beta decay automatically implies the existence of an effective Majorana mass term [19].

double beta decay is continuous due to the emission of the undetectable neutrinos but the
neutrino-less double beta decay must give a discrete peak. The decay width of the process
is proportional to the squared of the absolute value of the 11-element 〈mee〉 of the neutrino
mass matrix in the flavor basis as can be understood from the tree level Feynman diagram
of the process illustrated in Fig. 3.3. Additionally nuclear matrix elements enter the decay
amplitude and introduce a further limiting factor additionally to the long half-time of the
decay since the nuclear matrix elements are associated with large uncertainties.

However, neutrino-less double beta decay only is allowed for Majorana neutrinos. Thus,
the process is directly related to the Majorana character of the neutrinos and an observation
of neutrino-less double beta decay is a clear signature for the Majorana character of neutrinos.
Not only a Majorana mass term makes neutrino-less double beta decay possible but also in
the other direction every black box neutrino-less double beta decay process directly implies
an effective Majorana mass term for the neutrinos [19] as can be seen from the diagram in
Fig. 3.4. Unfortunately, the argument cannot be twisted because from the non-observation
the neutrino-less double beta decay cannot exclude the Majorana character of neutrinos. This
can be understood from the formula for the 11-element of the mass matrix 〈mee〉:

〈mee〉 =

∣
∣
∣
∣
∣
∣

3∑

j=1

U2
ej mj

∣
∣
∣
∣
∣
∣

=
∣
∣
∣c2

13 c2
12 m1 eiφ1 + c2

13 s2
12 m2 eiφ2 + s2

13 m3 ei2δ
∣
∣
∣ (3.26)

As can be seen, the relevant mass matrix element contains three terms where all three phases
enter here. Thus, three complex numbers are summed and cancellation can occur for a
proper combination of phases. Such a cancellation could lead to a vanishing 〈mee〉 although
neutrinos are Majorana particles and neutrino-less double beta decay cannot be observed.
However such a cancellation is only possible if neutrino masses are of normal hierarchy as is
illustrated in Fig. 3.5. There, the mass matrix element 〈mee〉 is given as a function of the
mass m of the lightest neutrino mass eigenstate for normal hierarchy (left-hand side, with
m = m1 = m(ν1)) and inverted hierarchy (right-hand side, with m = m3 = m(ν3)). The
bands indicate variations of the input parameters θ12, ∆m2

21, ∆m2
31, θ13 and the phases δCP,

φ1, and φ2 that enter the formula of 〈mee〉. The innermost dark bands only take a variation of
the phases into account while the other parameters are fixed to their best-fit values. The next
brighter region uses the variation of the phases and the other parameters besides θ13 within
their 3σ allowed ranges while θ13 = 0 is kept fixed. The brightest largest region also takes
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Figure 3.5: The possible values of the effective neutrino mass 〈mee〉 relevant in 0νββ decay as a function
of the lightest neutrino mass m for the normal mass hierarchy m = m1 < m2 < m3 (left) and the inverted
mass hierarchy m = m3 < m1 < m2 (right). The inner (darkest) regions are obtained with the best-fit values
of the oscillation parameters and only the CP phases φ1, φ1, and δ are kept free. The next brighter region
is obtained by the variation of the phases and the oscillation parameters θ12, ∆m2

21, and ∆m2
31 within the

allowed 3σ ranges while θ13 is fixed to be zero. The outmost brightest region is obtained by a variation of all
relevant parameters in 〈mee〉 within their allowed 3σ ranges.

into account a variation of θ13 within the allowed 3σ range. In case of normal hierarchy we
observe that for intermediate neutrino masses 10−2 eV < m < 10−3 eV indeed a cancellation
of 〈mee〉 is possible while for inverted hierarchy this is never the case and 〈mee〉 & 10−2 eV
holds independent of the magnitude of neutrino masses. Thus, neutrino-less double beta decay
could provide a possibility for the discrimination between normal and inverted hierarchy of
neutrinos.

Leptogenesis

Extensions of the Standard Model that include neutrino masses additionally offer a promising
explanation for the baryon asymmetry of our universe. The amount of the observed present
baryon asymmetry is generally described with the quantity

nb − nb

nγ
= 6.15 ± 0.25 · 10−10 (3.27)

that relates the difference in the number density of baryons and anti-baryons to the present
number density of photons in the universe. This number is obtained from observations of
the fluctuations in the Cosmic Microwave Background at WMAP [20] and shows that only
a tiny asymmetry, i.e. a tiny excess of matter over anti-matter, is required at the time the
photons decouple to explain the very large asymmetry we observe today. It was found that
any mechanism that can provide an explanation for the baryon asymmetry of the universe
must fulfill the three Sakharov conditions [21] that are baryon number violation, C and CP
violation, and a deviation from thermal equilibrium. In principle these conditions can be
fulfilled in the Standard Model but it is still not able to explain the observed asymmetry.
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Figure 3.6: The Feynman diagrams for the decay of heavy right-handed neutrinos Ni into a Higgs doublet
(containing the neutral scalar φ0 and the charged Higgs scalar) and a lepton doublet (containing the charged
leptons and the light left-handed neutrinos) at tree level and at one-loop level. The interference of these
diagrams is relevant for Leptogenesis.

It is also not possible to explain the asymmetry with an initially imposed asymmetry since
it would have been washed out during inflation. Thus, the observed asymmetry has to be
generated dynamically. One scenario where this can be achieved within a See-Saw scenario is
the famous mechanism of Leptogenesis [22] where the asymmetry is generated in the lepton
sector due to the out-of-equilibrium decays of the heavy right-handed Majorana neutrinos.
The relevant processes are shown in Fig. 3.6. This asymmetry in the lepton sector is then
transfered to the baryon sector via the (B+L) violating sphaleron processes [23] that are
present in the dynamics of the Standard Model.

Usually the framework of Leptogenesis is discussed in a scenario with hierarchical right-
handed neutrinos and the asymmetry is generated by the decays of the lightest right-handed
Majorana neutrinos νR1, that are thermally produced during the reheating after the epoch of
inflation, the so-called “Thermal Leptogenesis” scenario. Since the number of parameters in
the See-Saw mechanism is considerably larger than the number of measurable quantities in low
energy neutrino experiments4, it was questionable if low energy parameters, as for instance
the CP phases in light neutrino mixing φ1, φ2, and δCP, are connected to the mechanism
of Leptogenesis. A large number of studies considering the mechanism of Leptogenesis were
performed in the so-called “one-flavor” approximation, where flavor effects were neglected and
the CP violating decay of the lightest right-handed neutrinos νR1 produced a total lepton
number asymmetry. In this scenario the asymmetry was generated due to the CP violation
from the right-handed sector and no connection to low energy observables was found.

However, recently it has been discussed that flavor effects can play an important role in
scenarios with neutrino masses with MR1 . 1012 GeV since at temperatures T ∼ 1012 GeV
the Yukawa couplings of the tau leptons and at T ∼ 109 GeV the Yukawa couplings of the
muons get into equilibrium and flavor becomes distinguishable [24, 25]. It was found that in
these scenarios low energy parameters can be linked to the mechanism of Leptogenesis and
the low energy CP violation from the left-handed neutrinos can contribute to the produced
asymmetry. Even in case of absolute CP conservation in the right-handed sector of the
See-Saw mechanism the baryon asymmetry of the universe can be dynamically generated by
Leptogenesis only due to φ1, φ2, and δCP [25–32]. Thus, finding CP violation in low energy
neutrino experiments as for instance in neutrino oscillation experiments would clearly support
the idea of Leptogenesis.

4Here, the term “low energy” refers to energies much smaller than the natural masses of the right-handed
neutrinos within the See-Saw mechanism.
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Chapter 4

Neutrino Oscillations

In the last chapter, we already introduced neutrino oscillations alongside the implications
of neutrino masses and neutrino mixing. There it has been shown that both, masses and
mixing, is required to allow the oscillatory flavor transitions between the neutrinos. In this
chapter, we will review the phenomenology of neutrino oscillations in greater detail since
we will focus on neutrino oscillation experiments in later chapters. First, we will address the
simple framework of two flavor oscillations because the framework is most comprehensible and
further phenomenological consequences such as the matter effect can already be discussed in a
two flavor scenario. After that, we will switch to the three flavor framework and the additional
three flavor effects compared to the two flavor framework will become apparent.

4.1 Two Flavor Oscillations

In the two flavor framework we will work in a two dimensional flavor space. i.e. there are two
flavor eigenstates |να〉 and |νβ〉 and two mass eigenstates |ν1〉 and |ν2〉. These states are again
related by the neutrino mixing matrix, now called Ũ :

|να〉 =

2∑

i=1

Ũ∗
αi |νi〉 (4.1)

This neutrino mixing matrix is now a unitary 2×2 matrix and in this case only one mixing
angle is sufficient for the parameterization of the matrix:

(
|να〉
|νβ〉

)

=

(
cos θ sin θ
− sin θ cos θ

)(
|ν1〉
|ν2〉

)

(4.2)

We will now address the calculation of the disappearance probability for a neutrino that is
produced as a flavor eigenstate |να〉 and after propagation over the distance of the baseline L it
is detected as a neutrino flavor eigenstate |νβ〉, i.e. a flavor transition has been occurred. The
propagation is described by the Schrödinger equation with a Hamiltonian that is diagonal
in the basis of mass eigenstates |ν1〉 and |ν2〉 and the propagation of mass eigenstates can
be described by a complex phase factor as given in Chapter 3.4, but the initial neutrino is
produced as a flavor eigenstate |ν(t = 0)〉 = |να〉. The oscillation probability is calculated by
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Figure 4.1: The oscillation probabilities Pαα (disappearance) and Pαβ (appearance) in the two-flavor scenario
as a function of the baseline L, i.e. the distance from the source (left), and the neutrino energy Eν (right). At
every baseline L in the left figure and at every neutrino energy Eν in the right figure the two neutrino oscillation
probabilities, disappearance and appearance, add up to unity due to unitarity reasons, i.e. Pαα + Pαβ = 1.

the square of the amplitude:

Pαβ = |〈νβ|ν(t)〉|2

=

∣
∣
∣
∣

(

− sin θ〈ν1| + cos θ〈ν2|
)(

cos θe−i
m2

1
2E

L|ν1〉 + sin θe−i
m2

2
2E

L|ν2〉
)
∣
∣
∣
∣

2

= sin2 θ cos2 θ

∣
∣
∣
∣
e−i

m2
2

2E
L − e−i

m2
1

2E
L

∣
∣
∣
∣

2

=
1

4
sin2 2θ

[

2 − 2 cos
(

m2
2−m2

1

2E L
)]

= sin2 2θ sin2

(
m2

2 − m2
1

4E
L

)

(4.3)

This is the famous two-flavor oscillation probability for neutrinos propagating in vacuum. The
amplitude of the oscillations is given by the mixing angle parameter sin2 2θ and the oscillation
is periodic in the parameter L/E where the frequency is fixed by the mass squared difference
of the neutrinos. Note, that the mass ordering of the neutrinos is irrelevant in this formula.
The calculation of the related disappearance probability for a neutrino of the flavor α can
be calculated similarly. However, the unitarity of the neutrino mixing matrix leads to the
unitarity conditions of the oscillation probabilities that is for instance the disappearance and
appearance probability adding up to unity:

Pαα + Pαβ = 1. (4.4)

Thus, the disappearance does not have to be calculated like above but is just given as

Pαα = 1 − Pαβ = 1 − sin2 2θ sin2

(
m2

2 − m2
1

4E
L

)

. (4.5)

The unitarity of the oscillation probabilities is also illustrated in Fig. 4.1. The oscillation prob-
abilities in the two-flavor case are shown for neutrino oscillations as a function of the baseline
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Figure 4.2: The relevant Feynman diagrams for coherent forward scattering of neutrinos traveling through
matter. Independently of the flavor, all neutrinos can scatter through neutral-current reactions with the matter
neutrons, protons, and electrons (left). Additionally the coherent forward scattering of the νe gets contributions
from charged-current reactions with the matter electrons (right).

L for neutrinos of a fixed energy (left-hand side) and as a function of the neutrino energy Eν

for a fixed baseline (right-hand side). While the left plot illustrates the periodic oscillatory
behavior of the neutrino oscillations, i.e. the fact that the initial state is periodically restored,
the right plot shows the relevant information for the understanding of the phenomenology at
beam-based neutrino oscillation experiments. For the later discussed beam-based oscillation
experiments the baseline L between the neutrino source and the detector is usually fixed but
the neutrino beam spectrum is continuous and a wider range of neutrino energies is contained.
The neutrino beam energy spectrum and the baseline L have to be chosen such that the first
oscillation maximum is optimally covered by the beam spectrum. Fig. 4.1 also shows that the
amplitude of the oscillations is given by the mixing angle and the frequency is determined by
the mass squared difference.

4.2 Matter Effects

The oscillations of neutrinos in vacuum are quite different from oscillations where the neutri-
nos travel through matter along the baseline. Different than for the propagation of neutrinos
in vacuum, the propagation through matter allows for the so-called coherent forward scatter-
ing of the neutrinos via weak interactions with the particles of the matter along the path of
the neutrinos. While the neutral-current interactions are flavor-blind and do not distinguish
between the flavors, the charged-current forward scattering only becomes possible with the
corresponding charged leptons that are contained in matter. But since the matter only con-
tains electrons coherent forward scattering is only possible for electron neutrinos. This effect
is illustrated in Fig. 4.2. The left-hand side shows the diagram for neutral-current coherent
forward scattering with the protons, neutrons, and electrons of the matter that is possible for
all flavors while the diagram of the right-hand side is only possible for electron neutrinos.

We will now derive the changes of the oscillation phenomenology in matter. The starting
point is the Hamiltonian of neutrino propagation of two flavors in vacuum, now written in the
flavor basis while in former discussions it was more convenient to discuss the Hamiltonian in
the basis of mass eigenstates. Since in the latter basis the Hamiltonian was diagonal the now
discussed Hamiltonian in the flavor basis is not in a diagonal form. The Schrödinger equation
is:

i
∂

∂t

(
|να〉
|νβ〉

)

=
1

2E

[

Ũ

(
m2

1 0
0 m2

2

)

Ũ †
](

|να〉
|νβ〉

)

(4.6)
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and the Hamiltonian is a 2×2 matrix that also contains the mixing matrix:

ĤVAC =
1

2E

[

Ũ

(
m2

1 0
0 m2

2

)

Ũ †
]

(4.7)

For the discussion of matter effects it is convenient to rewrite the Hamiltonian. Subtracting or
adding contributions that are proportional to the identity matrix 12×2 do shift the eigenvalues
of the Hamiltonian but the dynamics of oscillations between the flavors are not affected by such
a transformation since this is only leading to an overall phase shift while neutrino oscillations
are the outcome of phase differences1. By making use of this effect the derivation of matter
effects becomes more convenient.

First, the Hamiltonian of vacuum oscillations is written explicitely in the flavor basis and
some trigonometric identities are used. Here, we already have subtracted a matrix propor-
tional to the identity matrix to extract all dimensional quantities out of the matrix. The
modified Hamiltonian in Vacuum becomes:

ĤVAC =
∆m2

21

2E

[

Ũ

(
0 0
0 1

)

Ũ †
]

=
∆m2

21

4E

(
1 − cos 2θ sin 2θ

sin 2θ 1 + cos 2θ

)

(4.8)

Furthermore, we can again safely subtract all contributions that are proportional to the
identity matrix and end up with the further modified Hamiltonian in vacuum in the flavor
basis of the two neutrino states:

ĤVAC =
∆m2

21

4E

(
− cos 2θ sin 2θ
sin 2θ + cos 2θ

)

(4.9)

Again, the eigenvalues have been shifted by the values that have been subtracted from the
diagonal elements but the dynamics is still the same oscillation phenomenology that has
been derived in the last section. Now, if a propagation through matter is considered, the
mentioned coherent forward scattering adds contributions to the Hamiltonian that are the
so-called effective matter potentials. We will here identify the flavor |να〉 with the electron
neutrino and the flavor |νβ〉 with the muon neutrino or the tau neutrino. As could be read
off from Fig. 4.2, the neutrinos of flavor α can undergo neutral-current and charged-current
coherent forward scattering while the neutrinos of flavor β are only sensitive to neutral-current
coherent forward scattering. The relevant effective matter potential can be derived from the
weak interaction part of the Lagrangian and are found to be:

ACC = ACC(t) =
√

2GF NE(t), ANC = ANC(t) =
1√
2
GF Nn(t) (4.10)

The effective matter potential for charged current scattering ACC is proportional to the elec-
tron number density Ne and the effective coupling constant of the weak interactions, the Fermi
constant GF . The effective matter potentials for the neutral-current coherent forward scat-
tering ANC is also proportional to the Fermi constant and additionally to the number density
of the neutrons2. These effective matter potential are now inserted to the Hamiltonian in

1Note, that this argument is independent of the basis and the subtractions can be performed in the flavor
basis and in the mass eigenstate basis.

2The scattering involves the protons, neutrons, and electrons of the matter but the contributions of protons
and electrons cancel out [33].
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the flavor basis on the respective diagonal elements since no flavor transitions are governed
directly by the forward scattering and one ends up with the Hamiltonian in matter:

ĤMAT =
∆m2

21

4E

(
− cos 2θ sin 2θ
sin 2θ + cos 2θ

)

+

(
ACC + ANC 0

0 ANC

)

(4.11)

Again, the contributions proportional to the identity matrix can be split off

ĤMAT =
∆m2

21

4E

(
−(cos 2θ − A′) sin 2θ

sin 2θ cos 2θ − A′

)

+

( ACC
2 + ANC 0

0 ACC
2 + ANC

)

(4.12)

and only the first term is relevant for the dynamics of neutrino oscillations. The only remaining
contribution from the matter through coherent forward scattering is coming from charged-
current interactions of the neutrinos of flavor α. The effective matter potential ACC is hidden
in the dimensionless variable A′:

A′ ≡ 2E

∆m2
21

ACC (4.13)

Now, the new eigenvalues of the Hamiltonian in matter can be easily calculated:

λ1/2 = ∓∆m2
21

4E

√

sin2 2θ + (cos 2θ − A′)2 (4.14)

With an educated guess and this eigenvalues in mind one can rewrite the Hamiltonian in
matter as

ĤMAT =
∆m2

21

√

sin2 2θ + (cos 2θ − A′)2

4E





− (cos 2θ−A′)√
sin2 2θ+(cos 2θ−A′)2

sin 2θ√
sin2 2θ+(cos 2θ−A′)2

sin 2θ√
sin2 2θ+(cos 2θ−A′)2

cos 2θ−A′√
sin2 2θ+(cos 2θ−A′)2





=
∆m2

M

4E

(
− cos 2θM sin 2θM

sin 2θM + cos 2θM

)

(4.15)

which after introducing the new parameters ∆m2
M, sin 2θM, and cos 2θM takes again the form

of the vacuum Hamiltonian of Eq. (4.9). Thus the derived Hamiltonian in matter shows the
same phenomenology of neutrino oscillations as the Hamiltonian in vacuum but the vacuum
parameters are modified by the matter potential parameter A′:

∆m2
M = ∆m2

21

√

sin2 2θ + (cos 2θ − A′)2

sin 2θM =
sin 2θ

√

sin2 2θ + (cos 2θ − A′)2

cos 2θM =
cos 2θ − A′

√

sin2 2θ + (cos 2θ − A′)2
(4.16)

In the case of anti-neutrinos traveling through the matter the sign of the effective matter po-
tential has to be reversed and the oscillation parameters for anti-neutrinos in matter become:

∆m2
M = ∆m2

21

√

sin2 2θ + (cos 2θ + A′)2

sin 2θM =
sin 2θ

√

sin2 2θ + (cos 2θ + A′)2

cos 2θM =
cos 2θ + A′

√

sin2 2θ + (cos 2θ + A′)2
(4.17)
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Constant Matter Density Profile

If the neutrinos travel through matter with constant matter density along the baseline, i.e.
the effective matter potential parameter A′ stays constant and the oscillation parameters stay
constant along the baseline the new neutrino oscillation probabilities can be easily determined.
Since the Hamiltonian is of the same form as the Hamiltonian in vacuum, the formulas for
the oscillation probabilities stay the same as derived in the vacuum case. However, the
oscillation frequency and the oscillation amplitude are modified due to the presence of the
matter potential. Without further calculation we can use the formulas from the last section
and find for the oscillation probabilities for neutrinos traveling along a baseline of constant
matter density profile:

Pαα = 1 − sin2 2θM sin2

(
∆m2

M

4E
L

)

Pαβ = sin2 2θM sin2

(
∆m2

M

4E
L

)

Pᾱᾱ = 1 − sin2 2θM sin2

(
∆m2

M

4E
L

)

Pᾱβ̄ = sin2 2θM sin2

(
∆m2

M

4E
L

)

(4.18)

We find that different than in vacuum two-flavor oscillations the probabilities for neutrinos
and anti-neutrinos differ since the effect of the matter potential is reversed for neutrinos and
anti-neutrinos. Thus, a form of CP violation is introduced with the matter along the baseline.
This has to be carefully distinguished from intrinsic CP violation that is introduced on an
elementary basis since here the CP violation, i.e. different probabilities for neutrinos and anti-
neutrinos is a consequence of the composition of the matter that is only containing matter and
no anti-matter. This externally introduced CP violation is sometimes referred to as extrinsic
CP violation. Intrinsic CP violation is, as we will see in the case of three-flavor oscillations,
a possible consequence of a complex mixing matrix however in the two-flavor scenario the
mixing matrix is always real.

Mikheyev-Smirnov-Wolfenstein Resonance

A further important consequence of the matter potential is the so-called Mikheyev-Smirnov-
Wolfenstein resonance. The oscillation parameters in matter differ from the original oscilla-
tion parameters in vacuum as described in Eq. (4.16) for neutrinos and Eq. (4.17) for anti-
neutrinos. There can occur a resonant enhancement of the mixing angle in matter depending
on the value of the dimensionless matter potential parameter A′. For special choices of A′

maximal mixing, i.e. a mixing angle of sin2 2θM = 1, can occur even for very small mixing in
vacuum, i.e. a small vacuum mixing angle sin2 2θ. The conditions are

cos 2θ − A′ = 0 → sin2 2θM = 1 (4.19)

for neutrinos and

cos 2θ + A′ = 0 → sin2 2θM = 1 (4.20)
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Figure 4.3: The neutrino mixing angle in matter sin2 2θM for neutrinos and anti-neutrinos as a function
of the matter potential parameter A′ for a large vacuum mixing angle sin2 2θ = 0.84 (corresponding to the
solar mixing angle sin2 2θ12) on the left-hand side and a small vacuum mixing angle sin2 2θ = 0.1 on the right-
hand side. Since ∆m2

21 > 0 is assumed, the Mikheyev-Smirnov-Wolfenstein resonance appears for neutrinos at
A′ = cos 2θ.

for anti-neutrinos. As we can see, A′ has to be compared with cos 2θ. When A′ is explicitely
written

cos 2θ =







+
2
√

2NeGF E

∆m2
21

for ν

−2
√

2NeGF E

∆m2
21

for ν

(4.21)

we can read off that for a given energy E and a given mixing angle cos 2θ the Mikheyev-
Smirnov-Wolfenstein resonance can either occur for neutrinos or anti-neutrinos, depending
on the sign of the mass squared difference. This means that the observation of matter effects
of neutrinos and anti-neutrinos can discriminate between different mass orderings of neutrinos
since it is sensitive to the question which neutrino mass eigenstate is lighter than the other.
This is a big difference to vacuum oscillations, where the sign of the ∆m2 did not have any
impact.

The Mikheyev-Smirnov-Wolfenstein resonance is illustrated in Fig. 4.3 where the mixing
angle in matter sin2 2θ is given as a function of the matter potential parameter A′. Smaller
A′ is for a lower mass density and larger A′ indicates a larger matter density since A′ is
proportional to the electron density of the matter Ne. The resonance is shown for two cases,
small vacuum mixing angle sin2 2θ = 0.1 (left-hand side) and large vacuum mixing angle
sin2 2θ = 0.84 (right-hand side). The matter mixing angle is shown for neutrinos (solid
curve) and anti-neutrinos (dashed curve) and since a positive ∆m2 is assumed, the resonance
only appears for neutrinos and maximal mixing is obtained. We can also read off from
the plots that for very high matter densities (right edges of the plots) the mixing angle
vanishes completely independent of the vacuum value. This can be understood in terms of
the Hamiltonian in Eq. (4.11). For large matter densities, i.e. large potentials ACC and ANC
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the first part of the Hamiltonian can be neglected and only the second matrix forms the
Hamiltonian but this matrix is diagonal in the flavor-basis. Thus, the basis that provides a
diagonal Hamiltonian, i.e. the basis of mass eigenstates, is already given in the flavor basis.
So, for very high matter densities flavor and mass eigenstates are identical and no mixing
occurs. This effect is of importance for the understanding of the solar neutrino puzzle since
solar neutrinos are produced in the interior of the sun at very high densities of ρ ∼ 150 g/cm3.
This will be described in the next chapter in the context of the phenomenology of an adiabatic
matter density profile.

Adiabatic Matter Density Profile

Up to now we have only discussed neutrino propagation through constant matter denitiy pro-
files. However some scenarios like the propagation of solar neutrinos cannot be approximated
with a constant matter density profile. Solar neutrinos are produced in the middle of the sun
at very high matter densities ρ ∼ 150 g/cm3 and then propagate outwards until they leave the
sun. From the middle of the sun to the outer regions the matter density decreases continously
until zero matter density, i.e. vacuum is reached. This can be approximated by the so-called
adiabatic matter density profile, where the matter density ρ, and thus also the matter density
parameter A′, changes adiabatically. Adiabatically here means that the change of matter
density is very slow and the system can adjust adequately during the propagation. For a
neutrino that is produced as a mass eigenstate at very high densities above the resonance this
implies that the neutrino remains the same mass eigenstate during propagation through the
adiabatically decreasing matter density and transitions between the mass eigenstates is sup-
pressed. The eigenvalues of the Hamiltonian changes as a function of the matter density, i.e.
the matter density parameter A′. The eigenvalues are

E1/2 =
∆m2

21

4E

[

A′ ∓
√

sin2 2θ + (cos 2θ − A′)2
]

(4.22)

and the evolution as a function of A′ is given in the left-hand side of Fig. 4.4. Note, that these
eigenvalues are not the eigenvalues λ1/2 of the first term in the Hamiltonian in Eq. (4.12) but
shifted with ACC/2 that is the diagonal part of the charged current matter potential that was
neglected for the calculation of λ1/2. But since we here are interested in the eigenvalues this
part is not neglected and E1/2 describe the full effect of the charged current coherent forward
scattering. The dashed lines in Fig. 4.4 appear for a vanishing mixing angle sin2 2θ = 0 and
cross at the resonance, but if even a small mixing is introduced the curves avoid crossing.
However, if the neutrino is produced at higher densities as a mass eigenstate and remains
that state during the propagation through the adiabatically decreasing matter density, the
flavor composition of this mass eigenstate changes due to the matter effect and an adiabatic
conversion of flavors happens. This effect has to be distinguished from neutrino oscillations.
The flavor conversion is illustrated in the right-hand side of Fig. 4.4. At the right edge the
neutrino is produced as a να identical with the mass eigenstate ν2 at high matter densities.
The neutrino state ν2 propagates to smaller matter densities and passes the resonance condi-
tion (maximal mixing thus |〈ν2|να〉|2 = |〈ν2|νβ〉|2=0.5). For even smaller matter densities the
contribution of the flavor νβ even increases. Since the flavor composition of να in the propa-
gating mass eigenstate ν2 in vacuum is given by the vacuum mixing |〈ν2|να〉|2 = sin2 θ for very
small mixing angles the mass eigenstate ν2 can even be completely conversed adiabatically
from flavor να to flavor νβ.
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Figure 4.4: The effective energy eigenvalues E1/2 in matter (left, logarithmic scaling) and the mass eigenstate
compositions |〈ν2|νβ〉|

2 = cos2 θM and |〈ν2|να〉|
2 = sin2 θM of the flavor eigenstate |να〉 (right) as functions of

the matter potential parameter A′. The dashed lines in the left-hand side plot illustrate the behavior of the
energy eigenvalues in the case of no mixing. The horizontal grey dashed line corresponds to the value of the
larger vacuum energy eigenvalue E2(A

′ ≪ 0) = ∆m2
21/2E whereas the diagonal grey dashed line corresponds

to the larger energy eigenvalue in the limit of very high matter densities E2(A
′ ≫ 0) = ∆m2

21A
′/2E.

4.3 Three Flavor Oscillations

The framework of neutrino oscillations with three flavors is slightly more complicated com-
pared to the two-flavor framework. The unitary mixing matrix contains four instead of only
one parameter, that is three mixing angles θ12, θ13, θ23, and the phase δCP. The parame-
terization of the mixing matrix was given in Chapter 3.23. However the basic principles are
the same. We begin with calculating the oscillation probabilities, now in the three-flavor
framework.

Oscillation Probabilities

The starting point is Eq. (3.22) from the last chapter where an expression for the oscillation
probability was found independent of the number of flavors. Here, we assume a summation
over the three indices of the three-dimensional flavor space (Latin indices sum over 1,2,3 and
indicate mass eigenstates, Greek indices sum over the three flavors of the flavor eigenstates
e, µ, τ).

Pαβ =
∑

k,l

UβkU
∗
αkU

∗
βlUαle

−i
m2

k−m2
l

2E
L

=
∑

k

UβkU
∗
αkU

∗
βkUαk + 2

∑

k>l

Re

[

UβkU
∗
αkU

∗
βlUαl e

−i
m2

k−m2
l

2E
L

]

3We will now neglect the Majorana phases φ1 and φ2 because neutrino oscillations are not sensitive to these
parameters and the Majorana neutrino case cannot be distinguished from the Dirac neutrino case.
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= δαβ −
∑

i,j

UβiU
∗
αiU

∗
βjUαj +

∑

k

UβkU
∗
αkU

∗
βkUαk

+2
∑

k>l

[

Re
[
UβkU

∗
αkU

∗
βlUαl

]
cos(2∆kl) − Im

[
UβkU

∗
αkU

∗
βlUαl

]
sin(2∆kl)

]

= δαβ − 4
∑

k>l

Re
[
UβkU

∗
αkU

∗
βlUαl

]
sin2(∆kl)

−2
∑

k>l

Im
[
UβkU

∗
αkU

∗
βlUαl

]
sin(2∆kl) (4.23)

This is the famous general formula of neutrino oscillations. We have used the abbreviation
∆2

kl ≡ ∆m2
klL/2E. This expression holds for neutrinos and if anti-neutrinos are considered

the conjugated elements of the mixing matrix have to be taken. This transformation does
not affect the first two terms of the expression however the third term switches the sign.
So, if three-flavor oscillations are considered, a complex mixing matrix introduces differences
in the oscillation probabilities for neutrinos and anti-neutrinos, hence CP violation becomes
possible. Since a complex phase was absent in the two-flavor scenario, CP violation could not
arise for two flavors and intrinsic CP violation is a genuine effect for oscillations with more
than two flavors.

CP Violation

Intrinsic CP violation in vacuum oscillations arises not until three flavors are considered
and thus is called a genuine tree-flavor effect. Note that in the discussion of the matter
effect in the two-flavor scenario a difference in the oscillation probabilities of neutrinos and
anti-neutrinos was obtained but this effect was due to the CP asymmetric composition of
the matter along the baseline that is only containing matter and no anti-matter. This CP
violation is called extrinsic CP violation while the genuine CP violation that can arise even
for vacuum oscillations in the three-flavor framework is referred to as intrinsic. CP violation
in three-flavor vacuum oscillations is given in the case of differing oscillation probabilities:

P (να → νβ) 6= P (να → νβ). (4.24)

In Eq. (4.23) the CP violation arises due to the third term with the imaginary part of the
product of neutrino mixing matrix entries. So, CP violation can only arise if the phase δCP

is not realized at one of the CP conserving values, i.e.:

δCP 6= 0, and δCP 6= π. (4.25)

If δCP deviates from these values the mixing matrix becomes complex and neutrino and anti-
neutrino oscillation probabilities deviate. It can be derived that all CP violating quantities
can be expressed with a parameter JCP that is similar to the Jarlskog parameter in the quark
sector [34–36]. JCP is given as

JCP =
1

8
sin δCP cos θ13 sin 2θ12 sin 2θ13 sin 2θ23 (4.26)

In the parameterization of the mixing matrix the CP phase δCP is closely connected to the
mixing angle sin θ13 and in case of sin θ13 = 0 the parameter δCP is unphysical and CP violation
is not possible. While this might appear to be a artificial preference of sin θ13 over the other
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mixing parameters, the parameter JCP shows that this is not the case since every CP violating
quantity is proportional to JCP and thus vanishes for either of the three mixing angles equal
to zero. So, three non-vanishing mixing angles are the requirement for CP violation to be
possible.

Furthermore, CP violation can only be observed in appearance channels. The disappear-
ance channels cannot show CP violating effects because of the CPT theorem:

Pαα
CP→ Pᾱᾱ

T→ Pᾱᾱ (4.27)

So, the relevant oscillation channels at future neutrino oscillation experiments for the search
of CP violation will be the appearance channels like for instance the golden channel at a
Neutrino Factory, the oscillation channel νe → νµ.

Matter Effects in Three Flavors

Matter effects occur in the three flavor framework as well. The electron neutrinos can undergo
charged current and neutral current coherent forward scattering while the other flavors νµ and
ντ only can scatter via neutral currents. As already in the two-flavor framework, the matter
effect can be described by adding an additional effective matter potential to the ee-element
in the Hamiltonian in the flavor basis. This corresponds to the framework with two flavors.
The non-diagonal Hamiltonian is given as:

i
∂

∂t





|νe〉
|νµ〉
|ντ 〉



 =
∆m2

31

2E



U





0 0 0
0 α 0
0 0 1



U † +





Â 0 0
0 0 0
0 0 0













|νe〉
|νµ〉
|ντ 〉



 . (4.28)

As in the two-flavor scenario the contributions from the neutral current coherent forward
scattering has been neglected since terms proportional to the identity matrix 13×3 do not
contribute to the oscillation phenomenology but only shift the eigenvalues. Additionally, all
dimensional parameters have been extracted from the matrix by introducing the parameters

Â ≡ 2E

∆m2
31

ACC , and α ≡ ∆m2
21

∆m2
31

. (4.29)

The oscillation parameters in matter can now be obtained by a re-diagonalization of the new
Hamiltonian and the original form of the vacuum Hamiltonian can be restored by switching
to new parameters, the mixing parameters in matter ∆m2

21,M, ∆m2
31,M, sin θ12,M, sin θ13,M,

sin θ23,M, and δCP,M. Different to the two-flavor framework not only one Mikheyev-Smirnov-
Wolfenstein resonance is present since two frequencies ∆m2

21 and ∆m2
31 are introduced. The

explicit full formulas of the neutrino oscillation probabilities in matter have been derived and
can be found in [37,38]

4.4 Phenomenology of Peµ and Pee

The explicit full expressions for the neutrino oscillation probabilities in the three-flavor frame-
work are quite extended and do not provide enough analytical insight to understand the
relevant phenomenology. Thus, if one wants to understand the phenomenology of the perfor-
mance of future and present beam based neutrino long baseline experiments, it has turned
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out helpful to use expansions of the full neutrino oscillation probabilities in small parameters.
The two small parameters that can be used for these expansions are the small mixing angle
sin 2θ13 and the hierarchy parameter α of the two independent mass squared differences, that
was introduced in the last subsection. The derivation of the here presented expansions and
more is given in [39,40].

Expansion of Peµ

The most important oscillation channel for future beam-based long baseline oscillation ex-
periments is the appearance channel νe → νµ. This is the so-called “golden channel” at a
Neutrino Factory, which is also the relevant channel at a β-Beam. The T reversed channel
νµ → νe is the relevant appearance channel at future Superbeam experiments. Since this is an
appearance channel it allows for an observation of the intrinsic CP violation that would be
governed by δCP while CP violation cannot be observed at the corresponding disappearance
channels. However, this requires the measurements with neutrinos and anti-neutrinos in this
channel.

The most convenient expansion of Peµ for analytical understanding of the experiment
phenomenology is the simultaneous expansion in sin 2θ13 and α up to second order. All
higher orders are neglected. It turns out that no first order terms survive and the probability
Peµ appears not until the second order in both parameters. The expansion is given by three
terms, one proportional to sin2 2θ13, one proportional to α2, and one proportional to the
product of sin 2θ13 and α:

Peµ ≃ sin2 2θ13 T1 + α sin 2θ13 (T2 + T3) + α2 T4. (4.30)

Here, the middle term proportional to the product of sin 2θ13 and α is split into two terms T2

and T3. This splitting is helpful since it will turn out that the CP phase will enter in T2 and
T3, once CP odd and once CP even.

In Vacuum

First, the expression is given for vacuum oscillations:

T1 = sin2 θ23 sin2 ∆ (4.31)

T2 = sin δCP sin 2θ12 sin 2θ23 sin3 ∆ (4.32)

T3 = cos δCP sin 2θ12 sin 2θ23 cos ∆ sin2 ∆ (4.33)

T4 = cos2 θ23 sin2 2θ12 sin2 ∆ (4.34)

Here, the abbreviation

∆ ≡ ∆m2
31

4E
L (4.35)

is used. This approximation breaks down when the contribution from the solar oscillation
frequency cannot longer linearly approximated and thus the expansion is only valid for base-
lines

L . 8000 km

(
10−4eV2

∆m2
21

)(
Eν

GeV

)

. (4.36)

As can be seen from Eq. (4.34), all mixing parameters enter this expression leading to pa-
rameter correlations and if information of one parameter is to be extracted the uncertainties
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on all other parameters come into play. For large sin2 2θ13 the first term containing T1 is the
dominating term. For intermediate sin2 2θ13 however all four terms contribute with similar
magnitudes. Only for small or vanishing sin2 2θ13 the last term T4 dominates. It is apparent
that even for vanishing sin2 2θ13 the oscillation probability Peµ does not vanish because of
T4 6= 0.

However, the parameter correlations are not the only limiting factor if information on
single parameters is to be extracted from oscillation data of this channel. It was observed
that the oscillation probability Peµ is invariant under a certain set of three independent
transformations leading to the so-called “eight-fold degeneracy” [41]. This set of degeneracies
is given by the following transformations:

• Intrinsic (θ13,δCP) degeneracy with (θ13,δCP) → (θ′13,δ
′
CP) [42]

• Sign-degeneracy with ∆m2
31 → −∆m2

31 [43]

• Octant-degeneracy with θ23 → π/2 − θ23 [44]

All of these parameter transformation and all combinations of these parameter transforma-
tions lead to a degenerate solution in parameter space. In total there are eight combina-
tions of parameter transformations thus the name of the eight-fold degeneracy. The intrinsic
(θ13,δCP)-degeneracy is of continuous character. Given a true set of parameters with a true
value of δCP the identical value for the oscillation probability can be obtained by any value
for δCP by adjusting the value of sin 2θ13 appropriately. The sign-degeneracy appears for
the opposite sign of the atmospheric mass squared difference ∆m2

31, i.e. ∆ → −∆. Note,
that only the sign of the second term T2 is changed by this transformation and this can be
exactly compensated by a simultaneous sign change of the phase δCP → −δCP. The octant
degeneracy is given by the transformation of the atmospheric mixing angle θ23 → π/2 − θ23.
This transformation corresponds to sin 2θ23 → sin 2θ23 and cos 2θ23 → − cos 2θ23 thus leaving
the oscillation probability Peµ invariant.

In Matter

The expression of the oscillation probability Peµ in matter has the similar structure than the
expression in vacuum but now the dimensionless parameter Â that describes the effective
matter potential because of the coherent forward scattering is additionally introduced:

T1 = sin2 θ23
sin2[(1 − Â)∆]

(1 − Â)2
(4.37)

T2 = sin δCP sin 2θ12 sin 2θ23 sin∆
sin(Â∆)

Â

sin[(1 − Â)∆]

(1 − Â)
(4.38)

T3 = cos δCP sin 2θ12 sin 2θ23 cos ∆
sin(Â∆)

Â

sin[(1 − Â)∆]

(1 − Â)
(4.39)

T4 = cos2 θ23 sin2 2θ12
sin2(Â∆)

Â2
(4.40)

The validity of this expansion depends on the baseline and is given as in Eq. (4.36) but
since the solar resonance is not covered by the expansion further restrictions for the neutrino
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energies are introduced to guarantee the validity of the expansion:

Eν & 0.45 GeV

(
∆m2

21

10−4eV2

)(
2.8g cm−3

ρ

)

. (4.41)

This condition is slightly violated by the later discussed low γ β-Beam experiments, however
the approximation still holds and can be considered because of the small baselines where
matter effects do not contribute significantly.

Still all oscillation parameters enter the expression in Eq. (4.40) and a big impact of
parameter correlations is expected. The intrinsic (θ13,δCP)-degeneracy and the octant de-
generacy are still present unchanged but the sign degeneracy is not exact anymore. This
means that the sign of the mass squared difference gets accessible through the matter effects
in this channel. This is not surprising since already the two-favor matter effect discussion
has shown that matter effects discriminate the mass ordering of the mass eigenstates. How-
ever, phenomenologically the sign degeneracy is still hard to resolve and especially for small
or vanishing θ13 it becomes impossible to determine the sign of ∆m2

31 in the regime where
the term T4 dominates the probability Peµ, since T4 is invariant under the transformation
∆m2

31 → −∆m2
31. The expression of the oscillation probability shows again that the physical

meaning of δCP is connected with a non-zero sin2 2θ13 since for θ13 = 0 only the last term
contributes and no CP violation, at least no intrinsic CP violation can be observed.

The main goals in measurements of the appearance channel νe → νµ at future neutrino
long baseline experiments are the measurement of a non-zero sin2 2θ13, the search for intrinsic
CP violation, and the determination of the underlying mass hierarchy, i.e. the sign of ∆m2

31.
However, we have seen that parameter correlations and degeneracies spoil the possibility to
extract information from the appearance measurement of the relevant appearance channel.
So, the main problem for the optimization of future experiments is to resolve the parameter
correlations and degenerate solutions as good as possible. The neutrino beam itself already
provides the possibility to not only measure the appearance rates that are related to the
oscillation probability at one single neutrino energy but for the neutrino energies covered
by the energy spectrum of the neutrino flux in the beam. However, this requires very good
abilities in energy resolution and further strategies to resolve parameter correlations and
degeneracies have to be utilized.

Magic Baseline

A very promising strategy to resolve the sign-degeneracy in the golden appearance channel is
the possibility to locate a detector at the so-called “magic baseline” [45]. The magic baseline
is a very unique baseline for the phenomenology of the appearance probability Peµ. The
oscillation probability in matter contains the parameter product Â∆ which is given explicitely
as

Â∆ =
1√
2
GF NEL. (4.42)

It can be seen that it is absolutely independent of any oscillation parameters and only fixed by
the experiment baseline L and the matter density along the baseline. Now, the magic baseline
is the distance L that gives Â∆ = π and is found to be approximately at L = 7250 km. If this
baseline is inserted into the expression of the oscillation probability we find that the second,
third and fourth terms cancel

Â∆ ≡ π → sin(Â∆) = 0 → T1 = T2 = T3 = 0 (4.43)
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and only the first term T1 remains in the oscillation probability:

Peµ ≃ sin2 2θ13 T1 = sin2 2θ13 sin2 θ23
sin2[(1 − Â)∆]

(1 − Â)2
(4.44)

Thus, the impact of parameter correlations is enormously reduced and a clean measurement
of the mixing angle sin2 2θ13 and the determination of the sign of ∆m2

31 becomes possible.
The effect of the (θ13,δCP)-degeneracy is dropped out completely since the terms T2 and T3

containing the parameter δCP have vanished. On the other hand this implies that measure-
ments of δCP become impossible if the detector is located at the magic baseline. So, it is not
advisable to only use a detector at the magic baseline since the observation of possible CP
violation is one of the main goals. But, a two detector scenario involving the magic baseline
is a preferable strategy to resolve the correlations and degeneracies.

Related Oscillation Channels

Another strategy to resolve the parameter correlations and degeneracies in the appearance
measurements is the combination of different channels. For instance all future experiments
from Superbeam experiments to β-Beams or a Neutrino Factory plan to do neutrino running
and anti-neutrino running. The corresponding expression for the oscillation probability for
anti-neutrinos is given by the transformations δCP → −δCP and Â → −Â leading to a change
of the sign of the term containing T2:

Pēµ̄ = Peµ(δCP → −δCP, Â → −Â) = (4.45)

≃ sin2 2θ13 T1(Â → −Â) − α sin 2θ13 T2(Â → −Â)

+ α sin 2θ13 T3(Â → −Â) + α2 T4(Â → −Â) (4.46)

This means that for the combination of neutrino and anti-neutrino running the (θ13,δCP)-
degeneracy can to a certain extend be resolved because the two oscillation probabilities show
a different behavior with δCP. For only one channel the equi-probability curve in the (θ13,δCP)
parameter plane is a continuous line covering all values of δCP. If also the anti-neutrino channel
is considered only two intersection points remain, the true solution and one degenerate solution
in parameter space. If also spectral data is used, the degenerate solution can be disfavored
and for most of the parameter space even excluded. So, the combination of neutrino and
anti-neutrino channels provides good abilities to resolve the (θ13,δCP)-degeneracy.

Additionally it was proposed for Neutrino Factory experiments to use an additional channel,
the so-called silver channel, i.e. the appearance νe → µτ . This channel requires high enough
neutrino energies above the τ threshold, so that the τ leptons can be produced in charged
current interactions at the detector. The expansion of the respective oscillation probability
Pµτ is given as

Peτ = Peµ(s2
23 ↔ c2

23, sin 2θ23 → − sin 2θ23) = (4.47)

≃ sin2 2θ13 T1 − α sin 2θ13 T2

− α sin 2θ13 T3 + α2 T4.

The phenomenology is quite similar and compared to Peµ the sign of the second and third
term is changed. A combination of golden channel and silver channel should provide further
potential to resolve the correlations and degeneracies, but technical difficulties arise. The
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detection of the τ leptons requires a detector technology that can reconstruct the decay of
the τ lepton.

The third channel that is intrinsically available at Neutrino Factory experiments is the
so-called platinum channel. This channel is the T reversed channel of the golden channel, i.e.
the appearance νµ → νe. Since it is the T reversed channel, the oscillation probability is
derived from Peµ by the transformation δCP → −δCP:

Pµe = Peµ(δCP → −δCP) = (4.48)

≃ sin2 2θ13 T1 − α sin 2θ13 T2

+ α sin 2θ13 T3 + α2 T4

This channel is especially very interesting for a combination with the golden channel in neu-
trino and anti-neutrino mode since then the original golden channel is compared with the CP
conjugated channel, once with changed matter effect (anti-neutrinos, Â → −Â) and without
changed matter effect (platinum channel). This allows to separate clearly the intrinsic (gov-
erned by δCP) and the extrinsic (governed by the matter effect) contributions to possible CP
violating effects.

Expansion of Pee

Degeneracy resolving potential lies also in the synergetical combination of different exper-
iment technologies. Such a synergetical effect is present in the combination of appearance
data of beam based long baseline experiments and future reactor experiments. Reactor
experiments measure the disappearance of νe that are produced in the core of a reactor and
if this disappearance is measured at relatively low baselines O(1 km) a clean measurement
of the small mixing angle sin2 2θ13 becomes possible.

The relevant oscillation probability expansion is

Pee ≃ 1 − sin2 2θ13 sin2 ∆ − α2∆2 cos4 θ13 sin2 2θ12 (4.49)

and no dependency of the parameter δCP is found. This is not surprising, since CP violation
cannot be observed in disappearance measurements due to the CPT theorem4. Also, the
parameter correlations do not have a big impact on Pee since the composition is rather simple
and not all parameter enter the probability. However, the reach for this kind of reactor
experiments is limited by systematical uncertainties and is only helpful in the regime of large
sin2 2θ13.

4Note, that disappearance channels in general can show a dependency in the parameter δCP, but only CP
even, i.e. depending on cos δCP.
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Chapter 5

Neutrino Data

In this chapter we will review the current data that exists for the properties of neutrinos. The
main focus is on the confirmation of neutrino oscillations and the status of measurements of
the neutrino oscillation parameters. But before this is discussed also different experimental
results of measurements of neutrino properties are briefly discussed.

5.1 Number of Flavors

The LEP collider experiment has provided various precision measurements of weak interaction
processes. One of the famous measurements involved the decay width of the Z0 boson. The
measurement of electron positron collisions with a center of mass energy a at the resonance of
the Z0 did not only allow for a determination of the Z0 mass but also a measurement of the
number of neutrino flavors that are active in the weak interactions and couple to the Z0. The
measured total decay width Γtot was compared to the partial width of the Z0 decay into the
charged leptons and quarks, the so-called visible width Γvis. The missing part of the decay
width that was invisible to the detector Γinv = Γtot−Γvis = 498±4.2 MeV could be compared
with the expected Standard Model decay width of the decay into neutrinos Z0 → νανα and
the number of light neutrino flavors α that participate at the weak couplings to the Z0 boson
could be estimated in a global fit of the data of all four LEP experiments [46]:

Nν = 2.994 ± 0.012. (5.1)

There exist further data from the LEP experiments from studies of the single γ decays
e+ + e− → γ + ν + ν where the above result for the number of light neutrino flavors could be
confirmed [47–50].

There also exist indirect estimates of the number of light neutrino species from cosmologi-
cal considerations. The mechanism of Big Bang Nucleosynthesis is closely related with the
number of light neutrino species that would have been relativistic at the time of Big Bang
Nucleosynthesis. Different than the considerations from above this number would include so-
called sterile neutrinos, i.e. SU(2) singlets that do not participate with the weak interactions.
The comparison of Big Bang Nucleosynthesis predictions and measurements of the abun-
dances of primordial light elements constrains the number of neutrino species. The newest
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estimates at the 2σ confidence level are Nν < 3.3 [51] and Nν < 4.4 [52]1. Due to the large
uncertainties in measurements of the primordial light elements these numbers are less reliable
and as can be seen from the last number, the existence of sterile neutrinos cannot be excluded.

5.2 Absolute Mass Scale

As was pointed out in the last chapter, neutrino oscillation experiments are only sensitive to
mass squared differences ∆m2 of neutrino mass eigenstates. So, although non-zero neutrino
masses are established by the observation of neutrino oscillation, no insight is gained in the
question of the absolute mass scale of neutrinos. However, different experimental techniques
have addressed the absolute mass scale and provided upper mass bounds while neutrino
oscillation measurements allow for lower bounds on the mass of the heaviest neutrino mass
eigenstate via the relation mν ≥

√
∆m2. In this section we summarize the efforts to constrain

the absolute mass scale of neutrinos.

Tritium Decay

The most sensitive technique for a direct search of the effective electron based neutrino mass2

is the measurement of the electron spectrum of the electrons produced in the beta decay
of Tritium near the endpoint of the decay. In the case of a non-vanishing neutrino mass the
well-known beta spectrum is distorted and the statistically most significant distortion appears
very close to the endpoint. However, collecting enough statistics near the endpoint is very
difficult since only a tiny fraction of all beta decays happens close to the endpoint. The choice
of Tritium as the source is connected to the fact that Tritium is the isotope with the second
lowest endpoint energy E0 of all known unstable beta decaying isotopes with E0 = 18.6 keV
and the fraction of beta decays close to the endpoint is proportional to 1/E3

0 , so low E0 is
preferable. The relevant process is

3H → 3He+ e− + νe (5.2)

and the effective electron based neutrino mass is given as

m2
νe

=
∑

k

|Uek|2m2
k. (5.3)

From this formula it can be read off that the effective electron based neutrino mass is inde-
pendent of the question whether neutrinos are Dirac or Majorana particles.

The first measurements in the early 1990’s observed an enhancement of beta decays near
the endpoint rather than the expected reduction due to a non-zero neutrino mass and the
measurement provided unphysical results with m2

νe
< 0. However, this problem is almost

disappeared at newer experiments due to a better understanding of the systematical uncer-
tainties and improved experimental setups, mainly by an improvement of the spectrometry.

1The latter number is based on a reanalysis of the data of the measurements of the abundance of primordial
4He that indicate a higher statistical uncertainty and a shift of the best-fit value [53].

2Note, that the here discussed mass bounds have been obtained in the kinematics of interactions of the
neutrino flavor eigenstates and flavor eigenstates do not have distinct masses because the mass eigenstates
do. Although it is often used in a loose terminology, it is in principle not meaningful to discuss an “electron
neutrino mass” since neutrino mixing turned out to be large.
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The current best bounds are provided by the MAINZ [54] and TROITSK [55] experiments.
These still get negative m2

νe
as best-fit values but the uncertainty of the measurement is well

in agreement with physical values but no hint for a non-zero mνe could be found. The current
bounds are

MAINZ: mνe < 2.2 eV at the 95% confidence level

TROITSK: mνe < 2.5 eV at the 95% confidence level

An improvement of this bound can be expected from the KATRIN [56] experiment that is
planned to gain one order of magnitude in sensitivity to mνe , which is even two orders of
magnitude improvement in the actual observable m2

νe
. This increase in sensitivity is accom-

plished by an enhancement of the luminosity of the Tritium source and an improved resolution
of the spectrometer.

Kinematical Test

The effective muon and tau based neutrino masses have been investigated directly in the
kinematics of weak decays where all charged decay products have been observed and measured.
The effective masses are given as

m2
νµ

=
∑

k

|Uµk|2m2
k

m2
ντ

=
∑

k

|Uτk|2m2
k. (5.4)

The best bound for the effective muon based neutrino mass was obtained by the measurements
of pion decays at rest π+ → µ+νµ at PSI [57]

mνµ < 190 keV at the 90% confidence level (5.5)

and the best bound for the effective tau based neutrino mass is coming from the observation
of tau decays into pions τ− → 2π−π+ντ and τ− → 3π−2π+ντ at the ALEPH detector of the
LEP collider experiment [58]. The obtained bound is:

mντ < 18.2 MeV at the 95% confidence level. (5.6)

Cosmology

In the early universe at temperatures T & 1 MeV the neutrinos were in thermal equilibrium
with the baryon-photon plasma via the weak interactions. When the temperature dropped
below this value, the weak interaction froze out and the neutrinos decoupled from the plasma.
While the temperature of the early universe was decreasing further, it shortly after that
dropped below the electron mass me = 0.511 MeV and the electrons and positrons annihilated
transferring their entropy to the photon gas. Thus the temperature of the photons is increased
compared to the temperature of the neutrinos. The relation between the neutrino and photon
temperatures is given by [59]3:

Tγ

Tν
=

(
11

4

)1

3

≈ 1.40 (5.7)

3Note added in proof: This relation is only true in the limit of vanishing neutrino masses.
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The photons that were produced at that time represent the famous Cosmic Microwave Back-
ground that has been discovered in 1965 [60, 61]. The present spectrum of the relic photons
has been measured in the observation of the Cosmic Microwave Background by COBE [62]
and has been found to be a perfect black body spectrum with a mean temperature of
TCMB = 2.725±0.002 K [63]. Thus, the present temperature of the relic neutrinos is known to
be Tν = 1.96 K, i.e. approximately 2 · 10−4 eV, and at least one neutrino species is extremely
non-relativistic4 at present. The contribution of the neutrinos to the present day matter
density of the universe can be expressed by the sum of the masses of light neutrino species5

Ωνh
2 =

∑

i mi

94 eV
(5.8)

and in order not to over close the universe the so-called Cowsik-McClelland bound [64, 65]
was obtained: ∑

i

mi . 94 eV h2 (5.9)

with h = 0.72 ± 0.08 at the 68% confidence level [66].

In this case neutrinos were considered to be a good candidate for dark matter. They would
contribute to the so-called Hot Dark Matter since they were still relativistic at decoupling,
while heavy weakly massive particles (WIMPs) that would be non-relativistic at freeze out
of the thermal equilibrium are referred to as candidates for the so-called Cold Dark Matter.
However, neutrinos as a dominant contribution to the dark matter content of the universe
would highly affect the structure formation of the universe. The reason is the large free
streaming length of the relativistic neutrinos that would suppress the amplitudes and wash
out matter fluctuations at small scales while Cold Dark Matter does not suppress the small
scale fluctuations at early stages. The matter fluctuations at the relevant scales were measured
in the anisotropies of the Cosmic Microwave Background at small angles, i.e. high multipole
moments, at the Wilkinson Microwave Anisotropy Probe WMAP [67]. The presence of the
fluctuations at the small scales and the amplitudes ruled out the Hot Dark Matter to form the
main contribution of Dark Matter and instead the so-called ΛCDM6 model was established
and the neutrino mass was constrained [68]. The structure amplitudes at similar physical
scales but from a very different epoch of the universe can be analyzed in the Large Scale
Structure surveys. The 2dF Galaxy Redshift Survey collected the spectra and measured the
redshift of about 150 000 galaxies to analyze structure formation [69] and the neutrino masses
could be constrained [70]. Especially the combination of WMAP and 2dfGRS data is a powerful
tool to break parameter degeneracies associated with the Cosmic Microwave Background and
especially the sum of light neutrino masses is impressively constrained [71] to:

∑

i

mi < 1.0 eV at the 95% confidence level. (5.10)

4Due to the knowledge of the atmospheric mass squared difference, at least one neutrino mass eigenstate
has a mass m &

p

|∆m2
31| ≈ 0.05 eV.

5The term “light neutrinos” in this context means, that they are relativistic at decoupling.
6The ΛCDM model is characterized by a flat universe with Ω = 1 where about 70% of the overall energy

density comes from a Cosmological Constant Λ and the rest comes from matter energy density, approximately
25% Cold Dark Matter and 5% baryonic matter.
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There exist even stronger limits that are obtained by additionally including the Lyman-α forest
data. But since the interpretation of the data is still controversial [72], the above given limit
is conservative and can be regarded as robust. Note, that the above given limit still allows
for a quasi-degenerate mass ordering of neutrino mass eigenstates if the data from neutrino
oscillations, that is discussed in the next section, is considered. It should be mentioned,
that there exists an estimate of a possible future detection for

∑

i mi & 0.05 eV at the 95%
confidence level in the combination of future CMB data and Large Scale Structure surveys at
low and high redshift [73].

Neutrino-less Double Beta Decay

The mechanism of neutrino-less double beta decay has been briefly discussed in Chapter
3. There has been large effort to observe 0νββ processes in the last two decades using
the high-purity sources with enriched parent isotopes as for instance 100Mo, 116Cd, 130Te,
or 136Xe. The best sensitivities however could be achieved in experiments that used the
germanium isotope 76Ge as a source. The source serves simultaneously as the detector and
has to be shielded against possible background sources like for instance unidentified external γ
radiation. The search for 0νββ decay results in practice in the search for the decay spectrum,
a sharp peak at the known Q value of the used isotope that is in the case of 76Ge a value
of Q = 2039 keV. The sensitivity of the experiment is given by the size of the source, its
purity and the level of background suppression. The best lower limit for the half-life of 0νββ
is currently provided from the data of the Heidelberg-Moscow experiment that used a 11 kg
germanium source with an enrichment of 86% 76Ge (the natural abundance is 7.8%). The
data taking took place in the Gran Sasso laboratories in the years 1990-2003 leading to an
exposure of 53.9 kg yrs and no positive signal at the expected peak position could be found
and an upper limit for the half-life was obtained [74,75]:

T1/2 > 1.9 · 1025 yrs at the 90% confidence level. (5.11)

This can be translated into an upper bound on the effective neutrino mass matrix entry 〈mee〉
by the use of the nuclear matrix elements from [76] to

〈mee〉 < 0.35 eV at the 90% confidence level (5.12)

where the uncertainties associated with the nuclear matrix elements have been taken into
account. A similar limit was obtained at the 76Ge experiment IGEX [77].

There exists a claim of parts of the Heidelberg-Moscow collaboration that neutrino-less
double beta decay could be observed in the expanded data set of 71.7 kg yrs. It is pretended
that a peak has been found at the expected Q value with a 4.2σ significance [78] and the
obtained life-time is

T1/2 = 1.19+2.99
−0.50 · 1025 yrs (5.13)

which implies the evidence of neutrino-less double beta decay with the effective neutrino mass

〈mee〉 = 0.44+0.14
−0.20 eV (5.14)

In this case neutrinos are Majorana particles and as can be seen from Fig. 3.5 the neutrino
mass ordering would be quasi-degenerate. Not only does this claim of evidence dissent former
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results of Heidelberg-Moscow and IGEX but additionally the possible parameter space for the
smallest neutrino mass in the claimed region for 〈mee〉 is strongly constrained from the mass
bound coming from cosmology as can be read off Fig. 3.5. The claim of the evidence is very
controversially discussed [79–84]. There exist various proposals for future 0νββ experiments
with source strengths of ∼ 100 kg that will be able to test the claim with different isotopes
used as for instance CUORE (130Te) [85], GERDA (76Ge) [86,87], and MAJORANA (76Ge) [88].
A good review of the topic, including a discussion of the claim of evidence and details of future
experiments can be found in [89].

5.3 Oscillation Data

There has been a huge progress in our knowledge of neutrino properties in the last years coming
from observations of neutrino oscillations from neutrinos coming from natural sources as the
sun and the earth’s atmosphere and also from artificially produced neutrinos in completely
earth-based experiments. In this section we will briefly review the status of the neutrino data
that has been obtained from neutrino oscillation data.

Solar Data

Nuclear fusion reactions in the interior of the sun are the driving processes of the thermal
energy of the sun. The main process is the fusion of Hydrogen to Helium with a net reaction

4p+ + 2e− → 4He + 2νe. (5.15)

This net reaction is driven by various single reactions that form a reaction chain. The dom-
inating reaction chain with a contribution of ∼ 98% to the sun’s energy is the so-called pp
cycle. In the chain of the pp cycle five single reactions produce electron neutrinos νe of dif-
ferent energies, the pp, pep, hep, 7Be and 8B neutrinos. Since all reactions in the sun are
fusion reaction no anti-neutrinos are produced and additionally no muon or tau neutrinos
appear in the reactions, so that the sun is a pure νe source. The neutrino energies in the
neutrino spectrum of the sun are relatively small and do not exceed 11 MeV. The pep and
7Be neutrinos have discrete energies whereas the other neutrinos form continuous spectra.
The pp neutrinos give the main contribution to the neutrino spectrum of the sun and appear
at very low energies Eν . 0.4 MeV. The theoretical predictions of the solar neutrino fluxes is
given in the so-called Standard Model of the sun SSM [90, 91] and the theoretical spectrum
of the solar neutrino flux can be found amongst further details in [92].

The first experiment that measured the neutrino flux from the sun was the Homestake [93]
chlorine experiment and the neutrinos were detected in the reaction

νe + 37Cl →37 Ar + e−. (5.16)

However, the detection was not direct but after data taking the amount of produced 37Ar
was estimated by radiochemical methods. The threshold of the process is 0.814 MeV and
only the 7Be, pep, and 8B neutrinos could be measured where the latter gave the main
contribution. The pp neutrinos could be detected at different radiochemical experiments
SAGE [94], GALLEX [95], and GNO [96] using 71Ga in the reaction

νe + 71Ga →71 Ge + e−. (5.17)
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The reaction has a threshold of 0.234 MeV and is thus also sensitive to the low energy
pp neutrinos. Due to the small cross sections the observed neutrino rates were so small
that a new unit had been introduced to describe the low rates, the Solar Neutrino Unit
SNU≡ 10−36 ν captures per target atom and second. The Homestake experiments reported a
detection of 2.56 ± 0.16 ± 0.16 SNUs [97, 98] and the later gallium experiments could collect
more statistics, i.e. 66.9+3.9+3.6

−3.8−3.2 SNUs at SAGE [94,99] and 66.9+3.9+3.6
−3.8−3.2 SNUs at GALLEX/GNO

[95,96,100].

Direct measurements of solar neutrinos could be achieved at the Water Cherenkov de-
tectors Kamiokande and later Super-Kamiokande [101] using the neutrino electron scattering
reaction

να + e− → να + e− (5.18)

with no physical threshold. The Water Cherenkov experiments require an energy cut Eν &

5 MeV so that they are only sensitive to the 8B neutrinos of the solar neutrino flux. The nice
feature of the Water Cherenkov technology was the possibility of directional information and it
was found that the measured neutrinos indeed are coming from the direction of the sun, while
the radiochemical experiments could not confirm the initial source. The data sets indicated
a neutrino flux deficit compared to the predictions of the solar flux from the SSM which was
referred to as the Solar Neutrino Problem. However, the obtained ratio of detected to expected
neutrino rates was different at the different experiments and hinted to an energy dependent
reduction of the νe flux because the experiments were sensitive to different energy ranges of
the solar flux. Besides the discussion about the reliability of the theoretical predictions of
the SSM the possible flavor transitions of the νe neutrinos was a popular attempt to explain
the Solar Neutrino Problem and the most natural mechanism was neutrino oscillations. The
predictions of the SSM could be confirmed at the detector of the Sudbury Neutrino Observatory
SNO where not only charged-current or quasi-elastic neutrino reactions, but also the neutral-
current reactions could be detected [102–104]. Since the observed amount of neutral current
reactions is sensitive to the total flux of all flavors φνe+φνµ+φντ the SNO results could confirm
the flux prediction of the SSM in the total flux of all flavors. So, flavor transitions of νe to νµ

or ντ were established as the cause of the Solar Neutrino Problem and furthermore, the flavor
transition into a sterile neutrino in solar neutrino transitions could be heavily constrained.
But still, the fit to the global solar data allowed for different separated allowed regions in the
sin2 2θ-∆m2 parameter plane including vacuum oscillations and matter enhanced solutions
with MSW effect. It was the later described KamLAND data [105,106] that selected the true
solution, the so-called MSW Large Mixing Angle (LMA) solution and resolved the ambiguity.
The best-fit values of the solar parameters from the combination of all available solar neutrino
data in a two-flavor framework are [107]:

sin2 2θsol = 0.83 ∆m2
sol = 6.0 · 10−5 eV2. (5.19)

Atmospheric Data

A second natural source of neutrinos are the atmospheric neutrinos that are produced in the
upper atmosphere of the earth due to scattering of cosmic rays (mainly protons). Pions are
produced in the interactions with the cosmic rays and in the decay chain of these pions the
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atmospheric neutrinos are produced:

π− → µ− + νµ

µ− → e− + νµ + νe

π+ → µ+ + νµ

µ+ → e+ + νµ + νe. (5.20)

Atmospheric neutrinos have been studied at the Water Cherenkov detector of Super-
Kamiokande. The Water Cherenkov technology cannot distinguish neutrinos from anti-
neutrinos but neutrino flavored neutrinos can be discriminated from muon neutrinos with quite
good accuracy. The flavor identification is performed by a shape analysis of the Cherenkov
ring of the charged current produced charged lepton, electron or muon. Since the lighter
electrons are affected more by scattering with the detector medium, the Cherenkov ring of
electrons appears more fuzzy than the Cherenkov ring of a muon. On the other hand is it
not possible to distinguish neutrinos from anti-neutrinos at a Water Cherenkov detector. As
can be seen from the reaction chain above, the atmospheric neutrinos should obey a distinct
ratio of 2:1 muon neutrino events to electron events in case of a no oscillation hypothesis. The
Water Cherenkov detector allows for a direction measurement of the incoming neutrinos and
the zenith angle dependence of the atmospheric neutrino flux was measured. The electron-like
events showed the expected behavior and upward going and downward going neutrino flux
was observed to be similar. The muon-like events however showed a different behavior and
while the downward going neutrino flux was in agreement with the expectations a significant
deficit was observed in the upward going neutrino flux. This can be explained by flavor transi-
tions νµ → ντ that occur while the neutrinos are traveling through the earth until observed in
the detector and tau neutrinos cannot be detected. This resulted in the famous evidence for
atmospheric neutrino oscillations in 1998 by the Super-Kamiokande experiment [108] that can
also be confirmed by the Soudan [109] and MACRO [110, 111] experiments. In a newer anal-
ysis the L/E dependence was analyzed carefully and a oscillatory dip was found which gave
a clear signature for neutrino oscillations and other explanations of the flavor transitions like
scenarios involving decoherence or neutrino decay were disfavored [112]. The atmospheric
neutrino oscillations can be explained in a two-flavor framework and the obtained best-fit
values in a fit to the Super-Kamiokande atmospheric data are [107]:

sin2 2θatm = 1.0 ∆m2
atm = 2.0 · 10−3 eV2. (5.21)

KamLAND

The solar data alone could not solve the ambiguities and various separated alternative allowed
regions in the parameter space survived. These regions involved pure vacuum oscillations,
matter enhanced neutrino oscillations with a small or a large mixing angle. The true solution
could be established at the reactor neutrino experiment KamLAND in Japan. The KamLAND
detector, a 1 kt Liquid scintillator detector is located at the Kamiokande site and measures
the neutrino flux of 53 surrounding nuclear power plants at distances between 80 and 350 km,
which sums up to an average baseline of about 180 km. Thus, the νe disappearance of the
reactor neutrinos is measured at a baseline where the LMA solution of the fit to the solar
neutrino data can be probed in a vacuum oscillation framework. In case of no oscillations
an event number of 356.2 ± 23.7 would have been expected in the data taking period from
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March 2002 to January 2004 and a total of 258 events has been actually observed which is in
very good agreement with two-flavor neutrino oscillations due to the solar LMA parameters
[105, 106]. Furthermore, a spectral distortion could be found that indicates oscillatory L/E
dependence [106]. The position of the KamLAND detector is not optimal since it is located at a
too large baseline, slightly of the oscillation maximum and hence it is not very sensitive to the
oscillation amplitude and the precision for sin2 2θsol could not be increased compared to the
precision from solar data. The precision on ∆m2

sol on the other hand could be significantly
improved. The KamLAND contribution to the Solar Neutrino Problem is very important
because before KamLAND the alternative allowed regions for the solar oscillation parameters
could not be ruled out. The best-fit values for the oscillation parameters in a two-flavor fit to
the KamLAND data are given as [107]:

sin2 2θsol = 0.83 ∆m2
sol = 8.1 · 10−5 eV2. (5.22)

CHOOZ

The third mixing angle sin2 2θ13 has been addressed in the measurements of the CHOOZ
reactor experiment [113]. The 5 t Liquid Scintillator detector was placed at a distance of
L=1 km to the reactor cores of the Chooz reactor site. The reactor cores provide a large flux
of νe and only the disappearance channel of the electron anti-neutrinos could be performed
since the energies of reactor neutrinos are to small to produce the heavy muon or tau leptons
in charged-current reactions. However, in the data taking phase between April 1997 and
July 1997 no hints for any neutrino oscillations could be found and an upper limit for the
parameter sin2 2θ13 was published [114]. The obtained limit is strongly dependent on the
chosen value of the atmospheric ∆m2

atm and for ∆m2
atm < 10−3 eV2 no limit can be obtained

at all. The authors [115] of performed a global fit of the CHOOZ data with the atmospheric
data to include the constraints on ∆m2

atm into the CHOOZ limit and the obtained upper limit
for sin2 2θ13 is [107]:

sin2 2θ13 < 0.11 (0.25) at the 90% (3σ) confidence level. (5.23)

The period of data taking might seem very low and one might wonder if a longer period could
not have improved the limit by an increased statistics. But, as will be pointed out later in
Chapter 6.3 reactor experiments are mainly limited by systematical uncertainties and not the
collected statistics.

K2K and MINOS

The first confirmation of the atmospheric neutrino oscillation in an earth-based experiment
was provided by the K2K [116] experiment in Japan. At K2K a conventionally produced νµ

beam was produced at the accelerator complex of KEK and lead to the Super-Kamiokande
Water Cherenkov detector at a baseline of L=250 km. The mean energy of the neutrinos in
the beam was 1.3 GeV and oscillation due to the atmospheric parameters should evolve. The
mechanism of conventional beam production will be discussed in Chapter 6.1. The full data
sample was taken in the period from June 1999 to November 2004 and 112 νµ events have been
observed whereas in case of no oscillations 158+9.2

−8.6 events would have been expected [117,118].
The fit in a two-flavor framework implied an allowed region for sin2 2θatm and ∆m2

atm that was
very well in agreement with the atmospheric neutrino data however no significant improvement
in the precision could be achieved.
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In 2006 the MINOS experiment [119] in the United States published the first year results of
the measurement of νµ neutrinos [120–123]. The experiment uses a conventionally produced
νµ beam at a mean energy of 3 GeV that is produced at the FermiLab accelerator complex
and directed towards the 5.4 kt Magnetized Iron Calorimeter MINOS detector located in the
Soudan mine 735 km north of FermiLab. The MINOS experiment is still ongoing and a five year
run is planned [124]. The first observed event sample contains 122 νµ events whereas in case
of no oscillations 239±17 events would have been expected. The MINOS experiment provides
the slightly better statistical significance and better energy reconstruction capabilities than
K2K and thus the precision on ∆m2

atm has slightly improved by the inclusion of the MINOS
data. Furthermore the best-fit value has shifted to slightly higher values as will be seen in
the next subsection where a global fit to all available data will be presented.

Global Fit

In the last subsections we have discussed the available data on neutrino oscillation parameters
from measurements of the solar neutrino flux, the atmospheric neutrino flux, the measurement
of reactor neutrinos at various baselines, and finally the most recent data from the first
generation of conventional neutrino beam experiments. Up to now, all single data sets can
be interpreted in a two-flavor framework with only two parameters, one oscillation amplitude
sin2 2θ and a corresponding oscillation frequency ∆m2. The reason why no three-flavor effects
have been observed so far is the smallness of two quantities, sin2 2θ13 and the hierarchy of
the solar and atmospheric mass squared differences α = ∆m2

sol/∆m2
atm. Nevertheless there

have been various studies that try to fit all available data sets simultaneously in a global fit
in the complete three-flavor framework of neutrino oscillations [107, 125–127]. Note, that by
switching from the two-flavor frameworks to the three-flavor framework the correspondences
are:

sin2 2θsol =̂ sin2 2θ12 ∆m2
sol =̂ ∆m2

21

sin2 2θatm =̂ sin2 2θ23 ∆m2
atm =̂ |∆m2

31|.
(5.24)

The global fit studies are updated when new data sets get available and so represent the global
knowledge of neutrino oscillation parameters. Here, we will only make use of the global fit
from [107] and the global fit best-ft values and the allowed 3σ regions are given as:

sin2 2θ12 = 0.84+0.12
−0.11 ∆m2

21 = 7.9+1.0
−0.8 · 10−5 eV2

sin2 2θ23 = 1.00+0.00
−0.13 |∆m2

31| = 2.6+0.6
−0.6 · 10−3 eV2

sin2 2θ13 = 0.000+0.154
−0.000 δCP = 0+π

−π

(5.25)

If not stated otherwise, we will adopt the best-fit values of Eq. (5.25) as the true input values
for the oscillation parameters used in the experiment simulations in later chapters of this
work.

LSND

A controversial result that has not been considered in the global fit given above is the data
[128] of the LSND [129] experiment being the first experiment to report the observation of
neutrino oscillation appearance. In the neutrinos coming from pion decays at rest and a Liquid
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Figure 5.1: The different possible neutrino mass spectra in case of a four neutrino scheme with an additional
mass-squared difference ∆m2

LSND ∼ 1 eV2 to explain the data from the LSND experiment. The different mass
spectra can be divided into two classes, the four possible (3+1) scenarios (left) and the two (2+2) scenarios
(right).

Scintillator detector at a very small baseline the appearance of electron anti-neutrinos in the
channel νµ → νe is reported indicating towards neutrino oscillations at a large ∆m2 ∼ 1 eV
that is not compatible with the global data discussed above in the three-flavor framework.
The KARMEN experiment however has constrained the LSND solution and only small parts
were still allowed [130].

As the LSND result cannot be included to the global three-flavor framework additional
scenarios have been proposed. One is the addition of at least one sterile neutrino to the
neutrino mass spectrum. The resulting classes of mass ordering scenarios are referred to as
(2+2) and (3+1) scenarios depending on the location of the large mass splitting as illustrated
in Fig. 5.1. In the (3+1) mass spectra the large mass splitting is decoupled from the two
mass splittings of active neutrinos but for (2+2) mass spectra the sterile neutrino cannot
be decoupled and must appear in either solar or atmospheric oscillations. Thus, the (2+2)
scenario can be completely ruled out by atmospheric and solar data after SNO and KamLAND
[107]. Although (3+1) were still not ruled out it could be shown that this kind of scenario was
also highly disfavored by disappearance data from small baseline measurements [107]. Another
possible explanation could be provided by the rather provoking assumption of CPT violation
with different mass splittings in the neutrino and anti-neutrino sector. However, global data
without LSND favors CPT conservation [107] and the assumption of CPT violation does not
provide a satisfactory explanation [131,132].

Recently, the MiniBooNE [133] collaboration has published the first results [134] of a
νµ → νe appearance search at a similar L/E as LSND and no appearance could be found.
This disfavors (3+1) sterile neutrino even more7, but if a second sterile neutrino is added
to form a (3+2) mass scheme, the combination of MiniBooNE and LSND data is very well
compatible due to the possibility of CP violation [135]. Summarizing, the puzzle of the LSND

7In a (3+1) scenario the two experiments are incompatible at the 98% confidence level [135].
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result is not resolved by the recent MiniBooNE data and the νµ → νe data of MiniBooNE is
required for the final conclusion. The LSND result will not be considered for the simulations
throughout this work and we will only operate in a three-flavor framework with the assumption
of CPT conservation.
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Chapter 6

Long Baseline Experiment

Scenarios

The first cognitions in neutrino oscillation physics came from the detection of neutrinos from
natural neutrino sources like neutrinos produced in the fusion reactions in the sun’s inte-
rior or neutrinos produced in the earth’s upper atmosphere. This resulted in pinning down
the leading oscillation parameters. However, observing three-flavor effects in oscillations of
neutrinos from these natural sources is hardly achievable1. So, the future of neutrino oscil-
lation physics will be dominated by artificially produced “man-made” neutrinos in present
and future experiments. The era of neutrino oscillation long baseline experiments has already
been initiated with the first generation of conventional neutrino beam experiments that are
currently ongoing or finished data taking. However, these experiments were mainly planned
to measure and confirm the former measurements of the leading oscillation parameters. Al-
though, it was shown that already the conventional beam experiments have some potential
to discover three flavor effects such as the observation of a non-zero sin2 2θ13 if it is just
around the corner slightly below the Chooz bound [136–141], the conventional beam exper-
iments cannot constrain the parameter space of the CP phase or determine the underlying
neutrino mass hierarchy. So, new classes of experiments have been proposed to address these
issues in the future, going from Superbeam experiments that are upgrades of the conventional
technology to even more dedicated technologies such as β-Beam or Neutrino Factory experi-
ments. In this chapter we will introduce the possible different configurations of technologies,
beginning with the concept of the conventional beam based experiments and their possible
upgrade scenarios, the Superbeam experiments. The most sophisticated scenarios of β-Beam
experiments and Neutrino Factory experiments will be described in greater detail since their
performance and optimization issues are the main topic of the following chapters where we
present the main results. Furthermore the basic principles of reactor oscillation experiments
are reviewed because reactor experiments can play an important role, when the global picture
of future neutrino oscillation physics is discussed in Chapter 9. Additionally we will give a
brief description of the rather novel idea of neutrino beam experiments with monochromatic
neutrinos from electron capture processes since the technology is related to the principles of
β-Beam experiments.

1However, there is some potential to extract information on sin2 2θ13 from atmospheric neutrino data [17].
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6.1 Conventional Beam Experiments

The conventional beam experiments are already ongoing. They can be seen as the first
generation of beam based neutrino oscillation experiments. The first conventional beam
experiment was the K2K experiment in Japan. The neutrino beam was produced in the
accelerator complex of KEK and lead towards the Super-Kamiokande Water Cherenkov detector
at a baseline of L = 250 km. The data taking period at the K2K experiment is already finished
and the fit to the data confirmed the best-fit allowed region for the leading atmospheric
parameters sin2 2θ23 and |∆m2

31| that was obtained from the atmospheric neutrino data at
the Super-Kamiokande detector. While the global precision of the atmospheric parameter
measurements could not be significantly improved, this was the first confirmation of neutrino
oscillations at the atmospheric oscillation length by artificially produced neutrinos. The
second conventional beam experiment is the MINOS experiment in the United States. The
neutrino beam is produced at the accelerator complex of FermiLab in the so-called NuMI beam-
line. The detector is a 5.4 kt Magnetized Iron calorimeter detector located in the Soudan
mine 732 km north of the FermiLab site. The first neutrino events from the NuMI beam have
been observed in 2005 and the first results from a fit to the MINOS data was published in
mid 2006 [120–123] and is in perfect agreement with atmospheric and K2K data. Also the
European conventional neutrino beam produced at the CERN accelerator complex, the CNGS
beam has been switched on recently and the first neutrino events could have been detected
at the OPERA detector at a distance of L = 735 km in the Gran Sasso laboratories [142].

The basic principles of the beam production are similar for all the three mentioned con-
ventional neutrino beams. The neutrinos are produced in the decay of secondary mesons,
mostly pions but also rarely kaons:

π+/K+ → µ+ + νµ (> 99%)

π+/K+ → e+ + νe (< 1%)

π−/K− → µ− + νµ (> 99%)

π−/K− → e− + νe (< 1%) (6.1)

The secondary mesons are created by protons that are accelerated towards a fixed target.
The neutrino beam mostly consists of muon neutrinos νµ or νµ depending on the polarization
of the magnetic horns that selects either negative or positive charged mesons that then decay
in a straight decay pipe. Due to the decay properties of pions and kaons not only muon
neutrinos are produced but also a small contamination of ∼ 0.5% electron neutrinos or anti-
neutrinos. This contribution from electron neutrinos is the limiting factor in the search for the
appearance channel νµ → νe that is suppressed by the small mixing angle sin2 2θ13. However,
the main goal for conventional beam experiments is to measure the disappearance channel
νµ → νµ and increase the precision of the leading atmospheric oscillation parameters. The
schematic illustration of the neutrino production and the detection of different channels is
illustrated in Fig. 6.1.

It should be mentioned that the neutrino energy of the CNGS beam is too large for the
respective baseline and the neutrino spectrum is off the first oscillation maximum. Thus
measurements are less sensitive to the oscillation amplitude sin2 2θ23 in the disappearance
channel and the current knowledge coming from atmospheric data cannot be improved and
also the sensitivity to |∆m2

31| is strongly limited. However, the main purpose of the CNGS
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Figure 6.1: The schematic illustration of neutrino source, oscillation channels, and detection principles at
a Superbeam experiment. The neutrino beam consists mainly of νµ(ν̄µ) coming from the decay of secondary
pions and more rarely also kaons. Due to the decay properties of the kaons, a small contamination of νe(ν̄e) is
contained in the neutrino beam. The measurement involves νµ-disappearance and νe-appearance.

detectors of the OPERA [143] and ICARUS [144] detectors are optimized for the detection and
reconstructions of the τ leptons from the appearance channel νµ → ντ . The relatively high
energy of the CNGS neutrino beam is chosen such that τ leptons are produced in charged
current reactions at a reasonable amount. This would give the first direct experimental
confirmation of the flavor transition νµ → ντ in leading atmospheric oscillations while all
former results rely on the disappearance of muon neutrinos.

6.2 Superbeams

Superbeam experiments are the upgrade scenarios of the conventional beam experiments.
While the principles of neutrino beam production are identical to the conventional beams, the
neutrino beam flux is increased by an increased power of the initial protons that hit the target
and the discussed detectors use a larger fiducial volume. Thus, the statistics at a Superbeam
upgrade is increased compared to the conventional neutrino experiments. This means that
the precision of the leading atmospheric parameters is further improved and the appearance of
electron neutrinos becomes accessible for large and intermediate sin2 2θ13 & 10−2. The basic
principles are still as illustrated in Fig. 6.1. Different than for conventional beam experiments
the appearance measurement due to the large statistics provides good abilities to measure
the small mixing angle sin2 2θ13, constrain the phase δCP, and even determine the mass
hierarchy for large sin2 2θ13. However, due to the intrinsic beam background coming from the
flavor contamination of ∼ 0.5% electron neutrinos in the beam that cannot be distinguished
from appearance electron neutrinos, the performance of Superbeam experiments is naturally
limited to relatively large sin2 2θ13 & 10−3. A second limiting factor is the background
coming from inelastic neutral current events with an associated production of π0 mesons that
can be misidentified as electrons, i.e. be misidentified signal event candidates. The neutral
current events are usually reconstructed at much lower energies as the incident neutrino energy
since the surviving neutrino carries away invisible energy, i.e. missing energy. For Superbeam
experiments it is planned to locate the detector slightly off the beam line, which is the so-called
off-axis scenario. The relativistic kinematical decay properties of the initial pions offer this
possibility with the effect that the long tail of the neutrino beam spectrum at high energies
is strongly suppressed. This results in an decrease of overall statistics but additionally the
signal-over-background ratio is improved because the background form neutral current events
is more significantly reduced and the overall performance can be improved.

As a first generation of Superbeam experiments the upgrades of the NuMI beam with the
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Superbeam experiment NOνA [145] in the United States and the T2K [146] experiment in
Japan are proposed. The second generation of Superbeam experiments is planned to even
increase the performance of Superbeams by further increasing statistics and neutrino energies.
So, it is proposed to use a megaton Water Cherenkov detector such as the possible to be built
Hyper-Kamiokande detector [146] in Japan or MEMPHYS [147] in Europe. The respective
Superbeam experiments are the T2HK experiments and the SPL Superbeam [148]. Also at the
FermiLab it is proposed to upgrade the first generation Superbeam experiment NOνA with an
upgraded proton driver [149].

6.3 Reactor Experiments

It was already mentioned that the observation of νe disappearance in the neutrino flux pro-
duced in fission reactions (mainly 235U fission processes) in the core of a reactor provides the
opportunity to examine neutrino oscillation properties. The neutrinos are detected in the
inverse beta decay

νe + p → e+ + n (6.2)

with a threshold of approximately 1.8 MeV and a significant signal signature that allows to
reconstruct the incident neutrino energy due to the coincidence of three photons, the two
prompt photons from the incident annihilation of the positron and the a delayed photon from
the capture of the neutron.

The first observation of neutrino events was performed at a early reactor experiment in
1956 and was followed by neutrino oscillation experiments at very low baseline L . 100 m
that did not find any hints for νe disappearance at this distances. The most important were
the experiments at Gösgen [150], Bugey [151], Palo Verde [152], and CHOOZ [113].

If the detector is located at a distance L ∼ 100 km the measurement is sensitive to the
leading solar parameters sin2 2θ12 and ∆m2

21. The ongoing KamLAND experiment in Japan
measures the νe disappearance at a 1 kt Liquid Scintillator detector that are coming from
53 surrounding power plants at an average distance of L∼ 180 km. Although this distance is
slightly of the solar oscillation maximum, the KamLAND data [105, 106] established a disap-
pearance that was consistent with the LMA-MSW solution of the solar neutrino data. Due to
the inefficient location of the detector, KamLAND is less sensitive to the oscillation amplitude
sin2 2θ23 but could provide a good measurement of ∆m2

21. For precision measurements of
both parameters it has been proposed to use a very large Liquid Scintillator detector like for
instance the LENA [153,154] detector (50 kt) at a baseline of L ∼ 60 km to perform precision
measurements of the solar parameters at the percent level.

The Liquid Scintillator can also be located at the first atmospheric oscillation maximum
L ∼ 1.3 km to search for νe disappearance in oscillations at the atmospheric frequency. This
oscillation channel is driven by the small mixing angle sin2 2θ13 at this baselines and a clean
measurement of sin2 2θ13 becomes possible because only few parameter correlations spoil this
oscillation channel compared to the appearance channels at beam based experiments. The
limiting factor at sin2 2θ13 reactor experiments is the issue of systematical uncertainties [155].
In this close distance from the reactor core statistics is not that kind of a problem because the
neutrino flux is extremely high. But systematical uncertainties such as the uncertainties in
cross sections, the uncertainty of the normalization of the neutrino flux, and the uncertainty
of the fiducial mass of the detector can easily destroy the sensitivity to sin2 2θ13. It is crucial
to keep the overall systematical uncertainties below the level of 1% which can be achieved by a
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Figure 6.2: The schematic illustration of neutrino source, oscillation channels, and detection principles at a
neutrino reactor experiment. The ν̄e are produced in the fission reactions of nuclei (mainly 235U) in a reactor
core. The disappearance of the ν̄e is measured.

combined measurement at a near and a far detector so that associated uncertainties cancel out.
The schematic illustration of this kind of neutrino oscillation experiment is shown in Fig. 6.2.

Still, the CHOOZ bound gives the current upper limit (slightly improved by solar data) for
sin2 2θ13 but no hint for disappearance could be observed. However, the CHOOZ experiment
only used a far detector and was highly limited by the systematical uncertainties. All future
planned reactor experiments are proposed as multi-detector setups to increase the sin2 2θ13

sensitivities to smaller values of sin2 2θ13. The first of the new generation of sin2 2θ13 reactor
experiments is DoubleCHOOZ [156] with two detectors at the same Chooz reactor complex as
the initial CHOOZ experiment. The total exposure of a reactor experiment is proportional to
and can be described by the product of the runtime, the detector mass, and the thermal power
of the reactor core, i.e. the so-called integrated luminosity. The exposure of the DoubleCHOOZ
experiment is planned as 5 yrs × 10.16 t × 8.4 GW ∼ 430 GW t yrs. However, to even
improve the sensitivity to sin2 2θ13 even larger reactor experiments have been proposed with
an integrated Luminosity of the order of 104 GW t yrs [157]. For such experiments at this
high exposure the handling of bin-to-bin uncorrelated systematical uncertainties have to be
carefully addressed to further improve the sensitivity to sin2 2θ13. This is discussed for a
typical scenario in [155] there called Reactor-II scenario. Possible realizations are the proposed
reactor experiments Daya Bay [158] in China, RENO [159] in Korea, KASKA-II [160] in Japan,
or even an upgrade at the Chooz site TripleCHOOZ [161].

6.4 Electron Capture Beams

Recently, another idea has been proposed, which makes use of a neutrino beam with neutrinos
coming from electron capture processes [162–168]. The electron neutrinos that are emitted
from such electron capture processes would have a definite monochromatic energy Q in the rest
frame of the mother nuclei. Therefore by accelerating the mother nuclei to a Lorentz factor γ
the neutrino energy Eν can be completely controlled, since the energy of the neutrinos that
are boosted exactly towards the direction of the detector is Eν = 2γQ. The challenge from a
technological point of view is that simultaneously a beam of electrons has to be accelerated
at the same γ and coincide in the decay ring at one point with the accelerated nuclei so that
both are in the same rest frame and the electron capture process can occur.

In such a scenario, the γ factor and the baseline length L have to be chosen respectively
to the Q value of the electron capture process, the location of the oscillation maximum,
and the minimal energy observable at the detector, e.g. above the Cherenkov threshold of
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muons at a Water Cherenkov detector. For example, if Q is relatively large (O(1 MeV)),
γ can be chosen to be of the order O(100). In this case the neutrino beam can be viewed
as exactly monoenergetic in the detector [162–169]. On the contrary, if Q is relatively small
(O(100 keV)) the γ must be chosen quite high (O(1000)), but the necessary choice of the
baseline leads to the effect that the neutrinos now have a wider energy range at the detector.
While the maximal energy of Eν = 2γQ is reached by the neutrinos in the beam axis, the
energy of the neutrinos becomes smaller off the axis and the minimal energy of the neutrinos
depends on the detector size and the baseline.

Eν(R) =
Q

γ

[

1 − β
√

1 + (R/L)2

]−1

≈ 2γQ

1 + (γR/L)2
. (6.3)

In this scenario, the neutrino energy can be reconstructed from the measurement of the vertical
position R relatively to the beam axis within the detector and a superb energy resolution can
be achieved [162, 163, 170]2. This case seems interesting since only with one acceleration
factor γ a wide range of neutrino energy can be covered simultaneously with a very accurate
neutrino energy determination. On the other hand only neutrino running is available and
no comparison with the anti-neutrino channel is possible, hence parameter correlations and
especially the eight-fold degeneracy is hard to be resolved. The lack of the anti-neutrino
channel has to be compensated by the extraordinary energy resolution available and enough
statistics has to be collected, i.e. a very large fiducial mass such as at a megaton Water
Cherenkov detector is preferable. The performance of such high γ electron capture beam
experiments was analyzed in [170] and the requirements for being competitive to a standard
Neutrino Factory experiment was estimated. The considered electron capture process was

110
50 Sn + e− → 110

49 In + νe. (6.4)

with a rest frame neutrino energy of Q = 267 keV at a lifetime of 4.11 h. It was found
that in principle the very good energy resolution abilities can provide the potential to resolve
the eight-fold degeneracy and measurements of sin2 2θ13 and δCP in a very large part of the
parameter space can be possible. Even a competitiveness to a Neutrino Factory or β-Beams
could be given however the requirements turned out to be extreme. The acceleration factor is
required to be γ & 2000 which would need a very powerful accelerator complex of the size of
the LHC and the high statistics to gain from the superb energy resolution capabilities would
require a very high number of electron capture decays per year ∼ 1018 which is hardly feasible
considered that the lifetime is 4.11 h in the rest frame of the process3.

6.5 Beta Beams

The idea of producing a flavor pure electron neutrino beam in the beta decay of accelerated
mother nuclei was first proposed in [175]. In the last years this idea has gained a reasonable
popularity and is discussed as the neutrino source of a possible future neutrino oscillation
experiment, the so-called β-Beam. Various papers have been published discussing different

2The position reconstruction of the initial vertex at a Water Cherenkov detector is possible at least at a
resolution of 30 cm [171]

3The rate of electron capture processes clearly requires enhancement which could be achieved by a laser
irradiation as discussed in [172–174].
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β-Beam scenarios and their performance compared to other established beam technologies as
Superbeams and Neutrino Factory experiments, e.g. [176–188].

The basic principle is the acceleration of bunches of ionized beta decaying isotopes into a
decay ring to relativistic energies at a relativistic Lorentz factor γ. The accelerated isotopes
that decay in the straight sections of the designed decay ring produce electron neutrinos or
anti-neutrinos, depending on the chosen isotope. In the rest frame of the decay the spa-
cial momentum distribution is isotropic however in the laboratory system the neutrinos are
boosted in the direction of the straight sections and form a collimated neutrino beam. The
energy of the neutrinos can be accurately tuned by the acceleration of the mother nuclei, i.e.
the γ factor. In this work, the considered isotopes for the production of the neutrino beam
are 18Ne for the neutrino beam and 6He for the anti-neutrino beam. The relevant beta decay
processes are:

18Ne → 18F + e+ + νe

6He → 6Li + e− + νe. (6.5)

The produced neutrinos constitute a flavor pure neutrino beam that consists either of electron
neutrinos or electron anti-neutrinos. Hence, the first obvious advantage compared to the con-
ventional neutrino beam production in the decay of pions at conventional beam experiments
or their Superbeam upgrades is the complete absence of a intrinsic beam contamination of
neutrinos of a different flavor. The relevant oscillation channels are the disappearance chan-
nels νe → νµ and νe → νµ. The signal events are very clean and have a clear signature,
the produced muon that is easily distinguished from the electrons/positrons coming from the
disappearance events. The schematic illustration of neutrino production and detection of the
appearance channels at a β-Beam is given in Fig. 6.3. In principle, the disappearance channels
νe → νe and νe → νe can also be measured at a β-Beam experiment but these channels can
be compared to the measurements at a reactor experiment and so, the usefulness of the disap-
pearance channels is only given if the systematical uncertainties in the spectral normalization
can be kept below the 1% level which is hardly achievable at a beam-based experiment.

Let us consider the relevant appearance channels. The main possible background sources
are coming from inelastic neutral current events with an associated single charged pion pro-
duction, e.g.:

Signal : νµ + n → p + µ−

Background : νx + n → p + νx + π−, (6.6)

where the charged pion is misidentified as a muon and the event is classified as signal event,
because the further pion decay remains undetected, possibly because it happens outside the
fiducial volume of the detector. A further possible source of background is due to atmospheric
neutrinos. However, this source of background is not time-dependent as the incoming neu-
trino beam bunches and the magnitude and spectral distribution of atmospheric neutrinos is
well known from the detector operation in the absence of the operating beam. It is expectable
that the neutral current single pion background is the dominating background source since at-
mospheric neutrinos can be effectively rejected due to direction information and the direction
of the incoming beam is known.
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Figure 6.3: The schematic illustration of neutrino source, oscillation channels, and detection principles at
a β-Beam experiment. The neutrinos are produced in the beta decay of the boosted and stored isotopes 18Ne
(νe) and 6He (ν̄e). The appearance of νµ, respectively ν̄µ is measured.

The further advantage compared to conventional beam production is the well-known spec-
tra of beta decay. In the rest frame of the beta decay the neutrino energy spectrum is con-
tinuous up to a well-known endpoint energy depending on the chosen mother nuclei. The
energy spectra is boosted to higher energies due to the relativistic acceleration of the mother
nuclei but the spectral form remains similar and is exactly known. Thus the energy depen-
dent bin-to-bin systematical uncertainties of the spectrum are reduced to the minimum and
only the overall normalization uncertainty has to be controlled by a near detector while for
conventional beams the complete spectrum is required to be probed over all available neutrino
energies. Above the endpoint energy no neutrino flux is present at a β-Beam and the flux is
centered around the mean energy while for conventionally produced beams the high energy
tail far off the mean energy resulted in increased background from neutral current event that
are reconstructed at smaller energies.

The formula for the boosted β-Beam neutrino spectrum of the beam flux as a function of
the incident neutrino energy Eν in the exact direction of the beam-line (θ=0) is given as [179]:

dφ

dEν

∣
∣
∣
∣
θ=0

= Cβ
E2

ν

γ

(

1 − Eν

2γ(E0 + me)

)
√
(

1 − Eν

2γ(E0 + me)

)2

−
(

me

E0 + me

)2

. (6.7)

Here, the rest frame endpoint point energies E0 enter. The considered isotopes 18Ne and
6He do provide a further advantage, that is their endpoint energies being very similar with
E0(

18Ne) = 3.4 MeV and E0(
6He) = 3.5 MeV. So, both isotopes can be accelerated at

the same γ factor resulting in similar beam energies. For a given accelerator complex the
achievable acceleration is limited and using isotopes with similar endpoint energies makes
sure that the acceleration complex cannot only be optimized for one of the isotopes. Due
to different exited states in the mother nuclei, in principle different endpoint energies can
combine to the overall spectrum of neutrinos. However, for the here considered isotopes the
mentioned endpoint energies dominate and only small contributions below the 1% level to
the spectrum are present from other endpoint energies. So, the different excited states are
neglected throughout this work since the impact is absolutely negligible for the considered
isotopes.

In the above formula of the β-Beam neutrino spectrum in the laboratory frame an energy
independent pre-factor Cβ appears:

Cβ =
Nβ

πL2

15

2 g(ye) (E0 + me)3
(6.8)
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Figure 6.4: The energy spectrum of the neutrino flux at a β-Beam experiment. The neutrino flux is
absolutely flavor-pure and contains only of νe for stored 18Ne isotopes or νe for stored 6He isotopes. The
maximal energy is Emax ≈ 2γE0.

It contains the number of isotope decays in the storage ring Nβ per units of time (typically
per year) and the geometric baseline suppression factor of 1/L2 and also a factor g(ye) that
depends on the chosen isotope:

g(ye) =
√

1 − y2
e

[
2 − 9y2

e − 8y4
e

]
+ 15y4

e log

[

ye

1 −
√

1 − y2
e

]

. (6.9)

Summarizing, the neutrino beam of a β-Beam scenario is absolutely flavor pure and contains
only of electron or anti-electron neutrinos and the spectrum is very well known. The β-Beam
spectrum of the neutrino flux is illustrated in Fig. 6.4.

We will discuss two different detector technologies suitable for a β-Beam experiment. The
β-Beam detector requires excellent capabilities in electron/muon separation but no charge
separation and no magnetized detector material is needed. So, the Water Cherenkov detector
seems well suitable also due to the large statistics that can be collected at a possible future
megaton Water Cherenkov detector. However, Water Cherenkov detectors only provide very
good detector properties at lower neutrino energies Eν . 1 GeV in the quasi-elastic regime of
charged-current interactions. For higher energies the energy reconstruction becomes difficult
in the regime of dominating inelastic interactions since the hadronic components that are
below the Cherenkov threshold cannot be measured. Furthermore, for increasing neutrino
energies the neutral-current background due to single pion production becomes the limiting
factor. Thus, for higher neutrino energy β-Beams we will also discuss the technology of Totally
Active Scintillator detector to be suitable which provides a better energy resolution and better
handling of the neutral current backgrounds. The details of the detector simulation will be
presented in Chapter 7. Depending on the choice of the acceleration factor γ the β-Beam
scenarios are usually classified as either “low γ” β-Beam, “medium γ” β-Beam, or “high γ” β-
Beam. The classification follows the dimension of the accelerator that is required to accelerate
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the respective isotopes to the respective γ which depends also on the isotope choice. For the
here discussed isotopes 6He and 18Ne the classes are approximately given as follows: “low γ”
for γ . 150−2004, “medium γ” for 150−200 . γ . 600−8005, and“high γ”for γ & 600−8006.

6.6 Neutrino Factories

The idea of a Neutrino Factory experiment has been first discussed almost ten years ago [189]
and the performance of the scenario have been widely discussed, e.g. in [42, 190–198]. It
was pointed out that the conventional neutrino beam production is based on the decay of
pions, β-Beam neutrino production is based on the beta decay of accelerated isotopes, and
the idea for Neutrino Factory experiments is to produce the neutrino beam in the decay of
muons that are accelerated and then stored in a storage ring just as the isotopes at a β-
Beam facility. The muons decaying in the straight sections of the storage ring form a boosted
collimated neutrino beam. The difference to the beam of a β-Beam experiment is that the
Neutrino Factory neutrino beam contains not only one flavor since the decay of a muon results
in a muon neutrino and electron anti-neutrino. The respective anti-neutrino beam can be
produced if anti-muons are stored in the storage ring. The relevant decays are:

µ− → e− + νµ + νe

µ+ → e+ + νµ + νe. (6.10)

The Neutrino Factory neutrino beam provides the possibility to perform precision measure-
ments of the leading atmospheric oscillation parameters sin2 2θ23 and |∆m2

31| in the disap-
pearance channels νµ → νµ and νµ → νµ and additionally measurements in the so-called
golden channel, i.e. the appearance channels νe → νµ and νe → νµ. The golden channels
provide access to three-flavor effects in terms of measurements of sin2 2θ13, δCP, and the sign
of ∆m2

31. The schematic illustration of neutrino production and detection is shown in Fig. 6.5.

A significant background contribution is coming from neutral-current events as was the
case for the β-Beam. But, as can be seen from Fig. 6.5 the phenomenology at a Neutrino
Factory is added an additional possible background source. Different than the β-Beam neutrino
beam, the Neutrino Factory neutrino beam is not flavor pure but consists of 50% νµ and 50%
νe (50% νµ and 50% νe in case of µ+ stored). The large amount of charged-current events
at the detector will be the disappearance events with the signature of a produced muon µ−

(µ+ in case of µ+ stored) while the signature of the sin2 2θ13 suppressed golden channel is
a produced anti-muon µ+ (µ− in case of µ+ stored). The detection of the golden channel
events thus requires an effective charge separation of the muons. This is the origin of the
term wrong-sign muon, i.e. the disappearance channel produced muons are the so-called
wrong-sign muons if the golden channel is to be measured. The charge separation can only
performed at a magnetized detector, where the track of the muons can be reconstructed
and the curvature of the muons can be measured relatively to the magnetic field. In this
procedure a new cut is required, the CID (charge identification) cut, which is a cut to the
minimum transverse muon momentum. The selection of the cut requirements affect the

4This isotope acceleration requires an accelerator complex of comparable size to the SPS [180].
5This isotope acceleration requires an accelerator complex of comparable size to a Super-SPS [185].
6For such high acceleration factors an accelerator complex of comparable size of the LHC itself is required.
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Figure 6.5: The schematic illustration of neutrino source, oscillation channels, and detection principles at a
Neutrino Factory experiment. The neutrinos are produced in the decay of boosted and stored µ− or µ+. Both,
a measurement of disappearance and appearance of muon neutrinos is possible. However, the appearance
measurement involves the detection of the so-called wrong sign muons as can be seen from the illustration.
Hence, a magnetized detector has to be used in order to allow for charge identification of the muons.

signal efficiency as well as the background level (see the appendix of [198] for a detailed
discussion). The usually discussed detector technology is a Magnetized Iron Calorimeter
comparable to the detectors of MINOS [119] or MONOLITH [199]. Due to the CID cut, very
high neutrino energies are required at a Neutrino Factory scenario with Eν & 20 GeV. Thus, the
discussed baselines for a Neutrino Factory experiment are also very high, at several thousands
of kilometers but still it is hard to achieve a Neutrino Factory to be operated at the first
oscillation maximum and the discussed Neutrino Factory baselines are slightly off. That is the
reason why a Neutrino Factory experiment suffers the most from parameter correlations and
the eight-fold degeneracy compared to other experiment technologies and additional strategies
like multi-baseline detector locations are required to resolve the degeneracies. Strategies that
involve different baselines, i.e. one detector at the magic baseline and one detector at a baseline
optimized for measurements of δCP can be realized by the arrangement of the storage ring
architecture. Since the neutrino beam is produced at the straight sections of the storage
ring, the assembling of different straight sections in one storage ring allows to lead neutrino
beams to different beam lines and different detectors at different baselines. Note, that the
construction of a Neutrino Factory storage ring is very demanding since the straight sections
have to be tilt down. For instance a beam-line towards a detector at the magic baseline
requires an angle of approximately 37 degrees into the ground.

As for the beta decay of the isotopes at a β-Beam facility, the muon decay provides a
very well-known spectrum in the rest frame of the decay and the formula for the boosted
spectrum of the neutrino flux in the laboratory frame as a function of the neutrino energy in
the laboratory frame Eν in the exact direction of the beam-line (θ = 0) is given as:

dφνµ

dEν

∣
∣
∣
∣
θ=0

=
4 Nµ

πL2 m3
µ

E2
ν

[

3 − 4 γ(1 − β)
Eν

mµ

]

dφνe

dEν

∣
∣
∣
∣
θ=0

=
24 Nµ

πL2 m3
µ

E2
ν

[

1 − 2 γ(1 − β)
Eν

mµ

]

(6.11)

Here, the acceleration of the muons is described by the relativistic γ factor and the corre-
sponding β =

√

1 − 1/γ2. However, different than for the discussion of β-Beams, in case
of Neutrino Factory experiments the discussions in the literature do not describe the muon
acceleration in terms of γ but in terms of the parent energy of the stored muons in the stor-
age ring Eµ. The relevant relation for the above formula is γ = Eµ/mµ. The shape of the
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Figure 6.6: The energy spectrum of the neutrino flux at a Neutrino Factory experiment. The neutrino flux
consists either of νµ and νe for stored µ− or νµ and νe for stored µ+. The maximal energy is Emax = Eµ, the
energy of the parent muons in the storage ring.

neutrino flux at a Neutrino Factory is illustrated in Fig. 6.6. The electron neutrino and muon
neutrino contributions follow different behaviors and the maximal flux for electron neutrinos
is obtained at neutrino energies smaller than Eµ while the maximal muon neutrino flux is
obtained at the highest possible energy, the initial energy of the stored parent muon Eµ.

The technology of conventional beam production and beam production at a Neutrino
Factory is not as disconnected as it may seem, because the muons for the decay in the storage
rings are to be produced in the decay of pions just as the neutrinos in conventional beam
production. The storage selection of either muons or anti-muons is performed by the selection
of the π+ or π− at the target by the polarization of the magnetized horns. The main challenge
for the further handling of the produced muons in the decays of the pions is the issue of muon
cooling. The initially produced muons have a wide distribution in momentum space but are
required to be cooled down to allow for a further clean acceleration [193,200–204]. The most
promising technology for the required muon cooling is the so-called ionization cooling [205,206]
since all existing cooling technologies do not work for muons. The feasibility of this technology
is to be proved at the MICE experiment [207–209]. It should be mentioned that a successful
technology for the muon cooling is not only required for neutrino oscillation physics at a
Neutrino Factory but is also a very important issue for the feasibility of a possible future muon
collider experiment [210,211].

It should be noted, that a Neutrino Factory experiment is not only a very good tool for
standard three-flavor oscillations but is also sensitive to possible deviations from the“standard
physics”and “new physics”would be observable, as for instance the possibility of the so-called
non-standard interactions of neutrinos that mediate additional flavor transition contributions
and interfere with the oscillation. These have been addressed in [212–219]. Since we will
not implement non-standard interactions to the simulations in this work, it should be kept
in mind that the optimization arguments discussed in this work do not correspond to the
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optimization with respect to all physical motivations but only to the standard three-flavor
oscillation.
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Chapter 7

Beta Beam Performance

The aim for this Chapter is to estimate and optimize the performance of a possible β-Beam
experiment for measurements of sin2 2θ13, the phase δCP, and the sign of ∆m2

31. First, we
introduce the simulation methods that have been used to analyze the physics potential of
the β-Beam. Next, the possible optimization in terms of neutrino energy, i.e. the isotope
acceleration factor γ, and the experiment baseline L are addressed. Thereafter single technical
aspects and possible impacts on the physics potential are discussed, before optimized reference
scenarios with different ambitious detector effort and technology are defined and the potential
is compared. Furthermore, the performance of these reference setups is related to optimized
Neutrino Factory reference scenarios in Chapter 9.

7.1 Beta Beam Simulation

All β-Beam simulations throughout this work are performed with the GLoBES software [220,
221] that is briefly introduced in the appendix. For all discussed β-Beam scenarios we assume
a total runtime of 8 years data taking. The endpoint of the spectrum of the neutrino flux
is determined by the tuned γ acceleration factor and the endpoint energy E0 of the used
isotopes, here 18Ne (νe-beam) and 6He with endpoint energies E0 = 3.4 MeV for 18Ne and
E0 = 3.5 MeV for 6He. The endpoint energies of the two nuclei are very similar and we
assume the same acceleration factors for both, i.e. γ(18Ne) = γ(6He), so that the neutrino
energies in the anti-neutrino and neutrino modes are very similar. In principle, the γ’s can be
chosen differently, however there is no obvious gain in increasing one with respect to the other
(cf., Ref. [180]). We neglect the fact that there exist different excited states in the daughter
nuclei of the decay, which additionally lead to negligible small contributions to the spectra
with different endpoint energies. We assume 2.9 · 10−18 6He and 1.1 · 10−18 18Ne isotope
decays per year in the storage rings. This assumes a concurrent neutrino and anti-neutrino
runtime with both isotopes operated over the absolute runtime of 8 years and corresponds
to the standard assumption for β-Beams in the literature [176–187] . The same statistics can
also be obtained by a consecutive neutrino and anti-neutrino runtime of 4 years each with
the double numbers of the decays per year. However, these numbers are based on estimates
for low γ with the acceleration factors γ(18Ne) = 100 and γ(6He) = 60 and it has not been
demonstrated that the numbers of decays can be maintained for medium or high γ. Basically,
we assume that this is the case but the impact of a γ-scaling of the isotope decays is addressed
in Section 7.5 since the assumption might not be justified for technical considerations.
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An important difference of a β-Beam experiment to Superbeams or Neutrino Factory ex-
periments is the missing information on the leading atmospheric oscillation parameters in
the disappearance data. In principle ∆m2

31 is accessible while sin2 2θ23 is not, however this
would require systematical uncertainties below the 1% level which is hardly achievable. So, a
β-Beam experiment itself cannot measure the leading parameters and is not able to contribute
to the desirable precision measurements of the atmospheric parameters as would be the case
for Superbeams or a Neutrino Factory. Here, we are mainly interested in the performance of
the appearance measurements to determine sin2 2θ13, δCP, and the neutrino mass hierarchy.
But as was pointed out earlier, the leading parameters also affect this performance via param-
eter correlations. So, we add the simulated disappearance data of the Superbeam experiment
T2K1 (8 years assumed) to minimize the parameter correlations with the leading atmospheric
oscillation parameters. At the time a β-Beam starts operation this data will be available to
constrain the parameters. However, we do not include the T2K appearance data in order to
analyze the performance of the β-Beam appearance measurements alone. The impact of the
inclusion of the T2K disappearance data is addressed in Section 7.4. We will apply the same
technique in the simulations of the Neutrino Factory experiments and for the simulation of
T2HK since these experiments will have the ability to measure the atmospheric parameters
by far best from their own disappearance data that is included to the simulation.

The solar oscillation parameters are constrained with a precision of 5% for each indepen-
dently to the best-fit values by GLoBES internal priors with pull terms in the χ2 calculation.
Eventually, we assume a constant matter density profile with a 5 % uncertainty on the value
of the baseline-averaged matter density, where the uncertainty takes into account matter
density uncertainties as well as matter density profile effects [224–226]. If the baseline of
an experiment is changed, we also re-compute and use the average matter density for this
baseline.

Detector technologies

A general requirement for any β-Beam detector is to have good muon-electron separation
capabilities and to have an efficient neutral-current rejection. At the same time, the technology
must be available and cost effective to allow in time a scaling to large detectors. For lower
values of γ, certainly Water Cherenkov detectors fulfill these criteria [175, 176, 179, 180, 182,
183]. However, at higher γ values, the lack of background discrimination in Water Cherenkov
detectors becomes a huge problem and other detector types, such as calorimeters or TPCs
(Time Projection Chambers) are more suitable [179, 227]. The precise value of γ where this
turnover happens seems to be an unresolved question and different views can be found in the
literature [176,179]. Our choice for large values of γ is the so-called Totally Active Scintillator
detector for reasons which will be discussed below. The two detector technologies used in this
study, namely Water Cherenkov and Totally Active Scintillator, are described in more detail
in the following subsections.

Water Cherenkov Detector

Water Cherenkov detectors are well suited to distinguish muon neutrinos from electron neutri-
nos by analyzing the topology of the detected Cherenkov ring. However, background rejection

1See Refs. [198,222,223] for details of the T2K description within GLoBES. The corresponding experiment
describing file is provided with the GLoBES 3.0 software. The here used file is a modified version of T2K.glb.
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can be a problem in using a Water Cherenkov detector in combination with a β-Beam. The
main source of background to the muon neutrino appearance search will be the flavor-blind
neutral-current events which are mistaken for muon neutrino charged-current events. The
most critical neutral-current events are those where one or several energetic pions are in-
volved, which implies that there is basically no background below the pion production thresh-
old around 200MeV. Therefore, one solution would be to tune γ to a low value where most of
the neutrinos in the beam are below this threshold [176]. In that case there would be no en-
ergy information, since the Fermi-motion of the nucleons would induce an energy smearing of
about 100MeV. This would reduce the β-Beam to a mere counting experiment, which would
have only a very limited physics reach [179]. Above the pion threshold, the feasibility of using
a Water Cherenkov detector depends on the ability to correctly identify pions and to reject
neutral-current events. The pion identification works, in principle, by identifying its decay
process and it seems to be possible up to some level. There are very different statements in
the literature how well this can be done [176,179]. The different results can to a large extent
be attributed to the different level of detail used in the detector simulation.

In order to describe the energy response of the detector in our study, we divide the
signal events into samples of quasi-elastic events (QE) and inelastic events (IE). Only for
the QE sample, it is possible to accurately reconstruct the neutrino energy from the charged
lepton. For IE events, the reconstructed energy will always lie below the true (incident)
neutrino energy because the hadronic component of the interaction cannot be seen by a
Water Cherenkov detector. Since the separation of those two event samples is fraud with a
large error, we will use the same technique as described in Ref. [198]. This means that the
total rates number of all IE + QE events is taken into account and in addition the spectrum
of the QE event sample is used to obtain spectral information. In order to avoid double
counting of events, the QE event sample is taken only with a free normalization. In this
approach, no particular assumption about the event by event separation has to be made,
because this approach is purely statistical. In fact, the real experiment might even perform
better since there actually could be some event by event separation. For the spectral analysis,
we assume that the Fermi-motion is the main component of the resulting energy resolution
function. Therefore, a constant width of 85MeV [146] in a Gaußian energy resolution function
is taken, in order to describe the energy reconstruction of the QE sample. For the background
distribution, we make the assumption that every neutrino which interacts via neutral-currents
is reconstructed with an energy distribution which is flat from zero up to the true neutrino
energy. In this way we obtain a background which is peaked at low energies. We do not take
into account any other background source, since in Ref. [180] it was shown that atmospheric
neutrinos only give a very small contribution.

In order to be able to use γ values in the range from 50 to 500, the energy range is chosen
as 0.2−3.0GeV and is divided into bins of 100MeV width, such that the total number of bins
is 28. All efficiencies are constant with exception of the first bin where they are only 1/2 of
the value given in the signal/background table to account for threshold effects. The numbers
for the disappearance channel could be quite different (in fact, the efficiencies might be much
higher), but we checked that the final results do not depend on this assumption. Therefore,
because of simplicity, we take the same numbers as for the appearance channels. We also in-
clude systematic uncertainties on the normalization of signal and background events as given
in Table 7.1, where all errors are assumed to be fully uncorrelated. This is a conservative
approximation and does not affect the result from the appearance measurement. The disap-
pearance measurement, on the other hand, would require a total absolute error of less than
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Disappearance – 18Ne stored σnorm σcal

Signal 0.55 ⊗ (νe → νe)QE 0.025 10−4

Background 0.003 ⊗ (νe → νx)NC 0.05 10−4

Appearance – 18Ne stored – Spectrum

Signal 0.55 ⊗ (νe → νµ)QE 10.0 10−4

Background 0.003 ⊗ (νe → νx)NC 0.05 10−4

Appearance – 18Ne stored – Total Rates

Signal 0.55 ⊗ (νe → νµ)CC 0.025 10−4

Background 0.003 ⊗ (νe → νx)NC 0.05 10−4

Disappearance – 6He stored

Signal 0.75 ⊗ (ν̄e → ν̄e)QE 0.025 10−4

Background 0.0025 ⊗ (ν̄e → ν̄x)NC 0.05 10−4

Appearance – 6He stored – Spectrum

Signal 0.75 ⊗ (ν̄e → ν̄µ)QE 10.0 10−4

Background 0.0025 ⊗ (ν̄e → ν̄x)NC 0.05 10−4

Appearance – 6He stored – Total Rates

Signal 0.75 ⊗ (ν̄e → ν̄µ)CC 0.025 10−4

Background 0.0025 ⊗ (ν̄e → ν̄x)NC 0.05 10−4

Table 7.1: The signal efficiencies and background rejection factors together with the associated systematical
errors for the various signals and backgrounds used in our description of the performance of a Water Cherenkov
detector β-Beam. The normalization errors are the normalization error σnorm and the energy calibration error
σcal. This corresponds to the BBvar_WC.glb file that is provided with GLOBES 3.0.

1% to yield any information on θ13 [155,228,229]. This number, however, seems very difficult
to be reached, if at all, for any experiment which involves neutrino-nucleus cross-sections at
low energies. Our parameterization has been calibrated against low γ scenarios from earlier
literature (γ = 150, [180]). Therefore using different values of γ involves some extrapolation.
Our parameterization should nevertheless be reliable from γ 100 up to 350, and it should
additionally reproduce the qualitative features of the γ-scaling within a range from 50 to 500.
The experiment description is similar to the one from [186] and is provided with the newest
version of GLoBES 3.0 [220,221].

Totally Active Scintillator Detector

For even larger values of γ, a detector which can also measures the hadronic energy deposition
is required. The reason is that the fraction of inelastic events in the whole event sample
increases with increasing γ, because the neutrino spectra are extended to higher energies.
The techniques which have traditionally been used for that purpose are tracking calorimeters
and TPCs (such as a large liquid Argon TPC as described in Ref. [227]). The latter technology
has certainly a great potential in neutrino physics, but given the fact that background issues
are not the primary concern, we will discuss the more traditional and better understood option
of a tracking calorimeter. Basically, there exist three different approaches:

• magnetized iron plates, interleaved with scintillator bars
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Disappearance – 18Ne stored σnorm σcal

Signal 0.2 ⊗ (νe → νe)CC 0.025 10−4

Background 0.001 ⊗ (νe → νx)NC 0.05 10−4

Appearance – 18Ne stored

Signal 0.8 ⊗ (νe → νµ)CC 0.025 10−4

Background 0.001 ⊗ (νe → νx)NC 0.05 10−4

Disappearance – 6He stored

Signal 0.2 ⊗ (ν̄e → ν̄e)CC 0.025 10−4

Background 0.001 ⊗ (ν̄e → ν̄x)NC 0.05 10−4

Appearance – 6He stored

Signal 0.8 ⊗ (ν̄e → ν̄µ)CC 0.025 10−4

Background 0.001 ⊗ (ν̄e → ν̄x)NC 0.05 10−4

Table 7.2: The signal efficiencies and background rejection factors together with the associated systematical
errors for the various signals and backgrounds used in our description of the performance of a Totally Active
Scintillator detector β-Beam. The normalization errors are the normalization error σnorm and the energy
calibration error σcal. This corresponds to the BBvar_TASD.glb file that is provided with GLOBES 3.0.

• low-Z material (such as particle board), interleaved with scintillator bars

• all active detector made of liquid scintillator and plastic tubes

The big advantage of a (magnetized) iron calorimeter is usually the ability to determine the
charge of muons, but this is pointless for a β-Beam since there is no appearance of wrong sign
muons like at a Neutrino Factory. For the other options, the advantages and disadvantages
have been very carefully addressed in the preparation of the NOνA proposal [230]. We decided
to use for our study the same technology as in the NOνA proposal, which is the so-called
Totally Active Scintillator Detector. The totally active design provides a superior energy
resolution and background rejection at reasonable efficiencies. For our parameterization, we
follow closely the work done by the NOνA collaboration, the only problem being that all
studies have been done for νe appearance, whereas we look for νµ appearance. The latter
should be much easier because the muon track is much more difficult to be confused with
a neutral-current event. Therefore, our parameterization is on the conservative side, which
does not affect our conclusions since the Totally Active Scintillator detector very effectively
rejects backgrounds. The numbers we use for efficiencies and systematical errors are given in
Table 7.2 and are taken from Refs. [230–233].

The energy window reaches from 0.5GeV up to the endpoint of the neutrino spectrum
and is divided into 20 bins. The energy resolution is given by a Gaußian with a width of 3%√

E for muon neutrinos and 6%
√

E for electron neutrinos. The background is assumed to
have the same shape as the signal. But note that the shape of the background is not much of
an issue in the case of a Totally Active Scintillator detector detector since the background is
very small. We checked that a background of the same total magnitude which is distributed
like E−1

ν gives basically the same results. The experiment description is similar to the one
from [186] and is provided with the newest version of GLoBES 3.0 [220,221].
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7.2 Beta Beam Optimization

In this section, we will focus on the optimization of a β-Beam experiment in terms of opti-
mizing the baseline L or the neutrino energy Eν by tuning the isotope acceleration γ. Such
an optimization attempt was already performed in [186] for a slightly different set of true
oscillation parameter values. There, the optimization process involved a tuning of γ by fixing
the ratio L/γ so that higher γ also implies a larger baseline. As outcome for both scenarios,
Water Cherenkov and Totally Active Scintillator, the simple rule “the larger γ, the better”
was found, however slightly more effective for the latter. We will not repeat this discussion
and focus on the single optimization of either baseline L for a selected fixed γ or the isotope
acceleration γ for a selected fixed baseline L. We will discuss the optimization for the three
performance indicators: sensitivity limit to sin2 2θ13, sensitivity to maximal CP violation, and
sensitivity to mass hierarchy. These performance indicators will be shortly described when
first discussed, however a list of all performance indicators together with the exact definition
and further useful comments is given in the appendix. The performance indicators will be
introduced to describe the abilities of the considered experiment scenarios in measurements
of sin2 2θ13, δCP, and the mass hierarchy2.

For the discussion of the optimization issues concerning the baseline L we discuss a low γ
β-Beam with a Water Cherenkov (γ = 150), two medium γ β-Beams, one Water Cherenkov
(γ = 350) and one Totally Active Scintillator detector scenario (γ = 500), and finally a
high γ scenario with a Totally Active Scintillator detector (γ = 1000). For the discussion of
the optimization issues concerning the isotope acceleration factor γ we try to stick to realistic
baselines. For that reason a Water Cherenkov β-Beam is discussed at the CERN-Frejus baseline
of L=130 km. So, the CERN-MEMPHYS baseline scenario is included [187, 234]. A second
baseline is discussed for a Water Cherenkov detector at a distance of L=730 km. This baseline
can be associated with the distance between the CERN and the Gran Sasso underground
laboratories in Italy or to the baseline between the FermiLab and the Soudan mine, i.e. the
actual MINOS baseline. This baseline is large enough for β-Beam energies where already a
Totally Active Scintillator detector can be installed so we will also discuss this possibility and
additionally also a Totally Active Scintillator detector scenario at an even larger baseline of
L=1500 km.

Sensitivity to θ13

The sensitivity limit to sin2 2θ13 describes the ability of an experiment to set a lower bound
to sin2 2θ13 in the worst-case scenario3 of a vanishing true value sin2 2θ13 = 0. It is given by
the largest fit value of sin2 2θ13 that can be excluded at the chosen confidence level, that is
here and throughout this work 3σ, under the simulation assumption sin2 2θtrue

13 = 0.
First, we concentrate on the optimization of the baseline for a low γ = 150 and a medium

γ = 350 β-Beam with a megaton Water Cherenkov detector. The respective sensitivity limits
to sin2 2θ13 as a function of the baseline L are shown in Fig. 7.1. In order to allow comparison
of the results with results from the corresponding discussion in [186] the upper x-axis is labeled

2For reasons of intuitive lucidity a color coding has been introduced to the screen version and selected print
versions in the chapters where the main results are presented, that is each parameter corresponds to its own
color. All performance indicators involving sin2 2θ13 are indicated with blue colors, the ones involving δCP are
shown in red colors, and the sensitivity to mass hierarchy is always associated with green colors.

3Here, the term worst-case scenario is used from a view point of the experiment, since sin2 2θ13 = 0 would
effect in a non-observation of three-flavor effects at the experiment.
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Figure 7.1: The sensitivity limit to sin2 2θ13 at a β-Beam at the 3σ confidence level as a function of the
baseline L for fixed γ = 150 (left) and γ = 350 (right). The plots are for a megaton Water Cherenkov detector
with a fiducial mass of 500 kt. The bands indicate the influence of systematics, correlations, and degeneracies
and the final sensitivity limit is indicated by the uppermost thick black line.

with the parameter L/γ. Systematics, correlations and degeneracies are taken into account an
their effect is indicated by the colored bands. The lowest curve indicates the pure statistical
sensitivity limit. The dark blue/grey band shows the effect of switching on the systematical
uncertainties. For both Water Cherenkov detector scenarios one can establish an optimal
baseline at a ratio L/γ ∼ 1 (L ∼150 km in the left plot for γ = 150 and L∼ 300km in the
right plot for γ = 350). In this baseline range the highest event rates (which determine the
pure statistical limit) can be achieved. Note, that obtaining the maximal number of events
is a tuning problem where more factors are involved. Typically, the highest event rates are
achieved if the position of the first oscillation maximum in Eν (given by L/Eν , i.e. by the
chosen baseline L) coincides with the peak of the convolution of cross section and neutrino
flux with the reducing factor 1/L2. If the baseline is too small, the oscillation maximum is
located at too low energies where cross sections and neutrino flux decrease. If the baseline
is increased, the location of the first oscillation maximum travels to higher energies, until
the neutrino flux decreases again. In the right plot one can observe an improved statistical
sensitivity limit for baselines L > 1200 km where the second oscillation maximum travels
towards the maximum of the convolution of cross section and neutrino flux. However, the
best statistical sensitivity limit is still achieved with the first oscillation maximum. But, if also
correlations (indicated by the medium bright grey/blue band) and degeneracies (indicated by
the bright grey/blue band, but here for the Water Cherenkov detector scenarios it has no
visible effect) are considered, the sensitivity limit becomes worse by one order of magnitude.
This effect is mainly due to the correlation with the phase δCP. The final sensitivity limit
to sin2 2θ13 is highlighted by the uppermost thick black curve in the plots of Fig. 7.1 and we
observe that it shows a different behavior as a function of the baseline L than the statistical
and systematical limits due to the effect of correlations and degeneracies. At a baseline of
L ∼350 km for γ = 150 and L ∼800 km, in both cases at L/γ ∼ 2.5, the final sensitivity limit
is at its optimal value. There, the effect of correlations and degeneracies vanishes, i.e. the
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Figure 7.2: The sensitivity limit to sin2 2θ13 at a β-Beam at the 3σ confidence level as a function of the
baseline L for fixed γ = 500 (left) and γ = 1000 (right). The plots are for a Totally Active Scintillator detector
with a fiducial mass of 50 kt. The bands indicate the influence of systematics, correlations, and degeneracies
and the final sensitivity limit is indicated by the uppermost thick black line.

correlations and degeneracies can be completely resolved and the final limit is found extremely
close to the pure statistical and systematical limit. This result was already observed in [186].
The reason is, that not only the first oscillation maximum deviates from the maximum of the
convolution of cross sections and neutrino flux but the second oscillation maximum enters the
analysis window from lower energies and events from both, the first and the second oscillation
maximum can be observed at once and correlations and degeneracies are resolved at a very
powerful level. In the appendix of [186] this is visualized on a binned event rate level of the
analysis window. At even larger baselines the first oscillation maximum leaves the neutrino
energies of the neutrino flux and only events from the second oscillation maximum can be
observed. Hence, the impact of correlations and degeneracies becomes visible again which can
be seen at L ∼550 km for the γ = 150 scenario and at L ∼1100 km for the γ = 350 scenario.
Note, that the rule “the larger γ, the better” at a fixed L/γ is true for Fig. 7.1 if the left and
right plot are compared at the same L/γ.

Now let us switch the detector technology and discuss the baseline optimization for the
Totally Active Scintillator detector scenarios at medium γ = 500 and γ = 1000. In Fig. 7.2
the sensitivity limit to sin2 2θ13 is given as a function of the baseline L. Again, the uppermost
thick black curve indicates the final sensitivity limit and the bands illustrate the effect of
switching on systematical uncertainties, correlations, and degeneracies. The left plot for the
case γ = 500 shows the same qualitative behavior as the discussed Water Cherenkov scenarios.
However, since the Totally Active Scintillator detector offers the better energy resolution and
also the lower background (with 5% associated systematical normalization uncertainty), the
impact of systematics is less visible than for the Water Cherenkov detector. Also, if the final
sensitivity limit is compared to the Water Cherenkov scenario with γ = 350, one can see that
they share almost the same behavior although the huge Water Cherenkov detector delivers
much higher statistics, i.e. the better statistical limit. So, the Totally Active Scintillator
detector can indeed compensate the much lower statistics by the improved energy resolution
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Figure 7.3: The sensitivity limit to sin2 2θ13 at a β-Beam at the 3σ confidence level as a function of γ for
the fixed baselines L = 130 km (left) and L = 730 km (right). The plots are for a Water Cerenkov detector
with a fiducial mass of 500 kt. The bands indicate the influence of systematics, correlations, and degeneracies
and the final sensitivity limit is indicated by the uppermost thick black line.

and signal/background ratio when it comes to resolving the correlations and degeneracies.

By regarding the right plot of Fig. 7.2, a slightly different behavior of the sensitivity
limit can be observed. First, the correlations and degeneracies have a remaining effect at
baselines, where events from both, the first and second oscillation maximum can be observed.
However, still the effect is much smaller than for other baselines and the combination of
first and second oscillation maximum helps in resolving the correlations and degeneracies.
The second visual difference is the behavior at the first oscillation maximum at L ∼800 km
where now the optimal final sensitivity limit can be obtained due to a jump by half an order
of magnitude at L ∼600 km. This behavior is well known from the simulation of Neutrino
Factory experiments and will also occur in the next chapter when these are discussed. The
effect arises from the phenomenology of the (θ13, δCP-degeneracy) that appears at larger fit
values of sin2 2θ13 as a local minimum in the χ2-distribution while the global minimum is
located at the true value sin2 2θ13 = 0. For two example scenarios, this local degenerate
minimum in the χ2-distribution can be nearly identical but once slightly above and once
slightly below the chosen confidence level, i.e. it can or cannot be excluded at that confidence
level. Consequently the two example scenarios, although almost identical in the performance,
would be attributed with quite different sin2 2θ13 sensitivity limits separated by half or
more of an order of magnitude. Thus, the visible jump at L ∼600 km in the right plot
of Fig. 7.2 has to be treated very carefully when it comes to interpretation. In order to
illustrate this effect, the sensitivity limit at the 4σ confidence level is also indicated in the
plot by the thick grey line between 500 km. L .2000 km. It is obvious, that the huge
improvement of the final limit at the 3σ level is not robust and vanishes already at 4σ.
Hence, the interpretation has to be, that the true performance of the γ = 1000 scenario does
indeed not change so dramatically in that range as could be naively deduced from the 3σ curve.

As already mentioned, not only the baseline can be optimized at a β-Beam experiment but
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additionally the γ can be tuned to an optimal value for fixed baselines. This issue will now be
discussed, since there exist selected baselines that have been proposed for β-Beam experiments
due to existing or planned cavities that could accommodate the detector in relation to already
existing accelerator infrastructure. This can for instance be the L = 130 km CERN-Frejus
baseline where a low γ β-Beam already is suggested and discussed since Frejus is considered
as a possible location of a megaton Water Cherenkov detector. Also, the distance between
the CERN and the Gran Sasso laboratories of L = 730 km was already discussed for a β-Beam
experiment. The authors of [179] suggested a medium γ β-Beam with a Water Cherenkov
detector to be a very promising candidate. We will adopt this baseline, since it is also the
approximate distance between the FermiLab and the Soudan mine, i.e. the baseline of the
operating MINOS experiment.

The sensitivity limit to sin2 2θ13 as a function of the γ for these two baselines is illustrated
in Fig. 7.3 with a considered Water Cherenkov detector. Again, the parameter L/γ is labeled
at the upper x-axis. The effect of systematics, correlations and degeneracies is visualized
by the colored bands and the final sensitivity limit that takes these into account is the
uppermost thick black line. As can be seen for the left L = 130 km scenario, the optimal limit
is achieved at γ ∼ 100, which is indeed the planned and discussed γ-value for the so-called
CERN β-Beam baseline scenario (CERN-MEMPHYS, [187, 234]). A further observation from
the left plot of Fig. 7.3 is the effect, that the statistical limit remains constant for increasing
γ > 200. The reason is, that the expected increasing number of events (higher cross sections)
is exactly compensated by the decrease of the oscillation probability at higher energies.
However, the effect of systematical uncertainties increases dramatically for higher γ values
due to the fact that the neutral-current background with 5% associated normalization
uncertainty increases due to the higher cross sections at higher energies but is not affected
by the oscillation probability. As a result also the final sensitivity limit becomes worse again
for larger values of γ. The L = 730 km scenario in the right plot of Fig. 7.3 reaches its
optimal sensitivity limit at γ ∼ 300 but although it gets slightly worse for larger values it
essentially qualitatively stays the same although the statistical optimum is not present until
γ ∼ 500 where the reliability of our β-Beam description in the simulation decreases. For
values of 200. γ .300 the correlations and degeneracies loose their impact. This is the same
effect as in the baseline optimization plots, because here when adjusting γ, i.e. to smaller
values, the events from the second oscillation maximum can be observed together with events
from the first oscillation maximum. Note, that the ordering of the oscillation maxima is
mirrored in comparison to the baseline optimization plots. The region, where second and first
oscillation maximum events coincide can also be observed in the corresponding illustration
for the Totally Active Scintillator detector scenarios in Fig. 7.4 for smaller γ (γ < 300 for
L = 730 km and γ < 600 for L = 1500 km, both at L/γ > 2.5). Here, again, the CERN-Gran
Sasso baseline of L = 730 km is discussed and also an even higher baseline of L = 1500 km
where a better sensitivity to mass hierarchy can be expected in later discussions. For the
L = 730 km scenario, the final limit stays almost independent of γ at sin2 2θ13 ∼ 10−3 in
the range 300 . γ . 800. For even higher values of γ, the limit improves smoothly by half
an order of magnitude. Here, the (θ13,δCP)-degeneracy gets resolved (since not disconnected
from the true solution, it is treated as correlation in the plot)4. However, the resolving of the

4The change-over is smooth because the (θ13, δCP)-degeneracy for this β-Beam scenario does not appear as
a second local minimum in the ∆χ2 distribution at a larger fit value of sin2 2θ13 but rather turns out to appear
in the shape of a plateau that is located at higher ∆χ2 values for higher γ scenarios. Consequently there is
no jump in the sin2 2θ13 limit like it is observed for most long baseline scenarios as for instance at Neutrino
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Figure 7.4: The sensitivity limit to sin2 2θ13 at a β-Beam at the 3σ confidence level as a function of γ for
the fixed baselines L = 730 km (left) and L = 1500 km (right). The plots are for a Totally Active Scintillator
detector with a fiducial mass of 50 kt. The bands indicate the influence of systematics, correlations, and
degeneracies and the final sensitivity limit is indicated by the uppermost thick black line.

(θ13,δCP)-degeneracy is not very robust as was already the case for the right plot of Fig. 7.2.
If one considers the 4σ confidence level the effect vanishes and the final limit does not change
significantly for increasing γ up to γ = 1000. This can be seen from the thick grey line in
the left plot of Fig. 7.4 in the range 700 < γ < 1000 which indicates the sensitivity limit to
sin2 2θ13 at the 4σ confidence level.

The discussion of the optimization of the sensitivity limit to sin2 2θ13 resulted in the insight
that usually the best performance is gained at a ratio of 1.5 . L/γ . 2.5. There the final
sensitivity stays nearly the same, so that for the optimization in terms of θ13 the exact value
of L/γ seems not to be enormously crucial. Only for very high γ scenarios there exists the
possibility to achieve better performances at lower L/γ ∼ 1 since the (θ13, δCP)-degeneracy
can partially be resolved. However, this effect is not very robust in terms of the confidence
level and vanishes at the 4σ confidence level. We observed that the low γ regime with a Water
Cherenkov detector at baselines L ∼ 100 − 300 km seems most suitable to reach sensitivity
limits at sin2 2θ13 ∼ (1 − 2.5) · 10−3, while the medium γ scenarios could achieve robust
sensitivity limits down to sin2 2θ13 ∼ 10−3 independent of the used detector technology. The
Totally Active Liquid Scintillator detector could compensate the disadvantage of considerable
less statistics by the better background rejection and energy resolution. In order to push the
sensitivity limit below sin2 2θ13 ∼ 10−3 a high γ scenario is required.

Sensitivity to CP violation

The discovery of CP violation in the lepton sector is widely considered as one of the most
important goals to be achieved at future neutrino oscillation experiments. Hence, optimizing
in terms of best sensitivity to CP violation, i.e. the phase δCP, is a very important issue.

Factory experiments.
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Figure 7.5: The sensitivity to maximal CP violation at a β-Beam at the 3σ confidence level as a function
of the baseline L for the assumed true value δCP = 3π/2. The left-hand side is for a 500 kt Water Cerenkov
detector at the fixed values γ = 150 and γ = 350. The right-hand side is for a 50 kt Totally Active Scintillator
detector at the fixed values γ = 500 and γ = 1000. Systematics, correlations and degeneracies are taken into
account.

In principle, CP violation is present in neutrino oscillation as soon as the neutrino mixing
matrix U is complex, i.e. the parameter δCP is not realized at the values δCP = 0 or δCP = π.
Consequently, an experiment optimized in terms of CP violation should be able to exclude
the values δCP = 0 or δCP = π in a largest possible extent in the true parameter space (here:
the true (sin2 2θ13, δCP)-plane, since the other true values are chosen at their best-fit values).
To avoid the huge computational effort that would be required by a scanning of the full true
(sin2 2θ13, δCP)-plane, we will stick to the optimization of the sensitivity to maximal CP viola-
tion. Sensitivity to maximal CP violation is defined as the interval of true values of sin2 2θ13,
where the maximal CP violating values δCP = π/2 and δCP = 3π/2 can be excluded at the
3σ confidence level including systematics, correlations, and degeneracies. Sensitivity to max-
imal CP violation however gives already a good hint for the overall performance considering
the search for CP violation. The most important questions that arise are, to which smallest
true values of sin2 2θ13 maximal CP violation can be established and if degeneracies spoil
the sensitivity to maximal CP violation at intermediate true values of sin2 2θ13. As in the
previous subsection we will focus on the optimization of either the baseline L or the isotope
acceleration γ while the respective other parameter is kept fixed at a selected value.

First, we consider the sensitivity to maximal CP violation optimization in terms of baseline
for the Water Cherenkov β-Beam scenarios with low γ = 150 and γ = 350 and the Totally
Liquid Scintillator β-Beam scenarios at medium γ = 500 and high γ = 1000. This is illustrated
in Fig. 7.5 for the true value assumption δCP = 3π/2. The corresponding sensitivity to
maximal CP violation with the assumption of true δCP = π/2 is not shown here, since the
behavior is very similar to the plots shown in Fig. 7.5. The most remarkable observation is,
that neither of the considered scenarios suffers from degeneracies at intermediate true values
of sin2 2θ13 and sensitivity to maximal CP violation is established in a connected interval from
sin2 2θ13 = 10−1 down to a respective minimal value. Furthermore, for each of the considered
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Figure 7.6: The sensitivity to maximal CP violation at a β-Beam at the 3σ confidence level as a function
of γ for normal hierarchy assumed and the true value δCP = 3π/2. The left-hand side is for a 500 kt Water
Cerenkov detector at the fixed baselines L = 130 km and L = 730 km. The right-hand side is for a 50 kt Totally
Active Scintillator detector at the fixed baselines L = 730 km and L = 1500 km. Systematics, correlations and
degeneracies are taken into account.

scenarios there is a clear optimal baseline for the discussed values of γ. The β-Beam with
a Water Cherenkov detector gives the best sensitivity at L∼250 km in case of γ = 150 and
L∼600-700 km in case of γ = 350, both at L/γ ∼ 1.7. The Totally Active Scintillator
detector scenarios achieve the best performance at slightly smaller values of L/γ ∼ 1.3 − 1.4,
at L∼ 700 km for γ = 500 and L∼ 1300 km for γ = 1000. Note, that the optimal potential
by also considering correlations and degeneracies lies, as was also the case for the sensitivity
limit to sin2 2θ13, slightly beyond the baselines where the best statistical performance can
be achieved (L/γ ∼ 1 in case of the sensitivity limit to sin2 2θ13). The effects of the second
oscillation maximum can be observed for the γ = 150 scenario at a baseline of L∼ 800 km
where a local best performance can be read off. However, the first oscillation maximum
provides a much better sensitivity by one order of magnitude.

Now, we will address the optimization of the sensitivity to maximal CP violation in
terms of γ at the same selected fixed baselines as in the last subsection. This is illustrated
in Fig. 7.6 for both detector technologies, Water Cherenkov (left-hand side) and Totally
Active Scintillator detector (right-hand side). Again, we only show the sensitivity for the
true value assumption of δCP = 3π/2 since the sensitivity under the assumption δCP = π/2
follows nearly the same evolution. As could already be seen for the sensitivity to θ13, the
increasing γ improves the sensitivity to δCP up to certain values and then seems to stay at one
particular level without significant modifications where the higher cross sections at higher γ
are compensated by the decrease of the oscillation probability. This means, that the minimal
acceleration that should be realized would be γ & 350 for the Water Cherenkov detector
at L=730 km, and for the Totally Active Scintillator detectors γ & 400 for L=730 km and
γ & 800 for L=1500 km. For these three scenarios, the effect of the second oscillation
maximum can be observed as a plateau at lower γ. Only the Water Cherenkov scenario
at the CERN-Frejus baseline shows a clear optimum sensitivity to δCP at γ ∼ 100 − 150.
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For larger acceleration values the sensitivity deteriorates again. The reason is, as could
already be observed for the θ13 sensitivity, the increasing neutral-current background that is
independent of the oscillation probabilities since they are flavor blind. Note, that also with
varied baseline for none of the considered β-Beam scenarios arises a problem with degenera-
cies at medium true values of sin2 2θ13 that could spoil the sensitivity to maximal CP violation.

It turned out, that the question of β-Beam optimization in terms of δCP sensitivity does
not deviate significantly from the optimization in terms of sin2 2θ13, so that there is no trade-
off needed to optimize in respect of both parameters, δCP and sin2 2θ13. Of course, this does
not appear to be very surprising since for both performances, resolving the same (θ13, δCP)-
degeneracy is the important issue in case of a β-Beam experiment. The low γ Water Cherenkov
detector scenario covers the sensitivity range down to true sin2 2θ13 ∼ 10−3 and is therefore
a direct competitor of possible upgraded Superbeam experiments such as for example the
possible T2K-upgrade T2HK that also involves a megaton Water Cherenkov detector which
was found to also cover a δCP sensitivity range down to values sin2 2θ13 ∼ 10−3 [198]. However,
since the β-Beam does not suffer from beam intrinsic backgrounds it should provide a slightly
better performance. A comparison with the T2HK experiment will be presented in later
sections. The medium and high γ scenarios will be able to establish sensitivity to maximal
CP violation down to sin2 2θ13 ∼ 10−4, which is the performance level of a dedicated Neutrino
Factory experiment as will be revealed in the next chapter. The gain from the medium γ
scenarios going to a high γ scenario is not significant and it can be expected that medium
γ scenarios are completely satisfactory for measurements of θ13 and δCP and going to a less
feasible high γ is not justified until a β-Beam is required to also enable considerable abilities
when it comes to the determination of the mass hierarchy that requests larger baselines.

Sensitivity to Mass Hierarchy

The third important goal at a future neutrino oscillation experiment is the determination of
the mass ordering of the neutrino mass eigenstates, i.e. normal or inverted mass hierarchy.
We will discuss the optimization of the sensitivity to mass hierarchy of the β-Beam scenarios
in terms of the baseline L and γ. The sensitivity to mass hierarchy is given for a pair of
true values sin2 2θ13 and δCP, if the sign-degenerated solution, i.e. the solution fitted with the
wrong ∆m2

31 < 0 since normal hierarchy is assumed, can be excluded at the chosen confidence
level. The possibility to determine the mass hierarchy is connected to the matter effect and
hence it is expected that larger baselines are required to establish an adequate sensitivity
to mass hierarchy. In further discussions the whole parameter plane of true sin2 2θ13 and
δCP will be scanned, but for the optimization discussion we will concentrate on the selected
true values δCP = π/2 and δCP = 3π/2 and only true sin2 2θ13 will be scanned to keep the
computational effort at a reasonable level. The most important question will be, as for the last
subsection, to which smallest true values of sin2 2θ13 the mass hierarchy can be determined
and if degeneracies spoil the sensitivity to the sign of ∆m2

31 at intermediate true values of
sin2 2θ13.

The optimization issue of the baseline L is illustrated in Fig. 7.7 where the sensitivity
to mass hierarchy at the 3σ confidence level is shown for the Water Cherenkov low γ = 150
and medium γ = 350 scenarios in the upper row and the Totally Active Scintillator scenarios
with medium γ = 500 and high γ = 1000 in the lower row. The left column is for δCP =
π/2 and the right column is for 3δCP = π/2, since different evolutions can be observed. It
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Figure 7.7: The sensitivity to mass hierarchy at a β-Beam at the 3σ confidence level as a function of the
baseline L for fixed γ and the assumed true values δCP = π/2 (left column) and δCP = 3π/2 (right column).
The upper row plots are for a megaton Water Cherenkov detector with a fiducial mass of 500 kt at fixed
γ = 150 and γ = 350. The lower row plots are for a Totally Active Scintillator detector with a fiducial mass
of 50 kt at fixed γ = 500 and γ = 1000.

can be read off, that the low γ scenario does not possess good abilities to determine the
mass hierarchy and only a small window of baselines at L∼ 500 km (L/γ ∼ 3.3) allows a
determination to still very large values of sin2 2θ13 ∼ 10−2 which is not competitive to the
medium or high γ scenarios. Again, we observe, that the performance of the medium γ
scenarios share a similar performance and the higher statistics at a Water Cherenkov detector
cannot outperform a Totally Active Scintillator detector with better background rejection
and energy resolution abilities. Also, it can be observed, that there is no striking optimal
baseline since the optimization depends on the true value of δCP. However, it can be deduced,
that at least baselines above L/γ ∼ 1.6 − 1.7 should be chosen (L& 600 km for γ = 350
and L& 800 km for γ = 500). We observe that no correlations or degeneracies spoil the
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sensitivity to mass hierarchy at intermediate true values sin2 2θ13. This picture changes if
the high γ scenario is investigated. Here only a smaller window of baselines is favored:
2500 km . L . 3500 km. The evolution as a function of γ is not smooth anymore and there
appear regions, where sensitivity is lost due to correlations and degeneracies. It appears, that
in the range 1000 km . L . 2000 km the sensitivity is lost in small parts of the sin2 2θ13

parameter space. At baselines L∼2000km the sensitivity to mass hierarchy acquires a gap of
sensitivity loss for intermediate sin2 2θ13 ∼ 2 · 10−3 whereas it is restored again for smaller
values of sin2 2θ13 in the case of δCP = 3π/2 (lower right plot in Fig. 7.7). For this choice
of δCP the sensitivity gets lost again for baselines L& 3500 km for the smallest true values
of sin2 2θ13. However, in the favored baseline window 2500 km . L . 3500 km this scenario
can establish sensitivity to mass hierarchy down to sin2 2θ13 ∼ (2 − 3) · 10−4. This window
translates to 2.5 . L/γ . 1.5 which is unfortunately far off the optimal baseline range for
measurements of δCP. Hence, in order to have optimal abilities in both, search for δCP and
the mass hierarchy, a two detector scenario with Totally Active Scintillator detectors at two
different baselines should turn out as the optimal scenario. Scenarios with only one detector
cannot be able to optimize performance for both performance aspects.

Finally, we will address the γ optimization for the sensitivity to mass hierarchy in Fig. 7.8.
Now, the dependency of the sensitivity to the sign of ∆m2

31 on the isotope acceleration factor
γ is illustrated for selected baselines. The upper row shows the performance of the Water
Cherenkov detector scenarios at L = 130 km and L = 730 km while the Totally Active
Scintillator detector scenarios at L = 730 km and L = 1500 km are considered in the lower
row. The L = 130 km scenario suffers from a total lack of sensitivity to the mass hierarchy
at any chosen value of γ, so this scenario is only able to provide information on sin2 2θ13 and
δCP. Hence, it can be optimized just with respect to these two parameters. Furthermore,
if the upper and lower row plots are compared, the medium baseline scenarios share a very
similar performance independent of the detector technology as turned out to be true already
for the performances if considering θ13 and δCP. The higher baseline of L = 1500 km only
provides a small increase in the performance which is not surprising, because it was observed
in Fig. 7.7 that only in the window of 2500 km . L . 3500 km very good sensitivities to the
mass hierarchy can be achieved.

When it comes to a comparison of the performance of β-Beam scenarios with Neutrino
Factory experiments, the sensitivity to mass hierarchy will be crucial point for the most
dedicated5 β-Beam scenarios to compete with the Neutrino Factory that provides for very
good abilities in determining the mass hierarchy due to the very high baselines of several
thousands of kilometers. It is clear, that low γ β-Beam scenarios cannot compete at all
with a Neutrino Factory on this issue and have to be seen as very powerful alternatives to
upgraded Superbeams such as T2HK in the search for sin2 2θ13 and δCP. While medium
γ scenarios provide at least some moderate capabilities in determining the mass hierarchy,
the ultimate β-Beam optimization in that respect involves a detector at very large baselines
2500 km . L . 3500 km which collides for the realistic range of γ with the optimization with
respect to δCP, so a two detector scenario is preferable to assure optimal performance in both
aspects.

5in terms of cost intensiveness
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Figure 7.8: The sensitivity to mass hierarchy at a β-Beam at the 3σ confidence level as a function of γ for a
fixed baseline L and the assumed true values δCP = π/2 (left column) and δCP = 3π/2 (right column). Normal
Hierarchy is assumed. The upper plots are for a megaton Water Cherenkov detector with a fiducial mass of
500 kt at fixed L = 130 km and L = 730 km. The lower row plots are for a Totally Active Scintillator
detector with a fiducial mass of 50 kt at fixed L = 730 km and L = 1500 km.

β-Beam Reference Scenarios

The last subsections focused on the independent optimization of different β-Beam scenarios
in terms of baseline L and γ. We will now assign defined reference setups that follow the
suggestions from the optimization discussions and provide the possibility to study the prop-
erties and performances in a greater detail. Furthermore, these defined reference setups and
their abilities can be comfortably compared to reference setups of different technologies, e.g.
Neutrino Factory setups or the Superbeam upgrade T2HK. These reference setups shall cover
all three ranges of γ, low, medium and high, and the two discussed detector technologies in
the compatible γ range. The definition of the reference setups is based slightly more upon
the discussion of γ-optimization since the selected baselines that were discussed there are
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Label L [km] γ Detector Mass (fid.) [kt]

BB100@130km 130 100 WC 500

BB150@300km 300 150 WC 500

BB350@730km 730 350 WC 500

BB500@730km 730 500 TASD 50

BB1000@730km 730 1000 TASD 50

BB1000@1500km 1500 1000 TASD 50

BB1000@2D1L 730 1000 TASD 100

BB1000@2D2L 730/3000 1000 TASD 2×50

Table 7.3: The listing of all defined reference β-Beam scenarios with low γ, medium γ, and high γ. The
lowest two scenarios involve a double detector effort. The label in the left column are used throughout this
work for account for the respective scenarios. The β-Beam scenarios involve two detector technologies: Water
Cherenkov (WC) and Totally Active Scintillator (TASD).

based on more realistic baseline scenarios between already existing accelerator complexes and
underground laboratories or at least possibilities for those. Additionally, a scenario will be
introduced that makes use of two 50 kt Totally Active Scintillator at two different baselines
in order to allow for Neutrino Factory competitive performance with respect to δCP and the
determination of the mass hierarchy. Such a scenario has not been discussed in the literature,
however we introduce that setup since the discussion of the optimal Neutrino Factory exper-
iment setup will also contain considerations of scenarios with a double detector effort with
two 50 kt Magnetized Iron detectors at different baselines, even with a triple detector effort6.

We choose two low γ scenarios BB100@130km with a megaton Water Cherenkov detector at
the CERN-Frejus baseline of L = 130 km with an optimal γ = 100 and a second low γ scenario
BB150@300km with a megaton Water Cherenkov detector at a baseline of L = 300 km at
the optimal γ = 150. Note, that γ = 150 is discussed as the maximal achievable γ for the
isotopes 18Ne and 6He at a SPS-like accelerator machine [180]. The last choice accounts for
a conceivable scenario, where a β-Beam isotope accelerator machine could included to the
infrastructure at J-PARC in Japan and use a possible Hyper-Kamiokande detector. Hence it
also is not to be considered as a green-field scenario. As medium γ scenarios we introduce one
for each detector technology: BB350@730km locates a megaton Water Cherenkov detector
at a baseline L = 730 km and γ = 350 and the corresponding medium γ scenario with a
50 kt Totally Active Scintillator detector at a baseline of L = 730 km and γ = 500 is called
BB500@730km. The high γ reference scenarios share the acceleration factor γ = 1000 and only
the Totally Active Scintillator detector technology is discussed, once at a baseline L = 730 km
and once at L = 1500 km. The two detector high γ = 1000 scenario BB1000@2D2L is defined
with two detectors at two different baselines L = 730 km and L = 3000 km where the
latter shall provide optimal abilities to determine the mass hierarchy. In order to address the
improvement of the second baseline properly, a second double detector scenario BB1000@2D1L
is defined that centers the double detector effort at one baseline L = 730 km and the same
γ = 1000. The complete listing of all defined reference β-Beam scenarios and their main
features is resumed in Table 7.3.

6Note, that recently it was suggested to utilize a β-Beam at the magic baseline with different parent
isotopes [188] which also gives the opportunity to improve the sensitivity the the mass hierarchy. This scenario
would also imply a two-detector scenario to additionally provide sensitivity to CP violation.
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Figure 7.9: The impact of the ratio of neutrino and anti-neutrino runtime at a β-Beam on the sensitivity limit
to sin2 2θ13 (left), the sensitivity to maximal CP violation (middle), and sensitivity to the mass hierarchy (right)
at the 3σ confidence level respectively. The total runtime is 8 years and divided into a runtime fraction of 18Ne
stored (labeled on the x-axis) and the runtime fraction of 6He stored. In each plot the right edge represents
neutrino running only and the left edge represents anti-neutrino running only. The upper row is for the β-

Beam scenarios with a 500kt Water Cherenkov detector BB100@130km, BB150@300km, and BB350@730km.
The lower row is for the β-Beam scenarios with a 50kt Totally Active Liquid scintillator detector BB500@730km,
BB1000@730km, and BB1000@1500km.

7.3 Neutrino and Anti-Neutrino Runtime Fraction

Up to now, we have only discussed β-Beam scenarios with an equal splitting into neutrino and
anti-neutrino runtime. Since the cross sections are higher for neutrinos, this results in a higher
amount of event rates for neutrinos compared to anti-neutrinos. So the question arises, if the
performance of β-Beam experiments can be optimized by modifying the ratio of the runtime
fraction of neutrinos and anti-neutrinos. The total runtime of the experiment still is assumed
to be 8 years. Clearly, the comparison of neutrino and anti-neutrino rates is required to
observe CP violation or determine the neutrino mass hierarchy. Also, for the sensitivity to
sin2 2θ13 the comparison is used to resolve the parameter correlations and degeneracies. So it
is expected, that pure neutrino or anti-neutrino running should give the worst performances.

The dependence of the neutrino/anti-neutrino runtime ratio when considering the per-
formance indicators sensitivity limit to sin2 2θ13, sensitivity to maximal CP violation, and
sensitivity to mass hierarchy is shown in Fig. 7.9 for all six optimized β-Beam scenarios, Wa-
ter Cherenkov (upper row) and Totally Active Scintillator detector (lower row). The x-axis
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indicates the neutrino runtime fraction f(18Ne), i.e. the fraction of the phase with 18Ne
isotopes stored in the storage rings compared to the total runtime of the experiment. The
anti-neutrino runtime fraction f(6He), i.e. the phase with 6He isotopes stored in the storage
ring is the given by f(6He) = 1−f(18Ne). Thus, the left edge of the respective plots describes
the performance with anti-neutrino running only and the right edge describes the performance
with pure neutrino running. The middle position of each plot with f(18Ne) = f(6He) = 0.5
corresponds to the scenarios discussed up to now with an equal amount of runtime for neu-
trinos and anti-neutrinos. As expected the performance drops visibly to the outer regions of
the respective plots. However, for neutrino runtime fraction 0.2 . f(18Ne) . 0.8 the perfor-
mances for all three discussed performance indicators are approximately independent of the
actual ratio between neutrino and anti-neutrino runtime. There could be a slight individual
optimization for the scenarios, but it turns out that appointing an equal runtime of neutrinos
and anti-neutrinos is on average the best choice and has not to be modified. Consequently,
throughout the rest of this work we will stick to the assumption of f(18Ne) = f(6He) = 0.5
and keep the equal runtimes for neutrinos and anti-neutrinos.

The results from Fig. 7.9 can also interpreted in such a way, that the performance of the
β-Beam does not depend so crucially on the requirement that the number of isotope decays
per year has to be achieved as planned. If, for some reason, for one of the isotopes the planned
number of decays per year can not be technically feasible and a lower number turns out to
be realistic, this could be compensated by an increase of the number of decays of the other
isotope (see [235] for issues of feasibility).

7.4 Addition of T2K Disappearance Data

It was mentioned before, that the leading atmospheric parameters sin2 2θ23 and ∆m2
31 cannot

be measured at a β-Beam experiment itself. This clearly distinguishes a β-Beam experiment
from a Neutrino Factory or even Superbeams where information on the leading atmospheric
parameters can be obtained by the observation of the νµ-disappearance, whereas at a β-Beam
experiment only the disappearance of νe could be measured in addition to the appearance
data. Since the corresponding disappearance is driven by the parameters sin2 2θ13 and ∆m2

31

there cannot be extracted any information on sin2 2θ23. Furthermore, since the amplitude is
sin2 2θ13, which is known to be small, the usefulness of the νe-disappearance data depends
crucially on the systematical uncertainties. This effect is known very well from reactor experi-
ments where νe-disappearance is observed and the achievable sensitivity to sin2 2θ13 is limited
by the systematical uncertainties concerning for instance the reactor flux normalization, the
cross sections, the fiducial volumes of the detector or even bin-to-bin errors like uncertainties
in the reactor flux spectrum. It is well known, that these uncertainties have to be kept at the
order of 1% or below to improve the current limits on sin2 2θ13 [155]. However, at beam exper-
iments like at a β-Beam it is hardly achievable to arrive at such low systematical uncertainties.
In fact, the assumption of 2.5% uncertainty on the number of signal events has already to be
viewed as slightly optimistic. Consequently, it is not to be expected that the performance of a
β-Beam is affected by the inclusion of the disappearance data. Although this is not explicitly
shown in this work, we checked that indeed all later discussed β-Beam scenarios arrive at
the same sin2 2θ13, δCP, and mass hierarchy sensitivities, whether the disappearance data is
included or not.

Thus, neither sin2 2θ23 nor ∆m2
31 can be measured at a β-Beam experiment. It was previ-
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Figure 7.10: The impact of the addition of T2K disappearance data to the β-Beam data on the sin2 2θ13

discovery reach (left), the sensitivity to any CP violation (middle), and sensitivity to the mass hierarchy (right).
The fraction of the true values of δCP of all possible values in the interval [0, 2π[ where the respective sensitivity
is given at the 3σ confidence level is displayed as a function of the true value of sin2 2θ13. The dashed line
represents the respective sensitivities without the T2K disappearance data included and the solid line represents
the respective sensitivities with the T2K disappearance data included. The T2K appearance data is neglected so
the impact is solely caused by the higher precision on the leading atmospheric parameters, i.e. correlations with
sin2 2θ23 and ∆m2

31 are reduced. The upper row is for the β-Beam scenarios with a 500 kt Water Cherenkov
detector BB100@130km, BB150@300km, and BB350@730km. The lower row is for the β-Beam scenarios with a
50 kt Totally Active Liquid scintillator detector BB500@730km, BB1000@730km, and BB1000@1500km.

ously shown, that the νe → νµ appearance channel suffers from correlations and degeneracies
if information on the parameters sin2 2θ13 and δCP is to be extracted. The parameter corre-
lations also involve the leading atmospheric parameters. Hence, the fact that they cannot be
measured at a β-Beam experiment also limits the ability to measure sin2 2θ13, δCP, and the
mass hierarchy. However, at the time, the β-Beam data will be analyzed the leading atmo-
spheric parameters will be known at a better precision than today, since the disappearance
data of Superbeam experiments like T2K or NOνA will improve the measurements from atmo-
spheric data of Super-Kamiokande or the conventional beam experiments like MINOS or the
CNGS experiments. Therefore we include the T2K disappearance data to all β-Beam simula-
tions. For the simulation of the T2Kdisappearance data, a modified version of the pre-defined
experiment describing file T2K.glb of the GLoBES package is used7. The appearance data of

7The modification involves only the exclusion of the appearance data. All other properties of T2K.glb are
kept unchanged.
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T2K is excluded so that all sensitivities to sin2 2θ13, δCP, and the mass hierarchy are solely
obtained from the β-Beam appearance data. The same technique has already been used in
the β-Beam simulations in ( [186,236]).

The impact of the inclusion of the T2K disappearance data is exemplary shown in Fig. 7.10
for the discovery reach in sin2 2θ13 (left plot), sensitivity to any CP violation (middle plot),
and sensitivity to mass hierarchy (right plot) for the a selected β-Beam scenario with a Water
Cherenkov detector in the upper row (BB350@730km) and one with a Totally Active Scin-
tillator detector in the lower row (BB1000@730km). In each plot, the dashed line depicts
the performance for the β-Beam scenarios alone without the T2K disappearance data. The
improvement of the inclusion of the T2K disappearance data is indicated by the grey shaded
area up to the solid line that indicates the performance of the β-Beam scenarios if the T2K
disappearance data is included to the analysis. The discovery reach in sin2 2θ13 turns out
to be quite robust for both the considered β-Beam scenarios, but the sensitivities to any
CP violation and mass hierarchy are indeed strongly improved by the inclusion of the T2K
disappearance data.

7.5 γ-Scaling of the Isotope Decays

We have already mentioned that the number of decays per year is most likely not constant
in γ. In order to include this effect, we use the following power law parameterization, which
should be justified for a certain γ-range, to describe this scaling with γ (i = 1 for 18Ne:
neutrinos, i = 2 for 6He: anti-neutrinos):

N i = N i
0 ·
(

γi
0

γ

)n

(7.1)

Here N i
0 is determined by our reference point at γ1

0 = 100, γ2
0 = 60. We can now discuss

different cases for n, which leads to different optimization strategies:

• n = 0: The number of decays per year is fixed. This implies that the accelerator and
storage ring has to scale appropriately with γ in a non-trivial manner.

• 0 < n < 1: This seems to be the most likely range of realistic cases. The number of
decays per year becomes constrained with increasing γ by the geometry of the accelerator
and decay ring and γ increased lifetime of the isotopes in the laboratory system.

• n ∼ 1: This case corresponds to a fixed setup constraining the performance. A realistic
constraint for the SPS would be, for example, n ∼ 1 from the number of merges in the
decay ring and the number of ions per bunch [235].

• n > 1: In this case, it clearly does not make sense to go to higher γ’s, since the event
rate decreases with γ if we stay in the oscillation maximum

• n < 0: The number of decays per year increases with γ. This hypothetical (but
technologically unlikely) possibility requires that the accelerator and decay ring over-
proportionally scale with γ.

We further on consider the range 0 . n . 1 to be realistic. However, it is conceivable that,
for a given setup, the performance will scale with n ≃ 0 in the beginning, and change into an
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Figure 7.11: The impact of the γ-scaling of the number of isotope decays per year at a β-Beam on the
sin2 2θ13 discovery reach (left), the sensitivity to any CP violation (middle), and sensitivity to the mass
hierarchy (right). The fraction of the true values of δCP of all possible values in the interval [0, 2π[ where the
respective sensitivity is given at the 3σ confidence level is displayed as a function of the true value of sin2 2θ13.
The number of isotope decays per year is not treated as constant but as a function of γ. It is effectively
described by an exponent n so that the number of isotope decays scales with (1/γ)n (see text for details). The
band indicates the impact of the γ-scaling where the exponent n is varied from n = 0 (solid line, standard
assumption) over n = 0.5 (short-dashed line) to n = 1 (long-dashed line). The upper row is for the β-Beam

scenarios with a 500 kt Water Cherenkov detector BB100@130km, BB150@300km, and BB350@730km. The
lower row is for the β-Beam scenarios with a 50 kt Totally Active Liquid scintillator detector BB500@730km,
BB1000@730km, and BB1000@1500km.

n ≃ 1 scaling in the saturation regime. In case of n ∼ 1 the γ-scaling would counteract the
effect of higher statistics due to higher cross sections at higher energies. The cross sections
increase linearly with the neutrino energies that are proportional to γ but the number of
isotope decays would exactly compensate the effect by the scaling with 1/γ. In this case only
low γ β-Beams are conceivable since medium and high γ β-Beams additionally require larger
baselines to cover the oscillation maximum and introduce an effective loss in statistics due to
the additional baseline scaling of the events with 1/L2.

We show in Fig. 7.11 the γ-scaling of the performance indicators discovery reach in sin2 2θ13

(left), sensitivity to any CP violation (middle), and sensitivity to the mass hierarchy (right) for
the medium γ Water Cherenkov β-Beam BB350@730km (upper row) and the high γ Totally
Active Scintillator β-Beam BB1000@730km (lower row). The bands indicate the impact of
the γ-scaling describing parameter 0 ≤ n ≤ 1. The solid upper curves are for n = 0 which
corresponds to the assumption throughout the rest of this work, while the dashed lines imply
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a γ scaling with n = 0.5 (short-dashed curves) and n = 1 (long-dashed curves). The low γ
β-Beams are not shown here, because it can be expected that the γ-scaling has no big impact
since the discussed values of γ are close to the reference values γi

0. The effect that the impact
of a possible γ-scaling increases with γ can also be observed in Fig. 7.11 by comparing the
upper and lower rows. Clearly, the high γ scenario BB1000@730km suffers more severe from
the γ-scaling than the medium γ scenario BB350@730km. However, also the performance
of BB350@730km is strongly limited if the number of isotope decays cannot be guaranteed
by either injecting a larger number of parent isotopes into the storage ring or adjust the
architecture of the storing ring.

7.6 Performance of the β-Beam Reference Scenarios

The aim of this section is to compare the performance of the optimized reference β-Beam
scenarios that have been introduced in Section 7.2. We will focus on the respective abilities
to discover a non-zero θ13, CP violation, and determine the mass hierarchy in the range from
large sin2 2θ13 to very small sin2 2θ13. The goal is to compare the abilities of the possible
β-Beam scenarios that involve low, medium, and high γ acceleration of the stored isotopes
and different detector technologies. The performances of the reference setups are shown in
Fig. 7.12. The left column represents the discovery reach in sin2 2θ13, the middle column
represents the sensitivity to any CP violation, and the right column represents the sensitivity
to mass hierarchy, each at the 3σ confidence level. The rows correspond to different detector
efforts. The first row involves a megaton Water Cherenkov detector and the optimized low and
medium γ scenarios. The second row involves a 50 kt Totally Active Scintillator detector that
allows for higher neutrino energies and compares the optimized meed medium and high γ sce-
narios. The lowest row represents β-Beam scenarios that involve a double detector effort, i.e.
two 50 kt Totally Active Scintillator detectors. The performance is furthermore compared
with the performance of an upgraded Superbeam experiment T2HK∗8 that is indicated by the
grey area in the plots. Note, that the comparison with T2HK∗ is most interesting for the
Water Cherenkov β-Beam scenarios in the first row, since the detector effort is the same since
also T2HK∗ involves a megaton Water Cherenkov detector, in case of BB150@300km actually
at a similar baseline.

So, let us first discuss the Water Cherenkov β-Beam scenarios in the first row of Fig. 7.12.
It can be observed that the scenarios BB100@130km and BB150@300km do not have signifi-
cant abilities to determine the neutrino mass hierarchy due to the relatively small baselines.
Also T2HK∗ does not show better sensitivity to the sign of ∆m2

31. The medium γ scenario
BB350@730km on the other hand is able to determine the mass hierarchy in the large regime
of sin2 2θ13 > 10−2 for 100% of all possible values of δCP. If one considers the sensitivity to
CP violation the performance of the β-Beams increases with γ and the medium γ scenario
BB350@730km shows excellent sensitivity. For sin2 2θ13 ∼ 10−2 this scenario can establish CP
violation already for more than 90% of all possible values of δCP. Note, that 100% cannot
be reached since CP violation cannot be excluded for values near the CP conserving values
δCP = 0 and δCP = π. So, BB350@730km is able to perform δCP measurements at very

8The simulation is performed with the GLoBES experiment file T2HK.glb provided with the GLoBES 3.0

package [220] but the fiducial volume is modified to 500 kt instead of 440 kt to be comparable at a fair with the
β-Beam scenarios that involve a Water Cherenkov detector. The modification is indicated by the star following
the notation from [186] since this is the same scenario that was used there. Further details of the experiment
description are given in the GLoBES manual [223].
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Figure 7.12: The comparison of the performance of all β-Beam reference scenarios for the performance indi-
cators sin2 2θ13 discovery reach (left column), sensitivity to any CP violation (middle column), and sensitivity
to the mass hierarchy (right column). The fraction of the true values of δCP of all possible values in the interval
[0, 2π[ where the respective sensitivity is given at the 3σ confidence level is displayed as a function of the true
value of sin2 2θ13. The upper row is for the β-Beam scenarios with a 500 kt Water Cherenkov detector, the
middle row is for the β-Beam scenarios with a 50 kt Totally Active Scintillator detector and the lower row is
for the β-Beam scenarios with a double detector effort (only Totally Active Scintillator detector technology
assumed). The grey area indicates the respective performance of the upgraded Superbeam scenario T2HK∗ for
reasons of comparison.

good accuracy. The ability to establish CP violation at this scenario reaches down to values
sin2 2θ13 ∼ 10−4. The low γ scenarios show better performance than the Superbeam upgrade
T2HK∗ since they are not limited by the intrinsic beam background. The same picture mani-
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fests for the discovery reach in sin2 2θ13. Also here, the performance apparently improves for
increasing γ and all scenarios outperform the upgraded Superbeam. The outcome is, that al-
ready the low γ β-Beams show better performances than an upgraded Superbeam like T2HK∗

although they utilize the exact same detector effort. Also, we can conclude that a low γ
β-Beam that involves a megaton Water Cherenkov detector is more justified to be placed at
a baseline at about L=300 km, since the same detector is used and going from γ = 100 to
γ = 150 is no huge leap and can already be achieved at an accelerator machine of the size of
the SPS.

The second row of Fig. 7.12 deals with the performance of medium and high γ β-Beams
and a Totally Active Scintillator detector. The main difference to the first row is that the
Totally Active Scintillator lacks a lot of statistics compared to the Water Cherenkov detector,
but with better energy resolution and background rejection. If one considers the discover
reach in sin2 2θ13 going from medium to high γ does only slightly improve the performance
and the different baselines of BB500@730km and BB1000@730km do not change the picture
significantly. Also for the sensitivity to CP violation the three Totally Active Scintillator
detector scenarios do not differ to great extend. Only around sin2 2θ13 ∼ 10−2 BB1000@730km
covers approximately 10% more of the δCP parameter space. A very important observation
is that the high γ scenario does not perform better in CP violation measurements than the
medium γ scenario BB350@730km in the first row. Hence, the optimization of a β-Beam in
terms of δCP sensitivity does not necessarily require a high γ scenario and a medium γ β-Beam
can already achieve the very similar performance. Only the mass hierarchy determination
requires the high γ scenarios at large baseline. However, the L=1500 km still does not provide
the performance for a determination for sin2 2θ13 < 10−3.

As was found in Section 7.2, excellent abilities in determining the mass hierarchy require
a baseline L∼3000 km which on the other hand is not optimal for δCP measurements. So, a
β-Beam scenario that is optimized in both aspects involves two baselines. This is shown in
the lower row of Fig. 7.12. There the performance of the high γ scenario BB1000@2D2L with
two 50 kt Totally Active Scintillator detectors at L=1500 and L=3000 km is illustrated. To
highlight the synergetical effects, in addition a double detector scenario BB1000@2D1L has
been introduced that involves the double detector effort at the same baseline L=1500 km and
the improvement in the performance is only due to doubled statistics. Thus, wherever the
scenario BB1000@2D2L performs better, true synergetical effects are observed that cannot be
attributed to the higher statistics of the double detector effort. The thin black line shows
the corresponding single detector scenario BB1000@730km in order to show the improvement
by adding a second detector. It turns out that for the discovery reach in sin2 2θ13 and the
sensitivity to CP violation, the improvement of the second baseline allows for no synergies and
the effect is very similar to just a doubled statistics at the same baseline. But the sensitivity
to mass hierarchy is significantly pushed. BB1000@2D2L allows for a determination of the
sign of ∆m2

31 in 100% of the δCP parameter space down to sin2 2θ13 ∼ 2 · 10−4. So, this
β-Beam scenario is optimized for excellent abilities in measurements of δCP and the mass
hierarchy, while the single detector scenarios have to undergo a trade-off. The performance of
BB1000@2D2L will be competitive in terms of mass hierarchy determination to the Neutrino
Factory scenarios that will be discussed in the next chapter.
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Chapter 8

Neutrino Factory Performance

The goal for this Chapter is to estimate and optimize the performance of a possible Neutrino
Factory experiment for measurements of sin2 2θ13, the phase δCP, and the sign of ∆m2

31.
First, we will introduce the simulation methods that have been used to analyze the physics
potential of the Neutrino Factory. Next, the possible optimization in terms of neutrino energy
and the experiment baseline L are addressed. Thereafter single technical aspects and possible
impacts on the physics potential are discussed, before optimized reference scenarios with
different ambitious detector effort are defined and the potential is compared. Furthermore,
the performance of these reference setups is compared to optimized β-Beam reference scenarios
in Chapter 9. Note, that we do not discuss the abilities of a Neutrino Factory experiment to
find deviations from maximal atmospheric mixing sin2 2θ23 = 1. A detailed study on this
topic can be found in [237].

8.1 Neutrino Factory Simulation

All Neutrino Factory simulations throughout this work are performed with the GLoBES soft-
ware [220] that is briefly introduced in the appendix.

Standard Golden Channel

As our “standard neutrino factory”, we use the definition NuFact-II from Ref. [198] with some
modifications that we will discuss below. This setup uses 1.06 · 1021 useful muon decays per
year and a total running time of four years in each polarity (corresponding to 5.3 · 1020 useful
muon decays per year and polarity for a simultaneous operation with both polarities). The
detector is a Magnetized Iron detector with a fiducial mass of 50 kt located in a distance L
from the source. We allow the baseline L and the muon energy Eµ to vary within a reasonable
range. In the standard setup, we only include the νµ appearance and disappearance channels
(for neutrinos and anti-neutrinos), where we assume that the best information on the leading
atmospheric parameters is determined from the experiment’s own disappearance channels.

Compared to the NuFact-II setup from Ref. [198], we split the raw dataset into two sam-
ples: One with charge identification (CID), the other without, where the dataset with charge
identification is used for the appearance channel and modeled according to Ref. [198]. It
turns out to be useful not to use the CID information for the disappearance channels (cf.,
Ref. [238]). This allows to use also the low energy bins with full efficiency, which maximizes
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Disappearance – µ+-stored σnorm σcal

Signal 0.9 ⊗ (ν̄µ → ν̄µ)CC 0.9 ⊗ (νe → νµ)CC 0.025 10−4

Background 1.0 · 10−5 ⊗ (ν̄µ → ν̄x)NC 0.2 10−4

Appearance – µ+-stored

Signal 0.45 ⊗ (νe → νµ)CC 0.025 10−4

Background 5.0 · 10−6 ⊗ (ν̄µ → ν̄x)NC 5.0 · 10−6 ⊗ (ν̄µ → ν̄µ)CC 0.2 10−4

Disappearance – µ−-stored

Signal 0.9 ⊗ (νµ → νµ)CC 0.9 ⊗ (ν̄e → ν̄µ)CC 0.025 10−4

Background 1.0 · 10−5 ⊗ (νµ → νx)NC 0.2 10−4

Appearance – µ−-stored

Signal 0.35 ⊗ (ν̄e → ν̄µ)CC 0.025 10−4

Background 5.0 · 10−6 ⊗ (νµ → νx)NC 5.0 · 10−6 ⊗ (νµ → νµ)CC 0.2 10−4

Table 8.1: The signal efficiencies and background rejection factors together with the associated systematical
errors for the signal and backgrounds used in our description of the performance of the standard golden channel
measurement. The normalization errors are the normalization error σnorm and the energy calibration error σcal.
This corresponds to the golden channel in the NFvar.glb file that is provided with GLOBES 3.0.

the oscillatory signal. The price one has to pay for that is that the neutrino and antineutrino
rates have to be added in this case, which is not a major problem for the disappearance chan-
nel [239]. However, as pointed out in Ref. [238], the higher event rates at low energies may
lead to relatively fast oscillations especially for long baselines, which can lead to problems
for large muon energies and small bin numbers. Therefore, we change the binning and use
43 bins in total.1 In addition, we use the filter feature from GLoBES in order to average any
fast oscillations already on the probability level over a width of 150MeV.2 We have tested
that this choice appropriately describes the low energy range where the first significant events
enter in order to allow muon energies up to about 100GeV in combination with baselines up
to about 9000 km. Since we do not use CID in the disappearance channel, we use the MINOS
efficiencies and threshold from Refs. [119, 140] in this channel. Note that we now have two
different energy threshold functions. The fact that there are almost no events below about
4GeV in the appearance channel is appropriately modeled.3 Finally, we choose 2.5% for the
signal normalization errors, 20% for the background normalization errors, and σE = 0.15Eν

for the energy resolution. The signal efficiencies and background rejection factors that are
used in our description of the standard golden channel are summarized in Table 8.1. There,
additionally the assumptions of the systematical uncertainties are given.

1We use 43 variable bins from 1GeV to Eµ: 18 bins of ξ × 500 MeV, 10 bins of ξ × 1GeV, and 15 bins
of ξ × 2GeV from the lowest to the highest energy, where ξ = (Eµ − 1)/49 is an overall scale factor (ξ = 1
correspond to the “canonical” 50GeV neutrino factory).

2We use the energy resolution type 2 to compensate for this additional energy smearing; cf., GLoBES

manual [223].
3For details on the shape of the appearance channel threshold function, the efficiencies, and model of the

energy resolution, see the appendix of Ref. [198].



8.1 Neutrino Factory Simulation 91

τ -Appearance – µ+-stored σnorm σcal

Signal 0.096 ⊗ (νe → ντ )CC 0.15 10−4

Background 3.1 · 10−8 ⊗ (νe → νe)CC 2.0 · 10−8 ⊗ (νe → νµ)CC 0.2 10−4

3.7 · 10−6 ⊗ (ν̄µ → ν̄µ)CC 1.0 · 10−3 ⊗ (ν̄µ → ν̄τ )CC 0.2 10−4

7.0 · 10−7 ⊗ (ν̄µ → ν̄x)NC 7.0 · 10−7 ⊗ (νe → νx)NC 0.2 10−4

Table 8.2: The signal efficiencies and background rejection factors together with the associated systematical
errors for the signal and backgrounds used in our description of the performance of the standard silver channel
measurement in the µ+-stored phase. The normalization errors are the normalization error σnorm and the
energy calibration error σcal. This corresponds to the silver channel in the NF_GoldSilver.glb file that is
provided with GLOBES 3.0. For the optimistic setup five times the signal efficiency and three times the
background rejection factors are taken.

Silver Channel

For the silver channel, the tau neutrinos are detected which are oscillating from the electron
neutrinos in the beam. Since the neutrino energies at a neutrino factory are above the
tau production threshold, tau leptons can be produced in charged-current reactions. The
detection of these tau leptons from the νe → ντ oscillation is called “silver channel” and was
already discussed in the literature [240, 241]. The observation of the produced tau leptons
is not possible at the “golden” detector, which means that a second OPERA-like Emulsion
Cloud Chamber (ECC) detector is assumed for the measurement. This kind of detector is
capable of distinguishing the tau lepton events from other events by the observation of the
decay topology of the tau decay. Our description of the silver channel follows Ref. [241]. The
discussed OPERA-like ECC detector is capable of observing the decay of the charged-current
produced tau leptons into muons. We incorporate an energy dependent threshold for the
decay-produced muon identification. The evolution of this threshold was taken from Figure 7
in Ref. [241]. The energy resolution is assumed to be 20% ×E, which is also an optimistic
choice. We assume silver channel data taking only during the µ+-stored phase. We define two
setups representing the current “standard” assumptions that are currently considered to be
realistic and a setup based on very optimistic assumptions to show the maximal improvement
potential of the additional silver channel.

• Standard Silver Channel
We assume the ECC detector to have a fiducial mass of 5 kt as in Ref. [241]. In
addition, we apply an overall signal efficiency of approximately 10%, which was chosen
to reproduce the signal event numbers from Table 4 in Ref. [241]. The background
rejection factors are taken from Ref. [241] as well, and are summarized in Table 8.2.

• Optimistic Silver Channel
In the standard scenario, it was assumed, that only leptonic tau decays can be observed.
But, in principle, all the other decay channels of the tau lepton might be analyzed as
well, this increases the signal by a factor of five. At the same time, we assume that
those improvements necessary for identifying hadronic tau decays will allow to reduce
the background somewhat and hence we take only three time the value of the standard
setup. Furthermore, we assume a fiducial detector mass of 10 kt which is to be considered
as very demanding for the ECC technology.
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Appearance – µ+-stored σnorm σcal

Signal 0.2 ⊗ (ν̄µ → ν̄e)CC 0.025 10−4

Background 10−3 ⊗ (ν̄µ → ν̄µ)CC 5.0 · 10−2 ⊗ (ν̄µ → ν̄τ )CC 0.2 10−4

10−2 ⊗ (ν̄µ → ν̄x)NC 10−2 ⊗ (νe → νx)NC 0.2 10−4

10−2 ⊗ (νe → νe)CC 0.2 10−4

Appearance – µ−-stored σnorm σcal

Signal 0.2 ⊗ (νµ → νe)CC 0.025 10−4

Background 10−3 ⊗ (µµ → νµ)CC 5.0 · 10−2 ⊗ (νµ → ντ )CC 0.2 10−4

10−2 ⊗ (νµ → νx)NC 10−2 ⊗ (ν̄e → ν̄x)NC 0.2 10−4

10−2 ⊗ (ν̄e → ν̄e)CC 0.2 10−4

Table 8.3: The signal efficiencies and background rejection factors together with the associated systematical
errors for the signal and backgrounds used in our description of the performance of the standard platinum
channel measurement. The normalization errors are the normalization error σnorm and the energy calibration
error σcal.

Platinum Channel

Besides the previously considered channels, the neutrino beam of a neutrino factory allows to
observe neutrino oscillations from the νµ/ν̄µ → νe/ν̄e channel, which is often called “platinum
channel”. This is the T-conjugated oscillation channel to the golden channel, and corresponds
to the CP-conjugated golden channel with different matter effect. Therefore, it should allow to
resolve the correlations and degeneracies of the golden channel measurements as well. Again,
as for the silver channel, we define two different scenarios, one conservative and one optimistic.
For the description of the platinum channel, we roughly follow the νe-appearance performance
of the MINOS detector, which has been estimated in Ref. [136]. However, since we require
charge identification to establish the νe (ν̄e) appearance against the ν̄e (νe) disappearance from
the beam, we add an extra background from these disappearance neutrinos. We assume the
background after the CID selection to be 1% of all electron neutrino disappearance neutrinos.
We apply a lower energy detection threshold at 0.5 GeV. Electron charge ID so far has been
only studied for a magnetized liquid Argon TPC and the numbers above roughly match the
ones indicated in [242]. In the same Ref. it was also pointed out that electron charge ID may
have an upper threshold beyond which it may no longer be possible to measure the charge.
Electrons/positrons at higher energies tend to shower early, which means that the track is too
short and the curvature is hardly measurable. Therefore, the CID of electrons and positrons
most likely is only possible up to a certain energy threshold.

For the platinum channel, we will always assume the same baseline as for the golden
channel, since it is at least in principle conceivable to use the same detector for both golden
and platinum channel. We define two setups:

• Standard Platinum Channel
We assume a platinum channel detector with a fiducial mass of 15 kt, which may be
the largest magnetizable volume for a liquid argon TPC. The signal efficiency is taken
to be 20% [242], and the background rejection factors are summarized in Table 8.3.
Furthermore, the energy resolution is assumed to be 15% ×E. The upper threshold for
the electron/positron CID is assumed to be 7.5 GeV. The CID background is assumed
to be 1% [242] and the other backgrounds are taken from Ref. [136].
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• Optimistic Platinum Channel
We assume a platinum channel detector with a fiducial mass of 50 kt. This choice is
inspired by the possibility (at least in principle) to use the same, improved detector
than for the golden channel. The signal efficiency is 40%. The background rejection
factors of Ref. [136] are extrapolated to higher energies. The CID background is the
same than for the standard setup. Electron/positron CID is assumed to be possible to
the highest energies and no upper threshold is imposed.

Hybrid Detector for the Optimized Golden Channel

The main limitation of a neutrino factory compared to other advanced neutrino facilities comes
from the fact the standard detector has a relatively high neutrino energy threshold (necessary
for charge identification), which makes the first oscillation maximum basically inaccessible
(cf., Ref. [243]). All measurements have therefore to be performed in the high energy tail of
the oscillation probability off the oscillation maximum. In different words, a neutrino factory
is optimized for high statistics in the appearance channel, not for operation at the oscillation
maximum. This is the reason why it seems to be the experiment most affected by the eightfold
degeneracy [41,198]. A number of solutions to this degeneracies problem has been proposed,
amongst them it has been studied what a better detector in terms of a better neutrino energy
threshold could achieve [198]. We will pick up this starting point and discuss improvements
in the detection threshold and energy resolution in this section.

The high neutrino energy threshold in Ref. [243] is the result from optimizing for the purest
possible sample of wrong sign muons, which clearly puts the emphasis on events with a high
energy muon. The lower the muon energy is, the higher the likelihood to misidentify the muon
charge or the nature of the event (CC vs NC) becomes. Thus the background increases with
decreasing neutrino energy, since the average muon energy will decrease with the neutrino
energy. The background fraction scales with the neutrino energy such as a power law with a
spectral index around −2. Our background model assumes that whatever happens with the
threshold will only affect events below the threshold, but not events above, i.e., there is only
down-feeding of background but no up-feeding. The reason behind this assumption is that a
mis-identified NC event always should have a reconstructed energy which is lower than the
true energy, since there is missing energy in every NC event. In order to roughly match the
total background obtained in Ref. [243], we use a background fraction βE−2

ν with β = 10−3.
Integrating this background fraction from 4GeV to 50GeV yields an average background
fraction of 5 · 10−6. We assume this background fraction separately for the background from
neutral currents and wrong sign muons.

Achieving a lower threshold probably requires a finer granularity of the detector, i.e., a
higher sampling density in the calorimeter. This should at the same time improve the energy
resolution of the detector. We use a parameterization σE [GeV] = σ

√

Eν [GeV] + 0.085GeV
with σ = 0.15 for the energy resolution (as compared to σE = 0.15Eν before, corresponding to
σ ≃ 0.5), where the constant part models a lower limit from Fermi motion.4 For definiteness,
we take the neutrino energy threshold to be 1GeV, and the efficiency to be constant 0.5 for
all appearance neutrino events above threshold. Similar numbers are quoted for the NOνA
detector [145], which is a totally active calorimeter5.

4For the neutrino factory, this lower limit turns out to be of secondary importance because there are
practically no events in the relevant energy range.

5Using an air coil system similar to the one in ATLAS, it should be possible to magnetize a detector like
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8.2 Neutrino Factory Optimization

After discussing the optimization of β-Beam experiments in greater detail in the last chapter
we will here present the corresponding discussion considering Neutrino Factory experiments.
The main properties that can be arranged are the baseline L between neutrino source and
detector and secondly the associated neutrino energy that is set by the parent energy Eµ of
the stored muons in the storage ring. The optimal settings are to be explored, such that the
sensitivity limit to sin2 2θ13, the sensitivity to maximal CP violation, and the sensitivity to the
mass hierarchy are most effectively optimized. Such an optimization was already performed
in [236] for slightly different assumptions for the set of neutrino oscillation parameters. The
main focus of this section will however lie on the baseline optimization, since the analysis
in [236] showed that tuning the neutrino energy by Eµ does not lead to significant improvement
of the respective sensitivities beyond parent muon energies Eµ & 20 − 30 GeV. The widely
discussed standard value is Eµ = 50 GeV, however a lower parent muon energy could be an
effective tool to reduce the costs of the complete project and hence is also very worthwhile to
be discussed. For the optimization of the Neutrino Factory setup we only consider the standard
golden channel.

Sensitivity to θ13

The first performance indicator that will be discussed is the sensitivity limit to sin2 2θ13 as
a function of the baseline. The range of the baseline is modified between L = 500 km and
L = 10000 km, so that also the magic baseline at L ∼7500 km is covered. Note, that even the
largest discussed baseline of L = 10000 km still does not strike the outer core of the earth that
starts approximately in a depth of 3000 km and so the neutrinos still only travel through the
earth’s mantle. The final sensitivity is strongly affected by systematical uncertainties and even
more by the parameter correlations and degeneracies as can be seen from Fig. 8.1. As in the
corresponding discussion for the β-Beam in the last chapter, these effects are indicated by the
bands. The dark grey/blue band displays the impact of the systematical uncertainties to the
pure statistical limit that is given by the lowermost curve. Effects of correlations are indicated
by the medium grey/blue band and finally if also the degeneracies are considered, the bright
grey/blue band gives the modification to the final sensitivity limit that is given by the thick
black curve. The left plot of Fig. 8.1 is for a low energy Neutrino Factory scenario with a parent
muon energy Eµ = 25 GeV and the right plot is for a standard scenario with Eµ = 50 GeV.
It was checked, that an even higher energy Neutrino Factory scenario with Eµ = 80 GeV gives
a very similar evolution of the final sensitivity limit compared to the Eµ = 50 GeV scenario.
The best statistical sensitivity to θ13 is achieved for smaller baselines at L ∼ 2000 km for
Eµ = 25 GeV and L ∼ 3000 − 4000 km for the Eµ = 50 GeV scenario. A further outcome
is, that the effect of the systematical uncertainties is small compared to the effect of the
parameter correlations and the degeneracies. These can spoil the final sensitivity limit by
more than two orders of magnitude in sin2 2θ13 compared to the systematics only limit. For
both considered parent muon energies the magic baseline and its effect is clearly visible at
L ∼7500 km where the final limit can be pushed almost down to sin2 2θ13 ∼ 10−4. The low
energy scenario achieves the unambiguously best sensitivity to θ13 at the magic baseline. For
the higher energy scenario with Eµ = 50 GeV there exists a second baseline range, where a
clearly better sensitivity can be obtained at L ∼ 4000 km. In this small energy range the

this.
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Figure 8.1: The sensitivity limit to sin2 2θ13 at a Neutrino Factory at the 3σ confidence level as a function
of the baseline L for a fixed parent muon energy Eµ = 25 GeV (left) and Eµ = 50 GeV (right). The bands
indicate the influence of systematics, correlations, and degeneracies and the final sensitivity limit is indicated
by the uppermost thick black line. In the right plot the degeneracies can be resolved around a baseline of
4000 km at 3σ and the sensitivity limit to sin2 2θ13 improves by one order of magnitude. However, already at
the 4σ confidence level the degeneracies cannot be resolved anymore as indicated by the grey line.

degeneracies can be resolved. This can be understood as the following. In the baseline range
1000 km . L . 6000 km the effect of the correlations drops by one order of magnitude because
in this range the local minimum in the ∆χ2 distribution at higher fit values of sin2 2θ13 due
to the (sin2 2θ13, δCP)-degeneracy gets disconnected from the true solution (global minimum
at a fit value of sin2 2θ13 = 0 as there the true value is set) at the considered confidence level
of 3σ. For baselines L ∼ 4000 km and Eµ = 50 GeV this local minimum is shifted above
∆χ2 = 9 and hence can be excluded. However this exclusion is not very robust and already
at a chosen confidence level of 4σ the resolution of the (sin2 2θ13, δCP)-degeneracy disappears
as is indicated by the thick grey line in the right plot of Fig. 8.1 that indicates the evolution
of the final sensitivity limit at 4σ. So, it is obvious that the L ∼ 4000 km Neutrino Factory is
not as extremely unique as could be concluded from the evolution of the sensitivity at 3σ. It
is worthwhile to mention that the huge impact of switching on the parameter degeneracies at
these baselines is almost only due to the (sin2 2θ13, δCP)-degeneracy while the small impact of
parameter degeneracies at the magic baseline is solely caused by the sign-degeneracy as the
parameter δCP does not enter the appearance probability at this baseline.

In Fig. 8.2 the parent muon energy dependency of the sensitivity limit to sin2 2θ13 is
illustrated for the fixed baselines L = 4000 km (left plot) and L = 7500 km (right plot)
that were the two most promising baselines in the previous discussion. It was mentioned
before, that lower parent muon energies could be a very interesting option since directly
connected to the cost effort that has to be expended. We observe that the ability to exclude
the (sin2 2θ13, δCP)-degeneracy at the 3σ confidence level that was already found in case of
Eµ = 50 GeV is already present for parent muon energies Eµ > 30 GeV and for even higher
energies there cannot be deduced any significant improvement in the final sensitivity limit to
sin2 2θ13 although the statistical limit still sees some kind of improvement due to the higher
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Figure 8.2: The sensitivity limit to sin2 2θ13 at a Neutrino Factory at the 3σ confidence level as a function of
the parent muon energy Eµ for a fixed baseline of L = 4000 km (left) and L = 7500 km (right). The bands
indicate the influence of systematics, correlations, and degeneracies and the final sensitivity limit is indicated
by the uppermost thick black line. In the left plot the degeneracies can be resolved for Eµ & 25 GeV at 3σ and
the sensitivity limit to sin2 2θ13 improves by one order of magnitude. However, already at the 4σ confidence
level the degeneracies cannot be resolved anymore as indicated by the grey line.

cross sections at higher energies, i.e. higher event rates. Also, the sensitivity limit at 4σ is
again indicated by the thick grey curve and it can be seen that even for very high energies
up to Eµ = 80 GeV the impact of the (sin2 2θ13, δCP)-degeneracy at this confidence level
cannot be avoided anymore. This already implies that there is no reason at all to actually
consider higher values than the standard value Eµ = 50 GeV. Still, the impression settles
that slightly smaller parent muon energies do not lead to significant loss of sensitivity unless
it remains larger than Eµ & 30 GeV. This is also observed in the right plot of Fig. 8.2 for
the scenario with a detector at the magic baseline. For this baseline a slight optimum of the
final sensitivity limit can be obtained at Eµ ∼25 GeV, however the overall limit does only get
affected to a minimal extend over the whole range of considered parent muon energies.

Sensitivity to CP violation

Now, we will consider the issue of optimizing the Neutrino Factory baseline for the sensitivity
to maximal CP violation. As it was found in [236] that the performance of a Neutrino Factory
is nearly unattached for a variation of the parent muon energy Eµ as long it is kept above
Eµ & 25 GeV we will not introduce the discussion of optimal neutrino energy to this subsection
and consider only the baseline optimization for two scenarios with Eµ = 25 GeV and Eµ =
50 GeV. This observation from [236] is also supported by the results of the last subsection.
Since the sensitivity to maximal CP violation at a Neutrino Factory is different for the two
assumptions of true δCP = π/2 and δCP = 3π/2, both assumptions will be discussed in the
following. Opposite to the β-Beam scenarios discussed in the last chapter the Neutrino Factory
is suffering from the sign-degeneracy at intermediate sin2 2θ13 where sensitivity to maximal
CP violation is lost for δCP = 3π/2.
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Figure 8.3: The sensitivity to maximal CP violation at a Neutrino Factory at the 3σ confidence level as a
function of the baseline L for fixed parent muon energies Eµ = 25 GeV and Eµ = 50 GeV for the assumed
true values δCP = π/2 (left) and δCP = 3π/2 (right). Systematics, correlations, and degeneracies are taken
into account.

This effect can be noticed in the right plot of Fig. 8.3 where the sin2 2θ13 range where
sensitivity to maximal CP violation can be established is shown for the case δCP as a function
of the baseline in the range 500 km . L . 10000 km. We find a considerable large range
of true sin2 2θ13 to values below 10−4 in the window of baselines between L ∼ 2000 km and
L ∼ 6000 km for both assumptions for Eµ. However for intermediate true values sin2 2θ13 ∼
(2 − 3) · 10−3 the sensitivity vanishes and a sensitivity gap arises. The reason is that the
sign-degenerate solution manifests as a local minimum in the ∆χ2 distribution with ∆m2

31

but also the other oscillation parameter fit values can be shifted away from the assumed
true values. In [198] it was shown that the fit value of δCP in the local minimum of the
sign-degeneracy moves continously by adjusting the true value of sin2 2θ13 from δCP = 3π/2
(sin2 2θ13 = 0) to δCP ∼ 3π/2 for higher sin2 2θ13 under the assumption of true δCP = 3π/2.
During this traveling of the fit value of δCP at the local minimum of the sign-degeneracy the
value of δCP = π is passed and then the underlying CP violation cannot be distinguished
from CP conservation. Consequently, the sensitivity to maximal CP violation gets lost. This
effect is the so-called “π-transit” [198] and appears for true values sin2 2θ13 ∼ (2 − 3) · 10−3

at the discussed scenarios. However, under the assumption of true δCP = π/2 this “π-transit”
does not occur and sensitivity to maximal CP violation can be established also at intermediate
values of sin2 2θ13 as can be seen in the left plot of Fig. 8.3. Another effect can be observed from
Fig. 8.3 which is the missing sensitivity to CP violation for baselines 6000 km . L . 9000 km
which is not surprising at all, since the magic baseline at L ∼7500 km does not provide
any information for δCP. So, the optimal baselines for a search of δCP at a Neutrino Factory
clearly suggest baselines in the range 3000 km . L . 6000 km with a slight optimum at
L ∼4000 km. Furthermore, it can also be seen in Fig. 8.3 that there is no significant difference
in the performances of the standard and the low parent muon energy scenarios. Only for
δCP = 3π/2 the higher energy scenario can reach the sensitivity to slightly smaller values of
sin2 2θ13 but for both energies sensitivity to maximal CP violation can be established for true
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Figure 8.4: The sensitivity to mass hierarchy at a Neutrino Factory at the 3σ confidence level as a function
of the baseline L for fixed parent muon energies Eµ = 25 GeV and Eµ = 50 GeV for normal hierarchy assumed
and the true values δCP = π/2 (left) and δCP = 3π/2 (right). Systematics, correlations, and degeneracies are
taken into account.

values of sin2 2θ13 smaller than 10−4.

Sensitivity to mass hierarchy

Due to the very high baselines of several thousands of kilometers a Neutrino Factory will have
excellent capabilities to determine the mass hierarchy of the neutrino mass eigenstates, i.e.
exclude the sign-degenerate solution in parameter space. We will now focus on the baseline
optimization with regards to the sensitivity to mass hierarchy at the 3σ confidence level for
the two scenarios with a parent muon energy of Eµ = 25 GeV and Eµ = 50 GeV. We
will not discuss further energy optimization issues, since as for the sensitivities to θ13 and
δCP the evolution with Eµ is rather marginal for energies Eµ > 25 GeV (cf. [236]). In fact,
higher parent muon energies than 50 Gev are slightly disfavored for some regions in the δCP

parameter space since the matter resonance appears at smaller neutrino energies.

The baseline dependent evolution of the range of true sin2 2θ13 where the neutrino mass
hierarchy can be determined (normal hierarchy assumed) is illustrated in Fig. 8.4 for two
selected true values δCP = π/2 (left) and δCP = 3π/2 (right). It can be read off that the two
scenarios Eµ = 25 GeV and Eµ = 50 GeV indeed share essentially the same performance and
the differences are hardly visible in Fig. 8.4. As expected, larger baselines are favored and the
magic baseline L ∼7500 km is able to provide extremely good sensitivity to mass hierarchy
for both assumptions of true δCP. At intermediate baselines the sensitivity to mass hierarchy
is spoiled by the (sin2 2θ13, δCP)-degeneracy for δCP and a baseline in the range 6000 km .

L . 7500 km is completely disqualified. For baselines in the range 3000 km . L . 6000 km
the degeneracies spoil the sensitivity at intermediate sin2 2θ13 ∼ 10−3 and at smaller sin2 2θ13

the sensitivity is restored again. As was already the case for the β-Beam scenarios it turns out
that optimization of the experiment in terms of δCP and the mass hierarchy collides since the
optimal baseline for sensitivity to the sign of ∆m2

31 provides no sensitivity to CP violation at



8.2 Neutrino Factory Optimization 99

all. However a baseline of L ∼4000 km seems to offer a good compromise however the resolving
of the degeneracies at intermediate sin2 2θ13 is the challenge that has to be addressed. For
that reason we will in the following also discuss performances of Neutrino Factory scenarios
with more than one detector involved.

Neutrino Factory Reference Scenarios

The last subsections focused on the independent optimization of different Neutrino Factory
scenarios in terms of baseline L and the energy of the parent muons in the storage ring
Eµ. We will now assign defined reference setups, as was already done in the last chapter
for β-Beams. These follow the suggestions from the optimization discussions and provide the
possibility to study the properties and performances in a greater detail. Furthermore, these
defined reference setups and their abilities can be comfortably compared to the performance
of the β-Beam reference setups and to each other. The definition of the reference setups is
based slightly more upon the discussion of the baseline optimization since the dependence of
the performance on the variation of the energy turned out to be of secondary importance.
So, we will stick to the standard choice Eµ = 50 GeV and only introduce one low energy
scenario with Eµ = 30 GeV to further investigate if a lower energy Neutrino Factory can be
justified. Additionally, we will also introduce scenarios that involve two or even three detectors
partially located at different baselines to cover optimal performances in all three performance
indicators: discovery reach of sin2 2θ13, sensitivity to any CP violation, and sensitivity to
mass hierarchy.

The standard Neutrino Factory scenario with Eµ = 50 GeV at a baseline of L = 4000 km
will be labeled NF50@4000km. It makes use of a 50 kt Magnetized Iron detector to allow for the
charge identification of the detected muons to separate the wrong-sign muons. NF30@4000km
is basically the same setup as NF50@4000km however run at a lower energy Eµ = 30 GeV
of the stored parent muons. The single detector scenario at Eµ = 50 GeV with the 50 kt
Magnetized Iron detector located at L = 7500 km, i.e. approximately at the magic baseline is
introduced as NF50@7500km. Furthermore, we introduce double detector scenarios to allow
for an improved potential in degeneracy resolving. Since we are interested in the improve-
ment of these double detector scenarios that is not only governed by the increased statistics
due to the second detector, we additionally introduce a scenario that involves just a simple
doubled detector. This scenario is essentially identically to NF50@4000km with an increased
detector volume of 100 kt and it is labeled NF50@2D1L. The next simplest double detector
scenario involves two 50 kt Magnetized Iron detectors, one located at L = 4000 km and the
other at the magic baseline L = 7500 km. Since the problems of degeneracy resolving at
a Neutrino Factory result from the high energy threshold due to the muon momentum cut
we also introduce a hybrid detector scenario NF50@2DlT that shows the same high energy
behavior than the usually discussed detector, but with a lower energy threshold and a higher
energy resolution. The lower threshold should make the first oscillation maximum accessible
and allow for better handling of the parameter degeneracies6. Another possibility to improve
the abilities of resolving the degeneracies could be provided by the inclusion of additional
channels that require different detector technologies. The silver channel is included for the
scenario NF50@2DGS by the addition of a 10 kt Emulsion Cloud Chamber detector of the
OPERA type at the same baseline L = 4000 km as the Magnetized Iron detector that allows

6In [236] it was found that the better performance of this scenario is mainly caused by the lower energy
threshold and only on a secondary basis by the higher energy resolution.
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Label L [km] Eµ [GeV] Detector Mass (fid.) [kt]

NF50@4000km 4000 50 MID 50

NF30@4000km 4000 30 MID 50

NF50@7500km 7500 50 MID 50

NF50@2D1L 4000 50 MID 2×50

NF50@2D2L 4000/7500 50 MID/MID 50

NF50@2DlT 4000 50 Hybrid 50

NF50@2DGS 4000/4000 50 MID/ECC 50/10

NF50@2DGP 4000 50 opt. MID 50

NF50@3D 4000/7500 50 Hybrid/MID 50/50

Table 8.4: The listing of all defined reference Neutrino Factory scenarios. the 4th trough the 8th scenarios
involve a two detector effort and the last scenario even involves three detectors. The label in the left column
are used throughout this work for account for the respective scenarios. The detector technologies involve
a Magnetized Iron detector (MID), a Hybrid detector optimized for higher energy resolution and a lower
energy threshold, an OPERA-like Emulsion Cloud Chamber detector (ECC), and an optimized Magnetized
Iron Detector for the Platinum Channel (opt. MID).

for the golden channel measurements7. The scenario that includes the platinum channel is
NF50@2DGP that assumes an optimized 50 kt Magnetized Iron detector that allows charge
identification of electrons and positrons. This scenario is counted as a double effort scenario
since the optimization of the main detector is very ambitious and it can easily turn that the
platinum channel measurement require a second detector of different technology. Note, that
both reference scenarios that involve an additional channel are based on the optimistic channel
scenarios. The last Neutrino Factory scenario that is introduced is a triple detector scenario
NF50@3D that combines the hybrid detector at L = 4000 km with a normal Magnetized Iron
detector at the magic baseline L = 7500 km. The complete listing of all defined reference
Neutrino Factory scenarios and their main features is resumed in Table 8.4.

8.3 Neutrino and Anti-Neutrino Runtime Fraction

The total runtime of a Neutrino Factory experiment is planned to contain a period when
µ+ are stored in the storage ring and the opposed period when polarity is changed and
µ− are stored in the storage ring to allow for comparison of neutrinos and anti-neutrinos.
As was pointed out earlier, this comparison helps in resolving the parameter correlations
and degeneracies in the appearance measurements. In the previous simulations all Neutrino
Factory experiments were assumed to share an equally split runtime for both, µ− stored and
µ+ stored. However, as already discussed for β-Beam experiments, one can try to improve
the performance by modifying the ratio of the two runtime fractions. The difference to β-
Beams is that at Neutrino Factory experiments the terms neutrino and anti-neutrino running
cannot be unambiguously attributed to the storage phases µ− stored and µ+ anymore since
the neutrino beam at a Neutrino Factory does not contain only neutrinos or anti-neutrinos.
The stored muons decay to electron and muon neutrinos, e.g. µ− → e−+νe +νµ, and thus the

7Actually the second detector could be located at a different baseline as the main detector. However, in [236]
it was shown that the silver channel detector is most suitable if located at the same baseline as the golden
detector in order to help resolving the degeneracies at intermediate sin2 2θ13. So, the possibility to locate the
silver detector at a different baseline is omitted here.
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Figure 8.5: The impact of the ratio of neutrino and anti-neutrino runtime at a Neutrino Factory

(NF50@4000km scenario) on the sensitivity limit to sin2 2θ13, the sensitivity to maximal CP violation, and
sensitivity to the mass hierarchy at the 3σ confidence level respectively. The total runtime is 8 years and
divided into a runtime fraction of µ−-stored (labeled on the x-axis) and the runtime fraction of µ+-stored. In
each plot the right edge represents neutrino running only (νµ/νe) and the left edge represents anti-neutrino
running only (νµ/νe).

neutrino runtime in the disappearance channel, e.g. νµ → νµ, coincides with the anti-neutrino
running in the respective appearance channel, e.g. νe → νµ. Since the measurements in the
appearance channel focus on the sub-leading parameters θ13, δCP and the sign of ∆m2

31 that
are the main focus of this work, we will use the terms neutrino or anti-neutrino running at a
Neutrino Factory following the mode of the neutrinos in the appearance channel, so neutrino
running is associated with the µ+ stored phase and anti-neutrino running is associated with
the µ− stored phase.

In Fig. 8.5 the performance of the standard Neutrino Factory scenario NF50@4000km in
terms of the sensitivity limit to sin2 2θ13 (left plot), sensitivity to maximal CP violation (mid-
dle plot), and sensitivity to mass hierarchy (right plot), each at the 3σ confidence level is
shown as a function of the runtime fraction of the µ− stored phase, i.e.the anti-neutrino run-
ning. The middle of the plots (0.5 runtime fraction) corresponds to the standard assumption
of the last subsections of an equally split runtime in 4 years neutrino and 4 years anti-neutrino
running. The total runtime is always assumed to be 8 years, the left edge corresponds to pure
neutrino running and the right edge corresponds to pure anti-neutrino running. The statisti-
cal sensitivity limit to sin2 2θ13, indicated as the lowermost curve in the left plot, reaches to
the smallest possible values of sin2 2θ13 for a pure neutrino running which is related to the
fact that the cross sections for neutrinos are larger than the cross sections for anti-neutrinos
and 8 years of pure neutrino running could collect the maximal number of event rates in
the appearance channel. However, the inclusion of anti-neutrinos is needed to resolve the
correlations and degeneracies and improve the final sensitivity limit significantly. The final
sensitivity limit that takes systematics, correlations and degeneracies into account is indicated
by the uppermost thick black curve. It can be read off that a anti-neutrino fraction in between
0.3 and 0.85 is required to succeed in resolving the degeneracies at the 3σ confidence level.
Pure anti-neutrino running on the other hand is clearly again lacking the opposed neutrino
mode. However, the grey thick line represents the final sensitivity limit to sin2 2θ13 at the 4σ
confidence level and it can be seen that the degeneracies cannot be resolved at this higher
confidence level independent of the runtime fraction of the anti-neutrino running. If one
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considers the sensitivity to any CP violation and sensitivity to the mass hierarchy the first
interesting aspect is that the sensitivity gap that can be observed at intermediate sin2 2θ13

cannot be covered independent of the runtime fractions and the sensitivities are spoiled by
parameter degeneracies, e.g. by the “π-transit” in case of sensitivity to δCP. The middle plot
suggests to keep the anti-neutrino running fraction in between 0.1 and 0.7 with slightly bet-
ter performance for smaller runtime fractions. The same is true for the sensitivity to mass
hierarchy and if also the sensitivity to θ13 is taken into account there appears no reason to
depart from the standard assumption of using equally split runtime fractions for both, neu-
trinos and anti-neutrinos. So, in the next sections, where we will discuss the performances of
the reference scenarios defined in the last subsection, we will stick to 4 years of anti-neutrino
running and 4 years of neutrino running.

8.4 Matter Density Uncertainty

One of the main characteristics of a Neutrino Factory is the very long baseline of several
thousands of kilometers. All discussed Neutrino Factory reference scenarios make use of the
standard baseline L = 4000 km and the magic baseline L = 7500 km and matter effects along
the baseline enter the oscillation probability in a sizeable manner which also allows for the
determination of the mass hierarchy. Along these baselines the neutrinos travel through the
mantle of the earth with an average matter density ρ ∼ 5 g/cm3. The outer core of the earth
begins not until at a depth of 3000 km where the matter density instantly increases up to
ρ ∼ 10 g/cm3. But to touch the outer core the baseline would be required to be larger than
approximately 11000 km. So the assumption of an average matter density profile along the
baseline is justified. However, the matter density is not exactly known and associated with
a certain uncertainty of approximately 5%. All simulations in the previous and following
sections are performed under the assumption of ∆ρ = 5%. The matter density ρ [g/cm3] is
treated as a free fit parameter and the uncertainty is introduced by adding a parabolic pull
term (ρ − ρ0)

2/(0.05ρ0)
2 to keep the fit value near the incident true value ρ0.

The quantitative effect of the matter density uncertainty is illustrated in Fig. 8.6 for
L = 4000 km (NF50@4000km) in the upper row and L = 7500 km (NF50@7500km) in the
lower row for the performance indicators discovery reach in sin2 2θ13 (left column), sensitivity
to any CP violation (middle column), and sensitivity to mass hierarchy (right column). The
band shows the effect of switching from an exactly known matter density uncertainty ∆ρ = 0
to the standard assumption ∆ρ = 5%. The short-dashed curve shows the performance with
a small matter density ∆ρ = 2.5%. Note, that the the NF50@7500km scenario does not show
any sensitivity to CP violation since the baseline is approximately at the magic baseline.
Furthermore, by comparing the upper and the lower row we can deduce that the effects of
the matter density uncertainty is increasing with the baseline since it is affecting the longer
baseline L = 7500 km to a larger extend in the left and right column. However, the most
important observation in Fig. 8.6 is the sensitivity to any CP violation for the NF50@4000km
scenario. At smaller sin2 2θ13 the matter density shows nearly no effect at all but for larger
sin2 2θ13 & 10−2 the matter density uncertainty turns out to be crucial. The reason is that
matter effects are increasing with increasing sin2 2θ13. For sin2 2θ13 < 10−3 matter effects do
not contribute significantly and consequently, the matter density uncertainty does also not
give a significant effect. With an exactly known matter density this scenario can establish
CP violation for slightly more than 80% of all possible true values for δCP in this range
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Figure 8.6: The impact of the matter density uncertainty at a Neutrino Factory on the sin2 2θ13 discovery
reach (left), the sensitivity to any CP violation (middle), and sensitivity to the mass hierarchy (right). The
fraction of the true values of δCP of all possible values in the interval [0, 2π[ where the respective sensitivity is
given at the 3σ confidence level is displayed as a function of the true value of sin2 2θ13. The band indicates
the impact of the matter density uncertainty ∆ρ along the baseline. It is varied from ∆ρ = 5% (long-dashed
line, standard assumption) over ∆ρ = 2.5% (short-dashed line) to ∆ρ = 0 (long-dashed line). The upper row
is for the NF50@4000km scenario and the lower row is for the NF50@7500km scenario.

of true sin2 2θ13. If the 5% matter density uncertainty is considered the Neutrino Factory
scenario looses this sensitivity for approximately 20% of all possible values of δCP and CP
violation can only be established for the remaining 60%. So, although a Neutrino Factory is
a very dedicated experimental setup that allows measurements of three-flavor effects down
to extremely small values of sin2 2θ13 there appears a further problem besides resolving the
degeneracy at intermediate sin2 2θ13, the matter density uncertainty along the baseline. We
will see in the comparison with different technologies that the Neutrino Factory is the very
promising candidate for small sin2 2θ13, but for large sin2 2θ13 also other technologies could
turn out to be more promising because of the effect of the matter density uncertainty.

8.5 Inclusion of Different Channels

Besides the combination of neutrino and anti-neutrino data or using different baselines, the
inclusion of additional channels offers a possibility to help resolve the parameter correlations
and degeneracies that a Neutrino Factory is suffering from at intermediate sin2 2θ13. Addition-
ally, the inclusion of the different channels can improve the performance of a Neutrino Factory
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at large sin2 2θ13. Alongside the golden νe → νµ appearance, the silver νe → ντ or the plat-
inum νµ → νe appearance measurement can offer promising improvement potential. However
the inclusion of these additional channels is aligned with additional detector requirements.
The silver channel requires the ability to detect, identify, and reconstruct the τ events. Since
the OPERA experiment is planned to detect τ events that oscillate from the CNGS neutrino
beam, the same detector technology, an Emulsion Cloud Chamber, is possible to perform
the silver channel measurements at a Neutrino Factory [240, 241, 244, 245]. The inclusion of
the platinum channel on the other hand requires the ability to detect and identify the elec-
tron/positron events of the platinum channel. However, the beam already contains a huge
majority of electron/positrons from νe/νe-disappearance. Comparable to the golden channel
muons that have to be discriminated from the wrong-sign muons of the disappearance, the
platinum appearance electrons/positrons have to be distinguished from the wrong-sign disap-
pearance electrons/positrons. The separation by CID can be done at a magnetized detector
by observing the track curvature. But since electrons tend to shower early, which means that
the track is too short and the curvature is hardly measurable this CID is more difficult than
the CID for muons of the golden channel. We will now address technical details and require-
ments of the inclusion of the silver channel and the platinum channel to the golden channel
of a neutrino factory. Further details of the simulation of the silver and platinum channel can
be found in Section 8.1.

Silver Channel

As already mentioned, the silver channel measurements require an OPERA-like Emulsion
Cloud Chamber detector to allow for the detection of the τ events. The main limitation of
the silver channel is the low event rate that is to be expected at the Emulsion Cloud detector,
first because of the smaller size compared to the main detector and secondly because of the
low detection efficiency. This additional detector is in principle independent of the main
golden Magnetized Iron detector and can be located at various baselines. The main purpose
is to help resolving the degeneracies at intermediate sin2 2θ13 ∼ 10−3. From the optimization
discussion of the Neutrino Factory scenarios it could be observed that the golden channel alone
suffers from the degeneracies and sensitivity to CP violation and mass hierarchy is lost for true
δCP ∼ 3π/2. Although sensitivity could be established down to very small sin2 2θ13 ∼ 10−4

at intermediate sin2 2θ13 the sensitivity absolutely was lost at the 3σ confidence level and a
sensitivity gap occurred. We checked that the overall optimization discussion of the golden
channel baseline from the previous sections does not get modified by the additional silver
channel data and the optimal golden channel scenarios do not have to be reconsidered. Hence,
the question arises if the additional silver channel data can cover the mentioned sensitivity
gap, i.e. help to resolve the degeneracies, and which baseline for the silver channel detector is
most appropriate. The achievable coverage of this sensitivity gap (δCP = 3π/2) for sensitivity
to maximal CP violation (dashed-dotted curve) and sensitivity to mass hierarchy (dashed
curve) is shown in Fig. 8.7 for the standard silver channel scenario assumptions as a function
of the silver detector baseline LECC. The golden channel is fixed to the 4000 km baseline
and is corresponds to NF50@4000km. A coverage of 0% means that no improvement can be
gained compared to the golden channel alone and 100% corresponds to a full resolving of the
degeneracies and sensitivities can be restored in the full range of the original sensitivity gap.
The coverage percentage is defined on a logarithmic scale in sin2 2θ13. Please note, that this
figure is taken from [236] and was calculated for a slightly different set of true parameter
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Figure 8.7: The improvement of the degeneracy resolution potential at intermediate sin2 2θ13 by including
the standard silver channel to the golden channel as a function of the silver channel baseline LECC. The
parent muon energy is 50 GeV and the golden channel detector is located at LMID = 4000 km. The curves
show the coverage of the sensitivity gap at intermediate true sin2 2θ13 ∼ 10−3 for sensitivity to maximal CP
violation (dashed-dotted curve) and sensitivity to mass hierarchy (dashed curve) at the 3σ confidence level
(true δCP = 3π/2 assumed). A coverage of 0% corresponds to the width of the sensitivity gap for golden
channel only and 100% would correspond to a complete restoration of sensitivity for intermediate sin2 2θ13.
The figure is taken from [236] and produced with the true parameter assumption of ∆m2

31 = 2.2 · 10−3 eV2.

values including a ∆m2
31 = 2.2 · 10−3 eV2. As can be read off from Fig. 8.7 the standard

silver scenario cannot resolve the degeneracies completely independent of the silver baseline
and a sensitivity gap still remains for the combination of golden and silver channel data at
intermediate sin2 2θ13. However, in the silver baseline range from 2000 km to 5000 km the
best performance can be observed where almost 50% of the original (golden channel only)
sensitivity gap in CP violation measurements and almost 20% of the original sensitivity gap
in mass hierarchy measurements can be covered by the inclusion of the silver channel data.
The optimal silver baseline is approximately found at 3000 km however at 4000 km, which
is the assumed baseline of the golden detector, the performance is very similar, so we will in
the following only consider a silver detector at the same baseline as the main golden detector,
since this is more cost effective because no further cavities at different baselines are required.
It should be mentioned that the optimistic silver channel scenario with a doubled detector
size and an improved signal detection can in principle cover 100% of the sensitivity gaps for
both, CP violation and mass hierarchy measurements for δCP = 3π/2. The performance of
the optimistic silver channel will be compared to the standard scenario in the next-to-next
subsection.

Platinum Channel

The measurement of the platinum channel is very promising since an adequately high event
rate as in the golden channel is in principle obtainable. Furthermore, this channel is the
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combination of the golden and platinum channels. The fraction of (true) δCP for which CP violation can be
discovered at the 3σ confidence level is shown as a function of the upper CID threshold and the arrows refer
to the improvement in the physics potential by including the platinum channel. The figure is taken from [236]
and produced with the true parameter assumption of ∆m2

31 = 2.2 · 10−3 eV2.

T-conjugated oscillation channel to the golden channel and hence corresponds to the CP-
conjugated channel with different matter effect so a separation of intrinsic and extrinsic CP
violating effects is in principle accessible. Consequently, this channel is also very promising to
improve the potential of a Neutrino Factory at large sin2 2θ13 where the performance is mostly
limited by uncertainties of the matter density along the baseline that affect the matter effect.
However, the observation of the platinum electrons/positrons is hard to achieve since the CID
to separate them from the disappearance electrons/positrons is challenging. The track length
before the electrons/positrons tend to shower grows with energy and so the CID can only
be possible up to a certain energy, this is called upper CID threshold in the following. The
platinum channel simulations should be interpreted with care since it is based on assumptions,
while the silver channel simulation is more reliable since it is based on detailed studies in the
earlier literature. However, to push the upper CID threshold to higher energies is the most
demanding detector requirement that is introduced with the additional platinum channel. For
the optimistic platinum channel scenario we assume the 50 kt golden detector also to collect
the platinum data so the baseline for both channels, golden and platinum channel is assumed
to be equal. Considering the sensitivity gaps in sensitivity to maximal CP violation and
to mass hierarchy at intermediate sin2 2θ13 ∼ 10−3 and δCP = 3π/2 the optimistic scenario
can cover the complete gap as also the optimistic silver scenario (assuming an upper CID
threshold larger than 40 GeV) while the standard scenario (only a 15kt detector, upper CID
threshold 7.5 GeV) can only cover 10% and does not affect the degeneracy resolving potential
of the golden channel [236].

Here we will address the evolution of the potential in sensitivity to any CP violation of
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the optimistic platinum scenario added to the golden channel as a function of the upper CID
threshold at the detector for sin2 2θ13 = 10−3, sin2 2θ13 = 10−2, and sin2 2θ13 = 10−1. This is
shown in Fig. 8.8 as the fraction of true δCP where CP violation can be discovered at the 3σ
confidence level. The left of the plot edge corresponds to the performance of the golden channel
alone since a zero upper CID threshold means that CID for the platinum electrons/positrons
is not possible at all. The right edge of the plot corresponds to the optimistic platinum
channel scenario with an upper CID threshold of 50 GeV. The improvement is indicated by
the vertical arrows. As can be seen in Fig. 8.8 the optimistic platinum channel scenario can
add an improvement for all three choices of true sin2 2θ13. However, the improvement is most
impressive for large sin2 2θ13 = 10−1 where the fraction of true δCP where CP violation can be
discovered is extended from approximately 60% (golden only) to 80% while the improvement
for the other choices of sin2 2θ13 is roughly 10% of all possible values of δCP. The most
important result from Fig. 8.8 is the observation that the requirements to achieve this huge
improvement in the performance for large sin2 2θ13 do not necessarily involve a too high upper
CID threshold, but a lower threshold at about 20 GeV can already give a very good increase
in the potential.

Standard vs. Optimistic Scenarios

The last subsections suggested that the inclusion of the silver channel and platinum indeed
provides the possibility to improve the performance of a neutrino factory that only observes
the golden appearance channel. The golden channel alone suffers from degeneracies at inter-
mediate sin2 2θ13 ∼ 10−3 and from the matter density uncertainty at large sin2 2θ13 ∼ 10−1.
However, the level of improvement depends crucially on the detection properties that can be
achieved. In Section 8.1 we introduced the details of the simulation of the silver and the
platinum channel and for each channel a standard scenario and a optimistic scenario was
defined. Each standard scenario corresponds to a feasible set of detector requirements. The
optimistic scenarios on the other hand describe a detector response that is very challenging
and might not be achievable. For the silver channel that involved a very dedicated detector
volume with the double size of the standard assumption and the increase of the signal effi-
ciency by observing all leptonic and hadronic decay channels of the τ and not only the decays
into muons as in the standard assumption. The optimistic scenario for the platinum channel
involves the assumption that the platinum electrons/positrons can be observed at the same
(modified) golden detector as the golden channel with a platinum CID possible up to neutrino
energies of 50 GeV.

The contributions from the additional channels to the “golden channel only” performance
in the two relevant regimes of intermediate sin2 2θ13 = 10−3 and large sin2 2θ13 = 10−1 are
compared in Fig. 8.9 and the improvement going from the standard channel scenarios to
the optimistic scenarios can be seen. for the sensitivity to any CP violation and to mass
hierarchy at the 3σ confidence level. The x-axis gives the fraction of (true) δCP for which
CP violation can be discovered or respectively the mass can be determined. First of all, at
large sin2 2θ13 the golden channel alone already can observe the mass hierarchy for 100% of
all possible true values of δCP and no further improvement is required by the inclusion of
the additional channel data. Thus, in the large sin2 2θ13 regime only the performance in the
δCP measurement determines the improvement8. The optimistic scenarios both improve the

8The sensitivity to θ13 is also not to be considered, since sin2 2θ13 can be measured by the golden channel
alone for 100% of all possible true values of δCP.
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Figure 8.9: The comparison of the improvement of the standard and optimistic silver and platinum channel
scenarios considering the sensitivity to any CP violation and the sensitivity to mass hierarchy sensitivity at
the 3σ confidence level for large sin2 2θ13 = 10−1 and intermediate sin2 2θ13 = 10−3. The black lines refer to
the performance of NF50@4000km with golden channel only. The grey bars refer to the improvement of the
performance by inclusion of the silver or platinum channel whereas the left edges of the bars represent the
standard channel scenarios and the right edges represent the optimistic scenarios NF50@2DGS or NF50@2DGP.

sensitivity to any CP violation but the impact of the platinum channel is more than twice
as large as the impact of the silver channel which is due to the statistical difference in the
two channels. At intermediate sin2 2θ13 the contribution of both channels to the sensitivity
to CP violation is rather small however there is an improvement in the sensitivity to mass
hierarchy. We observe that the inclusion of the silver and the platinum channel leads to very
similar improvements in the potential. The negative outcome of Fig. 8.9 is that the possible
improvement can only be achieved with the optimistic channel scenarios. The respective
realistic scenarios do not affect the performance of the golden channel in a significant manner,
neither at large nor at intermediate values of sin2 2θ13. So it has to be concluded that the
detector response would have to be enhanced with respect to the standard assumed scenarios
in order to allow the additional channels to contribute in a sizeable manner to the overall
performance of the Neutrino Factory. Unless this cannot be achieved, the effort to introduce
the additional channel to a Neutrino Factory experiment is not worthwhile. Consequently,
the reference scenarios with additional channel data included, that will be discussed in the
following, do only involve the optimistic silver and platinum channel assumptions.

8.6 Performance of the Neutrino Factory Reference Scenarios

This sections aims to compare the performances of all defined optimized Neutrino Factory
reference scenarios that were introduced in Section 8.2. We will focus on the respective abilities



8.6 Performance of the Neutrino Factory Reference Scenarios 109

to discover a non-zero θ13, CP violation, and determine the mass hierarchy in the range from
large sin2 2θ13 to very small sin2 2θ13. The goal is to find an optimized Neutrino Factory
experiment. The different approaches to improve the performance of the Neutrino Factory,
like data taking at different baselines, inclusion of different channels, or improving the detector
response of the main detector with a lower threshold, are compared to find the most promising
approach. The performances of the reference setups are shown in Fig. 8.10. The left column
represents the discovery reach in sin2 2θ13, the middle column represents the sensitivity to
any CP violation, and the right column represents the sensitivity to mass hierarchy, each at
the 3σ confidence level. The rows indicate the detector effort by showing the single detector
scenarios in the first row, the double detector scenarios in the middle row, and finally the
triple detector scenario in the lowest row. The performance is furthermore compared with
the performance of an upgraded Superbeam experiment T2HK∗9 that is indicated by the grey
area in the plots.

First, we address the first row of Fig. 8.10 and the single detector scenarios NF50@4000km,
NF30@4000km, and NF50@7500km. The standard scenario NF50@4000km has been optimized
for δCP. All three single detector scenarios have the ability to discover sin2 2θ13 down to values
of sin2 2θ13 ∼ 10−4 for 100% of all possible values of δCP. The scenario NF50@7500km at the
magic baseline looses the discovery potential for smaller values of sin2 2θ13 almost immedi-
ately, whereas the fraction of (true) δCP where a non-zero θ13 could be discovered decreases
slightly slower for NF50@4000km and NF30@4000km, which is due to the correlation with
δCP. So, whether a non-zero 3 · 10−5 . sin2 2θ13 . 10−4 can be discovered at NF50@4000km
or NF30@4000km depends on the true value of δCP. The effect that the discovery reach for
sin2 2θ13 at the scenario NF50@7500km does not drop as a vertical line is due to the fact that
the 7500 km baseline is close, but not exactly located at the magic baseline at approximately
7250 km. When it comes to the sensitivity to any CP violation NF50@7500km shows no
sensitivity at all. So clearly this scenario is not suitable as a single detector experiment and
the magic baseline can only be considered for at least a double detector scenario. However,
NF50@4000km and the lower energy scenario NF30@4000km share nearly the same sensitivity
to any CP violation over the whole range from small to large sin2 2θ13. The reach to small
sin2 2θ13 is rather impressive and at sin2 2θ13 ∼ 10−4 CP violation can already be discovered
for approximately 40% of all possible values of δCP. As already addressed in former sections
the golden channel only suffers from parameter degeneracies at intermediate sin2 2θ13 ∼ 10−3

which can be seen in the plot. The curve does not follow a smooth evolution since sensitivity
to CP violation gets lost in some areas of parameter space because of the formerly discussed
“π-transit” of the sign-degenerate solution. Additionally, it can be read off how the fraction
of (true) δCP where CP violation can be established decreases again for increasing sin2 2θ13

towards 10−1 which is due to the matter density uncertainty. Because of these problems the
single detector Neutrino Factory scenarios cannot establish CP violation in more than 75%
of all possible values of δCP independent of sin2 2θ13. For large sin2 2θ13 the fraction even
decreases down to approximately 60%. For large sin2 2θ13 also the impact of the correlation
with the leading atmospheric parameters becomes more important. If the muon CID cut was
also used for the disappearance data (as was done in older studies, cf. e.g. [246]), the fraction

9The simulation is performed with the GLoBES experiment file T2HK.glb provided with the GLoBES 3.0

package [220, 221] but the fiducial volume is modified to 500 kt instead of 440 kt to be comparable at a fair
with the β-Beam scenarios that involve a Water Cherenkov detector. The modification is indicated by the star
following the notation from [186] since this is the same scenario that was used there. Further details of the
experiment description are given in the GLoBES manual [223].
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Figure 8.10: The comparison of the performance of all Neutrino Factory reference scenarios for the perfor-
mance indicators sin2 2θ13 discovery reach (left column), sensitivity to any CP violation (middle column), and
sensitivity to the mass hierarchy (right column). The fraction of the true values of δCP of all possible values in
the interval [0, 2π[ where the respective sensitivity is given at the 3σ confidence level is displayed as a function
of the true value of sin2 2θ13. The upper row is for the Neutrino Factory scenarios with a 50 kt Magnetized Iron
detector, the middle row is for the Neutrino Factory scenarios with a double detector effort the lowest row is
for the Neutrino Factory scenario with a triple detector effort: NF50@3D. The grey area indicates the respective
performance of the upgraded Superbeam scenario T2HK∗ for reasons of comparison.

of (true) δCP where CP violation can be established at sin2 2θ13 = 10−1 decreases below 50%.
All three considered single detector scenarios can determine normal mass hierarchy for 100%
of all possible values of true δCP down to an intermediate sin2 2θ13 ∼ 5 · 10−3 but only the
scenario at the magic baseline has excellent abilities to determine the mass hierarchy to very
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small sin2 2θ13 ∼ 10−4. The L = 4000 km scenarios suffer from the (θ13, δCP)-degeneracy
at intermediate sin2 2θ13 and the baseline is too low to compete with the L = 7500 km sce-
nario for smaller sin2 2θ13. A very important observation in the first row of Fig. 8.10 is that
the low parent muon energy scenario NF30@4000km shows a very similar performance as the
Eµ = 50 GeV scenario and going to a lower parent muon energy seems well justified.

The second row of Fig. 8.10 increases in detector effort compared to the first row. All
scenarios assume the combination of two detectors, either at the same baseline or a second
baseline as the main golden detector. The scenario NF50@2D1L is only introduced to indicate
the performance of a scenario for that the whole double detector effort is only put into a dou-
bled statistics. So, wherever the double detector scenarios perform better than NF50@2D1L,
the second detector adds complementary data, i.e. leads to a truly synergetical effect and is
not only due to the increased statistics that is implied by the double detector effort. Fur-
thermore the thin black line again shows the performance of NF50@4000km from the first row
for reasons of comparison. First, we will consider the scenarios that include the silver and
platinum channels, NF50@2DGS and NF50@2DGP. For small sin2 2θ13 the performance of the
Neutrino Factory is not significantly improved by the additional channels. The θ13 discovery
potential is not affected at all. For intermediate sin2 2θ13 we observe that the channels can
help to partially resolve the degeneracies and improve the sensitivities to any CP violation
and mass hierarchy but in case of sensitivity to δCP this improvement is smaller than the im-
provement by just doubling the statistics. In the case of mass hierarchy sensitivity the silver
channel can contribute in a sizeable manner and resolve the degenarcies at sin2 2θ13 ∼ 10−3.
There, the fraction of (true) δCP where the mass hierarchy can be detected is increased from
approximately 70% to about 100%. The platinum channel also helps to resolve the degen-
eracies in that regime but not as successful as the silver channel. The biggest improvement
potential of the platinum channel lies at large sin2 2θ13 ∼ 10−1 where CP violation can be
established for 20% more of all possible values of δCP than is possible with the golden channel
only while the silver channel improvement is only 10% that also could be achieved with a
doubled statistics in the golden channel. The addition of the magic baseline also provides a
very good tool to counteract the matter density uncertainty at large sin2 2θ13 and NF50@2D2L
provides the same improvement potential at large sin2 2θ13 than the platinum channel in CP
violation sensitivity. Furthermore, the magic baseline improves the potential to determine
the mass hierarchy. Degeneracies are completely resolved at intermediate sin2 2θ13 and also
the sensitivity reach in the small sin2 2θ13 regime is improved. So, the combination of the
golden channel data from L = 4000 km (CP optimized) and the magic baseline (mass hier-
archy optimized) already provide excellent potential for all three parameters sin2 2θ13, δCP,
and the sign of ∆m2

31. The last double detector scenario to be discussed is NF50@2DlT that
should also provide an improved potential since the first oscillation maximum is directly ac-
cessible due to the lower energy threshold at the hybrid detector. The discovery potential for
sin2 2θ13 is excellent down to extremely small values sin2 2θ13 ∼ 2 · 10−5 and thus all other
double detector scenarios are outperformed. Also the reach in sensitivity to mass hierarchy
is excellent but for intermediate sin2 2θ13 still some of the degenarcies remain to spoil the
sensitivity for approximately 10% of all possible values of δCP at sin2 2θ13 ∼ 2 · 10−3 and also
at small sin2 2θ13 ∼ 2 · 10−4. Also the sensitivity to CP violation is best of all double detector
scenarios with the hybrid detector at small and intermediate sin2 2θ13. Only for large sin2 2θ13

the matter density uncertainty still remains as a problem and the addition of the platinum
channel or the magic baseline provides the better improvement potential.

Consequently, if the overall improvement should be optimized by going to a triple de-
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tector effort, the optimal combination should be a hybrid detector with a lower threshold
at L = 4000 km combined with a detector at the magic baseline. So, the excellent abil-
ities of the hybrid detector are synergetically combined with the degeneracy resolving po-
tential at intermediate sin2 2θ13 at the magic baseline and the impact of the matter density
uncertainty at large sin2 2θ13 is to be decreased. The performance of this triple detector
combination NF50@3D is s given in the lowest row of Fig. 8.10. The thin black line in-
dicates the performance of NF50@2DlT from the middle row and the improvement by the
addition of the magic baseline can be read off. This scenario is providing excellent capabili-
ties in all regimes of sin2 2θ13. A non-zero sin2 2θ13 can be discovered for 100% of all possible
values of δCP for sin2 2θ13 > 2 · 10−5 and likewise, mass hierarchy can be determined for
sin2 2θ13 > 4 · 10−5. CP violation can be established for more than 80% of all possible values
of δCP for sin2 2θ13 > 2 · 10−4. This scenario can only undergo a slight improvement for large
sin2 2θ13 of a few percent if additionally the platinum channel could be utilized (see [236]).
But since this would correspond to a quadruple detector effort, we do not discuss it here.
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Chapter 9

The Global Picture

In this chapter we will review the global picture of the neutrino oscillation search beyond the
precision measurements of the leading solar and atmospheric oscillation parameters towards
three-flavor-effects. These include the search for the small mixing angle sin2 2θ13 that up to
now remains undetermined. Besides the magnitude of sin2 2θ13 the value of the CP phase
δCP and the mass hierarchy of the neutrino mass eigenstates remain unsolved puzzles in
neutrino physics. The possibility to get insight to the latter is connected to the magnitude of
sin2 2θ13 and if sin2 2θ13 turns out to be too small, it will be difficult, respectively impossible
to gain information. However, the future experiments of neutrino physics provide various
opportunities to solve the puzzles.

9.1 The Road Map of Neutrino Oscillation Experiments

There are plenty of different experiments planned or proposed for future measurements with
increasing effort leading to an improving discovery reach of a non-zero sin2 2θ13. A possible
road map for this evolution of the global neutrino oscillation program is given in Fig. 9.1
that is taken from [149]. The sin2 2θ13 discovery reach at the 3σ confidence level is illustrated
for the future neutrino oscillation experiments in the next decades. The first generation
are the conventional neutrino beams like MINOS or the CNGS experiments. The MINOS
experiment is in the phase of data taking and has already published first results [120–123]
and also the CNGS beam is operable and the first neutrinos have been observed [142]. The
second step is the start of data taking at reactor experiments such as a 2nd generation reactor
experiment like DoubleCHOOZ. From the year 2010 it is expected that the 1st generation of
Superbeam experiments and the 3rd generation of reactor experiments like Daya Bay, RENO,
or even a possible DoubleCHOOZ upgrade TripleCHOOZ (these are represented in Fig. 9.1
by the Reactor-II scenario defined in [155]) will start the operation. The shown Superbeam
experiments are T2K in Japan and NOνA in the United States. The bands of the beam
experiments in Fig. 9.1 represent the dependency that is introduced by the yet undetermined
phase δCP meaning that at the upper edge of the bars a non-zero sin2 2θ13 can be discovered in
parts of the δCP parameter space and not until the lower edge of the bars a sin2 2θ13 discovery
is possible for 100% of all possible values of true δCP. The reactor experiments provide a
definite discovery reach since θ13 measurements are independent of correlations with δCP.
The mentioned experiments will be able to successively cover the sin2 2θ13 parameter space
down to a value of sin2 2θ13 ∼ 10−2, which is referred to as a branching point. Above the



114 CHAPTER 9. The Global Picture

2005 2010 2015 2020 2025 2030
Year

10-5

10-4

10-3

10-2

10-1

100

si
n2

2Θ
13

di
sc

ov
er

y
re

ac
h
H3

Σ
L

CHOOZ+Solar excluded

Branching point
Conv. beams

Superbeams+Reactor exps

Superbeam upgrades

Ν-factories

MINOS
CNGS
D-CHOOZ
T2K
NOîA
Reactor-II
NOîA+FPD
2ndGenPDExp
NuFact

Figure 9.1: The possible global evolution of the sin2 2θ13 discovery reach at the 3σ confidence level as a
function of time. The bands indicate the region where a non-zero true value of sin2 2θ13 could be established at
the 3σ confidence level, i.e. sin2 2θ13 = 0 can be excluded, depending on the actual true value of the phase δCP.
Below the lower edge of the bands a non-zero true value of sin2 2θ13 could be established independent for 100%
of the δCP parameter space. The assumed true values for the other oscillation parameters are sin2 2θ12 = 0.83,
∆m2

21 = 8.2 · 10−5 eV2, sin2 2θ23 = 1, and ∆m2
31 = +2.5 · 10−3 eV2 (normal hierarchy assumed) very close

to the true parameters assumed throughout the previous chapters of this work. Systematics, correlations and
degeneracies are taken into account. This figure is taken from [149].

branching point the measurements are mainly affected by systematical uncertainties and the
matter density uncertainty, while for values below the branching point reactor experiments
get highly limited by the systematical uncertainties and the intrinsic beam background at
Superbeam experiments starts to limit the potential. So, to reach for values of sin2 2θ13

below the branching point, upgrades of the Superbeam experiments with higher statistics or
even better β-Beams or a Neutrino Factory are required. Additionally, the branching point
approximately indicates the theoretical branching point, that separates the large sin2 2θ13

regime, where sin2 2θ13 still can be accidentally small compared to the other mixing angles, and
the small sin2 2θ13 regime, where the smallness of sin2 2θ13 implies an underlying symmetry
that suppresses sin2 2θ13. As can be read off from Fig. 9.1, this branching point should be
reached within the next ten years. Beyond the year 2015 more dedicated experiments are
required and the first step can be provided by an upgrade of the Superbeam experiments.
Note, that Fig. 9.1 is taken from [149], a report for the Proton Driver at the FermiLab, so only
US strategies are shown here. Note, that also the upgrade T2HK of the T2K Superbeam in
Japan and the SPL Superbeam at CERN are planned to operate at the comparable magnitude
of intermediate sin2 2θ13. These upgraded Superbeam experiments provide discovery potential
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below the branching point and even cover the parameter space partially down to sin2 2θ13 ∼
10−3. Further candidates for this regime are low γ β-Beams. However, for even smaller
sin2 2θ13 < 10−3 flavor pure neutrino beam experiments as a medium to high γ β-Beam or
a Neutrino Factory are required Here, only a standard Neutrino Factory is shown but we have
demonstrated that also β-Beam are able to cover this regime in Chapter 7 and we will address
this point in the next Sections. The intended time schedule as indicated in Fig. 9.1 for this
kind of experiments is beyond 2025. The rapid increase of the Neutrino Factory discovery reach
at mid time of data taking is due to the switching of beam polarities, i.e. between neutrino
and anti-neutrino running which provides degeneracy resolving potential and thus improves
the discovery reach immediately by one order of magnitude.

9.2 Promising Future Experiments

It should be kept in mind that the time-line evolution discussed in the last subsection assumes
that no signal has been observed in between. Of course, the reactor experiments or 1st gen-
eration of Superbeams are possible to discover a large non-zero sin2 2θ13 during their runtime.
This certainly would change the picture and one should aim for a precise measurement of
sin2 2θ13 and also δCP. This is the reason why we will now discuss the performance of possible
promising next generation future experiments in the regime of large sin2 2θ13 ∼ 10−1. After
that we will discuss different options for intermediate sin2 2θ13 where the resolving of the
degeneracies has to be focused and finally we will address the reach in small sin2 2θ13.

Large sin2 2θ13

We will now focus on the scenario of large sin2 2θ13 = 10−1. Such a large value will be dis-
covered at the 1st and 2nd generation of future reactor experiments and at the 1st generation
of Superbeam experiments. The reactor experiments will provide a clean measurement of
sin2 2θ13 without parameter correlations with δCP. The measurement at the 1st generation
of Superbeam experiments will be correlated with the phase δCP but it is very unlikely that
one can gain information on δCP due to the (sin2 2θ13, δCP)-degeneracy. Still, the whole pa-
rameter space of δCP will be contained in the allowed region. However, the combination of
the complementary data sets of reactor experiments and Superbeams start to disfavor some
regions of the δCP parameter space to some extend. Still this effect will be also spoiled by
the sign-degeneracy and it will not be possible to distinguish CP violation from CP conser-
vation [140, 141]. So, also in this large sin2 2θ13 scenario more dedicated experiments like
upgraded Superbeam experiments, β-Beams, or a Neutrino Factory will be required to shed
light to the puzzle of δCP and the mass hierarchy of the neutrinos.

The performance of the defined β-Beam and Neutrino Factory scenarios and a representative
of the upgraded Superbeam experiments T2HK∗ in terms of discovery potential of sin2 2θ13

(dark/blue bars), CP violation (red/medium grey bars), and the mass hierarchy (green/bright
grey bars) is summarized in Fig. 9.2 for true sin2 2θ13 = 10−1. The bars indicate the fraction of
(true) δCP where the respective parameter can be discovered at the 3σ confidence level. From
top to bottom the detector effort is quantitatively increased from single detector scenarios to
triple detector scenarios. As expected all experiment scenarios can discover the large sin2 2θ13

independent of δCP. Also, since sin2 2θ13 is large, most of the scenarios can determine the
mass hierarchy in 100% of the δCP parameter space. Only the shorter baseline experiments
are not able to observe matter effects and distinguish normal from inverted hierarchy in large
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Figure 9.2: Summary of the performances of all β-Beam and Neutrino Factory reference scenarios for the
performance indicators sin2 2θ13 discovery (dark/blue bars), sensitivity to any CP violation (middle grey/red
bars), and sensitivity to the mass hierarchy (bright grey/green bars) at the true value sin2 2θ13 = 10−1. The
fraction of the true values of δCP of all possible values in the interval [0, 2π[ where the respective sensitivity
is given at the 3σ confidence level is displayed. The respective scenarios are arranged from top to bottom
with increasing detector effort (single, double and triple detector effort). For reasons of comparison also the
performance of the upgraded Superbeam scenario T2HK∗ is given (upper-most bar).

parts of the δCP parameter space. These are T2HK∗ and the low γ β-Beams BB100@130km
and BB150@300km. The main performance indicator relevant for the large sin2 2θ13 scenario is
the sensitivity to CP violation. If one only considers the scenarios with single detector effort,
the medium γ β-Beam BB350@730km is very hard to beat. The very good performance of
the medium γ β-Beams do not require to have a double detector effort or to push the isotope
acceleration to high γ. The neutrino factory on the other hand is limited by the matter density
uncertainty and so a multiple detector effort is required to improve the performance. For large
sin2 2θ13 the most promising upgrade strategies are the installment of a second detector at the
magic baseline and the utilization of the platinum channel. The charge identification of the
platinum electrons/positrons to distinguish the disappearance wrong-sign electrons/positrons
is not required up to the highest energies, an upper CID threshold of approximately 20 GeV
is already sufficient to enable this improvement. In summary, a medium β-Beam is the
optimal machine at large sin2 2θ13 with already superb performance on a single detector
basis. However, the assumptions of the different technologies have only be estimated and
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considerable R&D is required before the final technology discussion can be made. Before
a dedicated experiment like a Neutrino Factory or a medium γ β-Beam is to be installed
the Superbeam experiments with possible upgrades are very likely to already constrain the
δCP parameter space quite efficiently. Also low γ β-Beam scenarios such as the CERN-Frejus
γ = 100 baseline scenario (similar to BB100@130km) are very promising candidates. The
L=130 km baseline was also proposed to combine two experiment technologies, the SPL
Superbeam and the γ = 100 β-Beam with the same megaton Water Cherenkov detector [247].
Then the CP and the T conjugate channels could be measured at one site and furthermore
systematical uncertainties can be reduced since the β-Beam signal event type corresponds
to the background at the Superbeam and vice versa. The potential of such a scenario was
investigated in [187]. It was realized that the combination of T and CP conjugated channels
at such a facility improve quite significantly the sensitivity to the mass hierarchy even at the
very small baselines [248]. Another possibility with even more promising potential is implied
by the combination of the T2HK Superbeam with a low γ β-Beam similar to BB150@300km.

Intermediate sin2 2θ13

If sin2 2θ13 is not discovered at the reactor experiments and first generation of Superbeam ex-
periments the large sin2 2θ13 regime will be excluded and a new lower limit can be established
with sin2 2θ13 . 10−2. Following the time schedule of Fig. 9.1 this could be the case approxi-
mately in the year 2015 (depending on the actual individual startup of the single experiments).
Beyond this point more sophisticated experiments are required to take over. Superbeam up-
grades, low γ β-Beam experiments or even combinations of these are thinkable to be candidates
to start exploiting the next smaller regime of intermediate 10−3 < sin2 2θ13 < 10−2, however
not the complete parameter space can be covered and especially the determination of the mass
hierarchy is difficult. Although the δCP parameter space can be well covered by a medium γ
β-Beam sufficient potential to measure the sign of ∆m2

31 is also difficult for such a scenario
due to the still relative small baseline. Therefore, a Neutrino Factory experiment is most
promising to provide excellent discovery potential for all three puzzles, sin2 2θ13, δCP, and the
mass hierarchy, but the problems due to parameter correlations and the eight-fold degeneracy
have to be addressed. This means that multiple detector scenarios have to be considered.

The performance of the defined β-Beam and Neutrino Factory scenarios and a representative
of the upgraded Superbeam experiments T2HK∗ in terms of discovery potential of sin2 2θ13

(dark/blue bars), CP violation (red/medium grey bars), and the mass hierarchy (green/bright
grey bars) is summarized in Fig. 9.3 for true sin2 2θ13 = 10−3. The bars indicate the fraction of
(true) δCP where the respective parameter can be discovered at the 3σ confidence level. From
top to bottom the detector effort is quantitatively increased from single detector scenarios to
triple detector scenarios. The discovery of θ13 is only a problem for the Superbeam and the
low γ β-Beam scenarios. Already medium γ β-Beams with a Water Cherenkov detector, high
γ β-Beams and a Neutrino Factory can discover a non-zero sin2 2θ13 = 10−3 independent of
the true δCP. However, already for intermediate sin2 2θ13 the performance of the β-Beams
gets disadvantageous compared to the Neutrino Factory scenarios because the mass hierarchy
determination potential is limited. This can only be restored by a high γ β-Beam with a
double detector effort and a second baseline L∼3000 km as BB1000@2D2L. The δCP discovery
potential of the β-Beams and the Neutrino Factory scenarios is very similar with slight lead
for the medium and high γ β-Beams. The degeneracy resolving at the Neutrino Factory can
be facilitated by double detector effort and at intermediate sin2 2θ13 a second detector at
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Figure 9.3: Summary of the performances of all β-Beam and Neutrino Factory reference scenarios for the
performance indicators sin2 2θ13 discovery (dark/blue bars), sensitivity to any CP violation (middle grey/red
bars), and sensitivity to the mass hierarchy (bright grey/green bars) at the true value sin2 2θ13 = 10−3. The
fraction of the true values of δCP of all possible values in the interval [0, 2π[ where the respective sensitivity
is given at the 3σ confidence level is displayed. The respective scenarios are arranged from top to bottom
with increasing detector effort (single, double and triple detector effort). For reasons of comparison also the
performance of the upgraded Superbeam scenario T2HK∗ is given (upper-most bar).

the magic baseline or a lower energy threshold at a Hybrid detector are the most promising
scenarios. The inclusion of the additional channels, silver or platinum, only helps to some
extend to resolve the degeneracies and if the assumptions of the optimistic scenarios cannot be
achieved, the improvement cannot justify the detector effort that is involved with the inclusion.
The combination of magic baseline and a Hybrid detector at L=4000 km is the ultimate
optimized scenario at intermediate sin2 2θ13 and provides excellent discovery potential.

Small sin2 2θ13

From an experimental point of view, the worst case scenario is a very small sin2 2θ13 since
additionally to the parameter correlations and degeneracies, the decreasing statistics in the
appearance channel become a limiting factor. So, the reach of the experiment scenarios gets
important, i.e. to which small values of sin2 2θ13 < 10−3 a reasonable discovery potential can
be maintained.

The performance of the defined β-Beam and Neutrino Factory scenarios and a representative
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Figure 9.4: Summary of the performances of all β-Beam and Neutrino Factory reference scenarios for
the sin2 2θ13 reach of the performance indicators sin2 2θ13 discovery (dark/blue bars), sensitivity to any CP
violation (middle grey/red bars), and sensitivity to the mass hierarchy (bright grey/green bars). The bars
indicate for which true values of sin2 2θ13 the respective sensitivities are given for at least 50% of all possible
true values of δCP in the interval [0, 2π[at the 3σ confidence level. The respective scenarios are arranged
from top to bottom with increasing detector effort (single, double and triple detector effort). For reasons of
comparison also the performance of the upgraded Superbeam scenario T2HK∗ is given (upper-most bar).

of the upgraded Superbeam experiments T2HK∗ in terms of discovery potential of sin2 2θ13

(dark/blue bars), CP violation (red/medium grey bars), and the mass hierarchy (green/bright
grey bars) is summarized in Fig. 9.4 considering the discovery reach to small sin2 2θ13. The
bars indicate the sin2 2θ13 parameter space, where the respective parameters can be discovered
for at least 50% of the δCP parameter space at the 3σ confidence level. Here, the main interest
lies on those scenarios from Fig. 9.4 with a discovery potential that reaches to values of small
sin2 2θ13 < 10−3. The most promising scenario is a Neutrino Factory since only the Neutrino
Factory scenarios provide a θ13 discovery potential for values sin2 2θ13 < 10−4 already for the
single detector effort setups. Additionally, at a Neutrino Factory the discovery potential to
determine the neutrino mass hierarchy can be maintained to smallest sin2 2θ13 ∼ 10−4. The
best optimizing strategy to increase the discovery reach of a standard NF50@4000km turns
out to be the Hybrid detector scenario with the lower threshold or even a combination with
the magic baseline with a triple detector effort. The only optimizing strategy for β-Beams to
remain competitive for small sin2 2θ13 in terms of all three performance indicators requires a
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high γ scenario with two Totally Active Scintillator detectors at two different baselines. One
of these baselines at L∼3000 km to improve the discovery reach for the determination of the
mass hierarchy to sin2 2θ13 ∼ 10−4. However, we summarize that the optimal technology for
small sin2 2θ13 turns out to be a Neutrino Factory with a second detector at the magic baseline
and possibly improved detector performance, i.e. a lower energy threshold.
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Chapter 10

Summary and Conclusions

In this work, we have discussed the performance of the sophisticated neutrino oscillation
long baseline scenarios of β-Beam experiments and Neutrino Factory experiments. The main
focus was set on the investigation of the features of the possible optimization strategies and
technical considerations of the respective experiment characteristics in the search for three-
flavor effects in the observable appearance channels at the respective experiments and the
implied sensitivities to the small mixing angle sin2 2θ13, the Dirac phase δCP, and the mass
hierarchy of the neutrino mass eigenstates.

The optimization of the experiment scenarios was discussed in terms of the baseline L
and the neutrino energy Eν for single detector scenarios. In the simulations of the β-Beam
experiments, two different detector technologies were considered, a Water Cherenkov detector
and a Totally Active Scintillator detector. The Water Cherenkov detector is suitable for low
and medium γ β-Beams, but for high γ scenarios a different detector technology is required
because the Water Cherenkov detector is limited by the background from single pion pro-
duction in neutral-current reactions and the pions can be misidentified as muons. Hence, for
the high γ scenarios only the Totally Active Scintillator detector technology was considered,
that provides excellent background rejection even at higher energies and additionally better
energy resolution. The Totally Active Scintillator detector was also considered for medium
γ scenarios to allow for a comparison of the detector technologies at intermediate neutrino
energies. Similarly, the discussion of the optimization of a Neutrino Factory experiment in-
volved the choice of the baseline L and the neutrino energy, controlled by the energy of the
stored parent muons Eµ. This optimization was first performed for a single detector scenario
focusing on the measurement of the so-called golden channel νe → νµ that can be measured
at a Magnetized Iron detector which allows for a separation of the so-called wrong sign muons
coming from the dominating disappearance channel.

For both, the β-Beam and the Neutrino Factory scenarios, we found that the optimization
in terms of sensitivity to sin2 2θ13 and sensitivity to CP violation is very similar since for
optimal performance in both sensitivities, the (sin2 2θ13, δCP)-degeneracy has to be resolved.
Consequently, there has to be no trade-off for the optimization. However, if also a good ability
to resolve the sign-degeneracy and determine the existing mass hierarchy of the neutrino mass
eigenstates is requested, the situation becomes more complicated because optimal performance
for sensitivity to CP violation and sensitivity to the mass hierarchy cannot be optimized
simultaneously and multi-detector scenarios are required for an overall optimized performance.
For the neutrino factory, this implies one detector at L ∼ 4000 km for optimal CP sensitivity
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and one detector at the magic baseline L ∼ 7500 km for excellent sign-degeneracy resolving
potential. The β-Beam on the other hand is mainly a very powerful tool for measurements
of sin2 2θ13 and δCP and is less sensitive to the mass hierarchy because the baselines are
smaller than Neutrino Factory baselines and matter effects do not play such an important
role. However, the discussed high γ scenarios at relatively large baselines provided reasonable
sensitivities to the mass hierarchy and also two-detector scenarios turned out to increase the
potential enormously.

Beyond the elementary optimization strategies in terms of experiment baselines and neu-
trino energies, also different technical considerations of the β-Beam and Neutrino Factory sce-
narios were discussed. For both kinds of experiments we have shown that the actual ratio the
neutrino and anti-neutrino runtime fractions does not play a very significant role and splitting
the runtime in two equal phases of neutrino and anti-neutrino running is well justified.

Since the β-Beam experiments do not provide the possibility to measure the leading at-
mospheric parameters in the dominating disappearance channel, as is the case at a Neutrino
Factory, it was expected that parameter correlations with the atmospheric parameters would
heavily affect the sensitivities to sin2 2θ13, δCP, and the mass hierarchy at a the β-Beam sce-
narios. We have presented the impact of the inclusion of external disappearance data from the
first generation Superbeam experiment T2K and it could be seen that the external informa-
tion on the leading atmospheric parameters indeed gives a large impact in the performance.
Hence, the disadvantage of a β-Beam compared to a Neutrino Factory is the dependency on
external informations, whereas the Neutrino Factory is capable of measuring the leading at-
mospheric parameters in the disappearance channel. Note, that a β-Beam cannot participate
in the search for deviations from maximal mixing sin2 2θ23 due the missing information on
the leading atmospheric parameters.

Furthermore, we discussed the impact of a possible γ-scaling of the number of isotope
decays at a β-Beam if higher γ accelerations are considered, since the usually discussed number
of decays is treated constant for low, medium, and high γ scenarios. This of course requests
an appropriate scaling of the storage ring and the sufficient injection of accelerated isotopes.
It was observed that a possible γ-scaling can indeed destroy the excellent sensitivities that can
be achieved at medium and high γ β-Beams and going to higher γ scenarios is only reasonable
if the γ scaling of the number of isotope decays can be kept at a minimum.

For the optimization of the Neutrino Factory scenarios we have additionally discussed the
possibility of an inclusion of secondary channels, the silver channel νe → ντ and the plat-
inum channel νµ → νe, to help resolving the degeneracies at intermediate sin2 2θ13 since the
performance of the golden channel is to some extend limited due to the (sin2 2θ13, δCP)- and
sign-degeneracies. This effect is mainly observed at Neutrino Factory experiments since a Neu-
trino Factory is not operated at the oscillation maximum due to the CID cut that is required
to identify the wrong-sign muons coming from the dominating disappearance channel. At
β-Beam experiments the effects of the degeneracies are not as large as for Neutrino Factory
experiments since the β-Beam beam neutrino spectrum perfectly covers the first oscillation
maximum. It was shown that the standard assumptions about the included silver and plat-
inum channels at a Neutrino Factory are not sufficient to significantly improve the resolving of
the degeneracies and more optimistic assumptions have to be realized that are hardly feasible.
For the silver channel a dedicated increase in the detector mass of the silver channel detector,
an Emulsion Cloud Chamber detector, is required and also the detection of the τ decay in
all decay channels and not only the leptonic decays as was assumed for the standard silver
channel. The optimistic assumptions for the platinum channel involved the detector mass of
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50 kt and the extremely optimistic assumption of a possible electron/positron discrimination
up to the highest energies. Hence, we have to conclude that the usefulness of the additional
channels for helping to resolve the degeneracies at intermediate sin2 2θ13 is questionable.

We have nevertheless observed that the platinum channel is very promising in the regime
of large sin2 2θ13 where the main limiting factor at a Neutrino Factory is the matter density
uncertainty along the baseline. This is due to the fact that the platinum channel is the T
reversed channel of the golden channel, whereas switching from neutrino to anti-neutrino
running compares the CP conjugated golden channels. In vacuum oscillations the T reversed
and CP conjugated channels carry the same information and only statistics could be increased,
however in oscillations in matter the platinum channel does not involve the reversed matter
effect as the CP conjugated golden channel and the inclusion of the platinum channel gives
the possibility to distinguish the intrinsic and extrinsic contributions to CP violation. So,
the sensitivity to CP violation is significantly improved. We found that this effect does not
require the very optimistic assumptions for the platinum channel detection and in this case
it is sufficient to achieve an upper electron/positron CID threshold of about 15-20 GeV.
However, this is still a demanding requirement since electrons tend to shower early in the
detector and the observation of the track curvature is difficult. The CID is required to
reduce the background in the platinum channel coming from the electrons/positrons from the
disappearance channel νe → νe comparable to the requirement of the muon CID in the golden
channel.

A very interesting observation for the Neutrino Factory scenarios was given when we dis-
cussed the performance potential of a Neutrino Factory scenario at L ∼ 4000 km with a
lower stored parent muons energy Eµ = 30 GeV compared to the standard assumption of
Eµ = 50 GeV. We found that the lower neutrino energy Neutrino Factory scenario provides
the very similar performance for all three performance indicators and it may not be necessary
to accelerate the muons to the highest energies. This gives the interesting opportunity to
economize the effort in the construction of the acceleration complex.

Furthermore, we have discussed an optimized golden channel detection with a lower energy
threshold and better energy resolution. This could be achieved with an Hybrid detector, i.e. a
combined detector technology for higher and lower energies. Due to the lower energy threshold
the oscillation maximum at lower energies would become accessible and the potential to resolve
the degeneracies is significantly improved. Such a scenario gives the best Neutrino Factory
optimizing potential at intermediate and small sin2 2θ13 and can only be beaten for large
sin2 2θ13 by the inclusion of an optimized platinum channel or a double detector scenario
with a golden channel measurement at L ∼ 4000 km combined with the golden channel
measurement at the magic baseline.

We have analyzed the potential of a low γ β-Beam scenario comparable to the γ = 100
CERN-Frejus baseline scenario and it was shown that a low γ β-Beam cannot compete with
higher γ β-Beams or Neutrino Factory experiments mainly due to the lack of sensitivity to the
mass hierarchy even in the regime of large sin2 2θ13. However, it became apparent that low
γ β-Beams can compete and even slightly outperform the second generation of Superbeam
scenarios, in our discussions represented by the T2HK experiment. We proposed a low γ β-
Beam at the baseline of L ∼ 300 km and γ = 150 which is accessible at an accelerator complex
of the size of the SPS that provides a considerably better performance as the γ = 100 β-Beam
at the similar technical effort. Note, that the baseline of L ∼ 300 km matches the baseline of
the baseline between the J-PARC accelerator complex in Japan and the designated location of
the Hyper-Kamiokande megaton Water Cherenkov detector. Just as the CERN-Frejus baseline,
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this baseline would also allow for a combination of a Superbeam and a β-Beam at the same
baseline to improve the sensitivity to the mass hierarchy.

The discussion of the medium β-Beam scenarios indicated that in principle it is not re-
quired to aim for high γ scenarios since the sensitivity to CP violation is already excellent
at medium γ β-Beams and the sensitivity to the mass hierarchy is only slightly improved.
High γ scenarios are only interesting if two-detector scenarios are considered to impressively
improve the sin2 2θ13 reach in the sensitivity to the mass hierarchy.

To summarize, in the regime of large 10−2 . sin2 2θ13 . 10−1 the medium γ β-Beam
scenarios give the best performance since mainly the sensitivity to CP violation discriminates
the best experiment technology because θ13 and mass hierarchy discovery potential is excellent
at Neutrino Factory experiments and higher γ β-Beam experiments. However, the combination
of the data of upgraded Superbeam experiments, reactor experiments and possibly also low γ
β-Beams already will give very good performances and higher γ β-Beams or Neutrino Factory
scenarios are not necessarily required.

In the regime of intermediate 10−3 . sin2 2θ13 . 10−2 the most promising candidates are
medium γ β-Beams for measurements of sin2 2θ13 and δCP. Unfortunately, medium γ β-Beams
loose the sensitivity to the mass hierarchy in this regime of sin2 2θ13 and high γ β-Beams and
Neutrino Factory experiments at large baselines become preferable. However, the Neutrino
Factory requires optimization of the golden channel, i.e. a detector at the magic baseline in
order to successfully resolve the parameter degeneracies at intermediate sin2 2θ13. The aim
for a lower threshold due to a Hybrid detector scenario is extremely promising to give further
optimization of the Neutrino Factory performance.

Finally, if the regime of small sin2 2θ13 . 10−3 is considered, clearly the Neutrino Fac-
tory scenario is the ultimate machine because the discovery potential reaches to very small
sin2 2θ13 . 10−4 for all three performance indicators sensitivity to sin2 2θ13, CP violation,
and the sensitivity to the mass hierarchy. The best performance can be achieved if a lower
threshold at a Hybrid detector scenario can be achieved and the sensitivity reach to the
mass hierarchy is impressively improved with additional measurements at the magic baseline.
The combination of the Hybrid detector at L ∼ 4000 km and the magic baseline measure-
ments give the ultimate optimized Neutrino Factory in the regime of small sin2 2θ13. β-Beam
scenarios cannot compete with Neutrino Factory experiments in the regime of small sin2 2θ13,
because even an ultimate two-detector high γ β-Beam cannot establish as good mass hierarchy
sensitivities as a Neutrino Factory.
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Appendix A

The General Long Baseline

Experiment Simulator

The General Long Baseline Experiment Simulator GLoBES [220, 221, 249] is a software
package that allows to simulate future neutrino oscillation long baseline experiments and
analyze their potential to measure neutrino oscillation parameters. Within GLoBES the
experiments are described in an Abstract Experiment Definition Language, so-called AEDL,
that allows to simulate a variety of different detector technologies combined with point-like
neutrino sources. Thus, besides beam-based experiments as conventional beam experiments,
Superbeams, β-Beams or Neutrino Factory experiments also neutrino reactor experiments
can be simulated. Additionally, very different kinds of systematical uncertainties, as e.g.
normalization and energy calibration errors can be included to the simulation and the matter
profile along the baseline can be treated accurately including uncertainties. GLoBES provides
the calculation of the exact three-flavor oscillation probabilities, in vacuum and in matter and
the calculation of event rates as well as simple Poisson χ2 calculation. More sophisticated
GLoBES functions allow to treat the full multi-parameter correlations and degeneracies by
the ∆χ2-projection of the six-dimensional parameter space to planes or axes in the parameter
space.

The GLoBES software is available from the web and can be found at

http://www.mpi-hd.mpg.de/lin/globes/

in the newest version GLoBES 3.0. Together with the software, pre-defined experiment de-
scribing AEDL files are distributed, and some have been used in modified versions in the
simulations throughout this work. The β-Beam simulations can be reproduced with the files
BBvar_WC.glb that describes a variable β-Beam with a Water Cherenkov detector and BB-

var_TASD.glb that describes a variable β-Beam with a Totally Active scintillator detector.
The β-Beam fluxes are provided as built-in functions and only the γ,the endpoint energies
of the considered isotopes, and the number of isotope decays per year have to be set. The
Neutrino Factory simulations can be partially reproduced with the files NFvar.glb that de-
scribes a variable golden channel Neutrino Factory with a 50 kt Magnetized Iron detector,
NF_GoldSilver.glb that describes the same golden channel as above in combination with
the standard silver channel scenario, and the file NF_hR_lT.glb that describes an optimized
golden channel with better energy resolution and lower energy threshold (in this work labeled
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as hybrid detector scenario). The description for the platinum channel and the optimistic
silver channel are not distributed with GLoBES. The Neutrino Factory fluxes are provided as
built-in functions and only the parent energy of the stored muons and the number of stored
muons have to be set. Furthermore, the results for the Superbeam T2HK can be reproduced
with the file T2HK.glb.

For performing simulations, the flux is mapped into an energy-binned event rate vector
for different channels, signals and backgrounds. This mapping takes into account the oscilla-
tion probabilities (matter effects included accordingly to the respective baseline and neutrino
energy), neutrino cross sections for the selected channels, and the AEDL described detector
response that includes the fiducial detector mass, signal efficiencies, background rejection fac-
tors, energy dependent threshold functions, and the energy resolution of the detector. At the
beginning of all simulations the event rate vector for an assumed set of so-called true oscillation
parameter values is calculated. If not explicitely stated otherwise, the true parameter values
for the leading oscillation parameters sin2 2θ12, ∆m2

21, sin2 2θ23, ∆m2
31 used in the simulations

throughout this work are the best-fit parameters given in Eq. (5.25). The true parameters of
sin2 2θ13 and δCP depend on the considered performance indicators. This event rate vector
is then treated as the simulated data of the simulated experiments. The GLoBES functions
are then used to fit the simulated data with fit values by using the same mapping function
to calculate simulated expected rate vectors as described above and calculate the respective
Poisson χ2 value. Additionally the defined χ2 function includes the systematical uncertainties
like normalization errors, energy calibration errors, or the matter density uncertainty. The
parameter space of fit values is effectively scanned by using the marginalization features of
GLoBES by projecting the ∆χ2 to the respective axes of the parameter space by including
all possible degenerate solutions in the six-dimensional parameter space. Throughout this
work only projections to the sin2 2θ13 and δCP axis are required for the simulations while the
sensitivities to mass hierarchy are calculated by marginalizing over all parameters to find the
local minimum of the sign-degenerate solution in the six-dimensional parameters space.

Further details of simulations with the GLoBES software together with the detailed de-
scription of the event rate calculation, the implementation of systematical uncertainties, and
the χ2 calculation within GLoBES can be found in the GLoBES manual [223].
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Performance Indicators

Throughout this work, we have made use of the so-called performance indicators to describe
the physics potential of neutrino oscillation long baseline experiments, such as a β-Beam or
a Neutrino Factory. The performance indicators were used to optimize different experiment
scenarios in terms of baseline and neutrino energy, to describe the impact of different effects
to the overall performance or to compare the performance of the different experiment and
detector technologies. The performance indicators shall describe the potential of the consid-
ered experiments to make discoveries of three-flavor effects, i.e. measure a non-zero sin2 2θ13

or establish CP violation or the mass hierarchy of the neutrinos. In the following, all different
discussed performance indicators are listed and a detailed definition is given.

Sensitivity limit to sin2 2θ13

The sensitivity limit to sin2 2θ13 is the largest fit value sin2 2θfit
13 that still fits an assumed

true value sin2 2θtrue
13 = 0 at the chosen confidence level after marginalization over all other

oscillation parameters δCP, sin2 2θ12, ∆m2
21, sin2 2θ23, and ∆m2

31 where both degenerate fit
solutions are considered: ∆m2

31 > 0 and ∆m2
31 < 0. Systematics are taken into account

and the marginalization process also includes the matter density ρ to account for the matter
density uncertainty ∆ρ (constrained by a pull term). For the set of assumed true parameters
a normal mass hierarchy with (∆m2

31)
true > 0 is chosen only, since the assumption of inverted

hierarchy gives essentially the same sin2 2θ13 sensitivity limit. This was demonstrated in the
appendix of [140] where further details of the computation of the sin2 2θ13 sensitivity limit
have been visualized. The sensitivity limit to sin2 2θ13 can be interpreted as the achievable
lower bound on sin2 2θ13 at the considered experiment in case of a non-observation.

Discovery reach for sin2 2θ13

The discovery reach for sin2 2θ13 is the smallest true value sin2 2θtrue
13 for that the fit value

sin2 2θfit
13 = 0 could still be excluded at the chosen confidence level, i.e. a non-zero sin2 2θ13

could still be discovered. The discovery reach for sin2 2θ13 depends strongly on the true value
of the phase δCP. As for the sensitivity limit, a marginalization over all other oscillation
parameters δCP, sin2 2θ12, ∆m2

21, sin2 2θ23, and ∆m2
31 is performed. Systematics are taken

into account and the marginalization process also includes the matter density ρ to account
for the matter density uncertainty ∆ρ (constrained by a pull term).
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Sensitivity to maximal CP violation

Sensitivity to maximal CP violation is given at the chosen confidence level for a true value
of sin2 2θtrue

13 in case of maximal CP violation (either δtrue
CP = π/2 or δtrue

CP = 3π/2), if the
CP conserving fit values δfit

CP = 0 and δfit
CP = π can be excluded at this confidence level

after marginalization over all other oscillation parameters sin2 2θ13, sin2 2θ12, ∆m2
21, sin2 2θ23,

and ∆m2
31 where both degenerate fit solutions are considered: ∆m2

31 > 0 and ∆m2
31 < 0.

Systematics are taken into account and the marginalization process also includes the matter
density ρ to account for the matter density uncertainty ∆ρ (constrained by a pull term).

Sensitivity to any CP violation

Sensitivity to any CP violation is given at the chosen confidence level for a pair of true values
sin2 2θtrue

13 and δtrue
CP , if the CP conserving fit values δfit

CP = 0 and δfit
CP = π can be excluded

at this confidence level after marginalization over all other oscillation parameters sin2 2θ13,
sin2 2θ12, ∆m2

21, sin2 2θ23, and ∆m2
31 where both degenerate fit solutions are considered:

∆m2
31 > 0 and ∆m2

31 < 0. Systematics are taken into account and the marginalization
process also includes the matter density ρ to account for the matter density uncertainty
∆ρ (constrained by a pull term). Note that a sensitivity to any CP violation can never be
established for fit values of δCP close to the CP conserving values because of systematical and
statistical uncertainties, i.e. sensitivity to any CP violation is not achievable for a fraction of
100% of all possible true values δtrue

CP in the intervals ]0, π[ and ]π, 2π[.

Sensitivity to mass hierarchy

Sensitivity to mass hierarchy is given at the chosen confidence level for a pair of true values
sin2 2θtrue

13 and δtrue
CP and the assumption of (∆m2

31)
true > 0 (normal hierarchy), if the degener-

ate solution with (∆m2
31)

fit < 0 (inverted hierarchy) can be excluded at this confidence level
after marginalization over all oscillation parameters sin2 2θ13, δCP, sin2 2θ12, ∆m2

21, sin2 2θ23,
and ∆m2

31. Systematics are taken into account and the marginalization process also includes
the matter density ρ to account for the matter density uncertainty ∆ρ (constrained by a pull
term).
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