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Abstract

Schedulingthe executionof parallel algorithmson parallel computersis a

mainissuein currentresearchParallelcomputersanbeusedto solve sched-
uling problemsvery fastand we might be able to tackle new applications,
whereschedulesnustbe obtainedvery quickly. Althoughtheimportanceof

parallel schedulingalgorithmshasbeenwidely recognizedpnly few results
have beenobtainedsofar. In thisthesis,we presennew andefficientparallel
schedulingalgorithms.

A classicalproblemin schedulingtheoryis to computea minimal length
schedulefor executingn unit lengthtaskson m identical parallel processors
constrainedy a precedenceelation. This problemis AP-completein gen-
eral, but thereexist a numberof restrictedvariantsof it thathave polynomial
solutionsandarestill of majorinterest.

First, we show thatif the precedenceonstraintsarerestrictedto betrees,
thenanoptimalscheduleanbe computedn time O(lognlogm) usingn/logn
processor®f an EREW PRAM. Hence,for thosecasesvherem is not part
of theinput but a constantpur algorithmis work andtime optimal. Second,
we presenta parallelalgorithmthat optimally schedulesirbitraryprecedence
constraintson two processors.It runsin time O(log?n) andusesn®/logn
processorsin addition,we show thatoptimaltwo processoscheduleganbe
computednuchmoreefficiently, if theprecedenceonstraintarerestrictedo
beseriegarallelgraphs.In this case anoptimalschedule&eanbecomputedn
logarithmictime andalinearnumberof operationsufice.

Finally, we investigatethe parallelcompleity of schedulingwith unit in-
terprocessocommunicatiordelays.In this extendedsettingthe schedulead-
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ditionally takesinto accountthe time requiredto communicatedatabetween
processorsAfter finishing a task, oneunit of time mustpassbeforeary of
its successorgsan be startedon a differentprocessarin orderto allow for
transportatiorof resultsfrom onetaskto theother Theproblemof computing
minimal lengthschedulesn this settingis A/P-complete evenif precedence
constraintsarerestrictedto be trees. The only nontrivial classof precedence
constraintdor which polynomialsolutionsareknown, is the classof interval
orders. We presenta parallelalgorithmthat solvesthe problemfor interval
ordersin time O(log? n) usingn3/logn processorsThis is thefirst A(C algo-
rithm for this problem.
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CHAPTER 1

Intr oduction

A traditionalfield of applicationfor schedulingtheory areindustrial manu-
facturingprocesses.Over the pastdecadejncreasednterestin scheduling
problemsoriginatedfrom a differentarea.Theavailability of parallelcomput-
ersandhigh performanceommunicatiometworksgaveriseto new directions
in schedulingesearchFor onething, new typesof schedulingoroblemsneed
to be solved in orderto efficiently utilize parallelcomputersge.g., schedul-
ing parallelcomputationsvith interprocessocommunicatiordelays.Second,
parallel computerghemseles can be usedto obtain schedulesnuch faster
than previously possibleon sequentialmnachines.Using parallel scheduling
algorithmswe mightbeableto tacklenew applicationsvhereschedulesnust
be obtainedvery quickly. Althoughtheimportanceof parallelschedulingal-

gorithmshasbeenwidely recognizedpnly few resultshave beenobtainedso

far. Thisis mainly dueto the fact that mary of the techniquesusedin se-

guentialschedulingalgorithmsare P-complete|.e., they presumablycannot

be parallelized. In orderto obtainfastparallel schedulingalgorithms,new

techniquedave to bedeveloped.

In thisthesiswe presenparallelalgorithmsthatsolve fundamentasched-
uling problemgelevantto parallelandnetworked computing.Thealgorithms
areexponentiallyfasterthantheir sequentiatounterpartsHowever, our main
focusis on work efficiengy, i.e., we areinterestedn parallelalgorithmsthat
performasfew operation@spossiblen orderto achie/e exponentiakpeedup.

In thefollowing sectionwe introducethe multiprocessoschedulingorob-
lem andvariantsthereof. The introductionis accompaniedby anoverview of
known resultsonthe subject.Thereafteranoutline of this thesisis given.
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1.1 SchedulingParallel Computations

A parallel computationconsistsof a numberof taskst;,...,t, that have to
be executedby a numberof parallelprocessor®,...,Pn. We assumehat
all processorsareidenticalandall tasksareknown in advance. Let usfirst
considerthe casewhereall taskscan be executedindependentlyfrom each
other Taskt; requiresprocessindime p; andis to be processedequentially
by exactly oneprocessarA scheduleis anassignmenof tasksto processors.
Theloadof aprocessois thesumof theprocessingimesof thetasksassigned
to it, andthelengthof a schedulas the maximumload of arny processarWe
wish to find a scheduleof minimallength. This problemcanalsobe phrased
asadecisionproblem wherewe askwhetherthereexistsa schedulef length
atmostk. Unfortunatelyevenwhenm = 2, thedecisionproblemis A/P-hard,
aswasshovn by Karp [Kar72). It is thereforenhighly unlikely thatwe canfind
apolynomialalgorithmthatcomputeschedulesf minimallength.
Grahamwasoneof thefirst who studiedapproximatioralgorithmsfor the
multiprocessoschedulingoroblem.He provedthatif tasksareputinto alist
sortedin nonincreasingrder of processingimes, and whenever a proces-
sor becomesddle, it executesthe next taskin the list, thenthe length of the
scheduleproduceds at mostg — 5 timesthe optimum([Gra69d. Later; sev-
eralresearchersnprovedon thisresult,andfinally, it wasdiscoveredthatthe
problempossessea polynomialapproximatiorschemej.e., for every € > 0,
thereexists an (1 + €)-approximatioralgorithmthatrunsin polynomialtime
[HS85 May89. The runningtime of thesealgorithmsgrows exponentially
in eiz andasa resultby Garey and JohnsorfGJ78 shaws, this cannot be
improvedsignificantly sincethe problemis A(P-hardin the strongsense.

1.1.1 Schedulingwith PrecedenceéConstraints

Let usnow extendour modelby precedenceonstraintsA partialorder< on
the setof tasksis givenandtaskt; mustbe finishedbeforet; startsif t; < t;.

Now, a scheduleassigngasksto processorand time intervals. Again, we
wish to find a scheduleof minimal length. This problemis A(P-hard, even
if all taskshave identicalexecutiontimes[UII75]. Grahamhasshawn thatif

we put the tasksinto a list in arbitrary order, andwheneer a processobe-
comesidle, it executeghe leftmostunscheduledaskin thelist thatis ready
for execution thenthelengthof the producedschedulas at most2 — % times
the optimum[Gra69. Unfortunately thereis no hopefor a polynomialap-
proximationscheme For the caseof unit processingime, to decidewhether
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a scheduleof lengthat most3 existsis AP-complete[LRK78]. As a con-
sequenceno polynomialapproximationalgorithmwith performancebound
betterthan%’ canexist unlessP = AP. It is interestingo notethatno approx-
imation algorithmis known that significantlyimproveson Grahams 2 — n%
performancéound,evenwhenall processindgimesareequal.

In the following we focuson the casewhereall taskshave equalprocess-
ing times. As alreadymentionedthe problemis still A/P-hardin this case,
but if we put further restrictionson the problem, several interestingresults
canbe obtained.An early resultby Hu [Hu61] shaws thatif the precedence
constraintsarerestrictedto be trees,thena scheduleof minimal length can
becomputedn polynomialtime. Later, Brucker, Garey, andJohnsorgave an
implementatiorof Hu's algorithmthatrunsin lineartime [BGJ77. Thealgo-
rithm is basedon a simplestratgy: putthetasksinto alist in nonincreasing
orderof the heighteachtaskhasin thetree. Wheneer a processobecomes
idle, it executeghe leftmostunscheduledaskin thelist thatis readyfor ex-
ecution. Several researcherbave alsoaddressedhe parallel compleity of
schedulingirees. Fastparallelalgorithmshave beenproposedoy Helmbold
and Mayr [HM87a], and Dolev, Upfal, and Warmuth[DUW86]. The most
efficientof themrunsin time O(log? n) if n/logn processorareused.

Anothertype of precedenceonstraintshathave beenanalyzedn thelit-
eratureareintenal orders.Interval ordersarethosepartial ordersthatcanbe
definedusingintervalsontherealline. With eachtaska closedinterval onthe
realline is givenandtaskt; mustbefinishedbeforet; startsif the interval of
tj is completelyto theleft of theinterval of t;. Again, a quitesimplestratey
yields optimalschedulesLet the successosetof ataskt; bethe setof tasks
thatcannot startbeforet; is finished. Papadimitriouand YannakakigPY79]
shavedthatif tasksareputinto alist sortedoy nonincreasingizeof successor
setsandwhenereraprocessobecomesdle, it executegheleftmostunsched-
uledtaskin thelist thatis readyfor execution,thenoneobtainsa scheduleof
minimallength.If theprecedenceonstraint@regivenasaprecedencgraph,
thenthe schedulecanbe computedn time O(n + €), wheree is the number
of edgesn thegraph. SunderandHe developeda parallelalgorithmfor this
problem[SH93 thatrunsin polylogarithmictime andrequiresn* processors.
SubsequentiMayr gave animprovedparallelalgorithmthatrequiresonly n?
processorfMay96g].

Insteadbf restrictingthe precedenceonstraintto beof acertaintype,one
might hopeto obtainpolynomialsolutionsfor the casewhenthe numbem of
processorss fixedandnot partof the probleminstance For ary fixedm > 2,
the compleity of the problemis still unknown, but for the casem = 2 poly-
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nomialsolutionshave beenfound. Fujii, Kasami,andNinomiyaproposedhe
first polynomialalgorithmbasedon theideato constructan optimaltwo pro-
cessoschedulédrom amaximummatchingn theincomparabilitygraphof the
given partial order[FKN69]. Subsequentlyfasteralgorithmswere given by
CoffmanandGrahamandby Sethi[CG72 Set76]. Finally, Gabav [Gab83
proposedan algorithmthatrequirestime linearin the sizeof the precedence
graphwhencombinedwith aresulton staticunion-findgivenin [GT85.

The parallelcompleity of thetwo processoschedulingoroblemwasfirst
investigatedy VaziraniandVazirani[VV85]. They gave analgorithmbased
on a randomizedalgorithm for maximummatchingswith an expectedrun-
ningtimethatis polylogarithmic.Thefirst efficientdeterministigarallel(i.e.,
AC) algorithmwasdevelopedby HelmboldandMayr [HM87b]. Their algo-
rithm runsin time O(log?n) andrequiresn'® processorsSincethen,a num-
ber of attemptshave beenmadeto develop moreefficient parallelalgorithms
[MJ89, JSS91,Jun92. The only known provably correctalgorithmthatis
moreefficientthanthe algorithmof HelmboldandMayr still requiresn® pro-
cessorandis acombinationof resultsgivenin [HM87b] and[Jun93.

Another classof precedence&onstraintshat hasbeenconsideredn the
pastareseriesparallelorders.Seriegparallelordersaredefinedrecursvely as
follows. A tasksystemis seriesparallelif it eitherconsistsof only onetask
or canbe split into two seriesparalleltasksystemsl; andT, suchthateither
all tasksof T; mustbe finishedbeforeary taskin T, canstartor eachtaskof
T, canbe executedndependentlyf eachtaskin To. This classof precedence
constraintss quite rich, in particular all parallel programsthat follow the
divide and conquerparadigmhave seriesparalleltask systems. In general,
seriegarallelordersarenot“easier’to scheduléhanunrestrictegprecedence
constraints: The problemof computingminimal length scheduledor tasks
with unit processindimesis still A'P-completelMay81, War81]. Moreover,
it is unknovn whetherpolynomialalgorithmsexist that computeoptimal m-
processoschedulegor seriesparallelordersif mis a constantgreaterthan
two, whichis the samesituationaswith unrestrictegporecedenceonstraints.

1.1.2 Schedulingwith Communication Delays

In the pastfew years,schedulingwith communicationdelayshasreceved
considerablattention.In this extendedsettingthe scheduleadditionallytakes
into accounthetime requiredto communicatelatabetweerprocessorsviore
precisely for eachpair of taskswith t; < tj, a delaycij is given and after
finishing a taskt;, time ¢;j mustpassbeforet; canbe startedon a different
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processaqrin orderto allow for transportatiorof resultsfrom onetaskto the
other If the successotaskis executedon the sameprocessarthenno delay
Is neededunlesst is necessaryo wait for resultsfrom someotherprocessar
Rayward-Smithwas one of the first who considereccommunicatiordelays.
For the casewhereall task processingimes andall communicatiordelays
areequal,he provedthatthe problemof computinga minimal lengthsched-
ule is A/P-hard,andhe shavedthat ary greedyschedulehaslengthat most
3— n% timesthe optimum[RS87. A moreinvolvedalgorithmwaspresented
by HanenandMunier [HM95]. It is basedon an LP relaxationandachieses
a performanceboundof % — %n. This boundis achieved even for the case
whereprocessingimesand communicatiordelaysare not equal,aslong as
the largestcommunicationtime is shorterthanthe shortestprocessingime
of atask. Anotherinterestingresulthasrecentlybeenobtainedby Mohring,
Schaffter, andSchulz.For the caseof unit processindimesandunit commu-
nicationtimes,they gavea (2— n%)-approximatioralgorithmfor seriegarallel
ordersiMSS94.

Thereis alsoaresultknown concerninghonapproximability For unit pro-
cessingtimesandunit communicatiortimes,Hoogeseen,Lenstra,and Velt-
man have shawvn thatit is A/P-hardto decidewhethera scheduleof length
at most4 exists[HLV92]. Thisimpliesthat,unless? = AP, no polynomial
approximatioralgorithmcanachie/eaperformancé)oundbetterthan%.

Let usnow focuson the casewhereall processindimesandall communi-
cationdelaysareequal.Surprisingly if we restrictthe precedenceonstraints
to be trees,the problemremains\(P-hard, aswas shovn by Lenstra,Veld-
horst,andVeltman[LVV93]. Ontheotherhand,f thenumbem of processors
is fixedandnot partof the probleminstancethenoptimal schedulegor trees
canbe computedn polynomialtime [VRKL96]. For thecasem = 2, linear
time algorithmsfor schedulingtreesare known [LVV93, GT93 VRKL96].
RecentlyanO(n?) time algorithmhasbeenproposedhatoptimally schedules
seriegparallelordersontwo processorfFLMB96]. Thecompleity of sched-
uling arbitraryprecedenceonstraint®on two processorss still unknown.

Another classof precedence&onstraintshat hasbeenconsideredn the
context of unit processingime and unit communicationdelaysare interval
orders.PicouleaUPic92 hasshavn thatthe samestratgy thatwasusedby
PapadimitriouandYannakakigor schedulingnterval orderswithoutcommu-
nicationdelayscanalsobe appliedhere,i.e., a list schedulecomputedirom
a list of all taskssortedby nonincreasingize of successosetshasminimal
length.A similaralgorithmhasbeenproposedy Ali andEl-Rewini [AER95].
Therunningtime of their algorithmis O(nm+- €), wheree denotegshenumber
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of edgesn thegivenprecedencgraph.lt is interestingo notethat,otherthan
interval orders,no nontrivial classof precedenceonstraintss known thatal-
lows computatiorof optimalschedulegn polynomialtimeif thenumbem of
processorss partof theinput.

A variantof the schedulingoroblemwith communicatiordelaysis to al-
low task duplication. It might be profitableto executethe sametask more
thanonce. Insteadof waiting for sometaskt; to be finishedandto transport
the resultsfrom the processoiP that executestj to anotherprocessoiP’, it
might be betterto schedulea duplicateof tj on processoP’. Unfortunately
the resultobtainedin [HLV92] implies that even with task duplication(and
unit processingimes and unit communicationtimes) the problemremains
AP-hard. In the caseof outtreeprecedenceonstraintsfaskduplicationcan
decreas¢helengthof a scheduleln the caseof intrees,it doesnt helpatall.
A resultregardingapproximabilityhasbeenobtainedby Hanenand Munier.
In [HM97], a(2— %)-approximatioralgorithmis givenfor schedulingasks
with unit processingime andunit communicatiordelays.Oneshouldkeepin
mind thattaskduplicationis only applicableif tasksdo not interactwith the
ernvironment.It mightbeimpossibleto executea taskmorethanonce.

1.2 Preview

Our work on parallelschedulingalgorithmsbegins in the next chapterwith
somenotationandconceptgelatedto asymptoticcompleity, graphs partial
orders,and parallelalgorithms. We continuein Chapter3 with anintroduc-
tion into basicparalleltechniquesndalgorithms.With oneexception,these
algorithmscaneitherbe foundin the literatureor resultfrom straightforward
applicationsof known algorithms. Someof them have beenadaptedo our
specificneeds.

In Chapted weturnto the problemof schedulingunit executiontime tasks
with treeprecedenceonstraintsWe proposeastratgy wherethegiventreeis
partitionedinto m+ 1 tasksets,andto eachof the m availableprocessorsne
of thesetasksetsis assignedsa basicload. Theremainingsubsebf tasksis
usedto balanceheloadbetweernprocessorswWe shaw thatif thetreeis care-
fully partitionedandthe balancingis properlydone,thenoptimal schedules
areobtained. An efficient parallelimplementations giventhat outperforms
existing parallel algorithms. In particular if m is fixed and not part of the
probleminstancethenour algorithmis work andtime optimalon the EREW
PRAM, i.e., it runsin O(logn) time andperformsO(n) operations.
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Chapter5 is devotedto the two processoschedulingoroblem. Helmbold
andMayr proposedninterestingstratey for this problem[HM87b]. In order
to learnaboutthe structureof an optimal schedulgwithout actuallycomput-
ing one) the algorithm determinedor eachpair of taskst andt’ the length
of an optimaltwo processoscheduldor the tasksthat are at the sametime
successoref t andpredecessorsf t’. These'schedulingdistances’arethen
usedto constructthe actualschedule.The schedulingdistancealgorithmre-
quiredn® processorsandto computethe final schedulen® processorsvere
necessary Sincethensomeimprovementshave beenachiesed. In [Jun93,
it wasshowvn how thefinal schedulecanbe constructedisingonly n® proces-
sors,buttheresourcdounddor theschedulinglistancecomputatiorhave not
beenimproved.In Chapters, we presentanalgorithmthatcomputeschedul-
ing distancesn O(log? n) time on n3/logn processorsWe furthermoreshaw
thatan optimal schedulecanbe obtainedwithin the samebounds.We close
the chapterby applyingthis resultto the maximummatchingproblemin co-
comparabilitygraphs.We shaw that, usingour two processoschedulingal-
gorithmasa subroutinemaximummatchingsn co-comparabilitygraphscan
be computedn O(log?n) time on n® processors.

We staywith thetwo processoschedulingoroblemfor onemorechapter
In Chapter6, we shawv thatif the precedenceonstraintsaarerestrictedto be
seriesparallelordersthenanoptimaltwo processoscheduleanbeobtained
muchmoreefficiently thanin the generalcase.In fact, our algorithmfor this
problemrunsin logarithmictime andperformsalinearnumberof operations.

In contrastto the previous chaptersChapter7 dealswith communication
delays. We presenttwo resultsrelatedto interval orders. First, we improve
on the result given by Ali and EI-Rewini [AER95] and showv that optimal
scheduledor interval orderscan be computedby a sequentiaklgorithmin
time O(n+ e), wheree is thenumberof edgesn thegivenprecedencgraph.
Secondye presengparallelalgorithmthatrunsin logarithmictimeif n® pro-
cessorareemployed. The parallelalgorithmproceedsn two stagesin stage
one,we determindor everytaskthenumberof timestepsequiredto schedule
all of its predecessoris theinterval order In stagetwo, we usethesenum-
bersto constructaninstanceof adifferentschedulingoroblemwheretasksare
notconstrainedyy a precedenceelationbut have individual releasgimesand
deadlinesWe computean optimalscheduldor thisinstanceandthusobtain
an optimal scheduléor the original problem. Our algorithmis the first A'C
algorithmfor schedulingvith communicatiordelays.

In Chaptei8, we closewith concludingremarksandsomeopenproblems.






CHAPTER 2

Preliminaries

The purposeof this chaptetis to introducebasicdefinitionsandnotation. We

startwith somemathematicapreliminariesconcerningasymptoticcomple-

ity, Landausymbols,andlogarithms. Thereafterwe review graphtheoretic
concepts.We continuewith sectionson partial ordersand precedence&on-
straints.In thelastsectionof this chaptemwe introducethe modelof compu-
tationthatour parallelschedulingalgorithmsarebasedupon.

2.1 Asymptotic Complexity

We measurethe boundson the resourcegfor example,time and work) re-
quired by our programsas a function of the input size. Hereby we arein-
terestedn theworst-casecompleity: A resourcéboundstateghe maximum
amountof thatresourceour programrequireson ary input of sizen. These
boundsare expressedasymptoticallyusingthe following notation. For func-
tions f andg, wesayf is O(g) (or f = O(g)) if thereexist positve constants
andng suchthat f(n) < c-g(n), for all n > ng. We sayf is Q(g) (or f = Q(Q))
if thereexist positive constantg andng suchthat f (n) > c-g(n), for all n > ng.
If fisO(g) andf is Q(g), thenwe sayf is ©(g).

Insteadof (f(n))k we write f(n), while f®(n) is usedto denotethevalue
of f appliedk timesto n, i.e., f®(n) = f(n) and f&D(n) = f®(f(n)). For
instance,log?(n) = (log(n))? but log®(n) = log(log(n)). Usually, we write
logn insteadof log(n) andunlessstatedotherwisewe assuméogn to bebase
2. By log* n we denotethe smallestintegerk suchthatlog® n < 1. For areal
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numbery, let [x] denotethe smallestintegergreateror equalto x andlet | x|
denotethe greatesintegerlessthanor equalto x.

A function f is saidto be polynomialif f(n) = n® it is linearif f(n) =
O(n), it is polylog or polylogarithmicif f(n) = log®® n, andit is logarithmic
if f(n)=0O(logn).

2.2 Graphs

In this sectionwe review somegraphtheoreticconcepts.A multigraph G =
(V,E) consistsof a finite setof verticesV anda finite multisetof edgesE.
Eachedgeis a pair (v,w) of distinctvertices(i.e.,, v# w). If E is a set,then
G is agraph If theedgesof G areunorderedairs,thenG is anundirected
multigraph (undirectedgraph). Otherwisethe edgesareorderedpairs,andG
is a directedmultigraph (directedgraph). Directedmultigraphs(graphs)are
alsocalledmultidigraphs(digraphg. To emphasiz¢hatanedgeis undirected,
wesometimesvrite { v,w} insteadf (v,w). Thetermsdefinedn thefollowing
for graphscanalsobeappliedto multigraphs.

If (v,w) is anedge,thenv andw are adjacentto eachotherandthe edge
(v,w) is incidentto v andw. We alsosaythat (v,w) connectss andw, andv
andw arethe endpointsof (v,w). A directededge(v,w) leavesv, entesw, is
anoutgoingedgeof v, andanincomingedgeof w.

The outdaeyreeof avertex v in adigraphis the numberof outgoingedges
of v. Theindegreeof v is the numberof incomingedgesf v. Thedegreeof a
vertex vin anundirectedyraphis the numberof edgesncidentto v. A vertex
whoseindegreeequalszerois calleda source, anda vertex whoseoutdegree
equalszerois calledasink A vertex thathasno adjacenverticesis isolated

A pathof lengthk is a sequencef verticesvy,. ..,V suchthat(vj,v;,1) is
anedgefor 0 <i < k. Verticesvy andvi arethe endpointf the pathandall
otherverticesareinternal vertices A pathvisitsor containsverticesvy, ..., Vk
andedgesqVo,Vv1), (V1,V2), ..., (Vk_1,Vk), andit avoidsall otherverticesand
edges. A pathis simpleif no internalvertex is visited twice. Unlessstated
otherwisewe assumehatpathsaresimple.If vp = v andk > 2, thenthepath
isacycle A graphis acyclicif it containsnocycles.

A graphG' = (V'/,E’) is asubgaphof G = (V,E), if V' CV andE’' C E.
G’ is apropersubgaphof G, if G’ is asubgraptof GandV' cV orE’' C E.
GraphG' is aninducedsubgaphof G if, in addition,all edgesf G with both
endpointsn V' arecontainedn E’. In thiscasewe sayG' is the subgraplof
G inducedby V'.
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A graphG = (V,E) is thecomplemenof thegraphG = (V,E) if for every
pair of distinctverticesv andw, theedge(v,w) is in E iff (v,w) ¢ E.

Let G beanundirectedyraph.A subgraphG’ of Gis acliqueif eachpair of
verticesin G’ isadjacentA cligueG' isamaximuntliqueif noothercliqgueof
G containgmorevertices.A subseV’ CV of verticesis calledanindependent
set if notwo verticesin V' areconnectedA k-coloringfor agraphG = (V,E)
Is a partitionof thevertex setV = X; W Xo W - - - W X, suchthateachsubsetX;
Is anindependenset. The elementf X; aresaidto be “colored” with color
I. As a consequencevery vertex is coloredwith exactly onecolor andtwo
connectedrerticesare coloreddifferently. If thereexists a k-coloring for G,
thenG is saidto be k-colorable. The chromaticnumberof G is the smallest
possiblek for which G is k-colorable.

A cycle of length3 is calleda triangle. An edgee is a chord of a cycle
¢, if theendpointf e arecontainedn c but eis not. A chorde of acyclec
Is a triangular chord of c, if thereexistsa trianglesuchthattwo of thethree
edgesof the trianglebelongto ¢ andthe otheredgeof the triangleis e. An
undirectedgraphis calledchordal if every cycle of lengthfour or greatethas
a chord. Equivalently, anundirectedgraphis chordaliff every cycle eitheris
atriangleor containsatriangularchord.

A graphis connectedf for every pair of verticesv # w, thereexistsa path
from v to w or a pathfrom wto v. A connectecomponenof agraphGisa
connectedsubgraplof G thatis not a propersubgraplof anotherconnected
subgraptof G.

A subsetM of edgesf anundirectedyraphG is calleda matdiingin G if
notwo edgef M sharehe sameendpoint.M is calleda maximunmatding
if noothermatchingin G containsmoreedgeghanM.

A directedagyclic graph(dag) G = (V, E) is calledtransitiveor transitively
closedf for everypairof distinctverticesv andw suchthatthereis apathfrom
v to w, theedge(v,w) exists. Thetransitiveclosue G™ = (V,E*) of Gis the
dagsuchthat (v,w) is anedgein G* iff v # w andthereis a pathfrom vtow
in G. An edge(v,w) is redundanif thereexistsa pathfrom v to w thatavoids
(v,w). A dagwith noredundantdgess transitivelyreduced The transitive
reductionG~ = (V,E™) of G is the uniquetransitvely reduceddagthat has
thesametransitve closureasG.

Letvbeavertex in adag. Thedepthof v, denotedy depth{v), is thelength
of alongestpathfrom ary sourceto v plus 1. In particular all sourceshave
depthl. Theheightof v, denotedby heigh(v), is thelengthof alongestpath
from v to ary sink plus 1. In particular all sinkshave heightl. The heightof
adagG, denotedoy heigh{G), is the maximumheightof ary vertex in G.
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Theverticesof a dagcanbe partitionedinto levels We sayvertex v is on
level ¢, andwrite levekv) = ¢, if theheightof v is ¢. We adoptthe corvention
to draw directedagyclic graphswith edgespointingdownwardssuchthatall
verticeson the samelevel have the samevertical coordinate Consequentlyif
¢ > (' we saythatlevel / is higherthan?’ and?’ is lower than/.

Letvandw beverticesof adag.We saythatv is apredecessoof w (andw
is asuccessoof V) if thereis apathfromvtow. We saythatv is animmediate
predecessoof w (andw is animmediatesuccessoof v) if (v,w) is anedge
andv,w is theonly pathfrom v to w.

2.2.1 Bipartite Graphs

An undirectedgraphG = (V, E) is calledbipatrtiteif its vertex setcanbeparti-
tionedinto two disjointindependensetsA andB. Equivalently, G is bipartite
Iff it is 2-colorable.If the partitionof the vertex setis clearfrom the context,

thenwe denotehebipartitegraphG by thetriple (A, B, E). A bipartitegraphis

cornvex onAif theverticesof AcanbeorderedsayA={as,...,an}, suchthat
for everyvertex b € B, the subsebf verticesin A connectedo b formsanin-

tenalin theorderof A, i.e., if {&,b} € E and{a; ., b} € E, then{a,,b} €E

for all r betweerD andk. For everyb € B, let begin(b) denotethe numberof

thefirstvertexin A connectedo b andlet endb) denotehe numberof thelast
vertex in A connectedo b. A corvex bipartitegraphcanconciselyberepre-
sentedby alist of tuples(begin(b,),endb,)), ..., (begin(by),endby)), where
B ={by,...,bn}. Forinstancethetuplerepresentatioof thecorvex bipartite
graphdepictedn Figure2.1is (1,2), (2,5), (1,6), (5,6).

b1 by bs by

a a a3 a4 a5 G

Figure2.1: A corvex bipartite graph.
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2.2.2 Trees

An undirectedgraphG is atreeif it is connectedandagyclic. A graphG
is a forest of treesif every connecteccomponentof G is a tree. A rooted
treeis atreeT = (V,E) with onedesignatedertex root(T), calledthe root.
In the sequel,we only considerrootedtreesand every treeis understoodo
be arootedtree. Verticesof degreel, otherthantheroot, are calledleaves
All verticesthat are not leavesareinternal vertices Note that betweentwo
verticesv andw of atreethereexistsexactly onepath.

Let{u,w} beanedgein atreeT. Thenu is theparentof wandw s achild
of u if the pathfrom theroot of T to u doesnot containw. If v andw have
thesameparentthenv is a sibling of w. In drawingsof undirectedrees,the
verticesare placedsuchthat eachvertex is above its children. In particulay
therootis at thetop. Vertex u is anancestorof v andv is a descendanof
u if the pathfrom therootto v containsu. Notethatevery vertex is ancestor
anddescendantf itself. The subteeof T rootedat vertex u is the subgraph
of T inducedby the verticesthataredescendantsf u. A vertex uis common
ancestorof verticesv andw if u is ancestoof v andancestoof w. Thelowest
commonancestorof two verticesv andw is the root of the smallestsubtree
thatcontainsy andw.

Thedepthof atreevertex v, denotedoy depth{v), is thelengthof the path
from therootto v plus 1. In particular thedepthof therootis 1. The depthof
atreeT, denotedby deptH(T), is themaximumdepthof ary vertex in T. The
heightof a vertex v, denotedby height{v), is thelengthof alongestpathfrom
vto ary leafplusl. In particular the heightof aleafis 1. Theheightof atree
T, denotedoy heigh(T), is theheightof its root.

A treeis orderedif the childrenof eachvertex areordered.The orderon
siblingsis given by specifyingthe left sibling andthe right sibling of each
vertex. Thefirst child of a vertex hasno left sibling, andthelastchild hasno
right sibling.

A traversal of atreeis alist of its verticesthatcontainseachvertex exactly
once. Thedepth-fisttraversal of anorderedtreeT consistsof therootof T
followed by the depth-firsttraversalsof its subtreedrom left to right. The
preorder numberof vertex v, denotedby pre(v), is i if v is thei-th vertex in
the depth-firsttraversalof T. The breadth-fisttraversal of anorderedireeT
consistsof taskssortedby depthsuchthatthe verticesthat have equaldepth
aresortedby their preordemumber An examplefor adepth-firstraversaland
a breadth-firstraversalis givenin Figure2.2.

A treeis calledbinary if every vertex hasat mosttwo children. A binary
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Figure2.2: Anorderedtree Its depth-fisttraversalis 1,4, 3,5,7,6,2,9,8. For
instance the preorder numberof vertex 4 is 2, and the preorder numberof
vertex 9 is 8. Thebreadth-fisttraveisal of thistreeis 1,4, 3,2,5,6,9,8,7.

treeis properif every internalvertex hasexactly two children. A binarytree
is completef it is properandall leaveshave the samedepth.

2.2.3 Inforestsand Outforests

A dagis calledaninforestif the outdegreeof every vertex equalseitherzero
orone.In aninforest,avertex with anoutdegreeequalto zerois calledaroot.
An inforestis anintreeif only onerootis presen{cf. Figure2.3b). Similarly,
adagis calledan outforestif theindegreeof every vertex equalseitherzero
or one. Here,all verticeswith anindegreeequalto zeroarecalledroots. An
outforestwith only onerootis anouttree(cf. Figure2.3a).

| |
//\ A\
AN

(b)

Figure2.3: (a) Anouttreeand (b) anintree

Notethatintreesandouttreesbecomereesif thedirectionof edgess ig-
nored. We make this distinctionbetweenundirectedreesanddirectedtrees
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becauseve usethemin two differentcontexts. Directedtreesoccurasprece-
dencegraphsin schedulingproblems,while treesare usedascomputational
structuresn our algorithms.In the formercasethedirectionof edgess vital,
while in thelatter casethedirectionis unimportant.

2.2.4 Vertex SeriesParallel Digraphs

A digraphis a vertex seriesparallel digraph (VSP digraph)if it canbe con-
structedby applyingrecursvely thefollowing rules:

1. A digraphconsistingof asinglevertex is a VSPdigraph.
2. If G; = (V1,E1) andG; = (V,, Ep) areVSPdigraphsthen

(a) theseriescompositionG; o G, := (V1 UVL,E;UE, U (07 X 1)) is
aVSPdigraph,whereQ; is thesetof sinksof G; andl; is theset
of sourcef G,, and

(b) the parallel compositionG; U G, := (V1 UV,,E1 UE)) is a VSP
digraph.

Note thatevery VSP digraphis agylic. A VSPdagG canberepresented
by adecompositiorireethatreflectstherecursve structureof G. An ordered
properbinarytreeT is adecompositiotreefor G if eachleafof T corresponds
to avertex of G, andvice versa.Eachinternalvertex v of T is eithermarked
with “P” or“S”, representin@ seriesor parallelcompositiorof theVSPdags
thatcorrespondo the subtree®f T rootedat theleft child andtheright child
of v. We adoptthecorventionthatan“S” vertex joinsthesinksof theVSPdag
of its left subtreewith sourcesf the VSP dagof its right subtree.Figure2.4
shavs aVSP dagtogethemwith adecompositionreefor it.

Letv beavertex in thedecompositiorireeT for aVSPdagG. ThenG(v)
denoteghe VSP dag definedby the subtreeof T rootedatv. In particular
G(root(T)) = G. For eachvertex v, G(v) is calleda definingsubgaph of G
with regard to T. For instance et v denotethe lowestcommonancestoiof
vertex 1 andvertex 5 in Figure2.4h ThenG(v) is the subgraphof the VSP
dagin Figure2.4ainducedby theverticesl, 2,3,5.

Let G beaVSPdagandlet T beadecompositiorireefor it. Thebreadth-
first traversal of G with regard to T is the list of all verticesof G sortedby
depthsuchthat the verticesthat have equaldepthin G are sortedby their
preordernumberin T. For instance the breadth-firsttraversal of the VSP
dagin Figure 2.4awith regardto the decompositioriree in Figure 2.4bis
1,2,4,3,5,7,6.
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S

1 o\ /o 2 P/ \ b 1\\1.2

I 3 /s< \4 7/ \6 4 l3
4 5 S 5 /5
/ \
6 M 7 /P\ 3 6 () 7
1 2 .
() (b) ()

Figure2.4: (a) A vertex seriesparallel dag, (b) a decompositiorreefor it,
and(c) its line digraphinverse(seeSubsectior2.2.5).

2.2.5 EdgeSeriesParallel Multidigraphs

A classof graphsthatis closelyrelatedto VSP dagsis the classof edgese-
ries parallelmultidigraphs. A multidigraphis an edge seriesparallel (ESP)

multidigraph if it canbe constructedoy recursvely applying the following
rules:

1. A digraphconsistingof two verticesconnectedy a singleedgeis an
ESPmultidigraph.

2. If G1 andG; areESPmultidigraphsthenthemultidigraphsconstructed
by eachof thefollowing operationsareESP:

(a) two terminalseriescomposition identify the sink of G, with the
sourceof Go.

(b) twoterminalparallel composition identify the sourceof G; with
thesourceof G, andidentify the sink of G; with thesink of G,.

NotethatESPmultidigraphsareagyclic. ESPmultidagsarealsocalledtwo
terminalseriesparallel multidagsbecausevery ESPmultidaghasexactlyone
sourceandonesink.

An ESPmultidagG canbe representethy a decompositiortree. An or-
deredproperbinary tree T is a decompositiortireefor G, if eachleaf of T
correspondso anedgeof G, andvice versa. Eachinternalvertex v of T is
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eithermarkedwith “P” or“S”, representingseriesor parallelcompositiorof
the ESPmultidagsthatcorrespondo thesubtree®f T rootedattheleft child
andtheright child of v. We adoptthe corventionthatan“S” vertex identifies
the sink of the ESPmultidag of its left subtreewith the sourceof the ESP
multidagof its right subtree.

Obviously, ESPmultidagsandVSP dagsarerelated.To capturethis rela-
tionshipformally, we requirethe notion of line digraphs.Theline digraph of
amultidigraphG = (V,E) is thedigraphL(G) = (V',E’) suchthatthereexists
a bijective mappingf from E to V' and(f(ey), f(e)) is anedgein E' iff e
ande, areedgesn E with e; = (u,v) ande, = (v,w).

Lemma2.1([VTL82]) A multidigraphwith onesouice andonesinkis ESP
iff its line digraphis a VSPdag.

Clearly, every multidigraphhasa uniqueline digraph. Hence,the VSP
dagthatis theline digraphof an ESPmultidagis uniquelydetermined.The
“inverse”multidigraphof aline digraphis notuniquelydeterminedn general,
but onecanshawv the following [HN60]: For every line digraphthereexists
aninversemultidigraphthathasat mostonesourceandat mostonesink (take
anarbitraryinversemultidigraphandidentify its sourcesvith eachotherand
identify its sinkswith eachother). If we only considermultidigraphswith
at mostone sink and at most one sourceas inversesof line digraphs,then
everyline digraphG hasa uniqueinversegraph,which we denoteby L=1(G).
L-1(G) is calledtheline digraphinverseof G.

This factcaneasilybe seenin the caseof ESPmultidags:For every VSP
dagG thereexistsexactly oneESPmultidagL~1(G) suchthatL(L~1(G)) = G.
For instancethe ESPmultidagin Figure 2.4cis the line digraphinverseof
the VSP dagin Figure2.4a. Note thatthe treein Figure2.4bis not only a
decompositiortree for the VSP dag, but it is alsoa decompositiortree for
its line digraphinverse. Eachleaf of the treerepresents vertex of the VSP
dagandan edgeof its line digraphinverse. This fact holdsin general,and
the corverseis alsotrue, i.e., a decompositiorireefor an ESPmultidagis a
decompositionreefor its line digraph.

2.3 Partial Orders

Let X besomeset. A binary relationR on X is a subsebf X x X. We write
XRyif (x,y) € R, while xRymeangx,y) ¢ R. A binaryrelationis saidto be

o irreflexiveif xRxfor all x € X,
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e asymmetriaf XxRyimpliesyRxfor all x,y € X, and
e transitiveif xRyandyRzimpliesxRzfor all x,y,z € X.

A binaryrelationon X is a partial order if it is irreflexive andtransitive.
Note that every partial orderis asymmetric. Let R be a partial orderon X.
Thecompaability graphof Ris theundirectedyraphG = (X, E) with {x,y} €
E iff xRyor yRx Theincompaability graph of R is the complemenbf its
comparabilitygraph.

Thereis a one-to-onecorrespondencbetweenpartial ordersand transi-
tively closeddags. The dagthat correspondgo the partial orderR on X is
Gr = (X,E) with (x,y) € E iff xRy, for all X,y € X. A partialorderRis atree
order if thetransitve reductionof Gg is eitheraninforestor anoutforest.R
is a seriesparallel order if the transitve reductionof Gg is a vertex series
paralleldag.

2.3.1 Interval Orders

A partial orderR on X is aninterval order if, for all x,y,v,w € X, xRyand
vRwimpliesthatxRwor vRy. Interval orderscanalsobe characterizedising
intervalson therealline. A partialorderR on X is aninterval orderiff there
existsamappingl from X to closedintervalson therealline suchthatl (x) is
completelyto theleft of I (y) iff xRy Themappingl is calledaninterval rep-
resentatiorof theinterval orderR. A graphthatis the incomparabilitygraph
of aninterval orderis calledan interval graph As is well known, a partial
orderis aninterval orderiff its incomparabilitygraphis chordal[GH64].

2.4 Precedence&Constraints

Task systemswith precedenceonstaints consistof a setof tasksT anda
partialorder< on T. If x <y thenwe saythaty is a successopnf x or y
succeeds andx is a predecessoof y or x precedes. If x is a predecessor
of y andthereexists no taskthatis both successoof x andpredecessoof y
thenx is animmediatepredecessoof y andy is animmediatesuccessoof x.
In every scheduldor (T, <), ataskx mustbefinishedbeforey startsif y is a
successoof x.

It is corvenientto representhe partialorder< by adirectedacgyclic graph.
A precedencgraphfor (T, <) is adirectedagyclic graphG with vertex setT
suchthatfor all x,y € T thereis adirectedpathfrom x toy iff x < y. Since
tasksare alsoverticesof the given precedencgraph,the termsfor vertices
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of agraphcanequallywell be appliedto tasks.For instance gachtaskhasa
depth,aheight,andalevel.

2.5 Parallel Algorithms

We describeour parallel algorithmson a high level and mostly in termsof
basicparallelfunctionsthat are generallyacceptedas basicbuilding blocks
for parallel algorithms(seeChapter3). This enablesus to concentrateon
the algorithmicidearequiredto solve a schedulingproblemandto abstract
from featuresspecificto certainparallelmachinearchitecturesEfficientim-
plementation®f thesebasicfunctionsare availableon a numberof parallel
architecturegcf. [JaJ92 Lei92)).

2.5.1 Computational Model

Neverthelessin orderto analyzeresourceequirementsndto beableto com-
pareour resultswith existing work, we assumeas a model of computation
theparallel randomaccessnadine (PRAM) [FW78], amodelthatis widely
usedas a platform for describingparallel algorithms. The PRAM consists
of a numberof processorsgachhaving its own local memory andsharinga
commonglobalmemory Processorare controlledby a commonclock and
in every timestepeachof the processorgxecutesoneinstructionhandlinga
constantnumberof O(logn)-bit words. Communicatiorbetweenprocessors
Is carriedout by exchangingdatathroughthe sharedmemory

Differentvariantsof the PRAM modelhave beenconsideredvith respect
to theconstraint®n simultaneousiccesso thesamememorylocation.In the
exclusivereadexclusivewrite (EREW)PRAM, eachmemorylocationcanbe
accessetly at mostoneprocessoat atime. In theconcurentreadexclusive
write (CREW) PRAM, eachmemorycell canbe written to by at mostone
processoatatime. If nolimitationsareposedon memoryaccesseshenthe
PRAM is of theconcurentreadconcurentwrite (CRCW)type. The CRCW
PRAM modelcanbedifferentiatedurtherby how concurrentvritesarehan-
dled. ThecommorCRCWPRAM allows concurrentvritesonly whenall pro-
cessorareattemptingto write the samevalue. The arbitrary CRCWPRAM
allows an arbitraryprocessoto succeedandthe priority CRCW PRAM as-
sumesthatthe indicesof the processorsarelinearly ordered,andallows the
onewith minimum index to succeed.All variantsof the PRAM have been
showvn to be equally powerful exceptfor logarithmicfactorsin runningtime
or processorequirements.
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The adwvantageof PRAMs over parallelmachinemodelswith distributed
memoryis thatin the PRAM setting, algorithmsare easierto describeand
easierto analyze. The dravback of PRAMs is the someavhat “unrealistic”
assumptiorof a globally sharedmemory It hasbeenshowvn, however, that
PRAMSs canbe simulatedon distributedmemorymachineswvith only asmall
increasen runningtime [AHMP87, KLM92].

2.5.2 Performanceof Parallel Algorithms

The worst-casecostof a parallelalgorithmis given by threefunctionsT (n),
P(n), andW(n). FunctionT (n) is themaximumnumberof timestepshealgo-
rithm requiresto processaninput of sizen, P(n) is the numberof processors
thatmustbe employedin orderto achieve the time boundT (n), andW(n) is
the maximumnumberof operationghatare performedon aninput of sizen.
TheworkW(n) doesnotnecessarilyqualT (n) - P(n), sincenotall processors
maybeactve in eachtimestep.

A parallelalgorithmis saidto be work optimalif it is provedthatno other
parallelalgorithmcanexist thatsolvesthe sameproblemusingasymptotically
lessoperations. A parallelalgorithmis time optimal if it is proved that no
other parallel algorithm can be asymptoticallyfaster Both termsare used
with regardto a specificmachinearchitectureFor instanceanalgorithmmay
betime optimalwith regardto the EREWPRAM, despitethefactthatafaster
algorithmexistsfor the CRCWPRAM.

2.5.3 Complexity Classes

Obviously somecomputationaproblemsare easierto solve than others. A
main issuein computerscienceis to provide a mathematicaframework in
which problemscanbe classifiedwith regardto their compleity. It is gen-
erally acceptedo say that a problemcan be solved efficiently if it canbe
solvedin polynomialtime. For parallelalgorithms,a similar notionhasbeen
introduced. A problemis saidto be efficiently solvablein parallelif it can
be solvedin polylogarithmictime usinga polynomialnumberof processors.
This classof problemss commonlyreferredto astheclassA/C. In thesequel
we assumehat the readeris familiar with basictermsof compleity theory
suchas AP-completenesand P-completenesskor anintroductionto A(P-
completenesgheorywe referto the book by Garey andJohnsor{GJ79. A
detailedtreatmentof the limitations of parallelcomputationcanbe foundin
thebookby Greenlav, Hoover,andRuzzo[GHR95.



CHAPTER 3

BasicParallel Techniques

In this chapterwe presentbasicparalleltechniquesand algorithmsthat we
usein our parallelschedulingalgorithms.Most of thesealgorithmshave been
taken from the literature. Someof themhave beenadaptedo meetspecific
requirement®f our schedulingalgorithms andothersarestraightforvardap-
plicationsof known algorithms. The only “basic” algorithmthat cannot be
found elsavhereis the onethat computesa breadth-firstraversalof a series
parallelgraph(Section3.11).

3.1 Reschedulingand Brent’s SchedulingPrinciple

Supposeave aregivena PRAM algorithmwith time boundT (n) thatrequires
P(n) processorslf only p < P(n) processorsreavailableon a specificma-
chine,we have to reshedulethe algorithm. We partitionthe P(n) processors
into p groupsof sizeat most [P(n)/ p] andlet eachof the p available pro-
cessorsimulatethe processoref a distinctgroup. Hence eachparallelstep
of the algorithmcanbe simulatedby the p processorn time [P(n)/ p]. As
a consequencehe time requiredto executethe algorithmon p processorss
T(n)- [P(n)/p]. Inthesequelwewill usereschedulingjuiteoftenandusually
without furthernotice.

The conceptof reschedulinganbe extendedin the following way. Sup-
posewe aregivenanalgorithmthatrunsin T(n) parallelstepsandperforms
W (n) operationdn stepi, 1 <i < T(n). We simulateeachsetof W (n) op-
erationsby p processorsn [W(n)/ p] parallel steps. Thenthe time spent
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is 5 W)/ p] < Si(W(n)/ p+1) =W(n)/p+T(n), whereW(n) is thetotal
numberof operationperformeddy thegivenalgorithm. This schedulingrin-
cipleis alsoknown asBrent’s schedulingprinciple. Brentusedthistechnique
to evaluatearithmeticexpressiongfficiently in parallel[Bre74].

Brent's schedulingprinciple hasto be appliedcarefully. We have to make
surethatthe assignmenof work to processorshatis necessaryo simulatea
stepcanbedone.More preciselyfor eachparallelstep,eachof the p proces-
sorsmustknow whetherit is active or not, andif it is active, it mustknow the
instructionit hasto performandthelocationof the operandsin generalthis
assignmenis non-trivial.

3.2 Prefix Operations

The prefix operation takes a binary associatie operatord andan arrayof n
elements«y, ..., X, andcomputeshe array x;, X1 @ Xo,...,X1 DX @ ... D Xn.
For instancejf @ is addition,thenthe prefix operationappliedto thenumbers
7,4,3,0,-1,4,2vould return7,11,14,14,13,174 The prefix operationwith
additionis called prefix-sumsoperation. As for anotherexample,let & be
the binary minimumoperation.Then,the prefix-minimaoperationappliedto
7,4,3,0,-1,4,2eturns7,4,3,0,-1,-1,-1.

In whatfollows, we describea recursve parallelfunctionthatimplements
the prefix operationLF80]. Letx,,...,x, betheinput. Without lossof gen-
erality, we assumehatn is a power of 2, i.e., n = 2, for somenonneative
integer k. If n = 1 we returnthe input. Otherwise,we computethe array
X1 D X2, X3 D X4, - - - , Xn—1 D Xn @andapplyrecursvely our prefix operatiorto this
array Lety,...,yn2 denotetheresult. Finally, we returnthe arrayzi, . . ., z,
wherez is computedasfollows: Fori = 1, we setz; := x;. For eveni, we set
Z := Y2, andfor oddi > 1, we setz := yi_1)2 @ X. It is notdifficult to see
thatz = ®j_;X;.

We assumethat @& can be evaluatedby one processolin constanttime.
Sincein everyrecursve call to our functionthe sizeof thearguments halved,
the numberof recursve callsis logn. Furthermoregachincarnationof our
functioncanbe performedwithoutconcurrenimemoryaccess$n constanpar
allel time on n processorgnot countingtherecursve calls). Hence the algo-
rithm runsin time O(logn) on n processorsTo reducethe numberof proces-
sors,we apply Brent's schedulingprinciple. Insteadof n processorsve use
only n/logn processorsConsiderthework Wj(n) performedby thealgorithm
in incarnationj, not countingthe recursve call. For somesuitablepositve
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constant, thework performedn thefirstincarnations cn, in the secondn-

carnationthis work is reducedo cn/ 2, andsoon. In generaljn incarnation
j (j=1,...,logn), W;(n) = c2k-1*+1 It follows thatthetotal work performed
by thealgorithmis W(n) = z'j":gfvvj (n) = O(n). Onn/logn processorsve can
simulateincarnationj in time [W;(n)logn/n]. Sincetherearelogn incarna-
tions,thetotal runningtimeis

Eﬂ [ww 3 "i” (VM N 1) — O(logn).
i= = "

n

Dueto theregularstructureof theprefixalgorithmBrent's schedulingrin-
ciple canbe applied. It is not difficult to allocatework to processorn each
incarnation,but sincethe detailsdo not provide new insight, we omit them.
We have shavn thefollowing:

Theorem3.1([LF80]) A prefixopemtiononn elementganbeperformedon
the EREWPRAMiIn time O(logn) usingn/logn processos.

Prefix operationsarequite useful. Somebasicapplicationsof prefix oper
ationsaregivenin thefollowing.

Onthe EREW PRAM, prefix operationsare often usedto distribute data
from onememorylocationto otherse.g., to simulateconcurrenteadaccesses
to memory Supposave wantto broadcast valuex from cell 1 to the cells
2,...,n. First, we write a zerointo cells 2,...,n. Thenwe executea prefix-
sumsoperatioronthearrayfrom cell 1 to n. After that,eachof then memory
locationshasvaluex. Clearly, on PRAMSs capableof concurrentread,we do
not requireprefix operationgo distribute data.

Another applicationis the extraction of subsequencesSupposewe are
givenanarrayX = Xy, ..., X, Of arbitraryelementandanarrayA = ay,...,an
with g € {0,1}. To extractthesubsequenceé of X thatconsist®f all elements
X with g = 1, we computethe prefix-sumsf A andstorex; into anew array
Y at positionzij:1 aj if a = 1.

3.2.1 SegmentedPrefix Operations

Supposewne aregivenan array X = Xg,...,Xs of elementdravn from a set
W andaBooleanarrayB = by, ..., b, thatsplits X into a numberof blocksin
thefollowing sense Fromleft to right, eachentry of B thatis true marksthe
beginningof anew block of X. Hence,|if b is thek-th true entryof B andb;
is the (k+ 1)-th true entry of B, thenthe k-th block of X is &;,...,a;_1. The
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lastblock of X startswith the index of the lasttrue entry of B andendswith
Xn. Ourgoalis to applya prefix operationindependenthandsimultaneously
to eachblock of X (asdefinedby B). As it turnsout, this sgmentedorefix
opemtion problemcanbe solved by a single prefix operationon X, provided
thatwe carefullychoosehebinaryprefix operator

Let @& bethe binary associatie operatorthatwe wantto applyto the ele-
mentsof X. We defineanew binaryoperator onW x { true, falsg asfollows:

(xey,b) if c="false
(y,©) otherwise

MM®m@:{

It is notdifficult to seethat® is associatie, providedthat® is associatie. As

before,let the k-th block of X spantheindicesi to j — 1, andlet g be some
index between and j — 1. Thenthe first componenbf ®g:l(xp,bp) equals
@gzixp. Hence_,a singleprgfix_@ operationon the tuples(xy,b1), - .., (Xn, bpn)

computesa prefix-b operationn eachblock of X.

Theorem 3.2 A sggmentedorefix operation on an input of sizen canbe per-
formedonthe EREWPRAMin O(logn) timeusingn/logn processos.

3.3 Computing the Maximum in ConstantTime

Considetthe problemof computingthe maximumof n numberslf weapplya
prefix-maximaoperatiorto thearrayof numbersthenthe prefixmaximumfor

thelastnumberis the maximumof all numbers.Hence,we requireO(logn)

time andusen/logn processors.Clearly, this is a work optimal algorithm,
sincewe have to performat leastO(n) operationgo look at all numbers.On

the CREW PRAM (and EREW PRAM) this algorithmis alsotime optimal
[CDR86], but onthe CRCWPRAM we cando better In thefollowing we as-
sumethe wealestvariantof the CRCWPRAM, namely thecommonCRCW
PRAM, whereall processorshatwrite to the samememorycell atthe same
time have to write the samevalue.

It hasbeenshavn by ShiloachandVishkin [SV81] thatfor ary € > 0, the
maximum(or minimum)of n elementsanbefoundonthe CRCWPRAM in
constantime usingn'*¢ processorswWe will shaw in thefollowing thatif all
numbersareintegersin therange, ..., O(n), thenumberof processorsanbe
reducedo n, while still runningin constantime. The algorithmexploits the
factthatthe OR of n Booleanvaluescanbe computedon the CRCW PRAM
with n processoré constantime.
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We first considera problemrelatedto the maximumproblem. Given a
Booleanarray X = xy,...,X, that containsat leastone true, determinethe
largestindex i suchthatx; = true. Assumethat (2) = O(n?) processorsire
available. We createa BooleanarrayY =y, ...,Yn, With all entriesinitially
setto false Eachof the (3) processorselectsa distinctpair of indicesi and
j, with 1 <i < j <n, andwritestrueinto y; iff X; = true or x; = false After
that, exactly one entry yi containsfalse andthis k is the largestindex with
Xk = true. All of theseoperationsanbe performedn constantime.

Now, we assumehatonly n processorare available. We split X into ap-
proximately,/n blocksX,...,X g, eachof sizeroughly/n. For eachblock
Xi, we computethe BooleanOR of the bits in X; andthenusethe algorithm
of the previous paragrapho determinethe lastblock X thatcontainsa true.
Sincethereare/n blocks,this canbe doneon n processor# constantime.
Finally, we determinethe largestindex | in block X, with x; = true, again
usingthe algorithmgivenin the previous paragraphOnly y/n elementhave
to behandledhenceconstantime andn processorsufice.

Let usreturnto our original problem.Let a, ..., a, denotetheinput with
numbersn therange0,.. ., f(n), with f(n) = O(n). We createa Booleanarray
Do, ..., bt andsetbj to trueiff thereexistsanindex i with a; = j. Thisarray
canbe createdin constantime on n processorssince f(n) = O(n). All we
have to do now is to find thelargestindex i with b; = true. As we have seen
above, thiscanbedonein constantime on f(n) processors.

Theorem 3.3 ([FRW88]) Themaximunof nintegersin therangeO,...,0(n)
can be computedon the (common)CRCWPRAM n constanttime usingn
processacs.

3.4 Merging

Giventwo sortedsequenceX andY, the problemof memging X andY is to
computea new sortedsequencehatconsistf the elementf X andY. We
firstdescribeanon-optimaklgorithmfor meigingbasednbitonicsequences.
Thena work optimal algorithmis derived that usesthe bitonic meigerasa
subroutine.

3.4.1 Bitonic Merge

A sequencef elementdravn from alinearly orderedsetis calledbitonic if
it is a concatenatiof two monotonicsequencesynenondecreasingndthe
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other nonincreasing.We say that the sequenceemainsbitonic if it is split
someavhereandthe two partsare interchanged.For example,the sequence
7,4,9,20,33,10is bitonic since9, 20,33 is nondecreasingnd10,7,4 is non-
increasing.An interestingpropertyof bitonic sequencess the following: If
X1,...,Xon IS bitonic, thenthe sequences

mMiN(X1, Xn+1), MiN(X2, Xn1-2), - - -, MIN(Xn, Xon) (3.1)

and
max(X1, Xn+1), Max(X2, Xn1-2), - - - , MaX(Xn, Xon) (3.2)

arebitonicaswell, andnoelemenbf (3.1)is greateithanary elemenbf (3.2).

To seethis, considerthefollowing. If x1,...,Xon is split andthetwo parts
areinterchangedhenthesequenceg3.1)and(3.2)aresplitandinterchanged
thesameway. Hence,t sufficesto look atthe casewhere

Xp <o SXjo1 SXj 2 Xjp1 2000 2 X,

for somej, 1 < j < 2n. We canfurthermoreassumehat j > n, sincethere-
versalof sequencedoesnot changetheir bitonic property If x, < Xon then
X < Xn4i, for all 1 <i < n. Hence,sequencg3.1) equalsxy,...,X, andse-
guencg3.2)equals, 1, - - -, Xon, WhicharebothbitonicsequenceOtherwise
Xn > Xon. Thenthereexistsanindex i, 1 <i < nsuchthatx; > X1 andx;_; <

Xnti_1. It follows thatthe sequencé3.1) equalsxy,. .., X1, Xn+ti,-- -, Xon @nd
thesequencg3.2) equalsXyi1,- -, Xnei_1, X, - - -, Xn (Cf. Figure3.1). It is not
difficult to seethatno elemenbf (3.1)is greatethanary elemenof (3.2)and
thatbothsequencearebitonic.

X]
—
/ AN
/ AN
/ \
\ Xn
P 2l ¢ \ ) .
_ " Xn n+1 Xnti—1 « XI///
-7 X TN X
=77 X P T N
* [ N
X1 X1 N
.
X2n

Figure3.1: Bitonic sequenceseetext).
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Usingthis propertyof bitonic sequencesye candesigna simplerecursve
functionthatsortsa bitonic sequenc¢Bat6g: Withoutlossof generalitywe
assumethatn = 2K, for somepositive integerk. Let xg,...,x, be theinput
sequencelf n= 1 we returnthe input. Otherwise,we recursvely sortthe
sequencenin(Xy,Xn2+1), --., MiN(Xpy2,Xn) andthe sequencemax(xy, Xy2+1),
..., maxXy2,X%n). In the end,we returnthe concatenatedesultsof the two
recursve sorts.

With input sizen, anincarnationof this function (not countingthe recur
sive calls) canbe performedin a constantnumberof parallel stepson ann
processoEREW PRAM. The two recursve calls are processedn parallel:
One half of the processorsortsthe sequencef minima andthe other half
sortsthe othersequenceHence therunningtime T(n) of our function satis-
fiesthefollowing recurrenceT (n) = T(n/2) + c, for somepositive constant
c. Thesolutionof thisrecurrences T(n) = O(logn).

Now, let X1, ..., Xy andy, ..., ¥ym be two sortedsequences.Thenthe
sequencey, ..., Xn, ¥m, ---, Y1 IS bitonic, andwe canuseour function that
sortsa bitonic sequencéo memgethesequencesy, ..., Xy andyy, ..., ym. We
obtain:

Theorem 3.4([Bat68]) Twosortedsequencesftotal lengthn canbemeiged
onann processoEREWPRAMIn time O(logn).

3.4.2 A Work Optimal Merging Algorithm

The bitonic memger just describeds not work optimal, sinceone processor
canmeigetwo sortedsequences O(n) time but the bitonic memgerrequires
O(nlogn) operations.In the following we describea work optimal meiging
algorithm.Our descriptiormainly follows [AMW89]. Similaralgorithmscan
befoundin [BN89, HR89.

Let X =Xyp,...,% andY =v;,,...,Ys betwo sortedsequencesandlet n =
r +s. We assumehatall elementdn X andY aredistinct. If thisis notthe
casedistinctnessanbe achiezed asfollows. We replaceeachelement; in
thefirst sequencéy atriple (x;, 1,i) andreplacesachelementy; in thesecond
sequencdy a triple (yi,2,i). Then,we memge the two sequencesf triples
usinglexicographicorder

LetvbeanelementWe saytherankof vin X iskif exactlyk element®f X
arelessthanv. Let X = X;RX andY =Y, SY,, i.e., Ris a(possiblyempty)sub-
sequencef X andSis a (possiblyempty)subsequencef Y andXy, X, Y1,Ys
aretherespectre prefixesandsufiixesof X andY. We sayR andS arecom-
patibleif all elementof RandSaregreatethanall elementof X; andY; and
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lessthanall element®f X, andY,. Forinstancelet X = 2,5,7,8,10,14,22,30
andY = 1,3,6,12,15,34,35. Thenthe subsequence? 10,14 and12,15 are
compatible.Furthermore/,8,10 and12,15 arecompatibleand7,8 is com-
patiblewith theemptysequencén Y betweert and12. Givenasubsequence
R of X, asubsequencef Y compatiblewith R canbe determinecasfollows.
Take thefirst andthelastelementof R andcomputetheirrankin Y. Let a be
the rank of the first elementandlet b be the rank of the lastelement. Then
thesubsequencef Y consistingof the (a+ 1)-th up to the b-th elementof Y
is compatiblewith R.

Assumefor the time being that we have partitionedX andY into O(n/
logn) pairsof compatiblesubsequenceR; andS; suchthatfor all j, R; is a
subsequencef X, S is a subsequencef Y, andR;, S; consistof O(logn)
elementseach. Obviously, we canmemge X andY by first memging eachpair
R;j, Sj andthenconcatenatinghe resultsfor all j. Using one processofor
eachpair R; andS;, we canperformall memgesin time O(logn) usingn/logn
processors.

Whatremaings to computetheR;’sandS;’s. FromX andY, we selectev-
ery [logn]-th elementandmeigethetwo selectedsubsequencassingbitonic
meige. By Theorem3.4,this canbe performedn time O(logn) usingn/logn
EREW PRAM processorsLet u®d, u@, ... bethe selectedcelementsof X,
andlet VD, V@, .. bethe selectecelementsof Y. Furthermorelet U® be
thesubsequencef X startingwith u®) andendingright beforeu(*d j.e.,, U®
containsu® but notu®?, Similarly, let V® bethesubsequencef Y starting
with V) andendingright beforev(+1.

If we know therankof eachvil) in X andtherankof eachu® in'Y, thenit is
easyto computepairsof compatibleR;’s andS;’s with the desiredproperties
(Figure 3.2). In the following we describehow to computethe rank of each
V) in X. Thesamealgorithmcanbeusedto computetheranksof theu®’sin
Y.

LetW bethememgedsequencef vi)’'sandu()’s. Usinga prefix operation
onW sgmentedby theu®’s, we candeterminefor eachvt)) theindex i such
that Vi) falls into U®). Then, using binary search,we determinethe exact
positionin U® wherev) belongs. One processorcan perform the binary
searchin time O(loglogn). If morethanoneelement/) falls within thesame
U®, thenconcurrentreadaccesseto the samememorycell may occur To
avoid this, we malke a sufiicient numberof copiesof U beforehandandlet
eachbinary searchusea distinctcopy. Let V), ... v bethe elementghat
fall into the samesubsequence ®. We requirek — j + 1 copiesof U® and
we createthesecopiesperforming|U (] prefix-maximaoperationseachon a
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u® u® u® u®@
X [u® u® u® u@
Y VO V@ VA V4
v v©d v V(4)
X [Ri|R |Rs|Rs [R5 [Rs Ry
Y S ENENEIEERE

Figure3.2: To mege X andY wedetermingherankof each u® in Y andthe
rank of ead V() in X. e obtain pairs of “small” compatiblesubsequences
RJ' andSJ-.

sequencef sizek— j+ 1. We usek — j + 1 processorandrequireO(logn)
timebecaus¢hesizeof U( is O(logn). Sincethenumberof selectedlements
V() is O(n/logn), the numberof binary searcheshathave to be performeds
O(n/logn) too. Hence,we candeterminethe ranksof all V() in X in time
O(logn) usingn/logn EREWPRAM processors.

We have just shawn:

Theorem3.5([AMWS89, BN89,HR89]) Twosortedsequencesftotal sizen
canbemegedonthe EREWPRAMiIn timeO(logn) usingn/logn processos.

3.4.3 SegmentedMerging

Assumewe aregivenk pairsof sortedsequenceX; andy;, i =1,...,k, andwe
aresupposedo memge X; with Y;, for everyi. Insteadof performingk memge
operationswe performonly one. In eachX; we replaceevery elementx by
atuple (i,x). Thenwe concatenateXy, ..., Xy to form the sequencé. We
carryoutthe sameoperation®ntheY;’sto form thesequenc®. We mege A
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andB usinglexicographicorderonthetuples,andthusobtaina sequenc¢hat
consistof X; memgedwith Y, followedby X, memgedwith Y,, andsoon.

Theorem 3.6 We can meige any numberof pairs of sortedsequencesvith
total lengthn in O(logn) timeusingn/logn EREWPRAMprocessacs.

3.5 Sorting

Let X beasequencef n elementgiravn from alinearly orderedset. Without
lossof generalitywe assumen = 2%, for somepositiveintegerk. To sortX we
canusemeige-sort whichworksasfollows. First,we split X into n sequences
of length1l. Now, we iteratelogn times. In eachiterationwe groupthe set
of sortedsequencesbtainedsofarinto pairsandmeimge eachpairinto a new
sortedsequenceln doing so, the numberof sequences halved, while their
lengthdoubles.Consequentlylogn iterationssuffice to obtaina singlesorted
sequence’ that consistsof all elementsof X. All memge operationsof one
iterationarecarriedout simultaneouslyisingsegmentednerging. Hence we
canprove:

Theorem 3.7 Asequencefnelementsirawnfroma linearly orderedsetcan
be sortedon the EREWPRAMIin time O(log? n) usingn/logn processos.

If we areonly interestedn asortedsequencéhatconsistof thes smallest
elementof X, thenwe canperformbetter We assumedhatn ands areboth
powersof 2. We divide mege-sortinto two phases.Phaseone consistsof
logs iterationsresultingin n/s sortedsequencesf sizes each. We require
O(lognlogs) time onn/logn processorso performphaseone. In phasewo,
everytime we memgetwo sequencesf sizes we only keepthefirst s elements
of the result. This way the numberof elementsve have to handleis halved
in eachiteration. Sinceall sequenceareof sizes, eachmemge requiresO(s)
operationsandtakes O(logs) time, providedthatwe useat leasts/logs pro-
cessors.In iterationi, we have to memgen/ (s2'-1) sequenceandthe work
performedis O(n/2—1). If we usen/logn processorsve canperformitera-
tioni in time O(max(logs, (logn)/2'~1)). Thetotal time spentin phasewo is
O(lognlogs) sinceat mostlogn iterationshave to be performed We obtain:

Theorem 3.8 Let X be a sequencef n elementgdrawn from a linearly or-
dered set, and let s be an integer with 1 < s < n. A sortedsequencehat
consistf thes smallesielement®f X canbe computedn timeO(lognlogs)
usingn/logn EREWPRAMprocessas.
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The memge-sortalgorithm given at the beginning of this sectionis work
optimalbut nottime optimal. A work optimalsortingalgorithmfor theEREW
PRAM thatis alsotime optimalis Cole’s pipelinedmermge-sort:

Theorem3.9([Col88]) A sequencef n elementsan be sortedin O(logn)
timeusingn EREWPRAMprocessos.

3.6 List Ranking

Supposeve aregivena linked list L of n nodeswhoseorderis specifiedby
anarrayof pointerss(1),...,s(n): in L, thenodefollowing nodei hasnumber
§(i), for 1 <i < n. We assumehatthefirst nodeof L is nodel andif nodei is
thelastnode,thens(i) = 0. Thelist rankingproblemis to determinethe rank
of eachnode,i.e,, its distanceo theendof thelist.

Onasequentiatcomputerlist rankingis atrivial problem.All we haveto
doisto traversethelist. In theparallelsetting list rankingis moreinvolved. A
simplelist rankingalgorithmis thefollowing, which useshepointerjumping
technique. To eachnodewe dedicateone processolanda variabled(i) that
will containthe distanceof nodei to the endof thelist. Initially, d(i) is zero
if nodei is thelastnodeof thelist andotherwised(i) = 1. Then,we iterate
thefollowing: In eachiteration,processor executesd(i) := d(i) + d(s(i)) and
s(i) ;= S(s(i)) if (i) is notyet zero. After O(logn) iterationsall pointersare
zeroandd(i) is the distanceof nodei to theendof thelist (Figure3.3). Each
iteration requiresa constantnumberof parallel stepson the EREW PRAM
sinceno concurrentnemoryaccessesccur Hence we obtain:

Theorem3.10([Wyl79]) Givena linkedlist L with n nodestherankof eath
nodein L can be determinedon the EREWPRAMin O(logn) time usingn
processacs.

Clearly; this algorithmis not work optimal. Work optimallist rankingal-
gorithmsfor the EREWPRAM areknown but arequiteinvolved.

Theorem3.11(JAM88, CV88a]) Thelist rankingproblemfor a list of sizen
canbesolvedin O(logn) timeonn/logn EREWPRAMprocessos.

Thebasicideabehindthesealgorithmsis thefollowing stratey:
1. Shrinkthelist until only O(n/logn) nodesremain.

2. Apply pointerjumpingto thelist of remainingnodes.
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Figure3.3: List rankingusingpointerjumping After [logn] iterations(here:
3), all nodesknowtheir distanceto theendof thelist.

3. Restoreheoriginallist andrankthe nodeghathave beenremoved.

Thedifficult partis stepl. Step2 hasjust beendescribedandstep3 is essen-
tially stepl reversedFor details,we referto [AM88] and[CV884.

3.6.1 Prefix Operationson Link ed Lists

List ranking canbe usedto performa prefix operationon the elementsn a
linkedlist. To thisend,we determingherankd(i) of eachlist nodei andstore
the elementof nodei in anarrayX at positionn—d(i), wheren is the length
of thegivenlist. Next, we performthe desiredprefix operationon X. Finally,
we move the prefix valuecomputedn X at positionn — d(i) backto nodei.
Using Theorem3.11andTheorem3.1we obtain:

Theorem 3.12 A prefixoperationontheelement®f a linkedlist canbecom-
putedin time O(logn) usingn/logn EREWPRAMprocessos.

3.7 The Euler-Tour Technique

A numberof importantproblemson treescanbe solved usingthe Eulertour
technique which hasbeenintroducedby TarjanandVishkin [TV85]. In the
following we restrictour attentionto rootedtrees. We assumehatthe given
treeis orderedthatis, for eachvertex anexplicit orderof its childrenis given.
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For example thetreemayberepresentetly a sequencef vertices eachver-
tex beingassociatedith apointertoits right siblingandapointerto its parent.
Thisis anecessarprerequisitdor the Eulertourtechniquellf thetreeis not
orderedwe have to orderthechildrenof eachvertex usingsorting.

Every edge(x,y) of the given treeis replacedby two anti-parallelarcs
d(x,y) andu(x,y), one pointing downwardsfrom x to y andthe other point-
ing upwardsfrom y to x. We build a list of thesearcssuchthatthe resulting
pathruns counterclockwisalongthe contourof the tree,i.e., the pathis an
Euleriantour of the tree. If the numberof verticesin the treeis n, this can
be performedin constantime on n processorsincethe treeis ordered.We
breakthis tour at the root taskandobtaina paththatcorresponds$o the order
of advancingandretreatingalongedgesduringanordereddepth-firstraversal
of thetree.We call this paththe Euler-tour of thegiventree. In Figure3.4,a
treeandits Eulertour aredepicted.

(@) (b)

Figure3.4: A treeandits Eulertour d(1,4), u(1,4), d(1,3), d(3,5), d(5,7),
u(5,7), u(3,5), d(3,6), ui3,6), ..., u(2,8), u(1,2). (a) To computehe preorder
numbes of thetreevertices,we assignl to downgoingarcs of the Euler-tour
andO to upgoingarcs. (b) Theprefixsumsof thearc valuesonthe Euler-tour.
Theprefixsumfor arc d(x,y) is the preorder numberof y minusl.

In the following we shav how the Eulertour canbe usedto computethe
preordemumberandthe depthof eachvertex in the giventree. We startwith
thedepth.We assigna valueof -1 with eachupgoingarcin the Eulertourand
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avalueof 1 with eachdowngoingarc. Then,we computethe prefix sumsof
thearcvalueson the Eulertour. The prefix sumobtainedthis way for d(x,y)
is thedepthof y minus1. To computepreordemumberswe proceedhesame
way asjust describedyith the exceptionthata valueof 0 is assignedo each
upgoingarcof the Eulertour (insteadof -1). Now the prefix sumobtainedor
d(x,y) is the preordemumberof y minus1 (Figure3.4b).

Theorem 3.13 Given an ordered tree with n vertices,we can computethe
depthandthe preoder numberof eadh vertex in time O(logn) usingn/logn
processos of an EREWPRAM.

Proof. The Eulertour canbe constructedn constantiime on n processors,
andhencein O(logn) time on n/logn processors A prefix-sumsoperation
on the elementsof a linked list canbe carriedout within the samebounds
(Theorem3.12). O

3.8 TreeContraction

Supposeve aregivenabinarytreewhereto eachleaf somevalueis assigned,
eachinternalvertex of the treerepresents binary function, and eachedge
represents unaryfunction. The valueof anedgeis determinedy applying
its functionto thevalueof thechild it pointsto. Thevalueof avertex is deter
minedby applyingits functionto the valuesof the edgeghatpointto its two
children. We call sucha binary treean expressiontree The goalis to com-
putethe valuesof all verticesin the given expressiontree. An efficient way
of solving this expressionevaluationproblemin parallelis tree contraction
Thistechniquéhasbeenintroducedoby Miller andReifin [MR85]. Sincethen
a numberof authorscontributedto it [KD88, CV88h ADKP89, GR89. Our
descriptionfollows [KD88] and[ADKP89].

The basicideaof tree contractionis to contractthe given binary tree by
iteratively removing verticesuntil only threeverticesremain:its rootandtwo
of its leaves. During contraction the valuesof the removed leavesandthe
functionsof theremovedverticesandedgesarecombinednto new functions,
andthesefunctionsareassociatedavith the remainingedges.After eachcon-
traction step,the value of eachof the remainingvertices,as definedby the
new expressiortree,is identicalto its valuedefinedby the original expression
tree. Hence attheendof contractiorthe valueof theroot caneasilybe com-
puted.To computehevaluesof theremovedverticesthefinal expressiortree
Is expandedo its original sizeby undoingthe sequencef contractionsteps
in reverseordet
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In the following we first shov how verticesandedgesareremoved from
the treeduring contraction. We will later shov how to handlethe functions
they representThebasicoperationusedto contractthetreeis raking A rake
operatiortakesaleafs, its parenty, its siblingw, andtheparentu of its parent.
It removess andv from thetreeandthe edgesncidentto themandputsanev
edgefromutow:

"

In orderto be fast,we wantto rake in eachparallelstepa large numberof
leavessimultaneouslyin thefollowing threesituationghetwo leavess andt
cannotberakedsimultaneously:

These(and their symmetriccounterpartsare the only situationswheretwo
rake operationsnterferewith eachother

Our stratgy for schedulingthe rake operationsss the following. First,
we numberthe learvescounterclockwisalongthe contourof the binarytree.
This caneasilybe doneusingthe Eulertour technique.Thenwe iterateuntil
only two leavesremain.In eachiteration,we first simultaneouslyake all odd
numberedeft leavesandthenwe simultaneouslyake all oddnumberedight
leaves.(Theonly exceptionis thefirst andthelastleaf: if oneof themis achild

of theroot,we cannotrakeit. Insteadwe donottouchthisleafarymore,since
it will beoneof thetwo leavesthatremaintill theend.)Finally, we divide the
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numberof eachof the remaining(even numbered)eavesby 2, andstartthe
next iteration.

It is not difficult to seethat the simultaneousakesdo not interferewith
eachother Moreover, in eachiterationthe numberof leavesthatremainto be
rakedis atleasthalved. Hence afterO(logn) iterationsthetreeis reducedo a
treethatconsistof theroot andtwo leaves. Eachiterationcanbe performed
on n processorsn a constantnumberof parallelsteps. In the first iteration
O(n) work is performedandin eachfurtheriteration,only half of thework of
thepreviousiterationneeddo bedone.Hence thetotal numberof operations
requiredto contractthetreeis O(n). To reducethenumberof processorfrom
nto n/logn, we applyBrent's schedulingorinciple: Onn/logn processorghe
time requiredto contractthetreeis still O(logn).

Lemma 3.14 A binary treeof sizen canbe contractedon the EREWPRAM
in time O(logn) usingn/logn processas.

We now returnto the problemof computingthe valuesof the verticesin
the givenexpressiortree. We first focuson how the valueof theroot of the
treecanbecomputed We assumehatthefunctionsassociateavith edgesare
taken from anindexed setof unaryfunctions. In particular eachfunctionis
uniquelydeterminedy anindex. Supposeave wantto rake aleaf swith value
val(s). As before,let v bethe parentof s, let u bethe parentof v, andlet w be
thesibling of s. Furthermorelet f bethefunctionassociatedvith v andlet g;,
gj, andgi bethefunctionsassociateavith the edges(v,s), (u,v), and(v,w).
We rake s asdescribedeforeandadditionally we assigna new functiongn,
to thenew edge(u, w):

Om

Thenew functiongy, is definedas

gm(X¥) = gj(f(gi(val(s)), 9k(x)))- (3.3)
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Hence by rakings, the valuesof all remainingverticesremainunchangedin
particular thevalueof therootin thecontractedxpressiorireeis still its value
asdefinedn theoriginalexpressiortree.We obtainthefollowing result: If the
index mcanbedeterminedrom f, i, j, andk in constansequentiatime and
if all edgefunctionscanbe evaluatedin constansequentiatime, giventheir
index andargument,thenthe value of the root canbe computedn O(logn)
time usingn/logn processors.

Whatremainsis to computethe valuesof all othernon-leafvertices. To
this end,we undoall rake operationsn reverseorder We startwith the con-
tractedtreethatconsistf theroot andtwo leavesandendup with the origi-
nal expressiortree. Assumethatleaf s hasto be unrakedin thenext iteration
of unraking. Furthermore assumehat all valuesof verticesin the current
expressiontree are computed. To unrale s, we remove the edge(u,w) and
reinsertv andstogethemith theirincidentedgequ, V), (v,s), and(v,w). Since
the value of w is known by now, we can computethe value of v, which is
f(gi(val(s)),gk(val(w))). Clearly “uncontracting”the tree and computingall
valuescanbe performedwithin the sametime and processoboundsascon-
tractingthetree.

Treecontractioncanbe appliedto a wide rangeof expressionevaluation
problems.In eachindividual casewe have to provide a suitablesetof indexed
edgefunctions. In mary casestree contractioncan also be usedto solwe
expressiorevaluationproblemson arbitrary(non-binary)rees.Theideais to
corvertthearbitraryinputtreeinto a binarytreewith anexpressiorevaluation
problemthatis equialentto the original problem.

3.8.1 Computing the Vertex Height in Trees

In the following we shav how tree contractioncanbe usedto determinethe
heightof eachvertex in an arbitraryorderedtree. To eachleaf we assigna
valueof 1 andto eachinternalvertex u we addauxiliary verticesasfollows:

/ 1+ max,”
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Each®old” vertex is associateavith thefunction f : (x,y) — 1+ maxX,y) that
addsl to themaximumof thevaluesof its left andright child. Eachauxiliary
vertex is associateavith the function f' : (x,y) — maxx,y). All edgesobtain
theidentity function. It is not difficult to seethatthe valueof an“old” vertex
in the resultingbinary expressiontree equalsits heightin the original tree.
Sincethe input treeis ordered all auxiliary verticescanbe insertedinto the
treein constantime on n processorsandhencein O(logn) time on n/logn
processors.

Suitableedgefunctionsfor treecontractiorarethefollowing. For integers
aandb, let gy, betheunaryfunction

Oap : X+ a+ maxDb, ).

Initially, we let all edgescarry the functionggp g, sincefor positive X, goo
is theidentity function. Supposehatduringtreecontractionwe have to rake
a leaf s with parentv. As before,let u be the parentof v andlet w be the
sibling of s. Furthermorelet g,, bethefunctionof edge(v,s), let g. 4 bethe
functionof edge(u, v), andlet ge, bethefunctionof (v,w). If thefunctionof v
Is 1+ max then,accordingo (3.3),the edgefunctionfor the new edge(u, w)
is supposedo be

9e.d(L+ maxgap(val(s)), gen(x)))
—_———

def,

= ¢+ maxd,1+ maxk,e+ maxh,x)))
= c+1l+e+mamaxd—1-ek—eh)x)
= Oet1+emaxd—1-ek—eh)(X),

andif thefunctionof v is max thenthe edgefunctionof (u,w) is

Jc+emaxd—ek—eh) (X).

In eithercasetheindex of thenew edgefunctioncanbecomputedn constant
sequentiatime. It is furthermoreclearthatg,, canbe evaluatedin constant
sequentiatime, givenits index (a, b) andits argument.We concludethatthe

functionsg,p aresuitablefunctionsfor theedgesduringtreecontraction.We

have shavn:

Theorem 3.15 Using tree contraction, we can computethe height of eath
vertexin an orderedtreeof sizen in time O(logn) with n/logn EREWPRAM
processacs.
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3.8.2 Path Extraction

A problemthatcanbesolvedby treecontractiorusingthesamesdgefunctions
asusedin the previoussubsections pathextraction We aregivenanordered
tree with one designatedeaf x and want to extract the path from x to the

root. More preciselythe outputis supposedo beanarraythatconsistof the

verticesof the pathfrom x to theroot, in thesameorderastheverticesappear
on that path. To solwe this problem,we usethe sameconstructionasin the

previoussubsectionwith thefollowing exceptions.To all leaves,exceptx, we

assignvalue0. To x we assignl. We let all otherverticescarrythe function

f 1 (xy) = maxXx,y). In the expressiortreeobtainecdthis way, the valueof a

vertex is positive iff the vertex belongsto the pathfrom x to the root of the

tree. Now we candeterminethe rank of eachvertex on that path (usinglist

ranking)andstoretheverticesinto anarray

Theorem 3.16 Givenan ordered tree and one designatedeaf x, we can ex-
tractthepathfromxto therootof thetreein O(logn) timewith n/logn EREW
PRAMprocessos.

In the following we shav how this techniquecan be extendedin order
to handlea numberof treessimultaneously Supposewe are given trees
T1,..., Ty, andk designatedeavesxy,. .., X, wherex; is aleafin T;. To com-
putethe k pathsthatgo from eachx; to theroot of T;, we proceedasfollows.
We join thetreesTy,..., Tt into a new tree T by addinga new vertex r and
addingedgedrom therootsof Ty,..., Ty tor. To leaf x; we assignthe value
I, while to all otherleaveswe assign0. Thenwe follow the constructiorde-
scribedabove. In the resultingexpressiontree, the value of a vertex (other
thanr) isi iff thevertex is onthepathfrom x; to therootof T;. We concatenate
thesepathsinto asinglelist andstoretheresultinglist into anarray Thesdast
operationsanbe carriedout by prefix operationsandlist ranking. We have
shawn:

Theorem3.17 Let Ty, ..., T be ordered treeswith a total numberof n ver
tices,andlet x; be a designatedeafin T;, fori = 1,...,k. WWe canextract for
all x; simultaneouslythe pathfromx; to theroot of T; in time O(logn) using
n/logn EREWPRAMprocessacs.
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3.9 ParenthesisMatching

A strings of openingandclosingparentheseis calledwell formedif scanbe
derivedby thegrammar
S— a\ (S) | SS

A matding pair of parenthesem sis a pair thatis generatedn a singlestep
in thederwvationof s. For instancethe string (()(()())) is awell formedword
of parenthesesyhile the string (()(()) is not well formed. In a well formed
word of parenthesegvery parenthesiss onehalf of adistinctmatchingpair.
In (0(), the secondandthe third parenthesisthe fourth and the fifth, and
thefirst andthelastarematchingpairs. The parenthesisnatding problemis
to determineall matchingpairsin a givenwell formedword of parentheses.
Early work on parallelalgorithmsfor parenthesisnatchingwasdonein the
contet of parsingarithmeticexpressiongDS83 BOV85]. Work optimal al-
gorithmsfor parenthesisnatchingon the EREWPRAM have beenproposed
in [AMWS89, CD91, TLC89]. Ourdescriptiormainly follows [AMW89].

Thekey ideafor efficient parallelparenthesisnatchingis to pipelineoper
ationsalonga balancedinary computatiortree. We take n/logn processors
andlet eachof them be responsibldor computationsat a distinct vertex in
a balancedvinary treewith n/logn vertices. The numberof leaf processors
is thenapproximatelyn/ (2logn). We split the input string (of lengthn) into
piecesof length2logn andlet eachof the leaf processorde responsibldor
onepieceof theinput. Later, a processoat vertex v in the computatiortree
will be responsibldor a certaininterval of the input, namely the piecesas-
signedto leavesin the subtreerootedatv. Our computatiorproceedsn three
phases.

In phaseone,eachof theleafprocessordeterminesequentiallyall match-
ing pairsin thepieceof theinputit is responsibldor. Usingastack thiscanbe
donein timelinearin thenumberof parentheseis eachpiece,i.e., in O(logn)
time. Thenall parenthesematchedso far are removed. What remainsat
eachleaf, is a (possiblyempty) sequencef unmatchedtlosing parentheses
followedby a (possiblyempty)sequencef unmatcheapeningparentheses.

In phasewo, we performabottom-upcomputationin the balancedinary
tree. For eachvertex v, we computeatriple (c,m,0), wherec is the number
of closingparenthesesot matchedn the subtreeootedatv, o is the number
of openingparenthesesot matchedandm is the numberof matchingpairs
that have their openingparenthesisn the left subtreeof v andtheir closing
parenthesis theright subtreeof v. Giventhetriples(c;,m,0,) and(c;,my,0r)
of the left andright child of v, we can computethe triple (c,m,0) of v as
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follows:
m = min(o},C),
C = g+¢c—m,
0O = O+0—m

We startthis computationat the leaves and proceedevel by level up to the
root. After O(logn) parallel steps,all triples are computed. Note that the
triple of the root equals(0,x,0), for someinteger x, iff the input stringis a
well formedword of parenthesedzigure3.5illustratesthefirst two phase®f
parenthesisnatchinggivenaninputstringof length64.

(0,6,0)

0.0, 6/ \6’ L0

" phasewo
(0,1,4) (0,1,2) (3,1,1) (4,1,0)

/

(0,0,4) (1,0,1) (0,0,2 (1,0,1) (1,0,1) (3,0,1) (3,0,1) (2,0,0)

(((( ) (( X X N N )
ﬂ phaseone

(OO ])0WO) | 0O [ ONOC] 00O HMOXC | OOMC])IOXNO)

Figure3.5: Thefirsttwo phasef parenthesisnatting (seetext).

We now proceedto phasethree. For eachmatchingpair of parentheses,
thereexistsa uniquelydeterminedrertex v in the computatiorireethatis re-
sponsiblefor “matching” it, in the sensethat the openingparenthesi®f the
pair belongsto theleft subtreeof v andthe closingparenthesisf the pair be-
longsto theright subtreeof v. If thetriple of vis (c,m,0), thenvis responsible
for msuchmatchingpairs. Theideais to let v assigrauniqueidentifierto each
of thesem matchingpairs. Then,v sendgheseidentifiersto its left andright
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child. Thechildrenpropagatehesenumbergo their childrenandsoon, until
the identifiersreachthe leaves. If the propagatiorand distribution of iden-
tifiers is donecarefully, theneachidentifier endsup at the right parenthesis.
In particular anidentifieris deliveredonly to the closingandto the opening
parenthesi®f the matchingpair that the identifier wasassignedo at vertex
v. In theend,the parenthesesf a matchingpair canfind eachotherusingthe
uniqueidentifier.

In thesequelwe assumehattheverticesin thecomputatiortreearenum-
beredandwe referto eachvertex by its number To obtainuniqueidentifiers,
we computefor eachvertex v thevalueby = 5., my usinga prefix-sumsop-
erationon the m-valuesof vertices.Vertex v usesthe numbersn the intenal
[by, by + m, — 1] to identify them, pairsmatchedatv. Thus,eachnumberused
to identify a matchingpair is unique. Let us considerhow the identifiersof
onevertex v are propagatediown to the leaves. The propagatiorof identi-
fiers of the otherverticestakesplaceat the sametime in a pipelinedfashion.
Vertex v sendghe messag¢O, [by, by + m, — 1]) to its left child andthe mes-
sage(C,[by, by + m, — 1]) toits right child, whereO andC indicatethetype of
parenthesetheidentifiersbelongto.

Let w be a descendenof v thatrecevesthe messagd€O,[a,b]). If wis a
leaf, thentheidentifiersin theinterval [a, b] areassignedequentiallyto open-
ing parentheseom right to left, e.g., a is assignedo the rightmostopening
parentheseat leaf w thathasno identifieryet. Otherwisew hasa left anda
right child. Let (c,m,0) bethetriple of w, andlet (¢;,m,0,) and(c;,m,0r)
be thetriples of the left andright child of w. Thefirst x = min(o;,b—a+ 1)
identifiersof theinterval [a, b] belongto openingparentheseis theright sub-
tree of w andthe remainingy = b —a+ 1 — x identifiersbelongto opening
parenthesem the left subtreeof w. Hence,if x > 0 thenw sendsthe mes-
sage(O,[a,a+ x— 1]) to its right child andif y > O it sendsthe message
(O,[a+x,b]) toits left child. Finally, we updatethetriplesof theleft andright
child of w:

Oy :=0Or — X, 0 =0 —Y.

The other case,wherew receves a messageavith identifiersfor closing
parentheseis handledsymmetrically If wis aleaf,thenthenumbersn [a, b]
are assignedsequentiallyto closing parenthesefom left to right, e.g., a is
assignedo theleftmostclosingparenthesesatleafw thathasnoidentifieryet.
If wis notaleaf,thenthefirst x = min(c;,b — a+ 1) identifiersof theinterval
[a, b] belongto closingparenthesem the left subtreeof w andthe remaining
y = b—a+ 1— xidentifiersbelongto closingparentheses theright subtree
of w. Thereforejf x > 0 thenw sendghemessagé¢C,[a,a+ x— 1]) to its left
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child andif y > 0 it sendghe messagé€C, [a+ x,b]) to its right child. Then,
asbefore we updatethetriplesof theleft andright child of w:

C =0 —X, Cr =G —V.

The propagatiorof identifiersis donefor all verticesv simultaneouslyn a
pipelinedfashion.In particular all verticesv in the computatiortreestartto
sendout (O, [by, by +m, — 1]) and(C, [by, b, + m, — 1]) atthesametime. Since
the heightof thetreeis O(logn) andeachleaf containsO(logn) parentheses,
all computationsn the tree arefinishedafter O(logn) parallelsteps. In the
end,eachparenthesignot matchedn phaseone)hasa numberthatuniquely
identifiesthe matchingpairit belongso. We have shavn:

Theorem3.18([AMWS89, TLC89]) The parenthesianatding problemcan
be solvedonn/logn EREWPRAMprocessas in time O(logn).

3.10 Breadth-First Traversalof Trees

The straightforvard solution to the problemof computingthe breadth-first
traversalof anorderedtreeis to computethe depthandthe preordemumber
of eachvertex, andto sort the verticeslexicographicallyby depthand pre-
ordernumber SortingrequiresO(nlogn) operationsandhencewe obtainan
algorithmthatis notwork optimalbecausea sequentiahlgorithmcanperform
anorderedbreadth-firssearchin lineartime. ChenandDashave shovn that
a breadth-firstraversalcan actually be computedby a work andtime opti-
mal EREWPRAM algorithm[CD92]. ThealgorithmcombinegheEulertour
techniquewith parenthesisnatchingandworksasfollows.

We constructthe Eulertour of thegiventreeT anddeterminghe depthof
T. Weassigrto eachdowngoingarcin theEulertouraclosingparenthesisTo
eachupgoingarcwe assigranopeningparenthesisThe stringof parentheses
thatnow runsalongthe Eulertouris storedinto anarray afterwe determined
the positionof eachparenthesisisinglist ranking. This word of parentheses
is not well formed, but by appendingdepti{T) — 1 closing parentheseand
prependinglepti{T) — 1 openingparenthesesye obtaina well formedword
a of parenthesed-igure3.6a).We computethe matchingpairsin a andbuild
alinkedlist of the parenthesesf a asfollows. We let anopeningparenthesis
point to its matchingclosing parenthesisFor i = 1,...,deptHT) — 2, the -
th appendealosingparenthesipointsto the (dept{T) — 1 — i)-th prepended
openingparenthesisThe lastappendealosingparenthesisvill bethe endof
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thelist. Every otherclosingparenthesibelongsto a distinctedgeof thetree
andwe let sucha parenthesipoint to the openingparenthesishatbelongsto
thesamereeedge.As aresult,we obtainalinkedlist of the parenthesesf a
thatstartswith the (dept{T) — 1)-th prepende@peningparenthesiandends
with thelastappendedlosingparenthesigFigure3.6b).

( /()() ( ) (—»ﬂﬂ»ﬁj

g I R TR AR
( )(N )l() ) S ﬂf’g
( ) St -

e L

(a) (b)

Figure 3.6: Breadth-fisttraveisal of a treeT. (a) Thegray pathindicates
a well formedword a of parenthesesgonsistingof the parenthesesssigned
to arcs of the Eulertour, depti{T) — 1 prependedpeningparenthesesand

dept(T) — 1 appendedlosingparenthesegb) Aftercomputinghematding

pairsin a, theparenthesearelinkedinto a list thatvisitstheedgesin breadth-
firstorder.

From this list, we remove all but the closing parenthesethat belongto
edges Finally, eachof theseclosingparentheseis replacecby a vertex: The
parenthesishat belongsto the downgoingarc d(u, V) of the Eulertour is re-
placedby v. We prependheroot of T andobtaina list of verticesthatis the
orderedbreadth-firstraversalof T.

Theorem3.19([CD92]) Thebreadth-fisttraversal of an orderedtreewith n
verticescanbe computen the EREWPRAMin time O(logn) usingn/logn
processocs.

3.11 Algorithms for Vertex SeriesParallel Digraphs

Vertex seriegparalleldagsarethe precedencgraphsof seriesparallelorders.
In thefollowing we presenelementaryalgorithmson VSP dagsthatareused
in Chapter6 to computeoptimal two processoschedulesor seriesparallel
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orders. We first shov how a decompositiortreefor a VSP dagcanbe com-
putedusingan algorithmthat computesdecompositiortreesfor ESP multi-
dags.Then,we shav how the heightsof the definingsubgraphsf a VSPdag
with regardto a givendecompositiorireecanbe determined And finally, an
algorithmis presentedhatcomputeghe breadth-firstraversalof aVSPdag.

3.11.1 DecompositionTrees

Parallelalgorithmsthatrecognizeedgeseriesparallelmultidagsandcompute
decompositionireesfor themcanbefoundin [HY87, Epp92 HH94, BAF94.
To computea decompositiorireefor a vertex seriesparalleldagG, we first
have to computeits line digraphinverseL 1(G). L 1(G) is an ESPmultidag
andary decompositiontreefor L=1(G) is alsoa decompositiorreefor G (cf.
Subsectior2.2.5).

Theline digraphinverseof G canbecomputedasfollows. Recallthateach
vertex v of G correspondso a distinctedgeof L=1(G). Denotethis edgeby
&(v). Notethattwo edgese(v) ande(w) enterthe samevertex of L~1(G) iff v
andw have the samesuccessosetin G. Cornversely two edgese(v) ande(w)
leave the samevertex of L=1(G) iff v andw have the samepredecessasetin
G. This propertyleadsto the following construction.Let the vertex setof G
be{vi,...,vn}. For eachvertex v;, find the vertex with the smallestnumber
j suchthat (vi,v;) is anedgein G. Lett(v;) := j. If thereis no edgethat
leavesv;, thenlett(v;) ben+ 1. We obserethatfor all edgegv;, v;) thatenter
vj, the numbert(v;) is identical. This is becausell immediatepredecessors
of avertex in a VSP dag have the samesetof successorsLet s(vj) denote
this numbert(v). If thereis no edgethat entersyj, thenlet s(vj) be zero.
Constructa new graphG' from G asfollows. Thevertex setof G' consistof
n+ 2 vertices,numberedrom 0 to n+ 1. To avoid confusionwith vertices
of G, eachvertex of G' is denotedoy a number For every vertex v in G, let
(s(v),t(v)) beanedgein G'. Then,remove all verticesof G’ thatareisolated.
Notethattheremaybemultiple edgesn G’ (G’ is amultidigraph),andvertex
0 is the only sourceof G/, while vertex n+ 1 is theonly sink of G'. It is not
difficult to seethatG' is theinverseline digraphof G, with e(v) = (s(v),t(V)).

We assumehat G andG' arerepresentetby incidencelists, i.e., for each
vertex a list of the edgesncidentto it is given (with outgoingand incoming
edges)For eachvertex vi, t(v;) canbecomputedyy aprefix-minimaoperation
on the numbers;j in the outgoingedges(v;,v;) of v;. For eachvertex vj, we
determines(vj) by looking att(v;) for oneof its incomingedgesv;,vj). We
obserethefollowing. Let (vi;,Vj), (Vi,,Vj),--.,(Vi.,Vj) betheincomingedges
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of vj. Thene(vi,),ei,), ..., &V ) aretheincomingedgeof vertex s(vj) in G'.

Corversely let (vi,Vvj,), (Vi,Vj,), - .., (Vi,Vj,) bethe outgoingedgesof v;. Then
&(vj,) &Vvj,),--.,&v;,) arethe outgoingedgesof vertex t(vi) in G'. Hence,
to constructthe list of incomingedgesfor vertex i in G, we take the list of

incomingedgesof avertex w in G with s(w) = i andreplaceeachedge(v,w)

in this list by e(v). To constructthelist of outgoingedgesfor vertex i in G/,

we take thelist of outgoingedgesof avertex vin G with t(v) = i andreplace
eachedge(v,w) in thislist by e(w). All of the above canbe performedusing
prefix operationsandlist ranking.We obtain:

Lemma 3.20 Theline digraphinverseof a vertex seriesparallel dag, consist-
ing of e edgesand n vertices,can be computedn the EREWPRAMin time
O(log(n+ €)) using(n+ €)/log(n+ €) processos.

Recently Bodlaenderand de Fluiter gave a work optimal algorithmthat
computesdecompositiortreesfor ESPmultidags[BdF9§. Their algorithm
runson the EREW PRAM in time O(lognlog* n) andon the CRCW PRAM
in time O(logn), wheren denoteghe numberof edgesn the multigraph. If
the given VSP dag hasn vertices,thenits line digraphinversehasn edges
andat mostn+ 1 vertices. Hence,by combiningthe resultof [BdF9§ and
Lemma3.20,we canshow:

Theorem 3.21 A decompositiorireefor a vertex seriesparallel dag with e
edgesandn verticescanbe computedn the EREWPRAMIn time O(log(n +
€) + lognlog® n) and on the CRCWPRAM n time O(log(n+ €)). In either
case thenumberof requiredoperationsis O(n+ €).

3.11.2 Computing the Heights of Defining Subgraphs

Let G beaVSPdag,andlet T beadecompositioreefor G. To determinghe
heightof thedefiningsubgraplG(v) for all verticesv of T, we applytreecon-
tractionto T. Leteach'S” vertexin T representhefunction fs: (x,y) — x+Y,

andlet each“P” vertex representhefunction fp : (X,y) = maxx,y). To each
leafof T avalueof 1 is assignedandall edgefunctionsareinitially theiden-
tity. It is notdifficult to seethatthevalueof a vertex v, asdefinedby this ex-

pressiortree,equalsheigh{G(v)). Edgefunctionssuitablefor contractionare
thefunctionsg,, : X — a+ maxb, x) (cf. Subsectior8.8.1).By Lemma3.14,
it takesO(logn) time andn/logn processorenthe EREWPRAM to contract
thetree. Hence theheightof G(v) canbe computedwithin the samebounds,
for all verticesv simultaneously
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Theorem3.22 Let G be a vertex seriesparallel dag, andlet T bea decom-
positiontreefor G. The heightsof all definingsubgaphsof G with regard
to T can be computedon the EREWPRAM n time O(logn) usingn/logn
processacs.

3.11.3 Breadth-First Traversal

In thissubsectionve reducethe problemof computingabreadth-firstraversal

of a vertex seriesparalleldagto the problemof computingthe breadth-first
traversalof atree. To this end,we shaw thatfor every VSP dagG andevery

decompositiortree T for G, we canconstructa treethat essentiallyhasthe

samebreadth-firstraversalasG with regardto T.

Definition 3.23 Let G = (V,E) bea vertex seriesparallel dag, andlet T be
a decompositioireefor G. AnorderedtreeB = (W, F) is called a breadth-
first treefor G with regardto T if V C W andthe breadth-fisttraversal of B

restrictedto V is thebreadth-fisttraveisal of G withregardto T.

In Figure3.7a,aVSP dagG is given,andFigure3.7bshavs a decompo-
sitiontree T for G. The breadth-firsttraversalof G with regardto T is 15,
16,5,14,2,12,13,9,10,11,7,8,6, 3,4, 1. ThetreeR in Figure3.7dis a
breadth-firstreefor G with regardto T becausés breadth-firstraversalisr,
15,16,5,14,2,12,13,9,10,11,7,8,6, 3,4, 1.

A breadth-firstreefor G with regardto T canbe determinedasfollows.
Startwith R:= G. Add anew vertex r to R, andaddan edgefrom r to each
sourceof G. For eachvertex w, selectanedge(v,w) thatentersw suchthatv
hasdepthdepti{w) — 1 in G andminimal preordemumberin T. Remore all
otheredgedhatenterw. Now, Ris atreewith rootr. Then,for eachvertex v
in R, orderthechildrenof v accordingo their preordemumberin T.

To seethatR is abreadth-firstreefor G with regardto T, let usfirsttake a
look atthefollowing situation.Let (v,w) and(x,y) beedgesn G thatarealso
edgesn Rsuchthatv # x, w andy have thesamedepthin G, andthepreorder
numberof win T is smallerthanthatof y. (Notethatv andx have equaldepth
in G, too.) We claimthatthe preordemumberof vin T is smallerthanthatof
X. Assumethecontrary Sincev andx have equaldepth,theirlowestcommon
ancestoin T isa“P” vertex. Thesameholdsfor w andy. Clearly, thelowest
commonancestoof vandw in T is an“S” vertex, andthe preordemumber
of vin T is smallerthanthatof w. The sameholdsfor x andy. We obtainthe
following situationin T (dashedinesindicatepaths):
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But in thiscase(x,w) is anedgein G. Sincex hasa smallerpreordemumber
in T thanv, the edge(x,w) shouldbein R insteadof (v,w). A contradiction.
Hence our assumptions wrongandthe preordemumberof vin T is smaller
thanthatof x.
Our obsenation canalsobe extendedto paths.Let p=v,...,w andq =

X, ...,y bepathsin G thatarealsopathsin R suchthatv # x, p andq have the
samelength,w andy have the samedepthin G, andw hasa smallerpreorder
numberin T thany. Thenv hasa smallerpreordemumberin T thanx.

Lemma 3.24 Ris a breadth-fisttreefor G with regardto T.

Proof. It shouldbe clearthatthe breadth-firstraversalof R visits all vertices
of G in the orderof nondecreasingepth.Let w andy be verticeswith equal
depthin G suchthatthe preordemumberof w in T is smallerthanthatof y.
We have to shav thatthe sameholdsfor the preordemumbersof w andy in
R.

Let u bethelowestcommonancestoof w andy in R, let v betheancestor
of w thatis a child of u, andlet x bethe ancestoof y thatis a child of u. As
we have obsenedabore, the preordemumberof vin T is smallerthanthatof
x becauséhe preordemumberof win T is smallerthanthatof y. Recallthat
v andx aresiblingsin R andthatthe childrenof eachvertex in R areordered
by theirpreordemumberin T. As aconsequencéhe preordemumberof vin
Ris smallerthanthatof x. We concludethatthe preordemumberof win Ris
smallerthanthatof y.

As aconsequencehebreadth-firstraversalof R visitstheverticesof G in
theorderof nondecreasingepthandthoseverticesthathave equaldepthin G
arevisitedin the orderof their preordemumberin T. Hence,R is a breadth-
first treefor G with regardto T. a

In thefollowing we shav how R canbe computecefficiently in parallelby
constructingpathsin the decompositiortree T. To computeR, it suficesto
determingheright sibling andthe parentof eachvertex.

Let usfirst determinethe right sibling of a vertex v of R. We constructa
pathin the decompositiorireethat startsat the leaf v andmovesup thetree.
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If the pathreachesherootor anancestoof v thatis theright child of an“S”
vertex, thenthe pathendsandthe endof the pathis marked with a zero. In
this casey hasnoright child in R, i.e,, v is therightmostchild of its parentin
R. If the pathreachesanancestoof v thatis theleft child of a“P” vertex w,
thenthe pathturnsround,entergheright subtreeof w, andgoesdown thetree
until it reachesa leaf. At every internalvertex u, the pathcontinuesnto the
left subtreeof u. In the end,the pathreaches leafx. It is notdifficult to see
thatx andv have the samepredecessoris G andhencehave the sameparent
in R. Furthermoreamongthe tasksthat have the samepredecessorasv, x
hasthe smallesippreordemumberin T thatis greaterthanthatof v. It follows
thatx is theright siblingof vin R.

We claim thatno two pathsstartingat differentverticesusethe sametree
edgein the samedirection. To seethis, considethow pathsrun alongan“S”
vertex anda“P” vertex:

N 7N

It follows that all pathscan be constructedsimultaneouslyn constanttime
usingn processorsThen,for eachleafvin T, we only have to find the endof
the paththatstartsat v to determingheright sibling of v or to find out thatv
is the rightmostchild of its parentin R. To this end,we concatenateall paths
into a singlelist andapply a prefix operationto eachpathusinglist ranking
andasegmentedrefix operation.

Forthenext stepto work, it is necessarto know theheightof eachdefining
subgraptof G with regardto T (cf. previoussubsection)Letvbeavertexin G
thathasnoright siblingin R. Again,we constructa pathin thedecomposition
treethatstartsattheleafv andmovesup thetree.If thepathreachesheroot,
thenthe path endsandthe end of the pathis marked with vertex r. In this
casetheparentof v is theroot of R. If the pathreachesnancestoof v that
is theright child of an“S” vertex w, thenthe pathturnsround,entersthe left
subtreeof w, andgoesdown until it reaches leaf. At every“S” vertex u the
pathcontinuesnto theright subtreeof u, while atevery “P” vertex u the path
continuesnto the subtreeof u whoseVSP dagis higher If bothareequally
high, thentheleft subtreas chosenln theend,the pathreachesaleafx. It is
notdifficult to seethat(x,Vv) is anedgein G suchthatx hasdepthdepth{v) — 1
in G andminimal preordemumberin T. It follows thatx is the parentof v
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in R

We claim thatno two pathsstartingat leavesof T thatarerightmostchil-
drenin R visit ary oneof thetreeedgesn the samedirection. Considethow
pathsrun alongtheinternalverticesof the decompositioriree:

/s) P P
V7 \NE74 AN

In the middle it is shovn how pathsrun alonga “P” vertex if heigh{G(l))
> heigh{G(r)). Theright figure shaws the pathswhenthe right VSP dagis
higher It is importantto notethatno pathemepgesfrom the left subtreeof a
“P” vertex w. Assumethe contrary andlet v betheleaf of T atwhich such
a path p starts. Considerthe path g that we have constructedo determine
theright sibling of v. This pathq movesup the treethe sameway as p does,
until both p andq reachthe“P” vertex w. Thenq turnsround,entersheright
subtreeof w, andfinally endsataleaf. It follows thatv hasaright siblingin
R. But this contradictghefactthatwe determingparentsonly for leavesof T
thatarerightmostchildrenin R.

Hence,all pathscanbe constructedsimultaneouslyn constantime onn
processorsFor eachvertex v thathasno right siblingin R, we determinethe
endof the paththatstartsat v andfind the parentof v in R. As before,thisis
doneusinglist rankinganda segmentedprefix operation. Onceeachvertex
knowsits right sibling, andeachrightmostsibling knows its parent,it is easy
to determinethe parentf all vertices.

By Theorem3.22,the heightsof all definingsubgraphsf G with regardto
T canbecomputedn O(logn) time usingn/logn processorsSinceRr consists
of n+ 1 verticesthe breadth-firstraversalof R canbe determinedwithin the
sameboundgTheorem3.19). We have shawn:

Theorem 3.25 Givena decompositiortree T for a vertex seriesparallel dag
G with n vertices we cancomputehe breadth-fisttraversal of G with regard
to T in timeO(logn) usingn/logn EREWPRAMprocesscs.

Figure3.7 givesan examplefor the constructiorof a breadth-firstree. In
Figure3.7a,a vertex seriegparalleldagG is depictedwhile Figure3.7b(and
Figure3.7c)shavsadecompositiotreeT for it. Thegrey pathsn Figure3.7b
areusedto find theright siblings,while Figure3.7cshaws the pathsthatare
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(©)

(d)

Figure3.7: Constructionof a breadth-fisttree(d) for a vertex seriesparallel
dag (a) with regard to a decompositiotree(b,c) (seetext).
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usedto determinehe parentdor thoseverticesthatarerightmostchildrenin
R. Finally, Figure3.7d shaws the orderediree R definedby the right sibling
andparentpointersthatwe have determinedn Figure3.7bandFigure3.7c.
ThistreeRis abreadth-firstreefor G with regardto T.

3.12 LongestPathsin DirectedAcyclic Graphs

Givenaweighteddirectedacyclic graphG = (V, E), theall-pairslongestpath
problemis to determindor all pairsof verticesv andw thelengthof alongest
pathfrom v to w in G, wherethe lengthof a pathis the sumof the weights
of theedgescontainedn the path. This problemis relatedto thewell known

problemof computingall shortestpathsin G. In fact, thereis a parallelal-

gorithm for the all-pairs shortestpath problemthat computedongestpaths
insteadof shortesonesafter only minor modificationg DNS81, PK85. We

describehis algorithm(alreadyadaptedo longestpaths)in thefollowing.

3.12.1 Computing the Lengths

In thesequelletx; denoteheentryof matrix X in row i andcolumnj. Letthe
graphG begivenasann x n weightmatrix A wherea;; is the positive weight
of theedge(i, j) if (i, ]) isanedgein G andotherwisea;; hasthespecialvalue
—oo, Furthermoreg; = O for all i. (We referto eachof then verticesof G by
anumberin therangel,...,n.) We assumehat—oo obeysthefollowing rules:

—o04 k= —oo, max(—o,k) = k.
The max-plusmatrix productC = Ax B is definedby
Cij = 1?&);{ ayk + by}

For k > 1, we definematricesD® asfollows. If thereis a pathfrom i to j,
thenlet di(}‘) denotethelengthof thelongestpathfromi to j thatconsistof at

mostk edges If no pathexists, let ) = —e. Furthermored{ = 0 for all i.

Then,D® = Aand " N
2k __
di” = Q@ﬁl{dﬂ +d|j }.
In otherwords,D@) = DX « DK Sinceno pathin G consistsof morethan
n— 1 edgesgverymatrix D) with r > n— 1 containghelengthsof all longest
pathsin G. Notethatall matricesD") areidenticalfor r > n— 1. We call this
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matrix the all-pairs longestpath matrix of G. Hence,to solwe the all-pairs
longestpath problemwe have to squareA at most [logn]| times (using the
max-plusmatrix product).

Letusconsidetheparallelcomplexity of thisalgorithm.Clearly, if amax-
plus matrix productcanbe computedn T(n) time on P(n) processorsthen
theall-pairslongestpathproblemcanbe solvedin O(T (n) logn) time on P(n)
processorsA max-plusmatrix productA « B consistsof n? vectorproducts
max <k<n{ @ik + bxj}. Onthe EREW PRAM eachof theseis computedby
a prefix operation. To avoid concurrentreadaccesseto memory we make
n— 1 copiesof A andB beforehandTo make n— 1 copiesof oneelementof
amatrix we requireoneprefix operationon anarrayof sizen. Hencejt takes
n? prefix operationgo computen — 1 copiesof a matrix. As aconsequence,
max-plusmatrix producton the EREWPRAM runsin time O(logn) anduses
n3/logn processorsWe obtain:

Theorem 3.26 Theall-pairs longestpath problemfor graphswith n vertices
canbesolvedontheEREWPRAMIn timeO(log? n) usingn3/logn processas.

On the CRCW PRAM thetime boundcanbeimprovedif all pathsin the
givengraphhave lengthat mostO(n). Underthis assumptionthe max-plus
matrix productcanbe computedbn the (common)CRCWPRAM in constant
timeusingn® processorssinceeachvectorproductmax; <x<n{ aik + byj} takes
only constantime onn processor§Theorem3.3).

Theorem 3.27 Theall-pairs longestpath problemfor graphswith n vertices
canbesolvedonthe CRCWPRAMin time O(logn) usingn® processas, pro-
videdthatall pathshavelengthO(n).

3.12.2 Computing the Transitive Closure

A problemrelatedto theall-pairslongestpathproblemis thetransitve closure
problemondirectedacyclic graphs.Thetransitiveclosure of adirectedgraph
G = (V,E) is thegraphG™ = (V,E™), whereE™ containsan edge(v,w) iff
v # w andthereexists a pathfrom vtowin G. If G is agyclic, thenwe can
view G asa weightedgraphwith unit edgeweightsandapply the algorithm
for theall-pairslongestpathproblem.

Corollary 3.28 Thetransitiveclosuee of a directedacyclicgraphwith n ver-
ticescan be computecbn the EREWPRAMin time O(log?n) usingn®/logn
processas and onthe CRCWPRAMin time O(logn) on n® processas.
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3.12.3 Extracting LongestPaths

In the beginning of this section,we have shavn how to computean all-pairs
longestpathmatrix D, whered;; is thelengthof alongestpathbetweenvertex
| andvertex j or —o if no pathbetweerthetwo verticesexists. In this subsec-
tion, we will shav how to selectandextractfor eachpair of verticesalongest
pathbetweerthem.

For eachi andj with dj; > 0, we selectanimmediatesuccessok of i such
thatd,; is maximal.Let pj; denotek. To selectk, we requirea prefix-maxima
operationandhenceO(logn) time on n/logn processorsSincetherearen?
pairsof verticeswe canperformall of theseprefix operationsn parallelusing
n3/logn processorsTo avoid concurrentreadaccesset memory we make
n—1 copiesof D beforehand.In theend,i, pij, pp;;j.---. ] is alongestpath
from vertexi to vertex j if dij > 0.

Let é be the directedgraphwith vertex setV x V suchthat thereis an
edgein G from vertex (i, j) to vertex (K, j) iff dij > 0 andk = pj;. Notethat
G is a forestof exactly n trees,whereeachvertex (j, j), for 1< j < n, is a
rootin G. A treewith root (j, j) consistsof all selectedongestpathsof G
endingat vertex j. To extractthe longestpathsfrom G efficiently in parallel
we requirethetreesto be orderedj.e., for eachvertex anexplicit orderonits
childrenmustbegiven. To obtainanorderedrepresentationf G, we proceed
asfollows.

Let A be the arraythat consistsof the elementsof the set{(j, pij,i)|1 <
i, j < n} sortedn lexicographicorder SinceA consistf n elementssorting
canbe performedin O(logn) time usingn? processor§Theorem3.9). For
everytwo successieelementqj, k,i) and(j,k,I) in A, wewrite | into amatrix
B at position(i, j), i.e., we seth;; :=|. We assumehatall entriesof B not
written to are zero. We take (b}, j) asthe right sibling of vertex (i, j), and
we take (pjj, ) asthe parentof (i, j). If bjj is zero,thenvertex (i, j) is the
rightmostchild of (pjj, j) in theorderimplied by A.

What remainsis to extract for eachleaf (i, j) in G the pathfrom (i, j) to
theroot of thetreethat(i, j) belongsto. To avoid concurrenteadaccesseto
memory we createn — 1 copiesof G, resultingin n? treeswith atotal of O(n3)
vertices.For everyleaf (i, j) of G, we chooseonedistincttreeT; ;) amongthe
copiesof thetreethatcontaing(i, j). Thisis possible sinceevery treehasat
mostn leaves. Then,for all leaves(i, j) in parallel,we extractfrom T ;) the
paththat startsat (i, j) andendsat the root of T; j). By Theorem3.17, this
takesO(logn) time on n®/logn EREWPRAM processorsWe obtain:
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Theorem 3.29 LetG beadirectedweightedacyclicgraphwith nvertices.Se-
lectingandextractinga longestpathbetweerverticesv andw, for all pairs of
verticesv,wsimultaneouslycanbedoneonthe EREWPRAMin time O(logn)
usingn®/logn processcs.

3.13 Maximum Matchingsin Cornvex Bipartite Graphs

In this sectionwe considerthe problemof computinga maximumcardinality
matchingin a corvex bipartitegraph.This problemis relatedto the following
schedulingoroblem.Let (T, r,d) beatasksystenconsistingof asetof tasksT
with unit executiontime andtwo mappings andd thatmaptasksto positve
integertimestepsWe call r(x) thereleasdaimeof taskx andd(x) thedeadline
of x. A singleprocessosdedulefor thistasksystenms amappingSfrom T to
positive integertimestepssuchthatr(x) < §x), for all tasksx. If, in addition,
S(x) < d(x) for all x € T, thenwe saythat S meetsthe deadlines Clearly,
thereexist task systemqT,r,d) whereno schedulecan meetall deadlines.
Thereforewveareinterestedn findingalargestpossiblesubset of T suchthat
thereexists a singleprocessoscheduldor (U,r,d) thatmeetsthe deadlines.
Sucha subsef tasksis calleda maximunmfeasiblesubset The problemof
finding sucha subset) andcomputinga scheduléor (U, r,d) thatmeetsthe
deadliness equvalentto the problemof computinga maximummatchingin
acorvex bipartitegraph.

To seethis, constructhefollowing corvex bipartitegraphG from a given
tasksystem(T,r,d). Let thetasksT be onevertex setof the bipartitegraph
G, andlet thetimestepde the othervertex setof G. Thenconnecteachtask
x with all timestepsn theintenal [r(x),d(X)]. The resultinggraphis cornvex
on the setof timesteps.Now let M be a maximummatchingin this graph.
Every edge(x,1) in M pairsa taskwith a timestep. Let U be the subsetof
tasksmatchedn M, andlet Sbethe schedulgdhatmapseachtaskof U to the
timestepit is matchedwith in M. It is notdifficult to seethatSis a schedule
for (U,r,d) that meetsthe deadlines. Moreover, no larger subsetof T can
have a schedulethat meetsthe deadlinessinceotherwisetherewould exist
a matchingin G thatcontainsmoreedgeshanM. On the otherhand,every
cornvex bipartitegraphcanbe corvertedinto a tasksystem(T,r,d) suchthat
ary scheduldor (U,r,d) thatmeetshe deadlinesorrespond$o a maximum
matchingin thegraph,providedthatU is amaximumfeasiblesubsebf T.

In [Glo67], Glover presenteda simple algorithmfor computinga maxi-
mummatchingin a corvex bipartitegraphG = (A,B,E). It is assumedhatG
is givenasalist of tuples(begin(by),endb,)), ..., (bagin(b,),endby)), where
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B = {Dby,...,by} andbeayin(b;) is the numberof the thefirst vertex in A con-
nectedto b; andendb;) is the numberof the lastvertex in A connectedo b;
(i.e., thegivengraphis corvex on A). Let L bealist of all verticesin B or-
deredby nondecreasingnd-) values.We startwith an empty matchingand
consideronevertex of A afterthe other, startingwith a;. To find a matchfor
the next vertex a; of A, scanthelist from left andpick thefirst vertex b with
beagin(b) <i < endb). Putthe edge{a,b} into the matchingandremove b
from thelist. If thelist is emptyby now or endb’) < i + 1, for all verticesb/
in the list, thenwe arefinished. Otherwise we repeatthe above procesgor
vertex g;1. In theend,our matchingis amaximumcardinalitymatching.

A parallelalgorithmthat computesnaximummatchingsn corvex bipar
tite graphswasgivenby Dekel andSahni[DS84. Their algorithmcomputes
matchingsthat are identicalto the matchingsobtainedby Glover’s stratayy.
In the analysisof their algorithm,Dekel and Sahniemploy n processorsind
obtainatime boundof O(log? n). They usedalgorithmsfor sortingandmeig-
ing thatarenot work optimal. However, work optimal algorithmsfor sorting
andmeging areknown by now (cf. Theorems3.5and3.7) andthe numberof
processorsanbereducedo n/logn.

Theorem3.30([DS84)) LetG = (A, B,E) bea bipartite graphthatis convex
on A. Let G begivenasa list of tuples(beggin(b;), endb,)), ..., (bagin(by),
endby)), whee B = {by,...,by}. Thena maximummatding in G can be
computedn the EREWPRAMin time O(log? n) usingn/logn processos.

Fortheschedulingontext, Jacksorgave astratey verysimilarto Glover’s
stratgy [Jac53. LetL bealist of all tasksorderedby nondecreasindeadline.
Consideronetimestepafterthe other, startingwith timestepl. To find atask
for timesteprt, scanthelist from left and pick the first taskx with r(x) < t.
Map thistaskto timestept andremoveit from thelist. If thelist is notempty
by now, repeatthe above procesdor timestept + 1. The scheduleobtained
by this algorithmis called earliestdeadlinesdeduleor ED schedule This
stratgy doesnot find a maximumfeasiblesubsebut it finds a schedulehat
minimizesthe maximumtardinessi.e., it minimizesthe maximumnumberof
timestepsa taskis scheduledehindits deadline. Clearly, if thesetT itself
is a maximumfeasiblesubsetthen Jacksors rule computesa schedulefor
(T,r,d) thatmeetsthe deadlines.In thefollowing we describea fastparallel
algorithmthatimplementslacksorsrule.

Let L bealist of all tasksorderedby nondecreasindeadline.Let usfirst
considerasimplerproblem:Insteadof computingan ED scheduleésfrom the
list L, we only computethe partial timestepsof S. Given an algorithmthat
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computeghe partialtimestepsit is notdifficult to comeup with analgorithm
thatcomputegheactualscheduleaswe will shaw later.

Let rq,...,rc be the different releasetimes of the tasks,andlet nj, i =
1,...,k, bethe numberof taskswith releasdimer;. The ED schedulemaps
min(r, — rq,ny) taskswith releasetime ry to timestepsy,...,r1 +min(ro —
r{,n;) — 1. At timestepro, Ny new tasksarereleasec&ndn; — min(r, —rq,nNq)
taskswith releaseime ry arestill unscheduledIn generallet ¢; denotethe
numberof taskswith releasdime < r; thatarenot scheduledeforetimestep
ri. Then

cc = 0
Cir1 = Ni+c¢—min(rig—ri,n+¢), fori=1,...,k—1. (3.4)

Giventhec;'s,we caneasilydetermineaall partialtimestepsn Sandthelength
of S Timestepdl,...,r; — 1 arepartial,andfor i = 1,...,k— 1, thetimesteps
ri +min(ri 1 —ri,n +c),...,r+1 — 1 arepartial. Thelasttimestepoccupied
by ataskis ry + ng+ ¢, — 1. Hence,it suficesto determinghec;’s. We first
notethatanequvalentformulationof (3.4)is

Ciy1 = max0,ci + ni — (riy1 —ri)).
We definethefollowing binaryoperator® on tuplesof integers:
(ax) @ (by) := (maxa+y,b),x+y).

It is not difficult to seethat is associatie. Lets; =0, andlets =nj_; —
(ri —rj_q), for 2 <i < k. By asimpleinductionon i, we canshaow thatthe
following equationholdsfor i = 1,...,k andsuitabley;:

(c.y) =&}_1(0.s).

As aconsequenceall ¢;’s canbe computedusinga singleprefix<® operation.
We concludghatO(logn) time andn/logn processorsufiiceto determinghe
partialtimestepof S, providedthatther;’sandn;’s aregiven.

Let us now returnto our original problem. Let L be a list of all tasks
orderedby nondecreasingeadline,andlet Ly be the prefix of L up to (but
not including) taskx. Let Sbethe ED scheduléor L, andlet S, be the ED
scheduldor Ly. We obsenethatS(X) is the earliestpartialtimestepn S, later
thanor equalto thereleasdime of x. Thisis because restrictedio thetasks
of Ly is identicalto S;. We obtainthe following algorithm. For eachtaskx,
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we determinethe partial timestepsn the schedules,. Then,x is mappedo
theearliestpartialtimestepn S, atwhich x is available.

In orderto be ableto efficiently determinethe releasdimesthatoccurin
Lx andthe numberof taskswith a particularreleaseime, it is necessaryo
choosel carefully. First, we sorttaskshy releaseime suchthat taskswith
equalreleasdime aresortedby deadline.Let B denoteheresult.Let L bethe
list of all tasksorderedby deadlinesuchthattaskswith equaldeadlineappear
in L in thesameorderasthey appearin B. With regardto thislist L, thelist
Lx consistf thetasksthathave anearlierdeadlinethanx plusthe tasksthat
appearbeforex in B with the samedeadlineasx. Let By be the tasksof Ly
orderedasin B. We make n— 1 copiesof B andthenextract By from B for
eachx using prefix operations.SinceBy is orderedby releasdime, we can
easilydeterminghedifferentreleasdimesthatoccurin By andthe numberof
tasksthathave a certainreleasdime. Then,for eachtaskx, we computethe
partialtimestepsn the schedules,, usingthe algorithmdescribedabore. The
earliestpartial timesteprty in S with r(x) < tx canbe computedusing prefix
operations.Finally, we mapx to timestepty. The computatiornof 1y is done
for all taskssimultaneouslysingn?/logn processors.The runningtime is
O(logn).

Note thatthis algorithmcaneasilybe extendedto m-processoschedules.
We multiply all releasdimesby mandcomputea singleprocessoED sched-
ule S. Thentheschedules: x — | S(x)/m| is anm-processoED schedule.

Theorem3.31([DUWS86]) Let(T,r,d) be a tasksystenconsistingof n unit
executiontime taskswith individual integer releasetimesand deadlines.An
m-processoED schedulefor (T,r,d) canbe computedbn the EREWPRAM
in time O(logn) usingn?/logn processos.

In the original analysisof the algorithmgivenin [DUWS86], n? processors
were employed to achieve the time boundO(logn) but it is not difficult to
reducethe numberof processorso n?/logn (aswe have seen).



CHAPTER 4

SchedulingTreeOrders

In this chaptemwe considerthe problemof computingan m-processosched-
ule of minimallengthfor n unit lengthtaskswith precedenceonstraintghat
canberepresentetyy trees.Schedulingwith treeprecedenceonstraintdhas
attractedspecialinterestsincethe 1960s,0originatingin expressiorevaluation
andassemblyine productionproblems.An earlyresultby Hu [Hu61] showvs
thatunit executiontime tasksconstrainedy atreeprecedenceelationcanbe
optimally scheduledor an arbitrarynumberof identicalprocessorsn poly-
nomialtime. Brucker, Garg/, andJohnsoriater shavedthatthe problemcan
evenbesolvedby alineartimealgorithm[BGJ77]. It is interestingo notethat
slight generalization®f the tree precedencstructure for example,oneout-
treecombinedwith oneintree,resultin intractableproblemgMay81, War81].
We are interestedin the parallel compleity of schedulingequallength
tasksconstrainedy atreeprecedenceelation. Severalresearcherbave ad-
dressedhis problemin the past. Helmbold and Mayr [HM874a] developed
two EREWPRAM algorithmsthatcomputegreedyschedulegor intreesand
outtrees. Both run in O(logn) time using n® processors.Dolev, Upfal, and
Warmuthreducedhe problemof schedulingputtreeprecedenceonstraintso
theproblemof computinganearliestdeadlinescheduldor atasksystemwith-
outprecedenceonstraintdut with individualtaskreleasdimesanddeadlines
[DUWS86]. They gave analgorithmfor this problemthatrunsin O(logn) time
usingn?/logn processors Alternatively, the problemof computingan ear
liest deadlineschedulecanbe reducedo the problemof finding a maximum
matchingn acorvex bipartitegraph.Dekel andSahnihave shavn thatthelat-
terproblemcanbesolvedontheEREWPRAM in O(log? n) time usingn/logn
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processor$DS84. SeeSection3.13for therelationshipbetweemmaximum
matchingsan corvex bipartitegraphsandearliestdeadlineschedules.

All of theseparallelalgorithmshave in commonthat they requirea su-
perlinearnumberof operationsyhich standsn contrastwith thelineartime
sequentiablgorithmgivenin [BGJ77]. In this chaptemwe presenta new par
allel algorithmthatrunsontheEREWPRAM in time O(lognlogm) if n/logn
processorsreused.Hence thetotal numberof operationss only O(nlogm),
andif mis not partof the probleminstancebut a constantthenour algorithm
is work andtime optimal.

This chapteris organizedasfollows. In the next sectionwe introduceba-
sic conceptgelatedto schedulingwith unit lengthtasks,andin the section
thereaftemwe review a sequentiaktratay for schedulingrees.In Section4.3
we give basicdefinitionsusedin our algorithm. In Sections4.4 and4.5 we
presenta new classof schedulegor intreesbasedon a particularstrateyy for
partitioningintrees. That theseschedulesre actually optimal is provedin
Section4.6. In the remainingsectionsof this chapterwe describea parallel
algorithmthatcomputeschedule$rom this class.

4.1 UET Scheduling

An instanceof the unit executiontime (UET) schedulingproblemconsistsof
a tasksystem(T, <) anda numberm of identical paralleltarget processors,
whereT is a setof n tasksand < is a partial orderon this setof tasks. An
m-processo(UET) schedulefor (T, <) isamappingSof T to positve integer
timestepsuchthat

1. whenererx < y thenS(x) < y) and
2. nomorethanm tasksaremappedo the sametimestep.

Thelengthor malesparof aschedulas thelatesttimestepataskis mapped
to, anda scheduleof minimal lengthis calledoptimal Sinceschedulesnap
tasksto positive integer timestepsgvery optimal schedulestartsat timestep
1. In termsof continuoustime, timestept correspondso the time interval
[T—1,7).

Weassumehatthepartialorder< is representelly aprecedencgraph.in
Figure4.1, sucha precedencgraphis depicted.The graphis anintreesince
all taskshave outdegreel, exceptfor t,5, whichhasoutdegree0. To theleft of
the graphthelevelsareshavn andtasksarearrangedn levels. For example,
t1o is on a higherlevel thant,g but on the samelevel astg. Sincetaskshave
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unit length,the depthof ataskin theprecedencgraphis theearliestpossible
timestepit canbe scheduledTherefore the depthof ataskx is alsoreferred
to asits eptvalue,denotedoy epi(x). In our example theeptvalue(depth)of
t15is 2 andepit;g) = 6.

level

Figure4.1: Anintreeprecedencgraphwith 25 tasks. Tasksare arrangedin
levelsasdepictedon theleft. ThebadkbonesD,, D,, and D3 of a possible3-
partition of the intreeare shadedn threedifferentgreyscales.All remaining
tasksbelongto Dg. (SeeSectiord.4.)

With regardto agivenUET scheduleywe saythatx is availableattimestep
T if all predecessorsf x aremappedo timestepsearlierthant. A timestep
is partial if lessthanm tasksare mappedo it, otherwiseit is calledfull. A
schedulas greedyif atary partialtimestepr no taskscheduledt atimestep
laterthant is available.
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A greedy3-processoscheduldor the tasksystemgivenin Figure4.1is
depictedin Figure4.2. Thelengthof this schedulds 10, andtimesteps3, 9,
andl10arepartial.

4.2 HLF Schedules

Thereexistsa quite simplesequentiattrat@y for schedulingreesoptimally.
Scheduldaskslevel by level, startingwith the highestievel. Whenalevel is
finishedandthe currenttimestepis still partial,schedulehe highestavailable
tasksuntil eitherthe currenttimestepis full or no moreunscheduletasksare
available. Theschedulesbtainedoy this strateyy arecalledhighestevelfirst

Definition 4.1 A scheduleSis HLF (highestevelfirst)if it is greedyandthere
do not exist tasksx and y sud that levekx) < levely), S(x) < Sy), andy is
availableat timestepS(x).

Theorem4.2([Hu61, Bru82]) Highestlevel first schedulesare optimal for
intreesandouttrees.

A methodoften usedin sequentiakchedulingalgorithmsis list schedul-
ing. In the context of unit executiontimesit works asfollows. We aregiven
a list of tasksthatdeterminedor eachtaskits priority. Assumethatthe first
T — 1 timestepshave alreadybeenprocessedhatis, taskshave beenmapped
to themandthesetaskshave beenremovedfrom thelist. Scanthe list from
left to right and pick as mary of the tasksavailable at timestept as possi-
ble, up to a maximumof m. Then,remove thesetasksfrom the list andmap
themto timestept. If therearestill tasksin thelist, repeatthe above process
for timestept + 1. Otherwisewe arefinished,having obtaineda scheduleof
lengtht.

If thelist consistof tasksorderedby nonincreasindevel, thenlist sched-
uling producesan HLF schedule.The parallelcomplexity of list scheduling
hasbeenanalyzedn varioussettingsandmostof theresultsarediscouraging.
For example,in [DUWS86] it was shawvn thatlist schedulingis P-complete
if the precedencgraphis anouttree. It is thereforeunlikely thatan A'C al-
gorithm for schedulingouttreesbasedon list schedulingcan be found. On
the otherhand,fastparallelalgorithmsexist thatcomputeHLF schedulegor
trees,albeit by ratherdifferentmethodg(cf. [HM87a, DUW8€]). Our algo-
rithmic approachs evenmoredifferentto the sequentiasolutionfor it results
in scheduleshatarenot necessarilyHLF.
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In this chapterwe considerintreeprecedenceonstraintonly, but results
applyto outtreesputforestsandinforestsaswell. To scheduleuttreeprece-
dencesschedulghereverseduttreewith ourintreealgorithmandreversethe
resultingschedule.To handlea forestof intrees,add onetaskthat succeeds
all roots,computethe schedulédor the generatedree,andfinally remove the
addedaskfrom the scheduleForestsof outtreesarehandledaccordingly

4.3 Ranks, SchedulingSequencesand Rank Sequences

LetA={ay,...,a} beanorderedsetandlet B beanarbitraryunorderedset.
An orderedsubsebf A is anorderedset{ g;, . .. ,a;j} suchthatl <i; <ip <
.- <ij < k. By AlBOwe denotethe orderedsubsebf A that consistsof the
elementsn theintersectiorof A andB.

Definition 4.3 LetAbeanorderedset,letB C A, andletx € A. Thentherank
of xin B with respecto A, denoteddy ranky(x : B), is thenumberof elements
of Bthatarein frontof xin A, plus1if x € B.

Whenexecutinga schedulethenat every partialtimestepsomeprocessors
have to stayidle. In orderto allow formal reasoningaboutidle time, it is
helpful to assumehatevery time a processostaysidle it executesan empty
task To give eachemptytaskan identity, we assumehat emptytasksare
dravn from anorderedsetE = { e, e,...} of sufficientcardinality

Definition 4.4 Let(T, <) bea tasksystemA schedulingsequencef T is an
orderedsetA={ay,...,a} thatconsistof all tasksT andall emptytasksZE
(i.e., k=[T|+|E]) sud thatthei-th emptytaskin Ais thei-th elemenbf E.

Definition 4.5 Let(T, <) beatasksystenandletA={a,...,a} beasded-
uling sequencef T. Them-processomappingof A is the mappingS: g —
[i/m].

To illustratetheseconceptslet usturnto Figure4.2.Let £ ={ey,..., €4},
andlet A bethe schedulingsequencét,, t, t3, {4, ts, tg, tg, t7, t11, t12, tg, t13,
t10, 10, t1s, toos t14, t17, too, t16, t21, €1, t1g, 124, €2, 123, €3, €4, tos}. Theschedule
depictedn Figure4.2is the 3-processomappingof A andit is ascheduldor
theintreegivenin Figure4.1.Let B = {ty, ts, t7, t10, t11, tog} . Then,ranka(tig:
EUT) =ranka(tio: T) = 14, ranka(t1o : B) = 5, ranka(tz : EUT) = 26,
ranka(tzz : £UB) = 8, andranka(toz : B) = 6. Now, let C = BU EU{t»3}.
ThenACTE {ty, ts, t7, t11, t1o, t20, €1, €2, 123, €3, €4}.
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Pr | ta | A4 | A6 |t12]|t19|t20 | t22

P, ||t |t7 |1t |tio|lia|tie|l1g| 23|25

Ps | 13| to | t11 |tz | tis [t17 | tog | toa

timestep 1 2 3 4 5 6 7 8 9 10

Figure4.2: A 3-processorschedule Thecurveindicatesthe schedulingse-
quenceA = {ty,...,e1,t18,t24,€,123,€3,€4,t25} fromwhich the scheduleis de-
rived. Theemptytasksey,..., e, are depictedasemptyboxes.

In ouralgorithmwe operateonranksof tasksin subset®f somescheduling
sequencd\. In orderto keeptrack of which ranksbelongto which taskswe
storetherankof atasktogethemith thetaskitself asapair (ranka(x : B),X).

Definition 4.6 LetA beanorderedset,andlet BandC besubset®f A. More-
over, letA[C={cy,...,C}. Thenranky(C: B) denotesheorderedsetof pairs
{(ranka(c; : B),cy), ..., (ranka(c; : B),cr)}. We call this ordered setrank se-
guenceof C in B with respecto A.

Note thatif {(ui,x1),...,(Ur,%)} is a rank sequencethenuy,...,u; is a
nondecreasingequencef nonnaatveintegers.Thereareanumberof useful
operation®nranksequencesyhich areintroducedn thefollowing.

Definition 4.7 LetU = {(u1,X1),.-.,(Ur, %)} andW = {(wy, Y1), -- -, (Ws, ¥s)}

be rank sequences.ThenU W denotesthe ordered setthat is obtained
by sorting the pairs of U UW ascendinglyaccording to the following order:

(Ui, ) < (uj,x;) iff i < j, (Wi, yi) < (wj,y;) iff i < j, and (ui, %) < (wj,y;) iff
U <w;.

It is easyto seethatU < W canbe computedoy memgingU andW, since
the pairsof U (respectrely W) appeaiin U > W in the sameorderasthey
appeain U (respectrely W). Notethat is not symmetric.For example,let
U = {(1,x1),(4,%2),(5,x3)} andW = {(2,y1),(4,¥2),(6,y3)}. Then,U baW =
{(11)(1)’ (Z’yl)! (4!X2)’ (4’y2)! (5!X3)’ (61y3)} but WsaU = {(11)(1)’ (Z,yl),
(4,y2), (4,%2), (5,%3), (6,y3)}. As for an applicationof >, assumewe are
givenranky(X : XUY) andranka(Z : XUY) for somedisjointsetsX,Y,Z C A.
Thenranky(XUZ: XUY) =ranka(X : XUY) xaranka(Z : XUY). Here,the
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asymmetnyof < is necessarpecausd somex € X hasthesamerankin XUY
assomeelemeniz¢ X UY, thenxisin frontof zin A.

Definition 4.8 LetU ={(u1,X1),...,(ur, %)} bearanksequencevith respect
to A, letB C A, andletC denotetheorderedset{xy,...,x}. Also,let{x,, ...,
X } = CIC—BLIThenU -+ Bistheorderdset{ (w,X,),..., (WX )}, whee
wj is the numberof pairs in front of (ui;,X;;) in U with a secondcomponent
thatis containedn B, for j = 1,...,k.

Forexample let B = {x1,%2,X3} andletU andW beasin thelastexample.
Then(W < U) +B = {(1,y1),(1,¥2),(3,y3)}. As for anapplication,assume
thatranka(XU Z 1Y) is given,with X andZ beingdisjoint. Then,ranka(Z :
X) =ranky(XUZ:Y)+ X andranka(X : Z) = ranka(XUZ:Y) + Z.

The next operationtakesan arbitraryrank sequencandreplaceghe first
componenbf eachpair by the positionof this pairin theranksequence.

Definition 4.9 LetU = {(uy,x1),--.,(ur, %)} be a rank sequence Thenthe
orderedset{(1,x1),...,(r,%)} is denotedoy pogU).

Thisoperatioris usedo constructheranksequencef somesetX in itself.
For arbitrarysubsets< andY of A, it holdsthatpogranka(X : Y)) = ranka(X:
X). Finally, we introduceoperationghataddor subtractthe first components
of the pairsof two ranksequences.

Definition 4.10 LetU ={(u1,X1),---,(Ur, %)} andW = {(w1,X1), ..., (Wr, %)}
beranksequencesrhen

1. UdW :={(ur+wr,X1),-..,(Uur +wW, %)} and

2. UoW :={(ug —w3,X1),...,(Ur — W, %)}.

Assumewe aregivenranky(X : Y) andranka(X : Z), with Y andZ being
disjoint. Then,ranka(X : YU Z) = ranka(X : Y) @ ranka(X : Z). Corversely
ranka(X : Z) = ranka(X : YU Z) & ranka (X : Y).

We closethis sectionby observingthat eachof <, +, pos &, ando can
be performedefficiently in parallelonthe EREW PRAM usingmemging and
prefix operations.Hence,whenappliedto an input of sizen eachof >, +,
pos,®, ande takesO(logn) time usingn/logn processors.
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4.4 Partitioning an Intr ee

In the sequeljet (T, <) bea UET tasksystemwith a precedencgraphthat
Is anintree. We seekto characterizea classof schedulingsequencesf T
with m-processomappingshatare optimal schedulegor (T, <). Our char
acterizationconsistsof threesteps. First, we definea classof partitionsof
T, called m-partitions, that decomposehe precedencéree into paths(this
section). Secondwe shawv thatin a certainway every m-partition uniquely
determine®neschedulingsequencef T (Sectiord.5). Finally, we prove that
them-processomappingof aschedulingsequencemplied by any m-partition
of T is anoptimalscheduldor (T, <) (Sectior4.6).

Although our characterizatiorof schedulingsequencess fairly closeto
beingconstructve, it doesnot provide uswith an efficient parallelalgorithm
directly. Thedescriptionof an A'C algorithmthatimplementsour characteri-
zationis deferredto Sections4.7,4.8,and4.9.

The first stepin our algorithmis to partition the tasksetT into m+ 1
subsetswith respecto the precedenceonstraints.Sucha partitionis called
m-partition and consistsof m badkbonesetsand one setof freetasks. Each
of the m backbonesonsistsof one or more pathsof the given intree such
thatthe pathsof one backbonehave no level in common. In particulay one
of the backboness a longestpathin the givenintree. All tasksthatarenot
part of ary backbonearefree. Theideais to let eachprocessoexecutethe
tasksof onebackbonesequentiallyi.e., eachbackbonds “assignedto one
particularprocessar Freetasksare executedby ary of the m processorsit
Is helpful to view m-partitionsasaload balancingscheme The basicload of
eachprocessors thebackbonedhatis assignedo it, while freetasksareused
to balanceheloadbetweerprocessorsA formal definitionof m-partitionsis
givennext.

Definition 4.11 An m-partition of (T, <) consistsof m+ 1 ordered setsDy,
..., Dm (someof thempossiblyempty)sud that

2. DiNDj=0ori=jforal 0<i,j <m,
3. each D; with i > 0 containsat mostonetaskfromead level,

4. x € Djimpliesthatfor all j, m> j > i, therexistsy € Dj with level(x) =
leve(y),
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5. xe Dj,y€ Dj, andx < yimpliesi < j, and
6. in everyD; tasksare orderedby nonincreasinglevel.

EachorderedsetD; with i > 1 is called badkboneand the taskstherein
are badkbonetaskswhile thetasksin Dy arecalledfree Let d(x) denotethe
index of thesubsethatcontains, i.e., 8(x) = j iff x € Dj. Lety(xX) denotethe
positionof xin Dy, .

Definition 4.12 Let Dy,...,Dmy be an m-partition of (T, <), let x be a badk-
bonetask,andlet I'(x) denotethe set{y|d(y) = d(x) — 1,levely) = leve(x)}.
If T'(X) is notemptythenlet x* € I'(X) bethetaskwith y(x*) = maxXy(y)|y €
(x)}. We call x* theleaderof x.

Not every taskin an m-partition hasa leader In particular no taskof Dg
hasaleader Furthermorel|l' (x)| > 1 impliesx € D; sinceonly Do maycontain
morethanonetaskfrom acertainlevel.

Definition 4.13 Let Dy,...,Dm be an m-partition of (T, <), let x be a back-
bonetask,and let A(¢) denotethe setof taskson level ¢ that are leadess of
sometask. Thenthe setof leadersof x, denotedby C(x), is the set{y|y €
A(level(x)),d(y) < d(xX)}.

Notethatif C(x) is notemptythenx® € C(x), andif y € C(x) andy* exists
theny* € C(x).

Definition 4.14 LetDy,...,Dy bean m-partitionof (T, <), let x be an arbi-
trary task,andlet A(x) denotethe set{y|d(y) = d(x),leveky) > levelx)}. If
A(X) is not empty thenlet x~ € A(X) be the taskwith y(x~) = maxX y(y)|y €
A(X)}. We call x~ the parentof x.

Notethatx hasno parentff x is onthe highestievel containedn Dy, . In
particular thefirst taskof every D; hasno parent.

In Figure4.1anintreeandthe backbone®f a possible3-partitionof it are
given,with D3 = {ts, t7, tg, t10, t14, t16, t18, t23, tos}, D2 = {14, te, 113, t15, t17,
to1, toa}, andDq = {t3, t12, t2o}. In Do, tasksthatareonthe sameevel canbe
orderedarbitrarily andwe fix Dg = {ty, t5, tg, t11, t19, t20}. This 3-partitionis
depictedin Figure4.3to illustratethe conceptof leadersand parents.What
follows aresomeobsenationson m-partitions. By x*~ we denotethe parent
of theleaderof x.
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t; _tg 19
Do
to t11 too
D; |13 t12 too
Dy | lae—+16 tizettis et l17 ot 1104
D3 || t5 t7 tg o rliaetligettigwetiozo+1ios

level 9 8 7 6 5 4 3 2 1

Figure4.3: Leadesandparents.A singleline arrow pointsto theparentwhile
the doubleline arrow pointsto theleaderof eac task. For examplet;, =t3
andt;, = too, while C(ty3) = {t12,t12} andC(tie) = {ta7}.

Lemma4.15 LetDy,...,Dym beanm-partitionof (T, <) andletx € T. Then
1. if x hasno parentthennotaskin C(x) hasa parent,
2. if x~ andx*~ existthenlevel(x* ™) > levelx™), and
3. Dmis alongestpathin (T, <).

Proof. 1. Assumethe contrary sayy € C(x) hasa parent. By definition of
C(x), it holdsthaty is onthesamdevel asx andd(y) < d(x). Definition4.11.4
implies thatthereexists a taskz € Dg(,) thatis on the samelevel asy™. By
definition,y~ is onahigherlevel thany. Thereforezis onahigherlevel than
x. It follows thatx is noton the highestlevel containedn Dg,y andtherefore
x hasa parentacontradiction.Consequentlyour assumptiorns wrongandno
taskin C(x) hasa parent.

2. Assumdevelx* ™) < level(x™). Clearly, it holdsthatlevel(x*) = level(x)
andlevel(x* ™) > levelx*). Therefore)evelx*~) > level(x). Definition4.11.4
impliesthatthereexistsataskz € D, thatis onthesamelevel asx* . Con-
sequentlylevel(x™) > level(z) > level(x). By Definition4.11.6,tasksin Dgy
areorderedby nonincreasindevel, hencey(x™) < y(2) < y(x). But this con-
tradictsDefinition 4.14 sinceboth z andx~ arecontainedin A(x) andx™ is
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supposedo bethetaskin A(x) with maximumy value. We concludethatour
assumptions wrongandlevel(x*™) > level(x™).

3. By Definition 4.11.5,the successoof ataskof Dy, is containedn Dy,
aswell. Furthermoreat mostonetaskfrom eachlevel is containedn Dy, by
Definition 4.11.3. Hence the tasksof Dy, form a pathin (T, <). ThatDy, is
in facta longestpathfollows from Definition 4.11.1and4.11.4. Thereit is
implied thatevery taskappearsn someD; andfor everytaskx thatappearsn
D; with j < m, thereexistsataskin D, thatis onthesameevel asx. Hence,
D containsexactly onetaskfrom everylevelin (T, <). O

4.5 Partitions Imply SchedulingSequences

In this sectionwe shaw thatevery m-partitionof (T, <) impliesonepatrticular
schedulingsequencé of T in anaturalway. Theimpliedschedulingsequence
A hasthefollowing properties.If ataskx € T hasa parent,thenthe number
of tasksbetweerx andx™ in Aiis atleastm— 1. Secondif x hasaleaderthen
x is behindx* in A. Finally, A is ascompactaspossible,.e., the numberof
emptytasksin front of thelastnonemptytaskis minimal. In thefollowing we
give arecursve characterizatioof thisimplied schedulingsequenceWe first
require

Definition 4.16 LetDy,...,Dy beanm-partitionof (T,<). For =1 < j<m
and0 <i < mdefineD; j := Uj<k<j Dk andL; :=DgjU E.

NotethatD; ; = O if i > j, in particulay Do 1 = 0. Thereforel _; con-
sistsof emptytasksonly. Onthe otherhand,L, consistof all tasks,includ-
ing emptytasks. For the sale of corveniencelet an expressionof the form
ranka(x" : B) orranka(x~ : B) equalzeroif x*, respectiely X, doesnot exist.

Definition 4.17 Let Dy,...,Dyn be an m-partition of (T, <) andlet A be a
schedulingsequencef T. ThenA is implied by Dy, ...,Dn, iff for all x € D,
with j € {0,...,m}

1. rank\(x: Dj) = y(x) and
2. ranka(x: Lj—1) = max{ranky(x~ : Lj_1) + j — 1,ranky (X" : Lj_1)}.

Part 1 of theabove definitionensureshattasksof every setD; appeain A
in thesameorderasthey appeain D;. Part2 impliesthateachtaskxis behind
its leaderin A andatleastd(x) — 1 tasksfrom L)1 (Someof thempossibly
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empty)arebetweertheparentof x andxin A. In particularrankay(x:L_1) =0
for all x € Dg sinceno taskof Dy hasaleader Consequentlyno emptytasks
arein front of ary taskof Dg in A.

FromDefinition 4.17we canderive analgorithmfor constructinga sched-
uling sequencehatis implied by Dy,...,Dm. Let usfirst notethatfor ary
disjointsubsets(,Y of A thefollowing holds:

ranka(XUY : XUY)
= (ranka(X:Y) @ ranky(X : X)) »a
(ranka(Y 1Y) @ ((ranka(Y 1Y) saranka (X 1 Y)) = X)). (4.1)

For j = 0,...,m, the rank sequencaank,(D; : Dj) is given by Defini-
tion 4.17.1. If Dj = {Xq,...,X} thenranky(Dj : Dj) = {(1,X1),...,(KX)}.
Also,ranky(L_1: L_1) isknown: ranka(L_1:L_1) ={(1,&1),(2,&),...} since
empty tasksoccurin A in the sameorderasin ‘£, by Definition 4.4. Fur
thermore,if ranka(Lj_1 : Lj_1) is known for somej > 0, theneachleader
of sometaskin D; knows its rank (position)in Lj_; andwe cancompute
ranky(Dj : Lj—1) by applyingDefinition 4.17.2to thefirst taskof Dj, thento
thesecondandsoon.

To constructan implied schedulingsequencewe performthe following
for eachj from O to m. First, we computeranky(Dj : Lj_1) using Defini-
tion 4.17.2. (For j = 0 andDg = {X1,...,X} we obtainranka(Dg : L_1) =
{(0,x1),...,(0,%)}, aswehave obseredabore.) Then,wechooseX = D; and
Y =L;_; andapplyequation(4.1)to computeranka(L; : L;) from ranky(D; :
Lj—1), ranka(D;j : Dj), andranka(Lj_1 : Lj_1). In theendwe obtainranka(Lm:
Lm), which givesusfor eachtaskof A its positionin A. Notethatfor every m-
partitionof (T, <) thereexistsexactly oneschedulingsequencéhatis implied
by it.

For an illustration we turn to the 3-partitiondepictedin Figure4.3. Let
us determinethe schedulingsequenceé\ implied by Do,...,D3. Recallthat
E={ey,...,e4} in ourexample.lt is easyto seethat AllLy[lalwaysconsistof
Dy followedby £, hence AllLg[= {ty, to, tg, t11, t19, tog, €1, €, €3, €4}. Letus
determineAlL,[] Theleaderof t3 is ty, theleaderof t1, is t;1, andtheleader
of ty is tyg. Henceranka(Dy : Lo) = {(2,t3), (4,t10), (6,t20)}. It follows that
Al = {t]_, to, t3, to, t11, t12, t19, toq, 122, €1, &, €3, e4}. Next, we determine
AlL,[] Theleaderof t, is t3, theleaderof t13 is t15, andthe leaderof to is too.
All othertasksof D, have no leader Consequentlyranka(D» : L1) = {(3,t4),
(4,15), (6,t13), (7,t15), (8,t17), (9,t21), (10,t24)} . Then Alllo[3= {ty, tp, t3, 4, to,
te, 111, t12, t13, T19, t15, o0, 117, too, 121, €1, tog, €9, €3, 6‘4}. Notethatthereis an
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emptytaskin AlL,Oright in front of ty4 sincetherankof tp4 in L is 10, but
D andD; consistof only 9 tasks.Finally, we determineAlL3[] We compute
ranKA(Dfﬂ : L2) = {(4,t5), (6,t7), (8,t8), (1O’t10)’ (121t14)! (14’t16)1 (16’t18)1
(18,t23), (20,t25)} . It followsthatAlllz[J= {t1, to, t3, t4, ts, tg, t6, t7, t11, t12, g,

t13, t9, t10, t1s, 120, t14, t17, 122, tyg, t21, €1, t18, 124, €2, 123, €3, €4, tas}, Whichis
A. The 3-processomappingof Ais shavn in Figure4.2.

4.6 Implied SchedulingSequencesre Optimal

Throughoutthis sectionlet Dy, ...,Dny be an m-partition of (T, <) andlet A
be the schedulingsequenceof T implied by Dy,...,Dm. We prove in the
following thatthem-processomappingof A is anoptimalscheduldor (T, <).
First, we establisrsomeauxiliary propositions.

Lemma4.18 Let x,y € T be sud that (x) < d(y) and levelx) > levely).
Theny is behindxin A.

Proof. Let levelx) = levelly). Theneitherx € C(y) or x € Dg andx is not
leaderof ataskof D;. By Definition4.17.2,all leadersof y arein front of y.
Hence,if x € C(y) thelemmaholds. Otherwisex € Dg but x is not leaderof
ataskof D;. By Definition 4.11.4 thereexistsataskin D; onthelevel of x.
Thereforethereexistsataskzin Dy onthelevel of x thatis theleaderof that
taskin D1 andzis behindx in Dg, by definition of leaders.It follows thatz
is behindx in A, sincein A tasksof Dy appeaiin the sameorderasthey have
in Do, by Definition4.17.1. Furthermorezis in front of y, because € C(y).
Consequentlyis in front of y andthelemmaholdsin casdevel(x) = levely).
Now, let level(x) > levelly). Let z bethetaskin Dy, thatis on the same
level asx. Suchataskexistsaccordingto Definition4.11.4.Clearly, x € C(2)
or x € Dg andx is notleaderof ataskof D1. Hence by thesameargumentsas
before,zis behindxin A. Thetasksin Dy, areorderedby nonincreasinggvel
(Definition4.11.6)andthey appeaiin thesameorderin A (Definition4.17.1).
It followsthaty is behindz sincezis onthesamdevel asx andx is onahigher
level thany. Consequentlyy is behindx in A. O

In thefollowing, we analyzethe situationthatarisesf in Definition4.17.2
therankof somebackbonédaskx € Dj in Lj_; with respecto A is determined
by its leaderandnot by its parent.

Lemma4.19 Letx € Dj with j > 0 sudh that ranka(x : Lj_1) > ranka(x~ :
Lj—1)+ j — 1. Thenthesizeof C(x) is j andall tasksC(x) are directlyin front
of xin AIL;LI
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Proof. By inductionon j. Sinceranky(x:Lj_1) >ranky(x™ :Lj_1)+j—1we
obtainfrom Definition 4.17.2thatx* existsandranky(x: Lj_1) = ranka(x" :
Lj—1), i.e,, X" is directly in front of x in ALl If j =1 thenC(X) = {X"};
hencethelemmaholdsfor j = 1. Letit holdfor j —1with j—1>0,i.e., our
inductive hypothesiss thatif ranka(y: Lj_») > ranka(y~ : Lj_2) + ] — 2 for
sometasky € Dj_j, thenthesizeof C(y) is j — 1 andall tasksC(y) aredirectly
in front of y in AlL;_;[] Sinceranky(x:Lj_1) > ranka(x~ : Lj_1)+j—1
therearemorethan j — 1 tasksfrom Lj_, directlyin front of x in AlL;(and
behindx™ if x~ exists). Therearethreecaseswve have to considerdepending
onwhetherx™ and/orx*~ exist.

casel: x~ andx*™ exist. Clearly, &(x*7) < &(x~) and,by Lemma4.15,
level(x*™) > level(x™). We apply Lemma4.18 andobtainthatx™ is behind
X"~ in A .andhencein AlL;L] It follows thattherearemorethan j — 2 tasks
from L;_» betweenk*™ andx” in AlLj_[]Ji.e., ranka(X" : Lj_o) > ranka(x" " :
Lj—2)+ ] —2(Figure4.4). By inductivehypothesisthetasksC(x") aredirectly
in front of x* in AllL;_, [0and|C(x*)| = j — 1. It holdsthatx™ is in front of all
tasksC(x*) in AlL;[Lsincetherearemorethan j — 1 tasksfrom L;_; between
X~ andxin AlL;LIx is directly behindx® in AlL;L]andthe numberof tasksin
C(x") is j — 1. It followsthatall tasksof C(x) aredirectlyin front of x in AlL;J]
and|IC(X)| = j.

>j-1
\ - “T \ o \
e T NG|
>j-2
X~ X

Figure4.4: We obtain AlL; by insertingtasksof D; into AlL;_;[Jat appro-
priate positions.Here we assumehat therankof x € D; is determinedy its
leaderandnotby its parent(thearrowsindicatetherankof xandx™ in Lj_1).
ConsequentlytasksC(x), consistingof x* andC(x*), are directlyin front of x
in AIL; L] (Seeproofof Lemma4.19.)

case2: x~ existsbut x*~ doesnotexist. Thenx" is thefirst taskin Dj_.
Sincetherearemorethan j — 1 tasksfrom L;_; in front of x andx is directly
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behindx* in AlL;L]therearemorethan j — 2 tasksfrom L;_» in front of x*
in AllL;_1L] or in otherwords, ranky(X* : Lj_2) > j — 2. Sinceranky(x ™ :
L;j—2) = 0, we canapply the inductive hypothesisand obtainthat tasksC(x*)
aredirectly in front of x* in AllL;_;0and |C(x")| = j — 1. As notedin the
previouscase x™ is in front of all tasksC(x*) in AlL;Candhenceall tasksof
C(x) aredirectlyin front of xin AlL; L] Furthermore|C(x)| = j.

case3: X~ doesnot exist. Thenx is thefirst taskof Dj andx*~ doesnot
exist either(Lemma4.15). Furthermoreranky(x~ : Lj_1) = 0 andranky(x:
Lj—1) > j — 1. Sincex" is directly in front of x in AllL;[J therearemorethan
j —2tasksfrom Lj_» in front of x* in AlL;_;[}i.e., ranka(X" : Lj_2) > j — 2.
By inductive hypothesisall tasksC(x*) aredirectly in front of x* in AlL; ;0
and|C(x")| = j — 1. Therefore all tasksof C(x) aredirectly in front of x in
AL; Cand|C(X)| = j. O

Lemma4.20 Letx € D; with j > 0 sud that ranka(x : Lj_1) > ranka(x™ :
Lj—1) + j — 1. Thenthere are no emptytasksin frontof x in A.

Proof. All tasksC(x) aredirectly in front of x in AlL;Oand |C(X)| = j, by
Lemma4.19.Hence C(x) containexactly onetaskof everyDy, k=0,..., | —

1. Consequentlythereis atasky € DoNC(x) in front of x suchthatthereis no
emptytaskbetweery andx. We have alreadyobsenedthatDefinition4.17.2
impliesranka(x: L _1) = O for all x € Dg. Hence,emptytaskscanonly exist
behindthe lasttaskof Dy andtherefore,no emptytaskis in front of y. We
concludethatthereis no emptytaskin front of x. a

Lemma4.21 Letx € Dj with j > 0 sud that ranka(x : Lj_1) > rankay(x™ :
Li—1)+ ] — 1. If x~ existsthenall tasksbetweernx™ andx in AlL;Jare onthe
samelevel asx. If x™ is undefinedhenall tasksin front of x in AlL;are on
thesamedevelasx.

Proof. Let us first note that (i) thereare no emptytasksin front of x, by
Lemma4.20, (i) all tasksC(x) areonthe samelevel asx, (iii) C(x) contains
exactly onetaskof every Dy, k=0,...,] — 1, sincethe sizeof C(X) is |, (iv)
thetasksof C(x) aredirectlyin front of x in AllL;[{Lemma4.19),and(v) ev-
ery Dy with k=0,..., ] is orderedby nonincreasingevel andthe tasksof Dy
appeain this orderin AlL;L]by Definition4.11.6andDefinition4.17.1.

It followsthatall tasksin front of x in AllL;Careonalevel atleastashighas
x. Furthermoreif x~ existsthenall tasksin front of x in AllL; (thatarehigher
thanx areat leastashigh asx™, becausdor every taskin Dy,...,D;_; there
existsataskin D;j thatis onthe samelevel (Definition 4.11.4)andno taskin
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Dj is on a level betweenthe level of x~ andx. We apply Lemma4.18and
obtainthateverytaskof Dy, ...,Dj_; thatis atleastashighasx™ isin front of
X, which provesthatno taskbetweernx™ andxin AllL;is onalevel different
to thatof x. Ontheotherhand,if x~ doesnotexist thenno taskin C(x) hasa
parenteither(Lemmad4.15)andhencenotaskin front of x is onalevel higher
thanx. We concludethatall tasksin front of x in AlL;Careonthe samelevel
asxin thiscase. a

Lemma4.22 Letx € T. Thenthere are at leastj — 1 tasksbetweerx™ andx
in AL;Llfor j > &(X).

Proof. By inductionon j. Accordingto Definition 4.17.2thereare at least
j — LtasksfromLj_; betweernx™ andxin AlL; L] Hence thelemmaholdsfor

j = 9(x). Letit holdfor j —1with j —1 > &(x), i.e., ourinductie hypothesiss
thatthereareatleastj — 2 tasksbetweernx™ andxin AllL;_, ] We haveto shov
thatatleastonetaskof Dj is betweenx™ andxin A[L;Ll Lety bethetaskwith
smallestpositionin D; thatis behindx in AlL;[] Sucha taskexists because
thereis ataskz € Dj thatis on the samelevel asx, by Definition4.11.4,and
taskzis behindx in AL;[]by Lemma4.18,sinced(x) < &(2).

Assumethaty doesnot exist. Therankof y in Lj_, is atleastj sincex
andx™ arein front of y andthereareatleastj — 2 tasksbetweernx™ andxin
AlL;_, [} by inductive hypothesis.Sinceranks(y~ : Lj—1) = 0 we derive that
ranka(y: Lj—1) > rankay(y~ : Lj_1) + j — 1. By Lemma4.21,all tasksin front
of yin AllLjCareonthesamedevel asy. But this contradict¢hefactthatx and
x~ areondifferentlevelsandarebothin front of y. Hence ourassumptions
wrongandy— exists.

Notethat,by thechoiceof y, we know thaty™ is in front of x in AIL; L] Let
ranka(y: Lj—1) =ranka(y~ : Lj_1)+ ] — 1, i.e, thereareexactly j — 1 tasks
of Lj_; betweery™ andy in AlL; LI By inductve hypothesisthereareat least
j — 2 tasksbetweerx™ andxin AlL;_; LI It followsthaty™ is betweernx™ and
X in AL [Figure4.5). Otherwiseranka(y : Lj—1) > ranka(y~ :Lj_1)+j—1
(Definition 4.17.2). By Lemma4.21, all tasksbetweeny~ andy in AL;0
areon the samelevel asy. Becausex- andx areon differentlevels, we can
derivethaty is notin front of x . Furthermorerecallthaty is not behind
x. Consequentlyy is betweerx™ andxin AlL;L]

By inductive hypothesisthereareat leastj — 2 tasksbetweerx™ andx in
AlL;_1LJWehavejustshavn thatin AL Chtleastonetaskfrom D; is between
x~ andx. It follows thatat leastj — 1 tasksare betweerx™ andx in A[L;L]
which provesthelemma. g
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Figure4.5: If there are at least | — 2 tasksbetweernx™ andx in AlL;_,[and
exactly j — 1 tasksof Lj_, are betweery~ andy in AllL;[Jtheny™ is between
X~ andxin AlL; L] (Seeproof of Lemma4.22.)

To prove optimality of the m-processomappingof A, we will shav that
thereexistsalist of all tasksorderedoy nonincreasindevel suchthatthelist
scheduldor thislist hasthe samdengthasthem-processomappingof A. To
this end,we requirethefollowing:

Lemma4.23 Let x be a taskon a longestpathin (T, <) andlet (T’,<’) be
theforestof intreesconsistingof all subteesof (T, <) rootedat a taskon the
level of x. Thenthere existsa list L of all tasksT’ ordered by noninceasing
level sudh thatthelist scheduleSfor L mapsx to timestedengti(S).

Proof. Let Tyx denotethe setof all predecessorsf x plusx. Also, letL bea
list of all tasksT’ orderedby nonincreasindevel suchthatfor eachlevel ¢,

thetasksof Ty onlevel ¢ areto theright of all othertasksof T' onlevel Zin L,

I.e., thetasksof Ty onlevel ¢ have lower priority thanall othertasksonlevel /.

Let Sbethelist scheduldor L. We prove by inductionon levels(startingwith

thehighestevel) thatif y ¢ Ty, z€ Ty, andlevelly) = level(z), thenSy) < §2).

Notethatoneverylevelin (T', <') thereis ataskof Ty sincex is onalongest
pathin (T, <).

The claim holdsfor the highestlevel sincethe tasksof Ty on the highest
level have lower priority in L thanall othertaskson the highestlevel. Let the
claim hold for somelevel £ andlety ¢ Ty, z € T, andlevely) = level(z) =
¢ — 1. If y hasno predecessothenthe list schedulingalgorithmwill mapy
to sometimestepbeforeit considers, sincez haslower priority thany in L.
OtherwiseJet y be a predecessanf y suchthatno otherpredecessaof y is
scheduledaterthany'. Similarly, let Z bethelatestpredecessauf z. Clearly,
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levely') = levelZ) = ¢£. By inductive hypothesisS(y') < S(Z). Hence thelist
schedulingalgorithmwill mapy to sometimestepbeforeit considers, since
zis availablenot earlierthany andy hashigherpriority thanz, which proves
theclaim.

Sincex is the only taskin Ty on levekx) we obtainthat S(x) > S(y) for all
tasksy thatareon the samelevel asx. Consequentlyx is mappedo thelast
timestepof S. a

Now everythingis in placeto prove thatthe m-processomappings of the
schedulingsequencanplied by the m-partitionis anoptimalschedule First,
we shaow thatif x <y thenat leastm— 1 tasksare betweenx andy in A.
Consequentlyy is scheduledaterthanx. Secondwe prove thatthereexists
alist of all tasksorderedby nonincreasingdevel suchthatthelist scheduldor
thislist hasthesamedengthasS. Sincethelist schedulas HLF andtherefore
optimal,we obtainthatSis optimaltoo.

Theorem4.24 Let Dy,...,Dn be an m-partition of (T, <) andlet A be the
schedulingsequencémpliedby Dy, ...,Dyn. Thenthemapping

S: X [ranka(x: Ly)/m]
is an optimal m-processoischedulefor (T, <).

Proof. Let x precedey. Clearly, levex) > levelly). By Definition 4.11.5,it
holdsthat &(x) < &(y). If 3(X) < d(y) then, by Definition 4.11.4,thereexists
ataskz € D) thatis onthe samelevel asx. Otherwised(x) = &(y) andwe
choosez = x. Thereexistsataskt € Dgy) thateitherequalsy or is betweerz
andy with levelz) > level(t) > levelly). Notethatt™ existsandeitherequals
z or is betweernz andt, hencelevel(z) > levelt™) > level(t) > levelly). By
Lemma4.22, thereare at leastm — 1 tasksbetweent— andt in AL, If
0(X) < o(y) thend(x) < 8(2) and,by Lemma4.18,z is behindx. Otherwise
z=X. In ary case,thereareatleastm— 1 tasksbetweenx andy in AllL[J]
We concludethat S(x) < Sy). It follows that S doesnot violate precedence
constraintsandsince S doesnot map morethanm tasksto arny timestepwe
obtainthatSis a scheduldor (T, <).

It remainsto show thatSis optimal. The lasttaskof Dy, is the last non-
empty task of Alllz[Jand henceis mappedto timesteplengti(S). Letr be
the latesttimestep> 1 suchthatthereis a taskx € Dy, mappedto r but no
taskof Dy, is mappedto r — 1. If no suchr exists, thento every timestep
1,...,lengtn(S) ataskof Dy, is mapped.SinceDy, is alongestpathin (T, <)
(Lemma4.15)it followsthatSis optimalin this case.
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Otherwisethereareat leastm tasksdirectly in front of x in AllLz[thatdo
not belongto Dy, i.e., ranka(X: Ly_1) > ranka(x™ : Ly_1) + m— 1. We now
obsenethefollowing. By Lemma4.20,thereis noemptytaskin front of x and
hence hotimestep< r is partial. By Lemma4.19,all tasksC(x) aredirectly
in front of x andthe sizeof C(x) is m, i.e., C(X) containsonetaskonthelevel
of x from eachof Dy,...,Dmn_1. Furthermoretasksfrom eachDj, 0 < j <m,
areorderedby level in AllLy,[J(Definition4.11.6and4.17.1). Eachbackbone
containsat mostonetaskof every level (Definition 4.11.3)andin Dy every
tasky thatis leaderof sometaskin D; hasmaximalpositionin Dy amongall
tasksof Dy onthelevel of y (Definition4.12). Hence for all y € C(x) it holds
thatall tasksbehindy in Dg,) areonlevelslowerthanthatof y. Fromthese
obsenationswe concludethatin AL ,Call tasksbehindx areeitheremptyor
onalevel below x andall tasksin front of x arenonemptyandatleastashigh
asx.

Let(T’,<’) betheforestof intreesconsistingpf all subtreesootedatatask
onthelevel of x, i.e.,, T’ consistf all taskson the level of x andon higher
levels. Accordingto Lemma4.23,thereexistsalist L’ of all tasksT’ ordered
by nonincreasindevel suchthatthelist scheduleS for L’ mapsx to timestep
lengti(S). Let L” be the list obtainedfrom L’ by appendingall remaining
tasksof T in nonincreasindevel orderandlet S’ bethelist scheduleor L”.
Sincealist scheduldor alist of tasksorderedby nonincreasindevel is HLF,
we obtainfrom Theorem4.2 that S is an optimal scheduléefor (T', <) and
S’ is an optimal scheduleor (T, <). Next, we obsene that S schedulesll
tasksof T’ in the shortestpossibletime, sinceall tasksmappedo timesteps
< r belongto T', notaskof T’ is mappedo atimestep> r, andno timestep
earlierthanr is partial. SinceS is anoptimalscheduldor (T', <’) we obtain
length(S) = §(X). BecauseS(x) = length(S) it follows that S(x) = S(x). A
moments reflectionrevealsthat S’ restrictedto T’ is identicalto S because
the list from which S is constructeds a prefix of the list for S’. Hence,
S'(X) = S(x). Thechoiceof r impliesthatto every timestepr,...,length(S) a
taskof Dy, is mappedby S. SinceDy, is a pathin (T, <) andbothSandS’
map x to timestepr we obtainthat S’ cannot have a shorterlengththanS.
Therefore Sis optimal. O

4.7 Computing an m-Partition

Our algorithmconsistsof threestages.In the first stage,an m-patrtition Dy,
..., Dy of thegivenintreeis computedin particular the parentandtheleader
of eachtaskis determined.In stagetwo, we rank tasksaccordingto Defini-
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tion 4.17 thatis, we determinéfor j = 0,...,mtheranksequencesanky(D; :
L;—1) with respectto the schedulingsequenceé implied by Dy,...,Dm. In
the last stage,we meige theserank sequence$o obtain the rank sequence
ranka(Dom : Lm), which givesusfor eachtaskx € T its positionin A. Finally,
we outputthe m-processomappingof A.

We assumehatthe givenintreeis orderedthatis, for eachvertex an ex-
plicit orderof its immediatepredecessor&hildren)is given. For example,
the intree may be representedby a sequencef vertices,eachvertex being
associateavith a pointerto its left sibling anda pointerto its successor

We have shavn in Sections3.7 and 3.8 how to usethe Eulertour tech-
nigueandtreecontractionto computethe depth the preordemumberandthe
heightof eachvertex of anundirectedree.Whenwe consideithegivenintree
precedencgraphasan undirectedree (dravn with its root at the top), then
it become<learthat the depthof a taskin the undirectedtree corresponds
to its level in the precedencgraphandthe heightof a taskin the undirected
tree correspondso its eptvaluein the precedencgraph. We concludethat
the level, the ept value, andthe preordemnumberof eachtaskin the prece-
dencegraphcanbe computedn time O(logn) usingn/logn EREW PRAM
processorg§Theorems3.13and3.15). We assumaen the following thatthese
numbersarealreadycomputed.

Lemma4.25 Let (T, <) bea UET tasksystenwith a precedencgraphthat
is anintree Letthe precedencgraphbe givenasan orderedintreeand let
|T| = n. We cancomputean m-partitionof (T, <) anddeterminefor eat task
its parentandits leaderin time O(lognlogm) usingn/logn processos of an
EREWPRAM.

Proof. Let > beanorderontasksdefinedasfollows. We write X > y or sayx
is greatertthany if levelx) = levely) andepix) > epi(y) or level(x) = levely)
andepix) = ept(y) andthe preordemumberof x in thegivenintreeis greater
thanthatof y. In the following we shav how to determinefor eachtaska
parentandaleadersuchthattheresultingstructurds anm-partitionof (T, <).
First,we sorttasksin level orderusingthealgorithmgivenin Section3.10.
Thisalgorithmcomputes breadth-firstraversalof theprecedenceeein time
O(logn) andusesn/logn EREWPRAM processor§TheorenB.19). Then,for
eachlevel in parallel,we determinghem+ 1 greatestaskswith respecto >
andsortthem. Let r, denotethe numberof taskson level £. By Theorem3.8,
we requireO(logr,logm) time to sortthem+ 1 greatestaskson level ¢ if we
user,/logr, processorsWe user,/logn processorandconsequentlyequire
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O(lognlogm) time. To handleall levels simultaneouslyvithin the sametime
bound,we requiren/logn processors.

Let x bethe (m—i)-th greatestaskof level ¢/, with 0 < i < m. We define
the (m—i + 1)-th greatestaskon level ¢ to betheleaderof x. If no suchtask
exists (becausehereareonly m—i taskson level £), thenx hasno leader We
definethe parentof x to bethe (m—i)-th greatestaskon thenext level higher
than/ thatconsistof atleastm—i tasks.If nosuchlevel exists,thenx hasno
parent. At this pointD4,...,Dy aredefinedandfor O <i < mthe(m—i)-th
greatestaskof eachlevel belongso D;, 1, while all othertasksbelongto Dy.

Clearly, the leaderof eachtaskcanbe determinedn constantsequential
time, oncethem+ 1 greatestasksof eachlevel aresorted.lt is furthermore
not difficult to constructDy,, sinceataskin Dy, canfind its parentby looking
at the greatestask on the next higherlevel. Computingthe parentsof all
otherbackbonegasksefficiently in parallelis moreinvolved. To this end,we
constructthe following orderediree R, calledthe backbonetree The vertex
setof R consistf arootvertex v andonevertex for eachtaskin Dy,...,Dn.
Theedgesetof R consistof anedge(v, X) for all x e D, andanedge(y, y*) for
everytasky thathasaleader To orderR, we only haveto give anexplicit order
on the childrenof v, sinceall otherverticesof R have at mostonechild. We
orderthe |Dyy| childrenof v by decreasindevel of their correspondingasks,
I.e., thefirst child of v correspondso the highesttaskof Dy, andthelastchild
of v correspondso the lowesttaskof Dy, (Figure4.6 shavs the backbone
treeR for the 3-partitiongivenin Figure4.3.)

Dy |ttt two| |tiaf | tic| [t1s| [t23

D, |14 ts tig| |tis| |t17] [to1| [T24

Figure4.6: Thebadkbonetree(seeproof of Lemma4.25).

Considerthe breadth-firsttraversalL of R. It is not difficult to seethat
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L consistsof v, followed by Dy, followed by D1, andsoon. Sincethe
childrenof v areorderedoy decreasindevel of their correspondingasks the
breadth-firstraversalvisits thetasksof eachbackbonen this order i.e., each
backboneD; canbefoundin L asa sequencef contiguougasksorderedby
decreasindevel (the level of a taskin the precedencgraph). Consequently
to computethe backbone®,,...,Dy, it suficesto computethe breadth-first
traversalL of R. By Theorem3.19, this canbe donein O(logn) time using
n/logn processorsThe constructiorof R canbe performedwithin the same
bounds.

Let Q denotethe sequencef taskssortedin nonincreasindevel order To
determineDg from Q, we executethe following steps. First, we remove all
tasksfrom Q thatbelongto D4,...,Dn, i.e., we remove the m greatestasks
of eachlevel, andobtainQ’. Secondwe have to make surethatevery leader
y of sometaskin D, hashighestpositionin Dy amongtaskson the level of
y (cf. definitionof leader).To this end,we performthefollowing in parallel
for eachlevel £. Letqy,...,qx bethe partof Q' thatconsistsof taskson level
¢. Exactlyoneof thesetasks,sayq;, is the leaderof sometaskin D1, andwe
exchangeg; with g, in Q. Finally, we assignQ’ to Dy.

It remainsto shav thatthe setsDy,...,Dm form an m-partitionof (T, <).
Clearly, Dy,...,Dm areapartitionof T. Hence,propertiesl and2 of Defini-
tion4.11hold. It is furthermoreclearthateachof D4,...,Dmy containsat most
onetaskfrom every level andeachof Dy,...,Dy is orderedby nonincreasing
level. Therefore properties3 and6 hold. As for property4, we notethe fol-
lowing. Let x beataskin Dj.; onlevel £. If i > 0 thenx is the (m—1i)-th
greatestaskonlevel /. It followsthatthereexist atleastm—i tasksonlevel /.
Consequentlythereis a taskfrom level £ in eachof Dj, »,...,Dm. Otherwise
x € Do. We removedthem greatestasksof level ¢ to obtainthetasksfor Dy.
Hencethereareatleastm+ 1 tasksonlevel ¢ andeachof Dy, ..., D, contains
oneof them.

Now let x € D; andy € D; with x <'y. Thenthereexist m— j tasksonthe
level of y thatare greaterthany (theremay exist even moreif y € Dg). By
definition of >, every taskon the level of y thatis greaterthany haseither
greatereptvalue or the sameept value and greaterpreordemumberthany.
We claim that for every taskz on the level of y thatis greaterthany, there
exists a distincttaskZ on the level of x thatis greaterthanx. To prove the
claim, let z be ataskon thelevel of y with z > y and considerthe following
two cases.

casel: ep{2 > epiy). Thenthelongestpathof tasksin (T, <) preceding
zis longerthanthelongestpathof tasksthat precedey. Hence thereexistsa
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predecessaf of zthatis onthesamdevel asx andep{(Z) > epi{x). Therefore
Z >x

case2: ep(2) = epty), butzhasagreatepreordemumberthany. Thenthe
longestpathof tasksin (T, <) precedingz hasthe samelengthasthelongest
pathof tasksthatprecedey. It followsthatthereexistsapredecessa of zon
thelevel of x with epi(Z) > epi{x). We obsenrethatevery predecessasf zhas
a greaterpreordemumberthanary predecessaof y, because hasa greater
preordemumberthany. Consequentlythe preordemumberof Z is greater
thanthatof x. HenceZ > x.

Becaus€T, <) formsanintree,we automaticallychoosan theabove cases
for everyzadistinctZ, whichprovestheclaim. As notedbefore thereexist at
leastm— | tasksonthelevel of y thataregreaterthany. By theabove claim,
thereexist at leastm— j taskson the level of x thataregreaterthanx. Since
x € Dj we obtainthati < j, which provesproperty5 of Definition4.11.

We concludethatDy, . .., Dy, obtainedoy way of the above algorithmcon-
formsto Definition4.11andhenceis anm-partitionof (T, <). a

4.8 Ranking Tasks

Thecharacterizatioof implied schedulingsequencegivenin Definition4.17
is recursve in the numberof processorsn. As we have seen this definition
is usefulfor proving thatthe m-processomappingof theimplied scheduling
sequencés anoptimalschedule On the otherhand.,it is not clearhow afast
parallelalgorithmcan be derived from it directly. In this sectionwe give a
versionof Definition 4.17.2thatis moreopento parallelization.In the sequel

let a(x) denotey yecpy YY)-

Lemma4.26 Let Dy,...,Dm be an m-partition of (T, <) and let A be the
schedulingsequencémpliedby Dy, ...,Dm. Thenfor anyx € Dj with j > 1

ranka(x: Lj—1) > a(x).

Proof. For every tasky it holdsthat if y hasa leader theny is behindits
leaderin A (Definition4.17.2).Consequentlyx is behindall tasksof C(x). By
Definition 4.17.1 the tasksof every D; appeaiin the sameorderin A asthey
appeaiin D;. Hence everyy € C(x) is behindy(y) — 1 tasksfrom Dgy in A.
We concludethatat leasta(x) tasksof Lj_; arein front of xin A. O
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Lemma4.27 Let Dy,...,Dy be an m-partition of (T, <) and let A be the
schedulingsequencémpliedby Do, ...,Dm. Letx € Dj with j > 1 sud that
ranka(x: Lj_1) > ranka(x™ : Lj_1)+ j—1. Then

ranka(x: Lj—1) = a(x).

Proof. We canusethe sameargumentsasin the proof of Lemma4.26. Ad-
ditionally, we obsere thatthe tasksof C(x) aredirectlyin front of x in AlL;[]
andthesizeof C(x) is j (Lemma4.19),henceC(x) containsexactly onetask
of eachsetDy,...,Dj_;. Furthermoreno emptytasksarein front of xin A,
by Lemma4.20.Consequentlythereareexactly a(x) tasksof L;_4 in front of
xin A O

Theabove two lemmadeadto a nonrecursie expressiorfor therankof a
backboneaskx € Dj in Lj_y, whichis givennext.

Lemma4.28 Let Dy,...,Dm be an m-partition of (T, <) and let A be the
sdhedulingsequencémpliedby Dy, ...,Dm. Also,letx € Dj with j > 1. Then

ranka(x: Lj_1)

_ max{v(x)(j—l), max {G(y)+(v(><)—v(y))(j—1)}}-

yeD; () <y(¥)

Proof. Let usfirst statethat
ranka(x: Lj_1) = max{ranka(x” :Lj_1)+j—1,a(X)}. (4.2)

To provethis, let a(x) > ranky(x™ : Lj_1) + ] — 1. By Lemma4.26,it holds
thatranka(x: Lj_1) > a(x) andthereforeranka(x: Lj_1) > ranka(x™: Lj_1)+
j —1. Consequentlyranka(x : Lj_1) = a(x), by Lemma4.27. Otherwise
ranka(x~ : Lj_1) + j — 1 > a(x). Assumethatranky(x: Lj_1) > ranky(x™ :
Lj—1)+ ] — 1. By Lemma4.27,we obtainranky(x : Lj_;) = a(x) andhence
a(x) >ranka(x~ :Lj_1)+ j —1,acontradictionlt followsthatourassumption
is wrongandranka(x: Lj_1) <ranksy(x~ : Lj_1)+ j — 1. Ontheotherhand,
ranka(x: Lj_1) isatleastranky(x~ :Lj_1)+ j — 1,by Definition4.17.2. There-
fore,ranka(x: Lj_1) = ranka(x™ :L;j_1)+ j — 1, which provesequation(4.2).

We prove the lemmaby inductionon y(X). If y(X) = 1 thenranky(x™ :
Lj—1) = Osincex " is undefinedandwe obtain

maX{V(X)(J'—l), max {O((Y)+(V(X)—V(Y))(J'—1)}}

yeD; YY) <v(¥)
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= ma{j—-1a(x)}

2 ranka(x: Lj_1).

It followsthatthelemmaholdsfor y(x) = 1. Letthelemmaholdfor the parent
of x. Usingthefactthaty(x) = y(x~) + 1 andusingtheinductive hypothesis,
we derive

maX{v(X)(J'—l), max {a(y)+(y(x)—y(y))(j—1)}}

yeDj V) <v()

yeDj yy)<y(x™)

= max{y(x)(j—l), max {a(y)+(y(x)—y(y))(j—1)},0((x)}

YO (i-D+j-1,

= max D, ,ry?y?;(y(x—) {a) + ) -y -D}+i-1,
a(x)

L. max{ranka(x" :Lj_1)+j—1,0a(X)}

42

ranka(x: Lj_1).
O

UsingLemma4.28,it is now easyto rankall tasksefficiently in parallel.

Lemma 4.29 Givenfor ead taskits leaderandits parentin an m-partition
Do,...,Dm of (T, <), we can computethe rank sequencesanka(Dg : L_;),
..., ranka(Dm : Li—1) in time O(logn) usingn/logn processos of an EREW
PRAM,whee Ais theschedulingsequencenpliedbyDy,...,Dmand|T|=n.

Proof. For eachtaskx in parallel,we determiney(x), 8(x), anda(x) usinglist
rankingandsegmentedorefix-sumsperationn thelists of leadersandpar
ents.Next, we computeranka (X : Lg)_1), asproposedn Lemma4.28,using
a prefix-maximaoperationon eachof Dy,...,Dn. It is now easyto construct
the orderedsetsranka(Dj : Lj_1) for j = 1,...,m. For j =0, obsenre thatif
Do ={Xq,-.., %} thenranka(Dg : L_1) = {(0,%1),...,(0,%)} sinceL_; = E
andin A no emptytasksarein front of ary taskof Dg (Definition 4.17.2).
Clearly, all of theabove canbe performedn time O(logn) onn/logn EREW
PRAM processor¢Theorems3.2and3.11). a
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4.9 Constructing the Implied SchedulingSequence

We aimto determinganka(Dom : Lm), Which containdor eachnonemptytask
its positionin theschedulinggequencenpliedby Dy, ..., Dm. In thefollowing
we shav how to computeranka(Dom : Lm) usinga binary tree computation,
anoutlineof whichis givennext.

We assumaevithoutlossof generalitythatm+ 1 is apower of 2. Ourcom-
putationtreeis a completebinarytreewith m+ 1 leavesnumberedrom O to
m. Leaf numberj carriesthe rank sequenceank,(D; : Lj). Eachinternal
vertex of the binary tree representsan operationthat takesthe two rank se-
guencef its two childrenasinput and outputsa new rank sequence.The
rank sequencehat is outputby the root vertex of the computationtree will
beranka(Dom : Lm). Theoperationassociateavith eachinternalvertex of the
computatiortreeconsistof a numberof applicationf &, +, pos @, ando
andis presentedn the next lemma.

Lemma4.30 Let A beanorderedsetandlet X, Y, andZ bedisjoint subsets
of A. Giventheranksequencegnk\(Y : XUY) andranky(Z : XUY UZ), we
cancomputeaanka(YUZ: XUY UZ) intimeO(log([Y|+ |Z])) using([Y |+ |Z])/
log(]Y|+ |Z]) processas of an EREWPRAM.

Proof. Clearly pogranka(Z: XUY UZ)) =ranka(Z : Z). Hence,
ranka(Z : XUY) =ranky(Z: XuY U Z) & pogrank(Z : XUY U 2)).

Then,we determingankay(Y UZ : XUY) usingarelationshippbseredin sec-
tion 4.3,namely

ranka(YUZ : XUY) =ranka(Y : XUY) exranky(Z : XUY).
Finally, we compute

ranka(YUZ : XUuYUZ) =
(ranka(Y : XUY) @ (ranka(YUZ : XUY) + Z)) saranka(Z : XUY U Z).

As notedin section4.3, we requireO(logn) time on n/logn EREW PRAM

processorso performary of >, =, pos @, ands oninputsof sizen. Hence,

ranka(YUZ : XUY UZ) canbecomputedvithin thedesiredresourcédounds.
O
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The heightof our binary computationtreeis logarithmicin m sincethe
treeis completeandtherearem+ 1 leaves. We divide the executionof the
computatiorireein phasesin eachphasewe processll verticesof onelevel
in parallel. After O(logm) suchphaseshe outputof therootvertex is known.
As we will seein the next lemma,we require O(logn) time usingn/logn
processoro performonephase.Thereforewe cancomputeranka(Dom: Lm)
in time O(lognlogm) if n/logn processorareavailable.Detailsonthisbinary
treecomputatioraregivennext.

Lemma4.31 LetDy,...,Dybeanm-partitionof (T, <) andlet|T|=n. Given
therank sequencesanky(D; : L;), for i = 0,...,m, we can computethe rank
sequenceanka(Dom : Lm) in time O(lognlogm) usingn/logn processas of
an EREWPRAM.

Proof. Without loss of generality we canassumehat m+ 1 is a power of
two. For j =1,...,log(m+ 1), let I(j) be the setof integer intervals that
partitionthe interval [0, m] into closedinteger intervals eachof size2!, eg.,
(1) ={[0,1],[2,3],...,[m—1,m]}, I(2) = {[0,3],[4,7],...,[m— 3,m]}, and
I(log(m+ 1)) = {[O,m]}.

We startwith the givenm+ 1 ranksequencesanka(D;; : L;) asinput. For
] =1,..., log(m+ 1) we performthefollowing for eachinterval [a,c] € I (j) in
parallel.Letb=a+ (c—a+1)/2. Weapplythealgorithmgivenin theproofof
Lemma4.30to theranksequencesanky(Dap_1 : Lp—1) andranka(Dp : Lc)
to obtaintheranksequenceanka(Dac : Lc). (In orderto apply Lemma4.30,
let Ly_1 correspondo X, let Dy correspondo Y, andlet Dy, . correspond
toZ. ThenL,_ 1 =XUY,Lc=XUYUZ,andD, . =YUZ.) Using|Da¢|/logn
processorsyerequireO(logn) time. SinCey  gei(j) IPa,cl = n, we canhandle
all intervalsl (j) simultaneouslysingn/logn processorsvithin thesametime
bound.

After log(m+ 1) iterations,we obtaintheranksequenceanka(Dom : Lm),
which is the desiredresult. The time requiredto perform all iterationsis
O(lognlogm) andn/logn processorareused. O

We arenow readyto statethe mainresultof this chapter

Theorem4.32 Let(T, <) bea UET tasksystenwith a precedencgraphthat
is anintree Letthe precedencgraphbegivenasan orderedintreg andlet
|T| = n. We can computean optimal m-processorschedulefor (T, <) onthe
EREWPRAMIn O(lognlogm) timeusingn/logn processos.
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Proof. In the first step, we determinean m-partition Dy, ...,Dm of (T,<).
By Lemma4.25, this canbe performedin time O(lognlogm) usingn/logn
processors.Next, we computethe rank sequencesank\(D; : L;_4) for all
j €{0,...,m}, whereAistheschedulinggequencef T impliedby Dy,...,Dm.
Accordingto Lemma4.29, we requireO(logn) time on n/logn processors.
Then,we computetheranksequencesanka(D;j : Lj), for j =0,...,m. Thisis
easybecauseve obtainranka (X : L)) fromranka(x: Ls—1) by addingy(x).
We procesgheserank sequencesising the algorithmgivenin Lemma4.31
andobtainranky(Dom : Lm). Finally, we mapeachtaskx of T to timestep
[ranka(x: Lm)/m|. By Theorem4.24,this mappingis an optimal schedule
for (T, <). a



CHAPTER 5

The Two ProcessorScheduling
Problem

Thetwo processoschedulingproblemis interestingor variousreasonsFirst,

it lies closeto the borderbetweenntractableschedulingporoblemsandthose
for which efficient algorithmsareknown. This borderis a challengingarea
for investigations. If the numberof processordgor which we computethe
schedules not limited to two but is part of the probleminstance thenthe
problembecomes\P-hard,aswasshovn by Ullman [UII75]. On the other
hand,it is unknovn whetherpolynomialalgorithmsexist that computeopti-

mal k-processoschedulegor ary fixedk greatethantwo. Secondoptimal
two processoschedulesanbeusedio computemaximummatchingsn com-
plementsof comparabilitygraphs.Resultson the compleity of it might shed
new light on the compleity of the maximummatchingproblemin general
graphs.

It is thereforenot surprisingthatthetwo processoschedulingoroblemhas
along history; startingin 1969whenFuijii, Kasami,andNinomiya proposed
the first polynomialalgorithm. It is basedon the ideato constructan opti-
maltwo processoscheduldrom amaximummatchingin theincomparability
graphof the given partialorder[FKN69]. Later, CoffmanandGrahamfound
anO(n?) algorithmbasedon list schedulingwherethe sequencef tasksin
thelist is determinedby a lexicographicnumberingschemdCG72. Their
algorithmrequiresthe givenprecedencgraphto be eithertransitvely closed
or transitvely reduced.Sethishaved that Coffman and Grahams algorithm
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canbeimplementedo runin time O(na(n) + €) [Set7q, wheree is the num-
ber of edgesin the precedencgraphanda(n) is aninverseof Ackermanns
function. Finally, Gabav developedan algorithmthat runswithin the same
time boundbut doesnotrequirethe precedencgraphto betransitvely closed
or reducedGab83. The resultsof SethiandGabav canbe combinedwith

aresulton staticunion-findgivenin [GT85] to obtainalgorithmsthatrunin

time O(n+ e).

The parallelcompleity of thetwo processoschedulingoroblemwasfirst
investigatedy VaziraniandVazirani[VV85]. They gave analgorithmbased
onarandomizealgorithmfor maximummatchingswith anexpectedunning
time thatis a polynomialin the logarithmof the numberof tasks. The first
A algorithmwasdevelopedby Helmboldand Mayr [HM87b]. It consists,
roughly speaking pf two components.The distancealgorithmcomputeghe
lengthof an optimaltwo processoscheduldor sometasksystem while the
remainingalgorithmuseshedistancealgorithmto constructheactualsched-
ule. Thedistancealgorithmrunsin time O(log? n) usingn® processorandthe
total requirementsireO(log? n) time andn1® processors.

Sincethen, a numberof attemptshave beenmadeto develop more effi-
cientparallelalgorithms.Moitra andJohnsorfMJ89] andH. Jung,Sernaand
Spirakis[JSS9] proposeda new distancealgorithm but unfortunatelytheir
algorithmis wrong,asacountergamplegivenin [Jun93 shows. N. Jungpro-
poseda differentdistancealgorithmthat requiresn® processordut its proof
of correctnesss not beyonddoubt. However, combiningthe original distance
algorithmof HelmboldandMayr with the seconccomponenbf N. Jungs al-
gorithm [Jun93, oneobtainsa two processoschedulingalgorithmthatruns
in time O(log? n) usingn® processors.

In this chapterwe presenta new parallel algorithmfor the two proces-
sorschedulingproblem. It requiresO(log? n) time andonly n3/logn CREW
PRAM processors.Our main contribution is a novel and efficient distance
algorithm. To computethe actualscheduleusinginformationobtainedfrom
the distancealgorithm,we mainly follow N. Jung. Our contrikutionsto this
partof thealgorithmaresimplificationsanda proof of correctnesghatis more
rigorousthanthatgivenin [Jun93.

Therestof this chapteris organizedasfollows. In Sections.1and5.2we
introducenotationandbasicconceptselatedto thetwo processoscheduling
problem.In the sectionthereaftemwe shav how knowledgeof thelengthof an
optimaltwo processoscheduldor atasksystemcanbeusedto gaininforma-
tion on the structureof anoptimalschedule Thefollowing threesectionsare
dedicatedo thedistancealgorithmandits proofof correctnessin Sections.7
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we usemaximummatchingsn convex bipartitegraphso determinehestruc-
ture of an optimal schedulewhile in Section5.8 the final schedules com-
puted.We closethis chaptelin Section5.9,wherewe applyour two processor
schedulingalgorithmto the problemof computingmaximummatchingsin
co-comparabilitygraphs.

5.1 LMJ Schedules

Let (T, <) beanarbitrarytasksystem.We assumeéhat < is givenasa prece-
dencegraph. We wish to find a two processolJET schedulefor (T, <) of
minimal length (cf. Section4.1). Figure5.1 shows a precedencgraphof a
tasksystemwith 15 tasks. An optimaltwo processotJET scheduléor it is
depictedn Figure5.1. A well known schedulingstratey is to scheduldasks
on higherlevelsearlierthanotherswhenerer possible.If the precedenceon-
straintsaretrees thenthis simplestratayy is sufficient (cf. Sectiord.2). In the
two processocasewith arbitraryprecedenceonstraintsthis stratgy mustbe
refined.

level jump
7 t15 3
6 t13 t14 -
5 0
4 tll 3
3 - tg etip 2
2 t4 L5/ 1
1 t1e . to ltg -

Figure5.1: A precedencgraphwith 15 tasks.On theleft are thelevelsand
ontheright is thejumpsequencef an LMJ schedule(3,0,3,2,1).
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X3 X2 X1

Pr Jtis|tig|tiotin|tg | to]| 5|13

P | two | ta3 e |tz || 1] t2

timestep 1 2 3 4 5 6 7 8

Figure5.2: An LMJ schedulefor theabove precedencgraph. Theblodksof a
possibleblock decompositiorys, X2, X1 are framedin grey (seeSectiorb.5).

AssumethattasksonlevelsL,.. .,/ + 1 have alreadybeenmappedo time-
stepsandthereare k unmappedasksremainingon level £. We mapthose
tasksto the next flz(] timesteps.If k is odd,thenonly onetaskt of level ¢ is
mappedo thelastof the ['Q‘] timestepsandwe try to pairt with ataskt’ from
alowerlevel Z'. In this casewe saythatlevel ¢ jumpsto level ¢ andwe call
t’ afill-in task. If thereis no taskavailablethatt canbe pairedwith, thent
is pairedwith an emptytaskandwe saythat/ jumpsto level 0. If alevel ¢
jumpsto level £ — 1 or 0, thenwe saythatthis jumpis trivial. Scheduleshat
canbe constructedoy iteratingthe above processare calledlevel schedules
andthe sequencef levelsjumpedto, in decreasingrderof levelsjumped
from, is calledthe jump sequencef alevel schedule A jump sequencéehat
is lexicographicallygreaterthanany otherjump sequencef alevel schedule
for (T, <) is calleda lexicographicallymaximumump (LMJ) sequenc@nda
level schedulevith anLMJ sequencés calledanLMJ schedule

Theorem5.1([Gab82]) EveryLMJ scheduleis optimal.

In thefollowing we outlinehow LMJ scheduleganbe computedn paral-
lel. First, we determinewhich levelsjump. To accomplishthis, we augment
the precedencgraphby someadditionaltasksand computefor eachpair of
taskst andt’ in parallelthe lengthof an optimaltwo processoscheduleor
the tasksthat areboth successorsf t andpredecessorsf t’. By comparing
these“schedulingdistances'or suitablepairsof tasks,we areableto deter
minewhich levelsjump. Then,we determinghe LMJ sequenceWe usethe
precedencgraphandthelevelsthatjumpto constructa bipartitegraph.One
setof verticesin this graphrepresenttevelsthatjump andthe othersetrepre-
sentdasksthatarepossiblecandidatesor fill-ins. Sincetheresultinggraphis
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convex we cancomputea specialkkind of maximummatchingfrom whichwe
obtainthe LMJ sequenceFinally, we determinethe tasksusedin the jumps
of anLMJ schedule.To this end,an “implication graph”is constructedhat
reflectsthe dependenciebetweerfill-in tasksandtasksthat canbe usedto
jump from levels. This is to ensurethat no taskis usedasa fill-in if it is
requiredto jump from a level. It sufiicesto determinethe transitive closure
of the implication graphto obtainthe pairsof tasksthat canbe usedfor the
jumps. Oncethetasksusedin jumpsaredeterminedt is easyto computethe
actualschedule.

5.2 Notation

In the following we introducesomenotationusedthroughouthe restof this
chapter For this purposelet t, t’, andx be tasksof sometasksystem(T, <)
andlet A beasubsebdf T. With regardto agivenschedulea pairof tasks(t, t’)
from differentlevelsis calledanactualjumpif t andt’ aremappedo thesame
timestep.Notethatt’ maybeanemptytaskhere.By I(t,t’) we denotethe set
of tasksthat are simultaneouslsuccessorsf t andpredecessorsf t’, while
I%(t,t") denoted (t,t') — {x}. For instance,n the tasksystemof Figure5.1,
| (t13,t4) consistsof the taskstyy, t11, tg, t7, andtg, while 19(t1o,ts5) = {t11,
tg}. Notethatif t andt’ areincompatiblewith respectto <, thenl(t,t’) =
0. ThescdedulingdistanceD(t,t’) is the lengthof anoptimal two processor
scheduldor (I(t,t"), <). Likewise, DX(t,t') denoteghe lengthof anoptimal
two processoscheduldor (1%(t,t'), <). Clearly if t andt’ areincompatible
with respectto <, thenD(t,t') = 0. Let D(t,A) denotemin{ D(t,t") |t € A},
andlet D(A,t") denotemin{ D(t,t') |t € A}. Let D*(t,A) andD*(A,t) bedefined
equvalently,

Thelevel of x relativeto t’, denotedby level (x), is thelengthof alongest
pathfrom xtot’. LetU(t,t’,£) bethe setof tasksin I(t,t") thatareon alevel
higherthan/ relative to t’. Note thatfor ary taskx € I(t,t’), the level of x
(relative tot’) is betweenl andlevel, (t) — 1, andthelevel of t’ (relative to t’)
is 0. It furthermoreholdsthatU (t,t/,0) = I (t,t') andU (t,t', level: (t) — 1) = O.
Wheneert’ is clearfrom the contet, we say“level of X andmeanlevel, ().
A taskis calledcritical in I (t,t') if it is containedn alongestpathin (I (t,t'), <
). The setof all critical tasksin I(t,t") on level ¢ is denotedby Crit(t,t’,¢).
For instancejn Figure5.1, tasksty,, t11, andtg arethe only critical tasksin
[ (t13,t4), andthey arealsothe only critical tasksin |(t14,t5). Thelevel of t11
relatvetoty, is 2, whileU (tlz,tl, 1) = {t6, t7, tg, t]_l} andCrit(t14,t5, 1) = {tg}.
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We saythatx is maximalin A if x € A andx hasno successoin A. Con-
versely x is minimalin A if x € A andx hasno predecessoin A. The set
of minimal tasksin A is denotedoy min(A) andthe setof maximaltasksby
maxA). Let B beasetof integers.If B containsmorethanoneelementthen
min, B denoteghe secondsmallestelementin B. Otherwise min, B denotes
theoneelemenif B.

5.3 Which LevelsJump?

Let (T, <) beatasksystemconsistingof L levels. Thefirst stepin computing
anLMJ schedulas to determinewhich levelsjump. Clearly, thelexicograph-
ically maximumjump sequencéor (T, <) is unique.Givenajump sequence,
we candeterminewhich levelsjump, sincea level ¢ jumpsiff the numberof
tasksonlevel ¢ minusthe numberof occurrencesf ¢ in thejump sequences
odd. Hencejf level £ jumpsto level ¢ in somelLMJ scheduldor (T, <), then
¢ jumpsto ¢’ in all LMJ schedulesor (T, <).

Let (T, <)2¢ denotethetasksystenthatconsistof taskson level £ andall
tasksonlevelsabove/in (T, <). In thefollowing we considetherelationship
betweerschedulesor (T, <) andschedulesor (T, <)=¢. A level ¢/ with ¢/ > ¢
in (T, <) correspondso level ¢/ — £+ 1in (T, <)Z!. For the sale of notational
corveniencewe write “level £'” andrefereitherto level ¢’ in (T, <) or to its
correspondindevel ¢ — ¢+ 1 if we areconsideringherestrictedtasksystem
atthatmoment.

Lemma5.2 Let Sbean LMJ schedulefor (T, <) andlet S betherestriction
of Sto tasksonlevelsL, ..., £. ThenS is an LMJ schedulefor (T, <)Z¢.

Proof. ThoselevelsinL,...,/+ 1thatjumpto ataskabove/—1in theLMJ
scheduléfor (T, <) canjump to the sametaskin anLMJ scheduléor (T, <
)2¢, andvice versa. Consequentlythe samelevels above ¢ — 1 jump in an
LMJ scheduléfor (T, <) andin an LMJ scheduldor (T,<)2¢. Every level
in L,...,¢ thatjumpsto a taskon a level belov ¢ in the LMJ schedulefor
(T, <) will jumpto level 0in anLMJ scheduldor (T, <)Z¢. It followsthatthe
restrictionof anLMJ scheduldor (T, <) to tasksonlevelsL,...,¢isanLMJ
scheduldor thosetasks. O

Levelsthatjumpin LMJ schedulesirecloselyrelatedto solitary tasks

Definition 5.3 A taskt onlevel ¢ is solitaryif there is an LMJ schedulefor
(T,<)2¢ sud thatt is the only taskmappedo thelasttimestep.
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For instancejn the task systemdepictedin Figure5.1, the solitary tasks
aretys, t1o, t11, to, tg, t7, tg, t5, andty. Taskt,q is notsolitarysinceit is theonly
taskthatcanbepairedwith taskt,s, andasaconsequencd, is usedasafill-in
taskfor thejumpfrom level 7 in every LMJ scheduleTaskst;4, t13, t3, to, and
t, arenotsolitarysincelevel 6 andlevel 1 do notjump.

We shaw in the following thata level jumpsin anLMJ schedul&ff there
existsatleastonesolitarytaskonthatlevel.

Lemmab5.4 Let x be the taskthat is usedto jump from level ¢ in an LMJ
scheduleSfor (T, <). Thenx s solitary.

Proof. Let S betherestrictionof Sto tasksonlevelslL,...,¢. By Lemma5.2,
S isanLMJ scheduldor (T, <)2¢. Sincel jumpsto alevelbelowv ¢ in S, level
¢ jumpsto level 0in S. Hence x is the only taskmappedo the lasttimestep
of S. As aconsequenceis solitary. O

Lemmab.5 Let x be a solitary taskon level £. Then/ jumpsin an LMJ
scheduleSfor (T, <).

Proof. Assumethat? doesnotjumpin S. Let S betherestrictionof Sto tasks
onlevelsL,...,¢. Clearly S is anLMJ schedulgor (T,<)Z¢ (Lemma5.2).
Sincelevel ¢ doesnotjumpin S it doesnotjumpin S. It followsthat/ does
notjumpin ary LMJ scheduldor (T, <)Z¢. Hence no solitarytaskexistson
level £. A contradiction. We concludethat our assumptioris wrong and ¢
jumpsin anLMJ scheduldor (T, <). a

To decidewhich tasksaresolitary, we usethefollowing construction.Let
G beaprecedencgraphfor (T, <). We augment asfollows (cf. Figure5.3).
Let a beanew taskthatprecedesll othertasks.For ¢ = 2,...,L, lety, and
¥, betwo new tasksthataresuccessorsf all tasksin T onlevel £ andabove.
Lety, .1 andy, ;1 betwo new tasksthataresuccessoref a. Lety; beanew
taskthatis successoof all tasksin T. For everytaskx € T, let Bx beanew
taskthatis SUCCESSO00T Vieyerx)+1 aNUYieverx)+1 andsuccessoof all tasksin T
onthelevel of x but excludingx. Let (T', <") denotethetasksystemobtained
by this construction.The solitary tasksof the original tasksystem(T, <) can
now becharacterizedsfollows.

Lemmab5.6 AtaskxonlevelZin (T, <) is solitaryiff D(a,Bx) = D(a, ;).

Proof. Let x beasolitarytaskon level £. ThenthereexistsanLMJ schedule
S for (I(a,y;), <') suchthatx is the only task mappedto the last timestep.
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Figure5.3: To decidewhich levelsjump, we augmeniG by 2L + n+ 2 tasks:
y1 succeedsll tasksof T, y, andy, succeedll taskson levels> ¢ (for ¢ =
2,...,L+1), Bx succeed¥ievern+1 andyieverx+1 andall taskson the level of
x with the exceptionof x (for everyx € T), anda precedesll tasks.

Insteadof x we schedulsy,, ; andy,, 1 attimestepS(x) to obtaina scheduleS
for (1(a,Bx), <'). Sincey,,, andy,, 1 cannotbeusedasfill-ins, S isanLMJ
scheduleand henceoptimal. Clearly, S and S have equallength, therefore
D(a,Bx) = D(a,yy). To prove thereverseimplication,let D(a, Bx) = D(a,Y;)
andassumehatx is notsolitary We have to considertwo cases.

casel: ThereexistsanLMJ schedulesfor (I(a,yy), <') suchthatx is not
usedasalfill-in. Thenlevel / doesnotjump, sinceotherwisewe could easily
modify Ssuchthatx is theonly taskmappedo thelasttimestepjn whichcase
x would be solitary. We replacetaskx by y,, ; andmaptasky,, ; to timestep
length(S) + 1 to obtaina scheduleS for (I(a,Bx), <'). Sincey,, 1 andy,,, can
notbeusedasfill-ins, S is anLMJ scheduleandhenceoptimal. Becauses is
onetimestepdongerthanS, we obtainD(a, Bx) = D(a,y,) + 1, acontradiction.
Hence ourassumptions wrongandx is solitaryin this case.

case2: x is usedasafill-in in every LMJ schedulefor (1(a,y;),<’). In
otherwords,amongthelevels/,,..., ¢ thatjumpto level £ in anLMJ sched-
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ule for (I1(a,yy),<"), only k—1 will find a suitablefill-in on level ¢ if we
remove x. Furthermorenotethatnoneof thelevels/q,...,¢ canusey, , or
V41 asfill-in. Hence,in anLMJ scheduléor (I(a,Bx), <'), oneof £4,..., 4
will jump to level 0 andonly k — 1 tasksfrom level ¢ will be usedasfill-
ins. As a consequencehe numberof taskson level ¢ not usedasfill-ins
increasedy two if weremovex andaddy,, ; andy, 1. Clearly, ascheduldor
(I(a,yy), <) consistf D(a, Y1) timestepsequiredo schedulgasksonlev-
elsL,...,f+ 1plus[3] timestepdor thei taskson level ¢ notusedasfill-ins.
In anLMJ scheduldor (I(a, Bx), <’) thenumberof tasksfrom level £ notused
asfill-ins isi + 2, aswe have justobsened,while the numberof timestepse-
quiredto scheduleghetasksonlevelsL,...,¢+ 1is still D(a,y,.1). We obtain
D(a,Bx) = D(a,y,) + 1. A contradiction.We concludethatour assumptioris
wrongandx is solitary, O

In the following threesectionswe are concernedwvith the problemof de-
terminingthe schedulingdistanced(t,t’) for every pair of tasks.In the next
sectionandthe sectionthereaftemwe establishpropertiesof tasksystemghat
our distancealgorithmdepend®n.

5.4 The SchedulingDistance

We startwith abasicobsenationonthelengthof optimaltwo processosched-
ules. Throughoutthis sectionandthe next two sectionslet t andt’ be two
arbitrarytasksof sometasksystem(T, <).

Lemmab5.7 LetACI(t,t'). Then

D(t,t") > D(t,A) + D(At) + [@w .

Proof. In everyscheduldor (I(t,t), <), atleastD(t, A) timestepsarebetween
t andary taskof A. Moreover, atleastD(A,t") timestepsaarebetweerarny task
of Aandt’. Sincewe requireatleast[|A|/ 2] timestepgo schedulall tasksof
A, ary scheduldor (I(t,t"), <) haslengthatleastD(t,A) + D(A,t’) + [|A]/ 2].
O

Notethatthislemmastill holdsif wereplacd by I* andD by D*, for some
taskx. An importantpropertyof level schedulesoncerngritical tasks:they
areneverusedasfill-ins for nontrivial jumps.
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Lemma 5.8 Nocritical taskin I(t,t’) is afill-in for a nontrivial jumpin any
level schedulefor (I (t,t'), <).

Proof. Assumethereexist critical tasksthatare usedasfill-ins for nontrivial
jumps. Let x be one of the highestsuchtasks,sayx is on level £ andlevel
¢ > ¢+ 1 jumpsto £ usingx asafill-in. Sincex is critical theremustbe a
predecessoy of x on level £ + 1 thatis critical too. Tasky is not afill-in for
anontrivial jump becauseve selected to be oneof the highestcritical tasks
thatarefill-ins for nontrivial jumps.It followsthaty eitheris thefill-in for the
jump from level ¢ + 2 or is scheduledaterthanall taskson level ¢ + 2. Since
x is afill-in for level ¢ > ¢+ 1 we obtainthatx is scheduleckarlierthany,
which violatesthe precedenceonstraints.We concludethat no suchtaskx
exists. a

In ourschedulinglistancecomputationschedulinglistancesrecomputed
iteratively from smallerschedulingdistanceghatarealreadyknown. An im-
portantquestionin this context is, whetherwe canfind two tasksx andy in
I(t,t") suchthatthe sumof D(t,y) andD(x,t") equalsD(t,t’). Unfortunately
thisis notalwayspossible.Clearly, if we choosex andy arbitrarily, we cando
arbitrarilybad.A goodchoicefor x andy seemdo beonewherewe know that
x andy mustbe schedulectloseto eachother, for instancetwo critical tasks
onsuccessie levels. As it turnsout, thereactuallyexist critical tasksx andy
suchthatx is onelevel higherthany andD(t,y) + D(x,t’) equalseitherD(t,t")
or D(t,t') + 1. The existenceof thesetwo particularcritical tasksis proved
in the next section. In this section,we are concernedaboutwhat happensf
we choosethe wrong two critical taskson successtke levels. The following
lemmashaws thatin this casethe above sumexceedsD(t,t’) by at mostone.
Moreover, we giveaconditionnecessarfor D(t,y) + D(x,t’) to exceedD(t,t').

Lemmab5.9 Let x andy be critical tasksin I(t,t") suc that x is one level
higherthany. Then

1. D(t,y) + D(x,t") < D(t,t")+ 1, and

2. if D(t,y) + D(x,t") = D(t,t") + 1, thenthere existsanimmediatesucces-
sorzofxin I(x,t") sud that D%(x,t') < D(x,t") andD(t,2) < D(t,y).

Proof. Consideran optimal level scheduleS, andlet ¢ denotethe level of y
(relative to t’). Let T be the last timestepa task on level £+ 1 is mapped
to. (1.) Accordingto Lemma5.8, eachof x andy eitheris not usedin a
jump or is usedasa fill-in for a trivial jump from level ¢ + 2 respectrely
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¢+ 1. Thereforewe only have to considerfour cases:(a) If level £+ 1 does
not jump, thenD(t,y) < T and D(x,t") < D(t,t") — 1 (Figure 5.4a). Hence,
D(t,y) + D(x,t") < D(t,t'). (b) The sameholdsif ¢+ 1 jumpsandusesx to
jump from £+ 1 (Figure5.4b). (c) If £+ 1 jumpsandusesy asafill-in, then
D(t,y) < 1—1 and D(x,t') < D(t,t") — 1+ 1 (Figure 5.4c). Again it holds
that D(t,y) + D(x,t') < D(t,t"). (d) Otherwise,/+ 1 jumpsand usesa task
differentfrom x to jump from ¢ + 1 and a task z differentfrom y asfill-in
(Figure5.4d). In thiscaseD(t,y) < T andD(x,t") < D(t,t") — 1+ 1. It follows
thatD(t,y) + D(x,t") < D(t,t') + 1.

(2.) LetD(t,y) + D(x,t') = D(t,t") + 1. Thenlevel £+ 1 jumpsanda task
differentfrom x is usedto jump from level £ 4+ 1 andataskz differentfrom y
is usedasfill-in (Figure5.4d). Clearly, zis a successoof x, D(t,y) = 1, and
D(x,t") = D(t,t') — 1+ 1. Only tasksfrom level ¢ + 1 arescheduledetweerx
andz. Hence,zis animmediatesuccessoof x andD(t, 2) + D(x,t") < D(t,t’).
It follows that D(t,2) < D(t,y). The task pairedwith z is from level £+ 1
andthereforeindependenof x. Hence,if we remove z, thenthe scheduling
distancebetweerx andt’ decreaseby one,i.e., D¥(x,t') = D(x,t’) — 1. O

Considertaskstg andt; in the precedencgraphdepictedin Figure5.5.
Both tasksare critical in 1(t12,t;) and are on successie levels. If we add
D(t12,t5) andD(t7,t1), thenwe obtain6, whichexceedgheschedulinglistance
betweentaskt;», andtaskt; by 1. Lemmab5.9.1 guaranteeshat this is the
worstthatcanhappenTo finishtheexample obsenrethattaskts is ataskthat
canbe usedto detectthis overflow accordingto Lemmab.9.2,sincets is an
immediatesuccessoof t7, D(t1o,t5) < D(t12,tg), andD(t7,t1) < D(t7,t7).

To recognizethatthe sumof D(t,y) andD(x,t") exceedsD(t,t’), we have
to checkfor eachimmediatesuccessor of x in 1(x,t") whetherremaoving z
decrease®(x,t") andwhetherthe distancebetweent and z is smallerthan
the distancebetweent andy. As it turnsout, checkingwhetherremoving
z decrease®(x,t') for eachimmediatesuccessor of x is expensve. For
practicalpurposesye needa conditionthatcanbe checledmoreeasily The
concepthatprovidessucha conditionis an“overflow indicator”.

Definition 5.10 LetF C I(t,t"). ThenF is anoverflow indicatorfor (t,t’) if

D(t,t") = [@w +D(F,t".

Notethatin every optimalscheduléor (I (t,t"), <) thetasksof anoverflow
indicatorF arescheduledn thefirst [|F|/2] timestepsMoreover, if thesize
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Figure5.4: If x andy are critical taskson successivéevels/ + 1 and/, then
in anyoptimallevel schedulethesumof D(t,y) andD(x,t’) exceedD(t,t’) by
at mostone There are four cases:(a) level £ + 1 doesnotjump,(b) x is used
tojumpfromlevel £+ 1, (c) y is usedasfill-in for thejumpfromlevel /+ 1, or
(d) someothertaskz is usedasfill-in.
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Figure5.5: A tasksystemandan optimallevel schedulefor it. Taskstg andt;
are critical taskson successivéevelshbut the sumof D(tyo,tg) and D(t7,t1) is
greaterthanD(t12,t1).

of F is even,thentwo tasksfrom F aremappedo timestepF|/2 andboth of
themhave the sameschedulingdistanceo t’, whichis the minimumdistance
tot’ amongtasksin F. In thefollowing we shav how overflow indicatorsfor
(x,t") canbeusedto detectthatD(t,y) + D(x,t") exceedD(t,t').

Lemmab5.11 Let x andy be critical tasksin I(t,t") suc that x is onelevel
higherthany. Let F be an overflowindicator for (x,t’), and let D(t,y) +
D(x,t") = D(t,t") + 1. Thenthe sizeof F is oddandther existsa taskz € F
sudthatD(t,2) < D(t,y).

Proof. Accordingto Lemmab.9.2thereexistsanimmediatesuccessazof xin
I (x,t) suchthatD?(x,t") < D(x,t") andD(t,2) < D(t,y). Applying Lemma5.7
to F —{Z andl?(x,t"), we obtainD*(x,t") > [|F — {Z}|/2] + DXF —{Z.t').
Sincez is animmediatesuccessoof x, z is not containedin 1(u,t’) for ary
u € F. ThereforeD%(u,t’) = D(u,t’). We obtain

D¥(x,t) > [ww +D(F —{3,t). (5.1)

Assumethat z is not containedin F. Thenthe right side of (5.1) becomes
[[F|/2] + D(F,t"), and that equalsD(x,t") sinceF is an overflow indicator
for (x,t). As aconsequencd)?(x,t") > D(x,t"), which contradictsD%(x,t’) <
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D(x,t"). Hence,our assumptions wrongandwe concludethatz is contained
inF.

Assumenext that the size of F is even. SinceF is an overflow indica-
tor for (x,t") we know thatD(x,t’) = [|F|/ 2] + D(F,t’). As notedbefore,in an
optimalscheduldor I (x,t'), thetasksof F arescheduledn thefirst|F|/2 time-
steps.Since|F| is eventhereareat leasttwo tasksin F with minimumsched-
uling distanceto t’. Hence,removing onetaskfrom F doesnot changethe
minimumdistanceto t’. It is furthermoreclearthat [|F|/2] = [[F —{Z|/2].
Applying thesefactsto (5.1), we obtainD#(x,t") > [|F|/2] + D(F,t’), andthat
equalsD(x,t"). Againwe derive D%(x,t") > D(x,t"), contradictingthefactthat
D%(x,t") < D(x,t"). Hence,our assumptions wrong, shaving thatthe size of
F is odd. a

Whatremainsto consideris whetheroverflow indicatorscanmisleadus.

If the size of someoverflow indicator F for (x,t') is odd andF containsa

taskz suchthatD(t,2) < D(t,y), doesthatimply thatD(t,y) + D(x,t") exceeds
D(t,t")? Theanswelis no, but onecanshaw thatthereexist critical tasksx and

y onsuccessie levelssuchthatD(t,y) + D(x,t") equalsD(t,t’) andthereexists

atleastoneoverflow indicatorF for (x,t") suchthateitherthesizeof F is even

or notaskin F hasashorterdistanceot thany. Moreover, suchanoverflow

indicatorcanbefoundefficiently. We will dealwith thisissuein section5.6.

5.5 Block Decompositions

In this sectionwe take a closerlook atthesequentiatwo processoscheduling
algorithm of Coffmanand Graham[CG72. The analysisof this algorithm
providesuswith necessaryneango computeschedulingdistancesn parallel.
In their algorithm, tasksarelabeledaccordingto a lexicographicnumbering
scheme.Then,tasksareputinto alist in decreasingrderof thesenumbers,
andfinally alist scheduldor thislist is computedIn thefollowing we give a
shortreview of thealgorithmandits correctnesgroof.

Eachtaskx will be givena distinctnumberlabel(x) in therangel,...,n.
If all immediatesuccessorsf x alreadyhave a label, thendefinell (x) to be
the list of thesenumbersin decreasingrder We call I1(x) the label list of
X. If x hasno successorghenll(x) is the emptylist. In what follows, the
label lists of tasksare comparedexicographically e.q., (7,6,4,1) < (7,6,5)
and(3,1) < (4,3,1). In particular theemptylist is smallerthanall nonempty
lists. To labeltasks repeathefollowing:
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Considerall tasksx that alreadyhave a label list but no label
(initially, this is only the casefor tasksthathave no successors).
Amongthesetaskschoosea taskx with alexicographicallymin-
imal labellist andassignthe smallestpositive integerto labekx)
that hasnot beenassignedo someothertasklabel (hence,the
first taskobtainsnumberl).

Forinstanceapossibldabelingfor thetasksin Figure5.1is: labelt;) = 1,
labelty) = 2, labelt3) = 3, label(ts) = 4, labelts) = 5, labelts) = 6, labelty)
=7, label(t o) = 8, labelt;) = 9, labeltg) = 10, labelt;1) = 11,labelt;,) =
12,labelt,3) = 13,labellt;4) = 14, andlabelt;s) = 15.

Let L bealist of all taskssortedin decreasingrderof labels,andlet Sbe
thelist scheduldor L. NotethatSis alevel scheduldecausé¢asksarelabeled
in level order i.e., if xis onahigherlevel thany, thenlabelx) > labely). To
provethatSis optimal,we show thatS canbe split into blocksthathave to be
processeadequentiallyin any schedule.We assumehatall emptytasksthat
occurin S have label 0. Let 11 bethe latesttimestepof S, andlet v; be an
arbitrarynonemptytaskmappedo t;. Let w; be the other(possiblyempty)
taskmappedo 11. We defineinductively, aslongast; 1 > 0:

T; := thelatesttimestept beforet;_; suchthatthereis ataskx mappedo
T with labekx) < labelv;_1) (if no suchtimestepexists,thent; :=
0).
w; := the(possiblyempty)taskmappedo t; with thesmallerlabel.
v; := theother(nonemptytaskmappedo T;.
Xi—1 .= thesetof tasksmappedo timestepstrictly betweert; andt;_; plus
Vi—1.

LetXx,--.,X1 betheblocksdefinedby this procedurei.e., T, ; = 0. Notethat
no timestepstrictly betweert; andt;_; is partial. Hence the size of eachy;

is odd. Moreover,
lengti(S) = i[b(?'q .

In Figure5.6,ascheduleandtheblocksconstructedby theabove procedure
aresketched. Tasksare depictedas dottedsquaresandeachblock is framed
grey.

To prove thatSis of minimal length,the following auxiliary propositions
arerequired.
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Figure5.6: Blodks are constructedrom right to left by inductivelydefining
appropriatetimesteps; andtasksv;. Tasksw; are notcontainedn blocksand
maybe empty

Lemma5.12 Thelabelsof tasksin x; are greaterthanthe labelsof tasksin
Xi—1,--.,X1, andgreaterthanthelabelsof wi 1, ..., w;.

Proof. We first prove thatall labelsof tasksin x; aregreaterthanthe labels
of tasksin xj_;. Letx € x; andlety € xj_1. By construction,labeky) >
label(vi_1), labelx) > labelv;), andlabelw;) < labelvi_1). SincelL con-
tainstaskssortedby decreasindabel andyv; is schedulecearlierthany and
labely) > label(w;), we derive thatlabelv;) > labely). (If thiswould notbe
the casethentherewould exist ataskwith greatedabelthanv; andw; thatis
availableat timestept;. Hence thelist schedulingalgorithmwould mapthis
taskto 1; beforeit considers; andw;.) As aconsequencéabel(x) > labely),
which provesthe claim. Sincethe claim holdsfor every 2 < i < k, we imme-
diatelyobtainthatthelabelsof tasksin x; arealsogreateithanthelabelsof all
tasksin Xj_»,...,X1. Sincelabelw;) < labelv;_,), for 2 < j <k, wefurther
moreobtainthatthelabelsin x; aregreateithanthelabelsof wi4,...,w;. O

Lemma5.13 Everytaskof x; is a predecessoof all tasksin Xj_1, for i =
2,...,k

Proof. Lety € Xij_1. As alreadyobsenred, labelly) > labelw;). It follows
thatv; is apredecessanf y, sinceotherwisev; would have beenpairedwith y
insteadof w;. As aconsequence; is predecessaf all tasksin x; 1. Letx be
amaximaltaskin x;. By Lemmab.12,the labelsof tasksin x;_, aregreater
thanthelabelsof tasksin xi_o, ..., X1 andgreatethanthelabelsof wi,...,w;.
Therefore no successoof x hasa labelthatis greaterthanary labelin X;i_j.
By construction,label(x) > labekv;). Hence,llI(x) is lexicographicallynot
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smallerthanll(v;). Sincev; is predecessauf all tasksin x;j_1, X mustalsobe
predecessaof all tasksin x;_1. We have shavn thatthe lemmaholdsfor all
maximaltasksof x;. All othertasksof x;j have a successoin x;, andhence,
by transitvity of <, thelemmaholdsfor themaswell. a

Clearly, this lemmaimpliesthat S is of minimal length: ary schedulee-
quiresatleastz!‘:1 [Ixi|/ 2] timestepgo scheduldghesetsy,...,X1. Whatis
importantto our work is the existenceof the setsyy, . . ., X1.

Definition 5.14 Let (T, <) be a tasksystemJet S be a schedulefor (T, <),
andlet X, ..., X1 bepairwisedisjointsubset®f T (calledblockg sud that

1. everytaskof x; is a predecessoof all tasksin x;j_1,
2. thelengthof Sequalsyk_; [@-‘
3. thesizeof eat blok is odd,and

4. thelatesttaskof x; in Sis notpairedwith a taskof ;.

Thenx,--.,X1 is called a block decompositiorfor (T, <) with scheduleS.
Moreover, v; denotesthe latesttaskof xj in S andw; denoteshe (possibly
empty)taskthatis pairedwith v; in S.

Fromthediscussiorabove, we immediatelyobtain

Theorem5.15(|CG72]) For everytasksysten(T, <) there existsa block de-
compositiorx, - - -, X1 with scheduleS sud that

1. Sis alevel sctheduleand

2. thelevel of w; is nothigherthanthelevelof v, 4, for 2 <i <k.

A block decompositiorwith a schedulefor the precedencgraphin Fig-
ure5.1is givenin Figure5.1. In this example,the decompositiorconsistsof
threeb|OCkSX3,X2,X1 Wherevl =13, Wy =1, Vo =112, V3 =115, W3 =11, and
W, is anemptytask. Sincetheschedulés alevel schedulethedecomposition
conformsto Theorem5.15. Note, however, thatthe schedulds not obtained
by thealgorithmof CoffmanandGraham.

Let uscontinuewith our considerationsf critical taskson successie lev-
elsthatwe startedn thelastsection.It is apparenthow, how thecritical tasks
x andy shouldbe chosersuchthatD(t,y) + D(x,t") > D(t,t’): they shouldbe
containedn successie blocksof someblock decompositioror I (t,t').
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Lemmab5.16 Letyy,...,x1 beablock decompositiorfior (I(t,t'),<). Letx €
Xj+1 andy € xj. Then

D(t,y) + D(x,t") > D(t,t').

Proof. Sincey is containedn ¥j, it is successoof all tasksin Xy, ..., Xj+1-
Hence,we requireatleastzik:j+1 [Ixi|/ 2] timestepgo scheduld (t,y). Con-
versely x is predecessoof all tasksin Xj,...,X1, and we require at least
Xijzl [Ixil/ 2] timestepdo scheduld (x,t’). Therefore

D(t,y) + D(x,t") > % [@} +ZJ@W :é[@w = D(t,t).

i=]+1

O

We combinethis resultwith Lemmab5.9.1 and obtain that the value of
D(t,y) + D(x,t) is eitherD(t,t") or D(t,t") + 1 if x andy arecritical taskson
successie levelsandcontainedn successie blocksof someblock decompo-
sition.

This leavesus with the problemof finding suchtasks. Clearly, we have
to make surethatthe two critical taskswe wantto useareactuallycontained
in blocksof someblock decomposition.Sincewe do not wantto construct
a block decompositiorexplicitly, we usethe following approach.We claim
thatif acritical taskx is not containedn blocks,thenthe block thatcontains
tasksfrom thelevel of x containsonly tasksfrom thelevel of x. A block that
containonly tasksfrom onelevelis calledcritical. Wewill seein Section5.6
that critical blockstoo canbe usedto determineschedulingdistances.As a
consequenceyedonotdependsolelyoncritical tasks.Eitherthecritical tasks
onsuccessie levelsarecontainedn blocksor we canfind acritical block. In
eitherway, we areableto determinehe schedulingdistance.

Lemmab5.17 Letyy,...,X1 beablodk decompositioffor (T, <) with schedule
Ssud thatSis a level scheduleandw; is noton a higherlevel thanv;_,, for

2 < j < k. Moreover, letw; bea critical task,for somei > 1. Theny;_1 isa

critical block with tasksfromthelevel of w;.

Proof. All tasksoutsideblocks (exceptw,) arefill-ins for jumps,sinceSis
a level schedulegvery w; is not an a higherlevel thanv;_1, andv;_; is a
successoof vj. The only exceptionis w; thatis eitheranemptytaskor on
the samelevel asv,. Hence,if acritical taskis w;, for somei > 1, thenthis
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critical taskis afill-in. SinceSis alevel scheduleandcritical taskscanonly
beusedasfill-ins for trivial jumpsin level scheduleglLemma5.8),thehighest
tasksin xj_; areonthesamdevel asw;. Sincew; is notonahigherlevel than
Vi_1, which is on the lowestlevel in Xj_1, we canderive that x;_1 contains
only tasksfrom thelevel of w;. As aconsequence_ isacritical block. O

Anotherqguestionthatturnsout to beimportantin our schedulingdistance
computationis the following. Let Xy,...,X1 be a block decompositiorfor
(I(t,t"), <), andlet x beamaximaltaskin X;. We wishto determinghenumber
of blocksin a block decompositiorfor (I(x,t), <). It is not difficult to verify
thatif w; ¢ I(x,t'), thenxi_1,...,X1 is ablock decompositiorfor (I (x,t’), <).
Butwhathappensf w; € I(x,t")? Notethatin thesymmetriccaseno problems
occur:if y is aminimal taskin x;, thenx,...,Xi+1 is ablock decomposition
for (I(t,y), <).

To handlethis problemandto simplify forthcomingproofsin other re-
spectswe modify the schedulesand block decomposition®f Coffman and
Graham. This modificationconsistsof two steps. First, we shav thatthere
existsablock decompositiorsuchthatw; or w, is anemptytask.Secondwe
move thetasksw, ..., ws (W, ..., W>) oneblockto theright. Thisis possible
sincew, (W) is anemptytaskandw; hasno successorm xi_1, for2 <i <k.
Thedecompositiorobtaineds calleda “canonicalblock decomposition”.

Definition 5.18 Letyy,-..,X1 beablock decompositioffor (T, <) with sched-
ule S. Thenx,...,X1 is a canonicalblock decompositiorfor (T, <) with
schedulesif

1. w; hasno predecessain ¥, for 2 <i <Kk,

2. if w; is a critical task,theny; is a critical block and all tasksin x; are
onthesamdevelasw;, for 2 <i <k, and

3. w; isnotona higherlevelthany;, for 1 <i <k.

Lemma 5.19 For everytasksysten(T, <) there existsa block decomposition
Xk - - -, X1 anda sdeduleSsud thatyy, - .., X1 is a canonicalblock decompo-
sition with scheduleS,

Proof. We first shawv thatwe canalwaysfind ablock decompositiorsuchthat
Wy Or Wy is anemptytask. Lett be a new taskthatis successoof all tasks
in T, andlet x,...,x} bea block decompositiorfor T U{t} that conforms
to Theorem5.15. In particular the level of w{ is lessthanor equalto the
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level of vi_,, for 2 <'i < k. Sincev] =t andt is the only taskon level one,
W, is an emptytask (providedthatk > 1). If x} consistsof t only, thenlet
Xk—1s- - X1 1= X - - -» Xo- Clearly, Xx_1,...,X1 is a block decompositiorfor
(T, <) thatconformsto Theoremb.15andw; is anemptytask.Otherwise]et
Xks -« X1 := Xjer - - - X2 X1 — {t}. Now, X, ..., X1 is ablock decompositiorior
(T, <) thatconformsto Theoremb.15andw; is anemptytask.

Let Xk,---,X1 be a block decompositiorfor (T, <) with scheduleS that
conformsto Theorem5.15suchthatw; or w, is anemptytask. Sucha de-
compositionexists, aswe have just shavn. We usethe factthatw; or w, is
anemptytaskandshift thew;’s oneblock to theright. More preciselyif wy
is anemptytask,thenlet S be the mappingthatequalsS with the exception
that S mapsthe taskswy, Wy_1, ..., Wz to timestepsS(wy_1), S(Wk_>), ...,
S(wy). Otherwisew, is anemptytaskandwe defineS to bethe mappingthat
equalsS with the exceptionthat S mapsthe tasksw, Wi_1, ..., W, to time-
stepsS(Wi_1), S(Wk_>), ..., S(w1). In eithercase S is avalid schedulesince
w; is noton ahigherlevel thanv;_; andthereforew; hasno successoin x;_1,
for 2 <i < k. Note,however, thatS maynotbealevel scheduleanymore.

Letw,,...,w] bethetaskspairedwith v,...,v1 in S. Notethatw, is an
emptytaskandw, = w1, for 1 <i < k if wy is anemptytask,respectiely
2 <i < Kkif wy is anemptytask. Sincew;; hasno predecessadn x;, W, has
no predecessan ¥;, for 2 <i < k. If wi 4 is critical, theny; is acritical block
that containsonly tasksfrom the level of w; 1, accordingto Lemma5.17.
Hence|jf W, is critical, theny; is a critical block thatcontainsonly tasksfrom
thelevel of wi, for 2 <i < k. Moreover, W, is noton ahigherlevel thanv;, for
1 <i <k, becausav, is emptyandwi,, is noton a higherlevel thanv;, for
2 <i < k. We concludethatyy, ..., X1 is acanonicablock decompositiorfor
(T, <) with scheduleS. O

In therestof this section,we introducesomepropositionghatturn out to
be helpfulin the schedulingdistancecomputation.

Lemma5.20 Let Xy, ...,X1 be a canonicalblock decompositiorfor (T, <)
with scheduleS, andlet X; containa taskon level /. Moreover, let x be a
critical taskonlevel/ thatis not containedn x;. Thenx = w;.

Proof. Let y be a taskin x; on level £. Taskx cannot be containedin a
block otherthany; becausehenx would be eitherpredecessoor successor
of y. Hence,x = w; for someindex j € {1,...,k}. Letj > 1. By Defini-
tion 5.18.2,; is acritical block with tasksfrom level ¢. It followsthati = |,
sinceotherwisethetasksin x; would be eitherpredecessorsr successoref
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y, contradictinghefactthaty is onlevel £ too. Now, let j = 1. In thiscasex
isonlevel 1. Hence/ = 1. Clearly, X1 containsat leastonetaskz from level
1. It followsthati = j, sinceotherwisey would be a predecessanf z, which
contradictghefactthaty is onlevel 1. a

Thereasonwhy blockswith tasksfrom only onelevel arecalledcritical is
thatall tasksin acritical block arecritical.

Lemmab.21 Let Xy,...,X1 be a canonicalblock decompositiorfor (T, <)
with scheduleS, andlet x; bea critical blodk. Thenall tasksin x; are critical.

Proof. By inductionontheblockindexi. All taskson the highestievel in x
arecritical. Hence thelemmaholdsfor i = k. Let thelemmahold for all x;
with j >i.

Assumehereis ataskxin x;j onlevel ¢ thatis notcritical. Lety beacritical
taskonlevel ¢ 4+ 1. Clearly, x hasno predecessaon level £ + 1 thatis critical
sinceotherwisex would be critical too. Taskx is successoof all tasksin the
blocks Xk, ..., Xi+1 andthereforenoneof the critical taskson level £+ 1 is
containedn Xx,- .., Xi+1- It is furthermoreclearthatnoneof thetasksonlevel
¢+ 1 is containedn ¥j,...,X1. Hencey = w; for someindex j € {2,...,k}
(thecasej = lisruledoutsincew; isonlevel 1 andyisonalevel > 1). By
Definition 5.18.2,all tasksin x; areon the samelevel aswj, which is level
¢+ 1. It follows that j > i, sinceyj,...,X1 only containtasksfrom levels 1
to £. By inductive hypothesisall tasksin x; arecritical. Sincej > i andx
is successoof tasksin Xy, ...,Xi+1, all tasksin x; arepredecessorsf x. As
a consequences hasa critical predecessoon level / + 1 andthereforex is
critical. A contradiction We concludethatourassumptioms wrongandevery
taskin ¥; is acritical task. O

An importantpropertyof canonicablock decompositionss thatthey can
be“split” in thefollowing sense.

Lemmab5.22 Let¥y,...,X1 bea canonicalblock decompositiorior the task
system(l (t,t), <) with scheduleS. Let x be a maximaltaskin xj, 1, andlet
y bea minimaltaskin Xj. Thenthere existsa canonicalblock decomposition
for (I(t,y), <) consistingof k — i blocksand onefor (I(x,t"), <) consistingof i
blocks.

Proof. Clearly, Xx,...,Xi+1 is a canonicablock decompositiorior (I (t,y), <)
with scheduleésrestrictedo I (t,y), consistingof k—i blocks.Definethemap-
ping S : z— Y2 — YVi11)- Onecaneasilyverify thaty;,...,x1 isacanonical
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block decompositiorior (I(x,t’), <) with scheduleS, consistingof i blocks.
O

Notethatthislemmadoesnotholdfor generablock decompositionssince
X may be a predecessoof w;, 1, in which casey;,...,x1 may not be a block
decompositiorfor (I(x,t’), <).

5.6 The DistanceAlgorithm

In Figure5.7, an algorithmis given that computeghe schedulingdistances
D(t,t") for all pairsof tasksof a giventasksystem.Recallthatif A is asubset
of I(t,t"), thenmaxA) denoteghe setof maximaltasksin A, while min(A) is
the setof minimal tasksin A. Let d;(t,A) denotemin{d;(t,t’)|t' € min(A)},
andlet d, (A,t") denotemin{d,(t,t’) |t € max(A)}. An outlineof thealgorithm
is givennext.

Thealgorithmstartsby assigning[|l (t,t")|/ 2] to d(t,t), whichis a “triv-
ial” lowerboundfor D(t,t"). Thenthealgorithmiterates[logn] timesto com-
puted,(t,t’), d(t,t'), ... whichis a nondecreasingequencef lower bounds
for D(t,t'). In theend,dpjogm (t,t') equalsD(t,t’).

Themainloop consistof two parts.In thefirst part,for every pair of tasks
t andt’ with t < t/, a setH(t,t') is determined. It is computedas follows.
For eachlevel ¢ betweerD andlevel (t) — 2, we take U (t,t’,¢), i.e., thetasks
of I(t,t") thatareon a level higherthan/ (relative to t’), and determinethe
maximaltasksin U(t,t’,£) thathave minimal approximatedlistanceot’. Let
M bethe setof thesetasks. If thesizeof U(t,t’,¢) is evenandM consistsof
only onetask,thenlet F (¢) bethesetU(t,t’,/) — M, otherwiselet F(¢) equal
U(t,t',0). LetH(t,t") bethesetF (¢') for the highestievel ¢’ suchthat

IF (&)
2

dr_1(t,t) = [ W +dr_1(F(0).1).

If nolevel ¢' betweerD andlevel, (t) — 2 exists suchthatthis equationholds,
thenlet H(t,t") betheemptyset.

Thissethastwo importantproperties When,atsomestageof theiteration,
theapproximatedlistanced, _1(t,t’) equal(t,t"), thenH (t,t") is eitherempty
(in cased,_1(F(#),t') hasstill the wrong valuefor all levels ¢') or it is an
overflow indicator for (t,t’). In addition,if d,_1(x,y) hasthe correctvalue
for all pairs(x,y) where(l(x,y), <) hasablock decompositiorwith at mostk
blocksandthereexists a block decompositiorfor (I(t,t"), <) consistingof at
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mostk blocks,thenH (t,t’) is notonly anoverflow indicatorfor (t,t") butit also
hasa very specialform. Namely eitherits sizeis evenor its minimal tasks
area subsebf the minimal tasksof thefirst block of a block decomposition
for (1(t,t"),<). Theimportanceof thesepropertieswill becomeclearerin a
moment.

Let usturn to the secondpart of the mainloop. In this part,the new dis-
tanceapproximationg (t,t") arecomputedfor all pairsof taskswith t < t’.
This secondpartconsistof threestages.n thefirst stage for eachlevel be-
tweenl andlevel,(t) — 1, anapproximatiora(¢) basedon a critical block is
determinedIn thesecondstagefor eachlevel betweerl andlevel (t) — 2, an
approximatiorh(/) basedntwo critical tasksis determinedIin thelaststage,
the maximumof all approximationss assignedo d;(t,t’).

The approximatiora(¢) basedon a critical block is computedasfollows.
Let p be the secondsmallestapproximatedlistancebetweert anda critical
taskonlevel /, andlet g bethesecondmallestpproximatedlistancebetween
acritical taskon level ¢ andt’. Let C bethe setof all critical taskson level
¢ with adistanceto t of atleastp anda distanceto t’ of atleastg. Thenwe
compute

a(K) = dr_j_(t,C) + dr_]_(C,t,) + ’V%-‘ .
As we will shaw, a(¢) neverexceedD(t,t"). Ontheotherhand,if thereexists
a block decompositiorfor (I(t,t"), <) with a critical block that containstasks
from level ¢, then,at somestageduringtheiteration,a(¢) become®D(t,t').

Theapproximatiorb(¢) basedntwo critical tasksis computecasfollows.
Letty, ..., tievey, (-1 e @longestpathin (I(t,t'), <) suchthatt, is onlevel ¢
relativetot’. Notethatall tasksonthis patharecritical tasks.We computeb(¥)
fromd, 1(t,t;) andd, 1(t,,1,t") asfollows. If thesetH (t;, 1,t") isempty orits
sizeis odd andoneof its minimal taskshasa shorterapproximatedlistance
to t thant,, thenwe assignd, _1(t,t;) + dr_1(t;;1,t") — 1 to b(¢). Otherwise,
b(¢) is dr_1(t,t7) + dr_1(ts11,t"). We will shaw thatb(¢) never exceedD(t,t’).
On the otherhand,if thereexists a block decompositiorfor (I(t,t"), <) such
thatt,,; andt, arecontainedn differentblocks,then, at somestageduring
theiteration,b(¢) equalsD(t,t').

In whatfollowswe sketchthebasicideasthatleadto thecorrectnesproof.
For every pair of tasksin the giventasksystemthereexistsa canonicablock
decompositionaccordingto Lemma5.19. We do not computedecomposi-
tions explicitly but we usetheir existenceto determineD(t,t’). Assumethat
atthebeginningof iterationr thevaluesd,_4(t,t') arealreadythe correctdis-
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ALGORITHM DISTANCE

Input: Atasksysten(T, <) with n tasks.

Output: ThesdchedulingdistanceD(t,t’) for all pairs of tasks.
begin

do(*,%) := [M*z—*ﬂ

forr:=1to [logn] do
for allt,t" witht <t’ doin parallel
for £:=0to level (t) —2doin parallel
M :={xe maxU(t,t',0)|d_1(xt) =d_1(U(t,t',£),1)};
if U(t,t',¢)]is evenand |[M| = 1then
F():=U(t,t',0)-M;
else
F(0) :=U(t,t',0);
H(t,t") := F(¢) for thehighestlevel ¢’ suchthat
da(t.t) = [FU] +dea(F().1)
or O if nosuchlevel exists;
for allt,t" witht <t’ doin parallel
for £:=1to leveb(t) — 1doin parallel
p := miny{d,;_1(t,x)|x € Crit(t,t’,£)};
g:= miny{d,_1(x,t") |x € Crit(t,t’,£)};
C:={xe Critt,t’, ) [dr-1(t,X) > p,dr—1(x,t') > q};
a(0) = d1(t,0)+daC.t) + [§];
ta,- .. tievey, (-1 := @longestpathin (I(t,t'), <) with level (t;) = ¢;
for £:=1to level(t) — 2doin parallel
if H(t;;1,t') =0 or
(dr—1(t,H(tey 1,t')) < dr_1(t,ty) and [H(t41,t')| is odd)
then
b(f) = dr_l(t,tg) + dr—l(tZ—l—lat/) -1;
else
b(€) := dr1(t,t;) + dr 1 (tr11,t");
dr (t,t") := max d;_1(t,t'),
maxlgéglevelt, (t)fl{ a([)} ) maxlg[glevel[, (t)72{ b(é)}} ;
return dpjogn) (x, )
end

Figure5.7: Thedistancealgorithm.
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tancesD(t,t") for eachsetl(t,t") with a canonicalblock decompositiorthat
consistsof at most2'—1 blocks. In iterationr, the following is performedin

parallelfor eachpair of taskst andt’. Let xy,--.,X1 beacanonicablock de-
compositiorfor I (t,t") suchthatk < 2". We“guess”alevel Zin I (t,t’) suchthat
¢ is thehighestievel of X2 Therearetwo caseghathave to beconsidered.

If botht,,, andt, are containedin blocks, thent, is containedin Xyq
andt,,; is containedin X241 In this case,dr1(t,t;) equalsD(t,t;) and
dr_1(ty1,t") equalsD(t,,1,t"), sincethereexist canonicalblock decomposi-
tions for I(t,t;) and(t,,1,t") that consistof at most [‘g] blocks each,and
[5] <21, Sincet, is minimalin X[y andt, is maximalin Xz .1 and
Wiig21+1 1S Not a successonf t,, 5, we obtainthat di_1(t,t,) + dr—_1(te11,t)
equalsD(t,t’). To distinguishthis casefrom othercaseswvherewe “guessed
wrong” and/ is not the highestlevel of someblock andthesumd,_4(t,t;) +
dr_1(t;41,t") mayexceedD(t,t'), we usethe setH(t,,1,t"). Thisoverflow in-
dicator hasthe propertythatits sizeis even or no minimal taskin it hasa
shorterapproximatediistanceto t thant, if £ is the highestlevel of X2
On the otherhand,if £ is not the highestlevel of Xy, andfor somereason
di_1(t,ty) + dr_1(try1,t’") exceedD(t,t’), thenthesizeof H(t,, 1,t') is oddand
atleastoneminimaltaskin it hasa shorterapproximatedlistanceot thant,.

If t, ortgy4 is not containedn a block, thenX iz or Xfi21+1 is acritical
block. Letx be eitherXyz) Or X[w21+1, Whichever of themis critical. For
every taskx in X it holdsthatd,_1(t,x) equalsD(t,x) andd,_1(x,t") equals
D(x,t") sincethereexist canonicablock decomposition$or I (t,x) andl (x,t")
that consistof atmost %] blockseach. We computethe minimum distance
betweert andary taskin x plusthe minimumdistanceof any taskin x to t’
plus [[x|/ 2], andthusobtainD(t,t’).

Sincewe areunableto guesghe“right” level £ andto decidewhetherthe
chosercritical taskst, andt,, ; arecontainedn blocks,we performtheabove
operationdgor all levelsandall supposedritical blocksin parallel.In theend
of iterationr, the maximumof all distanceapproximation®btainecdthis way
equalsD(t,t’), sinceat leastoneof the consideredevelsis the highestlevel
in block X421 andat leastone of the considerectritical blocksis X2 or
X[w2)+1 if oneof themis critical.

In theendof iterationr, all valuesd, (t,t") equalthecorrectdistance®(t,t)
for eachset|(t,t’) with a block decompositiorthat consistsof at most 2"
blocks. Hence,the numberof blocksin block decompositiongor which the
schedulingdistanceis known doubleswith every iteration. Clearly, dy(t,t’)
equalsD(t,t’) for all setsl(t,t") with a block decompositiorconsistingof a
singleblock. It follows that after [logn] iterations,all schedulingdistances
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areknown, sinceno block decompositiortonsistsof morethann blocks.

In the following we prove that the distancealgorithmis correct. We first
showv thatthe approximatedlistancesever exceedthe schedulingdistances.
Secondwe have to shawv that after [logn] iterations,the approximatedlis-
tancesequaltheschedulinglistances.

Lemma5.23 For all r > 0 andall taskst andt’ it holdsthatd; (t,t") < D(t,t').

Proof. By inductiononr. Clearly, thelemmaholdsfor r = 0. Let it hold for
somer —1,andlet/ bealevelin I (t,t"). Wefirst considethevalueof a(¢). We
applyLemmab.7to thesetC andobtainD(t,C) + D(C,t") + [IC|/ 2] < D(t,t).
Since,by inductive hypothesisd,_4(t,t") < D(t,t") for all pairsof tasks,we
obtainthata(¢) < D(t,t').

We now considetthevalueof b(¢). Letty,... tievel, (t)—1 denotethelongest
pathin I(t,t") choserby thedistancealgorithm.We canassumehatd, _(t,t,)
+ dr_1(ty1,t") > D(t,t"), sinceotherwiseb(?) is clearly a lower boundfor
D(t,t'). By inductive hypothesisd,_4(t,t,) is a lower boundfor D(t,t;) and
dr_1(t;y1,t") is onefor D(ty, 1,t"). Accordingto Lemma5.9.1it holdsthatthe
sumD(t,t;) + D(t;y1,t") exceedsD(t,t") by at mostone, henced, _1(t,t;) +
dr_1(ty41,t") exceedsD(t,t") by exactly one. It follows thatd, ;(t,t;) equals
D(t,t;) andd, 1(t,1,t") equalsD(t;,1,t"). If H(t,,1,t") is empty thenthe
algorithmassignsd, 1(t,t;) + dr 1(t;41,t") — 1 to b(¢). In this caseb(?) is
not greaterthanD(t,t"). OtherwiseH (t,,1,t") equalsF(¢') for somelevel ¢’
whered; _1(ty1,t") = [[F()]/2] + dr_1(F(¢),t"). It holdsthatd,_1(F (¢'),t)
< D(F(¥),t") becauseachd,_,(y,t") isalowerboundfor D(y,t’), by inductive
hypothesisHence,

IF (&)
2

mm$wzmlmww§[ ]+DGMM%

Ontheotherhand,by applyingLemmabs.7to F(¢') we obtain

IF(&)
2

M%sz[ ]+wamu

By combiningthelasttwo inequalitieswe derive thatD(t,,1,t") = [|F(¢')|/ 2]
+ D(F(¢),t"). HenceH(t,,1,t") is anoverflow indicatorfor (t,,1,t") because
H(t,y1,t) = F(¢). By applyingLemmab.11, we obtainthat |H(t;,1,t)| is
odd and D(t,H(t;,1,t")) < D(t,t,), a conditionrecognizedby the algorithm
because, _1(t,H(t;,1,t")) is alower boundfor D(t,H(t;, 1,t")), by inductive
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hypothesisandD(t,t;) = d._1(t,t;), asobseredabore. As aconsequencéhe
algorithmassignD(t,t;) + D(t,, 1,t") — 1 to b(¢), which is a lower boundfor
D(t,t") by Lemma5.9.1.

Thelemmafollows from thefactthatd; (t,t’) is assignedhe maximumof
dr_1(t,t), a(¥), andb(¥) for all levels ¢, andall of theseapproximationsare
boundedabove by D(t,t'). O

To prove thatthe approximatedlistancesventuallycorverge,we require
someauxiliary lemmas.In thefirst of themwe shov thatthe setH(x,t’) can
beusedto decidewhetherd, _1(t,y) + dr_1(x,t") exceedD(t,t’) if x andy are
onsuccessie levelsandcontainedn successie blocks.

Lemmab5.24 Let¥y,...,X1 bea canonicalblock decompositiorior the task
systenl (t,t’), <) with scheduleS. For all tasksu andyv, letd,_1(u,v) = D(u,V)
if there existsa canonicalblock decompositiorfor (I(u,v), <) consistingof
<[] blocks. Letx bea maximaltaskin X211, andlety bea minimaltask
in X21- Then

1. H(x,t") # O and
2. thesizeof H(x,t) is evenor d;_1(t,H(x,t")) > d,_1(t,y).

Proof. Letusfirst notethatd,_1(t,y) = D(t,y) andd,;_,(x,t") = D(x,t’) since,
accordingto Lemmab.22, thereexists a canonicalblock decompositiorfor
I(t,y) with at most [£] blocksandonefor I(x,t") with at most [X] blocks.
Let z be a maximaltaskin Xy2). By Lemmab.22, thereexists a canonical

block decompositiorfor 1(zt") consistingof at most ['Q‘] — 1 blocks. Hence,
d-_1(zt") = D(zt). As aconsequence,

dr1(Xi2)5t") = D(X g2y 1) (5.2)

Thesameargumentcanbeappliedto a minimal taskz in X1 Accordingto
Lemmab.22thereexistsa canonicablock decompositiorior I (t,Z) consisting
of atmost|[ £] blocks. Therefored, _1(t,2) = D(t,2). We obtain

dr—1(t, Xw27) = Dt X[wz27)- (5.3)

NotethatX ) is anoverflow indicatorfor (x,t), i.e., D(x,t') = [[Xz /2] +
D(Xfw21,t"), sinceX gz is thefirst block of a block decompositiorfor I (x,t')
(cf. Lemmab.22).Using(5.2)andthefactthatd, _;(x,t") = D(x,t), we obtain

il

droat) = |7 4 0 st ) (5.4
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Let ¢ bethehighestevelin X1 if [5] > 1,0rlet¢ be0 otherwise Clearly
¢ <level/(x) — 2 sincex o consistsof tasksfrom atleastonelevel. Recall
thatU (x,t’, /) denoteghe setof tasksin I(x,t’) thatareon a level higherthan
Crelatveto t’. ThesetU(xt',f) eitherequalsy gz Of Xpig2) U{ W21}, be-
causex is maximalin X2141 @and? is thehighestievel below thelowestlevel
containedn Xpg21. The only othertaskthat might be containedn U (x,t’,¢)
(atfirst glance)is wy011. But sincex is not a predecessoof Wiy, .1, by
Definition 5.18.1 thisis notthe case We claim that

4 1(xt) = [&2@'} L dLFEOL) (5.5)

and either the size of F({) is evenor F({) equalsypyz. In the following
we denoteby M the value of the local variableM computedby the distance
algorithmin iterationr for the tasksx andt’ andlevel /, i.e., M is the set
of maximaltasksin U (x,t’,£) thathave minimumapproximatedlistanceto t’
amonghemaximaltasksof U (x,t’, ) afteriterationr — 1. We haveto consider
threecases.

casel: U(xt',0) = X[w2)- Thenthesizeof U (x,t',£) is oddandtherefore
F(€) = X[w2)- We replacex g1 by F(¢) in (5.4)andobtainthat(5.5) holds.

case2: U(xt',0) = Xpgz2) U{Wwz} and M| > 1. ThenF({) = Xz U
{wpy2} andits sizeis even. Clearly, [|F(£)|/2] = [IX[wz1/2]. If M doesnot
containwrgy, thendr 3 (Wrg2y,t') > dr_1(Xfig27,t') sincewpygpy is maximalin
Ux,t',0). If M containswp,, thenit containsatleastonetasku € max(X ri2;)
suchthatd; _1(Wpy,t') = dr_1(u,t’) sinceM containsat leasttwo tasks. In
eithercasejt holdsthatd, _1(F (),t') = dr_1(Xw27,t"). Hence we canreplace
X1w2) Py F(€) in (5.4) andobtainthat(5.5) holds.

case3: U(x,t', ) = X1 U{Wpig21} andM| = 1. Thenthesizeof U (x,t’, ¢)
is evenandthereforer (¢) = U (x,t’,£) — M. Clearly D(wyy,t') < D(t,t') —
S(Wri21). Ontheotherhand,

L
D)= 3 | 5] =D - S

Since w2 and vy, are scheduledn the sametimestep,we obtain that
D(W[k/2] 1) < D(V{k/Z] ). It follows thatdr,]_(W(k/z] 1) < D(X{k/Z] 1), since
V21 hasminimum distanceto t’ amongtasksin X2] anddr_l(w[km,t’) <
D(wi27,t), accordingto Lemmas.23. Using (5.2) we obtaind, 1 (Wpgz,t')
< dr—1(Xzp,t'). Sincewpyz) is maximalin U(x,t',£) it follows thatM con-
tainswyy,; . Sincewe assumedhatM consistof onetaskonly we obtainthat
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M = {w2}. Asaconsequence;({) = Xpz)- Again we replacex i, by
F(¢) in (5.4)to provethat(5.5) holds.

Sincey is minimal in X2, it hasminimum distanceto t amongtasks
in X2, 1-€., D(t,X[w2)) = D(t,y). Using(5.3) andthe factthatd,_s(t,y) =
D(t,y), we obtaind, _1(t,X2) = dr-1(t,y). Hence,

dr_1(t,A) > dr_1(t,y), VA # O with min(A) € min(X ig2))- (5.6)

Sinceequation5.5)holds,wehaveH(x,t") = F (¢') for somdevel ¢/ > £ where
dr1(x,t') equalsf|F (£)]/2] +dr_1(F(£'),t'). Because o) # O it holdsthat
dr_1(x,t") = D(x,t") > 0. It followsthatH(x,t") # O, which provespartoneof
thelemma.

If H(x,t') = F(¥), theneitherthe size of H(x,t') is evenor H(x,t') equals
Xw2], aswe have shavn above. If thesizeof H (x,t’) is noteven,thenwe can
replaceA by H(x,t) in (5.6),andthusobtainthatd,_1(t,H(x,t")) > d,_1(t,y).

OtherwiseH (x,t') = F(¢') for £' > £. Thelevel of wy, is nothigherthan
{+ 1 sincewyyy) is noton a higherlevel thanvy, (Definition 5.18.3),and
thattaskis onlevel £ + 1. It follows thatwp, is notcontainedn U (x,t',£").
As a consequence) (x,t',£') containsonly tasksfrom X1, in particulay it
containsall minimal tasksof X thatareonalevel > ¢'. SinceU (xt',¢')
containsno other minimal tasksit holdsthat min(U (x,t’,¢')) C mMin(Xig21)-
The latter holdsfor F(¢') too, sincethe only task that we have possiblyre-
movedfrom U (x,t’,¢’) to obtainF(¢') is a maximaltaskof U (x,t’,#). Hence,
min(H(x,t)) € min(Xpi27)- Againwe replaceA by H(x,t') in (5.6) to obtain
thatd,_1(t,H(x,t")) > d;_1(t,y), which provesparttwo of thelemma. a

In thelastauxiliarylemmawe shav thatthealgorithmis ableto determine
anupperboundfor the schedulingdistanceusinga critical block in the block
decompositionprovided that the distancesetweenary taskin the critical
block andt, respectiely t’, arealreadyknown.

Lemma5.25 Lety,...,X1 bea canonicalblock decompositiorior the task
system(I(t,t'), <). Letx; bea critical block with tasksfromlevel £. For all
X € X;j, letd,_1(t,x) = D(t,x), andletd;_1(x,t") = D(x,t"). Thena(¢) > D(t,t’).

Proof. Asin Figure5.7,let p denoteminy{d,_1(t,y)|y € Crit(t,t’,£)} andlet
q denoteminy{d,_1(y,t") |y € Crit(t,t’,£)}. All tasksof x; have the samedis-
tanceetot. By Definition5.18.1,w; hasnopredecessan x;j, for j > 1. The
sameholdsfor j = 1too, sinceall tasksin X areonlevel 1in thiscase.As a
consequencall tasksof x; have the samedistancef tot’. By Lemma5.20,
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if a critical taskfrom level ¢ is not containedn X, thenthis taskis wj. In
particular at mostonecritical taskfrom level £ is not containedn x . Hence,
therearetwo casego consider

casel: All critical tasksz from level ¢ are containedin x;. Then for
all of themit holdsthatd,_;(t,2) = D(t,2) = e andd,_1(zt') = D(z,t') = f.
Sincethereis atleastonecritical taskon level £ we obtainthat{d,_1(t,y) |y €
Crit(t,t’,£)} ={e} and{d,_1(y,t")|y € Crit(t,t',£)} ={f}. Hence,p=eand
q=f.

case2: w; is a critical taskon level ¢ but all other critical tasksfrom
level ¢ are containedin X;. It holds that D(w;,t") < f and D(t,w;) < e.
By Lemma5.23, d;_1(t,w;) is a lower boundfor D(t,w;) and d,_1(wj,t")
is onefor D(w;j,t’). As aconsequencel,_1(t,w;j) < e andd,_1(wj,t") < f.
For all critical tasksz otherthanw; it holdsthatd,_1(t,z) = D(t,2) = e and
dr_1(zt’) = D(zt') = f. By Lemmab.21,all tasksin xj arecritical. Sincey;
is notempty thereis atleastonecritical taskin X j. We dervethat

{dr_1(t,y)ly € Crit(t,t', )} = {dr_1(t,W;), €}

and
{dr_1(y,t) |y € Crit(t,t', 0} = {dr—1(w;, '), f}.
Sinced,_1(t,w;) < eandd,_1(w;j,t") < f it followsthatp = eandq = f.

It follows thateitherC = x; or C = x; U{w;j}. In eithercasetheapproxi-
mateddistanceof t to any taskin C is e andtheapproximatedlistanceof any
taskin Ctot’ is f. Moreover, [[x;|/2] = [IC|/2] sincethe sizeof ¥j is odd.
We obtain

a(l) = dr_1(t,C) + dr_1(C,t') + [EZW =e+f+ [@w .

Sinceevery x € xj is successoof all tasksin X,...,X;j+1 and predecessor
of all tasksin Xj_1,...,X1, we requireat Ieastz!‘:jJrl [Ixil/ 2] timestepsto

scheduld (t,x) andatleastzi‘;1 [Ixil/ 2] timestepgo scheduld (x,t'). Hence,

e+ f+ [@w > i:ij@w +§[@w - PX?JW = D(t.,t).

We concludethata(¢) > D(t,t'). O

We have now everythingin placeto prove thatthe approximatedlistances
eventuallycorvergeto the correctvalues.
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Lemma5.26 Letxy,...,X1 bea canonicalblock decompositiorfor the task
systen(l(t,t'), <) sudthatk < 2. Thend,(t,t’) = D(t,t).

Proof. By inductiononr. Thelemmaholdsfor r = 0 becauséf thereis only
oneblock, thenD(t,t") = [|I(t,t")|/2] = do(t,t’). Letit hold for r —1 > 0.
Since ['5‘] < 2'-1 we canassumehatthe lemmaholdsfor all pairsof tasks
with acanonicablockdecompositiorronsistingof atmost[g] blocks.Letty,
- Bevel, (-1 bealongestpathin (I(t,t’), <) suchthatt; is onleveli (relative
tot’) andlet £ bethehighestievelin X[2] -

We first consideithe casewheret, € X0 andty1 € Xji2141- Clearly tg
is minimalin X g1 andt,1 is maximalin X2141- By applyingbemmas.24
we obtainthatH (t,, 1,t") # O andfurthermorethesizeof H(t, 1,t") is evenor
dr_a(t,H(t,y1,t")) > dr_a(t,t;). As aconsequencehe distancealgorithmas-
signsd,_1(t,t;) + dr_1(t;1,t") to b(¢). Accordingto Lemma5.22,thereexist
canonicablockdecompositionfor (I (t,1,t"), <) and(l (t,t,), <) consistingof
atmost|[ §] blockseach By inductive hypothesisb(¢) = D(t,t;) + D(ty+1,t'),
andthatis atleastD(t,t’) accordingo Lemma5.16.

Next, we considerthe casesvhereeitherty 1 € X141 Oty € Xjig2)- We
shallseethatin the formercasex i1 is a critical block, while in the latter
casex i) is acritical block.

casel: ty 1 € X241 Clearly Xpgz)+1 containsat leastone taskfrom
level £+ 1, since/ is the highestlevel in X2 By Lemma5.20,t,,; =
Wiii2141- Thisimpliesthat) 241 is acritical block (Definition 5.18.2).

case2: t; ¢ X[iz2)- Block Xj2) containsatleastonetaskon level £. We

obtainfrom Lemma5.20thatt, = wpy. If [§] = 1 thent, is on level 1.
Hencel = 1. It follows that X[y is critical since is the highestlevel in

X1z andin this casethe only level. Otherwise['z‘] > 1 andwe canapply
Definition 5.18.2 from which we obtainthat s, is acritical block.

Now, letx beeitherXy2111 Or X2, Whichever of themis critical, andlet
¢’ bethelevel of tasksin x. Letx € x. By Lemmab.22,thereexist canonical
block decompositionéor (1(x,t"), <) and(l(t,X), <) consistingof atmost|[ ]
blocks each. By inductive hypothesisd; _1(t,x) = D(t,x) and d;_1(x,t") =
D(x,t"). By applyingLemmab.25we obtainthata(¢’) > D(t,t').

We concludethatb(¥) or a(¢ + 1) or a(¢) is atleastD(t,t’). Sincethe max-
imum of all b(x)’sanda(x)’sis assignedo d,(t,t’), we obtainthatd, (t,t') >
D(t,t’). Ontheotherhand,Lemmab.23shawvs thatd;(t,t") doesnot exceed
D(t,t"). Henced;(t,t") = D(t,t'). O

Theorem5.27 Thedistancealgorithmin Figure 5.7 correctly computeghe
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scthedulingdistanced(t,t’) for all taskst andt’.

Proof. Let¥y,...,X1 beacanonicablockdecompositiorior (I(t,t"), <). Such
a decompositiorexists accordingto Lemmab5.19. Sincek < n it holdsthat
k < 29", We applyLemma5.26andobtainthatdpjegn (t,t") = D(t,t'). O

Theorem5.28 Thedistancealgorithmcanbeimplementedbo runin O(log? n)
timeusingn®/logn processos of a CREWPRAM.

Proof. We assumehatthe precedencgraphis givenasanadjaceng matrix
andeachtaskis representethy a naturalnumberi.e., T ={1,...,n}. In the
preprocessinghasewe performthefollowing steps.

(1) Selectlongestpaths: For eachpair of taskst andt’, we have to ex-
tract from the precedencgrapha longestpathfrom t to t’. Accordingto
Theorem3.29, this canbe donefor all pairsof taskssimultaneouslyn time
O(log?n) usingn®/logn EREW PRAM processors At the sametime, this
algorithm computesan all-pairs longestpath matrix B. The matrix B is an
n x n matrixsuchthatB(t,t’) is thelengthof alongestpathbetweert andt’ or
—oo if no pathexists. Notethatthe setl (t,t") consistsof all tasksx suchthat
B(t,x) > 0 andB(x,t") > 0.

(2) Determinecritical tasks:A taskx € I(t,t') is critical in I (t,t’) iff B(t,X)
+ B(x,t") = B(t,t"). Hencewe candecidein constansequentiatime whether
ataskis critical.

(3) Initialize approximateddistances:To computedy(t,t’) we requirethe
sizeof I(t,t’). Thisinformationcaneasilybeobtainedusingprefix operations.

After preprocessingthe main loop is entered. Before we startwith the
computationdistedin Figure5.7, we sortthe tasksof eachsetl (t,t’) lexico-
graphicallyby level andby the currentapproximatedlistanceso t’:

(4) Sortl(t,t) in level order: Let X(t,t") be the sequencehat consists
of I(t,t") sortedby nondecreasinggvel suchthattaskson the samelevel are
sortedby their approximatedlistancego t’. To computeX(t,t’) for all pairs
of taskst andt’, we proceedas follows. For eacht’, we sort all tasksin
nondecreasingrderof theirlevel relativetot’ suchthattasksonthesamdevel
aresortedby their currentapproximatedlistanceto t’ (thelevel of x relative
tot’ is B(x,t')). For eachtaskt, the sequencebtainedcontainsa subsequence
that equalsX(t,t’). This subsequenceaneasily be extractedusinga prefix
operation. To performtheseoperationgor all pairsof tasksin parallel,we
requireO(logn) time onn3/logn processorssincewe first sortn sequencesf
sizen andthenwe extractn subsequencésom eachof then sortedsequences.
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(5) Computethe setsH(t,t'): Let £ be a level in {0,...,level (t) — 2}.
Clearly, themaximaltasksof U (t,t’, /) areonlevel / + 1 relativetot’. Hence,
to determinenvhether|M| = 1, it sufficesto checkthe approximatediistances
betweenthe taskson level 7 + 1 andt’. Let xq,...,Xn denotethe sequence
X(t,t"). Thelast|U(t,t’,£)| tasksin X(t,t') arepreciselythetasksof U (t,t’, /).
Letx; bethefirst taskin X(t,t’) thatis onlevel £+ 1. It holdsthat|M| = 1 iff
the numberof tasksonlevel £ + 1 in U(t,t’,£) is 1 or their numberis greater
thanl but d;_1(Xj11,t") > dr_1(Xj,t"). Moreover, if M| = 1thenM = {x;}.
Hence we candecidein constansequentiatime whetherlM| = 1, andif that
is the case,we caneasilydetermineM. If [M| =1 and|U(t,t’,¢)]| is even,
thenthelast|U(t,t’, /)| — 1 tasksin X(t,t’) form the setF (¢). Otherwise F(¢)
consistof thelast|U (t,t’,£)| tasksin X(t,t’). Therefore,

dr—1(x;,t) if F()=U(t,t',0),
dr_1(Xj+1,t") otherwise

dr—1(F().t) = {

We usea prefix operationto determinehe highestlievel ¢/ suchthatd, _4(t,t)
= [IF()|12] + dr_1(F(¢),t). In theend,we assignF (¢') to H(t,t'). In fact,
we only have to keeptheminimaltasksof H(t,t") andits size.All of theabove
operationganbe performedn time O(logn) usingn/logn processorsSince
thereareO(n?) pairsof tasks we candetermineall setsH (t,t’) simultaneously
usingn®/logn processors.

(6) Determineapproximationsbasedon critical blocks: To determinea(?)
for alevel Zin I (t,t"), we only have to considertaskson level £. Thereforeto
computethe approximationdor all levelsin I(t,t’), we canuseprefix opera-
tionssegmentedoy thelevelsin I (t,t’). Sincethe numberof tasksin I(t,t) is
O(n), suchasegmentedrefixoperatiortakesO(logn) timeonn/logn proces-
sors.SincethereareO(n?) pairsof taskswe cancomputeall approximations
basedn critical blocksin time O(logn) usingn®/logn processors.

(7) Determineapproximationshasedon critical tasks:Let ¢ denotealevel
betweenl andlevel (t) — 2, andlet ty, ..., tievey, (1)1 be the longestpathin
(I(t,t"), <) choserby the algorithm,wheret; is onleveli relatvetot’. To de-
termined,_1(t,H(t;1,t’)), we have to look attheminimal tasksin H (t;, 1,t').
More preciselywe have to performa prefix-minimaoperationon the approx-
imateddistancedetweert andthe minimal tasksof H(t,, 1,t"). Notethatfor
ary two taskst; andt;, the minimal tasksof H(t;,t") andthe minimal tasksof
H(tj,t') aredisjoint. Thisis because, . . ., tievey, )1 is alongestpathin I (¢, t').
Thereforethetotal numberof tasksthatwe have to considelin orderto deter
mined,_1(t,H(t,,1,t")) for all levelsZ in I (t,t"), is at mostthe sizeof I(t,t’),
whichis O(n). Hence ,we canperformall level: (t) — 2 prefix-minimaopera-
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tionsin time O(logn) on n/logn processorsClearly, whend,_1(t, H(t;,1,t"))
is determinedthe computationof b(¢) takesonly constantime. Sincethere
areO(n?) pairsof tasks(t,t’) thatwe have to considerthe computatiorof all
approximation$(¢) requiresn®/logn processorsDuring thesecomputations,
simultaneouseadaccesseto the setsH(t,t’) may occur Hence,we require
the CREWPRAM.

(8) Computenew distanceapproximations: For eachpair of tasks(t,t’),
a constannhumberof prefix-maximaoperationsgachon at mostn elements,
sufficeto computed, (t,t'). Hence thetime requiredto determinehenew dis-
tanceapproximationgor all pairsof tasksis O(logn) andn3/logn processors
areused.

The mainloop of the distancealgorithmis iterated[logn] times. As we
have seenabove, eachiterationtakes O(logn) time. As a consequencehe
total time spentin the mainloopis O(log? n) if n3/logn processorareused.
Sincepreprocessinganbe performedwithin the samebounds,the theorem
follows. a

5.7 Computing the Jump Sequence

In the sequelwe assumeahat T containsa sufficient numberof emptytasks
€1,6,... on level 0 that canbe usedfor jumpsto level 0 if necessary For
instancejf thenumberof levelsthatjumpis k, thenwe addk emptytasks.
Recallthatin LMJ schedulesonly solitary tasksare usedto jump from
levels(cf. Lemmab5.4). Usingthe constructiorof Sections.3andthedistance
algorithm, we are ableto determinewhich levels jump andwhich tasksare
possiblyusedto jump from theselevels. We are now interestedn the tasks
thatareusedasfill-ins. A necessargonditionfor ataskx to be afill-in for
the jump from level Z is that thereexists a solitary tasky on level / thatis
independenof x. In thefollowing we introduceanothemecessargondition.
Let high(x) be the highestlevel ¢ suchthat on every jumping level ¢ with
level(x) < ¢/ < ¢ thereexistsa solitarytaskthatis independentf x. If nosuch
level exists, thenlet high(x) = 0. If x is an emptytask, thenhigh(x) is the
highesjumpinglevel sinceanemptytaskcanbe pairedwith all solitarytasks.

Lemma5.29 Let/ bea level higherthanhigh(x). Thenthere existsno LMJ
schedulewhere ¢ jumpsto x.

Proof. If high(x) = 0 thenthe lemmaclearly holds. Otherwise,assumehe
contraryandlet Z jumpto x in someLMJ scheduleLety bethetaskonlevel ¢
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thatis pairedwith x. Clearly, yis asolitarytask(Lemma5.4). Accordingto the
definitionof high(x), theremustexist ajumpinglevel ¢’ with high(x) < ¢’ < ¢
suchthat no solitary taskon level ¢' is independendf x. In particular the
solitary taskz thatis usedto jump from level ¢/ mustbe a predecessoof x.
But sincex is pairedwith y andy is scheduledkarlierthanz, this violatesthe
precedenceonstraintsacontradiction We concludethatin no LMJ schedule
level ¢ jumpsto x. O

Letl, >l > --- > [ belevelsthatjump. A landingsetfor {/4,...,4} is
anorderedsetof (possiblyempty)tasks{t,,...,t} suchthatlevelt) < ¢; <
high(t;), for i =1,...,k. A landingset{ty,...,t} impliesthejump sequence
level(ty),...,levelty). Landingsetsprovide uswith candidategor thefill-ins
usedin anLMJ scheduleNot every landingsetis a setof fill-ins for anLMJ
scheduléout thecorverseis true. Letty,.. ., t betasksthatareusedasfill-ins
in anLMJ scheduleThen,accordingo Lemmab.29,it holdsfor everyfill-in
t; that4; < high(t;). It is furthermoreclearthatlevelt;) < ¢;. It follows that
{t1,...,t} isalandingsetfor {41, ...,4}.

In therestof this section,we areconcernedvith determininga landingset
that doesnot containary of a setof resened solitary tasksbut nevertheless
impliesthe LMJ sequenceWe startwith someobsenationson landingsets.

Lemma5.30 Letly > ¢ > --- >l belevelsthatjumpto somelevel £ in an
LMJ schedulefor (T, <) andlett beanarbitrary solitarytaskonlevel /. Then
there existsa landingsetfor {/1,...,4} onlevel ¢ thatdoesnot containt.

Proof. Assumethecontraryi.e., every possibldandingsetfor {/4,...,4} on
level £ containgt. If we restrictanLMJ scheduleSfor (T, <) to the taskson
levelsL,...,/, thentheresultis anLMJ scheduldor thosetasks(Lemma5.2).
Since/ly,..., 0 jumptolevel £ in S it holdsthat/,,...,¢ jumpto level £ in
anLMJ scheduldor thetasksonlevelsL,..., /. Sincethefill-in tasksusedin
an LMJ scheduldorm a landingset,aswe have obseredbefore,andevery
landingsetfor {/4,...,4} onlevel £ containg, thereis no LMJ scheduldor
taskson levelsL,...,¢ wheret is the only taskmappedto the last timestep.
Hencetf is notsolitary. A contradiction We concludehatatleastonelanding
setfor {/4,...,4} existsonlevel ¢ thatdoesnot containt. O

Lemma5.31 Letly > ¢, > --- > /) bethelevelsthatjumpin anLMJ schedule
for (T, <). LetRbeasetof solitarytasks onefromead levelthatjumps.Then
there existsa landingsetfor { /4, . ..,¢y} thatdoesnotcontaintasksfromR but
impliesthe LMJ sequence
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Proof. Let{ty,...,t} bethelandingsetusedin anLMJ scheduldor (T, <).
LetW bethesetof levelsjumpedto, andlet J, bethelevelsthatjumpto level
¢ € W. Thelandingset{ts,...,t} consistof disjointsubsetd,, onefor each
¢ € W, suchthatT, is alandingsetfor J,. Lett € R betheresenedsolitary
taskon level . Accordingto Lemma5.30,thereexistsanalternatve landing
setT, for J, onlevel £ thatdoesnot containt. For each? € W, replaceeach
taskt; € T, in {ty,...,t} with its equivalentt/ from T,/. We obtaina landing
set{t],...,.ty} (= Upew T;) for {£4,...,4} thatdoesnotcontainary taskof R
but levelt) = levelt/), fori =1,... k. O

It remaingo shav how suchalandingsetcanbecomputed.Thefollowing
lemmasuggestsa greedyapproach. Any landing setthat is constructedn
a greedy“highestlevel first” fashion,amongthe tasksthatare not resened,
impliesajump sequencehatis lexicographicallygreaterthanor equalto the
LMJ sequenceAs it turnsoutin the next section theimplied jump sequence
actuallyis the LMJ sequenceThe proof of the latteris deferredfor technical
reasons.

Lemmab5.32 Letly > £, > --- > /) bethelevelsthatjumpin an LMJ sched-
ulefor (T,<). LetR bea setof solitary tasks,onefromead level that jumps.
Moreover, let{ty,...,t} bealandingsetfor {/4,...,4} sud thatt; is a high-
esttaskin T — R—{ty,...,ti_1} with levelt) < ¢ < high(t;), fori =1,...,k.
Thenthe jump sequencemplied by {t;,...,t} is lexicographically greater
thanor equalto theLMJ sequencef (T, <).

Proof. Let{t],...,t;} bealandingsetthatcontainmotaskof Rbutimpliesthe
LMJ sequenceSucha landingsetexistsaccordingto Lemmab.31. Assume
thatthejumpsequencempliedby {ts,...,t} islexicographicallylessthanthe
LMJ sequenceThenthereexistsanindex j suchthatlevet;) < Ievel(tj) and
level(ti) = levelt/) fori < j. Let denotethelevel of tj, andlet X bethesubset
of {tj,....tj} thatis onlevel £. Thetasksin X form alandingsetfor someof
thelevelsin {/4,...,¢;}, all of whichareatleastashigh as/;. Thereforethe
highvaluesof tasksin X areatleastashighas/;. Hence for all x € X it holds
thatlevel(x) < ¢; < high(x). The numberof tasksin {t,...,tj_1} onlevel ¢
equals|X|—1 sincetj € X andlevel(t;)) = levelt/) for i < j. BecauseX is
containedn T — Rtheremustbeatleastonetaskx € X thatis alsocontained
inT—R—{ty,...,tj_1}. Thereforexis ataskin T —R—{ty,...,tj_1} with
level(x) < ¢; < high(x) andx is higherthant;. A contradictionto the choice
of tj. Hence,our assumptionis wrong and the jump sequencemplied by
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{t1,...,t} is lexicographicallygreaterthanor equalto the LMJ sequencef
(T,=). O

In the following we shav how sucha landingsetcanbe obtainedfrom a
maximummatchingin a corvex bipartite graphconstructedrom the prece-
dencegraph(cf. Section3.13).

Lemma5.33 Letly > ¢, > --- > /) bethelevelsthatjumpin anLMJ schedule
for (T,<). LetR be a setof solitary tasks,onefrom ead level that jumps.
Thenwe cancomputea landingsetX for {£4,...,4} in time O(log®n) using
n?/logn processas of a CREWPRAMsud that X and R are disjointand X

impliesa jumpsequencéhatis lexicographicallygreaterthanor equalto the
LMJ sequencef (T, <).

Proof. Let (A,B,E) bethe bipartitegraphdefinedasfollows. Let ¢} > ¢, >
---> (| _, bethelevelsin {L,...,1} thatdonotjump. ThesetA={L,...,1}
consist®of all levels,orderedy decreasinggvel. We assumehattheelements
of A arenumberedn this orderfrom 1 to n, e.g., level L hasnumberl. The
setB = {ty,...,ty} consistsof all taskst € T — R suchthathigh(t) > levelt)
(recallthat T containsk emptytasks)plus L — k dummytaskscy,...,C _k.
For each? € A andeachnondummytaskt € B, we addanedge(/,t) to E iff
levelt) < ¢ < high(t). For eachdummytaskc;, we addanedge(,c;) to E.
The resultingbipartitegraphis corvex on A sinceif (¢,t) € E and(/',t) € E
then (¢”,t) € E for all levels ¢” between/ and /', dueto the definition of
high(t). Thefirstvertexin Aconnectedo anondummytaskt € Bis high(t) and
thelastvertexis levelt) + 1. Theonly vertex in A connectedo a dummytask
ci is¢]. Foreverytaskt € B, let begin(t) denotethe numberof thefirst element
of A connectedo t, andlet endt) denotethe numberof the last elementof
A connectedo t. Note that for every two nondummytasksx andy in B it
holdsthat level(x) > levelly) iff endx) < endy). Oncethe high-valuesare
determined,t is easyto construct(A,B,E) in parallel, representingt asa
sequencef tuples(bagin(ty),endt,)), ..., (bagin(ty), endty)).

To determinethe high-valueof ataskt, we proceedasfollows. First, for
eachjumpinglevel higherthanlevel(t), we countthe numberof solitarytasks
that areindependentf t. This is performedusing a prefix-sumsoperation
segmentedoy levels. Next, for eachjumpinglevel ¢, we countthe numberof
jumpinglevels ¢’ with levelt) < ¢ < ¢ thatcontainat leastonesolitary task
independenbf t. Let x, denotethis number Similarly, we countfor each
jumping level ¢ the numberof jumping levels ¢’ with levelt) < ¢ < ¢. Let
y, denotethis number Clearly, high(t) is the highestjumping level ¢ such



124 5. THE TwWO PROCESSOR SCHEDULING PROBLEM

thatx, = y,. We candeterminethe highestsuchlevel usinga prefix-maxima
operation.For eachtask,we requireO(logn) time andn/logn processorso

performall necessarprefix operationsSincethe high-valuesof all taskscan
becomputedn parallel,thetotal resourceequirementgareO(logn) time and
n?/logn processors.

Next, we computea maximummatchingM in (A,B,E) usingthe algo-
rithm of Dekel and Sahni[DS84 which requiresO(log?n) time on n/logn
processorgTheorem3.30). Recallthat this algorithm computesmnatchings
accordingto Glover’s stratgy. Hence,levels are matchedn decreasingr-
der Eachlevel is matchedwith anunmatchedaskt € B suchthatendt) is
assmall aspossible. We claim that every level that doesnot jump is either
matchedwith its correspondinglummytaskor with a nondummytask that
would beunmatcheatherwise.To provetheclaim,let ¢ bethelevel currently
underconsiderationandlet ¢ be thei-th level in A. Assumethat/ doesnot
jump but is matchedwith a nondummytaskt. Sincethe dummytaskc corre-
spondingto / is still unmatchedndendc) =i, it follows thatendt) =i too.
Consequentlyno unmatchedevel otherthan/ canbe matchedwith t. Since
t hasnot beenmatchedwith alevel higherthan/, we canderive thatt would
be unmatchedf not matchedto ¢, which provesthe claim. It follows that
the algorithmmatchegumpinglevelsasif only jumpinglevelswerepresent
in A. As we have obseredabove, level(x) > level(y) iff endx) < endly), for
every two nondummytasksx andy in B. Hence,if thelevel £ currentlyun-
der considerationis jumping, it will be matchedwith a highesthondummy
taskt not matchedo higherjumpinglevels suchthatlevelt) < ¢ < high(t).
Sincethereare k emptytasksin B that can be matchedwith any level that
jumps, it holdsthat all levels that jump are matchedin M. We remove all
edgedrom M thatmatchlevelsthatdo notjump, andthusobtaina matching
{(€1,1),..., (b, 1)} wheret] isahighestaskin T—R—{t},...,t'_;} suchthat
levelt/) < ¢ < high(t)), fori =1,...,k. By Lemma5.32,the jump sequence
implied by {t3,...,t} is lexicographicallygreaterthanor equalto the LMJ
sequencef (T, <). O

In Figure 5.8, a corvex bipartite graphfor the tasksystemin Figure5.1
is given. As resened solitary tasks,we have chosen{t;s,t12,t11,t9,t4}, One
from eachlevel thatjumps. The edgesshadedyrey form a maximummatch-
ing obtainedfrom the algorithmof Dekel and Sahni. We remaove the edges
(6,c1) and(1,cp), sincelevels 6 and1 do not jump, and obtain the match-
ing {(7,t10),(5,€1), (4,16),(3,t5), (2,t1)}, which correspondso the landingset
{t10,€1,16,15,t1}. Thejump sequenceémplied by this landingsetis 3,0,3,2,1,
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whichis theLMJ sequencef thetasksystem.

levels(A) tasks(B)

Figure5.8: Levelsthat jump are matdedwith tasksthat can be usedasfill-
ins, whete tasks{t;s,t12,t11,t9,t4} havebeenchosenasreservedasks. The
landing setobtainedfromthe maximunmmatdingis {t1o, €1,ts,ts,t1} .

5.8 Selectingthe Actual Jumps

The remainingstepin our schedulingalgorithmis to determinethe actual
jumps of an LMJ schedule. Oncethe actualjumps are selected|t is easy
to constructthe schedule.As we have shavn in thelastsection,we areable
to determinea landing setfor the levels thatjump in an LMJ schedulehat
impliesa jump sequencéhatis lexicographicallygreaterthanor equalto the
LMJ sequenceAlthoughthe jump sequencémplied by this landingsetac-
tually is the LMJ sequenceaswe will provein the sequelit is possiblethat
this landing setis not usedby any LMJ schedule.This is becauseat might
containa solitary taskthat cannotbe usedasfill-in but ratherhasto be used
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to jump from somelevel. In this sectionwe areconcernedvith transforming
thelandingsetfrom the previoussectioninto a landingsetthatcanbe usedin
anLMJ schedule To this end,we introducethe notion of candidatepairs. A
candidatepairis simply a pair of tasksthatfulfill all necessargonditionsfor
beinganactualjumpin anLMJ schedule.

Definition 5.34 A pair of tasks(x,y) is calleda candidatepair if x is solitary,
x £y, andlevelly) < level(x) < high(y).

We will shav that any set of disjoint candidatepairs, one pair for each
level that jumps, forms the actualjumpsof an LMJ schedule provided that
the implied jump sequences lexicographicallygreaterthan or equalto the
LMJ sequenceSucha setof candidateairsis calleda candidateset

Definition 5.35 Letl1 > > > --- >l bethelevelsthatjumpin anLMJ sched-
ulefor (T, <). A setof disjoint candidatepairs { (1,t7), . . ., (. t;)} is calleda
candidatesetfor (T, <) if

1. theleveloftjis ¢, fori=1,...,k and

2. the jump sequencemplied by {t;,...,t/} is lexicographically greater
thanor equalto theLMJ sequencef (T, <).

Lemma’5.36 Anycandidatesetfor (T, <) formstheactualjumpsof an LMJ
schedule

Proof. Let /1 > £, > --- > Iy bethelevelsthatjump, andlet {t4,...,t} be
thelandingsetusedin a candidatesetP. Moreover, let ¢4,...,¢, bethe LMJ
sequenceBy definition,the jump sequencemplied by {t;,...,t} is lexico-
graphicallygreaterthanor equalto the LMJ sequencelLet i bethefirst posi-
tion wherelevelt;) > ¢ orleti = k if thejumpsequencémpliedby {ts,...,t}
Is theLMJ sequence.

Considerthe mappingS constructecsfollows. We maptasksin theorder
of nonincreasindgevel to timestepsandfor thejumpsfrom levels/y, .. ., ¢ we
usethe candidatepairsof P asactualjumps. Thisis possiblesincethe candi-
datepairsin P areall disjointandthejump sequencemplied by {t;,...,t 1}
is a prefix of the LMJ sequence.The remainingtasksare scheduledusing
arbitraryavailabletasksasfill-ins for jumps.

AssumehatSviolatesprecedenceonstraintsandlet sbethefirsttimestep
with suchaviolation. This first violation occursnot laterthanthe jump from
level ¢;, sincebehindthe jump from level ¢; all remainingtasksarescheduled
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in properlevel orderfashion. Sinceprecedenceonstraintscanonly be vio-
lated by jumps, s containsa candidatepair (t,tj) € P for ajump (¢j,£) with
j <i, andt;j is not availableat timesteps. Becausé andt; areindependent,
theremustexist a predecessoof t; thatis mappedto a timestepbehinds.
Let x bethe earliestsuchtask,i.e., X < tj, S(X) > s, andall predecessorsf x
aremappedo timestepshefores. Taskst andx areindependentsinceoth-
erwiset andt; would not beindependenand(t,t;) could not be a candidate
pair. Hence,t andx canboth be mappedto timesteps. Sinceno violation
of precedenceonstraintsoccursbeforetimesteps in S, we canconstructa
level scheduleS suchthatlevelty),...,levelt;j_1),levelx) is a prefix of the
jump sequencef S. Sincex is higherthant;, it follows thatlevel ¢; jumps
higherin S thanproposedn the candidatepair (t,t;). It followsthatthe jump
sequencef S is lexicographicallygreateithanthejump sequencénplied by
{t1,...,t} andhencelexicographicallygreaterthanthe LMJ sequencegon-
tradictingthefactthattheLMJ sequences thelexicographicallygreatesjump
sequencef ary level schedule.Hence,our assumptions wrongandSis a
valid level schedule.

Clearly levelt,),...,levelt;) is aprefixof thejumpsequencef S. Assume
thatlevelt;) > ¢/. Thenthejump sequencef Sis lexicographicallygreater
thantheLMJ sequenceagainacontradiction Hence purassumptiorms wrong
andwe concludethatlevelt,),...,levelty) is the LMJ sequencendS s an
LMJ schedulewith the candidatgpairsP asactualjumps. a

Let /4 > 05 > --- > Iy bethe levels that jump in an LMJ schedule. To
computea candidatesetwe proceedasfollows.

Fori=1,...,k choosea solitarytasks on level ¢ with maximumhigh-
value. Let R denotethe set{s,,...,&}, andlet {t;,...,t} bealandingset
for {/1,...,4} suchthatRand{ty,...,t} aredisjointandthejump sequence
implied by {ty,...,t} is lexicographicallygreaterthanor equalto the LMJ
sequenceSucha landing setcanbe computedefficiently in parallel,aswe
have showvnin Lemma5.33.Fori = 1,...,k, choosea solitarytasks onlevel
¢; thatis independentf t;. Thepair(s,t;) is calledthe primary candidatepair
for thejump from level ¢; andwe denotet by P(4;).

Thesecondarycandidatepair for thejump from level ¢;, denotedoy S(¢;),
is definedasfollows. If tj is not solitary, thenthe primary candidatepair for ¢;
is usedassecondaryandidatepair. Otherwiset; is solitaryandlevel(t;) itself
jumps. Clearly, levelt;) = ¢j for somej > i. Let s’ beasolitarytaskon level
¢; thatis independentf s;. Suchataskexistsbecauseigh(s;) > high(tj) > ¢;.
Thenthepair (5, s;) is thesecondargandidatepair for thejumpfrom level 4;.
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For a candidatepair (t,t"), let (t,t"); denotet andlet (t,t"), denotet’. For
I =1,...,k definetheimpliedcandidatepair for thejump from level ¢; as

P(t)2 # I(levelti))a, (5.7)

P(¢;) if levelt;) doesnotjump or
1(4;) .=
S(¢) otherwise

Lemma 5.37 Thesetof impliedcandidatepairs{ 1(4;)|1 <i <k} is a candi-
datesetfor (T, <).

Proof. For eachjumpinglevel ¢;, thereis animplied candidatepair (t,t’) such
thatt is on level ¢ andt’ is on level(t;), where/; andt; are definedas be-
fore. Hence,thelandingsetin the setof implied candidatepairsimpliesthe
samejump sequences{ty,...,t}, ajump sequenceavhich is lexicographi-
cally greaterthanor equalto the LMJ sequencelt follows that propertiesl
and 2 of Definition 5.35hold. It remainsto shav thatall implied candidate
pairsaredisjoint. Assumethe contraryandlet ¢ > ¢’ belevels suchthat 1(¢)
and I(¢') arenotdisjoint. Clearly, 1(£); # I(¢')1 sincethereis only oneim-
plied candidatepair for every level thatjumps.Moreover, 1(¢); # 1(¢'), since
I(0)1 is onlevel £ but 1(¢'), is on alevel below ¢’ whichis belov ¢. Hence,
thereremaintwo casesve have to consider:

casel: I(£), = I({'),. In thiscase/ and/' jumpto thesamdevel ¢’. The
secondcomponent®f the primary candidatepairsarebuilt from thelanding
set{ty,...,t} andeachtaskfrom this landing setis usedexactly onceasa
secondcomponentn a primary candidatepair. Hence,P({), # P({'),. It
follows that one of the implied candidatepairsfor ¢ and ¢’ is a secondary
candidatepair. We will considerthecasel(¢) = S(¢). Theothercase,I({') =
S(¢), is equivalentfor reason®f symmetry

Assumethat I(£) = S(¢). Then®(¢), = I(¢"),, sinceotherwisewe would
have choserthe primary candidatgpair astheimplied candidatepair for 2. It
follows that P(¢'), # 1(¢"), becausall primary candidatepairshave differ-
enttasksin their secondcomponentasnotedbefore. As a consequencehe
implied candidatepair for ¢ mustbeits primarycandidatepair. SinceS(¢); is
theresenedsolitarytaskonlevel ¢ andP(¢'), is differentfrom this resered
solitarytaskdueto theway thesetof primarycandidatepairsis constructedit
holdsthat 1(¢), = S(¢)> # P(¢"), = I(¢'),. A contradictionto the assumption
that 1(¢), = I(¢'),. Hence the caseassumptioris wrongand I1(£), # I({')5.

case2: I(f), = I(¢);. In this caseevel ¢ jumpsto ¢'. Clearly, theim-
plied candidatepair for ¢ is not its primary candidatepair, since otherwise
P(0), # I(¢"), andthereforel (£), = P(¢), # I(¢')1, whichcontradictshecase
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assumptionHence we cansavely assumehattheimplied candidatepairfor ¢
is its secondarygandidatgair and P(¢), = I(¢');. SinceS(¢), is theresered
solitarytaskon level ¢ and P(¢), is differentfrom this resened solitary task
dueto the way the setof primary candidatepairsis constructedijt follows
that I1(£), = S(£), # P(£), = I(¢')1. A contradictionto the caseassumption.
Hence thecaseassumptions wrongand 1(¢), # I(¢').

It follows that 1(¢) and I(¢') are disjoint and henceall pairsin the set
{1(¢4;)|1 <i <k} aredisjoint. We concludethat{ 7(¢;)|1 <i < k} is a candi-
datesetfor (T, <). a

To computethe setof implied candidatepairsin parallel,we constructan
implication graph that reflectsthe dependenciebetweenprimary and sec-
ondary candidatepairs. The implication graphis a directedacyclic graph
H = (V,E) with vertex setV andedgesetE. The vertex setconsistsof one
vertex for eachprimary candidateair andonevertex for eachsecondargan-
didatepair. For the sale of corveniencewe use?(¢) andS(¢) to denotethe
verticesin V. An edgefrom vertex X(¢) to vertex &' (¢'), with X, € { P, S},
expresseghat X(¢) is the implied candidatepair for level ¢ iff 9 (¢') is the
implied candidatepair for level ¢'. If the choiceof theimplied candidatepair
for somelevel ¢ doesnot dependon the choicemadefor thelevel thatlevel ¢
jumpsto, thenwe mark either P(¢) or S(¢), whichever of themis the implied
candidatepair. In otherwords,for eachlevel ¢; thatjumps,we markvertices
andaddedgedo E accordingo thefollowing rulesderivedfrom (5.7):

casel: levelt) doesnot jump. Thenthe primary candidatepair for /;
becomegheimplied candidategair. We addno edgedo E but mark P(¢;).

case2: P(¢;), # P(levelt)), andP(4;), # S(levelt;));:. Thentheprimary
candidatepair for ¢; is choserasits implied candidatepairindependentf the
choicemadefor theimplied candidatepair for levelt;). We addno edgedo E
but mark ?(¢;).

case3: P(¢), = P(levelt;)), and P(¢), = S(levelt))1. Thenthe sec-
ondarycandidatepairfor ¢; is choserasits implied candidatgairindependent
of thechoicemadefor theimplied candidatepair for levekt;). In this casewe
mark S(¢;).

cased: P(4;), # P(levelti)), andP(¢;), = S(levekt;));. Thentheimplied
candidatepair for 4; will beits primary candidatepair if levelt;) choosests
primary candidatepair, but will otherwisebeits secondarycandidatepair. In
this casewe add(P(4), P(levelt)))) and(S(4), S(levelt))) to E.

case5: P(4;)2 = P(levelti))1 andP(¢;), # S(levekt;));. Thentheimplied
candidatepair for 4; will beits primary candidatepair if levelt;) choosests
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secondargandidateair, andit will beits secondargandidatepairif level(t;)
choosedts primary candidatepair. Hence,we add (P(4;), S(levelt;))) and
(S(), P(levelt;))) to E.

Notethattheimplicationgraphis aforestof intreesandeveryrootis either
marked or not. After a pointerjumping operation,eachvertex in H knows
its root vertex and can thereforedeterminewhetherits root is marked. A
candidatgoairis animplied candidateairiff its rootvertex is marked. Hence,
aprefix operatiorsuficesto obtainthe setof implied candidatepairs.

An implicationgraphfor thetasksystemin Figure5.1is depictedin Fig-
ure5.9. As before,we have chosen[tys, t1o, t11, tg, t4} asresenedtasksand
obtainedthe landingset{tyo, €, ts, ts5, t1} from the matchingin Figure5.8.
We selectthe solitarytaskstys, t1,, t11, tg, t5 to jump from the respectie lev-
els. Hence (t1s5,t10), (t12,€1), (t11.tg), (t6,15), (t5,t1) arethe primary candidate
pairs.Forlevels7,5, and2, the primarycandidateairsareusedassecondary
candidatepairs,sincethefill-ins for theselevels, asproposedy the landing
set,arenotsolitary Forthejumpsfrom level 4 and3, thesecondargandidate
pairsdiffer from the primary candidatepairs. For theselevels, the resened
solitarytaskson level 3, respectiely 2, i.e., taskstg andt,, arethealternatve
fill-ins. Theonly solitarytaskon level 4 thatcanbe pairedwith tasktg is task
t11, andfor thejump from level 3 we choosdasktg. Hence(t11,t9) and(tg,ts)
arethesecondargandidatepairsfor thejumpsfrom level 4 respectrely level
3. The setof implied candidatepairs obtainedfrom the implication graph
is {(t15,t10), (t12,€1), (t11,16), (to,ta), (t5,t1)}, which happendo be the setof
actualjumpsusedin theschedulen Figure5.1.

We closethis sectionby statingthe mainresultof this chapter

Theorem5.38 Theee exists a parallel algorithm that computesan optimal
two processorschedulefor any tasksystenin time O(log?n) usingn®/logn
processos of a CREWPRAM,wheee n is thenumberof tasks.

Proof. Let usrecallthe variousstepsof our schedulingalgorithm andtheir
resourceequirementsWe first have to determinethe level of eachtaskand
the total numberof levels. As notedbefore,we assumehatthe precedence
graphis givenasan adjaceng matrix. We computean all-pairslongestpath
matrix B in O(log?n) time on n®/logn processor§Theorem3.26). The level
of ataskt relative to t’ is B(t,t’). To determinethe numberof levelsL, a
prefix-maximaoperationon B suffices, which canbe performedin O(logn)
time usingn3/logn processors.

To decidewhich levels jump, we have to augmenthe precedencgraph
by 2L + n+ 2 tasks.Then,we applythe distancealgorithmto the augmented
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Figure5.9: Animplicationgraphwith primary andsecondarycandidatepairs
andtheir dependenciesA candidatepair is impliediff theroot of theintreeit
belongso is marked (thick lined oval).

precedencgraph,which takes O(log? n) time on n3/logn processor§The-
oremb5.28). It is now easyto determinethe solitary tasksandthe levels that
jump(Lemmab.4,Lemma5.5,andLemmab.6). Oneachlevel thatjumps,we
reseneasolitarytaskwith maximumhigh-valueusingaprefix-maximaopera-
tion sggmentedy levels. Thenwe construcalandingsetthatimpliestheLMJ
sequencéut doesnot containary of the resened solitary tasks. According
to Lemma5.33, this requiresO(log? n) time usingn?/logn processorsNext,
we determinethe setof implied candidatepairsasdescribedabove. Clearly,
we can constructthe primary candidatepairs, the secondarycandidatepairs
andthentheimplicationgraphusingthe givenresourcesThe sameholdsfor
pointerjumpingthatwe useto determingherootsof theimplicationgraph.
Accordingto Lemma5.36 andLemmab.37,the setof implied candidate
pairsobtainedn thepreviousstepformstheactualjumpsof anLMJ schedule.
Thetasksnot usedin the implied candidatepairsarepairedup within levels.
Sincetherearenoprecedenceonstraintbetweertasksonthesamdevel, this
pairing canbe donearbitrarily. An LMJ schedulds obtainedby sortingthe
resultingsetof taskpairs,bothfor jumpsandwithin levels. Clearly, this last
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stepcanbedonewithin thedesiredresourcéounds. a

5.9 Maximum Matchingsin Co-Comparability Graphs

In this sectionwe considera problemclosely relatedto the two processor
schedulingproblem: Maximum matchingsin co-comparabilitygraphs. The
problemof computingmaximummatchingsn graphss afundamentaprob-
lem in computerscience.Thefirst sequentiahlgorithmfor computingmaxi-
mummatchingss dueto Edmondsandrequiresime O(V[*) [Edm65. Since
thenanumberof algorithmshave beenproposedThefastesof themrequires
O(v/VIE|) time[MV80, Vaz94.

The parallel compleity of the generalmaximum matchingproblemis
still open. Thereis no A/C algorithmknown, andno P-completenesproof
hasbeenfound. The only known fast parallel algorithmsare randomized,
i.e., they belongto the classR N C [KUW86, Kar86, MVV87, GP88]. Al-
thoughtheir expectedrunningtime is polylogarithmic,they may take an ar
bitrarily long time to halt. For somerestrictedclasseof graphs, A\/C algo-
rithms are known. This includesregular bipartite graphs[LPV81], cornvex
bipartite graphs[DS84], interval graphs[MJ89], cographgL094], and co-
comparabilitygraphgdKVvVv85, HM86].

The classof co-comparabilitygraphsis quite rich. It containsinterval
graphsand permutationgraphs,andthe latter classcontainscographs. Co-
comparabilitygraphsbelongto the classof perfectgraphs[Gol8Q]. A graph
G is calledperfectif the maximumclique sizeandthe chromaticnumberof
every inducedsubgraphof G coincide. A graphG is calleda compaability
graphif theedgesf G canbe orientedsuchthatthe resultingdirectedgraph
is atransitively closedacgyclic graph.More formally:

Definition 5.39 LetG = (V,E) bean undirectgdgraph. ThenG is a compa-
rability graphif there existsa directedgraph G = (V,E), called a transitve
orientationfor G, sud that

1. for every{x,y} € E, either(x,y) € E or (y,x) € E,
2. if (x,y) € E then{x,y} € E, and
3. if (x,y) € E and(y,2) € E then(x,2) € E.

Clearly, not every graphhasa transitve orientation. A co-compaability
graph is the complemenbf a comparabilitygraph. The following theorem
providesanalternatve characterizatioof comparabilitygraphs.
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Theorem5.40([GH64]) A graphis a compaability graphiff ead cycle of
oddlengthhasa triangular chord.

Therelationshipbetweerthe problemof computinga maximummatching
in aco-comparabilitygraphandthetwo processoschedulingoroblemhasfirst
beerrecognizedy Fujii, Kasami,andNinomiya[FKN69]. They proposedn
algorithmthatconstructanoptimaltwo processoscheduldrom amaximum
matchingin the incomparabilitygraphof the given partialorder The proofs
givenin [FKN69] imply thatthereverseis alsopossible:

Theorem5.41([FKN69]) Let G be a transitivelyclosedprecedencgraph.
Thenthe pairedtasksin an optimaltwo processosdedulefor G forma max-
imummatdingin theundirectedcomplemenof G.

Sincea transitve orientationis a transitively closedprecedencgraph,all
we needto computemaximummatchingsin co-comparabilitygraphs,is an
algorithmfor transitve orientationsand an algorithmfor the two processor
schedulingoroblem. Given a co-comparabilitygraphG, one cancomputea
maximummatchingin G by first computinga transitve orientationfor the
complemenbf G andthencomputingan optimal two processoscheduleS
for the resultingprecedencgraph. By Theorem5.41, the pairedtasksin S
form a maximummatchingin G. The algorithmsgivenin [KVV85, HM86]
follow thisline.

Recently a new andefficient AC algorithmfor computingtransitive ori-
entationshasbeenproposedoy Morvan andViennot[MV96]. We combine
this algorithmwith the two processoschedulingalgorithmpresentedn this
chapterandobtainthefollowing result.

Theorem5.42 Maximummatdingsin co-compaability graphscanbe com-
putedonthe CREWPRAMin time O(log? n) usingn® processcs.

Proof. The transitve orientationalgorithmin [MV96] runs on the CRCW
PRAM andrequiresO(logn) time usingn® processorsHence,on the CREW
PRAM, a transitive orientationcanbe computedn time O(log? n), becausea
CRCW PRAM canbe simulatedon an EREW PRAM with the help of sort-
ing anda slowdown factorof O(logn). By Theorem5.38,our two processor
schedulingalgorithmrunswithin the sameresourcébounds. O

Two well known subclassesf co-comparabilitygraphsareinterval graphs
andpermutatiorgraphs.We obtain:
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Corollary 5.43 A maximummatding in an interval graphor a permutation
graph canbe computecbn the CREWPRAMin time O(log?n) usingn® pro-
Cessos.



CHAPTER 6

Two ProcessorScheduledor
SeriesParallel Orders

In the last chapterwe have proposedan algorithm that schedulesarbitrary
precedenceonstraint®ntwo processorsAlthoughthisalgorithmis moreef-
ficientthanary previously known algorithmfor thetwo processoscheduling
problemiit is still notwork optimal. Onemight askwhethera morerestricted
classof precedenceonstraintsallows a more efficient algorithm. If prece-
denceconstraintaretrees thenthetwo processoschedulingoroblemcanbe
solved on the EREW PRAM by a time and work optimal algorithm,aswe
have shavn in Chapte#. A classof precedenceonstraintshatincludestrees
is theclassof seriegparallelorders.Seriegarallelordersoccurquiteoften,in
particular they occurin parallelprogramghatfollow the divide-and-conquer
paradigm.In generalthey arenot“easier’to scheduléhanunrestrictegrece-
denceconstraints. The m-processotUET schedulingproblemis still A(P-
completef restrictedto seriegparallelorders|May81, War81. Moreover, no
polynomialalgorithmis known that computesoptimal k-processoschedules
for seriegparallelordersfor ary fixedk greaterthantwo.

In this chapterwe show thatin the two processocase,seriesparallelor-
derscanbescheduleanuchmoreefficiently thanunrestricte¢gprecedenceon-
straints. We presenian algorithmthat optimally scheduleseriesparallelor-
derson two processorin time O(logn) usingn/logn EREW PRAM proces-
sors,providedthata decompositiorireefor the seriesparallelorderis given.
If thedecompositiortreeis not given,we combineour schedulingalgorithm
with anexistingalgorithmthatdecidesvhetheragivengraphis seriegarallel
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and,if thatis the case,computesa binary decompositioriree. We obtainan
algorithmthatrunson the EREWPRAM in time O(log(n + €) + lognlog® n)
andon the CRCW PRAM in time O(log(n + €)), wheree is the numberof
edgesandn is the numberof verticesin the given seriesparallelprecedence
graph. In eithercase,the numberof requiredoperationss O(n+ €). Note
thatthisresultimpliesalineartime sequentiahlgorithmfor thetwo processor
schedulingproblemwith seriesparallelorders.

This chapteris organizedasfollows. In the next section,we recall some
definitionsrelatedto seriesparallelordersandtheir decompositiorirees. In
Section6.2, we give an overview of the stratgy thatwe useto computeop-
timal two processoscheduledor seriesparallelorders.In the sectionthere-
after, we introduce“backbonetasks”andpresensomeof their properties.In
Section6.4, a well formedword of parentheses constructedrom the de-
compositiontreethatis usedin the following sectionto modify the levels of
tasks.In Section6.6, we shav thatschedulinghe tasksin nonincreasingr-
der of modifiedlevelsyields an optimal two processoschedule.In the last
section,we summarizehe algorithmandshaw thatit canbeimplementedo
run efficiently in parallel.

6.1 SeriesParallel Orders and DecompositionTrees

Let (T, <) beaseriegparallelorder andlet G be a seriesparallelprecedence
graphfor (T, <) (i.e., GisaVSPdag,cf. Subsectior?2.2.4).We assumen the
sequethatG is givenasadecompositionreeB = (V, E). Recallthateacheaf
of B correspond#o avertex in G andvice versa.Eachinternalvertex v of B is
eithermarkedwith “P” or“S”, representingseriesor parallelcompositiorof
the VSP dagsthatcorrespondo the subtree®f B rootedat theleft child and
theright child of v. We adoptthe corventionthatthetasksin theleft subtree
of an“S” vertex in B preceddhetasksin theright subtree.

Figure6.1lashows a seriesparallelprecedencgraphconsistingof sixteen
tasks. In Figure 6.1b, a decompositiortree for it is depicted. An optimal
two processoscheduldor the tasksystemgivenin Figure6.1ais shavn in
Figure6.2.

Recallthatroot(B) denotegheroot vertex of B, andG(v) denotegshe VSP
dagthatis definedby the subtreeof B rootedat vertex v. Let I(v) andr(v)
denotethe left child, respectrely right child, of vertex v, andlet typgVv) be
either“P” or “S”, indicatingthe kind of compositionvertex v representsLet
|v| denotethe numberof leavesin the subtreeof B rootedat vertex v, i.e., |V|
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Figure6.1: (a) A seriesparallel precedencgraphand (b) a decomposition
treefor it.
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Figure6.2: An optimal two processorschedulefor the givenseriesparallel
order
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is the numberof tasksin G(v). For the sale of notationalcorveniencewe
identify theleavesin B with thetasksin G.

6.2 A SchedulingStrategy

In Section4.2 we have introducedthe highestlevel first schedulingstrateyy.
In this stratgyy, tasksarescheduledjreedilylevel by level, startingwith tasks
onthehighestievel. Wheneerthereis a choice,choosehe highestavailable
task. This stratgy is optimalfor precedencgraphshatareeitherinforestsor
outforestqTheorem4.2). In the two processocase HLF schedulesrealso
optimalfor seriesparallelorders.In fact, every two processoHLF schedule
for (T,<) is an LMJ schedule(cf. Section5.1). To seethis, considerthe
following. Assumethata certainsubsebf taskshasalreadybeenmappedo
timesteps.Let H bethe setof unscheduledaskson level £. Since(T, <) is
a seriesparallel order, we canderive thatif ataskin H canjump to some
level ¢/, thenall tasksin H canjumpto level #'. This hastwo consequences.
First, whenever a level ¢ jumps, thenwe canusean arbitrary taskto jump
from ¢, sinceall unscheduledaskson level ¢ canjump equallyhigh. Second,
wheneerthehighestievel ¢ we canjumpto containsmorethanonetaskthat
canbeusedasafill-in, thenwe canchooseary of thesetasksasafill-in task,
sincethetasksthatremainunscheduledn level ¢’ canjump equallyhigh. As
a consequencehe jump sequencef an HLF schedulaés an LMJ sequence.
Hence everytwo processoHLF scheduldor aseriegarallelorderisanLMJ
scheduleandthereforeoptimal (Theorenb.1).

Our parallelalgorithm, however, doesnot computeHLF schedules.In-
steadwe usea schedulingstratgy thatenableausto exploit the structureof
the givendecompositioriree. In the following we give aroughsketchof our
stratgy. For anillustration, we referto Figure6.3. In afirst step,we select
anarbitrarylongestpathin the precedencgraph. The taskson this pathare
calledbadkbonetasks All othertasksarecalledfree In Figure6.3a,thetasks
on the leftmostpathfrom the sourceto the sink arethe backbondasks. Our
goalis to find for eachof thesebackbondasksa freetaskthatit canbepaired
with in a schedule.We concatenatéree tasksandthreadthemon a number
of stringslike pearls. The orderin which free tasksare threadeds not im-
portantaslong aspredecessorsomebeforetheir successorskor reasonf
efficiengy, we closelyfollow the structureof the givendecompositiortreefor
threadingfreetasks.In Figure6.3a,the stringsof tasksareindicatedby grey
curves. Then,we pull thesestringsone after the other (in a specificorder)
towardshigherlevels. We try to “move” asmary free tasksaspossiblebut to
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eachlevel at mostonefree taskis “moved”. The level a free taskis moved
to is calledits modifiedlevel. All tasksnot movedretaintheir old level. In

Figure6.3b, the stringshave alreadybeenpulled andsomeof the free tasks
have beenmovedto higherlevels. In the end,we scheduldasksin the order
of nonincreasingnodifiedlevels.

This stratgly doesnot resultin HLF schedules. However, if tasksare
threadectarefully, it produce®ptimaltwo processoschedulesor seriegpar
allel orders. As alreadymentionedtaskthreadingcloselyfollows the struc-
ture of the decompositioriree. Pulling the stringsis doneby computingthe
matchingpairsin a well formedword of parenthesesEachbackbonetask
correspond$o anopeningparenthesig this word, andeachfree taskcorre-
spondsto a closingparenthesisDetailsaregivenin the following sections.
We startby introducingbackbondasks.

6.3 BackboneTasks

We assumen the sequelthatfor all “P” verticesv of thedecompositioriree,
G(I(v)) is atleastashigh asG(r(v)). If thisis notthe case we swap the left

andright child of v. Let B(B) denotethesetof all verticesof B thathave noan-

cestorthatis theright child of a“P” vertex. Theleavesin [3(B) form alongest
pathin G. We call this longestpathbadkbone andthe taskson it arecalled
badkbonetasks In Figure6.1b,the verticesthat belongto 3(B) areshaded.
The backbondasksarety, t3, tg, t7, tg, t12, t14, andtys. In thefollowing, we

exploretherelationshippbetweerbackbondasksandthe preordemumbersof

tasksin thedecompositiortree.

Lemma6.1 Letx bethetaskwith smallespreordernumberin Bamongtasks
onthelevel of x. Thenx is a badkbonetask.

Proof. Assumehatxis notonthebackboneSinceoneverylevel thereexists
exactly one backbonetask, theremustbe a backbonetasky on the level of
X. The preordemumberof y in B is greaterthanthatof x. It follows thatx
andy have acommonancestowr suchthatx is in theleft subtreeof v andy is
in theright subtreeof v. If v represents parallelcompositiontheny hasan
ancestothatis theright child of a“P” vertex. Hencey is notabackboneask.
A contradiction.Otherwisey representa seriescomposition But then,x is a
predecessanf y. Again,acontradiction.Hence pourassumptiorns wrongand
xis onthebackbone. g
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Lemma6.2 Lety bea badkbonetask,andlet x be a predecessoofy. Then
everytaskwith a preorder numberin B smallerthanthatof x is alsoa prede-

cessorofy.

Proof. Let py bethepathfromy to therootof B. Sincex is a predecessoof
y, thereexistsan“S” vertex v in py suchthatx is in the left subtreeof v and
y is in theright subtreeof v. Considerthe path px from x to the root of B,
andlet z be a taskwith a preordemumberin B smallerthanthatof x. Then
thereexists a vertex w on the path py suchthatz is in the left subtreeof w
andx is in the right subtreeof w. If w represents seriescompositionthen
zis a predecessaof x, andhencea predecessoof y (Figure6.4aand6.4b).
Otherwise w represents parallelcomposition.Assumethatw is partof py
(Figure6.4d). Theny would have anancestothatis the right child of a “P”
vertex. But this contradictghe factthaty is on the backboneHencew is in
theleft subtreeof v (Figure6.4c),andthereforezis apredecessaf y. a

root root roo root
[
w,S WP
z//// z
v,S v,S v,S v,S
/ /
w,S w,P
z/// z///
(a) (b) (c)

Figure6.4: Taskx is a predecessoof y and the preorder numberof z in the
decompositionireeis smallerthanthat of x. Hence oneof the caseqa)—(d)
appliesin thedecompositiortiree In case(d), y is not a badkbonetask. (See
proofof Lemmab.2.)

6.4 Matching Parenthesesn the DecompositionTree

To constructan optimal scheduleijt is helpful to know, for every vertex v of
thedecompositiorree thelengthof anoptimaltwo processoscheduldor the
tasksystemthat correspondso the precedencgraphG(v). In the following
definition,we give an“obvious” lower boundon this schedulindength.
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Definition 6.3 Letv beavertexin adecompositiotree We definerecussively
onthestructue of thedecompositioitree

1 if vis aleaf,
w(v) :—{ w(l(v)) + (r (V) if typg{v) =*“S”,
maxw(l(v)), [IV[/2]) if typelv) =“P".

Clearly, any two processoscheduleor the tasksof G(v) haslengthat least
w(v). Asit will turnoutlater, w(v) is actuallythe optimallength.

The mainideain our parallelalgorithmis to usethe matchingpairsin a
well formedword of parenthese® find tasksthatcanbe pairedwith backbone
tasks.We wish to matcheachbackbondaskx with atasky from somelower
level suchthatx andy canbe mappedo the sametimestep.To this end,we
first assignparentheset® theverticesin thedecompositiorree.

Definition 6.4 Let v be a vertex in a decompositiortree B = (V,E). The
parenthesitabelof v, denotedy A(v), is definedasfollows:

“(” if vis aleafin 3(B),
) if visaleafinV —3(B),
AV) = ’_L
“((...(" iftypdv) =“P” andv € B(B),
€ otherwise

whee k = max0, 2[|v|/ 2] — 2w(I(V))).

The parenthesitabelsin the decompositiorireeareconcatenatetb form
aparenthesisvord.

Definition 6.5 Let v be a vertex in a decompositioriree B. The parenthesis
word of v, denotedoy 1i(v), is recursivelydefinedasfollows:

A(V) if vis aleaf,
) ATIM) ) if typev) = P” andv € B(B).
V=Y nrw)ni(v)  if typev) = “S" andv e B(B),
il (v)) T(r (v)) otherwise

Theparenthesisvord of v is notawell formedword of parenthesedf vis
partof B(B), thenall closingparentheses (V) arematchedput a numberof
openingparentheseareunmatchedThis numbercorresponds$o the number
of partialtimestepsn anoptimalscheduldor thetasksin G(v).
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Lemma 6.6 LetB bea decompositiorireg andlet v € 3(B). Thentyv) fol-
lowedby 2w(v) — |v| closingparenthesess a well formedword of parentheses.

Proof. By inductionon the structureof the decompositioriree. If v is a leaf,
thent(v) = “(" andthenumberof appendedlosingparentheseis 1.

Let v represena seriescomposition.Both the left andright child of v are
containedn B(B), sincev € [3(B). By inductive hypothesisyl(v)) followed
by 2w(1(v)) — |l (v)| closingparentheseis a well formedword of parentheses,
andthe sameholdsfor 1i(r(v)) followedby 2w(r(v)) — |r(v)| closingparenthe-
ses.Hence,(v) = 1(r(v)) (I (v)) followedby 2w(Vv) — [v| = 20(r (V) — |r (V)| +
20(1(v)) — |I(v)| closingparentheseis well formed,too.

Now, let v represeng parallelcomposition.Sincev is in 3(B), its left child
is in B(B), too, but its right child is not. By inductive hypothesis,rq(l(v))
followed by 2w(1(v)) — |I(v)| closing parenthesess a well formed word of
parenthesesThe word 11(v) consistsof max0, 2[|v|/ 2] — 2u(I(v))) opening
parenthesedpllowed by 11(I(v)), followed by |r(v)| closing parenthesesWe
have to considertwo cases.

casel: w(v) = w(I(v)). Then|v| < 20(I(v)). Thereforemax0,2[|v|/2] —
20(1(Vv))) is zero. Thereare 2u(I(v)) — |l (v)] unmatchedpeningparentheses
in 1(1(v)). In 1(Vv), we appendlr(v)| closing parenthesesHence,2w(l(v)) —
[L(v)| — |r (V)] = 2u(v) — |v] openingparentheseemainunmatchedn T(v).

case2: Otherwisew(V) = [|v|/2] and|v| > 2w(](V)), accordingto Defini-
tion 6.3. Thenumberof unmatchedpeningparentheses (V) is 2[|v|/ 2] —
201 (v)) + 201 (v)) = | (M| = Ir (V)| = 2[ M/ 2] — V] = 20(V) — V.

We concludethatif we append®w(v) — |v| closingparenthese® 1(v), then
we obtainawell formedword of parentheses. a

Lemma6.7 Letvbea“P” vertexin (B) sudthatA(v) # €. Thenat mostone
openingparenthesign 1(v) is not matdhedby a closing parenthesian 1(v),
andif thereis sudr an unmatdiedopeningparenthesisthenit belonggo A(v).

Proof. SinceA(v) # g, it holdsthatmaxO, 2[|v|/ 2] — 2u(1(Vv))) > 0. It follows
thatw(v) = [|v|/ 2], by Definition 6.3. By Lemma6.6, all closingparentheses
of T(v) arematchedwithin 1(v) andthe numberof unmatche@peningparen-
thesesn T(V) is 2w(V) — |v|. Sincew(Vv) = [|v|/ 2], thisnumbeiis eitherzeroor
one,dependingnwhetherv| is evenor odd.

We obsenre that A(v) consistsof openingparentheseenly andin 1i(l(v))
all closingparenthesearematchedvithin 1l (v)) (Lemma6.6). Furthermore,
1(r(v)) consistof closingparenthesesnly, becauséheright subtreeof vdoes
notbelongto 3(B). Sinceri(v) = A(v) (I (v)) Ti(r (v)), we canderiethatif there
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IS anunmatchedpeningparenthesig 1i(v), thenthis parenthesiss the first
parenthesisf A(v). a

As it turnsout, it is helpful to introduceempty tasks. For eachpartial
timestepwe imagineanemptytaskbeingmappedo it, indicatingthatoneof
thetwo processorbiasto stayidle duringthis timestep We add2w(root(B)) —
[root(B)| emptytaskses,ey,... to the giventasksystem. Sincew(root(B)) is
thelengthof anoptimal scheduléfor (T, <) (for technicalreasonsthe proof
of this factis deferred) every optimal schedulé€or the extendedtask system
hasno partial timestepsanymore. Moreover, every optimal scheduldor the
extendedasksystemis alsoanoptimalscheduldor the original tasksystem.
A decompositiortree for the extendedtask systemcan be obtainedfrom B
asfollows. We build a properbinary tree with 2w(root(B)) — |root(B)| + 1
leaves,whereall internalverticesrepresenparallelcompositionsWe replace
theleftmostleaf by B andlet all otherleavescorrespondo emptytasks.We
call the resultingdecompositioriree extende¢landdenoteit by B. Note that
the parenthesisvord of root(B) is a well formedword of parenthesessince
2u(root(B)) — [root(B)| is zero.

In Figure6.5, an extendeddecompositioriree B for the tasksystemgiven
in Figure6.1ais shaovn. At eachvertex we have drawn its parenthesisabel.
This extendeddecompositioriree B hasbeenobtainedfrom the decomposi-
tion treein Figure 6.1b by addingtwo emptytaskse; ande, usingparallel
compositionsTheverticesthatbelongto B(B) areshadedNotethatonly one
nonleafvertex of the treehasa nonemptyparenthesisabel, namely the “P”
vertex thatis thelowestcommonancestoof t;, andtys.

Definition 6.8 LetB = (V, E) bean extendeddecompositiotree andletv €
V — B(B). Thenthematchof v, denotecby m(v), is thevertexin B thatbelongs
to the openingparenthesisnatding the closingparenthesisn m(root(B)) that
v belongso.

Note thatm(v) is well defined,sincem(root(B)) is a well formedword of

parenthesedf w = m(v), thenwe alsosaythatv andw area matcing pair or
v matdhesw andw matches in B.

6.5 Modified Levels

Guidedby the matchedpairsin the parenthesisvord of the extendeddecom-
positiontree,we adjustthe levelsof tasks.The new levelsarecalledmodified
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Figure6.5: Theextendeddecompositiotiree B for the giventasksystenand
its parenthesidabels.

levels Modified levels areassignedo eachvertex in the decompositioriree
with anonemptyparenthesitabel. Hence not only taskshave modifiedlevels
but also“P” verticesin B(B). We first assignmodified levels to verticesin

B(B). Themodifiedlevel of abackboneaskis its originallevel. Themodified
level of a“P” vertex v in B(B) is the lowestlevel of a taskcontainedn the
subtreerootedatv. Then,modifiedlevelsareassignedo all remainingtasks.
Themodifiedlevel of ataskx notin B(B) is themaximumof its original level

andthemodifiedlevel of thevertex/taskthatmatchescin B. All othervertices
of thedecompositiortree,i.e., all “S” vertices have no modifiedlevel.

Definition 6.9 LetB = (V, E) betheextendediecompositiotreg andletv e
V with A(v) # €. Themodifiedlevel of v, denotedby mlevelv), is definedas
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follows:
levelv) if vis aleafin B(B),
mlevelv) := { maxmlevekm(v)),levev)) if visaleafinV — B(B),
Minyeaw){ levelu)} if typg(v) = “P” andv € B(B).

We sayx is a movedtaskin B, or x is movedin B, if its modified level
differsfrom its originallevel. Clearly, if x is moved,thenmlevelx) > level(x)
andx is notabackbonedask.

In Figure 6.6, the parenthesisvord of the root vertex of the extendedde-
compositiontreefor our exampleis given (cf. Figure6.5). For eachvertex
with a nonemptyparenthesisabel, its label, its level, andits modifiedlevel
Is depicted.Furthermorethe matchingpairsareindicated. The movedtasks
arets, tp, €1, ande,, becausehe tasksthey arematchedwith areon modified
levelsthatarehigherthantheirown levels.

matchingpegrsl [l ‘ [l H l 1 | \ | 11 l l |
mroofB))| ( () C C)CCCC ) ) ) C C)))))
vertex|ty 3 t4 tg t7 tg P o tip tigtiotir s tis tis s t2 €1 &
levell1 22344 -56 65 57 8 83211
mleelll1] 22344556 655 7 887531

Figure6.6: The parenthesisvord of the root of the extendeddecomposition
treeB with matding pairs, tasklevels,and modifiedlevels.

In thefollowing we investigatesomepropertieof modifiedlevels.

Lemma6.10 Letx andy be movedtasksin the extendeddecompositiortree
B. Thenmlevel(x) # mlevely).

Proof. The parenthesitabel of both x andy is a closing parenthesisLet v
be the vertex thatmatchest, andlet w bethe vertex thatmatchesy. Clearly,
v € B(B) andw € B(B). If v andw arebothleavesin B (i.e., tasks) thentheir
modifiedlevel is still their original level. Theirlevelsarenotidentical,since
they belongto the samelongestpath. As a consequencehe modifiedlevels
of x andy aredifferent,too. Otherwise atleastoneof v andw is notaleafbut
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a“P” vertex. Withoutlossof generalitylet v bea“P” vertex. Thenw s either
aleafor a“P” vertex aswell. We have to considertwo cases.

casel: vandw arenotonthesamepathin B. Let u bethelowestcommon
ancestoof v andw. Clearly, u representaseriescompositionpecaus®ther
wiseoneof v andw would notbepartof B(B). Assumdfirst thatv isin theleft
subtreeof u andw is in theright subtreeof u. It follows thatall tasksin G(v)
arepredecessomsf all tasksin G(w). Hence thelowestlevel of ataskin G(v)
is higherthanthe lowestlevel of a taskin G(w), i.e., mingy){levelx)} >
minecw)flevelx)}. Corverselyif wis in theleft subtreeof u andv is in the
right subtree thenmin,cgw){levelx)} > minegy{levellx)}. If wis aleaf,
thenreplaceG(w) by w andreplaceminycgw){ levelx)} by levelw). In ary
case the modifiedlevels of v andw arenotidentical,andasa consequence,
themodifiedlevelsof x andy aredifferent,too.

case2: v andw areon the samepathin B. Withoutlossof generalitywe
canassumeéhatyv is an ancestoof w. (If w is aleaf, thenit is clearthatv
is anancestoof w. Otherwisebothv andw are“P” verticesandit doesnot
matterwhich of themis the ancesta) Sincethe parenthesigabel of v is not
empty the only openingparenthesign 1(v) not matchedwithin 1i(v) belongs
to A(v), by Lemma6.7. It follows thatthe openingparenthesi®f w thatis
matchedwith the closingparenthesisf y is matchedwithin 1(v). Hencey is
adescendamf v. Assumethe modifiedlevel of v andthatof w areidentical.
Thentheir modifiedlevel is the lowestlevel of ataskin G(v). Thelevel of y
Is atleastashigh asthelowestlevel in G(v). Hencey is notamovedtask. A
contradiction Otherwisethemodifiedlevelsof v andw arenotidentical. But
thenthesametrivially holdsfor x andy. O

Lemma6.11 Letv andw be verticesin the extendeddecompositioriree B.
LetA(v) andA(w) consistof openingparenthesesand let A(v) appearbefore
A(w) in T(root(B)). Thenmlevelv) < mlevelw) or v is an ancestorof w.

Proof. Verticesv andw areeitherbackboneasksor “P” verticesin B(B). Let
usfirst recallthatthemodifiedlevel of abackbonédaskis its original level and
the modifiedlevel of a“P” vertex in B(B) is the lowestlevel of a taskin the
subtreerootedat thatvertex. Let u bethelowestcommonancestoof v andw
in B. Clearly u € B(B). We have to considertwo cases.

casel: typgu) = “S”. Thent(u) = 1i(r(u)) T(I (U)). It followsthatv is part
of theright subtreeof u andw is partof theleft subtree All tasksin G(r(u))
aresuccessorsf all tasksin G(I(u)). Hence all levelsof tasksin G(r(u)) are
lower thanthelevelsin G(I(u)). Thereforemlevel(v) < mlevel(w).
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case2: typgu) = “P”. Thentu) = A(u) 7¢I (u)) Ti(r (u)). We obsenre that
neitherv norw belongsto theright subtreeof u, sincebotharepartof B(B). It
follows thatv = u andw belongsto the left subtreeof u. In otherwords,v is
anancestoof w. a

Lemma 6.12 Let B bethe extendeddecompositioriree andlet x bea prede-
cessorofy. Thenmlevelx) > mlevely).

Proof. Clearly, levelx) > level(y). If themodifiedlevel of y is still its original
level, thenthe lemmatrivially holds, becausehe modifiedlevel of a taskis
not lower thanits original level. Otherwisey is a movedtaskandhencenot
onthebackboneTherearetwo casesve haveto consider

casel: x andy have a commonancestotthatis the right child of a “P”
vertex vin B(B). Sincex < y, thelowestcommonancestoof x andy is an“S”
vertex. Let u denotethis lowestcommonancestoof x andy. Clearly, u is not
partof B(B). Hence,m(u) = m(l(u)) T(r(u)) andx belongsto the left subtree
of u andy belongsto theright subtree It follows thatin T(root(B)), the clos-
ing parenthesisf x appeardeforethe closingparenthesisf y. Furthermore,
sincex andy have a commonancestothatis theright child of a“P” verte,
thereis no openingparenthesisn m(root(B)) betweenthe closing parenthe-
sisof x andthatof y. It follows thatin T{root(B)), the openingparenthesis
that matcheshe closing parenthesi®f x is behindthe openingparenthesis
thatmatchesy. By Lemma6.11, mlevem(x)) > mlevelm(y)) or m(y) is an
ancestoof m(x). In theformercasemlevelx) > mlevely), andwe aredone.

Hence,assumdhatthe latter caseholds,i.e., m(y) is anancestoof m(x).
It follows that m(y) is a “P” vertex. By Lemma®.6, all closing parenthe-
sesin Ti(v) arematchedwithin T(v). Hencem(y) belongsto the subtreeof B
rootedatv. Assumem(y) = v. The modifiedlevel of v is the lowestlevel
of ataskin G(v). Hence,mlevelv) < levely). As a consequencey is not
a movedtask, a contradiction. Otherwise, m(y) is partof the left subtreeof
v. By Lemma6.7,the only openingparenthesisinmatchedn r(m(y)) is part
of A(m(y)). As a consequencéehe openingparenthesem the parenthesita-
bel of m(x) are matchedwithin T(m(y)), sincem(x) is a descendanof m(y).
We obtaina contradictionpecaus®neof the openingparenthesisf A(m(x))
andthe closingparenthesi®f x are supposedo be a matchedpair. We con-
cludethatourassumptiorthatm(y) is anancestoof m(x) is wrong. Therefore
mlevel(m(x)) > mlevelm(y)) andhencemlevelx) > mlevely).

case2:. x andy do not have a commonancestothatis the right child of
a“P” vertex in B(B). Let w bethe“P” vertex in B(B) suchthaty is part of
theright subtreeof w. Sucha vertex exists,because is not onthe backbone.
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Sincex <y, thelowestcommonancestou of x andy is an“S” vertex. Vertex
u is not partof theright subtreeof w, sinceotherwisecasel applies.Hence,
u is alsothe lowestcommonancestorof x andw andx belongsto the left
subtreeof u andw belongsto theright subtreeof u. It follows thatthelevel
of x is higherthanthe levels of tasksin G(w). The modifiedlevel of x is not
lower thanits original level andthe modifiedlevel of ary vertex in G(w) with
a parenthesigabel consistingof openingparentheses not higherthanthe
highestevel of ataskin G(w). By Lemma6.6,all closingparentheses i(w)
are matchedwithin T(w). Hence,mlevel(x) > mleve(m(y)). It follows that
mlevel(x) > mlevely). a

Lemma 6.13 Letx be a badbonetaskin the extendeddecompositioriree B
sud thatfor everytasky with mlevel(y) > mlevelx) it holdsthateithery < x
or y is a movedtask. Thenthe numberof taskson modifiedlevelshigherthan
thatof x is even.

Proof. Let F denotethe setof all taskson modifiedlevelshigherthanthat of
X. ThesetF consistf all predecessorsf x plusall movedtasks.Note that
mlevel(x) = level(x) sincex is abackbondask.Lety € F. Thenthereexistsa
distinctvertex v in B thatis matchedwith y. Therearesomecasesve have to
consider

casel: yisabackboneask. Thenits parenthesitabelis anopeningparen-
thesis,andv is a taskwith a closingparenthesislt follows that mlevelv) >
mlevelly). Sincemlevely) > mlevelx), we obtainthatmlevelv) > mlevelx).
It followsthatv € F.

case2: y is not a backbonedask. Thenits parenthesisabel is a closing
parenthesigndyv is eithera backboneaskor a“P” vertex in B(B).

case2.1: vis abackbonaask. Therearetwo subcases.

case2.1.1:yis amovedtask. Thenmlevelly) = mlevekv). Sincemlevely)
> mlevelx), we obtainthatmlevel(v) > mlevelx). It followsthatv € F.

case2.1.2:y < x. Thenthelowestcommonancesteu of y andx is an“S”
vertex, andxis in theright subtreeof u while y is in theleft subtreeof u. Since
x is onthe backboney is partof B(B). Sincey is noton the backbonethere
mustexist a “P” vertex w € B(B) in the left subtreeof u suchthaty is in the
right subtreeof w. By Lemma6.6,all closingparenthesesf r(w) arematched
within T{w). Hence the matchof y, namelyv, is containedn the subtreeof B
rootedatw. As a consequence, < x. Sincebothtasksare onthe backbone,
we obtainmlevel(v) > mlevel(x). Hencey € F.

case2.2: vis a“P” vertex in B(B). By definition, the parenthesisabel of
v consistof anevennumberof openingparenthesesiNe claim thatall tasks
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matchedwvith theseparenthesearecontainedn F. Clearly oneof thesetasks
IS y. Again,therearetwo subcasewe have to consider

case2.2.1:yis amovedtask. Thenmlevely) = mlevelv). For everytaskz
thatis matchedwith anopeningparenthesign A(v), it holdsthatmlevelz) >
mlevel(v). Sincemlevely) > mlevelx), we obtainthat mlevelz) > mlevelx).
It followsthatz e F.

case2.2.2: y < Xx. We canapply similar agumentsasin case2.1.2. Let
u andw be asin case2.1.2. Thenv is part of the subtreeof B rootedat w
(possiblyw = v). All tasksin G(w) are predecessorsf x andhencethey are
on higherlevelsthanx. As a consequencehe modifiedlevel of v is higher
thanthe level of x. For every task z matchedwith an openingparenthesis
in A(v), it holdsthat mlevel(z) > mlevelv). Sincemlevekv) > mlevelx), we
obtainthatmlevelz) > mlevel(x). It followsthatz € F.

We have shavn thateverytasky € F eitheris matchedwith adistincttask
in F or it belongsto a setof tasksmatchedwith openingparenthesesf a “P”
vertex andthis setis partof F andhasanevensize.Consequentljthenumber
of tasksin F is even. O

6.6 Schedulingin the Order of Modified Levelsis Optimal

Oncethe modified levels of tasksare determined,t is easyto computean
optimal scheduleaswe will shav next. First, we sortall tasksthathave not
beenmovedin nonincreasingrderof their (modified)level. On eachlevel,
tasksareorderedby their preordemumberin the decompositioriree. Then,
themovedtasksareinsertednto theresultingsequencsuchthateachmoved
taskis the lasttaskon its modifiedlevel. This is possible,sinceeachlevel
recevesat mostonemovedtask,by Lemma6.10.Let o denotethis sequence,
andlet pogx) bethe positionof taskx in o.

Theorem 6.14 ThemappingS that mapsead taskx to timestep[pogx)/ 2|
IS an optimaltwo processoisdedulefor (T, <).

Proof. Assumefor the time beingthat S is a valid schedule. Let B be the
original decompositiortree. We have added2w(root(B)) — [root(B)| empty
tasksto theoriginaltasksystem.Hence,

length(S) = [|T|+2w(rool(28))— |root(B)|" — w(roo(B)).

Sincew(root(B)) is a lower boundfor the lengthof an optimaltwo processor
schedulewe obtainthatno scheduldor (T, <) canbeshorterthanS. Hence S
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is optimal. (As abyproductthis provesour claimthatw(root(B)) is thelength
of anoptimalschedule.)

Whatremainsto shaw is thatSis avalid scheduleij.e., Sobeysthe prece-
denceconstraints.Let x be a predecessoof y. By Lemma6.12, mlevelx) >
mlevelly). Sincetasksarescheduledn nonincreasingrderof modifiedlev-
els,it holdsthatS(x) < §(y). Clearly, no precedenceonstraintsareviolatedif
S(X) < Yy). ThereforeassumehatSx) = Yy).

On each(modified)level thereis exactly onebackbondask. Sincec con-
sistsof tasksorderedby nonincreasingnodifiedlevel andx andy areadjacent
in o, theirmodifiedlevel differsby exactly one.

Assumey hasbeenmoved. Theny is the only taskon its modifiedlevel,
becausén o, for eachmodifiedlevel, themovedtaskis behindthe othertasks.
A contradiction sinceat leastoneothertask,namelya backbonedask,is on
thesamemodifiedlevel asy.

Assumex hasbeenmoved. Sincey hasnot beenmoved,its modifiedlevel
Is its original level. But the originallevel of x is lower thanits modifiedlevel.
Furthermoremlevelx) = mlevely) + 1. Consequentlylevelx) < levely) + 1
andhencex cannotbeapredecessarf y. A contradiction.

Sincey is thefirst taskin o on its modifiedlevel, all othertaskson this
level thatarenot movedhave a larger preordemumberin the decomposition
treethany. By Lemma6.1,y mustbeabackbondask.

Sincex is nota movedtaskbut x is thelastin o onits modifiedlevel, we
obtainthat thereare no moved taskson the modifiedlevel of x. Hence,all
taskson the modifiedlevel of x have a smallerpreordemumberthanx in the
decompositiortree. Sincey is successoof X, we obtainthaty is successor
of all taskson the modified level of x, by Lemma6.2. As a consequence,
all tasksto theleft of y in o thatarenot movedtasksare predecessorsf y,
becausevery suchtaskhasa successoon the modifiedlevel of x. Hence all
taskson a modifiedlevel higherthanthatof y areeitherpredecessorsf y or
movedtasks.We applyLemma6.13andobtainthatthenumberof tasksto the
left of y in o is even. Sincex is to theleft of y in g, x andy cannotbe mapped
to the sametimestep.A contradiction.Hence,no precedenceonstraintsare
violatedin S. We concludethat S is an optimal two processoschedulefor
(T,=). O

6.7 An Efficient Parallel Implementation

In this sectionwe describenow the algorithmgivenin thelastsectionanbe
implementedn a parallelmachine Let usfirst summarizehealgorithm.We
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assumehata decompositionreeB = (V,E) for G is given.

1.

We computethe height of G(v), for all v € V. For each“P” vertex
v in B, we exchangethe left andright child of v if heigh{G(I(v))) <

heigh{G(r(v))).

. We determineall verticeswith anancestothatis theright child of a“P”

vertex in B. Thoseverticesbelongto theset(B).

. We computegv] andw(v), for all verticesin B.

We constructthe extendeddecompositiortree B = (V,E) by adding
2w(root(B)) — Jroot(B)| emptytasksto B, using parallelcompositions.
Furthermorewe determingv| andw(v), for all new verticesv in B, and
we determing3(B).

. Wegiveeachvertexin B aparenthesiibelandcomputeheparenthesis

word of the root of B. Thenwe determinethe matchingpairsin this
word.

. Wecomputehelevelsof tasksandassigramodifiedlevel to eachvertex

in B(B). Thenwe computethe modifiedlevels of the tasksnotin B(B)
usingthe matchingpairsin 1(root(B)).

. We sortall unmovedtasksby nonincreasindevel suchthattaskson the

samelevel aresortedby their preordemumberin B. Theneachmoved
taskx is insertedinto the resultingsequencesuchthatx is the lasttask
onits (modified)level. Let o denotethe sequencéhatwe obtain.

. Finally, we outputthe schedulgéhat mapsthei-th taskof o to timestep

[/2].

In thefollowing we shav thateachstepof thealgorithmcanbe performed
efficiently in parallel.

Step(1). Accordingto Theorem3.22,the heightof all definingsubgraphs
of G with regardto B canbedeterminednthe EREWPRAM in time O(logn)
usingn/logn processorsCheckingwhetherG(r(v)) is higherthanG(l (v)) and
exchangingheleft andright child if necessarganbedonefor all verticesin
constantime with n processorsr in O(logn) time with n/logn processors.

Step(2). To determinethe verticesof (3(B), we usethe EulerTour tech-
nique. We split the decompositiorireeinto a numberof treesandapply the
Eulertour techniqueto eachof thesetreesseparately(but simultaneously).
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The treesarefoundasfollows. Eachvertex v in B thatis the right child of a
“P” vertex becomesherootof atree,namelyits subtreelf thereis avertex w
in the subtreerootedat v thatitself becomesroot of atree(becausdt is the
right child of a“P” vertex), thenw andits subtreeis excludedfrom v's tree.
We endup with a numberof disjoint treeseachhaving aroot thatis theright
child of a“P” vertex in the decompositioriree. Then,we markthe vertices
containedin thesetrees,usingthe Eulertour technique.In the end, the set
B(B) consistof theunmarledvertices.

Steps(3)+(4). We computelv| and then w(v) using tree contractionon
the decompositiortree. We requiresimilar vertex functionsasusedin the
computationof the heightsof the defining subgraph®f G with regardto B
(cf. Subsectior8.11.2). Given |root(B)| and w(root(B)), it is not difficult to
constructan extendeddecompositiortree B from B, andto determineyv| and
w(v) for all new verticesv in B.

Step(5). Considera path p that startsat the root vertex of B and visits
eachvertex in the following way. Let v denotethe currentvertex. If vis an
“S” vertex in B(B), thenthe pathvisits theverticesin theright subtreereturns
from there,thenvisits the verticesin theleft subtree andthenreturnsto the
parentof v. If vis aleaf, thenthe pathimmediatelyreturnsto the parentof v.
In all othercasesthepathvisitstheverticesn theleft subtreeof v first, returns
from there,thenvisits the verticesof the right subtree andfinally returnsto
the parentof v. Note that this pathis very similar to the Eulertour of the
extendeddecompositiortree, exceptat “S” verticesin B(B), wherethe path
visits the right subtreefirst. SinceB is binary, the path p canbe constructed
on n processor#n constantime. Using p, we link the parenthesisabelsof
the verticesin B into a list that containsthe labelsin the sameorderasthe
parenthesisvord of the root of B. From this list, the parenthesisvord of
root(B) can easilybe computedusinglist rankingand prefix operations.To
computethe matchingpairsin m(root(B)), we usethe parenthesisnatching
algorithmgivenin Section3.9.

Step(6). To computethe level of eachtaskin the precedencgraph,we
usethe Eulertour techniqueon B. In Section3.7, the Eulertour of a tree
followedthe contourof thetreecounterclockwiseHere,we let the Eulertour
run clockwisealongthe contourof the decompositioriree. In particular the
Eulertour startswith a downgoingarc from the root of B to its right child.
For every leaf w, we associatavith the downgoingarc d(v,w) a value of 1.
For every “P” vertex v with right child w, we associatavith the upgoingarc
u(v,w) avalueof —heigh{G(w)). All otherarcsin the Eulertour obtainvalue
0. Thenfor eachleafw, the prefix sumof the arcvalueson the Eulertour up
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to the downgoingarc d(v,w) is the level of taskw in the precedencgraph.
(RecallthatG(l(v)) is atleastashighasG(r(v)).) Giventhelevelsof all tasks
andthematchingpairsin T(root(B)), it is notdifficult to computethemodified
levels. In particular the modified levels of “P” verticesin B(B) arealready
computed Considetthe prefix sumsof arcvaluesobtainedn thecomputation
of thetasklevels,andlet d(v,w) bethedowngoingarcfrom a“P” vertex vin
B(B) to its right child w. If the original valueassociatedvith d(v,w) is zero,
thenthe prefix sumobtainedor d(v,w) plus1 correspondso the lowestlevel
of ataskin thesubtreaootedatv. If theoriginal valueassociateavith d(v,w)
is 1 (in this casew is a leaf), thenthe prefix sumobtainedfor d(v,w) is the
desiredvalue.

Stepg7)+(8). Let G denotethetasksystemthatB representsLet GR de-
notethe graphthatwe obtainfrom G by reversingthe directionof all edges.
Let v be a vertex of G (andGR). We obsere thatthe level of v in G is the
depthof v in GR. Hence,if we sorttasksby nondecreasingepthin GR, we
sorttasksby nondecreasintgvel in G atthe sametime. To obtaina decom-
positiontreefor GR, we exchangetheleft andright child of eachvertexin the
decompositiontreefor G. Let BR denotetheresultingtree.In Section3.11,we
describehow the breadth-firstraversalof a VSP dagwith regardto a given
decompositiortree canbe computedon the EREW PRAM in time O(logn)
usingn/logn processorsWe applythis algorithmto BR andobtainallist of all
tasksorderedby nondecreasintgvel (in G) suchthattaskson the samelevel
areorderedby their preordemumberin BR. We reversethis list andobtaina
list o of all tasksorderedby nonincreasindevel suchthattaskson the same
level are orderedby their preordemumberin B. (Note thatthe breadth-first
traversalof BR restrictedto leavesis the reversedbreadth-firstraversalof B
restrictedo leaves.) Then,eachmovedtaskis droppedirom o andreinserted
suchthatit becomeshelasttaskin o onits modifiedlevel. Clearly, thiscanbe
doneusingprefixoperationsFinally, tasksaremappedo timestepsccording
to their positionin a. By Theoren6.14,this schedulas optimal.

We concludethatall operationsiecessaryo computean optimaltwo pro-
cessoscheduleanbeperformednn/logn EREWPRAM processors time
O(logn), providedthata decompositiortreeis given.We cansummarize:

Theorem6.15 Let (T, <) bea seriesparallel order consistingof n tasks,and
let G bea seriesparallel precedencgraphfor (T, <). Givena decomposition
treefor G, an optimaltwo processoischedulefor (T, <) canbe computen
the EREWPRAMIn time O(logn) usingn/logn processas.
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By Theorem3.21,the decompositioriree of a VSP dagcanbe computed
on the EREW PRAM in time O(log(n + €) + lognlog® n) andon the CRCW
PRAM in time O(log(n+ €)), wherein bothcaseshe numberof operationss
O(n+ €). We obtain:

Corollary 6.16 Let(T, <) beaseriesparallel order, givenasa seriesparallel
precedencgraphwith e edgesandn vertices.Thenan optimaltwo processor
schedulefor (T, <) canbe computedbn the EREWPRAMin time O(log(n +
€) + lognlog* n) and on the CRCWPRAM in time O(log(n + €)). Thework
performeds O(n+ €).






CHAPTER 7

Schedulinglnter val Orders
with Communication Delays

In the lastthreechapterswe have proposeckfficient parallelalgorithmsthat
optimally scheduleunit lengthtasks. Thesealgorithmswork well if either
no dataneedsto be exchangedetweentasksor the time necessaryo com-
municatethe resultof a taskto its successotasksis negligible. In the past
few years,schedulingwith communicatiordelayshasreceved considerable
attention.In this extendedsetting thescheduledditionallytakesinto account
the time requiredto communicatedatabetweenprocessorsMore precisely
afterfinishingatask,sometime mustpassheforeary of its successorsanbe
startedon a differentprocessarin orderto allow for transportatiorof results
from onetaskto the other If the successotaskis executedon the samepro-
cessorthenno delayis neededunlessit is necessaryo wait for resultsfrom
someotherprocessar

We areinterestedn computingscheduleof minimal lengthfor unit ex-
ecutiontime taskssubjectto unit communicatiordelays,i.e., all taskshave
equallengthandthe sameamountof time is requiredfor interprocessocom-
munication. Furthermorewe assumehat no taskduplicationis allowed. If
precedenceonstraint€anbearbitraryandthenumberof processorss partof
theprobleminstancethenthisproblemis A/P-completdRS87. Surprisingly
the problemremainsi\(P-hardevenif precedenceonstraintarerestrictedo
be trees[LVV93]. For someotherspecialcasespolynomialsolutionshave
beenfound. Thisincludesschedulingnterval orderedtasks[Pic92 AER95,
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schedulingreeson two processor$Pic92 LVV93, GT93 VRKL9I6], sched-
uling treeson ary constannumberof processor§VRKL96], andscheduling
seriegparallelgraphson two processorf~FLMB96].

In this chapter we focus on precedenceonstraintgyiven by interval or-
ders.Interval orderedtasksoccurin avariety of manufcturingproblemsand
the literatureon interval ordersis quite rich [FG65 Gav72, Fis85,Kle93].
A sequentiablgorithmfor schedulinginterval orderswasgivenin [PY79].
Algorithmsfor schedulingnterval orderswith communicatiordelayscanbe
foundin [Pic9 and[AER95]. All thesealgorithmsarebasedon list sched-
uling andappeato beinherentlysequentialln fact, list schedulinghasbeen
showvn to be P-completean similar contexts[DUW86, HM87h] andonemight
be temptedto conjecturethat A’/C algorithmsfor schedulingintenval orders
basedon list schedulingdo not exist aswell. On the otherhand,fastparal-
lel algorithmshave beenfound that computeoptimal scheduledor interval
orders,albeitby ratherdifferentmethoddSH93 May9q. Actually, the A'C
algorithmsin [SH93 May9§ computeascheduladenticalto thelist schedule
in [PY79].

In the sequel,we first shav that thereexists a linear time sequentiakl-
gorithmthatoptimally schedulesnterval orderswith communicatiordelays,
improving on resultsgivenin [AER95]. Our secondand main contribution
in this chapteris an A/C algorithmfor the problem. If implementedon an
EREWPRAM thisalgorithmrunsin time O(log? n) usingn®/logn processors.
If implementedna CRCWPRAM it requiresonly O(logn) time andusesn®
processorsOur parallelalgorithmproceedsn two stages.In stageone,we
determinefor every taskthe numberof timestepgequiredto scheduleall of
its predecessom the interval order These"schedulingdistancesprovide
uswith informationon the structureof the desiredoptimalscheduleln stage
two, we usethis informationto constructaninstanceof adifferentscheduling
problemwheretasksarenot constrainedy a precedenceelationbut have in-
dividualreleasd¢imesanddeadlinesWe computeanoptimalscheduldor this
instanceusinga parallelalgorithmknown from theliterature,andthusobtain
anoptimalscheduldor the original problem.

Theremaindeof this chaptelis organizedasfollows. In the next section,
weintroduceconceptselatedo schedulingvith unit executiontime tasksand
unit communicatioriimes.In the sectionthereafterwe review interval orders
and definebasictermsusedin our algorithm. In Section7.3, we presenta
linear time sequentiablgorithmfor schedulingnterval orderswith commu-
nicationdelays. In the sectionthereafterwe outline the parallel algorithm.
Then,we derive alower boundonthelengthof optimalschedulesandin Sec-
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tion 7.6, we analyzethe structureof optimalschedulesTheseresultsareused
in Section7.7to shawv thattheschedulinglistanceof eachtask,i.e., thelength
of anoptimalscheduldor all of its predecessorsprrespond# alongesipath
in a“distancegraph”,andthatit canbe computecefficiently in parallel. We
thendescribeheremainingpartof the algorithmwherewe constructhetask
systemwith releasdimesanddeadlinesand outputan optimal schedulgor
thistasksystem.

7.1 UECT Scheduling

An instanceof the unit executiontime andunit communicatiortime (UECT)
schedulingproblemconsistof atasksystem(T, <) andanumberm of iden-
tical targetprocessorsyhereT is asetof n tasksand < is a partial orderon
this setof tasks.An m-processotJECT schedulefor (T, <) is amappingS of
T to positive integertimestepsuchthat

1. x<yimpliesS(x) < Sy),

2. nomorethanmtasksaremappedo the sametimestep,

3. atmostonesuccessoof everytaskx is mappedo Sx) + 1,and
4. atmostonepredecessarf everytaskx is mappedo S(x) — 1.

Given a UECT scheduleS, it is not difficult (neithersequentiallynor in
parallel)to determineanassignmenof tasksto processorsuchthattwo tasks
x andy areassignedo the sameprocessoif Sy) = Sx) + 1 andx < y. At the
endof thischapterwewill shav how suchanassignmentanbe computedn
parallelfor the caseof interval orders.

With regardto a given UECT schedulewe saythat a taskx is readyat
timestep if all predecessorsf x aremappedo timestepsarlierthant andat
mostonepredecessarf x is mappedo 1 — 1. Taskx is availableattimesteprt
If xis readyandthereis notasky mappedo timestept suchthatx andy have
acommonpredecessan timestepr — 1.

7.2 Interval Orders and Inter val Representations

We assumehatthepartialorder< is givenasaprecedencgraph.Recallthat
< is aninterval orderon T iff, for all t,t',x,y € T, t <t’ andx <y implies
thatt <y or x < t'. We obtaina moreintuitive characterizatiorof interval
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ordersby usingintervalsontherealline. A partialorder< onT is aninterval
orderiff thereexists a mappingl from T to closedintervals on the realline
suchthat I (x) is completelyto the left of I(y) iff x <y. The mappingl is
calledaninterval representatiorof theinterval order <. Figure7.1shovs a
precedencgraphof aninterval ordercontainingfourteentasks. To theright
of the precedencgraph, an interval representatiorof the intenval orderis
depicted.

y t
4
4o 15e t3
I tll 1
t7
t6 I |
b I ot
t3 ig t13
t1ge ety otg : {1 I |
t | tl ] I t5 ] | t6 ] I tlo ]
ts ti2

° . 4 °
t1o tis 113 t11

Figure7.1: A precedencgraphof aninterval orderandaninterval represen-
tation of it.

Figure7.2shavsa3-processoECT scheduldor theinterval ordergiven
in Figure7.1. In this scheduletimestep<, 4, and5 arepartial. Tasktg is not
readyat timestep2 becausdéwo predecessorsf tg arescheduledn timestep
1. Ontheotherhand,t;, is readyat timestepb but it is not available. Thisis
because, g is mappedo timestep5, andtg, which is a commonpredecessor
of t1g andty,, is mappedo timesteps.

Let (T, <) be someinterval order andlet x € T. ThenN(x) denoteghe
setof propersuccessorsf x, i.e., N(X) = {y|x < y}. Similarly, P(x) is the
set{y|y < x} of (proper)predecessorsf x. Notethatx ¢ N(x) andx ¢ P(x).
Sincesuccessosetsof taskscan be definedin termsof right endpointsof
intervalsin interval representationsf <, we caneasilyseethatfor every pair
X, y of tasksthe successosetsof x andy arecomparablavith respecto set
inclusion,i.e., eitherN(x) C N(y), or N(xX) = N(y), or N(y) C N(x). Hence,
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X4 X3 X2 X1

timestep 1 2 3 4 5 6

Figure7.2: A 3-processotJECT schedulefor the giveninterval order.

thereexist total orderson T thatare compatiblewith the orderon successor
sets.For instancethetasksin Figure7.1 couldbeorderedasty, t,, ts, ts, ta,
te, tg, t7, to, t10,t14,t13, 110,111 SiNCE

N(t1) = N(t2) D N(t3) D N(ts) = N(ts) D N(ts) D N(tg) =
N(t7) D N(tg) = N(t10) D N(t14) = N(t13) = N(t12) = N(t11).

Notethatfor everytaskx andeverylist L of all tasksorderedoy nonincreasing
(sizeof) successoset,thesetP(x) is aprefix of L. For example,in theabove
list, P(t10) is theprefixupto tg.

By Q(x) we denotethe set{y|N(x) C N(y)} consistingof all taskswhose
successosetcontainadN(x). For example,Q(ts) = {t1,t2,t3,14,15} . Notethatif
X is apredecessanf y with minimal successoset,thenQ(x) = P(y). Further
more,everytaskin Q(X) is a predecessasf all tasksin N(X).

7.3 A SequentialAlgorithm

In the context of unit executiontimes and unit communicationdelayslist
schedulingworks asfollows. We aregivenal list of all tasksthatdetermines
for eachtaskits priority. Assumethatthe first T — 1 timestepshave already
beenprocessedhatis, taskshave beenmappedo themandthesetaskshave
beenremovedfrom thelist. To find the tasksfor timestepr, performthefol-
lowing. Scanthe list from left to right and pick a taskavailable at timestep
T, remove it from thelist, andmapit to timestept. Repeathis until no more
unscheduledasksareavailableat timestept or m taskshave beenmappedo
1. If therearestill tasksin thelist, repeatheabove procesdor timestept + 1.
Otherwisewe arefinished,having obtaineda UECT scheduleof lengthrt.
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Theorem7.1([Pic92]) Let(T,<) beaninterval order, andlet L bea list of
all tasks,sortedby nonincreasingsuccessoset. Thenthe UECT list sthedule
for L is anoptimal UECT schedulefor (T, <).

For example theschedulalepictedn Figure7.2is the UECT list schedule
constructedrom the list t1, U, t3, t5, 44, tg, tg, 7, Lo, t10, t14, t13, L12, t11. By
Theorem?.1,this schedulas optimalsincethetasksin thelist areorderedoy
nonincreasinguccessoset.

In thefollowing we briefly discusshow to constructa UECT list schedule
for alist L in timelinearin thesizeof thegivenprecedencgraph(for asimilar
problem,see[Set7g). We assumehatin L all predecessorsf ataskx appear
beforex. We scanthe list oncefrom left to right and map eachtaskto the
earliestpossibletimestep.We claim thatthe resultingschedulas identicalto
thelist scheduleobtainedby the naive implementatiorof the algorithmgiven
at the beginning of this section. To seethis, considersomeprefix L’ of L.
Let Sbethe UECT list schedulgor L, andlet S bethe UECT list schedule
for L. We obsenethatSrestrictedto thetasksin L is identicalto S. Thisis
becaus@otaskin L — L’ thatis scheduledby Sin atimestep< length(S) does
influencehow thelist schedulingalgorithmscheduleshe prefixL'. Hence,in
orderto determinghetimestepo which x getsmappedn thelist scheduleit
sufficesto computethelist scheduleS for theprefixof L thatendsright before
x andto determinetheearliestpartialtimestepatwhich x is availablein S

To find the earliesttimestepat which x is available,we have to checkthe
immediatepredecessorsf x (recall thatall predecessorsf x appearbefore
x in L). More precisely we have to determinethe latesttimestept with a
predecessoof x, andwe have to determinethe numberof predecessorsf
X mappedto 1. If morethanone predecessoof x is mappedto T, thenx is
availableattimestepr + 2. If thereis only onepredecessorof x mappedo 1,
thenwe have to checkwhethera successoof y is alreadymappedo timestep
T+ 1. If thisis the casethenx is available at timestept + 2. Otherwise x
is available at timestept + 1. In orderto be ableto checkwhethery hasa
successoin timestept + 1, somebookkeepingis required. For eachtasky,
we maintainaboolearvariablethatis initially falseandis setto true whenan
immediatesuccessoof y getsmappedo timestepS(y) + 1.

To determineghe earliestpartial timestepat which x is available,we usea
union-finddatastructure A UECT list scheduléhaslengthat mostn. Hence,
theonly relevanttimestepsarethosebetweerl, ..., n. Initially, all of themare
marked“partial”, andwe let eachof themform adistinctsetin the union-find
structure Whensometimestept becomedull duringschedulingwe join the
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setin theunion-findstructurgo which T belongswith thesetto whichtimestep
T+ 1 belongs.We call the latesttimestepin a setthe canonicalelement As

aconsequencéhe canonicaklementof eachsetis alwaysa partialtimestep.
To find the earliestpartial timestepat which x is available, we simply have

to find the canonicalelementof the setthat containsthe earliesttimestepat

whichx is available.

Theorem7.2 Let(T, <) beanintervalordergivenasa (notnecessarilyran-
sitively closed)precedencegraph G, consistingof n tasksand e edges. An
optimalm-processolUECT schedulefor (T, <) canbe computedn O(n+ €)
time

Proof. In [Gab81], an algorithmis presentedhat checksin time O(n+ €)
whethera given (not necessarilyransitvely closed)precedencgraphis the
precedencgraphof anintenal order If thisis the case thenthe algorithm
determineshe sizesof all successosets. Giventhesenumberswe cansort
tasksby nonincreasinguccessosetin time O(n), usingbucket sort. Finally,
we applyour secondist schedulingalgorithmto theresultinglist, andobtain
anoptimalUECT schedulédor (T, <).

For eachtaskx, ouralgorithmrequiregime linearin theindegreeof xin G
to determinethe earliesttimestepat which x is available. As a consequence,
we needO(n + €) time to determineall earliesttimestepsin orderto find the
earliestpartial timestepsat mostone union operationand at mostonefind
operationis performedfor eachtask. We usethe algorithmfor staticunion-
find givenin [GT85] andrequireO(n) time to performall unionsandfinds.

O

7.4 Outline of the Parallel Algorithm

Let (T, <) be aninterval order andlet L be a list of all tasks,orderedby

nonincreasinguccessoset. Our parallelalgorithmcomputesa schedulghat

is identicalto the UECT list scheduleS for L. If m= 1, thenS mapsthe -

th taskof L to timestepi. Clearly, this schedulecan easilybe computedin

parallel.In therestof this chapteywe assumen > 1. Thealgorithmproceeds
asfollows:

1. Foreachtaskx, we determindhelatesttimestepgn Swith apredecessor
of x. Let 1(x) denotethis timestep.Furthermoreywe determinenvhether
onepredecessar morethanonepredecessarf xis mappedo 1(x). We
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call x favoredtaskcandidateof timestepr(x), if exactlyonepredecessor
of x is mappedo 1(x).

2. For eachtimesteprt, we determinethe leftmostfavoredtaskcandidate
of Tin L. Thistaskis calledfavoredtaskof timestept in L.

3. We give eachtaskx a releasetime r(x) asfollows: we setr(x) to 1
if X hasno predecessorsye setr(x) to 1(x) + 1 if x is favoredtaskof
timestepr(x) in L, andotherwisewe setr(x) to 1(x) + 2.

4. We give eachtaskx a deadlined(x), whered(X) is setto |T| plusthe
positionof xin L.

5. We drop all precedenceonstraintsand computean earliestdeadline
schedulefor the tasksystem(T,r,d). Finally, we outputthe resulting
schedule.

In the next threesectionswe are concernedaboutstepl. We startin the
following sectionby giving alowerboundon thelengthof a UECT schedule.

7.5 UECT Packings

LetUy,...,U; be pairwisedisjoint nonemptysubsetof taskssuchthatevery
taskin U; is predecessoof all tasksin U;j_;, for i = 2,...,r. We want to
determinethe length of a shortestpossiblescheduldor Uy, ...,U;, ignoring
all precedenceonstraintsbetweentasksinside a setU;. We scheduleone
setafter the otherin a greedyfashion,startingwith U,. Let 1; denotethe
latesttimestepthat containsa task of U;, 1, andlet k; denotethe numberof
tasksof U;; mappedo 1;. Thetasksof U, aremappedo thefirst [|Uy|/m]
timestepsuchthatnoneof thesetimestepsexceptpossiblythelast,is partial.
It follows that|U,| mod m tasksaremappedo timestept;, 1, if |U;| modm >
0. If |Uy| modmis zero,thenmtasksaremappedo 1, 1.

Definition 7.3 Letsbea positiveinteger. Then
smodym:= ((s— 1) modm) + 1.

Hence |U;|mod, mis the numberof tasksof U, mappedo the latesttimestep
thatcontainsataskof Uy, i.e,, k_1 = |U;|mod; m. Now assumehatwe have
alreadyscheduledJ;,...,Ujy1 in a greedyfashion. Thenthe next setU; is
scheduleasfollows. If ki = 1, thenwe mapexactly onetaskof U; to T; + 1,
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andwe mapall othertasksof U; to timestepg; + 2,...,Ti + 1+ [(JUi|— 1) /m]

suchthatnoneof theseimestepsexceptpossiblythelast,is partial. It follows
thatthe latesttimestepwith ataskof U; is Ti_1 = ; + 1+ [(JUi| = 1) /m]. If

lUi| > 1, then(JUi| — 1) mod, m tasksare mappedto Ti_;, i.e., ki_1 = (JUi| —

1)modym. If |Uj| = 1, thenonetaskis mappedto Tj_1, i.e., ki_.; = 1. On
the otherhand,if k; > 1, thenno taskof U; canbe mappedo t; + 1, dueto
communicatiordelays. In this case we mapall tasksof U; to timesteps; +
2,...,Tj+ 1+ [|Uj]/ m] suchthatnoneof thesetimestepsexceptpossiblythe
last,is partial. Hence k1 = |U;|mod, m tasksaremappedo timestepr; 1 =
Ti + 1+ [|Ui|/m]. We repeatheabove procesaintil all setsarescheduledWe
call thiskind of scheduleanm-processotUECT padkingof Uy, ...,U;.

........................................................................................................................................................

Figure7.3: A 6-processotJECT pading.

For example,considereightsetsUg, ...,U; of sizesl3,9, 3, 19, 3, 13,1,
and17. The 6-processolJECT packingof thesesetsis shavn in Figure7.3,
wheretasksaredepictedasdottedsquaresndeachsetis framedin grey. The
lengthof thisUECT packingis 24.

Definition 7.4 LetU,...,U; benonemptysubset®f T sud thateverytaskin

U; precedesll tasksin U; 1, fori = 2,...,r. Letk denotehe numberof tasks
mappedto the last timestepin an m-processotUECT padking of Uy, ..., Us.

The packinginterfaceof Uy,...,Us, denotedby @U;,...,U,), is definedas
follows:

1 ifk=1,
0 otherwise

oUr,...,Up) ::{

Giventhepackinginterfaceof Uy, ... ,U;, 1, thepackinginterfaceof Uy, .. .,U;
canbe computedisingthe following function:
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Definition 7.5 Leta € {0,1}, andletU bea nonemptysubsebf T. We define

1 fU=21lor(U|l—amodm=1,

appen(da,U)ZZ{ 0 otherwise

Then,@U,...,U;) = append@U,...,Uii1),U;),fori=1,...,r—1,and

1 if Uy fmodym=1,
o) = { 0 otherwise
Fori > 0, ¢Uy,...,Uj,1) is the numberof tasksof U; mappedto T1; +
1. As aconsequence;_; equalst; + 1+ [(Ui| — ®Uy,...,Ui11))/m|. Let
lengtHUy,...,U;) denotethe lengthtg of an m-processotJECT packingof
thesetdl,...,Us. Thislengthcannow bewrittenas

lengtUr. ....Up) = Pu_rrﬂ +r§ (1+ PUil—(P(Ur,...,UiH)-D (7.1)

m

andwe caneasilyderivethefollowing lowerboundonthelengthof anoptimal
UECT schedule:

Lemma 7.6 Let(T, <) besomeaasksystemandlet optbetheminimallength
of an m-processolUECT schedulefor (T, <). LetUy,...,U; bepairwisedis-
joint nonemptysubsetof T sud that every taskin U; precedesall tasksin
Ui_1,fori=2,...,r. Thenopt> length(Uy,...,Uq).

Proof. Any UECT scheduldor (T, <) is atleastaslong asa UECT packing
of Uy,...,U;. Thelengthof sucha packingis givenby (7.1). a

7.6 Block Decompositions

Thelowerboundgivenin thelastsectionholdsfor tasksystemswith arbitrary
precedenceonstraints.In this sectionwe prove thatin the caseof interval
orderswe canalwaysfind disjoint subsetsf taskssuchthatthe lengthof a
UECT packingof thesesetsequalsthe lengthof anoptimal UECT schedule
for theinterval ordet

Definition 7.7 Let (T, <) be an interval order, and let opt be the minimal
lengthof anm-processotJECTsdedulefor (T, <). Letyy,. .., X1 bepairwise
disjointnonemptysubset®f T sud that
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1. there exist tasksty, . ..,tr_1, with X, = Q(t;_1), Xi = N(t;)) N Q(t_1) for
i=1,...,r—1,andQ(ty) =T,

2. opt=length(Xr,-..,X1)-

Thenyy,...,X1 is an m-processotJECT block decompositiorior (T, <) and
ead sety; is calleda block.

Notethatin a UECT block decompositioryy,...,X1, everytaskin x; pre-
cedesall tasksin x; 1, fori = 2,...,r. Block decompositionsvith similar
propertieshave beenstudiedby CoffmanandGraham[CG72, by Helmbold
andMayr [HM87b, May9€, andin Chapters.

A 3-processotJECT block decompositiorfor the interval orderin Fig-
ure 7.1, consistingof four blocksxa, ..., X1, is depictedin Figure7.2. In the
proof of thefollowing theoremwe shov how to constructsucha decomposi-
tion.

Theorem 7.8 For every interval order, there exists an m-processorUECT
block decomposition.

Proof. Let (T,<) be aninterval order, let L be alist of all taskssortedby
nonincreasinguccessoset,andlet S bethe UECT list scheduldor L. The
first timestepoccupiedby ataskin Sis timestepl. For easeof presentation,
we introducea new taskti,, that precedesall tasksin T andis mappedto
timestep—1. Let 1o bethelasttimestepof S, andlet To denotethe setof tasks
scheduledn timesteptg. Furthermorelet ty be an arbitrarytaskin To. We
defineinductively, aslongastj_1 > O:

T; := eitherti_; — 1, if sometaskis scheduledn 1;_1 — 1 thatprecedes
all tasksin T;_,, or otherwisethe latesttimestept beforeti_; —1
suchthatt + 1 is partial or a tasku is scheduledn timestept + 1
with N(u) C N(ti_1).

ti ;== sometaskscheduledn timestepr; with maximalsuccessoset.

= N(&)NQ(ti—1)-

thesetof tasksscheduledn timestepr; thatprecedeall tasksin ;.

ti := sometaskin T; with minimal successoset.

==
i

Let xr,...,X1 bethe setsdefinedby this algorithm. Thent, = —1 and
fr =t = tip. We claim that;,...,x1 is @ UECT block decompositiorfor
(T,=<). Wefirst provethatyy,...,x1 arewell defined.To thisend,we have to
show thatf; andt;_; arewell definedfori=1,...,r. If {; exists,thent; exists
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T3 T, T To
Xs X7 X6 X5 X4 / X3 ‘ X2 X1 ‘
N mmic mE e { ...... | TR T
it3 to
........ t5 .. ceee .......“”“n""" - I——
P6 ..................................................................................................................
17 Ts s T4 13 T2 T1 To

Figure7.4: We constructblodks fromright to left by inductivelydefiningap-
propriate timestepg;, setsT;, andtaskst; (seeproof of Theoem7.8). Tasks
are depictedas dottedsquaes, ead setT; is filled grey, and eath bloc is
framedin grey.

aswell, becausd; containd;. Assumsi is thefirst index for which{; cannot
be defined. This impliesthatno taskis mappedo timesteprt;. In this case,
T; < Tj_1— 2, by construction We have to considertwo cases.

casel: 1, = Tj_1 — 2. Timestepr; + 1 is partial or atasku is mappedo
Ti + 1 with N(u) C N(t; _1). ThesetT; 1 isnotempty sinceit containg; ;. By
constructionN(t 1) C N(x), for all x € T;_4, sincet; 1 hasminimal successor
setamongtasksin T, 1. Hence,if u exists,thenN(u) C N(x), for all x e T, 1,
i.e., all tasksin Ti_1 have higherpriority in L thanu. Sincenotaskis mapped
to Tj, theonly possiblereasorwhy thelist schedulingalgorithmdid notmapa
taskof T_1 to1; + 1isthateveryx € Ti_; hasapredecessan timestepr; + 1.
By definition of interval orders,theremustexist ataskin t; + 1 (=11 — 1)
thatprecedesll tasksin T;_;. We obtaina contradictionsincert; shouldequal
Ti_1 — 1, by construction.

case2: T; < Ti_1 — 2. Let A denotethe setof tasksmappedo 1; + 2. By
construction,|JA| = m andfor all x € A, N(tj_1) € N(x). On the otherhand,
Ti + 1lis partialor atasku is mappedo t; + 1 with N(u) C N(t;_1). Therefore,
all tasksin A have higherpriority in L thanu, if u exists. The reasonwhy
the list scheduledid not mapataskof Ato t1; + 1 is thatevery x € A hasa
predecessan timestep; + 1. By definitionof interval orderstheremustexist
ataskin t; + 1 that precedesll tasksin A. But this violatescommunication
delays,sincethereareat leasttwo tasksin A (recallthatm > 1), andno task



7.6. BLock DECOMPOSITIONS 169

canprecedamorethanonetaskin the next timestep.Again, a contradiction.

As aconsequenc@ur assumptiorthatf; cannot be defined,is wrong. We
concludethatf; andt;_; arewell defined,for all i. Hencethesetsy;,...,X1
arewell definedtoo. We will shaw laterthateachsety; is actuallynonempty

Next, we turnto propertyl of Definition 7.7. We obserethatN(t) C N(f)
andxj € N(t). Consequentlyx; = N(tj) N Q(ti_1), fori = 1,...,r. Since
N(twop) = T andt; = tiop, we obtainy, = Q(t,_1). It is furthermoreclearthat
Q(tg) = T. We concludehatty, .. .,t;_; fulfill propertyl of Definition7.7. As
aconsequencevery taskin x; precedesll tasksin Xj_;. To seeproperty2,
considerthe following claims.

Claim 1: all tasksin Ti_; andall tasksscheduledn timestepsstrictly
betweert; + 1 andt;_1 belongto ;.

Claim 2: every taskin ¥; eitherbelongsto T;_; or is scheduledn a
timestepstrictly betweert; andt;_1.

Claim 3: if [Tj| = 1 andi < r, thenexactly onetaskof x; is mappedo
T+ 1.

For the time being, assume&hat all threeclaimshold. Claim 1 implies
that eachset x; is nonempty sinceTi_; containst;_;. In orderto respect
communicatiordelays notaskof x; is mappedo 1; + 1if [T;| > 1, sinceevery
taskof T; precedesll tasksof x;. By constructionnotaskof x, is mappedo
Tr + 1, andnotimestepstrictly betweerr; + 1 andt;_; is partial. Hence,

il — 1
m

Ti_1 =« ri+1+[ —‘ if i <rand[Tj|=1,

Ti+1+ Px—nﬂ if i <rand|Tj|> 1.

\

Obsenre thatyy,...,Xx1 arescheduledy Sthe sameway asthesesetswould
be scheduledn a UECT packing. Therefore|T;| = 1 iff @(Xr,...,Xi+1) = 1,
fori =0,...,r — 1. We obtain

o= 2] +Zi (1 [P0 209 ) g, 0,

m
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Sincetp = lengti(S) andno scheduldor (T, <) canhave alengthshorterthan
length(X;,...,X1), by Lemma7.6, we obtainopt = length(x,,...,X1)- (Asa
byproductthisimpliescorrectnessf Theorem7.1.) Whatremaindgs to prove
theclaims.

Proof of claim 1: Considerthe caset; = 1j_1 — 1. Thereis atasksched-
uledin timestepr;_; — 1 thatprecedesll tasksin T;_;. Sincef; hasmaximal
successosetamongtasksmappedo timestepr;, it holdsthatf; precedesll
tasksin Ti_1. FurthermoreTi_1 C Q(ti_1), becaus#_1 hasminimalsuccessor
setamongtasksin Ti_1. ThereforeTi_1 C ¥;.

Otherwise1j < 1j_1 — 2. Let x be a taskthatis eithercontainedn T;_1
or mappedo a timestepstrictly betweent; + 1 andt;_;, suchthatx hasno
predecessomappedo atimestepstrictly betweent; + 1 andti_;. In either
caseN(t_1) € N(X): if xis scheduledn atimestepstrictly betweerr; + 1 and
Ti_1, this follows from the choiceof 1;; if x € Tj_4, this follows becausd;_;
hasminimal successosetamongtasksof T; ;.

We prove thatx hasa predecessan timesteprt;. Assumethe contrary(i).
By construction.eithert; + 1 is partial or a tasku is scheduledn timestep
Ti + 1 with N(u) C N(t_1). Hence,if u exists,thenx hashigherpriority than
uin L, becausé is sortedby nonincreasinguccessosetandN(ti_1) C N(X).
Since x hasno predecessoin timestept; and no predecessoin timesteps
strictly betweert; + 1 andt;_;, theonly possiblereasorwhy thelist schedul-
ing algorithmleft 1; 4+ 1 partialor mappedu to T; + 1 is thata predecessoy of
X is mappedo T1; + 1. Sincewe assumedhat no predecessoof x is mapped
to T;, it alsoholdsthat no predecessoof y is mappedto 1;. We shav next
thatthereexistsataskz mappedo t; + 2 thathasno predecessan t; + 1 and
N(ti_1) € N(2). We have to considerntwo cases:

casel: 1; = Ti_1 — 2. Thenx € T,_4, sincethereareno timestepsstrictly
betweerr; + 1 andti_;. AssumgT;_1| = 1. ThenT;_1 = {x}, andthereexists
ataskscheduledn timestept;_1 — 1 thatprecedesll tasksin T;_1, namely
y. We obtaina contradiction,sincein this case,t; shouldhave beensetto
Ti_1— 1. Hence,|T;_1] > 1. If morethanonetaskin T, ; hasa predecessor
in timestept; 1 — 1, then, by definition of interval orders,therewould exist
ataskin timesteprt;_; — 1 thathasmorethanonesuccessomappedo 1; 1,
which cannothapperdueto communicatiordelays.Hence thereexistsatask
z€ Ti_; thathasnopredecessan timestepr;_; — 1. NotethatN(ti_1) C N(2),
sincet;j_, is ataskin Ti_; with minimal successoset.

case2: Tj < Tj_1 — 2. ThenTt; + 2is not partial, by the choiceof 1;. We ob-
sernethatatmostonetaskin t; + 2 hasapredecessan 1; + 1, sinceotherwise
therewould exist ataskin timestepr; + 1 thatprecedes$wo tasksin 1; + 2, by
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definition of interval orders,andsucha situationwould violate communica-
tion delays.Sincem > 1, thereexistsataskz scheduledn timestepr; + 2 that
hasno predecessan timesteprt; + 1. NotethatN(ti_;) € N(2), by thechoice
of 1;.

Assumethereexists a taskt in timesteprt; thatis a predecessoof z (ii).
Thent < zandy < x. By definitionof interval orders this impliesthatt < x
ory < z In eithercase,we obtain a contradiction:if t < X, thenx hasa
predecessan timestept;, andif y < z, thenz hasa predecessadn timestep
Ti + 1. Hence,assumptior(ii) is wrongandz hasno predecessan timestep
T;. As notedabove, z hasno predecessan timestept; + 1 either It follows
thatzis availableattimestepr; + 1. If T; 4+ 1is partial, thenthelist scheduling
algorithmshouldschedulez in timestept; + 1. If u existsandt; + 1 is not
partial,thenthelist schedulingalgorithmshouldschedulez in timesteprt; + 1
insteadof u, sincez hashigherpriority thanuin L, becausé(u) C N(tj_1) C
N(2). A contradiction Henceassumptiori) is wrongandx hasa predecessor
mappedo timestept;.

Let B denotethe setof taskseithermappedio sometimestepstrictly be-
tweent; + 1 andtj_1 or containedn T;_1. As we have justshowvn, everytask
of B hasa predecessagitherin B or in timesteprt;. By transitvity of <, ev-
ery taskof B hasa predecessan timestepr;. Let A denotethe setof those
predecessorsBy definition of interval orders,every taskin A with maximal
successosetprecedesll tasksin B. It followsthatf; precedesll tasksin B,
becausd; hasmaximalsuccessosetamongtasksmappedo 1;. Moreover,
for everyx € B, N(tj_1) € N(x). We obtainB C x;, which provesclaim1. To
prove claim 2 and3 we require

Claim 4: notaskmappedo 1; + 1 is predecessarf all tasksin ¥;.

Proof of claim 4: Let usfirst considerthe caset; = 1j_1; — 1. Thetasks
of Ti_1 are mappedto 1;_; andthey belongto ¥;, by claim 1. Hence,no
taskmappedto 1; + 1 (= 1i_1) is predecessoof all tasksin x;. Otherwise,
Ti <Tj_1 — 2. Assumex is ataskin timestept; + 1 that precedesll tasks
of xi. Letti =1j 1—2. By claim 1, x is predecessoof all tasksin T, 1.
Sincex is mappedo timestepr; 1 — 1, 1; shouldhave beensettot; ;1 —1,a
contradiction. OtherwiseTj < T;_; — 2. Sincex precedeghetasksin ¥;, at
mostonetaskof x; is mappedto 1; + 2, in orderto respecttommunication
delays.By claim 1, all tasksscheduledn timestepr; + 2 belongto x;. Again
a contradiction sincet; + 2 is not partialandm > 1. Hence,our assumption
is wrongandnotaskin T1; + 1 precedesll tasksin ;.
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Proof of claim 2: Assumethereexistsataskx € x; mappedo atimestep
T > Tj_1. Sincex precedesll tasksin X;_1, it is scheduledeforeary taskof
Xi—1. Thetasksof T;_, aremappedo 1;_» and,by claim 1, all of thembelong
to xj_1. Hencet is strictly betweert;_1 andti_,. Thereforeti_1 <Tj_»— 2.
If Ti_1 < Tj_» — 2, thenall tasksmappedo t1;_1 + 2 aretasksfrom x;_1 (claim
1), andti_; + 2 is not partial, by construction.If T_1 = Tj_» — 2, thenthe
tasksof Ti_, aremappedo 1;_; + 2. In eithercaseatleastonetaskof x;_; is
scheduleadn timestepr;_1 + 2. Hence x mustbemappedo t;_1 + 1. By claim
4,xisnotpredecessaf all tasksn x; 1, acontradictiorto thefactthatx € ;.
Our assumptions thereforewrong,andno taskof x; is mappedo atimestep
> T;_1. By constructionall tasksmappedo t; ; thatarepredecessorsf all
tasksin xij_1 arepartof Ti_1. Hence,if ataskx € x; is mappedo T1i_1, then
X € Ti_1. Sincenotaskof x; is scheduledn atimestepearlierthant; + 1, we
concludethateverytaskx € x; is eithercontainedn Ti_; oris scheduledn a
timestepstrictly betweert; andt;_1.

Proof of claim 3: Let usfirst obsenethatatmostonetaskof x; is mapped
to T; + 1, becausehereis a taskin t;, namelyf;, that precedesall tasksof
Xi. Theclaim trivially holdsin caset; = 1;_; — 1, becausehe tasksof T,_;
aremappedo 1;_1 (= T; + 1), andthey belongto ¥;, by claim 1. Otherwise,
Ty <Ti_1—2. Let|Tj| =1, i.e, T = {tj} andfi =t;. Assumeno taskof x; is
mappedo T1; + 1. Let x beataskin x; with minimal predecessmet. Notethat
every predecessasf x is predecessarf all tasksin xj. As aconsequencéehe
only predecessarf x mappedo 1; ist;, sinceotherwis€T;| > 1. Furthermore,
nopredecessaf xis mappedo T; + 1, sinceotherwisehis predecessavould
precedeall tasksin x;, contradictingclaim 4. It follows that x is readyat
timestepr; + 1.

By constructiontimestex; + 1 is partialor ataskuis mappedo 1; + 1 with
N(u) C N(ti_1). In thelatter case x hashigherpriority in L thanu, because
x € Xi andhenceN(ti_1) C N(x). In eithercasethelist schedulingalgorithm
consideredk whenit looked for tasksto schedulein timestept; +1. The
only possiblereasonwhy the list scheduledid not mapx to timestept; + 1
Is thatthereexistsa taskz mappedo T1; 4+ 1 suchthatz andx have acommon
predecessan timestepr;. Thiscommonpredecessanustbet;, sincet; is the
only predecessoof x in timesteprt;. Thelist schedulingalgorithmpreferred
to schedulez in timestept; + 1 ratherthan x, hence,z hashigher priority
thanx in L. In otherwords,N(x) C N(2). Clearly, N(ti_1) € N(x), because
belongsto Xj. As aconsequence\(ti_1) C N(2) andthereforez € x; (recall
thatfi = t; < 2). But this contradictsour assumptiorthat no task of ¥; is
mappedto T; + 1. Hence,our assumptions wrong and sometask of ¥; is
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scheduledn timestepr; + 1. a

7.7 Distancesand Interfaces

In this sectionwe describenow to efficiently extractinformationonthestruc-
ture of an optimal UECT schedulgrom the interval order, without actually
computingtheschedule.

LetU besomesubsetf T. ThetasksystemU, <) is still aninterval order
FurthermoreN(x) C N(y) implies (N(x) nU) C (N(y) nU), for all x,y € U.
As a consequencary list of all tasksU, orderedby nonincreasingize of
their successosetsin (T, <), is alsoorderedby nonincreasingsize of their
successosetsin (U,<). Let L besuchalist, andlet S be the UECT list
schedulefor L. We areinterestedn the length of S, and whetherthe last
timestepof S containsonetaskor morethanonetask.

Definition 7.9 LetU C T. Theschedulingdistanceof U, denotedoy D(U), is
thelengthof an optimalm-processotJECT schedulefor (U, <).

Clearly, thelengthof Sis D(U), sinceSis anoptimalscheduldor (U, <),
by Theorem?7.1. It turnsout that the numberof tasksmappedto the last
timestepof Sdoesnotdependnaspecificlist L, butonly onthesetU, aslong
astasksin L areorderedoy nonincreasinguccessaset. In fact,thenumberof
tasksin the lasttimesteponly dependn the possibleblock decompositions
for (U, <).

Definition 7.10 LetU C T. Theschedulingnterfaceof U, denotedby F(U),
is O if there existsan m-processoilUECT blodk decompositioryy,. .., X1 for
U, <) with @(xy,---,X1) = 0, andit is 1 otherwise

In the following we show that the schedulinginterfaceof U is 1 iff the
numberof tasksin thelasttimestepof Sis 1.

Lemma7.11 LetU C T, andlet L bea list of all tasksU, ordered by nonin-
creasingsuccessoset.Let Sbethe UECT list schedulefor L, andletk denote
thenumberof tasksmappedo thelasttimestepf S. ThenF(U) = 1iff k = 1.

Proof. Let;,...,X1 beaUECT blockdecompositiorior S, asconstructedn
the proof of Theorem7.8. Recallthatin this constructionTy consistsof all
tasksmappedo the lasttimestepof S, and|Tg| = 1 iff @(Xr,.--,X1) = 1. Let
F(U)=1. It followsthat@(x,,...,X1) = 1,andhencek = [To| = 1.
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Now let k = 1. We prove by contradictionthat no block decomposition
Xr,---, X1 for (U, <) existswith @(X,--.,X1) = 0. Without lossof generality
we canassumehatthereexistsataskx thatis successoof all tasksn U. Since
only onetaskof U is scheduledn thelasttimestepof S, we canappendto S,
andobtaina scheduleS for (U U{x},<). SinceSis anoptimal scheduleor
(U, <), by Theoreni’.1,it holdsthatS is anoptimalscheduldor (U U{x}, <).
HenceD(U uU{x})=D(U)+1.LetX,...,X1 beaUECTblockdecomposition
for (U, <) with @(Xr,...,X1) = 0. Accordingto (7.1),a UECT packingof the
setsxr,---,X1,{X} haslength

length(Xr, ..., X1, {X}) = length(X,...,X1) + 1+ P{X}l (p(r)](qr""'Xﬂ—‘ ,
which equalsD(U) + 2 becauséengthx;,...,Xx1) = D(U), accordingo Defi-
nition 7.7. No UECT scheduldor (U U{x}, <) canhave alengthshorterthan
length(X:, ..., X1,{X}), by Lemma7.6,andwe obtainD(U U{x}) > D(U) + 2.
A contradiction It followsthatourassumptioms wrong,andnoblockdecom-
positionyy,..., X1 for (U, <) existswith @(X;,...,Xx1) = 0. HenceF(U) = 1.
O

Ouraimis to determineD(U) andF (U) for certainsubsetd) of T. More
preciselywe wantto computeD(P(x)) andF (P(x)) for everyx € T. For tech-
nical reasonsywe computeD(Q(X)) andF(Q(X)) instead.lIt is not difficult to
computethe formergiventhe latter: For eachx, we take a predecessoy of x
with minimal successaset. ThenP(x) = Q(y).

The datastructureusedto determineschedulingdistancesandscheduling
interfacesis the UECT distancegraph In this graph,therearetwo edgedor
every possibleblock x; of someblock decompositiorior (Q(x), <). Oneedge
representgheblockin ablock decompositior;,...,x1 where@X;,---,Xi+1)
= 1, andthe otheredgerepresentshe sameblock in a block decomposition
with @(Xr,- .., Xi+1) = 0. Theweightof anedgeequalghenumberof timesteps
requiredto schedulethe block in the respectre context. As a consequence,
for everytaskx, andfor every UECT block decompositiorior thetasksystem
(Q(x), <), thereis a correspondingathin thedistancegraphandits lengthis

D(Q(X)).

Definition 7.12 Let the m-processotJECT distancegraphfor (T, <) bethe
weighteddirectedgraph definedas follows: Its vertex setconsistsof a root
vertex v, andfor everyx € T, two verticesxQ andx(®. Its edge setconsistf

1. anedg (v,x®), for everyx € T, with b = ¢(Q(x)) and
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2. anedege (xX®,y®), for ac {0,1} andeveryx,y € T with [N(X) N Q(y)| >
0, andb = appenda, N(x) N Q(Y)).

Theweightof an edge (v,xP)) equals[|Q(x)|/ m], and the weightof an edge
(xX@,y®)is 1+ [(IN) N Q(Y)|— @)/ m].

In the restof this section,let H denotethe m-processotJECT distance
graphfor theinterval order(T,<). NotethatH is agyclic. In orderto shav
thatH canbe usedto determineD(Q(x)) and F(Q(x)), we needa seriesof
auxiliary propositions.In thefirst of them,we prove thatthe lengthof a path
g, startingat the root of H, is the length of the UECT packingof the task
setsthat correspondo the edgesof g. Next, we shaw thatthe lengthof ary
pathendingat x© or xX' doesnot exceedD(Q(X)). Then,we prove thatfor
every taskx andevery block decompositiorof (Q(X), <), thereexistsa pathq
in H from its rootto x® suchthatq haslengthD(Q(x)) anda is the packing
interfaceof the block decomposition.Finally, we showv that thereis a path
from therootof H to x© of lengthD(Q(X)) iff F(Q(X)) = 0.

Lemma7.13 Letg=v, xﬁf), e ,x(()aO) beapathin H, startingattheroot. Let
U, denotehesetQ(x;_1), andletU; denoteN(x) NQ(x_1),fori=1,...,r—1.
Thenag = @(Uy,...,U;) andthelengthof g is lengthU,...,U,).

Proof. We claima; = @Uy,...,U;j;1), fori =0,...,r — 1. Clearly, the claim
holdsfor i =r — 1. Let the claim hold for somei <r —1. Then,a_; =
appenda;,U;), by definitionof H, anda; = @y, ...,U;;1), by inductie hy-
pothesisSinceappend@(Uy,...,Uii1),Ui) = @U,...,U;), it holdsthata_1 =
@oUy,...,U;), which provestheclaim by inductiononi. By constructiorof H,

thelengthof g is
U] | Uil — &
’VF + i; 1+ m .

We replaces; with @U,...,U;,1) andobtainthedesiredresult. a

Lemma7.14 Letx € T, andlet w bethelengthof a pathfromtheroot of H
to X@ or x®. ThenD(Q(x)) > w.

Proof. Let v,éﬁf),...,xgao) be a pathin H of lengthw, startingat the root,

with xg = x. Furthermorelet U, = Q(x,_1) andlet U; = N(x) N Q(xi_1), for
i=1,...,r—1. By Lemma7.13,w = length(Uy,...,Uq). It is notdifficult to
seethatU,...,U; arepairwisedisjoint nonemptysubset®of Q(x), andevery
taskin U; precedesll tasksin Ui_j, for i = 2,...,r. Hence,we canapply
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Lemma7.6andobtainD(Q(x)) > lengthUy,...,U;). It followsthatD(Q(x)) >
W. a

Lemma7.15 Letx € T, andlet Xr,...,X1 be an m-processortUECT block
decompositiofior (Q(X), <). Thenthere existsa pathin H fromits rootto x®

of lengthD(Q(x)) with a= @(Xr,-..,X1)-

Proof. By Definition 7.7, thereexist tasksty,...,t;_1 suchthatyx, = Q(t,_1),
Xi =N@E)NQ(ti—1), fori=1,...,r—1,andQ(tg) = Q(X). Hencex; = N(t1) N
Q(x), andthereexistsa pathv. g(&r-1) ...,tial),x(a) in H, startingattheroot. By

) _1 b
Lemma7.13,a= @Xr,...,X1) IE’;mdthelengthof this pathis lengthi(x;,...,X1),
which equalsD(Q(x)), accordingto Definition 7.7. O

Lemma7.16 Letx € T. Therexistsa pathin H fromits rootto x© of length

D(Q(X) iff F(Q(X) = 0.

Proof. Let F(Q(x)) = 0. Thenthereexistsa UECT block decompositiory;,
..y X1 for (Q(x), <) with @(Xr,...,X1) = 0. By Lemma7.15,thereexistsapath
of lengthD(Q(x)) from therootof H to x©.

Corverselyletq=v,x*;, ..., x@) xO peapathof lengthD(Q(x)) from
therootof H to x©. Let U, denotethe setQ(x,_1), let U; = N(x;) N Q(X_1),
fori=2,...,r—1,andletU; denotethesetN(x;) NQ(x). By Lemma7.13,it
holdsthat@(U,,...,U;) = 0 andthelengthof g equaldength(U,,...,U;). As
aconsequencé);,...,U; is aUECT block decompositiorfor (Q(x), <). We
concludethatF (Q(x)) = 0 sincethe packinginterfaceof Uy,...,U1is0. O

We have now everythingin handfor an efficient parallel algorithm that
computeschedulingdistancesandschedulingnterfaces.As we will shaw, it
sufficesto computdongestpathsin thedistancegraph.

Lemma7.17 Let|T| = n. We cancomputeD(P(x)) and F(P(x)) for all tasks
x € T, with P(x) # O, in time O(log? n) usingn3/logn EREWPRAM proces-
sors or in time O(logn) usingn® CRCWPRAMprocessos.

Proof. We assumethat (T, <) is given by a precedencgraphG. Let G be
representetly anadjaceng matrix A suchthata;j = 1if thereis anedgefrom
taski to task j, anda;; = 0 otherwise.If nottransitively closed we compute
thetransitve closureof G usingstandardechniquegcf. Subsectior8.12.2).
In thefirst step,we determindQ(x)| and|N(x) N Q(y)|, for all x,y € T. The
setsN(x) candirectly beobtainedrom theadjaceng matrix of thetransitively
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closedG. ThesetQ(y) consistf all tasksx with [N(X)| > |N(y)|. Therefore,
Q(y) canbe computedusingprefix operations.Given N(x) andQ(y), we can
determineN(x) N Q(y) in constantiime usingn processors.In orderto run

without concurrentread,we make a sufficient numberof copiesof N(x) and
Q(y) beforehandisingprefix operationsWe concludethat|Q(x)| and|N(x) N

Q(y)| canbe computedfor all pairsof tasksin time O(logn) usingn3/logn

EREWPRAM processors.

Next, we constructhe m-processolJECT distancegraphH of (T, <). For
every X € T, we fix sometask z that is predecessoof x and hasminimal
successoset. Clearly, Q(2) = P(x). By Lemma7.14,ary pathfrom theroot
of H to Z9 or ZY haslengthatmostD(Q(2)). By Lemma7.16,thereis a path
of lengthD(Q(2)) from therootof H to Z? iff F(Q(2)) = 0. By Theorem?.8,
thereexists at leastone m-processotUECT block decompositioryy,. .., X1
for (Q(2),<). If F(Q(2) = 1, then@(X,,---.,X1) = 1, andthereexists a path
of length D(Q(2)) from the root of H to AV, by Lemma7.15. Hence,the
schedulingdistanceandthe schedulingnterfaceof P(x) canbedeterminedas
follows. Let qo be a longestpathfrom the root of H to Z9 andlet g; be a
longestpathfrom therootto ZD. At leastoneof themexists andthe length
of thelongerof themequalsD(Q(2)). FurthermoreF(Q(2) = 1 iff eitherqg
doesnotexist or its lengthis shorterthanthatof q;.

Therefore,it sufiicesto determindongestpathsin H. By Theorem3.26,
this takes O(log?n) time andn?/logn processor®n the EREW PRAM. As
for the CRCWPRAM implementationye obsenethefollowing. An optimal
UECT schedulefor a tasksystemwith n taskshaslengthat mostn. Hence,
no pathin H is longerthann (cf. Lemma7.14).In this casethelengthsof all
longestpathscanbe obtainedonthe CRCWPRAM in time O(logn) usingn®
processordyy Theorem3.27. O

7.8 Constructing an Optimal Schedule

Usingthe schedulingdistancesandthe schedulingnterfacesof the setsP(x),
we constructninstanceof adifferentschedulingoroblemwheretasksarenot
constrainedby precedencdut have individual releasetimes and deadlines.
An instanceof this problemconsistsof a tasksystem(T,r,d) anda number
m of targetprocessorsyherer andd aremappingdrom T to positive integer
timesteps. An m-processoischedulefor (T,r,d) is a mappingS from T to
positive integertimestepsuchthat

1. r(x) < YXx),forallxe T, and
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2. nomorethanm tasksaremappedo the sametimestep.

If thereexists a schedulefor (T,r,d) that meetsthe deadlineg(i.e., §(x) <
d(x) for all x € T), thenthe following list schedulingalgorithmfinds sucha
scheduldJac59. Take a list of all tasksorderedby nondecreasingeadline.
Consideronetimestepafter the other, startingwith timestepl. To find the
tasksfor timesteprt, scanthelist from left andpick, of the taskswith release
time < 1, asmary aspossible,up to a maximumof m. Map thesetasksto
timestept andremove themfrom thelist. If the list is not empty by now,
repeatheabove procesdor timesteprt + 1.

Theschedulebtainedoy thisalgorithmis calledearliestdeadlineschedule
or ED scheduldcf. Section3.13).In thissectionwe shav thatwe canfind, for
eachtaskx, areleasdimer(x) andadeadlined(x) suchthatevery m-processor
ED scheduldor (T,r,d) isanoptimalm-processolJECT scheduldor (T, <).

Lemma7.18 LetL beallist of all tasks,ordered by nonincreasingsuccessor
set,andlet Sbethe UECT list schedulefor L. Lett bethelatesttimestegn S
with a predecessoof x, andlet k denotethe numberof predecessaof x that
Ssdedulesn timesteprt. Thent = D(P(x)) andfurthermoe, F(P(x)) = 1 iff
k=1.

Proof. LetL’ betheprefixof L thatconsistof P(x), andletS betheUECT list
scheduldor L'. By Theorem?.1,S is anoptimal UECT scheduldor (P(x), <
), sincethetasksin L' areorderedoy nonincreasingizeof their successaosets
in (P(x), <). Thelengthof S is thereforeD(P(x)). If werestrictSto thetasks
in P(X), thenSequalsS, becausd.’ is a prefix of L. Hence thelasttimestep
in S with a predecessoof x is timestepD(P(x)). By Lemma7.11, the last
timestepof S containsonetaskiff F(P(x)) = 1. Therefore S schedule®nly
onepredecessarf x in timestepr iff F(P(x)) = 1. O

S schedulegaskx in no timestepearlierthan D(P(x)) + 1, sinceat least
D(P(x)) timestepsarerequiredto schedulell predecessorsf x. If F(P(X)) =
0, then at leasttwo predecessoref x are mappedto timestepD(P(X)), by
Lemma7.18. In this case x cannot be scheduledn a timestepearlierthan
D(P(x)) + 2, in orderto allow for communication.

Definition 7.19 Let t be a timestep,let L be a list of all tasks,ordered by
nonincreasingsuccessoset, and let x be a taskwith P(x) # [0. Thenx is
favoredtaskcandidateof 1 if D(P(X)) = T andF (P(X)) = 1. Letft(t) denotethe
leftmostfavoredtaskcandidateof T in L. We call ft(t) favoredtaskof timestep
TinL.
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By Lemma7.18, exactly onepredecessoof every favoredtaskcandidate
of 1 is schedulediy Sin timesteprt. It follows thatall favoredtask candi-
datesof timestept arereadyattimestept + 1. Furthermorepy definition of
interval orders,thereexists a task mappedto timestept thatis predecessor
of all favoredtask candidate®f timestept. As a consequencegt mostone
favoredtask candidatecan be mappedto timestept + 1, in orderto respect
communicatiordelays. If the list schedulingalgorithmschedulesa favored
taskcandidateof T in timestepr + 1 atall, thenit will chooseonewith highest
priority in L, i.e., it will choosehefavoredtaskof timestepr.

Lemma 7.20 LetL bealist of all tasks,ordered by nonincieasingsuccessor
set,let Sbethe UECT list sthedulefor L, andletx,y € T. If S(y) = S(x) + 1
andx <y, theny is thefavoredtaskof timestepS(x) in L.

Proof. By Lemma7.18,5x) = D(P(y)). Assumethaty is not a favoredtask
candidateof timestepS(x). ThenF(P(y)) = 0. By Lemma7.18,at leasttwo
predecessoref y are mappedto S(x). Hence,y cannot be scheduledn a
timestepearlierthanS(x) + 2, in orderto allow for communicationA contra-
diction. Thereforey is favoredtaskcandidateof §x). As alreadynoted,only
onefavoredtaskcandidateof S(x) canbe mappedo S(x) + 1, andall favored
taskcandidatesf Sx) arereadyattimestepS(x) + 1. Becausé¢hefavoredtask
of §X) hashigherpriority in L thanall otherfavoredtaskcandidate®f S(x),

it follows thaty mustbethefavoredtaskof §(x) in L. a

In the new task system(T,r,d), the releasetime of taskx will be 1 if x
hasno predecessor#, will be D(P(x)) + 1 if x is the favoredtaskof timestep
D(P(x)), andit will otherwisebe D(P(x)) + 2. We definedeadlinesn sucha
way thatthe ED schedulingalgorithmconsiderghe tasksin the sameorder
asthe UECT list schedulingalgorithmdoes.For this purposethe deadlineof
taskx is setto |T| plusthepositionof x in L. Thesedeadlinesarelargeenough
thatthereexistsa scheduldor (T,r,d) thatmeetghedeadlines.

Lemma 7.21 LetL beallist of all tasks,ordered by nonincieasingsuccessor
set,andlet (T,r,d) bethetasksystenwith releasdimesanddeadlinesiefined
asfollows. For everyx € T, let

1 if P(x) =0,
r(x) = { D(P(X)+1 if x="ft(D(P(x))),

D(P(x))+2 otherwise
d(x) := |T|+ thepositionofxin L.
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Thenevery m-processorED schedulefor (T,r,d) is an optimal m-processor
UECT schedulefor (T, <).

Proof. LetS beanED scheduldor (T,r,d), andlet Sbhethe UECT list sched-
ule for L. We claimthatSandS areidentical. Assumethe contraryandlet t
betheearliestimestepvhereSandS differ. Let S denotethesetof tasksthat
S schedulesn timesteprt, andlet S; denotethe setof tasksthat S schedules
in timestept. Finally, let x bethe leftmosttaskin L thatis containeceitherin
S—-SorinS -5S.

Sinceboth schedulingalgorithmsconsidertasksin the ordergivenby L,
andx is theleftmosttaskin L thatis handleddifferently by the ED scheduler
andby the UECT list schedulerwe canderive that both algorithmsconsider
x whenthey look for tasksto be scheduledn timestept. As a consequence,
if xe S — 8, thenthe only possiblereasonwhy the ED schedulerdid not
mapx to timestepr is thatthereleasdime of x is laterthant. Corversely if
X € § — S, thenthe only two possiblereasonsvhy the UECT list scheduler
did not map x to timestept are that either x is not readyat timestept or
S alreadymappeda tasky to timestept suchthatx andy have a common
predecessan timesteprt — 1.

We first analyzethecasex € S, — S, i.e., the UECT list schedulingalgo-
rithm did not schedulex in timesteprt, but the ED scheduledid. It follows
thatr(x) <t. If P(X) =0, thenr(x) = 1. If xis favoredtaskof D(P(x)), thenits
releasdime is D(P(x)) + 1 andonly onepredecessaof x is mappedo time-
stepD(P(x)), by Lemma7.18. Otherwisethereleasdime of x is D(P(x)) + 2.
By Lemma7.18,thelatesttimestepn Swith apredecessaf x is D(P(X)). In
ary casex is readyin Sattimestepr, sincer(x) < 1. As aconsequencehe
only possiblereasonwhy the UECT list scheduledid not mapx to timestept
Is thatS alreadymappeda tasky to T suchthatx andy have acommonprede-
cessoln timestepr — 1. By Lemma?.20,y is favoredtaskof timestept — 1 in
L, hencex is notfavoredtaskof timestept — 1. Sincex hasa predecessan
T— 1 andis readyattimestepr, we obtainD(P(x)) = 1— 1. Hence x is notfa-
voredtaskof timestepD(P(x)). Its releasdimeis thereforeD(P(X)) + 2, which
equalst + 1. Obviously, the ED schedulecannot schedulecin timestepr. A
contradiction.

Now letx € S; — S.. It follows thatthereleaseime of x is greaterthant.
The UECT list scheduledoesnot mapx to atimestepearlierthanD(P(x)) +
1. Hence,1 > D(P(X)) + 1. On the otherhand,the releasetime of x is <
D(P(x)) + 2, by definition. It followsthatr(x) = D(P(x)) + 2 andt = D(P(x)) +
1. Accordingto Lemma7.18,timestepD(P(X)) containsa predecessoof x.
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Hence x is favoredtaskof timestepD(P(x)) in L, by Lemma7.20. Therefore,
its releasdime mustbe D(P(x)) + 1, by definition. A contradiction.

We concludethat no suchtaskx exists andthereforeS; = S;. It follows
thatSandS areidentical. Accordingto Theorem?7.1,Sis anoptimal UECT
scheduldor (T, <). Hence the sameholdsfor S. a

We arenow ableto statethe mainresultof this chapter

Theorem7.22 Let (T, <) be an interval order, with [T| = n. Anoptimalm-
processotUECT schedulefor (T, <) canbecomputedn time O(log? n) using
n3/logn EREWPRAMprocessas or in time O(logn) usingn® CRCWPRAM
processacs.

Proof. Accordingto Lemma7.17,we cancomputethe schedulingdistance
and the schedulinginterfaceof P(x), for all tasksx simultaneouslywithin
the desiredresourcebounds.Giventhesenumbersijt is easyto constructthe
task systemwith releaseimesanddeadlinesdefinedin Lemma7.21, using
sortingandprefix operationgTheorems3.1and3.9). Parallelalgorithmsthat
computeED schedulediave beendiscussedn Section3.13. The algorithm
of Dekel and Sahnirunsin time O(log?n) usingn/logn processorswhile
the algorithmof Dolev, Upfal, andWarmuthrequiresonly O(logn) time but
n?/logn processorsBoth algorithmsrun onthe EREWPRAM. a

What remainsis to assigntasksto processors.Let X; < Xo < -++ < Xg,
s> 1, betasksscheduledn successietimestepsi.e., S(x) = S(x_1) + 1, for
I = 2,...,S, suchthat no predecessoof x; is scheduledn timestepS(x;) —
1 and no successobof xs is scheduledn timestepS(xs) + 1. Call any such
setof tasksa chainin S. Clearly, all tasksin a chain mustbe assignedo
the sameprocessarin UECT schedulesor interval orders,at mostonetask
scheduledn timestept hasa predecessain T — 1, andat mostonetaskin
timestept hasa successoin T+ 1. As aconsequencehainsdo not overlap
in S by more than onetimestep. For instance,no task of arny chain other
thanxg,...,Xsis scheduledn timestepsS(xp), ..., YXs—1). We orderthechains
of S by the timestepthey startand numberthem. All tasksin a chainwith
an odd numberare assignedo processorl andall tasksin a chainwith an
evennumberareassignedo processoR. Next, for eachtimestepwe number
the tasksthat are not part of a chain, startingwith numberl and skipping
numberl and/ornumber2, dependingon which processorarealreadyused
by chainsin therespectie timestep.Finally, we assigrall taskswith number
to processor. All of theseoperationsanbe doneusingpointerjumpingand
prefix operationswithin theresourcéooundsgivenin Theorem7.22.






CHAPTER 8

Closing Remarks

In thelastfew chaptersyve have dealtwith fundamentaschedulingoroblems
relevantto parallelandnetworked computing. Theseproblemshave in com-
monthattheir sequentiasolutionsarebasednrelatively “simple” stratgjies.
However, obtainingfastandwork efficientparallelalgorithmsfor them,turned
outto bemuchmoredifficult.

Thefirst problemthatwe have analyzeds the multiprocessoscheduling
problemwith unit processingimesandtree precedenceonstraints.Hereby
one focusis on the influenceof the numberm of target processoron the
compleity of the schedulingoroblem. We have presentein EREW PRAM
algorithmthatrunsin time O(lognlogm) if n/logn processorsire available.
This shavs thatif mis fixedandnot partof the input, thenO(logn) time and
O(n) operationsufiiceto determineanoptimalscheduleBut evenif mis part
of the probleminstancepuralgorithmstill representanimprovementon pre-
viouswork. Comparedvith thefastO(logn) time algorithmin [DUW86], the
numberof operationds considerablyreducedwith only a moderatancrease
in runningtime. Comparedwith the O(log?n) time algorithmin [DUWS6],
bothtime andwork arereduced.

Somegquestiongemainopenin this context. As far asthe numberof op-
erationsis concernedour algorithmis fairly closeto optimality, but thereis
still agapwhencomparedwith the lineartime sequentiablgorithmgivenin
[BGJ77]. Whetherthis gapcanbeclosed s anintriguing openproblem.Sec-
ond, it is worth noting thatthe schedulegomputedby our algorithmdo not
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conformto thehighestevelfirst stratgy. It remainsanopenproblemwhether
HLF scheduleganbe computedisingthe sameamountof resources.

The next problemthat attractedour attentionis the two processosched-
uling problem.Givena setof n taskswith unit processindimes,constrained
by an arbitrary precedenceelation, the problemis to find a two processor
scheduldor thesetasksof minimal length. We have presentedn algorithm
thatsolvesthis problemonthe CREWPRAM in time O(log? n) usingn®/logn
processorsComparedo the bestprevious algorithm,which requiresn® pro-
cessorsouralgorithmrepresenta majorimprovement.

An interestingapplicationof our two processoischedulingalgorithmis
the maximummatchingproblemin co-comparabilitygraphs(suchasinterval
graphsandpermutationgraphs).By combiningour resultwith the transitve
orientationalgorithm of Morvan and Viennot[MV96], we have shavn that
maximummatchingsin complementof comparabilitygraphscan be com-
putedin O(log?n) time if n® CREW PRAM processorsreused. This repre-
sentsa significantimprovementon previously known bounds sincethe pre-
vious algorithmsfor this problemare also basedon a solution for the two
processoschedulingoroblem,andthereforerequiren® processors.

The next problemthat we have considereds closely relatedto the two
processoschedulingproblem. We have shown thatif the precedenceela-
tion is restrictedto be a seriesparallelorder, thenan optimal two processor
scheduleeanbe computednuchmoreefficiently thanin thegenerakase We
have presentedn algorithmthat computesoptimal two processoschedules
for seriegarallelordersn O(logn) timeonn/logn EREWPRAM processors,
providedthata decompositiortreefor the precedencgraphis given. In those
casesvherethe decompositiortreeis not given, our algorithmrequirestime
O(log(n+€) +lognlog* n) ontheEREWPRAM andtime O(log(n+ €)) onthe
CRCW PRAM, wheree is the numberof edgesn the precedencgraph. In
eithercasethe numberof operationgperformeds O(n+ €), whichis asymp-
totically optimal.

Finally, we have turnedto the problemof schedulingwith communica-
tion delays. First, we have shavn that the problemof computingoptimal
m-processoschedulesor interval orderedtasksof unit length,subjectto unit
delaysfor interprocessocommunicationcanbe solved by a sequentiahlgo-
rithm in lineartime. This improveson resultsgivenin [AER95]. Our main
contribution, however, is a fast parallel algorithmfor this problem. If im-
plementedon an EREW PRAM, our algorithmrunsin time O(log?n) using
n3/logn processors.If implementedon a CRCW PRAM, it requiresonly
O(logn) time andusesn® processorsOur algorithmis thefirst A(C algorithm
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for this problem.

As far asthe numberof operationss concernedour parallelalgorithmis
of coursenot optimal. It is an interestingquestionwhetherone canfind a
moreefficient A(C algorithm,assumingventhattheinput precedencegraph
is alreadytransitvely closedor the interval orderis given by aninterval rep-
resentation.

8.1 FutureWork

Ourresearcton parallelschedulingalgorithmscanbe extendedandcontinued
in severaldirections.We illustratesomeof thesedirectionsin thefollowing.

A promisingareafor investigationss schedulingwith releaseimesand
deadlineslt is oftenthe casehatexecutionof tasksis notonly constrainedy
precedencéut alsoby timing constraintamposedby the ervironment. For
instanceataskmayrequiredatafrom anoutsideagentor aresourceequired
to completea taskbecomesinavailableaftera certainpointin time. In these
casesgxecutionof ataskcannot startbeforea givenreleasetime r; and/or
mustbefinishedbeforea givendeadlined;.

We first considerthe casewhereno precedenceonstraintsarepresent.If
taskshave unitlengthandindividualintegerreleasdimesanddeadlinesthen,
aswe have seenin Section3.13,it is not difficult to computea schedulghat
meetghedeadlinesf suchaschedulexistsatall. Thedifficulty of this prob-
lem radicallychangesf taskshave individual processindimesor therelease
timesanddeadlinesare nonintagral. If the processingimesof tasksarenot
equal,thenthe problemof determiningwhethera schedulexists that meets
all deadlinesjs AP-complete evenfor the single processocase[GJ77. If
thereleasdimesanddeadlinesarenoninteggralandtaskshave unitlength,then
polynomialsolutionsexist, but they aremuchmoreinvolvedthanin the case
with integer times. The main difficulty that one hasto copewith is the ex-
istenceof “forbiddenregions” in optimal schedules At somegiven pointin
time it might be inappropriateto startthe executionof an availabletask,in-
steadit is necessaryo leave a processordle andto wait until anothertask’s
releasdime is reached.Moreover, the decisiongo leave processorgdle for
certainperiodsof time have greatimpacton the global structureof the sched-
ule, makingit difficult to basethesedecisionson alocal strateyy. Early work
onthis subjectwasdoneby Simons[Sim78 Sim8(. Subsequentlymproved
algorithmshave beengivenin [GJST81 SW89]. Thefastestalgorithmfor the
singleprocessocase(multiprocessocase)runsin time O(nlogn) (O(mr?)).
An A/C algorithmfor thesingleprocessocasehasrecentlypeendevelopedby
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FredericksorandRodger]FR94. It runsin time O(log®n) andusesn*/logn
CREW PRAM processorsAn interestingopenproblemis to determinethe
parallelcompleity of themultiprocessocase.

Let us now turn to the casewhereprecedenceonstraintsare present. It
is assumedhat all taskshave unit processingime andall releasdimesand
deadlinesareintegers. The basicideathatleadsto algorithmsfor scheduling
with precedenceonstraintanddeadliness “deadlinemodification”[GJ7§.
If tj is ataskandT is the setof successorsf t; with deadlines< d, thent;
mustbe finishedby time d — [|T|/m]| in ary schedulehat meetsthe dead-
lines. Hence,we cansavely setthe deadlineof t; to the minimum of its old
deadlineandd — [|T|/m]. By repeatinghesedeadlinemodificationsfor all
tasksandall possibledeadlinesintil nomorechange®ccur, oneobtainsdead-
linesthatare“consistent”with the precedenceonstraintsif we putall tasks
into a list sortedby nondecreasingeadline then,undercertainassumptions
concerninghe precedenceonstraintor the numberof processors, thelist
schedulebtainedrom thislist meetghedeadlineslf, in addition,taskshave
individualreleasdimes,thedeadlinenodificationbecomesnoreinvolvedbut
thebasicidearemainghe sameGJ77.

Brucker, Garegy, and Johnsorhave obtainedinterestingresultsconcerning
thecompleity of schedulingreeswith deadlinesFor thecaseof intreeswith-
out releasdimes,they have givenan O(nlogn) algorithmthat minimizesthe
maximumnumberof timestepsary taskis scheduledehindits deadline.In
the caseof outtreesthe problemof decidingwhethera scheduleexists that
meetsthe deadlinesjs A‘P-hard[BGJ77]. Also remarkablés that the two
processoschedulingoroblemis still solvablein polynomialtimeif taskshave
individual releasetimes and deadlines.A sequentiakblgorithmthat runsin
time O(n%) hasbeengivenby Garey andJohnsorfGJ77. Forthecasewhere
all releasdimesareequal(i.e., only deadlinesarepresent)Helmboldhasde-
velopedan A/ algorithm[Hel86]. Thenumberf requiredprocessorss quite
large andit is a challengingproblemto find a moreefficient A(C algorithm,
possiblyby utilizing someof thetechniquesntroducedn Chapters. It turns
out thattheideasof Garey andJohnsorusedin the two processoalgorithm
canalsobe appliedto the problemof schedulingnterval orderedtaskson a
variablenumberof processorsKrau3 hasgivenan AC algorithmthatcom-
putesm-processoschedulesor interval orderswith releasdimesanddead-
lines[Kra93]. Thealgorithmrequiresn® processorandwe conjecturethata
moreefficient parallelalgorithmcanbe found.

RecentlyVerriethasgeneralizedheideasof Garey andJohnsorio sched-
uling with communicationdelays. In orderto accountfor communication,
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his algorithmcomputesnodifieddeadlinedor pairs of tasks.In [Ver9q, he
hasgiven an algorithmthat optimally schedulesnterval orderedtaskswith
releasdimesanddeadlinessubjectto unit communicatiordelays. It would
beinterestingo find afastparallelsolutionto this problem.

Another challengingareafor researchs the developmentof parallelal-
gorithmsthatcomputenearoptimalschedulesMostschedulingproblemsare
ANP-completaf wewishto find optimalsolutions.In someapplicationshow-
ever, it is sufficientto find scheduleshatare (provably) quite closeto the op-
timum. Sequentiabpproximationalgorithmsfor AP-hard schedulingprob-
lemshave receved considerablattentionin the past([Gra69 CGJ78 HS85
RS87,HM95, MSS96 VRKL96], to nameonly a few). As far as parallel
approximationalgorithmsfor schedulingare concernednot muchis known.
Earlywork onthissubjectcanbefoundin [DUW86] and[May88§]. In bothpa-
pers,parallel(2— n%)-approximatioralgorithmsfor schedulingunit processing
time taskswith arbitraryprecedenceonstraintcanbefound. In [May85], an
AN C approximationschemédor schedulingndependentaskshasbeengiven
(cf. [May88§]). It is essentiallyaparallelversionof thealgorithmof Hochbaum
andShmas [HS85, andis basedon discretization.Theideaunderlyingthis
approachs to roundoff thetasklengthsto multiplesof avery smallvaluethat
dependon the desiredquality of the schedule.After rounding,only a few
differenttasklengthsremain,andanoptimalsolutionfor thesemodifiedtasks
canbedeterminedusingdynamicprogramming.In the end,the original task
lengthsarerestored thus obtaininga schedulethat exceedsthe optimumby
a smalle-fractiononly. The actualalgorithmis somavhatmorecomplicated,
e.g., onehasto take careof tasksthataretoo smallfor rounding.

A key role in mary sequentiahpproximatioralgorithmsplayslinear pro-
gramming. In general,solving linear programsis P-complete[DLR79]. It
is alsoP-completeto find approximatesolutionsfor linearprogramgSer91].
Hencejt is highly unlikely thatafastparallelalgorithmfor generalLPscanbe
found. Oneway to work aroundthis deficieng is to find subclassesf linear
programshatcanbe solvedin A'C but arestill usefulto approximatesched-
uling. In [LN93], Luby andNisanhave givenan A'C approximatiorscheme
for LPswhereall coeficientsarenonngative. SuchLPs arecalledpositive
linear programs(PLP). Although positve linear programsseemto be quite
restricted the algorithmof Luby andNisanhasbeensuccessfullyappliedto
combinatorialoptimizationproblems,e.g., MAX SAT and MAX DIRECTED
CuT [Tre9q. Recently SernaandXhafa have appliedthe algorithmof Luby
and Nisanto the problemof schedulingwith unrelatedprocessors.In this
problem,tasksareindependenandfor eachtaskt; andeachprocessoP;, a
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processingime pjj is given, expressingthatt; requirestime pj; if executed
by processolP;. Thegoalis to find a scheduleof minimal length. For the

casewherethe numberof processorsn is fixed and not part of the input, a

parallel (2 + €)-approximationalgorithmis givenin [SX97]. The approach
takenin [SX97] looks promisingandit is a challengingopenproblemto find

other parallel approximationalgorithmsfor schedulingproblemsusing A[C

approximatioralgorithmsfor restrictedinearprograms.
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