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PART A

SETTING THE STAGE






The crossing of energy levels has been a matter of considerable discussion.
(Clarence Zener, 1932)

The footnote explaining the introductory line of Zener’s famous article on non-adiabatic
crossings of energy levels refers to the work of Hund on molecular spectra and von Neumann'’s
and Wigner’s discussion of crossing eigenvalues in the context of adiabatic processes; see [Ze,
Hun, NeWi]. Today, more than seventy years after the early days of quantum mechanics,
mathematics has provided a considerable amount of methods and technique, which allows
us to add a whisper to the discussion.

The core of this dissertation is a perhaps excessive case study of the following time-dependent
Schrodinger system

1ot q) = (—5Aq+V(Q)WVe(t,q),
Pe(0,q) = WPi(q) € L*(R?, C?)

with matrix-valued potential

V(q)=(q1 qz), q=1(q1,q2) € R?
dq2 —q

and small semi-classical parameter ¢ > 0. The eigenvalues of the matrix V(q) are E¥(q) =
+|q| and meet at ¢ = 0. Their joint graph shows two intersecting cones explaining the
notion of a conical crossing.




The potential matrix V(q) is a variant of Rellich’s celebrated example

( 1+2q1 d1+4z2

) M ERZ’
dgi+4q2 14+2q; > (a1, a2)

of a matrix, which depends smoothly on two parameters, but is not smoothly diagonizable;
see §2 in [Re] and also Example 5.12 in Chapter II-§5.7 of [Ka]. A crossing of eigenvalues
controlled by two parameters generates non-adiabatic transitions to leading order in the
semi-classical parameter ¢. The plots in Figure 1 nicely illustrate such a leading order
non-adiabatic transition. The initial datum 1§(q) is a scalar Gaussian wave packet

9°(q) = (2em)”"/? exp(—55 la — qol* + L po - (a—qo)) (2)

times an eigenvector x*(q) of V(q) with respect to the upper eigenvalue E*(q) = |q|, that is
P§(q) = g°(q)x*(q). Having not yet approached the crossing {q = 0}, the solution *(t, q)
of the Schrédinger equation (1) is still a multiple of the upper eigenvector x*(q) to leading
order in ¢. However, near the crossing non-adiabatic transitions occur, and the solution
P (t, q) also moves into the span of the lower eigenvector x (q) to leading order in the
parameter ¢.

What’s the new news of this dissertation ?

There’s no news at the court, sir, but the old news ... The main new results are The-
orem 8 and Theorem 10. The latter is easily formulated stating that the matrix-valued
Schrodinger operator H® = —%Aq + V(q) is of purely absolutely continuous spectrum,
which covers the whole real line. Its proof relies on an orbital decomposition, an exact
WKB construction, and subsequent application of the non-subordinacy method. It seems
to be the first proof of such a result for an operator with an eigenvalue crossing. Theorem 8
does not have such a straightforward formulation. It provides an asymptotic description of
the non-adiabatic dynamics of the Schrodinger system (1) by means of a semigroup acting
on the initial datum’s Wigner function. This semigroup stems from an underlying Markov
process, which combines classical transport on the energy levels and jumps between the
levels according to a Landau-Zener type formula. Its explicit construction entails an al-
gorithm, which can be viewed as a rigorously derived counterpart of quantum chemistry’s
surface hopping algorithms.

The shoulders we have been standing on while working on this dissertation are the lecture
notes [Bo] of F. Bornemann on homogenization, the book [DiSj] of M. Dimassi and J.
Sjostrand on semi-classical spectral asymptotics, the article [FeGel] of C. Fermanian and P.
Gérard on two-scale measures, the memoirs [Ha94] of G. Hagedorn on energy level crossings,
L. Nédélec’s article [Ne| on resonances, and the lecture notes [Te| of S. Teufel on adiabatic
perturbation theory. The idea of the proof of Proposition 4, Figure 6, the definition of
a two-scale Wigner functional, the examples for two-scale measures in Section 12.2, and
Section’s 12.5 replacement of Ipa by TFG are taken from the joint publication [FeLa] with
C. Fermanian. Most of the results in Part C have been obtained jointly with S. Teufel
and can also be found in the preprint [LaTe]. The exact WKB construction of Section 16
will be used together with S. Fujiie and L. Nédélec for the derivation of Bohr-Sommerfeld
conditions in [FLN].
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upper electronic level lower electronic level

Figure 1: The plots show the energy populations for the propagation of a Gaussian wave
function through the linear conical crossing. For initial data {§(q) = g°(q)x™ (q) with g°
and x* as defined in (2) and (12), we have computed the solution \*(t, q) of (1) by a Strang
splitting algorithm. The plot shows |TT* (q)W¢(t, q)|? in the left column and [T~ (q)e(t, q)?
in the right column for times t € {—2/¢,0,2+/¢}, where TT1*(q) are the eigen projectors of
the potential matrix V(q). The center (qo,po) of the initial Gaussian has been chosen as
do = (8v/¢,0) and po = (—1,0) with semi-classical parameter ¢ = 0.01. We note, that the
plots have been rotated by an angle of 90 degrees.
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1 HKESSENTIAL SELF-ADJOINTNESS

To establish existence and uniqueness of the solution to the Schrédinger equation (1), we
study its Hamilton operator

H® = ZZAqu( 212 _q; ) = —5 Aq+V(a). (3)

ProposiTiON 1 (Ess. SELF-ADJOINTNESS) For all ¢ > 0, the Hamiltonian H® is an
essentially self-adjoint operator on C®(R?, C?).

The following proof is analogous to the proof of the Faris-Lavine Theorem, Theorem X.38
in [ReSi2]. It is an application of Nelson’s Commutator Theorem.

Proor. We set N¢ = H® + 2|q|? + 2 and choose D(N¢) = C® (R? C?). Since
((V(@)+2lal* +2)u,w) > (—lal+2la* +2)u* > [uf?

for all ¢ € R? and u € C?, the operator N¢ is a Schrédinger operator with positive potential.
Thus, N°¢ is essentially self-adjoint on D(N¢). We also have

N® > 1, [[H'[[2 < [[N*P]r2
for all ¢ € CX(R?,C?). Moreover,
HE, NE] = [ A, 2lq] = —2¢%(q-V +V - q),

and since
2 . .
—%Aqu\q\zi ie(q-V+V-q) = (ieV+q)? >0

we also have
(Neh, ) > (=5 Aq+1aP) d,d), = el ((a-V+V-q)d, bz |
= = [ {H N, ¢) |

for ¢ € C¥ (R?,C?). Hence, we are done by applying Nelson’s Commutator Theorem. O

REMARK 1 The previous proof also applies to more general Schrodinger systems, as long
as the potential V(q) is a symmetric matrix such that there exists a constant C > 0 with

(V(g)u,uw) > —Clqlhu|
for all q € R? and all u € C?. %

Given essential self-adjointness of the Hamiltonian, the spectral theorem immediately yields
the desired existence and uniqueness result. Here and in the following, we will use the
operator H¢ also in places where the operator’s closure H¢ would have been more correct.

12



COROLLARY 1 For arbitrary initial data h§ € L2(R?,C2), the Schrédinger system (1)
has a unique global solution

e MM Vegs = Pe(t) € C(R,L*(R?,C?)).

Having established well-posedness of our favourite model system, we turn to the question
how it relates to molecular dynamics.

2 BORN-OPPENHEIMER APPROXIMATION

In molecules, the mass discrepancy between the heavy nuclei and the light electrons causes
dynamics associated with two different time-scales: the nuclei move slowly, more or less
like classical particles, while the electrons perform a rapid oscillatory motion. How is this
intuitive picture formulated in mathematical terms? Neglecting spin degrees of freedom
and relativistic effects, one describes the full quantum-mechanical motion of a molecule by
the time-dependent Schrodinger equation

0 = Hmah,  $(0) = o (4)

with a square-integrable initial datum 1o = Po(x,X) € LZ(R3(M+N) C). The vector x =
(X1,...,%Xn) € R3" contains the positions of the n electrons, and X = (X;,...,Xn) € R3N
the positions of the N nuclei. In atomic units, the full molecular Hamiltonian

Phnd = _'ZE;%WAM -

j=1 j
+ Y =l Y L2 =X = Y Zichg — Xl !
j,k

j<k j<k

.rv1z
N
B

>
R

1

consists of electronic and nucelonic kinetics, Coulomb interaction inbetween electrons, inbe-
tween nuclei, and between electrons and nuclei. Z; > 0 and M; > 0 denote the charge and
the mass of the jth nucleus, respectively. By Kato’s Theorem, see Theorem 1 in [Ka51], the
molecular Hamiltonian Hy, is self-adjoint with domain HZ(R3(m+N) C), and the spectral
theorem gives existence and uniqueness of the solution of the Cauchy problem (4),

P(1) = e 1THmeyy € C(R, LA(R3M™TN) C).

2.1 ADIABATIC DECOUPLING

Departing from the elegance of existence and uniqueness questions, one has to realize, how-
ever, that even for common molecules like carbondioxide CO;, which is built of three nuclei
and 22 electrons, the full quantum mechanical description is cursed by the high dimension-
ality of the molecular configuration space R3(™*N)_ For carbondioxide, one would a priori
have to deal with wave functions acting on R”>. Hence, one is striving for a considerable re-
duction of degrees of freedom, which is provided by the time-dependent Born-Oppenheimer
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approximation first undertaken by G. Hagedorn in [Ha80]. For a precise formulation of this
important approximation we switch from L?(R3(™+N) C) to the isomorphic space

(&3]
H = J L2(R3",C)dX = L*(R3N,C) @ L*(R3™,C)
R3N

and rewrite the full molecular Hamiltonian H,,,; as
2
Ianol = —87 Ax ® ]ILZ(RST\‘C) + Hep.

The small parameter ¢ > 0 already indicates, that from now on we only consider molecules
with nuclei of identical mass M; = ¢~2. For real life’s molecules we may expect

1073 < e <1072,

~

The part of the full molecular operator, which depends on the electronic degrees of freedom,
the so-called electronic Hamiltonian, is the fibered operator

]
He = J Hel(X) dX.
R3N

Inside the fiber operators

Ha(X) = =) A, 4+ D y—xil!

j=1 j<k

+ ) JRG ply—X;) py' —Xi)ly —y'| ' dydy’ — ) L@s oy —X;) Iy — x| 7" dy
j<k i,k

the Coulomb interaction inbetween nuclei as well as between nuclei and electrons is smeared
out by means of a charge density p € CZ(RR3, [0, 00[). This suppression of Coulomb inter-
action is a technical necessity providing us with smooth dependance of the fiber operators
Hei(X) on the nucleonic configuration X € R3N| that is

(Ha(-) —1)7" € C¥ (R*N, L(L2(R*™,C))) . (5)

Imposing this form of regularity draws from Chapter 1 and Chapter 2.3 of the mono-
graphs [Ha94] and [Te], respectively, which assume the mapping X — (He(X) — 1)~ to
be k-times differentiable for suitable 2 < k < co. With or without Coulomb interaction, the
fiber operators He (X) are for all X € R3N infinitesimally operator bounded with respect
to the Laplacian in [2(R3" C), see Lemma 4 in [Ka51]. Hence, we have as the domain of
self-adjointess for the full electronic Hamiltonian H

D(He) = {w € H | P(X) € H*(R?™,C) ae., Lw WX [1F2 m3n) < oo},

see Theorem XIII.85 in [ReSi4|. The full molecular Hamiltonian HS ; is then essentially
self-adjoint on
D(He) = H* (RN, C) @ L*(R*™,C) N D(Hel) -

mol
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Let X € R3N. One expects for the spectrum o(He (X)) of the electronic fiber Hamiltonian
the following situation. The essential spectrum

Gess(Hel(X)) = D:(X)) OO[

is an unbounded interval, where X(X) is something like the minimal energy, which the
electronic system can have after being broken into two pieces. This cloudy formulation tries
to verbalize the HVZ Theorem, see Theorem XIII.17 in [ReSi4]. Since He (X) is bounded
from below, see the remark before Theorem 1 in [Ka51], the discrete spectrum

Gdisc(Hel(X)) = {E1 (X) < EZ(X) < E3(X)}

is a finite or countably infinite set with £(X) as a possible accumulation point. As an
example, see the spectra of nitrogen N, in Figure 2. Let A C R3™N be an open subset of
R3N and f4 € C(A,R) two continuous functions with

VXEA: f(X)<fi(X), fo(X) € o(Ha(X)). (6)

Let for X € A be 0,(X) C 0(He (X)) a subset of the electronic spectrum, which is contained
in the interval [f_(X), f, (X)], such that

Jg>0VXeA: dist([f_(X),fi(X)],0(Ha(X))\ 0.(X)) > g. (7)

Having the spectra of nitrogen in mind, the case A = R3N would mean that o, (X) contains
the electronic ground state energy only, since only at the bottom of the spectrum we expect
a global spectral gap. For A C R3™N, however, there are plenty of possible choices for the
set 0,(X). We denote by P,(X) € £(L*(R3™, C)) the spectral projection of H;(X) onto
the spectral subspace associated with o,(X). Having assumed the existence of a spectral
gap g > 0, the projectors inherit the smooth dependance on the nucleonic configuration
from the electronic fiber Hamiltonians.

LEMMA 1 We have P.(-) € CZ (A, L(L?(R3™,C))), and hence dimRan(P.(-)) = const. If
in the special case dimRan(P,(-)) =1 we denote 0.(X) = {E(X)}, then E(-) € C¥ (A, R).

Proor. Let Y € A. By Riesz’ formula, see II-§1.4 and VI-§5.4 in [Ka],

PV = o | a0 e
7Ty

where I'(Y) C C is a closed positively oriented curve with I'(Y) N o(Hg(Y)) = 0, which
encloses only 0,(Y) but no other elements of o(He(Y)). Such a curve exists because of the
gap g > 0. We have continuity of the resolvent, see (5), and of the functions f,. Hence, there
exists a neighbourhood U(Y) C A of Y, such that I'(Y) N o(He (X)) = 0 and the curve T'(Y)
encloses only 0,(X) but no other points of o(He (X)) for all X € U(Y). Therefore, for all
X e u(y)

15
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Figure 2: Spectrum of the electronic fiber Hamiltonians of nitrogen N, as a function of
the distance between the two nuclei. The plot is taken from [GTLB]. The annotation of the
ordinate refers to the elements of the electronic spectrum as potential energies.

16



is indeed the projection of He(X) onto the spectral subspace associated with o, (X). From
this representation of P,(-) on U(Y), we immediately deduce the claimed smoothness and
boundedness of P,(-) on A. If dim Ran(P,(:)) = 1, then E(-) = tr(He ()P4 (+)), which implies
the claimed properties of E(-), since
HaOP.0) = 5o [ C(HaX) =07 ac € L@, 0)
7T Ty

for all X € U(Y), see I1I-§6.4 in [Ka]. ]

The operator o
P, = J P.(X)dX € L(H)
R3N

is an orthogonal projection, but in general no spectral projection for the electronic Hamil-
tonian He. The fiber projectors commute with the fiber electronic Hamiltonians, that is
P.(X)Hea(X) C He(X)P.(X) for all X € R3N, see for example Theorem 6.17 in [Ka]. Hence,
also P, commutes with He, which in turn implies the invariance of Ran(P,) under Hg,
meaning He; Ran(P,) € Ran(P,). We also have invariance of the band subspace Ran(P,)
under the strongly continuous one-parameter group (e 'THe) g, as the following Lemma
easily proves.

LeEMMA 2 (INVARIANCE) We have e i"Het Ran(P,) C Ran(P,) for all T € R.

Proor. We just work on the domain D(Hg) and conclude then by density. Clearly,
g iTHa p_ — [g=1THa , P.]+P. g iTHea, Hence, we are done, if we show that the commutator
vanishes. Indeed,

T T
[e—rrHel,P*] _ J' % (e—ls He P. ells—T) Hel) ds = iJ' e~ isHa [P, Hell et(s—THegg — 0.
0 0

O

Since we can view the full molecular Hamiltonian H; , as a perturbation of the electronic
Hamiltonian He;, we may ask the natural question, whether the band subspace Ran(P,) also
has some invariance properties under the time evolution associated with the full Hamilto-
nian H; . Because —%Ax is a singular perturbation of Hej, the answer of this question
requires substantial mathematical insight, and we find it in the framework of time-dependent
Born-Oppenheimer approximation. Let A € R and 1)_, »j(H%,;) € £(H) be the projection

onto states with energies smaller than A. If one assumes a global gap condition, that is
A =R3N then

H(efinnol t/e _ giPLHE, P Y)Y P 1o a1 (Hio) HL(H) < const. e (14 t]) (8)

for all t € R and ¢ > 0. This is the formulation of time-dependent Born-Oppenheimer
approximation due to H. Spohn and S. Teufel, see Theorem 1 in [SpTe]. It is important to
notice, that the above approximation applies to the time-dependent Schrodinger equation

iedp = Hogb,  $(0) = o, 9)
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which is formulated with respect to the slow nucleonic time-scale. That is, the time-scale
of the original Schrddinger equation (4) has been changed by replacing Tt — t = 1/¢. In
particular, inequality (8) also answers the raised invariance question: it implies

[ [efinnolt/e’P*] 1) oo ) (Ha01) HE(H) < const. e (1+1t]),

that is almost invariance in the case of finite total energies. Alternatively, one refers to
Ran(P,) as an adiabatically decoupled or adiabatically protected subspace, where the notion
adiabatic stems from the Greek word adiabatos meaning “not passing through”.

2.2 BORN-OPPENHEIMER HAMILTONIANS

Having obtained an almost decoupling of the band subspace Ran(P,), one might ask for
more concrete information about the dynamics inside this subspace. Addressing this issue
in the following, we will work for the special case when the fiber projectors P,(X) are of
finite rank, that is dim Ran(P,(X)) = m € N for all X € R3™N, and the associated spectral
subset 0, (X) is separated from the remainder of the spectrum by a global gap g > 0 in the
sense of the previous section. Such a spectral subset can be written as

0. (X) = {E1(X),...,Em(X)} for all X € R3N |

where Eq1(X) < ... < E;,(X) are m repeated eigenvalues of He (X). There is a numbering
of these repeated eigenvalues, such that the mappings R3N +— R, X + E;(X) are Lipschitz
continuous, see II-§5.7 and IV-§3.5 in [Ka]. More regularity, however, can only be guaranteed
in the case of a constantly degenerate m-fold eigenvalue, that is, if E;(X) = ... = E;(X) for
all X € R. Looking in the electronic spectra of real life’s molecules for subsets, which are
globally isolated from the remainder of the spectrum, one will find

0.(X) = {E(X)} forall Xe R33N,

where E(X) is the simple eigenvalue at the bottom of the spectrum of He(X), the ground
state energy. The spectral plot of nitrogen in Figure 2 illustrates this fact very clearly.
Nevertheless, we admit general finite m € N. Since P, () € CX (R3N, £(L?(R3™,C))), there
exist x; € CP (R33N, L#(R3™,C)) such that {x;(X) | j = 1,...,m} is an orthonormal ba-
sis of Ran(P.(X)) for all X € R3N. Since the x;(X) are normalized functions, we have
Re (x;(X), Vx X;(X))r2(rsn) = 0 for all X € R3N. Moreover, since R*™ is contractible, we
can also ensure that

Im (x; (X), Vx Xj (X)) 2 gsn) = 0 forall X € R*™

by applying a smooth gauge transformation x;(X) — e'®X)x;(X) if necessary. By means of
the function x(-) = (x1(-),...,xm(-))* we write

Ran(P.) — {j@ $(X) - x(X) dX ¢eL2(R3N,<cm)}.

R3N

The mapping
U: Ran(P,) —» L*(R3N,C™), U(d-x) = ¢

18



then defines an isometry, which translates the possibly very complicated band subspace
Ran(P,) C H into the more manageable Hilbert space L?(R3N ,C™). In the reference
space L?(R3N,C™) one defines the Born-Oppenheimer Hamiltonian

Hgo == —5 Ax + V(X),

where V(-) € C& (R3N | L, (C™)) is a smooth function with values in the space of hermitian
m X m-matrices with components

V(X)J,k = <H61(X)XJ(X)vXk(X) >LZ(R5“) y X€R3Nv ))ke{1a)m}
Again by Kato’s Theorem, the operator Hg is self-adjoint on the domain H2(R3N, C™).

THEOREM 1 (SPOHN & TEUFEL, [SPTE]) Let 0.(X) C o(Hea(X)) be a spectral subset
separated from the remainder of the spectrum for all X € R3N as it has been described
in (6) and (7). Let dimRan(P.(-)) =m € N and A € R. Then,

| (e Hmer /e —Ur e HB0 /e U) P, 1o 5 (H < const. e (1+[t])

mot) HL(H)
forallt e R and ¢ > 0.
Theorem 4 in [SpTe] discusses the effective dynamics on the nucleonic reference space if

0.(X) = {E(X)} for all X € A C R3N,| where E(X) is a simple eigenvalue. The following
arguments are taken from the proof there.

SKETCH OF PROOF. We have U* U = Idgapn(p,) and Ran(P.) C D(He) C D(HE,). We
obtain on the dense set
D = {LiN $(X)x(X) dX | ¢ € HARN,C™)} ¢ M
that
e iHaat/e _[*eiHiot/e | — _ e iHmat/e Jt % (einnols/s U* e—iHEo s/¢ U) ds
0
and

. € : € . . € . 3
ddS (eleols/s U* e iHBo s/¢€ U) _ éeleOlS/E (ano1U*—U* H%O)e—lHBos/eu
CHE ine
= delMmas/e (He  —P,HE  P,) UreiMeos/cy

el et/ (P HE ) P, U — U* Hgg) e Mo s/e 1.

_|_

o | o i

The integral from zero to t over the first summand times P, 1j_, »j(Hf,;) can be bounded by
const. € (1+4t]) using the same arguments, which yield the bound in (8). Since (x;, Vx X;) =
0, we have for ¢ € HZ(R3N C™)

(PaHEq P U 0)(X) = PulX) (—5 Ax + Ha(X)) Pu(X) $(X) - x(X)

= (=5 Ax)X) - x(X) + VX)S(X) - x(X) = 5 d(X) - (Axx(X)
= (UHgo)(X) +O(e?),

19



where the O(e?) is meant in L*(R3™,C). Hence, the second summand is of order ¢ and
contributes another const. ¢ (1 + [t|) after being integrated from zero to t. a

Let ¢ € C(R,L?(R3N,C™)) be the solution of the time-dependent m-level system
ied¢¢ = Hpo ¢, $(0) = o € L*(R*N,C™).
By Theorem 1,
P o= P(t,x,X) = ¢, X) - x(X)(x)

is an approximation of order ¢ to the solution of the full molecular problem

iedep = Hpgb,  W(0,%,X) = do(X) - x(X)(x).

Hence, we have just rephrased once more, that the time-dependent Born-Oppenheimer
approximation gives effective dynamics on the nucleonic configuration space R3N, which
approximate the full dynamics on the molecular configuration space R3(™*N) with an error
of order .

2.3 BERRY PHASE

Since the spectral subspaces 0. (X) are typically only locally isolated from the remainder of
the electronic spectrum, one would like to prove a local version of Theorem 1. Such a local
proof exists for the case

0.(X) = {E(X)} forall Xe ACRMN,

where E(X) is a simple eigenvalue of He(X), which is isolated from the remainder of the
spectrum for all X € A, see Theorem 4 in [SpTe|]. In general, the subset A C R3N is not
contractible, and the Berry connection

A(X) = 1{x(X), Vxx(X))r2(rsn) # 0

cannot be gauged away. Hence, the effective one-band Born-Oppenheimer Hamiltonian takes
the form
2
Hio = 5 A% +EX), (10)

where
2, .
TAL = S (-iVx—AX)?
= 5 Ax + £(ieVx-AX) +A(X)-1eVx) + 5 A(X) - A(X)
is the Laplacian of the covariant derivative with respect to the Berry connection A(X). Since
the connection A(X) is a term of order ¢ in the covariant Laplacian or, in other words, a
subprincipal term of the Born-Oppenheimer Hamiltonian, A(X) does not contribute to the
leading order dynamics in the semi-classical limit ¢ — 0. Let " be a bounded subset of the

nucleonic phase space T*R3N = RN with 7tx(I') € A, where 7tx : R®N — R3N denotes the
projection onto position space. One fixes a maximal time interval I .« (I"), within which the
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unitary group e '"so /¢ propagates wave functions with phase space support inside I" to
wave functions with phase space support inside I', up to an error of order ¢. Then, for all

times t € Inax(T)

| (7 Hmer /e —Ur e Mo t/e ) < const. ¢, (11)

Pr HL(H)
where Pr is an approximate projection, which roughly speaking projects onto functions with
phase space support inside I We will become more precise concerning the notion of the
phase space support of a wave function later on in Section 5 of Part B. Moreover, in its
rigorous formulation, Theorem 4 of [SpTe| requires some additional & > 0 here and there,
which we have suppressed in favour of an explanation of the basic idea. The determina-
tion of the time interval I ;.4 (I") requires some rough a priori knowledge about the effective
Born-Oppenheimer dynamics e 1Hso /¢ Hence, it is the bottle-neck for an extension of
the local approximation to the case of spectral subspaces associated with several different
eigenvalues. For scalar operators like the single band Hamiltonian (10), this a priori infor-
mation can be drawn from Egorov’s Theorem, see Theorem 7 in Part B later on. In the case
of matrix-valued operators, however, Egorov type Theorems are only available for systems
with eigenvalues of constant multiplicity, see Theorem 3 in [BrNo] or Theorem 3.2 in [BoGl].
We conclude this short intermezzo about the Berry phase by a concrete example. We put
the model Hamiltonian

HE = A+ V(a) = —5A +(q‘ qz)
27 (@) 27 a2 —d

in place of the full molecular Hamiltonian H;, ; and study the dynamics associated with one
of the spectral subspaces

or(q) = {=£ldql}, q € R*\{(0,0)}.
Let x*(q) € C*(R?,C?) be smooth eigenvectors of V(q) corresponding to the eigenvalues

E£(q) = £lq|. For example, x*(q) = x*=(r, 9),
_ ips2 [ cos(@/2) . iy [ —sin(@/2)
Xt (r, o) —e“’z(Sin((p/z)), X (1, 0) —e“’2< cos(p/2) ) (12)

with (1, @) € [0, 0o[x [0, 27t[. We decompose the solution of the full Schrédinger system (1)
as

Wit q) =vF(ta)x (@) + v (t,a)x (a),  (t,q) eRxR?.
Then, we infer from (11) that the scalar components {*(t) € L*(R? C) approximately
satisfy the effective Born-Oppenheimer equations of motion

iedah’(t,a) = (54 +ET (@) (ta),
iedp (ta) = (54 +E (@)% (ta),
as long as P (t, q) has phase space support away from the crossing q = 0. Here,
+ . .
Ay = (—iVq—A%(q)?,  AF(q) =i(xF(q), VaxT(a))cz -

We see, that even away from the crossing the solution 1(t, q) feels the presence of the
crossing as a first order correction to its dynamics.

(13)
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3 ORIGIN OF THE MODEL IN MOLECULAR DYNAMICS

Formulating the effective version of Born-Oppenheimer approximation for Theorem 1, we
have seen that if the electronic part of the full molecular Hamiltonian has a pair of eigenvalue
surfaces, which are globally isolated from the remainder of the electronic spectrum, then
the full molecular problem (9) reduces to a two-band model of the form

ied (X)) = —5 Axb(t,X) + V(X)(t,X),
$(0,X) = Wo(X) € (RN, C™),

where the semi-classical parameter ¢ = M;JC/ 2 s given by the inverse square root of the
nucleonic mass. The potential V(X) is a hermitian m X m-matrix, where m € N is the
dimension of the electronic subspace, which depends on the degeneracy of the eigenvalue
surfaces.

3.1 DERIVATION OF THE MODEL

In Chapter 2 of the monograph [Ha94], G. Hagedorn has analysed the (co-) representations
of the symmetry group associated with the electronic Hamiltonian of the full molecular
problem. From this analysis he derives a classification of eleven types of eigenvalue crossings
of minimal multiplicity. We denote by E*(X) the eigenvalues of \7(X) and by

M= {XeRMN|EYX) = E°(X)}
the crossing manifold.

THEOREM 2 (HAGEDORN, [HA94|) For electron energy level crossings of the minimal
multiplicity allowed by the symmetry group of the electronic Hamaltonian, the crossing
manzifold I can be of codimension one, two, three, or five in the nucleonic configuration
space,

codimpsn~ (T) € {1,2,3,5}.

Codimension two crossings are met for time-reversal invariant systems with an even number
of electrons. Time-reversal invariance exludes for example an external magnetic field in
the full molecular Hamiltonian, which for the sake of simplicity we did not include in our
presentation anyway. For time-reversal invariant systems, the matrix \7(X) is real symmetric,

TNy s (X x(X)  B(X)
V(X) = tr(V(X) + ( B0X) —oX) ) (14)

for some «, B € CP (R3N,R). The eigenvalues E*(X) are given as

ET(X) = tr(V(X)) £ y/&(X)? + B(X)?

and cross for X € R3N with a(X) = p(X) = 0. For real symmetric matrices, such a crossing
of eigenvalues generically occurs on a codimension two submanifold, and after a change of
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coordinates we can assume
M= {XeR¥™N|X;=X,=0}.
Neglecting the trace, Taylor expansion around the point X = 0 provides V of the form

> o - X Po-X 2
V(X) = o(IX
o= (g% B %) vomen,
where the vectors oo, Bo € R3N are linearly independent. An appropriate rotation eliminates
all but the first two components of oy and (3¢ and thus leaves us with linearly independent
vectors a,b € R? and

S a- 5(“ b- i S 2

V(X) = ~ ~ |, X =(X1,X2) e R,

(X) <b~X —a-X) (X1,X2)
which is the potential of our model problem if a = (1,0)t and b = (0,1)t. The reduction
process from the matrix V(X) in (14) to the linear potential V(X) involves nonlinear changes

2

of coordinates, which affect the Laplacian —-Ax. Hence, the Schrodinger equation (1)
must be considered just as a model system designed to capture the generic features of a
codimension two crossing in molecular dynamics. More or less the same derivation of the
model system (1) can be found in Chapter 2 of G. Hagedorn’s monograph [Ha94] or in
Appendix A of the lecture notes of F. Bornemann [Bo].

3.2 HBExAMPLES OF CoONICAL CROSSINGS

The plot of the electron energ levels of nitrogen in Figure 2 brings us to expect an abundance
of level crossings in molecular dynamics. With respect to codimension two crossings, the
chemist L. Cederbaum and coworkers assert that “conical intersections of potential surfaces
are in fact ubiquitous”, cit. [CFRM]. We mention some prominent examples:

Molecular collisions. The simplest and most studied example for this class of phenomena
is the reactive collision H + H, — H, + H of the hydrogen atom with the hydrogen
molecule, see [Go]. The conical intersection corresponds to the configuration, in which
the three nuclei arrange on the edges of an equilateral triangle, and the system forms
the transient molecule Hz. Away from the crossing, one nucleus is farther away from
the other two, and the system falls into one hydrogen atom and one hydrogen molecule.
In experiments, the hydrogen atom is usually replaced by its isotop deuterium D, and
one studies the reaction D + H, — DH + H, which has distinguishable reactants, see
also [TuPr].

Ultrafast electronic relazation. W. Domcke and coworkers [SDK] have identified a conical
intersection of the lowest two excited singlet states of the organic molecule pyrazine
C4H4N», which triggers the internal conversion from the S, to the S; state on a
femtosecond time scale. One assumes an initial preparation of the S, state by a
short laser pulse, that is an excitation of the molecule by ultraviolet light. Within
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Figure 3: Model for the intersecting S; and S, electronic state of the molecule pyrazine.
The plot is taken from the web page of the John von Neumann Institut for Computing
(NIC) at Jiilich, Germany.

a few hundred femtoseconds the population probability of the S, state exhibits an
initial decay followed by quasi-periodic damped recurrences of the population, see
Section II.C in [StTh].

Photoreactions in proteins. The first step in vision, the photoisomerization of retinal in

4

rhodopsin is modelled by a two-state system having a conical intersection of its energy
surfaces [HaSt]. Rhodopsin is the light-absorbing pigment of the rods, which are the
light receptors inside the eye’s retina generating colorless vision. Rhodopsin consists
of a protein called opsin coupled to a derivative of vitamin A called retinal. When light
is absorbed, retinal switches from the stable cis-configuration to the unstable trans-
configuration. Figure 4 shows these two configurations. In the 11-cis configuration the
hydrogen atoms attached to the number eleven and twelve carbon atoms point towards
the same direction producing a kink in the molecule. In the all-trans configuration the
number twelve hydrogen atom has flipped down, and the molecule is straightened out.
This switch triggers a change in the pattern of impulses sent along the optic nerve.
The isomerization occurs within a couple of hundred femtoseconds. As a reaction of
high speed and efficiency, this isomerization is only observed for retinal in rhodopsin,
but not for retinal in solution.

THE RESULTS OF HAGEDORN

The mathematical results on the propagation through conical crossings can be organized into
two groups: the semi-classical propagation of coherent states and the approaches within the
framework of microlocal analysis. Since we provide the basic concepts of pseudodifferential
calculus in detail later on, we postpone a discussion of the microlocal results to Section 12.5
in Part C, when the precise vocabulary is available. Chapter 6 of G. Hagedorn’s mono-
graph [Ha94] contains the result on propagation of semi-classical wave packets through

24



11-cis -Retinal

Light
H CH. H CH
HG £ | i 1
;s 3
%(I:.f %?J %?x o g
CH,H H H }-[

All- dgss-Fetinal

Figure 4: The 11-cis configuration of retinal and its all-trans isomer. The cis-trans isomer-
ization of retinal in rhodopsin triggers a change in the pattern of impulses sent along the
optic nerve, the first step of vision. The picture is taken from the webpage of J. Kimball’s
online biology textbook.
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Figure 5: Energy surfaces of a two-state model of two degrees of freedom for the cis-
trans isomerization of retinal in rhodopsin. The wave-packet initially associated with the
cis configuration is vertically excited and bifurcates when running down the upper surface.
The plot is taken from [HaSt].
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codimension two crossings. He considers the time-dependent Schrodinger equation
iedp = —5 Axd+Ha(X)¥,  $(-T) = b 1 € RN Q)
on a bounded time interval [T, T] for an electronic Hamiltonian He;(X) with
(Ha(-) —i)~" € C*®R*N, L(L*(R*™,C))),  k>3.

Hei(X) has two simple eigenvalues E*(X) and E~(X), which depend continuously on the
nucleonic configuration X € R3N and cross on a codimension two manifold I of the nucleonic
configuration space R3N. T is assumed to contain the origin. The time interval [—T,T] is
chosen, such that all the ordinary differential equations to be introduced later on have well-
defined unique solutions. By Proposition 3.1 in [Ha94], there are eigenfunctions x*(X) €
L?(R3™,C) of He (X) for the eigenvalue E*(X) such that away from the crossing manifold I

<Xi(x)y n- Vx Xi(X)>LZ(R3n) =0
for all 1 € R3N. The initial data are of the form
Yor(x,X) = du(X)x (X)(x), (15)

where ¢(X) is a semi-classical wave packet. Roughly speaking, a semi-classical wave packet
is the product of a generalized Hermite type polynomial and a Gaussian wave packet. More
precisely,

d)l(X) = d)l(A)BaE)a)n;X) (16)
Cla 7'[1,/\((€|A\)71 (X —a)) exp(— 21—&<(X —a),BA7'(X—a)) + % mX—a)),

where 1 € NgN is a multi-index, A,B € GL(3N,C) invertible complex 3N x 3N-matrices,
a,n € R3N vectors, and (-,-) the Euclidian inner product in C3™. The matrices A and B

are such that
BA~! is symmetric, Re(BA™') = AA* > 0. (17)

The normalizing constant C{ 5 € C is given as
Cia = 27172072 (en) N (det A) T,

while the polynomial Hi A is constructed as follows. For m > 2 and arbitrary vectors
Vi,...,Vm € C3N \ {0} one recursively defines the mth generalized Hermite polynomial
Hm(vi,...,vm; X) by N N

Ho(X) = 1, Hi(vi;X) = 2{v1,X)

and

ﬁm(\"]w-wvm;x) = 2<VmaX> ﬁm71(\’1>--->vm71;x)
1

m
- 2 Z Vv, V5) Hm2(Vi, 0, Vie1, Vg, -, Vine 1, X)

j=

—_
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The unitary matrix of the polar decomposition of A is denoted by U, that is A = [A|UA =
(AA*)1/2 UL, and one sets

Hia(X) = ﬁm (Uaer,...,Uaer,Uaes,...,Uares,...... yUaesn, ..., Uaesn; X)

where the entry Uae; is repeated for 1; times. For fixed A, B, ¢, a, and 1 the wave packets
¢1, L € N3N, form an orthonormal basis of L?(R3N, C), see Lemma 2.1 of [Ha85]. Moreover,
they behave favourably with respect to the normalized e-scaled Fourier transform

(Fo)(E) = @me) SN2 e X ax.
R3N
One has
(fs (bl(A»B)ﬁ,a»n»'))(E) = (_l)m e_i<n)a>/s d)l(B)A)E)ny_a)E)»

see Lemma 2.2 in [Ha85]. We will need the Hamiltonian systems associated with the eigen-
values E*+

Laf(t) =nF(t), £nFlt) = —VxEF(aF(1). (18)
Lemma 6.1 in [Ha94] guarantees existence and uniqueness of solutions (a®(-),n*(-)) satis-
fying

(a*(0),n*(0)) = (0,mo)

with o # O not tangent to I' at the origin. The wave packet ¢(X) building the initial
datum (15) is chosen as

d)l(x) = d)L(AaB)E)ai(_T)»ni(_T);X)a (]‘9)

where the matrices A, B satisfy condition (17). Hence, the initial wave packet is prepared
such that its center hits the origin at time t = 0. For an approximate solution with the
correct phase one further needs the classical action integrals of the Hamiltonian system (18)

S (1) = L (1n(s)2—E (a (s)) ) ds ,

S*(t)
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THEOREM 3 (HAGEDORN, [HA94]) Let ¥¢(t) € C(R,L?(R3(N+1) C)) be the solution of
the Schrodinger equation

0 = —5 AxdS +Ha(X) b, WE(=T) = ¥y
with initial datum V° of the form described in (15) and (19).

Then, for times “before the crossing event”, that is for all times t € [—T,—T;] with
0 < Ty <T, there are matrices A~ (t) and B~ (t) satisfying condition (17) such that the
solution & (t) can be described as

Vet %,X) = x (X)(x) & ¢ (AT (1), B (t),e,a (t),n (t);X) + O(Ve).
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For times “after the crossing event”, that is for times t € [T1,T] there are matrices
A*(t) and B*(t) satisfying condition (17), functions df : R x R3N — C, and a positive
number « > 0 such that ¢ (t) is approzimated as

VEtx,X) = x (X)(x) e D¢ 3 dr (6,X) dm(A (1), B (t),e,a (t),n (£);X)

+ XX eSTE ST dl (4,X) (AT (), BT (1), &, at (1)1 (1);X)

[m|<[1

+ O(e%).

The previous Theorem 3 is a light version of Theorem 6.3 in [Ha94]. There, even the
explicit construction of the matrices A*(t) and B*(t) is given, which control position and
momentum uncertainty of the wave packets. For the proof, an incoming outer solution is
matched to an inner solution, which is valid for times t ~ 0 near the “crossing event”.

REMARK 2 For times after the crossing event, the approximate solution associated with the
initially occupied level is an infinite superposition of semi-classical wave packets. In the
plots of Figure 1, initially there is one Gaussian on the upper level. The crossing sucks the
Gaussian’s center part onto the lower level and leaves two demolished bumps on the upper
level. Y. Colin de Verdiére [CdV] has desribed this situation as “the dromedary becomes a
bactrian”. The Landau-Zener formula in (41) will explain this phenomen less zoologically.

&
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PART B

SEMI-CLASSICAL CALCULUS
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5 WIGNER FUNCTIONS

Discussing the local version of time-dependent Born-Oppenheimer approximation, we have
used the notion of the phase space support of a wave function. It is our aim now to recall,
in which way the Wigner function gives a precise meaning to this concept.

DEFINITION 1 (WIGNER, [WI]) Let P € S(R™,C™) be a Schwartz function with values
in C™, and let ¢ > 0. Then we define the Wigner function We (1) € S(R?™, Lsa(C™)) by

WE W) (g,p) = (ZW)_“J eVPP(q—-5$y)@v(qa+ 5y)dy

n

with (q,p) € T*R™ = R?™,

That the Wigner function takes values in the space of hermitian m x m-matrices is immediate
from its definition. Verifying that the Wigner function of a Schwartz function is indeed a
Schwartz function on phase space, one denotes ¢°(q,y) := P(q — Sy) ® P(q + 5y) and
observes

WEW)(q,p) = (F5'6%)(a,p),

where F, ! is the inverse Fourier transform with respect to the second argument. Moreover,
by this observation Wigner transformation extends from a continuous linear mapping on
Schwartz functions to a mapping on temperate distributions

We: S'(R™,C™) = S (R, Lo (C™))
and square-integrable functions
We: (R, C™) = LR, Lea(C™)) N Co(R?™, Lea(C™))

see Chapter 1.8 in [Fo]. As an example, one may compute the Wigner function of a scalar-
valued Gaussian wave packet, which is centered around position qp € R™ and momen-
tum po € R™,

g°(q) = 272 (em) ™" exp(—5-ld — dol* + L po - (g — qo) ).
One obtains
We(g)(q,p) = 27 (em) ™™ exp(—1 (la — qol* + Ip — pol?)) . (20)

REMARK 3 Let ), ¢ € L?(R™,C™). If We(1{p) = WE%(¢), then Fourier inversion gives
P(u) @ P(v) = ¢(u) @ d(v) for almost all u,v € R™ and [h;(w)|*> = [dp;(w)?,j=1,...,m,
for almost all u € R™. Hence, the Wigner function uniquely represents a wave function up
to a global phase factor ¢ € C with |c| = 1. In formulae,

W) = W) = ¥ =cd.

Of course, the statement remains true for temperate distributions \, $ € S’'(R™,C™). &
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From the preceding discussion we see, that the Wigner function is a suitable candidate for
the definition of a wave function’s phase space support. The notion that 1 € L*(R™, C™)
has phase space support inside some set ' C R*™ up to order ¢ could be expressed as

|, wetbiap atap daan = o)

for all a € S(R?™, La(C™)) with supp(a) C (R?™\ T). Here, we have treated the Wigner
function as a temperate distribution. That W*¢ () is indeed a continuous linear functional
on S(R?™, £(C™)) will be become clear later on, when we recall the Theorem of Calderén-
Vaillancourt. Before taking this distributional point of view, we return to the Wigner
function as an honest continuous function on phase space. We have the following information
concerning its support.

LemMA 3 (SUPPORT) Let g : R?™ — R™, (q,p) — q and 7, : R*™ - R™, (q,p) — p be
the projections onto position and momentum space. Let \p € L*(R™,C™) and & > 0.
Then,

7iq (supp(W*(V))) C hull(supp()), 7, (supp(W* (V))) C hull(supp(Fe)),

where hull(M) denotes the convez hull of a set M C R™ and F b the e-scaled Fourier
transform

Feblp) = (FOIE) = [ e o) da,

We note, that this version of the Fourier transform is not normalized. However, we have
adopted this unnormalized form here and in the following, since it seems to be the established
one in a partial differential equations’ context, see [Hol].

Proor. Let (q,p) € R?™. If We()(q,p) # O, then there exist y € R™ such that
{a £ 5y} C supp(). Hence, q lies in the middle of a line connecting two points in the
support of VP, that is, q € hull(supp(1)). Proving the second claim, we calculate for Schwartz
functions P € S(R™,C™)

We)(a,p) = (zm*“j VP (g — S y) @ (q + S y)dy
= (27‘[)771 (267-[)*2“‘[ eiU'peiV'(Q*ﬁy]/aefiWA(qu%y)/e
RSn

o (Fe)(v) @ (Fep) (w) dvdwdy

= (zm*“(zsm*ZHJ gty (Prur) givaase
R3n

o (F)yr +y2) @ (Feb)(yr —y2) dyr dyz2 dy
= (ZEW)JHJ § e? V2 d/ e (F ) (p +y2) @ (Fb)(p — v2) dya

= (Zﬂ)_“(ﬁﬂ)_“J e VI (Fp)(p— 5y) @ (Fd)(p+ S y)dy

n

= (em) " WE(Fe)(p,—a).
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By the boundedness of Wigner transformation we also have

WE(W)(a,p) = (em) ™ W (Feb)(p, —q)

for square-integrable \p € L*(R™,C™). Therefore, the second claim is proved by the same
arguments as the first one. O

We have seen that the Wigner function of a Gaussian wave packet remains Gaussian. How-
ever, there is more to be said concerning the relation of Wigner functions and Gaussians.

TuEOREM 4 (HuDson, [Hup]) Let 0 #1 € L?(R™,C) and ¢ = 1. Then,
Wep) > 0 = ¥(q) = exp(—q-Aq+b-q+c), q€R",
where A € GL(n,C), b € C", c € C, and Re A positive definite.

Convincing ourselves of the general non-positivity of Wigner functions in a more elementary
way, we might just evaluate the Wigner function of an odd function in the origin. Indeed,
for P € L?(R™,C™) with (-) = —(—-) we immediately calculate

tr (WE(1)(0,0)) = — (em)™ [[W]|2. .

Due to its non-positivity, the trace of a Wigner function is not a probability density on
phase space. However, this is the only missing property for being a phase space density. For
P € S(R™,C™) the marginal distributions of W (1) are

j (W) (a,p)) dg = (2me) ™ [ (2)[
i (21)
| e ar = i,
and the total mass is then
||, v ap) dace = .. (22)

The analytic power of Wigner functions stems from its direct relation to expectation values
of Weyl quantized operators. Hence, we recapitulate some important basic properties of the
Weyl correspondence.

6 WEYL CORRESPONDENCE

Quantization provides a correspondence between classical and quantum-mechanical observ-
ables. Semi-classical quantization maps functions on phase space, the so-called symbols, to
semi-classically scaled linear operators in L?(R™,C™). Such a correspondence

9: {functions (R — L’((Cm)} — {linear operators in L*(R™, (Cm)}

shall at least satisfy the following two properties:
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1. (a) The projection on the jth g-coordinate, a: (q,p) — q;Id, corresponds to multi-
plication with qj, that is (Qa)(V)(q) = g5 P (q).

(b) The projection on the jth p-coordiante, a: (q,p) — p; Id, corresponds to partial
differentiation, that is (Qa)(V)(q) = —ied;P(q).

(c) Constant symbols, a: (q,p) — clId, correspond to multiplication with the con-
stant, that is (Qa)(¥)(q) = cp(q).

2. The correspondence is linear, that is Q(a; + az) = Qa; + Qa; and Q(ca) = ¢ Qa for
ceC.

There exist uncountably many ways of quantizing different classes of symbols. The approach
taken by Weyl, however, is the most natural in the context of quantum mechanics.

DerINITION 2 (WEYL, 1930) Let a € [?(R*™,£(C™)) and ¢ > 0. Then we denote by
a(q>_iﬁvq) € E(LZ(RT\)C‘H’L))’

alq,—ieVg)W(q) = (2m)™ JRM a(3(g+y),ep) eV Py(y)dydp,

the corresponding Weyl quantized operator.

By means of the ¢-scaled inverse Fourier transform with respect to the second argument

(-7:;,; a)(y,q) = (257t)’“J a(y,p)e 9P/ edp,

n

we rewrite the preceding definition as

a(q,~ieVq) b(a) :J (F1a) (3a+v),a—v) bly)dy,

n

and observe, that the defined Weyl operator is a Hilbert-Schmidt operator with kernel
Ki(a,y) = (Fo3a) (3(a+v),a—y), dqyeR™.
Consequently, we have
lald, —1eVq)llzzrn)) < llala,—ieVg)llus = €™ [laflr2(ran) -

Using the Fourier inversion Theorem, we calculate for symbols a € LZ(R?™, £(C™)) and
wave functions 1\ € L?(R™,C™)

alg,p) =alq) = alq,—ieVg)P(a) = alq)P(a),
alg,p) =alp) = alq,—ieVg)h(a) = F. (a(Fe))(a),

where F. and F, ! are the e-scaled Fourier and inverse Fourier transform,

(Fed)(p) = J e AP/ y(q)dg,  (FoW)(q) = (zm)—“j & 9P/ (p)dp.

n n

An explixcit calculation also reveals the fundamental relationship between expectation val-
ues with respect to Weyl quantized observables and Wigner functions.
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LEMMA 4 Let a € S(R*™, L(C™)) and P € L*(R™,C™). Then,

(b, a(d, —1eV V)12 mn) = Lw tr (a(d,p) W ($)(q,p)) dqdp.

PRroOOF.

|, trtatapwetbia,p) dady -

@m ™| B+ 5u)-ala,plvla - §u) @Y7 dydadp -
Y(q)-a(q—5y,p)b(qg—ey) VP dydgdp =
2em) ™| Fla)-a(} (a+w),p) bly) e/ dydadp =

(sznj T(@) - a(2(q+y)ep) bly) ¢ VP dydadp = (b, ald, —ieVe )iz

O

However, our restrictive choice of square-integrable symbols catches neither the projections
nor the constant functions. Thus, we extend the admissible symbol class to the space of
temperate distributions S/(R?™, £(C™)) and restrict the quantized operator’s domain to
the space of Schwartz functions S(R™, C™). Therefore, Definition 2 is still well-posed, if we
make the following modification:

a(q,—ieVy) : S(R™,C™) — S'(R™,C™) for ac S'(R*™ L(C™)).

By the Schwartz kernel theorem, Theorem 5.2.1 in [Hol] or Theorem 51.7 in [Tt], the
such defined a(q,—1eVq) is a continuous linear mapping from S(R™,C™) to S’(R™,C™).
Moreover,

|, @ ata~ieVaotada = | @Ta—Tevaotal- ol da

for a € S(R?™, £(C™)) and P, ¢ € S(R™,C™), see Proposition 2.6 in [Fo]. This means that
the adjoint of a Weyl quantized operator is the Weyl quantization of the adjoint symbol,

a(q,—ieVgq)* = a*(q,—ieVy).

The previous move to distributions, which elegantly allows the quantization of very general
symbols, can also be reversed. Quantizing symbols, which are Schwartz functions on phase
space, one can extend the operator’s domain to temperate distributions,

a(q,—ieVy) : S/(R™,C™) — S'(R™,C™) for a <€ S(R*™, L(C™)).

REMARK 4 Let a € S(R?™,£(C™)). Then, the corresponding Weyl quantized operator
a(q,—ieVy) is regularizing. That is,

a(qy _iavq) € 'C(S/(Rn) Cm)aS(Rn) Cm)) )
see Remark 2.5.6 in [Ma] or the proof of Proposition II-56 in [Ro]. &
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For the quantization of symbols in the class
So(1) = C(R*™,L(C™))

of smooth functions, which are bounded together with their derivatives, we reenter the
framework of L2-theory. Constant symbols are still on bord, and we have the following
important result at our disposal.

THEOREM 5 (CALDERON & VAILLANCOURT, 1971) Let a € S§(1) and ¢ €10, 1].
Then, a(q,—ieV4) € L(L2(R™,C™)), and there is a positive constant Ccy > 0 inde-
pendent of a and ¢ with

||a(q,—iEVq)H£(]_2(Rn)) S CCV Z ||a°‘a||oo .

x| <2n+1

The original version of the Calderén-Vaillancourt Theorem applied to scalar-valued symbols
ae Cﬁ““ (R?™ C) and the case ¢ = 1. However, the standard proof involving the Cotlar-
Stein Lemma almost literally extends to the general case with matrix-valued symbols and
semi-classical scaling, see Theorem 7.11 in [DiSj] or Theorem 2.8.1 in [Ma]. If we set

cm(a) = Cov > 0%l

x| <2n+1

for a € S§(1), then we have for p € L?(R™,C™)
| (W, ald, —1eV )2 gn) | < canla) W12 gn) -

If one equips S$(1) with the topology induced by the family of semi-norms (0% - || )weng,
then 88(1) is a Fréchet space. Hence, by the previous bound, the mapping

58(1) - (C) a <w»a(q»*iqu)1|)>

is a continuous linear functional on 58(1 ). By the identity obtained in Lemma 4, we can
thus extend the definition of the Wigner function and view W*¢ (1) as a distribution acting
on arbitrary subspaces of observables O C 58(1) via

a— <1]),(1(q,—i£vq)ll)>]_z(Rn) = <W£(1])),(1>(9/‘(9.

Besides boundedness, another important issue to be addressed is the sufficient condition for
the positivity of a Weyl operator provided by the sharp Garding inequality. It turns out,
that non-negativity of the symbol 0 < a € S§(1), that is

VueC™V(q,p) € R (w,a(d,p)uen = O,

is almost enough to guarantee non-negativity of the operator.

THEOREM 6 (SEMI-CLASSICAL SHARP GARDING INEQUALITY) Let 0 < a < S§(1) be a
non-negative symbol. Then, there is a positive constant C = C(a) > 0 such that for all
e >0 and all P € L?(R™,C™)

<'lJ),0.(q,—i£Vq)lb>L2(Rn) > _CEHLI)”%Z(R“]'
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In the non-semi-classical context, Garding proved a weaker result for strictly positive scalar
symbols a > & > 0, while Hérmander [Ho| gave a proof for non-negative a > 0. In the
matrix-valued case, the sharp Garding inequality has first been proven by Lax and Nirenberg
in [LaNi]. Asindicated in Appendix A of [Je|, the proof relying upon anti-Wick quantization
also applies to matrix-valued operators. We refer to Part C, Proposition 5 later on for an
application of this argument to symbols carrying an additional second scale.

7 WIGNER MEASURES

Before, we have seen that for all \p € L?(R™,C™) the Wigner function W¢ (1) is a distribu-
tion satisfying for all a € O C S§(1) a bound of the form

(W), a)or 0| < canla) V]2 gn) -

Hence, for a bounded sequence (1¢).-o in L?(R™, C™) we have
(W ®),a)o,0 | < canla) sup W N1E2 (g -
£>

Since 88(1) is a separable topological vector space, an application of the Banach-Alaoglu
Theorem, see Theorem 3.17 in [Ru], gives existence of a subsequence (W®* ({**))., -0, which
converges with respect to the weak*-topology in S(1)’. We denote such weak*-limit points
by . By the sharp Garding inequality we have for all non-negative 0 < a € S§(1)

(Wa)oro = alkiglo W), a)pr 0 = elkiglo (W, al—1ex Vg ™) 12 gy
> —const. lim EkHlekH%Z(Rn) =0,
ex—0

implying that all the weak*-limit points u are positive distributions. From this positivity
one infers for all a € 58(1)

{(a)orol < (Lorolale,

for the detailed argument see the construction of two-scale Wigner measures later on. Hence,
the distributions p extend to bounded positive linear forms on the space of continuous,
compactly supported functions C.(R?™, £(C™)). By the Riesz representation theorem, the
1 are positive bounded matrix-valued Radon measures on phase space R*™. That is, i can
uniquely be identified with a mapping

e B(Rzn) — Lpos((cm)

from the Borel o-algebra on R?™ to the positive hermitian m x m-matrices, such that
w(@) = 0 and p( UjenBj) = ZjeN w(B;) for pairwise disjoint Borel sets B; C R?™. For
being a Radon measure p has to satisfy (trp)(B) = sup{(trn)(K) | K C B compact} for all
Borel sets B ¢ R?™.

DerFINITION 3 (WIGNER MEASURE) Let (¢).-o be a bounded sequence in L?(R™, C™).
Then, the weak*-limit points pu in 88(1 )" of the sequence of Wigner functions (W*®(\¢))¢0
are called Wigner measures or semzi-classical measures.
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The measures pu have been introduced under the name semi-classical measures by P. Gérard
in [Ge2] and independently by P. L. Lions and T. Paul in [LiPa|, who called them Wigner
measures. [Ge2] refers for a proof of positivity to the construction of microlocal defect mea-
sures in [Gel], which are the analogue of the measures p in the context of pseudodifferential
operators independent from a small parameter €. There, positivity comes from smooth
square roots of strictly positive symbols and subsequent application of the composition rule
for pseudors. In [LiPa] positivity is obtained by Husimi functions, which are Wigner func-
tions convoluted with Gaussians. This approach is similar in spirit to the use of anti-Wick
symbols for the proof of the sharp Garding inequality.

REMARK 5 We restate the key property of Wigner measures in this emphasizing remark.
Wigner measures encode the limit of expectation values with respect to Weyl quantized
operators. That is, for all smooth compactly supported functions a € CZ (R?™, £(C™)) we
have

||, trlatapiuida,dan)) = lim (b, al=ieTq ) o,

Ek*)O

&

As for examples, we return to the scalar semi-classical Gaussians (g%).~o defined in (2) and
have a look at WKB type functions

wt(q) = a(q)etf(9)/e (23)

with amplitude a € C.(R™,C) and phase f € C'(R™,R). Both sequences have a unique
Wigner measure. For the Gaussians g¢, we infer from their Wigner functions (20) that their
Wigner measure is the Dirac measure with mass in the point (qo,po) € R*™,

w(g)(a,P) = d(py.q0)(a,P).

For the WKB type functions w® we calculate
|, wetwtap viapidadn -
R n

(ZW)’“J . eV a(q—Sy)alq+§y) e MamvI=Tlatzvl/ep(q,p) dydgdp =
R n

@r | e OO afq - Sy ala+ §u) bla,p) dudadp,
R n

where f¢(y,p) = L])H —1) (Vf(qg— S y) + Vf(q + S y)) dt comes from a Taylor expansion.
Since f¢(y,p) — Vf(q) as ¢ — 0, we have by dominated convergence

lim J W4 (w®)(q,p) blg,p)dqdp =
R mn

e—0

2r) " [ eI aq)R blg,p) dudadp = | lala)? bla, Vf(a) dadp,
R n R n

which means
p(w)(q,p) = la(q)*dq dyr(q)(P).
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For the Wigner function W¢ (1) of arbitrary { € L?*(R™,C™) we have observed in (21),
that its marginals are position density and semi-classically scaled momentum density. Iden-
tity (22) shows the consequent statement for the total mass. In general, the same does not
hold for the Wigner measures |, since in the limit ¢ — 0 mass might move to infinity either
in position or in momentum space. A simple pathological example is provided by a gliding
bump, a sequence (b®).~o of the form

b = b(-—¢ ") with 0#be C(R,C).

Let a € C¥ (R, C) and (x;)jen a sequence in C° (R, C) approximating the constant function
R — C, p— 1. Then, by dominated convergence, Remark 5, and Lemma 4,

j tr(a(q) u(dq,dp)) = hmj tr(a(q) x; (p) widd, dp))
R21 R21

j— 00

= lim lim (b%, (ax;)(q, —ieVq)b®) 2 (g,

j—o00 =0

j—o00 =0

— lim lim Lw (W< () (,p) alq) x;(p)) da dp

By Lemma 3, we have 74 (supp(W*¢(b®))) C hull(supp(b¢)). Since supp(b®) Nsupp(a) =0
for ¢ > 0 sufficiently small, we have shown that the projection of the measure 1 onto position
space equals zero and thus p = 0. Hence, we have for the gliding bump

o 2 . 2 _ 2
0 = p(R7) # 6113(1) 16Nz k) = b2 -

Retaining the Wigner functions’ marginals and mass for the measures, one has to work with
sequences of wave functions, which are localized in phase space.

DEFINITION 4 (LOCALIZED IN PHASE SPACE) A sequence ()¢).~o in L?(R™,C™) is called
localized 1n phase space, if it is compact at infinity, that is

lim IimsupJ We(q)*dq = 0,
{lq|>R}

R—oo  ¢40

and ¢-oscillatory, that is

—

lim lim sup s’“J |1])5(%)|2 dp = 0.
{lpI>R}

R—oo  ¢0

We note, that compactness at infinity is synonymous to (Jp¢|?).~o being tight in the space
of positive measures, while an e-oscillatory sequence oscillates at most with frequency 1/¢,
which is guaranteed, for example, if ||[V®|2gn) < const.¢~'. All concrete examples
(V®)e>0 we meet in this dissertation, except the preceding gliding bump, are localized in
phase space.

PROPOSITION 2 Let (\¢),~o be a bounded sequence in L2(R™ C™), which is localized in
phase space, and let u be an associated Wigner measure. Then,

nyy 2
tr(u(R°")) = glklgo W 1Tz gy
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and we have for all a € C,(R™, L(C™))

|, alaindaap) = tm | at) werie) e P da,
R2n ex—0 Jpn
|, amiutdadp) = lim 2men | am) B () @ 95 (E) .

For a proof, we refer to Proposition 1.7 in [GMMP] or Proposition 4 in [TePa]. There, the
above identities are shown by means of semi-classical Weyl calculus, a horse to be ridden to
death later on.

REMARK 6 Taking traces in the last two equations of Proposition 2, one obtains for bounded
sequences (¢).~o, which are localized in phase space,

Jn(tru)('»dp) — w- lim J“\w“(q)lqu,

Skﬂo

J, Gma) = e tim me |52 0,

£k*>0
where the weak limits are meant in the space of bounded positive measures. &

In general, a bounded sequence of wave functions might have several Wigner measures. The
characterization of a unique Wigner measure is provided by the following observation.

PropPoSITION 3 (UNIQUENESS) Let (\¢).~o be a bounded sequence in L2(R™ C™) and
P € L2(R™,C™).

1. If P& — P strongly in L>(R*,C™) as ¢ — 0, then (P)c~o admits a unique Wigner
measure W with

wa,p) = (W(a)®@WP(q))dq dolp),  (a,p) € R*™. (24)

2. If (W®)e=o 15 localized in phase space and admits a Wigner measure u of the
form (24), then there is a subsequence (V°* )¢, ~o such that P — P strongly in
L2(R™,C™) as g — 0.

The proof combines various arguments given in Section III of [LiPa].
Proor. Let P® — 1 strongly as ¢ — 0. Then,
V(a—5y)@Pi(a+5y) = blq)@P(g) n S'(R*,LIC™)).
Indeed,
V(a—-Sy)obi(a+sy) = V(a—-5y) @ (b(a+5y)—
+ (W(a—-5y)—bla—35y)
+ U —%y)®$(q+%y)
= Iila,y) +I5(a,y) +15(q,v),
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where for all a € S(R*™, £(C™))

Jz I%(q,y)a(q,y)dqdy‘
RT\.

IN

J sup |a(q,y)ldy sup
R

J I‘?‘(q,y)dq’
n qeRm™ yeRrn |Jrn

< j sup la(a,y)ldy [ 0¢ ]z [0F — Wllizgn) — O,
R™ geR™

and analogously

JZ Ii(q,y)a(q,y)dqdy‘ — 0,
R mn

while by dominated convergence

|, 15w atav dady - | | olalBla el dady

as ¢ — 0. Hence, by the Fourier inversion formula
| wew)ap)ala,p) dacy
R n

= 2o @eta— v e T(a+ Syl alap)dydady
R n

> 2m | e ia) @ la)ala p)dydadp = | bla)@(a)ala,0)da,

which gives (24).
For proving the converse statement, let ({¢).-o be localized in phase space admitting a
Wigner measure p of the form (24). By Proposition 2, we then have

Hm (B [|F gn, = tr(u(R®™) = J W) da = [W][fzgn -
ex—0 Rn

Since (1¢),~o is bounded in L*(R™,C™), we can assume without loss of generality that the
previous subsequence (V*)., - is weakly convergent in L?(R™, C™). However, convergence
of norms together with weak convergence implies the claimed strong convergence. O

8 WEYL CALCULUS
Let a; € S(R*™, £(C™)) for j € {1,2}. One immediately verifies that
aj(q,—ieVy) : S(RY,C™M) —» S(R™,CM), je{1,2}.

Hence, the composition ai(q,—ieVq) 0 az(q,—ieVq) =: B is a well-defined operator map-
ping Schwartz functions into Schwartz functions. A tedious calculation reveals that B is a
Weyl quantized operator with symbol b € S(R?™, £(C™)), which can be written as

b(q,p) = (arfeaz)(q,p) == (exp(%(DpDq —DgDy1)) ar(q,plaz(a’, ")) lqa=q’,p=p’
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where the exponentiation of the differential operator %( DyDgs — Dy4Dy/) is meant in the
sense of the functional calculus provided by the spectral theorem, and D, is short-hand for
—iVy, x € R™. On suitable symbol classes, there is an asymptotic expansion of the e-scaled
Moyal product ., which turns the Weyl correspondence into a powerful calculus.

DEeFINITION 5 (ORDER FUNCTION) A positive function m : R?™ —]0, ool is called an order
function, if there exist positive constants C > 0 and N > 0 with

¥y eR™: mx) < Clx—y)Nmly),
where (x) := /1 + [x|? denotes the Japanese bracket.

The order functions to be used in the following are constant functions and powers of the
Japanese bracket. Also the pointwise product of two order functions is an order function
itself. Following Chapter 7 in [DiSj], we define the function space

S(m) := {a € C®(R™ L(C™))|VaeNG"ICsx >0Vx € R*™: [3%a(x)| < Coam(x)}.
Equipped with the topology, which is induced by the family of semi-norms
1e*a)()m " (oo, e NG,
the space S(m) is a Fréchet space. For k € R and 6 € [0, 1/2] one defines the symbol class
S¥(m) == {a:R™™x]0,1] - L(C™) | Ve €10,1]: a(-;¢e) € S(m),
Voe NJ" 3Cq > 0V(x,e) € RTx]0,1]: [8%a(x;e)| < Coam(x)e *1*7*1.

Formulating the Calderén-Vaillancourt Theorem, we have already met the symbol class
Sg( 1) of smooth functions, which are bounded together with all their derivatives. The
parameter & encodes the loss in ¢ after differentiation. Besides the friendly & = 0, we will
also encounter the more unpleasant 6 = 1/2.

REMARK 7 Let k € R, & € [0,1/2], and m an order function. For a € S§¥(m), the Weyl
quantized operator a(q, —ieV4) is a continuous linear map S(R",C™) — S(R™,C™) from
Schwartz functions to Schwartz functions, and a continuous linear map S’(R",C™) —
S'(R™,C™) from temperate distributions to temperate distributions. The Calderén-Vaillan-
court Theorem also extends to symbols in Sg(l) with 6 € [0,1/2]. That is, for a € Sg(]) we
have a(q,—ieV4) € £(L2(R™,C™)) and

la(g, —ieVg)|lzrz@rny)y) < canla).

For a proof of these remarks see Lemma 7.8 and Theorem 7.11 in [DiSj]. &

DEFINITION 6 (AsYMPTOTIC EXPANSION) Let & € [0,1/2] and m an order function. For
a€e S'g" (m) and a sequence (a;)jen With a; € S]gj (m) and kj \, —o0 as j " oo we define

o0
. k
a ~ Zaj in Sg°(m),
=0
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if (a— Y 1, a;) € Sg™"(m) for all N € No.
The symbols ag and a; are called the principal and the subprincipal symbol of a.

With these notions of symbol classes and asymptotic expansions within them, one obtains
well-definedness and in most cases an asymptotic expansion of the Moyal product.

LEMMA 5 Let my and my be order functions.

1. For 6 € [0,1/2], the bilinear map
fe : S(R®™, L(C™)) x S(R?™, L(C™)) — S(R*™, L(C™)) (25)

extends continuously to a map SO(mq) x S¢(mz2) — S (mimz). If & < 1/2, then

(a1 az)(a,p) ~ Y 3 (($(DpDgr = DaDy)) aila,plaz(a’,p)) |

—a’ v—=p'
= a=q’,p=p

(26)
in SO(mym,) for all a; € S§(m;) withj €{1,2}.

2. For (81,82) € {(0,1/2),(1/2,0)}, the Moyal product (25) extends continuously to

a map
S3, (M) x 3, (m2) = Y ,(mimy),

and the asymptotic expansion (26) holds in S1/z(m1 my) for all a; € Sgi (my) with
J € {1 ) ZJ .

Proor. The first claim is proven in Proposition 7.7 in [DiSj]. Hence, we just have to
deal with the second assertion. It is enough to prove the case (61,62) = (0,1/2). By
Proposition 7.6 in [DiSj], the map

exp(¥(DpDg: —DgDy)) : S(R™, L(C™)) — S(R™, £(C™))

extends continuously to an operator S{ ,(m; ®mz) — S9,,(m; @ m,). Thus, we only have
to show the asymptotic expansion. Observing, that every differentiation of a, produces a
factor ¢ /2, it is clear that

b = i ((5(DyDgr ~DaDy)) arla, plaz(a’, ")) | e 8,7 mima).

q=q’,p=p’

Proving that (aﬁigaz — Z] 0 ) € 51/;‘-%1 /2(m1 m;), one defines the smooth mapping

E: R—L(S),,(mi@my)), t—E(t):=exp(¥(DyDg —DygDyp)) .

Taylor expansion of order N around t = 0 gives

N 1
= Y IO+ N | -0 R e at.
j=0 0
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The first summand is nothing else than
N .
> 3 (5(DyDg —DgDyp))
j=0
while the remainder term can be rewritten as
! ie N+1
o \ (1—t)N (¥(DpDq: —DgDy1)) E(et)dt.

Since E(et) preserves the symbol class S1 /Z(m1 ® my), and since every differentiation of

ai(q,p)az(q’,p’) produces an extra factor ¢ '/2,

1
; N+1
J (1 _t)N (%(D‘qu’_Dqu’)) " E(et) ar(q,p) az(q/,P/)dt |q’:q‘p’:p
0

is a symbol in SVEH)/Z(m] m;), and we are done. O

REMARK 8 Let § € [0,1/2], my, m, be order functions, and a; € S2(m;) with j € {1,2}.
Then,
ai(q,—ieVg)oaz(q,—1eVq) = (arfeaz)(q,—1eVy)

either as mappings on Schwartz functions or as mappings on temperate distributions. A
proof of this claim relies on Lemma 5 and a density argument, see Theorem 7.9 in [DiSj]. {

We will not use the asymptotic expansion of Lemma 5 in its full glory, but just with its very
first terms. In the sequel, we will meet with annoying repetition identities like

ai(q,—ieVq) 0o az(q,—ieVq) = (a1a2)(q,—1eVq) + O(e)

for a; € S3(1) with j € {1,2}, where the big-oh is meant in the space of bounded operators
on L?(R™,C™). If we have one of the symbols in S3(1) and the other one in S?/ZH ), then
we obtain

ai(q,—ieVq) o az(q,—1eVy) = (araz)(q,—ieVq) + O(Ve).
For scalar-valued symbols a; € Sg( 1), one approximates the commutator by
la1(q,—1eVq), az2(q,—ieVq)] = —ie{ar, az}(q,—ieVq) + O(e?), (27)
where

{a1)a2}(q)p) = a‘pa1(qap) aqa2(Q»p)_aqa1(q»p) aDGZ(q)p)) (qvp) ERzn

denotes the Poisson bracket of the two smooth functions a; and a,. We note, that equa-
tion (27) relies on the vanishing of the commutator [a, az] as well as the skew-symmetry
of the Poisson bracket {a;,a;} = —{az,a;} for scalar-valued symbols a;. The vanishing
of the term involving e and second order derivatives of a; and a, is due to the special
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symmetry of Weyl quantization and again the scalar-valuedness of the aj. If one of the
symbols involved is polynomial, then the asymptotic expansion of the Moyal product ter-
minates. Especially for scalar-valued polynomials a; of degree less or equal than two and
semi-classical parameter ¢ = 1 we have

[Cl](q,—di),az(q,—diH = _i{a1aa2}(qv_ivq)v

which shows a correspondence of the Lie algebra structure on the side of the Weyl quantized
operators and of the symbols. By the Theorem of Groenewold, see for example Theorem 4.59
in [Fo], scalar-valued polynomials of degree two are indeed the largest class of symbols, for
which any quantization procedure can acchieve a correspondence between commutator and
Poisson bracket. Not only with this respect Weyl quantization is optimal. For general
matrix-valued symbols a; € 88(1 ), we have to accept the less pleasant

[(11(q)_i‘qu))QZ(q»_iSVq)] = [(11)(12] (q>_iqu)+o(€))
or if the symbols commute, [a1,az] =0,
[(—H(qv_iqu))QZ(q)_ievq)] = —%({01,02}—{02»01}) (q,-iﬁVq)+O(€2).

We emphasize at this point, that for matrix-valued functions, the Poisson bracket is no
more skew-symmetric, a fact forbidding the extension of some convenient arguments well-
established in the analyis of scalar Weyl operators to the case of systems. A simple example
for non-skew-symmetry is given by

o= (5 F )20 @ aan = (3 ") @per,

As an application for the just developed calculus we prove that the solution of our favourite

model problem (1) inherits the property of being localized in phase space from the initial
data.

ProPOSITION 4 (LOCALIZED IN PHASE SPACE) Let {¢(t) € C(R,L%(R? C?)) be the so-
lution of the Schrédinger system (1) for a bounded sequence of initial data (V§)e=o
in L2(R?, C?), which is localized in phase space. Then, also (V¢(t))e~o s localized in
phase space for all t € R.

Proor. We choose some smooth functions x € C*(R? R) and ¥ € C¥ (R* R) with

x(p) =0 for |p[<1/2, x(p)=1 for |p[>1,

and
x(q,p) =1 for |(q,p)l<1/2, x(q,p) =0 for |[(q,p)l>1.

We set xr(p) = x(p/R) and Xn(4q,p) = X(q/N,p/N) for N,R > 0. By the Calderén-
Vaillancourt Theorem, the Weyl quantized operators xgr(—ieV4) and Xn(q,—1eVq) are
both bounded operators on L?(R?,C?), and we have xn (4, —ieVy) — 1in L(L*(R?,C?))
as N — oco. The composed operator

Chr = Xn(q,—1eVg) oxr(—1eVq) = (Xn e Xr)(d, —1eVy)
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has a symbol Xn #: Xk € S(R*, C), which is a Schwartz function on phase space. Hence,
CN g is regularizing, see Remark 4. We want to show that ({¢(t))c~o is e-oscillatory, which
will be acchieved by proving

lim limsupJ | Xr(—1eVq) WE(t,q) |* dg = 0.
RZ

R—oo  ¢0

Since
lim J | C% () P dg = J xR(—1eV) be(t,q) |2 da,
R2 R2

N— oo
we study wy g(t) := Cn rYF(t). If P®(t) is the solution of (1) for an initial datum P €
D(HF), then wy z(t) € D(H?) for all t € R, the mapping t — wg y(t) is continuously
differentiable, and we have

iedywy r(t) = CyrHOYE(L).
Moreover, C{j g H® = H® C{ g — [H?, C{ ] on D(H?). Denoting the symbols of H® and
C{ g by hia,p) = 1j\plz + V(q) and c{ ¢ (d,p), respectively, we have
hiccnr —Ccnrfieh = 5 ({Vienrl —{en e VI -

Hence, by the linearity of V, the commutator My  := [H?, C{, ] is a bounded operator on
L?(R?, C?), whose norm ||M§ ||z < const. ¢/R can be bounded independently from N € N.
We rewrite the evolution of wy y(t,q) as

ie 9w, (1) = HEWS plt) + ME (1)
and obtain by the symmetry of H®
S Wi r(B[If2 g2y < comst. e MR rllzrzma)) V()2 me) [WR g ()12 (R2) -
Since (P&(t))e0 is bounded in L?(R?, C?) uniformly for all times t € R, we obtain
[Wir()[2r2) < [[Wr(0)[L2(r2) + comst.t/R.

Passing to the limits N — oo, ¢ — 0, and R — oo, we get that (P®(t))c>0o is e-oscillatory
for all times t € R. For general initial data 1§ € [2(R?,C?), one chooses an approximating
sequence (¢f Jnen in D(H®) with sup, ., [|[¢5 — ¥§llLz = 0 n — co. Then,
lim limsup ||xr(—ieVy) g IH /e Pollzr2)y < supca(xr) sup||dy —Woll2gn)y — 0
0 R>0 e>0

R—oo ¢

as n — oo. Proving that (°(t))¢~0 is compact at infinity, one replaces xr(—ieVq4) by
Xr(q) and proceeds analogously. O

9 CLASSICAL TRANSPORT

Discussing the local version of Born-Oppenheimer approximation in Section 2.3 of Part A,
we have mentioned that Egorov’s Theorem provides approximate control on the unitary
time evolution. With all the basics of Weyl calculus at hand, we can now formulate this
important theorem and also sketch its proof.
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9.1 Ecorov’s THEOREM

THEOREM 7 (EGOROV) Let m be an order function and A~ 3 ° (\j € S§(m) a scalar-
valued symbol with

% 0B A € L®(R*™,C), o, B ENS,jENy, lad+IBl+5>2,

whose Weyl operator A® =A(q,—1eV4) 1s an essentially self-adjoint operator acting in
L2(R™,C). Then, for all scalar-valued a € S(1) and t € R there exzists a scalar-valued
a(t) € S§(m) such that

N Ve a(q,—ieVy) e M YE = a(t)(q,—ieVy) (28)
and a(t) ~ Z;')io a;(t) in S(m) uniformly on compact time intervals with
ao(t) = ao®*,
where Ot : R?™ — R2™ 4s the flow of the Hamiltonian system
4 = Vpdola,p), P = —Vqhola,p).

assoctated with the principal symbol Ay of A.

We refer for a complete proof to Theorem IV.10 in [Ro] and just sketch the basic idea.

SKETCH OF PROOF. On some dense set the left hand side of (28) is continuously differen-
tiable with respect to t. Denoting it by A(t), we obtain the Heisenberg equation

—ie FAR) = [ASA[M)],  A[0) =alq,—1eVy).

Assuming that A(t) = a(t)(q, —ieVy) for some symbol a(t), the Heisenberg equation means
on the symbol level

—ie%a(t) = A a(t)—a(t) e A, a(0)=a.

Inserting an asymptotic expansion Z;-”:O a;(t) of a(t) and expanding the Moyal product
asymptotically according to Lemma 5, we get for the zeroth order term in ¢

Lao(t) = Ao, a0(t)}, a(0)=a,

or equivalently ag(t) = ao®!, where global existence of the flow @' comes from the essential
self-adjointness of A(q,—ieVq). In this way one determines order by order equations for
the aj(t) and finally proves, that the such constructed symbol a(t) does the job. O

9.2 TRANSPORT OF WIGNER F'UNCTIONS AND MEASURES

Egorov’s Theorem has as an immediate corollary an approximate description for the dy-
namics of the Wigner function W¢(1p¢(t)) of the solution )¢(t) € C(R,L*(R™,C)) of

i€0h¢ = AT, $E(0) = 1§, (29)

where (§)c~0 is a bounded sequence of initial data in L2(R™,C). For the Hamilton oper-
ator A® we assume the same properties as in Theorem 7.

47



COROLLARY 2 Let V¢(t) be the solution of (29) and We(1e(t)) its Wigner function.
Then, we have for allt € R and a € S(R*™,C)

|, W)~ wetg) 0~ (a,p) ala,p)dadp = Ofe)
as ¢ = 0. On compact time intervals the above approximation holds uniformly in t.
PrROOF. We have for all scalar-valued a € S§(1) and t € R
W (D), @)oo = (e A VoS ala, 1V e A YEpg) L )
= (1§, (a0 ®)(q,~ieVa) W8) 2 ey + (5 REVE) L2 ()
with R¢ € £(L?(R™,C)) such that sup, . ||[R¢||z(12) < co. Hence,
(WEWS (1), 0)pr 0 = (WEWE), a0 @), ,, + Ole).

By Lemma 4 we obtain the claimed

|, W@ atapidadp = | Wetg)o @ (e, p) alap)dadp + Ofe).
O

The unitary time evolution preserves the L%-norm, that is [[We(t)|r2rn) = [[W§]l12®n)
for all t € R. Hence, the sequence (*(t)).~o admits Wigner measures u(t) for every
t € R. However, for different points of time t there might be different subsequences
(Wer (e (t)))e, >0 weakly converging to the limit points p(t), even the number of dif-
ferent limit points might differ for different points of time. Thus, a priori the continuity of
the Wigner function

WE (e (1)) € C(R,L*(R*™,C))

does not seem to translate into a continuous time dependance of the Wigner measures p(t).
However:

COROLLARY 3 Let (P°(t))e~0 be the sequence of solutions of (29). If the sequence of
wnitial Wigner functions (W (\g*))e, -0 converges weakly to a Wigner measure o,
then (Wex(e*(t)))., >0 converges weakly to a Wigner measure u(t) for allt € R. On
compact time intervals the convergence is uniform. Moreover, for all t € R

u(t) = poo @7,

and p(t) € C(R, M (R?™)), where My (R?™) = C.(R?*",C)’ denotes the space of positive
bounded Radon measures on R*™ equipped with the weak dual topology.

ProoF. By Egorov’s Theorem, we have for all t € R and a € S§(1)

(W (1), a)pr 0 = (W (ho*), alt)) ) o -

48



Hence, the left and the right hand side of the preceding equation converge as ¢x — 0, and
we have

(b(t), Wor 0 = (Horalth o o -

The proof of the uniform convergence on compact time intervals requires an application
of the Arzela-Ascoli Theorem, for which we refer to the proof of Proposition 7 later on.
Corollary 2 immediately implies p(t) = po o @ . Hence, it remains to show the asserted
continuity of t — p(t). We have for a € C.(R*™,C) and t,s € R

], atam it —utsDadp)| = || (@00 —a0®*)ap) polda,dp)

uo(R?™) [ao @' —ao @)y — O

IA

as s — t, since a is uniformly continuous. O

The single-band operators AL = % Aé\i +E*(q) of our central model problem are essentially
self-adjoint operators with domain C%(R?,C). They have as their principal symbol the
continuous functions A3 (q,p) = JIp|> + E¥(q) = L[p|? £ [ql, which are smooth away from
the crossing manifold {q = 0}. This lack of smoothness hinders a direct application of
Egorov’s Theorem as formulated above. One has to employ a smooth cut-off around the
crossing manifold to circumvent this problem, see the proof of Proposition 7 in Part C later
on. Nevertheless, we may ask how the scalar-valued Wigner functions of the solutions {5 (t)
of the two one-band equations (13) with initial data

V(0,9) = V5 1(q) == W§(a),x*(a))c:

relate to the matrix-valued Wigner function of the solution ¢(t) € C(R,L?(R%,C?)) of
the full model system (1) with initial datum V§ € [2(R2,C?). The following Lemma helps
clarifying this question. It proves, that Wigner transformation and projection onto the
eigenspaces commute up to an error of order e.

LEMMA 6 Let (%).~o be a bounded sequence in L?(R? C?). We decompose

Pe(q) = vi(a)x (q) + vE(a)x (a),

where x* € C®(R?,C?) are the smooth eigenvectors defined in (12). Then, there exists
a subsequence (& )keny with ¢x — 0 as k — oo, such that for all scalar observables a €
C®(R*, C) with supp(a)N{q=0}=10

fim | W5 )a,p) afap) dadp

ex—0

tim | (WS (0% a,p) TP(a) ala,p) TT(a]) dadp,

ex—0

where TT*(q) = )(i(q)xﬂt(q)t € C®(R2\ {0}, Lsa(C?)) are the eigen projectors of the
linear conical crossing potential V(q).
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Proor. The existence of the sequence (ex)ien, such that both limits exist, is obtained by
an application of the Banach-Alaoglu Theorem, Theorem 3.17 in [Ru]. Hence, we just have
to show coincidence of the two limits. We have for ¢ > 0

| wetwstap ala,p) dadp = (5, ala,~ie7a 95 )y
R4

= <X7i'lql)£,(1(q,—i€v )X 11) >I_2 R2) = <l~l) vX (1( —IEV )X d) >I_Z R2) *
Now, by Weyl calculus

xE () alg,—1eVe) xF(@) = (x* axE )(q,—ieVq) + Ole),

where the O(¢) is meant in the space of bounded operators on L?(R?, C?). Moreover, since
a(q,p) € C is scalar and has support away from the crossing, we have
x*t axfit = all* = M*all* e C?(R“,(C).

Hence,

lim wa”(w “)(a,p) alq, p) dqdp

ex—0
= lim (W, xF ald, —ieVq) XF V) o pe)
= lim (W&, (I aTT¥)(d, —iexVq) W) 5 )
=y JW tr (W (b*)(q,p) TT(a) alq,p) 1*(q)) dadp.

O

Let (1§)c~0 be a bounded sequence in L?(R?,C?) and [0,T] a compact time interval, in
which the solution ¢ (t) = e~ " /¢ g of the model system (1) has phase space support
outside the crossing up to order ¢. For such an time interval [0, T], there exists an open set
U ¢ R* with {q = 0} C U such that

| wewewnapiatapidady = 0fe (30)

for all a € C® (R*, £(C?)) with supp(a) C U.

Adiabatic Decoupling. The local Born-Oppenheimer theory discussed in Section 2.3 to-
gether with Lemma 6 yields for all t € [0, T]

lim vask(w (t))(q,p) alq,p) dqdp =

£kHO

lim JW tr (W (¥ (t))(a,p) T (q) alg,p) TT*(q)) dgdp

ex—0

for all a € C®(R* C) with supp(a) N{q = 0} = (. Proposition 7 later on shows, that for
all times t € [0, T] the same sequence (ex)xen can be chosen, and that the above limits are
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even uniform on [0, T]. In the language of Wigner measures we have proven the following.
If u*(t) denotes a Wigner measure of i (t) € L?(R?,C) and u(t) a Wigner measure of
Pe(t) € L2(R2,C?), then for all t € [0, T]

pE(4)(B) = tr(u(t) TT¥)(B)
for all Borel sets B ¢ R* with BN{q =0} = 0.

Born-Oppenheimer approzimation. Since the projectors TT*(q) are rank one projectors,
we can write the diagonal components of the Wigner function W¢(1¢(t)) as

TTEWE e (1) TTE = tr(We (1) T TTE = w (1) TT+.

We obtain by the preceding discussion, that for time intervals [0, T], in which *(t) has
phase space support outside the crossing {q = 0} up to order ¢,

JW (WS(£) — W& (0) 0 @5 (q,p) alq, p)dqdp = O(e) (31)

for all a € C®(R*,C) with supp(a) N{q = 0} = (. The flows ®Y : R* — R* belong to the
Hamiltonian systems
at) = p(t),  pt) = F A4 (32)

which stem from the Hamilton functions ?\S—L = %\plz + |q|. We have to be aware of the
discontinuity of V4 AE = +q/|q|l at ¢ = 0 and postpone a more sorrow discussion of the
flows @Y to the following Section 9.3. We also mention, that Proposition 7 later on provides
an alternative, more contiguous proof of (31). Regardless of its various proofs, the given
approximation motivates the definition of a Born-Oppenheimer function

Wio(t) = (WL(0) o @ )T + (W (0) o @) T~ € L*(R*, £(C?))

for t € R. In this notation, identity (31) is rephrased as follows. For all times t € [0, T], for
which the phase space support condition (30) is satisfied within the time interval [0, T], one
has

[ e ((we o)~ Wao (1) 4. 9) ala ) dadp = Ofe) (33)

for all diagonal observables a € C (R*, £(C?)) with

- q1 qz _
[a(a,p),V(a)] = qu)’( 42 —d )] - °

and supp(a) N{q = 0} = 0. A final, more sloppy variant of formulating the leading order
time-dependent Born-Oppenheimer approximation defines the groups

L£L: *(R*C) - L*(RY,C), w— wod!

and rewrites the approximate dynamics of the diagonal components wi (t) as

wi(t)\ _ (LY 0 we (0)
<W;(t) ) - ( 0 >( wg(o) > : (34)
—_———

=L

51



Away from the crossing manifold, the group L{ gives an approximation to the real dynamics
associated with the Schrédinger system (1) up to an error of order ¢. There, we observe
adiabatic decoupling and semi-classical behaviour of the wave function. To overcome the
crossing, we will replace the group L§ by an asymptotic semigroup L, which takes the adi-
abatic transfer at the crossing manifold into account. The construction of such a semigroup
L% will be the aim of Section 10 in Part C.

9.3 THE MODEL SYSTEM
The Hamiltonian systems (32) are equivalent to the Newtonian equations
i = -VqE(a), (35)

with central field E*(q) = +|q|. Trajectories, which never hit the crossing {q = 0}, are
well-defined, even smoothly depending on time. Hence, our first question is to ask for the
set of initial data, which issue the critical trajectories touching the crossing manifold. The
easy answer is given by the conservation of angular momentum for Newtonian motion in a
central field,

JteR: ®L(qo,po)N{g=0}#0 = Mo :=qo Apo =0
with q Ap:=q’-p=qip2 — q2p1. The second conserved quantity is the total energy
EF = A3 (do,po) = Flpol* £1qol.
We start by discussing the dynamics for initial data with zero angular momentum.

LEMMA 7 (ZERO ANGULAR MOMENTUM) Choosing initial data (qo,po) € R* \ {0} with
do A\ po = 0, we study the solutions of the two Hamiltonian systems (32). Then, the
trajectory associated with the Hamilton function A{(d,p) = %Ip\2 +|q| s the first to hit
{q = 0} for a positive time ty > 0,

to = po-w+4/Ipol? +2lqol,

where w = % for qo #0 and w = % for qo = 0. Moreover, we have for t € [0, tol
a(t) = Fitw+tpotdo,  PT(t) = Ftw+po.
a*(y)

Proor. First, we insert a Taylor expansion of q*(t) into (32) and obtain o=
w as t — 0". Since the zero angular momentum is conserved for all times, we rewrite
g* (t) = k*(t)w and p*(t) = 1*(t)w with k*(t), 1¥(t) € R, and are left with the differential
equations

k=1, 1==%F1, k(0 =k, 10)=1.

Since q*(t) = tpo + o(t), we have ko = |qo|. Moreover, 1o = sgn(qo - Po)lpo| if qo # 0 and
lo = [pol if go = 0. Thus, we have 1*(t) = Ft + 1o and k*(t) = F3 2 + lot + ko. The
determinant for the zeros of k¥ (t) is 1(2) + 2ko. We distinct different cases.
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If lg < 2ko, then only q*(-) hits {q = 0} for some positive time to > 0, i. e. for ty =
Lo + (1§ + 2ko) /2.

If lé = 2ko, then g™ (-) hits {q = 0} for some to > 0, before q(-) does so. The hitting time
is given by to = lo + [lo|v/2.

If lé > 2ko, then we have to distinguish two cases. If sgn(ly) > 0, then only q*(-) has a
positive hitting time ty, and we get again to = 1o + (lé +2ko)"/2. If sgn(ly) < 0, then
the g (-) also has a positive hitting time sy = [lo| — (lé — 2ko)'/?. However, an easy
calculation gives tp < sp, and we are done.

O

The preceding proof contains the following observation concerning trajectories of (32) with

Hamiltonian function Ay (q,p) = 1Zholz —1ql.

REMARK 9 The trajectory of (32) with Hamilton function Ay (q,p) = %lpl2 —1q| and initial

datum q—(0) =0, p~ (0) = po # 0 is given for positive times t > 0 by

_ t? N t
at) = (5—+t])po, p(t)=|—+1)po.
2lpo| Ipol
This trajectory does not hit {q = 0} for times t > 0 and goes off to infinity, |~ (t)| — oo as
t — oo. %

By the proof of Lemma 7, we can also explicitly derive the recurrent hitting times of the
trajectories associated with AJ (q,p) = %Ip\z +ql.

REMARK 10 The trajectory of (32) with Hamilton function AJ (q,p) = %\plz +|q| and initial
datum q*(0) = qo # 0, p"(0) = po with qo A po = O hits the crossing manifold {q = 0}
recurrently for positive times t; > 0,

tj = po-w+(2j+ 1)L, j € No,

with w = ‘gﬁ and L = /[pol?> + 2|qol. For times t €]t;,tj41[, j € No, we have

at(t) = (=1 (G- —Lt-t)o, pTt) = (-1 (t—t-Dw.

This explicit formulae show p*(t;) = (—1)"" Lw # 0 for all j € Ny, a change of direction
for q*(-) at the crossing {q = 0}, and boundedness of the motion, that is |q* (t)| < L?/2 for
allt > 0. ¢

Summarizing, we have seen that trajectories (q*(-),p®(-)) passing through the crossing
at some positive time t, > O are well-defined and have a unique continuous continuation
through the crossing, as long as p*(t,) # 0. Hence, the only point in phase space prohibiting
a straightforward definition of the Hamiltonian flows @Y is the origin (0,0) € R*. Denoting
the zero-energy shells by (AY)~'(0) := {(q,p) € R* | Af(q,p) = 0}, we have (AJ)~1(0) =
{(0,0)} and define for t € R
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@' (do,po) = (a(t),pT(t)) for (qo,po) & (A$)'(0),
@ (go,po) = (qo,Po) for  (qo,po) € (A)1(0).

The mapping R* — R?, (q,p) — ®%(q,p) is continuous for all t € R. For the minus-
flow @' , the definition is less elegant. Denoting the hypersurface of zero angular momentum
by

I = {(q,p)eR* qAp=0},
we set for t € R

@' (qo,po) = (a(t),p(t)) for (do,po) & (Ag) '(0)NT,
®* (go,po) = (qo,Po) for  (qo,po) € (Ay)'(0)NT.

The thus defined mapping (q,p) — @' (q,p) is continuous only outside the codimension
two set (A;)~'(0) NI = {(q,p) € R* | g = +2lp}. However, both flows {®Y (q,p)}cr
form a group for all (q,p) € R*. Before turning to a more thorough study of the dynamics
with non-zero angular momentum, we whish to draw the reader’s attention to Figure 6,
which anticipatingly discusses the implications of the zero angular momentum case for the
approximate dynamics of the Schrédinger system (1). Propagating initial data (qo,po)
with non-zero Mgy = qo A\ po # 0, we switch to polar coordinates q = r(cos @, sin @) with
(r, @) € 10,00[x[0, 27t and rewrite the Newtonian equation (35) as

P2 = 2(EF - VE(M), ¢ = Mor 2, (36)
where
VE[r) == £r+IMir 2

is the effective potential energy, see Chapter 2.8 in [Ar]. We have for the solutions v+ (t) of
the radial part of (36)

VteR: VErE(t) < EE.
Therefore, we look for the r > 0 with
PE(r) == F213 +2EE 2 M > 0.
The discriminants D* of the cubic polynomials P* are given by

D* = — 75 (B5)° + (R A6 = IME)" = IMG (M5 — & (55)°) -
First, we concentrate on the dynamics associated with the upper electronic level and discuss
the polynomial P*(r) = =213 + ZEg 2 M%, which is monotonously increasing for r €
10,2 E§ /3[ and monotonously decreasing outside this interval. If we write po = k qo/|qol +
lqg/lqol with k,1 € R, then 1 = Mo/[do| and Ef = Tk? + 3 (Mo/Iqol)? + |qol. The
function s — e(s) = %kz + %(Mo/s)2 + s attains its minimum for s = M§/3. Thus,
Ef > e(Mé/3) > %Mé/s, and we always have D™ < 0.
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Figure 6: We anticipate what the preceding discussion of the classical dynamics means for
a zeroth order approximation in ¢ of the Wigner functions wi (t) introduced in Section 9.2.
We assume w¢ (0) = 0 and consider a point (qo,po) € supp(w$ (0)) with qo Apo =0 and
do # 0. The g-component of the trajectory (q*(-),p*(-)) for this initial datum runs along
the straight line given by w = qo/|qol. It hits {q = 0} at time t = to for the first time,
propagating a part of w¢ into the crossing and initiating a non-adiabatic transition onto
the lower electronic level. A trajectory (q—(:),p (-)) starts off into the opposite direction,
with which the trajectory (q*(-),p"(-)) has entered the crossing, and carries some part of
w¢ off to infinity. The trajectory (q*(:),p™(:)) hits {q = 0} again at time t = t;, and
initiates another non-adiabatic transfer onto the lower level, and so on. Thus, we have
bounded oscillations for w¢ and recurrent creation of parts of w¢ , which eventually go off
to infinity. We become more precise in Part C, where we also provide the Landau-Zener
formula encoding the correct rate of non-adiabatic transfer and encorporate the trajectories,
which just come close by the crossing.
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LemMA 8 (UpPPER ELECTRONIC LEVEL) The Newtonian equation of motion

at) = — &g, a(0) = a0,  4(0) = po
with initial datum (qo,po) € R* of non-zero angular momentum My = qo Apo # 0 has
two different types of solution.

1. Circular motion: If27 M§ =8 (EJ)® withEJ = %\pOIZqu\, then the orbit is a circle
with radius Ry = 2E§/3, which 1s revolved with constant angular velocity /1/Ro.

2. Oscillations in an annulus: If 27 M% < 8(E§)3, then there exist Ri,R3 > 0 with
R3 < ZE(J{/?) < Ry < E(J)r such that the solution stays inside the non-degenerate
annulus {q € R? | R3 < |q| < Ry}. The radial motion is periodic, while the angular
motion varies monotonously.

PrROOF. We start with the case D™ = 0, that is 27 M§ = 8 (E{)®. Then, the polynomial
P*(r) has a repeated real root b € R. Factorizing P*(r) = —2(r — a)(r — b)?, we get
2ab?> = —MJ and a +2b = E} > 0. Therefore, a < 0 < b, and by the monotonicity
properties of P*(r), b = 2E}/3. Thus, Ry = 2EJ/3 is the only positive r > 0 with
P*(r) > 0, and the orbit of the Newtonian equation’s solution is a circle with radius Ry,
which is revolved with constant angular velocity 1/1/Ro. In the second case D' < 0, the
polynomial P*(r) has the three simple real roots

R = 2E§ cos(y+ (k—1)2F)+ LES, k=1,2,3

with v = %arccosﬂ - % M3 (EJ)~3). Since EJ > 0 is positive and y €]0,7/3[, we have
Ry <0< R3 <2EJ/3 <Ry <E], and the solution’s radius [q(t)| = r(t) stays in [R3,R;]
for all times t € R. For times t; with r(tj) = Ry, j € {1,3}, the radial velocity equals zero
and changes sign, since ¥(t;) = f(%Vﬂ(Rj) = % (%P*)(Rj) R;Z # 0. The radial period is

given by
J R xdx
R3 P*(x) ’
while the monotonicity of the angular variable ¢ follows from ¢ = My 1 2. |

REMARK 11 From Lemma 8 we immediately deduce, that the closed circular orbits of the
Hamiltonian flow @7, are in exact correspondence with the submanifold

Sa = {(a,p) eR*|q-p=0, lal =Ip]*}.
%

Looking for other periodic orbits than the circles, which are revolvd with constant angular
velocity, we study the angle between successive pericenters (minimal distance to the origin)
and apocenters (maximal distance to the origin),

Ry
(D:MOJ' dx

Rs X4/Pt(x) '
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To analyse this elliptic integral we write P*(x) as a product of sums of squares, see Chap-

ter 22.7 in [WhWa]. The ansatz is P™(x) = S;(x)Sz2(x) with S;(x) = —2(x — R;) and
S2(x) = (x — R2)(x — R3), where the roots R; have been given explicitly in the proof of
Lemma 8. Now, we are looking for A € R, such that the polynomial S;(x) — AS;(x) has a
repeated root. This is the case, if

(A(R24+R3)—2)> +4A(2R; —AR,R3) =0,

that is, if

where

w(y) =14/1 —%sinzy e]o,1[.

By construction of A; ,, there exist «, f € R such that
S1(x) =A1S2(x) = =AM (x—a)?,  S1(x) —A2Sa2(x) = — Ay (x—B)*.
Using Matlab’s symbolic toolbox once more, we obtain
x,p = 3EJ (2cosy +1F3w(y)) .
We get the desired factorization

Prx) = [T (Aj(x—)* +Bj (x — B)?)

ji=1,2

with A7,By = F(2EJw(y))™" and A;,B, = £ (4 cosy — 1)/(6w(y)) + % Now, we put

hands on @ itself. If we define f(x) = ::["3‘ and substitute t = f(x), then

O =

Mo J‘ (t+1)dt
«) J, (t-‘r%) \/szlyz(Ajtz'FBj)

with z = —f(R3) € R. Multiplying with t — &, we get

o - Mo J‘ (t* —§)dt

BB — o) Jo (22— 53) T, 1(A 2+ B))

My (! tdt
+ -
B2 L (tz_%)\/nj:Lz(Aj t2 + B;)
_ M, J‘ dt
BB =) J. /T2 (A & 1 B,
+& J‘ dt +MOJ’ dt
B J. (1th2)\/Hj:1)z(Ajtz+Bj) 2p2 ). (t—%)\/ﬂj:u(AjtJrBj)’
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where N = g—z Using 1/N =1 —1/A; for the third summand, we finally have

o MO F(1ak) — F(Z‘a k) l _
0 — e (MR LN TN )

Mo [Aaf 1
2(52 A A222+Bz '

with k = /—A>/B,. F(-,k) and TT(-, N, k) denote the elliptic integral of the first and third
kind, respectively,

x dt
Fhok) = Jo V=) -x)’

=

=

z

=
\

JX dt
o (T=N2)/(1—t3)(1 —k2t2)

The preceding calculation shold have erased any hope to obtain additional meaningful in-
formation on the classical dynamics associated with the upper electronic level.

LemMA 9 (LoweER ELECTRONIC LEVEL) The solution of the Newtonian equation of mo-
tion

gt = A4 q(0) = g0,  4(0) = po

with initial datum (qo,po) € R* of non-zero angular momentum Mo = qo Apo # 0
satisfies for all times t € R
la(t) | = 7.,

where v, > 0 is the unique positive root of the polynomial P~ (r) = 273 + 2k, 2 — Mé
with By = %\p0|2 —|qol. Moreover, |q(t)] — oo as t — £oo.

Proor. The polynomial P~(r) decreases monotonously inbetween zero and —2E; /3 and
increases monotonously outside this interval. If Ey < O, then the discriminant D™ =
T M3 (3 M3 — 55 (E5)3) > 0 is positive. We have roots a € R and ¢ € C\ R with P~ (r) =
2(r—a)(r—c)(r—7C). Since —2 alc|> = —M3, we have a > 0. Moreover, 2 (a Re(c)+]c[?) =0,
which gives Re(c) < 0. Since —2(a + Re(c)) = 2E, we also have a = —E; — Re(c) >
—2E, /3. Thus, P~(r) is monotonically increasing around a, and P~ (r) > 0 if and only if
T > a. Next, we assume E; > 0. We factorize P~ (r) = 2(r — a)(r — by )(r —b2) with a € R
and by,b, € C. If by = b, € C\ R, then a > 0, and P~ (v) > 0 if and only if r > a. If
b1,b2 € R, by # by, then P~ (r) has three real simple roots, exactly one of them being
positive. Thus, without loss of generality a > 0, and the only positive r with P~ (r) > 0 are
the r with r > a. If by = b, € R, then by = —2E /3, and the only positive r with p(r) > 0
are again the r with r > a. Therefore, independently from the energy’s or determinant’s
sign, the Newtonian motion stays outside the disc, whose radius r, is the the only positive
root of P~ (r). If D~ =0, that is if 27M§ = 8 (E; )3, then r. = E; /3. If D~ < 0, then

T, = 2y cos(§arccos(ZMj (Ey)° —1)) — T Ey,
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which lies in the interval ]0,E;/3[. If D= > 0, then r, = u + (Ea)z/(‘?u) with u =
(}M3— L (Ey)®+vD)!/3. Since the function u — u+ (E;)?/(9u) attains its minimum
for u=E; /3, we have r, > E; /3. If ro = 1(0), then for all R > r, the integral

JR x dx
—_— < 0
To P~ (x)

exists and is finite. Hence, every R > r, can be reached within finite time, and we have
T(t) — co as t — oo. ]

Summarizing all the preceding details, we have seen different types of classical motion for the
two Newtonian equations (35). Related to the upper electronic level EY, there is constraint
motion. HEspecially, there exist periodic orbits, which are circles revolved with constant
angular velocity. For the lower electronic level E~, the motion is unbounded.
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PART C

AN ASYMPTOTIC SEMIGROUP
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10 ProprPAGATION NEAR THE CROSSING

It is expected, that near the crossing the solution \¢(t) = g iH t/e P§ of our model sys-
tem (1) exhibits leadig order non-adiabatic transitions between the subspaces RanlT; and
RanlT_ for a large class of initial data V§ € L?*(R?,C?). It is our goal now to modify
the transport equation (34) associated with the group L§ by taking transfer between the
diagonal components (w (t),w® (t)) of the Wigner function into account.

Following an observation by L. Nédélec [Ne], we will show in Section 15 of Part D, that our

model Hamiltonian H® = —ez—qu + V(q) is unitarily equivalent to the semi-classical Weyl
quantization of
_ . Ap
b+ i (TP 9N 37
2P TP aAP —q-p (37)

The symbol in (37) carries two key signatures of the classical dynamics studied in the
previous section: the angular momentum g A p, which is preserved by the Hamiltonian
flows @Y, and the function q - p, which characterizes the hypersurface

S ={(qp)eR[q-p=0}

containing the points in phase space, at which the classical trajectories attain their minimal
distance to the crossing manifold {q = 0}, cf. Figure 7.

92

Figure 7: We see the projections of three neighboring trajectories (q(t),p(t)) onto config-
uration space Ré. The crossing manifold {q = 0} is therefore projected onto the origin. The

trajectories attain their minimal distance to the crossing at the time t, when q(t.)-p(t.) = 0.
The points in phase space where q - p = 0 build up the jump manifold S.

The underlying heuristic picture for the dynamics near the crossing is to replace (q,p)
in (37) by classical trajectories (q(t),p(t)) related to the classical flows @ and to solve the
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purely time-adiabatic problem

q(t)-p(t)  qlt) Ap(t)

. o —1
iede p(t) = Ip(t)] ( q(t) Ap(t) —q(t)-p(t)

)cb(t), S eC?.  (38)

Since the leading order transitions happen only in the region where a trajectory has minimal
distance to the crossing, we linearize the flows around S. The linearizations of the classical
flows @Y at a point (g.,p.) € S are

() =q. +tp. +O(t*)  and  pT(t) =p. Fta./lq.]+O(t?). (39)
The system (38) becomes
t AR t 0
g dudlt = ( rpe )cb(t) =: ( - ) (1), (40)

= &

where we used that |q.|/[p«|> < 1 near the crossing. We note, that the purely time-

dependent system (40) does not depend on whether we employ @Y or @' for its formal
derivation. However, (40) is nothing but the famous Landau-Zener problem. The time-

dependent matrix
Hs(t) = t b
2T s —t

has the eigenvalues £+/t2 + 82, which attain their minimal distance 26 for t = 0. Already
in 1932, C. Zener [Ze] considers the ordinary differential system (40) for initial conditions
of the form

$(—00) = ¢ (—co)e’(~o0), [T (~o0)l =1,

where e*(-) € C® (R, C?) denote smooth eigenfunctions of the matrix Hs(-). He derives a
Weber equation and obtains by its asymptotic analysis, that the large time behaviour of the
solution ¢(t) is given as

$(00) = T (00)e"(00) + ¢ (00) e (00)

with B
b~ (00)* + [pF(c0))* =1, lo~ (c0))* = exp(—md*/E) = P§.

Due to the problem’s symmetry, the same transition rate Pg also applies, when only the
lower level is occupied for t — —oo . Summarizing, for initial data of the form

( ¢ (—o0)l? ) _ ( 1 ) o ( ¢ (—o0)? ) _ ( 0 )
¢~ (—o0)? 0 0~ (—o0)? 1

the non-adiabatic transitions for the solution ¢(t) of (40) can be expressed as
( b+ (c0)]2 ) _ ( 1-P: P > ( b+ (~o0)]2 )
b~ (c0)? Ps  1-P; b~ (—o0)* )’
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and we see, that for the ordinary differential problem the probability of a non-adiabatic
transition Pg = exp(—md /€) is the larger the smaller the minimal gap & and the smaller the
smaller the adiabatic parameter €. While C. Zener has studied the special linear prob-
lem (40), it is L. Landau’s work on non-adiabatic transitions induced by atomic colli-
sions [La], which has given the transition probability PE the name Landau-Zener formula.
For more information on purely time-dependent Landau-Zener type problems we refer to
the review [JoPf]. Re-identifying the parameters & = [p.|~2 q. A p. and € = [p.| "¢, the
rate P§ reads in the conical crossing setting as

2 2
TE(du,ps) = eXP(—7t (q*/\p*)> = eXP<—T[ a: ) : (41)

e Ip.l? e [pul

Here, the transition probability T¢(q.,p.) depends on three factors: the angular momen-
tum g, /A p., the momentum strength |p.|, and the semi-classical parameter ¢. Clearly, the
transition rate T¢(q,, p«) is the larger the smaller the angular momentum g, /Ap*, the larger
the momentum strength |p.|, and the larger the semi-classical parameter ¢.

Trajectories with |p.| of order one and q. A p. of order /¢
induce leading order non-adiabatic transitions.

It is the goal of the subsequent analysis to show, that the heuristic picture of classical
transport in combination with the transition probability (41) yields a correct description of
the leading order dynamics.

REMARK 12 The heuristic argument yielding the Landau-Zener formula (41) also applies
to the generic potential discussed in Section 3.1 of Part A

a-q b-q
A% = .
') ( b-q —a-q >
If we denote by M = (a', b') the 2 x 2-matrix with row vectors a', bt € R?, then the jump

manifold is given by {(q,p) € R* | Mq - Mp = 0}, and the transition probability reads as

7 (Mg. A Mp..)?

T *xy Mok - T T A 2 .

11 A MARKOV PROCESS

To incorporate the e-dependent transition probability (41) into the transport of the Wigner
function, we first append to phase space a label j € {—1, 1} indicating, whether the descrip-
tion refers to RanlT~ or RanlT". We define a family of random trajectories

Jg(q)p’j) : [O)OO) — ]R4 X {_]’]})
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where 74P () = (®5(q,p),j) as long as ¢’ (t) - p’(t) # 0. Whenever the deterministic
flow @;(q,p) hits the manifold S = {(q,p) € R*| q-p =0} a jump occurs with probability
T¢(q,p), i.e. j changes to —j with probability T¢(q,p). After the jump the trajectory
follows again the deterministic flow depending on j until the trajectory hits again S. At
the jump hypersurface S, the trajectories are chosen right continuous. On the submanifold
Sa =1{(q,p) €S |Ipl*> =|lq|} of closed circular orbits of @7 the trajectories do not jump.

REMARK 13 In each finite time interval [0, T] C [0, 0o[ each path (q,p,j) — JL9P7) (t) has
only a finite number of jumps and remains in a bounded region of phase space. Moreover,
the paths (q,p,j) — JL9P7)(t) are smooth away from S, i.e. on (R*\'S) x {—1,1}. o

4P3) define a Markov process

{XaPI) | (q,p,j) € R* x {—1,1}}

on R* x {—1,1}, see for example I11-§1 in [Dy]. This Markov process combines deterministic
transport on the energy levels with jumps inbetween them according to the Landau-Zener
rate, whenever a trajectory attains its minimal distance. Since the trajectories jg(q’p’j) (t)
are defined for all t € [0, co[ the process is non-terminating.

The random trajectories .75(

REMARK 14 We emphasize, that the underlying physics is of course not one of instanta-
neously jumping particles. Indeed, for the purely time-dependent problem (40) it is known
that the non-adiabatic transition occurs smoothly within an /e-neighborhood of t = 0, see
[HaJo, BeTe]. O

The transition function P.((q,p,j);t,T") of the Markov process gives the probability of being
at time t > 0 in the measurable set I' C R* x{—1, 1} having started in the state (q,p,j). With
the transition function one associates a backwards and a forwards semigroup, which act on
function spaces respectively spaces of set functions, see II-§1 in [Dy] or Chapter I in [Li].
The backwards semigroup £! acting on bounded measurable functions f: R* x {-1,1} — C
is defined via

(LLf)(q,p,i) = RLOPIf( glapil(t)) = J f(x, &%) Pe((q,p,7);t,d(x, &, k) .

R4 x{—1,1}

For our purposes, it will be enough to work with functions, which are continuous away from
the jump manifold S and satisfy a suitable inflow and outflow condition at S.

DEFINITION 7 A compactly supported function f € C.((R*\S) x {—1,1},C) belongs to the
space C, if it satisfies the following boundary conditions at (S \ S¢1) x {—1,1}:

limof(qfép,p+5iq/\q\,i) = T%q,p) élirgof(q+6p,p+6iq/lql,fj)

5—+

TE(Q»p) f(q>p)_))

and

6lim f(g —op,p +&jq/ldl,j) (1—=T%(q,p)) lim f(q+op,p—0jq/ldl,j)
140 5—+0
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REMARK 15 The limits in the preceding definition are taken along the linearization of the
unique trajectory of the Hamiltonian system (32) passing through a point in S\ S.; before
respectively after hitting the jump manifold S, see also (39). &

By construction of the function space C, the semigroup L! leaves C invariant, that is
Li:C—C, te [0,00[.
We write continuous matrix-valued functions a € C.(R*\ S, £(C?)) as
a=a T +a T+ all” 4T all"
with a* :=tr(aTT*). We denote by Cqisg the space of functions a € Cc(R*\ S, £(C?)) such
that a = a™TT" +a T~ with a*,a” € C, and set for a € Cgiag
Liia = (Lia*,a)®,  Lla = (LL,a)TT" + (L _a)TT™
With this definition the semigroup £! acts invariantly on Cgiag, and we can now define its

action on Wigner functions by duality.

DEFINITION 8 Let W¢ (1)) be the Wigner function of some wave function \ € L?(R?, C?).
We define £ W* (1) as the linear functional

LEWE): Caing 2 C, am JW tr (We(W)(q,p) (£ta)(q,p))dqdp.

Since the Wigner function We () € Co(R*, £(C?)) is continuous and Lta € Cdiag, We clearly
have LWe () € C(RT\ 'S, £(C?)). Moreover, S C R* has zero Lebesgue measure. Hence,

LEWE (W) € Lige (R, £(C?)).

Analogously to the Born-Oppenheimer function W55 (t) defined in Section 9.2 of Part B,
Wwe name
Wig(t) = Li W (o) € Ligo(R*, L(C?)),  te[0,00]

the Landau-Zener function of an initial datum 1o € L?(R?,C?). The function W{,(t) in-
corporates classical transport and e-dependent non-adiabatic transitions at the jump man-
ifold S. Clearly, the semigroup £! and consequently W{,(t) do not correctly resolve the
dynamics directly at the jump manifold S, but give an approximate description of the total
non-adiabatic transfer, when the solution has passed by. Hence, the Landau-Zener function
W, (t) can only be a sensible approximation to the true Wigner function W¢(1¢(t)) away
from S. Therefore we restrict ourselves to test functions supported away from S and we also
have to assume that the initial data have negligible mass near the jump manifold S.

DerINITION 9 (NEGLIGIBLE MASS) A sequence of wave functions ({¢).- in [?(R? C?) is
said to have negligible mass near the jump manifold S, if there exists & > 0 such that

lim L WE () (g, p)ldgdp = 0

e—0

with S5 ={(q,p) € R* | |q - p| < 5} the closed 5-tube around S.
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Initial data with negligible mass near S are, for example, associated with semi-classical
Gaussians (g®).~o or WKB type functions (w®).~o as defined in (2) respectively (23). The
center (qo,po) € R* of the Gaussians must not lie not on S, that is qo - po # 0. For points
g € supp(a) in the support of the WKB function’s amplitude one needs q - Vf(q) # 0.

Though incorporating non-adiabatic transitions, the semigroup £} still gives a semi-classical
description of the dynamics. Hence, we do not obtain information about the off-diagonal
terms of the Wigner function, which are highly oscillatory and vanish when averaged over
time, see Lemma 11 later on. By choosing observables, which are diagonal with respect to the
potential V(q), we conveniently suppress the uncontrolled off-diagonal parts of W¢ (¢ (t)).
This restriction to the diagonal components, however, prohibits the resolution of possible
interferences between parts of the wave function originating from different levels. Such
interferences might occur if classical trajectories arrive with the same momentum at the
same time at the jump manifold on the upper and the lower band. A simple condition
ruling out such a scenario is the choice of initial data just associated with RanlT", that is
V§(a) = 1§, (q)x"(q) with ¥§ , € L*(R?,C). In this case, all trajectories associated with
the flow @' originate from trajectories of the flow @ having passed the jump manifold S.
Since such trajectories (q~(t),p  (t)) do not come back to S, there are no interferences.

The last issue to be addressed before formulating the theorem for the Landau-Zener func-
tion W}, (t) is rather technical and will impose cumbersome analysis on us in the following.
Since we must allow for e-dependent initial data, we have to make sure that the family of
initial wave functions (\§).=o behaves properly as ¢ — 0. It turns out that the appropriate
condition is that the sequence of two-scale Wigner functionals (W5(§))e~o converges to
a two-scale Wigner measure py. We postpone the definition and discussion of two-scale
Wigner functionals and measures to the following Section 12. However, we note that this
assumption is satisfied by all standard families of initial wave functions (§)¢=o like semi-
classical Gaussians or WKB states and also by initial conditions not depending on ¢ at
all. Moreover, the assumption can be dropped completely, if one is willing to work with
subsequences of the initial sequence (P§)e=o0.

THEOREM 8 (L. & TBUFEL) Let (P§)e=0 be a bounded sequence in [2(R?,C?) associ-
ated with RanlTt, that is with w® ({§) = 0, with negligible mass near the jump mani-
fold S. Assume that the sequence of two-scale Wigner functionals (W5(\§))e>o0 has a
weak*-limit po as to be defined in Definition 11 later on.

Then, for all T> 0 the solution P(t) of the Schrodinger equation (1) with initial data
Pe(0) =§ satisfies

fim sup | (W) - Wig()a,p)ala,pl)dadp = 0 (42)
€=0 telo,T] JR4

for all a € C®(R*, £(C?)) with supp(a) C R*\ S and [a(q,p),V(q)] =0 for (q,p) € R*.
The proof of Theorem 8 will be given in Section 13. Before starting the preparations for this

undertaking, we emphasize that Theorem 8 extends the Born-Oppenheimer approximation
in a non-trivial way. The transition probabilities T¢(q,p) incorporated into the semigroup
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L! result in leading order non-adiabatic transitions for a large class of initial data. All initial
wave functions with phase space support in an /e-neighborhood of the hypersurface of zero
angular momentum {(q,p) € R* | g A p = 0} exhibit order one transitions.

12 Two-ScALE WIGNER FUNCTIONALS AND MEASURES

In this section we provide a self-contained discussion of the necessary two-scale analysis re-
quired for the proof of Theorem 8. Two-scale Wigner measures are measures on an extended
phase space R%9 x R,,, using the extra variable n € R to resolve concentration effects on
certain submanifolds of phase space on the coarser scale \/e. They have been introduced
by C. Fermanian-Kammerer [Fe] and L. Miller [Mil] for the analysis of propagation through
shock hypersurfaces and sharp interfaces. In this section, we review and extend a number of
notions and results from [FeGel], which we then will use in the proof of Theorem 8. In par-
ticular, we pursuit three issues. Firstly, we present a self-contained construction of two-scale
measures, which just relies on the Calderén-Vaillancourt Theorem and a two-scale version
of the sharp Gérding inequality. Secondly, the two-scale Wigner measures used in [FeGel]
are measures on an extended phase space of space-time T*(R;y X Rﬁ) x R,, = R”. Here, we
provide a detailed discussion of the necessary tools to incorporate their Landau-Zener type
formula into a description, which is pointwise in time. Thirdly, the space of observables
used in [FeGel] consists of functions, which are constant for large values of the additional
coordinate 1. That space is not invariant under multiplication by the two-scale transition
rate exp(—mn?/Ip|?), and we have to enlarge the space of admissible observables to obtain
a well-defined description of the dynamics by means of a semigroup.

12.1 Two-ScALE WIGNER FUNCTIONALS

We want to analyze concentration effects with respect to a submanifold in phase space

Iy == {(a,p) €R*[g(q,p) =0}.

For the Schrodinger equation (1), we will choose g(q,p) = q /A p, which is angular mo-
mentum, a conserved quantity under the associated Hamiltonian dynamics. We recall, that
q/A\p also appeared explicitly in the Landau-Zener transition rate (41). This rate indicates,
that only trajectories within a /e-neighborhood of I in phase space, i.e. in a set

{(q,P) eR*| [qAp| < const. e },

experience order one transition probabilities when coming close to the crossing. The Wigner
measure, however, does not resolve this /e-neighborhood, and a more detailed two-scale
analysis becomes necessary. For the general statements about two-scale Wigner functionals
and measures, we only assume that g € C®(R* R) is a smooth polynomially bounded
function, that is for all f € Ng there is a positive constant C = C(f3) > 0 and a natural
number M = M(3) € Ny such that

Y(q,p) € R*: [3Fg(q,p)l < C((q,p)™M.
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The function g provides us with a notion of (signed) distance to the manifold I through
d((q,p),14) = g(q,p). In the following, the variable 1 € R measures this distance scaled
with /¢, that is n(q,p) = g(q,p)/ve. Since we are interested in the limit ¢ — 0, the
variable 1 is viewed as an element of the one-point compactification R of R. We will use
observables depending on (q,p) € R? and 1 € R to test the Wigner function near I, with
respect to the /e scale. For a € C° (R>, £(C?)) let

(P) [{(a,p))P23va(q,p,n) [l < oo for all p € No and y € N3,
Jae € CP(R* L(C?)) : limjy 00 [|al-,1) — aoollsc = 0.

We define the relevant test function space as
= { aeCy (R%, £(C?)) | a satisfies property (P)}
and equip it with the topology, which is induced by the family of semi-norms

I {(a,p)P 3 ala,p,M) o, B ENo, yEN. (43)

We note, that A is a Fréchet space with the Heine-Borel property, that is, closed and bounded
sets are compact. Therefore, A is a Montel space. In the dual A’ of such spaces, every weak*
convergent sequence is strongly convergent, meaning that for a sequence (1, )ney in A’

Vae A: ILm la(a) =la) = VboundedBC A: lim sup|l.(a)—1(a)|= 0,

n— oo acB

see for example Proposition 34.6 in [Tr]. We will use this strong convergence property later
on. For a € A, we denote by

55(0') = Z ||<(q,p)>ﬁaya(qm>n)||oo>

[BLIvI<5

the finite sum over Schwartz norms, which are of the form (43). For observables a € A, the
scaled function

(a,p) = ac(a,p) := alq,p, L42)
lies in the symbol class 51/2( ), and we observe that c4(a.) cannot be bounded by ss5(a)
uniformly in ¢ > 0. Therefore, as in the proof of the Calderén-Vaillancourt Theorem for
symbol classes S9(1) with & € [0,1/2], see e.g. Theorem 7.11 in [DiSj], we use the unitary
scaling

¢t LAR?,C%) — LX(R?,C?), hla) = (S°9)(q) = Vep(Vea)
and define for a € A the alternatively scaled symbol

(4,P) = ac 2(q,p) = alv/eq, vep, LVELVER))

)

which belongs to the symbol class S3(1).
LeMMA 10 (RESCALING) Let a € A and { € L?(R?,C?). Then,

<d))a£(qv_i£vq)l-l)>]_2(ﬂg2] = <S£¢:aE,Z(q)_ivq)s£¢>L2(R2) . (44)
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Proor. Since a. and a, » are Schwartz functions, we just have to carry out an calculation.
We have for 1 € S(R?,C?)

(W, @ (d, 1V ) ) 2 52, = (zmrzﬁRj(q)e“q*“’)'p/ﬂ 0 (259 p) b(q') g’ dpdg.
Substituting q = /&x, q’ = v/ex’, and p = /£ £, we obtain
(W, (6,6 ¢) W)y gz
= e(2m)? JW P(Vex) e b a (Ve X Ve, g(Ve X, Ve E)/Ve) ..

o p(Vex!)dx' dEdx
= (S*, ac 2(4,—iV) SW) 2 52 -

Since a. 2(q,—iVy) is bounded, we can conclude (44) also for P € [2(R?,C?) by density.
O

For a € A we have c4(a, ;) < const. s5(a) uniformly in ¢ > 0. Hence,
A_>(Ca a— <S£11),ag‘z(q,*di)Sell»Lz“sz

defines a continuous linear functional on A.

DEFINITION 10 (Two-ScALE WIGNER FUNCTIONAL) Let { € L?(R?,C?). The continu-
ous linear functional

Wi): A= C, am (Wi),a) 4 4 = (ST, a¢2(d,=1Vq) S) 2 o,
is called two-scale Wigner functional W5 () € A’ of the wave function .

We note, that by identity (44) the duality pairing between W5(1) and a can also be ex-
pressed as

W), @b s = | tr (WCB)(a,p)ala,p, 2L922)) dadp.

Therefore, since W¢() € Co(R?% £(C?)), the two-scale Wigner functional W5 () can be
viewed as the distribution

W) (g,p) 8(n — 2921,

The above representation of the two-scale functional W5 (1) also illustrates its dependance
on the function g chosen to parameterize the distance to the submanifold I4. In general, the
two-scale functional W5 (1) inherits from the Wigner function W* () the non-positivity.
However, when passing to the semi-classical limit ¢ — 0, we expect positivity of the limit
points. Indeed, if we additionally assume that there is m € N such that

¥(q,p) €R*™: | Vg(veq,Vep) | < comst. ve ((q,p))™, (45)

then the following two-scale version of the sharp Garding inequality guarantees positivity
when passing to the limit.
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PROPOSITION 5 If the polynomially bounded function g € C®(R* R) satisfies the addi-
tional condition (45), then for each non-negative 0 < a € A there is a positive constant
C = C(a) > 0 such that for all ¢ > 0 and all P € L?(R?,C?)

<‘~l’»aa(Q>—i€Vq)¢>L2(R2) > _C\/E Hl‘l)HIz_z(]Rz) '

The proof follows the steps outlined in Exercise 2.22 of [Ma], which deals with the sharp
Garding inequality for one-scale scalar-valued symbols.

ProoF. For a € A one defines the anti-Wick symbol
acaw(a,p) = n*zj acaa’,p/) el PP T ag ap’ e s§(1).
R4

Taylor expansion of a. 2(q’,p’) around the point (q,p) yields

1

as2(q",p") = ac2(q,p) + (q’fq,p’fp)-J (Vae2)(1—t)g+tq’, (1 —t)p +tp’)dt,
0

. v ’12 12 ’ ;2
and since [, e 1979 PP 1" dq dp’ = 72,
1

as awl(q,p) = ag2(q,p) + J J (@"—a,p'—p)-...
R4 JO

o (Vae ) (1= t)a +tq’, (1= t)p +tp’)e 979" F =P qrdq’ dp’.
Clearly,

Vaae2(q9,p) = Ve(Vqa)(Ved,Vep,g(ved, vVep)/Ve)
+ (3na)(veq, vep, g(vea, Vep)/Ve) Vqa(ved, Vep).
Since |V 49(v/eq,ep)| < const. /e ((q,p))™ for some m € N, and since 9, a is capable of
compensating polynomial growth, we have
Vqae2 = O(We) inS§(1).

Analogously, Vya. > = O(y/€) in S§(1). Therefore, we obtain cs(a. 2 — as aw) = O(Ve)
and

lae2(a,—1Vq) — ac awl(d, —iVq)llz(12) = O(WVe). (46)
For ¢ € S(R?,C?) we have

acawl(d,—iVq)d(q) = (zn)fzj ela=aP g A (9598 p)db(q’) dq’ dp
R4

_ (zﬂ)fzﬂle[ ella—a’)p g—lla+a’)/2—x*~jp—gf? ac2(x, &) d(q’)dxdEdq’dp .
RS

Moreover,
J gila—a'lp g-lla+a’)/2—x12 ~lp—&l g,
R2
_ ei(qfq’>~aef|(q+q’)/zfx\2J eila—a’)p g—nl* g,

R2
B ’ / 2 12 . ’ 2 / 2
— qeila—a")&g=lla+a’)/2=xI" g=la=a’l"/4 _ eila—a’)-& g—la—x|"/2—]q"—x] /2’
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and therefore

<¢a aE,AW(qv _ivq)¢>L2(Rz] =

(2m)2 ““J eilaa’l e gmla—x?/2-1a" X /2 g (q) . 5 (x, &) b(q) dxdEdq’dq =
R&

@m) 2! | 00 acale£) O(x E)dxde, > 0
R4

with

B(x,£) = j ¢ glax/2 g(q) dg.
R2

By Lemma 10 and equation (46), we have for \ € S(R?,C?)
<1])> ac(q, _iavq)¢>L2(Rn) = <SE¢» aE,Z(qa _ivq) 35¢>L2(R2)
= <S£1|)» aE,AW(qa _ivq) S£¢>L2(R2) + O(\/E) ||11)H%2[R2)
> —const. \/E||1l)||%z(Rz) .

V

By density, we conclude the proof also for general wave functions \ € L*(R?, C?). ]

12.2 Two-ScALE WIGNER MEASURES

The Calderén-Vaillancourt Theorem and the previous version of Garding’s inequality are
all we need to study the semi-classical limit of two-scale Wigner functionals W5 (1¢) for
bounded sequences (¢).~o in L?(R?, C?).

PROPOSITION 6 (TwO-SCALE WIGNER MEASURES) Let ()¢).~o be a bounded sequence
in L2(R?,C?).

1. (W5(W®))e=0 has weak*-limit points p in A'. All such limit points p are bounded
positive matriz-valued Radon measures on R* x R.

2. Let (W5(¢))e=0 converge to p with respect to the weak*-topology on A’. Then,
(WE(1p))e=o converges to a Wigner measure u in S’(R*, £(C?)), and there exists
a bounded positive matriz-valued Radon measure v on Iy X R, such that

J _al(g,p,n)p(dp,dq,dn) =
R4 xR
|, alapooluidadp)+ | alapmivide,dp,an)
R4\ 1,4 I, xR
for all a € C.(R? x R, L(C?)), and we have [zv(-,dn) = ply, .
DEFINITION 11 (Two-ScALE WIGNER MEASURE) The measures p introduced in Proposi-

tion 6 are called two-scale Wigner measures of the bounded sequence (¢).~ o in L?(R?, C?)
with respect to the submanifold I ={(q,p) € R* | g(q,p) = 0.
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The previous Proposition 6 is the analogue of Theorem 1 in [FeGel]. There, admissible
observables are required to be constant with respect ton for large . That property, however,
prevents the definition of a semigroup comparable to £! acting on two-scale observables.
Thus, we now give a self-contained proof for the construction with observables in A, which
is analogous to the construction of Wigner measures presented in Part B, Section 7. In
contrast to the proof of C. Fermanian and P. Gérard in [FeGel], it avoids Fourier integral
operators and is just based on the Calderén-Vaillancourt Theorem (Theorem 5) and the
two-scale version of the semi-classical sharp Garding inequality (Proposition 5).

Proor. We proceed via different steps, firstly showing a uniform bound, secondly positivity
of the limit points, then extending the linear form to continuous functions, and finally
proving the claimed relation to the Wigner measure p.

A uniform bound. Since c4(a. 2) < s5(a) uniformly in ¢ > 0, the Calderén-Vaillancourt
Theorem gives a positive constant C > 0 such that

(WE(), @) 4 4 | < Cssla) [0F]2 ge) -

Since A is a separable topological vector space, an application of the Banach-Alaoglu The-
orem, Theorem 3.17 in [Ru], gives a subsequence (W5*(\**))¢, ~o, which converges with
respect to the weak*-topology to some p € A’.

Positivity. By Proposition 5, we have for non-negative 0 < a e A

(@) a = lm (Wi(h),a) 4 4 = Hm (b, ac(q, —1exVa0™) o g,
> —const. lim @HIL)”II%Z(W) = 0.
k— o0

Thus, p is a as bounded positive linear form on A.

Extension to C.(R* x R, £(C?)). The following considerations coincide literally with the
standard arguments showing that positive distributions are Radon measures. However,
since we have to work with matrix-valued measures on R* x R, we follow up the usual
argumentation ensuring that the matrix-valuedness and the set {n = co} do not enforce any
alterations. For a € A with values in Ls4(C?) we have ||alj &+ a > 0, where ||a|l =
SUP(q p n)ers |a(d, P,n)llz(c2)- Therefore, ||aflo p(Id) £ p(a) > 0, that is

lp(a)l < p(Id)||afle -

For arbitrary a € A, we choose 8 € R such that ¢®p(a) € R. Since p(a*) = p(a), we have
by the preceding observation

pla)l = jlpleate™a”) < p(Id) § [e®ate@allss < p(Id)flalee.  (47)
Clearly, we can identify C.(R* x R, £(C?)) with the space

{a e C(R>, L(C?)): supp(a) C K x R for some compact set K ¢ R?
3a()o S C(R4,£(Cz)) : | l‘lm ||a()n) - aoo”oo = O}»
nl— oo
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and thus we can view A as a subspace of C.(R* x R,£(C?)). For & > 0 and ¢5 € A
with [s ¢s(x)dx =1 and supp(ds) C {x € RS : |x| < 6} one immediately checks that the
convolution a* ¢s is a function in 4, and that A is dense in C.(R* x R, £(C?)) with respect
to the supremum norm. By the bound obtained in (47), p extends uniquely to a bounded
positive linear form on C.(R* x R, £(C?)). By the Riesz representation Theorem, p is a
bounded positive Radon measure on R* x R.

Relation to the Wigner measure. Let (W5(1¢)).~o converge to p € A’. Since any test
function a € S(R*, £(C?)) can be viewed as an n-independent observable in A, we have for
such functions a

lim <W£(1|)£),a>5,)5 = iﬁ% <W2€(11’€),(1>,4/,A-

e—0

Thus, ((W&(¢),a)s’ s)e=0 converges for all a € S(R*, £(C?)). For a € Ar, with

A, = {ae Alsupp(a)N(Ig xR) =0, lim cs(a(-,n) —ax) =0}

ml—o0

there exists ¢ = c(a) > 0 such that |g(q,p)| > ¢ for all (q,p) in the support of a, and hence

l9(v/eq,vep)/Vel > ¢/+/c for all (v/eq,/ep) in the support of a. We obtain for all o € N§
with |of <5

lim sup |0%a(veq,Vep,g(Veq,Vep)/Ve) —0%an (Veq, Vep) |

€70 (q,p)er?
< lim c4la(-,m)—ax) = 0.

Ml—o00

Denoting (q,P) — Qo ,c(d,P) := Ao (v/eq,v/ep), we have lim. ,ocq(ac 2 — o ) = 0 and
therefore by the Calderén-Vaillancourt Theorem

<p)a>A/’A == hm <S€1b€»a£,2(qa_ivq)S£¢E>LZ — 251}) <S£1b£aaoo,&(qv_ivq)sed)e>L2

e—0

= lim (§° Qo (4, ~i6V) 1) s = jw tr (w0 (4, p) 1(dq, dp)) -

e—0

By the same arguments employed before, we can approximate a € C.(R* x R, £(C?)) with
support away from I, by observables in (a*¢s)s-0 in Ar, with support away from I, since
lg(q,p)| > c for (q,p) in the support of a implies |g(q’,p’)| > ¢’ for some ¢’ = ¢’(6) > 0
for all (q’,p’) in the support of a * ¢, and since for all « € Ng with |«] <5

lim ||8“((a*d)5)(,ﬂ)—aoo *d)é,oo) ||oo S lim ||a(x(a(»n)_a00) ||00 ||¢5||L1(R5] = 0.

ml—oc0 ml—o0

Thus,
J _tr(alq, p,n) plda, dp, dn)) :j t (a(d, p, 00) p(dq, dp)) .
R4 xR R4

Inserting a € S(R*, £(C?)) of the form
a 0 0 a 0 0 or 0 0
0o 0 )’ 0 0 ’ a 0 )’ 0 a )’
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with d@ € S(R?*, C), we can remove the traces and obtain for all a € C.(R* x R, £(C?)) with
supp(a) N (Ig x R) =0

J _alg,p,n)p(dq,dp,dn) = J a(g,p,00) u(dg,dp),
R4 xR R4
which means
Plpavt, ) <&(dP,1) = Hrig,(4,p) @8 —o0),  (q,p,n) €R* xR.
Defining v := p\Ig . as the restriction of the measure p to Iy x R, we obtain

p(d,p,n) = plra\1,(q,p) ®0M—00) + v(g,p,n).

For a(q,p) = a € A just depending on (q,p) we have

|, _trtatap) otda,dp, an) = lim (4°, ala, ~ieVa) 9, = |
R4 xR £

y tr (a(q,p) u(dg,dp)) ,

and thus [zv(-,dn) = ply,. |

As the two-scale Wigner functional W5 (1), the measures p and v depend on the function
g(q,p) chosen to describe the submanifold I,. If g € C® (R* R) is another function with
I, ={(q,p) € R*| g(q,p) = 0} sharing the same growth properties as g, then for a € A the

scaled function
9(a,p)

as(qap) = a(q)paT;)
is in CP(R*, £(C?)). Moreover, there exists f € C*(R* R) with f(q,p) # 0 for all (q,p)

such that g(q,p) = f(q,p)g(q,p), and setting a¢(q,p,n) := a(q,p, f(q,p)n) we clearly have
d. = (af)e. Thus, repeating the corresponding two-scale construction and denoting the
resulting measures by p and v, we obtain

o(a,p,f '(a,pm) = pla,p,m),  ~v(a,p,f '(q,p)n) = V(q,p,n). (48)

In the following, we discuss three examples for two-scale Wigner measures associated with
the submanifold I = {(q,p) € R* | q Ap = 0}, which is relevant for the dynamics of
the model problem (1). For simplicity, the considered functions are all scalar-valued. The
employed Fourier transform U(p) = fe_iq'p u(q)dq is is neither normalized nor scaled in
the semi-classical parameter ¢.

COHERENT STATES. We start with some coherent states of the form
Ve(q) = ¢ P (e P(q—qo—eMmo)) elPod/e

with ® € L2(R?,C), B €]0,1], 0 < v < B, and qo,Po,No € R? with qo Apo = 0. If
we choose B = %, Mo = 0, and ®(q) = m'/2(det A)~"exp ((q - BA~'q)/2) with matrices
A, B € GL(2,C) satisfying condition (17), then 1 ® is the zeroth semi-classical wave packet ¢o
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as defined before in (16). We have for scalar-valued test functions a € A

|, wew)a.p)a(ap.292) daap -

2m) | e ota—u2@la+u/2)...
...a(qo+ePa+emo,po+e' Pp,e'/?d(q,p))dydqdp,
where d(q,p) =eqAp+eP gApo+e PgoAp+e'Y Bnog Ap+e¥noApo, so that
e'/2d(q,p) = P TTqAPo+eT P o Ap+eY Tno Apo+oleZ P)+o(1).  (49)
Ignoring the n-component of a(q,p,n), we obtain the Wigner measure of ({¢).~¢

H(Q»p) = H(DH%Z 6(q0,‘po)(q)p))

which shows, that (1¢).~o concentrates on I = {q/Ap = 0}. However, the two-scale measure
for I with scale /¢ depends on o and y. If § = % and no Apo = 0, then the concentration
of (P®)e>o on I is issued from finite distance. Otherwise, the concentration occurs from
infinite distance (versus y/¢). Below, we discuss some significant cases. For simplicity, we
assume [qo| = |pol = 1.

B = % and 1o Apo = 0: The dominating term in (49) is g A po + qo A p. Setting ¥(q) :=
exp(—%lal®sgn(qo - po)) @(q), we obtain

p(d,P,M) = S(qy.p0)(d,P) @ (271) 2 (J | W(tqo +nqg) 2 dt> dn.
R

Y < B =17 and no Apo # 0: The dominating term in (49) is ¥~ /21y A po, and we get
pla,p,n) = u(4,p) ®d(n).

vy < B < 1 : The dominating term in (49) is €¥~'/? 1o Apo if No Apo # 0 and e~ 1/2 g Apo
if 1o Apo = 0. In both cases, we obtain as before

pla,p,m) = u(q,p) ®dee ().
The case p > % leads to a similar discussion with results depending on the sign of y—(1—f3).

ARBITRARY PHASE. Replacing the linear phase by an arbitrary one, we now consider families
of the form

Ve(q) = ¢ P @(eP(q—qo)) exp(3 f(lal*))
with ® € L?(R?,C), f € C'(R,R), 0 < B < 1, and qo € R?\ {0}. Writing

f(lao+ePz*)—f(lqo+ePz'|*)
1
= 2eP (z—2') - (qo + P Z£Z) L /' (tlqo +ePzl* + (1 —t)[qo + ePz'|?) dt

= 2eP(z—2) (qo+¢P %Z/) 1°(qo,2,2")
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for z,z' € R?, we calculate for scalar-valued a € A

|, wew)a.p) agap. 242) daap -

202 | e ola—u2)@la+u/2)...

...a(qo+¢Pq,1°(do,a+y/2,d—y/2)(qo +ePq) +¢' Pp,e /2 d(q,p)) dydqdp,
with
_ 1_ 1_
e '/2d(q,p) = e2 P(qgo+ePg)Ap = ez PgoAp+o(l).

Since lim, o 1%(qo,z,2z’) = f'(|qo|?), we obtain the Wigner measure

wig,p) = [|D|1F2 80,0y (a— g0, p —f'(ldol)* q0),

and have again concentration on I ={q /A p = 0}. However, \/e-concentration is issued from

finite distance if and only if 3 < % We distinguish three different cases, assuming that

lgol = 1.

B<I: plg,p,n)=mnlq,p) @M,

B=13:  p(a,pm) =8(qo.r(1)q0)(a,P) @ (271) 2 (J | ®(tqo +nag) [2 dt) dn,
R

B>1:  pla,p,m) =ud,p) ®dcMm).

CONCENTRATION ON A CIRCLE. Finally, we consider families of the form
_1 2_R2 i
bela) = ¢ F O exp(5 fa - e aol?),

where ® € C® (R, C), qo € R?, R €]0, 00[, and y €]0, 1[. Since we will apply the stationary
phase method in the following, we work with scalar-valued a € .A, which are compactly
supported in (q,p). We have

¢ = j WE e (a,p) ala,p, P) dadp =
R4

2 _-1/2 iyp \qu/2\27R2)*(Iq+y/2\27R2)
(2m) 2 ¢ JRGG cD( = @ =

...a(q,a—¢" go+ep,VeqAp+e' 2 goAq)dydadp,
and thus by the Fourier inversion formula

IE = (27_[)74 871/2‘[

ald,q— €Y do+ep,VeqAp+e 2 qo Ap) D(n—v/2)...
RS

...g(u—l—\z/Z)ei‘”"p e 2inav/ve exp(—iv (lql* + lyl*/4 —R?)/v/e) dudvdydqdp .

1/2 1/4 4

Substituting p =2¢e "2 uq+ ¢ /4 and y = ¢'/4 z, we obtain
£ = (Zﬂ)*“e*%J a(q,g—€¥qo+2Verq+et G eTqAC+HE T qoAq). ..
RS
L D(n—v/2) D+ v/2) expliz- ¢ — vizl?) ...

... exp(—iv (lql* —R*)/V€) dpdvdzdqdc.
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We apply the method of stationary phase, see for example Proposition 5.2 in in [DiSj], in
the variables v € R and r = |q| € [0, oo with large parameter 1/y/e. The phase function
(v,1) — —v(r* — R?) has the non-degenerate critical point (0,R), and we obtain for all
u € C®([0,0[xR,C)

(2m)~ e 1/? J e_i"(rz_Rz)u(V,p)rdrd\) ~ u(0,R) as ¢ —0.
[0,00 [ xR
Hence, by Parseval’s relation and Fourier inversion formula
ool | @ taAgds w0,
{lal=R}

Therefore, the Wigner measure is

wla,p) = [®[f> Ujqi—r)(a)dq ® 84(p),

and we observe once again concentration on I = {q Ap = 0}. The two-scale measure
provides additional information concerning the exponent y and the direction qo. There are
three different cases.

y<3%: pla,p,m) =nlq,p)®dsM),
vy=3%:  pla,p,n) =n(q,p) ®dqonq(m),
y>73:  pla,p,n) =ulq,p) @M.

12.3 PROPAGATION OF TwoO-SCALE WIGNER FUNCTIONALS

Let V¢(t) € C(R,L?(R?,C?)) be the solution of the Schrédinger equation (1) with initial
data P§ € L2(R?,C?) and g(q,p) = g Ap. The two-scale Wigner functional inherits the
solution’s continuous time dependence, that is

Wi (pe(t)) € C(R, A"),

where continuity is understood with respect to the strong dual topology on A’. Indeed, for
bounded subsets B C A, that is sup,cg [[{(d,P))P3Yal/w < oo for all B € Ny and y € N3,
we have for t,t’ € R

sup | (W3 ($*(t)) = W55 (t"),a) 4 4 | <

aceB
ilelg ss(a) [WE(t) =W ()2 m2) (WO 2 @2y + W) L2 m2) )

and thus the asserted continuity with respect to time. However, passing to the limit ¢ — 0,
we are confronted with the possibility that different points of time t could require different
subsequences (& (t))xen for convergence to a two-scale measure. In that case, neither con-
tinuity with respect to time nor other properties of the two-scale Wigner functional would
carry over to the two-scale measures. In the scalar-valued case, that scenario is ruled out
by the Egorov Theorem, see Corollary 3 in Part B. Here, in the matrix-valued case we have
to restrict the analysis to diagonal observables.
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PROPOSITION 7 Let )¢(t) € C(R,L2(R?,C?)) be the solution of the Schridinger equa-
tion (1) with instial data (P§)e~o bounded L2(R?,C?) such that (W5(h§))c~o converges
to a two-scale measure pg in A’.

1. Then, for every T > 0 there is a subsequence (ex)xen such that

lim (W5 (p®*(t)), a)

| A and lim (W (e (t)),a)s, s
— 00 ’ ‘

k— o0

exist uniformly in t € [0,T] for all a € A and a € S(R*, £L(C?)), respectively, with
vanishing commutator [a,V] =0 and supp(a) N{q =0} = 0.

2. For scalar-valued a with the same properties, the limits

lim (W5 (b (1), alT*) ,, , = (o, alT*) ,, ,

k— o0

and
lim (W (e (1)), alT*) g, o = (w5, alT5) g,

k— o0

define positive bounded scalar-valued Radon measures pf and uf on (R* \{q =
0}) x R and R*\ {q = 0}, respectively, for all t € [0,T].

3. For scalar-valued observables a with the same properties, we have convergence
of the full sequence

lim (W5 (¢ (1) — W5 (05) 0 03", alT®) =
lim (WF (1) = W) 0 03", al®) g, o = 0

uniformly on time intervals [0, T] such that for all t € [0,T]

U (®}(a,p) 13n € R: (q,p,n) € supp(po)} N{q =0} = 0.
je{x}

REMARK 16 Without incorporating non-adiabatic transitions, convergence of the full se-
quence is only obtained on time-intervals, where the leading order dynamics can be de-
scribed purely by classical transport. However, the uniform convergence of subsequences on
arbitrary time intervals [0, T] will later on be extended to convergence of the full sequence
in the proof of Theorem 8. O

Proor. We write a =TT"alTt +TT~alT~ and study
(W5 (8 (), T aTT) = (WF (1), (T @TT%)(q,~ie V) BF (8) 12 o

The assertions for the one-scale Wigner transform will follow immediately from the corre-
sponding statements for the two-scale transform.

As the first step, we establish the claimed uniform convergence with respect to time t.
Let ¢ € C¥(R?,R) such that ¢ =1 on {q € R? | 3(q,n) € R3: (q,p,n) € supp(a)} and
®(0) = 0. We have by Lemma 5

M a T — (O21T4) b a. e (H2TTF) € S 72(1)
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and therefore
(W5(< (1), T aTT*) ,, | =
<(¢2Wi)(q,—i€Vq)¢£(t),as(q,—iqu)(dfﬂi)(q,—iSVq)IJ)E(tDLZ(RZ) + O(Ve).

We denote Aoi(q,p) = 1Zholz +|q| and choose initial data 1§ in D(H®). We observe, that
the first summand on the right hand side of the previous equation defines a continuously
differentiable function ffbs R —C,

te fe (1) = ((O*TTF)(a, —1e V)b (1), ac(d, —ieVa) (G TTF) (a, —ie Vb (1)) 1 o -

We have for the derivative

sife: () = (1) ((9*T1F)(a, —1eV g HP® (1), (ae)(d, —ieVq) (G*TTF) (g, —ie Vg Jbe (1)
— (i) " {($TT)(q, —ie Vg b (1), ac(q, —ieV o) (G2TTE) (q, —ie Vg JH P (1)) .

We want to show that sup,., || %ffbé ()lo < o0 to apply the Arzela-Ascoli Theorem. Since
V(d))\oi) € 58(1 ), semi-classical calculus gives

(7T )geh — (HAT ) (HTTF) € So T (1).
Thus, it remains to prove a uniform bound in ¢ and t for
(ie) " ((PTTF)(q, =iV J* (1), [DAF, acls, (q, =iV ) (PTTF)(q, —ieV )b° (1)), (50)
However, [d))\a—L, acly, € S?/]z(]), since [d))\oi, a.] =0 and
{PAT,ac} = AF,ac} = VpAs(Dga)e — VA5 (Dpa)e,

where the last identity uses that {?\g[, qgAp}=0onR*\{q=0}. Choosing general initial
data g € [2(R?,C?) and ) € D(H®), we clearly have for s,t € R

[T (s) =T (W) | < [ (s) =13, (s) |+ [ 1 (s) = 13, (1) [ + [ 13, () = (V) [ .

Denoting the strongly continuous one-parameter group of H® by (U®(t))(cgr, we obtain for
the first term on the right hand side of the above inequality (and analogously for the third
one)

[ 55 (5) — £5,(5) |

IN

| <1|)(£) 7¢au£(7s)(nia€ni)(qa7i£vq)u€(s)¢8>]_Z[R2) ‘
+ <¢»u£(_5)(”iae”i)(qv_iqu)us(s)(ll) _¢8)>L2(R2) ‘
< const. [[b§ — W[z r2) ([[W§lle ) + IWll2g2))

while for the second term we have by the bound on the first derivative

| f3,(s) —fy,(t) | < conmst. [s —t].
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Thus, regardless of the choice of initial data, the sequence (flal)f))5>0 is pointwise bounded
and equicontinuous. By the Arzela-Ascoli Theorem, we then have uniform convergence of
a subsequence on compact subsets of R, which shows the claimed uniform convergence on
intervals [0, T] for all T > 0.

As the second step, we prove that the two-scale limits define positive bounded scalar-valued
Radon measures pf for all t € [0, T]. Clearly, the limits define linear forms on the space of
functions in A with support away from {q = 0}. By the standard arguments, which have
already been invoked in the proof of Proposition 6, they extend to linear forms on compactly
supported continuous functions on R* x R with support away from {q = 0}. Such functions,
however, are dense with respect to the sup-norm in C.((R*\{q = 0}) xR, C), and we obtain
the measures p£ on (R*\ {q = 0}) x R.

As the third step, we show the asserted transport properties. Omitting the subscript 1§ of
the function ffpg for notational simplicity, we have for scalar-valued observables a € A with
support away from {q = 0}
. Ex £k + 0 4%
Jm (WEE (W (1), aTT™) ,, = lim £ (t)

uniformly in t € [0, T]. As already noted, the above uniform limit defines a measure p:;t on
(R*\{q = 0}) x R for all t € [0, T]. For initial data {§ € D(H¢), the function t +— f¢(t)
is continuously differentiable with a first order derivative, whose leading order term in ¢ is
given by the commutator expression in equation (50). Thus,

lim & fex(t)

k— oo dt
= lim ((PTT5)(a, e Vo )0 (1), (AT, al)e, (@, —iex Vg ) (GTTF) (q, —iex Vg Jb* (1))
= lim (WSO alTT) Ly = [N alla, o) pi(da, cp ).
On the other hand, by the uniform convergence of (f¢*(t))wen,
Jm 0400 = & Jim 0 =

gt Hm (WEHbeE (), all®) |, = %Ja(q,p,n)pf(dq,dp,dn),

which implies

4 pF = —{AF,p4)
for t € [0,T] such that {J;c,.,{®}(q,p) | 3n € R: (q,p,n) € supp(po)}N{q =0} = 0, or
equivalently p"(q,p,n) = py (P%(q,p),n), or

Bim (W (1) = W) 0 @5t alTF) = 0.

The assumption on the measure poy guarantees that the sequences ((WS5 (wg),aﬂi>)£>o
converge to measures pg without extraction of subsequences. Thus, every convergent sub-
sequence of ((W5(e(t)), aﬁi>)€>o converges to the same limit point, and therefore the
whole sequence itself has to converge. Observing that

LZ(szCZ) X LZ(RZ)CZJ — (Ca (f»g) = <u£(t)fa Clg(q,—i€Vq)u£(t)g>Lz(R2)
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is a bounded bilinear form, we conclude the proof of the transport equation also for the case
of general initial data § € L?(R?,C?) by a density argument. m]

The previous Proposition 7 also shows for the Wigner measures pf, that pf = ug: o®;"t
on time intervals [0, T] such that for all t € [0, T]

U (@} (a,p) | (a,p) € supp(po)} N{q =0} = 0.
je{x}

Since @Y leaves I = {q Ap = 0} invariant,

KE [y = (HE 0 @FY) [gavg (51)

for all times t € R. While the diagonal components of a two-scale Wigner functional
approximately satisfy classical transport equations, its off-diagonal elements vanish when
taking time averages.

LEMMA 11 (VANISHING COMMUTATOR) Let )¢(t) € C(R,L?(R?,C?)) be the solution of
the Schrodinger equation (1) with arbitrary initial datum p§ € L2(R?,C2). Then, for
all a € A and all t1,t; € R there exists a positive constant C = C(a,V,t;,t2) > 0
depending on a, V, t1, and t, such that for all p§ € L?(R?,C?)

t2
|J (W54 (1)), [V, al ) 4 dT] < VE C [[b5)12e g2 -

t

Proor. Let P§j € D(H®) and a € A. We have for all T € R
ie g- (W5 (05(1),a) 4o 4 = (WF(T), [HT, ac(d, =1V ® (1)) 2 g2 -

Thus, we analyze the commutator [H®, a.(q,—ieV4)] = [h, acly, (q,—1eVy). Since a is
Schwartz function, we have a. € S?/Z((qf](pfz), and applying Lemma 5 we obtain

lh,acs, —[h,ad = vere € S; S %(1). Thus, with [h, a.] = [V, a.],

ie g (W3 (05(1),a) 4 4 =
(W52 (), Iy al) 40 4+ VE (D(0),79(0, e V) 08 (T) 22y - (52)

Integration from t; to t; gives

s\J2£<W§(wE(T)),a>A,,A dr| = e (W5(We(t2) = WE(BS(t1)), @) 0 4|

t

IN

€ ss(a) ”ng%Z(RZ)

and

t2

Ve \J (F (1), 7 (0, —1eV ) W (1)) 2 2y 47| < VE calr?) [t — tal 05122 g2 o

t

which together with equation (52) yields the claimed bound for ¥§ € D(H®). A density
argument concludes the proof also for general initial data g € L?(R?,C?). m]
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REMARK 17 The previous proof also applies to general matrix-valued Schrédinger equa-
tions with essentially self-adjoint Hamiltonian, whose symbol is polynomially bounded, and
to two-scaled Wigner functionals associated with more general submanifolds than the hy-
persurface of zero angular momentum I ={q Ap = 0}. &

Purely off-diagonal symbols a € A with supp(a) N{q = 0} = () can be written as a =
M all~ + T~ all*, which implies [V, a]l = (A] —Ay)a and a = [V, (A —A;)"'al. Thus, we
have for such off-diagonal observables

t2
| J (W5 (¢ (1)), @) 4 4 At | < Ve C |51z e

t

12.4 MEASURES ON R{, x R} xR,

We fix some time-interval of interest [0, T] with T > 0 and define a set of admissible observ-
ables on an extended phase space [0, T]; x R; x R‘(‘] pas

Ap = {a € C?(R7,£(C2)) | a satisifes property (PT)} ,

where
(Pt) supp(a) C [0,T] x R® and a(t,T,-) € A for all t, T € R.

For a € At we set

a:(t,a,7,p) = alt,q,7,p, 42).

and choose a cut-off function xr € C°(R,R) such that xr(t) =1 for t € [0, T]. Then, we
define for 1 € C(R,L*(R?,C?))

W2£,T(1b) . -AT — (C) a— <XT¢) a&(t) q, _isvt,q)XT¢>L2(R3] y
which is a bounded linear functional by the rescaling identity (44) already used before. The
alternative approach followed up in [FeGel] applies to observables a € S(R7, £(C?)) and
treats € C(R,L?(R?,C?)) as a temperate distribution on R3. Then, a. € S(R®, £(C?)),
and the Weyl quantized operator is regularizing, that is
Qe (t) q, _igvt,q ) S £(8/(R3a (CZ)) S(R3) (CZ)) )
see Remark 4 in Part B. For symbols a € Ar N S(R’, £(C?)) we have by Lemma 5
XT e Qe fe XT ~ ac in 3(1)/2(1) )
and therefore
Qe (t) q, _isvt,q) = XT Q¢ (tv q, _ievt,q ) XT € ‘C(S/(Rsv (Cz)vS(Rsv (CZ)) .

Consequently,

<XT1~I))a£(t)q»_isvt,q)XT¢>L2(]R3) = <$v a&(tvqa_isvt,q)¢>$/'$ .

84



For different cut-off functions xr, Xt € C* (R,R) with xr(t) =x7(t) =1 for t € [0, T], we
have

XT ﬁe ae ﬁa XT ~ )~(T ﬁs ae ﬁe iT in 5(1)/2(1) y
and thus the independence of WE)T(IM from the choice of the cut-off function. Balancing
the benefits of the two equivalent approaches of using a cut-off function in L?(R3) versus
working with temperate distributions, we have preferred the natural setting of L2-theory.
For (1¢)¢~o in C(R,L?(R?,C?)) with sup, - e Ve (1)||12(r2) < oo, the sequence of two-
scale functionals (W5 1(¢))e~0 has weak*-limit points pr in A%, which are bounded pos-
itive matrix-valued Radon measures on [0, T] x R® x R. As before, we denote by vy the
restriction of a measure pr to the set {(t,q,T,p,n) € [0,T] x R> xR | (q,p) € I}. The
following lemma addresses the localization of the measures pr on the energy shell. The
analogous statement for semi-classical measures has been given in Section 3 of [Ge2].

LEMMA 12 (LOCALIZATION) Let {¢(t) € C(R,L?(R? C?)) be the solution of the model
problem (1), whose initial data (V§)c~o form a bounded sequence in L?(R? C?). Then,
we have for the weak*-limit points pr € Ap of (W5 p($®))e=o0

supp(pr) C {(t,7,9,p,m) € [0, T] x R’ xR | T+ JIpl* = +lql}.
Proor. We define a linear operator
HE = —ied —H® = (T+h)((t,q),—ieVy,q)
with domain
D(H®) == {{ € L2(R*,C?) | (-, q) € C'(R,C?) for q € R? ,(t,-) € D(H®) for t € R}.

For initial data \§ € D(H¢) the solution V¢ is in C' (R, D(H®)). Thus, x7° € D(ﬂa) and

e—0

[H (Xt ) Iz rs) = [[(—iedext) ¥ (| 2r3) — 0.
The symbol a. need not have any decay properties for large T. However, since T+ h is linear
in T, the reasoning of Lemma 5’s proof gives for a € At

acfe(t+h) —ac(t+h) €S, 52(1).

For a well-defined pairing with pr, we restrict ourselves to symbols a € At with support
supp(a) C [0,T] x Rfl x [t1,T2] X R%‘n for some T1,T; € R and have

(prralt+h))agar = Hm (X, (ac(T+h)((t, a), —ierVig) (XTh™)) 2 es)
- Qinio <XT1|)Ek>aa((tq)»—i&kvtq)Hek(XTwsk)>Lz(R3) =0

Since p is a distribution of order zero, and since the set of symbols used in the preceding
lines is dense in C.(R® x R, £(C?)), we have pp(T 4+ h) = 0 as measures, provided initial
data g5 € D(H®). A || - || 2(r2)-density argument proves

(pryalt+h))ay ar =0
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for general initial data \§ € [2(R?,C?) and observables a € Ar with compact T-support,
while another ||-||o-density argument gives pr(t+h) = 0 in the sense of measures. Observing
that V(q)? = |q|?Id, we finally obtain the claimed assertion on the support of pr. O

It remains to clarify the relation between two-scale measures on R‘é P x@n and their pendant
on R? . x RY xRy,

LeEMMA 13 Let ¥¢(t) € C(R,L?(R?,C?)) be the solution of the Schrédinger equation (1)
with initial data (P§)e~o bounded in L*(R?*,C?). Let pr be a weak*-limit point of
(W5 p(¥€))e=0, and let pf be the scalar measures introduced in Proposition 7. Then,

(orTar®) = | attampm) plda,dp,dn) slx— bipf Flal) de
’ Ré xR

for all a € Ap with supp(a) C [T, T] x R®\ {q = 0} and a* = tr(alT*).
ProoF. Let (ex)ken be a subsequence, such that
WS () = pr,  tr (WSS (1))TTF) = pi  uniformly in t € [0,T].
Since pr (T+ JIp|? + V) = 0 and therefore supp(tr(prl1*)) C {T + 3Ip|*> £ [q| = 0}, we have

tr (pr(t, 4,7, pm) TTE(q)) = JRtr (or(t, g, dv, p,m) TT(q)) 807+ Lpl2 £ )

as measures on [0, T] x (RZ \ {0}) x R? | x R, . Thus, it remains to show that

0% (d,pom) = thr(pT(t,q,dw,nmi(q))

as measures on [0, T] x (Ré \ {0}) x R% x R,;. We have for symbols a = a(t, q,p,n) € Ar,
which do not depend on T and have support away from {q = 0},

|, (et apmmta) skt da,dndp,an)
Ré xR
= ]}Ln;-o <XT1~])£kv (ﬂiaiﬂi)(t’ q, —iEqu)XT¢£k>L2(R3 C2)
= kli,m J ‘XT(t)‘z <1b£k(t)a (niaéni)(t) qa_iakvq)wak(t)>LZ(Rz C2) dt
o0 R ’
= | _tr(atta,pmir) péda,dp,am e,
R3 xR

which concludes our proof. O

12.5 THE RESULTS OF FERMANIAN AND GERARD

In the following, we summarize the part of the results of [FeGel], which we will use for the
proof of Theorem 8. In [FeGel], C. Fermanian and P. Gérard have considered the system

iedp® = Hig e,  V(0) = ¥§ € LA(R? C?) (53)
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with Hamiltonian

—1e0x, —1€0y,

Hig =
FG k(x)+<—i£aX2 icd,,

) = k(x) 4+ V(—ieVy),

where k € C® (R?,R) is a smooth real-valued function. If k(x) = %lez, then conjugation by
the e-scaled Fourier transform F. gives unitary equivalence to the model Hamiltonian H¢,

}_{E :ng;le:

The crossing asscociated with Hgg is in momentum space at & = 0. Proposition 4 in [FeGel]
shows existence of a function w : R3 — R? with |w(T,x)| =1 for all (T,x) € R? such that

Ire = {(t,7,%,&) € R® | w(t,x) AE =0}, (54)

is an involutive submanifold, which for some point (to,To, X0, 0) € R® contains the classical
trajectories associated with the eigenvalues of the symbol k(x) + V(&), which are issued in
a neighborhood U € R® of the point (tg,To,%0,0). The space of admissible observables is
chosen as

Apg = {a € C®(R’,£(C?)) | supp(a) C K x R, K ¢ R® compact,
Jae € C°(R® x {1}, £(C?))IR>0Vm e R Vn| > R:
a(m,n) = ax (m,sgn(n))} .

Theorem 1 of [FeGel] shows, that for a bounded sequence (1f).~ in L?(R3, C?) there exists
a subsequence (ex)xo of positive numbers and a positive Radon measure vgg on Ipg x R
with values in Lo (C?) such that for all a € Apg

: €k £k w(x,T)NE _
JQTOJW“(W (u )(t,’t,q,p)a(t,’t,x,é,im )) dtdrdxdé

J 7tr(a(t,’r,x, Ean)’VFG(dt)dTv dX,dE,, dﬂ))
Ipg xR

+ J tr (aoo (t) TX, En Sgn((U(X, T) AN Ev)) H(dt» dT) dX, da)) )
RO\ Ipq

where (W¢(u®)).-o and u are Wigner transforms and a Wigner measure of (u®).~¢, respec-
tively. Theorem 2’ of [FeGel| associates with the solution \*(t,x) of (53) a measure vpg
on R® x R, which decomposes as

Vee = Ve T + Vea 1T

with scalar measures Vi supported in J*P U J* . For the definition of the sets J*'* and
J%f, C. Fermanian and P. Gérard restrict the crossing manifold {& = 0} to the set

Sre = {(t,T,x,0,n) e R®* xR |t e R, T=—k(x), x £ 0,1 € R},
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choose a point (to,To,X0,0,M0) € Srg and a neighborhood (to,To,%0,0) € U C R®, and
define

JEP = {(t+s,T, Dpe = (x,0),m) € R® x R (t,7,%,0) € U, s < 0 sufficiently small},
jEf = {(t +5,7T, Ppg 4+ (x,0),m) € R® x R | (t,7,%,0) € U, s > 0 sufficiently small} ,
where O , are the classical flows associated with the Hamiltonian systems
X =T, &= Vkx).
By Theorem 2’ in [FeGel], the measures vaEG satisfy the transport equations
dvpe + & Vavpe — VK(X) - Vevig + (V- w)dn(vig) = 0,
on J¥ P\ Spe and

0Vig 15 Vivig — VK(X) - Vevig F (V- w)03(nvig) = 0,

on J*f\ Spa. Denoting restrictions of the measures vi, to J*'? N Spe and J= N Spa by
va’z and v f respectively, Theorem 3 of [FeGel] shows the Landau-Zener type formula

Sra’
+,f +,p
’VSFG 1— TFG TF‘G ’VSFG
—f o —p
’VSFG TFG 1— TFG ’VSFG

2
Tre = Tre(x,n) = eXp(—ﬂmjw);

with

if V;FF’Z and ng‘z are mutually singular on Sgg. A sufficient condition to meet this singu-
larity requirement for positive times t > 0 is the choice of initial data \§ € [2(R?, C?) with
Mg = 0, since then
Vsselizo) = 0-

The proof of the above Landau-Zener formula reduces the system (53) to a scattering prob-
lem, which is close to the purely time-dependent Landau-Zener system (40). The reduction
is achieved by a change of symplectic time-space coordinates (t,T,x, &) — (s, 0,z,(), such
that macrolocally in the new coordinates

JE0 IS (o520, (=0, s<0}, JH ' {(oFs=0, (=0, s>0}

and
g ‘& {¢2 =0}, Sre = {o=s=0=0}.

Up to an error of order ¢, the system (53) reduces to a normal form
iedsv® = Q(s,—ieds,z,—1eV,)Vv®

with symbol Q : R® — £(C?),

Qls,0,2,0) = ((x(

o, Z) CZ —S

s oc(G,Z)Cz>
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xR xR? — R\ {0} and v¢ = U%¢, where U® is a suitably chosen unitary, matrix-
valued Fourier integral operator. Proposition 8 in [FeGel] removes the o-dependance of
the function « with an error of order /¢, while in the appendix of [FeGel| the resulting
ordinary differential equation is approximately solved by the method of stationary phase.
A similar approach yields Landau-Zener type formulae also for codimension three crossings,
see [FeGe2]. By an iterative procedure, Y. Colin de Verdiére [CdV] has found microlocal
normal forms for symmetric crossings, which come with a superpolynomial error O(e*).
Applying C. Fermanian’s and P. Gérard’s result to the case k(x) = %\x\z, we exchange
“position and momentum” and switch from (x,&) to (q,p). Since the flows @Y of the
Hamiltonian systems (32) conserve angular momentum, the function w can be chosen as
w(T,p) = w(p) = p and Ipg can be replaced by

Tre = {(t,1,q,p) €R®| g Ap =0}.

For the manifold TFG, the same arguments as the ones employed in the proof of Proposition 7
show that the n-derivatives in the transport equations of the two-scale measures drop, and
one obtains on (J&P UJ& )\ Spa

:\\/'gG(t)T)qv‘pvn) = V%@(O»T»(Dti(q)‘m,n) .

The Landau-Zener transition rate becomes
~ ~ 2
Tre = Trc(p,m) = eXP(—W\ET) :

The term |p|? in TFG has to be read as |[Vk(p)| [p|?, where the |p|? stems from the unnormal-
ized choice of the function w(p) = p, which enforces a transformation in the n-coordinate
of the two-scale measures as given in (48).

12.6 A SEMIGROUP FOR TWwWO-SCALE MEASURES

In complete analogy to the definition of the semigroup L£! for the diagonal components
(W (t),we (t)) of the Wigner function, we define a semigroup for the two-scale Wigner
measures (p;, p; ) and (v{,v, ) associated with the hypersurface of zero angular momentum
I= {(q,p) ERY | qgAp = O} in the following. We introduce the right continuous random
trajectories

J@Pmil . [0,00) = R x Ry x {—1,1},

where 74P (t) = (®}(q,p),n,j) as long as ®!(q,p) ¢ S. Whenever the flow ®!(q,p)
hits the jump manifold S, a jump from j to —j occurs with probability

2
T(p,n) = exp(— ) -
The random trajectories 7(9P") define a Markov process
{X(Q,P,ﬂ,j) | (q,p,ﬂ»)) € R4 X R‘q X {_1)]}} .

The pendant C? to the space of observables C is defined as follows.
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DEFINITION 12 A continuous compactly supported function f € C.((R*\ S) x R x {£1},C)
belongs to to the space C?, if the following boundary conditions at (S \ Sc1) x R x {—1,1}
are satisfied:

lim f(q—%p,p—2%jq/ldl,n,j) = T(p,n) lim f(q-+dp,p—2dja/lal,n,—j),
5> +0 5—+0

lim f(q—op,p—25jq/lal,n,j) = (1—T(p,n)) lim f(q+dp,p+8jq/lal,n,j).
5—+0 5—+0

By construction of the function space C?, the semigroup
(T f)(q,p,m,j) = El@PIf(glarmilig)), >0,

leaves C? invariant, that is 7t : C?2 — C? for all t > 0. We denote the space of functions
a € Cc((R*\'S) x R, £L(C?)) such that a = a*TT" +a TI~ with (a*,a") € C* by C§;,, and
set for a € Céiag

Tia = (Ta",a ))*, Tla:= (Ttallt + (Tta)ll-, t>0.

We note, that 7' leaves the space Céiag invariant. To work exclusively on the subspaces
Ran(TT+), we will also need
Tla == THaTT¥)

for scalar-valued a € C.((R*\ S) x R,C). By duality, we define for matrix-valued Radon
measures p on R* x R with supp(p) N (S x R) = ) the matrix-valued measure 7'p on
(R*\'S) x R, that is, we set

J iz (ala, p,m) (T*0)(da, dp, dn)) ::j b (T a)(a,p,m) p(da, dp, dn)
(R4\S) xR R4 xR

for a € Céiag. Having fixed these notations and definitions, we can formulate the key
observation for the proof of Theorem 8.

LEMMA 14 Let {¢(t) € C(R,L%(R? C?)) be the solution of the Schrédinger equation (1)
with initial data (P§)e=o bounded in [?(R?,C?). Let T> 0 and pti, t € [0, T], be the
scalar measures on (R*\ {q =0}) x R introduced in Proposition 7. If

pg =0 and supp(pd)N(SxR) =0,

then the restrictions vff of the measures pti to I x R satisfy

j _a(q,p,m)vE(dg,dp,dn) :J (TEa)(d,p,m)vE(da, dp, dn)
IxR IxR

for all scalar-valued a € A with supp(a) N (S x R) =0 and for all t € [0, T].

ProoF. We have to work with measures on R* x R and on [0, T] x R x R in the following.
For all such measures m, which have support away from the jump manifold S, we define the
measure 7} m by

Ja(x) (Tfm)(dx) = J(Tit a)(x) m(dx),
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where the scalar-valued a is either in A with support away from S or an observable in
At N Apg with the same support property. The measure 7} (v(j)té(’r — ?\g:) dt) satisfies the
same transport properties and jump conditions at IN'S = {q = 0} as the measure v%c.
Hence,

TiHvEs(t—A)dt) = viy, on  ArNAsc.

Since the Hamiltonian flow @Y conserves energy ?\Oi(q, P) = %Ip\z +|ql, and since A§ (q,p) =
A, (g,p) for (q,p) € INS ={q =0}, we have

T (vid(t—AF)dt) = (Tivg) S(t—AF)dt  on  Arp.
On the other hand, by Lemma 13
v%G = vf 6(T—)\Oi)dt on At N Ara
and therefore
vES(t—AD)dt = (TvE)s(t—AF)dt  on  ArnNApc.
By continuity with respect to time t, we then have
vE = T{vi on C¥(R’L(C?)

for all times t € [0, T], and since vf is a positive distribution, by density the claimed identity

on A. O

As an immediate consequence of Lemma 14 we have the following observation of bounded
motion on the upper level. Let {¢(t) be solution of the Schrédinger equation (1) for a
sequence of initial data ({§).~o with TT-{§ = 0, which is bounded in L?(R?, C?), localized
in phase space, and which has unique Wigner measures 1y and po with supp(po) C I. Let

C := sup {3 Ipl* +lal | (q,p) € supp(po)} .
Then we have for all t € [0, T]

lim J (@ (t, )P dg = 0. (55)
{lg|>C}

e—0

Indeed, by Proposition 4 the sequence ({¢(t)).~¢ is localized in phase space for all t € R,
and we obtain by Proposition 2 that for all a € Cy,(R?,C) with supp(a) N{gq =0} =0

tim | ala) (@)t alf da = | ala)uf (@a,d),

e—0

where we have used that that tr(TT*e(t) @ pe(t)) = [TTTPe(t)? and tr(TTHp) = py.
Moreover, by the definition of v{

wy (q,p) = Lv;*(q,p,dn)-
R

By Remark 10, we have |[q* (t)| < C for all t > 0, and thus the asserted identity (55).
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13 PRrROOF OF THEOREM 8

With the previous preparations the proof of Theorem 8 is now straightforward.

Proor. We will establish the claimed identity (42) for the Landau-Zener function Wf,(t)
in two steps. First, we show that uniformly in t € [0, T]

tim |t (W0 () (a,p) ala,p)) dadp = | tr(ala,p) (T'pc) (da,dp,dm) - (56)
&= R4 R4 xR

where the key ingredient is Lemma 14. Second, we prove

fim |t (Wig(0)(0,p) ala,p)) dadp = | | tr(ala,p) (Tpo) (da,dp,cn)  (57)
= R4 R4 xR

uniformly in t € [0, T], which basically holds by construction of the semigroups.

First Step. We write the diagonal observables a under consideration again in the form
a=tr(aTTH)TT" +tr(aTT )T~ = a™ It +a TT~. Note that such observables can be viewed
as n-independent elements of A. By Proposition 7, there exists a subsequence (e )xen
depending on T > 0 such that

l}an}o (W3 (pee(t)), a>A/,A

exists uniformly in t € [0,T]. In the following, we will show that all such convergent
subsequences of

(W3 (0(8), @) 4r 4) =0 (58)

converge to the same limit point
|, _tr(alap) (7o) da,dp,cm)
R4 xR

uniformly in t, and thus the whole sequence itself has to converge towards this limit point
uniformly in t. By the definition of the measures uf and vti, we have uniformly in t

k— o0

lim J b (W (5 (8)) a(q,p)) dadp = lim (W5 (b (1), ), 4
R4 k— o0 ’
-y (J @ (a,p) lda,dp) + | a"(q,p)vi(dq,dp,dn)>.
jerz) RN IxR
By the identity (51) following Proposition 7

j ai(q,p)uti(dq,dp)zj (a* 0 ®3Y) (q,p) uE(dg, dp) .
R4\ I R4\ 1

Since the initial data (§)e~o have negligible mass near the jump manifold S, that is
[, We(§)(a,p)ldadp — 0 as € — 0, we also have [, W*(1h§)(d,p) ald,p) dqdp — 0 as
e — 0 for all a € S(R*, £(C?)) with supp(a) C Ss. This means supp(po) N Ss = 0, which
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in turn implies supp(po) N (Ss x R) = (. By Lemma 14, we then have for the two-scale

measures Vi

J _a*(q,p)v{(dq,dp,dn) :J _(T¢a) (q,p,m)v{(dq,dp,dn).
IxR IxR

Thus, uniformly in t

lim jR4 br (WE ($°+ (1)) alq, p)) dqdp =

k— o0

j ) —t j -t j
Z <JR4\1 (a’ D; )(q,p)uo(dq,dp) + LX@ (7 a)(q,p,n)'\/o(dq)d—p)dn)> )

je{x}

and by definition of the measure po and the semigroup 7

ZJ _(7'a) (q,p,m) V) (dq,dp,dn) =

jel+)  IXE

J,tr((T‘a)(q,p)po(dq,dp,dm)— J (Ta) (q,p, co) wh(da, dp)
R4 xR R4\ 1

Since T(q,p, oc0) = 0, we have

| |, (746) (ap,00) (g, ap) - | (@002 (a,p) ulda,dp),
RAN\I R4\ 1

and therefore, uniformly in t,

k— o0

tim [t (Wb () ala,p)) dadp = |t (ala,p) (7o) (da,dpycin)

The preceding arguments show that all convergent subsequences of the bounded sequence
in (58) converge to the same limit, and thus the sequence has to converge itself. This
proves (56).

Second Step. In order to establish (57), i.e. to lift the semigroup acting on the measures
to a semigroup acting on functionals, we first have to remove a neighborhood of S. Let
x € C*(R,R) be a smooth function such that x =0 on [—6/2,6/2] and x = 1 on R\ [, 3].
Since supp(po) N (Ss x R) = (), we have

J _tr(alq,p) (T*po)(dq,dp,dn)) =J _tr(x(q-p) (7*a)(q,p,n) po(dq,dp,dn)) .
R4 xR R4 xR

Denoting X(q,p) :== x(q - p), the set {X(7'ta) | t € [0, T]} is a bounded subset of A. Since
weak*-convergence and strong convergence in A’ coincide, we get uniformly in t

L@ _tr(ala,p) (T"po)(dq,dp,dn)) = lim (W5(b5),X (77)) 4 4 -

li
e—0
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Since the initial data have no mass near the jump manifold S, we find that
(W5(05),X (T4a)) ., 4 = Jﬁr (WE(1§)(a,p) x(q - p) (LLa)(a,p)) dadp
R

= lim | e (W)@ p) (£ta)(ap)) dacy

e—0

= lim| e Witap)ala,p) dadp,

e—0

uniformly in t. This shows (57) and the proof is complete. O

REMARK 18 General codimension two crossings with Hamiltonian

s o(q)  B(q)
78t < Bla) —alq) > /

where «, 3 € C° (R™,R) are smooth functions with
codimgn {q € R" | x(q) = p(q) =0} = 2,

lack in their corresponding classical dynamics a second conserved quantity like the angu-
lar momentum in the case of the linear conical crossing. Hence, in the general case the
T-dependance of the function w defining the involutive manifold Irg in (54) cannot be re-
moved, and there seems to be no straightforward way of lifting the Landau-Zener formula
for two-scale measures to the level of the Wigner function. O

14 RIGOROUS SURFACE HOPPING ALGORITHM

The semigroup £! and the Landau-Zener function Wf,(t) give rise to the following algo-
rithm to approximate the Wigner function W¢ (¢ (t)) of the solution {*(t) of the model
system (1). We assume initial data of the form

Vi(a) = b5 (a)x (@), qeR?,

with arbitrary scalar wave function II)SY 4+ € L2(R?,C), which is the situation described by
Theorem 8. All the trajectories, which occur on the lower level, have been issued by a
trajectory of the upper level and move away from the crossing {q = 0}. There are no
leading order interferences between upper and lower electronic level. The final weights
wji(T), which are produced by the rigorous surface hopping algorithm in Figure 8, are an
approximation to the values of the diagonal components w9 (T) of the Wigner function
We(Pe(T)) at the points (q].i(T),p].i(T)). The number N~ of points on the lower level
depends on the initial sample size N* and the length of the time interval [0, T]. Hence, for
computations on large time intervals one might decide not to open up a trajectory for the

lower level, if its starting weight

| T(as, po) Wy (£5) [ < tol
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RicorouUs SURFACE HorPPING ALGORITHM

1. Compute the Wigner function Ws(tl)gﬁr) =: w¢ (0) of the initial component Ve -
Sample the support of w (0) and call the resulting set

+ o Fooy 5 +
= {(af,p ) 1i=1,...,NT}.
With every point (qf,p).*) € X1 associate the weight W;F(O) = wi(O)(qj*,pj*).
2. For all (q;7,p;") € I compute the classical flow @ (qj, ;).

3. Denote the point of time and point in phase space, when @i(qj*,pj*) attains its
minimal distance to the crossing {q = 0} for the first time, by t. and (q.,p.),
respectively. Change the weight

wi(0) = wi(t5) ~ wi(t2) = (1= T¢(dx,p.)) wy (1)
with 2
TE(Q*,‘P*) = exp(_ ﬂ%)

Start for time t = t, a trajectory ®' **(q.,p.) on the lower level, and associate
with it the weight Ts(q*,p*)wj*(tf).

4. Repeat the procedure described in the previous step for all other times t., when-
ever CD"+(q].+ ,‘pj ) attains its minimal distance to the crossing {q = 0}.

OuTpuT AT TIME t = T: Points in phase space (qji(T),pji(T)) € R%;
Weights w)-i(T) ERforj=1,... N*.

Figure 8: The surface hopping algorithm resulting from Theorem 8.

is smaller than some predescribed small tolerance tol <« 1. For the comparative plot in
Figure 9, the final squared L*-norms [T $*(T)||{,g., have been approximated by the
surface hopping algorithm and by a Strang splitting scheme with Fourier differencing, which
is discussed in more detail in Part E later on. The initial plus-component {5 , has been

chosen as

V5 (q) =272 (em) /2 exp(— la—qol* + ipo-(a—do)), qeR?

with qo = (8/¢,0) and py = (—1,0). The time-interval for the computation has been
chosen as [—2\/5, 2\/5] Hence, the set-up is exactly the same as for the computation
producing Figure 1 in Part A. The semi-classical parameter ¢ has been chosen as ¢ = 107%
for k =1,...,4. As expected, the smaller the parameter ¢ the better the performance of
the surface hopping algorithm.

In Part A, Section 3.2, we have given some examples illustrating the ubiquity of conical
crossings in the chemical physics’ literature. Theoretical chemists have designed innumerous
approximation schemes, amongst which J. Tully’s surface hopping algorithm of the fewest
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switches “has turned out to be the most popular approach to describe nonadiabatic dynamics
at conical intersections”, cit. Section IV in the recent review article [StTh] of the chemists
G. Stock and M. Thoss. The algorithm stemming from the aymptotic semigroup £! can
be viewed as a rigorously derived variant of the fewest switches approach, which itself is a
variation of the originally proposed trajectory surface hopping method of J. Tully and R.
Preston [TuPr]. Being aware of the delicate discrepancy in chemical and mathematical lingo
and intentions, we do not tackle any systematic comparison between algorithms but just
rephrase and quote some passages of the paper [Tu], in which the fewest switches approach
has been introduced. J. Tully’s algorithm assigns as many initial conditions for classical
trajectories “as required to obtain statistically significant conclusions”, cit. Section IV. A
in [Tu]. Then, the classical equations of motion on each energy level are integrated on a
time interval, which is “so long as it is sufficiently short that the electronic probabilities
change only slightly”. Along the way, a switching probability g is calculated by means of
an approximation to the Schrodinger equation for the electronic degrees of freedom. If g is
larger than some randomly chosen number, then a trajectory switches to the other energy
level and “a velocity adjustment must be made in order to conserve total energy.”

In summary, we mention the two key properties, which seem to be shared by all surface
hopping type approaches. First, all such algorithms are grid-free approximation schemes,
an indispensible prerequisite for numerical simulations in molecular dynamics, which are
notoriously associated with a high number of degrees of freedom. (Grid-based discretizations
scale exponentially in the number of space dimensions.) Second, the numerical integration
of classical transport equations is by far a much more simpler task than the integration of
a highly oscillatory wave function, which pays especially in the physically relevant regime,
where the parameter ¢ ranges from 1073 to 1072,
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Figure 9: The plot compares the final energy level populations computed by the surface
hopping algorithm (particle method, straight lines) and a Strang splitting scheme (“refer-
ence solver”, dashed lines). Here, by final energy level population the squared [2-norm
[TTE e (T)||? at time t = T is meant. It is plotted against different values of the semi-
classical parameter ¢, which takes the values e = 1075, k = 1,...,4. Red lines refer to the
upper, blue ones to the lower electronic level. The sum of upper and lower population is
plotted in green. The initial data, computational domain and time-interval are exactly the
same as for the plots in Figure 1 of Part A. They scale with the parameter ¢. The plot
affirms our expectations: the smaller the parameter ¢ the better the performance of the
surface hopping algorithm.
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PART D

SPECTRAL STUDY
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In this part, we prove that the closure of the model Hamiltonian

He__azA+<q1 (12>
2 q2 —

equipped with the domain D(H?®) = C® (R?, C?) is of absolutely continuous spectrum, which
covers the whole real line,
o(FE) = 0ue(FF) = R,

see Theorem 10 later on. The proof relies on an orbital decomposition, an exact WKB
construction, and employs the non-subordinacy method of D. Gilbert and D. B. Pearson for
ordinary differential operators.

15 A DIRecT SuM OF AVOIDED CROSSINGS

Studying resonances associated with conical intersections, L. Nédélec has transformed our
system to a direct sum of avoided crossings (see Remark 5.2 in [Ne]). We provide a quick
review of this transformation.

First step. We perform a normalized e-Fourier transformation with respect to q € R?,
Feila) o = @re) | et ga)aa,
R2

which is unitary from L?(R?,C?) into itself by Plancherel’s Theorem. The original partial

differential expression
o A +<q1 a2 )
2 2 —a
becomes

€ _ re e (rey—1 _ 1.2 —iedp, —iedyp,
W= FTET =k +(ieap2 iy, >

In the original system, the symbol’s eigenvalues |p|?/2 + |q| cross for q = 0. In the Fourier
transformed system, the eigenvalues are |q|>/2+|p|, and the crossing has moved from position
to momentum space onto the set {p = 0}.

Second step. Using the rotational symmetry of the potential %Ip\z, we switch to polar
coordinates p = r(cos ¢, sin ¢), that is we identify

L?(R?,C%dpy dpa) = L%(10,00[xT,C%rdrdd) =: Lpe(rdrdd).

In polar coordinates, we obtain the partial differential expression

= ;rziear< cosdp sing )+ ( —sind cosd )1(1564)).

sin¢g —cosd cos¢p sindp /T

The symbol in polar coordinates has the eigenvalues

%rzi\/@) (T,d),p,V) E]O)OO[XTXRZ’
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which cross for p =v = 0.

Third step. Similarly to Priifer’s transformation of ordinary differential operators, see
Chapter 8.3 in [Hi], we conjugate by a unitary operator, which is multiplication by a half-
angle rotation matrix. Denoting

Lsem(rdrdd) := {¥ € L?(10,00[x[0, 27, C*;rdrdd) | ¥(-,0) = —¥(-, 27},

we conjugate by

(] in &
R: Lonlrdrdd) = Lam(rdrdd), bind) s (5% 205 )eine).

We note, that R takes functions, which are periodic in the angular variable, to semi-periodic
ones. That way, we obtain the partial differential expression

e 1.2 —1ed,  —rliedy \ i (1T O
o=t ( —1r711edy ied, o -1 )"

REMARK 19 At this point we note, that the the Weyl quantization of the tempered distri-
butions o1(q,p) = [p|~"(q - p) and o2(q,p) = |p|~'(q A p) reads in Fourier transformed
polar coordinates as

o1(q,—ieVy) ~ —ied, —ie 5=, 02(q,—1eVq) ~ —ie 10y .

Hence, the derivation of 75 has justified the unitary equivalence, which had been claimed
in Section 10 of Part C. &

Fourth Step. To remove the subprincipal part, we conjugate by the operator multiplying
with v—1/2. For this, we set

Lsem(drdd) = {1 € L*(10,00[x[0,27],C*drdd) [ ¥(-,0) = —b(-, 27)}

and
S:Lsem(rdrdd) — Lsem(drdd), B(r,¢) =1 2 P(r, d) .

This unitary transformation results in the partial differential expression

—ied —rTied
o= 124 T . ¢
472 —171iedy ied,

Summarizing the preceding steps, there is a unitary mapping
U5 : L2(R?, C%dpydpa) — Leem(drdd), U5 = SoRoF,

such that
Ugto U = 5.
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Fufth Step. An e-scaled Fourier series expansion with respect to the semi-periodic angular
variable ¢ gives the decomposition

B 1.2 —ied, ¥ .
I R ; o )= B

vE e(Z+1/2) vE e(Z+1/2)

The ordinary differential expressions ¢ with v € ¢(Z + 1/2) operate in [2(]0, col, CZ;dr).
They are of the form

Tu(r) = py(r)u(r) + (g —q7) 0ru(r)

1.2 v
N .. (10
py(r) = < S ) and g = zle( o 1 ) , (59)

and thus fall into the class of formally self-adjoint differential expressions as defined in
Chapter 1 of [We87]. The eigenvalues of the symbol of t5 are those of t5. However, since
v € ¢(Z+ 1/2) is now of the form ¢ times an integer plus one half, the conical crossing has
turned into a family of avoided crossings. We note, that a similar orbital decomposition
has also been given by J. Avron and A. Gordon in [AvGo]. They use their decomposition
to construct an approximate solution of the zero-energy problem t¢u = 0 in terms of
generalized hypergeometric functions.

with

16 ExacT WKB SOLUTIONS

For a spectral analysis of the self-adjoint realization of the differential expressions T¢, in
L2(]0, oo[, C%;dr) we construct exact WKB solutions of the ordinary differential equations
(15 —A)u = 0 with A € C. Since it does not cost any extra effort, we construct solutions
for differential equations of the slightly more general form

p(x)ulx)+ (g —q*) ou(x) = 0, xelCR (60)

with
p(x) = (D](X) w(x) ) z€ S,

w(x)  p2(x)

such that py,p2 : § - C and w : § — R are analytic functions, S C C a strip in the
complex plane containing the interval I C R the solutions shall live on, and

(10
q:—jlﬁ O—] .

We start by the formal construction, postponing any rigorous considerations to the next but
one section.

103



16.1 FoRrMAL CONSTRUCTION

After conjugation by

Nix)i=benp (& [ ontw)—patnas) (1 7 ) =dnea (] )

system (60) is transformed into the trace-free system

| - 0 1 (pr(x) + pa(x)) + w(x)
ieduvix) = ( L1 () +p200) —w(x) 0 )v(")

with v(x) = N(x)u(x). Introducing new, complex coordinates

X
2= [ VW) ) el d, xes, (61)
X0
we look for solutions of the form v(x) = e®2(¥)/¢ W (z(x)).

DEFINITION 13 (TURNING POINT) Let py,p2:S — Cand w : S — R be analytic functions
on some strip & C C containing some interval I C R. The zeros of the function

§—C, x= —;p10x)+p2(x)* + w?(x)
are called the turning points of the system (60).

We note, that due to the possible presence of such turning points the square root in the
definition of z(x) might be defined only locally. By formal calculations, the amplitude
vector w4 (z) has to satisfy

—ied,wi(z) = ( _Hj(_Lzl)q H:S) >V~Vj:(Z)>
where the function H(z(x)) is given by
Hiz() = (2p1(x) +p2(x)) + w(x) (—L (P10 +p2(x)2 + w(x)?) "?

(P1(x) +p2(x)) + w(x)
(p1(x) +p2(x)) — w(x)

= —isgn(3(p1(x) +p2(x) + w(x)) \/

[STENSTES

The turning points are the poles and zeros of the meromorphic function x — H(z(x)). For
a decomposition with respect to image and kernel of the preceding system’s matrix we

formally conjugate by
1 [ H(z)"z +iH(z2)2
p =27
£l <H(z)% FiH(z)®

and obtain a system for w4 (z) = P4 (z)w4(z),

0 __H'(z)
0:w(z) = ( _H'(2) 2] )Wi(l),
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where H’(z) is shorthand for 9,H(z). The series ansatz

wa(z) = Z ( WZn,:t(Z) ) (62)

= Wong1,+(2)

with wo+ =1 and

(0. £ 2)wons1,4(2) = ?H(é)) Won +(2),
azW2n+2‘i(Z) = ;—l}_/l((i)) Won+1, (Z) , n > O»

gives us a formal solution, which is unique up to some arbitrary constants. The constants
are fixed by setting
Wnt(z) =0, n=>1

for some suitable base point z € S. We note, that the preceding equations for w,, 1 are the
same as the ones obtained by an exact WKB construction for scalar Schrodinger equations,
see for example the work of C. Gerard and A. Grigis [GeGr] or T. Ramond [Ra]. If 'y (Z,z)
denotes a path of finite length in S connecting z and z € S, we can formally rewrite the
above differential equations for n > 0 as

o 20,y H(Q)
W1 (z) = L@xmﬁgcmbmﬁmmmmc
H'()
n = - PINTESY n d
Wong2,+(2) J .. 2H(Q) ™2 +1,+(0)d¢
or after iterated integration as
Wani1,+(2) = —J J J exp(+2(C2—C3+...+ Cans1 — 2)) ¥
I+(z,2) JT+(2,Cam41) I+ (z,61)
H’ H'((on
o (C1) (Cans1) Ay dlanet,

2H(Ch) 2H(Con+1)

Woni2,+(2) exp(£2(C — (34 ... — Gans2)) X

I
|
—

H_

S

B
—

H_

=

Ind

N

3

3

N
5—

H

=

It

H'(Zy) H'({an+2)
déy...dCons2 .
X TH(Cy) " ZH(Cangg) 901 dlans2

16.2 CONVERGENCE

Now, we should give the preceding formal construction some mathematical meaning on
open, simply connected domains O C S, which do not contain any turning points. On such
domains Q, all the functions defined above are well-defined analytic functions. For compact
subsets K C Q and z,z € z(K) there exist positive constants C5(K) > 0 depending on the
semi-classical parameter ¢ and the compactum K such that

H'(¢)

sup |exp(+ 2¢C < CL(XK).
CeTy (,2) S )ZH(C) =
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If we denote the maximal length of the pathes I'.(z,-) C K in the preceding iterated inte-
grations by 0 < L < oo, then

Ce (K)n | R
sup wn 1(z)] < —E——

, ,  n=0,
z€z(K) n.

where the bound % comes from the volume of a simplex with length L. Thus, we have
uniform convergence of the series (62) for w4 (z) and exact solutions

uz(x) = e 2 n ()T T (2(x) w(2(x))

of the original problem (60) on turning point free compact sets K, where

( H(z)* FiH(z) 2 H(2)? + iH(z) ) 2 e 2(K).

N|=

=20 et s e H) i)

16.3 ORIGINAL EQUATIONS

Now we turn to back to the linear conical crossing problem, for which we want to study
solutions of the systems

1.2 : v

e _ 7T — A —1ie0dy X _

(5 —A)u(r) ( v zT —?\+1£6 )u(r) 0, T €]0, 00l

for A € C and v € ¢(Z + 1/2). Following the preceding construction, we obtain for some
suitable 1o € CT the phase function

T

z(r, 7o) :J \/—(%sz — A2+ (¥)? ds.

To

The turning points are the roots of the two cubic polynomials > — 2Ar + 2v|, which lie
in the right half-plane. Solving the cubic equations by Cardano’s method, we obtain six
complex roots of the form

u® 4 vE —TuE +vE) £ SV3(uE —

with u® = (Fhv| + VD)3, vE = 2A/(3u*), and determinant D = (—2A/3)3 + v2. De-
pending on the determinant D, we have two different cases. For D = 0, we have a simple
root 2|v|'/3 and a double root [v|'/3. For D # 0, we have three distinct roots in the right
half-plane, one close to zero and the other two close to \/m The function H is

H(z(r)) = —isgn( T }\r—i—v)\/( —Ar+v) (3r —Ar—v)q

17 SPECTRUM OF THE DIFFERENTIAL OPERATORS

The original partial differential expression T¢ in L?(R?, C?;dq; dq>) is unitarily equivalent to
the direct sum of ordinary differential expressions T in L?(]0, co[, C?;dr). For the following
considerations, we fix ¢ > 0 and v € ¢(Z + 1/2) to study the spectrum of the self-adjoint
realization of ¢ in L%(]0, oo[, C%;dr).
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17.1 HSSENTIAL SPECTRUM

We obtain all self-adjoint realizations in 12(]0, oco[, C%;dr) as restrictions of the maximal
operator M§,

D(ME) = {ue AC(]0,00[,C?) | T5u € L%(]0,00[,C?;dr)}, MEu = T5u,

where AC(]0, oo[, C?) denotes the space of absolutely continuous functions. The maximal
operator M? is densely defined and closed, see Theorem 3.9 in [We87]. Existence of self-
adjoint restrictions is guaranteed, if the deficiency indices

v+ = dimker(Fi— MJ)

are equal. For the computation of these indices we use the asymptotics of the exact WKB
solutions uy of (T —A)u =0 with A € C for r — 0 and r — co. The following lemma’s
proof relies on a decomposition method given in Theorem 4.2 in [We87].

LeMMA 15 (DEFICIENCY INDICES) Let ¢ >0 and v € ¢(Z+1/2). The deficiency indices
Y+ of the mazimal operator M, are both equal zero.

Proor. The space of all solutions of (t5 —A)u = 0 has dimension two. Since y; =
y(j)[ +vE — 2, we have proven our claim, if we show

i =v5 = 1.

The indices yX and yoi are defined as the number of linearly independent solutions of
(Fi—15)u = 0, which lie left respectively right in [%(]0,c0[,C%;dr). A function lies left
respectively right in L?(]0, oo[, C?;dr), if it is square-integrable on 0, c[ respectively ]c, oo[
for all ¢ €]0,00[. We start with the computation of yZ. Clearly, H(z(r)) — —i as T — oo.
Choosing the amplitude base point zZ = lim,_, o, z(T), we have w4 (z(r)) — (1,0)' as 1 — oo,
and

im TelH(a(r)) walalr)) = 272w (LR

Hence, the decay properties of the exact WKB solutions u at infinity are governed by the
exponential term e*#(")/¢. Let x € C. Taylor expansion of the function y — /X + vy, gives
for all y > 0 with y # x some n €]0, y[ such that

VEFY = Vit Tyl 2

Setting x = — (3 s* — )\)2 with A € {+i} and y = (v/s)?, we have some 1, €]0, (v/s)?[ such
that
w320 E () = 2GS+ (- ES N 0y

S

= j:i(%sz—)\)—l—O(s*‘l) as s — 0.

Hence, there is a constant ‘const.’ depending on the choice of the phase base point 1y such
that
+z(r) = +i(r® —Ar) + const. + O(r3) as T— 00,
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and we see the proportionality

+z(r)/e ii(r3f?\r)/5

~ e as T—00. (63)

Therefore, only one of the solutions u- is square-integrable at infinity, which means that
vE = 1. It remains to compute yoi. We have H(z(0)) = sgn(v). Choosing the amplitude
base point z = z(0), we obtain w(z(0)) = (1,0)* and hence

Ta (H(2(0))) wa (2(0)) = 271/ ( _11?1 ) resp. 27/ ( _11?1 ) :

if v > 0 respectively v < 0. Thus, we examine the exponential term e*%(°)/¢ A Taylor
expansion argument similar to the one before gives

s-Ge-N+@) - £ 06w 5o

S
and
+2(r) = +v|InT + const. + O(r?) as r—0,

where ‘const.’ depends on the choice of the phase base point ry. Hence, we have the pro-
portionality

e:tz(r)/i ~ T.:t\Vl/E as r—0. (64)

Thus, only one of the exact WKB solutions u, is square-integrable at zero, and we obtain
+
Yy =1. O

Having deficiency indices vy, which are not only equal but identical zero, the maximal
operator M¢ is the unique self-adjoint realization of t¢ in L?(]0, co[, C?;dr), see Theorem 4.6
in [We87]. This observation can also be paraphrased, that the minimal operator m? ,

D(mS) = C2(10,00[,C?), miu = T,

is essentially self-adjoint and has as its closure the maximal operator. However, there is
more to deduce from the asymptotics of the exact WKB solutions.

ProPoOSITION 8 (ESSENTIAL SPECTRUM) Let ¢ > 0 and v € ¢(Z + 1/2). The mazimal
operator M5, 1s the unique self-adjoint realization of the differential expression T, in
L2(]0, oo[, C%;dr), and we have

o(Mj) = 0es(M) = R.

PrROOF. We show A € 0ess(M5) for all A € R. We denote by yo,a and vy » the number
of linearly independent solutions of (15 —A)u = 0, which are square-integrable at zero
respectively infinity. Equations (64) and (63) imply

Yor+Yoor = 1+0 < 24vy = 2+40.

Hence, by Theorem 11.1 in [We87] we obtain A € 0ess(MS). O

Next, we prove absence of singular continuous spectrum, which requires a bit more tech-
nique.
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17.2 ABSOLUTELY CONTINUOUS SPECTRUM

We have read off from equation (63), that at least one of the exact WKB solutions u of
(15 —A)u =0 for A € C lacks square-integrability at infinity. Thus, we have already proven,
that the differential expressions 15, are in the limit point case at infinity.

LEMMA 16 (LiMIT PoINT CASE) The differential expressions 15, v € e(Z+1/2), ¢ >0,
are in the limit point case at infinity. That s, for every A € C there 1s at least one
solution of (t5 —A)u =0, which s not square-integrable at infinity.

For real A € R the two exact WKB solutions u. lack not only square-integrability at infinity,
but they are also of the same size at infinity. Such an asymptotic behaviour enables us to
apply the non-subordinacy method of D. Gilbert and D. B. Pearson, which initially has
been developed for the spectral study of one-dimensional Schrédinger operators [GiPe]. We
will use the uniform non-subordinacy condition proposed in [We96], which will simplify the
proofs later on.

DEFINITION 14 (SAME SiZE) Let ¢ > 0, v € ¢(Z + 1/2), and I C R an interval. If there
exist positive 8 > 0, ¢ > 0, and a function k :]c,o00[—]0, 0o[ such that all solutions of
(15 —A)u=0 for A € I with |u(c)| =1 satisfy

R

Bk(R) < J u(r)?dr < k(R)  forall R>c,

C

then all solutions of (t5 —A)u =0 for A € I are of the same size at infinity.

We note, that if this uniform non-subordinacy condition is satisfied for some constant ¢ > 0,
then it also holds for all other ¢’ €]0, c[ with different 8/ > 0 and k’ :]c’, oo[—]0, ool.

LEMMA 17 (SAME SiZE) Let ¢ >0 and v € ¢(Z+1/2). For all compact intervals I C R,
the solutions of (15, —AN)u =0 for A € I are of the same size at infinity.

Proor. We deduce from the proof of Lemma 15 the existence of constants 0 # C, € C
such that the WKB solutions u (1) = uy(r;A) are equivalent to

A Li(rd-arye [ 1/2£1/2
vi(rA) == Che ( 12512

as r — oo, where the limit is uniform in A € I. The constants C, are bounded away from
zero such that infycy|Cy| > 81 for some 87 > 0. Let 6, > 0 be another small constant such
that infaeq(|Cal — 871)% > 82. We choose ¢ > 0 such that for all A € I and for all r > ¢

lur(rA) —ve(rsA) [< &7 and | (wg (5A),u—(rsA)) [ < 82
For every solution u(r) = u(r;A) with |u(c;A)| = 1 there are a4 (A) € C such that

u(rA) = oo AN up(mA) + oA u_(rA), T € [c,00[
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with sup, g loe (A)]2 < A < o0. Since

R
(R—c)(ICAl—81)* < J us (A2 dr < (R—c) (ICal+81)%,

C

we obtain

R
(R—¢)2A ((ICAl=81)* —=82) < J u(rA)2dr < (R—c)2A ((ICal+81)% +62)

C

O

For Sturm-Liouville and Dirac differential expressions, which are in the limit point case at
infinity and have solutions of the same size at infinity, J. Weidmann has proven absolute
continuous spectrum for their self-adjoint realizations, see Theorem 3 in [We96]. The same
result is true in our case.

THEOREM 9 (ABSOLUTELY CONTINUOUS SPECTRUM) Let ¢ >0 and v € ¢(Z+1/2). We
have for the self-adjoint realization M on 12(]0, col, C2;dr) of the ordinary differential
expression T,

o(Mj) = 0ac(M]) = R.

The proof is analogous to the proof of the corresponding result for Sturm-Liouville and
Dirac differential expressions. Before convincing ourselves of this analogy in Section 17.5,
we need some information about the self-adjoint realizations of T¢ on L?(]c,R[, C?;dr) with
c>0and c <R < .

17.3 BoOUNDARY CONDITIONS

Since the matrix-valued function r — p~ (r) defined in (59) is locally integrable on [c, co[ for
positive ¢ > 0, the differential expression t5, is regular at ¢ > 0. All self-adjoint realizations
of t¢ on L%(]c, 0o, C?;dr) are restrictions of the maximal operator

D(M¢,o) = {ue€ AC(lc,00[,C?) [ t5u € L2(lc,00[,CHdT)}, Meogu = T5u

by means of boundary conditions at ¢ > 0. One obtains self-adjoint boundary conditions in
terms of vanishing Lagrange brackets, which stem from the Lagrange identity

(5 u(r),v(r) — (u(r), 5 v(r) = 5w,  1€0 00

for absolutely continuous functions u,v :]0, co[— C?. The Lagrange identity implies Green’s
formula

(Mcpou,v)Lz(]cyoo[) —(u, MC»OOV>L2(]C,OO[) = Tl}ngo [u,vly — [u,vle

for all u,v € D(Mc « ), see Theorem 3.10 in [We87]. The Lagrange bracket for 75 is readily
calculated as

vl = ((@—q)ulr),v(r)) = iew(r)vi(r) —ieua(r)va(r).
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LEMMA 18 (AwWAY FROM ZERO) Let ¢ > 0, v € ¢(Z+ 1/2), and ¢ > 0. The deficiency
indices of the mazimal operator M. o, are both equal one, and all self-adjoint realiza-
tions A, of the differential expression T3, in L2(Jc, 00[,C%;dr) are given by

D(AZ,) = {ueD(Mcoo) lwile) = €*uy(c)}, Al = Ty U
with « € [0, 2n[. Moreover, o(AZ ) = Oess(AZ ) =R for all o € [0, 27].

Proor. Recycling some of the arguments already used in the proof of Lemma 15, the
deficency indices v+ of M. o, are easily calculated as

Y = vEH+vE -2 =2+1-2=1.

Hence, by Theorem 4.9.b in [We87], the domains of the self-adjoint realizations of t5 on
L2(]c, oo[, C%;dr) are characterized by vectors a = (a1, az) € C?\ {(0,0)} with

[a,al. = ielarl? —ielazl® = 0,

that is with a; = e'*a; for some « € [0,2n[. Thus, the self-adjoint realizations can be
parametrized by an angular variable « € [0, 27t[ and have as domains

UeEDMeo) [la,ue = 0} = {u€D(Meo) lwile) = €% uz(c)}.

Employing once more the decay properties of solutions of (t5 — A) u =0 with A € R, which
are given by equation (63), we have

Yer+Yor =240 < 24vy = 2+1.
Hence, the whole real line is essential spectrum for all the operators AZ . a

For the proof of Theorem 9 we will approximate the operators AZ ,, by a sequence of self-
adjoint realizations of T¢ on L?(]c,R[,C?%;dr) with R > c. On bounded intervals ]c, R[ with
¢ > 0 and R > c, the differential expression T% is regular. All self-adjoint realizations of 5,
on L?(Jc, R[,C?;dr) are restrictions of the maximal operator M. g

D(Mcr) = {ue€ AC(Je,R[[C?) |15 u € L?(Jc,R[,CHdr)}, Mcru = t5u

by means of boundary conditions. However, in the regular case there are plenty of self-
adjoint boundary conditions, and we prefer restricting our attention to the separated ones.

LEMMA 19 (SEPARATED BOUNDARY CONDITIONS) Let e >0, ve€ ¢(Z+1/2), ¢ >0, and
c < R < oo. The deficiency indices of the mazimal operator M. r are both equal two,
and the operators A‘Cx‘,f ,

D(ASE) = (€ D(Mew) lwilc) =€ *uz(c), w(R) =€ P1z(R)}, AXfu = t5u

c,

with o, B € [0,2n[ are all self-adjoint realizations of t5 on L?(lc,R[,C?;dr) with sepa-
rated boundary conditions.

The operators A?,'IE , &, B € 10,2, have discrete spectrum with simple etgenvalues Ay,
neN. Moreover, 3, oA <oo.
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Proor. The deficency indices v+ of M. r are
Ve = vE4yE-2=2+2-2=2.

By Theorem 4.10 in [We87], two linearly independent vectors a,b € C? with [a,a]l. =
[b,b]gr = 0 describe domains of self-adjoint realizations of T¢ on L?(]c, R[,C?;dr) with sep-
arated boundary conditions. The Lagrange bracket condition means

a; =€ %a,, by =e'Pb, for some o, P € [0,2n].
Thus, we have two angular variables «, 3 € [0, 27[ and domains

{ue D(Mcr) | [a,ule =[b,ulgr =0}

= {ueD(Mcr)luwi(e) =€ *us(c), ur(R) =P uy(R)}.

Since p~ is a smooth function on the interval ]c, R[, the solutions of (1§ —A)u=0for A € C
lie all in L?(Jc, R[,C?%;dr). Hence, T is quasi regular at ¢ > 0 and R > c¢. By Theorem 7.11
in [We87], the spectrum of the operators Ag‘“,f is discrete, and

Z)\;2<oo.

An #£0

Since every solution of the differential equation (15 —A) u = 0 is determined by the bound-
ary condition at one of the boundary points up to a constant factor, the eigenvalues are
simple. O

Having discussed the boundary conditions, which are relevant for the proof of Theorem 9,
we turn to a short recapitulation about spectral representations and spectral matrices.

17.4 SPECTRAL REPRESENTATION

Every self-adjoint operator A in a separable Hilbert space H has an ordered spectral repre-
sentation. That is, there exists a unitary operator U,

U: H — @ 1*(R,C;doj),
jel

such that UA U* is the operator of multiplication by the identity function in the space
@j el L% (R, C;doj). The index set I is countable, and the measures oj are finite Borel mea-
sures on R with the property, that the measure oj, 1 is absolutely continuous with respect
to its predecessor oj for all j € I. Given a spectral resolution E(-) of A, the measures oj are
obtained as

0;(B) = ||[E(B) ng}z1 , B c R Borel sets,

with suitably chosen g; € H, see Theorem 8.1 in [We87]. For the self-adjoint realizations A
of the ordinary differential expression T5 the index set I equals {1,2}. There is a right-
continuous non-decreasing matrix-valued function pc g : R — L£(C?) uniquely determind by
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pc r(0) =0, such that
U g : L2(Ic,R[,C%;dr) — L3(R,CZ;dpe ),

(Ucrf)(A) = Lim ff/,<uA(T),f(r)>dr
c,R = 1.1. . /

e \ S ), f)dr
is a unitary operator with UA U* equal to the multiplication by the identity function in
[2(R,C?%dpcr). The set {uy,va} is a fundamental system of the differential equation
(T —A)u =0, and L. i. m. refers to the limit in [?(R, C2;dp. r), see Theorem 8.7 in [We87].
Such a unitary operator is also referred to as a spectral representation. Working on inter-
vals ]c, R[ with ¢ > 0 and ¢ < R < oo, which are away from the singular point zero, we have
spectral matrices p. r of a particularly simple form.

LEMMA 20 (SPECTRAL REPRESENTATION) Let ¢ >0, v € ¢(Z+1/2), ¢ > 0, and choose
R €]lc, < oof. Let Al and Ag‘y‘f with «, B € [0, 271 be the self-adjoint realizations of T&
on L%(]c,R[,C?:dr), which have been introduced in Lemma 18 and Lemma 19. Then,
all such operators have a spectral matriz pcr : R — C2? of the form

_ [ (per)11 O
Pe,r = ( 0 0 .

There is a Borel measure uc g on R and a simplified spectral representation

R
Uers L20e,RLCHdr) = LR, Cidae), (Ueg DN = | (1) fir)) ar,
C
where uy ts a solution of the differential equation (15, —A)u = 0 satisfying the boundary
condition u;(c) = e *uy(c). If R < oo, the measure i r 1S a pure point measure with

e r(I) = Z ||u7\n||E22(]c,R[)’ ICR intervals,
An€l

where {A, | n €N} = O'(A(CX']E) are the eigenvalues of A?‘S, and u,, corresponding
ergenfunctions.

Proor. Justifying the claims for the case R < oo, we just have to apply Theorem 10.7
in [We87] and its subsequent remarks. There, the asserted form of the spectral representation
is proven for self-adjoint realizations with separated boundary conditions for differential
expressions T, which are regular at c, if the solution space of (T —A) u = 0 is two-dimensional,
and if yF = 2. For the case R < oo, Lemma 19 yields that the measure Kc,r must be of the

form
He,R = E 6}\“ Hn
neN

with non-negative weights 1,, > 0. Let AN be an eigenvalue of Ag‘,’,f . Then,

R
Uerin )N = [ Q) un)dr = (i) s AER,

C
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where u, is chosen as an eigenfunction of A, if A € of A?’E ). Since U, g is unitary, and
since eigenfunctions for different eigenvalues are orthogonal, we have

2 2 4
||u7\N ||L2(dr) = ||uC>R Uny ||L2(dHc,R] = Z | <u7\n’u7\N>L2(dr) |2 Hn = ||u7\N HLZ(dr) KN
neN

and therefore un = |[ua, ||Ezz(dr)- g

Varying the boundary conditions at ¢ > 0, when working on intervals ]c, col, gives a spectral
averaging result analogous to the ones for Schrodinger, Sturm-Liouville, or Dirac differential
expressions, see [Ko] and [We96].

PROPOSITION 9 (SPECTRAL AVERAGING) Let e >0, v € ¢(Z+1/2), andc > 0. Let AZ
with o € [0,27] be the self-adjoint realizations of 5 in L?(Ic, oo, C%;dr) and U o the
assoctated spectral measures introduced in Lemma 20. Then, the averaged measure

27
J b oo Aot
0

15 absolutely continuous with respect to Lebesgue measure on R.

After computation of a Weyl-Titchmarsh m-coefficient for T, the proof uses arguments

analogous to the ones of Theorem 2 in [We96], which shows a spectral averaging result for
Jacobi matrices.

Proor. Let {u;,u;} be a fundamental system of (¢ —z)u = 0 with z € C. Then, all

solutions of the inhomogeneous problem (t5 —z)u = f with f € Lfoc(]c, oo[, C%;dr) have the

form

u(r) = a1u](r)+azuz(r)+u1(r)LW(M,uz,y)*‘W([f],uz,y)dy
+ uz(r)LW(m,uz,yr‘W(u],[ﬂ,y)dy

with d €]c, col, see Theorem 5.2 in [We87]. Though T¢ is not real, an elementary computa-
tion yields that the Wronskian W/(uq,uz,y) = det(u;(y), uz2(y)) = W(u;,uz) is constant.
The modified Wronskians are

W([fl,u2,y) = det((q —q") f(y),u2(y)) = L (fi(y)uz2(y)+f2(y) w21 (y))

and
Wi(us, [fl,y) = det(ui(y),(q—q*) "f(y) = =L (w1 (W)f2(y) + w1 2(y) f1(y)) .
Hence,
ulr) = arw(r)+azuz(r) + L Wiy, up) ™ <U1 (T)J ((uz22(y),uz,1(y))t f(y) ) dy
d
- uz(T)Jd<(u1,z(y),u1,1(U))t»f(UHdU)
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We choose two solutions u*(z;-) and v*(z;-) of (15 — z) u = 0 with boundary values at ¢ > 0
u¥(ze) = (1), vize) = (i/e,0)",

such that
—iWuX(z;),v¥(z) ' = 1.

Since the deficiency indices v+ of AZ,, equal one, there exists for every z € C\ R a unique

coefficient m*(z) € C, the Weyl-Titchmarsh m-coefficient, with

m*(z)u*(z-) +v*(z-) = W l(z-) € L*(lc, 00, C%;dr).
Setting w¢(z;+) := u*(z;-), we have —%W(wc(z;~),woo(z;~))*1 =1, and Theorem 7.3 in
[We87] yields the resolvent as

o]

(AY, —2z) 'f(r) = wc(Z;r)J (W 2(z3Y), Weo 1(z3y))Y, f(y) ) dy

T

r

+ woo(z;ﬂj (Wea@ ), werZu)E, flu)) dy

C

for f € L?(Jc,o00[,C%;dr). Since (us(z;-),uf(z;-))t and (v§(z;-),v§(z;-))t are solutions of
(18 —z)u =0, both of them must be linear combinations of u*(Zz;-) and v*(Zz;-). Inserting
the boundary values at ¢ > 0, we obtain

W UE = e utE),  MEEIEIT = —LuE) +e v (5 )
and for the resolvent

(AS. —2) '(r) = u“(z;r)J (M@ e — 1) u(zy) + e v (Z ), f(u) ) dy

+ (m“(z)u“(z;mv“(z»nj (e u(zy), fly)) dy.

mi;(z) = m*(z)e', miy(z) =0, mj(z) = €%, mj(z) =0,
and
my(z) = m“(z)ei“-i—%, mp,(z) = e'%, my(z) =0, my(z) = 0.

We obtain by the Weyl-Titchmarsh-Kodaira formula, Corollary 9.5 in [We87], a spectral
matrix of the form given in Lemma 20 with upper left component

A8’
(p&)ia (A = (Zﬂi)’]ei“élliglogi{%J (M*(t+i8) — m*(t—id)) dt
6/

for A € R. Since 0,(Ag ) = 0, the spectral measure pg , is

o _ N DR TRT, « I PP
Mo oo (D) = (2mi)" e 511\Ilr(l) L(m (t4+186) —m*(t—1id)) dt
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for intervals I C R. By Lemma 9.1 of [We87], we have m{,(z) = mj;(z) for all z € C\ R,
and hence

e (D) = " i L (Im(m™(t +18)e'*) + (2¢) ") dt.

Since (T5 — z) Wy (2;) =0 for z € C\ R, Green'’s formula implies

2iIm(z) JOO Weo (z;7)|% dr

C

= —ro ({13 Woo (1), Weo (7)) — (Weo (27), T4, Weo (257)) ) dr

= Woo(z,),Weo(2,)]e = 2iIm(m*(z)e'*) + 1

and
Im(m*(t+id)e'*)+ (2¢)"" >0 forall teR.

Since y+ = 1, we have for every z € C \ R a constant c*(z) € C with
c*(z2) (m°(2)ul(z,-) +V°(z,-)) = m™(z)u*(z,-) +v*(z,-).
Evaluating the previous equation at the boundary point ¢ > 0, we obtain
c*(z)m°(z) = m*(z).

If m°(z) = 0, then m*(z) = 0 for all « € [0, 27[, and jé” m*(z)da = 0. Otherwise,

and

Hence,
0,2n] - C, o~ m*(z)e* = ¢ "ie!*(1—e >+ ign1°(:7,)_1)_1
is a smooth function with

27 ) 27 ' ' - y
J m%(z)e'*da = 8_1,[ ie*(1—e*+im%z)7")  d«
0 0
. . 27
= —e'm(i-e*+im’z) )| —o.
a=0

By Fatou’s Lemma and Fubini’s Theorem, we obtain for every bounded interval [ C R

27 27
J ¥ (Hda = n*J lim J (Im(m*(t+i8)e'*) + (2¢) ') dtda
o 0o 3N0 J;

IA

27
7! limian J (Im(m*(t+i8)e'*) + (2¢) ") dtda
5N\, 0 0 1

27
! limian J (Im(m*(t+i8)e'*) + (2¢) ') dadt = & ' ]I].
550 Jrldo

O

Having the necessary information about self-adjoint boundary conditions and spectral rep-
resentations at hand, we now turn to the proof of the absolutely continuous spectrum.
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17.5 PROOF OF ABSOLUTELY CONTINUOUS SPECTRUM

We prove Theorem 9, that is 0(MS) = 0,c(M5) =R for all ¢ >0 and all v € ¢(Z + 1/2).

Proor. We proceed in four steps. First, one approximates by auxiliary problems defined on
intervals ]c, co[ and ]c, R[. Second, one bounds the variation of the corresponding spectral
matrices by means of the uniform non-subordinacy condition. Third, one bounds these
variations by means of the spectral measure associated with the problem on some interval
]co, 0o[. Fourth, one uses the spectral averaging result to conclude the proof.

Furst step. We approximate MS by the sequence (Ag,oo)c>o in the sense of generalized
strong convergence. That is, if we denote by P. o : L2(]0, o[, C?;dr) — L?(]c, oo, C%;dr)
the orthogonal projections in L?(]0, oco[, C2;dr) onto L?(]c, co[, C%;dr), then we have

(/—\g‘Oo —z)*]Pcyoo — (M —z)7! stronglyas c¢\,0 forall z€ C\R.

The convergence proof is literally the same as the one for Sturm-Liouville expressions and
Dirac systems given in Theorem 6 of [StWe]. Analogously for every ¢ > 0, we approximate
A ., by the sequence (A2%)g-c as R /" oco. Since 05(MS) = 0,(AQ ) = 0, the generalized
strong convergence implies strong convergence of the spectral resolutions E(-)(A), that is

E(AS‘OOJ(A)PQOO — E(MS)(A) strongly as ¢ \,0 forall AeR,
and for all ¢ > 0

E(AS‘R)(MPC,R — E(Ag:o J(A)Peoo stronglyas R _ "oco forall AeR.

oo

Let ¢p > 0, and let {u),va} be a fundamental system of (15 —A)u =0 for all A € R with
ur(co) = (1,00%, waleo) = (0,1)".

Then, the convergence of the spectral resolutions translates into convergence of the spectral
matrices associated with {ux,va}. That is,

Ch{% (Peyoo (N) = Pe,oo (A)) = p(A) —p(A'),

and

Rli/H;O(pc,R(M*pc‘R(M) = Pe,oo(A) = Pe oo (A') (65)

for all A, A\’ € R, see Theorem 14.13 in [We02].

Second Step. Since the spectrum o(AQ%) = {An [n € N} of A2} is point spectrum only,
the mapping A — p. r(A) is a jump function, which is constant on the intervals without
eigenvalues. Let A be an eigenvalue, ¢, the eigenfunction with [pa(co)| =1, and Ac r(A) =
pe.R(A) — pe.r(A —0) the corresponding jump. Then, we have for all f,g € L?(]c, R[,C?;dr)

(Uer FIA), Ac RN (Uer 9)(A) = (f,E(AZRIANG) L2 1, rD)
= ||¢A||_22(]C,R[) <f) d)7\>I_2(]C>R[) <d)?\) 9>L2(JC>R[] .
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By construction of the unitary operator U, g, we obtain for the elements of the jump matrix
AC,R()\)

(AcR)r N = [ldall 7 e vy Prklco) dailco),  k1e(l,2),
Let I C R be a compact interval, 0 and k(-) the constants of the uniform non-subordinacy
condition provided by Lemma 17. We get for the variation of the matrix components of
A= per(A) on I

var (pe iy < ) AcrPn)l < D llballizgery < HO(AZR)NT) (OK(R) !

An€l An€l

with k,1 € {1,2}. There is a constant C. € Z just depending on ¢ > 0 such that

BHo(ASRINT) = #(o(AZ R)NT) + Cc
Since k(R) — oo as R " 0o, we have by the limit established in equation (65) that

V?r(pc,oo)k‘l < 11n>sup var(pca)kl < li}g;sup #o( A2 NI) (BK(R)) !

Third Step. From the limit in equation (65) we deduce for the spectral measures, which
have been introduced in Lemma 20, that

]gi/ngo Heo,R(D) = Hegroo (D) (66)

for all bounded intervals I € R. Let {0, | n € N} = U(AS(‘SR), and denote by us, an
eigenfunction of ¢,,. For compact intervals I C R and R > ¢y we have by the non-subordinacy
bounds of Lemma 17

Heo R( Z Hucn”LZ Jeo.r) = Elo (Aco R)NDKR),

on€l

and therefore

uCo,oo(I) > 11msupji(0( co R) N I) k(R) ! .
R "0

Hence,
Var (Pe oo )it < 07 Heg oo (1) -

Fourth Step. We consider the self-adjoint realizations A% of 15 on L?(]c, ool,C%;dr)
with ¢ > 0. We denote the associated spectral measures by ug ., with o € [0,27[. With
this notation, the measure p., o used in the previous step is identical pg o.00- From the
representation of resolvents used in the proof of Lemma 9, we deduce continuity of the
mapping o — (Ag‘"g —2z)7! for z € C\ R. Hence, for all intervals I C R there exists a
constant C. g(I) > 0 such that

[8(o(AZR)NT) = Cer(D)[< 1 forall «e€0,2n].
Again by the non-subordinacy bounds of Lemma 17, we have for compact intervals I C R

(Cer(D) =T k(R)™ < pp(l) < (Cer(D)+1) (BK(R)) !
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for all « € [0,2n[. By convergence of the spectral measures, see the limit in equation (66),
these inequalities imply

limsup Cox(T)K(R)™ < u&. (1) < limsup Ce (1) (OK(R))"!
R oo R

for all o € [0, 27t[, and therefore

Oul (D) < ndo (D < 67" uf (D)

for all &, € [0,2n[. From this we deduce, the equivalence of the measures M o for
« € [0, 27t[ on compact intervals. By Proposition 9, the averaged measure

27
J e oo dox
o ,

is absolutely continuous with respect to Lebesgue measure on R. Hence, the measure ugom
is absolutely continuous with respect to Lebesgue measure on R. Hence,

var (p) ; < Lmsup var (peoo)y; < 87 Heg o0 (1)
I ’ o ! ’

for compact intervals I C R. Therefore, the restriction of the measure p to compact inter-
vals I C R is absolutely continuos with respect to Lebesgue measure, which implies absolute
continuity of the measure p itself, concluding the proof. O

17.6 IMMEDIATE IMPLICATIONS
We note, that the fourth step of the proof has shown absolutely continuous spectrum also

for the self-adjoint realizations of T¢ on L?(]c, ool, C2;dr) with ¢ > 0.

COROLLARY 4 Lete >0,V € ¢(Z+1/2), andc > 0. The self-adjoint realizations A ., of
the differential expression t¢ in L?(]c,col, C2;dr) have the whole real line as absolutely
continuous spectrum, that s

0(Alw) = 0ac(Al,) = R
for all o € [0, 27[.

In Section 15, we have shown that the linear conical crossing Hamiltonian H¢ is unitarily
equivalent to the orthogonal sum of ordinary differential operators M5, v € ¢(Z +1/2). By
Lemma 7 in the Appendix of [Sch], we have

oac(HE) = U Oac (M)

vee(Z+1/2)

Thus, we have finally proven absolutely continuous spectrum also for the partial differential
operator H®.

THEOREM 10 For all ¢ >0, we have o(H®) = 0.c(He) =R.
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18 OPERATOR SPLITTING

We denote by A the semi-classical Laplacian —%A acting on D(A) = H?(R?,C?) and by B
multiplication with the linear potential

BivoViaw = (82 )y
qz —d

acting on D(B) = { € L*(R?,C?) | |q|p € L*(R?,C?)}. Since V(q) is a real symmetric
matrix, the domain D((H®)*) of the adjoint of the model Hamiltonian H® = —%A +V(q)
contains the set D(A)ND(B). Therefore, H® is also essentially self-adjoint on D(A)ND(B),
and the Trotter product formula, for example Theorem VIII.31 in [ReSil], gives

: 2 . i i M

exp(— L (- S5A+V(q)) =s— Jim (exp(—2 A) exp(—2% B))

uniformly on bounded time intervals | C R. That is, if we set Ay = ﬁ and

Til = eXP(*% A¢A)exp(— A¢B),

€

then ((Tgt)Mmpg)MeN converges to the solution 1¢(t) of the Schrédinger system (1) in
C(J,L?(R?,C?)) as the number of timesteps M — oo tends to infinity. To obtain a con-
vergence rate, however, we can no more allow for general initial data g € L?(R?,C?), but
have to assume additional regularity and decay properties of the initial data. The literature
on product formulae does not cover the case of semi-classically scaled operators and hence
does not discuss the dependence of the convergence rate on the semi-classical parameter «.
However, using an operator splitting as reference solver for the surface hopping algorithm,
whose validity has only been proven in the limit ¢ — 0, the explicit e-dependance of the
splitting’s convergence rate is important. Moreover, dealing with a potential, which has an

unbounded negative eigenvalue,

the available results on unbounded operator splitting do not apply either. The analy-
sis of T. Jahnke and C. Lubich in [JaLu00], for example, requires a bound of the form
[ V|| < const.||(—A)Zf||, which is not satisfied by our linear potential V, while the results of
T. Ichinose et al. [IT'TZ], for example, only apply to non-negative operators. Thus, in the
following we provide proofs of the convergence rate of Trotter and Strang splitting schemes
applied to the semi-classical Schrédinger equation (1). Following the standard approach,
these proofs morally treat the potential V as a perturbation of the semi-classical Lapla-
cian —%A and reformulate the problem as an integral equation. Bounding the integrand
employs Taylor expansions and commutator bounds. Since bounding of commutators is
repeatedly required in the subsequent proofs, we formally recall the standard argument to
obtain such bounds.

Let S and T be self-adjoint operators, U§(t) a shorthand for the semi-classically scaled one-
parameter group exp(f% tT). Formally, without any considerations of domain issues, we
have

t

S, US ()] = US (1) L & (US (—1) S US (1)) dr = L US (1) JO US (—0) [T, 5] U§ (1) e,
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and therefore the bound
1S, us (1] < & sup IS, TTUS ().
T€[0,t]

A less formal observation, also used in the following, is concerned with invariance under
time evolution. The unitary evolution associated with a self-adjoint operator leaves the
operator’s domain invariant, see Lemma VIIL.1.7 in [DuSc]. This invariance property also
holds for the domains of arbitrary powers of the operator.

LEMMA 21 Let S be a self-adjoint operator with domain D(S) and associated strongly
continuous one-parameter group U(t). Then, U(t) : D(S™) — D(S™) for allt € R and
n>1, where S* =SoS™! and D(S™) ={Pp e D(S" ") |S™ P € D(S)}.

Proor. We only prove the case n = 2, since the assertion for higher powers follows
then by induction. Let { € D(S?), that is ¥, S € D(S). By Lemma VIII.1.7 in [DuSc]
we have U(t)}p € D(S). Thus, it remains to show SU(t)Y € D(S), which is equiva-
lent to s — U(s)SU(t)}p being differentiable at s = 0. Since S commutes with U(-),
lims_, o 1§ (U(s) SU(t)p — SU(t)Y) exists, and we are done. O

18.1 TROTTER SPLITTING

The following proposition provides the expected convergence rate for the Trotter splitting
operator T4 , which is quadratic in the ratio of timestep A and semi-classical parameter ¢.

ProprosITION 10 (TROTTER SPLITTING) For all parameters ¢ > 0 and for all wave
functions P € H3 := {\p € H*(R?,C?) | |q]*p € L*(R?,C?)} there exists a positive con-
stant Cy, > 0, such that for all time steps Ay € R

< C§ A7

|exp(—t A=A+ VIO -T2 W |

L2(R2)

For { € H§ := { € H®(R?,C?) | [q]* P € L*(R?,C?)} we have

2
Cj, = comst. e Y [JA*B 22
k+1=0

ProoF. In the following, we denote
(A+B)p = HY, D(A+B) =D (He) .

Moreover, for notational simplicity we also use the symbol <. to indicate that the right
handside of an inequality has to be read modulo a multiplicative constant, which does
neither depend on the semi-classical parameter ¢ nor on the wave function .

First Step. We have H3 C D((A + B)?) = D,. We define V¢(1) = U§ (A — 1) Ui g (1)
By Lemma 21, U4, 5(7) leaves D, invariant, and thus T — V¢(1){ is differentiable with
respect to T for P € H‘z‘. We have

L Vve(r) = —1U§(A —1) AUS, (1) on Ds.
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Integrating from 0 to A¢, we get

Ay

Us,g(Ad) = Ug(Ay) — ,J U§ (A — 1) AUS, (1) dT.
0
On the other hand, we have on D(A)
Us(Ay) = Id— %J AU (t)dT.
0

Since B is multiplication by a linear matrix, U§(A¢) means multiplication by a bounded,
smooth function with bounded derivatives. Thus, U§(A¢) leaves D(A) invariant, and we

obtain
At

T = ug(Ad—@J AUS (1) U§ (A) dr.
0

This gives on H3

Ay
US. (A —TS, = gL RE(A¢,T)dT (67)
with

Re(o,Thp = A UL (T)Ug(o)p — Ug(o—1) A Uj g(T)d

for ¢y € ‘H3. Since U§(0) : H3 — 'H3, the first term of the difference defining R¢ (o, )}
is differentiable with respect to o and T. For differentiability of the second term, we show
A:D, — D(B). Let ¢ € D,. We have (A +B)? ¢, A%, B> $p € L?(R?,C?), and therefore
also (AB + BA)¢ € L?(R? C?). Moreover, AB + BA = [A,B] + 2BA = —£ V(—ieV) +
2BA on D,, and thus BA¢ € L?(R?, C?), which implies A¢ € D(B). Altogether, the
mapping (o, T) — R¥(0,T)( is continuously differentiable for 1 € 13, and Taylor expansion
around (0,0) gives a point (o,,T,) € [0,A¢]?, such that

RE(A‘L»T)IJ) = A aURa(O'*,T*)II) + TaTRE(O-*)T*)Ll) .

Moreover, for 1 € HJ there exists Cy, > 0 such that IRE(At, DYz < Cy, At, which gives
the claimed

[Ua g (Adb —TA W2 < Cy, Af .

Second Step. Analysing Cfp for ¥ € Hg, we study the derivatives of R¢(c, 7)Y in more
detail. Starting with 0,R®(0,, T, )\, we have to look at A Ug(o,)B1p and BA U, g (T.) .
We have

IBIA, Ug(a )W |2 < Fo. sup [[BV(—ieV)U§(o) |2,

a o€[0,0.]
since

BIA, Ug (o)1) = Bug(o*)jo*%(ug(—cmug(o)m do

= éBug(c*)L*ug(—o)[B,AJug(o)wda.
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We have for P € H$ that P € C*(R?,C?) and hp(q)| < |q|~3 for large q. Hence, by partial
integration

JRZ 1P V(= 1eV)(q) da

B JRZ (—ie V(a) V(—=ieV)b(q) + la* (—e?A)b(q)) - P(a) dg

IN

BW|Lz (JAW]|cz + [Wle2) + [l ez [Ad] 2

which implies V(—ieV) : Hg — D(B). Using [B, V(—ieV)] = — 2ie, we therefore obtain by
the same argument as before

[BX[V(=ieV), Ug (o)l |2 < 20[BXW2, ke{0,1}, o€l0,0.
forp € Hg. All these commutator bounds together yield
[ABUg(o)Wlr2 < 5|V(—ieV)Ug(o )|z + [[BA Ug (o)Wl 2

< a0 Wz + 5 IV(=ieV)Yp2
1% sup [|BV(—ieV) U§(0) [z + [BA]:

o€[0,0.]

IA
o

(Illee + AWz + B[z + [[B V(=ieV)b[|L2 + [BAD|L2)

2
<c ) IAMBYW:.
k+1=0
Now we turn to BA U4 g(T.) P for ¥ € HS. Writing
(A +B)> =A%+ B®+ (A +2B)[A,B] + 3(A + B)BA + [A,BIB + [B,AJA,
we see (A + B)BAY € L?(R?,C?) for \ € H$ and obtain

| BAUS gt )b || < 3t sup [[(V(—ieV)A +BV(—ieV)) Us 5 (thb |12 -

T€[0,7.]
Moreover,
| IV(—ieV)AUS, 5 (O || . < T sup [|AUS, 50002,
oel0,T]
A US g0 . < 5 sup [[V(—ieVIU5 g(s)P |2,
s€[0,0]
[[V(=ieV), Ux g(@ ||, < 2[Rl
and

| BV(=ieV), Us (O || 2 <c [(A+B)Y 2.

Putting all these pieces together, we obtain

IBAUR g(T) W]z <c
(1A%l + [ABW |2 + [BAW||L2 + [[A]|L2 + [[Bwllz + [[W]2) -
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Having dealt with the o-derivative, we now turn to 0.R®(0,,T,). Bounding this term
requires additional bounds for A2 Ug (0. )P and AUS g (T.)(A+B)Y for ¢ € HS. We have

|| [AZ,UE\+B(G*)]¢’|LZ < o, sup [|[V(—ieV)A UL, g(o)]2,

o€[0,0.]

and therefore

IA2UA g (o) Wil <c (A%l + Az + [W]c2) -

Moreover,
2

JAUS g(T)A+BI[z < Y [A¥B |2,
k+1=0
and therefore, [|35RE (0w, T W12, [|0-RE (0w, T )W |12 <c &7 Zi+l:0 |AXB 2. We
finally obtain

2
Cj = comst.e > ) [[A*B 2.
k+1=0

18.2 STRANG SPLITTING

Improving the convergence order of the Trotter splitting, a Strang splitting scheme is based
upon the symmetrized operator

4, = exp(— 3 B)expl~ 1A A)expl— £ 4B

This scheme, introduced by G. Strang [St] in 1968, does not alter the computational effort,
since it is realized by first applying exp(—14tB) to the initial data, followed by M — 1
times exp(—%A:E B) exp(—%At A), and then finally exp(—%%B) exp(—%AJE A). Due to the
symmetrization, there is an cancelation of the quadratic terms in A, and one obtains a
convergence rate, which is cubic in the ratio A;/e. However, the improved convergence rate

has to be paid by more regularity and decay of the data.

ProposITION 11 (STRANG SPLITTING) For all parameters ¢ > 0 and all wave functions
Y e HE == {P e H¥(R?,C?) | [q|* y € L*(R?,C?)} there exists a positive constant Cg, > 0
such that for all time steps Ay € R

|expi—tAc(=5 A+ VY-S5, |

< C& AR,
- o 1A

For € Hi% == {1\ € H'O(R?,C?) | [q]° € L*(R?,C?)} and |A¢| < const. e we have

4
Cy = comst.e > Y (JA¥B'A™P|r2(r2) + B A B™ |12 (p2)) -
k+1+m=0
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PrOOF. We use the notation introduced in the proof of Proposition 10. Let ¢ € H$.
Studying the norm of the difference Ua 5 (A¢)p — S3 1, one inserts UiHB(%)lI), denotes

¢ = U;+B(At)¢ )
and uses the unitarity of the groups, to obtain
Huiws(At)lb — SZJPHLZ =
H(UA (=5 UE (=500 = Uipp (= 5)) — (UA(GUE (50 — Uk (5 1) 2 -
Repeating the first arguments of Proposition’s 10 proof yields

Ay

IUsp (A — S5 ). = ¢! ||J0 R4 T)d)dT—L RE(4t,thbdr . (68)

with

Sl

Rf(o,T)f = AUx(T)Ug(o)f — Ug(o—T) A UL g(T)f, fe{d, V).

The function T — RS(:FAt T)f is twice continuously differentiable, since ¢, € Dy =
D((A+B)*) D Dj3. Second order Taylor expansion around T = $% in both integrals leaves
us in the zeroth order term with

||R€ _71)_7)d) + RE(%) %)IPHLZ S

S AUS g8 ) — AUR (=5 ) UG (—29)P|l 2 +
SN — AuA(At)uE (5|2

The two summands are operator A times differences of the form, which we have already

25 IAUR 5

encountered in equation (67). Expressing these differences in integral form, we obtain as
integrands continously differentiable functions

(o, T)»—>AZUf\(T)U%(G)f—AU%(G—T)AU;JFB(T)f. (69)

evaluated at 0 = F5* At with f € {¢, ). Therefore, first order Taylor expansion of these
functions around (0, 0) gives a constant CE > 0 such that

A |RE(—A8, —At) + RE(AL, B )2 < C5 AP,
Since
0cR (T4, FAF = — AZUL (T4 U (F40)f
CLBAUS, 5(FA)F + LA (A +B)US, 5(F40)f,

the first order term in the second order Taylor expansions inside the integrals of equation (68)
contributes

(45) A2 Ug (40 US (=48 )b — A2 UG (AU (A0 || . <
(85)7 A2 UG (— 41U (=B )b — A2 US 5 (—B0) ||

+<%>2|>A2ua+g(%>w—A2uB(%JuA<% ¥l -
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Recycling the preceding arguments once more, first order Taylor expansion around (0, 0)
now for the function

(0,7) = ASUS (1) U§(0)f — A2 U§ (0 —T) AUS 5 (1), fe{d, P} (70)
yields

(35" A% Uj (— 5 UA (- 406 — A U5 (SIUA (B0 . < Cj AL

The second order term in the second order Taylor expansion contributes
3
(55)7 [O3R* (=54 )b + 0ZR* (G-, T ||, < C 1A
with T4 € [-4¢, 4], which yields the claimed
Ui g (A —SA b2y < Cy, A3

Before starting to analye the dependance of Cy, on ¢ > 0 and ¥ € H;O, we give a look-up
table of the commutators already derived in the proof of Proposition 10. We will use the
shorthand V. := V(—ieV).

[A,B] | [B,V.] | [A,BA] | [B,BA] | [B,V.A]|I[A,BV.] | [BBV. | [A%B]
—i§V. | —2ie | —ieV.A | —ieBV. | —ieA | —ieA | —ieB [ —ieV.A

Firstly, we have to bound o-derivatives of the functions in (69) and in (70), which means
bounding

ATTEBUR (o)), A*T*BUR(0) Uy, (A, A'*BUR(o—1) AU (t)
for k€ {0,1}, o,T € [—%, %], t € {1,T+ A}, and P € HI°. We have

[AZFRBUS (o)W 2 <c
Bz + |ABW|2 + [|AZ B[z + [|[A* Bz + [AT* B2 + |AZT* B2,

HAZJrk BUg (o) Up g (Ac)Wllz <c [[BUx (A2

FIABUS 5 (AJW ]z + 1A BUS 5 (A) ]z + A>T FBUS 5 (A2
2
<o Y IARBUll + [AZ Bl + A3l + AP Byl
k+1=0

and
[ATTRBUS (0 — 1) AUS 5 (tW]| <c

AT US 5 (O] + [BAUS 5 (W] + [[ATT*BAUS 5 (tV] <.

2

> IARBY| + A BY| + [ABA Y| + A3 D] + AT BAY| + [|A*D] .
k+1=0
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Secondly, we have to bound the t-derivatives of the functions in (69) and (70), which requires
additional bounds on

AFRUS (o), APFRUS(0) U5 (A)p, AR UE(0—7) AU, 5(t) (A + Bl
for k €{0,1}, o,T € [—%, %], t € {1,T+ A}, and P € HI°. We have
AR UG (@l Ze [l + IA W] + A2 Wlce + A Blcx + AT P2
and

[ASTRUE (0) Un g (AWl < [[Wllez + AU 5 (ADW]2 + [|A% US 5 (AW 2

AP U g (AW + AR UL g (AWl
2

e ) IARBYll + AT Pz + AT
k+1=0

Moreover,
2+k )
IATTF UG (0 —T) AUS 5 (1) (A+ B2 < Y A US,5(t) (A+B]2
j=1
2
<c ) IARBY[2 4+ A3 Plliz + [|AZ B[z + AT P2 + [|AT B
k+1=0

Finally, we need bounds for 92R¢, which requires bounding
BZAUS  g(th, BAUS g()(A+BNp, AUL,(t)(A+B)*

for 0,1 € [-5, 5], t € {1, T+ A}, and P € H1°. We have

2
IB2AUS 5 (0%l <c Y [A*B Wiz + [ABAG] 2 + [B2 A2,
k+1=0

2

IBAUR () (A+BMllz <c > [IA*B llez + A |r2
k+1=0

+ABAY| 2 + [BAB[l2 + |A* B2 + [BA* P2 + [AB ]2,
and

IAUS 5 (DA +B) W2 <c
2
D IARBU Dl + [AZ Pllz + [AB A2 + [BA% P2 + B2 A
k+1=0

Thus, altogether we obtain

4
Cy =comst.e > Y  (JA¥B'A™ 2 + [BEA'B™ ] 12) .
k+14+m=0
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19 FOURIER DIFFERENCING

Since V(q) is a trace-free symmetric matrix, its even powers are a multiple of the identity
matrix. Hence, the application of exp(—%AtB) is just multiplication with

cos(¢ Adlgl) 1d — 7 sin({ Adlal) V(a),

and it only remains to control the numerical error introduced by the realization of the semi-
classical Laplacian. For this realization, we restrict ourselves to a compact computational
domain [—K, K]? and regard the wave functions as 2K-periodic in q;- and q,-direction. We
denote

C‘per([_Kv K]Z) = {ll) € C([_K) K]z) | lp(_K» ) = II)(K) ) ] 1])(, _K) = 1|)(, K)}
and define for P € Cper([—K,K]?) and N € N the trigonometric interpolant
Unla) = Y Gpexp(ifp-a),  aelKKE.
[lPlloo <N

The double-primed sum weighs summands having an index p = (p1,p2) € Z?, such that

exactly one component p; statisfies p; € {£N}, with a factor 15 and the summands having

an index p with both pq,p2 € {N} with a factor %. We require PN to interpolate 1 for

the (2N + 1)? equally spaced points q, = %n with n € Z? and ||n|s = max; 0| < N,

which is satisfied by choosing the interpolation coefficients as

o~ "
Pp = 2N)2 Y " d(§n)exp(—ifp-n), peZ? [pleo <N.

Imfloo <N

In contrast to the interpolation coefficients $p, we denote the Fourier coefficients of a
function VP € L?([—K, K]?) by P(p) with

u?(p)—(zmzj[ L bae ETde, p ezt

Approximating the Laplacian —e?A1 by

—2Adn(a) = (57 Y Py expliZp-a), g€ lKKP2,

lplloo <N

we obtain the following lemma.

LEMMA 22 (FOURIER DIFFERENCING) Let s > 2. There ezists a positive constant C =
C(s) > 0 such that for all P € H¥(] — K, K[2) N Cper([—K, K]?)

| e2AY — 2AUn]2(_kk2) < CENPZSKET ]l hes 0 kki2)

with |[||? crokKe) = Lpez (T elp)?s [P(p)?* the semi-classically scaled Sobolev
norm.
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The following proof is a semi-classical, two-dimensional version of Lemma 2.2 in [Ta], which
can be regarded as a corollary of Bernstein’s theorem. The imposed regularity of { guar-
antees, that the standard one-dimensional arguments apply with minor modifications.

Proor. By the Sobolev imbedding theorem, the function 1 is Lipschitz continuous of
any order A €]0,1[. Choosing A > %, Bernstein’s theorem, see for example Theorem 3.1 in
Chapter VI of [Zy], provides absolute convergence of the one-dimensional Fourier series

[e¢] [o¢]

K K
2 J blyy,az)e P dy kP, J Plxi,y2) e TR P2V2dy, el kP2 92
n K

P1=—00 K p2=—00 "

for every q1,q2 € [—K,K], and therefore by the dominated convergence theorem pointwise
convergence of the two-dimensional Fourier series

> b Ere qel-K K2

pEZ?

We get for p € Z? with ||p|lec < N the so-called aliasing identity

U, = (2N) ZZ > P explin-(1-p)Z) = Y B(p+2NY (71)

[Infloo <N 1€7Z2 lez?
Therefore,
"o~ ~ - "o~ —
bla)—nla) = Y (Dp)—bp)e kP4 Y " P(p)elkra
Iplloo <N Iplloo >N
= —Z Zlbp—l—ZNlerq—i—Z V(p)et®Pa
Iplloo <N 1£(0,0) Iplloo >N

and by Plancherel’s formula

| A — 2 Ay ”%Z(FK,K}Z) =
" "
(2K 3 e (E) ﬂ Z 2N [+ Y ) )
IPlloo <N #(0,0 IPlloo >N
Clearly, we have for ||pllec <N
~ 2 ~
> be+2NU[ = Y (e +2NUE Hip+2NP

1#£(0,0) 1#(0,0)
D (Tep+2N1)*

1#£(0,0)
< const. Z (1+elp+2N1)2 [P(p + 2N 112
1#£(0,0)
- (eN) 72 Z(2|1|—1)_ZS

lez?
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and thus a positive constant C = C(s) > 0

a2 Y @t Y dmeany[ <

IPlloo <N 1#£(0,0)

CK2 £N4ZSZ S O4elp+2NU» [pp+2NVP? <
IPlloo <N 1#£(0,0)

CK 2 (eN)*2%s ||11’||Hs~s(}4<,1<[2) :

"

Using

1 o~
> KT PP mIP < (KN W ki)
lPllco >N

we obtain the claimed

| e2A — e2APN2(—kk2) < CENZT K [lhens gk kp2) -

20 THE REFERENCE SOLVER

Our reference solver for the preliminary validation of the surface hopping algorithm is a
Strang splitting scheme with Fourier differencing Laplacian. The wave function is treated
as periodic on the computational domain [—K,K]?. From Proposition 11 we infer that
the time step A should be significantly smaller than the semi-classical parameter ¢, since
the cube (A¢/e)? of their ratio dominates the convergence rate. For smooth functions, the
discretization error for Fourier differencing obtained in Lemma 22 is superpolynomial in N/¢,
where (2N + 1)? is the number of grid points employed. Hence, N should be considerably
larger than 1/¢. Drawing from the standard knowledge on the numerical discretization of
partial differential equations we have also looked to satisfy the Courant-Friedrichs-Lewy
condition Ay <« 1/N. Summarizing, we have carried out the numerical computations such
that time step A and mesh size 1/N satisfy

Ay < F < e
The by far more sophisticated approach of T. Jahnke and C. Lubich for the numerical
discretization of the ordinary differential equation ie%w(t) = H(t)P(t), P(0) = Po € C?,
comes with a step size restriction Ay < /e, see [JaLu03]. The algorithm realizing the Strang
splitting scheme with Fourier differencing reads as follows.
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REFERENCE SOLVER

. Bvaluate the initial datum \§ € L?(R?,C?) on an equally spaced Cartesian grid
of (2N + 1)? points discretizing the computational domain [—K, K]2.

. Fix the time interval [0, T] and set the timestep A; = % Perform the first half

splitting step by multiplying the initial wave function with

E(54) = cos({ 5+ lal)1d — &7 sin({ 5 lal) V(q).

. Apply a two-dimensional fast Fourier transform (FFT), multiply by the matrix
fk,l = exp(—ie A¢ (fx +11)), k,1=1,...,2N+1

with
fr = _(%)2 (0>1)4»~-~)(N_1)2)N2vN2)(N_1)2)“')4»])3
apply an inverse FFT, and multiply by E(A¢).

. Repeat the previous step M — 1 times, for the last step, however, replace E(A;)
by E(A./2) when applying the exponential of the potential.

Figure 10: Strang splitting scheme with Fourier differencing.
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non-subordinacy, 109

nucleonic time scale, 18

order function, 42

periodic wave function, 131
phase space support, 32
Poisson bracket, 44
positive distribution, 37
principal symbol, 42
pyrazine, 23

Radon measure, 37

regularizing operator, 36, 84
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