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Notation and Abbreviations 
 
Latin Symbols 

 

Ai,j -   dimensionless interaction parameters 

jSi
Al






  -   ratio of aluminium to silicon atoms in the zeolite molecule 

C -   parameter in isotherm prediction equation 

C -   absorption strength in the IR and UV range 

C  J*m6  interaction constant 

C mol/ m3   overall concentration of gas  

D m   diameter of a particle sphere 

Dax m2/s   axial dispersion coefficient in a pipe 

E V/m   field intensity 

E J    potential energy between two molecules or particles 

F N   force 

HAds J/mol  specific enthalpy of adsorption 

HL J/mol  specific heat of liquefaction 

He  mol/(kg*Pa) Henry coefficient 

Ha J   Hamaker constant 

I A   electrical current 

I J   ionisation energy of a molecule 

IP -   interaction parameter 

K -   effective isotherm slope in concentration pulse method 

KL 1/Pa   Langmuir constant 

KT (1/Pa)m   Toth constant 



 
X 

L m   length of a pipe or pore capillary 

M  kg/mol  molar mass 

N  mol  number of moles 

N&  mol/s  molar flow 

N 1/m3   number density of dipole moments in a volume element 

N -   partial loading in Langmuir isotherm 

NA  1/mol   Avogadro constant = 6,0225*1023 1/mol 

P C/m2  electrical polarisation 

Q C*m2  quadrupole moment 

R -   parameter defined by equation (6.10) 

R´ -   parameter defined by equation (8.14) 

ℜ  J/(K*mol)  universal gas constant = 8,3143 J/(K*mol) 

Rm  m3/mol   molar refraction 

Rm,i  m3/mol   molar refraction of the atom or ion 

S m2   surface 

SBET m2/kg   specific surface of the adsorbent 

T  K    temperature 

V m3   volume 

V m3   total volume of gas adsorbed on a solid surface 

V&  m3/s  volumetric flow rate 

W J   work 

a m/s2   acceleration 

a -   integration parameter 

amol m2/number average area occupied by a molecule of adsorbate in the  

BET monolayer  



 
XI 

ai mol/(m2*s*Pa) BET constant 

a -   slope 

b -   electronic overlap parameter 

b kg/mol   intercept of the linear form of the BET isotherm 

bi mol/(m2*s) BET constant 

b -   interception value 

c0 m/s   speed of light in vacuum= 299792456.2 m/s 

c -   BET constant 

c J/(kg*K)   heat capacity 

c mol/m3  gas concentration 

d m   tube inner diameter or pore diameter 

d m   distance (e.g. between particles) 

e  C    charge of one electron = 1,60*10-19 C 

f Hz  oscillator strength 

fi,j -   potential factor 

g Pa  BET constant 

h  J*s   Planck�s constant = 6,6256*10-34 J*s 

i -   complex number 1−  

k  J/K   Boltzmann constant = 1,3804*10-23 J/K 

l m   distance between positive and negative charges 

m kg   mass 

m kg/mol   slope of the linear form of the BET isotherm 

m -   Toth parameter, 0 < m < 1 

me  kg   mass of one electron = 9,11*10-31 kg 

n  -   refractive index 



 
XII 

n  -   mean refractive index 

n  mol/kg  loading 

na  -   number of atoms in a formal solid molecule 

nc -   number of positive charges in a formal solid molecule 

p  Pa  pressure 

p0 Pa  saturation pressure 

p1 -   parameter of the analytical Henry function 

p2 -   exponential parameter of the analytical Henry function 

q C   charge 

r m   distance 

r m   pore radius 

s  -   average number of bonding electrons per solid atom 

scations -   average number of positive charges per solid atom 

ss -   sum of square error of the method of Margules 

t s   time 

t nm  statistical thickness of the adsorbed multilayer in the t-plot 

u -   substitution parameter for the Lambert function 

v -   number of valence electrons of the cation in the  

stoichiometric formula of a zeolite 

v m3/kg  specific volume 

vb m3/mol   molar volume of adsorptive at normal boiling point 

vmicro m3/kg   micropore volume 

vN2 m3/kg   micropore volume measured with nitrogen adsorption  

vvdW m3/mol  van-der-Waals volume of a gas molecule 

w m/s   velocity 



 
XIII 

x -   reduced distance 

x1 -   diameter ratio 

xi -   stoichiometric coefficient of matter i 

y mol/mol   molar fraction 

y1 -   diameter ratio 

z  m   distance of the adsorptive from the adsorbent surface 

 

Greek Symbols 

 

Φ  J   potential of adsorption between an adsorptive molecule and 

the solid continuum 

Ψ −   differential function of Toth 

α  (C2*m2)/J  polarisability 

α ′  m3   volumetric polarisability 

α  (C2*m2)/J  average polarisability 

( )Tβ  m3/mol   molar volume of adsorbate 

β −   affinity coefficient in Dubinin theory 

β Grad  contact angle 

β  J*m6  London constant 

β   J*m6  average London constant 

χ −   porosity 

ε J/mol   adsorption potential of Polanyi 

ε(ω) −   frequency dependent dielectric response function 

ε0  C/(V*m)  permittivity of free space = 8,854*10-12 C/(V*m) 

εr  -   relative permittivity 



 
XIV 

ε C/(V*m)  permittivity of a medium 

ϕ  Grad  orientation angle of an adsorption pair to each other 

ϕ −   porosity 

ϕ −   ratio of partial pressure to saturation pressure 

γ −   material dependent constant 

γ N/m   surface tension 

κ −   function of the distribution of volume of the pores 

λ W/(m*K)   thermal conductivity 

µ J   chemical potential 

µ C*m  dipole moment (1 debye = 3,34*10-30 C*m) 

µ0 (V*s)/(A*m) permeability of free space = 1.257*10-6 (V*s)/(A*m) 

µr −   relative permeability of a medium 

µ (V*s)/(A*m) permeability of a medium 

ν0  1/s  frequency of the electron in the ground state 

νe  1/s   main electronic absorption frequency = 3*1015 1/s 

νi  1/s   orbiting frequency of the molecule electrons 

π  -   circle number = 3.1416 

ρ  kg/m3  density 

ρapp kg/m3  apparent density of the adsorbent 

ρs kg/m3  true density of the adsorbent 

ρj,at 1/m3  average number density of solid atoms per volume 

σ C/m2  charge density 

σ  m   van-der-Waals diameter 

τ s    mean retention time 

τD s    mean system dead time 



 
XV 

ω Hz  frequency 

ξ Hz   imaginary frequency 

 

Super- and Subscripts 

 

A     Avogadro 

BET     Brunauer, Emmet, Teller 

C    Carrier gas 

G    Gas 

L    Langmuir 

L    Liquid 

L    London 

LG    Liquid-Gas 

S    Solid 

SG    Solid-Gas 

SL    Solid-Liquid 

at     atom 

app    apparent 

ads    adsorption 

adsads    adsorbate � adsorbate 

adsorb    adsorbate 

adsorp    adsorptive 

aft    after 

b    bulk 

bef    before 



 
XVI 

c     critical 

calc    calculated 

dipcha    permanent dipole - electrical charge 

dipind    permanent dipole � induced dipole 

e     electron 

exp    experimental 

f    free 

i    layer i 

i     atom or ion i 

i     adsorptive i 

ij     interaction of adsorptive i with adsorbent j 

indcha    induced dipole - electrical charge 

indind    induced dipole � induced dipole 

j     adsorbent j 

jj     interaction of adsorbent j with itself 

m     mole 

max     maximum 

mic    microporosity 

micro    micropore 

mix    mixed 

mol    molecule 

mon    monolayer 

pred    predicted 

quadind    permanent quadrupole � induced dipole 

quadcha    permanent quadrupole � electrical charge 



 
XVII 

r    reduced 

rel    relative 

ref    reference 

s    saturation, solid 

stand    standard 

vdW    van-der-Waals 

0    layer 0 

0    vacuum 

∞    infinite 

*    reduced 

 

Abbreviations 

 

BC    before Christ 

COSMO-RS   conductor like screening model for real solutions 

∆f    free place 

DFT    density functional theory 

G    gas molecule 

GCMC   grand canonical Monte Carlo 

IAST    ideal adsorbed solution theory 

IR    infra red 

IUPAC   International Union of Pure and Applied Chemistry 

LTA    Linde type A zeolite 

MD    molecular dynamics 

MPRAST   multiphase predictive real adsorption theory 

NP    number of data points 

OP    occupied places 

PBU    primary building unit 

SBU    secondary building unit 
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SP    sorption place 

UV    ultra violett 

ZLC    zero length column 

 

Dimensionless Numbers 

 

Ads

C

Cj

j
indind T

T
p

Ha
A 3

2
4
3

πσ
=  interaction parameter for the induced dipole � induced 

dipole potential 

( ) jiads

atji
indcha Tk

es
A

,
2
0

,
22

8 σπε
ρα

=  interaction parameter for the induced dipole � electrical 

charge potential 

( ) 3
,

2
0

,
2

12 jiads

atjji
dipind Tk
A

σπε
ραµ

=  interaction parameter for the permanent dipole � induced 

dipole potential 

( ) jiads

atji
dipcha Tk

es
A

,
22

0

,
222

12 σπε
ρµ

=  interaction parameter for the permanent dipole � electrical 

charge potential 

( ) 5
,

2
0

,
2

40
3

jiads

atjji
quadind Tk

Q
A

σπε
ρα

=  interaction parameter for the quadrupole moment � induced 

dipole potential 

( ) 3
,

22
0

,
222

240 jiads

atji
quadcha kT

esQ
A

σπε
ρ

= interaction parameter for the quadrupole moment � 

electrical charge potential 

2
3

3 









=

cj

j

ads

c

p
Ha

T
T

CB
σ

  parameter in the general isotherm 
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=′

cj

j

ads

c

p
Ha

T
T

B
σ

  parameter in the general isotherm 

solidBETjmic SD ρσ=   degree of microporosity 

cj

j
Ha p

Ha
E 3

*

σ
=    reduced Hamaker energy 

BETji S
THeIL

,σ
ℜ=   initial loading 

BET

Ai

S
Nn

N
2σ

=    number of molecule layers 

solid

solidAsolid

M
N

P
0

*

ε
ρα

=   solid parameter 

micro

iBET

v
S

S
σ

=∗    microporosity parameter 

c

ads
adsr T

T
T =_    reduced adsorption temperature 

( ) ( )T3* βσβ iANT =   reduced molar volume of adsorbate 

pHe
nn =*     reduced loading 

( )
microadsorbmicro

i
s v

Tn
v

Mn
n β

ρ
==*  saturation degree or pore filling 

adsorbmicro

i
s v

Mn
n

ρ
−=− 11 *  residual capacity 

ij

zx
σ

=     reduced distance 
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1. Introduction 
 
The term adsorption denotes the mass transfer of substances from a fluid phase 

towards a solid surface. Thus, adsorption is a surface effect on solid phases. 

Accordingly one or more components (adsorptives) of a fluid (liquid or gas) are 

attached as adsorbate onto solids (adsorbents). The opposite effect is called 

desorption. Adsorption is a mass transfer mechanism in the two phase system 

solid/fluid [47]. At a given temperature this mass transfer leads to a thermodynamic 

equilibrium at which the concentrations of adsorptives and adsorbates remain 

constant. In the dilute region the solid adsorbate loading is proportional to the partial 

pressure of the adsorptive. The proportional constant is called Henry coefficient. At 

higher pressures the loading achieves saturation. 

 

The ability of porous solids to reversibly adsorb large volumes of vapour was 

detected in the eighteenth century [48]: Lowitz studied in 1785 the effectiveness of 

charcoal in decolorizing various aqueous solutions and, in particular, its commercial 

application to the production of tartaric acid. De Sussure reported in 1812 on 

adsorption experiments of different gases onto porous substances whereas he also 

described the heat of adsorption. In 1876 Gibbs thermodynamically derived the law of 

adsorption by describing the relation of surface loading with gas or liquid 

concentration. Advances towards a quantitative description of the adsorption 

mechanisms were made in the twentieth century. Besides Freundlich and Toth, 

Langmuir, in particular, has to be mentioned. In 1916 he derived the theory of 

monomolecular covering of adsorbed surfaces. This concept was expanded to the 

theory of multilayer adsorption by Brunauer, Emmet and Teller (BET) in 1938. In 

1914 Polanyi introduced the adsorption potential to describe the dependency of the 

adsorption equilibrium on temperature [24]. Dubinin extended this potential theory in 

1959. 

 

The laws of equilibrium thermodynamics, firstly applied to adsorption by Prausnitz in 

the nineteen sixties, were adopted to gas mixtures by Myers. He developed the 

theory of ideal adsorbed solutions (IAST) [24]. The developments are still ongoing. A 
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good example is the multiphase predictive real adsorption theory (MPRAST), by 

which Markmann described the equilibrium of a non-ideal adsorbate mixture with an 

energetically non-homogenous solid surface [8]. 

 

Some modern concepts have to be mentioned also. With the Hellman-Feynman-

Theorem it is possible to specify intermolecular interactions. The basic idea is that 

the interaction correctly and completely can be described with the help of 

electrodynamic approaches if the charge distribution of the molecules is known [49]. 

The charge distribution itself can be calculated by applying the density functional 

theory as in the COSMO-RS-approach.  

 

Mehler [50] found that it is still not possible to describe real solid surfaces using only 

theoretical quantum mechanical calculations. Surfaces seem to be too complex and 

unknown. On the contrary, he used adsorptive molecules with known properties as 

probes to characterize the solid surface. The interaction of these probes with the 

adsorbent is the basis in COSMO-RS for calculating the energy distribution of the 

solids. He quantified the interaction potentials of the solids via the Henry-coefficients 

determined by adsorption experiments. 

 

It seems that Henry-coefficients are very important not only for describing the 

adsorption itself but also for characterizing the solid surfaces. The basis of all 

adsorption processes and theories is the single-component adsorption equilibrium 

and especially the Henry-coefficient. Maurer established an innovative way for a 

priori calculating Henry-coefficients, based only on gas and solid properties. He 

analysed very successfully the interaction of gases with energetically homogenous 

microporous adsorbents like activated carbon. 

 

Nevertheless, there is no general model for the description of adsorption of any polar 

or nonpolar gases on any polar or nonpolar microporous adsorbent. After removing 

this deficiency it would be possible to improve the prediction not only of 

multicomponent adsorption problems which are real engineering tasks. Also the 

characterisation of solid surfaces with density functional theories would be one 

important step closer. 
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2. Objective 
 
Hydrogen plays an eminent role in the processing of fuels and can become important 

for engines in motorcars with respect to CO2-emissions. An important task is the 

design of a new unit for the purification of a contaminated hydrogen gas in a 

petrochemical plant. This gas is used in heterogeneous hydrogenation reactors with 

fixed bed catalysts. The separation of the contaminants from hydrogen leads to a 

very pure hydrogen feed to the reactors resulting in an improved selectivity. The tail 

gas of the separation no longer burdens the capacity of the whole petrochemical 

plant and can be burned as recycled fuel gas in the cracking furnaces. A feasible 

process is a pressure swing adsorption unit to purify the hydrogen stream. When 

planning this new separation process an engineer has to consider the two main 

general aspects 

 

- phase equilibrium and 

- mass transfer dynamics. 

 

Understanding the mass transfer dynamics aids the calculation of the time required 

for the process. In the above example it is the time until the adsorption beds are on 

the verge of a breakthrough of contaminated hydrogen feed. For continuous 

operation it is necessary to switch the feed from this loaded adsorber to a second 

one which is fresh regenerated. In modern concepts automated programs control the 

switching matrix of the adsorber valves. The dynamics of the process yields the 

information when to switch the valves so that the whole capacity of the adsorbers can 

be used without letting contaminated gas through. 

 

The first aspect is the equilibrium of the materials in the separation process itself. It 

gives the engineer information about the amount of adsorbent required to remove the 

impurities in hydrogen stream and to calculate the size of the apparatus. In 

combination with the dynamics of the process two general engineering challenges 

can be optimised: Maintaining a constant high quality of the product and reducing 

expenses. 
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In adsorption processes or adsorption steps of physical, chemical or biological 

reactions the adsorption isotherm is the most used description method of the phase 

equilibrium. Knowledge of phase equilibria is the key for understanding complicated 

processes. Engineers need these isotherms in the planning of production processes. 

On the other hand it consumes both time and manpower to determine the isotherms 

by costly experiments. 

 

Besides engineering aspects the scientific viewpoints of adsorption are of great 

interest when developing new materials and processes. The physical behaviour of 

complex systems of gases and solids often depends on the adsorption of the educts. 

For instance, in heterogeneous catalysis gas molecules adsorb on the catalyst 

surface, and reactions in the adsorbed monolayer lead to products which are 

desorbed from the surface. 

 

Many processes and reactions in the chemical industry and in chemical science are 

based upon heterogeneous catalysis. Three important questions of these processes 

are the understanding of the reaction, the development of the catalyst and the design 

and optimisation of the reactor. All aspects can benefit from a rigorous and accurate 

kinetic modell. Especially the competition for adsorption sites is very important for the 

kinetics of a heterogeneous catalytic reaction if it is the rate determining step. It refers 

then to the slowest step of the reaction process and controls the activity [123]. A 

prerequisite for kinetic modelling is the knowledge of adsorption equilibria. 

 

Therefore, the adsorption equilibrium of the gaseous educts with the catalyst surface 

is related to the reaction rate and also the amount of molecules occupying the free 

adsorption sites. In both main model mechanisms of heterogeneous catalysis 

(Langmuir-Hinshelwood and Elay-Rideal) the adsorption isotherm is needed to 

calculate the effective reaction rate in dependence of the partial pressures of the 

reactands. Therefore adsorption equilibria are not only eminent for the understanding 

of the process of heterogeneous catalysis but also for the development of novel 

catalysts and adsorbents.  
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In the literature the isotherm of interest is not always available. Concepts like 

COSMO-RS are very promising but to complex for daily engineering work. Also 

adaptations on the isotherm data like Langmuir and Toth can not always be 

extrapolated to other gas-solid systems. There is no general model to describe the 

adsorption of any polar or nonpolar gas by any polar or nonpolar microporous 

adsorbent. 

 

The objecitve of this study is driven by this demand. First, the fundamentals of 

adsorption will be examined in this work. The engineer and scientist will get an 

overview over microporous adsorbents, methods of measurement and the different 

isotherm descriptions. There will be a Section about characterisation of solid 

surfaces. Because there is a lack of data regarding Hamaker constants of 

microporous solids an advanced Hamaker-de Boer model will be introduced to 

calculate this dispersion coefficient. 

 

Henry coefficients of adsorption will a priori be calculated based on gas and solid 

properties of the molecules. In the case of nonpolar gas � nonpolar solid, polar gas � 

nonpolar solid and nonpolar gas � polar solid an analytical equation will be 

introduced to directly calculate the Henry coefficients. This approach will be 

expanded to the fourth case of polar gas � polar solid so that the whole spectrum of 

possibilities is covered. A novel model for predicting the complete adsorption 

isotherm based only on the molecular properties will be introduced. The model will be 

verified with own experimental and literature data. 

 

After a discussion of the experimental and theoretical results there will be a 

conclusion and an outlook to future demands. The experimental methods and 

materials of the work will be explained in the appendix together with lists of the 

properties of the examined adsorptives and adsorbents. 
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3. Fundamentals of Adsorption 
 
3.1. Introduction 
 
Although adsorption has been known as a physical process since the 18th century 

new aspects are generated through the demands of modern engineering and science 

in the 21st century.  

 

On the one hand the industry, especially the chemical one, has to improve itself 

permanently. The understanding of adsorption is a key for future improvements. To 

withstand the global competition the industry has to enhance its effectiveness 

continuously. Manpower and invests need to be adopted very carefully at the right 

time. So modern engineers need powerful instruments to base their decisions on 

solid technical fundamentals. These instruments need to be economic, usable in a 

wide range of applications and easy to learn. This study provides such an instrument 

for the field of adsorption. 

 

On the other hand science also has made great advances and still continues to. 

Adsorption seems to be a fundamental physical step in a wide range of research 

fields. For example in medical biochemistry the interaction of cells with biomaterials is 

dependent on the adsorption layer of proteins [51]. Another example is the storage of 

hydrogen through reversible adsorption in metallic hydrides. Also the adsorption step 

of reactants on solid surfaces is eminent for the field of heterogeneous catalysis. 

 

The aim of Chapter 3 is to give a brief overview on the state of research and the 

literature regarding adsorption science and processes. 

 

3.2. Adsorbents 
 

Development and application of adsorption cannot be considered separately from 

development of the technology of manufacture of adsorbents applied both on the 

laboratory and industrial scales. These sorbents can take a broad range of chemical 
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forms and different geometrical surface structures. This is reflected in the range of 

their applications in industry, or helpfulness in the laboratory practice [52]. Table 3.1 

shows the basic types of industrial adsorbents. 

 

Table 3.1: Basic types of industrial adsorbents. 

 

Carbon adsorbents Mineral adsorbents Other adsorbents 

Activated carbons Silica gels Synthetic polymers 

Avtivated carbon fibres Activated alumina Composite adsorbents: 
(complex mineral_carbons, 
X_elutrilithe, X_Zn, Ca.) 
 

Molecular carbon sieves Oxides of metals Mixed sorbents 

Mesocarbon microbeads Hydroxides of metals  

Fullerenes Zeolites  

Heterofullerenes Clay minerals  

Carbonaceous 
nanomaterials 
 

Pillared clays  

 Porous clay hetero-
structures (PCHs) 
 

 
 

 Inorganic nanomaterials  

 

In this work emphasis is laid on microporous adsorbents like activated carbon and 

zeolites, especially aluminosilicates. These sorbents play an important role in industry. 

 

3.2.1. Activated carbon 

 

Since our early history active carbon has been the first widely used adsorbent. Its 

application in the form of carbonised wood (charcoal) was described as early as 3750 

BC in an ancient Egyptian papyrus [52].  

 

Nowadays commercial sources for activated carbons include biomass materials (wood, 

coconut shell and fruit pits) and fossilized plant matter (peats, lignites and all ranks of 

coal) or synthetic polymers [53]. Activated carbon is normally made by thermal 
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decomposition of carbonaceous material followed by activation with steam or carbon 

dioxide at elevated temperature (700 � 1100°C). The activation process essentially 

involves the removal of tarry carbonisation products formed during the pyrolysis, 

thereby opening the pores [48]. It is generally believed that carbon dioxide activation 

mainly causes the creation of microporosity while steam activation results in the 

development of mesoporosity to a higher extent. These types of activation are known 

as the physical methods and are widely used in industries.  

 

Important parameters that determine the quality and yield of activated carbons are the 

final temperature of activation and dwell time at this temperature [54]. Effects of dwell 

time and activation temperature on the BET surface area and micropore volume of 

activated carbons made from pistachio-nut shells are shown in figure 3.1 and in figure 

3.2 respectively. Also the CO2 flow rate and the heat rate have an impact.  

 

The structure of activated carbon consists of elementary micro crystallites of graphite, 

but these micro crystallites are stacked together in random orientation. The spaces 

between the crystals which form the micropores. The pore size distribution is typically 

trimodal [48]. Characteristic properties of activated carbons used for gas purification 

are listed in table 3.2 [24]. 

 

 
Figure 3.1: Effects of dwell time on the BET surface area and micropore volume of 

activated carbons made from pistachio-nut shells [54]. 
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Figure 3.2: Effects of activation temperature on the BET surface area and micropore 

volume of activated carbons made from pistachio-nut shells [54]. 

 

Table 3.2: Data of different activated carbons for gas purification [24]. 

 

Characteristic properties Numbers Units 

True density ρ 2000  kg/m3 

Apparent density ρapp 600 - 800 kg/m3 

Bulk density ρb 350 - 500 kg/m3 

Porosity ϕ 0,7 - 0,6 - 

Specific surface SBET 900.000 - 1.200.000 m2/kg 

Macropore volume d > 50 nm 0,3*10-3 - 0,5*10-3 m3/kg 

Mesopore volume 2 nm < d < 

50 nm 

0,05*10-3 � 0,1*10-3 m3/kg 

Micropore volume d < 2nm 0,25*10-3 � 0,5*10-3 m3/kg 

Specific heat capacity c 840 J/(kg*K) 

Thermal conductivity λ 0,65 W/(m*K) 
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3.2.2. Zeolites 

 

The main class of microporous adsorbents are zeolites which comprise, according to a 

recommendation of Structure Commission of the International Zeolite Association, not 

only aluminosilicates but also all other interrupted frameworks of zeolite-like materials, 

e.g. aluminophosphates [52]. In this study emphasis is laid on aluminosilicates like 

MS4A, MS5A, NaX and NaY which are widely used in industry.  

 

The term zeolite was originally coined in the 18th century by a Swedish mineralogist 

named Axel Fredrik Cronstedt who observed, upon rapidly heating a natural mineral, 

that the stones began to dance about as the water evaporated. Using the Greek words 

which mean "stone that boils" he called this material zeolite. 

 

The elementary building units of zeolites are SiO4 and AlO4
- tetrahedrons. Adjacent 

tetrahedrons are linked at their corners via a common oxygen atom, and this results 

in an inorganic macromolecule with a structurally distinct three-dimensional 

framework. It is evident from this building principle that the net formulae of the 

tetrahedrons are SiO2 and AlO2, i.e. one negative charge resides at each tetrahedron 

in the framework which has aluminium in its centre. The framework of a zeolite 

contains channels, channel intersections and/or cages with dimensions from ca. 0.2 

to 1 nm. Inside these voids are water molecules and small cations which compensate 

the negative framework charge [55].  

 

Figure 3.3 shows the principle construction of a zeolite. The smallest unit is the 

primary building unit (PBU) which consists of SiO4 or AlO4
- tetrahedrons. These 

tetrahedrons are linked together via oxygen ions to secondary building units (SBU). 

The SBUs can be of cubic form or a hexagonal prism or an octahedron. They are 

knotted to β-cages which are linked again via the oxygen ions [56].  

 

The chemical composition of a zeolite can, hence, be represented by a formula of the 

type Mx/v((AlO2)x(SiO2)y)z*H2O [57] with v the number of valence electrons of the cation 

M (Na+, K+, Ca++, Mg++). The numbers x and y are integers and the ratio y/x is equal or 

bigger one, z is the number of water molecules in the zeolite unit cell [57].  
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Figure 3.3: Principle construction of a zeolite of LTA type [56]. 

 

 

 

 

 Si4+
O2-

Si Si 



 
12 

 

Until today approximately 40 natural zeolites have been found. As the consequence 

of successful synthesis work more than 100 new zeolites were produced. Most of the 

zeolites are manufactured via so-called hydrothermal synthesis. These are reactions 

in aqueous solution with temperatures above 100°C, similar to the natural conditions. 

In the laboratory the sources for the reactions are sodium silicate or silica sol as the 

SiO2-origin and hydrated aluminium hydroxide or aluminates as the Al2O3-origin. The 

two sources react with strong bases like NaOH or KOH under hydrothermal 

conditions and pressure in autoclaves. The reaction time can be between several 

minutes and months [58]. 

 

Zeolites are applied in many fields.  

- One characteristic property is the ability of ion exchange. Zeolite A can 

exchange its sodium ions with the calcium ions in water which becomes 

then �softer�. The calcium enriched zeolites are discharged with the waste 

water.  

- Zeolites can act as acid catalysts in chemical reactions because the alkali 

metal ions can be exchanged with protons. This happens in the inner 

cavities, so zeolites can be handled without danger. 

- Another application is the use of zeolites as chemical sensors for detecting 

gases like NH3 in exhausts of automobiles or power plants. It seems that 

protons can migrate through the zeolite cavities. This causes a change in 

the ionic conductibility which is measurable. 

- For this work the adsorption of gases or vapours is eminent. As adsorbents 

they can capture air moisture or solvent vapour. They are used in the 

clearance of multiple composite glasses or for drying of refrigerants in 

cooling circuits or brake systems.  

- Sterical effects of zeolites are neglected in this study. However they can be 

very important in many chemical processes like filtering linear 

hydrocarbons out of petrol to get it knockproof and, in general, separation 

of mixtures. 
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3.2.3. Silicalite-1 
 

Silicalite-1 was firstly introduced by Flanigen as a new hydrophobic but organophilic 

polymorph of silica. This new polymorph was topologically very similar to ZSM-5 so it 

was considered as the aluminium free end member of MFI type zeolites. It contains 

two types of channel systems with similar size: straight channels and sinuous 

channels. The diameters of these channels are about 0.54 nm. These two different 

channels are perpendicular to each other and generate intersection areas which 

have 0,89 nm of diameter. Silicalite-1 has ten membered oxygen pore openings, and 

has high thermal and acidic stability. The comparable pore size of silicalite-1 

channels with industrially important small organic molecules like methane, n-butane, 

n-octane and ethanol makes it important for many applications [59]. Silicalite-1 

provides a non-polar structure [133]. It is, therefore, considered as a model adsorbent 

for testing adsorption isotherm models, based on gas-solid molecular interactions 

[60].  

 

3.3. Characterising microporous solids 
 
Most analysis techniques typically probe a particular aspect of the material and, 

consequently, a combination of methods is necessary to give a balanced description 

of complex solids [61]. Microporous adsorbents have very different properties which 

are fundamental for the process of adsorption. Their properties can influence the 

equilibrium and/or the dynamics of adsorption. Although this study is mainly about 

gas adsorption equilibria also dynamical aspects should be mentioned because 

engineers need both information for planning industrial or laboratory processes. The 

dynamic and steady state properties of the solids can be found by characterising 

them through following factors: 

- Specific surface 

- Porosity 

- Density 

- Chemical composition 

- Refractive index 

- Hamaker constant 
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3.3.1. Specific surface 

 

There are interactions of molecules on every interface between a solid and a fluid � 

gas or liquid- phase which can lead to attraction or repulsion forces. In the case of 

attraction a two dimensional interaction phase is composed with the thickness of 

molecule dimensions. This phenomenon is usable for technical purposes if this 

interface has sufficient dimensions and if it is accessible for the molecules. The 

surfaces of microporous adsorbent have magnitudes of several hundred square 

meter per gram solid [24]. 

 

From type II and type IV isotherms, the specific surface area of the adsorbents can 

be determined by applying the BET method [61]. Brunauer, Emmett and Teller have 

derived an equation for the adsorption of gases on solids with n layers [62]: 
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where VG is the total volume of gas adsorbed on the solid surface, VG,mon the volume 

of gas adsorbed in a monolayer, ϕ  the ratio of pressure to saturation pressure of the 

gas. The parameter c is a dimensionless constant and dependent from the enthalpy 

of adsorption in the first layer and the heat of evaporization. The assumption made by 

Brunauer, Emmet and Teller is that the evaporation-condensation properties of 

molecules in the second and higher adsorbed layers are the same as those of the 

liquid state.  

 

If we deal with adsorption on a free surface, then at the saturation pressure of the 

gas an infinite number of layers can build up on the adsorbent. ∞→n one leads to 
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With the law of ideal gases and the balance of the mass of the adsorbent equation 

(3.2) becomes 
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where n is the overall loading of the adsorbent and nmon the monolayer loading. From 

this the linear form (y = b + m ϕ ) can be derived to obtain the specific surface of the 

adsorbent due to the BET adsorption isotherm: 
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The intercept, b =
cnmon

1 , and the tangent of the gradient angle, m = ( )
cn

c

mon

1− , permit the 

calculation of the monolayer loading nmon and the BET constant c: 

 

mb
nmon +

= 1           (3.5) 

 

1+=
b
mc           (3.6) 

 

Finally the BET surface area is calculated from 

 

AmolmonBET NanS =          (3.7) 

 

Here amol denotes the average area occupied by a molecule of adsorbate in the 

completed monolayer and NA the Avogadro constant [63]. 

 

By convention, most surface area determinations are based on the area occupied by 

a nitrogen molecule. The nitrogen adsorption is measured at the boiling point of 

nitrogen, 77.4 K. The value of amol may be estimated following an early suggestion of 

Emmett and Brunauer from the density of liquid nitrogen at 77.4 K. The estimate uses 
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the assumption that the packing density of adsorbed nitrogen on a surface is the 

same as in the liquid. This leads to the equation 

 

3
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         (3.8) 

 

where M is the molar mass of nitrogen (0.028 kg/mol), Lρ the density of liquid 

nitrogen (810 kg/m3) and 1.091 is a packing factor for 12 nearest neighbours in the 

bulk liquid and six on the plane surface. Insertion of these quantities and of the 

Avogadro constant into equation (3.8) gives amol(N2) = 0.162 nm2 for nitrogen at 77.4 

K. 

 

For practical purposes, the average area occupied by other molecules can be 

determined by comparison of their monolayer capacity with that of nitrogen. Using 

this method, the areas occupied by argon amol(Ar) and krypton amol(Kr) at 77.4 K were 

then determined to be 0.138 nm2 and 0.2 nm2, respectively. 

 

3.3.2. Pore volume distribution 

 

The word pore comes from the Greek word �ποροσ� which means passage. This 

indicates the role of a pore acting as a passage between the external and the internal 

surfaces of a solid, allowing material, such as gases and vapours, to pass into, through 

or out of the solid. Almost all adsorbents used in catalysis or for purification/separation 

purposes have a high porosity, and this porosity is the only practical method of 

introducing greatly enhanced surface areas into a solid [64]. Porosity has a 

classification system as defined by IUPAC which gives a guideline of pore widths 

applicable to all forms of porosity. Distinctions in porosity classes are not rigorous and 

they may often overlap in size and definition. The widely accepted IUPAC classification 

is as follows: 

dMicropores < 2 nm 

2 nm < dMesopores < 50 nm 

dMacropores > 50 nm 
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There are several methods to measure pore related parameters of a solid. Here 

exemplarily the mercury porosimetry and the t-plot method of de Boer shall be 

discussed in detail. The other common methods are listed in Table 3.3 [67]: 

 

 

Table 3.3: Methods to measure pore related parameters of a solid. 

 

Method Definition 

BJH The method of Barrett, Joyner and Halenda is a procedure for 

calculating pore size distributions from experimental isotherms using 

the Kelvin model of pore filling. It applies only to the mesopore and 

small macropore size range. 

de Boer t-Plot The t-Plot method is most commonly used to determine the external 

surface area and micropore volume of microporous materials. It is 

based on standard isotherms and thickness curves which describe 

the statistical thickness of the film of adsorptive on a non-porous 

reference surface. 

MP-Method The MP method is an extension of the t-plot method. It extracts 

micropore volume distribution information from the experimental 

isotherm. 

Dubinin Plots Dubinin plots (Dubinin-Radushkevich plot and the more general 

Dubinin-Astakhov plot) relate the characteristic energy of the 

adsorptive to the micropore structure. 

Medek The Medek method uses Dubinin-Astakhov plots to determine 

micropore volume distributions by pore size. 

Horvath-

Kawazoe 

technique 

This method determines the best fit (in a least squares sense) of a 

set of single-mode model isotherms to the experimental isotherm. 

The solution set represents the pore volume distribution by size for 

the solid on which the isotherm was developed. 

DFT plus Density functional theory provides a method by which the total 

expanse of the experimental isotherm can be analysed to determine 

both microporosity and mesoporosity in a continuous distribution of 

pore volume with respect to pore size. 
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In mercury porosimetry mercury is injected into the pores of the solid to measure the 

pore size and the pore volume distribution. The gas is evacuated from the sample cell 

and mercury is then transferred into the sample under vacuum and pressure is applied 

to force mercury into the sample. In the theoretical model of Washburn [66] all pores 

are treated as cylindrical pores with an inner radius r. The mercury with the pressure p 

is balanced with the surface tension γ of mercury. This leads to 

 

βγ cos2−=rp          (3.9) 

 

with β the contact angle of the mercury with the pore surface. A typical value for β is 

140 degrees and for the surface tension 484 mN/m or 0.484 J/m2. 

 

The Washburn equation (3.9) can be derived from the equation of Yang and Dupré 

[65]: 

 

βγγγ cosLGSLSG +=         (3.10) 

 

where γSG is the interfacial tension between solid and gas, γSL the interfacial tension 

between solid and liquid, γLG the interfacial tension between liquid and gas and β the 

contact angle of the liquid on the pore wall. It is derived from a force balance as seen 

in figure 3.4 [49]. 

 

 

 

 

 

 

 

Figure 3.4: Force balance of a mercury drop on a solid surface. 

 

The work, W, required for moving the liquid up the capillary when the solid-gas 

interface disappears and solid-liquid interface appears is 

γSG 

γLG 

γSL 

solid (S) 

liquid (L)β 
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( ) SW SGSL ∆−= γγ          (3.11) 

 

where ∆S is the surface of the capillary wall covered by liquid when its level rises. 

With equation (3.10) it is 

 

SW LG ∆−= βγ cos          (3.12) 

 

The work required to raise a column of liquid in a capillary with the radius r is identical 

to the work necessary to force liquid out of the capillary. If a volume V of liquid is 

forced out of the capillary with a gas at a constant pressure p, the work W is 

 

pVW =           (3.13) 

 

A combination of equations (3.12) and (3.13) gives 

 

SpV LG ∆−= βγ cos         (3.14) 

 

When the capillary is circular in cross-section, parameters V and ∆S are given by 

Lr 2π  and rLπ2 , if L is the length of the capillary. Substituting these terms into 

equation (3.14) yields the Washburn equation (3.9), which relates the pressure of the 

mercury to the radius of the pores via an indirect proportionality.  

 

The interrelationship of the differential volume dV with the differential radius dr is 

given with a pore volume distribution function f(r) 

 

drrfdV )(=           (3.15) 

 

The Washburn equation (3.9) can be rewritten in 

 

dp
p
rdr −=           (3.16) 

 

The combination of the equation (3.15) with (3.16) yields 
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With equation (3.17) the pore radius r is related to the pore volume distribution f(r). 

Another illustration can be found with the relationship 
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combined with 
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Therefore, the distribution function f(r) and the related volume distribution dV/dlnr can 

be calculated. 

 

Another method for measuring pore volumes is the t-plot method [63]. The t-plot 

method is most commonly used to determine the external surface area and 

micropore volume of microporous materials. It is based on standard isotherms and 

thickness curves which describe the statistical thickness of the film of adsorptive on a 

non-porous reference surface.  

 

For a large number of non-porous solids the shape of the nitrogen isotherm can be 

represented with a single curve, by plotting the ratio 
S
VN2 as a function of the relative 

pressure 0p
p . 

2N
V  denotes the volume of N2 adsorbed, S the surface area of the 

sample, p and p0 the partial and saturation pressure of nitrogen, respectively. The 

resulting t-curve reflects the statistical thickness t of the adsorbed nitrogen multilayer 

and can be calculated according to: 
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Deviations of the t-plot from the ideal behaviour allow the deduction of the nature of 

pores and the determination of the micropore volume (figure 3.5). Curve a in figure 

3.5 is linear and starts at the origin, which indicates an ideal t-material. Therefore, S 

can be calculated from the tangent. Curve b shows a strong upward deviation from 

linearity at a certain pressure 0p
p , which indicates that starting from t1 capillary 

condensation takes places in addition to adsorption. In contrast, if some narrow pores 

are filled by multilayer adsorption according to curve c further adsorption does not 

occur in this part, as that surface has become unavailable. At this point the t-plot 

begins to deviate downwards from the straight line at t2. This situation is, for instance, 

encountered in the presence of slit-shaped pores. The presence of micropores is 

indicated by a positive intercept at the y-axis as shown in line d. A straight line is 

found and the surface S can be calculated from this tangent. The positive intercept 

point is caused by a relatively large nitrogen uptake at very low t-values. Such a high 

nitrogen uptake at very low pressures is due to the strong adsorption in micropores 

and, hence, allows to calculate the micropore volume vmicro from the intercept. 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 3.5: Different courses of the t-plot. 

 

t(nm) 

vN2(m3/kg) 

a 

c 

b 
d 

vmicro 

t2 t1



 
22 

 

For more detailed descriptions and theories to porosity and measurement methods 

reference should be made to the literature [68]. 

 

3.3.3. Density and porosity 

 

The density of a porous solid is the relation of its mass mS to its volume VS without 

the pore volume: 

 

S

S
S V

m
=ρ           (3.21) 

 

Pycnometric density is at the moment the closest approximation of true density [70]. 

The term pycnometer is derived from the Greek word �πυκνοσ�, meaning dense, and 

meter. With this method the pores are filled with gas molecules [69]. Helium is 

recommended as probe gas [69] because: 

 

- it is atomic and very close to ideal gas behaviour, 

- it is not adsorbed at room temperature, 

- its atoms are very small to diffuse also into smallest pores and 

- it has a high heat transfer coefficient to adapt the chamber temperature 

very quickly. 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.6: Draft of a gas pycnometer. 
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V1, V2 and V3 are the calibrated volumes of the measurement chamber and the extra 

volumes for expansion of the measurement gas. Vgas is the volume of the gas in the 

measurement chamber with the sample in it. After weighting the chamber without 

(mchamber) and with the sample (mchamber+sample) the mass of the sample can be 

calculated. 

 

chambersamplechambersample mmm −= +        (3.22) 

 

In the first step the sampled chamber is filled with a well chosen gas and the 

pressure p1 after equilibrium is measured. In the second step the valve v2 between 

the measurement chamber and the small expansion chamber is opened followed by 

a second pressure measurement p2. With the law of ideal gases it follows 

 

( )221 VVpVp gasgas +=         (3.23) 

 

or 
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For the true density it follows: 
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In order to calculate the volume of the pores the helium in the measurement chamber 

is moved by a pump. The chamber (with the solid in it) is filled again with mercury 

under atmospheric conditions. The mercury encapsulates the solid without 

penetrating into the pores. So it is possible to calculate the pore volume of the 

sample: 
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mercurygaspores VVV −=          (3.26) 

 

Finally the porosity of the microporous adsorbent is 
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The apparent density of the microporous solid is 
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and defined as the ratio of mass of the solid adsorbent to the volume of the solid 

inclusive the pore volume. 

 

3.3.4. Chemical composition and structure 

 

The chemical composition and the structure of a solid play an important role for 

polarity and adsorption behaviour similar to the density and the porosity. Zeolites are 

the main interest of this study so emphasis is laid on composition of aluminosilicates. 

 

The structures of zeolites consist of three-dimensional frameworks of SiO4 and AlO4
- 

tetrahedron. The aluminium ion is small enough to occupy the position in the centre 

of the tetrahedron of four oxygen atoms, and the isomorphous replacement of Si4+ by 

Al3+ produces a negative charge in the lattice. The net negative charge is balanced 

by exchangeable cations (sodium, potassium, or calcium). The ratio of silicon to 

aluminium ions cannot be less than one and is infinite in silicalite-1. Zeolite synthesis 

is already explained in Section 3.2.2. The size of the cage window is determined by 

the number of oxygen atoms in the ring. A consequence is the physical effect of 

sieving molecules out of a gas mixture. In table 3.4 important zeolites are listed [24]. 
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Table 3.4: Chemical composition of technical important molecular sieves. 

 

Structure Cations Trivial name Chemical composition Effective 

pore opening 

(10-10 m) 

A Na+ MS4A Na12((AlO2)12(SiO2)12) 4.2 

A Ca2+ MS5A Ca5Na2((AlO2)12(SiO2)12) 5.0 

A K+ MS3A K12((AlO2)12(SiO2)12) 3.8 

10X Ca2+  Ca40Na6((AlO2)86(SiO2)106) 8 

13X Na+ NaX Na86((AlO2)86(SiO2)106) 9 to 10 

Y Na+ NaY Na56((AlO2)56(SiO2)136) 9 to 10 

ZSM-5 Na+  Na3((AlO2)3(SiO2)93) 6 

 

In Table 3.5 the effect of sieving of zeolites regarding to different gas molecules is 

listed. The critical molecule diameter in 10-10 m is in brackets [24]. 

 

Table 3.5: Sieving effect of zeolites. 

Zeolite Effective 

pore opening 

in 10-10 m 

Adsorbed molecules, critical diameter in 10-10 m 

MS3A 3.8 He (2), Ne (3.2), Ar (3.83), NH3 (3.8), H2 (2.4), N2 (3.0), O2 

(2.8), H2O (2.6) 

MS4A 4.2 Kr (3.94), Xe (4.37), CH4 (4.0), C2H6 (4.44), C2H2 (2.4), 

CH3OH (3.0), CO2 (2.8), H2S (3.6), every of above 

molecules can be adsorbed  

MS5A 5.0 CF4 (5.33), C2F6 (5.33), Cyclopropane (5.0), every of 

above molecules can be adsorbed  

10X 8 SF6 (6.7), i-C4H10 (5.6), C6H6 (6.7), Triophene (5.3), every 

of above molecules can be adsorbed 

13X 

(NaX) 

9 to 10 every of above molecules can be adsorbed 

Y (NaY) 9 to 10 every of above molecules can be adsorbed 
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The molecule diameter can be calculated with the van-der-Waals volume vvdW (in 

m3/mol) which is defined as [26] 
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=           (3.29) 

 

where c relates to critical properties of temperature and pressure and ℜ is the 

universal gas constant. With the assumption that the gas molecule is a sphere the 

molecule diameter can be calculated. With 
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it follows for the molecule diameter in m that 

 

3
16

3
π

σ
Ac

c
i Np

Tℜ
=          (3.31) 

With equation (3.29) and table 3.5 it can be decided whether or not a zeolite is suited 

for a technical sieving process. 

 

3.3.5. Refractive index 
 

It will be shown later that the refractive index n and the interacting energies Φi,j 

between adsorptive and adsorbent molecules are key parameters in order to 

calculate adsorption equilibria. Adsorptive molecules can  be nonpolar or polar with a 

dipole moment µi and/or a quadrupole moment Qi. In polar molecules the centres of 

the positive and negative charge q have the distance l: 

 

lqii =µ           (3.32a) 

 

If two dipoles with counterdirection are effective in an adsorptive molecule a 

quadrupole Qi can be effective. 
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With respect to zeolite molecules the anions and cations lead to an electrical field 

with the strength E according to 

 

2
04 r
qE

πε
=           (3.32b) 

 

with ε0 as the electrical permittivity in vacuum and r is the distance between the 

charges. In electrical fields a dipole moment µi,ind can be induced in an adsorptive 

molecule according to 

 

( )
{

E
kT

E

polar

i

unpolar
iiindi

44 344 21











+==

3

2

0,
µααµ        (3.32c) 

 

The polarisability (α0)i of nonpolar or αi of polar molecules are definded by this 

equation. The interaction energies Φi,ind according to induced dipoles, ( )iµΦ  

according to permanent dipoles µi,ind and ( )iQΦ  due to a quadrupole moment Qi are 
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         (3.32d) 

 

As mentioned above the refractive index is one of the important parameters 

describing the optical properties of solid materials. In general it is difficult to obtain a 

quantitative relation between the refractive index and the structure as well as 

composition of materials. It seems that the refractive index is dependent on atomic 

parameters like mass, radius and electric charge of the ions constituting the material 

[71]. According to classical dielectric theory, the refractive index depends on the 

density and on the polarisability of the atoms in a given material [72]. The 

polarisability of a microporous adsorbent determines its disperse properties and, 
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thus, it is possible to calculate the Hamaker constant from knowledge of the refractive 

index [41]. In [73] refractive indices of multicomponent silicate melts containing 

alumina have been determined employing a high temperature elipsometer. The data 

were used to propose a predictive equation for the refractive indices of silicate melts. 

In [72] 13 SiO2 polymorphs with topologically different tetrahedral frameworks have 

been investigated in order to find a relationship between refractive index and density. 

The mean refractive indices of the guest free porosils were determined by the 

immersion method using the NaD line. One example is the ZSM-5 type zeolite 

silicalite-1 examined by Marler [72]. Another possibility is the method of Becke lines. 

A Becke line is a bright halo near the boundary of a transparent particle, which 

moves with respect to that boundary when the microscope is moved up and down. 

The halo will always move up the higher refractive index medium as the position of 

the focus is raised. The halo crosses the boundary to the lower refractive index 

medium when the microscope is focused in downward direction. The results are 

compared with pure, isotropic crystalline solids with known refractive indices (e.g. 

NaCl, CaCO3). Van der Hoeven measured with this method the refractive index of 

zeolite MS4A [41].  

 

There are several approaches for quantitatively describing the refractive index. Three 

of them will be explained in this study. Neglecting interactions between the atoms the 

classical dielectric theory leads to the Newton-Drude relation 
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const
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solid ==
−

ε
α

ρ
       (3.32e) 

 

where Msolid is the molar mass of the solid in kg/mol, solidα  the mean average 

polarisability in (C2*m2)/J, solidn  the mean refractive index, 0ε  the permittivity of free 

space in C/(V*m) and ρapp the apparent density of the solid in kg/m3. 

 

The second approach takes into account interactions between the atoms and the fact 

that the dielectricum is not continuous. This is known as the Lorentz-Lorenz 

assumption. It leads to the Clausius-Mosotti equation of nonpolar but polarisable 

molecules (for a detailed derivation of this theory see Arndt and Hummel): 
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        (3.33) 

 

The assumption of point charges is valid only for ideal ionic solids in which the ions 

show no overlap of their electron distribution. To overcome this shortcoming Marler 

suggests a general refractivity formula which takes into consideration an overlap field 

of near-neighbour interactions. 
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      (3.34) 

 

with the electronic overlap parameter  

 

γπ −=
3

4b           (3.35) 

 

where γ is a material constant resulting from the overlap field. Equation (3.32e) 

includes as special cases the Clausius-Mosotti formula for 
3

4 π=b  if there is no 

overlap field and the Newton-Drude equation for b = 0 if the overlap field compensates 

for the Lorentz field exactly.  

 

In this study the Clausius-Mosotti equation is used for further investigations because 

by applying this approach the refractive index of structures like aluminosilicates can be 

calculated a priori from knowledge on the properties of the solid. Therefore, the theory 

of Clausius-Mosotti will be explained in more detail. 

 

3.3.5.1. The Clausius-Mosotti equation 

 

The electrical field 
→
E  can be expressed by the force which results from a small point 

charge in this field. The field intensity 
→
E  is a vector in direction of the force vector 

→
F , 

the charge q is a scalar quantity [95]. It is 
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q
FE
r

r
=           (3.36) 

 

For the displacement of a charge q in a homogenous field between two charged 

parallel plates of distance d and voltage U the work 

 

qUtIUdFW ===         (3.37) 

 

is necessary where t is the time and I the current. With equation (3.36) if follows 

 

d
UE =           (3.38) 

 

The charges bonded on a loaded matter (e.g. the plates of a condenser) determine 

the quantity of the field intensity. The charge density σ is defined as the ratio of the 

matter�s charge q to its loaded surface S with 

 

E
S
q

0εσ ==           (3.39) 

 

where ε0 denotes the permittivity of free space, ε0 = 8.85.10-12 C/(V*m). If an electrical 

nonconducting material is inserted into the electrical field the charge density rises 

with a factor εr which is the relative permittivity. It is then  

 

Er 0εεσ =           (3.40) 

 

The difference of the charge densities after and before inserting the so-called 

dielectric into the electrical field is the electrical polarisation P with 

 

( )1000 −=−= rr EEEP εεεεε        (3.41) 
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Through the polarisation the charges of the dielectric are separated with the results of 

a dipole moment µ. With the number density ρj of dipole moments in an examined 

volume element the polarisation also can be written as [94] 

 

µρ jP =           (3.42) 

 

It is common knowledge that the number density ρj of particles in a volume element 

can be calculated via 

 

M
N appA

j

ρ
ρ =           (3.43) 

 

where NA is the Avogadro constant, M the molar mass and ρ the density. Inserted 

into equation (3.42) a relation between a molecular property, the dipole moment, and 

a macroscopic measurable quantity, the polarisation P is obtained with 

 

µ
ρ
M

N
P appA=          (3.44) 

 

The induced free surface charges are the consequence of three processes in the 

molecular area which occur in presence of an outer electrical field. The polarisation is 

then the sum of three different parts with 

 

µPPPP ae ++=          (3.45) 

 

where Pe is the electronic polarisation, Pa the atomic polarisation and Pµ the 

orientational polarisation. The electronic polarisation is evident in all atoms and 

molecules. It is based on the fact that the charge centre of core frame and electronic 

shell is dispersed through the outer electrical field in different directions. The atomic 

polarisation occurs at all polar molecules and is based on the changes of bonding 

distances and bonding angles. These two polarisation parts are combined under the 

term of displacement polarisation. The induced dipole moment is the consequence of 

it. The orientational polarisation occurs only at polar molecules with permanent dipole 
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moment. It is based on the partial arrangement of the molecular dipole moments in 

direction of the electrical field. 

 

In the following a molecule is considered which is not an electrical dipole in an 

electrical field. Due to displacement of its charge centre it gets an induced dipole µind 

which is proportional to the electrical field intensity E with 

 

Eind αµ =           (3.46) 

 

where α is the molecular polarisability in (C2*m2)/J, a measure for the ability of the 

molecule to deform. With equation (3.44) it follows that 

 

E
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N
P appA α

ρ
=          (3.47) 

 

If the medium consists of polar molecules the molecules are influenced not only by 

the outer electrical field Eouter but also by an inner electrical field Einner. Lorenz [128] 

and Lorentz [129] independently derived the overall field E inside a spherical volume 

element according to 
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With equation (3.47) it follows that 
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With equation (3.41) we obtain 
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This equation is independent of the polarisation and can be rewritten as the Clausius-

Mosotti equation: 

 

( )
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A MN
ε
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α          (3.51) 

 

With this relationship and the relative permittivity the polarisability of the material can 

be calculated or vice versa. The aim of the next Section is to derive a new 

relationship in order to calculate the refractive index of solids like zeolites. It is based 

on the theory of Maxwell. 

 

3.3.5.2. Refractive index of zeolites 

 

Electromagnetic waves are generated when charged particles accelerate. Their 

existence was predicted in 1865 by James Clerk Maxwell on theoretical grounds. 

They were first produced and studied in 1888 by Heinrich Rudolf Hertz. The Maxwell 

equations are a group of equations which centralise the basic laws of electric and 

magnetic appearances to one package. Only the last of four equations has been 

derived by Maxwell but he was the first to draw the right conclusions from them [96]. 

 

He found that the electromagnetic waves spread out with a velocity: 

 

00
0

1
µε

=c           (3.52) 

 

With equation (3.52) Maxwell has unified the permittivity of free space ε0, the 

permeability of free space µ0, and the speed of light in vacuum, which was found to 

be c0. 

 

In the general case the spreading speed of the electromagnetic wave in a medium is: 

 

µε
1=w           (3.53) 
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where ε is the permittivity of the medium and µ the permeability of it. It is 

 

0εεε r=  and         (3.54) 

 

0µµµ r=           (3.55) 

 

where εr and µr are the relative permittivity and the relative permeability of the 

medium respectively. With equation (3.53) it follows: 

 

00

1
µµεε rr

w =          (3.56) 

 

Especially for visible light µr can only approximately be 1 because matters with a big 

µr, e.g. ferromagnetics like iron and nickel, are intransparent. Zeolites are assumed in 

this work not to be magnetic. With equation (3.52) and the above assumption it 

follows: 

 

r

cw
ε
1

0=           (3.57) 

 

The relation of this equation with the refractive index n can be found by using the law 

of Snel. Willebrord Snel van Royen, a Dutch mathematician and geodesist, 

discovered in the early 1600s the law of refraction. If an electromagnetic wave 

trespasses the frontier of two media it changes with its velocity also its spreading 

direction. The wave will be refracted like in figure 3.7. 

 

The law of refraction predicats that the ratio of the angles α and β are equal to the 

ratio of the wave velocities in the different media, therefore 
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Figure 3.7: Snel�s law of refraction. 

 

This ratio is defined as the refractive index n. With equation (3.57) and w1 = c0 in this 

special case and with w2 as the wave velocity in the medium, it is 
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known as the relation of Maxwell. If the Maxwell equation 

 
2nr =ε           (3.60) 

 

is inserted in the Clausius-Mosotti equation (3.51) the Lorenz-Lorentz relationship 

between the refractive index n of a medium and the polarisability α is obtained: 
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The aim of this Section is to derive a formulation to calculate the refractive index of 

solids like zeolites. Therefore, the polarisability of the adsorbent or the left side of 

equation (3.61) has to be known. This left side is also defined as the molar refractivity 

Rm with 
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where Rm is in m3/mol [98]. The refractive index of the solid is then 

Medium 1 with 
velocity w1 

Medium 2 with 
velocity w2 

α

β

inlet wave 

refracted wave 

perpendicular
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The molar refraction of a molecule with the structure 
BA xx BA  is 

 

BmBAmAm RxRxR ,, +=  (3.64) 

 

where xA and xB are the stoichiometrical coefficients and Rm,A and Rm,B the ionic 

molar refractions of the matters A and B, respectively. In general it is 

 

∑=
i

imim RxR ,  (3.65) 

 

The ionic molar refractivities Rm,i can be calculated via equation (3.62) if the ionic 

polarisabilities αi are known. It is therefore 

 

i
A

im
NR α
ε 0

, 3
=  (3.66) 

 

In the Handbook of Chemistry and Physics [6] the polarisability volumes '
iα  are 

tabulated for the interesting ions of aluminosilicates. The polarisability αi is related to 

the polarisability volume '
iα  via 

 
'

04 ii αεπα =  (3.67) 

 

In table 3.6 the interesting properties are listed. As an example the refractive index of 

MS5A is calculated. 
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Table 3.6: Numerical values for the ionic molar refractivities. 

 

Ion Polarisability volume 
'
iα  in 10-30 m3 [6] 

Polarisability  

αI in 10-40 (C2*m2)/J 

with equation (4.34) 

Ionic molar refraction in 

10-6 m3/mol calculated 

with equation (4.33) 

Na+ 0.179 0.1991 0.4515 

Ca2+ 0.470 0.5229 1.1857 

Si4+ 0.0165 0.0183 0.0416 

Al3+ 0.0520 0.0578 0.1311 

K+ 0.830 0.9235 2.0938 

O2- 3.880 4.3171 9.7881 

 

MS5A has the chemical structure Ca5Na2((AlO2)12(SiO2)12). Its molar mass M is 

calculated due to the molar masses of the involved matters which are listed in table 

3.7 with 

 

∑=
i

iiMxM  (3.68) 

 

where M and Mi is in kg/mol and xi the stoichiometrical coefficients. For MS5A it is  

 

mol
kgM AMS 68.15 =  (3.69) 

 

Sievers [37] measured for MS5A a pellet density of  

 

35, 1150
m
kg

AMSapp =ρ  (3.70) 
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Table 3.7: Molar masses of interesting matters. 

 

Compound Molar mass in 10-3

kg/mol 

Na 22,989 

Ca 40,08 

Si 28,086 

Al 26,981 

K 39,102 

O 15,999 

 

The molar refractivity of MS5A is calculated with the values of the ionic molar 

refractivites of table 3.6 with 

 

mol
mR AMSm

3
4

5, 1079.4 −⋅=  (3.71) 

 

Finally the refractive index of MS5A is 

 

57.15 =AMSn  (3.72) 

 

Direct measurements for zeolites were only found for MS4A and silicalite-1. 

Nevertheless the proposed way of refractive index calculation is very straightforward 

and independent of experimental work. It is an important parameter for the 

calculation of Hamaker constants, e.g. for aluminosilicates, as shown in the next 

Section. 
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3.3.6. Hamaker constant 

 

For the characterisation of solid materials their interaction potentials with other solids or 

fluids are of strong interest. One of the most important parameters for describing the 

disperse energies of a given system is the so-called Hamaker constant of the solid. 

This constant is also eminent for the calculation of adsorption equilibria of gases on 

energetically homogeneous and heterogeneous surfaces.  

 

Hamaker constants of organics (solids and liquids) in air have magnitudes of  

(6 ± 1).10-20 J and are reported to be lower than those of inorganic salts ((9 ± 3).10-20 

J), which are again lower than those of metal oxides ((13 ± 4).10-20 J) [41]. Götzinger 

[49] reports in table 3.8 constants of several inorganic and organic matters. 

 

Table 3.8: Hamaker constants of inorganic and organic matters. 

 

Matter Hamaker constant in 10-20 J 

Al2O3 12.19 � 17.01 

TiO2 16.05 � 22.08 

Silicium 20.60 � 22.90 

SiO2 6.28 � 6.90 

Polystyrol 6.34 � 8.0 

Graphite 12.71 � 28.0 

Active carbon 6.0 

 

Van der Hoeven [41] reports two methods for the estimation of Hamaker constants. 

The first one is based on the macroscopic theory of Lifshitz. It requires the knowledge 

of the absorption spectrum and the dispersion, i.e. the refractive index n(ω) and the 

dielectric permittivity ε(ω) as a function of frequency. The other method is the 

Hamaker-de Boer microscopic summation approach. This method is based on the 

subdivision of the inorganic solid molecules into atoms, which all have an average 

composition and polarisability, identical to that of the solid molecule. The method 

requires, apart from the refractive indexes and dielectric constants, the molar masses 
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and the specific densities of the materials involved. A brief description of these two 

methods and their theories is given in the next sections. 

 

3.3.6.1. Macroscopic approach of Lifshitz 

 

Hamaker [75] experienced in 1937 the existence of adhesive forces between small 

particles. He ascribed this adhesion for a large part to London van-der-Waals forces. In 

his theory the energy of interaction between two particles containing ρj,at atoms per m3 

is given by 
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        (3.73) 

 

where dv1, dv2, V1 and V2 designate volume elements and total volumes of the two 

particles, respectively, r denotes the distance between dv1 and dv2 in m and β is the 

London van-der-Waals constant in J*m6. 

 

The mutual energy of two spheres of diameters D1 and D2, with the distance d 

according to figure 3.8 and containing ρ1,at and ρ2,at atoms per m3 which interact with 

an energy 6r
β is according to Hamaker (see Figure 3.8) 
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where the variables are defined as 

 

βρρπ atatHa ,2,1
2= ,         (3.75) 
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1

2
1 D
Dy =           (3.77) 

 

 

 

 

 

 

 

Figure 3.8: Two interacting spheres. 

 

The constant Ha is also known as the Hamaker constant and is defined for like 

particles with the same atom density atj ,ρ  as 

 

βρπ 2
,

2
atjHa =          (3.78) 

 

When x1 << 1 or d → 0 equation (3.74) is approximated by 
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Ackler et al. [76] calculated the Hamaker constant of muscovite mica, Al2O3, SiO2, 

Si3N4 and rutile TiO2 from Lifshitz theory. He compared these constants to values 

calculated from physical properties using the Tabor-Winterton approximation.  

 

Lifshitz developed a theory for the nonretarded case where the interparticle 

separations are small enough that the interactions between dipoles is considered 

instantaneous. The van-der-Waals interaction is the result of fluctuations in the 

electromagnetic field between two macroscopic bodies, modified by the separating 

media, where the interaction can be referred to the standing waves which only occur 

at certain frequencies. Hence, the van-der-Waals interaction and, thus, the 

associated Hamaker constants can be estimated from the knowledge of the 

frequency dependent dielectric properties of the interacting materials together with 

D1 D2 

d 
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the intervening medium and the geometry of the bodies. The accuracy of the 

estimated Hamaker constants is directly related to the precision and accuracy of the 

dielectric spectra and the mathematical representation of this data [77]. 

 

The dielectric properties of materials are commonly represented by the frequency 

dependent dielectric response function 

 

( ) ( ) ( )ωεωεωε ′′+′= i          (3.80) 

 

which is a complex function here, ( )ωε ′  is the real part and ( )ωε ′′  the imaginary part. 

For a static applied field (ω = 0), non-conductor materials are characterised 

by ( )0ε ′′ =0, hence  ( )0ε ′  = ( )0ε  which is the static dielectric constant. For this case the 

real part of the dielectric response is directly related to the refractive index n through 

 

( ) ( ) ( )000 2n=′= εε          (3.81) 

 

Dielectric data can be obtained with a number of methods including capacitance 

bridge, optical reflectance and electron loss spectrometry. Most of these techniques 

yield only one of the components of the complex dielectric response function which 

often necessitate the transformation from the real to the imaginary component or vice 

versa. Such a transformation can be performed using the Kramers-Kronig relations, 

one of them defined as 
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However, since the Kramers-Kronig relation is formally correct only when ( )ωε ′′  is 

known in the entire frequency range, 0 < ω < ∞ , this procedure is applicable. Nimhan 

and Parsegian showed that by constructing an imaginary dielectric response function, 

ε(iξm), a much simpler dielectric representation could be used for the purpose of 

calculating Hamaker constants. In the study of Bergström [77] ε(iξm) is represented for 

most of the inorganic materials by one UV and IR relaxation through 
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where each material is characterised by four parameters; CIR and CUV are the 

absorption strengths in the IR and UV range, respectively, and ωIR and ωUV represent 

the characteristic absorption frequencies in the IR and UV range, respectively. It is  
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where fj is the oscillator strength and ωj is the relaxation frequency of the absorption 

band. Now, the non-retarded Hamaker constant of two particles 1 and 2 in medium 3 

can be derived from the integral 
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This integral can be solved analytically to yield 
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where k is the Boltzmann constant and T the temperature in K and with the 

differences in dielectric response, kl∆ , defined as 
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Bergström [77] used simplified approximations by only retaining a single UV 

relaxation to represent the dielectric response of each material. His simplifications 

have been motivated by the important role of the ultraviolet relaxations on the 

magnitude of the disperse interactions. With such a simple dielectric representation 
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each material is fully described by three parameters, ε(0), the characteristic 

frequency in the ultraviolet, ωUV, and the low-frequency limit of refractive index in the 

visible UV range, n0 (since 12 −= visUV nC ). For example he calculated the Hamaker 

constant Ha131 for two identical materials 1, interacting across a medium 3, by using 

(3.36), neglecting all summation terms s > 1, converting the summation over m to an 

integral for n > 1, and finally setting ω1 = ω3 = ω. This results in 
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Both authors (Bergström and Ackler) compared their data with the Tabor-Winterton 

approximation for the Hamaker constant. Beside the above simplification of ignoring 

contributions from vibrations in the infrared a second approximation is made that the 

absorption in the UV occurs within a narrow frequency range. It follows 

 

( )
( ) 2

32
3

2
1

22
3

2
1

131 28
3

nn

nnh
Ha e

+

−
=

νπ         (3.89) 

 

where h is the Planck�s constant and eν  the main electronic absorption frequency of 

about 3*1015 Hz also called the plasma frequency. Recalling that n = ε2, it is apparent 

that the Tabor-Winterton approximation enables the calculation of a Hamaker constant 

only from physical properties such as the refractive index or the dielectric constant of 

the materials of interest and of the medium �3�. 

 

In the case of two interacting identiacl macrobodies (index1) in vacuum Israelachvili 

derived the following expression which allows to approximate the Hamaker constant 

[21, 98]: 
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In this equation, instead of integration over the whole frequency area, ε(ω) and n(ω) 

in the original equations of Lifshitz are replaced by two static values, one at low 

frequencies, i.e. the static dielectric constant ε, and one at high frequency, i.e. the 

refractive index n of the medium in visible light. 

 

In this macroscopic approach the static dielectric constant is not known in many 

cases or must be measured in a complex way. Considering the large differences in 

chemical compositions, it is unlikely that inorganic matters all have the same νe value 

of 3.1015 s-1. Nevertheless Israelachvili has shown that the results of equation (3.90) 

are accurate within a few percent when compared with the results of exact 

computations. 

 

In the next Section the Hamaker � de Boer microscopic approach is introduced which 

is used in this work for the derivation of the London interaction forces. 

 

3.3.6.2. Microscopic approach of Hamaker � de Boer 
 

The Hamaker � de Boer microscopic approach is based on the equation 

 

βρπ 2
,

2
atjHa =  (3.78) 

 

where ρj,at is the is the number density of solid atoms in 1/m3 and β the London 

constant in J*m6 [75]. This approach is strictly speaking valid only for monoatomic 

solids. If the Hamaker constant of multiatomic solids is calculated their chemical 

structure has to be considered. The proposed route is based on a subdivision of the 

solid molecule into atoms, which all have a mean concentration and polarisability. 

The Hamaker constant is then calculated due to these mean polarisabilities. A 

second assumption is that only the valence electrons of these atoms contribute to the 

disperse interaction potential. So the average atoms are all bonded by semi-polar 

bonds and only the bond-forming electrons contribute to the higher energetic waves.  

 

The Hamaker constant for multiatomic solid molecules is then 
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βρπ 2
atj,

2=Ha  (3.91) 

 

where ρj,at is the number density of solid atoms and β  the London constant. The 

number density can be calculated via 

M
N

n appA
aatj

ρ
ρ =,  (3.92) 

 

where na is the number of atoms in the molecule. M denotes the relative atomic mass 

related to the same solid molecule with which the number of atoms is calculated. In 

the following the zeolite MS5A with the chemical structure Ca5Na2((AlO2)12(SiO2)12) is 

examined. Its molecular mass is given in equation (3.69). The overall number of 

atoms na in this molecule is 

 

795, =AMSan  (3.93) 

 

With the density in equation (3.70) 

 

3
28

,5
11027.3
matAMS ⋅=ρ  (3.94) 

 

is obtained. 

 

The magnitude of this number density of atoms for zeolite MS5A is comparable to 

many materials, for example silicon has a number density of 3
28 1100.5
m

⋅  and SiO2 a 

number density of 3
28 1102.2
m

⋅  [101].  

 

In 1931 Slater and Kirkwood [100] derived an equation for the calculation of the 

London constant. Van-der-Hoeven [41] modified this equation by introducing an 

atomic polarisability. The London constant for macro bodies like zeolites can be 

calculated by 
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επ
ανβ hs  (3.95) 

 

The letter s represents the number of electron bondings per atom. It is obtained 

simply from the summation of the single and double bond forming electrons involved 

in atomic bonding, divided by the number of atoms in the molecule. The parameter s 

is only reasonable for the calculation of the Hamaker constant and London dispersion 

potential, respectively. Later this potential will be introduced as the induced dipole � 

induced dipole interaction energy.  

 

For example, for zeolite MS5A (Ca5Na2((AlO2)12(SiO2)12)) the total number of atoms 

in the molecule is 79. The number of valence electrons is for calcium 5*2 = 10, for 

sodium 2*1 = 2, for aluminium 12*3 = 36, for silicon 12*4 = 48 and for oxygen 48*6 = 

288, altogether 384 valence electrons. The number of electron bondings is then 192. 

It follows for s that 

 

43.2
79
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5 ==AMSs  (3.96) 

 

The polarisability of the solid atoms can be calculated from the refractive index using 

the Lorenz-Lorentz equation 
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with the already known parameters. 

 

The variable ν0 is the frequency of the electron in the ground state in 1/s. It is 

 

απ
ν 1

20
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where e is the charge of an electron (e = 1.60*10-19 C) and me the mass of an 

electron (me = 9.11*10-31 kg). With known or calculated values of the refractive index 

n, the apparent density ρ, the molar mass M and the chemical structure of the solid 

the Hamaker constant for zeolites can be calculated. For MS5A it is: 

 

JHa AMS
20

5 1066.7 −⋅=  (3.99) 

 

3.4. Adsorption isotherms  
 

In this study single-component equilibria of gases or vapours with microporous solids 

are examined. The context does not cover phenomena like chemisorption, hydrogen 

bonding, steric or formselective effects. Attention is payed only to physisorption only, 

the adsorptive gas molecules are physically bonded to the microporous surface via 

potential forces. In this Section the existing types and common descriptions of 

adsorption isotherms are discussed which are used in this work for different 

purposes. E.g. measuring the specific surface according to the BET isotherm, 

calculating Henry coefficients by means of Langmuir and Toth isotherms.  

 

3.4.1. Types of isotherms 
 

The first classification of physical adsorption isotherms was presented by Brunauer et 

al. [78]. In 1985 the IUPAC Commission on Colloid and Surface Chemistry proposed 

modifications of this classification by adding a sixth type, the stepped isotherm, to the 

original five types of Brunauer et al.. Type I (the Langmuir isotherm) is typical for 

microporous adsorbents (activated carbons, zeolites). The next two are typical for 

nonporous materials with strong (type II) and weak (type III) fluid-surface forces. Types 

IV and V are characteristic for mesoporous materials when capillary condensation 

occurs (these types exhibit hysteresis loop). Type VI occurs for materials with relatively 

strong fluid-surface forces, usually when the temperature is near the melting point of 

the adsorbed gas [79]. Figure 3.9 shows the principle types of adsorption isotherms 

regarding to IUPAC classification. 
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Figure 3.9: Principle types of adsorption isotherms regarding to IUPAC classification. 

 

Nevertheless, the classification of adsorption isotherms in several types is not helpful 

for the understanding of the decisive physical processes. Also the evaluation of the 

isotherm types as advantageous or disadvantageous is ambivalent, because an 

advantageous form for adsorption is at the same time a disadvantageous form for 

desorption [24]. This work deals mainly with isotherms of type I. 
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3.4.2. Langmuir isotherm 

 

Irving Langmuir developed 1918 a quantitative theory of monolayer adsorption which 

is simple and ingenious at the same time [80]. Figure 3.10 shows the principle basis 

of the Langmuir model. The assumptions are [82]: 

 

- The molecules are adsorbed on well-defined and localised places. 

- Each adsorption place can bind only one adsorptive molecule. 

- All adsorption places are energetically equivalent. 

- There are no interactions between adsorbed molecules. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.10: Principle of the Langmuir model. 

 

For the attachment of molecules with solid surfaces the following reaction is 

essential: 

 

OPG
ads

des

k

kf ↔+∆          (3.100) 

 

The adjustment of a sorption equilibrium leads to the equilibrium constant KL, which 

is the ratio of the concentration of free gas molecules [G], the concentration of free 

places [∆f] and the concentration of occupied places [OP]: 

occupied  place OP 
= (1-∆f) free place ∆f 

gas 
molecule 
G solid 

surface 
S 

pressure p of gas 
continuum 



 
51 

[ ]
[ ] [ ]fL G
OPK

∆
=          (3.101) 

 

KL is called the Langmuir constant and has the dimension 1/pressure because the 

concentration of free gas molecules [G] is equivalent to the partial pressure p of the 

adsorptive. The sum of the concentration of free places and occupied places is the 

maximum available concentration of sorption places [SP]. It is 

 

[ ] [ ] [ ]fOPSP ∆+=          (3.102) 

 

and it follows with 

 

[ ] [ ] [ ]OPSPf −=∆          (3.103) 

 

for the Langmuir constant in equation (3.101) 
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[ ] [ ] [ ]( )OPSPG

OPKL −
=         (3.104) 

 

After resolution to the concentration of occupied places it follows: 
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GKSPOP
L

L

+
=

1
        (3.105) 

 

The concentrations of occupied and maximum available sorption places are 

equivalent to the loading n and the maximum available loading nmon of gas molecules 

on the solid surface. So the Langmuir isotherm for monolayer loadings can be 

immediately written to 

 

pK
pKnn
L

L
mon +

=
1

         (3.106) 
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For very low pressures KL*p becomes negligible compared to unity, so that as a first 

approximation the Henry isotherm is obtained: 

 

pKnn Lmon=          (3.107) 

 

The product of the constants Lmon Kn *  is equal to the Henry coefficient He. These 

constants are adjustable coefficients to adsorption data. With a linearised form the 

Langmuir coefficients can be derived via a graph with p as the x axis and p/n as the y 

axis. It is 

 

p
nKnn

p

monLmon

11 +=         (3.108) 

 

The Henry coefficient is then indirect proportional to the intercept point Li: 

 

( )Lmon
i Kn
L

He
1

11 ==         (3.109) 

 

The Langmuir isotherm can also be derived from statistical thermodynamics and by 

using Gibb�s isotherm [81]. 

 

3.4.3. BET isotherm 
 

The BET isotherm is eminent for the determination of the specific surface of 

adsorbents. Therefore, the isotherm is derived theoretically in this Section. With the 

help of a few simplifying assumptions it is possible to carry out an isotherm derivation 

for multimolecular layers that is similar to Langmuir�s derivation for monolayers [62]. 

Brunauer, Emmett and Teller look at the surface layers si covered by only i layers of 

adsorbed molecules. Using Langmuir�s equation for monolayer adsorption they 

derive the general equation 
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where p is the pressure in Pa, Hi the specific heat of the i-th layer in J/mol, ai a mole 

rate constant of layer i in mol/(m2*s*Pa), bi a mole rate constant of layer i in 

mol/(m2*s) and si the surface of the molecule layer i in m2. Equation (3.110) means 

that the rate of condensation on top of the layer i-1 is equal to the rate of evaporation 

of the i-th layer. Brunauer et al. proposed the following points: 

 

- The specific heat of the first layer is the heat of adsorption Hads. 

- The specific heat of the i-th layer is the heat of liquefaction HL with 

 

Li HHHH === ...21        (3.101) 

 

This is equivalent to saying that the evaporation-condensation properties of 

the molecules in the second and higher adsorbed layers are the same as 

those of the liquid state. This means also that 

 

g
a
b

a
b

a
b

i

i === ...
3

3

2

2        (3.102) 

 

where g is an appropriate constant in Pa. 

- At equilibrium the surface layers si remain constant. 

 

The total surface S is given by 
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and the total volume adsorbed is 
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where v0 is the volume of gas adsorbed on one square meter of the adsorbent 

surface when it is covered with a complete monolayer of adsorbed gas. It follows that 
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where VG,mon is the volume of gas adsorbed when the entire adsorbent surface is 

covered with a complete monolayer. One can express now s1, s2, � si in terms of s0 

whereas 
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The variable ϕ  can also be understood as the relative saturation, the ratio of the 

pressure of the gas to its saturation pressure. The variable c is the well known BET 

constant. 

 

Substituting (3.106), (3.107) and (3.108) into equation (3.105) yields 
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If the number of the adsorbed layers cannot exceed a maximum number n, then the 

summation of the two series in equation (3.109) is to be carried out to n terms only, 

and not to infinity. It follows then 
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which is the well known general BET isotherm. For the determination of the solid 

surface SBET the summation of the two series has to be carried out to infinity. The 

denominator sum can be represented as the sum of an infinite geometric progression 

 

ϕ
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= 11i
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and the numerator sum can be expressed also in the same way as 

 

( )2
1 1 ϕ

ϕϕ
−

=∑
∞

=i

ii          (3.112) 

 

It follows therefore that 
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With 

 

0p
p=ϕ           (3.114) 

 

equation (3.2) for the determination of the solid surface SBET is obtained. 
 
 
3.4.4. Toth isotherm 

 

One of the assumptions of Langmuir is the energetic homogeneity of the adsorbent 

surface. This assumption is not always valid. Toth also tried to take into account the 

energetic heterogeneity in his adsorption equilibrium modell [83]. The basis of his 

theory is the dividing of the surface in a huge number of homogeneous fields with 

very small areas. With the partial loading 
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monn
nN =           (3.115) 

 

he wrote in a first step the Langmuir equation (3.106) in the differential form 

 

pK
dN
dp

p
N

L=−1          (3.116) 

 

Toth introduced a differential function Ψ(p) which describes the whole energetic 

heterogeneous loading interval: 

 

( ) m
T pKp =ψ           (3.117) 

 

where 0 < m < 1 and KT is the Toth constant in (1/Pa)m. The backwards integration of 

equation (3.116) with equation (3.117) yields the Toth isotherm 
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The Henry coefficient follows at very small pressures. It is 
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        (3.119) 

 

The qualitative difference of Henry coefficient derivations via the Langmuir and Toth 

isotherms is discussed in Chapter 7. 

 

3.4.5. Potential theories 

 

The isotherms of Langmuir, Brunauer et al. and Toth are derived from equilibrium or 

kinetic considerations. Another possibility is the inclusion of adsorption forces or 

potentials in the models. In this Section classic and modern concepts of potential 

theories are presented. 
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3.4.5.1. Polanyi and Dubinin 

 

Polanyi developed his potential theory in 1916 [84]. The assumptions made are: 

 

- The solid concentrates the adsorbed material on its surface by means of 

attraction forces. 

- The attraction forces are dependent on system properties and the distance 

of the interacting molecules. 

- The attraction forces are independent of temperature. 

- There is no dissolution of the adsorbed molecules in the adsorbent. 

- The adsorption volume is filled by liquid adsorbate only. 

- Gas phase exhibits ideal gas behaviour. 

- The liquid adsorbed phase is incompressible. 

- Creating a liquid surface involves negligible work. 

 

The adsorption potential is defined by Polanyi as the isothermal compression work of a 

molecule with partial pressure p which transfers from the gas phase to a point in the 

adsorbed phase with saturation pressure p0 with 

 









ℜ=

p
pTads

0

lnε          (3.120) 

 

The later studies of Dubinin on adsorption equilibria are based on the potential theory 

of Polanyi. The adsorption in microporous adsorbents is understood as successive 

filling of the pore volume. The principle task in his theory consists of finding the 

distribution of the volume adsorption space, v, as a function of Polanyi adsorption 

potential ε with 

 









=

β
εfv           (3.121) 

 



 
58 

where β is called the affinity coefficient. The forces of attraction of the molecules to 

the surface of the adsorbent are related to the ratio of polarisability of the vapourous 

molecules, therefore 

 

refref α
α

ε
εβ ==          (3.122) 

 

where α is the polarisability of the molecule and the index �ref� indicates the 

reference molecule. Dubinin assumes that the temperature does not produce any 

effect on this characteristic curve v, each adsorbent has its own characteristic curve 

that describes its adsorption-force field. For adsorbents of type Ι, including active 

carbons and zeolites with extremely small micropores, the equation of the 

characteristic curve assumes the form 
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where vmax is the limiting volume of adsorption space that equals the volume of all 

micropores. The parameter κ reflects the function of distribution of volume of the 

pores according to sizes. This theory was tested on the basis of numerous 

substances. It is very successful in describing adsorption equilibria of active carbons. 

The advantage of this approach is that for the description of the characteristic curve 

only one isotherm has to be examined experimentally over a big concentration 

interval [82]. With equation (3.120) in equation (3.123) the isotherm of Dubinin-

Raduskevich is given by 
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where the ratio of the volumes can be replaced by the ratio of the loading n/nmax for a 

constant density of the adsorbed phase. 

 

A general form of equation (3.124) was derived by Dubinin and Astakhov [130] with 
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It is not possible to transfer equation (3.124) and (3.125) to Henry�s-law in the low 

partial pressure interval. The postulation for the thermodynamic consistency of a 

isotherm description is not fulfilled. Nevertheless, for bigger concentrations the 

Dubinin isotherms are powerful instruments. 

 

3.4.5.2. Monte Carlo simulations 

 

The objective of molecular modelling systems is to predict macroscopic, 

experimentally observable properties by simulating the molecular motion of materials 

[87]. One starts with a model that describes the inter- and intra-molecular interactions 

and then relates this through statistical mechanics to macroscopic properties. These 

can range from thermodynamic properties to transport properties and to molecular 

arrangements.  

 

There are two major ways to solve these problems statistically. In the first one, 

molecular dynamics (MD), molecules move under the influence of their own 

molecular forces. In micro canonical molecular dynamics, one specifies the number 

of molecules, the energy in the system and the volume of the system. The positions 

of each molecule are then calculated by solving Newton�s equation for the force F, 

the mass m and the acceleration a: 

 

amF =           (3.126) 

 

From this, the desired properties can be gained as a function of position and velocity 

as a function of time. 

 

Another way is the Monte Carlo simulation which is a stochastic method. In a 

traditional or canonical Monte Carlo simulation, the volume, the number of molecules, 

and the temperature of the system are specified. The Monte Carlo method uses a 
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random number generator to propagate molecules according to the canonical 

probability distribution. Translation and rotation motions are accepted or rejected 

according to canonical accepted rules. By examining the accepted and rejected 

motions, an average of them can be made in order to obtain equilibrium properties for 

the system of interest. The algorithm in figure 3.11 gives the steps involved in Monte 

Carlo simulations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.11: Steps involved in Monte Carlo simulations. 

 

In the grand canonical Monte Carlo (GCMC) ensemble the number of particles 

fluctuates while the chemical potential is constrained. This makes GCMC a natural 

choice for studying phase equilibrium since the chemical potential of two phases 

must be equal at equilibrium. Thus, GCMC uses the chemical potential as the basis 

for adding and removing molecules from the system. In addition, the solid phase is in 

contact with a vapour phase of known fugacity, which is related to the chemical 

potential. In GCMC the four basic motions of a particle are as follows: 
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- Insertion into a random position in the system. 

- Deletion 

- Rotation 

- Translation into a new position in the system. 

 

In their review Smit and Krishna discuss the use of modern Monte Carlo simulations 

in the context for simulating the properties of molecules adsorbed in zeolites [88]. 

They show that it is possible to use Monte Carlo simulations to obtain a reasonable 

estimate of an adsorption isotherm of pure hydrocarbons and their mixtures in 

zeolites. As in all kinds of simulation methods the restrictions of Monte Carlo 

simulations are the limits in calculation capacity. Also the results have to be verified 

with experimental data because it is only a random model and not an a priori one. 

Nevertheless, intensive engagement with the theme of high-performance-computing 

is necessary to further push this auspicious methods. 

 

3.4.6. Isotherms based on the Hamaker energy of the solid 

 

Maurer [26] has demonstrated that the Hamaker energy Haj of the adsorbent and the 

critical data pc and Tc of the adsorptive are basic properties in order to describe 

equilibrium isotherms of all gases on active carbon. Mersmann et al [27] introduced a 

diagram in which the initial or Henry loading is plotted versus an interaction 

parameter 
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, as can be seen in figure 3.12. 

 

With respect to the entire isotherm in figure 3.12 the dimensionless numbers 
n
pHe , 

2
3

3 










Cj

j

ads

C

p
Ha

T
T

σ
and 

BET

iA

S
Nn 2σ  have been introduced. However, all these results are 

restricted either to activated carbon and unpolar zeolites like silicalite-1 or to nonpolar 

adsorptive molecules in the case of polar zeolites. 
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Figure 3.12: The initial or Henry loading plotted versus the interaction parameter 

[27]. 
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4. Experimental Methods for Adsorption 
    Measurements 
 

There are classical and also new techniques for measuring the adsorption equilibrium 

of gases on microporous adsorbents. The classical procedures described in this 

Chapter are the volumetric [8, 37, 57] and the packing bed methods [36]. The 

gravimetric method is explained in Chapter 7 regarding materials and methods used 

in this study. Newer techniques are the zero length column [89, 90] and the 

concentration pulse chromatography methods [91, 92]. 

 

4.1. Volumetric method 
 

This method is widely used in literature. The adsorption equilibrium time is shortened  

when a gas pump is used for forced circulation of the adsorptive. Sievers [37] utilized 

a circulation pump with an electro-magnetic clutch between motor and rotary slide 

valve to ensure the required sealing. Figure 4.1 shows a feasible scheme of the 

volumetric method. 

 

First, carrier gas (H2) is dosed to a defined mixing volume Vmix, next a small amount 

of adsorptive is fed. The pressure pbef, the temperature Tbef and the molar fraction of 

the adsorptive ybef are measured, ybef with a gas chromatograph. With this data the 

moles of adsorptive in the mixing volume can be measured and calculated: 

 

adsbef

mixbefbef
bef TZ

Vpy
n

ℜ
=          (4.1) 

 

The compressibility factor Zbef can be calculated via the method of Redlich-Kwong-

Soave which needs only critical data of pure substances. For adsorption the volume 

and also the adsorbent is switched on. The overall volume is Vads. The pressure paft, 

the temperature Taft and the molar fraction yaft are measured. It follows: 
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Figure 4.1: Scheme of the volumetric method. 
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The adsorbed molar quantity can be calculated as the difference of moles in the 

vapour before and after adsorption: 
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The loading n of the adsorbent is the ratio of the adsorbed moles to the mass of the 

adsorbent: 

 

ads

ads

m
n

n =           (4.4) 

 

The equilibrium pressure pequilibrium for the adsorption isotherm is the partial pressure 

of the adsorptive in the carrier gas which is assumed not to be adsorbed. It is 

 

aftaftmequilibriu pyp =          (4.5) 

 

4.2. Packed bed method 
 

In the packed bed method the calculation of the equilibrium is managed by examining 

the breakthrough curve of the adsorber. A mass balance is drawn around the packed 

bed. The adsorbed molar amount N of an adsorptive related to the adsorbent mass in 

the packed bed mbed after a time t can be calculated by 
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where ρ is the partial density of the adsorptive in kg/ m3, V the gas volume in m3 and 

M the molecular mass of the adsorptive in kg/mol. The law of ideal gases delivers the 

following relationship 

 

dsads

dsds

pT
pT

tan

tantanρρ =          (4.9) 

 

The index stand means standard state (Tstand = 273.15 K, pstand = 1.01325*105 Pa) 

and ρstand is the standard density of the adsorptive. 

 

The gas volumes which have passed through the packed bed from t = 0 to 

breakthrough can be determined via integration over the time. This calculation is 

demonstrated exemplarily for the outlet stream. The outlet volume stream ( )tVout&  is 

composed of the carrier gas stream ( )tVC& and the adsorptive flow ( )tV adsout ,
&  with the 

molar fraction yout,ads, so 
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The adsorptive flow is then 
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An analogous equation for the inlet adsorptive flow can be written where the inlet 

molar fraction of the adsorptive yin,ads is constant: 
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From equation (4.10) it follows for the carrier gas stream 
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( )adsinGC ydwV ,
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with wG as the gas velocity in the inlet which is flow controlled and d as the inner 

diameter of the inlet pipe. By a combination of equations it follows for the equilibrium 

loading 
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By continuous measuring of the mole fraction by a gas chromatograph the loading 

can be calculated from the partial pressure. Schweighart [36] could reach low 

pressure limits of 1.2 Pa with this method in adsorption systems like CO2-MS5A, 

C2H4-MS5A, C2H6-MS5A and C3H8-MS5A. 

 

4.3. Zero length column (ZLC) method 
 

The zero length column technique was introduced in the beginning as a simple and 

rapid approach for the study of sorption kinetics. If the same kind of experiment is 

performed at a sufficiently low flow rate, the desorption rate will be determined by 

convection under equilibrium conditions rather than by the desorption kinetics. The 

effluent concentration history directly yields the equilibrium isotherm. The possibility 

of using this approach to measure Henry constants was suggested by Ruthven et al. 

[89,90].  

 

In a ZLC experiment a couple of layers of zeolite is equilibrated in a short adsorber 

with an adsorptive of known partial pressure. At time t = 0 the feed (carrier gas with 

adsorptive) is switched to the pure carrier at constant flow rate. The concentration of 

the desorbed adsorbate in the outlet stream of the ZLC is continuously measured. 

The adsorber is so short that in can be treated as an ideal stirred tank reactor. The 

justification for this is as follows: The two border cases for the residence time 

behaviour of fluids in a pipe stream are the plug flow reactor without axial dispersion 

and the ideal stirred tank reactor with a very large axial mixing. Characteristic for this 

is the Bodenstein number Bo [93] with 
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axD
LwBo =           (4.16) 

 

where Dax is the axial dispersion coefficient in the pipe, w the velocity of the fluid and 

L the length of the pipe. With L → 0, as it occurs in a ZLC, the Bodenstein number 

goes towards zero. This corresponds to the case of the ideal stirred tank reactor. 

With this assumption it can be derived that the concentration of the outlet stream of 

the ZLC after t = 0 is equal to the inner concentration of the adsorber. The differential 

mass balance of the adsorptive is 
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dnm GGads

&         (4.17) 

 

where VG is the gas volume in the adsorber, c the concentration of adsorptive in the 

gas phase in mol/m3, GV&  the gas stream in and t the time. Generally, the outlet 

stream is not the same as the carrier gas stream and equation (4.10) is valid. The 

adsorptive stream is equal to the third summand in equation (4.17): 
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With the mole fraction ( )ty adsout ,  and the overall number C of moles per m3 it is 

 

( )tyCc adsout ,=          (4.19) 

 

Equation (4.10) can be rewritten in 

 

( )
( )( )ty
tyC

VN
adsout

adsout
Cads

,

,

1−
= &&         (4.20) 

 

The term dc/dt in equation (4.17) can be rewritten to 
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because in an isothermal system the overall number of moles per volume, C, does not 

change which means that dC/dt = 0. 

 

Equation (4.17) can be rewritten into the general form 
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or  
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At t = ∞ it is yout,ads = 0 and n = 0. Now the start loading nt=0 can be calculated: 
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Therefore, it is 
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The loading n at time t can be calculated via equation (4.22) with 
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With equation (4.24) we get for the loading n: 
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By integrating the adsorption isotherm in dependence of the measured concentration c 

the loading n is obtained. This can be converted into partial pressure by means of the 

law of ideal gases. 

 

4.4. Concentration pulse chromatography method 
 

The use of the concentration pulse chromatography for adsorbent screening is very 

attractive since it is relatively inexpensive to set-up [91,92]. Further, this method is 

capable of characterising adsorbents faster than other methods. 

 

With the concentration pulse method, a pulse of sample is injected into the carrier 

gas stream and passes through an adsorbent packed column. The response of the 

column is measured as concentration vs. time at the exit of the column. From this 

response peak a mean retention time of the sample, τ, is determined experimentally 

with 
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The term τD is the mean dead time of the system. This dead time is the time required 

for a sample pulse to pass the empty volume of the interconnecting tubing from 

injection point to the detector and void space in the packed column. 

 

With the that carrier gas composition the mean retention time is related to the 

effective isotherm slope, K, by 
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where εbed is the bed porosity. The dimensionless K factor can be transformed to the 

dimensional Henry coefficient in mol/(kg*Pa) by 

 

pelletT
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ρℜ
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where ρpellet is the apparent density of the adsorbent. With the former equations 

(4.27) and (4.28) inserted in equation (4.29) it follows 
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The concentration pulse method is also applicable for determining binary adsorption 

isotherms [91,92]. 
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5. Prediction of Isotherms for p → 0 (Henry) 
 
The Henry coefficient is the first step in developing a pure component adsorption 

isotherm that allows for overall prediction of the adsorption equilibrium. It is 

characteristic for the region of diluted concentrations. In this work it is shown that the 

Henry coefficient is not only dependent on the adsorption temperature but also on the 

properties of the adsorptive and adsorbent themselves. It is a picture of the prevailing 

interaction forces between the gas and solid molecules and ions. Understanding the 

basic mechanisms of adsorption opens the door to an a priori approach of calculating 

adsorption isotherms in a wide concentration range. 

 

An adsorption isotherm in the diluted concentrations region is described by the Henry 

law 

 

pHen =           (5.1) 

 

where n is the loading in mol/kg, He the Henry coefficient in mol/(kg*Pa) and p the 

equilibrium pressure in Pa. For graphical purposes this means that the loading n is 

directly proportional to p with the slope He. All adsorption isotherms intersect with the 

origin of the coordinate system. Logarithmising both sides of equation (5.1) leads to 

equation 

 

( ) ( ) ( )pHen logloglog +=         (5.2) 

 

with slope 1 in a graph with double logarithmic axes. The intercept of the curve with 

the log(n)-axes is equal to log(He) if the log(p)-axes begins at 1 Pa. Figure 5.1 shows 

two different plots, one with linear and one with double logarithmic axes. 
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Figure 5.1: Two different views of adsorption isotherms in the low-pressure region. 

 

Besides dimensionally correctness another important principle in chemical 

engineering is the thermodynamic consistency of derivations. This goal is retained in 

this work when the Henry coefficient is deduced from chemical potential equilibria. As 

next step in this Chapter the Henry coefficient is calculated in the case of 

energetically homogeneous adsorbents. An analytical function is derived from 

theoretical considerations which is a powerful instrument for process engineers. The 

last step introduces the general case of energetically heterogeneous adsorbents. 
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5.1. Thermodynamic consistency 

 
In Chapter 3 several descriptions of adsorption equilibria were introduced of which 

some could be derived from thermodynamic consistent considerations. The Langmuir 

isotherm is the most famous one. This work follows that principle.  

 

Besides disperse forces mainly electrostatic forces influence the adsorptive during 

exposion to an electrical field, e.g. the field of an ionic crystal lattice of a zeolite [8]. In 

general these electrostatic forces contribute in a non negligible degree to the 

adsorption equilibrium of an adsorptive with a solid surface. The overall adsorption 

potential Φ can therefore be written as 

 

∑∑ Φ+Φ+Φ+Φ+Φ+Φ+Φ=Φ=Φ −
j

adsadsquadchaquadinddipchadipindindchaindindsolidgas  (5.3) 

 

The partial potentials are the integrated interaction energies of the adsorbate 

molecule with the solid continuum structure or with other adsorbate molecules. They 

describe the following interactions: 

• The interaction of the induced dipole of the gas molecule with the induced 

dipole of the solid molecule ( indindΦ ), 

• the interaction of the induced dipole of the gas molecule with the electrical 

charge of the solid molecule ( indchaΦ ), 

• the interaction of the permanent dipole of the gas molecule  with the induced 

dipole of the solid molecule ( dipindΦ ) 

• the interaction of the permanent dipole of the gas molecule with the electrical 

charge of the solid molecule ( dipchaΦ ), 

• the interaction of the permanent quadrupole moment of the gas molecule with 

the induced dipole of the solid molecule ( quadindΦ ) and 

• the interaction of the permanent quadrupole of the gas molecule with the 

electrical charge of the solid molecule ( quadchaΦ ). 
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In the following study for determining the Henry coefficient one important 

assumptions is that the interactions between the adsorbate molecules are negligible. 

The physical cause for this is the low concentration or partial pressure of the 

adsorbate molecules in the Henry region, so that they do not interact with each other 

but only with the solid surface. It is 

 

0=Φ∑
j

adsads           (5.4) 

 

A second assumption is that the solid elements do not have a permanent dipole or 

quadrupole moment. 

 

When two phases coexist in a system equilibrium is reached between them after a 

certain time. In equilibrium state the chemical potentials µ of the two phases are 

equal. For the adsorptive and adsorbate phases it follows that 

 

adsorbateadsorptive µµ =          (5.5) 

 

The chemical potential is a function of pressure p and temperature T with 

 

( )pTf ,=µ           (5.6) 

 

In the Henry region with its low pressure the adsorptive behaves like an ideal gas. Its 

chemical potential is defined as 
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p
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where pref is the reference pressure in Pa, ( )refadsadsorptive pT ,µ  the reference chemical 

potential of the adsorptive and k the Boltzman�s constant. The second term is the 

correction from pressure pref to the adsorption equilibrium pressure of the gas pads. 

The chemical potential of the adsorbate can be expressed as 
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where ( )refadsadsorbate pT ,µ  is the reference chemical potential of the adsorbate and 

dpadsorbate is the difference pressure which acts additionally to the adsorbate layer. 

The second term is therefore also a correction from the reference pressure to the 

overall pressure of the adsorbate. The third term takes into account the sum of 

interactions between the adsorbate and the solid. With the assumption 

 

( ) ( )refadsadsorbaterefadsadsorptive pTpT ,, µµ =       (5.9) 

 

and that the adsorbate behaves like an ideal gas and according to 
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it follows with equations (5.7) and (5.8) that 
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where dvsolid is the specific volume element of the solid. With algebraic conversions 

and equation (5.1) it follows that 

 

solid

v

v ads

solidgas

ads

dv
kTTp

nHe
solid

solid

∫ ∑
=

−












−








 Φ−
ℜ

==
0

1exp1     (5.12) 

 

The specific volume element of the solid can be expressed with its specific surface 

and the perpendicular distance z of the gas molecules from the surface: 

 

dzSdv BETsolid =          (5.13) 
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With equation (5.12) it follows the well known equation for the Henry coefficient 

expanded with the overall interaction terms: 
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The integration constant zmax depends on the structure of the solid. For massive 

solids zmax is infinity, for porous solids it depends on the pore volume [47]. With 

equations (5.3) and (5.4) the thermodynamic consistent equation for the Henry 

coefficient becomes 
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5.2. Energetic homogeneous adsorbents 

 
A special case of equation (5.15) is the adsorption of arbitrary gases on energetic 

homogeneous adsorbents like active carbon or silicalite-1. For this case Maurer [26] 

derived the potential function for the interaction energy indindΦ (z) which depends on 

the critical properties of the adsorptive and the solid properties of the adsorbent. The 

Henry coefficient reduces in this case to: 
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It is referred to the literature for the derivation of the interaction energy indindΦ (z) [26]. 

For consistency the main formulas shall be mentioned in this work with 
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where Ci,j is an interaction constant between the adsorbate molecule and the solid 

atoms, σi,j the minimum contact distance between the adsorption participants and ρj the 

density of the solid. Figure 5.2 shows a principle scheme for the distance of the 

adsorbate from the solid. 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.2: Principle scheme for the distance of the adsorbate from the solid [26]. 

 

The distance between the adsorbate sphere centre and the centre of the closest solid 

atom in its vicinity is (σi,j + z). The minimum distance σi,j is calculated by the arithmetic 

mean of the van-der-Waals diameters of the adsorbate and the solid molecules with 

 

( )jjiiji ,,, 2
1 σσσ +=          (5.18) 

 

Maurer [26] derived the van-der-Waals diameter of the adsorptive from its critical 

properties. It is 
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where Tc and pc are the critical temperature and critical pressure, respectively. The 

van-der-Waals diameter of the solid can be found in the literature. If not it is referred 

to Section 5.2.2 for the derivation of the parameter σj,j. 
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The interaction constant itself can be formulated as 
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where Haj is the Hamaker constant of the solid.  

 

5.2.1. The dimensionless Henry curve 

 

The interaction energy indindΦ  of two induced dipoles is also called the London 

dispersion energy [5]. This dispersion energy can also be understood by the following 

argument. Although the time-averaged dipole moment is zero for molecules without a 

dipole, there exists at any time a finite value. An electromagnetic field emanates from 

this dipole moment and induces a dipole in a nearby molecule. These dispersion 

forces are omnipresent, they are always attractive. 

 

The scope of this Section is to formulate a dimensionless function for the Henry curve 

considering only London dispersion forces (Hamaker dominant). It is based on the 

advancement of the Henry function formulated by equation (5.16) in the case of 

energetic homogenous adsorbents. With equations (5.17) and (5.20) the interaction 

energy indindΦ (z) can be rewritten by dividing by the energy unit (k.Tads) 
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With 

 

ANk=ℜ           (5.22) 

 

and the binomial formula 
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equation (5.21) can be simplified: 
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Therefore the Henry coefficient can then be expressed as 
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By dividing both sides by the minimum contact distance of the adsorbate molecule 

and the solid atom σi,j equation (5.25) can be rearranged to 
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Both sides of equation (5.25) are now dimensionless. The left side is defined by 

Mersmann et.al. [27] as the dimensionless Initial or Henry Loading IL with 
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which is mainly a function of the Interaction Parameter IP with 
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and the integration variable 
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With the reduced distance 
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and the definitions  
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and 
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the dimensionless Henry function can be expressed as 
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(5.33) 

This integral cannot be solved analytically. It was numerically analysed with 

commercially available mathematical programs. Nevertheless for given values of a 

and xmax the integral can be calculated on a numerical basis for example with 

MathCAD. In this context it is important to mention that the integration parameter a is 

not a function of x. The constant a only depends on the solid and adsorptive 

properties (the Hamaker constant Haj and the van-der-Waals diameter σj of the solid, 

the critical temperature Tc and the critical pressure pc of the adsorptive) and also on 

the adsorption conditions (the adsorption temperature Tads). 
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As next step the interval [0.1;30] of the dimensionless interaction parameter IP was 

examined. This interval can be recalculated via equation (5.32) to an interval 

[13.33;0.0444] of the integration parameter a. Through physical examinations a 

minimum and maximum value for the reduced distance xmax was derived. For this the 

following assumptions were made: 

 

- The helium atom He has the smallest van-der-Waals diameter of gases which 

is σHe = 2.66*10-10 m. 

- The maximum pore diameter d of microporous solids is 2 nm = 20*10-10 m and 

limits the distance of an adsorptive molecule from the solid surface. 

- The van-der-Waals diameter of a solid atom is approximately 4.0*10-10 m. 

- Large adsorptive molecules have a maximum van-der-Waals-diameter of 

5.5*10-10 m. 

- xmax is calculated via equation (5.34) to 
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The values for xmax are then calculated as a minimum value of approximately 0.9 and 

a maximum value of 2. With these values and by numerical calculations of the 

integral (5.33) the table 5.1 was generated. Practically the integration values for the 

dimensionless Henry loading IL do no longer differ above a value of 2 for the 

interaction parameter IP. Both limits for the dimensionless Henry curve are shown in 

figure 5.3. It can be seen that the Henry curve only depends on the interaction 

parameter IP. It has to be mentioned that the curve does not cross the value pair 

(0/1) which is shown by Mersmann et al. [27] as the thermodynamic consistent point 

to be crossed. 

 

For engineering purposes it would be easier to have an analytical function for 

determining the Henry coefficient in the case of energetic homogenous adsorbents. 

Therefore, in the next step an analytical function is introduced which is a powerful 

and easy instrument for calculating the Henry coefficient. 
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Table 5.1: Value table for integral equation (5.33). 

Dimensionless 

parameter IP 

Integration 

parameter a  

Integration 

value IL for xmax

= 0.9 

Integration 

value IL for xmax 

= 2 

Integration 

value IL for xmax

= ∞ 

0.1 13.3333333 0.028 0.034 0.038
1 1.33333333 0.335 0.399 0.441
2 0.66666667 0.953 0.986 1.07
5 0.26666667 5.383 5.752 5.966

10 0.13333333 101.933 102.822 103.264
15 0.08888889 2632 2633 2634
20 0.06666667 80440 80440 80440
25 0.05333333 2.67E+06 2.67E+06 2.67E+06
30 0.04444444 9.34E+07 9.34E+07 9.34E+07

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.3: The dimensionless Henry curve � numerical values (equation (5.33)). 
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The numerical values of figure 5.3 are approximated by the function 

 

( )2
1exp pIPpIL =          (5.35) 

 

where p1 and p2 are parameters adjusted to the real numerical values of the integral 

(5.33). The adjustment was performed by the numerical software Maple. For the two 

cases of xmax = 0.9 and xmax = 2 the parameter values p1 = 0.3312917 and p2 = 

1.1803227 for xmax = 0.9 and p1 = 0.3312936 and p2 = 1.1803211 for xmax = 2.0 were 

obtained. The two parameter sets do not differ significantly. For this work the second 

set was chosen. The exponential function (5.35) with the second set is shown and 

compared with the numerical values in figure 5.4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.4: The dimensionless Henry curve � analytical regression. 

 

Dimensionsless Henry Curve

1E+00

1E+01

1E+02

1E+03

1E+04

1E+05

1E+06

1E+07

1E+08

0 10 20 30 40

Interaction Parameter IP= 

In
iti

al
 (o

r H
en

ry
) L

oa
di

ng
 IL

=(
H

e 
ℜ

 T
)/(

σ
i,j

 S
B

ET
)

with
integral
and
xmax=2
with
regression

Cj

j

ads

C

p
Ha

T
T

3

2
πσ



 
85 

The regression curve goes through the thermodynamic consistent point (0/1) [27]. 

The quality of the analytical form of the Henry curve is discussed in Chapter 7. It is 

shown there also that this function does not cover only the adsorption behaviour of 

energetic homogenous adsorbents like active carbon and silicalite-1 but also the 

case of non-polar adsorbents paired with energetic heterogeneous adsorbents like 

zeolites. This is a very new aspect derived for the first time in this work. 

 

One of the assumptions in this Section was the value of the van-der-Waals diameter 

of solids. The diameter for active carbon coal was chosen to be that of the carbon 

atom [26], so σactive carbon = 3.40*10-10 m. In most cases there are no literature data for 

this parameter. So in the next Section a way for determining this solid property is 

derived. 

 

5.2.2. The van-der-Waals diameter of solids 

 

Because of the very strong dependency of the Henry curve on the interaction 

parameter IP the van-der-Waals diameter of the solid has also a great significance. It 

goes down as the third power in the calculation of the interaction parameter. With the 

assumption that the Henry curve is thermodynamic consistent and characterised 

accurately by equation (5.35) the following approach for the derivation of the 

diameter σj of the solid can be made: 
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It is: 

 

( ) ( ) 0=− jj gf σσ          (5.37) 

 

where f and g are functions of the diameter σj as defined in equation (5.36). There is 

only one unknown variable in equation (5.37), the diameter σj, if at least one 

adsorption isotherm of the solid is known. For energetic homogenous adsorbents the 

choice of the adsorptive is not critical. For energetic heterogeneous adsorbents the 
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adsorptive should have no dipole or quadrupole moment. Most of the solid�s surface 

is examined by the BET-isotherm of nitrogen at 77 K as adsorption temperature. So 

there is at least one experiment set of parameters (Henry coefficient, adsorption 

temperature, critical properties and van-der-Waals diameter of the adsorptive, 

specific surface and Hamaker constant of the solid) for each solid available without 

further experimental work. In this study propane adsorption isotherms were taken to 

calculate the van-der-Waals diameter of the examined solids. In the case of NaY 

methane was taken. The zero point search as derived in equations (5.36) and (5.37) 

was conducted with the program MathCAD. Table 5.2 shows the results. 

 

Table 5.2: Van-der-Waals diameter of examined solids calculated with the 

adsorptives propane and methane. 

Solid, 
adsorptive 

SBET 
(m2/kg) 

Haj (J) TC (K)  pC (Pa) Tads 
(K) 

He 
(mol/kgPa)

σi (m) σj (m) 

Active 

carbon, 

propane 

1000000 6.0E-20 369.8 4.2E6 423 7.1E-5 4.15E-10 3.5E-10

Silicalite-1, 

propane 

372000 7.94E-20 369.8 4.25E6 303 1.06E-3 4.15E-10 3.8E-10

MS5A, 

propane 

727000 7.71E-20 369.8 4.25E6 343 5.36E-5 4.15E-10 3.8E-10

MS4A, 

propane 

650000 6.5E-20 369.8 4.25E6 423 4.22E-5 4.15E-10 3.8E-10

NaX, 

propane 

445000 8.25E-20 369.8 4.25E6 293 2.37E-3 4.15E-10 3.8E-10

NaY, 

methane 

500000 8.40E-20 190.4 4.60E6 343 1.16E-6 3,24E-10 4.2E-10
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The results show that the van-der-Waals diameters of zeolites are in the same 

magnitude as that of active carbon. Furthermore the chosen diameter for active 

carbon of σactive carbon = 3.40 E-10 m is approved by this calculation by an accuracy of 

+- 2.9 %. 

 

5.3. Energetic heterogeneous adsorbents 

 
In order to calculate the Henry coefficient for the adsorption of polar gases on 

energetic heterogeneous adsorbents like zeolites it is necessary to take into account 

all the possible interaction potentials between the adsorbate and the solid atoms. In 

this Section analytical functions for these potentials are derived. Consequently the 

Henry function of equation (5.15) can then be extended to an integral which is finally 

numerically solvable. Later it will be shown that the interaction energy 
ads

indind

kT
Φ  is only 

approximately 50 % of the sum of all interaction energies in the case of polar gases. 

 

5.3.1. The range of polarities 

 

In the following potential calculations the polarity properties of the adsorptives are 

important factors. Their possible value intervals can be 

 

• between 2.2*10-41 (C2*m2)/J (helium) and 2.13*10-39 (C2*m2)/J (n-decane) for 

the polarisability iα  of the gas molecule. 

• The dipole moment µi can be between 0 (methane) and 1.0*10-29 C*m 

(acetone). 

• The quadrupole moment Qi can be between 0 (methane) and 6.21*10-39 C*m2 

(anthracene). 

 

5.3.2. Induced dipole gas � electrical charge solid interaction (indcha) 

 

The assumption for the derivation of the interaction between an induced dipole of a gas 

molecule and an electrical charge of a solid atom is that the solid is composed of so-
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called average atoms with equal properties. In reality this is not true but it is effective 

for the characterisation of the interaction energy.  

 

The proposed route of van der Hoeven [41] for the calculation of the Hamaker constant 

is based upon a subdivision of the solid molecules into atoms, which all have an 

average composition and polarisability identical to that of the solid molecule. The 

constants (London constant, polarisability, number density) are then calculated from 

these average atomic properties. In this approach it is further supposed that the atoms 

are all bonded by semi-polar bonds and that only the bond-forming valence electrons 

contribute to the disperse energetic waves with respect to the Hamaker constant. 

 

According to Münstermann [131] the adsorption of polar or polarisable molecules is 

preferred by molecular sieves. These adsorbents are attracted by the positive charged 

cations of the zeolite cages. This effect has to be taken into account when dealing with 

charge interactions for calculating the Henry coefficient of arbitrary gases. 

 

The potential energy Eindcha between two molecules or atoms, of which one is 

polarisible and the other one possesses an electrical charge, can be described by 

Hirschfelder [19] 

 

( ) ( )2
0

4

2

42
1

r

ji
indcha

r

q
rE

επε

α
−=         (5.38a) 

 

where iα  is the polarisability of the gas molecule in (C2*m2)/J, qj the effective charge of 

the average atom of the solid in C, ε0 the permittivity of free space = 8.854*10-12  

C/(V*m), εr the relative permittivity of the adsorbent and r the distance between the 

centre of the molecules in m. For calculation of the relative permittivity of microporous 

adsorbents the porosity of the solid has to be taken into account. It is assumed that 

 

( ) 211 nr ⋅−+⋅= ϕϕε          (5.38b) 

 

where ϕ is the porosity and n the refractive index of the solid. For MS5A the relative 

permittivity is 1.73 with ϕ = 0.5 [24] and n = 1.57. 
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From a summation of all pair potentials it follows the interaction potential of the gas 

molecule with the whole solid continuum. In general it is [21] 

 

( ) drrrE atj
2

, 4πρ
σ
∫
∞

=Φ         (5.39) 

where ρj,at is the number density of solid atoms in 1/m3 calculated with equation (3.92).  

 

In this work the following general description of the interaction potentials was chosen: 

 

( ) drrrE atj
zji

2
, 4

,

πρ
σ
∫
∞

+

=Φ         (5.40) 

 

The lower integration limit of equation (5.39) was substituted by (σi,j + z) because the 

minimum distance between the molecules is σi,j, also known as the minimum van-der-

Waals contact distance. The effective mean charge of the average solid atom qj,at 

depends on the average number of positive charged cations scations per solid atom. This 

property is introduced here for the first time as 

 

a

c
cations n

n
s =           (5.41a) 

 

where nc are the number of positive charges and na the number of atoms in the solid 

molecule. For example for MS5A nc = 12, na = 79 and scations = 0.152. 

 

It follows for the effective mean charge that 

 

esq cationsj =           (5.41b) 

 

where e is the charge of one electron (e = 1,60*10-19 C). The interaction energy 

( )zindchaΦ  is then due to equations (5.41b) and (5.38a) 
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With the same substitution as in equation (5.30) and after dividing both sides of 

equation (5.42a) by the energy unit (k*Tads) one gets the reduced interaction energy 
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      (5.42b) 

 

The dimensionless interaction parameter for the actual case is then defined as 

 

( ) jiadsr

atjcationsi
indcha Tk
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,
22

0

,
22

8 σεπε
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=         (5.43) 

 

5.3.3. Permanent dipole gas � induced dipole solid interaction (dipind) 

 

Gas molecules can have a permanent dipole when the atoms of different charge of the 

molecule compound are not arranged symmetrically to each other. For example, 

trifluormethane CHF3 has a dipole moment of 1.6 debye or 5.344*10-30 C*m. 

Permanent dipoles induce a dipole in the attraction partner if this partner is polarisible. 

The potential attraction energy between two molecules is according to Debye [4] 

 

( )
( )2

0
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2

4 r

ji
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−=         (5.44) 

 

where µi is the dipole moment of the gas molecule in Cm and jα  the polarisability of a 

solid atom according to equation (4.49) in (C2*m2)/J. In the following it is assumed that 

the solid atoms are induced from the polar gas molecules but do not have a permanent 

dipole themselves. The interaction energy of one polar gas molecule with the whole 

solid continuum is with equation (5.40) 
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Therefore it is 
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After introduction of the reduced location variable x the reduced interaction energy 

permanent dipole gas � induced dipole solid is 
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The dimensionless interaction parameter Adipind is therefore 
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5.3.4. Permanent dipole gas � electrical charge solid interaction (dipcha) 

 

This interaction type is dominant for highly polar adsorptives like trifluormethane 

(CHF3), ammonia (NH3) and methanol (CH3OH). The potential attractive energy of a 

permanent dipole with a charged atom is quantified [19] with 
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with already known parameters. The summation of the potential energy over the whole 

solid yields 
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After integration and deviding by the energy unit (kTads) and introducing the 

dimensionless variable x it follows for this interaction energy 
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Then the dimensionless interaction parameter Adipcha can be defined as 
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5.3.5. Quadrupole moment gas - induced dipole solid interaction (quadind) 

 

The quadrupole moment is a fundamental property for the description of the molecular 

charge distribution [103]. In the theory of electricity there are two signs of electric 

charge. The net total charge is the monopole moment. If there are charges of two 

signs separated, then there exists a dipole moment along the line connecting the 

charges. If there are charges of both signs, but separated in a more complicated way, 

an electric quadrupole may be present. The quadrupole moment gives an indication of 

the derivation of the charge distribution of the adsorptive from spherical symmetry. 

 

For gases with strong quadrupole moments like CO2 the previous potential 

phenomena are not sufficient to describe their great adsorption effect in the Henry 

region particularly because their permanent dipole is small or even zero in the case of 

benzene. The cause is that the quadrupole moment can also induce a dipole moment 

on the solid atoms or can interact with electrical charges of the adsorbent. For two 

molecules of which one has a quadrupole moment and the other is polarisible the 

potential energy is [19] 
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where Qi is the quadrupole moment of the adsorptive in C*m2. It follows for the 

reduced interaction potential with the usual procedure as in the previous chapters that 
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Now the dimensionless interaction parameter Aquadind can be directly specified as 
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5.3.6. Quadrupole moment gas � electrical charge solid interaction (quadcha) 
 

This potential is in the same order of magnitude as the permanent dipole � electrical 

charge interaction. The potential energy between two molecules with a quadrupole 

moment and an electrical charge is according to Israelachvili [21] 
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It follows for the reduced interaction potential: 
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with the well known parameters of the adsorptive and the adsorbent. The 

dimensionless interaction parameter Aquadcha is then 
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Later in chapter 7.2 the validity of this theoretical model according to the equations 

(5.24), (5.42b), (5.47), (5.51), (5.54) and (5.57) will be discussed. 

 

5.3.7. Overall adsorption potential 
 

The overall adsorption potential between a gas molecule and the solid continuum can 

be expressed as the sum of the partial potentials as shown in equation (5.3). Because 
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the Henry coefficient depends on the reduced overall potential 
ads

SolidGas

kT
∑ −Φ−

 as shown 

in equation (5.14) also the partial potentials will be expressed by reduced equations 

relative to the energetic unit kTads. Therefore, the induced dipole � induced dipole 

interaction can be rewritten as: 
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It is assumed that this potential is the London potential expressed by a function of the 

Hamaker constant of the solid and the critical parameters of the adsorptive. This item 

will be discussed in Chapter 7. With the additional equations (5.41b), (5.46), (5.50), 

(5.54) and (5.57) for the other partial potentials the reduced overall potential can be 

formulated in detail as shown in equation (5.60). 
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In figure 5.5 the interactions of the adsorptive molecule with the solid continuum are 

presented graphically. The arrows are numbered respectively to the partial potential 

energies which occur between adsorptive and adsorbent. It has to be mentioned that 

the polarisability αi is the electronic polarisability of the molecule according to 
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Israelachvili [21] for further theoretic considerations. (Most important in figure 5.5 are 

the potentials indind, dipcha and quadcha, compare Section 7.3.5). 
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Figure 5.5: The partial potentials between adsorptive and adsorbent. 
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(5.42b)

(5.47) 
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5.3.8. Henry coefficient for energetic heterogeneous adsorbents 

 

By inserting the interaction parameters into equation (5.15) the dimensionless Henry 

coefficient becomes 
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where Aindind is defined as the interaction parameter for induced dipole � induced dipole 

interaction 
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The integral increases very strongly with increasing distance x, for small values of x it 

reaches a limit. In this work it is recommended to use a limiting value of 2 for x. The 

integral itself is not analytically solvable. It is not possible to introduce a regression 

function because it is a three-dimensional problem. Nevertheless, with commercial 

software like MathCAD numerical values for the Henry Loading IL can be evaluated. 

This value can be transformed to the Henry coefficient due to 
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         (5.63) 

 

Therefore, it is possible to compare the theoretical a priori calculated Henry coefficient 

with experimental data. The value pairs should lie on a diagonal in a coordinate system 

with the experimental Henry values as the x-axes and the calculated ones as the y-

axes. The quality of the model will be discussed in Chapter 7. 
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5.4. Calculation methods for the Henry coefficient 

 
5.4.1. Henry coefficients from experiments and literature 

 

The Henry coefficients from experiments were derived in this work by applying the 

Langmuir and Toth formulae for adsorption, in this study the equations (3.109) and 

(3.119). 

 

The proposed Langmuir method is a graphical method from which the Henry 

coefficient can be obtained by regressing the transformed data by a linear curve. The 

intercept of this linear curve with the y-axis is indirectly proportional to the Henry 

coefficient. In this plot the y-axis shows the ratio of the equilibrium pressure p to the 

equilibrium loading n in Pa/(mol*kg) whereas the x-axis shows the equilibrium 

pressure p itself in Pa. The data were analysed by using commercial programs. 

 

The same experimental data have also been analysed by the Toth equation (3.119) 

due to an analytical fitting method because a three parameter isotherm cannot be 

represented by a two dimensional graph. Model parameters are obtained using the 

non-linear least square method of Margules. The parameters are optimised based on 

the minimum sum of square error given by 
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model      (5.64) 

 

where ss is the sum of square errors and NP the number of data points from the 

experiment. 

 

In many literature essays Henry coefficients are tabulated or given as a function of 

temperature and heat of adsorption. If not, adsorption isotherms were analysed by the 

two mentioned methods of Langmuir and Toth. In some of the essays the authors did 

not tabulate the data points of equilibrium pressure and loading. In such cases the 

adsorption graphs were scanned and the data points were quantified by the graphical 

program Origin . 
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5.4.2. Theoretical Henry coefficients 

 

Theoretical Henry coefficients have been calculated by using the derived equations 

(5.59) and (5.61) in the commercially available mathematic program MathCAD  

(Version 13, Mathsoft Engineering & Education, Inc.). This program has a Maple kernel 

to calculate mathematical equations. Equation (5.65) was used in MathCAD   to 

calculate the dimensionless Henry coefficient of Z different adsorption pairs with 

 

           (5.65) 

 

where the interaction parameters Ai,j are one-dimensional vectors with length of Z and 

x is the reduced distance as in equation (5.30). The result IL, also a vector with length 

of Z, is written back to a calculation sheet. The unknown coefficients fi,,j have been 

determined by theoretical and experimental considerations and will be discussed in 

Chapter 7. They can be interpreted as potential factors of the interaction parameters 

Ai,j. At a first approach it is expected that these potential factors should be close to unity 

or even fi,j = 1. However, experimental results show that in the case for interactions 

which refer to the electrical charge q derived in the Sectionss 5.3.2, 5.3.4 and 5.3.6 the 

factors are only close to unity. All other factors are equal to 1. The reasons for this 

behaviour may be the fact that the distance of the different atoms and their angles with 

respect to the dipole axis of the adsorptive molecule differs from atom to atom. 

Therefore all average values depend on these distances and angles. For instance, 

equation (5.49) is valid for freely rotating molecules. This may not be true for molecules 

adsorbed in the cage of a zeolite. Israelachvili [21] has shown that calculations with the 

objective to average distances and angles are problematic. It is assumed that these 

average values can be calculated by complex integrals. In Chapter 7 the fi,,j are derived 

from theoretical considerations and experimental results. They will be discussed later 

in more detail. 
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6. Prediction of Isotherms for p →∞ (Saturation) 
 
The a priori prediction of adsorption isotherms based only on the properties of the 

adsorptive and the adsorbent molecules is a challenging goal. In this Chapter a new 

model will be introduced which enables the prediction of the isotherm from the Henry 

to the saturation region for Hamaker dominant adsorption pairs and for systems 

where the adsorptive is polar and the adsorbent is heterogeneous with respect to 

energy. 

 

Examples for the Hamaker dominant case are the adsorption of an unpolar gas like 

an alkane on active carbon or any molecular sieve or the adsorption of polar 

adsorptives on any energetic homogenous adsorbent. Furthermore the fourth case is 

the adsorption of any polar molecule like methanol on energetically heterogeneous 

microporous solids like zeolite NaY. 

 

The idea of the presented new model is that any isotherm of type I has two boundary 

conditions for the two variables loading n and partial pressure p. The first boundary 

condition is that in the Henry region the loading and the equilibrium pressure have a 

constant ratio, equal to the Henry coefficient. The second boundary condition is that 

in the saturation region the slope of the curve n=f(p) becomes zero. With a differential 

equation for the variables the intermediate range it is possible to calculate the whole 

adsorption isotherm mathematically. 

 

In this model it is assumed that a narrow relationship between the relevant interaction 

energies and the Henry coefficient exists. The saturation is calculated only in 

dependence on the properties of the adsorptive and the adsorbent.  

 

In Chapter 7 the quality of this new model will be validated by comparing the 

predicted isotherms with data from the literature and also with data from own 

adsorption experiments.  
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6.1. Differential form 
 

The maximum loading n∞ for p → ∞ is given when the micropore volume is 

completely filled with adsorbate which has the molar volume β(T): 
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M
v
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i
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β
ρ

==∞         (6.1) 

 

The relationship between 

 

• the pore filling degree 
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can be described by 
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The microporosity parameters of the adsorbents investigated in this work are in the 

range 0.60 < 
micro

jBET

v
S σ

 < 1, see as examples tables 7.4, 7.5 and 7.6. Nearly all 

adsorptives with molar masses above M = 16 kg/kmol valid for methane have 

adsorbate parameters in the range 0.5 < ( )T
N iA

β
σ 3

< 0,75 at a temperature of 300 K, see 

as examples tables 7.4, 7.5 and 7.6. This means that the maximum number Nmax of 
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molecular layers is between Nmax = 0.3 up to Nmax = 1 for the pore filling 1* ==
∞n
nns  

which corresponds for a complete filling of all micropores.  

According to Mersmann [122] the Henry range of an adsorption isotherm is finished 

when the number of layers, NHe, assumes approximately the value 0.1. This means 

that the borderline between the Henry range and the transition range can be 

expected between 
Hen

n









∞

= 0.1 and 
Hen

n
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= 0.2. In the loading range 

Hen
n

n
n
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∞∞

the adsorption places with the highest energies will be occupied. 

Therefore, the interaction energy is smaller than the overall energy ( )
adskT
zΦ−  in 

equation (5.60) in the case 
Hen

n
n
n









>









∞∞

. It can be shown that the energy 
ads

indind

kT
Φ

−  

is at least 50 % up to 93 % of the overall energy. 

 

It is further assumed that in the transition range between the Henry and the saturation 

region the Hamaker energy is dominant in comparison to other possible potentials. 

According to Braun [4] and Hirschfelder et. al. [19] Hamaker potentials are long-range 

interactions. For the first layer of adsorbate molecules on the solid surface the 

electrostatic potentials have to be taken into account as done for the calculating of the 

Henry coefficient. In the second layer the Hamaker energy is dominant because of its 

long-range attraction compared to the electrostatic forces. 

 

Furthermore, the reduction of the interaction energy is caused by the presence of 

adsorbate molecules and by their distance from the surface molecules of the 

adsorbent. According to equation (5.24) the energy is reduced by a factor 
3

2
1






 = 

0.125 for adsorptive molecules in the second layer. Therefore, the slope 
)(ln
)(ln
pd
nd  of 

an isotherm decreases with an increasing pore filling 








∞n
n  and increasing interaction 

energy. This is demonstrated in figure 6.1 where the pore filling of some adsorptives 
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is plotted against the pressure. The higher the interaction energy the smaller is the 

pressure valid for leaving the Henry range and entering the transition range. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.1: Adsorption isotherms on active carbon coal, fitted with Langmuir 

(methane/ac and ethane/ac) and Toth (acetone/ac and methanol/ac). 
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sn  (saturation). All 

this ideas lead to the following differential equation which fulfils these requirements 

[122]: 
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It is assumed that C is a constant, and its order of magnitude can be evaluated from 

the condition that the expression ( )
















−
∞

∞∗

n
n
n
n

ETC Haadsr
1

2
3

_  must be noticeable 

compared to 1 (say 0.1) when leaving the Henry range. In this work C = 0.55 * 10-3. 

 

Some parameters in equation (6.3) are dimensionless numbers and can be defined 

as 
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where Tr_ads is the reduced adsorption temperature and EHa
* the reduced Hamaker 

energy. The loading n∞ is equal to the saturation loading when the micropore volume 

vmicro is completely filled with adsorbate of the density ρadsorb and can be calculated by 

equation (6.1) where vmicro is in m3/kgadsorbent, the density ρadsorb in kgadsorbate/m3 and 

the molar mass Mi in kgadsorbate/moladsorbate. 

 

The calculation of the adsorbate density, especially in the supercritical region, is 

afflicted with uncertainties because the physical state of an adsorbed molecule 

cannot be described definitely. In this work, if no data for the density of the liquid was 

available, the ratio of molar mass of the adsorbate and adsorbate density is 

calculated by the molar volume of the adsorbate β [36] which depends on the 

adsorption temperature Tads. The molar volume is inter- and extrapolated between 

the molar volume of the adsorptive molecule at the normal boiling point vb and the 

van-der-Waals volume vvdW [36]. It is 
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where Tb is the normal boiling temperature of the adsorptive. Tb and the normal molar 

volume of the adsorptive vb are tabulated for many cases in the literature [106]. For 

any other case the normal molar volume in m3/mol can be calculated by the method 

of Tyn and Calus [106] with 

 
048.16 *10*285.0 cb vv −=         (6.6) 

 

where vc is the critical volume of the adsorptive in cm3/mol, see figure 6.2. 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.2: Normal molar volume of the adsorptive in dependence of the critical 

volume [106]. 

 

The van-der-Waals volume vvdW can be expressed by equation (3.29). The saturation 

loading n∞ is now 
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The ratio of the loading n to the saturation loading n∞ is defined as the saturation 
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Equation (6.3) can be rewritten with the definition 
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which is independent of the loading n and the pressure p to  
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6.2. Integrated form with boundary conditions 

 

Generally, three cases can be distinguished with respect to the slope ( )
( )pd
nd

ln
ln  of an 

adsorption isotherm: 

 

• ( )
( ) 1
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nd  (dilute or Henry range)     (6.12) 
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6.2.1. The dilute region 

 

The first case is the region where the loading n is much smaller than the saturation 

loading n∞, so 

 

∞<< nn           (6.15) 
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The differential equation (6.11) reduces to equation (6.12). The integration of the 

differential equation (6.12) leads to 

 

( ) ( )∫∫ = pdnd lnln  or        (6.16) 

 

.lnlnln Constpn +=         (6.17) 

 

The integration constant Const. can be interpreted as the Henry coefficient: 

 

HeConst ln.ln =          (6.18) 

 

It follows that 

 

0ln =







pHe
n   or        (6.19) 

 

pHen =           (6.20) 

 

which is known as Henry�s law. Some authors doubt that a real Henry region exists 

with respect to the more or less degree of heterogeneity of the adsorbent surface. 

However, dealing with chemical engineering predictions the assumption of a Henry 

range is reasonable and helpful. 

 

6.2.2. The saturation region 
 

In the saturation region the slope of the loading n relative to the equilibrium pressure 

does not change significantly. The limit of the differential equation (6.3) is for n → n∞ 
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or 

 

( ) 0ln =nd  or         (6.22) 

 

∞== nconstn .          (6.23) 

 
 

 
6.2.3. The general case 
 

In the regime between the Henry and the saturation region the differential equation 

(6.11) has to be solved. It follows with 
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the integral form 
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Equation (6.26) can be rewritten to 
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It follows the adsorption isotherm description for the general case (see figures 6.3 

and 6.4) with 
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Figure 6.3: Pore filling for the general case. 
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Figure 6.4: Residual pore filling for the general case  
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7. Results and Discussion 
 

7.1. New experimental results 

 
The experiments carried out for measurements are described in the appendix B2. 

Experiments were carried out in Garching and Leipzig. 

 
7.1.1. Adsorption isotherms 

 

Adsorption isotherms of methanol and dichloromethane were measured on zeolites 

MS5A, NaX and NaY. These systems were chosen to expand literature data with 

experimental data in the case of adsorption of polar molecules or such with high 

polarisabilities on energetic heterogeneous sorbents. The experiments were carried 

out in the pressure range from 0.1 Pa to saturation pressure of the adsorptive at room 

temperature. Figure 7.1 shows adsorption isotherms of methanol on several zeolites. 

Figure 7.2 shows adsorption isotherms of dichloromethane on the same zeolites. The 

temperatures ranged from 44°C to 47°C.  

 

As can be seen in figure 7.1 methanol has the highest adsorption affinity with NaY 

followed by MS5A and NaX, which seem to have the same adsorption attraction to 

methanol. NaY was pure crystalline, MS5A and NaX have been used as industrial 

pellets with binder amount. The MS5A zeolite was grated to powder, pressed 

together and then broken to small pieces for the glass crucible. Adsorption was 

repeated for this modified molecular sieve. The experiment shows that there is some 

diffusion resistance when adsorbing into industrial pellets with binder amount. For the 

theoretical calculations only the data of the crystals and grated pellets were taken. 

Reliable data from the Garching experiments begin at 0.1 Pa, the reliable data from 

Leipzig begin at 10 to 100 Pa. The saturation loading for methanol on the examined 

zeolites was in the magnitude of 6 to 6.5 mol/kg. This is in good agreement with the 

theory of micropore filling as will be shown later. The Henry region of methanol 

adsorption on zeolites ends at high loadings of approximately 3 mol/kg or 10 Pa, 
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respectively. In the experiments the Henry region could be reached very well down to 

pressures of 0.1 Pa.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7.1: Methanol adsorption on zeolites NaY, MS5A and NaX. 

 

Dichloromethane adsorption was conducted with crystal NaY and grated MS5A 

zeolite pellets and additionally with NaX zeolite. The Henry region ends at 

approximately 2 Pa for MS5A and 10 Pa for NaY. The saturation loading is in the 

range of approximately 3.5 mol/kg, less than methanol because of the higher molar 

mass of approximately 84 kg/kmol. Henry coefficient calculations will be compared 

later regarding to Langmuir and Toth regressions. 

 

With this experiments it could be shown that the Henry region and the saturation 

region of solvents with moderate dipole moments of approximately 1.5 debye on 

zeolites can be measured with gravimetric adsorption methods.  
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Figure 7.2: Dichloromethane adsorption on zeolites NaY, MS5A and NaX. 

 

7.1.2. Comparison of Langmuir and Toth regression quality 

 

In this Section the experimental data are fitted with both Langmuir and Toth 

adsorption isotherms. Figure 7.3 shows the adsorption of methanol on NaY and in 

figure 7.4 the adsorption equilibrium of dichloromethane on MS5A zeolite is shown. In 

both cases the Toth isotherm delivers better fits to the experimental data than the 

Langmuir isotherm. The standard deviation is 8.1 % for Toth and 17.3 % for Langmuir 

in the case of methanol adsorption on NaY. Furthermore the standard deviation is 3.8 

% for Toth and 5.8 % for Langmuir in the case of dichloromethane adsorption on 

MS5A. In Table 7.1 the standard deviations for the experimental data are listed. On 

the basis of this table it was decided to calculate the Henry coefficient with Toth 

regression which fitted better to the data. Toth parameters nmax, KT and m and 

Langmuir parameters nmon and KL are explained in Chapter 3. 
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Figure 7.3: Methanol (CH3OH) adsorption on crystal NaY at 318.4 K. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 7.4: Dichloromethane (CH2Cl2) adsorption on MS5A, grated pellets at 319.4 K. 
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Table 7.1: Comparison of Langmuir and Toth regression quality. 

 

Adsorptive Adsorbent Temperature in 

K 

Langmuir 

standard 

deviation in % 

Toth standard 

deviation in % 

Methanol MS5A, pellet 317.7 13.6 9.8 

Methanol MS5A, grated 

pellets 

319.4 28.9 13.8 

Methanol NaY, crystal 318.4 17.3 8.1 

Methanol NaX, pellet 319.4 10.1 7.9 

Dichloromethane MS5A, grated 

pellets 

319.4 5.8 3.8 

Dichloromethane NaY, crystal 318.4 17.1 8.1 

Dichloromethane NaX, pellet 316.9 3.1 2.3 

 

 

7.1.3. BET surface and micropore volume 

 

The specific surface of the solids has been measured by adsorption of nitrogen at 77 

K. Figure 7.5 shows the BET isotherm for zeolite NaY in the linear form of equation 

(3.7) with the relative pressure interval from 0.05 to 0.30. The intercept point of the 

linear fit to the experimental data has the value b = - 0.00297 kg/mol and the gradient 

m is equal to 0.152 kg/mol. With equation (3.5) the monolayer loading of the BET 

isotherm nmon is equal to 6.72 mol/kg. The BET constant can be calculated by 

equation (3.6) and it is c = -50.05. With equation (3.7) and the occupied area of one 

nitrogen molecule amol(N2) = 0.162*10-18 m2 at 77.4 K it is SBET = 655400 m2/kg for 

NaY zeolite. The other solids have been measured with the same method. 

 

The micropore volume of the adsorbents were determined by the t-plot method. The 

data for the evaluation of the micropore volume was taken from the same interval as 

for the BET method, e.g. in the relative pressure interval 0.05 to 0.30. For NaY the 

micropore volume has been calculated to vmicro = 0.272*10-3 m3/kg. 
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Figure 7.5: Linear BET plot for NaY zeolite. 

 

7.2. Prediction of isotherms 

 

7.2.1. Henry coefficient predictions 

 

Henry coefficients were calculated with the new method (equations (5.15) and (5.65)) 

explained in Chapter 5 and compared with data from the literature and with own 

experimental data, respectively. The model quality is exmeplarly discussed on zeolites 

MS5A, MS4A, NaY and NaX. 

 

As mentioned in Chapter 5 the potential factors for charge interactions were calculated 

based on theoretical assumptions and experimental results. For induced dipole 

interactions (indind, dipind and quadind) where no charge is involved on the solid side 

it is assumed that 

 

1=== quadinddipindindind fff         (7.1a) 

 

For charge involved interactions (indcha, dipcha, quadcha) it is assumed in first 

approximation that 
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where 
jSi

Al






  is the aluminium to silicon ratio of adsorbent j and fcharge the potential 

factor for charge involved interactions. 
jSi

Al






  is different for every zeolite. The 

parameter fcharge is equal to 1.35 for every microporous adsorbent. For MS5A it is 

jSi
Al






 = 1, therefore findcha is assumed to be 1.35. It will be shown next that this first 

approximation is very sufficient for charge interactions. In order to test the validity and 

the accuracy of the new model the Henry coefficients were calculated for several 

adsorption cases of gases on zeolites and compared with experimental values. With 

this method it was possible to determine the unknown potential factors fi,,j in equation 

(5.65). 

• According to the theoretical and experimental results of Maurer [26] the induced 

dipole � induced dipole potential for the zeolites also were calculated with a 

potential factor findind = 1. 

• Methane has no dipole moment (µi = 0), no quadrupole moment (Qi = 0) and a 

polarisability of iα = 3.0*10-40 (C2*m2)/J. Adsorption on MS5A (SBET = 600000 

m2/kg) at 293 K was examined regarding to [35]. The experimental Henry 

coefficient is tabulated [35] as 8.8*10-6 mol/(kg*Pa). With findind = 1 in equation 

(5.62) the calculated Henry coefficient is 7.93*10-6 mol/(kg*Pa) if the parameter 

findcha is calculated with equation (7.1b) to 1.35. It will be shown later that the 

factor findcha calculated by equation (7.1b) is adequate with respect to isotherms 

investigated in this study. 

• Ethene has no dipole moment (µi = 0), a quadrupole moment Qi = 1.44*10-39 

C*m2 and a polarisability iα = 3.0*10-40 (C2*m2)/J. It adsorbs on NaY (SBET = 

500000 m2/kg) at 305 K with a Henry coefficient of 2.56*10-3 mol/(kg*Pa) [117]. 

NaY has an aluminium to silicon ratio of 
NaYSi

Al






 = 0.41. With known potential 

factors findind = 1 and findcha = 1.35*0.41 = 0.554 and an assumed potential factor 

fquadind = 1 the calculated Henry coefficient is 7.0*10-4 mol/(kg*Pa). 
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• Carbon dioxide has a small dipole moment µi = 2.34*10-30 Cm, a strong 

quadrupole moment Qi = 1.5*10-39 C*m2 and a polarisability iα = 2.9*10-40 

(C2*m2)/J. It adsorbs on MS4A (SBET = 350000 m2/kg) at 298 K with a Henry 

coefficient of 1.36*10-3 mol/(kg*Pa) [22]. In adsorptive molecules with strong 

quadrupole moments two dipoles in counterdirection can exist [132]. 

Furthermore a strong quadrupole moment can induce a dipole moment µj in the 

adsorbent molecule (see chapter 5 in this thesis). The order of magnitude of the 

ratio 
ii

iQ
σµ

 of many polar adsorptive molecules is ≈ 1 or ijiiii Q== ,σµσµ . With 

respect to this simple relationship it may be reasonable to introduce the factor 

2*(2)2 = 8 in equation (5.57) in order to take into account the phenomena 

described above: 
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 An introduction of this factor 8 leads to the result that the charge potential factor 

fcharge seems to have the value 1.35 for all zeolites. With an aluminium to silicon 

ratio of 1 for MS4A it follows fquadcha = 1.35 and a calculated Henry coefficient of 

3.4*10-3 mol/(kg*Pa).♠  

• Ammonia has a strong dipole moment µi = 5.0*10-30 Cm, a strong quadrupole 

moment Qi = 8.7*10-40 C*m2 and a relative small polarisability iα = 3.1*10-40 

(C2*m2)/J. It adsorbs on NaY (SBET = 500000 m2/kg) at 373 K with a Henry 

coefficient of 2.82*10-4 mol/(kg*Pa) [118]. With a potential factor fcharge = 1.35 

and an aluminium to silicon ratio of 0.41 the Henry coefficient can be calculated 

to 2.14*10-4 mol/(kg*Pa). 

• Methanol has a big dipole moment µi = 5.7*10-30 Cm, a small quadrupole 

moment Qi = 4.3*10-40 C*m2 and a small polarisability iα = 3.7*10-40 (C2*m2)/J. It 

adsorbs on the zeolite NaY (SBET = 655400 m2/kg) at 318 K with a Henry 

coefficient of 6.71*10-1 mol/(kg*Pa). The predicted Henry coefficient is 2.5*10-1 

mol/(kg*Pa) if a potential factor fdipind = 1 is assumed. 

                                                
♠  Another way for deriving the factor 8 is explained in the appendix C. 
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• The potential factors as shown above were taken to calculate the adsorption of 

arbitrary gases on any microporous solid. The results are explained in the 

following. 

Figure 7.6 and 7.7 show Henry coefficients of zeolite MS4A with the adsorptives 

ammonia, carbon dioxide, carbon monoxide, methane, propane, hexane, helium, 

nitrogen, oxygen and benzene on zeolite MS4A. In figure 7.6 the theoretical Henry 

coefficients were calculated on basis of the induced dipole- induced dipole potential.  

Figure 7.6: Henry coefficients for adsorption of gases on MS4A zeolite on basis of 

only induced dipole � induced dipole interactions (table 7.2). 

 

The next figure 7.7 is based on all potentials taken into account as described in 

Chapter 5 and on the potential factors. Besides benzene and hexane the prediction 

works very well as can be seen in table 7.2. The van-der-Waals diameters of benzene 

and n-hexane are 4.56 E-10 m and 5.18 E-10 m, respectively. It seems that these 
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molecules are too big for the effective micropore opening of MS4A. The model predicts 

Henry coefficient values between 3 and 5 magnitudes larger than the experimental 

ones. Although sterical effects like these cannot be represented the new model works 

very well over 4 orders of magnitudes in the case of the MS4A adsorption examples. It 

is interesting to mention that in the case of NH3 for instance the loading is by a factor 

103 higher than calculated with induced dipole � induced dipole interactions only. 

 

The tested adsorptives cover different types of molecules with different polar 

properties. Noble gases like helium have no dipole moment, no quadrupole moment 

and small polarisabilities. Alkanes like methane, propane and hexane have no dipole 

moment, small quadrupole moments and intermediate polarisabilities. Carbon 

monoxide and carbon dioxide have small and medium dipole moments, respectively, 

large quadrupole moments and small polarisabilities. NH3 has a relative big dipole 

moment of 1.5 debye, a big quadrupole moment of 8.67*10-40 C*m2 but only a small 
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polarisability of 3.13*10-40 C2*m2/J. 

Figure 7.7: Henry coefficients for adsorption of gases on MS4A zeolite (table 7.2). 

Table 7.2: Comparison of predicted and experimental Henry coefficients of different 

gases on MS4A zeolite (figure 7.7). 

 

Gas Sym- 

bol 

Exp. Henry 

coefficient in 

mol/(kg*Pa) 

Calc. Henry 

coefficient in 

mol/(kg*Pa) 

Adsorption 

temperature 

in K 

SBET in 

m2/kg 

Deviation in % 










 −

.exp

..exp

He
HeHe calc

NH3 a 1.38E-03 1.89E-04 393 350000 -38
CO2 b 1.29E-03 8.23E-04 333 650000 36
CO2 c 8.87E-04 7.48E-04 323 350000 16
CO2 d 1.36E-03 3.39E-03 298 350000 -145
CO e 1.05E-04 5.25E-05 243 650000 50
CO f 3.78E-05 2.32E-05 263 650000 39
CO g 1.56E-05 1.18E-05 283 650000 24
CO h 7.19E-06 6.71E-06 303 650000 7
He i 4.00E-06 7.35E-06 50 650000 -84
He j 1.50E-05 2.32E-05 40 650000 -55
He k 9.50E-05 1.62E-04 30 650000 -70
He l 1.00E-03 1.81E-03 23 650000 -81
C3H8 m 4.22E-05 7.16E-05 423 650000 -70
N2 n 5.10E-06 3.73E-06 278 650000 27
O2 o 1.40E-06 2.78E-06 278 650000 -98
CH4 p 2.35E-05 2.32E-05 253 650000 1
CH4 q 1.30E-05 1.30E-05 273 650000 -0.3
CH4 r 9.79E-06 10.0E-06 283 650000 -2.6
N2 s 1.50E-05 6.91E-06 253 650000 54
N2 t 7.04E-06 4.19E-06 273 650000 40
N2 u 5.30E-06 3.35E-06 283 650000 37
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As second example for energetic heterogeneous adsorbents figures 7.8 and 7.9 

show the comparison of experimental and calculated Henry coefficients for the zeolite 

NaX. Table 7.3 lists the deviations in percent. Besides ammonia, methanol is a 

molecule with a high dipole moment of 1.7 debye. The deviation of the calculated 

Henry coefficient from the experimental one is only 41 %, whereas its deviation is 

290432 % when calculated on the basis of the induced dipole � induced dipole 

interaction only. A second example for polar molecules is naphthalene C10H8. It has a 

high quadrupole moment of 4.5*10-39 Cm2 and a high polarisability of 1.94*10-39 

C2*m2/J but no dipole moment. The deviation in figure 7.9 is 56 % whereas in figure 

7.8 it is 11579 %. These data prove the efficiency of the new model very clearly. It is 

interesting to note that the largest deviations are observed in the case of adsorptives 

with strong quadrupole moments (NH3, CO, CO2, C2H4). 
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Figure 7.8: Henry coefficients for adsorption of gases on NaX zeolite on basis of 

induced dipole � induced dipole interactions only (table 7.3). 

 

Table 7.3: Comparison of predicted and experimental Henry coefficients of different 

gases and vapours on NaX zeolite (figure 7.9). 

Gas Sym- 

bol 

Exp. Henry 

coefficient in 

mol/(kg*Pa) 

Calc. Henry 

coefficient in 

mol/(kg*Pa) 

Adsorption 

temperature 

in K 

SBET in 

m2/kg 

Deviation in % 










 −

.exp

..exp

He
HeHe calc

C2H6 
a 1.55E-04 3.10E-04 293 560000 -100

C3H8 
b 2.37E-03 7.42E-03 293 560000 -213

C2H4 
c 1.33E-03 3.10E-04 305,6 560000 76

C2H6 
d 1.01E-04 2.09E-04 303,6 560000 -105

CH3OH e 2.25E+00 1.33E+00 323 591000 41

NH3 
f 5.57E-02 7.27E-02 298,2 462000 -31
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C10H8 
g 1.56E+00 0.69E+00 523 560000 56

C10H8 
h 1.50E-01 9.80E-02 573 560000 35

C10H8 
i 6.67E-02 3.59E-02 603 560000 46

C10H8 
j 4.10E-02 1.96E-02 623 560000 52

CO2 
k 3.70E-03 6.96E-04 298,2 525000 81

CO2 
l 8.49E-04 2.15E-04 323,2 525000 75

CO2 
m 5.23E-04 1.53E-04 333 560000 70

C2H6 
n 2.16E-04 6.65E-04 273,2 525000 -207

C2H6 
o 3.17E-05 1.01E-04 323,2 525000 -217

C2H4 
p 2.17E-03 5.15E-03 298,2 525000 -134

C2H4 
q 6.31E-04 1.46E-04 323,2 525000 77

C2H4 
r 9.30E-05 3.07E-05 373,2 525000 67

CO2 
s 1.98E-03 5.37E-04 304,6 560000 73

CH4 
t 6.78E-06 8.01E-06 304,5 560000 -18

N2 
u 3.80E-06 1.88E-06 305,7 560000 51

O2 
v 1.05E-06 1.60E-06 306,5 560000 -52

Ar w 1.27E-06 1.55E-06 304,2 560000 -22
C2H6 x 9.46E-05 1.94E-04 305,6 560000 -105
i-C4H10 y 3.45E-01 8.86E-02 298,2 560000 74
i-C4H10 z 1.02E-02 2.28E-02 323,2 560000 -124
C3H6 aa 7.88E-03 5.29E-03 303 560000 33
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Figure 7.9: Henry coefficients for adsorption of gases on NaX zeolite (table 7.3). 

 

7.2.2. Isotherm predictions 

 

In Chapter 6 a new model was introduced to calculate the whole adsorption isotherm 

from the linear region until saturation. In this Section the model will be verified based 

on literature and experimental data. Henry coefficients of the model are calculated as 

shown in Chapter 6 and verified in Section 7.2.1. The saturation data which is the 

second main boundary condition is tabulated in tables in addition to the graphic 

presentation. 

 

In figure 7.10 the prediction of isotherms for active carbon coal is shown. Active 

carbon coal is an energetic homogeneous adsorbent. In this case the adsorption 

attraction of arbitrary gases is dominated by the reduced Hamaker energy. 
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Active carbon coal can be modelled very well with the prediction theory of Chapter 6. 

It it assumed that the parameter C is a constant with C = 0.55*10-3. This is verified 

also in Section 7.3.3. The calculated Henry coefficients of various types of molecules 

differ at most 19 % (in the case of carbon dioxide) from the experimental data. Also 

the saturation region is modelled very well. It seems that the new model can cover 

any arbitrary gas if adsorbed on energetic homogenous adsorbents like active 

carbon.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7.10: Experimental and predicted adsorption isotherms of active carbon coal. 

Experimental data are for nitrogen (303.15 K, −), methane (303.15 K, ▲), carbon 

dioxide (303.15 K, ♦ ), propane (298 K, ■) and methanol (298.15 K, • ), −, -- 

calculated. 
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Table 7.4: Properties of adsorptives and adsorbents in figure 7.10. 

Adsorptive 

and cited 

literature 

Heexp in 

mol/(kg*Pa) 

Hecalc in 

mol/(kg*Pa)

Tads 

in K 

SBET in 

m2/kg 

vmicro in 

m3/kg micro

jBET

v
S σ

 ( )K
N iA

300

3

β
σ⋅

Nitrogen 

[37] 

4.12E-6 4.25E-6 303 1105000 4.0E-4 

[120] 

0.967 0.28 

Methane 

[37] 

1.33E-5 1.32E-5 303 1105000 4.0E-4 

[120] 

0.967 0.40 

Carbon 

dioxide 

[37] 

6.78E-5 5.47E-5 303 1105000 4.0E-4 

[120] 

0.967 0.48 

Propane 

[124] 

3.35E-2 6.99E-3 298 1200000 4.5E-4 

[125] 

0.933 0.52 

Methanol 

[119] 

8.04E-3 8.35E-3 298 1440000 6.5E-4 

[121] 

0.775 0.85 

In order to test the validity and the accuracy of the new model adsorption isotherms 

over the entire range from the Henry region up to saturation have been calculated for 

special adsorptives on zeolites. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7.11: Adsorption of n-hexane on silicalite-1 at 298 K [126]. −, -- calculated. 
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Figure 7.11 shows an αi-dominant adsorption case of n-hexane on silicalite-1 [126]. 

n-hexane possesses a high polarisability but zero polarities. Silicalite-1 has no 

cations in its structure, therefore it has no charge involved interactions, The example 

shows that the αi-dominant adsorption case is covered very well by the model. 

 

An additional approach for Hamaker-dominant systems will be presented here. In 

figure 7.12 the dimensionless loading n/(He*p) is plotted versus a dimensionless term 

which contains the loading n, the saturation loading n∞, the critical data pc and Tc of 

the adsorptive and the Hamaker energy Haj. The diagram is valid for Hamaker-

dominant systems (for instance activated carbon as adsorbent). The plot is similar to 

the diagram published in [27] as figure 3.22. However, in the figure of [27] the 

expression of (He*p)/n is plotted versus an abscissa expression with the number of 

molecule layers n
S
N

N
BET

iA
2σ

= . In figure 7.12 the term 




 −

∞n
n1  can be interpreted as 

the fraction of the micropore volume not occupied by the adsorbate yet. Furthermore, 

the expression is powered by the exponent 2/3 in order to obtain the Hamaker 

energy Haj with the exponent one instead of 3/2 [27]. The straight line in figure 7.12 is 

supported by experimental results of N2, CH4, C3H8, C3H6, C6H14 and ethylacetate 

adsorbed on activated carbon in the temperature range between 25°C and 93°C and 

delivers the relationship 
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As can be seen the adsorption isotherm for Tads depends on 

• the Henry coefficient He, 

• the saturation loading n∞ and on 

• the physical properties of the adsorptive and the adsorbent. 
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Figure 7.12: The dimensionless group 
pHe
n is plotted against the dimensionless 

group 
3

2
2

3

3 1ln
























−










−

∞n
n

T
T

p
Ha

ads

C

Cj

j

σ
. 

 

According to Mersmann et.al. [27] the Henry coefficient He can be approximated by  
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In this equation the diameter σi,j and the BET surface are additional parameters. A 

combination of the two equations (7.1) and (7.2) results in  
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In figure 7.12 most of the experimental data are located in between the upper and 

lower line. With respect to the accuracy of an adsorption isotherm calculated by 

equation (7.3) the Hamaker energy Haj plays the biggest role. In order to obtain an 

accuracy of +- 20 % with respect to the entire isotherm an accuracy of approximate 

+- 5% of the volumetric Hamaker energy 









3
j

jHa
σ

 is necessary. This may explain 

some deviations between experimental and predicted data. 

 

Figure 7.13 shows the adsorption of other nonpolar adsorptives on zeolites NaX, NaY 

and MS5A. Table 7.5 lists the properties of the adsorptives and adsorbents in figure 

7.13. The new model is very successful also in predicting adsorption isotherms in the 

case of nonpolar gases and energetic heterogeneous adsorbents. It has to be 

mentioned that the success of the model depends strongly on reliable data of the 

Hamaker energy, the BET surface and the micropore volume of the adsorbent. In the 

case of zeolites the micropore volume was taken from Kast [24]. The BET surfaces 

for NaX and NaY in figure 7.13 are average values of literature data. For practical 

purposes the predicted isotherms are calculated down to the equilibrium pressure 1 

Pa. Thus, it is possible to read the Henry coefficient directly from the intercept of the 

predicted isotherm with the y-axes. For all adsorbents, zeolites and active carbon, the 

saturation loading seems to be achieved at 10+8 Pa. 
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Table 7.5: Properties of adsorptives and adsorbents in figure 7.13. 

Adsorptive and 

cited literature 

Heexp in 

mol/(kg*Pa) 

Hecalc in 

mol/(kg*Pa)

Tads  

in K 

SBET in 

m2/kg 

vmicro in 

m3/kg micro

jBET

v
S σ

 ( )K
N iA

300

3

β
σ⋅

 

Methane/NaY 

[115] 

3.75E-6 4.42E-6 298 500000 3.0E-4 

[24] 

0.70 0.40 

Methane/NaX 

[7] 

6.78E-6 8.01E-6 304 560000 3.0E-4 

[24] 

0.72 0.40 

Ethane/MS5A 

[36] 

1.18E-4 1.09E-4 313 727000 2.5E-4 

[24] 

1.1 0.48 

Propane/MS5A 

[36] 

1.95E-3 1.40E-3 313 727000 2.5E-4 

[24] 

1.1 0.52 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7.13: Experimental and predicted adsorption isotherms of zeolites. 

Experimental data are for methane/NaY (298 K, • ), methane/NaX (304.5 K, ■), 

ethane/MS5A (313 K, ♦ ) and propane/MS5A (313 K, ▲). −, -- calculated. 
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Methanol and ammonia are adsorptives with high dipole moments but rather small 

polarisabilities. Furthermore the quadrupol moment of ammonia is very high. 

Especially methanol is an adsorptive which offers the possibility to test the validity of 

the equations (3) and (4) of figure 5.5. Figure 7.14 shows the adsorption of methanol 

and ammonia [18] on the zeolites NaY and NaX, respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7.14: Adsorption of methanol on NaY (318 K, ■) and ammonia on NaX (298 

K, ♦ ). −, -- calculated. 

 

The adsorptives ethene and carbon dioxide are characterised by large quadrupole 

moments but zero (ethene) or moderate (carbon dioxide) dipole moments and rather 

moderate polarisabilites. Calculated adsorption isotherms of these adsorptives can 

be used for testing the validity and accuracy of equations (5) and (6) in figure 5.5. 

Figure 7.15 shows the adsorption of ethene on MS5A [27] at 303 K and the 

adsorption of carbon dioxide on NaY [117] at 305 K.  
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Figure 7.15: Adsorption of ethene on MS5A [27] at 303 K and the adsorption of 

carbon dioxide on NaY [117] at 305 K. −, -- calculated. 

 

As overall case figure 7.16 and table 7.6 show the adsorption of any polar gases on 

energetic heterogeneous adsorbents. 
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Figure 7.16: Experimental and predicted adsorption isotherms of zeolites. 

Experimental data are for CO2/MS5A (343 K, ■), NH3/NaX (298 K, • ), p-xylene/NaY 

(523K, 7) and CH2Cl2/MS5A (319.35 K, ♦ ). −, -- calculated. 

 

Table 7.6: Properties of adsorptives and adsorbents in figure 7.16. 

Adsorptive 

and cited 

literature 

Heexp in 

mol/(kg*Pa) 

Hecalc in 

mol/(kg*Pa)

Tads in 

K 

SBET in 

m2/kg 

vmicro in 

m3/kg micro

jBET

v
S σ

 ( )K
N iA

300

3

β
σ⋅

CO2/MS5A 

[36] 

3.93E-4 2.17E-4 343.0 727000 2.5E-4 

[24] 

1.1 0.48 

NH3/NaX  

[18] 

5.57E-2 7.27E-3 298 462000 3.0E-4 

[24] 

0.59 0.6 

CH2Cl2/MS5A 

[own] 

6.14E-1 1.06E-0 319.4 464000 2.3E-4 0.77 0.58 

p-xylene/NaY 8.93E-3 2.78E-3 523 500000 see text 
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The isotherms of figure 7.16 show a highly polar adsorptive (dichlormethane) with a 

dipole moment of 1.6 debye and three molecules with high polarisabilities and high 

quadrupole moments (NH3, p-xylene and CO2). In the case of p-xylene the saturation 

loading was calculated with the adsorbate density as given in the literature, 1.08*10+3 

kg/m3 [116] and with equation 6.4. 

 

All the predicted isotherms fit the experimental data very well in the Henry region and 

the saturation region. By the different systems it is verified that the new model can 

predict the adsorption of any kind of gas, polar or unpolar, on any kind of 

microporous adsorbent, energetic homogeneous or heterogeneous. However, in the 

figure 7.14 the system methanol/NaY show higher loadings than calculated in the 

transition range.  

 

In the next Sections the parameters of the new model will be verified. 

 

7.3. Model verifications 
 

7.3.1. Refractive index verification 

 

The refractive index is an important parameter for calculating the Hamaker constant 

of microporous solids like zeolites. In this work the Clausius-Mosotti relation was 

used to calculate this parameter. In Chapter 3 additional ways were introduced for 

calculating the refractive index that should be reviewed in comparison to the used 

method. 

 

As can be seen in equation (3.34) and also as explained in Chapter 3 the Clausius-

Mosotti formula describes a border case of the general formula of Marler. In this case 

the electrical fields of the solid ions do not overlap each other. The other case is 

described by the formula of Newton-Drude. Here, the overlapping field compensates 

the Lorentz field exactly. All other cases are between these two border cases, which 

can be described by the parameter b. So the refractive index can be rewritten as a 

function of b and the solid parameters.  

 

By introducing a dimensionless solid parameter P* with 
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solid

solidm

solid

solidAsolid

M
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M
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ρ
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ρα 3
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* ==        (7.4) 

 

the refractive index is 

 

π

π
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Pb

PbP
n

−

−+
=          (7.5) 

 

The two border cases are for Marler with b = 0 

 
*1 PnMarler +=          (7.6) 

 

and for Clausius-Mosotti with 
3

4π=b       (7.7) 

 

3
1

3
21

*

*

P

P

n
−

+
=          (7.8) 

 

For MS5A the solid parameter P* is equal to 9,83*10-1 with the assumptions made in 

Chapter 3 and in table 7.7. 
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Table 7.7: Solid parameters of zeolite MS5A. 

Parameter Value 

Chemical Structure Ca5Na2((AlO2)12(SiO2)12) 
Molar refraction Rm in m3/mol regarding to 

chemical structure 4.79*10-4 
Apparent density ρsolid in kg/ m3 1150 

Molar mass Msolid in kg/mol regarding to 

chemical structure 

1.68 

Parameter P* 0.983 

 

The function of n in dependence of parameter b (equation 7.5) with the two border 

cases is plotted in figure 7.17 for zeolite MS5A. 
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Figure 7.17: Refractive index of MS5A in dependence on the electronic overlap 

parameter b. 
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The two border cases result in a refractive index nmin = 1,41 and nmax = 1,57. Following 

the equations in Chapter 3 the dependence of the Hamaker constant Ha on the 

refractive index n is described by 

 

2
1~ 2

2

+
−

n
n

solidα  and 
α

ν 1~0  and 2
0~~ ανβHa   (7.9a) 

 

Therefore, it follows that 

 
5,1

2

2

2
1~ 







+
−

n
nHa          (7.9b) 

 

The two border cases lead to a difference of ca. 35 % of the numerical value of the 

Hamaker constant of MS5A. The maximum value in this work, HaMS5A,max = 7.66*10-20 

J, is calculated with Clausius-Mosotti whereas the minimum value is HaMS5A,min = 

5.0*10-20 J.  

 

The Henry coefficient depends on the Hamaker constant. For further calculations 

propane adsorption on MS5A is taken as example. The parameters for this case are Tc 

= 369.8 K, Tads = 343 K, pc = 4.25*106 Pa and σMS5A = 3.8*10-10 m. It follows with 

 

cjads

c

p
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T
T

IP 3
maxmin/
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2

πσ
=         (7.10) 

 

and 

 

ILHe ~           (7.11) 

 

the percentage difference of the Henry coefficient with 
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For the given example the percentage difference is ca. 550 %.  

 

The discussion in the previous section has shown that the theoretical and experimental 

Henry coefficients differ much less. So it seems that the Clausius-Mosotti formula is 

the right choice for calculating the refractive index and also the Hamaker constant. 

Another reason is that the Clausius-Mosotti formula is described as standard equation 

in widely accepted literature [6]. 

 

7.3.2. Dependency on the saturation degree 

 

In Chapter 6 the parameter C in equation (6.3) was assumed to be constant in a first 

approximation. In this Section a linear dependency of C on the saturation degree nS
* is 

discussed with 

 

b
n
naC +=
∞

          (7.13) 

 

Approximating C between the border values 0.6*10-3 and 0.5*10-3 for saturation 

degrees 0 and 1, respectively, the parameters of equation (7.13) are equal to a = -

0.1*10-3, b = 0.6*10-3. The differential equation (6.3) turns then to 
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Equation (7.14) can be rewritten with the term B� defined by 
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This can be reduced to 
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Integration of the right hand side of equation (7.18) leads to 
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It is therefore 
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or in dependence on the saturation degree 
∞

=
n
nns

*  it follows that 
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This modified model is verified on the adsorption example carbon dioxide on active 

carbon, the same example as in figure 7.10. The result is shown in figure 7.18. As 

can be seen in figure 7.18 there is no significant difference between the two cases. 

So it is assumed that the parameter C in equation (6.3) is a constant being 

independent on the saturation degree.  
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Figure 7.18: Comparison of modified model with the original prediction isotherm. 

 

7.3.3. The London potential 

 

In Chapter 5 the assumption was made that the induced dipole � induced dipole 

interaction energy can be derived from the London potential also. In [24] the London 

potential for two dissimilar atoms is calculated by 
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where iα  is the polarisability of the gas molecule in (C2*m2)/J and jα  the polarisability 

of the solid molecule. It can be replaced by solidα , the mean average polarisability of 

the solid continuum molecule calculated by equation (3.97). νj is assumed to be the 
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frequency of the solid electrons in the ground state in 1/s and can be calculated by 

(3.98). Furthermore it is defined that 

 

ii hI ν=           (7.25) 

 

where Ι i is the ionisation energy of the adsorptive molecule in J. It is tabulated in 

literature [6]. Inserted in equation (7.24) it is 
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With the general interaction energy as calculated in equation (5.40) the induced dipole 

� induced dipole potential is 
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It can be defined an alternative interaction parameter for the induced dipole � induced 

dipole interaction: 
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In table 7.8 the values for Aindind calculated by equations (5.62) and (7.29) are 

compared for the case of adsorption of gases on zeolite MS5A. 
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Table 7.8: Interaction parameter Aindind calculated with the two equations (5.62) and 

(7.29) 

Molecule Ionisation 

energy Ii in  

10-18J 

Tads in K Aindind with 

equation 

(5.62) 

Aindind with 

equation 

(7.29) 

N2 2.5 303 3.8 3.7 

CO 2.25 303 5.2 4.0 

NO 1.48 383 4.1 2.7 

CH4 2.02 343 5.8 4.5 

O2 1.93 293 5.3 3.5 

Xe 1.94 195 13.7 10.8 

Kr 2.24 195 10.2 7.9 

C2H4 1.68 303 9.3 6.5 

CHF3 2.22 303 10.0 5.8 

NH3 1.62 298 9.0 5.4 

 

The values are very similar. The assumption in Chapter 5 is proved now. In this work 

equation (5.62) was taken to be consistent with the literature [26, 27]. 

 

7.3.4. Potential energy comparison and formula overview 

 

The introduced model according to equations (5.61) and (6.3) is a theoretical basis 

for predicting isotherms of gases on microporous solids. It is derived from the 

potential energies which are attractive between the adsorptive and the adsorbent. In 

this section the main formulae of the different cases will be tabulated for engineering 

purposes.  

 

As example for the acting different attraction energies the adsorption between 

methanol and NaY zeolite will be examined quantitatively. Between molecules of this 

adsorption pair all kinds of potential energy can exist. Therefore, it is ideal for the 

comparison of the adsorption forces. As discussed in Chapter 5 the Henry coefficient 

of polar gases with energetic heterogeneous microporous solids is described by the 

integral equation (5.61). For comparing the energies of attraction the percentage of 
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the energies is calculated when the adsorptive is attached on the solid surface, in 

other words the distance z between adsorptive and adsorbent is equal to 0. Table 

7.9a gives a detailed overview of the situation. With an adsorption temperature of 

Tads = 318.4 K, the energy unit is k*Tads = 4.395E-21 J. The other parameters are: σj = 

4.2.10-10 m, He = 0.671.mol/(kg.Pa), SBET = 655400 m2/kg, µi = 5.67.10-30 C.m, αi = 

3.66.10-40 C2.m2/J, Qi = 4.34.10-40 C.m2, Tc = 512.6 K, pc = 8090000 Pa, s = 2.4, scations 

= 0.09, 41.0=







NaYSi
Al , 28

atj, 103.3 ⋅=ρ 1/m3, Haj = 8.4.10-20 J and α j = 2.82.10-40 

C2.m2/J. 

 

In the case of methanol adsorption on NaY at 318.4 K there are two potentials, which 

contribute 97 % of the overall attraction energy, respectively the induced dipole � 

induced dipole and the permanent dipole � charge interactions. From the other four 

the two quadrupole interactions only make up 0.42 % of the overall potential. A 

second calculation for CO2 on NaX at 304.55 K (table 7.9b) shows that the 

quadrupole - charge interaction contributes approximately 12,3 % of Φ . These two 

results make it clear that three potentials are eminent for the calculation of Henry 

coefficients: Always the induced dipole � induced dipole interaction indind and 

dependent from the adsorptive and the adsorbent the permanent dipole � charge 

interaction dipcha and/or the quadrupole moment � charge interaction quadcha.  

 

The main formulae of this work are collected in table 7.10. These are the refractive 

index and Hamaker constant of zeolites, the Henry coefficient for the adsorption of 

gases in the case of Hamaker dominant attraction energies and also for the case of 

polar-polar adsorption pairs and finally the new model for predicting the whole 

adsorption isotherm. The section in which the formula appears in a detailed 

description is also tabulated.  
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Table 7.10: Main formulae and cases for the adsorption of gases on microporous solids. 
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8. Summary 
 
The main objective of this thesis is the theoretical prediction of adsorption equilibria 

of single gaseous substances on microporous solids like active carbon or zeolites 

(e.g. MS4A, MS5A, NaX and NaY). A novel equilibrium model was derived from a 

differential equation considering two boundary conditions. These boundaries were 

the Henry coefficient for diluted gases and the saturation loading for highly 

concentrated gases. 

 

A historical overview on adsorption is presented in Chapter 3 which also addresses 

some important chemical and technical aspects. An essential prerequisite for the 

predicition of adsorption equilibria is a detailed knowledge of the properties of the 

solid adsorbents. The characterisation of microporous adsorbents is treated in 

Section 3.3. The novel equilibrium model is compared with classical adsorption 

theories as the models of Langmuir and Toth. Techniques for the measurement of 

adsorption equilibria (e.g. adsorption isotherms) are explained also. 

 

The Henry coefficient which describes the adsorption isotherm of diluted gases 

depends on the properties of both the gaseous (adsorptive) and the solid (adsorbent) 

phase. However, the key parameter of the intermolecular interaction forces, the 

Hamaker constant, is unknown for most zeolites. In Chapter 3, an approximated 

Hamaker and de Boer model for predicting the Hamaker constant of microporous 

solids is developed on the basis of the refractive index.  

 

The refractive index is determined by the Clausius-Mosotti relationship between the 

relevant optical and density parameters of the solid adsorbent. For zeolitic 

adsorbents, the optical parameters can be derived from the polarisability of ions in 

the zeolite crystal.  

 

Experimental methods for the determination of adsorption equilibria are presented in 

Chapter 4 of this thesis. Besides classical techniques some novel ones are treated in 

detail, e.g. the zero length column method. 
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An important result of the thesis is the finding that the adsorption of unpolar as well 

as polar gases on energetical heterogeneous adsorbents is controlled by the 

Hamaker constant. Therefore, the dominant mechanism is the induced dipole � 

induced dipole interaction. For this case the dimensionless Henry curve was 

numerically evaluated because the differential equation cannot be solved analytically. 

The numerical results were correlated by an exponential function. The adsorption of 

polar gases on energetical heterogeneous adsorbents depends on more than two 

parameters. It was not possible to correlate the numerical results by simple 

regression. Nevertheless, a suited algorithm is presented in Chapter 5. 

 

In Chapter 6, the prediction model for all cases was developed by integrating the 

fundamental differential equation under consideration of two boundary conditions, 

e.g.. the Henry coefficient and the saturation loading.  

 

In Chapter 7 the novel model was compared with literature and experimental data. 

The Toth isotherm model was used to calculate the experimental Henry coefficients. 

The calculated Henry coefficients of the novel model fit very well with experimental 

data over six orders of magnitudes. As second step the predicted adsorption 

equilibria were compared with experimental data from the literature. The novel model 

fits the isotherms very well beginning at the Henry region and ending at the saturation 

region. Next in Chapter 7, the assumptions for the calculation of the adsorption model 

parameters, e.g. the refractive index, were verified. For engineering purposes it is 

important to know which attraction potentials are of theoretical interest only and 

which are dominant for calculating the Henry coefficient. As a result it was shown that 

the induced dipole � induced dipole interaction is always eminent. For polar gases 

additionally the permanent dipole � charge and/or the quadrupole moment � charge 

interaction have to be taken into account. All other induced dipole interactions have 

minimal impact and can be neglected. 

 

In the appendix the set-up for own experimental data will be explained. 
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Appendix 
 

Appendix A: Isotherms in transcendental form 

Maurer [26] introduced a generalized empirical equation that allows for a priori 

predictions of complete adsorption isotherms for active carbon with 
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where He is the Henry coefficient in mol/(kg*Pa), p the adsorption equilibrium 

pressure in Pa, n the loading of the adsorbent in mol/kg, Tc the critical temperature of 

the adsorptive in K and pc the critical pressure of the adsorptive in bar. f(SBET) is a 

function of the BET surface area SBET and follows from 
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The Henry coefficient can be determined by the following equation for energetic 

homogeneous adsorbents, derived in Chapter 5 with 
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where all the coefficients are in SI units and explained already in Chapter 5. The 

parameters are p1 = 0.3313 and p2 = 1.180. The loading n can be calculated by given 

partial pressure p.  
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Equation (A.2) cannot be solved analytically for n. The given function has the 

structure 

 

( ) ( )xuxxy exp=          (A.4) 

 

The inverse function of equation (A.4) is the so-called Lambert function W with 

 

( )
u
yuWx =           (A.5) 

 

where y is a substitution for 

 

pHey =           (A.6) 

 

and the parameter u a substitution for 

 

( )
( )2barp

KT
Sfu

c

c
BET=         (A.7) 

 

Rechid [104] introduced a mathematical approach for describing the Lambert function 

with analytically solvable functions. It is therefore 

 

( ) ( )( ) ( )( )( )
u

yuyuyun 111lnlnln3948.211lnln1037.21ln0004.1 ++++++−+=  (A.8) 

 

The adsorption isotherm for active carbon can be calculated straight forward 

analytically only with knowledge of the properties of adsorptive and adsorbent. As 

example the isotherm of ethane on active carbon is shown in figure A.1. The 

parameters are listed in table A.1. 
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Table A.1: Parameters for the adsorption isotherm of ethane on active carbon. 

Parameter Value Unit 

Adsorption temperature 

Tads 

303.15 K 

Critical temperature Tc of 

ethane 

305.4 K 

Critical pressure pc of 

ethane 

48.8 bar 

Critical pressure pc of 

ethane 

4880000 Pa 

Hamaker constant Haj of 

active carbon 

6.0 E-20 J 

Van-der-Waals diameter of 

active carbon σj 

3.4 E-10 m 

Van-der-Waals diameter of 

ethane σi 

3.72 E-10 m 

Minimum distance σi,j 3.56 E-10 m 

Specific surface of the 

adsorbent 

1.1 E+6 m2/kg 

Specific surface of the 

adsorbent 

1.1 E+3 m2/g 

Toth isotherm parameter 

nmax, equation (3.81) 

14.46 mol/kg 

Toth isotherm parameter 

m, equation (3.81)   

0.289 - 

Toth isotherm parameter 

1/KT, equation (3.81) 

2.010 (kPa)m 

 

The experimental values of the adsorption isotherm are compared with the adjusted 

Toth isotherm and the predictive isotherm calculated with equation (A.8). The Toth 

isotherm parameter 1/KT is given in the literature example in kPa [105], so the partial 

pressure p in the Toth isotherm has to be inserted also in kPa. 
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Figure A.1: Adsorption isotherm of ethane on active carbon at Tads = 303.15 K. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure A.2: Adsorption isotherm of ethane on active carbon at Tads = 303.15 K in a 

double logarithmic plot. 
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With given loading n the partial pressure p of the adsorption isotherm can be 

calculated by 

 

( ) ( )
He

kgmol
n

barp
KT

Sfn
p c

c
BET 











=
2exp

      (A.9) 

 

With equations (A.8) and (A.9) the adsorption isotherm of any adsorptive on activated 

carbon can be calculated analytically in both directions. 

 

Appendix B: Materials and Methods 
 
This study is based on both literature data and own adsorption experiments. 

Experimental Henry coefficients were calculated by Langmuir and Toth isotherm 

adaptations. Henry coefficients in the literature were taken from tables or calculated 

by regressing the isotherm data with Langmuir and Toth parameters. 

 

B.1. Materials 

 
B.1.1. Experimental data 

 

Adsorption experiments were conducted at the Lehrstuhl für Technische Chemie II of 

the Technische Universität München in Garching and at the Institut für 

Nichtklassische Chemie e.V. at the Universität Leipzig. In tables B.1 and B.2 the 

used adsorptives and adsorbents and their relecant properties are listed. 
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Table B.1: Adsorptives used for adsorption isotherms with their properties. 

Adsorptive Methanol (CH3OH) Dichloromethane (CH2Cl2)

Molar mass Mi in kg/mol [106] 0.032042 0.084933

Critical temperature Tc in K [106] 512.6 510

Critical pressure pc in Pa [106] 6300000 8090000

Normal boiling temperature Tb in K 

[106] 

337.7 313

Van-der-Waals diameter σj in m 

(equation 5.19) 

3.74*10-10 4.06*10-10

Critical molecule diameter in m 3.6*10-10 3.73*10-10

Dipole moment µ in debye (1 debye 

= 3,34*10-30 Cm) [106] 

1.7 1.8

Polarisability α in (C2*m2)/J [6] and 

equation (3.67) 

3.66*10-40 7.21*10-40

Quadrupole moment Q in Cm2 [107] 4.337*10-40 1.0*10-39
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Table B.2: Adsorbents used for adsorption isotherms with their properties. 

 

Adsorbent NaY MS5A NaX (13X) 

Specific surface 

SBET in m2/kg, 

measured 

655400 464135 521977

Micropore volume 

vmicro in 10-3 

m3/kg, measured 

0.2723 0.2323 0.2643

Bulk density ρb in 

kg/m3 [108, 24] 

650 700 675

Bulk porosity 

εb [24] 

0.6 0.6 0.6

Apparent density 

ρapp in kg/m3, ρapp 

= ρb/εb 

1100 1166 1125

Refractive index 

n, equation (3.63) 

1.61 1.58 1.63

Chemical 

structure [24] 

Na56

((AlO2)56(SiO2)106)

Ca5Na2

((AlO2)12(SiO2)12)

Na86

((AlO2)86(SiO2)106)

Effective pore 

opening in m, 

[108, 24] 

10*10-10 5*10-10 10*10-10

Van-der-Waals 

diameter σj in m, 

table 5.2 

4.2*10-10 3.8*10-10 3.9*10-10

Number density 

of atoms ρj,at in 

1/m3, equation 

(3.92) 

3.28*1028 3.31*1028 3.72*1028

micro

jBET

v
S σ

 
1.01 0.76 0.75
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The methanol had a purity of 99.9 mass-%. For experiments in Garching it was a 

Merck product with the trade name Uvasol  and is normally used for spectroscopy 

purposes. Methanol adsorption experiments in Leipzig were conducted with the 

Merck product LiChrosolv  which is suitable for liquid chromatography purposes. The 

dichloromethane had a purity of 99.8 mass-%. For experiments in Garching it was a 

Sigma-Aldrich product with the trade name AMD Chromosolv  and is normally used 

for chromatography purposes. Dichloromethane adsorption experiments in Leipzig 

were conducted with the Merck product pro analysi . The adsorbents MS5A and NaX 

were from Grace Davison. MS5A has the trade name Sylobead  MS C 522 and NaX 

(13X) the trade name Sylobead  MS C 544. The adsorbent NaY were from Akzo 

Nobel. 

 

Methanol is a high value chemical in many processes, e.g. the conversion to highly 

knockproofed gasoline via zeolite catalysts. Dichloromethane is a solvent for resins, 

fats and plastics. Both adsorptives have a medium dipole moment, high enough to 

dominate with their dipole/charge potential the Hamaker potential and small enough 

to get into the Henry region with a gravimetric experimental set-up when adsorbed on 

zeolites. The zeolites MS5A, NaX and NaY are standard adsorbents in many 

chemical processes like removal of pollutants. 

 

B.1.2. Literature data 

 

Literature data were collected and analyses was made for verifying the models 

derived in this study [1, 3, 5, 7, 8, 9, 11, 12, 13, 18, 20, 22, 23, 25, 28, 29, 31, 33, 34, 

35, 36, 37, 38, 39, 40, 45, 60, 91, 92, 115, 116, 117]. Henry coefficients were 

tabulated in most of the cases, if not the adsorption isotherms were analysed by 

using the Langmuir plot explained in Chapter 3 or with Langmuir parameter 

regressing in the program Origin or with Toth isotherm regressing. The properties of 

the adsorptives were found in Reid et al. [106] and in the CRC Handbook [6]. 

Especially quadrupole moments were found in the Computational Chemistry 

Comparison and Benchmark Database [107] and in further literature [2, 14, 15, 16, 17, 

42, 43, 103]. The examined adsorptives and adsorbents with their properties are 

listed in appendix C and appendix D, respectively. 
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B.2. Experimental set-up 

 
B.2.1. Adsorption isotherm measurements 

 

The adsorption equilibrium isotherms were measured at the Lehrstuhl für Technische 

Chemie 2 of the Technische Universität München gravimetrically in a modified 

SETARAM TG-DSC 111 microbalance (see figure B.1) which is able to measure 

differences in mass down to 10-6 g which is also the accuracy. The sample weight in 

the microbalance was applied between 13 to 22 mg in order to record precise 

measurement and better signal-to-noise ratio. The pressure inside the system can be 

reduced down to 10-7 mbar with a Pfeiffer turbo molecular pump and the temperatures 

can be applied within the range of 25°C to 750°C with an accuracy of 0.15°C. The high 

vacuum was measured with a Pfeiffer TPG 300 pressure transducer. The experiments 

were carried out in the pressure range from 10-3 to 13 mbar (0.1 Pa to 1300 Pa), 

measured with a BARATRON 122 A pressure transducer. The transducer has an 

accuracy of 0.5 % of reading [108]. For activation, the solid samples were heated in 

vacuum (p < 10-6 mbar) to 500 °C with 10 °C/min and held 4 h at 500 °C. After 

activation, the temperature was reduced to ca. 45°C. The liquid sorbates were added 

in pulses to the high vacuum system in which they vaporised. After each pulse the 

system was equilibrated. This was monitored by observation of the sample weight and 

pressure. The system was regarded to be in steady state or equilibrium, when changes 

in any of the parameters pressure, mass or heating flux were not observed any more 

[110]. Figure B.2 shows the experimental set-up. 

 

 
 
Figure B.1: SETARAM TG-DSC 111 microbalance. 
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Figure B.2: Experimental set-up for adsorption isotherm measurements at the Institut 

für Technische Chemie 2 of the Technische Universität München. 

 

The data for the adsorption isotherm graphs were calculated by the following method: 

The adsorbents are hold by a crucible in the microbalance. Its mass after activating is 

the so-called blank mass m0. The mass of the crucible with activated adsorbent is the 

mass m1. After equilibrium of the injected adsorptive with the adsorbent the new 

absolute mass mi+1 is measured. So one can calculate the equilibrium loading ni+1 of 

every adsorption step with its equilibrium pressure could be measured by 

 

11

0

11
1 >

−
= +

+ ifor
Mm

mm
n

adsorptive

i
i       (B.1) 

 

where the masses are in kg and Madsorptive is the molar mass of the adsorptive in 

kg/mol. With equation (B.1) the equilibrium loading n in mol/kg regarding to the 

equilibrium pressure p in Pa is obtained. 
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The adsorption equilibrium isotherms at the Institut für Nichtklassische Chemie e.V. 

from the Universität Leipzig were measured gravimetrically with a high resolution 

magnetic suspension balance from Rubotherm Präzisionsmesstechnik GmbH which 

had a weighing instrument from Mettler-Toledo of type AT261. The sample weight in 

the microbalance was applied between 10 to 30 g. The relative error of this 

instrument is 0.002 % of the measured value and its resolution is 0.01 mg [113]. The 

pressure inside the system can be reduced down to 10-3 mbar with a Pfeiffer turbo 

molecular pump TMH 071P and the temperatures can be applied within the range of 

25°C to 400°C with an accuracy of 0.15°C of the used PT100 sensor. The high 

vacuum was measured with an MKS pressure transducer, Baratron Model 627B, and 

the low vacuum with a Newport/Omega pressure transducer, Model SN2713. The 

experiments were carried out in the pressure range from 10-1 mbar to 1 bar (10 Pa to 

100.000 Pa). The transducers had an accuracy of 0.12 % of reading for the MKS 

model and 0.03 % of the end value 1 bar for the Newport/Omega model [114]. For 

activation, the solid samples were heated in vacuum (p < 10-3 mbar) to 370°C with 1 

K/min and held 10 h at 370°C. After activation, the temperature was reduced to 323 

K. The liquid sorbates were degassed after condensing with liquid nitrogen with a 

vacuum pump from ATS Antriebstechnik GmbH. This was done several times. After 

this the sample was added in pulses to the high vacuum system in which they 

vaporised. After each pulse the system was equilibrated. This was monitored by 

observation of the sample weight and pressure. The system was regarded to be in 

steady state or equilibrium, when changes in any of the parameters were not 

observed. Figure B.3 shows the experimental set-up. 

                           
 

Figure B.3: Experimental set-up for adsorption isotherm measurements in Leipzig. 
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The data for the adsorption isotherm graphs were calculated by the same method as 

described above for equation (B.1).  

 

In general the first set-up was taken for high-vacuum measurements from 0.1 Pa to 

100 Pa and the second set-up for medium-vacuum measurements from 100 Pa to 

saturation pressure of the adsorptive at room temperature. 

 

B.2.2. BET surface and micropore volume measurements 

 

BET surface measurements were conducted with nitrogen at 77 K as described in 

Chapter 3. The micropore volume of the adsorbents were derived from t-plot 

analysis. Results are listed in table B.2. 
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Appendix C: Alternative way for deriving the potential factor fquadcha 
 
In Section 5.1 the assumption has been made that no permanent dipole or 

quadrupole in an adsorbent molecule is existing and inSection 5.2.1 it has been 

stated that the time avareged dipole moment is zero. However, a strong quadrupole 

moment Qi with a certain structure can induce a dipole moment µi in an adsorbent 

molecule. The ratio between the moments µi and Qi of an adsorptive molecule can be 

derived when equation (5.57) is divided by equation (5.51): 

 

( ) 202
,

2

2

=
+ z

Q

jii

i

σµ
         (C.1) 

 

or for z = 0 (maximum value of Qi for a given µi) 

 

jiiiQ ,20 σµ=          (C.2) 

 

The only adsorptive molecule with a strong quadrupole moment but a rather dipole 

moment already often investigated with respect to adsorption isotherms is CO2 (Qi = 

15*10-40 Cm2, µi = 2.34*10-30 Cm). In the previous sections the potential factors fdipcha 

= findcha = 1.35 
jSi

Al






 have been found. These factors are supported by experimental 

data. Let us assume that the potential factor fquadcha is also 1.35*
jSi

Al






 . An 

agreement between experimental results for the system CO2-MS4A is given if the 

dimensionless energy 
ads

quadcha

kT
Φ

−  in equation (5.57) is multiplied by the factor 8 which 

leads to fquadcha = 1,35/8 *
jSi

Al






 =0.168*

jSi
Al






 . As a first approach it is further 

assumed that the induced dipole moment µj (permanent due to the close 

neighborship of an quadrupole moment Qi) is related. Now an effective quadrupole 

moment Qi,eff is introduced which takes into account the interaction between Qi and µi 

With σi,j = 4.05*10-10 m and µi = µj we find 
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240
,, 10*4.4220 CmQ jiieffi

−== σµ       (C.3) 

 

and finally 

 

8
10*0.15
10*4.42

2

40

402
, =








=








−

−

i

effi

Q
Q

       (C.4) 

 

It is stressed here that the hypothesis here presented should be tested by 

experimental results, for instance by experimental data of the system C2H2F4/zeolite. 
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