
0D[03ODQFN0,QVWLWXW I�U %LRFKHPLH

$EWHLOXQJ 0HPEUDQ0 XQG 1HXURSK\VLN

7RZDUGV 'H¿QHG 1HWZRUNV=
*XLGHG *URZWK/ &DEOH 7UDQVPLVVLRQ DQG

(OHFWULFDO 6\QDSVHV RI &XOWXUHG 6QDLO 1HXURQV

$VWULG $1 3ULQ]

9ROOVWlQGLJHU $EGUXFN GHU YRQ GHU )DNXOWlW I�U 3K\VLN GHU 7HFKQLVFKHQ
8QLYHUVLWlW 0�QFKHQ ]XU (UODQJXQJ GHV DNDGHPLVFKHQ *UDGHV HLQHV

'RNWRUV GHU 1DWXUZLVVHQVFKDIWHQ

JHQHKPLJWHQ 'LVVHUWDWLRQ1

9RUVLW]HQGHU= 8QLY103URI1 'U1 (ULFK 6DFNPDQQ
3U�IHU GHU 'LVVHUWDWLRQ= 41 +RQ103URI1 'U1 3HWHU )URPKHU]

51 8QLY103URI1 'U1 3DXO 7DYDQ/
/XGZLJ00D[LPLOLDQV08QLYHUVLWlW 0�QFKHQ

'LH 'LVVHUWDWLRQ ZXUGH DP 4413815333 EHL GHU 7HFKQLVFKHQ 8QLYHUVLWlW 0�QFKHQ HLQJHUHLFKW XQG
GXUFK GLH )DNXOWlW I�U 3K\VLN DP 3713:15333 DQJHQRPPHQ1
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7DEOH RI FRQWHQWV

41 ,1752'8&7,21 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8

414 :K\ GHVLJQ QHWZRUNV RI QHUYH FHOOV" 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8

415 :K\ /\PQDHD QHXURQV" 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9

416 2XWOLQH RI WKLV ZRUN 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :

51&(// &8/785( 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;

514 ,VRODWLRQ RI QHXURQV IURP /\PQDHD VWDJQDOLV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;

515 &RQYHQWLRQDO FHOO FXOWXUH 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <

516 6LPSOH JHRPHWU\ WKURXJK JXLGHG RXWJURZWK 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45

517 6\QDSVH IRUPDWLRQ LQ FHOO FXOWXUH 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47

610($685,1* 92/7$*( :,7+ (/(&752'(6 $1' '<(6 1 1 1 1 1 1 1 1 1 1 1 1 1 49
614 (OHFWURSK\VLRORJ\ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49

615 ,PDJLQJ RI VLJQDO SURSDJDWLRQ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:

61514 9ROWDJH0VHQVLWLYH G\HV DV SUREHV RI PHPEUDQH SRWHQWLDO 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:

61515 $ VHWXS IRU GHWHFWLQJ IDVW ÀXRUHVFHQFH FKDQJHV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<

61516 6LJQDO SURFHVVLQJ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53

71 7+(25</ 3$57 4= 02'(/6 2) 6,1*/( &(//6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57
714 3DVVLYH PRGHO= &DEOH WKHRU\ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57

71414 7KH PRGHO 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57

71415 &XUUHQW VWHS VROXWLRQ IRU FHOOV ZLWKRXW QHXULWHV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5;

71416 6ROXWLRQV IRU FHOOV ZLWK RQH QHXULWH 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5;

71417 6ROXWLRQV IRU FHOOV ZLWK DUELWUDULO\ PDQ\ QHXULWHV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5<

715 :K\ GR ZH QHHG LPDJLQJ GDWD" 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 64

716 $FWLYH PRGHO= +RGJNLQ0+X[OH\ G\QDPLFV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 69

816,1*/( &(// (;3(5,0(176 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6<
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7DEOH RI FRQWHQWV

814 &HOOV ZLWKRXW QHXULWHV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6<

815 &HOOV ZLWK QHXULWHV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 77

816 0DSV RI VLJQDO SURSDJDWLRQ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 85

91 7+(25</ 3$57 5= 02'(/6 2) (/(&75,&$/ 6<1$36(6 1 1 1 1 1 1 1 1 1 1 1 89
914 6WUXFWXUH RI HOHFWULFDO V\QDSVHV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 89

915 6LPSOH PRGHO EDVHG RQ LVRSRWHQWLDO FHOOV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8:

916 'HWDLOHG PRGHO 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 95

917 &RPSDULQJ WKH WZR PRGHOV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 98

918 &HOO SDLUV ZLWK PXOWLSOH FRQWDFWV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9;

:1(;3(5,0(176 :,7+ 6<1$36(6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :6
:14 7KH VLPSOHVW V\QDSVH= 2QH FRQWDFW SRLQW 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :6

:15 7KH VWURQJ V\QDSVH= 0XOWLSOH FRQWDFW SRLQWV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;;

:1514 $WWHPSWV WR ORFDOL]H WKH V\QDSVHV E\ VWDLQLQJ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;<

:1515 5HVXOWV REWDLQHG ZLWK WKH LVRSRWHQWLDO PRGHO 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <3

:16 3RVWV\QDSWLF DFWLRQ SRWHQWLDOV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <8

;16800$5< 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <;

<1$33(1',&(6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <<

$1 &HOO FXOWXUH UHFLSHV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <<

%1 6WDLQLQJ ZLWK YROWDJH0VHQVLWLYH G\HV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 434

&1 $QDO\WLFDO VROXWLRQV RI WKH FDEOH HTXDWLRQ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 434

'1 1XPHULFDO VROXWLRQV RI WKH FDEOH HTXDWLRQ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 439

(1 +RGJNLQ0+X[OH\ UDWHV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43:

)1 7UDQVLHQW VROXWLRQV RI WKH VLPSOH V\QDSVH PRGHO 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43;

*17DEOHV RI UHVXOWV IURP V\QDSVH H[SHULPHQWV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43<

%LEOLRJUDSK\ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1446
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4
,QWURGXFWLRQ

7KLV LQWURGXFWRU\ FKDSWHU GLVFXVVHV WKH PRWLYDWLRQ IRU GHVLJQLQJ JHRPHWULFDOO\ VLPSOH QHXUDO QHW0
ZRUNV LQ FHOO FXOWXUH DQG VWDWHV ZK\ QHUYH FHOOV IURP WKH VQDLO /\PQDHD VWDJQDOLV DUH VXLWDEOH IRU
WKLV SXUSRVH1 ,W DOVR EULHÀ\ RXWOLQHV WKH FRQWHQWV RI WKH RWKHU FKDSWHUV1

414 :K\ GHVLJQ QHWZRUNV RI QHUYH FHOOV"
%UDLQV DUH YHU\ FRPSOH[ VWUXFWXUHV= 7KH\ FRQWDLQ/ GHSHQGLQJ RQ WKH VSHFLHV/ IURP D IHZ KXQGUHG
XS WR 4343 QHUYH FHOOV WKDW FDQ HDFK EH FRQQHFWHG WR DV PDQ\ DV 436 RWKHU QHXURQV YLD V\QDSVHV
ORFDWHG RQ GLIIHUHQW SDUWV RI WKHLU RIWHQ H[WHQVLYHO\ DUERUL]HG FHOO VXUIDFH ><:@1 7KLV KLJKO\ HQ0
WDQJOHG PHVK RI FHOOV/ WRJHWKHU ZLWK LQFRPLQJ LQIRUPDWLRQ DERXW WKH HQYLURQPHQW FRQYH\HG E\
VHQVRU\ FHOOV/ JLYHV ULVH WR DQ HYHU FKDQJLQJ SDWWHUQ RI HOHFWULFDO DFWLYLW\ WKDW LV WKRXJKW WR EH
WKH EDVLV RI DOO EUDLQ IXQFWLRQ/ IURP WKH SURFHVVLQJ RI VHQVRU\ LQIRUPDWLRQ DQG WKH DFWLYDWLRQ RI
PXVFOHV WR KLJKHU IXQFWLRQV VXFK DV VWRULQJ DQG UHWULHYDO RI PHPRULHV/ SODQQLQJ/ HPRWLRQV DQG
FRQVFLRXVQHVV1

7KLV HQRUPRXV FRPSOH[LW\/ ZKLOH PDNLQJ EUDLQV VXFK IDVFLQDWLQJ RUJDQV/ DOVR FRPSOLFDWHV WKHLU
VWXG\ RQ DOO OHYHOV RI LQYHVWLJDWLRQ1 (VSHFLDOO\ RQ WKH OHYHO RI VPDOO JURXSV RI QHXURQV/ WKH ZD\
LQ ZKLFK LQWUDFHOOXODU DQG LQWHUFHOOXODU VLJQDO SURFHVVLQJ FRPELQH WR WUDQVIRUP LQFRPLQJ VSLNH
WUDLQV LQWR RXWJRLQJ VSDWLRWHPSRUDO SDWWHUQV RI DFWLYLW\ LV GLI¿FXOW WR VWXG\ LQ WKH WLVVXH LWVHOI1
7KLV LV EHFDXVH

)LJXUH 414= 1HXUDO QHWZRUNV RI GLIIHUHQW FRPSOH[LW\1 +/HIW, 7KLV GUDZLQJ RI D SLHFH RI KXPDQ YLVXDO
FRUWH[ VKRZV RQO\ D VPDOO SHUFHQWDJH RI WKH FHOOV LQ WKH WLVVXH1 7KH QHXURQV DUH QRW ZHOO DFFHVVLEOH DQG
KLJKO\ EUDQFKHG1 )URP >46@1 +0LGGOH, 6QDLO QHXURQV LQ FRQYHQWLRQDO FHOO FXOWXUH1 2Q WKH 5'0VXUIDFH RI
WKH FXOWXUH GLVK/ DOO QHXURQV DUH DFFHVVLEOH/ EXW WKH QHWZRUN VWLOO LV UDWKHU FRPSOH[1 +5LJKW, 6FKHPD RI DQ
LGHDO GHVLJQHG QHWZRUN ZLWK KLJKO\ RUGHUHG QHXULWHV DQG V\QDSVHV +LQGLFDWHG E\ JUH\ GRWV, DW NQRZQ DQG
SUHGH¿QHG ORFDWLRQV1

8



,QWURGXFWLRQ

)LJXUH 415= 7KH SRQG VQDLO /\PQDHD VWDJQDOLV LV D IUHVKZDWHU0VQDLO IRXQG LQ SRQGV DOO RYHU (XURSH1
7KH VKHOOV FDQ JHW DV ORQJ DV :FP/ EXW VQDLOV XVHG KHUH PRVWO\ KDG VKHOO OHQJWKV RI DURXQG 6FP1 )URP
>4:@1

î PRVW FHOOV DUH QRW UHDGLO\ DFFHVVLEOH IRU UHFRUGLQJV RI HOHFWULFDO DFWLYLW\
î LI WKH\ DUH/ WKH PHPEUDQH YROWDJH FDQ RIWHQ EH PRQLWRUHG RQO\ DW WKH VRPD/ EXW QRW LQ WKH
QHXULWHV

î LQWHUDFWLRQV ZLWK QHXURQV QRW EHORQJLQJ WR WKH JURXS LQ TXHVWLRQ LQWHUIHUH ZLWK WKH LQ0JURXS
SURFHVVHV WR EH VWXGLHG

î WKH FHOOV KDYH FRPSOH[ PRUSKRORJLHV WKDW DUH RIWHQ QRW NQRZQ LQ GHWDLO
î WKH ORFDWLRQ DQG WKH SURSHUWLHV RI V\QDSVHV EHWZHHQ WKH FHOOV DUH QRW NQRZQ
î V\QDSVHV FDQ EH YHU\ QXPHURXV

7KH ¿UVW WKUHH SUREOHPV FDQ EH +DQG KDYH EHHQ, RYHUFRPH XVLQJ FRQYHQWLRQDO FHOO FXOWXUH WHFK0
QLTXHV WKDW PDNH WKH QHXURQV LQ D QHWZRUN PRUH DFFHVVLEOH VLPSO\ E\ IRUFLQJ WKHP WR DGKHUH WR
WKH WZR0GLPHQVLRQDO FXOWXUH VXEVWUDWH DQG WKDW FDQ OLPLW WKH LQWHUDFWLRQV ZLWK VXUURXQGLQJ FHOOV E\
UHGXFLQJ WKH FHOO GHQVLW\ DV FRPSDUHG WR EUDLQ WLVVXH1 7KHVH WHFKQLTXHV KDYH EHHQ XVHG WR VWXG\
VLQJOH FHOOV RU JURXSV RI FHOOV WKDW RIWHQ FDQ UHHVWDEOLVK V\QDSWLF FRQWDFWV LQ YLWUR ± LI FHOOV FDQ
EH LGHQWL¿HG DQG LVRODWHG IURP WKH GRQRU EUDLQ LQGLYLGXDOO\/ RQH FDQ HYHQ UHFRQVWUXFW IXQFWLRQDO
XQLWV OLNH FHQWUDO SDWWHUQ JHQHUDWRUV LQ FHOO FXOWXUH >:@>;7@1 %XW QHXURQV FXOWXUHG ZLWK FRQYHQ0
WLRQDO WHFKQLTXHV VWLOO VXIIHU IURP WKH ODVW WKUHH FRPSOLFDWLRQV OLVWHG DERYH= 7KH\/ WRR/ GLVSOD\
FRPSOH[ DQG RIWHQ XQNQRZQ PRUSKRORJ\ DQG FRQQHFWLYLW\ +VHH ¿J1 414,1

7KH DLP RI QHXUDO QHWZRUN GHVLJQ LV WR IXUWKHU UHGXFH WKLV FRPSOH[LW\ E\ DVVHPEOLQJ QHW0
ZRUNV RI VLPSOH JHRPHWU\ IURP QHUYH FHOOV ZLWK ZHOO0NQRZQ ELRSK\VLFDO SURSHUWLHV/ FRQ0
QHFWHG DW VSHFL¿F SRLQWV E\ V\QDSVHV RI NQRZQ VWUHQJWK1 %\ UHGXFLQJ WKH QXPEHU RI XQNQRZQ
YDULDEOHV RQ WKH VXEFHOOXODU DV ZHOO DV RQ WKH LQWHUFHOOXODU OHYHO/ VXFK QHWZRUNV ZLOO DOORZ D EHWWHU
XQGHUVWDQGLQJ RI WKH ZD\ LQ ZKLFK LQWULQVLF SURSHUWLHV RI QHXURQV FRPELQH ZLWK WKHLU FRQQHFWLYLW\
WR SHUIRUP WKH FRPSOH[ SURFHVVLQJ WKDW HYHQ VPDOO QHWZRUNV FDQ DFFRPSOLVK1

415 :K\ /\PQDHD QHXURQV"
:KLOH IXQFWLRQDO XQLWV LQ YHUWHEUDWH EUDLQV FDQ VRPHWLPHV FRQVLVW RI PDQ\ QHUYH FHOOV/ WKH EUDLQV
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2XWOLQH RI WKLV ZRUN

RI LQYHUWHEUDWHV RIWHQ SHUIRUP UDWKHU GLI¿FXOW WDVNV ZLWK RQO\ D IHZ QHXURQV1 6LPSOH QHWZRUNV
RI QHXURQV IURP LQYHUWHEUDWHV DUH WKHUHIRUH OLNHO\ WR UHYHDO VRPH RI WKH SULQFLSOHV RI VLJQDO
SURFHVVLQJ LQ VPDOOHU EUDLQV1

$ PRUH SUDJPDWLF UHDVRQ IRU FKRRVLQJ LQYHUWHEUDWH QHXURQV IRU WKH DVVHPEO\ RI GH¿QHG QHWZRUNV
LV WKHLU VL]H= 7KH FHOO GLDPHWHUV RI VRPHWLPHV PRUH WKDQ 433>P +DV FRPSDUHG WR DERXW 43>P
IRU PDQ\ YHUWHEUDWH QHXURQV, IDFLOLWDWH WKH LGHQWL¿FDWLRQ/ LVRODWLRQ DQG SRVLWLRQLQJ RI LQGLYLGXDO
QHUYH FHOOV DW VSHFL¿F ORFDWLRQV LQ WKH FXOWXUH GLVK DQG PDNH WKH FHOOV HDV\ WR FRQWDFW HOHFWULFDOO\1

7KH SRQG VQDLO /\PQDHD VWDJQDOLV +VHH ¿J1 415, ZDV FKRVHQ DV WKH GRQRU IRU WKH QHXURQV XVHG LQ
WKLV VWXG\ EHFDXVH FRQYHQWLRQDO FHOO FXOWXUH WHFKQLTXHV DOUHDG\ H[LVW IRU WKLV VSHFLHV >:9@>;6@><9@
DQG EHFDXVH /\PQDHD QHXURQV WKDW DUH FRQQHFWHG LQ YLYR DUH NQRZQ WR UHHVWDEOLVK WKHLU V\QDS0
WLF FRQQHFWLRQV LQ YLWUR TXLWH UHOLDEO\ >4;@>94@>95@>;4@>;7@1 ,Q DGGLWLRQ/ WKH $0FOXVWHUV +VHH ¿J1
514, LQ WKH SDLUHG SHGDO JDQJOLD RI /\PQDHD ± WZR JURXSV RI PRWRQHXURQV LQQHUYDWLQJ WKH FLOLD RQ
WKH VQDLO¶V IRRW ± WRJHWKHU FRQWDLQ DERXW 93 HOHFWURSK\VLRORJLFDOO\ VLPLODU FHOOV >:<@ WKDW DUH FRQ0
QHFWHG LQ YLYR E\ HOHFWULFDO V\QDSVHV >89@ DQG WKDW WKHUHIRUH DOORZ WKH UHFRQVWUXFWLRQ RI V\QDSWLF
FRQQHFWLRQV LQ YLWUR ZLWK D KLJK \LHOG RI V\QDSVHV SHU VQDLO SUHSDUDWLRQ1

416 2XWOLQH RI WKLV ZRUN
)RU WKH GHVLJQ RI QHXUDO QHWZRUNV LQ FHOO FXOWXUH +DV PRWLYDWHG LQ WKLV FKDSWHU, DQG WKH GHWHUPL0
QDWLRQ RI WKH ELRSK\VLFDO SURSHUWLHV RI WKHLU FRPSRQHQWV/ RQH QHHGV D FHOO FXOWXUH WHFKQLTXH WKDW
DOORZV WKH JXLGDQFH RI QHXULWHV DORQJ VSHFL¿HG ODQHV RQ WKH VXEVWUDWH DQG D ZD\ WR PRQLWRU WKH
PHPEUDQH SRWHQWLDO DW WKH FHOO VRPD DV ZHOO DV LQ WKH QHXULWHV1 7KHVH PHWKRGV DUH LQWURGXFHG LQ
FKDSWHUV 5 DQG 61

,I ZH ZDQW WR FKDUDFWHUL]H WKH HOHFWULFDO SURSHUWLHV RI WKH QHXURQV WKDW PDNH XS GHVLJQHG QHWZRUNV/
ZH ¿UVW QHHG D WKHRUHWLFDO PRGHO IRU D VLQJOH QHXURQ WKDW DOORZV XV WR VSHFLI\ ZKDW ZH PHDQ E\
µHOHFWULFDO SURSHUWLHV¶1 7ZR VXFK PRGHOV ± D SDVVLYH DQG DQ DFWLYH RQH ± DUH GLVFXVVHG LQ FKDSWHU
7> IRU WKH SDVVLYH PRGHO +ZKLFK ZLOO EH SUHGRPLQDQWO\ XVHG KHUH,/ H[SUHVVLRQV IRU WKH HOHFWULFDO
UHVSRQVHV RI D QHXURQ WR GLIIHUHQW VWLPXOL DUH GHULYHG LQ WKH VDPH FKDSWHU1

7KHVH H[SUHVVLRQV DUH WKHQ/ LQ FKDSWHU 8/ XVHG WR H[WUDFW WKH HOHFWULFDO SDUDPHWHUV GHVFULELQJ
VLQJOH QHXURQV IURP H[SHULPHQWDO GDWD1

2QFH WKH SURSHUWLHV RI WKH QHXURQV WKHPVHOYHV DUH NQRZQ/ ZH FDQ SURFHHG WR WKH HOHFWULFDO
V\QDSVHV FRQQHFWLQJ WKHP= 7ZR WKHRUHWLFDO PRGHOV IRU HOHFWULFDOO\ FRXSOHG FHOO SDLUV DUH LQ0
WURGXFHG LQ FKDSWHU 9/ DQG IRU ERWK PRGHOV/ HTXDWLRQV DUH GHULYHG WKDW DOORZ WKH GHWHUPLQDWLRQ RI
V\QDSVH VWUHQJWKV IURP FXUUHQW VWHS H[SHULPHQWV1 6XFK H[SHULPHQWV RQ SDLUV RI QHXURQV DUH WKHQ
GHVFULEHG LQ FKDSWHU :/ DQG WKH LPSOLFDWLRQV RI WKH UHVXOWV IRU WKH GHVLJQ RI VLPSOH QHXUDO QHWZRUNV
DUH GLVFXVVHG1

)LQDOO\/ FKDSWHU ; VXPPDUL]HV DOO UHVXOWV1

6HYHUDO H[SHULPHQWDO UHFLSHV DQG OHQJWK\ WKHRUHWLFDO GHULYDWLRQV KDYH EHHQ RXWVRXUFHG WR DSSHQ0
GLFHV1

:



&HOO FXOWXUH

5
&HOO FXOWXUH

7KH ¿UVW WZR VHFWLRQV RI WKLV FKDSWHU GHVFULEH WKH LVRODWLRQ DQG FRQYHQWLRQDO FHOO FXOWXUH RI QHUYH
FHOOV IURP /\PQDHD VWDJQDOLV1 6HFWLRQ 516 WKHQ LQWURGXFHV D PHWKRG IRU JXLGLQJ WKH RXWJURZWK RI
QHXURQV LQ YLWUR/ DQG WKH ODVW VHFWLRQ GLVFXVVHV V\QDSVH IRUPDWLRQ RI VQDLO QHXURQV LQ WKH FXOWXUH
GLVK1

514 ,VRODWLRQ RI QHXURQV IURP /\PQDHD VWDJQDOLV
1HXUDO QHWZRUN GHVLJQ LQ FXOWXUH FUXFLDOO\ GHSHQGV RQ WKH YLWDOLW\ RI WKH FHOOV XVHG DV UDZPDWHULDO
DQG RQ WKHLU DELOLW\ WR JURZ QHZ SURFHVVHV LQ YLWUR1 7KHUHIRUH/ WKH DLP RI WKH QHXURQ LVRODWLRQ
SURFHGXUH LV WKH VHSDUDWLRQ RI WKH QHXUDO FHOO ERGLHV IURP WKHLU LQ YLYR SURFHVVHV DQG IURP RWKHU
VXUURXQGLQJ WLVVXH ZLWK D PLQLPXP RI FHOO GDPDJH DQG XQGHU VWHULOH FRQGLWLRQV1 7KH WHFKQLTXH
XVHG WR DFKLHYH WKLV IRU /\PQDHD QHXURQV ZDV GHYHORSHG E\ 5LGJZD\ HW DO1 >:9@ DQG ZDV DSSOLHG
KHUH ZLWK RQO\ PLQRU YDULDWLRQV1 :KLOH WKH PRVW LPSRUWDQW VWHSV RI WKH SUHSDUDWLRQ DUH OLVWHG
EHORZ/ GHWDLOV VXFK DV UHFLSHV IRU VDOLQHV DQG FXOWXUH PHGLD DUH GHVFULEHG LQ DSSHQGL[ $1

7KH ¿UVW SDUW RI WKH SUHSDUDWLRQ LV WKH LVRODWLRQ RI WKH FHQWUDO JDQJOLRQLF ULQJ IURP WKH VQDLO=

î $ VQDLO +VHH ¿J1 415, LV VHOHFWHG IURP D ODERUDWRU\ VWRFN +GHULYHG IURP D ORFDO SRQG/ NHSW LQ WDS
ZDWHU DW URRP WHPSHUDWXUH DQG IHG RQ OHWWXFH,1 7KH VQDLOV XVHG LQ WKLV VWXG\ PRVWO\ KDG VKHOOV
RI DERXW 6FP OHQJWK/ FRUUHVSRQGLQJ WR DQ DJH RI URXJKO\ IRXU PRQWKV >:9@1

î $IWHU GHVKHOOLQJ/ WKH VQDLO LV VRDNHG IRU 8PLQ LQ DQ DQWLEDFWHULDO VROXWLRQ4 WR UHPRYH FRQWDPL0
QDWLRQV IURP WKH ERG\ VXUIDFH DQG DFKLHYH D VOLJKW DQHVWKHVLD1

î 7KH DQLPDO LV WKHQ SLQQHG WR WKH VLOLFRQH UXEEHU +579948/ *HQHUDO (OHFWULF, EDVH RI D GLV0
VHFWLRQ GLVK FRQWDLQLQJ DQWLELRWLF VDOLQH4/ DQ LQFLVLRQ LV PDGH DORQJ WKH GRUVDO VXUIDFH DQG WKH
ERG\ ZDOOV DQG LQWHUQDO RUJDQV DUH SLQQHG DVLGH WR H[SRVH WKH EUDLQ1 )LJ1 514 VKRZV WKH VQDLO DW
WKLV VWDJH RI WKH SUHSDUDWLRQ1

î 7KH QRZ DFFHVVLEOH EUDLQ LV RSHQHG E\ FXWWLQJ WKH FHUHEUDO FRPPLVVXUH DQG LV VHSDUDWHG IURP
WKH HVRSKDJXV1 $IWHU FXWWLQJ DOO QHUYHV FRQQHFWLQJ WKH JDQJOLD WR WKH ERG\/ WKH FHQWUDO JDQ0
JOLRQLF ULQJ LV UHPRYHG IURP WKH DQLPDO1

,Q WKH VHFRQG SDUW RI WKH SURFHGXUH/ LQGLYLGXDO FHOOV DUH LVRODWHG IURP WKH EUDLQ=

î 7KH JDQJOLRQLF ULQJ LV SLQQHG WR D VPDOO UXEEHU0FRDWHG GLVK LQ DQWLELRWLF VDOLQH4/ DJDLQ ZLWK WKH
GRUVDO VLGH XS1

î 7KH RXWHU FRQQHFWLYH WLVVXH VXUURXQGLQJ WKH JDQJOLD LV UHPRYHG ZLWK IRUFHSV DQG WKH EUDLQ LV
LQFXEDWHG LQ DQWLELRWLF VDOLQH4 IRU 48PLQ WR UHGXFH FRQWDPLQDWLRQV1 $ GUDZLQJ RI WKH EUDLQ DW
WKLV VWDJH LV VKRZQ LQ ¿J1 5141

î 7KHQ/ WKH VDOLQH LV UHSODFHG E\ DQ HQ]\PH FRFNWDLO4 WR SDUWO\ GLVVROYH WKH H[WUDFHOOXODU PDWUL[
EHWZHHQ WKH FHOOV DQG WKXV IDFLOLWDWH WKH LVRODWLRQ RI LQGLYLGXDO FHOOV IURP WKH JDQJOLD1 7KH

4 6HH DSSHQGL[ $ IRU GHWDLOV1
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&RQYHQWLRQDO FHOO FXOWXUH

)LJXUH 514= $QDWRP\ RI /\PQDHD VWDJQDOLV1 +/HIW, 'RUVDO YLHZ RI WKH VQDLO GXULQJ SUHSDUDWLRQ1 %RG\
ZDOO DQG YLVFHUDO RUJDQV DUH SLQQHG DVLGH WR JDLQ DFFHVV WR WKH EUDLQ1 Q  QHHGOH1 W  WHQWDFOH1 S  SHQLV1
EZ  ERG\ ZDOO1 PD  PDQWOH1 YP  YLVFHUDO PDVV +GHVKHOOHG,1 YR  YLVFHUDO RUJDQV +SLQQHG DVLGH,1 HV
 HVRSKDJXV1 FJU  FHQWUDO JDQJOLRQLF ULQJ1 FF  FHUHEUDO FRPPLVVXUH1 I  IRRW1 EP  EXFFDO PDVV1 H
 H\H1 PR  PRXWK1 7KH EXFFDO DQG SHGDO JDQJOLD DUH KLGGHQ EHORZ WKH HVRSKDJXV DW WKLV VWDJH RI WKH
SUHSDUDWLRQ1 +5LJKW, 'RUVDO YLHZ RI WKH FHQWUDO JDQJOLRQLF ULQJ ZLWK WKH EXFFDO JDQJOLD RPLWWHG1 $QWHULRU LV
XS1 SH$  $0FOXVWHUV RI WKH SHGDO JDQJOLD +VKRZQ LQ \HOORZ,1 OSH DQG USH  OHIW DQG ULJKW SHGDO JDQJOLD1 OF
DQG UF  OHIW DQG ULJKW FHUHEUDO JDQJOLD1 OSO DQG USO  OHIW DQG ULJKW SOHXUDO JDQJOLD1 OSD DQG USD  OHIW DQG
ULJKW SDULHWDO JDQJOLD1 Y  YLVFHUDO JDQJOLRQ1 $GDSWHG IURP >;7@1

EUDLQV DUH LQFXEDWHG LQ WKLV FRFNWDLO IRU 63068PLQ1
î $IWHU HQ]\PH WUHDWPHQW/ WKH JDQJOLRQLF ULQJ LV ZDVKHG WKUHH WLPHV ZLWK GH¿QHG PHGLXP4

DQG LQFXEDWHG IRU 48PLQ ZLWK WU\SVLQ LQKLELWRU4/ WKHQ ZDVKHG DJDLQ WKUHH WLPHV ZLWK GH¿QHG
PHGLXP41

î 7KH GH¿QHG PHGLXP LV UHSODFHG E\ KLJK RVPRODULW\ PHGLXP4 DQG WKH FRQQHFWLYH WLVVXH FRYHU0
LQJ WKH SDLUHG SHGDO JDQJOLD LV RSHQHG ZLWK PLFURQHHGOHV1

î ,QGLYLGXDO QHXURQV DUH UHPRYHG IURP WKH $0FOXVWHUV LQ WKH SHGDO JDQJOLD +WKDW FDQ EH LGHQ0
WL¿HG EDVHG RQ WKHLU SRVLWLRQ LQ WKH JDQJOLRQ DQG \HOORZ FHOO FRORU, E\ DVSLUDWLRQ WKURXJK D
¿UHSROLVKHG DQG VLOLFRQL]HG PLFUR0SLSHWWH41

,PPHGLDWHO\ DIWHU LVRODWLRQ IURP WKH JDQJOLRQ/ WKH QHXURQV DUH WUDQVIHUUHG WR WKH FXOWXUH GLVK DQG
SODFHG LQ WKHLU GHVWLQHG SRVLWLRQ RQ WKH VXEVWUDWH1

:LWK VRPH SUDFWLFH/ WKLV SURFHGXUH DOORZV WKH H[WUDFWLRQ RI DURXQG 53 YLDEOH FHOOV IURP HDFK JDQ0
JOLRQLF ULQJ/ VR XVXDOO\ VHYHUDO EUDLQV ZHUH SURFHVVHG LQ SDUDOOHO WR DFKLHYH KLJKHU FHOO QXPEHUV
SHU SUHSDUDWLRQ1

515 &RQYHQWLRQDO FHOO FXOWXUH
7R JURZ QHXULWHV LQ WKH FXOWXUH GLVK/ FHOOV LVRODWHG IURP /\PQDHD EUDLQV QHHG DQ DGKHVLYH VXE0
VWUDWH/ D FHOO FXOWXUH PHGLXP WKDW VXSSOLHV WKHP ZLWK DOO WKH VXEVWDQFHV QHFHVVDU\ IRU VXUYLYDO DQG
DGGLWLRQDO JURZWK SURPRWLQJ IDFWRUV >:9@>;6@><9@1

7KH DGKHVLYH VXEVWUDWH LV SURYLGHG E\ FOHDQHG JODVV FRYHUVOLSV FRDWHG ZLWK SRO\O\VLQH/ D FRDWLQJ
WKDW LV DGKHVLYH IRU FHOO PHPEUDQHV SUHVXPDEO\ EHFDXVH RI LWV KLJK FKDUJH GHQVLW\ >84@ ± IRU WKH
FOHDQLQJ DQG FRDWLQJ SURFHGXUHV VHH DSSHQGL[ $1 7KH FRDWHG FRYHUVOLSV DUH DWWDFKHG WR VSHFLDOO\
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&HOO FXOWXUH

)LJXUH 515= 3UH0FRQGLWLRQHG FKDPEHU YHUVXV FR0FXOWXUH1 7KLV GLDJUDP FRPSDUHV FHOO FXOWXUH LQ D
SUH0FRQGLWLRQHG FKDPEHU +WRS, DQG LQ FR0FXOWXUH +ERWWRP,1 ,Q ERWK FDVHV/ WKH FKDPEHU FRQVLVWV RI D
SRO\O\VLQH0FRDWHG JODVV FRYHUVOLS DWWDFKHG WR D VLOLFRQH FKDPEHU DQG ¿OOHG ZLWK GH¿QHG PHGLXP1 )RU
SUH0FRQGLWLRQLQJ/ EUDLQV DUH DGGHG WR WKH FKDPEHU 608 GD\V EHIRUH WKH FHOOV DUH SRVLWLRQHG 0 WKH FHOOV
HQFRXQWHUHG D OD\HU RI FRQGLWLRQLQJ IDFWRUV ZKHQ WKH\ DUH SODFHG LQ WKH GLVK1 ,Q FRQWUDVW/ IRU D FR0FXOWXUH
WKH FHOOV DQG EUDLQV DUH DGGHG WR WKH GLVK DW WKH VDPH WLPH1 8QGHU FR0FXOWXUH FRQGLWLRQV/ QHXULWH RXWJURZWK
LV GHOD\HG E\ DERXW D GD\ ZLWK UHVSHFW WR FHOOV JURZLQJ LQ SUH0FRQGLWLRQHG FKDPEHUV DQG WKH SURWHLQ OD\HU
FDQ QRW EH SDWWHUQHG DV GHVFULEHG LQ VHFWLRQ 516 EHFDXVH LW LV QRW WKHUH ZKHQ WKH FHOO FXOWXUH LV VWDUWHG1
GLY  GD\V LQ YLWUR1 1RW GUDZQ WR VFDOH1

PDQXIDFWXUHG VLOLFRQH FKDPEHUV +ÀH[L3(50/ ,Q 9LWUR 6\VWHPV) 6HUYLFHV/2VWHURGH, WR FRPSOHWH
WKH FXOWXUH GLVKHV1

7KH GH¿QHG PHGLXP/ ZKLFK LV XVHG GXULQJ FHOO LVRODWLRQ DQG GHVFULEHG LQ DSSHQGL[ $/ LV VXI¿0
FLHQW WR NHHS WKH VQDLO QHXURQV DOLYH IRU VHYHUDO GD\V/ DQG FHOOV FXOWXUHG LQ WKLV PHGLXP H[KLELW
QRUPDO UHVWLQJ SRWHQWLDOV DQG DFWLRQ SRWHQWLDOV/ EXW WKH\ GR QRW H[WHQG QHZ SURFHVVHV >:9@1 7R
SURPRWH RXWJURZWK/ WKH FXOWXUH PHGLXP KDV WR EH VXSSOHPHQWHG ZLWK QHUYH JURZWK IDFWRU >:9@ RU
FRQGLWLRQHG ZLWK /\PQDHD EUDLQ WLVVXH ><9@ HLWKHU EHIRUH RU GXULQJ WKH FXOWXUH SHULRG1 7KH H[DFW
QDWXUH RI WKH JURZWK SURPRWLQJ IDFWRUV VHFUHWHG E\ /\PQDHD EUDLQ WLVVXH GXULQJ FRQGLWLRQLQJ
KDV QRW EHHQ GHWHUPLQHG/ EXW VLPLODU FRQGLWLRQLQJ IDFWRUV VHFUHWHG E\ EUDLQV RI WKH FORVHO\ UHODWHG
VQDLO VSHFLHV +HOLVRPD DUH RI SURWHLQDFHRXV QDWXUH ><7@1 ,Q YLHZ RI WKH IDFW WKDW WKH WZR VSHFLHV
DUH VR VLPLODU WKDW /\PQDHD FRQGLWLRQLQJ IDFWRUV FDQ SURPRWH WKH RXWJURZWK RI +HOLVRPD QHXULWHV
><9@ DQG WKDW QHXURQV IURP WKH WZR VSHFLHV FDQ IRUP WUDQV0VSHFLHV V\QDSVHV LQ PL[HG FXOWXUHV
>;8@/ WKLV LV OLNHO\ WR EH WUXH IRU /\PQDHD FRQGLWLRQLQJ IDFWRUV/ WRR1

,Q DGGLWLRQ/PRVW RI WKHVH JURZWK SURPRWLQJ IDFWRUV DUH NQRZQ WR DGKHUH WR WKH SRO\O\VLQH0FRDWHG
ERWWRP RI WKH FXOWXUH GLVK ><8@1 0RGLI\LQJ DQ H[LVWLQJ SURWRFRO IRU WKH FRQGLWLRQLQJ RI FXOWXUH
PHGLXP ZLWK VQDLO EUDLQV ><8@/ WKLV ZDV H[SORLWHG WR SUH0FRQGLWLRQ WKH ZKROH FXOWXUH GLVK +VHH
¿J1 515, LQ WKH IROORZLQJ PDQQHU=

î &HQWUDO JDQJOLRQLF ULQJV ZHUH LVRODWHG IURP SRQG VQDLOV DV GHVFULEHG LQ VHFWLRQ 5141
î 7KH EUDLQV ZHUH LQFXEDWHG LQ DQWLELRWLF VDOLQH +VHH DSSHQGL[ $, IRU WHQ WLPHV WHQ PLQXWHV WR
UHGXFH FRQWDPLQDWLRQV1

î &HOO FXOWXUH GLVKHV FRQVLVWLQJ RI SRO\O\VLQH0FRDWHG JODVV FRYHUVOLSV DWWDFKHG WR VLOLFRQH FKDP0
EHUV ZHUH ¿OOHG ZLWK 4PO RI GH¿QHG PHGLXP DQG WKUHH RI WKH ZDVKHG EUDLQV/ HDFK1
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&RQYHQWLRQDO FHOO FXOWXUH

)LJXUH 516= 1HXURQDO RXWJURZWK LQ FRQYHQWLRQDO FHOO FXOWXUH1 7KLV PLFURJUDSK RI SHGDO $0FOXVWHU QHX0
URQV DIWHU WZR GD\V LQ D FR0FXOWXUH VKRZV VRPH RI WKH W\SLFDO IHDWXUHV RI FR0FXOWXUHV DQG FXOWXUHV LQ
FRQGLWLRQHG FKDPEHUV= 6RPH FHOOV DGKHUH WR WKH VXEVWUDWH EXW GR QRW JURZ +$,/ VPDOO QRQ0QHXURQDO FHOOV
><8@ DSSHDU LQ ODUJH DPRXQWV LQ WKH YLFLQLW\ RI WKH EUDLQV XVHG IRU FRQGLWLRQLQJ +QRW VKRZQ, DQG LQ VPDOOHU
GHQVLWLHV DOO RYHU WKH GLVK +%, DQG WKH QHXULWH GLDPHWHUV FDQ EH KLJKO\ YDULDEOH1

î 7KH FKDPEHUV ZHUH LQFXEDWHG DW 53á& LQ D KXPLG DWPRVSKHUH IRU WKUHH WR ¿YH GD\V1

$IWHU WKLV LQFXEDWLRQ SHULRG/ WKH FRQGLWLRQLQJ IDFWRUV DGKHULQJ WR WKH ERWWRP RI WKH GLVK IRUPHG
D OD\HU RI 80:QP WKLFNQHVV51 7KH JDQJOLRQLF ULQJV ZHUH UHPRYHG DQG WKH PHGLXP LQ WKH QRZ
SUH0FRQGLWLRQHG FKDPEHUV ZDV HLWKHU GLOXWHG LQ D UDWLR RI 4=4 ZLWK GH¿QHG PHGLXP RU UHSODFHG E\
GH¿QHG PHGLXP> WKH FKDPEHUV ZHUH WKHQ UHDG\ WR WDNH XS IUHVKO\ LVRODWHG FHOOV IRU FHOO FXOWXUH1

*URZWK UHVXOWV RQ SUH0FRQGLWLRQHG VXEVWUDWHV
0RVW RI WKH QHXURQV VWDEO\ DGKHULQJ WR VXFK SUH0FRQGLWLRQHG VXEVWUDWHV DQG FXOWXUHG DW 53á&
H[WHQGHG QHZ QHXULWHV LQ DOO GLUHFWLRQV ZLWKLQ D IHZ KRXUV DQG NHSW JURZLQJ IRU VHYHUDO GD\V XQWLO
WKH\ UHDFKHG D VWDEOH PRUSKRORJ\> LI QHXURQV ZLWK RQH RU PRUH QHXULWHV RI PRUH WKDQ RQH VRPD
GLDPHWHU LQ OHQJWK ZHUH FRQVLGHUHG WR KDYH JURZQ >:9@/ DURXQG ;3( RI WKH QHXURQV DGKHULQJ WR
WKH GLVK JUHZ ZLWKLQ WKUHH GD\V LQ FXOWXUH61

8QIRUWXQDWHO\/ WKH SURWHLQDFHRXV FRQGLWLRQLQJ IDFWRUV DGKHULQJ WR WKH SRO\O\VLQH0FRDWHG JODVV GLVK
± EHVLGHV HQDEOLQJ WKH QHUYH FHOOV WR JURZ QHZ SURFHVVHV ± DOVR UHGXFHG WKH DGKHVLYHQHVV RI WKH
VXEVWUDWH DV FRPSDUHG WR SRO\O\VLQH DORQH= $Q HVWLPDWHG 53( RI WKH FHOOV LQLWLDOO\ SODFHG RQ
WKH VXEVWUDWH IDLOHG WR VWDEO\ DGKHUH/ JRW ZDVKHG DZD\ PLQXWHV WR KRXUV DIWHU SRVLWLRQLQJ DQG
HYHQWXDOO\ GLHG1

$Q DOWHUQDWLYH= &R0FXOWXUH
7KLV ORVV RI FHOOV FRXOG EH DYRLGHG E\ FRQGLWLRQLQJ WKH FXOWXUH FKDPEHU QRW EHIRUH/ EXW GXULQJ
WKH FHOOV ZHUH FXOWXUHG/ L1H1 E\ DGGLQJ WKH EUDLQV IRU FRQGLWLRQLQJ RQO\ DIWHU WKH QHXURQV DOUHDG\
VWDEO\ DGKHUHG WR WKH SRO\O\VLQH0FRDWHG JODVV ><8@1 &HOOV SODQWHG LQ VXFK FR0FXOWXUHV +VHH ¿J1 515,
DGKHUHG PXFK EHWWHU WKDQ ZKHQ SODQWHG RQ D SUH0FRQGLWLRQHG VXEVWUDWH/ EXW WKHLU RXWJURZWK ZDV
GHOD\HG E\ DERXW D GD\ DV FRPSDUHG WR WKH JURZWK LQ SUH0FRQGLWLRQHG FKDPEHUV ± SUHVXPDEO\
EHFDXVH WKH FR0FXOWXUHG EUDLQV UHTXLUH VRPH WLPH WR UHOHDVH WKH JURZWK0SURPRWLQJ IDFWRUV ><8@1
&R0FXOWXUHV OLNH WKLV ZHUH SUHSDUHG IRU WKH H[SHULPHQWV ZLWK UDQGRPO\ JURZLQJ FHOOV GHVFULEHG LQ

5 7KLFNQHVV RI WKH GULHG OD\HU DV PHDVXUHG E\ *�QWKHU =HFN1
6 7KH WRWDO QXPEHU RI FHOOV LQ WKLV JURZWK DVVD\ ZDV Q 6<<1
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&HOO FXOWXUH

FKDSWHU :15/ EXW WKH\ FDQ QRW EH XVHG IRU JXLGHG RXWJURZWK DQG QHWZRUN GHVLJQ/ EHFDXVH JURZWK
SURPRWLQJ IDFWRUV FDQ RQO\ EH SDWWHUQHG ZLWK WKH PHWKRG LQWURGXFHG LQ VHFWLRQ 516 LI WKH\ DUH
DOUHDG\ SUHVHQW RQ WKH VXEVWUDWH EHIRUH WKH FHOOV DUH DGGHG1 )RU DQ H[DPSOH RI RXWJURZWK RQ D
KRPRJHQHRXV VXEVWUDWH/ VHH ¿J1 5161

516 6LPSOH JHRPHWU\ WKURXJK JXLGHG RXWJURZWK
:KHQ SODFHG LQ DQ HQYLURQPHQW DV GHVFULEHG LQ WKH SUHYLRXV VHFWLRQ/ QHXURQV JURZ QHZ SURFHVVHV
LVRWURSLFDOO\ DQG EUDQFK RU FRQWDFW RWKHU FHOOV DW VHHPLQJO\ UDQGRP SRVLWLRQV RQ WKH GLVK1 7KLV
RXWJURZWK LV YHU\ GLIIHUHQW IURP WKH VLPSOH JHRPHWU\ DQG GH¿QHG FRQQHFWLYLW\ GHVLUHG IRU VLPSOH
QHWZRUNV1 6HYHUDO DSSURDFKHV KDYH EHHQ XVHG LQ WKH SDVW WR JHW QHXULWHV WR JURZ LQ D PRUH RUGHUHG
ZD\ DQG ZLWK IHZHU EUDQFKLQJ SRLQWV/ VRPH RI WKHP XVLQJ WRSRJUDSKLF JXLGDQFH ZLWK SLWV IRU
FHOO ERGLHV DQG JURRYHV IRU QHXULWHV >45@/ RWKHUV UHO\LQJ RQ GLIIHUHQWLDO DGKHVLRQ RI FHOOV DQG
JURZWK FRQHV WR V\QWKHWLF VXEVWUDWHV >44@>84@ DQG VWLOO RWKHUV SDWWHUQLQJ SK\VLRORJLFDO VXEVWUDWHV WR
SURYLGH DUHDV RQ WKH FXOWXUH GLVK WKDW PLPLF WKH QDWXUDO HQYLURQPHQW RI WKH FHOOV DQG DUH VHSDUDWHG
E\ OHVV ELRDFWLYH DUHDV ><@>5<@>63@>67@>6;@1

7KH PHWKRG LQWURGXFHG KHUH +DQG SXEOLVKHG LQ >:4@, IDOOV LQWR WKLV ODWWHU FDWHJRU\1 ,W H[SORLWV
WKH IDFW WKDW WKH PDMRULW\ RI WKH XQNQRZQ JURZWK0SURPRWLQJ IDFWRUV VHFUHWHG E\ VQDLO EUDLQV GXU0
LQJ FRQGLWLRQLQJ DGKHUH WR WKH SRO\O\VLQH0FRDWHG VXEVWUDWH ><8@ LQVWHDG RI UHPDLQLQJ LQ WKH VX0
SHUQDWDQW FXOWXUH PHGLXP1 7KLV PHDQV WKDW WKH\ DUH ORFDOL]HG RQ WKH FXOWXUH GLVK DQG FDQ EH
VHOHFWLYHO\ LQDFWLYDWHG E\ OLWKRJUDSK\ EDVHG RQ WKHLU SRVLWLRQ1 7KH EDVLV IRU WKLV OLWKRJUDSKLF
WHFKQLTXH LV WKH DEVRUSWLRQ RI 890OLJKW E\ SURWHLQV WKDW FDQ OHDG WR D ORVV RI ELRORJLFDO IXQFWLRQ
RI WKH PROHFXOHV1

7KH PDVNV XVHG IRU SDWWHUQLQJ FRQVLVWHG RI VLOLFD SODWHV RI 405PP WKLFNQHVV FRDWHG ZLWK D WKLQ
DOXPLQLXP OD\HU LQWR ZKLFK WKH GHVLUHG SDWWHUQ ZDV HWFKHG >5<@1 %HFDXVH VLOLFD LV WUDQVSDUHQW IRU
890OLJKW DQG DOXPLQLXP LV QRW/ 890LOOXPLQDWLRQ RI WKH VXEVWUDWH WKURXJK WKHVH PDVNV H[SRVHV
WKH JURZWK SURPRWLQJ IDFWRUV WR LUUDGLDWLRQ RQO\ ZKHUH WKHUH LV QR DOXPLQLXP/ OHDYLQJ WKH DUHDV
FRYHUHG E\ DOXPLQLXP LQWDFW1

3DWWHUQLQJ SUH0FRQGLWLRQHG FXOWXUH GLVKHV +WKDW ZHUH SUHSDUHG DV GHVFULEHG LQ VHFWLRQ 515, ZLWK
WKLV WHFKQLTXH LQYROYHG WKH IROORZLQJ VWHSV +VHH ¿J1 517,=

î GU\LQJ RI WKH FXOWXUH GLVK DIWHU UHPRYDO RI WKH FRQGLWLRQLQJ EUDLQV DQG WKH VXSHUQDWDQW PHGLXP
î SRVLWLRQLQJ RI WKH PDVN RQ WKH GU\ GLVK ZLWK WKH DOXPLQLXP FRDWLQJ LQ FRQWDFW ZLWK WKH VXEVWUDWH
+WR DYRLG GLIIUDFWLRQ,

î LOOXPLQDWLRQ RI WKH VXEVWUDWH WURXJK WKH PDVN ZLWK WKH IXOO VSHFWUXP RI D 533:PHUFXU\ ODPS
+2VUDP +%2 533/ LQWHQVLW\ RI WKH 699QP0OLQH DURXQG 4:3P:2FP5, IRU 53PLQ

î UHPRYDO RI WKH PDVN DQG ULQVLQJ RI WKH H[SRVHG VXEVWUDWH ZLWK GH¿QHG PHGLXP WR UHPRYH
SURWHLQ IUDJPHQWV IURP WKH H[SRVHG DUHDV

î UH¿OOLQJ RI WKH FKDPEHU ZLWK WKH VXSHUQDWDQW PHGLXP DQG GH¿QHG PHGLXP LQ D UDWLR RI 4=4 RU
ZLWK GH¿QHG PHGLXP RQO\

*URZWK UHVXOWV RQ SDWWHUQHG VXEVWUDWHV
2I DOO QHXURQV LQLWLDOO\ SRVLWLRQHG RQ VXFK SDWWHUQHG VXEVWUDWHV/ WKH SHUFHQWDJHV RI FHOOV WKDW VWDEO\
DGKHUHG DQG RI FHOOV WKDW JUHZ SURFHVVHV ZHUH DERXW WKH VDPH DV IRU KRPRJHQHRXV SUH0FRQGLWLRQHG
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6LPSOH JHRPHWU\ WKURXJK JXLGHG RXWJURZWK

)LJXUH 517= 6XEVWUDWH SDWWHUQLQJ1 +/HIW, 5HÀHFWLRQ PLFURJUDSKV RI WKH WZR PDVNV XVHG IRU SDWWHUQLQJ
WKH SUH0FRQGLWLRQHG FKDPEHUV1 7KH DOXPLQLXP ODQHV DSSHDU EULJKW DJDLQVW WKH GDUN VLOLFD EDFNJURXQG1
/DQH ZLGWKV DUH 47çP IRU WKH OLQHDU SDWWHUQ +WRS, DQG 49çP IRU WKH EULFN ZDOO SDWWHUQ +ERWWRP,1 +5LJKW,
3DWWHUQLQJ SURFHGXUH1 %UDLQV DQG PHGLXP DUH UHPRYHG IURP SUH0FRQGLWLRQHG FKDPEHUV1 7KH GULHG GLVKHV
DUH LOOXPLQDWHG ZLWK 890OLJKW WKURXJK WKH PDVN/ WKHQ ZDVKHG ZLWK PHGLXP DQG UH¿OOHG1 7KH FRQGLWLRQLQJ
IDFWRUV EHFRPH LQDFWLYDWHG ZKHUHYHU WKH\ DUH H[SRVHG WR 890LUUDGLDWLRQ1

VXEVWUDWHV +VHH VHFWLRQ 515,1 7KH QHZO\ H[WHQGHG QHXULWHV IROORZHG WKH ODQHV RI XQGDPDJHG
VXEVWUDWH/ EXW JXLGDQFH ZDV QRW SHUIHFW +VHH ¿J1 518,= $IWHU RQH GD\ LQ FXOWXUH/ DERXW 53(
RI WKH QHXURQV KDG DW OHDVW RQH QHXULWH WKDW FURVVHG WKH DUHDV RI LQDFWLYDWHG VXEVWUDWH/ DQG PDQ\
RI WKH QHXULWHV WKDW IDLWKIXOO\ IROORZHG WKH ODQHV GXULQJ WKH ¿UVW GD\ LQ FXOWXUH VWDUWHG WR GHYLDWH
IURP WKH GHVLUHG SDWWHUQ DW ODWHU VWDJHV RI JURZWK ± D GHYHORSPHQW WKDW PD\ EH GXH WR QHZ JURZWK
SURPRWLQJ IDFWRUV VHFUHWHG E\ WKH FXOWXUHG QHXURQV WKHPVHOYHV GXULQJ FHOO FXOWXUH >73@1 /XFNLO\/
WKLV GUDPDWLF GHFUHDVH RI FRPSOLDQFH WR WKH SDWWHUQ DIWHU PRUH WKDQ WZR GD\V LQ FXOWXUH LV QRW D
SUREOHP IRU WKH GHVLJQ RI VLPSOH QHXUDO QHWZRUNV/ EHFDXVH WKH JURZWK UDWH RI WKH QHXURQV LV KLJK
HQRXJK WR UHDFK QHXULWH OHQJWKV RI XS WR 4PP DIWHU WKH ¿UVW GD\ LQ FXOWXUH/ VXFK WKDW VLPSOH QHXUDO
QHWZRUNV FDQ EH DVVHPEOHG DQG VWXGLHG ZLWKLQ RQH GD\1

&HOOV JURZLQJ RQ WKH EULFN ZDOO SDWWHUQ VKRZQ LQ ¿J1 517 VKRZ DQ DGGLWLRQDO NLQG RI GHYLDWLRQ
IURP WKH SDWWHUQ WKDW LV ZHOO0NQRZQ IURP RWKHU DWWHPSWV WR JXLGH QHXULWHV DURXQG FRUQHUV >5<@>63@=
:KLOH WKH JURZWK FRQHV VWD\ RQ WKH ODQHV RI LQWDFW VXEVWUDWHV/ WKH\ VHHP WR SXOO WKHLU QHXULWHV IURP
WKH SDWWHUQ RQWR DUHDV RI LQDFWLYDWHG SURWHLQ DV LI WR PLQLPL]H QHXULWH OHQJWK1 ¿J1 519 LOOXVWUDWHV
WKLV DQG DOVR VKRZV WKDW WKH QHZO\ H[WHQGHG QHXULWHV GR QRW QHFHVVDULO\ EUDQFK DW HYHU\ EUDQFKLQJ
SRLQW RI WKH SURWHLQ ODQHV WKH\ HQFRXQWHU ± DQRWKHU IDFW WKDW ZLOO KDYH WR EH WDNHQ LQWR DFFRXQW
ZKHQ GHVLJQLQJ PDVNV IRU QHXUDO QHWZRUNV RI FRQWUROOHG JHRPHWU\1

7DNHQ WRJHWKHU/ WKHVH UHVXOWV VKRZ WKDW WKH RXWJURZWK RI /\PQDHD QHXURQV LQ FHOO FXOWXUH FDQ
EH JXLGHG E\ SDWWHUQV RI JURZWK SURPRWLQJ IDFWRUV SURGXFHG ZLWK SKRWROLWKRJUDSK\1 7KH
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)LJXUH 518= 2XWJURZWK RQ OLQHDUO\ SDWWHUQHG VXEVWUDWH1 +7RS, 1HXURQV SRVLWLRQHG RQ D OLQHDUO\ SDW0
WHUQHG VXEVWUDWH DIWHU RQH GD\ LQ FXOWXUH1 $W WKLV VWDJH/ PRVW QHXURQV H[WHQGHG QHXULWHV H[FOXVLYHO\ DORQJ
WKH ODQHV RI LQWDFW SURWHLQV1 +%RWWRP OHIW, &HOO RQ WKH VDPH NLQG RI VXEVWUDWH DIWHU WKUHH GD\V LQ FXOWXUH1
:KLOH WKLV SDUWLFXODU FHOO ZDV DQ H[WUHPH H[DPSOH RI QRQ0FRPSOLDQFH/ PRVW FHOOV DW WKLV VWDJH GLVSOD\HG
RQH RU VHYHUDO QHXULWHV WKDW GHYLDWHG IURP WKH OLQHDU SDWWHUQ1 +%RWWRP ULJKW, 3HUFHQWDJH RI FHOOV ZLWKRXW
DQ\ GHYLDWLRQV IURP WKH SDWWHUQ/ SORWWHG DJDLQVW WKH FHOO FXOWXUH GXUDWLRQ1 :KLOH PRVW FHOOV IDLWKIXOO\ IRO0
ORZHG WKH SDWWHUQ GXULQJ WKH ¿UVW GD\ LQ YLWUR/ WKH GHJUHH RI FRPSOLDQFH GURSSHG GUDPDWLFDOO\ DIWHU DERXW
WZR GD\V/ DQG DIWHU ¿YH GD\V LQ FXOWXUH DOO FHOOV GHYLDWHG IURP WKH SDWWHUQ ZLWK DW OHDVW RQH RI WKHLU QHXULWHV1
7KH RYHUDOO FHOO FRXQW LQ WKLV DVVD\ ZDV Q @ 6451

)LJXUH 519= *XLGHG JURZWK RQ D EULFN ZDOO SDWWHUQ1 3HGDO $0FOXVWHU QHXURQV SRVLWLRQHG RQ D EULFN ZDOO
SDWWHUQ DIWHU RQH GD\ LQ FXOWXUH1 7R LOOXVWUDWH GHYLDWLRQV IURP WKH SDWWHUQ/ D PLFURJUDSK RI WKH FHOOV ZDV
VXSHULPSRVHG ZLWK DQ LPDJH RI WKH PDVN1 :KLOH WKH JURZWK FRQHV PRVWO\ IROORZ WKH ODQHV RI LQWDFW SURWHLQ
+$,/ WKH QHXULWHV DUH RIWHQ GLVORFDWHG IURP WKH ODQHV +%,/ DSSDUHQWO\ WR PLQLPL]H QHXULWH OHQJWK1 6LPLODUO\/
EUDQFKLQJ SRLQWV VHHP WR EH SXOOHG IURP WKHLU RULJLQDO SRVLWLRQ +&,1 1HXULWH EUDQFKLQJV RFFXU DW PRVW/ EXW
QRW DOO RI WKH ODQH EUDQFKLQJV WKDW WKH JURZWK FRQHV HQFRXQWHU +',1

JXLGDQFH LV QRW SHUIHFW/ EXW WKH UHVXOWV SUHVHQWHG LQ FKDSWHU : VXJJHVW WKDW LW LV JRRG HQRXJK IRU
WKH VWXG\ RI VPDOO GHVLJQHG QHWZRUNV ZLWK VLPSOH JHRPHWU\ LQ FHOO FXOWXUH1

517 6\QDSVH IRUPDWLRQ LQ FHOO FXOWXUH
$ FXOWXUH HQYLURQPHQW VXSSRUWLQJ QHXULWH RXWJURZWK LV QRW QHFHVVDULO\ VXI¿FLHQW IRU V\QDSVH IRU0
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6\QDSVH IRUPDWLRQ LQ FHOO FXOWXUH

PDWLRQ >;6@/ EXW QHXURQV IURP WKH SRQG VQDLO KDYH EHHQ UHSRUWHG WR IRUP V\QDSVHV ZKHQ FXOWXUHG
LQ PHGLXP FRQGLWLRQHG ZLWK EUDLQ WLVVXH >4;@>94@>95@>;4@>;7@1 ,Q WKRVH VWXGLHV/ D VWURQJ VSHFL0
¿FLW\ RI V\QDSVH IRUPDWLRQ ZDV IRXQG= /\PQDHD QHXURQV IRUPHG V\QDSVHV LQ FHOO FXOWXUH RQO\
ZLWK FHOOV WKH\ DUH FRQQHFWHG WR LQ YLYR/ DQG WKH QHZO\ HVWDEOLVKHG FRQQHFWLRQV DOZD\V ZHUH RI WKH
DSSURSULDWH NLQG DQG WUDQVPLWWHU W\SH1 7KLV LV LQ FRQWUDVW WR ¿QGLQJV IURP RWKHU PROOXVN VSHFLHV=
1HXURQV IURP +HOLVRPD >69@>6:@ RU $SO\VLD >85@ FDQ RFFDVLRQDOO\ IRUP FRQQHFWLRQV LQ YLWUR WKDW
DUH QRW SUHVHQW LQ WKH DQLPDO/ DQG WKH NLQG RI V\QDSVH IRUPHG EHWZHHQ $SO\VLD QHXURQV HYHQ
GHSHQGV RQ WKH FXOWXUH VXEVWUDWH >8<@1

$V PHQWLRQHG LQ VHFWLRQ 415/ WKH VSHFL¿FLW\ RI V\QDSVH IRUPDWLRQ LQ FXOWXUH REVHUYHG IRU /\PQDHD
VWDJQDOLVZDV RQH RI WKH UHDVRQV IRU FKRRVLQJ WKH $0FOXVWHUV LQ WKH SDLUHG SHGDO JDQJOLD DV D VRXUFH
IRU QHXURQV WKDW FDQ EH H[SHFWHG WR UHHVWDEOLVK V\QDSVHV LQ FXOWXUH ZLWK KLJK \LHOG EHFDXVH WKH\
DUH FRQQHFWHG LQ YLYR E\ HOHFWULFDO V\QDSVHV1

&KDSWHU : ZLOO GHPRQVWUDWH WKDW $0FOXVWHU QHXURQV FXOWXUHG RQ ERWK KRPRJHQHRXV VXEVWUDWHV DQG
SDWWHUQHG VXEVWUDWHV DV GHVFULEHG DERYH IXO¿O WKLV H[SHFWDWLRQ/ WKXV LQIRUPDWLRQ DERXW LQ YLYR
FRQQHFWLYLW\ FDQ EH FRPELQHG ZLWK FHOO FXOWXUH WHFKQLTXHV WR DFKLHYH LQ YLWUR V\QDSVH IRUPD0
WLRQ ZLWK VXI¿FLHQW \LHOG IRU QHXUDO QHWZRUN GHVLJQ1
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0HDVXULQJ YROWDJH ZLWK HOHFWURGHV DQG G\HV

6
0HDVXULQJ YROWDJH ZLWK HOHFWURGHV DQG

G\HV

7KH SULPDU\ VLJQDO LQ D QHUYH FHOO LV WKH PHPEUDQH YROWDJH/ DQG WKH VWDQGDUG WHFKQLTXH WR PRQLWRU
DQG PDQLSXODWH LW DW WKH FHOO ERG\ ZLWK DQ LQWUDFHOOXODU PLFURHOHFWURGH LV EULHÀ\ GHVFULEHG LQ
VHFWLRQ 6141 $V ZLOO EHFRPH DSSDUHQW LQ VHFWLRQ 715/ KRZHYHU/ HOHFWURGH PHDVXUHPHQWV DW WKH
VRPD DUH QRW VXI¿FLHQW IRU FKDUDFWHUL]LQJ WKH HOHFWULFDO SURSHUWLHV RI WKH QHXULWLF FDEOHV DWWDFKHG
WR WKH FHOO ERG\1 7KHUHIRUH/ ZH QHHG LQIRUPDWLRQ DERXW WKH PHPEUDQH YROWDJH QRW RQO\ DW WKH FHOO
ERG\/ EXW ZLWK KLJK VSDWLDO UHVROXWLRQ WKURXJKRXW WKH QHUYH FHOO1 6HFWLRQ 615 GHVFULEHV KRZ WKLV
LQIRUPDWLRQ FDQ EH REWDLQHG E\ XVLQJ YROWDJH0VHQVLWLYH G\HV DV PROHFXODU SUREHV RI PHPEUDQH
YROWDJH1

614 (OHFWURSK\VLRORJ\
$ FRPPRQ ZD\ WR PRQLWRU DQG PDQLSXODWH WKH PHPEUDQH SRWHQWLDO RI QHXURQV ± DW OHDVW DW WKH
FHOO ERG\ ± LV WR LPSDOH WKH FHOO ZLWK D PLFURHOHFWURGH WKDW DOORZV WKH PHDVXUHPHQW RI WKH WUDQV0
PHPEUDQH YROWDJH DQG WKH LQMHFWLRQ RI FXUUHQW LQWR WKH FHOO1 )LJ1 614 VKRZV D VFKHPD RI WKH VHWXS
XVHG WR VLPXOWDQHRXVO\ PRQLWRU DQG PDQLSXODWH WKH FXUUHQWV DQG YROWDJHV LQ WZR QHXURQV1

7KH PLFURHOHFWURGHV XVHG KHUH FRQVLVWHG RI ERURVLOLFDWH JODVV FDSLOODULHV +LQQHU > 318;PP/ RXWHU
> 4133PP/ +LOJHQEHUJ/0DOVIHOG, WKDW ZHUH SXOOHG WR VXE0PLFURQ WLS GLDPHWHUV ZLWK DQ HOHFWURGH
SXOOHU +'0= 8QLYHUVDO 3XOOHU/ =HLW]/ $XJVEXUJ,/ ¿OOHG ZLWK D VDWXUDWHG VROXWLRQ RI SRWDVVLXP
VXOIDWH DQG FRQWDFWHG ZLWK D FKORULQDWHG VLOYHU ZLUH1 7KHVH HOHFWURGHV KDG UHVLVWDQFHV RI 430
730l DQG ZHUH PRXQWHG RQ D PLFUR0PDQLSXODWRU +D µSDWFKPDQ¶ IURP HSSHQGRUI/ .|OQ, IRU H[DFW
SRVLWLRQLQJ LQ WKH FHOO ERG\1 7KH VXUURXQGLQJ PHGLXP ZDV KHOG DW JURXQG ZLWK D FKORULQDWHG
VLOYHU ZLUH1

7KH LQWUDFHOOXODU HOHFWURGHV ZHUH FRQQHFWHG WR HOHFWURGH DPSOL¿HUV +6(&038// QSL/ 7DPP, YLD
KHDGVWDJHV> WKHVH DPSOL¿HUV +E\ HPSOR\LQJ D GLVFRQWLQXRXV PRGH RI FXUUHQW LQMHFWLRQ WR PLQLPL]H
HUURUV LQ WKH YROWDJH PHDVXUHPHQWV GXH WR WKH KLJK VHULHV UHVLVWDQFHV RI WKH HOHFWURGHV, DOORZHG WKH
LQMHFWLRQ RI FXUUHQWV LQWR WKH FHOOV DQG WKH PRQLWRULQJ RI WKH PHPEUDQH SRWHQWLDOV DQG VXSSRUWHG
FXUUHQW FODPS DQG YROWDJH FODPS/ PHDQLQJ WKDW LW ZDV SRVVLEOH WR KROG HLWKHU WKH LQMHFWHG FXUUHQW
RU WKH PHPEUDQH SRWHQWLDO DW D FRQVWDQW YDOXH IRU HDFK FHOO1 )RU GHWDLOV RI WKH DPSOL¿HU¶V FLUFXLWU\
DQG D GLVFXVVLRQ RI GLVFRQWLQXRXV FXUUHQW LQMHFWLRQ VHH >9:@1

7KH FRPPDQG FXUUHQWV RU YROWDJHV DSSOLHG WR WKH FHOOV ZHUH FRQWUROOHG E\ D KRPH0PDGH FRPSXWHU
SURJUDP7 ZULWWHQ LQ /DE9LHZ +1DWLRQDO ,QVWUXPHQWV/ $XVWLQ/ 7H[DV, YLD D 450ELW GDWD DFTXLVLWLRQ
LQWHUIDFH FDUG +$700,2049(05/ DJDLQ IURP 1DWLRQDO ,QVWUXPHQWV, WKDW ZDV DOVR XVHG IRU GLJLWL]LQJ
WKH PHDVXUHG PHPEUDQH FXUUHQWV DQG YROWDJHV VXSSOLHG E\ WKH DPSOL¿HUV ZLWK VDPSOLQJ UDWHV RI

7 0RVW RI WKH VRIWZDUH ZDV ZULWWHQ E\ 0DUWLQ -HQNQHU1
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,PDJLQJ RI VLJQDO SURSDJDWLRQ

)LJXUH 614= 6FKHPDWLF GUDZLQJ RI WKH HOHFWURSK\VLRORJ\ VHWXS1 7KLV VFKHPD VKRZV WKH VHWXS XVHG
IRU PDQLSXODWLQJ DQG UHFRUGLQJ WKH PHPEUDQH YROWDJHV DQG FXUUHQWV RI WZR QHXURQV VLPXOWDQHRXVO\1 7KH
FHOOV ZHUH LPSDOHG ZLWK PLFUR0HOHFWURGHV FRQVLVWLQJ RI .56270¿OOHG JODVV FDSLOODULHV WKDW ZHUH FRQWDFWHG
ZLWK FKORULQDWHG VLOYHU ZLUHV1 7KH HOHFWURGHV ZHUH FRQQHFWHG WR WZR HOHFWURGH DPSOL¿HUV YLD KHDGVWDJHV>
HOHFWURGHV DV ZHOO DV KHDGVWDJHV ZHUH PRXQWHG RQ PLFUR0PDQLSXODWRUV IRU DFFXUDWH SRVLWLRQLQJ1 $ FRP0
SXWHU ZDV FRQQHFWHG WR WKH DPSOL¿HUV WR HLWKHU FXUUHQW FODPS RU YROWDJH FODPS WKH FHOOV E\ FRQWUROOLQJ WKH
FXUUHQWV LQMHFWHG LQWR WKH QHXURQV DQG UHFRUGLQJ WKH DPSOL¿HU RXWSXWV1 7KH FKDPEHU FRQWDLQLQJ WKH FHOOV/
WKH HOHFWURGH KROGHUV DQG WKH KHDGVWDJHV ZHUH PRXQWHG RQ WKH VWDJH RI DQ LQYHUWHG PLFURVFRSH +QRW
VKRZQ,1

43N+] RU KLJKHU1

615 ,PDJLQJ RI VLJQDO SURSDJDWLRQ

61514 9ROWDJH0VHQVLWLYH G\HV DV SUREHV RI PHPEUDQH
SRWHQWLDO
7KH LQIRUPDWLRQ SURYLGHG E\ HOHFWURGHV DERXW WKH YROWDJH GLVWULEXWLRQ LQ D QHXURQ LV OLPLWHG WR
WKH FHOO ERG\ RU WR +DW PRVW, WZR RU WKUHH ORFDWLRQV LQ WKH FHOO1 %XW QHXURQV/ GXH WR WKHLU KLJKO\
HORQJDWHG SURFHVVHV/ DUH XVXDOO\ QRW LVRSRWHQWLDO/ DQG WKXV PXFK RI WKH VLJQDO SURFHVVLQJ JRLQJ
RQ LQ WKH QHXULWHV UHPDLQV XQNQRZQ LI HOHFWULFDO DFWLYLW\ LV UHFRUGHG RQO\ IURP WKH FHOO ERG\1

0XFK KLJKHU VSDWLDO UHVROXWLRQ ± LQ VRPH DSSOLFDWLRQV GRZQ WR 53>P RU EHWWHU >59@>64@>7;@>98@
>:3@ ± FDQ EH DFKLHYHG LI YROWDJH0VHQVLWLYH G\HV DUH XVHG DV PROHFXODU SUREHV RI PHPEUDQH
SRWHQWLDO FKDQJHV DOO DORQJ WKH QHXULWHV1 7KHVH ÀXRUHVFHQW PROHFXOHV/ XSRQ DEVRUSWLRQ RI D SKR0
WRQ RI VXLWDEOH ZDYHOHQJWK/ PDNH D WUDQVLWLRQ WR DQ H[FLWHG VWDWH WKDW LV DFFRPSDQLHG E\ D FKDUJH
VKLIW LQ WKH PROHFXOH +VHH ¿J1 615,1 7KH HQHUJ\ UHTXLUHG IRU WKLV FKDUJH VKLIW GHSHQGV RQ WKH FRP0
SRQHQW RI WKH ORFDO HOHFWULFDO ¿HOG SDUDOOHO WR WKH GLUHFWLRQ RI WKH FKDUJH WUDQVORFDWLRQ DQG WKXV
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0HDVXULQJ YROWDJH ZLWK HOHFWURGHV DQG G\HV

)LJXUH 615= 6WUXFWXUH DQG ÀXRUHVFHQFH0FKDQJH VSHFWUXP RI WKH YROWDJH0VHQVLWLYH G\H %1%,41
+/HIW, 7KH PROHFXODU VWUXFWXUH RI WKH G\H %1%,41 8SRQ H[FLWDWLRQ/ SRVLWLYH FKDUJH LV VKLIWHG IURP S\UL0
GLQLXP WR DQLOLQH +IURP ULJKW WR OHIW LQ WKH ¿JXUH, >49@>56@1 +5LJKW, &KDQJH LQ ÀXRUHVFHQFH LQWHQVLW\ RI
%1%,4 LQ QHXURQDO PHPEUDQH +RI WKH OHHFK, ZKHQ WKH PHPEUDQH SRWHQWLDO LV GHSRODUL]HG E\ 433P91 7KH
FRORU0FRGHG ÀXRUHVFHQFH FKDQJH LV H[SUHVVHG LQ( RI WKH PD[LPXP ÀXRUHVFHQFH LQWHQVLW\ EHIRUH GHSRODU0
L]DWLRQ DQG SORWWHG DJDLQVW H[FLWDWLRQ DQG HPLVVLRQ ZDYHOHQJWK +IURP >88@,1 :LWK WKH DSSDUDWXV GHVFULEHG
LQ VHFWLRQ 61515/ WKH ZDYHOHQJWK UDQJHV XVHG IRU H[FLWDWLRQ DQG GHWHFWLRQ ZHUH OLPLWHG E\ D EDQG SDVV ¿OWHU
+78307<3QP, DQG D ORQJ SDVV ¿OWHU +893QP,> WKLV UDQJH LV LQGLFDWHG E\ EODFN OLQHV LQ WKH SORW1

FRXSOHV WKH DEVRUSWLRQ VSHFWUXP +DQG E\ D VLPLODU PHFKDQLVP DOVR WKH HPLVVLRQ VSHFWUXP, RI WKH
G\H PROHFXOHV ORFDWHG DW WKH FHOO VXUIDFH WR WKH PRPHQWDU\ PHPEUDQH YROWDJH1 ,Q DGGLWLRQ WR WKLV
HOHFWURFKURPLVP/ WKH WZR VSHFWUD DUH VKDSHG E\ VROYDWRFKURPLF HIIHFWV= (OHFWULFDO ¿HOG FKDQJHV
FDQ LQÀXHQFH WKH SRODULW\ RI WKH G\H PROHFXOH¶V ORFDO HQYLURQPHQW ± DQG WKHUHIRUH WKH FRQWULEX0
WLRQ RI VROYDWLRQ HQHUJ\ WR WKH VSHFWUXP ± E\ FKDQJLQJ WKH SRVLWLRQ RI WKH FKURPRSKRUHV UHODWLYH
WR WKH PHPEUDQH >49@>56@>57@1

'XH WR WKHVH WZR HIIHFWV/ WKH DEVRUSWLRQ VSHFWUXP DQG WKH HPLVVLRQ VSHFWUXP RI G\H ORFDWHG DW WKH
QHXUDO PHPEUDQH GHSHQG RQ WKH WUDQV0PHPEUDQH YROWDJH +VHH ¿J1 615,/ DQG LI VXLWDEOH H[FLWDWLRQ
DQG GHWHFWLRQ ZDYHOHQJWK UDQJHV DUH FKRVHQ/ WKLV GHSHQGHQFH UHVXOWV LQ D ÀXRUHVFHQFH LQWHQVLW\
ZKRVH FKDQJH LV GLUHFWO\ SURSRUWLRQDO WR DQ\ FKDQJH LQ PHPEUDQH SRWHQWLDO LQ WKH SK\VLRORJLFDOO\
UHOHYDQW UDQJH >58@1 7KH RSWLFDO GHWHFWLRQ RI WKHVH ÀXRUHVFHQFH FKDQJHV ZLWK KLJK VSDWLDO UHVR0
OXWLRQ RQ D QHXURQ¶V SURFHVVHV WKHUHIRUH DOORZV WKH PRQLWRULQJ RI YROWDJH FKDQJHV DV WKH\ DUH
RFFXUULQJ GXULQJ VLJQDO SURSDJDWLRQ DORQJ WKH QHXULWH1

6WDLQLQJ FHOOV ZLWK YROWDJH0VHQVLWLYH G\HV
:KHQ YROWDJH0VHQVLWLYH G\HV DUH WR DFW DV SUREHV IRU QHXUDO VLJQDOLQJ/ WKH\ KDYH WR EH EURXJKW
LQWR WKH FHOO PHPEUDQH1 7KH DPSKLSKLOLF QDWXUH RI WKH G\HV ± D K\GURSKLOLF KHDG JURXS ZLWK
K\GURSKRELF WDLOV ± IDYRUV WKHLU ORFDOL]DWLRQ DW WKH OLSLG0ZDWHU LQWHUIDFH/ EXW LW DOVR PDNHV WKH G\H
KDUG WR VROXELOL]H LQ WKH FXOWXUH PHGLXP WKDW LW KDV WR SDVV WKURXJK WR JHW WR WKH FHOO LQ WKH ¿UVW
SODFH1

)RU WKH SDUWLFXODU G\H XVHG KHUH/ %1%,4 +VHH ¿J1 615,/ WKLV ZDV RYHUFRPH E\ GLVVROYLQJ WKH G\H
LQ D VROXWLRQ RI FKROLF DFLG LQ GH¿QHG PHGLXP81 ,Q WKLV VROXWLRQ/ WKH FKROLF DFLG IRUPV PLFHOOHV
WKDW FDQ KRVW WKH G\H PROHFXOHV1 :KHQ WKH FRQFHQWUDWLRQ RI WKH FKROLF DFLG GURSV EHORZ D FULWLFDO

8 6HH DSSHQGL[ % IRU D UHFLSH RI WKH G\H VROXWLRQ DQG WKH VWDLQLQJ SURFHGXUH1
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YDOXH ± DV LW GRHV ZKHQ WKH VROXWLRQ LV DGGHG WR WKH FXOWXUH FKDPEHU FRQWDLQLQJ WKH FHOOV DQG WKH
PHGLXP8 ± WKH PLFHOOHV IDOO DSDUW DQG WKH G\H PROHFXOHV DUH IUHH DQG FDQ VWLFN WR DQ\ K\GURSKLOLF0
K\GURSKRELF LQWHUIDFH WKH\ HQFRXQWHU LQ WKH GLVK/ DPRQJ RWKHUV WKH FHOO PHPEUDQH1

7R[LFLW\
7KH KLJK VSDWLDO UHVROXWLRQ WKDW FDQ EH DFKLHYHG LQ PHDVXUHPHQWV ZLWK YROWDJH0VHQVLWLYH G\HV LV
WKH PDMRU DGYDQWDJH RI WKLV WHFKQLTXH DV FRPSDUHG WR HOHFWURGH UHFRUGLQJV1 %XW D SULFH KDV WR
EH SDLG IRU WKLV= 7KH G\HV DUH SKRWRWR[LF DQG ± ZKHQ XVHG LQ WKH FRQFHQWUDWLRQV QHFHVVDU\ WR
DFKLHYH JRRG VLJQDO0WR0QRLVH UDWLRV LQ PHDVXUHPHQWV ZLWK VXEFHOOXODU UHVROXWLRQ DQG QR VLJQDO
DYHUDJLQJ ± LUUHYHUVLEO\ GDPDJH WKH FHOOV ZLWKLQ D IHZ VHFRQGV RI H[SRVXUH WR H[FLWDWLRQ OLJKW
>59@>64@>98@1 7KLV GDPDJH FDQ EH GHWHFWHG HOHFWURSK\VLRORJLFDOO\ DQG IURP FKDQJHV LQ WKH QHX0
URQ¶V PRUSKRORJ\= 7KH UHVWLQJ SRWHQWLDO JUDGXDOO\ GHFUHDVHV LQ PDJQLWXGH/ WKH DFWLRQ SRWHQWLDOV
EHFRPH EURDGHU DQG GHFUHDVH LQ DPSOLWXGH DQG HYHQWXDOO\ WKH PHPEUDQH SURGXFHV EXEEOHV DQG
WKH QHXULWHV UXSWXUH1

7R DYRLG DUWLIDFWV LQ WKH PHDVXUHPHQWV GXH WR VXFK WR[LF HIIHFWV/ RQO\ GDWD UHFRUGHG IURP D FHOO
EHIRUH DQ\ RI WKHVH V\PSWRPV DSSHDUHG FDQ EH WUXVWHG1 /XFNLO\/ WKH PHDVXUHPHQW GXUDWLRQV QHF0
HVVDU\ IRU WKH GHWHUPLQDWLRQ RI QHXULWLF PHPEUDQH SDUDPHWHUV DV GHVFULEHG LQ VHFWLRQ 815 ZHUH
VLJQL¿FDQWO\ VKRUWHU WKDQ WKH WLPH VFDOH RQ ZKLFK WR[LF HIIHFWV ¿UVW EHFDPH GHWHFWDEOH1

61515 $ VHWXS IRU GHWHFWLQJ IDVW ÀXRUHVFHQFH FKDQJHV
9ROWDJH0VHQVLWLYH G\HV/ ZKHQ XVHG ZLWK VXLWDEOH RSWLFDO ¿OWHUV/ WUDQVIRUP PHPEUDQH SRWHQWLDO
FKDQJHV LQWR ÀXRUHVFHQFH LQWHQVLW\ FKDQJHV WKDW DUH VPDOO ± XVXDOO\ DW PRVW D IHZ SHUFHQW RI WKH
ÀXRUHVFHQFH LQWHQVLW\ ± DQG YHU\ IDVW GXH WR WKH PLOOLVHFRQG0WLPHVFDOH RI QHXUDO YROWDJH G\QDPLFV1
8QWLO UHFHQWO\/ YLUWXDOO\ DOO VHWXSV XVHG IRU WKH GHWHFWLRQ RI VXFK IDVW ÀXRUHVFHQFH VLJQDOV ZHUH
EDVHG RQ SKRWRGLRGHV/ DQG VR ZDV WKH GHWHFWLRQ GHYLFH XVHG KHUH +VHH ¿J1 616,1 $V LW KDV EHHQ
GHVFULEHG LQ GHWDLO EHIRUH >99@>:3@/ WKH GHVFULSWLRQ WKDW IROORZV IRFXVHV RQ WKH PDMRU FRPSRQHQWV=

7KH FKDPEHU FRQWDLQLQJ WKH VWDLQHG FHOOV ZDV PRXQWHG RQ WKH VWDJH RI DQ LQYHUWHG PLFURVFRSH
DQG WKH QHXURQ ZDV FRQWDFWHG ZLWK DQ LQWUDFHOOXODU HOHFWURGH FRQQHFWHG WR DQ HOHFWURGH DPSOL¿HU
YLD D KHDGVWDJH MXVW DV GHVFULEHG LQ VHFWLRQ 614/ WKH RQO\ GLIIHUHQFH EHLQJ WKDW WKH PDQLSXODWRU LQ
WKLV FDVH ZDV D PHFKDQLFDO 60D[LV PLFURPDQLSXODWRU +=HLW]/:HW]ODU,1

7KH PLFURVFRSH ZDV HTXLSSHG ZLWK D [HQRQ ODPS ZKRVH OLJKW ZDV SDVVHG WKURXJK D VKXWWHU DQG D
EDQG SDVV ¿OWHU/ UHÀHFWHG E\ D EHDP VSOLWWHU DQG SURMHFWHG RQWR WKH QHXURQ WKURXJK DQ REMHFWLYH1
7KH ÀXRUHVFHQW OLJKW HPLWWHG E\ WKH G\H PROHFXOHV LQ WKH QHXUDO PHPEUDQH SDVVHG WURXJK WKH
VDPH REMHFWLYH DQG EHDP VSOLWWHU/ ZDV ORQJ SDVV ¿OWHUHG DQG SURMHFWHG RQWR D OLQHDU DUUD\ RI 433
SKRWRGLRGHV ZLWK WKH DLG RI DQ DGGLWLRQDO OHQV9 QRW VKRZQ LQ ¿J1 6161 7KH EDQG SDVV ¿OWHU/ EHDP
VSOLWWHU DQG ORQJ SDVV ¿OWHU ZHUH FKRVHQ WR PD[LPL]H WKH ÀXRUHVFHQFH FKDQJH SHU YROWDJH FKDQJH>
VHH ¿J1 6151

7KH RXWSXW FXUUHQWV IURP WKH 433 GLRGHV +WKDW ZHUH SURSRUWLRQDO WR WKH ÀXRUHVFHQFH LQWHQVLW\
GHWHFWHG E\ WKH UHVSHFWLYH GLRGH, ZHUH FRQYHUWHG WR YROWDJHV DQG SUHDPSOL¿HG LQGLYLGXDOO\ ZLWK
D WLPH0FRQVWDQW RI 733>V/ WKHQ SDVVHG RQ WR 433 GLIIHUHQWLDO VDPSOH0DQG0KROG DPSOL¿HUV1 7KH
YROWDJH VLJQDOV IURP WKRVH DPSOL¿HUV ZHUH GLJLWL]HG/ GLVSOD\HG DQG VWRUHG E\ D FRPSXWHU WKDW DOVR

9 7KLV OHQV FDXVHG D VOLJKW GLVWRUWLRQ RI WKH LPDJH/ UHVXOWLQJ LQ DQ HIIHFWLYH VSDWLDO UHVROXWLRQ WKDW YDULHG EHWZHHQ 816çP
SHU GLRGH DW WKH FHQWHU RI WKH LPDJH DQG 61<çP SHU GLRGH DW WKH HGJHV1 8QOHVV VWDWHG RWKHUZLVH/ WKLV GLVWRUWLRQ ZDV
DOZD\V FRUUHFWHG IRU1
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0HDVXULQJ YROWDJH ZLWK HOHFWURGHV DQG G\HV

)LJXUH 616= 6HWXS IRU PHDVXULQJ IDVW ÀXRUHVFHQFH FKDQJHV1 7KH ÀXRUHVFHQFH LQWHQVLW\ FKDQJHV
FDXVHG E\ YROWDJH WUDQVLHQWV LQ QHXULWHV VWDLQHG ZLWK %1%,4 ZHUH GHWHFWHG ZLWK D OLQHDU DUUD\ RI 433
SKRWRGLRGHV1 )RU D GHVFULSWLRQ RI WKH DSSDUDWXV/ VHH WH[W RU >99@1

RSHQHG DQG FORVHG WKH VKXWWHU DQG FRQWUROOHG DQG VWRUHG WKH FXUUHQW DQG YROWDJH WUDQVLHQWV RI WKH
FHOO1

,Q DGGLWLRQ WR WKH FRPSRQHQWV VKRZQ LQ ¿J1 616/ WKH LQYHUWHG PLFURVFRSH ZDV HTXLSSHG ZLWK D
KDORJHQ ODPS IRU REVHUYDWLRQ RI WKH QHXURQ XQGHU ZKLWH RU +ZLWK DQ DGGLWLRQDO ¿OWHU, UHG OLJKW
DQG ZLWK D &&'0FDPHUD1 3ULRU WR WKH H[SHULPHQW/ WKH VWUDLJKW QHXULWH RI WKH VWDLQHG FHOO ZDV
DOLJQHG ZLWK WKH OLQHDU SKRWRGLRGH DUUD\ E\ VXSHULPSRVLQJ D UHG0OLJKW LPDJH RI WKH FHOO ZLWK D
SUH0DGMXVWHG/ YLUWXDO LPDJH RI WKH GLRGH DUUD\ JHQHUDWHG E\ WKH FRPSXWHU1

,Q DOO PHDVXUHPHQWV/ WKH VKXWWHU ZDV RSHQHG E\ WKH FRPSXWHU RQO\ DW WKH WLPHV RI RSWLFDO UHFRUGLQJ
WR NHHS WKH H[SRVXUH WLPH WR H[FLWDWLRQ OLJKW DV VKRUW DV SRVVLEOH1

61516 6LJQDO SURFHVVLQJ
7KH 433 DPSOL¿HU RXWSXW VLJQDOV VWRUHG E\ WKH FRPSXWHU GXULQJ RSWLFDO UHFRUGLQJ FRQWDLQ LQIRU0
PDWLRQ DERXW WKH YROWDJH FKDQJHV LQ WKH QHXULWH/ EXW WR UHWULHYH WKLV LQIRUPDWLRQ/ WKH VLJQDOV KDYH
WR XQGHUJR VRPH SURFHVVLQJ=

$ FRPSOLFDWLRQ LV WKDW WKH ÀXRUHVFHQFH LQWHQVLW\ GHWHFWHG E\ HDFK GLRGH GXULQJ DQ H[SHULPHQW
QRW RQO\ FKDQJHV LQ SURSRUWLRQ WR WKH YROWDJH FKDQJH LQ WKH PHPEUDQH SDWFK µVHHQ¶ E\ WKH GLRGH/
EXW LQ DGGLWLRQ FKDQJHV GXH WR G\H EOHDFKLQJ1 7KHVH WZR HIIHFWV KDYH WR EH VHSDUDWHG LI WKH
YROWDJH FKDQJH LQ WKH PHPEUDQH LV WR EH UHFRQVWUXFWHG1 7KH H[DFW PHFKDQLVP DQG G\QDPLFV
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)LJXUH 617= 5HFRQVWUXFWLRQ RI YROWDJH WUDQVLHQWV IURP PHDVXUHPHQWV ZLWK YROWDJH0VHQVLWLYH G\HV1
7KHVH SORWV LOOXVWUDWH GLIIHUHQW VWHSV RI VLJQDO SURFHVVLQJ IRU DQ H[FHSWLRQDOO\ FOHDU ÀXRUHVFHQFH VLJQDO
+VHFRQG URZ,/ DQ DYHUDJH VLJQDO +WKLUG URZ, DQG D YHU\ QRLV\ VLJQDO +ERWWRP URZ,/ PHDVXUHG DW WKUHH
ORFDWLRQV RQ WKH VDPH QHXULWH1 ,Q WKH WRS URZ/ WKH PHPEUDQH SRWHQWLDO DW WKH FHOO ERG\ 0 UHFRUGHG ZLWK DQ
LQWUDFHOOXODU HOHFWURGH 0 LV SORWWHG IRU FRPSDULVRQ DW HDFK SURFHVVLQJ VWDJH1 7KH FHOO ZDV LQGXFHG WR ¿UH
DQ DFWLRQ SRWHQWLDO E\ GHSRODUL]LQJ FXUUHQW LQMHFWLRQ DQG ZDV WKHQ EULHÀ\ K\SHUSRODUL]HG1 +/HIW, 2ULJLQDO
VLJQDOV DQG LQWHQVLW\ EDVHOLQHV1 7KH VKDGHG DUHDV LQGLFDWH WR ZKLFK SDUWV RI WKH WUDQVLHQWV WKH EDVHOLQHV
ZHUH ¿W1 +0LGGOH, 5HODWLYH ÀXRUHVFHQFH FKDQJHV1 )RU WKHVH WUDFHV/ WKH GLIIHUHQFH EHWZHHQ RULJLQDO VLJQDO
DQG EDVHOLQH ZDV LQYHUWHG DQG GLYLGHG E\ WKH EDVHOLQH1 +5LJKW, 5HFRQVWUXFWHG YROWDJH WUDQVLHQWV/ REWDLQHG
E\ PHGLDQ0¿OWHULQJ ýüIq@Iq DQG UHVFDOLQJ WKH UHVXOWLQJ WUDFH DFFRUGLQJ WR WKH DVVXPSWLRQV RI FRQVWDQW
UHVWLQJ SRWHQWLDO DQG DFWLRQ SRWHQWLDO DPSOLWXGH1 )RU GHWDLOV/ VHH WH[W1

RI G\H EOHDFKLQJ DUH QRW NQRZQ/ EXW ÀXRUHVFHQFH LQWHQVLW\ WUDQVLHQWV FDXVHG E\ EOHDFKLQJ DORQH
+ZLWKRXW DQ\ FKDQJHV LQ PHPEUDQH YROWDJH, FDQ EH ¿W TXLWH ZHOO WR D FXUYH RI WKH IRUP

8?E|ä ' 8?cf n 8?cK,e
3 |
ô?cK, +4,

ZKHUH WKH RIIVHW LQWHQVLW\ 8?cf/ WKH EOHDFKLQJ LQWHQVLW\ 8?cK, DQG WKH EOHDFKLQJ WLPH FRQVWDQW ô?cK,
DUH ¿W YDULDEOHV DQG DUH GHWHUPLQHG VHSDUDWHO\ IRU HDFK GLRGH ?1

)RU D ÀXRUHVFHQFH WUDQVLHQW WKDW LV LQÀXHQFHG E\ ERWK EOHDFKLQJ DQG YROWDJH FKDQJHV/ WKH EDVHOLQH
ÀXRUHVFHQFH LQWHQVLW\ GXH WR EOHDFKLQJ DORQH FDQ EH IRXQG E\ ¿WWLQJ +4, RQO\ WR WKRVH SDUWV RI WKH
WUDQVLHQW WKDW ZHUH UHFRUGHG ZKHQ WKH FHOO ZDV DW UHVWLQJ SRWHQWLDO1 7R WKLV HQG/ WKH LQMHFWLRQ
FXUUHQW SURWRFRO XVHG IRU RSWLFDO PHDVXUHPHQWV ZDV GHVLJQHG VXFK WKDW WKH FHOO ZDV DW UHVWLQJ
SRWHQWLDO DW WKH EHJLQQLQJ/ LQ WKH PLGGOH/ DQG DW WKH HQG RI WKH UHFRUGLQJ SHULRG1 7KUHH H[DPSOHV
RI VXFK WUDQVLHQWV DQG ¿WV DUH VKRZQ LQ WKH OHIW FROXPQ RI ¿J1 6171 7KHVH H[DPSOHV DOVR VKRZ
WKDW WKH ÀXRUHVFHQFH LQWHQVLW\ IURP GLIIHUHQW SDUWV RI WKH VDPH QHXULWH FDQ YDU\> WKLV LV GXH WR
LQKRPRJHQHRXV LOOXPLQDWLRQ RI WKH QHXULWH/ GLIIHUHQW DUHDV RI VWDLQHG PHPEUDQH LQ HDFK GLRGH¶V
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¿HOG RI YLHZ DQG LQKRPRJHQHRXV VWDLQLQJ RI WKH PHPEUDQH1 $OVR QRWH WKDW WKH QRLVH DPSOLWXGH
LV DOPRVW WKH VDPH LQ WKH WKUHH WUDFHV/ FRQVLVWHQW ZLWK WKH ¿QGLQJ WKDW PRVW RI LW LV FDXVHG E\ WKH
SUH0DPSOL¿HU FLUFXLWU\ LQ WKLV SDUWLFXODU VHWXS >99@1

7KH 433 LQWHQVLW\ EDVHOLQHV8?E|ä REWDLQHG E\ VHSDUDWHO\ ¿WWLQJ WKH 433 RULJLQDO WUDFHV LQ WKLV PDQ0
QHU ZHUH WKHQ VXEWUDFWHG IURP WKH RULJLQDO VLJQDOV/ UHVXOWLQJ LQ WKH ÀXRUHVFHQFH FKDQJHV {8?E|ä
FDXVHG E\ YROWDJH FKDQJHV DORQH1 %HFDXVH RI WKH SDUWLFXODU FKRLFH RI RSWLFDO ¿OWHUV XVHG KHUH +VHH
VHFWLRQ 61515 DQG ¿J1 615,/ D GHSRODUL]LQJ FKDQJH LQ PHPEUDQH YROWDJH FDXVHG D GHFUHDVH LQ ÀX0
RUHVFHQFH LQWHQVLW\/ VR {8?E|ä KDG WR EH LQYHUWHG WR REWDLQ D VLJQDO GLUHFWO\ FRPSDUDEOH WR WKH
YROWDJH VLJQDO PHDVXUHG E\ WKH HOHFWURGH1 7KH PLGGOH FROXPQ LQ ¿J1 617 VKRZV WKHVH LQYHUWHG VLJ0
QDOV DIWHU GLYLVLRQ E\ WKHLU UHVSHFWLYH EDVHOLQH 8?E|ä1 :KLOH WKH YROWDJH VHQVLWLYLW\ RI %1%,4 LQ
QHXURQDO PHPEUDQH KDV EHHQ IRXQG WR EH KLJKHU WKDQ 43( SHU 433P9 >88@/ WKH DPSOLWXGHV LQ
WKHVH H[DPSOHV DUH DURXQG 318( IRU DQ DFWLRQ SRWHQWLDO DPSOLWXGH RI ;3P9 ± WKLV VKRZV WKDW D
ODUJH DPRXQW RI G\H FRQWULEXWHV WR WKH ÀXRUHVFHQFH EXW GRHV QRW VHQVH WKH YROWDJH FKDQJHV LQ WKH
PHPEUDQH/ TXLWH OLNHO\ EHFDXVH LW LV QRW ORFDWHG DW WKH FHOO VXUIDFH EXW LQ WKH SURWHLQ OD\HU WKH FHOOV
JURZ RQ1

$V PHQWLRQHG/ WKH ÀXRUHVFHQFH FKDQJH {8? LV SURSRUWLRQDO WR WKH YROWDJH FKDQJH LQ WKH PHP0
EUDQH >58@ ± EXW WKH SURSRUWLRQDOLW\ IDFWRU LV XQNQRZQ DQG FDQ EH GLIIHUHQW IRU HDFK GLRGH >59@/
VR WKH 433 WUDQVLHQWV {8?E|ä DORQH FRQWDLQ QR LQIRUPDWLRQ DERXW WKH DPSOLWXGH RI WKH YROWDJH
FKDQJH DW WKHLU UHVSHFWLYH VLWH RQ WKH QHXULWH1 7KHUH DUH WZR DOWHUQDWLYH ZD\V WR GHDO ZLWK WKLV
SUREOHP/ DQG ERWK ZLOO EH XVHG DW GLIIHUHQW SRLQWV ODWHU RQ LQ WKLV ZRUN=

$OWHUQDWLYH ,= )RUJHW DERXW WKH DPSOLWXGH
$OWHUQDWLYH , LV WR DFFHSW WKH ODFN RI LQIRUPDWLRQ DERXW WKH DPSOLWXGH RI WKH WUDQVLHQWV DQG MXVW
XVH WKH LQIRUPDWLRQ FRQWDLQHG LQ WKHLU VKDSH1 7KLV LV SUHFLVHO\ ZKDW ZLOO EH GRQH LQ VHFWLRQ 815/
ZKHUH WKH K\SHUSRODUL]HG SRUWLRQ RI HDFK WUDQVLHQW ý{8?E|ä LV GLYLGHG E\ WKH DEVROXWH YDOXH RI
LWV PLQLPXP DQG WKHUHE\ QRUPDOL]HG WR DPSOLWXGH ý4=

7s,üJ? E|ä '
ý{8?E|ä

m4ð? dý{8?E|äom +5,

ZKHUH4ð? dý{8?E|äo LV IRXQG E\ DYHUDJLQJ RYHU DQ LQWHUYDO RI VHYHUDO PV DURXQG WKH DFWXDO PLQ0
LPXP WR FRPSHQVDWH IRU WKH UHODWLYHO\ ODUJH QRLVH RI WKH ÀXRUHVFHQFH GDWD1 ,I WKH VDPH QRUPDO0
L]DWLRQ LV GRQH ZLWK WKH WKHRUHWLFDO WUDQVLHQWV/ WKHVH FDQ WKHQ EH ¿W WR WKH H[SHULPHQWDOO\ REWDLQHG
VKDSHV 7s,üJ? E|ä ZLWKRXW PDNLQJ DGGLWLRQDO DVVXPSWLRQV DV LQ DOWHUQDWLYH ,, DQG WKXV ZLWKRXW WKH
ULVN RI LQWURGXFLQJ HUURUV LQ WKH ¿WV GXH WR WKH DVVXPSWLRQV EHLQJ QRW H[DFWO\ IXO¿OOHG E\ VQDLO
QHXURQV1

$OWHUQDWLYH ,,= 0DNH DGGLWLRQDO DVVXPSWLRQV
,Q VSLWH RI WKH XQNQRZQ IDFWRU EHWZHHQ YROWDJH FKDQJH DQG ÀXRUHVFHQFH FKDQJH/ WKH YROWDJH
WUDQVLHQW IRU WKH VHFWLRQ RI WKH FHOO SURMHFWHG RQWR GLRGH ? FDQ EH UHFRQVWUXFWHG LI WZR DGGLWLRQDO
DVVXPSWLRQV DUH PDGH=

î 7KH DFWLRQ SRWHQWLDO SURSDJDWHV DORQJ WKH QHXULWH ZLWK FRQVWDQW DPSOLWXGH1 7KLV LV D UHD0
VRQDEOH DSSUR[LPDWLRQ LI WKH QHXULWLF PHPEUDQH KDV YROWDJH0JDWHG LRQ FKDQQHOV ZLWK G\QDPLFV
VLPLODU WR WKRVH RI WKH +RGJNLQ0+X[OH\0PRGHO +VHH >59@>65@>98@ DQG VHFWLRQ 716,1

î 7KH UHVWLQJ SRWHQWLDO LV WKH VDPH DOO DORQJ WKH QHXULWH1 7KLV DVVXPSWLRQ LV PDGH E\ DOO
PRGHOV RI QHXURQV VLPSO\ EHFDXVH QR RWKHU LQIRUPDWLRQ LV DYDLODEOH1
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:LWK WKHVH WZR DVVXPSWLRQV PDGH/ HDFK GLRGH¶V WUDQVLHQW ý{8?E|ä FDQ EH UHVFDOHG VXFK WKDW LWV
EDVHOLQH0WR0PD[LPXP DPSOLWXGH LV WKH VDPH DV WKH DFWLRQ SRWHQWLDO DPSOLWXGH PHDVXUHG ZLWK WKH
LQWUDFHOOXODU HOHFWURGH DW WKH VRPD DQG FDQ WKHQ EH VKLIWHG VXFK WKDW LW VWDUWV DW WKH UHVWLQJ SRWHQWLDO
PHDVXUHG DW WKH VRPD1 7KH ULJKWPRVW FROXPQ LQ ¿J1 617 VKRZV WKH WKUHH H[DPSOH VLJQDOV DIWHU
WKHVH WUDQVIRUPDWLRQV1 7UDFHV RI WKLV VRUW IURP DOO 433 SKRWRGLRGHV/ LI DVVHPEOHG LQ D 6'0SORW/
UHVXOW LQ D VSDWLR0WHPSRUDO PDS RI VLJQDO SURSDJDWLRQ DORQJ WKH QHXULWH DV SUHVHQWHG LQ VHFWLRQ
8161
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7
7KHRU\/ SDUW 4= 0RGHOV RI VLQJOH FHOOV

,I ZH ZDQW WR FKDUDFWHUL]H WKH EDVLF XQLW RI GHVLJQHG QHWZRUNV ± WKH QHXURQ ZLWK XQEUDQFKHG
QHXULWHV ± E\ GHWHUPLQLQJ D QXPEHU RI HOHFWURSK\VLRORJLFDO SDUDPHWHUV IRU WKH FHOO/ ZH ¿UVW QHHG
D PRGHO RI WKH FHOO WKDW FDSWXUHV LWV HOHFWULFDO EHKDYLRU DQG DOORZV XV WR VSHFLI\ ZKDW WKH UHOHYDQW
SDUDPHWHUV DUH1 7KLV FKDSWHU LQWURGXFHV WZR VXFK PRGHOV/ QDPHO\

î D SDVVLYH PRGHO WKDW DVVXPHV WKDW WKH PHPEUDQH FRQGXFWDQFH RI WKH FHOO GRHV QRW GHSHQG RQ
WUDQV0PHPEUDQH YROWDJH DQG

î DQ DFWLYH PRGHO WKDW LQFOXGHV YROWDJH0GHSHQGHQW FRQGXFWDQFHV1

,Q VHFWLRQ 715/ WKHRUHWLFDO YROWDJH DQG FXUUHQW WUDQVLHQWV IRU SDVVLYH PRGHO FHOOV DUH XVHG WR GHPRQ0
VWUDWH WKDW LW LV QRW SRVVLEOH WR GHWHUPLQH DOO RI WKH FHOO¶V HOHFWULFDO SDUDPHWHUV IURP PHDVXUH0
PHQWV DW WKH VRPD DORQH/ LPSO\LQJ WKDW ZH QHHG DGGLWLRQDO LQIRUPDWLRQ IURP PHDVXUHPHQWV RI
QHXULWLF YROWDJH WUDQVLHQWV1

714 3DVVLYH PRGHO= &DEOH WKHRU\
7KH GHYHORSPHQW RI D PDWKHPDWLFDO PRGHO IRU DQ H[WHQGHG QHXURQ ZLWK XQLIRUP DQG SDVVLYH
PHPEUDQH ZDV SLRQHHUHG E\ :LOIULG 5DOO DURXQG 4<93 >:5@>:6@>:7@/ DQG KLV E\ QRZ FODVVLFDO
PRGHO KDV EHHQ ZLGHO\ XVHG WR GHWHUPLQH WKH HOHFWULFDO SURSHUWLHV RI QHUYH FHOOV IRU PDQ\ \HDUV1
7KLV VHFWLRQ UHYLHZV KLV PRGHO/ PDNHV D VPDOO +EXW FUXFLDO, JHQHUDOL]DWLRQ DQG WKHQ GHULYHV H[0
SUHVVLRQV IRU YROWDJH DQG FXUUHQW WUDQVLHQWV LQ FHOOV RI GLIIHUHQW JHRPHWU\1

71414 7KH PRGHO
7R EH DEOH WR GHULYH GLIIHUHQWLDO HTXDWLRQV IRU WKH GLVWULEXWLRQ RI SDVVLYH HOHFWURWRQLF SRWHQWLDOV LQ
WKH FHOO/ 5DOO PDGH WKH IROORZLQJ DVVXPSWLRQV DERXW WKH JHRPHWULF DQG HOHFWULFDO SURSHUWLHV RI WKH
QHXURQV >:5@ +ZKRVH UHVSHFWLYH DSSOLFDELOLW\ WR WKH QHXURQV XVHG KHUH DUH GLVFXVVHG,=

41, 7KH QHXULWHV/ EHWZHHQ DQ\ WZR EUDQFKLQJ SRLQWV/ DUH F\OLQGULFDO1 7KH QHXULWH GLDPHWHU
RI WKH FHOOV XVHG KHUH LV QRW SHUIHFWO\ FRQVWDQW DORQJ WKH QHXULWHV +VHH ¿J1 714,/ VR WKLV LV DQ
DSSUR[LPDWLRQ1 ,Q SULQFLSOH/ YDULDWLRQV LQ QHXULWH GLDPHWHU FRXOG EH LQFOXGHG LQ WKH PRGHO/
EXW DV WKH\ XVXDOO\ DUH VPDOO DQG DV LQFOXGLQJ WKHP ZRXOG FRPSOLFDWH WKH PRGHO D ORW/ WKLV
ZDV QRW GRQH KHUH1

51, 7KH HOHFWULFDO SURSHUWLHV DUH XQLIRUP RYHU WKH HQWLUH VXUIDFH RI WKH QHXURQ1 $V ZLOO EH
GLVFXVVHG ODWHU/ WKLV DVVXPSWLRQ ZDV GURSSHG LQ PRUH UHFHQW PRGHOV EHFDXVH RI VLJQL¿FDQW
GLIIHUHQFHV EHWZHHQ WKH VRPDWLF DQG QHXULWLF PHPEUDQH SDUDPHWHUV1

61, 7KH HOHFWULFDO SRWHQWLDO LV FRQVWDQW RYHU WKH H[WHUQDO VXUIDFH RI WKH QHXURQ1 7KLV LV
HTXLYDOHQW WR WKH DVVXPSWLRQ RI LQ¿QLWH FRQGXFWLYLW\ RI WKH PHGLXP VXUURXQGLQJ WKH FHOO1
7KH HUURU LQWURGXFHG E\ WKLV DVVXPSWLRQ FDQ EH VKRZQ WR EH QHJOLJLEOH HYHQ IRU D QHXURQ
HPEHGGHG LQ WLVVXH >:5@/ DQG LV DOO WKH PRUH QHJOLJLEOH IRU D FXOWXUHG QHXURQ VXUURXQGHG E\
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)LJXUH 714= (TXLYDOHQW FLUFXLW IRU D FHOO DFFRUGLQJ WR WKH FDEOH PRGHO1 7KLV ¿JXUH VKRZV KRZ WKH
JHRPHWU\ RI D FHOO/ WRJHWKHU ZLWK 5DOO¶V DVVXPSWLRQV/ WUDQVODWHV LQWR DQ HTXLYDOHQW FLUFXLW1 +/HIW, 7KH PLFUR0
JUDSK DW WKH WRS VKRZV WKH FHOO WR EH PRGHOOHG1 7KH PRGHO FHOO DW WKH ERWWRP FRQVLVWV RI D VLQJOH VSKHULFDO
FRPSDUWPHQW IRU WKH VRPD +ZLWK WKH VDPH GLDPHWHU DV WKH RULJLQDO FHOO ERG\, DQG WZR F\OLQGULFDO QHXULWHV
ZLWK WKH VDPH DYHUDJH GLDPHWHU DV WKH UHDO QHXULWHV1 7KH QHXULWHV DUH DVVHPEOHG IURP FRPSDUWPHQWV RI
OHQJWK G[> ZKLOH G[ LV LQ¿QLWHVLPDO IRU DQDO\WLFDO FDOFXODWLRQV/ LW KDV D ¿QLWH YDOXH IRU QXPHULFDO VLPXODWLRQV1
,Q WKLV H[DPSOH/ G[@43çP/ ZKLFK DOVR SURYLGHV D VFDOHEDU IRU WKH FHOO DW WKH WRS1 +5LJKW, (QODUJHG YHUVLRQ
RI DQ HOHPHQW G[1 7KH HOHFWULFDO FRPSRQHQWV RI WKH PRGHO FHOO DUH H[SODLQHG LQ WKH WH[W1

KLJKO\ FRQGXFWLYH PHGLXP1
71, 7KH HOHFWULFDO SRWHQWLDO LV FRQVWDQW RYHU WKH LQWHUQDO VXUIDFH RI WKH FHOO ERG\1 7KLV

DPRXQWV WR WKH DVVXPSWLRQ RI LQ¿QLWH FRQGXFWLYLW\ RI WKH VRPDWLF F\WRSODVP1 )RU XQIDYRU0
DEOH FRQGLWLRQV/ WKH YROWDJH GURS DFURVV WKH FHOO ERG\ FDQ EH HVWLPDWHG WR EH XS WR 5( RI
WKH HOHFWURWRQLF SRWHQWLDO DW WKH VRPD >:5@ ± EXW DV GURSSLQJ WKLV DVVXPSWLRQ ZRXOG PHDQ
WKDW WKH HOHFWULFDO SURSHUWLHV RI WKH FHOO ERG\ DQG WKH HOHFWURGH SRVLWLRQ ZRXOG KDYH WR EH
PRGHOOHG LQ GHWDLO/ WKLV DVVXPSWLRQ ZDV XQDYRLGDEOH1

81, 7KH LQWHUQDO SRWHQWLDO DQG FXUUHQW DUH FRQWLQXRXV DW DOO SRLQWV LQ WKH QHXURQ1 7KDW¶V DQ
REYLRXV SK\VLFDO UHTXLUHPHQW1

91, 7KH HOHFWULFDO FXUUHQW LQVLGH DQ\ F\OLQGULFDO FRPSRQHQW ÀRZV D[LDOO\ WKURXJK DQ RKPLF
UHVLVWDQFH ZKLFK LV LQYHUVHO\ SURSRUWLRQDO WR WKH DUHD RI FURVV VHFWLRQ1 7KLV DVVXPHV WKDW
WKH LQWHULRU RI WKH QHXULWH KDV KRPRJHQHRXV VSHFL¿F FRQGXFWLYLW\1 $V WKH VSDWLDO GLVWULEXWLRQ
DQG HOHFWULFDO SURSHUWLHV RI WKH GLIIHUHQW PDWHULDOV ZLWKLQ WKH QHXULWH DUH QRW NQRZQ/ WKLV LV
WKH VLPSOHVW DVVXPSWLRQ RQH FDQ PDNH1

:1, 7KH XQLIRUPO\ GLVWULEXWHG PHPEUDQH LPSHGDQFH FRQVLVWV RI DQ RKPLF UHVLVWDQFH LQ
SDUDOOHO ZLWK D FDSDFLW\1 7KH DVVXPSWLRQ RI DQ RKPLF UHVLVWDQFH QHJOHFWV DQ\ YROWDJH0
GHSHQGHQFH RI WKH XQGHUO\LQJ LRQ FKDQQHOV DQG PDNHV 5DOO¶V PRGHO D µSDVVLYH¶ PRGHO1 $V
ZLOO EH GLVFXVVHG LQ VHFWLRQ 716/ WKH QHXUDO PHPEUDQH FRQGXFWDQFH LV FOHDUO\ QRW LQGHSHQ0
GHQW RI WKH PHPEUDQH YROWDJH/ EXW SDVVLYH PRGHOV FDQ VWLOO EH D JRRG DSSUR[LPDWLRQ DV ORQJ
DV WKH PHPEUDQH SRWHQWLDO UHPDLQV LQ D UDQJH ZKHUH WKH YROWDJH0GHSHQGHQFH RI WKH FRQGXF0
WDQFH LV ZHDN1 7KH FDSDFLW\ LV LQFOXGHG WR PRGHO WKH VHSDUDWLRQ RI WZR KLJKO\ FRQGXFWLYH
FRPSDUWPHQWV +WKH F\WRSODVP DQG WKH PHGLXP DURXQG WKH FHOO, E\ WKH WKLQ DQG LQVXODWLQJ
OLSLG ELOD\HU RI WKH PHPEUDQH1

;1, $ PHPEUDQH HOHFWURPRWLYH IRUFH LV LQ VHULHV ZLWK WKH PHPEUDQH UHVLVWDQFH DQG LV FRQ0
VWDQW IRU DOO RI WKH PHPEUDQH1 7KLV µHOHFWURPRWLYH IRUFH¶ LV WKH UHVWLQJ SRWHQWLDO DQG
DULVHV IURP WKH LQWHUSOD\ RI PHPEUDQH FRQGXFWDQFHV DQG LRQ FRQFHQWUDWLRQV +VHH VHFWLRQ
716,1 $JDLQ/ WKH DVVXPSWLRQ RI D FRQVWDQW YDOXH IRU WKH HQWLUH PHPEUDQH LV PDGH EHFDXVH
PRUH GHWDLOHG LQIRUPDWLRQ DERXW WKH VSDWLDO GLVWULEXWLRQ RI LRQ FKDQQHOV DQG SXPSV LV QRW
DYDLODEOH1

)RU DQ\ JLYHQ QHXURQ/ WKLV VHW RI DVVXPSWLRQV ± WRJHWKHU ZLWK WKH JHRPHWU\ RI WKH FHOO ± DOORZV WKH
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SUHGLFWLRQ RI WKH WLPH0FRXUVH RI YROWDJH GLVWULEXWLRQV LQ WKH FHOO DV WKH\ DULVH DIWHU SHUWXUEDWLRQV
RI WKH V\VWHP VXFK DV FXUUHQW LQMHFWLRQV LQWR WKH VRPD1 7KLV LQYROYHV IRXU VWHSV/ QDPHO\

î WKH FRQVWUXFWLRQ RI DQ HTXLYDOHQW FLUFXLW IRU WKH FHOO
î WKH GHULYDWLRQ RI D GLIIHUHQWLDO HTXDWLRQ WKDW JRYHUQV WKH G\QDPLFV RI YROWDJH GLVWULEXWLRQV LQ
WKLV HTXLYDOHQW FLUFXLW

î WKH VSHFL¿FDWLRQ RI ERXQGDU\ FRQGLWLRQV IRU WKH YROWDJH GLVWULEXWLRQV
î WKH VROXWLRQ RI WKH GLIIHUHQWLDO HTXDWLRQ IRU D JLYHQ SHUWXUEDWLRQ XQGHU WKHVH ERXQGDU\ FRQGL0
WLRQV

DQG FRPSDULQJ WKHVH VROXWLRQV WR HOHFWURSK\VLRORJLFDO PHDVXUHPHQWV IURP WKH UHDO QHXURQ FDQ
FRQYH\ LQIRUPDWLRQ DERXW WKH HOHFWULFDO SURSHUWLHV RI WKH FHOO¶V PHPEUDQH DQG F\WRSODVP >:6@1

$ JHQHUDOL]DWLRQ= 7KH VRPDWLF VKXQW FDEOH PRGHO
%XW EHIRUH ZH JR WKURXJK WKH IRXU VWHSV/ ZH GURS 5DOO¶V DVVXPSWLRQ +5, DQG UHSODFH LW E\ WKH PRUH
JHQHUDO DVVXPSWLRQ WKDW WKH FHOO ERG\ PD\ KDYH GLIIHUHQW PHPEUDQH FRQGXFWDQFH DQG FDSDFLWDQFH
WKDQ WKH QHXULWHV1 7KLV OHDGV WR WKH µVRPDWLF VKXQW FDEOH PRGHO¶ >47@>7<@/ ZKLFK FRQWDLQV 5DOO¶V
RULJLQDO PRGHO DV D VSHFLDO FDVH1

,QLWLDOO\/ WKLV JHQHUDOL]DWLRQ ZDV PRWLYDWHG E\ WKH ¿QGLQJV RI VHYHUDO JURXSV >48@>78@ WKDW ZHUH
XQDEOH WR ¿W YROWDJH DQG FXUUHQW WUDQVLHQWV UHFRUGHG IURP VRPH QHXURQV ZLWK 5DOO¶V FODVVLFDO
WKHRU\ ± D SUREOHP WKDW FRXOG EH VROYHG E\ DVVXPLQJ WKDW WKH PHPEUDQH WLPH FRQVWDQW DW WKH FHOO
ERG\ LV GLIIHUHQW IURP WKDW LQ WKH QHXULWHV1 2IWHQ/ WKLV GLIIHUHQFH LQ WLPH FRQVWDQWV LV DWWULEXWHG WR
D ODUJHU PHPEUDQH FRQGXFWDQFH DW WKH VRPD/ WKXV WKH QDPH µVRPDWLF VKXQW FDEOH PRGHO¶ >47@1

7KH ¿UVW VWHS LQ WKH WUDQVODWLRQ RI WKLV PRUH JHQHUDO VHW RI DVVXPSWLRQV LQWR SUHGLFWLRQV DERXW
YROWDJH WUDQVLHQWV LV WKH FRQVWUXFWLRQ RI DQ HTXLYDOHQW FLUFXLW IRU WKH FHOO DV LOOXVWUDWHG LQ ¿J1 7141
7KHUH/ . GHQRWHV WKH HOHFWURPRWLYH IRUFH IURP DVVXPSWLRQ +;,1 7KH VRPDWLF FRQGXFWDQFH Cr DQG
FDSDFLW\ är DUH WKH SURGXFWV RI WKH UHVSHFWLYH YDOXHV }r DQG Sr SHU XQLW DUHD: DQG WKH VRPDWLF
PHPEUDQH DUHD=

Cr ' }rZ_
2
r DQG är ' SrZ_

2
r +6,

ZKHUH _r LV WKH GLDPHWHU RI WKH FHOO ERG\1 6LPLODUO\/ WKH FRQGXFWDQFH Cæ DQG FDSDFLW\ äæ SHU XQLW
OHQJWK RI QHXULWH æ DUH WKH SURGXFWV RI WKH VSHFL¿F YDOXHV } DQG S +SHU XQLW DUHD, DQG WKH QHXULWLF
FLUFXPIHUHQFH=

Cæ ' }Z_æ DQG äæ ' SZ_æ +7,
ZLWK WKH QHXULWH GLDPHWHU _æ RI QHXULWH æ1 $QG ¿QDOO\/ WKH RKPLF UHVLVWDQFH -æ SHU XQLW OHQJWK RI
QHXULWH æ LV REWDLQHG IURP WKH VSHFL¿F UHVLVWLYLW\ o RI WKH LQWHUQDO PHGLXP YLD

-æ '
eo

Z_2æ
+8,

$V H[SODLQHG DERYH/ WKH PRUH JHQHUDO VRPDWLF VKXQW FDEOH PRGHO XVHG KHUH DOORZV WKDW }r 9' } DQG
Sr 9' S/ ZKHUHDV WKH FODVVLFDO 5DOO PRGHO ZRXOG EH WKH VSHFLDO FDVH LQ ZKLFK }r ' } DQG Sr ' S
DFFRUGLQJ WR 5DOO¶V DVVXPSWLRQ 51,1

,Q D VHFRQG VWHS/ D GLIIHUHQWLDO HTXDWLRQ ± WKH µFDEOH HTXDWLRQ¶ ± LV GHULYHG >43@>76@ WKDW GHVFULEHV

: 1RWH WKDW WKH XVH RI XSSHU0FDVH DQG ORZHU0FDVH OHWWHUV LQ HOHFWURSK\VLRORJ\ LV RIWHQ FRXQWHU0LQWXLWLYH IRU SK\VLFLVWV1 ,Q
WKH SUHVHQW ZRUN/ VSHFL¿F SDUDPHWHUV VXFK DV FRQGXFWDQFH SHU XQLW DUHD RU F\WRSODVPLF UHVLVWLYLW\ DUH DOZD\V GHQRWHG
E\ ORZHU0FDVH OHWWHUV1 &RUUHVSRQGLQJ V\PEROV XVHG E\ PDQ\ HOHFWURSK\VLRORJLVWV DUH FP IRU f/ UP IRU 4@j/ DQG Ul
RU ã IRU u1
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WKH G\QDPLFV RI YROWDJH GLVWULEXWLRQV LQ WKH QHXULWLF FDEOHV DWWDFKHG WR WKH VRPD1 7KLV HTXDWLRQ LV

b2æ
Y2T e

Y%2æ
' T e n ô

YT e

Y|
+9,

RU/ LQ D QRUPDOL]HG YHUVLRQ/
Y2T e

Yf2
æ

' T e n
YT e

YA
+:,

ZKHUH WKH HOHFWURWRQLF SRWHQWLDO
T e ' T ý. +;,

LV WKH GHYLDWLRQ RI WKH PHPEUDQH SRWHQWLDO T IURP LWV UHVWLQJ YDOXH . DQG

bæ '

v
_æ
e}o

DQG ô '
S

}
+<,

DUH WKH QHXULWLF VSDFH DQG WLPH FRQVWDQWV WKDW ± LQ +:, ± DUH XVHG WR QRUPDOL]H VSDFH %æ DQG WLPH
| YLD

fæ '
%æ
bæ

DQG A '
|

ô
+43,

7KH QRUPDOL]HG GLVWDQFH fæ IURP WKH VRPD LV DOVR FDOOHG WKH HOHFWURWRQLF GLVWDQFH1 1RWH WKDW WKH
VSDFH FRQVWDQW bæ RI QHXULWH æ GHSHQGV RQ WKH GLDPHWHU _æ RI WKH QHXULWH1 7KLV PHDQV WKDW WKH
VSDFH FRQVWDQWV FDQ GLIIHU EHWZHHQ QHXULWHV1

$FFRUGLQJ WR DVVXPSWLRQV +:, DQG +;, IURP 5DOO¶V PRGHO/ WKH FXUUHQW GHQVLW\ ÀRZLQJ DFURVV WKH
PHPEUDQH RI QHXULWH æ DW ORFDWLRQ fæ LV

ð6cæEfæä ' S
YT e

Y|
n }T e ' }

ë
YT e

YA
n T e

ê
+44,

DQG DVVXPSWLRQV +6, DQG +9, LPSO\ >:5@ WKDW WKH D[LDO FXUUHQW ÀRZLQJ DORQJ QHXULWH æ DW ORFDWLRQ
fæ FDQ EH H[SUHVVHG DV

U@cæEfæä ' ý �

-æ

YT e

Y%æ
' ý �

bæ-æ

YT e

Yfæ
+45,

7KH WKLUG VWHS LV WKH VSHFL¿FDWLRQ RI ZKDW KDSSHQV DW WKH WHUPLQDWLRQV RI WKH QHXULWHV GLVWDO WR
WKH FHOO ERG\1 ,Q SULQFLSOH/ WKH UHVLVWDQFH HQFRXQWHUHG E\ D[LDO FXUUHQWV ÀRZLQJ EHWZHHQ WKH ODVW
VHJPHQW RI WKH QHXULWH DQG WKH H[WUDFHOOXODU PHGLXP FRXOG KDYH DQ\ YDOXH EHWZHHQ ]HUR +ZKLFK
LV FDOOHG WKH µNLOOHG HQG ERXQGDU\ FRQGLWLRQ¶, DQG LQ¿QLW\ +WKH µVHDOHG HQG ERXQGDU\ FRQGLWLRQ¶,
>:5@1 7KH NLOOHG HQG FRQGLWLRQ ZRXOG UHTXLUH WKDW WKH WUDQV0PHPEUDQH YROWDJH DW WKH WHUPLQD0
WLRQ RI WKH QHXULWH EH ]HUR DW DOO WLPHV >:5@/ D SRVVLELOLW\ WKDW LV FOHDUO\ UXOHG RXW E\ WKH RSWLFDO
PHDVXUHPHQWV SUHVHQWHG LQ VHFWLRQ 815 +ZKLFK LQGLFDWH WKDW FKDQJHV LQ PHPEUDQH YROWDJH FDQ LQ
IDFW EH REVHUYHG DW WKH WLS RI WKH QHXULWH,1 $OVR/ D QHXURQ ZLWK KLJKO\ FRQGXFWLYH QHXULWH HQGLQJV
ZRXOG QRW EH DEOH WR WUDQVPLW PXFK LQIRUPDWLRQ LQ WKH IRUP RI YROWDJH FKDQJHV WR LWV QHUYH WHUPL0
QDOV DQG IURP WKHUH WR DGMDFHQW FHOOV/ VR WKH NLOOHG HQG ERXQGDU\ FRQGLWLRQ ZRXOG QRW PDNH PXFK
VHQVH IURP D IXQFWLRQDO SRLQW RI YLHZ/ HLWKHU1 ,Q FRQWUDVW/ WKH VHDOHG HQG ERXQGDU\ FRQGLWLRQ FDQ
EH VKRZQ WR EH D YHU\ JRRG DSSUR[LPDWLRQ RI D PHPEUDQH F\OLQGHU ZKRVH HQG LV VHDOHG ZLWK D
GLVN FRPSRVHG RI WKH VDPH PHPEUDQH >:5@ ± ZKLFK LV WKH VLPSOHVW DVVXPSWLRQ RQH FDQ PDNH LI
QRWKLQJ LV NQRZQ DERXW WKH FRQGXFWDQFH RI WKH JURZWK FRQH¶V PHPEUDQH DV FRPSDUHG WR WKH UHVW
RI WKH QHXULWLF PHPEUDQH1 %HFDXVH RI WKHVH FRQVLGHUDWLRQV/ DQG IRU WKH VDNH RI D VLPSOH QHXURQ
PRGHO/ ZH PDNH WKH DVVXPSWLRQ RI VHDOHG QHXULWH HQGLQJV LQVWHDG RI LQWURGXFLQJ DQ DGGLWLRQDO
XQNQRZQ SDUDPHWHU LQ WKH HTXLYDOHQW FLUFXLW WR PRGHO WKH UHVLVWDQFH RI WKH QHUYH WHUPLQDO1

,Q WKH IRXUWK DQG ¿QDO VWHS/ VROXWLRQV RI WKH FDEOH HTXDWLRQ IRU GLIIHUHQW SHUWXUEDWLRQV RI WKH
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V\VWHP DUH GHULYHG1 0RVW RI WKH FDOFXODWLRQV QHFHVVDU\ IRU WKLV DUH GRQH LQ DSSHQGL[ &> WKH
IROORZLQJ WKUHH VXEVHFWLRQV VXPPDUL]H WKH VROXWLRQV GHULYHG WKHUH IRU GLIIHUHQW FHOO JHRPHWULHV/
SURFHHGLQJ IURP WKH VSHFLDO FDVHV RI QHXULWHOHVV FHOO ERGLHV DQG FHOOV ZLWK RQO\ RQH QHXULWH WR WKH
PRVW JHQHUDO FDVH RI D VRPD ZLWK DQ DUELWUDU\ QXPEHU RI XQEUDQFKHG QHXULWHV=

71415 &XUUHQW VWHS VROXWLRQ IRU FHOOV ZLWKRXW QHXULWHV
)RU WKH GHWHUPLQDWLRQ RI WKH VRPDWLF PHPEUDQH FRQGXFWDQFH DQG FDSDFLWDQFH LQ VHFWLRQ 814/ ZH
QHHG DQ H[SUHVVLRQ IRU D QHXULWHOHVV FHOO ERG\¶V YROWDJH UHVSRQVH WR D VWHS LQ WKH LQMHFWLRQ FXUUHQW1

)RU VXFK DQ LVRODWHG VRPD/ WKH HTXLYDOHQW FLUFXLW DFFRUGLQJ WR WKH SDVVLYH PRGHO UHGXFHV WR D
VLQJOH FRPSDUWPHQW ZLWK D FDSDFLWDQFH är LQ SDUDOOHO WR DQ RKPLF FRQGXFWDQFH Cr DQG D EDWWHU\
.1 7KH FXUUHQW Uð?æ LQMHFWHG LQWR WKH FHOO WKURXJK WKH HOHFWURGH KDV WR EH HTXDO WR WKH FXUUHQW
OHDYLQJ WKH FHOO YLD WKH PHPEUDQH/ VR ZH FDQ LPPHGLDWHO\ ZULWH GRZQ WKH GLIIHUHQWLDO HTXDWLRQ
JRYHUQLQJ WKH YROWDJH G\QDPLFV LQ WKLV FLUFXLW/ QDPHO\

Uð?æ ' är
_T

_|
nCrET ý .ä +46,

ZKHUH T LV WKH PHPEUDQH YROWDJH ± WKLV FDQ DOVR EH REWDLQHG E\ PXOWLSO\LQJ +44, IRU WKH VRPDWLF
FRPSDUWPHQW ZLWK WKH VRPDWLF PHPEUDQH DUHD1 7KLV HTXDWLRQ LV HDVLO\ VROYHG IRU D FXUUHQW VWHS
IURP Uð?æcf WR Uð?æc" DW WLPH ]HUR/ UHVXOWLQJ LQ D PRQR0H[SRQHQWLDO YROWDJH WUDQVLHQW GHFD\LQJ
ZLWK WKH VRPDWLF PHPEUDQH WLPH FRQVWDQW ô r ' är*Cr/ QDPHO\

T E|ä ' T" n
Uð?æcf ý Uð?æc"

Cr
e3

|
ôr +47,

ZKHUH T" GHQRWHV WKH VWHDG\ VWDWH YROWDJH DIWHU WKH FXUUHQW VWHS1

71416 6ROXWLRQV IRU FHOOV ZLWK RQH QHXULWH
$OWKRXJK QHXURQV FRQVLVWLQJ RI D FHOO ERG\ DQG D VLQJOH QHXULWH UDUHO\ RFFXUUHG LQ WKH FHOO FXOWXUHV
XVHG KHUH/ ZH FRQVLGHU WKLV VSHFLDO FDVH EHFDXVH WKH VROXWLRQV DUH QHHGHG IRU VHFWLRQ 7151 :LWK
RQO\ RQH QHXULWH/ RXU PRGHO LV LGHQWLFDO WR WKH RQH XVHG LQ WKH RULJLQDO OLWHUDWXUH RQ WKH VRPDWLF
VKXQW FDEOH PRGHO >47@>7<@/ EXW DV WKHVH SXEOLFDWLRQV GR QRW FRQWDLQ DOO WKH VROXWLRQV ZH UHTXLUH/
DOO GHVLUHG H[SUHVVLRQV DUH GHULYHG LQ DSSHQGL[ & DQG VXPPDUL]HG KHUH IRU WKUHH GLIIHUHQW W\SHV
RI SHUWXUEDWLRQV VXJJHVWHG E\ 5DOO >:6@/ QDPHO\=

41, D YROWDJH VWHS DSSOLHG DW WKH FHOO ERG\ RU
51, D FXUUHQW VWHS LQMHFWHG LQWR WKH FHOO ERG\ RU
61, D EULHI FXUUHQW SXOVH LQMHFWHG LQWR WKH FHOO ERG\1

7KH PRGHO QHXURQ¶V UHVSRQVHV XQGHU WKHVH GLIIHUHQW FRQGLWLRQV DUH +QRWH WKDW WKH LQGH[ æ IRU
GLIIHUHQW QHXULWHV LV VXSSUHVVHG KHUH,=

41, 9ROWDJH VWHS DSSOLHG DW WKH FHOO ERG\= )ROORZLQJ D VRPDWLF YROWDJH VWHS IURP T ercf WR T erc"
DW WLPH ]HUR/ WKH VSDWLR0WHPSRUDO YROWDJH GLVWULEXWLRQ LQ WKH VLQJOH QHXULWH LV

T eEfcA ä ' T erc"
ULtüEuýfä
ULtüu

n
2

u
ET ercf ý T erc"ä

"[
?'�

l?
l2? n �

tð? El?fä e
3E�nl2?äA +48,

ZKHUH u ' ,*b LV WKH QRUPDOL]HG OHQJWK RI WKH QHXULWH DQG WKH l? DUH GH¿QHG E\

l? '
E2?ý �äZ
2u

+49,
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7KH QHFHVVDU\ LQMHFWLRQ FXUUHQW IRU WKLV YROWDJH FODPS LV

Uð?æEA ä ' T erc"Cn ET
e
rc" ý T ercfä

2

ub-

"[
?'�

l?
l2? n �

e3E�nl
2
?äA +4:,

' T erc"Cn
"[
?'�

U?e
3 |
ô? +4;,

ZLWK WKH DPSOLWXGHV DQG WLPH FRQVWDQWV

U? ' ET
e
rc" ý T ercfä

2

ub-

l?
l2? n �

DQG ô? '
ô

� n l2?
+4<,

DQG WKH QHXURQ¶V LQSXW FRQGXFWDQFH C JLYHQ E\

C ' Cr n
|@?üu

b-
+53,

51, &XUUHQW VWHS LQMHFWHG LQWR WKH FHOO ERG\= 7KH YROWDJH WUDQVLHQW LQ WKH VLQJOH QHXULWH DIWHU D
VWHS LQ WKH LQMHFWLRQ FXUUHQW LV

T eEfc A ä ' T erc"
ULtüEuýfä
ULtüu

n
"[
?'�

g? ULtE#?Euýfääe3E�n#
2
?äA +54,

ZKHUH WKH #? DUH VROXWLRQV RI WKH WUDQVFHQGHQWDO HTXDWLRQ

Cr

k
�ý ô r

ô

ý
� n #2?

ül
' #?

|@? E#?uä

b-
+55,

DQG WKH FRHI¿FLHQWVg? DUH GH¿QHG E\

g? '
ý
T ercf ý T erc"

ü 2#? E|@?üun b-Crä

E� n #2?äun E�ý #2?ä tð?E#?uä n 2#?b-Cr ULtE#?uä
+56,

ZLWK WKH VRPDWLF VWHDG\ VWDWH SRWHQWLDOV T ercf DQG T erc" EHIRUH DQG DIWHU WKH FXUUHQW VWHS1 $O0
WKRXJK LW LV QRW LPPHGLDWHO\ REYLRXV/ WKLV UHVXOW FDQ EH VKRZQ WR EH HTXLYDOHQW WR HTXDWLRQ
+53, LQ >47@/ FRQ¿UPLQJ WKDW WKH FDOFXOXV LQ DSSHQGL[ & LV FRQVLVWHQW ZLWK WKH RULJLQDO VR0
PDWLF VKXQW FDEOH PRGHO IRU MXVW RQH QHXULWH1

61, &XUUHQW SXOVH LQMHFWHG LQWR WKH FHOO ERG\= 7KH FRPSOHWH DQDO\WLFDO H[SUHVVLRQ IRU WKH
YROWDJH WUDQVLHQW LQ WKH QHXULWH IROORZLQJ D EULHI FXUUHQW SXOVH LQMHFWHG LQWR WKH VRPD LV

T eEfc A ä ' T ercf
ULtüEuýfä
ULtüu

+57,

n
"[
?'�

g?E�ý e3ARü,reE�n#2?ää ULtE#?Euýfääe3E�n#
2
?äA

ZKHUH WKH #? DQG g? DUH DJDLQ JLYHQ E\ +55, DQG +56, DQG ZKHUH A Rü,re LV WKH QRUPDOL]HG
SXOVH GXUDWLRQ1

71417 6ROXWLRQV IRU FHOOV ZLWK DUELWUDULO\ PDQ\ QHXULWHV
7KH FDOFXOXV OHDGLQJ WR WKHVH PRVW JHQHUDO VROXWLRQV LV DJDLQ GRQH LQ DSSHQGL[ &> WKH GHULYDWLRQV
IROORZ WKH VDPH VWUDWHJLHV DV SUHYLRXVO\ DSSOLHG WR D VRPD ZLWK RQO\ RQH FDEOH DWWDFKHG >47@
>:6@>:8@/ EXW H[WHQG WKH VROXWLRQV WR D QHXURQ FRQVLVWLQJ RI a : � QHXULWHV DWWDFKHG WR D FHOO ERG\
DQG WKXV PDNH WKHP DSSOLFDEOH WR WKH QHXURQV XVHG LQ WKH SUHVHQW VWXG\1 7KH UHVXOWV IRU WKH VDPH
W\SHV RI SHUWXUEDWLRQV DV DERYH DUH/ LQ VXPPDU\=

41, 9ROWDJH VWHS DSSOLHG DW WKH FHOO ERG\= ,I WKH VRPDWLF YROWDJH LV VWHSSHG IURP T ercf WR T erc"
DW WLPH ]HUR/ WKH UHVXOWLQJ VSDWLR0WHPSRUDO YROWDJH GLVWULEXWLRQ LQ QHXULWH æ LV
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ZKHUH uæ ' ,æ*bæ LV WKH QRUPDOL]HG OHQJWK RI QHXULWH æ DQG WKH læc? DUH GH¿QHG E\

læc? '
E2?ý �äZ
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+59,

7KH FXUUHQW WKDW KDV WR EH LQMHFWHG LQWR WKH VRPD WR DFKLHYH WKLV YROWDJH FODPS LV
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+5;,

LV WKH QHXURQ¶V LQSXW FRQGXFWDQFH1 7KXV WKH SDUW RI WKH LQMHFWLRQ FXUUHQW GXH WR QHXULWH æ
FRQVLVWV RI H[SRQHQWLDOO\ GHFD\LQJ FXUUHQWV ZLWK WLPH FRQVWDQWV

ô æc? '
ô

� n l2æc?
+5<,

ZLWK ô æc� EHLQJ WKH ODUJHVW WLPH FRQVWDQW/ IROORZHG E\ ô æc2/ DQG VR RQ1
51, &XUUHQW VWHS LQMHFWHG LQWR WKH FHOO ERG\= ,I WKH LQMHFWLRQ FXUUHQW DW WKH VRPD LV VWHSSHG WR

D GLIIHUHQW YDOXH DW WLPH ]HUR/ WKH YROWDJH WUDQVLHQW LQ QHXULWH æ LV
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ZKHUH T ercf LV WKH YROWDJH DW WKH VRPD EHIRUH WKH VWHS DQG WKH #? DUH VROXWLRQV RI WKH WUDQVFHQ0
GHQWDO HTXDWLRQ
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bæ-æ
+64,

ZKHUH ô r LV WKH WLPH FRQVWDQW RI WKH VRPDWLF PHPEUDQH1 ,I WKH #? DUH QXPEHUHG LQ DVFHQGLQJ
RUGHU/ WKH H[SRQHQWLDOO\ GHFD\LQJ FRPSRQHQWV RI WKH YROWDJH WUDQVLHQWV KDYH WLPH FRQVWDQWV

ô? '
ô

� n #2?
+65,

ZLWK ô? : ô?n�1 )RU WKH FRHI¿FLHQWV gæc?/ QR DQDO\WLFDO H[SUHVVLRQ LV NQRZQ ZKHQ a :
� ± LI FRPSOHWH VROXWLRQV IRU WKH YROWDJH WUDQVLHQWV DUH QHHGHG/ WKH\ KDYH WR EH REWDLQHG
QXPHULFDOO\1

61, &XUUHQW SXOVH LQMHFWHG LQWR WKH FHOO ERG\= ,I D EULHI FXUUHQW SXOVH LV LQMHFWHG LQWR WKH VRPD
DQG WHUPLQDWHV DW WLPH ]HUR/ WKH YROWDJH WUDQVLHQW LQ QHXULWH æ KDV WKH VDPH VWUXFWXUH DV IRU D
FXUUHQW VWHS +VHH +63,,/ QDPHO\
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?äA +66,

ZKHUH T ercf LV WKH YROWDJH DW WKH VRPD EHIRUH WKH SXOVH DQG WKH #? DJDLQ DUH WKH VROXWLRQV RI
+64,1 2QO\ WKH FRHI¿FLHQWV�æc? DUH GLIIHUHQW> WKH\ DUH UHODWHG WR WKHgæc? YLD

�æc? ' gæc?E�ý e3ARü,reE�n#2?ää +67,
ZKHUH A Rü,re LV WKH QRUPDOL]HG SXOVH GXUDWLRQ1 %XW EHFDXVH WKH gæc? DUH QRW NQRZQ DQDO\WL0
FDOO\/ FRPSOHWH VROXWLRQV IRU D FHOO ZLWK DUELWUDULO\ PDQ\ QHXULWHV FDQ ± DV DERYH ± RQO\ EH
REWDLQHG E\ QXPHULFDO VLPXODWLRQ1
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715 :K\ GR ZH QHHG LPDJLQJ GDWD"
7KH VLPSOHVW EXLOGLQJ EORFN RI GHVLJQHG QHXUDO QHWZRUNV LV D FHOO ERG\ ZLWK RQH RU VHYHUDO XQ0
EUDQFKHG QHXULWHV DWWDFKHG WR LW1 )RU WKH SDVVLYH FDEOH PRGHO/ ¿YH GLIIHUHQW SDUDPHWHUV KDYH WR EH
VSHFL¿HG WR IXOO\ GHVFULEH WKH HOHFWULFDO EHKDYLRU RI WKLV EDVLF XQLW/ QDPHO\ Sr DQG }r IRU WKH VR0
PDWLF PHPEUDQH/ S DQG } IRU WKH QHXULWLF PHPEUDQH DQG o IRU WKH F\WRSODVP1 :KDW LV WKH HDVLHVW
ZD\ WR PHDVXUH WKHVH SDUDPHWHUV"

7KH WZR VRPDWLF SDUDPHWHUV Sr DQG }r/ RQH PLJKW WKLQN/ FDQ EH PHDVXUHG LQGHSHQGHQWO\ RQ QHXUDO
FHOO ERGLHV ZLWKRXW DQ\ QHXULWHV WKDW DUH DYDLODEOH LQ WKH FHOO FXOWXUHV1 $V ZLOO EH VKRZQ LQ VHFWLRQ
815/ KRZHYHU/ WKLV GRHV QRW ZRUN KHUH EHFDXVH FHOO ERGLHV RI VQDLO FHOOV ZLWK QHXULWHV KDYH
RWKHU HOHFWULFDO SURSHUWLHV WKDQ QHXULWHOHVV FHOO ERGLHV1 7KH QXPEHU RI XQNQRZQ YDULDEOHV
FDQ WKHUHIRUH QRW EH UHGXFHG IURP ¿YH WR WKUHH E\ LQGHSHQGHQW PHDVXUHPHQWV RQ QHXULWHOHVV FHOO
ERGLHV1

)RU D FHOO ZLWK QHXULWHV/ DQ\ FXUUHQW LQMHFWHG LQWR WKH VRPD SDUWO\ ÀRZV LQWR WKRVH QHXULWHV/ DQG
WKH LQMHFWLRQ FXUUHQW QHFHVVDU\ IRU D VRPDWLF YROWDJH VWHS LV SDUWO\ GXH WR WKH UHVXOWLQJ FKDQJHV
LQ WKH QHXULWLF YROWDJH GLVWULEXWLRQ/ VR XQGHU FXUUHQW FODPS DV ZHOO DV YROWDJH FODPS FRQGLWLRQV
ZH H[SHFW WKDW WKH HOHFWULFDO SURSHUWLHV RI WKH QHXULWHV LQÀXHQFH WKH RYHUDOO UHVSRQVH PHDVXUHG DW
WKH VRPD1 7KLV LV FRQ¿UPHG E\ WKH H[SUHVVLRQV GHULYHG IRU VXFK UHVSRQVHV LQ VHFWLRQ 714/ QDPHO\
+5:, DQG +66,1 *LYHQ WKHVH HTXDWLRQV/ LW LV WHPSWLQJ WR WKLQN WKDW WKH HOHFWULFDO SURSHUWLHV RI VRPD
DV ZHOO DV QHXULWLF FDEOHV FDQ EH GHWHUPLQHG IURP VRPDWLF WUDQVLHQWV LQ UHVSRQVH WR YROWDJH RU
FXUUHQW VWHSV/ DQG WKH SUHVHQW VHFWLRQ GHVFULEHV KRZ H[DFWO\ WKLV FRXOG ± LQ WKHRU\ ± EH GRQH IRU D
FHOO ZLWK RQH QHXULWH1

+RZHYHU/ WKLV DSSURDFK GRHV QRW ZRUN LQ UHDOLW\/ ZKLFK LV DOVR GHPRQVWUDWHG EHORZ1 7KH HOHF0
WULFDO SDUDPHWHUV GHVFULELQJ WKH QHXURQ FDQ WKXV QRW EH GHULYHG IURP HOHFWURSK\VLRORJLFDO
PHDVXUHPHQWV DW WKH VRPD DORQH ± WKLV LV ZK\ ZH QHHG WR PHDVXUH YROWDJH WUDQVLHQWV GLUHFWO\
LQ WKH QHXULWHV ZLWK WKH DLG RI YROWDJH0VHQVLWLYH G\HV1

(OHFWULFDO SDUDPHWHUV IURP VRPDWLF YROWDJH WUDQVLHQWV "
$PHWKRG WR GHULYH WKH HOHFWULFDO SDUDPHWHUV RI D SDVVLYH QHXURQ ZLWK RQH QHXULWH IURP LWV VRPDWLF
YROWDJH WUDQVLHQW LQ UHVSRQVH WR D FXUUHQW VWHS ZDV VXJJHVWHG LQ WKH ¿UVW SXEOLFDWLRQV RQ WKH VRPDWLF
VKXQW FDEOH PRGHO >47@>7<@1 7KLV PHWKRG FRQVLVWV RI ¿WWLQJ WKH WZR VORZHVW GHFD\LQJ FRPSRQHQWV
RI WKH YROWDJH WUDQVLHQW WR H[SRQHQWLDOV DQG RI WKHQ ¿QGLQJ WKH HOHFWULFDO SDUDPHWHUV WKDW EHVW
UHSURGXFH WKH DPSOLWXGHV DQG WLPH FRQVWDQWV RI WKHVH H[SRQHQWLDOV1

6SHFL¿FDOO\/ WKHPHWKRG LQYROYHV WKH IROORZLQJ VWHSV=

41, )LWWLQJ WKH VRPDWLF YROWDJH WUDQVLHQW DIWHU WKH FXUUHQW VWHS WR WKH IXQFWLRQ
T E|ä ' T" n T�e

3 |
ô� n T2e

3 |
ô2 +68,

ZKHUH T" LV REWDLQHG IURP WKH VWHDG\ VWDWH DW WKH HQG RI WKH WUDQVLHQW DQG ZKHUH T�/ T2/ ô �
DQG ô2 DUH ¿W YDULDEOHV1 %HFDXVH WKH WUDQVLHQW +DFFRUGLQJ WR +54,, WKHRUHWLFDOO\ FRQVLVWV RI
LQ¿QLWHO\ PDQ\ H[SRQHQWLDOO\ GHFD\LQJ FRPSRQHQWV ZLWK GLIIHUHQW WLPH FRQVWDQWV/ ¿WWLQJ WKH
WUDQVLHQW ZLWK RQO\ WZR FRPSRQHQWV LV D FRPSURPLVH EHWZHHQ ¿W DFFXUDF\ DQG QXPEHU RI
IUHH YDULDEOHV1 7R DYRLG ¿W HUURUV GXH WR WKH IDVWHU GHFD\LQJ FRPSRQHQWV/ WKH ¿UVW 318PV DIWHU
WKH FXUUHQW SXOVH VKRXOG WKHUHIRUH EH H[FOXGHG IURP WKH DQDO\VLV ><3@1

51, &KRRVLQJ D SDLU RI YDOXHV IRU ô DQG u1
61, &RPSXWLQJ #� DQG #2 IURP ô �/ ô2 DQG ô ZLWK +65,1
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71, &RPSXWLQJ WKH UDWLR RI WKH VRPDWLF DQG QHXULWLF WLPH FRQVWDQWV +FDOOHG µVRPDWLF VKXQW SD0
UDPHWHU 0¶ LQ >47@, ZLWK
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+69,

ZKLFK LV REWDLQHG E\ HOLPLQDWLQJ b-Cr IURP WKH WZR YHUVLRQV RI +55, IRU ?  4 DQG ?  51
81, &RPSXWLQJ WKH UDWLR RI WKH QHXULWLF LQSXW FRQGXFWDQFH DQG VRPDWLF PHPEUDQH FRQGXFWDQFH

+LQ >47@ FDOOHG µGHQGULWLF GRPLQDQFH UDWLR 4¶, YLD
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ZKLFK LV GHULYHG IURP +55, IRU ? ' 41
91, :LWK DOO WKHVH YDOXHV/ FDOFXODWLQJ WKH WKHRUHWLFDOO\ H[SHFWHG YDOXHV RI T� DQG T2 DFFRUGLQJ
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+6;,

ZKLFK FDQ EH REWDLQHG IURP +54, DQG +56,1
:1, (YDOXDWLQJ WKH VTXDUHG HUURU IXQFWLRQ RI WKH WZR DPSOLWXGHV/ ZKLFK LV GH¿QHG E\

7. ' ET� ý T |ûeJ� ä2 n ET2 ý T |ûeJ2 ä2 +6<,
;1, 5HSHDWLQJ VWHSV 51, WKURXJK :1, WR ¿QG WKH YDOXHV RI ô DQG u WKDW PLQLPL]H WKH HUURU IXQFWLRQ1

7RJHWKHU ZLWK WKH LQSXW FRQGXFWDQFH C RI WKH QHXURQ/ ZKLFK LV REWDLQHG IURP WKH VWHDG\ VWDWH
YROWDJH DQG FXUUHQW DW WKH HQG RI WKH FXUUHQW WUDQVLHQW/ WKH SDUDPHWHUV ô / u/ 0/ DQG 4 LQ WKH PLQ0
LPXP RI WKH HUURU IXQFWLRQ GHVFULEH WKH HOHFWULFDO EHKDYLRU RI D QHXURQ ZLWKRXW UHTXLULQJ DQ\
LQIRUPDWLRQ DERXW WKH SK\VLFDO GLPHQVLRQV RI WKH FHOO/ ZKLFK LV DQ DGYDQWDJH LI WKH PRGHO LV DS0
SOLHG WR FHOOV ZKRVH H[DFW GLPHQVLRQV DUH XQNQRZQ1 %XW LI/ DV KHUH/ WKH GLPHQVLRQV RI WKH QHXURQ
DUH NQRZQ/ WKHVH ¿YH SDUDPHWHUV FDQ HDVLO\ EH WUDQVODWHG LQWR Sr/ }r/ S/ } DQG o ZLWK +69,/ +6:,
DQG HTXDWLRQV IURP VHFWLRQ 71414/ VKRZLQJ WKDW WKH WZR VHWV RI SDUDPHWHUV DUH HTXLYDOHQW LI WKH
SK\VLFDO GLPHQVLRQV RI WKH QHXURQ DUH NQRZQ1

8QIRUWXQDWHO\/ WKH VR0FDOOHG µLQYHUVH¶ RU µSDUDPHWHU LGHQWL¿FDWLRQ¶ SUREOHP IRU WKH VRPDWLF
VKXQW FDEOH PRGHO/ QDPHO\ WKH GHWHUPLQDWLRQ RI DOO ¿YH SDUDPHWHUV IURP VRPDWLF YROWDJH
WUDQVLHQWV DV GHVFULEHG DERYH/ LV LOO0SRVHG/ PHDQLQJ WKDW YHU\ VPDOO HUURUV LQ PHDVXUHG GDWD
± IRU H[DPSOH GXH WR YHU\ PRGHVW OHYHOV RI QRLVH ± FDQ OHDG WR ODUJH DQG XQSUHGLFWDEOH HUURUV LQ
SDUDPHWHU HVWLPDWHV1 7KLV KDV EHHQ GHPRQVWUDWHG LQ ><3@ E\ FRPSXWLQJ VRPDWLF YROWDJH WUDQVLHQWV
IRU PRGHO QHXURQV DFFRUGLQJ WR WKH VRPDWLF VKXQW FDEOH PRGHO DQG E\ WKHQ WUHDWLQJ WKHP DV LI WKH\
ZHUH H[SHULPHQWDOO\ REWDLQHG WUDQVLHQWV/ ZLWK JURVVO\ LQDFFXUDWH UHVXOWV=

)LJ1 715 +DGDSWHG IURP ><3@, VKRZV D QRLVHOHVV DQG D QRLV\ WUDQVLHQW FRPSXWHG IRU VXFK D PRGHO
QHXURQ DQG LOOXVWUDWHV WKH VKDSH RI WKH HUURU VXUIDFH 7.Eô c uä FRPSXWHG IRU WKH QRLVHOHVV WUDQVLHQW
DFFRUGLQJ WR +6<,1 %HWZHHQ WKH GRWWHG OLQHV/ WKH HUURU VXUIDFH KDV D ODUJH GRPDLQ IRU ZKLFK
WKH FRPSXWHG HUURU LV YHU\ VPDOO/ LQGLFDWLQJ WKDW PRGHO QHXURQV ZLWK YHU\ GLIIHUHQW HOHFWULFDO
SDUDPHWHUV FDQ UHVSRQG ZLWK DOPRVW LGHQWLFDO VRPDWLF WUDQVLHQWV WR WHVW FXUUHQW VWHSV1 )RU
WKH QRLVHOHVV WUDFH/ WKLV LQKHUHQW LOO0SRVHGQHVV RI WKH SDUDPHWHU LGHQWL¿FDWLRQ SUREOHP OHDGV WR
HUURUV LQ SDUDPHWHU HVWLPDWHV WKDW UDQJH IURP 7( IRU u WR ::( IRU 01 )RU QRLV\ WUDFHV +HYHQ LI
WKH QRLVH OHYHO LV DV VPDOO DV LOOXVWUDWHG LQ WKH OHIW SDUW RI ¿J1 715,/ WKH VLWXDWLRQ LV HYHQ ZRUVH=
7KH PLQLPD RI 7. IRXQG IRU WHQ GLIIHUHQW QRLV\ WUDFHV +VKRZQ DV UHG GRWV LQ WKH ULJKW SDUW RI ¿J1
715, FRUUHVSRQG WR ZLGHO\ YDU\LQJ VHWV RI HOHFWULFDO SDUDPHWHUV/ ZLWK UHODWLYH HUURUV RI VRPHWLPHV
VHYHUDO 433( ><3@1
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)LJXUH 715= 7KH HOHFWULFDO SDUDPHWHUV RI QHXURQV FDQ QRW EH GHWHUPLQHG IURP VRPDWLF YROWDJH
WUDQVLHQWV1 +/HIW, 6RPDWLF YROWDJH WUDQVLHQWV FRPSXWHG IRU D PRGHO QHXURQ ZLWK á @ 43PV/ O @ 318/
% @ 318/ ã @ 8 DQG J @ 48Q6 LQ UHVSRQVH WR D FXUUHQW VWHS RI ý433S$1 üY LV WKH GHYLDWLRQ RI WKH
PHPEUDQH SRWHQWLDO IURP LWV UHVWLQJ YDOXH1 7KH GDVKHG FXUYH LV WKH RULJLQDO/ QRLVHOHVV UHVSRQVH> IRU WKH
VROLG FXUYH/ QRUPDOO\ GLVWULEXWHG QRLVH ZLWK D VWDQGDUG GHYLDWLRQ RI 43ç9 ZDV DGGHG ± WKH FXUYH ZDV DOVR
VKLIWHG E\ ý4P9 WR DOORZ FRPSDULVRQ1 +5LJKW, (UURU VXUIDFH VH+á > O, IRU WKH QRLVHOHVV WUDFH1 /LQHV RQ WKH
SORW UHSUHVHQW FRQWRXUV RI FRQVWDQW VH/ QDPHO\ VH @ 31334 +GRWWHG,/ VH @ 31338 +GDVKHG,/ VH @ 3138
+GDVKHG DQG GRWWHG,/ DQG VH @ 318 +WKLQ VROLG,1 ,OOHJDO GRPDLQV +LQ ZKLFK RQH RI WKH HOHFWULFDO SDUDPHWHUV
LV QHJDWLYH, DUH KDWFKHG DQG VHSDUDWHG IURP WKH OHJDO GRPDLQV E\ KHDY\ OLQHV1 7KH UHJLRQ ZLWK á ? á4 LV
H[FOXGHG IURP WKH VXUIDFH EHFDXVH á è á4 DFFRUGLQJ WR +53,1 7KH FRUUHFW VROXWLRQ IRU á DQG O LV LQGLFDWHG
E\ WKH RSHQ FLUFOH/ WKH RSHQ VTXDUH VKRZV WKH HUURU PLQLPXP IRU WKH QRLVHOHVV WUDQVLHQW DQG WKH UHG GRWV
DUH HUURU PLQLPD IRU WHQ GLIIHUHQW QRLV\ VLJQDOV1 $GDSWHG IURP ><3@1

(OHFWULFDO SDUDPHWHUV RI QHXURQV FDQ KHQFH QRW EH UHOLDEO\ HVWLPDWHG E\ ¿WWLQJ WKHLU VRPDWLF
YROWDJH UHVSRQVH DIWHU D FXUUHQW VWHS1

(OHFWULFDO SDUDPHWHUV IURP VRPDWLF FXUUHQW WUDQVLHQWV "
7KH ¿W VWUDWHJ\ VXJJHVWHG LQ >47@ DQG >7<@ DQG GHVFULEHG DERYH GRHV QRW FRQVLGHU YROWDJH FODPS
GDWD1 %XW RQH FDQ VKRZ WKDW DGGLWLRQDO LQIRUPDWLRQ JDLQHG IURP VRPDWLF FXUUHQW WUDQVLHQWV XQGHU
YROWDJH FODPS FDQ QRW EH XVHG WR GHWHUPLQH WKH HOHFWULFDO SDUDPHWHUV RI D QHXURQ/ HLWKHU1 7R
GHPRQVWUDWH WKLV/ ZH ¿UVW GHULYH H[SUHVVLRQV RI WKH HOHFWULFDO SDUDPHWHUV LQ WHUPV RI YROWDJH
FODPS GDWD DQG WKHQ SURFHHG DV LQ ><3@/ WKDW LV/ ZH DSSO\ WKHVH H[SUHVVLRQV WR DUWL¿FLDO GDWD IURP
D PRGHO QHXURQ DQG FRPSDUH WKH UHVXOWLQJ SDUDPHWHUV WR WKH WUXH YDOXHV1

:H FDQ REWDLQ DQ H[SUHVVLRQ IRU ô LI ZH FRPSXWH WKH DPSOLWXGH UDWLR RI WKH WZR VORZHVW GHFD\LQJ
FRPSRQHQWV +IRU ? ' 4 DQG ? ' 5, RI WKH FXUUHQW WUDQVLHQW +4:, ZLWK WKH DLG RI +4<,/ ZKLFK JLYHVë
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Eô �*U�ä
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ô�*U2� ý ô 2*U22
+73,

7KXV LI U�/ U2/ ô � DQG ô 2 FDQ EH GHWHUPLQHG IURP DQ H[SHULPHQWDO WUDQVLHQW/ ô FDQ EH FRPSXWHG1
:LWK ô NQRZQ/ u FDQ EH REWDLQHG IURP
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+74,

ZKLFK LV D FRPELQDWLRQ RI +59, DQG +4<,1 7KH QH[W VWHS LV WR FRPSXWH WKH SURGXFW b- IURP
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+75,

ZKLFK ZDV IRXQG E\ VROYLQJ +4<, IRU b- LQ WKH FDVH RI ? ' 41 $QG ¿QDOO\/ Cr FDQ EH REWDLQHG
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)LJXUH 716= 6RPDWLF FXUUHQW WUDQVLHQW DQG ¿W IRU D PRGHO QHXURQ LQ UHVSRQVH WR D YROWDJH VWHS RI
ý43P91 7KLV JUDSK VKRZV WKH ¿UVW ;PV RI WKH FXUUHQW UHVSRQVH FDOFXODWHG IRU WKH PRGHO QHXURQ GHVFULEHG
LQ WKH WH[W +EODFN GRWV, DQG WKH FRUUHVSRQGLQJ ¿W DFFRUGLQJ WR +73, +UHG OLQH,1 'DWD DQG ¿W DJUHH ZHOO IRU
WLPHV JUHDWHU WKDQ 83çV1

IURP +5;, EHFDXVH ZH NQRZ WKH LQSXW FRQGXFWDQFH C RI WKH QHXURQ IURP WKH VWHDG\ VWDWH YROWDJH
DQG FXUUHQW DW WKH HQG RI WKH FXUUHQW WUDQVLHQW +VHH WLPH0LQGHSHQGHQW SDUW RI +4:,,1

$V ZH DOVR NQRZ WKH SK\VLFDO GLPHQVLRQV RI WKH QHXURQ/ WKH UHVXOWV IRU ô / u/ b- DQG Cr FDQ
WKHQ HDVLO\ EH WUDQVODWHG LQWR WKH HOHFWULFDO SDUDPHWHUV }/ S/ o DQG }r ZLWK HTXDWLRQV IURP VHF0
WLRQ 714141 1RWH/ KRZHYHU/ WKDW WKH VRPDWLF FDSDFLWDQFH Sr FDQ QRW EH GHULYHG IURP WKH FXUUHQW
UHVSRQVH WR D VRPDWLF YROWDJH VWHS1 7KLV LV EHFDXVH IRU DQ LGHDO YROWDJH VWHS/ WKH FKDUJLQJ RI WKH
VRPDWLF PHPEUDQH FDSDFLWDQFH RFFXUV LQVWDQWDQHRXVO\/ VXFK WKDW WKH RQO\ FRQWULEXWLRQ RI WKH VR0
PDWLF PHPEUDQH WR WKH FXUUHQW WUDQVLHQW DIWHU WKH VWHS LV WKH FXUUHQW ÀRZLQJ YLD LWV FRQGXFWDQFH
± WKH VRPDWLF FDSDFLWDQFH GRHV QRW FRQWULEXWH WR WKH FXUUHQW WUDQVLHQW DQG FDQ WKHUHIRUH QRW EH
GHWHUPLQHG IURP LW1

7R WHVW ZKHWKHU WKHVH H[SUHVVLRQV ± LI DSSOLHG WR VRPDWLF FXUUHQW WUDQVLHQWV ± JLYH WKH FRUUHFW
HOHFWULFDO SDUDPHWHUV/ D SDVVLYH PRGHO QHXURQ ZLWK WKH IROORZLQJ JHRPHWULFDO DQG HOHFWULFDO SD0
UDPHWHUV ZDV FRQVWUXFWHG= VRPD GLDPHWHU _r ' 93>P/ QHXULWH GLDPHWHU _ ' 8>P/ QHXULWH OHQJWK
, ' 633>P/ VRPDWLF FRQGXFWDQFH }r ' 3136P62FP5/ VRPDWLF FDSDFLWDQFH Sr ' 414>)2FP5/ QHX0
ULWLF FRQGXFWDQFH } ' 3135P62FP5/ QHXULWLF FDSDFLWDQFH S ' 413>)2FP5/ F\WRSODVPLF UHVLVWLYLW\
o ' 6<7lFP1 7KLV FRUUHVSRQGV WR D VRPDWLF PHPEUDQH WLPH FRQVWDQW RI ô r ' 6:PV/ D QHXULWLF
WLPH FRQVWDQW RI ô ' 83PV DQG D QHXULWLF VSDFH FRQVWDQW RI b ' 4593>P ± WKH HOHFWULFDO SDUDPH0
WHUV DUH FRQVLVWHQW ZLWK WKH UHVXOWV IURP FKDSWHU 8 IRU FXOWXUHG /\PQDHD QHXURQV DQG WKH SK\VLFDO
GLPHQVLRQV DUH W\SLFDO IRU VXFK FHOOV1

7KH UHVSRQVH RI WKLV PRGHO QHXURQ WR D YROWDJH VWHS RI ý43P9 DSSOLHG DW WKH VRPD ZDV WKHQ
FRPSXWHG ZLWK WKH DLG RI +4:,> LW LV VKRZQ LQ ¿J1 7161 7KLV WUDQVLHQW ZDV ¿W WR WKH IXQFWLRQ

UE|ä ' U" n U�e
3 |
ô� n U2e

3 |
ô2 +76,

ZKHUH WKH YDOXH RI U" ZDV REWDLQHG IURP WKH VWHDG\ VWDWH DW WKH HQG RI WKH WUDQVLHQW DQG WKH
DPSOLWXGHV U� DQG U2 DQG WKH WLPH FRQVWDQWV ô� DQG ô 2 ZHUH WKH ¿W SDUDPHWHUV1 7R DYRLG ¿W HUURUV
GXH WR IDVWHU GHFD\LQJ FRPSRQHQWV/ WKH ¿UVW 83>V RI WKH WUDQVLHQW ZHUH H[FOXGHG IURP WKH DQDO\VLV
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± QRWH WKDW IRU DQ H[SHULPHQWDO WUDQVLHQW/ WKHVH LQLWLDO GDWD ZRXOG QRW EH UHOLDEOH/ DQ\ZD\/ EHFDXVH
RI VWLPXOXV DUWLIDFWV ><3@ DQG EHFDXVH YROWDJH VWHSV ZLWK UDPS GXUDWLRQV EHORZ 83>V DUH KDUG WR
DFKLHYH ZLWK VLQJOH0HOHFWURGH YROWDJH FODPS LQ ODUJH FHOOV >54@1 7KH UHVXOWLQJ ¿W LV DOVR VKRZQ LQ
¿J1 716> LW LV YLUWXDOO\ LGHQWLFDO WR WKH FDOFXODWHG WUDQVLHQW IRU WLPHV JUHDWHU WKDQ 83>V1

$V ZH NQRZ WKH H[DFW SDUDPHWHUV RI WKH PRGHO QHXURQ/ ZH FDQ FRPSXWH WKH WUXH YDOXHV IRU WKH
WZR ODUJHVW WLPH FRQVWDQWV LQ WKH WUDQVLHQW DQG IRU WKH FRUUHVSRQGLQJ DPSOLWXGHV ZLWK +59, DQG
+4:,1 7KH WUXH YDOXHV/ WKRVH REWDLQHG ZLWK WKH ¿W DQG WKHLU UDWLRV DUH

WUXH YDOXH IURP ¿W ¿W UHVXOW
WUXH YDOXH

ô � >PV@ 41457 4144; 31<<
U� >Q$@ ý3137< ý31383 4135
ô 2 >PV@ 3145: 31433 31:<
U2 >Q$@ ý3134: ý31358 417:

7KH DJUHHPHQW EHWZHHQ WKH ¿W UHVXOWV DQG WKH WUXH YDOXHV LV YHU\ JRRG IRU WKH VORZHVW FRPSR0
QHQW/ EXW QRW VR JRRG IRU WKH VHFRQG FRPSRQHQW1 7KH UHDVRQ IRU WKLV LV WKDW WKH VHFRQG WLPH
FRQVWDQW LV YHU\ VPDOO DQG/ LQ SDUWLFXODU/ LV QRW PXFK ODUJHU WKDQ WKH WKLUG WLPH FRQVWDQW +ZKLFK
LV ôô ' 31378PV DFFRUGLQJ WR WKHRU\, DQG DOVR QRW IDU DERYH WKH FXW0RII WLPH RI 83>V FKRVHQ
WR DYRLG FRQWDPLQDWLRQV E\ KLJKHU RUGHU FRPSRQHQWV1 7KLV DOUHDG\ LQGLFDWHV WKDW FXUUHQW WUDQ0
VLHQWV LQ UHVSRQVH WR YROWDJH VWHSV PD\ EH WRR IDVW IRU D UHOLDEOH GHWHUPLQDWLRQ RI HOHFWULFDO
FHOO SDUDPHWHUV/ DQG LW LV DOVR WKH UHDVRQ ZK\ XVLQJ YROWDJH FODPS GDWD ZDV DYRLGHG LQ ><3@1

)URP U�/ U2/ ô � DQG ô 2/ ZH FRPSXWH WKH HOHFWULFDO SDUDPHWHUV RI WKH QHXURQ DV GHVFULEHG DERYH1
7KH UHVXOWV/ WKH WUXH YDOXHV DQG WKH UDWLRV EHWZHHQ WKHP DUH

WUXH YDOXH IURP ¿W ¿W UHVXOW
WUXH YDOXH

} >P62FP5@ 3135 318< 5<183
S >>)2FP5@ 4133 31<: 31<:
o >lFP@ 6<7 455: 6144
}r >P62FP5@ 3136 0313: 05166

7KH UDWLR RI ¿W UHVXOW DQG WUXH YDOXH LV FORVH WR RQH RQO\ IRU S/ DQG IDU IURP RQH IRU WKH RWKHU WKUHH
YDULDEOHV ± WKH HOHFWULFDO FHOO SDUDPHWHUV REWDLQHG IURP WKH VRPDWLF FXUUHQW WUDQVLHQW LQ UHVSRQVH
WR D YROWDJH VWHS KHQFH DUH JURVVO\ LQDFFXUDWH HYHQ IRU QRLVHOHVV GDWD IURP D SHUIHFWO\ SDVVLYH
PRGHO QHXURQ1 )RU WKH PRUH UHDOLVWLF FDVH RI D QRLV\ WUDQVLHQW ZLWK VWLPXOXV DUWLIDFWV REWDLQHG
IURP D UHDO QHXURQ/ WKH UHVXOW ZLOO QRW EH EHWWHU/ LPSO\LQJ WKDW D QHXURQ ZLWK RQH QHXULWH FDQ QRW
EH FKDUDFWHUL]HG E\ DQDO\]LQJ LWV FXUUHQW UHVSRQVH WR D YROWDJH VWHS/ HLWKHU1

:H QHHG PHDVXUHPHQWV RI QHXULWLF WUDQVLHQWV$
,Q VXPPDU\/ WKH SUHVHQW VHFWLRQ GHPRQVWUDWHV WKDW WKH HOHFWULFDO SDUDPHWHUV Sr/ }r/ S/ } DQG o RI
D SHUIHFWO\ SDVVLYH FHOO ZLWK RQO\ RQH QHXULWH FDQ QRW EH GHWHUPLQHG IURP HOHFWURSK\VLRORJLFDO
PHDVXUHPHQWV DW WKH VRPD DORQH1 $V PRUH QHXULWHV DQG HYHQ ZHDN YROWDJH0GHSHQGHQFH RI WKH
PHPEUDQH FRQGXFWDQFH FDQ RQO\ FRPSOLFDWH WKH VLWXDWLRQ/ WKLV GHPRQVWUDWLRQ RI LOO0SRVHGQHVV
IRU WKH VRPDWLF VKXQW FDEOH PRGHO LPSOLHV WKDW ZH FDQ QRW FKDUDFWHUL]H FXOWXUHG /\PQDHD QHX0
URQV ZLWK VHYHUDO QHXULWHV LI ZH ODFN DGGLWLRQDO LQIRUPDWLRQ1

6XFK DGGLWLRQDO LQIRUPDWLRQ FDQ EH REWDLQHG E\ PRQLWRULQJ WKH YROWDJH G\QDPLFV GLUHFWO\ LQ
WKH QHXULWHV ZLWK WKH DLG RI YROWDJH0VHQVLWLYH G\HV DQG ZLOO/ LQ FRPELQDWLRQ ZLWK WUDQVLHQWV
UHFRUGHG ZLWK D PLFURHOHFWURGH DW WKH VRPD/ DOORZ WKH GHWHUPLQDWLRQ RI WKH HOHFWULFDO SDUDPHWHUV
RI VQDLO QHXURQV LQ FKDSWHU 81
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716 $FWLYH PRGHO= +RGJNLQ0+X[OH\ G\QDPLFV
7KH FDEOH PRGHO LQWURGXFHG LQ VHFWLRQ 714 ± HYHQ WKRXJK LW UHVXOWV LQ TXLWH FRPSOLFDWHG H[SUHV0
VLRQV IRU WKH G\QDPLFV RI YROWDJH GLVWULEXWLRQV LQ WKH FHOO ± LV D YHU\ VLPSOL¿HG PRGHO IRU WKH
HOHFWULFDO EHKDYLRU RI D QHXURQ1 7KH PRVW GUDPDWLF VLPSOL¿FDWLRQ VWHPV IURP 5DOO¶V DVVXPS0
WLRQ +:,/ ZKLFK WUHDWV WKH PHPEUDQH UHVLVWDQFH RI WKH QHXURQDO PHPEUDQH DV DQ RKPLF UHVLVWDQFH/
QHJOHFWLQJ DQ\ YROWDJH0GHSHQGHQFH1 7KLV LV LQ VWDUN FRQWUDVW WR UHDOLW\/ EHFDXVH PDQ\ RI WKH LRQ
FKDQQHOV UHVSRQVLEOH IRU WKH PHPEUDQH FRQGXFWDQFH DUH VHQVLWLYH WR WKH WUDQV0PHPEUDQH SRWHQWLDO
GLIIHUHQFH1 ,Q VSLWH RI WKLV/ WKH FDEOH PRGHO LV D JRRG DSSUR[LPDWLRQ DV ORQJ DV WKH PHPEUDQH
YROWDJH LV LQ D UDQJH ZKHUH WKH YROWDJH0GHSHQGHQFH RI WKH FRQGXFWDQFH LV ZHDN/ ZKLFK XVX0
DOO\ LV WKH FDVH IRU SRWHQWLDOV PRUH K\SHUSRODUL]HG WKDQ WKH UHVWLQJ SRWHQWLDO1 )RU WKH UHVW RI WKH
SK\VLRORJLFDOO\ UHOHYDQW SRWHQWLDO UDQJH/ D PRUH HODERUDWH PRGHO KDV WR EH XVHG1

7KH FODVVLFDO SDUDPHWUL]DWLRQ IRU D QHXUDO PHPEUDQH ZLWK YROWDJH0VHQVLWLYH FRQGXFWDQFHV ZDV LQ0
WURGXFHG E\ +RGJNLQ DQG +X[OH\ LQ 4<85 IRU WKH VTXLG JLDQW D[RQ >75@1 7KH\ DUULYHG DW D VHW
RI GLIIHUHQWLDO HTXDWLRQV IRU WKH PHPEUDQH YROWDJH +DQG VHYHUDO FRQGXFWDQFH YDULDEOHV, WKDW DUH
EULHÀ\ VXPPDUL]HG LQ WKLV VHFWLRQ1 7KHVH HTXDWLRQV GHVFULEH G\QDPLFV RQ WZR OHYHOV RI RUJDQL]D0
WLRQ/ QDPHO\

î WKH OHYHO RI LRQ FKDQQHOV DQG
î WKH OHYHO RI D PHPEUDQH SDWFK

2Q WKH EDFNJURXQG RI WKH FDEOH PRGHO IURP VHFWLRQ 714/ WKH +RGJNLQ0+X[OH\ PRGHO LV PRVW HDVLO\
XQGHUVWRRG LI ZH ¿UVW FRQVLGHU D PHPEUDQH SDWFK DQG SURFHHG WR WKH PROHFXODU OHYHO ODWHU=

7KH PRGHO GHVFULEHV DQ HQWLUH VHJPHQW RI QHXUDO PHPEUDQH ZLWK DQ HTXLYDOHQW FLUFXLW +¿J1 717,
WKDW LV D JHQHUDOL]DWLRQ RI WKH FLUFXLW XVHG IRU WKH FDEOH PRGHO +FRPSDUH WR ¿J1 714,1 ,QVWHDG RI
D VLQJOH RKPLF FRQGXFWDQFH WKDW DOORZV FXUUHQW ÀRZ WKURXJK WKH PHPEUDQH/ +RGJNLQ DQG +X[0
OH\ XVHG WZR VHSDUDWH +DQG YROWDJH0GHSHQGHQW, FRQGXFWDQFHV IRU VRGLXP DQG SRWDVVLXP FXUUHQWV
WR PRGHO WKH KLJKO\ LRQ0VHOHFWLYH FKDQQHO W\SHV RI WKH QHXUDO PHPEUDQH DQG D WKLUG/ YROWDJH0
LQGHSHQGHQW µOHDN¶ FRQGXFWDQFH IRU DOO RWKHU LRQ W\SHV1 $QG LQVWHDG RI D VLQJOH UHVWLQJ SRWHQWLDO
WKDW GULYHV FXUUHQW WKURXJK WKHVH FKDQQHOV/ VHSDUDWH EDWWHULHV.ù@ ' .n448P9/.g ' .ý45P9
DQG .u ' .n431946P9 ZHUH LQFOXGHG IRU HDFK LRQ W\SH ð ± WKLV ZDV QHFHVVDU\ EHFDXVH WKH LRQ
FRQFHQWUDWLRQV LQVLGH DQG RXWVLGH WKH FHOO +Sð?ð DQG SJü|ð , DUH GLIIHUHQW IRU HDFK NLQG RI LRQ/ UHVXOWLQJ
LQ GLIIHUHQW UHYHUVDO SRWHQWLDOV .ð DFFRUGLQJ WR WKH 1HUQVW HTXDWLRQ

.ð ' ý&îA
5ðef

*?
Sð?ð
SJü|ð

+77,

ZKHUH &î LV %ROW]PDQQ¶V FRQVWDQW/ A LV WKH WHPSHUDWXUH DQG 5ðef LV WKH FKDUJH RI LRQ W\SH ð1

7KH FXUUHQW GHQVLW\ ÀRZLQJ WKURXJK WKH PHPEUDQH WKHQ LV +FRPSDUH WR +44,,

ð6 ' S
_T

_|
n }ù@ET ý .ù@ä n }gET ý .gä n }uET ý .uä +78,

ZKHUH }ù@ DQG }g DUH WKH YROWDJH0GHSHQGHQW VRGLXP DQG SRWDVVLXP FRQGXFWDQFHV/ }u LV WKH
YROWDJH0LQGHSHQGHQW OHDN FRQGXFWDQFH +DOO SHU XQLW DUHD, DQG S ' 4>)2FP5 LV WKH PHPEUDQH FD0
SDFLWDQFH SHU XQLW DUHD1

2Q WKH OHYHO RI LRQ FKDQQHOV/ WKH +RGJNLQ0+X[OH\ PRGHO VSHFL¿HV KRZ WKH VRGLXP DQG SRWDV0
VLXP FRQGXFWDQFHV DUH LQÀXHQFHG E\ WKH WUDQV0PHPEUDQH YROWDJH1 ,W DVVXPHV WKDW HDFK YROWDJH0
GHSHQGHQW LRQ FKDQQHO FRQVLVWV RI IRXU LQGHSHQGHQW VXEXQLWV ± VR0FDOOHG µSDUWLFOHV¶ ± DQG WKDW
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)LJXUH 717= 7KH +RGJNLQ0+X[OH\ PRGHO1 +7RS OHIW, (TXLYDOHQW FLUFXLW IRU D SDWFK RI PHPEUDQH DFFRUG0
LQJ WR +RGJNLQ DQG +X[OH\1 7KH DUHD RI WKH SDWFK LV gD1 7KH VRGLXP DQG SRWDVVLXP FRQGXFWDQFHV FKDQJH
GHSHQGLQJ RQ WKH WUDQV0PHPEUDQH YROWDJH1 +5LJKW, 9ROWDJH GHSHQGHQFH RI WKH DFWLYDWLRQ UDWHV òl +JUHHQ,
DQG GHDFWLYDWLRQ UDWHV ñl +UHG, RI WKH WKUHH µSDUWLFOHV¶ q/ p DQG k IRU D +RGJNLQ0+X[OH\ PHPEUDQH ZLWK
D UHVWLQJ SRWHQWLDO RI ý93P9 +LQGLFDWHG E\ WKH YHUWLFDO OLQH,1 1RWH WKH GLIIHUHQW YHUWLFDO VFDOHV= %HWZHHQ
UHVWLQJ SRWHQWLDO DQG ]HUR SRWHQWLDO/ WKH DFWLYDWLRQ RI p LV IDVWHU WKDQ WKH GHDFWLYDWLRQ RI k/ ZKLFK LQ WXUQ LV
IDVWHU WKDQ WKH DFWLYDWLRQ RI q1 ,Q FRPELQDWLRQ/ WKLV FDQ OHDG WR DQ DFWLRQ SRWHQWLDO1 +%RWWRP OHIW, 9ROWDJH
UHVSRQVHV RI D +RGJNLQ0+X[OH\ QHXURQ ZLWK 83çP GLDPHWHU WR WKH LQMHFWLRQ RI 318Q$ GHSRODUL]LQJ FXU0
UHQW +EOXH, DQG ý314Q$ K\SHUSRODUL]LQJ FXUUHQW +EODFN,1 $W SRWHQWLDOV PRUH K\SHUSRODUL]HG WKDQ WKH UHVWLQJ
VWDWH/ WKH PHPEUDQH LV DSSUR[LPDWHO\ SDVVLYH1

HDFK RI WKHVH VXEXQLWV FDQ EH LQ RQH RI WZR VWDWHV/ QDPHO\ DQ DFWLYDWHG DQG D GHDFWLYDWHG VWDWH/
FKDQJLQJ IURP RQH VWDWH WR WKH RWKHU DW D UDWH WKDW GHSHQGV RQ WKH PRPHQWDU\ PHPEUDQH YROWDJH=

GHDFWLYDWHG
kET ä
ó
qET ä

DFWLYDWHG

$FFRUGLQJ WR WKH PRGHO/ WKH FKDQQHO FDQ RQO\ FRQGXFW LRQV LI DOO IRXU RI LWV VXEXQLWV DUH LQ WKHLU
DFWLYDWHG VWDWH1 7KHUHIRUH/ LI ? LV WKH SUREDELOLW\ RI D SRWDVVLXP FKDQQHO VXEXQLW WR EH DFWLYDWHG/
WKH FKDQQHO +WKDW KDV IRXU LGHQWLFDO VXEXQLWV, LV RSHQ ZLWK SUREDELOLW\ ?e1 7KH VRGLXP FKDQQHO KDV
RQH VXEXQLW +WKH µû0SDUWLFOH¶, WKDW LV GLIIHUHQW IURP WKH RWKHU WKUHH +WKH µ60SDUWLFOHV¶,/ WKHUHIRUH
WKLV FKDQQHO LV RSHQ ZLWK SUREDELOLW\ 6ôû ZKHUH 6 DQG û DJDLQ VWDQG IRU WKH SUREDELOLW\ RI WKH
UHVSHFWLYH W\SH RI VXEXQLW WR EH DFWLYDWHG1

%HFDXVH ?e JLYHV WKH SUREDELOLW\ IRU HDFK VLQJOH SRWDVVLXP FKDQQHO WR EH RSHQ/ LW DOVR FRUUHVSRQGV
WR WKH FRQGXFWLQJ SRUWLRQ RI D ZKROH SRSXODWLRQ RI SRWDVVLXP FKDQQHOV LI ZH ORRN DW WKH OHYHO RI D
PHPEUDQH SDWFK WKDW FRQWDLQV PDQ\ FKDQQHOV RI WKLV NLQG1 7KH SRWDVVLXP FRQGXFWDQFH SHU XQLW
PHPEUDQH DUHD WKHUHIRUH LV

}g ' }g?
e +79,

ZKHUH }g ' 69P62FP5 LV WKH SRWDVVLXP FRQGXFWDQFH GHQVLW\ ZKHQ DOO FKDQQHOV DUH RSHQ/ DQG
ZLWK WKH VDPH DUJXPHQW

}ù@ ' }ù@6
ôû +7:,

ZKHUH }ù@ ' 453P62FP5 LV WKH PD[LPXP VRGLXP FRQGXFWDQFH SHU XQLW DUHD1 )RU WKH YROWDJH0
LQGHSHQGHQW OHDN FRQGXFWDQFH/ }u ' }u ' 316P62FP5 E\ GH¿QLWLRQ1
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7KH VFKHPD VKRZQ DERYH LPSOLHV WKDW ?/6 DQG û HYROYH DFFRUGLQJ WR WKH UDWH HTXDWLRQ
_ð

_|
' kðE�ý ðäý qðð ' ô ðEðý ð"ä +7;,

ZKHUH ð 5 i?c6c ûj DQG WKH YROWDJH0GHSHQGHQW UHOD[DWLRQ WLPH FRQVWDQW ô ð DQG VWHDG\ VWDWH
YDOXH ð" FDQ EH H[SUHVVHG LQ WHUPV RI WKH DFWLYDWLRQ DQG GHDFWLYDWLRQ UDWHV kð DQG qð YLD

ô ð '
�

kð n qð
DQG ð" '

kð
kð n qð

+7<,

7KH YROWDJH GHSHQGHQFH RI WKH UDWHV kð DQG qð LV LOOXVWUDWHG LQ ¿J1 717> WKH FRUUHVSRQGLQJ PDWKH0
PDWLFDO H[SUHVVLRQV +WDNHQ IURP >75@, DUH OLVWHG LQ DSSHQGL[ (1

7DNHQ WRJHWKHU/ +78, DQG +7;, GHVFULEH WKH WLPH HYROXWLRQ RI WKH IRXU G\QDPLF YDULDEOHV RI WKH
+RGJNLQ0+X[OH\ PRGHO/ QDPHO\ T / ?/ 6 DQG û1 7KLV VHW RI GLIIHUHQWLDO HTXDWLRQV FDQ QRW
EH VROYHG DQDO\WLFDOO\/ VR WR PRGHO WKH HOHFWULFDO EHKDYLRU RI D QHXURQ DFFRUGLQJ WR +RGJNLQ DQG
+X[OH\ WKH\ KDYH WR EH VROYHG QXPHULFDOO\1 7ZR VROXWLRQV IRU D FHOO ZLWK 83>P VRPD GLDPHWHU DUH
VKRZQ LQ ¿J1 717= 7KH +RGJNLQ0+X[OH\ PRGHO FDQ SURGXFH DFWLRQ SRWHQWLDOV ZKHQ WKH PHPEUDQH
LV GHSRODUL]HG DQG EHKDYHV DOPRVW OLNH D SDVVLYH PRGHO IRU SRWHQWLDOV PRUH K\SHUSRODUL]HG
WKDQ WKH UHVWLQJ SRWHQWLDO1

)RU VHFWLRQ 814/ ZH DOVR QHHG H[SUHVVLRQV IRU WKH VWHDG\ VWDWH PHPEUDQH FXUUHQW DQG FRQGXFWDQFH
DW D JLYHQ T 1 ,Q VWHDG\ VWDWH/ WKH DFWLYDWLRQ YDULDEOHV ?/ 6 DQG û DVVXPH WKH YDOXHV ?"/ 6" DQG
û" JLYHQ E\ +7<,1 :LWK +78, WKURXJK +7:,/ WKH VWHDG\ VWDWH FXUUHQW GHQVLW\ WKHQ LV

ð6 ' }ù@6
ô
"û"ET ý.ù@ä n }g?e"ET ý .gä n }uET ý.uä +83,

7KH GHULYDWLYH RI WKLV H[SUHVVLRQ ZLWK UHVSHFW WR PHPEUDQH YROWDJH LV WKH FRQGXFWDQFH RI WKH
PHPEUDQH=
_ð6
_T

' }ù@

é
6ô
"û" n ET ý.ù@ä
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"û"ä
_T

è
n }g

é
?e" n ET ý .gä

_ E?e"ä
_T

è
n }u +84,

(YDOXDWHG DW WKH UHVWLQJ SRWHQWLDO ./ WKLV UHVXOWV LQ D UHVWLQJ VWDWH FRQGXFWDQFH RI 415P62FP5 IRU
WKH +RGJNLQ0+X[OH\ PRGHO;1

; 1RWH WKDW WKLV LV QRW WKH VDPH DV jQdp64k4.jNq74.jO/ZKLFK LV RIWHQ XVHG WR FRPSXWH WKH VWHDG\ VWDWH PHPEUDQH
FRQGXFWDQFH RI D +RGJNLQ0+X[OH\ QHXURQ DQG KDV D YDOXH RI 319;P62FP5 DW UHVWLQJ SRWHQWLDO1
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8
6LQJOH FHOO H[SHULPHQWV

7KLV FKDSWHU GHVFULEHV KRZ WKH QHXURQV WKDW PDNH XS D GHVLJQHG QHXUDO QHWZRUN ZHUH FKDUDFWHU0
L]HG DQG OLVWV WKH UHVXOWV RI WKHVH H[SHULPHQWV/ QDPHO\ WKH HOHFWULFDO SDUDPHWHUV RI WKH FHOOV1 )RU
UHDVRQV WKDW ZLOO EHFRPH REYLRXV LQ VHFWLRQ 814/ WKH VLPSOHU RI WKH WZR FHOO PRGHOV LQWURGXFHG
LQ WKH ODVW FKDSWHU ± WKH SDVVLYH PRGHO ± ZDV FKRVHQ WR GHVFULEH WKH HOHFWULFDO EHKDYLRU RI WKH
QHXURQV1 *LYHQ WKLV PRGHO/ D FRPSOHWH FKDUDFWHUL]DWLRQ RI WKH FHOOV FRQVLVWV RI D VHW RI ¿YH SD0
UDPHWHUV/ QDPHO\ WKH VRPDWLF PHPEUDQH FRQGXFWDQFH }r DQG FDSDFLWDQFH Sr/ WKH UHVSHFWLYH YDOXHV
IRU WKH QHXULWLF PHPEUDQH/ } DQG S/ DQG WKH F\WRSODVPLF UHVLVWLYLW\ o1

7KH FDSDFLWDQFH RI QHXULWLF PHPEUDQHV LV XVXDOO\ DVVXPHG WR EH S ' 4>)2FP5 LQ WKH OLWHUDWXUH
+UHYLHZHG IRU H[DPSOH LQ >86@ DQG >;<@,/ EXW VLQJOH YDOXHV FDQ EH DV ORZ DV 316>)2FP5 IRU WKH JLDQW
D[RQ RI WKH HDUWKZRUP RU DV KLJK DV 6>)2FP5 IRU EXOOIURJ V\PSDWKHWLF JDQJOLRQ FHOOV >:;@/ ZKHUH
WKH KLJK YDOXH LV DVFULEHG WR PHPEUDQH LQYDJLQDWLRQV DQG IROGLQJV1 7R UHGXFH WKH QXPEHU RI
XQNQRZQV WKDW KDYH WR EH GHWHUPLQHG IRU FXOWXUHG /\PQDHD QHXURQV/ S ' 4>)2FP5 ZDV DVVXPHG
KHUH/ WRR/ OHDYLQJ }r/ Sr/ } DQG o WR EH H[WUDFWHG IURP WKH PHDVXUHPHQWV SUHVHQWHG LQ WKLV FKDSWHU1
7KH YDOLGLW\ RI WKLV DVVXPSWLRQ LV GLVFXVVHG LQ VHFWLRQ 8151

,QLWLDOO\/ WKH SODQ ZDV WR IXUWKHU UHGXFH WKH QXPEHU RI XQNQRZQV IRU FHOOV ZLWK QHXULWHV E\ ¿UVW
PHDVXULQJ WKH VRPDWLF SDUDPHWHUV }r DQG Sr ZLWK LQGHSHQGHQW H[SHULPHQWV RQ QHXULWHOHVV FHOO ERG0
LHV1 7KHVH VRPD H[SHULPHQWV DUH GLVFXVVHG LQ VHFWLRQ 814 DQG SURYLGH XVHIXO LQIRUPDWLRQ DERXW
WKH SURSHUWLHV RI /\PQDHD QHXURQV1 +RZHYHU/ WKH UHVXOWV IURP VHFWLRQ 815 ± ZKHUH WKH QHXULWLF
SDUDPHWHUV } DQG o DUH GHWHUPLQHG IURP H[SHULPHQWV ZLWK YROWDJH VHQVLWLYH G\HV ± LQGLFDWH WKDW
WKH VRPDWLF SURSHUWLHV RI QHXURQV ZLWKRXW QHXULWHV DUH GLIIHUHQW IURP WKRVH ZLWK QHXULWHV/ VR
WKH YDOXHV RI }r DQG Sr LQ QHXURQV ZLWK SURFHVVHV DUH GHWHUPLQHG LQ VHFWLRQ 815 DQG FRPSDUHG WR
WKRVH RI FHOO ERGLHV ZLWKRXW QHXULWHV1

$V DQ DGGLWLRQDO UHVXOW QRW GLUHFWO\ UHODWHG WR WKH GHWHUPLQDWLRQ RI PHPEUDQH SDUDPHWHUV/ WKH
RSWLFDO PHDVXUHPHQWV GRQH IRU VHFWLRQ 815 DOVR SURYLGH VSDWLR0WHPSRUDO PDSV RI VLJQDO SURSD0
JDWLRQ LQ /\PQDHD QHXULWHV> WKHVH DUH EULHÀ\ GLVFXVVHG LQ VHFWLRQ 8161

814 &HOOV ZLWKRXW QHXULWHV
7R FKDUDFWHUL]H WKH VRPDWLF PHPEUDQH/ KHDOWK\0ORRNLQJ EXW QHXULWHOHVV FHOO ERGLHV LQ RQH GD\
ROG FXOWXUHV RI $0FOXVWHU QHXURQV ZHUH VHOHFWHG1 (DFK FHOO ZDV LPSDOHG ZLWK D PLFURHOHFWURGH
DQG WKH YROWDJH UHVSRQVH RI WKH FHOO WR LQMHFWHG FXUUHQW VWHSV ZDV UHFRUGHG DV GHVFULEHG LQ VHFWLRQ
6141 )LJ1 814 VKRZV D W\SLFDO H[DPSOH RI VXFK D FHOO ± PHDVXUHPHQWV SHUIRUPHG RQ WKLV QHXURQ
ZLOO EH XVHG LQ WKH UHVW RI WKLV VHFWLRQ WR LOOXVWUDWH KRZ WKH VRPDWLF PHPEUDQH SDUDPHWHUV ZHUH
GHWHUPLQHG1

(TXDWLRQ +47, VKRZV WKDW/ IRU VXFK D VWHS LQ WKH LQMHFWLRQ FXUUHQW/ ZH H[SHFW WR UHFRUG PRQR0
H[SRQHQWLDO YROWDJH UHVSRQVHV LQ D SRWHQWLDO UDQJH ZHUH WKH SDVVLYH PRGHO LV D JRRG GHVFULSWLRQ
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6LQJOH FHOO H[SHULPHQWV

)LJXUH 814= ([DPSOH VRPD1 0LFURJUDSK RI WKH FHOO ERG\ XVHG WR LOOXVWUDWH WKH GHWHUPLQDWLRQ RI VRPDWLF
PHPEUDQH SDUDPHWHUV1 7KH VKDGRZ LQ WKH XSSHU OHIW FRUQHU VKRZV WKH DSSURDFKLQJ PLFURHOHFWURGH WKDW
LV QRW \HW LQ IRFXV1

RI WKH PHPEUDQH/ ZKHUHDV GHYLDWLRQV IURP WKH PRQR0H[SRQHQWLDO IRUP DUH H[SHFWHG LQ SRWHQWLDO
UDQJHV ZKHUH WKH PHPEUDQH FRQGXFWDQFH GRHV GHSHQG RQ WUDQV0PHPEUDQH YROWDJH1

:K\ PHDVXUH LQ WZR GLIIHUHQW SRWHQWLDO UDQJHV"
)URP WKH GDWD SUHVHQWHG EHORZ/ LW ZLOO EHFRPH DSSDUHQW WKDW WKH VRPDWLF PHPEUDQH RI WKH FHOOV
XVHG KHUH LV QRW SHUIHFWO\ SDVVLYH LQ WKH UDQJH RI WKH UHVWLQJ SRWHQWLDO1 7KHUHIRUH/ WKH YROWDJH WUDQ0
VLHQWV UHFRUGHG LQ WKLV SRWHQWLDO UDQJH RIWHQ GHYLDWHG IURP WKH PRQR0H[SRQHQWLDO IRUP DQG FRXOG
OHDG WR TXHVWLRQDEOH UHVXOWV IRU WKH PHPEUDQH SDUDPHWHUV LI ¿W WR +47,1 7R VROYH WKLV SUREOHP/
WKH VRPDWLF PHPEUDQH FRQGXFWDQFH Cr DQG FDSDFLWDQFH är ZHUH PHDVXUHG LQ WZR GLIIHUHQW
SRWHQWLDO UDQJHV=

î 7R GHWHUPLQH är/ D VWURQJ K\SHUSRODUL]LQJ FXUUHQW ZDV LQMHFWHG LQWR WKH FHOO/ DQG FXUUHQW VWHSV
ZHUH WKHQ SHUIRUPHG VWDUWLQJ IURP WKLV KROGLQJ FXUUHQW1 7KLV HQVXUHG WKDW WKH YROWDJH WUDQVLHQWV
ZHUH UHFRUGHG LQ D SRWHQWLDO UDQJH ZKHUH WKH VRPDWLF FRQGXFWDQFH LV LQGHSHQGHQW RI WUDQV0
PHPEUDQH YROWDJH DQG FRXOG ZHOO EH ¿W WR +47,1 7KLV DSSURDFK LV SRVVLEOH IRU är EHFDXVH WKH
VRPDWLF FDSDFLWDQFH LV YROWDJH0LQGHSHQGHQW DQG FDQ WKXV EH PHDVXUHG LQ DQ\ SRWHQWLDO UDQJH1

î 7R GHWHUPLQH Cr/ FXUUHQW VWHSV ZHUH DSSOLHG ZKHQ WKH FHOO ZDV LQ RU FORVH WR LWV UHVWLQJ VWDWH1
7KH LQMHFWHG FXUUHQWV Uð?æc" ZHUH WKHQ SORWWHG DJDLQVW WKH VWHDG\ VWDWH SRWHQWLDOV T" WKH\ LQ0
GXFHG DQG WKH PHPEUDQH FRQGXFWDQFH Cr ZDV REWDLQHG IURP WKH VORSH RI WKLV VWHDG\0VWDWH
FXUUHQW0YROWDJH UHODWLRQ LQ WKH YLFLQLW\ RI WKH UHVWLQJ VWDWH1 7KLV PHWKRG LQVXUHG WKDW WKH UHVXOW0
LQJ YDOXH RICr ZDV D JRRG FKDUDFWHUL]DWLRQ RI WKH FHOO LQ WKH VWDWH LW XVXDOO\ LV LQ ± QDPHO\/ WKH
UHVWLQJ VWDWH ± ZKLOH DYRLGLQJ WR +EDGO\, ¿W QRQ0PRQR0H[SRQHQWLDO YROWDJH WUDQVLHQWV WR +47,1

)LJ1 815 VKRZV VXFK PHDVXUHPHQWV DW WZR GLIIHUHQW SRWHQWLDO OHYHOV DQG WKH FRUUHVSRQGLQJ ¿WV IRU
WKH FHOO IURP ¿J1 8141 :KLOH WKH ¿WV XVXDOO\ DJUHH ZHOO ZLWK WKH GDWD IRU VPDOO FXUUHQW VWHSV/ WKH
YROWDJH UHVSRQVHV WR ODUJHU FXUUHQW VWHSV REYLRXVO\ DUH VWLOO RQO\ DSSUR[LPDWHO\ PRQR0H[SRQHQWLDO/
HYHQ WKRXJK WKH\ ZHUH UHFRUGHG DW YHU\ K\SHUSRODUL]HG SRWHQWLDOV1

)LUVW UHVXOW= VRPDWLF PHPEUDQH FDSDFLWDQFH
(DFK RI WKH UHG ¿WV LQ ¿J1 815 UHVXOWHG LQ D YDOXH IRU är1 7KHVH YDOXHV ZHUH LQGHSHQGHQW RI WKH
VWHDG\ VWDWH PHPEUDQH SRWHQWLDO DQG FRXOG WKHUHIRUH EH DYHUDJHG RYHU DOO FXUYHV/ OHDGLQJ WR D
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)LJXUH 815= 'DWD UHFRUGHG IURP WKH H[DPSOH FHOO1 +/HIW, &XUUHQW VWHSV LQMHFWHG LQWR WKH FHOO ERG\1 2QO\
WKH ¿UVW 83PV RI WKH 4333PV FXUUHQW WUDFHV DUH VKRZQ1 +5LJKW, 9ROWDJH UHVSRQVHV WR WKHVH FXUUHQW VWHSV
+EODFN DQG EOXH, DQG FRUUHVSRQGLQJ PRQR0H[SRQHQWLDO ¿WV +UHG,1 2QO\ WKH ¿UVW 583PV DUH VKRZQ IRU FODULW\1
+%RWK, ,Q ERWK JUDSKV/ WKH EOXH FXUYHV EHORQJ WR PHDVXUHPHQWV WKDW GLG QRW UHDFK D VWDEOH VWHDG\ VWDWH
EHFDXVH RI D VWURQJ DFWLYH FRPSRQHQW +WRS ¿YH WUDFHV, RU 0 SUHVXPDEO\ 0 EHFDXVH RI WHPSRUDU\ PHPEUDQH
UXSWXUHV DW YHU\ K\SHUSRODUL]HG SRWHQWLDOV +ERWWRP WUDFH,1

YDOXH RI är ' +3154÷3139,Q) IRU WKH H[DPSOH VRPD1 $VVXPLQJ WKDW WKH FHOO ERG\ LV DSSUR[L0
PDWHO\ VSKHULFDO DQG XVLQJ WKH DYHUDJH GLDPHWHU RI WKH FHOO REWDLQHG IURP ¿J1 814/ WKLV DEVROXWH
FDSDFLWDQFH ZDV GLYLGHG E\ WKH VRPD VXUIDFH DUHD/ UHVXOWLQJ LQ D VSHFL¿F PHPEUDQH FDSDFLWDQFH
RI Sr ' +517÷31:,>)2FP5 IRU WKH H[DPSOH QHXURQ DQG DQ DYHUDJH RI

Sr ' +519÷ 31;,>)2FP5

IRU DOO QLQH FHOO ERGLHV XVHG KHUH/ ZLWK VLQJOH YDOXHV UDQJLQJ IURP 417>)2FP5 WR 718>)2FP51

7KHVH YDOXHV DUH KLJKHU WKDQ WKH VSHFL¿F PHPEUDQH FDSDFLWDQFH RI 4>)2FP5 XVXDOO\ FLWHG LQ WKH
OLWHUDWXUH/ EXW WKH\ DUH LQ D UDQJH VLPLODU WR WKH KLJK VSHFL¿F FDSDFLWDQFHV SUHYLRXVO\ IRXQG IRU
OHHFK QHXURQV >5:@ DQG EXOOIURJ QHXURQV >:;@/ ZKHUH WKH\ ZHUH DVFULEHG WR PHPEUDQH LQYDJLQD0
WLRQV WKDW UHVXOW LQ D PHPEUDQH DUHD KLJKHU WKDQ H[SHFWHG IURP WKH QHXURQ¶V GLDPHWHU1

6HFRQG UHVXOW= VRPDWLF PHPEUDQH FRQGXFWDQFH
$V GHVFULEHG DERYH/ WKH VRPDWLF PHPEUDQH FRQGXFWDQFH LQ WKH UHVWLQJ VWDWH FDQ EH REWDLQHG IURP
WKH VORSH RI WKH VWHDG\0VWDWH FXUUHQW0YROWDJH UHODWLRQ LQ WKH UDQJH RI WKH UHVWLQJ SRWHQWLDO1 )LJ1 816
VKRZV WKLV FXUUHQW0YROWDJH UHODWLRQ IRU WKH H[DPSOH QHXURQ ± LWV VORSH LV FOHDUO\ QRW FRQVWDQW/ UH0
YHDOLQJ WKDW WKH QHXURQ¶V FRQGXFWDQFH LQGHHG GRHV GHSHQG RQ WKH PHPEUDQH SRWHQWLDO HYHQ
DW RU EHORZ UHVWLQJ SRWHQWLDO1 7R REWDLQ DQ HVWLPDWH RI WKH PHPEUDQH FRQGXFWDQFH DURXQG WKH
UHVWLQJ SRWHQWLDO +ZKLFK LV GH¿QHG E\ ]HUR PHPEUDQH FXUUHQW,/ D OLQH ZDV ¿W WR WKH DSSUR[LPDWHO\
OLQHDU SRUWLRQ RI WKH GDWD LQ WKH UDQJH DURXQG ]HUR FXUUHQW1 7KH VORSH RI WKLV OLQH JLYHV D PHP0
EUDQH FRQGXFWDQFH RI DERXW 613Q6/ LWV LQWHUVHFW ZLWK WKH ]HUR FXUUHQW D[LV JLYHV WKH FHOO¶V UHVWLQJ
SRWHQWLDO1
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)LJXUH 816= 6WHDG\0VWDWH FXUUHQW0YROWDJH UHODWLRQV IRU WKH H[DPSOH VRPD DQG D +RGJNLQ0+X[OH\
QHXURQ1 +/HIW, &XUUHQWV LQMHFWHG LQWR WKH H[DPSOH FHOO +VROLG DQG RSHQ GRWV,/ SORWWHG DJDLQVW WKH VWHDG\
VWDWH PHPEUDQH SRWHQWLDO WKH\ LQGXFHG1 7KH GDWD GR QRW IDOO RQ D VWUDLJKW OLQH/ LQGLFDWLQJ WKDW WKH PHPEUDQH
FRQGXFWDQFH LV YROWDJH0GHSHQGHQW1 7R REWDLQ DQ HVWLPDWH RI WKH PHPEUDQH FRQGXFWDQFH LQ RU FORVH WR WKH
UHVWLQJ VWDWH/ D VWUDLJKW OLQH ZDV ¿W WR WKURXJK WKH DSSUR[LPDWHO\ OLQHDU SRUWLRQ RI WKH GDWD DURXQG ]HUR
FXUUHQW +RSHQ GRWV,1 7KH VORSH RI WKLV +GDVKHG, OLQH JLYHV WKH FRQGXFWDQFH DURXQG WKH UHVWLQJ VWDWH/ ZKLOH
WKH LQWHUVHFW RI WKH OLQH ZLWK WKH ]HUR FXUUHQW D[LV JLYHV WKH UHVWLQJ SRWHQWLDO RI WKH QHXURQ +LQGLFDWHG E\ DQ
DVWHULVN,1 +5LJKW, )RU FRPSDULVRQ/ WKH VWHDG\0VWDWH FXUUHQW0YROWDJH UHODWLRQ ZDV FRPSXWHG IRU D FHOO ZLWK
83çP GLDPHWHU/ D UHVWLQJ SRWHQWLDO RI 093P9 DQG +RGJNLQ0+X[OH\ PHPEUDQH SDUDPHWHUV1 7KH FXUYH LV
FRPSOHWHO\ GLIIHUHQW IURP WKH H[SHULPHQWDO GDWD VKRZQ LQ WKH OHIW SORW1

3ORWV RI WKLV NLQG IRU DOO QLQH FHOOV LQ WKH VDPSOH ZHUH FRPELQHG LQ ¿J1 817 +ZKHUH WKH ¿IWK GDWD
VHW IURP WKH WRS LV WKH RQH RI WKH H[DPSOH QHXURQ,1 7KLV ¿JXUH FRQWDLQV D ORW RI LQIRUPDWLRQ DERXW
WKH HOHFWULFDO SURSHUWLHV RI SHGDO $0FOXVWHU QHXURQV=

î $V FDQ EH VHHQ IURP WKH GLIIHUHQW VORSHV RI WKH GDVKHG OLQHV LQ WKH ¿JXUH/ WKH FHOOV KDYH D ZLGH
YDULHW\ RI UHVWLQJ VWDWH FRQGXFWDQFHV Cr/ ZLWK YDOXHV UDQJLQJ IURP 4166Q6 WR :175Q61 (YHQ
LI GLYLGHG E\ WKH VXUIDFH DUHD RI WKH FRUUHVSRQGLQJ FHOO/ WKHVH YDOXHV KDYH D EURDG GLVWULEXWLRQ/
UHVXOWLQJ LQ DQ DYHUDJHPHPEUDQH FRQGXFWDQFH SHU XQLW DUHD RI

}r ' +31396÷ 31384,P62FP5

ZLWK H[WUHPH YDOXHV RI 3134:P62FP5 DQG 31475P62FP51 &RPSDUHG WR WKH UHVWLQJ VWDWH FRQGXF0
WDQFH RI 415P62FP5 IRU D +RGJNLQ0+X[OH\ QHXURQ +VHH VHFWLRQ 716,/ WKLV LV D YHU\ VPDOO YDOXH1
+RZHYHU/ LW LV ZHOO ZLWKLQ WKH UDQJH RI SUHYLRXVO\ UHSRUWHG QHXUDO PHPEUDQH FRQGXFWDQFHV/
ZKLFK FDQ EH DV ORZ DV 3134P62FP5 >;<@1

î 7KH GDVKHG OLQHV UHSUHVHQWLQJ WKH UHVWLQJ VWDWH FRQGXFWDQFH XVXDOO\ DJUHH ZHOO ZLWK WKH GDWD
LQ ¿J1 817 GRZQ WR DERXW ý<3P9/ EXW VHYHUDO RI WKH GDWD VHWV VKRZ D FKDQJH LQ FRQGXFWDQFH
+WKDW LV/ LQ VORSH, LQ WKH UDQJH RI ý443P9 WR ý<3P9/ ZLWK KLJKHU FRQGXFWDQFHV DW PRUH
K\SHUSRODUL]HG SRWHQWLDOV1 $V LOOXVWUDWHG LQ ¿J1 816/ WKLV LV YHU\ GLIIHUHQW IURP WKH VLWXDWLRQ
LQ WKH +RGJNLQ0+X[OH\ PRGHO/ ZKLFK KDV D FRQVWDQW DQG UHODWLYHO\ ORZ FRQGXFWDQFH XS WR
DERXW 43P9 EHORZ UHVWLQJ SRWHQWLDO DQG KLJKHU FRQGXFWDQFHV DW PRUH GHSRODUL]HG SRWHQWLDOV1
([WUDSRODWLQJ WKH XQXVXDO KLJK0FRQGXFWDQFH SRUWLRQ RI WKH GDWD LQ ¿J1 816 WR ]HUR FXUUHQW
LQGLFDWHV WKDW WKLV FXUUHQW KDV LWV UHYHUVDO SRWHQWLDO LQ D YHU\ K\SHUSRODUL]HG UDQJH/ VXJJHVWLQJ
WKDW LW PD\ EH GXH WR D UHVLGXDO SRWDVVLXP FRQGXFWDQFH QRW SUHVHQW LQ WKH +RGJNLQ0+X[OH\
PRGHO1

î 7KH FHOOV KDYH D YHU\ EURDG GLVWULEXWLRQ RI UHVWLQJ SRWHQWLDOV +LQGLFDWHG LQ ¿J1 816 E\ WKH
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)LJXUH 817= 6WHDG\0VWDWH FXUUHQW0YROWDJH UHODWLRQV IRU QLQH FHOO ERGLHV1 &XUUHQWV LQMHFWHG LQWR QLQH
QHXURQV +GRWV,/ SORWWHG DJDLQVW WKH VWHDG\ VWDWH PHPEUDQH SRWHQWLDO WKH\ LQGXFHG LQ WKH FHOO1 )RU HDFK
VRPD/ WKH ]HUR FXUUHQW D[LV LV VKRZQ LQ GDUN JUH\1 ,Q WKH UDQJH EHWZHHQ ý443pY DQG ý<3pY +VKDGHG
DUHD,/ VRPH RI WKH FHOOV VKRZ D FKDQJH LQ FRQGXFWDQFH1 7KH GDVKHG OLQHV DUH ¿WV WR WKH DSSUR[LPDWHO\
OLQHDU SDUWV RI WKH FXUYHV DURXQG Llqm @ 3 ± WKHLU VORSHV JLYH HVWLPDWHV IRU WKH PHPEUDQH FRQGXFWDQFHV LQ
WKH UHVWLQJ VWDWHV DQG WKHLU LQWHUVHFWV ZLWK WKH ]HUR FXUUHQW D[HV GHWHUPLQH WKH UHVWLQJ SRWHQWLDOV +LQGLFDWHG
E\ EODFN DVWHULVNV,1

LQWHUVHFWV RI WKH GDVKHG OLQHV ZLWK WKH FRUUHVSRQGLQJ JUH\ OLQHV,/ ZLWK YDOXHV UDQJLQJ IURP
ý;:P9 WR ý6<P91

,Q VXPPDU\/ WKH PHPEUDQH RI /\PQDHD SHGDO $0FOXVWHU QHXURQV GLVSOD\V YROWDJH0GHSHQGHQFH
HYHQ DW YHU\ K\SHUSRODUL]HG SRWHQWLDOV/ DQG WKH +RGJNLQ0+X[OH\ PRGHO GRHV QRW DJUHH ZHOO ZLWK
WKH GDWD IURP WKHVH FHOOV/ QHLWKHU ZLWK UHVSHFW WR WKH PDJQLWXGH QRU ZLWK UHVSHFW WR WKH YROWDJH0
GHSHQGHQFH RI WKH FRQGXFWDQFH1 ,Q VSLWH RI LWV DFWLYH SURSHUWLHV/ WKH PHPEUDQH FDQ EH DSSUR[0
LPDWHG LQ WKH YLFLQLW\ RI WKH UHVWLQJ SRWHQWLDO ZLWK D SDVVLYH PRGHO +XVLQJ WKH FDSDFLWDQFH DQG
FRQGXFWDQFH YDOXHV GHWHUPLQHG LQ WKLV VHFWLRQ, DQG WKH DSSUR[LPDWLRQ LV TXLWH JRRG LQ WKH UDQJH
EHWZHHQý<3P9 DQG WKH UHVWLQJ SRWHQWLDO1 %HFDXVH RI WKHVH ¿QGLQJV/ WKH HQWLUH UHVW RI WKLV ZRUN
DOZD\V GHVFULEHV WKH SHGDO $0FOXVWHU QHXURQV ZLWK WKH SDVVLYH PRGHO1
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815 &HOOV ZLWK QHXULWHV
$V WKH QHXULWLF SDUDPHWHUV } DQG o FDQ QRW EH GHWHUPLQHG VROHO\ IURP HOHFWURSK\VLRORJLFDO PHD0
VXUHPHQWV DW WKH FHOO ERG\ +VHH VHFWLRQ 715,/ YROWDJH GDWD PHDVXUHG GLUHFWO\ DW GLIIHUHQW VLWHV
DORQJ WKH QHXULWHV ZHUH QHHGHG1 7R REWDLQ VXFK GDWD/ YROWDJH WUDQVLHQWV LQ WKH QHXULWHV RI FXO0
WXUHG SHGDO $0FOXVWHU QHXURQV ZHUH UHFRUGHG ZLWK YROWDJH0VHQVLWLYH G\HV DV GHVFULEHG LQ VHFWLRQ
6151 8VLQJ WKH WKHRUHWLFDO PRGHOV IRU WKH HOHFWULFDO EHKDYLRU RI QHXURQV LQWURGXFHG LQ FKDSWHU 7/
ZH FDQ QRZ WU\ WR GHWHUPLQH WKH QHXULWLF SDUDPHWHUV } DQG o E\ ¿WWLQJ WKHVH LPDJLQJ GDWD WR
WKHRUHWLFDO WUDQVLHQWV IURP D PRGHO QHXURQ/ ZLWK } DQG o DV WKH ¿W YDULDEOHV1 7R GR WKLV/ WKH QHX0
URQV DUH DJDLQ PRGHOHG DFFRUGLQJ WR WKH SDVVLYH FDEOH WKHRU\ UDWKHU WKDQ XVLQJ +RGJNLQ0+X[OH\
G\QDPLFV EHFDXVH WKLV DFWLYH SDUDPHWUL]DWLRQ RI WKH PHPEUDQH SURFHVVHV KDV ± LQ WKH SUHYLRXV
VHFWLRQ ± EHHQ GHPRQVWUDWHG WR EH QRW ZHOO DSSOLFDEOH WR WKH VQDLO QHXURQV XVHG KHUH1

7KH SUHVHQW VHFWLRQ ¿UVW GHVFULEHV WKH LPDJLQJ GDWD WKDW ZHUH XVHG DV WKH ¿W WDUJHW/ WKHQ GLVFXVVHV
WKH ¿WWLQJ LWVHOI LQ WZR GLIIHUHQW YHUVLRQV ± QDPHO\ XVLQJ WKH VRPDWLF SDUDPHWHUV IURP VHFWLRQ 814
RU QRW XVLQJ WKHP ± DQG ¿QDOO\ JLYHV WKH UHVXOWV= 7KH QHXULWLF SDUDPHWHUV DQG D VHW RI VRPDWLF
SDUDPHWHUV WKDW GLIIHU IURP WKRVH REWDLQHG IRU QHXULWHOHVV FHOO ERGLHV LQ VHFWLRQ 8141

7KH WDUJHW GDWD
)RU WKH LPDJLQJ RI YROWDJH WUDQVLHQWV/ FXOWXUHG SHGDO $0FOXVWHU QHXURQV ZLWK WZR VWUDLJKW DQG
XQEUDQFKHG QHXULWHV ZHUH VWDLQHG ZLWK WKH YROWDJH0VHQVLWLYH G\H %1%,41 7KH FHOO ERGLHV ZHUH
WKHQ LPSDOHG ZLWK D PLFURHOHFWURGH/ WZR FXUUHQW SXOVHV ZHUH DSSOLHG ± ¿UVW D GHSRODUL]LQJ SXOVH
WKDW WULJJHUHG DQ DFWLRQ SRWHQWLDO DQG WKHQ D K\SHUSRODUL]LQJ SXOVH ± DQG WKH SURSDJDWLRQ RI
DFWLRQ SRWHQWLDO DQG K\SHUSRODUL]DWLRQ DORQJ WKH QHXULWHV ZDV PRQLWRUHG ZLWK WKH SKRWRGLRGH
DUUD\ DV GHVFULEHG LQ VHFWLRQ 6151 )RU HDFK SKRWRGLRGH/ WKH UHFRUGHG ÀXRUHVFHQFH WUDQVLHQW ZDV
FRUUHFWHG IRU EOHDFKLQJ DV GHVFULEHG LQ WKH VDPH VHFWLRQ1 7KH FKRLFH RI WKH SDVVLYH PRGHO LPSOLHV
WKDW RQO\ WKH K\SHUSRODUL]LQJ SXOVHV FDQ EH XVHG WR ¿QG } DQG o/ EHFDXVH RQO\ WKH\ RFFXU LQ
D SRWHQWLDO UDQJH ZKHUH WKH PHPEUDQH FRQGXFWDQFH LV DSSUR[LPDWHO\ YROWDJH0LQGHSHQGHQW +WKH
GHSRODUL]LQJ SXOVHV ZLOO EH XVHG LQ VHFWLRQ 816,1

7KH ÀXRUHVFHQFH GDWD ý{8?E|ä UHFRUGHG GXULQJ WKH K\SHUSRODUL]DWLRQV ZHUH UHGXFHG LQ WKHLU
VSDWLDO DQG WHPSRUDO H[WHQW=

î ,Q WKH VSDWLDO GLUHFWLRQ/ RQO\ WUDQVLHQWV IURP WKRVH GLRGHV WKDW DFWXDOO\ UHFRUGHG IURP WKH QHX0
ULWHV ZHUH LQFOXGHG LQ WKH WDUJHW GDWD IRU WKH ¿W/ DQG RQO\ LI WKH\ FDUULHG D VLJQDO DERYH QRLVH
OHYHO1

î 7KH WLPH ZLQGRZ RI WKH GDWD VHWV ZDV UHVWULFWHG WR D SHULRG RI <3PV/ VWDUWLQJ 8PV EHIRUH
WKH RQVHW RI WKH K\SHUSRODUL]LQJ FXUUHQW SXOVH1 7KLV ZLQGRZ FDSWXUHV WKH HQWLUH ÀXRUHVFHQFH
WUDQVLHQWV ZLWKRXW LQFOXGLQJ PXFK WLPH DIWHU WKH PHPEUDQH SRWHQWLDO KDV DOUHDG\ UHWXUQHG WR
EDVHOLQH1

,I ZH ZDQW WR ¿W WKH UHPDLQLQJ VHWV RI ÀXRUHVFHQFH GDWD WR YROWDJH GLVWULEXWLRQV FRPSXWHG IRU D
PRGHO QHXURQ/ ZH UXQ LQWR WKH SUREOHP RI GLIIHUHQW DQG XQNQRZQ SURSRUWLRQDOLW\ IDFWRUV EHWZHHQ
YROWDJH FKDQJH DQG ÀXRUHVFHQFH FKDQJH IRU WKH GLIIHUHQW GLRGHV +VHH VHFWLRQ 615,1 :H VROYH WKLV
SUREOHP E\ XVLQJ DOWHUQDWLYH , IURP VHFWLRQ 61516 +IRU UHDVRQV JLYHQ WKHUH,/ ZKLFK PHDQV WKDW ZH
XVH RQO\ WKH VKDSHV 7s,üJ? E|ä RI WKH ÀXRUHVFHQFH WUDQVLHQWV +DV GH¿QHG E\ +5,, ± DQG QRW WKHLU
DPSOLWXGHV1 1DWXUDOO\/ WKLV LPSOLHV WKDW ZH KDYH WR QRUPDOL]H WKH WKHRUHWLFDO WUDQVLHQWV LQ WKH VDPH
PDQQHU EHIRUH ZH FDQ FRPSDUH WKHP WR WKH WDUJHW GDWD GXULQJ WKH ¿WWLQJ SURFHVV1 7KH UHVXOWLQJ
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WDUJHW GDWD IRU WKH WKUHH QHXURQV IRU ZKLFK LPDJLQJ GDWD DUH DYDLODEOH +FDOOHG µ$¶/ µ%¶/ DQG µ&¶,
DUH VKRZQ LQ ¿J1 8191

7KH ¿W XVLQJ WKH SDUDPHWHUV RI QHXULWHOHVV FHOO ERGLHV
%HFDXVH WKH QHXURQV XVHG IRU LPDJLQJ DOO KDG WZR QHXULWHV/ DQDO\WLFDO VROXWLRQV IRU WKH WKHRUHWL0
FDOO\ H[SHFWHG YROWDJH WUDQVLHQWV LQ WKH QHXULWHV DIWHU D EULHI K\SHUSRODUL]LQJ FXUUHQW SXOVH DW WKH
VRPD ZHUH QRW DYDLODEOH +VHH VHFWLRQ 71417,1 ,QVWHDG/ WKH WKHRUHWLFDO WUDQVLHQWV KDG WR EH REWDLQHG
E\ QXPHULFDO VLPXODWLRQ> WKH GHWHUPLQDWLRQ RI WKH QHXULWLF SDUDPHWHUV WKHUHIRUH ± IRU HDFK RI
WKH WKUHH FHOOV ± LQYROYHG WKH IROORZLQJ VWHSV=

41, 7KH FRQVWUXFWLRQ RI D PRGHO FHOO ZLWK WKH VDPH VRPD GLDPHWHU DQG QHXULWH GLDPHWHUV DQG
OHQJWKV DV WKH FHOO LQ TXHVWLRQ +DV LOOXVWUDWHG LQ ¿J1 714, DQG ZLWK WKH VRPDWLF PHPEUDQH
SDUDPHWHUV }r ' 31396P62FP5 DQG Sr ' 519>)2FP5 IURP VHFWLRQ 8141

51, 7KH FKRLFH RI DUELWUDU\ VWDUWLQJ YDOXHV IRU WKH WZR SDUDPHWHUV } DQG o RI WKH PRGHO QHXURQ1
61, 7KH QXPHULFDO VLPXODWLRQ RI WKH WKHRUHWLFDO WUDQVLHQW VKDSHV 7|ûeJ? E|ä RI WKH PRGHO QHXURQ

LQ UHVSRQVH WR WKH VDPH FXUUHQW SXOVH DV LQMHFWHG LQWR WKH UHDO QHXURQ GXULQJ WKH LPDJLQJ
H[SHULPHQW +IRU GHWDLOV RI WKH VLPXODWLRQ VHH DSSHQGL[ ',1

71, 7KH FRPSXWDWLRQ RI WKH WKHRUHWLFDO VKDSHV¶ GHYLDWLRQ IURP WKH WDUJHW GDWD1 $V D PHDVXUH IRU
WKH GHYLDWLRQ/ WKH TXDQWLW\ ã2*( ± GH¿QHG E\ +48;, LQ DSSHQGL[ ' ± ZDV XVHG/ ZKLFK LV MXVW
WKH µFKL0VTXDUH¶ XVXDOO\ XVHG IRU OHDVW VTXDUH ¿WWLQJ/ GLYLGHG E\ WKH QXPEHU( RI GDWD SRLQWV
LQ WKH WDUJHW GDWD VHW >9<@1

81, 7KH FKRLFH RI D QHZ SDLU RI YDOXHV IRU } DQG o LQ WKH PRGHO QHXURQ1
91, 7KH UHSHWLWLRQ RI VWHSV 6/ 7 DQG 8 XQWLO WKH PLQLPXP RI ã2*( LV IRXQG1 7KH } DQG o LQ WKH

PLQLPXP DUH WKH QHXULWLF SDUDPHWHUV WKDW EHVW GHVFULEH WKH H[SHULPHQWDO GDWD1

:KHQ WKLV ¿W SURFHGXUH ZDV SHUIRUPHG IRU WKH WKUHH QHXURQV IRU ZKLFK LPDJLQJ GDWD ZHUH DYDLO0
DEOH/ WKH UHVXOWV LQ WKH PLQLPD ZHUH

QHXURQ } >P62FP5@ �*} >NlFP5@ o >lFP@ ã2*(
$ 31387 4< 77: 4148
% ý3135; ý69 6;8 41:3
& 31369 5; 569 31;8

ZKHUH WKH FROXPQ �*} +FRUUHVSRQGLQJ WR-� LQ HOHFWURSK\VLRORJLVW QRPHQFODWXUH,ZDV LQWURGXFHG
IRU FRPSDULVRQ1 7KH YDOXHV RI ã2*( ä 4 LQGLFDWH WKDW WKH VKDSHV 7|ûeJ? E|ä RI WKH WKHRUHWLFDO
YROWDJH WUDQVLHQWV FRUUHVSRQGLQJ WR WKH PLQLPD RI ã2*( DJUHH ZHOO ZLWK WKH WDUJHW GDWD IRU $ DQG
& >9<@> IRU %/ WKHUH LV PRGHUDWH DJUHHPHQW1 ,Q VSLWH RI WKLV/ KRZHYHU/ WKH SDUDPHWHUV REWDLQHG
IURP WKH ¿WV DUH QRW YHU\ FRQYLQFLQJ IRU WKUHH UHDVRQV=

î )RU FHOO %/ WKH YDOXH REWDLQHG IRU WKH FRQGXFWDQFH } RI WKH QHXULWLF PHPEUDQH LV QHJDWLYH/
ZKLFK PDNHV QR VHQVH DW DOO1

î 7KH LQSXW FRQGXFWDQFHV RI WKH PRGHO QHXURQV WKDW DUH REWDLQHG LI WKH ¿W UHVXOWV } DQG o/ WKH
VRPDWLF FRQGXFWDQFH }r IURP VHFWLRQ 814 DQG WKH FHOO JHRPHWU\ DUH SOXJJHG LQWR +5;, GR QRW
DJUHH ZLWK WKH VWHDG\ VWDWH LQSXW FRQGXFWDQFHV PHDVXUHG LQ WKH UHDO QHXURQV ZLWK FXUUHQW VWHSV
DV LQ VHFWLRQ 8141 6SHFL¿FDOO\/ WKH H[SHULPHQWDO DQG WKHRUHWLFDO LQSXW FRQGXFWDQFHV DQG WKH
WKHRUHWLFDO VRPD FRQGXFWDQFHV RI WKH WKUHH QHXURQV DUH
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QHXURQ H[SHULPHQW ¿W
C >Q6@ Cr >Q6@ C >Q6@

$ ;18 :17 4613
% 414 4313 0
& 615 917 4314

+IRU FHOO %/ WKH WKHRUHWLFDO LQSXW FRQGXFWDQFH C FDQ QRW EH FRPSXWHG EHFDXVH RI WKH QHJDWLYH
YDOXH RI },1 1RWH WKDW IRU FHOOV % DQG &/ HYHQ WKH FRPSXWHG VRPDWLF FRQGXFWDQFH Cr DORQH ±
ZLWKRXW WKH DGGLWLRQDO FRQWULEXWLRQV IURP WKH LQSXW FRQGXFWDQFHV RI WKH WZR QHXULWHV ± LV ODUJHU
WKDQ WKH H[SHULPHQWDOO\ REWDLQHG LQSXW FRQGXFWDQFH RI WKH HQWLUH QHXURQ1

î 7KH WKHRUHWLFDO VRPDWLF YROWDJH WUDQVLHQWV IRU WKH EHVW ¿WV KDYH PXFK VPDOOHU DPSOLWXGHV WKDQ
WKH H[SHULPHQWDO YROWDJH WUDQVLHQWV PHDVXUHG ZLWK WKH PLFURHOHFWURGHV DW WKH FHOO ERGLHV RI
WKH WKUHH QHXURQV1 7KLV LV LOOXVWUDWHG LQ WKH OHIW SDUW RI ¿J1 818/ ZKHUH WKH H[SHULPHQWDO DQG
WKHRUHWLFDO WUDQVLHQWV DW DOO WKUHH FHOO ERGLHV DUH FRPSDUHG1

:KDW LV WKH UHDVRQ IRU WKHVH FRQVLGHUDEOH GHYLDWLRQV EHWZHHQ ¿W UHVXOWV DQG H[SHULPHQWDO GDWD" ,I
ZH DVVXPH WKDW WKH FDEOH PRGHO XQGHUO\LQJ WKH VLPXODWHG WUDQVLHQWV JLYHV D JRRG GHVFULSWLRQ RI
WKH HOHFWULFDO EHKDYLRU RI QHXURQV $ WKURXJK &/ WKH RQO\ WKLQJ WKDW FDQ FDXVH WKH GLVFUHSDQFLHV
LV D ZURQJ YDOXH RI RQH RU VHYHUDO RI WKH SDUDPHWHUV WKDW JR LQWR WKH PRGHO/ QDPHO\ WKH SK\VLFDO
GLPHQVLRQV RI WKH QHXURQV DQG WKH YDOXHV XVHG IRU }r/ Sr DQG S1 :H QRZ FRQVLGHU WKHVH SRVVLEOH
VRXUFHV RI HUURU WR VHH ZKLFK FRXOG KDYH FDXVHG WKH GHYLDWLRQV GHVFULEHG DERYH=

3RVVLELOLW\ 4= 7KH SK\VLFDO GLPHQVLRQV DUH ZURQJ1 7KH IRXU SK\VLFDO GLPHQVLRQV RI HDFK QHX0
URQ WKDW DUH XVHG LQ WKH ¿W DUH WKH VRPD GLDPHWHU _r/ WKH WZR QHXULWH OHQJWKV ,� DQG ,2 DQG WKH
QHXULWH GLDPHWHU _/ DQG WKH\ DUH PHDVXUHG IURP D PLFURJUDSK RI WKH FHOO ZLWK DQ DFFXUDF\ RI +HV0
WLPDWHG, D IHZ >P1 7KXV WKH UHODWLYH HUURU RI ,� DQG ,2 +ZKLFK DUH RQ WKH RUGHU RI VHYHUDO KXQGUHG
>P, DQG RI _r +ZKLFK LV DURXQG 83>P, LV DW PRVW D IHZ ( DQG LV WKHUHIRUH WRR VPDOO WR FDXVH
WKH GHYLDWLRQV GHVFULEHG DERYH1 ,Q FRQWUDVW/ _ LV DURXQG 8>P/ VR LWV UHODWLYH HUURU FRXOG EH UDWKHU
ODUJH1 7R FKHFN LI D ZURQJ YDOXH RI _ FRXOG SOD\ D UROH LQ WKH REVHUYHG GHYLDWLRQV/ DUWL¿FLDO WDUJHW

)LJXUH 818= 6RPDWLF YROWDJH WUDQVLHQWV IURP H[SHULPHQWV DQG ¿WV1 +/HIW, 6RPDWLF YROWDJH UHVSRQVHV
+EODFN, RI FHOOV $ WKURXJK & WR EULHI FXUUHQW LQMHFWLRQV1 ,I WKH RSWLFDO WDUJHW GDWD IURP WKHVH H[SHULPHQWV DUH
¿W DV GHVFULEHG LQ WKH WH[W +XVLQJ WKH SDUDPHWHUV RI QHXULWHOHVV FHOO ERGLHV,/ WKH VRPDWLF YROWDJH WUDQVLHQWV
FRUUHVSRQGLQJ WR WKH EHVW ¿WV +UHG, KDYH PXFK WRR VPDOO DPSOLWXGHV1 +5LJKW, &RPSDUDEOH WUDQVLHQWV IURP
D PRGHO QHXURQ1 $UWL¿FLDO WDUJHW GDWD ZHUH VLPXODWHG IRU WKH PRGHO FHOO DQG ¿W DV ZLWK WKH UHDO QHXURQV1
,Q HDFK RI WKH IRXU SDQHOV/ WKH EODFN WUDFH VKRZV WKH VRPDWLF YROWDJH WUDQVLHQW RI WKH PRGHO QHXURQ DQG
WKH EOXH DQG JUHHQ WUDFHV VKRZ WKH WUDQVLHQWV FRUUHVSRQGLQJ WR ¿W UHVXOWV REWDLQHG ZKHQ RQH RI WKH LQSXW
SDUDPHWHUV RI WKH ¿W ZDV KDOI RU WZLFH LWV FRUUHFW YDOXH= :URQJ YDOXHV RI g RU jv KDYH DOPRVW QR HIIHFW/ ZKLOH
D ZURQJ YDOXH IRU HLWKHU RI WKH WZR FDSDFLWDQFHV f DQG fv FDQ FDXVH GHYLDWLRQV DV WKH\ ZHUH REVHUYHG IRU
FHOOV $/ % DQG &1
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GDWD ZHUH VLPXODWHG IRU D PRGHO FHOO ZLWK WKH IROORZLQJ SK\VLFDO GLPHQVLRQV +ZKLFK DUH W\SLFDO
YDOXHV IRU WKH FHOOV XVHG KHUH, DQG HOHFWULFDO SURSHUWLHV +ZKLFK DUH WKH UHVXOWV IURP WKH ¿WV GRQH
ODWHU RQ LQ WKLV VHFWLRQ,= 6RPD GLDPHWHU _r ' 93>P/ QHXULWH OHQJWKV ,� ' 633>P DQG ,2 ' 533>P/
QHXULWH GLDPHWHU _ ' 8>P/ VRPDWLF PHPEUDQH FRQGXFWDQFH }r ' 31353P62FP5/ VRPDWLF PHP0
EUDQH FDSDFLWDQFH Sr ' 414>)2FP5/ QHXULWLF PHPEUDQH FRQGXFWDQFH } ' 31368P62FP5/ QHXULWLF
PHPEUDQH FDSDFLWDQFH Sr ' 413>)2FP5/ F\WRSODVPLF UHVLVWLYLW\ o ' 6<7lFP1 7KHVH DUWL¿FLDO WDU0
JHW GDWD ZHUH WKHQ ¿W DV GHVFULEHG RQ SDJH 78/ XVLQJ WKH FRUUHFW YDOXHV IRU DOO RWKHU SDUDPHWHUV/
EXW GHOLEHUDWHO\ DVVXPLQJ ZURQJ YDOXHV IRU _1 7KH UHVXOWLQJ VRPDWLF YROWDJH WUDQVLHQWV ± VKRZQ
LQ ¿J1 818 ± DUH YLUWXDOO\ LGHQWLFDO WR WKH RULJLQDO WUDQVLHQW/ LQGLFDWLQJ WKDW D ZURQJ YDOXH RI _ FDQ
QRW EH UHVSRQVLEOH IRU WKH GLVFUHSDQFLHV REVHUYHG IRU FHOOV $ WKURXJK &1

3RVVLELOLW\ 5= 7KH YDOXH RI S LV ZURQJ1 7KH QHXULWLF PHPEUDQH FDSDFLWDQFH ZDV DVVXPHG WR EH
S ' 4>)2FP5/ ZKLFK LV WKH YDOXH PRVW RIWHQ FLWHG IRU QHXULWLF PHPEUDQHV >86@>;<@1 7R FKHFN LI
WKH REVHUYHG GLVFUHSDQFLHV FRXOG EH GXH WR WKLV YDOXH EHLQJ GLIIHUHQW IURP WKH DFWXDO S LQ FXOWXUHG
/\PQDHD QHXULWHV/ WKH DUWL¿FLDO WDUJHW GDWD IURP DERYH ZHUH DJDLQ ¿W/ EXW WKLV WLPH DVVXPLQJ
ZURQJ YDOXHV IRU S1 7KHVH ¿W UHVXOWV DUH DOVR VKRZQ LQ ¿J1 818> WKH\ LQGLFDWH WKDW GLVFUHSDQFLHV
DV WKH\ ZHUH REVHUYHG IRU FHOO $ WKURXJK & FRXOG/ LQ SULQFLSOH/ EH GXH WR WKH UHDO YDOXH RI S LQ
/\PQDHD QHXULWHV EHLQJ VLJQL¿FDQWO\ VPDOOHU WKDQ WKH YDOXH RI S ' 4>)2FP5 XVHG LQ WKH ¿WV1

3RVVLELOLW\ 6= 7KH YDOXH RI }r LV ZURQJ1 )RU WKH ¿WV/ D YDOXH RI }r ' 31396P62FP5 ZDV DVVXPHG
± WKLV LV WKH DYHUDJH VRPDWLF PHPEUDQH FRQGXFWDQFH RI QHXULWHOHVV FHOO ERGLHV +VHH VHFWLRQ 814,1
$V PHQWLRQHG DERYH/ KRZHYHU/ WKH VRPD FRQGXFWDQFHV REWDLQHG IURP WKLV YDOXH DQG WKH VRPD
GLDPHWHUV RI QHXURQV % DQG & ZLWK +6, DUH DOUHDG\ ODUJHU WKDQ WKH H[SHULPHQWDOO\ REWDLQHG LQSXW
FRQGXFWDQFHV RI WKHVH WZR FHOOV/ HYHQ ZLWKRXW WKH DGGLWLRQDO LQSXW FRQGXFWDQFHV RI WKH WZR QHX0
ULWHV1 7KLV PHDQV WKDW WKH DFWXDO YDOXH RI }r LQ WKHVH WZR QHXURQV PXVW EH FRQVLGHUDEO\ VPDOOHU
WKDQ 31396P62FP51 7KXV/ WKH GLVFUHSDQFLHV REVHUYHG IRU WKHVH QHXURQV DUH DW OHDVW SDUWO\ GXH WR
D ZURQJ YDOXH RI }r1 %XW VXFK D ZURQJ YDOXH FDQ QRW H[SODLQ DOO RI WKH REVHUYHG GHYLDWLRQV= ,I
WKH DUWL¿FLDO WDUJHW GDWD IURP DERYH DUH ¿W ZLWK ZURQJ }r/ WKH UHVXOWLQJ YROWDJH WUDFHV DW WKH FHOO
ERG\ KDYH WKH FRUUHFW DPSOLWXGH1 7KLV LV LOOXVWUDWHG LQ ¿J1 818> LW LPSOLHV WKDW }r LV QRW WKH RQO\
SDUDPHWHU ZKRVH YDOXH ZDV ZURQJ LQ WKH ¿WV1

3RVVLELOLW\ 7= 7KH YDOXH RI Sr LV ZURQJ1 7KH YDOXH RI Sr ' 519>)2FP5 XVHG LQ WKH ¿WV LV DOVR GH0
ULYHG IURP WKH H[SHULPHQWV RQ QHXULWHOHVV FHOO ERGLHV LQ VHFWLRQ 8141 )LWWLQJ WKH DUWL¿FLDO WDUJHW
GDWD IURP DERYH ZLWK D ZURQJ YDOXH IRU WKLV SDUDPHWHU OHDGV WR GLVFUHSDQFLHV EHWZHHQ WKH FRUUHFW
VRPDWLF YROWDJH WUDQVLHQW DQG WKDW REWDLQHG IURP WKH ¿W WKDW DUH VLPLODU WR WKH GLVFUHSDQFLHV RE0
VHUYHG IRU FHOO $/ % DQG &/ DV LV DJDLQ LOOXVWUDWHG LQ ¿J1 8181 7KLV VXJJHVWV WKDW Sr LQ WKH WKUHH FHOOV
PD\ EH VPDOOHU WKDQ 519>)2FP51

,Q VXPPDU\/ WKHVH FRQVLGHUDWLRQV LQGLFDWH WKDW FHOO ERGLHV RI /\PQDHD QHXURQV WKDW KDYH JURZQ
QHXULWHV LQ FXOWXUH DUH GLIIHUHQW IURP WKRVH RI QHXULWHOHVV FHOO ERGLHV DW OHDVW ZLWK UHVSHFW WR
WKHLU PHPEUDQH FRQGXFWDQFH }r1 $GGLWLRQDOO\/ HLWKHU WKH VRPDWLF PHPEUDQH FDSDFLWDQFH Sr RU
WKH QHXULWLF PHPEUDQH FDSDFLWDQFH S ± RU ERWK ± PXVW EH VPDOOHU WKDQ DVVXPHG XS WR QRZ
RQ WKH EDVLV RI VHFWLRQ 814 DQG RI QHXULWH FDSDFLWDQFH YDOXHV IURP WKH OLWHUDWXUH >86@>;<@1

7KH ¿W ZLWK UHYLVHG SDUDPHWHUV
$V ZH REYLRXVO\ FDQ QRW XVH WKH YDOXH RI }r GHWHUPLQHG LQ VHFWLRQ 814 DQG HLWKHU Sr RU S RU ERWK
PXVW DOVR EH VPDOOHU WKDQ SUHYLRXVO\ WKRXJKW/ ZH DUH EDFN WR ¿YH XQNQRZQV DJDLQ/ QDPHO\ }/ o/
}r/ Sr DQG S1 :LWK WKH DGGLWLRQDO LQIRUPDWLRQ SURYLGHG E\ WKH H[SHULPHQWDOO\ GHWHUPLQHG VWHDG\
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VWDWH LQSXW FRQGXFWDQFHV RI WKH WKUHH QHXURQV $/ % DQG & +OLVWHG LQ WKH WDEOH RQ SDJH 79,/ KRZHYHU/
ZH FDQ DUULYH DW D URXJK HVWLPDWH RI WKH YDOXH RI }r IRU HDFK FHOO DQG FDQ WKXV UHGXFH WKH QXPEHU
RI ¿W SDUDPHWHUV WR IRXU1

7KH VRPDWLF PHPEUDQH FRQGXFWDQFH }r RI D QHXURQ RI NQRZQ JHRPHWU\ FDQ EH URXJKO\
HVWLPDWHG IURP LWV WRWDO VWHDG\ VWDWH LQSXW FRQGXFWDQFH DV IROORZV= $FFRUGLQJ WR +5;,/ WKH LQSXW
FRQGXFWDQFH RI WKH QHXURQ LV

C ' Cr n
a[
æ'�

|@?üuæ
bæ-æ

+85,

ZKHUH WKH VXP UXQV RYHU DOO QHXULWHV DQG uæ ' ,æ*bæ LV WKH HOHFWURWRQLF OHQJWK RI QHXULWH æ1 )URP
WKH SURSDJDWLRQ PDSV IRU K\SHUSRODUL]LQJ VLJQDOV LQ DOO WKUHH QHXURQV +WKDW ZLOO EH SUHVHQWHG LQ
WKH QH[W VHFWLRQ LQ ¿JV1 81: DQG 81;, RQH FDQ GHULYH WKDW WKH FHOOV DUH HOHFWURWRQLFDOO\ FRPSDFW/
LPSO\LQJ WKDW uæ ÷ 41 7KXV ZH FDQ VDIHO\ PDNH WKH DSSUR[LPDWLRQ |@?üuæ ä uæ 1 :LWK WKLV DQG
WKH GH¿QLWLRQV RICr DQG bæ/ +6, DQG +<,/ WKH LQSXW FRQGXFWDQFH RI WKH QHXURQ FDQ EH DSSUR[LPDWHG
E\

C ä }rZ_2r n }
a[
æ'�

Z_æ,æ +86,

ZKLFK/ QRW VXUSULVLQJO\/ LV MXVW WKH WRWDO PHPEUDQH FRQGXFWDQFH RI VRPD DQG QHXULWHV ± WKLV LV ZKDW
ZH H[SHFW IRU DQ HOHFWURWRQLFDOO\ FRPSDFW QHXURQ EHFDXVH LW LV DOVR DSSUR[LPDWHO\ LVRSRWHQWLDO1 ,I
ZH DGGLWLRQDOO\ DVVXPH WKDW } ä }r +ZKLFK LV ZK\ WKH UHVXOW RI WKHVH FRQVLGHUDWLRQV FDQ RQO\ EH
D YHU\ URXJK HVWLPDWH RI }r,/ ZH FDQ VROYH IRU }r DQG REWDLQ

}r ä C

Z_2r n
aS
æ'�

Z_æ,æ

+87,

(VWLPDWLQJ }r ZLWK WKLV HTXDWLRQ IRU HDFK QHXURQ LQGLYLGXDOO\ EULQJV WKH QXPEHU RI XQNQRZQ
YDULDEOHV GRZQ WR IRXU/ QDPHO\ }/ o/ Sr DQG S1

$FFRUGLQJ WR WKH VLPXODWLRQV DQG ¿WV LQ WKH ULJKW SDUW RI ¿J1 818/ WKH GHYLDWLRQV LOOXVWUDWHG IRU
QHXURQV $/ % DQG & LQ WKH OHIW SDUW RI WKH ¿JXUH FRXOG EH GXH WR WKH YDOXH RI Sr ' 519>)2FP5

DQG2RU S ' 413>)2FP5 XVHG LQ WKH ¿WV EHLQJ ODUJHU WKDQ WKH UHDO YDOXH LQ VQDLO QHXURQV1 7R FKHFN
ZKHWKHU XVLQJ VPDOOHU YDOXHV RI S LQ WKH ¿W OHDGV WR EHWWHU DJUHHPHQW EHWZHHQ WKH H[SHULPHQWDO
DQG WKHRUHWLFDO YROWDJH WUDQVLHQWV DW WKH VRPD/ WKH ¿W SURFHGXUH GHVFULEHG RQ SDJH 78ZDV UHSHDWHG
IRU HDFK RI WKH WKUHH QHXURQV/ EXW QRZ ZLWK WKH HVWLPDWHG YDOXHV RI }r DFFRUGLQJ WR +87, DQG IRU
GLIIHUHQW YDOXHV RI S EHORZ 413>)2FP51 :KLOH WKH DPSOLWXGH RI WKH WKHRUHWLFDO WUDQVLHQWV DW WKH
VRPD WKDW UHVXOWHG IURP WKHVH ¿WV VOLJKWO\ LQFUHDVHG IRU GHFUHDVLQJ S DQG WKXV DSSURDFKHG WKH
DPSOLWXGH RI WKH PHDVXUHG VRPDWLF WUDQVLHQWV/ WKH LPSURYHPHQW ZDV RQO\ VPDOO= (YHQ IRU D YDOXH
RI WKH QHXULWLF PHPEUDQH FDSDFLWDQFH DV VPDOO DV S ' 315>)2FP5/ WKH DPSOLWXGH RI WKH WKHRUHWLFDO
VRPDWLF WUDQVLHQW ZDV VWLOO RQO\ ;6( +FHOO $,/ 79( +FHOO %, DQG 94( +FHOO &, RI WKH H[SHULPHQWDO
WUDQVLHQW¶V DPSOLWXGH1 7KXV HYHQ YDOXHV RI S WKDW DUH ZHOO EHORZ WKH FDSDFLWDQFH RI D SXUH OLSLG
ELOD\HU >86@ DUH QRW VPDOO HQRXJK WR VLPXOWDQHRXVO\ ¿W WKH WDUJHW GDWD IURP WKH QHXULWHV DQG WKH
VRPDWLF WUDQVLHQW PHDVXUHG ZLWK WKH PLFURHOHFWURGH ± D ZURQJ YDOXH RI S FDQ WKHUHIRUH QRW
H[SODLQ WKH ODUJH GHYLDWLRQV LQ WKH OHIW JUDSKV LQ ¿J1 8181 :KLOH WKLV GRHV QRW UXOH RXW WKH
SRVVLELOLW\ WKDW S DFWXDOO\ LV VPDOOHU WKDQ 413>)2FP5/ EXW LV UHVSRQVLEOH IRU RQO\ D VPDOO SDUW RI WKH
GHYLDWLRQV/ LW VKRZV WKDW WKH SUHGRPLQDQW SDUW RI WKH GHYLDWLRQV PXVW EH FDXVHG E\ Sr ' 519>)2FP5

EHLQJ WRR ODUJH1 ,Q RUGHU WR NHHS WKH QXPEHU RI ¿W SDUDPHWHUV DV VPDOO DV SRVVLEOH/ WKH QHXULWLF
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&HOOV ZLWK QHXULWHV

)LJXUH 819= 7DUJHW GDWD DQG ¿WV IRU DOO WKUHH QHXURQV1 7KLV ¿JXUH VKRZV ¿W UHVXOWV REWDLQHG ZLWK
WKH UHYLVHG VRPD SDUDPHWHUV IRU QHXURQV $/ % DQG &1 )RU HDFK FHOO/ WKH JUDSKV VKRZ= +7RS, ([SHULPHQWDO
YROWDJH WUDQVLHQW +EODFN, DW WKH VRPD LQ UHVSRQVH WR D K\SHUSRODUL]LQJ FXUUHQW SXOVH DQG WKHRUHWLFDO VRPDWLF
WUDQVLHQW IRU WKH EHVW ¿W +UHG,1 +0LGGOH, 2XWOLQH GUDZLQJ RI WKH QHXURQ/ DORQJ ZLWK WKH VXSHULPSRVHG JUDSKV
RI WDUJHW GDWD DQG ¿W1 7KH FRORU FRGH IRU WKH WDUJHW VKDSHV Vioxrq +w, UXQV IURP ý4 +EOXH, WR 3 +UHG, ZKLOH WKH
¿WV Vwkhrq +w, DUH UHSUHVHQWHG DV FRQWRXU PDSV ZLWK OLQHV IRU WKH YDOXHV ý314/ ý316/ ý318/ ý31: DQG ý31<
+WKH ODWWHU RQH GDVKHG,1 +%RWWRP, 'LIIHUHQFH EHWZHHQ WDUJHW GDWD DQG ¿W/ IRU HDFK GLRGH GLYLGHG E\ WKH
VWDQGDUG GHYLDWLRQ RI WKH WDUJHW GDWD DQG DYHUDJHG RYHU DOO GLRGHV1

PHPEUDQH FDSDFLWDQFH ZDV WKHUHIRUH OHIW DW S ' 413>)2FP5 IRU WKH UHVW RI WKLV ZRUN1

7KLV OHDYHV RQO\ WKUHH XQNQRZQ SDUDPHWHUV/ QDPHO\ }/ o DQG Sr1 7KHVH ZHUH QRZ GHWHUPLQHG
IRU HDFK RI WKH QHXURQV $/ % DQG & E\ ¿WWLQJ WKH WDUJHW GDWD EDVLFDOO\ DV GHVFULEHG RQ SDJH 78/
EXW ZLWK WKH IROORZLQJ GLIIHUHQFHV=

î )RU WKH VRPDWLF PHPEUDQH FRQGXFWDQFH/ WKH HVWLPDWHG YDOXH DFFRUGLQJ WR +87,ZDV XVHG LQVWHDG
RI }r ' 31396P62FP51

î 7KH ¿W ZDV SHUIRUPHG IRU GLIIHUHQW YDOXHV RI Sr VPDOOHU WKDQ 519>)2FP51
î 7KH ¿W UHVXOW WKDW EHVW UHSURGXFHG WKH H[SHULPHQWDOO\ REWDLQHG VRPDWLF YROWDJH WUDQVLHQW ZDV
VHOHFWHG DV WKH ¿QDO UHVXOW1

7KHVH UHVXOWV DUH VKRZQ LQ ¿J1 819 IRU WKH WKUHH QHXURQV/ DQG WKH SDUDPHWHU YDOXHV IRU WKH EHVW
¿WV DUH OLVWHG LQ WKH IROORZLQJ WDEOH=
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6LQJOH FHOO H[SHULPHQWV

QHXURQ }r >P62FP5@ Sr >>)2FP5@ } >P62FP5@ o >lFP@ b >>P@ ô >PV@ ã2*(
$ 3136; 418 31376 79< ;<< 56 4148
% 31338 31< 31363 7:9 4446 66 41:3
& 31349 31; 31366 569 456: 63 31;7

PHDQ 31353 414 31368 6<7 43;6 5<
÷V1G1 ÷3134: ÷317 ÷3133: ÷46: ÷4:4 ÷8

)RU WKRVH PRUH IDPLOLDU ZLWK WKH YDOXHV RI -� LQ HOHFWURSK\VLRORJ\ OLWHUDWXUH= 7KH PHDQ YDOXHV
RI }r ' 31353P62FP5 DW WKH VRPD DQG } ' 31368P62FP5 LQ WKH QHXULWHV FRUUHVSRQG WR �*}r '
83NlFP5 DQG �*} ' 5<NlFP51

5HOLDELOLW\ RI WKH ¿W UHVXOWV
$V WKH YDOXHV RI ã2*( ä 4 DQG WKH UHVLGXHV LQ ¿J1 819 LQGLFDWH/ WKH ¿WV IRU FHOOV $ DQG & DJUHH
ZHOO ZLWK WKH WDUJHW GDWD >9<@/ DQG IRU WKHVH WZR FHOOV/ WKH H[SHULPHQWDO VRPDWLF YROWDJH WUDQVLHQWV
DQG WKRVH IRU WKH ¿WV DOVR ORRN UDWKHU VLPLODU1 7KH ¿W IRU QHXURQ % LV QRW TXLWH WKDW JRRG= 7KH YDOXH
RI ã52( LQ WKH PLQLPXP LV ODUJHU/ WKH UHVLGXH VKRZV D VOLJKW FXUYDWXUH DQG WKH VRPDWLF WUDQVLHQW
FRUUHVSRQGLQJ WR WKH ¿W ODFNV D IDVW FRPSRQHQW WKDW LV SUHVHQW LQ WKH H[SHULPHQWDO WUDQVLHQW1 %XW LQ
JHQHUDO/ WKH QHZ ¿WV KDYH VROYHG WZR RI WKH SUREOHPV WKDW WKH ¿WV XVLQJ WKH VRPDWLF SDUDPHWHUV
IURP VHFWLRQ 814 VWLOO KDG +VHH SDJH 78,= 7KH\ GR QRW OHDG WR QHJDWLYH YDOXHV RI } DQG WKH\ UHVXOW
LQ VRPDWLF YROWDJH WUDQVLHQWV WKDW DJUHH PXFK EHWWHU ZLWK WKH H[SHULPHQWDO WUDQVLHQWV WKDQ WKRVH
IURP WKH SUHYLRXV ¿WV1

7KH QHZ ¿WV GR/ KRZHYHU/ QRW IXOO\ VROYH WKH WKLUG SUREOHP GLVFXVVHG RQ SDJH 78/ QDPHO\ WKH
GLVFUHSDQFLHV EHWZHHQ WKH H[SHULPHQWDOO\ REWDLQHG WRWDO LQSXW FRQGXFWDQFHV RI WKH WKUHH FHOOV DQG
WKH LQSXW FRQGXFWDQFHV DV FRPSXWHG IURP }r/ }/ o DQG WKH SK\VLFDO GLPHQVLRQV RI WKH FHOOV ZLWK
+5;,= 7KH H[SHULPHQWDO DQG FRPSXWHG YDOXHV DUH

QHXURQ C IURP H[SHULPHQW >Q6@ C IURP ¿W >Q6@
$ ;18 ;1<
% 414 617
& 615 71<

,Q DOO WKUHH FDVHV/ WKH LQSXW FRQGXFWDQFH C H[SHFWHG IURP WKH ¿W UHVXOWV LV ODUJHU WKDQ WKH
H[SHULPHQWDO YDOXH/ DOEHLW WKH GLIIHUHQFH LV UDWKHU VPDOO IRU FHOO $1

$Q DWWHPSW ZDV PDGH WR VROYH WKLV SUREOHP E\ UHSHDWLQJ WKH ¿WV ZLWK \HW DQRWKHU VWUDWHJ\= ,Q0
VWHDG RI XVLQJ WKH VRPDWLF PHPEUDQH FRQGXFWDQFH }r HVWLPDWHG ZLWK +87,/ WKH YDOXH RI }r ZDV
FRPSXWHG IURP WKH PRPHQWDU\ YDOXHV RI } DQG o GXULQJ WKH ¿W E\ XVLQJ +5;,1 7KLV IRUFHV WKH LQ0
SXW FRQGXFWDQFH RI WKH PRGHO FHOO WR EH HTXDO WR WKH H[SHULPHQWDOO\ REWDLQHG LQSXW FRQGXFWDQFH
± KRZHYHU/ LW SURGXFHV ¿W UHVXOWV WKDW GR QRW VLPXOWDQHRXVO\ DJUHH ZLWK ERWK WKH WDUJHW GDWD IURP
WKH QHXULWHV DQG WKH VRPDWLF YROWDJH WUDQVLHQW1

:KDW FRXOG EH WKH UHDVRQ IRU WKLV IDLOXUH WR ¿QG D VHW RI SDUDPHWHUV WKDW LV FRQVLVWHQW ZLWK WKH
LPDJLQJ GDWD IURP WKH QHXULWHV/ WKH YROWDJH WUDQVLHQW DW WKH FHOO ERG\ DQG WKH LQSXW FRQGXFWDQFH
YDOXH" 2QH WKLQJ WKDW FRPHV WR PLQG LV WKH GLIIHUHQFH EHWZHHQ WKH H[SHULPHQWDO FRQGLWLRQV XQ0
GHU ZKLFK WKH QHXULWLF DQG VRPDWLF GDWD RQ WKH RQH KDQG DQG WKH WRWDO LQSXW FRQGXFWDQFH RQ WKH
RWKHU KDQG ZHUH REWDLQHG= )RU WKH LPDJLQJ H[SHULPHQWV/ LW ZDV FUXFLDO WKDW WKH PHPEUDQH YROWDJH
WKURXJKRXW WKH QHXURQ KDG WKH VDPH YDOXH DW WKH EHJLQQLQJ DQG DW WKH HQG RI WKH RSWLFDO UHFRUGLQJ
SHULRG WR DOORZ WKH VHSDUDWLRQ RI ÀXRUHVFHQFH LQWHQVLW\ FKDQJHV FDXVHG E\ YROWDJH FKDQJHV IURP
WKRVH GXH WR G\H EOHDFKLQJ +VHH VHFWLRQ 61516,1 7KLV FDOOV IRU D EULHI VWLPXOXV DQG WKXV D WUDQVLHQW
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UHVSRQVH/ ZKLFK/ LQ DGGLWLRQ/ FDQ \LHOG PRUH LQIRUPDWLRQ DERXW HOHFWURWRQLF DUFKLWHFWXUH WKDQ D
VWHDG\ VWDWH UHVSRQVH >96@1 ,Q FRQWUDVW/ GHWHUPLQLQJ WKH LQSXW FRQGXFWDQFH RI D QHXURQ UHTXLUHV/ E\
GH¿QLWLRQ/ WKDW WKH YDOXHV RI VRPDWLF PHPEUDQH YROWDJH DQG WRWDO FXUUHQW ÀRZLQJ LQWR WKH VRPD EH
PHDVXUHG IRU WZR GLIIHUHQW VWHDG\ VWDWHV RI WKH YROWDJH GLVWULEXWLRQ +XVXDOO\ WKH UHVWLQJ VWDWH DQG D
PRUH K\SHUSRODUL]HG VWDWH,1 ,I WKH QHXURQ ZDV SHUIHFWO\ SDVVLYH/ WKH PHPEUDQH FRQGXFWDQFH RE0
WDLQHG IURP WUDQVLHQW UHVSRQVHV DQG IURP VWHDG\ VWDWHV VKRXOG EH WKH VDPH/ EXW DV WKH PHPEUDQH
RI WKH FHOO LV RQO\ DSSUR[LPDWHO\ SDVVLYH +VHH VHFWLRQ 814,/ LW LV FRQFHLYDEOH WKDW VORZ FRQGXF0
WDQFH FKDQJHV PD\ LQÀXHQFH WKH YDOXH REWDLQHG IRU WKH LQSXW FRQGXFWDQFH ZLWK ORQJ0ODVWLQJ
FXUUHQW LQMHFWLRQV/ EXW KDYH OHVV HIIHFW RQ WKH PHPEUDQH FRQGXFWDQFH YDOXH REWDLQHG IURP
D WUDQVLHQW UHVSRQVH1

$V WKH URXJK HVWLPDWHV RI }r WKDW ZHUH FRPSXWHG ZLWK +87, DQG WKHQ XVHG LQ WKH ¿WV ZHUH EDVHG
RQ WKH VPDOO H[SHULPHQWDOO\ REWDLQHG LQSXW FRQGXFWDQFHV/ WKH\ DUH SUHVXPDEO\ VPDOOHU WKDQ WKH
UHDO VRPDWLF PHPEUDQH FRQGXFWDQFHV RI WKH WKUHH FHOOV GXULQJ D WUDQVLHQW UHVSRQVH1 %HFDXVH RI
WKLV/ DQG DOVR EHFDXVH WKHVH YDOXHV ZHUH URXJK HVWLPDWHV IURP WKH EHJLQQLQJ/ WKH\ DUH WKH OHDVW
UHOLDEOH LQSXWV XVHG IRU WKH ¿WV1 7R VHH LI WKH ¿W UHVXOWV ZRXOG EH FRQVLGHUDEO\ GLIIHUHQW LI ODUJHU
YDOXHV ZHUH XVHG IRU }r/ D VHULHV RI WHVW ¿WV ZHUH SHUIRUPHG WKDW IROORZHG WKH VDPH SURWRFRO DV
WKH QHZ ¿WV GHVFULEHG DERYH/ EXW XVHG YDOXHV RI }r WKDW ZHUH WZLFH DV ODUJH DV WKH HVWLPDWHV IURP
+87,1 7KH ¿WV REWDLQHG LQ WKLV PDQQHU VKRZ WKDW WKH LQÀXHQFH RI }r RQ PRVW RI WKH ¿W UHVXOWV LV
ZHDN= 7KH ¿WV DQG WKH FRUUHVSRQGLQJ VRPDWLF YROWDJH WUDQVLHQWV ZHUH YLUWXDOO\ LGHQWLFDO WR WKRVH
REWDLQHG ZLWK WKH HVWLPDWHG YDOXHV RI }r/ DQG WKH FKDQJHV LQ WKH DYHUDJH YDOXHV RI Sr DQG o ZHUH
RQO\ ý41<( DQG ý418(/ UHVSHFWLYHO\1 2QO\ WKH DYHUDJH UHVXOW REWDLQHG IRU } GLIIHUHG E\ ý89(
IURP WKDW RI WKH RULJLQDO ¿WV1

,Q VXPPDU\/ WKH ¿W UHVXOWV RI Sr ' +414÷317,>)2FP5 DQG o ' +6<7÷46:,lFP DUH TXLWH UHOLDEOH/
EXW WKH YDOXHV RI }r ' +31353÷3134:,P62FP5 DQG } ' +31368÷3133:,P62FP5/ ZKLOH EHLQJ LQ
WKH ULJKW UDQJH/ PD\ EH WRR VPDOO +LQ WKH FDVH RI }r, DQG WRR ODUJH +LQ WKH FDVH RI }, WR UHÀHFW
WKH UHDO FRQGXFWDQFHV RI FXOWXUHG /\PQDHD QHXURQV1 1RWH WKDW D ODUJHU }r DQG D VPDOOHU } ZRXOG
DOVR EH PRUH FRQVLVWHQW ZLWK WKH OLWHUDWXUH/ ZHUH WKH VRPDWLF PHPEUDQH XVXDOO\ LV DVVXPHG WR EH
PRUH FRQGXFWLYH WKDQ WKH QHXULWLF PHPEUDQH >47@>48@>78@>7<@ ± KHQFH WKH QDPH µVRPDWLF VKXQW
FDEOH PRGHO¶1

5DWKHU GUDPDWLFDOO\/ WKH UHVLGXHV IRU FHOOV % DQG & +DQG WR D OHVVHU GHJUHH DOVR WKDW IRU FHOO $,
VKRZQ DW WKH ERWWRP RI ¿J1 819 UHÀHFW WKH 433+] LQWHQVLW\ RVFLOODWLRQV RI WKH H[FLWDWLRQ ODPS +GXH
WR WKH 83+] SRZHU VXSSO\ IUHTXHQF\, WKDW DUH DOVR YLVLEOH DV YHUWLFDO VWULSHV LQ WKH WDUJHW GDWD1 %XW
DV WKHLU SHULRG LV FRQVLGHUDEO\ IDVWHU WKDQ WKH GHFD\ RI WKH K\SHUSRODUL]HG YROWDJH WUDQVLHQW/ WKH\
FDQ QRW KDYH VHYHUH LQÀXHQFH RQ WKH ¿W UHVXOW1

'LVFXVVLRQ RI WKH HOHFWULFDO SDUDPHWHUV
/LNH WKH PHPEUDQH FRQGXFWDQFHV REWDLQHG IRU QHXULWHOHVV FHOO ERGLHV LQ VHFWLRQ 814/ WKH YDOXHV
RI }r HVWLPDWHG ZLWK WKH DLG RI +87, DUH KLJKO\ YDULDEOH/ EXW WKHLU DYHUDJH }r ' 31353P62FP5 LV
E\ DERXW D IDFWRU RI WKUHH VPDOOHU WKDQ WKDW IRXQG IRU FHOOV ZLWKRXW QHXULWHV +ZKLFK ZDV }r '
31396P62FP5/ VHH SDJH 75,1 ,QWHUHVWLQJO\/ WKH DYHUDJH PHPEUDQH FDSDFLWDQFH RI Sr ' 414>)2FP5

IRXQG KHUH LV DOVR E\ DERXW D IDFWRU RI 517 VPDOOHU WKDQ WKH DYHUDJH RI Sr ' 519>)2FP5 IRXQG IRU
QHXULWHOHVV FHOO ERGLHV +VHH SDJH 74,1 7KLV PHDQV WKDW WKH UDWLR RI }r DQG Sr ± ZKLFK LV LQGHSHQGHQW
RI HUURUV LQ WKH PHDVXUHG PHPEUDQH DUHD GXH WR VXE0PLFURVFRSLF PHPEUDQH LQYDJLQDWLRQV ± LV
VLPLODU LQ ERWK FDVHV1 7KH QXPEHU RI FKDQQHOV SHU DUHD RI OLSLG ELOD\HU WKHUHIRUH VHHPV WR EH
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DERXW WKH VDPH IRU FHOO ERGLHV ZLWK RU ZLWKRXW QHXULWHV/ EXW FHOOV WKDW KDYH JURZQ QHXULWHV VHHP WR
KDYH D VPDOOHU VRPDWLF PHPEUDQH DUHD WKDQ QHXULWHOHVV FHOOV ZLWK WKH VDPH GLDPHWHU/ VXJJHVWLQJ
WKDW WKHLU VRPDWLF PHPEUDQH PD\ GLVSOD\ OHVV H[WHQVLYH LQYDJLQDWLRQV DQG IROGLQJV1

7KH FRQGXFWDQFHV }r DQG } RI WKH VRPD DQG QHXULWHV DUH ERWK YHU\ VPDOO FRPSDUHG WR WKH PHP0
EUDQH FRQGXFWDQFH RI D +RGJNLQ0+X[OH\ QHXURQ/ ZKLFK LV RQ WKH RUGHU RI 73 WLPHV ODUJHU +VHH
VHFWLRQ 716,1 +RZHYHU/ WKH PHPEUDQH FRQGXFWDQFH YDULHV ZLGHO\ EHWZHHQ GLIIHUHQW W\SHV RI QHX0
URQV/ DQG WKH YDOXHV IRXQG KHUH DUH ZHOO ZLWKLQ WKH UDQJH RI SUHYLRXVO\ UHSRUWHG FRQGXFWDQFHV/
ZKLFK FDQ EH DV ORZ DV 3134P62FP5 +IRU WKH JLDQW D[RQ RI WKH PDULQH ZRUP 0\[LFROD LQIXQGLEX0
OXP >;<@,1 7KH\ DUH DOVR VLPLODU WR YDOXHV UHSRUWHG IRU FXOWXUHG OHHFK QHXULWHV +}  3138P62FP5/
>59@, DQG FXOWXUHG KLSSRFDPSDO S\UDPLGDO QHXURQV IURP UDW +}  313:P62FP5/ >98@,1

7KH F\WRSODVPLF UHVLVWLYLW\ RI o  6<7lFP IRXQG KHUH LV DOVR UDWKHU KLJK FRPSDUHG WR WKH +RGJNLQ0
+X[OH\ YDOXH RI 68lFP/ EXW LV DJDLQ LQ WKH VDPH UDQJH DV YDOXHV UHSRUWHG IRU RWKHU QHXURQ W\SHV
>86@>;<@1

0RVW UHOHYDQW IRU WKH IROORZLQJ FKDSWHUV LV WKH VSDFH FRQVWDQW b WKDW UHVXOWV IURP WKHVH HOHFWULFDO
SDUDPHWHUV1 &RPSXWLQJ b IRU FHOOV $/ % DQG & DFFRUGLQJ WR LWV GH¿QLWLRQ +<, UHVXOWV LQ WKH YDOXHV
OLVWHG LQ WKH WDEOH DERYH ± WKH\ DUH DOO RQ WKH RUGHU RI 4333>P1 *LYHQ WKH W\SLFDO OHQJWKV RI
FXOWXUHG /\PQDHD QHXULWHV RI VHYHUDO KXQGUHG PLFURQV/ WKLV HQRUPRXV VSDFH FRQVWDQW LPSOLHV
WKDW WKH FXOWXUHG VQDLO QHXURQV DUH HOHFWURWRQLFDOO\ FRPSDFW/ PHDQLQJ WKDW WKHLU W\SLFDO QHXULWH
OHQJWKV DUH VPDOOHU WKDQ WKHLU VSDFH FRQVWDQW ± LQ VXFK FRPSDFW QHXURQV/ D YROWDJH FKDQJH LQGXFHG
DW WKH FHOO ERG\ LV KDUGO\ GDPSHQHG DORQJ WKH QHXULWHV DQG VSUHDGV YHU\ TXLFNO\ WKURXJKRXW WKH
QHXURQ/ VXFK WKDW WKH FHOO LV FORVH WR LVRSRWHQWLDO DW DQ\ JLYHQ WLPH1

%HFDXVH WKH FHOOV DUH VR FRPSDFW/ GHVLJQHG QHXUDO QHWZRUNV DVVHPEOHG IURP /\PQDHD QHXURQV
PD\ QRW EH WKH LGHDO V\VWHP IRU VWXG\LQJ WKH LQÀXHQFH RI HOHFWURWRQLF FHOO DUFKLWHFWXUH RQ WKH
SHUIRUPDQFH RI WKH QHWZRUN1 7KH\ KHQFH DUH PRUH VXLWDEOH IRU LQYHVWLJDWLRQV FRQFHUQLQJ WKH
LQWHUFHOOXODU WKDQ WKH LQWUDFHOOXODU VLJQDO SURFHVVLQJ LQ VPDOO QHXUDO QHWV1

816 0DSV RI VLJQDO SURSDJDWLRQ
7KH LPDJLQJ GDWD REWDLQHG LQ WKH SUHYLRXV VHFWLRQ ± EHVLGHV SURYLGLQJ FUXFLDO LQIRUPDWLRQ DERXW
WKH HOHFWULFDO SURSHUWLHV RI WKH FXOWXUHG /\PQDHD QHXURQV ± DOVR DOORZ XV WR FRQVWUXFW PDSV RI
VLJQDO SURSDJDWLRQ IRU WKH WKUHH QHXURQV1 7KHVH PDSV DUH FRQVWUXFWHG DQG GLVFXVVHG LQ WKH
SUHVHQW VHFWLRQ1

7KH PDSV FRQVWUXFWHG KHUH KDYH D VSDWLDO UHVROXWLRQ EHWZHHQ 61<>P DW WKH HGJHV DQG 816>P LQ
WKH FHQWHU RI WKH SKRWRGLRGH DUUD\ +VHH VHFWLRQ 61515, DQG FRYHU DERXW 833>P RI QHXURQ1 0DSV
RI VLPLODUO\ KLJK UHVROXWLRQ DQG VSDWLDO H[WHQW KDYH SUHYLRXVO\ EHHQ REWDLQHG IRU FXOWXUHG OHHFK
QHXURQV >59@ DQG UDW QHXURQV >98@/ EXW GXH WR WKH OLPLWHG VL]H RI WKH UHFRUGLQJ GHYLFHV XVHG WKHUH/
WKH\ KDG WR EH DVVHPEOHG IURP VHYHUDO µVKRWV¶/ GLVSODFLQJ WKH UHFRUGLQJ GHYLFH ZLWK UHVSHFW WR WKH
FHOO EHWZHHQ UHFRUGLQJV1 0DSV ZLWK D VSDWLDO UHVROXWLRQ EHORZ 8>P DQG REWDLQHG ZLWK D VLQJOH
VKRW/ OLNH WKH PDSV VKRZQ KHUH/ H[LVWHG RQO\ IRU OHHFK QHXULWHV XS WR QRZ >:3@1

0DSV IRU QHXURQ $
7R REWDLQ WKH PDSV/ZH VWDUW IURP WKH EOHDFKLQJ0FRUUHFWHG ÀXRUHVFHQFH WUDQVLHQWVý{8?E|ä UHFRUGHG
GXULQJ DFWLRQ SRWHQWLDO DQG K\SHUSRODUL]DWLRQ WKDW ZHUH REWDLQHG LQ WKH SUHYLRXV VHFWLRQ1 %XW WR
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5Q$

83P9

53PV 83�P

$

)LJXUH 81:= 6SDWLR0WHPSRUDO PDSV RI VLJQDO SURSDJDWLRQ LQ QHXURQ $1 +&HQWHU, 2XWOLQH GUDZLQJ RI
QHXURQ $1 +/HIW, &RORU0FRGHG PDS RI DQ DFWLRQ SRWHQWLDO SURSDJDWLQJ WKURXJK QHXURQ $1 7KH PDS ZDV
DOLJQHG ZLWK WKH GUDZLQJ RI WKH FHOO VXFK WKDW WKH\ VKDUH WKH VDPH +YHUWLFDO, VSDWLDO D[LV1 +)DU OHIW, 7KH
FXUUHQW LQMHFWHG LQWR WKH VRPD WR WULJJHU WKH DFWLRQ SRWHQWLDO +WRS,/ WKH DFWLRQ SRWHQWLDO DV UHFRUGHG ZLWK
WKH HOHFWURGH DW WKH VRPD +UHG, DQG UHFRQVWUXFWHG YROWDJH WUDQVLHQWV IURP WKH VL[ GLIIHUHQW ORFDWLRQV RQ
WKH QHXULWH WKDW DUH LQGLFDWHG E\ WKH GDVKHG/ KRUL]RQWDO OLQHV1 7KH UHG/ YHUWLFDO OLQH PDUNV WKH WLPH RI WKH
YROWDJH SHDN DW WKH VRPD1 7KH DFWLRQ SRWHQWLDO SURSDJDWLRQ DORQJ WKH QHXULWH LV DOPRVW LQVWDQWDQHRXV1
+5LJKW, 3URSDJDWLRQ PDS IRU WKH K\SHUSRODUL]DWLRQ1 7KH FRORU FRGH LV WKH VDPH DV IRU WKH OHIW PDS ± LW
UDQJHV IURP UHG IRU WKH SHDN RI WKH DFWLRQ SRWHQWLDO DW .47P9 GRZQ WR EOXH IRU WKH PD[LPXP K\SHUSRODU0
L]DWLRQ +ý459P9,1 +)DU ULJKW, 7KH K\SHUSRODUL]LQJ FXUUHQW LQMHFWHG LQWR WKH VRPD +WRS,/ WKH VRPDWLF YROWDJH
WUDQVLHQW LW FDXVHG DV UHFRUGHG ZLWK WKH HOHFWURGH +UHG, DQG UHFRQVWUXFWHG YROWDJH WUDQVLHQWV IRU WKH VL[ OR0
FDWLRQV LQGLFDWHG E\ WKH GDVKHG OLQHV1 7KH YHUWLFDO/ UHG OLQH PDUNV WKH WLPH RI PD[LPXP K\SHUSRODUL]DWLRQ
DW WKH VRPD1 2YHU WKH DSSUR[LPDWHO\ 633çP OHQJWK RI WKH QHXULWH/ WKH SHDN RI WKH K\SHUSRODUL]DWLRQ LV
GHOD\HG E\ RQO\ DERXW 5PV1

VROYH WKH SUREOHP RI XQNQRZQ SURSRUWLRQDOLW\ IDFWRUV EHWZHHQ WKH YROWDJH FKDQJHV DW GLIIHUHQW
VLWHV RQ WKH QHXULWH DQG WKH ÀXRUHVFHQFH LQWHQVLW\ FKDQJHV WKH\ FDXVH/ ZH QRZ DSSO\ DOWHUQDWLYH
,, IURP VHFWLRQ 61516/ WKDW LV/ ZH PDNH WKH DGGLWLRQDO DVVXPSWLRQV RI FRQVWDQW DFWLRQ SRWHQWLDO
DPSOLWXGH DQG FRQVWDQW UHVWLQJ SRWHQWLDO WR UHFRQVWUXFW WKH YROWDJH WUDQVLHQW µVHHQ¶ E\ HDFK GLRGH1

)LJ1 81: VKRZV WKH UHVXOWV RI WKLV VLJQDO SURFHVVLQJ IRU QHXURQ $1 $V WKLV ¿JXUH FRQWDLQV D ORW
RI LQIRUPDWLRQ DERXW WKH SURSHUWLHV RI WKH QHXURQ DQG WKH LPDJLQJ PHWKRG/ LW QHHGV GLVFXVVLRQ=
&RQFHUQLQJ WKH SURSHUWLHV RI WKH QHXURQ/ ¿J1 81: VKRZV WKDW

î WKH WLPH FRXUVH RI WKH DFWLRQ SRWHQWLDO DW DQ\ JLYHQ ORFDWLRQ RQ WKH QHXULWH LV UDWKHU VORZ/ GLV0
SOD\LQJ D KDOI0ZLGWK RI DERXW 48PV DV FRPSDUHG WR RQO\ 5PV IRU DQ DFWLRQ SRWHQWLDO VLPXODWHG
ZLWK +RGJNLQ0+X[OH\ G\QDPLFV +VHH ¿J1 717,1 7KLV LV DQRWKHU LQGLFDWLRQ WKDW WKH +RGJNLQ0
+X[OH\ PRGHO RI QHXUDO PHPEUDQH G\QDPLFV GRHV QRW DSSO\ ZHOO WR SHGDO $0FOXVWHU QHXURQV
IURP /\PQDHD VWDJQDOLV1 6XFK VORZ DFWLRQ SRWHQWLDOV DUH QRUPDO LQ /\PQDHD QHXURQV ><6@/
DQG WKH DFWLRQ SRWHQWLDO DOVR VKRZV WKH µW\SH 5¶ VKDSH W\SLFDO IRU QHXURQV IURP WKH SHGDO $0
FOXVWHUV ><6@/ DOEHLW QRW DV VWURQJO\ DV WKH DFWLRQ SRWHQWLDOV RI FHOOV % DQG & LQ ¿J1 81;1

î WKH VSUHDG RI WKH DFWLRQ SRWHQWLDO WKURXJK WKH QHXULWHV LV YHU\ IDVW ± VR IDVW WKDW KDUGO\ DQ\
GHOD\ FDQ EH GHWHFWHG EHWZHHQ WKH DFWLRQ SRWHQWLDO PHDVXUHG DW WKH VRPD DQG DW WKH WLS RI WKH
633>P0ORQJ QHXULWH1 %HFDXVH WKH WLPH LW WDNHV IRU WKH DFWLRQ SRWHQWLDO WR SURSDJDWH WKURXJKRXW
WKH QHXURQ LV VR PXFK VKRUWHU WKDQ WKH GXUDWLRQ RI WKH DFWLRQ SRWHQWLDO/ WKH FHOO LV DSSUR[LPDWHO\
LVRSRWHQWLDO DW DQ\ JLYHQ WLPH1

î WKH DPSOLWXGH DQG VKDSH RI WKH K\SHUSRODUL]LQJ SXOVH DUH DSSDUHQWO\ FRQVWDQW DORQJ WKH QHXULWH>
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6LQJOH FHOO H[SHULPHQWV

QHLWKHU GDPSLQJ QRU EURDGHQLQJ RI WKH VLJQDO DUH GHWHFWDEOH1 7KLV DOVR LQGLFDWHV WKDW WKH QHXURQ
LV HOHFWURWRQLFDOO\ FRPSDFW ± FRQVLVWHQW ZLWK WKH ¿QGLQJV IURP WKH SUHYLRXV VHFWLRQ1

î WKH K\SHUSRODUL]DWLRQ VSUHDGV YHU\ TXLFNO\/ WRR1 3UHVXPDEO\ EHFDXVH WKH SHDN RI WKLV SXOVH LV
VKDUSHU WKDQ WKH SHDN RI WKH DFWLRQ SRWHQWLDO/ LW LV HDVLHU WR LGHQWLI\ LW LQ WKH QRLV\ ÀXRUHVFHQFH
WUDQVLHQWV1 7KLV DOORZV XV WR HVWLPDWH WKH WLPH LW WDNHV IRU WKH K\SHUSRODUL]DWLRQ WR SURSDJDWH
WKH 633>P IURP WKH VRPD WR WKH WLS RI WKH QHXULWH/ UHVXOWLQJ LQ D SURSDJDWLRQ YHORFLW\ RI +YHU\
URXJKO\, 483>P2PV1 9HU\ VLPLODU YHORFLWLHV KDYH SUHYLRXVO\ EHHQ UHSRUWHG IRU FXOWXUHG OHHFK
QHXURQV >59@>:3@ DQG KLSSRFDPSDO UDW GHQGULWHV LQ FHOO FXOWXUH >98@1

î ERWK DFWLRQ SRWHQWLDO DQG K\SHUSRODUL]DWLRQ DUH FOHDUO\ GLVFHUQLEOH HYHQ DW WKH XOWLPDWH WLS RI
WKH QHXULWH1 7KLV SURYHV WKDW WKH NLOOHG HQG ERXQGDU\ FRQGLWLRQ EULHÀ\ FRQVLGHUHG LQ VHFWLRQ
71414 LV FOHDUO\ QRW DSSOLFDEOH KHUH ± LW ZRXOG IRUFH WKH PHPEUDQH SRWHQWLDO DW WKH WLS WR EH ]HUR
DW DOO WLPHV1

$QG FRQFHUQLQJ WKH LPDJLQJ/ ¿J1 81: GHPRQVWUDWHV WKDW

î WKH VLJQDO SURFHVVLQJ DV GHVFULEHG LQ VHFWLRQ 61516 LV VXLWDEOH IRU UHFRQVWUXFWLQJ PHDQLQJIXO
YROWDJH WUDQVLHQWV IRU PRVW RI WKH GLRGHV1 $ IHZ H[FHSWLRQV FDQ EH VHHQ DV KRUL]RQWDO/ EOXH
OLQHV LQ ¿J1 81:= )RU WZR GLRGHV DW WKH ERWWRP HGJH RI WKH VSDWLR0WHPSRUDO PDSV DQG RQH GLRGH
FORVH WR WKH PLGGOH RI WKH DUUD\/ WKH EDVHOLQH ÀXRUHVFHQFH LQWHQVLW\ VHHPHG WR LQFUHDVH LQVWHDG
RI EOHDFKLQJ DFFRUGLQJ WR WKH PRQR0H[SRQHQWLDO GHFD\ IURP +4, DQG FRXOG WKHUHIRUH QRW EH ¿W
WR WKLV HTXDWLRQ<1 6XFK H[FHSWLRQDO GLRGH VLJQDOV ZHUH QRW XVHG IRU GHWHUPLQLQJ WKH QHXULWLF
SDUDPHWHUV LQ VHFWLRQ 8151

î D VWDEOH H[FLWDWLRQ OLJKW VRXUFH LV LPSRUWDQW IRU VXFFHVVIXO LPDJLQJ/ EHFDXVH HYHQ WKH 433+]0
RVFLOODWLRQV +FDXVHG E\ WKH 83+] SRZHU VXSSO\ IUHTXHQF\, RI WKH ODPS XVHG KHUH ± WKDW KDYH D
SHDN0WR0SHDN DPSOLWXGH RI EHORZ 3138( ± DUH YLVLEOH DV YHUWLFDO OLQHV LQ WKH PDSV LQ ¿J1 81: ±
IRU H[DPSOH LQ WKH ULJKW KDOI RI WKH K\SHUSRODUL]DWLRQ PDS1 7KLV SUREOHP LV PRUH SURQRXQFHG
KHUH WKDQ LQ RWKHU V\VWHPV EHFDXVH WKH SURWHLQ OD\HU RQ ZKLFK WKH FHOOV JURZ +VHH FKDSWHU 5,
FDXVHV D ODUJH EDFNJURXQG ÀXRUHVFHQFH WKDW FRQWULEXWHV WR WKH RVFLOODWLQJ VLJQDO/ EXW QRW WR WKH
YROWDJH0GHSHQGHQW VLJQDO1

î WKH LPDJH RI WKH FHOO LQ WKH SODQH RI WKH GLRGH DUUD\ ± DW OHDVW DW LWV HGJHV ± VHHPV WR EH D
OLWWOH EOXUUHG/ EHFDXVH WKH YROWDJH0GHSHQGHQW LQWHQVLW\ FKDQJHV DUH HYHQ GHWHFWHG E\ GLRGHV
WKDW LPDJH DQ DUHD D IHZ >P EH\RQG WKH WLS RI WKH QHXULWH +VHH/ IRU H[DPSOH/ WKH ERWWRP SDUW RI
WKH PDSV LQ ¿J1 81:,1 7KLV EOXUULQJ HIIHFWLYHO\ VPRRWKV WKH PDS LQ WKH VSDWLDO GLPHQVLRQ1

0RUH PDSV IRU QHXURQV % DQG &
)LJ1 81; VKRZV VLPLODU SURSDJDWLRQ PDSV IRU QHXURQV % DQG &/ FRQVWUXFWHG LQ WKH VDPH ZD\ DV LQ
¿J1 81:1 7KH UHVXOWV DUH WKH VDPH= $JDLQ/ WKH SURSDJDWLRQ RI DFWLRQ SRWHQWLDO DV ZHOO DV K\SHU0
SRODUL]DWLRQ LV YHU\ IDVW DQG WKHUH LV KDUGO\ DQ\ GHFUHDVH LQ WKH DPSOLWXGH RI WKH K\SHUSRODUL]LQJ
SXOVH DORQJ WKH QHXULWH1 (VSHFLDOO\ IRU QHXURQ %/ WKHUH LV DJDLQ D UDWKHU VWURQJ PRGXODWLRQ RI WKH
ÀXRUHVFHQFH LQWHQVLW\ E\ WKH 433+]0RVFLOODWLRQV RI WKH H[FLWDWLRQ OLJKW VRXUFH/ FRQWDPLQDWLQJ WKH
DFWXDO YROWDJH0GHSHQGHQW VLJQDO1

7DNHQ WRJHWKHU/ WKH PDSV SUHVHQWHG KHUH VKRZ WKDW LPDJLQJ RI QHXULWLF YROWDJH WUDQVLHQWV ZLWK
ÀXRUHVFHQW G\HV LV QRW RQO\ FUXFLDO IRU GHWHUPLQLQJ WKH HOHFWULFDO SDUDPHWHUV RI D QHXURQ +DV
GRQH LQ WKH SUHYLRXV VHFWLRQ,/ EXW FDQ DOVR SURYLGH D ORW RI DGGLWLRQDO LQIRUPDWLRQ DERXW WKH

< 6XFK DQ DSSDUHQW LQFUHDVH FRXOG DULVH IURP YHU\ VPDOO RYHUDOO LQWHQVLW\ FRPELQHG ZLWK ODUJH QRLVH +IRU WKH WZR
GLRGHV DW WKH RQO\ ZHDNO\ LOOXPLQDWHG HGJH RI WKH SKRWR0GLRGH DUUD\, RU IURP D ÀXRUHVFHLQJ REMHFW VXFK DV D
VWDLQHG JOLD FHOO GULIWLQJ WKURXJK WKH µUHFHSWLYH ¿HOG¶ RI WKH GLRGH GXULQJ WKH UHFRUGLQJ +LQ WKH FDVH RI WKH WKLUG
GLRGH,1
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0DSV RI VLJQDO SURSDJDWLRQ

)LJXUH 81;= 3URSDJDWLRQ PDSV IRU QHXURQV % DQG &1 )RU HDFK QHXURQ/ WKLV ¿JXUH VKRZV DQ RXWOLQH
GUDZLQJ RI WKH FHOO +QRWH WKDW WKH ERWWRP QHXULWH RI FHOO % H[WHQGV EH\RQG WKH ¿JXUH, DQG D SURSDJDWLRQ
PDS IRU DQ DFWLRQ SRWHQWLDO +WR WKH OHIW RI WKH GUDZLQJ, DQG D K\SHUSRODUL]DWLRQ +WR WKH ULJKW,1 7KH FRORU
FRGH ZDV FKRVHQ LQGLYLGXDOO\ IRU HDFK FHOO VXFK WKDW LW UDQJHG IURP UHG IRU WKH SHDN RI WKH DFWLRQ SRWHQWLDO
+.65P9 IRU FHOO % DQG .43P9 IRU FHOO &, WR EOXH IRU WKH K\SHUSRODUL]LQJ SHDN +ý48;P9 DQG ý45;P9/
UHVSHFWLYHO\,1 7KH WUDFH DERYH HDFK PDS VKRZV WKH SRWHQWLDO UHFRUGHG DW WKH VRPD ZLWK D PLFURHOHFWURGH1
,QMHFWHG FXUUHQWV ZHUH WKH VDPH DV LQ ¿J1 8181

YROWDJH G\QDPLFV LQ QHXURQV WKDW LV QRW DYDLODEOH IURP VWDQGDUG HOHFWURSK\VLRORJ\ DORQH1
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9
7KHRU\/ SDUW 5= 0RGHOV RI HOHFWULFDO

V\QDSVHV

$V GLVFXVVHG LQ VHFWLRQ 415/ WKH $0FOXVWHUV LQ WKH SHGDO JDQJOLD RI /\PQDHD VWDJQDOLV SURYLGH D
VRXUFH RI PDQ\ VLPLODU QHXURQV WKDW FDQ EH H[SHFWHG WR UH0HVWDEOLVK WKHLU HOHFWULFDO V\QDSVHV LQ
FHOO FXOWXUH ± ZKLFK LV WKH UHDVRQ ZK\ WKH\ DUH XVHG LQ WKLV VWXG\1 7KH SUHVHQW FKDSWHU/ EHIRUH
LQWURGXFLQJ DQG GLVFXVVLQJ WZR PRGHOV RI HOHFWULFDO V\QDSVHV LQ VHFWLRQV 915 WKURXJK 918/ VXP0
PDUL]HV ZKDW LV SUHVHQWO\ NQRZQ DERXW WKH PROHFXODU VWUXFWXUH RI HOHFWULFDO V\QDSVHV EHFDXVH WKLV
VWUXFWXUDO LQIRUPDWLRQ LV QHHGHG IRU FRQVWUXFWLQJ WKH HTXLYDOHQW FLUFXLWV LQ WKH WZR PRGHOV1

914 6WUXFWXUH RI HOHFWULFDO V\QDSVHV
(OHFWULFDO V\QDSVHV DUH D VXE0FODVV RI D W\SH RI FHOO0FHOO FRQWDFW FDOOHG µJDS MXQFWLRQ¶ ± WKH\ DUH
JDS MXQFWLRQV EHWZHHQ QHUYH FHOOV1 6RPH W\SLFDO IHDWXUHV RI JDS MXQFWLRQV DUH LOOXVWUDWHG LQ
¿J1 914= 7KH SODVPD PHPEUDQHV RI WKH WZR FHOOV WKDW IRUP WKH MXQFWLRQ FRPH FORVH WRJHWKHU/
OHDYLQJ D JDS RI RQO\ D IHZ QDQRPHWHUV1 ,I VHFWLRQHG SHUSHQGLFXODU WR WKH PHPEUDQH SODQH/ WKH
MXQFWLRQ H[KLELWV D VHYHQ OD\HU VWUXFWXUH/ DQG HOHFWURQ PLFURJUDSKV RI IUHH]H0IUDFWXUHG MXQFWLRQV
UHYHDO KH[DJRQDO FKDQQHOV WKDW DUH VRPHWLPHV WLJKWO\ SDFNHG LQ D 5'0ODWWLFH1 7KH VL]H RI WKH
MXQFWLRQ SODTXH FDQ YDU\ FRQVLGHUDEO\/ UDQJLQJ IURP VHYHUDO PLFURQV DFURVV LQ OLYHU JDS MXQFWLRQV
GRZQ WR RQO\ D IHZ FKDQQHOV LQ VRPH HOHFWULFDO V\QDSVHV ><:@1 (DFK FKDQQHO FRQVLVWV RI WZR
KHPLFKDQQHOV ± RQH IURP HDFK FHOO ± DQG HDFK KHPLFKDQQHO KDV VL[ PRQRPHULF VXEXQLWV WKDW DUH
SURWHLQV ZLWK IRXU WUDQV0PHPEUDQH KHOLFHV1 7KH SRUH VL]H RI WKH FKDQQHOV LV ODUJH FRPSDUHG
WR RWKHU LRQ FKDQQHOV/ XVXDOO\ 406QP LQ GLDPHWHU/ DQG DOORZV WKH SDVVDJH RI LRQV DQG PROHFXOHV
ZKRVH PROHFXODU ZHLJKW LV EHORZ DERXW 4333 'DOWRQV1

$W WKH PROHFXODU OHYHO/ D ORW LV NQRZQ DERXW YHUWHEUDWH JDS MXQFWLRQV +IRU D VHULHV RI PLQLUHYLHZV
RQ PDQ\ DVSHFWV VHH >9@>8:@>8;@>93@>97@>;3@>;:@><4@><5@,= 7KHLU PRQRPHUV DUH PHPEHUV RI D
IDPLO\ RI SURWHLQV FDOOHG µFRQQH[LQV¶> ¿WWLQJO\/ D KHPLFKDQQHO FRQVLVWLQJ RI VL[ FRQQH[LQV +WKDW
FDQ EH RI GLIIHUHQW W\SHV, LV FDOOHG D µFRQQH[RQ¶1 (DFK FRQQH[LQ KDV IRXU PHPEUDQH0VSDQQLQJ
KHOLFHV WKDW IRUP WKH FKDQQHO/ WZR H[WUDFHOOXODU ORRSV WKDW DUH LPSRUWDQW LQ FHOO0FHOO UHFRJQLWLRQ
DQG GRFNLQJ EHWZHHQ WKH KHPLFKDQQHOV/ DQG F\WRSODVPLF GRPDLQV WKDW LQÀXHQFH SK\VLRORJLFDO
SURSHUWLHV RI WKH FKDQQHO VXFK DV VHOHFWLYLW\ DQG YROWDJH GHSHQGHQFH1

,QYHUWHEUDWHV KDYH QR FRQQH[LQV$
8QIRUWXQDWHO\/ QR FRQQH[LQ KRPRORJXHV KDYH EHHQ IRXQG LQ LQYHUWHEUDWHV GHVSLWH H[WHQVLYH VHDUFK
>4<@ DQG GHVSLWH WKH IDFW WKDW LQYHUWHEUDWHV GR KDYH IXQFWLRQDO JDS MXQFWLRQV WKDW VKRZ D VWUXFWXUH
YHU\ VLPLODU WR WKDW RI YHUWHEUDWH JDS MXQFWLRQV LI H[DPLQHG ZLWK HOHFWURQ PLFURVFRS\ RU DWRPLF
IRUFH PLFURVFRS\ >79@1 7ZR SURWHLQ IDPLOLHV KDYH QRZ EHHQ VXJJHVWHG DV WKH PROHFXODU EDVLV
RI LQYHUWHEUDWH JDS MXQFWLRQV= ,Q WKH OREVWHU 1HSKURSV QRUYHJLFXV/ GXFWLQ KDV EHHQ LGHQWL¿HG DV
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6LPSOH PRGHO EDVHG RQ LVRSRWHQWLDO FHOOV

)LJXUH 914= *DS MXQFWLRQ VWUXFWXUH1 +/HIW/ WRS, $ ORQJ JDS MXQFWLRQ IURP D VDODPDQGHU EUDLQ LQ WKLQ
VHFWLRQ1 $W WKH IDU OHIW DQG ULJKW HGJHV/ WKH PHPEUDQHV RI DQ D[RQ +WRS, DQG D GHQGULWH +ERWWRP, DUH
VHYHUDO WHQV RI qp DSDUW> DW WKH V\QDSVH/ WKHLU IRUP D WKLQ JDS1 )URP >6@1 +/HIW/ PLGGOH, (QODUJHG YLHZ RI
WKH VDPH V\QDSVH1 7KH JDS MXQFWLRQ H[KLELWV WKH W\SLFDO VHYHQ OD\HU VWUXFWXUH1 +/HIW/ ERWWRP, 0LFURJUDSK
RI D JDS MXQFWLRQ IURP UDW OLYHU1 7KH MXQFWLRQ LV YLHZHG SHUSHQGLFXODU WR WKH PHPEUDQH1 6LQJOH FKDQQHOV
DUH UHVROYHG> WKH\ IRUP D KH[DJRQDO ODWWLFH1 )URP >7:@1 +5LJKW, 'LDJUDP RI D JDS MXQFWLRQ VKRZLQJ WKH
PROHFXODU FRPSRQHQWV RI WKH FKDQQHOV1 )URP >74@1

WKH PDMRU SURWHLQ FRPSRQHQW RI JDS MXQFWLRQ SODTXHV >53@1 -XVW DV WKH FRQQH[LQV/ GXFWLQ KDV IRXU
WUDQV0PHPEUDQH KHOLFHV DQG IRUPV KH[DPHUV RI YHU\ VLPLODU GLPHQVLRQV DV WKH FRQQH[RQV/ EXW
LW VKDUHV QR VHTXHQFH KRPRORJ\ ZLWK WKH FRQQH[LQV DQG LWV LQWUDFHOOXODU &0WHUPLQXV LV VLJQL¿0
FDQWO\ VKRUWHU WKDQ WKH FRUUHVSRQGLQJ WHUPLQXV LQ FRQQH[LQV WKDW LV LPSOLFDWHG LQ VHOHFWLYLW\ DQG
JDWLQJ >79@1 3URWHLQV RI \HW DQRWKHU IDPLO\ ± FDOOHG µ2386¶ SURWHLQV +DIWHU WKH GURVRSKLOD PX0
WDQWV O+4,RJUH/ SDV/ XQF0: DQG VKDN%, RU/ PRUH UHFHQWO\/ µLQQH[LQV¶ +IRU LQYHUWHEUDWH FRQQH[LQV, ±
KDYH EHHQ LGHQWL¿HG DV WKH OLNHO\ PROHFXODU EDVLV RI JDS MXQFWLRQV LQ WKH QHPDWRGH &DHQRUKDE0
GLWLV HOHJDQV/ WKH IUXLWÀ\ 'URVRSKLOD PHODQRJDVWHU DQG WKH JUDVVKRSSHU 6FKLVWRFHUFD DPHULFDQD
>66@1 7KHVH LQQH[LQV/ WRR/ KDYH D WHUWLDU\ VWUXFWXUH VLPLODU WR WKH FRQQH[LQV EXW VKDUH QR VHTXHQFH
VLPLODULWLHV ZLWK WKHP1

:KHWKHU WKH GXFWLQV RU LQQH[LQV DOVR IRUP WKH JDS MXQFWLRQV LQ WKH SRQG VQDLO LV QRW NQRZQ/ VR DOO
ZH FDQ VD\ DERXW WKH VWUXFWXUH RI WKH HOHFWULFDO V\QDSVHV VWXGLHG KHUH LV WKDW WKH\ DUH OLNHO\ WR EH
ODUJH0GLDPHWHU SRUHV FRQQHFWLQJ WKH F\WRSODVPV RI WKH WZR FHOOV DQG DOORZLQJ WKH SDVVDJH RI
VPDOO LRQV DQG PROHFXOHV1

915 6LPSOH PRGHO EDVHG RQ LVRSRWHQWLDO FHOOV
$FFRUGLQJ WR WKH SUHYLRXV VHFWLRQ/ HOHFWULFDO V\QDSVHV DUH MXVW PROHFXODU WXEHV FRQQHFWLQJ WKH F\0
WRSODVPV RI WZR QHXURQV1 7KLV VXJJHVWV WKDW WKH HTXLYDOHQW FLUFXLW HOHPHQW WKDW EHVW GHVFULEHV
WKH HOHFWULFDO EHKDYLRU RI DQ HOHFWULFDO V\QDSVH LV D FRQGXFWDQFH ± LQ WKH VLPSOHVW FDVH/ ZKHQ WKH
HOHFWULFDO V\QDSVH VKRZV QR YROWDJH0GHSHQGHQFH/ DQ RKPLF FRQGXFWDQFH1 ,Q WKH ROGHVW HTXLYD0
OHQW FLUFXLW IRU DQ HOHFWULFDO V\QDSVH/ D MXQFWLRQ FDSDFLWDQFH LQ SDUDOOHO WR WKH FRQGXFWDQFH ZDV
EULHÀ\ FRQVLGHUHG/ EXW LPPHGLDWHO\ GHPRQVWUDWHG WR EH QHJOLJLEOH EHFDXVH WKH WLPH FRQVWDQW RI
WKH MXQFWLRQ LV VR PXFK VPDOOHU WKDQ WKH WLPH FRQVWDQW RI WKH QHXUDO PHPEUDQH WKDW WKH MXQFWLRQ
HIIHFWLYHO\ EHKDYHV OLNH D FRQGXFWDQFH DORQH >5@1
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7KHRU\/ SDUW 5= 0RGHOV RI HOHFWULFDO V\QDSVHV

)LJXUH 915= 6LPSOH PRGHO IRU DQ HOHFWULFDOO\ FRXSOHG SDLU RI QHXURQV1 7KLV ¿JXUH VKRZV WKH HTXLY0
DOHQW FLUFXLW IRU D FHOO SDLU FRQQHFWHG YLD DQ HOHFWULFDO V\QDSVH LI HDFK FHOO LV UHSUHVHQWHG E\ D VLQJOH
LVRSRWHQWLDO FRPSDUWPHQW1 7KH FHOO DQG V\QDSVH SDUDPHWHUV LQ WKLV VLPSOL¿HG PRGHO DOO FDUU\ D jWLOGH WR
GLVWLQJXLVK WKHP IURP WKH FRUUHVSRQGLQJ SDUDPHWHUV LQ WKH GHWDLOHG PRGHO LQ WKH QH[W VHFWLRQ1 &HOO $ LV
DOZD\V SUHV\QDSWLF> QR FXUUHQW LV LQMHFWHG LQWR FHOO %1

*LYHQ WKH PRGHOV RI VLQJOH FHOOV LQWURGXFHG LQ FKDSWHU 7/ WKH VWUDLJKWIRUZDUG ZD\ WR PRGHO D SDLU
RI QHXURQV FRQQHFWHG E\ DQ HOHFWULFDO V\QDSVH WKHUHIRUH LV WR UHSUHVHQW ERWK FHOOV ZLWK HTXLYDOHQW
FLUFXLWV DV LQ ¿J1 714 DQG WR FRQQHFW WKH WZR FLUFXLWV YLD D FRQGXFWDQFH WKDW VWDQGV IRU WKH V\QDSVH1
%XW EHIRUH WKLV GHWDLOHG PRGHO LV GLVFXVVHG LQ WKH QH[W VHFWLRQ/ LW LV LQVWUXFWLYH WR FRQVLGHU D VLP0
SOL¿HG YHUVLRQ1 :KDW GLVWLQJXLVKHV WKLV VLPSOH PRGHO IURP WKH GHWDLOHG PRGHO LV WKDW LW GHVFULEHV
HDFK FHOO DV D VLQJOH LVRSRWHQWLDO FRPSDUWPHQW/ QHJOHFWLQJ DQ\ YROWDJH JUDGLHQWV ZLWKLQ WKH FHOO>
WKH HTXLYDOHQW FLUFXLW IRU WKLV PRGHO LV VKRZQ LQ ¿J1 9151 7KLV PRGHO LV VLPLODU WR WKH PRGHO RI
WZR HOHFWULFDOO\ FRXSOHG FHOOV ¿UVW LQWURGXFHG E\ %HQQHWW >5@/ EXW LW LQFOXGHV WZR DGGLWLRQDO EDW0
WHULHV h.ø DQG h.î WKDW VWDQG IRU WKH UHVWLQJ SRWHQWLDOV RI WKH WZR FHOOV1 1RWH WKDW/ WR GLVWLQJXLVK
WKHP IURP WKH SDUDPHWHUV RI WKH GHWDLOHG PRGHO LQWURGXFHG LQ WKH QH[W VHFWLRQ/ DOO SDUDPHWHUV LQ
WKH VLPSOL¿HG PRGHO IHDWXUH D jWLOGH1
'LIIHUHQWLDO HTXDWLRQV IRU WKH PHPEUDQH YROWDJHV
)RU WKH GHULYDWLRQ RI WKH V\QDSWLF FRQGXFWDQFH hCr+? IURP H[SHULPHQWDO GDWD LQ FKDSWHU :/ ZH
QHHG H[SUHVVLRQV IRU WKH YROWDJH UHVSRQVHV RI WKH FRXSOHG FHOO SDLU WR FXUUHQW LQMHFWLRQV LQWR WKH
SUHV\QDSWLF FHOO1 7KHVH YROWDJH UHVSRQVHV43 TørE|ä DQG TîrE|ä DUH JRYHUQHG E\ WZR GLIIHUHQWLDO
HTXDWLRQV WKDW DUH UHDGLO\ REWDLQHG E\ VXPPLQJ DOO WKH FXUUHQWV HQWHULQJ DQG OHDYLQJ WKH FHOOV1
)RU WKH SUHV\QDSWLF FHOO $/ WKLV JLYHV

Uð?æ ' häø_Tør
_|

n hCøETør ý h.øä n hCr+?ETør ý Tîrä +88,
ZKHUH DOO YDULDEOHV DUH GH¿QHG E\ ¿J1 9151 $QG IRU WKH SRVWV\QDSWLF FHOO %/ WKH FRUUHVSRQGLQJ
HTXDWLRQ LV hCr+?ETør ý Tîrä ' häî _Tîr

_|
n hCîETîr ý h.îä +89,

43 1RWH WKDW WKH LQGH[ µv¶ IRU µVRPD¶ FRXOG EH RPLWWHG/ EHFDXVH IRU WKH LVRSRWHQWLDO PRGHO WKH YROWDJH LV WKH VDPH
WKURXJKRXW WKH QHXURQ1 %XW WR DYRLG FRQIXVLRQ LQ WKH QH[W VHFWLRQ/ ZH NHHS LW1
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6LPSOH PRGHO EDVHG RQ LVRSRWHQWLDO FHOOV

)RU DQ\ H[SHULPHQWDO FHOO SDLU/ VHYHQ YDULDEOHV LQ WKHVH HTXDWLRQV DUH XQNQRZQ/ QDPHO\ WKH FHOO¶V
FRQGXFWDQFHV hCø DQG hCî/ FDSDFLWDQFHV häø DQG häî DQG UHVWLQJ SRWHQWLDOV44 h.ø DQG h.î DQG
WKH V\QDSWLF FRQGXFWDQFH hCr+? +WKDW ZH¶UH PRVW LQWHUHVWHG LQ,1 ,Q WKH UHVW RI WKLV VHFWLRQ/ ZH
GHULYH HTXDWLRQV WKDW OLQN WKHVH XQNQRZQ YDULDEOHV WR PHDVXUHG FXUUHQWV DQG YROWDJHV DQG
WKXV DOORZ XV WR GHWHUPLQH WKHP IURP H[SHULPHQWDO GDWD LQ FKDSWHU :1 $V D ¿UVW VWHS/ ZH REWDLQ
H[SUHVVLRQV IRU WKH UHVWLQJ SRWHQWLDOV DQG FRQGXFWDQFHV IURP VWHDG\ VWDWH H[SHULPHQWV=

6WHDG\ VWDWH
,Q VWHDG\ VWDWH/ _Tør*_| ' _Tîr*_| ' 31 ,I ZH SXW WKLV LQWR +88, DQG +89, DQG VROYH IRU WKH
VRPDWLF YROWDJHV Tør DQG Tîr RI WKH WZR QHXURQV/ ZH REWDLQ

Tør ' h.ø ý hCî hCr+? í h.ø ý h.îìhCø hCî n hCr+? í hCø n hCîì n
hCî n hCr+?hCø hCî n hCr+? í hCø n hCîìUð?æ +8:,

' h.ø ý h-ø í h.ø ý h.îìh-ø n h-î n h-r+? n
h-ø í h-î n h-r+?ìh-ø n h-î n h-r+? Uð?æ +8;,

Tîr ' h.î n hCø hCr+? í h.ø ý h.îìhCø hCî n hCr+? í hCø n hCîì n
hCr+?hCø hCî n hCr+? í hCø n hCîìUð?æ +8<,

' h.î n h-î í h.ø ý h.îìh-ø n h-î n h-r+? n
h-ø h-îh-ø n h-î n h-r+? Uð?æ +93,

ZKHUH/ IRU +8;, DQG +93,/ WKH FRQGXFWDQFHV hCø/ hCî DQG hCr+? ZHUH UHSODFHG E\ WKHLU LQYHUVHV/
QDPHO\ h-ø ' 42 hCø/ h-î ' 42 hCî DQG h-r+? ' 42 hCr+?1 :KLOH WKH HTXDWLRQV LQ WHUPV RI UHVLVWDQFHV
DUH VLPSOHU WKDQ LQ WHUPV RI FRQGXFWDQFHV/ WKH LPSDFW WKDW WKH FRXSOLQJ DQG WKH LQMHFWLRQ FXUUHQW
KDYH RQ WKH VWHDG\0VWDWH YROWDJH LQ WKH WZR QHXURQV LV EHWWHU LOOXVWUDWHG E\ +8:, DQG +8<,1 7R VHH
WKH HIIHFW RI V\QDSVH DQG FXUUHQW LQMHFWLRQ/ ZH FRQVLGHU VHYHUDO VSHFLDO FDVHV=

î 1R V\QDSVH/ QR FXUUHQW LQMHFWLRQ= ,Q WKLV FDVH/ hCr+? ' 3 DQG Uð?æ ' 31 7KH VHFRQG DQG
WKLUG WHUP RQ WKH ULJKW VLGHV RI WKH HTXDWLRQV YDQLVK DQG ZH ¿QG ± QRW VXUSULVLQJO\ ± WKDW WKH
VWHDG\0VWDWH SRWHQWLDO LQ HDFK QHXURQ LV HTXDO WR LWV UHVWLQJ SRWHQWLDO1

î &XUUHQW LQMHFWLRQ/ EXW QR V\QDSVH= ,I ZH VHW hCr+? ' 3 DQG Uð?æ 9' 3/ WKHUH FDQ EH QR HIIHFW RI
WKH LQMHFWHG FXUUHQW RQ QHXURQ %> LWV SRWHQWLDO LV DJDLQ HTXDO WR LWV UHVWLQJ SRWHQWLDO1 )RU FHOO $/
ZH ¿QG WKDW Tør ' h.ø n h-øUð?æ / ZKLFK LV WKH VWHDG\0VWDWH YHUVLRQ RI +46, DQG VKRZV WKDW FHOO
$/ DJDLQ MXVW DV H[SHFWHG/ EHKDYHV OLNH DQ LVRODWHG FHOO ERG\1

î 6\QDSVH/ EXW QR FXUUHQW LQMHFWLRQ= :LWK hCr+? 9' 3 DQG Uð?æ ' 3/ ZH VHH WKH HIIHFWV RI
WKH FRXSOLQJ DORQH= 7KH ODVW WHUPV RQ WKH ULJKW VLGHV RI ERWK HTXDWLRQV YDQLVK/ EXW WKH PLGGOH
WHUPV GRQ¶W1 7KH\ FKDQJH WKH SRWHQWLDO LQ HDFK QHXURQ LQ WKH GLUHFWLRQ RI WKH RWKHU FHOO¶V UHVWLQJ
SRWHQWLDO/ VR HYHQ ZLWKRXW FXUUHQW LQMHFWLRQ/ WKH VRPDWLF SRWHQWLDOV PHDVXUHG LQ WKH QHXURQV DUH
QRW WKH UHVWLQJ SRWHQWLDOV1 ,I ZH VXEWUDFW +8:, DQG +8<, IRU WKLV VSHFLDO FDVH/ ZH ¿QG WKDW

Tør ý Tîr '
h-r+?h-ø n h-î n h-r+?

í h.ø ý h.îì +94,

44 7KH SRWHQWLDOV PHDVXUHG LQ WKH WZR FHOO ERGLHV ZKHQ QR FXUUHQW LV LQMHFWHG LQWR WKH FHOOV DUH QRW WKH UHVWLQJ SRWHQWLDOV1
7KLV LV EHFDXVH IRU HD 9@ HE +ZKLFK LV XVXDOO\ WKH FDVH,/ WKHUH LV DOZD\V D VPDOO DPRXQW RI FXUUHQW ÀRZLQJ DFURVV
WKH V\QDSVH WKDW ZLOO SXOO WKH SRWHQWLDOV LQ WKH FHOO ERGLHV WRZDUGV HDFK RWKHU DQG DZD\ IURP WKHLU UHVWLQJ YDOXHV1
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7KLV HTXDWLRQ VKRZV WKDW/ LQ DOO FDVHV/ WKH SRWHQWLDO GLIIHUHQFH PHDVXUHG EHWZHHQ WKH WZR FHOO
ERGLHV LV VPDOOHU WKDQ WKH GLIIHUHQFH EHWZHHQ WKH WZR UHVWLQJ SRWHQWLDOV/ VR DQ HOHFWULFDO V\QDSVH
EHWZHHQ WZR QHXURQV DOZD\V SXOOV WKHLU VWHDG\0VWDWH SRWHQWLDOV WRZDUGV HDFK RWKHU/ EXW LW DOVR
VKRZV WKDW IRU D V\QDSVH UHVLVWDQFH h-r+? WKDW LV PXFK ODUJHU WKDQ WKH UHVLVWDQFHV h-ø DQG h-î RI
WKH WZR QHXURQV/ WKH PHDVXUHG GLIIHUHQFH EHWZHHQ WKH WZR VRPDWLF SRWHQWLDOV LV YHU\ FORVH WR
WKH DFWXDO GLIIHUHQFH EHWZHHQ WKH WZR UHVWLQJ SRWHQWLDOV/ VR WKH HIIHFW RI ZHDN FRXSOLQJ RQ WKH
VRPDWLF SRWHQWLDOV LV YHU\ VPDOO1

î 6\QDSVH DQG FXUUHQW LQMHFWLRQ= 7KH WKLUG WHUPV LQ ERWK HTXDWLRQV GHVFULEH WKH DGGLWLRQDO
YROWDJH FKDQJHV LQ WKH WZR QHXURQV LI QRW RQO\ hCr+? 9' 3/ EXW DOVR Uð?æ 9' 31 %RWK H[SUHVVLRQV
DUH SURSRUWLRQDO WR DQG KDYH WKH VDPH VLJQ DV WKH LQMHFWLRQ FXUUHQW/ VR D FXUUHQW VWHS VWDUWLQJ
IURP ]HUR LQMHFWLRQ FXUUHQW ZLOO DOZD\V FKDQJH WKH YROWDJHV LQ WKH WZR FHOOV LQ WKH VDPH GLUHF0
WLRQ1 7KH SRVWV\QDSWLF WHUP GLYLGHG E\ WKH SUHV\QDSWLF WHUP LV hCr+?2E hCîn hCr+?ä DQG LV FDOOHG
WKH µFRXSOLQJ FRHI¿FLHQW¶ &øî +>5@/ DOVR VHH +99, EHORZ,> LI WKH V\QDSWLF FRQGXFWDQFH hCr+? LV
VPDOO FRPSDUHG WR WKH FRQGXFWDQFH hCî RI WKH SRVWV\QDSWLF QHXURQ/ &øî LV DOVR YHU\ VPDOO DQG
WKH LPSDFW RI WKH LQMHFWLRQ FXUUHQW RQ WKH SUHV\QDSWLF QHXURQ LV PXFK ELJJHU WKDQ RQ WKH SRVW0
V\QDSWLF QHXURQ1 ,I/ RQ WKH RWKHU KDQG/ hCr+? LV PXFK ODUJHU WKDQ hCî/ D FXUUHQW VWHS LQMHFWHG
LQWR WKH SUHV\QDSWLF QHXURQ FKDQJHV WKH WZR VRPDWLF YROWDJHV E\ DOPRVW WKH VDPH DPRXQW1

5HVWLQJ SRWHQWLDOV DQG FRQGXFWDQFHV LQ WHUPV RI H[SHULPHQWDO GDWD
:H QRZ VHHN WR H[SUHVV WKH UHVWLQJ SRWHQWLDOV DQG FRQGXFWDQFHV LQ WKH HTXLYDOHQW FLUFXLW IURP
¿J1 915 LQ WHUPV RI FXUUHQWV DQG VWHDG\0VWDWH YROWDJHV WKDW FDQ EH REWDLQHG ZLWK FXUUHQW VWHS
H[SHULPHQWV=

,I WKH FXUUHQW LQMHFWHG LQWR WKH SUHV\QDSWLF FHOO LV VWHSSHG IURP Uð?æcf ' 3 WR Uð?æc"/ +88, DQG +89,
\LHOG IRXU VWHDG\ VWDWH FXUUHQW EDODQFHV ± RQH IRU HDFK FHOO¶V VWHDG\ VWDWH EHIRUH WKH VWHS +LQGH[
3, DQG DIWHU WKH VWHS +LQGH[4,=

f ' hCøETørcf ý h.øä n hCr+?ETørcf ý Tîrcfä +95,
Uð?æc" ' hCøETørc" ý h.øä n hCr+?ETørc" ý Tîrc"ä +96,hCr+?ETørcf ý Tîrcfä ' hCîETîrcf ý h.îä +97,hCr+?ETørc" ý Tîrc"ä ' hCîETîrc" ý h.îä +98,

$ UHVXOW WKDW FDQ LPPHGLDWHO\ EH REWDLQHG IURP WKHVH FXUUHQW EDODQFHV LV WKH H[SUHVVLRQ IRU WKH
FRXSOLQJ FRHI¿FLHQW &øî DOUHDG\ PHQWLRQHG DERYH= 7KH FRXSOLQJ FRHI¿FLHQW LV GH¿QHG DV WKH
UDWLR RI WKH SRVW0 DQG SUHV\QDSWLF YROWDJH FKDQJH >5@> E\ VXEWUDFWLQJ +97, DQG +98,/ ZH ¿QG WKDW

&øî '
{Tîr
{Tør

'
hCr+?hCî n hCr+? +99,

ZKHUH {Tør ' Tørc" ý Tørcf DQG {Tîr ' Tîrc" ý Tîrcf1 )URP LWV GH¿QLWLRQ/ LW LV REYLRXV WKDW
WKH FRXSOLQJ FRHI¿FLHQW &øî LV D JRRG ZD\ WR FKDUDFWHUL]H WKH HOHFWULFDO V\QDSVH IURP D IXQFWLRQDO
SRLQW RI YLHZ EHFDXVH LW TXDQWL¿HV WKH LPSDFW WKDW SUHV\QDSWLF YROWDJH FKDQJHV FDQ KDYH RQ WKH
VRPDWLF SRWHQWLDO RI WKH SRVWV\QDSWLF QHXURQ1 %XW +99, DOVR VKRZV WKDW WKH FRXSOLQJ FRHI¿FLHQW
GRHV QRW SURYLGH LQIRUPDWLRQ DERXW WKH V\QDSWLF FRQGXFWDQFH LWVHOI1 ,QVWHDG/ LW GHSHQGV RQ WKH
FRQGXFWDQFH hCî RI WKH SRVWV\QDSWLF QHXURQ DQG FDQ WKHUHIRUH KDYH GLIIHUHQW YDOXHV IRU WKH WZR
SRVVLEOH GLUHFWLRQV RI VLJQDO WUDQVIHU DFURVV WKH VDPH V\QDSVH1

,I +LQVWHDG RI VXEWUDFWLQJ WKHP DV DERYH, ZH VROYH +97, DQG +98, IRU hCr+?2 hCî DQG HTXDWH WKH WZR
WHUPV/ ZH JHW DQ H[SUHVVLRQ IRU WKH UHVWLQJ SRWHQWLDO RI WKH SRVWV\QDSWLF FHOO/ FHOO %=
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h.î ' Tørc"Tîrcf ý TørcfTîrc"
{Tø ý{Tî +9:,

7KHUHIRUH/ WKH UHVWLQJ SRWHQWLDOV RI ERWK QHXURQV LQ D SDLU FDQ EH IRXQG E\ GRLQJ WZR FXUUHQW VWHS
H[SHULPHQWV/ DVFULELQJ WKH UROH RI SUHV\QDSWLF FHOO $ ¿UVW WR RQH QHXURQ DQG WKHQ WR WKH RWKHU1

:LWK ERWK UHVWLQJ SRWHQWLDOV NQRZQ/ DQ H[SUHVVLRQ IRU WKH SUHV\QDSWLF QHXURQ¶V FRQGXFWDQFH hCø
FDQ EH REWDLQHG E\ HOLPLQDWLQJ hCr+? IURP +95, DQG +96, DQG ZLWK WKH XVH RI +9:,1 7KLV \LHOGVhCø ' Tørcf ý Tîrcfí h.ø ý h.îì E{Tør ý{TîräUð?æc" +9;,

3OXJJLQJ WKLV LQWR +95, JLYHVhCr+? ' h.ø ý Tørcfí h.ø ý h.îì E{Tør ý{TîräUð?æc" +9<,

DQG VXEVWLWXWLQJ WKLV LQWR +97, UHVXOWV LQhCî ' ýTørcf ý h.ø
Tîrcf ý h.î Tørcf ý Tîrcfí h.ø ý h.îì E{Tør ý{TîräUð?æc" +:3,

:LWK +9:, WKURXJK +:3,/ WKH UHVWLQJ SRWHQWLDOV DQG FRQGXFWDQFHV RI WKH WZR QHXURQV DQG WKH
V\QDSWLF FRQGXFWDQFH FDQ EH FDOFXODWHG IURP WKH VWHDG\0VWDWH YROWDJHV PHDVXUHG DW WKH WZR
FHOO ERGLHV EHIRUH DQG DIWHU D FXUUHQW VWHS LQMHFWHG LQWR RQH RI WKH FHOOV1

7KLV OHDYHV RQO\ WKH FDSDFLWDQFHV WR EH GHWHUPLQHG ± QDWXUDOO\/ WKH\ FDQ RQO\ EH REWDLQHG E\
DQDO\]LQJ WKH G\QDPLFV RI WKH FHOO SDLU¶V YROWDJH UHVSRQVH1

'\QDPLF VROXWLRQV
7R GHULYH WKH WLPH FRXUVH RI WKH WZR YROWDJHV TørE|ä DQG TîrE|ä LQ UHVSRQVH WR D VWHS LQ WKH SUHV\0
QDSWLF LQMHFWLRQ FXUUHQW IURP Uð?æcf ' 3 WR Uð?æc" DW WLPH | ' 3/ ZH QHHG WR VROYH WKH FRXSOHG
GLIIHUHQWLDO HTXDWLRQV +88, DQG +89,1 7UDQVODWHG LQWR WKH VWDQGDUG IRUP RI WZR FRXSOHG LQKRPR0
JHQHRXV GLIIHUHQWLDO HTXDWLRQV/ WKH\ ORRN OLNH

_Tør
_|

' ý
hCø n hCr+?häø Tør n

hCr+?häø Tîr n Uð?æ n
hCø h.øhäø +:4,

_Tîr
_|

'
hCr+?häî Tør ý

hCî n hCr+?häî Tîr n
hCî h.îhäî +:5,

7KH WUDQVLHQWV VROYLQJ WKLV GLIIHUHQWLDO HTXDWLRQ V\VWHP DUH GHULYHG LQ DSSHQGL[ )> WKH\ DUH

Tør ' Tørc" ý
# hCø n hCr+? ý häøDnhäø ED3 ý Dnä {Tør ý

hCr+?häø ED3 ý Dnä{Tîr
$
e3|*ô3 +:6,

n

# hCø n hCr+? ý häøD3häø ED3 ý Dnä {Tør ý
hCr+?häø ED3 ý Dnä{Tîr

$
e3|*ôn

Tîr ' Tîrc" n

# hCr+?häî ED3 ý Dnä{Tør n
hCø n hCr+? ý häøD3häø ED3 ý Dnä {Tîr

$
e3|*ô3 +:7,

ý
# hCr+?häî ED3 ý Dnä{Tør n

hCø n hCr+? ý häøDnhäø ED3 ý Dnä {Tîr

$
e3|*ôn

ZLWK WKH WZR WLPH FRQVWDQWV ôn DQG ô3 DQG WKHLU LQYHUVHV Dn DQG D3 GH¿QHG E\
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Dn*3 '
�

ôn*3
+:8,

'
�

2

% hCøn hCr+?häø n
hCîn hCr+?häî ÷

uí hCøn hCr+?häø ý hCîn hCr+?häî
ì2
n e

hCr+?häø hCr+?häî
&

+:9,

(TXDWLRQV +:6, DQG +:7, VKRZ WKDW WKH UHVSRQVH RI WKH PRGHO V\VWHP IURP ¿J1 915 WR D FXUUHQW VWHS
LQ FHOO $ IRU ERWK QHXURQV LV D VXP RI RQO\ WZR H[SRQHQWLDO WUDQVLHQWV DQG D FRQVWDQW1 1RWH/
KRZHYHU/ WKDW WKH GHSHQGHQFH RI WKH WZR WLPH FRQVWDQWV RQ WKH FRQGXFWDQFHV DQG FDSDFLWDQFHV RI
WKH PRGHO LV UDWKHU FRPSOLFDWHG> HYHQ IRU VXFK D VLPSOH PRGHO/ WKH IRUP RI WKH UHVSRQVH LV QRW
H[DFWO\ REYLRXV1

)RU D JLYHQ SDLU RI QHXURQV/ WKH WZR FDSDFLWDQFHV häø DQG häî FDQ EH GHWHUPLQHG E\ ¿WWLQJ DQ
H[SHULPHQWDOO\ REWDLQHG VHW RI WUDQVLHQWV TørE|ä DQG TîrE|ä WR +:6, DQG +:7, ZLWK RQO\ häø DQG häî
DV ¿W YDULDEOHV ± DOO RWKHU SDUDPHWHUV FDQ EH GHULYHG IURP WKH WZR VWHDG\ VWDWHV EHIRUH DQG DIWHU
WKH FXUUHQW VWHS DV GHVFULEHG DERYH1

916 'HWDLOHG PRGHO
&RPSDUHG WR WKH LVRSRWHQWLDO PRGHO LQWURGXFHG DERYH/ WKH SUHVHQW VHFWLRQ GLVFXVVHV DPRUH UHDO0
LVWLF PRGHO WKDW GRHV QRW QHJOHFW WKH YROWDJH JUDGLHQWV LQ WKH QHXULWLF FDEOHV1 ,QVWHDG/ LW UHSUHVHQWV
ERWK QHXURQV E\ HTXLYDOHQW FLUFXLWV DV LQ ¿J1 714 DQG FRQQHFWV WKHP YLD DQ HOHFWULFDO V\QDSVH UHS0
UHVHQWHG E\ D FRQGXFWDQFH ± WKH FRPSOHWH PRGHO LV VKRZQ LQ ¿J1 9161 $JDLQ/ DOO PHPEUDQHV DUH
FRQVLGHUHG SDVVLYH> IRU WKH PHPEUDQH DQG F\WRSODVPLF SDUDPHWHUV }r/ Sr/ }/ S DQG o/ WKH YDOXHV
IURP FKDSWHU 8 DUH XVHG1

:LWK WKH VLPSOHU PRGHO IURP WKH SUHYLRXV VHFWLRQ/ RQH FDQ REWDLQ WKH V\QDSWLF FRQGXFWDQFH hCr+?
IURP H[SHULPHQWDO GDWD ZLWKRXW DQ\ SULRU NQRZOHGJH DERXW WKH H[DFW JHRPHWU\ RU HOHFWULFDO SURS0
HUWLHV RI WKH WZR QHXURQV LQYROYHG1 %XW GXH WR WKH IDFW WKDW WKLV PRGHO QHJOHFWV DOO FDEOH HIIHFWV LQ
WKH QHXULWHV/ WKH YDOXH RI hCr+? REWDLQHG LQ WKLV PDQQHU FDQ RQO\ EH DQ DSSUR[LPDWLRQ RI WKH DF0
WXDO FRQGXFWDQFH RI WKH V\QDSVH1 7KH GHWDLOHG PRGHO GLVFXVVHG KHUH ZLOO DOORZ XV WR HVWLPDWH
KRZ JRRG WKLV DSSUR[LQPDWLRQ LV1

6\QDSWLF FRQGXFWDQFH LQ WHUPV RI H[SHULPHQWDO GDWD
$V IRU WKH VLPSOHU PRGHO/ ZH ¿UVW GHULYH DQ H[SUHVVLRQ IRU WKH V\QDSWLF FRQGXFWDQFH Cr+? LQ

)LJXUH 916= 'HWDLOHG PRGHO RI DQ HOHFWULFDOO\ FRXSOHG FHOO SDLU1 7KLV VFKHPD VKRZV WKH HTXLYDOHQW
FLUFXLW IRU WZR QHXURQV WKDW DUH FRXSOHG YLD DQ HOHFWULFDO V\QDSVH ORFDWHG DW WKH GLVWDO WLS RI RQH RI WKHLU
QHXULWHV1 $OO QHXULWHV DUH DVVHPEOHG IURP FRPSDUWPHQWV DV VKRZQ LQ ¿J1 714> IRU DQDO\WLFDO FRPSXWDWLRQV/
WKHVH FRPSDUWPHQWV DUH LQ¿QLWHVLPDOO\ VPDOO1 7KH SUHV\QDSWLF QHXURQ LV DOZD\V FDOOHG µQHXURQ $¶1
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WHUPV RI FXUUHQWV LQMHFWHG LQWR DQG YROWDJHV PHDVXUHG DW WKH FHOO ERGLHV LQ VWHDG\ VWDWH1 $FFRUGLQJ
WR 2KP¶V ODZ/ Cr+? LV UHODWHG WR WKH FXUUHQW Ur+? ÀRZLQJ WKURXJK WKH V\QDSVH DQG WKH PHPEUDQH
YROWDJHV T Euøfä DQG T Euîfä DW WKH WLSV RI WKH WZR QHXULWHV $3 DQG %3 YLD

Cr+? '
Ur+?

T Euøfäý T Euîfä '
Ur+?

dT eEuøfä n .øoý dT eEuîfä n .îo +::,

ZKHUH +;, ZDV XVHG WR UHSODFH WKH PHPEUDQH SRWHQWLDO T E\ WKH HOHFWURWRQLF SRWHQWLDO T e1 ,I D
FXUUHQW VWHS LV LQMHFWHG LQWR WKH SUHV\QDSWLF FHOO $ +ZKLOH QR FXUUHQW LV DSSOLHG WR FHOO %, DQG WKH
WZR VWHDG\ VWDWHV EHIRUH DQG DIWHU WKH FXUUHQW VWHS DUH FRPSDUHG/ RQH FDQ HDVLO\ VKRZ WKDW +::,
DOVR DSSOLHV WR WKH FKDQJHV LQ V\QDSWLF FXUUHQW DQG HOHFWURWRQLF SRWHQWLDOV/ ZKLOH WKH XQNQRZQ
UHVWLQJ SRWHQWLDOV .ø DQG .î FDQFHO=

Cr+? '
{Ur+?

{T eEuøfäý{T eEuîfä +:;,

+HUH DJDLQ/ { PHDQV µDIWHU¶ PLQXV µEHIRUH¶1

,Q WKH H[SHULPHQWDO VLWXDWLRQ/ WKH FXUUHQW DQG SRWHQWLDO FKDQJHV RQ WKH ULJKW VLGH RI +:;, FDQ QRW EH
GLUHFWO\ PHDVXUHG ZLWK HOHFWURGHV/ VR ZH QHHG WR H[SUHVV DOO WKUHH RI WKHP LQ WHUPV RI LQMHFWLRQ
FXUUHQWV DQG VRPDWLF SRWHQWLDOV=

î 7KH V\QDSWLF FXUUHQW Ur+? LV HTXDO WR WKH D[LDO FXUUHQW HQWHULQJ QHXULWH %3 DW LWV WLS/ VR Ur+? '
ýUîfEuîfä ± WKH PLQXV VLJQ DULVHV IURP WKH GH¿QLWLRQ RI WKH D[LDO FXUUHQW DFFRUGLQJ WR +45,1
%HFDXVH QR FXUUHQW LV LQMHFWHG LQWR WKH SRVWV\QDSWLF QHXURQ %/ WKH FXUUHQW EDODQFH RI FHOO %
UHTXLUHV WKDW WKH FXUUHQW ýUîfEuîfä HQWHULQJ QHXULWH %3 LV HTXDO WR DOO FXUUHQWV OHDYLQJ WKH
QHXURQ/ VR

ýUîfEuîfä ' U6îf n
#
Cîr n

aî[
æ'�

Cîæ

$
T eîr +:<,

ZKHUH U6îf LV WKH FXUUHQW OHDYLQJ QHXULWH %3 WKURXJK LWV PHPEUDQH/ Cîr LV WKH VRPDWLF PHP0
EUDQH FRQGXFWDQFH RI QHXURQ %/ WKH Cîæ DUH WKH LQSXW FRQGXFWDQFHV RI DOO RWKHU +VHDOHG HQG,
QHXULWHV RI FHOO % GH¿QHG E\ +459, DQG T eîr LV WKH HOHFWURWRQLF SRWHQWLDO DW WKH VRPD RI QHXURQ
%1 ,I U6îf LQ WKLV FXUUHQW EDODQFH LV UHSODFHG ZLWK WKH DLG RI +455, DQG WKH UHVXOWLQJ UHODWLRQ LV
VROYHG IRU ýUîfEuîfä/ ZH REWDLQ

Ur+? ' ýUîfEuîfä +;3,

'

#
Cîr n

|@?üuîf
bîf-îf

n

aî[
æ'�

Cîæ

$
T eîr ULtüuîf +;4,

' CîT
e
îr ULtüuîf +;5,

1RWH WKDW ZLWK WKH DLG RI +459,/ WKH WHUP LQ EUDFNHWV FDQ EH LGHQWL¿HG DV WKH LQSXW FRQGXFWDQFH
Cî WKDW QHXURQ % ZRXOG KDYH LI DOO LWV QHXULWHV/ LQFOXGLQJ QHXULWH %3/ KDG D VHDOHG HQG ± RU/ LQ
RWKHU ZRUGV/ LI WKHUH ZDV QR V\QDSVH1

î 7KH HOHFWURWRQLF SRWHQWLDO DW WKH WLS RI QHXULWH $3/ T eEuøfä/ LV
T eEuøfä '

T eør
ULtüuøf

ý bøf-øfUøfEuøfä |@?üuøf +;6,

DFFRUGLQJ WR +453,1 $V DERYH/ ZH FDQ HOLPLQDWH WKH FXUUHQW FKDQJH {UøfEuøfä DW WKH WLS RI
QHXULWH $3 +ZKLFK LV HTXDO WR WKH FKDQJH LQ V\QDSWLF FXUUHQW/ {Ur+?, ZLWK WKH DLG RI WKH FHOO¶V
FXUUHQW EDODQFH1 ,Q WKH FDVH RI WKH SUHV\QDSWLF QHXURQ $/ WKH EDODQFH LV

Uð?æ ' CørT
e
ør n

aø[
æ'�

CøæT
e
ør n U

6
øf n UøfEuøfä +;7,

ZKHUH Uð?æ LV WKH FXUUHQW LQMHFWHG LQWR VRPD $ YLD DQ HOHFWURGH DQG DOO RWKHU WHUPV DUH MXVW DV LQ
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+:<,1 5HSODFLQJ WKH PHPEUDQH FXUUHQW U6øf RI QHXULWH $3 ZLWK WKH DLG RI +455, \LHOGV D UHODWLRQ
WKDW FDQ EH VROYHG IRU UøfEuøfä> WKH UHVXOW LV

Ur+? ' UøfEuøfä ' Uð?æ ULtüuøf ýCøT eør ULtüuøf +;8,
ZKHUH WKH GH¿QLWLRQ RI Cø LV FRPSOHWHO\ DQDORJRXV WR WKH RQH RI Cî LQ +;3,1 :LWK WKLV DQG
+;6,/ WKH HOHFWURWRQLF SRWHQWLDO RQ WKH SUHV\QDSWLF VLGH RI WKH V\QDSVH LV

T eEuøfä '

ë
�

ULtüuøf
n bøf-øfCø tð?üuøf

ê
T eør ý bøf-øfUð?æ tð?üuøf +;9,

î %\ WKH VDPH DUJXPHQW/ WKH HOHFWURWRQLF SRWHQWLDO DW WKH WLS RI QHXULWH %3/ T eEuîfä/ LV

T eEuîfä '
T eîr

ULtüuîf
ý bîf-îfUîfEuîfä |@?üuîf +;:,

DFFRUGLQJ WR +453, DQG UîfEuîfä FDQ EH UHSODFHG YLD +;3,/ UHVXOWLQJ LQ

T eEuîfä '

ë
�

ULtüuîf
n bîf-îfCî tð?üuîf

ê
T eîr +;;,

:LWK +;3,/ +;6, DQG +;;,/ ZH FDQ QRZ H[SUHVV WKH ULJKW VLGH RI +:;, VROHO\ LQ WHUPV RI H[SHULPHQ0
WDOO\ DFFHVVLEOH YROWDJHV DQG FXUUHQWV DQG RI SDUDPHWHUV NQRZQ IURP FKDSWHU 8 RU IURP WKH FHOO
SDLU¶V JHRPHWU\=
Cr+? '

Cî{Tîr ULtüuîfí
�

ULtüuøf
nbøf-øfCø tð?üuøf

ì
{Tør3bøf-øf{Uð?æ tð?üuøf3

í
�

ULtüuîf
nbîf-îfCî tð?üuîf

ì
{Tîr

+;<,
ZKHUH ZH PDGH XVH RI {T e ' {T LQ DOO FDVHV1

2WKHU XVHIXO UHODWLRQV
7KH PDMRU DLP RI WKLV VHFWLRQ/ QDPHO\ WR ¿QG DQ H[SUHVVLRQ WKDW DOORZV XV WR H[WUDFW WKH V\QDS0
WLF FRQGXFWDQFH EHWZHHQ WZR QHXURQV IURP H[SHULPHQWDO GDWD/ LV DFKLHYHG ZLWK +;<,1 %XW WKH
HTXDWLRQV GHULYHG VR IDU DOVR DOORZ XV/ MXVW DV IRU WKH VLPSOH PRGHO LQ WKH SUHYLRXV VHFWLRQ/ WR XQ0
GHUVWDQG WKH LQÀXHQFH WKDW FRXSOLQJ DQG FXUUHQW LQMHFWLRQ KDYH RQ WKH YROWDJH GLVWULEXWLRQ LQ WKH
WZR FHOOV1 )RU WKLV SXUSRVH/ ZH DJDLQ +DV ZLWK +95, DQG +96, LQ WKH VLPSOHU PRGHO, VHHN WR H[SUHVV
WKH WZR VWHDG\ VWDWH VRPDWLF SRWHQWLDOV Tør DQG Tîr VROHO\ LQ WHUPV RI FHOO SDUDPHWHUV DQG
Uð?æ 1

7KLV FDQ EH GRQH ZLWK WKH DLG RI WKH RYHUDOO FXUUHQW EDODQFH RI WKH FHOO SDLU +REWDLQHG E\ HTXDWLQJ
WKH WZR DOWHUQDWLYH H[SUHVVLRQV +;3, DQG +;8, IRU WKH V\QDSWLF FXUUHQW Ur+?,

Uð?æ ' CøT
e
ør nCîT

e
îr

ULtüuîf
ULtüuøf

+<3,

DQG D PRGL¿HG YHUVLRQ RI +::, IURP ZKLFK T eEuøfä DQG T eEuîfä ZHUH HOLPLQDWHG ZLWK +;;, DQG
+;6,1 7KHVH WZR HTXDWLRQV/ LI VROYHG IRU T eør DQG T eîr/ UHVXOW LQ

Tør ' .ø ý Cî ULtüuîfE.ø3.îä
CøCîònCø

ULtüuøf
ULtüuîf

nCî
ULtüuîf
ULtüuøf

n

í
Cîòn

ULtüuøf
ULtüuîf

ì
Uð?æ

CøCîònCø
ULtüuøf
ULtüuîf

nCî
ULtüuîf
ULtüuøf

+<4,

Tîr ' .î n
Cø ULtüuøfE.ø3.îä

CøCîònCø
ULtüuøf
ULtüuîf

nCî
ULtüuîf
ULtüuøf

n Uð?æ

CøCîònCø
ULtüuøf
ULtüuîf

nCî
ULtüuîf
ULtüuøf

+<5,

ZKHUH WKH DEEUHYLDWLRQ
ò ' E-r+? n bøf-øf |@?üuøf n bîf-îf |@?üuîfä ULtüuøf ULtüuîf +<6,

+ZLWK -r+? ' 42Cr+?, ZDV LQWURGXFHG451

(TXDWLRQV +<4, DQG +<5, KDYH WKH VDPH IRUP DV WKH FRUUHVSRQGLQJ H[SUHVVLRQV IRU WKH VLPSOL0

45 ð ZLOO ODWHU WXUQ RXW WR EH HTXDO WR hUv|q +VHH +435,,1
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¿HG PRGHO/ QDPHO\ +8:, DQG +8<,= 7KH\ KDYH D WHUP WKDW GHVFULEHV WKH GLVSODFHPHQW RI WKH WZR
VRPDWLF SRWHQWLDOV Tør DQG Tîr IURP WKH UHVWLQJ SRWHQWLDOV GXH WR WKH FRXSOLQJ DQG D WHUP WKDW
VWDQGV IRU WKH DGGLWLRQDO FKDQJH LQ SRWHQWLDO ZKHQ FXUUHQW LV LQMHFWHG LQWR FHOO $1

'\QDPLFV
(YHQ IRU D VLQJOH/ XQFRXSOHG QHXURQ/ ZH KDYH QR DQDO\WLFDO GHVFULSWLRQ RI WKH YROWDJH WUDQVLHQWV
FDXVHG E\ D FXUUHQW VWHS DW WKH VRPD +VHH VHFWLRQ 71417,1 7KHUHIRUH/ WKH YROWDJH G\QDPLFV LQ DQ
HOHFWULFDOO\ FRXSOHG SDLU RI QHXURQV KDYH WR EH REWDLQHG E\ QXPHULFDO VLPXODWLRQ IRU WKH HTXLYDOHQW
FLUFXLW LQWURGXFHG LQ ¿J1 9161

917 &RPSDULQJ WKH WZR PRGHOV
7KH SUHYLRXV WZR VHFWLRQV LQWURGXFHG WZR GLIIHUHQW PRGHOV IRU D SDLU RI QHXURQV FRXSOHG E\ DQ
HOHFWULFDO V\QDSVH= $ VLPSOL¿HG PRGHO WKDW DVVXPHV WKDW HDFK FHOO LV LVRSRWHQWLDO DQG D GHWDLOHG
PRGHO WKDW GRHV QRW PDNH WKLV DSSUR[LPDWLRQ/ EXW IRU ZKLFK DGGLWLRQDO LQIRUPDWLRQ DERXW WKH
JHRPHWULHV DQG HOHFWULFDO SURSHUWLHV RI WKH WZR FHOOV LV QHHGHG1 %RWK PRGHOV/ LI DSSOLHG WR H[SHUL0
PHQWDO YROWDJH WUDQVLHQWV/ SURYLGH YDOXHV IRU WKH FRQGXFWDQFHV RI WKH WZR FHOOV DQG RI WKH V\QDSVH1
,Q WKH SUHVHQW VHFWLRQ/ ZH GHULYH HTXDWLRQV WKDW H[SUHVV WKH UHVWLQJ SRWHQWLDOV DQG FRQGXFWDQFH
YDOXHV REWDLQHG ZLWK WKH VLPSOHU PRGHO LQ WHUPV RI WKRVH REWDLQHG ZLWK WKH GHWDLOHG PRGHO1
8VLQJ WKH HOHFWULFDO FHOO SDUDPHWHUV GHULYHG LQ FKDSWHU 8/ WKHVH UHODWLRQV WKHQ DOORZ XV WR HVWLPDWH
KRZ ZHOO WKH DSSUR[LPDWLRQ PDGH LQ WKH VLPSOHU PRGHO LV DSSOLFDEOH WR $0FOXVWHU QHXURQV IURP
WKH SHGDO JDQJOLD RI /\PQDHD VWDJQDOLV1

5HODWLRQV EHWZHHQ WKH UHVWLQJ SRWHQWLDOV IURP WKH WZR PRGHOV
7KH SRVWV\QDSWLF UHVWLQJ SRWHQWLDO h.î RI WKH VLPSOH PRGHO FDQ EH H[SUHVVHG LQ WHUPV RI SDUDPH0
WHUV IURP WKH GHWDLOHG PRGHO E\ XVLQJ +<4, DQG +<5, WR UHSODFH WKH VRPDWLF SRWHQWLDOV Tør DQG Tîr
LQ +9:,1 7KLV UHVXOWV LQ h.î ' .î n ULtüuøf ý �

Cîò n
ULtüuøf
ULtüuîf

ý � E.ø ý .îä +<7,

ZLWK ò GH¿QHG E\ +<6,1 6LPLODUO\/ WKH UHVWLQJ SRWHQWLDO RI WKH SUHV\QDSWLF FHOO REWDLQHG ZLWK WKH
VLPSOL¿HG PRGHO LV h.ø ' .ø n ULtüuîf ý �

Cøò n
ULtüuîf
ULtüuøf

ý � E.î ý .øä +<8,

DQG WKH GLIIHUHQFH EHWZHHQ WKH WZR LVh.ø ý h.î ' #�ý ULtüuîf ý �
Cøò n

ULtüuîf
ULtüuøf

ý � ý
ULtüuøf ý �

Cîò n
ULtüuøf
ULtüuîf

ý �

$
E.ø ý.îä +<9,

$V ZLOO EH VKRZQ LQ FKDSWHU :/ Cøò DQG Cîò IRU QHXURQV LQ GHVLJQHG QHWZRUNV DUH RQ WKH RUGHU
RI 431 $V ULtüuøf2ULtüuîf DQG ULtüuîf2ULtüuøf DUH DOZD\V : 3/ WKH WZR GHQRPLQDWRUV LQ
WKLV HTXDWLRQ DUH : 3/ DQG WKH QXPHUDWRUV DUH DOVR : 3 EHFDXVH WKH ULtü DUH è 41 7DNHQ WRJHWKHU/
WKLV PHDQV WKDW ERWK IUDFWLRQV LQ WKH ODVW HTXDWLRQ DUH è 3/ VR WKH GLIIHUHQFH EHWZHHQ WKH WZR
UHVWLQJ SRWHQWLDOV REWDLQHG ZLWK WKH LVRSRWHQWLDO PRGHO ZLOO DOZD\V EH VPDOOHU WKDQ WKH RQH
REWDLQHG ZLWK WKH GHWDLOHG PRGHO1

8QGHU ZKLFK FLUFXPVWDQFHV LV WKH GHYLDWLRQ RI h.ø IURP.ø DQG h.î IURP.î VPDOOHVW" *HQHUDOO\/
ZH H[SHFW WKH SDUDPHWHUV REWDLQHG ZLWK WKH LVRSRWHQWLDO PRGHO WR EH VLPLODU WR WKRVH REWDLQHG ZLWK
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WKH PRUH GHWDLOHG PRGHO LQ FDVHV ZKHUH ERWK QHXURQV DFWXDOO\ DUH FORVH WR EHLQJ LVRSRWHQWLDO1 $V
IDU DV WKH UHVWLQJ SRWHQWLDOV DUH FRQFHUQHG/ WKH DERYH HTXDWLRQV VKRZ WKDW JRRG DJUHHPHQW EHWZHHQ
WKH WZR PRGHOV FDQ RFFXU IRU WZR GLIIHUHQW UHDVRQV=

2EYLRXVO\/ WKH UHVWLQJ SRWHQWLDOV REWDLQHG ZLWK WKH WZR PRGHOV DUH LGHQWLFDO LI .ø  .î1 7KLV
PDNHV VHQVH LI ZH FRQVLGHU WKH YROWDJH GLVWULEXWLRQ DFFRUGLQJ WR WKH GHWDLOHG PRGHO LQ D FHOO SDLU
ZLWK HTXDO UHVWLQJ SRWHQWLDOV ZKHQ QR FXUUHQW LV LQMHFWHG +IRU H[DPSOH E\ ORRNLQJ DW +<4, DQG
+<5,,= ,Q WKLV FDVH/ WKHUH ZLOO EH QR FXUUHQW ÀRZLQJ DFURVV WKH HOHFWULFDO V\QDSVH EHFDXVH WKH
PHPEUDQH SRWHQWLDO LV FRQVWDQW RYHU WKH HQWLUH FHOO SDLU1 6R/ IRU WKH VSHFLDO VLWXDWLRQ ZKHQ .ø  
.î/ WKH WZR FHOOV UHDOO\ DUH LVRSRWHQWLDO ZKHQ QR FXUUHQW LV LQMHFWHG/ DQG LW LV QRW VXUSULVLQJ WKDW
WKH LVRSRWHQWLDO PRGHO ZLOO JLYH WKH VDPH UHVWLQJ SRWHQWLDOV DV WKH GHWDLOHG PRGHO1

%XW XVXDOO\/ .ø 9' .î1 ,Q WKLV FDVH/ WKH FHOOV FDQ RQO\ FRPH FORVH WR EHLQJ LVRSRWHQWLDO LI
WKH PDMRU SDUW RI WKH YROWDJH GURS EHWZHHQ WKH FHOO ERGLHV RFFXUV DW WKH V\QDSVH/ QRW DORQJ WKH
QHXULWLF FDEOHV WKDW FRQQHFW LW WR WKH FHOO ERGLHV1 )RU D VPDOO YROWDJH GURS DORQJ WKH QHXULWHV/
WKH QHXULWLF PHPEUDQH FRQGXFWDQFH } DQG WKH F\WRSODVPLF UHVLVWLYLW\ o QHHG WR EH VR VPDOO WKDW
WKH QHXULWLF VSDFH FRQVWDQWV bøf DQG bîf DUH ODUJH FRPSDUHG WR WKH QHXULWH OHQJWKV +VHH +<,,1
8QGHU WKHVH FRQGLWLRQV/ WKH HOHFWURWRQLF OHQJWKV uøf DQG uîf DUH VPDOO ± VXFK QHXURQV DUH FDOOHG
µHOHFWURWRQLFDOO\ FRPSDFW¶1 :KHQ uøf DQG uîf DUH VPDOO/ ULtüuøf ä 4 DQG ULtüuîf ä 4 DQG
ò ä -r+? n ,øf-øf n ,îf-îf/ ZKLFK LV MXVW WKH FRPELQHG D[LDO UHVLVWDQFH RI WKH V\QDSVH DQG WKH
WZR FDEOHV FRQQHFWLQJ LW WR WKH FHOO ERGLHV1 ,Q DGGLWLRQ/ WKH FRQGLWLRQ WKDW WKH YROWDJH GURS PXVW
DOPRVW H[FOXVLYHO\ RFFXU DW WKH V\QDSVH LWVHOI UHTXLUHV WKDW ,øf-øf DQG ,îf-îf EH PXFK VPDOOHU
WKDQ -r+?/ VXFK WKDW HYHQ ò ä -r+?1
,Q VXPPDU\/ WKH GHYLDWLRQ RI h.ø IURP .ø DQG h.î IURP .î LV VPDOOHVW LI HLWKHU WKH WZR FHOOV
KDYH WKH VDPH UHVWLQJ SRWHQWLDO +ZKLFK KDUGO\ HYHU RFFXUV, RU LI ERWK QHXURQV DUH HOHFWURWRQL0
FDOO\ FRPSDFW1

5HODWLRQV EHWZHHQ WKH FRQGXFWDQFHV IURP WKH WZR PRGHOV
$GGLWLRQDO UHODWLRQV EHWZHHQ WKH SDUDPHWHUV RI WKH VLPSOL¿HG PRGHO DQG WKH GHWDLOHG PRGHO FDQ
EH IRXQG E\ FRPSDULQJ WKH H[SUHVVLRQV IRU WKH VRPDWLF SRWHQWLDOV Tør DQG Tîr LQ WKH WZR PRGHOV/
QDPHO\ +8:, DQG +8<, IRU WKH VLPSOHU PRGHO DQG +<4, DQG +<5, IRU WKH GHWDLOHG PRGHO1 %\ HTXDWLQJ
WKH H[SUHVVLRQV IRU Tør DQG Tîr IURP WKH WZR PRGHOV/ RQH ¿QGV WKDW

h.ø ý hCî hCr+? í h.ø ý h.îìhCø hCî n hCr+? í hCø n hCîì ' .ø ý Cî ULtüuîf E.ø ý.îä
CøCîò nCø

ULtüuøf
ULtüuîf

nCî
ULtüuîf
ULtüuøf

+<:,

h.î n hCø hCr+? í h.ø ý h.îìhCø hCî n hCr+? í hCø n hCîì ' .î n
Cø ULtüuøf E.ø ý .îä

CøCîò nCø
ULtüuøf
ULtüuîf

nCî
ULtüuîf
ULtüuøf

+<;,

hCî n hCr+?hCø hCî n hCr+? í hCø n hCîì '
Cîò n

ULtüuøf
ULtüuîf

CøCîò nCø
ULtüuøf
ULtüuîf

nCî
ULtüuîf
ULtüuøf

+<<,

hCr+?hCø hCî n hCr+? í hCø n hCîì '
�

CøCîò nCø
ULtüuøf
ULtüuîf

nCî
ULtüuîf
ULtüuøf

+433,

,I +<:, DQG +<;, DUH VXEWUDFWHG DQG WKH UHVXOW LV VROYHG IRU h.ø ý h.î DQG HTXDWHG ZLWK +<9,/ WKH
UHVXOWLQJ UHODWLRQ ± WRJHWKHU ZLWK +<<, DQG +433, ± GH¿QHV WKH SDUDPHWHUV hCø/ hCî DQG hCr+? IURP
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WKH LVRSRWHQWLDO PRGHO LQ WHUPV RI SDUDPHWHUV IURP WKH GHWDLOHG PRGHO1 ,I VROYHG IRU WKHVH WKUHH
YDULDEOHV/ WKLV V\VWHP RI HTXDWLRQV LPSOLHV WKDW

hCø ' Cø n

ULtüuîf
ULtüuøf

ý �
ò

+434,

' Cø n

ULtüuîf
ULtüuøf

ý �
E-r+? n bøf-øf |@?üuøf n bîf-îf |@?üuîfä ULtüuøf ULtüuîf

+435,

hCî ' Cî n

ULtüuøf
ULtüuîf

ý �
ò

+436,

' Cî n

ULtüuøf
ULtüuîf

ý �
E-r+? n bøf-øf |@?üuøf n bîf-îf |@?üuîfä ULtüuøf ULtüuîf

+437,

DQG h-r+? ' ò ' E-r+? n bøf-øf |@?üuøf n bîf-îf |@?üuîfä ULtüuøf ULtüuîf +438,
ZKHUH hCr+? ZDV UHSODFHG E\ LWV LQYHUVH/ h-r+?/ EHFDXVH WKH UHVXOW IRU h-r+? ORRNV VLPSOHU1
:H DJDLQ H[SHFW JRRG DJUHHPHQW EHWZHHQ WKH WZR PRGHOV LI ERWK FHOOV DUH HOHFWURWRQLFDOO\
FRPSDFW/ EHFDXVH WKHQ WKH DSSUR[LPDWLRQ RI FRQVWDQW PHPEUDQH SRWHQWLDO ZLWKLQ HDFK QHXURQ
ZLOO EH ZHOO DSSOLFDEOH1 7KLV LV LQGHHG WKH FDVH= $V GLVFXVVHG DERYH/ HOHFWURWRQLF FRPSDFWQHVV
LPSOLHV WKDW ULtüuøf ä � DQG ULtüuîf ä �/ VXFK WKDW WKH WZR IUDFWLRQV LQ +434, DQG +436, DUH
FORVH WR f DQG WKHUHIRUH hCø ä Cø DQG hCî ä Cî1 $QG FRPSDFWQHVV DOVR LPSOLHV WKDW +DV VKRZQ
DERYH, ò ä -r+?/ WKXV DOVR h-r+? ä -r+?1
,Q FXUUHQW VWHS H[SHULPHQWV/ VLJQDOV FDQ EH WUDQVIHUUHG DFURVV DQ HOHFWULFDO V\QDSVH EHWZHHQ WZR
QHXURQV LQ HLWKHU RI WZR GLUHFWLRQV1 6HWWLQJ FHOO 4 ' FHOO $ DQG FHOO 5 ' FHOO % RU FHOO 4 ' FHOO %
DQG FHOO 5 ' FHOO $ LQ +434, WKURXJK +438,/ ZH H[SHFW WKH IROORZLQJ UHVXOWV IURP WKH LVRSRWHQWLDO
PRGHO LQ WKH WZR FDVHV +QRWH WKDW ò LV V\PPHWULF LQ $ DQG % DQG ZLOO WKHUHIRUH EH WKH VDPH LQ
ERWK GLUHFWLRQV,=

FHOO 4 SUHV\QDSWLF FHOO 5 SUHV\QDSWLFhC� ' C� n
ULtüu2f
ULtüu�f

3�
ò

C� n
ULtüu2f
ULtüu�f

3�
òhC2 ' C2 n

ULtüu�f
ULtüu2f

3�
ò

C2 n
ULtüu�f
ULtüu2f

3�
òhCr+? ' ò ò

+439,

7KXV/ WKH UHVXOWV REWDLQHG ZLWK WKH LVRSRWHQWLDO PRGHO IRU WKH FHOO DQG V\QDSVH FRQGXFWDQFH
VKRXOG QRW GHSHQG RQ WKH GLUHFWLRQ RI VLJQDO WUDQVIHU LI WKH GHWDLOHG PRGHO LV D JRRG GHVFULSWLRQ
RI D SDLU RI FRXSOHG QHXURQV1

:KDW DERXW WKH FDSDFLWDQFHV"
7KH H[SUHVVLRQV GHULYHG LQ WKH SUHVHQW VHFWLRQ UHODWH WKH UHVWLQJ SRWHQWLDOV/ FHOO FRQGXFWDQFHV DQG
V\QDSWLF FRQGXFWDQFH IRXQG ZLWK WKH LVRSRWHQWLDO PRGHO WR WKH FRUUHVSRQGLQJ SDUDPHWHUV IURP WKH
GHWDLOHG PRGHO1 )RU WKH FHOO FDSDFLWDQFHV häø DQG häî/ QR VXFK UHODWLRQV FDQ EH GHULYHG EHFDXVH
LQ WKH GHWDLOHG PRGHO WKHUH LV QR VLQJOH SDUDPHWHU FRUUHVSRQGLQJ WR WKH FDSDFLWDQFH RI WKH ZKROH
FHOO1

6R KRZ ZHOO ZLOO WKH WZR PRGHOV DJUHH IRU /\PQDHD QHXURQV"
)RU DOO RI WKH SDUDPHWHUV GLVFXVVHG DERYH/ ZH H[SHFW WKH UHVXOWV REWDLQHG ZLWK WKH WZR GLIIHUHQW
PRGHOV WR EH VLPLODU LI WKH QHXURQV DUH HOHFWURWRQLFDOO\ FRPSDFW1 $V VKRZQ LQ VHFWLRQ 815/ /\P0
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QDHD QHXURQV LQ FHOO FXOWXUH DUH UDWKHU FRPSDFW/ VR KRZ ZHOO ZLOO WKH UHVXOWV IURP WKH WZR PRGHOV
DJUHH IRU WKHVH QHXURQV"

7KH DYHUDJH OHQJWK RI WKH SUR[LPDO QHXULWHV $3 DQG %3 LQ DOO SDLUV VWXGLHG LQ VHFWLRQ :14 LV
4:;>P/ DQG WKH PD[LPXP SUR[LPDO QHXULWH OHQJWK LV 859>P1 :LWK D W\SLFDO VSDFH FRQVWDQW RI
b ä 4333>P +VHH VHFWLRQ 815,/ WKLV PHDQV WKDW WKH HOHFWURWRQLF OHQJWKV RI WKH SUR[LPDO QHXULWHV LQ
WKHVH SDLUV DUH XVXDOO\ DURXQG u ä 315/ DQG DW PRVW u ä 3181 7KH K\SHUEROLF FRVLQH DQG WDQJHQW
RI u ± WKDW GHWHUPLQH KRZ ZHOO WKH WZR PRGHOV DJUHH ± WKHUHIRUH DUH

u 315 318
ULtüu 41435 4145;
|@?üu 314<: 31795

DQG WKH UHTXLUHPHQW RI ULtüu ä 4 DQG |@?üu ä u LV IXO¿OOHG IRU WKH DYHUDJH FHOO LQ VXFK
D QHWZRUN1 ,Q VKRUW/ ZH H[SHFW WR REWDLQ VLPLODU YDOXHV LI ZH DSSO\ WKH LVRSRWHQWLDO RU WKH
GHWDLOHG V\QDSVH PRGHO WR SDLUV RI /\PQDHD QHXURQV LQ FXOWXUH1

918 &HOO SDLUV ZLWK PXOWLSOH FRQWDFWV
6R IDU/ RXU PRGHOV KDYH WUHDWHG FHOO SDLUV RI VLPSOH JHRPHWU\ WKDW DUH FRXSOHG YLD D VLQJOH/ ORFDO0
L]HG HOHFWULFDO FRQWDFW1 1DWXUDOO\/ WKH VLWXDWLRQ LQ YLYR RU LQ D FRQYHQWLRQDO FHOO FXOWXUH LV GLIIHUHQW>
WKHUH/ WKH KLJKO\ EUDQFKHG QHXULWHV RI HDFK FHOO XVXDOO\ WRXFK VHYHUDO RWKHU FHOOV DW PDQ\ GLIIHU0
HQW ORFDWLRQV1 :KLOH WKH GHVLJQHG QHXUDO QHWZRUNV LQWURGXFHG DQG VWXGLHG LQ WKH SUHVHQW WKHVLV
ZHUH FOHDUO\ QRW GHYHORSHG WR UHSURGXFH DQ\ VSHFL¿F LQ YLYR QHWZRUN/ LW LV VWLOO LQWHUHVWLQJ WR FRP0
SDUH WKH VWUHQJWK RI WKH V\QDSVHV IRUPHG XQGHU FRQWUROOHG FRQGLWLRQV WR WKRVH RI V\QDSVHV LQ PRUH
QDWXUDO QHWZRUNV1

7R GHWHUPLQH WKH FRXSOLQJ VWUHQJWK LQ UDQGRP QHWZRUNV/ RQH FDQ SHUIRUP WKH VDPH FXUUHQW
VWHS H[SHULPHQWV WKDW ZHUH XVHG WR FKDUDFWHUL]H V\QDSVHV LQ

î LVRODWHG/ UDQGRPO\ JURZLQJ FHOO SDLUV
î UDQGRPO\ JURZLQJ FHOO SDLUV HPEHGGHG LQ D QHWZRUN RI PDQ\ FHOOV

7KH SUHVHQW VHFWLRQ GHPRQVWUDWHV WKDW/ LQ ERWK FDVHV/ WKH HTXLYDOHQW FLUFXLW FDQ EH UHGXFHG WR
WKH FLUFXLW RI D RQH0FRQWDFW V\QDSVH DQG WKDW WKHUHIRUH WKH HTXDWLRQV GHULYHG LQ VHFWLRQ 915 DUH
DSSOLFDEOH KHUH/ DV ZHOO1

&HOO SDLUV LQ UDQGRPO\ JURZLQJ FXOWXUHV XVXDOO\ PDNH SK\VLFDO FRQWDFW DW VHYHUDO ORFDWLRQV/ DQG
WKHUH LV HYLGHQFH WKDW QHXURQ SDLUV IURP WKH VQDLO +HOLVRPD +LI WKH\ DUH ERWK LQ D VWDWH RI DF0
WLYH JURZWK DW WKH WLPH WKH QHXULWHV JHW LQ WRXFK, HVWDEOLVK DQ HOHFWULFDO V\QDSVH DW HYHU\ SRLQW RI
FRQWDFW >68@1 8QIRUWXQDWHO\/ DOO DWWHPSWV WR ORFDOL]H WKH VLWH RI HOHFWULFDO FRXSOLQJ LQ UDQGRPO\
JURZLQJ /\PQDHD QHXURQV IDLOHG +VHH VHFWLRQ :1514,/ VR ZH ODFN WKH FRPSOHWH JHRPHWULFDO LQIRU0
PDWLRQ QHHGHG WR PRGHO VXFK FHOO SDLUV DQG WKHLU FRQWDFWV ZLWK GHWDLOHG FLUFXLWV DV LQ VHFWLRQ 9161
,QVWHDG/ ZH DJDLQ DVVXPH WKDW HDFK LQGLYLGXDO FHOO LV LVRSRWHQWLDO DQG PRGHO WKH SDLUV ZLWK D
VLPSOL¿HG FLUFXLW VLPLODU WR WKH RQH LQWURGXFHG LQ VHFWLRQ 9151 )LJV1 917 DQG 918 LOOXVWUDWH WKH VLP0
SOL¿HG FLUFXLWV IRU LVRODWHG DQG HPEHGGHG FHOO SDLUV ± DV ZH FRQVLGHU RQO\ WKH VWHDG\ VWDWH LQ WKLV
VHFWLRQ/ DOO FDSDFLWDQFHV ZHUH RPLWWHG IURP WKH FLUFXLWV1 7KH UHGXFWLRQ WR WKH VWHDG\ VWDWH FLUFXLW
RI D RQH0FRQWDFW V\QDSVH +ZKLFK LV MXVW ¿J1 915 ZLWKRXW FDSDFLWDQFHV, FDQ EH GRQH DV IROORZV=
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)LJXUH 917= ,VRODWHG SDLUV DQG D VXEFODVV RI HPEHGGHG SDLUV FDQ EH GHVFULEHG ZLWK WKH VLPSOL¿HG
PRGHO1 +/HIW/ WRS, (TXLYDOHQW FLUFXLW IRU DQ LVRODWHG SDLU RI QHXURQV ZLWK PXOWLSOH FRQWDFWV LI HDFK FHOO LV
GHVFULEHG E\ D VLQJOH FRPSDUWPHQW1 7KH PXOWLSOH HOHFWULFDO V\QDSVHV EHWZHHQ WKH FHOOV DUH UHSUHVHQWHG
E\ SDUDOOHO FRQGXFWDQFHV1 +/HIW/ ERWWRP, (TXLYDOHQW FLUFXLW IRU D FHOO SDLU HPEHGGHG LQ D QHWZRUN WKDW FDQ
EH VSOLW LQWR WZR VXE0QHWV +UHSUHVHQWHG E\ EODFN ER[HV, ZKRVH RQO\ FRQQHFWLRQ LV WKH V\QDSVH EHWZHHQ WKH
HPEHGGHG SDLU1 +5LJKW, %RWK QHWZRUNV FDQ EH UHGXFHG WR WKH FLUFXLW RI WKH LVRSRWHQWLDO PRGHO E\ DGGLQJ
WKH SDUDOOHO FRQGXFWDQFHV RU E\ DSSO\LQJ 7KpYHQLQ¶V WKHRUHP1 6\QDSVH FRQGXFWDQFHV DUH JUH\ DQG FHOO
FRQGXFWDQFHV DUH ZKLWH> WKH EODFN DUURZV LQGLFDWH ZKHUH FXUUHQW LV LQMHFWHG1

,VRODWHG FHOO SDLU
,I DQ LVRODWHG FHOO SDLU ZLWK PXOWLSOH FRQWDFW SRLQWV LV PRGHOOHG DV WZR LVRSRWHQWLDO FRPSDUWPHQWV
FRQQHFWHG E\ VHYHUDO RKPLF FRQGXFWDQFHV WKDW VWDQG IRU WKH LQGLYLGXDO V\QDSVHV/ LW LV LPPHGLDWHO\
REYLRXV KRZ WKLV FLUFXLW FDQ EH UHGXFHG WR WKH FLUFXLW IRU DQ HTXLYDOHQW RQH0FRQWDFW V\QDSVH= 7KH
HTXLYDOHQW V\QDSVH FRQGXFWDQFH LV MXVW WKH VXP RI WKH SDUDOOHO FRQGXFWDQFHV DQG DOO HTXDWLRQV
GHULYHG LQ VHFWLRQ 915 DUH DSSOLFDEOH1 &XUUHQW VWHS H[SHULPHQWV SHUIRUPHG RQ VXFK D SDLU WKHUHIRUH
\LHOG D YDOXH RI hCr+? WKDW FRUUHVSRQGV WR WKH WRWDO FRQGXFWDQFH RI WKH LQGLYLGXDO V\QDSVHV1 $OO
RWKHU SDUDPHWHUV RI WKH HTXLYDOHQW FLUFXLW/ VXFK DV WKH FHOO FRQGXFWDQFHV DQG UHVWLQJ SRWHQWLDOV/
DUH QRW DIIHFWHG E\ WKLV VXPPDWLRQ> LI WKH LVRSRWHQWLDO PRGHO LV DSSOLHG WR DQ LVRODWHG FHOO SDLU/ WKH
UHVXOWV REWDLQHG IRU WKHVH SDUDPHWHUV WKHUHIRUH GR QRW GHSHQG RQ WKH QXPEHU RI V\QDSWLF FRQWDFWV
EHWZHHQ WKH WZR QHXURQV1

1RWH WKDW/ LQ WKH UHVW RI WKLV VHFWLRQ/ ZH DOZD\V PDNH WKH UHGXFWLRQ GLVFXVVHG DERYH IRU DOO FHOO
FRQWDFWV/ VR hCr+? IURP QRZ RQ DOZD\V PHDQV WKH WRWDO FRQGXFWDQFH RI DOO WKH LQGLYLGXDO
V\QDSVHV EHWZHHQ D JLYHQ SDLU RI QHLJKERULQJ FHOOV1

(PEHGGHG FHOO SDLU= $ VSHFLDO FDVH
7KH UHGXFWLRQ WR DQ HTXLYDOHQW RQH0FRQWDFW FLUFXLW LV OHVV VWUDLJKWIRUZDUG LQ WKH FDVH RI WZR QHX0
URQV WKDW DUH FRQQHFWHG QRW RQO\ WR HDFK RWKHU/ EXW DOVR WR DGGLWLRQDO FHOOV LQ WKHLU YLFLQLW\1 7R
GHPRQVWUDWH WKDW WKLV UHGXFWLRQ LV VWLOO SRVVLEOH DQG WKDW ZH FDQ DSSO\ WKH HTXDWLRQV IURP VHF0
WLRQ 915 WR VXFK SDLUV/ WRR/ ZH ¿UVW FRQVLGHU D YHU\ VSHFLDO FDVH RI VXFK D QHWZRUN/ QDPHO\ D QHW
WKDW FDQ EH VSOLW LQWR WZR VXE0QHWZRUNV ZKRVH RQO\ FRQQHFWLRQ LV WKH V\QDSVH ZH ZDQW WR
FKDUDFWHUL]H +VHH ¿J1 917,1
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)LJXUH 918= *HQHUDO FDVH RI DQ HPEHGGHG FHOO SDLU1 +/HIW, &LUFXLW GHVFULELQJ DOO SRVVLEOH HPEHGGHG
FHOO SDLUV1 7KH QHWZRUN VXUURXQGLQJ WKH SDLU LV GLYLGHG LQWR WKUHH VXEQHWV +EODFN ER[HV,= 2QH FRQQHFWHG
RQO\ WR FHOO $/ RQH FRQQHFWHG RQO\ WR FHOO %/ DQG RQH FRQQHFWHG WR ERWK $ DQG %1 +5LJKW, 7KHVH FLUFXLWV
LOOXVWUDWH WZR SRVVLEOH SDWKZD\V WKURXJK ZKLFK FXUUHQW FDQ ÀRZ IURP $ WR % LQ SDUDOOHO WR WKH V\QDSVH
EHWZHHQ $ DQG %1 6\QDSVH FRQGXFWDQFHV DUH JUH\ DQG FHOO FRQGXFWDQFHV DUH ZKLWH1 7KH DUURZV LQGLFDWH
ZKHUH FXUUHQW LV LQMHFWHG1

,Q WKLV FDVH/ WKH VXE0QHWZRUN FRQQHFWHG WR FHOO $/ WRJHWKHU ZLWK WKH FRQGXFWDQFH DQG EDWWHU\ RI
$/ IRUPV D WZR0WHUPLQDO QHWZRUN/ WKH WZR WHUPLQDOV EHLQJ WKH VRPD RI QHXURQ $ DQG JURXQG1
6LPLODUO\/ WKH VXE0QHW DWWDFKHG WR %/ WRJHWKHU ZLWK %/ IRUPV DQRWKHU WZR0WHUPLQDO QHWZRUN RI YROW0
DJH VRXUFHV DQG FRQGXFWDQFHV/ WKLV WLPH EHWZHHQ VRPD % DQG JURXQG1 $FFRUGLQJ WR 7KpYHQLQ¶V
WKHRUHP >77@/ DQ\ WZR0WHUPLQDO QHWZRUN RI YROWDJH VRXUFHV DQG FRQGXFWDQFHV LV HTXLYDOHQW WR D
VLQJOH FRQGXFWDQFH LQ VHULHV ZLWK D VLQJOH YROWDJH VRXUFH1 7KLV PHDQV WKDW WKLV VSHFLDO FDVH RI
D QHWZRUN EHKDYHV MXVW OLNH DQ LVRODWHG FHOO SDLU DQG WKH V\QDSWLF FRQGXFWDQFH hCr+? REWDLQHG
IURP FXUUHQW VWHS H[SHULPHQWV ZLWK WKH DLG RI +9<, LV H[DFWO\ WKH V\QDSWLF FRQGXFWDQFH EHWZHHQ $
DQG %1 ,Q FRQWUDVW/ WKH FRQGXFWDQFHV hCø DQG hCî DQG WKH UHVWLQJ SRWHQWLDOV h.ø DQG h.î REWDLQHG
DV GHVFULEHG LQ VHFWLRQ 915 LQ WKLV FDVH DUH FRPELQDWLRQV RI WKH FRQGXFWDQFHV DQG UHVWLQJ SRWHQ0
WLDOV RI WKH PDQ\ FHOOV LQ WKH QHWZRUN DQG DUH QRW HDV\ WR LQWHUSUHW DV ORQJ DV ZH GR QRW NQRZ
WKH H[DFW FRQQHFWLYLW\ RI WKH QHWZRUN ± EXW WKLV LV QR SUREOHP/ EHFDXVH WKH VROH SXUSRVH RI RXU
PHDVXUHPHQWV RQ HPEHGGHG FHOO SDLUV LV WR GHWHUPLQH WKH FRQGXFWDQFH RI WKH V\QDSVH EHWZHHQ
WKHP1

,Q VXPPDU\/ D QHWZRUN WKDW FDQ EH GLYLGHG LQWR WZR VXE0QHWV RQO\ FRQQHFWHG YLD WKH V\QDSVH
EHWZHHQ $ DQG % VWLOO DOORZV XV WR GHWHUPLQH WKH FRQGXFWDQFH RI WKLV V\QDSVH ZLWK WKH DLG RI
WKH HTXDWLRQV IURP VHFWLRQ 9151

(PEHGGHG FHOO SDLU= *HQHUDO FDVH
%XW LQ JHQHUDO/ WKH QHWZRUN VXUURXQGLQJ D FHOO SDLU ZLOO FRQVLVW QRW RQO\ RI WZR VXE0QHWV DWWDFKHG
WR FHOOV $ DQG %/ EXW DOVR RI D WKLUG JURXS RI FHOOV WKDW SURYLGH DGGLWLRQDO SDWKZD\V IRU FXUUHQW
ÀRZ EHWZHHQ $ DQG %1 7KH IROORZLQJ FRQVLGHUDWLRQV ZLOO VKRZ WKDW LQ WKLV JHQHUDO FDVH +GHSLFWHG
LQ ¿J1 918,/ WKH V\QDSWLF FRQGXFWDQFH WKDW LV REWDLQHG IURP FXUUHQW VWHS H[SHULPHQWV LV RQO\
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DQ XSSHU OLPLW IRU WKH DFWXDO V\QDSWLF FRQGXFWDQFH EHWZHHQ $ DQG %=

:H ¿UVW FRQVLGHU WKH FDVH VKRZQ LQ ¿J1 918/ PLGGOH1 7KHUH/ D WKLUG FHOO & KDV V\QDSVHV ZLWK ERWK
$ DQG %/ VR FXUUHQW FDQ ÀRZ IURP $ WR % QRW RQO\ YLD WKH V\QDSVH ZH DUH LQWHUHVWHG LQ/ EXW DOVR
YLD FHOO &1 ,Q WKLV FRQ¿JXUDWLRQ/ WKH FXUUHQW EDODQFHV IRU FHOO $ DQG FHOO % QR ORQJHU ORRN OLNH +95,
WKURXJK +98,> LQVWHDG/ WKH\ DUH

Uð?æ ' hCøETør ý h.øä n hCr+?ETør ý Tîrä n hCøäETør ý Tärä +43:,hCr+?ETør ý Tîrä n hCîäETär ý Tîrä ' hCîETîr ý h.îä +43;,
ZKHUH hCø/ hCî/ h.ø DQG h.î DUH WKH HTXLYDOHQW FRQGXFWDQFHV DQG UHVWLQJ SRWHQWLDOV RI $ DQG %
WRJHWKHU ZLWK WKH WZR VXE0QHWV FRQQHFWHG WR WKHP +VHH WKH VSHFLDO FDVH DERYH,/ hCøä DQG hCîä
DUH WKH V\QDSWLF FRQGXFWDQFHV IURP $ WR & DQG IURP % WR &/ DQG HYHU\WKLQJ HOVH LV GH¿QHG DV LQ
VHFWLRQ 9151 $ WKLUG HTXDWLRQ LV SURYLGHG E\ WKH FXUUHQW EDODQFH IRU FHOO &/ QDPHO\hCøäETør ý Tärä n hCîäETîr ý Tärä ' hCäETär ý h.ää +43<,
DQG WKLV HTXDWLRQ/ LI VROYHG IRU Tär/ DOORZV XV WR HOLPLQDWH Tär IURP WKH EDODQFHV IRU $ DQG %1
7KH UHVXOWLQJ HTXDWLRQV FDQ EH EURXJKW LQWR WKH VDPH IRUP DV WKH FXUUHQW EDODQFHV IRU DQ LVRODWHG
FHOO SDLU +FRPSDUH WR +95, WKURXJK +98,,> WKH\ WKHQ DUH

Uð?æ ' hCâøETør ý h.âøä n hCâr+?ETør ý Tîrä +443,hCâr+?ETør ý Tîrä ' hCâîETîr ý h.âîä +444,
ZKHUH WKH DSSDUHQW V\QDSWLF FRQGXFWDQFH hCâr+? EHWZHHQ $ DQG % LV

hCâr+? ' hCr+? n hCøä hCîähCøä n hCîä n hCä +445,

DQG ZKHUH hCâø/ hCâî/ h.âø DQG h.âî DUH IXQFWLRQV RI hCø/ hCî/ hCä / hCøä / hCîä / h.ø/ h.î DQG h.ä +ZKRVH
H[DFW IRUP FDQ HDVLO\ EH GHULYHG EXW LV QRW UHOHYDQW IRU RXU FRQVLGHUDWLRQV,1

7KH IDFW WKDW ± HYHQ LQ WKH SUHVHQFH RI FHOO & ± WKH FXUUHQW EDODQFHV IRU $ DQG % DUH IRUPDOO\ WKH
VDPH DV LQ WKH FDVH RI DQ LVRODWHG FHOO SDLU +FRPSDUH WR +95, WKURXJK +98,,PHDQV WKDW WKLV QHWZRUN
ZLOO DJDLQ EHKDYH OLNH DQ LVRODWHG SDLU LI SUREHG ZLWK FXUUHQW VWHSV1 7KH RQO\ GLIIHUHQFH UHOHYDQW
IRU XV LV WKDW QRZ WKH DSSDUHQW V\QDSWLF FRQGXFWDQFH hCâr+? ZH REWDLQ ZLWK +9<, LV QR ORQJHU
HTXDO WR WKH DFWXDO V\QDSWLF FRQGXFWDQFH hCr+? ZH DUH LQWHUHVWHG LQ1 %XW EHIRUH ZH HVWLPDWH
KRZ ODUJH WKH GLIIHUHQFH EHWZHHQ hCâr+? DQG hCr+? UHDOO\ LV/ ZH FRQVLGHU \HW DQRWKHU FRQVWHOODWLRQ/
QDPHO\ WKH RQH VKRZQ LQ ¿J1 918 DW WKH ULJKW=

7KHUH/ WKH DGGLWLRQDO FXUUHQW SDWKZD\ IURP $ WR % SDVVHV WZR FHOOV +QHXURQV & DQG ', LQVWHDG RI
MXVW RQH FHOO DV LQ WKH FLUFXLW VKRZQ LQ WKH PLGGOH1 ,Q FRPSOHWH DQDORJ\ WR WKH DUJXPHQW JLYHQ
DERYH/ ZH FDQ DJDLQ XVH WKH FXUUHQW EDODQFHV IRU FHOOV & DQG ' WR UHSODFH WKH YDULDEOHV Tär DQG
T(r WKDW ZLOO VKRZ XS LQ WKH FXUUHQW EDODQFHV IRU $ DQG % DQG ZH FDQ DJDLQ EULQJ WKH UHVXOWLQJ
HTXDWLRQV LQWR WKH IRUP RI FXUUHQW EDODQFHV IRU DQ LVRODWHG SDLU/ EXW WKLV WLPH ZLWK DQ DSSDUHQW
V\QDSWLF FRQGXFWDQFH JLYHQ E\hCââr+? ' hCr+? n hCøä hCî( hCä(í hCøä n hCä( n hCäìí hCî( n hCä( n hC(ìý hC2ä( +446,

+RZ DFFXUDWHO\ FDQ WKH V\QDSWLF FRQGXFWDQFH EH PHDVXUHG LQ
HPEHGGHG SDLUV"
7R HVWLPDWH KRZ IDU WKH DSSDUHQW V\QDSWLF FRQGXFWDQFHV hCâr+? DQG hCââr+? LQ WKH WZR H[HPSODU\
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FDVHV GHYLDWH IURP WKH DFWXDO YDOXH/ ZH MXPS DKHDG DQG PDNH XVH RI UHVXOWV IURP VHFWLRQV :14
DQG :151 7KHUH/ WKH UDWLR V EHWZHHQ WKH DYHUDJH V\QDSWLF FRQGXFWDQFH DQG WKH DYHUDJH VLQJOH FHOO
LQSXW FRQGXFWDQFH LV IRXQG WR EH RQ WKH RUGHU RI V ä 4243 IRU QHXURQV LQ GHVLJQHG QHWZRUNV +WKDW
LV/ RQ SDWWHUQHG VXEVWUDWHV DQG ZLWK V\QDSVHV UHVWULFWHG WR D VLQJOH SRLQW RI FRQWDFW, DQG RQ WKH
RUGHU RI V ä 426 IRU QHXURQV LQ FRQYHQWLRQDO FHOO FXOWXUH +WKDW LV/ ZLWK UDQGRPO\ JURZLQJ QHXULWHV
WKDW PDNH FRQWDFW ZLWK RWKHU FHOOV DW VHYHUDO ORFDWLRQV,1

,I ZH LQVSHFW WKH H[SUHVVLRQV IRU hCâr+? DQG hCââr+? ++445, DQG +446, IURP DERYH,/ ZH ¿QG WKDW WKH
GLIIHUHQFH EHWZHHQ WKH DSSDUHQW DQG WKH UHDO V\QDSWLF FRQGXFWDQFH ± QDPHO\/ WKH VHFRQG WHUPV RQ
WKH ULJKW VLGHV RI WKH HTXDWLRQV ± LV

î RI RUGHU V hCr+? LI WKH DOWHUQDWLYH FXUUHQW SDWKZD\ EHWZHHQ $ DQG % SDVVHV WKURXJK RQH DGGL0
WLRQDO FHOO DQG

î RI RUGHU V2 hCr+? LI LW SDVVHV WKURXJK WZR DGGLWLRQDO FHOOV
î DQG VR RQ IRU KLJKHU QXPEHUV RI LQWHUPHGLDWH FHOOV +DV FDQ EH GHULYHG LQ WKH VDPH IDVKLRQ DV
DERYH,1

)RU QHXURQV LQ GHVLJQHG QHWZRUNV/ WKLV LPSOLHV WKDW HYHU\ FHOO WKDW KDV GLUHFW V\QDSWLF FRQWDFW
WR ERWK $ DQG % LQFUHDVHV WKH DSSDUHQW V\QDSWLF FRQGXFWDQFH ZH PHDVXUH LQ H[SHULPHQWV E\
DERXW 43(/ DQG HYHU\ FXUUHQW SDWKZD\ IURP $ WR % WKDW LQFOXGHV WZR RU PRUH DGGLWLRQDO QHXURQV
LQFUHDVHV LW E\ QHJOLJLEOH DPRXQWV1 )RU VPDOO/ GHVLJQHG QHXUDO QHWZRUNV/ LQ ZKLFK D JLYHQ
QHXURQ LV LQ WRXFK ZLWK YHU\ IHZ RWKHU FHOOV/ WKH VWUHQJWK RI D V\QDSVH EHWZHHQ D SDLU FDQ
WKHUHIRUH EH PHDVXUHG ZLWK FXUUHQW VWHS H[SHULPHQWV WR ZLWKLQ D IHZ WHQV RI SHUFHQWV1

7KH VLWXDWLRQ LV GLIIHUHQW IRU SDLUV HPEHGGHG LQ D QHWZRUN LQ FRQYHQWLRQDO FHOO FXOWXUH1 7KHUH/
HYHU\ QHXURQ WKDW ERWK FHOOV LQ WKH SDLU KDYH V\QDSVHV ZLWK ZLOO LQFUHDVH WKH YDOXH REWDLQHG IRU WKH
V\QDSVH FRQGXFWDQFH E\ DERXW RQH WKLUG RI LWV UHDO YDOXH/ DQG HYHQ FXUUHQW SDWKZD\V WKDW SDVV WZR
RU WKUHH RWKHU QHXURQV FDQ VWLOO FRQWULEXWH RQ WKH RUGHU RI 44( DQG 7(/ UHVSHFWLYHO\1 )RU WKH UDWKHU
VSDUVH QHWZRUNV XVHG LQ VHFWLRQ :15/ZH WKHUHIRUH H[SHFW WKDW WKH PHDVXUHG V\QDSVH FRQGXFWDQFH ±
ZKLOH KDYLQJ WKH ULJKW RUGHU RI PDJQLWXGH ± PD\ EH FRQVLGHUDEO\ ODUJHU WKDQ WKH WUXH FRQGXFWDQFH1
2U/ LQ RWKHU ZRUGV/ WKH HTXDWLRQV IURP VHFWLRQ 915/ DSSOLHG WR SDLUV RI QHXURQV HPEHGGHG
LQ D UDQGRP QHXUDO QHWZRUN LQ YLWUR/ ZLOO JLYH RQO\ DQ XSSHU OLPLW IRU WKH WUXH V\QDSVH
FRQGXFWDQFH1

&DQ WKH PHWKRG EH DSSOLHG LQ YLYR"
1RWH WKDW FXUUHQW VWHS H[SHULPHQWV KDYH/ LQ WKH SDVW/ HYHQ EHHQ XVHG WR PHDVXUH WKH HOHFWURWRQLF
FRXSOLQJ VWUHQJWK EHWZHHQ WZR FHOOV HPEHGGHG LQ D QHXUDO QHWZRUN LQ YLYR >4@>83@1 %XW WZR
SRVVLEOH FRPSOLFDWLRQV KDYH WR EH FRQVLGHUHG LQ WKLV FDVH= )LUVW/ QHXURQV LQ WKH JDQJOLRQ PD\ KDYH
VPDOOHU QHXULWH GLDPHWHUV WKDQ QHXURQV LQ FHOO FXOWXUH DQG PD\ WKHUHIRUH EH OHVV HOHFWURWRQLFDOO\
FRPSDFW WKDQ FXOWXUHG QHUYH FHOOV/ ZLWK WKH UHVXOW WKDW WKH LVRSRWHQWLDO PRGHO IURP VHFWLRQ 915
PD\ EH QRW ZHOO DSSOLFDEOH WR WKHVH QHXURQV1 $QG VHFRQG/ WKH QHXURQV LQ D JDQJOLRQ DUH PXFK
PRUH GHQVHO\ SDFNHG WKDQ LQ D VSDUVH FHOO FXOWXUH/ VR WKHUH FRXOG EH PDVVLYH QXPEHUV RI FHOOV
WKDW IRUP HOHFWULFDO V\QDSVHV ZLWK ERWK QHXURQV RI WKH SDLU RQH ZDQWV WR VWXG\1 ,Q WKLV FDVH/ ZLWK
HDFK RI WKRVH FHOOV LQFUHDVLQJ WKH DSSDUHQW V\QDSWLF FRQGXFWDQFH E\ DERXW RQH WKLUG RI WKH DFWXDO
YDOXH/ WKH H[SHULPHQWDO UHVXOW IRU WKH V\QDSWLF FRQGXFWDQFH PD\ GHYLDWH FRQVLGHUDEO\ IURP
WKH UHDO V\QDSWLF FRQGXFWDQFH1
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:
([SHULPHQWV ZLWK V\QDSVHV

7KLV FKDSWHU GHVFULEHV FXUUHQW VWHS H[SHULPHQWV ZLWK VLQJOH0SRLQW V\QDSVHV +LQ VHFWLRQ :14, DQG
PXOWL0SRLQW V\QDSVHV +VHFWLRQ :15, DQG GLVFXVVHV DQG FRPSDUHV WKHLU UHVXOWV1 )RU WKH VLQJOH0SRLQW
V\QDSVHV/ ZKLFK FDQ EH GHVFULEHG HLWKHU ZLWK WKH LVRSRWHQWLDO PRGHO IURP VHFWLRQ 915 RU ZLWK
WKH GHWDLOHG PRGHO IURP VHFWLRQ 916/ WKH UHVXOWV REWDLQHG ZLWK ERWK PRGHOV DUH FRPSDUHG ± DV
H[SHFWHG IRU HOHFWURWRQLFDOO\ FHOOV/ WKH WZR PRGHO WXUQ RXW WR EH DOPRVW HTXLYDOHQW1 )LQDOO\/ VHF0
WLRQ :16 DQDO\]HV WKH UHTXLUHPHQWV IRU WKH WUDQVPLVVLRQ RI DFWLRQ SRWHQWLDOV IURP WKH SUH0 WR WKH
SRVWV\QDSWLF QHXURQ DQG GLVFXVVHV WKH LPSOLFDWLRQV IRU QHXUDO QHWZRUN GHVLJQ1

:14 7KH VLPSOHVW V\QDSVH= 2QH FRQWDFW SRLQW
)RU WKH GHVLJQ RI QHXUDO QHWZRUNV ZLWK VLPSOH DQG GH¿QHG JHRPHWU\ DQG FRQQHFWLYLW\/ LW LV GH0
VLUDEOH WR KDYH FRQWURO RYHU DV PDQ\ SURSHUWLHV RI WKH V\QDSVHV LQ WKH QHW DV SRVVLEOH/ WKH PRVW
LPSRUWDQW RQHV EHLQJ

î ZKLFK QHXURQV IRUP V\QDSVHV ZLWK ZKLFK RWKHU QHXURQV
î WKH ORFDWLRQV RI WKH V\QDSVHV
î WKH W\SH RI V\QDSVH
î WKH V\QDSWLF VWUHQJWK

$V H[SODLQHG LQ VHFWLRQ 415/ WKH W\SH RI V\QDSVH IRUPHG LQ /\PQDHD VWDJQDOLV FHOO FXOWXUHV LV
ODUJHO\ GHWHUPLQHG E\ WKH W\SH RI QHXURQV VHOHFWHG DV UDZ PDWHULDO IRU WKH GHVLJQHG QHWZRUN> WKH
$0FOXVWHU QHXURQV IURP WKH SHGDO JDQJOLD WKDW ZHUH XVHG KHUH UH0HVWDEOLVK WKHLU LQ YLYR HOHFWULFDO
V\QDSVHV ZKHQ SODFHG LQ FHOO FXOWXUH/ DV ZDV H[SHFWHG +VHH EHORZ,1 2Q WKH V\QDSWLF VWUHQJWK/ ZH
KDYH QR FRQWURO VR IDU/ EXW VHFWLRQ :1515 EULHÀ\ GLVFXVVHV KRZ LW FRXOG EH LQÀXHQFHG LQ WKH IXWXUH1

&RQFHUQLQJ WKH RWKHU WZR SRLQWV/ WKH SUHVHQW VHFWLRQ GHPRQVWUDWHV WKDW LW LV ± WR D FHUWDLQ H[WHQW
± SRVVLEOH WR FRQWURO ZKLFK FHOOV IRUP V\QDSVHV DW ZKLFK ORFDWLRQV ZLWK WKH DLG RI JXLGHG
JURZWK1 8VLQJ WKH V\QDSVH PRGHOV IURP WKH SUHYLRXV FKDSWHU/ WKH SUHVHQW VHFWLRQ DOVR GHWHUPLQHV
WKH VWUHQJWK RI WKH V\QDSVHV IRUPHG XQGHU VXFK FRQGLWLRQV RI FRQWUROOHG QHXULWH HQFRXQWHU1

,QGXFLQJ V\QDSVHV E\ JXLGHG QHXULWH HQFRXQWHU
*LYHQ WKH PHWKRG IRU JXLGLQJ WKH RXWJURZWK RI VQDLO QHXURQV LQWURGXFHG LQ VHFWLRQ 516/ WKH
VWUDLJKWIRUZDUG ZD\ WR FRQWURO WKH FRQQHFWLYLW\ RI D GHVLJQHG QHWZRUN LV WR SRVLWLRQ QHXURQV
RQ D SDWWHUQHG VXEVWUDWH ZKLFK JXLGHV WKH QHZO\ JURZLQJ QHXULWHV LQ D ZD\ WKDW OHWV WKHP PDNH
SK\VLFDO FRQWDFW RQO\ DW WKH ORFDWLRQV ZKHUH V\QDSVHV DUH GHVLUHG1

7R GHPRQVWUDWH WKDW WKLV DSSURDFK ZRUNV/ SDLUV RI $0FOXVWHU QHXURQV ZHUH SODQWHG RQ WKH VDPH
ODQHV RI OLQHDUO\ SDWWHUQHG VXEVWUDWHV RU RQ EULFNZDOO0SDWWHUQHG VXEVWUDWHV LQ RUGHU WR HVWDEOLVK
WKH VLPSOHVW V\QDSVH JHRPHWU\ SRVVLEOH/ QDPHO\ D V\QDSVH UHVWULFWHG WR D VLQJOH SRLQW RI FRQWDFW
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)LJXUH :14= *XLGDQFH0FRQWUROOHG IRUPDWLRQ RI D VLPSOH V\QDSVH RQ D OLQHDU SDWWHUQ1 7KLV ¿JXUH
VKRZV WZR SDLUV RI FROLQHDUO\ JURZLQJ QHXURQV DW WKH EHJLQQLQJ RI D PRQLWRULQJ SHULRG +WRS,/ WZR KRXUV
ODWHU +PLGGOH, DQG IRXU KRXUV ODWHU +ERWWRP,1 7KH GLVWDQFH EHWZHHQ WKH WZR QHXURQV LQ WKH XSSHU SDLU
FRQWLQXDOO\ GHFUHDVHV DV WKH WZR QHXULWHV JURZ DORQJ WKH LQYLVLEOH ODQH RI LQWDFW VXEVWUDWH1 ,Q WKH ERWWRP
SDQHO/ WKH JURZWK FRQHV KDYH PHW DQG IRUPHG DQ HOHFWULFDO V\QDSVH1 ,Q FRQWUDVW/ WKH ORZHU SDLU IDLOV WR
IRUP D FRQWDFW LQ VSLWH RI LGHQWLFDO FXOWXUH FRQGLWLRQV DQG D VLPLODU VRPD0VRPD GLVWDQFH1 $OVR QRWH WKDW
ERWK RI WKH QHXURQV RQ WKH OHIW VLGH KDYH RQH JURZLQJ QHXULWH DQG RQH UHWUDFWLQJ QHXULWH DW WKH VDPH WLPH1

)LJXUH :15= *XLGDQFH0FRQWUROOHG IRUPDWLRQ RI D VLPSOH V\QDSVH RQ D EULFNZDOO SDWWHUQ1 7KH ¿YH
SDQHOV VKRZ WZR QHXURQV JURZLQJ RQ D EULFNZDOO SDWWHUQ DW GLIIHUHQW WLPHV DIWHU WKH RQVHW RI D PRQLWRULQJ
SHULRG1 $IWHU <3PLQ/ WKH KRUL]RQWDO QHXULWH RI WKH XSSHU FHOO PDNHV SK\VLFDO FRQWDFW ZLWK WKH YHUWLFDO
QHXULWH RI WKH ORZHU FHOO1 7KHQ/ WKH QHXULWH UHWUDFWV DQG ORRVHV FRQWDFW DJDLQ/ DQG ¿QDOO\/ LW VKRZV UHQHZHG
JURZWK DQG HVWDEOLVKHV D VWDEOH FRQWDFW LQ WKH ODVW SDQHO1 3HUSHQGLFXODU FRQWDFWV OLNH WKLV 0 ZLWK D JURZWK
FRQH PHHWLQJ DQ H[WDQW QHXULWH 0 FDQ OHDG WR IXQFWLRQLQJ HOHFWULFDO V\QDSVHV/ WRR1 $OVR QRWH WKDW EHWZHHQ
WKH VHFRQG DQG WKLUG SDQHO/ RQH QHXULWH RI WKH XSSHU FHOO JUHZ ZKLOH WKH RWKHU UHWUDFWHG/ DQG YLFH YHUVD
EHWZHHQ WKH IRXUWK DQG WKH ODVW SDQHO1

EHWZHHQ WZR FHOOV1 $V GHVFULEHG LQ VHFWLRQ 516/ DURXQG ;3( RI WKH VWDEO\ DGKHULQJ QHXURQV JUHZ
QHZ QHXULWHV/ PRVW RI ZKLFK IDLWKIXOO\ IROORZHG WKH OLQHDU ODQHV1 6RPH RI WKH QHXURQ SDLUV ZKRVH
QHXULWHV DSSURDFKHG HDFK RWKHU WR ZLWKLQ D IHZ KXQGUHG >P ZHUH PRQLWRUHG EHIRUH DQG GXULQJ
WKHLU JURZWK FRQHV PDGH FRQWDFW> ¿JV1 :14 DQG :15 VKRZ H[DPSOHV RI VXFK HQFRXQWHUV1

7KH ¿JXUHV LOOXVWUDWH VHYHUDO UHVXOWV IURP VXFK SDLULQJ H[SHULPHQWV=

î 7KH PRVW LPSRUWDQW UHVXOW LV WKDW WKH DSSURDFK GRHV LQGHHG ZRUN= *URZWK FRQH JXLGDQFH
FDQ EH XVHG WR HVWDEOLVK D SK\VLFDO FRQWDFW EHWZHHQ WZR VHOHFWHG QHXURQV ± DQG/ DV ZLOO
EH VKRZQ ODWHU LQ WKLV VHFWLRQ/ VXFK D FRQWDFW SRLQW XVXDOO\ IHDWXUHV D IXQFWLRQLQJ HOHFWULFDO
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V\QDSVH1
î )RU DQ HOHFWULFDO V\QDSVH WR IRUP/ LW LV QRW QHFHVVDU\ WKDW WZR JURZWK FRQHV FROOLGH> D V\QDSVH
FDQ DOVR EH IRUPHG LI D JURZWK FRQH PHHWV DQ H[WDQW QHXULWH RI DQRWKHU FHOO +DV LQ ¿J1 :15, RU LI
D JURZWK FRQH PHHWV WKH FHOO ERG\ RI DQRWKHU QHXURQ +VHH ¿J1 :17, ± WKLV PHDQV WKDW WKHUH LV D
ODUJH QXPEHU RI SRVVLEOH FRQWDFW JHRPHWULHV LQ GHVLJQHG QHWZRUNV1

î %XW WKH ¿JXUHV DOVR GHPRQVWUDWH WKDW V\QDSVH IRUPDWLRQ LQGXFHG LQ WKLV PDQQHU LV QRW FRP0
SOHWHO\ SUHGLFWDEOH= ,Q VSLWH RI LGHQWLFDO FXOWXUH FRQGLWLRQV DQG YHU\ VLPLODU VRPD0VRPD GLV0
WDQFH/ D VHFRQG QHXURQ SDLU LQ ¿J1 :14 GLG QRW HVWDEOLVK D V\QDSVH EHFDXVH WKH WZR QHXULWHV
IDLOHG WR PDNH SK\VLFDO FRQWDFW/ DQG WKH V\QDSVH IRUPHG LQ ¿J1 :15 EHFDPH VWDEOH RQO\ DIWHU
SK\VLFDO FRQWDFW ZDV HVWDEOLVKHG IRU WKH VHFRQG WLPH1 6R/ REYLRXVO\/ SRVLWLRQLQJ QHXURQV RQ
D SDWWHUQ WKDW DOORZV WKHLU QHXULWHV WR PDNH FRQWDFW RQO\ HQDEOHV V\QDSVH IRUPDWLRQ EXW
FDQ QRW HQIRUFH LW GXH WR WKH KLJKO\ YDULDEOH JURZWK UDWHV RI WKH QHXULWHV DQG GXH WR RFFDVLRQ0
DOO\ RFFXUULQJ QHXULWH UHWUDFWLRQV1 2XW RI WKH 46 SDLUV WKDW ZHUH PRQLWRUHG/ RQO\ WHQ ¿QDOO\
HVWDEOLVKHG D VWDEOH FRQWDFW/ EXW WKUHH IDLOHG WR PDNH FRQWDFW ZLWKLQ WKH QH[W VHYHUDO KRXUV DQG
ZHUH QRW PRQLWRUHG DQ\ ORQJHU1

î 7KH ODUJH YDULDELOLW\ LQ JURZWK UDWHV DOVR PDNHV WKH H[DFW ORFDWLRQ RI WKH V\QDSVH KDUG WR
SUHGLFW +RU FRQWURO,> GHSHQGLQJ RQ WKH JURZWK UDWHV RI WKH WZR QHXULWHV LQYROYHG/ WKH V\QDSVH
LQ ¿J1 :14 FRXOG KDYH EHHQ HVWDEOLVKHG DQ\ZKHUH DORQJ WKH JXLGLQJ ODQH EHWZHHQ WKH WZR FHOO
ERGLHV1

1LQH RI WKH PRQLWRUHG SDLUV DQG 47 DGGLWLRQDO SDLUV +WKDW KDG QRW SUHYLRXVO\ EHHQ PRQLWRUHG,
ZHUH XVHG IRU HOHFWURSK\VLRORJLFDO VWXGLHV WR GHWHUPLQH WKHLU V\QDSVH FRQGXFWDQFH> IRU DOWRJHWKHU
48 RI WKHVH SDLUV/ ERWK QHXURQV FRXOG VXFFHVVIXOO\ EH LPSDOHG ZLWK PLFURHOHFWURGHV DV GHVFULEHG
LQ VHFWLRQ 614 DQG UHPDLQHG SK\VLRORJLFDOO\ QRUPDO ORQJ HQRXJK IRU FXUUHQW VWHS H[SHULPHQWV DV
VXJJHVWHG E\ FKDSWHU 91 $OO RI WKHVH SDLUV KDG H[DFWO\ RQH FRQWDFW SRLQW ZKRVH ORFDWLRQ ZDV HLWKHU
NQRZQ EHFDXVH LWV IRUPDWLRQ KDG EHHQ PRQLWRUHG/ EHFDXVH LW ZDV REYLRXV IURP WKH PRUSKRORJ\
RI WKH SDLU RU EHFDXVH LW ZDV GHWHUPLQHG DIWHU WKH HOHFWURSK\VLRORJLFDO H[SHULPHQWV E\ LQMHFWLRQ
RI /XFLIHU \HOORZ LQWR RQH RI WKH FHOOV +VHH VHFWLRQ :1514,1

3DLUV ZLWKRXW V\QDSVHV
:LWK IRXU RI WKH 48 SDLUV/ LQMHFWLRQ RI FXUUHQWV LQWR HLWKHU RI WKH FHOOV FDXVHG QR GHWHFWDEOH YROWDJH
FKDQJH LQ WKH RWKHU FHOO/ HYHQ LI YHU\ ODUJH FXUUHQW DPSOLWXGHV ZHUH DSSOLHG1 %HIRUH ZH SURFHHG
WR WKH RWKHU HOHYHQ SDLUV +ZKLFK KDG IXQFWLRQLQJ HOHFWULFDO V\QDSVHV,/ ZH GLVFXVV WZR SRVVLEOH
UHDVRQV ZK\ WKHVH IRXU SDLUV IDLOHG WR HVWDEOLVK D GHWHFWDEOH V\QDSVH=

)LUVW RI DOO/ D VPDOO SHUFHQWDJH RI WKH QHXURQV LVRODWHG IURP WKH SHGDO JDQJOLD PD\ KDYH
RULJLQDWHG IURP QHLJKERULQJ FHOO FOXVWHUV LQVWHDG RI WKH $0FOXVWHUV GXH WR WKH VLPLODULWLHV LQ FHOO
VL]H DQG FRORU WKDW RIWHQ PDGH LW GLI¿FXOW WR XQHTXLYRFDOO\ ORFDOL]H WKH ERUGHUV EHWZHHQ DGMDFHQW
FOXVWHUV GXULQJ FHOO SUHSDUDWLRQ1 $ FHOO SDLU FRQWDLQLQJ VXFK D FHOO FDQ QRW QHFHVVDULO\ EH H[SHFWHG
WR IRUP D V\QDSVH LQ FXOWXUH EHFDXVH LW PD\ QRW KDYH EHHQ FRQQHFWHG LQ YLYR1

$QG VHFRQG/ ¿QGLQJV IURP WZR VWXGLHV RQ +HOLVRPD QHXURQV VXJJHVW WKDW HYHQ FHOOV WKDW GR
IRUP FRQQHFWLRQV LQ YLYR PD\ IDLO WR GR VR LQ YLWUR LI RQH RI WKH WZR QHXURQV LV QRW DFWLYHO\
JURZLQJ DW WKH WLPH WKH FHOOV PDNH SK\VLFDO FRQWDFW >69@>6:@1 )RU RQH RI WKH IRXU SDLUV/ ZH GR
QRW NQRZ LI ERWK QHXURQV ZHUH VWLOO JURZLQJ EHFDXVH WKH SDLU KDG QRW EHHQ PRQLWRUHG EHIRUH WKH
H[SHULPHQWV1 )RU D VHFRQG SDLU/ LW LV REYLRXV WKDW RQO\ RQH FHOO ZDV JURZLQJ DW WKH WLPH RI ¿UVW
FRQWDFW/ EHFDXVH WKH RWKHU FHOO KDG QR QHXULWHV DW DOO +WKH FRQWDFW LQ WKLV FDVH ZDV IRUPHG E\ D
JURZWK FRQH JHWWLQJ LQ WRXFK ZLWK D QHXULWHOHVV VRPD,1 $QG IRU WKH UHPDLQLQJ WZR SDLUV/ LQGHHG/
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)LJXUH :16= $ FHOO SDLU WKDW IDLOHG WR HVWDEOLVK D V\QDSVH1 7KLV ¿JXUH VKRZV DQ H[DPSOH RI D SDLU
WKDW PDGH SK\VLFDO FRQWDFW/ EXW HVWDEOLVKHG QR IXQFWLRQLQJ V\QDSVH1 7KH WZR SDQHOV VKRZ WKH SDLU DW WKH
EHJLQQLQJ RI WKH PRQLWRULQJ SHULRG +WRS, DQG <3PLQ ODWHU/ MXVW DIWHU WKH QHXULWHV JRW LQ WRXFK +ERWWRP,1
'XULQJ WKLV SHULRG/ WKH SUR[LPDO QHXULWH RI WKH ULJKW FHOO VKRZHG QR JURZWK/ ZKLFK PD\ EH WKH UHDVRQ ZK\
QR V\QDSVH ZDV IRUPHG1 1RWH/ KRZHYHU/ WKDW RWKHU QHXULWHV RI WKH VDPH FHOO +LQGLFDWHG E\ DUURZV, VWLOO
ZHUH LQ DQ DFWLYH VWDWH RI JURZWK1

RQH RI WKH WZR QHXULWHV LQYROYHG LQ WKH FRQWDFW KDG FHDVHG WR JURZ DW WKH WLPH RI HQFRXQWHU ± RQH
RI WKHVH SDLUV LV VKRZQ LQ ¿J1 :161 1RWH/ KRZHYHU/ WKDW LQ WKLV FDVH RWKHU QHXULWHV RI WKH VDPH
QHXURQ ZHUH VWLOO JURZLQJ1 7KLV VXJJHVWV WKDW HYHQ DQ DFWLYH VWDWH RI JURZWK RI WKH QHXURQ PD\
QRW EH VXI¿FLHQW IRU V\QDSVH IRUPDWLRQ> PD\EH WKH YHU\ QHXULWH LQ FRQWDFW ZLWK WKH RWKHU FHOO
KDV WR EH JURZLQJ IRU D V\QDSVH WR IRUP1

3DLUV ZLWK V\QDSVHV= (YDOXDWLRQ XVLQJ WKH LVRSRWHQWLDO PRGHO
)RU WKH UHPDLQLQJ HOHYHQ SDLUV/ FXUUHQW LQMHFWLRQ LQWR RQH FHOO FKDQJHG WKH PHPEUDQH SRWHQWLDO
LQ WKH RWKHU FHOO/ WRR1 )LJ1 :17 VKRZV IRXU H[DPSOHV RI VXFK VLQJOH0SRLQW V\QDSVHV HVWDEOLVK LQ
GLIIHUHQW FRQVWHOODWLRQV/ QDPHO\ ZLWK D JURZWK FRQH PHHWLQJ DQ H[LVWLQJ QHXULWH/ D VRPD RU +PRVW
FRPPRQ, DQRWKHU JURZWK FRQH1 ([HPSODU\ YROWDJH UHFRUGLQJV IURP WKH VDPH IRXU SDLUV DUH VKRZQ
LQ ¿J1 :18 DQG LOOXVWUDWH WKH IXOO UDQJH RI FRXSOLQJ VWUHQJWKV IRXQG ZLWK HOHFWULFDO VLQJOH0SRLQW
V\QDSVHV EHWZHHQ /\PQDHD QHXURQV LQ FXOWXUH= 6RPH SDLUV DUH VR ZHDNO\ FRXSOHG WKDW HYHQ ODUJH
SUHV\QDSWLF YROWDJH FKDQJHV FKDQJH WKH SRWHQWLDO LQ WKH RWKHU QHXURQ RQO\ VOLJKWO\ +VXFK DV SDLU
L,1 ,Q DQ LQWHUPHGLDWH UDQJH RI FRXSOLQJ HI¿FLHQF\ +OLNH LQ SDLUV YLL DQG L[,/ WKH VPDOO SRVWV\QDSWLF
SRWHQWLDOV GXH WR SUHV\QDSWLF VSLNHV FDQ DGG XS DQG/ IRU VWURQJ SUHV\QDSWLF DFWLYLW\/ RFFDVLRQDOO\
EULQJ WKH SRVWV\QDSWLF QHXURQ DERYH ¿ULQJ WKUHVKROG1 $QG VRPH SDLUV DUH VR VWURQJO\ FRXSOHG WKDW
D IHZ SUHV\QDSWLF VSLNHV DUH HQRXJK WR WULJJHU D SRVWV\QDSWLF DFWLRQ SRWHQWLDO +DV LQ SDLU LL,1 ,Q DOO
FDVHV/ KRZHYHU/ QRW RQO\ SUHV\QDSWLF GHSRODUL]DWLRQ/ EXW DOVR SUHV\QDSWLF K\SHUSRODUL]DWLRQ FDQ
VSUHDG WR WKH SRVWV\QDSWLF QHXURQ1 7KLV LV D FOHDU LQGLFDWLRQ WKDW ZH DUH/ LQGHHG/ GHDOLQJ ZLWK
HOHFWULFDO V\QDSVHV1
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)LJXUH :17= )RXU H[DPSOH SDLUV ZLWK VLQJOH0SRLQW V\QDSVHV1 0LFURJUDSKV RI IRXU QHXURQ SDLUV ZLWK
IXQFWLRQLQJ VLQJOH0SRLQW V\QDSVHV DIWHU RQH GD\ LQ FXOWXUH> FHOO 4 LV DOZD\V DW WKH OHIW DQG FHOO 5 DW WKH ULJKW1
3DLU L ZDV FXOWXUHG RQ D EULFN ZDOO SDWWHUQ DQG IRUPHG D V\QDSVH ZKHQ D JURZWK FRQH PHW DQ H[LVWLQJ
QHXULWH1 3DLUV YLL/ L[ DQG LL ZHUH FXOWXUHG RQ D OLQHDUO\ SDWWHUQ VXEVWUDWH1 ,Q SDLU YLL/ WKH V\QDSVH ZDV IRUPHG
ZKHQ D JURZWK FRQH PHW D FHOO ERG\/ DQG WKH V\QDSVHV LQ SDLUV L[ DQG LL ZHUH HVWDEOLVKHG ZKHQ WZR JURZWK
FRQHV PHW1 ,Q DOO PLFURJUDSKV/ WKH EODFN DUURZ LQGLFDWHV WKH ORFDWLRQ RI WKH V\QDSVH1 9ROWDJH UHFRUGLQJV
IURP WKHVH IRXU SDLUV DUH VKRZQ LQ ¿JXUH :181 1RWH WKDW ¿JXUH :14 VKRZV KRZ SDLU L[ PDGH FRQWDFW1

)LJ1 :18 DOVR JLYHV WKH FRXSOLQJ FRHI¿FLHQWV &�2 DQG &2� DQG WKH V\QDSVH FRQGXFWDQFH hCr+? IRU WKH
H[DPSOH FHOO SDLUV ± WKHVH YDOXHV DUH GHWHUPLQHG ODWHU RQ LQ WKLV VHFWLRQ1 7KH QXPEHUV LOOXVWUDWH
WKDW QHLWKHU WKH FRXSOLQJ FRHI¿FLHQW DORQH QRU WKH V\QDSVH FRQGXFWDQFH DORQH LV VXI¿FLHQW
IRU SUHGLFWLQJ ZKHWKHU SRVWV\QDSWLF DFWLRQ SRWHQWLDOV FDQ RFFXU LQ D SDLU1 7KLV LV GLVFXVVHG LQ
PRUH GHWDLO LQ VHFWLRQ :161

:H QRZ XVH SDLU L[ +ZKLFK LV DOVR WKH XSSHU FHOO SDLU LQ ¿J1 :14, DV DQ H[DPSOH WR GHPRQVWUDWH
KRZ WKH SDUDPHWHUV IURP WKH LVRSRWHQWLDO PRGHO/ HVSHFLDOO\ WKH V\QDSWLF FRQGXFWDQFH hCr+?/ ZHUH
GHWHUPLQHG IRU HDFK RI WKH HOHYHQ SDLUV ZLWK WKH DLG RI WKH HTXDWLRQV IURP VHFWLRQ 9151 7KH
SURFHGXUH ZDV DV IROORZV=

41, %RWK FHOOV ZHUH LPSDOHG ZLWK PLFURHOHFWURGHV DQG K\SHUSRODUL]LQJ FXUUHQW VWHSV RI GLIIHUHQW
DPSOLWXGH ZHUH DOWHUQDWHO\ LQMHFWHG LQWR RQH RI WKH WZR FHOOV ZKLOH QR FXUUHQW ZDV LQMHFWHG
LQWR WKH UHVSHFWLYH RWKHU FHOO1 )LJ1 :19 VKRZV LQMHFWLRQ FXUUHQWV DQG VRPDWLF YROWDJH UHVSRQVHV
IRU WKH H[DPSOH SDLU1 )RU FODULW\/ VRPH RI WKH WUDQVLHQWV ZHUH RPLWWHG IURP WKH ¿JXUH DQG
RQO\ WKH ¿UVW ;33PV RI WKH UHVSRQVHV DUH VKRZQ1 )RU HDFK RI WKH LQMHFWHG FXUUHQW VWHSV/ WKH
FRUUHVSRQGLQJ SUH0 DQG SRVWV\QDSWLF YROWDJH VLJQDOV LQ WKH IROORZLQJ DUH UHIHUUHG WR DV D
µSDLU RI WUDQVLHQWV¶1

51, )RU HDFK SDLU RI WUDQVLHQWV/ WKH VWHDG\ VWDWH YDOXHV Tørcf/ Tîrcf/ Tørc" DQG Tîrc" EHIRUH DQG
DIWHU WKH VWHS ZHUH XVHG WR FDOFXODWH WKH SRVWV\QDSWLF UHVWLQJ SRWHQWLDO h.î DFFRUGLQJ WR +9:,1
%\ DSSO\LQJ WKLV HTXDWLRQ IRU ERWK GLUHFWLRQV RI VLJQDO WUDQVIHU/ WKH UHVWLQJ SRWHQWLDOV RI ERWK
FHOOV ZHUH GHWHUPLQHG461

61, :LWK ERWK UHVWLQJ SRWHQWLDOV NQRZQ/ +9;, WKURXJK +:3, ZHUH XVHG WR FRPSXWH WKH V\QDSWLF
FRQGXFWDQFH hCr+? DQG WKH FRQGXFWDQFHV hCø DQG hCî RI WKH SUH0 DQG SRVWV\QDSWLF QHXURQ IRU
HDFK SDLU RI WUDQVLHQWV +DJDLQ XVLQJ RQO\ WKH VWHDG\ VWDWH YDOXHV,1

71, 8VLQJ hCr+?/ hCø DQG hCî/ WKH SDLU RI WUDQVLHQWV ZDV VLPXOWDQHRXVO\ ¿W WR WKH WKHRUHWLFDO
WUDQVLHQWV JLYHQ E\ +:6, DQG +:7,/ ZLWK RQO\ WKH FDSDFLWDQFHV häø DQG häî DV ¿W YDULDEOHV1

46 1RWH WKDW µFHOO 4¶ DQG µFHOO 5¶ DUH DOZD\V XVHG WR GLVWLQJXLVK EHWZHHQ WKH WZR QHXURQV WKHPVHOYHV/ ZKLOH WKH
WHUPV µFHOO $¶ DQG µFHOO %¶ UHIHU WR WKH PRPHQWDU\ SUH0 RU SRVWV\QDSWLF UROH RI WKH QHXURQ1 6R GXULQJ WKH
H[SHULPHQW/ FHOO 4 KDV WKH UROH RI FHOO $ DW VRPH WLPHV DQG DFWV DV FHOO % DW RWKHU WLPHV1

::
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)LJXUH :18= (OHFWULFDO FRXSOLQJ LQ WKH IRXU H[DPSOH FHOO SDLUV1 )RU WKH IRXU SDLUV IURP ¿J1 :17/ WKLV
¿JXUH VKRZV VRPH H[HPSODU\ YROWDJH UHFRUGLQJV LQ UHVSRQVH WR SUHV\QDSWLF FXUUHQW VWHSV1 (DFK FROXPQ
VKRZV GDWD IURP RQH SDLU1 7KH ¿UVW DQG VHFRQG URZ VKRZ WUDQVLHQWV UHFRUGHG IURP WKH WZR FHOOV ZKHQ
FHOO 4 ZDV SUHV\QDSWLF> IRU WKH WKLUG DQG IRXUWK URZ/ FHOO 5 ZDV SUHV\QDSWLF1 ,Q HDFK GLDJUDP/ WKH WRS WUDFH
LV WKH UHVSRQVH ZKHQ GHSRODUL]LQJ FXUUHQW ZDV LQMHFWHG LQWR WKH SUHV\QDSWLF QHXURQ DQG WKH ERWWRP WUDFH
LV WKH UHVSRQVH WR K\SHUSRODUL]LQJ FXUUHQW1 1RWH WKDW WKH VFDOH IRU WKH SRVWV\QDSWLF VLJQDOV LV WZR WLPHV
ODUJHU WKDQ IRU WKH SUHV\QDSWLF VLJQDOV1 7KH FRXSOLQJ FRHI¿FLHQWV n45 DQG n54 IRXQG IRU WKH WZR GLUHFWLRQV
RI VLJQDO WUDQVIHU DUH JLYHQ IRU HDFK SDLU/ DQG WKH QXPEHU DW WKH WRS RI HDFK FROXPQ LQGLFDWHV WKH V\QDSVH
FRQGXFWDQFH hJv|q DV GHWHUPLQHG ODWHU LQ WKLV VHFWLRQ1

)LJ1 :19 VKRZV WKH ¿W FXUYH IRU HDFK YROWDJH WUDQVLHQW LQ UHG1

%HIRUH ZH SURFHHG WR D GLVFXVVLRQ RI WKH UHVXOWV RI WKLV HYDOXDWLRQ IRU WKH H[DPSOH SDLU DQG WKH
UHVW RI WKH SDLUV/ ZH GLVFXVV VHYHUDO W\SLFDO IHDWXUHV RI WKH FXUUHQW VWHS H[SHULPHQWV DQG ¿WV
WKDW DUH LOOXVWUDWHG E\ ¿J1 :19=

î &RPSDULQJ WKH YROWDJH FKDQJHV PDUNHG LQ EOXH LQ WKH OHIW DQG ULJKW FROXPQ FRQ¿UPV WKDW ± DV
H[SHFWHG IURP +99, ± WKH FRXSOLQJ FRHI¿FLHQW FDQ LQGHHG EH GLIIHUHQW IRU WKH WZR GLUHFWLRQV
RI VLJQDO WUDQVIHU DFURVV WKH V\QDSVH= (YHQ WKRXJK WKH ODUJHVW SUHV\QDSWLF YROWDJH FKDQJH
{Tør LQ WKH OHIW FROXPQ +WKDW LV/ IRU VLJQDO WUDQVIHU IURP FHOO 4 WR FHOO 5, LV ELJJHU WKDQ WKH
ODUJHVW {Tør LQ WKH ULJKW FROXPQ/ WKH SRVWV\QDSWLF YROWDJH FKDQJH {Tîr LW FDXVHV LV RQO\
DERXW KDOI DV ELJ DV LQ WKH ULJKW FROXPQ/ UHVXOWLQJ LQ D PXFK VPDOOHU FRXSOLQJ FRHI¿FLHQW IURP
FHOO 4 WR FHOO 5 WKDQ IURP FHOO 5 WR FHOO 41 :LWK +99,/ WKLV LQGLFDWHV WKDW FHOO 5 KDV D ODUJHU LQSXW
FRQGXFWDQFH WKDQ FHOO 4/ ZKLFK LV DOVR VXSSRUWHG E\ WKH ¿QGLQJ WKDW D JLYHQ FXUUHQW/ LI LQMHFWHG
LQWR FHOO 5/ FDXVHV D VPDOOHU SUHV\QDSWLF YROWDJH FKDQJH WKDQ LI LQMHFWHG LQWR FHOO 41

:;
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)LJXUH :19= &XUUHQW VWHS UHVSRQVHV DQG ¿WV IRU D FHOO SDLU FRXSOHG E\ D RQH0SRLQW V\QDSVH1 7KLV
¿JXUH VKRZV WKH YROWDJH UHVSRQVHV WR K\SHUSRODUL]LQJ FXUUHQW VWHSV UHFRUGHG IURP SDLU L[1 ,Q WKH OHIW
FROXPQ/ FHOO 4 LV SUHV\QDSWLF> WKH IRXU JUDSKV VKRZ +WRS WR ERWWRP, WKH FXUUHQW WUDFHV LQMHFWHG LQWR FHOO 4/
WKH YROWDJH UHVSRQVHV RI FHOO 4 +EODFN, DQG ¿WV +UHG,/ WKH FXUUHQW LQMHFWHG LQWR FHOO 5 +ZKLFK LV ]HUR EHFDXVH
FHOO 5 LV SRVWV\QDSWLF, DQG WKH YROWDJH UHVSRQVHV RI FHOO 5 +EODFN, DQG ¿WV +UHG,1 ,Q WKH ULJKW FROXPQ/ FHOO
5 LV SUHV\QDSWLF DQG WKH VHTXHQFH RI JUDSKV IURP WRS WR ERWWRP LV WKH VDPH DV LQ WKH OHIW FROXPQ1 1RWH
WKDW WKH SRVWV\QDSWLF YROWDJH UHVSRQVHV DUH EORZQ XS E\ D IDFWRU RI ¿YH ZLWK UHVSHFW WR WKH SUHV\QDSWLF
YROWDJH VLJQDOV= 7KH VFDOH EDU LV 53P9 IRU SUHV\QDSWLF YROWDJHV/ 7P9 IRU SRVWV\QDSWLF YROWDJHV DQG 316Q$
IRU FXUUHQWV1 7KH ¿WV ZHUH REWDLQHG DV GHVFULEHG LQ WKH WH[W1 &RPSDULQJ WKH SUH0 DQG SRVWV\QDSWLF YROWDJH
FKDQJHV +PDUNHG LQ EOXH, IRU VHOHFWHG WUDFHV LQ WKH OHIW DQG ULJKW FROXPQ GHPRQVWUDWHV WKDW WKH FRXSOLQJ
FRHI¿FLHQW n @ üYEv@üYDv LV GLIIHUHQW IRU WKH WZR GLUHFWLRQV RI VLJQDO WUDQVIHU +DV H[SHFWHG IURP +96,,1
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)LJXUH :1:= 5HVXOWV REWDLQHG IRU WKH H[DPSOH FHOO SDLU ZLWK WKH DLG RI WKH LVRSRWHQWLDO PRGHO1 7KHVH
¿YH SORWV VXPPDUL]H WKH YDOXHV REWDLQHG IURP WKH PHDVXUHPHQWV VKRZQ LQ ¿J1 :19 +DQG IURP VRPH DGGL0
WLRQDO WUDQVLHQW SDLUV WKDW KDYH EHHQ RPLWWHG IURP ¿J1 :19 IRU FODULW\, ZKHQ WKH LVRSRWHQWLDO PRGHO LV DSSOLHG1
6SHFL¿FDOO\/ WKH SORWV VKRZ hJ IRU FHOO 4 +OHIW/ WRS, DQG IRU FHOO 5 +OHIW/ ERWWRP,/ hF IRU FHOO 4 +PLGGOH/ WRS, DQG
IRU FHOO 5 +PLGGOH/ ERWWRP, DQG WKH V\QDSWLF FRQGXFWDQFH hJv|q +ULJKW,1 7KH FHOO FRQGXFWDQFHV DQG FDSDF0
LWDQFHV DUH SORWWHG DJDLQVW WKH UHVSHFWLYH FHOO¶V PHPEUDQH SRWHQWLDO/ ZKHUHDV WKH V\QDSWLF FRQGXFWDQFH LV
SORWWHG DJDLQVW WKH YROWDJH GURS DFURVV WKH V\QDSVH1 7KH VROLG V\PEROV LQ HDFK FDVH GHQRWH YDOXHV RE0
WDLQHG ZLWK FHOO 4 DFWLQJ DV SUHV\QDSWLF FHOO/ WKH RSHQ V\PEROV EHORQJ WR WUDQVLHQW SDLUV PHDVXUHG ZLWK FHOO
5 SUHV\QDSWLF1

î %HFDXVH WKH PHPEUDQH SRWHQWLDO RI WKH QHXURQV ZDV RIWHQ QRW SHUIHFWO\ VWDEOH/ WKH YROWDJH
WUDFHV VRPHWLPHV VKRZ ÀXFWXDWLRQV WKDW PDNH WKH GHWHUPLQDWLRQ RI VWHDG\ VWDWH YDOXHV DV ZHOO
DV WKH ¿WWLQJ ZLWK WKHRUHWLFDO FXUYHV UDWKHU GLI¿FXOW/ HVSHFLDOO\ LI WKH ÀXFWXDWLRQV DUH QRW PXFK
VPDOOHU WKDQ WKH YROWDJH FKDQJHV FDXVHG E\ WKH FXUUHQW VWHSV/ WKHPVHOYHV1 7KLV LV PRVW DSSDUHQW
LQ WKH ORZHU OHIW SDQHO LQ ¿J1 :191 &RUUHVSRQGLQJO\/ WKH YDOXHV RI hCr+?/ hCø/ hCî/ häø DQG häî
REWDLQHG IURP VXFK WUDQVLHQWV VRPHWLPHV YDU\ D ORW EHWZHHQ GLIIHUHQW SDLUV RI WUDQVLHQWV1

î $SDUW IURP WKHVH YHU\ QRLV\ SRWHQWLDO WUDFHV/ WKH ¿WV +VKRZQ LQ UHG, XVXDOO\ DJUHHG PRGHU0
DWHO\ ZHOO ZLWK WKH H[SHULPHQWDO WUDQVLHQWV1 7KH PRVW REYLRXV V\VWHPDWLF H[FHSWLRQV DUH YHU\
VWURQJO\ K\SHUSRODUL]HG WUDFHV VXFK DV WKH ERWWRP WKUHH WUDQVLHQWV UHFRUGHG IURP FHOO 4 LQ WKH
OHIW FROXPQ/ ZHUH WKH H[SHULPHQWDO FXUYH GRHV QRW UHDFK D VWDEOH VWHDG\ VWDWH YDOXH DQG FDQ
WKHUHIRUH QRW EH ZHOO ¿W WR WKH WKHRUHWLFDO FXUYH1 1RWH WKDW VXFK XQVWDEOH PHPEUDQH SRWHQ0
WLDOV LQ WKH YHU\ K\SHUSRODUL]HG UDQJH ZHUH DOUHDG\ REVHUYHG IRU WKH QHXULWHOHVV FHOO ERGLHV LQ
VHFWLRQ 814 +FRPSDUH WR ¿J1 815,1

5HVXOWV REWDLQHG ZLWK WKH LVRSRWHQWLDO PRGHO IRU DQ H[DPSOH SDLU
)LJ1 :1: VKRZV WKH UDZ UHVXOWV RI WKH SURFHGXUH GHVFULEHG DERYH IRU WKH H[DPSOH QHXURQ SDLU>
LW FRQWDLQV YDOXHV REWDLQHG IURP WKH PHDVXUHPHQWV VKRZQ LQ ¿J1 :19 DQG IURP VRPH DGGLWLRQDO
PHDVXUHPHQWV WKDW KDYH EHHQ RPLWWHG IURP ¿J1 :19 IRU FODULW\1 (DFK RI WKH ¿YH SORWV LQ WKH ¿JXUH
FRPELQHV UHVXOWV IURP ERWK GLUHFWLRQV RI VLJQDO WUDQVIHU= 7KH VROLG V\PEROV VKRZ WKH UHVXOWV ZKHQ
FHOO 4 ZDV SUHV\QDSWLF DQG WKH RSHQ V\PEROV VWDQG IRU WUDQVLHQWV ZKHQ FHOO 5 ZDV SUHV\QDSWLF1

$V HDFK GDWD SRLQW LQ WKH ¿JXUH ZDV REWDLQHG IURP D SDLU RI WUDQVLHQWV UDWKHU WKDQ IURP D VLQJOH
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VWHDG\ VWDWH RI WKH FHOO SDLU/ WKH GDWD SRLQW FDQ QRW EH DVFULEHG WR D VLQJOH PHPEUDQH SRWHQWLDO1
,Q WKH ¿JXUH/ WKH FHOO SDUDPHWHUV DUH WKHUHIRUH SORWWHG DJDLQVW WKH DYHUDJH RI WKH WZR VWHDG\ VWDWH
SRWHQWLDOV DW WKH EHJLQQLQJ DQG HQG RI WKH WUDQVLHQWV1 6LPLODUO\/ WKH V\QDSWLF FRQGXFWDQFHV DUH
SORWWHG DJDLQVW WKH DEVROXWH YDOXH RI WKH DYHUDJH RI WKH WZR WUDQV0V\QDSWLF SRWHQWLDO GLIIHUHQFHV
EHIRUH DQG DIWHU WKH FXUUHQW VWHS1

7KH ¿JXUH LOOXVWUDWHV VHYHUDO ¿QGLQJV WKDW ZHUH VLPLODU LQ DOO RI WKH FHOO SDLUV XVHG KHUH=

)RU WKH FHOO FRQGXFWDQFHV DQG FHOO FDSDFLWDQFHV +OHIW DQG PLGGOH FROXPQ LQ WKH ¿JXUH,/ WKH GDWD
REWDLQHG ZKHQ WKH UHVSHFWLYH FHOO ZDV SRVWV\QDSWLF +RSHQ V\PEROV LQ WKH WRS JUDSKV DQG VROLG
V\PEROV LQ WKH ERWWRP JUDSKV, VKRZ PXFK KLJKHU YDULDELOLW\ WKDQ WKRVH PHDVXUHG ZKHQ WKH FHOO
ZDV SUHV\QDSWLF1 7KLV KLJKHU YDULDELOLW\ LV GXH WR WKH ORZ VLJQDO0WR0QRLVH UDWLRV RI WKH SRVWV\QDSWLF
YROWDJH WUDQVLHQWV +VHH ¿J1 :19,1 7KH UHVXOWV REWDLQHG ZKHQ D FHOO LV SUHV\QDSWLF DUH WKXV PRUH
UHOLDEOH WKDQ WKRVH PHDVXUHG ZKHQ WKH FHOO LV SRVWV\QDSWLF1

:KLOH WKH FRQGXFWDQFH YDOXHV REWDLQHG IRU FHOO 4 ZKHQ LW LV SUHV\QDSWLF GR QRW GHSHQG RQ PHP0
EUDQH SRWHQWLDO/ WKH YDOXHV REWDLQHG IRU FHOO 5 ZKHQ LW LV SUHV\QDSWLF VKRZ DQ LQWHUHVWLQJ GHSHQ0
GHQFH= 7KH\ DUH VOLJKWO\ ODUJHU IRU PHPEUDQH SRWHQWLDOV EHORZ ý433P9 WKDQ DW OHVV K\SHUSRODU0
L]HG SRWHQWLDOV1 6XFK D FRQGXFWDQFH FKDQJH LQ WKH SRWHQWLDO UDQJH RI DERXW ý<3P9 WR ý443P9
ZDV REVHUYHG IRU VHYHUDO RI WKH FHOO SDLUV XVHG KHUH> LW UHÀHFWV WKH FKDQJH LQ FRQGXFWDQFH SUHYL0
RXVO\ IRXQG IRU FHOO ERGLHV ZLWKRXW QHXULWHV +VHH ¿J1 817, DQG LV WKXV GXH WR WKH IDFW WKDW WKH QHXUDO
PHPEUDQH LV QRW SHUIHFWO\ SDVVLYH LQ WKLV SRWHQWLDO UDQJH1

$SDUW IURP WKLV ZHDN GHSHQGHQFH RI WKH FHOO FRQGXFWDQFH RQ WKH PHPEUDQH SRWHQWLDO ý433P9/
WKH YDOXHV RI WKH FHOO FRQGXFWDQFHV DQG FDSDFLWDQFHV REWDLQHG IURP GLIIHUHQW SDLUV RI WUDQVLHQWV
IRU D JLYHQ GLUHFWLRQ RI VLJQDO WUDQVIHU LQ D SDLU ZHUH XVXDOO\ VLPLODU DQG VKRZHG QR V\VWHPDWLF
GHSHQGHQFH RQ PHPEUDQH SRWHQWLDO1 )RU WKH IROORZLQJ GLVFXVVLRQ RI WKH UHVXOWV IURP DOO HOHYHQ
QHXURQ SDLUV/ WKH\ ZHUH WKHUHIRUH DYHUDJHG/ UHVXOWLQJ LQ WZR YDOXHV IRU HDFK FHOO¶V FRQGXFWDQFH
DQG FDSDFLWDQFH ± RQH IRU HDFK GLUHFWLRQ RI VLJQDO WUDQVIHU1

5HVXOWV IRU DOO SDLUV
,Q WKH FDVH RI WKH V\QDSVH LWVHOI/ LW LV SDUWLFXODUO\ LQWHUHVWLQJ WR FKHFN LI LWV FRQGXFWDQFH VKRZV
DQ\ VLJQV RI YROWDJH GHSHQGHQFH/ EHFDXVH WKH FRQGXFWDQFH RI VHYHUDO W\SHV RI JDS MXQFWLRQV LQ
YHUWHEUDWHV DQG LQYHUWHEUDWHV KDV EHHQ IRXQG WR GHSHQG RQ WKH WUDQV0V\QDSWLF YROWDJH >7@ ± ¿J1 :1;
VKRZV H[DPSOHV RI VXFK YROWDJH0GHSHQGHQW FRQGXFWDQFHV IRU WZR W\SHV RI URGHQW FRQQH[LQV/&[65
DQG &[831 )RU DQ HOHFWULFDO V\QDSVH EHWZHHQ D SDLU RI LGHQWL¿HG QHXURQV LQ WKH YLVFHUDO JDQJOLRQ
RI /\PQDHD VWDJQDOLV/ WKH FRXSOLQJ FRHI¿FLHQW KDV DOVR EHHQ IRXQG WR GHSHQG RQ WKH DPRXQW RI
VWLPXODWLRQ FXUUHQW LQMHFWHG LQWR WKH SUHV\QDSWLF QHXURQ >83@/ EXW IRU HOHFWULFDO V\QDSVHV EHWZHHQ
QHXURQV LQ WKH SHGDO JDQJOLD/ DOO WKDW LV NQRZQ LV WKDW WKH\ DUH QRQ0UHFWLI\LQJ >89@1

7R H[DPLQH ZKHWKHU WKH V\QDSVHV EHWZHHQ WKH HOHYHQ QHXURQ SDLUV VWXGLHG KHUH VKRZ DQ\ VLJQV RI
YROWDJH0GHSHQGHQFH/ WKH YDOXHV REWDLQHG IRU hCr+? IRU D JLYHQ GLUHFWLRQ RI VLJQDO WUDQVIHU LQ HDFK
SDLU ZHUH GLYLGHG E\ WKHLU DYHUDJH DQG SORWWHG DJDLQVW WKH DEVROXWH YDOXH RI WKH WUDQV0V\QDSWLF
SRWHQWLDO GLIIHUHQFH LQ ¿J1 :1;1 ,I WKH FRQGXFWDQFH RI WKH V\QDSVHV ZDV YROWDJH0GHSHQGHQW LQ WKH
UDQJH RI XS WR 433P9/ WKH VORSHV RI WKH FORXGV RI GDWD SRLQWV LQ WKLV ¿JXUH VKRXOG V\VWHPDWLFDOO\
GHYLDWH IURP WKH KRUL]RQWDO OLQHV WKDW LQGLFDWH D YDOXH RI RQH IRU HDFK RI WKH FHOO SDLUV1 %XW WKH\
GR QRW/ PHDQLQJ WKDW WKH HOHFWULFDO V\QDSVHV EHWZHHQ FXOWXUHG QHXURQV IURP WKH $0FOXVWHUV LQ
WKH SHGDO JDQJOLD RI /\PQDHD DUH QRW YROWDJH0GHSHQGHQW1 -XVW DV WKH FHOO FRQGXFWDQFHV DQG
FDSDFLWDQFHV DERYH/ WKH YDOXHV RI hCr+? REWDLQHG IRU D JLYHQ GLUHFWLRQ RI VLJQDO WUDQVIHU LQ HDFK
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)LJXUH :1;= (OHFWULFDO V\QDSVHV EHWZHHQ /\PQDHD QHXURQV DUH QRW YROWDJH0GHSHQGHQW1 +/HIW,
6\QDSWLF FRQGXFWDQFHV hJv|q RI DOO HOHYHQ FHOO SDLUV IRU WKH WZR GLUHFWLRQV RI VLJQDO WUDQVIHU/ GLYLGHG E\ WKH
UHVSHFWLYH DYHUDJH FRQGXFWDQFH DQG SORWWHG DJDLQVW WKH WUDQVV\QDSWLF SRWHQWLDO1 )RU WKH VROLG V\PEROV/
FHOO 4 ZDV SUHV\QDSWLF> IRU WKH RSHQ V\PEROV/ FHOO 5 ZDV SUHV\QDSWLF1 )RU HDFK GDWD VHW/ WKH KRUL]RQWDO
OLQH FRUUHVSRQGV WR WKH DYHUDJH FRQGXFWDQFH1 7KHUH DUH QR VLJQV RI YROWDJH GHSHQGHQFH1 +5LJKW, )RU
FRPSDULVRQ/ WKHVH WZR JUDSKV VKRZ WKH YROWDJH GHSHQGHQFH RI WKH QRUPDOL]HG FRQGXFWDQFH IRU WZR NLQGV
RI FRQQH[LQV1 7KHVH GDWD ZHUH REWDLQHG E\ SDLULQJ ;HQRSXV RRF\WHV WKDW H[SUHVVHG WKH UHVSHFWLYH JDS
MXQFWLRQ SURWHLQV1 )URP ><4@1

SDLU ZHUH WKHUHIRUH DYHUDJHG RYHU DOO SDLUV RI WUDQVLHQWV/ DJDLQ UHVXOWLQJ LQ WZR PHDQ YDOXHV RIhCr+? IRU HYHU\ SDLU/ QDPHO\ RQH ZLWK FHOO 4 SUHV\QDSWLF DQG RQH ZLWK FHOO 5 SUHV\QDSWLF1
7KH DYHUDJHG UHVXOWV IRU DOO HOHYHQ FHOO SDLUV DUH VKRZQ LQ ¿JV1 :1< WKURXJK :145> IRU FRPSOHWHQHVV/
DOO DYHUDJHV DQG VWDQGDUG GHYLDWLRQV DUH DOVR OLVWHG LQ D WDEOH LQ DSSHQGL[ *1

%HIRUH ZH SURFHHG WR WKH V\QDSWLF FRQGXFWDQFHV ± ZKRVH GHWHUPLQDWLRQ LV WKH PDLQ SXUSRVH RI WKH
SUHVHQW VHFWLRQ ± ZH LQVSHFW WKH UHVXOWV IRU WKH FHOO FRQGXFWDQFHV hC� DQG hC21 7KH IDFW WKDW WKHUH
DUH WZR YDOXHV IRU HDFK RI WKHVH FRQGXFWDQFHV +RQH IRU HDFK GLUHFWLRQ RI VLJQDO WUDQVIHU, DOORZV
XV WR FKHFN LI WKH UHVXOWV REWDLQHG IRU WKH HOHYHQ FHOO SDLUV DUH FRQVLVWHQW ZLWK WKH DVVXPSWLRQ
WKDW D SDLU RI HOHFWULFDOO\ FRXSOHG QHXURQV LV ZHOO GHVFULEHG E\ WKH GHWDLOHG PRGHO IURP VHFWLRQ
9161 7KLV LV EHFDXVH/ DFFRUGLQJ WR +439,/ WKH FRQGXFWDQFH YDOXHV hC� DQG hC2 REWDLQHG IURP WKH
LVRSRWHQWLDO PRGHO VKRXOG QRW GHSHQG RQ WKH GLUHFWLRQ RI VLJQDO WUDQVIHU LI WKH GHWDLOHG PRGHO LV
YDOLG1 $ VWUDLJKWIRUZDUG ZD\ WR VHH LI WKH\ GR LV WR SORW WKH UHVXOWV REWDLQHG IRU RQH GLUHFWLRQ
DJDLQVW WKRVH REWDLQHG IRU WKH RWKHU GLUHFWLRQ/ ZKLFK LV GRQH LQ ¿J1 :1< IRU ERWK FHOOV1 ,I WKH UHVXOWV
GLG QRW GHSHQG RQ WKH GLUHFWLRQ RI VLJQDO WUDQVIHU/ DOO GDWD SRLQWV VKRXOG IDOO RQ WKH GLDJRQDOV LQ
WKH WZR JUDSKV1 ,W WXUQV RXW/ KRZHYHU/ WKDW WKH PDMRULW\ RI GDWD SRLQWV LQ ERWK JUDSKV OLH DERYH WKH
GLDJRQDOV/ LQGLFDWLQJ WKDW WKH YDOXH REWDLQHG IRU WKH FRQGXFWDQFH RI D QHXURQ WHQGV WR EH VOLJKWO\
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7KH VLPSOHVW V\QDSVH= 2QH FRQWDFW SRLQW

)LJXUH :1<= 5HVXOWV IRU WKH FHOO FRQGXFWDQFHV RI DOO QHXURQ SDLUV ZLWK D VLQJOH SRLQW RI FRQWDFW1
)RU FHOO 4 +OHIW, DQG FHOO 5 +ULJKW, RI HDFK FHOO SDLU/ WKHVH JUDSKV SORW WKH FHOO FRQGXFWDQFH YDOXH REWDLQHG
ZKHQ WKH FHOO LV SRVWV\QDSWLF DJDLQVW WKH YDOXH REWDLQHG ZKHQ LW LV SUHV\QDSWLF1 7KH HUURU EDUV FRUUHVSRQG
WR WKH VWDQGDUG GHYLDWLRQV RI WKH WZR YDOXHV1 ,I WKH GHWDLOHG PRGHO LV D JRRG GHVFULSWLRQ RI WKH FRXSOHG FHOO
SDLU/ WKH GDWD SRLQWV VKRXOG IDOO RQ WKH GLDJRQDO1

ODUJHU ZKHQ WKH QHXURQ LV SRVWV\QDSWLF WKDQ ZKHQ LW LV SUHV\QDSWLF1 7KLV ¿QGLQJ VXJJHVWV WKDW
D SDLU RI QHUYH FHOOV FRXSOHG E\ DQ HOHFWULFDO V\QDSVH KDV SURSHUWLHV WKDW DUH QRW SHUIHFWO\
GHVFULEHG E\ WKH GHWDLOHG PRGHO/ EXW LW LV QRW FOHDU ZKDW H[DFWO\ FDXVHV WKH GHYLDWLRQV REVHUYHG
LQ ¿J1 :1<1

$ VHFRQG UHVXOW DSSDUHQW LQ WKH ¿JXUH LV WKDW WKH YHUWLFDO HUURU EDUV DUH XVXDOO\ ODUJHU WKDQ WKH
KRUL]RQWDO RQHV1 7KLV FRQ¿UPV WKDW ± MXVW DV IRU WKH H[DPSOH QHXURQ ± WKH UHVXOWV REWDLQHG ZKHQ
D FHOO LV SRVWV\QDSWLF DUH PXFK PRUH YDULDEOH WKDQ ZKHQ LW LV SUHV\QDSWLF1

7R JHW DQ LPSUHVVLRQ RI WKH GLVWULEXWLRQ RI FHOO FRQGXFWDQFHV/ WKH PHDQ YDOXH RI WKH WZR UHVXOWV
IRU HDFK FHOO¶V FRQGXFWDQFH ZDV FRPSXWHG DQG SORWWHG DV D FXPXODWLYH GLVWULEXWLRQ IXQFWLRQ LQ WKH
OHIW SDUW RI ¿J1 :145 +RSHQ EODFN V\PEROV,1 0RVW RI WKH FRQGXFWDQFHV DUH LQ WKH UDQJH RI 508Q6
+FRUUHVSRQGLQJ WR LQSXW UHVLVWDQFHV RI VHYHUDO KXQGUHG 0l,/ ZLWK H[WUHPH YDOXHV RI 417Q6 DQG
<1:Q61

$V FDQ EH VHHQ LQ ¿J1 :143/ ZKHUH WKH VDPH NLQG RI SORW DV LQ ¿J1 :1< LV QRZ GRQH IRU hä� DQG hä2/
WKH YDOXH REWDLQHG IRU D FHOO¶V FDSDFLWDQFH DOVR LV ODUJHU ZKHQ WKH FHOO LV SRVWV\QDSWLF WKDQ ZKHQ LW
LV SUHV\QDSWLF1 +RZHYHU/ LQ WKH FDVH RI WKH FDSDFLWDQFHV WKHUH LV QR FRQFOXVLRQ DV WR WKH YDOLGLW\ RI
WKH GHWDLOHG PRGHO WKDW FDQ EH GHULYHG IURP WKLV ¿QGLQJ +VHH VHFWLRQ 917,1 $JDLQ/ WKH PHDQ YDOXH RI
WKH WZR FDSDFLWDQFH UHVXOWV IRU HDFK FHOO ZDV FRPSXWHG DQG LQFOXGHG LQ D FXPXODWLYH GLVWULEXWLRQ
IXQFWLRQ LQ WKH ULJKW SDUW RI ¿J1 :145 +RSHQ EODFN V\PEROV,1 7\SLFDO YDOXHV DUH EHWZHHQ 633S) DQG
833S)/ ZLWK PD[LPXP DQG PLQLPXP YDOXHV RI 476S) DQG 4594S)1

)URP +439,/ ZH DOVR H[SHFW WKDW WKH V\QDSWLF FRQGXFWDQFH YDOXHV REWDLQHG IRU WKH WZR GLUHFWLRQV
RI VLJQDO WUDQVIHU VKRXOG EH WKH VDPH1 7R VHH LI WKH\ DUH/ ¿J1 :144 VKRZV WKH VDPH NLQG RI JUDSK
DV LQ ¿JV1 :1< DQG :143 QRZ IRU WKH V\QDSWLF FRQGXFWDQFHV/ SORWWLQJ WKH V\QDSWLF FRQGXFWDQFH
YDOXH REWDLQHG IRU RQH GLUHFWLRQ DJDLQVW WKDW REWDLQHG IRU WKH RWKHU1 6XUSULVLQJO\/ HYHQ WKRXJK
WKH YDOXHV REWDLQHG IRU WKH FHOO FRQGXFWDQFHV DQG FDSDFLWDQFHV GR GHSHQG RQ WKH GLUHFWLRQ RI
VLJQDO WUDQVIHU +VHH DERYH, DQG WKH YDOXHV RI WKH V\QDSWLF FRQGXFWDQFHV DUH GHULYHG IURP WKH VDPH
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([SHULPHQWV ZLWK V\QDSVHV

)LJXUH :143= 5HVXOWV IRU WKH FHOO FDSDFLWDQFHV RI DOO QHXURQ SDLUV ZLWK D VLQJOH SRLQW RI FRQWDFW1
)RU FHOO 4 +OHIW, DQG FHOO 5 +ULJKW, RI HDFK FHOO SDLU/ WKHVH JUDSKV SORW WKH FHOO FDSDFLWDQFH YDOXH REWDLQHG
ZKHQ WKH FHOO LV SRVWV\QDSWLF DJDLQVW WKH YDOXH REWDLQHG ZKHQ LW LV SUHV\QDSWLF1 7KH HUURU EDUV FRUUHVSRQG
WR WKH VWDQGDUG GHYLDWLRQV RI WKH WZR YDOXHV1 7KH FDSDFLWDQFH REWDLQHG IURP WKH LVRSRWHQWLDO PRGHO LV
DOZD\V KLJKHU ZKHQ D FHOO LV SRVWV\QDSWLF WKDQ ZKHQ LW LV SUHV\QDSWLF1

)LJXUH :144= 5HVXOWV IRU WKH V\QDSVH FRQGXFWDQFHV RI DOO QHXURQ SDLUV ZLWK D VLQJOH SRLQW RI FRQ0
WDFW1 7KLV JUDSK SORWV WKH V\QDSVH FRQGXFWDQFH YDOXH REWDLQHG ZKHQ WKH FHOO 5 LV SUHV\QDSWLF DJDLQVW WKH
YDOXH REWDLQHG ZKHQ FHOO 4 LV SUHV\QDSWLF1 7KH HUURU EDUV FRUUHVSRQG WR WKH VWDQGDUG GHYLDWLRQV RI WKH WZR
YDOXHV1 ,I WKH GHWDLOHG PRGHO LV D JRRG GHVFULSWLRQ RI WKH FRXSOHG FHOO SDLU/ WKH GDWD SRLQWV VKRXOG IDOO RQ
WKH GLDJRQDO1

SDLUV RI WUDQVLHQWV/ WKH\ GR QRW GHSHQG RQ ZKLFK FHOO LV SUHV\QDSWLF/ EHFDXVH WKH GDWD SRLQWV
GR QRW V\VWHPDWLFDOO\ GHYLDWH IURP WKH GLDJRQDO LQ ¿J1 :1441 :KDWHYHU HIIHFW FDXVHV WKH FHOO
FRQGXFWDQFH DQG FDSDFLWDQFH YDOXHV WR GHSHQG RQ WKH GLUHFWLRQ RI VLJQDO WUDQVIHU WKHUHIRUH
VHHPV WR FDQFHO RXW LQ WKH FDVH RI WKH V\QDSWLF FRQGXFWDQFHV1

)RU HDFK FHOO SDLU/ WKH WZR YDOXHV RI hCr+? DUH WKXV UDWKHU VLPLODU DQG ZH FDQ FRPSXWH WKHLU PHDQ
WR REWDLQ D VLQJOH YDOXH IRU WKH V\QDSWLF FRQGXFWDQFH LQ HDFK SDLU1 7KH GLVWULEXWLRQ IXQFWLRQ RI
WKHVH PHDQ YDOXHV LV DJDLQ GLVSOD\HG LQ WKH OHIW SDUW RI ¿J1 :145 +RSHQ EOXH V\PEROV DQG LQVHW,> WKH
YDOXHV UDQJH IURP 3137Q6 WR 31<;Q61 )RU YHUWHEUDWH JDS MXQFWLRQV/ VLQJOH FKDQQHO FRQGXFWDQFHV
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EHWZHHQ 3136Q6 DQG 316Q6 KDYH EHHQ UHSRUWHG >;:@/ VR LI WKH JDS MXQFWLRQ FKDQQHOV EHWZHHQ
/\PQDHD QHXURQV KDG VLPLODU FRQGXFWDQFHV/ WKH YDOXHV RI hCr+? IRXQG KHUH ZRXOG PHDQ WKDW WKHUH
DUH YHU\ IHZ RSHQ FKDQQHOV LQ D VLQJOH0SRLQW V\QDSVH1 +RZHYHU/ WKH OLPLWHG SHUPHDELOLW\ RI
/\PQDHD HOHFWULFDO V\QDSVHV IRU G\H PROHFXOHV +VHH VHFWLRQ :1514, DQG WKH VPDOO RXWHU GLDPHWHU
RI WKH JDS MXQFWLRQ FKDQQHOV LQ +HOLVRPD >68@ VXJJHVW WKDW WKH SRUH GLDPHWHU RI LQYHUWHEUDWH
JDS MXQFWLRQ FKDQQHOV PD\ EH FRQVLGHUDEOH VPDOOHU WKDQ WKDW RI FRQQH[RQV1 ,Q WKLV FDVH/ WKH
V\QDSWLF FRQGXFWDQFHV IRXQG KHUH ZRXOG FRUUHVSRQG WR PRUH WKDQ MXVW D IHZ FKDQQHOV/ EXW ZRXOG
SUHVXPDEO\ VWLOO EH VPDOO FRPSDUHG WR WKH QXPEHU RI FKDQQHOV SHU JDS MXQFWLRQ SODTXH IRXQG LQ
IUHH]H IUDFWXUHV RI +HOLVRPD HOHFWULFDO V\QDSVHV/ QDPHO\ ä4:3 >68@1
7KH GLVWULEXWLRQ RI WKH hCr+? VKRZQ LQ ¿J1 :145 DOVR LPSOLHV WKDW LQ SDLUV RI QHXURQV ZLWK JXLGHG
QHXULWHV DQG D VLQJOH VLWH RI SK\VLFDO FRQWDFW/ WKH V\QDSWLF FRQGXFWDQFH W\SLFDOO\ LV DERXW DQ RUGHU
RI PDJQLWXGH VPDOOHU WKDQ WKH LQSXW FRQGXFWDQFHV RI WKH WZR QHXURQV/ FRUUHVSRQGLQJ WR D UDWLR
RI V ä 4243 DV GH¿QHG RQ SDJH :51 $FFRUGLQJ WR VHFWLRQ 918/ WKLV GHPRQVWUDWHV WKDW HYHQ LQ
GHVLJQHG QHWZRUNV ZLWK PDQ\ QHXURQV/ FXUUHQW VWHS H[SHULPHQWV FDQ EH XVHG WR HVWLPDWH
WKH FRQGXFWDQFH RI DQ HOHFWULFDO V\QDSVH EHWZHHQ D JLYHQ SDLU> ZLWK V ä 4243 WKH HUURU LQ hCr+?
GXH WR DOWHUQDWLYH FXUUHQW SDWKZD\V WKURXJK DGMDFHQW QHXURQV ZLOO EH WROHUDEOH1

$V PDQ\ VWXGLHV RQ HOHFWULFDO V\QDSVHV FKDUDFWHUL]H WKH V\QDSWLF VWUHQJWK ZLWK WKH FRXSOLQJ FRHI0
¿FLHQW UDWKHU WKDQ ZLWK WKH V\QDSWLF FRQGXFWDQFH/ ZH DOVR FRPSXWH WKH FRXSOLQJ FRHI¿FLHQWV IRU
DOO HOHYHQ SDLUV DQG ERWK GLUHFWLRQV RI VLJQDO WUDQVIHU1 7R GR WKLV/ WKH FRXSOLQJ FRHI¿FLHQWV IRU DOO
SDLUV RI WUDQVLHQWV ZHUH REWDLQHG IURP WKH VWHDG\ VWDWHV EHIRUH DQG DIWHU WKH FXUUHQW VWHS DFFRUG0
LQJ WR +99,/ DQG ZHUH DYHUDJHG RYHU DOO SDLUV RI WUDQVLHQWV IRU D JLYHQ SDLU DQG GLUHFWLRQ RI VLJQDO
WUDQVIHU1 7KH UHVXOWLQJ YDOXHV RI &�2 DQG &2� DUH VKRZQ LQ WKH OHIW SDUW RI ¿J1 :146 LQ WKH IRUP RI
D FXPXODWLYH GLVWULEXWLRQ IXQFWLRQ +RSHQ V\PEROV,= 0RVW RI WKH FRXSOLQJ FRHI¿FLHQWV DUH DURXQG
3143/ ZLWK H[WUHPH YDOXHV RI 3134 DQG 315:1 7KLV LV DW WKH ORZHU OLPLW RI WKH UDQJH RI FRX0
SOLQJ FRHI¿FLHQWV UHSRUWHG IRU GLIIHUHQW PROOXVFDQ VSHFLHV ERWK LQ YLWUR DQG LQ YLYR >4@>8@>69@
>95@>94@ ± DV ZLOO EH VKRZQ DQG GLVFXVVHG LQ VHFWLRQ :15/ WKLV LV SUHVXPDEO\ GXH WR WKHUH EHLQJ
RQO\ D VLQJOH SRLQW RI FRQWDFW EHWZHHQ WKH QHXURQV1

7KH ULJKW SDUW RI WKH VDPH ¿JXUH SORWV WKH VDPH GDWD DJDLQVW WKH V\QDSWLF FRQGXFWDQFH hCr+?
+DJDLQ DV RSHQ V\PEROV,1 7KH JUDSK FRQ¿UPV WKDW WKH FRXSOLQJ FRHI¿FLHQW/ ZKLOH EHLQJ D JRRG
PHDVXUH IRU WKH LPSDFW RI SUHV\QDSWLF YROWDJH FKDQJHV RQ WKH SRVWV\QDSWLF SRWHQWLDO/ LV RQO\
ZHDNO\ FRUUHODWHG WR WKH V\QDSWLF FRQGXFWDQFH ± WKLV LV EHFDXVH LW GHSHQGV QRW RQO\ RQ hCr+?/
EXW DOVR RQ WKH FRQGXFWDQFH hCî RI WKH SRVWV\QDSWLF QHXURQ +VHH +99,,1 )RU FKDUDFWHUL]LQJ WKH
HOHFWULFDO V\QDSVH LWVHOI/ WKH FRXSOLQJ FRHI¿FLHQW LV WKXV QRW D JRRG PHDVXUH1

,VRSRWHQWLDO PRGHO YHUVXV GHWDLOHG PRGHO
6R IDU/ ZH KDYH DOZD\V XVHG WKH LVRSRWHQWLDO PRGHO IURP VHFWLRQ 915 WR GHVFULEH WKH HOHFWULFDOO\
FRXSOHG FHOO SDLUV1 %XW GXH WR WKH VLPSOH JHRPHWU\ RI WKH OLQHDUO\ JURZLQJ FHOOV LQ WKH SDLUV/ WKH\
FDQ DOVR EH GHVFULEHG ZLWK WKH GHWDLOHG PRGHO IURP VHFWLRQ 916/ ZKLFK GRHV QRW QHJOHFW YROWDJH
GURSV DORQJ WKH QHXULWLF FDEOHV1 $FFRUGLQJ WR VHFWLRQ 917/ ZH H[SHFW WKH UHVXOWV REWDLQHG IURP WKH
WZR PRGHOV WR EH VLPLODU/ EHFDXVH FXOWXUHG /\PQDHD QHXURQV DUH HOHFWURWRQLFDOO\ FRPSDFW DQG
WKHUHIRUH DFWXDOO\ DUH FORVH WR LVRSRWHQWLDO1 :H QRZ FKHFN KRZ VLPLODU WKH\ UHDOO\ DUH1

7R GR WKLV/ ZH XVH HTXDWLRQV +434, WKURXJK +438, WR FRPSXWH WKH FHOO LQSXW FRQGXFWDQFHV C DQG
WKH V\QDSVH FRQGXFWDQFHV Cr+? IURP WKH hC DQG hCr+? IRXQG ZLWK WKH LVRSRWHQWLDO PRGHO/ WKH FHOO¶V
SK\VLFDO GLPHQVLRQV DQG WKH HOHFWULFDO SDUDPHWHUV IURP VHFWLRQ 815 ± QRWH WKDW Cr+? FDQ DOVR EH
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)LJXUH :145= &XPXODWLYH GLVWULEXWLRQ IXQFWLRQV IRU WKH UHVXOWV IURP DOO FHOO SDLUV1 +/HIW, 'LVWULEXWLRQ
IXQFWLRQV RI WKH FHOO FRQGXFWDQFHV +EODFN, DQG V\QDSWLF FRQGXFWDQFHV +EOXH, RI DOO FHOO SDLUV VWXGLHG 0 WKRVH
ZLWK D VLQJOH SRLQW RI FRQWDFW +RSHQ V\PEROV, DQG WKRVH ZLWK PXOWLSOH SRLQWV RI FRQWDFW +VROLG V\PEROV,1 7KH
LQVHW VKRZV DQ HQODUJHG YHUVLRQ RI WKH V\QDSWLF FRQGXFWDQFH GLVWULEXWLRQ IXQFWLRQ IRU SDLUV ZLWK D VLQJOH
FRQWDFW1 +5LJKW, 'LVWULEXWLRQ IXQFWLRQV RI WKH FHOO FDSDFLWDQFHV RI FHOOV IURP SDLUV ZLWK D VLQJOH FRQWDFW
+RSHQ V\PEROV, RU PXOWLSOH FRQWDFWV +VROLG V\PEROV,1

)LJXUH :146= &RXSOLQJ FRHI¿FLHQWV IRU DOO FHOO SDLUV1 ,Q ERWK JUDSKV LQ WKLV ¿JXUH/ RSHQ V\PEROV GHQRWH
FRXSOLQJ FRHI¿FLHQWV IURP SDLUV ZLWK D VLQJOH SRLQW RI FRQWDFW DQG VROLG V\PEROV DUH FRXSOLQJ FRHI¿FLHQWV
IURP SDLUV ZLWK PXOWLSOH FRQWDFWV1 +/HIW, &XPXODWLYH GLVWULEXWLRQ IXQFWLRQV RI WKH FRXSOLQJ FRHI¿FLHQWV1
+5LJKW, &RXSOLQJ FRHI¿FLHQWV SORWWHG DJDLQVW V\QDSVH FRQGXFWDQFH1 7KH WZR DUH RQO\ ZHDNO\ FRUUHODWHG
EHFDXVH nDE GHSHQGV QRW RQO\ RQ hJv|q/ EXW DOVR RQ hJE1 7KH UHG FXUYH VKRZV WKH FRXSOLQJ FRHI¿FLHQW
DFFRUGLQJ WR +96, IRU D SRVWV\QDSWLF FRQGXFWDQFH RI hJE @ 8Q6 DQG ZDV REWDLQHG E\ ¿WWLQJ WKH GDWD IURP
PXOWLSOH0FRQWDFW V\QDSVHV WR +96,1

GHULYHG GLUHFWO\ IURP H[SHULPHQWDO GDWD/ FHOO GLPHQVLRQV DQG HOHFWULFDO SDUDPHWHUV ZLWK WKH DLG RI
+;<,/ ZKLFK +E\ GH¿QLWLRQ, JLYHV WKH VDPH UHVXOW1

7KH UHVXOWLQJC DQGCr+? DUH FRPSDUHG WR WKH UHVXOWV IURP WKH LVRSRWHQWLDO PRGHO E\ SORWWLQJ WKHP
DJDLQVW hC DQG hCr+? LQ WKH OHIW DQG PLGGOH SDUW RI ¿J1 :1471 )RU WKH FHOO LQSXW FRQGXFWDQFHV/ WKH
DJUHHPHQW EHWZHHQ WKH WZR PRGHOV LV YHU\ JRRG= 7KH EODFN GDWD SRLQWV LQ WKH OHIW SDUW DOO
DUH YHU\ FORVH WR WKH GLDJRQDO FRUUHVSRQGLQJ WR C ' hC1 7KH LQSXW FRQGXFWDQFHV RI HOHFWULFDOO\
FRXSOHG VQDLO QHXURQV LQ GHVLJQHG QHWZRUNV FDQ KHQFH EH DFFXUDWHO\ PHDVXUHG ZLWK FXUUHQW VWHS
H[SHULPHQWV1
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)LJXUH :147= &RPSDULQJ UHVXOWV REWDLQHG ZLWK WKH LVRSRWHQWLDO PRGHO DQG WKH GHWDLOHG PRGHO DQG
IURP WKHRU\1 +/HIW, 9DOXHV RI J REWDLQHG ZLWK WKH GHWDLOHG PRGHO +EODFN, DQG FDOFXODWHG IURP WKH SK\VLFDO
GLPHQVLRQV RI WKH FHOO ZLWK WKH HOHFWULFDO SDUDPHWHUV IURP FKDSWHU 8 +UHG,/ SORWWHG DJDLQVW WKH hJ REWDLQHG
IRU WKH VDPH FHOOV ZLWK WKH LVRSRWHQWLDO PRGHO1 7KH EODFN OLQH LV WKH GLDJRQDO1 7KH WZR PRGHOV DJUHH ZHOO/
EXW WKH GLIIHUHQFH EHWZHHQ WKH FDOFXODWHG J DQG WKH H[SHULPHQWDO UHVXOWV LV ODUJH IRU VRPH RI WKH FHOOV1
+0LGGOH, 9DOXHV RIJv|q REWDLQHG ZLWK WKH GHWDLOHG PRGHO/ SORWWHG DJDLQVW hJv|q REWDLQHG IRU WKH VDPH SDLUV
ZLWK WKH LVRSRWHQWLDO PRGHO1 7KH EODFN OLQH LV WKH GLDJRQDO DQG WKH EOXH OLQH LV D OLQHDU ¿W ZLWK VORSH 4146/
WKXV WKH Jv|q DUH DURXQG 46( ODUJHU WKDQ WKH J1 +5LJKW, 7RWDO PHPEUDQH FDSDFLWDQFHV FDOFXODWHG IURP
WKH JHRPHWU\ RI WKH FHOO DQG f DQG fv IURP FKDSWHU 8/ SORWWHG DJDLQVW WKH FDSDFLWDQFHV REWDLQHG IRU WKH
VDPH FHOOV ZLWK WKH LVRSRWHQWLDO PRGHO1 7KH EODFN OLQH LV WKH GLDJRQDO1 7KH hF REWDLQHG ZLWK WKH LVRSRWHQWLDO
PRGHO DUH ODUJHU WKDQ WKH WRWDO PHPEUDQH FDSDFLWDQFHV1

7KH DJUHHPHQW LV QRW WKDW SHUIHFW IRU WKH V\QDSVH FRQGXFWDQFHV/ KRZHYHU/ DV WKH GDWD SRLQWV LQ
WKH PLGGOH SDUW RI WKH ¿JXUH DOO OLH DERYH WKH GLDJRQDO1 $ OLQHDU ¿W WR WKH GDWD DQG WKURXJK WKH
RULJLQ +VKRZQ LQ EOXH LQ WKH ¿JXUH, JLYHV D VORSH RI 4146/ VKRZLQJ WKDW WKH V\QDSWLF FRQGXFWDQFHV
REWDLQHG ZLWK WKH GHWDLOHG PRGHO ± ZKLFK DUH WKH WUXH V\QDSVH FRQGXFWDQFHV LI WKH GHWDLOHG PRGHO
LV JRRG ± DUH DERXW 46( ODUJHU WKDQ WKH YDOXHV IRXQG ZLWK WKH LVRSRWHQWLDO PRGHO1 $SSO\LQJ WKH
LVRSRWHQWLDO PRGHO WR SDLUV RI HOHFWULFDOO\ FRXSOHG QHXURQV ZLOO WKHUHIRUH UHVXOW LQ VOLJKWO\
WRR VPDOO V\QDSWLF FRQGXFWDQFH HVWLPDWHV1

)RU WKH FHOO FDSDFLWDQFH hä/ WKHUH LV QR FRUUHVSRQGLQJ SDUDPHWHU LQ WKH GHWDLOHG PRGHO WKDW ZH
FRXOG FRPSDUH WR LW1

,Q VXPPDU\/ YROWDJH GURSV DORQJ WKH QHXULWLF FDEOHV RI FXOWXUHG /\PQDHD QHXURQV FDQ RE0
YLRXVO\ EH QHJOHFWHG ZLWKRXW LQWURGXFLQJ ODUJH HUURUV LQWR WKH YDOXHV REWDLQHG IRU FHOO DQG
V\QDSVH FRQGXFWDQFHV IURP FXUUHQW VWHS H[SHULPHQWV1

7KH UHVXOWV DUH FRQVLVWHQW ZLWK WKH HOHFWULFDO FHOO SDUDPHWHUV IURP
RSWLFDO UHFRUGLQJ
7KH IDFW WKDW WKH UHVXOWV IURP GHWDLOHG DQG LVRSRWHQWLDO PRGHO DUH VLPLODU FRQ¿UPV RXU ¿QGLQJ
IURP VHFWLRQ 815/ QDPHO\ WKDW WKH FHOOV XVHG KHUH DUH HOHFWURWRQLFDOO\ YHU\ FRPSDFW1 %XW WKHUH LV D
IXUWKHU WHVW ZH FDQ PDNH WR VHH ZKHWKHU WKH UHVXOWV RI WKH SUHVHQW VHFWLRQ DUH FRQVLVWHQW ZLWK WKH
HOHFWULFDO SDUDPHWHUV IURP FKDSWHU 8= :H FDQ XVH WKHVH SDUDPHWHUV DQG WKH SK\VLFDO GLPHQVLRQV
RI WKH QHXURQV LQ WKH SDLUV WR FRPSXWH WKH WKHRUHWLFDOO\ H[SHFWHG LQSXW FRQGXFWDQFHV RI WKH
QHXURQV DFFRUGLQJ WR +5;, DQG WKHQ FRPSDUH WKLV YDOXH WR WKH RQH IRXQG ZLWK WKH FXUUHQW VWHS
H[SHULPHQWV1

7KLV LV GRQH LQ WKH OHIW SDUW RI ¿J1 :147 E\ SORWWLQJ WKH YDOXH IURP WKLV FDOFXODWLRQ DJDLQVW WKH hC
GHULYHG IURP WKH H[SHULPHQWDO UHVXOWV ZLWK WKH LVRSRWHQWLDO PRGHO +VHH UHG GRWV,1 7ZR WKLQJV DUH
DSSDUHQW IURP WKLV SORW=
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î :KLOH WKHUH LV FOHDUO\ D FRUUHODWLRQ EHWZHHQ WKH FDOFXODWHG FRQGXFWDQFH DQG WKH hC REWDLQHG
IURP FXUUHQW VWHS H[SHULPHQWV/ VRPH RI WKH UHG GRWV DUH KLJK DERYH RU IDU EHORZ WKH GLDJRQDO/
LQGLFDWLQJ WKDW WKH FRPSXWHG FRQGXFWDQFH LV PRUH WKDQ WKUHH WLPHV ODUJHU WKDQ hC IRU VRPH FHOOV
DQG VPDOOHU WKDQ KDOI RI LW IRU RWKHUV1 7KLV LV LPPHGLDWHO\ H[SODLQHG E\ WKH KLJK YDULDELOLW\
RI WKH HOHFWULFDO SDUDPHWHUV }r/ } DQG o EHWZHHQ QHXURQV= ,Q VHFWLRQ 815/ ZH IRXQG }r '
+31353÷3134:,P62FP5/ } ' +31368÷3133:,P62FP5 DQG o ' +6<7÷46:,lFP1 7KHUHIRUH/ XVLQJ
WKH PHDQ YDOXHV RI WKHVH SDUDPHWHUV ± DV ZDV GRQH ZKHQ WKH LQSXW FRQGXFWDQFHV RI WKH FHOOV
ZHUH FRPSXWHG ± PXVW IRU VRPH FHOOV SURGXFH WRR ODUJH UHVXOWV DQG IRU RWKHUV WRR VPDOO RQHV1

î %XW WKH IDFW WKDW WKH UHG GRWV GR QRW V\VWHPDWLFDOO\ GHYLDWH IURP WKH GLDJRQDO LQ HLWKHU RI WKH
WZR GLUHFWLRQV FRQ¿UPV WKDW WKH PHDQ YDOXHV RI }r/ } DQG o ± ZKLFK ZHUH GHULYHG IURP RSWLFDO
UHFRUGLQJV RI VLJQDO SURSDJDWLRQ LQ WKH QHXULWHV RI VLQJOH FHOOV ± DUH FRQVLVWHQW ZLWK WKH PHDQ
LQSXW FRQGXFWDQFHV PHDVXUHG ZLWK YHU\ GLIIHUHQW H[SHULPHQWV/ QDPHO\ E\ SURELQJ HOHFWULFDOO\
FRXSOHG FHOO SDLUV ZLWK FXUUHQW VWHSV1 (VSHFLDOO\ IRU WKH YDOXHV RI }r DQG }/ ZKLFK ZHUH WKH
OHDVW UHOLDEOH UHVXOWV RI VHFWLRQ 815/ WKLV FRQ¿UPV WKDW WKH\ DUH LQ WKH FRUUHFW UDQJH1

$V VWDWHG DERYH/ WKHUH LV QR FHOO SDUDPHWHU GLUHFWO\ FRPSDUDEOH WR WKH hä IURP WKH LVRSRWHQWLDO
PRGHO1 :H FDQ/ KRZHYHU/ DUJXH WKDW hä ZRXOG EH HTXLYDOHQW WR WKH WRWDO PHPEUDQH FDSDFLWDQFH RI
VRPD DQG QHXULWHV LI WKH FHOO ZRXOG UHDOO\ EHKDYH OLNH D VLQJOH/ SHUIHFWO\ LVRSRWHQWLDO FRPSDUWPHQW1
7KHUHIRUH/ WRWDO PHPEUDQH FRQGXFWDQFH RI HDFK QHXURQ ZDV FRPSXWHG YLD
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ZKHUH WKH ¿UVW SDUW LV WKH VRPDWLF PHPEUDQH FRQGXFWDQFH +VHH +6,, DQG WKH VHFRQG SDUW LV WKH VXP
RI DOO QHXULWLF PHPEUDQH FRQGXFWDQFHV +FRPSDUH WR +7,,/ DQG ä|J|@, ZDV SORWWHG DJDLQVW hä LQ WKH
ULJKW SDUW RI ¿J1 :1471 ,W LV VPDOOHU WKDQ hä +DQG WKHUHIRUH EHORZ WKH GLDJRQDO, IRU DOO FHOOV/ EXW WKH
GRWV DUH FORVHU WR WKH GLDJRQDO IRU VPDOO hä WKDQ IRU ODUJH hä1 7KLV PDNHV VHQVH/ EHFDXVH FHOOV ZLWK
VPDOO hä ± DV WKH FHOO ERGLHV DUH DOO YHU\ VLPLODU LQ VL]H ± ZLOO WHQG WR KDYH IHZHU DQG2RU VKRUWHU
QHXULWHV DQG ZLOO WKXV EHKDYH PRUH OLNH D VLQJOH FRPSDUWPHQW WKDQ D FHOO ZLWK ODUJH hä1
:15 7KH VWURQJ V\QDSVH= 0XOWLSOH FRQWDFW SRLQWV
7KH V\QDSVHV GLVFXVVHG LQ WKH SUHYLRXV VHFWLRQ ZHUH ORFDOL]HG WR D VLQJOH SRLQW RI FRQWDFW EHWZHHQ
WZR QHXURQV/ ZKLFK LV WKH VLPSOHVW V\QDSVH JHRPHWU\ SRVVLEOH DQG WKHUHIRUH WKH PRVW GHVLUDEOH
IRU VLPSOH/ GHVLJQHG QHXUDO QHWZRUNV1 7R VHH KRZ WKH FRQGXFWDQFH RI VXFK D V\QDSVH UHODWHV WR
WKDW RI D PRUH ELRORJLFDO FRQ¿JXUDWLRQ ZLWK VHYHUDO SRLQWV RI FRQWDFW EHWZHHQ WKH FRXSOHG FHOOV/
WKH V\QDSVH FRQGXFWDQFHV IRU SDLUV RI QHXURQV LQ FRQYHQWLRQDO FHOO FXOWXUH DUH GHWHUPLQHG LQ
WKH SUHVHQW VHFWLRQ1

&XOWXUHG QHXURQV IURP WKH VQDLO +HOLVRPD KDYH EHHQ UHSRUWHG WR IRUP HOHFWULFDO V\QDSVHV DW DOO
SRLQWV RI FRQWDFW EHWZHHQ WZR QHXULWHV >68@1 ,I WKLV ZDV DOVR WUXH IRU /\PQDHD QHXURQV/ WKLV
EHKDYLRU FRXOG EH H[SORLWHG WR PDQLSXODWH WKH FRXSOLQJ VWUHQJWK EHWZHHQ WZR QHXURQV LQ D GH0
VLJQHG QHWZRUN VLPSO\ E\ FRQWUROOLQJ WKH QXPEHU RI FRQWDFWV EHWZHHQ WKHLU QHXULWHV ZLWK WKH DLG
RI JXLGHG RXWJURZWK1 7R VHH LI WZR QHXURQV HVWDEOLVK HOHFWULFDO V\QDSVHV DW DOO SRLQWV RI FRQWDFW/
LW LV QHFHVVDU\ WR ORFDOL]H WKH V\QDSVHV/ DQG WKH ¿UVW SDUW RI WKH SUHVHQW VHFWLRQ GHVFULEHV VRPH
DWWHPSWV WR GR VR E\ VWDLQLQJ ZLWK LQWUDFHOOXODU G\HV1

,Q WKH VHFRQG SDUW RI WKH VHFWLRQ/ WKH FRQGXFWDQFHV RI V\QDSVHV ZLWK PXOWLSOH FRQWDFW SRLQWV DUH
GHWHUPLQHG ZLWK WKH LVRSRWHQWLDO PRGHO DQG FRPSDUHG WR WKRVH RI V\QDSVHV ZLWK RQO\ D VLQJOH
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7KH VWURQJ V\QDSVH= 0XOWLSOH FRQWDFW SRLQWV

)LJXUH :148= 1R G\H FRXSOLQJ GHVSLWH VWURQJ HOHFWULFDO FRXSOLQJ1 +/HIW, 0LFURJUDSK RI DQ SDLU RI
VQDLO QHXURQV HPEHGGHG LQ D VSDUVH QHWZRUN LQ FRQYHQWLRQDO FHOO FXOWXUH1 7KH QHXURQ FORVH WR WKH XSSHU
PLFUR0HOHFWURGH LV FHOO 4/ WKDW RQH FORVH WR WKH ORZHU HOHFWURGH LV FHOO 51 +5LJKW, 9ROWDJH WUDQVLHQWV UHFRUGHG
IURP WKH FHOO SDLU LQ UHVSRQVH WR SUHV\QDSWLF FXUUHQW VWHSV1 7KH WRS URZ VKRZV UHFRUGLQJV IURP FHOO 4/ WKH
ERWWRP URZ IURP FHOO 51 ,Q WKH OHIW FROXPQ/ FHOO 4 LV SUHV\QDSWLF> LQ WKH ULJKW FROXPQ/ LW LV SRVWV\QDSWLF1 7KH
FRXSOLQJ FRHI¿FLHQWV DUH DOVR JLYHQ ± WKH SDLU LV VWURQJO\ FRXSOHG1 +0LGGOH, )OXRUHVFHQFH PLFURJUDSK RI
WKH VDPH DUHD DV RQ WKH OHIW DIWHU 73PLQ RI /XFLIHU <HOORZ LQMHFWLRQ LQWR FHOO 41 &HOO 4 LV QLFHO\ ¿OOHG/ EXW
GHVSLWH VWURQJ HOHFWULFDO FRXSOLQJ/ WKH G\H GLG QRW SDVV LQWR WKH WZR FHOOV VXUURXQGLQJ FHOO 4 +WKHLU ORFDWLRQ LV
LQGLFDWHG E\ WKH ZKLWH DUURZV,1 $OVR QRWH WKH OXPLQHVFHQFH RI WKH LVRODWHG +DQG SUHVXPDEO\ GHDG, QHXURQ
WR WKH OHIW RI FHOO 41

SRLQW RI FRQWDFW1

:1514 $WWHPSWV WR ORFDOL]H WKH V\QDSVHV E\ VWDLQLQJ
7KH OHIW SDUW RI ¿J1 :148 VKRZV D SDLU RI $0FOXVWHU QHXURQV IURP WKH SHGDO JDQJOLD RI /\PQDHD
VWDJQDOLV/ HPEHGGHG LQ D VSDUVH QHWZRUN RI RWKHU QHXURQV/ DIWHU WZR GD\V LQ FRQYHQWLRQDO FHOO
FXOWXUH1 7KH WZR QHXURQV KDYH PDGH SK\VLFDO FRQWDFW DW VHYHUDO ORFDWLRQV DQG ± DV DOVR VKRZQ LQ
WKH ¿JXUH ± HVWDEOLVKHG D VWURQJ HOHFWULFDO V\QDSVH1 7R FKHFN ZKHWKHU WKLV FRQQHFWLRQ LV UHVWULFWHG
WR D VXEVHW RI DOO SRLQWV RI FRQWDFW RU LI D V\QDSVH LV SUHVHQW DW HYHU\ SRLQW RI FRQWDFW/ ZH QHHG D
ZD\ WR ORFDOL]H WKH HOHFWULFDO V\QDSVHV1

$V QR DQWLERGLHV WR /\PQDHD JDS MXQFWLRQV DUH DYDLODEOH/ WKLV FDQ QRW EH GRQH E\ LPPXQRVWDLQLQJ1
$ SRVVLEOH DOWHUQDWLYH PHWKRG/ KRZHYHU/ DULVHV IURP WKH IDFW WKDW VHYHUDO ZDWHU0VROXEOH ÀXRUHV0
FHQW G\HV DUH NQRZQ WKDW DUH VPDOO HQRXJK WR SDVV WKURXJK PDQ\ W\SHV RI JDS MXQFWLRQ FKDQQHOV
>87@>9;@>::@>;5@>;;@1 ,I RQH RI WKH WZR QHXURQV LV LQWUDFHOOXODUO\ VWDLQHG ZLWK VXFK D G\H DQG
WKH VSUHDGLQJ RI WKH G\H LV PRQLWRUHG ZLWK ÀXRUHVFHQFH PLFURVFRS\/ RQH FDQ WKHUHIRUH KRSH WR
REVHUYH ZKHUH WKH G\H SDVVHV IURP RQH FHOO WR WKH RWKHU DQG WKXV WR LGHQWLI\ WKH VLWHV RI
FRXSOLQJ1

7KLV ZDV WULHG IRU FXOWXUHG SDLUV RI /\PQDHD QHXURQV ZLWK WKH G\H /XFLIHU <HOORZ &+ +0:
776J2PRO/ 6LJPD,/ZKLFK FDQ SDVV WKURXJKPDQ\ GLIIHUHQW NLQGV RI JDS MXQFWLRQ FKDQQHOV >;5@>;:@1
7R LQMHFW WKH G\H/ LW ZDV GLVVROYHG LQ ZDWHU DW D FRQFHQWUDWLRQ RI 43(1 7KH QHXURQ ZDV WKHQ LP0
SDOHG ZLWK D PLFURHOHFWURGH ¿OOHG ZLWK WKH G\H VROXWLRQ/ DQG WKH G\H ZDV GULYHQ LQWR WKH FHOO E\
DSSOLFDWLRQ RI K\SHUSRODUL]LQJ FXUUHQW SXOVHV >;5@>;9@1 :KHQ WKH VSUHDGLQJ RI WKH G\H ZDV RE0
VHUYHG ZLWK ÀXRUHVFHQFH PLFURVFRS\47/ KRZHYHU/ LW WXUQHG RXW WKDW WKH LPSDOHG QHXURQ ZDV QLFHO\

47 7KH H[FLWDWLRQ OLJKW IURP D PHUFXU\ ODPS ZDV ¿OWHUHG ZLWK D EDQG SDVV +738QP IRU /< DQG 698243QP IRU +&&$,
DQG UHÀHFWHG E\ D EHDP0VSOLWWHU +848QP IRU /< DQG 733QP IRU +&&$,1 7KH ÀXRUHVFHQFH VLJQDO SDVVHG WKH VDPH
EHDPVSOLWWHU DQG D VHFRQG ¿OWHU +ORQJ SDVV 848QP IRU /< DQG EDQG SDVV 793283QP IRU +&&$,1 0RVW ¿OWHUV ZHUH
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([SHULPHQWV ZLWK V\QDSVHV

¿OOHG ZLWKLQ D IHZ PLQXWHV/ EXW WKDW QR G\H FRXOG SDVV LQWR WKH QHXURQ FRXSOHG WR LW +VHH ¿J1
:148,1 7KH DSSURDFK ZDV WHVWHG LQ 56 SDLUV RI FXOWXUHG /\PQDHD QHXURQV WKDW KDG SUHYLRXVO\ EHHQ
GHPRQVWUDWHG WR EH HOHFWULFDOO\ FRXSOHG E\ HOHFWURSK\VLRORJLFDO PHDVXUHPHQWV/ EXW LQ QRQH RI WKH
SDLUV /XFLIHU <HOORZ FRXOG VSUHDG IURP RQH FHOO WR WKH RWKHU1

7KH DELOLW\ RI D G\H PROHFXOH WR SDVV WKURXJK D JDS MXQFWLRQ GHSHQGV RQ WKH SRUH GLDPHWHU RI WKH
JDS MXQFWLRQ FKDQQHO DQG WKH VL]H RI WKH G\H PROHFXOH >87@>;;@/ ZKLFK LV DERXW 44c IRU /XFLIHU
<HOORZ >;;@1 7KHUH DUH/ KRZHYHU/ VPDOOHU ÀXRUHVFHQW PROHFXOHV/ RQH RI WKH VPDOOHVW EHLQJ +&&$
+K\GUR[\FRXPDULQ FDUER[\OLF DFLG/0: 539J2PRO/ IURP 6LJPD/ >87@,1 7R VHH LI +&&$ FDQ SDVV
WKURXJK HOHFWULFDO V\QDSVHV EHWZHHQ /\PQDHD QHXURQV/ WKH VWDLQLQJ H[SHULPHQWV GHVFULEHG DERYH
ZHUH UHSHDWHG ZLWK WKLV G\H LQ WZR SDLUV RI HOHFWULFDOO\ FRXSOHG QHXURQV47 / EXW ZLWK WKH VDPH
UHVXOW DV IRU /XFLIHU <HOORZ= 1R G\H FRXSOLQJ ZDV REVHUYHG1

,Q VXPPDU\/ WKH IDFW WKDW WKH G\H PROHFXOHV WHVWHG KHUH FDQ QRW SDVV WKURXJK WKH HOHFWULFDO
V\QDSVHV EHWZHHQ VQDLO QHXURQV PHDQV WKDW VWDLQLQJ H[SHULPHQWV FDQ QRW EH XVHG WR ORFDOL]H
WKH VLWHV RI HOHFWULFDO FRXSOLQJ EHWZHHQ WZR FHOOV1 +RZHYHU/ WKH VDPH IDFW SURYLGHV LQIRUPDWLRQ
DERXW WKH SRUH VL]H RI WKH JDS MXQFWLRQ FKDQQHOV EHWZHHQ /\PQDHD QHXURQV= 7KDW QHLWKHU /XFLIHU
<HOORZ QRU WKH HYHQ VPDOOHU +&&$ FDQ SDVV WKURXJK WKH SRUH VXJJHVWV WKDW WKH SRUH VL]H LQ /\P0
QDHD HOHFWULFDO V\QDSVHV LV VPDOOHU WKDQ WKH 49053c UHSRUWHG IRU PDPPDOLDQ JDS MXQFWLRQV DQG
WKH 53063c IRXQG LQ LQVHFW JDS MXQFWLRQV >;;@1 7KLV LV DOVR FRQVLVWHQW ZLWK WKH ¿QGLQJ WKDW WKH
JDS MXQFWLRQ SDUWLFOHV LQ WKH UHODWHG VQDLO VSHFLHV +HOLVRPD KDYH RXWHU GLDPHWHUV RI RQO\ 43047QP
>68@1

(YHQ WKRXJK VWDLQLQJ RI RQH FHOO LQ D SDLU FDQ QRW UHYHDO ZKHUH WKH VLWHV RI HOHFWULFDO FRXSOLQJ DUH/
LW FDQ DW OHDVW EH XVHG WR GHWHUPLQH WKH VLWHV RI SK\VLFDO FRQWDFW1 ,Q SDLUV OLNH WKH RQHV GLVFXVVHG
LQ WKH SUHYLRXV VHFWLRQ ± QDPHO\ WKRVH ZLWK D VLQJOH FDEOH FRQQHFWLQJ WKH FHOO ERGLHV DQG ZLWK D
IXQFWLRQLQJ HOHFWULFDO V\QDSVH ± VWDLQLQJ RI RQH RI WKH QHXURQV FDQ LQGLFDWH ZKHUH RQH FHOO HQGV
DQG WKH RWKHU EHJLQV1 %HFDXVH WKH VLQJOH SRLQW RI SK\VLFDO FRQWDFW WKXV GHWHUPLQHG PXVW EH WKH
VLWH RI WKH V\QDSVH/ VWDLQLQJ ZLWK /XFLIHU <HOORZ FDQ EH XVHG WR ORFDOL]H WKH V\QDSVH LQ VXFK SDLUV
LQ VSLWH RI LWV LQDELOLW\ WR FURVV WKH V\QDSVH1 7KLV PHWKRG ZDV XVHG WR ¿QG WKH VLWH RI FRXSOLQJ IRU
VHYHUDO RI WKH SDLUV LQ VHFWLRQ :141

:1515 5HVXOWV REWDLQHG ZLWK WKH LVRSRWHQWLDO PRGHO
$V WKH DWWHPSWV WR ORFDOL]H WKH VLWHV RI FRXSOLQJ EHWZHHQ SDLUV RI FRQYHQWLRQDOO\ FXOWXUHG QHXURQV
E\ LQWUDFHOOXODU VWDLQLQJ IDLOHG/ WKH SDLUV FDQ QRW EH PRGHOHG DFFRUGLQJ WR WKH GHWDLOHG PRGHO IURP
VHFWLRQ 916 LQ RUGHU WR REWDLQ WKH V\QDSWLF FRQGXFWDQFH IURP FXUUHQW VWHS H[SHULPHQWV1 ,QVWHDG/
RQO\ WKH LVRSRWHQWLDO PRGHO IURP VHFWLRQ 915 FDQ EH DSSOLHG/ EXW DV ZH KDYH VHHQ LQ WKH SUHYLRXV
VHFWLRQ/ WKH WZR PRGHOV JLYH YHU\ VLPLODU UHVXOWV/ DQ\ZD\1

-XVW DV ZLWK WKH RQH0FRQWDFW V\QDSVHV/ WKH FRQYHQWLRQDOO\ FXOWXUHG SDLUV ZHUH SUREHG ZLWK FXUUHQW
VWHS H[SHULPHQWV DQG WKH FHOO FRQGXFWDQFHV hC/ WKH FHOO FDSDFLWDQFHV hä DQG WKH V\QDSVH FRQGXF0
WDQFHV hCr+? ZHUH GHWHUPLQHG IURP WKH UHVXOWLQJ SDLUV RI WUDQVLHQWV DV LQ VHFWLRQ :141 $OWRJHWKHU/
WKLV HYDOXDWLRQ ZDV GRQH IRU WKUHH LVRODWHG SDLUV RI UDQGRPO\ JURZLQJ QHXURQV DQG IRXUWHHQ SDLUV
WKDW ZHUH HPEHGGHG LQ QHWZRUNV RI RWKHU FHOOV1 7KH UHVXOWV IRU DOO VHYHQWHHQ SDLUV DUH GLVSOD\HG
LQ ¿JV1 :149 WKURXJK :14;> IRU FRPSOHWHQHVV/ DOO UHVXOWV DUH DOVR OLVWHG LQ D WDEOH LQ DSSHQGL[ *1

IURP $) $QDO\VHQWHFKQLN/ 7�ELQJHQ1
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7KH VWURQJ V\QDSVH= 0XOWLSOH FRQWDFW SRLQWV

)LJXUH :149= 5HVXOWV IRU WKH FHOO FRQGXFWDQFHV RI DOO QHXURQ SDLUV ZLWK PXOWLSOH FRQWDFWV1 )RU FHOO
4 +OHIW, DQG FHOO 5 +ULJKW, RI HDFK FHOO SDLU/ WKHVH JUDSKV SORW WKH FHOO FRQGXFWDQFH YDOXH REWDLQHG ZKHQ WKH
FHOO LV SRVWV\QDSWLF DJDLQVW WKH YDOXH REWDLQHG ZKHQ LW LV SUHV\QDSWLF1 7KH HUURU EDUV FRUUHVSRQG WR WKH
VWDQGDUG GHYLDWLRQV RI WKH WZR YDOXHV1 7KH YDOXHV IRU WKH WKUHH LVRODWHG SDLUV DUH VKRZQ LQ UHG1

&HOO FRQGXFWDQFHV
)LJ1 :149 VKRZV WKH UHVXOWV IRU WKH FHOO FRQGXFWDQFHV LQ WKH VDPH IRUPDW DV LQ ¿J1 :1<1 $V
ZDV DUJXHG LQ VHFWLRQ 918/ WKH UHVXOWV REWDLQHG IRU hC LQ LVRODWHG SDLUV LI WKH VLPSOH PRGHO LV
DSSOLHG DUH MXVW WKH LQSXW FRQGXFWDQFHV RI WKH WZR FHOOV1 ,Q FRQWUDVW/ WKH YDOXHV RI hC REWDLQHG IRU
HPEHGGHG FHOO SDLUV GHSHQG RQ WKH FRQGXFWDQFHV/ UHVWLQJ SRWHQWLDOV DQG FRXSOLQJ VWUHQJWKV RI WKH
VXUURXQGLQJ FHOOV1 $V IDU DV RQH FDQ WHOO IURP RQO\ WKUHH LVRODWHG SDLUV LQ WKH VDPSOH/ KRZHYHU/
WKH YDOXHV RI hC IRU LVRODWHG SDLUV +UHG, DQG HPEHGGHG SDLUV +EODFN, LQ ¿J1 :149 KDYH UDWKHU VLPLODU
GLVWULEXWLRQV ± ZKLOH ZH GR QRW NQRZ WKH LQÀXHQFH RI WKH VXUURXQGLQJ QHWZRUN RQ WKH FRQGXFWDQFH
YDOXHV REWDLQHG IRU LQGLYLGXDO QHXURQV/ EHLQJ HPEHGGHG LQ D QHW RI RWKHU FHOOV DW OHDVW GRHV QRW
GUDPDWLFDOO\ FKDQJH WKH RYHUDOO GLVWULEXWLRQ RI WKH FRQGXFWDQFH UHVXOWV1

$V ZLWK WKH FHOO FRQGXFWDQFHV REWDLQHG IRU SDLUV ZLWK RQH FRQWDFW SRLQW/ ZH FRPSXWH WKH PHDQ
RI WKH WZR UHVXOWV IRU HDFK FHOO¶V FRQGXFWDQFH DQG LQFOXGH LW LQ D GLVWULEXWLRQ IXQFWLRQ LQ ¿J1 :145
+VROLG EODFN V\PEROV LQ WKH OHIW SDUW,1 0RVW RI WKH YDOXHV LQ WKLV GLVWULEXWLRQ DUH EHWZHHQ 6Q6 DQG
;Q6/ ZLWK D PLQLPXP YDOXH RI 416Q6 DQG D PD[LPXP YDOXH RI 4<1<Q61 &RPSDUHG WR WKH LQSXW
FRQGXFWDQFHV RI QHXURQV ZLWK JXLGHG RXWJURZWK +RSHQ EODFN V\PEROV,/ WKH LQSXW FRQGXFWDQFHV
RI FHOOV ZLWK VHYHUDO UDQGRPO\ JURZLQJ QHXULWHV DUH WKXV RQO\ DERXW 418 WLPHV ELJJHU1 $V D VPDOO
H[DPSOH VKRZV/ WKLV LV DERXW WKH UDWLR ZH H[SHFW= :LWK WKH HOHFWULFDO SDUDPHWHUV IURP VHFWLRQ 815
DQG ZLWK +5;,/ D W\SLFDO FHOO ZLWK D VRPD GLDPHWHU RI 93>P DQG WZR JXLGHG QHXULWHV RI 583>P
OHQJWK DQG 8>P GLDPHWHU KDV DQ LQSXW FRQGXFWDQFH RI 71<7Q6/ DQG DGGLQJ WZR RU WKUHH PRUH
VXFK QHXULWHV ± ZKLFK UHVXOWV LQ D SULPDU\ QHXULWH QXPEHU W\SLFDO IRU UDQGRPO\ JURZLQJ FHOOV ±
LQFUHDVHV WKH LQSXW FRQGXFWDQFH E\ D IDFWRU RI 4187 RU 41;4/ UHVSHFWLYHO\1

&HOO FDSDFLWDQFHV
7KH UHVXOWV REWDLQHG IRU WKH FHOO FDSDFLWDQFHV DUH GLVSOD\HG LQ ¿J1 :14:/ ZKHUH WKH GDWD VKRZQ
LQ UHG DJDLQ DUH WKH UHVXOWV IRU WKH WKUHH LVRODWHG FHOO SDLUV1 $V ZLWK WKH FHOO FRQGXFWDQFHV/ WKH
UHVXOWV IRU LVRODWHG SDLUV DQG HPEHGGHG SDLUV ORRN YHU\ VLPLODU ± EHLQJ HPEHGGHG LQ D QHWZRUN RI
QHXURQV WKHUHIRUH VHHPV WR KDYH QR GUDPDWLF LPSDFW RQ WKH YROWDJH G\QDPLFV LQ D SDLU RI QHXURQV/

<4



([SHULPHQWV ZLWK V\QDSVHV

)LJXUH :14:= 5HVXOWV IRU WKH FHOO FDSDFLWDQFHV RI DOO QHXURQ SDLUV ZLWK PXOWLSOH SRLQWV RI FRQWDFW1
)RU FHOO 4 +OHIW, DQG FHOO 5 +ULJKW, RI HDFK FHOO SDLU/ WKHVH JUDSKV SORW WKH FHOO FDSDFLWDQFH YDOXH REWDLQHG
ZKHQ WKH FHOO LV SRVWV\QDSWLF DJDLQVW WKH YDOXH REWDLQHG ZKHQ LW LV SUHV\QDSWLF1 7KH HUURU EDUV FRUUHVSRQG
WR WKH VWDQGDUG GHYLDWLRQV RI WKH WZR YDOXHV1 7KH FDSDFLWDQFH REWDLQHG IURP WKH LVRSRWHQWLDO PRGHO WHQGV
WR EH KLJKHU ZKHQ D FHOO LV SRVWV\QDSWLF WKDQ ZKHQ LW LV SUHV\QDSWLF1 'DWD IRU LVRODWHG SDLUV DUH VKRZQ LQ
UHG1

HLWKHU1 $JDLQ/ WKH PHDQ YDOXHV RI WKH WZR UHVXOWV IRU HDFK QHXURQ¶V FDSDFLWDQFH DUH SORWWHG DV D
GLVWULEXWLRQ IXQFWLRQ LQ WKH ULJKW SDUW RI ¿J1 :145 +VROLG EODFN V\PEROV,> WKH\ UDQJH IURP 49:S) WR
497;S)/ ZLWK PRVW YDOXHV EHWZHHQ 633S) DQG ;33S)1 7KH YDOXHV RI hä IRU WKH FHOOV LQ PXOWLSOH0
FRQWDFW SDLUV DUH WKHUHIRUH E\ DERXW D IDFWRU RI WZR ODUJHU WKDQ WKRVH IRU FHOOV LQ VLQJOH0FRQWDFW
SDLUV1

6\QDSVH FRQGXFWDQFHV
)LJ1 :14; VKRZV WKH V\QDSVH FRQGXFWDQFHV RI DOO SDLUV ZLWK PXOWLSOH FRQWDFWV1 $FFRUGLQJ WR VHFWLRQ
918/ WKH YDOXH REWDLQHG IRU hCr+? LQ LVRODWHG SDLUV LV MXVW WKH WRWDO V\QDSWLF FRQGXFWDQFH EHWZHHQ
WKH WZR FHOOV/ ZKLOH hCr+? DV GHWHUPLQHG IRU HPEHGGHG SDLUV ± GXH WR DGGLWLRQDO FRQWULEXWLRQV
IURP SDUDOOHO FXUUHQW SDWKZD\V YLD VXUURXQGLQJ FHOOV ± LV RQO\ DQ XSSHU OLPLW IRU WKH UHDO V\QDSWLF
FRQGXFWDQFH EHWZHHQ WKH WZR QHXURQV1 7KH IDFW WKDW WKH YDOXHV RI hCr+? IRU LVRODWHG SDLUV +UHG, DQG
HPEHGGHG SDLUV +EODFN, DUH LQ WKH VDPH UDQJH LQ ¿J1 :14; WKHUHIRUH LPSOLHV WKDW WKLV XSSHU OLPLW LV
QRW WRR IDU DERYH WKH DFWXDO YDOXH1 7KLV FRQ¿UPV WKH HVWLPDWLRQV IURP VHFWLRQ 918/ ZKLFK VWDWH
WKDW +DW OHDVW LQ WKH VSDUVH QHWZRUNV ZH DUH GHDOLQJ ZLWK, WKH V\QDSWLF FRQGXFWDQFH REWDLQHG IURP
FXUUHQW VWHS H[SHULPHQWV LV RQ WKH VDPH RUGHU RI PDJQLWXGH DV WKH UHDO V\QDSWLF FRQGXFWDQFH1

$JDLQ/ WKH PHDQ YDOXH RI WKH V\QDSWLF FRQGXFWDQFH IRU HDFK SDLU LV LQFOXGHG LQ ¿J1 :145 +VROLG EOXH
V\PEROV, ± W\SLFDO YDOXHV DUH EHWZHHQ 318Q6 DQG 8Q6/ ZLWK H[WUHPH YDOXHV RI 317Q6 DQG 4319Q61
,W LV LQVWUXFWLYH WR FRPSDUH WKLV GLVWULEXWLRQ IXQFWLRQ WR WZR RI WKH RWKHU FXUYHV VKRZQ LQ WKH VDPH
¿JXUH/ QDPHO\ WR WKDW IRU VLQJOH0SRLQW V\QDSVHV +RSHQ EOXH, DQG WR WKDW IRU WKH LQSXW FRQGXFWDQFHV
RI FHOOV LQ PXOWLSOH0FRQWDFW SDLUV +VROLG EODFN,=

&RPSDUHG WR VLQJOH0SRLQW V\QDSVHV/ WKH FRQQHFWLRQV HVWDEOLVKHG E\ UDQGRPO\ JURZLQJ QHX0
URQV DUH DERXW ¿YH WR WHQ WLPHV PRUH FRQGXFWLYH1 $FFRUGLQJ WR VHFWLRQ 918/ WKH YDOXH RI hCr+?
REWDLQHG IRU SDLUV ZLWK PXOWLSOH SRLQWV RI FRQWDFW LV HTXDO WR WKH VXP RI DOO VLQJOH V\QDSWLF FRQ0
WDFWV EHWZHHQ WKH WZR FHOOV +LQ LVRODWHG SDLUV, RU LV DQ XSSHU OLPLW IRU WKLV VXP +LQ HPEHGGHG SDLUV,1
%HFDXVH WKH VWDLQLQJ H[SHULPHQWV GHVFULEHG LQ VHFWLRQ :1514 IDLOHG/ ZH GR QRW NQRZ WKH QXPEHU
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7KH VWURQJ V\QDSVH= 0XOWLSOH FRQWDFW SRLQWV

)LJXUH :14;= 5HVXOWV IRU WKH V\QDSVH FRQGXFWDQFHV RI DOO QHXURQ SDLUV ZLWK PXOWLSOH SRLQWV RI
FRQWDFW1 7KLV JUDSK SORWV WKH V\QDSVH FRQGXFWDQFH YDOXH REWDLQHG ZKHQ WKH FHOO 5 LV SUHV\QDSWLF DJDLQVW
WKH YDOXH REWDLQHG ZKHQ FHOO 4 LV SUHV\QDSWLF1 7KH HUURU EDUV FRUUHVSRQG WR WKH VWDQGDUG GHYLDWLRQV RI WKH
WZR YDOXHV1 5HVXOWV IURP LVRODWHG SDLUV ZLWK PXOWLSOH FRQWDFWV DUH VKRZQ LQ UHG1 ,I WKH GHWDLOHG PRGHO LV D
JRRG GHVFULSWLRQ RI WKH FRXSOHG FHOO SDLU/ WKH GDWD SRLQWV VKRXOG IDOO RQ WKH GLDJRQDO1

RI IXQFWLRQDO V\QDSVHV LQ VXFK UDQGRPO\ JURZLQJ SDLUV1 ,Q WKH UDWKHU VSDUVH QHWZRUNV XVHG IRU
WKH SUHVHQW H[SHULPHQWV/ KRZHYHU/ ZH FDQ YHU\ URXJKO\ HVWLPDWH WKH QXPEHU RI SK\VLFDO FRQWDFWV
EHWZHHQ WKH QHXULWHV RI WKH WZR FHOOV LQ TXHVWLRQ1 7KHVH QXPEHUV W\SLFDOO\ DOVR DUH RQ WKH RU0
GHU RI WHQ RU EHORZ +VHH IRU H[DPSOH ¿JV1 414 DQG :148,/ VR WKH YDOXHV RI hCr+? IRXQG LQ VXFK
SDLUV DUH FRQVLVWHQW ZLWK WKH DVVXPSWLRQ WKDW SDLUV RI /\PQDHD QHXURQV ± OLNH +HOLVRPD QHXURQV
>68@ ± SUREDEO\ IRUP DQ HOHFWULFDO V\QDSVH DW HYHU\ SRLQW RI FRQWDFW1 /DFNLQJ PRUH FRQFOXVLYH
HYLGHQFH/ WKLV UHPDLQV VSHFXODWLRQ/ EXW WKH ¿QGLQJ WKDW SDLUV ZLWK PXOWLSOH FRQWDFWV KDYH VLJQL¿0
FDQWO\ VWURQJHU V\QDSWLF FRQQHFWLRQV WKDQ SDLUV ZLWK D VLQJOH FRQWDFW VXJJHVWV WKDW WKH VWUHQJWK RI
V\QDSWLF FRXSOLQJ EHWZHHQ QHXURQV LQ GHVLJQHG QHWZRUNV FRXOG EH FRQWUROOHG LQ WKH IXWXUH
E\ SUH0GHWHUPLQLQJ WKH QXPEHU RI FRQWDFWV EHWZHHQ WKH QHXURQV YLD JXLGHG RXWJURZWK1

&RPSDUHG WR WKH LQSXW FRQGXFWDQFHV RI UDQGRPO\ JURZLQJ FHOOV/ WKH V\QDSWLF FRQGXFWDQFHV RI
SDLUV ZLWK PXOWLSOH FRQWDFWV DUH RQO\ E\ DERXW D IDFWRU RI WKUHH VPDOOHU1 ,Q UDQGRPO\ JURZLQJ
QHWZRUNV/ WKH UDWLR V +LQWURGXFHG RQ SDJH :5, EHWZHHQ WKH DYHUDJH V\QDSWLF FRQGXFWDQFH DQG WKH
DYHUDJH FHOO FRQGXFWDQFH LV WKHUHIRUH DSSUR[LPDWHO\ V ä 426/ FRPSDUHG WR V ä 4243 IRU GHVLJQHG
QHWZRUNV ZLWK JXLGHG RXWJURZWK DQG VLQJOH0SRLQW V\QDSVHV +VHH VHFWLRQ :14,1 $V GLVFXVVHG LQ
VHFWLRQ 918/ WKH YDOXH RI V GHVFULEHV KRZ ZHOO WKH UHVXOW REWDLQHG IRU hCr+? IURP FXUUHQW VWHS
H[SHULPHQWV RQ D QHXURQ SDLU UHÀHFWV WKH DFWXDO V\QDSWLF FRQGXFWDQFH EHWZHHQ WKH WZR FHOOV=
7KH VPDOOHU V LV/ WKH EHWWHU hCr+? DSSUR[LPDWHV WKH UHDO YDOXH/ ZKLOH ODUJH YDOXHV RI V LPSO\ WKDW
FXUUHQW SDWKZD\V WKURXJK DGMDFHQW FHOOV FDQ VLJQL¿FDQWO\ LQFUHDVH WKH YDOXH RI hCr+?1 7KHUHIRUH/
WKH V\QDSVH FRQGXFWDQFH EHWZHHQ SDLUV RI QHXURQV LQ GHVLJQHG QHWZRUNV FDQ UHOLDEO\ EH HVWLPDWHG
ZLWK FXUUHQW VWHS H[SHULPHQWV DV LQ VHFWLRQ :14 LQ VSLWH RI WKH VXUURXQGLQJ FHOOV1 7KH HUURU LQ WKH
V\QDSWLF FRQGXFWDQFH HVWLPDWH FDQ EH ODUJHU IRU FHOO SDLUV LQ UDQGRP QHWZRUNV/ HVSHFLDOO\ LI WKH
WZR FHOOV LQ TXHVWLRQ DUH LQ WRXFK ZLWK ODUJH QXPEHUV RI RWKHU FHOOV1 %XW IRU WKH VSDUVH QHWZRUNV
XVHG KHUH/ hCr+? LV D JRRG DSSUR[LPDWLRQ RI WKH DFWXDO FRQGXFWDQFH LQ VSLWH RI V ä 426 ± WKLV
LV VXSSRUWHG E\ WKH ¿QGLQJ WKDW WKH YDOXHV REWDLQHG IRU HPEHGGHG SDLUV GR QRW VLJQL¿FDQWO\ GLIIHU
IURP WKRVH IRU LVRODWHG SDLUV +VHH ¿J1 :14;,1
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([SHULPHQWV ZLWK V\QDSVHV

)LJXUH :14<= 7KH FRQGXFWDQFH RI PXOWL0SRLQW V\QDSVHV GHFUHDVHV ZLWK WLPH LQ FXOWXUH1 7KLV JUDSK
VKRZV WKH GLVWULEXWLRQ IXQFWLRQV IRU WKH FRQGXFWDQFHV RI PXOWL0SRLQW V\QDSVHV DIWHU WZR +UHG, DQG WKUHH
+EODFN, GD\V LQ FHOO FXOWXUH1 6XUSULVLQJO\/ WKH V\QDSWLF FRQGXFWDQFH GHFUHDVHV1

$V IRU WKH VLQJOH0SRLQW V\QDSVHV/ ZH FRPSXWH WKH FRXSOLQJ FRHI¿FLHQW IRU HDFK SDLU DQG GLUHFWLRQ
RI VLJQDO WUDQVIHU IRU FRPSDULVRQ ZLWK YDOXHV IURP WKH OLWHUDWXUH1 7KH &�2 DQG &2� DUH LQFOXGHG
LQ WKH OHIW SDUW RI ¿J1 :146 +VROLG V\PEROV,= 7\SLFDO FRXSOLQJ FRHI¿FLHQWV IRU SDLUV ZLWK PXOWLSOH
FRQWDFW SRLQWV ZHUH EHWZHHQ 315 DQG 318/ ZLWK H[WUHPH YDOXHV RI 3137 DQG 31::1 7KHVH QXPEHUV
DUH LQ WKH VDPH UDQJH DV

î WKH FRXSOLQJ FRHI¿FLHQWV EHWZHHQ FXOWXUHG QHXURQV IURP WKH PDULQH PROOXVN $SO\VLD/ ZKHUH
<3( RI WKH PHDVXUHG FRHI¿FLHQWV DUH EHWZHHQ 3138 DQG 3183 DQG H[WUHPH YDOXHV DUH 3135 DQG
31;3 >8@1

î WKH FRXSOLQJ FRHI¿FLHQWV EHWZHHQ FXOWXUHG QHXURQV IURP WKH VQDLO+HOLVRPD/ZKLFK DUH 3175÷3143
>69@1

î WKH YDOXHV IRXQG IRU D SDLU RI LGHQWL¿HG QHXURQV IURP /\PQDHD LQ FHOO FXOWXUH/ QDPHO\ 3159÷3137
>94@1 1RWH WKDW WKHVH FHOOV ZHUH QRW SHGDO $0FOXVWHU QHXURQV1

î WKH LQ YLYR FRXSOLQJ FRHI¿FLHQWV LQ /\PQDHD RI 31380316 EHWZHHQ LGHQWL¿HG SDLUV RI QHXURQV LQ
WKH SDULHWDO JDQJOLD >95@ DQG RI 319; EHWZHHQ D SDLU RI JLDQW QHXURQV >4@1

&RPSDUHG WR WKH FRXSOLQJ FRHI¿FLHQWV IURP SDLUV ZLWK D VLQJOH SRLQW RI FRQWDFW +RSHQ V\P0
EROV LQ WKH VDPH ¿JXUH,/ WKRVH EHWZHHQ SDLUV ZLWK PXOWLSOH FRQWDFWV DUH E\ DERXW D IDFWRU RI
IRXU ODUJHU1

7KH VDPH GDWD DUH SORWWHG DJDLQVW hCr+? LQ WKH ULJKW SDUW RI WKH ¿JXUH +VROLG V\PEROV,> DV IRU WKH
VLQJOH0SRLQW V\QDSVHV/ WKH FRXSOLQJ FRHI¿FLHQWV DUH RQO\ ZHDNO\ FRUUHODWHG WR hCr+? EHFDXVH WKH\
DOVR GHSHQG RQ WKH SRVWV\QDSWLF FHOO FRQGXFWDQFH hCî/ ZKLFK FDQ YDU\ D ORW EHWZHHQ GLIIHUHQW
FHOOV +VHH +99,,1 7R LOOXVWUDWH KRZ WKH FRXSOLQJ FRHI¿FLHQW ZRXOG GHSHQG RQ hCr+? LI hCî ZDV OHVV
YDULDEOH/ WKH UHG FXUYH LQ WKH ¿JXUH VKRZV WKH &øî FRUUHVSRQGLQJ WR hCî ' 8Q6 DQG GLIIHUHQWhCr+?1 7KLV FXUYH ZDV REWDLQHG E\ ¿WWLQJ +99, WR WKH VROLG GDWD SRLQWV ZLWK hCî DV ¿W YDULDEOH>
DQG WKH UHVXOW RI 8Q6 IRU WKH DYHUDJH SRVWV\QDSWLF FRQGXFWDQFH/ QRW VXUSULVLQJO\/ LV FRQVLVWHQW
ZLWK WKH FRQGXFWDQFHV RI UDQGRPO\ JURZLQJ QHXURQV VKRZQ LQ ¿J1 :1451 $FFRUGLQJ WR +99,/ WKH
FRXSOLQJ FRHI¿FLHQW DSSURDFKHV D YDOXH RI RQH DV WKH V\QDSWLF FRQGXFWDQFH LQFUHDVHV1 $V WKH UHG
FXUYH VKRZV/ KRZHYHU/ WKH W\SLFDO FRQGXFWDQFHV RI WKH QHXURQV XVHG KHUH LPSO\ WKDW WKH V\QDSVH
FRQGXFWDQFHV ZRXOG KDYH WR EH VHYHUDO WHQV RI Q6 WR DFKLHYH D FRXSOLQJ FRHI¿FLHQW FORVH WR RQH1

6\QDSVH FRQGXFWDQFHV GHFUHDVH ZLWK WLPH LQ FXOWXUH
$Q LQWHUHVWLQJ REVHUYDWLRQ UHODWHG WR WKH V\QDSWLF FRQGXFWDQFH LV LOOXVWUDWHG E\ ¿J1 :14</ ZKHUH WKH
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3RVWV\QDSWLF DFWLRQ SRWHQWLDOV

)LJXUH :153= 7KH HI¿FLHQF\ RI DFWLRQ SRWHQWLDO WUDQVPLVVLRQ GHSHQGV RQ V\QDSWLF FRQGXFWDQFH
DQG SRVWV\QDSWLF UHVWLQJ SRWHQWLDO1 )RU WKLV ¿JXUH/ WKH QHXURQV IURP DOO SDLUV +ZLWK VLQJOH0SRLQW DQG
PXOWL0SRLQW V\QDSVHV, ZHUH GLYLGHG LQWR WKUHH JURXSV= 7KRVH WKDW QHYHU ¿UHG DFWLRQ SRWHQWLDOV ZKHQ WKH\
ZHUH SRVWV\QDSWLF +EODFN,/ WKRVH LQ ZKLFK WHPSRUDO VXPPDWLRQ RI VHYHUDO SUHV\QDSWLF VSLNHV FRXOG WULJJHU
D SRVWV\QDSWLF DFWLRQ SRWHQWLDO +JUHHQ, DQG WKRVH LQ ZKLFK D VLQJOH SUHV\QDSWLF VSLNH ZDV VXI¿FLHQW WR
HOOLFLW D SRVWV\QDSWLF DFWLRQ SRWHQWLDO +UHG,1 +/HIW, 6\QDSVH FRQGXFWDQFH GLVWULEXWLRQV IRU WKH WKUHH JURXSV1
+5LJKW, 5HVWLQJ SRWHQWLDO GLVWULEXWLRQV IRU WKH WKUHH JURXSV1 7KH OHJHQG DSSOLHV WR ERWK SORWV1 7UDQVPLVVLRQ
RI DFWLRQ SRWHQWLDOV LV PRVW HI¿FLHQW IRU KLJK V\QDSVH FRQGXFWDQFHV DQG LI WKH SRVWV\QDSWLF QHXURQ LV FORVH
WR WKUHVKROG1

FRQGXFWDQFH GLVWULEXWLRQ IXQFWLRQV RI PXOWL0SRLQW V\QDSVHV PHDVXUHG DIWHU WZR GD\V LQ FXOWXUH DQG
DIWHU WKUHH GD\V LQ FXOWXUH DUH SORWWHG VHSDUDWHO\1 /\PQDHD QHXURQV DUH XVXDOO\ VWLOO JURZLQJ DIWHU
WZR GD\V LQ FRQYHQWLRQDO FHOO FXOWXUH/ VR WKH QXPEHU RI SK\VLFDO FRQWDFWV EHWZHHQ WKH QHXULWHV
RI WZR FHOOV LQ VXFK D FXOWXUH LV OLNHO\ WR LQFUHDVH EHWZHHQ WKH VHFRQG DQG WKLUG GD\1 ,Q FRQWUDVW/
WKH ¿JXUH GHPRQVWUDWHV WKDW WKH RYHUDOO FRXSOLQJ VWUHQJWK DFWXDOO\ GHFUHDVHV GXULQJ WKLV WLPH/
LQGLFDWLQJ WKDW HLWKHU SUHYLRXVO\ HVWDEOLVKHG V\QDSVHV DUH ORVW DJDLQ/ RU WKDW WKH FRQGXFWDQFH
RI H[LVWLQJ V\QDSVHV LV GHFUHDVLQJ/ RU ERWK1

)RU WKH GHVLJQ RI QHXUDO QHWZRUNV/ WKLV UHVXOW LPSOLHV WKDW WKH V\QDSWLF VWUHQJWKV HVWDEOLVKHG
LQ WKH QHWZRUN FDQ QRW EH DVVXPHG WR EH FRQVWDQW RQ WKH WLPHVFDOH RI GD\V/ ZKLFK PD\
FRPSOLFDWH VWXGLHV RI VLJQDO SURFHVVLQJ LQ VXFK QHWZRUNV1 2Q WKH RWKHU KDQG/ WKH ZD\ V\QDSWLF
VWUHQJWKV FKDQJH ZLWK WLPH LV LQ LWVHOI LQWHUHVWLQJ/ DQG GHVLJQHG QHWZRUNV ZLWK VLQJOH0SRLQW
V\QDSVHV SURYLGH DQ LGHDO V\VWHP IRU VWXG\LQJ VXFK SURFHVVHV DQG WKHLU GHSHQGHQFH RQ/ IRU
H[DPSOH/ FHOO W\SH/ FXOWXUH FRQGLWLRQV RU QHWZRUN DFWLYLW\1

:16 3RVWV\QDSWLF DFWLRQ SRWHQWLDOV
$V LOOXVWUDWHG E\ ¿JV1 :18 DQG :148/ LQ VRPH RI WKH QHXURQ SDLUV +ZLWK PXOWL0SRLQW V\QDSVHV DV
ZHOO DV VLQJOH0SRLQW V\QDSVHV, WKH FXUUHQW WUDQVIHUUHG WKURXJK WKH HOHFWULFDO V\QDSVH XSRQ GHSR0
ODUL]DWLRQ RI WKH SUHV\QDSWLF QHXURQ FDQ EH VXI¿FLHQW WR HOLFLW D SRVWV\QDSWLF DFWLRQ SRWHQWLDO1 7R
XQGHUVWDQG WKH UHTXLUHPHQWV IRU VXFK SRVWV\QDSWLF DFWLRQ SRWHQWLDOV/ WKH DOWRJHWKHU 89 QHXURQV
IURP WKH 5; SDLUV VWXGLHG LQ VHFWLRQV :14 DQG :15 ZHUH GLYLGHG LQWR WKUHH JURXSV/ QDPHO\

î WKRVH WKDW QHYHU ¿UHG DFWLRQ SRWHQWLDOV ZKHQ WKH\ ZHUH SRVWV\QDSWLF
î WKRVH LQ ZKLFK D WUDLQ RI VHYHUDO VSLNHV LQ WKH RWKHU QHXURQ FRXOG EULQJ WKH PHPEUDQH SRWHQWLDO
DERYH WKUHVKROG WKURXJK WHPSRUDO VXPPDWLRQ +DV/ IRU H[DPSOH/ LQ ¿J1 :17,

î DQG WKRVH LQ ZKLFK DQ DFWLRQ SRWHQWLDO FRXOG EH WULJJHUHG E\ D VLQJOH VSLNH LQ WKH SDUWQHU
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([SHULPHQWV ZLWK V\QDSVHV

QHXURQ1

7KH OHIW SDUW RI ¿J1 :153 VKRZV WKH V\QDSVH FRQGXFWDQFH GLVWULEXWLRQV IRU WKHVH WKUHH FDWHJRULHV RI
FHOOV1 7KH UHVXOW LV QRW VXUSULVLQJ= 0RVW RI WKH FHOOV WKDW QHYHU ¿UHG SRVWV\QDSWLF DFWLRQ SRWHQWLDOV
+EODFN FXUYH, ZHUH RQO\ ZHDNO\ FRXSOHG WR WKHLU SDUWQHU FHOO LQ WKH SDLU/ ZLWK W\SLFDO V\QDSVH FRQ0
GXFWDQFHV EHORZ 4Q61 7ULJJHULQJ D SRVWV\QDSWLF DFWLRQ SRWHQWLDO YLD WHPSRUDO VXPPDWLRQ +JUHHQ
FXUYH, UHTXLUHG VOLJKWO\ ODUJHU V\QDSVH FRQGXFWDQFHV/ ZLWK PRVW YDOXHV EHWZHHQ 318Q6 DQG 518Q61
$QG FHOOV IRU ZKLFK D VLQJOH SUHV\QDSWLF DFWLRQ SRWHQWLDO ZDV VXI¿FLHQW WR LQGXFH D SRVWV\QDSWLF
VSLNH +UHG FXUYH, ZHUH VWURQJO\ FRXSOHG WR WKH SUHV\QDSWLF QHXURQ/ ZLWK W\SLFDO V\QDSVH FRQGXF0
WDQFHV EHWZHHQ 4Q6 DQG 43Q61 7KH WKUHH GLVWULEXWLRQV/ KRZHYHU/ VKRZ H[WHQVLYH RYHUODS/ ZKLFK
LQGLFDWHV WKDW WKH V\QDSWLF FRQGXFWDQFH LV QRW WKH RQO\ SDUDPHWHU WKDW GHWHUPLQHV WKH HI¿0
FLHQF\ RI DFWLRQ SRWHQWLDO WUDQVIHU ZLWKLQ D QHXURQ SDLU1

$ OLNHO\ FDQGLGDWH IRU DQ DGGLWLRQDO SDUDPHWHU WKDW FRXOG SOD\ D UROH LQ WKH WULJJHULQJ RI SRVWV\QDS0
WLF DFWLRQ SRWHQWLDOV E\ SUHV\QDSWLF VSLNHV LV WKH UHVWLQJ SRWHQWLDO RI WKH SRVWV\QDSWLF QHXURQ=
$ FHOO ZKRVH SRWHQWLDO LV DOUHDG\ FORVH WR WKH ¿ULQJ WKUHVKROG VKRXOG UHTXLUH OHVV V\QDSWLF FXUUHQW
WR PDNH LW ¿UH DQ DFWLRQ SRWHQWLDO WKDQ D FHOO ZLWK D YHU\ ORZ UHVWLQJ SRWHQWLDO1 7KLV LV FRQ¿UPHG
E\ WKH ULJKW JUDSK LQ ¿J1 :153/ ZKHUH WKH UHVWLQJ SRWHQWLDO GLVWULEXWLRQV IRU WKH VDPH WKUHH FHOO
FDWHJRULHV DUH GLVSOD\HG1 $V H[SHFWHG/ QHXURQV WKDW FDQ QRW EH EURXJKW DERYH WKUHVKROG E\ SUHV\0
QDSWLF VSLNH WUDLQV +EODFN FXUYH, WHQG WR KDYH ORZHU UHVWLQJ SRWHQWLDOV WKDQ WKRVH WKDW ¿UH DIWHU
VHYHUDO SUHV\QDSWLF DFWLRQ SRWHQWLDOV +JUHHQ FXUYH, RU HYHQ D VLQJOH SUHV\QDSWLF DFWLRQ SRWHQWLDO
+UHG FXUYH,1

,PSOLFDWLRQV IRU GHVLJQHG QHWZRUNV IURP /\PQDHD QHXURQV
:KDW GR WKHVH UHVXOWV PHDQ IRU QHXUDO QHWZRUN GHVLJQ" ,Q GHVLJQHG QHXUDO QHWZRUNV/ QHLWKHU
H[WUHPHO\ ZHDN QRU YHU\ VWURQJ FRXSOLQJ RI WKH FHOOV LV GHVLUDEOH= ,I DOO WKH FHOOV WKDW KDYH
HOHFWULFDO V\QDSVHV ZLWK D JLYHQ QHXURQ DUH FRXSOHG VR ZHDNO\ WKDW WKH\ FDQ QRW HYHQ WULJJHU DQ
DFWLRQ SRWHQWLDO LQ WKH QHXURQ LI WKH\ DOO ¿UH VLPXOWDQHRXVO\/ WKLV QHXURQ FDQ QRW FRQWULEXWH PXFK
WR WKH VLJQDO SURFHVVLQJ LQ WKH QHWZRUN EHFDXVH LW LV VLOHQW1 ,I/ RQ WKH RWKHU KDQG/ D SDLU RI FHOOV
LQ WKH QHW LV VR VWURQJO\ FRXSOHG WKDW D VSLNH LQ RQH RI WKH FHOOV DOZD\V HOLFLWV DQ DFWLRQ SRWHQWLDO
LQ WKH RWKHU FHOO/ WKH\ HIIHFWLYHO\ EHKDYH OLNH D VLQJOH QHXURQ DQG FDQ QRW SHUIRUP GLIIHUHQW VLJQDO
SURFHVVLQJ WDVNV1 $W OHDVW LQ QHWZRUNV WKDW HQFRGH LQIRUPDWLRQ LQ VSLNH SDWWHUQV/ LW LV WKHUHIRUH
GHVLUDEOH WR KDYH V\QDSVH VWUHQJWKV WKDW HQVXUH WKDW WKH G\QDPLF UDQJH RI DOO QHXURQV LV
HI¿FLHQWO\ XVHG1

$V VKRZQ LQ ¿J1 :145/ VLQJOH0SRLQW V\QDSVHV KDYH FRQGXFWDQFHV EHORZ 4Q6/ DQG LW LV WKHUHIRUH QRW
VXUSULVLQJ WKDW ::( RI WKH FHOOV LQ SDLUV ZLWK VLQJOH0SRLQW V\QDSVHV IDOO LQWR WKH EODFN FDWHJRU\ LQ
¿J1 :153 DQG WKDW WKH UHVW EHORQJV WR WKH JUHHQ FDWHJRU\1 &HOOV LQ JHRPHWULFDOO\ VLPSOH GHVLJQHG
QHWZRUNV ZLOO EH FRQQHFWHG YLD VXFK VLQJOH0SRLQW V\QDSVHV ± WKLV LPSOLHV WKDW LQ GHVLJQHG QHWZRUNV
IURP /\PQDHD QHXURQV/ D VLQJOH VSLNH LQ MXVW RQH QHLJKERULQJ QHXURQ ZLOO QHYHU EH VXI¿FLHQW WR
WULJJHU DQ DFWLRQ SRWHQWLDO LQ D FHOO/ DQG WKDW WHPSRUDO VXPPDWLRQ RI WKH LQSXWV IURP MXVW RQH
QHLJKERU ZLOO XVXDOO\ QRW EH VXI¿FLHQW/ HLWKHU1 +RZHYHU/ FHOOV LQ VXFK QHWZRUNV ZLOO QRUPDOO\ EH
FRQQHFWHG WR PRUH WKDQ RQH RWKHU FHOO/ DQG LI MXVW D IHZ RI WKRVH RWKHU FHOOV ¿UH DW DERXW WKH VDPH
WLPH/ WKHLU FRPELQHG V\QDSWLF FXUUHQWV FDQ GHSRODUL]H WKH SRVWV\QDSWLF QHXURQ DERYH WKUHVKROG1
7KLV LV EHFDXVH WKH V\QDSVH FRQGXFWDQFHV IRU WKH JUHHQ JURXS LQ WKH OHIW SDUW RI ¿J1 :153 ± LQ
ZKLFK WHPSRUDO VXPPDWLRQ FDQ OHDG WR D VSLNH ± DUH RQO\ E\ DERXW D IDFWRU RI WZR ODUJHU WKDQ
IRU WKH EODFN JURXS/ LQGLFDWLQJ WKDW WKH VSDWLDOO\ VXPPHG V\QDSWLF FXUUHQW IURP MXVW D IHZ ¿ULQJ
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3RVWV\QDSWLF DFWLRQ SRWHQWLDOV

QHLJKERUV PD\ DOVR EH LQ WKH ULJKW UDQJH WR WULJJHU D VSLNH1

,Q VXPPDU\/ WKH HOHFWULFDO VLQJOH0SRLQW V\QDSVHV HVWDEOLVKHG E\ /\PQDHD QHXURQV LQ GHVLJQHG
QHWZRUNV KDYH DERXW WKH ULJKW FRQGXFWDQFHV WR HQDEOH HI¿FLHQW VLJQDO SURFHVVLQJ LQ VXFK
QHWZRUNV= 7KH\ DUH VWURQJ HQRXJK VXFK WKDW DSSUR[LPDWHO\ FRLQFLGHQW VSLNHV LQ MXVW D IHZ SUHV\0
QDSWLF FHOOV FDQ EULQJ D SRVWV\QDSWLF QHXURQ DERYH WKUHVKROG/ DQG WKH\ DUH QRW FRQGXFWLYH HQRXJK
WR FRXSOH WZR FHOOV VR VWURQJO\ WKDW WKH\ EHKDYH OLNH D VLQJOH FHOO1
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([SHULPHQWV ZLWK V\QDSVHV

;
6XPPDU\

6PDOO QHXUDO QHWZRUNV DUH GLI¿FXOW WR VWXG\ EHFDXVH LQ QHUYRXV WLVVXH WKH QHXURQV DUH QRW ZHOO DF0
FHVVLEOH DQG FDQ KDYH YHU\ HQWDQJOHG QHXULWHV DQG XQNQRZQ FRQQHFWLYLW\1 1HXUDO QHWZRUN GHVLJQ
WULHV WR RYHUFRPH WKLV E\ DVVHPEOLQJ VPDOO QHXUDO QHWZRUNV RI VLPSOH JHRPHWU\ DQG FRQWUROOHG
FRQQHFWLYLW\ IURP FHOOV ZLWK ZHOO0NQRZQ HOHFWULFDO SURSHUWLHV LQ WKH FHOO FXOWXUH GLVK1

:LWK QHXURQV IURP WKH SHGDO JDQJOLD RI WKH SRQG VQDLO /\PQDHD VWDJQDOLV/ WKH SUHVHQW ZRUN PDNHV
VHYHUDO VWHSV WRZDUG VXFK GH¿QHG LQ YLWUR QHWZRUNV=

7KURXJK SKRWROLWKRJUDSKLF SDWWHUQLQJ RI D OD\HU RI SURWHLQV VHFUHWHG E\ VQDLO EUDLQV/ ODQHV RI
JURZWK0SURPRWLQJ IDFWRUV VHSDUDWHG E\ DUHDV RI LQDFWLYDWHG SURWHLQ ZHUH FUHDWHG1 /\PQDHD QHX0
URQV/ ZKHQ LQGLYLGXDOO\ LVRODWHG IURP WKH JDQJOLRQ DQG SODFHG RQ VXFK SDWWHUQV/ JUHZ QHXULWHV
WKDW IROORZHG WKH ODQHV RI LQWDFW VXEVWUDWH ± ZLWK WKLV PHWKRG/ WKH JHRPHWU\ RI QHXULWLF WUHHV LQ
FXOWXUHG QHXUDO QHWZRUNV FDQ EH FRQWUROOHG1

%\ JXLGLQJ QHXULWHV RQ VXFK SDWWHUQHG VXEVWUDWHV/ IXQFWLRQLQJ HOHFWULFDO V\QDSVHV ORFDOL]HG WR D
VLQJOH SRLQW RI FRQWDFW ZHUH LQGXFHG= 6\QDSVHV FRXOG EH HVWDEOLVKHG EHWZHHQ JURZWK FRQHV DQG
FHOO ERGLHV/ EHWZHHQ JURZWK FRQHV DQG QHXULWLF FDEOHV/ DQG ZKHQ WZR JURZWK FRQHV PHW1 7KLV
DOORZV D ZLGH YDULHW\ RI GLIIHUHQW QHWZRUN JHRPHWULHV1

7KH QHXURQV DQG JXLGHG QHXULWLF FDEOHV WKDW DUH WKH EXLOGLQJ EORFNV RI GHVLJQHG QHWZRUNV ZHUH
FKDUDFWHUL]HG E\ UHFRUGLQJ QHXULWLF YROWDJH WUDQVLHQWV ZLWK WKH DLG RI YROWDJH0VHQVLWLYH G\HV DQG
E\ ¿WWLQJ WKHVH LPDJLQJ GDWD WR WKHRUHWLFDO FDEOH PRGHOV1 7KH LPDJLQJ GDWD ZHUH FUXFLDO IRU
GHWHUPLQLQJ WKH HOHFWULFDO SDUDPHWHUV/ EHFDXVH HOHFWURSK\VLRORJLFDO UHFRUGLQJV DW WKH VRPD DORQH
GR QRW SURYLGH VXI¿FLHQW LQIRUPDWLRQ1

)URP WKH VDPH LPDJLQJ GDWD/PDSV RI VLJQDO SURSDJDWLRQ LQ WKH JXLGHG QHXULWHV ZHUH FRQVWUXFWHG ±
ERWK WKH HOHFWULFDO SDUDPHWHUV DQG WKH SURSDJDWLRQ PDSV VKRZ WKDW WKH QHXURQV DUH HOHFWURWRQLFDOO\
YHU\ FRPSDFW1

8VLQJ WKH HOHFWULFDO SDUDPHWHUV RI WKH QHXULWLF FDEOHV/ WKH FRQGXFWDQFHV RI WKH LQ YLWUR V\QDSVHV
ZHUH GHWHUPLQHG E\ SURELQJ HOHFWULFDOO\ FRXSOHG QHXURQ SDLUV ZLWK FXUUHQW VWHSV DQG E\ DQDO\]LQJ
WKHLU YROWDJH UHVSRQVH ZLWK WKHRUHWLFDO PRGHOV1 6\QDSVHV UHVWULFWHG WR D VLQJOH SRLQW RI FRQWDFW
ZHUH IRXQG WR EH ZHDNHU WKDQ PXOWL0FRQWDFW V\QDSVHV1 7KHLU FRQGXFWDQFH LV/ KRZHYHU/ LQ WKH ULJKW
UDQJH WR HQDEOH HI¿FLHQW VLJQDO SURFHVVLQJ LQ VPDOO GHVLJQHG QHWZRUNV RI /\PQDHD QHXURQV1

:LWK D PHWKRG IRU JXLGLQJ QHXUDO RXWJURZWK DQG LQGXFLQJ V\QDSVHV DQG ZLWK WKH HOHFWULFDO SURS0
HUWLHV RI QHXURQV DQG V\QDSVHV NQRZQ/ WKH SUHVHQW ZRUN VHWV WKH VWDJH IRU V\VWHPDWLF VWXGLHV RI
VPDOO QHXUDO QHWZRUNV LQ WKH IXWXUH1
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$SSHQGLFHV

$1 &HOO FXOWXUH UHFLSHV
$QWLEDFWHULDO VROXWLRQ
)RU WKH GHFRQWDPLQDWLRQ RI WKH VQDLO¶V ERG\ VXUIDFH DQG WKH DQHVWKHVLD RI GHVKHOOHG VQDLOV/ D
VROXWLRQ FRQWDLQLQJ

QRUPDO VDOLQH :8(
/LVWHULQH 58(

ZDV XVHG >95@1 1RUPDO VDOLQH LV DQWLELRWLF VDOLQH +VHH EHORZ, ZLWKRXW WKH JHQWDP\FLQ DQG /LV0
WHULQH LV D FRPPHUFLDOO\ DYDLODEOH DQWLEDFWHULDO PRXWKZDVK ZKRVH DQHVWKHWLF HIIHFW RQ VQDLOV LV
SUHVXPDEO\ GXH WR LWV PHQWKRO FRQWHQW >6<@1

$QWLELRWLF VDOLQH
6QDLO GLVVHFWLRQV DQG EUDLQ ULQVLQJ ZHUH GRQH LQ DQWLELRWLF VDOLQH/ D VROXWLRQ FRQWDLQLQJ

1D&O 8416P0
.&O 41:P0
&D&O2 714P0
0J&O2 418P0
+(3(6 EXIIHU 813P0
JHQWDP\FLQ 483>J2PO

DW S+ :1< >:9@1 $OO FKHPLFDOV ZHUH REWDLQHG IURP 6LJPD1

'H¿QHG PHGLXP
7KH FHOO FXOWXUH PHGLXP QHFHVVDU\ IRU WKH VXUYLYDO +EXW QRW VXI¿FLHQW IRU QHXULWH H[WHQVLRQ, RI
/\PQDHD QHXURQV LV FDOOHG µGH¿QHG PHGLXP¶ DQG FRQWDLQV

1D&O 7313P0
.&O 41:P0
&D&O2 714P0
0J&O2 418P0
JHQWDP\FLQ 53>J2PO

DQG DOO WKH RWKHU LQJUHGLHQWV RI VHUXP0IUHH /HLERYLW] /048 PHGLXP >55@ DW KDOI RI WKH VWDQGDUG
FRQFHQWUDWLRQ >:9@1 7KLV PHGLXP/ ZLWK DOO LQJUHGLHQWV H[FHSW JHQWDP\FLQ DQG JOXWDPLQH/ ZDV
REWDLQHG IURP 3$1 6\VWHPV/ $LGHQEDFK> JHQWDP\FLQ DQG JOXWDPLQH +ERWK IURP 6LJPD, ZHUH
DGGHG EHIRUH XVH1 7KH S+ RI GH¿QHG PHGLXP LV :1<1

+LJK RVPRODULW\ PHGLXP
&HOO LVRODWLRQ ZDV GRQH LQ D KLJK RVPRODULW\ PHGLXP WR PDNH WKH QHXURQV OHVV VXVFHSWLEOH WR
PHFKDQLFDO PHPEUDQH GDPDJH GXULQJ DVSLUDWLRQ LQWR WKH PLFURSLSHWWH1 7KLV PHGLXP LV GH¿QHG
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$SSHQGLFHV

PHGLXP ZLWK DQ DGGLWLRQDO 63P0 RI JOXFRVH +6LJPD, >:9@1

(Q]\PH FRFNWDLO
7R GLJHVW WKH H[WUDFHOOXODU PDWUL[ EHWZHHQ WKH QHXURQV SULRU WR FHOO LVRODWLRQ/ WKH JDQJOLD ZHUH
WUHDWHG ZLWK DQ HQ]\PH FRFNWDLO FRQVLVWLQJ RI

FROODJHQDVH2GLVSDVH +%RHKULQJHU 0DQQKHLP, 4166PJ2PO
WU\SVLQ +707998/ 6LJPD, 319:PJ2PO

LQ GH¿QHG PHGLXP +VHH DERYH, >:9@1 :KLOH WKH FROODJHQDVH DFWV VROHO\ RQ FROODJHQ/ WKH GLVSDVH
DQG WKH WU\SVLQ DUH XQVSHFL¿F SURWHDVHV ± WKLV LV ZK\ DIWHU WKH HQ]\PH WUHDWPHQW WKH JDQJOLD
ZHUH ZDVKHG VHYHUDO WLPHV DQG WUHDWHG ZLWK WU\SVLQ LQKLELWRU WR PLQLPL]H GDPDJH WR PHPEUDQH
SURWHLQV1

7U\SVLQ LQKLELWRU
7KH HQ]\PDWLF DFWLYLW\ RI WU\SVLQ ZDV LQKLELWHG DIWHU HQ]\PH WUHDWPHQW ZLWK D VROXWLRQ FRQWDLQLQJ
VR\EHDQ WU\SVLQ LQKLELWRU +70<336/ 6LJPD, DW D FRQFHQWUDWLRQ RI 319:PJ2PO LQ GH¿QHG PHGLXP
+VHH DERYH, >:9@1

0LFURSLSHWWHV
)RU DVSLUDWLRQ DQG SRVLWLRQLQJ RI WKH QHXURQV/ PLFURSLSHWWHV PDQXIDFWXUHG IURP JODVV FDSLOODULHV
+1R1 897/ $VVLVWHQW, ZHUH XVHG1 $IWHU SXOOLQJ WKH FDSLOODU\ WXEHV WR WKH GHVLUHG LQQHU GLDPHWHU
RI DERXW 433>P DW WKH WLS DQG ¿UH0SROLVKLQJ +ERWK GRQH ZLWK D '0= 8QLYHUVDO 3XOOHU/ =HLW]/
$XJVEXUJ,/ WKH SLSHWWHV ZHUH VWHULOL]HG DQG FRDWHG ZLWK D VLOLFRQ VROXWLRQ +6LJPDFRWH/ 6LJPD, WR
PLQLPL]H FHOO ORVVHV GXH WR D VWLFN\ JODVV VXUIDFH1 0RXQWHG RQ D ÀH[LEOH WXEH ZKRVH RWKHU HQG
ZDV FRQQHFWHG WR D PRXWK0SLHFH/ WKH SLSHWWHV ZHUH WKHQ XVHG WR DVSLUDWH FHOOV1

*ODVV FRYHUVOLS FOHDQLQJ
5RXQG FRYHU JODVVHV +> 63PP/ WKLFNQHVV 4/ $VVLVWHQW, IRU FHOO FXOWXUH FKDPEHUV ZHUH FOHDQHG E\
WKH IROORZLQJ SURFHGXUH +PRGL¿HG IURP >5;@,=

î VRQLFDWLRQ DW ;3á& LQ D VROXWLRQ RI 8( 8OWUD[ 435 6 +./1/ +HSSHQKHLP, LQ XOWUD0SXUH ZDWHU
IRU 93PLQ

î 809 ULQVHV ZLWK XOWUD0SXUH ZDWHU
î VRQLFDWLRQ DW ;3á& LQ D VROXWLRQ RI 8( 7LFNRSXU 53433 +%DQGHOLQ/ %HUOLQ, LQ XOWUD0SXUH ZDWHU
IRU 93PLQ

î 809 ULQVHV ZLWK XOWUD0SXUH ZDWHU
î VRQLFDWLRQ IRU 93PLQ DW ;3á& LQ XOWUD0SXUH ZDWHU/ FKDQJLQJ WKH ZDWHU HYHU\ 48PLQ
î DLU GU\LQJ XQGHU VWHULOH FRQGLWLRQV

8OWUD0SXUH ZDWHU ZDV GHULYHG IURP D 0LOOL04 ZDWHU V\VWHP +0LOOLSRUH,1

3RO\O\VLQH FRDWLQJ
)RU SRO\O\VLQH FRDWLQJ/ FOHDQ FRYHUVOLSV +VHH DERYH, ZHUH DWWDFKHG WR URXQG VLOLFRQH FKDPEHUV
+ÀH[L3(50/ VSHFLDO RUGHU IURP ,Q 9LWUR 6\VWHPV ) 6HUYLFHV/ 2VWHURGH, WR FRPSOHWH WKH FXOWXUH
GLVKHV1 7KHVH ZHUH LQFXEDWHG RYHU QLJKW ZLWK D VROXWLRQ RI 4PJ2PO SRO\0/0O\VLQH +6LJPD, LQ
3148 7ULV EXIIHU +6LJPD,/ S+ ;171 $IWHU LQFXEDWLRQ/ WKH GLVKHV ZHUH ZDVKHG WZLFH ZLWK XOWUD0SXUH
ZDWHU +0LOOLSRUH,/ ULQVHG IRU 53PLQ ZLWK DQWLELRWLF VDOLQH +VHH DERYH,/ ZDVKHG WZR PRUH WLPHV
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6WDLQLQJ ZLWK YROWDJH0VHQVLWLYH G\HV

ZLWK ZDWHU DQG LPPHGLDWHO\ ¿OOHG ZLWK GH¿QHG PHGLXP +VHH DERYH, ><8@1

%1 6WDLQLQJ ZLWK YROWDJH0VHQVLWLYH G\HV
'\H VROXWLRQ
7R VROXELOL]H WKH DPSKLSKLOLF YROWDJH0VHQVLWLYH G\H %1%,4/ D VROXWLRQ FRQWDLQLQJ

FKROLF DFLG +VRGLXP VDOW/ 6LJPD, 48P0
%1%,4 716P0

LQ GH¿QHG PHGLXP +VHH DERYH, ZDV SUHSDUHG >98@1 $ERYH WKH FULWLFDO FRQFHQWUDWLRQ RI ;17P0/
FKROLF DFLG IRUPV PLFHOOHV WKDW SURYLGH D VXLWDEOH VROYHQW IRU WKH DPSKLSKLOLF G\H PROHFXOHV1
7KH PL[WXUH ZDV H[SRVHG WR XOWUDVRQLF ZDYHV IRU VHYHUDO KRXUV DQG VXEVHTXHQWO\ FHQWULIXJHG IRU
43PLQ WR UHPRYH XQGLVVROYHG G\H IURP WKH VROXWLRQ1 7KH VXSHUQDWDQW ZDV WKHQ XVHG WR VWDLQ
QHXURQV DV GHVFULEHG EHORZ1

6WDLQLQJ SURFHGXUH
6WDLQLQJ RI QHXURQV ZLWK %1%,4 ZDV GRQH DV IROORZV=

î 7KH FXOWXUH PHGLXP ZDV UHPRYHG IURP WKH FKDPEHU FRQWDLQLQJ WKH FHOOV1
î 43>O RI WKH G\H VROXWLRQ +VHH DERYH, ZHUH GLOXWHG 830IROG ZLWK GH¿QHG PHGLXP DQG LPPH0
GLDWHO\ DGGHG WR WKH FKDPEHU1 7KH GLOXWLRQ FDXVHV WKH FKROLF DFLG PLFHOOHV WR IDOO DSDUW DQG
IUHHV WKH G\H PROHFXOHV WKDW WKHQ UHORFDWH WR WKH FHOO PHPEUDQH RU DQ\ RWKHU K\GURSKLOLF0
K\GURSKRELF LQWHUIDFH LQ WKH GLVK1

î 7KH FHOOV ZHUH LQFXEDWHG LQ WKLV GLOXWHG VROXWLRQ IRU 43PLQ1
î 7KH VROXWLRQ ZDV UHPRYHG IURP WKH FKDPEHU DQG WKH FKDPEHU ZDV ZDVKHG ZLWK GH¿QHG
PHGLXP1

7KHVH VWHSV ZHUH UHSHDWHG XS WR WHQ WLPHV/ DQG WKH HQWLUH VWDLQLQJ SURFHGXUH ZDV SHUIRUPHG LQ UHG
OLJKW WR DYRLG DQ\ SKRWRWR[LF HIIHFWV RI WKH G\H RQ WKH FHOOV SULRU WR WKH PHDVXUHPHQWV1 :KHQHYHU
WKH FXOWXUH GLVK ZDV HPSWLHG GXULQJ WKH VWDLQLQJ SURFHGXUH/ DERXW 4PP RI ÀXLG +FRUUHVSRQGLQJ
WR 633>O, ZDV OHIW LQ WKH FKDPEHU WR DYRLG GDPDJH WR WKH FHOOV GXH WR VWURQJ FXUUHQWV/ DQG DOO
SLSHWWLQJ ZDV GRQH VORZO\1

7KH UHSHDWHG DGGLQJ RI GLOXWHG G\H VROXWLRQ DQG ULQVLQJ ZLWK PHGLXP DOORZHG WKH DFFXPXODWLRQ
RI G\H LQ WKH PHPEUDQH ZLWKRXW DFFXPXODWLQJ SRWHQWLDOO\ GDPDJLQJ DPRXQWV RI FKROLF DFLG LQ WKH
FXOWXUH FKDPEHU1

&1 $QDO\WLFDO VROXWLRQV RI WKH FDEOH
HTXDWLRQ
6WHDG\ VWDWH
$V ZH QHHG VWHDG\ VWDWH VROXWLRQV RI WKH FDEOH HTXDWLRQ

î IRU QHXULWHV ZLWK VHDOHG HQG ERXQGDU\ FRQGLWLRQ +VHFWLRQ 714, DQG
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$SSHQGLFHV

î IRU QHXULWHV WHUPLQDWLQJ ZLWK DQ HOHFWULFDO V\QDSVH +VHFWLRQ 916,/

ZH ¿UVW ¿QG WKH VWHDG\ VWDWH VROXWLRQV IRU D JHQHUDO ERXQGDU\ FRQGLWLRQ DQG LQWURGXFH WKH VHDOHG
HQG ERXQGDU\ FRQGLWLRQ DW WKH HQG RI WKLV VWHDG\ VWDWH VHFWLRQ1

7KH VWHDG\ VWDWH GLVWULEXWLRQ RI WKH HOHFWURWRQLF SRWHQWLDO T e LQ D QHXURQ ZLWK a QHXULWHV RI OHQJWKV
,æ +ZLWK æ UXQQLQJ IURP � WR a, LV WKH VROXWLRQ RI WKH VWHDG\ VWDWH FDEOH HTXDWLRQ

Y2T e

Yf2
æ

' T e +448,

WKDW LV REWDLQHG E\ VHWWLQJ YT e*YA ' f LQ WKH WLPH0GHSHQGHQW FDEOH HTXDWLRQ +:,1

6ROXWLRQV RI WKLV HTXDWLRQ LQ QHXULWH æ DUH RI WKH IRUP
T eEfæä ' øæ ULtüEuæ ýfæä nîæ tð?üEuæ ýfæä +449,

ZKHUH uæ ' ,æ*bæ LV WKH HOHFWURWRQLF OHQJWK RI QHXULWH æ DQG øæ DQGîæ DUH WZR DUELWUDU\ FRQVWDQWV
>:5@1

$W WKH WLS RI WKH QHXULWH/ WKH JHQHUDO ERXQGDU\ FRQGLWLRQ UHTXLUHV WKDW

UæEuæä ' ý �

bæ-æ

ë
YT e

Yfæ

ê
fæ'uæ

'
îæ
bæ-æ

RU îæ ' bæ-æUæEuæä +44:,

ZKHUH UæEuæä LV WKH D[LDO FXUUHQW DW WKH WLS DQG +45, ZDV XVHG1 7KLV UHGXFHV WKH SDUWLFXODU VROXWLRQ
WR

T eEfæä ' øæ ULtüEuæ ýfæä n bæ-æUæEuæä tð?üEuæ ýfæä
7KH DUELWUDU\ FRQVWDQW øæ FDQ EH H[SUHVVHG LQ WHUPV RI WKH VWHDG\ VWDWH HOHFWURWRQLF SRWHQWLDO DW
WKH VRPD/ T er / YLD

T er ' T eEfæ ' fä ' øæ ULtüuæ n bæ-æUæEuæä tð?üuæ +44;,

RU øæ '
T er

ULtüuæ
ý bæ-æUæEuæä |@?üuæ +44<,

ZKLFK UHVXOWV LQ WKH ¿QDO IRUP RI WKH VWHDG\ VWDWH VROXWLRQ=

T eEfæä '

é
T er

ULtüuæ
ý bæ-æUæEuæä |@?üuæ

è
ULtüEuæ ýfæä n bæ-æUæEuæä tð?üEuæ ýfæä

+453,
:LWK +45,/ WKH D[LDO FXUUHQW ÀRZLQJ DORQJ WKH QHXULWH DW ORFDWLRQfæ WKHQ LV

UæEfæä '

é
T er

bæ-æ ULtüuæ
ý UæEuæä |@?üuæ

è
tð?üEuæ ýfæä n UæEuæä ULtüEuæ ýfæä +454,

)RU VHFWLRQ 916/ ZH QHHG DQ H[SUHVVLRQ IRU WKH DPRXQW U6æ RI FXUUHQW OHDYLQJ WKH QHXULWH WKURXJK
LWV PHPEUDQH1 %HFDXVH RI FKDUJH FRQVHUYDWLRQ/ U6æ LV HTXDO WR WKH GLIIHUHQFH EHWZHHQ WKH D[LDO
FXUUHQW HQWHULQJ WKH QHXULWH DW fæ ' 3 DQG WKH D[LDO FXUUHQW OHDYLQJ LW DW fæ ' uæ/ VR ZLWK +454,
ZH ¿QG

U6æ ' UæEfæ ' fäý UæEuæä +455,

' T er
|@?üuæ
bæ-æ

n UæEuæä
�ý ULtüuæ
ULtüuæ

+456,

6R IDU/ DOO UHVXOWV ZHUH GHULYHG ZLWKRXW VSHFLI\LQJ WKH ERXQGDU\ FRQGLWLRQ DW WKH WLS RI WKH QHXULWH1
1RZ/ ZH FRQVLGHU WKH VSHFLDO FDVH RI D VHDOHG HQG DW ZKLFK QR D[LDO FXUUHQW FDQ OHDYH WKH QHXULWH/
VR UæEuæä ' 31 ,Q WKLV FDVH/ WKH VWHDG\ VWDWH YROWDJH GLVWULEXWLRQ +453, UHGXFHV WR
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$QDO\WLFDO VROXWLRQV RI WKH FDEOH HTXDWLRQ

T eEfæä '
T er

ULtüuæ
ULtüEuæ ýfæä +457,

DQG WKH D[LDO FXUUHQW +454, VLPSO\ LV

UæEfæä '
T er

bæ-æ ULtüuæ
tð?üEuæ ýfæä +458,

,Q SDUWLFXODU/ WKH D[LDO FXUUHQW HQWHULQJ VXFK D VHDOHG HQG QHXULWH DW fæ ' f LV

UæEfæ ' fä ' T
e
r

|@?üuæ
bæ-æ

' CæT
e
r +459,

ZKLFK GH¿QHV WKH LQSXW UHVLVWDQFH Cæ ' |@?üuæ2Ebæ-æä RI D VHDOHG HQG QHXULWH RI QRUPDOL]HG
OHQJWK uæ 1

,Q WKH UHVW RI WKLV DSSHQGL[/ DOO VROXWLRQV DUH GHULYHG IRU VHDOHG HQG QHXULWHV RQO\=

&XUUHQW UHVSRQVH IRU D YROWDJH VWHS DW WKH VRPD
%\ VHSDUDWLRQ RI YDULDEOHV LW FDQ EH VKRZQ WKDW D SDUWLFXODU VROXWLRQ RI WKH WLPH0GHSHQGHQW FDEOH
HTXDWLRQ +:, IRU QHXULWH æ LV

T eEfæc A ä '
û
(æ tð?

ý
læfæ

ü
n 8æ ULt

ý
læfæ

üú
e3E�nl

2
æäA +45:,

ZKHUH læ LV WKH VHSDUDWLRQ FRQVWDQW DQG (æ DQG 8æ DUH DUELWUDU\ FRQVWDQWV >47@1 )RU D VRPDWLF
YROWDJH VWHS DW WLPH 3/ T eEfæ ' fc A ä KDV WR EH FRQVWDQW IRU A : 31 7KHUHIRUH/ 8æ ' 3/ ZKLFK
UHGXFHV WKH SDUWLFXODU VROXWLRQ WR

T eEfæ c A ä ' (æ tð?
ý
læfæ

ü
e3E�nl

2
æäA +45;,

7KH VHDOHG HQG ERXQGDU\ FRQGLWLRQ UHTXLUHV WKDW WKH VSDWLDO GHULYDWLYH RI WKH SDUWLFXODU VROXWLRQ
PXVW YDQLVK DW fæ ' uæ +WKH WLS RI WKH QHXULWH,/ ZKLFK LPSOLHV WKDW

læ ULt
ý
læfæ

ü
' f +45<,

DQG UHVXOWV LQ D VHW RI FRQVWDQWV læc? IRU QHXULWH æ ZLWK

læc? '
E2?ý �äZ
2uæ

IRU ? A � +463,

7KH DGGLWLRQDO VROXWLRQ IRU læ ' 3 LV WULYLDO EHFDXVH LW EHORQJV WR T eEfæc A ä ì 31 7KH JHQHUDO
VROXWLRQ RI WKH FDEOH HTXDWLRQ IRU D VRPDWLF YROWDJH VWHS IURP T ercf WR T erc" DW WLPH 3 WKHQ LV

T eEfæc A ä ' T
e
rc"
ULtüEuæ ýfæä
ULtüuæ

n
"[
?'�

(æc? tð?
ý
læc?fæ

ü
e3E�nl

2
æc?äA +464,

ZKHUH WKH VWHDG\ VWDWH YROWDJH GLVWULEXWLRQ IURP +457, ZDV XVHG1

$W WLPH ]HUR/ WKH SRWHQWLDO GLVWULEXWLRQ T eEfæ c A ' fä LV HTXDO WR WKH VWHDG\ VWDWH GLVWULEXWLRQ
SULRU WR WKH YROWDJH VWHS/ VR

"[
?'�

(æc? tð?
ý
læc?fæ

ü
' ET ercf ý T erc"ä

ULtüEuæ ýfæä
ULtüuæ

+465,

7KH FRHI¿FLHQWV(æc? LQ WKLV )RXULHU VHULHV DUH

(æc? '
2

uæ
ET ercf ý T erc"ä

læc?

l2æc? n �
+466,

DQG WKH SRWHQWLDO GLVWULEXWLRQ LQ QHXULWH æ IRU D YROWDJH VWHS DW WKH VRPD WKHUHIRUH LV

T eEfæ c A ä ' T
e
rc"
ULtüEuæ ýfæä
ULtüuæ

n
2

uæ
ET ercf ý T erc"ä

"[
?'�

læc?

l2æc? n �
tð?
ý
læc?fæ

ü
e3E�nl

2
æc?äA

+467,
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$SSHQGLFHV

7KH FXUUHQW WKDW KDV WR EH LQMHFWHG LQWR WKH FHOO ERG\ WR PDLQWDLQ WKH YROWDJH FODPS LV WKH VXP RI
WKH FXUUHQWV ÀRZLQJ DFURVV WKH VRPDWLF FRQGXFWDQFH DQG WKH FXUUHQWV ÀRZLQJ LQWR WKH QHXULWHV>
ZLWK +45,/ WKLV LV

Uð?æEA ä ' CrT
e
rc" n

a[
æ'�

UæEfæ ' fä +468,

' CT erc" n ET
e
rc" ý T ercfä

a[
æ'�

2

uæbæ-æ

"[
?'�

læc?

l2æc? n �
e3E�nl

2
æc?äA +469,

ZKHUH

C ' Cr n
a[
æ'�

Cæ +46:,

LV WKH LQSXW FRQGXFWDQFH RI WKH HQWLUH QHXURQ1

9ROWDJH UHVSRQVH IRU D FXUUHQW VWHS DW WKH VRPD
:H GHULYH DQ H[SUHVVLRQ IRU WKH YROWDJH UHVSRQVH WR D VRPDWLF FXUUHQW VWHS DW WLPH ]HUR1 )RU WKLV
GHULYDWLRQ/ LW LV FRQYHQLHQW WR VWDUW ZLWK D SDUWLFXODU VROXWLRQ WR WKH FDEOH HTXDWLRQ RI WKH IRUP

T eEfæc A ä '
û
Mæ tð?E#æEuæ ýfæää ngæ ULtE#æEuæ ýfæää

ú
e3E�n#

2
æäA +46;,

ZKHUH #æ/ Mæ DQG gæ DUH DUELWUDU\ FRQVWDQWV1 7KH VHDOHG HQG ERXQGDU\ FRQGLWLRQ UHTXLUHV WKDWë
YT eEfæ c A ä

Yfæ

ê
fæ'uæ

' f DQG KHQFH Mæ ' f +46<,

7KH JHQHUDO VROXWLRQ IRU QHXULWH æ DQG D FXUUHQW VWHS LQMHFWHG DW WKH VRPD WKHQ LV

T eEfæc A ä ' T
e
rc"
ULtüEuæ ýfæä
ULtüuæ

n
"[
?'�

gæc? ULtE#æc?Euæ ýfæääe3E�n#
2
æc?äA +473,

ZKHUH T erc" LV WKH VWHDG\ VWDWH SRWHQWLDO DW WKH FHOO ERG\ WKDW LV UHDFKHG ORQJ DIWHU WKH RQVHW RI WKH
FXUUHQW VWHS DQG ZKHUH ZH DJDLQ PDGH XVH RI WKH VWHDG\ VWDWH SRWHQWLDO GLVWULEXWLRQ IURP +457,1
)RU D YROWDJH GLVWULEXWLRQ WKDW LV FRQWLQXRXV DW WKH VRPD/ WKH YROWDJHV T eEfæ ' fc A ä DW WKH
VRPDWLF HQGV RI DOO QHXULWHV KDYH WR EH HTXDO DW DOO WLPHV1 7KLV LV WKH FDVH LI

#æ�c? ' #æ2c? 'G #? DQG gæ�c? ULtE#?uæ�ä ' gæ2c? ULtE#?uæ2ä +474,
IRU DOO ? DQG DOO FRPELQDWLRQV æ� DQG æ2 5 i�éééaj1
7KH FRQVWDQW LQMHFWLRQ FXUUHQW Uð?æ DIWHU WKH RQVHW RI WKH FXUUHQW VWHS KDV WR EH HTXDO WR WKH VXP RI
WKH FXUUHQWV ÀRZLQJ DFURVV WKH VRPD PHPEUDQH DQG LQWR WKH QHXULWHV IRU A : f/ VR

Uð?æ ' Cr

%
T eEf� ' fc A ä n

ô r
ô

ë
YT eEf�c A ä

YA

ê
f�'f

&
n

a[
æ'�

UæEfæ ' fc A ä +475,

ZKHUH ô r ' Sr2}r LV WKH WLPH FRQVWDQW RI WKH VRPDWLF PHPEUDQH1 :LWK +45, DQG +473,/ WKH ULJKW
VLGH RI WKLV HTXDWLRQ FDQ EH H[SUHVVHG DV WKH VXP RI D WLPH0LQGHSHQGHQW DQG D WLPH0GHSHQGHQW
WHUP1 7KH WLPH0LQGHSHQGHQW WHUP LV

T erc"

#
Cr n

a[
æ'�

Cæ

$
+476,

ZKLFK LV H[DFWO\ WKH FODPS FXUUHQW FRUUHVSRQGLQJ WR WKH VWHDG\ VWDWH SRWHQWLDO T erc" +FRPSDUH WR
+459,,1 $V Uð?æ LV FRQVWDQW IRU A : 3/ WKH WLPH0GHSHQGHQW WHUP KDV WR YDQLVK1 7KLV UHVXOWV LQ WKH
WUDQVFHQGHQWDO HTXDWLRQ
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$QDO\WLFDO VROXWLRQV RI WKH FDEOH HTXDWLRQ

Cr
k
�ý ô r

ô

ý
� n #2?

ül
' #?

a[
æ'�

|@? E#?uæä

bæ-æ
+477,

WKDW GH¿QHV WKH FRHI¿FLHQWV #? DQG WKHUHIRUH WKH WLPH FRQVWDQWV RI WKH GLIIHUHQW H[SRQHQWLDOO\
GHFD\LQJ FRQWULEXWLRQV WR WKH YROWDJH GLVWULEXWLRQV T eEfæc A ä LQ WKH QHXULWHV1

$W WLPH ]HUR/ WKH YROWDJH GLVWULEXWLRQ T eEfæ c A ' fä KDV WR EH HTXDO WR WKH VWHDG\ VWDWH GLVWULEXWLRQ
SULRU WR WKH FXUUHQW VWHS/ VR

"[
?'�

gæc? ULtE#æc?Euæ ýfæää '
ý
T ercf ý T erc"

ü ULtüEuæ ýfæä
ULtüuæ

+478,

ZKHUH T ercf LV WKH VWHDG\ VWDWH SRWHQWLDO DW WKH FHOO ERG\ EHIRUH WKH FXUUHQW VWHS1 7KH FRHI¿FLHQWV
gæc? ZLWK UHVSHFW WR WKH QRQ0RUWKRJRQDO IXQFWLRQV ULtE#æc?Euæ ýfæää LQ WKLV JHQHUDOL]HG )RXULHU
VHULHV FDQ QRW EH FDOFXODWHG ZLWK &KXUFKLOO¶V PRGL¿HG RUWKRJRQDOLW\ UHODWLRQ/ EHFDXVH WKH\ DULVH
IURP D VHW RI ERXQGDU\ FRQGLWLRQV RI WKH ZURQJ IRUP >;@1 :LWKRXW D VWUDLJKWIRUZDUG ZD\ WR
FRPSXWH WKH gæc? DQDO\WLFDOO\/ WKH VSDWLR0WHPSRUDO YROWDJH GLVWULEXWLRQ T eEfæc A ä FDQ WKXV RQO\
EH REWDLQHG E\ QXPHULFDOO\ VROYLQJ WKH FDEOH HTXDWLRQ XQGHU WKH JLYHQ ERXQGDU\ FRQGLWLRQV +46<,
DQG +475,1

9ROWDJH UHVSRQVH WR D EULHI FXUUHQW SXOVH DW WKH VRPD
$IWHU D VKRUW FXUUHQW SXOVH RI GXUDWLRQ |Rü,re WKDW WHUPLQDWHV DW WLPH ]HUR +LQVWHDG RI D FXUUHQW VWHS,/
WKH YROWDJH GHFD\ LQ QHXULWH æ LV RI WKH IRUP

T eEfæc A ä ' T
e
rcf

ULtüEuæ ýfæä
ULtüuæ

n
"[
?'�

�æc? ULtE#æc?Euæ ýfæääe3E�n#
2
æc?äA +479,

IRU WKH VDPH UHDVRQV WKDW OHG WR +473,> RQO\ T erc" LQ WKH VWHDG\ VWDWH SDUW LV UHSODFHG E\ T ercf +WKH
YROWDJH DW WKH VRPD SULRU WR WKH FXUUHQW VWHS, EHFDXVH WKH YROWDJH GLVWULEXWLRQ YHU\ ORQJ DIWHU WKH
WHUPLQDWLRQ RI WKH FXUUHQW SXOVH ZLOO DJDLQ UHDFK WKH VWHDG\ VWDWH IURP EHIRUH WKH RQVHW RI FXUUHQW
LQMHFWLRQ1 7KH UHTXLUHPHQW RI D FRQWLQXRXV YROWDJH GLVWULEXWLRQ DW WKH FHOO ERG\ DJDLQ LPSOLHV WKDW

#æ�c? ' #æ2c? 'G #? DQG �æ�c? ULtE#?uæ�ä '�æ2c? ULtE#?uæ2ä +47:,
IRU DOO ? DQG DOO FRPELQDWLRQV æ� DQG æ2 5 i�éééaj LQ FRPSOHWH DQDORJ\ WR +474,> DQG WKH #? FDQ
DJDLQ EH VKRZQ WR EH VROXWLRQV RI WKH WUDQVFHQGHQWDO HTXDWLRQ +477,/ VR WKH WLPH FRQVWDQWV RI WKH
H[SRQHQWLDO FRQWULEXWLRQV IRU WKH YROWDJH GHFD\ DIWHU D EULHI FXUUHQW SXOVH DUH WKH VDPH DV WKRVH IRU
WKH YROWDJH FKDQJH IROORZLQJ D FXUUHQW VWHS1 7KH FRHI¿FLHQWV �æc? DUH UHODWHG WR WKH FRHI¿FLHQWV
gæc? IRU D FXUUHQW VWHS YLD

�æc? ' gæc?E�ý e3ARü,reE�n#2?ää +47;,
ZKHUH A Rü,re ' |Rü,re2ô LV WKH QRUPDOL]HG SXOVH GXUDWLRQ >47@1

6SHFLDO FDVH RI FXUUHQW FODPS ZLWK RQO\ RQH QHXULWH
,Q WKH FDVH RI a ' �/ WKH LQGH[ æ FDQ EH GURSSHG LQ DOO HTXDWLRQV IURP DERYH1 6SHFL¿FDOO\/ WKH
WZR ERXQGDU\ FRQGLWLRQV +46<, DQG +475, LQ WKLV FDVH DUHë

YT eEfc A ä

Yf

ê
f'u

' f +47<,

DQG +ZLWK WKH XVH RI +45,,
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ë
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$SSHQGLFHV

DQG +478, +WKH JHQHUDOL]HG )RXULHU VHULHV UHODWHG WR WKHVH ERXQGDU\ FRQGLWLRQV, UHGXFHV WR
"[
?'�

g? ULtE#?Euýfää '
ý
T ercf ý T erc"

ü ULtüEuýfä
ULtüu

+484,

,Q FRQWUDVW WR WKH JHQHUDO FDVH RI DUELWUDULO\ PDQ\ QHXULWHV/ WKH IRUP RI WKH ERXQGDU\ YDOXH SUREOHP
LQ WKLV VSHFLDO FDVH QRZ DOORZV WKH FDOFXODWLRQ RI WKH FRHI¿FLHQWV g? DFFRUGLQJ WR &KXUFKLOO¶V
PRGL¿HG RUWKRJRQDOLW\ UHODWLRQ >;@1 7KH UHVXOW LV

g? '
ý
T ercf ý T erc"

ü 2#? E|@?üun b-Crä

E� n #2?äun E�ý #2?ä tð?E#?uä n 2#?b-Cr ULtE#?uä
+485,

:LWK +47;,/ WKLV PHDQV WKDW ± LQ WKH FDVH RI MXVW RQH QHXULWH ± ZH KDYH FRPSOHWH DQDO\WLFDO H[SUHV0
VLRQV IRU WKH YROWDJH UHVSRQVHV WR D FXUUHQW VWHS DV ZHOO DV WR D EULHI FXUUHQW SXOVH1

'1 1XPHULFDO VROXWLRQV RI WKH FDEOH
HTXDWLRQ
7R QXPHULFDOO\ VROYH WKH FDEOH HTXDWLRQ IRU D PRGHO QHXURQ FRQVLVWLQJ RI WZR XQEUDQFKHG QHXULWHV
DWWDFKHG WR D VRPD/ HDFK QHXULWH æ ZDV GLYLGHG LQWR gæ FRPSDUWPHQWV RI OHQJWK {%æ ä 43>P/
WKH VRPD ZDV WUHDWHG DV D VLQJOH FRPSDUWPHQW DQG WKH FRPSDUWPHQWV LQ QHXULWH æ ZHUH QXPEHUHG
VWDUWLQJ DW WKH VRPD DQG HQGLQJ DW WKH GLVWDO WLS RI WKH QHXULWH1

%HIRUH WKH VLPXODWLRQ/ WKH SRWHQWLDO GLVWULEXWLRQ LQ WKH QHXURQ ZDV LQLWLDOL]HG E\ VHWWLQJ WKH PHP0
EUDQH SRWHQWLDO HTXDO WR WKH UHVWLQJ SRWHQWLDO . IRU DOO FRPSDUWPHQWV=

TrE| ' fä ' .

ZKHUH Tr LV WKH VRPDWLF PHPEUDQH SRWHQWLDO DQG
Tæc&E| ' fä ' . ;& 5 i�ééégæj DQG ;æ 5 i�c 2j

ZKHUH Tæc& LV WKH PHPEUDQH SRWHQWLDO IRU FRPSDUWPHQW & RI QHXULWH æ1

6WDUWLQJ IURP WKLV LQLWLDO VWDWH/ WKH QHZ SRWHQWLDO GLVWULEXWLRQ DIWHU HDFK VLPXODWLRQ WLPH VWHS {|  
4>V ZDV FRPSXWHG DV IROORZV=

î DW WKH VRPD=

TrE|n{|ä ' TrE|ä n

ë
T�c�E|äý TrE|ä
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T2c�E|äý TrE|ä
-2{%2

ýCrTrE|ä n Uð?æE|ä
ê
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är
+486,

î IRU WKH ¿UVW FRPSDUWPHQW RI QHXULWH æ=

Tæc�E|n{|ä ' Tæc�E|ä n

ë
TrE|äý 2Tæc�E|ä n Tæc2E|ä

-æ{%æ
ýCæ{%æTæc�E|ä

ê
{|

äæ{%æ
+487,

î IRU DOO FRPSDUWPHQWV RI QHXULWH æ ZLWK & 5 i2ééégæ ý �j=
Tæc&E|n{|ä ' Tæc&E|ä n

ë
Tæc&3�E|äý 2Tæc&E|ä n Tæc&n�E|ä

-æ{%æ
ýCæ{%æTæc&E|ä

ê
{|

äæ{%æ
+488,

î DQG IRU WKH ODVW FRPSDUWPHQW RI QHXULWH æ=

Tæcgæ E|n{|ä ' Tæcgæ E|ä n

ë
Tæcgæ3�E|äý Tæcgæ E|ä

-æ{%æ
ýCæ{%æTæcgæ

E|ä

ê
{|

äæ{%æ
+489,

ZKHUH Uð?æE|ä LV WKH FXUUHQW LQMHFWHG LQWR WKH VRPD DW WLPH | DQGCr/ är/ Cæ/ äæ DQG -æ DUH GH¿QHG
E\ +6,/ +7, DQG +8,1 7KH DERYH H[SUHVVLRQV ZHUH REWDLQHG E\ DSSO\LQJ (XOHU¶V PHWKRG WR WKH FDEOH
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+RGJNLQ0+X[OH\ UDWHV

HTXDWLRQ +9, RU ± IRU WKH VRPDWLF FRPSDUWPHQW ± WR WKH FDEOH HTXDWLRQ ZLWK DQ DGGLWLRQDO WHUP IRU
WKH LQMHFWLRQ FXUUHQW >9<@1

)RU WKH FRPSDULVRQ ZLWK WKH H[SHULPHQWDO WUDQVLHQW VKDSHV 7s,üJ? E|ä LQ VHFWLRQ 815/ WKH WKHRUHWLFDO
WUDQVLHQWV IRU WKH QHXULWLF FRPSDUWPHQWV KDG WR EH QRUPDOL]HG> WKLV ZDV GRQH YLD

7|ûeJæc& E|ä '
Tæc&E|ä

m4ð? dTæc&E|äom +48:,

IRU DOO æ DQG & +FRPSDUH WR +5,,1

7KH VSDWLDO UHVROXWLRQ RI WKH VLPXODWLRQ ZDV {%  43>P/ ZKLOH WKH VSDWLDO UHVROXWLRQ RI WKH
LPDJLQJ GDWD YDULHG EHWZHHQ 61<>P DQG 816>P +VHH IRRWQRWH RQ SDJH 4<,1 7KLV PHDQV WKDW/ IRU
D JLYHQ H[SHULPHQWDO WUDQVLHQW 7s,üJ? E|ä/ WKHUH LV XVXDOO\ QR WKHRUHWLFDO WUDQVLHQW 7|ûeJæc& E|ä DYDLODEOH
WKDW ZDV FRPSXWHG IRU WKH H[DFW VDPH ORFDWLRQ RQ WKH QHXULWH1 7R RYHUFRPH WKLV/ WKH WKHRUHWLFDO
WUDQVLHQW H[SHFWHG DW WKH VLWH RQ WKH QHXULWH µVHHQ¶ E\ D JLYHQ GLRGH ZDV OLQHDUO\ LQWHUSRODWHG
EHWZHHQ WKH WZR WKHRUHWLFDO WUDQVLHQWV RI WKH FRPSDUWPHQWV FORVHVW WR WKLV VLWH LQ WKH PRGHO QHXURQ>
WKH UHVXOWLQJ LQWHUSRODWHG WUDQVLHQW IRU GLRGH ? LV FDOOHG 7|ûeJ? E|ä1

$V D PHDVXUH IRU WKH GLIIHUHQFH EHWZHHQ WKH VLPXODWHG DQG WKH H[SHULPHQWDO WUDQVLHQWV/ WKH TXDQ0
WLW\

ã2

(
'
�

(

[
?

] ë
7s,üJ? E|äý 7|ûeJ? E|ä

j?

ê2
_| +48;,

ZDV FRPSXWHG1 +HUH/ ( LV WKH QXPEHU RI GDWD SRLQWV FRQWDLQHG LQ WKH VSDWLR0WHPSRUDO WDUJHW GDWD
VHW DQG j? LV WKH VWDQGDUG GHYLDWLRQ RI 7s,üJ? E|ä DV REWDLQHG IURP WKH GLRGH¶V EDVHOLQH VLJQDO SULRU
WR WKH RQVHW RI WKH LQMHFWLRQ FXUUHQW1 7KH ?0VXP LQFOXGHV DOO WKH GLRGHV LQ WKH WDUJHW GDWD VHW DQG
WKH LQWHJUDO UXQV RYHU WKH HQWLUH WDUJHW GDWD WLPH ZLQGRZ1 :LWK WKLV GH¿QLWLRQ/ ã2 LV WKH VDPH DV
WKH µFKL0VTXDUH¶0TXDQWLW\ XVXDOO\ XVHG IRU OHDVW VTXDUH ¿WWLQJ >9<@1

(1 +RGJNLQ0+X[OH\ UDWHV
7KH YROWDJH YDULDEOH TMM WKDW +RGJNLQ DQG +X[OH\ XVHG LQ WKHLU RULJLQDO ZRUN >75@ GHQRWHV WKH
GLVSODFHPHQW RI WKH PHPEUDQH SRWHQWLDO IURP LWV UHVWLQJ YDOXH/ ZLWK QHJDWLYH YDOXHV IRU GHSR0
ODUL]DWLRQ1 ,Q WHUPV RI WKH YDULDEOHV XVHG KHUH/ WKLV PHDQV WKDW TMM ' ýT e ' . ý T 1 7KLV
UHODWLRQ ZDV XVHG WR WUDQVODWH WKH RULJLQDO H[SUHVVLRQV IRU WKH YROWDJH GHSHQGHQFH RI WKH DFWLYD0
WLRQ DQG GHDFWLYDWLRQ UDWH FRQVWDQWV/ UHVXOWLQJ LQ WKH H[SUHVVLRQV LQ WKH IROORZLQJ WDEOH1 7KHUH/ DOO
UDWH FRQVWDQWV DUH JLYHQ LQ XQLWV RI 42PV DQG T DQG . DUH LQ P91

SDUWLFOH ð DFWLYDWLRQ kð GHDFWLYDWLRQ qð

? féf�
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e
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)1 7UDQVLHQW VROXWLRQV RI WKH VLPSOH
V\QDSVH PRGHO
:H GHULYH VROXWLRQV TørE|ä DQG TîrE|ä RI WKH FRXSOHG GLIIHUHQWLDO HTXDWLRQV +88, DQG +89, LQ
UHVSRQVH WR D VWHS LQ WKH SUHV\QDSWLF LQMHFWLRQ FXUUHQW IURP Uð?æcf ' 3 WR Uð?æc" DW WLPH | '
31 %HFDXVH WKH WZR HTXDWLRQV DUH LQKRPRJHQHRXV/ ZH ¿UVW ¿QG VROXWLRQV RI WKH FRUUHVSRQGLQJ
KRPRJHQHRXV V\VWHP/ ZKLFK LV

_Tør
_|

' ý
hCø n hCr+?häø Tør n

hCr+?häø Tîr +48<,

_Tîr
_|

'
hCr+?häî Tør ý

hCî n hCr+?häî Tîr +493,

7KH V\VWHP¶V FKDUDFWHULVWLF SRO\QRPLDO KDV WKH WZR VROXWLRQV

ýDn*3 ' ý �

ôn*3
+494,

' ý�
2

% hCøn hCr+?häø n
hCîn hCr+?häî ÷

uí hCøn hCr+?häø ý hCîn hCr+?häî
ì2
n e

hCr+?häø hCr+?häî
&
+495,

ZKLFK DUH QHJDWLYH/ LQYHUVH WLPH FRQVWDQWV1 7KHUHIRUH/ WKH KRPRJHQHRXV V\VWHP KDV WZR VROXWLRQV
RI WKH IRUP

Tør3 ' ø3e3|*ô3

Tîr3 ' î3e3|*ô3
DQG Tørn ' ø2e

3|*ôn

Tîrn ' î2e
3|*ôn +496,

7KH KRPRJHQHRXV GLIIHUHQWLDO HTXDWLRQV UHODWH î� DQG î2 WR ø� DQG ø2 DQG UHGXFH WKH WZR VROX0
WLRQV WR

Tør3 ' ø3e3|*ô3

Tîr3 '
hCøn hCr+?3 häøD3hCr+? ø3e3|*ô3

DQG
Tørn ' øne

3|*ôn

Tîrn '
hCøn hCr+?3 häøDnhCr+? øne

3|*ôn +497,

7R VROYH WKH LQKRPRJHQHRXV V\VWHP ZLWK WKH YDULDWLRQ RI FRQVWDQWV PHWKRG/ ZH VHW
Tør ' Tør3 n Tørn DQG Tîr ' Tîr3 n Tîrn +498,

LQ +88, DQG +89,1 7KLV OHDGV WR

ø3 '
ý hCøn hCr+?3 häøDnhäø Uð?æn hCø h.øhäø n

hCr+?häø hCî h.îhäî
D3 EDn ý D3ä e|*ô3 n(3 +499,

øn '
ý hCøn hCr+?3 häøD3häø Uð?æn hCø h.øhäø n

hCr+?häø hCî h.îhäî
Dn ED3 ý Dnä e|*ôn n(n +49:,

ZLWK WKH LQWHJUDWLRQ FRQVWDQWV (3 DQG (n1 :LWK WKLV/ WKH VROXWLRQ RI WKH LQKRPRJHQHRXV V\VWHP
ORRNV OLNH

Tør '

hCr+? hCî h.î n í hCî n hCr+?ìíUð?æ n hCø h.øìí hCø n hCr+?ìí hCî n hCr+?ìý hC2r+? n(3e3|*ô3 n(ne3|*ôn +49;,
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7DEOHV RI UHVXOWV IURP V\QDSVH H[SHULPHQWV

Tîr '

í hCø n hCr+?ì hCî h.î n hCr+? íUð?æ n hCø h.øìí hCø n hCr+?ìí hCî n hCr+?ìý hC2r+? +49<,

n
hCø n hCr+? ý häøD3hCr+? (3e3|*ô3 n

hCø n hCr+? ý häøDnhCr+? (ne
3|*ôn

)RU | '4/ ZH H[SHFW WKDW TørE| '4ä ' Tørc" DQG TîrE| '4ä ' Tîrc"1 7KLV UHTXLUHV WKDW

Tørc" '

hCr+? hCî h.î n í hCî n hCr+?ìíUð?æ n hCø h.øìí hCø n hCr+?ìí hCî n hCr+?ìý hC2r+? +4:3,

Tîrc" '

í hCø n hCr+?ì hCî h.î n hCr+? íUð?æ n hCø h.øìí hCø n hCr+?ìí hCî n hCr+?ìý hC2r+? +4:4,

:LWK WKH DLG RI +96, DQG +98, RQH FDQ VKRZ WKDW ERWK WKHVH UHODWLRQV KROG WUXH/ SURYLQJ WKDW WKH
DERYH VROXWLRQV DUH FRQVLVWHQW ZLWK WKH VWHDG\ VWDWH H[SUHVVLRQV IURP VHFWLRQ 9151

)RU | ' 3/ LW LV UHTXLUHG WKDW
TørE|'fä ' Tørc" n(3 n(n ' Tørcf +4:5,

TîrE|'fä ' Tîrc" n
hCøn hCr+?3 häøD3hCr+? (3 n

hCøn hCr+?3 häøDnhCr+? (n ' Tîrcf +4:6,

7KLV GH¿QHV (3 DQG (n> WKH\ WXUQ RXW WR EH

(3 ' ý
hCøn hCr+?3 häøDnhäø {Tør ý hCr+?häø {Tîr

D3 ý Dn +4:7,

(n '

hCøn hCr+?3 häøD3häø {Tør ý hCr+?häø {Tîr
D3 ý Dn +4:8,

ZKHUH {Tør ' Tørc" ý Tørcf DQG{Tîr ' Tîrc" ý Tîrcf1
:LWK WKLV/ WKH VROXWLRQ RI WKH LQKRPRJHQHRXV V\VWHP ¿QDOO\ LV

Tør ' Tørc" ý
# hCø n hCr+? ý häøDnhäø ED3 ý Dnä {Tør ý

hCr+?häø ED3 ý Dnä{Tîr
$
e3|*ô3 +4:9,

n

# hCø n hCr+? ý häøD3häø ED3 ý Dnä {Tør ý
hCr+?häø ED3 ý Dnä{Tîr

$
e3|*ôn

Tîr ' Tîrc" n

# hCr+?häî ED3 ý Dnä{Tør n
hCø n hCr+? ý häøD3häø ED3 ý Dnä {Tîr

$
e3|*ô3 +4::,

ý
# hCr+?häî ED3 ý Dnä{Tør n

hCø n hCr+? ý häøDnhäø ED3 ý Dnä {Tîr

$
e3|*ôn

*1 7DEOHV RI UHVXOWV IURP V\QDSVH H[0
SHULPHQWV
)RU FRPSOHWHQHVV/ WKH IROORZLQJ WDEOH OLVWV WKH YDOXHV DQG VWDQGDUG GHYLDWLRQV REWDLQHG IRU WKH FHOO

43<



$SSHQGLFHV

FRQGXFWDQFHV hB/ WKH FHOO FDSDFLWDQFHV hç DQG WKH V\QDSWLF FRQGXFWDQFHV hBr+? IURP H[SHULPHQWV
RQ HOHYHQ QHXURQ SDLUV ZLWK RQH0SRLQW V\QDSVHV1 )RU HDFK SDUDPHWHU DQG SDLU/ WZR YDOXHV DUH
JLYHQ= 7KH YDOXH DW WKH WRS ZDV REWDLQHG ZKHQ FHOO 4 ZDV SUHV\QDSWLF/ WKH YDOXH DW WKH ERWWRP
ZKHQ FHOO 5 ZDV SUHV\QDSWLF1

SDLU hB� >Q6@ hç� >S)@ hB2 >Q6@ hç2 >S)@ hBr+? >Q6@

L 516623188
31<<23169

4662;9
4862<9

71662617:
417423144

85:2638
4:427

31393231344
3135<231345

LL 51:923163
51<:231::

55523
6762486

:153241:6
51:823163

5;32:9
567244

31468231357
3139423133<

LLL 518<23158
51::23156

49924
6<72445

<18924185
<1<7231:5

:8429;5
6652:5

313<<231344
31438231344

LY 419923158
41:<23139

487256
5<4243<

:15;291<7
61<52318;

53:3266:;
784263

31469231457
31467231345

Y 518424136
51;424149

;928
9<32446

918925157
617324139

7<52543
49829

314<723134<
3145<231374

YL 61652315<
4416:29158

46425;
;6<2;:8

4193231:4
51532314:

654284
649246

313<<231353
3165<231475

YLL 41632313<
419<2319<

4:727
6582437

718<2418:
51;423169

954264;
65;287

3173623143<
316572313<8

YLLL 41882314:
418:23169

55;2:
6:<2:7

614723193
51<<2316:

954264;
49629

31749231395
316;:2313:7

L[ 513923147
519:23158

48<275
68;268

41582316:
41932314:

57628<
47428

3177;2313<3
318<723137:

[ 7188231;;
71<824196

77;264
<692;58

71<424166
7136231;4

7:;24<<
75;297

31945231476
318:<23147<

[L 816324165
;17;2513;

648246
:8524;5

517624159
51<8231:8

643243;
478243

31;6<2315:4
414542315;;

7KH VHFRQG WDEOH OLVWV WKH FRUUHVSRQGLQJ UHVXOWV IRU FHOO SDLUV ZLWK PXOWLSOH FRQWDFW SRLQWV1 7KH
WKUHH LVRODWHG FHOO SDLUV DUH PDUNHG ZLWK DVWHULVNV> WKH UHVW RI WKH SDLUV ZDV HPEHGGHG LQ QHWZRUNV
RI RWKHU QHXURQV1

SDLU hB� >Q6@ hç� >S)@ hB2 >Q6@ hç2 >S)@ hBr+? >Q6@

L 61852316;
318923164

984254
677277

315;23147
517423139

98259
43:8244

3143<23138:
319:<2314<3

LL 516<23163
31;723165

5632:
59;2:<

:1::25173
716:23193

:3426:8
83;2:;

319:;2314;3
315:623139:

LLL- 919523134
4313426133

439:265
4;5627;8

917724177
713323184

4;86243<
:8828<

31897231434
3179;2313;8

LY 515:23147
518523168

56<25;
7732484

7168231:6
818823156

956244:
8<3243

317:5231396
3197623145<

Y 51;823149
516;23165

68928
89727;

515523137
51452316:

6;;27:
63:249

31935231349
318772313;<

YL 71;923134
41;92317<

5<827
4:6253

471;424186
;18;2316<

44:42489
7;8269

41448231459
315:52313;:

YLL- 71872316;
816:23153

6582;
794277

514923179
516423178

5<;249
4<429

414<92314<:
41688231457
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7DEOHV RI UHVXOWV IURP V\QDSVH H[SHULPHQWV

SDLU hB� >Q6@ hç� >S)@ hB2 >Q6@ hç2 >S)@ hBr+? >Q6@

YLLL 61;323186
716723199

63;24;
;:72485

91582417<
913:231;7

439624<3
893264

41699231689
417<;231539

L[ :19:23184
:195231:7

434<26<
55:92563

518:23147
51842313:

:9<275
735258

418;<23148:
4189523147;

[ 51952315;
61<6231;4

58<258<
697284

81;92414:
;1<:241<9

8982448
5:6244;

515642319:<
41<65231578

[L 91;8231<6
918;23195

5;8243
786277

814623167
816<23189

:5;29;
7::266

514;723154<
517:5231657

[LL 818323179
;15924153

8852:
438<275

618723185
719623197

<5:253
:39293

41<4423149<
613<4231875

[LLL 4614:23194
5918928154

7:6269
4;452<:4

516:23187
517423143

5:4255
65524<

514:62314:9
615482316:4

[LY 714824149
813<241;4

9<32444
;;429<

714925187
51<;2416;

55;24;;
5<7283

81358231;76
81:35241494

[Y 6197231:9
61942319:

68325:
9;;2536

;18<231:6
;15523186

43;<248<
86;2534

91:7;2315;7
9187:231575

[YL- 714<231:5
61;82315:

8552:4
9892444

913724187
71572317;

;4424:9
:4;29

431755251<8;
:1499231696

[YLL 4:1742:16<
4917:26153

::52459
:5624<:

6145231:6
51;;231:;

47927<
4;;247

43176<2414;3
431:6:2419;:
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%LEOLRJUDSK\
>4@ 3151 %HQMDPLQ DQG -1%1 3LONLQJWRQ/ 7KH HOHFWURWRQLF ORFDWLRQ RI ORZ0UHVLVWDQFH

LQWHUFHOOXODU MXQFWLRQV EHWZHHQ D SDLU RI JLDQW QHXURQHV LQ WKH VQDLO /\PQDHD/
-1 3K\VLRO1 6:3 +4<;9,/ 444±4591

>5@ 0191/1 %HQQHWW/ 3K\VLRORJ\ RI HOHFWURWRQLF MXQFWLRQV/ $QQ1 1HZ <RUN $FDG1
6FL1 46: +4<99,/ 83<±86<1

>6@ 0191/1 %HQQHWW/ /1&1 %DUULR/ 71$1 %DUJLHOOR/ '1&1 6SUD\/ (1 +HUW]EHUJ/ DQG
-1&1 6DH]/ *DS MXQFWLRQV= 1HZ WRROV/ QHZ DQVZHUV/ QHZ TXHVWLRQV/ 1HXURQ 9
+4<<4,/ 638±6531

>7@ 0191/1 %HQQHWW DQG '1&1 6SUD\/ *DS MXQFWLRQV/ &ROG 6SULQJ +DUERU
/DERUDWRU\/ 4<;81

>8@ 51 %RGPHU/ '1 'DJDQ/ DQG ,1%1 /HYLWDQ/ &KHPLFDO DQG HOHFWURWRQLF FRQQHFWLRQV
EHWZHHQ $SO\VLD QHXURQV LQ SULPDU\ FXOWXUH/ -1 1HXURVFL1 7 +4<;7,/ QR1 4/
55;±5661

>9@ 3151 %ULQN/ .1 &URQLQ/ DQG 6191 5DPDQDQ/ *DS MXQFWLRQV LQ H[FLWDEOH FHOOV/ -1
%LRHQHUJ1 %LRPHPEU1 5; +4<<9,/ QR1 7/ 684±68;1

>:@ $1*101 %XOORFK DQG 11,1 6\HG/ 5HFRQVWUXFWLRQ RI QHXURQDO QHWZRUNV LQ FXOWXUH/
7,16 48 +4<<5,/ QR1 44/ 755±75:1

>;@ 5191 &KXUFKLOO/ ([SDQVLRQV LQ VHULHV RI QRQ0RUWKRJRQDO IXQFWLRQV/ %XOOHWLQ
$PHU10DWK1 6RF1 7; +4<75,/ 476±47<1

><@ 31 &ODUN/ 61 %ULWODQG/ DQG 31 &RQQROO\/ *URZWK FRQH JXLGDQFH DQG QHXURQ
PRUSKRORJ\ RQ PLFURSDWWHUQHG ODPLQLQ VXUIDFHV/ -1 &HOO 6FL1 438 +4<<6,/
536±5451

>43@ .161 &ROH DQG $1/1 +RGJNLQ/ 0HPEUDQH DQG SURWRSODVP UHVLVWDQFH LQ WKH
VTXLG JLDQW D[RQ/ -1 *HQ1 3K\VLRO1 55 +4<6<,/ 9:4±9;:1

>44@ -101 &RUH\/ %1&1 :KHHOHU/ DQG *1-1 %UHZHU/ &RPSOLDQFH RI KLSSRFDPSDO
QHXURQV WR SDWWHUQHG VXEVWUDWH QHWZRUNV/ -1 1HXURVFL1 5HV1 63 +4<<4,/ 633±63:1

>45@ $1 &XUWLV/ &1:LONLQVRQ/ DQG /1 %UHFNHQULGJH/ /LYLQJ QHUYH QHWV/ ,Q= (QDEOLQJ
7HFKQRORJLHV IRU &XOWXUHG 1HXUDO 1HWZRUNV +'1$1 6WHQJHU DQG 71010F.HQQD/
HGV1,/ $FDGHPLF 3UHVV/ 4<<7/ SS1 <<±4531

>46@ -1 'H)HOLSH DQG (1*1 -RQHV/ &DMDO RQ WKH FHUHEUDO FRUWH[ 0 $Q DQQRWDWHG
WUDQVODWLRQ RI WKH FRPSOHWH ZULWLQJV/ 2[IRUG 8QLYHUVLW\ 3UHVV/ 4<;;1

>47@ '1 'XUDQG/ 7KH VRPDWLF VKXQW FDEOH PRGHO IRU QHXURQV/ %LRSK\V1 -1 79 +4<;7,/
978±9861

>48@ '1 'XUDQG/ 31/1 &DUOHQ/ 11 *XUHYLFK/ $1 +R/ DQG +1 .XQRY/ 0HDVXUHPHQW RI
WKH SDVVLYH HOHFWURWRQLF SDUDPHWHUV RI JUDQXOH FHOOV LQ WKH UDW KLSSRFDPSXV
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%LEOLRJUDSK\

XVLQJ +53 VWDLQLQJ DQG VKRUW FXUUHQW SXOVHV1/ -1 1HXURSK\VLRO1 83 +4<;6,/
43;3±43<91

>49@ +1 (SKDUGW DQG 31 )URPKHU]/ )OXRUHVFHQFH RI DPSKLSKLOLF KHPLF\DQLQH G\HV
ZLWKRXW IUHH GRXEOH ERQGV/ -1 3K\V1 &KHP1 <: +4<<6,/ 7873±787:1

>4:@ 51 )HFKWHU DQG *1 )DONQHU/ :HLFKWLHUH 0 (XURSlLVFKH 0HHUHV0 XQG
%LQQHQPROOXVNHQ/0RVDLN 9HUODJ/ 4<<31

>4;@ =1031 )HQJ/ -1 .OXPSHUPDQ/ .1 /XNRZLDN/ DQG 11,1 6\HG/ ,Q YLWUR
V\QDSWRJHQHVLV EHWZHHQ WKH VRPDWD RI LGHQWL¿HG /\PQDHD QHXURQV UHTXLUHV
SURWHLQ V\QWKHVLV EXW QRW H[WULQVLF JURZWK IDFWRUV RU VXEVWUDWH DGKHVLRQ
PROHFXOHV/ -1 1HXURVFL1 4: +4<<:,/ QR1 53/ :;6<±:;7<1

>4<@ 01(1 )LQERZ/ 9HUWHEUDWH DQG LQYHUWHEUDWH JDS MXQFWLRQV= $ FRPPRQ PROHFXODU
EDVLV"/ &HOO %LRO1 ,QW1 54 +4<<:,/ QR1 9/ 65<±6641

>53@ 01(1 )LQERZ/ 01 +DUULVRQ/ DQG 31 -RQHV/ 'XFWLQ 0 D SURWRQ SXPS FRPSRQHQW/
D JDS MXQFWLRQ FKDQQHO DQG D QHXURWUDQVPLWWHU UHOHDVH FKDQQHO/ %LR(VVD\V 4:
+4<<8,/ QR1 6/ 57:±5881

>54@ $161 )LQNHO DQG 61-1 5HGPDQ/ 2SWLPDO YROWDJH FODPSLQJ ZLWK VLQJOH
PLFURHOHFWURGH/ ,Q= 9ROWDJH DQG 3DWFK &ODPSLQJ ZLWK 0LFURHOHFWURGHV +71*1
6PLWK/ +1 /HFDU/ 61-1 5HGPDQ/ DQG 31:1 *DJH/ HGV1,/ $PHULFDQ 3K\VLRORJLFDO
6RFLHW\/ 4<;8/ SS1 <8±4531

>55@ 51,1 )UHVKOH\/ &XOWXUH RI DQLPDO FHOOV 0 $ PDQXDO RI EDVLF WHFKQLTXH/ 6UG HG1/
:LOH\/ 4<<71

>56@ 31 )URPKHU]/ .1+1 'DPEDFKHU/ +1 (SKDUGW/ $1 /DPEDFKHU/ &121 0�OOHU/
51 1HLJO/ +1 6FKDGHQ/ 21 6FKHQN/ DQG 71 9HWWHU/ )OXRUHVFHQW G\HV DV SUREHV
RI YROWDJH WUDQVLHQWV LQ QHXURQ PHPEUDQHV/ %HU1 %XQVHQJHV1 3K\V1 &KHP1 <8
+4<<4,/ 4666±46781

>57@ 31 )URPKHU] DQG $1 /DPEDFKHU/ 6SHFWUD RI YROWDJH0VHQVLWLYH ÀXRUHVFHQFH
RI VW\U\O0G\H LQ QHXURQ PHPEUDQH/ %LRFKLP1 %LRSK\V1 $FWD 439; +4<<4,/
47<±4891

>58@ 31 )URPKHU] DQG &121 0�OOHU/ 9ROWDJH0VHQVLWLYH ÀXRUHVFHQFH RI DPSKLSKLOLF
KHPLF\DQLQH G\HV LQ QHXURQ PHPEUDQH/ %LRFKLP1 %LRSK\V1 $FWD 4483 +4<<6,/
444±4551

>59@ 31 )URPKHU] DQG &1210�OOHU/ &DEOH SURSHUWLHV RI D VWUDLJKW QHXULWH RI D OHHFK
QHXURQ SUREHG E\ D YROWDJH0VHQVLWLYH G\H/ 3URF1 1DWO1 $FDG1 6FL1 86$ <4
+4<<7,/ 7937±793;1

>5:@ 31 )URPKHU]/ &1210�OOHU/ DQG 51:HLV/ 1HXURQ WUDQVLVWRU= (OHFWULFDO WUDQVIHU
IXQFWLRQ PHDVXUHG E\ WKH SDWFK0FODPS WHFKQLTXH/ 3K\V1 5HY1 /HWW1 :4 +4<<6,/
QR1 57/ 73:<±73;51

>5;@ 31 )URPKHU] DQG *1 5HLQEROG/ (QHUJ\ WUDQVIHU EHWZHHQ ÀXRUHVFHQW G\HV VSDFHG
E\ PXOWLOD\HUV RI FDGPLXP VDOWV RI IDWW\ DFLGV/ 7KLQ 6ROLG )LOPV 493 +4<;;,/
67:±6861
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>5<@ 31 )URPKHU] DQG +1 6FKDGHQ/ 'H¿QHG QHXURQDO DUERUL]DWLRQV E\ JXLGHG
RXWJURZWK RI OHHFK QHXURQV LQ FXOWXUH/ (XU1 -1 1HXURVFL1 9 +4<<7,/ 4833±48371

>63@ 31 )URPKHU]/ +1 6FKDGHQ/ DQG 71 9HWWHU/ *XLGHG RXWJURZWK RI OHHFK QHXURQV LQ
FXOWXUH/ 1HXURVFL1 /HWW1 45< +4<<4,/ ::±;31

>64@ 31 )URPKHU] DQG 71 9HWWHU/ 3URSDJDWLRQ RI YROWDJH WUDQVLHQWV LQ DUERUL]HG
QHXULWHV RI 5HW]LXV FHOOV RI WKH OHHFK LQ FXOWXUH/ =1 1DWXUIRUVFK1 79F +4<<4,/
9;:±9<91

>65@ 31 )URPKHU] DQG 71 9HWWHU/ &DEOH SURSHUWLHV RI DUERUL]HG 5HW]LXV FHOOV RI WKH
OHHFK LQ FXOWXUH DV SUREHG E\ D YROWDJH0VHQVLWLYH G\H/ 3URF1 1DWO1 $FDG1 6FL1
86$ ;< +4<<5,/ 5374±53781

>66@ 01'1 *DQIRUQLQD/ '1 6DQFKH]/01 +HUUHUD/ DQG 01-1 %DVWLDQL/ 'HYHORSPHQWDO
H[SUHVVLRQ DQG PROHFXODU FKDUDFWHUL]DWLRQ RI WZR JDS MXQFWLRQ FKDQQHO
SURWHLQV H[SUHVVHG GXULQJ HPEU\RJHQHVLV LQ WKH JUDVVKRSSHU 6FKLVWRFHUFD
DPHULFDQD/ 'HY1 *HQHW1 57 +4<<<,/ 46:±4831

>67@ 51:1 *XQGHUVHQ/ 6HQVRU\ QHXULWH JURZWK FRQH JXLGDQFH E\ VXEVWUDWH DGVRUEHG
QHUYH JURZWK IDFWRU/ -1 1HXURVFL1 5HV1 46 +4<;8,/ 4<<±5451

>68@ 31%1 *XWKULH/ 51(1 /HH/ 91 5HKGHU/ 01)1 6FKPLGW/ DQG 61%1 .DWHU/ 6HOI0
UHFRJQLWLRQ= $ FRQVWUDLQW RQ WKH IRUPDWLRQ RI HOHFWULFDO FRXSOLQJ LQ QHXURQV/ -1
1HXURVFL1 47 +4<<7,/ QR1 6/ 47::±47;81

>69@ 51'1 +DGOH\/ '1$1 %RGQDU/ DQG 61%1 .DWHU/ )RUPDWLRQ RI HOHFWULFDO V\QDSVHV
EHWZHHQ LVRODWHG/ FXOWXUHG +HOLVRPD QHXURQV UHTXLUHV PXWXDO QHXULWH
HORQJDWLRQ/ -1 1HXURVFL1 8 +4<;8,/ QR1 45/ 6478±64861

>6:@ 51'1 +DGOH\/ 61%1 .DWHU/ DQG &161 &RKDQ/ (OHFWULFDO V\QDSVH IRUPDWLRQ
GHSHQGV RQ LQWHUDFWLRQ RI PXWXDOO\ JURZLQJ QHXULWHV/ 6FLHQFH 554 +4<;6,/
799±79;1

>6;@ -1$1 +DPPDUEDFN/ 61/1 3DOP/ /171 )XUFKW/ DQG 31&1 /HWRXUQHDX/ *XLGDQFH RI
QHXULWH RXWJURZWK E\ SDWKZD\V RI VXEVWUDWXP0DGVRUEHG ODPLQLQ/ -1 1HXURVFL1
5HV1 46 +4<;8,/ 546±5531

>6<@ 31*1 +D\GRQ/:1:LQORZ/ DQG $191 +ROGHQ/ 7KH HIIHFWV RI PHQWKRO RQ FHQWUDO
QHXURQV RI WKH SRQG0VQDLO/ /\PQDHD VWDJQDOLV +/1,/ &RPS1 %LRFKHP1 3K\VLRO1
:6& +4<;5,/ <8±4331

>73@ '1 +LJJLQV DQG *1 %DQNHU/ 3ULPDU\ GLVVRFLDWHG FHOO FXOWXUHV/ ,Q= &XOWXULQJ
1HUYH &HOOV/ 5QG HG1 +*1 %DQNHU DQG .1 *RVOLQ/ HGV1,/ 0,7 3UHVV/ 4<<;/
SS1 6:±:;1

>74@ %1 +LOOH/ ,RQLF FKDQQHOV RI H[FLWDEOH PHPEUDQHV/ 5QG HG1/ 6LQDXHU/ 4<<51

>75@ $1/1 +RGJNLQ DQG $1)1 +X[OH\/ $ TXDQWLWDWLYH GHVFULSWLRQ RI PHPEUDQH
FXUUHQW DQG LWV DSSOLFDWLRQ WR FRQGXFWLRQ DQG H[FLWDWLRQ LQ QHUYH/ -1 3K\VLRO1
44: +4<85,/ 833±8771
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>76@ $1/1 +RGJNLQ DQG :1$1+1 5XVKWRQ/ 7KH HOHFWULFDO FRQVWDQWV RI D FUXVWDFHDQ
QHUYH ¿EHU/ 3URF1 51 6RF1 /RQG1 % 466 +4<79,/ 777±7:<1

>77@ 31 +RURZLW] DQG :1 +LOO/ 7KH DUW RI HOHFWURQLFV/ 5QG HG1/ &DPEULGJH 8QLYHUVLW\
3UHVV/ 4<;<1

>78@ 51 ,DQVHN DQG 61-1 5HGPDQ/ $Q DQDO\VLV RI WKH FDEOH SURSHUWLHV RI VSLQDO
PRWRQHXURQV XVLQJ D EULHI LQWUDFHOOXODU FXUUHQW SXOVH/ -1 3K\VLRO1 +/RQG1, 567
+4<:6,/ 946±9691

>79@ 61$1 -RKQ/ '1 6DQHU/ -1'1 3LWWV/ $1 +RO]HQEXUJ/ 01(1 )LQERZ/ DQG 51 /DO/
$WRPLF IRUFH PLFURVFRS\ RI DUWKURSRG JDS MXQFWLRQV/ -1 6WUXFW1 %LRO1 54 +4<<:,/
QR1 9/ 65<±6641

>7:@ (151 .DQGHO/ -1+1 6FKZDUW]/ DQG 7101 -HVVHOO +HGV1,/ (VVHQWLDOV RI QHXUDO
VFLHQFH DQG EHKDYLRXU/ $SSOHWRQ DQG /DQJH/ 4<<81

>7;@ +1 .DZDJXFKL DQG .1 )XNXQLVKL/ 'HQGULWH FODVVL¿FDWLRQ LQ UDW KLSSRFDPSDO
QHXURQV DFFRUGLQJ WR VLJQDO SURSDJDWLRQ SURSHUWLHV/ ([S1 %UDLQ 5HV1 455
+4<<;,/ 6:;±6<51

>7<@ 01 .DZDWR/ &DEOH SURSHUWLHV RI D QHXURQ PRGHO ZLWK QRQ0XQLIRUP PHPEUDQH
UHVLVWLYLW\/ -1 WKHRU1 %LRO1 444 +4<;7,/ 47<±49<1
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