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Chapter 1

Introduction

1.1 Motivation

Gauge theories in higher dimensions provide intriguing possibilities to understand the
origin of the Standard Model (SM). One important virtue of higher-dimensional the-
ories is, for example, that they offer a geometric notion of gauge symmetry breaking
via Kaluza-Klein (KK) compactification [1] of the extra spatial dimensions on sin-
gular manifolds [2]. In particular, orbifold compactification allows to generate four-
dimensional (4D) chiral theories by projecting out unwanted states through bound-
ary conditions. Moreover, higher-dimensional gauge theories give new solutions to
the hierarchy problem by parameterizing the electroweak scale in terms of the com-
pactification radius [3]. In extra-dimensional theories, gauge and Yukawa couplings
may be “unified” [4] and are therefore expected to be of the same order. Thus, af-
ter dimensional reduction, the hierarchical SM Yukawa coupling matrices should be
highly predictable from symmetries and quantum numbers [5]. Actually, most of the
free parameters of the SM are described by Yukawa couplings which then translate
into the 22 fermion mass and mixing parameters® of the low-energy theory. In an
effective field theory approach, it is therefore attractive to predict the 4D fermion
mass matrices from horizontal (or flavor) symmetries which are sequentially broken.

In most attempts to obtain the hierarchical pattern of charged fermion masses
from a non-Abelian horizontal symmetry, the first and the second generations have
been treated as practically massless, resulting in small CKM mixing angles [8]. While
this works well for the quarks, lepton-quark symmetry would then most naturally
suggest the mixing angles in the lepton sector to be small too. However, with the
advent of solar [9,10] and atmospheric [11] neutrino data it has become clear that
lepton-quark symmetry is badly broken by large mixing angles in the lepton sector.
In fact, the KamLAND reactor neutrino experiment [12] has recently confirmed the
Mikheyev-Smirnov-Wolfenstein (MSW) [13] large mixing angle (LMA) solution of

!These are: 6 quark masses, 6 lepton masses, 3 CKM mixing angles [6], 3 MNS mixing angles [7],
2 Dirac CP violation phases, and 2 Majorana phases.
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the solar neutrino problem at a significant level [14]. In the basis where the charged
lepton mass matrix is diagonal, the 3 X 3 neutrino mixing matrix is now determined
to be to a good first approximation given by

U, cos 019 —sin 045 0 V1
v, | = |sin 012/V2 cosbia/vV2 —1/V/2 vy |, (1.1)
vy sin 015/v/2 cos O12/vV2  1/1/2 V3

where v, (o = e, u, 7) are the neutrino flavor states, v; (i = 1,2, 3) are the Majorana
neutrino mass eigenstates, and 65 is the solar mixing angle. In Eq. (1.1), we have
already assumed the atmospheric mixing angle 23 to be maximal, i.e., 053 = /4 and
set the reactor angle 6,3 equal to zero.

Roughly speaking, the MSW LMA solution tells us that the leptons exhibit a
bilarge mixing in which the solar mixing angle 5 is large, but not close to maximal,
the atmospheric mixing angle 693 is close to maximal, and the reactor mixing angle
013 is small. More exactly, we actually have at 90% C.L. for the atmospheric angle
sin?260y3 > 0.92 and a best-fit value sin?20y3 ~ 1, i.e., |fo3| ~ 1 [11]. The reactor angle
615 obeys sin®fy3 < 0.10, implying that |613] < 9.2° [15]. Denoting the mass of the
neutrino mass eigenstate v; by m;, solar neutrino data [9,10] require that m3 > m?,
where 015 < 7/4. The combined solar and KamLAND neutrino data allows at 99.73%
C.L. for the solar mixing angle the region 0.29 < tan®0;, < 0.86 and for the solar
mass squared difference Am2 = m2 — m? the two regions 5.1 x 107°eV* < Am?2 <
9.7 x 107°eV? (LMA-I) and 1.2 x 107*eV? < Am2 < 1.9 x 107*eV? (LMA-II) [14].
Atmospheric neutrino data [11] yield for the atmospheric mass squared difference
Am?, = m2 — m2 the absolute value |Am2, | = |m2 — m2| ~ 2.5-1073eV?, where
m3 > m7, or m3 < mj , is possible. The combined data of the Wilkinson Microwave
Anisotropy Probe (WMAP) [16] and the 2dF Galaxy Redshift Survey (2dFGRS) [17]
sets an upper bound m; < 0.23 eV on the neutrino masses [18]. Hence, the neutrino
mass spectrum can be either of the normal hierarchical (i.e., m; < my <K mg),
inverse hierarchical (i.e., m; >~ msy > mg), or the degenerate (i.e., m; >~ my ~ ms)
type.

The relevance of the properties of neutrino masses for our understanding of the
fundamental particle interactions can be seen as follows. In the SM, the baryon
number B and the three lepton numbers L., L,,, and L., together with the total lepton
number L = L, + L, + L., are exactly conserved by all renormalizable interactions.
As a result, neutrinos are massless? in the SM. In Grand Unified Theories (GUTSs),
however, the baryon and lepton numbers are typically violated, which is a result of
putting quarks and leptons into the same gauge multiplets.

In the minimal SU(5) model, for example, each generation of the SM is combined

2Since a left-handed neutrino v, carries a conserved charge L, it cannot be combined with the
right-handed anti-neutrino into a massive Majorana fermion.
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into the 10 and 5 multiplets, reading in component form, e.g., for the first generation

0 w u® uw d d°¢
0 uwu v d d°¢
wd| @ ||, (1.2)
0 e e
0 L )

where we have dropped the color indices. Clearly, transitions inside 10 and 5 violate
baryon and lepton numbers and only the linear combination B — L of the four global
symmetries is conserved. Although B — L conservation is still sufficient to forbid
neutrino masses, the B — L symmetry is usually broken in the embedding groups
such as SO(10) or Eg and also in string theories [19]. In this context, the lowest di-
mensional lepton number violating operator in the SM is the dimension-five neutrino
mass operator ~ HH/C/A, where H is the Higgs doublet, ¢ denotes some arbitrary
lepton doublet, and A is the cutoff scale at which the SM is embedded into some
GUT. Choosing 10® GeV < A < 10 GeV, we obtain an absolute neutrino mass
scale m, in the range 107° eV < m, < 107! eV, which is just right to solve the solar
and atmospheric neutrino anomalies in terms of neutrino oscillations. An elegant
way to generate the dimension-five operator ~ HH/({/A is given by the seesaw mech-
anism [20-22] which can be naturally included in GUTs. It is therefore seen, that
mechanisms for neutrino mass generation can shed light on the physics at the GUT
scale and, consequently, it is highly relevant to reproduce in neutrino mass models
the observed neutrino mass and mixing parameters.

A large, but not necessarily maximal, atmospheric mixing angle #,3 can be ob-
tained by assuming Abelian horizontal U(1) [23] or Z,, [24] symmetries. However,
the closer the lower experimental bound on |f,3| comes to 7/4, the more pressing it
is to give a rationale for maximal atmospheric mixing. In fact, a naturally maximal
v,-V;-mixing can be viewed as a strong hint for some non-Abelian flavor symmetry
acting on the 2nd and 3rd generations [25-27]. Models for neutrino masses predicting
large or maximal solar and atmospheric mixing angles by assigning the 2nd and 3rd
generations discrete charges of the symmetric groups Sy [28] or S5 [29] are, in general,
plagued with a fine-tuning problem in the charged lepton sector. The reason is, that
by putting different neutrinos into the same multiplet of a horizontal symmetry, the
corresponding charged lepton masses are generally expected to be of the same order,
which is in conflict with the observed strict hierarchy of charged fermion masses. One
possibility to resolve this problem may be provided in a supersymmetric framework
by the non-Abelian group A4, the symmetry group of the tetrahedron [30]. In this
model, on the other hand, parameters must be tuned to give the solar angle 65 of the
MSW LMA solution and, moreover, the neutrino masses are practically degenerate.
In GUTs, however, a normal hierarchical neutrino mass spectrum is more plausible
than an inverted or degenerate one [31]. In general, a survey of existing neutrino mass
schemes shows that the MSW LMA solution is somewhat difficult to be obtained in
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models [32] and, in particular, the imposition of non-Abelian horizontal symmetries
to arrive at exact predictions is only partially successful, since additional fine-tuning
in other sectors seems to be required.

As we have seen, the idea of unification in more than four dimensions can moti-
vate horizontal symmetries in an effective 4D framework. However, gauge theories in
4 4 & dimensions have gauge couplings with negative dimension of mass g = [m] =%/
and are usually non-renormalizable. As a result, they require a truncation on the
number of KK modes near some cutoff scale My at which the perturbative regime of
the higher-dimensional gauge theory breaks down. These theories can therefore be
considered as an effective low-energy description of some more fundamental theory
with sensible ultraviolet (UV) behavior. Here, one may imagine a class of possible
UV completions which are similar in the infrared but differ radically above the cutoff
M. Actually, some UV completions of higher-dimensional gauge theories have been
found in the context of string theory [33] but these types of constructions suffer from
various other problems, e.g., they cannot be formulated in more than six dimensions.
Recently, however, a new class of 4D gauge-invariant field theories for deconstructed
or latticized extra dimensions has been proposed, which generate the physics of ex-
tra dimensions in their infrared limit [34,35]. In deconstruction, extra-dimensional
physics is regularized by an enlarged gauge symmetry in four dimensions. Since these
theories are manifestly gauge-invariant and renormalizable, they can be viewed as
viable UV completions [36-40] of some fundamental non-perturbative field theory.
As a result, one obtains new calculational tools for studying higher-dimensional the-
ories by reduction to a 4D setup. One possibility is, for example, to analyze the
power-law running of gauge couplings in five dimensions [41] in terms of conventional
field theory [35]. At a more general level, deconstruction can be considered as a
model building tool which offers the benefits of extra dimensions even when there is
no exact extra-dimensional correspondence [42]. In this context, one has found new
mechanisms for electroweak symmetry breaking [36,37] and supersymmetry break-
ing [43]. Another important aspect of deconstruction is, that it provides a novel
technique to understand small physical parameters [44] like the hierarchical pattern
of Yukawa couplings and fermion masses [45]. This suggests to include also (discrete)
non-Abelian horizontal charges in models of dimensional deconstruction, which are
generally characterized by a large collection of symmetries. In fact, inspired by decon-
struction, several solutions to the doublet triplet splitting problem in product GUT
groups like SU(5) x SU(5) have been formulated, which essentially rely on discrete
symmetries [38,46]. In the lepton sector, one may think of similar approaches which
solve the fine-tuning problem of charged lepton masses when a maximal atmospheric
mixing angle is to be predicted from a non-Abelian horizontal symmetry. Moreover,
it is appealing to associate the inverse lattice spacing of latticized extra dimensions
with the GUT scale, thereby relating the usual dimension-five neutrino mass operator
to properties of finite geometries. In this way, one could study topological aspects of
fermion mass generation in an approach, which is complementary to the conventional
treatment of extra dimensions.



1.2 Outline

1.2 Outline

In this thesis, we will be mainly interested in models of lepton mass generation which
naturally give the MSW LMA solution from underlying symmetry principles. In
order to establish contact with the present status of neutrino mass schemes which are
promising in this respect, we will in Chapter 2 first briefly review the main attempts
that have been undertaken to understand the MSW LMA solution (Sec. 2.1). Next,
we will present in detail a specific model for bilarge leptonic mixing which predicts
a maximal atmospheric mixing angle #53 and the hierarchical lepton mass spectrum
from horizontal symmetries of the Abelian and non-Abelian type. The horizontal
symmetries and the particle content of the model are introduced in Section 2.2. The
problem of naturally obtaining a maximal v,-v,-mixing as well as the mass-splitting
m, < m, is solved by employing a vacuum alignment mechanism for a set of extra
SM singlet scalar fields which generate the effective Yukawa couplings of the leptons.
The vacuum structure emerging from the vacuum alignment mechanism is determined
in Section 2.3 by minimizing the potential of these scalars. Next, we demonstrate in
Section 2.4, how the vacuum structure translates into a set of effective Yukawa tensor
operators of the charged leptons which produce the hierarchy m, < m, via an exact
cancellation of specific components of these tensors. In addition, we obtain a small,
but significant mixing of the first two generations of charged leptons, which will finally
contribute to the leptonic mixing angles. In Section 2.5, it is shown that the horizontal
symmetries in conjunction with the vacuum alignment mechanism predict bimaximal
neutrino mixing for an inverted hierarchy form of the neutrino mass matrix. The
hierarchical charged lepton mass spectrum, the inverse hierarchical neutrino masses
and the mixing angles of the charged leptons and neutrinos are calculated in Section
2.6. In the total leptonic mixing angles, which are determined in Section 2.7, the
contributions from the charged lepton sector lead to a significant deviation from
maximal solar mixing, while the atmospheric mixing angle stays practically maximal
due to the non-Abelian horizontal symmetry, i.e., we have |63 — 7| < 1. Specifically,
the model leads to the relation 0, ~ 7 — 6013 between the solar and the reactor
mixing angle which typically take the values 615 ~ 41° and 6,3 ~ 4°. Hence, the
model is in agreement with the MSW LMA solution but the solar mixing angle is
necessarily bounded from below by 37° < 615 and cannot get close to the best-fit
value 615 ~ 32° [14].

A lepton mass model which yields more comfortably the MSW LMA solution for
normal hierarchical neutrino mass spectra is presented in Chapter 3. This model
makes use of a similar vacuum alignment mechanism like the inverted hierarchy
model but employs deconstruction as a technically elegant organizing principle for
the enlarged scalar sector and the collection of horizontal symmetries. Therefore, the
deconstruction setup is briefly reviewed in Section 3.1 for two important cases, before
the replicated gauge symmetries and the particle content of the model are introduced
in Section 3.2. The deconstructed extra-dimensional gauge symmetries are related
to a realistic phenomenology of lepton masses and mixing angles by discrete Abelian
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charges (Sec. 3.3.1) and by a discrete non-Abelian horizontal symmetry ¢ which acts
on the 2nd and 3rd generation, as well as on the link fields of the latticized extra
dimensions (Sec. 3.3.2). In Section 3.3.3, we identify the group ¢ as an extension of
the Klein group Z, x Z3 based on the dihedral group %4. The analysis of ¢ includes
also the discussion of the coset graphs of relevant subgroups of ¢ and their relation
to incidence geometry. Using the decomposition rules of the dihedral group %, we
construct in Section 3.4 the potential for the scalar representations of ¢ and deter-
mine the vacuum structure by minimizing the scalar potential in Section 3.5. Next,
we describe in Section 3.6, how a linear combination of Wilson-line type effective op-
erators, corresponding to a five-dimensional (5D) gauge theory compactified on S?,
predicts the charged lepton mass spectrum from the vacuum alignment mechanism.
The neutrino masses, on the other hand, are generated through the mixing with a
right-handed Dirac-neutrino propagating in a latticized S'/Z, orbifold extra dimen-
sion (Sec. 3.7). The resulting neutrino mass and mixing parameters are calculated
in Section 3.7.4, where we also relate the types of latticizations of the orbifold to the
presently allowed ranges for the solar mass squared difference Am? as implied by
recent KamLAND results. Consequently, the model gives the MSW LMA solution at
the 90% C.L. without any tuning of parameters.

A different and more minimalistic approach to neutrino masses is presented in
Chapter 4. For a basic two-site model, it is shown that deconstruction can provide a
dynamical origin of the seesaw mechanism when the inverse lattice spacing of specific
latticized geometries is identified with the seesaw scale and the generations are put
on different lattice sites (Sec. 4.1). Realistic applications to four-site and three-site
models are given in Sections 4.2 and 4.3, where we show that bimaximal mixing can
be obtained when the link fields break the lepton numbers down to the diagonal
subgroup L = L, — L, — L, in the right-handed Majorana sector. The bimaximal
mixing is then translated into the bilarge mixing of the MSW LMA solution by non-
renormalizable operators. Since deconstruction serves as a 4D description of a 5D
gauge theory, one would generally expect the inverse lattice spacings to be of order
TeV or larger. Hence, to remodel large extra dimensions, one would usually need a
large number of lattice sites. However, in Section 4.4, we present a novel mechanism
which generates an inverse lattice spacing in the sub-eV range. This makes it possible
to study deconstructed sub-mm extra dimensions with a number of lattice sites which
can be as small as < 10.

Finally, in Section 5, we present a summary as well as our conclusions. In addition,
in Appendix A, we determine the Wilson-Dirac action for the transverse lattice de-
scription of a 5D fermion. Moreover, Appendix B gives a brief review of the dihedral
group %, and in Appendix C, the minimization of the scalar potentials is explicitly
carried out.



Chapter 2
Bilarge Leptonic Mixing

In this chapter, we will present a model for lepton mass generation which yields bilarge
leptonic mixing for an inverse neutrino mass hierarchy. The model predicts an exactly
maximal atmospheric mixing angle from a non-Abelian horizontal symmetry. In
addition, strictly hierarchical charged lepton masses arise from a vacuum-alignment
mechanism. Before discussing the model in detail, we will first look at the main
attempts which have been made in order to understand the bilarge leptonic mixing
pattern observed in neutrino oscillations.

2.1 Bilarge mixing patterns

The MSW LMA solution of the solar neutrino problem has now been well established
by the KamLAND reactor neutrino experiment. From the theoretical point of view,
the MSW LMA solution is interesting, since it is somewhat difficult to obtain natu-
rally the associated bilarge mixing and neutrino mass spectrum in models [32]. We
shall therefore briefly review the main types of existing neutrino mass model schemes,
which show a natural preference for the MSW LMA solution. Broadly, one can divide
them into scenarios where the leptonic mixing predominantly stems either from the
neutrino sector or from the charged lepton sector.

2.1.1 Large mixings from neutrinos

As has already been mentioned in the introduction, the present experimental situation
concerning the possible types of neutrino mass hierarchies is still ambiguous, since
the neutrinos could exhibit either a hierarchical, inverse hierarchical, or degenerate
mass spectrum. In inverted hierarchy models, the effective neutrino mass matrix is
of the form
myy cM  sM
Mu = cM Moo TMMo3 s (21)
sM  mszy ma3
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where ¢ = cos 055, s = sin 05, for 055 ~ 1, and m;; < M. Application of a rotation
in the 2-3-plane through an angle 04, brings M, to the form

miq M 0
M, =\ M my my|, (2:2)
0 my my,

which clearly gives an inverse neutrino mass hierarchy mi; ~ mqo >~ M > m3. More-
over, it is Am2,, ~ M? and Amg, ~ 2(mi;+mi,) M. In absence of some cancellations
coming from the charged lepton sector, we have a3 ~ 055 ~ 1, i.e., the atmospheric
mixing angle can be large. The 1-2-block in Eq. (2.2) is approximately diagonal-
ized by a rotation through an angle 6%, ~ w/4 — (mby, — my1)/(4M). Now, for the
LMA-II solution [14] we have the ratio Am2 /Am2, ~ 2(mb, + my)/M ~ 61072,
implying that 0%, ~ 7/4+ O(1073). If the left-handed charged leptons are practically
unmixed, this would imply that the solar mixing angle 65 is too close to maximal
to be at the 99.73% C.L. in agreement with solar data [14]. However, it is expected
that 615 gets also a contribution 6%, from the charged lepton sector, which is of the
order 0%, ~ \/m./m, ~ 0.07, where m, and m, denote the mass of the electron
and the muon respectively [32]. As a result, for an appropriate sign of 6%,, the in-
verted hierarchy models can give tan®6;, ~ 0.75, which is in better agreement with
the global analyses. A simple way to obtain an inverse neutrino mass hierarchy is
provided by models with approximately conserved L = L, — L, — L; lepton number.
If the L symmetry is softly broken in the effective neutrino mass matrix M,,, the form
as in Eq. (2.1) can arise [47]. A recent realistic inverted hierarchy model based on a
horizontal SU(2) symmetry has been given in Ref. [48].

For degenerate neutrino masses, one attractive possibility to predict a maximal
atmospheric mixing angle 6,3 is offered by models based on the non-Abelian flavor
symmetry Ay, the symmetry group of the tetrahedron [30]. Here, the neutrino mass
matrix texture is approximately on the form

1+e € €
M, ~m, e € 1], (2.3)
€ 1 ¢

where m,, is the absolute neutrino mass scale, and € < 1 parameterizes the radiative
corrections to the leading form. In a supersymmetric version, the holomorphy and
renormalizability of the superpotential allows the A4 symmetry to be spontaneously
broken such that hierarchical quark and lepton masses can naturally arise. Although
this type of model predicts a maximal atmospheric mixing angle fa3 = /4, the solar
mixing angle #,, is essentially arbitrary and depends crucially on the order-unity
coeflicients associated with the radiative corrections. As a result, these coeflicients
must be tuned to be consistent with the presently preferred value of the solar mixing
angle.
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The MSW LMA solution is comfortably obtained in normal hierarchical models,
in which the effective neutrino mass matrix is on the approximate form

mip M1z Mas
M, ~ | my s2M scM |, (2.4)
mis scM M

where, again, ¢ = cos 035, s = sin 033, for 05, ~ 1, and m;; < M. Note that, to
leading order, the 2-3-subblock has a vanishing sub-determinant. As a consequence,
we get Am? ~ O(mj;) and Am2,, ~ M?, and choosing the appropriate ratios m; /M
reproduces the preferred hierarchy between Am2 and Am2, . Like it is the case for
the inverted hierarchy models, one observes that the atmospheric mixing angle 63
can be large or even maximal. In contrast to the inverted hierarchy models, however,
the solar mixing angle 615 can be large with no preference for close to maximal
mixing. The normal hierarchical form in Eq. (2.4) can emerge from non-Abelian flavor
symmetries [25-27,29] or, more simply, in scenarios of single right-handed neutrino
dominance [49]. If the charged lepton mass matrix is diagonal, maximal atmospheric
mixing requires 0%, = m/4 in Eq. (2.4). This has been achieved by putting the 2nd and
3rd generations of leptons into the regular representation of the symmetric group S,
in conjunction with a soft breaking of lepton numbers in the right-handed Majorana
sector [28]. In this approach, however, fine-tuning is required to obtain the hierarchy
m, < m, of charged lepton masses. Generally speaking, it is interesting to note,
that in GUTs a normal neutrino mass hierarchy seems to be more plausible than an
inverted or degenerate one [31].

2.1.2 Large mixings from charged leptons

A prominent scheme to accommodate the MSW LMA solution, where large leptonic
mixing angles come (also) from the charged lepton sector, has been realized in so-
called “lopsided” GUT models [50]. In the case of an SU(5) GUT, for example, one
makes use of the fact that the left-handed charged leptons are in the same multiplet
5 as the right-handed down quarks (see Eq. (1.2)). As a result, large mixings of the
left-handed leptons would generally be related by SU(5) to an irrelevant large mixing
of the right-handed quarks. Additionally, SU(5) relates the small CKM angles of
the left-handed up and down quarks in the 10 representation to small mixings of
the right-handed leptons, which cannot be observed in neutrino oscillations. The
lopsided SU(5) model of Ref. [32] applies the Froggatt-Nielsen mechanism [51] for
an approximately conserved U(1) flavor symmetry under which the quark and lepton
multiplets are charged as 101(2), 10,(1), 103(0), 5:(1), 52(0), and 5(0). If we
parameterize the breaking of the flavor symmetry by the small number € < 1, the
resulting mass matrix patterns M, and M, of the up and down quarks are given by

M,>~m, | € ¢ and My~mg|e € €], (2.5)
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where m,, and my denote the absolute up and down quark mass scales and only the
orders of magnitude of the matrix elements has been indicated. Correspondingly, the
mass matrices M, and M, of the neutrinos and the charged leptons are found to be

e € ¢ e € e
M,~m, e 1 1 and My~mgy|e® € 1], (2.6)
e 1 1 e e 1

where m, ~ m?2/A denotes the absolute neutrino mass scale. Note in Egs. (2.5)
and (2.6) the lopsided forms of M,; and M,. From Eq. (2.6), it is obvious that both
the matrices M, and M, contribute to the atmospheric mixing angle 053, which will
generally be large, but not necessarily maximal. Unfortunately, the 2-3-subblock of
M, must be tuned to give a ratio of the order Am2 /Am2, = O(1072). With this
choice, however, the solar mixing angle is for € ~ 1/20 predicted to be close to the
best-fit value tan®6;5 ~ 0.4 of the MSW LMA solution.

To put it in a nutshell, the main types of schemes claiming to provide an under-
standing of the MSW LMA solution are actually not fully satisfactory with respect
to their predictivity, since they typically involve some fine-tuning. The parameters
in models based on non-Abelian horizontal symmetries must either be adjusted to
give the charged lepton mass hierarchy or depend crucially on fine-tuned radiative
corrections which are supposed to generate the presently preferred solar mixing an-
gle. Models using only Abelian symmetries, on the other hand, can at best give an
order-of-magnitude-understanding of the lepton mass and mixing parameters [23,24].
In the remainder of this chapter, we will consider a specific model for inverse hi-
erarchical neutrino masses, which avoids these problems by employing a vacuum
alignment mechanism. This model predicts a naturally maximal v,-v,-mixing from a
non-Abelian symmetry as well as the strict hierarchy m,. < m, < m, of charged lep-
ton masses. Moreover, a substantial deviation from maximal solar mixing is achieved
by contributions coming from the charged lepton sector.

2.2 Particle content of the model

Let us now consider an extension of the SM, which yields bilarge leptonic mixing and
the hierarchical mass pattern of the leptons from both Abelian and non-Abelian hor-
izontal symmetries. In particular, we suppose that a discrete non-Abelian horizontal
symmetry ¢ ensures (nearly) maximal v,-v,-mixing and the hierarchical Yukawa cou-
plings are generated by higher-dimensional operators [52] through the the Froggatt—
Nielsen mechanism [51]. (A classification of effective neutrino mass operators has been
given in Ref. [53].) For simplicity, we omit the quark sector in our further discussion®.
We will denote the lepton doublets as ¢, = (Var €qr) and the right-handed charged
leptons as E, = eyr, where a = e, u, 7. The electroweak Higgs sector is assumed to

LA related study including also the quark sector can be found in Ref. [54].
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consist only of the SM Higgs doublet H, but the standard two-Higgs-doublet model
is also possible. In the charged lepton sector, the masses arise through the mixing
with additional heavy right-handed (i.e., SU(2) singlet) charged fermions, which
all have masses of the order of some characteristic mass scale M;. Apart from some
general prescriptions of their transformations under the flavor symmetries, which will
be introduced below, it is not necessary to explicitly present the fundamental theory
of these additional charged fermions. This is in contrast with the neutrino sector,
which we will extend by five additional heavy SM singlet Dirac neutrinos N, N,,,
N,, Fi, and F,. We suppose that F; and Fy have masses of the same order M; as
the charged intermediate Froggatt-Nielsen states, whereas N, N,, and N, all have
masses of the order of some relevant high (unification) mass scale Ms. While M,
takes the role of some seesaw scale [20-22] (and it is therefore responsible for the
smallness of the neutrino masses), M; can be as low as several TeV [55].

The horizontal symmetry ¢, which will be presented further below in terms of its
generators, is supposed to act on the 2nd and 3rd generation of leptons in terms of a
two-dimensional irreducible representation (irrep). Hence, we combine the SU(2) -
doublet fields ¢, and ¢,, the right-handed charged leptons E, and E, as well as
the right-handed Dirac neutrinos N, and N, into the doublet representations 2, =
(4, ), 25 = (E, E;)', and 2y = (N, N,)* of 4. Now, ¢ relates in the u-
T-subsector the Yukawa couplings of the muon and tau, which makes it difficult to
understand why m,, < m,. This problem seems to correspond somewhat to the well
known problem of splitting the SM Higgs doublets and their color triplet partners
in 4D GUTs. However, the doublet-triplet splitting problem has a straightforward
solution in higher dimensions and one has also recently given purely 4D solutions in
terms of dimensional deconstruction [38,46]. In these theories, a number of additional
replicated scalar non-linear sigma model fields is introduced, which are themselves
subject to an enlarged collection of symmetries. With respect to the problem of
naturally obtaining the hierarchy m, < m, in the presence of the symmetry ¢,
these ideas motivate to extend the SM by a number of “copies” of SM singlet scalar
fields which transform as replicated doublets under ¥:

Oy = (g1, ¢2)", Po= (s, 1), P3=(d5 &) ., Ps=(dr, ¢s) ,

O = (g1, dh)", By = (g% ), D= (¢% ) (2.7)

Furthermore, we introduce three scalar fields ¢g, ¢19, and 6, which are trivial repre-
sentations of &. Moreover, we impose additional replicated U(1) gauge symmetries
with charges @1, Q)2, and Q3. The corresponding U(1) charge assignment is shown in
Table 2.1. In what follows, it will always be understood that the Higgs doublet H is
a total singlet under transformations other than the SM gauge transformations. Note
that the charges ()1 and ()5 are anomalous. However, it is known that anomalous
U(1) charges may arise in effective field theories from strings. Then, the cancellation
of the anomalies must be accomplished by the Green-Schwarz mechanism [56].
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(Ql; Q2; Q3)
le, E, (1,0,0)
2y, 25 (0,1,0)
N, (1,0,0)
2N (0,1,0)
F (1,0,0)
F (—=1,0,1)
o, (1,-1,2)
o, (—1,-1,0)
¢9 (_2707 1)
0 (0,0, -1)

Table 2.1: Assignment of the U(1) charges @)1, Q2, and @3 to the fermionic and scalar
fields. The fields not shown here carry zero U(1) charges.

The first generation of the charged leptons is distinguished from the second and
third generations if we require for P = e>™/" where the integer n obeys n > b5,
invariance of the Lagrangian under transformation of the following Z,, symmetry:

D, E, — P74Ee, 2p — Pile, b, — PP, (Z = 1,2,3), (28)

where we assume that the fundamental states in the heavy neutrino sector N., 2y,
Fy, and F, are D;-singlets. Hence, the symmetry D; forbids the fields &, ®5, and
®5 to participate in the leading-order mass terms for the neutrinos. With the ¢-
doublet representation content given above, we can now define & as the group which
is generated by the following set of discrete symmetry transformations

Do 2 — D(Cy) 2y, 2p — D(Cy) 2p, 25 — D(Cy) 2, (2.92)
2 ®, — D(Cy) ®y, ¥ — D(Cy) ®), D4 — D(Cy) By, '

2g — D(Ob) 2@, 2N — D(Cb) 2N7

D; - o, — D(Cy) ®;, ®, — D(Cy)®, (i =2,3), (2.9b)
CI)4 — D(Cb) @4,
2g — D(Ob/) 2@, 2E — D(Ob/) 2E7 2N — D(Cb/) 2N7

Dy : o, — D(C,) ® (1=1,2,3), (2.9¢)
(I>4 — D(Cb/) CI)4,

Ds - ®; — D(Cy) ®;, @, — D(C,) ¥, (i=1,2,3), (2.9d)

where D(C,,), D(Cy), and D(Cy ) denote generators of the two-dimensional vector rep-
resentation of the non-Abelian dihedral group %, (see App. B) and can be explicitly
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written as follows

D(Ca):<é _01) D(Cb):<_01 2) D(Cb/):(g é) (2.10)

Inspection of the discrete symmetry transformations shows that 4 can be considered
as an n-valued representation of %,, where n = 8. Note that ¢ is a subgroup of the
n-fold replicated dihedral group (%4)" = %4 X ... X 94. The permutation-reflection
symmetries Dy, D3, and D, are responsible for generating a naturally maximal atmo-
spheric mixing angle, since they establish exact degeneracies of the Yukawa couplings
in the leptonic 2-3-subsector. These permutation symmetries also play a crucial role
in the scalar sector, in which they restrict some of the couplings in the multi-scalar
potential to be exactly degenerate (at tree-level), which means that degenerate vac-
uum expectation values (VEVSs) can emerge after spontaneous symmetry breaking
(SSB). This so-called vacuum alignment mechanism can work if we assume the cyclic
symmetry

E,—» P WU E N, — PN,

¢ o) — PR, o), — P71, Py — PPy, '
¢9 — P71 ¢y, $10 — P 10,

where k, [, and m are some integers. For the symmetry Dg we additionally require
that the heavy states in the charged lepton sector can only be multiplied by factors
P™ where n is an integer multiple of k, I, or m, and that the differences |k—I|, |k —m)|,
and |l —m)| are sufficiently large. These symmetries impose constraints on the higher-
dimensional lepton mass operators as well as on the allowed renormalizable terms in
the multi-scalar potential. With this, one can forbid possibly dangerous terms, which
could otherwise spoil the vacuum alignment mechanism.

2.3 The multi-scalar potential

In this section, we will analyze the tree-level vacuum structure which spontaneously
breaks the discrete symmetry ¢ when the SM singlet scalar fields acquire their VEVs.
For non-fine-tuned couplings, we will find a minimum of the multi-scalar potential in
which the ¢-doublet fields are aligned either in parallel or orthogonal directions. In
the low-energy lepton mass matrices, the orientation of these VEVs will then translate
into an exact prediction for the p-7-mixing while providing an order-of-magnitude-
understanding of the lepton mass hierarchies.

2.3.1 Yukawa interactions of the scalar ¥-singlets
The electroweak Higgs potential

Since the electroweak Higgs-sector consists only of the SU(2) Higgs doublet H, we
conclude that H appears only to the second or fourth power in the multi-scalar



14

CHAPTER 2. Bilarge Leptonic Mixing

potential. Hence, in any renormalizable terms of the multi-scalar potential which
mix H with the SM singlet scalar fields, the Higgs doublet is only allowed to appear
in terms of its absolute square |H|?. Next, since the Higgs doublet carries zero
Q1,Q2, and Q)3 charges and is a D;-singlet, where ¢ = 1,2,...,6, there exists a
range of parameters in the multi-scalar potential for which the standard electroweak
symmetry breaking is possible. Furthermore, this implies that we can, without loss
of generality, separate the SM singlet scalar part from the Higgs-doublet part in the
multi-scalar potential by formally absorbing the absolute square of the VEV |(H)|?
into the coupling constants of the mixed terms. Then, since the vacuum alignment
mechanism of the SM singlet fields is independent from the details of the electroweak
Higgs physics, we can in what follows leave aside the effects of H and focus on the
properties of the SM singlet scalar fields.

Interactions of the fields ¢g9 and ¢

The D¢ and U(1) charge assignments require the fields ¢g and ¢y to enter the renor-
malizable interactions of the scalar fields only in terms of the operators

6ol®,  |pr0l®,  [Bhbrol*

Since the fields ¢9 and ¢19 are singlets under transformations of all the permutation-
reflection symmetries Dy, D3, and Dy, they will have no effect on the relative align-
ment of the rest of the scalar fields, when both of the fields ¢g and ¢ finally develop
non-vanishing VEVs. Following the example of the Higgs doublet H, we can therefore
discard the terms in the scalar potential which involve the fields ¢g and ¢, in our
considerations concerning the vacuum alignment.

Interactions of the field 0

From the Dg and U(1) charge assignments it follows that any renormalizable term
in the scalar potential which involves # or the component fields of ®;, ®3, or 4, can
only be allowed if these fields appear in one of the following combinations:

OIMD,, BIMD;, DM, DIMD,, |0 (2.12)

or their complex conjugates, where in each of the above terms M denotes some
arbitrary complex 2 x 2 matrix which summarizes symmetry-related geometric fac-
tors. Among the products in Eq. (2.12), only ®I M6 transforms non-trivially under
the symmetry D;. Moreover, since @, ®,, and ®} are D;-singlets, we see that the
component fields ¢3 and ¢4, which are D;-singlets, can only appear either in the com-
bination CIDEM ®, or @;M &30, where M again denotes some complex 2 X 2 matrix.
Under the symmetry Dg, however, the term CIDEM ®30 transforms non-trivially and it
is therefore forbidden. Except for the product ®I M6 in Eq. (2.12), all scalar interac-
tions involve an equal number (0, 1, or 2) of the fields # and its adjoint 07, which can



2.3 The multi-scalar potential

15

then be combined into the absolute square |#|?. Now, the interaction ®IM6|0]? is
forbidden by the symmetries D; and Dg. Also, 6 is a total singlet under the discrete
symmetry transformations. Thus, all terms which involve the absolute square ||
will have no influence on the relative alignment of the ¢-doublets when 6 acquires
a non-vanishing VEV. For this reason, we can in the discussion of the ¢-doublet
potential omit all terms which involve |6]?.

2.3.2 Yukawa interactions of the scalar ¥-doublets
Parameterization of the 4-doublets

In order to determine the vacuum structure in ¥-space, it is instructive to examine
the accidental global symmetries of the Lagrangian, which are broken by tree-level
operators representing specific Yukawa interactions of the scalar ¢4-doublets. For any
such operator, we shall denote by ® and 2 a general pair of 4-doublet scalars which
participate in the interaction, i.e., we will most generally have ®,Q € {®;, @), 4},
where ¢ = 1,2, 3. Next, it is suitable to parameterize the VEVs of the ¢-doublets ®

and Q) as
et cosar elvt ¢,
<q)> = ( ) = V1 (ei‘Pll sin a) = U1 (ei‘/’ll Sa) y (2133)

(Pa)
(&)
— (wa)\ _ el¥2 cos 3 _ el¥2 ¢ 5
() = (<wb> = V2| b gin 8 = V2 | Gigh s5) (2.13b)
where vy, vy are positive numbers and 1, 7, v2, 5 denote the phases of the VEVs.

Actually, we will mostly work with the relative phases ¢ = ¢} — 1 and ¥ = ¢, — ps.
In fact, since an arbitrary element u € SU(2) can be represented by the matrix

ipa e i9b i
y — <e COS e sin a) ’ (2'14)

efbsina e ' cos o

it is seen from Egs. (2.13), that in the non-linear sigma model approximation each of
the VEVs (@) and (£2) can be associated with the breakdown of an accidental SU(2)acc
symmetry. Let us denote by Va(®,2) the most general renormalizable SU(2)cc
symmetry breaking operator in the potential involving the fields ® and €. As it will
prove later, Va(®, ) splits into two potentials via Va(®, Q) = V4 (P, Q) + Vp(P, Q)
which can be explicitly written as

Va(®,Q) = difolosl” + dalwlws|” + ds(1@al” — [06]*) (lwal* = lwsl?),

Va(®,Q) = da|(6]60)” + (8]60)?] + ds [(lwn)? + (wfwa)?]
+ do($hdy + Byda) (Wiws + wiwa)
+

dr($hds — hda) (Wiwy — wiwa), (2.15)
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where the coefficients dy, . . . , d7 are some real-valued numbers. Note that the potential
Va(®, Q) depends only on the angles a and (3 whereas Vg(®,() is, in addition, also
a function of ¢ and 1. More generally, one can view the parameters a, 3, ¢, and
¢ as the VEVs of scalar fields. The scalar field a(z), e.g., is then the coordinate
of the manifold of cosets SU(2)acc/U(1), at each point of space-time, where U(1),
is the accidental U(1) symmetry associated with . An alignment of (®) and ()
with respect to o happens, when in the lowest energy state «(z) provides only a
non-linear realization of the group SU(2),c. (corresponding statements apply to the

fields G(z), p(x), and P (x)).

Interactions of the field ®,

From the U(1) charge assignment in Table 2.1 it is seen that only an even number of
the component fields ¢7 and ¢g of ®4 (or their complex conjugates) can participate in
the scalar interactions. Consider first the product gb%g (or equivalently its complex
conjugate). The operator ¢$¢8 is odd under application of each of the symmetries D,
and D3. As a consequence, the transformation D, requires @qﬁg to couple to ¢7 or to
one of the component fields of ®; or ®}. Additionally, the transformation D5 requires
gb$¢8 to couple only to ¢7 or to one of the component fields from o, @3, P, or Pi.
This can only be satisfied if gﬂqﬁg couples to ¢7 or qﬂ, but not to the operator products
(¢7)2, (¢1)2, or |r]2. As for ¢log is a U(1) singlet, the operator ¢l¢s can only couple
to some linear combination of gbyqﬁg and gbg(ﬁ. Hence, if a product of the type CIDZM D,
enters an interaction with scalars which are different from the component fields ¢
and ¢g, then this operator CIDZM ®, is a linear combination of the absolute squares
]2 and |gs .

We will now denote by ¢; and ¢; two component fields of ®; or ®;, where i = 1,2, 3.
Taking Eq. (2.12) and the product (IDEM ®, into account, it follows that the operator
¢i¢; can enter the interactions with the component fields of ®, only in terms of one
of the following combinations:

OIMD,, PIMD,, OiMD,, @M, M, @M (2.16)

where the last three products are found by applying the symmetry Dg. Actually, for
all terms in Eq. (2.16) the symmetry Dj requires M o diag(1, 1). Using the result of
the previous paragraph, application of the symmetry D4, which permutes ¢; < ¢s,
gives for the most general interactions of ®, with the other scalar fields the terms

(Ig7)* + [5]*) Z cilil?, (2.17)

pi¢Ps

where ¢; can be any of the scalar fields, which are not identical with the component
fields ¢ or ¢g of @4 and ¢; are some real-valued coupling constants. (Dimension-
three terms like |@7|%p; or |¢g|?p;, where ¢; # @7, ¢, are forbidden by the Dg and
U(1) charge assignment.) Taking everything into account, the U(1) symmetries and
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invariance under Dy restrict the most general terms in the scalar potential, involving
the component fields of ®4, to be

V(@) = i*(1¢7]” + [osl?) + 6167 + [0s])” + (1or)* + [68*) Y cilepsl?

i ¢4

+ alr?losl? +b | (8160)? + (oler)’]

_ 20t o) ool o2
= pPOLOs 4k (@hDs) + BLRs D cilil® + Va(Pa, Pu), (2.18)
i¢Pa

where u?, k, a, and b are real-valued constants and the SU(2)... symmetry breaking
parts Va(®y, @) = Va(Py, Py) + Vp(Py, Py) for &4 read

Va(@s@1) = algrPlosl”, Va(@s, @) = b|(elée)? + (slon)?] . (2.19)

In Eq. (2.18), we will choose £ > 0 and assume the rest of the coupling constants to
be negative. Then, we find from App. C that the VEV of ®, is given by

(@)oo

i.e., in this basis, the VEVs of the component fields are relatively real and degenerate
up to a sign. When considering the Yukawa interactions of the neutrinos, it will turn
out that the orientation of (®4) in Eq. (2.20) is responsible for a nearly maximal
atmospheric mixing angle. Thus, we can from now on restrict our discussion of the
scalar potential to the fields ®; and @} (i = 1,2, 3).

The potential of the fields ¢, $,, and 3

In all two-fold and four-fold products involving only the component fields ¢; (i =
1,...,6) of @1, ®y, and P, the transformation Dy requires the number of the fields
carrying an even (or odd) index ¢, to be even. In the scalar potential, linear and
tri-linear terms of these component fields are forbidden by Dg-invariance. Taking the
operators in Eq. (2.12) and ®{M®, into account, the allowed two-fold products of
the fields ¢; are unmixed and must be absolute squares ~ |¢;|?. In the same way, it
follows that all four-fold products of the fields ¢; must be of the following forms

(1d2)?,  Oldaglon, oloadhds,  dlodlds, oldaoles,
(¢§¢4)2, ¢§,¢4¢E¢6, ¢§,¢4¢£¢5, (Q%QSG)Q’ 0512, |oal*,  (2.21)

and their complex conjugates, where 7,7 = 1,2,...,6. In order to determine also the
relative phases which will be taken by the component fields ¢; in the lowest energy
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state, let us rewrite a general four-fold product of the type given in Eq. (2.21) as

(aglo; + bploi) Loy + (cdlp; + dpldi)dldr, + huc.
= |(@+d)els; + b+ oo olo
+ [+ 6610 + (d+a)slo] ol (2:22)

where a, b, ¢, and d are complex-valued constants. Assume that ¢ # j. Then, from
Eq. (2.21) we observe that k # | and we can, without loss of generality, assume that
the index-pairs (7, j) and (k, [), respectively, combine the fields which are interchanged
by the discrete symmetry Dy or D3. (If i = j, then it follows from Eq. (2.21) that
k = 1, which will be discussed below.) Let, in addition, {i,5} # {k,{}. Then,
application of the symmetries Dy and D3 yields a + d* = d + a* and b+ ¢* = ¢+ b*.
We can therefore rename the constants as a + d* — a and b + ¢* — b, where now a
and b are real constants, and write the term in Eq. (2.22) as

(aglo; + boloy) oo + (bolo; + agle)dlon

b —b
_ a; (8165 + Blos) (ohou + elon) + 5= (0l — 0)60) (Blen — 8lon)

b —b
- a;r R(olo;) R(oler) — - S(6le;) S(la). (2.23)

Since the fields ¢3, ¢4, @5, and ¢¢ are singlets under transformation of the discrete
symmetry Dy, we can have a # b in the case that (¢;, ¢;)7 = @9 and (¢gx, @) = Ps.
However, if (i,7) = (1,2), then application of the discrete symmetry D, further
constrains the constants in the above general form to fulfill a = b, and therefore,
the last term in Eq. (2.23) vanishes. As a cause of the symmetries Dy and D3, the
products (gngbDQ in Eq. (2.21), where (¢;, ¢;)T € {®1, @9, P53}, appear in the potential
always as

a|(¢:0])? + (¢l6:)?| = 2a% |(6:6])?] (2:24)

where a is some real-valued constant.

Let us now turn the discussion to the terms |@;|?|¢x|* in Eq. (2.21), where i # k.
Assume that the fields ¢; and ¢ cannot be combined into one of the doublets @4, &5,
or ®3. Then, a general term of this type is on the form

(aleil® + bl [*) |6k l* + (cll* + dly|*) |, (2.25)

where a,b, ¢, and d are real-valued constants and (¢;, ¢;)7, (¢r, )T € {®1, Do, P3}.
Application of the symmetries Dy and D3 yields the conditions a = d and b = ¢, and
thus, we can rewrite the above part of the potential as

a+b
2

(1042 + 16,2 (06 + 161 + 520168 — 8P — |6P). (220
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If (¢s,0;)7 = P2 and (¢x, )" = ®3, then in general a # b, since P» and Pz are
Dy-singlets. However, if (¢;, ¢;)7 = @1, then a = b and the part in Eq. (2.26) which
is proportional to (a — b)/2 vanishes. If for the term |¢;|*|¢;|* in Eq. (2.21) we have
(¢s, )T € {1, Py, @3}, then |¢;|%|¢;|* is a total singlet (on its own) and can be
written directly into the scalar potential as a|¢;|*|$;]?, where a is some real-valued
constant. Moreover, the symmetries D, and Ds enforce the products |¢;|* and |¢;|*
[in Eq. (2.21)] to appear in the scalar potential only as

11 (191 ” + |92l?) + 115 (19s]® + |9al?) + 13 (1651 + |d6]?)
K1 (|¢1\4 + |¢2\4) + Ko (|¢3\4 + |¢4\4) + K3 (|€255|4 + |¢6|4) ) (2.27)

where p?, u2, p2, k1, ko, and k3 are real-valued constants. In total, the most general
scalar potential involving only the component fields of ®;, ®,, and P53 is given by

V(%) = 3 (|¢1\2 + |2 ) + 115 (|¢3\2 + [ 4] ) + 5 (|¢5\2 + \¢6\2)

k1 (16117 + 162?)” + ra (168l + [94*)” + ra (5] + |66 ])°

ar (|o1]” + [92?) (16s]” + [¢9a]?) + as (|¢1]* + |92]?) (|¢5]> + |d6?)
az (|os” + [¢4]?) (165]° + [06]?) + as (|¢3]* — [4]?) (|95]* — ¢6]?)

as|¢10a|* + ag|dlpal® + az|gls|” + as [(¢I¢2)2 + (¢£¢1)2]
[ L6a) + (¢1¢3)2] + axo [(Q%%)Q + (¢(Ts¢5)2]
62+ dhon ) (@1 + olos)

6oz + olon ) (oles + olos
B+ 010y ) (olos + olos
1 (0104 — olos) (@hos — olos)

ai1

12

a3

+ o+ o+ o+ o+ o+t

/\/\/\/\ —~
\_/\_/\_/

(2.28)

where aq, ag, .. ., a4 are real-valued constants. Note in Eq. (2.28), that the couplings
to the operators @4, ¢g, and ¢1 or |#|? have been dropped, since these are irrelevant
for the vacuum alignment of the fields ®;, ®5, and @3 in ¥-space. The SU(2)acc
symmetry properties of the potential V' (®;) become more transparent when it is
rewritten as

2 2
V(@) = 120, + 120]ds + 12050 + (cb}cbl) ¥ o (cb;ch)

2
ok (cbgcbg) ta (cb}cbl) (<I>;<I>2> ¥ ay (<I>§<I>1> (cbgcbg,)

¥ a (cpgch) (@},%) 4 VA(®y, By) + Va(®y, By) + Va(®y, By), (2.29)
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where the SU(2)acc symmetry breaking parts can be symmetrically organized as
Va(@1,8) = Jaslolénl? + Saslolon]
b gas [(610a)7 + (@60?] + 50 (660 + (8l6s)?]
+ an (6162 + 0101 ) (dhou+ olen)
Va(@1,85) = Zaslolonl? + sarlolonl
b gas (61627 + (64617 + Sor0 [ (800 + (66)?
+ an (8162 + dhor ) (@los + dles)
Va(@,8;) = 3a6|¢;¢4|2 +sarlolool + a (10sf? = 64) (6617 ~ nP)
b gas (61007 + (B69] + S0 [(6h60)? + (8les)
+ oy (s + olas) (@hos+ ¢6¢5)
+ s (0h0s —ol0s ) (ol — oles) (2:30)

In Eq. (2.28), we will assume k1, k2, k3 > 0 and a1, a13 > 0 and we will choose all
other coupling constants to be negative. We shall briefly outline the impact which the
operators in Eq. (2.30) have on the vacuum structure. First, we note that the term
with the coefficient a4 tends (for large values of |a4|) to induce a splitting between
|(p3)| and |(p4)| as well as between |(¢s5)| and |(¢g)|. Second, we observe that the
term with the coefficient a14 prefers (for large values of |a14]) arbitrary relative phases
(which are different from 0 and 7) between (¢3) and (¢4) as well as between (¢s5) and
(¢p6). However, using App. C, we see that for the parameter range

asar > (8as)* and agay > a3, (2.31)

the potential V(®;) is minimized by the VEVs of the component fields which are
pairwise degenerate in their magnitudes, i.e., they satisfy

(o) = [(2), [ da)| = [da)l,  [{¢s)] = [(¢6)] (2.32a)

and are also pairwise relatively real, i.e.,

(¢1) (#3) (95)
e {-1,1}, (2.32Db)
(¢2)” (P4)” (¢6)
where, in addition, the choice a2 < 0 and a1, a13 > 0 implies a correlation between
the different pairs of VEVs in terms of

Puids) g {000 (2.32¢)

(@) (o) T (G (g
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i.e., the relative sign between (¢1) and (¢9) is equal to the relative sign between (¢s)
and (¢g) and opposite to the relative sign between (¢3) and (¢4). In ¥-space, the
VEVs of &1, ®,, and ®3 can therefore be written as

(@;) = %' gl ( j:11) (i=1,3) and (B) = % o (:31) L (2320

where oy, an, and ag are arbitrary phases. Thus, we see that (®4) is parallel to (®3)
whereas (®,) is orthogonal to (®1) and (P3).

The potential of the fields ¢}, ®,, and &

In analogy with the potential V' (®;), we will denote by V(®)) the most general renor-
malizable scalar potential involving only the primed fields @}, ®,, and ®5. Among
the symmetries Dy, D3, Dy, and D5 which generate the discrete group ¢, the group
operations D, D3, and D5 act diagonally on the fields ®; and &}, for i = 1,2, 3. Now,
the action Dy : ®; — D(C,)®; (i =1,2,3) (under which @}, ®), and ®} are singlets)
is for the fields ®; identical with the subsequent application of the transformations
D3, Ds, and Dj (in this order). However, since D3 and Ds act diagonally on ®; and
! the discrete group ¢ imposes identical constraints on the potentials V' (®;) and
V(®%). Next, taking into account that the fields ®; and ®, carry opposite Dg charges,
it is seen that V(®;) and V(®/) have similar structures. As a result, the minimization
of V(®!) goes along the same lines as the minimization of V' (®;). We can therefore
define V(®,) as the potential which is obtained from the general form of V(®;) in
Eq. (2.28) by making the identifications

O, — D o —opl, kg — KL — ay, (2.33)

where ¢ = 1,2,3 and k = 1,2,...,14. Note that in Eq. (2.33) all coupling constants
Wi, ki, and aj are real-valued. In V(®}), we assume that x}, k5, k5 > 0 and we will
choose all other coupling constants to be negative. If we, in analogy with the potential
V(®;), require that

agay > (8aj)* and ayal, > (a)y)?, (2.34)
the potential V' (®/) is minimized by the VEVs of the primed fields, which are pairwise
degenerate in their magnitudes, i.e., they satisfy

(o0 = (2], ()] = [el,  [(d5)] = [(e5); (2.35a)
and are also pairwise relatively real, obeying
() (e (b 2.350)

(@h) (0 (o)
In ¢-space, the VEVs are therefore given by

V2 ¢ \a
where o), o4, and «of are arbitrary phases. Note that the VEVs (®)) (i =1,2,3) are
parallel.

(@) = KL o < L ) (i=1,2,3), (2.35¢)
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Mixing among the fields ¢, ®,, ®; and ¢}, D), Y

In the scalar potential, the transformation Dg requires all renormalizable terms mixing
the unprimed component fields ¢; (i = 1,...,6) of &1, Py, and 3 with the primed
component fields ¢} (j = 1,2,...,6) of ®},®,, and 3, to be actually either a two-
or a four-fold product of these fields. Taking the combinations in Eq. (2.12) and
the product <I>£M ®, into account (which are singlets under Dg), it is seen that the
D;-invariant operator products, which mix the fields ¢; and ¢, are of the types

(@1 @IMPy,  (¢1¢))RLMD,,  (¢]¢))DIM D, (2.36)

where 7,7 = 1,...,6. The transformation D, which acts only on the fields ®;, ®s,
and ®3, requires the matrices M in Eq. (2.36) to be on diagonal form, i.e., the
products in Eq. (2.36) decompose into the terms ~ ¢’2¢;|¢k\2, where k = 1,...,6.
Moreover, the symmetries D5 and Dg imply that the operators in Eq. (2.36) are all
in fact ~ |¢}|?|¢;]*. As a result, the most general renormalizable interactions of the
fields @y, @, P53 with the fields ¢}, ), P} are

Viix = (‘¢1|2+ ‘¢2 )

X [51 (|¢1|2 + |#2| ) + by (|€153|2 + |¢4|2) + b3 (|¢5|2 + |¢6|2)]

+ s (1957 = 1651%) (Ion]* = |92l?)

+ (165" + 164]°)

X [bs (|¢1]” + [92]?) + b6 (|03]° + [a]?) + b7 (105> + |6l) ]

+ (1857 — 1941%) [bs (193> = [@al®) + bo (|95 — Io6l*) ]

+ (651 + |061%)

X [bio (|o1]” + [¢2]?) + b11 (|9s]* + [#a]?) + bz (|¢s]* + |d6]%) ]

(1652 = 106/°) [bs (1951 — 0a]) +bua (165 = Ig)] . (2.37)
where by, by, . .., by are real-valued constants. In Eq. (2.37), we will assume all cou-

pling constants to be positive. The relation to the SU(2),. symmetries becomes
more evident, when V,;, is rewritten as

Vinix = (I)ST(I)Q b1 @Iy + by D)y + b3®g®3]

3,0, [bs®l®, + be®LD, + b7<1>gc1>3]

+ CI)Q,TCI)Q, blo(ﬂ(pl + buq);q)z + blZCI);cI)?)]

3
+ Z VA (®;, D)) + Va (Do, cbg) + Va(Ps, ®5), (2.38)

=1
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where the SU(2),.. symmetry breaking parts are given by

Va( D= ba (o = [2l?) (16417 — 1651%) ,
Va(®,®5) = bg (63> — |al?) (1657 — 64]%) ,
Va(®s, %) = bu (|¢5]° — |o6l?) (|65]° — |6]%) ,
Va(®s, ©3)
Va( 5)

= bz (g5 = loal?) (51 — lo61%) .
= by (195" — Ig6l*) (165" — [#4]°) - (2.39)

In order to recover the (same) vacuum alignment mechanism that is operative for
the potentials V' (®;), V(®}), and V(®P4) also for the full SM singlet scalar potential
V = V(®;)+V(®)+V(®y) + Vinix, we will have to ensure that the mixed terms in the
potential Vi, do not induce a splitting between the pairwise degenerate magnitudes
of the VEVs. For this purpose, let us redefine the potentials V(®;), V(®)), and Viyix
as follows:

V(@) — V(®) - aslolos — Jaslslonl? — Jarlolonl’
V@)~ V(@) atlér o — Satlehlonl? — Lablah Tl
Va(®1,9) — VA(¢1,<I>;)+%add@\?%a’sw&%’ﬂ?,
Va(@2,85) — Va(®2, @) + Saglalul® + ablh o4l
Va(@s, %) — Va(@s, ) + arlolonl + 1atly o4l
Va(®2, ®5) — VA(¢2,<I>;,)+iad%m\?ﬁaéwg%g\?,
Va(®s, %) — Va(@s, ) + arlolonl + 1aildy o (2.40)

which leaves the total potential V =V (®;) + V(®)) + V(P4) + Vinix invariant. Now,
if the coupling constants in V(®;), V(®}), and Vyx satisfy

G,5G,g > (664)2, 0,6(1,6 > (8b8)2, (I7CL{7 > (8()14)2,
a6a'7 > (8b13)2, CL7CLI6 > (869)2, (241)

it is seen with App. C, that the total multi-scalar potential V is indeed minimized
by the VEVs of Egs. (2.20), (2.32), and (2.35). Since the U(1) and discrete symme-
tries are only approximately conserved in the lepton sector, the vacuum structure as
specified in Egs. (2.20), (2.32), and (2.35) has important impact on the generation
of the lepton mass matrices via non-renormalizable Yukawa interactions. As it will
turn out in the following sections, the orientation of the VEVs in ¢-space will lead
to maximal v,-v,-mixing and the strict hierarchy of charged lepton masses.
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2.4 Yukawa interactions of the charged leptons

One way to understand the hierarchical pattern of fermion masses is to assume hori-
zontal symmetries which are sequentially broken. In our model, we assume that the
SM singlet scalar fields break the horizontal symmetries by acquiring their VEVs at
a high mass scale (somewhat below the fundamental scale M), thereby giving rise
to a small expansion parameter

€~ () ~ () ~ (9) ~ ($10) ~ @ ~ 107}, (2.42)
My My M My M

where ¢ = 1,2,3,4 and 7 = 1,2,3. Such small hierarchies can emerge from large
hierarchies in supersymmetric theories when the scalar fields acquire their VEVs
along a D-flat direction [57]. Moreover, we suppose that the effective Yukawa coupling
operators ﬁ’ﬁﬁ which generate the entries in the charged lepton mass matrix via the
mass terms

Ly =U,HO 3E5 + h.c., (2.43)

where «, f = e, u, 7, arise from the Froggatt-Nielsen mechanism [51] (see Fig. 2.1).
Consequently, the structure of the operators ﬁﬁﬁ is (almost) completely determined

Lo Eg
/,// \\\\
-7 / \ RN
-, / \ ~
v / \ e
(H) 4 8 0
2 (@)

Figure 2.1: Non-renormalizable terms generating the effective Yukawa couplings in
. ¢
the matrix (O5).
by the horizontal charges of /,, E3, and the SM singlet scalars, i.e., it is not necessary
to consider in detail the fundamental theory of the Froggatt-Nielsen states which are
integrated out.
We will denote the total number of times that the component fields ¢1, ¢o, . . ., Pg
appear in the operator ﬁﬁﬁ by n; and the total number of times that their complex

conjugates qﬂ, ¢£, ceey ¢Zj appear in the operator ﬁ’ﬁﬁ by ns. Now, invariance under
D, implies that for the first column of the Yukawa interaction matrix (&%), i.e., for
(8 = e, it must hold that n; —ny = 4. For the second and third column of the Yukawa
interaction matrix, i.e., for § = pu, 7, the discrete symmetry D; instead requires
that n; — no = 1. In addition, we conclude from the transformation properties of
the fundamental Froggatt-Nielsen states under Dg, that the operators ﬁ’ﬁu and 0%,
where « = e, u, 7, can neither involve the field ¢g nor the field ¢;9. This is, however,
not true for the operators &%, (o = e, u1, 7) in the first column of the effective Yukawa

coupling matrix.
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2.4.1 The first row and column of the charged lepton mass
matrix

Invariance under transformations of the U(1) symmetries requires the U(1) charges of
the entries &, and &/ in the first row of the effective Yukawa coupling matrix (&)
to be (1,—1,0). Since the fields ¢9 and @19 cannot be involved in the generation
of the e-u- and e-T-elements of the charged lepton mass matrix, the U(1) charge
assignment immediately implies that any mass operator giving rise to these e-u- and
e-T-elements must involve the term ~ ®TM6%/(M;)?, where M denotes again an
arbitrary complex 2 x 2 matrix. Next, the symmetries D5 and Dy yield to leading
order for the operators ¢, and ¢ the two possible terms ~ ¢1¢,6%/(M;)* and
~ ¢oh0? /(M;)*. In conjuction with the requirement n; — ny = 1, the symmetry Dg
implies that any further operators contributing to & fu or 0° must have at least two
powers of mass dimension more than the terms ¢,¢}6%/(M;)* and ¢o¢,60%/(M;)*. We
will therefore neglect these additional operators.

From the transformation properties of the right-handed electron E, and the funda-
mental Froggatt-Nielsen states under D; and Dg, we conclude that &7, ﬁﬁe, and OF,
in the first column of the effective Yukawa coupling matrix must involve at least a four-
fold product of component fields taken from &, ®,, or &3, times a field taken from the
set {¢g, 10}. Possible lowest-dimensional contributions to €., which are consistent
with the symmetries of our model, are, e.g., given by ~ ¢10 [(¢3)* + (¢4)*] /(M;)® and
~ ¢10(d3)%(44)?/ (M), For brevity, we will take the operator

P10
(M)

Oc = [(82)* + (64)*] (2.44)
as a representative of these contributions. The remaining operators & ﬁe and 0%, have
a mass dimension that is greater than or equal to the mass dimension of the terms in
Eq. (2.44). However, the effects of these terms on the leptonic mixing angles will turn
out to be negligible in comparison with the contributions coming from other entries
of the charged lepton mass matrix.

In total, the first row of the effective Yukawa coupling matrix of the charged
leptons, which is consistent with all of the discrete symmetries, is to leading order

(05) = (A [(83)" + (00)']  Bi[adh — ¢adh]  Bi[io) + ¢agh]) . (2.45a)
Here, the dimensionful coefficients A; and B; are given by

P10
(My)3’

B, =Y/ 6

A =Y =Y —
1 a b<M1)47

(2.45D)

where the quantities Y,* and V¢ are arbitrary order unity coefficients and M, is the
high mass scale of the intermediate Froggatt-Nielsen states. Note that at the level
of the fundamental theory, the permutation symmetry D,, which interchanges the



26

CHAPTER 2. Bilarge Leptonic Mixing

second and third generations of the leptons, is also propagated to the heavy Froggatt-
Nielsen states. This establishes a degeneracy of the associated Yukawa couplings and
the explicit masses of these states, which is then translated into a degeneracy of the
corresponding effective Yukawa couplings of the low-energy theory.

2.4.2 The 2-3-submatrix of the charged lepton mass matrix

In the 2-3-submatrix of the charged lepton mass matrix, the U(1) charges of the
operators ﬁﬁﬁ (o, B = p,7) must be (0,0,0). The lowest dimensional operators
which fulfill this condition as well as the constraint n; — ny = 1 are proportional
to ®T M /M, or ®TME/(M;)?. Furthermore, invariance under transformation of the
discrete symmetries D5 and Dg implies that the lowest dimensional operators ﬁﬁﬁ in
the 2-3-submatrix with n; — ny = 1 are of the types

Psds  Pyds Psds0  Ppded
(My)?" (My)*" (My)*" (M)

(2.46)

Thus, the most general 2-3-submatrix of the matrix (& flﬁ), which involves only these
combinations and is invariant under the remaining discrete symmetries, is found to

be

0 C(P303 + dyoa) + D(P505 + dpde) )~

Here, the dimensionful coefficients C' and D are given by

1 0
C=Y'—— D=Y/ | 2.47h
¢ (M;)? 4 (My)3 ( )

where the quantities Y and Y} are arbitrary order unity coefficients. Actually, con-
tributions to the next-leading operators ﬁﬁT and ﬁfu are, e.g., given by

pr @(amw;+a2¢8¢$)<¢3+¢4>¢g, (2.484)

T-p @(azfﬁﬂﬁg + a1dsdl) (83 — da) 5, (2.48b)

where a; and ay are some complex-valued constants. Note that the terms in
Egs. (2.48) carry only one unit of mass dimension more than, e.g., the term
PLps0/(Mp)? in Eq. (2.47a). When diagonalizing the mass matrix, however, it will
turn out that the associated corrections to the leptonic mixing parameters and the
lepton masses are in fact negligible.
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2 % 2p 2, % 2g A E,
7 ~N + 7 N - 7 ~N
H v J/ \\ \\ 0 H (/ (/ \\ \\ 0 H // J/ \\ \\ 0
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Figure 2.2: Froggatt-Nielsen type diagrams which generate the hierarchy m, < m,
in the 2-3 subsector of the charged leptons. The dimension-six operators add up to
~ m.{;E. (top panel). The dimension-seven operators add up to ~ m,¢,E,, (bottom
panel).

Ee % 2p ee 2 ee EN
7 N + 7 N - 7 N
H v (, i \\ \\. 0 H (/ (/ i \\ \\ 0 H (/ (, i \\ \\o 0
< ><¢1> (¢t) (0) oo ><¢2> (¢h) (0) o ><<I>1> (@) (0) “

Figure 2.3: Effective Yukawa couplings ~ /.2 in the first row of the charged lepton
mass matrix. The dimension-eight terms add up to ~ me,l.E,, thereby generating
a nonzero e-pu-mixing in the charged lepton sector.

2.4.3 The charged lepton mass matrix

Combining the results of Secs. 2.4.1 and 2.4.2, the leading order effective Yukawa
coupling matrix of the charged leptons is

v A1 [(¢2)* + (90)*] By [¢16) — d26h] By [p18 + d2h]
(ﬁaﬁ) = 0 C(hds — ¢yda) + D(d5ds — dsd6)
0 0

) . (2.49)

0
C($p303 + ¢yba) + D(P5¢5 + dgde)

where the dimensionful couplings A;, By, C, and D are given in Egs. (2.45b) and
(2.47b), respectively. Inserting the VEVs in Eqgs. (2.35) and (2.32) into the corre-
sponding operators of the matrix (ﬁﬁﬁ), we observe that, due to the vacuum align-
ment mechanism of the SM singlet scalar fields, in some of the entries of the matrix
((My)ap), the spontaneously generated effective mass terms of a given order exactly
cancel, whereas in other entries they do not (see Figs. 2.2 and 2.3). Furthermore, the
vacuum alignment mechanism correlates these cancellations in the different entries
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of the matrix ((My)as) in such a way that after SSB the charged lepton mass matrix
My can be of the two possible asymmetric forms

3 2 4 3 4 2

e € ¢ e € €
My~my | e ¢ and My~m, | 1 €|, (2.50)
e e 1 e € ¢

where we have also introduced the appropriate orders of magnitude for the matrix
elements (My),e and (My).. as well as for the “phenomenological” (in contrast to
exact) texture zeros arising in Egs. (2.45a) and (2.47a). Here, m, is the absolute
charged lepton mass scale. Note that a permutation of the second and third genera-
tions ¢, <> {;, E, < E; leads from one solution to another. Let us consider the first
one for our remaining discussion.

2.5 Yukawa interactions of the neutrinos

We shall now consider the effective Yukawa coupling operators &7 ; which generate
the entries in the neutrino mass matrix M, via the mass terms

H2

Y = (e ﬁyﬁfg + h.c,, (2.51)
where o, 3 = e, u, 7 and M, is the relevant high mass scale which is responsible for the
smallness of the neutrino masses in comparison with the charged lepton masses. Since
the SM singlet neutrinos as well as the Higgs doublet are D;-singlets, the presence of
the fields @y, ®5, and ®3 (which transform non-trivially under D;) in the operators
Uy 1s forbidden. Hence, the only scalar fields that can be involved in the leading
order operators & ; are @y, ¢g, P10, and 6.

2.5.1 Effective Yukawa interactions of the neutrinos

The operators 0}, O}/, 07, and &) must have the U(1) charge structure (0, -2, 0).

An example of the lowest dimensional operators which achieve this is

~ S0 (2 + 617 (252)

Since the U(1) charge structure of the entry &, is (—2,0,0), the operator &%, is to
leading order
v P9P1r00
“ (M)

where Y” is an arbitrary order unity coefficient. Note that the operators of the type
in Eq. (2.52) carry two units of mass dimension more than the operator 0,.

0., =Y,

(2.53)
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The operators &}, and Oy, (as well as 0}, and €7,) must have the U(1) charge
structure (—1,—1,0). Therefore, the lowest dimensional terms which contribute to
these operators are ~ ¢7/M; and ~ ¢g/M;. The symmetries Do, D3, and D, then
yield to leading order &y, =Y, ¢7/M, and O, =Y’ ¢g/M;, where Y;” is an arbitrary
order unity coeflicient. Note that &7, in Eq. (2.53) carries two units of mass dimension
more than &y, ~ ¢7/M; and O, ~ ¢g/M;. We will therefore not in detail consider
the structure of the highly suppressed terms that appear in the 2-3-submatrix of the
neutrino mass matrix.

In total, the most general effective Yukawa coupling matrix of the neutrinos (&7 ;)
that is consistent with the symmetries of our model is to leading order given by

Ay By Bj
(Owg) =B 0 0 |. (2.54)
By 0 0
Here, the dimensionful coefficients A, B,, and B are identical with
PoP100 ¢7 o5
Ay =Y? By=Y— B3=Y/—— 2.55
2 Q(M1)3’ 2 b 17 3 leﬂ ( a)

where the quantity Y,” is an order unity coefficient. The leading order tree-level
realizations of the higher-dimensional operators, which generate the neutrino masses,
are shown in Figs. 2.4 and 2.5. Note that the coefficients By and Bj contain the same

¢ Ff Ff N, N,

*—— — — —
*—— — — —

|

|
HY H
Figure 2.4: The dimension-six operator for oo = i, 7 and ¢, = ¢7, ¢, = ¢ generating
the e-p- and e-7-elements in the effective neutrino mass matrix.

Yukawa coupling constant Y. Furthermore, we point out that the texture zeros in
the 2-3-submatrix of the effective neutrino Yukawa matrix should be understood as
“phenomenological” ones, since they actually represent highly suppressed operators
carrying two units of mass dimension more than the entry &,.

2.5.2 The neutrino mass matrix

Inserting the VEV in Eq. (2.20) into the effective operators in Egs. (2.55), we obtain
from Eq. (2.54) the effective neutrino mass matrix (to leading order)

Y:lu 63 }/bue ZEYE)VE
M, = Yre € e |, (2.56)
+Yye € €
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¢ Ff F FB F N, N, R F £

| X | X | X | X |
| | | | |
| | | | |
H ) 0 ) ! ) ¢10 d H
b9
14 Ff  FY N¢ N¢  F5  F§ P F £,
| X | X | X | X |
| | | | |
| | | | |
H' 10 b : Lo ‘H
b9

Figure 2.5: The dimension-eight operators generating the e-e-element in the effective
neutrino mass matrix.

where we have introduced the actual orders of magnitude of the higher-order cor-
rections to the texture zeros in the 2-3-submatrix of the matrix in Eq. (2.54). Note
that after SSB the symmetries determine the e-p- and e-7-elements to be exactly
degenerate (up to a sign), giving rise to an atmospheric mixing angle which is close
to maximal (higher-order corrections to exact maximal atmospheric mixing mainly
come from the p-7- and 7-p-elements of the charged lepton mass matrix). Introduc-
ing an absolute neutrino mass scale m, and choosing Y”/Y,” ~ 1, we can write the
neutrino mass matrix in Eq. (2.56) as

e 1 -1
M,~m, | 1 €& €], (2.57)
—1 & €
where
H2
m, = <Mz Y, €. (2.58)

Note that we have chosen the minus signs for the e-7- and 7-e-elements due to our
freedom of absorbing the corresponding phase into the order unity coefficients in the
charged lepton sector. Furthermore, it is important to keep in mind that the entries
“1” and “—1” of the matrix in Eq. (2.57) indeed denote matrix elements, which are
degenerate to a very high accuracy, whereas the other entries are only known up to
their order unity coefficients.
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2.6 Lepton masses and mixing angles

In the last two sections, we have found from the U(1) and discrete symmetries the
effective charged lepton and neutrino mass matrix patterns

e e € e 1 -1
My~my | € € and M,~m, | 1 € €|,
e e 1 —1 € €

where my is the absolute charged lepton mass scale, m,, is the absolute neutrino mass
scale, € >~ 0.1 is the small expansion parameter, and only the orders of magnitude
of the e-suppressed matrix elements have been indicated. Note that M, and M,
are both described by the same expansion parameter e. Now, the mixing angles
and masses of the left-handed charged leptons are found by diagonalizing the matrix
product MEMJ , which is a unitary matrix. Biunitary diagonalization of M, gives
Ug MV, = M,, where M, = diag (m., m,, m,) is the diagonalized charged lepton
mass matrix containing the left-handed charged lepton masses and U, and V, are
two unitary mixing matrices. Thus, we have ./\/lg/\/l; = UgMgMgUg, where U, is the
mixing matrix of the left-handed charged leptons. For simplicity, we will take M, to
be a real matrix, implying that MZM} = M M?T = UF MyM}'U,. Thus, it holds

MM = (my)? diag (5 + O(e7), e + O(e*), 1 + O(e*)) (2.59)
and
—0.995 —0.0997 —-0.000212
Ur=(U)aa) ~ | 00997  —0.995 —0.0111 |, (2.60)
—0.000897 0.0111 —1.000

such that UgUg ~ UgUg ~ 13, where a = e, u, 7 and a = 1,2,3. Hence, the charged
lepton masses are given by m. = my €* (1 — e + O(e?)), m, = mye (1 + 12 + O(e%)),
and m, = my (1 + € + O(e®)). This leads to the order-of-magnitude relations

me/my, ~ e ~107> and m,/m, ~e~10"", (2.61)

which are to be compared with the experimentally observed values, i.e., (Me /M) exp
4.8-107% and (m,/m.)exp =~ 5.9-1072 [58]. Working in the standard parameterization,
we find for the mixing angles of the left-handed charged leptons [61]

9!, = arctan (Us)e =e+ O(%), (2.62a)
(UZ)eI

00, = arcsin|(Up)es| = 2% + O(€°), (2.62b)

05, = arctan (Ue)us =+ 0(é). (2.62c)
(UE)T?)

Substituting € ~ 0.1 into Eqgs. (2.62), one obtains 0%, ~ 6°, #¢; ~ 0.01°, and 6%, ~ 0.6°,
i.e., the mixing angles in the charged lepton sector are all small. The mixing angle
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6%, is the only one that is not negligible and will give a significant contribution to the
leptonic mixing angles [59, 60].

To determine the leptonic mixing angles, it is necessary to diagonalize the effective
neutrino mass matrix M, as well. Since the Majorana mass matrix M, is symmetric,
one can always write Ul M, U, = M,,, where M, = diag (m,,, m,,, m,,) is the di-
agonalized neutrino mass matrix containing the neutrino mass eigenvalues and U, is
the unitary neutrino mixing matrix. For simplicity, we take M, to be a real matrix.
Hence, we obtain

1 1
M, = m, diag (5 (62+\/8+64>,§(62—\/8+64>,264>

1 1
= m, diag (ﬂ + 53¢+ 0(e), —V2+ € +O(e), 264)

(2.63)
and
0.708 0.706 0
Uy = ((Uy)aa) =~ | 0499 —0.501 =5 | (2.64)
1
—0.499  0.501
such that UlU, ~ U, Ul ~ 13, where a = e,u,7 and a = 1,2,3. The (physical)
neutrino masses are m; = |m,,| ~ v2m,, my = |m,,| ~ v2m,, and ms = |m,,| =

2¢*m,, ~ 0, i.e., the neutrino mass spectrum is inverse hierarchical. For the neutrino
mass squared differences Am?2, = m2 —m?, where m, is the physical mass of the ath
neutrino mass eigenstate, we find

Ami, = m? (—2\/562 + (’)(66)> , (2.65a)
AmZ, = m? (_2 V2 0(64)) , (2.65b)
Ami = m? (—2 —V2€% + (9(64)> : (2.65¢)
Thus, the solar and atmospheric neutrino mass squared differences are given by
Am2 = |Am3,| ~ 2v2¢*m? and Am?, = |Am3,| ~ |Am3,| ~ 2m?, respec-

tively. The presently preferred experimental values of these quantities are Am? ~
7.5-107°eV? (LMA-I) [14] and Am2,, ~ 2.5-102eV? [11]. Therefore, one concludes
that m, ~ 0.04eV and € ~ 0.1, which is consistent with our used value for the small
expansion parameter €. In addition, the neutrino masses are m; >~ ms >~ 0.05eV and
ms ~1-107%eV ~ 0. In the standard parameterization, the neutrino mixing angles

are determined to be [61]

(Ull)eZ ™ I 6
75 = arctan =— 4+ —c"+0(e), 2.66a
12 (Ul/)el 4 4\/5 ( ) ( )
07, = arcsin|(Uy,)es| =0, (2.66b)
( V)u3 m
0Y, = arctan = —. 2.66¢
23 (Uu)'r?) 4 ( )
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Figure 2.6: Scheme for calculating the leptonic mass and mixing parameters [60].

Substituting € ~ 0.1 into Eqgs. (2.66), one arrives at 0%, ~ 45.1° ~ 45°, 0%, = 0,
and 65, = 45°, i.e., the neutrinos exhibit a bimaximal mixing [62]. Note that the
predictions for 07, and 65, are exact, since these values are exclusively determined by
the entries in the third column of U, in Eq. (2.64).

2.7 The leptonic mixing angles

The leptonic mixing matrix U is given by the charged lepton mixing matrix U, and
the neutrino mixing matrix U, in terms of (see Fig 2.6):

U=UU,. (2.67)

The matrix U [Ua, = (U[U)ab = g pr (UDaa(U)ab = D oe o r (U)ia(U)as) can
be viewed as the messenger between the mass eigenstate bases of the charged leptons
and the neutrinos. Substituting the matrices in Egs. (2.60) and (2.64) into Eq. (2.67),

it follows that
—0.655 —-0.753 0.0699

U= (Uyp)~ | —0.573 0.434 —0.696 |, (2.68)
0.493 —0.495 —0.715
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which approximately satisfies the condition UTU = UUT = 135. In the standard
parameterization, the leptonic mixing angles are identical with [61]:

Uss

33

11

01, = arctan

(2.69)

, b3 =arcsin|Us|, 63 = arctan

Here, substituting the appropriate matrix elements of the matrix U expressed in
terms of € in Eq. (2.67) into Eq. (2.69), one concludes

T 1 1

_ r_ Lt L 3

0o = 1 \/564— 4\/56 + O(¢%), (2.70a)

013 = %6 + 0(63), (270b)
_ T 5, 3

Oy = 1€ + O(€). (2.70c)

Here, it is important to note that the first correction to the atmospheric mixing angle
053 is of second order in €, and it is therefore very small, i.e., the atmospheric mixing
angle stays nearly maximal. In contrast to this, the first corrections to the solar
mixing angle 612 and the reactor (or CHOOZ) mixing angle 6,3 are both of first order
in € and they are of the same size, but with opposite sign. This leads to the relation

T

012 = Z — 913 + 0(62), (271)
between the solar and the reactor mixing angle. Now, inserting € ~ 0.1 in Egs. (2.70),
one obtains the leptonic mixing angles

012 =~ 410, 013 =~ 40, and 923 ~ 440, (272)

which means that we have bilarge leptonic mixing. These values of the leptonic mixing
angles lie within the 99.73% C.L. contour line of the MSW LMA solution [14] and
lie within the ranges preferred by atmospheric neutrino data [11] (close to maximal
atmospheric mixing), and CHOOZ reactor neutrino data. Although the obtained
value for the solar mixing angle 615 implies a significant deviation from maximal solar
mixing, the expected solar mixing angle 41° is still too close to maximal to be within
the 99% C.L. region of the MSW LMA solution [14].

Let us now give an impression of the robustness of the above calculated leptonic
mixing angles under variation of the involved order unity coefficients. For example,
changing the ratio Y;//Y, from 1 to 2 leads to

019 ~ 37°, 013 ~8° and 03 ~ 44°, (2.73)

where the new value for 61, lies within the 90% C.L. region of the MSW LMA solution
[14] while the value for 6,3 still remains below the CHOOZ upper bound. Note that
03 has practically not changed as compared with Eq. (2.72). At the same time, the
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exact values of the charged lepton masses can be accommodated by choosing the
values Y! = 0.5, Y/ = 1.8, and Y} = 1.0 for the order unity coefficients. Thus,
the model is in agreement with the MSW LMA solution and can accommodate the
spectrum of charged lepton masses.

In this chapter, we have analyzed a model for inverse hierarchical neutrino masses,
which gives bilarge leptonic mixing in agreement with the MSW LMA solution. Here,
the atmospheric mixing angle is maximal due to some non-Abelian symmetry and a
vacuum-alignment mechanism generates the splitting m, < m, between the muon
and tau mass. The vacuum alignment mechanism is essentially based on an enlarged
sector of replicated scalar representations transforming non-trivially under the non-
Abelian discrete symmetry. Recently, replicated scalar representations in conjunction
with discrete symmetries were also used to solve the doublet-triplet splitting problem
in models inspired by dimensional deconstruction. Motivated by this fact, we will in
the next chapter use deconstruction as a tool for organizing the horizontal charges
in a normal hierarchical neutrino mass model, which gives the MSW LMA solution
within the 90% C.L. contour line without any tuning of parameters.



Chapter 3

Hierarchies from Mooses

In the last chapter, we have seen that an enlarged symmetry structure with an ex-
tended set of scalar fields can predict maximal atmospheric mixing and the hierarchi-
cal splitting m, < m, < m, of charged lepton masses. In this chapter, we will use
deconstruction as an elegant organizing principle for the collection of symmetries and
scalar variables to comfortably obtain the MSW LMA solution for a normal neutrino
mass hierarchy. This chapter extends and modifies the treatment in Ref. [63].

3.1 Deconstruction

In this section, we will first briefly review the deconstruction setup [34,35] for two
relevant cases: the “periodic model” and the “aliphatic model” for fermions. These
models describe a latticized fifth dimension which is compactified either on the circle

8! or on the orbifold 8'/Z,.

3.1.1 The periodic model

Consider a 4D gauge-invariant field theory for deconstructed or latticized extra di-
mensions [34,35]. Let the field theory be described by a product G = II¥,G; of
SU(m) gauge groups G;, where N is the total number of “sites” corresponding to
G. In the “periodic model” [34], one associates with each pair of groups G; X G;i1
a (fundamental or effective) link-Higgs field @);, which transforms according to the
bi-fundamental representation (m;,m;,1) under G; x G;.1, where the index 7 is pe-
riodically identified with ¢« + N. Each link field ); can be represented by a complex
m x m matrix where the group SU(m); acts on the columns and the group SU(m);;1
acts on the rows of the matrix. This field theory is conveniently represented by the
“moose” [64] or “quiver” [65] diagram in Fig. 3.1. Each circle in Fig. 3.1 represents a
gauge group SU(m); and each line corresponds to a link-Higgs field @); which trans-
forms under the two adjacent gauge groups SU(m); and SU(m);y; associated with
the corresponding sites (see Fig. 3.2). Here, a line directed away from a site denotes
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Figure 3.1: Moose (or quiver) diagram for the periodic GV model.

: ®; :

1 1+1
Figure 3.2: View at one line of the polygon in Fig. 3.1. The link field ®; transforms as the
bi-fundamental representation (m;,m;+1) under the adjacent gauge groups G; and Gj41.

the transformation of the field under the fundamental representation, while a line
pointing towards a site denotes the transformation under the complex-conjugate of
the fundamental representation. The Lagrangian of the periodic model is given by

N N
L= () YT (0,00 D). 6
i=1 =1

where Fft,, = 0,A%, — 0, A%, + g: f**° A} A5, is the 4D field strength of the gauge group

SU(m); and the covariant derivative is defined by
DuQi = ((9# - igz‘A(iluTa + igi+1A((1i+1),uTa)Qi7 (3-2)

where g; is the dimensionless coupling constant of the gauge group G; and T* (a =
1,...,m? — 1) are the SU(m) generators (normalized by Tr (T°T°) = §/2). For
simplicity, we assume a cyclic symmetry which ensures universal gauge couplings,

G1=¢g2=...=gn=g. (3.3)
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Since we work here with fundamental link-Higgs fields, the Lagrangian of the model
actually includes a renormalizable potential

V(Q:) = EN: [—M2 Tr (QIQi) + A Tr (QIQz‘)Q + Ao (Tr (QI‘Qi))Q

=1

+M' (€ det(Q;) + h.c.) } : (3.4)

where the term in the 2nd line is absent if m > 4. For zero gauge couplings, the
link-Higgs sector would exhibit an SU(m)Y x SU(m)" chiral global symmetry under
which the link fields transform as Q; — LZ-QZ-RZT 41, where L; and R; are independent
elements of SU(m) [36]. If the gauge couplings are switched on, only the SU(m)Y
subgroup of the chiral symmetry is preserved, where L; = R;. In Eq. (3.4), one can
choose the parameters in such a way, that after SSB the link-Higgs fields become
non-linear sigma model fields [35],

Qi — vexp (in{T"/v), (3.5)

with universal VEVs v for all i = 1,..., N. As a consequence, the chiral symmetry
is spontaneously broken SU(m)" x SU(m)Y — SU(m)" which leaves N Nambu-
Goldstone boson multiplets, each of which transforms according to the adjoint repre-
sentation of SU(m). At the same time, the full SU(m)" gauge symmetry is broken
down to the diagonal subgroup SU(m)giag, thereby generating (N —1)(m?—1) massive
spin-1 vector states by eating N — 1 of the would-be Nambu-Goldstone boson multi-
plets via the Higgs mechanism. Thus, one massless scalar ¢ = (71 +mo+. . .+7x)/V N
remains in the spectrum, which transforms under the adjoint representation of
SU(M)qiag- The classically massless ¢ is a pseudo-Nambu Goldstone boson and ac-
quires at the quantum level a mass which is protected against divergencies by the
SU(m)N gauge symmetries [36, 37].

Actually, the Lagrangian in Eq. (3.1) describes a 4+1 dimensional SU(m) gauge
theory on a flat background, where only the fifth dimension has been latticized. The
lattice spacing a and circumference R of the fifth dimension are a = 1/(gv) and
R = N/(gv), whereas the 5D gauge coupling g5 is given by 1/g% = 1/(ag?) [34,66].
(In the model with free boundary conditions [35] generic gauge couplings and non-
universal VEVs introduce an overall non-trivial warp factor [37,40], resulting, e.g.,
in a Randall-Sundrum model [67].) The field ¢ corresponds to the zero mode fléo)
of the continuum 5D SU(m) gauge theory and could be projected out by suitable
boundary conditions. Implicitly, we identify the link-Higgs fields with the continuum
Wilson lines

(i+1)a
Qi(z") = exp (1/ dz® Ag(x”,x5)Tb> : (3.6)
where (z*, %) are the bulk coordinates and A? is the fifth component of the bulk
gauge field associated with the gauge group G. The gauge boson mass matrix takes
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4D gv/N 5D gv 4D

zero modes KK tower UV completion E

Figure 3.3: Deconstruction picture for the dynamical generation of a fifth dimension. At
energy scales below gv/N, we have a 4D theory with zero modes. For energies 2 gv/N, the
physics is that of a 5D gauge theory with KK excitations. At high energies 2 gv, the fifth
dimension “melts away” leaving a 4D UV complete theory with enlarged gauge symmetry.

the form
N
Z QQUQ(AZL - ((li—i-l)u)Q (37)
i=1

and is of the type of a nearest neighbor coupled oscillator Hamiltonian. Explicitly,
the N x N gauge boson mass matrix reads

2 -1 0 0 0 -1
-1 2 -1 0 0 0
0 -1 2 -1 0 0
g*v? . (3.8)
0 0 0 -1 2 -1
-1 0 0 0 -1 2

The matrix in Eq. (3.8) yields a mass spectrum labeled by an integer k satisfying
—N/2 <k < N/2 [34],

k A
M} = 4g*v%sin? (%) = (a) sin? (%) , (3.9)

where ps = 27k/R is the discrete 5D momentum. For small |k|, the masses are

B 27| k|

k| < N/2, (3.10)

which is exactly the KK spectrum! of a 5D gauge theory compactified on S! with

circumference R = N/(gv). The zero mode corresponds to the unbroken group
SU(Mm)aiag- Hence, at energies £ < gv/N we observe an ordinary 4D gauge theory,
in the range gv/N < E < gv the physics is that of an extra dimension, and for
E > gv an unbroken SU(m)Y gauge theory in four dimensions is recovered (see
Fig. 3.3).

INote here the doubling of KK modes.
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Q1 QN1

(U2 U, Uy_1 Uy

Figure 3.4: Moose diagram for bulk vector fields and fermions in the aliphatic model.

3.1.2 The aliphatic model for fermions

The “aliphatic model” [35] for the product gauge group G, as defined in Sec. 3.1.1, is
obtained from the periodic model by setting Qy = 0, which yields a linear sys-
tem with free boundary conditions. For this type of latticization, we will con-
sider N SM singlet Dirac fermions ¥, (n = 1,...,N), each of which transforms
under the complex-conjugate representation m, of the fundamental representation
of SU(m),. The SM singlet Higgs fields @, (n = 1,...N) which transform under
G, X Gy as the bi-fundamental representation (m,, 7, 1) specify the allowed cou-
plings between the fermions. The moose diagram for the aliphatic model is shown
in Fig. 3.4. In contrast to the periodic model in Sec. 3.1.1, we now have only a
SU(m)N=1 x SU(m)N~! chiral global symmetry in the scalar sector. When the link
fields aquire their VEVs as in Eq. (3.5), the global symmetry is spontaneously broken
SU(m)N=1 x SUm)N=t — SU(m)N~1 leaving N — 1 Nambu-Goldstone multiplets.
The SU(m)N gauge symmetry is broken down to the diagonal subgroup SU(m)diag,
thereby eating N — 1 of the would-be Nambu-Goldstone multiplets. Hence, no scalar
zero mode remains in the spectrum, which corresponds exactly to the compactifica-
tion of a SU(m) gauge theory on an orbifold S'/Z,, where unwanted vector field
strengths in the 4D theory are projected out by suitable boundary conditions.

We will denote by ¥, and W, the left- and right-handed chiral components of
W, respectively. To engineer chiral fermion zero modes from compactification of the
5th dimension, one can impose discretized versions of the Neumann and Dirichlet
boundary conditions ¥z — (Qn—1/v)¥ -1y = 0 and ¥,z = ¥y = 0 which
explicitly break the Lorentz group SO(4, 1) in five dimensions. In the moose diagram
in Fig. 3.4, the Neumann boundary condition corresponds to removing the variable
U from the last site, while the Dirichlet boundary condition replaces ¥, — Wy on
the first site. Using the transverse lattice technique [68,69] the relevant mass and
mixing terms of ¥, ; and W,z then read [35,37]

— T QT T Qn—l
L= MpY {\I/nL (7"\1/(”+1)R - \IfnR) ~ Unp (\IfnL - \If(n_l)L)}
n=2

v

. Il
+Mf\I/1L%\I/2R+h.C., (311)
(%

where (Q,) = vl,, forn =1,...,N — 1, i.e., we have universal VEVs proportional
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to the unit matrix. In fact, Eq. (3.11) is the Wilson-Dirac action [70] for a transverse
extra dimension which reproduces the 5D continuum theory in the limit of vanishing
lattice spacing. Clearly, this tacitly presupposes a specific functional measure for the
link variables in question which may, however, no longer be a necessary choice when
the lattice spacing is finite [69]. In App. A, we explicitly demonstrate the transverse
lattice technique leading to the Wilson-Dirac action as in Eq. (3.11). After SSB, the
mixed mass terms of the chiral fermions are

N-1
vgmass = Mf Z [anLOD(nJrl)R - \IjnR) - EnR(‘IlnL - \Il(nfl)L)}
n=2

+Mf§1L\IJQR + h.c.
= (ElLa e ,@(N_l)L)TMl(\IIQR, ceey \I](N—l)R) + h.C., (312)

where the (N — 1) x (N — 2) fermion mass matrix M is on the form

1 0 0 - 0 0
-1 1 0 - 0 0
My=Mp | @ o S (3.13)
o oo --- —1 1
o oo --- 0 -1

Now, the masses of the right- and left-handed fermions are determined from the
matrices MIM; and MyMI, respectively. Diagonalizing the (N — 2) x (N — 2)
matrix MIMl gives for the mass eigenvalues of the right-handed fermions

nm

M,r=2M;sin [ ———
R fsm(2(N_1>

), n=1,2... N2, (3.14)
whereas diagonalization of the (N — 1) x (N — 1) matrix M;M] yields the masses
for the left-handed fermions,

nm

M, =2Mssin | ————
L fS1n<2(N—1)

), n=20,1,...,N — 2, (3.15)
which are identical with the gauge boson masses [35]. Setting My = % and taking
the limit n < N, the linear KK spectrum of a 5D fermion in an orbifold extra
dimension S'/Z, is reproduced. Up to an overall scale factor of 2, the periodic and
the aliphatic model generate identical KK mass spectra for bulk vector fields, with
the number of KK modes doubled in the periodic case [71].

3.2 Enlarged gauge symmetries

In 5D continuum theories, hierarchical Yukawa coupling matrix textures have been
successfully generated [72]. Hierarchical Yukawa matrices have also been obtained in
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Figure 3.5: Moose diagram for the gauge group G* = H?Zle.

@

@3 i

Figure 3.6: Moose diagram for the gauge group G7 = II7_,GT.

deconstructed warped geometries [45]. Let us now consider an extension of the SM
where the mass matrix patterns of the charged leptons and the neutrinos originate in
four dimensions from two mechanisms which have an extra-dimensional correspon-
dence. For this purpose, we assume that the masses in the charged lepton sector
are generated by Wilson-line type effective operators of deconstructed 5D SU(m)
gauge symmetries compactified on S!. In the neutrino sector, on the other hand, we
suppose that the solar neutrino parameters reflect the separation between the com-
pactification radius and the fundamental scale of a latticized orbifold extra dimension
8'/Z,, which is experienced by an extra SM singlet bulk-neutrino. To be specific, we
associate with the muon a product gauge group G* = IT{_ G of four SU(m) gauge
groups G (i = 1,2,3,4) and with the tau a product G = II2_,GT of two SU(m)
gauge groups G7 (i = 1,2). Within each of the gauge groups G* and G7, neighboring
SU(m) symmetries are connected by bi-fundamental link-Higgs variables transform-
ing as QY C (m;, M;41) under G x G941, where o = p1, 7 and ¢ = i+ 4 for o« = p and
it =i+ 2 for « = 7. The corresponding moose diagrams are given in Figs. 3.5 and
3.6. Note that in G the periodic identifications i +4 =4 fora =pand 1 + 2 =1
for a = 7 yield two closed lattice geometries. Next, we put the bulk-neutrino on a
deconstructed 8'/Z, orbifold extra dimension by employing the aliphatic model for
a product G¥ = IIY,GY of SU(m) gauge symmetries G¥ (i = 1,2,...,N). At this
stage, we allow the number of lattice sites IV to be large but leave it yet unspecified.
In fact, it will prove later that N parameterizes the solar mass squared difference
Am? and N will be determined in Sec. 3.7.4 from the presently preferred solar neu-
trino parameters. In the aliphatic model, the bulk neutrino is described by a set of
N Dirac fermions ¥,, (n = 1,..., N) which transform according to the corresponding
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Oan O Oan®

Uir Wy W1

Figure 3.7: Moose diagram for the bulk-neutrino in the orbifold extra dimension associated
with the gauge group G”. Note that the boundary conditions leave on the first site only
the left-handed field ¥, and remove ¥y from the last site.

anti-fundamental representation m,, of the gauge group GY. Appropriate application
of the Dirichlet and Neumann boundary conditions on the lattice projects out the
right-handed component ¥,z of ¥y as well as both chiral components of the Dirac
spinor W on the Nth lattice site (see Sec. 3.1.2). The corresponding moose diagram
is given in Fig. 3.7. For the generation of lepton masses, it is sufficient to assume the
electroweak scalar sector of the SM to consist only of the SM Higgs doublet H. In
order to account for the neutrino masses, we will introduce three SM singlet scalar
fields &, &1, and &, as well as three heavy SM singlet Dirac neutrinos F¢, F),, F;, and
a massless left-handed Weyl spinor 7. Since the Dirac neutrinos are supposed to
have masses of the order of the GUT scale ~ 10 GeV, they can yield small masses
of the active neutrinos via the seesaw mechanism [20-22].

3.3 Discrete horizontal symmetries

3.3.1 Abelian charges

The extra degrees of freedom which correspond to the field theories summarized by
the moose diagrams in Figs. 3.5, 3.6, and 3.7 can be related to a realistic low-energy
phenomenology of lepton masses and mixing angles by appropriate discrete Abelian
symmetries. In models of inverted neutrino mass hierarchy, for example, a small
reactor mixing angle 613 may be understood in terms of a softly broken L, — L, — L,
lepton number [73]. Analogously, we assume that our example field theory contains
a product Zg x Z§ of two discrete Zg symmetries which distinguish the 1st generation
from the 2nd and 3rd generations. In addition, the Zg x Z} symmetry acts also
on &, &1,&, and the link fields Qf, @Y, @7, and QF. The complete Zg x Z} charge
assignment is shown in table 3.1. We assume that the charges of the product groups
Zs x Zg, G*, and G7 are approximately conserved in the charged lepton sector,
implying the generation of hierarchical charged lepton mass terms via the Froggatt-
Nielsen mechanism. Furthermore, we suppose that the heavy Froggatt-Nielsen states
generating the charged lepton masses are put only on the first site G as site variables
in the fundamental or anti-fundamental representation of G} while carrying zero GY
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Zg X Zé
L, (+2,-2)
EeaFeago (_27+2)
guagﬂ lfa ‘{751 (+1?0)
& (+3,0)
E,, F; (—1,0)
E, E, (0,41)
QZ? 72— (0’ _1)
nL (_4?0)

Table 3.1: Assignment of the horizontal Zg x Z§ charges to the different fields. The
fields not shown here transform trivially under Zg x Z{.

charges for ¢ = 2,3,...,N. Then, the orbifold extra dimension described by the
moose diagram in Fig. 3.7 is (at tree-level) completely decoupled from the charged
leptons and can only be experienced by the neutrinos.

In addition, let us assume that the scalars &g, &1, &, and the SM singlet neutrinos
transform under a Zs symmetry as

Zy : np— —np, Y — Yy, ¥,— -V, §— =&, (3.16)

where n = 2,..., N — 1, and ¢ = 0,1,2. All other fields, including the fundamental
Froggatt-Nielsen messenger states of the charged lepton sector, which are not dis-
played in Eq. (3.16) are taken to be even under the Z, symmetry. As a consequence,
the fields &, &1, and & can be discarded in the discussion of the generation of the
charged lepton masses (see also Sec. 3.7.1).

3.3.2 Non-Abelian charges

Among the discrete symmetries that have been proposed in the context of the MSW
LMA solution as a possible origin of an approximately maximal atmospheric mixing
angle fy3 are the symmetric groups Ss and S5 acting on the 2nd and 3rd generations of
leptons [28,29]. While this can indeed give an approximately maximal v,-v,-mixing,
the hierarchical charged lepton mass spectrum is typically not produced in these types
of models, since they rather yield masses of the muon and tau that are of the same
order of magnitude. However, when we add to the regular representation of Sy in
the p-r-flavor basis the generator diag(—1, 1), one obtains the vector representation
of the dihedral group %,, which is non-Abelian (see App. B). Since the generator
diag(—1, 1) distinguishes between ¢, and ¢, it may serve as a possible source for
the charged lepton mass hierarchy, which breaks the permutation symmetry Sy C %,
characterizing the v,-v,-sector. Clearly, if the charged lepton masses arise from the
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Froggatt-Nielsen mechanism, we will have to expect that the underlying symmetry
is actually equivalent to a group eztension® of some subgroup of %, presumably a
suitable subgroup of some replicated product of %s-factors.

Motivated by these general observations, we will take here the view, that an ap-
proximately maximal atmospheric mixing angle 033 — 7| < 1 is due to a non-Abelian
discrete symmetry ¢ which is a group extension based on the generators of the di-
hedral group %, under which the leptons of the 2nd and 3rd generation, the scalars
&1,&, and the scalar link variables of the deconstructed extra-dimensional gauge
symmetries G* = II}_;G¥ and G™ = IT12_, G transform non-trivially. Specifically, we
suppose that in the defining representation D the group ¢, which is a subgroup of the
four-fold (external) product group %, x 94 X 94 X Yy, can be written as a sequence

D(g) = diag [Di(g), Da2(9), Ds(9), Dal9)] g€, (3.17)

where each element g € ¢ is associated with four® (in general different) 2 x 2 charge
operators D;(g) (i = 1,2,3,4) which have values in the vector representation of %.
Clearly, for given i = 1,2,3,4 the set of all operators {D;(g) : g € ¢4} forms a
subrepresentation of ¢ which we will call D;. Now, using the notation of App. B we
suppose that ¢ is represented by four generators with following Z,-charge structure

D(ay) = diag [D(C,), D(E), D(Cy), D(Cy)], (3.18a)
D(a;) = diag [D(Cy), D(Cy), D(C,), D(E)], (3.18Db)
D(as) = diag [D(E), D(E), D(Cy), D(Ch)], (3.18¢)
D(as) = diag [D(Cy), D(Cy), D(E), D(E)], (3.18d)

where aq, as, a3, a4 € ¢ are the corresponding abstract generators. We will call e the
identity element of 4. Note that the operators in Egs. (3.18) are characterized by a
one-to-one-correspondence D(a;) < D(ay) and D(a3) < D(ay) under the permuta-
tion of the upper-left and the lower-right 4 x 4-matrices. As will be shown in Sec.
3.3.3, by factoring the subrepresentation D; for any ¢ = 1,2, 3,4 with respect to its
kernel V; we obtain a representation of the factor group ¢ /N; that is isomorphic with
9,. This implies, of course, that all four subrepresentations D;, Dy, D3, and D, are
two-dimensional irreps of 4. From App. B it is seen, that in an appropriate basis,

2An extension of a group N by a group H is an embedding of N into some group E such that
N is normal in E and H ~ E/N.

3Since each element g € ¢ is associated with four (in general) different operators
D1(g), D2(g), D3(g), and D4(g), one may view in a discretized picture D as a 4-valued representation
of 9, with & as the corresponding (universal) covering group.
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the generators of Eqgs. (3.18) can be explicitly written as

-1 0 10 0 1 0 1
0 17 \0 1)7 \1 10
L 01 01 -1 10
D(ay) = diag (1 0) , (1 0) ) ( 0 ) (O 1)} (3.19b)

0 -1 10
69 G G ()] e

L -1 0 -1 0 10 10
D(ay) = diag _( 0 1) , ( 0 1) : (O 1) : (O 1)} . (3.194d)

With respect to D, we will combine the left- and right-handed SM leptons as well as
the Dirac neutrinos of the 2nd and 3rd generations into the ¢-doublets 2, = (¢, ¢,)7T,
2p = (E,, E.)T, and 2F = (F),, )", respectively. The fermionic doublets 2, and 2p
as well as the scalars £ = (&34, élb)T and & = (&aq, fgb)T are all put into the doublet
representation D;. Next, the generalized Wigner-Eckart theorem tells us that the
effective Yukawa interaction matrix spanned by 2, and 2 in the pu-7-subsector of the
charged leptons is identical with a linear combination of sets of irreducible Yukawa
tensor operators. If the irreducible Yukawa tensor operators take their values in the
vector representation of %, it is clear from App. B, that the hierarchy m, < m,
is only possible if 25 transforms according to an irrep of ¢ which is inequivalent?
with D;. We will therefore put 2 into the irrep Dy which is inequivalent with D,
and note that the large subgroup of ¢ generated by D(asz), D(as), and D(a4) acts
diagonally on 2, and 2g.

Now, if the Wilson loops Tr (IT{_, Q) and Tr (II2_,Q7) are non-singlet representa-
tions of ¢, a non-trivial Yukawa matrix structure in the p-7-subsector of the charged
leptons can be generated at the non-renormalizable level. Although the irreps D,
and D, already determine the overall transformation properties of the Wilson loops
under ¢ via the generalized Wigner-Eckart theorem, there is still some ambiguity
in the individual ¥-charge assignment to the link-fields Qf, Q4, Q%, QY, and Q7, Q7.
Here, it is appealing to assume that all the scalar link fields of G* and G” transform
according to some doublet subrepresentation of ¢, which has the property that its lift
is isomorphic with 9. Since each of the Wilson loops Tr (IT{_, Q%) and Tr (II2_,Q7)
involves an even number of (two or four) link fields, we find from the multiplication
rules in App. B that this can only be the case if each of the sets {QY, Q%, Q%, @4}
and {Q7,Q%} contains at least two inequivalent irreps. This can be simply realized
by putting, e.g., the 1st (i = 1) link fields Q] and Q7 into the doublet representa-
tion D3 while the remaining link fields Q%, Q%, @Y, and Q7 all transform as doublets
under D, (see Fig. 3.8). Note again, that both D3 and D, are characterized by a
large common subgroup generated by D(a;), D(as), and D(a4), which acts diagonally

D(ay) = diag (3.19a)

D(az) = diag

—_

o
~
N\
O =

0 1

4Similarity transformations allow only mappings within one class, which would yield m, =
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Figure 3.8: “Space-dependent” transformation properties of the link variables of the prod-
uct gauge groups G* (left panel) and G (right panel) under the discrete group 4. The
link-fields connecting the 1st with the 2nd site (in this direction) are in the irrep D3 (dashed
arrows). The remaining link fields are in the irrep D4 (solid arrows).

I D1 D2 D3 D4

1£a1E;1F;§0 2fa2F7€1a§2 2E lfaqu— Q57Q§7QZ’QE

Table 3.2: Assignment of the fermionic and scalar fields to the irreps D1, Do, D3, Dy,
and I. Note that the scalar link fields transform according to their position in the
“index space” of gauge groups (see Fig. 3.8).

on all of the link fields. In component-form, the scalar ¢-doublets will be written
as QF = (ql., qz’.z)T, where i = 1,2,3,4, and Q] = (q],, q[b)T, where i = 1,2. To
complete the ¢-charge assignment, we suppose that the first generation fields /., E,,
and F,, as well as the scalar &, transform only trivially under ¢, i.e., they are all
put into the identity representation I of &. For the fermionic ¢-singlets /., E,, and
F, we will equivalently choose the notation 1, = ¢., 1g = E., and 1p = F,. The
assignment of the fields to the irreps D; and [ is summarized in table 3.2.

In this section, we have presented the non-Abelian group ¢ in terms of its gen-
erators which are motivated by phenomenology. In the following subsection we will
examine in some more detail the structure of ¢ through a descending series of normal
subgroups which define the normal structure of 4.

3.3.3 Normal structure

In Sec. 3.3.2, the discrete group ¢ has been constructed from the generators of the
dihedral group %;. A standard way of gaining further information about ¥ is to
analyze a series of subgroups of ¢, where each term is either normal in ¢ or at least
normal in the previous term. In general, if a subgroup N of some group G is normal
in G, we will write N < G. Moreover, we call Aut(N) the automorphism group of

m. after SSB. Note also that different transformation properties of left-handed and right-handed
fermions under horizontal symmetries are used in models of “neutrino democracy” [74].
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N, i.e., the group of bijective endomorphisms of N.

We will denote by KC; the collection of all elements g € ¢ which obey Di(g) = 1,
where 15 is the 2 X 2 unit matrix. Accordingly, we will define Ky as the set of all
elements g € ¢4 which obey D;(g) = Da(g) = 1o, and K3 as the set of all elements
g € ¢ which obey D;(g) = D2(g) = D3(g) = 15. We therefore have the sequence

IC3 C ICQ - K:l - g, (320)

where each subset is a group, actually an invariant subgroup of the embedding groups,
for if a € IC; (i = 1,2, 3) is homomorphically mapped on the identity of the operator
group D1 &...H D;, then so are all elements in its class. We therefore have IC;; < K;
and IC; < ¢ for every i, i.e., the subgroup series in Eq. (3.20) is in fact a normal
series. From Egs. (3.19) we find that for any k € Ky the factorization of D(k) into a
product of the operators D(a;) (¢ = 1,2, 3,4) necessarily involves each of the factors
D(ay),D(az), and D(as) an even number of times. In turn, this implies that the
operators D3(k) and Dy (k) are on diagonal form and can take their values only in the
classes E,C?, and Cy(2) of the dihedral group %, (see App. B). Since the number
of elements in the classes E,C?, and Cy(2) is four, we conclude that the order of
Ko, which we will denote by |Ks|, obeys |K2| < 4. Indeed, besides the unity e, we
find the three distinct elements b, = ajazai, by = az, and by = (aa3)? which form
Ko = {e, b1, be,b3} . Hence, |[KC3] = 4 and we have

D(b) = diag[D(E), D(E), D(C,), D(Ca)], (3.21a)
D(by) = diag[D(E), D(E),D(Cy), D(Cy)], (3.21b)
D(bs) = diag [D(E), D(E),D(C}),D(C})] . (3.21c)

Since K3 < Ky, the group Kj is trivial 3 = e, as inspection of Egs. (3.21) shows.
Moreover, from Egs. (3.21) we find that ICy describes a 2-fold axis with a system of
two 2-fold axes at right angle to it. Hence, Iy is isomorphic with the Klein group
Zy X Zy ~ Ky. In fact, the Klein group is one of the dihedral groups Zs x Zy ~ %, (see
App. B) and is one of the two only possible distinct structures for abstract groups of
order 4. Since %, C Yy, we have expressed in Table 3.3 the multiplication table of
9, in terms of the elements of the classes E, C?, and Cs(2) of %4, which generate %,.
With K explicitly given in Eqgs. (3.21), we can now easily construct a representation
of the group Ky > K,. First, note that for any k£ € K; the factorization of the
operator D(k) into a product of the generators in Eq. (3.19) must involve D(as) an
even number of times. Hence, D,(k) is necessarily on diagonal form and can take
its values only in the classes F,C?, and Cy(2) of %,. This implies that the index
|IC1 : Kg| of Ky under Ky (i.e., the number of cosets of Ko in K7) is at most four. In
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(Ea 6) (Cm Cl) (Cba 02) (
(E,e) (E,e)  (Caycr)  (Cy,ea) ((
(

o2
45C3

C2,
(Coyc1) | (Coycr)  (Eye)  (C2c3) (Cyyen
(Cy,ca) | (Cy,co) (C%e3) (E,e) C,,c

)
c3)
|
(Oza 63) (Cz’ 03) (Ob7 62) (Ca’ Cl) (E )

Table 3.3: Multiplication table of the Klein group Z, x Z5 ~ %, expressed in terms
of the elements of the classes E, C2, and C5(2) of 9, (see App. B). The brackets
indicate the homomorphism between %, and the right transversal Ty = {e, ¢, c2, c3}
for KCy (see text). Note that the group table is symmetric about the main diagonal
since 9, is Abelian.

fact, the group K; can be decomposed into (right) cosets® in terms of®

3
Ki~Ke+ ) Kaai, (3.22)

i=1

where we can choose the different coset representatives to be ¢y = asaiasas, co = aiay,
and c3 = c¢1ce. In other words, four elements of Ky are mapped on each element of
the operator group corresponding to the representation of i subduced by Do which
we write as” Dy | K;. The coset representatives in Eq. (3.22) can be combined into
the right transversal Ty = {e, ¢y, ¢o, c3} for Ky and we explicitly have

D(Cl) = diag [D<E)7 D<Ca)7 D(Ca/)a D(Cb/)] ’ (3‘2?)3)
D(CQ) = dlag [D(E)7 D(Ob)7 D(Ob’)7 D(Ob’)] ) (323b)
D(cs) = diag [D(E),D(C}), D(C3), D(E)] . (3.23c)

Since the subgroup Ky < K is the kernel of Dy | K1, the operators Dy(c¢;) (i = 1,2, 3)
from the (right) transversal allow us to identify the lift of Dy | Ky as the Klein group
Zy X Zy. Also, upon identifying e — E, ¢; — Cy, co — Cy, and c3 — C%, it is shown
in Table 3.3 that Ty ~ Z5 x Z5. Hence, we conclude that IC; is a semi-direct product
K1 = Ko X T3 or split extension of ICo by T, which can equivalently be written as

ICl ~ (ZQ X ZQ) Nso (Z2 X ZQ), (324)

5Since the subgroup K is invariant, left and right cosets are identical.

5Here “4” denotes the summation of sets, i.e., the group XC; contains all the elements in Ky and
all the elements in the sets KCac; (1 = 1,2,3). Note that, in this instance, the sets Ko, Kacq,. .. are
all disjoint.

"This is usually also called the subduced representation.
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where ¢ : Ty — Aut(Ks) is the conjugation homomorphism describing the interaction
of the two Zy X Z, subgroups inside 4. On Ky x T3, the semi-direct product in
Eq. (3.24) defines a binary operation by

(k‘l,tl)(k’g,tg) = (k‘lgo(tl)(k’g),tltg), (325)

where kq, ko € Ko and tq,t2 € Ty. In Eq. (3.25), the conjugation of ky by t; reads
o(t1) (ko) = tikot; ", (3.26)

and maps Ko to Ky since Ky is normal in /Cy. In this way, the semi-direct product
in Eq. (3.24) yields a prescription of how to perform the group operations of Ky in
terms of the group operations of the subgroups Ky and 75 via the homomorphism ¢.
Assume that ¢ : 75 — Aut(Ky) were the trivial automorphism. Then it would hold
ktk™' = ko(t)(k~')t = kk='t =t for any t € Ty and k € Ko implying that T < K.
Therefore, K1 = Ty x Ky and K; would be Abelian. In our case, however, the
coset representatives ¢; € Ty (i = 1,2,3) don’t commute with the elements b; € K,
(1 = 1,2,3) and hence the conjugation homomorphism ¢ in Eq. (3.26) is actually
non-trivial and &y non-Abelian. Now, |ICi| = |y - |T2| = 16, i.e., Ky contains 16
elements.

The coset graph of K1 with respect to the subgroups Iy and T3 is given in Fig. 3.9.
Each coset of Ky and T in K; is represented by one vertex and each edge represents
the elements belonging to both the cosets associated with the vertices which are
connected by the edge. Since Ky and T5 generate Ky, the coset graph is simply
connected (for a discussion of coset graphs see, e.g., Ref. [75]). Here, the 16 edges
can be isomorphically mapped on the 16 elements of ;. In this plane configuration,
two distinct vertices are contained in at most one line. Also, given an edge [ and a
vertex p not on [, there is at most one edge k£ through p that intersects [. Hence,
the coset graph satisfies the axioms for a generalized quadrangle of order (1,4) and
describes the complete bipartite graph on 8 vertices.® As can be seen in Fig. 3.9, it
has valency 2, diameter 2 and girth 4. The associated incidence graph, which contains
the complete information about the coset graph, has 24 vertices. The coset graph
can also be modeled in three dimensions on the cube by taking as its points the 8
vertices of the cube and as its lines the 12 sides and 4 main diagonals of the cube.
The decomposition of ¢4 into right cosets with respect to K; reads

7
i=1

where we can choose for the coset representatives di = asaq, do = aias, d3 = (a1a2)2,
dy = asaias, ds = a1, dg = aqiasaq, and d; = as. The coset representatives are

8We call a graph complete if any two of its vertices are connected by an edge.
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Figure 3.9: Coset graph of K1 = Ko x Ty with respect to Ko and T5.

combined into the right transversal 77 = {e, dy, ..., d;} and explicitly read

D(di) = diag[D(Cy), D(Cy),D(C}), D(Cy)], (3.284a)
D(dy) = diag [D(C}),D(Cy),D(Cy), D(Cy)] , (3.28Db)
D(d;) = diag[D(C}),D(E), D(C}), D(E)], (3.28¢)
D(dy) = diag[D(C,), D(E), D(Cy), D(Cy)], (3.28d)
D(ds) = diag[D(C,), D(E), D(Cy), D(Cy)], (3.28¢)
D(ds) = diag[D(Cu), D(Cy), D(C.), D(E)], (3.28f)
D(d;) = diag[D(Cy), D(Cy), D(Cy), D(E)], (3.28g)

from which we conclude that ¢ /KC; ~ %,. Moreover, Table B.3 in App. B shows that
the right transversal T} forms a group which is isomorphic with 2,. Using Eq. (3.22),
it follows that ¢ is a split extension

G ~ (ZQ X ZQ) Xy (ZQ X ZQ) Ny @4, (329)

where, in analogy with Eq. (3.24), the mapping ¢ : 77 — Aut(K;) is the conju-
gation homomorphism describing the interaction of %, with the involved Zy x Z,
subgroups inside 4. The corresponding splitting map is specified by the generators
in Egs. (3.28). Again, the seven coset representatives don’t commute with the ele-
ments of K1, which shows that ¢) cannot be the trivial homomorphism. Here, the irrep
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Figure 3.10: Coset graph of Ty X T} ~ (Z3 x Z3) x D4 with respect to T1 and T5. The coset
graph is a subgraph of the complete bipartite graph on 16 vertices, i.e., the generalized
quadrangle of order (1,8).

Dy maps 16 elements of ¢4 onto each element of %, and hence |¥4| = |T1| - | 1] = 128.
The coset graph of Ty x T} ~ (Zy X Z3) x 9D, with respect to 17 and T» is shown in
Fig. 3.10. Each solid (open) vertex corresponds to one coset of T} (T3) in Ty xT;. This
coset graph is a subgraph of the complete bipartite graph on 16 vertices and can be
constructed as follows. First, label the vertices of a regular 16-gon (in a natural way)
from 0 to 15. Then, connect two vertices ¢ and j if and only if ¢ — 7 is an odd number.
This defines the complete bipartite graph on 16 vertices (or generalized quadrangle
of order (1,8)). Now, remove each line pencil® which is carried by a vertex i obeying
tmod 4 = 2 and one arrives at the coset graph in Fig. 3.10. In a similar way, one can
construct the coset graph of ¢ = Iy x T} with respect to K and T3 by starting with
the complete bipartite graph on 32 vertices.

From Egs. (3.28) it is obvious that the operator group associated with the irrep D
has IC; as its kernel. In other words, by factoring D; with respect to the subgroup &y
we see that the lift of D; is isomorphic with &,. Furthermore, by replacing D(a;) —
D(a1)D(ay), it is seen that the irreps D; and Dy change their roles in the above
considerations. Taking, in addition, the exchange symmetry between D(a;) < D(as)
and D(a3) <> D(a4) under permutation of the 4 x 4 submatrices on the diagonal into
account (see Sec. 3.3.2), we generally conclude that the lift of every subrepresentation
D; (i =1,2,3,4) is isomorphic with %,.

In this subsection we have analyzed the structure of the group ¢ and its relation
to the dihedral groups %, and %,. Specifically, we have seen that the lift of any irrep
D; (i = 1,2,3,4) is isomorphic with %,. This will allow us in the next section to
apply the decomposition and multiplication rules of %, in order to find the relevant
4 -singlets in product representations.

9A line pencil corresponding to a set of points of a geometry is the set of all edges which contain
all the points in the set.
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3.4 Construction of the scalar potential

We will denote by ® and 2 two arbitrary scalar ¢-doublets which are listed in table
3.2 and write them in component-form as

¢ = ((btla ¢b)T7 Q= (waa wb)Ta (33())

where @, Q) € {&, &, QF, Q5, Q%, QY,Q7, Q7 }. For definiteness, we will assume that @
is put into the irrep D; and € is put into the irrep D;, where ¢, j = 1, 3, 4. Invariance
under the product groups G* x G™ x G¥ and Zg x Z tells us that any renormalizable
term in the scalar potential which involves, e.g., the field ® must actually contain the
tensor product ® ® ®f. The lowest-dimensional ¥-invariant operator-products of ®
in the multi scalar potential are therefore

‘/O(CI)) =2Q® ¢T|1A = AO (|¢a|2 + |¢b|2) ) (331)

where ® transforms under any of the irreps D; (i = 1,3,4) and Ay is a real-valued
number. Note that three-fold products of ® and ®' in the potential are forbidden
by both the SU(m) charge assignment as well as by ¢-invariance. Accordingly, any
invariant term in the scalar potential which mixes the doublets ® and 2 must be
contained in the product representation ® ® &' ® Q ® QF. Since the liftings of the
irreps D; and D; are isomorphic with 9, (see Sec. 3.3.3), the ¥-invariant mixed terms
of ® and () are found by considering all combinations of the one-dimensional irreps
of 9, in the product

PRI Q00 =14 +15 + 15+ 15| ® [1) + 15 + 15 + 13], (3.32)

where each of the sets 1% ,1%, 15, 1%, and 1£,1]ﬁ, 1]6,1{3 respectively denotes the
94-singlet representations associated with D; and D; (see App. B). In component-
form, the singlet representations are explicitly given in Eq. (B.3). In order to extract
from Eq. (3.32) the relevant dimension-four terms, we will first suppose that ® and
2 are put into the same irrep D; = D;. Then, the decomposition of the product
representations in Eq. (B.2) in conjunction with the multiplication rules in table B.2
yield that the invariant mixed terms of ® and 2 are in this case

Vi(@,9) = (@) e (e,
= A1 (1¢al” + 166%) (lwal® + |wb?)

D, <¢a¢§, + ¢g¢b) (waw; + w;wb> , (3.33)

where we have labeled the real-valued coefficients A, By, C1, and D; of the invariants
according to the sequence of products (14)2, (18)?, (1¢)?, and (1p)?. Let us now turn
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to the case, when ® and ) belong to different irreps D; # D;. First, suppose that
® transforms under D3 and ) transforms under D4. Application of the generators
D(a1),D(as), and D(as) yields that in Eq. (3.32) for i = 3 and j = 4 only the
combinations 14 ®1% and 15®1% are 4-invariants. Hence, the most general invariant
mixed term of ® and 2 reads

Va(@,Q) = A (|6al® +[5°) (lwal® + lws]*)
+02 (|¢a|2 - |¢b|2) (|Wa|2 - |wb|2) ) (333b)

where ® € {Q7,Q1'}, Q € {QF,Q4, Q%, Q% } and the coefficients As, Cy are real-valued
numbers. Now, suppose that ® transforms under D; and {2 transforms under one
of the irreps D3 or Dy. In this case, subsequent application of the operators D(a;)
(1 =1,2,3,4) to Eq. (3.32) readily yields that the most general mixed term of the
fields @ and  is given by 1% ® 1{,‘\ and hence

Vi(@,9) = As (16a + 160) (jwal? + ) (3.33¢)

where ® € {&1,&}, Q € {Q7,QF,QY,Q%, Q5, Q4 } and the coefficient Aj is a real-
valued number. Putting everything together, the most general multi scalar potential
V of the SM singlet scalar fields decomposes into the terms Vo(®),V1 (P, 2), Va(P, ),
and V3(®, Q) of Egs. (3.33), as follows

Vo= 3 V(&) + Vo(@) + Vo@9)] + Y- Vil &)

ik i1,i2=1,2
4
+ Y nEY)+ Y Vi3, Q4) + Vi@, QL)
X,YZQI,QT Jj1,j2=2

HVQ5.QD) + Y. Y [ValX, Q) + Va(X, Q1))

X=Q1,Q3 12

> [Val& @) + Val&n Q1)) (3.34)

Z‘7j7k

where i = 1,2; 7 = 1,2, and &k = 1,2,3,4. In Eq. (3.34), we have omitted &,
and the SU(2) Higgs doublet H. Actually, in any renormalizable terms of the full
multi-scalar potential which mix the ¥-singlets with the ¥-doublets, the ¢-singlet
fields & and H are only allowed to appear in terms of their absolute squares |£y|?
and |H|?. This is an immediate consequence of the Zg x Z} charge of & and the
electroweak quantum numbers of H. As a result, there exists a range of parameters
in the multi-scalar potential where the vacuum alignment of the ¢-doublet scalars
is essentially independent from the details of the VEVs (&) and (H). Specifically,
we can assume the standard electroweak symmetry breaking and allow the field & to
aquire an arbitrary VEV of the order |(£y)| ~ 10> GeV. It is therefore sufficient to
restrict our considerations concerning the vacuum alignment of the ¢-doublet scalars
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to the potential V in Eq. (3.34), in order to determine the range of parameters which
leads to realistic lepton masses and mixing angles. This analysis will be carried out
in the following section.

3.5 The vacuum alignment mechanism

We will now determine the vacuum structure emerging after SSB from the potential
V' by individually minimizing each of the potentials V;(®, ) and Va(®P,2) which
appear in Eq. (3.34) (see App. C). For this purpose, it is suitable to parameterize
the VEVs of the doublets ® and 2 like in Egs. (2.13) as

et cosa el ¢,
(@) = ( ) = 1 (eiso'l sin Oz) = U <ei<p’1 8a>’ (3.35a)

e cos B\ €2 cg
<Q> - ( ) = U2 <ei<p’2 sin /6) = U9 (eigpé 8[3) ) (335b)

where vq,vo are positive numbers and @1, ¢}, @2, 5 denote the phases of the VEVs.
For convenience, we will work with the relative phases ¢ = ¢} — ¢ and ¢ = @), — 5.
In all potentials V(®) which appear in Eq. (3.34), we take the quadratic couplings
Ay, defined in Eq. (3.31), to be negative. Furthermore, we assume for all potentials
V3(®, Q) in Eq. (3.34) the quartic couplings As, defined in Eq. (3.33c), to be positive
and sufficiently large compared with the remaining quartic couplings in Eq. (3.34).
This ensures non-vanishing VEVs vy, v, # 0 and vacuum stability. Then, the possible
physical vacua can be analyzed using the parameterization of Egs. (3.35) where v; and
v are kept fixed, i.e., one can treat each of the fields ® and €2 as a non-linear sigma
model field and restrict the analysis to the («, 3, ¢, ¥)-parameter-subspace. Then,
following Sec. 2.3.2, we observe in Egs. (3.35), that the pairs of parameters («, ¢) and
(B, ) actually describe global accidental SU(2)ac symmetries. Note in Eqgs. (3.31)
and (3.33c) that the potentials V5(®) and V3(®,2) indeed exhibit these SU(2)acc
symmetries. As a consequence, the potentials Vy(®) and V3(®P,2) which appear in
Eq. (3.34) will have no influence on the vacuum alignment of the SM singlet scalars
in ¥-space. Therefore, we can without loss of generality discard them for the rest of
our discussion.

Assume first that the fields ® and  both transform according to the same irrep
D; (i = 1,3,4). For the most general potential involving only these fields, we will
denote by Va(®, ) the part which breaks the SU(2)ae symmetry. From Eq. (3.33a)
we find that VA (®,2) can be organized as a sum VA (P, Q) = Va(P, Q) + Vp(P, Q) of
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two potentials which explicitly read

Va(®,Q) = di|olsl* + dojwlws|* + da(|pal* — [d6]*) (Jwal* — |ws]?),
Va(®,Q) = dy [(66n)? + (9]0)?] + ds (wlewn)? + (wwa)?
+do (@] s + $da) (Wiwp + wiwa)
+dr (0l dy — Dda) (Wiwy — wiw,), (3.36)
where the coefficients di,...,d; are some real-valued numbers. The potential

Va(®, ) depends only on the angles a and [ whereas Vg(®, () is, in addition, also
a function of ¢ and . If the fields satisfy ® € {Q7,Q} and Q € {Q7,Q%, Q%, Q4}
the analogous SU(2).c. symmetry breaking term Vg (®,2) must have dg = d7 = 0. In
this case, the relative phases ¢ and 1 are not correlated in the lowest energy state.
In Eq. (3.34), we will assume for each of the different SU(2),.. symmetry breaking
parts Va(®, Q) that dy,ds < 0 and that the condition

dydy > 4d3, (3.37a)

is satisfied. Additionally, we assume that for all possible terms Vg (®,(2) in Eq. (3.34)
the coefficients d4 and ds are negative and that they also obey the constraint

(—2d4v} + |dg|viv3)(—2dsvy + |ds|vivy) > davivs. (3.37b)

As shown in Appendix C, the conditions formulated in Egs. (3.37) enforce the nonzero
VEVs of the component fields to satisfy the relations

<£ia> = = <§zb> (7' = 17 2)7 (3383“)
(Go) = *£(qp) (U=12), (3.38b)
<q;;a> = =+ <q;:b> (k=1,2,3,4), (3.38¢c)

e., within each of the scalar ¢-doublets the VEVs of the component fields are
relatively real and exactly degenerate (up to a possible relative sign).!® Note that
all terms in the potentials Vg (®, ) which are multiplied by the coefficient d; must
vanish in the lowest energy state and, hence, cannot contribute to the minimization of
the scalar potential. For the potential V' we furthermore choose in both of the terms
VB(Q7, Q) and Vi (&1, &) the corresponding coefficients dg to be positive. In contrast
to this, the non-vanishing coefficients dg in all of the remaining terms Vp(®, ) of
V are all assumed to be negative. Then, the absolute minimum of the multi scalar

10We consider here only the tree-level approximation.
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potential is in addition to Eqs. (3.38) furthermore characterized by the relations

(61a)  (&2a) a
€y  {En)’ (3.39a)
(d.) (¢

(@) ) (3.39h)
(@a)  (Ba)  (d5a)  (dha)

(ag) (o) (ah)  (dip)’ (3.39¢)

i.e., the relative orientation of the VEVs of the component fields within a specific
doublet is equal for all doublets transforming under the irrep D, and opposite for the
pairs of doublets transforming under D; or Ds.!'' We suppose that the VEVs of the
fields &g, &1, and &, which are responsible for the generation of the neutrino masses,
are all of the order of the electroweak scale

[(€0)| 2= [(1a)| = [{€2a)| = 107 GeV. (3.40)

In contrast to this, we assume that the link fields of the deconstructed extra-
dimensional gauge symmetries G* and G7 all aquire VEVs of the same order at
some high mass scale somewhat below the fundamental scale M; and thereby give
rise to a small expansion parameter

i)l [{dhe )]
A\~ Y kel () 99 3.41
M; M; ’ (3-41)

where 7 = 1,2, and k = 1,2, 3,4. Small hierarchies of this type can emerge from large
hierarchies in supersymmetric theories when the scalar fields aquire their VEVs along
a D-flat direction [57]. Note in Eq. (3.41) that ) is given by the Wolfenstein parameter
[76] which approximately describes the mass ratios and CKM mixing angles in the
down-quark sector [77] as well as the mass ratios in the charged lepton sector [58].!2
The mass and mixing parameters of the charged leptons are determined in the next
section.

3.6 The charged lepton mass matrix
Consider the Yukawa interactions of the charged leptons

L =U,HO G Eg + hc, (3.42)

HUThe terms associated with the coefficients dg actually represent a spin-spin-interaction in a
version of the Ising-model, known from ferromagnetism. The topology here is of course unfamiliar
since all “spins” couple with equal strength.

12 An Ansatz where the Wolfenstein parameter is also used to describe neutrino mixing and lep-
togenesis has recently been presented in Ref. [78].
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E, E, E.

Zg x Z§ | (=2,2)  (0,1) (0,1)
| (=2,2) | (—4,4) (-2,3) (—2,3)
G| (=1,0) | (=3,2) (-1L,1) (=1,1)
Z (_170) (_372) (_171) (_171)

Figure 3.11: Contour in theory space which generates the leading-order dimension-six mass
operator in the u-7-subsector of the charged leptons by connecting 2, and 2g via the link
fields of G (left panel). Formal contraction of the open fermion lines and Zg x Z§ into GT
(dashed boxes) exhibits the full G™ gauge-invariance of the corresponding effective Yukawa
couplings (right panel).

where & ﬁ,@’ denotes an effective Yukawa operator and «, = e, i, 7. Since the horizon-
tal Zg x Z§ symmetry is assumed to be approximately conserved in the charged lepton
sector (see Sec. 3.3.1), the Zg x Z} charge structure of the charged lepton-antilepton
pairs will determine the types of Yukawa operators & iﬁ which are generated via the
Froggatt-Nielsen mechanism by the link fields of the gauge groups G* and G7. The
Zg x Zj transformation properties of the charged lepton-antilepton pairs is shown in
Table 3.4. Now, taking the discrete charges of the fundamental scalars given in Table
3.1 into account, we find that one of the possible lowest-dimensional contributions to
the operator &, is given by

O ~ (Q1Q3)"/(My)", (3.43)

since it yields an invariant under both the symmetries Zg x Z{ and 4. Furthermore,
invariance under application of the operator D(ay4) requires ﬁfﬂ =0 ﬁe = 0. Since the
transformation D(as) permutes &, < +0¢, and ﬁj;e — +0°, (asign flip is possible
due to Ds(az) = D(Cy)) it follows that €& = €° = 0, i.e., in the first row and
column of the charged lepton mass matrix only the (1, 1)-element is non-vanishing.

The lowest-dimensional mass operators in the u-7-subsector of the charged leptons
are dimension-six and dimension-eight terms, the Yukawa operators Ong (o, 5 = p, 7)
of which can be represented by contours in theory space: The dimension-six and
dimension-eight mass terms correspond to the Wilson-loops around the plaquettes

associated with the gauge symmetries G (Fig. 3.11) and G* (Fig. 3.12), respectively.
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Figure 3.12: Contour in theory space which generates the next-to-leading-order dimension-
eight mass operator in the p-7-subsector of the charged leptons by connecting 2, and 25 via
the link fields of G* (left panel). Formal contraction of the open fermion lines and Zg x Zg
into GY' (dashed boxes) exhibits the full G# gauge-invariance of the corresponding effective
Yukawa couplings (right panel).

Note in Figs. 3.11 and 3.12, that the moose notation (see Sec. 3.1.1) has been gen-
eralized for the discrete Zg x Z§ charges in a straightforward and obvious way. The
generalized Wigner-Eckart theorem implies that each of these Wilson loops is iden-
tified in ¢-space with a set of irreducible Yukawa tensor operators spanned by the
irreps 2, and 2g. These operators can be quickly determined by first noting that
under D(ay) the effective couplings & and &, undergo a sign flip whereas all link
fields of IT{_, G and IT2_, GT transform trivially. As a result, we have & ﬁT = ﬁfﬂ =0,
i.e., the charged lepton mass matrix is diagonal. Then, testing for invariance under
the action of ay, as, a3 € ¥ gives that each set of irreducible Yukawa tensor operators
transforms according to a representation Dy of & which is in matrix-form defined by
the generators

Ds(ar) = ((1) é) Ds(az) = <_01 ?) Ds(as) = Ds(as) = 1o (3.44)

To leading order, the generators in Eq. (3.44) act on five independent doublets
(m(f), wbi))T of product functions w(gi) and wéi), where i = 0,1,...,4, which form
the basis of five distinct carrier spaces V). Here, the ¢-doublets (wt(li), 1/1,§i))T corre-
spond for + = 0 and ¢ > 1 to the Wilson loops around the plaquettes associated with
G" and G*, respectively. The basis functions for the different carrier spaces of Dsy
are given in table 3.5. The allowed types of basis functions in table 3.5 follow from
invariance under application of the transformations D(a3) and D(a;). First, appli-
cation of D(a3) yields that in each basis function the number of the a-components
is even. Second, for given i = 0,1,...,4, invariance under the transformation D(a;)
requires the index structure of the basis functions 1/1((12) and @Z)IEZ) to be of such a form
that wgi) and zbéi) get interchanged when the indices a and b are permuted. Then,
expressed in terms of the sets of irreducible Yukawa tensor operators, the effective
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1740 d%(f) wbi)
V © QIa qga qirb q;—b
V(l) qlanaq3aq4a qungngqf;b
Ve qlaqé‘aqé‘bQZb 1Ty B0 Tha
VO | oty Ghadly 015050050k
V(4) qfangngqfa qélbqgaqgaqu
Table 3.5: The basis functions w(gi) and ¢£i (¢t = 0,1,...,4) of the leading-order

set of irreducible Yukawa tensor operators (&Y,;), where k,l = u, 7, in terms of the
component fields of QT = (¢f,, ¢3)* (i =1,2) and Q! = (qm, gp)t (i=1,2,3,4).

Yukawa coupling matrix in the u-7-subsector of the charged leptons reads

4
=S (5 1) e (3 9) ). (3.450)
=0

where k,l = p, 7 and Y fort=20,1,...,4 denotes the effective Yukawa couplings

‘ YO/ (Mp)?  (i=0)
vl = , (3.45D)
YO/(Mp)* (i=1,2,3,4)

where Y@ (i = 0,1,...,4) are dimensionless order unity Yukawa couplings. The
2 x 2 diagonal matrices in Eq. (3.45a) summarizing symmetry-related geometric fac-
tors, are the Clebsch-Gordan coefficients of the effective Yukawa coupling matrix
(0})). Furthermore, the effective Yukawa couplings Y;(f?, characterized by the outer
multiplicity label ¢, are the reduced matrix elements of the Clebsch-Gordan coeffi-
cients and parameterize further information about the physics at the fundamental
scale M. From Egs. (3.38) we find that after SSB the vacuum alignment mechanism
of Sec. 3.5 ensures that the VEVs of the basis functions in table 3.5 are - up to a

possible relative sign - pairwise exactly degenerate

WPy = (), (3.46a)
where i = 0,1,...,4. In addition, Egs. (3.39) relate the orientations of the VEVs by
W)/ ") = =W/ W), (3.46D)

where i = 1,2,3,4. Substituting Eqgs. (3.46) into Eqgs. (3.45), we observe that after
SSB the set of irreducible Yukawa tensor operators (&F;) can take one of the following
two forms

v () [ 9+ ) e
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FARTN FARTN FARTN
(H) (q7,) (493a) (H) (q7,) (a3) (H) (Q7) (Q%)
2 25 2 25 l, E,
—»—@—»— + Ab—@—b— =
<H> 'd J, l \\ No <qua> <H) 4 J/ l \\ e <qu ) <H> v J, l \\ Ne <QIL>
(@a)  (g) (ah) ! (@) gy (a3) * @) @y (@5 !

Figure 3.13: Froggatt-Nielsen-type diagrams for the lowest-dimensional Yukawa interac-
tions generating m, < m,. The dimension-six operators add up to ~ m ¢, E; (top panel).
The dimension-eight operators add up to ~ m,£, F,, (bottom panel).

where k,l = u, T and the expansion parameter A ~ 0.22 of Eq. (3.41) has been used.
In Eq. (3.47), it is important to note that the Clebsch-Gordan coefficients are added
or subtracted depending on their outer multiplicity label: if the Clebsch-Gordan coef-
ficients are added (subtracted) for i = 0 then they are necessarily subtracted (added)
fori=1,2,3,4. As a result, Eq. (3.47) shows that the vacuum alignment mechanism
generates a hierarchical pattern in the p-7-subsector of the charged leptons via a
cancellation of some of the Clebsch-Gordan coefficients in the lowest energy state.
The corresponding Froggatt-Nielsen-type diagrams for this cancellation mechanism
are shown in Fig. 3.13. For definiteness, let us choose in Eq. (3.47) the solution with
the signs “+” for + = 0 and “—" for ¢+ = 1,2, 3,4. Taking everything into account, the
full leading-order charged lepton mass matrix M, emerging after SSB is given by

X000
Me~m, |0 X 0], (3.48)
0 0 1

where only the orders of magnitude of the matrix elements have been indicated. As
for the mass matrix in Eq. (3.48) is given at tree-level, we have to expect sub-leading
corrections to its form and hence the “0”-entries in Eq. (3.48) should rather be viewed
as “phenomenological” (in contrast to “exact”) texture zeros. From Eq. (3.48) we read
off the charged lepton mass ratios

Me my,

~ N )2 (3.49)

m, m,

which approximately fit the experimentally observed values [58]. Since the mixing
angles of the charged leptons practically vanish, the large leptonic mixing must stem
from the neutrino sector. The neutrino mass and mixing parameters will be deter-
mined in the next section.
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L \IIIL \I/Q

Figure 3.14: View on the first two sites of the moose diagram of the gauge group G". Since
«a runs over the three flavors a = e, u, 7, all SM leptons, heavy Dirac neutrinos and the
Weyl spinor 7y, are located on the brane corresponding to the first site.

3.7 The neutrino mass matrix

3.7.1 Aliphatic model for neutrinos

So far, we have examined the connection between dynamically generated extra dimen-
sions compactified on S! and the hierarchical Yukawa coupling matrix of the charged
leptons. In this approach, a small expansion parameter in the charged lepton mass
matrix was introduced through the mixing with heavy Froggatt-Nielsen states. This
has the advantage that only a small number of lattice sites is needed to account for
phenomenologically viable mass matrix patterns. On the other hand, however, the
dynamical origin of the small expansion parameter remains unclear. Let us therefore
consider for the generation of neutrino masses a different mechanism which relies on
the presence of a large number of lattice sites and hence exhibits a closer 5D cor-
respondence. We assume that for all flavors a = e, u, 7 the SM leptons ¢, and FE,
transform according to the fundamental representation m of G and the right-handed
Dirac neutrinos F, as well as the massless Weyl spinor 7y, transform according to the
anti-fundamental representation m of GY (see Sec. 3.2). The corresponding moose
diagram is shown in Fig. 3.14. Note that since these fields carry zero G charges for
i=2,3,...,N, they are localized on the boundary of the latticized S*/Z, orbifold.

3.7.2 The one-generation-case

Let us first examine the case of a single generation by considering the coupling of the
¢-singlet neutrino v, to the fermionic site variables of the orbifold extra dimension.
From Table 3.1 we conclude that invariance under the Zg x Z§-symmetry and the Zs-
parity in Eq. (3.16) requires the relevant effective Yukawa interaction of the electron
lepton doublet 1, with the bulk-fermion to be of the type

%L = Yi1iH1p, + Yolpr&oWar + Miplprlpr + hec., (3.50)
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where Y; and Y, are dimensionless order unity coefficients and M;r ~ 10'° GeV
denotes the seesaw scale. The Lagrangian for the bulk and brane fields is given by
L+ L5, where £ has been defined in Eq. (3.11). As a result, the N x N mass

matrix which emerges from £, + % after SSB is given by

]—FL \Ile \IIQL \II3L

e b 0 0 0

1rr Mr  hs 0 0 .

Tap 0 My —M; 0 - |’ (3.51)
Tar 0 0 M, —M

where we have introduced the VEVs hy = Yi(H), hy = Y5(&), and use hy =~ hy =~
102 GeV, i.e., the associated mass terms are generated at the electroweak scale. Note
that the mass matrix in Eq. (3.51) has been displayed in a basis where the active
neutrinos have right-handed chirality. Integrating out the heavy ¥-singlet 1, yields
the effective (N — 1) x (IV — 1) mass matrix

my, 0 0
M= | M "M 0 3.52

where m,, = hyhy/Mir ~ 1072 €V denotes the absolute neutrino mass scale. The
mass m,, lifts the zero eigenvalue in the KK mass spectrum of the left-handed fields
to a small but non-vanishing value which can be determined by diagonalizing the
(N —1) x (N — 1) matrix
m2  m,M; 0
my, My 2MJ% —MJ%
MM = 0 M2 eM?E |- (3.53)

From Eq. (3.53) it is readily seen that the mixing of 1§ with the right-handed fields
U, r is described by angles ~ m, /M; which vanish in the limit M; — oo. For
m, < My the non-zero heavy masses are approximately given by the KK spectrum
in Eq. (3.15) where n = 1,..., N — 2. The lightest eigenvalue (mg)? of MyMJ can
be determined by integrating out the invertible heavy (N —2) x (N —2) submatrix in
the down-right corner of MyM} in Eq. (3.53). Taking into account that the (1,1)-
element of the inverse of this submatrix is equal to N—jM n 2 we obtain in the limit

N
m,, < My for the lightest mass eigenvalue

mo =m,/VN —1=m,/\/MsR, (3.54)
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where the second equation matches onto the continuum limit. In the classical 5D
continuum theory the mass (or volume) suppression factor ~ /MR emerges from
the normalization of the wave-function of the right-handed neutrino propagating in
the bulk [83,84].

3.7.3 Adding the 2nd and 3rd generation

The full neutrino mass matrix emerges by inclusion of the SU(2) lepton doublets of
the 2nd and 3rd generation, which are combined into the ¢-doublet 2,. Actually,
invariance under Zg x Zj allows for the fields & and &5 Yukawa interactions with 2,
which read

L = Y320H2pp + Yi2pp&1Vap + Ys2rpéonr + Map2pr2p;, + hc., (3.55)

where Y3,Yy, and Y; denote dimensionless order unity Yukawa couplings, (&;) =~
(&) ~ 102 GeV, and Myp ~ 10 GeV. Here, it is important to note, that the Zg x Z§
charge of the Weyl spinor 7, forbids any further Yukawa interactions or mass terms
with the other fermions. In complete analogy to the calculation of the light mass
mgo in Sec. 3.7.2, one can in the combined system .2 + % + .43 integrate out the
heavy vectorlike degrees of freedom. As a consequence, in the basis where the VEVs
of & and &, are described by Egs. (3.38a) and (3.39a), the resulting 3 x 2 light Dirac
neutrino mass matrix can be written as

pe 0
Mp=m, | € 1], (3.56)
—e 1

where the neutrino expansion parameter € ~ 1/4/N — 1 and the order unity Yukawa
coupling p = O(1) are both real quantities and m,, denotes the absolute neutrino mass
scale. In Eq. (3.56), all phases have been absorbed into the right-handed neutrino
and charged lepton sectors. The Dirac neutrino mass matrix Mp in Eq. (3.56) has
the important property that within each column the flavor symmetry ¢ enforces the
2nd and 3rd elements to be relatively real and exactly degenerate in their magnitudes.
Thus, Mp describes an exactly maximal v,-v,-mixing.

3.7.4 Neutrino masses and mixing angles

The neutrino masses and leptonic mixing angles are determined from Eq. (3.56) by
diagonalizing the matrix
2 pe —pe?
MpMb=m? | p2 1+ 1-€|. (3.57)
—pe?2 11— 1+¢
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The matrix in Eq. (3.57) is diagonalized in two steps. First, a rotation of the active
neutrino fields in the 2-3-plane through an angle 6,3 = 7/4 brings MpMD, to the

form
p2e> \/5,%2
MpMb —m? | 2pe2 22 0], (3.58)
0 0 2

from which we observe that the reactor mixing angle is exactly zero, i.e., 13 = 0
in agreement with the CHOOZ reactor neutrino data which sets the upper bound
|613] < 9.2° [15]. Second, the matrix in Eq. (3.58) is brought on diagonal form by a
rotation in the 1-2-plane through an angle

012 = arctan [(2\/_ < -2+ \/2—7” (3.59)
The neutrino masses exhibit the normal hierarchy
my =0, mg= myem, ms = V2m,, (3.60)
which gives for the solar and atmospheric neutrino mass squared differences
AmZ =m2e(2+ p?), Ami,, =2mi — Am2. (3.61)

Using the upper bound Am2 < 1.9 x 107%eV? [14] and the best-fit value Am2,, ~
2.5 x 1073 eV? [11] we obtain m,, ~ 0.04 eV. Without tuning of parameters, we have
p=1and e =1/4/N — 1 which gives for the solar neutrino parameters the values

3A

3 Nm_a“f 012 = arctan 7 ~ 35°, (3.62)
where we have used in the first equation the hierarchy Am2 < Am?, . At 3o,
the combined solar and KamLAND neutrino data allows for Am2 the two regions
51 x107°eV? < Am2 < 9.7 x 107° eV? (LMA-I) and 1.2 x 107*eV® < Am?2 <
1.9 x 107* eV? (LMA-II) [14]. Matching onto these values requires

Am?D ~

N=57+17 LMA-I, N =27+6 LMA-I, (3.63)

where we have set in Eq. (3.62) the atmospheric mass squared difference equal to
the best-fit value Am2,_ = 2.5 x 1073 eV? In short, the presently allowed ratios
AmZ /Am?,, implied by the LMA-I and LMA-II solutions already significantly dis-
criminate between the associated radii N/(2wgv) of the dynamically generated S'/Z,
orbifold. At this level, the neutrino expansion parameter is 0.12 < € < 0.16 (LMA-I)
or 0.18 < e < 0.23 (LMA-II), which is comparable with the Wolfenstein parameter
A ~ 0.22. For the non-fine-tuned solar mixing angle ;5 = arctan 1/+/2 in Eq. (3.62)
we find from Ref. [14] that a number of

55+8 LMA-I (@90% C.L.) (3.64)
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lattice sites yields the MSW LMA-I solution within the 90% confidence level region.
In general, for both the LMA-I and the LMA-II solution, the dynamical generation
of the solar mass squared difference Am2 via deconstruction in a flat background
requires a relatively fine-grained latticization of the associated S'/Z, orbifold with
roughly 10* — 10? lattice sites.



Chapter 4

Latticized Geometries

In the previous chapter, we employed deconstruction as a tool for a predictive model
of lepton masses based on a non-Abelian discrete symmetry. Specifically in the neu-
trino sector, a large number of lattice sites was used to express the solar mass squared
difference in terms of the “volume” of a dynamically generated orbifold extra dimen-
sion. In this chapter, we will further generalize this approach to lepton masses by
restricting to a small number of lattice sites. With this, the inverse lattice spacing
can be identified with the seesaw scale 1/a ~ 10'® GeV or may even naturally be
as small as 1/a ~ 1073 eV through a replicated seesaw mechanism. The first three
sections of this chapter follow the results of Ref. [79].

4.1 The two-site model

4.1.1 Charge assignment

We consider a G = SU(m); x SU(m), gauge theory for deconstructed extra dimen-
sions where a bi-fundamental scalar link field ® C (m;,m2) connects the adjacent
SU(m); (i = 1,2) groups [34,35]. For the present, let us restrict here to the case
of only two flavors a, 8 € {e,u, 7}, a # [ (in Secs. 4.2 and 4.3 this basic two-site
model will then be embedded into various realistic three-flavor scenarios). We assume
that the leptons ¢z and Ejs transform according to the fundamental representation
mo under SU(m)s and the fields ¢, and E, transform according to the complex con-
jugate representation 7m; under SU(m);. In addition, we introduce for each of the
active flavors, the right-handed neutrinos N, and Ng, where N, transforms as m;
under SU(m); while N transforms as ms under SU(m),. Note that N, and Nj are
two-component Weyl spinors. The moose diagram of this representation content is
succinctly shown in Fig. 4.1. It is also obvious from Fig. 4.1 that the product gauge
group G is free from chiral anomalies since the left- and right-handed states form
vector-like representations with respect to SU(m); and SU(m),. The most general
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ly Ey\ N, Lg Eg Ng

Figure 4.1: Moose diagram for the two-site model.

renormalizable Yukawa interactions for the leptons are then given by
Ly =Yl HE, + Y lgHEs + Y 0, HN, + Y lgHNs + fNS®Ng +hee., (4.1)

where Y, YﬁE , Yy, Yy, f are complex Yukawa couplings of order unity. Note that in
Eq. (4.1) bare Dirac and Majorana mass terms of the types ~ N¢Ng and ~ NEN,
or ~ FEN[; are forbidden® by invariance under G. The gauge-sector of this system is
governed by the Lagrangian

1< , -
o a ura T
o= R+ 3D, (04, (4.2)

v
=1

where the covariant derivative is D,® = (9, — ig1 4%, T, + ig2A3,1,)®, in which ¢,
and g denote the dimensionless gauge couplings of SU(m); and SU(m)s, respec-
tively. One can always arrange the scalar potential such that ® naturally acquires a
VEV (®) = M,. Here, M, is identified with the deconstruction scale at which the
SU(m), x SU(m), symmetry is broken down to the diagonal subgroup SU(m)diag,
thereby eating m? — 1 Nambu-Goldstone bosons in the process. For g, g, ~ O(1),
the corresponding lattice spacing a of the deconstructed theory is set by the inverse
scale a ~ 1/M,. After SSB, the neutrino mass matrix takes the form

Ve Vg N, Ng

07

Va 0 0 Y¢ 0

U5 0 0 0 Yye |, (4.3)
Ne | Yre 0 0 fM,

N 0 Y¥e fM, 0

where € = (H) ~ 102GeV is the electroweak scale. The light effective 2 x 2 Majorana
mass matrix is

vow € (01
M,,—YaYﬁm<1 0), (4.4)

which we identify for an inverse lattice spacing M, ~ 10'® GeV with the usual
dimension-five seesaw operator [20-22]. Hence, for length scales r > a ~ 1/M,,

!The term NENj is charged under both SU(m) groups and the products N¢N, and N_ENg

contain only irreps with dimensions 2m(m — 1) and im(m + 1).
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the renormalizable and gauge invariant Yukawa interactions in Eq. (4.1) reproduce
upon dimensional deconstruction the effects of the fifth dimension. For shorter length
scales r < a, we recover again the renormalizable 4D interactions as given in Eq. (4.1).
Moreover, contrary to the conventional seesaw operator, dimensional deconstruction
can provide a rationale for maximal leptonic mixing between the active flavors a and
[ since the charged lepton mass matrix is strictly diagonal. This feature of maximal
mixing can be easily understood once we realize that the link field ® mediates a
symmetry between each of the right-handed neutrinos N, and Ng which are placed
at different lattice sites. This symmetry can be interpreted as an interaction which
conserves a charge L, — Lz and produces the texture-zeros in the mass matrix of
the right-handed neutrinos. Below the deconstruction scale, the conserved charge
L, — Lg is reflected by the fact that {5, Eg, and Ng transform according to the funda-
mental representation of SU(m)qiag Whereas ¢, E,, and N, transform according to
the anti-fundamental representation of SU(m)giae. The unbroken group SU(m)diag
is associated with a zero mode in the gauge sector. This can be seen in the kinetic
term in Eq. (4.2) which gives a mass squared matrix to the gauge bosons

1

Mé = 5 :CQ(glAClLu - g2A(21u)2‘ (45>
In the basis (Af,, A3,) we have
1 2
M2 = = M? ( 91 9192) : 4.6
G 9 — 10> g% ( )

with the (normalized) zero mode wave function

1
72(‘92146{“ +glA(21;,L)‘ (47)

Aa(O) _
°w
9% + 93

In our setup, we generally observe that the Dirac sector of the model remains diagonal
as a result of placing the flavors a and (3 on different lattice sites. Therefore, maximal
leptonic mixing is exclusively introduced by the heavy Majorana sector of the resulting
seesaw operator. In Sec. 4.2, we will see that the qualitative features of this system
are not altered even if one allows for both the fermions and scalars to be link variables.
As a passing remark, we find from Eq. (4.4) that the resulting light neutrinos are in
opposite CP parities and there is no explicit leptonic CP violation.

4.1.2 General properties of the two-site model

Let us now examine in how far the two-site model is generic by considering the
phenomenological implications of other SU(m) charge assignments to the leptons.
Actually, if we require the lepton fields to be either in the fundamental or anti-
fundamental representation of one of the gauge groups SU(m); or SU(m)s, one can
have essentially three possible modifications to the moose diagram shown in Fig. 4.1.
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g N, Ng by Lg No Np

Figure 4.2: Moose diagrams for cases (i) (left panel) and (ii) (right panel).

AR

Ly egN Nﬂ Ly e/gN Ng

Figure 4.3: Moose diagram for cases (iii) a (left panel) and (iii) b (right panel).

These are, case (i) both leptonic doublets are at a single lattice site while the right-
handed neutrinos are grouped at the second lattice site or, case (ii) both leptonic
doublets are at a single site along with any one of the right-handed neutrinos (see
Fig. 4.2) or, case (iii) both right-handed neutrinos are located at the same site while
the doublets are at different sites (see Fig. 4.3).  In Figs. 4.2 and 4.3 we have
adopted the convention that undirected links denote transformations under either the
fundamental or anti-fundamental representation of the corresponding gauge group.
In case (i), one can have Majorana mass terms for the right-handed neutrinos but in
the Dirac sector only non-renormalizable Yukawa interactions of the types ~ fo H®N, 3
are possible. A priori, however, these suppressed non-renormalizable interactions do
not lead to large mixings. In case (ii), on the other hand, the neutrinos can have the
renormalizable Yukawa interactions

=Y U HN, + YYlsHN, + fN;®N; + hc., (4.8)
leading in the basis of Eq. (4.3) to the neutrino mass matrix

0 0 Yye O

0 0 Yje O
Yye Yie 0 fM,|’

0 0 fM, O

M, = (4.9)

which has two vanishing neutrino mass eigenvalues and two heavy mass eigenval-
ues of the order ~ M,. Hence, in case (ii) no seesaw mechanism is operative at
the renormalizable level. In case (iii) a (see Fig. 4.3) one can envisage the Yukawa
interaction

=Y UsHN, + YylsHNg + h.c., (4.10)

which gives the usual Dirac masses with arbitrary mixings but no seesaw suppression
of the active neutrino masses since mass terms for the right-handed neutrinos are
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forbidden. Bare Majorana masses for the right-handed neutrinos are allowed in case
(iii) b (see Fig. 4.3) which is characterized by the Yukawa interactions

Y =Y IgHN, + fM,NSNs + h.c. (4.11)

The 4 X 4 neutrino mass matrix corresponding to Eq. (4.11) is similar to M, in
Eq. (4.9) with Yy = 0 and hence, also in this case, there is no seesaw mechanism.
Moreover, the presence of the bare mass term in Eq. (4.11) is in contrast to Eq. (4.1)
where the theory before symmetry breaking is massless.

Altogether, we observe from the different cases (i)-(iii) a pattern for the allowed
fermion masses which is in a way restrictive and does not allow for an effective see-
saw mechanism. Furthermore, in the cases (i)-(iii) chiral anomalies may possibly be
present since the left- and right-handed states are treated in an asymmetric manner.
This contrasts with Eq. (4.1), where each of the right-handed neutrinos has a mass
term in the Dirac and the Majorana mass matrix, thereby maximizing the nature of
the Yukawa sector. In this respect, the two-site model is a fairly natural setup which
automatically predicts seesaw suppressed neutrino masses with maximal mixing. The
basic geometric structure of Eq. (4.1) is expected to be borne out in a realistic phe-
nomenological application. In Sec. 4.2, we show this property by considering a model
on a moose mesh and also give in Sec. 4.3 other realizations.

4.2 Four-site model

We examine now a generalization of the basic two-site model described in Sec. 4.1
to the case of a moose mesh [80] in which all fermion and scalar fields are treated
as bi-fundamental representations. As a result, we will find that this scenario can
provide a realistic description of neutrino mass and mixing parameters.

4.2.1 Non-renormalizable Yukawa interactions

Consider a II2_,SU(m); gauge theory containing five scalar link variables ®; (i =
1,...,5) which transform under the SU(m) gauge groups as ®; C (my,my), o C
(mg,m3), ®3 C (m3,my), Py C (Mg, m1), and P5 C (Mo, my4). We will combine the
fields ¢,, E,, and N, of identical flavor a = e, i, 7 into the set U, = {l,, Ey, No}
of leptons. Here, ¥, combines ¢,, F,, and N, with exactly these chiralities and
no charge conjugates of these fields (like ¢¢) are included. In our scheme, all the
leptons associated with ¥, carry the same SU(m); charge and connect the different
gauge groups as bi-fundamental representations. Hence, all fermions and scalars
are treated on the same footing as link variables. Specifically, we make the choice
U, C (mg, M), ¥V, C (my,m3), and W, C (m4,m;). The link field content is given in
Table 4.1. Graphically, the scalar and fermionic fields can be represented as a moose
mesh which is depicted in Fig. 4.4. Up to mass dimension seven, the leading-order
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d b, b3 By By ¥, U, U,
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Figure 4.4: Moose mesh for the four-site model.

Yukawa interactions of the model are
Zyzﬁen+$d¥n5+$d?m6+..., (4.12)

where .%,., denotes the renormalizable Yukawa interactions, Zd]}/fn 5 are the dimension-
five terms of the right-handed Majorana neutrinos and £ . are the dimension-six
terms in the Dirac mass matrices. In Eq. (4.12), the dots represent non-renormalizable
higher-order Yukawa interactions of the leptons with effective scalar operators which
involve only the Higgs doublet H and/or the link fields ®; (i = 1,...,5). The
renormalizable Yukawa interactions are

S <YQEZHEQ n Y;ZﬁNa) + ANSDIN, + foNe®\N, + hoc., (4.13)

a=e,lU,T

where YP YY" (a = e,u,7), and fi, fo denote complex Yukawa couplings of order
unity. From Eq. (4.13), we observe that the charged lepton mass matrix and the
Dirac neutrino mass matrix emerging after SSB from %, are on diagonal form.
However, %, generates off-diagonal entries in the Majorana mass matrix thereby
leading to a large mixing of the right-handed neutrinos. Note that .Z,., yields in the
Majorana sector the most general mass terms consistent with the linear combination
L=1L.— L, — L, of the individual lepton numbers L., L, and L,. The right-handed
Majorana mass matrix consistent with this symmetry has a vanishing determinant
and would therefore lead to a singular seesaw mechanism. A non-zero determinant,
however, becomes possible when taking the dimension-five terms into account. All
of the dimension-five Yukawa interactions allowed by gauge invariance appear in the
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right-handed neutrino sector and read

Lims = [ 13NﬁN#+f4 14N$N7+f5 > 4N5NT
PPt
+ o= NeNe + hee, (4.14)

where f3, f4, f5, and fg are complex Yukawa couplings of order unity and A > (®P;)
(t=1,...,5) denotes the mass scale at which the higher-order terms are generated.
As an effective field theory, the interactions may become again fully renormalizable in
the UV limit (i.e., at small distances < 1/A) and could, e.g., be explicitly realized in
terms of the Froggatt-Nielsen mechanism. Note that the L symmetry characteristic
of Zen is broken by the interactions in c?djffnS. In the Majorana sector, all higher-
order corrections of mass dimension > 6 can be absorbed into the Yukawa couplings
fi,---,fs- In the same way, one can treat by an appropriate redefinition of the
Yukawa couplings the higher-order corrections to ¥ and Y (a = e, u, 7). Hence,
the relevant dimension-six mass terms for the neutrinos can be written as

O oy P3O
Limwe O Y ZzsgeHNeerevT XQSEeHNT+Y:e /:;25

I F— L D1y, B30 -
V=5 G HN. + (YW otV =t ) GHN,

, D195 L1 P3Py
(Yw A2 +Yo, A2

7, HN,

) (,HN, +h.c., (4.15)

where Y5 and Yo’{’ﬁ' (v, B = e, u, T) are complex Yukawa couplings of order unity. In
Eq. (4.15) only the off-diagonal neutrino mass terms are shown. The corresponding
expression for the charged leptons is found by replacing H — H, N, — E,
(¢ =e,pu,7), and v — E. When the link fields acquire universal VEVs (®;) = M,

(t=1,...,5) the Dirac and Majorana mass matrices of the neutrinos take the forms
Yy oaox Me fi [

MD =€ )\2 Y: )\2 s MR = Mz f1 )\fg )\fg, y (416)
XAy fr Ms M

where A = M, /A < 1 is a small dimensionless expansion parameter and only the
order of magnitude of the terms with mass dimension > 6 has been indicated?. Note
in Eq. (4.16), that the patterns for the Dirac and Majorana mass matrices are similar
to the ones following from Eq. (4.1). This is a consequence of the lattice geometry
which prefers a diagonal Dirac fermion sector while the Majorana sector carries the L
symmetry in terms of the link variables. At the deconstruction scale, the L symmetry
is softly broken by the suppressed O()) terms in the Majorana sector. It might
be of interest to note that, similar to our two-site example, this system exhibits a

2The charged lepton mass matrix has a structure analogous to Mp.
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CP symmetry once we set A — 0. In this case, we can perform a complete phase
redefinition of the right-handed fields such that the Yukawa couplings, f; and f,
become real. We wish to repeat that the diversity of the lattice geometry reproduces
the same qualitative features even if one promotes both the fermions and scalars to
link variables?.

4.2.2 Neutrino masses and mixing angles

Let us now consider Eq. (4.16) for the special case in which all mass terms are real
and take f; = —fy = f3 = fy = f5 = f. Suppressing the small off-diagonal terms
in Mp and setting Y7 ~ Y the effective light neutrino mass matrix up to O(X\3) is
evaluated to be

yre? 0 2AYY f —2AYf
M, ~ 4f;M 2)\}/'6”f YMV()QfG — f) _YMV()\ZfG + f) + O()\3) : (417)
TSNS YN fe+ f) YN fe— f)

where we have already applied a phase redefinition ¢/, — —/.. Since the mass
matrix of the charged leptons is nearly diagonal and on strictly hierarchical form, we
can neglect the mixing coming from the charged leptons. Notice that this kind of
pattern of lepton mass matrices is already familiar from scenarios for softly broken
lepton numbers in the heavy Majorana sector [28]. Application of a rotation in the
2-3-plane through an angle 0s3 = 7/4 yields the matrix

Y 0 V2XYY 0
!~ M v v 3
M ~ 2720 V2XY o XYY fe 0 +0(\?), (4.18)
v 0 0 ~Yyf

from which we see that the reactor angle 6,3 is practically zero. The mass matrix
M., is brought on diagonal form by a rotation in the 1-2-plane through an angle 61,
which obeys

tan 05 ~ 1—% (YV fﬁ) + 5 (}{—?%)2+0(>\4). (4.19)
Assuming Y., Y7, f, and fe to be positive, the neutrino mass eigenvalues are
My, %};“Z\ZQ (—\/§—V+%% )A+O(/\3),
My, %};“Z\ZQ (\/i—y-l-%% ))\+(9(/\3),
My, —%};’Z\ZQ, (4.20)

3We note that both Egs. (4.1) and (4.12) reproduce similar features in the limit A\ — 0.
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and exhibit a normal neutrino mass hierarchy m; < my < mgs. Note, that the masses
obey here mgy —m; < (my + my)/2 which is in contrast to the conventional scenario
of normal hierarchical neutrino masses, where m; < my [28]. From Eq. (4.20) we
find the solar and atmospheric mass squared differences

2 Yre2\?

Amp o~ gygyg% <f§w> A+0 (N, (4.21)
Yu2 Yu€2 2 1 YVQ Yu€2 2

Am ~ %@M) L, (f“M) Lo, (4.22)

which lead to the relation

Amg, 5 (Y Jo 5
At = 2v2\ <Y—:7> +ON). (4.23)

Comparing Eq. (4.19) with Eq. (4.23) we note that there exists a parameter range
where the solar angle 612 may be substantially varied while AmZ /Am2,  is kept
constant or vice versa. For illustration, we choose A = 0.22, Y = f, Y/ = f5, and
the ratio Y//Y” = 2.5. In this case, we have a maximal atmospheric mixing angle
0s3 ~ 7/4 and a reactor mixing angle close to zero, i.e., 613 ~ 0. Taking the best-fit

value Am?,_ = 2.5 x 1073 eV? [11], we obtain the solar parameters

atm
Am2 ~7.5x107°eV?, 015 ~ 32°, (4.24)

which are close to the best-fit value within the 90% C.L. region of the MSW LMA-I
solution [14]. The strength of #13 determines the splitting between the scales which
correspond to Am?,  and the resulting CP violation, which is in this case, of course,
practically zero due to vanishing 6;3. The system predicts an effective neutrinoless
double beta decay mass me. ~ 1073 eV. Of course, the numerical results here can
be altered by suitably varying the Yukawa couplings. In the above considerations,
we have taken the Dirac matrix Mp to be practically diagonal and ignored the off-
diagonal entries present in the general form of Mp in Eq. (4.16) which are of the
order ~ A\%e. Actually, in Eq. (4.17), these terms lead to corrections of the effective
neutrino mass matrix which are of the order ~ A\?>ms. As a consequence, a3, 613, and
Am?,  receive only small corrections which are A*>-suppressed. Moreover, we observe
in Eq. (4.18) that the impact of the A*m3-contributions on Egs. (4.19) and (4.21) may
be absorbed into the Yukawa coupling fg by an appropriate redefinition. Therefore,
to leading order, the numerical estimates given above should not be significantly
altered by fully taking the off-diagonal entries of Mp into account. We reiterate that
the striking aspect is the underlying lattice structure which ensures large solar and
atmospheric mixing angles 615 and 53 while keeping the reactor angle 6,3 small. Any
modifications to the large mixing angles can be associated with the CP symmetry of

the scheme whose breaking (which is parameterized by \) can be either soft or hard.
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‘cbl d, Pz V., U, U,
Ssu3y, |0 1 O O 1 1
SUB, | O O 1 1 O 1
SU3); |1 O O 1 1 O

Table 4.2: Transformation properties of the link fields and SM leptons in the SU(3)?
model.
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Figure 4.5: Moose diagram for the three-site model.

4.3 Three-site models

We briefly outline two variations of the model described in Sec. 4.2 which can equally
well accommodate the neutrino data and are based on three lattice sites, where each
site corresponds to one generation.

4.3.1 A SU(3)? model

Let us consider the product gauge group I13_,SU(3); where the SU(3); (i = 1,2,3)
subgroups are connected by the link variables ®; (i = 1,2, 3) which transform as bi-
fundamental representations ®; C (3;,3;41) under the SU(3); symmetries. Here, the
index 7 + 3 is identified with 7. The fields from the set ¥, transform under 31, while
the fields from ¥, transform under 35, and the fields from ¥, transform under 3;.
The representations of the link fields and the SM leptons under the SU(3)? product
gauge group are shown in Table 4.2. Hence, like in the example of the two-site model,
each generation is put on a different lattice site and the periodicity requirement is
reflected by the closed lattice geometry.

We shall now be interested in a possible origin of the non-renormalizable operators
which can softly break the L symmetry at tree-level. To this end, we will consider the
complete renormalizable theory including the heavy fundamental states which gen-
erate these higher-dimensional terms when they are integrated out in the low-energy
limit. Without any such particles, gauge invariance requires both the charged lepton
mass matrix as well as the Dirac neutrino mass matrix to be on diagonal form, i.e.,
the Dirac matrices exactly conserve the individual lepton numbers. At the decon-
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struction scale, the product gauge group is broken down to the diagonal subgroup
SU(3)diag While preserving the L symmetry. Again, the right-handed Majorana mass
matrix would give rise to a massless right-handed neutrino and is CP conserving like
the two-site model. A soft breaking of the L symmetry in the right-handed Majo-
rana sector may be achieved by putting on each of the sites representing SU(3); and
SU(3)y two extra SM singlet fields. For this purpose, we introduce two SM singlet
scalar fields ¢, and ¢, as well as two heavy SM singlet Dirac fermions F, = (F,r, F.g)”
and F, = (F,r, F,r)", where F,;, and F,r (a = e, u) denote the left- and the right-
handed components of F,. The fields ¢. and F, both transform as 3; under SU(3);
whereas ¢, and F), both transform as 35 under SU(3), (see Fig. 4.5). At this stage,
the extra particles are vector-like representations of the gauge symmetries and leave
the model free from chiral anomalies. A soft breaking of the L symmetry is realized
by imposition of a Z, symmetry such that

Z4 : Eoz B _gou Ea B _Eou Na B _Nou
gba I _¢aa FaL B iFaLy (D?, E— _q>3, (425)

where « runs only over the two flavors a = e, u. Note that the Z, symmetry acts
differently on the left- and right-handed components of the fields F, and F),. The
Z4 charges are therefore expected to become anomalous when the discrete symmetry
is gauged. In orbifold constructions, however, different transformation properties of
left- and right-handed components of higher-dimensional Dirac spinors may naturally
appear [84]. The resulting renormalizable Yukawa interactions of the neutrinos can
be written as

LY = Y YYLHNa+ [NS®IN, + [2N@sN, + / fsNsouFur
a=e,,T
+V [N Fer + FegMeFep + FipM, Fup + hc., (4.26)

where Y (a = e, p,7) and f; (i = 1,2,3,6) denote complex Yukawa couplings which
we take to be of order unity. The terms ~ N¢g.Fer and ~ Nig,F)r are gauge
invariant since the decomposition

303,03, =10,B8,®8 ® 1, (4.27)

where ¢ = 1,2, contains a SU(3); singlet which allows such interactions. In Eq. (4.26),
the SU(3); and SU(3), symmetries are broken by the bare Majorana masses M, and
M,, at some high mass scale. When the fields ¢, aquire the VEVs (¢,) = M, (o =
e, t), the heavy fermions Fi.r and F),r are integrated out, leading to the dimension-five
terms

<¢u> NN T (Pe)’ onr 2
f )‘f3M:cNMNu7 f6 M NeNe—AfGMa:NeNea (428)

u

where we have set M, ~ M, and introduced the small expansion parameter A\ ~
M,/M, ~ M,/M,. The corresponding Froggatt-Nielsen type diagram is given in
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Figure 4.6: Dimension-five operator generating for o = e, u the effective Majorana mass
terms ~ AM_NEN, at the high scale.

Figure 4.7: Moose diagram for the U(1)? model.

Fig. 4.6. The Dirac neutrino mass matrix Mp is on strictly diagonal form and the
invertible heavy right-handed neutrino mass matrix is given by

Me i f2
Mr=M,| i A3 0]. (4.29)
2 0 0

Comparison with Eq. (4.16) shows that we obtain in this case relations for the neutrino
mass and mixing angles which are similar to Eqgs. (4.19) and (4.23). It is not surprising
to find these relations because the spirit of breaking the underlying L symmetry in
either examples has been similar.

4.3.2 A U(1)®> model

We now deviate from the above model in Eq. (4.26) and use only local U(1) sym-
metries by setting &3 — 0 and identifying SU(3); — U(1); (¢ = 1,2,3). Moreover,
we will not explicitly introduce the fields ¢, and F, from Section 4.3.1. The fields
in the set ¥, are all assigned a U(1); charge +1 whereas the fields in ¥, carry the
U(1)s charge —1 and the fields in U, carry the U(1)3 charge —1. The corresponding
moose diagram is shown in Fig. 4.7. The U(1)? charge structure of the left- and
right-handed neutrino pairs is shown in Table 4.3 and the corresponding charges of
the right-handed neutrino pairs is given in Table 4.4. Implicitly, we will assume that
the fundamental scalar fields involved in the effective scalar operators of the Froggatt-
Nielsen mechanism are site variables. Moreover we assume that these scalars carry
only unit (and no multiple) U(1) charges, which is analogous to the requirement of
having only fundamental or anti-fundamental representations of the matter fields in
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N, N, N,
U(1)?® |(1,0,00 (0,—1,0) (0,0,—1)
7 | (=1,0,0) | (0,0,0) (—1,-1,0) (—1,0,—1)
7, | (0,1,0) | (1,1,0)  (0,0,0)  (0,1,—1)
7 | (0,0,1) |(1,0,1) (0,—1,1)  (0,0,0)

Table 4.3: U(1)3 charge structure of the left- and right-handed neutrino pairs. The
same charge assignment holds for the charged lepton-antilepton pairs.

N, N, N,

U(1)? (1,0,0)  (0,—1,0)  (0,0,-1)
Ne| (1,0,0) | (2,0,0)  (1,-1,0)  (1,0,-1)
N¢ | (0,-1,0) | (1,—1,0) (0,—2,0) (0,—1,-1)
Ne¢ | (0,0,—-1) | (1,0,—1) (0,—1,—1) (0,0, -2)

Table 4.4: U(1)3 charge structure of the right-handed neutrino pairs.

the SU(m) case. Hence, the Dirac and Majorana mass matrices exhibit after SSB
the structures

1 A2 N2 Al
Mp~elX 1 X|, Ma~M |1 X ]|, (4.30)
A2 A2 1 1 A A

where only the order of magnitude of the matrix elements has been indicated. Note
in Eq. (4.30), that the dimension-six mass terms in the (2, 3) and (3, 2) entries of Mp
are suppressed by two powers of A due to the absence of the field ®,, which would
otherwise carry the charge difference. Since the dimension-four and -five mass terms
of the right-handed neutrinos are generated by both the scalar link- and site variables,
the Majorana mass matrix below the deconstruction scale contains elements which are
only A suppressed as compared with the Dirac sector. In this model, C’P symmetry is
broken and is generated from non-trivial mixings from both the Dirac and Majorana
sector. The parameter A is undetermined and is taken to be a soft term such that
large neutrino mixings are essentially generated from the heavy right-handed sector
while the Dirac sector remains practically unmixed. Again for this example, it is
straightforward to accommodate the present neutrino data for an appropriate choice

of \.
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Figure 4.8: View at the sites 4,7 + 1, and i + 2 of the moose diagram for a deconstructed
large extra dimension compactified on S*.

4.4 Deconstructed large extra dimensions

In theories with continuous extra dimensions, the fundamental scale of quantum
gravity may be lowered from the 4D Planck scale ~ 10! GeV down to the TeV
scale, when the compactification radius R is large [3]. For a number of ¢ large extra
dimensions, for example, the spreading of the gravitational force in the bulk implies*
that R ~ 10~17+30/4cm. If § = 2, we arrive at the phenomenologically relevant case of
sub-mm extra dimensions. Clearly, in this scenario, one would naturally expect the
cutoff scale to be of the order TeV. This, however, implies for the remodeled extra
dimensions an inverse lattice spacing of similar order and therefore a large number
of lattice sites.

Contrary to the usual picture, we will now analyze a possible deconstruction setup,
where the inverse lattice spacing is in the sub-eV range [81]. This allows us to study
the latticization of large extra dimensions for a small number of gauge groups. To
be specific, we consider a periodic model for a deconstructed 5D U(1) gauge theory
compactified on 8. The setup is defined by a U(1)" = II¥,U(1); product gauge
group with N scalar link variables @; (i = 1,..., N) where the link field Q); carries
the U(1)-charges (g, —q) under the neighboring groups U(1); x U(1);;;. Periodicity
of the lattice geometry is ensured by the identification ¢ + N = i. On the ith lattice
site, we put one Dirac fermion ¥; and one scalar ®; which carry both the charge
—q of the group U(1);. The corresponding moose diagram is shown in Fig. 4.8. We
impose a discrete Z,-parity

Z2 : q)z — _(I)z (’L = 1,2, o .,N), (431)

which forbids at tree-level any renormalizable Yukawa interactions between the site
variables ¥; and ®; (4,5 = 1,2...,N). Then, the most general scalar potential is

4Here, compactification on a torus with equal radii is assumed.
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given by

N
1 1
) {m%j@i + M?QIQi + 5)\1@3@)2 + 5)\2(693@@')2
=1

N

+)\3(QIQ2‘)(Z q’;q)j) + p®; 1Qi®] + @, QP!
=1
(@10 (Y @1d)) + A (QIQ) (D Q1)
J# J#i
FA6(QiQi1) (Ps®L5) + A5(QL, Q) (@i12®])] (4.32)

where A, Ag,..., A5 are dimensionless real parameters of order unity and Ag is a
complex-valued order unity coefficient. In Eq. (4.32), we can take the dimensionful
quantities m and p to be of the order of the electroweak scale m, u ~ 102 GeV and
make the mass M very large, i.e., M > m,u. We will minimize the potential by
going to the real basis

Q=g +ig) — (gb> B = ¢t igh — (‘j;,) | (4.33)

The term p®;_1Q;®! in Eq. (4.32) reads

:uq)lleZq);r—i_ = [ i— lqz¢ - Y- 1q2¢ +¢z lqz¢ +¢z 1q2¢z
( i—14; ¢a+¢z lqz¢a i— lqz ¢b+¢z 1qz¢b)} (434)

Also, the term Aﬁ(QiQiH)((I)Z-CI)LQ) in Eq. (4.32) is given by

A6(QiQis1)(®i® ) = Ne [(6qf11 — 4aby ) (67005 + S6010)
(@ + 4@ (B — bF ¢i+2)}
+idg [(gfgf, — 0497 11) (00810 — B 014s)
H@ gl + 60 (9105 + Brd)sa)] - (4.35)

Note that for a supersymmetric case, the term \g would have to vanish at the renor-
malizable level due to the holomorphy of the superpotential. Then, the phase of u
could be absorbed into the Yukawa couplings of the fermions W;, thereby giving rise
to a non-trivial warp factor. Since we restrict ourselves here to the simpler case of a
flat background with zero warp factor, we take the parameters p and Ag to be real.
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Then, the scalar potential in Eq. (4.32) can be written as

<
[
WE

{m (100 + @)+ 002 a2 + @) + [0+ (1)

1

Ao [(68)% + ()27 + A3 [(69)2 + (62)7] [Z(q;’)2 + (Q?)2]

j=1

-
Il

N —

A0 [(69) + (67)°]

PCARRE (¢§)2]

J#

+Xs () + ()] [Z(fﬁf +(g)”
J#i
i [ Q0@ — LGB+ DG + b1 Y
+u [¢?Q§’+1¢?+1 - ¢?Q§+1¢?+1 + ¢?qg+1¢?+1 + ¢?q§’+1¢§’+1}
1 a a a a
+§)‘6 [(%’4‘1@'*1 - qg)72qg)fl)(¢i72¢i + ¢§’72¢§’)
—(qi-’,qu,l + qgf2qzl‘11)( ?72¢? - gfﬂf)}
1 a a a a
+§>\6 [(qzelqz' - qgf1qg)(¢i71¢i+1 + ¢?,1¢?+1)
—(@f_1q + a1 q))( 2—1¢?+1 - ?—1¢?+1)}
1
+§>\6 [(gfqty — GG ) (D7D + BTDY )
_(qzl‘)q;l—&—l + ngg)+1)(¢2¢?+z — ¢F ?+2)}
1 a a a a
+§)\6 [(qz‘+1qi+2 - qg+1‘1§+2)(¢i+1¢i+3 + ¢$+1¢?+3)
_(qg+1qg+2 + qg+1qg)+2)( g+1 ;'1+3 - ¢?+1 2-’+3)} } ) (4.36)

where we have symmetrically reorganized the sum, such that all operators carrying
the index “i” are explicitly displayed®. We are interested in a minimum of V' with the
following vacuum structure

(Qi) = (g) (@) = (8) , i=1,2,...,N, (4.37)

i.e., all link variables (); have a real universal VEV u and all site variables ®; have a

5To avoid double-counting, the coefficients 1 and Ag have been given pre-factors % and %, respec-

tively.
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real universal VEV v. From Eq. (4.36) we obtain

ov
ggr = 2miOl+2h[(60) + (61)7] o
' N
22500 [Z@;)? +(g0)?| + 200 [Zw;)? + <¢>§>2]
=1 i
+:u[¢z lqz - ¢z 1qz] + ¥ [qZ+1¢z+1 + qZ+1¢z+1}
1
+§)‘6 [(95—2(1;1—1 — @)D — (@i + qg—qub—l)gb?—Z}
1
5% (@l — 60 00e + (668 + 6 a) 0] (4.38)
oV
By = 2m°¢} + 2\ [(¢f)2 + (45?)2} o

+2X300 + 20400

> (@) + (d)? D (697 + ( ?)2]
Jj=1 J#i

+N[ ?—161? + qb?_qu] +p [—Q?+1¢?+1 + qg+1¢2+1}

1 a a a a a
+-X6 [(Qiquifl - qf,2q§’,1)¢i-’,2 + (%{2%71 + qif2qzl')fl)¢i72}

2
1 a . a a a a
+§)‘6 [(Qz Tit1 — ngzb—&—l) ?+2 - (qzquurl +q; Qf+1)¢i+2} ) (4.39)

which gives for the VEVs in Eq. (4.37) the minimization condition
1
+ A+ (N = 1D)Ag] v + (N3 + §A6)u2 + pu = 0, (4.40)

and (9V/0¢?) = 0 is automatic for these VEVs. The partial derivatives for the link
fields are

oV
dqf

= 2M7q) 42X [(¢f)” + ()] 4 + 2Xsq) [Z ]

Jj=1

(7107 + B) 1Y) + 2As] [Z(ﬁf +(q)?
J#i

1 a a a a a
+§)‘6 [qi71(¢ifl¢i+l + ¢?71¢?+1) - qzbfl (¢§Ll¢i+1 - ¢i71¢?+1):|

1
+§>\6 [qgﬂ(ﬁb? e ¢ ¢z+2) qz+1 (¢b i — OF z+2)} ) (4.41)
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and

N
ap = M4+ 2 (@) + (@) ¢ + 2 [Z ]

J=1

(=G0 9% + ¢ 10)) + 2000 | D> (¢5) + ()’

J#i
1 a a a a a
+§)‘6 [—%{1(@71(?%1 + ¢?71¢?+1) — 4,1 (¢§Ll¢i+1 - ¢i71¢?+1)}
1
+§)‘6 [—Q?+1(¢g¢?+2 + ¢b z+2) QH—l (¢b i+2 ¢?¢?+2)} ) (4-42)

yielding for the VEVs in Eq. (4.37) the minimization condition

1
+ ~uv? =0, (4.43)

1
u M2+()\2+(N—1))\5)U2+(N)\3+§)\6)’U2 5

and (0V/dq?) = 0 is again satisfied for these VEVs. For large M > v and moderate
N we obtain from Eq. (4.43) a naturally small value for u since [81]

_ m?p
2 + (N — 1)h] M2

+O(M™), (4.44)

i.e., the VEVs of the link variables are suppressed via the non-canonical or type-
IT seesaw mechanism [22,82], which is employed in left-right-symmetric models to
generate small neutrino masses. By substituting Eq. (4.44) into Eq. (4.40), one finds
for the VEVs of the scalar site variables

2
2 —m _9
V= TN TN, +O(M™2). (4.45)

For the choice M ~ 10%...10° GeV, we therefore obtain v ~ 10? GeV and a seesaw
suppressed value u ~ 107!...1073 eV of the inverse lattice spacing. The relevant
mass and mixing terms of the untwisted fermion modes read

mass Mf Z ( . 1\:[j(n—&—l)R - anR) - ﬁnR (lIlnL - %qj(n 1)L )] ’

(4.46)
where My = u ~ 107?eV. In the infrared, the Lagrangian in Eq. (4.46) gives identical
KK towers for the left- and right-handed components and KK masses in the sub-eV
range. If the bulk fermion is identified with a right-handed (SM singlet) neutrino, the
KK masses are in the right range to allow for higher-dimensional neutrino oscillations

[84].




Chapter 5

Summary and Conclusions

In this thesis, we have studied possibilities to obtain naturally the MSW LMA solution
of the solar neutrino problem in models. Due to the connection of neutrino masses
with GUT scale physics, it is particularly challenging to explore possible concepts
which could predict the MSW LMA solution from first principles. In this respect,
we have presented several models which highlight different phenomenological and
model-building aspects.

Our first model, is based on an enlarged scalar sector and a collection of horizontal
symmetries of the discrete and continuous type. Here, the leptons of the 2nd and 3rd
generations are put into irreps of a discrete non-Abelian horizontal symmetry, which
is defined in terms of the generators of the dihedral group %,. As a result, a vacuum
alignment mechanism produces for the charged leptons and the neutrinos the mass
matrix textures

e e & e 1 1
e e € and 1 & €,
e e 1 1 € €

respectively, where the small number € ~ 10~! parameterizes the horizontal symmetry
breaking. In the neutrino mass matrix, the entries “1” are (to leading order) exactly
degenerate due to the non-Abelian symmetry and the vacuum alignment mechanism,
thereby implying that the atmospheric mixing angle 63 is close to maximal. The
model predicts the hierarchical charged lepton mass spectrum, an inverse hierarchical
neutrino mass spectrum, a large (but not necessarily close to maximal) solar mixing
angle 015, and a small reactor mixing angle #,3. Setting the Dirac C’P-violation phase
8 to zero, we have the relation 05, = 7/4 — 613 + O(€?), between the solar and the
reactor mixing angle. In this case, the typical values for the mixing angles are

012 ~ 4107 013 ~ 4O, and 023 ~ 4407

where all dimensionless Yukawa couplings have been set equal to unity. A mild tuning
of the order unity coefficients can give the values

912 ~ 370, (913 ~ 80, and 023 >~ 44O,
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but the solar mixing angle is bounded from below by 37° < 15 and cannot get close to
the best-fit value 615 ~ 32°. Hence, although the model generically gives a significant
deviation from maximal solar mixing, this scheme still prefers a solar mixing angle,
which seems to be somewhat too large.

The MSW LMA solution is obtained more comfortably in our second model for
normal hierarchical neutrino masses. Here, we make use of a similar discrete non-
Abelian flavor symmetry and vacuum alignment mechanism like in the inverse hi-
erarchical model. Therefore, we also obtain an exactly maximal v,-v,-mixing and
the strict hierarchy m, < m, between the muon and the tau mass. In this model,
however, the charges are elegantly organized in terms of deconstructed SU(m) gauge
symmetries. The non-Abelian discrete symmetry is identified as a split extension of
the Klein group Z5 x Zs where the lift of every fermion and scalar representation is
equivalent with ;. The charged lepton masses arise from Wilson-line type operators
which correspond to SU(m) gauge theories compactified on the circle S'. Hence, the
model gives the realistic charged lepton mass ratios m./m, ~ A% and m,/m, ~ \?,
where A ~ 0.22 is the Wolfenstein parameter. As for the charged lepton mass matrix
is diagonal here, the leptonic mixing angles stem exclusively from the neutrino sector.
Enforced by the horizontal symmetries, the vacuum structure leads to a mass matrix
squared of the left-handed neutrinos, which reads exactly

poe pe?  —pe?
m2| p2 1+ 1—-|, e~1/VN-1,
—pe2 1 —€% 1+¢

where p is an order unity parameter and N is the number of lattice sites of a dynami-
cally generated S'/Z, orbifold which is experienced by a right-handed Dirac neutrino.
Actually, all CP violation phases can be rotated into the right-handed sectors and
hence we obtain the leptonic mixing angles

612 = arctan [(2\/5)_1 <p2 -2+ \/mﬂ , 013=0, 6Oy=m/4

In other words, the symmetries give exact predictions for the atmospheric and the
reactor mixing angles while providing an order-of-magnitude-understanding of the
solar mixing angle 15, which is typically large but not necessarily close to maximal.
To be specific, setting the real order unity parameter p to its most natural value
p = 1, the model yields the solar mixing angle 6,5 = arctan 1/4/2 ~ 35°. Note that
this result is independent of N. Since the neutrinos exhibit a normal mass hierarchy
through their mixing with the right-handed neutrino propagating in the latticized
S'/Z, orbifold, the ratio Am?2 /Am2, ~ 3/2(N — 1) is suppressed by the discrete
analog of the continuum theory volume factor. If the orbifold is characterized by a
number of 57 & 17 lattice sites, the model yields without tuning of parameters the
MSW LMA solution (LMA-I) of the solar neutrino problem within the 90% C.L.

region.
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A less predictive but more minimalistic approach to the MSW LMA solution is
offered by a class of models which provide a dynamical origin of the seesaw mechanism
in terms of deconstruction. In particular, we have demonstrated for a basic two-site
model, that deconstruction can reproduce in an anomaly-free setup the dimension-
five seesaw operator and maximal mixing angles when the inverse lattice spacing
is identified with the seesaw scale. In realistic three- and four-site models we have
given an explicit mechanism of how to break the individual lepton numbers down
to the diagonal subgroup L = L. — L, — L, in the right-handed Majorana sector.
The inclusion of non-renormalizable Wilson-line type operators corresponds to a soft
breaking of the L symmetry in the right-handed sector and generates the Dirac and
Majorana neutrino mass matrix textures

1 A2\ Al 1
MDI<H> )\2 1 )\2 and MR:Mx 1 X A y
A2 1 I A A

where A ~ 0.22 and M, ~ 10 GeV is the GUT scale. By this, the bimaximal mixing
characterizing the L symmetry is transformed into the bilarge mixing as required
by the MSW LMA solution, along with the appropriate solar and atmospheric mass
squared differences.

When deconstruction is used as a calculational tool for higher-dimensional gauge
theories, one usually assumes the number of replicated gauge groups to be large. A
small number of gauge groups, however, may be more preferable when deconstruction
is considered as a model building tool in four dimensions. Both views on deconstruc-
tion can be combined in a novel technique which we have applied to the relevant case
of deconstructed large extra dimensions. Here, a replicated type-II seesaw mecha-
nism has been used to generate lattice spacings in the sub-eV range. This allows to
study the phenomenology of deconstructed sub-mm extra dimensions with a small
number of < 10 lattice sites. In this context, one may think, e.g., of applications to
higher-dimensional neutrino oscillations or Casimir energies in extra dimensions.

In total, we have seen that realistic and predictive models of lepton masses seem
to require new and unconventional approaches to give naturally the MSW LMA
solution from underlying symmetry principles. Exact predictions for mixing parame-
ters are particularly challenging in the neutrino sector, where two mixing angles are
large. Moreover, since neutrinos can be viewed as a window on GUT scale physics,
the techniques which help to understand the MSW LMA solution may be of deeper
significance for more fundamental theories. In this respect, the application of de-
construction to realistic neutrino mass models is especially interesting, since it could
combine rigorous 4D GUT physics with the benefits of extra dimensions, which are
expected to set the arena for a unification of all forces including gravity.



Appendix A
The Wilson-Dirac Action

In this appendix, we will first consider the usual 4D lattice formulation of a Dirac
fermion before applying the construction to the transverse lattice description of a 5D
fermion in the bulk.

A.1 Four-dimensional lattice

In continuous Minkowski space-time the action for a massive four-component Dirac
spinor ¥(x) is given by

S = /dx4 U(z) (iy"0, + m) ¥(z). (A.1)

For our purposes it will prove convenient to work in the chiral (or Weyl) representation
where the gamma matrices take the form

0 1 0 & -1 0
0 _ = i 01,23
v —(1 0), ’y—(_& 0), % =1y —(0 ]1), (A-2)

where ¢ (i = 1,2, 3) are the Pauli matrices. Then, the left- and right-handed chiral
components of ¥ are given by ¥y = %(1 — ;) and Vg = %(1 + v5), respectively. The
fermion field ¥(z) is put on a 4D hypercubic lattice! by assigning a four-component
Dirac spinor to each lattice point

x,=nu0, n,=01... N—-1 (p=0,1,273), (A.3)

where a, is the lattice spacing in direction u. In other words, we associate with
each lattice site z = (x,) an independent four-component spinor variable ¥(x). For
simplicity, we consider here the case of universal spatial lattice spacing a = ay (k =
1,2,3) and allow only the lattice spacing in time direction to be different from a.
Defining n = (n,) = (no,n1,n2,n3), it is then seen from Eq. (A.3) that 2° = ngag

1For a pedagogical introduction to quantum fields on a lattice see, e.g., Ref. [86].
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and & = fia, in which case one has the identification ¥,, = ¥(z). Now, we replace the
derivatives of the continuum theory by the nearest neighbor forward and backward
difference operators [87]

0, W(z) — a_lu Uz + ajt) — U(z)], (A 4a)
o u(z) = a—lu 0 (2) — U(z — ajt)], (A.4D)

where [i denotes the unit vector in direction p. With this definition, we obtain from
Eq. (A.1) a naively discretized version of the Dirac action

S = apa’ Z %E(m)iy“ (85 4 0,) ¥(z) + apa’m Z@(m)\ll(a:)
=ty i@(@w U (2 + apft) — U(a — ayi)

+aga®m Y W(z)¥(x), (A.5)

which we can also write more explicitly as

3
N Wiyt (U, — P, ) +agmT, T, (A.6)

We are now in a position to perform a Wick rotation
. ™ .
ag = |ap| exp (—ip), ¢:0— 5 G0 — —iay, (A.7)

where we have introduced a4 = |ag|. This yields the Euclidean version of the action
via iS — S7 and we obtain (suppressing 7)

4

1. _
S=day [ qunm (Vs — V) +mU, 0, | (A.8)

n pn=1

where we have defined ny = ny, 4 = 0, and v4 = i7°. Unfortunately, the lattice version
of the Dirac action in Eq. (A.8) describes 2* = 16 independent copies of the continuum
fermion. This lattice artefact is called fermion doubling problem. The presence of the
unwanted fermion doublers can be understood in terms of the triangle anomaly: for
m = 0 the UV divergence of the known 75 anomaly is regulated on the lattice, which
is achieved by the generation of pairs of fermions with opposite chirality [88]. There
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exist several methods for ameliorating the doubling problem in QQCD-like theories.
We will consider here the widely used technique of Wilson [70], where the action is
augmented by a momentum-dependent “mass term” which vanishes in the continuum
limit @ — 0. This gives the fermion doublers a mass of the order of the UV cutoff and
decouples them from continuum physics [86]. To this end, we substitute in Eq. (A.8)
the fermion mass term via

m> 0,0, — mZEan”—%ZEa;aﬂn
- X -TY T (W= ) — (VW )

= (e )zw 2 o T (gt Bg) - (A9)

where r is an arbitrary parameter. Putting Eqs. (A.8) and (A.9) together, we obtain
the Wilson-Dirac action

r ar
S=—d'a,y Z 17”\I/n+u+\ll Tgw*‘\pn_ﬂ— <m+ )\If v,

(A.10)
In Eq. (A.10), Wilson’s choice r = 1 [89] is of particular relevance, for, the operators
% (1 £iy,) become orthogonal rank two projectors

<% 1+ m))Q = % (1+iy,), Tr G (1+ i%)) =2, (A11)

implying that part of the spinor field no longer propagates and one doubler per di-
mension is removed [90]. This treatment is also called Wilson’s projection operator
technique. Let us now introduce gauge interactions on the lattice by assuming invari-
ance under gauge transformations A(x). The gauge covariant differentiation on the
lattice requires the presence of a link variable ®(x, 1) with values in the gauge group
which transforms according to

Oz, 1) — A2)®(z, WAz + afy) ™, (A.12)

where we have, for clarity, assumed a uniform lattice spacing a, — a. Then, the
gauge covariant difference operators are given by

V¥ (z) = % [D(x, 1)V (z + afy) — ¥(z)], (A.13a)
Vi) = % [W(2) — B(x — aji, 1)~ U(z — ap)] . (A.13b)

The description in terms of the gauge potentials AZ(:I:) of the continuum theory is
exhibited by the parameterization

®(z, p) = exp (—iadf(2)T?) = 1 —iaAl(z)T" + .. ., (A.14)
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which also shows that the operators in Egs. (A.13) indeed reduce to the covariant
derivative D,, of the continuum theory in the limit @ — 0. The gauge invariant lattice
fermion action Sk is found by replacing in Eq. (A.10) the derivatives by the covariant
derivatives

4 J—
Se =5 Y U(@) [i7 (V3 + V) +2m = aV,9,] U(a), (A-15)
"

where we have chosen r = 1. Although Wilson’s projection operator technique proves
to be convenient for calculation, it has the drawback that in the limit m — 0 the
chiral symmetry of the theory is explicitly broken by the addition of the large mass
term o r/a to the action. However, a solution to this problem may be provided by
methods involving renormalization-group “block-spin” transformations for fermions

91].

A.2 Transverse lattice description of a 5D fermion

Consider a 5D Dirac field ¥(z*, z%), where 2° denotes the fifth dimension®. In the
Weyl basis, one can decompose ¥(z#, z°) as®

U2t 27) = (q\;;((”;‘;’jf,))’) . (A.16)

If U transforms according to the fundamental representation of a bulk SU(m) gauge
symmetry, the Lagrangian is given by*

_ 1
L =V (iy"D, —v5D5) ¥ — 1 (FMY Fyy) (A.17)

where the covariant derivative is Dy = Oy + ig5flﬁ4T“ and the gamma matrices
have been defined in Eq. (A.2). In Ref. [35], the fermion Lagrangian for the aliphatic
model of deconstructed extra dimensions has been motivated by the transverse lattice
technique [68,69] applied to the 5th dimension. We shall now explicitly re-derive this
result by applying the treatment of the 4D lattice theory in App. A.1 to a latticized
5th dimension with lattice spacing a = as. For this purpose, let us discretize the bulk
coordinate z° in terms of

U, = U(z?), = ®(2°,5), (A.18)

P
P =na, n=012,..., — —
Va v
where the link variable ®,, becomes a non-linear o-model field in the deconstructed
theory and the factor 1/v has been introduced for correct normalization. Note in

2We will denote here bulk coordinates by capital letters M, N = 0,1,2,3,5.
3For a discussion of Dirac neutrinos in the bulk see, e.g., Refs. [83-85].
4We follow here the notation of Ref. [35].
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Eq. (A.18) that the dimensionalities match, since ¥(z%) is a 5D spinor with [m]? and
U, is a 4D spinor with [m]?/2. In analogy with App. A.1, we identify for a vanishing
bare mass m = 0 the 5D Dirac-Wilson operator of the transverse lattice with

1

where V5 and V denote the covariant forward and backward derivatives, respectively.
After integrating out the 5th dimension, we obtain from Eq. (A.19) the effective 4D
Lagrangian .%;,.ss which generates the masses for the KK modes

]‘ r * *
Zmass = % ; v, [—75(V5 + V5) — GV5V5] v,.. (A20)

We assume here that the link-Higgs fields @, transform according to the bi-
fundamental representation ®, C (m,_1,m,) of some product gauge symmetry
Y ,SU(m), and take universal VEVs (®,) = v at the deconstruction scale. The
fermions V¥,, transform according to the fundamental representation m,, of the corre-
sponding gauge group SU(m),. Then, V5 and V} can be written as

(I)T

1
ol \Iln—‘rl - \Ijn
v

Vs, = -
a

1 o
. ViU, {xpn - —"wn_l] . (A.21)
v

T a
In Eq. (A.20), we therefore find for the first terms

U, 75(VE+ V)W, = Ulygys(Vi+ Vs)T,

Pt
VEV5\I/n = \I/n+1 - \Iln — (_n\:[]n - \Iln—l

1 [ (o o, ]
= 5 ( UH\I’"“_\P”)_(\I’"__\D"”) : (A.23)
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where we have used that in the non-linear o-model approximation ®,,/v can be rep-
resented as a unitary matrix. From Eq. (A.23) it follows that

_ 1 [ (o _ D,
\IjnVEVS\I]n = 5 \Ijn ( nel \Iln+1 - \Ijn) - \Ijn <\Ijn - _\Ijn—l)
v v

1 |- (@
= — ‘I’nL< v+1‘11(n+1)R—2‘I’nR+ (n— 1)R>

_ P!
—Wur <— :}H Vo +2¥nr — —‘I’ (n— 1)L)] (A.24)

Inserting Eqs. (A.22) and (A.24) into Eq. (A.20) one obtains

n+ = d,
mass = Z [ ( = \I](n—‘rl)R - \IlnR) —Vur (anL - 7qj(n—1)L)]

(A.25)
Upon substituting —1/a — My, we identify Eq. (A.25) with the mass and mixing
terms of the aliphatic model for a fermion in a deconstructed 5D gauge theory [35].
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The Dihedral Group %,

The dihedral groups %,,, where n = 2,3, ..., are the point-symmetry groups with an
n-fold axis (this is also called the principal axis) and a system of 2-fold axes at right
angle to it. The group ¥, is therefore the symmetry group of a regular n-gon. These
groups contain 2n elements and for n > 2 they are non-Abelian (%, is isomorphic
with the Klein group Zy x Z;). In Fig. B.1 the horizontal plane is shown for the
case n = 4, where a,a’,b, and b’ denote the four two-fold axes and the 4-fold axis
is perpendicular to the paper. We denote by C), the operation of rotation through
27 /n about the principal axis. The k-fold application of this transformation will be
written as C* and the identity transformation C" as E. The rotations through m
about the axes a,d’,b, and b' will be referred to as C,, Cy, Cy, and Cy, respectively.
Then, the dihedral group %, has eight elements in following five classes:

E; C4,C} CF CoCy Cu,Cy. (B.1)
Adopting the notation of Ref. [92] we will refer to the five classes which are associated

with the sequence in Eq. (B.1) as E,Cy(2),C%, Cs(2), and Cy(2). Calling the 4
irreducible singlet representations 14, 15, 1¢, and 1p respectively, the decomposition

b a

Figure B.1: Horizontal plane with the system of two-fold axes for %;.
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|2, | E|CT| Cu(2) | Co(2) | Cx(2)

1a | 1] 1 1 1 1
g1 1 1 1 1
1c|1| 1] 1 1 1
Ip| 1| 1] -1 1 1
2 |21 -2 0 0 0

Table B.1: Character table for the group %;.

| Z1]1a 18 [lc|1p | 2]

1a | 14 |15 | 1c | 1p | 2
1 1a | 1p | 1c | 2
1o 14 | 15 | 2
1p 14 | 2

Table B.2: Multiplication table for the group %;.

of the product of the two-dimensional irrep 2 reads

2Xx2=154 +1g+1c + 1p. (B.2)

The character table for the group %, is given in table B.1. Denoting 2 as (a,b) we
have for the singlet representations

1o = aias + biby, (B.3a)
1 = aiby — asby, (B.3b)
1c = aiay — biby, (B.3c)
1p = aiby + agb;. (B.3d)

From the character table of %, one determines the decomposition of the product of
any two representations as shown in table B.2. In the vector representation of %,
the 2 x 2 representation matrices corresponding to the different classes can be written
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(24, Tl) (C‘b dl) (Ci’? d2) (Cza d3) (Caa d4) (Cba d5) (Ca’a dﬁ) (Cb/a d7)
<C47 dl) (Cza d3) (Ea 6) (Cga d2) (Ca/a dﬁ) (Cb/a d7) (Cln d5) (Caa d4)
(Cza d2) (Ea 6) (Cza d3) (047 dl) (Cb’a d7) (Ca’7 d6) (Caa d4) (Cln d5)
(027 d3) (Cga d2) (04’ dl) (E’ 6) (Cb7 d5) (Oa’ d4) (Cb’v d7) (Ca’7 dﬁ)
(Oa’ d4) (Ob’7 d7) (Ca” dﬁ) (Cb’ d5) (E7 6) (Cz’ d3) (OAZL))’ d2) (047 dl)
(Ob7 d5) (Oa’7 dﬁ) (Cb” d7) (Ca’ d4) (Oza d3) (E’ 6) (04’ dl) (CZI’, d2)
(Ca/a dﬁ) (Caa d4) (Cln d5) (Cb/a d7) (C‘b dl) (Cga d2) (Ea 6) (Cza d3)
(Cb/a d7) (Cba d5) (Cm d4) (Ca’7 d6) (Ci’? d2) (047 dl) (Cza d3) (Ea 6)

Table B.3: Group table of the dihedral group Z,. The brackets indicate the homo-

(see Sec. 3.3.3).

as

C2(2)

morphism %, ~ T between %, and the right transversal T} = {e, dy, ..., d;} for K4
p(e) = (4 1)
pey=(0 o) pen=(1 ).
e = (7 Y).
pe)=(p %) pen=(3" 1Y),
D(Cy) = (_01 ‘01) D(Cy) = (? 3) . (B

Cy(2)

Before concluding this section, let us construct the dihedral groups from semi-direct

products. For this purpose, let N ~ Z, for any n € N, let H ~ Z,, and let the map
¢ : H — Aut(N) send h € H to the automorphism in Aut(/N) sending each element
of N to its inverse. Then, the external semi-direct product N x, H of N by H with
respect to ¢ is the dihedral group %,,. One can also define the infinite dihedral group
D> = N x, H, where N ~ Z and the group H and the map ¢ are as above.



Appendix C

Minimization of the Tree-Level
Potential

We will rewrite the potential V4(®,€2) in Egs. (2.15) and (3.36) in terms of the
parameterization in Egs. (2.13) and (3.35) as follows

Vi = dicksl + davschsh + dsvivi(cl — s2)(ch — s5), (C.1)
where s, = sin(«) and ¢, = cos(a) (correspondingly for 3). Hence, it is
av,
a—; = 2d1vf(cisa — casi) — 4d3va§casa(c% — s%),
av,
8—; = 2dyv5(chss — cpsy) — Adsvivicgsa(cl — s2).

As a result, at (o, ) = (4, %) it is (04, 98)Va = (0,0), i.e., (o, 3) = (§,%) is an
extremum of the potential V4. For the second derivatives it follows

0%V,
804; = 2dlvf(si + cé - GCisi) - 4d3va§(ci - si)(c% - s%),
0*Vy
o 2dyv5 (s + ¢ — 6chs3) — ddgvivy(ch — s5)(c2 — s2),
0*V,
ER 5Aﬁ = 16d3va§casacﬁsg.
At (a,8) = (%, %) we therefore obtain for the matrix of second derivatives of the
potential
9%V 4 _ [ —2divy Adzvivd (C.2)
Oa 03 4dsv?vi  —2dqvy )’ '

where, due to the choice d;,ds < 0, the diagonal elements are positive. Hence, if the
parameters obey the conditions

dl, do <0 and dids > 4d§, <C3)
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the matrix in Eq. (C.2) is positive definite, i.e., the scalar excitations which oscillate
in the (a, #)-subspace about («, 3) = (7, 4) have positive masses and («, 3) = (%, §)
is a minimum of the scalar potential V4. Let us now rewrite the part of the multi-
scalar potential Vg(®,2) in Egs. (2.15) and (3.36) using the parameterization in
Egs. (2.13) and (3.35) as follows

Vi = 2dsvicsicos(2¢) + 2dsvychsh cos(24)
+4dgvivscasacsss cos(p) cos(1)
—4d7v}v5ca 84385 sin(p) sin (1), (C4)

where we have used the notation of Eq. (C.1). Hence, one concludes

66& = 4dgv}(c3sa — casd) cos(2¢) + ddgvivy(c — s2)cpsp cos(p) cos(1)
o
—4d7vivs (e — 52)cgss sin(p) sin(v),
o)%
G—ﬂB = 4d5v§(c%sﬁ cpsy) cos(20)) + 4dgviv3 (ch — $5)Casa cos(p) cos(1))
—4d7v7v3(ch — $3)caSq sin(p) sin(v),
and

v,
8—3 = —4dvicisisin(2¢) — 4dgvivicasacass sin(p) cos(1)
¥

—4d7viv3ca8acs8s cos(p) sin(1),
)%
8—7; = —4ds5v3chs5sin(20) — 4dguivicasacass cos(y) sin(i)

—4d7vivicasacasp sin(p) cos(i).
As a result, at the points (o, 3) = (F, 7), where p,9 € {0, 7}, it is
(Oa, 03,0y, 0y) Ve = (0,0,0,0),

e., these points are extrema of Vp. Furthermore, one finds at (a,3) = (
vanishing mixed second derivatives

ANE
N—

?

ANE

Vg  0*Vg 0PV Vg
dpda. 0o Opdf OO

=0,

implying that the matrix of the second derivatives of Vz with respect to the param-
eters «, 3, ¢, 1 breaks up into a block-diagonal form with submatrices which respec-
tively correspond to the subspaces (o, ) and (¢, ). The second derivatives of Vg
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with respect to a and 3 are

0*V,
5 QB = ddyvi(sh + ch —6c2s2) cos(2p) — 16dgvivicasacsss cos(p) cos(v)
o
+16d7v}v3casaCa55 sin(y) sin (1),
0V,
8523 = 4d5v§(sé + 046 - 60%3%) cos(2¢)) — 16dgviv3casacsss cos(p) cos(1))
+16d7viv3casaCa55 sin(y) sin (1),
0V,
804(92 = 4dgvivy(c? — si)(c% — s%) cos(p) cos(1))

—4d7vivy(ch — s2)(c — s3) sin(y) sin(1).

Therefore, at the points (o, 3) = (§, ), where ¢, 4 € {0, 7}, the matrix of the second
order derivatives is

0*Vg —dyvt — odgviv? 0
(804 8ﬁ> =4 < 0 —dsvy — Ud@)f?}%) ’ (C.5)

where o = cos(g) cos(¢)) = +1 can take either sign for ¢, € {0,7}. However, from
Eq. (C.4) it is seen that the product dgo must be negative in the lowest energy state,
i.e., the sign of dg determines whether ¢ = ¢+ k- 27 or ¢ = ¥+ k- 7 for some integer
k. The matrix of second order derivatives can therefore be rewritten as

9*Vp —dgi} + |dg|viva 0
—4 17 %601 C.6
<8a 86) ( 0 —dsv; + Idslv%vi) ’ (C6)

where dy,ds < 0, i.e., the matrix is positive definite. The second derivatives of Vg
with respect to ¢ and v are

0*V,
5g023 = —8dvicis? cos(2yp)
—4dv3v5Ca8acsss cos(p) cos(1) + 4drvivscasacsss sin(p) sin(v),
O*V,
5@/)5 = —8d5v§c%s% cos(2¢))
—4dgviv3casacass cos(p) cos(1) + 4drvivicasacass sin(p) sin(1),
o0V,
B 4dguivscasacsss sin(p) sin(y) — 4d7vivscasacs85 cos(p) cos(v).
My
At the points (o, ) = (§, §), where o, 9 € {0, 7}, the matrix of the second derivatives

of Vg with respect to ¢ and v reads

PV \ [ —2dyvi + |dg|viv? +dyvivs ©.7)
Oy ) +d,v?v3 —2d5v2 + |o|dgv?v3 ) '
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where dy, ds < 0, i.e., the diagonal elements are positive. In Eq. (C.7), we have already
used that the potential is minimized when dgo is negative. Taking everything into
account, if the coeflicients in the multi-scalar potential satisfy besides Eq. (C.3) also
the conditions

di,ds <0 and (—2dsv} + |ds|v?v3)(—2dsvy + |dg|vive) > d2vivy, (C.8)

then the matrix in Eq. (C.7) is positive definite, i.e., all modes oscillating in the
(o, B, @, 1p)-subspace about the points (a,3) = (F,7), where ¢, € {0,7}, have
positive masses and hence these points are indeed local minima of both the potentials
V4 and Vp. In the special case ® = (2, one can, without loss of generality, choose in
Va(®, ®) and Vp(®P, ®) the parameters do = d3 = 0 and d5 = dg = dy = 0, i.e., only

dy and d4 are in general nonzero. If, for this choice of potentials, the conditions
d1 <0 and d4 < O, (Cg)

are satisfied, the points (o, ¢) € {(%,0), (5, 7)} minimize VA(®, ®).

Let us now extend the above discussion to a number of N scalar ¢-doublets, each
of which is parameterized in a self-explanatory notation by the angles (o, ;), where
i=1,...,N. Wedenote by VA (1, ) the most general scalar interaction which involves
only the scalars parameterized by (a;,¢;) and (o, ;) and breaks the associated
SU(2)acc symmetries. Clearly, Va(i,j) has a structure similar to Va(®,2) and we
can also decompose in analogy with Va(®,Q) = Va(®, Q) + Vp(P,2) the operator
Va(i,7) as Va(i,j) = Va(i,j) + VB(i, 7). Moreover, we assume that the symmetry
content of our model (e.g., the gauge symmetries corresponding to the Wilson loops)
allow us to write the total renormalizable SU(2),.. symmetry breaking part of the
scalar potential Va as a sum of the operators Va(i, j), i.e., we have!

1 & 1 1 ¢
Va=5 D Valis), Va=3 D Valis), Ve=35 2 Valij),

3,j=1 3,j=1 4,j=1

where we can set V4(i,j) = Va(j,7) and Vg(i,j) = Vi(4,7). We define the real and
symmetric N x N matrices of second derivatives

PV, Vi
My(N) = d Mg(N)=
a(N) an 5(N) D0,

- 60@86%‘

(i,j=1,...,N), (C.10)

each of which is a function of the 2NV parameters («;, ;). Now, consider an extremum
(s, 05) (i = 1,...,N) of Va. We suppose that at the extremum the (N — 1) x
(N — 1)-dimensional submatrices M4 (N — 1) and Mp(N — 1) of M4(N) and Mp(N)
are positive definite. Moreover, let us assume that the 2 x 2 matrices

62VA (ZvN) 9? Va (ZvN) 82‘/]5’ (ZvN) 82‘/]5’ (ZvN)
Oa;0a; da; 0N Op;0p; 0p; 0pN
OPVAGLN)  B2Va(i,N) and | 270N e2VhiN | (C.11)

OapnOay; Odapnda N O NOp; doNOpN

IThe factor % has been introduced to avoid double-counting.
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where ¢ = 1,..., N — 1, are all positive definite. Then, M4(N), for example, can be
written as (correspondingly for Mg (N))

0 mi 0 0 ccr NunN
Ma(N —1 . 0 ma2 0 o0 Man

M4(N) = AV =1) 0 + 0 0 ma - man | (C12)
0 0 ‘ 0 my1 My2 My3 -+ MNN

Consider now an arbitrary N-component column-vector & = (z;). For the product
FT M4(N)Z, the first matrix in Eq. (C.12) yields a positive number, since Ma(N — 1)
is by assumption positive definite. Hence, it follows

N-1
. ~ 0*V4(i, N)
where we have used that m;y = my;. Note in Eq. (C.13), that
N-1 )
0?Vu(i, N)
— - A C.14
NN Z 6(11\[6(11\[ ( )

Then, by positive definiteness of the 2 x 2 matrices in Eq. (C.11), we see that each
bracket in Eq. (C.13) is positive-valued. Therefore, Z7 M4(N)Z is positive for any
Z, implying that M4(N) is actually positive definite. In total, this shows that for
M4(N) and Mp(N) to be positive definite at (a5*, ¢*) (i = 1,..., N), it is sufficient
to assume that all 2 x 2 matrices

?Va(ij)  92Va(in) ?Vp(ij)  02VB(5,4)
da; 0a; Oda; 0ar 0p;0p; OpiOp;
OVali)  0°Valin) and | g2vp00) 92V | 0 (C.15)

OajOa; OajOaj 0p;0p; Op;0p;

fori,j =1,..., N, are positive definite. In other words, to find the minimum of the
total SU(2)acc symmetry breaking part Va, it is sufficient to minimize each of the
potentials Va (i, 7) individually.
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