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Chapter 1

Preface

Wavelet analysis is a still developing area in the mathematical sciences. Already early
in the development of the wavelets both the discrete and the continuous transformation
were examined.

The main aim of the theory of wavelet analysis is to find convenient ways to decompose a
given function into elementary building blocks. Historically, the Haar basis, constructed
in 1910 long before the term “wavelet” was created, was the first orthonormal wavelet
basis in L*(R). But it was only recently discovered that the construction works because of
an underlying multiresolution analysis structure. In the early 80’s, Stromberg [50] discov-
ered the first continuous orthogonal wavelets. His wavelets have exponential decay and
were in C*, k arbitrary but finite. The next construction, independent of Stromberg, was
the Meyer wavelet [40]. The images of the Meyer wavelets under the Fourier transform
were compactly supported and were in C* (k may be oo). With the notion of multires-
olution analysis, introduced by Mallat [38] and Meyer [41], a systematic framework for
understanding these orthogonal expansions was developed, see for example [38] and [41]
for details. This framework gave a satisfactory explanation for all these constructions,
and provided a tool for the construction of other bases. Thus, multiresolution analysis is
an important mathematical tool to understand and construct a wavelet basis of L?(R),

i.e., a basis that consists of the scaled and integer translated versions of a finite number
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of functions.

In recent years, multiresolution analysis for the Euclidean group R has received extensive
investigation. Also, various extensions and generalizations were considered. There are
literally hundreds of sources dealing with this connection. In [37] multiresolution analy-
sis for R™ whose scaling functions are characteristic functions are considered. Dahlke [§]
extended multiresolution analysis to abelian locally compact groups. Baggett, et al. [2]
considered the existence of wavelets in general Hilbert space based on the formulation of
multiresolution analysis by using an abstract approach.

An alternative construction, imposing less restrictions on the wavelet functions, is the
continuous wavelet transform. The continuous wavelet transformation can be interpreted
as a phase space representation. Their filters and approximation characteristics have been
examined. The group-theoretical approach allows a simple generalization for instance of
wavelet transformation to high-dimensions Euclidean space (see [18]) or more general sit-
uations. Wavelet transformation in several dimension , exactly as in one dimension, may
be derived from the similitude group of R™ (n > 1), consisting of dilations, rotations and
translations. Of course, the most interesting case of applications is n = 2, where wavelets
have become a useful tool in image processing.

The construction of generalized continuous wavelet transform is investigated in the frame-
work of irreducible, square-integrable representations of locally compact groups. The
square integrability of representations guarantees the existence of a so-called admissible
vector and an inverse wavelet transform [3], [28]. General existence theorems for square-
integrable representation can be found in [12]. The existence of admissible vectors can
also be considered when the irreducibility requirement can be dropped, as for example in

[19], using a connection between generalized wavelet transforms and Plancherel theory.

Introduction to the Wavelets on R

The wavelet transform of a function on R, a signal so-called, depends on two variables:



scale and time. Suppose 1 is fixed. For a # 0 define

Da(e) = la] ().

Afterward D, is translated by b € R. Thus one gets the functions

z—0b

LyD(x) = D =) = |a| 2 9 (=), (L1)

The functions LD,y are called wavelets; the function 1 is sometimes called mother
wavelet; the system {LbDaw}(bﬂ)eRxR* is called wavelet system. The wavelet transform of
a signal f € L*(R) is given by the scalar products of f with the wavelet system.

There exist two different types of wavelet systems, both referring to the basic form (1.1):

1. The continuous wavelet system: Here the dilation and translations parameters (b, a)

vary over all of R x R* and

2. The discrete wavelet system: In this case both the dilation parameter a and the

translation parameter b take only discrete values.

The continuous wavelet transform Here we give a quick overview of the theory of

the continuous wavelet transform of L2-functions on R from the point of view of repre-
sentation theory. The definition of dilation operators D, and translation operators L for

any (b,a) € R x R* allows to define a group multiplication on G := R x R* by
(bo, ao)(b, a) = (aobbo, CLQCL). (12)

The non-unimodular group G = R x R* is called “affine group” with associated to the
group multiplication (1.2). The left Haar measure is then \a|72 dadb and the right Haar
measure is [a| "' dadb on R x R*. Define the representation 7 of R x R* on L2(R) by

7(b, a)v(z) = LyDaih(z) = ya\l/zw(xT_b) (b,a) € R x R*. (1.3)

7 is unitary and irreducible. For a signal f € L*(R) and fixed selected ¢ € L*(R) we
define

Vypf(b,a) = ]a|_1/2/f(x)¢(x — b)dx Ya > 0,b € R. (1.4)
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With the help of L,D,v in (1.3), the definition (1.4) can be read as

Vi f(b,a) = (f,m(b,a)) (1.5)

which are called wavelet coefficients of f. V, f defined over R x R* is a bounded function,

as the Cauchy-Schwartz inequality implies
Ve fb, )l <[ fAI[4 ] V(ba)eRxR".

Thus V,, maps space L*(R) into the set of bounded functions over R x R*. 1) is called

admissible when the operator
Vy o L*(R) — L*(R x R, |a|~* dadb)
defined via (1.5) is an isometry up to a constant, i.e., the equality

| £ IP= const. / / [, (b, a)) | a2 dadb (1.6)

holds for any f € L?(R), where the constant depends only on . Thus Vj, is called the
continuous wavelet transform; Vi, (f) is called continuous wavelet transform of function f
associated to the wavelet 1.

By the isometry given in (1.6), a function f can be recovered by its wavelet coefficients

(1.5) by means of the resolution of identity

f = const. /_ h /0 U (b, @)y (b, @) |l dadb, (1.7)

where the integral is understood in the weak sense.

Using the Fourier transform, there is a characterization for function ¢) to be an admissible
vector, which can be read as below:

A wvector 1 € L*(R) is admissible if and only if it satisfies the condition

Co= [ Jitof 16" de < . (1.9

[e.o]

Discrete wavelet transform: Orthonormal wavelet bases As mentioned before,-

in the discrete wavelet transform, the dilations and translations parameters both take



only discrete values. For dilation parameter one chooses the integer powers of one fixed
dilation parameter ay > 1, i.e., af’ and hence b can be discretized by nbyay® for some fixed
by and for all n € Z; usually ag = 2. The corresponding discrete wavelet system to the

parameters ag, by i {¥nm }(n,m)czxz Where
U () = |ao] ™2 (ag™x — nby)  V(n,m) € Z x Z, Yz € R.

For a fixed function f, the inner products {(f,"¥nm)}mm), called the discrete wavelet

coefficients of f | are given by

(f, Ynm) = ]ao|_m/2/f(x)w(a0m:v — nby)dz.

Note that in general it is not easy to construct a discrete wavelet system {4, 1, }(n,m) that
constitutes an orthonormal basis for L?(IR) for any suitable of ag, bp.

One of the constructive methods for orthonormal wavelet bases is “multiresolution analy-
sis”, abbreviated by M RA: A multiresolution analysis consists of a sequence of closed and
nested subspaces {V;}, approximation spaces, in L?(R), whose union is dense in L*(R)
and intersection is trivial. Moreover there must exist a function ¢ in the central space
Vb, so that its translations under Z constitutes an orthonormal basis for V. The function
¢ is called “scaling function” of the multiresolution analysis M RA. An M RA provides
an orthogonal decomposition of L?(R). Using the scaling function one can construct a
function ¢ in Wy, the orthogonal component of V4 in V;, such that the set of its trans-
lations under Z constitutes an ONB for W,. Hence using the orthogonal decomposition
of L*(R) the wavelet system {ty, m}n.m) forms an orthonormal wavelet basis of L*(R).
Therefore any function f in L?*(R) can be recovered from its discrete wavelet coefficients

by the discrete inversion formula:

f = Z<f7 wn,m>wn,m- (19)

n,m
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Remarks

1) The construction of wavelet ONB’s is considerably more difficult than that of func-
tions fulfilling the admissibility condition (1.8). This motivates the interest in con-

structions such as MRAs.

2) The wavelets Yy, = LDy, as the component of the position b and scale a, con-
structed from the mother wavelet 1), are applied to the analysis of signals f in L*(R).
The “well localized” wavelets in both time and frequency are considered. This kind
of wavelets provide a good localization of informations about the signals. More pre-
cisely, the L*-inner product (f,y.) contains local information about the regularity
of f at scale a and centered at position b. For example, the fast decay of the abso-
lute value of the wavelet coefficients (f,Vpq) as a — 0 provides the smoothness of

function f at the point b.

The purpose of the thesis
Let H = R? denote the Heisenberg Lie group with non-commutative group operation

defined by

(pﬂ]g - Q1P2)>
— 5 )

(p1, @1, t1) * (P2, g2, t2) = (pl + P2, 1+ g2t + 1o+
The Haar measure on H is the usual Lebesgue measure on R3. Note that sometimes we
use the identification H = C x R in our work.
The definition of the continuous wavelet transform respectively an admissible vector is

associated to one-parameter dilation group of H, i.e., H = (0, c0), where any a > 0 defines

an automorphism of H, by

a.(p, q,t) = (ap, ag, a’t) V(p,q,t) € H. (1.10)

Adapting the notation of dilation and translation operators on L?(R), for some a > 0, D,

is a unitary operator on L*(H) given by

Daf(p.q,t) = a*f(a.(p,q. 1)) = a®f(ap,aq,a’t) Vf € L*(H),



and for any v € H, L, is defined by
Lof(v) = f(wv) VYveH.

Using the dilation and translation operators, the quasireqular representation m of the

semidirect product G := H x (0, 00) acts on L?(H) by

(m(w,a)f)(v) = LoDaf(v) = a fla™"(w™v))

for any f € L?*(H) and (w,a) € G and for all v € H . G is non-nunimodular, with left
and right Haar measures are given by a °dadw, a~*dadw respectively.

The principal purpose of this work is the construction of discrete and continuous wavelet
systems on the Heisenberg group arising from a “well localized” wavelet. The chief tool
for approaching our aim will be the quasiregular representation of G = H x (0, 00) on

L?(H), and methods of Fourier analysis on H.

Structure of the Thesis
This thesis consists of 5 chapters. The contexts and new results contained in the thesis

are organized as follows:

o Chapter 2 contains an overview of the basics concerning the Heisenberg group H

and analysis on H,
e Chapter 3 provides the construction of normalized tight wavelet frame on H,

e Chapter J presents the complete characterization of radial Schwartz functions as

well as radial admissible functions,

e Chapter 5 illustrates the Calderdn admissibility condition for vectors in L?(H) and
provides the “Mexican-Hat”- wavelet on H as an example of a radial admissible

Schwartz function.

Overview of the results
Chapter 2 provides some background for the analysis to be presented in subsequent chap-

ters. The key information for later use is the Fourier and wavelet transform on the
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Heisenberg group. We explain the basic concepts and results around abstract Fourier
analysis and representation theory on the Heisenberg group. This includes the most im-
portant Stone and von Neumann and Plancherel theorems. This material is, for the most
part, available from books [16],[15], [20] and [48]. This chapter also serves to establish
our main notations.

We conclude this chapter with fundamental terms and results which are needed in con-
nection with continuous and discrete wavelet analysis.

Next we introduce the concept of frames of a Hilbert space. Moreover using the translation
and dilation operators we define a discrete wavelet system {Ly—;v Dyt }jez~er for L?(H)
for semidirect product G = H x (0, c0), which is associated with suitable ¢ € L*(H) and
some lattice I' in H. The key step is the existence of a suitable lattice I' and v such that
the related wavelet system forms a normalized tight frame. More about frames is avail-
able in the books of Christensen [6] and Grochening [24]; for more examples of semidirect

products and their frames see for instance [1].

Chapter 3 concerns the construction of discrete wavelet system in L?*(H). We show the
existence of a normalized tight wavelet frame, and exhibit certain similarities to multires-
olution analyses in L?*(R). The main result of this chapter can be found in Section 3.3.
First, we describe the notions from multiresolution analysis in L?(R) that are needed to
understand the remainder of this chapter. We use the following convention for Fourier

transform of functions in L'(R):

fe) =5 | fwye e

We start by introducing the Shannon theorem for L?(R) which states that a slowly varying
signal can be interpolated from a knowledge of its value at a discrete set of points. More
precisely for a bandlimited function f € L*(R), i.e its Fourier transform f has support in

some compact interval, then for some b > 0:

flay= 3 gy =) (111

bxr — nmw



The statement (1.11) means that f can be recovered from the samples { f(%") fnez.

Shannon MRA on H: By analyzing the Shannon basis, we can explain the concept
of multiresolution analysis for L?(R) which is hidden in the Shannon basis, i.e., we show
the existence of a sequence of closed linear and left shift-invariant nested subspaces V; of
L*(R) (j € Z) such that their union is dense in L*(R) and their intersection is trivial.
Moreover f € V; < f(2.) € V;11. And one can see that the function ¢ = sinc € Vj,
so called the scaling function, has the property that its left translations under Z forms
an orthonormal basis of V. Consequently using the scaling function and the orthogonal
decomposition of L*(R) under W;s, the orthogonal complements of V; in Vj,1, one can
show that the translations and dilations of function ¢ := 2¢(2.) — ¢ = \/§D1/2¢> —peW,
with integer powers of a = 2, (see (1.10)), forms an orthogonal basis for L*(R).

Note that the Fourier transform of function ¢ has support in compact interval [—m, 7| and

hence v is bandlimited and ¢ has support in the set [—2r, —7] U [, 27].

The reason that we choose the Shannon basis for illustration is the simplicity of its Fourier
transform. The observations made by analyzing the Shannon basis for L*(R) lead us to
formulate the definition of a Shannon multiresolution analysis for the space L?(H).

Let us start with the definition of MRA in general: Adapting the definition of M RA for
L3(R) to one for L*(H), a frame multiresolution analysis for L?(H) associated to a lattice

I' in H and dilation given by a > 0 can be expressed in the following way:

Definition of frame multiresolution analysis (frame-MRA): We say that a se-
quence of closed subspace {V;}jez of L*(H) forms a frame-MRA of L*(H) if the following

conditions are satisfied:
1. V; CVi VjEZ,
2. UV, = LA(H),

3. NV; = {0},
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4' fev;'@f(a')ev}-i-l;

5. Vo is left shift-invariant under T, and consequently V; is shift-invariant under (a=.T")

(note that Li,-i ) (¢(a’.)) = (Lyp)(a’.) for any v € T'),

6. there exists a function ¢ € Vi, the so-called scaling function, or generator of
the frame — MRA, such that the set Lr(¢) = {p(v~'.) : v € T'} constitutes a

normalized tight frame for Vj.

Here we address the main topic, i.e., to answer the basic question, how can a function on H
produce a Shannon multiresolution analysis of L?(H). We shall consider two basic issues:
the union density and trivial intersection properties. Normally, the trivial intersection
property is less important because it is the consequence of the other conditions. We shall
present a function S for which the nested sequence of subspaces generated by S has dense
union. Remark that we do not suppose that the function S is our scaling function.

For simplicity, from now on we take a = 2 in the above definition.

The idea of this chapter is to apply an approach to find a suitable analogue of the sinc
function in L*(R), S € L*(H), as a starting point, whose Plancherel transform is supported
in a bounded interval, i.e. for any A # 0, S()) is a finite rank projection of L?(R) with
respect to some orthonormal basis {e) },ez for L2(R). We then construct a Shannon-MRA
on H with applying the function .S, for which the properties 1—6 in the definition of frame-
M RA hold. Note that the construction of a Shannon-MRA and also the existence of the
scaling function ¢ in the property 6 strongly depends on the structure of the function S
and ¢ is necessarily not equal to S.

Further on we show the existence of function v, so-called wavelet, in W, the orthogonal
component of V4 in Vi, which is bandlimited and the set of its left translations under
some other suitable lattice forms a normalized tight frame for Wj. Consequently using
the orthogonal decomposition L*(H) = @ W;, where W; is the orthogonal component of
V; in Vj41, we show that the set of {ng_fng—j @b}(m)eZXp constitutes a normalized tight

frame of L?(H), Theorem 3.18.
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Remark Observe that the wavelets obtained by the above method may have poor decay

properties.

Chapter 4 concentrates on the study and characterization of radial admissible Schwartz
functions on the Heisenberg group. To enter into the details of this chapter we need some
preparation:

A rather new development, which we consider in this chapter, is the construction of
continuous wavelet transformation based on the quasiregular representation of the group
H x (0,00). In general the admissible respectively wavelet functions are referred to that
kind of functions which satisfies the condition of (1.12) below. Recall that G is a non-
unimodular group and its left Haar measure is given by dug(w,a) = a °dadw. Then
the admissible vector in L?*(H) and continuous wavelet transform on L?(H) is defined as
follows:

(%) Definition: For any v € L*(H) the coefficient operator Vy, defined by
Vyi L(H) = IXG) by Vi) a) = (f,m(w, a)) (1.12)

is called continuous wavelet transform if V,, : L*(H) — L?*(G) is an isometric operator

up to a scalar, i.e

| £ II*= const./]HI/OOO | Vp(f)(w,a) |* a Pdadw ¥ f € L*(H), (1.13)

where the constant depends only on 1. The function 1 for which (1.13) holds for any
f € L*(H) is called admissible.

The importance of the isometry given by formula (1.13) is that a function f € L*(H) can
be reconstructed from its wavelet coefficients V,,(f)(w,a) = (f, 7(w, a)y) by means of the

“resolution identity” ( “Calderdn’s formula”) | i.e, formula (1.13) can be read as

f= const./ /Oo<f,7r(w,a)w>7r(w,a)w a dadw ¥ f € L*(H),
i Jo

with the convergence of the integral in the weak sense.

The family of wavelets {7 (w, a)1} (w,a)erix(0,00) are constructed from the admissible vector
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1, so-called mother wavelet, by dilation a and translation w respectively.

The motivation for studying of continuous wavelets is again that dilated and translated
copies of wavelets can be used for the analysis of signals and should provide localized
information about signals when the wavelet is suitably chosen; e.g has many vanishing
moments and is smooth enough. More precisely, the L?-inner product (f, 7(w,a)) con-
tains local information about the regularity of f at scale a and centered at w. For example,
following the case of wavelet analysis on R one expects that the fast decay of the abso-
lute value of the wavelet coefficients (f, m(w,a)y) as a — 0 provides the smoothness of
function f at a neighborhood of point w.

These observations provided the motivation for the study and construction of fast decay-
ing wavelets in this thesis. However, we will not study the use of wavelets for the analysis
of local smoothness properties, and rather focus on construction issues.

To understand the remainder of this chapter we give here some basic definitions and no-
tations:

Definition of radial functions on H: Using coordinates (z,t) on Heisenberg group H,
where z € C andt € R, we say a function f on H is radial if f = foRy in the L?-sense for
every 0 € [0,2m), where Ry is a rotation operator on H and is given by Ry(z,t) = (Rgz, t),
and Ry is the rotation operator on R% by angle 6.

Note that a continuous function f is radial if and only if f(z,¢) depends only on | z | and
t and we may also write f(z,t) = fo(| z |,t) with fy : RT x R — C. Here the equality is
understood pointwise.

On the nilpotent Lie group H we consider the space S(H) of Schwartz functions, see [7],
[14]. Then the class of radial Schwartz function on the Heisenberg group has an alterna-
tive description as below:

Lemma: The set S,(H) of radial Schwartz functions on H has an alternative character-

1zation given by

S.(H) = {f € C(H) : (|| t[')(9:0:)'0Lf € Cy(H) for every d,lk,s € Ny},
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where C2° stands for the set of smooth and radial functions and Cy, denotes for the set of
bounded and continuous functions on H.

(For the proof see Appendix A).

We restrict our study to the class of radial functions on H to obtain a complete charac-
terization of the set gr(H) of Fourier transforms of radial Schwartz functions on H. We
show that a function f is contained in S,(H) if and only if its radial Fourier transform
satisfies suitable decay conditions by applying certain derivative and difference operators.
The reason for restricting our study of smooth wavelets to the class of radial functions is
the following statement:

Suppose f € L*(H). Then f is radial if and only if for almost every \ # 0 its Plancherel

transform f()\) is given by
FO) =" Rs(n,X) 61 @ 6)

for a suitable function Ry defined on Ng x R* and the orthonormal basis {¢)}nen, for
L3(R) consisting of scaled Hermitian functions.

The proof of the statement will be given in Theorem 4.11. The theorem presents a
simple representation of group Fourier transform for radial functions, which allows us to
characterize all smooth function in terms of their Fourier transform.

The motivation for the study of S,(H) is the fact that S,(R?) is preserved by the Fourier
transform. A related result for the case H can be found in Geller’s paper [21].

The characterization of @(H) enables one to construct smooth radial functions f on H
which decay rapidly at infinity whose radial Fourier transforms R; are prescribed in
advance subject to some conditions. We will study it in Theorem 4.36 in detail, which
provides both necessary and sufficient conditions for a function R on R* x Ny to belong

to space S, (H):

i) R is rapidly decreasing on R* x Ny and for any n the function R(n,.) is continuous

on R*,

ii) R(n,.) € C*(R*) VneN; andVm €N, the functions N9y R satisfy certain
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decay conditions. In particular, N9V R(n, A) is a rapidly decreasing sequence in

n for each fixed A € R*,

iii) Certain derivatives of R also satisfy the two conditions above. They are defined
on R* x Ny as specific combination of % and difference operators which play the

role of differentiation in the discrete parameter n € Nj.

The precise formulation of these conditions can be found in Section 4.5.4. The derivatives
of functions in ‘SA',,(]HI) referred to above are operators corresponding to multiplication
of functions in S,(H) by certain polynomials. The difference operators in the discrete
parameter n € Ny are linear operators. As summary of their properties is given in Section
4.4.

One consequence of the estimates involved in our characterization of S\T(H) is that

f € S,(H) can been recovered from its radial Fourier transform R = f via the inversion

formula

fety=) [ Re N, (z)eMdu(h),
— Jer+

where @, are dilated special Hermit functions and du(A) = (2m)72 || dA.

As mentioned before, in this chapter we also consider the problem of characterizing ad-
missible functions in the space S,(H) via their radial Fourier transform. The reason for
restricting our study of admissible vectors to the class of radial function is again Theorem
4.11. As it turns out, this result allows to derive a simplified admissibility condition for
radial functions.

For approaching this aim we first provide a complete characterization of admissible func-
tions in space L?(H). We show that a function f in L?(H) is admissible if and only if the
related radial Fourier transform Ry is square integrable in the continuous variable A\ with
respect to a suitable positive measure on the space R*, and the value of the integral is

independent of discrete values n € Ny, i.e.,
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[ € L2(H) is admissible if and only if for its radial Fourier transform {R(n,\)}n.x is
/OO]Rf(n,)\)\2>\1d)\:c VneN
A=0
for some positive constant c .
The complete proof of this result is given in Theorem 4.37, which provides both neces-
sary and sufficient conditions for a function R to be the radial Fourier coefficient of an

admissible function.

We conclude this chapter with a result which is connected to our characterization of
radial functions. The result shows that the characterization of admissible radial functions
simplifies for a special class of radial functions constructed on the Fourier side:

Radial function f on H is admissible if its corresponded Fourier transform Ry can be

constructed by Rp(n,\) = R((2n + 1)|\|), where R € L*(R*, \d\) and
/ | RO\ |2 AL < oo
0

The complete proof of the conclusion is given in Theorem 4.39. Hence we have obtained
simplified criteria for radial functions to be admissible, as well as for membership in S, (H).
We expect that these results can be employed to show that there exist functions satisfying
both criteria, i.e., radial admissible Schwartz functions. However, in this thesis, we will

obtain an example by a different construction, presented in Chapter 5.

In Chapter 5 we characterize the space of admissible Schwartz function on the Heisen-
berg group without applying the Fourier transform but using the Calderdn reproducing
formula instead. We show that a function ¢ in S(H) with mean value zero is admissible
in the sense of Definition (x) if and only if it is Calderdn admissible.

We say a function ¢ € S(H) with [ ¢ = 0 is Calderén admissible if for any 0 <e < A
and g € S(H)

A
g*/ G * g a 'da —cg ase —0;A — 00
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holds in the sense of tempered distributions, where ¢ is a nonzero constant, and for a > 0
is ¢a(w) = a™*p(a7'w) and ¢ (w) = P(w ).

One of the main results of this chapter is Theorem 5.4. The theorem shows that the
admissibility in the usual sense (i.e.,(1.12)) and in the sense of Calderén is equivalent as
long as the function is Schwartz:

Function ¢ in S(H) is Calderén admissible if and only if for any g € S(H) is

/ / (g, LoD Pdwa~da = ¢ | g |12
0 H

where the operators L and D are translation and dilation operators respectively.

In this chapter we also consider the problem of existence of such functions as a main
consequence, which involves with our results. We present an example of a Calderon ad-
missible function in the class S(H). Applying the definition of Calderén admissibility, we
prove the existence of “Mexican-Hat” wavelet for the Heisenberg group obtained from
the Heat kernel, defined in a complete analogous way to the “Mexican-Hat” wavelet on

R. (Theorem 5.11). This provides an example of an admissible radial Schwartz function.



Chapter 2

Notations and Preliminaries

In this chapter, the basic concepts and results centered around Fourier analysis and
wavelet analysis on the Heisenberg group are presented. After introducing some nota-
tions, we present the basic notations, regarding group representations, Hilbert-Schmidt
operators and trace-class operators, tensor products of Hilbert spaces, and direct integrals
of Hilbert spaces. In the last section, we provide the operator-valued Fourier analysis for
the Heisenberg group H including the most important Plancherel Theorem. This material
may, for the most part, be found in [16], and will be applied in the sequel without further

explanation.

Let G be a locally compact group. A positive Borel measure p on G is called a left Haar
measure if: (i) p is a nonzero Radon measure on G, (ii) p(zE) = p(FE) for any = € G,
and any Borel subset £ C G. o is called right Haar measure if (ii) is replaced by : (ii)’
o(Ex) = o(E). One of the fundamental results in harmonic analysis is that every locally
compact group G has a left Haar measure which is unique up to multiplication by a con-
stant. G is unimodular if the left Haar measure is right Haar measure. See [16], §2.2 for
further details.

Let G be a locally compact group with a fixed left Haar measure . We shall gener-

ally write dx for du(x). Let C.(G) denote the function space consisting of continuous

17
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compactly supported complex-valued functions on G. For f € C.(G), let

15 0= ([ 1) v’

for 1 < p < oo. Let LP(G) denote the completion of the normed linear space (C.(G), ||
. |lp). We are most interested in L'(G) and L*(G).
If f,g € L'(G), the convolution of f and g is the function defined by

frglx) = /Gf(y)g(y‘lw)dy.

If f € L'(G), the involution of f, f, is defined by the relation

If f is a function on G and y € G, we define the left and right translations of f through

y by

Lyf(z) = f(y~'z),  Ryf(x) = f(zy).

1

The reason for using y~* in L, and y in R, is to make the maps y — L, and y — R,

group homomorphisms:

L,.=L,L., R,.=R,R..

2.1 Group Representation

Let G be a locally compact group. A continuous unitary representation of GG is a pair
(m,H), where H, is a Hilbert space (the representation space of 7) and 7 is a homo-
morphism from G into the group U(H,) of unitary operators that is continuous with
the respect to the strong operator topology. More precisely, © : G — U(H,) satisfies

= 7(x)*, and z — m(x)& is continuous from G to

m(xy) = m(x)7(y) and 7(z~!) = 7(x)”
H,, for any & € H,.

Suppose K is a closed subspace of H,,. K is called an invariant subspace for 7 if 7(2)IC C K
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for all z € G. If K is invariant and nontrivial, the restriction of 7 to K , 7°(z) := 7(x) "
defines a representation of GG on IC, called a subrepresentation of 7. If 7 admits an invari-
ant nontrivial subspace of H,, then 7 is called reducible, otherwise 7 is called irreducible.
If (7, H,) and (o, H,) are two representations of G and T' € B(H,, H, ), where B(H., H,)
denotes all bounded linear operators from H, to H,, satisfies Tw(x) = o(z)T for all
x € G, then T is said to be an intertwining operator for m and o. If there exists a unitary
map U : 'H, — H, which intertwines 7 and o, then we say that 7 is equivalent to ¢ and
write m ~ ¢. The dual space G of G is the set of equivalence classes of irreducible unitary
representation of G. See [16] §7.2 for a discussion of the space G.

The space of all intertwining operators for 7 and o is denoted by Hom(w, ). Irreducibility

of 7 is related to the structure of Hom(m, ) by a fundamental result:

Lemma 2.1. Schur’s Lemma: A unitary representation m on H, is irreducible if and

only if Hom(mw, ) contains only scalar multiples of the identity.

For the proof of this result, see [16] §3.1.

2.2 Hilbert-Schmidt and Trace-Class Operators

Let us start by recalling the definition of Hilbert-Schmidt norm of an operator in a finite
dimensional Hilbert space H. Let T' € B(H) be any endomorphism in H. Take any
orthonormal basis {e;}¢_, of H, where d = dim(H), and assume that T is replaced by

the matrix (¢;) in the basis {ex}; obviously tx; = (Tex, ¢;) and
%
1T ls= (D2 1 tea 1) (2.1)
k.l

defines a norm on B(H), the set of endomorphisms in H. It is called the Hilbert-Schmidt

norm of 7. If S is another endomorphism, represented by the matrix (s;) with respect



20 Notations and Preliminaries

to the same basis, a computation shows that
k,l
This shows that the Hilbert-Schmidt norm (2.1) is derived from the following inner product

(T,8) =Y > tusu = Tr(S"T)

El ki

on B(H). One can show that || 7" ||g.s and (7, .S) are independent of the choice of or-
thonormal basis {e;} of H ([16], Appendix 2).

Now we need some analogous results in arbitrary Hilbert space. Let H be a separable
Hilbert space and T' € B(H) be a continuous linear operator on H. Let us take an or-
thonormal basis {ex} of H. Then ", || T'e, ||* is independent of the choice of orthonormal
basis {ey} of H.

An operator T' € B(H) is called Hilbert-Schmidt operator if for one, hence for any or-
thonormal basis {ex}, >, || Tey, ||*< 0o. By the preceding argument, this is well-defined.
We use HS(H) to denote the set of all Hilbert-Schmidt operators on H. For T' € HS(H),
define the Hilbert-Schmidt norm of 7" as

1
1T W3rs= Q_ Il Tex 1)z
k

We have the following properties: If T" is a Hilbert-Schmidt operator, so is 7. If T" and
S are Hilbert-Schmidt operators, so is al" 4 bS, for any constants a,b. So we see that
all the Hilbert-Schmidt operators on H form a normed linear space. Moreover, for any
T € HS(H) and S € B(H), T'S and ST are both in HS(H) . Thus HS(H) is also a
two-sided ideal in B(H).

We call a product of two operators in HS(H) a trace-class operator. By the preceding

argument, if T" is trace-class operator and {ey}, is any orthonormal basis for H, then

| T = tr(T) = 3 (Ter,ex)

k
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is well-defined and it is independent of {ey}r. We have the following properties for
trace-class operators: every trace-class operator is a Hilbert-Schmidt operator and T
is a Hilbert-Schmidt operator if and only if T*T is a trace-class operator. T is trace-class
if and only if T is a trace-class operator.

We use the abbreviation ONB for orthonormal bases and the word projection for self-
adjoint projection operator on a Hilbert space.

For more about Hilbert-Schmidt operators and trace-class operators, see [16], Appendix

2, and [47], §2 and §3.

2.3 Tensor Products of Hilbert Spaces

Let 'H; and Hsy be Hilbert spaces. We define the tensor product of H; and Hs to be the
set Hy ® Ha of all linear operators T : Hy — H; such that Y, || Tex ||*< oo for some,

hence any, orthonormal basis {e;} for Hsy. If we set
1
1T Nms= (Il Tex |P)2,
i
then H; ® H, is a Hilbert space with the norm || . || z.s and associated inner product
(T,S) = (Tey, Sey),

k

where {e} is any orthonormal basis of Hs.
If £ € Hy and n € Hs, the map w — (w, )¢ (w € Ha) belongs to H; & Ha; we denote it
by £ @:

(€ @n)(w) = (w,n)s.

Note that (£ ® n)* = n ® & and for any operators T" and W on H; and repectively on Hs
we have To (E®@n) =TE®@n, (E@n) oW =6 W,

For Hy = Hy = H we shall denote H ® H = HS(H). For more information and detail,
see [16] §7.3 or [36] §2.6.
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2.4 Direct Integral of Hilbert Spaces

In the following, we outline some notations and results concerning direct integrals. For
further information on direct integrals, we refer the reader to [16] §7.4.

A family {H, }aca of nonzero separable Hilbert spaces indexed by A will be called a field
of Hilbert spaces over A, where a Borel o-algebra is supposed on A. A map f on A such
that f(«) € H, for each o« € A will be called a vector field on A. We denote the inner
product and norm on H, by (, ), and || . ||o. A measurable field of Hilbert space over
A is a field of Hilbert spaces {Hq }aca together with a countable family {e;}° of vector
fields with the following properties:

(4): the functions a — (e;(a), ex(a)), are measurable for all j, k.

(i7): the linear span of {e;(c)}{° is dense in H,, for each a.

Given a measurable field of Hilbert spaces {Ha }aca, {€;} on A, a vector field f on A will
be called measurable if the function a — (f(«a),e;()), is measurable function on A,
for each j. Finally, we are ready to define direct integrals. Suppose {Hq }aca , {€;}7° is a
measurable field of Hilbert spaces over A, and suppose p is a measure on A. The direct

integral of the spaces {H, }aca With respect to u is denoted by

/A ¢ Hodp(c).

This is the space of measurable vector fields f on A such that

I fIP= / | £(o) |12 du(a) < oo,

where two vector fields agreeing almost everywhere are identified. Then it easily follows

that [ ® N, du(a) is a Hilbert space with the inner product

(f,g) = / (£(), g(0)adpi(c).

In case of a constant field, that is, H, = H for all o € A, fEB Hodp(a) = L2(A, u, H), all

the measurable functions f : A — H defined on a measurable space (A, i) with values in
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‘H such that

| £ 1P= / | £(a) |12 dufa) < oc.

Here ‘H is considered as a Borel space with the Borel-o-algebra of the norm topology.

2.5 The Heisenberg Group H

The Heisenberg group H is a Lie group with underlying manifold R3. We denote points
in H by (p, ¢, t) with p,q,t € R, and define the group operation by

1
(p1, @1, t1) * (P2, @2, t2) = (P14 pos i + @2, b1 + 12 + 5(2916]2 — qip2)). (2.2)

It is straightforward to verify that this is a group operation, with the origin 0 = (0,0, 0)
as the identity element. Note that the inverse of (p, q,t) is given by (—p, —q, —t).

We can identify both H and its Lie algebra b with R?, with group operation given by
(2.2) and Lie bracket given by

[(p1:q1.t1), (P2, @2, t2)] = (0,0, P12 — q1p2). (2.3)

The Haar measure on the Heisenberg group H = R? is the usual Lebesgue measure. The
Lie algebra b of the Heisenberg group H has a basis {X,Y,T} with [X,Y] = T and all
other brackets are zero, such that the exponential function exp : §h — H becomes identity,

ie.,
exp (pX +qY +1T) = (p, ¢, 1).

We define the action of h on space C*°(H) via left invariant differential operators by the

following formula:
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Suppose f € C*(H), then

(XD 0.1 = (Fpr 0. cap(sX))
:C% (f(p7 q, t).(S, 0, O)) o
d 1
:E(f(p +5,q,1 — §SQ)) .
Z%f(p, q,t) — 5(1%]“(19, q,t).
Likewise
¥ F)p.0,8) = (F((0r 0. 1) cplsY )|
L (0.0.000.5,0)
d ]
== (f(a+s.t+5ps)) _
d 1 d
Zd—qf(p, q,t) + 51)%1“(19, q,t),
and

(Tf)(p,q,t) = %f(p, q.1).

Consequently the elements X + 7Y and X — Y act as follow:

(X +Y) )P g, t) = (X[)(p,q,t) +i(Y )P, q, 1)

d qd . d pd

- (dip + idiq) f(p,q,t) + %(p - iq)%f(p, q,1) (2.5)

f(p.q,t) (24)

and
(X = ¥)D0.0) = (5o = 50 ) Fa.0) = 50+ i) 3 100

One basis for the Lie algebra of left-invariant vector fields on H is written as {Z, Z, T}

where

9 zo
gox4ive2 29 s _x_ w9 ;29
= T S = e T S
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and
0
T=—. 2.7
T (2.7)
With these conventions one has [Z, Z} = —z’%.

2.6 Fourier Analysis on the Heisenberg Group

This section contains a brief review of Fourier analysis on the Heisenberg group H, in-
cluding the most important Plancherel Theorem. For details, we refer the reader to [16]

§7.5 and §7.6.

2.6.1 The Representations of the Heisenberg Group

The Heisenberg group is the best known example from the realm of nilpotent Lie groups.
The representation theory of H is simple and well understood. Using the fundamental
theorem, due to Stone and von Neumann, we can give a complete classification of all the
irreducible unitary representation of H.

For the Heisenberg group there are two families of irreducible unitary representations,
at least up to unitary equivalence. One family, giving all infinite-dimensional irreducible
unitary representations, is parametrized by nonzero real numbers \; the other family,
giving all one-dimensional representations, is parametrized by (b, 5) € R x R. We will see
below that the one-dimensional representations have no contribution to the Plancherel
formula and Fourier inversion transform, i.e. they form a set of representations that has
zero Plancherel measure. Hence we will focus on the Schrodinger representation, defined
next:

The infinite-dimensional irreducible unitary representations of Heisenberg group are called
Schrodinger representations, all of them are realised on L?(R) as follows:

For each A € R*(= R — {0}), consider for any (p, q,t) € H the operator p,(p,q,t) acting
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on L*(R) by
pa(p.q. )¢ (x) = e gy g) (2.8)

where ¢ € L*(R). Tt is easy to see that py(p,q,t) is a unitary operator satisfying

pA((p1, a1, 1) (P2, G2, 12)) = pa(p1, @1, t1) pa(p2, g, t2).

Thus each p, is a strongly continuous unitary representation of H, i.e. for any f € L*(R),

ox(xn)f — pa(x)f as x, — . Note that each p, is irreducible [16].

A theorem of Stone and von Neumann says that up to unitary equivalence these are all

the irreducible unitary representations of H that are nontrivial at the center.

Theorem 2.2. (Stone and von Neumann) The representations px, A # 0 are irre-
ducible. If  is any irreducible unitary representation of H on a Hilbert space H such that

7(0,t) = ™I for some X\ # 0, then 7 is unitary equivalent to py.

For the proof of the theorem see Folland [16].

2.6.2 Fourier Transform on the Heisenberg Group

In this section we define the group Fourier transform for functions on H and introduce
the inversion and Plancherel theorems for the Fourier transform. Recall that the Haar
measure on the Heisenberg group H = R? is the usual Lebesgue measure. It is also easy
to show that it is both left and right invariant under the group multiplication defined by

(2.2), i.e. H is unimodular.

Next we introduce the convolution of two functions f and g on H. For f and g in L'(H),

the convolution of f and g is the function defined by

fgw) = /H F()g(v " w)dv. (2.9)
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By Fubini’s theorem, the integral is absolutely convergent for almost every w and

If*g <l FIhllg

Convolution can be extended from L! to L? space. More precisely, if f € L' and g € L2,
then the integral in (2.9) converges absolutely for almost every w and one has f* g € L?,

and

g ll<Il £l g 2

Moreover for any pair f,g € L*(H) is f * g € Cy(H), where g(w) = g(w='). For more

details about convolution of functions see for example [16] Proposition (2.39).

Definition 2.3. f € L2(H) is called selfadjoint convolution idempotent if f = f =
R

The selfadjoint convolution idempotents and their support properties are studied in detail

by Fiihr [20] in §2.5.

Next we begin with Fourier transform of integrable functions on H. If f € L'(H), we
define the Fourier transform of f to be the measurable field of operators over H given by

the weak operator integrals, as follow:

F) = [ s (2.10)

~ ~ ~

For short, we write f(A) instead of f(py). Note that the Fourier transform f(\) is an

operator-valued function, which for any ¢, € L*(R) fulfils

~

u&wwwaéﬂn%mm@@waw@mm

~

by definition of the weak operator integral. The operator f()) is bounded on L?(R) with

the operator norm satisfying

-~

[RACYRESIRI

If felL'nLL*H), f()\) is actually a Hilbert-Schmidt operator and a Fourier transform
can be extended for all f € L?(H).
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Let M := (L' N L*)(H) and N := linear span of {f * g|f,g € M}. By definition
of convolution in harmonic analysis, for any f,g € L*(H) and w € H we can write
(f x g)(w) = (f, L,g). Therefore f x g € Cy(H) [16]. Moreover N is a vector space of
functions which can be shown to be dense in both L*(H) and L?*(H). With the notations
set as above, we have the following abstract Plancherel theorem. The proof may be found

in [52] for the Heisenberg group and for more general case of groups see for example [16].

Theorem 2.4. Plancherel Theorem The Fourier transform f — f maps M into
fiR* L*(R) @ L*(R)du(N), where du(X\) = (2m)~2 || dX is Plancherel measure given on
H. This map extends to a unitary map from L*(H) onto fiR* L*(R) @ LA (R)du(N\) i.e.,

it sets up an isometric isomorphism between L*(H) and the Hilbert space
L2(R*, du(N), L*(R) & LA(R)),

i.e., the space of functions on R* taking values in L*(R)®L?*(R) which are square integrable
with respect to du(N).
For f,g € M one has the Parseval formula

[ sz = [ (G0 F0)du(),

And for f € N one has the Fourier inversion formula

-~

F@) = [ (o) T )t

Simple computations show that the basic properties of the Fourier transform remain valid

for f,g € (L' N L?) (H):

= (W) f(N) (2.11)
(V) = F, (2.12)
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-~ ~

where f(A)* is the adjoint operator of f(\) and w € H.

We conclude this section with computation of Fourier transform of f(a.). Recall that the

dilation operator given by a > 0 is defined on H as follow:

a: (p,qt) — a.(p,q,t) = (ap,aq,a’t) V (p,q,t) € H.

Suppose A # 0. Then from definition of Schrodinger representation we obtain the following

equality:
pa(a™.(0,0,1)) = € ' = p,—2,(0,0,) Vi eR.

Hence from Theorem 2.2, the representations py(a~'.) and p,-2, are unitary equivalent.

It means there exists a unitary operator U,y : L*(R) — L?(R), so that

p)\(a_l'(p7 q, t)) = Ua,Apa*Q)\(pa q, t)U:,)\ V(p, q, t) € H. (213>

With computation it is easy to see that for any a > 0 and A # 0 is U, = D] where
Dof(.) =a"Y2f(a"t.). Since D} = D,-1 then in (2.13) is

pA(a_l.(p,q,t)) = Dy-1ps—22(p,q,t)D, V(p,q,t) € H. (2.14)

After this preparation, we are ready to compute the Fourier transform of function f o4,

in the following lemma where f € L?(H):
Lemma 2.5. For any f € L*(H) is

F(a)(\) = a4 Dy-r f(a=2N)D,.

Proof: From definition of Fourier transform (2.10), for A # 0 we have

—

o) = / £ (a.(p.4.1))pa(p, 0 t)dpdqdt

= /A flap, ag, a*t)px(p, q, t)dpdqdt

=a! / f(,q,t)pa(a”'p,a” q, a”?t)dpdgdt
A

— a“‘/)\f(p,q,t) (pa(a™'.(p, q, 1)) dpdqdt,
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now inserting (2.14), we derive the following relation:

—

fla)(A) = a‘4Da1(/Af(p,q,t)pa2A(p,q7t)dpdth)Da (2.15)

— a1Dy-1 f(a-2\) D,

2.7 Wavelet Analysis on the Heisenberg Group

In this section, the basic concepts concerning wavelet analysis on the Heisenberg group

from the discrete and continuous point of view are presented.

2.7.1 Continuous Wavelet Analysis: A Representation Point of
View

To understand the concept of continuous wavelet transformation on the Heisenberg group,

first we present the wavelet transform on R. The wavelet transform on R can be defined

from the representation-theoretic view as follow:

Suppose a > 0 and b € R. Then L, is translation operators on L?(R), which acts by
Ly: f— f(.—0b) VfeL*R).

We already introduced the dilation operators D, on L*(R).
The definition of dilation and translation operators suggests defining a group multiplica-

tion on R x R* by
(bl,al).(bg,ag) = (a1b2 +b1,a1a2). (216)

One obtains the so-called “affine group”. The left Haar measure is then |a|~* dbda on
R x R*. Now define the representation 7 of R x R* on L?*(R) by letting, for any (b,a) €
R x R*

n(b,a)f(x) = T,Dof(x) = |a| ? f(a~ (x —b)) VfeL*(R)z€R.



2.7. Wavelet Analysis on the Heisenberg Group 31

7 is homomorphism with respect to the group multiplication in (2.16) and is unitary and
irreducible representation of R x R*. With above preparation we give the definition of an
admissible vector in L?(R), with respect to the representation 7, and hence continuous
wavelet transform. We shall say a function ¢ € L?(R) is an admissible vector when the

operator
Vy: L*(R) — L*(R x R*, |a|*dadb), Vy(f)(b,a) = (f,7(b,a)¢)
is an isometry up to a constant, i.e.,

| £ 1= const. / / V() (b.a) [P Ja] 2 dadb Y f € I2(R),

where the constant is non-negative and only depends on ¢ . Then ¢ is called wavelet

and V(f) is called continuous wavelet transform of function f.

There already exist many introductions to wavelet theory, written from various points of
view and for audiences on all levels. The books by Y.Meyer [41] and I.Daubechies [9], are

still unsurpassed.

Our definition of continuous wavelet transform for the Heisenberg group will be from a
representation-theoretic point of view, adapted from the case R. For the construction of
wavelet transform one needs a one-parameter group of dilations for H. Here we consider
H = (0,00) as an one-parameter dilation group of H which is defined as follows:

Suppose a > 0. Then a. denotes an automorphism of H given by

a.(p, q,t) = (ap, ag, a’t) V(p,q,t) € H. (2.17)

The set (0,00) forms a group of automorphisms of H, called dilation group for H (for
more details about such dilation groups see for example [14]). From now on, a > 0 refers
to the automorphism a — a.w for all w € H. For the remainder of the work, H = (0, c0)
denotes a group of automorphisms of H with operation in (2.17).

Since H = (0,00) operates continuously by topological automorphisms on the locally

compact group H, we can define the semidirect product G := H % (0,00), which is a
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locally compact topological group with product topology. Elements of G can be written

as (w,a) € H x (0,00) and the group operation is defined by
(w,a)(w,d) = (w(a.w),ad) Yw,& € H andVa,d > 0.

G is a non-unimodular group, with left Haar measure given by dug(w, a) = a°dwda and
modular function Ag(w,a) = a™ for any (w,a) € G. Analogous to above, for a > 0 the
dilation operator D, on L?*(H) is defined by D,f(.) = a™2f(a™'.) and for w € H , L,
denotes the left translation where L, f(.) = f(w™'.) for any f defined on H.

Definition 2.6. (quasiregular representation) For any (w,a) € G and f € L*(H)
define

(m(w,a)f)(v) == LoDy f(v) = a2 f(a*(w tw)) Vel (2.18)

It is easy to prove that the map © : G — U(L*(H)) is a strongly continuous unitary
representation of G. This representation is called “quasireqular representation”.

Recall that U(L?(H)) is the set of the unitary operators defined on L*(R) into L*(R).

Next we give the definition of admissible vectors in L?(H), associated to the quasiregular

representation on L?(H) by (2.18).

Definition 2.7. (admissible vector) Let (7, H, = L*(H)) denote the strongly continu-
ous unitary representation of the locally compact group G := H x (0,00). G is considered
with left Haar measure du(w,a) = a °dwda. For any ¢ € L*(H) the coefficient operator
Vg is defined as follows:

Vo LA(H) — LX(G) by Vo(f)(w,a) = (f,m(w,a)g).
¢ is called admissible if V, : L*(H) — L*(G) is an isometric operator up to a constant,
1.e,
| £ II*= const.// | Vo(f)(w,a) |? a °dadw V¥ f € L*(H), (2.19)
H Jo

where the constant only depends on 1. Then Vy is called continuous wavelet trans-

form.
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One of the important consequence of the isometry given by formula (2.19) is that a
function can be reconstructed from its wavelet transform by means of the “resolution

identity”( “inversion formula” ) , i.e, formula (2.19) can be read as

f= const./ /Oo<f,7r(w,a)w>7r(w,a)w a °dadw ¥ f € L*(H),
i Jo

with the convergence of the integral in the weak sense.

An important aspect of wavelet theory is its microscope effect, i.e, by choosing a suitable
wavelet 1), as the lense, one can obtain local information about the argument function
f € L*(H). This information is obtained from the Fourier coefficients (f, 7 (w,a)y) when
for instance the coefficients have a fast decay for a — 0. This property can happen for
example if the wavelet is in the Schwartz space S(H) with several vanishing moments.
The existence of admissible vectors for quasiregular representation of G := N x H on
L?(N) is already proved in Fiihr’s book [20]; §5.4, where N is a homogeneous Lie group
and H is a one-parameter group of dilations for N (for the definition of homogeneous
groups see for example [14], H is one example of such a group). However, the existence
of fast-decaying wavelets was left open.

Our work establishes existence of admissible radial Schwartz vectors for case N = H and
H = (0,00). In fact we give an answer to this question in Chapter 4 by characterizing
the class of admissible radial Schwartz functions, and give an example of such a wavelet

in Chapter 5.

The existence of admissible vectors in closed subspaces of L?(H") was studied for example
in [34], where H" is n-dimensional Heisenberg group with the underlying manifold C" x R.
The authors consider the unitary reducible representation U of a non-unimodular group
P on L*(H"). A closer look reveals that, for n = 1, Liu and Peng are concerned precisely
with our setting: As formula (1.10) in [34] shows, their group is isomorphic to the group
G from §2.7.1, and the representation U defined in Formula (1.11) of [34] is precisely the
associated quasiregular representation, which we defined in 2.6. The only slight difference

consists in the parametrization of the dilations.
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The authors then decompose L*(H") into a direct (infinite) sum of irreducible invariant
closed subspaces, M,,, under the representation U on L?(H"). They proceed to show
that the restriction of U to these subspaces is square-integrable, i.e, each subspace M,,
contains at last one nonzero wavelet vector with respect to U. Furthermore the authors
give a characterization of the admissibility condition in each irreducible invariant closed
subspace M, in the terms of Fourier transform. But they did not show the existence of
an admissible vector for all of L?(H"), unlike our results.

Observe that the fact that the representation U in [34] is unitary equivalent to the direct
sum of irreducible representations, which are all square integrable, entails by Corollary
4.27 in [20], that there exists an admissible vector in L?*(H). Therefore we already know
of the existence of an admissible vector; this was pointed out following Corollary 4.27 in
[20]. However, this source does not contain any concrete description of admissible vectors,
of the kind we obtain in this thesis. In particular, the existence of well-localized wavelets,

which is one of the main goals of this thesis, has not been previously investigated.

2.7.2 Discrete Wavelet Analysis

This section introduces frames and some related notations, which will be used in the
context of frame-MRA, see Sections 3.2 and 3.3 of this thesis. The concept of frames is a

generalization of orthonormal bases, defined as follow:

Definition 2.8. A countable subset {e,}ner of a Hilbert space H is said to be a frame
of H if there exist two numbers 0 < a < b so that, for any [ € 'H,

al FIPSY 1 {frea) PO PP

nel

The positive number a and b are called frame bounds. Note that the frame bounds are
not unique. The optimal lower frame bound is the supremum over all lower frame bounds,
and the optimal upper frame bound is the infimum over all upper frame bounds. The
optimal frame bounds are actually frame bounds. The frame is called tight frame when

a = b and normalized tight frame when a = b= 1. Frames were introduced by [11].
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For our purpose, in Chapter 3 we consider the wavelet frames which are produced from
one function using a countable family of dilation and left translation operators. The gen-
erator function is called “discrete wavelet”.

Below we will give a concrete example of wavelet frames with respect to a very special
lattice as the translation set. Suppose I' is a lattice in H and a > 0 refers to the auto-
morphism a : w — a.w of H. And, suppose H be a subspace of L*(H) and ¢ € H. Then
the discrete system {L,-j,Dy-i1}jezer in H is called discrete wavelet system generated
by 1, where D,-; stands for the unitary dilation operator obtained by @/ : w — o/.w
and L, is the left translation operator with regard to 7. The discrete wavelet system
{La-iyDo-iv} jezqer is called (tight, normalized tight) wavelet frame if it forms a (tight,

normalized tight) frame.
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Chapter 3

Wavelet Frames on the Heisenberg

Group

3.1 Introduction

Multiresolution analysis (M RA) is an important mathematical tool because it provides a
natural framework for understanding and constructing discrete wavelet systems.
In the present chapter, we shall consider the concrete example of building an MRA on

the Heisenberg group H.

Our main contributions are:

(i) For the Heisenberg group H, we formulate the definition of a frame multiresolution
analysis (frame-MRA) for L*(H), by adapting the notation of MRA of L*(R). There are
three things in MRA that mainly concern us: the density of the union, the triviality of
the intersection of the nested sequence of closed subspaces and the existence of refinable
functions, i.e., the functions, which have an expansion in their scaling. The triviality
of the intersection is derived from the other conditions of MRA. To get the density of
the union, we have to generalize the concept of the “support” of the Fourier transform.

The new concepts, such as “bandlimited” in L*(H), arise in this generalization. As to

37
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refinability, it depends very much on the individual function ¢, so-called scaling function.
An example of a scaling function is presented below.

(ii) We provide a concrete example of frame-MRA on Heisenberg group (so-called Shan-
non-MRA), for which we prove the existence of wavelet functions. This wavelet function
is related to a certain lattice of H.

In Section 3.2 we introduce the (Whittaker-) Shannon sampling theorem for L?(IR), which
addresses the question: how can one reconstruct a function f : R — C from a countable
set of function values {f(k)}rez? Then we show that this can be done by requiring f to
belong to a certain function space.

Then, we provide the definition of multiresolution analysis for L?*(R) and show how the
(Whittaker -) Shannon’s sampling theorem relates to the (Shannon) multiresolution anal-
ysis for L?(R). We exhibit this fact by introducing the scaling function (sinc function)
and arbitrary interpolation property of a special closed subspace of L?(R). This leads us
to the definition of the Shannon multiresolution analysis for the space L?(H). In Section
3.3 we introduce the general MRA (frame-MRA) on H, i.e., the concept of orthonormal
basis will be replaced by frames. Then we present a concrete example of frame-MRA on
H, Shannon MRA, and hence we prove the existence of a scaling and wavelet function for
the Heisenberg group.

Finally, we consider the existence of Shannon normalized tight frame on H, i.e., existence
of a bandlimited function on H such that its translations under an appropriate lattice in
H and its dilations with respect to the integer powers of a suitable automorphism of H

yields a normalized tight frame for L?(H).

3.2 Multiresolution analysis in L*(R)

Before introducing the multiresolution analysis for L*(R), we present a known theorem,

which provides our motivation for developing a similar kind of MRA on the Heisenberg

group.
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3.2.1 The (Whittaker-) Shannon Sampling Theorem for L*(R):

A motivating Example

As mentioned before, we use the following convention for Fourier transform (in one di-

mension):
fe) =5 [ sl .

A signal f on R is called band-limited if its Fourier transform fvanishes outside of some
bounded interval, say [—b,b]. The smallest such b is then called the bandwidth of f. Since
the frequency content of f is limited, f can be expected to vary slowly, its precise degree
of slowness being governed by b: The smaller b is, the slower the variation. In turn, we
expect that a slowly varying signal can be interpolated from a knowledge of its values at
a discrete set of points, i.e., by sampling. The slower the variations, the less frequently
the signal needs to be sampled. This is the intuition behind Shannon’s sampling theorem
(see [49]), which states that the interpolation can, in fact, be made exact. It uses the

sinc- function, which is defined by

| ) g g,
sinc(x) =

1 if z = 0.
with S/Z.\nc == X[,ﬂ.m].

Theorem 3.1. (Sampling Theorem) Assume that f € L*(R) such that f has support in
[—b,b] for some b > 0, i.e, f(é') =0 for any | £ |>b. Then f can be recovered pointwise
from the samples { f(5") bnez via

fla) = 3 g, @

bxr — nmw
nebz

Proof: For simplicity we take b = 7 and suppose supp f C [—m,m]. The general case

follows with a dilation argument. Since the set {ﬁe‘mt}nez is a complete orthonormal
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set in L2([—7, 7)) , then f can be expanded in a Fourier series in the interval [—m, 7]:

= Z cpe” " (3.2)

Cp = %/_ﬂ flw)e™dw = % /_Oo flw)e™dw = f(n).

That is, the Fourier coefficients in (3.2) are samples of f. (For more details see for example

where

[9],[43].) Thus using inversion Fourier transform

zxw 1 " 1TwW
27r/f dw——w _Trf( w)e ™ dw (3.3)

and with the exponential type assumption and substitute equation (3.2) into (3.3) we get:

Zf Sm?;—n)n)'

neL

Now for any b > 0 one can get:

Zf Slnb mr/b)' (3.4)

~ —nm/b)
Consider that the equality holds in the sense of L?(R). But since the Fourier series in (3.2)
converges in L*([—b,b]) and L*([—b,b]) C L'([—b,b]), hence the series in (3.4) converges

even uniformly, by the Riemann-Lebesgue theorem. [

Observation: The Shannon sampling theorem shows that f is determined by the discrete
set of values {f(%")}nez. The set of {%F},cz is called sampling lattice. The statement
is false without the exponential type assumption. This means that a band-limited signal
can be recovered from its sample values with sampling density inversely related to the ex-
ponential type. This fact underlies digital processing of audio signals, which are assumed

band-limited because our ears hear only a finite bandwidth.

In the following section, we will define a ladder of closed left shift-invariant subspaces
{V;}jez of L*(R), and use V; to approximate general functions in L*(R). The results

yield a so-called M RA. Next the definition of a shift-invariant subspace:



3.2. Multiresolution analysis in L?*(R) 41

Definition 3.2. Suppose M is a subset of R and H is a subspace of L*(R). Then we
say H is left shift-invariant under M if for any m € M is L,,(H) C H, i.e., L, f(.) =
f(.—m) €H forany f € H.

3.2.2 Definition of Multiresolution Analysis of L?(R)

We start by first investigating the definition of multiresolution analysis of L?*(R) and
finding some key points in the definition by properly interpreting it within a more general

context.

Definition 3.3. (Multiresolution Analysis ) A multiresolution analysis (MRA) of
L*(R) consists of a sequence of closed linear subspaces V;, j € Z, for L*(R) with the

following properties:

1. ‘/jc‘/j+1)jezi

2. UjeZ V; = L*(R),

3. mjez V; = {0},

4 eV f(2) € Vi,

5. Vi is shift-invariant under 7.

6. There is a function ¢ € Vy, called the scaling function or generator of the M RA,
such that the collection {Ly¢; k € Z} is an orthonormal basis of V.

Because of property 4, the M RA is often referred to as a dyadic M RA.
Remarks 3.4. (a) Observe that property 4 in Definition 3.3 implies that
feV,e f(277) e, (3.5)

It follows that an M RA is essentially completely determined by the closed subspace

Vo. But from property 6, Vi is the closure of the linear span of the Z-translations



42 Wavelet Frames on the Heisenberg Group

of the scaling function ¢. Thus the starting point of the construction of M RA is
the existence of the scaling function ¢. Therefore, it is especially important to give

some conditions under which an initial function ¢ generates an M RA.

(b) Because of equation (3.5) this implies that if f € V;, then f(277. —n) € Vg for
all n € Z. Finally property 6 in Definition 3.3 and equation (3.5) implies that
the system {Lo-i,Do-i¢}tnez is an orthonormal basis for V; for all j € Z, where

Vn € ZVx € R is Ly, Dyip(v) = 29/2¢(272 — n)

(c) The basic property of multiresolution analysis is that whenever a collection of closed

subspaces satisfies properties 1-6 in Definition 3.3, then there exists an orthonormal

wavelet basis {Ly-i,Dy-3; j,n € Z} of L*(R), such that for all f € L*(R)

Pif = Pif + Y (f, Lo-snDa-59) Ly-sn Da-s,

neL

where Pj is the orthogonal projection of L*(R) onto V;.

Notation: One should think of the V;’s as approximation subspaces that contain details
up to a resolution 277. The orthogonal projection P;f of f into V; is an approximation
of f that keeps details of size up to 277 and smaller details. The difference Pj1f — P;f
then contains the details that are added by refining the resolution from 277 to 27771, The
subspace W; = (Pj41 — P;)(L*(R)) is the so-called detail space. JILIEO P;f = f by property

2 in Definition 3.3, and hence L? is the direct sum L*(R) = @W;.
j€z

For instance, the “sinc basis” is associated with the multiresolution analysis of band-

limited functions, which we will consider in the following subsection.
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3.2.3 Multiresolution Analysis hidden in the Shannon (Sinc)
Bases for L*(R)

In this section we try to illustrate the concept of M RA by analyzing the Shannon basis.
For L?(R), we start at scale of 1 by considering ¢. For j € Z, let

Vj == {f € L*(R); supp(f) C [-2'm,27x]}.

It is easy to see that each V; is a closed subspace of L?(R). By the definition of V}’s, the
property 1 in Definition 3.3 is trivial. For property 6, observe that

1 () = 1 sin(rz)
¢({L") - m(X[fﬂ,ﬂ) ( )— \/ﬁ -

Taking g(w) = =X, , (W) and g, (w) = Z=x ., (W)e ™
ONB for L*([—m,7]), then {L,¢},cz is an ONB for V. For property 2, suppose f € L*(R)

, since { gy }nez constitutes an

and let f; be given by fj(w) = X _sirain (w) f (w). Applying the dominated convergence
theorem it is easy to see that || fj — f|l2— 0 as j — oo and hence applying Plancherel’s
formula we are done.

If f € Vj, we can expand f in a Fourier series on [—m, ) (see the proof of Theorem 3.1):

fo) = Y ene

where ¢, = f(n). Note that for every f € L?(R) one has

—_ ~

Bl =Xy @) @),

where P; is the orthogonal projection onto V. In other word, for any f € L*(R)

Pif = f* (2sinc(2.)),  where sinc(z) = Sm<;m’> -~
T

One may prove that Vo = L%(R) * sinc and using the convolution theorem, for any f € 1}
is f*sinc= f. As well for any j € Z, is V; = L*(R) x (27sinc(27.)).
The properties 3 and 4 in Definition 3.3 follow directly from the definition of V;’s.

The space V; is the so-called Paley-Wiener space of R. Note that V is an example of

a sampling subspace in L?(R), i.e., for any f € Vi we have:
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®) 2. [ fn) P=1 £

(ii) f(z) =, f(n) sinc(x —n) for b=m, with convergence both in L? sense and
uniformly ( see Theorem 3.1 ).

(The existence of sampling subspaces in general has been studied by Fiihr in [20]

§2.6.)

(iii) The space Vj has arbitrary interpolation, i.e, for any sequence {a, }nez in [*(Z) there

exists a function f in Vg, so that f(n) = a, for all n € Z.

The construction of Shannon wavelets from Shannon MRA begins by considering the
orthogonal complements of V; in Vj,4, i.e. Wj;. One can show that the property 4
in Definition 3.3 holds for closed shift-invariant subspaces {W;}. Using property 2 in

Definition 3.3 gives the orthogonal decomposition
L*(R) =P w;.
jez
Observe that the translations of function ¢ = 2¢(2.)— ¢, {L,¥},ez, provides an orthonor-
mal basis for W. Therefore by orthogonal decomposition of L*(R) the set {Ly—i,, Doit)},,
forms an orthonormal basis for L?(R), which is known as Shannon (sinc) basis, and the
function ¢ is called the Shannon wavelet in L?(R). We will prove the above expression

in Theorem 3.5 below. But first note that the projection operators of L*(R) onto W are

given by:

Qj: f— f*y

where g := ¢ and ¢; = 27H1p(2711) — 27¢(27.). This fact can be seen immediately from

definition of the projections P;. Using it we can state the following theorem:

Theorem 3.5. The wavelet system {1, }(jnezxz constitute an ONB for L*(R), where
%n@) = Lo, Do-i9(x).
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Proof: To prove our assertion, first we shall show that the translations of the function
() = 20(2.)—¢ € Wy, {Lnt }nez, is an ONB of Wy. Suppose f € Wy. Since f = fxihx),

then by the convolution theorem f = (ﬁ\z/;) ¢ and since supp) C {w: 7 < |w| < 27}

then
supp(m) C{w: m<|w| <27} C{w: —27 <w < 27},
hence (m) € L*([-2m,2x]). Using the relation (3.2) for b = 27 the equality

T 1 —inw 1 —inw
(Fro)w) =5 Fra(me™ =23 (f.une (3.6)
holds (note that here 1) = 1b). Therefore using the relation (3.6) one has

fl@) = F=9)(w) 9e) = 5 S F v ™)

n

= 3 S ),

and hence the inverse Fourier transform implies
1
f@) =5 Y A ¥u)tula). (3.7)

n

The relation in (3.7) shows that the members of Wj have an expansion in {¢,}. Observe

that for any n is ¢, = —in- Therefore the orthogonality of {1, }nez

\/%X[—%v—ﬂ)u(m?ﬂ]e
follows by using the Parseval theorem and orthogonality of {\/%XH#,?W)U(#,QW]e_m'}nez
with L?([—2m, —m)U(7, 27])-norm. Since || ¢ ||= 1 and {%,, } ez is complete then {1, }nez
constitutes an ONB for Wj.

Similarly for any j € Z, {¢,, j}nez is an ONB of W; and any f € W, can be represented
as

F@) = {f o)),

neL

Consequently using the orthogonal decomposition of L?(R) under subspaces W;, for any

f € L*(R), the equality
J(@) =3 Qs(f) = const. 3D UQi(), ng)¥ns(2) = 3 Y (s Yt ()

holds, as desired. O
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Note: This kind of orthonormal basis of L?(R) is known as “Shannon (sinc) bases” and

hence the function v is called Shannon (sinc) wavelet in L*(R).

3.3 Construction of Shannon Multiresolution Analy-

sis for the Heisenberg group

3.3.1 Introduction

Analogous to R, wavelets in L?(H) are functions 1) with the properties that their appro-
priate translates and dilates defined with respect to the Lie structure of the Heisenberg
group can be used to approximate any L?-function . But here the special concept of

multiresolution analysis needs to be appropriately adapted.

3.3.2 Definition of Frame Multiresolution Analysis for the Heis-

enberg group (frame-MRA)

By analogy to the above, we can adapt the definition of M RA for L*(R) to one for L*(H),
replacing the concept of orthonormal basis by frames.

Since the triviality of the intersection is a direct consequence of the other conditions of
the definition of an M RA, we prove this property immediately after we give the definition
of an M RA.

We begin by properly interpreting the concept of M RA of L?(R). It is obvious that Z is
a lattice subgroup of R. The shift-invariance of V4 in Definition 3.3 can be interpreted as
an invariance property with respect to the action of the discrete lattice subgroup Z of R.
The scaling operator D can be viewed as the action of some group automorphism of R,
with the property DZ C Z.

With this in mind, it is not difficult to conjecture the correct generalization of M RA to

Heisenberg group :
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e First, a discrete subgroup I' of H will play the same role in H as Z in R. T is discrete

means that the topology on I' induced from H is the discrete topology.

e We are now dealing with a non-abelian group. Hence, there are two kinds of trans-
lations: left translation Ly and right translation Rg. We choose left translation in

accordance with the continuous wavelet transform.

Definition 3.6. Suppose ) is a subset of H and H is a subspace of L*(H). We say H is
left shift-invariant under 2, if for any w € Q we have L,H C H.

After this preparation, we can give a definition of frame-MRA for L?*(H) related to an

automorphism of H caused by a > 0(see (1.10)) and a lattice I" in H.

Definition 3.7. (frame-MRA) We say that o sequence of closed subspace {V;};ez of
L*(H) forms a frame-MRA of L*(H), associated to an automorphism a € Aut(H) and a

lattice T in H, if the following conditions are satisfied:
1. V; S Vi VjeLZ,
2. UV, = L*(H),
3. MNV; = {0},
4. feVie fla) € Vi,

5. Vi is left shift-invariant under I', and consequently V; is left shift-invariant under

al.T, and

6. there exist a function ¢ € Vj, called the scaling function, or generator of the frame—

MRA, such that the set Lp(¢) constitutes a normalized tight frame for V.

Remarks 3.8. (a) Here, for the scaling function we do not impose regqularity and decay
condition on ¢. In our case to make the argument simple and general, we require only
that ¢ € L*(H).

(b) In analogy with L*(R), we say Vj is refinable if Dq—1(Vy) C Vy. Thus the condition
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1 in Definition 3.7 is equivalent to saying that Vi is refinable. Thus, the basic question
concerning frame — M RA is whether the scaling function exists. We will see later that
such scaling functions do exist. We will enter into details in Section 3.3.3 for a very
special case .

(¢) To have a sequence of nested closed subspaces, we must find a refinable function like
¢ in Vy. It is already known by Boor, DeVore and Ron in [5] for the real case that the
refinability of ¢ is not enough to generate an M RA. Hence we need other requirements.

We will consider this in detail later.

3.3.3 Constructing of Shannon MRA for the Heisenberg Group

The approach via the solution of scaling equation, with methods of Lawton [32], leads
to difficult analytical problems. Therefore we follow a new approach, which is based on
the point of view of Shannon multiresolution analysis . This will allow us to derive the
existence of a Shannon wavelet in L?(H).

The following example of L*(R), the canonical construction of wavelet bases starts with
a multiresolution analysis {V;};. In L*(R) one proves the existence of a wavelet ¢ € Wy,
such that {Lxv, k € Z} is an orthonormal basis for Wj.

Consequently the set { Ly, D2i1} ez is an orthonormal basis for W;. By the orthogonal
decomposition L*(R) = @W;, the wavelet system { Loy, D1} rez is an orthonormal
basis for L?(R). "

In this section, we shall construct on H an analog of Shannon-M RA from Section 3.2.3.
In contrast of the case R, the construction of the scaling function is not our starting
point for obtaining of a frame-MRA, but first we intend to construct a special function
which implies the existence of the scaling function in some closed subspace of L?(H).

Furthermore for the constructing, we shall consider the automorphism a = 2 of H which

is given by:

a.(x,y,t) = (2x,2y,2°)  V(x,y,t) € H.
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As remarked before, we shall construct a function in some closed and shift-invariant
subspace of L?(H), such that its translations and dilations yields a normalized tight frame
of L?(H). We will do it by analogy to Section 3.2.3. For this reason, first we choose the
dilation operator D, = D, and try to associate a space V which has similar properties
as the Paley-Wiener space on R, with the aim of constructing a Shannon multiresolution
analysis similar to that of R. We start with the definition of a bandlimited function on

H:

Definition 3.9. Suppose T is some bounded subset of R* and S is a function in L*(H).
We say S is Z-bandlimited if §()\) =0 forall\&T.

We will need the following definition in the next theorem:

Definition 3.10. A function S in L*(H) is called selfadjoint convolution idempotent if
S=5=5%5.

Convolution idempotents in L' have been studied for instance in [26]. For properties of

selfadjoint convolution idempotents in L? we refer the reader to [20], §2.5.

Theorem 3.11. Let d € N. There exists a selfadjoint convolution idempotent function

S in L*(H) which is I-bandlimited for T = [—Z, Z] — {0}. Define S; = 2%5(27.) for

T 2d2d

Jj € Z. Then S; is I;-bandlimited for I; = [—%, %] — {0} in R* and the following

consequences hold:
a) SxS; =5 Vj>0and S;*S=15; Vj <0,
b) fxS; —0 inL*normasj— —ooVf € L*(H),
c) fxS;— f inL*—normasj— oo Vf € L*(H) and
d) S;=8;=25;%5;.

Proof: Let 7, := Z,. We intend to show that there exists a function S which is Z-

bandlimited and satisfies the assertion of the theorem. We start from the Plancherel
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side, i.e, construction of Hilbert-Schmidt operators S (\) with associated to A € R*. For
this purpose we choose an orthonormal basis {e;}ien, in L2(R). For any A # 0 define
e} = D,y-1/2€;. Observe that for any A, {e}}; is an ONB of L?(R) since the dilation
operators D,y -1/> are unitary. Therefore {{e}}:}x is a measurable family of orthonormal
bases in L*(R). ( For instance one can take the orthonormal basis of {¢, }nen, in L*(R),
where ¢, are Hermite functions, and for any \ # 0, ¢ are given by ¢ (z) = Dy -172¢n =
|)\\i ¢n(y/] A |z) for all x € R. For more details about the Hermite functions see for
example [52] or Chapter 4 of the work.)

Let A # 0 such that A € Zy. Define S(\) as follow:

A
§(A) Z?ko (e ® 62”) if 25 < |A| < 185 for some k € Ny,
0 Al> 2

Therefore for any A\, where 4(,3%“ <A < Lui—“ld, the operator S (\) is a projection operator

Y A
on the first 4% + 1 elements of the orthonormal basis {e?" };en,, where e = D, | |_1/26i.

|5

The definition of S entails the following consequences:

(i) VA || S(A) 13s=4"+1  where k > 0 and satisfies 725~ < [\ < 7545

() Sz, | SO Prs ) = 3 J_ae e e (# + () < o0,

1(k+2) 4 —4k+1gq

where du(\) = (27) 72 |)\| d)\, and
(i) S(A) = S(A)* = S(\) o S(N), VA # 0.

Observe that (ii) implies this point that the vector field {S(A\)}, on R* is contained
in [ L*(R) ® L2(R)du()\) (for the definition of the direct integral see Section 2.4) and
hence since the Plancherel theorem is surjective then S has a preimage S in L*(R) with
the Plancherel transform S , given as above. The property (i77) implies that S is selfadjoint
convolution idempotent by the convolution theorem.

Suppose j € Z and S; := 2%.5(27.). Using the equivalence of representations py and pa-2i
and the relation (2.15) we obtain

~

S:(A) = Dy—y S(A7N) Dy (3.8)
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Therefore from the definition of S, §J()\) = 0 for any |A| > % (note that Dj; =

Dy-;). Hence the S; is Z;-bandlimited, where Z; = [—%,O)U(O, %]. According to
the consequence of (i7i) , the relation (3.8) shows that S; is selfadjoint and convolution
idempotent, hence d) is proved.

To prove a), suppose j > 0 and A € Z;. Then 477\ € T, hence there exists a non-negative
integer k; such that

or equivalently
27 \ < 27
g < W= qweng:

For the case k; < j, observe that g()\) = 0. For the case k; > j, from the definition of S

we have the followings:

N A
S(A\) = e ®@er  and
i=0
4%
. —Jj(A —J(X
SN =N e T gl ) (3.9)
=0
A
Recall that, from the definition of the family of orthonormal bases {e}};, e? (%) can be
read as below:
47955 _ D, N\ = poerr
€; = .D’47J.A’—1/26Z = DQ; D|A‘—1/267J = D236i 5 (310)
replacing (3.10) into (3.9) we get
4%
o A A
S(AN) =) Dyl @ Dyel,
i=0
and hence
4%
. o PO
Si(\) = Dy S(47N) Dy = Y e @ e, (3.11)
i=0

Observe that for any A € Z;, the operator S (\) is a projection on the first 4% =741 elements

A ~
of orthonormal basis {e?" } for some suitable k; > j, whereas S;(\) is a projection on the
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first 4% + 1 elements of the same orthonormal basis. Hence we get

4k

S(\) o S;(A) = 5;(A Z e @ e = §(N), (3.12)

which is a projection on the first 4%~7 + 1 elements of the orthonormal basis {ef% }. For
fixed j > 0 since the relation (3.12) holds for any A € Z;, then by applying the convolution
and the Plancherel theorem respectively we obtain S x S; = S.

Likewise for j < 0, suppose A € Z;. Then for some k; € No is 775 +2) <479\ < m
Analogous to the previous case, the operator S ()\) is a projection on the first 4% 7 4 1

A .
elements of orthonormal basis {e" } and S;()) is a projection on the first 4% + 1 elements

of the same orthonormal basis. Thus

k

SN 080 = 5N 0 S = e @eF = 5. (3.13)

Once again applying convolution and Plancherel theorems in the relation (3.13) yields
S % S; =5, and hence a) is proved.

To prove b), Suppose j € Z and f € L?*(H). Then from the structure and proper-
ties of function S, f xS; € L*(H). Before starting to give the proof of this part,
observe that because of the consequence in (7i7), for any A # 0 the operator S (A)
is bounded and has operator norm less than 1. Hence for any j € Z and A # 0 is
I SA’]()\) lloo=|| D1 S(479X\)Dy; ||o< 1. Using the inequality and applying the Plancherel

and convolution theorems respectively we get the followings:

17555 = (F55) s = [ 1 (TS0 1 ) (3.14)

= I
/Ov<4j>\|§2’:i

< / T Basl S IR d(y)
0<[4=IN<

N) o S;(N) [3.s dp(N)

)

<[ T s duy
0<[4—IN< &

- / 1FO sy o (Nda(y),  (3.15)
R* [*W"))U(O’W}
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where x denotes the characteristic function and du()\) = (27) 72 |\| dA. If we take the limit
of the right hand side in (3.15), since [, || ) % ¢ diu(N) < oo, then by the dominated
convergence theorem we have the permission to pass over the limit into the integral and

hence
dim [ FO) ls x (NN

_ / 1 FO) Brs lim x . (\du(d) =0,
R* j——00 [7W,O)U(O,—]

2d

47 47
[= S5 >0U(0, %57 ]

The latter implies that the limit of the left hand side in the relation (3.14) is also zero as
Jj— —oo, ie, lim | f=*.S;|2=0, which proves b).
j——o0

2
To prove ¢) suppose f is in L?(H). Recall that for any fixed A, {e?" }3, constitutes an
ONB for L?(R). Therefore the identity operator I on L*(R) can be read as

(9]

2 2

— 27 27

I = E ef” ®e;
=0

and hence the operator f (M) can be represented as

7o) = i (f(A)e?ﬂ ) ® e (3.16)

Therefore for any j € Z, according to the representation of f(A) in (3.16) and the repre-

sentation of operator Dy-; §(4*j/\)D2j in (3.11), for some k; > j we obtain the followings:

1F(N) 0 D3 S(AN) Doy — F(N) I35
= 3 (Fover) @ e[

i=4%i 41
o0

= 3 [ FeE |2 (3.17)
i=4Fi 1

Letting j — oo (hence k; — 00), the right hand side of (3.17) goes to zero. From the
other side using the Plancherel theorem we have
17587 1= [ 1700 DeSWNDy = FO) s duy)  (338)
R*

[e.9]

[ 1 i

i=4ki 11
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In the same way as in the argument for b), using the dominated convergence theorem for

the relation (3.18) one gets:
Jim || f 85— 3 = / Jim || F(A) © Dy (AN Dys = F() s din(N)

= [m > e duen = o

i=4(kj+j>+l

as desired, which completes the proof of the theorem. O

The next step to approach to the construction of an MRA via the function S is that
we start with the definition of a closed left invariant subspace of L?(H), V. Define

Vo = L*(H) % S. Tt is clear that V} is closed, and with the following additional properties:

1. Vj is contained in the set of all bounded and continuous functions in L?(H). Hence
Vp is a proper subspace of L?*(H). The boundedness of elements is easy to see from

the definition of convolution operator and Cauchy-Schwartz inequality:

[gxS@) <] fll2ll ST Yz el ge L*(R),

2. Since S is convolution idempotent then for any f € Vg is f xS = f,

3. Suppose I' is any lattice in H. Then L,(g * S) = L,g * S which shows Vj is left

shift-invariant under I'.

4. For any g € L*(H) and j € Z is Dy;(g * S) = Dyjg * Dy; S.

Note: Observe that not every space L2(H) % S with S = S = S % S owns a normalized
tight frame of the form { L. ¢}, for some ¢ € L*(H)*S. As will be seen later, this depends
on the multiplicity function associated to .S, see Definition 3.13 and Theorem 3.14. For

more details see [20] Corollary 6.8 and Theorem 6.4.

Recall that Ly—j Do S(w) = 29/2S(y (2 .w)) Vj € Z ,v € T, x € H. Next define
Vi = L2(H) * (245(2.)). As well, V; is left invariant under 27'T" and closed subspace
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of L*(H). The functions in V; are continuous bounded function and from (3.8) are Z;-
bandlimited. With regard to the consequence a) of Theorem 3.11, for any f € V we
have

f=f*S=fx(S%2'5(2)) = (f xS) % (2*S(2.).

The latter shows that the conclusion V;, C V] holds.

By continuing in this manner, we define V, = L?(H) * (285(22.)) to be the closed subspace
of functions which are Zo-bandlimited. Obviously with the similar argument as above one
can easily prove that V; C V5.

Similarly, one can define subspaces V3 C V; C ---. On the other hand one may define
negatively indexed subspaces. For example, we define V_; = L*(H) % 2715(271.). This
space contains the functions which are Z_;-bandlimited and obviously V_; C V4. Again,
one may continue in this way to construct the sequence of closed and left (277T)-shift-

invariant subspaces of L?(H):
{0}y €+ Vo, C VL SV C VA C LP(H), (3.19)

which are scaled versions of the central space V. Our next aim is to show that, in the
sense of Definition 3.7, the sequence of closed subspaces {V;} forms a frame-MRA of
L?(H). For this reason we must show that the all properties 1 — 6 in Definition 3.7 hold
for the sequence {V;}. But (3.19) shows that V}’s satisfy the first property (the nested

property). For the other properties we state the next remark:

Remarks 3.12. (1) To show the density of {V;}jez in L*(H), i.e., U, V; = L*(H),
suppose P; denotes the projection operator of L*(H) onto V;. Then P; is given by

Pi: f— fx2%5(270). (3.20)

Therefore the density of {V;} ez in L*(H) is equivalent to say that for any f € L*(H)
and j with Pjf = 0VYj € Z is f = 0. It follows directly from Theorem 3.11, c).
More precisely

O0=PFPf=f*xS;— fasj— o0
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which implies f = 0.

(2) For triviality of intersection, observe that for any f € V; is f*2%5(27.) = f.
Therefore for any f € (\V; is f*2%8(29.) = f for all j. Therefore by b) in
Theorem 3.11, it implies that f = 0 as desired.

(3) Property 4 in Definition 3.7 is clear from the construction of V;’s. This property

enables us to pass up and down among the spaces V; by scaling

feV, <= f(2F9) e V.

(4) Generally when V; is left shift-invariant under some lattice I', then the spaces V; are
shift-invariant under (279T). We will return to this fact later and will show how one
can choose an appropriate lattice I' such that it allows the construction of a wavelet

frame on H.

(5) Observe that, by contrast to the Shannon multiresolution analysis on R, condition 6
in Definition 3.7 requires the existence of some frame generator ¢, not necessarily
¢ = S. This is due to the fact that we did not suppose any other conditions for
the selection of orthonormal basis {e}}; for the constructions of Hilbert-Schmidt
operators S (M) respectively S. This is one of the disagreement between our defined
sinc-MRA of L*(H) and the sinc-MRA of L*(R). In the case R the sinc function by
which the subspaces V;’s are defined, generates an ONB for Vi and hence for all Vj,
under some other suitable discrete subgroups of R. In our case on the Heisenberg
group we will show the existence of a function ¢ in Vi such that its left translations

under a suttable I' forms a normalized tight frame for Vi and hence for all V; under

27T,

As we briefly mentioned in Remark 3.12, we shall show the existence of a function ¢ in
Vo with which the property 6 in Definition 3.7 holds for V. We will observe below that

this fact strongly depends on the structure of S and definition of Vj.
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To achieve this goal, we recall one definition and one theorem of Fiihr’s book [20] below.

They can be found in Section 6.2 of this book.

Definition 3.13. Suppose H be a left-invariant subspace of L?(H) and P be the projection
operator of L?(H) onto H. There exists a unique associated projection field (ﬁA)A satisfying

—

P(/)N) = f(A) o Py ¥ f € L*(H).
The associated multiplicity function mqy is then defined by
my : R* > NU{oo}:  mu(N) = rank(P)).

H is called bandlimited if the support of its associated multiplicity function mqy, 3(H), is
bounded in R*.

The next theorem provides a characterization of closed left shift-invariant subspaces of
L?(H) which admit a tight frame. But before we state this theorem we need to introduce
two numbers associated to lattice I'. The number d(I") refer to a positive integer number

d for which a(I'y) =T for some o € Aut(H), where I'y is a lattice in H and is defined by
1
Ly :={(m,dk, [+ §dmk) : m,k,l € Z}. (3.21)

It is easy to check that T'y forms a group under the group operation (2.2) ( this kind
of lattices are presented in [20], §6.1). Observe that due to Theorem 6.2 in [20], such
strictly positive number d exists and is uniquely determined. As well, we define r(I") be

the unique positive real satisfying
[0 Z(H) = {(0,0,r(I)k); k € Z},

where Z(H) denotes the center of H, Z(H) = {0} x {0} x R C H. With above notations

we state Theorem 6.4 from [20].

Theorem 3.14. Suppose H is a left-invariant subspace of L*(H) and myy is its associated

multiplicity function. Then there exists a tight frame (hence normalized tight frame) of
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the form {L ¢} er with an appropriate ¢ € H if and only if the inequality

1
2 — <
™ r<r>‘ .

1
my(27A) |27 A| + my (27r)\ — —) (3.22)

r(T)

holds for mq, almost everywhere. From the inequality (3.22) it can be read that the support

d(T)r(T)

of my is bounded and in particular it is contained in the interval [— d(l")lr(l")’ d(r)lr(r) up

to a set of measure zero. Therefore H is bandlimited.

Remark 3.15. Note that Theorem 6.4 in [20] refers to different realizations of the Sc-

hrddinger representations, hence we have the additional factor 2w in the relation (3.22).

This theorem as a main tool enables us to show the existence of a function ¢ in Vy which

provides a tight frame for V. Therefore as a consequence we have:

Theorem 3.16. There ezists a normalized tight frame of the form {L ¢} er for an ap-
propriate ¢ € Vy and a suitable lattice I' in H.

Proof: For our purpose we pick a lattice with r(I") = 5= and d(T') = d. (Observe that

it is possible due to Theorem 6.2 in [20] to select a lattice with the desired associated

numbers 7 and d.) From the definition of V4, {§ (M) }aer+ is the associated projection field

of Vi with the multiplicity function my; which is given by

~ 4k +1 if _12 S])\|§;f0r80mek€No
my, (27’(‘)\) = TCLTL]{?(S(QW)\)) — 4(k+2)g 1F¥ig

0 elsewhere.

One can easily prove that the inequality in (3.22) holds for my,. By the construction of

S in Theorem 3.11, S(\) = 0 for any || > ”7/2 which provides:

S(my,) C [—%/2,%/2} C {—%ﬂv%ﬁ} - {_d(r)lr(r)’ d(F)lr(F)

Therefore the all conditions of Theorem 3.14 hold for V;,. Hence there exists a function
¢, so-called scaling function, such that for our selected lattice I', Lr¢ forms a normalized

tight frame for V. From there the property 6 of Definition 3.7 is satisfied. O]
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Corollary 3.17. For any j € Z, {Ly-i,Da-i¢}, constitutes a normalized tight frame of
V.

As already mentioned, the M RA for the L? space is considered with the aim to find an
associated discrete wavelet system in L?. More precisely, we want to construct a discrete
wavelet system for L?(H) which is a normalized tight frame. We will study our statement

in details in the next Section by considering a “scaling function” ¢ in Vj.

3.3.4 Existence of Shannon n.t Wavelet Frame for the Heisen-

berg group

It is natural to try to obtain one normalized tight frame (n.t frame) for L?(H) by combining
all the n.t frame {Ly-j,Da-i¢}yer of Vjs. But although V; C Vji, the n.t frame for V;
is not contained in the n.t frame {Ly-+1)., Dy-G+1@}yer of Vi1, Therefore it shows that
the union of all n.t frames for V;s does not constitute a n.t frame for L*(H).

To find an n.t frame for L?(H), we use the following (general) method. For every j € Z,
use W; to denote the orthogonal complement of V; in V), ie., Vjy1 = V; © W;, where
the symbol @ stands for orthogonal closed subspace. Suppose ; denotes the orthogonal
projection of L*(H) onto W;. Then P;; = P; + @; and apparently is:

v, = Wi
k<j—1
The most important thing remaining unchanged is that, the spaces W;, j € Z, still keep

the scaling property from V:
feW, = f(2"7) e W,. (3.23)
Consequently we get

L*(H) = P W, (3.24)

The orthogonal decomposition of L*(H) under W;’s follows that each f € L?*(H) has a
representation f = . Q;f, where Q; f LQy f for any pair of j, k, j # k.
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Our goal is reduced to finding an n.t frame for Wy. If we can find such a n.t frame for Wy,
then by the scaling property (3.23) and orthogonal decomposition of L*(H) under W;s in
(3.24), we can easily get a n.t frame for space L*(H). We study it in the next Lemma in

details:

Lemma 3.18. Suppose » € Wy and I is a lattice in H such that { L} er constitutes a
n.t frame of Wy. Then {Ly-j,Do-itb}. ; is a n.t frame of L*(H).

Proof: Observe that this lemma is a consequence of orthogonal decomposition of L?(IH)

under W,’s. Suppose f € L*(H). From (3.24), f can be presented as
F=>_0Q;(f)
J

Therefore to prove that the system {Ly-j,Dqy-i1p}, ; forms a n.t frame of L?(H), it is
sufficient to show that for any j the system {Ly—j,Ds-i1)}, is a n.t frame of W;. From
the scaling property of spaces W;’s (3.23) we have Q;(f)(277.) € W,. Take Q;(f) = f;-.

Therefore from the assertion of Lemma
1552717 = Z\fjw ol
Replacing 2% Dy; f;(.) = f;(277.) in above we get
15 1? = 1D 517 = D~ KD 5, Ly = 3 (s La-in Dast)[ (3.25)
vy gl

Summing over j in (3.25) yields:

AP =D IflP = Z\ Fis Loy Damsp)|” Z\ fy La-in Dy} |’
J
as desired. ]

By Lemma 3.18 it remains to show that the space W, contains a function ¢ generating a

normalized tight frame of W.
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Remark 3.19. By the definition of orthogonal projections Py, Py in (3.20) for any f €
L*(H) we have

Qo(f) = Pu(f) = Po(f) = f* (2'5(2.)) = f xS = f = [(2'5(2)) - 5],
and hence is
Wo = L*(H) = [(2*5(2.)) — 5] . (3.26)
Likewise for any j one can see that
W; = L*(H) = [(2Y8(27.)) — 2*07Y8(277 )] and,
Qi(f) = f=[2Y8(27)) - 2'V7VS(@T)] ¥ f € L2(H),
where Q;, as earlier mentioned, is the projection operator of L*(H) onto W;.

The representation of the space Wy in (3.26) suggests to get a n.t frame for Wy by applying
Theorem 3.14. We study it in the next theorem. Recall that ) (W;) denotes the support

of space Wj.

Theorem 3.20. W s bandlimited and contains a function ¥ such that its left translations

under a suitable lattice I' forms a n.t frame of W.

Proof: Due to the support of S, we have

S l@tse) -] c |55, (3.27)

where ¥ stands for the support of the function (21S(2.)) — S in the Plancherel side.
Hence W, is bandlimited. To prove that the space W, contains a n.t frame, observe
that by Lemma (3.17) the set {Ly-1,Ds-1¢},cr is a n.t frame of V; for a suitable I'.
From the other side the projection of Vi onto Wy, Qo, is left invariant and hence for
any v € I' is Qo(Lo-1,Dz-19) = L271W(Q0(D271¢)). Since the image of a n.t frame
under a left shift-invariant projection is again a n.t frame of the image space, then the set

{Qo(La-1,Ds-10) }, = {Lo-1,(Qo(D2-1¢) }, constitutes a n.t frame for Wy, as desired. O
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Corollary 3.21. There exists a bandlimited function ¢ € L*(H) and a lattice T' in H

such that the discrete wavelet system {La-i Do-jy}j forms a n.t frame of L*(H).
Proof: Using Lemma 3.18 and Theorem 3.20 the assertion follows. O]

Remarks 3.22. 1) Observe that in this work, in contrast to the case of R, it is not desired
that the wavelet function ¥ contained in Wy is constructed by so-called scaling function ¢
m Vy.

2) The role of the multiresolution concept in this chapter is somewhat different to the
case of wavelets in L*(R). On R, scaling equations and associated multiresolution anal-
ysis are a useful tool for the explicit construction of well-localized wavelets, resulting in
a convenient discretization and fast decomposition algorithems. By contrast, the mul-
tiresolution analysis on L*(H) is rather an interesting byproduct of the construction of
Shannon-wavelets, serving as a motiwvations of some of its features. It is doubtful that
one can construct well-localized wavelets with this approach. At least the Shannon wavelet
on L*(R), which is not even integrable, suggests this. Bad localization is also a handicap

for decomposition algorithms that one can (in principle) derive from a multiresolution on

L2(m).



Chapter 4

Admissibility of Radial Schwartz

Functions on the Heisenberg Group

4.1 Introduction

The first aim of this chapter is to characterize the space of radial Schwartz functions on
the Heisenberg group by applying the Fourier transform. We show that a radial function
on the Heisenberg group is Schwartz if and only if its radial Fourier transform is rapidly
decreasing. The main result is Theorem 4.36.

The reason for considering radial functions is the following: Given such a function f, its
operator valued Fourier transform f()\) turns out to be diagonal in the dilated Hermite
basis {¢) }nen,, for A € R*. This fact allows a convenient treatment of radial functions
on the Fourier side; it is achieved by first showing that for radial function f, the special
Hermite expansion of f* reduces to a Laguerre expansion. For that reason, in section 4.2
we show some more properties of Hermite and Laguerre function and in Section 4.4 we
calculate some useful relations concerning these special functions, which we need for the
characterization of radial Schwartz functions. We then provide sufficient and necessary

conditions for the radial Fourier transform of a radial function to be a Schwartz function.

In this section we also consider the characterization of admissible Schwartz functions via
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their radial Fourier transforms, which is done in the main result, Theorem 4.37. Let us

start with the definition of a radial function:

Definition 4.1. (radial function) Using coordinates (z,t) on Heisenberg group H |
where z € C and t € R, we say a function f € LP(H) is radial if f = f o Ry in the

LP-sense for every 6 € [0,27), where Ry is the rotation operator on H with respect to 6
. . cosf sind
and is given by Ry(z,t) = (Ryz,t), Ry =
—sinf cosf
Remark 4.2. A continuous function f € LP(H) is radial if and only if f(z,t) depends
only on | z | and t. In this case we may write f(z,t) = fo(| 2 |,t) with fo: RT xR — C,

where the latter equality is understood pointwise.

Schwartz functions have played an important role in harmonic analysis with nilpotent
groups. Let H be the Heisenberg group with Lie algebra b, see §2.5. The exponential
map exp : h — His a polynomial diffeomorphism and one defines the (Fréchet) space S(H)
of Schwartz functions on S(H) via identification with the usual space S(h) of Schwartz

functions on the vector space bh:
SH) :={f: H—C; foexp e S(h)}.

Observe that with identifying H with its underlying manifold R* one gets S(H) = S(R?)
which we will use this in the remainder of the our work. For more details see for instance
7], [14].

Notation: L2(H) denotes the space of radial functions in L?(H), and S,(H) the space

of radial Schwartz functions on H.

4.2 Preliminaries and Notations

In this section we recapitulate Hermite, Laguerre and special Hermite functions and show

some of their properties which are needed in studying the expansions of group Fourier
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transform of radial functions on the Heisenberg group in terms of special Hermite func-
tions. Also, in the study of special Hermite functions we shall recall briefly some results
from the representation theory of the Heisenberg group. We also define Weyl transforms

which we need later.

4.2.1 Hermite and Laguerre Functions

The importance of Hermite functions in the theory of Fourier integrals was realized by
N.Wiener. They play an important role not only in Euclidean Fourier analysis but also
in harmonic analysis on the Heisenberg group. As we need several properties of these
distinguished offspring of the Gaussian in this chapter, we think it is appropriate to
introduce them here.

Hermite polynomials H,(x), are defined on the real line by:

ndn 2 2

Hn('r> - (_1) dxm (6—33 )6$ ) n = 07 172a e

We then define the normalized Hermite functions ¢, by setting
() = (2"nl/m) " H, (2)e 2™, n=0,1,2,-

Many properties of the Hermite functions follow directly from the above definition. We
record here some properties which are needed in the sequel.

The following relations hold for Hermite polynomials:

d d

%Hn(x) =2nH, 1(z), Hp(x)=2zH, 1(z)— %Hn_l(x).

For the Hermite functions ¢,, these relations take the form

d d
(_% + 2)on(x) = Ppy1(z), and (% + 2)n(x) = 2n¢,_1(2)
The operators A = —% +x and A* = % + x are called the creation and annihilation
operators.

The family {¢, }nen, is an orthonormal system in L?*(R). But we can say more.
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Theorem 4.3. The system {¢, }nen, i an orthonormal basis for L*(R). Consequently,

every f € L*(R) has an expansion

o0

F(x) =Y (fs dn)n(),

n=0

where the series converges to f in the L*-norm.

For \ € R*, ¢ is given by

ANz) = AT ou(v/[A[z)  VzeR.

For the Fourier analysis of radial functions, dilated version of the Hermite functions play

an important role:

Corollary 4.4. For any A # 0, the system {¢) }nen, constitutes an orthonormal basis for

L*(R).

For more information about Hermite functions see for example [7], [15], [52].

Next, we consider Laguerre polynomials. Laguerre polynomials are defined by:

1 dn n_—x T
L,(z) = Eﬁ(x e ")e".
Here x > 0 and n = 0,1,2,--- . Each L, is a polynomial of degree n. It is explicitly

given by

J

n _ )

Lo(z) = mED 0 =01
|

—~\j) J!

We then define the Laguerre functions W¥,, by setting
U, (z) = Ly(z2%)e” 1™, n=0,1,2,---, >0
Then we have the following important Theorem:

Theorem 4.5. The system of functions {V,},en, forms an orthonormal basis for

LR tdt).
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Proof: see for example [15] or [52]. O
Note: For each A € R* we can dilate the functions {V,, },,en, and obtain
L NORSPYRER M (P’

which constitutes another orthonormal basis for L?(R™, tdt).

4.2.2 Weyl Transform on L!(C)

For A # 0 let p, be the Schrodinger representation, as introduced earlier in (2.8). Then
for f € L'(H), F()) is a bounded operator on L*(R) with the operator norm satisfying
I f()\) I<|| f |l1. For f € (L'nL*)(H) , ]?(/\) is actually a Hilbert-Schmidt operator and
a Fourier transform can be extended for all f € L?(H) by Plancherel theorem.

ixt

Let us define py(z) := pa(z,9,0) , where z := x +iy. Then py(z,y,t) = epyr(2), and set

z) = /_ T e e (4.1)

to be the inverse Fourier transform of f in the t-variable. Observe that f* isin (L'NL?)(H)
if f € (L' N L%)(H) . Then from (4.1) and the definition of f()) it follows that

F) = /C P2 pa(2)ds

Therefore, it is natural to consider operators of the form

Walg) = / 9(2)pa(2)dz

for functions g € (L' N L?)(C). For g € (L' N L*)(C) , Wy(g) is an integral operator and
is called Weyl transform of g. The operator W, (g) is a Hilbert-Schmidt operator whose

norm is given by

1 Wa(g) I7r.s= (QW)IA\_l/C!g(Z)IQdZ
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(see [52]). Observe that since the operator W) is a bounded linear operator on normed
space (L' N L?)(C) with L?>morm to the complete space L*(R) ® L*(R) with Hilbert-
Schmidt norm, then W) is uniquely extended to a bounded linear (with the same bound)
from (L' N L2)(C) = L*(C) to L*(R) ® L*(R), which is still denoted by Wj.

By definition we see that

WAL = FO, (4.2)

therefore, as far as the t-variable is concerned the group Fourier transform is nothing
but the Euclidean Fourier transform. In many problems on the Heisenberg group, an
important technique is to take the partial Fourier transform in the t-variable to reduce
matters to the case of C. So, it would be reasonable to introduce a special convolution of

two integrable functions on C.

Definition 4.6. (A-twisted convolution) For any given two functions F and G in

LY(C) and X\ # 0, F %, G is defined by
Fxy,G(z) = /(CF(Z — w)G(w)e'2TMED) gy,
We call this the A-twisted convolution of F and G.
It follows that for any F' and G in L'(C) is
Wi(F #y G) = Wi(F)WA(G).

Observe that the definition of A-twisted convolution can be extended between two func-
tions in L?(C) (see [24]). For some interesting properties of the twisted convolution see

the monograph [15].

4.2.3 Hermite functions on C

Here we introduce certain auxiliary functions and study several of their important proper-

ties. These functions are defined as matrix coefficients of the Schrodinger representation
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px where A\ # 0.

For each pair of indices j and k& we define

©74(2) = (pa(2) 91, 9), (4.3)

where py(z) stands for py(z,0). The functions {(2r)"2 |)\|% ®3,} are called the Hermite
functions on C. The importance of the Hermite functions on C is recorded in the following

result:

Theorem 4.7. ([52] Theorem 2.3.1) The Hermite functions on C, {(27) 2 \)\]% D31 }jkeNo

form an orthonormal basis for L*(C).

Next proposition shows that the Hermite functions ® are expressible in terms of La-

n,n

guerre functions.

Proposition 4.8. (/52] Proposition 2.3.2) For any A # 0 and n € Ny is
®)0(2) = L(5 A [2)e P

Let us now define the Laguerre functions [,,(z) on C by

(2) = Lu(g |2)e 35" = @, (2) (4.4)

We also define I,,(z) = L,(|A|"/?2) = P . (2) for A € R*, therefore we have the following

result:

Proposition 4.9. ([/52] Proposition 2.3.3) Wi(l,.») = (27) [N " ¢} @ ¢).

4.3 Fourier Transform of Radial Functions

In this section we present the group Fourier transform for radial functions on H. The
following proposition contains the main reason why we consider radial functions on H:
The operator valued Fourier transform of radial functions consists of operators that are
“diagonal” in the scaled Hermite basis. The precise proof of Proposition 4.10 can be

found in [52]:
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Proposition 4.10. Let f € (L' N L*)(H) be a radial function, then its Fourier transfor-

mation is given by:

FO) =) Re(n,\) én @ &) (4.5)

where n
Ren N = [ 1 0(or(:1 )6 e (46)
= [P o (4.7)

= / PO (t)tdt.
0
The function Ry is called radial Fourier transform of f.

Proof: Suppose f € (L' N L?)(H) be radial. Then the function function f* on C defined
by

z) = /R F(zt)eMat

is a radial function in L?(C). Then using polar coordinates we see that f* isin L*(R™, tdt)

and hence we have the expansion

Pry=3" ( / fA(t)\I/n,A(t)tdt) )
- 0
Written in terms of Laguerre function [, » on C, this takes the form
PE=S I ([ PO b (1)
- 0

where [,, ,(t) stands for [, y(z) with | 2z |= t. The above series converges in L?(C) and

taking Weyl transform of both side and using relation (4.2) and Proposition 4.9 we have:

=3 ([ Ptaonar) ehos

Now, taking

Ry(n,\) = /0 h FA) LA ()tdt (4.9)

the proof follows. n
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From this theorem we infer that the elements in subspace L}(H), consisting of all radial
functions in L'(H), are commutative with respect to the convolution operator. Indeed
for every pair of radial functions f,g € L'(H) the convolution theorem and the fact that

their Fourier transforms are diagonal in a common ONB yields that

(f +g)(A) = FA)FA) =g F(A) = (g [H(A).
Since the Fourier transform is injective, we see that f * g = g x f and f % g = is radial
again. Moreover LP(H) C LP(H) is closed (p = 1,2), since the rotation operators on L?
are continuous, hence L}(H) is a Banach algebra.

Proposition 4.10 can be expanded to L*(H) as below:

Theorem 4.11. f € L?(H) is radial if and only if for almost every \ # 0 its Plancherel
transformation f()\) is diagonal in ONB {¢ }nen, -

Proof: Suppose H, is the set of L?-functions f with the property that its Plancherel
transformation f()\) is diagonal in the ONB {¢}},cn, for almost every X # 0, i.e, can be
represented as (4.5) for some coefficient R;. We intend to show that L?(H) = Ho.

To show L?(H) C H,, observe that (LN L2)(H) is densely contained in L?(H) in L?-norm
and from Proposition 4.10 is contained in Hy. Since Hy is a closed subspace of L*(H),
then it implies that L2(H) C H, as desired.

Conversely, suppose H; denotes the dense subspace of Hy of L?-functions f for which

[ 1B ) < o
By inverse Fourier transform, for any f € H; the equality
e =Y [ BT e Ndul)
— Jaer~

holds pointwise. It shows that f is radial, since the functions @} are radial. Therefore

Hy C L2(H) and hence Hy C L2(H) as desired, since H; = Hy, and L2(H) is closed. [

In general, analysis on the Heisenberg group and expansions in terms of Hermite and La-

guerre functions are interrelated. On the one hand it became clear from the work of Geller
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[22] that harmonic analysis on the Heisenberg group heavily depends on many properties
of Hermite and Laguerre functions. On the other hand, analysis on the Heisenberg group
also plays an important role in the study of Hermite and Laguerre expansions. For ex-
ample, the first summability theorem for multiple Hermite expansions was deduced from

the corresponding result on the Heisenberg group by Hulanicki and Jenkins [31].

4.4 Calculus on the Hermite and Laguerre Functions

Suppose f is a radial function contained in L?(H) and has group Fourier transform as in
Theorem 4.10. Using the inversion Fourier transformation and Proposition 4.9 we

have the inversion formula
e =3 [ RO G M du(). (4.10)
— JaeRr~

Suppose the integral in (4.10) is absolutely convergent everywhere. In the following we
use (4.10) to compute the action of certain differential operator on the Fourier side.
Our characterization of Schwartz function , which will be presented in the next section ,

involves the application of difference operators A™ and A~:

Definition 4.12. Given a function h on Ng. Then A*h and A™h are the functions on
Ny defined by

ATh(n) = (n+1)(h(n+1) — h(n)), A h(n) = n(h(n) — h(n —1))Vn € N
and A~h(0) = 0.

Notation: The operators AT and A~ operate on f : N x C — C only in the integer
variable, i.e, AT f = (AT ®1)f and likewise A" f = (A~ ®1)f .

4.4.1 Differentiation of Special Hermite Function on C x R*

Using the symbols in Definition 4.12 we have the next lemma, which describes differen-
tiation of special Hermite functions. Let first give the next remark which will be used

later:
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Remark 4.13. Suppose f : R x R — C and f(.t) : R — C 1is integrable for each t. Let
F(t) = [ f(z,t)dt. Suppose O,f exists and there is a g € L' such that |(0,f)(z,t)] < g(z)
for any x,t. Then F is differentiable and 8,F(t) = [(0pf)(z,t)dz.

The proof can be found for example in [15].

Lemma 4.14. Suppose X\ # 0 and {®; 1 };ren, are special functions on C in (4.3). Then
forany j=k=n €Ny is
A
3285(@2’” = —|—2| {AT—A"+2(2n+1)} <I>,Am,

where AT and A~ operate on the n-variable.

Proof: With definition in (4.3), in the coordinates z,y we have

— (@0 + 0y)(0 ~ i0y) | EEGC+ FWONC - G
R

Hence, to prove the assertion we shall compute the following steps for any A # 0 and

j, k e N() :
L. 0x®}(x,y) and idy®},(z,y),

2. (0z +i0y) P} (x,y) and (9x — idy) P}y (,y),

w

. (0x 4+ 10y)(0x — i@y)@ik(x, ),

4. (0x +10y)(0x — i0y)®},(x,y), and we shall show

(S8

. (0x +i0y) (0x — i0y)®) ,(x,y) = —BHAY — A~ +2(2n + 1)}®) .

Recall that

Bu(2) = [ G+ G- G (1)
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Now suppose A = 1. Differentiating (4.11) with respect to = and writing 2¢ = (¢ + %y) +

(€ = 3y) we get
0.,4(r, ) =0u(p(,,0)6,6,) (4.12)
=0, [ eoulc+ 5u)0u(C = 50)iC (113)
= [ @0l + gos(c - e
—5 [ e qu+ €= guYontc+ gnon(¢ - g

2 2
i L L !
—5 [ e{ic+ gmontc+ gmanc - uac

' . 1 1 1
w3 [ emanlc+ {0, - g}

Observe that the since

OLE)0n(C + 50)65(€ ~ 59| < 9(C) = |con(C + 5)6s(¢ - 3

for all z,y,( € R and g is integrable, then from Remark 4.13 we are of course passing in
(4.13) from the
0, to the integral. With a similar calculation and the same argument in Remark 4.13 we

also have:

Z.ay(I)j,lc(;u y) :Zay <p(l‘, Y, 0)¢k; ¢]> (414>
—5 | {aonc+ 50 }enc - gna
-5 | e<on¢c+ 5n{ar0,¢ - g}

Combining (4.12) and (4.14) we get

@, +i0)850(w) = 5 [ {(C+ 5000+ 500+ 00+ 500 (¢ = )i

2
' - 1 1 1 1
w5 [ emanlc+ gn{(c = 5u6ic — 51— 0,05(C — g pac

(4.15)
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and

0, = i0,)Biae9) = 5 [ #{(C+ GuInlc+ 50) = Bon(C + 3ol — 5ue

. 2 2
L i Lol tos -t 1
w5 [ eaulc+ gn{(c = 5uic = 50+ 0,05~ g}
(4.16)
Using the creation and annihilation relations for the Hermite functions ([51])
(=0C + ) = (20 +2) 0
(0C + ) = (20)2 Py,
we obtain from the equalities (4.60) and (4.16):
: i 1 : 1
(0r +10,) P (,y) = 5{(2k)2@j,k—1($7y) + (27 +2)2@j414(x, y)}
: i 1 N1
(0 = i0,)050(x,y) = {2k + DF0uia(w,y) + (2)F0nleyy)f. (417)
Applying the last two equalities we derive
0,0:P; 1 = (0p — 10,) (0 +10,) P (4.18)

1 . ) 1
_ _Z{(Qj +2)®, 5 + ((2k +2)(2j + 2))5‘1)j+1,k+1

+ ((2R)(2)3 @511 + (2R) Dy .
Now for A # 0 in R* and j, k in Z we have:

X 1 1 1 1
:/Rem%g(g + 53/)9%\(@ - QZ/)dC =®;p(sgnA [ A2 2, | A |2 y).

Repeating the same calculation for ®},(z,y) and substitution X = sgn\ | A |2 z and

Y =| A2 y we have:

(0 = i0,) (D + i0,) B}y (w,y) = | A | (95 — i05) (D5 + i05) @1 (X, V). (4.19)
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Now, applying the relations in (4.18) for (4.19) implies:

| A (9% —i05) (0% +i0y) Dju(X,Y)
=— %{(27 +2)P,, + ((2k+2)(25 + 2))%®j+1,k+1
H((2R)(2)) 2B 151 + (20)B 5 } (X, V)

_ T'{“Qj + 202, + (2k +2)(2] +2)2 0, 4

F(2R)2)E )y + 20, b y).

>~

Taking j = k = n, then

A
(0p —10,) (0, +10,) P}, = — [ | | {(2n +2)p, + (2n+2)P) o+ (20)P) 1}
A
T | 2 l{(n+ D@11 = @) = () (P = @5y 1)

+2(2n + 1)@3,,1}.
Finally, using the definitions of AT and A~+ in above we get
N L\ T
0.0:®;, , = {A — AT +2(2n+ 1)},
as desired. O]
We conclude this section with the next Lemma:
Lemma 4.15. For A #0 is
1 | 2 ”

a)\q)i\b,n(z> - (XA_ - 4

sgnA) @, (2)

Proof: For A # 0 is

1 1 ) )
q>2,n<z) = (I)n,n(| A |§ Z) = Ln(_ | A H z |2)€7Z [Allz]

_i()—- Ry B2k -t

k
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where L, (z) :== > 7_, (} ) k, is a Laguerre polynomial.
Let A > 0, then

1 1 1
A (2) = La(g Al 2 [P) e 3N — 2 |2 P L5 AL 2 e i M (4.20)

and hence the following computation shows that

6ALn(%/\|z| Z()M

k=0
_ =~ (n <_% | 2 [?)* EAE—1
k k!
k=0
L\ (=5 12"
_XZ<I<:) 7 kX k=n—(n—k)
k=0
_”n n 1 NI . n(_%|z|2)k i
A (k)( 3 [PAT =3 (k:) i R
k=0 k=0
n. 1 9y M 1 9
1 1
=—A"L,(= 2 4.21
SATL(5 A2 P) (121)
Substituting (4.21) into (4.20) yields
A | 1 2 HA Lo 1 2\ HA
’ A ’ 4 ’ A 4
For A < 0 with a similar computation we have
A LA 1 2§
aA(I)n,n(Z) = XA q)n,n(z> + Z | z | (I)n,n(z)' (423>
Combining (4.22) and (4.23) we get
A Lo 1 2\ &\
D), (2) = (FA = Jsgnr |2 )@, (2)
) )\ 4 >
as desired. n

4.4.2 Multiplication of Special Hermite Functions by | z |?

The first lemma of the subsection shows the interrelation of multiplication of special

Hermite function by factor | z [* and the difference operators A* and A~:
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Lemma 4.16. For A # 0 and n € Ny we have
|2 ]2 @}, (2) = = (AT = AT)D; (2). (4.24)

Proof: First, we have to compute some elementary and preliminary relations. We start

with multiplication of function ®; , with respect to x = Re(2) :

Writing ze™¢ = —z'%ei’”C and using integration by parts we get
1@ (x,y) = z(p(@, y,0)dr, ¢5) (4.25)
- 1
Z/ﬂfe’“%(@r S¥)@i(C = 5y)d¢
R

= —'/ (i ”C) ¢k(C+ly)¢j(C—%y)dC

=i [ e o i - g e

if e “f{accbk(u SUH0(C — 5u)dC

: i 1
w1 [ €onlC+ g0 geolc - g

And also we have:

' / S )6u(C+ 3)5(C— )

e (G g -tc- 5y>) Ou(C+ 20)04(C ~ )G

= 2/ e (¢ + 1y)d)k(c + 1y)d)j(( - %y)dé
R

2 2
—i [ €ouC+ 5nIc = 5u0i(C — G0

Now taking sum and difference of (4.25) and (4.26) yields

(@t in@ualey) =i [ {00+ (C+ 50}l e - @

#i [ eonc+ gn{ac— €= gn}olc - gni.
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79
. 1 1 1
i) B (zy) =i [ e {oc — (¢ + 2 ~9)6;(C — ~y)d 4.28
(@ = in@unley) =i [ {00 (C+ g0 }alc+ gnC—gndc (@2
‘ 1 1 1
wi [ eonc+ 5{ac+ (= 50} - g
Applying the operators creation and annihilation in equations (4.27) and (4.28)
(=0C + () = (20 +2) 701
(9C + () = (20)2 s
we get
. . 1 iz 1 1
(-4 ), ) =iC28)} [ 70 (€ g)on(C — e (4.29)
1 1
—i(2j +2) 2/¢k ¢+ y)quﬂ(é 2Y y)d¢
=i{ (2K) @54 1(2,9) — (2 +2)3 @pr(e,9) }
and as well
(2 — i) ®ya(w,y) = — i (2K +2)30; 01 () — (2)20; 14w, 9) b
Combining the last equations with (4.29) one has
(v = i) @ + i) @iz, y) =(2k)H{ 2R) 5 @i(w,y) = (25)50; 14 (w,y) } (4.30)

(2 +2) %{ (2 + 2)3D, 41 i1 (2, y) — (2j+2)%<1>j7k(x,y)}.

For arbitrary A\ # 0,

|2 [2 @), (2) = |A|<2k>%{<2k><1> o y) = )20, (2y) ) (4.31)
— i+ k20 ) - 25 + 20 )}

To prove the assertion of Lemma, recall that ®3,(z,y) = @;,(sgnA | A 2 x, |)\|% y) for
A # 0. Replacing Z = sgnA | A |2 z + |/\|5 y we have

L T
2 ) =l 2 0u(2) = o | 2P @ul2) = 37 | 2 0ulD)

>~
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where z = x + iy. By using the equation (4.30) for | Z |2 QDM(Z) we have,

|Z|2 (I);\k( ) =

(2k)%{(2k)%c1>j,,€()?, V) - 240, 11 (X,7)} (4.32)

>

‘ ~

=

(27 +2)4{ 2k +2) 0101 (X, 7) = (27 +2)20,(X, V) }

>

or equivalently

2 HA 1 1 A
2 [ Bu(e) =3 R H{ 2R P p) — (2 1a(e0)
1 1 . Ry
@ {2k 280 (0 y) — (27 4+ 230 (00)

Put j = k = n, we derive

|2 P00 ,(2) = — (AT = AT)P; . (2) (4.33)

as desired. O

4.5 Radial Schwartz Functions on H

In this section we want to characterize the class of radial Schwartz functions on the
Heisenberg group in terms of their group Fourier transforms, in other words via their

radial Fourier transforms.

As mentioned before, the Heisenberg group is the Lie group with underlying manifold R3.
Identifying 2 := x + 4y, then one basis for the Lie algebra R? of left invariant vector fields

on H is written as Z, Z, T where
7 =0/0,+1iz0/0; Z=0/0;—1i20/0; and T =0/0,.

With these conventions one has [Z, Z] = 77 — 77 = —2iT. For more details see for
example Geller’s book [23].
With above notations we can state the following lemma for the class of radial Schwartz

functions on the Heisenberg group:
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Lemma 4.17. The set S,(H) of radial Schwartz functions on H has an alternative char-

acterization given by
S,(H) = {f € CX(H) : (|2 | £ 5)(0.0:)%0Lf € Cy(H) for every d,l,k,s € NO},

where C° stands for the set of smooth and radial functions and Cj, stands for the set of

bounded and continuous functions on H.

For f € §,(H) and N € N define:

I f In= suppssen, asisn, o=pen(|z[* [ £1°) | (0.0:)0, f(w) | -
The S,(H) is a Fréchet space whose topology is defined by the family of norms || . ||n-

We will present a sketch for the proof of the lemma in Appendix A.

The lemma provides the fact that the norms of any differentiation of a radial function and
its multiplication with the polynomials of arbitrary degree can be controlled by N-norms,
as above.

In view of the last lemma it becomes clear that first one must study the boundedness and
continuity of radial functions. We will study this in the next section by use of inverse

Fourier transform.

4.5.1 Bounded and Continuous radial Functions

All notations in the next definition have been introduced earlier in Section 2.2.

Definition 4.18. Let BY be the space of measurable fields (F (X)), of trace-class oper-

ators, for which the following integral is finite:

/A | FO [ du(y).

(Recall that du(\) = (27)72|A\| d)\.) The next proposition points at the inverse of group

Fourier transform for the Heisenberg group.
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Proposition 4.19. Suppose F' = (F(\),.5) € BY. Then

fa) = / trace(F() o pa(2)")du(N)

A

defines a function f € L*(H)* L?>(H)* . Hence f is continuous.

The proof of last proposition can be found for example in [33], which the author has
studied the case of unimodular type I groups. Also, the proposition has been recently
studied for general locally compact groups G in [20].

In the next theorem we show conditions for radial Fourier transforms of radial functions

ensuring the boundedness and continuity.

Theorem 4.20. Suppose f is a radial function in L*(H) and
F) =D Rs(n,2) 63 @ ¢,

where Ry is radial Fourier transform of f. Let Ry be a bounded function of variables n

and A, which for some d > 3 and some constant Cy fulfils

| Re(n, ) |< o Ca V(n, ). (4.34)

(2n +1)4
Then f € Cy(H) N L2(H).

Proof: According to the proposition 4.19, it is sufficient to show that (f()‘)),\eﬁ € BY,

i.e, we show
/ | 7O Il di()) < co  respectively / S| Ry(n, ) | du(A) < oo.
A N

But we can say more. We claim that

/A SO Ry, N) |7 du(A) < o0

for ¢ = 1,2. The conjecture can be shown over two separate parts

A =A{(n,\); [N < m} and Ay = {(n, A); Al > m}
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Then by boundedness of Ry, for a suitable K > 0 is

Z/A|Rf<n,A>|QdM Z/AK | Ry(mA) 17 du()

(2n+1

SQKWZ;/R

Now using the assumption we get

S [ 1R =3 [ ) e

N> gy

q
= % Z/ o o T
<20q2 _ icl)\
ST an ) [ N2

(2n+1)

1

0<AS @y

o
=2 2n+ DD =%

The hypothesis that gd > 3 was used above to evaluate the integral of )\qi—l over 2n1+1 <A

Now again by Proposition 4.19 the function

(24) Z/ Rp(n, N oa a0, dhe Mdu() (=, t) € H
ACR*
is a bounded and continuous radial function, i.e, f € Cy(H) N L2(H). O

Definition 4.21. We define g as the set of bounded functions R on Ny x R*, such that

for any nonnegative integer d exists a constant Cy so that

| R(n, ) < —

=~ m V(n, )\).

Observe that according to the Theorem 4.20, functions with radial Fourier transform in

Dy are bounded and continuous. More precisely we have the following modification:

Corollary 4.22. Let R be a function in ©g. Then there exists some function f € Cy(H)N
L2(H), with Ry = R.
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Lemma 4.23. Let A" and A~ be the difference operators introduced in Definition 4.12
and suppose that R € Dy. Then

(1) 227 Rn, NAYD;  (2) = =3 F(A™ + 1)R(n, A) 27, (2)
(2) 327 R, JA™D (2) = = 30 (AT + DR(n, A @y,

and hence combining (1) and (2) we get

f: R(n, N (AT = A7)®) (2) = Y (AT = A7)R(n, )@ ,(2)

Proof: (Observe that here all series are absolutely convergent, since for any z and A # 0

the functions n — @) (z) are bounded on Np, and Y n|R(n, A)| < co.) To the proof of

(1):

D R0,A) AT (2) = Y R0, A) (0 + 1)(®) 41 10 (2) = ©)),(2)
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and to the proof of (2) :

iR(n,)\ A~ (IDA ZRn A)( ( ) — @) 1n-1(2))
:ZnR(n)\CI)’\ ZTLR”)\ n1nl(>
— ZnR(n, NP (2) — i(n +1)R(n+1,\)®) ,.(2)

:i(n+1)(R(n,)\)—R(n+1)\ ZRn)\ (2)

n=0
=Y —ATR(n, )@} ,( ZRnA L(2)
n=0
=Y —(AT+1)R(n,\) @) ,(2)
n=0
which completes the proof of Lemma 4.23. O

4.5.2 Differentiation of radial Functions

Next, we want to study some properties of radial Fourier transforms of radial functions,
for which the corresponding radial functions are smooth. We will see that the smoothness
of a radial function directly depends on its radial Fourier transform. First of all we have

the following simple lemma:

Lemma 4.24. Suppose R € Dy and s € N. Then every multiplication of R with factor

A is contained in 3.

Proof: Since R € ®g then for positive number s 4 d there exists some constant Cy such

that

Ca

<
| B(n, M) |< | X ]4 (20 + 1)+

Y (n, A). (4.35)
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Now by multiplication of relation (4.35) by | A |* from both sides we obtain:

| A Cy
| — | by |d+8 (2’/’L + 1)d+s
- | b\ |d (27’L + 1)d+s
< Ca
A 2n+ )Y

[ AL R(n, A)

which shows A°R is contained in ®,. O
Lemma 4.24 and Theorem 4.20 combine to yield the following result.

Theorem 4.25. Suppose f is in L2(H) and suppose Ry € ®o. Then for any nonnegative
natural number s, 85 f exists and is contained in Cy(H) N L2(H) . In other words Ry €
Do.

Proof: Using Lemma 4.24 , (¢\)*R; is contained in ®, and using Theorem 4.20, the
function Fy(z,t) defined by

Fi(z,t) = Z/*(—i)\)sR(n, A)@f‘m(z)e_i)‘td/t()\)

is a bounded and continuous function on H. Furthermore we have:

Fen=Y /R (A RO N, (e M du() Z / (n, NBXL ()05 Mdp(N)
— asz / (n, N, (2)e Mdpu(N)
=0/ f(2,t)

by absolute convergence. Observe that above the exchange of differentiation operator with
integral and sum is permissible from the same argument in Remark 4.13. Thereby the
last computation shows the existence of J; f, which is a bounded and continuous function

with 8ff = F, and Ratsf = (—i/\)st € 9y. O
Lemma 4.26. Suppose R € ®y. Then for any nonnegative integer number d we have

A4 AT =A™ +220+ 1)} R(n, \) € D
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Proof: We show the assertion of the lemma for d = 1. The case d > 1 follows by
induction. For d = 1, the term | A | {AT — A~ +2(2n+ 1)} R(n, A) can be written in the

following way:

A {AT = A" 4220+ 1)} R(n, \)

= A {(n+DHR(n+1,\) — (2n+ 1)R(n,\) + nR(n — 1, \)}.

For the proof, let m > 0. Since R € D, then there exists some constant ), so that

Cn
<
S T @ D T
| < O :
A 20t e

C
— 1N < Ui )
R =LA TS X g — 1) 5 e

| R(n+1,7) (4.36)

| R(n, A) (4.37)

(4.38)

Using the evaluations in (4.36) — (4.38) we get

A (n+ DR+ 1\) — (20 + 1D)R(n, A) + nR(n — 1,A) |
< A (n+1) [ Rn+1L,A) |+ | M| 2n+1) | R(n, ) |

+|A|n|Rn—1,X)|
Cm
[ A (2(n+ 1) + 1)
Cm
A+ (20 1 1)
Cm
[ A+ (2(n = 1) + 1)
< Cnm N Chn
“IAm™ 2+ )™ [ A (2n+ 1™
nC,
TN 20 = D

<|A|(n+1)

+ A (2n+1))

+|A|n

(4.39)

Now, using the inequalities

n 2n — 1 m+1 n K,,
<K, tivel < Vn e N
g1 S Em(Gugy) repectively e S e ™
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we obtain
C Chn CrnKn,
4.39) < + +
( ) A Cn+ D) A 2n+1D)™ A (2n 4+ 1)™
2+ K,)COn
A (2n+1)m
and hence taking C,, = (2 + K,,)C,, we get
C
A AT — AT +2(2 1 A) < m A
(AT 220+ DIRMA) IS S ey V)
as desired. O

The next theorem deals with smoothness of radial functions on C.

Theorem 4.27. Suppose f is in L2(H) and Ry € Dg. Then for any nonnegative number
d, (8.0:)f exists and Rp.p.ya; € Do.

Proof: The theorem is proved with induction. Using the last lemma the following Hilbert

Schmidt operator

3 _%{N C AT 2204 DYRs(0 ) ¢ @ 0

is well-defined and defines via pointwise Fourier inversion the following bounded and

continuous radial function in L?(H)

Z/ W{N A™ 4220+ 1)} Ry(n, V@Y, (2)e"Mdpu(N)
-y / —7R(n, N{AY = A 42020+ 1) YO, (2)e Mdu(\)
= / Ry (n, A)(0:0:) @), . (2)e ™ dpu(A).

Recall that the last two equalities can be written by Lemmas 4.23 and 4.14 respectively.

By absolute convergence of the series we have
> [ Ryt ) (0.0087, e dul)
= (.00 % [ Ren, ) TG Nau(

= (0:0:)f(2,1)
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which yields the existence of a bounded and continuous radial function (9,9;)f in L?(H)

with
M ar Ao
Ro.o.p = —7{A — A" +2(2n+ 1)} Ry € Do.
Now let d > 1. Since
A {AT — A +2(2n+ 1)}'R; € D,

Then similar to the first term of induction is

d+1

N AT — AT+ 22n+ 1)} Ry €Dy

which proves the existence of bounded and continuous radial function (9,0:)¢f in L*(H).

]

Here, we extract the last corollary of this section through Theorems 4.25 and 4.27.

Corollary 4.28. Suppose f be a radial function in L*(H) with Ry € ©o. Then for every
d,s € Ny, (0.0:)%0; [ exists and Ry, p.yap: ¢ € Do.

4.5.3 Multiplication by Polynomials

This section is concerned with criteria on the Fourier transform of a radial function f
which guarantees that the product of f with arbitrary powers of |z| and ¢ gives a bounded

function. The next Theorem gives a partial answer.

Theorem 4.29. Suppose f is in L2(H), such that its radial Fourier transform Ry satisfies

the condition

1
W(AJF — A*)pr(n, )\) € @0 v pE No. (440)

Then R.pery € Dy for any nonnegative p and the property in (4.40) holds for the function

Ry.2vp as well.
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Proof: Suppose p € Ny. To prove the assertion we show that the function | z |* f is in
L?(H) and has the radial Fourier transform

1 _
Ryzory(n, A) = W(A+ — A7) Ry(n, A) € Do

Since #(AJr — A7)PR(n,\) € ®g then due to the inversion Fourier transform and by

Theorem 4.20 the radial function
Iy 2P + —\p FSURYRLY;
f(Z,t) = Z \ _W<A —A ) Rf(n7 /\)(I)n,n<z)e d:u(/\)

is bounded and continuous. Applying Lemmas 4.23 and 4.16 we have :

Fe) = ¥ [ —prp(ar = AV Ry VT e du()

=3 [ Ryt | P B ey
n A
|2 ST Ry, NBE (e dp()

= 2 | f(2,1)
Hence | z |* f is bounded and continuous with R,z = —%(AJr - AT PR e®,. O

Notation: The set C*(R*) denotes the set of functions R which are differentiable on R*
and lim R(A\) and lim R(A) and as well lim 0\R(\) and lim 0\R(\) exist and
A—07F A A—0t A—0~

—0—

lim R(\) = lim R(\), /\lirgl+8>\R(/\)

A—0t A—0—

A—0~

Using the last notation, the following is an analog of Theorem 4.29 for the ¢ variable.

Theorem 4.30. Suppose f is a bounded radial function in L?(H) such that for anyn € Ny,
R¢(n,.) is contained in C*(R*). And, suppose

1 1
X<A+ — AT)Rs(n,A) and (O — XAJ“)Rf(n, A) € Do.
Then the function (it)f is radial and

1 1
Rin(n, A) = sgn)\[ — ﬁ(AJr — A7)+ (0 — XA*)}Rf(n, A) € Dy. (4.41)
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Note 4.31. The relation in (4.41) implies that tf € Cy(H) N L2(H).

(By the proof of Theorem 4.20 we may apply pointwise Fourier inversion.)

Proof: From inverse Fourier transform we have the following:

f(z,1) Z / * R(n, N @}, (2) teMdp(\) =i / R0, N8, (2) (Ore™ ™) du(N)

then by partial integration and recalling that du(\) = (27)"2|\| d\ one gets

0

tf(z 1) =i(27r)‘22{ / HNAR(n, \)®) (z))eMdA — lim ()\R(n,)\)m@—i”)}

(4.42)
—@'(27T>_2Z{ /O " OMAR(n, B, (2))e A - lim (AR(n, )@}, (2)e —Mt)}
(4.43)

Observe that /\lirgl_()\R(n, NP, (2)e™ ™) = /\liIglJr()\R(n, AN)®) ,(2)e™) = 0, since R is

bounded and lim @) ,(z)e”"" exists as A — 0. Hence

(2m)*(it) f (2, 1)
— Z {/0+ N(AR(n,A) @), (2))e MdA — / N(AR(n, ) D), (2))e —WdA}

=1-1I. (4.44)
Here we compute the term I, and the term /7 can be done similarly,
+o00 |
I= Z/ {R(n,)\)@fi,n(z) +)\((9>\R(n, ))(I)A (2) + AR(n, N2, (= )} —iXt )
o Jo
+o00 - - ‘
= Z / {R(n» A (2) + A0 R(n, )\)Cbﬁ’n(z)} e~

+Z / R(n, \)O\®2 ,(z)eMd\ (4.45)
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Using Lemmas 4.15, 4.16 and 4.23 respectively in the latter term we have:

+oo
Z / AR(n,A)aAqmn(z)e—WdA
—Z/ AR(n, \)( _——|z| B3 (2)eMdA
— Z / < (AT +1)— %(N - A‘)) R(n, \) @), (2)e~™d. (4.46)

Replacing (4.46) in (4.45) we obtain:
* 1 .
— _ AT _ = + _ A— Y —iAt
I ; /0 {(AaA Af)— (At -A )}R(n, N (e MdX. (447)
The similar computation for 11 we show that
0
1 -
_ — _ AT+ - + - by —iAt
11 ; /_ Oo{(wA A%+ (A% — A7) LR N, (e YA (4.48)
Now, substituting I and I7 into (4.44)
1 1 S
) — + + - —iAt
(it) f(z,t) = ;/sgm{@ — AT - (AT -A )}R(n,)\)@;\b’n(z)e ()
as desired. O

The next Theorem lists some conditions on Ry to generalize the result in Theorem 4.30

for t*, where s > 1 .

Theorem 4.32. Suppose f is a bounded function in L2(H) , such that its radial Fourier

transform Ry has the following properties:
(i) RyeDg (4.49)

(i) Rg(n,.) € C°(R*) VneNy and N"OVR;€®y Vme Ny
1
AP
: mam 1 + —\p 1 +\k
(Z’U) A @/\ W(A - A ) (0,\ — XA ) Rf(n, )\) € :DO Vm,k,p € No.

(13i) A™OV(O) — —A+) —— (AT — A7)Ri(n,\) € Dy Vm, k,peNg
Then for any s € Ny is Rysy € Do with

1 1 °
—ox (AT = A7)+ (0 — TAT)| Ry(n, ) € D,

Rirye g (n, A) = (sgnA)" | =5 A

and the properties (ii) — (iv) hold for Rgyyss also.
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Proof: The statement is proved with induction on s. For the first statement s = 1 it is
known from the assumption of the Theorem and an application of Theorem 4.30 , i.e., for

s=11s

1
Ring(n, X) = (sgnX) |[—=< (AT — A7) + (0r — XAJF) R¢(n,\) € Dy

and fulfils all conditions (i) — (iv).

Assume that the statement is true for some s > 1. Then using the first statement of
induction for the function f, = (it)®f we are done, i.e., the function (it)**!f is radial in
L?(H) with corresponding radial Fourier transform R+, with

1 1
Rt (n, A) = (sgnA)* | =5 (AT = A7) 4 (0r = A7) Ry(n, A) € Dy

which satisfies the properties in (ii) — (iv). O

4.5.4 Sufficient and Necessary Conditions for a Radial Function
to be Schwartz

The main result of this section is presented in Theorem 4.36. The importance of the
theorem is that it provides a simple way of picking out an element of S,(H) , which is

reduced to a given rapidly decreasing element R.

Definition 4.33. The space D consists of all the functions R : Ng x R* — C, for which
for any n € Ny /\lim+R(n, A) and /\lim R(n, A) both exist and are equal and R fulfils the
—0 —0~

following properties:

(1) ReD
(i1) R(n,.) € C*(R*) VneNy and N"OV'R e Dy Ym e N,
1 1
(i3i)  A"OY (O — XA*)’“W(A+ —ATVYReDy Vm,k,peNg
1 1
(iv) Aoy W(N — AP0y — XA+)’fR €Dy Vm,kpeN,.

We shall call the elements ofﬁ rapidly decreasing functions on Ny x R*.
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The next corollary can immediately be extracted by Theorem 4.32 and Corollary 4.28 :

Corollary 4.34. Suppose f € L2(H) so that Ry € D. Then for any s, k,d,l € Ny
Reo.oyt01(s12+111)5 € Do-

We then have the next theorem, which contains one of the central results of this section

and expresses a sufficient condition for elements in S, (H):
Theorem 4.35. Suppose f € L2(H), with Ry € D. Then f € S, (H).

Proof: In view of Lemma 4.17 we need to show
| 2 %) t | (0,0:)%0Lf € Cy(H) Vs, k € Ngand d,1 € No.

The expression is proved with induction on k£ + s. For k + s = 0 the statement is known
from Corollary 4.34. Now let it be true for k+s = m; we intend to show it for k+s = m+1.
For k 4+ s =m + 1 we may write

(0:0:)%0; | = PP f =] 2 PP ¢ 2 (0:0:)°00f + ) Py(z,2,)Ds(0:0:,0) f  (4.50)

5=0

where the P; and the D; are polynomials in z, Z, ¢ variables and respectively in 0., 0z, 0; of
maximal degree j (see the work of Geller [22]). Observe that the left hand side in above
equation is in Cy(H) form Corollary 4.34 and the sum over j on the right hand side is in

Cy(H) also because of assumption of induction. Hence we get our assertion. O

Theorem 4.36. (Main theorem) Suppose f is a function in L2(H) with corresponding

radial Fourier transform Ry on Ng x R*. Then
feS.(H) < Ry eD.

Proof: The part “ <7 was already proved in Theorem 4.35. For the converse direction

let f be a radial Schwartz function. Then we shall show:

d 1 A);
a) R e ®;, an ALI&R(H’ );

/\lim+R(n, —\) exists and are equal,
—0
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b) R¢(n,.) € C5°(R*) for each fixed n € Ny and N"0V'R; € © for each m € N

c) N"OY (O — %A*)k‘/\%(AJF —AT)PR;e€®y foralm,k,p>0

d) Aoy #(AJr — A7)0 — sAT)FRy €Dy for all m,k,p >0

Proof of a): To show that Ry € ©(, we consider the sub-Laplacian operator on
the Heisenberg group £ := —A — 1 | z [* 87 + (20, — y9,) which has eigenfunctions
enp(z,t) = @) (2)e" with eigenvalues || (2n+1) ([51] §1.4). Using (4.9) for any N € Ny

we have:
AP (14 20)" Ry (n, )] = //f(z,t)|)\|N(1+2n)Nen7A(z,t)dzdt‘

— //f(z,t)EN(en,/\)(Z,t)dzdt‘

_ //ENf(z,t)en,A(z,t)dzdt‘

<|| ey 1 -

(Observe that in computation of above integrals we use the partial integration for the
vector fields. For more details see for example [53].) Taking Cy :=|| £V f ||, we get

<N
NN @+ 2n)N

| Rf(ﬂ, )\) ‘v’(n, )\) € Ny x R*.

For existence and equality of limits at zero, the inverse Fourier transform allows to write

Rf(n,/\):/R/Cf(z,t)en,,\(z,t)dzdt. (4.51)

Observe that f(z,t)e,x(z,t) is uniformly bounded by f. And since limy_gex,(2,t) =

limy_o @), (z)e™ = 1 and f is integrable then by dominated convergence theorem one

immediately can derive that

li = 1 —)\) = .
i Ry ) = tim Ry =) = [ [ 5 nazar

Proof of b): To show the smoothness of function Ry we return to the equality (4.51)

Ry(n,A) = /R /«; (2 )emn (2, t)dzdt = / / F(o )@ (2)eM ddt,
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Since functions {e, \(2,t)}, 1 are smooth in A € R* for fixed (z,¢) then the functions
{(fenn)(z,t)} are. Observe that for any m € N, the function fo{'e, \(z,t) is continuous

in variable A and fdy'e, \ is absolute integrable on R x C. Hence 9y'R exists and

DT R(n, ) = / / F(2 ) en (2, £)dzdt.

For the second part, to show X"OV'R; € ©, for any m € N, we take the derivation of
functions <I>f‘w in variable A € R*. But, with the simple computation in Lemma 4.15, we

saw that

1 2
aﬂ’ﬁ,n(z) = (XA_ - Z4|

sgn)\) @zn(z)

Hence, for A > 0 and e, ,(2,t) = ®}(2)e™** we have

1 2
Onen(z,t) = (it)enn(2,t) + XA’enyA(z,t) _ z| en(2,1)
2
. n z
= (i)ena(z,8) + = (enalz,t) = en1a(2,8)) = | 4' enn(2,1).

Then for m = 1:

O\R(n,\) = //f(z,t) Oxen (2, t)dzdt
1
= Rap(nX) + 5 (By(n,3) = Ry(n = 1,)) = 7Rgep(n, )

A
= R, 2, (. N) + ——Ry(n, ).

A

2
(it— 5

Using the hypotheses of the Theorem, for a given N > 0 there exist constants {C; x }1,

so that for any (n, \)

ClN CZN
ORi(n,\) | < ’ + ’
[ 2B (n A | A1+ 20N AP (1 4 20)Y
Cs.n Cyn

+ - :
MM A+ 20)N AT (1 4 2n) N
Taking Cy = Z?Zl C;.n we obtain

<O
NV A+ 2n)N

| 8ARf(n, /\) v (n, )\) A> 0.
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With induction on m is "0 R, € D,.
A similar argument for A < 0 implies the assertion of this part.
Proof of c¢): Since f is a Schwartz function, the inverse Fourier transform yields the

following pointwise equality:

f(z,1) Z/Rf n, )@ L (2)eMdu(N).

Observe that for any p > 0, by applying Lemma 4.23 we get

and applying Lemma 4.16 yields:

_Z/Rf
| 2 [

~ (2

f(z,1).

Since | z [* f is Schwartz, then from part a) , Rj 2y = (—2)1”%—‘%_)1'}% € 9y.

On the other hand, for £ > 0 from Theorem 4.29 and (4.41) we have:
1 _
S [GsamA) (0 — § AT Rln VL T ()
—

|2|2

4

1) (@) (2)e™)dp(N)

= ( +Zt> f(27t>7

which shows R
).

Next, replacing f by | z [* f, for any k > 0 we derive:

R e = (sgnA\)* (0 — sAT)FR € @ ( since (—% +it)k f is Schwartz

At g (AT — A7)

(sgmh) (0 = 5 Sy €2
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which is the radial Fourier transform of the Schwartz function (—% +it)*|2|* f. Now,
applying part b) for that function one gets:

AT (AT —AT)P

\ RfE@Q vaNo

as desired.

Proof of d): It can be proved in an analogous way to the part c). O

4.6 Admissible Radial Functions on the Heisenberg
Group

As earlier introduced , a € (0,00) denotes an automorphism of the Heisenberg group H ,

which operates on H as follows:
a:(z,y,t) — a(z,y,t) = (av, ay, a’t) (4.52)
and inverse given by
a t(z, oy t) = (a2, 0y, a7,

For our convenience we identify the interval (0, c0) as a group of the automorphisms of H
with Haar measure du(a) = a~'da. We consider the group G := H x (0, co) with left Haar
measure dha~°da where dh denotes Lebesgue measure on H. 7 denotes the quasi regular
representation of group G, which operates by dilation and left-translation operators on
L?*(H) in the following way:

71 G:=Hx (0,00) — U(L*(H))

(h,a) — w(h,a) = LDy
where L, is the left-translation operator, defined as follow:

Ly : L*(H) — L*(H)
0 Ly(0)()=0(h™")
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In this section, the existence of a function f € L?*(H) is considered, which is admissible

with respect to the quasi regular representation of G = H x (0, 00) acting on L*(H).

4.6.1 Admissibility of the radial Functions

Our aim in this part is to derive a criterion for a radial function on the Heisenberg group,
to satisfy the admissibility condition. Let us recall the definition of an admissible vector

on H w.r.t 7, i.e., functions f € L?(H) such that the operator

Vi L*(H) — L*(G), (4.53)

vfg(h> CL) = <g>ﬂ-<h7 a)f> = (g * (Daf)*)<h) = (g * (Daf*))(h) (hv CL) €G

be first well defined and second isometric, i.e., for any g € L*(H) is || Vg || r2()=1| 9 || z2qm)-
We restrict our investigation of such functions on the Heisenberg group to the class of
radial functions. We collect the main result of this section in next theorem which presents
a sufficient and necessary condition for admissibility of a radial function by dint of its

Fourier transform.

Theorem 4.37. (Main theorem) Suppose f € L?*(H) and radial with the radial Fourier
transform Ry. Then f is admissible if and only if for some positive constant ¢ # 0 the

following holds:
/ | Ry(n,t) |t 'dt=c VneN
t

=0

For the proof of Theorem 4.37, we need the next lemma:
Lemma 4.38. For a >0 is Rp _, ;(n,\) = a®Rs(n, a*)).

Proof: Since f is a radial function, then obviously D, f is. Thus by the radial Fourier
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transform of D, f (see (4.6)) we have:

Rp,;(n,\) = / Dof (2, )l x(2)edtdz
— / af(a 'z, a ), \(2) e dtdz
= /azf(z,t)ln,,\(a.z)eia2’\tdtdz
= a’ / f(z, t)ln(|)\\% a.2)e " Mdtdz from definition of [, in (4.4)
= aQ/f(z,t)ln(| a’\ |% 2)e N dtdz
:a2/f(z,t)lnva%(z)ei(az)‘)tdtdz

= a’Ry(n,a’\).

[
Using Lemma 4.38 the proof of Theorem 4.37 is as follow:
Proof: ( of Theorem 4.37) We shall show that for some constant ¢ > 0
1Vi(9) I72y=cll 9 lf2@ Vg € L*(HD). (4.54)

Using the hypotheses of the theorem and the fact that (D, f)* = D, f*, then for any a > 0
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and g € (L' N L?)(H) we have:

Vi (9) I22(c

~ [ [ 1ax sy P dna-aa

- / | g% Dar f* 2oy &

- / 150 (Doid) [2agy a™

= [ [ 1300 BN s du(ada (4.55)

- [/ Z Ro, (. NiN 0 63 @ 0) s du(Na™  (4.36)

=[] 3D R 0) BILGO) 0 629 02 s du(Na~da (457
[ [ 1 o s P 90062 d(a

[ [ 321 R0 ) PGS 1 (e

= L3 VRt ) P 906 1 dn

/ *Z / | Ryn,a) P a”da) || g0} 3 du()) (4.58)
e[ 18006 B duiy
e [ 1900 s duy)

/Ig ) |7 db.

The equality in (4.56) is obtained by applying Theorem 4.10. In the equality in (4.57) we

use the orthogonality of operators {¢) ® ¢}, with respect to the Hilbert-Schmidt norm

and for the equality in (4.58) we applied Lemma 4.38. The last equality is written by

Plancherel theorem . Since (L' N L?)(H) is dense in L?*(H) then the assertion is true for

any g € L*(H), since the operator V; is closed [20]. O]

One can prove Theorem 4.37 without applying Lemma 4.38. As mentioned in Section
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2.6.2, for @ > 0 and A # 0 there exists a unitary operator U,  so that

o — o~

(Daf)*(A) = Uan f(a?A)*U; 5, (4.59)
and from Theorem 4.10 we have
Z Ry(n, a®X) ¢* @ o2, (4.60)

Now applying the equation in (4.59), and substituting (4.60) into equation in (4.55), and
using the fact that the image of an ONB under a unitary operator is again an ONB, we

are done.

Theorem 4.39. Let R be a bounded function on RY such that R € L*(R*,ada). Define
R(n,\) = R((2n+1) | X |). Then the corresponding function to R in L2(H) is admissible
if and only if R € L*(RT, a'da).

Proof: Suppose R as above and {F(\)},cgr+ is an associated operator field which is
defined as follows:

= R(n,\)¢) @ ). (4.61)

n€ENg

Observe that from the assumptions of the theorem we have:

> [ TR Pau) = 3 [ 1R DA P du(y)

n€eNg n&eNp

— <%: (%)2(22” - 1)2> /OOO | ROV 2 MdA < oo, (4.62)

Therefore the operator field {F(\)} presents a radial function f € L?*(H) with Fourier
coefficients {R(n, A)}(,.,») such that f(A) = F()\). From the definition of R is

/ | R(n, ) [2 A~1d) = / | R((2n + 1)) P A~1d
0 0
= / | R(O\) > A7 taA
0
:H R ||%2(R+,)\—1d)\)

which implies by Theorem 4.37 that f is admissible. O
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It remains to be seen, whether there exist examples, for which both criteria, Theorem
4.37 and Theorem 4.36 can be checked directly. The Mexican hat wavelet obtained in the

next Chapter will be an example of a radial function fulfilling both.
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Chapter 5

Mexican Hat Wavelet on the

Heisenberg Group

5.1 Introduction and Definitions

In this section the admissible vectors are studied from the point of view of Calderdon’s
formula. We shall present the notation of Calderén admissible vectors. Further we
show in Theorem 5.4 that for the class of Schwartz functions the Calderéon admissibility
condition is equivalent to the usual admissibility property which has been introduced in
§2.7 of this work. Furthermore we provide an example of an admissible Schwartz function
on H, which is an analog of the so called Mexican hat wavelet. The precise proof can

be found in Theorem 5.11.

As mentioned before , the existence of an admissible vector for L?(N) is proved by Fiihr in
[20], where N is a homogeneous group, for the quasiregular representation of G := N x H
on L?(N). Here H is a one-parameter group of dilations of N.

The existence of such vectors for the case N := R* and H < GL(k,R) has recently been
studied by different authors. For example for the case k = 1 and H := Z see [39]. The

case N := H and H := R as a one-parameter group of dilation is considered by [34].

105
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Definition 5.1. (Weak integral of distributions) let (1,).cr denote a family of dis-
tributions. If for all ¢ € S(H) the map R > a — (p,n.) is measurable and absolutely
integrable, and moreover ¢ — fR(gb, Ne)da defines a tempred distribution 1, we call 1) the
weak integral of the family (1,)qcr, and denote it with 1 = fR Nada.

Before presenting the Calderén admissibility condition, let recall the following Remark:

Remark 5.2. Note that from Theorem 1.65 in [1}], for any n € S(H) with [n =0, the

vector valued integral fooo Ne a ‘da is convergent in weak sense, as defined in 5.3 below.
Now we have the following definition:

Definition 5.3. Let ¢ € S(H) and [ ¢ = 0. Then ¢ is called Calderén admissible if for
any 0 <e < A and g € S(H)

A
g*/ Go * g " 'da — cg ase —0;A — o0 (5.1)

holds in the sense of tempered distributions (weak sense), i.e., taking the inner product of

left-hand side of (5.1) with any f € S(H)

A A
(g */ Go * ¢q a 'da, f) = (/ Gu * ¢q arda, §* f), (5.2)

and commuting the inner product with the integral over a in the right-hand side of (5.2),
then it must converges to c¢{(g, f) as e — 0 and A — oo, where ¢ is a nonzero constant.

Observe that for a > 0 we define ¢,(w) = a *¢p(a"'w).

In Lemma 5.4 below, we show that this definition of admissible is consistent with our

usage of the word admissible as the definition in 2.7:

Theorem 5.4. Let ¢ € S(H), then ¢ is admissible if and only if ¢ is Calderdn admissible.
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Proof: Suppose ¢ € S(H) and g € S(H). Then according to Definition 2.7 we may

formally write:

IVagll2 = / / (g, A(b) Dad) Pdba"da (5.3)

_ /0 /H |9 * Dad(b)|2dba—>da

— [ 9+ Do (5.4)
0

A o~

_ : 2 -5

= sﬂ(},lglﬂoo ; g * Da¢||L2(H)a da (5.5)
A o~ o~

= Jim (9% Da¢ , g% Dag)a"da

b EA N
= lim (g, g% Dy¢* Dyp)a"da

e—0, A—o0 c

e—0, A—oo

A ~
={(g, lim g */ D.¢ * Dyga™"da)

A ~
={g, lim g */ ba * Gqa”'da). (5.6)

e—0, A—oo
Here the equalities hold in the extended sense that one side is finite iff the other is.
Suppose ¢ is a Calderon admissible vector. Then from the definition, for some constant

c, lim g=* f o * poa~'da = cg in weak sense. Hence
e—0, A—oo

A~
(. lim gx / $u doalda) = ¢ || g |?

e—0, A—oo
Going the relation (5.6) backward, it shows that the limit in (5.5) exists and is finite.
Therefore || Vg ||2=c || g ||3. Since S(H) is a dense subspace of L?(H) and V, is a closed
operator on L?*(H), then Vj is isometric on L*(H) up to the constant ¢, which means ¢ is
admissible in the sense of Definition 2.7.
Conversely, suppose ¢ is an admissible vector. We show that ¢ is Calderon admissible,

or equivalently the relation

A ~
(f, lm g=x / ba * ¢ga”tda) = c(f, g) (5.7)

e—0, A—oo
holds for any pair f,g € S(H) and for some non-zero constant c.

Since ¢ is admissible then for any g € S(H) is || Vg ||3= ¢ || ¢ ||3, which shows that
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the integral (5.4) is finite. Now, defining F(e, A) := f llg * Dagb||L2 )% a~5da, observe
that, for € fixed, F'(e,.) is a positive and increasing function in variable A and is bounded
from above. Hence lim F'(¢, A) exists as A — oo and by “general principle of convergence

Theorem” it can be read as

lim F(e, A) — / 9 % Dad2apya~>da. (5.8)

A—oo

Taking G(e) = lim F'(e, A), G is positive and decreasing. Hence then lim G(e) exists as €
A—o0
goes to 0. Therefore again by convergence theorem we can write:

limG(e) = / g * Da$||%2(H)a_5da.
0

e—0
The last argument shows that the equality (5.5) holds and hence we get the following

equality:

AN
(g, lm gx / G daa™da) =|| Vog 2= ¢ || g |12 (5.9)

e—0, A—oo

To show the relation (5.7) for any pair f,g € S(H), we observe that (5.9) is (5.7) for the
case f = g. The general case now follows by polarization; i.e.:

Taking K. 4 = feA gga * ¢,a 'da, the equation (5.9) shows that
lm (g.g% Koad=cllgl? Vg e SH) (5.10)

e—0,A—00

Now suppose f € S(H). Then
(f+9,(f +9) x Kea) =(f, [ = Kea) + (f, 9% K a)
+ (g, [+ Kea) + (9,9 % Ke a).
Using (5.10), the left hand side of above equality goes to || f+¢ ||*> as ¢ — 0, A — oo and
it implies
<f7g*Ka,A> + <gyf*Ke,A> - C(<fvg> + <gaf>) as e — OaA — OQ.

and hence

lim Re(fK.a,9)=cRe(f,g). (5.11)

e—0,A—0c0



5.1. Introduction and Definitions 109

Replacing f 419 by f + g we get

(fL9% Kea) =g, f* Kea) = c((f,9) — {9, f)) ase—0,A— oo.

which implies
(l]ign Im(f x K. a,9) =cIm(f,g). (5.12)

(5.11) and (5.12) combined yield (5.7), and hence we are done. O

Remark 5.5. Actually, if H is a complex Hilbert space, then for any pair of bounded
operators T, S on H such that (Tf, f) = (Sf, f) for all f € H implies that T = S. To

prove, replace f by f+ g we get

(T(f+9), f+9)={Tff)+Tf g +{Tg f)+(Tyg,9),

to get
(I'f.9)+ Ty, f) = (5f,9) + (59, f)-
Change f to (if) to find
(T'f.9) =Ty, [) =(5f,9) — (59, f).
Add the two equations imply our assertion.

Notation 5.6. Note that d% 18 understood as a vector deriwation as follow:
Suppose X is a topological vector space and F is a vector valued function on RT such

that F(a) € X for any a € R*. Then we say %F(a) exists at point a = ag when

hlierw exists in the topology of X. We then shall write
—0
d T F(a0+h)—F(a0)
dal (@o=ao = lim N -

In the next Proposition we will show a sufficient condition for Schwartz functions to be

admissible, which is one of the chief tools for the proof of the main theorem of this chapter.
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Proposition 5.7. Suppose ¢, € S(H), so that [ # 0 and for some constants k,c > 0

.7 d . ..
and non-zero real number q is ¢aa * Paa = —aciVraa. Then ¢ is admissible.

Proof: Suppose g € S(H) and 0 < ¢ < A < oo. Using the change of coordinate a to a?

- B ; '
and that ¢ue * @aa = —acy-Vreq, we can write

A Al/a 5
g * / Gq * Qbaa_lda =qg=x* / Daa * gbaqa_lda
€ €

1/q

Al/a
=qg* /E (—a%)wkaqa_lda (5.13)

1/q

Al/a d
- - ad d
qg*/g ( T )da

1/q

= —q(g * (Yar — Yer))
= qg * (Ver — Y ar).

Since [ ¢ # 0, then from Proposition 1.20 [14] we have:
lin% g * e = g/lp in L — norm. (5.14)

On the other hand we can write:

lg * Yarllz < lgllilleralls = (kA2 [lgll1]l2 (5.15)

which shows g * 94, — 0 in L?*norm as A — oo. Now applying (5.14) and (5.15) in
(5.13) one gets

A
g*/ ¢a*¢aa1da—>g/w as €—0, A—oo ,inL*—norm. (5.16)
O

To reach the other main result of this chapter, next we need to recall some basic defini-
tions:

Let L = —(X?%+Y?) be the sub-Laplacian operator, where X and Y are the left-invariant
vector fields on the Heisenberg group (see Section 2.5). The heat kernel operator associ-

ated to L is the differential operator % + L on H x R, where % is the coordinate vector
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field on R (one can consider this coordinate as the time coordinate). For the heat operator

we recall here Proposition 1.68 of [14].

Proposition 5.8. There exists a unique C* function h on H x (0,00), for which the

following properties hold:
1. (L +L)h=0 on Hx (0,00),

2. h(w,t) >0, h(w,t) = h(w™,t) Y(w,t) € H x (0,0), and [ h(w,t)dw =1 for ¢t >
0,

3. h(.,s)xh(.,t)="h(,s+t) Vs,t>0,

4. m*h(rw,r*t) = h(w,t) V w € H, t,r > 0 (rw denotes the operation of the

automorphism r. to w).
The solution h s called heat kernel.

Observe that here the interval (0, c0) has nothing to do with the group of dilations which
is introduced in Section 2.7. It should be considered as time interval.

The idea of this section is to apply Proposition 5.7 to ¢(x) = Lh(x,1) to show that the
function ¢ is an admissible vector. For that purpose here we need to compute the dilation

of functions h(.,1) and Lh(.,1):
Lemma 5.9. For anya >0 and w € H is
h(w,1)q = a*h(w,a?) and Lh(w,1), = a®*Lh(w,a?).

Proof: Suppose a > 0 and w € H, then applying the property in 4 in Proposition 5.8 one

gets:

h(w,1), = a*h(a"'w, 1) = a*h(w,a?). (5.17)
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Similarly by applying the properties 1 and 4 in Proposition 5.8 for Lh(.,1) we have:

Lh(w,1)y = a *Lh(a 'w, 1) (5.18)

ad
= —q 4ah(a 1(,¢),15)|t:1

5.2 Theorem and Mexican Hat Wavelet on H

The purpose of this section is to check Calderén admissibility for the Schwartz function

¢ = Lh(.,1), which we state it now in the next theorem as the main result of this chapter.

2

Remark 5.10. On the real line R, the heat kernel is given by h(z,t) = \/%e_%, In
a:2

particular, h(z,1) = \/%6_7. The second derivative of the Gaussian is an often employed

wavelet, the Mexican-Hat wavelet. This motivates the name of the wavelet presented in

the next theorem.
Theorem 5.11. The “ Mezican hat wavelet” on H, ¢(w) = Lh(w, 1), is admissible.

Proof: Observe that by definition of L , the function Lh(.,1) on H has mean value zero.
It is also easy to see that gg = ¢: for any w € H and t > 0 define h;(w) = h(w,t). Then

by applying the property 2 in Proposition 5.8 we have:

—_—

(TR, 1) = — b, 1) = — (o) (5.19)
d—, B d B
= —%ht(w )= _Eht(w) = Lh(w,1).

To prove the theorem it is sufficient to show that for the function ¢ = h(w,1) + Lh(w, 1)

the relation

~ d
(;ﬁﬁ*(b\/a:d)ﬁ*qﬁ\/a:—ca%wm (520)
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holds. Hence by applying Proposition 5.7 we will get our assertion.

Using the relations (5.17) and (5.18) we get

bya*dya = (Lh(.,1))a* (Lh(.,1))a (5.21)
=aLh(.,a) * aLh(.,a)

= a’L*h(.,2a),
as well as

Ve = (h(., 1)) yzq + (LR(., 1)) /5a (5.22)

= h(.,2a) 4+ 2aLh(.,2a).

Observe that the vector derivation of 9, 5; with respect to the parameter a is computed

as follows :
A = L 20) + 2L, 20) + 20-LLh(., 20) (5.23)
da m—da .4 .4 ada ., 4 .
d d
=2—~n(.,2 2Lh(.,2 4a——LA(., 2
d2ah(’ a) + 2Lh(.,2a) + e h(.,2a)
= —4aL?h(.,2a).

Comparing the equations (5.21) and (5.23), we see that the relation (5.20) holds for ¢
and ¢ and for ¢ = 4, as desired. O
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Appendix A

Proof of Lemma 4.17

Lemma 4.17 may be considered as folklore, even though its proof is nontrivial and quite
technical. In this section we include an expanded version of an argument presented to us

by D.Geller (private communication).

We need the following lemma as a strong tool for the proof of Lemma 4.17:

Lemma A.1. Suppose {Z, := Z, Zy := Z, T} is the basis of the left invariant vector fields
algebra on H presented in (2.6), and £o = %(ZlZQ—i—Zng) is the Heisenberg sub-Laplacian
operator which is equal to the one introduced in the proof of Theorem 4.36 a). Suppose B
is the unit ball in the Heisenberg group and ¢ € C2°(B). Then there is a constant C > 0
such that for all smooth f on H the follwoing estimates hold:

(a)
IS(Z D5+ 1K(Z )13 < C Y NIGE I, (A1)
i=0,1
where ; € CX(B) and ¢; = 1 in a neighborhood of the support of (.

(b) For any N,k € Ny

S CZy Zp T <C Y [ Gmn ST A, (A.2)

Jisenjn=1,2 0<l+m<N
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(¢c) For any N,k € Ny

1Zj, ... Zi THENF < C > I&m T3 (A3)

0<l+m<2N, d=0, K

Proof  Proof of (a) Let f € C(H), then

IEZ O+ NEZ )5 = 2(6f. 6L0f) + E, (A4)
where
E=(Ef(Z)(Zf) +(ZE)Z ) — (Z2) [, (2 ) — (ZE) [, E(Z])) (A.5)

(This can be shown by replacing £(Z;f) = Z;(£f) — (Z;&) f in |§(Z;f)3 = (€(Z;f)-
&(Z;f)), where Z; = Z and Z.) Using the Schwartz inequality, for any arbitrary small

constant (s.cst) there is a sufficient large constant (l.cst) such that

(61, ZO@N)| = |((Ze)1.E(25)
< ZO)SILIEZ DNz
< (Lest)[(ZE) 13 + (s.est)€(Z )1,

and similarly

(61, (ZE)(Z1))| < (Lest)[(ZE) )3 + (s.est)IE(Z )3 (A.6)
[((Z&)f.6(Z ] < (Les)I(ZE )z + (s.est)E(Z )3
((ZE)F.€(Z1)| < (Lest)I[(ZE) I3 + (s-cst) [E(Zf)]I3,

Therefore using the above estimates, in (A.4) we get

12 NIE+1EZ D], < C (IEF13 + 1L h3) (A7)
+ (Lest) (2] (ZO) FI12 + I1(ZES)]2)
+ (s.est) 21EZ ) + €22 (A.8)

Note that for a sufficiently small constant (s.cst), the term in (A.8) can be absorbed back

into the left side of (A.7), and hence for a suitable constant C' > 0 the relation (A.1)
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holds.
Proof of (b) We prove it by induction. For N = 1 and k € Ny the assertion is true from
(a). Suppose that the relation (A.2) is true for N — 1, then for N one has:

Z Hg(Zjl"‘ZjNka”@ = Z ||£Zj1 (ZjQ"'ZjNka) H%

<C Hgi-i-SSéTS (ZjQ"‘ZjNka) ”g

Josin=1,2
0<i+s<1

=C ) &L (ZiaZin T 1) 113

Jo,-iN=1,2
0<i+s<1
—c| Y 16 Zp TR (A9)

Using the assumption of the induction and the relation £yZ, = Zp£9 + 2iZk T, for the

constant A\ = (2i)" one gets:

(const.)(A.9)

= Z 16 (Ziae- Zi TP 5+ ) 1€ 252 (80 + NT) T £,

<C Z [ sy e N A vosh Ay i |

0<l4+m<N—1 0<l+m<N-1
s=0,1

el Z H£l+m£l Tm+k+1f||;

0<l+m<N-1

<O D [Ewrmmn ST A

0<l+m<N

which completes the proof of (b).
Proof of (¢) Obviously for N = 0

Mw

ca (TF79€) (TF) .
d=0
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Taking &, := T*4¢, then for some constant C

k
I Enll; < e llersll,.
d=0

The above estimate shows that to prove the realtion (A.3) it is sufficient to show the
relation for £ = 0. The proof will follow by applying the induction as follows:
Suppose N =1 Then for j; =0,1

Zi (§f) = (2, ) +&(Z;, ),
hence from (b),

1Z, EONE < 211(Z,,6) FII2+211€ (Zi I3
<olIgr+ Y NeemsbT sl ]

0<l4+m<1

< Y |g.srrrl.

0<l4+m<1

Suppose that the statement is true for N > 1, i.e,

2
92

1Z Zin GO <C D [euem TS|

0<l+m<2N

then for N + 1 we have

1 Zi1-Zine Zing+1 (€D = 1 21 Zing (Zjng 1) f + EZjin )12
<201Z;y Zj (Zinyr©) )3 + 21123, Zjs (€Zjy i1 )5

=212 Zin EDla + 2|12y Zj (EZjyr )

N
< Yy T, (A.10)
0<l+m<2N
m 2
+ 02 Z ||§l+m£€)T ZjN+1fH2 . (All)
0<l+m<2N
Since that SéTijNJrl = EéZjNHTm and £0Z;y., = Zjy,, Lo+ 2iZ;, T, then by induc-

tion

l
S Zjnir = Zjnr Y & Vi e Ny

r=0
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Sabstituting the latter relation into the (A.10), from (b) one gets the following:

(A.10) + (A.11) (A.12)

l
<o Y legmsrrrli ey ST Y e Zign ST

0<l+m<2N 0<l+m<2N r=0
l
< > g ST T ST ST e ST (ST |
0<l+m<2N 0<l+m<2N r=0 0<s+I<1
=<C Y eSS Y i (T ||
0<l+m<2N 0%:4-67%2[1\1 0<s+t<1

<C Y |G

0<I+m<2(N+1)

as desired.

Lemma A.2. For any N,k € Ny,

sup | Z;,.. Z T EF@)] < C Y |l mShT™ 2. (A.13)
zeB OﬁjjomﬁfN

Proof:  The proof follows from the Sobolev Lemma for Lie groups (see A.1.5 in [Cor-

win..]) and Lemma A.1 (c).
Now we are ready to state the proof of Lemma 4.17:

Proof: Suppose f € C°(H) such that for any d, s > 0,

(8.0:)" 05 f (=, t)’ decays rapidly
as |(z,t)| — oo. We want to show that for any N, k > 0, ‘Zjl i TRf (2, t)‘ decays rapidly
too as |(z,t)] — oo, which provides that f is Schwartz. Observe that for any compact

subset K of H, contained in the unit ball B, and for fx := f|x is
| £hT +deH2 < (const.)sug | SLT f(w)|” (A.14)
we
Combining the estimates (A.14) and (A.13) we have

sgg Zj . Zi THEf()| < C Z sup ‘§1'+m£6Tm+df(z7t)|§. (A.15)

0<i+m<2n (#:t)€B
d=0,...,k
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Suppose that £ = 1 in a neighborhood of 0, since the operators £y and T" are left invariant,

then using the left translation operator in u = (z,t) one can write
ST* f(u) = LT 1)(0) = ETHLL)(0) = ET(LL)0).  (Al6)

Observe that for any I,k € N, |E4T% f(z,t)| decays rapidly as |(9,0-)" 9 f(2,t)| decays
rapidly, since £ 7% f can be written as a sum of | z |* (8.8:)* T* f where d < I. According
to the fact and applying the translation operator in v € H in the both side of (A.15) and
using the equality in (A.16), one can show that since the right side of (A.15) decays

rapidly in |u| then the left side does too, which completes the proof of the lemma.
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