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Chapter 1

Introduction

The standard model is a renormalizable quantum gauge field theory which describes the
electromagnetic, weak, and strong interactions of the known fundamental matter-building
blocks of quarks and leptons. And it does it with extreme success. The electroweak sector of
the standard model has been tested up to the quantum level in the Large Electron Positron
Collider, the Stanford Linear Accelerator, and the Fermi National Accelerator Laboratory.
Thus the gauge sector of the standard model is well tested and the spontaneous symmetry
breaking via the Higgs mechanism is strongly favored.

In spite of its tremendous success the common belief is that the standard model is
not the final answer. This is due to the persisting of many fundamental problems in
high energy and astroparticle physics. So we do not understand why the light quarks
and, which is maybe even more severe, why the neutrinos are so light compared to the
weak scale, namely the scale associated with the breaking of the standard model gauge
group. In addition we do not understand why the breaking scale of the standard model is
many orders of magnitude smaller than the Planck scale, the scale where the gravitational
coupling becomes strong. Furthermore our current description of physics will break down
at the Planck scale when we can not anymore neglect the contribution of gravity, since up
to now no renormalizable quantum field theory of gravity has been found.

Hence it is generally believed that there is new physics, even if we have not seen it
yet. The standard model is then thought to be just an effective theory and deviations are
expected to occur as suppressed higher dimensional operators. To find deviations of the
standard model or to test new physics it is then a good strategy to study processes which
are forbidden on the classical level of the standard model. Such processes would only be
induced radiatively and new physics effects could give contributions of similar size. Flavour
violating neutral interactions will induce processes of the above mentioned type.

While the gauge sector of the standard model has been tested precisely, the flavour sec-
tor has not reached this precision yet. The first generation of flavour precision experiments
leave still relatively large uncertainties in the mixing parameters of the flavour sector. On
the other hand, the standard model seems to consistently describe the flavor sector up to
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the measured precision, and we might have to wait for the second generation of hadronic
machines to find deviations from the standard model.

To keep up with this increasing experimental precision, and thus to falsify the standard
model or its extension, high precision is needed on the theoretical side, too. This thesis will
be concerned with higher order corrections to weak B meson decays, where the B quantum
number, associated with the b-quark, is changed by a unit of one.

The study of weak B decays lies at the heart of the flavor physics program. First,
the B meson is, apart from the T, the heaviest bound state, and thus allows for rich
phenomenology in its decays. Second, there is the possibility of large charge-parity (CP)
violating asymmetries, since, contrary to K and D decays, the CP violating phase is not
accompanied by a strong CKM suppressing parameter. Third, the heaviness of the b
quark mass m; compared to the typical hadron binding energy Agcp allows for theoretical
methods which take the hadronic uncertainties systematically into account.

The last feature facilitates the study of inclusive B decays like B — X,vy. Here the
decay rate is the sum of the decays of a B meson into a photon and an hadronic state of
strangeness —1. The heaviness of m; implies that the total decay rate is well approximated
by the partonic decay rate, while non-perturbative corrections can be added systematically.

The inclusive radiative B decay B — X v places very important constraints on models
of physics beyond the Standard Model (SM). The present experimental world average for
the branching fraction is [1-5]

BR(B — XY)exp = (3.3440.38) x 107*, (1.1)
while the most recent SM prediction is [6,7]
BR(B — X,7)m = (3.70 £0.30) x 107*. (1.2)

The experimental error is rapidly approaching the level of accuracy of the theoretical
prediction. The main limiting factor on the theoretical side resides in the perturbative
QCD calculation and is related to the ambiguity in the definition of the charm quark mass
in some two-loop diagrams containing the charm quark [6]. To improve significantly the
present Next-to-Leading-Order (NLO) QCD calculation, one would need to include one
more order in the strong coupling expansion, and compute at least the dominant NNLO
effects: a very challenging enterprise, which seems to have already captured the imagination
of some theorists [8].

The present calculation of the branching ratio of B — X, consists of several parts that
are worth recalling. Perturbative QCD effects play an important role, due to the presence
of large logarithms L = In(m,/M,, ), that can be resummed using the formalism of the
operator product expansion and renormalization group techniques. The main components
of the NLO calculation, which aims at resumming all the next-to-leading O(a”L"!) loga-
rithms, have been established more than six years ago. They are i) the O(«;) corrections to
the relevant Wilson coefficients [9-13], i) the O(a;) matrix elements of the corresponding
dimension-five and six operators [14-21], and #74) the O(a?) Anomalous Dimension Matrix



(ADM) describing the mixing of physical dimension-five and six operators [22-26]. After
the O(a,) matrix elements of some suppressed operators have been computed last year [7],
the NLO calculation is now formally complete. Higher order electroweak [27-31] and non-
perturbative effects [32-37] amount to a few percent in the total rate and seem to be well
under control.

Nearly all the ingredients of the NLO QCD calculation involve a considerable degree
of technical sophistication and have been performed independently by at least two groups,
sometimes using different methods. However, the most complex part of the whole enter-
prise, the calculation of the two-loop dimension-five [25] and of the three-loop dimension-
six [26] O(a?) ADM, has never been checked by a different group. One of the main results
of this thesis is to present an independent calculation of the O(a?) ADM governing the
b — sy and b — sg transitions. In addition we will make a first step to the calculation of
the complete O(a?) ADM relevant for a complete Next-to-Next-to-Leading-Order (NNLO)
QCD calculation by computing the three-loop self-mixing of the dimension-six operators.

The rare semileptonic decay B — X £T¢~ represents, for new physics searches, a route
complementary to the radiative ones. The rare semileptonic transitions b — s¢*¢~ have
been observed for the first time by Belle and BaBar in 2001-2002 in the exclusive mode
B — K/(T¢ [38,39], and we now also have a measurement of the inclusive branching
fraction [40,41]. A precise measurement of the inclusive channel B — X ("¢~ is particularly
relevant because it is amenable to a clean theoretical description, especially in the region
of low leptonic invariant mass, m7, = m7 §, below the charm resonances, 0.05 < § < 0.25.

Because of the presence of large logarithms already at zeroth order in «,, a precise
calculation of the B — X 1/~ rate involves the resummation of formally next-to-next-to-
leading O(a”L™?) logarithms. The NNLO QCD calculation of B — X £/~ has required
the computation of i) the O(as) corrections to the corresponding Wilson coefficients [13]
and 7i) the associated matrix elements at O(«ay) [42-45]. Moreover, it involves iii) the
O(a?) ADM, but the operator basis must be enlarged to include the semileptonic operators
characteristic of the b — s¢*¢~ transition. The only potentially relevant NNLO terms
still missing at low § have to do with the three-loop ADM of the operators in the low-
energy effective Hamiltonian, and with the two-loop matrix element of one of them, QY9 =
/g2 Sryubr Yo, M.

On the other hand, electroweak effects in b — s¢*¢~ have never been discussed in the
literature. As shown in the case of radiative decays [27-31], they may be as important as

the higher order QCD effects.

In this thesis we will 7) calculate the relevant three-loop ADM [46,47] and take advan-
tage of existing calculations of O(a?) corrections to semileptonic quark decays and thus
complete the NNLO calculation for B — X £T¢~ ii) study the electroweak effects in this
decay and calculating the dominant O(«) contributions to the running 7i:) update the SM
prediction of the branching ratio.

We have so far emphasized the inclusive modes, as they are amenable to a cleaner
theoretical description. However, one should not underestimate the importance of the
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exclusive B meson decays like B — K*vy [48,49], B — K*(*{~ [38,39], B — pvy [48-51]
and B — pl*¢~. A thorough study of the exclusive channels can yield useful additional
information in testing the flavor sector of the SM. These processes have received a lot of
theoretical interest in recent years and their accurate description will also benefit from a
firm understanding of higher order perturbative corrections.

The ADM we have computed can also be used in analyses of new physics models,
provided they do not introduce new operators with respect to the SM. This applies, for
example, to the case of two Higgs doublet models [6,12,52-54], and to some supersymmetric
scenarios with minimal flavor violation, see for instance [54-58]. On the other hand, in
left-right-symmetric models [54,59,60] and in the general minimal supersymmetric SM [61],
additional operators with different chirality structures arise. In many cases one can exploit
the chiral invariance of QCD and use the same ADM, but in general an extended basis is
required.

This work is organized as follows. In the first chapter we will concentrate on the founda-
tions of effective field theory methods for weak decays. We will start with an introduction
to the field theoretical concepts needed in such calculations, in particular we will concen-
trate on the renormalization of QCD and QED. Next the concept of effective field theory is
introduced and the QCD and QED renormalization of the effective operators is discussed
in detail. Having the renormalization constants at hand we can discuss the resummation of
the large logarithms which arise in weak decays. We will derive the equation which governs
a scheme change for a NNLO QCD calculation and hereby prove the scheme independence
up to this order.

The methods how to calculate the three-loop operator mixing are discussed in the
following chapter. We will discuss how the ultraviolet divergencies are extracted, and
sketch how the calculation was implemented in a computer algebra code. Next the ADM
is presented for our chosen operator basis. We then show how to transform the results to
different bases, in particular to the one used in [22,23].

In the final chapter we will apply our calculated results. As a simple application we
will compute the magic numbers needed for a NNLO analysis of non-leptonic B decays.
In the next section the ingredients for a complete NLO QCD calculation of B — X v are
collected and a final formula is given. The relevant NNLO contributions to B — X £7(~
are collected in the next section, together with the dominating O(«) electroweak effects.



Chapter 2

Foundations
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2.1 Field Theories

Our current description of the physics of elementary particles is based on the concepts
of quantum field theories. These theories consistently incorporate both special relativity
and quantum mechanics. Furthermore it is commonly thought that any theory which
incorporates the two above mentioned principles will at low energy have the form of a
quantum field theory [62]. The standard model, which gives our current description of the
phenomena of elementary particles, is the current milestone which has passed many tests
of theory and experiment.

It is clear that we cannot summarize the whole development here. Instead we would
like to give a brief introduction to the aspects relevant to our work. In particular we would
like to focus on quantum chromodynamics (QCD).

All theories which describe the fundamental interactions can be given in terms of a
Lagrangian density. For scalar fields it reads

L=L (¢z(x)v 8u¢z(x)7$) ) (2'1)

where the ¢; are the field operators. The total action is defined by the integral:
5(6) = [ doL (6ia), (). ). (2.2

The correlation of field operators of Green’s function

G2y, - an) = (0T (1) - - - §()]0) (2.3)
can be computed in terms of the functional integral
Gn(z1,. .. 2p) =N} /(dqﬁ)eis(d’)(b(xi) By, (2.4)
where the normalization factor is:
N = / (dg)e'S®), (2.5)

The ¢(x) on the right hand side of the equation represents the classical field. The integra-
tion is over the value of ¢(x) at every space-time point.

2.1.1 Gauge Theories

Gauge theories are defined as theories which are locally invariant under a particular gauge
symmetry. The local symmetry transformation has the form of a Lie group transformation.
Thus the gauge theory may be thought of as a direct product of space time and a Lie group.
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In the case of QCD the gauge group is the group of special unitary 3 by 3 matrices, namely
SU(3). The quarks are in the fundamental representation and the action of the group is:

Vilx) = Yi(x) = Uy()iy(x), Uy =e T, (2.6)

The T* are the 8 generators of the Lie group in the fundamental representation. They
span the corresponding Lie algebra and fulfill the following commutation relations:

[T, T%] = f*1°. (2.7)

The f®¢ are called structure constants and form the Lie algebra of the adjoint representa-
tion.

In gauge theories the partial derivative has to be replaced by the covariant derivative
Outhi — Dyijiby = (9,05 + igT3Ge) 1) (2.8)

to retain the gauge symmetry. Hereby the gluon field G}, comes naturally into play and
the interaction with the quark is given by the gauge invariant Fermionic part of the QCD
Lagrangian:
Leermi = Vi (15 — mdyi;) ;. (2.9)
Here m is the quark mass.
The contribution of the gauge field to the QC'D Lagrangian

1
Egauge = _EGZVGGHV (2'10)

is given in terms of the gluon field strength tensor
G, = 0,G8 — 0,G% + g f*GhGS,. (2.11)
The total gauge invariant Lagrangian for one quark field is thus given by:

Einv - Efermi + *Cgauge . (212)

2.1.2 Quantization of Gauge Fields

In the case of gauge theories the functional integral (2.4) includes an infinite amount of
field configurations which are related by gauge invariance to one another. Furthermore
the gauge variant two-point correlation function vanishes, which would be disasterous for
formulating perturbation theory, if we sum over all gauge configurations. To avoid this
overcounting a particular gauge configuration can be chosen. This has been done in the
functional formalism by Faddeev and Popov [63].

We would like to sketch the idea of the Faddeev-Popov quantization. First we choose
the gauge condition to be of the form F,(G,z) = f,(z) and consider the Green’s function
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of a gauge invariant operator. In this case the functional integral of Eq.(2.4) would give
the same result for any particular gauge configuration. Hence we write

Orx10) = gk, [ (@@ @)X S@ 00t — e, (219

where the integral of all gauge transformations is separated from the integral of the gauge
configuration which satisfies the given gauge condition. Thus the normalization is given

by:
Ngauge = / (dG)(dup) (dep)e™m A(G H5 (2)). (2.14)

The factor A(G) is a Jacobian that arises in transformmg the fields to the one which satisfies
the gauge transformation times the set of gauge transformations. It is a determinant and
can be written as the integral

A(G) / dnadna Z'Cgaugefcompensating (2 15)

over anticommuting scalar fields n and 7, the Faddeev-Popov ghosts.

In the case where F, = 0,G* the gauge-compensating Lagrangian is up to a divergence

Cghost - 8;/'7(1 (auna + gfabcancu) 5 (216)
while the gauge-fixing part is

1
Cgauge—ﬁxing 2§ (a Gau) / (217)

The complete QCD Lagrangian for one quark is then given by:
EQCD = Einv + Eghost + Egaugefﬁxing . (218)

This definition leaves gauge-invariant Green’s functions invariant, while gauge variant
Green’s functions will give different results, and in particular might depend on the gauge-
fixing parameter £. This last feature makes the Faddeev-Popov quantization so important
in perturbation theory, because the two point correlation function does not vanish anymore
if we use the Lagrangian (2.18).

2.1.3 Renormalization

It is well known that in the calculation of Green’s function divergencies do arise. These
divergencies can be regularized by discretizing the action, this is by evaluating the func-
tional integral (2.4) on a lattice. The divergencies will now occur in the limit when the
lattice spacing a — 0 goes to zero.
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Basic Idea of Renormalization and Regularization

The basic idea of renormalization is to reabsorb the divergencies, which occur in the limit
of a vanishing regulator, in a redefinition of the action. For example the Fermionic La-
grangian' (2.9)

L3 ietormi = 0i (P05 + goTSES) vhoj — mothoitbo (2.19)
is written in terms of the unrenormalized or bare fields 1y, Gy and masses and couplings
mo, go- These unrenormalized parameters have an explicit regulator dependence, being
chosen such that the resulting Green functions are finite.

If we reexpress the bare Lagrangian (2.19) in terms of renormalized fields, masses and
couplings by defining

vo =230, mg=Zum,  Go=250G,  go=Zyyg (2.20)
we can split the resulting Lagrangian
Ekineticfermi = sz/_}zlﬁwz + ZgZGwangﬂa]@aw] - Zd,meQ/_}ﬂ/}Z (221)

in a sum of one that resembles the bare Lagrangian, except that the bare parameters are
now replaced by the renormalized ones, and a counterterm Lagrangian

‘Cfermi - “752 (@ 51] ‘_F gj—‘it;aa) 1/’] - m,lvEZ,le)z
+ (Zy = V) i i + (ZyZaZy — 1) ighi TG "
—~ (ZyZom — 1) mpit; . (2.22)

The last form is particularly well suited for the use of perturbation theory. The
¢ (i) —m)1p part is treated as the free Lagrangian, while 1;T¢*; and the countert-
erms are treated as interactions. The Z factors will hereby be expanded in powers of the
coupling constant g.

Perturbation theory and Renormalization

Yet the use of a lattice as a regulator of our theory is impractical if we want to apply pertur-
bation theory. Symmetries like translation and Lorentz invariance are violated using this
regulator. The standard regularization method for perturbative calculation is dimensional
regularization, which we will exclusively use in this work.

In perturbation theory the short distance divergencies arise in form of integrals over loop
momenta. For example there are linear divergent integrals in four dimensional space time,
which would be finite in a two dimensional theory. The idea of dimensional regularization
is to perform the integration in d dimensions. The integrals are analytic in d and the

!The actual implementation of Fermions on a lattice leads to many difficulties, like the Fermion doubling
problem.
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original divergencies are rediscovered for d — 4. The pole of the integral can be expanded
in a Laurent series using the parameter

e=——. (2.23)

As the unrenormalized Lagrangian is now defined in d dimensions the unrenormal-
ized coupling constant becomes a dimensionfull parameter. By keeping the renormalized
coupling constant dimensionless a scale y appears:

9o = Zggi". (2.24)

Renormalizing the QCDxQED Lagrangian

In this work we are concerned with the calculation of QCD and QED corrections to weak
decays. The Lagrangian for a massive quark of electromagnetic charge @, reads:

Lacoxqep = Yo (i) — mo) Yo; + gooi T E §bo; + gothoi QuA otbos

1 a a av aQ, 1 a 2
—1 (0.G5, = 0,63, ) (0" Gy = 0,6 — 2%, (0"Gg,)

1
(0 Aoy — By Aoy (A5 — 0, A48) — = (@ Ag,)?
2€ a0

2
9 rabe a a v 9 rabe pedeva C v
_if ’ (aﬂGOV - aVCJO;L) G(I;MGO - Zf ’ f ¢ GOuGguGOMGg
+iig 0" 0umg + g f (0"7") "G, (2.25)

1
4

Here A denotes the photon, the gauge field associated with the U(1) symmetry. The ghost
fields associated with the U(1) gauge field fixing decouples from the theory.

The renormalization of this QCDxQED Lagrangian containing a massive quark pro-
ceeds as usual. First, we introduce the renormalized fields and variables via

Gro=2"Gp, =2, =2,
gdo = Zgg7 my = Zmbma 50 = §7 (226)
AM70 = Zi‘/QAM, €y = Zee, on = gA .

The gauge-parameters £ and &4 are kept unrenormalized. This is legitimate, because the
non-renormalization of the gauge-parameter is guaranteed by the usual Slavnov-Taylor
identity. In the calculation of the renormalization constants we use an expansion in exter-
nal momenta. Such an expansion will in general produce spurious infrared (IR) divergen-
cies. The above mentioned Slavnov-Taylor identity is unaffected by the IR regularization
adopted for the Yang-Mills theory. On the other hand the IR rearrangement we apply in
our calculation requires the introduction of the gauge-variant subtraction

(Zar — 1) Z6GoG, (2.27)
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which can be interpreted as a counterterm for a fictitious gluon mass M.

The renormalization constants Z can be expanded in powers of the electromagnetic and
strong coupling constant

_ N (9N (N
z=1+3 5 () (5) 2

j=1 k=1
° aNZ* e\ 2 eN2/ g\2
1 Z<_> (k) <_) 7@ <_> <_> 7€) 4 (2.8
+k:1 A * dr * dr A * ( )

where we only keep €2 and e?¢g? contributions in the electricmagnetic coupling constant.
One can further expand the Z factors in their e poles:

k

1 1
(k) — — gkl (6) — Z 7led)
Z0 =32z 20 =2
=0
(es) 1 (es,1) 1 (es,2)
Zes) = Zglest) | gles2) (2.29)
€ €2

There is some arbitrariness in the definition of the Z factors. This is be fixed by the
choice of a renormalization scheme. For example in minimal subtraction scheme or M S
scheme only the pole parts are subtracted. Another useful scheme is the modified minimal
subtraction or MS scheme [64]. Here the parameter y is redefined

i\ (172)

before the minimal subtraction is performed. Using the above notation, the MS renormal-
ization constants at one-loop order take the following form

13 1 2
Zg" = (— - 55) Ca=3N;,

6 3
3 1
Z(lvl) — - _
u 1718
2 =~ 231)
Z(LD = —ECA i
g 6 3
Z7(nll;1) - _3CF7
29 1 9
Z(lvl) — - C —_
M o1 ~3%)Ca— 3N

where C'y = 3 and Cr = 4/3 are the quadratic Casimir operators of SU(3). As usual

Ny stands for the number of active quark flavours. Our result for Z](Vl[’l) agrees with the

expression given in [65].
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At the two-loop level the poles of the MS renormalization constants are given by

50 11 1 3
Zg’l) _ (_ ——5——€)Ci—CFNf_ZCANf’

16 16° 8
95 1
Z(2,1) S e N
u (96 * 325) Ca— CA i
2 1
Zf’l) — %Cfv < 85 +&+ 5 ) CrCy + éCFNf,
17
Z;z’l) = —FCEX + _CFNf + _CANf7
3 97
Z,(,i’;l) = ——C’% CFCA + CFNfa
383 1 1 5 5
gy _ (9% L. o 2 (22 N N 2.32
(2 oo 5 5 Cat5+8)CrNst 15— 168 ) CalVr,  (232)
and
= ————£+ f (54 z6) N
- ] 2 3 AT
35
722 = 15203 + <—§ + 152) CrCa,
q 2 45 4 (2.33)
121 11 1
Z3 = CA & CalNs+ 2NF,
722 = 902 SCrCy — CeNy,
1211 1 7 2
722 _ 27 2 ZECpNj+ [ — — — Ny — =N7.
M 384 1925 1285 Ca—58CrNr +( 33 5 CalNy = 3N;

Except for Z](é’l) and Zﬁ’z), which have never been given explicitly, our renormalization
constants agree with the results in the literature [66], if one bears in mind that the original
papers contain some typing errors. We have also calculated the three-loop renormalization
constants [67-70], but we do not report them here, as they are not needed in our calculation.

2.1.4 Renormalization Group Equation

The splitting of the unrenormalized Lagrangian in the free, the interacting, and the coun-
terterm Lagrangian introduces an arbitrariness in the definition of the renormalized param-
eters. The counterterm has to cancel the divergencies of a graph, but a finite subtraction is
still possible. Such a finite renormalization would be a change in renormalization prescrip-
tion. For example a finite change of m and g in (2.22) can be absorbed in a redefinition of
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Zm and Z,. The invariance of the theory under such finite renormalizations is traditionally
called renormalization group.

A particularly useful change of the renormalization scheme is the one related to a
redefinition of u. For example the scheme change from MS to MS is just a change of u by

i\ (172)

The infinitesimal change of p will result in a change of the renormalized parameters, so
that all resulting physical quantities are invariant. The equations which govern this change
of the renormalized parameters are called renormalization group equations.

The differential equations are derived from Eq. (2.28). Here one uses the fact that the
unrenormalized quantities are p independent. For the coupling constant we find

@%:ﬁ@mwm&a, ugzwammmma, (2.35)

where the (8 functions are given
-1 d _
Bg(p),e(n),€) = —eg — Z; p qple)9="c9= 0 (g(r), e(p))

ﬁAdMywx@=—w—quQ%z)ez—w—ﬁAdmgw». (2.36)

In an mass independent scheme like the MS scheme the only explicit mass dependence
of the counterterms resides in the couplings. For the beta function of the strong coupling
we can then write

3 5 7 3,2
g g g g’e
€)= — — — — Bye +...
Blg.e) = = @ Pt T P e T Py
3 5 7 3.2
_ 1,1) 9 21) 9 31 4 es,1) 9°€
=27 )W +4Z )W +62, )(471')6 +4Z )W +.... (2.37)

Using the same argument and Eq. (2.35) similar formulas can be derived for the anoma-
lous dimensions, which govern the renormalization group evolution

_ d _ d
Ym = Zmlﬂ <@Zm) ) Yy = Zw llu (@ZIﬁ) (238)

of the mass and the quark field.
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2.2 Effective Field Theories

Weak decays are usually characterized by two different scales. In the case of B decays we
have My, > m,. In this context large logarithms occur, which will render a straightfor-
ward perturbative calculation unreliable. In effective field theories the effects of the heavy
particles can systematically be incorporated in a so-called matching calculation. The large
logarithms can then be resummed using renormalization group equations for the effective
theory.

The Appelquist-Carrazone decoupling theorem [71] lies at the heart of the effective
field theories. It states that in many classes of theories the contribution of heavy particles
to Green’s functions can be absorbed into the renormalization constants of a Lagrangian
which consists only out of light fields. Corrections are smaller by a power of momenta
divided by a heavy mass.

If we work with a mass independent scheme like the MS scheme we have to put the
decoupling theorem by hand in effective field theory [72,73]. This is done via matching of
a high scale Lagrangian on a low scale one.

At high scales our theory is described by a Lagrangian, which contains a set of heavy
x and light ¢ fields. It can be split into a part, which contains only the light fields, and
one that contains the rest:

Liat = Lu(x, ¢) + L(9). (2.39)

When we now go to a scale p smaller than the the mass scale of the heavy fields our
theory will be described by an effective Lagrangian

Log = L(8) + 5L(0) (2.40)

in terms of the light fields. The matching corrections are encoded in the “correcting”
Lagrangian 0L(¢) and can be calculated at the high scale M, ~ M, using perturbation
theory. This is done by requiring that all one light-particle irreducible graphs with external
light particles are the same in the full and in the effective theory. The resulting contribution
to the correction Lagrangian is analytic in p/M, in the region relevant for the low energy
theory. Thus it can be expanded in terms of decreasing importance and matched on the
low energy effective theory.

In the following we will calculate the renormalization group equations for the “correct-
ing” Lagrangian. We will apply perturbation theory using the Lagrangian of the light fields
L(¢) and renormalize the composite operators of §L(¢).

2.2.1 Effective Hamiltonian for |AB| = 1 Decays

We want to apply this formalism to |[AB| = 1 decays. We work in the framework of
an effective low-energy theory with five active quarks, three active leptons, photons and
gluons, obtained by integrating out heavy degrees of freedom characterized by a mass scale



2.2. EFFECTIVE FIELD THEORIES 17

M > My,. In the leading order of the weak coupling the effective off-shell Lagrangian
relevant for the b — sv, b — sg and b — s¢*{~ transition at a scale yu is given by

4G =
Lest = Lqcpxqep(u,d, s, ¢, b e, p1,7) + TQFWQW) Z Ci(p) Qi - (2.41)
i=1

Here the first term is the conventional QCD-QED Lagrangian? for the light SM particles.
In the second term V;; denotes the elements of the CKM matrix and C;(p) are the Wilson
coefficients of the corresponding operators (); built out of the light fields.

In our case it is useful to divide the local operators ); entering the effective Lagrangian
into five different classes: i) physical operators, i) gauge-invariant operators that vanish by
use of the QCD x QED equations of motion (EOM), iii) gauge-variant EOM-vanishing op-
erators, and iv) so-called evanescent operators that vanish algebraically in four dimensions.
In principle, one could also encounter v) non-physical counterterms that can be written as
a Becchi-Rouet-Stora-Tyutin (BRST) variation of some other operators, so-called BRST-
exact operators. However, they turn out to be unnecessary in the case of the O(a?) mixing
of the operators @; considered below. See also [25].

Neglecting the mass of the strange quark, the physical operators [74-78] can consist out
of the four quark operators, the magnetic moment type operators, and the semileptonic
operators.

The four quark operators can be subclassifed into the current-current type operators

Q1 = (5, Tcr)(ey"Tz),
Q2 = (5ryucr)(eybr) , (2.42)

where g7, and qg are the chiral quark fields. Notice that, since QCD is flavour-blind and
up and charm quarks have the same electromagnetic charge, it is not necessary for our
purposes to consider the analogues of (); and ()9 involving the up instead of the charm
quark. The QCD penguin operators are

Q3 = (5.7ubr) Zq(Cﬁ’MQ),

Q4= (507,T"br) Zq(W‘T“Q) :

Qs = Emnbe) D (@""q).,

Qs = ELmw T ) Y (@11 T*), (2.43)

where the sum over ¢ and ¢ extends over all light quark and lepton fields, respectively.
The electroweak penguin operators arise first at O(«) and have to be taken into account

2In principle the QCD-QED Lagriangian will also recieve matching corrections at higher loop order.
These can be avoided by using a physical renormalization scheme for say the gluon wavefunction renor-
malization [13]
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if QED corrections are considered. They are

Qg = (sembr) Y, Qu(a7"q
= (seTbr) ) Qu(@y"T*q),
QF = (517 pbe) D Qu(@r"""q).,
QF = (509:77,T"b) Zq Qo(@y" 1" T q) (2.44)

where @), is the electromagnetic charge of the quark g.

The magnetic moment type operators ()7 and (Jg are

e
Q7 = ?mb<§LUﬂbe)Fpu )

(2.45)

pv 3

1
Qg = gmb(@;a‘“’T“bR)Ga

where e (g) is the electromagnetic (strong) coupling constant, F,, (G,,) is the electromag-
netic (gluonic) field strength tensor, and 7'* are the colour matrices normalized so that
Tr(TT?) = 6% /2.

The semileptonic operators Qg and Qqg, relevant for the b — s¢™¢~ transition are given
by:

[N}

(517b) 3, (09"0),

@MCQ|®
o

Q10 = —(5.7,b1) Zz(?fy“fyg)é) ) (2.46)

Q

We have defined (Q1—Q¢ and ngQGQ in such a way that problems connected with the
treatment of 75 in n = 4 — 2¢ dimensions do not arise [24]. Consequently, we are allowed
to consistently use fully anticommuting 75 in dimensional regularization throughout the
calculation.
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The gauge-invariant EOM-vanishing operators can be chosen to be [12,13]

2
e _ " e _ r

Qu = ESL’Y“()L8 F + ?@L’VMZ)L) E :f Qs ("),
1

Q12 = ggLfyuTabLDszy _'_ Q4 Y

1
Q13 = ?mbngpr )

. (2.47)

Q4 = ?gL;DDIDva
e oy
Q15 = E |:<§L D UHVbLF;w - FuugLUWDbL] + Q77
Q16 = é |:§L D O'uyTabLGZu - GZVELTGO'W/;D[)L} + Qs

where the sum over f runs over all light Fermion fields, while D, and D, denotes the
covariant derivative of the gauge group SU(3)c x U(1)q acting on the fields to the right
and left, respectively. Notice that the set of operators (J1-Q14 closes off-shell under QCD
renormalization, up to evanescent operators [13,74-78]. In order to remove the divergences
of all possible one-particle irreducible (1PI) Green’s functions with single insertion of Q1—
Q10 we also have to introduce the following gauge-variant EOM-vanishing operators

Qur = gmm [i) @ WD] br,
e A e
Q=[50 (PD G+PP) bu+ imis ]

Qu =i [SL (E) GeGam — GZG““LD) by — imbsLGZGa“bR] ,

] (2.48)
1 —

Q21 — 5 Sy, (@l)‘u GH + GuDup) br, + imbELGﬂD“bR] ,
17 (= |

Q22 = 5 Sy, (@ T + Tap) br, + ZmbELTabR} 8HGZ,
17 <= .=

Qu =[50 D @b+ imss b G|

Q24 = dabc |:§L (p T — Tap> bL — imbELTabR} GZGCH,

where G, denotes the gluon field, and we have used the abbreviations G, = G} T* and

dve = 9Ty ({T°, T*}T°).
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In contrast to the case of the two-loop mixing of the magnetic operators considered
in [25,46], it is a priori not clear if BRST-exact operators do arise as counterterms of
Q1 Qg on the three-loop level. Since the BRST variation raises both ghost number and
mass dimension by one unit, it is evident that any BRST-exact operator that potentially
could mix with ¢)1—Q¢ has to be a BRST variation of a dimension-five operator containing
a single anti-ghost field. The only possibility for the latter operator having the correct
chirality structure is given in the R, gauge by [77]

B =s B (0") (EL’V‘“T%L)] (2.49)

1]1
Ty [Eau18“2G32 +9f" () nc] (59T by)

where s denotes the BRST operator.

It is important to remark that the EOM-vanishing operators introduced in Egs. (2.47)
and (2.48) arise as counterterms independently of what kind of IR regularization is adopted
in the computation. However, if the regularization respects the underlying symmetry,
and all the diagrams are calculated without expansion in the external momenta, non-
physical operators have vanishing matrix elements [79,80]. In this case the EOM-vanishing
operators given in Eqs. (2.47) and (2.48) play no role in the calculation of the mixing of
physical operators. If the gauge symmetry is broken, this is no longer the case, as diagrams
with insertions of non-physical operators will generally have non-vanishing projection on
the physical operators. Since our IR regularization implies a massive gluon propagator,
non-physical counterterms play a crucial role at intermediate stages of the calculation.

2.2.2 Evanescent Operators

In order to remove the divergences of all possible 1PI Green’s functions with single insertion
of Q1—Q¢ we have to introduce some evanescent operators F as well. At the one-loop level
one encounters four evanescent operators, which can be chosen to be [24,26]

gL’YﬂluwaTacL)(EL'YMMWSTabL) —16Q1 ,
gL’YﬂluwacL)(EL'YMMMSZ)L) — 16Q-,

§L7M1M2M3M4M5 bL)Zq(qf}/MMMSMMQ) + 64@3 - 20@5 5
§L7u1u2u3u4u5TabL)Zq(Q'VMMWBMMTGQ) +64Q4 — 200 ,

1
B =
g _
o ( (2.50)
Es :(

1
B =
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where we have used the abbreviations v, .., = Yu =+ Vs Y H = Y-yt At the
two-loop level four more evanescent operators arise that can be defined as [24,26]

Tcy)(epy e ey, ) — 256Q, — 20B"

LY p1 popspaps
7#1#2#3#4#50L)<5L7ﬂ1H2ﬂ3H4ﬂ5bL) - 256@2 - QOEél) )

(51
(s

2.51
s (2.51)
(s

’Vmuzus;musuewbL)Zq((j’Vm“wSM%%Mq) +1280Q3 — 336Q)s ,
’VmuzusuztusuemTabL)Zq((TVMHWSMMMMTGQ) + 1280Q4 — 336Q .

Finally, at the three-loop level another four evanescent operators are needed. We define
them in the following way:

E§3) = ( L7u1u2u3u4u5usu7TacL)<5L’Vﬂwww4ﬂ5%ﬂ7T%L> —4096Q; — 336E£1) )

E§3) = (§L7u1u2u3u4u5usu7cL)(5L7“1ﬂ2“3ﬂ4ﬂ5“6ﬂ7bL) —40960); — 336E§1) )

E:§3) = (EL"YmuzusmuwwwsugbL)Zq@7“1#2“3#4“5“6“7#8“9(]) +21504Q)3 — 5440Q)5 , (2‘52)
Ef) = ( L"YuluzuzuwwsuwngabL)Zq(q”wwwwwsw“wwgTaq) + 2150404 — 5440Q -

Needless to say that the above choice of evanescent operators Efg)fEf’) is not unique, in
the sense that their particular structure can be changed quite a lot without affecting the
three-loop anomalous dimensions of the four-quark operators ()1—(Q)s. For instance, adding
any multiple of € times any physical operator to them, leaves the anomalous dimensions
up to O(a?) unchanged. This is contrary to what happens if such a redefinition is applied

to the one- and two-loop evanescent operators as given in Eqgs. (2.50) and (2.51). However,

)

the evanescent operators ES’ fEf’) become more important at the four-loop level.

For the renormalization of the electroweak penguin operators Q3Q7Qg one encounters
at the one-loop level two evanescent operators, which can be chosen to be

Ei?(l) - (§L7M1M2M3M4M5bL)Zqu((Tym“wSM%q) + 64@?? - 20Q5Q )

o _ . ] . @ _900@ (253)
B = (SL/YMIMQMSMALMST bL)Zqu(qvﬂwwSM%T q) +64Q5 —20Q¢’ .
At the two-loop level two more evanescent operators arise, which we choose to be
ESQ(Q) = (gL'VmuzusuzzusueMbL)Equ(@Y“wwwwsﬂﬁm(]) + 1280@362 - 336Q5Q ) (2.54)

E4Q(2) = (gLfy“mwst%WTabL)Equ(q,yuluwauwwemTaq) + 1280@? - 336@? .

Finally to apply the QED one-loop renormalization of the semileptonic operators Qg
and 19 we introduce the follwing two evanescent operators:

1,
ElL(l) = 6(5L7u1u2u3 )El( YIS 4+ Q1o — _Q9

L(1 _ 95 32
E2( ) - (SL/YMMM?, )Zl( M1M2M375l) 3(3L’YM1M2M3 )Zl( M1M2M3l) - ?Q9

(2.55)
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2.2.3 Renormalizing Composite Operators

Our aim is to study the renormalization properties of the physical operators (Q1—(Q)1o intro-
duced in Eqs. (2.42-2.46). Upon renormalization, the bare Wilson coefficients C; g(p) of
Eq. (2.41) transform as

Cip(p) = Z;iC5(1) , (2.56)
where the renormalization constants Z;; can be expanded in powers of a,, = % and o = %
as

N ANE ) Q) Qs (es)
Ty = Oi; <_> Z®) L & A
(k) _ (k,0) (e) _ (e)]) (es) _ (es,0)
1=0 1=0 1=0

Following the standard MS scheme prescription, Z;; is given by pure 1/€ poles, except
when ¢ corresponds to an evanescent operator, while j does not. In the latter case, the
renormalization constant is finite, to make sure that the matrix elements of the evanescent
operators vanish in four dimensions [81-83]. The calculation of an effective amplitude
Aeg, also involves the matrix element (Q;) = (F|Q;(u)|I) of the operator @; between an
initial state I and a final state F', which is renormalized by the usual coupling, mass,
and wave function renormalization factor characteristic of the operator Q; — Z(Q;). The
renormalized effective amplitude is therefore given by

Aeg = Z;Ci(){Z(Qi))r , (2.58)

where (Z(Q;))r denotes the matrix element of the operator Z(@Q);) after performing cou-
pling, mass and wave function renormalization. Clearly, it is also possible to define the
operator renormalization constant Z;; from the relation between unrenormalized and ampu-
tated Green’s functions via (Z(Q;))r = Z;;{Q;)p. In this case, one simply has Z;; = Zigl.
In general Z(Q;) will not be proportional to @;. For example, in many of the EOM-
vanishing operator introduced in Egs. (2.47) and (2.48) one has two different terms, only
one of which has a factor of m;. Correspondingly, the m; renormalization of the operator

1S
Zmy(Qi) = Qi + (Zm, — 1)Q;, (2.59)

where Z,,, denotes the mass renormalization constant of the bottom quark, and @)} is the
part of (); proportional to m;. Another important example in the case of QED corrections
are the pengiun operators (2.43-2.44), where the renormalization will depend on the flavour
of the particular insertion.

The product on the right-hand side of Eq. (2.58) must be finite by definition at any
given order in a, and «. Therefore, requiring the cancellation of UV divergences we can
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Figure 2.1: Some of the two-loop 1PI diagrams we had to calculate in order to find the
O(a?) mixing of the complete set of operators Q1—Q3s.

(k)

extract Z;;” order by order. The result, up to third order in a5 and to order @ and aas,

reads
ZPQNY = —(Z(Qi)y
Z210Q) W = —(2(Q)Y — Z0(Z(Q) .
ZQN Y = —(2(Q)% — Z(ZQ) e — Z2(2(Q;)y . (2.60)
ZQ)) % = —(Z(Qi) .
25T = ~(2QI)E - ZZ@E - 25 (2@Q))

where the superscript (k) always stands for the k-th order contribution in «g, while (e)
and (es) denote the contribution in o and aas respectively.

If we leave aside the complication that in general Z(Q;) will not be proportional to @Q;,
and write symbolically (Z(Q;))r = Z;{(Q;)p, the above relations can be rewritten in terms
of bare quantities. Up to the considered order we obtain

)

@V><%WQ$ me>

J ’L J 7

%W@W 2 224Q)5 — 27(Q0)5 -
ZANQ)NY = Q%S — 2210
4ﬂ@m=%@ﬁ—iw@w—%mm§

(e) e8] e8] (e)

QN — ZMQ0

7@ - 29290 — Z(Q,) )

The first line in Egs. (2.61) recalls the familiar result that the one-loop renormalization
matrix is given by the UV divergences of the one-loop matrix elements, after performing

(2.61)
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Figure 2.2: Some of the three-loop 1PI diagrams we had to calculate in order to find the
mixing of the four-quark operators Q1-Qs into Q1-Qg and Q7—Q1o at O(a?).

wave function and possibly coupling and mass renormalization. For example, in the case
of the operators ();—Qs in QCD, one has Z; = Zg with Z, denoting the wave function
renormalization constant of the quark fields, and Egs. (2.61) take a particularly simple
form, which upon expansion in «, reproduces the classical results derived more than ten
years ago [81].

For a given set of operators and knowing the QCD and QED renormalization constants,
the solution of the above systems of linear equations requires the calculation of a sufficient
number of Green’s functions for different external fields with single insertions of the opera-
tors ;. In our case, in order to determine the complete Zi(f) of all the operators introduced
in Section 2.2.1 and 2.2.2, it is sufficient to calculate the O(a*) matrix elements of Q1-Qs3,
for the b — scé, b — sdd, b — s, b — s, b — sg and b — sgg transition — see Fig. 2.1.
As we are interested in a subset of the three-loop ADM, the mixing of QQ1—Qg into Q1—Qg
and QQ7—Q19, we have actually calculated only the three-loop b — scé, b — sy, and b — sg
amplitudes involving insertions of Q1—Qg (see Fig. 2.2). We have calculated the complete
off-shell amplitudes up to terms proportional to external momenta squared. By using the
EOM it is therefore straightforward to extract the mixing into Q1—Qg and QQ7—Q1o. Notice
that the results for the Zl(f ) cannot depend on the considered Green’s functions and that the
pole parts need to have the structure of the complete set of local operators (J1—()32. Both
features represent a powerful consistency check of the computation of the renormalization
constants ijk ),

The normalization of the physical operators adopted in Section 2.2.1 has been chosen
[13] in such a way that the power of a, in Z;; is equal to the number of loops of the
contributing diagrams. For instance, without the factor 1/¢? in Q7—Q19, as in the standard
normalization adopted in [6,7,45], both one- and two-loop diagrams contribute to the
O(as) mixing matrix, because of the O(a;) two-loop mixing of four-quark into magnetic
operators. This choice simplifies both the implementation of the renormalization program
and the resummation of large logarithms, since the redefinition enables one to proceed for
b — st{~ in the same way as in the b — sv and b — sg case.

In a mass independent renormalization scheme ZZ(]/LC ) is p-independent. This allows to
check the renormalization of two- and three-loop matrix elements. The right-hand sides
of the Egs. (2.60) and (2.61) receive contributions from irreducible two- and three-loop
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diagrams as well as one- and two-loop counterterms. The p-dependence is different in
each case and governed by the n-loop factor (p%)". The UV structure of the k-th term is
therefore given by

k
k 0 e\ 1 n
QI =330 ()" S 22

where M ™! denotes the 1/¢ pole of the sum of all n-loop contributions. Expanding
in powers of ¢ we find the following set of equations which have to be fulfilled to get a
-independent Z¥ up to three-1 der:

p-independent Z;;” up to three-loop order:

3M(372) + 2M(2=2) + M(172) — O ,

3MB 4 2p 8 4 M =0

IMG) L 4M@d 4 IS =0, (2.63)
This system of equations provides us with a powerful check of the renormalization of two-

as well as three-loop diagrams. Notice that the locality of UV divergences also places some
constraints on the renormalization matrix itself. We will return to this point later on.

2.2.4 Renormalization Constants and Anomalous Dimensions

The anomalous dimensions 7;; defined by

L Cul) = 1G5 () (2.64)

can be expressed in terms of the entries of the renormalization matrix Z;; as follows
d 4
Yij = ikﬂ@zkj . (2.65)

In a mass independent renormalization scheme the only p-dependence of Z;; resides in the
coupling constant. In consequence, we might rewrite Eq. (2.65) as

d __ d , _
inj = 25(6, g, a)ZikEijl —+ 256(6, g, a)Zik%ijl s (266)

where (€, as, a) and [(e€, as, ) is related to the [ functions via

Ble, o, ) = s — €+ Blaw, ) (2.67)
Bele, as, ) = oz( — €+ Be(a, a)) . (2.68)
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The finite parts of Eq. (2.66) in the limit of € going to zero give the anomalous dimensions.
Expanding the anomalous dimensions and the § function in powers of o, and « as

S 4(k=1) A<o> s (0)

ﬁ(as,a)z—z< =) s — e (2.69)

o) = =3 (), - 22,

we find in accordance with [65] up to third order in a and up to order o and aay:

500 — 9701

40 = 4Z@D _ 9z 0.0 _ 9700 Z0L1) 4 95 5010)

42 = 67BN _ 47@1 700 _ 9z Z(20) _ 4520 Z0L1) _ 70,0 F21)
10701 Z(10) F(10) 4 9 5(1.0) H(1LD) F(10) 4 9 5(1.0) F(1.0) F(L1)
428,200 4 45,220 _95, 7010 710

0 = 2200,

A0 = 4zlesD) 97D Z(e0) _ 9 7(10) Fle)

_ 9N Z00 _ 9 (0 Z01) | og 2(e0) 4 95 F(1.0)

(2.70)

On the other hand the pole parts of Eq. (2.66) must vanish. From this condition one obtains
relations between single, double and triple 1/e poles of the Z;;, which constitute a useful
check of the calculation. In agreement with [65] we find

1

s _ Lyangan g san
2 2

5(33) _ éZu 1) H(1L1) Z(1,1) ﬁ Z00 70 | 522(1 .

5(32) _ 22(2 D 4 ;Z(l 1) 520 _ :1))2(1,1)2(1,0)2(1,1) (132(1 0) Z(1,1) 7(1,1) (2.71)
1 . 1 4 .
gﬁ Z(l 1) ﬁoz(Z,l) + 6/Boz(l,O)Z(l,l) ’

2 = .
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2.3 Summation of the Logarithms

2.3.1 The Evolution Matrix

The effective Hamiltonian for non-leptonic |[AF| = 1 decays has the following generic
structure [84]:

Heg = —=W C . 2.72
f \/5 ckm @ (M) ( )

Here G denotes the Fermi constant and QT is a row vector containing the relevant local
operators ();, which in the case considered here include the current-current operators Q4
and ()5, and the QCD penguin operators (J3—Qs. The decay amplitude for a decay of a
meson M into a final state F' is simply given by (F|Heg|M).

We want to investigate the renormalization scale dependence of the effective Hamilto-
nian, in particular the NNLO QCD contributions, which until now have not been com-
pletely studied in the literature. We will, therefore, postpone the discussion of QED
contributions to the end of this section. The Wilson coefficient functions evolve from the
initial scale pg down to the renormalization scale pu according to their renormalization
group equation (RGE)

uﬁﬁ(u) =49"(9)C(p) (2.73)

where 4(g) is the ADM corresponding to Q Neglecting the running of the electromagnetic
coupling constant the general solution of this equation reads

with
031 10) = Ty exp | " g 9). (2.75)
g(po) ﬁ(g)
o0 g i+ o0 2 it1
=3 (10) 19 wd sw=-o3(10s) K @7
1=0 =0

Here C (o) are the initial conditions of the evolution and 7, denotes ordering of the coupling
constants ¢g(x) in such a way that their value increases from right to left. §(g) is the QCD
[ function.

Keeping the first three terms in the expansions of 4(g) and §(g) as given in Eq. (2.76),
we find for the evolution matrix U (i, po) in NNLO approximation

~

U(:uv MO) = K(:u) U(O)(Ma MO)K_l(MO) ) (277)
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where
2
K(p) =1+ &Z(“)j(l) + (—&Z(“)) J®,
(” | ”( e (2.78)
K1) = 1 — 2\Ho) gy _ ( 2sito) (j(?) _(jW 2)
and A R R
UO (pu, po) = V diag (n*) V1, (2.79)
denotes the LO evolution matrix, which depends on the matrix V and the so-called magic
numbers @; that are obtained via diagonalizing (7
(V15077 = 2600 (2.80)

ij
In order to give the explicit expressions for the matrices J® and J® we define
JO =v180yV - and GO =V1{OTY (2.81)

for i = 1,2. The entries of the matrix kernels S® and S® are given by

1
s = &w& — ng)
K ﬁo J 2ﬁ0 (1 + a; — Clj) ’
5@ B P Z L+ai—a (5(1)5(1) i ISR ) GS) 252
= —— ;045 - - p / — —25,.70; _ ,
K 2ﬁ0 J A 2 + a; — aj k ki ﬁo J Ik 250 (2 + a; — aj)

where the first line recalls the classical NLO result derived more than ten years ago [85],
and the second one represents the corresponding NNLO expression, for which our findings
perfectly agree with [86].

In order to derive the explicit expressions for the matrix kernels SM and S@ as given
in Eq. (2.82), we follow [85,87] and compute the partial derivative of Egs. (2.75) and (2.77)
with respect to g. After some algebra, one finds the following differential equation for

K(g):
OK(g)  1[3OT . 1 (47(g) , 1507\ .

Blo) g fo
Inserting Egs. (2.78) into the last equation we obtain

2(0)T ()T
oy [ﬂ,ja)} _ AT B o
0

28 26 |28

R ~(0)T . ~(2)T ﬁ ﬁ 2

J® 4 [7_“](2)] __7 + AL amT (_2__1) 50T 2 84
15, 45 4R i3 am)’ 259
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for the parts proportional to g and g* respectively. After diagonalizing these equations
with the help of Eq. (2.80), we find

1 B GS‘)
S = az‘5z‘j - )
Bo 2060 (1 + a; — a;)

(2.85)

3 26,a,00 — G GV — BGY
51(]2 — (& _ ) aibi; + Z Braidg. — Gy, Sl(c;) + 612 J Bo i
250 2ﬁ0 250 2 + a; — a]) 2ﬁ0 (2 + a; — Clj)

Finally, solving the first equation for GZ(-;) and inserting the result into the second equation,

one obtains the expression for the elements of S® ag given in Egs. (2.82).

2.3.2 Matching

An amplitude for a properly chosen non-leptonic quark decay is calculated perturbatively
in the full theory including all possible diagrams such as W-boson exchange, box, and

QCD and electroweak penguin diagrams as well as gluon corrections to all these building
blocks. The result including LO, NLO and NNLO QCD corrections is given schematically

as follows:
2
A = (Y07 [ 50 @W0) 7oy (@)} 7o (2.86)
" A7 AT ’

where (Q)© denotes the tree-level matrix elements of Q.

The second step involves the calculation of the decay amplitude in the QCD effective
theory. It generally requires the computation of the operator insertions into current-current
and QCD penguin diagrams of the effective theory together with gluon corrections to these
insertions. Including LO, NLO and NNLO QCD corrections one finds

2
Au = (@) <T+ sl sy (ij°>) 7@ T) Clu). (2.87)

where the quantities #(Y) and 7#® codify the one- and two-loop matrix elements of Cj,
respectively.

The matching procedure between full and effective theory establishes the initial condi-
tions C/(po) for the Wilson coefficients. Comparing Eqs. (2.86) and (2.87), the matching
condition Agy = Aeg translates into the following identity [88]:

Cluo) = AO + %:O) (gu) _ r,:(nTg(O))

2 (2.88)
(M) (g@) 0T [A*a) _ p,:u)Tg(m] O TA*@)) .
47

_I_
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Combining Egs. (2.73), (2.77), (2.78) and (2.88) we finally obtain

Cl) = K ()0 (g, ) < 40 4 @s(to) [ F0 _ p g(m]

47
, (2.89)
L ((slmo) [5(2) _ AW _ <R(2) _ (3(1))2) /T(O)}
47
where
AU T 4 GO g RO ZOT 4 JO 4 20T jO) (2.90)

are certain combinations of #W7T #@T  JO) and J@ which will play a special role in the
following section.

2.3.3 Renormalization Scheme Dependence

Next we would like to elaborate on the question of renormalization scheme dependencies
in explicit terms, to gain an insight on how the scheme dependencies arise beyond the
LO, how various quantities transform under a change of scheme and how these scheme

dependencies cancel in physical observables. In this respect we will extend the existing
NLO QCD results [23,85] to the NNLO level.

It is well-known that beyond LO various quantities such as the Wilson coefficients or
the anomalous dimensions depend on the scheme adopted for the renormalization of the
operators present in the effective theory. This scheme dependencies arise because the re-
quirement that all UV divergences are removed by a suitable renormalization of parameters,
fields as well as operators, does not fix the finite parts of the associated renormalization
constants. Indeed, these constants can be defined in many different ways corresponding to
distinct renormalization schemes, which are always related by a finite renormalization. In
the framework of dimensional regularization one example of how such a scheme dependence
may occur is the treatment of 75 in n = 4 — 2¢ dimensions. In this context two well-known
choices of scheme are the so-called Naive Dimensional Regularization (NDR) scheme [89]
with -5 taken to be fully anticommuting and the 't Hooft-Veltman scheme [90-93] which
comprises a 5 that does not have simple commutation properties with respect to the other
Dirac matrices. Another example is the scheme dependence related to the exact form of
the local operators used to describe the interactions in the low-energy effective theory. In
general, a particular choice of the operator basis is not unique, and quantities such as Wil-
son coefficients or anomalous dimensions corresponding to different choices of operators
can always be transformed into each other by a suitable finite renormalization. We will
discuss the latter issue in great detail in one of the following sections.

In order to show that physical quantities and especially decay amplitudes do not de-
pend on the renormalization scheme and the particular form of the operators, we have to
demonstrate how these dependencies cancel out in the effective Hamiltonian introduced in
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Eq. (2.72) with C(y) given by Eq. (2.89). We first recall that, upon renormalization, the
bare operators Qg and Wilson coefficients C'g(11) of Eq. (2.72) transform as

Qp=2Q, and Cgp)=27C(p) (2.91)

respectively. In terms of the renormalization constant matrix Z the ADM defined via
Eq. (2.73), is then given by

. s od o,
Wo) =2y 2 . (2.92)

Next, we shall denote the results obtained in two different renormalization schemes by
’yéz), 'f’é and A % , 72(12), with ¢ = 1,2. Furthermore, let us assume without loss of generality
that the first scheme, which we shall call reference scheme hereafter, is distinguished from

the other ones by the subsidiary condition f((]l) = f((f) = 0.

It should be clear that for any given scheme a we can always switch to the reference
scheme by the following finite renormalization:

Zo = (i - O‘ng)fgn _ (O‘ng))Q (f»ém _ (fal))2)> Za. (2.93)

The corresponding transformations of the O(a?) and O(a?) anomalous dimensions is easily
obtained using Eqgs. (2.92). At NLO we reproduce the well-known result [23, 85]

e =40 — [#0,40] — 28,7, (2.94)
whereas at NNLO we find
48 = 4@ — [3® 407 — [p0 4] 470 [30 5O] 46,73 — 28,71 425, (7). (2.95)

Obviously, the combinations %1) and %2), are the same for any given scheme a.

With Egs. (2.94) and (2.95) at hand, it is now straightforward to show that the matrices
RW and R® introduced in Eqs. (2.90) are independent of the renormalization scheme and
the form of the operators considered. The actual proof will be given in the following
scetion. Next, A®, A0 and A® obtained from the calculation in the full theory, clearly
do not depend on the particular choice adopted for the renormalization of operators. In
consequence, the factor to the right of U© (u, 1) in c (u), as given in Eq. (2.89), which is
related to the upper end of the evolution, is independent of the renormalization scheme.
The same is true for the LO evolution matrix U (s, ). However C() still depends on
the renormalization scheme through K (1) and consequently on J@ and J@ , entering the
Wilson coefficients to the left of U© (i, o). As is evident from Egs. (2.78) and (2.87), this
dependence on the lower end of the evolution is canceled by the corresponding one of the
matrix elements (Q7 (1)), so that the effective Hamiltonian and hence also the resulting
physical amplitudes are scheme independent as it has to be.
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2.3.4 Scheme Independence

In order to proof the scheme independence of the matrices RW and R® introduced in
Egs. (2.90), we start from the anomalous dimensions in the reference scheme %1) and ’3/82).
These matrices can be accessed from any arbitrary scheme a using Eqgs. (2.94) and (2.95).
Let us transpose the latter equations and eliminate ’yél) T and %2)T by means of Egs. (2.84).
Finally, dropping the unnecessary subscript a, we obtain

. B, . : :
AT _ o1 [,yw)T’ R(l)] —26,RM |

A B . « A B[4 - . ~ ~ 2.96
5T _ 2907 _ 507, 72) - - 507 /0] 1 [0, R0] A (2.96)

—46,R? — 28, RY + 25, (R(l))2 )

which proves the scheme independence of RW and R®.

It is important to emphasize that the renormalization scheme dependencies discussed
here refers to the renormalization of operators only, and has to be distinguished from the
renormalization scheme dependence of a,. The issue of the latter scheme dependence in
the context of the operator product expansion and renormalization group techniques is
discussed in [84] and will not be repeated here.

2.3.5 Including QED Corrections

In this section we want to give the formulas relevant to resum QED logarithms up to NLO.
If we neglect contributions of O(a?) to the anomalous dimensions we can write

« s\ 2 s\ 3 « o«
P () <_> 2 (0) (_> 20 L Qa0 L X Y0 997
Now we have a renormalization group equation with multiple coupling constants. There-
fore we will keep the p dependence explicitly in the integral equation for the evolution
matrix i
0y 10) = Tyexp [ dui's" (1) (2.98)
Ho
and compute the derivative of Egs. (2.77) and (2.98) with respect to u. For K =
K(g(p),e(p)) we find the following differential equation:

0K (g,e) n Be 0K (g, €) i 1 P(ﬁ()l’k ,e)} - (;T((gg)) + ;@(;)T) K(g,e).  (2.99)
0 0

dg 15} Oe g

Since « varies very slowly for my, < p < My, we will in the following neglect the running
of the electromagnetic coupling. This corresponds to setting 3./0 to zero.
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To proceed further we expand the matrices K and K ! in powers of o and a,
K= (1+—J) aslt) joy o (2alk) 2j(2> i+——J
4o ¢ 4 4 as(p) ¢

ol (1 _ QS?MO)JG) <1 - O‘Sigt)) Jo (O‘SAE:()))Q (j<2> - (ju))?)) (2.100)
X (i — %Jse) .

In order to get explicit expressions for the matrices J. and J,. we define

SO VEOT, 0 = sy 2101

and

~ ~

G.= Ve, G = Yse- (2'102>
The matrix kernels are then given by

0

1 _ €ij
7206, (11+ aj — a;) ; ; (2.103)
(AT —— ) S SR [y Sy
s€id 250( ) [ ¢ } ﬁO ﬁO ij

which agrees with the findings of Ref. [94]. Note that the matrices S, and S, can develop
singularities for a, = a; or a; = a; + 1. However these singularites will cancel in the
expression for the evolution matrix if all contributions are taken into account.

We now expand the Wilson coefficients at a scale p in powers of o and ag

Clo) =0 ) + G0 + (22)) G
T (2.104)

to rewrite the general solution of the RGE equations (2.74) in terms of its individual
contributions:

C (1) = v (1, MO)C(O (10),

CD () = U (1, 110) €V (p1o) + UD (11, p10) C (o),

G () = 20O (1, 115) C (1) + 1TV (11, 10) CV (o) + TP (11, 110) CO (o), (2.105)
ﬁéo)(ﬂ) Ue(o (1, MO)C( (10),

oD (1) = U0 (1, p10) €V (o) + T (11, 10) C (p10) + UL (1, 120) € (pao)



34 CHAPTER 2. FOUNDATIONS

where we expanded the evolution matrix

as(p)
47

s (i)

in the coupling constants and find the following contributions to the individual evolution
matrices:

UD (1, j10) + <az(ﬁ)) U (11, o)

(0%

—uW
A € (,LL, MO)

U(,LL, MO) = U(O) (,LL, MO) +
(2.106)

- U (1, o) +

U(1 (1, o) = JOUO (1, 10) = U (11, p10) TV

® (1, 10) = JOUO (1, o) = nJ VU (11, 110) JD — 12U (11, pro) (J(z) - (J(”)2> :
Ué° (1, 1o)
(1, o) =

U

e

JUO (1, o) — 7 U (1, o) Je
‘] ‘] U( (M) :LLO) + JseU(O) (,LL, MO) - 77_1‘]8U(0) (,LL, MO)‘]e
+ U, o) Je s — U (1, p10) Jse = U (11, p10) Js -

Hs Ho
Hs Ho

(2.107)
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3.1 Extracting the Divergences

In the renormalization of QCD and QED at higher orders the standard method of extracting
the UV divergence structure of a Feynman integral is to perform the calculation with
massless propagators. However, if one uses massless propagators to compute three-point
or higher Green’s functions one might generate spurious IR infinities which, in dimensional
regularization, cannot be distinguished from the UV divergences one seeks. There exist
several methods [95,96] to overcome this problem, but they are generally quite involved and
not suitable to the automated evaluation of a large number of diagrams. In the approach
of [65] the so-called IR rearrangement is performed by introducing an artificial mass. For
the calculation of the renormalization constants this means that we can safely apply Taylor
expansion in the external momenta after introducing a non-zero auxiliary mass M for each
internal propagator, including those of the massless vector particles. The auxiliary mass
regulates all IR divergences and the renormalization constants can be extracted from the
UV divergences of massive, one-scale tadpole diagrams that are known up to the four-loop
level [97-100].

3.1.1 Infrard Divergences and External Momenta

Following references [25,65], the starting point of our procedure is the exact decomposition
of a propagator:

1 1 p? + 2k -p—m?+ M? 1

(k+pP—m2 k*—M k2 — M2 (k+p)>—m?’

(3.1)

Here k is a linear combination of the integration momenta, p stands for a linear combination
of the external momenta, and m denotes the mass of the propagating particle. If we assume
that the dimensionality of the operators in our effective theory is bounded from above, and
we apply recursively the above decomposition a sufficient number of times, we will reach the
point where the overall degree of divergence of a certain diagram would become negative
if any of its propagators were replaced by the last term in the decomposition. We are then
allowed to drop the last term in the propagator decomposition, as it does not affect the
UV divergent part of the Green’s function after subtraction of all subdivergences.

As already mentioned in Section 2, another side effect of our IR regularization is that
we have to consider insertions of non-physical effective operators in our calculation. Let
us explain this point in more detail. Non-physical counterterms generally arise in QCD
calculations, but the projections of their matrix elements on physical operators vanish un-
less the underlying symmetry is broken at some stage. Due to the exact nature of the
decomposition Eq. (3.1), the UV poles of the diagrams obtained by our method are correct
after the subtraction of all subdivergences. However, the UV poles related to subdiver-
gences and their subtraction terms both depend on the finite parts of certain lower loop
diagrams, which in our approach are not necessarily correct and do not comply with the
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usual Slavnov-Taylor identities. For instance, the introduction of the IR regulator invali-
dates the argument that guarantees vanishing on-shell matrix elements for the non-physical
operators. One therefore expects non-negligible contributions to the counterterms from all
possible operators with appropriate dimension. Consequently, all EOM-vanishing opera-
tors, gauge-invariant or not, and in general even BRST-exact operators must be included
in the operator basis. The “incorrect” subdivergences are present in both counterterm and
irreducible diagrams, but they cancel in their sum, provided the calculation is carried out
in exactly the same way. The operator renormalization constants calculated in this way
are correct for all the operators in the complete basis.

3.1.2 Truncating the Expansion

This algorithm can be also simplified by the following observation [65]. The terms con-
taining powers of the auxiliary mass squared in the numerators contribute only to UV
divergences that are proportional to those powers of M?2. The latter are local after the
subtraction of all subdivergences, and must precisely cancel similar terms originating from
integrals with no auxiliary mass in the numerators. Since the decomposition of Eq. (3.1)
is exact, no dependence on M? can remain after performing the whole calculation. This
observation allows one to avoid calculating integrals that contain an artificial mass in the
numerator. Instead of calculating them, one can just replace them by local counterterms
proportional to M? which cancel the corresponding subdivergences in the integrals with
no M? in the propagator numerators. Nevertheless, the final result for the UV divergent
parts of the Green’s functions are precisely the same as if the full propagators were used.

The counterterms proportional to M? in general do not preserve the symmetry of the
underlying theory, specifically they do not have to be gauge-invariant. Fortunately, the
number of these counterterms is usually rather small, because their dimension must be two
units less than the maximal dimension of the operators belonging to the effective theory.
For instance, in QCD only a single possible gauge-variant operator exists that fulfills the
above requirement. It looks like a gluon mass counterterm,

MEGaGer, (3:2)

and cancels gauge-variant pieces of integrals with no M? in the numerators. To ensure
that our renormalization procedure with the fictitious gluon and photon mass is valid, we
have checked explicitly the full MS renormalization of QCD and QED up to the three-loop
level, finding perfect agreement with the results given in the literature [67-70]. In our case,
beside the term in Eq. (3.2), we also have M? counterterms of dimension-three and four,
some of which explicitly break gauge invariance:

M?> iM? M?3e M>
?mbngRa ?EL@[?L, ?gLAbLa 7§L$bL, (3.3)

where A, denotes the photon field.
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3.2 The Calculation

The large number of diagrams which occurs at higher orders makes it necessary to generate
the diagrams automatically. For the evaluation of the ADM presented here all diagrams
have been generated by the MATHEMATICA [101] package FeynArts [102], which provides
the possibility to implement the Feynman rules for different Lagrangians in a simple way.
We have adapted it to include the effective vertices induced by the operators (01-Q)3>. We
have processed the FeynArts output using two independent programs. In one case the
output is converted into a format recognizable by the language FOrRM [103]. The group
theory for each graph as well as the projection onto all possible form factors is performed
before the integrals are evaluated. The very computation of the integrals is done with the
program package MATAD [104], which is able to deal with vacuum diagrams at one-, two-
and three-loop level where several of the internal lines may have a common mass. The
calculation of the tadpole integrals in MATAD is based on the so-called integration-by-parts
technique [105,106]. The second program is entirely a MATHEMATICA code, which for the
three-loop integrals uses the algorithm described in detail in [65].

3.2.1 Tensor Decomposition

In this section we will discuss how the reduction of tensor to scalar integral was performed
in this work. We will give a prescription how to do this reduction for I-loop vacuum
tensor integrals with one common mass scale, while trying to keep as near to the actual
implementation of such a procedure to a computer algebra program as possible.

In general we will encounter the following l-loop tensor integrals, which can be denoted

by:

D
Ta1az...a; _ m,l.D,Z aiJrQEmﬂ_,lD/g / Hz d q; Qiui,l e (]iu,;ai .
ning..nM11...N17...Np_1] Hz(qZQ + m2)"i Hz<]((qz _ qj)Q + m2)nij

(3.4)
The integral is massless, has no external momenta, and is symmetric under an exchange
of indices

[lij < ik (3.5)

and will be proportional to a sum of symmetrized products of metric tensors. This
symmetrized product of metric tensors can be most easily denoted by the number of metric
tensors which contain indices of two given loop momenta. For example the symmetrized
product of two metric tensors that both contain an index of the first and second loop
momenta reads:

Gurapea 9 opze T Guigpo2 9o pen = (3-6)
g[bl :0,...,bl :O,blg :2,...,[)11 :07"'7bl—1l] (37)
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The result of the general tensor integral (3.4) can then be written as a sum of the metric
tensor products times some constant

T =Y " Fyglbi,. .., bl (3.8)
b;

The constants Fj, can be determined by contracting (3.8) with all products of metric
tensors. Such a contraction will yield the same result for a contraction with products of
metric tensors which can be related by the symmetry transformation (3.5). If we denote
by ¢! [c1, ..., 1] the first term of the sum of the products of the metric tensor as a
representative of the corresponding symmetry we find a set of equations:

Tﬁf.'.'.ﬁf,ug(l) lc1, .. amu] =

D ci Cij
m—l-D—chi-l—szﬂ.—lDﬂ/ I d%a TTi(a @) Tlic; (@, 45)™ _
[1:(q +m?)mi Hz‘<j((%‘ — ;)% +m?)"

Srczlfrfll__ltl = Z g(l) [Cl, ceey Cl—ll] g [bl, ey bl—ll] Fbi, (39)
b;

which allows one to express the constants Fj,, by the inverse of the matrix

MZty, = W e, aul g b, bl (3.10)

where the indices b; and ¢; have to fulfill the following subsidiary condition:

J>i j>t

Since these operations are independent of the particular form of the denominator, one
can apply the tensor decomposition by the following replacement of loop momenta in the
nominator of (3.4):

H Qipin  Qipia, — Z H(Qz‘, )" H(q@', q;) (Mfiﬁbi)_l gy, ... byl (3.12)

bi,ci 1 i<j

3.2.2 Integrals

After expanding in the external momenta, going to euclidian space-time, and performing
tensor decomposition, one is left with one-, two-, and three-loop integrals with one common
mass. These integrals are shown in Fig. 3.1 and read:
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O 9wy

Figure 3.1: Scalar one-, two-, and three-loop integrals with one common mass. Each line
denotes an arbitrary number of propagators of a given internal momenta combination.

D
) — -D+2m D /qu 1 T (n—%)
" (¢* +m?)" I(n)
1
[(2) — mf2D+2En¢ WD/dD dD :
ninang 1 42 <q% + m2)n1 (q% + m2)n2((q1 _ q2)2 + m2)n3
3 —3D+42%n; _—32
[r(zl)ngngn4n5n5 =m * oz

/ dDC]l dDC]Q dDC]s
(g7 +m?)™ (g5 +m?)"2 (g5 +m?)"3((g2—g3)* +m?)" ((gzs—q1) 2 +m?)"s ((q —ga) 2 +m?)"s”
(3.13)

The two-loop integral reduces to a product of one-loop integrals in case of non-positive
indices ny, ng, or, n3, while for positive indices all integrals can be reduced with the help
of the relation [107]

I((siJrl)nQng :3%“{(3”1 - D)]r(i)ngn?,
L (I((Z)l—l)(nﬁl)na - [r(j)(n2+1)(n3—1)) (3.14)
+ s (I((’Ql)l—l)m(”ﬁl) N 1221)(”2—1)(?13“)) }
’ o _ (CA+e)” (27 3
L = (=120 <?52 - ﬁ) + O(e), (3.15)

where s9 denotes the Clausen function.

As we are only interested in the UV divergent part of the three-loop vacuum integrals,
we can study their behavior by considering the large energy behavior of two-point two-loop
subdiagrams.

Let us exemplify this for the integral I 1(‘;’)1111, where we consider the subdiagram

(2) 2 2\ _ . —2D+10 _—D
I (@e,m*) =m ™

/ dPq dPq (3.16)
(i +m?) (@ +m?) (a1 —a2)*+m?) ((a— @) +m?)((g—a2)*+m?)
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and its momentum behavior at large ¢ [96]

2) m2\° " m?
Il(llll(q27m2) — <?> <6§3 +0 <?> + O(G)) for ¢*>m*.

Integrating this subdiagram we find the divergent parts of the integral

® =%

111111 —

41

(3.17)

(3.18)
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Figure 3.2: (a) Penguin insertion of (). It will induce a mixing of @)y into Q2 in an
off-shell calculation. Attaching an external quark to the gluon would immediately give the
mixing of Q)2 into Q4.(b) along with (a) is needed to renormalize the subdivergences which
arise in the two-loop calculation.

3.3 Contributions of EOM-vanishing and BRST-exact
Operators

In this section we shall study the contribution of EOM-vanishing and BRST-exact operators
to our calculation. Given the complexity of this calculation we restrict ourself to some
selected cases. We start with the contribution of EOM-vanishing operators to the O(ay)
and O(a?) mixing of the current-current and QCD penguin operators.

3.3.1 Contribution of EOM-vanishing Operators to the QCD Mix-
ing of ()1—Qs
Let us recall the definition (2.47) of

1
Q12 = §§L’Y“TabLDVGZu + Qs (3.19)

Its contribution to the QCD mixing of ()1-Qg is twofold. The first comes due to the EOM
structure, since (1o consists of a term which is proportional to ()4 and another term which
is chosen such that the operator will vanish after applying the equation of motion for the
gluon. A contribution to Z, ;; will then give a corresponding contribution to Z; 4, and the
QCD penguin in Fig. 3.2 is contributing to the mixing of say )2 into ()4. Secondly a two
loop QCD calculation for the mixing of the current-current and QCD penguin operators
generates subdivergences with external gluons. The two possible contributions are shown
in Fig. 3.2.

At one-loop level only Q11 and Q15 are needed as nonphysical counterterms for (Q1—Qs,
as can be seen in Eq. (B.4). Since

e 2

e _
Qu = ?gLWMbLayF;w + ?(ELWZ’L) Zf Qr(f"f) (3.20)
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Figure 3.3: Some of the two-loop 1PI diagrams which mix )5 into Nl(l) and NI(Q)—NI((Q]).

does not contribute to a pure QCD calculation all possible subdivergences containing gluons
can be subtracted using Q1».

In case of a QED calculation @)1; will play a similar role as does ()12 in QCD. In
particular it will induce a mixing into the electroweak penguin operator Q?

The situation gets more difficult on the three-loop level. In order to remove the UV
poles related to the two-loop subdiagrams with insertions of ()1—Q¢ depicted in Fig. 3.3,
another ten EOM-vanishing operators Q13—Q21, (Q23—(24 need to be considered.

It is important to remark that the EOM-vanishing operators introduced in Eqs. (2.47)
and (2.48) arise as counterterms independently of what kind of IR regularization is adopted
in the computation of the anomalous dimensions of ()1—Q)s. However, if the regularization
respects the underlying symmetry, and all the diagrams are calculated without expansion
in the external momenta, non-physical operators have vanishing matrix elements [77,79,81—
83]. In this case the EOM-vanishing operators given in Egs. (2.47) and (2.48) play no role in
the calculation of the mixing of physical operators. If the gauge symmetry is broken this is
no longer the case, as diagrams with insertions of non-physical operators will generally have
non-vanishing projection on the physical operators. Since our IR regularization implies a
massive gluon propagator, non-physical counterterms play a crucial role at intermediate
stages of the anomalous dimensions calculation.

3.3.2 Contribution of BRST-exact Operators to the QCD Mixing
of Q1—s

In contrast to the case of the two-loop mixing of the magnetic operators considered in
[25,46], it is a priori not clear if BRST-exact operators do arise as counterterms of Q1—Qs.
Since the BRST variation raises both ghost number and mass dimension by one unit, it is
evident that any BRST-exact operator that potentially could mix with (Q;—Qs has to be a
BRST variation of a dimension-five operator containing a single anti-ghost field. The only
possibility for the latter operator having the correct chirality structure is given in the R
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Figure 3.4: (a) A typical example of a divergent two-loop 1PI diagram which potentially
could introduce a mixing of ()5 into By. (b) A typical example of a counterterm contribution
needed to renormalize the corresponding two-loop 1PI diagrams. (¢) The one-loop matrix
element of B; which has a non-vanishing on-shell projection on ()4 if a non-zero ghost mass
is used in the calculation.

gauge by (2.49)

1
By =s b (O n") (SLV’“T%L)}

- (3.21)

1
— _5 [EaulalmGZQ +gfabc (a;uﬁb) 77c:| (gL,yMlTabL) ’

where s denotes the BRST operator, n® and 7% are the ghost and anti-ghost fields, f°
are the totally antisymmetric structure constants of SU(3)c and £ is the covariant gauge-
parameter.

Although there is no obvious reason why B; should not appear as a counterterm of
Q1—Qs, it turns out that up to three loops B; does not play a role in the mixing of
physical operators considered in this work. The key observation thereby is that the overall
contribution from the two-loop 1PI diagrams depicted in Fig. 3.4 (a) is canceled by the
corresponding counterterm contribution as shown in Fig. 3.4 (b), so that the associated
renormalization constant is exactly zero at O(a?). Therefore B; does not contribute to the
mixing of Q1—Qs into @4, although its one-loop O(a,) matrix element displayed in Fig.
3.4 (c) does not vanish if it is computed using a non-vanishing ghost mass to regulate IR
divergences.
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3.4 Anomalous Dimension Matrix

In this section we will present our results for the anomalous dimensions describing the
mixing of the four-quark operators Q;-Qg up to O(a?) for an arbitrary number of quark
flavours denoted by N;. In addition we will also give the anomalous dimension for the
physical operators, QQ1—Q, Q?—QﬁQ, and Q7—Q19, up to O(a,a) and O(a?).

Let us recall the expression (2.70) where the anomalous dimension matrices is expressed
in terms of the operator renormalization constants. For the physical operators there is no
finite renormalization in the MS scheme and we can write up to O(a?) and O(a,a):

40) = 9700
40 = 4700 _ 9z 700

&(2) — 62(371) _ 42(271)2(170) _ 22(171)2(270) (3 22)
. 5 (1,1)
Ve = 2Ze ’

7;8 _ 4268(271) _ 22@(171)28(170) _ 228(171)26(170).

The relevant matrices Z10, ZOD 220 and Z@D are found by calculating various
one- and two-loop diagrams with a single insertion of ()1—Qs, Q?—QGQ, Q7—C10, Efl)—EAEI),
and EP—E&Z), whereas the matrix Z31 requires the computation of three-loop diagrams
with insertions of )1—Q)s as shown in Fig. 2.2. The pole and constants parts of these
one-, two- and three-loop diagrams are evaluated using the method we have described in
detail [46]. We perform the calculation off-shell in an arbitrary Re gauge which allows
us to explicitly check the gauge-parameter independence of the mixing among physical
operators.

Having summarized the general formalism and our method, we will now present our
results. First we will give the mixing of Q1-Qg up to order a? for an arbitrary number
of flavours N;. For completeness we start with the regularization- and renormalization-
scheme independent matrix (), which is given by

-4 3 0 -2 0 0
12 0 0 1 0 0
0 0 0 20 2
20 > ,
! 0 0 o0 _woyay 4 (3.23)
00 0 -z 0 20
0 0 -2 -y, § 4

While the matrix 4O is renormalization-scheme-independent, 4" and 4 are not. In the
MS scheme supplemented by the definition of evanescent operators given in Egs. (2.50),
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(2.51) and (2.52) we obtain

145 | 16
—5 9Ny

—45+2 Ny

0
0
0
0

and

—26+22 Ny

1412

243
28 _ 416

3 81

0 4468

81

13678 | 368
243 1781 Ny
244480 160
81 o Ny
77600 _ 1264

243 81 N

o O O

1927 257 40 160
— 1P+ BTN+ R NG+ (2244 180Ny ) Gs

2

307 4 361 Ny — 20 N2 (1344+160N ) 3

!
0

o O O

269107 _ 2288 Np— 1360

13122

69797
2187

729 81

904 2720
TaNrt+757 G

243

4203068 | 14012 608
~orsr tooas Nim a8

2187

243

— 5875184+217892 Nf+48L12N?+(27520 + 13960 Nf)CS

6561 2187

81

_ 194951552 + 352(1)‘72 Nf_ 2;4114 N2+ 87040
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162733912 _ 2535466

f 27

6561 2187

343783
52488

_ 37889

Ny+

243 ‘Vf

392 124
+iog Npt+51 C3

s N =57 Cs

8748 ~ 243

674281 _ 1352 N

4374
2951809 _ 31175
52488 8748
14732222
2187
22191107 , 395783
13122 + 4374 N

Ny

27428 272 Ar2 13984
a1 Ni+E N &

496 -
243 1Vf T 27 63

52 2 3154 136
GNP (S ONS )G

27

- 1720 N27( 33832 + 13960 Nf)CS

243 ' f 81

17920 N2+( 17§§O8+ 12{1)60 Nf)CS
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_ 1369 134 35
243 243 162
1280 56 35
81 81 27
BTNy b Sos 5Ny
-BEHREN, B a Ny S — 27 NV ’
SRR, ALEN, Sy,
SER-EN, BBLRN, BN,
(3.24)
P BEN - NG (552N )G
1298 _ 76 N —224(3
0
0
0
0
—ter e Ny 50 G
Horis . — e Ny 250G
IS SN NG (100N ) g
— T+ SR N — R N (1SR BN )G
_ 1302510807332 _ 294;52)(9516 Nf—l—%N?—l—( 233(7)16 +640Nf)§3
13%22?36 _ 18336;)33 Ny— 157925948 NJ%—( 2488132 +%Nf )CS
— o084 tora Nyt+3r s
31616696149 - % Ny— % G
s 2108, 28 N2 (1921420 )
32827748801 - 11015626943 Nf*%N%L(%*%Nf)CS
521650 | 8081 N, 916 2 (22420 300N, )¢y
L a5 N3 | (92081120 )

As far as the one- and two-loop self-mixing of the four-quark operators Q;-Qg, namely 4%
and 4" are concerned, our results agree with those of [24], and therefore also with previous
results [22,23] that were obtained in a different operator basis [84]. We will come back
to this point later. On the other hand, the three-loop self-mixing of ();-Q¢ described by
42 is entirely new and has never been given before. As it is characteristic for three-loop
anomalous dimensions the entries of 42 contain terms proportional to the Riemann zeta

function (3.

Let us now turn to the mixing of the complete physical operator basis (1—Qs, Q??fQGQ,
and QQ7—Q10. Keeping the application to B-decays in mind we will give the results for Ny = 5
active flavours and start for completeness with the regularization- and renormalization-
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scheme independent matrix 4(%) and 4, which are given by

3 2
—4 8 -2 0 0
12 0 s 0 0
0 0 -2 0 2
N
00 0 -2 0 20
256 56 40 2
00 =5 5 7 -3
_8
RO 0 0 0 X 0 0
00 0 £ 0 0
0 0 0 20 0
00 0 & 0 0
00 0 0 0 0
00 0 0 0 0
00 0 0 0 0
00 0 0 0 0
(3.26)
0 o 0 0 0 0 =2 0
0 o 0 0 o0 0o =% 0
0 o 0 0 o0 o =% 90
0 o 0 0 0 0 2 o0
0 o 0 0 0 0 - o0
0 o 0 0 0 0 22 0
0o -20 0 2 0 0 -2 0
40 52 4 5 32 ’
5 "3 95 ¢ 0 0 = 0
0 —128 0 20 0 0 —-ZE 0
256 160 40 2 512
5 ~3 9 3 0 0 =% 0
0 o 0 0 ¥ 0 o0 0
0 o 0 0 -2 -6 0 0
0 o 0 0 0 0 -2 o0
0 o 0 0 0o 0o o =%

|
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and
-2 0 0 0 0 0
0o -3 0 0 0 0
0O 0 0 0 0 0
0O 0 0 0 0 0
0O 0 0 0 0 0
0o 0 0 0 0 0
4
g = 0 0 2 0 —5 0
e 4
0o 0 0 3 0 -3
4
0 0 % 0 -2 0
o 0 o0 2 0 -3
0O 0 0 0 0 0
0 0 0 0 0 0
0o 0 0 0 0 0
0o 0 0 0 0 0
2.0 0 0 0 0 0 0 (3.27)
S 0 0 0 0 0 0 0
76 2
2 0 -2 0 0 0 0 0
32 20 2
-2 2 0 -2 0 0 0 0
w0 -0 0 0 0 0
512 128 20
-2 B 90 20 0 0 0
332 2
2 0 -2 0 0 0 0 0
32 20 2 ’
22 0 -2 0 0 0 0
3152 20
20 -2 0 0 0 0 0
512 128 20
Bz B oo -2 0 0 0 0
16 3
o 0 0 0 ¥ -8 0 0
o 0 o0 0 0 3 0 0
o 0 0 0 0 0 ¥ —
o 0o 0 0 0 0 -—4 1%

9

where the electroweak penguin operators have been placed between the QCD penguin
operators and the magnetic operators. Our results agree with the ones given in the lit-
erature [28,94,108], except for the QED mixing of Q¢ and Q19 which has never been
calculated before. This last mentioned mixing will be an essential ingredient to the study
of electroweak effects in B — X *¢~. The order a? contributions to the anomalous
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dimension matrix are given by

355 502 1412 _ 1369 134 _ 35
9 27 243 243 243 162
_3  _28  _46 1280 56 35
3 3 81 81 81 27
0 0 4468 31469 400 3373
81 81 81 108
0 0 8158 59399 269 12899
243 243 486 648
0 0 _ 251680 _ 128648 23836 6106
81 81 81 27
0 0 58640 _ 26348 14324 _ 2551
243 243 243 162
0 0 832 _d000 _12  _70
~(1) _ 243 243 243 81
7= 0 0 3376 6344 _ 280 55
729 729 729 486
0 0 2272 72088 _ 688 1240
243 243 243 81
0 0 45424 84236 _ 3880 1220
729 729 729 243
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
(3.28)
232 167 2272
0 0 0 0 =35 1w® 7
464 76 1952
0 0 0 A A7
64 368 6752
0 0 0 0 81 27 243 0
200  _ 1409  _ 2192
0 0 0 0 243 162 729 0
6464 13052 _ 84032
0 0 0 0 T8l 27 243 0
11408 _ 2740  _ 37856
0 0 0 0 243 81 729 0
_ 404 3077 32 1031 _ 64 368 24352 0
9 9 9 36 243 81 729
2698 8035 49 4493 776 743 54608 0 )
81 27 162 216 729 486 2187
_ 19072 _ 14096 1708 1622 6464 _ 7220 _ 227008 0
9 9 9 9 243 81 729
32288 _ 15976 6692 2437 63824 6700 551648 0
81 27 81 54 729 243 2187
0 0 0 0 20 0 0
2192 1975
0 0 0 0 -5 0
0 0 0 0 0 0 -0
0 0 0 0 0 0 o =

where the mixing of the electroweak penguin operators Q3Q7Q§ are given for the first time in
the basis of Sections 2.2.1 and 2.2.2. The self-mixing of the current-current, QCD penguin,
and electroweak penguin operators is given in Refs. [22, 23], while the mixing of Q1—Qs
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into QQ7—Qs is given in Refs. [109,110], and of @Q1-Qs into Qo—Q10 in Ref. [111]. We agree
with all these findings. The mixing of the electoweak penguin operators into (Q7—Q19 is a
new result, while the mixing of Q7 and Qg confirms for the first time the findings of [25].
Now let us turn to the complete order a o mixing

169 100 254
9 27 0 729 0 0
50 8 1076
3 3 0 243 0 0
11116 1
0 0 0 513 0 3
0 0 280 18763 28 _ 35
27 729 27 18
0 0 0 111136 0 _ 140
243 3
0 0 294 19312 280 115
27 729 27 9
0 0 _20 39392 24  _92
) _ 81 729 81 27
Tse' T = 0 0 206 480 _1s4 22
243 2187 243 81
0 0 _23552 399776 2240  _ 752
81 729 81 27
0 (0 28296 933776 1504 _ 2030
243 2187 243 81
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
(3.29)
22 12 49 _9es 18 _11630  _ 416
729 81 81 729 243 2187 81
_1m _ms 82 _22  _9  _20 _lu
243 27 27 243 81 729 27
23488 6280 112 _ 538 32 32 _ 39752 _ 136
243 27 9 27 243 81 729 27
31568 9481 92 1012 64 260 1024 a8
729 81 27 81 729 243 2187 81
233020 68848 1120 5056 23480 2096 381344 _ 15616
243 27 9 27 243 81 729 27
352352 116680 752 10147 _ 6464 3548 24832 7936
729 81 27 81 729 243 2187 81
5888 13916 112 812 544 544 00424 152
729 81 27 81 729 243 2187 81
2552 15638 176 2881 64 260 1024 448
2187 243 81 486 2187 729 6561 243
90944 90128 1120 1748 _ 28936 3664  _ 910048 _ 8000
729 81 27 81 729 243 2187 81
1312 102488 1592 _ 6008 6464 15212 24832 7936
2187 243 81 243 2187 729 6561 243
124 52
0 0 0 0 o7 5 0 0
128 92
0 0 0 0 ] 5 0 0
__308
0 0 0 0 0 0 9 16
0 0 0 0 0 0 16 — 308

9
It is given for the first time in the new basis. The mixing of the four quark operators
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has been calculated in the so-called “standard” basis in Refs. [23,94] while the mixing of
the current-current and the QCD penguin operators into the magnetic operators has been
given only in Ref. [28]. We agree with their findings. The results for the mixing of the
electroweak penguin operators into the magnetic ones, the complete mixing into ()9 and
(10, and the mixing of (Q7;—Q)s are entirely new.

The order o contribution to the mixing of Q1-Qs into Q7—Qs has been calculated
for the first time in Ref. [24]. We confirm their findings. The self-mixing of @Q1-Qg, and
the mixing into Q9 and @1y are given for the first time. The self-mixing is given in Eq.
(3.25) for an arbitrary number of flavours. The order o mixing into Q7—Qo reads for five
flavours:

13234 13957 _ 1359190 4 6976 0
2187 2916 19683 243
20204 14881 220696 _ 3584 - 0
o 729 972 6561 81 o3
92224 66068 1290092 |, 3200
00 729 243 — %561 81 3 0
184190 1417901 819971 _ 19936
00 T 2187 T 75832 T 719683 243 & 0
1571264 3076372 16821944 | 30464
2 (2) 00 729 243 — 6561 T os1 63 0 (3 30)
- _ 1792768  _ 3029846 _ 17787368 _ 286720 :
0 0 0
o 2187 729 19683 243
00 0O0O0TO O ? 0 0 0
00 0O0O0TF O ? ? 0 0
00 0O0O0TF O 0 0 — 9769 0
00 0O0O0FO 0 0 0 9769

M
J
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3.5 Transformation to the “Standard” Basis

In n = 4 dimensions, a change of the physical operators is always equivalent to a simple
linear transformation

Q' =RQ, (3.31)
parameterized by a rotation matrix R, which as long as R is p-independent, affects the
renormalization constants and the ADM in a trivial way:

Z'=RZR™', and 4 =RAR™'. (3.32)

In the framework of dimensional regularization, the transformation corresponding to
the change of basis turns out to be more complicated, as it generally involves evanescent
operators as well. This feature basically reflects the fact that in order to formulate consis-
tently the dimensional regularization of a theory containing Fermionic degrees of freedom,
the Dirac algebra has to be infinite-dimensional, which implies that evanescent operators
are necessary to form a complete basis in n = 4 — 2¢ dimensions. In consequence, specify-
ing the evanescent operators is necessary to make precise the definition of the MS scheme
in the effective theory beyond leading order, as can been seen for instance in Egs. (3.22).
Clearly, EOM-vanishing operators are irrelevant to the present discussion.

As long as the change of basis does not mix physical and evanescent operators, the ADM
still changes in a trivial way. In particular, a linear transformation of evanescent operators
does not affect the physical ADM at all. However, when the change of basis involves a
mixing of evanescent into physical operators or vice versa, the situation turns out to be
more complicated [24]. Indeed, as we will explain in a moment, the new ADM is still given
by Eq.(3.32), but the presence of evanescent operators induces a finite renormalization
constant for the physical operators in the new basis. In order to restore the standard MS
scheme definitions, a change of scheme is therefore required.

Let us first consider a change of basis that consists of adding some evanescent operators
to the physical ones:

Q=0+ WE, (3.33)
parameterized by the matrix W. In this case the new ADM is still given by Eq. (3.32)
because of the absence of mixing of evanescent into physical operators in the original basis.
However, after the above transformation, the renormalization matrix corresponding to the
physical operators in the new basis will contain a finite, non-vanishing contribution

Zg) =Wy, (3.34)

where the subscript () and F denotes an element of the physical and evanescent operators,
respectively. In order to re-impose the standard MS conditions, the latter contribution
must be removed by a change of scheme, implemented by Eq. (2.93).

The situation is very similar for a change of basis that consists of adding multiples of
e times physical operators to the evanescent ones:

E'=E+eUQ, (3.35)
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parameterized by the matrix U. In this case the ADM is unchanged because of its finiteness.
However, the renormalization matrix of the physical operators in the new basis will contain
a finite, non-vanishing contribution as well:

A~ A A~

!
Z58) = ~2500. (3.36)
Needless to say, the above contribution must again be removed by a suitable change of
scheme, in order to abide by the standard MS renormalization conditions.

We therefore conclude in full generality that a change of basis in dimensional regulariza-
tion is equivalent to a rotation plus a change of scheme. If we discount possible pu-dependent
rotations of the operator basis, it should be clear from the discussion above that the most
general change of basis comprises the three linear transformations of Egs. (3.31), (3.33),
and (3.35), as well as a rotation of the evanescent operators, which will be parameterized
by the matrix M in what follows. In total we thus have

Q’:R<@+Wﬁ>, and E/:M<EUQ+[1+EUW} E) (3.37)

The corresponding residual finite renormalization can be derived with simple algebra. Up
to second order in o we find

Z1(1,0 > T ~(1,0 (1,1 Tr~7(1,1 1A o o A

Zoy =R [WZ;Q) - (ZégE) + W2y = AOW ) U R

51(2,0 5 | rr 5(2,0 2 (2,1 5 52,1 1. iy 1 2a1) 501,00

Z&SQ ‘=R [WZ}JQ) - <Zé2E) + WZJ(EE) - Z’Y(l)W - ézé;E)Z};Q)W (3.38)

Lo s s00m, Lo s R Y P o
W2y Zpg W — W Zp ) §OW + §ﬁowzgg)w) U} R

With these expressions at hand, it is now straightforward to deduce how the ADM trans-
forms under the change of basis as given in Eq. (3.37). Up to the NNLO order we obtain

,3/(0) — fg@(o) Rt :

3 — RA(M =1 _ [Zggo)ﬁ/(o)] B 2502/&;0)’
(3.39)
QQ » QQ » Q >
N CAREYY (IRt

42 — R3O 1 _ [2/(2,0) &/(0)] _ [ZA/(LO) ,7/(1)} i [Zgw) ,?/(0)} 7450

After these general considerations, let us discuss in some detail how the anomalous
dimensions given in Egs. (3.23), (3.24) and (3.25) are transformed in going to the basis of
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physical operators [22,23, 84]

= (St @),
b= (527 (@ b)),
b= (S2m b)Y, (@ 7))
L= (597 b0) >, (@ ) .
b= (5090 (@R i)
6= (S2UmbL) >, (@ aR)

(3.40)

which we shall call “standard” basis from now on. In the above definitions o and 3 denote

colour indices.

The one- and two-loop evanescent operators that accompany the “standard” basis can

be found by imposing the requirements given in [22]. At the one-loop level they are

B = (55 D) E17) — (16— 46) Q).
By = (58 Ympans 1) (G 25b]) — (16 — 4€) Q4
B = (38 Y uapiapns U)o (@oy" 2 7) — (16 — de) Q% ,
B = (55 Y pagaa U0) 30 (@224 ) — (16 — de) Q)
By = (55 Yy pagssb5) 20 (T2 q) — (4 + 4€) Q5
EY = (83 Yuapians ) 3o (Tp" 1122 q3) — (4 + 4e) Q.

EQ(Q) = (gi’mmzusm%%)( ey ) — (256 — 224€) Qf
E;(Q) (5%%11#2#3#4#5 cr)(e ¢ u1u2u3u4u5bﬁ) — (256 — 224¢) Ql2’
Eé(Q) _ (5%7u1uzu3u4usb%)zq(q 7u1u2u3u4ﬂ5qﬁ) (256 — 224¢) Qé,
EZL(Q) _ (5%’7“1;12#3#4#5()%)211@ kRS o) (256 — 224€) Q)
Eé(z) = (5%’7#1u2u3u4u5b%)2q<q Y WWSMM‘J ) — (16 + 128¢) Qi’)’
Efli(2) = (5%’7u1u2u3u4u5b§)2q<q ks g ) — (16 4 128¢) Qg :

(3.41)

(3.42)

It turns out that in order to transform the ADM given in Egs. (3.23), (3.24) and (3.25)
from the initial set of operators to the “standard” basis, we have to introduce four additional
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one-loop evanescent operators:

_ _ ) 1
Eél) = (SL%lbL)Zq(QW’“%C]) - §Q3 + 6@5 )

= a — 1 a 5 1
Eél) = (507 T bL)Zq(Q’Y“ v51"q) — §Q4 + 6@67

" 39 5 (3.43)
By = (EL"YmuzuzbL)Zq@’Ymmm%(I) - EQ?) + §Q57
N _ - a _ ipeps .. ma 32 D
Eg" = (51%upaps T bL)Zq(QW Y51q) — ?Q4 + gQﬁ,
as well as four additional two-loop evanescent operators:
_ _ 320 68
EéZ) = (SL7M1M2M3M4M5bL)Eq(q,VMMMSMM'YSQ) - ?Qi’: + ?QEJ )
_ " s " 320 68
Ef(SQ) = (5L Y ponspaps T bL)Zq@’Y“ HRks Al T ) — ?Q4 + ?Qm ( )
3.44
- _ 4352 1040
ES) = (SL’Yuluzusuzzuwswa)Eq(WY“WWSMMWGW%Q) - 3 Qs + 3 Qs
_ a _ " 4352 1040
EéZ) = (5L7M1M2M3M4M5MSM7T bL)Zq(qumuwwwwemT ’75Q) - 3 Q4+ 3 Qs -

It should be clear that the evanescent operators Eél)fEél) and Eé2)fE§2) are not needed as

counterterms in the initial basis of operators. However, some linear combinations of them
will become parts of either the physical or the evanescent operators in the “standard” basis
through the change of basis given by Eq. (3.37).

The renormalization constant matrices entering Eq. (3.38) are found from one- and two-
loop matrix elements of physical and evanescent operators. We give the relevant ones, as
well as the matrices characterizing the change of basis in Appendix A Our final results for
the residual finite renormalization read.

-z -1 0 0 0 0
-2 2 0 0 0 0
R 178 34 164 20
Z’(LO) _ 0 0 a7 —-9 — %7 9 4
QQ 1 25 , 1 1 1 . (3 5)
0 0 1-invy -ZB4IN, —2-IN;  6+1N
160 16 146 2
0 0 — 27 5 o7 -3
0 0 —2+iny  6-iNg 34iNy - Llng

At this point a comment concerning the computation of the renormalization constants
involving the insertions of the additional evanescent operators is in order. Transforming
the three-loop anomalous dimensions from the initial to the “standard” basis requires the
knowledge of one- and two-loop diagrams with insertions of Eél)—Eél) and Eéz)—Egz), which
introduces traces with 75 into the calculation. In this context we follow [24], and avoid
anticommutation of 75 in any Fermionic line containing an odd number of 5. Moreover
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Figure 3.5: Typical examples of two-loop 1PI diagrams with an insertion of Efﬁ) involving
Dirac traces that contain ~s.

we do not evaluate traces containing an even number of Dirac matrices and a single 75 in
n = 4 — 2¢ dimensions. This brings to life new evanescent structures like

Em,u2ﬂ3,u4 =Tr (’7#1#2#3#475) — 4 (1 + CLE) €1 papi3fra (346)

in a natural way. Here a denotes an arbitrary parameter and €, ..., 1 the totally
antisymmetric Lorentz-invariant tensor defined so that €03 = 1. Apparently, these new
evanescent structures have to be treated on the same footing as the “regular” evanescent
operators introduced earlier on.

The idea of introducing more and more evanescent operators seems to make the use
of an naive anticommuting 5 in multi-loop calculations involving chiral operators futile.
Fortunately, for the problem at hand this is not the case: it turns out that the only
new evanescent structure which affects the transformation of the three-loop anomalous
dimensions between the initial and the “standard” basis is the one given in Eq. (3.46).

After performimg the basis transformation we agree with the ADM calculated in the
standard basis:

-2 06 0 0 0 0
— 2 2 2 2
6 2 -2 3 -9 3
22 22 4 4
~1(0) _ 0 0 ~% 5 -3 3 (3.47)
T 0 0 2N 242N 2N 2N )
6-5Ny —2+35Np —5Ny 3Ny
0 0 0 0 2 —6
0 0 -2ny 2Ny —2ZN; —16+2N;
21 2 7 2 79 7 65 7
—5 =Ny ot+3Ny 9 —3 —9 —3
7 2 21 2 202 1354 1192 904
3+5Ny -5 —§Ny — %43 81 ~ 543 ST
5911 71 5983 1 2384 71 1808 1
,3/(1) — 0 0 —4s6 To Ny 162 T3Vf ~ %43 — 9 Ny st —3Vs
379 56 91 808 130 502 14 646 ?
0 0 T TosNy  —sts Ny —79 —aNy  —3te Ny
0 0 —SLNy —LNy D8N —99+ 1L N
682 106 225 1676 1343 1348
0 0 *%Nf HNf —% T3 Ny - 6 T 81 Ny

(3.48)



Chapter 4

Applications

27



58 CHAPTER 4. APPLICATIONS

4.1 Effective Hamiltonian for Non-leptonic B-Decays

The simplest application of the general formalism outlined in the previous sections is the
case of non-leptonic B meson decays governed by the b — s transition. For simplicity we
will therefore give explicit formulas for the AB = —AS = 1 decays only. However, it is
straightforward to transform them to the other |AF| = 1 cases. Neglecting contributions
proportional to the small CKM factor V'V, which are of no concern to us here, the
corresponding effective off-shell hamiltonian is given by

4G R

Hesr = —vag‘/}b (QTG(M) + N"Cy(p) + B"Cp(p) + ET@E(M)) : (4.1)

The specific structure of the gauge-invariant local operators Cj is determined from the
requirement that the hamiltonian reproduces the AB = —AS = 1 on-shell SM amplitudes
at the leading order in the electroweak interactions, but to all orders in the strong coupling
constants. In the process of renormalizing higher loop One-Particle-Irreducible (1PI) off-
shell Green’s functions with insertions of the operators Q, there will in addition arise
non-physical operators as counterterms, as discussed in the previous sections.

A set of physical operators Cj that satisfies the requirement mentioned above consists
of dimension-six operators [24, 26]

Ql = (ELVNITGCL)<EL’}/NITGZ)L> 7
Q2 = (§L7uch)(5L7“1bL),
Qs = (517ube) Z(079) (12)
Qs = (ELfyulTabmzq(q,ymTaq) : '
Q5 = (EL”Y;LWQHSZ)L)Zq(qumuzusq) :
QG = (gL,YMlMngTabL)Zq(q7M1N2M3Taq) 7
and one dimension-five operator
1 B . .
Qs = gmb<8LaM1u2T bR)Guluz , (4.3)

where we have used the abbreviations v,,,..., = Vi, * == Y, Y 7H = A1 - - 4H" and o142 =
i [y, 4#2]/2, and the sum over ¢ extends over all light quark flavors. g is the strong coupling
constant, g, and gr are the chiral quark fields, G} ,, is the gluonic field strength tensor,
and T are the generators of SU(3)¢, normalized so that Tr(7T°T°) = §9°/2.

The physical operators given in Egs. (4.2) and (4.3) include the current-current oper-
ators ()7 and ()2, the QCD penguin operators (J3—()s and the chromomagnetic moment
operator (Jg. Notice that we have defined (Q;—Q)g in such a way that problems connected
with the treatment of v5 in n = 4 — 2¢ dimensions do not arise [24]. Consequently, we are
allowed to consistently use the NDR renormalization scheme throughout the calculation of
the anomalous dimensions of the physical operators introduced above.
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4.1.1 Initial Conditions for the Wilson Coefficients

Let us now turn to the initial conditions ¢ (o) of the Wilson coefficients. Their values are
found by matching the full to the effective theory amplitudes perturbatively in a,. In the
NLO and NNLO approximation this requires to calculate one- and two-loop diagrams both
in the SM and the low-energy effective theory. Some of the SM two-loop 1PI diagrams
one has to consider in order to find the O(a?) corrections to C (o) are shown in Fig. 4.1.
Restricting to the physical on-shell operators ()1—Q¢ and setting pg = M, the obtained
coefficients read in the NDR renormalization scheme:

Cy(My) = 150 M) | (QS(MW))Q (7987 e fo(xt)) ,

4 47 72 3
ag(M)\? (127 4,
M,) =1 4=
Co(My) =14+ | — = ) 8 37 )
as(My,)

cata) = ( ) G(),

47

cuat) = ) B 4 (L) B,

osty) = (Y (M 2 ) - )

A
cotty) = (N (T L) - i)

where z; = m2/M2. The one-loop Inami-Lim [112] function Eqo(z;) characterizing the
effective off-shell vertex involving a gluon reads:

8 — 42x; + 3527 — Ta} 4 — 16z, — 922

Eo(ar) = - 12(z, — 1)3 T 6z, - 1)8

Inz;. (4.5)

The top-quark loop contribution to the renormalization of the light quark and gluon wave
functions on the SM side give rise to the one-loop function Ty(z;). Subtracting the corre-
sponding terms in the propagators in the so-called MOM scheme at ¢ = 0 one finds [13]:

~ 112 20
To(xy) = o + 32x; + (? + 16xt> In x;

. 1
— (8 4+ 16x;) Vdzy — 1 Cly (2 arcsin (2@)) ,
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b W s s b b W s
t t
g g g t
g
q q q

Figure 4.1: Some of the SM two-loop 1PI diagrams one has to calculate in order to find
the Wilson coefficients of the four-quark operators Q;—Qs at O(a?).

with Cly(z) = Im[Lis(¢™)] and Lig(z) = — [ dt In(1 — t)/t. The remaining two-loop
functions Fi(x;) and G1(z;) take the following form [13]

1120 — 12044z, — 512122 — 506827 + 7289}

El(l’t) = -

648(x; — 1)
380 — 7324w, + 1770227 + 200227 — 5981z} + 133z}
+ Inx,
324(x, — 1)5
112 — 5307, — 347922 + 27833 — 1129z + 51527 .
+ In* z,
108(SCt — 1)5
40 — 190z, — 81x2 — 61423 + 515z} _ 10
_ Lio(1 — _
5y — 1) (1 — ) + 31" (4.7)
Gir(y) = 554 — 2523z, + 291927 — 6624}
e 243(z, — 1)3
88 — 142z, — 357x7 + 100z} + 352} 20 — 40z + 57
Inz, + In* z;
81(1‘,5 — 1)4 27('It — 1)2
40 — 160z, — 3027 + 10023 — 10z} _ . 20
Lig(1 — 2;) — =72,
27(z; — 1) bl =) = g

4.1.2 Renormalization Group Evolution
In this section we shall use the obtained ADM to find the explicit NNLO expressions for

the Wilson coefficients

Cilpn) = ) + S0y + (222 ) € ), (4.5)

with ¢ = 1-6, at the low-energy scale y, = O(m;), which is appropriate for studying non-
leptonic B meson decays. Using the general solution of the RGE given in Eq. (2.77), we
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arrive at

6
0)
C( (1) ZCO Un
7j=1

6
5 w
Z (CO ij + Cl 2]77 + eg,z')an(](xt)) n,

.
—_

6
9 ~
Z < 02] + Cl z]n+ Cg 1)377 + |:€§ 2)]77 + €§ 2)377 ] EO('xt)

=1

.

8P To () + el VP By () + géiznzéxxt)) e

where 1 = o, (M) /as(pp) and
a" = (L& —1 04086 —0.4230 —0.8994 0.1456 )

23 23
1 -1 0 0 0 0
2 3 0 0 0 0
2 1
o _ | & —% —00659 00595 —0.0218 0.0335
’ 5§ 00237 —0.0173 —0.1336 —0.0316
—o5 15 0.0094  —0.0100 0.0010 —0.0017
1 1
-3 —3 00108 0.0163 0.0103  0.0023
5.9606  1.0951 0 0 0 0
1.9737  —1.3650 0 0 0 0
A0 _ | —05409 16332 1.6406 —1.6702 —0.2576 —0.2250
O ] 22203 20265 —4.1830 —0.7135 —1.8215 0.7996
0.0400 —0.1861 —0.1669 0.1887  0.0201  0.0304
—0.2614 —0.1918 0.4197  0.0295  0.1474 —0.0640
2.0394  5.9049 0 0 0 0
1.3596 —1.9683 0 0 0 0
A _ | 00647 02187 —0.4268 —0.5165 0.2832 —0.2034
L] 00971 —0.6561 0.1534  0.1500  1.7355  0.1917

—0.0162 —0.0547 0.0606  0.0865 —0.0128 0.0103
—0.0243 0.1640  0.0700 —0.1412 —-0.1339 —0.0140

0 0 0 0 0 0
0 0 0 0 0 0
A(1) 0 0 —0.1933 0.1579  0.1428 —0.1074
| 0 0 00695 —0.0459 0.8752  0.1012
0 0 0.0274 —0.0264 —-0.0064 0.0055
0 0 0.0317 0.0432 -0.0675 —0.0074

61

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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56.4723
14.7825
1.9906
8.1141
—0.3660
—2.3243

£ _

12.1560
4.0252
é(2) - —1.1032
L 4.5281
0.0816
—0.5332

32.6228
21.7486
o _ 1.0357
2 1.5535
—0.2589
—0.3884

22.2650
—11.7987
19.2386
42.7264
—1.2588
—3.5577

0
0
—24.6846
—11.7014
2.7564
2.9357

—6.4667 0

8.0604

—9.6435
—11.9660

1.0987
1.1326

0
10.6219
—27.0825
—1.0803
2.7171

49.8089 0
—16.6030 0

1.8448

—5.5343
—0.4612

1.3836
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Ne)
o]
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-3
=
o
Rt
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aq
)
o
~

4.8111

—1.3169

—0.6393
0.2298
0.0907
0.1049

0
0

12.2667

—0.4893 0.

1.2307 0.

0
0

0.4733
0.1869
0.2161

—0
0
0
0.0129
—0.0046
~0.0018
~0.0021

—4.4336
—1.8940

—0.7444
0.2162
0.1247

2035

0
0
—12.9233
—35.4784
0.6168
2.4965

0

0
14.5052
6.19641
—1.6385
—0.2564

0
0
—6.6507
1.9318
1.1136
—1.8183

0
0

11
2008
0784

0
0

—0
—0

0
0
0.0497
—0.0144
—0.0083
0.0136

1.6880

—0.1317
—0.9657  0.2051

0.4827
2.9582
0218 0.0613
2282
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0 0

0 0
—4.0085  2.0820
—14.1041 4.9828
0.2854  —0.2620
1.5568  —0.4249

0 0

0 0
3.3472  1.3651
23.6695 —4.8514
—0.2612 —0.1847
—1.9149 0.3886

0 0
0 0
2.8568  0.7652
17.5067 —0.7209
—0.1290 —0.0389
—1.3504  0.0526

0 0
0 0
0.7207
—2.5613
—0.0975

.9366

0 0
0 0
—1.2075
1.1377

—0.0830

0 0

0 0
—0.0092 —0.0182
—0.0562 0.0171
0.0004  0.0009
0.0043 —0.0012

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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0 0 0 0 0 0

0 0 0 0 0 0
v _ | 00 07557 -0.1643 0.0861  0.3224 (4.21)
2 0 0 —=0.2716 0.0477  0.5277 —0.3038 ’

0 0 —=0.1072 0.0275 —0.0039 —0.0164

0 0 —0.1240 —-0.0449 —0.0407 0.0222

As far as the LO and NLO corrections parametrized by é(()o), é(()l), égl) and égl) are concerned

our results agree perfectly with the findings of [24]. Contrariwise, the resummation of
NNLO logarithms is entirely new, and the corresponding matrices 682), é§2), 652), éf), é;z),

tém and géz) have never been computed before.
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4.2 B — Xy

Radiative B decays provide one of the most important tests for new physics and challenges
to the standard model. In particular the branching ratio B — X, vy with its improving
experimental error of less than 15 % strongly restricts the parameter space of many new
physics models. For the theory to keep up with this precision, a full NLO analysis is
needed. This analysis has been formally completed last year, where all of the dominant
contributions have been calculated by at least two groups independently. The last uncon-
firmed calculation was the three-loop mixing of Q1_¢ into @7, QF, and the two-loop mixing
of @7, Q%; both have been checked as part of this thesis [46]. In this section we want to
collect all the ingredients needed in performing a complete NLO analysis of B — X7.

The decay B — Xyv is enhanced by QCD logarithms by a factor of three. This
makes the use of renormalization group improved perturbation theory unavoidable. Such
a calculation takes the following three steps.

e The matching calculation, which consists of integrating out the heavy degrees of
freedoms, namely the top quark and the W boson. This is done by calculating the
full theory and matching it on the effective theory. This calculation results in the
Wilson coefficients, the coupling constants of the effective operators, at the high scale.

e Renormalization group evolution of the Wilson coefficients to the low scale, which
has been discussed explicitly in section (2.3).

e (Calculation of the matrix elements. Here one uses the fact that in a certain range
of photon energy cutoff the inclusive B — X,y decay is up to 1/m? well approxi-
mated by the decay on the quark level. Additional non-perturbative effects can be
systematically added.

In the decay B — X,y there is the peculiarity that the mixing of the current-current
and penguin type operators, (J1—Q)g, into the magnetic type operators, ()7 and (Jg, vanishes
at the one-loop level. To do a complete LO study one has to do in some parts calculations
which are typical for a NLO study. In particular the two loop mixing of ();—Qg into Q7
and Qg is part of the complete LO analysis. This complication led to the fact, that the
first fully correct calculation of the LO anomalous dimension for B — X v was obtained
only in 1993 in [109,110]. The discussion of the renormalization group part is therefore a
key ingredient in the understanding of the B — X,y decay.

4.2.1 Anomalous Dimension Matrix for B — Xy

First we drop the semi-leptonic operators, since they are irrelevant for radiative B decays.
As noted above parts of the LO anomalous dimension matrix (), results form the calcu-
lation of two-loop diagrams. One therefore works in a basis where the operators (); and
Qs are not rescaled by the 1/¢? factor.
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It might be useful to recall explicitly the relation between the ADM in our basis and
the ADM in an operator basis where Q7 and Qg are not rescaled by 1/¢g?. The latter is
frequently used for phenomenological applications [6,7,26]. The Wilson coefficients in that
basis C;(u), are given by

G ) Ci(p), for i = 1-6, ( )
i) = 4.22
i—:Ci(u) , fori=7,10,

while the coefficients in the expansion in powers of ag of the corresponding anomalous
dimensions 7;;, take the following form:

(k=1)
ij ’

%(]’?—1) - fyff), fori=16,and j =7, 8, (4.23)

for¢,7 =1-6,

%‘(fil) + 201045, fori,j=7,38.

For the rest of this section all results are given in the basis where ()7 and (g are not
rescaled by the 1/g? factor. The basis then reads:

Q1 = (57, T ) (ey"Tz),

Q2 = (S.vucr)(€7"br)

Q3 = (507br) Zq(@’V”Q),

Q1= (507,1"br) Zq((j’Y“TQQ) ;

Qs = (s17mbe) D, (07"7"7"a)

Qs = (5179 T70r) Y (@777 T*0),

Q7 = emb(ngube)Fuu 5

Qs = gmp(5.0"T"bR)GY,, (4.24)

Additionally there is another not so trivial complication. Namely the parts which orig-
inate from the two-loop diagrams are in general regularization-scheme-dependent. Usually
7 results only from the calculation of one-loop graphs and is a scheme-independent
quantity. The scheme dependence of 4(?) is therefore an interesting phenomenon and is
signaled [109,110] by the scheme dependence of the b — sy and b — sg matrix ele-
ments of ()1 to (Jg. For on-shell photons or gluons these matrix elements vanish for any
4-dimensional scheme and the HV scheme, while in the NDR scheme they are proportional
to the tree-level matrix element of Q7 and Qs:

<Qi>one—loop - yz‘(j)<Qj>tree J = {77 8}7 (425)
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where 1 4 20 80
M — (0.0 —= —— == 2% 4.26
Yy (07 ) 37 97 3 ’ 9 ) ( )
and 1 10
y(8) = (070717 _67207_3) <427)

are in the operator basis of [26]. The calculation of these numbers comes only from di-
vergent parts of one-loop integrals, so that they are independent of the model for the
calculation of the matrix elements.

To solve the problem of the scheme dependence it is convenient to introduce effective
Wilson coefficients C¢T (1) [113]. The definition of the effective Wilson coefficients

Ci(p), for i = 1-6,
Cm =1 . 5w , (4.28)
Ci(p) + 32y, Cj(p), fori=T7-8
corresponds to the following rotation in the operator basis (3.32):
Q= RQ, (4.29)
where the rotation matrix is given by
-y =y
- Hexe : :
R = _yé7) _yéS) . (4.30)
0...0 1 0
0...0 0 1

The definition of R*" implies that the one-loop matrix elements of b — sy and b — sg
with an on-shell photon or gluon of the effective operators QST vanish. Therefore the
leading order anomalous dimension for the effective Wilson coefficients (3.32)

1§ = Ry O R (4.31)

is independent of the regularization scheme and reads:

43 0 -z 0 0 -3
12 0 0 &0 0 4 10
o 0 0 -2 0 2 -1 u
O O _4 _100 4 5  _152 _ 587
~eff(0) __
= 00 0 _% 0 20 _iﬁ égﬁf : (4.32)
0 0 0 0o 0 0 2
0 0 0 o 0 0 -3 =
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To compute the Wilson coefficients up to NLO accuracy we also need

67

355 _ 502  _ 1412 _ 1369 134 _ 35 _ 818 3779
9 27 243 243 243 162 243 324
35  _28 _ 416 1280 56 35 508 1841
3 3 81 81 81 27 81 108
0 0 _ 4468 31469 400 3373 22348 10178
81 81 81 108 243 81
0 0 _ 8158 59399 269 12899 17584  _ 172471
,?eff(l) — 243 243 486 648 243 648 (4 33)
0 0 _ 251680  _ 128648 23836 6106 1183696 2901296 :
81 81 81 27 729 243
0 0 58640 _ 26348 _ 14324  _ 2551 2480344  _ 3296257
243 243 243 162 2187 729
4688
0 0 0 0 0 0 e 0
0 0 0 0 0 0 2192 4063
81 27

The two loop mixing of the (Q1—Q¢ sector has been calculated in the “standard” basis in
Refs. [22,23,81,85]. These results have been confirmed by a calculation in the same basis
we used in our calulation (4.24) in Ref. [24]. We confirm their findings.

The two loop mixing of ()7 and )g and the three loop mixing of ()1—(Q)s into ()7 and Qg
have only been calculated by one group [25,26]. We completly confirm their results [46].

4.2.2 Wilson Coefficients for B — Xy

With the anomalous dimension matrix at hand one can relate the Wilson coefficients at the
matching scale p,, = O(M,,) to the scale where the matrix elements are calculated, which
is up, = O(my). To calculate the Wilson coefficients at the high scale one has to match the
Green’s functions of the full theory to the effective theory. In [13] the matching calculation
has been done separately for the top, charm, and up sectors using the 't Hooft—-Feynman
version of the background field gauge. The effective Lagrangian (2.41), after going on-shell
and neglecting the CKM suppressed up-quark contribution, then reads

e 8 8
Lot = Locpxqep(u, d, s,¢,b, e, 11,7) + TQF <V£;Vcb Z CiQi + ViV Z CfQi) , (4.34)
i=1 =3
where the Wilson coefficients can be perturbatively expanded
09 = RO | Ls e |
(2 1 47T 7 cte

Q=cor t. (4.35)

The only non-vanishing C’ZQ (0), which are necessary for the LO analysis of B — X,y are

50 =1,
23
CC(O) _ =2
’ 36
c(0 1
g = 37 (4.36)

1
7Y = 5 Aj(w)

1
Cg(O) = _éFg('rt) ’
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i1 2 3 4 5 6 7 8

o, | O 5 "I27704086 -0.423 -0.8994 0.1456
626126 56281 3 1

hi | 826126 56313 _ 1 06494 -0.038 -0.0185 -0.0057

where Af(x;) and F{(x;) are the so called Inami-Lim [112] functions:

—323 + 222 —2223 4 15322 — 1592 + 46
t _

Fi(z) = 322 Ina -+ —52% + 922 — 30z + 8
O (= 1)4 12(x — 1)3

(4.38)

They, as C’§(O) and C’g(o), result from the one-loop b — sy and b — sg calculation in the
standard model for background gauge fields. Expanding in external momenta up to second
order and in my the contributions can be separately matched with respect to the internal
flavour.

We compute the effective Wilson coefficients at the scale u;, with the help of the evolu-
tion matrix

éeﬂ(O) (,ub) - U(O) (Mb) MO)C_:GH(O) (Mo)a (439)
for separate charm and top contributions
7 m) = G2 () = €7 ) (4.40)
and find
Jeff 1 4
M) = P Af) — 3 () Ei) 0
23 8 &
c,eff ai
ce (O)<,Ub) _ %?716/23 + 5 (7714/23 _ 7716/23) _ th ’ (4.42)
i=1
where (1)
Qs fbw
n= ) 4.43
Qs (:ub) ( )

By plotting the scale dependence of C’;H(O) in Fig. 4.2 as a sum of the separate charm
and top contributions one can see the origin of the strong QCD enhancement. A change of
1 from 1 to 0.566, which corresponds to a scale change of y from M, to u, = 5GeV, leaves
C’?eﬁ(o) nearly unaffected while there is a strong decrease in C;’eﬁ(o). Since the top and the

charm contribution tend to cancel at the scale M, the decrease of the top contribution

2
leads to an increase in C’?H(O) from 0.036 to 0.094. Therfore the top contribution is the

origin of the strong QCD enhancement of B — X7.
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Figure 4.2: C’?H(O) (1) as a sum of the charm and top contributions. The strong QCD

enhancement has its origin in the top sector C?eff(o) ().
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Figure 4.3: Non-accidental cancellations of QCD effects in the charm sector C?’eﬁ(o) ().

The scale independence of the charm contribution can also be seen in Fig. 4.3, where
C;’eﬂ(o) is given as a sum of the different contributions of Eq.(4.42). There is a strong
cancellation of the 7 dependence coming from the different terms. Yet the cancellation is
not accidental, since the different components are not separately physical.

The strong 1 dependence of C;’eff(o) is given by the global n factor in Eq. (4.41). The
anomalous dimension of my(u) that stands in front of the operator ()7 is responsible of
12/23 of 16/23 of the power of i and thus gives the main contribution to the 1 dependence.
Using an my, which is renormalized at pg ~ M, for the top contribution would take the
logarithmic QCD effects approximately into account. This was noted in Ref. [6], where
the authors conjecture that this feature will also be valid up to NNLO, and thus propose
to renormalize my, in ()7 at m; or My, in the top contribution to the decay amplitude. We

will follow this approach in our analysis.

The reason for the different optimal renormalization in the charm and top sector is the
different origin of my, in both sectors [6].
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i 1 2 3 4 5 6 7 8
e; | 5.7064 -3.8412 0 0 -1.9043 -0.1008 0.1216 0.0183
fi | -10.6142 6.5489 4.5508 0.7519 2.004 0.7476 -0.5385 0.0914
g | 9.2746  -6.9366 -0.874 0.4218 -2.7231 0.4083 0.1465 0.0205
l; | 6.5833 -4.4692 -0.8571 0.2857 -2.0343 0.1232 0.1279 -0.0064
Let us now compute the effective Wilson coefficients at the scale u:
. 1 30 18604 / 16 39
Cs H(l)(ﬁb) = gh® Al(z) + 1761 (7723 - 7723> Ap(e)
N 148832 £+3349442 s9 | 3582208 11 128434 o7 Fi()
14283 1 357075 1 357075 | 14283 1 ) OV
8
4
+3 (n# = 0% ) Fi(@) + Y e Eyfa) (4.44)
i=1
i Iz
e M) = — o+ g + L In =~ 4.45
7 (w) ;f+g77+ i) (4.45)
where we have used the matching conditions of Ref. [13]:
12
i = —15 - 6In -2
My
2 2
C’X(l) = T —lnu—Z0
9 3y
C;(l) __n3_ iln“_g
243 81  p?,
cew _ 91 4 I
8 324 27 2,
i = Ei(x)
1
1
C;( = —5143(5’315)
t(1) | p—

4.2.3 Inclusive Decay and Partonic Contribution

With the preceeding method we have the coupling constants of the operators, the Wilson
coefficients, at the scale of the decay at hand. Still one has to insert the effective Lagrangian
into the external states to relate it to physical observables. Neglecting QCD effects only
()7 would contribute and in the case of B — X, the following matrix element has to be
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calculated:
(vX,|Q7|B). (4.47)

This is an hadronic matrix element and can not be calculated in perturbation theory.
One approach to this problem is to consider the inclusive decay by summing over all X
final states and use the fact that the decay itself should be a short distance phenomenon
compared to the scales of confinement if the b quark mass m, is large compared to Aqcp.
By this it is hoped that the individual contribution of the external states drop out and the
decay is well approximated by the partonic level.

On the partonic level at LO only Q)7 would contribute to B — Xv. If we assume that
this is also the only operator in the effective Lagrangian we can do the analyses in analogy
to the analysis [114,115] of the inclusive semileptonic decay B — X,ev. The differential
decay rate is then given by the squared matrix element

dr =~ d[PS] (2m)" 6 (ps — px, — q) (BIiLlg| X 1) (XA |iLea| B), (4.48)
Xs

where d [PS] denotes the phase space differential and L.g consists only out of Q7. The pho-
tonic contribution of @7 to (4.48) can be calculated perturbatively and the nonperturbative
contribution is given by

W(g) =) (2m)* " (ps — px, — @) (B|OT|X,)(X,[O|B), (4.49)

Xs

where the operator O is the Fermionic part of Q7.

Using the optical theorem one can relate W(q) to the absorptive part of the forward

scattering amplitude
W(q) = 23(B|T {0',0} |B). (4.50)
Here T'(...) denotes the time-ordered product.

As was observed by Chay, Georgi and Grinstein, the energy which flows into X scales
with my, and thus the strange quark is far off shell in the time ordered product in (4.50),
except for a small region where P§ ~ m?2. The compared to Aqcp large momentum flow
allows for a operator product expansion (OPE) of the time ordered product in (4.50).

In general such an OPE has the following form:

T{0'0} ~ Ty (Bb) + — (bgor - Gb) + 3 % (Biq) (qT'sb) + dots. (4.51)

The Wilson coefficients I'y and z; can be calculated by a matching calculation between
(4.51) and (4.50). The matrix elements of (4.51) still contain the nonperturbative physics,
but one can still use HQET to further analyse them. If we expand the matrix element of
the dimension-three operator using the HQET-two-component-spinor field h(x) we find

(B|bb|B) =1+ ﬁ(B|B(iD)2h|B> ... (4.52)
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By inspection of (4.50), (4.51), and (4.52) we find that the leading term of the decay
rate is given by the Partonic level, while the nonperturbative 1/m} corrections can be
written in terms of the matrix elements

B|h (iD)* h|B 1(B|h (bgo - Gb) h|B
\, _ (BIRGD)hiE) \, _ LBIh (g - Gb) hjB) )

The standard HQET parameters Ao can be extracted from experiment. The value of
Ay =~ 0.12GeV? is given by the B— B* mass difference, while \; = —(0.2740.1040.04)GeV?
has been determined in [116-118] from the semileptonic B-decay spectra.

The correction to the partonic decay rate, which could be calculated in perturbation
theory by [32,119] are given by

1A A
Th 9 2+...). (4.54)

_ parton

dI' =dI’ <1+2m_%_§m—%

If operators other than ()7 contribute to L.g the separation of the b-quark annihilation
and the photon emission is not anymore small compared to Aqcp and the operator product
expansion (4.51) may not be applied. Yet the leading contribution is still given by the quark
level, and the fact that some perturbative contributions are small implies the unimportance
of the corresponding nonperturbative corrections. The discussion of the non-perturbative
effects is outlined in Ref. [120] and we will follow their discussion for the remainder of this
section.

The contribution of Qs to the branching ratio has been studied in Ref. [121]. With the
help of fragmentation functions the only important non-perturbative contributions were
found for low photon energies ., much below the current experimental cutoff of 2.0 GeV.
Since the perturbative contribution of Qg to the decay rate is less than 3%, neglecting the
non-perturbative contributions will be a good approximation for the current experimental
cutoff.

The perturbative contributions @)s, ..., Qs are even smaller than the one of (Js. The
contributions of u, d, and s quarks might generate virtual vector mesons which could
convert to a real photon. In the factorization approximation such a production can only be
produced by ¢7v,7.q type currents. Deviations of the factorization approximation should
be suppressed either by ay or by Aqep [122,123]. Given the smallness of the Wilson
coefficients this is sufficient to make them negligible.

The b-quark contributions in (5I'b)(bI'b) can be treated again with an operator product
expansion since the b-quark loops are localized at distances much smaller than AééD.
Again, given the smallness of the Wilson coefficients, the non-perturbative corrections are
negligible.

Charm Loop Contributions

The only remaining contribution originates from the charm loops. We will first discuss the
contributions of real intermediate cc states.
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First let us note that, for a photon cutoff larger than 1.6GeV, the invariant mass of
the final X, state is smaller than m,, +mg. Thus the cc state might only exist before the
photon emission via a cascade decay:

B — YoX{

s

(4.55)
X@n.

For Y,: = 1 experimental data for both components of the cascade decay are available.
For a low cutoff energy Ej the ¢ contributions would dominate the branching ratio, while it
gets reduced to a few percent for Fy = 1.6GeV and will be negligible for Fy = 2.0GeV [120].
Henceforth we will proceed by taking the ¢ contributions as background. Concerning the
experimental side the current extrapolation by [120] misiak]| from the experimental cutoff
of Ey = 2.0GeV to the theoretical preferred one of Ey = 1.6GeV does only partially include
such contributions. The ones which are included have only a 1.7% effect on the branching
ratio. Thus it is consistent to treat the intermediate v contribution as background.

Similar arguments hold for a ¢/’ intermediate state, while higher c¢ states have negligible
branching ratios. The contributions of intermediate ¢’ will also be subtracted.

Virtual cc states will lead to 1/m? corrections as was first pointed out in Ref. [33], where
by the ‘gluon-photon penguin’ type mechanisms a 1/m? series of operators is generated in
the effective Lagrangian. By calculating the gluon-photon penguin diagram with an inser-
tion of @y for a soft gluon, which may originate from the decaying B meson, and keeping
the first term in the gluon momentum an effective photon-gluon operator is generated

eQe

— Zg;E;QEEVM(l——qg)g(?uAbe“”poﬁAF;U. (4.56)

Qg’y

This will, by the interference with ()7, generate a correction term to (4.50)

G%mg’ 9 & CQ 077
_ 2 L bao - Gb. 457
10273 s by 2 97 (4.57)

C

AT =

With the help of (4.53) and using V.V, ~ V;:V};, one finds the correction to the decay
rate

AD(B = X))  Cq

= ——Xy ~ 0.03. 4.58
I'(B— X,v) [ (4.58)
Higher terms in the gluon momentum £ will lead to an expansion in
(q-k)/m? ~ Aqopms ~ (.6 (4.59)
(& m2 ?

¢ being the photon momentum, for the gluon is soft and the photon is onshell. This further
expansion will generate an infinite number of additional operators involving all powers of



42, B— Xgv 75

the gluon momentum [35,36]. Only the contribution of the first operator can be calculated,
while the higher corrections are given by unknown matrix elements of higher dimensional
operators. Given that the expansion parameter in (4.59) is O(1) the result in (4.58) might
receive large incalculable corrections. Yet it has been shown in Refs. [35-37] that the
Taylor expansion in (q - k)/m? involves small coefficients, which implies that the summed
contribution of the higher dimensional operators is not too important.

4.2.4 Partonic Decay Rate
In the previous section we have seen that the partonic decay width

0

['[b— XPtonq]® =T [b— sy] + b — syg]° + T [b— sdq]’ + ..., (4.60)

approximates the decay B — X,y well for a certain range of the photon cutoff

my

E,>(1-6)EF™ =(1-9) - (4.61)
The decay rate can be written as follows:
parton g G%a * 3 2 2
b= X0]" = SE Vv i o s () (1D + B@) . (462)

To find the contribution to |D|?, apart from the effective theory calculations, the par-
tonic matrix elements have to be calculated. The two-loop matrix elements (sy|Q1,2|b)
were presented for the first time in Refs. [19,20] and have been confirmed and extended to
include also the two-loop matrix elements of the QCD penguin operators in Refs. [7,21].
The one-loop matrix element (sv|Qs|b) was also found in Refs. [7,19,20]. The resulting
expression reproduces the expected p-dependence of the matrix elements [113] and reads:

8
D = L0y 4. 21 (cé”eff(ub) #3CO ) [+ 22 ﬁ]) s
i =1 K

The one-loop matrix element (s7v|Q-|b) as well as the bremsstrahlung, the leading order
matrix elements (syg|Q;|b); they have been given in Refs. [14,18,124]. The matrix elements
read!:

IThe value of r7 is fixed by the requirement that ¢77(5) vanishes in the limit 6 — 1. This corresponds
to a choice where the contribution from the B(d) term is small.
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833 1 40
o= g g[a(z) +0b(2)] + 213"
1666 80 .
Ty = _IS+2[ a(z) + b(2)] gt
2392 8 32
= — X —a(l 20(1 —1
T3 3\/, » —a(l) + ()—1—8127?,
761 47 16 1 ) 148
= - ¥ 2b(1) + 2b(2) — ——i
" 725 " ov5 2 Tl + b +26(z) - o
5668 2 12 896
py — 20080 ??—\/71 —8Xb 16a(1)+32b(1)+811m,
5710 16w 64 10 44 2296
= o X, - —b(1) + 12 20b(2) — i
"o 799 ov  2re 3l (1) +12a(z) £ 200(2) — i,
32 8,
r = — —Tr
9 9
4 8 , 8
_ M4 8, 8 4.64
T8 5 " 77" + i (4.64)
On the parton level the only § dependent part is
B(E,) = s (n) OOt O Oeff )
) = Yo GV m) O () 65 (8) + BBy (4.65)

here the functions ¢;; originate from the gluon bremsstrahlung [14,18,124]. They can be
found for example in Ref. [6]. The contributions from b — sqgy are denoted by [B,;(Ep),
where ¢ stands for u, d or s quarks. Their contribution is either suppressed by the smallness

of the QCD penguin Wilson coefficients, or by V"SV”“’

. Additional suppression occurs for

high-energy photons [124].

4.2.5 Branching Ratio

In the previous sections we have discussed the NLO QCD contributions to the decay rate
of B — X,v, and have seen that the leading QCD logarithms can be taken into account
by renormalizing my(p) in Q7 at u. We will now give a NLO formula for the branching
ratio where we split the charm and the top contributions in an analogous manner. The
B — X, branching ratio can be written as follows?:

VsV
Veb

? 6tem
T C

BR[B — X35 V" = BRIB — XcePug,

[P(Eo) + N(Ep)]. (4.66)

23 and 1’ have been subtracted. See the previous dicussion of the nonperturbative effects
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Here the constant C

Vi |* T[B — X.e]
‘/cb F[B — XueD]
is introduced, so that the charmless semileptonic decay can be chosen as the normalization
factor. Hereby the convergence of the perturbation theory is separated from the m. mass
determination. The perturbative ratio is thus given by

C —

(4.67)

F[b — XS’Y]E7>EO . 2 6aem

|Vcb/Vub|2 F[b — XueD] N

ViV
Ve

P(Ey), (4.68)

™

where the |V,;,/V,,|? is the correction factor for the normalization to the charmless decay.
As suggested in Ref. [27] we set a = o™, The semileptonic phase space factor C is
known up to NNLO [6]:

C =0.5754+0.02. (4.69)

To find an expression for the perturbative ratio up to NLO we need the charmless
semileptonic decay

5
G% (mgole> 95 9

5
as further input. It is proportional to (mg’de) , thus the relation [6] between the pole and
the MS mass

Cmp o) (E — 4l ﬁ%) (4.71)
My 35 (o) dr \ 3 1
is also needed.

The perturbative expression can then be expanded in powers of ay. In addition we
want to keep the b-quark mass in the top contribution of ()7 renormalized at j and write
the perturbative quantity
2

P(5) = 'Kc + <1 + @) r(10) Ky + €| + B(5), (4.72)

where _
MS
_ my (po)

(o) = T})S (4.73)
denotes the ratio of my renormalized at o and the bottom “1S mass”. As argued in
Refs. [116,117] expressing all kinematical factors of m, in inclusive decays in terms of the
1S mass, which is defined as half of the perturbative contribution to the T mass, improves
the behavior of QCD perturbation theory. The NLO expression reads:

rio(Ho) = (3((5105,)))% {1 * asz(;bb) K?gi j((rl;i)) B 115598276 ] * go‘s<mb)2} (474)
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1 2 3 4 ) 6 7 8

l

d; | 1.4107  -0.838 -0.4286 -0.0714 -0.6494 -0.038 -0.0185 -0.0057
d; | -17.6507 11.346 2.4692 -0.8056 4.8898 -0.2308 -0.529  0.1994
JZ 9.2746  -6.9366 -0.874 0.4218 -2.7231 0.4083 0.1465 0.0205
Jf 0 0 0.8571 0.6667 0.1298 0.1951 0.1236 0.0276
Jf 0 0 0.8571 0.6667 0.2637 0.2906 -0.0611 -0.0171
2” 0.4702 0 -0.4268 -0.2222 -0.9042 -0.115 -0.0975 0.0115

Now we have all the ingredients to write down the complete NLO expression for K,
and K, in (4.72). The light quark contribution reads:

8
Kc Zﬁak {dk+ (7T ) [Qﬁoakdk <Il,u— +?71 ]\ZO )
w

=1
+dy, + d} n + dia(z) + dob(z) + (i}fiﬂ] }

ViVas @5
—=— — (n “ b(2)]. 4.
e g 0 ) () + 0] (4.75)

while the top quark contribution can be written like the following:

2 1
K, = <1 — §as(mb)2) <—§n4/23Ag(a:t) + (% — /%) Fg(xt))

8
s (in) . 4 1
gk {Et 2, Ze P12 _ §7725/23F1t(55t) -5 (1277 AL ()
S 523 2 2_741177 lnl i_glnﬁg
0" 4761 m? 3
2, 167 1110842 4 g3 16 m
4/23Ft 5009 6 n 08 n— n’u—02+—61n£2b
1761 357075 1 3 mZ 9 2
4 | 2745458 38800 4 . 42 8. m
B E () | = —pIn =% — —In—2 | 5. (4.76
(97r T 357075 1aess’ T3z o Mg)} (4.76)

Our results agree with [6,7]. Thus we confirm their result for the branching ratio
BR(B — X,7)m = (3.70 £0.30) x 107* (4.77)

for B — Xy v, and put it on even stronger theoretical footing, for now all important
contributions to this decay have been calculated independently by at least two groups.
This is in particular important if one takes into account that the scale uncertainty is at

the LO level around 25% [113].
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4.3 B — XJgM 0~

The rare semileptonic transitions b — s¢T¢~ have been observed for the first time by
Belle and BaBar in 2001-2002 in the exclusive mode B — K{¢T¢~ [2,38,39,49]. They are
an important probe of the short-distance physics that governs flavor-changing transitions,
and they are complementary to the less rare b — sy decay. A precise measurement of the
inclusive channel B — X /*{~ is particularly relevant because it is amenable to a clean
theoretical description, especially in the region of low leptonic invariant mass, m?, = m? 8,
below the charm resonances, 0.05 < 5 < 0.25.

4.3.1 Completing the NNLO QCD Calculation

The formula for the dilepton invariant mass distribution is [42]:

dT(B — X 0+07) (g)z Gy o |I/g;th|2(1 4y
ds 47 4872

2\ | = |? 2 ~
X {4 (1 + g) ‘0'73& (1 + %ww(é)) + (14 25) ()CSH

+ 12Re (5;“535*) + %53@)} ,

2 ~
+|Csh

)+ 20

(4.78)

where the effective Wilson coefficients C* contain the contributions of the matrix elements
which are proportional to the operators ()7 and )9. On the NLO level these are the matrix
elements of Q1—Qg, and are given in [125,126]. The infrared divergencies which arise
in the calculation of the matrix element of )y cancel after adding the bremsstrahlung
contributions, and the final contribution to the dilepton invariant mass contribution is
taken into account by wgg($).

On the NNLO level most of the important contributions to the low § region have been
calculated. The matching conditions are given in Ref. [13], while the matrix elements
and the relevant bremsstrahlung contributions are given in Refs. [42,43,45]. The only
potentially relevant NNLO terms still missing at low § have to do with the three-loop
ADM of the operators in the low-energy effective Hamiltonian, and with the two-loop
matrix element of one of them, Q)g.

Let us start with the contributions of the three-loop ADM to the NNLO QCD correc-
tions. Let us recall that the renormalization scale (1) dependence of the Wilson coefficients
CT () = (Cy(p),...) of the effective operators is governed by the renormalization group
equation (RGE) whose solution is schematically given by

A —

Cu) = Ulp, po, @) (o) - (4.79)

In the case at hand we are interested in the running of the Wilson coefficients from the
electroweak scale pg ~ O(My) to a scale pp, = O(my). Neglecting for the moment the
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i 1 2 3 1 5 6 7 8 9
a | -5 04086 -0.4230 -0.8994  0.1456 -1 -5 =
b; | 12.4592  0.694 -1.7339 1.2359 -0.1921  0.3997 0 0 0
¢ | -2.5918 -0.2971 -0.5949 0.1241  0.317  2.8655 0 0 0
di | 1321 31616 -04814 1.9362 -5.0873 0.0468 -13.582 0 0

e; | -0.0238 0.0107 0.0023 0.0071  0.005 -0.00003 -0.0087 -0.0008 0.0342

fi | 0.001 0.013  0.0045 -0.0022 -0.0714 -0.0008  0.0299 0 0
i 0 0 0 0 0 0 0.0035 0 0
h; | 0.0114 -0.0107 -0.0012 -0.0057 -0.0098 0.0002  0.0122 0 0

Table 4.1: Numerical coefficients parameterizing the RGE solutions in Egs. (4.80), (4.84),
and (4.85).

electromagnetic coupling «, all QCD corrections to C(u) up to O(«) are detailed in [13],
while the only O(a?) contributions to the evolution matrix U relevant in b — s¢t¢~ at
NNLO concerns the mixing of Q, into Qg and Q;. Expanding U in powers of as () /4w,
we denote these terms by Uég) (1, f10) and Ug) (s, f10). The ingredients necessary for the
calculation of the latter were already available in 1999 and Ref. [13] includes it. On the
other hand, the calculation of Uég) requires the knowledge of the three-loop self-mixing of
(Q1-Q and of the three-loop mixing of QQ1-Qg into Q9. The relevant ADM entries have just

been calculated in (3.25, 3.30). Solving the NNLO RGE (2.78-2.85), we obtain

7
USy (s, o) = Y [bin™ + con™ ™ + din™*+?] (4.80)

i=1
where 1 = ais(jo)/as(pp). The constants a;, b;, ¢;, d; are given in Table 1.

Using as(Mz) = 0.119 and m, = 4.8 GeV, we find Ué?(mb,MW) ~ 4.1. Unless
n < 0.48, our result is within the range that was guessed in Ref. [13], =107 < Uég) (p, o) <
107n. Our determination of Uég) eliminates one source of uncertainty in the NNLO calcu-
lation and increases the branching ratio by about 2%, the exact amount depending on the
choice of the various renormalization scales.

Another missing ingredient of the NNLO calculation is the two-loop O(a?) b — st~
matrix element of (J9. This is a contribution that is necessary because ()9 has a non-
vanishing matrix element at tree-level. Fortunately, no explicit calculation is necessary
here as the QCD corrections to b — s¢*¢~ are identical to those to b — ulv (or t — blv),
in the limit of vanishing strange (bottom) quark mass. In particular, we need the QCD
corrections to the invariant lepton mass spectrum. The O(a?) corrections to this spectrum
for the decay b — wufv have been computed in [27] in terms of an expansion in (1 — §),
which converges well also in the low-5 region of interest. The results up to third and fourth
order in (1 — §) are shown in Fig. 4.4 at small § in the b-quark pole mass scheme with o
normalized at mg.
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Figure 4.4: Second order perturbative corrections to the lepton invariant mass spectrum
of b — wly or b — s~ in the low-§ region normalized to the tree-level spectrum and in
units of (a,/m)?. The lower (upper) solid curve corresponds to the (1 — §) expansion up
to third (fourth) order [27], while the dashed curves correspond to the § expansion [127]
(central value and linearly added errors).

The lepton mass spectrum at small § can also be obtained from the Mg, /M? expansion
of the second order QCD corrections to top decay calculated in [127]. In principle, using
M2, — m2, and M; — my, this expansion is better suited to the low-3 region. However,
Ref. [127] provides only the terms up to (M, /M;)*, obtained by Padé approximants from
a ¢*/M? expansion. The ensuing uncertainty is displayed in Fig. 4.4, where the errors
on the various coefficients have been added linearly and the pole mass scheme is used.
Although this is likely to overestimate the uncertainty in the calculation based on [127],
the precision attained is sufficient for our purposes. Moreover, Fig. 4.4 shows that the
two approaches [27,127] to the calculation of the O(a?) corrections to the lepton mass
spectrum agree quite well. A simple approximation of the result is

™

(@) = (@) |14 = ¢ () wé?@]

W (5) ~ —1857+6.15— (43.4—8.5In3) 5>+ 305, (4.81)

which is valid in the range 0 < § < 0.4, in the pole mass scheme with a, evaluated at my.
Using this expression in the NNLO calculation of the branching ratio of [13], we observe
a reduction of about 3%, that overcompensates for the three-loop running of Cy discussed
above. In summary, the net effect of the two new contributions considered here is small.
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4.3.2 Electroweak corrections

Electroweak effects in b — s¢*/~ have never been discussed in the literature. As shown in
the case of radiative decays [27-31], they may be as important as the higher order QCD
effects. Therefore we will study the electroweak effects in the b — s¢*¢~ decay, calculating
the dominant O(«) contributions to the running of the Wilson coefficients and estimating
other potentially large effects.

For consistency with the QCD analysis, in the following we adopt the operator basis
of [13], enlarged to include the electroweak penguin operators Q3 Q6 The only difference
with respect to the basis used in [29,30] are g2 factors in the normalization of Q7—Q1¢, which
complicate somewhat the counting of couplings and the comparison with [29,30]. Working
at first order in o and neglecting its running, we can expand the evolution matrix U of
Eq. (4.79) as in (2.106). The matrices U)—pure QCD evolution—and U are functions of
the ADM of the operators in question and of the QCD and mixed QED-QCD £ functions.
U9 is formally of the same order of the LO QCD evolution matrix U, while U is of
order . They can be computed using (2.101) and (2.107). Expanding also the Wilson
coefficients at the weak scale and inserting (2.106) and (2.104) into (4.79) we find the
expressions for the various terms at the low scale p

CO (1) + =D () + aas (1) COu) + ... . (4.82)

6(#) = és(ﬂ) + (47)2

C(p) results from the O(1), O(a;) and O(a 2) contributions to C'(j) and from the QCD

evolution matrices U® (1, f10).

The formally leading electroweak effect is the nonvanishing O(«) mixing described by
. It has been calculated in Ref. [28], except for the QED mixing of Q¢ and @19 which

is given by (3.27):
. —8
A0 = ( 5w ) , (4.83)

while the lowest order — O(a;) in our notation — mixing between the electroweak penguin
L 0
operators 5, and (g is given by ’Yz‘(g) = (—%, —%, —2;%, —%2).

Since only the mixing of ()2 into Qg 10 is relevant at this order, we solve the RGE and
got (Cy” (no) = 1)

40

9
C (1) = UL, O (o) = >~ [en™ " + fin™] =~ 0.00824 — 001167, (4.84)

=1

where the approximation is valid within ~ 2% for 0.5 < n < 0.6. We see that the formally
leading QED contribution shifts Cgy(m;) by only 0.00006 for n = 0.56. The above QED
mixing between Qg and ()1p means that we also have a contribution to

9
C(1e) = Ua O (o) = > [gin™ " + han™] ~ 0.02223 — 0.0325n), (4.85)

e,
=1
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which shifts C19(m;) by 0.00014 for n = 0.56. The impact on the branching ratio of
these O(a/a) contributions is tiny.

As discussed in [29,30, 88], next-to-leading effects of O(aaZ L") can be larger than the
leading ones. In the case of b — s¢*¢~, moreover, the LO QCD contribution is accidentally
small compared to the NLO QCD one. Let us therefore look at the next order, O(aalL"),

effects. The general expression for Ct is (2.105)
C () = UL CO (o) + TN (o) + UM L (11o)- (4.86)

The last term in this equation requires the knowledge of the O(aa,) ADM, which we have
given in Eq. (3.29). The expression of C’é}e) is given by Eqs. (4.88-90) of Ref. [128].
We also find the electroweak correction to Co(my) be about —0.0023 using n = 0.56

and the explicit expressions for the 5§1)(u0) coefficients in our operator basis, which are
given in [29,30], while the shift in Cyo(my) is about -0.002.

4.3.3 Numerical Results

Similar to the study of B — X,y we will normalize the dilepton invariant mass distribution
to the semileptonic decay and define

1 d

R —I (b — XTI 4.87
(8) = CT (b — X,ev) ds (b ) (4.87)
where the constant C -
V|  T[B — X.er]
C = S 4.88
Vo | T[B — X,er] ( )

is again introduced, so that the charmless semileptonic decay can be chosen as the normal-
ization factor. This decay rate has been calculated up to NNLO accuracy in Ref. [129]:

B GQ( pole)5 )\1 9)\2
B — Xyer] = 2t 2 |y, 12 |1 (1) 4 Zsp@) AL 4.89
15— Xuer] = SEEE g [ S0 4 S0+ - 2] (aso)

where the explicit expressions for p( /2)

corrections are given in [130].

can be found in [6,129]. The relevant electroweak

While in a previous analysis [45] the semileptonic decay used to normalize the dileptonic
decay rate was only considered up to NLO we use the NNLO result. Furthermore we expand
the whole fraction in (4.87) consistently up to NLO and NNLO order. If we vary the low
energy matching scale y;, between 2.5 GeV and 10 GeV and the high energy matching scale
of the top and charm sector uf = 3/2u§ between 60 GeV and 240 GeV, and 40 GeV and
180 GeV, respectively, we find the scale dependencies shown in Fig. 4.5 for the NLO and
NNLO results. Notice that the corresponding scale dependencies of the NNLO result lies
within the NLO one if (4.87) is expanded consistently up to NLO and NNLO.



84 CHAPTER 4. APPLICATIONS

2 T T T T T T T
NLO oo
Az NNLO for§<0.25
1.5 i partial NNLO for §> 0.25 -
@
L 1F
1,
e
0.5
0 | | | | | | |
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8

(VN

Figure 4.5: Renormalization scale dependence of Rm_(é). The scale dependence of the
NNLO result lies within the scale dependence of the NLO one
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Contributions BR[b — XTI~
NLO (153 £0.27)10°°
partial NNLO [13] (1.45 £ 0.13)10°

partial NNLO [42-44] (1.413 £0.044)10°¢
partial NNLO [42-44] + Usg | (1.435 + 0.037)10°
partial NNLO [42 44] + wy | (1.371 = 0.063)10~°
NNLO (1.401 £ 0.048)10

The perturbatively calculable branching ratio is given by the integral
BR [b— X,/""] = BR [B — X.e7] / d3R"" (3) (4.90)
S

over a given § region. For the theoretically favored low § region, where 0.05 < § < 0.25,
we calculate the branching ratio in Table 4.3.3.
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Chapter 5

Outlook and Conclusions

In this thesis we have computed NNLO QCD and NLO QED corrections to weak decays.
In particular we calculated the mixing of current-current and QCD penguin operators into
the operators relevant for AB = 1 decays up to three-loop order in QCD. In addition
we calculated the complete operator mixing relevant for AB = 1 decays up to two-loop
order, including QED corrections. Some of these results checked previously unconfirmed
calculations, while other results are completely new.

In our calculation we used several cross-checks, following from: i) the locality of the UV
divergences, i) the independence of the ADM from the external states used in the calcu-
lation, i7i) the completeness of our operator basis, iv) the gauge-parameter independence
of the mixing among physical operators, and v) the absence of mixing of non-physical into
physical operators. We have also reproduced the full MS renormalization of QCD and
QED up to the three-loop level.

In particular, we agree with the previously unconfirmed
e two-loop QED mixing of )1-Qg into Q7 and Qg [28],
e two-loop self-mixing of the magnetic operators Q)7 and Qg [25],
e three-loop mixing of Q1-Qg into Q7 and Qg [24].
The last two results enable us to confirm the standard model predictions [6,7]
BR(B — X¢y)m = (3.70 £ 0.30) x 10~* (5.1)

for B — Xy v, and put it on even stronger theoretical footing, for now all important
contributions to this decay have been calculated independently by at least two groups.
This is in particular important if one takes into account that the scale uncertainty is at
the LO level around 25% [113].

In addition many of our results are new. In particular we have calculated for the first
time the

87
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e three-loop QCD self-mixing of Q1-Qs,

e three-loop QCD mixing of ()1—Qs into the semileptonic operators relevant for the
semileptonic b — s¢*{~ transitions, namely Qg and Q,

e contributions relevant for a complete NNLO analysis of rare semileptonic b — s¢t¢~
transitions, where we used the fact that we could extract the O(a?) matrix element
of Q)9 from the literature,

e clectroweak corrections to b — s¢T¢~ decay for the first time in the literature at LO
and NLO,

e mixing of the semileptonic operators ()9 and @1y at order o and at order aay,
e two-loop QCD mixing of (Q1—Qg into Qg and Qq,

e two-loop QCD mixing of QgLQGQ into QQ7—Q1.

We also studied formal aspects of beyond leading order calculations, and showed
e the formulas which govern the change of scheme at NNLO,

e a proof for the scheme indpendence of the matching procedure at NNLO,

e that the change of basis is nothing but a change of scheme.

The mere calculation of the three-loop QCD anomalous dimension matrix has more
applications than inclusive radiative and semileptonic weak decays. We exemplified this
by providing the formulas relevant to a NNLO study of non-leptonic B decays. Yet, as was
the case when the two-loop mixing matrix was calculated for the first time, there will be
many phenomenological applications for the standard model and some of its extensions.

Let us for example consider the short distance dominated exclusive rare decay K+ —
ntvw. This facilitates a precise measurement of the unitarity triangle [131]. A NNLO
analysis would reduce the theoretical error to the percent level. Such an analysis requires
the three-loop self-mixing of the current-current operators, which were calculated in this
work, as well as the mixing into the operator (51,7,dr) (7, y*vr), which we will study in the
future.

As mentioned already in the introduction, the main limiting factor for B — X lies in
the perturbative QCD calculation and is related to the ambiguity in the definition of the
charm quark mass in some two-loop diagrams containing the charm quark [6]. This can
be improved by going to NNLO where the charm quark mass becomes well defined. Such
a calculation consists of many ingredients, most notably the calculation of the three-loop
matrix elements. Concerning the anomalous dimension matrix we have already computed
the mixing of ();—Q)g, which is needed at this accuracy. In addition we plan to calculate the
three-loop mixing of the magnetic operators, and in the future to compute the four-loop
mixing of ()1—(Q)¢ into the magnetic operators. As was shown in this thesis, this reduces to
the calculation of four-loop vacuum integrals with one common mass.



Appendix A

Change to the “Standard” Operator
Basis

In order to give the explicit expressions for the matrices I%, W, U and M characterizing
the change to the “standard” basis, we first have to define the primed and unprimed set
of operators according to Eq. (3.37). The physical and evanescent operators in the initial
basis are given by

QT:(Qla"'aQG)a (Al)
E"=EW, .. EW E® . EY), '
while the “standard” basis consists of the following two sets of operators:
- T
Q =(Q-...Qp), (A2)
B = @Y, BV E® . B® P E? B EY).

Needless to say, E?(,Q), Ef), Eg) and EéQ) play the role of extra, in principle unnecessary
operators in the “standard” operator basis. They are just included for completeness in the
above equation.

With these definitions at hand, it is just a matter of simple algebra to find the explicit
expressions for the matrices R W U and M. The rotation matrix R which links the
physical operators, is given by

210 0 0 0
010 0 0 0

- oo 20 1 o0

L IR VI (A.3)
00 4 0 -1 0
00 § 3§ -4 -}
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The matrix W parametrizes a redefinition of the physical operators Q by adding some
evanescent operators E to them. In the case at hand, W reads

0ooo0oo0 0 O O0O0OO0OO0OOOOOTO OO
0ooo0oo0 0 O O0O0OO0OO0OO0OOOOTO OO
5 0000 0 O O0OO0OO0OOOOOOTO OO
W= o000 0 O 0O0OO0OO0OO0OOOOTO OO (A4)
0000 -6 0 0O0O0O0OO0OO0OOOTO0O®O
o000 0 -6000O0O0O0O0O0GO0O®O

On the other hand, U describes a redefinition of the evanescent operators E by adding
some multiples of € times physical operators Q to them. The relevant matrix U takes the
following form:

4 0 0 0 0 0
0 4 0 0 0 0
0 0 —112 0 16 0
0 0 0 -—112 0 16
0 0 - 0 1 0
o 0 0 1 0
0 0 ~—ms 0 1
-~ o 0o 0o w o w
U=l 144 0o o 0 0 0 (4.5)
0 144 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 -—=u (g & Q
0 0 0 -2z ( o
0 0 0 0 0 0
0 0 0 0 0 0

Finally, the matrix M represents a simple linear transformation of the evanescent operators.
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In our case we find

2 100 0 0 0 0 00O0O0TO 0 00
0100 0 0 0 0 O00O0O0O0 0 00O
0000 8 0 -2 0 0000TO0 0 00
0 000 & 16 -1 -1 00000 0 00
0000 -2 0 1 000000 0 00
0000 -2 —4 1 1 00000 0 00
40 » 00 0 0 0 0 21000 0 00
5 00200 0 0 0 001000 0 00
M=1%9 01012 0 0 00000 -2 0 00 (A.6)
0 0 : 1 2 256 0 0 0000 -2 —1 0 0
00 0 -8 0 0 00000 0 00
00 11 -5 —16 0 0 0000 L 1 00
0000 0 0 0O 000100 0 00
0000 0 0O 0 0 O00O01UO0 0 00
0000 0 0O 0 0O000O0TO0 0 10
0000 0 0O 0O 0O00O0O0CTO 0 0°1

Parts of the above matrices have already been given explicitly in [24], where the change
of basis from the initial to the “standard” basis has been performed including NLO QCD
corrections. If we take into account that the definition of Eél)—Eél) adopted in Eq. (3.43)
differs slightly from the definition of Eél)—Eél) used in [24], our results agree with the
expressions given in the latter paper.

The renormalization constant matrices entering Eq. (3.38) are found from one- and two-
loop matrix elements of physical and evanescent operators. In the following we will give only
the relevant entries of the necessary renormalization constant matrices, denoting elements
that do not affect the final results for the residual finite renormalizations introduced in
Eq. (3.38) with a star. For the finite renormalization between evanescent operators E and
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physical operators Cj we get

* K *x * 0 0
* Kk * * 0 0
* Kk * —1280 320
*x X K * 640 1280
00 = m g
00 -3 —%-3v £ &
* *x % * —1%0 Q9
Zgg)z * Kk K * 8 160 (A7)
* K* % * 0 0
* K % * 0 0
* Kk ok * — 98360 24640
* % * * % 98260
* x  *x * — 256 g
* x  *x * 128 256
* x % * 154880 _ 38720
* A %k * — 1040 154880

For the one-loop mixing of physical operators Cj into evanescent operators E we obtain

2200 00O00O0OO0OO0OO0OO0OO0O0OO
100 0 0O0O0O0OO0OO0OO0OOOO0OOO
cany | 000 0 0O0O0O0O0OO0OO0OO0OO0OO0OO0O©O0
Zap = 000 0 00O0OO0OO0OO0OOOOTO®O0®O0 (A-8)
0001 00O0OO0O0OO0OO0OO0OO0OTO0O®O0O0
002 > 0000O0O0O0O0OO0OO0O0O0
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—

The one-loop mixing among evanescent operators F reads

—

o

=
¥ K K KOS X kK kK K kK K X K K *
¥ X ¥x x O O ¥ X kK XK kK ¥ X ¥ ¥ ¥
K XK K KOS X kK XK K K K X K kK *
X XK K KOS X kK K K K K X K K &
K XK K KOS X kK K K K K X K K &
¥ K K KOS X kK kK K K K XK K kK X
¥ K K X O O X kK kK XK kK XK X K K &
¥ XK K KOS X kK kK K kK kK X Kk kK %
¥ K kK k= ek K K K K K X K X ¥
¥ K K KO ek x kK K K K K K K ¥

06_3

Kok AT KK K K K K K K K
S T
¥ K K Kk ~ewl kX K K K K X K X ¥
¥ XK ¥ KO kK X kK K kK kK X ¥ ¥ ¥
¥ XK K KOS *x k kK XK kK K X X Kk X
¥ K K KOS X kK K K kK K X Kk kK &

[

35

N

(A.10)

x X X X

—

Ny

2
27

5
NerﬂaNf

X

+

1208
81
49
47648

21019
972

266 8 2
243 s lVrt3alNy
5182 1
729 %Nf
*

20
Ny—%aN; 7
?
*

44
4_81
77020

21632
243

0
0
*

o O X

X K K K K K K K X

*
*

At the two-loop order we find for the finite renormalization between evanescent operators

FE and physical operators ()

—

~(2,0)
ZSEQ
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The two-loop mixing of physical operators Cj into evanescent operators E is given by

B8l 5 Np —L-LN, 0 0 0000 g -3 %00~
oL, g 0 0 0000 -2 - %% 00 %%
S(21) _ 0 0 - -3 0000 0 0 %*%x00x~*
QF 0 0 35 - 0000 0O 0O »x00%%
0 0 2 slin, 0000 O 0 *%x00 %«
0 0 I—dnNy 82N, 0000 0 0 *x%x00 %
(A.11)
Finally, the two-loop mixing among evanescent operators E reads
* K * * * * * * *k x ok Kk *x
* K * * * * * * *k x ok Kk *x
* K * * * * * * *k ok Kk Kk x
* K * * * * * * *k Kk Kk k*x
00 -3  -R+m=s % e-gNy -7 -FEv 00 85 5%
00 B +am Vs — 108+ Ny 52 -8 Ny B2 - 8N, —3+5 Ny 45 ?GNfOO%—ﬁ%—SQ
* K * * * * * * *k x ok Kk *x
1 | xx * * * * * * *k Kk Kk Kk x
EE * % * * * * * * *%k x ok Kk K
* K * * * * * * *k Kk Kk kox
* % * * * * * * *k x ok Kk *x
* K * * * * * * *k x ok Kk *x
* K * * * * * * *k x ok Kk *x
* K * * * * * * *k ok Kk kx
* K * * * * * * *k Kk Kk kx
* K * * * * * * *k x ok Kk *x
(A.12)

As far as the one-loop renormalization constant matrices are concerned, let us note, that
our results agree with the findings of [24], after taking into account that the definition of
E(l) E(l) adopted in Eq. (3.43) differs slightly from definition of E’(l) E(l) used in the latter
article. On the other hand the two-loop renormalization constant matrices involving the
insertion of E ) and E , are entirely new and have to our knowledge never been computed
before.

*
*

b
b

* Kk

D D D o
* o o

* X ot
* % ot

x>t
* ot

*
*




Appendix B

The Complete QCD Operator
Renormalization Matrix

The general structure of the operator renormalization matrix is

Sk Ak Skl
N
Z5 = Znp ANN ZNE

Sk SRD Akl
2y 7N 2

where P = 1-10 denotes the physical operators, N = 11-24 the EOM-vanishing operators,

and E = 25-32 the evanescent operators. Throughout this section we set Ny = 5.

The mixing of non-physical into physical operators must vanish at all orders in a;;. This
is in fact only a requirement on the ADM, but we have seen in Eq. (2.70) that the one-loop
renormalization matrix Z®D is g)roportional to 40 and therefore at one-loop it implies
the vanishing of ZA](\}Pl ) and ZAS;} . Since 4 for the physical operators can be found in
Eq. (3.23), it is sufficient to give here only the non-physical parts of Z(:9 and Z(). By

definition, the only non-vanishing parts of Z(19 are ZSIQO) and Zg]\? ). We find

64 = 0 s 0o 0 0 0 & 0

48 —64 0 s o 0 0 0 1B 0

0 0 s 2432 0 390 e 64 16 0

oo _ | 00 0 e emen e oweomo am ()
Zer = | 3840 640 0 16 0o 0 0 0 = 0" (B.2)

2880 —3840 0 ~96 0 0 0 0 64 0

0 0 s _]60768 -0 24640 2 —512 544 0

0 0 _ 304640 _ 630256 49280 98560 2048 256 _11264 ()

9 3 9 3 9 3 3

95
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and
61 £ 0000O0O0O0OO0OO0OOO0OO
16 8 00 0O0OO0OODOOOO OODQ
16 192 0 00O OOOOOO0OO0OO0OTO
(1,00 -6 168 00 0OOOO0OO0O0O0O0O0O
Zpn = 256 -16 0 0 0OOOOOO0OOO0OO0OTO (B-3)
64 9% 0 0 0 0 O0OO0OO0OO0OO0OO0OO0OTO
544 8448 0 0 0 0O 0 0O O O O O O O
~u2 6992 0 0 OO OOOOOOO0ODU

3

The 6 x 4 block in the upper left corner of ZSI;O) agrees with the expression for the upper
6 x 4 block of ¢ given in Eq. (46) of [24].

The one-loop mixing of physical into non-physical operators is described by ZAgNl ) and
Zgél). We get
~1 1 0O 000 0 0O0OOOODOO
¢ -2 0 000 O OO0OO0OO0OO0OO0OO
-5 4 0 000 O O0OO0OO0OO0OO0OOO
2% 0 000 0 0O0O0OO0OO0OO0OO
~any | -% -4 0 000 0O 00O0O0O0OO0O
Zey" = s s 0 000 0 0000000O0 | (B4)
0 0 0O 000 0 0O0OO0OO0OO0OO0OO
0 0 -8000 -2 0000O0O0O0
0 0 0 000 0 0O0O0OO0OO0OO0OO
0 0 0O 000 0 0O0O0OO0OO0OO0OO
and
220 0 0000
1 00 0 0O0O0O
000 0 0O0O0O
000 0 0O0O0O0
) | 000 1 0000
Zei’ = 002 3 0000 (B:5)
000 0 0O0O0O0
000 0 0O0O0O0
000 0 0O0O0O
000 0 0O0O0O0

The 4 x 6 block in the upper left corner of Z}};) agrees with the expression for the 4 x 6
block in the upper left corner of b given in Eq. (45) of [24].
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At one-loop we have moreover the mixing among EOM-vanishing operators, given by

23 0
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1
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4
0
A 171) 8
ZJ(VN - ¥

S O O ww

esNelolololalohalhol=R ol all o

5 (1,1
ZJ(EE) =
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|
T
wloo

CoOoc 00000 OoOO0OO,) o
o o
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—4 0
¢ 0 0
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0 -2
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0 O

0 0 0

0
0
—14
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3

0
0
—784

_ 2212
3

o
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0 0
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0 0
T e gide |
1186 st
—3-¢ 0
56 B-5e
-3 ¢
-%-5¢ 0
R
(B.6)
(B.7)

The 4 x 4 block in the upper left corner of ZS; ) agrees with the expression for the 4 x 4
block in the upper left corner of d given in Eq. (47) of [24]. The last block ZA](\}El ) contains

only zeros.

Now we can proceed to the two-loop renormalization matrices.

The non-vanishing

blocks of Z20) are Z](;];O) and ZASJ’\E)), for which we give only the rows corresponding to the
evanescent operators (Qo5—(Q)og. Our results are

3908 2656

9 27
~ 1760 3584

Z(2’0) _ 3 -

25—28,P — 0 0

0 0

and

11392
729

~ 4640
Z(ZO) _ T 243
25—28 N — 23456

81

_ 152512
243

9

7292
243
1616
81

442528 589928

722

243
176

81

9

_ 145528 860864

27680
9

41276

9

_ 3101
486

_ 949
81

_4
9

_ 35120 3712

27 3
5

337192

_ 56
81 9

27

_ 376
243

752

81

_ 1088

688

NN D
O ) N0 0
NN N
O ) N0 0
NN D
G T, R, R
G TR, R, S

w0

_ 4640 0
243

23456 0 ’ <B8)
81

_15225312 0
7?07
P9
? 2 ’ (BQ)
7?07
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where the question marks correspond to entries that we have not calculated. Notice that
only the 4 x 4 block to the right of Zé?fg& p is needed to determine the O(a?) mixing of
Q1 Qg into Q7—Q19. On the other hand the 6 x 4 block to the left is necessary to find the
three-loop self-mixing of QQ1—Q¢ which we shall present elsewhere [47]. Finally the mixing
of evanescent operators into EOM-vanishing ones, described by Zégf%& N 1s not necessary,
but given for completeness here.

Since Z22) ig completely determined by the one-loop mixing, we give only the non-
vanishing building blocks of Z 21 namely

317 __ 515 _ 353 _ 1567 67 _ 35  _ 58 167 _ 64 0
36 54 243 972 186 648 243 648 729
349 3 __ 104 338 14 35 116 19 776 0
12 81 81 81 108 81 27 243
0 0 1117 31469 100 3373 16 92 1688 0
81 324 81 432 81 27 243
0 0 4079 59399 269 12899 50 1409 _ 548 0
486 972 1944 2592 243 648 729
R 83080 159926 8839 14573 464 3407 31376
Z(Q’l) _ 0 0 T8l T8l 81 54 81 27 T 7243 0 (B 10)
PP 0 0 70100 231956 11501 78089 836 1081 _ 21128 0 ’ :
243 243 243 648 243 81 729
0 0 0 0 0O 0 s 0 0 0
548 1975
0 0 0 0 0 0 - wm g
0 0 0 0 0 0 0 0 —38 0
0 0 0 0 0 0 0 0 0 —38
_64 3671 1 _1 22 _ 6 1 i1 _1_1() i
729 1944 9 27 243 2592 96 32 72 192 72 18 64
776 _ 1889 _2 2 _ 44 259 1 -3 _1 1L 1 1 _ 3
243 324 3 9 81 132 16 16 12 32 12 8 32
_ 1688 1351 16 4 20 _ 259 —1 _3 _1 1 1 0 1 _ 3
243 162 3 9 81 216 8 6 16 6 1 16
_ 548 3559 22 _32 _ 130 _ 625 _67 11 26 11 26 0 19 _ 11
729 972 9 27 243 648 48 1 9 24 9 6 8
N 31376 2054 304 32 320 950 35 _ 4 1 4 () — 3
7@ |~ Sse 7% % W Tw TR 3§ 3 -30-10 -3
PN 21128 32669 148 4 _ 1684 _ 12817  _35  _131 _259 131 259 () 125 _ 131 ’
729 486 9 9 243 648 24 S 18 48 18 12 16
0 0 0 0 0 0 0 0O 0 0 00O O
0 0 -9.7:0 0 0 -%-20 0 0 000 0
0 0 0 0 O 0 0 O 0 O 00O O
0 0 0 0 0 0 0 0O 0 0 00O O
(B.11)
and
4493 49 1 35
864 648 0 0 384 864 0 0
1031 8 35 7
144 9 0 0 192 T2 0 0
7 35
0o 0 -z - 0 0 0 0
35 1
0 0 @& 1 0 0 0 0
R 23 449 7 35
Z(Zl) _ 0 0 18 36 0 0 7z 1oz (B 12)
PE 179 463 35 1 :
0 0 162 108 0 0 864 384
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
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Similarly to what happens in the case of ZI(DZEO) not all entries of Zl(fél) are needed to
find the O(a?) ADM of physical operators considered in this work. Needless to say, the
mixing of physical into EOM-vanishing operators, described by 21(32]{,1), is not required to
determine the mixing of physical operators at the three-loop level. However, some entries
are important to verify the O(a?) mixing of magnetic into non-physical operators, which

has been discussed in part in [25].

As far as the mixing among EOM-vanishing operators is concerned, we have calculated
only the first two rows of the corresponding matrix Z](\?]’\}). We find

(2.1) (-2 0 0 0 o ? 7?27?2777 77 (B.13)
11—12,N — 0 -M49 1B 7, _U_7, _1 92 92 92 92 92 972 72 77 ’ :
16 6 36 2 36 6

where the question marks stand for entries that we have not calculated.

In the case of the mixing of evanescent into other operators, we have calculated only
the first four rows of the corresponding matrices Z](;];”, Z](;]’\}) and ZgEl ). We get

1760 _ 2576 _40 _ 814 4 5 0 0 _ss21 ()
3 9 81 81 81 54 243
gy 1304 e 2 ¥ & 5 0 0 50
25-28,P 0 0 —56320 -2 8512 7600 -8 992 6992 () ’
O 0 1099520 _ 1273570 _ 16368 23:2))55 _ % % % 0
(B.14)
5824 739 0 0?7
243 81 27
, 1112 142 i 2 2027272727772
2.1 172 142 0 B | I O Y S S O G G G
255;%8 N = bo0z  ao1s p , (B.15)
' —6%2 2048 256 —128 O ¢ 7 7?7 7 7?7 7 7 7 7
432w 1 112 0 7 7 7?7 7 7?7 7 77
and
we w0 0 om0 0
L1 5% I 0 0 2z 0 0 (B.16)
25-28,E )
0 0 mmomm o0 0 -u wa
0 0 e om0 0 ¥y

Here once again question marks denote entries that we have not computed. Clearly, the
mixing of evanescent into other operators does not affect the O(a?) mixing of physical
operators at all, and thus is given here only for completeness.

At the three-loop level we have calculated only a small subset of entries of AR
which are summarized below. Again 732 and Z33 can in principle be obtained using
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Egs. (2.71). The single poles we have calculated read
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~10683 " 243 63 ~5oass T st T 54 T 324 187 T81¢ 27 (3 — a1 G
_ 461338 | 1600 5058227 | 8336 247 _ 403 62024 | 2 ¢ 320 3271 _ 16
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