FRACTIONAL LEVY PROCESSES,
CARMA PROCESSES
AND RELATED TOPICS

TINA MARIE MARQUARDT

Center for Mathematical Sciences
Munich University of Technology
D-85747 Garching

2006






Zentrum Mathematik
Lehrstuhl fiir Mathematische Statistik der

Technischen Universitat Munchen

Fractional Lévy Processes,
CARMA Processes
and Related Topics

Tina Marie Marquardt

Vollstandiger Abdruck der von der Fakultat fiir Mathematik der Technischen

Universitat Miinchen zur Erlangung des akademischen Grades eines
Doktors der Naturwissenschaften (Dr. rer. nat)

genehmigten Dissertation.

Vorsitzender: Univ.-Prof. Dr. Herbert Spohn
Priifer der Dissertation:
1. Univ.-Prof. Dr. Claudia Kliippelberg
2. Prof. Serge Cohen,
Université Paul Sabatier, Toulouse, Frankreich
3. Prof. Makoto Maejima,

Keio University, Yokohama, Japan

Die Dissertation wurde am 25.04.2006 bei der Technischen Universitat Minchen
eingereicht und durch die Fakultat fiir Mathematik am 12.07.2006 angenom-

mern.






Zusammenfassung

In der Dissertation wird eine neue Methode zur Erzeugung von Modellen mit
sogenanntem “Long Memory” Verhalten entwickelt.

Hierfiir wird die Klasse der fraktionalen Lévy Prozesse definiert und ihre
wahrscheinlichkeitstheoretischen Eigenschaften, sowie Pfadeigenschaften un-
tersucht. Da fiir bestimmte Lévymafle der entsprechende fraktionale Lévy
Prozess kein Semimartingal ist, kann man in diesem Fall die klassische Ito-
Integrationstheorie nicht anwenden. Eine allgemeine Integrationstheorie fiir
fraktionale Lévy Prozesse wird definiert und schliellich verwendet, um aus
“Short Memory” Modellen “Long Memory” Modelle zu erzeugen. Hierbei ste-
hen die zeitstetigen ARMA Modelle im Vordergrund.

Bisher wurden zeitstetige ARMA Modelle nur im Eindimensionalem definiert.
Im zweiten Teil der Dissertation werden diese Modelle auf den mehrdimension-
alen Fall erweitert und ihre Eigenschaften eingehend untersucht. Insbesondere
entwickeln wir mehrdimensionale zeitstetige ARMA Modelle mit Long Memory

Verhalten.






Abstract

The thesis develops a new approach to generate long memory models by defin-
ing the class of fractional Lévy processes (FLPs) and investigates the proba-
bilistic and sample path properties of FLPs. As for a fairly large class of Lévy
measures the corresponding FLP cannot be a semimartingale, classical Ito in-
tegration theory cannot be applied. In the thesis we give a general definition
of integrals with respect to FLPs.

This integration theory is then applied to continuous time moving average
processes in the sense that the driving Lévy process in the moving average
integral representation of short memory processes is replaced by a FLP. It turns
out, that the so-constructed process exhibits long memory properties. But an
even more important result is that this process coincides with the moving
average process (driven by the ordinary Lévy process) which is obtained by a
fractional integration of its kernel function. This is a new method to generate
fractionally integrated continuous time ARMA (FICARMA) processes.

So far only univariate CARMA and FICARMA processes have been defined
and investigated. In the second part of the thesis multivariate analogues of both
models are developed by constructing a random orthogonal measure which
allows for a spectral representation of the driving Lévy process. Furthermore,
the probabilistic properties of multivariate CARMA and FICARMA models
are studied. Like in the univariate case, the multivariate FICARMA process

has two kernel representations which lead to the same model.
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Introduction

In modern mathematical finance continuous time models play a crucial role
because they allow handling unequally spaced data and even high frequency
data, which are realistic for liquid markets.

The probably most famous example is the so-called Black and Scholes model,
which is built out of Brownian motion and models the logarithm of an asset

price by the solution to the stochastic differential equation
dX (t) = [u + Bo?]dt + adW;, t €10,7],

where {W, };>¢ is standard Brownian motion. Here u+ Bo? represents the drift
of the log-price while o is the volatility. As investors usually require a risk
premium for holding stochastic assets, compared to holding their wealth in a
riskless interest banking account, the drift depends upon the volatility. Hence,
if the volatility increases we would expect the drift also to increase.

The above asset pricing model implies that the aggregate returns over inter-

vals of length h > 0,
Y, := X(nh) — X((n—1)h)

are normal and independently distributed with a mean of uh + Bo?h and a
variance of ho?.

However, in practice for moderate too large values of h, returns are typically
heavy-tailed, exhibit volatility clustering (the |Y,,| are correlated) and are skew.
Obviously, the Black and Scholes model lacks these so-called stylized facts. This
observation resulted in an enormous effort to develop empirically reasonable
models.

One approach is to replace the Brownian motion by a heavier tailed Lévy

process. This will allow returns to be both heavy-tailed and skewed and take



into account jumps. However, then returns will be independent and station-
ary, since every Lévy processes has stationary and independent increments.
Hence, Lévy-driven models are also easily rejected empirically. Furthermore,
in this models the volatility is a constant. However, in order to include the
risk of financial markets into these models, the volatility process ¢ should be
time-changing. Barndorff-Nielsen & Shephard (2001b) suggested the volatility
process o to change over time according to an OU process.

In these stochastic volatility models we write
dX(t) = [u+ po*(t)|dt + o(t)dW, + pdL(At),  t€[0,T]

do®(t) = —Ao?(t)dt + dL()\t), A >0, (0.1)

where L(t) = L(t) — E[L(t)] is the centered version of the driving Lévy process
{L(t)}s0. Observe that L covers the so-called leverage effect, that is the corre-
lation of the volatility process with the price process. The stationary solution
of (0.1) is

t
o (t) = e Mo?(0) + / e M=9qL(\s).
0
A stationary Ornstein-Uhlenbeck process was chosen because it has a non-

negative kernel g(t) = e 1 o) (¢). Hence, as the driving Lévy process {L(t)}
is usually chosen to be a subordinator, that is a Lévy process with positive
increments, the process {o%(#)} will be non-negative as is necessary if it is to
represent volatility.

However, using Ornstein-Uhlenbeck processes in order to represent volatil-
ity implies that the class of volatility autocorrelation functions is restricted
to functions of the form p(h) = e for some A > 0. One might extend this
class by using linear combinations of independent Ornstein-Uhlenbeck pro-
cesses with positive coefficients, as it was suggested by Barndorff-Nielsen &
Shephard (2001b). But even then the autocorrelation functions are still re-
stricted to be monotone decreasing. Brockwell (2004) therefore suggested to
replace the Ornstein-Uhlenbeck process by a non-negative Lévy-driven contin-
uous time ARMA (CARMA) process. The virtue of this approach is that a
much larger class of autocorrelations can be modeled and one can drop the

monotonicity constraint. In fact, it has been shown in an econometric analysis



by Todorov & Tauchen (2004) that CARMA and in particular CARMA(2, 1)
processes are reasonable processes to model stochastic volatility. Being the con-
tinuous time analogue of the well-known ARMA processes (see e.g. Brockwell
& Davis (1991)), Lévy-driven CARMA processes, have been extensively stud-
ied over the last years (see e.g. Brockwell (2001a), Brockwell (2001b), Todorov
& Tauchen (2004) and references therein).

As the autocorrelation functions of both, CARMA and OU processes, show
an exponential rate of decrease, these models are short memory moving aver-
age processes. This contradicts the fact that measurements and an increasing
number of statistical papers in finance, but also in so diverse fields as hy-
drology, turbulence, economics or telecommunications, indicate the presence
of long memory in real life time series in the sense that the latter seem to
require models whose autocorrelation functions decay much less quickly.

As a consequence, in the sixties, Mandelbrot used the fractional Brownian
motion and its increments to generate long memory and pointed out its rele-
vance in applications for example in economics and finance; see his recent book
on the (mis)behaviour of markets (Mandelbrot & Hudson (2005)).

An alternative method to construct long memory models is a fractional inte-
gration of the kernel function of a short memory process. Using this technique,
Brockwell (2004) (see also Brockwell & Marquardt (2005)) defined fraction-
ally integrated CARMA (FICARMA) processes which exhibit long memory
properties in the sense that the autocorrelations are hyperbolically decreasing.
However, due to the slow decay of the fractionally integrated kernel function,
simulation algorithms for FICARMA processes have been very slow and ex-

pensive.
This is the starting point of this thesis. It is organized as follows.

In Chapter 1 we present the framework of the thesis. We devote Section 1.1
to the basic properties of Lévy processes (Section 1.1.1 ) and consider in Sec-
tion 1.1.2 the integration theory for integrals with respect to Lévy processes.
Section 1.2 is devoted to continuous time ARMA (CARMA) processes, which
belong to the class of short memory models. Based on the approach of Brock-
well (2004) we define fractionally integrated CARMA (FICARMA) processes



by a fractional integration of the CARMA kernel in Section 1.3. In particu-
lar, we show that the FICARMA process has long memory properties. A brief

summary on fractional Brownian motion (FBM) is given in Chapter 1.4.

Chapter 2, where we define and discuss fractional Lévy processes (FLPs),
forms the main part of the thesis.

Starting from the moving average integral representation of fractional Brow-
nian motion the class of fractional Lévy processes (FLP) is introduced in
Section 1.2 by replacing the Brownian motion by a general Lévy process. It
is shown that FLPs are indeed well-defined. In the following subsections we

present different methods of constructing a FLP.

Assuming that the driving Lévy process has finite second moments, we con-
struct a FLP as an integral with respect to a Poisson random measure in
Section 2.1.1. In Section 2.1.2 we obtain a continuous modification of a FLP
by showing that almost surely the integral is equal to an improper Riemann in-

tegral. Furthermore, in Section 2.1.3 we derive series representations for FLPs.

In Section 2.2 the thesis focuses on the second-order and sample path prop-
erties. Provided the second moments of the driving Lévy process are finite,
a FLP has the same second-order structure as a fractional Brownian motion,
whereas the sample paths are less smooth. Moreover, it turns out that self-
similarity, the total variation and the semimartingale property depend on the
driving Lévy process. In particular, for a broad class of Lévy measures the
corresponding FLP cannot be a semimartingale and hence, classical Ito inte-
gration theory cannot be applied.

Therefore, in Section 2.3, we derive a general definition of integrals with
respect to FLPs, provided that the integrand is deterministic.

In Section 2.4 this integration theory is applied to moving average (MA)
processes, in the way that the driving Lévy process in the moving average rep-
resentation of short memory processes is replaced by a fractional Lévy process
(Section 2.4.1). Considering the sample path and second-order properties of
this so-constructed new process in Section 2.4.2, it turns out that this process
exhibits long memory properties. But an even more important result is that
this process coincides with the moving average process (driven by the ordinary

Lévy process) which is obtained by a fractional integration of its kernel func-



tion. We apply these results to CARMA and FICARMA processes in Section
2.4.3. In particular, the simulation problem described above is solved by using

this new approach.

So far only univariate CARMA and FICARMA processes have been defined
and investigated. However, as financial risk management has to deal with port-
folios of assets, multivariate models are of foremost importance.

In Chapter 3, which is based on joint work with Robert Stelzer, multivariate
analogues of CARMA processes are developed. This is not straightforward
since the state space representation of a univariate CARMA process relies on
the ability to exchange autoregressive and moving average operators, which is
only possible in one dimension.

Therefore, in Section 3.1 a random orthogonal measure is constructed which
allows for a spectral representation of the driving Lévy process and enables us
in Section 3.2 to define multivariate CARMA (MCARMA) processes and follow
a similar line as Brockwell (2001b). Furthermore, the probabilistic properties

of multivariate CARMA models are studied in Section 3.3.

Our aim in Chapter 4 is to define multivariate FICARMA processes.

A first step is to extend fractional Lévy processes to the multivariate setting.
This is done in Section 4.1. We state the definition and properties of multi-
variate fractional Lévy processes (MFLPs) in Section 4.1.1 and the integration
theory for integrals with respect to them in Section 4.1.2. In particular, in
Section 4.1.3 a spectral representation of FLPs is derived and later used to
obtain a spectral representation of FICARMA processes, which has not been
given for (univariate) FICARMA processes, yet.

Multivariate fractional Lévy processes are used to develop the class of multi-
variate FICARMA processes in Section 4.2. Two subsections on the representa-
tions (Section 4.2.1) of multivariate FICARMA processes and their properties
(Section 4.2.2) follow. Like in the univariate case, the multivariate FICARMA

process has two kernel representations which lead to the same process.

As mentioned at the beginning of this introduction Ornstein-Uhlenbeck (OU)
processes are of great importance, in particular they can serve as a model for

stochastic volatility.



In Chapter 5 we consider OU processes and show that the results obtained
in this thesis immediately apply to OU process in the univariate case (Section
5.1) as well as in the multivariate case (Section 5.2). In fact, our models include

the OU processes as a special case.

The results of Chapter 6 are based on recent joint work with Christian Bender
which is still ongoing. Therefore, we only state the basic concept and main
ideas without going into further detail. We aim on an integration theory which
allows for integrals with stochastic integrands with respect to FLPs in terms
of the S-transform.

Precisely, we consider the Ito integral from a white noise point of view in
Section 6.1. and then in Section 6.2. obtain a Skorohod integral for convoluted

Lévy processes.

Finally, we would like to mention that Chapter 2, 3 and 4 are based on the pa-
pers Marquardt (2006a), Marquardt & Stelzer (2006) and Marquardt (2006b),

respectively.



1 Preliminaries

In this preliminary chapter we present the framework of this thesis. After in-
troducing the basic properties of Lévy processes and the integration theory
for integrals with respect to them, we are mainly concerned with continuous
time ARMA (CARMA), fractionally integrated CARMA (FICARMA) pro-
cesses and fractional Brownian motion. Most results of this chapter are al-
ready known and therefore proofs are kept to a minimum or skiped. However,

we state some results and proofs that appear new.

1.1 Lévy Processes

This chapter is devoted to the basic properties of Lévy processes and infinitely
divisible distributions. In particular, we introduce the integration theory with
respect to Lévy processes.

Lévy processes are defined as stochastically continuous processes with sta-
tionary and independent increments and can be viewed as analogues of random
walks in continuous time. In particular, Lévy processes include many important
processes as special cases, e.g. Brownian motion, the Poisson process, stable
and self-decomposable processes and subordinators. Therefore, Lévy processes
provide powerful models and are applied in various fields like econometrics,
finance, telecommunications and physics.

Let us briefly introduce our setting. Let R™ be the m-dimensional Euclidean

space. Elements of R™ are column m-vectors = [z1,...,2,]7. The inner
product is (z,y) = > x;y; and the norm is ||z|| = (z,z)/2. We call M,,(R)
j=1

the space of all real m x m-matrices and denote by AT and A* the transposed
and adjoint, respectively, of the matrix A. Furthermore, I,, € M,,(R) is the
identity matrix and || A|| is the operator norm of A € M,,(R) corresponding to



1 Preliminaries

the norm ||z|| for z € R™. 15(-) is the indicator function of the set B and we
write a.s. if something holds almost surely.

Finally, throughout this work we always assume as given an underlying com-
plete, filtered probability space (2, F, (F;)i>0, P) with right-continuous filtra-
tion (F;):>o such that Fy contains all the P-null sets of F.

1.1.1 Basic Facts on Lévy Processes

We state the key notions and elementary properties of multivariate Lévy
processes. For a more general treatment and proofs we refer to Protter (2004)
and Sato (1999).

We consider a Lévy process L = {L(t) }+>0 in R™ determined by its character-
istic function in the Lévy-Khintchine form E [¢/“F®)] = exp{twr(u)}, ¢t >0,
where

Yr(u) = i<7,u>—%(u,au>+/(ei<u’x>—1—i(u,x}h(x)) v(dzx), weR™ (1.1)

RmMm

where v € R™, ¢ € R™*™ is symmetric and positive semidefinite and v is a

measure on R™ that satisfies
V({0}) =0 and /(Hx||2 A1) p(dz) < oo,
Rm
Moreover, h : R™ — R is a bounded measurable function satisfying

h(z) = 1+o(z]), [zl =0,
h(z) = OQ/[lzl)), l=ll — oo

In this thesis we will always use
h(z) = Ljay<1y-

The measure v is referred to as the Lévy measure of L. In fact, v(A) is the
expected number of jumps of L per unit time, whose size belong to the Borel set
A. Notice that conversely, given a generating triplet (v, o, v) satisfying (1.1),

the corresponding Lévy process is unique in distribution.



1.1 Lévy Processes

Every Lévy process has a modification whose sample paths are right-con-
tinuous with left limits (cadlag). We always assume that it is this modification
we are working with and that L(0) = 0 a.s.

From now on let Rj" := R™\ {0}. It is a well-known fact that to every cadlag
Lévy process L on R™ one can associate a random measure J on Rj' x R

describing the jumps of L. For any measurable set B C Rj* x R,
J(B)=8{s>0: (Ls— Ls_,s) € B}.

The jump measure J is a Poisson random measure on R{’ x R (see e.g.
Definition 2.18 in Cont & Tankov (2004)) with intensity measure n(dz, ds) =
v(dz) ds. By the Lévy-Ito decomposition there exists a Brownian motion
{Bt}t>0 on R™ with covariance matrix ¢ such that we can rewrite L almost
surely as
L(t) =~t+ B + / x J(dx,ds) + E{{} / xJ(dx,ds), t>0.

lzl|>1,5€[0,1 e<lall<1, s€[0.4

(1.2)

Here J(dz,ds) = J(dz,ds) —n(dz,ds) = J(dz,ds) — v(dz) ds is the compen-
sated jump measure, the terms in (1.2) are independent and the convergence
in the last term is a.s. and locally uniform in ¢ > 0. If in (1.1), 0 = 0 and hence
B; =0 for all t > 0, we call L a Lévy process without Brownian component.
Throughout this work, unless stated otherwise, we will assume that the Lévy

process L has no Brownian part. Assuming that v satisfies additionally
[ sl o) < (1.3
llxll>1
L has finite mean and covariance matrix ¥ given by
Y = /Ix* v(dz). (1.4)
Rm

Furthermore, if we suppose that E[L(1)] = 0, then it follows that
V== Jjoy>1 T¥(dz) and (1.1) can be written in the form

U (u) = /(e““’x> —1—i({u,x))v(dx), ueR™, (1.5)

Rm
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and (1.2) simplifies to

L(t) = / zJ(dx,ds), t>0. (1.6)

z€RY, s€[0,t]

In this case L = {L(t) }+>0 is a martingale. In the sequel we will work with a
two-sided Lévy process L = {L(t) }er, constructed by taking two independent
copies {L1(t)}i>0, {L2(t) }i>0 of a one-sided Lévy process and setting

Li(t), if >0
L(t) = (1.7)
—Ly(—t—), if t<0.

1.1.2 Stochastic Integrals with Respect to Lévy Processes

We use the stochastic integrals of nonrandom functions with respect to in-
finitely divisible independently scattered random measures developed by Ur-
banik & Woyczynski (1967), Rajput & Rosinski (1989) and Sato (2005) to
define in this section stochastic integrals with respect to Lévy processes.

We consider the stochastic process X = {X(t)}+cr given by
‘mw:/j@@Lu@, teR, (1.8)
R

where f : R x R — M,,(R) is a measurable function and L = {L(t)},er is an
m-~dimensional two-sided Lévy process without Brownian component.

Integration of functions f with respect to L is defined first on finite intervals
la,b], a < b, for real step functions (¢ € R fixed)

n—1

f”(t’ 8) = ZAkl(sk,sk+1](s>, (19)

k=0

where Ag, ..., A1 € M,(R), n e Nand a = s < s1 < ... < s, = b. Then

we define

b n—1
[ 59 1) = 3" Au(Ls1) = Lisie))
" k=1
In general, a measurable function f: R x R — M,,(R) is said to be integrable

with respect to the Lévy process L if there exists a sequence {f,} of simple

10



1.1 Lévy Processes

functions as above, such that f, — f almost everywhere (a.e.) and the sequence
{ fab fn(t,s) L(ds)} converges in probability as n — oo. If f is integrable with

respect to L we write

b b

/f(t, s)L(ds) =p— lim [ f.(t,s)L(ds).

n—oo
a a

It has been shown by Urbanik & Woyczynski (1967) that the integral

fab f(t,s) L(ds) is well-defined, i.e. it does not depend on the approximating
sequence { f,} of simple functions. Furthermore, if f is L-integrable the law of
Y(t) := fabf(t, s) L(ds) is infinitely divisible, f; WL (f(t, s)*u)| ds < oo and

b
E[e"™Y "] = exp /¢L(f(t, s)'u)ds p, tu€R, (1.10)

where 1, is given in (1.1). In fact, due to Sato (2005, Proposition 3.4), for

the integral fab f(t,s) L(ds) to exist a necessary and sufficient condition is
St 9)P ds < oo,

Definition 1.1 Let f : R x R — M,,(R) be a measurable and f(t,-) be a
continuous function in s. If fab f(t,s) L(ds) converges in probability as b — oo
(a — —o0), then the limit is denoted by [ f(t,s) L(ds) (ffoo f(t,s) L(ds))
and we say that the integral [~ f(t,s) L(ds) (me f(t,s) L(ds)) is well-defined.

We distinguish three cases and first assume that the process L in (1.8) is
an m-dimensional real-valued Lévy process without a Gaussian component
satisfying E[L(1)] = 0 and E[L(1)L(1)"] = ¥} < oo, i.e. L can be represented
as in (1.6) together with (1.7). In this case it is obvious that the process X

can be represented by

X(t) = / f(t,s)e J(da,ds),  teR, (1.11)

RF* xR

where J(dz,ds) = J(dx,ds) — v(dz) ds is the compensated jump measure of L.

A necessary and sufficient condition for the existence of the stochastic integral

11



1 Preliminaries

(1.11) as limit in probability of elementary integrals [, ngL ful(t, s)xJ(dz, ds)
is that

//(Hf(t, s)z||> A f(t, 8)z||) v(dx)ds < oo for all t € R

R R™

(see Kallenberg (1997, Theorem 10.5)). Then the above conclusions continue to
hold, i.e. the law of X (¢) is for all ¢ € R infinitely divisible with characteristic

function

Elexp {i{u, X())}] = exp / / (FE) 1 il f(t, s)a)) wlda) ds

R R™

(see e.g. Rajput & Rosinski (1989) or Marcus & Rosinski (2005)).
The following proposition shows that the integral (1.8) or (1.11), respec-

tively, may be well-defined in an L?-sense.

Proposition 1.2 Let f(t,-) € L*(M,,(R)) and L = {L(t) }+er be a Lévy pro-
cess with E[L(1)] = 0 and E[L(1)L(1)T] = ¥ < oo. Then the stochastic
integral (1.11) and hence (1.8), exists in L*(Q, P) and does not depend on the

choice of the approximating sequence. Moreover,

E[X(t)X(t)*]:/f(t,s)ZLf*(t,s)ds, teR. (1.12)

Proof. Applying Rajput & Rosinski (1989, Theorem 3.3) it follows that
(1.8) is well-defined and E|| [ f dL|]* < oo if and only if

/ f(t,s)y+ / f(t, s)x[h(f(t,s)x) — h(z)|v(dz) + f(t,s)ZLf(t,s)| ds < o0
’ o (1.13)

Since we have y = — [ wzw(dz), (1.13) is implied by
ll=][>1

//f(t, S)TL{|f(t,5)0)>1} V(d) ds—i—/f(t, s)XLf"(t, s) ds
R

R R™

< Q/f(t, S)XLf(t,s)ds < .
R

12



1.1 Lévy Processes

It follows from Rajput & Rosinski (1989, Theorem 3.4) that the mapping
f — [z fdL is an isomorphism between L?*(M,,(R)) and L*(, P). To proof
(1.12) we observe that for step functions as defined in (1.9)

E /fn(t,s)L(ds) =F /fz(t,s)d[L,L]s :/f(t,s)ELf*(t,s)ds.

This isometry property is preserved when we approximate f(t,-) by a sequence

2
of step functions {f,(t,)} satisfying f, By (observe that the step functions

are dense in L*(M,,(R))). QO
Now, we consider a second case: If
//(Hf(t, s)x|| A1) v(dx)ds < oo forall t € R, (1.14)
R R™

the stochastic integral (1.8) exists without a compensator and we can write

X(t) = / f(t ) J(da,ds),  tER. (1.15)
R xR
Observe that [, [o. (If(t,s)z]| A 1) v(dx)ds < [o||f(t,s)]ds [ [|z| v(dz).
Hence, (1.14) holds if f € L'(M,,(R)) and v satisfies f||x||§1 |z|| v(dz) < oo,
which corresponds to the finite variation case.

Finally, in the general case, where condition (1.3) is not satisfied, necessary
and sufficient conditions for the integral (1.8) to exist as a limit in probability
of step functions approximating f(¢, ), are (see Rajput & Rosinski (1989), Sato
(2005))

//(Hf(t, 9z|2 A1) p(dr)ds < 0o, forall teR,  (1.16)

R R™
and

/ f(t,s)y+ / f(t,s)x (h(f(t,s)x) — h(z)) v(dz)|| ds < co. (1.17)

Then we represent X as

X(t) = / / F(t,8)z [T(dx,ds) — (1V | £(t, s)a]))~ v(dz) ds]

R R

—i—/f(t,s)vds, teR.
R

13



1 Preliminaries

Moreover, if the integral in (1.8) is well-defined, the distribution of X (t) is

infinitely divisible with characteristic triplet (7%, 0, /%) given by
o= [ o [ st s)n) - hw)lvide) | ds
RmMm

Ve (B) = //1B(f(t,s)x)y(dx)ds. (1.18)

R R™

It follows that the characteristic function of X (¢) can be written as

E [€i<u,X(t)>} — exp z’(’yé(,u) + /[ez’<u,x> — 1 —i(u, x)h(x)] yﬁ((drz:)
Rm

= exp /wL(f(t,s)*u)ds : (1.19)

where 1), is given as in (1.1). These facts follow from Sato (2005, Proposition
5.5).

Remark 1.3 We would like to note that if the integral in (1.8) is well-defined
and L is a Lévy process with characteristic triplet (v, o,v), i.e. L may have

a Brownian component, then the characteristic triplet (7%, o, vk ) of X(¢) is
given by (1.18) and

Ukz/f(t,s)af*(t,s)ds. (1.20)

Of particular interest is the moving average class, where the function f in (1.8)
is defined and continuous on [0, c0) and depends on s and ¢ through ¢ — s only.
In this case we simply write f (¢t —s) for f(¢,s). In the following section we will

consider the special case of autoregressive moving average processes.

1.2 Univariate Lévy-driven CARMA(p, q)

Processes

Being the continuous time analogue of the well-known autoregressive moving

average (ARMA) processes (see e.g. Brockwell & Davis (1991)), continuous

14



1.2 Univariate Lévy-driven CARMA (p, q) Processes

time ARMA (CARMA) processes, dating back to Doob (1944), have been
extensively studied over the recent years (see e.g. Brockwell (2001a), Brockwell
(2001b), Todorov & Tauchen (2004) and references therein) and widely used in
various areas of application like engineering, finance and the natural sciences
(e.g. Jones & Ackerson (1990), Mossberg & Larsson (2004), Todorov & Tauchen
(2004)). Originally the driving process was restricted to Brownian motion.
However, Brockwell (2001b) allowed for Lévy processes which have a finite
r-th moment for some r > 0. So far only univariate CARMA processes have
been defined and investigated. We give a short summary of the definition and
properties of univariate Lévy-driven CARMA(p, q) processes, i.e. we assume
m = 1 throughout this whole section. Moreover, in this section we discuss
CARMA processes driven by general Lévy processes, i.e. the Lévy process
may have a Brownian component and does not need to have finite variance,
unless stated otherwise. For further details on univariate CARMA processes
see Brockwell (2001a), Brockwell (2001b) and Brockwell (2004).

CARMA processes belong to the class of stationary moving average (MA)

processes.

Definition 1.4 (Stationary MA Process) A stationary continuous time

moving average (MA) process is a process of the form

oo

Y(t):/g(t—u)L(du), LER, (1.21)

—00

where g : R — R, called kernel function, is measurable and the driving process
L = {L(t)}ser is a Lévy process on R having generating triplet (vyp, 0%, vy).
We call L the driving Lévy process of the MA process Y = {Y () }ter.

The results (1.16) - (1.20) of the previous section can be directly applied to
MA processes. Specifically we have (Rajput & Rosinski (1989))

Proposition 1.5 The MA process Y = {Y(t)}ier given in (1.21) is well-
defined and infinitely divisible if and only if the following three conditions on
the driving Lévy process L and the kernel g hold:

(1) Jo |veg(s) + fo 29(8) L ag(e)<1y — Ljzj<y] vi(da)| ds < oo,

15



1 Preliminaries

(ii) o3 [5 g*(s)ds < oo,
(1) [ Jo(lg(s)z]* A1) vy (dx)ds < oo,

where (yr,0%,v1) is the characteristic triplet of L. If Y is well-defined, then

fort € R the characteristic function of Y (t) can be written as

. 1 ;
E [ W] = exp q iurh — §u2(0§/)2 + /[ewx — 1 —duzlyy<ny] vy (dz) 3,
R

u € R, where

Pyg/ = \/P)/Lg(t - S) dS + //Z’g(t - S)[l{\xg(tfsﬂgl} — 1{‘x‘§1}] VL(dx) ds’
R R R

(@) =t [ gt s)ds

R

V4 (B) = //1B(g(t —s)x)vp(dx)ds, B € B(R).

In contrast to (1.1) we write here o7 (and not o) to make clear that in

the case m = 1, o7 is the variance of the Brownian motion B in the Lévy
It6 decomposition (1.2), whereas in the case m > 2, o denotes the covariance

matrix of B.

Remark 1.6 It follows by the stationarity of the increments of L and an
application of the Cramér Wold device that every moving average process,
which is well-defined, is a strictly stationary process (see also the proof of

Proposition 2.42).

Having necessary and sufficient conditions for the existence of MA processes
at hand, we are now in a position to consider CARMA processes, which con-

stitute a special class of stationary MA processes.

Definition 1.7 (CARMA(p, q) Process) A Lévy-driven continuous time au-
toregressive moving average CARMA (p,q) process {Y (t)}i>0 of order (p,q)

16



1.2 Univariate Lévy-driven CARMA (p, q) Processes

with p,q € Ng,p > q 1s defined to be the stationary solution of the formal p-th

order linear differential equation,
p(D)Y (1) = o(D)DL(t). t =0, (1.22)

where D denotes differentiation with respect to t, {L(t)}+>0 is a Lévy process

satisfying [, -, log |z|vr(dz) < oo,
p(2) =22+ a2+ +a, and q(2) =bot + b2 + L+ b, (1.23)

where a, # 0, by # 0. The polynomials p(-) and q(-) are referred to as the

autoregressive and moving average polynomial, respectively.

Since in general the derivative of a Lévy process does not exist, (1.22) is

interpreted as being equivalent to the observation and state equations

Y(t)=b"X(t)  and (1.24)
dX (t) = AX (t)dt + e L(dt), t>0, (1.25)
0 I,
where A = ‘ pl , el'=10,...,0,1],
—ay ‘ —QAp_1 ... —Q
B = [ byt by | With by = by = = by =0, i g < p— 1.

Furthermore, recall that I, ; € M,_1(R) denotes the identity matrix.

Let us give a brief intuition how (1.24) and (1.25) capture the meaning of
(1.22) To see this, first note that in the case ¢(z) = 1 (i.e. ¢ = 0 and b =
[1,0,...,0]) rewriting (1.22) as a system of first-order differential equations in
the standard way gives (1.25) and (1.24) with X being the vector of derivatives
XTI =[Y(t),DY(t),...,DP7'Y (¢)]. In the general case we transform (1.22) to

Y(t) = p(D)"'q(D)DL(t) = o(D)p(D) ' DL(t), ¢ =0, (1.26)

From the previous case we infer that the process in (1.25) is formed by
p(D)"'DL(t) and the first p — 1 derivatives of this process. Now one can

immediately see that
Y(t) =" X, = q(D)p(D)"'DL(1).

Note that we may commute p~*(D) and ¢(D) in (1.26), since the real coef-
ficients and the operator D all commute. However, this does not hold in the

multivariate case. We show in Chapter 3 how to handle this problem.
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Remark 1.8 It is easy to check that the eigenvalues Ay, ..., A\, of the matrix

A are the same as the zeros of the autoregressive polynomial p(z).

In order to define a CARMA process also for ¢t < 0 we take a two-sided Lévy
process L = {L(t) }+er as in (1.7).

Proposition 1.9 (Brockwell (2004, Section 2)) If all eigenvalues

.., Ap of A, i.e. the roots of p(z), have negative real parts, the process
t

{X (t)}ier defined by X(t) = [ eAt=We L(du), t € R, is the strictly stationary

solution of (1.25) for t € R with corresponding CARMA process

t
Y(t) = / vlet=e L(du), teR. (1.27)
From (1.27) it is obvious that ¥ = {Y'(¢) }ser is a causal moving average

process, since it has the form

Y(t) = / gt —u) L(du), teR, (1.28)
with kernel
g(t) = b"eMelp o) (t) (1.29)

satisfying g € L'(R) N L*(R).

Notice that we call a MA process causal, if it depends only on the past of the
driving Lévy process L, i.e. on {L(s)}s<;. Obviously, this holds as g(t —s) =0
for s > t.

Remark 1.10 Replacing e’ by its spectral representation, the kernel g can

be expressed as

1 [ qlin
g(t):g/et’\pgi)\id)\, t eR, (1.30)

(Brockwell (2004)).

Observe that the representation of {Y (t) }ier given by (1.28) together with

(1.30) defines a strictly stationary process even if there are eigenvalues of A

18



1.2 Univariate Lévy-driven CARMA (p, q) Processes

with strictly positive real part. However, if there are eigenvalues with positive
real part, the CARMA process will be no longer causal. Henceforth, we focus on
causal CARMA processes, i.e. we assume that the condition on the eigenvalues

of A in Proposition 1.9 is always satisfied.

Proposition 1.11 Let the function g : R — R be given by (1.29) or (1.30),
respectively. Then there exist to > 1 and constants ¢,C' > 0 and ¢, C >0 such
that

lg(t)] < Ce™, teR, (1.31)
()] > Ce ™, t >t (1.32)
Proof. Denote by Aq, ..., \g, k < p the eigenvalues of the matrix A (i.e. the
roots of p(z)) with multiplicity my, ..., my, ilmj = p and suppose
i=

R(Ae) < RMe—1) < ... <R(Ny),

where R()\) denotes the real part of \. The Jordan decomposition of e yields
blete = ipj (t)eMt,
j=1
where p;(t) are polynomials of degree m;. If py(t) = co + ... + ¢, t™" then
b7 eAte| ~ [, t™ [eROVE s 0. (1.33)
Set ¢ = —R(A1)/2 > 0. Then there exists a constant C' > 0 such that
b7 eMe| < Ce.

Furthermore, we can conclude from (1.33) that there exists ¢y > 1 such that

\bTeAte] > Ce™®, for all t > t,
where C' = |¢p, |/2 and é = —R(\;) > 0. O

Proposition 1.12 Suppose all roots A1, ..., N\, of the autoregressive polyno-
mial p(z) have negative real parts. Then the CARMA process Y = {Y (t) }+er
given in (1.28) with kernel function g given by (1.80) is well-defined if and
only if

/ log |z| v (dz) < 0. (1.34)

|z|>1
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Proof. The proof is an application of Proposition 1.5 to the kernel function
g given in (1.30) and makes heavily use of Proposition 1.11. We refer the inter-
ested reader to Chojnowska-Michalik (1987, Theorem 6.7), where an analogous
result is proven for the exponentially stable semigroup to show the sufficiency
of (1.34). Therefore we only show that (1.34) is a necessary condition for the
well-definedness of the CARMA process. It follows from Proposition 1.5 (iii)
that if the CARMA process is well-defined and stationary,

T (1.32) 7
OO>//1{|g(s)a:>1} vi(dr)ds > //1{|xéeas|>1} vi(dx)ds
0 R to R

= / /]‘{s<%log(xc~')}dSVL(dx)

|z|>1/C to
1 ~ 1 ~
= 3 log(|z|C) —to )] wvp(dz) = 3 log(|z|C) — to| vi(dx).
|z|>1/C * |ac|>%et06
As vy, is a Lévy measure this shows the necessity of (1.34). O

Finally, we state the second-order properties of CARMA processes.

Proposition 1.13 (Brockwell (2004, Section 2)) If E[L(1)?] < oo, the
spectral density fy of Y = {Y (t)}ier is given by

_var(L(1)) Jg(0)P

PO i e

Thus, being the Fourier transform of the spectral density fy, the autocovari-

ance function vy of the CARMA process Y can be expressed as

Yy (h) = cov(Y(t +h),Y(t)) = %ﬁ’fl)) / e %i; 2d>\, heR

Remark 1.14 Suppose the CARMA process is causal. Then, provided all
eigenvalues A, ..., A\, of the matrix A are algebraically simple, an application

of the residue theorem leads to

()= 43

Mooy (t), tER. (1.35)

20



1.2 Univariate Lévy-driven CARMA (p, q) Processes

Consequently, the autocovariance function ~y simplifies to

vy (h) = var(L(1)) i wekr‘hl heR (1.36)
—1 P (A)p(=Ar) ’

We say that a second-order stationary process Y having autocovariance func-
tion vy belongs to the class of short memory processes, if 4y (h) decreases at
an exponential rate towards zero as h — oo. Obviously, every CARMA process
is a short memory moving average process.

In the following section we show how to incorporate long memory behaviour

into the class of short memory CARMA processes. Before, we give an example.

Example 1.15 (An Application to Stochastic Volatility Modeling)
Barndorff-Nielsen & Shephard (2001b) introduced a model for asset-pricing in
which the logarithm of an asset price is the solution of the stochastic differential
equation

dX(t) = (u+ Bo*(t))dt + a(t)dW(t), t>0,

where {0?(t)}, the instantaneous volatility, is a non-negative Lévy-driven
Ornstein-Uhlenbeck process, {W (t)} is standard Brownian motion and y and
are constants. With this model they were able to derive explicit expressions for
quantities of fundamental interest such as the integrated volatility. A crucial
feature of volatility modeling is the requirement that the volatility must be non-
negative, a property achieved by the Lévy-driven Ornstein-Uhlenbeck process
since its kernel is non-negative and the driving Lévy process is chosen to be
non-decreasing. A limitation of the use of the Ornstein-Uhlenbeck process (and
of convex combinations of independent Ornstein-Uhlenbeck processes) is the
constraint that the autocovariances vy (h), h > 0, necessarily decrease as the
lag h increases.

Much of the analysis of Barndorff-Nielsen and Shephard can however be
carried out after replacing the Ornstein-Uhlenbeck process by a CARMA pro-
cess with non-negative kernel driven by a non-decreasing Lévy process, i.e. a
subordinator. This has the advantage of allowing the representation of volatil-
ity processes with a larger range of autocorrelation functions than is possible
in the Ornstein-Uhlenbeck framework. For example, the CARMA (3,2) process

21



1 Preliminaries

with
p(2) = (2 +0.1)(z +0.5+1i7/2)(2 + 0.5 —in/2) and q(z) = 2.792 + 52 + 2°
has non-negative kernel
t t
g(t) = 0.8762e~ %1 4 (0.1238 cos % + 2.5780 sin %) e 0%t >0
and autocovariance functions

h h
v(h) = 5.1161e” """ + (4.3860 cos % + 1.4066 sin%) e " h >0,

both of which exhibit damped oscillatory behaviour (see Figure 1.2 and Figure
1.3 of Section 1.3).

Figure 1.1 shows the corresponding sample path, when the driving Lévy
process L is a gamma subordinator, i.e. at a fixed time ¢ the process L has the

gamma distribution with density

)\ct
f(l') — xctflef)\x'

1.3 Univariate FICARMA(p, d, q) Processes

Since the autocorrelation functions of CARMA processes show an exponential
rate of decrease, CARMA processes are short memory processes. However,
observed time series often show long memory behaviour in the sense that they
seem to require models, whose autocorrelation functions follow a power law
and where the decay is so slow that the autocorrelations are not integrable.
Historically, long range dependence or long memory, respectively, was defined
in several ways. It was associated either with a particularly slow decay of
correlation or with a particular pole of the spectral density at the origin. One
should note that in general neither definition implies the other.

We propose the following definition of ”long memory”.

22



1.3 Univariate FICARMA (p, d, q) Processes

CARMA(3,2) Process
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Figure 1.1: Top: The sample path of a CARMA(3,2) process which is driven by a
gamma subordinator with parameters ¢ = 30 and A = 3.

Bottom: The increments of the driving gamma subordinator.

Definition 1.16 (Long Memory Process) Let X = {X,}icr be a station-
ary stochastic process and vx(h) = cov(Xin, Xi), h € R, be its autocovariance

function. If there exist 0 < d < 0.5 and a constant c, > 0 such that

h
lim nx(h) = Cy, (1.37)

hooo h2d—1

then X is a stationary process with long memory (long range dependence).

A generalization of the latter definition may be obtained by replacing the
proportionality constant c, by a slowly varying function at infinity, i.e. a func-

tion () such that for any ¢ > 0,

1(t))
1)

— 1, as A — oQ.
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Then X is referred to as a long memory process, if
vx(h) ~ h™*(R),  as h — oo.

However, for our and most practical purposes this generalization is not needed.

Furthermore, observe that long memory implies

]OVX(h) dh = 0.

The subject of long range dependence has sparked considerable research inter-
est over the last few years. An excellent survey of the present state of the art
is Doukhan et al. (2003).

Aiming at long range dependent CARMA processes, using a fractional inte-
gration of the CARMA kernel, Brockwell (2004) (see also Brockwell & Mar-
quardt (2005)) defined Lévy-driven fractionally integrated CARMA (FICARMA)
processes, where the autocorrelations are hyperbolically decaying. In this sec-
tion we give a summary of Lévy-driven FICARMA processes and derive the
second order properties of FICARMA(p, d, q) processes. In particular, we give
an explicit formula for the autocovariance function. The results of this section
(and some further extensions) can also be found in Brockwell & Marquardt
(2005).

First we introduce the Riemann-Liouville fractional integrals and derivatives.
For details see Samko et al. (1993).

For 0 < a < 1 the Riemann-Liouville fractional integrals /¢ are defined by

N = w [ 0= a (1.38)
N = o [ 0= (1.39)

if the integrals exist for almost all z € R. In fact, fractional integrals I¢ are
defined for functions f € LP(R)if 0 < o« < 1 and 1 < p < 1/« (Samko et al.
(1993, p.94)). We refer to the integrals I® and I as right-sided and left-sided,

respectively.
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Fractional differentiation was introduced as the inverse operation. Let
0<a<1,1<p<1/aanddenote by I¢(LP) the class of functions ¢ € LP(R)
which may be represented as an I-integral of some function f € LP(R). If
¢ € I$(LP), there exists a unique function f € LP(R) such that ¢ = I$f and

f agrees with the Riemann-Liouville derivative D¢ of ¢ of order « defined by

P0)a) = ~Fr—aras | A0

D)) = e | G0E—0

where the convergence of the integrals at the singularity ¢ = x holds pointwise
for almost all x if p =1 and in the LP-sense if p > 1.
Last but not least we have the following rule for fractional integration by

parts.

Proposition 1.17 (Bender (2003b, Theorem 2.6)) Let0 < a < 0.5. Then
/ £(5)(12g)(s) ds = / (13£)()g(s) ds (1.40)

holds if f € LP(R), g€ L"(R) andp>1,r>1,1/p+1/r=1+a.

We calculate the Riemann-Liouville fractional integral of order d of the
(short memory) CARMA kernel g given in (1.30) in order to obtain the cor-
responding fractionally integrated kernel g;. As in this thesis we are mainly
interested in long memory processes, we always assume 0 < d < 0.5 to be con-
sistent with Definiton 1.16. Furthermore, we restrict ourselves to the causal

case, i.e. g(t) = 0 for t < 0. Then

r u’l 1ol q(i\) | u®!
t du= [ — [ TN SdA——d
)= (it = [ ot —upgan= [ o [T agaa
0 0 —00
1 [ anq(i) 1 70 —iu), d—1
= — g S w du d\
27 / ‘ p(i\) T'(d) cona
—00 0
L [ gy —adlid)
= — AN d\ 1.41
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since
o0

/ei“)‘udldu = (i\) "I (d).
0
Proposition 1.18 The kernel gq4(t) converges to zero at a hyperbolic rate as

t — oo. In fact,

ga(t) ~ LY L (1.42)

Proof. As we can rewrite the kernel g4 as

100

9a(?) ! / etzz_dﬁdz,

~ 2ir p(z)

the asymptotic behaviour of g4(t) as t — oo is a consequence of Doetsch (1974,
Theorem 37.1., p.254). O

Remark 1.19 Observe that g; € L*(R) and g4(t) = 0 for all ¢ < 0.

Substituting the CARMA kernel g by the fractionally integrated kernel g,
as given in (1.41), we obtain the fractionally integrated CARMA(p, d, q) pro-

cesses.

Definition 1.20 (FICARMA (p,d,q) Process) Let 0 < d < 0.5 and as-
sume that all zeros of the polynomial p(z) given by (1.23) have negative real
parts. Then the stationary fractionally integrated CARMA (p,d, q)
(FICARMA((p,d,q)) process Yq = {Yy(t) her with coefficients ay, ..., ap, by, ..., b,
and driven by the Lévy process L = {L(t)her satisfying E[L(1)] = 0 and
E[L(1)%] < oo is defined as

t

Yi(t) = /gd(t—u)L(du), tER, (1.43)

—00

where the kernel function gq is given in (1.41).

Remark 1.21 As g; € L*(R), E[L(1)] = 0 and F[L(1)?] < oo it follows from
Proposition 1.2 and the results of Section 1.1.1 that the FICARMA process
Y, is well-defined in L*(R) and as a limit in probability of step functions
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approximating the kernel function g4. Let (y1, 0%, v;) denote the characteristic
triplet of the driving Lévy process L, then the distribution of the FICARMA
process Yy(t) is for all ¢t € R infinitely divisible and the stationary distribution

has characteristic triplet (yy,, oo, 052/(1,007 Vy, 00) given by

Waco = N 7%(8) d8+7/gd(8)w[h(gd(8)w) = h(z)] v (dx) ds,

2
UYd ,O0

Vy oo — //13 Z/L d.ﬁl?) dS, B EB(R)
0 R

We turn our attention to the the second order properties of FICARMA(p, d, q)
processes (see also Brockwell & Marquardt (2005)). Before, we establish two
lemmata which contain important results we shall need to show the long mem-

ory property of FICARMA processes.
Lemma 1.22 Let

flu,h) ~ F(u,h) for u,h >0, u+h— oo,
1.€.

. f(uah>_F(uah>
u,hZOl,g-Ii-thoo F(U, h)

= 0. (1.44)
Assume that the integral
Ip(h) = /OO F(u,h)du
0
exists for h > 0 and that there is a constant C' > 0 with
/OOO P, h)| du < C|Tp(h)| for all h > M, (1.45)
M > 0 large enough. Then I;(h fo (u, h) du < oo and

:/Oof(u,h)du ~ Ip(h) for h — oo, i.e.
0

o 15(0) = L (1)

=0.
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Proof. We have

L5 (h) — In(h)] < /Ommu h) — F(u, h)| du
) / k) — Flu, >\,F(u e

\F(U, h)|
— F(u, h
gsup‘ ( (u, h) | F(u+ h)|du
u>0 Uah !
(1.45) !f(u h) — F(u,
< su CI
B O

The first factor tends to zero for h — oo by (1.44). This shows that

lim Iy(h) — Ir(h)

=0.

Lemma 1.23 Let g : R — R be a measurable and bounded function on [0, c0)
and
glu) ~ Cu®' =:G(u) foru— oo, (1.46)

where C' > 0 is a constant and 0 < d < 0.5 and consider for h > 0

r(h) = /000 g(u+ h)g(u) du

and .
R(h) = / G(u+ h)G(u) du.
0
Then
r(h) ~ R(h) for h — oc. (1.47)
Moreover,

(1 — 2d)0(d)

T(1—d) .

R(h):(ﬂ/ (u+ h)"u™ du = p?*!
0
Proof. We first show that

7(h) == /hoo g(u+ h)g(u) du ~ b G(u+ h)G(u) du =: R(h)

d/2 hd/2
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1.3 Univariate FICARMA (p, d, q) Processes

To this end let
Flu,h) = glu+h+ ) g(u+ h7?),

and

F(u,h) = G(u+ h+ hY?)G(u + h¥?).

Then

Moreover

h L@ glut bt hP)g(u s h12)
wh>0uth—oc F(u,h)  wh>0u+h—oo G(u+ h + hd/2)G(u + hi/?)

=1

and thus
f(u,h) ~ F(u,h) for u+h — oo.

Finally,

o0

r(w) = c? [

hd/2

(u+ Rt du = C? / |F(u, h)| du
0

and thus (1.45) holds. Hence, Lemma 1.22 yields
#(h) ~ R(h)  for h — occ.

Now (1.47) follows from the observation that for h — oo,

r(h) = R _ () =#(W)] |, [F(h) = R(k)|  |R(h) = R(h)|
(B[~ [R(h)] | R(h)] |R(h)]

In fact, |R(h)| > |R(h)| and thus

|7(h) — R(h)| < ) - R(h)|
|R(R)] = |R(h)|

0, h— oo,

as we have just shown. Moreover, since d < 0.5,
h2d71

1—2d

|R(h)| = 02/ (u+ h)* " du > 02/ (w+ h)*2 du = C?
0 0
On the other hand, we have by (1.46)

|g(u+h)| < 2[G(u+h)| < 2CR™!
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for all h > M, M large enough, and there is a constant C > 0 with

sup |g(u)| < C.
u>0
This yields
hd/2
r(h) — 7(h)| = / g(u+ h)g(u) du| < h¥?2CHh*1C < 200K/,
0
This gives
_F 20O ]2d—1-d/2
\r(hl)l% hr(h)! < chhgdil Lo b
[R(R) s

Similarly we obtain

|R(h) — R(h)| _ CCh2d-1-d/2
[R(h)] T o2

1-2d

— 0, h— 0.

It remains to calculate the function R(h).

R(h) = C? / (u+ h)*tutt du
0

u=(1-1)h 1
e 02/ 721 — )4 da
0

e T 200
I'(1—d)
since fol(l —x)v g dy = FF(EZES) O

Theorem 1.24 The FICARMA(p,d,q) process Yy as defined in Definition

1.20 is a long memory moving average process.
Proof. For h > 0 we have

’}/d(h) = COV(Yd(t + h), Yd(t))

= cov / ga(t +h —u) L(du), / ga(t — u) L(du)

— cov / galu + h) L{du), / ga(u) L(du)

0
00

= E[L(1)?] /gd(u + h)gq(u) du.

0
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1.3 Univariate FICARMA (p, d, q) Processes

Moreover, we know from (1.42), gq(t) ~ ( ) qggg as t — oo. Hence, we can apply
Lemma 1.23 with C' = F((Zlgz)(o) and obtain that the autocovariance function =,

of the FICARMA process Yy is hyperbolically decaying, namely

EIL(1)’IC(1 — 2d) {q(o)
(a1 —d)  |p(0)

Hence, Y} satisfies the conditions of Definition 1.16. 0

%z(h) ~

2
} Rl h— oo (1.48)

Proposition 1.25 The spectral density fq of the FICARMA (p,d,q) process

equals
E[L(1)?] |q(i) |
A) = A eR. 1.4
fd( ) 27T|)\|2d p(l/\) ) S ( 9)
Proof. We observe that
~a(h) /gd u+ h)gqe(u) du = E[L(1)2] /gd(h — u)gq(u) du,
0 R

where g4(z) = ga(—x). Then, using the representation (1.30) of g; and the fact
that the spectral density is the inverse Fourier transform of the autocovariance

function, we find that

2

LT BIL()?) | a(i))
A) = [ ey(h)dh =
fd( ) o /6 ’yd( ) 27T|/\|2d p(z)\) )
R
where we made use of the convolution theorem for Fourier transforms. O

Corollary 1.26
(i) The spectral density has a pole at the origin. In fact,

fan) ~ P [q(o)] NE Sy

2

(i1) As a consequence of (1.49), the autocovariance function g can be expressed

as
1

‘)\|2d

d\, heR,

since vq 15 the Fourier transform of f,.
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Finally, we consider the special case that the roots Ay,..., A, of the autore-
gressive polynomial p(-) are distinct. Then the kernel g4 of the FICARMA

process {Yy(t)}ser can be expressed as

q /\ dMtp(At,d), tER, (1.50)

and we obtain

q q
va(h) = 2005 Z e )(d A h), heR, (1.51)

where
v(d, \, h) = 2(=A\)"* cosh(Ah) + A\"2%"* P(\d, 2d) — (=) 2% P(—\h, 2d)

(see Brockwell & Marquardt (2005) for a proof). Here P(z, d) is the incomplete

gamma function with complex argument z,

P(z,d) = ﬁ /e_“’xd_l dx, (1.52)

0
where integration is along the radial line in the complex plane form 0 to z.

Observe that alternatively the function P can be expressed as

Zd

I'(d+1),

where | F} is the confluent hypergeometric function of the first kind.

P(z,d) = Fi(dyd+ 1;—2),

Figure 1.2 and Figure 1.3 show the kernel and autocovariance function of the
CARMA (3, 2) process given in Example 1.15 and of the corresponding
FICARMA(3, d,2) process for d = 0.25. We recognize the long memory prop-
erty of the FICARMA process.

Due to the slow decay (1.42) of the fractionally integrated kernel g4, simulation
algorithms for FICARMA processes are very slow and expensive. Introducing
the so-called fractional Lévy processes in Chapter 2, we obtain an alternative
representation of FICARMA processes which allows much more efficient sim-
ulation. Fractional Lévy processes are a generalization of fractional Brownian
motion. Therefore, in the following section we will give a brief summary of the

definition and properties of fractional Brownian motion.
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1.3 Univariate FICARMA (p, d, q) Processes

The Kernel of the CARMA(3,2) and the FICARMA(3,0.25,2) Process

3 T T T T T

T T T
kernel of CARMA(3,2)

—— kernel of FICARMA(3,0.25,2)

20

Figure 1.2: The kernel of the CARMA(3,2) and the FICARMA(3,0.25,2) process.

The Autocovariance Function of the CARMA(3,2) and the FICARMA(3,0.25,2) Process

30 T T T T T

T T T T
’ acvf of the CARMA(3,2)

acvf of the FICARMA(3,02.5,2)

0 I I I I I I I \’ F\‘

0 2 4 6 8 10 12 14 16 18
Lag h

20

Figure 1.3: The autocovariance function of the CARMA(3,2) and the FI-

CARMA(3,0.25,2) process.
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1.4 Fractional Brownian Motion

In this thesis we consider fractional Lévy processes. The name “fractional Lévy
process” already suggests that it can be regarded as a generalization of frac-
tional Brownian motion (FBM). In the past years fractional Brownian motion
has been the subject of numerous investigations and played a role in many
fields of application such as economics, finance, turbulance and telecommuni-
cations. Let us recall the definition and properties of FBM (see Doukhan et al.
(2003), part A or Samorodnitsky & Taqqu (1994), chapter 7.2 for proofs and

further results).

Definition 1.27 Let 0 < H < 1. The Gaussian stochastic process { By (t) }+>0
satisfying the following three properties

(i) Bu(0) =0
(ii)) E[Bu(t)] =0 forallt >0,
(i11) for all s,t >0,

E[Bu(t)Bu(s)] = = (Jt|*" — |t — s[*" + |s|*"), (1.53)

1
2
is called the (standard) fractional Brownian motion with parameter H.

The parameter H is also referred to as the Hurst coefficient. It is obvious
from (1.53) that FBM has stationary increments but that for H # 1/2 the
increments are not independent.

We can define a parametric family of FBMs in terms of the stochastic Weyl
integral (see e.g. Samorodnitsky & Taqqu (1994), chapter 7.2).
For any a,b € R,

{Bu(t) her = (1.54)
J R A R i P S s B CN | RO
where u; = max(u,0), u_ = max(—u,0) and { B(f) };cr is a two-sided standard

Brownian motion. Notice that we can construct a two-sided standard Brownian

motion as in (1.7).
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1.4 Fractional Brownian Motion

If H=1/2,it is clear that {B/2(t)}ser = {B(t) }ser is ordinary Brownian
motion. If we choose a = \/T'(2H + 1) sin(rH) /T (H +1/2) and b = 0 in (1.54)
then {Bpy(t)}ier is a FBM satisfying (1.53).

Many properties of FBM are given by its fractional index H. For instance

H governs the self-similarity property. First, let us precise the definition of a
self-similar process (we refer to Embrechts & Maejima (2002) for an excellent

survey on self-similar processes).

Definition 1.28 A real-valued stochastic process { X (t) }ier is self-similar with
index H if for all ¢ > 0,

{X(et) }rer £ LX) i (1.55)

Proposition 1.29 Fractional Brownian motion is self-similar with index H.
Moreover, FBM is the only self-similar Gaussian process with stationary in-

crements.

Remark 1.30 In higher dimension m > 2 the preceding proposition does
not remain true, i.e. there exist Gaussian models which are stationary and

selfsimilar (see e.g. Bonami & Estrade (2003)).

Consider now the covariance between two increments. It follows by the sta-

tionarity of the increments of By,

pr(n) : = cov(By(k) — By(k —1),Bg(k +n) — Bg(k+n—1))

1
= 5(\n+1]2H—2\n\2H— In—1*%), neN. (1.56)

Proposition 1.31

(i) If 0 < H < 1/2, py is negative and i lprr(n)] < oo.

(i) If H =1/2, py equals 0. "~

(i) If 1/2 < H < 1, py is positive, i lpr(n)| = oo, and pg(n) ~ Cn?H=2,

n=1
as n — oQ.

Corollary 1.32 For 1/2 < H < 1 the increments of FBM exhibit long mem-
ory in the sense of Definition 1.16 (with d = H — % .
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Having observed these distributional properties, which make FBM a promis-

ing model in various applications, we briefly review the sample path properties.

Proposition 1.33 The trajectories of FBM are continuous. In particular, for
every H < H there exists a modification of By whose sample paths are a.s.

locally H-Holder continuous on R.

Let us introduce the notion of p-variation:
Let X = {X(¢) }+er be a stochastic process. Given a real number p > 1 and
a point partition a =t <t} < ... <t" = b of the compact interval [a, b] such

that max {|tg —t7_1|} — 0 as n — oo, we define the random variable
SRS

Varf, . (X) =Y [X(#) = X ()P
k=1
Then the limit in probability

Var?

] (X)=p— lim Varfmb]m(X)

n—oo

is called the p-variation of X over [a,b]. If p = 1 we call Varyy(X) =
Var, ;(X) the total variation. For p = 2, [X, X], := Varg ,(X) denotes the

quadratic variation of X on the interval [0, ¢].

Proposition 1.34 The sample paths of FBM are of finite p-variation for ev-
ery p > 1/H and of infinite p-variation if p < 1/H.

Consequently, for H < 1/2 the quadratic variation is infinite. On the other
hand, if H > 1/2 it is known that the quadratic variation of FBM is zero,

whereas the total variation is infinite.

Corollary 1.35 This shows that for H # 1/2, FBM cannot be a semimartin-
gale.

A proof of this well-known fact can be found in e.g. Rogers (1997) or Cheridito
(2001).
Figure 1.4 shows the sample paths of FBM for various values of the Hurst

parameter H.
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1.4 Fractional Brownian Motion

Sample Paths of FBM
0.6 T T T

041 H=095 7

0.2 ’ ' v

H=0.55

H=0.75

-1.21

50 100 150 200 250 300 350 400 450 500

Figure 1.4: Various sample paths of FBM .
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2 Fractional Lévy Processes

We define and discuss fractional Lévy processes (FLP) in this chapter. FLPs
are constructed by a natural generalization of the integral representation of
fractional Brownian motion (FBM) and were first introduced by (Benassi et al.
(2004)). However, our approach is less restrictive, as we allow also for Lévy
processes without a finite second moment.

After presenting different methods of constructing FLPs we derive the second-
order and sample path properties. The remaining part of this chapter is devoted
to integrals with respect to FLPs. In particular, we focus on moving average
processes and show how our findings apply to CARMA and FICARMA pro-
cesses.

The results of this chapter can also be found in Marquardt (2006a).

Since definitions and calculations are easier to understand in one dimen-
sion, we consider here univariate FLPs and then generalize our results to the
multivariate setting in Chapter 4. We would like to stress that throughout we

assume a Lévy process without Brownian component.

2.1 Construction of Univariate Fractional Lévy

Processes

In this section we introduce univariate fractional Lévy processes (FLPs) as a
natural counterpart to fractional Brownian motion (FBM).

In order to be consistent with the notation of the previous Sections 1.2 and
1.3 and as we are mainly interested in fractionally integrated processes, in what
follows we will work with the fractional integration parameter d := H —1/2 €

(—0.5,0.5) rather than the Hurst parameter. Furthermore, we restrict ourselves
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2.1 Construction of Univariate Fractional Lévy Processes

to 0 < d < 0.5 as we are interested in long memory processes (see Definition
1.16).

The integral representation of FBM was first generalized to a fractional Lévy
motion by Benassi et al. (2004), who start with the so-called “well-balanced”
FBM with @ = b =1 in (1.54). Their approach is the basis of our definition
of a FLP as, like them, we replace the Brownian motion B in the moving
average representation (1.54) by a two-sided Lévy process as defined in (1.7).
However, we will allow for Lévy processes with infinite second moments and
also consider integrals with respect to FLPs.

Furthermore, like Mandelbrot & Van Ness (1968) for FBM, we choose a =
1/T(H +1/2) = 1/T(d+ 1) and b = 0 in (1.54). This choice will simplify
calculations when we apply our results to moving average processes.

Based on the moving average representation (1.54) of FBM we define a FLP

as follows.

Definition 2.1 (Fractional Lévy Process) Let L = {L(t)}icr be a two-

sided Lévy process on R without Brownian component and satisfying

E[L(1)Y] < oo for some 1 < a < 2. (2.1)

For fractional integration parameter 0 < d < 1 — é, a stochastic process

My(t) = ﬁ / [(t—s)% — (=9)%] L(ds), teR,  (22)

is called a fractional Lévy process (FLP). We refer to the process L as the
driving Lévy process of the FLP My. If « = 2 in (2.1) we call My a square-
integrable FLP.

Remark 2.2 The general Lévy-Ito representation (1.2) guarantees that every
Lévy process can be decomposed into a linear term, a Brownian and a jump
component which is independent of the Brownian part. However, the Brown-
ian part induces a FBM which has already been extensively studied (see e.g.
Doukhan et al. (2003) or Samorodnitsky & Taqqu (1994)) and considered in

Section 1.4. Therefore we assume a Lévy process without Brownian component.
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2 Fractional Lévy Processes

Remark 2.3 Note that in general an infinitely divisible distribution with
characteristic triplet (v, 02, ) has finite a-th moment, if and only if

f\x\>c |z|*v(dz) < oo for one and hence all C' > 0 (see Sato (1999, Corollary
25.8)). Thus, (2.1) holds if and only if the Lévy measure v of L satisfies

/ |z|* v(dz) < oo. (2.3)

|z|>1
Example 2.4 A prominent example for a class of Lévy processes satisfying
(2.1) are the symmetric a-stable Lévy processes having Lévy measure

v(dr) = ;dx

- mua ’

as for an a-stable process L, E[|L(1)|7] < oo for any v < «, whereas E[|L(1)|*] =
oo (see Sato (1999, Example 25.10)). The resulting FLP is then referred to as a
linear fractional stable motion (LFSM). Linear fractional stable motions are of
increasing interest in many fields of applications, in particular because they be-
long to the class of non-Gaussian self-similar processes (see e.g. Samorodnitsky
& Taqqu (1994), chapter 7.4).

We would like to stress that our class of fractional Lévy processes includes

the linear fractional stable motions (1 < a < 2) as a special case.

Before making precise the meaning of the integral (2.2), we summarize the
following two important properties of the kernel function

1

m[(t — )1 —(=s)1], s€eR, (2.4)

ft(S)iz
WhereO<d<1—i,1<o¢§2.

Proposition 2.5 For0<d <1-— é, 1< a<2andt € R the kernel function
fi as defined in (2.4) is bounded. Moreover, f; € LP(R) for p > (1 —d)~'. In
particular, f; € L*(R) and f; € L*(R).

Proof. For s > max(t,0) we have f;(s) = 0.
Now let s < min(t,0), then
t—s

7l =10~ oy = @) [t

—S
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2.1 Construction of Univariate Fractional Lévy Processes

Hence,
t (=)t T(d), for s<—landt >0,
[fu(s)] < (2.5)
t| (t — )1/ T(d), fors<t—1landt<O0.
Moreover, for t > 0 and s € [—1, max(t,0)] = [—1, t], we obtain
0< fils) < —(t—s)l< — (1 +1)! < 00
= S T(d+ 1) T I(d+1) ’
and for t <0 and s € [t — 1, max(¢,0)] = [t — 1, 0],
0> fils) > - () > (1> —co
== P d+1) = T(d+1) '

Hence, for all t € R,

| fi(s)] < m(l +]t)? < o0, s€ER,

which shows that f; is bounded. It remains to show f; € LP(R) for p > (1—d)~'.
In fact, from (2.5) we have for ¢ > 0,

| A() 120 ooy / fus)Pds < (@) [ openas
e

Analogously, for ¢t < 0 and p > (1 —d)~" it follows || fi(s) |75 s, 1)< 00 O

< if p>-——.
oo, I p 1—d

—0o0

Proposition 2.6 The function t — (t — s)% — (—s)% is locally Hélder contin-
uous of every order B < d and for an order 3 > d it is not Holder continuous
on any interval containing s. Furthermore, the total variation is finite on com-

pacts.

Proof. Define for t; > to, x := (t; — $)+ and y := (t2 —s)+. We first consider

the case 2 <y < x. Hence, z —y < £ and 2% — y = dy*' (z — y), where

RS [%,x], ie., y>x—y. Thus,

ot =yt <d(z—y) Tz —y) =d(@—y)"

41



2 Fractional Lévy Processes

Now assume y < 5. Then z —y > 5 and

x
2yt < gl = ol (_

") <2tz —y)"

Therefore,
(tr = 8)% = (=8)% = (t2 = )% + (=9)%| = [(t1— )% — (t2—5)%| < 27 (81 — )

and t — (t — )4 — (—s)4 is locally Holder continuous of every order 3 < d.
On the other hand setting s = 0, to = 0 and t; = 1/n we obtain

(h— )% — (=)t _ (/) — ()% (l) oo, asn oo

(tl _ t2)d+e - (1/n)d+6 n

Thus the function ¢ — (¢t —s)4 — (—s)% is not Holder continuous of any order
6> d.

It remains to show that the function ¢ — (¢ — s)% — (—s)% is of finite total
variation on compacts. However, for fixed s € R, g(t) := (t — s)L — (—s)% is

monotone 1ncreasmg. HGHCG,

Var[a,b] (g) = (b - S)i - (CL - S)iu

which is finite. u

Figure 2.1 shows the kernel function f; for fixed value d = 0.25 and different
values of ¢, whereas in Figure 2.2, ¢ is fixed (¢t = 5) and the fractional integration

parameter d varies.

We have defined a fractional Lévy process in terms of a stochastic integral
(2.2) without specifying in which sense the integration is understood. Now we

make precise the meaning of (2.2).

Theorem 2.7 Let L = {L(t)}icr be a Lévy process without Brownian compo-
nent satisfying E[L(1)] = 0 and E[L(1)*] < co for some 1 < a < 2. Fort € R
and 0 < d < 1— i define the kernel function f; as in (2.4). Then for every

t € R, the integral
t) = / fi(s) L(ds)
R
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Kernel f(s) of a fractional Lévy process with d=0.25
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Figure 2.1: The kernel f; of a fractional Lévy process with d = 0.25 for different

values of t.

Kernel of a fractional Lévy process for different values of d and t=5
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Figure 2.2: The kernel f; of a fractional Lévy process for ¢ = 5 and different values

of d.

43



2 Fractional Lévy Processes

1s well-defined in the sense that it exists as the limit in probability of step
functions approximating f;. Moreover, let ui,..., u, € R, —oco < t; < ... <
ty, < 00 and m € N. Then the finite dimensional distributions of the process

My have the characteristic functions

Elexp{iusMy(t1) + ... + iwy, My(ty)}] = exp / (Z u;fy, (s ) ,
- (2.6)

where © is given as in (1.5).

Proof. It follows from our findings at the end of Section 1.1.2 that (2.2) is
well-defined if we verify conditions (1.16) and (1.17). We know from the proof
of Proposition 2.5 that for all ¢ € R,

1
| fi(s)] < mu +th?, s eR.

Furthermore, since 1 < o < 2, E[L(1)] = 0 and hence v = —flx|>1x1/(dx),
(1.17) is implied by

(/ﬁ@)+/f@W@M@MH_M%ﬂWM@dS
R

$) T4, (s)z|>1} V(dx)| ds

8)Z|* Lo /> (1) (14—} V(dx) ds < oo,

i
e

where the finiteness of the last term is a consequence of (2.3) and f; € L*(R)
(see Proposition 2.5).
To show (1.16) we observe that for 1 < a < 2,

(1fe(s)zl* A1) < [fuls)]]]™

In fact, if |fi(s)z|*> > 1, then |f;(s)z| > 1 and hence

[fe(s)z|* > 1 > (| fe(s)zl* A1)
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2.1 Construction of Univariate Fractional Lévy Processes

On the other hand, if |f;(s)z|*> < 1, then

|[fi(s)al™ = [ f(s)zl” = (|fuls)a]” A D).

Therefore,

[ [tss)at a1y vida) as
:/ /(|ft(s)x|2/\1)y(dx)ds+/ /(|ft(s)x|2/\1)y(dx)ds

R |zj<1 R |a]>1
/ / 22 f2(s) v(dx) ds+/ / |z]*] fi(s)|* v(dz) ds < oo,
R |z]<1 R |a]>1

since f; € L*(R), f; € L*(R), (2.3) and v is a Lévy measure.
Finally, (2.6) is a consequence of (1.19), when we insert v = — f\x\>1 zv(dx)

and write

ZugMd =Yy [ A Ls) = [ 3wt (o) Lids)

Theorem 2.8 Let My = {My(t)}ier be a FLP as defined in Definition 2.1.
Then the process My is well-defined if and only if the driving Lévy process
L = {L(t) }1er satisfies (2.1) or equivalently (2.3).

Proof. The sufficiency of (2.1) has already been proven in Theorem 2.7.
Hence, it remains to show the necessity.
If M, is well-defined we know from (1.16) that

//1{xft(s)>1} V(d:[‘) ds < oo.
R R

W.l.o.g. assume ¢t > 0. Then for —oco < s <0,

fi(s) = (t—8)' — (=s)? = d / Wl du > dt(t — syl = Ot — syl
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2 Fractional Lévy Processes

This yields, using Fubini’s theorem,

0
o0 >//1{|:Eft |>1}l/ d$ ds > //1{900(7& s)d-1>1} V (d$>d
—oo R
://1 a1 v(dx)ds
{s>t—||T-dCT=d}

—oo R

(~t+lal™2C™) v(de)

[en]

L

1

cTa / |77 v(dx) — t / v(dz).

|z|>t1—2/C |z|>t1—4/C

This shows the necessity of (2.3). The proof is complete. O

Remark 2.9 As a consequence of (2.6) the generating triplet of My(t) is

(Var, 0, ), where

—//ft $)xlyif,(s)e|>1) V(dr) ds and

://1B fi(s)z) v(dz) ds. (2.7)

R

Vi

2.1.1 The L’-Integral based on the Poisson Representation
of L

We have just defined the integral (2.2) as a limit in probability of step functions
approximating the kernel function f;. However our findings in Section 1.1.2
allow for a definition of the integral (2.2) in an L*-sense, provided that o = 2,

i.e. the Lévy process L has finite second moments.

Theorem 2.10 (Fractional Lévy Process in L*-sense) Let L = {L(t)}ier
be a Lévy process without Brownian component satisfying E[L(1)] = 0,

E[L(1)?] < 0o and J(ds,du) = J(ds,du) — dsv(du) be the compensated jump
measure of L. Fort € R and 0 < d < 0.5 deﬁne the kernel function f; as in

(2.4). Then for every t € R, My(t) = [; fi(s) L(ds) exists in the sense that
My(t) = / fils)uJ(ds,du), teER, (2.8)
RXRO
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2.1 Construction of Univariate Fractional Lévy Processes

i.e. My is the limit in L*(Q, P) of integrals of simple functions (¢n)ren Satis-
fying
E [/ |Pr (s, u) — ft(S)U|2 v(du)ds| — 0, ask — oo.
RxRgo

Moreover, for all t € R the distribution of My(t) is infinitely divisible and
E[Ma&)* =|| fe l72@) EIL(1)?], teR. (2.9)

Let uy,...,u, € R, —co < t; < ... < t, <o and m € N. Then the finite

dimensional distributions of the process My have the characteristic functions

(2.6).

Proof. The assertions are direct consequences of the results of Section 1.1.2,
since f; € L*(R), E[L(1)] = 0 and E[L(1)?] < oo. (2.6) follows from (1.19)

when we write (as in the proof of Theorem 2.7),

> uiM(ty) :Zuj / fi,(s) L(ds) = / Zujftj(s) L(ds).

Jj=1 Jj=1 R R

Remark 2.11 In Theorem 2.7, we have shown that M, is well-defined as a
limit in probability of step functions approximating the kernel function f;.
However, the L2-limit and the p-limit agree, since L?-convergence implies con-

vergence in probability and the p-limit is unique.

We have seen that, if & = 2, (2.2) can be understood as L?-limit and we can
now apply the Kolmogorov-Centsov Theorem to obtain a continuous modifica-
tion of {My(t) }ter (see Theorem 2.19 below). However, we can also show that
{My(t)}+er has a continuous modification by proving in the following section

that My(t) is a.s. equal to an improper Riemann integral for all ¢ € R.

2.1.2 The Improper Riemann Integral

We give here a pathwise construction of a FLP as an improper Riemann inte-

gral. As in the preceding subsection we fix o = 2.
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2 Fractional Lévy Processes

Theorem 2.12 Let L = {L(t) }+er be a Lévy process without Brownian com-
ponent satisfying E[L(1)] = 0 and E[L(1)?] < co. Fort € R define the kernel
function f, as in (2.4). Then for all t € R, My(t) = [ fi(s) L(ds) has a

modification which is equal to the improper Riemann integral

My(t) = 1 /[(t —s)It — (=)L L(s)ds, teR. (2.10)

R

Moreover (2.10) is continuous in t.

Proof. We assume ¢t > 0. For ¢t < 0 the proof is analogous. For a Lévy process
L on R that satisfies E[L(1)] = 0 and E[L(1)?] < co we have a generalization
of the law of the iterated logarithm of random walks (Sato (1999), Proposition
48.9), that is

L
lim sup L)

— 21\1/2
t—00 (2tloglogt)1/2 - (E[L(l) ]) a.s.

Moreover, (t — s)? — (—s)¢ ~ td(—s)4"! as s — —oo and therefore,
lim L(s)[(t — s)'—(=5) =0 as.

If ¢ is a continuously differentiable function on [a, b] C R it is always possible
to use the integration by parts formula to define fab g(s) L(ds) as a Riemann

integral by

[ 9t Lia@s) = L) - g(a)Li@) = [ L(s)dgls). (21)
[a,b] [a,b]
(see e.g. Eberlein & Raible (1999, Lemma 2.1)). Since we have,

0 t s d
Mut) = gy Jim L= 90" = (=)' L) + iy [ (s 1),
it follows by (2.11),
Lo 5)d-1
Matt) =timy [ L) ds = s T (L@ - @~ ()}

€
0

1 . d—1 d—1
Tyl {d fle— 9 = (o) L) ds

1 d-1 d—1
= mk/[(t—s)Jr —(=s)5 | L(s)ds, teR.

48



2.1 Construction of Univariate Fractional Lévy Processes

To show that (2.10) is continuous in ¢ we define for ¢ > 0,
gi(s) = (t —s)" ' L(s)1py(s), seR.

Then for all T > 0 the family {g;}+cjo,r is uniformly integrable with respect
to the Lebesgue measure and the continuity of fot (t — s)1L(s)ds follows
from Shiryaev (1996, Theorem 5, Chapter I1.6). Furthermore, by Lebesgue’s

dominated convergence theorem

[ (=9 = (st L s

— 00

1s continuous in t. O

2.1.3 Series Representations of Fractional Lévy Processes

The results in this section are based on series representation of Lévy processes

summarized in Rosinski (2001).

Theorem 2.13 Let L = {L(t) }4er be a Lévy process without Brownian com-
ponent satisfying E[L(1)] = 0 and E[L(1)*] < oo for some 1 < a < 2. For
t € R define the kernel function f; as in (2.4). Suppose the Lévy measure v of
L is symmetric and set v (s) = inf{z > 0: v((z,00)) < s}, s > 0, the right
continuous inverse of x — v((x,00)). Let A be an arbitrary probability mea-
sure on R with nowhere vanishing density p. Furthermore, let {T;}i—12. and

{Ui}iz12,.. be independent sequences of random variables, such that {T;}i—1 2,..
is a sequence of independent indentically distributed (i.i.d.) standard exponen-
tial random variables and {U;}i=12.. is a sequence of i.i.d. random variables
with distribution A. Put 7o = 0 and 7, = Z§:1Tja 1= 1,2,.... Furthermore,
let {e;}iz12.. be an i.i.d. sequence of random wvariables with P(e; = —1) =

P(e; =1) = L. Then for every t € R the series

X(t) =D e (rp(U) V) (2.12)
CONVETGES a.S. cmd
{Ma(t)}rer £ {X () }ier- (2.13)
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2 Fractional Lévy Processes

Proof. As v is symmetric, we have from (2.6),

E[ez‘uMd(t)] = exp // [eiuxft(S) — 1= wxft(S)} y(d:r) ds
R R

= exp | 2 / j[eos(uxft(s)) — 1] v(dx) ds

Therefore, the assertion is an immediate consequence of Rosinski (1989, Propo-
sition 2). O
If v is not symmetric we obtain a similar result by taking into account the

left continuous inverse of v.

Theorem 2.14 Let L = {L(t) }+er be a Lévy process without Brownian com-
ponent satisfying E[L(1)] = 0 and E[L(1)*] < oo for some 1 < a < 2. Set
v (s) = inf{z > 0: v((z,00)) < s}, s >0, and v—(s) = sup{z < 0 :
v((—o0,x)) < s}, s > 0, the right and left continuous inverse of v, respec-
tively. Define A and the sequences {T;},{U;} and {1;} as in Theorem 2.13.
Then for every t € R the series

=> v~ )+ v (mip(Ui)] f1(Ui) — Cu(mi)} (2.14)

=1

CONVETGES a.s., where

Cum) = [ [ ™ motu) + v (o)) ) dr p(w) d

R 7i—1

Moreover,

{Ma(t)}rer £ {X () }ier-

Proof. X (t) in (2.14) is a generalized shot noise series which converges a.s.

if we show that

(e 9]

/ / Lip\(oy) (He(7, u)) dT A(du)

0

= //1{3\{0}} Ht T, u))dTp( )du, B e B(R)
0
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2.1 Construction of Univariate Fractional Lévy Processes

is a Lévy measure, where
Hy(r,u) = [ (mp(u)) + v (Tp(u)lfi(u), 7>0, t,ueR
(see Rosinski (1990, Theorem 2.4)). Observe, that for every z > 0, u € R,

Leb({T > 0: v~ (rp(u)) > z})
=Leb({T >0: v (1) > x})/p(u)
= v((z,00))/p(u

and thus

/ / Lipvoyy (v (7p(u)) fe(u)) dT p(u / / Loy (@fi(w)) v(dz) du.
0
Analogously, for every x < 0 and u € R,

Leb({r > 0: v~ (7p(w)) < £}) = v((~o0,2))/p(u),

which yields

o

//1{3\{0}} “(rp(u)) fe(uw)) dr p(u //1{3\{0}} (@ fe(u)) v(dz) du.

Therefore,
//1{3\{0}} (xfi(w)) v(dx) du.
R

From (2.7) follows that G* = v/}, is the Lévy measure of an infinitely divis-
ible random variable. Furthermore, it follows from Theorem 3.1(iii), Rosinski

(1990) and its proof that X () has characteristic function given by
E[eX®] = exp //[ewft(s)‘E — 1 —dufi(s)x]v(dx)ds p ,
R R

ie. X(t) 4 Mj(t). Finally, repeating the same arguments for » " | w; Hy (7, u),
where m € N, t1,...,t,, € R and wy,...,w,, € R, we obtain that the finite
dimensional distributions of X are identical to those of Mj.

O
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2 Fractional Lévy Processes

The series representation (2.13) can be used for a simulation of FLPs. Of
course, for practical simulations the series must be truncated. However, sim-
ulation from it is not so easy since the inverse of the tail mass of the Lévy
measure is rarely known in closed form.

Recently an alternative generalized shot noise representation for fractional
fields was developed by Cohen et al. (2005): Assume that v is symmetric and
v(R) < oo. Let {V;}12.. be a sequence of random variables such that £(V;) =
v(dz)/v(R). Moreover, define {7;};—12.. and {€;};,=12. as in Theorem 2.13.
Then for every t € R, the series

Y(t) = i fi (VTEE)) | (2.15)

converges a.s. and
d
{Md(t>}teR = {Y(t)}teR'

Cohen et al. (2005) also give a rate of convergence.
If v is symmetric with #(R) = oo, we define v!(dz) = v(dx)1{, <1y and
ve2(dx) = v(dr)1l{.=1). Notice that v52(R) < oo and My = MJ' + M$?. Let
1/2
o(e) = <f|x|<€ x? I/(dx)> . Then for all ¢ € R, if lim, o1 o(€)/e = o0,

Malt) £ o()Bult) + 3 f (W) Vi (2.16)

where {B4(t)}ier is a FBM as given in (1.54) (see Cohen et al. (2005) for a
proof).

2.2 Second Order and Sample Path Properties

Having defined FLPs we want to investigate their second-order and sample
path properties.

We first consider the second-order properties. Therefore we assume a = 2.
Hence, 0 < d < 0.5. Then representation (2.8) of a FLP in the L*-sense gives
us a direct way to calculate the second-order properties. It turns out that up

to a constant FLPs have the same second-order structure as FBM.

52



2.2 Second Order and Sample Path Properties

Theorem 2.15 (Autocovariance Function) For s,t € R the autocovari-

ance function of a FLP Mg = {M(t)}:cr is given by

cov(My(t), My(s)) = T d +E2[)Ls(ii)(ﬁ[d+ %D [|t|2d+1 - S|2d+1 i |S|2d+1} .
(2.17)

Proof. Notice that My(0) = 0 a.s. and E[M,(t)] = 0 for all t € R, since
E[L(1)] = 0. For every t > 0 we have from (2.9),

E[My(t)]? = rE(EgLJ(rliQ)L / (t— syt (—s)if is
= %ﬁdﬂ / [(1- u)d — (_u)ﬂz du
- %t%ﬂ / [(1—w)! = (=] du + /(1 —u)* dlj
BILOP i | [ 10q 2t — .
:mt /[(1+u) —u} du+2d+1:|
EL(1)?] 2041 ] [(d+1)>
— ['(d+1)2 ['(2d + 2) sin(7[d + %])
E[L(1)’]
- U

I'(2d + 2) sin(w[d + 3])
Further for any s,t € R,

BIM(t) — My(s)]? = 2L / (-l —(s—wi]du  (218)

T+ d)?
_ I]?(ELS()DL / [(t— s —w)? — (~u)!]* du
_ E[L(1)2] ‘t . S|2d+1.

['(2d + 2) sin(w[d + 3])
Hence, for any s,t € R,
E [Ma(t) Ma(s)] = % {E[Ma(t)]” + E[Ma(s)]* — E[Ma(t) — Ma(s)]*}

B E[L(1)?
20'(2d + 2) sin(x[d + 1)

{‘t|2d+1 + |S|2d+1 _ ‘t . S|2d+1} )
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2 Fractional Lévy Processes

0
As already mentioned, in this thesis we are particularly interested in pro-
cesses showing long memory behaviour. In order to study the memory proper-

ties of a FLP we consider the covariance between two increments.

Theorem 2.16 (Covariance between two Increments) Let h > 0 and
the FLP My given as in (2.8). The covariance between two increments
My(t+ h) — My(t) and My(s+ h) — My(s), where s+h <t andt —s =nh is
E[L(1)?
8uln) = CE
2I'(2d + 2) sin(7[d + 3])
BILOIACATY) s o ]
= R IR 4 O(n*—2 : 2.19
T(2d+2)sin(x[d+ 1)) (R7), m—oo. (219)
Proof. We use Theorem 2.15 and the stationarity of the increments of M,
(see Theorem 2.21 below),

p2d+1 [(n + 1)2d+1 +(n— 1)2d+1 _ 2n2d+1]

5d(n) = COV(Md(t + h) - Md(t), Md(S + h) - Md(S))
= cov(My(nh + h), My(h)) — cov(Mg(nh), My(h))
B E[L(1)?)
2I'(2d + 2) sin([d + 3])

Applying a binomial expansion we have for n — oo,

p2d+1 [(n i 1)2d+1 +(n— 1)2d+1 _ 2n2d+1} ‘

(n+ 1)2d+1 — n2d+1 + (Qd—l— 1)n2d+2d(2d+ 1)n2d71 _'_O(nQde)’
(n—1)%T = 2 (2 + 1)n* 4 2d(2d + 1)n*~! + O(n?*2).

Therefore, as n — oo,

5 () — E[L(1)?)d(2d + 1)
a(n) = ['(2d + 2) sin(w[d + 1])

h2d+1n2d—1 4 O(n2d—2) )

Corollary 2.17 Under the same assumptions as in Theorem 2.16,
da(n) =0 as n— oo.

As a direct consequence of (2.19) we have §4(n) > 0,

Z da(n) = oo,

and the increments of a FLP exhibit long memory in the sense of Definition
1.16.
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It is this long memory property allowing us in Section 2.4 to construct
long memory moving average processes without a fractional integration of the

kernel.

Remark 2.18 Note that for a martingale X with zero expectation the covari-

ance function must be identical zero, since
cov(X(h) = X(h—1),X(h+n)—X(h+n-1))
=F[(X(h)—X(h—-1)EX(h+n)—Xh+n—1)|Frinl]] =0.

This shows that M, cannot be a martingale. We will prove later that for a

broad class of Lévy processes, M, is not a semimartingale either.
Before, we derive important sample path properties of FLPs.

Theorem 2.19 (Holder Continuity) Let My = {My(t)}er be a square-
integrable FLP, i.e. the driving Lévy process L satisfies E[L(1)] = 0 and
E[L(1)%] < co. Then for every 3 < d there exists a continuous modification of
M, and there exist an a.s. positive random variable H, and a constant 6 > 0
such that

P

weN: sup
0<h<H(w)

(Md(t+h,w) = Md(t,w)) . 5] .
hB
This means that the sample paths of FLPs are a.s. locally Holder continuous
of any order 8 < d. Moreover, for every modification of My and for every
B>d, Plwe Q: My(-,w) & CPla,b]}) > 0, where CP[a,b] is the space of
Hélder continuous functions on [a,b]. Furthermore, if v(R) = oo then

P{weQ: My(-,w) ¢ CPa,b]}) = 1.

Proof. The first assertion follows directly from (2.18) and an application of
the Kolmogorov-Centsov Theorem (see e.g. Loeve (1960), p.519). Furthermore,
from Proposition 2.6 we know that t — (¢t — s)4 — (=s)L & CP[a,b] for every
B > d. Therefore, the proof of the second part is analogous to the proof of

Proposition 3.3. in Benassi et al. (2004). a

If @ < 2, we have for the linear fractional stable motion (see Example 2.4) the
following sample path behaviour (Samorodnitsky & Taqqu (1994, Example
12.2.3)).
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2 Fractional Lévy Processes

Proposition 2.20 Let 1 < a < 2,0 <d <1—2 and L, = {La(t)}1er be
a-stable. Then the linear fractional stable motion (LFSM)

Milt) = gy [ 10— 9% = (=) L

has a.s. continuous sample paths.

Proposition 2.21 (Stationary Increments) Let My = {My(t)}icr be a FLP
with driving Lévy process L satisfying E[L(1)] = 0 and E[L(1)%] < oo for some
1< a<2. Then

(i) My is a process with stationary increments.
(ii) My is symmetric, i.e. {Mq(—t)}her < {—=My(t) }1er.

Proof. (i) For any s,t € R, s < t we have

Mylt) = Malo) = gy [ 0= 0t = (s = ] L)

R

d 1 d d _
D / (£ s — )% — (~0)%) Lido) = Myt — 5),

where equality in distribution follows from the stationarity of the increments
of L.
(i) My(—t) = My(—t) — M4(0) 2 My(0) — My(t) = —My(t). d

Recall that fractional Brownian motion is the only Gaussian stochastic process
which is self-similar with stationary increments. As self-similar processes are
invariant in distribution under judicious scaling of time and space (see Defini-
tion 1.28), they are of great interest in modeling in e.g. turbulence, economics

and physics. For FLPs we obtain the following result.

Theorem 2.22 (Self-Similarity) (i) A square-integrable FLP My (i.e. a =
2) cannot be self-similar.

(i) If the driving Lévy process L of My is a — stable with index 1 < o < 2,
then My s self-similar with index H = d + é € (0.5,1).
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Proof. (i) Assume that M, is self-similar with index H. Then we have for

all ¢ > 0,
(Mfet)}ren & ™ {My() e (2.20)

The generating triplet of M,(t) is (74,0, v4,) (see (2.7)). Observe that,

Eleite " Mae] = exp // Tunfels) e Hyp fo(s)] v(de) ds
= exp //[eiCdH“”ft(s) —1—ic™Muzf,(s)] cv(dz) ds
R R

= exp [P 1 —juy fi(s)] cv(cB4dy) ds. p (2.21)
/]

Define for r > 0 the transformation 7, of measures v on R by (T,v)(B) =
v(r~'B), B € B(R). Then the Lévy measure of c=# My(ct) is given by c(Tyv},)
with b = ¢ . Therefore, if M, is self-similar, by the uniqueness of the gener-
ating triplet

Vi, = b VHE=D (Tt for all b > 0.

Then by Sato (1999, Theorem 14.3 (ii)) and its proof it follows that 77— < 2
and that v}, is the Lévy measure of an a-stable process with o = 1/(H — d).
Hence, E[My(t)?] = oo, contradicting the square integrability of M.

(ii) Now, suppose that L is a-stable. Then L is self-similar with index é and
v =b"Y2(Ty) for all b > 0 (Sato (1999, Theorem 14.3)), i.e. setting ¢ = b=/
we obtain that cv(c'/*dz) = v(dz). Then for 1 < o < 2 such that H —d = 1,

(2.21) = exp // [P _ 1 — juy fi(s)] cv(c*dy) ds.

2 exp //Zw%—l—WMM]<>s = BleMa®)

which shows ¢~ My(ct) < M,(t). Repeating the same arguments for
>t ujc T My(ct;), where m € N, t1,...,t,, € R and wy,...,uy € R, we
obtain (2.20) for H =d + +. 0
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2 Fractional Lévy Processes

Though square-integrable FL.LPs cannot be self-similar, we have the following
result concerning asymptotic self-similarity (see Benassi et al. (2004, Proposi-

tion 3.1) for a proof).

Proposition 2.23 FLPs are asymptotically self-similar with parameter 0 <
d < 0.5, i.e.

c—00 Cd

d — lim {Md(Ct) }t ] < {Ba(t) hier,

where the limit is the distribution of a fractional Brownian motion with pa-

rameter d, 0 < d < 0.5.

The next theorem on the local self-similarity of FLPs is crucial for our further

investigations.

Theorem 2.24 Let My be a (not necessarily square-integrable) FLP. Define
forl <a<2and0 < d < 1—% the parameter H by H = d+é, i.€.
0.5 < H < 1. Assume that v(dz) = g(z) dz, where g - R — R, is measurable
and satisfies

|-1-a

g(x) ~ |z , v—0

and

g(x) < Cla|™*  for all x € R,

with a constant C > 0.

Then My is locally self-similar with parameter H, i.e. for every fized t € R,

d— lell%l {Md(t + EI) - Md(t) }IGR 4 {Yﬁ(I)}xER (2'22)

ca
Here Yy is a linear fractional stable motion with representation

Vi) = s 10— o agas),

where L, is a symmetric a-stable Lévy process (see e.g. Samorodnitsky € Taqqu
(1994) and Example 2.4).
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Proof. Since M, has stationary increments it is enough to show the conver-
gence for t = 0. For uy,...,u, € R, —co <t; < ... <t, <ooandn € N, we
have by (2.6)

log &/ |exp {2 Z g, Mde(lgtk) }]
= // [exp {m Z U fikés) } 1-— Z feikéS)] (dx)ds
R R k=1 h=1
ev=s // [eXp {Z$€dﬁ Zukftk (’U)} -1 erOl H Zukftk(v>] ey(dl') dv
R R k=1 h=1

For any y # 0 the asymptotic behavior of g yields

H—d )eflfd N €H7d+1‘61517dy‘717a

eg(e" %y —

=y , €—0,

which is the Lévy measure of a symmetric a-stable Lévy process. This shows
that

G(y,v) — G(y,v), e—0 forall (y,v) €R?* y#0

with

G(:% U) = [exp {Zy Zuk‘ftk (U)} —1- Zy Z uk:ftk (U) |y|7lia'
k=1 k=1

We will show below that there exists F' € L'(R?) with

|G| < F foralle>0. (2.23)
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2 Fractional Lévy Processes

Then by the dominated convergence theorem

exp {Z Zn: Uy, Md(;tk) }]

k=1 €

:// exp {iyzukftk(v)} —1—iyzukftk(v)] ly| = dy dv
R R L k=1 k=1

k=1
B dx
> wfu)| i dv=Cla) [
k=1 R

_ / 7[2 cos(z) — 2]

where C(a) = 2

lellr(l)l log £

« «

dv,

zgzqﬁkj;k(v)
k=1

[cos(x) — 1]-E . Since,

exp {iZukYg(etk)} = C(a)/

(see Samorodnitsky & Taqqu (1994, p.114)), this yields the assertion. It re-
mains to show (2.23). By the upper bound for g we have

«

dv

2{:71kj2k(v)

k=1

log £

|Ge(y, v)| = |exp {iyzukftk(v)} —1—iy > wpfy, (v)| eg(y)e
k=1 k=1

IN

exp {zy >ty (v)} — 1 =iy Y unfy (v)| eCle "ty
k=1 k=1

= |exp {iyZukftk(v)} -1- iyZukftk(v) Cly|~'—
k=1 k=1

= F(y,v).

We show finally that F' € L'(R?). Consider the function
h(y, z) = exp(iyz) — 1 — iyz.

We have

1 1

1
h(y,z) = iyz/(exp(iyzs) —1)ds = iyz/iyzs/ exp(iyzsw) dw ds
0

0 0
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2.2 Second Order and Sample Path Properties

This yields the estimates

|2y, 2)| < 2y]|2] (2.24)
1
Wy, ) < Sy (2.25)
Taking for arbitrary 5 € (0, 1) both sides of the inequality (2.24) to the power

(3 and both sides of (2.25) to the power 1 — 3 and multiplying both inequalities
yields

Wy, 2) < 52 Il PL*77 < 2fy PPl (2.26)

Now choose 8 € (0, 1) such that

1 1

2-f=pe(

Then with (2.25) and (2.26)

F(y,v) = |exp {z’yZukﬁk(v)} —1—iy > wefy,(v)|Cly ™
k=1 k=1
n 2
< gy 2lyl? D urfi, (v)] Cly[~°
k=1
n p
+ L2l | D ukfi, ()] Cly[7
k=1
Since f;, € LP(R) and f;, € L*(R) by Proposition 2.5 we conclude that
n P
1| 21 (re) S/ / 2JylP Zukftk(v) Cly|™ " dy dv
R |y|>1 =1
n 2
+/ / 2|y|? Zukftk(v) Cly|™ " dy dv

R |y|<1 =1

n P

= Zuk‘ftk 2Cy[P~ 1" dy
b=t L2 (R) jy]>1
" 2
+ D wefu 2C|y* ' dy
k=1

L2(R) |y|<1
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2 Fractional Lévy Processes

—a |

n P
yp
< (Z\uk\||ftkumm) 10—
k=1

2—a

n 2
Y
+ (Z ’ukH’ftkHLQ(R)> 4C "ol
k=1
= 10—— o b
< (;\w\”ﬁﬁhmm) Oz—p+ (;‘Uk”‘ftk”Lz(R)> s

< o0,

1
1

where we have used that p < o < 2. Hence the upper bound F in (2.23) is in
L'(R?) and the proof is complete. QO
In the following let, as in Section 1.4, Var(qy (M,) denote the total variation

of the sample paths of M, on the interval [a,b] C R.

Theorem 2.25 (Total Variation) If v is given as in Theorem 2.24, the
sample paths of My are a.s. of infinite total variation on compacts, i.e.

Vargy(Mg) = oo a.s. If v(R) < oo, they are of finite total variation.

Proof. We know from (2.22) that
Mqa(t £ h) — My(t) 4

d—lim ~ Y (£1)

Thus,
My(t + h) — My(t
d— tim 1 Malt £ 1) = Mat)] 4 Y(£1)| >0 a.s. (2.27)
1o |h|H
As |Yy(£1)| > 0 a.s., for all ' C Q with P()') > 0 it follows
My(t +h) — M,
lim E {19, [Malt £ 1) - d(t)‘] > 0. (2.28)
hlo A"

In fact, let Q" C Q with P(2) > 0. Then 1}}51 P(]Y;(£1)] < 6) — 0. Choose

0 > 0 small enough such that § is a continuity point of the distribution function

of [Yg(£1)| and P(|Yz(x1)| < 6) < Z&0 Then by (2.27)

(EERR
A

P(SY)
T

lim P

in <0) = P(Y (D] £9) <

Hence, there exists ¢; > 0 such that

My(t +h) — My(t P(Y
P(| a( ﬂ;jﬁ d()|§5)§ (2) for all h # 0, |h| < €.
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2.2 Second Order and Sample Path Properties

This yields

M, - M P(Y
P Q'ﬂ ’ d(t—i_h>~ d(t)‘ S5 S ( ) for allh%(), ‘h| Se“
|h|7 2
and hence
M, — M, P(Y
p (o n{Matth) = MO} > Lo allh £ 0, |h| < .
|h[H 2
Therefore,
B {19, | Mqy(t + h) - Md(t)q
Al
sl [Ma(t + h) — Ma()
— Q/ﬂ{ \]\/Id(t-{‘—:‘);]wd(t)\gé} ‘h‘g
|Ma(t + h) — Ma(t)|
+E 1Q,m{\Md<t+‘:‘);Md<t>\>5} |h|H
>0+ E |1 sl —op (o Malt+h) = Ma®] 5
- Q/m{ \J\fd<f+‘7:‘)i;Md<“‘>5} N |h|H
Py
> L(5, for all h # 0, |h| < &.

This shows (2.28).
Now, assume that P(Vary,(Mq) < 0o) > 0. Then there exist ' C 2, P(Q) >
0 and K > 0 such that Vary,y(Mg) < K on €. Hence,

E[lo Vargy(My)] < K. (2.29)

We lead this to a contradiction:

For any sequence a < tg <ty <...t, <b, we have

E [1Q/Var[a7b](Md)] 2 E 19/ Z ‘Md(tiJrl) — Md(tl)‘

i=0
= E[lg|Ma(tit1) — Ma(t:)]]. (2.30)

i=0
Fix [a,V] C [a,b], a < b < b. We construct a sequence a <ty < t; < ... <t, <

b < t,y1 < b for some n with

2K
0<i<n. (2.31)

E [19/’Md(ti+1) - Md(tz>H 2 (tiJrl - tl)b, _ &’ =
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2 Fractional Lévy Processes

Since H < 1, (2.28) yields

Myt +h)— M, 7 Myt +h)— M,
R10 h h10 hH
(2.32)
Thus, for any t € [a, V], we find 0 < ¢, < b— 0 with
2K
E 1o/ |My(t + h) — My(t)|] > \h\—a, YV h,|h| < . (2.33)

Now, (]t — €, t + &) is an open covering of [a,b] and thus we find a finite
covering (Jto; — €, toi + €1,,]), to < ta < ... < tom, tom + €1, = tomsr > V.
Now we choose ty;1 € Jtai, ta; + €1y, [ N ]t2irs — €1ypn, taire[. Then by (2.33) in
fact (2.31) holds for all i, 0 < ¢ < 2m =: n. Now summation of (2.33) gives
together with (2.30)

3

= 2K
E[]_Q/ VCLT[a’b}(Md)] Z E[]_Q/ |Md(ti+1) — Md(tz)H Z Z |ti+1 — tz| b/ .
i=0 =0
2K

> 2K.
a

This is a contradiction to (2.29). Consequently, Vary,;(Mq) = oo a.s.

It remains to show Vary,(Mq) < oo, if ¥(R) < oo. The proof is based
on the series representation of FLPs. For simplicity we assume that the Lévy
measure v of the driving Lévy process L is symmetric. Now, consider the
series representation (2.12). Since v(R) < oo, there is only a finite number
n € N of jumps 7; on every interval [a,b]. Now, we divide the interval [a, b]

into subintervals |7;_1, 7, i = 1,...,n. Let (t]")x=1...m be a refining sequence

.....

on the interval |7;_1, 7], i.e. max [t — 7" 1| — 0 as m — oo. Then

Variesni(Mo) =p = fim 32 M) = Ma(e2-)

:p_nlii%oz Zgﬂ (ip(U)) fo (U 253 (730(U3)) fi, (U3)
=1

=p Jim > Zeg (Ui (U5) = i, (Uy)]
k=1
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2.2 Second Order and Sample Path Properties

1 m m
=p-— nll_rgoz 26] T]p m[(tk - Uj)i - (tk—l - Uj)i]

k=1 | j=1

|V (%P(%)”mﬁ —nlbljﬂooz ’(tk - Uj)i (tk 1 Uj)i’
k=1

T

1

J

v (mip(U)V arg,_, -y (f-(Uj)).

M

1

j
Since the total variation of the function ¢t — (¢t — s)4 — (—s)? is finite on
every interval [1;,_1,7;] (see Proposition 2.6) and since there are only finitely
many 7;, we can conclude that the sample paths of M, have finite variation on
compacts.

If v is not symmetric the proof uses the spectral representation (2.14) and

the same arguments. 0

Remark 2.26 Observe that as a consequence of Theorem 2.25, M, is a semi-

martingale if ¥(R) < oc.

Theorem 2.27 (Semimartingale I) Let My be a FLP. If the Lévy measure
v of the driving Lévy process is given as in Theorem 2.2/, the fractional Lévy

process My is not a semimartingale.

Proof. Let 0 =t} < ... <t =t, n € N be a partition of [0,¢] such that

max |t} —t?| — 0 as n — oo. Assume that My is a semimartingale. Then
0<i<n

its quadratic variation
n—1

[Ma, Male = p — lim Y [Ma(ti,) — Ma(t7)]?
1=0

exists for all t € [0, 7], T > 0. Hence, there exists a refining subsequence {¢;*}

such that as k — oo,

np—1

D IMa(ty) = Ma(t7)]* — [Ma, Ma):  as.

=0

Therefore, we can apply Fatou’s Lemma to obtain together with Theorem 2.15,

ng—1
My, Mdy = B | lim > [Ma(ti},) - Mdu?kn?] (2:34)
=0
nE—1
< liminf £ ;[Md@?ﬁl)—Md(t?k)]?] (2.35)
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2 Fractional Lévy Processes

ne—1
=liminf » E[M(t}t;) - My (t7%)]?

Do
E[L(1)?]

= lim inf th, — 2 =,

T(2d+ 2) sin(w[d + 1)) oo ZO [t =&

It follows from My(0) = 0 a.s., (2.34) and Protter (2004, Theorem I1.22
(ii)) that [Mg, M) = 0 a.s. for all ¢t € [0,7], T > 0. As My is a continuous

semimartingale it is of the form
Ma(t) = Mq(0) + A(t) + B(t),

where M,(0) is an Fp-measurable random variable, A(0) = B(0) = 0, B is
an a.s. continuous local martingale with respect to F and A is an a.s. right-

continuous, F-adapted finite variation process. It follows
0= [Md, Md]t = [A, A]t = [A, B]t = [B, A]t = [B, B]t a.s. for all t & [O,T]

Therefore, as My and hence B has continuous sample paths, Protter (2004,
Theorem I1.27) implies B(t) = 0 a.s. for all t € [0,T], T > 0. Hence, M, is
a finite variation process. This contradicts Theorem 2.25, if v is of the form

given in Theorem 2.24. |

Remark 2.28 Let the driving Lévy process L be a symmetric a-stable Lévy
process with 1 < a < 2. Then the Lévy measure v is of the form given in
Theorem 2.24. Consequently, Theorem 2.27 yields that the corresponding FLP
is not a semimartingale. This shows that linear fractional stable motions (see

Example 2.4) cannot be semimartingales.

We conclude this section with a result concerning the lower bound for the
L'-norm of My(t) and which will lead to a further class of Lévy processes for

which the corresponding FLP cannot be a semimartingale

Proposition 2.29 Let M, be a FLP. Suppose the Lévy measure v of the driv-

ing Lévy process L satisfies

lz|v(dz) > C e (2.36)
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2.2 Second Order and Sample Path Properties

B—=d(1+p)
1+

for some B > 1 and a constant C' > 0. Then there exists 0 < § <
t >0, such that

, and

E|My(t)| > Ct'™°,  forall 0 <t <t (2.37)

Proof. We apply the results of Marcus & Rosinski (2001): Let [; be a solution
of the equation
2

0.251, < E|My(t)| < 2.1251, (2.38)

Then

(Marcus & Rosinski (2001, Theorem 1.1)). We observe that £(l;) is monotone
decreasing in I,. Therefore we show that &(¢'7%) > 1 for some 0 < § < 1, since
then I, > t'79. We have

{(z,8) : |fi()llx] =1} D {(x,8): s€[0,8/2], (t—s)x] =1}
O {(z,5): s€10,t/2], (t/2)%x| > 1}

| fi(s)|]]
Z//tfl{ﬁ(s)wzzw(dx)ds
R R

t/2

z/ / |x|(t%>dy(dx)ds

0 |a|>1(t/2)~4

_ / el w(de) E= [

Therefore,

@+ 1) |,
|z >1(t/2)~¢
td+1 . (t/2)d+1
= [ laelvia
d+ 1)l
|| >1(t/2)~¢ ( )
L—1/(2™) 40
= / 2| v(dz) —————2t".
d+ 1)l
|| >1(t/2)~¢ ( )
Now it follows from (2.36) that
1 C thrl

JUR 2(d+1)< d>ﬂ l
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2 Fractional Lévy Processes

Let [ = 179, Then

1 C td+5
) > YT
2{d + 1) 29 (150

__ b O aaprsais-s,
2(d+ 1) 2%

B—=d(1+p)
I+

Hence, for 0 < § <

: 1-6y _
ltllr(r)lf(t ) = oc.

This shows I; > 179 for t < ¢, £ > 0 small and (2.38) yields the assertion. O

Theorem 2.30 Let My be a FLP. Suppose the Lévy measure v of the driving
Lévy process L satisfies (2.36). Then the sample paths of My are a.s. of infinite

total variation on compacts.

Proof. Define
X; = My((j + 1)t) — Ma(jit).

Since M, has stationary increments, the sequence {X,} is stationary and er-

godic. Thus Proposition 2.29 and the ergodic theorem imply that

n—1

1
lim — X.| = E|X,| > Ct?° 2.39
ngoon;o! il | X4] > (2.39)

a.s and in L'(Q, P). We observe that

n—1
1 Var pa(M,
=3 1x51 < Varg(Ma),
n

- nt
Jj=0

This together with (2.39) shows that for every ¢ > 0, € > 0 there exists n.;
such that

Varom (M
P( ariome.(Ma)

t> Chms >1—c¢,
ne,tt 2

1.e.

Vargn, q(My) _ C
P( arone(Ma) —t_é) >1—
n@tt 2

Now, let ¢t | 0. Then for every € > 0 and M > 0 there exists 7' > 0 such that

P (—VW[O?(Md) > M) >1—e
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2.2 Second Order and Sample Path Properties

Consequently, for every € > 0, M > 0, there exists s > 0 such that
P (Varpsi(Mg) > M) > 1 —e (2.40)

Furthermore, we have by monotone convergence

271
=1
2n
= lim Y B|My(j27") — Ma((j — 1)27)]
=1

2n
> lim 02(2_”)1_5 — 00.
i=1

Assume P(Vary,41)(Mg) < 00) > 0. Then there exists M > 0 and Q' C
with P(€') =: 2¢ > 0 such that

V@T[t,tﬂ] (Md)

M
o/ < 77
ie. P(Vary)(My) < %) > P(Q) = 2, and hence,
M
P(V@T[t7t+1](Md) > ?) S 1 — 2e. (241)

Since My has stationary increments we have Vary 41(Maq) < Varg i1 (Ma).
In fact, let t =tg < t; < ... <t, =t+ 1 be a partition of the interval [t, ¢+ 1].
Then

DI Ma(te) = Ma(tia)| = 3 [Ma(ti = (t = ) = Maltios = (£ = 5))|
= Z | Ma(si) — Ma(si-1)],

where s; = t; — (t — s). This shows Vary1(Mq) 4 Vargss111(Ma), since all
possible partitions of the interval [¢,t 4 1] are the same as those of [s, s + 1].
Now, it follows from (2.40) that there exists s > 0 with

P(Varpei1)(Mg) > M) > 1—€, ie.

P(Var[t,tJrl}(Md) > M) = P(VCLT[&SJFH(Md) > M) > 1—c¢

contradicting (2.41). The proof is complete.
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2 Fractional Lévy Processes

Corollary 2.31 (Semimartingale II) Let M, be a FLP. If the Lévy mea-
sure v of the driving Lévy process satisfies (2.36), then My is not a semimartin-

gale.

Proof. The proof is analogous to the proof of Theorem 2.27. a0

Figure 2.3 and Figure 2.4 show sample paths of FLPs, where the driving Lévy

process has a truncated stable Lévy measure
_ Ly

v(de) = FED dx, (2.42)

with 1 < a < 2. Observe that (2.42) satisfies the assumptions of Theorem

2.24. Hence, the resulting FLP is not a semimartingale

1.2

d=0.01

d=0.25
0.6 Ny

i/
0.4 * i

M@
<= 3

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2.3: The sample paths of a FLP for different values of d, where the driving
Lévy process has Lévy measure (2.42) with o = 1.5.
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2.3 Integrals with respect to Fractional Lévy Processes

1.4 T T T T T T T T T

MO.ZS(t)

Figure 2.4: The sample paths of a FLP for d = 0.25, where the driving Lévy process
has Lévy measure (2.42) with o = 1.5 and a = 1.99.

2.3 Integrals with respect to Fractional Lévy

Processes

In the present section we define integrals with respect to fractional Lévy pro-
cesses. As pointed out in Theorem 2.27 and Corollary 2.31 a FLP is not always
a semimartingale. Therefore, classical It6 integration theory cannot be applied.
Recently, integration with respect to FBMs has been studied extensively and
various approaches have been made to define a stochastic integral with respect
to FBM (see Nualart (2003) for a survey). For instance Zahle (1998) intro-
duced a pathwise stochastic integral using fractional integrals and derivatives.
If the integrand is B-Holder continuous with § > 1 — H, then the integral
with respect to FBM can be interpreted as a Riemann-Stieltjes integral. Other
approaches use the Gaussianity and define a Wiener integral or they apply
Malliavin calculus to obtain Skorohod-like integrals with respect to FBM (see
e.g. Decreusefond & Ustiinel (1999) and the references therein). Malliavin cal-

culus was also used by Decreusefond & Savy (2006) to construct a stochastic
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2 Fractional Lévy Processes

calculus for filtered Poisson processes. A new integral of Itd type with zero
mean defined by means of the Wick product was introduced in Duncan et al.
(2000) who also give some It6 formulae (see also Bender (2003a)).

In this section we consider the special case of a deterministic integrand which
is sufficient for our present purposes and turns out to be easy to handle. Fur-
thermore, until the end of this thesis we only consider square integrable FLPs,
i.e. we always assume o = 2 in Definition 2.1. The reason is that, as already
mentioned several times, we are interested in long memory processes. Our def-
inition of long memory requires the autocovariances to exist (see Definition
1.16).

We give a general definition of integrals with respect to FLPs which is closely
related to the integral with respect to FBM defined in Pipiras & Taqqu (2000).

Recall from Section 1.3 the definition of the Riemann-Liouville fractional
integral I¢ and derivative D4 of order d (0 < d < 0.5). Observe that we can
rewrite

Malt) = [(100)(5) L(ds). (243
R

Now, consider for g € L'(R) the right-sided Riemann-Liouville fractional
integral I%g of order d and denote by H the set of functions ¢ : R — R,
g € L'(R) such that

oo

/([dg)Q(u) du < 0. (2.44)

— 00

Proposition 2.32 If g € L'(R) N L*(R), then g € H.
Proof. Starting from the fact that (I¢g) € L?(R) if and only if

/|h(u)(1ig)(u)| du< Cllhl|  for all h € L2(R),
R
it is sufficient to show that for all h € L*(R),

// |h(u)s*g(s 4+ u)| ds du < C||h]| 2. (2.45)

R
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2.3 Integrals with respect to Fractional Lévy Processes

Now (2.45) holds if

://|h(u)sd_lg(s+u)|dsdu§C’HhHLz
R 1

and

1
= // |h(u)s*tg(s + u)| ds du < C||h|| L2
R 0
Applying Fubini’s Theorem and the Hélder inequality we obtain for I,
1

/ - 1/|h o(s+u |duds</sd_1||h||L2Hg||L2ds:d_1]|g||Lz||h||L2.
0

Furthermore, setting ¢t = s + v and using again Holder’s inequality,

00 0o 1/2
hz/mm/wwmw*wﬁs/mm /ﬂﬁws g(0)] dt
R 1 R 1

1
z/HhHmi!g(t)!dtS (1 —2d)"2|lgll2 I 2
V1—2d
R

a
We define the space H as the completion of L'(R) N L*(R) with respect to

the norm
1/2

I lli= | EILP) [ (129w du

R
If follows from Pipiras & Taqqu (2000, Theorem 3.2) that || - ||z defines in

fact a norm. Then from the proof of Proposition 2.32 we know that for g €
LY(R) N L*(R),
lgllasC [H gl + 11 g 2] (2.46)

To construct the integral Iy, (g) = fR s) My(ds) for g € H we proceed

as follows. Let ¢ : R — R be a simple function, i.e. ¢(s) = Z ail(s;,50011(5)s

where a; € R, i = 1,...,n and —00 < 51 < 59 < ... < 8, < oo Notice that
¢ € H. Define

JMW:/WMMMZEMM@M—M@M

1
i=1

Obviously, Iy, is linear in the simple functions
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2 Fractional Lévy Processes

Proposition 2.33 Let ¢ : R — R be a simple function. Then

/ 6(5) Malds) = / (16)() L(du) (247

and ¢ — Ing, (@) = [ &(s) My(ds) is an isometry between H and L*(Q, P).

Proof. It is sufficient to show (2.47) for indicator functions ¢(s) = 1jo4(s),
t > 0. In fact,

/¢ ) Ma(ds) / 1(s) Ma(ds) = Mq(t)

and for the r.h.s. of (2.47) we obtain,

/(Iicb)( ) L // s — u) Mg (s)ds L(du)

F(d Y R/ (t —u)’ = (—u)") L(du), <0,
_ 1
@+ /(t_“)dL(dU), 0<u<t,
\0’ u >t
F(d1+ 1) R/ [(t —w)§ — (—u)i] L(du) = Ma(t)

Moreover, for all simple functions ¢ it follows from (2.9),
2

| 1, () By = E / (16)(u) L(du)

R

= BILOP) [P wdu= ol (248)

|

Theorem 2.34 Let My = {My(t) }+cr be a fractional Lévy process and let the
function g € H. Then there are simple functions ¢, : R — R, k € N, satisfying
| & — g lu— 0 as k — oo such that Iy, (¢r) converges in L*(2, P) towards
a limit denoted as In,(g) = [ 9(s) My(ds) and Ip;,(g) is independent of the

approximating sequence ¢k. Moreover,

I a1 (9) 220y =I 9 115 - (2.49)
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2.3 Integrals with respect to Fractional Lévy Processes

Proof. The simple functions are dense in H. This follows from the fact that
the simple functions are dense in L'(R) N L?(R), that L*'(R) N L*(R) is dense
in H by construction and (2.46). Hence, there exists a sequence (¢y) of simple

functions such that

6= lln= [ (ﬁ | =0t - gt ds)2 du = 0

as k — oco. It follows from the isometry property (2.48) that [, dx(s) My(ds)
converges in L*(€2, P) towards a limit denoted as [, g(s) My(ds) and the isom-
etry property is preserved in this procedure. Last but not least (2.49) implies
that the integral [, g(s) Mqa(ds) is the same for all sequences of simple functions

converging to g. 0

Corollary 2.35 If My is a semimartingale, then [5 g(s) Mq(ds) is well-defined
as a limit in probability of elementary integrals. Observe that, since the limit

in probability is unique, this limit is then equal to the limit In;,(g) of Theorem
2.54.

Using (2.47) and Theorem 2.34 the next proposition is obvious.

Proposition 2.36 Let g € H. Then
/ o(s) My(ds) = / (19) (u) L(du), (2.50)
R R

where the equality holds in the L?-sense.

Remark 2.37 Notice that our conditions on the integrand ¢ differ from those
imposed in the work by Zihle (1998). In particular we do not require the
function ¢ to be Holder continuous of order greater than 1 — d. Furthermore,
if the function ¢ is Holder continuous and ¢ is defined on a compact interval,
then g € L'(R) N L*(R). Hence, g € H.

The second order properties of integrals which are driven by FLPs follow by
direct calculation. As E[L(1)] = 0, first note that we have for g € H,

E /g(t)Md(dt) =F ﬁ//(s—u)d_lg(s)dsL(du) = 0.

R
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2 Fractional Lévy Processes

Proposition 2.38 Let |f], |g| € H. Then
[ 0 aaan / 9(u) Ma(du)
R

_F(l_Qd //f — ul* dt du. (2.51)

I'(d

Proof. It is a well-known fact that (Gripenberg & Norros (1996), p.405),

min(u,t)
r'd)Ira-—2
/ (t— )" u—s)"tds = |t — u\%_lw, u,t € R.

—00

Hence, by the isometry (2.49),

/f Mddt/g Mddu

R
oo o0

SR T ] [ romtore— oo s

oo 0o min(u,t)

:Mjﬁ / / Fg(w) / (t — ) (u — s ds dt du

—00 —00

r(1 - 2d L(l I -
_ dtd

—00 —00

where we have used Fubini’s theorem. O

2.4 Application to Long Memory Moving Average

Processes

In discrete time, moving average (MA) processes are very popular in classical
time series analysis and are widely used in applications in engineering, physics
and metrology.

We consider the continuous time version of a MA process. Continuous time

MA processes play an important role since they are very flexible models, e.g.
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2.4 Application to Long Memory Moving Average Processes

MA processes can capture volatility jumps or exhibit long memory properties.
Typical examples are the stochastic volatility models by Barndorff-Nielsen
& Shephard (2001b) which are based on Ornstein-Uhlenbeck processes, the
CARMA processes (Chapter 1.2) and FICARMA processes (Chapter 1.3) or
the stable MA processes (Samorodnitsky & Taqqu (1994)).

Considering short memory MA processes, we construct a special class of
MA processes, the long memory MA processes. We would like to stress that
throughout this section we assume that L is a Lévy process without Brownian
component satisfying F[L(1)] = 0 and E[L(1)?] < co.

Stationary continuous time moving average (MA) processes have already
been introduced in Definition 1.4. Moreover, Proposition 1.5 gives conditions
for a MA process to be well-defined, stationary and infinitely divisible, which
are formulated in terms of the kernel g and the generating triplet (v, 0%, vy)

of the driving Lévy process L.

Definition 2.39 (Short Memory Causal MA Process) Let L ={L(t)}icr
be a second-order Lévy process having generating triplet (vyp, 0%, vy). Then we
define a short memory causal moving average process by (1.21), where we as-
sume that the kernel g : R — R is measurable and satisfies the following two

conditions:
(M1) g(t) =0 for allt <0 (causality),

(M2) |g(t)| < Ce for some constants C > 0 and ¢ > 0 (short memory).

From now on, if not stated otherwise, a MA process means a short memory
causal MA process, i.e. g satisfies (M1) and (M2) which imply g € L'(R).

Proposition 2.40 A short memory MA process is well-defined if

/ log |z| v (dz) < oo. (2.52)

|z|>1

Proof. The assertion is shown by substituting (M2) in Proposition 1.5. O
We can use a short memory MA process to construct a long memory MA

process.
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2 Fractional Lévy Processes

2.4.1 Lévy-driven Long Memory MA Processes

We recall from Section 1.3 that one possibility to incorporate long memory into
a class of short memory processes, is to fractionally integrate the kernel g in
(1.21). Recall that the definition of the Riemann-Liouville fractional integrals
has been given in Section 1.3.

We calculate the left-sided Riemann-Liouville fractional integral of the kernel
g in (1.21), where we only consider functions ¢ € H. Then we obtain for

0 < d < 0.5 the fractionally integrated kernel

t
d—1

galt) = (Iﬁfg)(t):/g(t—s)%ds, teR. (2.53)

From (M1) and (M2) follows that g4(t) = 0 for ¢ <0 and

t
d—1

|9a(t)] = /g(t—s);(d) ds| < Kt47' t>0, (2.54)

for some constant K > 0. Moreover, g; € L*(R) as g € H. We can now
define a fractionally integrated MA process by replacing the kernel g by the

kernel gg4.

Definition 2.41 (FIMA Process) Let 0 < d < 0.5. Then the fractionally
integrated moving average (FIMA) process Yq = {Yy(t) }ier driven by the Lévy
process L with E[L(1)] =0 and E[L(1)%] < oo is defined by

t

Yy(t) = / ga(t — u) L(du), t e R, (2.55)

—00

where the fractionally integrated kernel g4 is given in (2.53).

The next proposition summarizes results on the stationarity and infinite

divisibility of FIMA processes.

Proposition 2.42 (Stationarity, Infinite Divisibility) The FIMA process
(2.55) is well-defined and stationary. Moreover, for all t € R the distribution
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2.4 Application to Long Memory Moving Average Processes

of Yy(t) is infinitely divisible with characteristic triplet (4,0, %), where

Vo= —//xgd(t—s)l{gd(tS)x|>1}1/L(dx)ds and  (2.56)

—oo R
VL(B) = / / (galt — $)2) vi(dz) ds, BeBR).  (2.57)
—oo R
Here (y1,0,vr) denotes the characteristic triplet of L.
Proof. Since g; € L*(R) we can apply Proposition 1.2 to Y;(0) and obtain

that Y, is well-defined. Let uq,...,u, E Rand —co<t; < ... <t, <00, n €
N. Then by the stationary increments of L,

tr+h

wYg(ts +h) + ... +u,Ya(t, + h) Z i / a(tk +h — s) L(ds)
n bk _
LN / ga(ty — s) L(ds) = w1 Yy(ty) + ... +upYa(ty).  (2.58)
k=1

—00

The characteristic functions of the left and the right hand side of (2.58)
coincide. Hence, by the Cramér Wold device Yy is stationary. 0
So far we constructed a FIMA process by a fractional integration of the
corresponding short memory kernel g. The next theorem states that we can
also construct a long memory MA process by replacing in the short memory
MA process (1.21) the driving Lévy process by the corresponding fractional

Lévy process. The resulting process coincides in L? with the process (2.55).

Theorem 2.43 Suppose Yy = {Yy(t)}ier to be the FIMA process Yy(t) =
fioo ga(t — s) L(ds), t € R, with g4 € L*(R) such that g4 € I{(L*). Then Yy,
can be represented as

() = / gt — 5) My(ds), t € R, with (2.59)

—0o0

g(x) = ﬁddx/gd( s)(x —s)"4ds, =z €R,

T
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2 Fractional Lévy Processes

1.e. g is the Riemann-Liouwville derivative Digd of the kernel gq4.
On the other hand, if Yy is given by (2.59) with g € H, then Yy can be
rewritten as Yy(t) f ga(t — s) L(ds), t € R, where gq(z) = (I1g)(x).

Proof. For every t € R it holds a.s.

Yi(t) = / ot — 5) My(ds) = ﬁ / / (s — u)lg(t — 5)ds | L(du)
= ﬁ / /sd Yg(t —u—s)ds | L(du) = / ga(t — u) L(du),
where we used (2.50). O

Using representation (2.59) of a FIMA process we show that this class of

processes has long memory properties.

Theorem 2.44 (Long Memory) A FIMA process Yy = {Yy(t) }1er is a long

memory MA process.

Proof. Since Y, can be expressed as (2.59), we have from Proposition 2.38
for h > 0,

a(h) = cov(Ya(t + h), Ya(t))
_ P(IZj()ll“(_—zd) / gt +h —u)g(t —v)ju—v* ' dudv
' -2d) 2d 2d—1
= Tri—d //g §)|h — s+ 5" dsds.
It follows,
Yy, (h) ~ %E[L(lf] /g(u) du | |h**™', as h— oco. (2.60)

R
Hence, 7y, satisfies condition (1.37) and Yj is a long memory process.

It remains to show (2.60):

/ / o) _‘ S dsas / /
// S dsds+ 1, (2.61)
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where
s gt
I://g(s)g(§) (’1_E+E 1) dsds
R R
Then
521
< [ [l |15+ 5] =11 asas
R R
) 521
+//CecsCeCS PR — 1| 1jj5_gj>eny ds ds
R R

Since for |§ — s| < eh we have
S (1_6)2d71_1’

~12d—1
’1_%+E —1 gmax((l—e)w*l—171—(1"‘6)%71)
we obtain
ug«yfwl—n//mwmw@ﬁ+um
R
= (1= = 1) lgl7: @) + L(h)
where
s 521
//02668 —c§ _ E + E —1 1{‘§75‘>6h} ds ds.
R R
Define (u,v) = (s + 3,5 — §) =: T(s,3), i.e. d(u,v) = |det(T'(s,5)|d(s,5) =
+35> |s — s| we have

2d(s, 8). Since s
/ 2% |1— TP 1] d(u )

Ir(h) =
u>|v|>eh
2 _—cu Ui2d-1
:2//06 dqu_E’ — 1] dv
eh v
—eh oo
+2//C2e_cudu|\1—%|2d_1—1|dv

—0o0 —v

1202 v 202
< —cv 1__2d71 1) d / cv 1__2d1

T (L= Tt s [ 2 e (- Tty
—_———

eh
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2h 00 —eh
207 4C? 4C?
< [ e 1 - E\Qd’l dv + / —e “dv + / —e® dv
h c c
eh eh —00
207 h vk 207 h v 2h
< ZZ p—eeh 7 1— — 2d s~ _—ch ' ¥ 1 2d
s e U, e T U,
402 w ch 402 " —eh
+ —e + —e
C [o@) C —o
207 n 207 h C?
= — e " _ (] — 2d s~ _—ch " ] —ceh
c ¢ 2d( "+ 2d + c? ¢
Now, we choose ¢ > 0 such that
K

(1=t —1) ngil(R) <

2
for some K > 0. As € > 0 is fixed, it follows that I5(h) — 0 as h — oo. This
shows that |I| becomes arbitrarily small as h — oo, which yields the assertion
by (2.61). O

2.4.2 Second Order, Sample Path and Distributional
Properties of Long Memory MA Processes
In the preceding proof we have already derived an expression for the autoco-

variance function of a FIMA process. However, the following representation

will be needed to calculate the spectral density.

Theorem 2.45 (Autocovariance Function) Let 0 < d < 0.5. The autoco-

variance function vq of a FIMA process Yy is

v4(h) = E[L(1)?] /gd(u + h)gq(u) du, he€R,

(2.62)

where gq is the fractionally integrated kernel given in (2.53).

Proof. Let h > 0. Then from representation (2.55),

t

valh) = cov(Ya(t + h), Ya(t)) = var(L(1) / Galt +h — $)ga(t — 5) ds

= B[L(1)?] /gd(u + h)ga(u) du = E[L(1)] /gd(u + h)gq(u) du,
since g4(t) = 0 for ¢ < 0. O
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2.4 Application to Long Memory Moving Average Processes

Theorem 2.46 (Spectral Density) The spectral density fq of a FIMA pro-
cess Yy equals
E[L(1)?
) = 2 G 00p . dem (2.63)
where Gg(N) = [ €™ ga(u) du, X € R, is the Fourier transform of the kernel

function gq given in (2.53).

Proof. Since the spectral density of a stationary process is the inverse
Fourier transform of the autocovariance function, we obtain from (2.62) by

direct calculation,

a0y = EEWT [ e [ gt mygata
- %S)] //e"’\(”“)gd(v)gd(u) du dv
= %53)2] /e_iw‘gd(v) dv /ew’\gd(u) du
_ %S)Z]Gd(_x)ad(x) _ %S)Z] IGaN?, AER.

0

To obtain some insight into the behaviour of the sample paths of a FIMA pro-
cess we exclude path properties that do not hold. In fact, Rosinski (1989) pro-
vides immediately verifiable necessary conditions for interesting sample path

properties.

Proposition 2.47 (p-Variation) Let p > 0. If the kernel t — gq(t — ) is
of unbounded p-variation then P({w € Q : Yy(-,w) & Cpla,b]}) > 0, where

Cpla,b] is the space of functions of bounded p-variation on [a,b].

Proof. The assertion follows by an application of Theorem 4 of Rosinski
(1989), where we use the symmetrization argument of section 5 in Rosinski
(1989), if vy, is not already symmetric. 0

We noted in Theorem 2.42 that a FIMA process Y, has infinitely divisible
margins. Moreover, since E[L(1)] = 0, E[L(1)?] < oo and g4 € L*(R) it follows
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2 Fractional Lévy Processes

by (1.11) that we can represent Yy as

Yu(t) = /t /xgd(t — ) J(dz, ds).

—oo Rg

Therefore we can apply the results of Marcus & Rosinski (2005) to determine
the continuity of Y.

Proposition 2.48 (Continuity) Let g4 € C}(R). Then the FIMA process Yy

has a continuous version on every bounded interval I of R.

Proof. Applying Theorem 2.5, Marcus & Rosinski (2005), we obtain that

Y, has a continuous version on I C R, if g4(0) = 0 and if for some € > 0,

1/2+€
sup (log ) |ga(u) — ga(v)| < 0.

u,vel |U - U|

We have |gq(u) — ga(v)| < g4 E)||u —v] < Clu—v], u <& < w, £ € 1.

Therefore,

1 1/2+4¢€
sup (}og ) 19a() — ga(v)] < sup CJt](~ log |#])/> = supm(2),
u,wel \U - U\ tel’ tel’

where
m(t) = C|t|(=log |t|)/**c < Clt|(=log|t|)) = 0 ast— 07,

Moreover, m is continuous and assumes its maximum on any compact interval.
Hence,

supm(t) < oco.
tel’

Remark 2.49 If the process L has paths of bounded variation then

t

nwz/MFMMMZ@wMWtEK

— 00

is the convolution of the kernel g4 with the jumps of L, taken pathwise. In this

case, as ¢q4 is continuous, it is obvious that Y, is continuous.
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2.4 Application to Long Memory Moving Average Processes

Finally, we consider the question what happens if we fractionally differentiate
a long memory FIMA process and fractionally integrate a short memory MA

process.

Theorem 2.50 The left-sided Riemann Liouville fractional derivative DfﬁYd

of a FIMA process Yy is the corresponding short memory MA process Y .

Proof. Applying Fubini’s Theorem for stochastic integrals (Theorem 65,
Protter (2004)) we have,

IO = iy [ (=9 ils) ds

= ﬁ% / /(t —8)"%g4(s —u)ds L(du), teR.

Now define .
2() ;:/ (D + ga)(t — ) L{du), t € R,
where -
D(t) = t""(T(1 = d)) " Ljo,00)(1)-
Then
(DAYa) (1) = 201

and again by Fubini’s theorem,

t

Z(t) = /(D % gq)(t — u) L(du) = /(D % ga) (x — u) do L(du)

—0o0 U

:/](D*gd)’(x—u)L(du)dx, teR.

Hence for t € R,

DL (0) = 520 = [ (D ga) (¢ = ) Lidu),

and since (D * g4)'(t) = (D%g4)(t) = g(t), we obtain

t

@0 = [ gt -5 Lids) = V(@) te R

—00
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Theorem 2.51 The left-sided Riemann Liouville fractional integral IiY of a
short memory MA process Y is the corresponding long memory FIMA process
Yy

Proof. Using again Fubini’s Theorem (Theorem 65, Protter (2004)) we have,

(t —s)dt

1)0 = [ [ ats = L) ot = o) ds

t t—u

_ / /_—(t_qlﬁ(;;)d_lg(s) ds L(du)

—oco 0
t

= / ga(t —u) L(du) = Yy(t), teR.

—00

The following Corollary summarizes our findings.

Corollary 2.52 Every long memory FIMA process Yy = {Yq(t) hier has the

following three representations:
t

mmw:/ gt —5) L(ds), teR,

—00
t

(i) Yalt) = [ glt =) Malds), teR
(iii) Ya(t) = (I1Y)(t), where Y (t) = ffoog(t—s) L(ds), t € R, and I{ denotes
the left-sided Riemann-Liouville fracional integral of order 0 < d < 0.5.

Fort € R the corresponding short memory MA process is given by
t

1 d _d
T(1—d) dt /(t—s) Ya(s) ds

— 00

(DLYy)(t) =

t

_ / gt — $) L(ds) = Y (1),
Remark 2.53 Like a FLP a FIMA process has a generalized shot noise rep-
resentation, which is given by (2.12) or (2.14), respectively, with the kernel
function f;(-) replaced by the kernel gq4(t — -) given in (2.53).

We apply the above results to CARMA and FICARMA processes.
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2.4.3 Application to CARMA and FICARMA Processes

Continuous time ARMA (CARMA) processes constitute a special class of short
memory MA processes and have already been defined in Chapter 1.2.

To incorporate long memory into the class of causal short memory Lévy-
driven CARMA processes, we can either proceed as described in Chapter
1.3, i.e. we fractionally integrate the kernel g given in (1.30) and obtain the
FICARMA(p, d, q) process

t
Vitt) = [ autt ~ 5) Lias),

where 0 < d < 0.5 and

o0

1 SYPNNPT/((2Y)
t — [d t - it )\ d
alt) = (Ha)(0) = 5= [ ePn L
Or, applying Theorem 2.43 to CARMA and FICARMA processes, we can
alternatively define a FICARMA process via the fractional Lévy process My
by

d\, teR.

t

Ya(t) = / ot — 5) Mu(ds), teER, (2.64)
where the kernel g is the Riemann-Liouville fractional derivative of the func-
tion gq4, i.e. g is the kernel (1.30) of the short memory CARMA process (1.28).
Furthermore, when we calculate the left-sided Riemann-Liouville fractional
derivative of the FICARMA process, we obtain a CARMA process (see Theo-
rem 2.50), i.e.

(DLYy)(t) =Y (), teR

This one-to-one correspondence is reflected in the following corollary.

Corollary 2.54 The process {Yy(t)}i>o0 satisfies the formal SDE
p(D)Ya(t) = q(D)DMy(t), £ 0, (2.65)

(which is an abbreviation of (2.67) and (2.68) below) if and only if its derivative
(DLY,)(t) =Y (t) of order d € (0,0.5) satisfies the formal SDE (1.22):

p(D)Y (t) = ¢(D)DL(t), t>0. (2.66)
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2 Fractional Lévy Processes

Representation (2.65) of a FICARMA process suggests a convenient way to
simulate a sample of the process.
Simulation of FICARMA Processes

We define a FICARMA process by equation (2.65) and, analogously to Section
1.2, interprete this equation as being equivalent to the following observation

and state equations,
Yy(t) =b"X(t)  and (2.67)

dX(t) = AX(t)dt + e My(dt), t>0, (2.68)

where the vectors e, b and the matrix A are defined as in Section 1.2.
Using equations (2.67) and (2.68) the following simulation procedure gener-
ates a sample path of a FICARMA(p, d, q) process.

(i) Set X(0) := 0

(ii) For j =1,...,n—1 define Tj := t;11 — t;, where the times ¢, ...,¢, are

not necessarily uniformly spaced.

(iii) Generate the increments W; := My(t;41) — My(t;) for j = 1,...,n —

1, where {My(t;)}j=1,...n—1 is a sample of the driving fractional Lévy

.....

process.
(iv) Apply the Euler method to obtain for j =1,...,n—1,

X(tj41) = X(ty) + T;AX(L;) + W e.

(v) Compute for j =1,...,n,

Yi(t;) = b"X(t)).

To generate a sample {Mgy(t;)};=1,. n—1 of the fractional Lévy process M, we

.....

approximate

Mq(t) = ﬁ / (¢ — 5" — (—s)1] L(ds), >0
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2.4 Application to Long Memory Moving Average Processes

by the corresponding Riemann sums

o= £ () () () )]

(-5 e (52) 2 (8]} rem

where {L(k)}rez is a discrete sample of the driving Lévy process {L(t)}ier

and a, is a sequence that satisfies lim a,, = +o0o. As the next theorem shows
n—oo

the performance of this discretization depends on the choice of a,. We take

a, = n? in order to keep the computational costs reasonable. Furthermore, for

simplicity we assume E[L(1)?] = 1 until the end of this section.

Theorem 2.55
M () B M(t)

as n — o0o. Moreover, fort € R,

M™M(t) — My(t) ||r2= O ((an/n)*Y?) + O (aX*n=3) + O 7”&1+22§:§d2
d n
(2.69)

2—d

and the optimal convergence rate is obtained by choosing a, = ni-d.

Proof. Without loss of generality let ¢ > 0. Define
F7(s) =3 folk /1) Lk m k1)) (5)-
k
Then

R

/ 1(s) L(ds) = 3 fulle/m)[L((k + 1) /n) — L{Jk/m)]

and as n — oo, f"(s) = fi(s) in L*(R), since f, is continuous in L2(R) and

fi(s) = 0 for s > max(¢,0). Hence, Proposition 1.2 yields

/ft(n)(s) L(ds) LQ—(?) /ft(S) L(ds), n — 00.

We have,
—an/n 3 ‘ 3
| MO () — Ma(t) [l2< / fs)ds| + / (£ () — fils))* ds
N\ 7™ . \7an/n )
A b4
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A2 = (D(d+ )72 [0/ ((t = 5)! = (=s))2ds < [T ((—s)"1/T(d))? ds.
Hence,

A < a2 p2=dy /(D(d)V/1 — 2d).

Using that f; is Holder continuous of order d we have | ft(”)(s) —fils)| < Cn.

Now,

N|—=
=

—e—1 —€

B< /(ée[ s flE)/n)Pds | + / (e fEmds

—an/n St e—1 e
0 3 t—e 3 t 2
| fewyas) | [ gomras) + | [enza
£€0,t—¢]

which gives

pe| [ @@nzas| +| [ iw@myas
*an/n e—1
+ /(Cnd)2 ds | —+ /(]e\dl/(lﬂ(d)n))2 ds | + /(Cnd)2 ds
=a)?n 2 T (d) + || /(D(d)n) + VeCn™ + vVt — €| /(T(d)n)
+eCn™

—2d
Setting € = n2is leads to the same convergence order of the last four terms
142d—2d?

in the last equation. Hence, B < a,"/?n=32d + O(n 243 ) and

1+2d—2d2

| M (t) — My(t) || 2= O((an/n)* %) + O(at*n=3/2) + O(n 25 ).

The optimal rate of convergence is obtained by balancing the first two terms
2—d

on the r.h.s of (2.69). This leads to a,, = n1-4 and
n 2d—1 14+2d-242
| MU (8) = My(t) || 2= O(n>1) + O(n 35,
O

Remark 2.56 An efficient method to compute M an) is presented in Stoev &
Taqqu (2004) by using the Fast Fourier Transform algorithm. Alternatively
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2.4 Application to Long Memory Moving Average Processes

one can simulate a sample of the driving FLP following the approach (2.15)
or (2.16) of Cohen et al. (2005). However, our approach uses the increments of

the Lévy process L which are very easy to simulate.

Figure 2.5 shows the sample path of a FICARMA(3,0.25, 2) process which is
driven by a fractional truncated stable Lévy process, i.e. v is given by (2.42),
where we fix o = 1.8. The autoregressive and moving average polynomials are
the same as those of the CARMA process in Example 1.15, i.e. they are given
by

p(z) =(24+0.1)(z+ 0.5 — %T)(z + 0.5+ %T) and q(z) = 2.792 + 52 + 22
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FICARMA(3,0.25,2) Process
15 T T T

-10 ! ! ! ! ! ! ! ! !
0 10 20 30 40 50 60 70 80 90 100

t

Fractional Truncated Stable Lévy Process (1=1.8)
15 T T T T T

10 20 30 40 50 60 70 80 90 100

Figure 2.5: The sample path of a FICARMA(3,0.25,2) process and the sample
path of the driving fractional truncated stable Lévy process (o = 1.8)

process.
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CARMA processes have already been considered in the previous sections. So
far only univariate CARMA processes have been defined and investigated.
However, in order to model the joint behaviour of several time series (e.g.
prices of various stocks) multivariate models are required. In this chapter we
develop multivariate CARMA (MCARMA) processes and study their proba-
bilistic properties.

Unfortunately, it is not straightforward to define multivariate CARMA pro-
cesses analogously to the univariate ones, as the state space representation (see
Chapter 1.2) relies on the ability to exchange the autoregressive and moving
average operators, which is only possible in one dimension. Simply taking this
approach would lead to a spectral representation which does not reflect the au-
toregressive moving average structure. Our approach leads to a model which

can be interpreted as a solution to the formal differential equation
P(D)Y(t) = Q(D)DL(t),

where D denotes the differential operator with respect to ¢, L a Lévy process
and P and @) the autoregressive and moving average polynomial, respectively.

Moreover, it is the continuous time analogue of the multivariate ARMA model
(see e.g. Brockwell & Davis (1991)).

We would like to stress that in this chapter we discuss CARMA processes
driven by general Lévy processes, i.e. the Lévy processes may have a Brownian

component and does not need to have finite variance, unless stated otherwise.

The results of this chapter are joint work with Robert Stelzer and can also
be found in Marquardt & Stelzer (2006).
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3 Multivariate CARMA Processes

3.1 State Space Representation of Multivariate
CARMA Processes

This section contains the necessary results and insights enabling us to define
multivariate CARMA processes. As we shall heavily make use of spectral rep-
resentations of stationary processes (see Doob (1953), Gikhman & Skorokhod
(2004) or Rozanov (1967) for comprehensive treatments), let us briefly recall

the notions and results we shall employ.

Definition 3.1 Let B(R) denote the Borel-o-algebra over R. A family
{C(A)}Yaesm) of C™-valued random variables is called an m-dimensional ran-

dom orthogonal measure, if

(i) C(A) € L? for all bounded A € B(R),

(i) C(0) =
(ZZZ) C(Al U AQ) = Q(Al) + C(Ag) a.s., Zf Al N AQ == @ and

() F : B(R) — M, (C), A — E[((A)C(A)*] defines a o-additive positive
definite matriz measure (i.e. a o-additive set function that assumes values
in the positive semi-definite matrices) and it holds that E[C(A1)((Ag)*] =
F(A1 N Ay) for all Ay, Ay € B(R).

F' is referred to as the spectral measure of C.

The definition above obviously implies E[¢(A;)((A2)*] = 0 for disjoint Borel
sets A, As.

Stochastic integrals [, f(¢)¢(dt) of deterministic Lebesgue-measurable func-
tions f : R — M,,(C) with respect to a random orthogonal measure ¢ are now
as usually defined in an L*-sense (see, in particular, Rozanov (1967, Chapter
1) for details). Note that the integration can be understood componentwise:
Denoting the coordinates of ¢ by (;, i.e. ¢ = ((1,-..,(n)", the i-th element
(fx F(B)C(dr)), of [ f(t)¢(dt) is given by S, [4 fie(t)Ce(dt), where the in-

tegrals are standard one—dlmenswnal stochastic integrals in an L2-sense and
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3.1 State Space Representation of Multivariate CARMA Processes

fir(t) denotes the element in the i-th row and k-th column of f(¢). The above

integral is defined whenever the integral

/Af(t)F( (Z/fzk: Fkl(dt)>

exists. Functions satisfying this condition are said to be in L*(F). For two

1<i,j<m

functions f, g € L*(F) we have

p| [ s ([ scan) | = [roranser. ey

In the following we will only encounter random orthogonal measures, whose as-
sociated spectral measures have constant density with respect to the Lebesgue
measure A on R, ie. F(dt) = CA(dt) =: Cdt for some positive definite
C € M,,(C), which simplifies the integration theory considerably. In this case it
is easy to see that it is sufficient for [, f(¢)F (dt)f(t)* to exist that [, || f(¢)|* dt
is finite, where || - || is some norm on M,,(C). To ease notation we define the

space of square-integrable matrix-valued functions
L*(R; M,,(C)) := {f :R — M, (C), / £ (®)]|?dt < oo} . (3.2)
R

In the following we abbreviate L*(R; M,,(C)) by L?*(M,,(C)). This space is
independent of the norm || - || on M,,(C) used in the definition and is equal to
the space of functions f = (f;;) : R — M,,(C) where all components f;; are in
the usual space L?(C).

1/2
Iflzonie = ( [ I501Pat) (3

defines a norm on L?(M,,(C)) and again it is immaterial, which norm we use,
as all norms || - || on M,,(C) lead to equivalent norms || - || 2(a,,(c))- With this
norm L*(M,,(C)) is a Banach space and even a Hilbert space, provided the
original norm || - || on M,,(C) is induced by a scalar product. Observe that
as usual we do not distinguish between functions and equivalence classes in
L?(-). The integrals [, f(¢)¢(dt) and [, g(t)((dt) agree (in L?), if f and g are
identical in LQ(Mm((C)), and a sequence of integrals [, || fn(¢)]|* dt converges
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3 Multivariate CARMA Processes

(in L?) to [ [If(®)]]*dt for n — oo, if || f.(t) — f()|| L2(Mm(c)) — O as n — oo.

Moreover,

e[ [ oo ([ swcan) | = [ rocara e

Our first step in the construction of multivariate CARMA processes is the

following theorem extending the well-known fact that

T oeint _ 1
W(t) = / S, teR

is an m-dimensional standard Wiener process, if ¢ is an m-dimensional Gaus-
sian random orthogonal measure satisfying F[¢(A)] = 0 and E[¢(A)p(A)*] =
In\(A) for all A € B(R) (see e.g. Arat6 (1982, Section 2.1, Lemma 5)).

Theorem 3.2 Let L = {L(t)}ier be a two-sided square integrable m-dimen-
sional Lévy process with E[L(1)] = 0 and E[L(1)L(1)*] = X,. Then there
exists an m-dimensional random orthogonal measure ®, with spectral measure
Fy, such that E[®L(A)] =0 for any bounded Borel set A,

1
Fr(dt) = —>; dt 3.5
L(dt) 2 (3.5)
and -
ettt — 1
- | () (3.6)

The random measure ®;, is uniquely determined by

o0

Bi(a.t) = [

— 00

iub

L(dp) (3.7)

T _ o~
2mip

for all —oo < a < b < 0.

Proof. Observe that setting ®([a,b)) = L(b) — L(a) defines a random or-
thogonal measure on the semi-ring of intervals [a, b), with —co < a < b < 0.
Using an obvious multidimensional extension of Rozanov (1967, Theorem 2.1),
we extend @, to a random orthogonal measure on the Borel sets. It is immedi-
ate that the associated spectral measure F; satisfies FL(dt) = Y; dt and that
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3.1 State Space Representation of Multivariate CARMA Processes

integrating with respect to ®,, is the same as integrating with respect to the
Lévy process L.

Now define @ ([a, b)) for —oo < a < b < oo by (3.7) which is equivalent to

oo

vuoh) = | %@(dm. (3.8)

—00

Using (3.4) we obtain for any two intervals [a,b) and [a, V)

El®,([a,5)) @, ([, )" ? ey (e b (39)
a a = - - .
L ) L ) 27_(_2“ L 271_@” 1%
% —ipa __ ,—iub —ipa’ _ —iub’ *
_ /—6 L Al e 5 7L B
2mip 2mip

where ZlL/ % denotes the unique square root of ¥ defined by spectral calculus.

The crucial point is now to observe that the function ¢2a7b(u) = %Zy ?

is the Fourier transform of the function 1(4y) (t)Zi/ ? e

I 1 OO —ip
Pap(t) = \/—2_7/ e ’tl[a,b)(t)zlLﬂdt-

The standard theory of Fourier-Plancherel transforms F (see e.g. Chan-
drasekharan (1989, Chapter II) or Yosida (1965, Chapter 6)) extends immedi-
ately to the space L?(M,,(C)) by setting

A

Fot H(Mu(C)) = BE(M(C). £0) = Fl1) = —= [ ey

where [ e™™ f(t)dt is the limit in L?(M,,(C)) of f_RR e” M f(t)dt as R —
o0, because this can be interpreted as a component-wise Fourier-Plancherel
transformation and, as stated before, a function f is in L*(M,,(C)), if and
only if all components f;; are in L?(C). In particular, F,, is an invertible

continuous linear operator on L?(M,,(C)) with

Fibt IA(M(C)) — LA(Myp(©)), f() — (1) = %27 / e f(y1)dp,
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3 Multivariate CARMA Processes

and Plancherel’s identity generalizes to:

/ f(t)g(t)dt = / F)a(p)*dp. (3.10)

R
Combining (3.9) with (3.10) gives

B[®y ([0, )1 (¢, 1)) / o) (1))

or

—00

1[a,b) (t) L0 ) () dt.

This implies immediately that E[®([a,b))P([a’,V))*] = 0, if [a,b) and [a’, 1)
are disjoint,

E[®([a,b)®1([a,b))"] = %&Lb))

and that &, is a random orthogonal measure on the semi-ring of intervals

[a, ), which we extend to one on all Borel sets. Therefore, (3.8) extends to

/ LA () (dt) = %Q_W / da() B (dp) (3.11)

for all Borel sets A, where ¢2A = Fm(1a) is the Fourier transform of 1.

For any function ¢ € L?*(M,,(C)) there is a sequence of elementary func-
tions ¢ (1), k € N, (i.e. matrix-valued functions of the form 3>~ | C;1a,(t) with
appropriate N € N, C; € M,,(C) and Borel sets A;) which converges to ¢ in
L*(M,,(C)). As the Fourier-Plancherel transform is a topological isomorphism
that maps L?(M,,(C)) onto itself, the Fourier-Plancherel transforms ¢ (¢) con-
verge to the Fourier-Plancherel transform $(t) in L?(M,,(C)), which allows us
to extend (3.11), exchanging the roles of p and t, to

/ 0 1) = —= / £) b (dt) (3.12)
for all functions ¢ in L?*(M,,(C)) and their Fourier-Plancherel transforms ¢.
Now choose ¢(p) = (e — e™)/(ip), then ¢(t) = 2wl (¢). This shows
that

[e.o]

/ e”‘b;Te“‘“@Lum — L(b) - L(a)

— 00
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3.1 State Space Representation of Multivariate CARMA Processes

and thus (3.6) is shown.
The uniqueness of ®;, follows easily, as (3.6) implies (3.12) using arguments

analogous to the above ones. 0

Note that for one-dimensional random orthogonal measures such results can
already be found in Doob (1953, Section IX.4).

Remark 3.3 If we formally differentiate (3.6), we obtain

dL(t <
4 [

as in the spectral representation differentiation is the transform given by

/ ei“tQ(d,u)H/ ipe™ ® (du).

o0

Thus, a univariate CARMA processes should have the representation

Y (t) = /_OO ewt%@(du), (3.13)
as this reflects the differential equation (1.22). Later, in Theorem 3.19, we will
see that this is indeed the case. The square integrability necessary for (3.13) to
be defined, explains why one can only consider CARMA processes with ¢ < p

(c.f. Lemma 3.8).

The next lemma deals with the spectral representation of integrals of pro-

cesses.

Lemma 3.4 Let ® be an m-dimensional random orthogonal measure with
spectral measure F(dt) = Cdt for some positive definite C € M,,(C) and
g € L*(M,,(C)). Define the m-dimensional random process G = {G(t) }ier by

[e.o]

G(t) = / e g(ip) D(dp).

Then G is weakly stationary,

t

/G(s) ds < oo a.s. forevery t>0 and

0
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3 Multivariate CARMA Processes

o0

/ G(s) ds — / ewzu_lg(m)@(du), £ 0.

— 00

Proof. Weak stationarity follows immediately from (3.4), which implies

(e 9]

EW@W%V%=/6W“%MMCMWWM.

—0o0

The weak stationarity implies that
1G ()l = ElIG(5)[3]'? = E[G(s)"G(s)]"?

is finite and constant, where || - || denotes the Euclidean norm. Thus an ele-

mentary Fubini argument and using || - ||z1 < || - [|z2 gives

t t

g| [ cs)as SEth@%% - [EliG©)ds

2

t
< [ 16O nads < oc.
0

In particular, fg G(s)ds is almost surely finite. Finally, we obtain

t t oo oo t

[ewis = [ [ emgmatanas= [ [erasglin) o)
- / o 1g(iu)¢>(du),

using a stochastic version of Fubini’s theorem (e.g. the obvious multidimen-
sional extension of Gikhman & Skorokhod (2004, Section IV.4, Lemma 4)).
0

Before turning to a theorem enabling us to define MCARMA processes we
establish three lemmata and one corollary which contain necessary technical
results relating the zeros of what is to become the autoregressive polynomial to
the spectrum of a particular matrix A. The first lemma contains furthermore

some additional insight into the eigenvectors of A.
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3.1 State Space Representation of Multivariate CARMA Processes

Lemma 3.5 Let A,,..., A, € M,,(C), p € N, define
P:C— My(C), 2z L,2P + A2l + Ap2P 2+ + A,

and set
N(P)={z€C: det(P(z)) =0}, (3.14)

i.e. N(P) is the set of all z € C such that P(z) &€ Gl,,(C). Furthermore, set

0 I. 0 0
0 0 L, .

A=| o0 | € Miwp(C) (3.15)
0 ... ... 0 I,
—A, —A, L —A

and denote the spectrum of A by o(A). Then N(P) = o(A) and & € C™ \ {0}
is an eigenvector of A with corresponding eigenvalue X\, if and only if there
is an @ € KerP(A\) \ {0}, such that z = (*, (\2)*,..., (\P"1Z)*)*. Moreover,
0€o0(A), if and only if 0 € 0(A,).

Proof. It is immediate from the structure of A that A is of full rank, if and

only if A, is of full rank.

Let A\ be an eigenvalue of A and z = (zf,... z5)" € R™, 2, € R™, a
corresponding eigenvector, i.e. AT — AT = 0 from which Az = x5, Axy =

T3, .. s ATp_1 = Tp, ATp + Ayzp, + Aoy + ... + Ayzy = 0 follows. Hence,

xp=\N"1o,i=1,2,...,pand

Ny + AN ey + AN 2y 4+ Ay = (L NP+ AN 4+ Ay = 0.

(3.16)
As z # 0, we have 21 # 0 and (3.16) gives z; € KerP()). Hence, we can set & =
x1. Furthermore, the non-triviality of the kernel of P(\) implies det(P (X)) = 0.
Thus N(P) D o(A) has been established.

Now we turn to the converse implication. Let A € N(P), then P(\) has a
non-trivial kernel. Take any € KerP(\) \ {0} and set z = (2%, (AZ)*, ...,
(AP717)*)*. Then (3.16) shows that AT = AZ and thus A € o(A). Therefore
N(P) C o(A) and Z is an eigenvector of A to the eigenvalue \. QO
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3 Multivariate CARMA Processes

Corollary 3.6 o(A) C (—00,0) + R if and only if N(P) C (—o0,0) + iR.
Lemma 3.7 If N(P) C R\{0} + iR, then P(iz) € Gl,,(C) for all z € R.

Proof. As all zeros of det(P(z)) have non-vanishing real part, all zeros of
det(P(iz)) must have non-vanishing imaginary part and thus P(iz) is invertible
for all z € R. O

p—1

Lemma 3.8 Let Cy,Ch,...,Cp1 € M,;,(C) and R(z) = > C;2". Assume that
i=0
N(P) CR\{0} + iR, then

/ |P(i2)" R(i2)|| d= < oo,

where P(z) = [,2P + AP~ + ..+ A,

Proof. As det(P(iz)), z € R, has no zeros, |P(iz) "' R(iz)| is finite for all

z € R, continuous and thus bounded on any compact set. Hence,

/K 1P(i2)" R(iz)| d2

exists for all K € R. For any x € R™ we have

|P(2)x| = '| (Imzp + ZApkzk> x

k=0

p—1
> (Mp - H&MHZ’“\) [l]]-
k=0

Thus, there is K > 0 such that ||P(z)z|| > |z?||z||/2 for all z such that
|z| > K, x € R™. This implies ||P(z)7!|| < 2|z|Pfor all |z| > K and thus for
all z € R, |z| > K,

> ||z =

p—1
E Ay w2
k=0

2
BN o , 4 [ i
|P(2)7 R(E) P < 1PG2) T FIRGI < 1 (Z HCiHIZI> :
1=0

which gives the finiteness of f:of | P(iz) ' R(iz)||* dz and

[ IIP(iz) ' R(iz)||* d=. O
The following result provides the key to be able to define multivariate

CARMA processes.
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3.1 State Space Representation of Multivariate CARMA Processes

Theorem 3.9 Let L = {L(t) }4cr be an m-dimensional square-integrable Lévy
process with corresponding m-dimensional random orthogonal measure ® as in
Theorem 3.2 and p,q € Ny, ¢ < p (i.e. p > 1). Let further Ay, A, ..., A,

By, By, ...,B, € M,,(R), where By # 0 and define 5y = P2 = ... = Bp_g—1 =
p—j—-1
0 (ifp>q+1)and Bp—j = — Y, Aifp_j_i + By—j for j =0,1,2,...,q.
i=1

p—j—1

jf
(Alternatively, Bp,—; = — >, Aifp_j_i+ By_j for j =0,1,...,p — 1, setting
i=1
B; =0 fori <0.) Assume d(A) C (—00,0) + R, which implies A, € Gl,,(R).
Denote by G = (Gi(t),...,G5(t))" an mp-dimensional process and set 3* =

(Bf, e ,ﬂ;). Then the stochastic differential equation
dG(t) = AG(t)dt + BdL, (3.17)

1s uniquely solved by the process G given by

[e.o]

G,(t) = / eMw;i(iN) ®(dN), j=1,2,...,p, tE€R, where (3.18)
1 .
wj(z) = ;(ijrl(z)_'_ﬂj)? J = 1727"'7p_1 and

wylz) = §<—ZApkwkH<z> +ﬁp>-

The strictly stationary process G can also be represented as

G(t) = / A8 L(ds), teR. (3.19)

—00

Moreover, G(0) and {L(t)},5, are independent, in particular,
E[G;(0)L(t)*] =0 forall t>0, j=1,2,...,p.

Finally, it holds that

wy(z) = P(z) (szp_l - ZZApkﬂmklej) : (3.20)

=0 k=0

wi(z) = (P(2))7'Q(x), (3.21)
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where

P(Z) = ImZp + Alzpfl —+ ... + Ap,
Q(z) = Bo'+ B2 ' +...+ B,

denote the autoregressive and moving average polynomial, respectively and

[ lw;(GN)]|? dX < oo for all j € {1,2,...,p}.

Proof. A, € Gl,,(R) follows from Lemma 3.5. That (3.19) is the strictly
stationary solution of (3.17) is a standard result, since all elements of o(A)
have strictly negative real part, and a simple application of Gronwall’s Lemma
shows that the solution of (3.17) is a.s. unique for all ¢ € R (see e.g. Ikeda
& Watanabe (1989, Theorem 3.1)). Since G(0) = ffoo e~ 53 L(ds) and the
processes {L(t)}+<o and {L(t)}+>¢ are independent according to our definition
(1.7) of L, G(0) and {L(#)},5, are independent.

To prove (3.20) and (3.21) we first show

P—Jj
w;(2) = L <wp(z) +Zﬂpizi—1> for j=1,....,p—1. (3.22)

2
i=1

In fact, for p — j = 1 (3.22) becomes w,_; = (w,(2) + B,—1) which proves
the identity for j = p — 1 immediately. Assume the identity holds for j + 1 €
{2,3,...,p— 1}, then

p—j—1
w;(z) = %(wj—kl( )+ 55) = i Lp 1] I (wp(z) + ) ﬁp—izi1> +5;
im1

1 p—j—1 . o
- ~p—j <wP(Z) + Z Bp-iz ' + Bp—p—) 2"’ 1)

i=1

pl_j (wp(z) + i ﬂpiz"1> :
i=1

which proves (3.22). Now we turn to (3.20):

( ZAp kWit (2 +5p>

p—1 p—k—1
k=0 =1

(\2|H

3.22)

(\2|>—‘
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It follows,
1 p—ke

p—l 1 p—1 p—k—1
<Im+ZA _ k) wy(z) = ﬁpz_l —Z Z
k=0 k=0 i=1
p—1 p—1 p—k—1
(Imzp + Z Ap_kzk‘> wp(z) = ﬁpzpfl _ Z Z Ap—k:ﬁp—izlﬁkiil-
k=0 i=1

i—1—p+k
ApeiBpiz P

Set j =k +1—1, then

p—2 p—2
U)p(Z) = (P(Z) (51)21) ! ZZAp—kﬁp—l—k—j—le)
k=0 j=k
p—2 j
= (P(Z) (ﬁpzp ! Z p—kzﬁp—l—k—j—lzj) )
j= =0

which proves (3.20).
Let now [ € {1,2,...,p — 1}. Then setting Ay = I,,,

p—I
wy(z) = % (wp(z) + Zﬂpizi1>

-2 p—lI
(320) 1 -~ _ e ‘ i
T (P(2)™" (szp - ZZApkﬁpMlej) +Y Bpiz 1]
=0 k=0 i=1
P(z))t o2 ,
= (ipi)? B =Y > ApiBprh-j?
=0 k=0
p
+ <Z Ap,kz (Z Bp— 2 1)]
k=0
P(2))! 2 d ,
- % [szp o Ap—kBprh—j—17’
=0 k

=0
P p—l-1
+ (Z Ap_k;Zk ( Z ﬁp_i_121>
k=0 i=0

<<>> ot MZJ ]ZHZH
sz Ap kﬁerk j—12" + Ap kﬁp i— 12
k

§=0 k=0 k=0 i=0

Setting j = k + [ we obtain,
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w(z) = PE) [5 LK

2Pl

J
g Ap k:ﬁp—f—k: —j— 12
=0

J=0k
p k+p—i-1

+Z Z Ap—Bpsk—j—1’

[ p—2 j p—l-1p—1-1

ZZApfkﬂerkfjlej + Z Z Ay iBpih—j17’

j=0 k=0 k=0 j=k
k+p—1—1 p—Il—-1k+p-I-1 ]

+5p2"" '+ Z Z Ap 1 Bprk—j-17’ '+ Z Z Ap 1 Bprk—j-17

k=p—l j=k Jj=p—l
p—l-1 j

( ( )) [szp 1 ZZAP kBptk—j—12 4 Z ZAP kBptk—j— 12

Jj=0 k=0 j=0 k=0
p  k+p—I-1 p—Il—1k+p—I—-1

Y S A+ Z A By ]

k=p—l j=k j=p-l

It follows,

wi(z) = WL?_ [szpl - Z ZAp—kﬂerk—jlej

2P~
j=p—1l k=0
p  k+p—I-1 p—Il—1k+p—I—-1 ]

+Z Z Apkﬁp+k]12’+z Z ApkBpik—j17’
Jj=

k=p—1l j=k
-2
j—p+1
E g Apfkﬁerkfjle] P
j=p—1l k=0

p—Il—1k+p—I—-1 ]

Z ZI Ap iBpsh—jr2’ P+ Z Z ApiBpsh—jr2’ P

j=p—lI

The last term in the bracket appearsonly if p—[—1>1,ie.p—1—2 > 0.

Therefore, the whole term in the bracket is a polynomial of at most order p—1.
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Fixing [ = 1 we obtain,

p  k+p—2
wi(z)=PET B+ Y Y ApiBpreg T
k=p—1 j=k
p—2 k+p—2
DD ApiBprnj +1]
k=1 j=p—1
p—2 k—1
:p('z)il ﬂp"i_ Z Z Ap kﬂk zZZ +ZZAp kﬂk zZ]
k=p—1i=k—p+1 k=1 =0
p—1 k-1
:P(Z)_l ﬁp—i_ZZAp kzﬁk i2" +AOZﬁp zz
k=1 1=0
p—2 p-—1
= P(2)7! Zﬁp i2" +Z Z Ap_ 1By z2]~
1=0 k=i+1

Using the fact that 8, = B,_, 11, we finally get

p—i—1
qp+12 +Z<Bp Z+ZA]BPJZ> ]

p—2
= P(2)7" | Byp12" 7 + Z B, i2"| = P(2)™! Z B, '
i=0 i=0

ZB L2t =P(2)7'Q(2).

The finiteness of [7_[lw;(iA)[[*dA for all j = 1,2,...,p is now a direct

consequence of Lemmata 3.7, 3.8 and Corollary 3.6.

It remains to show that the process defined in (3.18) solves (3.17): For j =

1,...,p we have as a consequence of (3.18),
G,(t) — G(0) = / (™ — 1)y (i2) D). (3.23)
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For j =1,...,p— 1 the recursion for w; together with Lemma 3.4 gives

ixt 7 2\
Gyt) = G5(0) = [ S @@ + 5 [ i @)

—0o0 —00

= j 7 wj1(iN)e™ B(dN) ds + B;L(t)

0 —o0
= /Gj+1(8) ds + ﬁjL(t)
0
Hence,
dG,(t) = Gyar()dt + B;dL(2). (3.24)

Analogously we obtain for G,

(e 9]

Golt) = Gyl0) = [ (€ = 1)y (i3) @(d)

—0o0

TN p—1
_ / e . 1 <_ZAp_kwk+1(i/\)+ﬁp> ®(dN)

—0o0

*G
,_.

_ / / N Ay wia (iX) (V) ds + B,L(1)

—0o0

B
Il
o

1 t

=—) A, / Grii(s) ds + B, L(2)
0

0

3

B
Il

_ /Apal(s>+~--+A1Gp(s)ds + B,L(t).
0

Therefore,
dG,(t) = —(ApGi(t) + ... + A1G,(t))dt + B,dL(t).

Together with (3.24) this gives that the process G defined by (3.18) solves
(3.17). O
Obviously, E[G(t)] = 0 for the process G = {G(t) }+cr which solves (3.17).

Turning to the second order properties we have the following proposition.
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3.1 State Space Representation of Multivariate CARMA Processes

Proposition 3.10 Let G = {G(t) }1er be the process that solves (3.17). Then

its autocovariance matrix function has the form
I'(h) = E[G(t+h)G(t)] =e*T(0), h>0, with — (3.25)

ro) = / e 38, 3 et du, (3.26)
0

satisfying
AT(0) + T(0)A* = —(X.5".

Proof. As the solution of (3.17) has the representation (3.19) formulae (3.25)

and (3.26) are obvious. As we can write

G(t) = eAtG(O)—l-/eA(ts)ﬁL(ds)

0

and G(0) and L(t), t > 0, are independent, we obtain

Iy = E[GH)G(t)]

t t *

=E || eMG(0) + /eA(t_S)ﬁ L(ds) | [ e*G(0) + / A9 3 L(ds)

0 0
t

= M E[G(0)G(0)] e + / eAIpnpret ) ds

0
t

:eAt Fo_i_\/e—AsBZLﬁ*e—A*s €A*t.

0

It follows that

t
—L = At Fo—i-/eAsﬁZLﬁ*eA*sds et

0 .
t

+ eAt FO + / efASﬂELB*efA*s eA*tA* + eAtefAtﬂZLﬁ*efA*teA*t

0
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3 Multivariate CARMA Processes

Now let t > s. Then

[(t,s) = E[G{)G(s)"]
= E || e*G(0) +/e‘4(t_“)ﬁ L(du) | | e*G(0) +/eA(S_“)B L(du)

0 0
s

= M E[G(0)G(0)*]e? s +/eA(t“)ﬁELB*eA*(S“) du

0
s

_ GA(t_S)eAS FO + /G_AuﬁELﬁ e_A*u du €A*S _ eA(t—s)FS‘
0

Therefore,

eAl=D. t> 5
I'(t,s) = E[G(t)G(s)"] = (3.28)

D60 s <t

Since the solution (3.19) is strictly stationary we have I'y = I'(0). Moreover, it

follows from (3.27) that I'(0) is the solution of

AT(0) + T(0)A* = — 5%, 3", (3.29)

a
From Chojnowska-Michalik (1987), Jurek & Mason (1993), Sato & Yamazato
(1984) and Wolfe (1982) we know that (3.19) is the unique stationary solution

to (3.17), whenever the Lévy measure v of the driving process L(t) satisfies

/ log ||z||v(dz) < 0.
[l=]|>1

This condition is sufficient (and necessary, provided (3 is injective) for the
stochastic integral in (3.19) to exist, as can be seen from substituting f(¢, s) =
eAt=9 811 o) (t — s) in (1.16) and (1.17). As we shall use this fact later on
to define CARMA processes driven by Lévy processes with infinite second
moment, we state the following two results on the process G in a general

manner.

Proposition 3.11 For any driving Lévy process L(t), the process G =
{G(t) }1er solving (3.17) in Theorem 3.9 is a temporally homogeneous strong
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3.1 State Space Representation of Multivariate CARMA Processes

Markov process with an infinitely divisible transition probability P,(x,dy) hav-

ing characteristic function

t
[ @ Py = e { it )+ [l ayudo b, we R,
0

Rmp

(3.30)

Proof. See (Sato & Yamazato 1984, Th. 3.1) and additionally (Protter 2004,
Theorem V.32) for the strong Markov property. |

Proposition 3.12 Consider the unique solution G = {G(t) }+>0 of (3.17) with
initial value G(0) independent of L = {L(t)}+>0, where L is a Lévy process on
R™ with generating triplet (vy,o,v) satisfying f”x”>1 log ||z]| v(dx) < oo. Let
L(G(t)) denote the marginal distribution of the process G = {G(t) }4>0 at time

t. Then there exists a limit distribution F such that
L(G(t)) — F as t — oo.

This F is infinitely divisible with generating triplet given by (V&,0&, V),

where
G = /eAsde//eAsm[l{lleAsmnsu—1{||x||<1}] v(dz)ds,
0 0 Rm

oy = /eAsﬁaﬁ*eA*sds,

v¥(B) = 7 / 1p(e* p2) v(dx) ds.

0 R™

Moreover,
E [ei<“’F>] = exp /wL((eASB)*u) ds p, ueR™,. (3.31)
0
Proof. From (3.30) the characteristic function of G(t) is

E [e““’G(t))} = <E [ei<“’eAtG(0)>D exp /t¢L((eAsﬁ)*u) ds p | (3.32)
0
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3 Multivariate CARMA Processes

where

t . |
[ a8y ds = it ) 5 o)+ [ 61 i )L ),
0 R™

(3.33)

t

t
V= /eASB’yds—l—//eAsﬂx[l{lleASﬂsllél}_1{|lel<1}] v(dr) ds,

0 0 Rm
t

o = /eAsﬁaﬁ*eA*s ds,

vL(B) = / / (e**Bx) v(dx) ds,

0 Rm

using (1.18) and (1.19). Therefore, as t — oo,

/ |2 v (de) / / 1B 2L ooy v(de) ds

=<1 0 Rm

— // HeASﬂxH21{||eAsﬁx”§1} v(dz)ds < oo,

0 R™

t
/ Vg(dI)://1{||eAsﬁx||>1} l/(dl‘) dS

el >1 0 Rm

_>//1{||6A5ﬁx||>1} l/(dl‘) ds < o0,

0 Rm

" —>/ Asmdﬁ//e *Br[lgjers o<1y — U<y ¥(d) ds < oo,

0 Rm

o — /eAsBUB*eA*SdS < 0.

The convergences above follow from Sato & Yamazato (1984) and Sato (2005).
Hence, it is shown that as ¢t — oo, 75 and of; tend to & and o, respectively.

Moreover, v, increases to the measure v satisfying [(||z||* A1) v (dz) < oo,
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3.2 Multivariate CARMA Processes

ie. v is a Lévy measure. By dominated convergence the right-hand side of
(3.33) tends to

(g, u) — §<u70(; u) + /[6< D — 1 — i, )L (e <1y] v (da)

R™
for all v € R™. Thus, there exists an infinitely divisible distribution F' with
triplet (7, 0, vg’) which satisfies (3.31). Convergence of L(G(t)) to F is then
a consequence of (3.31) and (3.32) and F' does not depend on G(0). O

Remark 3.13 Obviously F'is also the marginal distribution of the stationary

solution considered in Theorem 3.9.

The sample path behaviour of the process G = {G(t) }+er is described below.

Proposition 3.14 If the driving Lévy process L = {L(t)}ier of the process
G = {G(t)}ier in Theorem 3.9 is Brownian motion, the sample paths of G
are continuous. Otherwise the process G has a jump, whenever L has one. In

particular, AG(t) = BAL(t).

3.2 Multivariate CARMA Processes

We are now in a position to define an m-dimensional CARMA (MCARMA)
process by using the spectral representation for square-integrable driving Lévy
processes. Then we extend this definition making use of the insight obtained
in Theorem 3.9.

Definition 3.15 (MCARMA Process) Let L = {L(t)}ier be a two-sided
square integrable m-dimensional Lévy-process with E[L(1)] =0 and
E[L(1)L(1)T] = 3. An m-dimensional Lévy-driven continuous time autore-
gressive moving average process {Y (t) }ier of order (p,q), p > q (MCARMA (p, q)
process) is defined as

(e 9]

Y(t) = / EMPEN)TIQ(IN) (dN), tER, where  (3.34)
P(2): = IL2P+A2P + .+ A, (3.35)
Q(2): = By'+ B2 ' +....+ B, and (3.36)
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3 Multivariate CARMA Processes

® is the Lévy orthogonal random measure of Theorem 3.2 satisfying

E[®d\)] =0 and E[(I)(d/\)(b(d/\)*]:%EL.

Here A; € M,,(R), j =1,...,p and B; € M,,(R) are matrices satisfying B, # 0

and

N(P):={z € C: det(P(z)) = 0} C (—00,0) +iR.

The process G defined as in Theorem 3.9 is called the state space representation
of the MCARMA process Y.

Remark 3.16 (i) There are several reasons why the name “multivariate

(iii)
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continuous time ARMA process” is indeed appropriate. The same ar-
guments as in Remark 3.3 show that an MCARMA process Y can be
interpreted as a solution to the p-th order formal m-dimensional differ-
ential equation

P(D)Y (t) = QD)DL(2),

where D denotes the differentiation operator. Moreover, the upcoming
Theorem 3.19 shows that for m = 1 the well-known univariate CARMA
processes are obtained and finally, the spectral representation (3.34) is
the obvious continuous time analogue of the spectral representation of
multivariate discrete time ARMA processes (see, for instance, Brockwell
& Davis (1991, Section 11.8)).

The well-definedness is ensured by Lemma 3.8. Observe also that, if
det(P(z)) has zeros with positive real part, all assertions of Theorem
3.9 except the alternative representation (3.19) and the independence of
G(0) and {L(t)};>0 remain still valid interpreting the stochastic differ-
ential equation as an integral equation as in the proof of the theorem.
However, in this case the process is no longer causal, i.e. adapted to the
natural filtration of the driving Lévy process. In the following we focus

on the causal case.

Assuming E[L(1)] = 0 is actually no restriction.
If E[L(1)] = puz, # 0, one simply observes that L(t) = L(t) — upt has zero



3.2 Multivariate CARMA Processes

expectation and
P(D)"'Q(D)DL(t) = P(D)"'Q(D)DL(t) + P(D)~'Q(D)pz.

The first term simply is the MCARMA process driven by L, and the
second an ordinary differential equation having the unique “stationary”
solution —A; 'B,ur, as simple calculations show. Thus, the definition
can be immediately extended to E[L(1)] # 0. Moreover, it is easy to see
that the SDE representation given in Theorem 3.9 still holds and one can
also extend the spectral representation by adding an atom with mass j,
to ®; at 0.

(iv) Furthermore, observe that the representation of MCARMA processes by
the stochastic differential equation (3.17) is a continuous time version of
state space representations for (multivariate) ARMA processes as given
in Brockwell & Davis (1991, Example 12.1.5) or Wei (1990, p. 387). In
the univariate Gaussian case it can already be found in Araté (1982,
Lemma 3, Chapter 2.2).

As already noted before, we extend the definition of MCARMA processes to
driving Lévy processes L with finite logarithmic moment using Theorem 3.9.
As they agree with the above defined MCARMA processes, when L is square-

integrable, and are always causal, we call them causal MCARMA processes.

Definition 3.17 (Causal MCARMA Process) Let L = {L(t)}wcr be an

m-dimensional Lévy process satisfying

/ log ||z|| v(dx) < oo, (3.37)

ll=][>1
p,q € No with ¢ < p, and further Ay, As, ..., A,, By, By,...,B, € M,(R),
where By # 0. Define the matrices A, 3 and the polynomial P as in Theorem
3.9 and assume o(A) = N(P) C (—o0,0) + iR. Then the m-dimensional

process
Y (t) = (Im, Oan(©)s - - - » Ontn(cy) G(2) (3.38)

where G 1s the unique stationary solution to

dG(t) = AG(t)dt + BdL(t)
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3 Multivariate CARMA Processes

is called causal MCARMA(p, q) process. Again G is referred to as the state

space representation.

Remark 3.18 In the following we will write “MCARMA” when referring to
Definition 3.15 and “causal MCARMA” when we refer to Definition 3.17. More-
over, we write “(causal) MCARMA” when referring to both Definitions 3.15
and 3.17.

Let us now state a result extending the short memory moving average rep-
resentation of univariate CARMA processes to our MCARMA processes and

showing that our definition is in line with univariate CARMA processes.

Theorem 3.19 Analogously to a one-dimensional CARMA process (see Sec-
tion 1.2), the MCARMA process (3.34) can be represented as a moving average

process

V() = / ot — ) L(ds), teR, (3.39)

where the kernel matriz function g : R — M,,(R) is given by

alt) = 5= [ € Plin) Qi) e (3.40)

Proof. Using the notation of the proof of Theorem 3.2 we obtain this im-

mediately from (3.12):

oo

Y (1) = / ¢ P(ije) Qi) @ (dp)

- / / 0= (i) LQ(igs) dpa B, (ds)

—00 —O0

77@iu(t5)p(w)1Q(m) a1 L(ds)

1
o

= [ st =) 2009)

—0o0
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3.2 Multivariate CARMA Processes

Remark 3.20 For causal MCARMA processes with representation (3.38) an

analogous result holds with the kernel function g replaced by

Q(S) = ([m, OMm((C)a e ,OMm((C))eAsﬂl[O’oo)(S).

Moreover, the function g simplifies in the square-integrable causal case as
the following extension of a well-known result for univariate CARMA processes

shows.

Lemma 3.21 Assume that 0(A) = N(P) C (—00,0) +iR. Then the function

g given in (3.40) vanishes on the negative real line.

Proof. We need the following consequence of the residue theorem from com-
plex analysis (cf., for instance, Lang (1993, Section VI.2, Theorem 2.2)):
Let ¢ and p : C +— C be polynomials where p is of higher degree than gq.

Assume that p has no zeros on the real line. Then

o0

/@exp(mt)dt = 2mi Z Res(f,z) Va >0, (3.41)

p(t) 2€C:S(2)>0,p(i2)=0

—00
o0

/@exp(iat)dt = —2m Z Res(f,2) Ya <0 (3.42)

p(t) z€C:¥(2)<0,p(iz)=0

with f:C— C, z — ;’% exp(iaz) and Res(f,a) denoting the residual of the
function f at point a.
Turning to our function g, we have from elementary matrix theory that
S(z
P(iz)7'Q(iz) = %

where S : C — M,,(C) is some matrix-valued polynomial in z. Observe that
det(P(iz)) is a complex-valued polynomial in z and that Lemma 3.8 applied
to R = @ implies that det(P(iz)) is of higher degree than S(z). Thus, we can
apply the above stated results from complex function theory componentwise
to (3.40). But as all zeros of det(P(z)) are in the left half plane (—o0,0) 4 iR,
all zeros of det(P(iz)) are in the upper half plane R + (0, 00) and therefore
(3.42) shows that

1 I
g(t) = o / e P(ip) "' Q(ip) du = 0 for all ¢ < 0.
m
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3 Multivariate CARMA Processes

Remark 3.22 The above result again reflects the causality, i.e. that the

MCARMA process Y (t) only depends on the past of the driving Lévy process,
i.e. on {L(s)}s<. Similarly g vanishes on the positive half line, if N'(P) C
(0,00) + iR. In this case the MCARMA process Y (t) depends only on the
future of the driving Lévy process, i.e. on {L(s)}s>;. In all other non-causal

cases the MCARMA process depends on the driving Lévy process at all times.

Using the kernel representations, strict stationarity of MCARMA processes
is obtained by applying Applebaum (2004, Theorem 4.3.16).

Proposition 3.23 The (causal) MCARMA process is strictly stationary.

Furthermore, we can characterize the stationary distribution by applying

representation (3.39) and the results mentioned in Section 1.1.2.

Proposition 3.24 If the driving Lévy process L has characteristic triplet
(v,0,v), then the distribution of the MCARMA process Y (t) is infinitely di-

visible for allt € R and the characteristic triplet of the stationary distribution

is (459,03, 15°), where

W= / ’yds—i—// 1{Ilg w|\<1}—1{||x|\<1}] v(dz) ds,

R R™

o = / g(s)og"(s)ds

vy (B) = //1B(g(s)x)1/(dx)ds. (3.43)

R R™

For a causal MCARMA process the same result holds with g replaced by g.

3.3 Further Properties of MCARMA Processes

Having defined multivariate CARMA processes above, we analyse their prob-
abilistic behaviour further in this section. First we turn to the second order

properties.
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Proposition 3.25 Let Y = {Y(t)}er be the MCARMA process defined by
(3.34). Then its autocovariance matrixz function is given by

o0

I'y(h) = % / EMPEN)TIQUENZLQEN) (PN ") dN, h €R.

— 00

Proof. It follows directly from the spectral representation (3.34) that the
MCARMA process Y = {Y(t) }+er has the spectral density

1
fr(A\) = gP(i)\)‘lQ(i/\)ZLQ(i/\)*(P(z’)\)‘l)*, A ER. (3.44)
The autocovariance function is the Fourier transform of (3.44). O

Remark 3.26 Note that in Proposition 3.10 we already obtained an expres-
sion for the autocovariance matrix function of the process {G(t)}:cr of Theo-

rem 3.9: The upper left m x m block of (3.25) is also equal to I'y.

Regarding the general existence of moments, it is mainly the driving Lévy

process that matters.

Proposition 3.27 Let Y be a causal MCARMA process and assume that the
driving Lévy process L is in L"(Q, P) for some r > 0. Then Y and its state
space representation G are in L™ (), P). Provided (3 is injective, the converse

1s true as well for G.

Proof. We use the general fact that an infinitely divisible distribution with

characteristic triplet (v, o, v) has finite r-th moment, if and only if

/ |z||"v(dz) < oo
l|lz[|>C

for one and hence all C' > 0 (see Sato (1999, Corollary 25.8)). Using the Kernel
representation (3.39) with

3(8) = (L, 00, (@) - - - » Ont(0) )€™ BLio,00) (),

and the fact that there are C, ¢ > 0 such that

1 (Lns Ont(©)s - - - > Oagyc) )€ B|| < Ce*
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3 Multivariate CARMA Processes

we obtain for the stationary distribution of Y

TpSe — 100 . e As
/llx||>1 Il (dz) //1[’ ) ([[(Zns 0rta(©)s - -+ Ont(ey )™ B2 )

0 Rm
X || (L Oty )5 - - - OMm(C))eASﬂxHT v(dz)ds

/ / 11,00) (Ce’cs HxH) Cre™ " ||z||" v(dx)ds

<
0 R™
log(1/(Cll2))
_ / / Cre ||z dsv(dx)
llzl|>1/C 0
CT T T
. (l=l" = 1/C7) v(dz),
re Jjz|>1/C

which is finite, if and only if L has a finite r-th moment.

Basically the same arguments apply to G(t) = ffoo eAt=9)3L(ds). Provided
(3 is injective, there are D,d > 0 such that |e*8|| > De~% and calculations
analogous to the above one lead to a lower bound which establishes the neces-
sity of L € L™(Q2, P) for G € L"(Q, P). QO

Since the characteristic function of Y'(t) for each ¢ is explicitly given, we
can investigate the existence of a Cp° density, where C;° denotes the space of
bounded continuous, infinitely often differentiable functions whose derivatives

are bounded.

Proposition 3.28 Suppose that there exists an o € (0,2) and a constant
C > 0 such that

[ [ 1ttt = 900 Lt vdz) ds = Clul= - (3.05
R Rm
for any vector u such that ||ul| > 1. Then the MCARMA process Y (t) has a
Cye density.
The same holds for a causal MCARMA Y (t) process with g replaced by g.

Proof. It is sufficient to show that [ |lu/|*||®(u)|/du < oo for any non-
negative integer k, where ® denotes the characteristic function of Y (¢). (see
e.g. Picard (1996, Proposition 0.2))
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The characteristic function of the (causal) MCARMA process Y () is given
by

O(u) = exp // [ei<“’g(t_5)”> —1—(u,g(t — s)x)1{|<u,g(t—s)x>|§1}] v(dz)ds 3,

R Rm™
where ¢ stands for either g or g. Thus,

1/2

|P(u)|| = | exp // [€i<u79(t*8)w> 4 e~ Huglt=s)z) _ 2] v(dz)ds

R R™

= exp / / (cos{u, g(t — s)z) — 1) v(dz) ds

R R™

< exp // (cos(u, g(t — s)x) — 1) Ljjug(t—s)a)|<1y V(dx) ds p

R R
as cos(u, g(t — s)z) — 1 < 0. Then, using the inequality 1 — cos(z) > 2(z/7)?

for |z| <7 and assumption (4.30) we have

@) < expd <€ [ [ It glt = 9} PLyouaoamicn vido) ds

R R™
< exp{—Clu]*""},

where C,C > 0 are generic constants and the proof is complete.

The inequality 1 — cos(z) > 2(x/m)? for |z| < 7 can be easily shown: Define

f(z) =1 —cos(z) — 2(x/7)2.

Then f(0) = f(w) = 0 and there is y € (0,7) such that f'(z) > 0, z € [0,y)
and f'(z) <0, x € (y,n]. Hence, f(z) > 0 for all z € (0, 7). QO

We summarize the sample path behaviour of the MCARMA (p, ¢) process
Y = {Y(t) }+er, which is immediate from the state space representation (3.17)
and the proof of Theorem 3.9.

Proposition 3.29 (i) If p > q+ 1, then the (causal) MCARMA (p,q) pro-
cess Y = {Y(t) her is (p — q — 1)-times differentiable. Using the state
space representation G = {G(t) }1er we have C?—;Y(t) = Gy (t) fori =
1,2,...,p—q—1.
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3 Multivariate CARMA Processes

(i) If p=q+1, then AY (t) = 51AL(t), i.e. Y has a jump, whenever L has

one.

(#i) If the driving Lévy process L = {L(t) }ser of the MCARMA (p,q) process
is Brownian motion, the sample paths of Y are continuous and (p—q—1)-

times continuously differentiable, provided p > q + 1.

Ergodicity and mixing properties (see, for instance, Doukhan (1994) for a
comprehensive treatment) have far reaching implications. We thus conclude
the analysis of MCARMA processes with a result on their mixing behaviour.

Recall the following notions:

Definition 3.30 (cf. Davydov (1973)) A continuous time stationary

stochastic process X = { X, }ier is called strongly (or a-) mixing, if
oy :==sup {|P(ANB) — P(A)P(B)|: Ae F°,,B€ F*} — 0

as | — oo, where F°__ := 0 ({X;}<o) and F* = o ({Xi}i>1)-

It is said to be (- mixing (or completely regular), if
8= E (sup {|P(B|F’,) — P(B)| : B€ F*}) — 0
as | — oo.

Note that a; < ; and thus any (-mixing process is strongly mixing.

Proposition 3.31 Let Y be a causal MCARMA process and G be its state

space representation. If the driving Lévy process L satisfies
/ |z||"v(dz) < oo (3.46)
ll]>1

for some r > 0, then G is B-mizing with mizing coefficients 3, = O(e~) for

some a > 0 and Y is strongly mizing. In particular, both G and Y are ergodic.

Proof. As G(t) = ffoo eAt=9)B(ds) is a multidimensional Ornstein-Uhlen-
beck process driven by the Lévy process BL, we may apply Masuda (2004,
Theorem 4.3) noting that (3.46) together with Proposition 3.27 ensure that
all conditions are satisfied. Hence, the S-mixing of G with exponentially de-

caying coefficients is shown. But this implies that G = (G7,G3,...,G))" is
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3.3 Further Properties of MCARMA Processes

also strongly mixing, which in turn shows the strong mixing property for Y,
since Y is equal to (G; and it is obvious from the definition of strong mixing
that strong mixing of a multidimensional process implies strong mixing of its
components. Note that we also obtain o; < [, for the mixing coefficients «; of
Y. Using the well-known result that mixing implies ergodicity concludes the

proof. 0

For a plot of the sample paths of a 2-dimensional MCARMA(1, 0) we refer to
Figure 5.4 in Chapter 5.

We have seen in Proposition 3.25 that the autocorrelations of MCARMA
processes are exponentially decaying. Hence, MCARMA processes have short
memory. In the following chapter we introduce fractionally integrated MCAR-
MA processes which have long memory in the sense that the autocorrelations

are hyperbolically decaying.
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4 Multivariate FICARMA

Processes

A multivariate analogue of the fractionally integrated continuous time au-
toregressive moving average (FICARMA) process (see Chapter 1.3, Brockwell
(2004) or Brockwell & Marquardt (2005)) is introduced in this chapter (see
also Marquardt (2006b)). We show that the multivariate FICARMA process
has two kernel representations: as an integral over the fractionally integrated
CARMA kernel with respect to a Lévy process and as an integral over the
original (not fractionally integrated) CARMA kernel with respect to the cor-
responding fractional Lévy process (FLP). In order to obtain the latter repre-

sentation we extend FLPs to the multivariate setting.

4.1 Multivariate Fractional Lévy Processes

4.1.1 Definition and Properties of MFLPs

Fractional Lévy processes have been introduced in Chapter 2 by replacing the
Brownian motion in the moving average representation of fractional Brownian
motion by a Lévy processes without Gaussian part. Here we extend the defini-
tion of a univariate fractional Lévy process to the multivariate setting. Since
most results are similar to the univariate case, we only give a brief sketch of
the proofs. Furthermore, we would like to stress that we only consider the case
where the driving Lévy process L has zero mean and finite second moments,

i.e. @ = 2 in Definition 2.1.

Definition 4.1 (MFLP) For fractional integration parameter 0 < d < 0.5
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4.1 Multivariate Fractional Lévy Processes

we define a multivariate fractional Lévy process (MFLP) by

Md(t):(M;(t),...,My(t))T:/ft(s) L(ds), teR,  (4.1)

where the kernel f; is defined as in (2.4) and L(t) = (L*(t),...,L™(t))" is a
square-integrable Lévy process on R™, whose components L’ = { L7 (t) }1er, ] =
1,...,m are Lévy processes without Gaussian part on R satisfying E[L?(1)] = 0
and E[L7(1)*)] < oo, j=1,...m.

The following proposition is obvious. It is a generalization of Theorem 2.10 to

the multivariate setting.

Proposition 4.2 The process {My(t)}ier given in (4.1) is well-defined in
L3(Q2, P). The distribution of My(t) is infinitely divisible with characteristic

triplet (74,0, 4,), where

'75\/[ = —//ft(8)$1{||ft(s)x||>1}V(d:[‘)ds and (42)

R R™
VL (B) = / / Ls(f,()2) v(dz) ds, (4.3)
R Rm™
where v denotes the Lévy measure of the driving Lévy process L. Furthermore,
fort € R and z € R™,

Elexpi(z, My(t))] = exp // (e"=I®) 1 —i(z, fi(s)z)) v(dz)ds

R R™

(4.4)

Remark 4.3 As M, is well-defined in an L?-sense, analogously to the one-

dimensional case and (1.11), the process M, can be represented as
My(t) ://ft(s)x J(dz,ds), teR,
R R

where J(dz, ds) = J(dzx,ds)—v(dz) ds is the compensated jump measure of the

Lévy process L. Moreover, My is a.s. equal to the improper Riemann integral

1

Milt) = g [l= 9 = (=L ds teR @

and (4.5) is continuous in ¢ (see Section 2.1.2).
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4 Multivariate FICARMA Processes

Furthermore, we have the isometry property
E[Ma(t)Ma(6)"] = || fill 22 ) - (4.6)

and we see that the second-order properties of the MFLP {M(t) };cr are spec-
ified by E[My(t)] = 0 and covariance matrices

F(Sat) = E[Md(S>Md(t)T] = [P)/ij(sa t)]?fj:la 5,1 € Ra
where for s,t € R,

Yij(s,t) = B[My(s)Mj(t)]

éifi 2>( 1)<Lﬂ( ; e L e |

Recall that
cov(L'(1), L7 (1)) :/ o'w! v(dx),

where z = (z!,...,2™)T € R™. Hence, the MFLP My = {My(t) }ser inherits
its dependence structure form the driving Lévy process L = {L(t)}ier -

To the end of this chapter we use the notation
L(h) = BIX(t+ )X ()] = [y (W],

if the series { X (t)}+crm is stationary. We shall refer to I'(h) as the covariance
matrix at lag h. Notice that, if {X(¢)}serm is stationary with covariance matrix
function T, then for each j, {X7?(¢)}scr, 7 = 1,...,m is stationary with covari-
ance matrix function v;;. The function ;;, ¢ # 7, is called the cross-covariance
function of the two series {X"(t)}ier and {X7(¢)}ser. It should be noted that
7ij 1s not in general the same as ;;.

The sample path properties of a MFLP are analogous to the one-dimensional
case. We therefore omit the proof of the following proposition and refer to

chapter 2.

Proposition 4.4 (Sample Path Properties) FEvery MFLP is a long mem-
ory process with stationary increments, which cannot be self-similar. Moreover,

it 18 symmetric and Holder continuous of every order less than d.
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4.1 Multivariate Fractional Lévy Processes

In particular, a MFLP has less smooth sample paths than a fractional Brow-
nian motion. Note also, that the upper bound on the Holder exponent of the
MFLP cannot be improved. In fact, if the Lévy measure v(R) = oo, the sample
paths of MFLPs are not Holder continuous with probability 1 for every order
6>d.

MFLPs are not always semimartingales. In fact, it has been shown in Theo-
rem 2.27 and Corollary 2.31 that this is the case for a fairly large class of Lévy

measures V.

4.1.2 Integration with respect to MFLPs

MFLPs are not always semimartingales and thus ordinary It integration the-
ory cannot be applied. Therefore, this section contains the integration theory
for stochastic integrals with respect to MFLPs. Our approach is heavily based
on the integration theory with respect to a one-dimensional FLP (see Chapter
2).

Again, let the space H be the completion of L'(R) N L*(R) with respect to

the norm ,

lolln = | B [ (9 (w)du | (4.7
R

where (I%g)(u), u € R, is the right-sided Riemann-Liouville fractional inte-
gral of order d of the function g : R — R, g € L*(R).

Now let G : R — M,,(R) be a matrix function whose components G5, : R —
R, 5,k = 1,...,m, are in the space H. To ease notation we write G € H,,.
Moreover, let My = {M4(t) }1er denote an m-dimensional FLP. Then we define
the integral

/ G(t) My(dt) (4.8)

componentwise as the limit in L*(Q, P) of simple functions ¢ R—R,neN
approximating each component G, of G in the sense that

195, — Gikllr — 0, asn — oo.

Denoting the coordinates of M, by M, the j-th element ([ G(t) My(dt))’ of
[ G(t) My(dt) is then given by >, [ G;i(t) M} (dt), where the integrals are
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4 Multivariate FICARMA Processes

one-dimensional stochastic integrals as in (2.50). This reflects that the inte-
gration is understood componentwise. As a consequence of Theorem 2.34 the

integral (4.8) is well-defined, whenever G € H,,. In fact,
Gu(t) ... Gun(t) M} (dt)

[ewman =[] : :

R R Gal(t) .. M7 (dt)

[ [ Gi(t) Mi(dt) +. +me

R

—u)? Gy (s) ds L (du) +

L
r'(d

QH8

[ G (t) M (dt) + +mem t) M7 (dt) }
]R
+ [ @
R

@\8

J 7 J
R

1
r(d)

7 —
QHg

(s — ) Gpi(s) ds L (du) + f%
R

|§%8

(s —u)¥ Gy (s) ds (s —u)¥ 1 G (s) ds
1 ) )

m : N : L(dU)

(s —w) ™ Gm(s)ds ... [(s—u) " 'Gpm(s)ds

u -

=g
=g

o

§\8

00 Gll(S) e Glm(S)
/ (s —u)? : : ds L(du)

1
I'(d

%\

(d)

Hence, analogous to Section 2.3 we obtain

/G( ) My(dt) // s —u)"'G(s) ds L(du), (4.9)

R

S
—_
%\

/(5 — ) 'G(s) ds L(du).

where the equality holds in the L?-sense.

Like in the univariate case, we have the following isometry property.

Proposition 4.5 Let F' : R — M,(R) and G : R — M,,(R) be matriz
functions with components F;; : R — R and G;; : R — R, 7,5 =1,...,m such
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4.1 Multivariate Fractional Lévy Processes

that |F;], |Gyjl, i,5 =1,...,m are in the space H. Then

T
E / F(t) My(dt) / G () M(du)
R R
I'(1 —2d) 2d—1 T
== t— F()X dt du. 4.1
R R
Proof.
Analogous to the proof of Proposition 2.38, we have
T
E /F ) My(dt) /G ) My(du)
R
FXG(uw)' (t — )7 (u — s)" dt duds
0o min(u,t)
B / / Ft)2G(u)" / (t —8)" N u— )" dsdt du
1 — 2d
d / / w)T|t — u**t dt du,
where we have used Fubini’s theorem. 0

4.1.3 The Spectral Representation of MFLPs

We start with a brief summary of the results on random orthogonal measures
obtained in Chapter 3. There it is shown that for every m-dimensional Lévy
process L = {L(t)}4er with E[L(1)] = 0 and E[L(1)L(1)T] = X, there exists
an m-dimensional random orthogonal measure ®;, such that E[®,(A)] = 0 and
EBl®L(A)PL(A)] = 5=XLA(A) for any bounded Borel set A, where A denotes
the Lebesgue measure. The random measure @, is uniquely determined by

e—iha _ o—idb
®r([a, b)) = /WL((M) (4.11)

for all —oo < a < b < co. Moreover,

L(t) = / G ®,(dN), teR. (4.12)
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4 Multivariate FICARMA Processes

Finally, for any function f € L*(M,,(C)),

/f ) &, (dN) // e F(N) dX L(dt) = \/%_ﬂ/f(t)L(dt), (4.13)

/ F(t) L(dt) = / / M F(E) dt Dp(dN) = V2r / FO®L(dN).  (4.14)

Here,

f(t) = \/%/ e F(N)dx and  f(A V_/

are the Plancherel Fourier transform and the inverse Plancherel Fourier trans-
form, respectively. We will use those results to obtain a spectral representation

for MFLPs and integrals with respect to them.
Theorem 4.6 Let My = {My(t) }1er be an m-dimensional FLP. Then My has

the spectral representation

My(t) :/‘Zx)%%(dx), tER, (4.15)

where @y, is the random orthogonal measure defined in (4.11). Furthermore,

let

1
Dy ([a, b)) = /Wl(a,b)()\) O (dN), a<b, (4.16)
R
define a random measure. Then
efias _ efzbs
By (fa,B]) :/TMd(ds). (4.17)
R
Proof. Observe that (Bronstein et al. (1999, Formula 4, p. 1081))
1 ; P oMb _ gida
m/[(b—S)Jr—(&—S)Jr]ez Sdszw. (418)
R
Using (4.14) and (4.18) we obtain
1
Mi(b) — Myfa) = W / (b 5%~ (o — s)4] £(ds)
d—i—l // —(a—s)4]e™ ds Pr(dN)
ehb — et

R
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4.1 Multivariate Fractional Lévy Processes

It remains to prove (4.17):

e—ias _ e—ibs
By ([a, b)) :/—_M (ds)

2mis

% —tas __ ,—ibs
/ u)? c € ° s L(du)

27?23

I'(d) 27is

fuX d—1 —ias —ibs
(s —u)¥ e

I'(d) 2mis

ds ()

R
U d—1  —ias __ ,—ibs
/e (s —uy e C  dsdu®dp(d))
R
%/

ez)\s efias o efibs 1
ds Dy (dN) = / L (V) @1 (dN).
R

(tN)¢ 2mis (i\)
O
Remark 4.7 From the proof of Theorem 4.6 follows that we can write
/ ) My(dt) // MG Tg(t) dt Dr(dN) // Ma(t) dt ®ar(dN).
(4.19)

Figure 4.1 and Figure 4.2 display the sample paths of a 2-dimensional FLP,
where the driving Lévy process is a 2-dimensional symmetric truncated stable
Lévy process (see (2.42)) and where the dependence of the driving Lévy process
is given by the Clayton Lévy copula

Fy(u,v) = (u™? +070)71/° (4.20)

for which the conditional distribution function takes a particularly simple form

Flofu) = 2w 0) _ {1 + (Eﬂ o (4.21)

ou v

As (4.21) can be easily inverted, namely

~1/6

F7 (ylu) = u (y‘l-%’ - 1) ,

131



4 Multivariate FICARMA Processes

we can use the state space representation (2.13) of a univariate FLP to simulate
the sample paths (see Cont & Tankov (2004, Example 6.18) for further details).
We simulated trajectories of a MFLP with fractional truncated a-stable mar-
gins, where we set « = 1.8 and d = 0.2. Observe that the dependence increases

with the value of 6.

12

10 *

0 10 20 30 40 50 60 70 80 90 100

Figure 4.1: The sample path of a 2-dim FLP (d = 0.2) with fractional truncated 1.8-
stable margins and where the dependence of the driving Lévy process

is given by the Clayton Lévy copula (4.20) with 6 = 0.3.

4.2 Multivariate FICARMA Processes

Our aim in this section is to define a multivariate FICARMA process, since so
far only univariate FICARMA processes have been defined and investigated
(see Section 1.3). The advantage of continuous time multivariate modeling is
that it allows handling irregularly spaced time series and high frequency data

but also modeling the joint behaviour of several time series. For instance, to
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Figure 4.2: The sample path of a 2-dim FLP (d = 0.2) with fractional truncated 1.8-
stable margins and where the dependence of the driving Lévy process

is given by the Clayton Lévy copula (4.20) with 6 = 20.

model prices of various stocks on a tic-by-tic basis, continuous time multivari-

ate time series models are required.

4.2.1 Representations of MFICARMA Processes

In one dimension, starting from a short memory moving average process, there
are at least two possible ways to construct a long memory moving average

process:
(I) a fractional integration of the kernel of the short memory process,

(IT) a substitution of the driving Lévy process by the corresponding fractional

Lévy process.

Both approaches lead to the same long memory L2-process (see Theorem 2.43).

We apply approach (I) to MCARMA processes to obtain MEICARMA pro-
cesses, i.e. we fractionally integrate the MCARMA kernel g as given in (3.40)
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4 Multivariate FICARMA Processes

(and which satisfies g € H,,) and obtain for t € R,

t

1
/g(t —w)ut du

ga(t) 1 = (I{g)(t) = (@)

0
t
1 .
— =) pi ) 06 duutt d
s | [ P Q)
0 R
t

- 27?1{(d) ]R/

L / e (i)~ P (ip) "' Q(ip) dpe. (4.22)

eI P (i) T Qip)u ™ du dp

S —

2

Note that g4(t) = 0 for all t < 0 and g4 € L*(M,,(R)). Moreover, for m = 1
(4.22) is equivalent to (1.41). This leads to the following definition.

Definition 4.8 (MFICARMA Process I) Let 0 < d < 0.5. For p > q
the multivariate fractionally integrated CARMA (p,d, q) (MFICARMA) process
driven by the m-dimensional Lévy process L = {L(t) }1er with E[L(1)] = 0 and
E[L(1)L(1)T) = 2 < oo is defined by
t

Ya(t) = / ga(t —s) L(ds), teR, (4.23)
where the fractionally integrated kernel gq is given as in (4.22) and where the
polynomials P () and Q(-) are defined as in (3.35) and (3.536), respectively.

Now, we turn our attention to approach (IT) and substitute in the MCARMA
representation the driving Lévy process by the corresponding MFLP.

Definition 4.9 (MFICARMA Process II) Let 0 < d < 0.5. For p > q
the multivariate fractionally integrated CARMA (p,d,q) (MFICARMA) pro-

cess driven by the m-dimensional fractional Lévy process My = {My(t) }ser 18

defined by

t

Yi(t) = / g(t — 5) My(ds), tER, (4.24)

—00

where the kernel g is the CARMA kernel given in (3.40).
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4.2 Multivariate FICARMA Processes

Representation (4.24) is equal to (4.23). In fact, using (4.9), we have

gut—s) ... qgm(t—s) M (ds)
[ott=s)amas = [ | :
R R gt —358) .. Gum(t —5) M7 (ds)
[ H{gu(t —s) Mj(ds)+ ... —i—ﬂ{glm(t —s) M7"(ds)

gglm(t —s) Mj(ds)+ ... —i—ﬁ{[gmm(t —s) M7'(ds)

_ H{ (ﬁ ;f.o(s — ) g (t —s) ds) LY (du) + . ..

- 5 ~ [ autt ~5) Lidw).
ggdml(t —8) LY(ds) + ... +ggdmm (t —s) L™(ds) R

Representation (4.23) is useful to obtain distributional and sample path
properties, whereas representation (4.24) is useful in simulations (see Chapter
2 for the univariate case). In particular, we use representation (4.24) to obtain

a spectral representation for MEICARMA processes.

Theorem 4.10 The MFICARMA(p,d,q) process Yq = {Yy(t)}ser has the

spectral representation

Yat) = [ i) Pl Qi) () (4.25)
= [ PG QU ), 1€ R
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4 Multivariate FICARMA Processes

where @, is the random orthogonal measure corresponding to the Lévy process

L and @, is the random measure defined in Theorem 4.6.
Proof. We use equality (4.19) and obtain

[ ot = 5) aatas) / / L9 P(ip) Qi) dp Ma(ds)

R

- / / / eI 0) (i) Qi) dp s (M)

1
:// iut Z)\ dP W) 1@ Z,LL 2_/ i(A=p)s deﬂ@L(d)\)
s
R

R

e (i)~ P (ip) T Qip) 1 (dp)

%\ %\%

e P (i)~ Qi) P s (dp).

Remark 4.11 Note that for d = 0 the MCARMA processes are obtained.
Moreover, an MFICARMA process Y; can be interpreted as a solution to the

p-th order m-dimensional formal differential equation
P(D)Yq(t) = Q(D)DMy(t),

where D denotes the differentiation operator. Furthermore, the spectral rep-
resentation (4.25) shows that MFICARMA processes are the continuous time
analogue of the well-known discrete time multivariate fractionally integrated
ARMA (ARFIMA) processes (see e.g. Brockwell & Davis (1991)).

4.2.2 Properties of MFICARMA Processes

Having defined MFICARMA processes, we consider their distributional, second-
order and sample path properties. First note that, since (4.23) is a moving

average process, the MFICARMA is stationary.
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4.2 Multivariate FICARMA Processes

Theorem 4.12 (Infinite Divisibility) The MFICARMA process as given
in (4.23) is well-defined in L*(Q, P). For all t € R the distribution of Yy(t) is

infinitely divisible with characteristic triplet (v, 0,14, where

’y@ = —//xgd(t—s)l{”gd(ts)x||>1}u(dx)d8 and (4.26)
VL(B) — / / 15(galt — s)2) v(dz)ds, BeB®R™)  (427)

and (7y,0,v) is the characteristic triplet of the driving Lévy process L in (4.23).

Proof. Obviously, (4.23) is well-defined in L?*(Q, P), since g4 € L*(M,,(R)).
This fact, as well as (4.26) and (4.27) follow from Proposition 1.2. O

Remark 4.13 From Theorem 4.12 we can conclude that the generating triplet

of the stationary limiting distribution of Y;(t) as t — oo is given by (752, 0, 15°),

where
7;’,0 = —//xgd(s)1{||gd(s)x||>1} V(d:[‘) ds and (428)
0 Rm™
W (B) = //1B(gd(s)x)y(dx)ds, B € B(R™). (4.29)
0 Rm™

Moreover, if g4 € L"(M,,(R)) and the driving Lévy process L is in L"(2, P)
for some r > 0, then the MFICARMA process Yy is in L (2, P). This follows
from the general fact that an infinitely divisible distribution with characteristic

triplet (7, 0,v) has finite r-th moment, if and only if fl |z||" v(dz) < oo

|z||>€
for some € > 0 (Sato (1999, Corollary 25.8.), see also Propostion 3.27).

The proofs of the following two propositions are analogous to the proofs of
the corresponding results for MCARMA processes (see Chapter 3). Therefore
they are omitted.

Proposition 4.14 Suppose that there exist an o € (0,2) and a constant C > 0
such that

[ 1w autt = 90 waio-smien vide) ds = Cllol> (430)

R R™

for any vector w such that ||w| > 1. Then Yy(t) has a Cy° density.
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4 Multivariate FICARMA Processes

Proposition 4.15 (Continuity) If g; € C}(R), then the MFICARMA pro-

cess Yy has a continuous version on every bounded interval I of R.

So far we only used representation (4.23) to derive probabilistic properties.
However, having the spectral representation (4.25), we can immediately con-

clude that the spectral density of an MFICARMA(p, d, ¢) process has the form

FruX) = 5= (0P QUAISLQUA (PN ), A€ R

™

The following proposition is therefore obvious.

Proposition 4.16 Let Y; = {Yy(t)}ier be an MFICARMA(p,d,q) process.

Then it has the autocovariance matriz function

Ty,(h) = % / EMEN)TEPEN) QUM LQEN) (P(EN) ) dN,  h € R.

Alternatively, we can use (4.10) together with representation (4.24) and

obtain for the autocovariance matrix function of an MFICARMA process

I'y,(h)=FE / g(t +h —s) My(ds) / g(t — u) My(du)
-2 [

_ ) e e ,
—m//]s—u\ gt +h—5)Xrg(t —u) dsdu, h >0,

—00 —00

and I'y,(h) = (I'y,(—=h))*, h <0. It follows

(1 —2d)

Pya(h) ~ T'(d)(1—d)

]h]le//g(s)ELg(u)Tdsdu as h — oo.
00

Therefore an MFICARMA(p, d, q) process is a long memory process ac-
cording to Definition 1.16.

Finally, we would like to mention that Figure 5.3 in Chapter 5 displays the
sample path of a 2-dimensional MFICARMA(1, 0.25,0) which is driven by a

fractional symmetric truncated a-stable Lévy process My, where o = 1.8.
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5 Ornstein-Uhlenbeck Processes

Lévy-driven processes of Ornstein-Uhlenbeck (OU) type have been extensively
studied over the last recent years and widely used in applications, especially
in the context of finance and econometrics. Several examples of univariate
non-Gaussian OU processes can be found in Barndorff-Nielsen & Shephard
(2001a), where OU processes are used to model stochastic volatility. Recently
multidimensional non-Gaussian OU processes have been considered in Masuda
(2004). Moreover, Buchmann & Kliippelberg (2006) discussed among other
processes univariate fractional OU processes which were driven by a fractional
Brownian motion. In this section we apply the results of the previous chapters
to OU processes. In particular, we obtain a multivariate fractional OU process

which shows long memory.

5.1 The Univariate (Fractionally Integrated)

Ornstein-Uhlenbeck Process

We apply our findings of Sections 1.2 and 1.3 to univariate Ornstein-Uhlenbeck

(OU) and univariate fractionally integrated OU processes, respectively.

Definition 5.1 Let ¢ > 0 and L = {L(t) }ser be a Lévy process. The process
t
Y(t) = / =) [(ds), tER, (5.1)

15 called non-Gaussian Ornstein-Uhlenbeck process.

Remark 5.2 Note that for any fixed s < ¢,

Y(t) — e_c(t_S)Y(s) = /e_c(t_s) L(ds)

S
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5 Ornstein-Uhlenbeck Processes

is a random variable independent of o{Y (u), u < s}, the o-algebra generated
by {Y(u), v < s}. This implies that the OU process (5.1) is a Markov process.
Moreover, for all ¢ > 0, Y () is self-decomposable (see Barndorff-Nielsen &
Shephard (2001a, Theorem 6.1)). Furthermore, it is well-known that a neces-
sary and sufficient condition for the OU process Y to be well-defined is that

/ log |z| v(dz) < oo

|z|>1

(see also (1.34)).

Obviously, for the univariate non-Gaussian Ornstein-Uhlenbeck process,
p(z) = z+ ¢ for some ¢ > 0 and ¢(z) = 1 in the CARMA representation (1.22)
and in the kernel representation (1.30), respectively. Hence, the OU process is
a special case of a CARMA (p, q) process, namely it is a CARMA(1, 0) process.

From (1.35) we obtain the familiar expression for the OU kernel,

g(t) = €_Ct1[07oo) (t) (5.2)

Calculating the left-sided Riemann-Liouville fractional integral of (5.2), i.e.

inserting (5.2) in (1.50) we obtain the fractionally integrated kernel,
ga(t) = (—c) Y™ P(—ct,d)1jp.00)(1), (5.3)

where the function P(-) is the incomplete gamma function as defined in (1.52).

From (1.42), the asymptotic form of g4(¢) in this special case is
td*l

ga(t) ~ @ ™ t — oo. (5.4)

If ¢ =1 and d = 0.45, the exact and asymptotic expressions (5.3) and (5.4)
agree to within 0.1 percent for h > 100. The exact and asymptotic expressions
for go.45(100) are 0.0405849 and 0.040359 respectively, as compared with the
much smaller value of the unintegrated kernel, g(100) = 3.72 x 10~%. Figure
5.1 displays these results.

Considering the second-order properties we obtain from (1.36) the well-known

expression for the autocovariance function, y(h) = E[L(1)%]e~"/(2¢), and
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1 I
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| —— fractionally integrated kernel
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Figure 5.1: The kernel g, the fractionally integrated kernel g4 (d = 0.45) and the

asymptotic fractionally integrated kernel of the OU process for ¢ = 1.

from (1.51) we find, for the fractionally integrated process, that the variance
is
E[L(1)?]

10) = 53T cosmd)

while the autocorrelation function, pg(h) = v4(h)/~4(0), is

ch —ch

pa(h) = cosh(ch) — %P(ch, 2d) + %(—1)*2dP(—ch, 2d), h>0. (5.5)

The autocorrelation function (5.5), interestingly, depends on ¢ and h only
through the value of ch. The following table displays the autocorrelation func-
tion for d = .01,.05,.1,.2,.3, .4, .45, .49 and for ch = 0, 5, 10, 15, 20, 25, 30.

Table 1. The autocorrelation function of the fractionally integrated OU process
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5 Ornstein-Uhlenbeck Processes

ch\d .01 .05 .10 .20 .30 .40 .45 .49
0 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
5 | .01133 | .03345 | .07070 | .18462 | .36528 | .63081 | .80127 | .95788
10 | .00221 | .01354 | .03514 | .11450 | .26901 | .54338 | .74421 | .94393
15 | .00144 | .00926 | .02513 | .08918 | .22790 | .50029 | .71414 | .93618
20 | .00108 | .00712 | .01990 | .07490 | .20289 | .47209 | .69373 | .93077
25 | .00087 | .00582 | .01663 | .06545 | .18547 | .45138 | .67835 | .92661
30 | .00072 | .00493 | .01436 | .05864 | .17237 | .43516 | .66606 | .92323

From (1.48) we obtain the asymptotic expression for the autocorrelation func-

tion,

9g_12I'(1 — 2d) cos(nd)

T = d) as h — oo.

(6.8) pa(h) ~ (ch)

The relative error of the asymptotic approximation when ch = 30 is less than

0.3% across the range of d-values tabulated (see Figure 5.2).

Remark 5.3 Observe that, in order that the fractionally integrated OU pro-
cess [, ga(t — s) L(ds) with kernel g4 given by (5.3) is well-defined, the driv-
ing Lévy process must be square integrable with zero mean. This is a con-

sequence of Remark 1.21, since the fractionally integrated OU process is a
FICARMAC(1, d,0) process.

5.2 The Multivariate Fractional

Ornstein-Uhlenbeck Process

In this section we define multivariate fractional Ornstein-Uhlenbeck processes
as a special case of the multivariate fractionally integrated CARMA processes

considered in Chapter 4.

Definition 5.4 (Multivariate Fractional OU Process)
Let A € M,,(R) be a matriz such that all the eigenvalues of A have negative
real part. Let B € M,,(R) be positive definite and My = {My(t) her be a
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Figure 5.2: The autocorrelation function of the (fractionally integrated, d = 0.2)

OU process (¢ = 1) and the asymptotic autocorrelation function of the
fractionally integrated OU process.

square-integrable m-dimensional fractional Lévy process as defined in Section

4.1.1. We define the fractional Ornstein-Uhlenbeck process by

t

OB — / A B My(ds), teR. (5.6)

—0o0

Remark 5.5 Obviously (5.6) is an MFICARMA(1, d, 0) process and is there-

fore stationary and well-defined. Moreover, it is a process with long memory
(see Chapter 4).

Now, without serious loss of generality we assume that the matrix A is

diagonizable. Therefore, let U € M,,(R) be such that A = UDU™!, where
D = diag(\;)i=1,.m and A;, ¢ = 1,...,m, are the eigenvalues of A. Then,
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5 Ornstein-Uhlenbeck Processes

calculating the left-sided Riemann-Liouville fractional integral of the kernel
G(t —s) = e Bl o) (t — s),
we obtain

1 o0
Ga(t) : = (I1G)(t) = m/sd LA Bl o) (t — 5) ds
0

t
/ diag(e™*)dsU™'B
0

A1t
AL [ s temsds
eMU ° 1
= T - B
T(d) . U

A AP (At d)
= eAtU . U7187
A 4P (At, d)

where P(z,d) = ﬁ S e 't?1 dt denotes again the lower incomplete gamma
0

function with complex argument = € C (see also (1.52)). Hence, it follows from
(4.9) and (4.23),

OBAB _ / Gult —u) L(du), tE€R. (5.7)

We see that OU processes have the nice property that the explicit expression
of the fractionally integrated kernel is easy to compute, which is unfortunately
not the case for general MFICARMA processes.

Finally, we would like to mention that the usual definition of an (not frac-
tional) OU process driven by Brownian motion is as the solution of a stochastic
differential equation, the so-called Langevin equation. The next proposition

shows that this is also true for multivariate fractional OU processes.

Proposition 5.6 The process Of’A’B as given in (5.6) is the unique stationary
solution of the SDE of Langevin-type

dO(t) = AO(t)dt + BMy(dt), t>0, (5.8)
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5.2 The Multivariate Fractional Ornstein-Uhlenbeck Process

where the matrices A, B € M,,(R) are defined as in Definition 5.4.

Proof. Let t, < s < t. Notice that equation (5.8) can be written in the

integral form

O(t) - Olto) = /AO(s) ds + B[Ma(t) — Ma(to)).

to

Therefore, using (4.9) and Fubini’s theorem we obtain

t t s
/AO(S) ds = /A / A B My(du) ds
to to —0o0
t to t s
= / A / A= B My(du) ds + / A / A B My(du) ds
to —0o0 to to
t to
:/A/eA(StO)eA(tO“)BMd(du) ds
+—/ // )4 eAEY B dy L(dv) ds
= /Ae SOt ds+—/ // )4 1A B ds du L(dv)

to

_ At T / / A=) _ [ 1B du L(dv)

= [eAt=t) — 1 1O(te) + / (et — [ 1B My(du)
to

= O(t) — O(to) — B[Ma(t) — Ma(to)]-

The proof of the uniqueness is a simple application of Gronwall’s Lemma (see
e.g. Ikeda & Watanabe (1989, Theorem 3.1)). O

Figure 5.3 and Figure 5.4 show the sample paths of a 2-dimensional OU process
(d = 0) and a 2-dimensional fractional OU process (d = 0.25), respectively.
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5 Ornstein-Uhlenbeck Processes

The driving Lévy process is a 2-dimensional (fractional) symmetric truncated
stable Lévy process (see (2.42)) and the dependence of the driving Lévy process
is given by the Clayton Lévy copula (4.20). We simulated the trajectories for

a=18and 0 =0.5.
—1 -2
Furthermore the matrix A is given by A = 03 14 ) with eigenvalues

A1 = —0.4 and Ay = —2 and we set B = I,.

We observe that the roughness of the sample paths decreases when the value
of d increases.

Figure 5.5 shows the 2-dimensional fractional OU process (d = 0.25) for
t € [0, 100].

1.5

0.5+ -

0|

—0.5} _‘M’/‘"-\“\" i

-1.5 ! ! !

Figure 5.3: The sample path of a 2-dim OU process with truncated 1.8-stable mar-

gins.

146



5.2 The Multivariate Fractional Ornstein-Uhlenbeck Process

Figure 5.4: The sample path of a 2-dim fractional OU process with fractional trun-

OO.ZS,A,t

cated 1.8-stable margins (d = 0.25).

I WM

b g

10 20 30 40 50 60 70 80 90 100

Figure 5.5: The sample path of a 2-dim fractional OU process with fractional trun-

cated 1.8-stable margins (d = 0.25), where ¢ € [0, 100].
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6 Outlook: Stochastic Calculus for

Convoluted Lévy Processes

We know from Chapter 2 that for a large class of Lévy processes the corre-
sponding fractional Lévy process cannot be a semimartingale and hence or-
dinary Ito calculus cannot be applied. Therefore, in Section 2.3 we defined
integrals with respect to fractional Lévy processes in the special case of a
deterministic integrand.

Our aim in this chapter is to generalize this integral to stochastic integrands.
We give an elementary definition of the (Wick-)It6 integral with respect to
FLPs in terms of the S-transform. In particular, we define a stochastic calculus
not only for FLPs but for general convouluted Lévy processes.

In the case of fractional Brownian motion an S-transform approach has been
developed by Bender (2003a) (see also Bender (2003b)). Equivalently, the frac-
tional It6 integral with respect to FBM can be defined in a Malliavin calculus
setting with the aid of the Skorohod integral (see e.g. Alos et al. (2001)).
However, the definition based on the S-transform avoids all the technical con-
structions of the Malliavin and the white noise calculus.

The research on It6 integrals with respect to convoluted Lévy processes is
joint work with Christian Bender and still ongoing. In this last chapter we

state the basic concept and main ideas without going into further detail.

6.1 1td’s Integral from a White Noise Point of
View

Our aim is to define a stochastic calculus for convoluted Lévy processes.
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6.1 Ito’s Integral from a White Noise Point of View

Definition 6.1 We call a stochastic process M = { M (t) }1er given by

:/f(t,s) L(ds), teR, (6.1)

a convoluted Lévy process with kernel f. Here, f : Rx R — R is a
measurable function and L = {L(t)}wer is a Lévy process without Brownian
component satisfying E[L(1)] = 0 and E[L(1)?] < co, i.e. L can be represented
as in (1.6).

Remark 6.2 We know from Section 1.1.2 that the process M can be repre-
sented by (1.11), that is

= / f(t, s)x J(dx,ds), teR, (6.2)
RoXR
where J is the jump measure and J(dz,ds) = J(dz,ds) — v(dz)ds is the

compensated jump measure of L.

Important examples for convoluted Lévy processes are the fractional Lévy

processes (see Chapter 2).

In this section we give a simple characterization of the classical It integral
for Lévy processes in terms of the S-transform, which is an important tool
from white noise analysis. This characterization is the starting point to de-
fine stochastic integrals with respect to convoluted Lévy proceses in the next
section.

To introduce the S-transform we first require some preliminaries. For f :
R x R — R we define the Wiener integral with respect to the compensated
jump measure J(dz, ds) = J(dz,ds) — v(dz) ds by

I(f //:I:f s,2)J(dz, ds). (6.3)

R Ro
Observe that according to Proposition 1.2, the integral (6.3) can be defined

for step functions in a straightforward manner and may then be extended by

- / / F(s, 2)22%v(dx)ds. (6.4)

R Rop

the isometry
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6 Outlook: Stochastic Calculus for Convoluted Lévy Processes

To simplify notation we introduce the measures

n(dx,ds) = wv(dx)ds,
Ndz,ds) = x*n(dw,ds).

Definition 6.3 (Wick Exponential) Let Jp(w) = {s € R: AL(s;w) # 0},
where AL(s;w) = L(s;w) — L(s—;w) are the jumps of the Lévy process L.
Then for f € L*(R?,\) such that xf(s,z) belongs to L' N L®(R x Ry, n) the
Wick exponential of I(f) is defined as

el = exp —//f(s,x)xu(dx)ds H 14+ AL(s)f(s,AL(s))]. (6.5)

R Ro seJy,

Remark 6.4 (i) By Lee & Shih (2004, Theorem 3.1),

cel) = i In(f®”)’

n!
n=0

(6.6)

where [,, denotes the multiple Wiener integral of order n with respect to
the compensated Lévy measure. This representation justifies the name

Wick exponential.

(ii) Since : /() : coincides with the Doléans-Dade exponential of I(f) at
t = oo it is straightforward that for f, g, which satisfy the conditions of

Definition 6.3, we have
El: el ) =1 and E[ AR el(g)] = elfo

where

(f,9h :=//x2f(s,x)g(s,x) v(dzx)ds.

R Ro

Define

== {277] ®fj; n e N7 n; € S(R)a fj S L mLOO(R()?V)}’ (67)

J=1

where S(R) denotes the Schwartz space of smooth rapidly decreasing functions.
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6.1 Ito’s Integral from a White Noise Point of View

Lemma 6.5 FEvery f € = satisfies the conditions of Definition 6.3. Moreover,
= is a dense subset of L*(R?,\).

We can now define the S-transform

Definition 6.6 (S-transform) For F € L?(Q, P) the S-transform is defined
by

S(F)(n) = EY[F], nez,
where

@, =: ! . qp.

Due to the following proposition every square integrable random variable is
uniquely determined by its S-transform.
Proposition 6.7 The S-transform is injective, i.e. if S(F)(n) = S(G)(n) for
alln € 2, then F =G.

Proof. In view of Lemma 6.5, the assertion follows from Remark 5.9 and
Theorem 5.13 in Lee & Shih (1999). O

We shall now calculate the S-transform of an Ito integral with respect to
the Lévy process L. To this end let 0 < a < b and X : [a,b] x 2 — R a

predictable (with respect to the filtration F; generated by the Lévy process
L(s), 0 < s <'t) process satisfying

b
E /|X(t)|2dt < o0.

Then the compensated Poisson integral fab Jo, X )y J(dy, dt), which is equiv-
alent to the integral fabX (t) L(dt) with respect to the Lévy process L, exists
and by the isometry property it is an element of L?(£2, P) (see Cont & Tankov
(2004, Proposition 8.8)).
We start our considerations with a Girsanov theorem.

Theorem 6.8 (Girsanov) Let Li(t) = L(t), t > 0, Ly(t) = L(—t), t > 0,
where L is a Lévy process with characteristics (v,0,v ). Moreover, let f € = and
define an equivalent measure Q¢ to P by

dQ; =: ") dP.

Then under Q¢
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6 Outlook: Stochastic Calculus for Convoluted Lévy Processes

(i) For 0 <t < oo,

—/t/fo(s,x) I/(dx)ds,Lg(t)+/t/x2f(—s,x) v(dz) ds)

18 a two-dimensional Process with independent increments which is stochas-

tically continuous (PII for short). Moreover, it is a Q) -martingale.

(i) L(t f [ 2?f(s,x) v(dz) ds is a two-sided PII. Moreover, its expectation
0 Ro
under Qy is zero.

Proof. (i) By Girsanov’s theorem for semimartingales (Jacod & Shiryaev
(2003, Theorem 111.3.24)) follows that

Ly(t) = Li(t) — //fo(s,x) v(dz)ds, t=>0,

is a semimartingale having characteristics (75, 0, 7s), where

Ny = — / (1 +xf(s,x))v(dr),
|z|>1

vs(dr) = (1+xf(s,x))v(dx).

Since L(0) = 0 and the characteristics are deterministic, L; is a PII under the
measure @)y (Jacod & Shiryaev (2003, Theorem I1.4.15)). Analogously, Ly is
a PII under Q¢. The @) y-martingale property follows from Jacod & Shiryaev
(2003, Theorem II1.3.8).

(ii) Obviously, it follows from (i) that

- / / 22 f(s, ) v(dz) ds

ffx v(dz) ds, t>0
B ff Yv(dx)ds, t<0

is a two-sided PII. As the two-sided process can be decomposed into two one-
sided @) y-martingale and its time zero value is null, its expectation under Q;

1S zero. O
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6.1 Ito’s Integral from a White Noise Point of View

Remark 6.9 From the proof of Theorem 6.8 we know the characteristics of
t
L(t) = L(t) — //x2f(s, z)v(dz)ds, t>0,
0 Ro

explicitly. Therefore, it is straightforward that under the measure Q) for all
t > 0 the characteristic function of the distribution of L(t) is given by

B9 [0 | = exp(yy(u)),

where

P(u) = /iu% + /[ei“” — 1 —duxlyy<y)[1 + 2 f(s, x)] v(dx) ds (6.8)

= //[ewx —1— wx][l 4 :z:f(s, x)] l/(d$) ds. (69)

0 Ro

Hence,

E9L@R)] = (6.10)

0,
EUL(1? = //x2(1+xf(s,x))y(dx)ds. (6.11)

0 Ro

Theorem 6.10 Let 0 < a < b and X : [a,b] X Q@ — R be a predictable pro-
b
cess such that E[fab | X (t)]*dt] < co. Then [ X(s)L(ds), is the unique square

integrable random variable with S-transform given by

/ / S(X(s))(n) vn(s,y) vldy) ds, 1€ =.

a Rg

¢
Proof. By the Girsanov theorem we know that L(t) — [ [ 2®n(s,z) v(dz) ds
0 Ro
is a two-sided PII and a ),-martingale with zero expectation.
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6 Outlook: Stochastic Calculus for Convoluted Lévy Processes

Consequently, fat X(s) E(ds), a <t < bisazero mean ,-martingale. Hence,
by Fubini’s theorem we obtain

b

£ | [ X0 Lids)| = B / X(s) L(ds) + / [ X n(s. ) vl ds

a a Rg

=/b/EQ"[X(S)] y*n(s,y) v(dy) ds.

a Ro

From Theorem 6.8 (ii), we also obtain that

S(L(1))(n) = / / yn(s. ) v(dy) ds.

0 Ro

Hence, in the context of Theorem 6.10,

s| [ X)) | o= [ s ESsLe)mas

The latter identity is the starting point for defining an integral for convoluted

Lévy processes.

6.2 A Skorohod Integral for Convoluted Lévy

Processes

For the rest of this section we assume:
Standing Assumption: M = {M(t)};cr is a convoluted Lévy process on

the real line, such that for every n € =
t = S(M(t))(n)
is differentiable.

Definition 6.11 Let B € B(R) and X : B — L*(Q, P). Then X is said to
have Skorohod integral with respect to M if

S(XO)) S S(M())(n) € L'(B) for any n € =
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6.2 A Skorohod Integral for Convoluted Lévy Processes

and there is a ® € L*(Q, P) such that for alln € Z,

S(®)(n) = / S(X(0) () LS (M (1)) () dt.

B

dt

In that case ® is uniquely determined by the injectivity of the S-transform

and we denote

o= /X(t) Me(dt).

Remark 6.12 (i) The definition of the Skorohod integral does not require
measurability conditions such as predictability or progressive measurability.
Hence, it also generalizes the [t0 integral with respect to the underlying Lévy
process to anticipative integrands.

(ii) Since the Lévy process itself is stochastically continuous, the S-transform

cannot distinguish between L(t) and L(t—) for fixed ¢. Consequently, we obtain

e.g.
t t t

/ L(s) I°(ds) = / L(s—) L°(ds) = / L(s—) L(ds),
0 0 0
where the last integral is the classical Ito integral.

The following properties of the Skorohod integral are an obvious consequence
of the definition:

Proposition 6.13 (i) For alla <b € R,
b
M(a) — M(b) = / Me(dt).

(ii) Let X : B — L*(Q, P) be Skorohod integrable. Then

/ ()X (£) M2 (d).

R

/ X (t) M°(dt)
B
(iii) Let X : B — L*(Q, P) be Skorohod integrable. Then

E /X(t)M°(dt) = 0.
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6 Outlook: Stochastic Calculus for Convoluted Lévy Processes

Because of (ii) there is no loss of generality in proving the majority of results
for B =R, only. Note that (iii) holds since the expectation coincides with the
S-transform at n = 0.

We shall now specialize from a convoluted Lévy process to a fractional one
(see Chapter 2). Similar considerations as in Theorem 6.10 yield together with
(2.43)

SO = [ [ (1100)0) n(s.0) vldy) ds.
R Ro
where I? is the right-sided Riemann-Liouville fractional integral of order d.

Recall, n =) iNi® f;- Hence, by Fubini’s theorem and fractional integration
by parts (see 1.40),

t

SOL®n = X [ [ i) dsvid)

J Rg 0

= j/(ij(y)(fim)(S)> y*v(dy) ds

0 Ro

Consequently,

Proposition 6.14 Suppose My is a fractional Lévy process with 0 < d < 0.5.
Then for allm € =,

SSn()n) = [ (En) e p)ydy),

Ro
where, by convention, fractional integral and differential operators are applied

only to the time variable t.

We now state a theorem which is well-known in the case of fractional Brow-

nian motion. For the proof we refer to Bender (2003b, Theorem 3.4).

Theorem 6.15 Let 0 < d < 0.5. Suppose that X € LP(R; L*(Q, P)) with
1<p<1/d. Then

/ X (1) My(dt) = / (I.X)(t) L(dt)

in the sense that if one of the integrals exists then so does the other and both

coincide.
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6.2 A Skorohod Integral for Convoluted Lévy Processes

Remark 6.16 Observe that Theorem 6.15 coincides with (2.50): If the inte-
grand X is deterministic, the integral defined in Definition 6.11 and the integral
of Theorem 2.34 are equal.

We now define the Wick product:

Definition 6.17 Let F,G € L*(Q, P) and assume that there is an element
FoG e L*(Q, P) such that

S(FoG)(n) = S(F))S(G)(n), forall neE.

Then F o G is referred to as the Wick product of F' and G.

Example 6.18 Let f,g € L*(R). Then

sl o el = U9 .

Theorem 6.19 Let X : R — L?(Q, P) and Y € L*(Q2, P). Then

YO/X(S) My(ds) = /YOX(S) My(ds),

R

in the sense that if one side is well-defined then so is the other and both coin-

cide.

Proof. The assertion follows by calculating the S-transform of both sides. O

Example 6.20 We want to calculate the Wick product L(7T") ¢ L(T). On the
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6 Outlook: Stochastic Calculus for Convoluted Lévy Processes

one hand we have

(/L<mﬁ) n) = //S@@mm%wwW@Mt

0

On the other hand we know by It6’s formula (e.g. Protter (2004, Theorem
11.32))

Hence,

L(T) o L(T) = (L(T))* — [L, L]r.

In the general case, applying Lee & Shih (2004, Theorem 3.6), we obtain the

following result

Proposition 6.21 Let f,g € L*(R). Then

HﬁOHQZIU%f@%i//Qﬁa%ﬁJM%ﬁ)

R Ro

Example 6.22 For a fractional Lévy process My(t) = [o(I%1(04))(s) L(ds),
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6.2 A Skorohod Integral for Convoluted Lévy Processes

we obtain from proposition (6.21)

My(t) o My(t) = / / (I1(0.0)%(s) J(dz, ds)

RRO

= (Ma(t))* - m D[t = s)% = (=s)1P(AL(s))".

seJy,

Proposition 6.21 gives rise to a guess on the form of an Ito formula for
functionals of stochastic integrals with respect to convoluted Lévy processes.

This will be the topic of future research.
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Notation

Abbreviations

a.e.

a.s.

AR

ARMA
ARFIMA
CARMA
FBM
FICARMA
FLP

ii.d.

Lh.s., r.h.s.
MA
MCARMA
MFLP
MFICARMA
ou

SDE

SV

w.lo.g.

almost everywhere

almost surely

autoregressive

autoregressive moving average

autoregressive fractionally integrated moving average
continuous time autoregressive moving average
fractional Brownian motion

fractionally integrated CARMA

fractional Lévy process

independent identically distributed

left hand side, right hand side

moving average

multivariate CARMA

multivariate fractional Lévy process
multivariate FICARMA

Ornstein Uhlenbeck

stochastic differential equation

stochastic volatility

without loss of generality
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a_
f1
f(t) ~g(t)
log, exp

P E

var, cov

Ip
I,

{Bi}ier
{Bu(t) }ter

(—00,00), [0,00), R™\ {0}

{,2,...}, {...,—2,-1,0,1,2,...}, NU{0}
complex numbers

Borel o-algebra over R

space of all real, complex m x m-matrices
space of all invertible m x m-matrices

real and imaginary part of z € C

minimum, maximum of a,b € R

0OVa

0V —a

first, second, n-fold derivative of f

f)/g(t) =1, t— o0

natural logarithm, exponential function
probability, expectation

variance, covariance

indicator function of the set B

identity matrix, I, € M,,(C)

transposed of the matrix A

adjoint of the matrix A

kernel of the matrix A

determinant of the matrix A

absolute value of x € C

norm of z € C™

operator norm corresponding to the norm ||z||, x € C™
space of bounded continuous, infinitely often
differentiable functions with bounded derivatives
space of p-integrable functions

{f:RxR— My,(R), [,|f(ts)Pds<oo}, p>0
Hurst coefficient

fractional integration parameter

differential operator

ordinary Brownian motion

fractional Brownian motion with parameter H



{L(t) her
{My(t) }rer
L(X)

(v,0,v)
d d

—)’:

L? L2
H’ fr—

P .
—, p-lim

d-lim

Lévy process
fractional Lévy process
distribution of the random variable X

generating triplet of a Lévy process

convergence, equality in (all finite dimensional) distribution(s)

convergence, equality in L?
convergence in probability

convergence of the finite dimensional margins
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