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Zusammenfassung

Empirische Volatilitat ist nicht konstant in der Zeit und weist Tails auf, die schwerer
sind als normalverteilt. Des Weiteren sieht man oft Spriinge und Clusterverhalten.
In dieser Arbeit wird das Extremwertverhalten verschiedener Volatilitdtsmodelle un-
tersucht: Subexponentielle Lévy getriebene MA Prozesse im Anziehungsbereich der
Gumbel-Verteilung, regular variierende gemischte MA Prozesse, Ornstein-Uhlenbeck
Prozesse mit exponentiellem Tail und COGARCH Prozesse.

Der Schwerpunkt dieser Arbeit liegt in der Untersuchung von subexponen-
tiellen Lévy getriebenen MA Prozessen Y (t) = [~ f(t — s) dL(s) fiir t € R, wobei
f eine deterministische Funktion und L ein Lévy Prozess ist. In Kapitel 1 beschafti-
gen wir uns mit dem extremalen Verhalten im Maximum-Anziehungsbereich der
Gumbel-Verteilung und in Kapitel |2 im Anziehungsbereich der Fréchet-Verteilung.
Das Verhalten in den beiden Anziehungsbereichen ist sehr unterschiedlich. Fiir beide
Klassen werden hinreichende Bedingungen an die Kernfunktion f gegeben, so dass
eine stationédre Version des MA Prozesses Y existiert. Wir berechnen das Tailverhal-
ten der stationdren Verteilung. Es stellt sich heraus, dass die stationire Verteilung
auch wieder subexponentiell ist und sogar im gleichen Anziehungsbereich wie der
treibende Lévy Prozess L liegt. Somit modellieren sie schwere Tails und Volatil-
itdtsspriinge. Die Analyse des extremalen Verhaltens basiert auf einem zeit-diskreten
Gitter, das bei den Sprungzeitpunkten des Lévy Prozesses L und den Extrema der
Kernfunktion f geeignet gewéhlt wird. Nachdem die diskrete Folge mit Marken
versehen worden ist, wird das Grenzwertverhalten des daraus entstehenden Punkt-
prozesses berechnet. Dieser liefert vollstiandige Information iiber das extremale Ver-
halten. Unter Anderem ergibt sich daraus die Konvergenz der normalisierten, wach-
senden Maxima. Beide Modelle weisen Volatilitdatscluster auf. Regulér variierende
MA Prozesse verweilen lange {iber einer hohen Schwelle, im Gegensatz dazu haben
MA Prozesse im Anziehungsbereich der Gumbel-Verteilung nur in einzelnen Punk-
ten Exzesse.

Desweiteren betrachten wir in Kapitel 3 das Extremwertverhalten von Ornstein-
Uhlenbeck Prozessen mit exponentiell fallendem Tail. Es ist dhnlich zum subex-
ponentiellem MA Prozess im Anziehungsbereich der Gumbel-Verteilung. Sie haben
schwere Tails aber keine Volatilitatscluster. Als letzte Klasse an Volatilitdtsmodellen
wird der COGARCH Prozess untersucht. Getrieben von einen compound Poisson
Prozess weist er auch regulér variierende Tails, Volatilitdtsspriinge und Cluster in

den Extrema auf.






Abstract

Empirical volatility changes in time and exhibits tails, which are heavier than those
of normal distributions. Moreover, empirical volatility has - sometimes quite sub-
stantial - upwards jumps and clusters on high levels. We investigate classical and
non-classical stochastic volatility models with respect to their extreme behavior:
subexponential Lévy driven MA processes in the maximum domain of attraction of
the Gumbel distribution, regularly varying mixed MA processes, Ornstein-Uhlenbeck
processes with exponentially decreasing tails and COGARCH processes.

The basic volatility models of this thesis are subexponential Lévy driven MA
processes Y (t) = [*_ f(t—s) dL(s) for t € R where f is a deterministic function and
L is a Lévy process. In Chapter 1 we study the extremal behavior of subexponential
MA processes in the maximum domain of attraction of the Gumbel distribution and
in Chapter 2/ of the Fréchet distribution. The behavior is quite different in these
different regimes. For both classes we give sufficient conditions for the kernel func-
tion f, such that a stationary version of the MA process Y exists, which preserves the
infinitely divisibility of L. We calculate the tail behavior of the stationary distribu-
tion, which is again subexponential and in the same maximum domain of attraction
as the driving Lévy process L. Hence they capture heavy tails and volatility jumps.
Our investigation on the extremal behavior of Y is based on a discrete-time skeleton
of Y chosen to incorporate those times, where large jumps of the Lévy process L and
extremes of the kernel function f occur. Adding marks to this discrete-time skeleton,
we obtain, by the weak limit of marked point processes, complete information about
the extremal behavior. A complementary result guarantees the convergence of run-
ning maxima. Both models have volatility clusters. Regularly varying MA processes
have long high level excursion in contrast to subexponential MA processes in the
maximum domain of attraction of the Gumbel distribution, where they collapse into
single points.

Furthermore, in Chapter |3 we investigate the extremal behavior of Ornstein-
Uhlenbeck processes with exponential tails. This is similar to subexponential
Ornstein-Uhlenbeck processes in the maximum domain of attraction of the Gumbel
distribution. They are heavy tailed, but do not exhibit volatility clusters. As the last
class of continuous-time volatility models, we study a continuous-time GARCH(1,1)
model. Driven by a compound Poisson process it exhibits regularly varying tails,

volatility upwards jumps and clusters on high levels.
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Introduction

Extreme value theory

Extreme value theory is a statistical discipline that develops techniques and models
for describing rare events of extremes. The subject has a rich mathematical theory
and also a long tradition of applications in a variety of areas. The interest in this the-
ory has increased continuously during the last decades, partly due to the fact that
catastrophic events are often followed by large pecuniary claims. Hence, extreme
value models and techniques are widely applied for designing protection systems
against the effects of extreme events in such diverse fields as financial risk manage-
ment, insurance mathematics, engineering sciences, environmental engineering and
environmental statistics. Many applications of extreme value theory are described

in the monograph of Gumbel [73].

Classical extreme value theory is the asymptotic theory for maxima
M(n) = max{Yy,...,Y,}

of independent identically distributed (i.i.d.) random variables {Y}}xeny with dis-
tribution function F'. The central limit theory obtains an asymptotic normal distri-
bution for the sum of many i.i.d. random variables with finite variance, whatever
their common original distribution function is. The distribution function has not
to be known precisely to apply the asymptotic theory. A similar situation exists in
extreme value theory. The extremal types theorem, discovered by Fisher and Tip-
pett [66], and discussed afterwards by Gnedenko [67], exhibits possible limit forms
of the distribution of M (n) under linear normalization. This means that, provided
a, > 0 and b, € R are sequences such that

lim P(a,'(M(n) —b,) <) = lim F"(a,x+b,) =G(z), xR, (0.0.1)

n—oo n—oo

1



2 Introduction

for some non-degenerate distribution G (we say F' is in the mazimum domain of
attraction of G and write F© € MDA(G)), then there are constants a > 0, b € R

such that z — G(az + b) is one of the following three extreme value distributions:

0 <0
o Fréchet: @,(x) = ’ =0 for a0
exp (—x~?), x>0,
e Gumbel: A(z) =exp(—e™), z€R.
— (=) <
o Weibull: q/a(x) _ { eXP( ( .CU) ) , TS 07 for o > 0.

1, x>0,

Of great importance for the development of extreme value theory was the work of de
Haan [56], who applied rigorously methods from regular variation as the appropriate
analytic tool. In this framework the class of regularly varying distributions R_, is
famous, where F' € R_, satisfies lim,_, F(tz)/F(t) = 2= for every x > 0 and
some a € R, where F(r) = 1 — F(z). The question arises now for criteria on a
distribution tail to belong to a maximum domain of attraction and to characterize
the norming constants a,, b,. This is based on the intuition that the far out tail of
F' determines completely the maximum domain of attraction of F. In the maximum
domain of attraction of the Fréchet distribution are only distributions with regularly
varying tails; examples are the stable, Cauchy, Pareto and Burr distribution. All
essential results of regularly varying functions can be found in Bingham et al. [29].
Distributions in MDA (A) have lighter tails than regularly varying distributions and
distributions in MDA(WV,,) have bounded support to the right. For details we refer
to the excellent monographs about extreme value theory of Embrechts et al. [60],
Leadbetter et al. [95] and Resnick [125].

Extreme value theory is not only concerned with maximum domain of attractions
and the calculation of normalizing constants a,, b,, but also with the more sophisti-
cated behavior of exceedances. An exceedance of Y}, at level u,, means that Y}, > w,,.
Instead of considering the times at which high-threshold exceedances occur and the
excess values over the threshold as two separate processes, they are combined into
one point process. Since exceedances occur randomly in time, a point process counts
the number of events, where k/n € [s,t) and Y > u, = a,x + b, for any 0 < s < ¢,
x € R. The time is normalized, since u, is increasing and so the number of ex-

ceedances in a fixed time interval is decreasing. A sequence of such point processes
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converges weakly to a Poisson random measure. Hence we obtain additional infor-
mation, for example, about the location of maxima, the behavior of upper order
statistics, joint convergence of maxima and minima and records. Point processes of
exceedances are essential to understand the structure of the extremal behavior of
any sequence of random variables. The theory of point processes has been treated
in detail in Kallenberg [80] and Resnick [125].

The results of extreme value theory for i.i.d. sequences as extremal types theorem
and convergence of point processes were generalized for stationary sequences un-
der weak dependence restrictions, well-known as D(u,) and D’(u,) conditions by
Watson [143], Berman [23], Loynes [101], Leadbetter [93] and others. The D(u,,) con-
dition describes the degree of independence of maxima on separated intervals, the
D'(u,) condition avoids clusters in extremes. The qualitative behavior of extremes

of the stationary sequence and the associated i.i.d. sequence are the same.

In this thesis we concentrate on the extremes of continuous-time processes. The
pioneering work started for Gaussian processes with Rice [127,128,129]. The present
view of extremal behavior for continuous-time processes began with Cramér [48,49|
and Pickands [119,118]. A wealth of other papers followed, which complemented
the results of Cramér and Pickands. A general theory on the extremal behavior of
stationary continuous-time processes {Y () }+cr, which have almost surely continuous
sample paths and continuous one-dimensional distribution is given in the seminal
monograph of Leadbetter et al. [95], see also Leadbetter and Rootzén [96], and
further references therein. Their approach is via a discrete-time skeleton, so that
results of stationary sequences can be applied. To this end for a fixed A > 0 the

sequence of submaxima

My,= sup Y(t) forkeN (0.0.2)

(k—1)h<t<kh
is defined. If the D(u,) and D'(u,) conditions are valid for the discrete-time se-
quence { My }ren, then the extremal behavior of the continuous-time process can be
described by this. Among other results an extremal types theorem holds. However,
it is clearly the tail of the distribution of M; rather than Y (1), which determines the
limiting type. The conditions D(u,) and D’(u,) are reformulated onto conditions

on the continuous-time process Y, known as C(u,) and C’(u,) condition.

The best understood continuous-time processes are Gaussian processes. For sta-

tionary normal sequences and processes the D, D' and C', C’ conditions reduce to
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conditions on the covariance function, known as Berman’s condition, since the dis-
tribution of Gaussian processes are completely described by their mean value and
covariance function. The early monographs on extreme value theory of Leadbetter
et al. [95] and Berman [26] contain all basic results on this topic, and it is this
source from which all specific results are derived. Berman has an alternative ap-
proach as the C, C’ condition by considering excursions of upcrossings above high
levels; such events are called sojourns. The extreme behavior of stationary diffusions
driven by Brownian motion has been investigated by Newell [114], Berman [24,26],
Mandl [105], Davis [51] and Borkovec and Kliippelberg [32]. Such models, though
driven by Brownian motion can fall outside the family of Gaussian processes. They
have played an important role in physics, but also as financial models. Typical appli-
cations are term structure models such as the Vasicek model, the Cox-Ingersoll-Ross

model and the generalized hyperbolic diffusion.

A substantial contribution to the extremal behavior of continuous-time processes
came from Albin [2,3]. He developed a theory, which is independent of the maximum
domain of attraction. These results he used for describing the extremal behavior of
totally skewed stable processes [4,5,6], differentiable processes 7] and Ornstein-
Uhlenbeck processes [1].

Stochastic volatility models

Continuous-time models play a crucial role in modern finance. They provide the
basis of option pricing, asset allocation and term structure theory. The underlying
process of asset prices, exchange rates, indices, or interest rates is often irregularly
spaced, in particular, in the context of high frequently data. Consequently, one of-
ten works with continuous-time models. Moreover, such data have often leptokurtic
marginal distributions; i.e. their histograms show a very pronounced peak around
zero and are heavy tailed. Further stylized features exhibited by financial data are
volatility clusters on high levels, large fluctuations and long-range dependence. The
meaning of heavy tailed is that the marginal distribution is heavier tailed than a
normal distribution. Evidence of heavy tails in financial asset returns distributions
are plentiful since the seminal work of Mandelbrot [104] on cotton prices. Clustering
in the data causes periods of high and low activity which imply periods of high and

low volatility. Hence, volatility processes are typical examples with these stylized



Introduction )

features. Such observations resulted in an enormous effort to develop empirically
reasonable models, which can be integrated in financial theory. For an introduc-
tion and overview of stochastic volatility models we refer to Barndorff-Nielsen and
Shephard [17] and Shephard [139].

A natural class of heavy tailed distributions is given by the class of subexponential

distributions denoted by S§. A random variable Y is subexponential, if
PYi+...+Y,>z) ~Pmax{Y,...,Y,} >x) forx — oo,

where {Y), } en is an i. 1. d. sequence with the same distribution as Y. This clearly in-
dicates the strong influence of the largest value on the total sum. A few large values
are likely to determine the long term behavior of the system. The name arises from
their property, that the tail of Y decreases slower than any exponential function
and hence no exponential moment exists. The class of subexponential distributions
includes regularly varying distributions, the semi-heavy tailed Weibull distribution
with shape parameter less than one and the log-normal distribution. Subexponential
distributions have gained popularity in various contexts of applied probability such
as telecommunication models, branching theory, queueing models, insurance math-
ematics and financial risk management. Subexponential distributions can belong to
two different maximum domain of attractions. All regularly varying distributions
are subexponential and belong to MDA(®,). Other subexponential distributions
like the lognormal and semi-heavy tailed Weibull distribution belong to MDA(A)
and have rapidly varying tails, i.e. lim, o, F(tx)/F(t) = 0 for every x > 1 and the
limit is oo for 0 < x < 1. Distributions in MDA(¥,) have bounded support to the
right and hence can not be subexponential. A survey of the class of subexponen-
tial distributions is provided by Goldie and Kliippelberg [70], see also Embrechts et
al. [60].

Certain time series models are very popular in financial econometrics, where they are
designed to capture some of the distinctive features mentioned above. An approach
is to derive from discrete-time models continuous-time models that arise naturally
and intuitively to reflect the stylized facts of financial processes. Classical time series

theory is mostly concerned with MA (moving average) processes

Yo=Y cZyy forneN, (0.0.3)

k=—00
where {Zi}rez is an i.i.d. sequence, {cg}rez is a sequence of constants, and the

infinite sum is assumed to converge with probability one. This class includes ARMA
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processes used most frequently in applications in engineering, physics, chemistry
and metrology; see Brockwell and Davis [38]. The right tail and the extremal be-
havior of a stationary MA process depend on the weights, the right and the left
tail of the marginal distribution function of the noise variables. MA processes with
subexponential noise variables Z exhibit heavy tails as well as clusters in extremes
depending on the properties of the filter. The maximum domain of attraction of the
subexponential noise variables Z plays a crucial role for the extremal behavior of
Y. The quantitative behavior of extremes of MA processes in different maximum
domain of attractions is similar, but the qualitative behavior is completely different.
They are very well studied in Davis and Resnick [54,55] and Rootzén [130]. As a
result of clusters classical extreme value theory, as mentioned in the introduction, is

not applicable.

The aim of this thesis is to provide and investigate a wide class of continuous-time
models which reflects the extremal properties of empirical volatilities, namely heavy
tails and high level volatility clustering. We are concerned with a continuous-time
version of the MA process as given in (0.0.3) with respect to its extremal behavior.
The continuous-time analogue to an i.i.d. sequence in discrete-time is constituted
by the increments of a Lévy process L = {L(t)}4cr, because of its independent and
stationary increments. Moreover, we assume that L(0) = 0 and that L is cadlag.
Then similarly to the definition of the discrete-time MA process (0.0.3) we define

the continuous-time MA process {Y (¢) };cr as
Y(t) = / f(t—s)dL(s) forteR, (0.0.4)

where the kernel function f : R — R is measurable. A typical example is the
Ornstein-Uhlenbeck process with f(t) = e 1j9.o)(t) for some A > 0, propagated
as stochastic volatility model by Barndoff-Nielsen and Shephard [15], and CARMA
processes studied by Brockwell [35,36]. The class of continuous-time MA processes
is very flexible to design models to fit marginal features of the distribution of data
as well as to deal separately with the observed dependence structure in data. Under
certain conditions on the kernel function f the resulting process (0.0.4) can even
exhibit long range dependence, another stylized fact often observed in empirical
volatilities. Furthermore, MA processes can capture volatility jumps. The sample
path behavior of the continuous-time MA process depends on both, the driving Lévy
process L and the kernel function f. As a result of the simple structure of stable

distributions, properties of stable MA processes are very well known; we refer to the
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excellent monograph of Samorodnitsky and Taqqu [137]. The extremal behavior of
stable MA processes had already been investigated in 1978 by Rootzén [130].

In this thesis, we are concerned with the whole class of subexponential Lévy driven
MA processes, this means MA processes driven by a Lévy process, whose increment
distribution is subexponential. There have been many open questions concerning this
class: starting with the existence of a stationary version of Y we proceed to extreme
value problems as the tail behavior of the marginal distribution, tail behavior of
functionals of Y, extremal behavior of local maxima, sample path behavior in the
neighborhood of local maxima, running maxima and clustering of extremes. The
sample path behavior of subexponential Lévy driven MA processes is similar to
subexponential discrete-time MA processes: they are heavy tailed and have clusters
in extremes, such that they constitute an ideal class for modelling high frequency

financial data.

Necessary and sufficient conditions for the existence of Lévy driven MA processes are
already given in Rajput and Rosinski [121], Theorem 2.7. They depend on both the
generating triplet of the Lévy process L and the properties of the kernel function f.
In our framework we calculate necessary conditions for a subexponential Lévy driven
MA process depending only on the kernel function f. In the case of regularly MA

processes they are nearly necessary.

Increments of Lévy processes are infinitely divisible, hence we are concerned with
infinitely divisible subexponential distributions. An important characterization of
infinitely divisible subexponential distributions is the tail equivalence of probability
measure and Lévy measure. For calculating the tail behavior of the stationary dis-
tribution of the MA process we use this property. As intended they are also heavy
tailed even subexponential and in the same maximum domain of attraction as the
driving Lévy process. Hence, they are possible candidates for modelling volatility
processes. A basic difference in the two regimes MDA(®,) and MDA(A) is that
regularly varying MA processes are tail equivalent to the increments of the Lévy
process; but the tails of subexponential Lévy driven MA processes in MDA(A) is

considerably lighter than the tails of the increments of the driving Lévy process.

Our investigation on the extremal behavior is based on a discrete-time skeleton of
Y chosen to incorporate those times, where large jumps of the Lévy process and
extremes of the kernel function simultaneously occur. In the following we give an

intuitive explanation of this approach. For the sake of argument we restrict our
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attention to a subexponential MA process, where the Lévy process is positive and
has countably many jumps. We denote the jump times by {I'; }ren and assume that
f has a unique maximum in 7 with value f(n) = f. As a result of the heavy
tails, the Lévy process has jumps, which are larger than the typical ones. Hence Y
achieves an extreme value nearly the largest jump of L multiplied with the largest
value of f, which is f*. This value is by (0.0.4) achieved in Y (T'y,+n) for some k € N.
Motivated by this idea, which we will make mathematically precise also for general
subexponential Lévy driven MA processes, the study of the extremal behavior of
the continuous-time process Y is reduced to study the extremal behavior of the
discrete-time skeleton {Y'(T'y + 1) }xen. This sequence has similar extremal behavior
as a discrete-time MA process, such that we can use analog techniques as there. The
extremal behavior of these sequence {Y (I'y + ) }ren is described by point processes
of high level exceedances of Y (I'y + 7). An interpretation of the limit process allows
to provide an interpretation of the extreme behavior of the process. Our results are

derived under a weak condition ensuring a Poisson type limit.

All these considerations concern in a first step the discrete-time skeleton only and
ignore the fact that we deal with continuous-time processes. We furthermore intro-
duce marks as the proper concept to derive the limiting behavior of the excursions
of Y above high levels. In order to retain information about Y near I'y + n we at-
tach to each Y (I'y + 1) a mark, namely {Y (I'y + ¢;)}iz1,.q for t1,...,t4 € R and
sup,c; Y (s), where I} is a surrounding interval of Iy +7, such that the marked point
process describes the sample path behavior near its extremes. Interesting questions,
we investigate, concern the length of the excursion and the rate of “decrease” after
'y + n. Hence, we obtain perfect information about the extremal behavior of the

continuous-time process.

The limit process of the marked point process turns out to be different in differ-
ent regimes. As a measure for clusters in extremes we use the extremal index of
the discrete-time sequence { My }ren as given in (0.0.2). For regularly varying Lévy
driven MA processes the extremal index is always less than one, which indicates
clusters in extremes. In contrast to this clusters of subexponential Lévy driven MA
processes in MDA (A) only occur, if the kernel function f has more than one local
supremum or infimum, respectively. Hence from this point of view, subexponential
Ornstein-Uhlenbeck processes in MDA (A) are not appropriate for modelling volatil-
ity clusters. Furthermore, a very important qualitative difference of the extremal

behavior in these both regimes is that regularly varying MA processes have long
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high level excursions in contrast to MA processes in S N MDA(A), where they col-
lapse into single points. These points are also determined by the extremes of the
kernel function f. Both cases have in common that extremes are caused by large
jumps of the Lévy process and extremes of the kernel function. Thus, the normaliz-
ing constants of the running maxima as given in (0.0.1) are calculated by the right
and left tails of L(1) in combinations with the values of the supremum and the

infimum of the kernel function f.

In the case of Lévy processes with L(1) € R_,, the class of processes we are studying
is much larger than . There we replace L by an infinitely divisible, indepen-
dently scattered random measure, which is a generalization of a Lévy process. Thus
we obtain a larger class of continuous-time models, which is more flexible for mod-
elling long memory in the data. In this case (0.0.4) are mixed MA processes and
include in particularly Lévy driven MA processes. An interesting example is the

superposition of Ornstein-Uhlenbeck processes, also applied as stochastic volatility
model by Barndorff-Nielsen and Shephard [14].

In addition, we study the extremal behavior of Ornstein-Uhlenbeck processes with
exponential tails, namely the I'-Ornstein-Uhlenbeck process and Ornstein-Uhlenbeck
processes driven by a convolution-equivalent Lévy process (Definition A.1.3). Convo-
lution-equivalent distribution functions are generalizations of subexponential distri-
bution functions, hence they share the important property of tail-equivalence of the
probability measure and the Lévy measure. Moreover, they all belong to MDA(A).
An important example in finance are the class of generalized inverse Gaussian dis-
tributions; the normal inverse Gaussian model has been prominent, see Barndorff-
Nielsen [12]. In this thesis we include the I'-Ornstein-Uhlenbeck process for its im-
portance in the context of variance gamma models; see Madan and Seneta [103].
We will also compute the tail behavior of the stationary version of the Ornstein-
Uhlenbeck process, the point process behavior of local maxima, the normalizing
constants of running maxima and the extremal index function. The results are ana-
log to subexponential Ornstein-Uhlenbeck-processes in MDA(A): they exhibit heavy

tails, but can not model volatility clusters.

A completely different approach to obtain continuous-time volatility models starts
with a GARCH model and derives from this discrete-time model a continuous-time
model. GARCH models and their extensions have been in the limelight as appropri-

ate models to capture certain empirical facts of volatility processes; see Engle |61] for



10 Introduction

an overview on GARCH modelling and Mikosch and Starica [113] for their extremal
behavior. We use the approach of Kliippelberg, Lindner and Maller [87], who started
with a discrete-time GARCH(1,1) model and replaced the noise variables by a Lévy
process with jumps AL, = L; — L,_, t > 0. The left continuous volatility process is
defined by

dY (t+) = pBdt +Y(t)eX) d(e=XW)
where 5 > 0. The auxiliary cadlag process X is defined by

X(t) =tlogn — Z log(1 + An(AL(s))?),

0<s<t

for n > 1 and A > 0. It is an essential feature of this model that the price process
S(t) is given by dS(t) = \/Y(t) dL(t). This continuous-time GARCH(1,1) model is
called a COGARCH(1,1) model. COGARCH processes have the important feature
to model upward jumps as well as to have a heavy tailed stationary distribution.
Similar to the Lévy driven MA process, we choose a discrete-time skeleton of the
process by the jump times of a compound Poisson process L for modelling the ex-
tremal behavior. Applications of classical results on extreme value theory of random

recurrence equations by de Haan et al. [57] yield that they have clusters of extremes.

An excellent review article on volatility modelling of the COGARCH process against
the Ornstein-Uhlenbeck process is Kliippelberg et al. [88].

A general guideline

This thesis is divided into three chapters, which are based on the papers [63,62,64].
Chapter 1/ deals with the extremal behavior of subexponential Lévy driven MA
processes in MDA (A) and Chapter 2 is devoted to subexponential Lévy driven mixed
MA processes in MDA(®,,), which contains as special class the Lévy driven MA
processes. Finally, Chapter 3 is concerned with financial applications: we investigate
classical and non-classical volatility models: generalized Cox-Ingersoll-Ross models,
subexponential Ornstein-Uhlenbeck processes, Ornstein-Uhlenbeck processes with
exponential tails and COGARCH processes. Here we draw heavily from the more
technical results in Chapter 1 and Chapter 2, complementing known results on the

more traditional generalized Cox-Ingersoll-Ross models with new results.
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For the technical results, in particular, of Chapter 1 and Chapter 2, an extensive
notation was necessary. Consequently, it was not possible to use a consistent notation
in the thesis. In order to avoid misunderstandings, the notation is explained in detail
in each chapter. Moreover, each chapter starts with a detailed introduction including

a guideline.

In the following we present a guideline to the thesis, summarized from the introduc-

tion to each chapter.

Chapter [1. We present in Section 1.1 the necessary definitions and basic results
of Lévy driven MA processes Y in S N MDA(A). Hence, Section [1.1.1/is devoted to
subexponential distributions on the real line and the properties we need. A section on
stationarity of MA processes in S NMMDA(A) follows. Section[1.1.3]is devoted to the
most important examples of MA processes. A prominent example is a process driven
by a compound Poisson process, which is also called Poisson shot noise process in the
literature. Throughout this chapter and Chapter 2 Poisson shot noise processes form
the basic structure of our results and proofs. A short summary on simple notions of

extreme value theory concludes Section 1.1.

In Section 1.2 we derive general results for weak convergence of point processes
(in Section |1.2.1), marks (in Section 1.2.2) and for marked point processes (in Sec-
tion1.2.3) for subexponential processes in the maximum domain of attraction of the
Gumbel distribution. Weak convergence of point processes are fundamental for our
continuous-time process as its extreme behavior is governed by a discrete-time skele-
ton. Our results are derived under a weak condition ensuring a Poisson type limit.
Such results apply immediately to discrete-time MA processes. We furthermore in-
troduce marks as the proper concept to derive the limiting behavior of excursions

of continuous-time processes.

Section [1.3| deals with the tail behavior of Y (0) and the tail behavior of certain
functionals of Y. Proofs are based on the fact that Lévy measures and their cor-

responding distributions are tail-equivalent in the subexponential case and Rosinski
and Samorodnitsky [132].

The results of Sections /1.2 and 1.3 are applied in Section 1.4 to the continuous-time
process Y by choosing a proper discrete-time skeleton. In the case that f has a unique
supremum we show in Section 1.4.2 that the running maxima of ¥ happen exactly

at jump times of L shifted by the argument, where the supremum of f happens.
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Furthermore, in Section we calculate the limit distribution of running maxima
of Y. Finally, in Section|1.4.4 we introduce the extremal index function as a proper

concept for modelling clusters of exceedances for continuous-time processes.

Chapter 2. We start with a short introduction into multivariate regular variation in
Section 2.1 followed by an investigation of regularly varying mixed MA processes Y
in Section 2.2. This includes on the one hand sufficient conditions for the stationarity
of the mixed MA process Y in Section|2.2.1 and on the other hand the tail behavior
of the mixed MA process Y and the tail behavior of M(h) = supcp Y (¢) for
h > 0 in Section 2.2.2. Finally, Section 2.2.3 gives with FICARMA and supOU
processes the most prominent examples for regularly varying mixed MA processes,
which exhibit long range dependence. In Section 2.3/ we obtain analogous results as
for regularly varying mixed MA processes for regularly varying renewal shot noise

processes.

Section 2.4/ is concerned with the point process behavior of multivariate regularly
varying stationary sequences. We present analog results as given in Section 1.2 for
stationary sequences in SOMDA(A) for multivariate regularly varying stationary se-
quences. Moreover, Davis and Mikosch [53| generalize results of Davis and Hsing [52]
on the point process behavior of stationary processes with regularly varying tails to
a multivariate setting. We give an overview of their results, which are then applied
in Section 2.5. First, we study the asymptotic behavior of the embedded marked
point process of local maxima of Y in Section 2.5.1. Afterwards, in Section 2.5.2,
we present under less restrictive assumptions than in Section 2.5.1 a marked point
process result, which also includes the behavior of large infima of Y. Moreover, we
obtain the limit distribution of running maxima of the mixed MA process in Sec-
tion 2.5.3, and compute the extremal index function in Section [2.5.4. The results

are in particular valid for stationary renewal shot noise processes.

Chapter 3. This chapter is based on joint work with Claudia Kliippelberg and
Alexander Lindner. We investigate classical and non classical stochastic volatility
models with respect to their extreme behavior. Classical volatility models as the
generalized Cox-Ingersoll-Ross model can model heavy tails, but are not able to
model volatility jumps. We review, in Section 3.1, their extremal behavior, which can
be in different maximum domain of attractions. Volatility jumps can be modelled
by Lévy driven Ornstein-Uhlenbeck processes, which are content of Section 13.2.

Their extremal behavior is characterized by the extremal behavior of the driving
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Lévy process, so that we have to distinguish between different classes of driving
Lévy processes. So Section 3.2.1 concerns the two subexponential models. Both can
capture heavy tails but only the regularly varying Ornstein-Uhlenbeck process has

clusters.

Then, in Section 3.2.2, we study Ornstein-Uhlenbeck processes with exponential
tails. As a prominent example we investigate the I'-Ornstein-Uhlenbeck process, i. e.
the stationary volatility is gamma distributed. As an important larger class we study
Ornstein-Uhlenbeck processes, whose driving Lévy process belongs to the class of
convolution-equivalent tails. These classes extend subexponential Lévy processes in
a natural way; see Definition A.1.3. It turns out that for all Ornstein-Uhlenbeck
processes in Section[3.2, high level volatility clusters are exhibited only in the case

of regularly varying Lévy processes.

The last class of models reviewed in this chapter concerns the COGARCH process in
Section 3.3 In contrast to the Lévy driven Ornstein-Uhlenbeck process considered
before, the COGARCH volatility has heavy tails under quite general conditions
on the driving Lévy process L. Furthermore, the COGARCH exhibits high level

volatility clusters.

Finally, in Section [3.4 a short conclusion is given. Here we compare the models
introduced in Chapter [3. It turns out that there is a striking similarity concerning
the extremal behavior of models with the same stationary distribution. Here we also

discuss briefly some further empirical facts of volatility data.






Chapter 1

Extremes of subexponential Lévy

driven M A processes

In this chapter we investigate the extremal behavior of a stationary continuous-time

moving average (MA) process of the form
Y(t) = / f(t—s)dL(s) forteR, (1.0.1)

where f : R — R, called kernel function, is measurable, and the driving process
L = {L(t) }+er is a Lévy process. We recall that a general Lévy process L has inde-
pendent and stationary increments, L(0) = 0 and is cadlag, i.e. L has a.s. (almost
surely) right continuous sample paths with left hand limits. To make the definition
of Y = {Y(¢) }+er meaningful we define the driving Lévy process on R by gluing
together two independent Lévy processes { L (t)}i>0 and {L_(t)}:>o with identical
distribution, so that L(t) = L, (t) for ¢ > 0 and L(t) = —L_(—t—) for t < 0. A
Lévy process L = {L(t) }1er on the real line is characterized by the Lévy-Khinchine

representation of its characteristic function E(e™ ") = exp(ty)(u)) for ¢ ,u € R with
1 .
P(u) = ium — §u202 + / (e"* — 1 —iuk(z)) dv(z) forueR, (1.0.2)
R

and k(x) = x1;_14)(x), where 1, denotes the indicator function of the set A. The
quantities (m, o2 v) are called the generating triplet of the Lévy process L. Here
m € R, 02 > 0 and v is a measure on R, called Lévy measure, satisfying v({0}) =0
and [, (1A |z[*) v(dz) < co.

15



16 1 Extremes of subexponential Lévy driven MA processes

We shall decompose L in three independent Lévy processes according to its jump
sizes, which are represented by v: L = Ly — Ly + L3, where Ly = {Ly(t)}+er and

Ly = {Ls(t) }+er are independent positive Lévy processes, with Lévy measures
n(A)=v(AN(1,00)) and wn(A)=v(-AN(-00,—1)) for Aec B(R)

and generating triplet (0,0, ;) for ¢ = 1,2. The Lévy process Ly = {L3(t)}icr has

Lévy measure
v3(A) =v(An|[-1,1]) for A € B(R),

i. e. it has finite support. Then L; and L, are increasing compound Poisson processes
whose jumps are larger than 1, and L3 has jumps with modulus only smaller than 1
and generating triplet (m, o2, v3). Throughout this chapter we shall need properties
and results for Lévy processes; we refer to the three monographs Applebaum [9],
Bertoin [27] and Sato [138].

This decomposition of L induces a decomposition of Y giving Y = Y; — Y5 + Y3,

where for ¢ =1, 2, 3,
Yi() = / F(t—s)dLi(s) fort€R (1.0.3)

are independent MA processes. We have to be careful that Y; is a stationary i.d.

process. Note already here, that Y] is positive provided that f is positive.

The sample path behavior of Y depends on the driving Lévy process and on the
kernel function. We also consider in this chapter only the short memory case, where
the kernel function (which is also sometimes called memory function) decreases suf-
ficiently fast; see Remark [1.1.8] (b). Extreme value theory for continuous-time (and
discrete-time) stochastic processes has meanwhile a long history. A theory for Gaus-
sian processes was developed during the eighties; see e. g. Albin [2,3], Berman [25,26],
Leadbetter and Rootzén [96,97] and Leadbetter et al. [95]. Under appropriate mix-
ing conditions, in the short memory case, when for instance Berman’s condition
holds, Gaussian processes behave like i.i.d. random variables with distribution of

the maxima of the process over a fixed interval.

Extreme value theory for stable MA processes was derived by Rootzén [130]. Such
models have a completely different extreme behavior than Gaussian models. Incre-

ments of L have infinite second moment, hence large values are likely to occur leading
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immediately to regularly varying stationary distributions. Moreover, large values are
carried on in time by the kernel function causing long high level excursions of the

process Y.

We are concerned with the extremal behavior of the process Y driven by a subexpo-
nential Lévy process. Subexponential models are typical models for situations, where
extremely large values are likely to occur in comparison to the mean size of the data.
In our context this concerns the increments of the process L, which are subexponen-
tial; see Definition 1.1.1. The thesis is on subexponential Lévy driven MA processes.
They also include the class of stable distributions, but are a much richer class. We
concentrate in this chapter on subexponential distributions in the mazimum domain
of attraction of the Gumbel distribution, i.e. there exist constants ar > 0, by € R
for T > 0 such that limy_,. TP(L(1) > arx + br) = exp(—z) = —log A(z). Those
distributions have moments of every order and their tails decrease faster than poly-
nomial. Examples include the lognormal and the heavy-tailed Weibull distributions;
see Example|1.1.4. Under appropriate conditions it will turn out that the stationary
distribution of Y is subexponential and tail-equivalent to f(tU)L(1) for some ¢t > 0
and an uniform r.v. U on (—1,1), i.e. both have the same tail behavior. High level
excursions of Y are, in contrast to the stable model, no longer persistent; in the

limit they collapse into singular time points.

Throughout the chapter we shall need the following conditions on the Lévy process.

Condition (L1).
The marginal distribution L(1) of the Lévy process L satisfies L(1) € SNR_o (L(1)
is subexponential (Definition[1.1.1) with rapidly varying right tail (Definition 1.1.3)).

Condition (L2).
There exists a p € (0, 1] such that the following tail balance condition holds:

v(—oo,—z] 1-p

lim
z—oo U [x,00) P

If the support of v is bounded below we assume w.l. 0.g. v(—o00,—1] = 0, else we
choose another decomposition of L. If the support of v is not bounded below, then

we assume further p € (0,1).

If p € (0,1) then —L(1) € SN R_w. In the case p = 1 the accessorily condition
that the support of v is bounded below can be relaxed, but then the proofs are more

complex.
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For the kernel function we require the following condition.

Condition (K1).
The kernel function f : R — R is a requlated function, i.e. left and right hand limits

exist, and for some ¢ € (0, 1),

/ sup |f(s +1)|°dt < oo.

—00 0<s<1
Hence f is bounded and has at most countable many discontinuities. We write
fH() = max{0, f(t)}, f© = Sup fE@), f7(t) = max{0, = f(t)}, [~ = sup f~(t) and
€ €

assume f* > f~.
We shall show in Remark [1.1.8 (b) that such kernel functions imply short memory
of the process Y: the covariance function is integrable.
Condition (K2).
Define

O1:={aeR: fla)=f"}, Oy :={a€eR: fla)=—f"}.

Then we define for i = 1,2, P® := card O; < oo and denote O; = {agi), e ,04521-)},
with agi) <...< 04521,).

in the interior of its support |a, b], [a,00) , (00, al, respectively with a < b and right

The support of f is a connected interval. f is continuous

and left continuous at the boundary.

Thus kernel functions, which are piecewise constant in their extremes, are excluded.

Our investigation is based on a discrete-time skeleton {Y (¢,,) }nen of Y chosen as to
incorporate those times, where big jumps of the Lévy process and extremes of the
kernel function occur. We embed the normalized process {Y (t,) }nen in a point pro-
cess and derive the weak limit of this sequence of point processes. Not surprisingly,
we find a strong analogy to discrete-time MA processes and corresponding results
of Davis and Resnick [55] and Rootzén [131]. We model the path behavior of the
continuous-time process near high level excursions by a mark on the point process.
Obviously marks are influenced by the kernel function and its local suprema. We
shall show that they behave asymptotically like the deterministic functions f/f* or
—f/fT. Our findings show that specifically chosen discrete-time points determine

the extremal behavior of the continuous-time process.

The chapter is organized as follows. In Section 1.1 we summarize the necessary def-
initions and basic results. Section is devoted to subexponential distributions
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on the real line and the properties we shall need. A section on stationarity follows.
Section [1.1.3 is devoted to the most important examples. Prominent in this chap-
ter will be processes driven by a compound Poisson process, which are also called
Poisson shot noise processes in the literature. Throughout this chapter, Poisson shot
noise processes form the basic structure for our results and proofs. This is due to the
fact that they correspond to the processes Y; and Y, in the decomposition (1.0.3).

A short summary on simple notions of extreme value theory concludes Section 1.1.

In Section 1.2 we derive general results for weak convergence of point processes
(in Section 1.2.1), marks (in Section [1.2.2) and for marked point processes (in Sec-
tion|1.2.3). Weak convergence of point processes are fundamental for our continuous-
time process as its extreme behavior is governed by a discrete-time skeleton. Our
results are derived under a weak condition ensuring a Poisson type limit. Such results
apply also immediately to discrete-time MA processes. We furthermore introduce

marks as the proper concept to derive the limiting behavior of excursions of Y.

Section 1.3 is devoted to the tail behavior of Y(0) and the tail behavior of certain
functionals of Y. Proofs are based on the fact that Lévy measures and their cor-

responding distribution functions are tail-equivalent in the subexponential case and
Rosinski and Samorodnitsky [132].

The results of Sections 1.2 and [1.3 are applied in Section 1.4.1 to the continuous-
time process Y by choosing the proper discrete-time skeleton. In the case that f
has an unique supremum we show in Section 1.4.2 that the running maxima of Y
happen exactly at jump times of L shifted by the argument, where the supremum
of f happens. Furthermore, in Section [1.4.3 we calculate the limit distribution of
running maxima of Y. Finally, in Section 1.4.4 we introduce the extremal index
function as proper concept for modelling clusters of exceedances for continuous-time

processes.
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1.1 Definitions and auxiliary results

Throughout the chapter we shall use the following notation: we write F = 1 — F
for the right tail of the distribution function (d.f.) ', F'** for the convolution F % F
and F2* = 1 — F?*. For any random variable (r.v.) Z on R we write Z* = Z Vv 0
and Z~ = —Z Vv 0; X £ Y, if the distributions of the random variables (r.v.s) X
and Y coincide. For real functions g and h we abbreviate g(t) ~ h(t) for t — oo,
if g(t)/h(t) == 1 and we denote g () = max{0,g(t)}, ¢~ (t) = max{0,—g(t)},
gt =super g (t), g~ =supur g (1)

1.1.1 Subexponential distributions on the real line

Subexponentiality is a property of the right tail of a distribution. Consequently, it

has been defined originally for positive r.v.s..

In the context of this chapter L(1) has a distribution on the whole of R, which has a
subexponential right tail. The definition of a subexponential r.v. has been extended
from a positive r.v. to a r.v. on R by Willekens [144], and we shall start with this

definition.

Definition 1.1.1
Let F be a d.f. on R with F(x) <1 for every z € R.

(i) F belongs to the class of long tailed distributions, denoted by L, if for ally € R
locally uniformly lim,_ .., F(z +y)/F(z) = 1.

(ii)) F belongs to the class of subexponential distributions, denoted by S, if F' € L

and lim,_.., F?*(z)/F(z) exists and is finite.

If Fe LorFeS and Z isar.v. withd.f. F, then we write Z € L or Z € S.

The class S is closed under tail-equivalence, i.e. if FF € & and G is a d.f. with
lim, . F(2)/G(z) = q € (0,00), then also G € S. It helps to think of a subexpo-
nential r.v. Z on R as a r.v. whose positive part Z* € S. A survey of the class of
subexponential distributions with support on R, is provided by Goldie and Kliip-
pelberg [70], see also Embrechts et al. [60]. The following result summarizes mostly

known properties of subexponentials on R needed for this chapter.
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Proposition 1.1.2
(i) If F € L, then F(z/2)? = o(F(x)) for x — oo and lim, ., e“F(x) = oo for
any € > 0.
(ii) If F € S, then lim, .., F*(z)/F(x) = 2.
(iii) Suppose F € S, F; d.f. with lim, .o, Fi(z)/F(z) = ¢ > 0 for i = 1,2 and
G = Fy % F5. Then

. G(x)
im =——= = q, + . 111
P T et (1.1.1)

If ¢; > 0 for some i € {1,2}, then also F;, G € §. Moreover, for ¢; > 0,

x/2 F . z/2 Ia —
lim B =) b gy = 2 i P =) gy =1, (112)
=0 J 0 Fl(x) a1 =0 ) _xo Fl(x)
(iv) Let N be a Poisson r.v. with mean p and { X} }xen be an i.1. d. sequence with

d.f Fe€S8. Thenther.v.Y =31 Xy hasd.f G=c*Y>° L GeS

n=0 n!

and
G(x) ~ uF(z) forx — oo.
(v) Let F be an infinitely divisible (i.d.) d.f. with Lévy measure v. Then

vl z)

F
eSS V1T, o)

€S forr>1 <= F(x)~v(x,00) forx— oo.

(vi) If X € S then XY € S if and only if XTY TV XY~ € S. If X € S has only
support on R, and Y is a bounded r.v., then XY € S.

Proof.

(i) Cline [44], Lemma 2.

(ii) Pakes [115], Corollary 2.1.

(iii) Pakes [115]|, Lemma 2.4 and Lemma 5.1 proves (1.1.1) of (iii) and F;, G € S
if ¢; > 0 for some ¢ € {1,2}. In the case ¢; + ¢o = 0 we calculate for z € R

x/2

- w2 _ — — _
Fi x F5(x) :/ Fg(a:—u)Fl(du)—l—/ Fi(z —u)Fy(du) + F1 (x/2) Fo (x/2) .

— 00 — 00

Taking into account that I’ € S and (i) holds, we obtain

Fi(x/2)Fy(x/2)  Fi(x/2)

1 (2/2) Py (2/2) F(2/2)F(2/2) omcs
F(z) F(z/2)F(x/2) F(z)
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Let € > 0 be arbitrary. Then there exists an x; > 0 such that 0 < Fy(z)/F(z) < ¢

for every x > x1. Consequently,

/x/2 Fl(:p — u)F (du) - 6/:13/2 F(m — u)F (du) < 6F * FQ(ZL’) 00

— — €,

e F(z) ° e F(z) ° F(z)

where we used (iii). Similarly, the second summand tends to zero.
If ¢ >0, by (i), for x — o0,

x/2 x/2

FixFy(z) = /Oo Fl(x—u)FQ(du)—l—/m Fo(z — u) Fi(du) + F, (g)E (g)
< [TFe-wm@ s [ Fe 0 R (113

Applying Fatou’s Lemma, we obtain the lower bound

x/2 F _ x/2 F _
liminf/ M Fi(du) > @, liminf/ M Fy(du) >1 (1.1.4)
T—0o0 —o0 Fl(x) q1 LT—00 —o0 Fl(x)

and hence by (1.1.1) and (1.1.3) the inequalities in (1.1.4) are equalities.
(iv) Pakes [115], Theorem 5.1.
(v) Pakes [115], Theorem 3.1.
(vi) XY € § <= XTYTVXY =XTYT+ XYV = (XY)" €S. The sec-
ond statement has been proved by Cline and Samorodnitsky [46], Corollary 2.5. [

We shall also need certain properties of regularly varying functions. For further

definitions and properties we refer to Bingham et al. [29].

Definition 1.1.3
A positive measurable function u : R — R, is reqularly varying with inder «,
denoted by u € R, for o € R, if

. u(tx)
tlilgy u(t)

«

=z forx > 0.

u is said to be slowly varying if & = 0 and rapidly varying, denoted by u € R_, if
the above limit is equal to 0 for x > 1 and oo for 0 < x < 1. (The case o = o0 is

also possible, but not relevant in this thesis.)

The class of subexponential distributions includes all distributions with regularly
varying tails, the lognormal distribution and heavy-tailed Weibull distributions. A

prominent example in the context of this chapter is the following:
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Example 1.1.4 (Extended heavy-tailed Weibull model)
Let the right tail of the d.f. F' behave like

F(z) ~ exp(—u(x)) for z — oo,

where u € R, with a € (0,1) and there exist a v > 1 such that u(txr) < z°u(t)
for all ¢t > v and = > 1, then F' € §. The heavy-tailed Weibull distribution
F(r) = Kexp (=), x > 0, for a € (0,1) and K > 0, or Benktander Type II

are special examples.

Proof.

Without loss of generality suppose F(z) = exp(—u(x)) for z € R. The statement
of Proposition 3.7 (a), Baltrunas et al. [11] is satisfied. Thus wu(t) is absolutely
continuous on ¢ > v with Lebesgue density ¢(t) — 0 as t — oo, and tq(t)/u(t) < p
for ¢ > v. In particular, F(z) = exp(—u(v))exp(— [ q(t)dt) for z > v. Hence
F' is tail-equivalent to an absolutely continuous d.f., which is by Lemma 3.8. (a),
Baltrunas et al. [11], subexponential. Then also F' € S. O

Note that one can construct examples, where u € R, but u(tr) < x°u(t) for all
t > v and x > 1 is not satisfied, such that F' ¢ S, see Cline |44], pp. 536.

We present some consequences of conditions (L1) and (L2).

Remark 1.1.5 (Condition (L1) and (L2))

(a) Let L(1),—L(1) € S. Then holds P(L(1) > z) ~ P(Ly(1) > x) ~ v(x,00) and
P(L(1) < —x) ~ P(Ls(1) > ) ~ v(oo, —x) for # — oo by Proposition [1.1.2 (v).
Especially, (see also Lemma 1.3.4)

P(L(1)| >z) = P(L(1) >z)+P(L(1) < —x)
~ P(Li(1) > x) +P(Ly(1) > 2z) for x — oc.

If additionally (L2) is satisfied then Proposition [1.1.2 (iii) implies |L(1)| € S and

P(|L(1)| > z) =P(L(1) > ) + P(—L(1) > z) ~ %]P)(L(l) > x) for x — 0.

Suppose only L(1) € S and p = 0. Then

P(Ly(1) - Lo(1) — |Ls(1)| > 2) < P(L(1)| > ) (L.15)
< P(Li(1) + Lo(1) + | Ly(1)] > o).



24 1 Extremes of subexponential Lévy driven MA processes

The Lévy measure of Ly + Ly is v + 5, which behaves asymptotically like v. We
obtain Ly(1) + Lo(1) € S with P(L1(1) + Ly(1) > ) ~ P(L(1) > z) as x — oo. By
Sato [138], Theorem 26.1, and Proposition 1.1.2 (iii) we have

P(Li(1) + La(1) + | L3(1)| > ) ~P(L(1) > z) for z — oo.

Similarly we obtain the same behavior for the right side of (1.1.5), such that
P(|L(1)] > z) ~ P(L(1) > z) for + — oco. Taking

P(|L(1)| > z) = P(L(1) > ) + P(L(1) < —x)

into account yields further P(L(1) < —z)/P(L(1) > z) — 0 for x — oc.

(b) For i = 1,2, the r.v.s L;(1) € SN R_. are positive with EL;(1)? < oo
for ¢ > 0 (cf. Embrechts et al. [60]). Applying Sato [138|, Corollary 25.8 yields
f|x‘>1 |z|%v;(dx) < oo, for ¢ > 0 and thus f\:p\>1 |z|7v(dz) < co. Again by Sato [138],
Corollary 25.8 we have E|L(1)|? < oo for ¢ > 0. O

1.1.2 Stationarity

Before investigating extremal properties of the process Y given in (1.0.1) we summa-
rize some basic results of continuous-time MA processes. Under certain conditions
Y (0) is well-defined as a limit in probability of integrals of step functions approximat-
ing f. This has been shown by Rajput and Rosinski [121] who also gives conditions
for Y'(0) to be i.d.. The conditions are formulated in terms of the kernel function f

and the generating triplet of the driving Lévy process.

Proposition 1.1.6 (Rajput and Rosinski [121], Theorem 2.7)
Let L be a Lévy process with generating triplet (m, o2, v). Then Y (0) given in (1.0.1)
is well-defined and i. d. if and only if

[ s+ [ wterten - somtan o) s < .

o0

/OO |02 f(s)|* ds < oo,

/_Z /_Z min{1, |f(s)z|?} v(dz) ds < oo,
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where k() = x 1_y 1(z). The generating triplet is (my, oy, vy), where

my = [ w4 [ (st (6) — F)uta) dvta) ds,
o 02/00 f2(s)ds, (1.1.6)

x T
vy [z,00) = /f(s)>ou {m, oo) ds + /f(s)<0u (—oo, m] ds forxz > 0.

The above integrals are originally defined as Lebesgue integrals, but in our frame-
work Lebesgue and Riemann integrals are the same, so we shall not distinguish
between them. As can also be seen, if the driving Lévy process L has no Gaussian
component, then the second condition is meaningless, i.e. Y'(0) has a Gaussian com-
ponent if and only if L has one. In the next Lemma we give some simple sufficient

conditions for a MA process to be i.d..

Proposition 1.1.7
Let L be a Lévy process with E|L(1)|° < oo for some § € (0, 1] and suppose that

f : R — R is measurable. Assume that

/00 sup |f(s+1)° dt < oo. (1.1.7)

oo 0<s<1

Then Y (0) given in (1.0.1) is i.d.. Moreover, the MA process Y given in (1.0.1)
is stationary. The finite dimensional distributions of iA/(t) = [7 f(t+s)dL(s) for
t € R and Y coincide. In particular,

Y (0) = / " (s di(s) & / " f(s)dL(s) = T(0).

Proof.
Note that

o0

/ sup [f(s+1)[ dt <oo <= Y sup [f(s))’ <oo.  (1.18)
—oo 0<s<1 e oo k<s<k+1

As f is bounded we assume without loss of generality |f(¢)] < 1 for ¢t € R. From
(1.1.8) we conclude

o0

S swp |f(s) < oo

e — o0 k<s<k+1
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for v > ¢ and by the comparison test |f|” is integrable. Recalling that

k(x) = 21—y 1)(x) we estimate

/w’mﬂ) /m k(2 () — F(s)(x) v(da)| ds

<m/ (s |ds+/ /mq o) v(dz) ds
<m/ |ds+/oo| ()|5d54>1|x|5u(dx)<oo

v(dr) < oo by Remark 1.1.5 (b). On

where we used Fubini’s theorem and [ _, |z|

the other hand we have

| min(u 1Ry vida) ds (1.19)

/ f(s)*ds /_ z® v(dz) + /| . [ /f . >11ds+ ﬁ s Sj-;(s)%;? ds] v(dr)

|z|>1

< [ seras / () + /| | [ / L [ e as] viao)

By the standard property of Lévy measures [, (1A[z|*) v(dz) < oo and the quadratic
integrability of |f|*> we yield that the first summand of (1.1.9) is finite. Again by
the integrability of |f|° and as Jiaf>
term is finite. For the remaining part we have

1 1
dsv(dx) = v —oo, ——— V| ——,00]) ds.
/I:v|>1 /f(s)2x2>11 (dr) /f(s);éO < 7 |f(3)|) " <|f(3)|7 )

Define ¢ = sup;epp_1 4 |f(t)] for k € Z and Ft) =50 o lpo1p(t) for t € R.
Let {Zk}rez be an i.i.d. sequence with d.f. (14 + v5)((—o00,])/(p1 + p2). Since

E|Z1]° < oo and Y po . |er]’ < oo by (1.1.8) and monotone convergence we have

| [7]°v(dz) < oo we also conclude that the third

=EZ] ) lal’ < 0.

k=—o00

> ezl

k=—o00

Thus >0 |exZk|’ < oo a.s.. By Jensen’s-inequality for sequences we obtain
S lewZil < (Cp_ o lenZi?)M° < oo. Thus |33 cxZi| < oo a.s.. Applying
the three-series theorem it is necessary that > ;- P(|cxZy| > 1) < oo. Thus we
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obtain

/ﬂs#o” (“”’ _If(18)|) v (|f<1s>|’°0> s
1 1
= /,Wo” (‘“’ ‘%) A (m °O) o5

o

= (m+p2) Y P(lenZi] > 1) < o0.
k=—o00
Hence also [*°_ [*° min{1,|f(s)|?2?} v(dz) ds < oo. Thus by Proposition[1.1.6 the
r.v. Y(0) is well-defined and i.d..

For uy,...,u, € R, —oc0o < t; < ... < t, < o0, n € N, define the kernel function
flt) = Yoo urf(ty —t), t € R. Since f satisfies (1.1.7), by the first statement of
the proof the r.v.s

WY (1) Y (b)) = [%f@ﬁm@)
wY(t +h)+...+uY(t,+h) = /Oo F(s+h)dL(s)

are i.d. and their characteristic triplets coincide. Hence by the Cramér-Wold device
Y is stationary. Similarly, {?(t)}te[@ is stationary and Y and Y have the same finite

dimensional distributions. O

Remark 1.1.8
(a) Equivalent conditions to (1.1.7) and can be found in Balkema and de
Haan [10].

(b) Let Y be the MA process given in (1.0.1) satisfying (K1) and (L1). Then Y is

stationary and Y'(0) is i.d., with covariance function
Cov(Y( / f(s)f(s+h)ds

Thus Y is a short memory process with [*°_ Cov(Y(0),Y (h))dh = ([ f(t))* < o0
More about second order properties of MA processes can be found in the monograph
of Daley and Vere-Jones [50], Chapter 8; especially Proposition 8.5. IV about repre-
sentation of MA processes is to mention. The computation of the mean and variance
of a Poisson shot noise process is known as Campbell’s formulae, see Sato [138],

Proposition 19.5.
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(c) The assumption § < 1 is not a necessary condition for Y to be stationary; see
Lemma[2.2.3/in the case |L(1)| € Ry, a > 0. O

Proof of Remark [1.1.8 (b).
Taking Remark [1.1.5/ (b) into account gives

/ |z|? vy (dz) / / (s)z|* v(dw) ds </ f(s ds/ v(dx) < 0o
|z|>1 s)a:|>1 |z|>1/ft

and thus EY'(0)? < co. For h > 0 denote the characteristic function of (Y'(0),Y (h))
by ©(v(0),y(n)), With ¢ given in (1.0.2). Then Proposition 2.6 of Rajput and Rosin-
ski [121] yields

SO(Y(O),Y(h))(Uh Uz) = exp (/ Y(ur f(—s) +uz f(h — 5)) ds) for uy,up € R.

Thus we obtain on the one hand

82
Cov(Y(0),Y(h)) = EY(0)Y(h) = A Y (0).y () (U1, U2) (u1,02)=(0.0)
_ /_ F(s)f(h+s)ds

and on the other hand

/: cov(Y(O),Y(h))dh_/: [f(s) /: F(h+s) dh} ds — (/: f(s>>2.

1.1.3 Examples

Example 1.1.9 (Poisson shot noise process)
An important special case of Y given in (1.0.1) is a MA process driven by a compound

Poisson process. Consider a compound Poisson process L = {L(t) }scr with

N(t) —N(—t—
Lit)=Y Z; and L(-t)= »_ Zj for t > 0, (1.1.10)

j=1 7j=1
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where N = {N(t)}scr is a Poisson process on R with intensity ¢ > 0 and jump
times I' = {T's brezqoy, -1 < 0 < T'y, Iy < Iy, for k& € Z\{—1,0}. The process
N is independent of the i.i.d. sequence Z = {Zy}ez. The Lévy measure v of L is
v[z,00) = puP(Z; > x) for x € R, so that the generating triplet is ([ k() v(dz),0,v)
(cf. Sato [138], Theorem 4.3). Let f be continuous in the interior of its support
[a,b], (—00, al, [a,00), respectively, —co < a < b < oo, right and left continuous
at the boundary points and satisfies (K1). Favorable for Y with kernel function f
driven by the compound Poisson process L given in (1.1.10), which satisfies (L1), is

the simple representation

t—a N(t—a)
Y(t)= / f(t—s)dL(s) = Z f(t—"1y)%; forteRa.s. (1.1.11)
t=b J=N(=b)+1
J#0

Notice that the left and the right hand side have a.s. cadlag sample paths by domi-
nated convergence and [°_supg.,. | f(t+5)|° dt < co. We call Y given in (1.1.11) a
Poisson shot noise process. If additionally f is positive and Z; has only support on
R, then we call (1.1.11) a positive Poisson shot noise process. On the other hand,

if the kernel function f has only support on R, then

N(t)
Y(t)= Z f(t—"1y)%; forteRa.s.
TG
In this case with f(0) > 0, Y jumps if and only if N jumps. In particular, if f is
non-increasing, f(0) > 0, and has only support on R, then the positive Poisson
shot noise process is non-increasing between successive jumps of L, and thus Y has

a local supremum in ¢ if and only if t € T'.

More general shot noise processes can be defined by replacing the Poisson process
by a point process, e.g. a renewal process, and {Z;f(t) }i>0 by {X;(t)}i>0, j € N,
an i.1.d. sequence of stochastic processes. In that case Y (t) = ergt X;(t—T;) for
t > 0. An introduction in shot noise processes can be found in Bondesson [30,31] and
Parzen [116]. Such methodological papers have been complemented by application
based work.

We conclude this Example with a summary of the relevant literature. The sim-
plest class of shot noise processes are those driven by a Poisson process; i.e. jumps
have deterministic size. Hsing and Teugels [78] were among the first to analyze the
point process behavior of such processes with bounded positive non-increasing ker-

nel functions supported on a finite interval; this work was continued by Doney and
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O’Brien [58] using kernel functions with support on R

Another simple class arises, when the kernel function has bounded memory and
the driving Lévy process is a point process. Then there exists a t; > 0 such that
Y (0) is independent of Y'(t) for ¢ > t;. The point process behavior of this class
with non-negative, non-increasing kernel functions has been investigated by Homble
and McCormick: when the jump size distribution has regularly varying tails, has
been studied in McCormick [108], gamma or logconcave densities in Homble and
McCormick |75, 76].

The times I' are interpreted as random time points, where shocks arrive with a
certain memory modelled by the kernel function. Such models are used in various
branches of stochastic modelling like bunching in traffic, computer failure times,
earthquake aftershocks, applications to workload input models in teletraffic and risk
theory. We refer to Kliippelberg et al. [90] and references therein.

Applications fall basically into two regimes, stationary and non-stationary situations
occur. We indicate two special economic applications. Stationary models play an
important role in finance; for instance as volatility and log-price models. Samorod-
nitsky [135,136] introduces a quite sophisticated heavy-tailed stationary shot noise
process for log-prices or log-exchange rates. Models with stationary increments play
an important role in finance. An extension of the Black-Scholes model has been con-
sidered in Kliippelberg and Kiihn [85], who suggested a Poisson shot noise process
to extend the Black-Scholes model by allowing for information coming as shocks
into the market. The kernel function can be chosen to model short or long range
dependence effects in the market.

On the other hand shot noise processes can be useful in the context of insurance
as models for delay in claim settlement. For j € N the process {X;(¢)} models the
payoff function of an insurance claim, i.e. it is an increasing random process. Then

Y is called an explosive shot noise process; see Kliippelberg and Mikosch [89]. O

Example 1.1.10 (Discrete-time MA process)
Let & = {&k}rez be an i.i.d. sequence of r.v.s and {c;}rez be a sequence of real

constants. Then we call a stochastic process Y = {Y}, },ez with

oo

Yo=Y el fornel (1.1.12)

k=—0c0
a discrete-time MA process (cf. Brockwell and Davis [38]). If £ is i. d., this model can
be considered as a special case of Y in (1.0.1): choose f(t) = > 77 ¢k Lip—1.1)(t)

k=—o00
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for t € R. The continuous-time MA process Y at discrete-time points

Y(n)= Y cos[L(k+1) = L(k)] forn€Z,

k=—o00

is a discrete-time MA process.
By Proposition 1.1.7 the process Y and hence also the discrete-time MA process
{Y (n)}nez is stationary, if 77 |cx|® < oo for some & € (0,1). For discrete-time
MA processes this is a typical sufficient condition for stationarity (see for example
Davis and Resnick [55]).
We conclude again with a summary of the relevant literature about extreme behavior
of discrete-time MA processes: Davis and Resnick [55] investigate a subexponential
noise in the maximum domain of attraction of the Gumbel distribution and in [54]
models with regularly varying noise. The case of light tailed noise is studied by Lind-
ner and Kliippelberg [86]. Finally we mention Rootzén [131| with noise, whose right
tail decreases approximately as Kx % exp(—z%) for  — oo for some 0 < a < oo.
In the case 0 < a < 1 the noise is subexponential. The structure of this chapter is

very similar to his paper. O

Example 1.1.11 (CARMA process)
For ¢ < p, q,p € Ny define polynomials

b(2) :=by+ b1z + ...+ b,2% and a(z) :== 22X +a;2""' + ... +q, for z € C, (1.1.13)

such that the zeros of a, denoted by A;, j = 1,...,p, have strictly negative real
parts, i.e. R();) < 0. Assume that the Lévy measure v of the Lévy process L
satisfies flw\>2 log |z|v(dz) < oo. Then the MA process Y given by (1.0.1) with
kernel function

T o

f(t) ! / eith dw fort e R,

—00

is stationary and is called continuous-time ARMA(p,q) (CARMA(p,q)) process. It

is possible to interpret Y as solution of the stochastic differential equation
a(D)Y (t) =b(D)DL(t) fort>0,

where D denotes the differential operator with respect to t. If condition (L.1) holds,
then Remark [1.1.5 (b) implies that [,
nel function has the property that f(¢) = 0 for ¢ < 0 and the representation

log |z|v(dx) < oo. Furthermore, the ker-
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f) =>7%_, cj)\;nj exp(A;t) for t > 0, where ¢; € R, m; € N is the multiplicity
of the zero A; of a. If A denotes the zero of a with the largest real part of all zeros
of a and multiplicity m, then |f(t)| ~ Kt exp(R(\)t) for t — oo, K > 0. Hence f
satisfies conditions (K1) and (K2).

A famous special case is the CARMA(1,0) process with representation

t
Y (t) :/ A9 dL(s)  forteR, A <0, (1.1.14)

— 00

which is nothing else but an Ornstein-Uhlenbeck (OU) process driven by a Lévy
process. If the zeros of a are distinct, then we can interpret any CARMA process as

a linear combination of p OU processes, driven by the same Lévy process.

An extremal analysis of OU processes driven by a Lévy process with light-tails has
been provided by Albin [1]. Such a process differs qualitatively not much from the
classical OU process driven by a Brownian motion. So again, it behaves more or less
like i.i.d. random variables with d.f. P(supy<,<; Y'(t) < ).

Barndorff-Nielsen and Shephard [15,14] use positive OU processes as a model for
stochastic volatility, which is considered in Chapter 3. See Brockwell [35,36] for a
more general account on CARMA processes and their applications to financial time
series. As empirical volatility often exhibits long memory, Barndorff-Nielsen and
Shephard [13]| extend their model by exactly the above-mentioned idea of summing
up p different OU models driven by independent Lévy processes, in contrast to the
same Lévy process by a CARMA process (Example 2.2.10). It can be shown that

for p — oo the limit process has the long memory property.

Brockwell and Marquardt [39], on the other hand, extends the class of CARMA pro-
cesses to fractionally integrated CARMA (FICARMA) processes (Example [2.2.9),
which also exhibit the long memory property. In Anh et al. [8] further models for
continuous-time processes with long memory can be found. Such processes, however,
fall out of the framework of this chapter by Remark [1.1.8 (b), but are included in
Chapter 2 about subexponential mixed MA processes in the domain of attraction
of the Fréchet distribution. 0
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Example 1.1.12 (Stochastic differential delay equation)
Let f : [-r,00) — R for some r > 0 be absolutely continuous on [0,00) and the

solution of the differential delay equation

af(t) = / f(t+s)0(ds)dt for Lebesgue almost all ¢ > 0,
[7“0]

ft) = 0 forte|[-r,00 and f(0)=1.

Moreover, let ¢ be a finite signed measure on [—r, 0], and we assume that

max{?R(/\) : AeC, )\—/ e’\sﬁ(ds)—O} < 0.
[—T,O]

Suppose further that the Lévy measure v of the Lévy process L satisfies the condition
f‘m|>2 log |z|v(dx) < oo. Then the MA process (1.0.1) with kernel function f is
stationary (Gushchin and Kiichler [74]). Since it is the solution of

ay (t) = (/[_ ; Y(t+ s)z?(ds)) dt + dL(t) fort>0

it is called affine stochastic differential delay equation (SDDE). If condition (L1)
holds then, by the same argument as for CARMA processes, the assumption

/ log |z|v(dz) < 0o
|z|>2

is satisfied.
Since |f(t)] < Ce " for t € R and some v, C' > 0, it satisfies also conditions (K1)
and (K2).

A typical example for a weight measure is ¥ = \gj for some A < 0, with ¢y the
Dirac measure in zero. Then Y is again an OU process. Weight measures 9 with
exponential densities ¥ = —3e* for a, # € R can be found in Reif [122].

Delay equations play an important role in biology, for example, in population mod-
els with the natural time delay due to a pregnancy period, or age dependent birth
and death models. The regulation of water temperature of a shower is also a famous
example. We refer to McDonald [109]. Other examples of delay equations can be
found in Mackey [102] and Benhabib and Rustichini [22]. O
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1.1.4 Extreme value theory

In this section we summarize some results on extreme value theory, where we restrict
ourselves to the situation of subexponential distributions. All these are standard
results in classical extreme value theory and can be found in many textbooks; we
refer here to Embrechts et al. [60] or Leadbetter et al. [95].

Definition 1.1.13

A d.f. F is in the maximum domain of attraction of a non-degenerate d.f. G, we
write F' € MDA(G), if there exist normalizing constants a,, > 0, b, € R such that
for an i.1.d. sequence {Zy}xez with d.f. F

lim P(a,'( max Z, —b,) <z)=G(z) forzecR. (1.1.15)

n—oo k=1,....,n

We also write Z; € MDA(G).

If a, > 0, b, € R, then, by setting u, = a,x + b, for x € R, relation (1.1.15) is

equivalent to

lim nF(u,) = —logG(z) forz €R. (1.1.16)

The d.f. G (up to location and scale change) is by the Fisher and Tippett Theorem
either a Fréchet d.f. ®,(x) = exp(—z?®) for z > 0 (o > 0), a Weibull d.f. ¥, (z) =
exp(—(—z)%) for z < 0 (a > 0), or a Gumbel d.f. A(x) = exp(—e™*) for z € R.
If F € § its support is unbounded above, hence G is either a Fréchet or Gumbel
d.f.. The fact that subexponential d.f. may belong to MDA(®,) or MDA(A) has
consequences when studying extremal events. It is well-known that F' € MDA(®,)
if and only if F € R_,.
In this chapter we concentrate on F' € MDA(A) N S; in that case I € R_..
For conditions and examples of such d.f. we refer to Goldie and Resnick [71] and
Example 1.1.4.
We shall also use the following representation for F' € MDA(A) NS, which is a
generalization of Karamata’s theorem:

F(z) = c(x) exp {—/0 ﬁdu] for z > 0,
where ¢ : Ry — (0,00) with lim ¢(z) = ¢ and w : R, — R, absolutely continuous

r—0o0

with lim w(x) = co. Furthermore, it is possible to choose

Tr—00

b, = inf {x F(x) >1— l} and  a, = w(by,). (1.1.17)

n
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Thus the normalizing constants satisfy

b, =5 00, a, =5 oo and b,/a, — oo.
For the continuous-time process Y we are concerned with quantities like
Supg<s<7 Y (t) and we shall use a continuous version of the Poisson condition (1.1.16).
Since also limy .o TF(u 7)) = —log G(x), the discrete sequence w, in (1.1.16) can
be replaced by the continuous sequence ur := w7 with ar and by chosen analo-

gously.

As an example, consider a compound Poisson process L given as in (1.1.10) with
generic jump size Z;. Since the Lévy measure of L is v [z,00) = plP(Z, > z) for
x € R, Proposition [1.1.2 (v) gives L(1) € S if and only if Z; € S, and in that case,

P(L(1) > z) ~ pP(Zy > ) for z — 0.

Hence the normalizing constants ar > 0, by € R of L(1) are connected to the
normalizing constants ar, by € R of Z; by ar = ar, and by = br/,. By defining
ur = arr + bp, x and ur = arx + by for r € R,

lim TP(L(1) > ur) = —log G(z) <= Tlim TP(Zy > ur) = —log G(z) (1.1.18)

T—o00 —00

holds.

1.2 Results on marked point processes

In this section we begin our investigation on the extremal behavior of processes,
not necessarily stationary, in S N MDA(A). As is intuitively clear, extremes of a
continuous-time MA process driven by any subexponential Lévy process are caused
by large jumps of the Lévy process in cooperation with extremes of the kernel
function. We shall model this by a discrete-time skeleton {Y (¢,,) }nen of Y given by
a point process, where high threshold exceedances of the Lévy process in combination
with extremes of the kernel function happen, which create excursions over the high

threshold, which can be modelled as marks on the exceedance points.

Concerning the discrete-time skeleton our approach shows similarity to Rootzén [131],
where extremes of a discrete-time MA process as given in (1.1.12), with a spe-

cific model for the noise were investigated. That paper concentrates on noises of
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a subexponential model class given by P(§, > z) ~ Kz P exp(—a®) for z — oo,
6 €R,0< a< oo, where 0 < o < 1 is a subclass of the extended heavy-tailed
Weibull distribution, Example 1.1.4.

Consider the discrete-time MA process (1.1.12). An extreme value of £ among the &
determines the behavior of Y such that Y,, behaves roughly like ¢, _;&;. For models
with right tail in R_,, o > 0, extremes are more pronounced than in SOAMDA(A). In
the different domains of attractions this affects excursions above a high threshold in
the following sense. If §, € SN MDA(A), then the right tail of & is rapidly varying,
implies

dim P(en e > urle" S > ur) = Lo, _—cr .

This is in contrast to the right tail of & belonging R_, resulting in

lim P(c, &k > urlc™&p > ur) = (cn_k/ch)a.

T—o0

This gives a precise description of excursions in both subexponential models. For
models in § N MDA(A) high threshold excursions depend only on the times, where
extremes of f occur; for models in R_,, high threshold excursions depend on the
whole kernel function. Thus in both maximum domains of attractions extremes of
Y are caused by extremes of ¢ and £ but the length of an excursion above a high
threshold is different.

In Section 1.2.1 we shall show under a general point process setup that extremes of
Y, are caused by extremes of the subexponential £. In Section [1.2.2 the behavior

of the normalized process Y is studied whenever an exceedance occurs. Finally, we

summarize the results of Section [1.2.1 and 1.2.2 by incorporating both effects into
marked point processes in Section 1.2.3. Throughout, we continue with the example

of a discrete-time MA process providing a good intuition. We then apply our theory

in Section [1.4.1 and 1.4.2 to describe the extremal behavior of the continuous-time
process Y given in (1.0.1) at a properly chosen discrete-time skeleton. This yields a

full description of the extreme behavior of Y.

1.2.1 Point processes

We follow Resnick [124,125] and introduce point processes to describe the extremal

behavior precisely. Let S denote the locally compact and separable Hausdorff space



1.2 Results on marked point processes 37

[0, 00) xR with the Borel o-field B(S) and Mp(S) denotes the class of point measures
(integer-valued Radon measures) on S provided with the metric p that generates the
topology of vague convergence (for every f € C.(S) the map from Mp(S) — R with
p — [ fdu is continuous). A Radon measure on a locally compact and separable
Hausdorff space is a measure, which is finite on compact sets. A measure of the
form Zke [ €z, Where x, € S, I is at most countable and ¢,, denotes the Dirac
measure in zy, is a point measure. The space (Mp(S), p) is a complete and separable
metric space (cf. Bauer [21], Theorem 31.5) provided with the Borel o-field Mp(S).
A point process in S is a random element in (Mp(S), Mp(S)), i.e. a measurable
map from a probability space (€2, A,P) into (Mp(S), Mp(S)). A typical example
in extreme value theory for a point process is a Poisson random measure. Given
a Radon measure 9 on B(S), a point process « is called Poisson random measure
with mean measure (or intensity measure) 9, denoted by PRM(9), if k(A) is Poisson
distributed with mean ¥(A) for every A € B(S) and if, for mutually disjoint sets
Ay, A, € B(S),ne N, ther.v.s k(Ay),...,k(A,) are independent (independent
increment property). More about point processes can be found in Daley and Vere-
Jones [50] and Kallenberg [81]. We remark that =2 denotes weak convergence.

The idea is now to consider a subexponential sequence and add a small r.v. to each
r.v., where the meaning of a small r. v. is that its right tail decreases faster than that
of the subexponential r. v.. Then this small r. v. has no influence on the point process
behavior. A similar result also holds for regularly varying tails (see Lemma 2.4.4).
Finally, in Proposition 1.2.5 we investigate the point process behavior of a sum of

two subexponential sequences, which are tail-equivalent.

Theorem 1.2.1
Let Z = {Zy}ren be identically distributed r.v.s in S N MDA(A) and 6 = {0y} ken
be a sequence of r.v.s, where 0, is independent of Z,, for k € N. Suppose ar > 0,

br € R are constants such that
Tlim TP(Zy > ur) = exp(—x)

for ur = arx + by with x € R holds. Further assume that there exists a r. v. © such
that for every k € N, x € R,

P(Or > x) <P(O > x) and P(© > z)=0(P(Z; >z)) forx— oc.

Denote by

(r=>) ¢ (k/Taz (Zi+0x—b7)) and  Fr=) ¢ (k/Taz* (Zk=br))
k=1 k=1
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point processes in Mp(S). Suppose there exists a point process k in Mp(S) with
k([s,t) x {z}) =0 a.s. such that kr =y Let I = [s,t) X (x,00) C S. Then

lim P(Gr(1) # Fr(1)) = 0.

In the following Corollary we see that the result is also valid under certain scalings
of time.

Corollary 1.2.2

Suppose the assumptions of Theorem!|1.2.1/hold. Let {I'y}ren be the jump times of a
Poisson process with intensity p > 0. Let « € R be arbitrary and
sk € Tk—1 + a, g1 + «) for k € N, setting 'y := 0. For T' > 0 denote by

o0

R = 6(k/T,a;1(Zkbe)) and R = Z €<(Skﬂ)/T,a;1(Zk+9k*bT))
k=1 k=1

point processes in Mp(S). Let I = [s,t) X (z,00) C S. Then

and in particular Kr = Especially for Z i.1.d. k is PRM(Y) with mean measure
V(dt x dx) = dt x e *dx.

The main step of proving Theorem [1.2.1 is the following Lemma.

Lemma 1.2.3
Let Z € S N MDA(A) be independent of the r.v.s 6 and X. Suppose there exist
constants ar > 0, by € R, such that for ur = arx + by with x € R,

Tlim TP(Z > ur) = exp(—x). (1.2.1)
For € > 0 define vr = are.
(a) Suppose P(6 > x) = o(P(Z > z)) for x — oo. Then

Tlirn TPO+ Z > ur,Z <ur—wvr) = 0, (1.2.2)
}liTm 71im TP (0 + Z > up,|Z —up| > arA) = 0. (1.2.3)

(b) Then
7lim TPO+ Z < wur,Z > ur+vr) =0.
(¢) Suppose P(X > z) ~ qP(Z > x) for t — oo and q > 0. Then

lim TP(X + Z > ur, X <wup —vp, Z <ur —vyp) =0.

T—o0
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Proof.
Denote by Fz, Fy and Fx the d.f.s of Z, 8 and X, respectively.

(a) Note that up — 00, vy — oo and also ur/2 — vy = (/2 — €)ag + br /2 — oo for
T — oo. Hence, we can assume that up/2 < ur — vp. Now, suppose for the moment
that for T" — oo,

/u;vag(uT—y)FZ(dy) = o(Fz(ur)), (1.2.4)
ur /2

/ Folur —y)Fz(dy) = o(F(ur)). (1.2.5)
Fz(ur/2) Folur/2) = ofF z(ur)). (126

Then we estimate and obtain for T" — oo,

PO+ Z >ur, Z <up —uvp,0 <up/2) < / Fo(ur —y)Fz(dy) = o(F z(ur))
ur /2
and
uT/Z_ .
PO+ Z>ur, Z <ur/2) = / Fo(ur —y)Fz(dy) = o(Fz(ur)).
Then

P(9+Z>UT,Z§UT—UT)
< P(9+Z>UT,Z§UT—UT,9§UT/2)
+P O+ Z > up, Z <urp/2) +P(Z > ur/2,0 > ur/2)

= o(Fyz(ur)) for T — oo.

Applying (1.2.1) yields (1.2.2). On the other hand, we estimate
]P)(Q + Z > ur, |Z — 'LLT| > CLTA)

]P)(Z > ’LLT)
<[ s [ P
Fo(2) F(ur)  Fz(ur +arA)
= R F () Fatur) | Folur) (127)

For the first summand in (1.2.7) the assumption in (a) and the fact that ur — oo,

ap — oo for T — oo gives

Fo(z) FZ
lim sup _0(2) 1z (ur)
T—00 y>ar A FZ(Z) FZ(UT)

=0. (1.2.8)
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Applying (1.2.1) again gives for the second summand in (1.2.7)

Fylar(x+A) +br)  exp(—z —A) %0, (1.2.9)

. Fz(UT + aTA) .
lim — = lim — =
T—o0 Fz(ur) T—oo  Fy(arz + by) exp(—m)

The result (1.2.3) follows then by (1.2.7)-(1.2.9).

Next we prove (1.2.4)-(1.2.6). By the same argument as used for (1.2.8) and the fact
ur, v — oo for T'— oo we obtain (1.2.4)):

ur—vr f) - F
/ Folur =9) b (ay) < sup Z°
ur/2 Fy(ur) 2>vp Fz(2)

(2) FZ(ur) 7200
FZ(”T) — 0.

Similarly, we obtain (1.2.5). As ur — oo for T' — oo, we have
Fo(2) FZ'(ur) 10

ur/2 I —
/ MFZ(dy) = sup = — — 0.
—c0 Fz(ur) 2>urp/2 Fz(2) Fzur)

Finally, (1.2.6) follows from Proposition|1.1.2 (i), which gives

— = = =0.
T—o0 FZ(UT) T—oo F'y (UT/2> T—o0 FZ(“T)

Statement (1.2.6) also holds, if # and Z are tail-equivalent.

(b) We have

lim TP(Z > up + v, 0+ 7 < UT) < 7lIIIl T]P)(Z > ur + UT)IED(G < —’UT) =0.

T—o00

(c) Since Fx € L, we know that Fy(ur — y)/Fz(ur) — ¢ for T — oo locally
uniformly in y. Moreover, by Proposition [1.1.2] (iii)

ur/2 0 i
lim Fx(up —y)

— Fy(dy) = q.
T—oo — o FZ(UT) Z( y) 1

Thus by Pratt’s Lemma (Génssler and Stute [68], Lemma 1.11.16)

]P)(X—I—Z>UT,X SUT—UT,ZSUT/Q)

I;
TLI};IO ]P(Z > UT)
uT/2 F .
= lim MFz(dy)
T—o0 vy FZ(UT)
* . Fx(ur —y)
/oo T—o  Fy(up) [vT,TT](?J) 7 (dy)
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By symmetry also P(X +Z > ur, X < ur /2,7 < up—vr) = o(Fz(ur)) for T — oo.
Thus by (1.2.6)

P(X+Z>up, X <up—vp, Z < up—vr)
< PX+Z>up, X <upr—ovp, Z <up/2)

AP (X +Z >ur, X <up/2,Z <ur—ovr)+P(X >ur/2)P(Z > ur/2)
= o(Fz(ur)) for T — oo.

O
Proof of Theorem [1.2.1.
Let € > 0 be arbitrary. Write I, = [s,t) X (x — €, x + €|. Then
{Cr(I) #Rr(I)} C U {0k + Zi, > ur, Zr < ur —vr}
ke[Ts,Tt)
U U {Qk—i—Zk SUT,Zk > UT"‘UT}U{%T([E) > 0}
ke[Ts,Tt)
Hence by Lemma[1.2.3 (a) and (b),
P (¢r(1) # kr(1))
< T(t — S)P( + Z1 > UT,Zl < ur— UT>
( s)P(O© + Zy <wup, Zy > ur +vr) + P(Rr(l) > 0)
Tﬂoo e—0
+P(x(Le) > 0) — 0.
O

To prove Corollary(1.2.2 we modify an argument of Hsing and Teugels [78]; see their
proof of Theorem 4.2 and Lemma 2.1. We include the proof here, since it keeps the

thesis self-contained.

Lemma 1.2.4
Let {Y)}ren be a sequence of r.v.s and assume there exists a r.v. Y such that for

some xg € R,

P(Yy>x) <P(Y >z) forx > .
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Suppose there exist constants ap > 0, by € R such that ur = arx + by — oo for
r€R and P(Y > ur) = O(T™') for T — oo. Assume {T'y }ren are the jump times
of a Poisson process N = {N(t)};>o with intensity pn > 0. Let « € R be arbitrary
and s € [['y_1 4+ o, T'k41 + a) for k € N, setting 'y := 0. For T' > 0 denote by

WE

(r=) ¢ (k/Taz (Ye—br)) and BT = 2 & ((skm)/Toazt (Yi—br))
=1

i
I

point processes in Mp(S). Let I = [s,t) x (z,00) C S. Then
TIEI;OP(CT(I) # k(1)) = 0.

Proof.
Without loss of generality we assume o > 0. For 7" > 0 define the point processes

o0 [e.9]

Z ((k+ap)/T.az! (Yi—br)) and ’7T:Z5((Fku+au)/T,a;l(Yk—bT))'
k=0 k=0

Then

P(¢r(I) #nr(1)) < > PMizun)+ Y, P(Yi>up)
Ts—au<k<Ts Tt—au<k<Tt

T—o0

< 20uP(Y > up) == 0. (1.2.10)

Next, define the events

b (5 )
Br = {’N(M)—(tT—au) >€T}.

The LLN (Mikosch [111], Theorem 2.2.4) gives limy_,o P(A7) = limy_ P(Br) = 0.

From this

P(nr(I) # nr(1)) <P(Ar) + P(Br) + 2¢ TP(Y > ur) =) (1.2.11)
follows. If s, < tT' < sp1q, then 'y + a < s, < T < s < T'gyo + . Hence

P(iir (1) # kr(1)) < 2P(Y > ug) 4+ 2P(Y > up) —3 0. (1.2.12)

From (1.2.10)-(1.2.12) we conclude limy_ . P(¢r(I) # k(1)) = 0. O
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Proof of Corollary 1.2.2.
A consequence of Theorem [1.2.1 is limg_o P((r(I) # kr(I)) = 0. Applying
Lemma 1.2.4 we conclude limp_, o P((r (1) # £r(I)) = 0. Thus

Tlim P(kp(I) # kr(I)) = 0.
As Ry = kfor T' — oo and using Lemma 3.3 of Rootzén [131]| we conclude ki = &

for T — oo.

In the case Z i.i.d, like in the proof of Theorem 4.2 of Hsing and Teugels [78] on
the one hand

T—o0

P(ryry (1) # wr(1) < (1T = [T + sT = [sT|)P(Z1 > ur) — 0

~ — ~ T— T—
and on the other hand &, => k. Thus iy — k and kK —> K. O

The last Proposition 1.2.5 of this section regards point processes of independent
subexponential sequences. It is a generalization of Goldie and Resnick [72]|, Theo-

rem 2.3, who study the case of i.i.d. sequences.

Proposition 1.2.5

Fori=1,2, let {Z,gi)}keN be identically distributed r.v.s with Z,Ei) € SNMDA(A)

satisfying Z ,51)

br € R such that for ur = arx + by with x € R,

is independent on,iZ) for k € N. Suppose there exist constants ap > 0,

lim TIP’(Z > ur) = K;exp(—x)  for some K; > 0. (1.2.13)

T—o00

For T' > 0 denote by

:Zg(k/T,a;l(Z,(f)—bT)) and s Z (k/Taz' (20422 b))

k=1 =1
point processes in Mp(S), where £ + 57 =22 k® 1 k) for some point processes
k@ with K ([s,t) x {2}) = 0 a.s.. Suppose I = [s,t) x (x,00) C S. Then

lim P(rr(I) # 62 1) + s2(1) =0

T—o0

T—o0

and kK kD 4+ k@),
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Proof.

For € > 0 set vy = are and I, = [s,t) X [t — €¢,2 + €). Then

{rr(I) # &5(1) + £2(D)} (1.2.14)
C {sY)(I) > 0} U {sP (1) > 0}

U {Z,El) + Z’gz) > ur, Z,El) S ur — vr, Z]ig) S ur — UT}
ke[Ts,Tt)

U2 + 28 < ur, 20 > ur + vy U{ZY + 22 < up, 28 > up + or}
U{Z,gl) > ur, Z,g2) > UT}.

So by Lemma 1.2.3 (¢) we have

P U {Z](Cl) + Z,EQ) > ur, Z](Cl) < upr — vp, ZIEQ) < ur— UT} (1215)

ke[Ts,Tt)
S T(t - S)P(Zfl) + Z£2) > ur, Zfl) S ur — or, 21(2) S ur — ’UT) jio 0.
On the other hand, by (1.2.13)
P( {2 > ur, 2 > ur) < Tt — )P(ZY > ur)P(Z(P > ur) == 0. (1.2.16)
ke[Ts,Tt)

Finally,

Pl |J {2"+2? <ur, 2" > ur +ur}
ke[T's,Tt)

<T(t—s)P(Z" + 2P <up, ZY > up + vy)
<T(t— S)P(Zfl) > up + v, Z?) < —vr)
=T(t —s) P(ZY > ur + vp)P(ZP < —0p) =2 0. (1.2.17)

Furthermore lim, ¢ limz_ o P(Hg)(le) > 0) = 0 for ¢+ = 1,2. Using additionally
(1.2.14)-(1.2.17) yields

lim P(rr(I) # V) + kP(1)) = 0. (1.2.18)
Thus by (1.2.18) and Rootzén [131], Lemma 3.3, also kp = k0 4 @), O

Note ZM, Z® and kM, k® independent imply lig}), /fg?) independent and thus we
get from /a'gf) =2 1) = 1,2, also /{(Tl) + Iig) = () 4 4@,
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Example 1.2.6 (Continuation of Example [1.1.10)
Assume & € SONMDA(A) with lim, .. P(§; < —)/P(§& > x) = (1-p)/p, p € (0,1]
and > "2 |cx|’ < oo for some § € (0,1). Without loss of generality we assume

— — — At — — _ +
Ci =...=Cpa =C , C_p2)y1 =...=C = —C

and |cx| < ¢t < oo for k < —P® k> PW + 1, PM € N, P® ¢ Ny. In the case
p=0set P® :=0. Let ar > 0, by € R and ur = apx + by for z € R such that

lim TP(ct & > up) = exp(—z).

T—o00

For k € Z define the stationary processes

gk = _fk_P@)_;’_l — ... 5]6 + §k+1 + e + £k+P(1) and ek = Yk — C+Ek'

Let k1, £ be independent PRM(¥;), i = 1,2, with 9,(dt x dz) = dt x e~ du,
Vo(dt x dx) = dt x (1 —p)/pe *dx, respectively. By by similar arguments as in
Proposition

> T—o0 1 1 2 2
Zs b (e vy) — PORY + PORE), (1.2.19)
k=1

Furthermore P(0), > z) = o(P(c*§;, > 7)) and P(§y < —x) = o(P(c*é, > 1)) for
x — 0. Hence by Theorem 1.2.1

P <Z E(k 7 (Vi bT) # Zg ,a7 C+§k—bT)) <[)> T—>—O>O 07 (1220>

k=1 =1

and by (1.2.19)

Zs ko1 T:_mf POM 4 p?)y()
(£.a _

This result has been proven by Davis and Resnick [55], Theorem 3.3 with completely
different methods. O

1.2.2 Marks

In the last section we have proven point process convergence of a discrete-time
subexponential sequence. In the continuous-time setting, we choose the discrete-

time points of the point process properly to capture large jumps of the Lévy process
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and extremes of the kernel function. Now, also the behavior of the continuous-time
process between the discrete-time skeleton matters. The question arises how long the
sample path of the continuous-time process stays on a high level, and how it reverts
to its mean, if a high level exceedance at a certain time point occurs. The sample
path behavior near high level excursions will be modelled by marks. The mark is the
stochastic process Y under the conditional probability that Y (o) > ur. We shall see
in Section 1.4 that our discrete-time skeleton captures fully the extremal behavior
of Y.

Lemma 1.2.7
Let Y = {Y(t)}ier be a stochastic process in R, which is a.s. bounded on every

compact set and has the decomposition
Y(t)=ft)Z+Y () forteR,

where f : R — R is a deterministic function with f* < oo and Z € SNMDA(A) is a
r. v. independent of the stochastic process Y = {?(t)}t€R7 which is also a.s. bounded
on every compact set. Assume furthermore that there exist constants ar > 0, by € R
and ur = arx + by for x € R such that

Tlim TP(f*Z > ur) = exp(—x).
Let 7 = f*Z + 6 with
PO > x)=0oP(fTZ >z)) forz— . (1.2.21)

For € > 0 arbitrary the following assertions hold:

Yt) [

bT _f—+ > €

(a) Let m > 0 be fixed, then lim ]P’( sup

T—oo —m<t<m

T>UT>_O.

(b) Let O = {ay,...,ap} be a finite set in R such that f(t) = f* for t € O. For
y1,---,yp € R, and y = max{0,y1,...,yp} we have

lim P (Y (a1) > ur + arys, ..., Y (ap) > ur + aryp| 7 > ur) = exp(—y).

T—o00

(c¢) Let |f(t)| < ft and P(Y(t) > x) = o(P(f*Z > x)) for x — oco. Then

lim P(Y(t) > ur+ary|7™ >ur) =0 foryeR.

T—o0
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Remark 1.2.8

(i) Let a € R with f(a) = f+, P(Y(a) > 2) = o(P(f*Z > z)) for  — oo and
7 =Y (), where Y and Y are a. s. bounded on every compact set. Then, Lemmal[1.2.7
describes the sample path behavior of Y, if it has an exceedance over the threshold
ur at time point a. Let X7 for T > 0 be processes in some measurable metric space
(D, D), where uniform convergence on compacta is sufficient for convergence. The

process X with distribution
P(Xr € D)=P(Y € D|Y(a) >ur) for DeD

is defined as a mark on Y. Lemma [1.2.7] (a) then states that the normalized marks
converge weakly to the deterministic function f/f*. Moreover, Lemma(1.2.7/(b) and
(c) give the distributional limit of the scaled excess over threshold. For P = 1, the
exponential limit in (b) corresponds to the limiting generalized Pareto distribution
for scaled excesses in MDA(A).

(i) If fax) = f* or f(ayx) = f+ for I € {1,...,P} and Y is a.s. continuous
in a or oy, respectively, with P(Y(a) > z) = o(P(f*Z > z)) for  — oo, then
Lemma 1.2.7 also holds by replacing 7 or Y (ay) by Y (o) or Y (ayt), respectively.
O

Proof of Lemma 1.2.7.
Let € > 0 be arbitrary.

(a) We decompose the probability:

Y(t) f(t)
= IP( sup @—@>6,|f+Z—UT|>aTAT>UT>
—m<t<m bT f+
+IP’( sup @—®>6,‘f+Z—UT|SCLTAT>UT>.
—m<t<m bT f+

The first term in (1.2.22) satisfies the inequality

p( up [HO_10

< ]P)(’f"'Z — UT’ > CLTA,T > UT)

b I3 > 6 |fTZ —urp| > arA
- P(T > UT)

T>UT)

(1.2.23)
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Furthermore, by (1.2.21) and Proposition 1.1.2 (iii),

lim TP(7 > uy) = Jim TP(f*Z + 6 > ur) = exp(—x). (1.2.24)

T—o00

Then, by using Lemma|1.2.3 (a) we conclude

]P(|f+Z — UT| > CLTA,T > UT)

lim li =0. 1.2.2
4156 T P(T > ur) ! ( 2
For the second term in (1.2.22) we have
Y S
P 20 Y Y7 —up| < apA
(_nftgl%m b >elf ur| < ar
<P ( sup |Y(t) — f(t)Z| > bre —ar(A+ ), |fTZ —ug| < aTA)
—m<t<m

=P < sup |V ()| > bre — ap(A + :z:)) P(|f*Z —ur| <arA), (1.2.26)

—m<t<m

where we used the independence of Y and Z in the last step. Furthermore, for
T — o0, on the one hand bre — ar(A + ) — oo holds and on the other hand

P(|f"Z —ur| <ard) <P(f*Z >ur —arA) =0 (T7). (1.2.27)
Thus by (1.2.26) and (1.2.27) for T'— oo,
Y) 1@ -
P(aup [H0 L0052 <ara) = o)
and by (1.2.24)
Y f@

> € |f" 7 —ur| <arA

T—o0
P - —z > — 0. 1.2.28
<—vslslf)§m br It ! UT) ( )

Combining (1.2.22), (1.2.23), (1.2.25) and (1.2.28) yields the assertion.

(b) First we show

lim P (sup Y (t) — 7| > are
T—oo teO

> uT) — 0. (1.2.29)
Define vy = ape. We proceed as in (a) and decompose the probability

P (sup Y (t) — 7| > are

teO

T > uT> (1.2.30)

T>UT)
7'>UT).

=P (sup Y (t) — 0] > are, f+Z > up — vy

teO

+P (sup Y () = 6] > agpe, f+Z < up —vp

teo




1.2 Results on marked point processes 49

For the first summand of (1.2.30) we get

P (sup Y (t) — 0] > are, f+*Z > up — vr
teO

7> uT) (1.2.31)

P (SUPteo Y (t) = 6| > are, fYZ > up — UT>

<
- P(1 > ur)
P (supteo Y (t) — 6] > aTe> P(f*Z >ur —vr)
— — 0
P(T > ’LLT)

by the independence of Y — 0 and Z. The last term tends to zero, since ar — 00,
TP(f*Z > up —vy) — exp(—z +¢€) for T — oo and (1.2.24) holds.

Using Lemma 1.2.3 (a) and (1.2.24) we get for the second summand of (1.2.30)
P (sup Y (t) — 7| > are, [T Z <up —ovr
2]

T > UT>
]P) +Z < — —00
- (1> up, fZ < ur —vyp) T=% g (1.2.32)
P (7‘ > UT)

Therefore (1.2.29) is proven by (1.2.30)-(1.2.32). Invoking again (1.2.24) we see that

P(r > ar max{z,x + y;} + br)
P (T > arx + bT)
T—o0

—  exp(—max{y;,0}). (1.2.33)

P(7 > ur+ary| 7 >ur) =

Taking (1.2.29) into account we obtain the second statement of (b).

(c) By considering (1.2.24) and the fact that for |f(¢)| < fT
P(Y(t)>ar(z+y)+br)=0P(f*Z>ar(x+y)+br)) for T — oo,
by Proposition [1.1.2 (iii) we conclude

P(Y(t) > ur +ary| ™ > ur)
P(Y(t) > ar(x +y) + br)
P (7 > arx + br)
PY(t) > ar(z+y)+br)P(r > ar(x +y) + br) 7—
]P)(T > aT(ZL’ + y) + bT) P (7’ > arx + bT) 7

0.
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Example 1.2.9 (Continuation of Example 1.2.6)

Suppose PV =1 and P® = 0. Let k € Z be fixed. Define the discrete-time pro-
cess Y(n) ==Y, f(n) := chy for n € Z and Z := . Let X7 be a stochastic
process with P(Xp € D) = P(Y/br € DI|Y), > ug) for D € B(RZ). Then we get
Xr =X {¢n_1/c }nez by Lemma [1.2.7/ (a). For a subclass of the extended heavy
tailed Weibull distribution, Example 1.1.4, this result can be found in Rootzén [131],

Theorem &.6. O

1.2.3 Marked point processes

In this section we introduce marked point processes, aiming at a description of the
point process of high level exceedances and at the same time the excursion following
an exceedance. First we define the proper sample path space. We use the notation
of Section 1.2.1.

Let D (R) denote the space of functions on R which are right continuous and have
left-hand limits. The space D (R) is provided with a metric d that generates the
Skorohod topology, such that I (R) is separable and complete (see Billingsley [28],
Section 16). Convergence with respect to d is equivalent to convergence of the re-
striction on every compact set [—m,m| in D[—m,m| with metric d,,, which also

generates the Skorohod topology in D[—m, m], since

d(z,y) = Z 27" min{1, dp (2| [—mm]s Y| [-mm))}  for z,y € D(R).
m=1
Let D be the Borel o-field in D(R). Sufficient for convergence in I (R) is uniform
convergence on compacta. Denote Sy = Mp(S), dy = p and Sp = D (R), dj, = d for
k € N. Then for every k € Ny the metric space (Sk, &lvk) is separable and complete.
Consider the infinite Cartesian product £ = Sy x S; X Sy X ---. A random element
n = (k, X1, Xa,...) in E is called a marked point process. It is clear that E provided

with the product metric

d(l’,y) = 22_k mln{Lde(xkayk)} for T,y € E
k=0

of coordinatewise convergence is complete and separable. Convergence of random el-

ements in E is described by weak convergence. For further details see Billingsley [28],
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Pollard [120] or Lindvall [100]. We need the following criteria for weak convergence
in F, which is a modification of Billingsley [28|, Theorem 3.1.

Lemma 1.2.10
Assume that QN“T = (ET,)?LT,)?Q,T, ..), ¢r = (b, X171, Xor,...) and ¢ are random

elements in (E, c?) satisfying ET =t ¢ in E. Assume furthermore that, for any € > 0,
k,m €N,

lim P(p(kr,kr) >€) =0 and zlim IP’( sup | Xpr(t) — Xpr(t)| > e) = 0.

T—o0 —m<t<m

Then

T—o0

CT:>C in F.

Proof.
Sufficient for convergence in D(RR) is uniform convergence with respect to the supre-

mum norm on every set [—m,m| for m € N. Hence the assumption implies

tim P (don (Xl -moms X limom) > €) = 0. (1.2.34)

T—o0
For a given € > 0 choose ¢ € N such that 277 < €/2, then
- €
27 <
2 7"
m=i+1

Moreover,

~ ‘ ~ € —00
P(d(Xer Kug) > ) <SP (dm<xk,T|[_m,m],Xk,Tr[_m,mp _— ) =t
0

m=

where we applied (1.2.34). Similarly we get

]P(J(CT’ gT) > E) < P <p (KT,’I%T) > 2(2—3_1)> + Z]P) (d(Xk,T, Xk,T) > —2(Z j_ 1)) y

which tends to zero for T" — oo. The assertion is now a consequence of Theorem 3.1
of Billingsley [28]. O

Now we formulate the main result of this section.

Theorem 1.2.11
For k € N let Yy, = {Yx(t) }+er be stochastic processes in (D(R), D) with the decom-
position

Yilt) = fult)Zx + Yilt) fort €R,
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where fi : R — R is a deterministic function in D(R) with f;7 < oo, fr(ax) = fi
for some oy, € R and Z, € S N MDA(A) is a r. v. independent of Y, = {?k(t)}te]]g
in D(R). Let axr > 0, bpr € R, k € N,T > 0, be constants such that for

Up T = x4+ by with z € R,
Tlgrgo TP(f,F Z). > urr) = exp(—x)
holds. Furthermore for k € N, let 7, = f, Z), + 0k, where
POy > z) = o(P(f,f Zx > x)) for z — oo,
and Xy 1 be a random element in D(R) with distribution given by
P(Xyr € D)=P (Y, € D|1, >uxr) forDeD.

Finally, let kp and k be point processes in Mp(S) with rr =%°  and

= </£ Xir Xir Xor Xog ) n = ( fi fi fo fo )
T — T, ) ) ) PACIRICIN ) - T+ o+
bl,T X1,T(Oé1) bQ,T Xz,T(Oéz)

K, T et e ot
1 1 2 2

be marked point processes in F. Then

nr =t n in E.

The normalized marks Xy, 7/by, r characterize the normalized behavior of the process

after an exceedance and Xy, /Xy (o) the relative behavior.

Proof.
Define the continuous mapping hy : Mp(S) — E with

hi(y) == (y,f—i,f—i,f—i,f—i,...)

1 Jr T2 )2
and the marked point process

L Xl,T Xl,T X2,T X2,T
Cr = | Ar,

) ) ) PR
bir bir bar bar

in E. Applying the continuous mapping theorem, Billingsley [28], Theorem 2.7, we

obtain

Cr = ha(kr) =5 ha(k) = n. (1.2.35)
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Define the set D = {g € D(R) : sup_,,<,<p [9(t) — fu(t)/fi'| > €} € D, then by

Lemma 1.2.7 (a) we know

Xir(t t
lim IP’( sup srl) _ fk(+) = 6)
T—oo —m<t<m bk,T fk;
X,
— lim ]P’( il ED)
T—00 k,T

Yi(t)  fi(?)

be. T fif

>

= lim ]P’< sup T > Uk,T) = 0. (1.2.36)
T—o0 —m<t<m

The limit relations (1.2.35) and (1.2.36) ensure that the assumptions of Lemma1.2.10

are satisfied and we get (r = 1 in E. There also exists a measurable and a.s. con-

tinuous mapping hy : £ — FE with hyo((r) = 17 regarding to the probability measure

of n. Applying the continuous mapping theorem, Billingsley 28], Theorem 2.7, again
we obtain np = ho((r) = =ty ha(n) = n. O

1.3 Tail behavior

In this section we estimate the tail behavior of a subexponential Lévy driven MA
process Y given in (1.0.1). As one would expect any marginal distribution of a MA
process with a kernel function, which has a finite number of local extremes, has
a lighter tail than of f*L(1). In addition to prove this, we will present sufficient

conditions for Y'(0) to be subexponential.

Note, that the Lévy measure of Y(0) is by (1.1.6) for z > f* as given by

wino= [ on e )d”/fw”? (5] @ 08

and hence, coincides with the Lévy measure of [7° f(s)dLy(s)+ [72_ [~ (s) dLa(s).

By the tail-equivalence of the Lévy measure and its corresponding probability dis-

tribution, in the case of subexponential distributions (Proposition [1.1.2 (v)), we
immediately see that small jumps of the Lévy process have no influence on the
tail behavior of Y (0). Thus Lj is negligible for the tail of Y (0). We will also use
that 7 f*(s)dLi(s) as well as [*°_ f~(s)dLs(s) are positive Poisson shot noise

processes.
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1.3.1 The Poisson shot noise process

As an important special case we calculate the tail behavior of the positive Poisson

shot noise process given in (1.1.11), whose jump sizes are subexponential.

Proposition 1.3.1

Let Y be a positive Poisson shot noise process as given by (1.1.11) satisfying (L1)
and (K1). Suppose U is an uniform r.v. on (—1,1), independent of L. Then holds
Y (0) € S and there exists a t, > 0 such that for all t > t

P(Y(0) > z) ~ 2tP(f(tU)L(1) > z)  for x — o0.

The following Lemma gives an useful representation of a shot noise process. We
include the proof here since (to our knowledge) it has not appeared in this generality

elsewhere.

Lemma 1.3.2
Let L be a positive compound Poisson process given by (1.1.10), f : R — R be
measurable, bounded and fft f(s)dL(s) bei.d. for somet > 0. Suppose {Uy }ren, U

are 1.i.d. uniform r.v.s on (—1,1), independent of L. Then for any t > 0,

=2

(2t)
/ F(s)dL(s) £ S (U Zi

k=1

Moreover, [, f(s)dL(s) € S if and only if f(tU)Z, € S. In this case
t

P (/ F(s)dL(s) > x) ~ QP(F(HUVZ) > ) for 7 — oo,
—t

Proof.
Define for z > 0 the set

M={(s,) € (—t,t] x By : [(s)y € (x,00)}.

The generating triplet (vx, 0%, my) of the i.d. r.v. X = fftf(s) L(s) is by (1.1.6)

given as

(z, 00) /_t/_ Lo (s,y)v(dy) ds = / P({Z, : (s,2)) € M})ds
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ox = 0 and my = [°_k(z)vx(dzr). On the other hand, the generating triplet
(V)z,aiz,m)}) of the i.d. r.v. X = évz(?t)f(tUk)Zk, which is a compound Pois-

son r.v., is vg(x, 00) = 2utP(f(tU)Z, > ) for & > 0, mg = [

k(z) vz (dr) and

0% = 0. Recalling that an uniform r.v. on (—t,t) has a density u satisfying
ds = 2tu(ds) yields

t

vi(x,00) = 2utP(f(tU1)Z1 > x) = 2,ut/ P({Z, : (s,Z1) € M})u(ds)

—t

t
_ M/ P({Z1 : (s, 7)) € M})ds = vx(z, 00).

—t
Thus the generating triplet of X and X are identical and the first statement holds.
Taking into account that f(tU) is a bounded r.v. and Z; € S, then we have
f(tU)Z, € S by Proposition [1.1.2 (vi). Finally, by applying Proposition 1.1.2 (v)
we obtain X € S if and only if f(tU;)Z; € S. In this case

P(X > z) ~ vx(x,00) = 2utP(f(tU)Z; > x) for x — oo.

Proof of Proposition 1.3.1.

Note that f : R — R, and Z; has only support on the positive real line. By condition
(K1) f is bounded and the set D of discontinuities of f is at most countable. If
f(z) = 0 for every x € D€, then f(x) # 0 only on a set with Lebesgue measure zero;
hence Y (0) = 0 a.s.. Otherwise there exists an z* € D¢ with f(z*) > 0. Since f is

continuous in z*, there exist a x1, o € R with 21 < 2* < x5 such that
fl@)> fla*))2=:f forxz e (x1,x2). (1.3.2)

Let define the positive sequence ¢, = sup;ep,_1,) f(t) for n € N. From (K1) we

conclude

> @ <o (1.3.3)

k=—o00

Furthermore, define the kernel function

[e.9]

f(t) = Z cp lp—1py(t)  fort € R

k=—o0
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Then f(t) < f(t) for t € R. From (1.3.3) we know that ¢, — 0 for k — 4-0o. Thus

there exists a ty > max{|z;|, |z2|} such that
F) <T@ < f/4 for |t| > to. (1.3.4)

Using the notation fab f(t —s)dL(s) for [, f(t —s)dL(s) we define the following

positive r.v.s with kernel function f and f, respectively,

X, = / F(s)dL(s) + / F(s)dL(s) = 3 alL(k) — L(k — 1)]

|k|>to

X = 7]‘(3) dL(s), Xy = 72]”(5) dL(s), X3 = ff(s) dL(s).

o
If we write ¢* for maxg|s¢, cx, which is by (1.3.4) less than f/ 4, and
P =4#{k: |k| > tg,cr, = '},
then we get using Proposition 1.3 in Davis and Resnick [55],
P(Xy > z) ~ P"P(c¢"L(1) > z) for x — o0.
Thus, by L(1) € R_ and (1.3.4)

P(Xo > z) =o(P(L(1) > 2z/f)) for z — oc. (1.3.5)

Moreover, we obtain X; + X5, + X3, X5 € S and for x — oo

P(X)+ Xo+ X3 > ) =P / F(s)dL(s) > 2 | ~ 2tP(f(toU)L(1) > z), (1.3.6)

P(X, > 1) ~ 222 o “ip (f (5'71 ‘2”2 + 22 > o U) L(1) > :)3) (1.3.7)

by Lemma [1.3.2] Taking (1.3.2), (1.3.7) and P(Xy > z) < P(X; + X5 + X3 > z) for

z € R into account

i P(L(1) > 2z/f)
1 <1 1.3.8
PR, £ Xyt Xy > 1) (138)
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Considering (1.3.5) and (1.3.8) we get
P(Xo > z) = o(P(X; + Xo+ X3 > x)) for x — oo. (1.3.9)
Applying (1.3.6), (1.3.9) and Proposition 1.1.2 (iii) gives Y (0) € S and for z — oo
P(Y(0) > x) ~P(X; + Xo + X3 > ) ~ 2toP(f(t,U)L(1) > x).

The result also holds if we replace tq by some t > t,. 0]

1.3.2 The general MA process

Invoking the results for the positive Poisson shot noise process in the last section
we can now derive results on the tail behavior of subexponential Lévy driven MA

processes.

Theorem 1.3.3

Let Y be a stationary MA process as given in (1.0.1) satisfying conditions (K1) and
(L1). If f is also negative we additionally assume (L2). Suppose U is a uniform r.v.
on (—1,1) and independent of L. Then there exists a to > 0 such that Y (0) € S if
and only if f(tU)L(1) € S for every t > ty. In this case

P(Y(0) > ) ~ 2P(f(tU)L(1) > z) for x — oo.

Note that |f(t)| < fT for t > ty. For the proof we need the following Lemma.

Lemma 1.3.4
Let X;, Z;, Z, be independent r.v.s, i = 1,2, where X; has bounded support on

r—00

R, . Suppose P(Z; > ) /P(Z; > ) =% q € [0, 00]. Then

L ]P’(X121 > iL‘) + IP)(XQZQ > iL‘)
im — — =q
L0 IP’(XlZl > l’) + ]P(XQZQ > l’)

Proof.
Let € > 0 be arbitrary. Since P(Z; > z)/P(Z; > z) =% ¢ there exists an 29 > 0
such that ¢ — e < P(Z; > x)/P(Z; > x) < q + ¢ for & > z0. Denote by Fy, the d.f.
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of X;, which has support on [0, ¢;] for ¢; > 0. Then for x > max{cy, ¢}z,
c1 T co T

P(X\Z, > @) + P(XoZs > 1) = / P (Z1 > —) Fy, (du) +/ P <22 > —) Fy, (du)
0 u 0 u

<(g+0 /0611@(21 > 0) P, (du) + (g + 0 /OC2P (%> 2) P

=(q+ e)[P(Xlgl > x) + P(X222 > )]

and, similarly, (¢ — €)[P(X1Z; > z) + P(X2Z; > 2)] < P(X1Z) > ) + P(X2Z5 > 1)

for x > max{cy, ca}xo. O

Proof of Theorem [1.3.3.

We use the decompositions L = L;— Lo+ L3 as given on p.[16. Let Uy, U, be indepen-
dent uniform r.v.s on (—1,1). Then Ly(1), Ly(1), fT(tU1) L1 (1), f~(tUs)Lo(1) € S
by Proposition [1.3.1] (vi). Taking Proposition [1.3.1 with some ¢ > t3, Proposi-
tion [1.1.2 (v) and Lemma [1.3.4 into account, we obtain Y (0) € S if and only if

for z — >

P(Y(0) >z) ~ vy(z,00) = vy, (x,00)+ vy,(x,00) (1.3.10)
~ 2AP(fT(tUy) Ly (1) > x) + 2tP(f~ (tU3) La(1) > ).

Let p > 0. Since L(1),—L(1) € S, we get P(LT(1) > x) ~ P(L1(1) > x) and
P(L(1)” > ) ~ P(Ls(1) > z) for x — oo by Proposition [1.1.2 (v). Then with

Lemma 1.3.4| we have for £ — oo

P(f(tU)L(1) > z) = P(f*(tU)L*(1) > z) + P(f~(tU)L (1) > z)
~ P(fH(tU)Ly(1) > @) + P(f~(tU)La(1) > ). (1.3.11)

Thus by (1.3.10)-(1.3.11) Y(0) € S if and only if P(Y(0) > z) ~ 2tP(f(tU)L(1) > z)
for  — oo. In the case p = 0 the Lévy measure of f~(tU)Ly(1) has bounded support
and hence also the d.f.. O

We shall give some sufficient conditions for f(tU)L(1) € S and hence Y (0) € S.

Remark 1.3.5

Let Y be a stationary MA process as given in (1.0.1) satisfying (K1), (L1) and has
decomposition as given in (1.0.3). Taking f*(tU)Li(1), f~(tU)Ls(1) € S, Proposi-
tion [1.1.2 (iii) and into account a sufficient condition for f(tU)L(1) to be
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subexponential is

P(f~(tU)Ls(1) > 2) a0
PO L) >e) 17 (1.3.12)

The following examples satisfy (1.3.12):

(a) f(x) =—f(—x) for x € R and condition (L2) is satisfied.

(b) f=>0.

(¢) L=1Li+ Ls.

(d) f is right or left continuous in some « with f(a) = f* and f~ < f+.

(e) f is a step function and condition (L2) is satisfied.

Remark 1.3.6
In the case of a discrete-time MA process as given in Example 1.2.6, let L(1) =
& € S satisfies the tail balance condition in (L2). This is sufficient for Y,, to be

subexponential. Then

1—
P(Y, > z) ~ (p<1> + —pP(2)> P(c"L(1) > 2) for 2 — oo.
p

In this case the additional assumption that either v(—oo, —1) =0 or —L(1) € S is
not necessary since the tails of [*°_ f7(s)dLs(s) and [*°_ f*(s)dLi(s) are by

’ P <ffooo f7(s)dLa(s) > :v) B EP(Q)
xggo]P; (ffooo FH(s)dLy(s) > I) N p P

comparable. O

Corollary 1.3.7
Let Y be a stationary MA process as given in (1.0.1) satisfying (K1) and (L1). If
f is also negative assume additionally (L2). In addition, let L be a Lévy process

satisfying for x — oo,

P(L(1) > 2) ~P(L(1) > 2) and P(L(1) < —z) ~P(L(1) < —2).
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Define Y (t) = [ ft—s) dL(s) for t € R. Then Y (0) € S if and only if Y (0) € 8
and in this case

P(Y(0) > x) ~P(Y(0) >x) forx — oo.

Proof.

By Theorem 1.3.3/holds Y (0) € S if and only if f(tU)L(1) € S and similarly holds
Y (0) € S holds if and only if f(tU)L(1) € S. If we apply Lemma 1.3.4 and (1.3.11)
we get that f(tU)L(1) and f(tU)L(1) are tail-equivalent. O

The next corollary shows that the assumption Y (0) € S is not necessary for the
right tail of Y(0) to be lighter than the tail of f*L(1).

Corollary 1.3.8
Let Y be a stationary MA process as given in (1.0.1) satisfying (K1), (K2) and (L1).

If f is also negative assume additionally (L2). Then for x — oo,

P(Y(0) > ) = o(P(f*L(1) > z)) and P(Y(0) < —z) = o(P(f*L(1) > x)).

Proof.
Let U be a uniform r.v. on (—1,1). Without loss of generality we assume P = 1
and f(a) = fT. Let € > 0 be arbitrary. Then
fi=sup [f(O)]V sup |f(t)] <sup|f(t)] = f.
t<o—e t>o+te teR

On the one hand
P(f(tU)L1(1) > z| |tU — o <€) <1

P(f+Ly(1) > x) -
and on the other hand, taking into account that the tail of Li(1) € R_., then

B(f(t0)La(1) > al[tU —al > &) _ P(FLi(1) > ) oo
P(f*L:(1) > z) ~ P(ftLi(1) > ) '

Thus
P(f(tU)Li(1) > )
P(f+tLy(1) > x)
€ e\ P(f(tU)L1(1) > 2| [tU — o] > €) g—o0 €
<+ (1-3) P(f*Li(1) > @) o
Regarding on the one hand P(f*[L1(1) + L3(1)] > =) ~P(fTL(1) > x) and on the
other hand P(f(tU)[L1(1) + L3(1)] > z) ~P(f(tU)L,(1) > x) for  — oo also

P(f(tU)[Ly(1) + L3(1)] > z) = o(P(f*L(1) > z)) for z — oo.
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Applying Remark [1.3.5 (d) then Y;(0) + Y3(0) € S and
P(Y1(0) + Y3(0) > z) ~ P (f(tU)[L1(1) + L3(1)]) = o(P(f* L(1) > z)) for z — oo.

Similarly Y5(0) € S and P(Y2(0) > z) = o(P(fTL(1) > z)) for x — oo. Taking

Proposition [1.1.2] (iii) into account, then we get for z — oo,
P(Y(0) > z) = P([Y1(0) + Y3(0)] + Y2(0) > z) = o(P(f " L(1) > x)).

We obtain the second statement of Corollary|1.3.8 by choosing — f as kernel function
and applying the first statement. The assumption f~ < f* has no influence on the
proof. O

1.3.3 Tail behavior of M (h) and M (T'y)

We now investigate the extreme behavior of the MA process Y with a.s. sample
paths in D(R). We first study the local maxima of the process, i.e. maxima over
an interval of fixed or random length. Define M (h) = supy<,<;, Y (t) for A > 0. Our
first result is in the spirit of Rosinski and Samorodnitsky [132], Theorem 2.1. They
study the tail behavior of subexponential r.v.s, which are functionals of stochastic

processes.

Theorem 1.3.9
Let Y be a stationary MA process as given in (1.0.1) with a.s. sample path in D(R)
and f € D(R). Define for h > 0, t € R,

fif(s) = suph frt+s), Ef = {teR: ff(tLt)=f"},
0<t<
fn(s) = os<1tl£h f~(t+s), E, = {teR: f (t£)=fT}.

(a) Let h > 0 be fixed. Define for x > 1

W<x’°°>:/fh(s (fh<> )d”/fﬁs»o”(‘“’ﬁ—é)) s

Suppose vy(-,00) /vy(1,00) € S. Then M(h) € S and
P(M(h) > z) ~ vy(x,00) for x — 0.

Furthermore, if

/ £ (t = ) dLy(s) / Fo(t = s) dLa(s)
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is a well-defined, stationary i.d. process, then P(M(h) > z) ~ P(Y(0) > x)
for x — oo.

(b) Assume L(1) satisfies conditions (L1), (L2) and f satisfies conditions (K1),
(K2). Denote by X\ the Lebesgue measure on R.

(b1) Then M(h) € § and
P(M(h) > z) ~ (A(E,j) + %A(Eh)) P(f*L(1) > z) forz — oc.

(b2) Let T be a positive r.v. on the same probability space than Y. Further-
more, T is independent of Y with ET < oo, then also M (1) € S and with
K = [F ME}) + S2A(E;) Fo(dh) holds

P(M(7) > z) ~ KP(fTL(1) > ) for z — oo.

Remark 1.3.10
(i) Note that (a) links the tail behavior of M (h) and vy under subexponentiality.

No assumption is made concerning the maximum domain of attraction.

(ii) If h is less than the smallest distance between successive extrema, we obtain
ME;) = POh and N(E;) = PPh. O

For the proof of Theorem [1.3.9/we need the following Lemma.

Lemma 1.3.11
Let Y be a separable stationary MA process as given in (1.0.1) satisfying f € D(R)
and

P(sup |Y(t)] <o0)=1 for h>0.

0<t<h

Assume that the Lévy measure v of L has only support on [—c,c| for some ¢ > 0.
Then, for every € > 0 there exists a C' > 0 such that

P(M(h) > z) <P(sup |Y(t)| >z) <Ce ™ forz > 0.

0<t<h

Proof.
Let vy, be the Lévy measure of the i.d. process {Y(t)}o<t<p, i.€. v, is the Lévy

measure corresponding to the finite dimensional distributions of {Y(¢)}o<i<n (see
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Maruyama [106]). Denote by F = X\ x v the product measure of A and v on RZ.
Define also the function V : R? — R by

Vi(s,z) ={zf(t — S)}O%etéh. (1.3.13)

Then v, = F o V™! and we calculate

178 a e ROM  sup |a(t)] > fte (1.3.14)
0<t<h
teQ

=FoV! a e ROM - sup |a(t)] > fte
0<t<h
teQ

fTe N —fTe
= v , 00 v | —oo,
sup |f(t —s)] sup |f(t — s)|
sup |f(t—s)|#0 \0<t<h 0<t<h
0<t<h

ds = 0.

Thus the assumptions of Braverman and Samorodnitsky [33], Lemma 2.1, are satis-
fied and
C :=Eexp(e sup |Y(t)|) =Eexp(e sup |Y(t)]) < oo for every e > 0.
0<t<h 0<t<h
teQ
Using the Markov inequality we obtain for every x > 0
P(M(h) > z) <P(sup |Y(t)| > x) <e “Eexp(e sup |Y(t)]) = Ce . (1.3.15)
0<t<h 0<t<h

O

Proof of Theorem [1.3.9.

(a) Step 1. Assume L = Ly — Lo.

We have vy is the Lévy measure of Y (t). Applying Proposition 1.1.2 (v) the Lévy
measure and the probability measure of Y (¢) are tail-equivalent. Denote by F' = Axv
the product measure of A and v on R? and let the function V' as be given in (1.3.13),
such that the Lévy measure vy, of {Y () }o<i<p is F oV 1. Thus, similarly to (1.3.14),

H(zx) =, a e ROM : sup a(t) >z

0<t<h

teQ
xXr —X
= v ,00 | ds+ v| —oo, ds
/ sup f+(t —s) / sup f(t —s)
sup ft(t—s)>0\0<t<h sup f~(t—s)>0 0<t<h
0<t<h 0<t<h

= vy(x,00) € S.



64 1 Extremes of subexponential Lévy driven MA processes

Since Y has a.s. sample paths in D(R) we have P(supy<,<p, |Y (t)| < 00) = 1 and
M(h) = SUpo<ish Y (t). Therefore the assumptions of Rosinski and Samorodnit-
sky [132], Theorem 2.1, are satisfied and hence M (h) € S and

P(M(h) > x) ~vy[z,00) for z — 0.
Step 2. Assume L = L1 — Lo + Ls.
We decompose L into two independent Lévy processes Z, L3, such that L = L+ Ls,
where L = L, — L. Since Y and 2 ft—s) dL(s) has a.s. sample path in D(R)

also [*°_ f(t — s)dLs(s) has a.s. sample path in D(R). Then by Lemma[1.3.11 and
Proposition 1.1.2 (i),

B (s | [ =9 dzats

Applying Step 1 and Proposition [1.1.2! (iii) we obtain for x — oo,

/ f(t—s)dLs(s)

> x) = o(vp(w,00))  for & — oo.

> )

0<t<h 0<t<h

P(M(h) > z) (Sup/ F(t—s)dL(s) + sup

~ P(Sup /oof(t—s)dZ(s)>x)~y7(x,oo).

0<t<h J—
Similarly, by symmetry we have for x — oo

P(M(h)>z) > P sup/ f(t —s)dL(s) — sup

0<t<h 0<t<h

)

/ f(t—s)dLs(s)

~Y

Thus, P(M(h) > ) ~ vy(x,00) for © — oo and hence we obtain M(h) € S.
(b1) Here Y is a well-defined stationary i.d. process. W.l.0.g. we assume f > 0
and a§1) — ag-l_)l >1for j =2,..., PY. Define g(t) = £, (t) Lp g+ (1) for t €R,

Yi(t) = /00 gn(t — s)dL(s), Yo(t) =Y (t) = Yi(t).

—00

The MA process Y = {Y(t) }+er satisfies the assumptions of Corollary 1.3.8, thus

P(Y1(0) > z) = o(P(f"L(1) > x)) for x — oo.

Moreover, let ¢, = h, t; = min h,ozl) — oW for j = 2,...,PW, such that
j 1
1
Zf(f = A(E/f) and Y(0) = f*Z [ ( ;1)) L(Oz§~1) — t;)]. Thus by Propo-
sition [1.1.2] (iii),

P(Y2(0) > 2) ~ A(ENP(fTL(1) > x) for x — oo.
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Applying (a) and Proposition 1.1.2 (iii) again yields for 2 — oo,

P(M(h) >z) ~ PY(0)>z)=P(Y1(0)+Y5(0) > x)
~ MEDP(fFL(1) > z). (1.3.16)

(b2) The sequence M}, = sup;_;<4<, Y () is stationary such that for z > 0,

[s]
P(M(s) > z) <P | [ J{My > 2} | < (s+ DP(M(1) > ).

k=1
Denote by F. the d.f. of 7. Then we have an uniform bound

P(M(T) >x) /oo P(M(h) > z)

P(M(1) > z) WFT(CM) < /Ooo(th 1)F,(dh) =E7r +1 (1.3.17)

for any = > 0. Regarding ozy) = aﬁ»l_)l > 1for j = 2,...,PM, (1.3.16) and Re-
mark 1.3.10] (ii), we get

AEy)

P(M(h) > x) ~ Nz

P(M(1) >z) for x — oo,

and thus we obtain by dominated convergence

\]

VARV,

lim M) >2) oy gy, PM) > 2) g

v—oo P(ftL(1) > z) z—oo P(M (1)
h)

D [0 BM(R) > )
), RIS

=

- /OO ME}) Fo(dh) < oo

1.4 Extremal behavior

1.4.1 The marked point process at a discrete-time skeleton

We start with a short motivation why it makes sense to investigate the continuous-
time process Y at a discrete-time skeleton {Y'(t,)}nen where {t,},en are chosen

properly to capture the times where big jumps of the Lévy process and extremes of
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the kernel function occur. Consider the Poisson shot noise process given in (1.1.11)
with

YTu+t)=f®)Ze+ > fOu—T;+1)Z; forkeN teR,

j=—00

k.0

and assume that f satisfies condition (K2). If Zj is really large in comparison to
{Z;}jen\0ky, then Y (I';, +t) behaves like f(t)Zy, and hence Y (I'y +1¢)/Y (I'y + a(l))
behaves like f(t)/f". Since in the case of positive jumps, the process {f(t)Z;}er
achieves local suprema if and only if f achieves local suprema in oz( ) e ,ag()l), the
points Y(Fk+ozl ) keN,l=1,...,PY are significant. In contrast to the negative

jumps the points, where Y (I'y, + a@)) keN,l=1,...,P® are significant.

We come back to the decomposition of L = L; — Ly + L3, where L;, 1 = 1,2, are
positive compound Poisson processes with jumps larger than 1 and generating triplet
(0,0, v;). Hence, for i = 1,2, they have the representations

N;(t) Ny(
ZZ fort >0 and L;( Z Z) fort <0, (1.4.1)

where N; = {N ( )}teR is a Poisson process with intensities p; = 14(R), and jump
times TV = {F }keZ\{O}y I’(_Z)1 <0< ng), I’,(;) < I’,(er, k € Z\{—1,0}. The se-
quences Z) = {Zk)}kez consist of i.i.d. r.v.s with d.f.s v; (—o0, z] /u; for x € R.
Furthermore, Ny, Ny, Z0) and Z® are independent.

In the setup of a subexponential Lévy driven MA process we consider on the one hand
large positive jumps of the Lévy process in cooperation with suprema of f, i.e. the
sequence Y(F(l) +al ) keN, I=1,...,PD and on the other hand large negative
jumps in cooperation with local infima off, ie. Y(F( )—i—al ,keN I=1,...,P?.

First we compute the point process behavior of the discrete-time skeleton {Y(¢,,) }nen
with ¢, € {T¥ + o\ . k e NI = 1,...,P® i = 1,2}. After that we study the
behavior of the continuous-time process Y, if Y'(¢,) exceeds a large threshold, i.e.

we consider marked point processes.

Theorem 1.4.1

Let Y be a stationary MA process as given by (1.0.1) satisfying conditions (K1) and
(K2), where L has the decomposition given in (1.4.1). Suppose L(1) € SNMDA(A)
with ar > 0, by € R, ur = arx + by for x € R such that

lim TP(fTL(1) > ur) = exp(—=x).

T—o0
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If f is also negative, we additionally assume (L2). Fori=1,2,1=1,..., P% define
the corresponding point processes in S by
R 26 U S |
=7 (O +a)Toag (Y (0 +a{")-b1) ) T (b/(Tua)ar (12 -br))
Let % be a PRM(Y;), i = 1,2, with mean measure ¥,(dt x dx) = dt x e " dx
and ¥y(dt x dx) = dt x (1 — p)/pe~*dx, respectively. Suppose k) and k) are
independent. Furthermore, if p > 0, define the point processes

p) P2
Kp = Z FL(TI’Z) + Z mg?’”, Rp = P(l)%g}) + P(Q)T{g) and k = PWrM) 1 pR) g2
=1

=1

For p = 0, define kp = Y, (i) ”, kr = POE (1) and k = PWxM. Suppose

I =1Is,t) x (z,00) CS. Then forz—1,2,lzl,...,P(Z,tho]ds

lim P(r5" (1) # R (1) = 0

T—o0

T—o0

and kT = k.

Theorem 1.4.1 states that exceedances of {Y(F,(f) + ozl(i))}keN above a high threshold
behave like { f +Z,£i)}kez, this are the extremes of f times the i.1i. d. sequence of jump
sizes. Hence, the influence of small jumps of the Lévy process is negligible. We notice
that the limit process of the point process of exceedances kr(- x (x,00)), x > 0 be
fixed, is the sum of two independent compound Poisson processes with constant
cluster sizes P, P®) . The following corollary describes the behavior of the marked

point process and the excess over threshold distribution function.

Corollary 1.4.2
Assume that the conditions of Theorem|1.4.1 holds and Y has a.s. sample paths in
D(R). Then the following statements hold:

(a) Let Xyr, k€ N, T > 0, be random elements in D(R) with distributions given
by

]P’(ng_lj S D) = P (Y(F(l) + S D‘ + a(l)) > UT> ,

P(XyreD) = P (Y(F(2) +-) € D‘ 2+ oy > uT)
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(b)

()

(d)

for D € D. The point processes kr, k are defined as in Theorem|1.4.1,

" L o Xl,T X1,T XQ,T X2,T and
T -— T, 5 ) ) g ..
br " Xy p(af”) br T Xy p(al?)

N P N el el
n = K’f+’f+’f+’f+"”

are marked point processes in E. Then

T—o0

nr = 1n ink.

Let i € {1,2} be fixed. Define P = P%, o = F,gi) + ozl(i), l=1,...,P and
o= F,(j) + agi). Foryy,...,yp € R, and y = max{0,y1,...,yp} we have

TIEI;OP (Y(eu) > ur +aryr, ..., Y(ap) > ur + aryp| Y(a) > ur) = exp(—y).

Let i € {1,2} be fixed, t ¢ O; and y € R. Then

hm P (Y(F 9 +1t) > ur+ary Y(F,(f) + ozﬁ“) > UT) =0.

Let
%
ke = 25 40l Tag (D +a)—br) gt (VP4 —br)hicr, ) 20
OOO
K = ZS(Skypm{Pk1{f(ti>:f+}}i=1,m,m)
k=0

be point processes in Mp([0,00) x R™) for any ti,...,t,, € R. Then
T—o0
Kr = K.

Let
o0
Ky = Zé“ W 4oy Tzl (v (Fl(cl)+al<l))_bT)1{Y(F;€1)+ti)/bT}i:1,mm) and
kooo
K = ) Pt/ m)
k=0

be point processes in Mp([0,00) x R™) for any ti,...,t,, € R. Then
T—oo
Kr = K.
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Remark 1.4.3

(i) Marks can be chosen at any extremum of the kernel function f in combination
with a large jump of the Lévy process, i.e. it is possible to take the conditional
probability on any of the events {Y(F,(f) -+ Ozl(i)) > ur} for al(i) € 0;. It is also pos-
sible to take the conditional probability under f*Z ,gi). Then the normalized process
Xer/br € D(R), where

P(Xpr € D) =PY TV +)eD|f 2" > ur) for D e D,

converges weakly to the deterministic function f/f* or —f/f*, respectively. Thus
we see, that large jumps of the Lévy process cause extremes of Y if and only if the
time is properly chosen with an extreme of f. Hence (b) is no surprise, since

Tlim P (fJ“Z,gi) > up + aryi, .. ., f+Z,gi) > up + aTyp‘ f+Z,ff) > uT> = exp(—y).
For P = 1 we obtain the generalized Pareto distribution. This result is also con-

firmed by the point process convergence.

(ii) Note the similarities of the extreme behavior of the continuous-time MA process
and the discrete-time MA process, see Example(1.2.6,/1.2.9. In the case of a Poisson
shot noise process this is no surprise since a shot noise process is a MA process with

random coefficients.

(iii) Assume Y has a.s. sample paths in D(R). In (d) we can also replace the mark
{ar' /(0 + 1) =br)} iR by {ap" (V (T} +) = by) ey in D(I) for any
compact set I C R. Instlg;ajgf weak convergence, we have to use W-convergence,
introduced by Daley and Vere-Jones [50], Section A.2.6, since (/) is not locally

compact. The same holds for (e). O

We shall use an important standard result of probability theory. If 7 is a r.v. with

d.f. F. independent of the stationary process X, then we get for z € R,
P(X(r) > ) = / P(X(t) > v) F,(dt) = / P(X(0) > ) F,(dt)
= P(X(0) > x). (1.4.2)

Since Y, Y; are not independent of I'®)| it is no surprise, that the distributions of
Y(F,(j) +t) and Yi(F,(j) + 1), t > 0, differ with those of Y'(0) and Y;(0), respectively.
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But in contrast to this, Y3_;, Y5 are independent of I'”, § = 1,2, and thus for z € R,
P(Y;(T\) +) > ) = P(Y;(0) > 2) forz€R, j=3—1i,3.

In our situation, however, we are confronted with jump times I'” which influ-
ence the process Y directly. We shall decouple this dependence by using proper-
ties of the kernel function f in combination with the decomposition ¥ = Y; —
Y5 + Y3 in independent components. Most important for the extremal behavior of
{Y(T" S) + al(l))}keN will be the Poisson shot noise process Y7; the remaining part
—Y5 + Y5 will be negligible.

For the proofs of Theorem [1.4.1/ and Corollary 1.4.2 we first show the following

Lemma.

Lemma 1.4.4
Suppose the assumptions of Theorem |1.4.1 hold. Then for i = 1,2, a € O; and

z — oo, we can find r.v.s ©®, ©@ such that for r € R

POOY +a) = 120> 0) < B(O0 >z (143
P(Y(TV +a)— 129 < —2) < POO > )

and
P(OY > z) = o(P(f* 2" > 2)) and PO > ) = o(P(f* 2\ > 2))  for & — .

Moreover, the r.v. Y(F,(j) +a) — f*Z,gi) is independent of Z,gi). IfY(0) € S and
t ¢ O;, then

P(Y (T + 1) > 2) = o(P(f* 2" > z)) forz — oo
holds.

Proof.
Step 1. Assume L is a compound Poisson process as given in (1.1.10).
Choose k > 0 be fixed and define a shifted compound Poisson process L = {L(t) }er

with jump times

= for j € Z,

B Iy for j =k,
Fk — Fk—j for j 7& k‘,
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corresponding jump sizes Zj_; at fj and intensity p. Define fo := 0. Without loss
of generality the support of f can be set to R. Then

m=—o00

m#0

= Z Jt+T) 2 — f(t+T1)Z forallt € R a.s..

j==o00

As this equality is a.s., we obtain

VOt O+ FET0% = S f+T5) 2y + 102 (1.44)

J#0

_ /_°° Ft+s)dL(s) + f()Z = Y (8) + F() Z

a.s., where Y (¢ = [ f(t+s) dL(s) 2 Y ().

Step 2. Assume L is a Lévy process.
For j = 1,2,3, denote by Y;" = {Y;"(t)}ser and Y] = {Y; () }scr processes with

representation

/ [t —s)dL;(s) / f7(t—s)dLj(s) forteR,
which are well-defined by Proposition [1.1.7. We prove the case i = 1.

Step 2.1. Determination of ©()
By (1.4.4) we have

70 <virr® 4 a) < 20+ V(@) as,
where Y, (a) 4 Y;7(0). We can estimate Y(F,(:) + a) from above by
YO +a) < VI +a) + Y5 (1) + ) + Y50 + )
< LAY+ (T +a) + YT +a) as. (145)
Choose
O :=Y;"(0) + Y5 (0) + Y3(0).

By the independence of 'V Y,~ and Y3 as well as the stationarity of 171+, Y, and
Y3 we obtain, similarly to (1.4.2), for x € R,

P(Yi () + Yy (T + a) + V3T +a) > 2) = POV > 2). (1.4.6)
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Thus by (1.4.5) and (1.4.6) for z € R,
PY TV +a)— 20 > 2) <POW > ).

Taking Remark [1.3.5 into account, we have Y, (0), ¥;"(0) + Y3(0) € S and, by
Corollary [1.3.8, for x — oo,

P(Y;(0) + Y3(0) > 2) = o(P(fT2{" > x)),
P(Y, (0) >2) = oB(f 2 > z)).

Hence with Proposition[1.1.2 (iii), the subexponentiality and (L2) we obtain

P(OW > ) = 0(P(f+Z£1) >z)) forx — oo. (1.4.7)
Step 2.2. Determination of ©1).
A lower bound of Y(F,(j) +a) — f+Z,£1) can be obtained as follows:
Fz) =y (P + ) - O + o) + V(0 + o) < VI + a).
We choose
6 :=¥,7(0) + Y37 (0) — Y3(0).

Then we estimate similarly to Step 2.1

PY(TVM +a) — ;20 < —2)
< P(=Y; (0 + ) = YA (T + ) + V(T + ) < —a)
=POWY > ) = 0(]P’(f+Zfl) >1zx)) forz — oc.

Step 2.3. We show: if Y(0) € S and t ¢ O; then

]P’(Y(F,(cl) +t) >z) = O(IP’(f+Z1(1) >zx)) forz — oo.

Y (0) € S if and only if O = Y;(0) + Y, (0) + Y3(0) € S since by (1.3.1) the Lévy
measures of Y (0) and ©W) coincide on [f*, 00). Consequently, by (1.4.5), (1.4.7),
IP’(f(t)Z,gl) > 1) = o(]P’(f*Zl(l) > 1)) for z — oo and Proposition 1.1.2 (iii) it follows
that

PY(TV +1) > 2) <P(f()Z2" + 00 > 2) = o(P(f* 2V > 2))  forz — 0. O
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Proof of Theorem 1.4.1.
Recall that by (1.1.18) the normalizing constants of Z,il) are aryy,, bry,, and the
normalizing constants of Z}gz) are ar/u,, br/u,- On the basis of Lemma [1.4.4 the
conditions of Corollary [1.2.2 are satisfied and thus
. 1,0) . (2,1 ~(2
lim P(xy) (1) # Ry, (D) = lim B (1) # 7p),, (1) = 0.

Hence

P(kr (1) # Kr(1))

pM P®)

< ZP (L0 +ZIP’ Oy £ 72(1) == 0.

By the independence of /igpl), /{é?) T—o0

Rootzén [131], Lemma 3.3 is kr =y, O

and k1, k@ also Ry k. A conclusion of

Proof of Corollary 1.4.2.
Define for k € N,

Yoro1(t) := V(O + 1) = forrr () Zopy + Yaoror (), oy == V(O + o),
Yaru(t) = Y (TP + 1) = for(t) Zyp + Yar(t), T = YT 4 o)y,

where for1(t) = f(1), fos(t) := = f(t), Zon1 = 2}, Zo := 2Z? and
%pwwzywm+w—f@%% Yau(t) =Y (T +1) — (1) 2.

Let g1 be ag) and awr be al ) for k € N. The proof of (a) (c) follows then by

Lemma [1.2.7, Theorem 1.2.11) Theorem [1.4.1'and Lemma 1.4.4. Claims (d)-(e) are

conclusions of (a)-(c), so we shall only sketch the proof.

Without loss of generality we assume m = 1. Let I = [s,t) X (z,00) X (y1,ye] and
I = [s,t) X (x,00) X (11 — €, 51 + €] U][s,t) X (x,00) X (y2 — €,y + €]. We define

oo
K € _ _ .
T Zk - () +al)/ Tzt (V00 4ol ) =br)azt (V0D o) br) 1)ty )

By (a) we obtain Kr = K. But

P(Kr(1) # Kr(I))

< P(Er(L)>0)+ > Plaz (YT + o) —br) >z,
ke[T's,Tt)

a (Y (T + al) = br) Tgsn)=pey —az (VT + 1) = br)| > €.
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If {(Y(F,(Cl) + Ozl(l)), Y (T + t;)) }kez had been stationary, then the result would have
followed in the case f(t;) = fT by (1.2.29) and in the case f(t1) # f by (c).
Analogously to Lemma 1.4.4 we can find an upper bound for the last inequality,

which converges to zero as T" — oo. U

1.4.2 The point process of local maxima

In this section we restrict ourselves to MA processes, where P() =1, P®) =0, i.e. f
has an unique extremum with f* = f(«). Consider for instance the positive Poisson
shot noise process as given in Example[1.1.9 with non-increasing kernel function f,
whose support is R,. Then Y is non-increasing between consecutive jumps. Thus
the process has a local supremum at point ¢ if and only if ¢ € I'. In some sense,
this property is also valid for the subexponential Lévy driven MA processes of this
section. Given a high threshold ur, the asymptotic behavior of the supremum of Y
in some neighborhood of I'y + « being larger than uy is caused by Y (I'y + «) being
above up. In the last section we have only shown the converse (cf. Corollary [1.4.2
and Remark 1.4.3): if Y(I'y 4+ «) is asymptotically larger than up, then it is also a
local supremum of Y. In this simpler model we can also prove the necessity of this

condition.

Theorem 1.4.5
Let Y be the stationary MA process as given in (1.0.1) satisfying conditions (K1),
(K2) with P =1, P® =0, O, = {a} and a.s. sample paths in D(R), where L

has the decomposition as given in (1.4.1). Further assume f : R — R, with

ft)= sup [H(s)1loom(®)+ sup fT(s)Lney(t), tER

—oo<s<t t<s<oo

satisfies (K1). Suppose L(1) € SNMDA(A) with ar > 0, by € R, ur = agz + by for
x € R such that
lim TP(fTL(1) > ur) = exp(—x).

T—o00

If f takes also negative values, we assume additionally (L2). Define

I, =

r® Lpm O o
k—12 k + a, k 5 k+1+a
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and My = sup,er, Y(t) for k € N. For T' > 0 denote the corresponding point

processes by

Z (si/Toazt (Mi—br)) Rt = Z8((F£1)+a)/T,a;1(Y(Fg)+a)be))’

k= k=0

where sy, is a point in I;; U {( )+ Fk+1)/2 + a} satisfying Y (sy,) = M. Denote by k
a PRM(v) with mean measure 9(dt x dx) = dt x e *dx. Let I = [s,t) x (x,00) C S.
Then limp_ . P(k}(I) # kr(I)) = 0 and

T—o00
/4;%4 K.

The marked point processes exhibit the same behavior as described in Corollary(1.4.2.
Exceedances of Y are only caused by large positive jumps of the Lévy process. The
size of an excess behaves like f* times the jump size of the driving Lévy pro-
cess. Consider a positive Poisson shot noise process as given in Example 1.1.3 with
non-increasing kernel function. Then M, = Y (I'y) and thus Theorem 1.4.1 and The-
orem [1.4.5 coincide. The proof of an analogous result for P() > 1 is much more
involved as it is not possible to choose disjoint intervals [, whose length are iden-
tically distributed, as easily (see also Corollary 1.4.11).

Corollary 1.4.6
Let the assumptions and notations of Theorem|1.4.5 hold. Define M (T)) = sup Y (t)

0<t<T
for T > 0. Then

lim P (a7'(M(T) — by) < x) =exp(—e™*) forz €R.

T—o00

Proof.
Applying Theorem [1.4.5 yields

P(az'(M(T)—br) <z) = P

SR

o

(0,1) x (z,00)) = 0)
((0,1) x (z,00)) = 0)

= exp(9((0,1) X (z,00)))
(

—e 7).

Essential for the proof of Theorem 1.4.5 is the following Lemma.
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Lemma 1.4.7
Let the assumptions of Theorem|1.4.5 hold. Then we can find r.v.s ©, O such that
forx e R

IP’(Mk _ f+Z(1) > 1) < PO >
P(Mj, — f+ 2" < —2) <P(© >

8
:_/

(1.4.8)

8
%/

Furthermore,
PO > z) =oP(ftZ" > 2)) and PO >z)=oP(f 2" > 2)) forz — .

Moreover, the r.v. M, — f*Z,gl) is independent of Z,gl)

Proof.

W.l. o.g. we assume f has support on R.

Step 1. We first show that the Lemma is valid for the MA process Y;.
Let {ex}rez be an i.i.d. sequence of exponential r.v.s such that the jump times of
L, are FS) = 3k e F(,l,)g = Z?:l e_; for k € N; recall Ee; = 1/p. Note that

Jj=1"7]
sup,cp f(t) = f(a) = f* and f is non-decreasing on (—oo a) and non-increasing
on (c, 00). Hence, by (K1) for f and Proposition T.1.7, Y () = [*°_ f(t — s) dLy(s),

t € R, is a well-defined stationary i.d. process. Define now the kernel functions

RO =T a0, L) =T 1 wm(t) forteR  (149)

and the corresponding MA processes

?1(t> = / flt—S dL1 Z ft— 1 Zl,

?Q(t) = / f2 t— S dL1 Z f t— 1) Zj(l), Vit eRa.s.

If f(t) =0 for t < o then Yy = 0. Let & > 0 be fixed. Then for ¢ € I, we have
t—ae [ ,(C I‘,(;le> Moreover,
= Y Fa-tzW 4+ T -1z (1.4.10)
1<k—-2

ST TO)Z0 T T )Z0 4 3 F -T2 ViR as.

k+2<j
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Now, we find an upper bound for all terms on the right hand side. At first,
Fit =1z <z, (1.4.11)

The function f : [o,00) — R, is non-increasing and Y, has a.s. sample paths in
D(R), so we have for t € I,

S Fe-rz < 3 Fla+rl, -1z = Vi + 1), -)

j<k—2 j<k—1
k—1
= Y7 <a+ > el> z"W. (1.4.12)
j<k—2 I=j+1
Since f : (—o00,a) — R is non-decreasing, it holds for ¢ € Iy,

S Te-tz" < 3 T (e 1) 20 = Vala+ 1)

k+2<j k+2<j
J
= Y7 <@— > el> z". (1.4.13)
k+2<j I=k+2

For the two remaining terms of (1.4.10) we need a finer upper bound than those
derived in (1.4.11)-(1.4.13). By monotonicity of f for t € I; we estimate

1 r 4rih 1 1 = e 1
ft— F/(c)1) kl—f a+%—f’§c_)1 Zl(c—)lzf(a+7k)zli—)17
1.4.14
(1) Y70 o Iy ’+Fiil W\ L0 _ 7 eks1) (1) ( )
f(t - Fk+1)Zk+1 f o+ = Fk—i—l Zk+1 =f (04 i ) Zk+1'

If we now define

_ e
o) =Y (v + T )+f< Qk) z0, +f< k;) Z;Sr)l + V(o +F19421),

then we conclude by (1.4.10)-(1.4.14) that

M,E,l) =sup Yi(t) <supY(t) < f+Z,il) + 0,(61), (1.4.15)

tely tely

and the two r.v.s on the right hand side are independent. We calculate now an
upper bound in distribution of 9,9), which is independent of k. Observing (1.4.9)
and using (1.4.4) we obtain

Vala+ 1)) =Yala+T)) + fala + D)) ZY L7,5(0) + fo(e) 2" = Y(0),
Vila+ TP )+ fila+ T, )20 £7,0) + fila—)Z) =Y1(0).  (1.4.16)
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Define Y (¢ = [ fla+t—s) dL(s), where L is a compound Poisson process with
Lévy measure 2uﬂP’(Z} ) > x) for x € R such that

Fla+ )28 +7 (a=22) 20, <V (0) (1.4.17)

and Y (0) is independent of ?1(04—1—F,(€1_)1—) and ?g(a—kféﬁl). From Proposition1.3.1
we know that Y (0) € S with

P(Y(0) > z) ~ 2P(Y(0) > z) for 2 — oo.

Define ©; = Y +Y, where Y, Y are independent with ¥ < Y (0) and )N/ < Y (0). By
Proposition 1.1.2 (iii) we have ©; € S with tail behavior P(©; > x) ~ 3P(Y(0) > )
for x — oo. Taking Corollary [1.3.8 into account we conclude

P(©, > ) = o(P(fTZ") > z))  for 2 — c. (1.4.18)

Having (1.4.16) and (1.4.17) in mind we obtain
P > z) < P(Y1(0) + YV2(0) + Y > z) = P(©, > z) for = € R.
Hence by (1.4.15) and (1.4.18) we get for x — oo,

P(MY — (720 > 2) <POY > 2) <PO, > 2) = o(P(fT 2V > 2)). (1.4.19)

Step 2. For arbitrary Y we use the decomposition (1.0.3).
Step 2.1. Determination of ©.

By (1.4.15) we have
My < MY 4 sup[Ya(t) + Ys(1)] < £ 280 + 6 + sup[Ya(t) + Ya(t)].  (1.4.20)

tely tely

Further, we set 6, := 9(1) + sup,¢y, [Ya(t) + Y3(t)] for k € N. Writing the interval I
as [oz + FEC 1+ 1/2e;, a+ F; )1 + e + 1/2ek+1>, we see that the dependence of the

two quantities on the right hand side is only given by e; and ey, 1. As Y5 + Y3 is a

stationary process independent of '™ we conclude that

0 2600+ sup  [Ya(t) + Ys(2).

+
0§t<w

For k € N define the r.v.s

=< (0 5) 207 - 52 2,
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independent of e, and ey, ;. Let € > 0 be arbitrary. We shall show that

]P’(Hk > Z') = ]P)(Qk >z, <€ epy1 < 6) + ]P)(Qk > T, > €, el < 6)
+P(Or > x, e, < €, epr1 > €) +P(Op > x, e > €, €11 > €)
< PO>12)= 0(P(f+Zl(1) >z)) forz — oo. (1.4.21)

To this end, note that the first term on the right hand side satisfies the inequality

POy >z e <€, €141 <€) < P(Q,(Cl) + sup [Ya(t) + Y3(t)] > x)
0<t<e

< P(O; + sup [Ya(t) + Y3(t)] > =), (1.4.22)
0<t<e
where (1.4.19) was used. Using Theorem [1.3.9 (b), if v (—o0, —1] > 0, we conclude
that supg<; [Ya(t) + Y3(t)] € S, and as f~ < f* for 2 — oo,

P( sup [Ya(t) + Ya(t)] > 2) = O(P(f~La(1) > z)) = o(P(f* 2" > z)).

0<t<e

If v (=00, —1] = 0 this holds by Lemma/[1.3.11. Since (1.4.18) holds, as a consequence
of (1.4.22) and Proposition (iii) we obtain

P(Or > x,ex <€ epp1 <€) = 0(]P’(f+Z1(1) >zx)) forz — 0. (1.4.23)
Next we estimate the second term of (1.4.21):

]P)(Qk > T, > €, el < 6)

<P (Wk +7 (a + %) ZM 4+ 7 (a - 6"“—“) ZM 4+ sup [Ya(t) + Ya(t)] > x) .

2 0<t<(eter)/2

Using again Theorem!(1.3.9 (b) in the case v (—00, —1] > 0 we have Supg<;< (4, /2 Y2(t)+
Y;(t)] € S and

P < sup  [Ya(t) + Ya(t)] > x) =OP(f Ly(1) >z)) for z — oc.

0<t<(eter) /2

Hence by Proposition [1.1.2 (iii) F (a+ §) ZyY) + SuPgcyccre)2[Ya(t) + Ya(t)] € S
and taking fT > max{f(a—e¢/2), f(a+¢€/2), f~} into account we obtain for z — oo,

0<t<(e+ex)/2

P <? (a + g) ZM 4 sup [Ya(t) + Ya(t)] > x) = o(P(f* 2" > ).
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Note, that P(Wj, + f (@ — %) > z) < P(©; > z), which is also independent of k.

Thus again by Proposition 1.1.2 (iii) we obtain for x — oo,

P(6), > 7, e > €, eppr < €) = o(P(fT 2 > 2)). (1.4.24)
By symmetry also the third term of (1.4.21) satisfies for z — oo

P(6), > z, e, < €, eps1 > €) = o(P(f T2 > 2)). (1.4.25)

In order to compute an upper bound for the last term of (1.4.21) we decouple the
dependence using the monotonicity of f and making this part independent of e;, and

ex+1. Then we use (ex + ex41)/2 2 er and the same argumentation as above to show

P(Qk > XT,ep > €, €yl > 6)

<P <Wk +7 (a + f) ZM 4+ 7 (a - f) Z0 4 sup Ya(t) + Ys(t)] > x)

9 2 0<t<(ex+er+1)/2

= O(IP’(fJ“Zfl) >zx)) forz — oo. (1.4.26)

Combining the results (1.4.23)-(1.4.26) proves (1.4.21). Then, by (1.4.20) and (1.4.21)

there exists a r.v. ©, independent of k, such that for x — oo
P(M; — f 2" > 2) <P(6), > 2) <P(O > z) = o(P(fT 2" > z)).

Step 2.2. Determination of o.
Using I’,(Cl) + a € I, Lemma 1.4.4 and the notation there we get

P(M;, — fTZV < —2) <P(YTV +a) — 12 < —2) <POW > 2),

where P(OW) > 2) = o(P(f+ 2" > z)) for 2 — co. Thus we choose © := 01, [
Proof of Theorem 1.4.5.

Denote by T{g) the point process of Theorem 1.4.1. The result %! =2 & and
limp oo P(kM (1) # %(;)([)) = ( is a conclusion of Lemma|1.4.7 and Corollary[1.2.2.
Thus by Theorem 1.4.1

B(e}! (1) # wr(1)) < B(s} (1) # R (1) + BE (1) # (1) =50
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1.4.3 Normalizing constants of running maxima

In this section we shall calculate the normalizing constants of running maxima of
a subexponential Lévy driven MA process in MDA(A). For a Poisson shot noise
process with non-negative, non-increasing kernel function, they have been calculated
by Lebedev [98] (see also Corollary|[1.4.6).

Theorem 1.4.8
Let Y be the stationary MA process given in (1.0.1) satisfying the conditions (K1)
and (K2) with a. s. sample paths in D(R). Suppose L(1) € SOAMDA(A) with ar > 0,
br € R, ur = arx + by for x € R such that

Thm TP(fTL(1) > ur) = exp(—x).
If f takes negative values, we assume additionally (L2). For T > 0 let be
M(T) = supg<;< Y (t). Then

Tim P (a7 (M(T) ~ br) < o) = expl~(1+ (1= p)/p1{f~ = [} e™*] forzeR.

Proof.
Letc¢, = sup fT(t)andd, = sup [~ (t)forn € Z. From (K1) we conclude
te[n 1,n+1) te[n—1,n+1)
S A <ooand Y o2 d) < oco. Define the kernel functions
f(t) = sup  fP() 1w (t), f(t) = sup () L1 (t
(t) k:z:mte[kl,k) () L1y (B),  f(2) k;wte[kl’k) () Lpp—1,1(t)

for t € R and the discrete-time MA processes

X0 = 3 oLk - Lk - 1)) = Y cantl,
k=—00 k=—00

XP = 3 duilLa(k) = Lo(k = D] = 37 duoiy
k=—o00 k=—o0

for n € N, where 5}8) =Li(k)— Li(k—1) for k€ Z, i =1,2. Let

XB) = sup / f(t —s)dLs(s),

t€[n—1,n)
and M,, = Sup;e(,_1,,) Y (¢) for n € N. Both XM, xP, xP and M, are finite a.s.,
since Y has a.s. sample path in D(R) and Proposition 1.1.7. As Ly, L, are increasing,

f(t) < F(t) and — f(t) < f(t) forallteR,
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we have for t € [n , M)
Y(t) < / J(t—s)dLy(s )+/ f(t—8)dLa(s) + X

=S s Pl — (k= 1)~ Laft — &)

e —o0 s€lk—1,k)
+ Y sup f(9)[La(t — (k= 1)) = Lt — k)] + XV
e —oo s€lk—1,k)
< XW4x® 4 xB = x| (1.4.27)

ie. M, < X,. Since {f,(:)}keN is an i.i.d. sequence with f,(;) 4 L;(1) and

X0 = {Xff)}neN is a discrete-time MA process, which satisfies the assumptions
of Example 1.2.6, we obtain for i = 1,2

- T—%0 5(i),.(
- Zg<k/T,a;1(X,(j)—bT)> = PUs

k=1

with £ as given in Theorem 1.4.1. Furthermore, P = card{k : ¢; = f*} < oo
and P® = card{k : d; = fT} < co. The processes X, X@ are independent.
The fact that [P’(X,(f) > 1) ~ POP(fTL;(1) > z) for  — oo, Proposition 1.2.5 (if
f~ = f") and Theorem|1.2.1 (if /= < fT) we conclude

T—go B(1),.(1) | p(2),.(2)
;5(k/T,aT1(X,§”+X,§2>bT)) = PR+ PURT

Using Lemma 1.3.11 and Proposition 1.1.2 (i) we also have for z — oo
P(XP > ) = o(P(f*L(1) > 2)) and PX? < —z) = o(P(fTL(1) > z)).
Applying Theorem [1.2.1 yields

. T—oo 75 =
ZS k/T,azt( X(1)+X(2)+X<3) b )) = pWx +P(2)/‘€(2)-
k=1

Thus, for I = (0, 1] x (z,00) we have on the one hand with (1.4.27)

lim P(ap! (M(T) —br) <) > lim P (Zg(k/T,a;l(X,i”+xli2>+x£3)—bT)) () = 0)

T—o0 T—o0 Pt
= P(PWMW(1) + POk (1) = 0) (1.4.28)
=P(k"(I) = 0)[1g;-<pry + Lp——p+y P(s@ (1) = 0)].
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On the other hand, Theorem 1.4.1 gives

lim P(a;' (M(T) —br) <) < 711_15)10 P(ky(I) =0)

T—o00

=P(PYM(T) + PPP(T) = 0) (1.4.29)
=P(k"(I) = 0)[1gj-<y + L p——p=y P(sP (1) = 0)].

Taking
P(kM (1) = 0)[Li-<p+y + L-—pry P(6P(1) = 0)]
=exp[—(1+ (L —p)/pL{f = f"}e]
into account we obtain by (1.4.28) and (1.4.29) the result. 0
Remark 1.4.9

If f is flat in its maximum and either f~ < f* or f is also flat in its minimum
—f*, the convergence of running maxima of Y is also ensured. Following the proof
of Theorem [1.4.8 line by line and replacing the suprema in x5 by the infima, a
lower bound of M,, can be found, without using Theorem [1.4.1. O

1.4.4 Extremal index function

The question arises, what influence the dependence structure of a stochastic process
has to its extremal behavior. In the case of an i.i.d. sequence {Yj}rez there is the
well known result about Poisson approximation (cf. Leadbetter et al. [94], Theo-
rem 1.5.1), i.e. for some 0 < 7 < 0o and a sequence of constants {u,}nen in R we
have lim,, o, nF(u,) = 7 if and only if

lim P( max Yy <wu,) = exp(—7).

n—00 k=1

-----

This also holds for weakly dependent data. Weak dependence is then expressed in
the D(u,) and D’(u,) condition (Definition/A.3.1). Strong dependence may result in
clustering within short time intervals. A measure for the dependence in the extremes
of a discrete-time process is the extremal index 6 (Definition A.1.9, a detailed discus-
sion about the extremal index can be found in Leadbetter et al. [94], pp.67). In the
case of an i.1.d. sequence or when the process is weakly dependent the extremal in-
dex is one (Leadbetter et al. [94], Theorem 3.5.2). These holds for Gaussian processes
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whose covariance function v satisfies the Berman’s condition limy,_.o, log(h)y(h) =0
(Leadbetter et al. [95], Theorem 4.3.3). The extremal index can only take values in
[0,1]. If @ € (0, 1], then the normalized maxima of the stationary sequence and the
normalized maxima of the associated i.1i.d. sequence have the same limiting distri-
bution. The case § = 0 is degenerate, where both normalized maxima can not have
the same limiting distribution. The extremal index is a quantity, which allows us to
characterize the relationship between the dependence structure of the data and their
extremal behavior. The extremal index can be interpreted as the reciprocal of the
mean cluster size of the limit process of point processes of exceedances. The value
0 < 1 indicates that the limit is a compound Poisson process, i.e. exceedances over
high thresholds tend to occur in clusters; § = 1 meets a Poisson process. A summary
about the extremal index and its estimation can be found in Embrechts et al. [60],
Section 8.1.

Continuous-time processes are highly dependent in small time intervals by the con-
tinuity of the process. Thus it is not adequate to adopt the notation of an extremal
index of a discrete-time process. As a more appropriate object to capture the ex-
treme dependence structure of a continuous-time process we define a function with

similar properties.

Definition 1.4.10
Let {Y (t)}+>0 be a stationary process. Define the r.v.s M,gh) = SUP(_1yp<i<kn ¥ (1)
for k € N, h > 0. Let 0(h) be the extremal index of the sequence {Méh)}keN. Then

we call the function 6 : R, — [0, 1] extremal index function.

Dividing the positive real line into blocks of length h, the extremal index function is
a measure for the expected cluster sizes of such blocks. By building these blocks, on
the one hand the natural dependence of a continuous-time process in small intervals
is neglected. On the other hand we can choose the blocks arbitrarily small. Gaussian
processes, whose covariance function satisfies the Berman’s condition have 6(h) = 1
(Leadbetter et al. [95], Theorem 12.2.9 and Theorem 12.3.4), e. g. Gaussian CARMA

processes.

Corollary 1.4.11
Let Y be a stationary MA process given by (1.0.1) satisfying the assumptions of

Theorem |1.4.8. Denote by d; = 04521-) — ozgi) for i = 1,2. Then the extremal index
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function is

1+(1=p)/pH{f =f"}
[h+di]+ (1 —=p)/pL{f~ = fF}[h+ d]

where limy,_,, 0(h) = 1.

O(h) =h for h > max{dy, ds},

Proof.
For h > 0 let M,ih) = SUp(_1yn<i<kn ¥ (t) for k € N. On the one hand Theo-
rem|1.3.9/ (b1) and Remark[1.3.10 yields for n — oo

nP(M(h) > unp) ~ exp (=) [[h + di] + (L= p)/pL{f~ = [T}[h + ds]] /D
On the other hand we get by Theorem [1.4.8

lim P(kg%ax M,gh) <) = lim P(a, ) (M(nh) —bu) < z)

= exp[—e"(1+ (1 —p)/p{f~ = fT})] O

.....

If the kernel function has only one maximum and at most one minimum with value
/7T, then the extremal index function is constant one. Dividing the positive real line
into blocks of the same length, results in no clusters of exceedances of these blocks.
In contrast to this, if there is more than one maximum or minimum, then 6(h) < 1
for every h > max{d,, ds}. Thus the dependence of the process results in clusters of
exceedances of blocks, where the mean cluster size tends to 1, as h tends to co. This
is obvious as cluster sizes will be smaller, because more data are condensed into one
block. This result is also in analogy to discrete-time MA processes, where clusters
only occur, when the kernel function has more than one maximum or minimum with

value f* (Example(1.2.6).

We shall give an intuitive explanation. A large positive jump of the Lévy process
in F,(:) results in large values of Y(F,(:) + 042(1)), i = 1,...,PM. Thus the process
{supg<s<p Y(t + 8)}i>0 achieves in J = Uf:(? [F,(:) + 0451) — h,F,(:) + ozz(»l)] a large
value. If h > d;, then the length of the interval J is h + d;. Since the length of a
block h is less than h + d;, the interval J intersects at least two blocks. Thus we
obtain clusters of exceedances of the stationary sequence {//, ,ih)}. If there is only
one maximum of the kernel function (d; = 0), then the length of J is equal to
the length of a block, which induces no clusters. Analogously is the explanation for

negative jumps in combination with minima. Positive and negative jumps of the
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Lévy process are independent, so that there may be at most one maximum and

minimum to obtain still no clusters among the blocks.

Exceedances over thresholds are the natural events to be studied in discrete-time.
A similar role are in continuous-time wupcrossings above thresholds. For an a.s.
continuous-time process Y an upcrossing of level u is a point ¢y for which Y (t) < u
when t € (tg — €,t9) and Y (t) > u when t € (tg,ty + €) for some € > 0. Note, how-
ever, that in a finite interval there may be infinitely many upcrossings. Examples
include not mean square differentiable Gaussian processes (Leadbetter et al. [95],
p. 152). A related concept are point processes of e-upcrossings. Poisson convergence
of the point process of e-upcrossings may be obtained (Leadbetter et al. [95], The-
orem 12.4.2). For an a.s. continuous process Y an e-upcrossing of level u is a point
to with Y(¢) < u when ¢t € (to — €,ty) and Y (ty) = u. Every e-upcrossing is an

upcrossing, while obviously an upcrossing need not to be an e-upcrossing.

If the assumption of Theorem 1.4.5 holds, so that P =1 and P® = 0, the kernel
function f is non-increasing, and the driving Lévy process is a positive compound
Poisson process, then also the point process of upcrossings and e-upcrossings con-
verges to a Poisson process since upcrossings and e-upcrossings occur only at positive
jump times of the Lévy process in combination with the supremum of the kernel
function (Theorem 1.4.5, Corollary 1.4.2). In contrast, if the kernel function has
more than one extremum, then the point process of upcrossings and e-upcrossings

converges to a cluster Poisson process.



Chapter 2

Extremes of regularly varying Lévy

driven mixed MA processes

In this chapter we investigate the extremal behavior of a stationary continuous-time

mized moving average (MA) process of the form
Y(t) = / Frt—s)dA(rs) fort€R, (2.0.1)
Ry xR

where f: R, x R — R, called kernel function, is measurable and A is an infinitely
divisible independently scattered random measure (i.d.1i.s.r.m.). We recall the defini-
tion of an i.d.i.s.r.m. on Ry X R: let A be a d-ring (i. e. a ring which is closed under
countable intersections) of Ry x R such that there exists an increasing sequence
{Sy}nen of sets in A with | J77, S, = Ry x R. Moreover, let A = {A(A) : A€ A}
be a real valued stochastic process defined on some probability space. We call A an
independently scattered random measure, if for every sequence {A,}nen of disjoint
sets in A, the random variables (r.v.s) A(A4,), n € N, are independent, and, if
U2, A, € A, then we also have

A (G An) = iA(An) a.s.,

where the sum on the right hand side is assumed to converge almost surely (a.s.).
In addition, if A(A) is a symmetric random variable (r.v.) for every A € A, then we
call A a symmetric random measure. We call a random measure infinitely divisible
(i.d.), if A(A) is i.d. for every A € A. The reader is referred to Rajput and Rosin-

87



88 2 Extremes of regularly varying Lévy driven mixed MA processes

ski [121], Urbanik [140, 141] and Kwapienh and Woyczyziski [92] for more details on

i.d.i.s.r.m. and integrals as given in (2.0.1).

In the following we consider only i.d.i.s.r.m., where the characteristic function of
A(A) has the representation Efexp (iuA(A))] = exp(va(u)) for u € R, A € A with

Ya(u) =iuM(A) — %uQZQ(A) + /]R (™ — 1 —iur(z)) Qa(dz),

k(x) = 1;_11)(z) and 14 denotes the indicator function of the set A. The quantities
(M,>2,Q) are called generating triplet, where M : A — R is a signed measure,

¥?: A — [0,00) is a positive measure and Q4 is a Lévy measure on R for every
Ac A

Here we consider i.d.i.s.r.m. with cumulant generating function of the form

Ya(u) = MA)Y(u) where 9 is the cumulant generating function of a Lévy process
1 )
Y(u) = ium — §u202 + / (e"* —1 —dur(z)) v(dz) for u e R (2.0.2)
R

with a Lévy measure v on R, A\(dw) = 7(dr) x dt for w = (r,;t) € Ry x R and a
probability measure 7 on R,. We denote the generating quadruple by (m,o? v, )
and by L the Lévy process corresponding to the generating triplet (m, o2, v). Typ-
ical examples for mixed MA processes are superpositions of Ornstein-Uhlenbeck
(supOU) processes (Example 2.2.10) or Lévy driven MA processes, which are often
used for stochastic volatility models (Chapter 3)). If f(r, s) is independent of r, i.e.
f(r,s) = ]7(5) for every r € R,,s € R and f: R — R measurable, then Y given by
(2.0.1)) is the classical Lévy driven MA process

Y(t) = /Rf(t —s)dL(s) forteR, (2.0.3)

where we used the same symbol f for the kernel function f

We shall decompose A into two independent i. d.1i.s.r. m. according to the jump sizes

of the underlying Lévy process L, which are represented by v:

A=A +Ay and A(A)= / / zdNy(w,z) for Ae A (2.0.4)
AJr

where N; is a Poisson random measure with intensity

V(dr x dt x dx) = 7(dr) x dt x vi(dz),
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denoted by PRM(?), and v, is the Lévy measure
v (A)=v(AN(1,00)) + (AN (=00, —1)) for A € B(R).

The generating quadruple of A; is (0,0, v, 7). Furthermore, A, is called compound
Poisson random measure. The i.d.i.s.r.m. Ay has the generating quadruple

(m, 02, vy, 7) with Lévy measure
n(A)=v(ANn[-1,1]) for A e B(R),

i. e. it has finite support. We refer to Pedersen [117] for the Lévy-Ito decomposition

ofi.d.i.s.r.m.s.

Hence, the Lévy process L; with generating triplet (0,0, v1) has jumps with absolute
value larger than one, and the Lévy process L, with generating triplet (m,o?, )
has jumps with modulus strictly smaller than one. Furthermore N; has the repre-

sentation

Ni= Y enrezy. (2.0.5)
k=—00

where —oco < ... <I' 1 <T( <0< Ty <...< o0 are the jump times of a Poisson
process N = {N(t)}er with intensity p = v1(R) > 0, Z = {Zx}rez is an i.1.d.
sequence with distribution function (d.f.) P(Z; < x) = vy (—o0,z] /pu for x € R
and R = {Rg}rez is an i.1.d. sequence with d.f. m. The processes N, Z and R are
independent. It is also possible to choose a different decomposition in (2.0.4) by a
Poisson random measure and an i.d.i.s.r.m., whose underlying Lévy process has

bounded support in an environment of the origin.

This decomposition of A induces a decomposition of Y as given in (2.0.1) by
Y =Y, + Y5, where, fori =1,2,

n(t):/R Frt= M), teR (2.0.6)

are independent mixed MA processes. The extremal behavior of a mixed MA process
Y driven by a subexponential Lévy process is completely determined by extremes

of the mized Poisson shot noise process

Yi(t) = Z (Rt — k) Zg, (2.0.7)
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which plays a crucial role in this chapter. A mixed MA process driven by a compound
Poisson random measure is called a mixed Poisson shot noise process. Subexponen-
tial models are typical models for situations, where extremely large values are likely
to occur in comparison to the mean size of the data. The large jumps affect the
mixed MA process as large jumps of the Lévy process are carried on in time by the
kernel function causing long high level excursions of the process Y. The mixed MA
process Y5 has no influence on the extremal behavior. Extremes of subexponential
Lévy driven MA processes, which are in the maximum domain of attraction of the
Gumbel distribution have been studied in Chapter[1. In this chapter we investigate
subexponential Lévy driven mixed MA processes in the maximum domain of attrac-
tion of the Fréchet distribution, i.e. with regularly varying tails (Definition 2.1.1).
They include, in particular, stable, Pareto, lognormal and Burr distribution. We
present the precise conditions for the Lévy process L below. First, we give some
notations: R = R U {—oc} U {00}, == denotes weak convergence and == denotes

vague convergence.

Condition (L1).
The marginal distribution L(1) of the Lévy process L is regularly varying of index

—a« for some o > 0, i.e there exists a sequence 0 < a,, T 0o of constants such that
nP(a,'L(1) € -) = o(-) on B(R\{0}) for n — oo, (2.0.8)
where
o(dr) = paz™® ' L0 (@) dz + ga(—2) " 1 (Lo 0)(x) dz (2.0.9)

for some p € [0,1] and ¢ =1 — p.

Applying Karamata’s Theorem (Bingham et al. [29], Theorem 1.11), we get
/ |2’ v(dz) < oo for § <«  and / |2|° v(dx) = oo for § > a. (2.0.10)
|z|>1 |z|>1

Thus, by Sato [138], Corollary 25.8, we obtain

<oo ford<a
E|L(1)[° { e fsea (2.0.11)

Extreme value theory for stable MA processes was derived in Rootzén [130]. To our

knowledge Rootzén’s work on stable MA processes in [130] is the only investigation
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on the extremal behavior of regularly varying MA processes in continuous-time. We
extend Rootzén’s results for the larger class of regularly varying mixed MA processes.
Furthermore, we weaken his assumptions on the kernel function. This includes also
heavy tailed, long memory processes like FICARMA processes, Examples 2.2.9, and
supOU processes, Example 2.2.10.

Throughout the chapter we shall assume the following condition on the mixed MA

process. Therefore we define

() := {f Ry xR —R measurable,/ / |£(r,s)|° ds(dr) < oo}
Ry JR

for § > 0. If f(r,s) is independent of r we write f € L? instead of f € L(r).

Condition (M1).

Let Y be a mixed MA process as given in (2.0.1). We assume the Lévy process
L satisfies (L1). Furthermore, the kernel function f : R, x R — R is in L%(n)
for some 6 < « or L(1) is a-stable and f : R — R belongs to L*(w). Suppose
[T =sup,per, xr [T(1) < ooand f~ = sup(, yer, «r [~ (1) < fT with f¥(r,t) =
max{ f(r,t),0}, f~(r,t) = max{—f(r,t),0}. Furthermore, we assume Y,Y; and Y,

are stationary i.d. processes.

We will give sufficient conditions for Y to be a stationary i.d. process and also regu-
larly varying of index —a (Proposition [2.2.3, Proposition [2.2.7). For later reference

we formulate an additional assumption.

Condition (M2).

Let Y be a mixed MA process given by (2.0.1) satisfying (M1) with a.s. sample
paths in D(R). We assume that there exists an n € R with f(r,n") = f* > f~
for every r € supp(w). Define

s€(—00,t] s$E(t,00)

then we suppose g € L°(r) and {332 g(Ry,t — Fk)|Zk\}teR is a stationary i.d.

Pprocess.

Our investigation on the extremal behavior of Y is based on a partition of the real
line into intervals I, each containing exactly one time point {I'y + 7™M }.en. We
consider the marked point process formed by the coordinates

(sup Y (h), Y (T + V), Y (Tp +0P), Y (Tr 4+ t1),..., Y (T + tq))
hely
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for k € Z, f(n®) = —f~ and any ty,...,t; € R. We investigate its limit behavior,
which is a marked cluster Poisson random measure. We will see that exceedances of Y
are caused by extreme jumps of the Lévy process, such that extremes of Y above high
levels occur at large jump times of the Lévy process in combination with extremes
of the kernel function. In the neighborhood of such an extreme the behavior of the
process in relation to this extreme is like the kernel function. Moreover, exceedances
over high thresholds are carried on in time by the kernel function. In contrast to
Lévy processes in S N MDA(A) (Chapter [1) cluster sizes are randomly distributed.
The results are applied in particular to supOU processes. As an important subclass
of mixed MA processes we obtain not only the extremal behavior of heavy tailed

Poisson shot noise processes, but also of stationary renewal shot noise processes.

This chapter is organized as follows: we start with a short introduction of multi-
variate regular variation in Section followed in Section by an investigation
of heavy tailed mixed MA processes. This includes, on the one hand sufficient con-
ditions for (M1) in Section 2.2.1, on the other hand the tail behavior of a mixed
MA process Y satisfying (M1) as well as the tail behavior of M(h) = sup;cp ) Y (?)
for h > 0 in Section Finally, Section [2.2.3 gives, with FICARMA and supOU
processes, examples for heavy tailed mixed MA processes which exhibit long range
dependence. In Section 2.3/we obtain analogous results as for regularly varying mixed

MA processes for regularly varying renewal shot noise processes.

Section is concerned with the point process behavior of multivariate regularly
varying stationary sequences. Moreover, Davis and Mikosch [53] generalize results
of Davis and Hsing [52| on the point process behavior of stationary processes with
regularly varying tails to a multivariate setting. We give an overview of their results,
which are then applied in Section|2.5. First, we study the asymptotic behavior of the
embedded marked point process of local maxima of Y in Section 2.5.1. Afterwards,
in Section 2.5.2, we present under less restrictive assumptions than in Section |2.5.1
a marked point process result, which also includes the behavior of large infima of
Y. Moreover, we obtain the limit distribution of running maxima of the mixed MA
process Y in Section|2.5.3, and compute the extremal index function in Section 2.5.4.
The mixed MA process exhibits clusters in extremes. The results are in particular

valid for stationary renewal shot noise processes.

Throughout the chapter we use the following notation:
Let 7](1),77(2) € R with f(r, 77(1)) = f*, flr 77(2)) = —f~ for every r € supp(m),
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ty,...,tqg € R for d € Ny, then
f(r,t) = (f(r,t+t1), ..., fr,t +ta), f(r,t +0W), f(r,t +n?)) (2.0.13)
and
Y(t)=Y(t+t),....Y(t+t),Y(t+nD),Y(t+n?)) fort € R (2.0.14)

In the case that the assumption f(r,n®) = —f~ is not needed, we always assume
n® e R.

We write F = 1 — F for the right tail of the d.f. F, F?* for the convolution F * F
and F2* =1 — F*. For any r.v. Z on R we write Zt = ZVv0and Z- = -Z V 0;
x4 Y, if the distributions of the r.v.s X and Y coincide. For real functions g and
h we abbreviate g(t) ~ h(t) for t — oo, if g(t)/h(t) == 1, g™ (t) = max{0, g(t)},
g~ (t) = max{0,—g(t)}, g = sup,cr g™ (t) and g~ = sup,ep g (¢). For a vector
x € R" we denote by x' the transposed of x and by |x| = max{|z1],...,|z.|} the
maximum norm. For a matrix A € R%" we denote by ||A|| the row-sum-norm.

Further, 3)_, := 0 and \/,_, := 0.

2.1 Multivariate regular variation

By considering the multidimensional stationary process {Y (t) };cr, whose marginal
is a multivariate distribution, we need the definition of regular variation for a mul-

tivariate distribution:

Definition 2.1.1 (Multivariate regular variation)
A random vector X = (X1,...,X,) on R? is said to be regularly varying with in-
dex —a, a > 0, if there exists a random vector © with values on the unit sphere
St = {x € R? : |x| = 1} such that for every x > 0
P(|X| > ux, X/|X]| € -)
P(|X]| > u)

== 1 PO c:) onB(S"!) foru—oco. (2.1.1)

The distribution of © is referred to as the spectral measure of X. It describes in
which direction we are likely to find extreme realizations of X. This definition of

regular variation is equivalent to the following (Lindskegg [99], Theorem 1.15):

There exists a Radon measure o(-) on @d\{O}, which is defined to be finite on

compact sets, with a(ﬁd\Rd) =0 and o(F) > 0 for at least one relative compact set
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E C Ed\{O}, where 0 = (0,...,0) € R? and a sequence 0 < a,, | oo of constants
such that

nP(a;'X € ) =% o(-)  on BR\{0}) for n — oc. (2.1.2)

More about multivariate regular variation can be found in Resnick [125], Chapter 5,
Basrak et al. [19], Lindskeg [99], Mikosch [110] and in the references of Bingham et
al. [29].

The following Lemma is a multivariate extension of Breiman’s [34] classical result

on regular variation of products.

Lemma 2.1.2 (Basrak et al. |20], Proposition A.1)
Let X be a regularly varying random vector of index —« on R”, » € N, in the sense
of (2.1.2) and A be a random d x r-matrix, independent of X. If 0 < E||A]|” < oo

for some v > «, then AX is regularly varying of index —« and
nP(a,'AX €)= E(coA'(:)) on B(@d\{ﬂ}) for n — oo, (2.1.3)

where A1 is the inverse image of A.

We need the following special case of Lemma

Lemma 2.1.3
Let Z = (Zy,...,Z,) be a vector of independent r.v.s, which are regularly varying
in the sense of (2.1.2) such that for j =1,...,r,

nP(a,'Z; € -) = 0;(-) on B(R\{0}) for n — oo,
where
oj(dz) = pjar™ " 1o () do + gja(—2) " Lo (z) da (2.1.4)

with p;,q; > 0, p; + g; > 0. Furthermore, let A = (ay,...,a,) be a random d x r-
matrix, independent of Z. If 0 < E||A||" < oo for some v > «, then Y = AZ is

regularly varying of index —« and has spectral measure with respect to a,,

>y [P B2 Ly pjasiey) + G251 1 /jayey)]
> i1 (pj + ¢;)Ela;|

PO €)= (2.1.5)

For x > 0

T

lim nP(|Y| > a,) =27 (p; + ¢;)Elay|*, (2.1.6)
j=1
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and in the case d = 1,
lim nP(Y > a,x) =27 Z[ijaja + q;Ea; *]. (2.1.7)

n— 00 -
J=1

Proof.

Write e; = (0,...,0,1,0,...,0) € R", where in the j coordinate is one, and
Ej = {ce; : ¢ € R}. The map pr; : R" — R is the projection on the 4t coordi-
nate, X = (z1,...,2,) — xj, j = 1,...,7. We apply Lemma 2.1.2 and obtain that

Y is multivariate regularly varying of index —a with
nP(a;'Y € ) =% Ele o A™(-)]  on BR\{0}) for n — oo, (2.1.8)

where

T

o(-) =Y ajopr(E;n-). (2.1.9)

j=1
For a set S € B(S?*) we define the set
B.(S) == {x eR?: x| > 2,x/|x| € §} (2.1.10)
for > 0. Note, that a; = Ae; for j =1,...,7r. Then
E;NA™'B,(S)
={ce; eR":clay| > 2} 1, ), cqy Hee; €R™:—clag| > 2} 1, e

and, in particular, by we obtain

E[oj o pr;(E; N A7'B.(9))]
=z (p;E[|ay* 1{aj/\aj\e§}] + q;E[a;] 1{7aj/|aj|e’s“}]>‘ (2.1.11)
Taking (2.1.8)-(2.1.11) into account, we obtain

Elo o A™(Bi("))]
E[o o A=1(B;(S41))]

= > [pE(la|* Lia,/aye}) + GE()|" Lica,/aye)] / >0 + ¢5)Elay|®

j=1 j=1

POc) = (2.1.12)
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and

lim nP(|Y| > a,z) = Elo o A (B,(S")) =27 > (p; + q;)Elay|*. (2.1.13)
j=1

In the case d = 1, a;/|a;| € {—1,1} so that by (2.1.12) we have

T

lim nP(Y > apz) =2 PO =1) =27¢ Z[ijaja + ¢jEa; . O
j=1
Remark 2.1.4

Let A be a deterministic matrix and p = 37, (p; + ¢;)Ela;|*. An interpretation of
Lemma [2.1.3/is that the spectral measure © reaches the value a;/|a;| with proba-
bility p;|a;|*/p and —a;/|a;| with probability ¢;|a;|*/p. Thus only in the directions

a;/|a;|, —a;/|a;|, 7 =1,...,r, extremes are likely to occur. O

2.2 Regularly varying mixed MA processes

This chapter is concerned with extremes of regularly varying mixed MA processes
Y as given in (2.0.1). This means that the underlying Lévy process of the driving
i.d.i.s.t.m. A as given in (2.0.2) is regularly varying. The question arises on the
existence of such mixed MA processes. On the one hand we will give in Section|2.2.1
sufficient conditions on the existence of stationary mixed MA processes and on
the other hand, in Section [2.2.2) we show that also the stationary distribution is
regularly varying. Further we compute the tail behavior of the stationary distribution

explicitly.

2.2.1 Existence of heavy tailed mixed MA processes

Let Y be a mixed MA process as given in (2.0.1). Under certain conditions Y (¢) is
well-defined as a limit in probability of integrals of step functions approximating f
and moreover, Y is stationary. This has been shown by Rajput and Rosinski [121]
(see also Kwapien and Woyczyznski [92]), who also give conditions for Y(0) to be i. d..
The conditions are formulated in terms of the kernel function f and the generating

quadruple (m, o2 v, ) of the i.d.i.s.r.m. A.
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Proposition 2.2.1 (Rajput and Rosinski [121], Theorem 2.7)
Let A be an i.d.i.s.r.m. with generating quadruple (m,c? v,n). Then Y (0) given
in (2.0.1) is well-defined and i. d. if and only if

Al

/R+ :/R|02f(7’7 s)les} m(dr) < oo, (2.2.1)

I L[] ] -,

where k(x) = x 1_11j(z). The generating triplet of Y is (my, 03, vy), where

mf(r,s)+ / (k(xf(r,s)) — f(r,s)k(z)) v(dr) ds] m(dr) < oo,

R

me= [ [ [ nlarr6) - £ 51t vt | dsian),
oy = o’ /R+ [/sz(r,s) ds] m(dr), (2.2.2)
vy [,00) = /f(m)wy [f(m),oo) dm(dr)ju/f(mkou(—oo,ﬁ} ds m(dr)

for x > 0.

Typical examples for regularly varying mixed MA processes are mixed MA processes
driven by a stable Lévy process. They are very well known and have been thoroughly

investigated by Samorodnitsky and Taqqu [137].

Example 2.2.2
Let L(1) be a-stable with o € (0,2), a #1,¢ >0, § € [-1,1], 7 € R, (we write
L(1) ~ S,(c'*, B3,7)). The cumulant generating function (2.0.2) is

(u) = exp{—c|u|*[l —iftan (Ta/2) sign(u)] + iur}.
We define C,, := [cos(ma/2)T(1 — )] " and take

J e sin(uz) de = cos (mar/2) T(1 — u)u? for a € (0, 2),
J e sin(ur) de = w**tan (ra/2) (1 — a)Cy  for a € (1,2)

into account to obtain the generating triplet (m, o2, v) of L as

C1 —C

m=a +7, 0? =0 and v(dr) = a (1 1o (@) + €2 Lo00) (@) 2] da,

l—«
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with ¢; = ¢Co(1 — 3)/2 and ¢3 = ¢Cy (1 + 3)/2. Then
/R+ U mf(r,s)+ / (k(zf(r,5)) = F(r, s)s(x)) v(dz)
1_;2|/R+/|f7‘ s)|* dsm(dr),

/R+ VR UR min{ldf(r,s)xﬁ}v(dx)] ds} (dr)
“aterred (7o 1) [ [ o i aan.

This means, by Proposition|2.2.1, that the stable mixed MA process Y is stationary
and the marginal distribution is i.d. if and only if f € L*(n). O

ds] w(dr)

In the following we give sufficient conditions for (2.2.1) in the case of mixed MA
processes with a regularly varying Lévy measure. Apart from the stable case and
some special regularly varying Lévy measures there seem to be no simple equivalent
conditions to (2.2.1).

Proposition 2.2.3

Let A be an i.d.1.s.r. m. with generating quadruple (m,0,v, ) and v be a regularly
varying function of index —a, a > 0. Assume f : Ry x R — R to be bounded. Then
Y (0) given by (2.0.1) is well-defined, i.d. and Y is stationary, if one of the following
conditions is satisfied:

(a) L(1) is a-stable, « # 1, and f € L%(n).
(b) f € Ld(x) for some § < a, 6 < 1.
(c) EL(1) =0, a > 1 and f € L°(rx) for some § < r, § < 2.

Proof.

For the proof of (a) see Example 2.2.2. W.l.o.g. sup |f(r,s)] = f7 < 1. The
(r,s)eR4 xR
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conditions (2.2.1) of Proposition are equivalent to

I, = / / mf(r, S) + f(T, S)ZL‘ ]_{|f(7n,s)x|§1} V(dx)
R+ L/ R |33‘>1

I / / ( ! )—I— ( ! )d} (dr) < (2.2.4)

5 = V| ————,00 v|—o00,———— | ds| w(dr) < oo, 2.
ry e \[f(r,s)] | f(r,s)]

I —/ / F(r,8)2* 1 prsyai<ry v(de) dS} m(dr) < 0. (2.2.5)
Ry LR Jjz|>1

ds] m(dr) < oo, (2.2.3)

First we show that f € L%(n) for some § < a, § < 2 is a sufficient condition for
(2.2.4) and (2.2.5). For the proof of (2.2.3) we need the additional assumptions

(b)-(c).

On the one hand, we obtain (2.2.5) by

=y + [ 17050 ] /| Jaf via) <

where (2.0.10) was used.

On the other hand, v (-,00) : [1/fT,00) — (0,v(1/f%,00)] is non-increasing and
bounded away from 0 and oo on every compact subset of [1/fT, 00). Applying Pot-
ter’s Theorem [A.1.10 (iv), we find a K > 0 such that

Na f(T,S)(SV(_OO_i)‘f(T,S)
IQSK/R+/R (f+’ ) RN ) T

is finite for f € (7). This is (2.2.4).

6] dsm(dr) (2.2.6)

We prove (2.2.3) under the different assumptions (b)-(c):

(b) The integral in (2.2.3) can be bounded above by

ne [ [ ras s 0 [ ol )] < o

where we used (2.0.10).

(c) Since EL(1) = 0 by Sato [138|, Example 25.11, we have m = —fmblxz/(dx).
Thus (2.2.3) is equivalent to

LA

f(ry8) 1 prsyei>1y v(da)

|z|>1

ds] m(dr) < oo. (2.2.7)
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W.1.o.g. we assume that 1/|(_OO7_1)U(1700) is a probability measure and Z has d.f.

V|(—o0,~1)u(1,00) - Since a > 1 we have E|Z| < oo by (2.0.11). Furthermore,

L

. 1f(r,s)x 1 5(r,5)z|>1} V(d) ds] 7(dr)
T[>

/ |:/ ‘E r, S)Z 1{|f(rs)Z|>1} ‘ d8:| d?“)
R4

/ﬂh/{ (|f(r;s)Z| > 1) + / P(|f(r,s)Z| >x)dx] ds 7(dr).

Again, by Potter’s Theorem |A.1.10, analog to (2.2.6), the r.h.s. is bounded by

K [ + [ |p0z1> 008 + 150908 [T B0215 0)de] dsatan
- KE[ 211 [ + [ 1) as) wtan) (22.8)

which is finite for f € L°(7) and E|Z| < oo.

The proof of the stationarity of Y is analog to the proof in Proposition 1.1.7. U

Remark 2.2.4

For a Lévy driven MA process given by (2.0.3), Proposition 2.2.3 provides sufficient
conditions to be stationary and the marginal distribution to be i.d.. Then L’(7) can
be replaced by I.°. Typical examples for functions in L are bounded functions f with
f(t) ~ Kit79%, f(—t) ~ Kyt=%%¢ for t — oo and for some ¢ € (0,0), K;, Ky € R.
O

The conditions in Proposition 2.2.3 are nearly necessary, which is shown in the

following Lemma.

Lemma 2.2.5

Let Y be a stationary mixed MA process given by (2.0.1) with kernel function f
and generating quadruple (m,0,v,m) of the i.d.i.s.r.m. A. Then f € L*"(x) for
any € > 0.
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Proof.

By Proposition 2.2.1 we get I given in (2.2.4) is finite. Using analog techniques
as in (2.2.6) we apply Potter’s Theorem |A.1.10 on v(1/f*,00)/v(1/f(r,s),00) and
obtain that there exists, for all € > 0, a K(e) > 0 such that

oo f [ o)

The result follows by the finiteness of Is. O

0‘+€] dsm(dr).

Lemma [2.2.5 says that a MA processes driven by a regularly varying Lévy process
with index —a, o < 1, and bounded function f satisfies f € L.

Let Y given by (2.0.1) be stationary, i.d. and E|Y(0)]? < oo with E|L(1)> < oc.
Analog to Remark[1.1.8 we obtain

v(h) = Cov(Y(0),Y (h)) = /R Rf(r, s)f(r,s+ h)dsm(dr). (2.2.9)

The standard definition of a long range dependent (long memory) process Y is
Je¥(h)dh = oo. The process Y has short memory, if [, v(h)dh < oo. Then
Jzv(h)dh = f& [ f(r,s) d3]2 7(dr). For regularly varying distributions of index
—a, a < 2, the definition of long memory is meaningless, since the second moments
are infinite. For stable MA processes long memory was introduced in Samorodnit-
sky [133,134]. The class of processes we are studying are, in his definition, short
memory processes. But for o« > 2, Proposition 2.2.3 gives sufficient conditions for
the existence of mixed MA processes having long memory. Note, that we assume
EL(1) = 0, which is not ofthand negligible. This shows the following Remark.

Remark 2.2.6

Let Y be a stationary mixed MA process given by (2.0.1) and L(1) be regularly
varying of index —a, a > 1, and f € L%(7) positive with § < «. The additional
assumption EL(1) = 0 in Proposition[2.2.3 (¢) can not be dispensed.

This is manifested by the following example:

We assume that L(1) is a subordinator with cumulant generating function given

by (2.0.2) of the form ¥ (u) = exp(f; (™" — 1)v(dx)), i.e. S ooy vldz) =0,
Jooyv(dz) < oco. Then m = fol zv(dz). We show that f € L(7) is necessary for Y’

to be stationary and i.d.. We treat the two cases m > 0 and m = 0 separately.
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If m =0, then v (0,1] = 0 and L is a compound Poisson process. Taking (2.2.3) into

account we get

/IR<+/ {/ 2f(7,8) Ljafirs)i<1) I/(da:)} ds m(dr)

/ / {/ rf(r,8) L{jaf(rs)|<1} l/(d:)j):| dsm(dr) < oo. (2.2.10)
R
On the other hand, with (2.2.8),

Al

By (2.2.10)-(2.2.11) and [~ zv(dz) < co we obtain f € L(r).

/000 f(r,8)x Lyjp(s)z)>13 v(dx) ds} 7(dr) < co. (2.2.11)

If m > 0, then by (2.2.1)),

o[ Lo eare] o

< / [/ mitrs)+ [ af ) = £ s)we)) vl

and thus f € L(7). O

ds} 7(dr) < oo

2.2.2 Tail behavior of heavy tailed mixed MA processes

Let Y be a stationary mixed MA process given by (2.0.1). We assume that the
underlying Lévy process L of the i.d.i.s.r.m. A is regularly varying of index —a,
a > 0 such that for the sequence 0 < a,, T oo of constants, p,q € [0,1], p+q =1,
the following holds:

lim nP(L(1) > apz) = pz~® and  lim nP(L(1) < —a,z) = gz~ for x > 0.

Proposition 2.2.7

Let Y be a stationary mixed MA process given by (2.0.1) satisfying (M1) and x > 0.
If pf*™ +qf~ >0, then

n—oo

lim nP(Y (0) > anz) [/R+/ (F* (r, )™ + q(f~(r,8))*dsm(dr)| . (2.2.12)
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Similarly, if pf~ + qf* > 0 we obtain

lim nP(Y(0) < —anz {/R q(f(r, ) +p(f (r,s)*dsm(dr)| . (2.2.13)

Then'Y is regularly varying of index —« in the sense of (2.1.2). Especially for t; € R,
i=1,... .k
lim nP( max, Y (t;)] > apx) = / max, |f(r,t; — s)|*dsn(dr). (2.2.14)
R

n— o0 =1 R =1,...,

.....

Furthermore, let Y has a.s. sample paths in D(R) and define M (h) = sup;c( Y (%)
Then

lim nP(M(h) > a,x) (2.2.15)

n—oo

te[0,h) t€[0,h)]

[/R /p sup (fH(r,t+5))* +q sup (f_(r,t+$))ads7r(dr)] .

Proof.
By Proposition 2.2.1 the Lévy measure of Y is

vy (x,00) = VLOO dsm(dr V(—OO T )dswdr
v ( ’ ) /f(r,s)>0 <f(7”, S)’ ) ( ) " /f(r,s)<0 ’ f(?", S) ( )

for x > 0. Using Potter’s Theorem |A.1.10 there exists for every z > 0, K > 1 an
no(xr) € N such that v(a,zy,oc0)/v(a,x,00) < Ky=° for y > 1,n > ny. Taking

f € L(7) into account, dominated convergence and the boundedness of f yields for

n — oo

I/y(an$,00) _ / V(anx/er(T’ 8)700) dsw(dr)
ft(r,s)>0

v(ayz, 00) v(ayz, 00)

v(—o0,anx/f(r,s))
+/ oo dsm(dr)

v(apz, o0)

{/&/ (f7(r,8)* +a(f~(r,s))* dsm(dr)| .

The result (2.2.12) follows then by Proposition/1.1.2/(v). The proof of (2.2.13) is ana-
log. Statement (2.2.14) follows by Rosinski and Samorodnitsky [132], Theorem 3.1
and similar arguments as above. An application of Theorem [1.3.9 (a), which also
holds for mixed MA processes, and (2.2.12) yields to (2.2.15). O

From (2.2.12)-(2.2.13) we see that Y (¢) is again regularly varying in the sense of
(2.1.2). The following Lemma is an application of Lemma and Lemma |A.4.1.
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Lemma 2.2.8
Let Y be a stationary mixed Poisson shot noise process with representation (2.0.7)

satisfying (M1). Suppose I C 7Z is finite, or ¢ is finite, and define the sequence of
random vectors Yy := >, £(Ry,T) Z) := (Y1,...,Yy) on R Then

lim nP ([Yi| > anz) =27/ > EIf (R, Ti)|", (2.2.16)
kel

and

d
lim nP (\/Y; > anaj> = % ZpE(|f+(Rk,Fk)]a L{je+ (R D) |2 £ (RisTo)1})

n—00
=1 kel

+qE(E™ (R, i) | L(je+(Rro)|<if- (Re TR} (2.2.17)

Note, that for the mixed Poisson shot noise process Y given by (2.0.7) and a,, given
by Lemma 2.2.8 we obtain from (2.2.17)

lim 0B V() > aa) = a3 pE(F (R T0)" + B (R, 1)

= B | [ ) a0 s
- { / + ot sy + q<f<r,s>>adsw<dr>} |

which is (2.2.12)), since P(L(1) > z) ~ puP(Z, > x) for ©+ — oo by Proposi-
tion [1.1.2 (v).

2.2.3 Examples

We will give some typical examples for regularly varying mixed MA processes, which

are applied as stochastic volatility models.

Example 2.2.9 (CARMA, FICARMA process)

Let Y be a CARMA(p, q) process with kernel function f as given in Example 1.1.11.
We obtain f € Lo for every 6§ > 0, as it is bounded and eventually exponential
decreasing in +00. By Proposition|2.2.3 and (2.2.12) for every o > 0 there exists an
CARMA process, which is regularly varying of index —a.

The fractionally integrated CARMA(p,q) (FICARMA(p,d,q)) process with
d € (0,0.5) was investigated by Brockwell and Marquardt [39]. Let f be the kernel
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function of a CARMA(p, q) process with a, b given by (1.1.13). Then the kernel
function f; of the FICARMA(p, d, q) process is defined by the convolution of f with
h(t) = t71/T(d) 1(0,00)(t), t € R, which results in

L[> ... _gbliw)
t)=— " (iw) dw fort € R.
fa(t) o /_OO e (iw) (i) w forte
Note, that f;is bounded and f;(t) ~ t4~1/T'(d)b(0)/a(0) as t — oo, implying f; € L.°
for § > (1 —d)~'. Taking (1 —d)~! € (1,2) into account, by Lemma 2.2.5 we obtain
that there is no FICARMA process with regularly varying tails of index —a, v < 1.
U

Example 2.2.10 (supOU processes)

We consider the mixed MA process as given in (2.0.1), where the i.d.i.s.r.m. A has
generating quadruple (m,o?, v, 7) and the kernel function is f(r,s) = 1.0 (s)e™"
for r € Ry, s € R. Then

Y(t) = / Ljgo0)(t — 8)e "7 dA(s,7) fort € R. (2.2.18)
R+XR

An important special case of (2.2.18) is the so called Ornstein-Uhlenbeck (OU)
process, for which 7 has only support in some A > 0, i.e. 7(A) = 1. For some o > 0
we have f € L(r) if and only if

/ / e "0 dsm(dr) = / r=0m(dr) < oo.
o Jo 0

We assume in the following that [p r~'m(dr) < oo and write 1/A = [ =7 (dr).
Hence, f € L°(7) for 6 < 1. Then Y (0) is i.d. and Y is stationary if and only if
f‘$|>2 log |z| v(dz) < co. We sketch a short proof: Necessary and sufficient conditions
for Y(0) to be i.d. are given by Proposition 2.2.1. Inserting in (2.2.1) the kernel
function f(r,s) = 1jo,x)(s)e™"* and substituting rs by u leads to the necessary and
sufficient conditions of an OU process with parameter A to be i.d.. By Sato [138],

Theorem 17.5, an OU process exists if and only if flx log |z| v(dz) < oc. O

[>2

The generating triplet is then

e i)
my = —|m+ —v(dy)|,
1 (0 - L

oy = o?/(2)), (2.2.19)

vy [x,00) = / V[?i\%yo@dy, x> 0.
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Note, that the marginal distribution of Y'(0) coincides with the marginal distribution
of an OU process with parameter A\. Furthermore, for any regularly varying Lévy

processes Y is stationary.

Define the probability measure 7(dr) := M\/rm(dr) and the i.d.i.s.r.m. A with
generating quadruple (m/\, 0%/, v/, 7). Then the finite dimensional distributions

of the stochastic process
oo Tt o
X(t) = / e”/ e*dA(r,s) forteR (2.2.20)

coincide with those of Y, i.e. X £V (Barndorff-Nielsen [13], Theorem 3.1). X is

called superposition of Ornstein-Uhlenbeck type (supOU) processes, since

dX(t) = | {—rX(t,dr)dt+dA(t,7)}
R4
with X (¢, B) = [ye [T _e*dA(r,s) for t € R, B € B(R) and analog for Y. By
they have the covariance function

~(h) = Cov(Y(0), Y (h)) = / L) = = /R ehF(dr)  for h € R

and the correlation function

o(h) = \ / Lerhn(dr) = / ™ R(dr)  for h € R. (2.2.21)
Ry T R

The class of achievable correlation functions is very large and includes covariance

functions of long memory processes, e.g. mis a I'(2H +1,1) d.f. with H > 0. Recall

that the density of a I'(u, ) distribution, u > 1,y > 0is p, ,(r) = v*/T(p)r* e "

for r > 0. Then 7 is '(2H, 1). Thus the correlation function is

© oo 2H-1 o)
_ -7 — —r(h+
p(h) /0 e ""popa(r)dr /0 F(211__1_)e dr
= (h+ 1)2H/ porinia(r)dr = (h+1)"2%  for h € R,
0

which implies that Y is long range dependent.

The class of selfdecomposable distributions plays, in this context, a very important
role. A review about selfdecomposable distributions is given in the monograph of

Sato [138]. A probability distribution g with characteristic function ¢, is called
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selfdecomposable, if for every b > 1, there is a probability distribution p, with char-
acteristic function ¢, such that ¢, (u) = ¢, (b~ u)dp(u) for u € R. The distribution py,
is unique and i. d.. Moreover, (4 is i. d. with generating triplet (m,,, O'i, v,). Lévy pro-
cesses corresponding to selfdecomposable distributions are called selfdecomposable
processes. Typical examples for selfdecomposable distributions are stable, exponen-

tial, Pareto, lognormal, logistic and GIG distributions (see Chapter [3).

If the r. v. V with distribution p is selfdecomposable, then there exists a Lévy process

L with generating triplet (m, o2, v) such that for some A > 0
VL / e M dL(s). (2.2.22)
0

By the generating triplet of V and L are related to each other via
11 / y o 1 o 1 [*v]y,o0)
m, =—~m+ — —v(dy), o,=—0°, v,lr,0)=~< —— dy.
AT A s ] 22X " AJa y
In particular, v, has a Lebesgue density given by

v,(dr) = Y [:i\,xoo) de forx >0, v,(dx)= %

Because of (2.2.19) we know, that there exists a supOU process with the same

marginal distribution as V.

dr for z < 0.

If the marginal distribution y with generating triplet (m,, o, v,) and A are known,
the generating triplet of L is unique. We denote by v/, the Lévy density of v, and

assume that it is differentiable. Then

m= Amy, — /I IEng[—)\VL(y) — My (y)] dy, 0 = 2)a7., v [z, 00) = Aaw, (x).(2.2.23)
y|>

Using instead of the Lévy process L the Lévy process L = {L(t/\)},cr, which has
generating triplet (mg, 02, vg) = (m/X, 0% /A, v/)), (2.2.23) leads to

y
mg = my, — /|>1 m[—v;(y) —yvi(y)l dy, 0F = 207, vr [z, 00) = wv,(2) (2.2.24)
)

and V < fooo e *dL(s), which is independent of the parameter A. Changing L to L

is equivalent to changing A to A.

Estimating the correlation function of data yields, by (2.2.21), to an estimate for
7. Thus, we can model data by a supOU process considering the selfdecomposable
marginal distribution and the correlation function. More about supOU models and

applications to financial data can be found in Barndorff-Nielsen and Shephard |14,
15]. O
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2.3 Regularly varying shot noise processes

Let N be a point process with jump times I' = {I'y },ez labelled such that
—0 <. ... <I'4<Ty <0< < ... < 0.

If the inter-arrival times {I'y41 — 'k }rez\qoy are i.i.d. the counting process N is
said to be a renewal process. We are concerned with a stationary renewal process
with intensity . This means that {I'y11 — Iy }rez\joy is i. 1. d. positive with d.f. H,
H(0+) = 0, independent of I'y — Ty, P(I'y < —2,I'1 > y) = uf;iy(l — H(s))ds for
x,y > 0 and 1/p = E(I'y — I'1). The name stationary arises since for all A € R,
neN, —co<t; <...<t,<oo,h; >0,s,=t;+h;,1=1,...,n,

(N(tl+h781+h]7"‘)N<tn+husn+h’])i(N(t1781]7"'7N<tn7Sn])‘

Furthermore, the renewal function EN (t1, to] has value u(to—t,) for t—t; > 0. More
about stationary renewal processes on Ry can be found in Resnick [126], Section 3.9,
and on R in Karlin and Taylor [82], Chapter 9, Theorem 9.1.

Suppose {Zj}rez is an i.i.d. sequence of r.v.s and f : R — R is a measurable

function. Then

o0

Y(t)= Y f(t-T;)Z; forteR (2.3.1)

j=—o0

is called a renewal shot noise process. Often f and Z have support only on the
positive real line. We will show in Proposition 2.3.2 that, if I is a stationary renewal
process, then Y is stationary, too. In this case, we call Y a stationary renewal shot
noise process. An important special case of a stationary renewal shot noise process
is a Poisson shot noise process, i.e. a MA process driven by a compound Poisson
process. More about Poisson shot noise processes can be found in Example [1.1.9.
Necessary and sufficient conditions for the existence of a Poisson shot noise process

are given by Proposition 2.2.1. They are satisfied if and only if

L= / [E(f(5)Z 1q4(s)21<1))| ds < o0,
Tg = / E(f(s)2Z2 ]-{|f(s)Z\§1}) ds < o0, (2.3.2)

T - /oo P(|f(s)2] > 1) ds < o.
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These are analog conditions to the three-series theorem (cf. Billingsley [28], Theo-
rem 22.8). Similar conditions are also sufficient for a stationary renewal shot noise
process. The assumptions of the following Proposition are analogous to the discrete-
time MA processes (Mikosch and Samorodnitsky [112], Lemma A.3). However,

Resnick and Willekens [123] have similar conditions for the multivariate case.

Proposition 2.3.1

Let Z = {Zy}rez be an i. 1. d. sequence of regularly varying r. v. s of index —a, a > 0,
in the sense of (2.1.2) with measure o given by (2.0.9) and § = {{ }rez be a sequence
of uniformly bounded r. v.s independent of Z satisfying

Z E|&|° < oo for some § < o (2.3.3)

k=—00

Assume that one of the following conditions hold:

(a) a€(0,1] and § < av .
(b) a€(1,2) and 6 < 1.

(c) ae(1,2),6<a,de(1,2) and Z; is symmetric.

Then Y .. &pZy, exists a.s. and

7}1—{20 nlP < Z EpZy > anx> =x ° Z [pE{,jo‘ + quk_a] : (2.3.4)

k=—o0 k=—o00

Proof.
Step 1. We show > 77 &pZ) < 00 a.s..

Let 6 < 1. Then

[e.9]

—Ezf 3 Elgf < oo,

k=—o0

> el

k=—o00

E

where we used monotone convergence, (2.0.11) and the independence of ¢ and Z.
Thus, Y00 |&7Zk]° < oo a.s.. By Jensen’s-inequality for sequences we obtain

S aZi] < (000 [k Zil?)Y? < oo a.s., which is the existence in (a) and

(b).
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In the case (c), where ¢ € (1,2), we use the same techniques as Chatterji [42]. Let
c=sup,ep{(|l +2z| —1—6dx)/|z°} < 2% Then

2
lyl°
< 22_‘§|y\‘S + |x|‘5 + 5|x|5_lsign(ac)y.

)
z+yl = |y U1+g‘ —1—5g]+|x|5+5|x|‘sy
i i X

By induction and )7, ., := 0 we obtain for n > m > 1

Z §iZ;

j=k+1

6-1 n
sign ( > ngJ) 21| . (2.35)

j=k+1

4 n
<> (27l + 6
k=m

Z EkZk
k=m

Taking the independence of Z; and |37, &;Z;|° tsign (Z?:kﬂ ijj> &, as well
as EZ; = 0 into account and applying (2.3.5) we get

Z Skl
k=m

Hence, from (2.3.3) follows that {>_;_, & Zk tnen is a Cauchy sequence in L°. The
space IL° is complete for 6 > 1, which implies E| Y 77 | &.Z;]° < oo. Consequently in
(c) we have Y 72 &,7Z), < 00 a.s., too.

6 n
< 2RIz ) ElG)

k=m

E

Step 2. We compute the tail behavior in (2.3.4).

We show that there exist a K, yo > 0 such that for y > yo
P ( S 6z

k=—o00
Then we have on the one hand

>y) <KP(z|>y/s*) 3 Elaf. (2.3.6)

k=—o00

lim lim nP Z &ply| > apx (2.3.7)
< K lim nP (|Z1] > apz/f*) lim Z E|&]° = 0.

|k|>m

On the other hand, applying yields, for n — oo, to

lim nP ( > Gz > anx) =27 Y [pE& + qBE ) (2.3.8)

k=—m k=—m
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Combining and (2.3.8) results in (2.3.4); for details see Kokoszka and
Taqqu [91], proof of Theorem 2.2.

>y)zp(

First, note that

]P’( 3 az > &

>y, \ 1671 >y>

k=—00 k=—00 j=—00
“P’( > &zl >y, \ 167 §y> (2.3.9)
k=—oc0 j:—oo
< 2 PU&Z] > ) +P< D &l Lgzizn| > y> :
k=—o0 k=—00

Let G}, be the d.f. of &, which has bounded support as |§| < f* for k € Z and
recall that & is independent of Z;. By Potter’s Theorem |A.1.10 (iv) there exists a
K7 > 1 such that the first summand of the r.h.s. of (2.3.9) has the upper bound

o0 o0 f+
S P>y = Y [ B(uzil >y e (2310)
k=—o00 k=—oco Y ~FT
[e’e) f+
< KP(Z> W/ Y / ul? dCa(u)
k=—00 —f*
= KP(Zl > /) S Rl
k=—o00

To obtain an upper bound of the second summand of (2.3.9), we will first consider

the case where Zj is symmetric and extend the results afterwards.
Step 2.1. Suppose Zj, is symmetric.

By Markov’s inequality and Lemma of Fatou,
2

o 1 o
P ( Z ngk 1{|Eka|§y} > y) < EE Z ngk 1{|Eka|§y} (2.3.11)
k=—oc0 k=—0o0
1 o 1 <«
< " > EIGZ Ve z<n) + 7 > ElZie e,z &7 Lie 21<0))-
k=—o00 k,j=—o0

k0
By symmetry and independence, the second summand is 0. By the independence of

& and Z;, we have

f+
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Taking a € (0,2) into account and applying Theorem 1, (9.5) of Feller [65], VIIL.9,
reveals that for fixed w the map (y — E[u?Z] 1{uz2,<,]) is a regularly varying

function of index 2 — « such that
272 2
Elu”Z5 1juz <] ~ a7 P(luza] > Jyl)  for y — oo.
Applying again Potter’s Theorem |A.1.10, there exists a Ky > 1 such that
E[u*Z? Lfjuzi<yy) < K2y2|u|5IP’ (|Zl| > y/f+) for every u € [—fT, fT], y > 0.

Together with (2.3.12) we obtain

[e.o] oo

> BGZ e z<n) < Koy™P (121 > y/f7) D El&l. (2.3.13)

k=—o00 k=—o00

Thus, from (2.3.11) and (2.3.13) the inequality (2.3.6) follows.

Step 2.2. Let {Zy}rez and {& }rez be positive sequences and 0 < 1, i.e. p =1 and
g = 0 in (2.0.9). We apply a technique used by Mikosch and Samorodnitsky [112],
Lemma A.3:

Define X™ = Z|k|>mkak for m € Z. Since X™ — 0 as m — oo a.s. by Step 1
the family of r.v.s {X™},cn is tight. Therefore there exists an N > 0 such that
P(X™ < N) > 1/2 for every m € N. Let X™ = Z|k|>m§k2k be an independent
copy of X™, such that {Zy}rez, {&k }rez are independent copies of { Zy }kez, {&k trez-
Then for some € € (0, z)

1 ~
SP(X™ > aur) < P (Xm <N, X™ > an:c)

— P[Xx™ < N, X™ > a,z, Z &Zk > €

|k|>m

HP [ X" <N X > aw, Y Gk < ane | - (2.3.14)

|k|>m

For the first summand of (2.3.14) we obtain the estimate

Pl Xx™ <N, X" >a,r, Z ngk > A€

|k|>m

<P &Z—-2)>ae—N|. (2.3.15)

|k|>m
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The second summand of (2.3.14) has the upper bound

P Xx™ < N, X™ > a,z, Z éZk < ap€

|k|>m

<P (G—&)Z < NX">a.m Y &2, < ae

|k|>m |k|>m
<P| N (&—&)(Z—2Z) > anlz—¢) = N |, (2.3.16)
|k|>m

where we used in the second inequality the positivity of §k,2k. Furthermore,

{Zy, — Zk}kez is symmetric and regularly varying of index —a such that for n — oo
nP(ay ' (Zy — Z1) € -) =% 5(-),
where (-) = a|z|7* ! dz. Recall that

STEG - & <27 Y Elg ) < oo

|k|>m |k|>m

Then Z|k|>m(5€ — &)(Zx — Zy) satisfies the assumptions of Step 2.1, such that by
Definition 1.1.1 (i)

lim nlP | > (& — &)(Ze — Z1) > an(z —€) = N

|k|>m
<K@-e ™) Elg&-&" ™0 (2.3.17)

|k|>m

Similarly we obtain in (2.3.15)

lim nP | Y &(Zk — Zk) > ane— N | S Ke ™ ElG" ™30, (2.3.18)
|k|>m |k|>m

Hence by (2.3.14)-(2.3.18) the relation (2.3.7)

lim lim P(|X™| > a,z) = lim lim nP Z &l > apx | =0
|k|>m

holds.
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Step 2.3. Let {ZyYrez, {€xbrez be arbitrary and § < 1. Then X = > tkjsm €kl Zk]
satisfies the assumption of Step 2.2 leading to

O

lim lim nP Z & Zy| > apx | < lim lim nIP’(Ym > a,x) = 0.

M—00 N—00 M—00 N—00
|k|>m

With this result we can pose necessary conditions for the existence of stationary
regularly varying renewal shot noise processes, which are also regularly varying. The
result is very similarly to the existence and tail behavior of mixed MA processes in
Proposition [2.2.3.

Proposition 2.3.2

Let Y be a shot noise process given by (2.3.1), where I' = {I'; }rez is a stationary
renewal process with intensity p and Z = {Zy}rez is an i.i.d. sequence, which is
regularly varying of index —c, o > 0, in the sense of (2.1.2). Furthermore we assume

one of the following conditions to hold:

(a) a€(0,1] and f € IL° for some § < a.
(b) a€(1,2) and f € IL° for some § < 1.

(c) a€(1,2), f €L’ for some § < o and Z; symmetric.

Then Y is well defined and stationary with

7}1_)1{)10 nP (Y(0) > a,z) = px™® /00 [p(fT(s)* +q(f ()] ds. (2.3.19)

The process Y is called stationary renewal shot noise process.

Proof.
Define & := f(T'x) for k € Z. For the stationary renewal process I' and the point

5| [ 1P| =u [l

Then the existence and (2.3.19) follow by Proposition 2.3.1.

k

Z |f(Tw)l°

k=—o00

process k =y - __er, in R holds

o0

> EGP =E

k=—o00

It remains to show that Y is stationary: Let A > 0 be fixed. Define fk =Trenm —h
and Zk = Zk:—i—N(h) for k € Z. Then {Fk}kEZ i {Fk}kGZ and {Zk}kGZ i {Zk}kEZ- We
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obtain

Y(t) = Z flt -T2 £ Z Ft=Tw)Z), = Z F(t+h = oy nm) Zern

k=—oc0 k=—0o0 k=—o00
= > ft+h—TYZ,=Y(t+h).
k=—o00

Analogously we receive for the finite dimensional distribution

(Y(t), ..., Y(t) Z (Y(ty +h),...,Y(tn + h)). O

Similarly to condition (M1) and (M2) for mixed MA processes we state the condi-
tions for the stationary renewal shot noise processes.

Condition (R1).

Let Y with Y(t) =Y o2 f(t —T)Zy, k € Z, be a stationary renewal shot noise
process as given in (2.3.1), where the stationary renewal process N with jumps
I' = {T'x}rez has intensity p and Z = {Zp}rez Is an i.i.d. sequence, which is
regularly varying of index —a, a > 0, such that there exists a sequence 0 < a,, T co

of constants with
nP(a,'Z, € ) = o(-)/n  on BR\{0}) forn — oo,

where o(dz) = paz=® 1 1(g 0 (x) dz 4+ ga(—2) " 1) (2) dz for some p € [0,1],

= 1—p. Furthermore, f : R — R is bounded with f* = sup,cg f*(t) = f(nV) < o0
and f~ = sup,cp f(t) = f(n®) < f+. Assume that one of the following conditions
hold:

(a) a € (0,1] and f € L° for some § < a.

(b) a € (1,2) and f € L? for some § < 1.

(c) a€(1,2), f el for some § < a and Z; symmetric.
Condition (R2).

Let Y be a stationary renewal shot noise process given by (2.3.1) satisfying (R1)
with a.s. sample paths in D(R). Define

o(t) = s 1) ey s [F5) L)) (2:320)

s€(—o00,t] s€(t,00)

then we suppose g € L.° for some § < min{1, a}.
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2.4 Point process convergence

We follow Resnick [124,125] and introduce point processes to describe precisely the
extremal behavior of Y. In order to achieve a distributional stability of a sequence of
point processes, it is necessary to allow a build up of infinite mass at [s,t) x {0}. This
is handled, for our problem, by defining the state space S = [0, 00) X Ed\{O}. The
space S can be metricized as a locally compact, complete and separable Hausdorff
space (cf. Lindskgg [99], Theorem 1.5; note that (0, 00] equipped with the metric
d(xz,y) = |1/x — 1/y| is complete and separable). Compact sets in S are closed sets,
which are bounded away from 0 and F=oo. Furthermore B(S) denotes the Borel o-
field and Mp(S) the class of point measures on S, where Mp(S) is equipped with the
metric p that generates the topology of vague convergence. The space (Mp(95), p) is
a complete and separable metric space with Borel o-field M p(S). The zero measure
is denoted by 0. A point process in S is a random element in (Mp(S), Mp(S)), i.e. a
measurable map from a probability space (2, A, P) into (Mp(S), Mp(S)). A typical
example for a point process in extreme value theory is a Poisson random measure,
i.e. given a Radon measure ¥ on B(S), a point process « is called Poisson random

measure with mean measure (or intensity measure) ¢, denoted by PRM(¥), if

(a) k(A) is Poisson distributed with mean J(A) for every A € B(S5),
(b) for mutually disjoint sets A, ..., A, € B(S),n € N, ther.v.s k(A4;),...,k(4,)

are independent.

More about point processes can be found in Daley and Vere-Jones [50] and Kallen-
berg [81].

For a thorough understanding of the structural behavior of extremes of the con-
tinuous-time processes, the knowledge of point processes is desirable. Therefore the
results of Davis and Hsing [52] about the point process behavior of a stationary se-
quence of regularly varying r.v.s under weak dependence are of vitally importance
for our studies. Those results were generalized by Davis and Mikosch [53] to mul-
tidimensional regularly varying stationary processes. Weak dependence is described

by the following mixing condition.

Condition A(ay,).

Let Y = {Yy}rez be a strictly stationary sequence of regularly varying random
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vectors and 0 < a,, T 0o a sequence of constants satisfying
lim nP(|Y4| > a,) = 1. (2.4.1)

There exists a set of positive integers {ry}nen such that r, — oo, r,/n — 0 as

n — oo and

E exp (— Z f(Yj/an)> -

Tn L’I’L/Tnj
E exp <_Zf<Yj/an)>] =20 for all f € F,,
j=1

where F; is the collection of bounded non negative step functions on @d\{O} with

bounded support.

The meaning of this condition is that, if {N,(:)}keN is an i.i.d. sequence of point
processes with the same distribution as ) ;" | €y, /a, and N, = > ¢ | €v,/a,, then
the Laplace functional (Embrechts et al. [60], Theorem 5.2.3) of N,, and Zgl/{ e N;n)

have the same limit behavior, i.e.

Bep |~ [ 16 aN,9)] - [Bew (- [ 16)a7))] =

This is equivalent to

Ln/rn]
YNk = No=%s
k=1

for n — oo and some point process « in Mp(Rd\{O}). Condition A(a,,) is a weak
mixing condition and holds, e. g. for a sequence of regularly varying random vectors
satisfying the strong mixing condition (Basrak [18|, Lemma 2.3.9). It is independent
of the particular choice of a,. The condition is very similar to the A(a,) condition

often used in extreme value theory (cf. Leadbetter and Rootzén |97], Lemma 2.4.2).

For stationary sequences of multivariate regularly varying random vectors satisfying

condition A(a,) Davis and Mikosch [53] formulate the following point process result.

Theorem 2.4.1 (Davis and Mikosch [53], Theorem 2.8 and Corollary 2.4)
Let Y = {Y}}rez be a strictly stationary sequence of random vectors on R¢ sat-
isfying condition A(a,). Assume that all finite-dimensional distributions of Y are

jointly regularly varying with index —a, o > 0, such that for every | > 0 with
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YO — (Y,,...,Y!) there exists a random vector O with values on the unit

sphere SZHVd-1 — x ¢ R+ . |x| = 1} such that for every x > 0 and u — oo,

v (1) v /[y® .
PONTI > we YO/IY €) v, pmope® e ) on BEPHY,  (24.2)
B(IY 0] > u)

Assume that

lim lim P \/ Yx| > anz||Yo| >anx | =0 forxz > 0. (2.4.3)

|— 00 n—00

Define the point processes N,, = >/ _| €y, /a, OD Mp(@d\{O}). Then the limit

. +
_ 1 D) O’ Da
0= lim E <|@0 | — \/I\Qj | ) /E\@O | (2.4.4)
j:
exists. If = 0 then N,, == 0 for n — oo. Else, if § > 0, then for | — 0o
+
E ([|@(()l)|a = Vi |9§'l)|a] 1 {ngz ol € })

+
E(j00 = Vi 101)

where Q is a Radon counting measure on the set

= 9("), (2.4.5)

{p Radon counting measure on Ed\{O}, p(STH >0, u{(x e R : [x| > 1)} = 0}.

Furthermore, for n — oo,

Ny = Z Zgﬁkaj7
k=1 j=1
where > 7 ep is a PRM(J) on R, with 9(dx) = Baz="! 1(0,00)(z) dz and
Y1 €qy, for k € N are point processes with the same distribution as Q. All point

processes are mutually independent.

Note that 6 is the extremal index (Definition A.1.9) of {|Y|}rez. Condition (2.4.3)
is an anti-clustering condition which, roughly speaking, ensures that high level ex-
ceedances have not too much dependence on any short time horizon. In comparison
to the D'(u,) condition, Definition |A.3.1, we have the rate r, instead of n. Long
range dependence has already been excluded by the condition A(a,). The indepen-

dence of ﬁk and the Qg; is a consequence of the multivariate regular variation.
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There exist further results on the point process behavior of regularly varying random
vectors. The following Lemma shows that adding a small random vector to a mul-
tivariate regularly varying sequence has no influence on the point process behavior.
The meaning of small is that the tail of the absolute value decreases faster than the

tail of the absolute value of the multivariate sequence.

Lemma 2.4.2

Let Z = {Zy}ren, ¥ = {W; }ren be sequences of random vectors in R?. Furthermore,
let {I'y }ren be the jump times of a stationary renewal process N with intensity p > 0,
h € R be arbitrary and sy € [['y—1 + h,Tx1 + h) for k € N, setting 'y := 0. Denote

by 0 < a, T oo a sequence of constants and by

Fn =D Ctmzifan)  and =Y En Bt o)
k=1

point processes in Mp(S) forn € N. Suppose there exists a point process k in Mp(S)
with k ([s,t) x {x}) = 0 a.s. for x € @d\{O}, t > s >0, such that %, = & for
n — oo. Furthermore assume that for every €,t > 0,

|t ]
> P([Wi| > ane) = 0. (2.4.6)

We suppose that there exists a r. v. W such that
P(|Zy + W] > z) <P(W > x) for x >0 and P(W > a,x) = O(1/n) for n — occ.
Let I =[s,t) x [[, (¢;,di) € S. Then

lim P(kn(I) # Rn(I)) =0

n—oo

w
and Kk, = Kk for n — o0.

Proof.

Let € > 0 be arbitrary. Denote by (, == > ;- € (k/mart (Zptwy)) @ point process in
d d

Mp(S) for n € N. Define the sets IV = [ (¢; — e, d; + €], I = [] (ci + €, d; — €]

i=1 =1
and I, = 11 \I . We obtain
{rn(l) # (D)} S {Rn(l) > 0} (2.4.7)
U {a.'(Z+ %) € 1,02, € 1°}
ke€(ns,nt]

U {a'(Ze+ %) € 1%a,' 2, € 1P}

k€ (ns,nt]
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On the one hand,

> P(a,(Zu+ ) €10, Z € IV°) < Y P[] > ane) =30, (24.8)

ke (ns,nt] ke (ns,nt]
Y P(a, (Ze+ ) €10, 2, € IP) < ) P84 > ane) =30, (24.9)
ke (ns,nt] ke(ns,nt]

and on the other hand,

lim lim P(k,(L) > 0) = imP(x({.) > 0) = 0. (2.4.10)

€|l0 n—oo €l0

Thus, by (2.4.7)-(2.4.10) we get lim P(k, (1) # (.(I)) = 0. Applying Rootzén [131],

Lemma 3.3, we end with ¢, = k as n — oo.

The rest of this proof is an analogon to the proof of Lemma 1.2.4 and therefore we

only sketch it.

Since [ is bounded away from 0, there exists an x > 0 such that

P(a,*(Zy + Oy) € I) < P(|Zy + O] > a,2) < P(W > a,z). (2.4.11)
Furthermore,
I — (Cvwer — Ine) | Sopd (Teyr — Ty) <t n S (Cppr — T)
N(t) N(t) T ON(t) T N(@) N(t)

Regarding that {I'y41 — Ik bren is 1.1. d. with mean 1/p by the LLN we obtain
N(t)/t = u forn — oo a.s.. (2.4.12)

For a detailed proof of the LLN for renewal processes we refer to Mikosch [111],
Theorem 2.2.4. Using (2.4.11) and (2.4.12) the rest of the proof follows along the
lines of Lemma[1.2.4. U

Lemma|2.4.2 is an analog result to Theorem [1.2.1 for subexponential distributions
in the maximum domain of attraction of the Gumbel distribution. We will give some
examples for random vectors { Wy }ren to satisfy (2.4.6):

Example 2.4.3
(a) Suppose there exists a r.v. 1) such that for some zy € R and every € > 0, k € N,

P(|Oy| >z) <P >z) forxz >z and P(Y > aue)=0(1/n) forn — oo,
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then the assumption (2.4.6) is satisfied.

(b) Let {Zy}rez be a sequence of identically distributed r.v.s, which are regularly
varying of index —« in the sense of (2.1.2) and with the same a, as Z;. Suppose
{Zk}kez are independent of the sequence of random vectors {‘i}k}kez in R, which
have support on [—f*, f]9. Define ¥, := W, Z;, and assume there exists a §* > 0
with a — 0* > 0 such that

> B[ < oo (2.4.13)

k=—00

Denote by Fj the d.f. of W,. By Potter’s Theorem [A.1.10 (iii) there exists an
ng > 0, K > 1 such that

B(f*|Z1] > auy) /B 2] > an) < Ky fory>1,n>no.

Then we have for n > ng

P(|®) 25| > ane) = /Ed\{O} P(f*|Z| > anef*/|t]) Fi(dt)

R\{0}
= KP(f*Z1] > ane) fT0 R [T o0, (2.4.14)

< KP(f*Zy| > ane) fHo / 16|~ F (dt)

Regarding (2.4.14) and a,, — oo as n — oo, we obtain

[nt] oo
Jim > (|| > ane) S KSHT lim P Z1] > ane) Y B[@[ = 0.
k=1 k=1

Thus, also {Wy}rez satisfies the assumption (2.4.6). O

The last Lemma of this section regards on point processes of independent regu-
larly varying sequences. It is analogously to Proposition for subexponential

sequences in the maximum domain of attraction of the Gumbel distribution.

Lemma 2.4.4
Fori=1,2, let ZW = {Z]ii)}k:eN be sequences of identically distributed r. v.s, which
are regularly varying of index —«, a > 0, in the sense of (2.1.2), such that for a

sequence 0 < a, T co of constants and s = 1,2,

lim nP(|Z"| > anz) = cia™®  forz > 0,
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where ¢, > 0. Assume Z) and Z® are independent. For n € N denote by

o0 o0

0= Stunsting 5= B oma

k=1 k=1
point processes in Mp(S). Suppose kD 22 k0 as n — oo for some point process
k@ with K ([s,t) x {z}) = 0 a.s. for v € R\{0}, t > s > 0, and £ is independent

of K. Let I = [s,t) x (¢,d] C S. Then
lim P(k,(I) # V(1) + 2(1)) = 0

n—oo

and k, = kM + k@ asn — co.

Proof.
Let € > 0 be fixed and I, = [s,t) X [c —€,c+€) U [s,t) X [d — €,d + €). Then

{rn(I) # () + PN} C{EP (L) > 0} U{k] ( )>0}
U {02V +2) e 1,0, 2" € NI, a;' 27 € 1\1.}

k€[ns,nt)
U{a; (20 + 2Py e 1,a;' 2" € I\I.,a;' 2P € I°\1.}
Ula, (2" + 27) € 1,0, 2" € L)
Ufa, (2" + 2) € I, 0, 2P € I\L}.
Thus, by the independence of Z() and Z®) we obtain

P(rn (1) # 5 (1) + KP(D))

< P(k{Y(1.) > 0) +IP>( )(1.) > 0)
+n(t — s)[P(a, 2" € I\L)P(a,;* 2 € INL) + P(|Z{"| > a,e)P(1 27| > ane)]
+a(t — s)[P(|2) y > a,e)P(a; 2 € I\L,) + P(|1 27| > ane)P(a; 2 € 1\1,)]
"X P(RO(1) > 0) + P(sP(1) > 0) =5 0. (2.4.15)
Taking the independence of /4;,(11), 57(12) and k1, k® into account, we get also
Y 4+ kP 2 kM 4 k@ for n — co. Thus by Rootzén [131], Lemma 3.3, and
(2.4.15) we have r, == k! + k) for n — oo. O

2.5 Extremal behavior

In this section we study the extremal behavior of a regularly varying mixed MA

process Y given as in (2.0.1). Therefore we use, similarly to subexponential MA
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processes in the maximum domain of attraction of the Gumbel distribution (Sec-
tion 1.4), a discrete-time skeleton. This means we investigate the extremal behavior
of the discrete-time sequence {Y'(¢,) }nen, where the discrete-time sequence {t, },en
is chosen properly by the extremes of the kernel function and the jump times of
the Lévy process. The extremes of {Y (t,)}nen coincide with the extremes of Y. We

would like to give a short motivation for this:

Consider the mixed Poisson shot noise process Y (t) = > oo f(Rg,t — I'x)Zy, for
t € R, then

Y(Fk —|—t) = f(Rk,t)Zk + Z f(R],t—l—Fk — Fj)Zj for ke N, t € R.

g
In the case that the {Zy}rez are regularly varying it happens, that one Zj is really
large in comparison to {Z;};ecz\ k- Then Y (I'y + t) behaves like f(Ry,t)Z;. The
process {f(Rg,t)Zy} >0 achieves its supremum in n*), where f(Ry,n™") = f+. Sim-
ilar results hold for large negative jumps and the infimum of the kernel function 1
with f(Ry,n®) = —f~. This suggests that {Y (¢,)}nen With

tw € {Th +1W ke N} U{l,+7%  keN}

describes completely the extremes of Y. Clusters of high level exceedances of Y are
caused by large jumps of the Lévy process in combination with extremes of the

kernel function.

In general we consider a mixed MA process Y as given in (2.0.1). We come back
to the decomposition of the i.d.i.s.r.m. A = A; + Ay as given in (2.0.4), where A;
is a compound Poisson random measure with generating quadruple (0,0, vy, 7) and
Ay is an i.d.i.s.r.m. with generating quadruple (m, o2, v, ). The support of v is
bounded, so that the jump sizes of the underlying Lévy process are bounded, too.

The compound Poisson random measure A; has representation

A (A) = / /xdﬁl(w,m) and N, = Z € (Ry.Th Z1)
AJR P
where —co < ... <I'_1 <[ <0< T <...< oo are the jump times of a Poisson
process N with intensity u = v1(R). Furthermore, Z is an i.1.d. sequence with d. f.
P(Z, < z) = vy (—o0,x] /u for © € R independent of R an i.i.d. sequence with

d.f. 7. In this section we consider regularly varying mixed MA processes Y as given
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in (2.0.1), so that we assume (M1) is satisfied. Hence, by Proposition [1.1.2 (v) the

sequence 0 < a,, T oo of constants satisfies
nP(a,'Z, € -) == o(-)/u on B(R\{0}) for n — oo, (2.5.1)

where o(dz) = paz™® 11 (z)de + qa(—2) > 1w (z)dz, p,g € [0,1],
p+q = 1. This decomposition of A induces also a decompositionof Y inY =Y, +Y,
as given in (2.0.6), where

Yi(t)= > f(Rit—Tw)Z forteRas. (2.5.2)

k=—0o0
We show that the mixed MA process Y5 has no influence on the extremal behavior
of Y, since the driving Lévy process has only small jumps. Throughout this section
the support of f in the second coordinate is of the form [a, b], (—o0, a], [a, 00), a < b.
Furthermore, f is in the second coordinate continuous in the interior of its support

and right respectively left continuous at the boundary.

The second model we pay attention to are stationary renewal shot noise processes
Y as given in (2.3.1) with

Y(t)= > f(t-T;)Z; forteR, (2.5.3)

j=—o00
where I' = {I'y }xez are the jump times of a stationary renewal process N with inten-
sity p independent of the regularly varying i.i. d. sequence Z. This class of processes
is a generalization of Poisson shot noise processes. Here we assume condition (R1)

is satisfied. Hence, the sequence 0 < a,, T oo of constants satisfies

nP(a,'Z, € -) == o(-)/u on B(R\{0}) for n — oo.

The extremal behavior for the stationary mixed MA process and the stationary
renewal shot noise process are the same, by the identical structure of the Poisson
shot noise process Y] given by (2.5.2) and the stationary renewal shot noise process
given by (2.5.3). Similar results hold for the discrete-time MA processes, which
have been investigated by Davis and Resnick [54] and Rootzén [130]. The extremal
behavior of heavy tailed shot noise processes, where f : [0,1] — [0,1] is strictly
decreasing and the jump sizes Z are positive, has been thoroughly investigated by
McCormick [108,107]. We generalize his result such that f is no longer bounded and

positive.



2.5 Extremal behavior 125

In this section we need the definition of the renewal process N with jump times
T = {T} }rez where

Ty =Ty — Iy and T_,:=1_,—1T¢y fork € Ng. (254)

2.5.1 The point process of local maxima

Let Y be given as in (2.0.14), where Y is either a stationary mixed MA process or

a stationary renewal shot noise process and define for k£ € Z the disjoint intervals
I, = [77(1) + (Tpo1 +T%)/2, n® + Ty + Fk+1)/2) _ (2.5.5)

The extremal behavior of the mixed MA process Y as given in (2.0.1) is described
by the multivariate point process

o0

Fn = Z E(Fk/n,supheIk Y(h)/an,Y(Fk)/““) i [07 OO) % [07 OO]d+3\{O}. (256)
k=1
This point process can be interpreted as a marked point process (Daley and Vere-
Jones [50], Section 6.4). Let
Y, = (sup Y (h), Y (I'y)), (2.5.7)
hely
where ?kﬁ, h € {1,...,d+3} is the ht" coordinate of ?k Marked point process means

that we consider the point process behavior of >"/7 g( for some fixed h,

8 Ty /.Y n/an )
and the remaining coordinates of Y, in x, describe the behavior of the process,
when an excess of Y}, over a high threshold occurs. In our setting Y (I';)/a,, are the
marks, which describe the sample path behavior of the continuous-time process Y,
if an extreme occur. They characterize clearly the location of extremes. By adding

this mark we obtain complete information about the extremal behavior of Y.

Theorem 2.5.1

Let Y be either a stationary mixed MA process as given in (2.0.1) satisfying (M2)
or a stationary renewal shot noise process as given in (2.3.1) satisfying (R2) with
pfT > 0.If¢f~ > 0 assume furthermore Z;, has the decomposition Z;, = Z,El) — Z,?),
where {Z,gl)}kez, {Z,E,Q)}kez are independent sequences and for s = 1,2, {Z,gs)}kez is

a sequence of 1.1.d. positive r.v.s with

P(ZY > 2) ~P(Zy > 1), P(ZP >2) ~P(Z, < —z) forz — oco. (2.5.8)
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Let 3 €(sp,p) be a PRM(V) with 9(dt x dz) = dt x az™* 1) (x)dz. The
sequences T = {T}, ;};ez are i.i.d. with T™ < T, where T is given by (2.5.4),
independent of R = { Ry }ren an 1.1.d. sequence with d.f. w. Let x = { X }ren be an
i.1.d. sequence with d. f. P(x; = 1) = p and P(x;, = —1) = q. The random elements
Y re1 E(sk,Pr) {T®}en, X, R are independent. Furthermore, define for k € N, j € Z,

I](k) = [0 + (Thjmr + Te) /2,00 + (g + Thj1)/2) -

Then for k,, as given in (2.5.6) and n — oo,

(ool o]
S

=K
k=1 j=—00 <Sk’suPheI(.k){f(Rkvh)XkPk}vf(Rvak,j)XkPk)
J
in Mp(]0,00) x [0,00]"*\{0}).
Proof.
We define for k € Z
Iy = [ 4+ (Thor + ) /2,0 + (Ty + Tiyr)/2)
with T} given by (2.5.4) and the random functions
¥1§1)(T7 f) = (SuPhefk flr,h+1),£f(r, Ty +1)) for k € Z,r e Ryt € R,
£70nt) = (uppeg, —f(rh+0),~£(nTh +1)  fork€Zr R, tER,

with values in R? | where d’ = d + 3 and f is given by (2.0.13). Note that
r(s d (s
£ (R, —T;) = £°.(R1,0) (2.5.9)

for s = 1,2. We use the decomposition (2.0.6) of Y = Y;+Y5, and restrict, at first, our
attention to the mixed Poisson shot noise process Y1(t) = > 07 f(Rg, t — I'y)Z
for t € R a.s. given as in (2.0.7), which is well-defined by (M2), (R2), respectively.

In the case ¢f~ = 0 define Zlil) = 7, and Z,gQ) =0 for k € Z.

Step 1. For fixed m > 0 we study the extremal behavior of

k+m k+m
viv= >0 8w, -THZ + Y BV (R, T 7 forke
j=k—m j=k—m

We show that {?,ﬁm)}kez satisfies the assumptions of Theorem 2.4.1
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Regarding (2.5.1) and (2.5.8) we apply Lemma 2.1.3 and (2.5.9) to end with

lim nP(|Y}"| > anz)

k+m k+m
P ~ o q ~ N
== Z EIfV (R;, —T;)|* + = Z E(f(R;, —T;)]
po e p A=
J m 7 m
p S = Ie% q — Py o
=0 2 BEY (R0 ST BT (RO = (2510)
Jj=—m j=—m

Observing that {?,im)}kez is (2m + 1)-dependent and taking Lemma 2.4.2 in Lead-
better and Rootzén |97] into account, condition A(anp#{a) holds for {?,gm)}kez. Also
by the (2m + 1)-dependence of {?,(cm)}kez, (2.5.10) and r,, = o(n) for n — oo of

condition A(anpm®), we obtain for [ > 2m + 1

Pl 190> ana| 1957 > 0t | < rB90Y) > ar) =5 0.

lglk‘g'fn
Define for s = 1,2 the random vectors Z%) := (Z(_Sl)_m,...,Zl(i)m) € R+
[ € N, and the random matrices
ALY
As) . : c R@H+DA x(2(1+m)+1)
Al(l,s)
where A" e RY*@UmHY for = — .1, has entries (A"Y),; in the i row

and j* column with values

(AL )1 = sup F(Byuh = T)),
hely

(AYN) i1y = F(R;, T — Tj + 1;)

for j =k—m,....k+m,i=1,....d — 1, k = —I,...,1, where t4,1 = nWm,
tays = n®. Furthermore, (A,(f’l))i,j =0for|k—j]l>m,j=—-l—m,....l +m,

1=1,...,d and k = —I[,...,l. This means A,(f’l) has the representation
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Q _____ Q sup f(h = Tk—m)_ = _er_ — —Ssup f(h - Tk-i—m)

[T = Ty + t1)=————-- f(Tx = Thom + t1)

| | ? |
wololf o]
| | é) |

|
f(Te — Toe + W)= =f == (Th — T + nV)

0-———- O F(T = T + 0@~ f==F(Ti = Tiym +1?)

lem k-m—1 . I . I . I ktm+l  l4m
£ (T m) £ (-1 £ (—Thpm)

such that, e.g. forl =4, m=1,d =2: AbD = ALt

where the white area marks entries with values 0. The sequence of random matri-
ces (A,({l’l))kez is (2m + 1)-dependent. Similarly to A®D,| we define A2 by just
changing the kernel function from f to —f. Then define A®W = (AGD AG2) ¢
REFD2E(HmIH) apnd ZO) = (20D, Z02))E e R2EH™FD . Thus we have

YO = AO7Z0) ¢ R+
The matrix A® has at most 2(2m + 1) entries in a row and d'(2m + 1) in a column.

Since f+ < [|[AD| < 2(2m + 1)f* we can apply Lemma [2.1.3 and conclude that

Y ® is multivariate regularly varying of index —a with spectral measure

POV € ) (2.5.11)

I+m
_ p (lvl) « q (l,2) (07
— Z —FE <|aj | 1{a§.l’1)/a§.l’l)|e}> + ——E (\aj ‘ 1{a;.l’2)/|a;.l’2)|e-}) ,

Py 20 Pm
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(Ls)

where a;"" = A")e; with the j™ unit vector e; = (0,...,0,1,0,...,0) € R2HFm+1
and
l+m
o= 3 LE(aI) (B,
j=—l—-m

We consider the case [ > m. Without loss of generality we assume 7, = Z,gl), i.e.

p =1 and g = 0, since the results (2.5.12))-(2.5.15) remain the same by the structure
of AW, We write AD = AGD, ?k = ff,g”, ag-l) = ag-l’l) forkeZ,j=—-l—m,...,l+m.

We obtain for j = —m, ..., m,

l d l d Jj+m j+m
l [0 l [0 P (e} P [0
V VIAD) =V VIAD),~ = \/ (=T = \/ (=T},
k=01:=1 k=11:=1 k=1
l d
\ V1AL - \/ \/| N2 =0 form < |j| <l+m, (2.5.12)
k=01:=1 k=11:=1

where we used V/j_o Vi, [(A)is1* = Vie, VI, [(AP)iyl* for j > m and
\/2:O \/?:1 |(A(l))ij|a = 0 for j < —m. Furthermore for j = —m, ..., m,

Jjt+m
a ~
\/ \/I Nigl =11 = \/ [u(=T))] = [+ (2.5.13)
k=—l1=1 k=j—m
By taking the conditional probability under I'y, Ry, & = —l — m,...,l + m and

Remark 2.1.4, we can calculate with deterministic quantities and invoke. We apply

(2.5.11) to compute

I+m ) | |a rod |<A(Z)) ,|a
> E(|a [V i)
upm imlem k=0i=1 | =tiz1 35

Taking (2.5.9) and (2.5.12) into account we receive that the r.h.s. is equal to

D [i (jVHk (R, —T;)] ) Z E(]Vuk R;,—T)) )

LZ (\/ £(R,1,0) ) Z E( V |’f;<R1,0)I“>]

E( \7 Fo( Ry, 0) > _ (2.5.14)

HPm
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Similarly, as \/‘ii/:1 |(Aél))i,j|"‘ = 0 for |j| > m, we have by (2.5.10)

l+m d’ 1 a
EolF = LR S |a(1>,a\/|(Aé))i,j\ Z (R
0 B ~m . i i—1 |a(.l)|a ,Upm 1’
= 1= 7

j=—l—-m j=—m
1 m
[1Prm Prm

By (2.5.14) and (2.5.15) we obtain for the extremal index in (2.4.4)
O = 7%/ (ppm)- (2.5.16)

In the last step we have to distinguish between the Z) and Z®. Following the
proof of (2.5.14) and taking [ > m and (2.5.13) into account we get for s = 1,2,

j=-m,...,m,

(,s)
(l s | A Z]l
E | \/ \/ lS)’a z g(Al(le”)wj/'aJ('lYS)I G

k=0i=1 k| <l

=E| \/ B (RLOIM LS D o g €

k=—j |k|<m

Then analog the lines of (2.5.14) we obtain

1 +
D« Do
o'~ V17| 11 % e e
j=1

l71<i
ffelp
= [0 2 S0y € 10D &0 m, 05+ €
jjl<m jil<m
_
,up —=E|1 Z &( Suphe[ {f(Ry,h)x1},£(R1,Ty)x1)/f+ S . (2.5.17)

lj]<m

Hence by (2.5.14) and (2.5.17) the measure Q of (2.4.5) is

Q) =P ( D Elum, s (R} ST /) € ) :

j=—m

Regarding (2.5.16) we choose in Theorem 2.4.1,

I(da) = Oz gy () da = f ¥ (11pm)a " Lo, () .
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Taking (2.5.10) into account, we apply Theorem 2.4.1 and obtain for n — oo

o0 m

w

Zé 1/O‘Y(m)/a - Z Z 8((Suphei(1@){f(Rk,h)Xk}:f(Rk,Tk,j)Xk)ﬁk/er)’
k=1 j=—m J

where 7 | 5 is PRM(9) in Mp(ﬁdl\{ﬂ}). By Hsing [77], Lemma 4.1.2, the conver-
gence of the sequence of point processes x,((0, 1] X -) is equivalent to the convergence
of Ky, if the so called A(a,,) condition is satisﬁed which is similar to condition A(ay,).

Note, that by the (2m+ 1)-dependence of {Y }keZ the A(a,) condition holds. This
implies, changing 9 by 9, and {Pk}keN by { Py }ren, respectively, that

kz k/ np), Y™ n) = ; Z g(skv(suPhET](k){f(Rkah)Xk}7f(RkaTk,j)Xk)Pk)' (2.5.18)
=1j=—m

Step 2. For fixed m > 0 we study the extremal behavior of

k+m k+m
YW= > £9(R;,-T)ZY + > £2(R;, -T2 for ke Z,
j=k—m j=k—m
where
fél)(r, t) = (supyeg, f(r,h+1),£(r, Ty +1)) forkeZ,reR,, teR,
f,gz)(r, t) = (supyey, —f(r,h+1t),—f(r,Iy+1)) forkeZ reR,, teR.

Note that ?és)(Rj,—E) = fki)l(Rj,—FjH) for k,7 € Ny by (2.5.4). Then also
(Y} sm < {Y;(ﬁ)l}kzm, although {Y,(CT)I}%Z is not stationary. Thus, the asymp-
totic point process behavior of {Y ™ }ren and {Y™ 1oy are the same. Regarding

(2.5.18)) we obtain

;E<k/(nu)7Y](€m)/an> = ; Z E(SkvsUPhelj(k){f(Rk7h)Xk}Pk7f(Rk7Tk,j)XkPk)‘ (2.5.19)
— =1 j=—m

Step 3. We study the extremal behavior of {Y}}rez given by

= i £V (R;, Tz + Z £ )27,

j:—oo _]—700

which are well-defined by (M2), (R2), respectively. We have to attend to the non-
stationarity of the sequences { Y }rez, {Y,E:m)}kez and {Y, —Y,gm)}kez (if we replace
I by T then we obtain stationary sequences, cf. Lemma[3.2.11).
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With ¢ as in (2.0.12), (2.3.20), respectively, and (2.5.4) we have

n d n

k=m+1 i=1 k=1 |k—jl>m

—m—1 k—1
—ZZP<Z (R Ty +t)1Z5| + ) 9(R;. Ty + t:)| Z4]

=1 k=1 Jj=—0o0 j=m+1
+ g(Rj,Tj + Fl — Fo + ti)|Zj+1| > CLnZL‘) (2520)
j=k—1

with g = (). Define

—m—1 k—1 00
cri = Y Elg(R;, Ty+t:) "+ Y Elg(R;, Tj+t,)°+ > Elg(R;, Ty+T1—To+t;)|’.
j=—00 j=m+1 j=k—1

Then cx; — D2 1om Elg(R;, T; + t;)|° for k — oo. If T' is the stationary renewal
process we apply in the next inequality (2.3.6) and, else, if I" are the jump times of
the Poisson process we apply Lemma Then there exists an ng € N, K > 1
such that for n > ng

P (\/ 1Y} — Y,(Cm)] > a,@)
k=1

d,
< KnP(|Zi] > anz)

=1

n

:lzckz

k=1

— K “"Z > Elg(R;, Ty + 1) =50

i=1 [j|>m

+Z]P>(|Yk—Y( |>anx>

Then following the proof of Resnick [125]|, Proposition 4.2.7, along the lines gives
for n — oo,

D (k) Tnfar) = B (2.5.21)
k=1

Step 4. The point process behavior of x,,.
Let Y = 3200 f(R;, Ty —T;)Z; for k € Z and I = [s,t) x [, (c;.di] € S. By
Lemma A.4.2 we have, similarly to the proof of Lemma [2.4.4,

Jim P (Z 2 1o T fan) (D) 7 D /a0 (s, ¥ 30 (] )> = 0.

k=1 k=1
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Hence, by (2.5.21) and Rootzén [131], Lemma 3.3, for n — oo,

D k) supnes, Y)Y ) fa,) = K (2.5.22)
k=1

In the case of a Lévy driven mixed MA process we need to invoke the decomposition
(2.0.6) in Y(t) = Y1(t) + Yo(t) for t € R. Then

Recall that Y, = (suppes, Y'(R), Y(I'y)). Similarly as (2.5.20) we have for 0 < e < ,

P(IYx > anr) < ) lp ( > 9(Ry Tk =T+ )| Z)] > anlx — e))

i=1 j=—o0

+P(sup |[Ya(h)| > &ne)} . (2.5.24)

hely,

The Lévy measure of Y5(t) has bounded support by Proposition|2.2.1. Using (1.3.15),
(1.3.17) and the independence of I and Y5 yields to

P(sup |Ya(h)| > ane) < d'(1/p+ 1)P( sup [Ya(t)] > aye) (2.5.25)
hely, 0<h<1
< d(1/p+ De ™ Eexp( sup [Ya(b)]) = o(1/n)
0<h<1

for n — oo. Regarding Lemma|[2.2.8, (2.3.6), respectively, (2.5.24) and (2.5.25) we
obtain that there exists a r.v. W such that

P(!?k\ > ap,x) < P(W > ay,z) =0(1/n)  for n — oc.

Thus, by Lemma 2.4.2 and Example 2.4.3/ (a) the point process behavior of the
sequence {Y;}yez is the same as that of {(suppey, Y(R), Yi)}eez. Furthermore we
can shift the time scale. This together with (2.5.22) completes the proof. O]

Notice that condition (M2) excludes MA processes with the long memory property.

This result shows by considering supye; Y(h) with marks Y(I'y + nW),
Y (I + n®) that clusters of long high level exceedances of the continuous-time
process only occur, if an exceedance of the Lévy process meets an extreme value of
the kernel function. The properly chosen discrete-time points, where exceedances of
the Lévy process occur in combination with extremes of the kernel function, result in

exceedances of the mixed MA process. These exceedances are carried on in time by
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the kernel function and result in the limiting process in clusters of exceedances. Ex-
tremes on high levels only appear at this properly chosen discrete-time skeleton. See
also Section 3.2.1] for the comparison of subexponential Lévy driven OU processes

in the domain of attraction of the Gumbel distribution and Fréchet distribution.

Remark 2.5.2

We conjecture that we can transform our results of Theorem |2.5.1 to an infinite-
dimensional setting, where we use as marks the stochastic processes {Y (I'y +1) }1cj0,1]
in D[0, 1] instead of multi-dimensional random vectors Y (I'y) € R%*? for k € N. By
choosing this marks we would obtain complete information about the sample path
behavior of the continuous-time process near extremes. We will give the key aspects

to which attention should be paid by this consideration.

(i) Investigating the stochastic processes {Y (I'y 4 t)}icpo1) with a.s. sample paths
in D(R) for £ € N as marks, requires a definition of regular variation for stochastic
processes in D,[0, 1], the space of functions h : [0, 1] — R%, which are right continuous
with left hand limits. This definition was introduced by Hult and Lindskgg [79] and
is an analog to the Definition 2.1.1 of multivariate regular variation. Define the
space Dg[0,1] = (0,00] x D,4[0,1]. A nonzero function h € D,4[0,1] is associated
with the element (sup,cio 1) |R(2)], h/ sup,e ) [R(2)]) € Dg4[0, 1]. A stochastic process
X = {X;}iep,1) with sample path in Dy[0, 1] is said to be regularly varying, if there
exist a sequence 0 < a, T oo of constants, and a nonzero boundedly finite measure
o on B(D,4[0,1]) with o(Dg[0, 1]\D4[0, 1]) = 0 such that as n — oo

nPla'X € ) =% o(-)  on B(Dy[0, 1)),

where w-convergence is the convergence on bounded Borel sets; see Daley and Vere-

Jones [50], Section A.2.6 for the definition of w-convergence.

(ii) Note, that the space Dy[0, 1] provided with the Skorohod topology is separable
and complete (see Billingsley [28|, Section 16). But D,[0, 1] is not locally compact
such that the classical results of vague convergence of point processes, which is in
M p(@d\{O}) equivalent to weak convergence, in the space Mp(R\{0} x D,4[0,1]) do
not apply. Instead of vague convergence of point processes we will use w-convergence
in Mp(R\{0} x D,4[0,1]).

We sketch the main steps of the proof in the following:

(a) As mentioned in Remark 2.9 of Davis and Mikosch [53|, Theorem 2.4.1 holds

also for stationary sequences in a separable locally compact Banach space. We have
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to proof that Theorem [2.4.1 also holds for point processes in Mp(R\{0} x Dy[0, 1])
with the w-convergence.

(b) We need a similar result as Lemma 2.1.2 for regularly varying functions in
Dg4[0, 1]. Therefore define Yy (t) := >0, fi;(t)Z; for t € [0, 1], with f;; € D[0,1]
boundedforj=1,...,r, k=1,...,d,and Z = (74, ..., Z,) given as in Lemma/2.1.2.
Let a; = (f1j,..., fr;) € D.[0,1]. Then the process Y (t) = (Yi(t),...,Ya(t)) for
t € [0,1] in Dy|0, 1] is regularly varying with the corresponding spectral measure as

given in (2.1.5).
Regarding (a) and (b) the proof of Theorem 2.5.1/ goes line by line. O

2.5.2 The marked point process at a discrete-time skeleton

In this section we investigate the point process behavior of the continuous-time pro-
cess Y as given in (2.0.14) under less restrictive assumptions than in Theorem 2.5.1.
Therefore we do not look at local maxima in this section.

Theorem 2.5.3

Let Y be either a stationary mixed MA process as given in (2.0.1) satistying (M1) or
a stationary renewal shot noise process as given in (2.3.1) satisfying (R1). Further
assume that the kernel function f satisfies f(r,nV)) = f* > f~ for all v € supp(n).
Then with the notation of Theorem 2.5.1,

ZS (Tr/n,Y (Tx)/an) Z Z € (sk,F(Th, ;)X Pr) in MP([O OO) x R \{0}>
k=1

k=1 j=—o0

In particular, for every t € R,

Zg(Fk/n Y (Tx+t)/an) = Z Z E(skof (Th j+)x Pr) in Mp([0, 00) x @\{0})

k=1 j=—o00

The proof is analogous to the proof of Theorem [2.5.1. The additional assumption
(M2) in Theorem [2.5.1/was only necessary for the investigation of the local maxima
and to apply Lemma A.4.2. Furthermore we need not the decomposition of Y; in
a mixed MA process driven by a positive and a negative Lévy process such that
f € L' is not necessary. In contrast to Theorem we obtain in Theorem



136 2 Extremes of regularly varying Lévy driven mixed MA processes

information also about large minima of the continuous-time process Y, since the
. . —d+2 . .

point process convergence is in Mp([0,00) x R i \{0}). The interpretation of large

minima is analog to large maxima. They occur in clusters and are caused by large

jumps of the Lévy process.

2.5.3 Normalizing constants of running maxima

With the results of the previous section we calculate the normalizing constants of

running maxima.

Theorem 2.5.4
Let Y either satisfies the assumptions of Theorem 2.5.1 with f(r,nV) = f* and
f(r,n®) = —f~ for all v € supp(w) or Y is a stationary MA process satisfying (M1)
with [* supgc,<i | f(s+1)|°dt < oo for some § < min{l,a} with f(nV) = f* and
f(n®) = —f~. Suppose pf* > 0. Define ar := aj7| and M(T) := SUPyepo,r) Y (t) for
T > 0. Then for x >0

Tlij{)loP (a;lM(T) < x) = exp (—x_a [pf+a + qf_a]) )
Proof.
In the case of Y a stationary MA process the proof follows with the same methods as
those of Theorem 1.4.8, where we calculated the normalizing constants for subexpo-
nential Lévy driven MA processes in MDA(A). The only difference is that the point
process results for regularly varying processes are here applied, i.e. Theorem 2.5.3
and the results for discrete-time MA processes (see Example[2.5.7). We include the
proof only for the case, where the assumption of Theorem 2.5.1 are satisfied. Re-
placing the discrete-time index n by the continuous-time index 7" in the definition of
Ky in Theorem[2.5.1, then kp == k for T — oco. Applying Theorem 2.5.1 we obtain
for x > 0 and I =[0,1) x (z,00)4+3

lim P(a;'M(T) <z) = Tlgn P(kr(I) = 0)

T—o00
=P(k(I) =0)
=P (Z E@s I+ 1 ia=1}+/- 1 i=—1317)) ([0, 1) X (2, 00)) = 0)
k=1

=exp (—a* [pf** +qf%]). O
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Notice that this result rules out MA processes, which exhibits long range dependence,
only the case of mixed MA processes with long range dependence is included. In this
case the long range dependence is caused by the distribution of 7 instead of the kernel

function.

Theorem 2.5.4 holds only for pf™ + ¢f~ > 0. More about the extremal behavior of
totally skewed a-stable MA processes, which satisfy pf* + ¢f~ = 0, can be found
in Albin [7,5]. Already Lebedev [98] calculated the limit distribution of running
maxima of subexponential positive shot noise processes restricting his attention to
non-decreasing kernel functions with unbounded support. In our result the assump-

tion of a positive process with non-increasing kernel function is not necessary.

2.5.4 Extremal index function

In Section 1.4.4 we defined the extremal index function (Definition [1.4.10) as a
measure for dependence in extremes. In the following we calculate the extremal

index function for regularly varying mixed MA processes.

Corollary 2.5.5 (Extremal index function)
Let Y be a stationary mixed MA process satisfying the assumptions of Theo-
rem|2.5.4. Then Y has extremal index function

hlpf** +qf

P S w sUD (FF(rt ) dsw(dr) +q fp, . sup (f7 (ryt + ) dsm(dr)’
t€[0,h] te[0,h]

6(h)

If additionally (M2) holds, then limj,_, 0(h) = 1.

Proof.
For h > 0 define the sequence M,Eh) 1= SUp(_1yn<i<ip ¥ (t) for & € N. On the one
hand we have by (2.2.15) for n — oo

nP(M(h) > a,x) ~ 2 *h[pft* +qf]/0(h). (2.5.26)
On the other hand, by Theorem [2.5.4 and the extremal types Theorem
lim P( max M,gh) <apr) = lim P(a,'M(nh) < z)

n—00 k=1,...,

= lim P(a_}M(nh) < zh™ /%)
= exp(—a “h[pfT* +qf""]).  (2.5.27)
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Statements (2.5.26), (2.5.27) and Definition[1.4.10 give the form of (k). Now assume
that (M2) holds. Write

©op = p/]R sup (fH(r,t+s))*dsm(dr) + q/R sup (f~(r,t + s))*dsw(dr).

+ xR te[0,h] + xR te[0,h]

Then we obtain

/ /nm sup (f+(r,t + ) ds 7 (dr)

On =
(1) —h te[0,h)
e
+q/ / sup (f~(r,t+s))“dsm(dr)
(2)— hteOh]
— hfpfte g (2.5.28)

and with g as in (2.0.12), (2.3.20), respectively,
on < hlpfte+qf° —I—/ g(r,s)*dsm(dr). (2.5.29)
R+XR
Thus, we conclude by (2.5.28), (2.5.29),

Jim oy /h = pfT+qf

O

The extremal index function #(h) < 1 for every h > 0. This result can be interpreted
that in short time intervals, exceedances of {M,gh)}keN occur in clusters, where the
mean cluster size tends to 1, as h tends to co. This is obvious as cluster sizes will

be smaller, because more data are condensed into one block.
Another possibility of building blocks is to divide the positive real line into intervals
I;, given by . Then we can also measure cluster sizes.

Corollary 2.5.6 (Point process of exceedances)
Let Y be given as in Theorem [2.5.1 with f+ < 1. Suppose {Si}ren are the jump
times of a Poisson process with intensity x=%, x > 0 be fixed, independent of the

i.i.d. sequence {(j}rez with d.f.

=P =k)=p [Ef,i” _EfOs ] —(1-p) [Ef,?’“ _ Ef,g?f} for k € N,
where ft = 1(1) > f2(1) > ... are the order statistics of {suphelm{f*(Rl,h)}}jeZ
and f1(2) > f2(2) > ... are the order statistics of {suphel§1){—f_(le, h)}}iez. Then

Z E(Th/nsupper, Y (h)/an) (+ X (2,00)) = Z Ck€3, -
k=1 =1
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Proof.
Note, that

oo d 00
S el (-N[0,00) X (2,00)) £ 3 s, ) (2.5.30)
k=1 k=1

where {Ji}ren are i.i.d. with d.f. F(y) = 1 — y~%z® for y > z, independent of
{5k }ren. By Theorem [2.5.1 and (2.5.30)

Z E(Tr/nsupper, Y (h)/an) (- x (z,00))

= Z Z €5k, sup, (k){f(Rk h)Xka})( Z Ck€3»

k=1 j=—o0

with ¢, = card{j : sup,_,w{f (B h)xxJr} > z}. It remains to show that ¢ has
d.f. 7. Thenfor ke N

=P(G=k)
= p [PU > @) = PULL A > 0)| + (= p) [PUP 0> ) = PO > @)

= p[EA - Ef| - - p) [BAY - BA2Y]

and m = B(Gy = 0) = 1= pf** — (1= pEA". 0

In the case of a positive shot noise process with non-increasing kernel function, the

last result represents the cluster intensities among local extremes of the process.

2.5.5 Examples

Example 2.5.7 (Discrete-time MA process)

Let & = {&k}trez be an i.i.d. sequence of r.v.s, which are regularly varying in the
sense of (2.1.2) with measure o given by (2.0.9), and let {cx}rez be a sequence of
real constants. Define the discrete-time MA process

[e.9]

Y, = Z Cn_i&r  forn € Z.

k=—o00

Suppose Y oo |cx|’ < oo for § < o with either § < 1 or @ > 1 and E&;, = 0. Then
Y is a stationary, regularly varying process (similar to Proposition 2.3.1). As in the



140 2 Extremes of regularly varying Lévy driven mixed MA processes

proof of Theorem [2.5.1 we have for n — oo

Z{—j (k/n,antYs) :> Z Z &( (Skycj Pr)- (2531)

k=1 j=—o0

This is the well known result of Davis and Resnick [54], Theorem 2.4, which by
our results also hold for long memory processes. If & is i.d., this model can be
considered as a special case of a Lévy driven MA process Y as in (2.0.3): let
ft) = >0 o crlp—1p(t) for t € R and L(1) £ ¢ Then the continuous-time
MA process Y at discrete-time points in Z is given by
Y(n)= Y cosl[L(k+1) = L(k)] for n € Z.
k=—o00

It coincides in distribution with the discrete-time MA process {Y;, } ,en. Hence we can
reformulate the conditions of the existence of a stationary version, tail behavior and
extremal behavior of {Y},},en on this of the continuous-time MA process {Y (t) her
and obtain with long memory processes a larger class of discrete-time MA processes
than Davis and Resnick [54]. O

Example 2.5.8 (supOU process, Continuation of Example 2.2.10)

We investigate the extremal behavior of the supOU process Y given by (2.2.18) with
kernel function f(r,s) = 1y (s)e™"® driven by an i.d.i.s.r.m. A with generating
quadruple (m,0,v, ), where [r~'7(dr) < co and (m,0,v) is the generating triplet
of the Lévy process L. Suppose L(1) is regularly varying of index —a, a > 0 such

that for a sequence 0 < a,, T oo of constants
nP(a,'L(1) € -) = o(-) on B(R\{0}) for n — oo,

with o(dz) = par™ 1 1(ge0)(2) dz + ga(—2) " 1w 0)(2) dz for some p € (0,1]
and g =1—p. Let 0 =ty <t; <--- <ty. Then holds by Theorem 2.5.3

Z E(Tx/n{Y (Tk+t:)/an}izo,....a) = Z Z € (sk,{exp(—Ri(Tk,j+t:)) Xk Pr tizo,....d) "

k=1 k=1 j=0
Thus, if an exceedance over a high level at the discrete-time skeleton
{Tx +t; - k € Nji = 0,...,d} occurs, then we have an extreme at Y (I'y) for
some k € N. This exceedance is carried on by the exponential decreasing function

e(=F%) Furthermore, if Y has a.s. sample path in D(R), e. g. f LA |z|v(de) < oo,
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then the running maxima are in the maximum domain of attraction of the Fréchet
distribution with

lim P(a;'M(T) < x) = exp(—2~*) for z > 0,

T—o00

by Theorem [2.5.4. We obtain by Corollary 2.5.5 the extremal index function 6(h) =
hA/(h+ X) <1 for h > 0. Thus extremes occur in clusters. O

Remark 2.5.9

The results of this chapter can be extended to mixed MA processes driven by an
i.d.i.s.r.m. Ain ]Rﬂlr x R, whose stationary distribution has the cumulant generating
function ¥ 4(u) = A(A)y(u), where 1 is the cumulant generating function of a Lévy
process and A(dw) = m(dry) x -+ X wq(drq) x dt for w = (r1,...,rq,t) € RL x R

and m;, 2 = 1,...,d, are probability measures on R, . O






Chapter 3

Extremal behavior of stochastic

volatility models

The classical pricing model is the Black-Scholes model given by the SDE
dSt :TSt dt—f—O'StdBt, S() = c R, (301)

where r € R is the stock-appreciation rate, ¢ > 0 is the volatility and B is the
standard Brownian motion. The Black-Scholes model is based on the assumption
that the relative price changes of the asset form a Gaussian process with stationary
and independent increments. The crucial parameter is the volatility ¢, which is in
this model assumed to be constant. However, empirical analysis of stock volatility
has already shown in the 1970ies that volatility is not constant, quite the contrary,

it is itself stochastic and varies in time.

This observation has led to a vast number of volatility models in discrete-time as well
as in continuous-time. In this chapter we concentrate on continuous-time volatility

models. Moreover, we are concerned with the so-called stylized facts of volatility as
e.g.

e volatility changes in time,

e volatility is random,

e volatility has heavy tails,

e volatility clusters on high levels.

143
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Introducing a stochastic volatility extends the Black-Scholes model to
dSt = TStdt + vV ‘/tst dBt ,

where V' can in principle be any positive stationary stochastic process.

Within the framework of SDEs quite natural models are easily defined. Common

examples are the Ornstein-Uhlenbeck (OU) process
dVy = =A\Vidt + odZ; , (3.0.2)

where \,0 > 0 and Z is a driving process, often a second Brownian motion, inde-
pendent of B. As this is a Gaussian model, it is not a positive process. Alternatively,
a Coz-Ingersoll-Ross (CIR) model has been suggested as a volatility model, defined
by

dV, = Na — V,)dt + o+/V,dZ, , (3.0.3)

where A\, a,0 > 0 and \a > 0%/2. The parameter a is the long-term mean of the
process and A the rate of mean reversion. Again in the classical model 7 is a standard

Brownian motion, independent of B.

Apart from the fact that Gaussian OU processes are not positive, another stylized
fact is also violated: empirical volatility exhibits heavy tails, consequently, again the
OU model as a Gaussian model seems not very appropriate. Changing the constant
o to a time dependent diffusion coefficient oV} for v € [1/2,00) and including a
linear drift yields to positive stationary models with arbitrarily heavy tails. This has
been shown in Borkovec and Kliippelberg [32]. Such models are called generalized

Cox-Ingersoll-Ross models, the parameter v = 1/2 corresponds to the classical CIR

model of (3.0.3).

On the other hand, a constant o is attractive and an alternative way to generate
heavy tails in the volatility is to replace the driving Gaussian process in (3.0.2) by
a Lévy process with heavier tailed increments. Furthermore, the upward jumps of-
ten observed in empirical volatility cannot be modelled by a continuous process. So
Lévy processes with jumps as driving processes seem to be quite natural. Such
an OU process is positive, provided the driving Lévy process has only positive
increments and no Gaussian component; i.e. it is a subordinator. This is exactly
what Barndorff-Nielsen and Shephard [15,16] have suggested, modelling the (right-
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continuous) volatility process as a Lévy-OU process. Their stochastic volatility pric-

ing model is given by

ds, (a + bV;)dt + \/V, dB,,
AV, = —AVidt+odLy, (3.0.4)

where a,b € R, A > 0 and L is a subordinator, called the background driving Lévy
process (BDLP), independent of the Brownian motion B.

A completely different approach to obtain continuous-time volatility models starts
with a GARCH model and derives from this discrete-time model a continuous-time
model. A natural idea is a diffusion approximation; see e.g. Drost and Werker [59]

and the references therein. This approach leads to stochastic volatility models of the

type

ds, = /V,dBY,
RATA Aa — V,)dt + oV,dB® (3.0.5)

i.e. V is a generalized CIR model with parameter v = 1. The two processes B, B(?)

are independent Brownian motions.

A different approach has been considered by Kliippelberg et al. [87], who started
with a discrete-time GARCH(1,1) model and replaced the noise variables by a Lévy
process L with jumps AL, = Ly — L,_, t > 0. This yields to a stochastic volatility
model of the type

ds, = /V,dL,, (3.0.6)
dViy = Bdt+VieXt-d(e ),

where > 0 and V is left-continuous. The auxiliary cadlag process X is defined by

X, =tlogn— Y log(1+ M(AL,)%), (3.0.7)
0<s<t
for n > 1 and A > 0. This continuous-time GARCH(1,1) model is called a
COGARCH(1,1) model.

Our chapter focuses on the extremal behavior of stationary continuous-time stochas-
tic volatility models. This can be described by the tail behavior of the stationary
distribution and by the behavior of the process above high thresholds.
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The tail behavior models the size of the fluctuations of V' and determines the maxi-
mum domain of attraction (MDA) of the model. The notation of MDA is defined in
Fisher-Tippett’s theorem; see Theorem |A.1.5 We distinguish MDA (®,), MDA(A)
and MDA(V,), for o > 0, respectively. Distribution functions in MDA(®,) have
regularly varying tails: they are heavy-tailed in the sense that not all moments are
finite; see Definition A.1.1. Distribution functions in MDA(A) have tails ranging
from semi-heavy tails to very light tails. Distribution functions in MDA(V,,) have
support bounded to the right. Financial risk is usually considered as having un-
bounded support above, hence MDA (W,,) is inappropriate in our context and will

play no further role in this chapter.

The description of a continuous-time process above a high threshold depends on
the sample path behavior of the process. When classical volatility models, driven
by Brownian motion, have continuous sample paths with infinite variation, some
discrete-time skeleton is introduced. A standard concept is based on so-called e-
upcrossings, see Definition 3.1.4, which is only valid for processes with continuous

sample paths.

For Lévy driven models large jumps (for instance larger than one) constitute a
natural discrete-time skeleton, which can be utilized. One denotes by (I'y)ren the
random time points on [0, 00), where the driving Lévy process jumps and exceeds
a given threshold. The bivariate process (I'y, Vr, )ken is interpreted as the coordi-
nates of a point process in [0,00) x R,. As usual we define point processes via
Dirac measures. Recall that for any Borel sets A x B C [0,00) X R, the measure
Y re 1 6{Tk, Vi, }(A x B) counts how often I'y, € A and Vf, € B.

After appropriate normalization in time and space these point processes may con-
verge and the limit process may allow for an interpretation, thus providing a de-
scription of the extreme behavior of the volatility process. Under weak dependence
in the data we obtain as limit a Poisson random measure with mean measure ¢
(PRM(1)); see Definition [A.3.5. Moreover, the two components of ¥ are indepen-
dent and consist of the Poisson measure in time and the negative logarithm of an
extreme value distribution in space. Under strong dependence the limit is a cluster
Poisson random measure. All these considerations concern the discrete-time skeleton

only and ignore the fact that we deal with continuous-time processes.

In the case of a driving Lévy process with jumps, in principle also the small jumps

can influence the extreme behavior. In a very close neighborhood of a jump time I’
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infinitely many small jumps can happen; they may contribute to the extreme behav-
ior around I'y. To investigate the influence of these small jumps and the Gaussian
component we consider the process V' at each point I'; in a surrounding interval [j.
Finally, in certain situations we investigate also the process V' after it has reached a
local supremum. With each point I'; an excursion of V' over a high threshold starts.
Interesting questions concern the length of the excursion, the rate of “decrease” after
I'y,. We answer these questions at least for some models considered in this chapter.
This is done by attaching marks to the point process (', Vi, Jren. For our model
marks are a vector of values of the process V' after I'y, hence it describes the finite
dimensional distributions of V' after I'y. The limit process turns out to be different

in different regimes.

This chapter is organized as follows. In Section [3.1/we review the extremal behavior
of the generalized CIR model, which can belong to different maximum domain of
attractions; i.e. such models can have arbitrary tails. Unfortunately, they are not

appropriate models in the case of high level volatility clusters in the data.

Section 3.2 deals with Lévy-OU volatility models. Their extremal behavior is char-
acterized by the extremal behavior of the driving Lévy process, so that we have to
distinguish between different classes of BDLPes. In Section [3.2.1 this is done for
subexponential Lévy processes L = (L;);>0. According to whether L; € MDA(®,)
for some o > 0 or L; € MDA(A), the extremal behavior of the Lévy-OU process
is quite different. Then, in Section 3.2.2 we study OU processes with exponential
tails. As a prominent example we investigate the I-OU process, i.e. the stationary
volatility is gamma distributed. As an important larger class we study OU processes,
whose BDLP belongs to S(v) for v > 0. This class extend subexponential Lévy pro-
cesses in a natural way; see Definition [A.1.3. It turns out that for all OU processes
in Section 3.2, high level volatility clusters are exhibited only in the case of regularly

varying BDLPes.

The last class of models reviewed in this chapter concerns the COGARCH process in
Section|3.3. In contrast to the Lévy-OU processes considered earlier, the COGARCH
volatility has heavy tails under quite general conditions on the driving Lévy process
L. Furthermore, the COGARCH exhibits high level volatility clusters.

Finally, a short conclusion is given in Section 3.4. Here we compare the models
introduced in the different sections before. It turns out that there is a striking

similarity concerning the extremal behavior of models with the same stationary
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distribution. Here we discuss briefly some further empirical facts of volatility.

As not to disturb the flow of arguments we postpone classical definitions and con-
cepts to an Appendix. Throughout this chapter we shall use the following notation:
We abbreviate distribution function by d.f. and random variable by r.v. For any
d.f. F we denote its tail F =1 — F. For twor.v.s X and Y with d.f.s F and G we
write X 2Y if F =G , and by =2 we denote weak convergence as 1" — oo. For two
functions f and g we write f(z) ~ g(x) as x — oo, if lim, ., f(z)/g(x) = 1. We also
denote R, = (0,00). For # € R, let 7 = max{z,0} and log*(x) = log(max{xz, 1}).
Integrals of the form fab will be interpreted as the integral taken over the interval

(a,b].

3.1 Extremal behavior of generalized Cox-Ingersoll-

Ross models

In this section we summarize some well-known results on classical volatility models

as defined in (3.0.3) and (3.0.5) driven by a standard Brownian motion. This section

is based on Borkovec and Kliippelberg [32]; for a review see [84], Section 3.

As all models above fall into the framework of generalized Coz-Ingersoll-Ross models

(GCIR) models, we restrict ourselves to stationary solutions of the SDE
dVy = Na — V;)dt + oV, dB; (3.1.1)

where v € [3,00). For A\,a,0 > 0 (in the case 7 = 1/2 additionally Aa > ¢2/2 is

needed) these models are ergodic with state space R, and have a stationary density.

Associated with the diffusion (3.1.1) is the scale function s and the speed measure

m. The scale function is defined as

x 2N (Ya—t
s(x) = / exp (_ﬁ/ atQV dt) dy forxeR,, (3.1.2)

where z is any interior point of R, whose choice does not affect the extremal behav-

ior. For the speed measure m we know that it is finite for the GCIR model. Moreover,

m is absolutely continuous with Lebesgue density

2

m fOI‘ZEeR.i_,

m'(z) =
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where s’ is the Lebesgue density of s. Then the stationary density of V' is given by

f(x) =m'(x)/m(R,) forzeR,. (3.1.3)
Proposition 3.1.1

Let V' be a GCIR model given by equation (3.1.1) and define M(T) = sup,¢jo 7 V4
for T' > 0. Then for any initial value Vy =y € R, and any ur T oo,

lim |[P,(M(T) < wur)— H" (ur)| =0,

T—o00

where H is a d.f., defined for any z € R, by

1
H(x) =exp (——) forx > z. (3.1.4)
m)s(x)
The function s and the quantity m(Ry) depend on the choice of z. 0

Corollary 3.1.2 (Running maxima)
Let the assumptions of Proposition 3.1.1 hold. Assume further that H € MDA(G)
for G € {®,,a > 0, A} with norming constants ar > 0, by € R. Then

lim P(ay' (M(T) —br) <z)=G(z), z€R.

T—o0

It is clear that the d.f. H decides about the extremal behavior of V. We present

four cases.

Example 3.1.3 (Tail behavior of GCIR models)

Let V' be a stationary GCIR model given by equation (3.1.1) with stationary den-
sity f, corresponding d.f. F, and d.f. H as given in (3.1.4). Recall that a I'(x,~)
distributed r.v. has probability density

o
p(z) = %x“_le_w for z > 0, (3.1.5)
i

@ >1andy>0.
(1) v = 3: The stationary density of V is ' (23, 23). The tail of H behaves like

— 22%a —
H(zx) ~ )\a:pF(x) for © — oo,

so that the tail of H is that of a I' (2 + 1, %) distribution. Hence H € MDA(A)

with norming constants

o2

2 0.2

o 2)\a A
= — d bp=—|logT +—1loglogT —1 — .
ar 2\ at T 9 ogL o2 08708 8 (F(Q)\a/ﬂ))l
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(2) % < 7 < 1: The stationary density of V' is given by

2 2 Aa —(2y—1) A 2-2
f(x) — @(L‘ ’YeXp (—p (ml‘ v + 5_ 2737 v fOI' T > 0,

with some normalizing factor A > 0. The d.f. H has tail
H(z) ~ B2*"VF(z) for 2 — oo, (3.1.6)

where B > 0. Hence H € MDA(A) with norming constants

o (d*(1 —7) 7
ar = 5 (f IOgT) s
1 02(1—’7)
o2(1 — ) == 9y —1 log <—)\ 10gT> 2\
by = ———ZLlogT 1— 1 — ).
o= (T ) (- G e e ()

(3) v = 1: The stationary density of V' is inverse gamma, i.e.

9\ —B-1 -1
a2 2\ 2 2\
f(:lf) = (20)-\—a> (F <§ —+ 1)) 1'70%72 exXp (—J—anl) for xTr > 07

so that Vo € R_j\/s2—1. In this case H(z) ~ cxMo*=1 for ¥ — oo and for
some ¢ > 0. Hence H € MDA(®,,) for « = 2\/o? + 1 with norming constants
ar = (¢T)7°/47") and by = 0.

(4) ~v > 1: The stationary density f of V" has the same form as in (2), but is regularly

varying of index —2v + 1. Now the tail of H becomes very extreme: H(x) ~ cx~!.

Hence H € MDA(®,) with ap = ¢T" and by = 0. O

Since all models (3.1.1) are driven by a Brownian motion, they have continuous
sample paths; i. e. there is no natural discrete-time skeleton. We follow the standard
approach to create a discrete-time skeleton of the process; see e.g. Leadbetter et

al. |95], Chapter 12. This allows for a more profound extreme value analysis of V.

Definition 3.1.4
Let V' be a stationary version of the diffusion given by (3.1.1). V' is said to have an
e-upcrossing of the level u at a point I" > 0 if

Vi<u for te(I'—¢€l) and Vp=u.
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With this definition we can formulate a further result describing the extreme behav-

ior of a stationary GCIR model.

Theorem 3.1.5 (Point process of e-upcrossings)

Let V' be a stationary version of the diffusion given by (3.1.1) with d.f. H as in
(3.1.4). Let ap > 0, by € R be the norming constants as given in Example 3.1.3.
Let (I'rx)ken be the time points on Ry, where the e-upcrossings of V' of the level
arx + by occur. Let (jx)reny be the jump times of a Poisson process with intensity
e ” ify € [1/2,1), and = with o« = 2\/o? + 1 ify =1 and a =1 if v > 1. Then

25 {Drs/T} =X Zg{jk} :

As is obvious from this result e-upcrossings of V' for high levels behave like of
i.i.d. data, i.e. such models do not exhibit volatility clusters. They can, however,

model heavy tails as the running maxima depend on the d.f. H.

3.2 Extremal behavior of Lévy-OU volatility

models

We start with a precise definition of a positive Lévy-OU process as a solution of
(3.0.4). For more information on Lévy processes we refer to the excellent monographs
by Sato [138], Bertoin [27] and Cont and Tankov [47|. Let L be a subordinator;
i.e. L is a Lévy process with increasing sample paths, hence they are of bounded
variation, and we assume that they are cadlag. The Laplace transform is then the

natural transform and has for all £ > 0 the representation
Eexp(—AL:) = exp(—tW(A)) for A >0.

The Laplace exponent ¥ has representation
U(A) =m\+ / (1—e ) v(dr).
(0,00)
As there is no Gaussian component the characteristic triplet of arbitrary Lévy pro-
cesses reduces to a pair (m,r), where m > 0 is the drift and the Lévy measure v

has support on R, and satisfies

/ (I1Az)v(dr) < oco.
(0,00)
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Let A > 0. We denote by
t
W::e‘MV6+:/‘é*“‘$dLM for t € R (3.2.1)
0

the solution to the SDE (3.0.4). Then V' becomes a cadlag process, which is used in

this section.

A stationary solution of (3.0.4) exists if and only if [ _,logzv(dz) < co. Note
that this condition is only violated for Lévy measures with extremely heavy tails;
more precisely v needs to have slowly varying tails. As all models considered in this
chapter have tails which are regularly varying of some negative index or lighter, all
our models satisfy this stationarity condition. Stationarity is then achieved, if Vj is

taken to be independent of the driving Lévy process L and has distribution

%i/eﬂﬂy
0

A convenient representation for the stationary version is

t
V, = e’\t/ eMdL,, fort>0. (3.2.2)
In this representation, L is extended to a Lévy process on the whole real line, by
letting L = (Zt)tZO be an independent copy of (L¢)¢>o, and defining L; := —Z_t_
for ¢t < 0. The parameter X in the process L in (3.2.1) ensures that the stationary
marginal distribution of V' is independent of \; indeed it is given by (3.2.2).

The r.v. Vp is infinitely divisible with the characteristic pair (my,vy), where

my = m and

vy [z, 00) = / u'v[u,00)du  forx > 0. (3.2.3)

We are concerned with Lévy processes L, which are heavy or semi-heavy tailed;
i.e. whose tails decrease not faster than exponentially. As indicated in (3.2.7) and
(3.2.10) this induces a similar tail behavior on V', which is in accordance with em-
pirical findings.

The structure of a Lévy-OU volatility process can be best understood when consid-

ering the following example.
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Example 3.2.1 (Positive Poisson shot noise process)
Let L be a positive compound Poisson process with characteristic pair (0, uPg),
where ¢ > 0 and Pp is a probability measure on R, with corresponding d.f. F.

Then L has the representation
Nt
Li=) & fort>0, (3.2.4)
j=1

where (NV;)i>o is a Poisson process on Ry with intensity g > 0 and jump times

(T'x)ken- The process N is independent of the i.i. d. sequence of positive r. v.s (k) ren
with d.f. F.

The resulting volatility process is then the positive shot noise process

N

t
V, = e MV +/ e M=) gLy, = e MV + g e ML § fort>0,
0 .
7j=1

and from (3.2.3) we get
vy [z, 00) = ,u/ u ' F(u)du for x > 0.

If Elog(14¢&;) < oo, a stationary solution exists in which case V' can be represented

as
N

Vi=e ™Y elig;  fort>0. (3.2.5)

j=—o00

J#0
Here, we let (& )re—n, and (I'x)re—_n, be sequences of r.v.s such that (&)rez and
(T'k)kez are independent. Furthermore, (& )rez is an i.1.d. sequence and (—I'y)re_n
are the jump times of a Poisson process on R, with intensity p, independent of
(T )ken; further, we define I'y := 0.

The qualitative extreme behavior of this volatility process can be seen in Figure 3.1.
The volatility jumps upwards, whenever (Ny;)¢>o jumps and decreases exponentially
fast between two jumps. This means in particular that V' has local suprema exactly
at the jump times I'y /A (and t = 0), i.e

Vi = Ve, e M for t € [T /A, T /A) -

Consequently, it is the discrete-time skeleton of V' at points I'y /A that determines

the extreme behavior of the volatility process. O
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Figure 3.1: Sample path of a Weibull-OU process as given in Example 3.2.3 with
A=1landp=1/2.

For a general subordinator L we decompose
L=LW4+1® (3.2.6)

into two independent Lévy processes, where L) has characteristic pair (0,v;)
with 11(z,00) = v(2,00) 1100 (z) and L® has characteristic pair (m,1s) with
va(z,00) = v (2,1] 1o 1(z). Then again LW is a compound Poisson process with
intensity v(1,00) and jump sizes with d.f. v;/v(1, 00). All the small jumps and the

drift are summarized in L®.

What is needed, however, are the precise asymptotic links between the tails of V', L
and the tail of the Lévy measure v (-, 00). This implies immediately that we have to

distinguish different regimes defined by the link between L and v(-, 00).

Any infinitely divisible distribution is asymptotically tail-equivalent to its Lévy mea-
sure, whenever it is convolution equivalent; see Definitions |A.1.3, A.1.7, and Theo-
rem A.1.4.

The class §(0) = S of subexponential d.f.s contains all d. f. s with regularly varying
tails, but is much larger. Subexponential distributions can be in two different maxi-
mum domain of attractions; see Theorem A.1.5. All d.f. s with regularly varying tail
(Definition A.1.1) are subexponential and belong to MDA(®,). Other subexponen-
tial d.f. s, as for instance the lognormal and the semi-heavy tailed Weibull d. f.s (see
Example [3.2.3), belong to MDA(A). On the other hand, d.f.s as the gamma dis-

tribution or d.f.s in S() for v > 0 belong to MDA(A), but are lighter tailed than
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any subexponential distribution. Consequently, we also consider such exponential

models below.

3.2.1 Lévy-OU processes with subexponential tails

In this section we are concerned with the Lévy-OU process given by (3.2.1), whose
BDLP is subexponential. This section is based on Chapter |1, Chapter 2.

Proposition 3.2.2 (Tail behavior of subexponential models)
Let V' be a stationary version of the Lévy-OU process given by (3.2.1) and define
M(h) = sup;ep ) Vi for h > 0.

(a) If L; € SNMDA(®,) = R_,, then also Vy € R_,, and
P(Vo>z)~a ' P(L; >2) forz— . (3.2.7)
Moreover,
P(M(h) > z) ~ [Ah+a ' |P(Ly > 2) forz — 0. (3.2.8)
(b) If Ly € SNMDA(A), then also V, € S N MDA(A) and
P(Vy > z) ~ P(exp(—=U)Ly > z) for z — oo, (3.2.9)

where U is a uniform r.v. on (0,1), independent of L. In particular,
P(Vp > z) = o(P(Ly > x)) as x — oo. More precisely,

P(Vh > ) ~ @P(Ll >x) forx— o0, (3.2.10)

where a is the function from the representation (A.1.1):

1
P(Ly > ) ~ cexp {—/ —dy} for v — o0,
o a(y)

for some ¢ > 0 and a : R, — R absolutely continuous with lim, ., a'(x) = 0 and

lim, . a(x) = co. Finally,

P(M(h) > z) ~ ARP(L; > x)  forz — o0. (3.2.11)
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Proof.
By (3.2.3) we have

vy (x,00) _ f;o u™ v (u, 00)du
v(x,00) v(x,o0)

forz > 0. (3.2.12)

Assume that L; € R_, for some a« > 0. Then by Theorem [A.1.4 (i) we have
v(-,00)/v(l,00) € R_4. By Karamata’s theorem (e.g. Embrechts et al. [60], Theo-

rem A 3.6) we obtain
2] 1
z—oo V(T,00)  «
This implies in particular that also vy (-, 00) /vy (1,00) € R_, and hence, again by

Theorem|A.1.4] (i), Vo € R_, and (3.2.7) holds.
If Ly € MDA(A) N'S we can only conclude from (3.2.12) that the right hand side

tends to 0. To obtain a precise result we proceed as follows. Denote by &; the
jump distribution of the compound Poisson process L") as given in (3.2.6). Taking
v (-,00) /v(l,00) € R_o into account and applying 1’'Hospital’s rule yields

vy (z,00) - [ u v (u, 00) du B 7wty (u, 00) du
v(1,00)P(exp(=U)& > x) N fol v(esx,00) ds - fe u=v (u, 00) du
viex,00)] " s
- -ses] =

The tail-equivalence (3.2.9) follows then from the fact that
v(1,00)P(exp(—=U)& > z) ~ Plexp(=U)Ly > z) for x — o0

and Theorem [A.1.4 (i).

For proving (3.2.10), by Theorem A.1.4 (i) we may assume without loss of generality
that there exists a 2y > 0 such that

|
v(x,00) = c exp {—/ m dy} for x > xy.
zo WY

Then v(dz) = (a(z)) 'v(z,00) dr and an application of 'Hospital’s rule shows that

vy (z,00) N —v(z,00)/x
v(w,00) a(z)/x v(x,00)ld’(x) — a(x)/z] [z — (v(z,00)/a(x))a(z) /2
= [=d(@)+a(e)/z+1]7"

T—00
— 1
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since a(x)/x ~ da/(z) and a’(x) — 0 as x — oo. Theorem A.1.4 (i) then gives (3.2.10).

The results for M (h) are based on Theorem 2.1 of Rosinski and Samorodnitsky [132].
They show that for Ly, + V5 € S

P(M(h) > z) ~ v, +v(z,00)  for z — oo,

implying the result by Theorem A.1.4/ (i). O

Example 3.2.3 (Semi-heavy tailed Weibull distribution)
Let L, have distribution tail

P(Ly > z) ~ Kexp(—2P) forz — oo,

for some K > 0 and p € (0,1). As a(x) = x'7?/p, we obtain from (3.2.10) immedi-
ately

K
P(Vo > z) ~ —z Pexp(—aP) forxz — oo. O
p

Proposition [3.2.2/shows that in the regularly varying regime the tail of V; is equiv-
alent to the tail of Ly. In contrast to that, in the S " MDA(A) case, the tail of
becomes lighter, due to the influence of exp(—U). But in both cases V; is subex-
ponential and the tail of M(h) is determined by the tail of L, only the constants
differ.

The following result gives a complete account of the extreme behavior of the volatility
process V for a subexponential BDLP L. There are three components considered in
(3.2.14) and (3.2.15). The first one is the scaled jump time process of (Lyt)i>0, where
only jumps larger than 1 are included. The second component is the normalized local
supremum near that jump, and the third component is a vector of normalized values
of V after the jump.

Theorem 3.2.4 (Marked point process behavior of models in S)

Let V' be a stationary version of the Lévy-OU process given by (3.2.1). Suppose
I' = (I't)ren are the jump times of L") given by (3.2.6) and I = (I})ren, where
I, = %[Fk,lJrFk,Fk—i—FkH), ['g:=0. FormeNlet 0=ty <t <-- <tp.

(a) Assume that Ly € S N MDA(®,,) with norming constants ap > 0 such that

lim TP(Ly; > arx) =2~*  for x > 0. (3.2.13)

T—oo
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Take T® = (Ty,)ien, k € N, as i.i.d. copies of the sequence I' and set 'y, = 0,
Iy—1 =0 for all k € N. Let Y ;> e{sy, P} be a PRM(0) with mean measure
V(dt x dr) = dt X ax™ 1) (z)dr, independent of the sequences (I'®))en. Then

>

{ a,\T sup Vs, {a)\TVFk/)\th Yi=o,... }

3
k=1 s€ly,
T—o0 Z Z {Sk, Pk;e ij 1+Fk] /2 {P e—)\tz Fk]} —0,..., m} (3214)
k=1 j=0

(b) Assume that L; € S " MDA(A) with norming constants ar > 0, by € R such
that

lim TP(L; > arx + br) = exp(—z) forz € R.

T—o00

Let Y2 e{sk, Px} be a PRM(¥) with mean measure J(dt x dx) = dt x e *dx.
Then

Z 5{ s axp(sup Vi — bar), {ax7 (Vi, jare, — bar) Yizo,... m}

k=1 Selk
=23 e {s, P (P, 0,...,0)} (3.2.15)
k=1
Moreover,
00 F B
25 Vak )\T (sup Vs — bar), {b57 Viy/asts Fimo,.m (3.2.16)
k=1 sely

We first give an interpretation of (3.2.15). The limit relations of the first two com-
ponents show that the local suprema of V' around the I'y/\, normalized with the
constants determined via L), converge weakly to the same extreme value distribu-
tion as L. Moreover, the third component indicates that for ¢ty = 0 the second and
third component have the same limiting behavior; i.e. the sup,.; Vi behaves like
Vi, /a- For all t; > 0 the last component is negligible, i. e. the process is considerably

smaller away from Vr, /5.

In the second and third component of (3.2.14) all points I'; ; and not only I'y o = 0
like in (3.2.15) may influence the limit. This phenomenon has certainly its origin
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in the very large jumps caused by regular variation. Even though the volatility
decreases between the jumps exponentially fast, huge jumps can have a long lasting
influence on excursions above high thresholds. This is in contrast to the semi-heavy
tailed case, where L is subexponential, but in MDA(A).

Both relations (3.2.14) and (3.2.16) exhibit, however, a common effect in the third
component: if the Lévy process L has an exceedance over a high threshold, then the

OU process decreases after this event exponentially fast.

Corollary 3.2.5 (Point process of exceedances)
Let the assumptions of Theorem 3.2.4 hold.

(a) Assume that L; € S N MDA(®,). Let (jx)ken be the jump times of a Poisson
process with intensity x~%, © > 0 being fixed. Let ((x)kez be i.1.d. discrete r.v.s,

independent of (ji)ren, With probability distribution

T = P(C = k) = Eexp(—a(Tk-1 + I'4)/2) — Eexp(=a(l'y + T'k41)/2), k€N,

Then
> Fk 1 T—o0 = .
Zs ﬁ,a)\TsupV; (+ X (z,0)) = chg{jk}.
k=1 sely, k=1

(b) Assume that L; € S N MDA(A). Let (ji)ren be the jump times of a Poisson
process with intensity e, x € R being fixed. Then

P {f—;,a;ﬁsupvs - bm} (- x (,00) =5 Y " e{ie}

Again the qualitative difference of the two regimes is obvious. In the case of a
regularly varying BDLP L the limiting process is a compound Poisson process, where
at each Poisson point a cluster appears, whose size is random with distribution
(Tk )ken. In contrast to this, in the MDA(A) case, the limit process is simply a

homogeneous Poisson process; no clusters appear in the limit.

As the next result shows, the running maxima of the volatility process V' have the

same behavior as that of an i.i.d. sequence of copies of L.

Corollary 3.2.6 (Running maxima)
Let V' be a stationary version of the Lévy-OU process given by (3.2.1), and define
M(T) = supyejoy Vi for T > 0.



160 3 Extremal behavior of stochastic volatility models

(a) Assume that Ly € S N MDA(®,,) with norming constants ar > 0 given by
(3.2.13). Then
lim P (ay;M(T) < z) = exp(—2~®)  forz > 0.

T—o00

(b) Assume that L1 € S N MDA(A) with norming constants ap > 0, by € R given
by (3.2.15). Then

Tlim P (ay (M(T) — byr) < x) =exp(—e™™) forz € R.
Finally, we investigate the possibility of volatility clusters in the Lévy-OU process. As
the concept of e-upcrossings is only defined for continuous-time processes, which does

not fit into our framework, we shall introduce an appropriate method for describing

clusters in continuous-time processes with jumps.

As our method will be motivated by the discrete-time skeleton of V', we recall that in
a discrete-time process clusters are usually described by the extremal index 6 € (0, 1];
see Definition|A.1.9. However, continuous-time processes are by nature dependent in
small time intervals by the continuity and the structure of the process. Thus it is not
adequate to adopt the extremal index concept for stochastic sequences to describe

the dependence structure of the continuous-time process on a high level.
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Figure 3.2 Sample path of a Figure 3.3: Sample path of a 3/2-
Weibull-OU process as given in Ex- stable-OU process with A — 1
ample with A = 1 and p =

1/2.

We recall the definition of an extremal index function.
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Definition 3.2.7
Let (V;)i>0 be a stationary process. Define the sequence My(h) = Sup_1),<i<in Vi,
k € N, for h > 0. Let 8(h) be the extremal index of the sequence (My(h))ren. Then

we call the function 6 : (0,00) — [0, 1] extremal index function.

The idea is to divide the positive real line into blocks of length h. By taking local
suprema of the process over these blocks the natural dependence of the continuous-
time process is weakened, in certain cases it even disappears. However, for fixed h
the extremal index function is a measure for the expected cluster sizes among these
blocks. For an extended discussion on the extremal index in the context of discrete-

and continuous-time processes see pp. 183.

Corollary 3.2.8 (Extremal index function)
(a) If L; € SNMDA(®,,), then 6(h) = ha/(ha + 1) for h > 0.

(b) If Ly € SNMDA(A), then 6(h) =1 for h > 0.

Regularly varying Lévy-OU processes exhibit clusters among blocks, since 6(h) < 1.
For increasing h the cluster probabilities tends to 0. So they have the potential to
model both volatility features: heavy tails and high level clusters. This is in contrast

to Lévy-OU processes in S N MDA(A), where no clusters occur.

3.2.2 Lévy-OU processes with exponential tails

In this section we investigate Lévy-OU models having exponential tails, hence are
lighter tailed than those considered in the previous section. More precisely, we will
concentrate on two classes of models in L£(7), v > 0; see Definition |A.1.2. The
first class concerns the class of convolution equivalent distributions S(y), v > 0
(DefinitionA.1.3). Here Theorem A.1.4 provides the necessary relationship between
the tails of the infinitely divisible d.f. and of its Lévy measure, which leads to a
comparison between the distribution tail of the stationary r.v. V and the increment
L, of the BDLP. An important family in S(y) are d.f.s with tail

F(z) ~ 27Pl(x)e™* ™" for 2 — oo,

where 7, ¢ > 0, p < 1, [(-) is normalized slowly varying, and if c=0, 3 > lor f =1
and [%l(z)/z dx < oo, are in S(7) (Kliippelberg [83], Theorem 2.1, or Pakes [115],
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Lemma 2.3). The generalized inverse Gaussian distribution (GIGD) with probability
density

p(x) = Kz’ lexp (— (6’27 +~°z) /2)  forz >0,

where K is a normalizing constant, 3 < 0 and ¢% > 0, is a prominent example in

S (7?/2). Further examples for distributions in §(y) can be found e. g. in Cline [45].

The second class of processes with exponential tails, which we investigate in this
section, are I'-OU processes. These are defined as stationary Lévy-OU processes,
where V is I'(u, ) distributed with probability density as defined in (3.1.5) for
i > 1 and v > 0. The gamma distribution is infinitely divisible with absolutely

continuous Lévy measure given by its density
vy(dr) = pr~te " dr  for x> 0.
Hence, by (3.2.3) the BDLP L has Lévy density
v(dx) = pye *dx  for x > 0.

Except for the factor p this is the probability density of an exponential d.f.. Hence
L is a positive compound Poisson process with Poisson rate p > 0 and exponential
jumps; for details see Barndorff-Nielsen and Shephard [12]. The exponential and
gamma laws with scale parameter v > 0 belong to £(-) but not to S(7).

In analogy to the I'-OU process, also for §(v)-OU processes with v > 0 we restrict
our attention to positive compound Poisson processes as BDLPs; i.e. we work in
the framework of positive Poisson shot noise processes as defined in Example(3.2.1.
Note that all d.f.s in L(v) for v > 0 belong to MDA(A).

Some of the results in this section can be found in Albin [1], who studies the extremal

behavior for a larger class of Lévy-OU-processes by purely analytic methods.

For BDLPs in S(v) for v > 0 the relation of the tail of the stationary d.f. and its

Lévy measure are stated in the following proposition.

Proposition 3.2.9 (Tail behavior of S(v)-OU models for v > 0)
Let V' be a stationary version of the Lévy-OU process given by (3.2.1).

(a) Suppose v (1,:] /v(1,00) € L(7), v > 0. Then vy (1,-] /vy (1,00) € L(y) with

vy(x,00) ~ —v(x,00) forx — oco.
v
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(b) Suppose L; € S(7), v > 0. Then also V; € S(7), and

Ee% 1
]ES’YLI %P(Ll >x) forz— oc0.

P(Vp > x) ~

In particular, P(Vy > x) = o(P(Ly > z)) as x — oo.

Proof.
(a) By (A.1.1) the Lévy measure v has representation
1
v(r,00) = c(x)exp |— —dy] for z > 1, 3.2.17
(2,00 = ce)ewp |- [ (3:2.17

for functions a,c : [1,00) — Ry with lim, . c(z) = ¢ > 0, lim, . a(x) = 1/,
and lim, .. a'(z) = 0. Since we are only interested in the tail behavior we may
assume without loss of generality that v is absolutely continuous and ¢(-) = c.
Recall from (3.2.3) that vy (dr) = 27 'v (x, 00) dx and let v(dz) = V/(z) dz. Part (a)

follows by an application of I’'Hospital’s rule, since

vy (z,00) N v(x,00)/x _ [ 1 1}_1@?1
v(z,00)/(yx)  [V(x)x + v(z,00)]/(v2?) '

a(xr) =z

(b) We first show that Vi € S(). By Theorem |[A.1.4 (i) it suffices to show that
vy (1,-] /v(1,00) € S(7y). Again, we can assume without loss of generality that v is
absolutely continuous and has the representation (3.2.17) with constant ¢(-) = c.
For simplicity, we further assume that ¢ = 1 and v(1,00) = 1; the general case
follows by a simple dilation. As in part (a) we use that vy (dz) = 27 v (z,00) du.

An application of I’'Hospital’s rule shows that

iz —y,00)  vz—yoo)a

— e for xr — o0,
vy (,00) v(x,00) (z —y)

implying vy (1,-] € L(7). Denote by v& the convolution of vy restricted to (1,00)

with itself. Then for 1 < 3 < x/2 we use the usual decomposition of the convolution

integral
2% x —
v (de) / v(u,00)v(z—u,00) (3.2.18)
dx 1 u r—u
y/ o a:—y' J—
:2/ v(u,00) v (x u’oo)du+/ v(u,00)v(x u,oo)du‘
. u T —u Y u r—u

In order to show that vy (1,-] € S(7), we calculate the limit ratio of the densities

of v&* and 1y. Observe that on every compact set v (z — u,00) /v (x,00) converges
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uniformly in u to exp(yu) as + — oo. For the first summand of (3.2.18) we thus

obtain
lim 2/3’/ r v(r—u,o00)v(u,00) du = 2/y/ewv(u,oo) Ju
e—oo J; x—u v(r,00) u 1 u

/

Y
= 2/ vy (du) < oo. (3.2.19)
1

For the second summand in (3.2.18) we estimate

>V 2 (u, 00) v (2 — u, 00)
/y, u(rz —u)v(z,00) du

< m /:L"y % v (u, 00) du. (3.2.20)

Furthermore, since
v(z,00) V' (z) =alz) — 1/y for & — oo,

there exist constants K, xy > 0 such that v (z,00) < Kv'(z) for x > xy. We obtain
for i/ > x

z—y’ —
x / v(z —u,00) v (u,00) du
y

y'(@—y') Jy v (z,00)
Kz m_y/y(x—u,oo)y "
< =) /y, (o) (du). (3.2.21)

Since v (1,-] € S(7), the same decomposition as in (3.2.18) yields (for details see
e.g. Pakes [115], Lemma 5.5)

z—y' _
lim lim v (x —u,00)

y'—o00 T—00

v(du) = 0. (3.2.22)

y v(x,00)

Furthermore, lim,_,o lim, .o /[y (x —¢')] = lim, o 1/y = 0. By (3.2.18)-(3.2.22)

we now obtain v (dz) ~ (2 [ e v(du)) vy (dz) for x — oo, showing that vy (1, ]

and hence Vj are in S(7y). The assertion on the tail behavior now follows from (a)
and Theorem [A.1.4 (i). O

The following result is an analogon to Theorem '3.2.4 and describes the extremal

behavior of V' completely.
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Theorem 3.2.10 (Point process of exceedances of exponential models)
Let V' be a stationary version of the Lévy-OU process given by (3.2.1) with L
a positive compound Poisson process as in (3.2.4). Denote by (I'y)ren the jump
times of the positive compound Poisson process L given by (3.2.4) and define
Iy = 5 [T%,Ths) for k € N. Let > 77 e{sy, P} be PRM(0) with mean measure
Y(dt x dz) = dt x e " dz.

(a) Assume Ly € S(7), v > 0, with norming constants ar > 0, by € R such that

. Ee’yLl
Tlgrolo TP(Ly > apx +by) = Eoe exp(—z) forz e R. (3.2.23)
Then
0o T o oo
el ansup Ve —bar) p =5 > e {sw, P} (3.2.24)
= WA s&li k=1

(b) Assume V is the I'(u,v)-OU process. Let ar > 0,by € R be the norming
constants of a I'(iu + 1,~) distributed r. v. W, such that

Tlim TP(W > arx +br) = ' exp(—z) forz € R. (3.2.25)
Then
00 T e 00
ZE{—k,aI%(sust _b/\T)} 2N e s B (3.2.26)
k=0 )\T s€El} 1

The proof is divided into several steps. We shall utilize classical results for ex-

treme value theory of stationary discrete-time processes. As a discrete-time skeleton

(Vi /a)kez seems to be a good candidate. However, Vi, )\ = Z’%;go e_(Fk—Fj)£j7
k € N, is not stationary. As we will show in Lemma 3.2.11 the process
k
Vi= > e UG =V n+e g forkeN, (3.2.27)
j=—00

is stationary, where Iy := 0. For increasing k the process e 1#&; tends to 0. Thus
it has no influence on the extremal behavior. We shall show that the point process
behavior is the same for (Vr, /x)ken and for (Vk)keN. For the proof we also need that
the D and D’ conditions hold for (%) ren- The highly technical Lemma A.3.2, where
this is confirmed, is postponed to the Appendix.

Lemma 3.2.11
Let V' be a stationary version of the Lévy-OU process given by (3.2.1) with L a
positive compound Poisson process as in (3.2.4). Then (Vi )rez as defined in (3.2.27)

is stationary.
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Proof.
Let h € R be fixed. Note that (I'y; — ') jez < (I';)jez. Then
k+h k+h k+h
%—&-h — Z e_(Fk+h—Fj)€j — Z e—(Fk-s-h—Fh—(Fj—Fh))é“j 4 Z e_(Fk—Fj—h)gj
Jj=—00 j=—o00 j=—00
k k
(T d (Py—T. ~
— Z e Tk FJ)§j+h = Z e Tk Fj)gj — V;e
p— j=—o0

Similarly, for I € N we obtain (Ve - - -, Vieen) = (Vigs - -3 Vi) ko ki €N O

Proof of Theorem [3.2.10.

Since V' is decreasing between jumps, it follows that sup,c; Vi = Vr, /1. Recall that
\~/k = Vo + e TrE, 4 Vo + & and that (%)%N is stationary. We show first that the
norming constants a, > 0,b, € R given by (3.2.23) and (3.2.25) satisfy

lim nP(Vy > anz + by) = p "exp(—z)  for z € R. (3.2.28)

To show this in case (a), observe that P(Vy > x) = o(P(&; > z)) for x — oo by
Proposition[3.2.9 (b), so that Theorem |A.1.4 (i,ii) yields

P(Vi > ) ~ B"P(& > ) ~ B0 [Ee™ )"\ 'P(Ly > ) for 2 — oo.
(3.2.29)
From this (3.2.28) follows immediately, and further we see that V, € S().

In case (b), Vi is ['(+ 1,7) distributed as an independent sum of a I'(,~) and an
Exp(y) r.v., and (3.2.28) is immediate. The norming constants of a I' distribution
can be found in Table 3.4.4 of Embrechts et al. [60].

Note that in both cases (a) and (b), we have V;, € £(7). Thus, by LemmalA 3.2 and
Leadbetter et al. [95], Theorem 5.5.1,

Za{k/(un),a;l(vk —bn)} n;%oz(e{sk,Pk}. (3.2.30)
k=0 k=1
Define the point processes
Enzzce{k:/(,un),a;l(f/k—bn)} and /{n:Ze{k/(un),a;l(VpkM—bn)}.
k=0 k=0

For e > 0 and I = [s,t) X (z,00) C R X R define I, = [s,t) X (x,x + €]. Taking into
account that Vi, /y < \N/k we have for § € (0,1)
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<PFEL(L) >0+ Y

ke€[snp,tnp)

< P(k,(I) >0)+ Z P(Vk > Uy, + €ay,) +

Z P(e " ¢ > €ay).
kG[O,n‘Stu) kE[n%u,ntu)
We shall show below that

]P)(‘,7k > Up + €ay, VFk/A < un)

lim P(k,(I) # Rn(I)) = 0. (3.2.31)
Then by Rootzén [131], Lemma 3.3, the limit behavior of %, and &, is the same.
Relation (3.2.26) then follows by transforming the time scale as in Lemmall.2.4.
To show (3.2.31), observe that by (3.2.30) we have

lim P(k,(I.) > 0) =1 —exp[(t — s)(exp(—z) — exp(—(z + ¢€)))] 0,
Furthermore, since § < 1, we have by (3.2.28)
lim

n—oo

n—oo

Z P(Vi > up + €a,) < lim n®tuP(Vy, > an(z + €) + by,) = 0.
kE[O,n‘stu)
Applying (A.3.4) we obtain

Z Ple™"*& > eay)

ke [n‘stu,nt,u)

D>

(]P’(e_r’“fo > eay, 'y > k:/(QM)) +P(e_r’“§0 >cap, [y < k:/(2p)))
kE[n‘st,u,nt,u)

< Y PG >ea)+ > K/K

ke [n‘stu,ntu) ke[n‘stu,ntu)

The last summand tends to 0 as n — oo, since Y o, 1/k* < oo. Moreover, there

exists an ng € N such that a, > 1/(2y) and ke */(® < 1/2 for n, k > ng. Then the
first exponential moment of yke %/ (2 ¢ exists, and for n’tu, n > ny we obtain

>, P > eay) <

ke[n5tu,ntu>

3" Efexp(yke /0 ggle e
ke [n%u,ntu)

< Elexp(1&o/2)] e /20

)
k=|notu]

since Y p, e */2 < co. This shows (3.2.31).
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Results (3.2.24) and (3.2.26) show that local extremes of such exponential models
have no cluster behavior on high levels. The following two corollaries are immediate
from Theorem [3.2.10.

Corollary 3.2.12 (Point process of local maxima)
Let the assumptions of Theorem 3.2.10 hold. Denote by (ji)ren the jump times of
a Poisson process with intensity e~ for fixed x € R. Then

—~ (T o e[
> e { R anbloup i~ bar) (- 5,000 =5 S i
k=1 €l k=1

Corollary 3.2.13 (Running maxima)
Let V' be a stationary version of the Lévy-OU process (3.2.1), where L is a positive,
compound Poisson process as in (3.2.4). Define M(T') = supy<;<7 Vi for T > 0.

(a) Assume Ly € S(), v > 0, with norming constants given by (3.2.23). Then

lim P(ay;(M(T) —byr) < 2) = exp(—e™*) forz € R.

T—00
(b) Assume V is the I'(i,v)-OU process with norming constants given by (3.2.25).
Then

712130 P(ay (M(T) — byr) < x) = exp(—e ™)  for z € R. (3.2.32)
For a subexponential Lévy-OU process the r.v. M(h) = supg<;<;, Vi, h > 0 be fixed,
is tail-equivalent to the increment of the Lévy process; cf. (3.2.8) and (3.2.11)). In
the class S(7y), v > 0, this is much more involved; see Braverman and Samorodnit-
sky [33]. Although the large jumps of the Lévy process determine the tail behavior,
small jumps also have a non-negligible influence. For any h > 0, the tail of M(h)
is of the same order of magnitude as the tail of the increment of the BDLP, but in
general it is only possible to give upper and lower bounds on the asymptotic ratio
of the two tails. Using Corollary[3.2.13 one can calculate this constant for Lévy-OU

processes explicitly.

Corollary 3.2.14 (Extremal index function)

Let V' be a stationary version of the Lévy-OU process given by (3.2.1), where L is
a positive compound Poisson process as in (3.2.4). Define M (h) = supg<;<;, Vi for
h > 0.

(a) Let Ly € S(y), v > 0. Then M(h) € L(v) if and only if

P(M(Rh) > z) ~ AhEe"°[Ee”™ |7 'P(L; > 2) for v — oo . (3.2.33)
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Figure 3.4: Sample path of a I'-OU process with v =3, = 8.5 and A = 0.01.

In that case M(h) € S(7) and 0(-) = 1.

(b) Let V' be the I'(p,~y)-OU process with norming constants given by (3.2.25) and
let W be al'(u+1,v) r.v.. Then () = 1 and

P(M(h) > z) ~ AhuP(W > )  forz — co. (3.2.34)

Proof.
(a) First we assume M(h) € L£(7). Let @, > 0, b, € R and @, = dnx + by be
constants such that

lim nP(M(h) > u,) = exp(—x).

Denote by M, an i.i.d. sequence of copies of M(h). Then we obtain by
Lemma A.3.2 (b) and Leadbetter et al. [95], Theorem 3.5.1, for x € R,

lim P(a,'(M(nh) —b,) <) = lim P(ﬁ;l(kgax M, —b,) < z) = exp(—e ),

n—oo n—oo r=1..,

showing in particular that 6(h) = 1. On the other hand, by Corollary 3.2.13,

lim P(ay}, (M (nh) — by) < x) = exp(—e ™) for x € R.

n—oo
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Then by the convergence to types theorem (see e.g. Theorem A 1.5 of Embrechts
et al. [60]), Gpn/arnn —> 1 and b, — byun —> 0. Applying the convergence to types
theorem a second time yields

lim P(a;ﬁh(kgax My, — byan) < z) = exp(—e ™) for z € R.

n—oo T k=1,...,

This implies by Leadbetter et al. [95], Theorem 1.5.1 that

lim nP(M(h) > uun) = exp(—x),

n—oo

with uxpn = axpa® +bann. By (3.2.28) also lim,, o n]P’(Vk > Upnpn) = exp(—x)/(Aph).
Hence P(M(h) > z) ~ hAuP(Vi > z) for 2 — oo, and (3.2.33) follows from (3.2.29).

Conversely, if (3.2.33) holds, then it is clear that Ly € S(y) C L(v) implies
M(h) € L(v) by tail-equivalence. By Lemma [A.3.2/ (b) follows #(h) = 1.

(b) We refer to Albin [1], Theorem 3, for (3.2.34). That 6(h) = 1 follows then
from (3.2.25), (3.2.32) and (3.2.34). O

Remark 3.2.15
For OU processes with BDLP in S(), v > 0, S " MDA(A) and the I'-OU process

P(M(h) > z) ~ hAuP(V,, > z)  for 2 — oo.

In both cases the extremal index function is equal to one, so that for any 2 > 0 the
sequence My = Sup,_1y<i<pp, V¢ behaves like i.1. d. data. Hence such models cannot

explain volatility clusters on high levels.

3.3 Extremal behavior of the COGARCH model

The volatility of the COGARCH process as introduced in (3.0.6) is the (cadlag)
solution to the SDE (3.0.7), which is given by

t
Vi=W —i—ﬁt—logn/ Vsds + An Z Vi(AL,)?* fort >0, (3.3.1)
0

0<s<t
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given for n > 1, A > 0, 5 > 0, see Kliippelberg et al. [87,88] for details. An essential
feature of the COGARCH model is that the same Lévy process drives the price
process S and the volatility process V. Denote by v the Lévy measure of L. There
exists a stationary version of the volatility process V' (i.e. Vi independent of L can
be chosen such that V' is stationary) if and only if

/log(l + My?) v(dy) < logn. (3.3.2)
R
With the auxiliary cadlag process (X;)i>o defined in (3.0.7) by
X, =tlogn — Z log(1+ An(AL,)?)  fort >0, (3.3.3)
0<s<t

the stationary volatility process has representation
t
V, = (ﬁ/ eeds + Vo) e X fort >0, (3.3.4)
0

and Vj 4 16} fooo e *Xtdt, independent of L. The auxiliary process (X;);>o itself is a
spectrally negative Lévy process of bounded variation with drift vx = logn, no

Gaussian component, and Lévy measure vy given by

vx [0,00) =0, vx(—oo,—z|=v ({y ER : |yl > +/(er — 1)x/()\77)}> for x > 0.

—sXt _ et\Il(s)

We work with the Laplace transform Ee , where the Laplace exponent

U(s) = —slogn+ /R((l + Any?)* — 1) v(dy) fors>0. (3.3.5)

For fixed s > 0, Ee™*** exists (i.e. is finite) for one and hence all ¢ > 0, if and
only if the integral appearing in (3.3.5) is finite. This is equivalent to E|L;|* < oo.
Further, if there exists some s > 0 such that ¥(s) < 0, then (3.3.2) holds, and hence

a stationary version of the volatility process exists.

The qualitative extreme behavior of this volatility process can be seen in Figures|3.5,
3.6, where the driving Lévy process is a compound Poisson process. As in the case of
a Lévy OU process the volatility jumps upwards, whenever the driving Lévy process

L jumps and decreases exponentially fast between two jumps.

The next Theorem (cf. Kliippelberg et al. [88], Theorem 6) shows that, under weak
conditions on the moments of L, the volatility process has Pareto like tails. Since
we shall apply a similar argument in the proof of Theorem [3.3.3, we sketch the idea
of the proof.
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Figure 3.5: Sample path of a compound Poisson driving process with rate 1 and
normal jumps with mean 0 and variance 1 (top) and corresponding sample path of
the COGARCH process driven by this Lévy process with COGARCH parameters
f =1, A=0.04 and n = 1.064 (bottom).

Theorem 3.3.1 (Pareto tail behavior of COGARCH models)
Suppose there exists o > 0 such that
E|Li|**log" |Li| < 00 and ¥(a)= 0. (3.3.6)

Let V' be a stationary version of the volatility process given by (3.3.1). Then for

some constant C' > 0 we have

lim z“P(Vp > z) = C. (3.3.7)

r—00

Proof.

From (3.3.4) it is seen that the stationary volatility process V satisfies
t
V,=e XV, + ﬂ/ XX ds  fort >0,
0

where 1} is independent of (e=%t-, 3 fg eX:=%Xt= ds);>0. Thus the stationary solution

Vp satisfies for every ¢ > 0 the distributional fix point equation

Vo £ AV; + By,
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Figure 3.6: First 2500 observations of the sample paths of Figure|3.5 indicating the
micro behavior of the COGARCH model.

where Vj is independent of (A, By)i>o and
t
Ay 4 e Xt B, 4 ﬁ/ eXs Xt (s,
0

The result now follows from Theorem A.2.1, by choosing ¢ such that (A;, B;) sat-
isfies the assumptions. This is possible because of the structure of the process and
condition (3.3.6), for details see Kliippelberg et al. [88], Theorem 6. O

The following remark gives a simple sufficient condition for (3.3.6) to hold.

Remark 3.3.2

Let D :={d € [0,00) : E|L;]*) < oo} and dy := sup D € [0, 0o]. Suppose dy € D, or
that there exists an so > 0 such that 0 < W(sy) < oo. Further suppose that (V});>0 is
strictly stationary. Then (3.3.6) and hence (3.3.7) hold (cf. Kliippelberg et al. [88],
Proposition 5). O

We aim at a precise asymptotic description of the COGARCH model above a high
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threshold like in Section 3.2. It is, however, clear from the definition of V' that the
influence of the spectrally negative Lévy process X is hard to analyze. In particular,
the influence of the small jumps of L to V' needs special treatment. We shall restrict

ourselves again to the case of a compound Poisson driving process L as given in
by L; = Z;V:tl &; for t > 0. Here, however, ¢ has support on R.

In this case the auxiliary process X simplifies to

N¢

X; =tlogn — Zlog(l + Angd)  fort >0, (3.3.8)
k=1

and the Laplace exponent becomes

U(s) = —(slogn + p) + pE(1 + An&p)*. (3.3.9)
In the stationary volatility model we know that V; > (/logn a.s. and V jumps
if and only if L jumps (cf. Kliippelberg et al. [88], Proposition 2 (a)). The jump

sizes are positive and depend on the level of the process at that time. As shown in
Proposition 2 (b) and (c¢) of Kliippelberg et al. [88],

Vit — Vi, = MgV, &2 for k€N, (3.3.10)

and the process decreases exponentially in between jumps:

V, = p + { Vig — b e (7TWlosn for ¢ € (T, Typa] - (3.3.11)
logn logn

As described in Example[3.2.1, the compound Poisson driven volatility process V
achieves local suprema only at its right limits at the jump times (and at ¢ = 0).
This indicates that the discrete-time sequence (Vr, 4 )ken in combination with the
deterministic behavior of V' between jumps suffices to describe the extremal behavior

of the COGARCH process. Consequently, we investigate the discrete-time skeleton

Vi :=Vr, forkeN. (3.3.12)
Using (3.3.10) and (3.3.11) we obtain
‘7k+1 = Vk (1 + )\775]3+1)e—(Fk+1—Fk)10gn + li (1 + )‘77613-1-1) (1 _ e—(Fk--;-l—Fk)logn) 7
0gn

and we see that (‘71@) ren satisfies the stochastic recurrence equation

Vi=AVi1+ B, forkeN, (3.3.13)
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with VO Vo, where

A, = (14 Mped)e TeTr-n)logn (3.3.14)
By = 1o§n<1 + &) (1 — e TerTan)losm) (3.3.15)

and ((Ay, By))ken is an i.i.d. sequence. It is an interesting observation that by

3.3.14

k k k
log [TA4; = logA; = —Tilogn+ Y log(l+Mg)) = —Xr, .  (3.3.16)

j=1 j=1 7=1

On the other hand, by (3.3.15) and X — X1, = log(1 4+ M\&?) + (s — T'y,) logn for
s € (I, Tirr),

B, =0 R
|

Denote by (A, B) a copy of (Ay, By) independent of L. Then it follows that
~ ~ . . Iy
AL A, Le X and BLB,Lge / eXods  for keN. (3.3.17)
0

Moreover,

k
% + Z EieXFi

=1

for k € N.

ST R

We are now ready to present the analogue of Theorem 3.3.1 for the sequence (%)keN.

As can be seen from (3.3.8), the process (Xr, )ken is a random walk with increments
Xr, — Xr,, = (Tk — Tj—1) logn —log(1 + An&;)  for k € N.

Theorem 3.3.3 (Pareto tail behavior of V)

Suppose there exists some « > 0 such that
E|Li[**log" |L1| <00 and ¥(a)=0. (3.3.18)

Then a statwnary solution (Vi)ren of (3.3.13) exists. Its marginal stationary distri-

bution V = V1 is the unique solution of the random fix point equation

V. L AV, + B,
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where (;1, E) is given by (3.3.17) and is independent of L. Furthermore,
P(Voo > x) ~ Ca™®  for x — 00,

where

_ E|[(AVy + B)* — (AV,)®
C = - - >0. (3.3.19)
aFE|Al*log™ | Al

Proof.

We shall show that conditions (i)-(iv) of Theorem are satisfied: by definition,
logg 2 —T1logn + log(1 + Ané?), where Ty is exponentially distributed. Conse-
quently, (i) follows.

To show (ii) note that by the independence of T'; and &, for & > 0 we have by
3.3.9

B4l = EeTwlenf(] + ype2)e
i p+ alogn+ ¥(a)

p+ alogn I

1
= 1+———V(a) = 1,
p+ alogn

by the second assumption in (3.3.18).

In order to prove (iii) note that
E|A[*log" |[A] < E|1+M¢}|*log™ (1+ Mé}) < oo,

if and only if the first assumption in (3.3.18) holds, see Sato [138], Theorem 25.3.

Finally, (iv) follows from
E[B|" < (8/logn)"E[1 + Anf|” < o0

That the constant C is indeed strictly positive follows from the fact that ;L B and

‘700 are strictly positive, almost surely. [l

Remark 3.3.4

(i) Xr, tends almost surely to oo if and only if EXy, > 0 or, equivalently,
pElog(14+Ané?) < logn. Notice that for this model the stationarity condition (3.3.2)
is equivalent to EXp, > 0.
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(ii) In a sense it is remarkable that the tail of the stationary r.v. of the continuous-
time model V, and of the discrete-time skeleton ‘700 are so similar. As the discrete-
time skeleton considers only local suprema of the process, one expects ‘700 to be
stochastically larger. As the Pareto index « is the same for both models, any dif-
ference can only appear in the constants C' and C. Brockwell, Chadraa and Lind-

ner [37] have established a precise relationship between the distributions of V, and

Vi — g 4 o~ (logn)l ‘700_ & :
logn logn

where T' £ ' is exponentially distributed with parameter p and independent of ‘700.

V., showing that

Using a result of Breiman [34], it then follows that

a = ~ 1 ~
O = F (e osm)® & AR, P — 3.3.20
(e ) p+ alogn E(1 + An&2) ( )
where the last equation follows from (3.3.9)). 0

The extremal behavior of solutions of stochastic recurrence equations is studied in de
Haan et al. [57]. Their results can be applied to the stationary discrete-time skeleton
of the volatility process (Vi)ren as defined in (3.3.12).

Theorem 3.3.5 (Extremal behavior of the COGARCH model)
Let V' be a stationary version of the volatility process given by (3.3.1) and define
M(T) = supy<;<r Vi for T > 0. Suppose there exists some a > 0 such that

E|Li[**log" |L1| <00 and ¥(a)=0.
Let C be the constant in (3.3.19) and define ap := (uT)Y« for T > 0. Then

7lim P(a;'M(T) < x) = exp(—COz~®)  forz > 0,
where ) = 1—E suptzrl{e_aXtJr }] € (0,1). Denote by (I'y)ren the jump times of the
compound Poisson process L given by (3.2.4) and define I}, = (I'y, ['y44] for k € N.
Let (jx)ren be the jump times of a Poisson process with intensity COz°. Let (Ck)ken
be i.i.d. discrete r. v. s, independent of (ji)ren, With probability distribution

Wk:IP(Q:k‘):(Qk—QkH)/@ for k € N.
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Then for x > 0,

oo T o oo
e vart s Vo e 00D =2 S e (3.3.21)
k=1 s€l} k=1
Here
0r = Elexp(amin{Ty_1,0}) — exp(amin{T}, 0})]
1
= / P(card{j eN:e Ty >y} =k— 1) dy,
0
where oo = Ty > Ty > ... are the ordered values of the sequence (—Xr, ey and
6 - 91.
Proof.

Since sup,e;, Vs = Vi, Theorem [3.3.3 and de Haan et al. [57], Theorem 2.1, show
that

gg {Mﬁnﬂ;lf/k} (- % (2,00)) =% gQﬁ{jk}

and that (V},)ren has extremal index 6 € (0,1), given by

fe’e) oo j "
0 = a/ P (\/ A < y‘l) y~ L dy
1 .

1
= / P (sup{e_aX*} < z) dz
0 t>I"

= 1-E [min{l,sup{e—axt}H :

t>I"
For the first expression for 6y, see de Haan et al. [57], and the second expression
follows by a similar calculation as above. By an application of Lemma [1.2.4 we
transform the time scale, such that (3.3.21) holds. Then we obtain

lim Pla;'M(T) <z) = lim P (Ze {%,a;l sup VS} ((0,1) x (x,00)) = 0)

T—o00 T—o0
k=1 s€l},

- P (Z Ge (0, 1) = o) = exp(~CO).

k=1
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Remark 3.3.6
(i) By the Poisson result (3.3.21) we observe clusters in local extremes of the
continuous-time process. So the COGARCH is a suitable model for heavy tailed

volatility models with clusters on high levels.

(ii) Note that we have shown in the proof above that 6 is the extremal index of
(Vi) ken- O

3.4 Conclusion

In this chapter we have investigated the extremal behavior of the most popular
continuous-time volatility models. We have concentrated on models with tails rang-
ing from exponential to regularly varying; i.e. tails as they are found in empirical

volatilities. The stochastic quantities derived for such models include

e the tail of the stationary volatility V;, and the relation to the tail of the distri-
bution governing the extreme behavior,

e the asymptotic distribution of the running maxima, i.e. their MDA and the
norming constants,

e the cluster behavior of the model on high levels.

We found interesting similarities in the extremal behavior of certain models, which

was quite unexpected.

Recall the GCIR model of Example 3.1.3, where the tail of the stationary distribution
F of Vj is compared to the tail of H, the d.f. describing the extreme behavior.
Example (2) belongs to S N MDA(A), it has stationary distribution with a
semi-heavy Weibull like tail. Relation (3.2.10) is mimicked by the fact that (3.1.6)
can be rewritten to
F(z) ~—H(z) foraz— oc0.
x

Moreover, as the norming constants in the GCIR examples are calculated based on
the d.f. H, analogously, by the above Corollary 3.2.6, for the Lévy-OU process in
MDA(A), the norming constants are derived from L; and M(1), respectively, and

not from the stationary distribution of the process V.
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Analogous results hold for Example 3.1.3 (3), which belongs to S N MDA(®,,) for
some a > (. Here the tails of F' and H are both regularly varying of the same index;
this corresponds to (3.2.8).

Also in the case, where V; is gamma distributed, the behavior of the running maxima
of the GCIR model in Example(3.1.3 (1) and of the I'-OU process as given in (3.2.25)
and (3.2.32), respectively, are identical.

This means also that, if the stationary distribution of a GCIR model coincides with
the stationary distribution of a Lévy-OU model, then also the norming constants
and the behavior of the running maxima coincide. The role of M (h) for L; € S(v),
~v > 0 corresponds for the GCIR models to the d.f. H; the influence of the driving

Brownian motion plays no role whatsoever for the extreme behavior.

Concerning volatility clusters, no OU process in MDA (A) presented in this chapter
can model such clusters on high levels. Whereas regularly varying Lévy-OU models
have the potential to model them. A way to introduce clusters into subexponential
models in MDA(A) is to replace the the exponentially decreasing kernel function by
a kernel function with more than one maxima (Theorem [1.4.1, Corollary 1.4.11).

The COGARCH model resembles the GCIR models only in the sense that heavy
tails occur, although the driving process can be very light tailed; the difference being
that the COGARCH model always has heavy tails. There is no obvious relationship
between the tail behavior of the stationary r.v. V and Lq; the heavy tails occur by

the very intrinsic dependence structure of the model.

With respect to volatility clusters, only regularly varying OU processes and COG-
ARCH processes exhibit volatility clusters on high levels, which can be described
quite precisely by the distribution of the cluster sizes; see Corollary 3.2.5 and The-

orem 3.3.5.

In this chapter we have refrained from discussing another important stylized fact
of empirical volatility: it exhibits often long memory in the sense that the autoco-
variance function decreases very slowly. This phenomenon can have various reasons,
as for instance discussed in Mikosch and Starica [113]. On the other hand, it is an
important fact, which should not be completely ignored. All models presented in this
chapter have an exponentially decreasing covariance functions, which only exhibit

some visual long memory, when the process is close to non-stationarity.
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For diffusion models like the GCIR models, a remedy, which introduces long range
dependence in such models, is to replace the driving Brownian motion by a fractional
Brownian motion. This generates a new class of stationary long memory models.

Such models have been suggested and analyzed in [41,40].

For the OU process the exponentially decreasing covariance function is due to the
exponential kernel function; see (3.2.2). The often observed long-range dependence
effect in the empirical volatility cannot be modelled this way. There are two ways
to introduce long memory into such models. The first one is to replace the expo-
nential kernel function by a hyperbolic kernel function of the form f(z) ~ |z|=# for
|x| — oo and some (5 € (0.5, 1). This introduces long memory into the model. This
can be modelled by the regularly varying Lévy driven MA processes of Chapter [2.
The second method has been suggested by Barndorff-Nielsen and Shephard [14]:
a superposition of several regularly varying Lévy-OU processes also creates long

memory; Example [2.5.8/shows that they also exhibit volatility clusters.
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Appendix

A.1 Basic notation and definition

In this Appendix we summarize some definitions and concepts used throughout the

thesis.

For details and further references see Embrechts et al. [60].

Definition A.1.1
A positive measurable function u : R — R, is reqularly varying with indezx «,
denoted by u € R, for a € R, if

lim utr)

=z% forz>0.
A% (D)

The function wu is said to be slowly varying if o = 0, and rapidly varying, denoted
by u € R_, if the above limit is equal to 0 for x > 1 and to oo for 0 < x < 1.

Definition A.1.2
A d.f. F belongs to the class L(7y), v > 0 if for every y € R,

lim F(z —y)/F(z) =",

T—00

The class L£(7) is related to the class R_, by the fact that
FeL(y) ifandonlyif FologeR_.,.

183
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Thus the convergence of F(x — y)/F(z) in Definition [A.1.2 is uniform on compact
y-intervals. For an excellent monograph on regular variation we refer to Bingham et
al. [29].

Applying Karamata’s representation for regularly varying functions to the class £(7)

we obtain for F' € L(7), v > 0, the representation
F(z) = e(x) {/zld} for > 0 (A1)
z)=clx)exp |— [ ——=dy or x > 0, 1.
o a(y)
where a,c: Ry — Ry and lim, o ¢(x) = ¢ > 0 and a is absolutely continuous with

lim, . a(x) =1/7 and lim, ., a'(x) = 0.

Definition A.1.3 (Convolution equivalent distributions)
Let v > 0 and X have d.f. F. We say that F' or X belongs to the class S(v), if the
following properties hold.

(i) FeLy),
R e € I
(i) lim ) =2f(y) < o0,

where f(v) = Ee?X is the moment generating function of X at . The class S := S(0)

is called the class of subexponential distributions.

Theorem A.1.4
(i) Let F' be infinitely divisible with Lévy measure v and v > 0. Then

~

FeS(y) & v(,]/v(l,0)eS(y) & lim F(z)/v(z,00) = f(v).

(ii) Suppose F € S(v), lim, .o, F3(z)/F(x) = ¢ > 0 and ﬁ(’y) < oo fori=1,2.
Then

. Fi+ Fy(x -~ -~

tim PP Fe) i),
If g; > 0 for some i € {1,2}, then also F;, | x F» € S(7).

(iii) Let N be a Poisson r.v. with mean p and (Xy)ren be an i.1.d. sequence with
d.f. F € 8(). Ther.v.Y = 33 Xj has d.f. G = e #30° L F*". Then
G € S(v) and

G(x) ~ uf(y)?(x) for x — 0.
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The following is the fundamental theorem in extreme value theory.

Theorem A.1.5 (Fisher-Tippett Theorem)
Suppose we can find sequences of real numbers a,, > 0 and b, € R such that
lim P(a, (M, —b,) < z) = lim F"(a,x +b,) =G(z) forzreR, (A.1.2)

for some non-degenerate d. f. G (we say F' is in the maximum domain of attraction
of G and write F' € MDA(G) ). Then there are a > 0, b € R such that x — G(ax+Db)

is one of the following three extreme value d.f.s:

<
o Fréchet ®,(z)= 0 z=0, for o> 0.
exp(—z~%), x>0,
e Gumbel A(x)=-exp(—e™), z€eR.
(=™ <
o Weibull qja($):{exp( ( .',C) )7 ZL‘_O7 for a>0.

1, x >0,

We summarize some well-known facts related to domains of attraction.
Proposition A.1.6

(a) The following Poisson characterization holds: F' € MDA(G) if and only if
a, > 0,b, € R exist such that

lim nF(a,z +b,) = —logG(x) forxz € R. (A.1.3)
(b) If F € L(y) for v > 0, then F € MDA(A) with a, — 1/ as n — oo and

eb” € Rl/'y-
(c) If F € SNMDA(A), then b, — o0, a, — oo and b, /a, — o0 as n — oo.
(d) If F € MDA(®,) = R_, for « > 0, then b, =0, a, € Ry, and a,, — 00 as
n — oo.
The following concept has proved useful in comparing tails.

Definition A.1.7 (Tail-equivalence)
Two d.f.s F and G (or two measures u and v) are called tail-equivalent if both have
support unbounded to the right and there exists some ¢ > 0 such that

lim F(z)/G(z) =c or lim v(x,00)/u(z,00) =c.

r—00 r—00
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Important in the context of our chapter is that all the following classes are closed
with respect to tail-equivalence: MDA(G) for G € {®,,a > 0,A}, R_, for
a € [0,00), L(7) for v > 0, S(y) for v > 0. Moreover, for two tail-equivalent

d.f.s in some MDA(G) one can choose the same norming constants.

Definition A.1.8 (Poisson random measure)

Let (A, A,9) be a measurable space, where ¥ is o-finite, and (£, F,P) be a probabil-
ity space. A Poisson random measure N with mean measure ¥, denoted by PRM(4),
is a collection of r. v.s (N(A))aea with N(0) = 0, such that:

(a) Given any sequence (Ap)nen of mutually disjoint sets in A:

N (Upen 4n) =X en N(A,)  as..
(b) N(A) is Poisson distributed with mean J(A) for every A € A.

(c¢) For mutually disjoint sets Ay,..., A, € A,n € N, ther.v.s N(A;),...,N(A,)

are independent.

Definition A.1.9 (Extremal index)
Let X = (X,,)nez be a strictly stationary sequence and 6 > 0. If for every 7 > 0

there exists a sequence wu, (1) with

lim nP(X; > u,(7)) =7 and  lim P( max X, <u,(7)) =e %7,

n— o0 k=1

~~~~~

then 0 is called the extremal index of X and has value in [0, 1].
Theorem A.1.10 (Potter’s Theorem, Bingham et al. [29], Theorem 1.5.6)

(i) Ifl is slowly varying then for any chosen constants A > 1, § > 0 there exists
a X (0, A) such that

l(y)/l(z) < Amax{(y/2)°, (y/2)™°} for z,y > X(4, A).

(ii) If, further, [ is bounded away from 0 and oo on every compact subset of [0, 00),
then for every ¢ > 0 there exists an A(d) > 1 such that

U(y)/U(x) < A(S) max{(y/2)’, (y/x)~°}  forz,y > 0.
(iii) If f is regularly varying of index « then for any chosen A > 1,0 > 0 there
exists an X (A, d) such that

fy)/f(z) < Amax{(y/2)***, (y/2)*"°}  for z,y > X(5, A).
(iv) 1If, further, f is regularly varying of index « and bounded away from 0 and

oo on every compact subset of [0,00), then for every 6 > 0 there exists an
A(0) > 1 such that

Fy)/f(x) < A@S) max{(y/2)***, (y/2)*°}  forz,y > 0.
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A.2 Stationary solution of a random recurrence

equation

The following result is the central result for proving stationarity and the tail behavior

of a stochastic process defined by a random recurrence equation.

Theorem A.2.1 (Vervaat [142], Goldie [69], Theorem 4.1, Lemma 2.2)
Let (Yy)ren be a stochastic process defined by Yy, = ApYy_1+ By, where ((Ag, Bx))ken,

(A, B) are i.1.d. sequences. Assume that the following conditions are satisfied:

(i) The law of log |A|, given |A| # 0, is not concentrated on a lattice —oo NrZ for
any r > 0.

(ii) E|A|* = 1.
(iii) E|A|*log™ |A| < cc.
(iv) E|B|* < 0.

Then the equation Y, 4 AY,, + B, where Y, is independent of (A, B), has the

solution unique in distribution
o0 m
d
Yoo =) Bu ][ A
m=1 k=1

The process (Yy)ren with Yy 4 Y., is stationary and has tails
E[((AYx + B)")* — ((AYx) ")
aE|A|*log™ |A|

—Q

forx — oco.

P(Yo > ) ~

A.3 The conditions D,(u,) and D’(u,)

(Classical results for the extremal behavior of weakly stationary sequences are based
on two conditions: the first one is a specific type of asymptotic dependence, and the

second is an anti-clustering condition.

Definition A.3.1

Let X = (X,)nen be a strictly stationary sequence, such that for m = 1,....r,
the sequences of constants (uﬁ,,’”))neN and (uy,)nen satisfies lim nf(u%m)) = 7™ and
n—oo

lim nF(u,) = 7.

n—oo
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(a) For any integers p,q and n let

(b)

1< < << << <n

such that j; —i, > [ and v,, = (vg),...,vép))

, W, = (wg),...,wg})) with
O, () (1) (") LT - _q. . _
o wn € {un’, .. un’ b Write T {iv, ... ipy, J = {J1,-- -, Jg}s X1

(Xiy, ..., X;,) and X; = (Xj,,...,Xj,). If for each choice of indices I, J

19+ ip IREE

“P) (XI S Vn>XJ S Wn) - ]P)(XI S Vn)P(XJ S Wn)l S Qn 1,
where a,,;, — 0 as n — oo for some sequence 1, = o(n), then X satisfies the
condition D,.(uy,).
X satisfies the condition D'(uy,), if

[n/k]
lim lim supn Z P(X7 > u,, Xj > u,) =0.

k—oo nooo -
J=2

We show that (Vi )rez satisfies the Dy (uy,) and D’(u,) conditions. The result is an

analogon for discrete-time MA processes given in Rootzén [131], Lemma 3.2.

Lemma A.3.2
Let V' be a stationary version of the Lévy-OU process given by (3.2.5) with L a
positive, compound Poisson process as in (3.2.4).

(a)

(b)

Assume Vj, = Vi a +e & € L(v), v > 0, such that for a, > 0, b, € R and

Uy = ApT + by,

lim nP(V; > u,) =e*  forz € R. (A.3.1)

n—oo

For r € N and x = (1,...,2,) let u, = (a,x1 + by, ...,a,x,. + b,). Then
(%)%N satisfies the D,.(uy) and D’'(u,) conditions.

Let Ly be in §(v), v > 0. Define My, = supy_y <<, Ve for h > 0, k € N.
Suppose M, € L(v) such that for a,, > 0,b, € R and u,, = a,z + by,

lim nP(My > u,) =e¢* forxz € R. (A.3.2)

n—oo

Forr € N and x = (x1,...,2,) let u, = (apz1 + by, ..., a2, + b,). Then
(My)ken satisfies the Dy.(uy,) and D'(u,) conditions.
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Proof.

(a) To show the D, (u,) condition, let w™ = UpTpm + by, Ty E R, m=1,... 7.
Let v, = (117(11), . ,vﬁf’)), W, = (wg), L w®) with o, W) e {u%l), . ,ug)}. Let
1 <0 < - <Nip < j1 < - < jg < n. Define V' = Z?Zk_ne_f’“_rﬂ')ngfor

k€N, Vi=(Vi,...,Vi), VI = (V... V"), and similarly V; = (V;,,...,V},),
Vi =(V},.... V). Then (V}")iez is stationary and V}mﬂ is independent of V},mﬂ
for j1 — 4, > |[nd], § > 0. Since P(§, < 0) = 0, we obtain V} < V. Here,
x = (21,...,2,) <y = (y1,...,yp) means that z; < y; for all ¢ = 1,...,p. It

now follows that for any € > 0,
P (VI < Vnva < Wn) < P (V}mﬂ < Vn7V5n5J < Wn)

= P(VP <v ) P (VS <w,)
< P(Vi<vy+e(an,...,a,))P(Vy<w,+e€lan,... a,))
+nlP <|‘71 — vl s ean>

IN

P(V;<v)P(V,<w,)+nP (\171 _ylml) s ean>
+ Z nP(ul™ < V; <ul™ + eay).
m=1

Similarly, we can find a lower bound, such that for j; —i, > [nd],
Up | ns| = |]P)(V[ < V’I’MVJ < Wn) -P (VI < Vn) ]P)(VJ < Wn)|
< nP(|V; — Vlm‘”\ > eay,) + Z nP(u™ — ea, < Vi <ul™ + eay,)
m=1

= &n,mﬂ’e. (A33)

Let X; =1, —T;_1 —1/p, ¢ € N. Then (X;);en is a centered i.1i.d. sequence such
that ", X; = T',, — n/p. It follows that there exists a constant K > 0, such that

for every n € N,

4
B, - = next (3) (5) () @xy
(0 (5) @xtr+ (D) () @xnEx
2/ \3 ! 2/ \2 ! !
< nK.
Hence, by Markov’s inequality there is a constant K > 0 such that for all n € N ,

B(T, < n/(20)) < P(T, — 0/ > n/(20)) < (21/n)E(T, — n/p)® < K /n* (A.3.4)
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Thus we obtain for n € N,

—|nd]—1
nP([Vi = V") > ea,) = nP e T Y Tt > ea,
j=—o00
< nP (eﬂnﬂ/(?u)ﬁl > ean) + K /n?. (A.3.5)

Note, that the first exponential moment of ~Be~l"%)/ (2“)‘71 exists for
Be~mdl/2W) < 1. Choose 3, = 2/(e(1 — €))logn. There exists ng = ng(d,e) € N
such that 3,e~1"/C2W) < (1 —¢) and a,, > (1 —¢€) /7 for n > ng. The first term of the
right hand side of (A.3.5) is by Markov’s inequality for n > ny bounded above by

nlE exp [ﬁn'y (e_L‘S"J/(g“)\Z)} e Preran < nexp [(1 — 6)7‘71} e 2len  (A.3.6)

which converges to 0 as n — oo. Together with (A.3.1), (A.3.3) and (A.3.5) this

gives
T

llm &n,l_néj,e — Z[e_($m—6) —_ e_(mm"ré)]’

n—00
m=1

so that

im o, |ns) < lim lim v, |ps),e = 0,

n—00 €l0 n—oo

which implies the D,.(u,) condition by Lemma 3.2.1 in Leadbetter et al. [95].
To show the D’(u,) condition, let € > 0. Then there exists an zy > 0 such that
P(Ty—T'; < ) = €. Since (I';41 —I')sen 18 a positive 1.1. d. sequence, it follows that

]P)(Fj—rl<£C0)SP(F]'—F]',1<.I'0,...,F2—F1<Q?0>:€j71, ]22

Now choose 3 such that 1/2 < 3 < (1 +e )" and § > 0 such that 1+ < 2.
Then, for any k,n € N,

/K| [’ ] Ln/k)
S PV > up, Vi > un) = Y PV >, Vy > un) + Y PV > w,, V> u, (A3.T)
J=2 J=2 j=[n?]+1

We first show that the first summand, when multiplied by n, tends to 0 as n — oo.
Note that by the independence of ‘71 and I'; — I'y,

P(Vi > tn, V; > 1) < VPV > ) + P(Vi + V; > 2u,, T — Ty > ). (A.3.8)
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Let \N/l’ be an independent copy of \N/l Then

]P’(‘Z+\Z>2un,Fj—F12x0)

J
=P ((1 + e_(Ff_Fl))Vl + Ze_(rj_r’“)fk > 2u,, 'y —T' > xo)

k=2

J
<P ((1 +e ™)V + Z e~ Ti=Tg, > 2un>

k=2

<P <(1 e 4V > 2un) . (A.3.9)

Since the first exponential moment of Gy ((1+e~")V; + V) exists if S(14e™) < 1,

the last expression is bounded above by
E exp [ﬁv((l +e ")+ \71’)] e 2un (A.3.10)

by the Markov inequality. Since (n — e*w”“”) € R_gp for fixed z, it follows that
(n — n'T0e™207un) € R(145_25, where 146 — 28 < 0. We then obtain by (A.3.1),
(A.3.8)-(A.3.10) and Bingham et al. [29], Proposition 1.5.1, that

[n?)
”Z]P’(Vl > U, Vi > ) (A.3.11)
=2
B [n°] ‘ o
<nP(Vi > u,) Y @+ E[By((1+ e ™)V, + V) Jn' e 20mue

=2

For the second term in (A.3.7), using the independence of VjL”(SJ and Van‘sj for
j > |n’], we obtain

[n/k)
n Z ]P’(‘N/l >un,17j > Uy,)
j=[n°]+1
/%]
<n Z IP’(VltnLSJ > Uy, — €ay, VjtnéJ > U, — €ay) + 2n°P(|[V; — Van&J| > €ay)
j=ln? )41
[n/k] s 5 _ 5
=n Z PV >, — ean)IP’(VjL" P> u, —eay) + 20°P([Vs — VI > ean)
j=ln’l+1

< (n2/K)P(V, > up — €ap)? + 202P(|V — V)| > ean). (A.3.12)



192 A Appendix

Analogously to (A.3.5) and (A.3.6), with 3, = 3/(e(1 — €))logn, we have
n?P(|V; — V1L"6J| > ea,) — 0 as n — oo. Using (A.3.1), we also have

lim (n%/k)P(Vy > u, — €a,)? = exp(—2(z — €)) /k, (A.3.13)

n—oo

which converges to 0 as k& — oo. Then by (A.3.7), (A.3.11)-(A.3.13), and letting
€ | 0, the D'(u,,) condition holds.

(b) To prove condition D,.(u,,), we replace V" in (a) by

t
M = sup / e M=) gL
t

(k—1)h<t<kh Jt—nh

We then obtain an analogue result to (A.3.3). Further, since

t—nh
My—MP| < sup / N9 4L,
(k—1)h<t<kh J —co
t
4 o~ Anh sup / o~ Mt=s) dL,\s:e_A”th,
(k—1)h<t<kh J —co

we obtain for any ¢ > 0 that
nP(|My, — M\"™ | > ea,) < nP(e M, > eay). (A.3.14)

Since the first exponential moment of Fye "2 M, exists for fe P < 1 similar
reasoning as in (A.3.5) and (A.3.6) shows that lim,, . nP(| Mg —MkLmsJ| > eay,) =0.
As in the proof of (a) we then conclude that the D,.(u,,) condition holds.

For the proof of the D'(u,) condition we use

M, < / sup e M9 1(—ooq(5) dLys
— oo (k—1)h<t<kh

(k—1)h B
= Lyen — Lxg—1)n + / e ME=Dh=9) g1, o = V.

—00
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Let 7 > 3. Then we have the upper bound

0
Vi = Lyn— Lag-nn + e_w_l)h/ e dLys

— 00

' h (j—1)h ‘
_|_e)\(]2)h/ ef)\(hfs) dL)\s +/ e*)\((]*l)hfs) dL)\s
0 h

0
Lyjn — Lag—vn + e Mimh / e dLys

—0o0

IN

(—1)h
Lo NDRL / T NG g
h

_ (G=1)h A
< Lyjn — Lag-nn +e Vi + / e MIT=) gL,
h

Let Vll be an independent copy of V. Then

[n®] |n?
nZIP’(Ml > Uy, Mj > u,) < nZlP’(Vl > U, V> uy,) (A.3.15)
=3 =3
[n’] L
< n) PV +V;>2u,)
j=3
< P14 MV + V> 2u,).

The tail of V; behaves by Proposition 3.2.9 (b) and Theorem A.1.4 (ii) like
P(Vy > ) =P(Ly, + Vo > 2) ~Ee™P(Ly, > 2) for z — oo,
so that V; € S(7). An analogue result to (A.3.10) gives

lim 7’Ll+6 ]P((l + e_/\h>vl + vll > 2un) =0,

and, arguing similarly as in (A.3.12) and (A.3.13), we obtain
Ln/k]

lim limsup n Z P(M;y > upn, M; > u,) = 0.
=3

k—oo  pnooo
It remains to show that

lim nP(M; > wu,, My > u,) = 0. (A.3.16)

n—oo

Note that

P(M; > u,) = P(M; > u,, Ny > 0) +P(M; > u,, Ny, =0)
P(Vr, /x> Uy, Nap > 0)
P(§1 > un)P(Nxn > 0),

(AVARY]
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so that

nP(M; > u,) P(M; > u,, My > uy,)
P(My > wu,, My > u,) < :
nP(My > tn, My > ) P(Ny, > 0) P(E, > uy)

Furthermore, we have the upper bound

(A.3.17)

P(Ml > Un,MQ > un) < ]P)(Vl ‘I"VQ > 2un)

Loy, — L L +e M 0 e
<P ( 2\h LU te / M dLy, + 5/ (1+ e*’\“’\s) dLys > un) .
0

2 2

The three summands are independent, and we shall show that for each of them the
probability to be greater than w, is of order o(P(&; > u,)) for n — oo, so that by
Theorem A.1.4/ (ii) (analog to Proposition [1.1.2 (iii))

lim P(M; > up,, My > u,)/P(& > u,) = 0. (A.3.18)

Equation (A.3.16) and hence condition D'(u,,) then follow from (A.3.2), (A.3.17)
and (A.3.18).

The rapidly varying tails and Theorem |A.1.4/ (i) give

. P(Lg)\h — L)\h > 2:6) . P(L)\h > 3?) ]P)(L)\h > 21’)
lim = lim pu =0,
200 P(& > x) z—oo’ y(x,00) P(Lap > x)

which is the assertion for the first summand. Further, also by the rapidly varying
tails, Proposition 3.2.9 (b) and Theorem[A.1.4 (i),

P <(1 + e ff)oo e dly, > 21:) CP((4e M)V > 22) uP(Vy > 2) amco 0.
PE > ) I I R oS R

For the last summand we use that
Nxn Nin

X = / oM Qs )dLys Z(l_i_efAhe)\hUi)& 4 Z(l—i—ef’\hUi)&,

i=1 i=1
where (U;)ien, U are i. 1. d. uniform on (0, 1) and independent of L (cf. Lemmall.3.2).
From Theorem (iii) then follows

P (foh(l +e ) dLy, > 2x>
P& > x)

P(&(1+e?)/2> 1) 0

~ uAhEe'X 0.
pAREe P(& > ) %
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A.4 Auxiliary results

Lemma A.4.1
Let Y with Y (t) =3 - f(Rk,t —Ty)Zy for t € R be a stationary mixed Poisson
shot noise process satisfying the condition (M1) and the sequence 0 < a, T oo of

constants is given by (2.0.8). Then

lim lim nP [ | )" f(Ry,Tx)Zi| > anz | = 0.

m—00 N—00
|k|>m

Proof.

Let [ > 0 be fixed. Define @ = R, x R, QU = {(r,5) € R, x R : |s| > [} and
fi(r,t) =f(r,t) 1 y(t) for t € R, r € R;. We decompose the probability

> ana}>
> anm>

> amc) . (A.4.1)

P f(Re, Tw)Zk| > Banz | < P(

|k|>m

/ £(r, 5) dAy (1, 5)
Q)

+P (/ £(r,s) dAy(r, s) Z f,( Ry, T) Zs
o0

k=—m

+IP’< > f(ReTw)Ze— > f(Re,T) 2

k=—m k=—m

Step 1. For the first summand of we obtain by an application of (2.2.14

lim nP (

n—o0

/ f(r,s)dA(r,s)| > anx) = xa/ 1£(r, s)|* w(dr)ds =20 (A.4.2)
Q) 0]

Step 2. The second summand of (A.4.1) has the upper bound

P / f(r,s)dAy(r,s) — Z fi(Ry, k) Zk| > anx
o\Q®

k=—m

—m—1

= Z]P’( Z f(Rg, T'k) 2y + Z f( Ry, Tk) Zi

2,j>m—+1 k=m+1 k=—j

XP(N(1) = i, N(~1) = =)

< Z ZIP <f+ > 12l > anac) P(N(1) = i)P(N(=1) = —3).

i=m+1 j=m+1

> ap
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Regarding (2.10) in Chover et al. [43], for any € > 0 there exists a K > 0 such that

1+
P <f+z | Zi| > anx> <P (f7|Z > anz) K(1+€)™  forn,i,j € N,
k=1

Applying dominated convergence we obtain

f dA fi(Ry, T'x)Z,
/Q\Qm (r,s) dAi(r,s) — Zz ko L) Zi

k=—m

lim nP ( >, > (A.4.3)

<z K [ i (1+e)P(N(l) = i)] 0.

i=m-+1

Step 3. Considering the last summand of (A.4.1) we obtain by Lemma 2.1.3

lim nIP’( > (R TW)Zk— Y fi(Re,T) 2| > ana;)
k=—m k=—m
=3 Z ]E|f(Rk, Fk) — fl(Rk, Fk)|a
k=—m
e Y EIf(Re, Tr) — iRy, T)| (A.4.4)
k=—0o0

Since E|f (R, I'y) — fi(Ri, I'x)|* < E|[f(Rg, I'x)|* dominated convergence yields

> E[f (R, Tx) — (R, Ti)|*—0  for [ — oo, (A.4.5)

k=—o00

Thus we get by (A.4.4) and (A.4.5)

Z f(Ri, Tw)Zy — Z fi(Ry, Tx) Z

k=—m k=—m

[—00 M—00 N—00

lim lim lim nIP’(

> anT ) =0. (A.4.6)

Hence, by (A.4.1)-(A.4.3) and (A.4.6) the result follows. O
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Lemma A.4.2
Let either of the following two conditions hold:

(a) LetY be a stationary mixed MA process given by (2.0.1) satisfying condition
(M2). Moreover, Y has decomposition Y = Y] + Y, as given in (2.0.6) with
m(t) = ZZO:_OO f(Rk,t — Fk)Zk for t € R.

(b) Let Y be a stationary renewal shot noise process given by (2.3.1) satisfying
condition (R2) such that Y(t) => 7. f(t —Ty)Z fort € R.

Then the sequence 0 < a,, T co of constants satisfies
nP(a,'Z € -) == 1/uo(-) on B(R\{0}), (A.4.7)

where o(dx) = paz™®"1 1(g ) (x) dz + (1 — p)a(—z) "> 1w o) (z) dz for some p €
(0,1]. For some n € R define

Ii=[~+ Tg1+T%)/2,n+ Tk +Txy1)/2) for k € N.

If (1 —p)f~ > 0 assume furthermore there exist independent sequences of i.1.d.
positive . v. s {Z]iS)}kEZ for s = 1,2, such that Z;, = Z,gl) — Z,EQ),

P(Z, > x) ~ IP’(Z,S) >x) and P(Zp<zx)~ IP’(Z,?) >x) forz — 0.

In the case (1 —p)f~ =0 define Z,il) = 7 and Z,EQ) = 0. For k € Z let be

o0 o)

v = 2 sw{fh-T3z0. ¥ = ¥ sw{=f(h-T))}27.

j=—o0 hely, j=—o0 hely,

Then holds for z > 0:

(i) lim nP (Sup Y(h) < an(z —e¢), Yk(l) + Yk(z) > an(T + e)) =0.
n—0oo hely

(ii)) lim nP (Sup Y (h) > an(x +¢), Yk(l) + Yk(z) < ap(r — e)) = 0.
n—0oo hely

Proof.
Define Y}, = supy,e;, >~ o f(h —T;)Z; for k € Z. First we show for x > 0

n—oo

lim nP <Yk < an(r —¢), Yk(l) + Yk(2) > a,(x + e)) =0. (A.4.8)
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We define
g = suppep {f(Rj, h=T5)}, Wy = supper {—f(R; h = T5)},
Paja(t) = f(R;,t—Ty), Pay(t) = —f(R;,t—TY),

Zgj_l = Z;l), Zgj = ZJ(Q) for j € Z. Let © > 0 be fixed. We have the inequality

oo hel j— o

nP ( i %’Zj > a,(x + 2€), sup i %(h)z < ap(r — 26))

< nlP Z ng,lZ](-l) > ane/2 + nlP Z ijZJ('Q) > an€/2

l|>m l71>m
+nP | sup Z Jj(h)zj < —ape (A.4.9)
he[k j>2m
j<—2m-—1

2m 2m
+nP Z z/Jij > a,(x + €), sup Z wj(h)Zj <ap(r—e)|.
j=—2m—1 helk ;= “om—1

The first three summands tend to 0 as n,m — oo by Lemma A.4.1, where for the
third summand we used additionally

Y Tz <sup > di(h)Z;

j>2m hely j>2m
j<—=2m-1 j<—2m—1

We shall show that also the last summand of (A.4.9) tends to 0 as n tends to oco.
Note first that ;(hy) = ¢ for some h;, in the closure of I, and [¢;(h)| < f+ for
every h € R. Then

2m 2m
P ( \/ W2, > anx, sup Z 'l:bvj(h)Zj < ay(x — e)) (A.4.10)

I=—2m—1 Jj=—2m-—1
2m . 2m " " "
< Y PleiZi>anw, > Uih)Z+ iz < an(z —€)
l=—2m—1 j=—2m-1
J#l
2m _ 2m
< Z Pz > a,x, Z —fT1Z;| < —ane
l=—2m—1 J:fszl
J#l
2m 2m

IA
~
~~
s
=
N
V
S
S
8
SN——
~
—
_*
XN
V
)
S
S
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where the last inequality follows by independence of Z. We conclude by (A.4.7) and
(A.4.10)

2m 2m
lim nP \/ Wi Zy > ant, sup Z @j(h)zj <ap(x—e€) | =0. (A411)
e I=—2m—1 helk ;= om—1

Moreover, since |¢p;| < f+ for j € Z,

2m 2m
P ( \/ 1/1121 < a,z, Z ijj > an(x + e))

l=—2m—1 j=—2m—1
2m 2m _ _
< Y P[] min{¢Z, 0z} > ae
I=—2m—1 j=—2m—1
J#k
2m 2m " "
< Do Pt DD min{|Z] 21} > ane | (A.4.12)
I=—2m—1 j=-2m-1
J#l

By the independence of Zj and Zj, the r.h.s. is bounded above by

2m 2m
~ Q€ ~ Q,,€ 1
Pl|Z:]>—L Pll|7] >—L =ol|— A4.13
DI (| g 4m+2) (| | 4m+2) (n) (A413)
J#L

for n — oo, where we used (A.4.7). Then follows from (A.4.9)-(A.4.13).

Let Y5(t) = [g g, f(t — 5)dAs(r,s) and M@ (h) = supy<,<;, |Ya(t)|. The sequence
M, = sup;,_y<;<;, |Ya(t)] is stationary, such that for z > 0,
mo
P(MP(h) > z) <P | | J{My > 2} | < (h+ DPMO(1) > 2).

k=1

Denote by Fr the d.f. of I'y. Then we have an uniform bound:

P(M®(T) > ) /°° P(M®(h) > z)

P(M®(1) > ) FF(dh)S/OOO(h + 1)Fr(dh)=% +1 (A4.14)

for all z > 0. Taking (1.3.15) into account there exists a C' > 0, such that

P(sup |Ya(t)] > z) < Ce ™ for z > 0. (A.4.15)

0<t<1
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Note that (1.3.15) holds also for mixed MA processes, since the Lévy measure of
Y5(t) has bounded support. By the independence of I" and Ay we obtain by (A.4.14)
and (A.4.15)

nlP (sup |Ya(t)| > ane) < 2nC (1/p+1)e e =30, (A.4.16)

tely

Using decomposition (2.0.4) we have

Yy — sup(—Ya(t)) < supY(t) < Yy + sup Ya(t). (A.4.17)

tely tely tely

For the proof of (i) we apply (A.4.8), (A.4.16) and (A.4.17) such that

nP <sup Y(t) < ap(x —e), Yk(l) + Yk@) > a,(z + e))

tely

<nP (sup [Ya(t)]> ane) +nP (Yk < a2, Y + Y > ap(e + e)) X,

tely

In (ii) we have by (A.4.17)

nlP (sup Y(t) > an(x +¢), Yk(l) + Yk@) < ap(r — e))

tely

< nP (sup |Ya(t)] > ane) + n]P’(Yk(l) - Yk@) < ap(r—e€),Yr > a,z). (A4.18)

tely

In the case (1—p)f* > 0 the second summand of (A.4.18) is 0, such that by (A.4.16)
statement (ii) holds. In the case (1—p)f* = 0 we have with ¢ as in (2.0.12), (2.3.20),

respectively,

[e.e]

PV, < an(z —€), Vi > ayz) <P < Z gTw)Z; > ane> =o(1/n) for n — .

k=—o00

Hence also the second summand of (A.4.18) tends to 0. ]
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Notation

The notation follows the usual conventions, nevertheless some standard abbrevia-
tions are gathered in the first table. General mathematical symbols that are used are
presented in the second table. The third table summarizes frequently used quantities

from the text.

Abbreviations

a.s. almost surely

ARMA process autoregressive moving average process

BDLP background driving Lévy process

CARMA process continuous time ARMA process

d.f. distribution function

d.f.s distribution functions

e.g. for example (exempli gratia)

FICARMA process fractional integrated CARMA process

GCIR model generalized Cox-Ingersoll-Ross model

i.d. infinitely divisible

i.d.i.s.r.m. infinitely divisible independently scattered random mea-
sure

i.e. that is (id est)

i.i.d independent identical distributed

LLN law of large numbers

MA process moving average process

OU process Ornstein-Uhlenbeck process

r.h.s. right hand side

r.V. random variable

r.V.S random variables
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216 Notation
SDDE stochastic delay differential equation

SDE stochastic differential equation

supOU superposition of Ornstein-Uhlenbeck processes

w.l.o.g. without loss of generality

General Symbols

A:=DB

[a,b], (a,b), (a,b], [a,b)

N, Ny, Z
R,R,,R_, R
C

R(2), S(2)

log™ (a)
a<<b arb
™

card(.S)
supp(f)
ACB

0A

£ e
fla

1,

log, exp

P, E, Var, Cov

A is defined by B

closed, open, half-open interval from a to b
{1,2,...},{0,1,2,...}, {...,—1,0,1,...}
(—00,00), [0,00) , (=00, 0], [~00, 0]
complex numbers

real part and imaginary of z € C

largest integer smaller or equal to € R
smallest integer larger or equal to € R
maximum, minimum of ¢ and b

at=0Va

a” =0V —a

log" (a) = log(max{a, 1})

a is much smaller than, approximately equal to b
Euclidean norm of z € R?

cardinality of the set S

support of f

A is contained in Bor A =B

boundary of the set A

first, second, m-fold derivative of f
function f restricted to the set A
indicator function of the set A

natural logarithm, exponential function
probability, expected value, variance and covariance
(0,...,0) € R?

the 7' unit vector

the transposed of the vector x

row-sum norm of matrix A

Dirac measure at x

{xeR?: |x| =1}

space of d-integrable functions
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Lo(7) space of functions f : Ry x R — R measurable with
Jor (1, s)|%ds 7 (dr) < oo

C(I) space of continuous functions f: I — R

Ce(I) space of continuous functions f : I — R with compact
support

CH(I) space of continuous differentiable functions f : I — R

D(1) space of function f : I — R, which are right continuous
with left hand limits

Sd-1 unit sphere in R?

Specific Symbols

X<y
B = {B(t)}+>0

L ={L(t)}+0
(m, o2, v)
(m, 0%, v, )
MDA (G)
M(T)

M,

Mp(S)
PRM(¥)
R_w

Ra

S

the distribution of X coincides with the distribution of Y
Brownian motion

differential operator

right tail of the distribution function F

convolution F' * F' of the distribution function F
distribution function of random variable Z

vague convergence

weak convergence

weak convergence for n — oo

collection of bounded non negative step functions with
bounded support on @d\{O}

g(t)/h(t) == 1

point process

class of long tailed distributions

Lévy process

generating triplet of a Lévy process

generating quadruple of an i.d.i.s.r.m.

maximum domain of attraction of G

M(T) = supg<;<7 Y (t) for a stochastic process {Y (t)}>0
M,, = maxy—1__, X} for a stochastic process { X }ren
class of integer-valued Radon measures on S

Poisson random measure with mean measure 9

space of rapidly varying functions

space of regularly varying functions of index «

class of subexponential distributions
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S(7) class of convolution equivalent tails
Salc, 5,7) a-stable distribution with dispersion ¢, skewness (5 and lo-
cation 7

v(A) Lévy measure of the set A
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