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Zusammenfassung

Basierend auf einer Hexaederelement-Formulierung, die eine anisotrope Wahl der Polynom-
grade für die lokalen Richtungen sowie die Komponenten des kartesischen Verschiebungsvek-
tors erlaubt, wird in dieser Arbeit eine p-adaptive Methode für linear elastostatische sowie
linear elastodynamische Probleme vorgeschlagen. Die p-adaptive Methode für statische Prob-
leme wird durch einen anisotropen, hierarchischen Fehlerindikator gesteuert, der auf einer
lokalen Projektion der Lösung aus einem gegebenen Ansatzraum in einen reduzierten, hier-
archisch eingebetteten Raum beruht, wobei die Differenz in der Dehnungsenergie minimiert
wird. Die p-adaptive Methode für dynamische Problemstellungen basiert auf der Anpas-
sung der Polynomgrade mit dem Ziel, die dominanten Eigenfrequenzen genau darzustellen,
die aus einer transienten Vorabrechnung mit grober Diskretisierung erhalten werden. Der
hierfür entwickelte p-adaptive Eigenwertlöser wird durch einen analog konstruierten, lokal
berechneten, anisotropen, hierarchischen Fehlerindikator kontrolliert, um somit den Rayleigh

Quotienten zu minimieren. Für alle in dieser Arbeit untersuchten Beispiele zeigen die p-
adaptiven Diskretisierungen im Vergleich zu uniformer p-Verfeinerung eine deutlich höhere
Effizienz sowie höhere asymptotische Konvergenzraten. Daher kann die Methode als Abhilfe
von einer wesentlichen Schwäche uniformer h- und p-Versionen gesehen werden, nämlich den
oftmals geringen Konvergenzraten im asymptotischen Bereich, im Besonderen bei irregulären
Lösungen. Somit können äußerst effiziente, strikt drei-dimensionale Diskretisierungen für
Strukturen gefunden werden, die sowohl aus dünnwandigen als auch massiven Teilen bestehen.

Abstract

An anisotropic p-adaptive method for linear elastostatic and linear elastodynamic problems is
proposed, based on a high-order hexahedral element formulation allowing for an independent
adjustment of the polynomial degrees for different local directions and different components
of the cartesian displacement vectors. The p-adaptive method for static problems is driven by
an anisotropic hierarchic error indicator based on the idea of locally projecting the solution
from a given Ansatz space to a reduced, hierarchically nested space, minimizing the difference
in strain energy. The p-adaptive method for dynamic problems is based on adjusting the
polynomial degrees to achieve an optimal representation of the dominant eigenfrequencies,
obtained from an initial transient computation with a coarse discretization. The p-adaptive
eigensolver required for this purpose is driven by an analogously constructed, locally com-
puted, anisotropic hierarchic error indicator, thus minimizing the Rayleigh quotient. For
all numerical examples investigated herein, the p-adaptive discretizations show a considerably
higher efficiency and higher rates of convergence compared to uniform p-refinement. This
method can accordingly be understood as a remedy for one basic problem of uniform h- and
p-versions, i.e. the possibly poor asymptotic behavior, especially in presence of any irregular-
ities in the solution. As a result, it is possible to obtain an efficient, fully three-dimensional
discretization of both thin-walled and compact parts of structures.
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Chapter 1

Introduction

Although this thesis deals with efficient spatial discretization of pure elastostatic and elas-
todynamic problems, the motivation for this work arose from two projects concerned with
fluid-structure interaction (FSI): the Flusib project within the Competence Network for Tech-
nical, Scientific High Performance Computing (Konwihr) and a project within the research
unit Fluid-Structure Interaction — Modeling, Simulation, Optimization funded by the Ger-
man Research Foundation (DFG). Our approach in both projects is based on the application
of high order solid elements to describe the behavior of structures interacting with fluids —
e.g. thin-walled, wind-loaded plates and shells. High order solid elements can provide a fully
three-dimensional solution that also includes arbitrary three-dimensional stress states while
nevertheless being able to cope with high aspect ratios of thin-walled structures and being
less prone to locking effects. Thus, a single type of element is sufficient for both thin-walled
and thick-walled structures, without any need for transition elements between thin-walled
and massive parts of the structure, see, for example, Figures 5.13 and 5.15 on pages 103 and
105, respectively, showing a thin hemispherical shell connected to a compact stiffener ring.
A detailed discussion of the advantages of high order solid elements for thin-walled nonlinear
continua can be found in Düster [47].

For fluid-structure interaction problems, there is another obvious advantage of three-dimensional
models, i.e. the inherently correct representation of the wet surface being in contact with the
fluid without the necessity of reconstructing this skin surface from the middle surface and
certain kinematic assumptions, which is the usual approach for dimensionally reduced plate
and shell models.

An example by way of illustration is the plate with a re-entrant corner depicted in Figure 1.1
(left), being discretized using 16 high-order hexahedral elements, see Figure 1.1 (right). The
interaction of the plate with a fluid flow in x-direction perpendicular to the plate (Re = 50)
was computed by coupling with a finite volume based CFD (Computational Fluid Dynamics)
code provided by a project partner, see Scholz et al. [123, 124], for instance. The transient
response of the plate is plotted in Figure 1.2, showing the displacement of Point A, see Figure
1.1 (left), in x-direction. The amplitudes of the plate’s vibration decrease over time due to
the damping influence of the surrounding fluid. Taking geometric nonlinearities into account
for large displacements, the structure was computed with anisotropic high order hexahedral
elements, i.e. the polynomial degrees of the hexahedrals can be chosen independently for the
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Figure 1.1: System of plate with re-entrant corner (left), hexahedral mesh (right)
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three local directions of the elements. In this fluid-structure interaction example, the in-plane
polynomial degrees were chosen to be pξ,η = 5, whereas the transversal polynomial degree
corresponding to the thickness direction has been set to pζ = 2 for all elements.

However, this choice was not in the least arbitrary. The following sequences of computations
for a simplified problem were performed in order to determine a reasonable choice for pξ,η and
pζ. Instead of computing the fluid-structure interaction problem, the fluid load was substituted
by a similar uniform surface traction that remained constant in time.
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Figure 1.3: Displacement ux of point A over time for varying pζ

In a first sequence of runs, the in-plane polynomial degrees were fixed at pξ,η = 5 and the
transversal polynomial degree was varied, pζ = 1, ..., 4. The corresponding displacements in
x-direction of point A for approximately one period of vibration is plotted in Figure 1.3. It
is evident from these results that pζ = 1 leads to considerable deviations from the reference
solution. However, with pζ = 2, the reference deflection is already represented satisfyingly.
In a second sequence of runs, the transversal polynomial degree was fixed, pζ = 2 and the
in-plane polynomial degree was varied, pξ,η = 3, ..., 7, see Figure 1.4. Here, pξ,η = 5 is required
to approximate the reference solution sufficiently. Judging from these results, the choice of
pξ,η = 5 and pζ = 2 is reasonable for this system.

Although this approach yields accurate results for the investigated example, it has many
disadvantages. Two sequences of computations are necessary merely to adjust two global
discretization parameters, pξ,η and pζ for all elements. The approach only makes sense for
strictly thin-walled structures, where orientations like “in-plane directions” and “transversal
direction” are reasonable. On the other hand, no use is made of local, element-wise selection
of polynomial degrees. In this thesis, a local anisotropic p-adaptive method is proposed for
linear elastostatic and elastodynamic problems, in order to overcome the above mentioned
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deficiencies.

The outline of this thesis is as follows: Chapter 2 describes the basic continuum mechanics
setting including simplifications of the nonlinear equations of motion: linearization, linear
elastostatic problems, harmonic vibrations, dimensional reduction of thin-walled structures
using plate or shell models.

Chapter 3 introduces the discretization tools used in this thesis. For spatial discretiza-
tion, high-order anisotropic hexahedral elements are described, and for time discretization
the generalized α-method is recalled. The chapter concludes with a numerical example, the
elastodynamic computation of a thin-walled clamped plate. The results for geometric linear
and geometric nonlinear computations using hexahedral elements are compared to solutions
from literature based on a two-dimensional spectral element approach in order to verify the
code.

Chapter 4 provides — without claiming to be complete — an overview of existing adaptive
approaches for static and dynamic structural problems.

In Chapter 5 a local anisotropic p-adaptive method based on a hierarchic anisotropic error
estimator is proposed for linear elastostatic problems. Several numerical examples are included
to prove the efficiency of the approach.

The method is extended to linear elastodynamics in Chapter 6, involving a p-adaptive eigen-
solver. Again, various numerical examples are used to confirm the efficiency of the method.

Chapter 7 contains conclusions and gives an outlook for future work.
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Chapter 2

Basic continuum mechanics

This chapter constitutes a short summary of the physical and mathematical models of contin-
uum mechanics required for the subsequent finite element formulations described in Chapter
3. Here, a continuum is assumed to be a set of material particles continuously filling space,
or part of a space, at every instance in time t. Every particle is characterized by physical
properties, such as speed, density, etc. The following description is based on the works of
Bonet and Wood [33], Wriggers [148], Altenbach [6], Szabó and Babuška [136] and
Bathe [26].

2.1 Kinematics

The description of the motion and deformation of a body is referred to as its kinematics. An
observer can use different perspectives to describe the motion of a body, resulting in different
formulations.

• Using an Eulerean formulation, the observer is connected to a spatially fixed location.
Changes in the configuration of the continuum are perceived as changes of physical
properties at this fixed location, i.e. different particles are observed at different time
instances t, when the continuum is in motion. The changed physical properties of one
specific particle are not described directly using an Eulerean formulation.

• In a Lagrangean formulation, the observer is connected to a specific particle. It is
possible to perceive the transient variation of physical properties of this particle directly.

Fluid mechanics problems are usually described by means of an Eulerean formulation,
whereas structural mechanics problems are mainly described with a Lagrangean formu-
lation, which is also employed in this thesis.

A particle in a body can be uniquely identified by its position vector X ∈ Ω0, where Ω0

denotes the reference — also called material or initial — configuration of the body. Thus, in
the following no distinction is made between the particle and its position. In this thesis the
position X in three-dimensional Euclidean space IR3 is defined with respect to a orthonormal
basis with origin O. The boundary of the reference configuration is denoted by ∂Ω0. The
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current — or spatial — position of a particle is denoted by x ∈ Ω where Ω is the current — or
spatial — configuration with the boundary ∂Ω. The motion can be described by the mapping

x(t) = ϕ(X, t), (2.1)

see Figure 2.1. For a fixed value of t, Equation (2.1) represents a mapping between the
undeflected and the deflected body. On the other hand, for a fixed particle X, it describes the
motion in space of this particle as a function of time. The displacement of a particle can be
written as

u = x − X. (2.2)

In order to describe the deformation locally, the deformation gradient F is introduced,

dx = F dX (2.3)

expressing the relative spatial position dx of two particles after deformation using their relative
material position dX before deformation. F is the gradient of the mapping ϕ

F =
dx

dX
= Gradx = Gradϕ = Gradu + I (2.4)

The transformation between reference and spatial area elements and reference and spatial
volume elements can be derived using the deformation gradient
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J = detF, (2.5)

da = J F−T dA, (2.6)

dv = J dV, (2.7)

with

da = n da, (2.8)

dA = N dA. (2.9)

As mentioned above, the deformation gradient describes the local deformation including rigid
body motion. Therefore, F is not well suited to serve as a strain measure, since a strain
measure should vanish for pure translation and rotation. An obvious approach to neglect the
rigid body motion is relating the squares of the line segments dx and dX, respectively,

dxT dx − dXT dX = (FdX)T FdX − dXT dX

= dXT (FT F) dX − dXT I dX

= dXT (FT F − I) dX =: dXT (2E) dX.

(2.10)

The symmetric strain measure E is called the Green-Lagrangean strain tensor

E =
1

2
(FT F − I ) , (2.11)

where I is the unity tensor.

2.2 Stress and equilibrium

The basic equations of continuum mechanics are balance equations for mass, momentum and
energy conservation. Appropriate measures for stress states are required to set up the mo-
mentum equations which describe global and local equilibrium.

The Cauchy stress tensor σ is introduced in order to set up the balance equations in the
spatial configuration. Consider the surface of a general deformable body or a cut surface in
its interior. The spatial traction vector

t̂(x, t) =
df

da
(2.12)
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is defined as the differential cutting force df related to the size da of the spatial differential
surface element da. The Cauchy theorem gives the relation between the spatial traction

vector t̂, the Cauchy stress tensor and the normal unity vector n =
da

da

t̂ = σn. (2.13)

Figure 2.2 depicts the sign convention for stresses. The nominal traction vector can be defined
by relating the spatial differential force vector df to a surface element dA = NdA of the
reference configuration

t =
df

dA
, (2.14)

and the corresponding stress tensor is the first Piola-Kirchhoff stress tensor P.

t = PN. (2.15)

Furthermore, the second Piola-Kirchhoff stress tensor S can be introduced

S = F−1P = J F−1σF−T . (2.16)

Once these stress measures have been established, it is possible to formulate the spatial and
material balance equations of momentum. At a certain time t in the spatial configuration, the
rate of change in total momentum during deformation equals the sum of all the surface and
volume forces acting on the body
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∂

∂t

∫

Ω

ρu̇dv =

∫

∂Ω

t̂da +

∫

Ω

ρbdv. (2.17)

The differential relations of Equations (2.6) and (2.7) in conjunction with the nominal stress
vector t allow the spatial momentum equation (2.17) to be transferred to the reference con-
figuration

∂

∂t

∫

Ω0

ρ0u̇dV =

∫

∂Ω0

tdA +

∫

Ω0

ρ0bdV. (2.18)

Applying the Cauchy theorem (2.13), Equation (2.14) and the Gauss divergence theorem
yields the first Cauchy equation of motion in spatial and reference configuration

divσ + ρb = ρü, ∀(x, t) ∈ Ω × (0, T ], (2.19)

DivP + ρ0b = ρ0ü, ∀(X, t) ∈ Ω0 × (0, T ], (2.20)

with:

ρ density in spatial configuration
ρ0 density in reference configuration
u̇ velocity
ü acceleration
b mass related gravity force
t̂ traction vector acting on surface ∂Ω
t nominal traction vector acting on surface ∂Ω0

div divergence operator with respect to spatial configuration
Div divergence operator with respect to reference configuration

The spatial momentum balance (2.20) can also be expressed using the second Piola-Kirchhoff

stress tensor (2.16)

DivFS + ρ0b = ρ0ü, ∀(X, t) ∈ Ω0 × (0, T ]. (2.21)

Important energy quantities used in this thesis are the strain energy in a system

Estr =
1

2

∫

Ω0

S : E dV (2.22)

and the kinetic energy in the system

Ekin =
1

2

∫

Ω0

ρ0u̇ · u̇ dV. (2.23)
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The energy norm is then

‖u‖E =
√

Estr + Ekin. (2.24)

2.3 Material models

The kinematic equations and balance equations discussed in Sections 2.1 and 2.2 are not suf-
ficient to solve continuum mechanics problems. A knowledge of the behavior of the material
is required as well. In the case of elastic materials, deformations occurring during a loading
process are completely reversible, i.e. deformations vanish completely after unloading. Plastic
material behavior results in irreversible deformations. Material models describe the relation
between deformation (and deformation history, if relevant) and stresses. Throughout this the-
sis, linear elastic material behavior is assumed, as described by the St. Venant-Kirchhoff

material model

S = CE, (2.25)

where C is the constant material tensor. Equation (2.25) is the generalization of Hooke’s
law for Green-Lagrange strain.

2.4 Boundary and initial conditions

To guarantee a unique solution, the momentum equations have to be supplied with appropriate
boundary and initial conditions,

u = ū on ∂DΩ × (0, T ],
σn = t̂ on ∂NΩ × (0, T ],

u(X, t = 0) = ū0 in Ω0,
u̇(X, t = 0) = ¯̇u0 in Ω0,

(2.26)

where the Dirichlet boundary ∂DΩ and the Neumann boundary ∂NΩ have to fulfill the
relation ∂DΩ ∪ ∂NΩ = ∂Ω and ∂DΩ ∩ ∂NΩ = 0.

2.5 Variational formulation

A continuum mechanics problem can be described entirely in terms of kinematic relations
(Section 2.1), balance equations (Section 2.2), material models (Section 2.3) and boundary
and initial conditions (2.4). Unfortunately, a direct analytical solution of the problem is only
possible in very few cases. However, approximate solutions can be determined using methods
of variational calculus, e.g. by applying finite element methods. In the following, the varia-
tional form of the continuum mechanics problem is presented.
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The momentum equation (2.21)

DivFS + ρ0b = ρ0ü, ∀(X, t) ∈ Ω0 × (0, T ] (2.27)

is multiplied by an arbitrary test function v ∈ V with v = 0 on the Dirichlet boundary ∂DΩ
and integrated over the domain. Here, V ∈ [H1(Ω)]

ndim is a Sobolev space, see [16], by way
of illustration. Accordingly,

∫

Ω0

DivFS · v dV +

∫

Ω0

ρ0b · v dV =

∫

Ω0

ρ0ü · v dV, ∀v ∈ V, v∂DΩ = 0. (2.28)

Partial integration of the first term and using FS : Gradv = S : FT Gradv yields the weak
form of equilibrium

∫

Ω0

S : FT Gradv dV +

∫

Ω0

ρ0ü dV =

∫

∂N Ω0

t · v dA +

∫

Ω0

ρ0b · v dV, (2.29)

∀v ∈ V, v∂DΩ = 0,

where weak means that less restrictions are imposed on the solution u and its derivatives.
Since the second Piola-Kirchhoff stress tensor S in the first term of (2.29) is symmetric,
only the symmetric part of FT Gradv has to be taken into consideration in the contraction
operation • : •, leading to the commonly used abbreviation

∫

Ω0

S :

δE
︷ ︸︸ ︷

1

2

(
FT Gradv + GradT v F

)
dV +

∫

Ω0

ρ0ü · v dV

=

∫

∂N Ω0

t · v dA +

∫

Ω0

ρ0b · v dV, (2.30)

∀v ∈ V, v∂DΩ = 0.

interpreting δE as the variation of the Green-Lagrange strain E due to the virtual dis-
placement v. As with the momentum balance (2.27), the weak form (2.30) must be satisfied
for every time instance t.

2.6 Linearization

The weak form (2.29) is generally nonlinear with respect to kinematics and material behavior.
This thesis employs linear elastic material behavior described by (2.25). However, in Section
3.3 a geometric nonlinear numerical example is considered, i.e. the strain-displacement rela-
tion (2.11) is nonlinear. For the solution process of the weak form (2.29) a nonlinear solver, a
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Newton-Raphson method, is applied which necessitates the linearization of the weak form.
In the following section, the linearization for geometric nonlinearity is given.

In a first step, Equation (2.29) is rearranged as follows:

W(u,v) =

∫

Ω0

S : FT Gradv dV +

∫

Ω0

ρ0ü · v dV

−
∫

∂N Ω0

t · v dA−
∫

Ω0

ρ0b · v dV, ∀v ∈ V, v∂DΩ = 0. (2.31)

For a trial solution ū, the increment ∆u is sought to provide the equilibrium displacement
u = ū + ∆u fulfilling the weak form (2.31). Equation (2.31) can be expanded in a Taylor

series truncated after the linear term

W(u,v) = W(ū + ∆u,v) ≈ W(ū,v) + DW(ū,v)[∆u], (2.32)

where DW(ū,v)[∆u] is the directional derivative of W at point ū in the direction of ∆u.

Let us consider the nonlinear term in Equation (2.31),
∫

Ω0
S : FT Gradv dV . The linearization

at point ū in the direction of ∆u for linear elastic material is given by

D

∫

Ω0

S : FT Gradv dV [∆u] =

∫

Ω0

S̄ : GradT ∆uGradv dV

+

∫

Ω0

FT Gradv : C : D̄E[∆u] dV, (2.33)

where the directional derivative of the Green-Lagrange strain tensor in the second term
on the right-hand side of (2.33) is

D̄E[∆u] =
1

2

(

F̄
T
Grad∆u + GradT ∆uF̄

)

. (2.34)

The bar over a quantity (•̄) denotes its evaluation at point ū. All other terms in the weak form
(2.31) are either independent of or linear in u. Making use of the abbreviation δE according
to (2.30), with the symmetry of S, and with

S̄ : GradT ∆uGradv = tr
(

S̄
T

GradT ∆uGradv
)

= tr
((

Grad∆u S̄
)T

Gradv
)

= Grad∆u S̄ : Gradv, (2.35)

(2.33) can alternatively be written in the following form
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D

∫

Ω0

S : δE dV [∆u] =

∫

Ω0

Grad∆u S̄ : Gradv dV

+

∫

Ω0

δE : C : D̄E[∆u] dV. (2.36)

For small displacements, the current configuration and the reference configuration are identical,
i.e. F = I, and from (2.16) S = σ. Hence, (2.31) reduces to the weak form of linear
elastodynamics

W(u,v) =

∫

Ω0

σ : Gradv dV +

∫

Ω0

ρ0ü · v dV

−
∫

∂N Ω0

t · v dA −
∫

Ω0

ρ0b · v dV, ∀v ∈ V, v∂DΩ = 0 (2.37)

with

σ = Cε (2.38)

and

ε =
1

2

(
GradT u + Gradu

)
. (2.39)

being the small strain tensor, also referred to as the engineering strain.

2.7 Important simplifications

2.7.1 Linear elastostatic problems:
Equivalence to minimization of potential energy

Neglecting the inertia terms in the weak form (2.37) leads to the weak form of linear elasto-
statics

W(u,v) =

∫

Ω0

ε : C : Gradv dV

−
∫

∂N Ω0

t · v dA −
∫

Ω0

ρ0b · v dA, ∀v ∈ V, v∂DΩ = 0. (2.40)
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Using the definitions

B(u,v) =

∫

Ω0

ε : C : Gradv dV (2.41)

and

F(v) =

∫

∂N Ω0

t · v dA +

∫

Ω0

ρ0b · v dV, (2.42)

(2.40) can be compactly written, denoting uEX its exact solution

B(uEX ,v) = F(v) ∀v ∈ V, v∂DΩ = 0, (2.43)

B(u,v) is a bilinear form being symmetric, i.e. B(u,v) = B(v,u), and positive definite when
the Dirichlet boundary conditions suppress rigid body motion, i.e. B(u,u) > 0 for all
u ∈ V and u 6= 0. F(v) is a linear functional or linear form. The energy corresponding to a
displacement function u can be described by means of the potential energy function

Π(u) =
1

2
B(u,u) − F(u) . (2.44)

It is easy to demonstrate that the exact solution uEX minimizes the potential Π(u) with
respect to all functions in u ∈ V. Any admissible function u 6= uEX can be represented as a
sum of the exact solution uEX and a function w 6= 0 with w∂DΩ = 0,

u = uEX + w . (2.45)

Thus, the corresponding potential is

Π(u) = Π(uEX + w) (2.46)

=
1

2
B(uEX ,uEX) −F(uEX) +

1

2
B(w,w) + B(uEX ,w) −F(w)

︸ ︷︷ ︸

0

(2.47)

The last two terms in (2.47) vanish thanks to (2.43), thus

Π(u) = Π(uEX) +
1

2
B(w,w). (2.48)

Due to the positive definiteness of the bilinear form, the term 1
2
B(w,w) is always positive and

it therefore follows that
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Π(uEX) < Π(uEX + w), (2.49)

i.e. uEX minimizes the potential

min
u∈V

Π(u) = Π(uEX). (2.50)

The uniqueness of the solution is also ensured, since (2.49) holds for all functions w 6= 0 with
w∂DΩ = 0.

2.7.2 Linear elastodynamic problems:
Harmonic vibrations, minimum principle of eigenfrequencies

In the special case of homogeneous boundary conditions

u = ū = 0 on ∂DΩ × (0, T ],
σn = t = 0 on ∂NΩ × (0, T ],

(2.51)

the weak form of linear elastodynamics (2.37) reduces to

W(u,v) =

∫

Ω0

ε : C : Gradv dV +

∫

Ω0

ρ0ü · v dV = 0. (2.52)

Using separation of variables for the displacements u with harmonic variation in time

u(X, t) = uk(X)eiωkt, i =
√
−1 (2.53)

we obtain

W(u,v) = eiωkt





∫

Ω0

εk : C : Gradv dV − ω2
k

∫

Ω0

ρ0uk · v dV



 = 0, (2.54)

and since (2.54) must hold for arbitrary t, we can write

∫

Ω0

εk : C : Gradv dV − ω2
k

∫

Ω0

ρ0uk · v dV = 0. (2.55)

with
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εk =
1

2

(
GraduT

k + Graduk

)
. (2.56)

being the strain state corresponding to the k-th pair of eigenfrequencies and eigenfunctions
(ωk,uk), which are solutions of the eigenproblem (2.55). In addition to the bilinear form
B(u,u), (2.41), the bilinear form

D(u,v) =

∫

Ω0

ρ0u · v dV (2.57)

is defined and the eigenproblem (2.55) can be compactly written as

B(uk,v) − λkD(uk,v) = 0 ∀v ∈ V, v∂DΩ = 0 (2.58)

with λk = ω2
k. The eigenfunctions are orthogonal to each other and scaled such that they

fulfill the orthonormality condition

D(ui,uj) = δij (2.59)

The exact eigenfunctions and eigenfrequencies (ui, ωi) can alternatively be defined by a mini-
mization principle, similar to the principle stating that the potential energy function is mini-
mized by the exact solution uEX of the corresponding elastostatic problem. For the eigenvalue
problem (2.58) the Rayleigh quotient

ρ(u) =
B(u,u)

D(u,u)
(2.60)

is minimized by the eigenfunction u1 corresponding to the lowest eigenfrequency ω1 to give
the corresponding eigenvalue λ1

min
u∈V

ρ(u) = ρ(u1) = λ1 = ω2
1. (2.61)

A straightforward method of illustrating this basic principle is to develop an arbitrary function
u into a linear combination of exact eigenfunctions of infinite number

u =

∞∑

i=1

αiui. (2.62)

Substituting (2.62) in (2.60) and subsequently using (2.58), (2.59) leads to
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ρ(u) = ρ(
∞∑

i=1

αiui)

=
B(
∑∞

i=1 αiui,
∑∞

j=1 αjuj)

D(
∑∞

k=1 αkuk,
∑∞

l=1 αlul)

=

∑∞
i=1 αiλiD(ui,

∑∞
j=1 αjuj)

D(
∑∞

k=1 αkuk,
∑∞

l=1 αlul)

=
λ1α

2
1 + λ2α

2
2 + λ3α

2
3 + ...

α2
1 + α2

2 + α2
3 + ...

= λ1

α2
1 + λ2

λ1
α2

2 + λ3

λ1
α2

3 + ...

α2
1 + α2

2 + α2
3 + ...

(2.63)

With an ordered sequence of eigenvalues λ1 ≤ λ2 ≤ λ3 ≤ ... the fraction in the last line of
(2.63) is always greater than or equal to 1. Thus,

min
u∈V

ρ(u) = ρ(u1) = λ1. (2.64)

In the same manner, higher eigenvalues λi, i > 1 fulfill the minimum equations

min
u∈Vi⊥

ρ(u) = ρ(ui) = λi (2.65)

with u ∈ Vi⊥ being orthogonal to eigenfunctions u1,...,ui−1.

2.7.3 Dimensional reduction:
Models for plates and shells

Dimensional reduction can be interpreted as a reduction of the solution space of the three-
dimensional problem to obtain efficient structural models for thin-walled structures. In the
transversal direction of plates or shells, simplified kinematics are assumed for the displacement
fields, e.g. allowing only for a linear variation in the displacement function over thickness.
From a historical point of view, dimensional reduction has been an option employed to make
certain classes of problems tractable for analytical or approximate solution methods. Nowa-
days, mechanical models are solved using numerical and computational methods, and the use
of plate and shell models is a popular approach to reduce the computational complexity of
structural problems.

Good overviews of the different kinds of modeling and solution techniques for plates and shells
are provided, for example, in Bathe [26], Belytschko et al. [27], Bischoff [30], Bischoff

and Ramm [31], Bischoff et al. [32], Crisfield [40], Eberlein [56], Hauptmann [67],
Hughes [72], Wall et al. [141], Wriggers [148], Yang et al. [149], Zienkiewicz and
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Taylor [152]. Of course, this list is by no means complete and there are a lot of other im-
portant papers contributing to this problem. In the following, a very brief description of the
basic assumptions for plate and shell models is given (see, for example, Bischoff [32]).

The most general approach for deriving models for plate or shell structures is to begin with
the three-dimensional continuum equations. The geometric description

x(θ1, θ2, θ3) = r(θ1, θ2) + θ3a3 (2.66)

of the shell body is idealized by a two-dimensional middle surface described by r(θ1, θ2) (see
Figure 2.3). Points outside the mid-surface are described using θ3 6= 0 with a3 as the covariant
vector pointing into the thickness-direction of the shell, which is often referred to as the
director.

PSfrag replacements
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Figure 2.3: Geometric description of a shell

The displacement field is given by reducing the solution space of all admissible functions in
the thickness direction

u(θ1, θ2, θ3) = v(θ1, θ2) +

nmax∑

n=1

(θ3)nwn (2.67)

where the accuracy with respect to the three-dimensional continuum approach depends on the
number nmax.

2.7.3.1 Plate models

Plates are idealized by their plane middle surface. The basic assumptions of the geomet-
ric linear Kirchhoff and Reissner-Mindlin plate models read (see [119, 120, 136], for
example):

• Normals to the middle surface of the plate prior to deformation are assumed to remain
straight lines after deformation. While in the Kirchhoff theory the straight lines
remain normals to the middle surface, this is not required in the Reissner-Mindlin

theory.

• The plate has a moderate thickness t and the deflection w is independent of z, so that
uz(x, y, z) = w(x, y).
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• Points on the middle surface are deflected in z-direction only.

• Stresses normal to the middle surface are assumed to be negligible: σzz = 0.

The extension of the Kirchhoff plate model considering geometric nonlinearities is the von

Kármán plate model, see Yosibash and Kirby [150], for instance. The previously mentioned
plate models restrict the transversal variation of the displacement in (2.67) to be linear. It
is also possible, however, to successively extend the ‘kinematic’ solution space leading to a
hierarchy of plate models, see Schwab [125], for example.

2.7.3.2 Shell models

A common classification of the different shell formulations familiar from literature is based
on the kinematic assumptions, i.e. the number of free parameters which are introduced when
formulating the displacement field:

• 3 parameter model
The 3 parameter model is based on the Kirchhoff-Love theory [89] which excludes shear
deformations. In this theory it is assumed that normals to the middle surface of the shell
prior to deformation remain normals. Therefore, the rotation of the director is linked
to the rotation of the middle surface. Furthermore, it is assumed that the length of the
director does not change during deformation.

• 5 parameter model
The 5 parameter model is based on the theory of Naghdi [94] and allows for shear
deformation. Therefore, this theory is often referred to as the Reissner-Mindlin model.
Normals to the middle surface of the plate prior to deformation are assumed to remain
straight lines after deformation, but not necessarily normals. The length of the director
is assumed to be constant.

• 6 parameter model
The 6 parameter model assumes a linear variation of all displacement components in the
thickness direction and therefore allows a thickness stretch of the shell (see Simo et al.
[130]), i.e. the director of the shell may change its length. This model is the first one in
this family that allows for a representation of a three-dimensional stress state, i.e. the
implementation of a fully three-dimensional constitutive law.

• 7 parameter model
Since the 6 parameter model exhibits Poisson thickness locking, the model is extended
by the enhanced assumed strain method (EAS). Poisson thickness locking is caused by
an imbalance of the strains and stresses acting in the thickness direction. The additional
parameter is introduced as an enhanced linear strain mode corresponding to the thickness
direction (see Büchter and Ramm [35] and Büchter et al. [36]). Another way
of avoiding Poisson thickness locking is to introduce the additional parameter via a
quadratic change of the transverse displacement in thickness direction.

• Hierarchic shell models
As for hierarchic plate models, it is also possible to gradually extend the kinematic
assumptions (2.67) leading to a family of hierarchic shell models (see, for instance, [1]).
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Chapter 3

Discretization

Instead of solving the weak form (2.29) analytically, which is intractable in most cases, approx-
imate solutions can be found using numerical methods. The continuous problem is discretized
leading to a problem with a finite number of degrees of freedom. In this thesis the spatial
domain is discretized by means of the finite element method, whereas the temporal domain is
discretized using a finite difference based method (the generalized α-method). Although this
approach is widely used, alternative techniques are possible, for example, space-time finite
elements, finite volume methods for the spatial discretization, etc.

3.1 Spatial discretization

Finite element methods begin with the weak form (2.29) of the momentum equations. Instead
of weighting the weak form with all functions v in the space V with infinite dimensions, the
general idea is to use weighting functions from a finite dimensional subspace only, v ∈ S.
According to the Bubnov-Galerkin approach, the approximate solution uFE is sought in
the same space S, as well.

In order to construct the finite dimensional subspace S, the reference domain Ω0 is subdivided
— or discretized — into nel non-overlapping subdomains — or finite elements — Ωe

Ω0 ≈
ne⋃

e=1

Ωe. (3.1)

The discretization of the domain boundary ∂Ω0 consists of the corresponding element bound-
ary edges and faces

∂Ω0 ≈
ne⋃

e=1

∂Ωe ∩ ∂Ω0. (3.2)

Thus, the subspace S can be constructed using shape functions with local support on the
elements Ωe. In general, the exact solution uEX is approximated by a linear combination of
the corresponding element shape functions NI
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uEX(X) ≈
nmodes∑

I=1

NI(X)uI (3.3)

where uI are the amplitudes corresponding to NI — for three-dimensional problems, for
instance, uI = (u1I , u2I , u3I)

T . Another alternative is to sort all uI corresponding to element
e into one element displacement vector de, and write

ue(Xe) = Ne(Xe)de (3.4)

It is imperative to satisfy the C0-continuity of the function u, in the event of element shape
functions NI not vanishing on the element boundary ∂Ωe shared with element Ωe′ . In this case,
a corresponding shape function on element Ωe′ is required to ensure a continuous transition
without any gaps between the two element shape functions. Element shape functions accord-
ingly make up the shape function NP

I defined on a patch of elements ΩP
⋃

e∈P Ωe. This calls
for an assembly process on a global level, composing quantities involving this patch function
NP

I — usually integrals over the patch — from the local element contributions, see Bathe

[26], for example. The global assembly of (3.4) is then

u(X) = N(X)d (3.5)

Throughout this thesis, only high order hierarchic shape functions are used, defined on hexa-
hedral elements where the polynomial degrees of the shape functions can be chosen anisotrop-
ically, i.e. independently for different directions, as described in the following section.

3.1.1 Hierarchic high order anisotropic hexahedral elements

This description of high order hexahedrals is closely aligned to Düster [47]. The Ansatz func-
tions introduced by Szabó and Babuška [136] are used. Hexahedral elements (see Figure 3.1)
show some advantages when compared with their corresponding tetrahedral and pentahedral
element formulations.

• Hexahedral element formulations lead to higher accuracy for low p.

• Hexahedral elements are especially well suited for thin-walled structures. One local
variable can be identified to correspond with the thickness direction. It is therefore
possible to choose a different polynomial degree in the thickness direction from those in
the in-plane direction.

• The numerical integration of hexahedral elements can be readily performed using a
Gaussian quadrature scheme.
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Figure 3.1: Standard hexahedral element Ωh
st: definition of nodes, edges, faces and polynomial degree

An important advantage of using high order elements for plate- or shell-like structures is that
they are less prone to locking effects compared to classical low order approaches, see [47], for
instance.

In the following, φi denotes the integral

φi(ξ) =

√

2i − 1

2

ξ∫

−1

Li−1(x) dx =
1√

4i − 2
(Li(ξ) − Li−2(ξ)) , i = 2, 3, ... (3.6)

of the well-known Legendre polynomials Lj, which can be obtained by the Rodriguez

formula

Lj(x) =
1

2j j!

dj

d xj
(x2 − 1)j , x ∈ (−1, 1), j = 0, 1, 2, ... (3.7)

Three-dimensional shape functions can be classified into four groups:

1. Nodal modes: The nodal modes

NNi

1,1,1(ξ, η, ζ) =
1

8
(1 + ξi ξ)(1 + ηi η)(1 + ζiζ), i = 1, ..., 8 (3.8)

are the standard trilinear shape functions, familiar from the isoparametric eight-noded
brick element. (ξi, ηi, ζi) are the local coordinates of the i-th node.
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2. Edge modes: These modes are defined separately for each individual edge. If we
consider, for example, edge E1 (see Figure 3.1), the corresponding edge modes read:

NE1

i,1,1(ξ, η, ζ) =
1

4
(1 − η)(1 − ζ)φi(ξ) (3.9)

3. Face modes: These modes are defined separately for each individual face. If we take a
look at the face F1, for instance, the corresponding face modes read:

NF1

i,j,1(ξ, η, ζ) =
1

2
(1 − ζ)φi(ξ)φj(η) (3.10)

4. Internal modes: The internal modes

N int
i,j,k(ξ, η, ζ) = φi(ξ)φj(η)φk(ζ) (3.11)

are purely local and vanish on the faces of the hexahedral element.

The indices i, j, k of the shape functions denote the polynomial degrees in the local directions
ξ, η, ζ.

Three different types of Ansatz spaces have been implemented: the trunk space Spξ ,pη,pζ

ts (Ωh
st),

the tensor product space Spξ ,pη,pζ
ps (Ωh

st) and the anisotropic tensor product space Sp,p,q(Ωh
st). A

detailed description of the three Ansatz spaces can be found in Appendix A and Düster [47].
For the definition of the spaces Spξ ,pη,pζ

ts (Ωh
st) and Sp,p,q(Ωh

st) see also Szabó and Babuška

[136]. The trunk space Spξ ,pη ,pζ

ts (Ωh
st) is used throughout this thesis.

The present implementation of the p-version [54] not only allows the polynomial degree to
be varied for the three different local directions but also a different degree to be chosen for
each primary variable. The following example illustrates how to define a polynomial degree
template pe for a structural problem with three primary variables u = [ux, uy, uz]

T . Let

pe =

ux uy uz

ξ 1 4 7

η

(

2 5 8

)

ζ 3 6 9

. (3.12)

Taking the trunk space Spξ ,pη,pζ

ts (Ωh
st) into consideration, the polynomial degree template p

defines the Ansatz for the displacement field

ux ∈ S1,2,3
ts (Ωh

st), uy ∈ S4,5,6
ts (Ωh

st) and uz ∈ S7,8,9
ts (Ωh

st).

The numerical examples in Sections 5 and 6, where anisotropic p-distributions are obtained by
adaptation, demonstrate that anisotropic Ansatz spaces lead to efficient discretizations, such
as those for thin-walled structures, as depicted in Figure 3.2. The geometric mapping used to
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Figure 3.2: Doubly curved shell-like solid element of high order

describe the curved structure is described in Section 3.1.2.

Ne in (3.4) can be composed in the following manner

Ne =
[
NN

e NE
e NF

e Nint
e

]
. (3.13)

Condensing the internal modes in the resulting element matrices is facilitated since the internal
mode matrix Nint fills the end of the matrix Ne.
The nodal modes

NN
e =





NN1

1,1,1 NN8

1,1,1

NN1

1,1,1 ... NN8

1,1,1

NN1

1,1,1 NN8

1,1,1



 (3.14)

are the standard trilinear shape functions familiar from the eight-noded isoparametric brick
element. Note that elements not shown in matrices are zero. The edge modes

NE
e =

[
NE1

e NE2

e NE3

e · · · NE12

e

]
(3.15)

are defined separately for each edge. Considering edge E1, for example, we have

NE1

e =






NE1

2,1,1 NE1

pξ ,1,1

NE1

2,1,1 · · · NE1

pξ,1,1

NE1

2,1,1 NE1

pξ ,1,1




 . (3.16)

(3.16) groups all shape functions corresponding to edge E1 for a polynomial degree up to pξ.
Similar expressions can be obtained for NE2 , ...,NE12 . The face modes

NF
e =

[
NF1 NF2 NF3 · · · NF6

]
(3.17)
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are defined separately for each face. Assuming that the tensor product space Spξ ,pη ,pζ
ps (Ωh

st) is
chosen, the (pξ − 1)(pη − 1) modes for face F1 are collected in

NF1 =






NF1

2,2,1 NF1

pξ ,pη,1

NF1

2,2,1 · · · NF1

pξ ,pη,1

NF1

2,2,1 NF1

pξ,pη,1




 . (3.18)

The definition of the matrices NFi , i = 2, ..., 6 should be taken in an analogous sense. Assuming
again that the tensor product space Spξ ,pη ,pζ

ps (Ωh
st) is chosen, the (pξ −1)(pη −1)(pζ −1) internal

modes are assembled in

Nint
e =





N int
2,2,2 N int

pξ,pη,pζ

N int
2,2,2 · · · N int

pξ ,pη,pζ

N int
2,2,2 N int

pξ ,pη,pζ



 . (3.19)

The polynomial degree templates p can be defined for each individual element or for a group
of elements, for instance, they may be prescribed by an adaptive procedure, as proposed in
Sections 5 and 6. The finite element code AdhoC [48] automatically takes care of inter-element
continuity of the Ansatz. If adjacent elements have different definitions of p, then the highest
degree is always chosen for the common edge and face modes. Thus, the global Ansatz space
SP is defined by the set of polynomial degree templates

P = {p1, ...,pnel
}. (3.20)

3.1.2 Geometric mapping: The blending function method

The shape functions described in the previous section were defined on the standard hexahedral
element, so appropriate mapping techniques have to be used to represent the element geom-
etry. Most finite element formulations are based on an isoparametric mapping employing the
same shape functions to describe both the unknown displacements and the geometry. Opting
for an h-method, i.e. increasing accuracy of the solution by decreasing the element sizes, the
geometry is automatically described more accurately, as well.

By contrast, this thesis proposes a p-adaptive strategy in Sections 5 and 6, which means that,
in order to improve the accuracy of the solution, the mesh remains fixed and only the polyno-
mial degree templates pe of the elements are adjusted. Therefore, a mapping technique has to
be used to represent the geometry accurately, regardless of the element sizes. For this purpose,
the blending function method, which was first proposed by Gordon and Hall [60], is used.

The corresponding formulation of the blending function method in three dimensions closely
follows the work of Királyfalvi and Szabó [79]. For more information, such as further
details concerning the accuracy of the method, the reader is referred to Bröker [34] and
Düster [47].
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Figure 3.3: Blending function method for hexahedral elements

Let us take a look at a hexahedral element, as pictured in Figure 3.3. Xi = [Xi, Yi, Zi]
T , i =

1, ..., 8 denote the global coordinates of the nodes. Ei = [Eix, Eiy, Eiz]
T , i = 1, ..., 12 are

functions which depend on local coordinates (ξ, η, ζ) and describe the shape of each edge.
Fi = [Fix, Fiy, Fiz]

T , i = 1, ..., 6 denote the functions describing the shape of each face. The

mapping function Qe(ξ, η, ζ) from local ξ = [ξ, η, ζ]T to global coordinates x = [x, y, z]T is
obtained by

x = Qe(ξ, η, ζ) =

8∑

i=1

NNi

1,1,1(ξ, η, ζ)Xi +

6∑

i=1

f i(ξ, η, ζ) −
12∑

i=1

ei(ξ, η, ζ) . (3.21)

The first term is the standard mapping of isoparametric eight-noded hexahedral elements.
The second term is referred to as face blending (see Appendix B). Consider, for example, face
F6 of the hexahedral element shown in Figure 3.3, where F6(ξ, η) describes the parametric
mapping of the local (ξ, η)-plane to the surface of the element:

f 6(ξ, η, ζ) =

[

F6(ξ, η) − 1

4

[
(1 − ξ)(1 − η)X5 + (1 + ξ)(1 − η)X6 + (3.22)

+(1 + ξ)(1 + η)X7 + (1 − ξ)(1 + η)X8

]
](

1 + ζ

2

)

On face F6, where ζ = 1 the blending term 1+ζ
2

equals 1 and therefore f 6(ξ, η, ζ = 1) describes
the difference between the curved and the bilinear face coordinates (ξ, η). On the other hand,
the blending term guarantees that this difference (i.e. the function f 6(ξ, η, ζ)) decreases lin-
early to the opposite face F1, where ζ = −1 such that f 6(ξ, η, −1) = 0.

The third term in Equation (3.21) corresponds to the edge blending. Considering edge E1, for
instance, we have
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e1(ξ, η, ζ) =

[

E1(ξ) −
(1 − ξ)X1 + (1 + ξ)X2

2

](
1 − η

2

)(
1 − ζ

2

)

. (3.23)

ei(ξ, η, ζ), i = 1, ..., 12 denote the difference between the curved edge and the linear connec-
tion of the two end points, multiplied by a blending term (see Appendix B). The structure
of the edge blending is similar to the face mapping, except that it now has a blending term
that is linear in two variables. Since each edge belongs to two faces of a hexahedral element,
a correction with respect to a straight line edge appears twice in the surface blending term
(second sum) in Equation (3.21). Therefore, the corresponding edge blending term has to be
subtracted.

Substituting f i(ξ, η, ζ), i = 1, ..., 6 and ei(ξ, η, ζ), i = 1, ..., 12 in Equation (3.21) by inserting
Equations (B.2), (B.1) of Appendix B and rearranging the terms, we finally obtain

x = Qe(ξ) (3.24)

=
1

2

[

(1 − ζ)F1(ξ, η) + (1 − η)F2(ξ, ζ) + (1 + ξ)F3(η, ζ) +

+ (1 + η)F4(ξ, ζ) + (1 − ξ)F5(η, ζ) + (1 + ζ)F6(ξ, η)

]

−1

4

[

(1 − ζ) (1 − η)E1(ξ) + (1 − ζ) (1 + ξ)E2(η) + (1 − ζ) (1 + η)E3(ξ) +

+ (1 − ζ) (1− ξ)E4(η) + (1 − ξ) (1 − η)E5(ζ) + (1 + ξ) (1− η)E6(ζ) +

+ (1 + ξ) (1 + η)E7(ζ) + (1 − ξ) (1 + η)E8(ζ) + (1 + ζ) (1− η)E9(ξ) +

+ (1 + ζ) (1 + ξ)E10(η) + (1 + ζ) (1 + η)E11(ξ) + (1 + ζ) (1− ξ)E12(η)

]

+ NN1

1,1,1(ξ, η, ζ)X1 + NN2

1,1,1(ξ, η, ζ)X2 + NN3

1,1,1(ξ, η, ζ)X3 +

+ NN4

1,1,1(ξ, η, ζ)X4 + NN5

1,1,1(ξ, η, ζ)X5 + NN6

1,1,1(ξ, η, ζ)X6 +

+ NN7

1,1,1(ξ, η, ζ)X7 + NN8

1,1,1(ξ, η, ζ)X8 .

In order to compute the discretization of the weak form (2.29), integrals of functions over
element domains or element boundaries and derivatives of functions with respect to global
coordinates have to be evaluated. The next section describes the basic approaches. For a
detailed description of the implementation of the blending function method into an existing
CAD program and its loose coupling to a finite element code, the reader is referred to Bröker

[34] and Düster et al. [49].

3.1.2.1 Computation of integrals

The integration of a function F over the hexahedral element domain Ωh
e , for computing element

mass or stiffness matrices or load vectors corresponding to body forces, for example, can be
performed on the standard hexahedral element Ωh

st.
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∫

Ωh
e

F (X) dV =

∫∫∫

Ωh
st

F (Qe(ξ)) detJ dξ dη dζ (3.25)

The Jacobian matrix

J =












∂ x

∂ ξ

∂ y

∂ ξ

∂ z

∂ ξ
∂ x

∂ η

∂ y

∂ η

∂ z

∂ η
∂ x

∂ ζ

∂ y

∂ ζ

∂ z

∂ ζ












(3.26)

is determined by computing the derivatives of the mapping function (3.24).

Similarly, the integrals over element boundaries can be performed on the six surfaces of the
standard hexahedral

∫

∂Ωh
e

F dA =

6∑

i=1

∫∫

∂Ωh
st,i∩ΓN

F
√

Ei Gi − F 2
i du dv, (3.27)

where

Ei =

[
∂ Fi

∂u

]T [
∂ Fi

∂u

]

=

(
∂x

∂u

)2

+

(
∂y

∂u

)2

+

(
∂z

∂u

)2

,

Gi =

[
∂ Fi

∂v

]T [
∂ Fi

∂v

]

=

(
∂x

∂v

)2

+

(
∂y

∂v

)2

+

(
∂z

∂v

)2

, (3.28)

Fi =

[
∂ Fi

∂u

]T [
∂ Fi

∂v

]

=
∂x

∂u

∂x

∂v
+

∂y

∂u

∂y

∂v
+

∂z

∂u

∂z

∂v

are defined by the first fundamental form of Gauss (see, for example, [65]). The parameters u
and v coincide with the local in-plane coordinates of the corresponding face.

For the computation of both the volume integrals and the surface integrals on the standard ele-
ments, it is common practice to apply numerical integration procedures, such as the Gaussian

quadrature.
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3.1.2.2 Computation of derivatives

Besides integrals, the weak form (2.29) also necessitates the computation of derivatives of
functions defined on the standard element Ωh

st with respect to the reference coordinates, such
as the gradients of u and v. By means of the discretization (3.3) we can write

Gradu =

n∑

I=1

GraduINI =

n∑

I=1

uI ⊗ GradNI (3.29)

with

GradNI =










∂ NI

∂ X
∂ NI

∂ Y
∂ NI

∂ Z










=










∂ ξ

∂ X

∂ η

∂ X

∂ ζ

∂ X
∂ ξ

∂ Y

∂ η

∂ Y

∂ ζ

∂ Y
∂ ξ

∂ Z

∂ η

∂ Z

∂ ζ

∂ Z




















∂ NI

∂ ξ
∂ NI

∂ η
∂ NI

∂ ζ











= J−1











∂ NI

∂ ξ
∂ NI

∂ η
∂ NI

∂ ζ











(3.30)

In (3.30) the chain rule has been applied. Thus, the components of Gradu are

Gradu =










u1I
∂ NI

∂ X
u2I

∂ NI

∂ X
u3I

∂ NI

∂ X

u1I
∂ NI

∂ Y
u2I

∂ NI

∂ Y
u3I

∂ NI

∂ Y

u1I
∂ NI

∂ Z
u2I

∂ NI

∂ Z
u3I

∂ NI

∂ Z










. (3.31)

3.1.3 Spatial discretization of the weak form

Having discretized the problem domain into finite elements and element-wise shape functions
NI — using high order hexahedral elements, as described in Section 3.1.1, for instance, —
which are C0-continuous across element boundaries, it is now possible to discretize the weak
form (2.30)

∫

Ω0

S :

δE
︷ ︸︸ ︷

1

2

(
FT Gradv + GradT v F

)
dV +

∫

Ω0

ρ0ü · v dV

=

∫

∂N Ω0

t · v dA +

∫

Ω0

ρ0b · v dV, ∀v ∈ V, v∂DΩ = 0. (3.32)

The stiffness term
∫

Ω0
S : δE dV can be computed for known S and using for every element

Ωe (3.25), (3.29)– (3.31)
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δEe =
1

2

nmodes∑

I=1

(
FT

e (vI ⊗ Grad NI) + (Grad NI ⊗ vI)Fe

)
(3.33)

with

Fe = Gradxe = Gradue + I =

nmodes∑

I=1

uI ⊗ GradNI + I. (3.34)

The symmetric tensor δEe can be represented in matrix notation

δEe =











δE11

δE22

δE33

2δE12

2δE23

2δE31











= BLI vI , (3.35)

the matrix

BLI =























F11
∂ NI

∂ X
F21

∂ NI

∂ X
F31

∂ NI

∂ X

F12
∂ NI

∂ Y
F22

∂ NI

∂ Y
F32

∂ NI

∂ Y

F13
∂ NI

∂ Z
F23

∂ NI

∂ Z
F33

∂ NI

∂ Z

F11
∂ NI

∂ Y
+ F12

∂ NI

∂ X
F21

∂ NI

∂ Y
+ F22

∂ NI

∂ X
F31

∂ NI

∂ Y
+ F32

∂ NI

∂ X

F12
∂ NI

∂ Z
+ F13

∂ NI

∂ Y
F22

∂ NI

∂ Z
+ F23

∂ NI

∂ Y
F32

∂ NI

∂ Z
+ F33

∂ NI

∂ Y

F13
∂ NI

∂ X
+ F11

∂ NI

∂ Z
F23

∂ NI

∂ X
+ F21

∂ NI

∂ Z
F33

∂ NI

∂ X
+ F31

∂ NI

∂ Z























(3.36)

being linear in u since F = Gradu + I. Accordingly, with the symmetric tensor Se defined on
element e in matrix notation

Se =











S11

S22

S33

S12

S23

S31











, (3.37)
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the discretized stiffness term is expressed by

∫

Ω0

δE : S dV =

ne⋃

e=1

∫

Ωe

δET
e Se dV

=
ne⋃

e=1

nmodes∑

I=1

vT
I

∫

Ωe

BT
LI Se dV

︸ ︷︷ ︸

q
I
(ue)

=

ne⋃

e=1

nmodes∑

I=1

vT
I qI(ue) =

ne⋃

e=1

cT
e Re(ue). = cTR(u). (3.38)

In (3.38), the vectors ce and Re(ue) contain all the entries vI and qI , respectively, of element
e, whereas the vectors c and R(u) contain the global assemblies of the vectors ce and Re(ue).
This assembly principle applies to all subsequent, element-wise computed quantities. Similarly,
it is possible to discretize the mass term using the discretization for the acceleration

ü =

nmodes∑

K=1

NK üK, (3.39)

leading to

∫

Ω0

v · ρ0ü dV =

ne⋃

e=1

nmodes∑

I=1

nmodes∑

K=1

vT
I

∫

Ωe

NIρ0NK dV üK (3.40)

Defining the mass matrix as

MIK

∫

Ωe

NIρ0NKI dV, (3.41)

(3.40) leads to

∫

Ω0

v · ρ0ü dV =

ne⋃

e=1

nmodes∑

I=1

nmodes∑

K=1

vT
I MIKüK =

ne⋃

e=1

cT
e Med̈e = cTMd̈, (3.42)

with c, M, d̈ as the global assemblies of vI , MIK, üK, respectively. Finally, the force terms
are discretized
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∫

∂N Ω0

v · t dA +

∫

Ω0

v · ρ0b dV

=

ne⋃

e=1

nmodes∑

I=1

vT
I











∫

∂N Ωe

NIt dA +

∫

Ωe

NIρ0b dV

︸ ︷︷ ︸

p
I











=

ne⋃

e=1

cT
e f e = cT f . (3.43)

Inserting the discretizations (3.38), (3.42), (3.43) into the weak form (3.32) gives

cT
(

R(u) + Md̈ − f
)

= 0 (3.44)

and since (3.44) must hold for arbitrary, discretized virtual displacements v determined by the
discrete vector c and the discretized displacement u is completely described by the discrete
solution vector d,

R(d) + Md̈ − f = 0 (3.45)

has to be fulfilled. Equations (3.45) are called the semidiscrete equations of motion.

3.1.4 Important simplifications

3.1.4.1 Static equilibrium, linearization and solution procedures

For the static problems discussed in this section, the inertia terms in the equations of motion
(3.45) can be disregarded, since an infinitely slow loading is assumed or a steady state is
reached due to the damping of the system. Inertia terms will be taken into account for
the computation of the eigenfrequencies of a system, see Section 3.1.4.3 or when (3.45) is
discretized in time. To make the system (3.45) tractable for numerical solution techniques
for nonlinear equations, like the Newton-Raphson method, it is necessary to provide its
linearization. The linearization of the weak form of static equilibrium pertaining to a known
point ū, Equation (2.32), is expressed by

DW(ū,v)[∆u] = D

∫

Ω0

S̄ : δĒ dV [∆u]

=

∫

Ω0

Grad∆u S̄ : Gradv dV +

∫

Ω0

δĒ : C : D̄E[∆u] dV. (3.46)

The bar over a quantity •̄ again denotes the evaluation of the quantity at the known point ū.
The discretization of u, v in the first integral in (3.46), the so-called initial stress term, yields
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∫

Ω0

Grad∆u S̄ : Gradv dV

=

ne⋃

e=1

nmodes∑

I=1

nmodes∑

K=1

∫

Ωe

(∆uK ⊗ GradNK) S̄e : (vI ⊗ GradNI) dV

=

ne⋃

e=1

nmodes∑

I=1

nmodes∑

K=1

vT
I

∫

Ωe

ḠIKI dV ∆uK (3.47)

using the definition

ḠIK = GradT NI S̄e GradNK (3.48)

or in matrix form

ḠIK =

[
∂NI

∂X

∂NI

∂Y

∂NI

∂Z

]




S̄11 S̄12 S̄13

S̄21 S̄22 S̄23

S̄31 S̄32 S̄33














∂NK

∂X
∂NK

∂Y
∂NK

∂Z










. (3.49)

The matrix defined in (3.47) is called the initial stress matrix. In the second term in (3.46),
δĒ is discretized using (3.33) and the term D̄E[∆u], which has the same structure as δĒ, is
discretized by means of

D̄Ee[∆u] =

nmodes∑

I=1

1

2

(

F̄
T
e (∆uI ⊗ GradNI) + (Grad NI ⊗ ∆uI) F̄e

)

=

nmodes∑

I=1

B̄LI ∆uI . (3.50)

Inserting into the second term in (3.46) yields

∫

Ω0

δĒ : C : D̄E[∆u] dV =

ne⋃

e=1

nmodes∑

I=1

nmodes∑

K=1

vT
I

∫

Ωe

B̄
T
LI : C : B̄LK dV ∆uK. (3.51)

Now the discrete linearization is obtained by using (3.47) and (3.51) in (3.46)
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DW(ū,v)[∆u] =

∫

Ω0

(
Grad∆u S̄ : Gradv + δĒ : C : D̄E[∆u]

)
dV

=

ne⋃

e=1

nmodes∑

I=1

nmodes∑

K=1

vT
I

∫

Ωe

ḠIKI + B̄
T
LI : C : B̄LK dV ∆uK

=

ne⋃

e=1

nmodes∑

I=1

nmodes∑

K=1

vT
I K̄TIK

∆uK =

ne⋃

e=1

cT
e K̄T,e ∆de = cT K̄T ∆d. (3.52)

Once the linearization (3.52) has been established, it is possible to solve the nonlinear static
equilibrium using Newton-Raphson-like methods, see for example Bonet and Wood [33],
Wriggers [148]. The basic idea of such methods is first to estimate a solution ū = uiter or
d̄ = diter in discrete form and then to proceed to a better solution u = uiter+1 or d = diter+1,
respectively, in an iterative way. The discrete form of the linearization of (2.32) disregarding
the inertia term is

W(u,v) = W(ū + ∆u,v) ≈ W(ū,v) + DW(ū,v)[∆u]

= cT
(
R(d̄) + K̄T ∆d − f

)
= 0 (3.53)

and since (3.53) must hold for arbitrary, discretized virtual displacements v determined by
the vector c,

R(d̄) + K̄T ∆d − f = 0 (3.54)

must be fulfilled. After solving the linear system (3.54) for ∆d, the improved solution d — or
new iterate diter+1 — is obtained by

d = d̄ + ∆d or diter+1 = diter + ∆d. (3.55)

3.1.4.2 Linear elastostatic problems

The linear elastostatic problem introduced in Section 2.7.1

B(uEX ,v) = F(v) ∀v ∈ V, v∂DΩ = 0, (3.56)

can be discretized, i.e. the discrete solution uP = Nd =
∑

J NJdJ ∈ SP is sought, which

satisfies for all functions vP = Nc =
∑

I NIcI ∈
◦
S

P

∑

J

B(NJdJ ,NIcI) = F(NIcI), (3.57)

⇒
∑

J

B(NJdJ ,NI) = F(NI), (3.58)
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where NI is the I-th column of N. The space
◦
S

P
is the space of all functions in SP vanishing

on the Dirichlet boundary. Equations (3.58) can be rewritten in matrix form

Kd
︸︷︷︸

R(d)

= f (3.59)

with

KIJ = B(NI ,NJ), (3.60)

fI = F(NI). (3.61)

It is important to note that the stiffness matrix K in the linear case is independent of u.
Accordingly, standard linear equation system solvers can be used to solve for d.

In Section 2.7.1 it was shown that the exact solution minimizes the potential energy. Accord-
ingly, the finite element solution uP of space SP minimizes the potential with respect to all
functions in SP . For a function u = uP + w ∈ SP the potential is

Π(u) = Π(uP + w)

=
1

2
B(uP ,uP) − F(uP) +

1

2
B(w,w) + B(uP ,w) − F(w)

︸ ︷︷ ︸

0

= Π(uP) +
1

2
B(w,w). (3.62)

Since B(w,w) > 0 for all functions w 6= 0 in SP due to the positive definiteness of the bilinear
form B(u,v), uP minimizes the potential with respect to all functions in SP . Hence, recalling
(2.50), one can write

min
u∈SP

Π(u) = Π(uP) = Π(uEX + eP) = Π(uEX) +
1

2
B(eP , eP) (3.63)

with the error in energy of the finite element solution eP = uEX−uP . From (3.63) it is evident
that uP not only minimizes the potential but also the error in strain energy 1

2
B(eP , eP) and,

equivalently, the error in energy norm ‖eP‖E defined as

‖eP‖2
E =

1

2
B(eP , eP). (3.64)

A sequence of hierarchically nested finite element spaces SP1 ⊂ SP2 ⊂ SP3 ⊂ ... results in a
corresponding sequence of potentials and errors in energy norm

Π(uP1) ≥ Π(uP2) ≥ Π(uP3) ≥ ... (3.65)

‖eP1‖E ≥ ‖eP2‖E ≥ ‖eP3‖E ≥ ... (3.66)

The monotone minimization of the error in strain energy norm using hierarchic spaces such as
those defined in Section 3.1.1 will be exploited in Chapter 5 to serve as a basis for a p-adaptive
strategy for linear elastostatic problems.
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3.1.4.3 Harmonic vibrations

The discrete form of the eigenvalue problem describing harmonic vibrations (2.58) with the

discretization uP
k = Nφk =

∑

J NJφk,J ∈
◦
S
P
, vP = Nc =

∑

I NIcI ∈
◦
S
P

is

∑

J

B(NJφk,J ,NIcI) − λkD(NJφk,J ,NIcI) = 0

⇒
∑

J

B(NJφk,J ,NI) − λkD(NJφk,J ,NI) = 0 (3.67)

Alternatively, the system can be rewritten equally well in matrix form

Kφk − λkMφk = 0 (3.68)

with the stiffness matrix K defined in (3.61) and the mass matrix M defined in (3.41), or in
the alternative notation using bilinear forms,

MIJ = D(NI ,NJ). (3.69)

A block Lanczos eigensolver was implemented for solving the discrete eigenproblem (3.67),
see Schwarz [127, 128] and Rabold [112].

Similarly to (2.63) and (2.65) it is evident that the finite element eigenfunction uP
k minimizes

the Rayleigh quotient ρ(u) with respect to all functions in
◦
S
P
k⊥

min
u∈

◦

S
P

k⊥

ρ(u) = ρ(uP
k ) = (ωP

k )2 = ρ(uk + eP
k ), (3.70)

the finite element error of the eigenfunction being eP
k = uk − uP

k . Therefore, a sequence of

hierarchically nested finite element spaces
◦
S
P1

⊂
◦
S
P2

⊂
◦
S
P3

⊂ ... results in a corresponding
sequence of eigenfrequencies

ωP1

k ≥ ωP2

k ≥ ωP3

k ≥ ... . (3.71)

The monotone minimization of the frequencies using hierarchic spaces such as those defined
in Section 3.1.1 will be exploited in Chapter 6 to serve as a basis for a p-adaptive strategy for
linear elastodynamic problems.
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3.2 Time discretization

The semidiscrete equations of motion derived in Section 3.1.3 read

R(d) + Md̈ − f = 0. (3.72)

It is known from experience that vibrations are damped as a result of friction or viscous
behavior. Damping effects are frequently modeled by inserting an additional damping term
Cḋ with the constant damping matrix C. In many applications the damping matrix is a
linear combination of the mass and the stiffness matrix, C = aK+ bM, which is referred to as
Rayleigh damping and has certain advantages in the modal analysis of linear elastodynamic
calculations, see Bathe [26], for example. With the additional damping term the semidiscrete
equations of motion are given as

R(d) + Cḋ + Md̈ − f = 0. (3.73)

These equations have to be fulfilled at every time t. To complete the definition of the initial
value problem, it is necessary to prescribe initial conditions at t0 = 0:

d(t0) = d̄0, (3.74)

ḋ(t0) =
¯̇
d0. (3.75)

Since it is not usually possible to find analytical solutions of (3.73), numerical time integration
methods are called for. Hulbert [74] provides a very good overview of existing approaches.
Again, it is possible to apply finite element techniques leading to space-time finite element
formulations, see for example Hughes and Hulbert [73], Johnson [75], Li and Wiberg

[86], Maute [91], Neumann [95].

However, most codes use finite difference based time integration methods. Depending on the
type of problem to be solved, one may choose between either explicit or implicit methods.
Explicit methods are simple to implement since the solution at timestep tn+1 only depends
on quantities defined at tn. Since the computation of a single timestep involves just very low
computational cost, the time domain can be resolved using very small timesteps, which may
possibly be necessary for problems involving impact or shock waves traveling through elastic
media, for example. Unfortunately, the timestep size for explicit time integration schemes is
always restricted due to stability criteria, thus making long-term integration virtually impos-
sible.

Implicit time integration methods substitute the time derivatives in (3.73) by quantities de-
fined at times tn as well as tn+1. Therefore, in every timestep the solution of a — possibly
nonlinear — equation system is required. This additional effort can be compensated by se-
lecting a very large timestep size and constructing unconditionally stable integration schemes
is feasible.
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3.2.1 Implicit time integration methods based on Newmark’s for-
mulae

In this work, an implicit finite difference based method, the generalized α-method, has been
implemented, this being a generalization of the Newmark method [97], which in turn is
probably the most popular time integration scheme for finite element systems of type (3.73)
of the last 30 years. The Newmark algorithm is based on the following approximations at
time tn+1:

dn+1 = dn + ∆t ḋn +
∆t2

2

[

(1 − 2β) d̈n + 2βd̈n+1

]

, (3.76)

ḋn+1 = ḋn + ∆t
[

(1 − γ) d̈n + γd̈n+1

]

. (3.77)

These formulae can be rewritten such that ḋn+1, d̈n+1 can be expressed by dn+1 being the
only unknown quantity at the new timestep tn+1

ḋn+1 =
γ

β ∆t
(dn+1 − dn) + (1 − γ

β
)ḋn + (1 − γ

2β
)∆td̈n, (3.78)

d̈n+1 =
1

β ∆t2
(dn+1 − dn) +

1

β ∆t
ḋn +

(
1 − 2β

2β

)

d̈n (3.79)

Inserting (3.78), (3.79) into the equations of motion (3.73) leads to the nonlinear equation
system

G(dn+1) = M

[
1

β ∆t2
(dn+1 − dn) +

1

β ∆t
ḋn +

(
1 − 2β

2β

)

d̈n

]

+ C

[
γ

β ∆t
(dn+1 − dn) + (1 − γ

β
)ḋn + (1 − γ

2β
)∆td̈n

]

+ R(dn+1) − fn+1 = 0. (3.80)

With the tangential stiffness matrix KT (diter
n+1) as defined in (3.52), the linearization of (3.80)

results in

K∗
T ∆diter+1

n+1 = −G(diter
n+1) (3.81)

with

K∗
T =

1

β ∆t2
M +

γ

β ∆t
C + KT (diter

n+1) (3.82)

often called the dynamic stiffness matrix.

Hughes [72] postulates the following attributes of a time integration scheme in order to be
competitive:
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1. Unconditionally stable when applied to linear problems

2. No more than one set of implicit equations to be solved at each timestep

3. Second order accuracy

4. Controllable algorithmic dissipation of higher modes

5. Self-starting

The Newmark algorithm is self-starting and only one implicit set of equations has to be
solved, therefore requirements 2 and 5 are fulfilled. The attributes 1, 3 and 4 depend on the
Newmark parameters β, γ, see [72], [26], [91], [95] for details.

For linear problems and for 2β ≥ γ ≥ 1
2
, Newmark’s algorithm is unconditionally stable.

For γ > 1
2

algorithmic dissipation is introduced, i.e. the system is damped numerically which
may be desired to damp artificial higher vibration modes. However, the only combination of
parameters guaranteeing second order accuracy of the integration method is β = 1

4
in con-

junction with γ = 1
2
, i.e. attributes 3 and 4 are mutually exclusive.

Many methods have been developed to overcome these difficulties. A very popular approach
is the generalized α-method, see Chung and Hulbert [38], using the Newmark formulae
(3.76) and (3.77) as well, but differently weighting the force terms in the equation of motion
(3.73) by introducing the additional parameters αf , αm

Md̈n+1−αm
+ Cḋn+1−αf

+ Rn+1−αf
= f(tn+1−αf

). (3.83)

with

tn+1−αf
= (1 − αf)tn+1 + αf tn, (3.84)

Rn+1−αf
= (1 − αf)R(dn+1) + αfR(dn), (3.85)

ḋn+1−αf
= (1 − αf)ḋn+1 + αf ḋn, (3.86)

d̈n+1−αm
= (1 − αm)d̈n+1 + αmd̈n. (3.87)

Rn+1−αf
in (3.85) is defined in analogy to Crisfield [41], see Heisserer [68], for instance.

An alternative option would be Rn+1−αf
= R(dn+1−αf

), see for example Wriggers [148].

The generalized α-method eliminates the mutual exclusion of second order accuracy and al-
gorithmic damping for linear problems. An analysis of the method is given in Chung and
Hulbert [38], for example, concluding that second order accuracy, unconditional stability
and maximized algorithmic damping are achieved with
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γ =
1

2
− αm + αf , (3.88)

β =
1

4
(1 − αm + αf)

2 (3.89)

αm =
2ρ∞ − 1

ρ∞ + 1
(3.90)

αf =
ρ∞

ρ∞ + 1
. (3.91)

ρ∞ is the user-specified value for high frequency damping. ρ∞ = 1 corresponds to no algorith-
mic damping, ρ∞ = 0 results in maximum algorithmic high frequency dissipation.

The generalized α-method reduces for αm = 0 to the HHT-α method proposed by Hilber,
Hughes and Taylor [70] and with αf = 0 the WBZ-α method proposed by Wood, Bossak

and Zienkiewicz [147] is obtained.

3.3 Numerical example

Although the generalized α-method has been investigated extensively for low-order finite el-
ement approximations, only little is known about its suitability to high-order elements, es-
pecially for the case of thin solid elements. To verify the p-version code and to illustrate
the differences between linear and nonlinear vibrations, the transient forced response of the
clamped plate depicted in Figure 3.4 is computed. The length of the quadratic plate is L = 12,
the thickness equals to t = 0.06, Young’s modulus is E = 2.1·1011, Poisson’s ratio is ν = 0.3
and the density is ρ = 7850. The uniform face load starting to act in negative z-direction on
the upper surface at t0 = 0 is constant over time, tz = −5692.

The plate is discretized into 49 high order hexahedral elements with a uniform polynomial
degree p = 5 in all directions for all elements. For the time discretization, the generalized
α-method was used with a timestep size of ∆t = 0.0003375 and ρ∞ = 0.8. Both the geometric
linear and geometric nonlinear behavior were taken into consideration when computing the
problem and the results were compared to corresponding results obtained by Yosibash and
Kirby [150] and Kirby and Yosibash [80] using a spectral element approach for solving the
two-dimensional, geometric linear Kirchhoff plate model and the two-dimensional, geomet-
ric nonlinear von-Kármán plate model, see also Section 2.7.3. In Figure 3.5 the centerpoint
displacement is plotted over time. The congruity between the three-dimensional and the two-
dimensional approach is evident for this thin plate for both the geometrically linear and the
nonlinear computation. For this example it is obvious that consideration of nonlinear effects
is necessary.

No use has been made so far of anisotropic Ansatz spaces, however. Following the survey of
adaptive methods in general in Chapter 4, an anisotropic p-adaptive method is proposed for
linear elastostatic problems in Chapter 5 and for linear elastodynamic problems in Chapter 6.
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Chapter 4

Error control and adaptive methods

Chapter 2 dealt with physical and mathematical models for mechanical systems which can
be solved numerically using different discretization techniques, see Chapter 3. This chapter
addresses the problem of how to select a model and a corresponding discretization efficiently
and sufficiently. In general, a user of a simulation code has questions about the qualitative
and/or quantitative behavior of a physical system under certain conditions. A sufficient model
for this system takes all the important physical mechanisms that determine its behavior into
account; a sufficient discretization resolves the model with the accuracy necessary to answer
the user’s questions, just as if he knew the exact solution. By contrast, efficient models and
discretizations might be preferred from the point of view of computational costs, leading to
savings in resources like computational time and memory usage needed for providing the de-
sired answers. These requirements on models and discretizations give rise to error control and
adaptive methods for the simulation of physical problems.

Types of error

Different types of errors can be identified during the simulation process. The first step —
finding an adequate physical and mathematical model — involves a so-called model error.
This error comes from a defect in the chosen model caused by simplifications introduced in
order to make a problem more tractable. In material modeling this might be the assumption
of linear material behavior instead of considering nonlinear effects, or homogenization tech-
niques instead of resolving inhomogeneous microstructures, for concrete, composite structures
or foams, for instance.

Simplified kinematic assumptions are often made for displacements in thickness direction in
the case of thin-walled structures like plates and shells, i.e. displacements varying linearly
over thickness only, for example. This kind of model assumption is frequently referred to as
dimensional reduction.

Since it is not usually possible to obtain an analytical solution to the chosen mathematical
model, the model is solved using numerical methods like finite difference methods or finite
element methods, see Chapter 3, involving the so-called discretization error. Finite difference
methods, for example, approximate differential terms by difference terms and the original dif-
ferential equation is approximated at a finite number of points only. Finite element methods
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fulfill the original differential equation in an integral sense, using a finite subspace of all ad-
missible functions for Ansatz and test functions. In order to solve mathematical models, it
is also possible to apply different discretization methods simultaneously. For instance, finite
difference methods might be used for the time integration of structural dynamics problems,
whereas the spatial domain is discretized by means of finite elements. Further numerical errors
may be added by approximate solutions of resulting equation systems or eigenvalue problems.

Another source of errors is the uncertainty of data. Most physical and mathematical models
fail to take the scatter of input parameters into account. Material data in particular are sub-
ject to stochastic variations and even small geometric imperfections can introduce substantial
deviations in the physical model concerned. Although it is normally referred to as an extra
kind of error, uncertainty can also be counted among the model errors, as in [103], for instance,
since the stochastic variations, such as stochastic coefficients, may be included in the math-
ematical model. There are already several methods available for solving stochastic models.
One method is to create a significant set of input data variants representing the stochastic
distributions and to compute each set using standard discretization methods, followed by a
post-processing step to compute corresponding sample averages, like the expected value of
the solution, by means of the Monte Carlo method, for example. Another alternative is to
approximate the stochastic distribution directly using numerical methods, such as the finite
element method. See [19] and the literature cited therein, for instance, for an overview of
solution methods for stochastic mathematical models.

All these types of errors can have a significant impact on the quality of the solution. It is
therefore important that the errors are controlled, i.e. a measure for the error should be pro-
vided. Since the exact solution is usually unknown, this involves formulating error estimates,
as set out in the overview of discretization error estimates contained in Sections 4.1 and 4.2.
Providing a prescribable error tolerance — absolute or relative — would be a great advantage.
Ideally, model and discretization should be adapted to the problem automatically, both being
refined only in those areas of the domain where this is really called for, until the total model
and discretization error drops below the prescribed upper limit.

Adaptivity

Model adaptivity is a relatively new concept. The basic idea is a hierarchical expansion from
coarse, simplified models to finer models, through to sufficiently descriptive mathematical
models. In order to estimate the error, a coarse solution is compared to a — usually locally
computed — finer solution. If the difference in a certain norm is significant, the model can
be expanded locally for any subsequent iteration. For model adaptivity with respect to the
material, see for example, [93, 107, 108, 109, 110, 132, 134, 133, 139]. For dimensional adap-
tivity, i.e. adaption of kinematic assumptions over thickness for thin-walled structures, see
[37, 104, 108, 125, 131, 132, 134, 133]. It should be noted that, when using a fully three
dimensional model, the dimensional model error vanishes, i.e. is completely transferred to a
discretization error.

Oden and Babuška [103] discuss the problem of uncertainties and propose error estimates
for material data with stochastic variations. Once proper error estimates are at hand, adaptive
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methods can be developed investing computational costs where the error of the computation is
large, usually in areas of stochastic distributions with a strong influence on the solution. Using
either Monte Carlo-like methods or a numerical approximation of the stochastic distributions,
adaptive refinement in such critical areas could lead to efficient solution schemes.

Adaptive control of the discretization error is already well established for many types of prob-
lems, and it is fairly widespread for linear elastostatic problems in particular. In the following,
different adaptive strategies are listed for the spatial discretization using the finite element
method.

A fairly rational approach for adapting the discretization to the solution is to decrease the
element sizes in areas where major errors occur, referred to as h-adaptivity. The element sizes
can be reduced by dividing elements of the original mesh on a local level and using transition
elements between unrefined and refined areas, which usually are not ideally shaped and con-
sequently tend to cause numerical difficulties. Another option is to introduce hanging nodes
which have to be coupled with the adjacent edges in order to avoid discontinuities and there-
fore cause additional overhead. Other approaches are based on creating a completely new
mesh refined according to a density function using an adaptive, unstructured mesh generator,
see Schweingruber [129], Rank et al. [115], for instance.

Alternatively, the accuracy of the solution can be enhanced adaptively by locally increasing
the polynomial degrees p of elements with major errors, called p-adaptivity. By increasing p,
the number of degrees of freedom of the corresponding element increases accordingly. One
main advantage of p-adaptive methods is that the mesh remains unchanged. A p-adaptive
method is proposed in Chapters 5 and 6.

Another possibility of increasing the accuracy adaptively is by keeping the topology of the
meshes but relocating the nodes and edges, referred to as r-adaptivity. In this way the density
of elements can be adaptively increased in areas with a substantial error without introducing
new elements or degrees of freedom. Moreover, irregular solutions on the domain Ω with
discontinuities, like shock waves or plastic interfaces, can be divided into regular patches by
relocating element boundaries onto these singularities. The drawbacks of pure r-adaptive
methods are obvious: The accuracy of the method is limited for most problems since no addi-
tional degrees of freedom are introduced. In addition, the relocation of the element boundaries
may lead to seriously distorted elements, causing numerical difficulties.

Each of these three basic methods for discretization adaptivity have advantages and disad-
vantages, which will be discussed in more detail in Section 4.1.1, where they are motivated
in terms of convergence rates. In addition, important combinations like hp- and rp-adaptive
methods are introduced at that point.

Error estimators

The basis of every adaptive approach is to estimate the error of a current discretization and
give an indication of areas where refinement is necessary. Several terms classifying error esti-
mates are described below.
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An important distinction is made between a priori and a posteriori error estimates. A pri-
ori error estimates are based on general knowledge concerning the type of the solution to
be computed, e.g. the boundedness of derivatives. They can provide information on the
convergence behavior of different refinement strategies rather than presenting a reasonable
indication for the areas to be refined. This type of error estimator is described in Section
4.1.1 for time-independent problems. Conversely, a posteriori error estimates make use of
information contained in a solution that has already been computed. They can be computed
explicitly by evaluating the residuals, implicitly by extending the Ansatz spaces, by recovery,
i.e. by smoothing a solution, by extrapolation, etc. A posteriori error estimators for time-
independent problems are described in Section 4.1.2. Some of these concepts, however, have
already been applied successfully to time-dependent problems, see Section 4.2.

Another criterion distinguishes between bounded and unbounded error estimators. Upper
bounds can be derived from primal variational forms, lower bounds from dual variational
forms [132]. In contrast to absolute error estimators yielding quantitative estimates, relative
estimates are computed up to an interpolation constant C, like the explicit Babuska-Miller

estimator, for instance, see Section 4.1.2. Estimators predicting global error quantities, such as
the error in energy norm, are called global error estimators; estimators for local quantities, like
displacements or stresses in specific points or partitions, are known as local error estimators,
which call for the solution of a dual problem, see Section 4.1.2.

Error indicators are local quantities indicating areas where refinement is necessary. Thus,
adaptive processes can be controlled with the help of error indicators. In some citations, as
well, unbounded error quantities are referred to as error indicators, e.g. [132].

The outline of the remainder of this chapter is as follows: Section 4.1 deals with a priori and a
posteriori estimators for time-independent problems and proposes adaptive strategies. Some
of the concepts are extended to time-dependent problems in Section 4.2 and additional topics
resulting from the transient behavior are addressed, the transfer of history variables between
different adaptive spatial discretizations and adaptive time integration being two cases in
point. Adaptivity for eigenvalue problems will be discussed in Section 4.3 and some remarks
on model adaptivity are given in Section 4.4.

4.1 Adaptivity for time-independent problems

4.1.1 A priori error estimates and convergence rates

There is a vast amount of literature and results on a priori error estimates and convergence
rates for linear elliptic problems, such as [7, 16, 17, 18, 61, 62, 63, 126, 136]. In this section,
an a priori estimate is derived for a simple, one-dimensional problem according to Szabó and
Babuška [136], to show the principal approach. In the remainder, results of a priori estimates
for two-dimensional and three-dimensional problems are summarized, as suggested in Szabó

et al. [137], and adaptive h-, p- and r-methods, and hp- and rp-methods as combinations
thereof, are discussed in the context of convergence rates.
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Example: 1D, uniform h-refinement

An a priori error estimator shall be derived for the model problem of a one dimensional bar,
given in the weak form

l∫

0

AE u′
EX v′ dx =

l∫

0

f v dx for all v ∈ V, v∂ΩD
= 0, (4.1)

where uEX fulfills the boundary conditions. The first step is to restrict our scope to a certain
class of solutions uEX, i.e. AE and f are chosen for the following considerations such that

|u′′
EX| ≤ C, 0 ≤ x ≤ l. (4.2)

Our aim is to obtain an a priori estimate for a uniform h-version, therefore the bar is divided
uniformly into nel = n elements, each element measuring l

n
in length. The piecewise linear

interpolant of uEX is called un and satisfies

un = uEX(jh), j = 0, ..., n. (4.3)

The interpolation error in the kth element is

ēk(x) = uEX(x) − un(x), (k − 1)h ≤ x ≤ kh. (4.4)

Since un is the interpolant of uEX , ēk vanishes at the endpoints of each element, and there is
a point x̄k where ēk is maximum. Therefore, at this point ē′k = 0, as illustrated in Figure 4.1.
For this reason, and since the second derivative of the linear interpolant vanishes, u′′

n = 0,

ē′k(x) =

x∫

x̄k

ē′′k(t) dt =

x∫

x̄k

u′′
EX(t) dt, (k − 1)h ≤ x ≤ kh. (4.5)

With our assumption (4.2) with regard to the boundedness of u′′
EX, we have

max |ē′k(x)| ≤ hC, (k − 1)h ≤ x ≤ kh. (4.6)

and accordingly
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Estr(ē) =
1

2

l∫

0

AE (ē′)2 dx =
1

2

n∑

k=1

kh∫

(k−1)h

AE (ē′k)
2 dx (4.7)

≤ 1

2
n h K (C h)2 =

1

2
l K C2 h2 (4.8)

with AE(x) ≤ K. Since K and C are independent of h, and the energy of the error of the
finite element solution e = uEX − uFE is less than, or equal to that of any other piecewise
linear function with the same nodal points, see Section 3.1, we can write

‖e‖E =
√

Estr(e) ≤ k C h. (4.9)

It should be mentioned that in this special, one-dimensional example uFE(jh) = uEX(jh),
j = 0, ..., n. Nevertheless, this equality is not necessary for the general approach. Using
N ≈ l

h
, (4.9) can alternatively be written as

‖e‖E ≤ k

N
, (4.10)

where k has a different value from that in Equation (4.9). Where N is large, the ‘≤’ can be
substituted by ‘≈’ and we can rewrite (4.10)

log ‖e‖E = log k − log N, (4.11)

i.e. when plotting ‖e‖E in a double logarithmic scale, we get a curve with the slope −1. In
other words, for p = 1, uniform h-refinement and the assumption (4.2) we obtain a rate of
convergence β = 1.
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This simple example has been chosen to demonstrate how to obtain rates of convergence for
a certain class of problems and for a specific discretization technique using the interpolation
theory.

Overview of a priori error estimates in 1D

In a similar manner, it is possible to find a priori estimates for different discretization tech-
niques, leading to the general forms for algebraic convergence

‖e‖E ≤ k

Nβ
(4.12)

and for exponential convergence

‖e‖E ≤ k

exp(γN θ)
. (4.13)

Figure 4.2. shows different types of convergence curves. Curve type I corresponds to algebraic
convergence, curve type II exhibits exponential convergence. Curve type III is hybrid and
shows exponential behavior in the pre-asymptotic range and algebraic behavior in the asymp-
totic range.

The restrictions made on the polynomial degree p and the boundedness of u′′
EX, as demon-

strated in the introductory example, are dropped in the following. Accordingly, the conver-
gence of the uniform h-version in the general case is of algebraic type (4.12) with

β = min(p, λ − 1

2
). (4.14)

In (4.14), λ is a measure for the smoothness of the solution, see [62] (where it is denoted
by ‘α’) and [136]. According to [136], the range 1

2
< λ < 2 is representative for unsmooth

solutions.

Uniform p-convergence for nonsmooth solutions containing singularities on a uniform mesh is
of algebraic type (4.12), as well. For finite element meshes with nodes on all singular points,
we obtain

β = 2 λ − 1 (4.15)

and

β = λ − 1

2
(4.16)
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Figure 4.2: Convergence types I (algebraic), II (exponential), III (pre-asymptotic: exponential,
asymptotic: algebraic)

otherwise. For smooth solutions, the convergence rate of uniform p-refinement is of exponen-
tial type (4.13).

We shall now proceed to describe a rational approach for combining the h- and the p-
refinement. Assuming a singular point at x = 0 it is possible to construct a mesh with
geometric refinement towards this singular point:

xj−1 =

{
0 for j = 0
l qnel−j for j = 1, ..., nel

, (4.17)

q being the geometric progression, where the asymptotically (N → ∞) optimal value q =
(
√

2 − 1)2 ≈ 0.17 is independent of λ. The asymptotically optimal p-distribution depends on
λ and varies linearly between 1 in the smallest element and

pmax = (2λ − 1)(nel − 1) (4.18)

in the biggest element, rounded to the nearest integer. hp-Convergence rates are of exponen-
tial type (4.13), where γ = 1

2
under certain conditions normally encountered in practice, see

[62, 63, 136].
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Uniform p-convergence on fixed meshes that are geometrically refined towards the singularity
typically exhibits convergence behavior of curve type III. In the pre-asymptotic case, the rate
of convergence is exponential since, for low p-values, the error stems from that part of the
domain where the solution is smooth and the elements are large, so the rate of convergence
equals that obtained for a smooth solution. By increasing p still further, the singularity starts
to become dominant and the rate of convergence finally slows down to algebraic, usually with
only a slight slope for uniform p-refinement. However, when the singularity is on a nodal
point, the convergence rate is twice that of the uniform h-version.

Overview of a priori error estimates in 2D and 3D

It is possible to obtain a priori error estimates for two-dimensional and three-dimensional
problems which have the same structure as (4.12) and (4.13), in a similar way. The results are
summarized below according to [137]. The exact solution uEX , which can be a scalar function
or a vector function, is classified into categories A, B and C on the basis of a priori information
available on its regularity or its smoothness.

Category A: uEX is analytic at all points of the solution domain, including the boundaries.
By definition, a function is analytic at a certain point if it can be expanded into a
Taylor series about that point. The solution is likewise in category A when analytical
continuation is applicable.

Category B: uEX is analytic at all points of the solution domain, including the boundaries,
with the exception of a finite number of points (or, in 3D, a finite number of points
and edges). Those locations where the exact solution is not analytic are called singular
points or singular edges. The great majority of practical problems in solid mechanics
fall into this category. Problems in category B are characterized by piecewise analytic
data, i.e., the domain is bounded by piecewise analytic functions and/or the boundary
conditions are piecewise analytic.

Category C: uEX is neither in category A nor in category B.

Notes with reference to Tables 4.1 and 4.2:

Note 1: Uniform or quasi-uniform mesh refinement is assumed. In the case of optimal mesh
refinement βmax = p/2.

Note 2: Where uEX has a recognizable structure, then it is possible to achieve faster than
algebraic rates of convergence with hp-adaptive methods.

Note 3: In the three-dimensional form, uEX cannot be characterized by a single parameter.
Nevertheless, the rate of p-convergence is at least twice the rate of h-convergence.

Note 4: It is possible to realize these convergence rates provided that all singular points lie
on element vertices and edges.
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Table 4.1: Asymptotic rates of convergence in two dimensions

Type of extension

Category h p hp

A
algebraic
β = p/2

exponential
θ ≥ 1/2

exponential
θ ≥ 1/2

B
algebraic Note 1
β = 1

2
min(p, λ)

algebraic
β = λ

exponential
θ ≥ 1/3

C
algebraic

β > 0
algebraic

β > 0
Note 2

Table 4.2: Asymptotic rates of convergence in three dimensions

Type of extension

Category h p hp

A
algebraic
β = p/3

exponential
θ ≥ 1/3

exponential
θ ≥ 1/3

B Note 3
exponential

θ ≥ 1/5

C
algebraic

β > 0
algebraic

β > 0
Note 2

The results displayed in tables 4.1 for two-dimensional problems and 4.2 for three-dimensional
problems have a similar pattern to those obtained for one-dimensional problems: again, expo-
nential behavior is obtained for p- and hp-refinements for smooth solutions (category A). If the
exact solution contains a finite number of singular points (Category B), hp-extensions with
geometric refinement (now in two or three dimensions, see [137], for example) and linearly
increasing polynomial degrees with increasing distance from the singular points again yield
exponential rates of convergence.

Conclusions for adaptive techniques

h-adaptivity: For smooth solutions, i.e. where λ is large, the convergence rate of uniform
h-refinement is controlled by the polynomial degree p of the elements, whereas for non-
smooth solutions, uniform h-refinement depends on λ, if λ − 1

2
< p for one-dimensional

problems, see Equation (4.14), and if λ < p for two-dimensional problems, see Table 4.1.
In the case of strong singularities, the desired accuracy may prove to be unattainable.
By constructing meshes with proper refinement, one can eliminate the dependency on
λ, where the optimal refinement depends on uEX . So adaptive procedures are required
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where the error is estimated from an initial computation by means of a posteriori es-
timates, see Section 4.1.2. It is possible to create an appropriately refined mesh based
on the estimated error distribution. However, h-adaptive convergence rates are still re-
stricted by the polynomial degree used, i.e. they are limited to p in one-dimensional
problems, see Equation (4.14), and to p

2
in two-dimensional problems, see Table 4.1.

hp-adaptivity: The proposed, asymptotically optimal hp-discretizations exhibit exponential
convergence rates for Categories A and B. However, this requires a knowledge of the
location and strength of singularities a priori, which is not usually available. Therefore,
adaptive hp-methods might be used, which seems to be the best option from all the
adaptive strategies available due to their robust exponential behavior in Categories A
and B. It involves finding proper mesh refinement and polynomial degree distributions
using appropriate error estimators by means of an iterative approach. However, a major
drawback of adaptive hp-methods is their extremely difficult implementation, especially
for complex problems. Adaptive hp-methods require local mesh refinement on strongly
graded meshes, for example, without necessitating the subdivision of coarse elements
in “smooth areas”, which is a very demanding task especially in three dimensions. The
following additional reading material is recommended: Rachowicz et al. [113], Oden

et al. [106], Demkowicz and Oden [43], Demkowicz et al. [46], Ainsworth and
Senior [4], Melenk and Wohlmuth [92].

r-adaptivity: For several problems, it is possible to isolate singular points and edges by adap-
tively capturing these singularities using element boundaries, thus dividing the solution
on domain Ω into regular patches, i.e. increasing the smoothness λ on the interior of the
elements. For low order p, the resulting, highly distorted elements usually cause severe
numerical problems [148].

rp-adaptivity: Since high order elements are not sensitive even under extreme distortions,
combined rp-adaptive methods are clearly better suited for the relocation strategy. The
efficiency was shown in Nübel et al. [101] and Nübel [100], for example, exhibiting
exponential convergence rates for elastoplastic problems by adaptively approximating the
plastic interface with the element boundaries being Lagrangean polynomials. Similar
to hp-adaptive methods, the mesh handling is quite labor intensive for approaches of
this nature.

p-adaptivity: Uniform p-refinement on strongly graded meshes is efficient in the pre-asymptotic
range, but often suffers from low algebraic convergence rates in the asymptotic range
(but it is still at least as good as the uniform h-version). A promising p-adaptive ap-
proach was proposed in Bertóti and Szabó [29], for instance, for two-dimensional
linear elastostatic problems, where the polynomial degrees were chosen elementwise, but
no use has been made so far of anisotropic Ansatz spaces. Again, for time-independent,
linear elastic problems, Luo [90] uses an approach related to that proposed in Chapter 5
in a very recent work. As will be shown in Chapter 5 for linear elastostatic problems and
in Chapter 6 for linear elastodynamic problems, the pre-asymptotic behavior of uniform
p-version can be “accelerated” and the rate of convergence in the asymptotic case can
be improved dramatically using an anisotropic p-adaptive method in three dimensions.
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With this approach, the mesh is kept fixed and only the polynomial degree distribu-
tion is adjusted elementwise for the different local directions and the components of the
cartesian displacement vectors according to an anisotropic error indicator, leading to
very efficient discretizations, especially for three-dimensional problems.

The importance of selecting the polynomial degree p properly is demonstrated in the
simple, one-dimensional example that follows. For a sequence of geometric meshes
with a finite number of elements, even the asymptotically optimal p-distribution for
hp-extensions described above can be substantially improved by manually adapting the
polynomial degree distribution without changing the overall number of degrees of free-
dom N . The model problem (4.1) with AE = l = 1, f(x) = λ(λ − 1)xλ−2 and the
boundary condition u(0) = 0, resulting in the exact solution uEX = xλ − x, has to be
solved numerically. λ is chosen to be 1.8, leading to a singularity in the second derivative
of uEX .

A sequence of asymptotically optimal hp-discretizations for nel = 1, ..., 6 was created
with geometric refinement towards x = 0 and a progression factor q = 0.17. The asymp-
totically optimal linear p-distribution is given in Table 4.3 (left) according to Equation
(4.18) where p1 is the polynomial degree of the smallest element and pnel

that of the
largest. The number of degrees of freedom can be obtained with N =

∑nel

1 pi.

In Table 4.3 (right) modified (“manually adapted”) p-distributions with higher p at the
smallest element at the singularity are shown, leading to the same number of degrees
of freedom N for every mesh. They are obtained from the asymptotically optimal p-
distributions by adding ∆p = round(0.3pmax) to p1 corresponding to the smallest element
at the singularity. Here, the operator round(x) returns the next integer to x. In order
to keep the number of degrees of freedom constant, pi is decreased by 1 for all elements
i = nel, ..., nel − ∆p + 1.

Table 4.3: Polynomial degree distributions

nel N asympt. optimal adapted
p-distribution p-distribution

p1 p2 p3 p4 p5 p6 p1 p2 p3 p4 p5 p6

1 1 1 1
2 4 1 3 2 2
3 9 1 3 5 3 2 4
4 18 1 3 6 8 3 3 5 7
5 28 1 3 6 8 10 4 3 5 7 9
6 42 1 3 6 8 11 13 5 3 5 7 10 12

Table 4.4 illustrates the errors of the two sequences of computations. For this sequence
of meshes, the improvement in the finite element solution obtained by manually adapting
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the asymptotically optimal p-distribution is dramatic. For nel = 4, ..., 6, the improvement
is of more than one order of magnitude. In comparison, with a uniform p-distribution
on the geometric mesh with nel = 6 and pi = 7, i = 1, ..., 6, which also leads to a
number of degrees of freedom N = 42, the error in energy norm can only be reduced to
‖e‖E = 0.001387. Of course, the performance of this refinement scheme depends on the
strength of the singularity λ.

The pattern used here, where high polynomial degrees are located at the singularities, i.e.
at clamped boundaries, for example, may be identified later in the p-distributions found
by adaptation with the help of the anisotropic error indicator proposed in Chapters 5
and 6 for three-dimensional examples.

Table 4.4: Error in energy norm

nel ‖e‖E, asympt. optimal ‖e‖E, adapted
1 52.704628 52.704628
2 5.271581 1.589995
3 0.526878 0.165318
4 0.052619 0.003486
5 0.005257 0.000363
6 0.000525 0.000032

4.1.2 A posteriori error estimates

Several strategies have been developed to estimate the error related to a finite element ap-
proximation a posteriori. There is a wealth of literature which has continued to grow during
the last twenty years. No attempt is made herein to describe all the different approaches in
detail but the main concepts have been included in order to provide a brief overview. For
details, the reader is referred to the work of Ainsworth and Oden [3], Verfürth [140] and
Wriggers [148] and the literature listed therein.

The following description of a posteriori error estimators is closely related to [3] and [47].

4.1.2.1 Explicit error estimators

Explicit error estimators, which go back to Babuška and Rheinboldt [15], Babuška and
Miller [11], Kelly et al. [78], are based on a direct computation using only data which has
already been determined by the finite element approximation. They involve the elementwise
integration of residuals of the present approximation to obtain an estimate of the error in a
certain norm (usually the energy norm). Two major drawbacks of explicit error estimators
are that they involve unknown constants and that they are sensitive to pollution errors which
may arise if singularities are not sufficiently resolved. An advantage of this class of estimators
is that they are quite economical when compared to other approaches.
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The approach given below is closely related to that of Ainsworth and Oden [3] and John-

son and Hansbo [76].

Suppose that uEX is the exact solution of the variational boundary value problem

B(uEX ,v) = F(v) ∀v ∈ V (4.19)

describing a linear elastic problem in nsd = 2 dimensions on a domain Ω ⊂ IRnsd with boundary
∂Ω. Then the error of a finite element approximation uFE in a finite-dimensional space S ⊂ V
is defined as

e = uEX − uFE . (4.20)

An important property of the error is the so-called Galerkin orthogonality

B(e,v) = 0 ∀v ∈ S ⊂ V (4.21)

stating that the error of a Galerkin approximation is orthogonal to all functions in S.
Inserting (4.20) in (4.19) we obtain the following representation of the error

B(e,v) = B(uex,v) − B(uFE,v) = F(v) − B(uFE,v) ∀v ∈ V (4.22)

which can also be expressed by the contribution of each element by splitting the integral over
domain Ω into a sum of nel element integrals

B(e,v) =

nel∑

i=1







∫

Ωi

v · f dΩ +

∫

γi ∩ ∂ΩN

v · t̄ dγ −
∫

Ωi

ε(v) : σ(uFE) dΩ






(4.23)

where γi denotes the boundary of element Ωi and ∂ΩN represents the Neumann boundary. In
order to state the functional (4.23) in terms of interior and boundary residuals, we perform
an integration by parts of the last term in (4.23) and obtain after rearranging

B(e,v) =

nel∑

i=1

∫

Ωi

ri · v dΩ +

ned∑

i=1

∫

γi

Ji · v dγ ∀v ∈ V (4.24)

where

ri = divσ(uFE,i) + f on Ωi (4.25)

is the interior residual of element i. In (4.24)
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Ji =







σ(uFE,e1
)ne1

+ σ(uFE,e2
)ne2

if γi 6⊂ ∂Ω
t̄− σ(uFE)n if γi ⊂ ∂ΩN

0 if γi ⊂ ∂ΩD

(4.26)

are the jumps of stresses at the ned edges of the mesh. Therefore, the stresses are transformed
to the normal direction of the edge where nei

defines the outward normal vector of the corre-
sponding element. If the corresponding edge γi is shared by two elements, say element e1 and
element e2, then the jump is defined as the difference of the stress of both elements, whereas
in the case when γ is part of a Neumann boundary ∂ΩN the jump is given by the differ-
ence between the boundary data and the finite element approximation. On the other hand,
if γi belongs to the Dirichlet boundary ∂ΩD, the corresponding boundary residual is set at zero.

If ISv denotes the approximation to v ∈ V in the finite-dimensional subspace S ⊂ V, then
Equation (4.24) in conjunction with the Galerkin orthogonality (4.21) yields

0 =

nel∑

i=1

∫

Ωi

ri · (ISv) dΩ +

ned∑

i=1

∫

γi

Ji · (ISv) dγ . (4.27)

Subtracting Equation (4.27) from Equation (4.24) produces

B(e,v) =

nel∑

i=1

∫

Ωi

ri · (v − ISv) dΩ +

ned∑

i=1

∫

γi

Ji · (v − ISv) dγ ∀v ∈ V . (4.28)

Applying the Cauchy-Schwarz inequality we separate both integrands such that

B(e,v) ≤
nel∑

i=1

‖ri‖L2(Ωi) ‖(v − ISv)‖L2(Ωi) +

ned∑

i=1

‖Ji‖L2(γi) ‖(v − ISv)‖L2(γi) . (4.29)

With the estimate for the interpolation error for h-refinement

‖(v − ISv)‖L2(Ωi) ≤ C1,i hi ‖v‖H1(Ω̃i)
(4.30)

‖(v − ISv)‖L2(∂Ωi) ≤ C2,i

√

hi ‖v‖H1(Ω̃i)
(4.31)

where Ω̃i is the union of element i and its neighbors and ‖ • ‖H1(Ω̃i)
denotes the standard

Sobolev norm, Equation (4.29) can be rewritten by applying the Cauchy-Schwarz inequality
as

B(e,v) ≤ ‖v‖H1(Ω)

{
nel∑

i=1

C1,i h
2
i ‖ri‖2

L2(Ωi)
+

ned∑

i=1

C2,i hi ‖Ji‖2
L2(γi)

} 1

2

. (4.32)
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Estimates of the interpolation error for other refinement techniques, such as p-refinement with
high order elements, can be used instead of (4.30) and (4.31), cf. Krause [81], Düster [53].
Because of the coercivity of the bilinear form over the global space V we have

‖v‖H1(Ω) ≤ C3 ‖v‖E(Ω) (4.33)

leading to the explicit error estimator

‖e‖2
E(Ω) ≤

nel∑

i=1

{
C4,i h

2
i ‖ri‖2

L2(Ωi)
+ C5,i hi ‖Ji‖2

L2(∂Ωi)

}
(4.34)

where the terms are regrouped. The computation of the estimated error in energy norm by
applying Equation (4.34) is therefore solely based on the interior and boundary residuals.
Besides the constants, all data is given by the finite element approximation.

4.1.2.2 Implicit error estimators

Implicit error estimators involve the solution of an auxiliary boundary value problem which
approximates the unknown error. There are different methods:

1. Subdomain residual method
The basic idea of this method proposed by Babuška and Rheinboldt [12, 13, 14]
is to decompose the global residual equation determining the error into a number of
independent local problems on small subdomains with homogeneous Dirichlet boundary
conditions. Using the property

∑nnd

i=1 Θi(x) = 1 for all nodal shape functions Θi and
x ∈ Ω, one can write

B(e,v) = B(e,v

nnd∑

i=1

Θi) =

nnd∑

i=1

B(e,vΘi)

=

nnd∑

i=1

(F(vΘi) − B(uFE,vΘi)) =

nnd∑

i=1

(
F(vΘi) − B(uFE,vΘi)

)
(4.35)

for all v ∈ V. The test functions vΘi = vΘi are restricted to the patch Ω̃i of elements
containing the node i and vanish on the patch boundary ∂Ω̃i. By disregarding the mutual
influence of test functions vΘi, vΘj on overlapping patches Ω̃i, Ω̃j, Equation (4.35) can
be decomposed into nnd local equations

Bi(φi,v
Θi) = Fi(v

Θi) − Bi(uFE,vΘi), (4.36)

where Bi, Fi are the restriction of B, F on the nodal patch Ω̃i. The local Equation
(4.36) can be solved using enhanced finite element spaces yielding the error estimator
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η = ‖
nnd∑

i=1

φi‖E(Ω̃i)
. (4.37)

Due to the overlapping of nodal patches, each finite element has to be considered several
times, so this method is quite labor-intensive. However, Babuška and Miller [11]
showed how the subdomain residual method can be improved with respect to efficiency,
leading to an explicit error estimator.

2. Element residual method
A less time-consuming error estimator than the subdomain residual method is the
so-called element residual method devised by Bank [21], Bank and Weiser [24],
Demkowicz et al. [44, 45] and Oden et al. [105]. The underlying idea of this ap-
proach is to compute an approximation of the error by solving small problems defined
on each individual element. Therefore, a variational problem determining the error is
defined for each element

Be(φi,v) = Fe(v) − Be(uFE,v) (4.38)

for all v ∈ V. Be, Fe are the restriction of B, F to the element domain Ωe. Due to
the local restriction, Equation (4.38) must be supplemented by appropriate boundary
conditions. For interior elements Neumann boundary conditions are applied. Since
the exact boundary conditions for interior elements are unknown, an approximation
is obtained by averaging the flux of adjacent elements. Unfortunately, the solvability
of the corresponding boundary value problem depends heavily on the space chosen for
approximating the error. It could therefore be that the local problem only provides a
solution if the space is carefully chosen (see [3]). The difficulties of solving the pure
Neumann problems arise from the incompatibility of the corresponding boundary data.
Since the boundary data is not exact, spurious modes may arise in the solution of the
local problem. To overcome this drawback, the Ansatz for the error is modified, yielding
a subspace where the spurious modes are filtered out. Although adequate subspaces
for first-order finite elements are familiar, the situation for high order finite elements is
less clear. One way of overcoming this difficulty is to compute improved boundary data
which leads to a well-posed local problem for determining the error. This approach is
called the equilibrated residual method and is addressed briefly below.

3. Equilibrated residual method
The major drawback of the element residual method is that the local Neumann boundary
value problems which determine the global error may be not well-posed. This is due to
the incompatibility of the boundary data and the interior residuals. In the element
residual method this problem is bypassed by selecting appropriate Ansatz spaces for
the error which exclude spurious modes and therefore allow for a solution of the local
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Neumann boundary value problem. The drawback of this approach is the difficulty of
finding such subspaces. A different approach to this problem is the equilibrated residual
method. The basic idea is to obtain well-posed problems by post-processing the fluxes,
such that they are in equilibrium with the interior residual loads. Ainsworth and
Oden [2, 3] have proved that the solution of the local Neumann boundary value problems
yields an error estimator with a guaranteed upper bound if the fluxes are computed in
such a way that they fulfill the equilibrium condition. For two-dimensional problems
the fluxes are recomputed from the finite element solution for each edge. To avoid the
necessity of solving a global problem, the degrees of freedom for the re-computed fluxes
are chosen to be moments resulting from the fluxes weighted by the basis function on the
corresponding edge. The introduction of moments therefore allows the global problem
determining the equilibrated fluxes to be decoupled into small local problems defined
on patches of elements. The idea of computing equilibrated fluxes was proposed by
Ladevèze and Leguillon [83], Kelly [77] and Bank and Weiser [24].

4.1.2.3 Recovery methods

Error estimators of this type make use of the fact that the gradient of the finite element
approximation is generally discontinuous across the element boundaries. Considering a pure
displacement formulation for problems of plane elasticity, for example, the C0-continuity of
the Ansatz will generally cause jumps in the derivatives of the displacement field at the
interelement boundaries. The underlying idea of the recovery methods is to post-process the
stress field σ to obtain an enhanced stress field σ∗. The approximate error e∗ in energy norm
can then be computed with

‖e∗‖E =

∫

Ω

(σ∗ − σ) : C−1 : (σ∗ − σ)dΩ. (4.39)

This method was first proposed by Zienkiewicz and Zhu [154] where the discontinuous stress
field arising from the finite element method was smoothed by projecting it to the basis functions
of the finite element approximation. An analysis of this error estimator can be found, for
example, in Ainsworth et al. [5] and Rank and Zienkiewicz [116]. Similar error estimators
may be derived by simply choosing different recovery methods leading to an improved stress
field. A commonly used recovery procedure is the so-called superconvergent patch recovery
(SPR) devised by Zienkiewicz and Zhu [155, 156]. This method is based on the observation
that stresses sampled at a specific set of points are more accurate then elsewhere, i.e. the
stresses at these superconvergent points converge at a higher rate. These points are found to
coincide with the Gauss-Legendre integration points corresponding to the polynomial used in
the finite element Ansatz (see also [152]). The recovered stress field is obtained by interpolating
improved nodal stresses. These improved nodal stresses are computed by applying a least
squares fit to a patch of elements surrounding the corresponding node. Unfortunately, the
superconvergence property is given only under very restrictive assumptions with respect to the
regularity of the solution and the partition, which are not generally encountered. However,
the SPR has been numerically proven to lead to an improved stress field in many applications
of low order elements and therefore to provide the user with an efficient error estimator. In
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the case of high order elements the SPR also seems to be a fairly effective post-processing
scheme (see [25, 71, 99]).

4.1.2.4 Use of hierarchical bases for error estimation

A quite natural approach to quantify the discretization error is to enrich the current Ansatz
and to estimate the error by measuring the difference between the original approximation uX
from space X and the approximation u∗ of the enriched space X ∗ = X ⊕ Y.

‖e‖E = ‖uEX − uX‖E ≈ ‖u∗ − uX‖E = ‖e∗‖E (4.40)

This enrichment can be carried out either by uniform mesh refinement or by increasing the
polynomial degree of the elements. The effectiveness of the approximation ‖e∗‖E depends on
whether u∗ is a proper improvement over the original approximation uX . This property of u∗

can be expressed by the saturation assumption: There is a constant β ∈ [0, 1) such that

‖uEX − u∗‖E ≤ β‖uEX − uX‖E. (4.41)

Thanks to Galerkin’s orthogonality β ≤ 1 is always fulfilled for hierarchic extensions. The
real import of (4.41) is that β is strictly less than unity uniformly. The major drawback of
this approach is evident: since the whole problem has to be resolved with an approximation
of greater complexity, the computational investment is very high.

B(e∗
X ,vX ) + B(e∗

Y ,vX ) = F(vX ) − B(u∗
X ,vX ) = 0, ∀vX ∈ X ,

B(e∗
X ,vY) + B(e∗

Y ,vY) = F(vY) − B(u∗
X ,vY), ∀vY ∈ Y. (4.42)

A reasonable approximation ē to e∗ can be obtained by disregarding the coupling terms

B(ēX ,vX ) = 0, ∀vX ∈ X ,

B(ēY ,vY) = F(vY) − B(u∗
X ,vY), ∀vY ∈ Y. (4.43)

It is also possible to apply inexact solvers which are equivalent to the use of a modified bilin-
ear form. An inexact solution may be performed by applying, for instance, a single Jacobian
iteration corresponding to an approximate solution of the full matrix by its diagonal (see [3]).
Upper and lower bounds can be derived for both additional errors caused by disregarding
the coupling terms and using a modified bilinear form. For further information the reader is
referred to Bank [22] and Bank and Smith [23].

In the following section a method is proposed using hierachic bases for extrapolation of the
error.
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4.1.2.5 Error estimation based on extrapolation methods

A very efficient global error estimate was devised by Szabó [135], Szabó and Babus̆ka [136].
This estimate is based on a hierarchic extrapolation method.

To estimate the error

e = uEX − uFE (4.44)

of a finite element approximation in energy norm

‖e‖2
E(Ω) = B(e, e) = ‖uEX‖2

E(Ω) − ‖uFE‖2
E(Ω) (4.45)

it is assumed that the error obeys the a priori estimate

‖e‖E(Ω) ≤ k

Nβ
(4.46)

defining an algebraic convergence rate which is observed in h-extensions or in the case of p-
extensions when singularities in the exact solution are present (see Section 4.1.1). Combining
(4.45) and (4.46) yields

‖e‖2
E(Ω) = B(e, e) = ‖uEX‖2

E(Ω) − ‖uFE‖2
E(Ω) ≈

k2

N2β
. (4.47)

The underlying idea of this estimate is to compute the three unknowns ‖uEX‖2
E(Ω), k and β

by applying the results of a sequence of three computations. Suppose the results of these
computations are obtained by a p-extension with p − 2, p − 1, p then Np−2, Np−1, Np and
‖uFE,p−2‖2

E(Ω), ‖uFE,p−1‖2
E(Ω), ‖uFE,p‖2

E(Ω) are available and yield together with (4.47)

‖uEX‖2
E(Ω) − ‖uFE,p‖2

E(Ω)

‖uEX‖2
E(Ω) − ‖uFE,p−1‖2

E(Ω)

≈
(

‖uEX‖2
E(Ω) − ‖uFE,p−1‖2

E(Ω)

‖uEX‖2
E(Ω) − ‖uFE,p−2‖2

E(Ω)

)

0

B

B

B

B

B

B

@

log
Np−1

Np

log
Np−2

Np−1

1

C

C

C

C

C

C

A

. (4.48)

To finally compute the estimate of the exact energy norm ‖uEX‖2
E(Ω) Equation (4.48) is solved

by applying a Newton-Raphson scheme, for example.

A basic assumption of this estimate — besides the algebraic convergence rate (4.46) — is the
monotonic convergence of the energy norm which is met when a sequence of Ansatz spaces
with Sp−2 ⊂ Sp−1 ⊂ Sp is applied. When performing a p-extension, the basic assumption
is fulfilled since the applied Ansatz spaces are hierarchic (see Chapter 3.1). To apply this
approach to h-extensions as well, care must be taken to ensure that the finite element meshes
are hierarchically refined, so that all functions defined on the coarser mesh can be exactly
represented on the finer mesh as well, see also the discussion in Section 4.2.4. Numerous
numerical examples have proved the estimate to be accurate and reliable (see [135, 136]). In
this thesis, the estimate is applied as a stopping criterion for the p-adaptive procedure devised
in Chapter 5 and to obtain improved values when a numerical reference solution is needed.
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4.1.2.6 Estimation of the errors in quantities of interest

Most of the estimators give an approximation of the error in terms of the energy norm. This
is, of course, quite a natural norm since the finite element method minimizes the error in strain
energy. However, when applying the finite element analysis in a design process, the error in
quantities such as displacements or stresses at specific points or integrals of such quantities
over lines or areas are of even more interest. In general, the error in a linear functional of the
solution extracting the quantity of interest is sought

Q(e) = Q(uEX) −Q(uFE). (4.49)

A certain class of estimators is capable of approximating the error in quantities of interest
Q(e). The basic idea of this approach is to introduce for the original problem, also called
primal problem,

B(u,v) = F(v), ∀v ∈ V. (4.50)

an adjoint or dual problem based on the same bilinear form but with a different right-hand
side corresponding to the functional Q,

B(v,wQ) = Q(v), ∀v ∈ V, (4.51)

where wQ is the solution of the dual problem. Inserting v = e in (4.51) leads to

Q(e) = B(e,wQ) = B(e,wQ − wX ), (4.52)

where the second equality is valid for every wX from the finite element space X due to the
Galerkin orthogonality B(e,wX ) = 0. Selecting wX to be the finite element approximation
of wQ then reveals

Q(e) = B(e, eQ), (4.53)

i.e., the error of the quantity of interest is determined by inserting both errors into the bilinear
form, the original one and the one pertaining to the adjoint problem. To estimate the two
different errors, it is possible to apply all the techniques described above, finally resulting in
an error estimate for the quantity of interest.

If an adaptive procedure is based on a global error measure, such as the energy norm, then
the refinement is performed in such a way that the error in the whole computational domain
is reduced. When using an error estimator for a quantity of interest, then the refinement is
ideal, up to a point, with respect to the chosen quantity. This, of course, leads to efficient
discretizations. The drawback of this approach is that the refinement does not help to de-
tect all critical values, such as all stress concentrations in the whole computational domain.
Therefore, an adaptive refinement should also account for a global error measure. The error
estimation of quantities of interest has been dealt with by various researchers, such as Louis

[88] and Babuška and Miller [8, 9, 10]. This approach has also been applied to problems
of elastoplasticity by Rannacher and Suttmeier [118] and Cirak and Ramm [39]. For a
detailed literature survey see Ainsworth and Oden [3].
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4.1.3 Notes on nonlinear problems

Error estimation for nonlinear problems is the subject-matter of current research, see for ex-
ample Wriggers [148]. One approach, extending the error estimators for linear problems
described in Section 4.1.2, is the linearization of the nonlinear problem about a known equilib-
rium point. An equilibrium point is a point where the difference between the generalized in-
ternal forces R(u) and the generalized external forces λf vanishes, i.e. G(u) = R(u)−λf = 0.
The simplified idea is illustrated in Figure 4.3.

PSfrag replacements

λ

λ̄

uuFE uEX

GFE = 0 G = 0

u 6

Figure 4.3: error estimation for nonlinear problems

The displacement-load function is linearized about the equilibrium point of the finite element
approximation uFE according to the load parameter λ, leading to the linearized solution u 6 .
The following estimate

‖uEX − uFE‖(1 + c) = ‖uEX − u 6 ‖ (4.54)

can be derived with c depending on the nonlinear displacement function and bounded under
certain circumstances, see [148], for instance. Using Equation (4.54) the error between uEX

and uFE can be expressed by the difference between uFE and the solution of the linearized
problem u 6 for small c. Thus, error estimators and indicators derived for the linear case can
be applied.

4.1.4 Strategies for adapting the discretization

Having computed error indicators for elements or discretization parameters, a strategy has to
be found to adapt the discretization accordingly. The following strategies have been proposed
for h-adaptivity, see for example Rannacher [117]:
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Error balancing strategy: The local error indicators are equilibrated for all elements of the
current mesh according to ηe ≈ TOL/nel assuming convergence rates given by a priori
estimates. This eventually leads to η ≈ TOL. Since nel changes when refining or
coarsening the mesh, iteration with respect to nel may be required.

Fixed mesh or error fraction strategy: The elements are sorted according to the element error
indicators ηe and a certain percentage (e.g. 30%) of those elements corresponding to the
largest ηe are refined. A strategy of this kind is useful for achieving a prescribed rate
of number of degrees of freedom N per iteration or for keeping N constant, as may be
desirable in time-dependent problems.

Mesh optimization strategy: The proposed approach is based on the representation

η =

nel∑

e=1

ηe ≈
∫

Ω

h(x)2 · φ(x)dΩ (4.55)

Here, h(x) is interpreted as a smoothly distributed, mesh-size function. The existence
of such a representation with an h-independent error density function φ can only be
unconditionally justified under very restrictive conditions, but is generally supported by
computational experience. A representation of this kind enables the computation of an
optimal h(x)-function. In the limit this approach leads to the error balancing strategy
described above.

These considerations with respect to h-adaptivity can be extended to other refinement strate-
gies. A p-adaptive strategy for time-independent problems is proposed in Chapter 5. With
regard to hp-adaptive methods, the question as to whether, and where to refine the element
size h or to increase the polynomial degree p in order to obtain the most efficient discretiza-
tions has not been answered completely, so far. The approach of Ainsworth and Senior

[4] is based on estimating the local regularity of the solution. Melenk and Wohlmuth [92]
use an extrapolation of the estimated error with respect to the previous refinement steps.
Demkowicz and Oden [43] and Oden et al. [106] propose a three-step method consisting
of an initial computation, the adaptation of h and finally the adaptation of p. Rachowicz

et al. [113] and Demkowicz et al. [46] use a local projection of a reference solution
concurrently on h- and p-refinements in order to decide which strategy is more efficient.

4.2 Adaptivity for time-dependent problems

Since the solution of transient problems has to reflect the temporal behavior of a system, a
discretization of the time domain is required in numerical approaches. Therefore, in addition
to the spatial error discussed in Section 4.2, a time discretization error is introduced. Both
the temporal and the spatial error have to be controlled. For the purpose of error analysis and
estimation, the total error is divided into the spatial and the temporal error, see Eriksson

et al. [57]
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e = etot = uEX − ust = (uEX − us) + (us − ust) = es + et. (4.56)

In Equation (4.56), us solely contains a spatial error but no temporal error. The error in
energy is decomposed into the error in strain energy and the error in kinetic energy

‖e‖2
E = Estr(e) + Ekin(e) = ‖e‖2

Estr
+ ‖e‖2

Ekin
(4.57)

and it is usually assumed that the error in energy can be split into a purely spatial part and
a purely temporal part, see for example Riccius [121], Maute [91], Neumann [95],

‖e‖2
E = ‖es + et‖2

E = ‖es‖2
Estr

+ ‖es‖2
Ekin

+ ‖et‖2
Estr

+ ‖et‖2
Ekin

= ‖es‖2
E + ‖et‖2

E, (4.58)

i.e. the errors es and et are assumed to be orthogonal with respect to the energy.

Another distinction can be made between the global and the local error. In the discussion
of the spatial errors in Section 4.2 a global spatial error was defined over the whole domain,
for instance, the error in energy norm. On the other hand, local errors were defined as errors
in pointwise quantities or in quantities in a partition of interest, such as pointwise displace-
ments or stress resultants over a subdomain. These considerations for spatial errors can be
transferred to the time domain. A global temporal error defines the error introduced in the
complete time interval. A local temporal error is the error introduced in a certain subinterval,
such as a timestep of the time discretization scheme.

Thanks to its simplicity, timestep adaptivity is a very widespread concept, since only one
scalar quantity needs to be adapted. In many approaches in structural dynamics, adaptive
time-stepping is coupled with Newmark-based discretization techniques, see Zienkiewicz

and Xie [153], Wiberg and Li [143], Li et al. [87], Kuhl [82], Riccius et al. [121, 121], Neu-

mann et al. [95]. A popular approach estimates the local temporal error within a timestep, i.e.
the influence of previous timesteps is disregarded, by computing an improved solution, using a
Taylor series expansion, for instance. Temporal error estimation is discussed in Section 4.2.1.

It is more difficult to control the spatial error adaptively, since mesh adaptation is usually
called for. Therefore, spatial adaptivity is not as widespread as time adaptivity in structural
dynamics. Most error estimators are based on the semi-discrete form (3.45), approximating the
spatial global error in energy norm. Recovery methods are frequently employed for both the
error in strain and that in kinetic energy, cf. [86, 91, 95, 121, 144]. Maute [91] and Neumann

[95] propose adaptivity for local quantities based on dual methods. Existing approaches to
spatial error estimation for adaptive methods in structural dynamics are described in Section
4.2.2. Adaptive strategies for temporal and spatial discretization are discussed in Section
4.2.3.
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4.2.1 Error of temporal discretization

Error control of time integration has been dealt with in numerous scientific contributions.
Park [111] adjusted the timestep size to the highest frequency occurring in the whole time
interval computed. Bergan et al. [28] adapted the timestep size with respect to currently
occurring frequencies. The differences in results due to different timestep sizes or due to time
integration schemes of different order were used by Thomas et al. [138] and Kuhl [82]. How-
ever, those approaches are expensive in a computational sense, since the problem has to be
solved twice or with expensive multi-step methods. Therefore, in many approaches single-step
methods with inexpensive error indicators are used and the results improved using the higher
order Taylor series expansion, cf. Zienkiewicz [153], Li [87], Wiberg [143], Riccius [122].

In the following the spatial error is disregarded and a distinction is made between the global
and the local temporal error estimates. The global temporal error eglb is the difference between
the approximation un computed numerically in the current timestep and the exact solution
uEX(tn),

eglb(tn) = uEX − un, (4.59)

ėglb(tn) = u̇EX − u̇n. (4.60)

The global error eglb(tn) measures the total temporal error of the time interval [0, tn]. The
local error measures the error of a single timestep [tn−1, tn]. It is assumed that the numerical
solution at t = tn−1 is “exact”. This “exact” solution is used as the initial condition for
computing the exact solution ûEX at t = tn. The local errors in displacements and velocities
are given by the differences

eloc(tn) = ûEX − un, (4.61)

ėloc(tn) = ˙̂uEX − u̇n. (4.62)

4.2.1.1 Local temporal estimates

Since neither ûEX nor ˙̂uEX are known, the “exact” solutions are approximated by improved
solutions u∗ and u̇∗

eloc(tn) ≈ en = u∗
n − un, (4.63)

ėloc(tn) ≈ en = u̇∗
n − u̇n. (4.64)

In analogy to [146, 151, 153] — computing improved displacements by means of the Taylor
series of third order — a fourth order Taylor expansion is used in [86, 87, 143], where d∗

n

denotes the improved finite element displacement vector:

d∗
n = dn−1 + ∆tḋn−1 +

∆t2

2
d̈n−1 +

∆t3

6

...
dn−1 +

∆t4

24

....
d n−1 + O(∆t5) (4.65)
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In the same manner, improved velocities are given by

ḋ
∗
n = ḋn−1 + ∆td̈n−1 +

∆t2

2

...
dn−1 +

∆t3

6

....
d n−1 + O(∆t4). (4.66)

The fourth order terms in Equations (4.65) and (4.66) are computed with difference quotients

....
d n−1 =

...
dn −

...
dn−1

∆t
+ O(∆t). (4.67)

The derivative of the accelerations
...
dn at the new point in time t = tn is computed from the

known accelerations d̈n−1 and d̈n and
...
dn−1 of the last point in time t = tn − 1

...
dn +

...
dn−1

2
=

d̈n − d̈n−1

∆t
. (4.68)

At t = 0, the derivatives of the accelerations are computed from the derivative of the equations
of motion [86]. Combining the Taylor series expansions (4.65), (4.66) with the difference
quotients (4.67) and from (4.68) we obtain

d∗
n = dn−1 + ∆tḋn−1 +

∆t2

2
d̈n−1 +

∆t3

24
(3

...
dn−1 +

...
dn−1) + O(∆t5) (4.69)

and

ḋ
∗
n = ḋn−1 + ∆td̈n−1 +

∆t2

6
(2

...
dn−1 +

...
dn−1) + O(∆t4). (4.70)

Using Equations (4.63) and (4.64) for the local error with the Newmark formulae (3.76) and
(3.77) for dn and Equations (4.69) and (4.70) for the improved solutions d∗

n results in

en =
∆t3

12

[(

6β − 1

2

)
...
dn +

(

6β − 3

2

)
...
dn−1

]

, (4.71)

ėn =
∆t2

6
[(3γ − 1)

...
dn + (3γ − 2)

...
dn−1] . (4.72)

The indicators (4.71), (4.72) can be used for all admissible values of β and γ. A disadvantage
of the error indicators is that the difference quotients of first order used for the higher order
derivatives may be inaccurate. Riccius [121] computes the higher order derivatives with
central difference quotients

...
dn−1 =

d̈n − d̈n−2

2∆t
+ O(∆t2), (4.73)

....
d n−1 =

d̈n−2 − 2d̈n−1 + d̈n

∆t2
+ O(∆t2), (4.74)
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resulting in

en =
∆t2

24

[

d̈n−2 + (2 − 24β) d̈n−1 + (24β − 3) d̈n

]

, (4.75)

ėn =
∆t

12

[

d̈n−2 + (4 − 12γ) d̈n−1 + (12γ − 5) d̈n

]

. (4.76)

For β 6= 1
6

and γ 6= 1
2
, the simplification of indicators (4.75), (4.76) is given in [121].

Li [85], Maute [91], Neumann [95] use a discontinuous time Galerkin method for the time
integration. As a consequence, the jump observed in displacements and velocities between two
time intervals can serve as a local temporal error indicator.

4.2.1.2 Global temporal estimates

For the estimation of the global error in energy norm at time t = tn, Zienkiewicz and Xie

[153] suggest the summation of energy norms of all local errors

‖eglb(tn)‖E =

n∑

m=1

‖em‖E (4.77)

or, alternatively,

‖eglb(tn)‖E = N‖en‖E. (4.78)

Equation (4.78) seems to be somewhat random, but is advantageous especially for damped
systems, where the error is damped in accordance with the damping of displacements, see
Maute [91]. Riccius [121] uses the estimator

‖eglb(tn)‖E =
tn
∆t

‖en‖E. (4.79)

Neumann [95] proposes computing the global error estimator by introducing a dual backward
problem in time based on a time discontinuous Galerkin method. However, this approach
is very time-consuming, necessitating the computation of the entire backward problem, i.e.
the dual solution at tm, m = n − 1, ..., 0 must be computed for every timestep for which the
error is desired. He states that the method provides usable results for a model problem with
a number of degrees of freedom in space N = 2 (two-mass system).
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4.2.2 Spatial error

A common approach for finding error estimates for the spatial error of structural dynamics is
to transfer error estimates of static problems to dynamic problems. In addition to the error
in strain energy, it is also important to take the error in kinetic energy into account for struc-
tural dynamics problems. Error estimators and indicators of this kind allow an appropriate
adjustment of the spatial discretization, see Section 4.2.3.1.

First approaches are already in place for estimating local spatial errors for structural dynamics
problems with a view to local quantities of interest, cf. Maute [91], Neumann [95]. In the
following section, only error estimators and indicators for global quantities, usually the error
in energy norm, are described. As in the previous section, we now focus on the spatial error
and disregard errors of time discretization.

A very popular approach involves recovery techniques based on the semi-discrete formulation
of the equations of motion, see Wiberg and Li [144], Wiberg et al. [143], Riccius and
Schweizerhof [122], Riccius [121], Maute [91], Neumann [95]. The error in strain en-
ergy is estimated by means of the same recovery techniques described in Section 4.1.2.3 for
time-independent problems.

For the computation of the error in kinetic energy

‖e‖Ekin
=

nel∑

e=1

‖e‖Ekin(Ωe) =

nel∑

i=1

∫

Ωe

(u̇EX − u̇FE) · ρ(u̇EX − u̇FE)dΩe (4.80)

the exact velocities u̇EX are required, but not available. Therefore, u̇EX is approximated by
recovering the numerical results u̇FE to obtain improved velocities u̇∗. The recovery of veloc-
ities involves certain difficulties, since in contrast to the stresses σFE, the velocities u̇FE are
continuous and the improvement by simple smoothing is less significant. When using SPR-
techniques, another problem arises. The superconvergent points are Gauss-Lobatto points
as opposed to Gauss-Legendre points, which are superconvergent for spatial derivatives
of uFE, such as stresses, and Gauss-Lobatto points are usually identical to the nodes of
the finite element mesh. Therefore, “patch-assembly” elements are used instead of “patch-
assembly” nodes (since the nodes are already superconvergent), where the improved solution
is described with a polynomial consisting of terms contained in the shape functions used for
the finite element approximation, plus one or two additional higher order terms. It is pos-
sible to compute the element error immediately after recovering the solution on the element
patch, whereas the patches for all the element nodes have to be computed in advance when
using “patch-assembly” nodes for improved stresses. For more details, the reader is referred
to Wiberg and Li [145], Maute [91].

Another concept has been proposed by Riccius [121]. Instead of trying to improve the ve-
locities, he degenerates them and estimates the error by the difference between u̇FE and those
“degenerated” velocities, weighted by a constant correction factor. The advantages of the
approach are that the solution does not necessarily need to have superconvergent points and
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no equation system needs to be solved. The “degenerated” velocities are computed at nodal
points by averaging the centerpoint velocities of all adjacent elements, which could be in-
terpreted as an evaluation on a coarser grid. The correction factor bears in mind that the
difference to a degenerated — not improved — solution is computed. Unfortunately, no re-
sults are available for higher order elements. It can be noted that the p-adaptive approach for
dynamic problems described in Chapter 6 is a related concept, where the hierarchic solution
is projected on Ansatz spaces of lower order.

Recovery-based error estimates are very popular and widespread. However, as mentioned
above, for dynamic problems the mathematical basis is weak. More elaborate approaches to
error estimation for hyperbolic problems of second order based on dual problems have already
been discussed in Johnson [75], Eriksson et al. [57], Bangerth and Rannacher [20],
Maute [91]. Only few residual based estimators were examined for problems of this type, see
for example Neumann [95] and the literature listed therein.

4.2.3 Adaptive strategies

4.2.3.1 Strategies for spatial adaptivity

In structural dynamics, most approaches use h-adaptivity for adjusting the spatial discretiza-
tion to control the error. For p-, hp-, r-extensions only a few adaptive approaches for structural
dynamics problems are known to the author, such as Demkowicz [43] using hp-adaptivity
for elastic scattering. In Chapter 6 a p-adaptive strategy is described for structural vibrations
based on adapting the discretization to the eigenmodes excited most.

We shall now proceed to describe an h-adaptive strategy for linear or bilinear elements ac-
cording to Maute [91] by way of an example in order to point out the basic aspects, followed
by modifications of the strategy. As mentioned above, the spatial error in energy ‖es‖2

E is
composed of the element contributions to strain and kinetic energy

‖es‖2
E =

nel∑

e=1

‖e‖2
E(Ωe),s =

nel∑

e=1

‖e‖2
Estr(Ωe),s + ‖e‖2

Ekin(Ωe),s. (4.81)

The element contributions can be computed using the methods described in Sections 4.1.2 and
4.2.2, e.g. for recovery-based estimates

‖es‖2
Estr

≈
nel∑

e=1

∫

Ωe

(σ∗ − σFE) : C−1 : (σ∗ − σFE)dΩe (4.82)

‖es‖2
Ekin

≈
nel∑

e=1

∫

Ωe

(u̇∗ − u̇FE) · ρ(u̇∗ − u̇FE)dΩe (4.83)

In the following illustration, no distinction is made between the approximated and the exact
error, i.e. the approximated error drives the adaptive strategy. The relative spatial error is
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ηs =
‖es‖E

maxtn ‖uEX‖E

≈ ‖es‖E

maxtn ‖uFE‖E

, (4.84)

where the error ‖es‖2
E is related to the maximum energy norm maxtn ‖uEX‖E or maxtn ‖uFE‖E,

respectively. The discretization is accepted when the relative error is within the prescribed
lower and upper error bounds

η̄s,l ≤ ηs ≤ η̄s,u or ηs ≤ η̄s,u (4.85)

If the relative spatial error is not within the prescribed bounds, then the spatial discretization
has to be adapted. Usually the lower bound is disregarded. In the case of h-adaptivity, the
optimal mesh is obtained when the element errors are distributed equally over the domain Ω.
The admissible total error in energy norm is computed from the relative upper limit η̄s,u and
the maximum energy maxtn ‖uEX‖E

‖ēs‖E = Θsη̄s,u max
tn

‖uEX‖E, (4.86)

where Θs is a safety factor usually chosen to satisfy 0.8 ≤ Θs ≤ 1.1. Since the element errors
are to be equally distributed, the admissible element error in energy can be computed

‖ēs‖E(Ωe) =
‖ēs‖E

nel

, (4.87)

where nel is the number of elements of the current mesh. The local refinement indicator ξe is
a relative measure of the element errors

ξe =
‖es‖E(Ωe)

‖ēs‖E(Ωe)

, (4.88)

The new element size hnew can be computed with ξe and the element size on the current mesh
hold

hnew =
hold

ξ
1/p
e

, (4.89)

p being the order of the spatial Ansatz. For (4.89) it was assumed that the error converges
with an order O(hp). In the presence of singularities, the convergence rate may be lower, see
Section 4.1.1.

There are several modifications to this strategy described above. Several contributions use
only the error in strain energy and neglect the kinetic portion, for example Li [85], since ei-
ther no method for estimating the error in kinetic energy was available or the estimation was
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problematic and insufficient.

Instead of relating the error to the maximum energy norm of all timesteps, it is possible to
relate it to the energy norm of the current timestep. However, this usually results in strong
fluctuations in the relative error due to the variation of the current energy. In addition, com-
paring the error of different timesteps is difficult.

Riccius [121] and Neumann [95] prescribe the absolute error, which requires careful selec-
tion. For this reason, an initial computation using a coarse mesh is suggested.

The prescribed element error in Equation (4.87) referred to the number of elements nel in the
current mesh. However, it may be justified to relate it to the number of elements in the target
mesh, since the element error should be distributed equally, there. This calls for iteration in
respect of nel.

This strategy can also be used for refinement according to the error in quantities of interest,
when local a posteriori error estimates computed from the solution of a dual problem are
applied. This is possible even though not a strict Galerkin method is applied, as is usually
required for dual problems, i.e. finite difference-based methods can be used for the time
integration. Maute [91] starts with a time Galerkin method for local error estimation,
which can be transferred to finite difference methods using appropriate analogies to interpret
certain finite difference methods as Galerkin methods.

4.2.3.2 Strategies for temporal adaptivity

As mentioned in Section 4.2.1 adaptive time integration has been addressed in numerous sci-
entific contributions, see the citations given there. The strategies of spatial and temporal
adaptivity are analogous. However, it is clearly easier to adapt the time discretization, since
usually only one value — the timestep size or the order of the integration method — has to
be adjusted, instead of constructing a new adaptive mesh. For time adaptivity, an error is
prescribed with either relative or absolute bounds. In the following section, local relative error
bounds η̄t are assumed and compared to the estimated global or local errors ηt computed with
the methods described in Section 4.2.1.

According to Dahlquist and Björck [42], the maximum order of accuracy obtainable with
an A-stable integration method is 2, from which it follows that

ηt ∝ ∆t3 (4.90)

holds for the (local) maximum rate of convergence. It is accordingly possible to choose

∆tnew = ∆t 3

√
η̄t

ηt

(4.91)
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For instance, the rate of convergence for the error in Newmark based methods with γ 6= 1
2

is lower than 3 and therefore needs to be corrected with a factor 0 ≤ κ ≤ 1, see for example
Li [85],

∆tnew = ∆t 3κ

√
η̄t

ηt

. (4.92)

Similar considerations lead to adaptive strategies for global or absolute error bounds. Since
time adaptive methods have already been subject to elaborate investigation, they are not
subject matter of this thesis.

4.2.3.3 Remarks

The error can be controlled in every timestep or in every nth-timestep. Alternatively, the
point in error control can be coupled to the change in energy norm.

In many approaches, either the temporal or the spatial error is controlled, see Riccius [121],
for instance. Li [85] recognizes that the temporal error is sensitive to any changes in spatial
discretization. It should be noted that temporal adaptivity only changes the time integration
parameters. By contrast, changes in spatial discretization lead to a change in the initial
conditions for the corresponding timestep, i.e. in addition to the discretization error, an error
based on the transfer of history variables is introduced. This topic is discussed below.

4.2.4 Transfer of history variables

In the event of a change in the spatial discretization, the state variables of motion — also
called history variables — get a new support on new shape functions and therefore have to be
transferred from the old to the new discretization. In the following timestep the displacements
u, the velocities u̇ and the accelerations ü are required and so usually all three variables have
to be transferred. Possibly higher time derivatives than the second are needed for the compu-
tation of the next timestep, necessary for a temporal error estimator, for instance, see Section
4.2.1.

Either bilinear or biquadratic Lagrangean shape functions are used in the majority of two-
dimensional approaches. In this case, a popular method is to use the same interpolation
(bilinear or biquadratic) for transferring data from the old mesh to the nodes of the new mesh.

The relevant time-consuming tasks include

• neighborhood search

• computation of local coordinates

Neighborhood search is necessary to determine the element eold of the old mesh in which
the node inew of the new mesh is located. This single task has a complexity of O(nelold

) to
O(log(nelold

)) and usually has to be repeated for every node inew = 1, ..., nndnew
times. The
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computation of the local coordinates of node inew in element eold can only be achieved in a
closed form for bilinear elements. For elements of higher order with more complex geometries,
the local coordinates have to be determined by a Newton-Raphson iteration. Once the lo-
cal coordinates are available, the data can be evaluated at node inew using the shape functions
defined on eold.

Transferring data between different discretizations introduces an error unless strictly hierarchi-
cal refinement is applied, see discussion on hierarchical refinement below. This transfer error
usually leads to a change in energy in the system. This can be interpreted as a modification
of the initial value problem, so the subsequent computation is inconsistent. Since the transfer
error cannot be compensated, it has to be minimized and kept under control.

Li [85], Riccius [121], Wiberg and Abdulwahab [142], Riccius and Schweizerhof [122],
Neumann et al. [96], Maute [91] suggest several methods to improve the quality of trans-
ferred data, which are described below.

A first step is to smooth the data. The smoothing techniques are similar to those used for
recovery based error estimators. One possibility is to average the values of neighboring nodes.
For a node i, for example, the smoothed displacement ui,smo can be computed as

ui,smo =
1

nngb + 1

(

uni
+

nngb∑

j=1

uj

)

, (4.93)

nngb being the number of neighbors of node i. One disadvantage is that the distance between
the neighboring nodes and node i is not respected in Equation (4.93). One way of remedying
this problem is to use the weighted L2-projection proposed by Riccius [122] or a weighted,
nearest neighbor interpolation, see Halfmann [66], for instance.

The data do not generally fulfill the conservation laws for momentum and energy either before
or after smoothing. Despite the fact that it is impossible to avoid solving a different initial
value problem from the original one following transfer, the data can be made consistent in
itself, i.e. it can be recovered to such a degree that it fulfills at least the equilibrium conditions
and energy conservation.

For the sake of conserving energy, the displacement function can be scaled by means of a
scalar factor before or/and after smoothing. The factor is chosen such that the total strain
energy before and after transfer, or before and after smoothing, remains constant. In the
same manner, it is possible to find a scaling factor for the velocities keeping the kinetic energy
constant.

However, only global energy conservation is enforced with this approach. In order to account
for local conservation, the local correction factors can be computed elementwise in a first step
and global energy conservation can be enforced in a second step [91]. A further alternative is
a local L2-projection with constraints providing energy conservation [142].
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Similarly, it is possible to compute improved velocities when conservation of kinetic momen-
tum is prescribed. However, as described in Riccius [121], kinetic energy and momentum
cannot be conserved simultaneously. He proposes a method to preserve momentum and total
energy.

Once they have been transferred, smoothed and corrected, the data do not generally fulfill
the equilibrium conditions. Li [85] computes the accelerations using the equations of motion,
where the transferred displacements and velocities are prescribed. Maute [91] takes up this
idea but prescribes the transferred and energy corrected displacements and velocities.

In general, it can be stated that such correction techniques may lead to a degeneration in the
smoothness of the accelerations. Moreover, the numerical effort is high. From this point of
view, hierarchical approaches are an interesting alternative. When working with hierarchic
bases, refinement does not lead to an error, since the functions on the coarse discretization
can be represented exactly on the fine discretization. Only coarsening leads to an error, which
can be reduced by projection techniques. Another important aspect of hierarchic bases is
that the highest hierarchic degrees of freedom may only be omitted when carrying hardly any
energy. Then, the transfer error is small as well and — even more important — can be readily
controlled by computing the corresponding energies. This task is particularly simple when
using hierarchic shape functions, as described in Section 3.1.1, since the energy for a hierar-
chic degree of freedom can be obtained by multiplying its amplitude with the corresponding
stiffness terms.

Riccius [121], Neumann [95] propose a h-hierarchic approach in the sense that all nodes of
a coarse mesh are contained in the fine mesh following pure refinement, using bilinear quadri-
lateral elements. However, the basis is not hierarchic unless all the elements are uniformly
refined, since transition elements are required for local refinement, so transfer is not exact
when it follows local refinement. To illustrate this phenomenon, the point refinement of a
quadrilateral element towards one node results in one “quarter” element and two distorted
elements sharing the “diagonal” edge from the center point to the corner node opposite to the
refined node, see Figure 4.4. After refinement, a shape function is necessarily linear along this
“diagonal” edge. The original shape function on the original element, however, is generally
quadratic along the same line.

Figure 4.4: Transition between refined and unrefined areas: point refined element

By contrast, using a p-method with hierarchic shape functions as described in Section 3.1.1,
refinement with local support on the element leads to an exact transfer. For the p-adaptive
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method described in Chapter 6, a constant discretization is used for the time period concerned
— adjusted to the frequencies excited most in an adaptive process — in order to keep the
method as simple as possible. Nevertheless, an adaptation of p during the time-stepping
process seems to be very profitable in the light of the arguments given above and the very
promising results of the p-adaptive approach in general, as shown in Chapters 5 and 6.

4.3 Adaptivity for eigenvalue problems

Adaptive methods were described for the time-independent problems addressed in Chapter
4.1 and for transient problems in Section 4.2. There are also adaptive methods for the eigen-
value problems introduced in Sections 2.7.2 and 3.1.4.3, where the discretization is adjusted
to represent the eigenmodes and corresponding frequencies in the best possible way.

In the following it is assumed that, since eigenfunctions uk corresponding to the eigenvalue λk

are determined up to a constant factor, they are scaled to satisfy

∫

Ω

uEX
k · ρuEX

k dΩ = 1 =

∫

Ω

uFE
k · ρuFE

k dΩ (4.94)

4.3.1 A priori estimates for eigenvalue problems

A priori estimates exist for eigenvalue problems. For h-extensions some results are summarized
below according to Neumann [95]. For convex domains, it can be shown that the eigenfunction
is in the function space H2. A priori estimates based on this fact are provided for the error in
(strain) energy norm of uk, see Hackbusch [64], Nystedt [102], for example.

‖uEX
k − uFE

k ‖Estr
≤ CEstr

λEX
k + 2d

d
‖hD2uk‖L2

(4.95)

with

D2uk =

(
3∑

i=1

i∑

j=1

3∑

l=1

∂2u2
k,l

∂xi ∂xj

) 1

2

, (4.96)

or for the error in L2-norm

‖uEX
k − uFE

k ‖Estr
≤ C2

λEX
k + 2d

d
‖h2D2uk‖L2

, (4.97)

where d is the smallest distance between the eigenvalue under consideration and all the other
eigenvalues. The error in eigenvalues has the same convergence rate as the error in energy
norm
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λFE
k − λEX

k ≤ Cλk

λk + 2d

d
‖hD2uk‖L2

. (4.98)

CEstr
> 0, C2 > 0, Cλk

> 0 are constants depending on the domain Ω, only. As is already
evident from Equations (4.95), (4.97), (4.98) these estimates are only valid for single eigen-
values (d > 0). For multiple eigenvalues (d = 0) additional considerations are required, cf.
Heuveline and Rannacher [69].

For non-convex domains, for instance, domains with re-entrant corners, the convergence rate
is reduced owing to the singularity, see for example Nystedt [102].

4.3.2 A posteriori estimates for eigenvalue problems and adaptivity

There are several approaches for a posteriori error estimation. For a single eigenvalue λk Neu-

mann [95] approximates the error in strain energy norm by recovering the eigenfunction uk.
The SPR-concept devised by Zienkiewicz and Zhu [155] is applied, making use of supercon-
vergent points for stresses in order to approximate the exact stresses. The error in L2-norm is
approximated by transferring the concept of degenerated velocities described in Chapter 4.2.2
to eigenvalue problems and thus computes degenerated rather than improved eigenfunctions.
The error in L2-norm is then approximated in a similar way using the L2-norm of the difference
between the finite element solution for the eigenfunction and its degeneration multiplied by a
constant factor. The h-adaptive process, however, is driven by the SPR-based error estimator
for computing the error in energy norm. It should be mentioned that it is a simplification
to consider the error in strain energy only, since the mass terms are also modified by the
refinement of discretization.

Residual based error estimators have been proposed by several researchers, including Nyst-

edt [102], Larson [84]. Heuveline and Rannacher [69] propose an error estimator using
a dual auxiliary problem which is accordingly able to provide estimates for arbitrary quantities
of interest.

Neymeyr [98] proposes error estimates both for controlling the iteration error of the precon-
ditioned inverse iteration, which is applied as an eigensolver, within the finite element space
used, and for the actual finite element approximation itself, using hierarchical expansion. As
an example, he uses the estimators for h-adapting a problem governed by the two-dimensional
Laplacean Equation.

Friberg [58] and Friberg et al. [59] propose a hierarchic error estimator and a p-adaptive
procedure. In the following illustration, the notation is aligned to [59]. Using a hierarchic
basis leading to hierarchic stiffness and mass matrices, the discrete eigenvalue problem can be
written as

([
K(n) K(n,m)

K(m,n) K(m)

]

− λ(n,m)

[
M(n) M(n,m)

M(m,n) M(m)

])[
x(n)

x(m)

]

= 0 (4.99)
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where (n) and (m) denote the numbers of degrees of freedom for a current level of discretization

and a possible hierarchical refinement, respectively. By definition, φ
(n)
k , k = 1, ...n, are the

true eigenmodes obtained from (4.99) with all components x(m) restrained to zero, whereas

ψ
(n+m)
k , k = 1, ..., (n + m) represents the solution of the complete system. Eigenvalues λ

(n)
k ,

λ
(n+m)
k are defined corresponding to φ

(n)
k and ψ

(n+m)
k . The basic idea in Friberg [58] is to

assume for computed eigenpairs (λ
(n)
k ,φ

(n)
k ) that φ

(n)
k ≈ ψ(n)

k and λ
(n+m)
k ≈ λ

(n)
k such that ψ

(n)
k

can be computed from (4.99). Using a Taylor series expansion for the Rayleigh quotient, an
error indicator for m = 1 (K(m,m) = K(n+1,n+1), M(m,m) = M(n+1,n+1)) is found to be

η
(n+1)
k =

1

k
(n)
k

· ([K(n+1,n) − λ
(n)
k M(n+1,n)]φ

(n)
k )2

K(n+1,n+1) − λ
(n)
k M(n+1,n+1)

, (4.100)

For further details on the derivation see [58]. This error indicator can be computed for every

degree of freedom to be added. One drawback of the estimator is that, when λ
(n)
k is in the

vicinity of K(n+1,n+1)/M(n+1,n+1), the estimator tends to infinity. Another drawback is that a
large set of computationally costly stiffness terms of higher order has to be computed although
they may not be needed in a subsequent adaptive computation. In Friberg et al. [59] the er-
ror indicator is used to hierarchically refine the discretization of a rectangular two-dimensional
structure in a p-adaptive approach. Unfortunately, the adaptation is restricted to a maximum
polynomial degree p = 3 and an asymptotic range could not be reached to evaluate the rate
of convergence of the method.

The hierarchic anisotropic error indicator for eigenvalue problems described in Chapter 6 is
based on reduction rather than expansion and accordingly involves a lower computational
investment. The local polynomial degrees of the hierarchical p-refinements shown in the nu-
merical examples in Section 6.3 are quasi unlimited (up to p = 20, for instance).

4.4 Model adaptivity

The concept of model adaptivity is relatively new. The underlying idea is to set up a sequence
from coarse to finer physical and mathematical models. The model error of the model locally
in use has to be estimated and the model can be adjusted accordingly. Material model adap-
tivity is based on refinement of models describing material behavior from simplified linear
elastic material to nonlinear hyperelastic or plastic material or considering inhomogeneities in
the microstructure of the material. For further information on material model adaptivity, the
reader is referred to [93, 107, 108, 109, 110, 132, 134, 133, 139].

Some of the approaches to dimensional adaptivity already cited at the beginning of this chap-
ter are presented below. A hierarchy of models is necessary to describe kinematic behavior
ranging from the most simple to the most complex kinematic behavior. One approach is to
use a hierarchy of models, each representing a spatial dimension. The resulting coarse-to-fine
sequence 1D → 2D → 3D would consist of three models. Moreover, the “dimensional steps”,
i.e. 1D → 2D and 2D → 3D, can be further subdivided, for example, by using hierarchical
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plate or shell models, as described in Section 2.7.3 for the transition 2D → 3D.

Schwab [125] proposes a posteriori estimates of the modeling error for hierarchic plate models.
The error estimators are based on the residual tractions on the plate surfaces. The residual
tractions are the difference between the external tractions due to the applied load and the inter-
nal tractions according to the deformation computed with the model level under consideration.

Stein et al. [132] propose directional, or anisotropic, estimators using an equilibrated residual
method, which they refer to as the “Posterior Equilibrium Method”, where the estimator is
computed on an extended model using extended test spaces. These estimators allow for adap-
tivity of the mathematical model — for example from the two-dimensional plate theory to the
three-dimensional continuum theory — and discretization adaptivity in thickness direction of
the full model, which they refer to as “dimensional adaptivity”.

Oden and Cho [104] describe an hpq-adaptive approach for thin-walled structures. The
adaptive approach is based on a hierarchical model for plates and shells, where q denotes the
hierarchic level of the model. The total error can be decomposed orthogonally into a model
and a discretization error. The total error is computed with the aid of an a posteriori error
estimator, also solving local three dimensional problems based on an equilibrated residual
approach. The basic idea of this hpq-adaptive method is that the ratio of model error and
total error is assumed to be equally distributed over the domain. The error is reduced using
a four-step strategy:

1. Compute problem on initial mesh with initial h0, p0, q0. Compute error indicators and
estimator (sum).

2. Find quasi optimal q-refined hierarchical model qf elementwise with rationale of reducing
model portion of total error computed in step 1 by increasing the element model level
assuming convergence rates given by a priori estimates [104]. Compute solution with
h0, p0, qf and compute error indicators and estimator.

3. Accordingly, compute number of new elements per element for optimal h-refined mesh
(equidistributed error) assuming a priori h-convergence for intermediate mesh. Compute
solution and error indicators and estimator with hf , p0, qf .

4. Finally, compute final p-distribution necessary to fall below target error assuming a priori
p-convergence. Compute solution with hf , pf , qf and estimate error. If necessary, repeat
steps 2–4.

As a result, it was noted that the q-convergence was limited by the approximation error, and
the hp-convergence was bounded by the model level q.

Düster and Scholz [55] proposed a pq-adaptive approach for thin-walled structures, which
is actually a pure discretization adaptive approach, but closely related to model adaptivity.
The basic idea is to use a fully three-dimensional model, i.e. the model error completely
turns into a discretization error. Two discretization parameters — p and q— can be chosen
per high order hexahedral element. p is the in-plane polynomial degree of the element, and
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q the transversal polynomial degree, which can be related to the model level of hierarchic
shell or plate models. An important advantage of this approach is that no different types of
models — or elements — have to be implemented and managed, since a single flexible and
efficient element type is sufficient for the entire model. An error indicator compares hierarchic
sequences of computations. A two-step approach is used, the first step serving to adapt the
transversal polynomial degree, and the second step adjusting the in-plane polynomial degree.
If the estimated error in the final model fails to drop below the target error, the procedure
has to be repeated.

From this point of view, the p-adaptive approach proposed in Chapters 5 and 6 of this thesis
is a one-step approach, with concurrent estimation and adaptation of the transversal and
in-plane polynomial degrees.
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Chapter 5

An anisotropic p-adaptive method for
elastostatic problems

After surveying different adaptive methods for structures in general and for thin-walled plates
and shells in particular in the preceding Chapter 4, this chapter proposes a new p-adaptive
method for linear elastostatic problems. This method is extended to linear elastodynamic
problems in Chapter 6.

The goal of a p-adaptive method can be formulated as an optimization problem:

For a fixed mesh ∆ dividing the domain Ω into nel elements with fixed mapping Q = {Q1, ...,Qnel
},

find a set of polynomial degree templates

P = {p1, ...,pnel
} (5.1)

for which the error in a specific norm ‖ • ‖ is smaller than a prescribed tolerance TOL and
the costs in terms of computational resources are minimal.

Remarks:

1. The polynomial degree template for a hexahedral element e described in Section 3.1.1 is
defined as

pe =

ux uy uz

ξ p1,1
e p1,2

e p1,3
e

η

(

p2,1
e p2,2

e p2,3
e

)

ζ p3,1
e p3,2

e p3,3
e

, (5.2)

i.e. every element has 9 polynomial degrees as parameters to be selected in the adaptive
process.



5.1. The stopping criterion: Hierarchy-based extrapolation 83

2. It is possible to select from various norms for quantifying the error. However, the energy
norm ‖ • ‖E is a natural choice for the finite element method and will therefore be used
in the adaptive approach discussed here.

3. The types of costs in terms of computational resources can be manifold. Obviously, the
most restricting resources are computation time, measured in CPU time, for instance,
and memory usage. For both the computation time and the memory usage the number
of degrees of freedom N of a system seems to be a reasonable indicator for the computa-
tional demand. In the case of p-adaptivity, i.e. a fixed mesh is used, N is a function that
depends solely on the set of polynomial degrees P. Nevertheless, it is important to note
that N is only a rough estimate for the resources needed, which of course also depend
on such aspects as the data structures and algorithms used or on which architecture the
computations are performed.

There are two requirements for setting up a p-adaptive method: firstly, a global stopping
criterion is needed. Secondly, speaking in terms of optimization, we need a sensitivity analysis
describing which polynomial degrees exert a strong influence on the error of the solution and
which do not, i.e. we need an error indicator.

5.1 The stopping criterion: Hierarchy-based extrapola-

tion

The extrapolation technique based on hierarchic extension of the finite element spaces, de-
scribed in Section 4.1.2.5, will be used by way of a stopping criterion. Let us recall the error
e of an approximate finite element solution uP ∈ SP which represents the difference between
the exact solution uEX ∈ V and its approximation

e = uEX − uP , uP ∈ SP . (5.3)

Having a sequence of hierarchically nested approximation spaces constructed by hierarchic
p-extensions

SP1 ⊂ SP2 ⊂ SP3 ⊂ ... (5.4)

we can write

SP2 = SP1+∆P+
1→2 , SP3 = SP2+∆P+

2→3 , ... (5.5)

with the set of difference polynomial degree templates ∆P+
k→k+1 with entries

∆pi,j
e ≥ 0, (5.6)

where the strict inequality
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∆pī,j̄
ē > 0 (5.7)

must be fulfilled, at least for one specific combination ē, ī, j̄. The operator

P + ∆P = pi,j
e + ∆pi,j

e (5.8)

was used in Equation (5.5). Hence, the errors in energy norm of the finite element approxi-
mations uSP1 , uSP2 , uSP3 are connected by the following inequality, see also Section 3.1.4.2:

‖uEX − uP1‖E ≥ ‖uEX − uP2‖E ≥ ‖uEX − uP3‖E (5.9)

A necessary condition for achieving accurate results with this extrapolation method is that
the saturation assumption (4.41) described in Section 4.1.2.4 holds, i.e. we can replace the
greater equal sign in inequality (5.9) with a strict greater sign. In other words, it is important
to choose the hierarchic refinement ∆P+

k→k+1 reasonably so as to ensure a real improvement.
Starting from an initial approximation space SP1 , the question arises how to construct the
hierarchic refinement ∆P+

k→k+1 accounting for both the saturation assumption and minimum
costs, as claimed at the beginning of this chapter. An error indicator fulfilling this requirement
is suggested in the following section.

5.2 An anisotropic hierarchic error indicator

Hierarchic Ansatz spaces can serve as a powerful basis for examining the sensitivity of the
approximation error to the discretization parameters representing this hierarchy. The quantity
of interest is the change of error ∆e when varying the discretization parameters, i.e. the set
of polynomial degree templates P, by a set of difference templates ∆P:

∆e = eP − eP±∆P = uEX − uP − uEX + uP±∆P = −uP + uP±∆P , (5.10)

or, using the Galerkin orthogonality, in energy norm:

‖∆e‖E = ‖uP − uP±∆P‖E =
∣
∣‖uP‖E − ‖uP±∆P‖E

∣
∣ (5.11)

=
1

2

∣
∣B(uP ,uP) − B(uP±∆P ,uP±∆P)

∣
∣

1

2 (5.12)

For a systematic analysis all entries pi,j
e of the set of polynomial degree templates have to be

examined. For one specific entry pī,j̄
ē we can set

∆P ī,j̄
ē =

{

∆pī,j̄
ē > 0

∆pi,j
e = 0 for {e, i, j} 6= {ē, ī, j̄} (5.13)
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and accordingly define a hierarchic error indicator based on extension marked byˆ

λ̂ī,j̄
ē = ‖uP − uP+∆P ī,j̄

ē ‖E

=
1

2

∣
∣
∣B(uP ,uP) − B(uP+∆P ī,j̄

ē ,uP+∆P ī,j̄
ē )
∣
∣
∣

1

2

(5.14)

=
1

2

∣
∣B(uP ,uP) − B(uP+,uP+)

∣
∣

1

2

or a hierarchic error indicator based on reduction marked byˇ

λ̌ī,j̄
ē = ‖uP − uP−∆P ī,j̄

ē ‖E

=
1

2

∣
∣
∣B(uP ,uP) − B(uP−∆P ī,j̄

ē ,uP−∆P ī,j̄
ē )
∣
∣
∣

1

2

(5.15)

=
1

2

∣
∣B(uP ,uP) − B(uP−,uP−)

∣
∣

1

2 .

In Equations (5.14) and (5.15) , the expanded/reduced polynomial degree templates P ±∆P ī,j̄
ē

were alternatively written in abbreviated form as P±. The error indicator of type (5.14) is
closely related to the error estimator described in Section 4.1.2.4, where the difference between
two hierarchical solutions approximates the error of the complete system. By contrast, the
indicators (5.14) and (5.15) are also intended to provide information on the direction of the
error. Therefore, (5.14) is also comparable to directional error estimators like those suggested
by Stein [132], recalled in Section 4.4, where anisotropic error estimation is also based on an
expansion strategy.

The case of symmetric or antisymmetric modes playing a dominant role in the solution of a
mechanical system should be taken into account when choosing a value for ∆pī,j̄

ē . If the exact
solution features such a characteristic, then the error may be significantly reduced at either the
even or the odd polynomial degree steps during p-refinement, only. For the indicators (5.14)

and (5.15) to yield reliable results, regardless of whether pī,j̄
ē is even or odd, it is appropriate

to choose ∆pī,j̄
ē ≥ 2.

Besides the computation of uP , the original solution, uP± also has to be determined for
both indicators. This reduced/expanded solution can be computed from the weak form of
equilibrium (2.43)

B(u,v) = F(v) (5.16)

with

u ∈ SP± (5.17)

satisfying the Dirichlet boundary conditions and for all
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v ∈
◦
S
P±

(5.18)

vanishing at the Dirichlet boundaries. In discrete form according to (3.58) we can write

∑

J

B(NJdJ ,NIaI) = F(NIaI) (5.19)

⇒
∑

J

B(NJdJ ,NI) = F(NI) (5.20)

with

NJdJ ∈ SP± (5.21)

and for all

NIaI ∈
◦
S
P±

. (5.22)

There is another possible interpretation for the indicator by reduction (5.15): the computation
of uP− can be considered as the finite element projection of uP onto the Ansatz space SP−, in
the sense that uP− minimizes the strain energy of the difference between uP and any function
in SP−:

B(uP − uP−,uP − uP−)

= min
u∈SP−

B(uP − u,uP − u)

= min
u∈SP−

(
B(uP ,uP) + 2B(uP ,u) + B(u,u)

)
(5.23)

In order to find a rule for computing uP− in analogy to (5.16) we use the discretization

u =
∑

J

NJdJ , (5.24)

NI ∈ SP−, (5.25)

requiring that the partial derivatives of the function to be minimized with respect to dI must
vanish:

∂B(uP ,uP)

∂dI
︸ ︷︷ ︸

0

−2
∂B(uP ,

∑

J NJdJ)

∂dI
+

∂B(
∑

J NJdJ ,
∑

K NKdK)

∂dI
= 0 (5.26)
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⇐⇒
∑

J

∑

K

∂B(NJdJ ,NKdK)

∂dI
= 2

∑

J

∂B(uP ,NJdJ)

∂dI
(5.27)

⇐⇒
∑

J

B(NJdJ ,NI) = B(uP ,NI) (5.28)

From the equivalent representations (5.20) and (5.28) it is, of course, evident that

F(NI) = B(uP ,NI), (5.29)

Equation (5.28) will gain in importance as an alternative way of computing uP− in the context
of local error indication, when the finite element projection is reduced on a local level, i.e. on
an element’s domain.

The indicators (5.14) and (5.15) require a global solution of a problem of the same order
in size as the original problem for every polynomial degree of freedom, i.e. for hexahedral
elements with polynomial degree templates of type (5.2) npdof = nel · 9 global solutions would
be necessary. It is therefore necessary to markedly reduce the complexity of the problem
in order to compute the indicators with reasonable effort. The following sections describe
approximations of the error indicators of type (5.15).

5.2.1 An implicit anisotropic hierarchical error indicator on ele-

ment level

Since a direct computation of (5.15) for every polynomial degree is computationally too de-
manding, a reasonable, i.e. cheaper but still reliable, approximation to (5.15) has to be found.
The basic idea behind the error indicator computed on element level, as proposed in this
section, is that it may be assumed that the effects of cutting degrees of freedom in a specific
element ē on the global solution can be reduced to this element’s domain.

With regard to the finite element projection (5.28), uP is not projected globally but element-
wise, satisfying the Dirichlet boundary conditions

∑

J

B(Ne,JdJ ,Ne,I) = B(uP ,Ne,I), (5.30)

where Ne,I are the element basis functions of element e. If insufficient boundary conditions
are prescribed, resulting in a singular problem, the corresponding rigid body modes have to be
suppressed. The right-hand side of (5.30) is, of course, not the element load vector in general,
but it can be considered as the equilibrated element load vector which is in equilibrium with
the internal forces of the element.

In order to illustrate the idea of elementwise projection, we consider the simple one-dimensional
model problem of a linear elastic bar clamped at one end and subjected to a distributed trac-
tion, see Figure 5.1, with EA = L = 1, f(x) = sin(2πx/L), F = 0, u(0) = 0. A closed form
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exists for this problem, so that the finite element approximations can be compared to the exact
solution. Moreover, the nodal values of finite element approximations match the analytical
solution to the problem exactly. It should be noted that for one-dimensional examples the set
of polynomial degree templates P is reduced to the element polynomial degrees pe. The finite
element mesh used here has four elements with equidistant nodes.

PSfrag replacements

x
L

F

EA

f(x)

Figure 5.1: Linear elastic bar

We compare finite element solutions computed directly on a global level for uniform pred =
1, ..., 7 with approximations obtained by elementwise finite element projections of a hierar-
chically higher-order, finite element solution computed with p = 8 onto Ansatz spaces cor-
responding to pred, using the projection (5.30). In order to suppress the rigid body mode in
longitudinal direction, the displacement of the node with the lower x-coordinate is prescribed
for every element according to the solution obtained with p = 8.

In Figure 5.2 the global error in energy norm of the direct computations is compared to the
corresponding error of the solution obtained by elementwise projection. The values of both
methods are in the same order of magnitude for all polynomial degrees. Since the projection is
intended to be applied as an error indicator providing reliable local information, the element-
wise differences in strain energy of both approaches are plotted in Figure 5.3. It is clear from
Figure 5.3 that the strain energy computed directly can be very accurately approximated by
elementwise projection.

For this one-dimensional model problem the elementwise projection matches the directly com-
puted solution very well. It also performs well for complex three-dimensional examples as a
reliable error indicator, as will be shown in Section 5.4.

The general computation of the error indicator can be sketched using the following steps:

1. Compute solution of original global problem

KPdP = fP . (5.31)

2. Compute the right-hand side of (5.30), the equilibrated element load vector f̆ē, using the
element stiffness matrix KP

ē and the element solution vector dP
ē
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Figure 5.2: Relative error in energy norm for pred = 1, ..., 7: directly computed solution and corre-
sponding elementwise projection from p = 8 onto pred
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Figure 5.3: Elementwise relative difference in strain energy between directly computed solution with
pred = 1, ..., 7 and corresponding elementwise projection from p = 8 onto pred
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f̆Pē = KP
ē dP

ē (5.32)

In contrast to the element load vector fē representing the external loads applied to the
element’s domain and Neumann boundaries, the equilibrated element load also accounts
for the loads on the inter-element boundaries, which can only be determined by global
equilibrium.

3. Set Dirichlet boundary conditions and, if necessary, suppress rigid body modes of reduced
element stiffness matrix KP−

ē and compute d̃P−
ē using

KP−
ē d̃P−

ē = f̆P−
ē , (5.33)

where f̆P−
ē is the subvector of f̆ē and KP−

ē is a submatrix of KP after cutting the cor-
responding degrees of freedom. d̃P−

ē is the approximation of the displacement vector
computed with the reduced space dP−

ē obtained by local projection.

4. Compute

λ̌ī,j̄
ē ≈

∣
∣
∣
∣

1

2
B(uP

ē ,uP
ē ) − 1

2
B(ũP−

ē , ũP−
ē )

∣
∣
∣
∣

1

2

=

∣
∣
∣
∣

1

2
dPT

ē KP
ē dP

ē − 1

2
d̃P−T

ē KP−
ē d̃P−

ē

∣
∣
∣
∣

1

2

(5.34)

The local indicator (5.34) is already a significant reduction of the system to be solved. Nev-
ertheless, solving the element level Equation Systems (5.33) might prove to be very costly,
especially when considering element matrices corresponding to polynomial degree templates
of high order. It is with this in mind that two ways of approximating (5.33) with explicit
expressions, i.e. without solution of an equation system, are proposed in Section 5.2.2.

5.2.2 Explicit anisotropic hierarchical error indicators on element
level

In order to find explicit approximations to the local implicit error indicator (5.34), the equation
system KP

ē dP
ē = f̆Pē is written in block matrix form

K
P
ē

︷ ︸︸ ︷[
K11

ē K12
ē

K21
ē K22

ē

]

dP
ē

︷ ︸︸ ︷
[

d̃1
ē + ∆d1

ē

d2
ē

]

=

f̆Pē
︷ ︸︸ ︷
[

f̆1
ē

f̆2
ē

]

, (5.35)
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with

K11
ē = K

P−∆P ī,j̄
ē

ē , (5.36)

d̃1
ē = d̃P−

ē , (5.37)

f̆1
ē = f̆P−

ē . (5.38)

Using Galerkin orthogonality

B(ũP−
ē , ũP−

ē ) = B(uP
ē , ũP−

ē ), (5.39)

we can rewrite the second term in (5.34):

1

2
d̃1T

ē K11
ē d̃1

ē = dPT

ē KP
ē

[

d̃1
ē

0

]

= dPT

ē

[
K11

ē d̃1
ē

K21
ē d̃1

ē

]

, (5.40)

and with the equilibrium condition for the reduced local problem and the hierarchy of the
corresponding load vector

K11
ē d̃1

ē = f̆1
ē = K11

ē

(

d̃1
ē + ∆d1

ē

)

+ K12
ē d2

ē (5.41)

we obtain from (5.40)

1

2
d̃1T

ē K11
ē d̃1

ē = dP
ē

[

K11
ē

(

d̃1
ē + ∆d1

ē

)

+ K12
ē d2

ē

K21
ē d̃1

ē

]

. (5.42)

The approximation introduced for computing (5.42) knowing dP
ē , only, is for the lower entry

of the second vector

K21
ē d̃1

ē ≈ K21
ē

(

d̃1
ē + ∆d1

ē

)

(5.43)

This is justifiable since the changes ∆d1
ē should be small and the off-diagonal terms K21

ē are
not dominant in a positive definite matrix. Accordingly, (5.40) can be written as

1

2
d̃1T

ē K11
ē d̃1

ē ≈ 1

2
dPT

ē




K11

ē

(

d̃1
ē + ∆d1

ē

)

+ K12
ē d2

ē

K21
ē

(

d̃1
ē + ∆d1

ē

)



 (5.44)

This type of approximation is referred to as version 1 in Section 5.4.

A second approximation method based on the plain cut-off of the corresponding degrees of
freedom is referred to as the approximation of version 2:

1

2
d̃1T

ē K11
ē d̃1

ē ≈ 1

2

(

d̃1
ē + ∆d1

ē

)T

K11
ē

(

d̃1
ē + ∆d1

ē

)

(5.45)
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5.3 The p-adaptive strategy

With the stopping criterion described in Section 5.1 and one of the local error indicators
defined both in Section 5.2.1 and 5.2.2 we are now in a position to set up a p-adaptive algo-
rithm. Sophisticated optimization schemes suggesting p-refinements and coarsenings of the set
of polynomial degree templates P could be applied here. For instance, it is possible to choose
the incremental step size in the p-discretization not only depending on the sensitivities pro-
vided by the error indicator but also on the basis of additional information, such as feedback
of the improvements in the global optimization variable, i.e. the error in strain energy during
the adaptive iterations. Instead, we intentionally employ a very straightforward adaptive pro-
cedure where changes in the polynomial degree templates are based on the error indicator, only.

The p-adaptive procedure used here sorts the polynomial degrees of freedom according to their
sensitivity with respect to the error in strain energy estimated with the error indicator and
simply refines a fixed proportion of the polynomial degrees of freedom, which also allows a
staggering of the step sizes of p-changes.

Before choosing the adaptive polynomial degree templates, it is necessary to set a few pa-
rameters with respect to the error indicator and the optimization strategy. The difference
polynomial degree ∆pī,j̄

ē = 2, representing the number of polynomial degrees the indicator
‘looks back’, is chosen for the error indicator, according to the recommendations given in Sec-
tion 5.2. It is also necessary to select one of the three element level types of error indicators
— implicit, explicit version 1 or version 2.

For the p-adaptive procedure, it is either possible to select the tolerance TOL for the stopping
criterion or to define a maximum number of iterations maxiter. In addition, it is necessary
to stipulate the proportions for the staggered refinement and coarsening. Therefore, the
polynomial degrees of freedom pi,j

e are sorted according to their error indicator λ̌i,j
e in increasing

order, resulting in the sequence

λ1 < λ2 < ... < λnpdof
, (5.46)

where npdof is the number of polynomial degrees of freedom. Using the proportional error
limits

λr% = λint( r
100

(npdof−1))+1 (5.47)

meaning that approximately r% of the polynomial degrees of freedom have smaller or equal
error indicators than λr% and approximately (100 − r)% have larger error indicators, it is
possible to define a proportionally staggered refinement strategy. In (5.47) the operator int(x)
returns the integer part of the floating point number x. The staggered refinement scheme
suggested here can be written as

∆Piter+1 = ∆pi,j
e,iter+1 =







0 for λ̌i,j
e < λ70%

1 for λ70% ≤ λ̌i,j
e < λ90%

2 for λ90% ≤ λ̌i,j
e

(5.48)
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In order to allow for the symmetric refinement of those polynomial degrees, which correspond
to exactly equal (or due to round-off errors slightly different) error indicators as a result of
the symmetry of the system, the refinement ranges are extended by proportional distortion of
the absolute values of the limits λ70%, λ90% by a factor ε. A choice of ε = 0.01 is used for the
numerical examples.

Although only refinement is used in the following, coarsening can also be introduced in a
similar way for polynomial degrees with low error indicators. In fact, coarsening has already
been applied successfully for several examples, but it is not proposed to discuss this aspect
here in order to keep the adaptive strategy as simple as possible.

In order to start the procedure, it is necessary to choose an initial set of polynomial degree
templates P0. Here, a uniform set of pi,j

e,0 = 4 is recommended in order to avoid locking effects.

Having computed three sequential adaptive iterations, the aforementioned increments of poly-
nomial degrees provide sufficient discretization improvement at every step for the hierarchic
extrapolation to yield results accurate enough to be used as a stopping criterion. When the
solution has even/odd-mode characteristics, as described in Section 5.2, the improvement in
the solution is assumed to be substantial as well, since the polynomial degrees are increased
by odd and even increments.

If any of the parameters specified above are changed in one of the subsequent examples, for
investigating purposes of the robustness of the procedure against changes of this parameter,
for instance, this will be clearly pointed out.

The p-adaptive strategy can be sketched as shown in Algorithm A-1. This algorithm will be
applied on four examples in the following section: a clamped plate, a cylindrical shell with a
clamped boundary, a hemispherical shell with a stiffener and the spring-back analysis of a thin
metal sheet after the deep drawing process. Since the main objective of the next section is to
analyze the refinement strategy based on the proposed error indicators, use is made of even
more accurate reference solutions than those obtained from extrapolation from the current and
the last two iterations. Such reference solutions may be obtained not only by higher hierarchic
Ansatz spaces but also by mesh refinement.

5.4 Numerical examples

For all numerical examples in this section, the trunk space SP
ts is used for the discretization

with hexahedral elements, see Section 3.1.1.

5.4.1 Clamped plate

The first example under consideration is a quadratic plate clamped at all boundaries which
is subjected to a uniform load on the upper surface. Since the system is symmetric, only one
quarter of the plate is modeled, resulting in the boundary conditions ux = uy = uz = 0 at the
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Algorithm A-1 p-Adaptive strategy

1: set iter = 0, Piter uniformly to pi,j
e,iter = 4

2: repeat
3: compute uPiter

4: for all {e, i, j} compute λ̌i,j
e

5: sort all λ̌i,j
e and find λ70%, λ90%

6: set

∆Piter+1 = ∆pi,j
e,iter+1 =







0 for λ̌i,j
e < λ70%(1 − ε)

1 for λ70%(1 − ε) ≤ λ̌i,j
e < λ90%(1 − ε)

2 for λ90%(1 − ε) ≤ λ̌i,j
e

7: set Piter+1 = Piter + ∆Piter+1

8: if (iter ≥ 2) then
9: compute η = ‖e‖E using hierarchic extrapolation

10: else
11: set η = TOL + ε (stopping criterion not fulfilled yet)
12: end if
13: iter = iter + 1
14: until (η < TOL) OR (iter > maxiter)

two clamped boundaries and ux = 0 and uy = 0, respectively, at the symmetric boundaries,
see Figure 5.4.

One quarter of the plate has a length L = 6 with a thickness t = 0.35. The plate is uniformly
loaded with tz = −100. The material is assumed to be linear elastic with Young’s modulus
E = 300 000 and ν = 0.2 being Poisson’s ratio.

The system is discretized with one element layer over the thickness using nine hexahedral ele-
ments, where the mesh is refined to the clamped boundaries in order to resolve the boundary
layer, see Figure 5.4.

In order to evaluate the performance of the p-adaptive strategy, it was compared to a uni-
form p-refinement. A reference strain energy was computed by hierarchic extrapolation (see
Section 4.1.2.5) of a sequence of three adaptively chosen, hierarchic p-discretizations to be
Estr = 13.27485483. The reason for using an adaptive sequence instead of the uniform results
is the higher accuracy which can be achieved. Higher accuracy is easy to recognize consid-
ering the fact that the strain energy is maximized in a sequence of hierarchically improved
discretizations applying homogeneous displacement boundary conditions. The largest values
for the strain energy, obtained by the adaptive procedure, could therefore be assumed to be
the most accurate ones.

In Figure 5.5 the error in energy norm ‖e‖E = |Estr − EFE
str |

1

2 is plotted against the total
number of degrees of freedom N . The sequence of uniform p-refinement p = 2, ..., 16 reveals
the typical S-shape of the p-version type of convergence. The convergence is exponential in
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Figure 5.4: System of clamped plate (left) and hexahedral mesh (right)

the pre-asymptotic range, where the error is dominated by the polynomial degree of the ap-
proximating functions. The slope of the curve is subsequently reduced dramatically, and the
algebraic convergence in the asymptotic range is reached. This range is usually dominated by
singularities, in this case resulting from the clamped boundaries. The order of convergence in
the asymptotic part is often very poor compared to the exponential pre-asymptotic range.

The adaptive curve shown in Figure 5.5 starting from a uniform polynomial degree distribu-
tion pi,j

e,0 = p0 = 4 was obtained using the implicit local error indicator introduced in Section
5.2.1. Evidently, the adaptive sequence is more efficient since it is always below the uniform
curve. The advantage of the adaptive approach is obvious even in the exponential preasymp-
totic range of the uniform curve, although this is the inherent strength of uniform p-version.
However, the real impact of the p-adaptive approach is to be found in the asymptotic range,
where the uniform curve shows poor asymptotic behavior and the adaptive curve has an im-
mediately apparent, higher order of convergence.

Figure 5.6 demonstrates the robustness of the p-adaptive method against the starting poly-
nomial degree p0 = 3, ..., 7. The minimum polynomial degree in this sequence is 3, since the
error indicator uses the ‘look back’ difference polynomial degree ∆pī,j̄

ē = 2 and the minimum
polynomial degree on which the solution can be projected (in this approach) is linear corre-
sponding to the nodal shape functions. Again, all adaptive curves are below the uniform curve
and exhibit approximately the same — clearly higher than uniform — order of convergence
in the asymptotic range.

The performance of the explicit local error indicators of version 1 and version 2 proposed
in Section 5.2.2 are compared to the uniform curve and the local implicit error indicator in
Figure 5.7. Of all adaptive curves, the implicit curve appears to be the smoothest. However,
the explicit indicator of version 1 only slightly deviates from the implicit curve in the pre-
asymptotic range. In the asymptotic range it has a similar order of convergence. The error
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Figure 5.5: Convergence of uniform and adaptive p-refinement using local implicit error indicator
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Figure 5.6: Convergence of uniform and adaptive p-refinement using local implicit error indicator
and different starting polynomial degrees
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indicator of version 2 shows significant deviation from the implicit curve at the transition
between the pre-asymptotic range and the asymptotic range. Nevertheless, following some
‘adaptive searching’ it finds an efficient path as well. Once again, one aspect that all three
adaptive curves have in common is that they are clearly superior to the uniform curve.
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Figure 5.7: Convergence of uniform and adaptive p-refinement using local implicit error indicator
and local explicit error indicators of version 1 and version 2

The relative error in energy norm is plotted versus the elapsed CPU time (1.3 GHz standard
PC) in Figure 5.8. In the first few iterations, the adaptive runs do not seem to be superior
due to the adaptive overhead. However, in order to provide an accuracy of approximately
1% in energy norm it takes 117s for uniform p = 9 and only 44s for an adaptive discretiza-
tion. Again, the real impact of the adaptive approach becomes evident for higher accuracies.
Of course, the question may arise if the accuracies in the range of 0.3% in energy norm as
obtained in Figure 5.8 make any sense for practical considerations. Nevertheless, for inves-
tigation purposes of the method the sum of the CPU times of all adaptive runs including
computation of error indicators, 2805s, may be compared to the CPU time for a single uni-
form run with corresponding accuracy using p = 18, 26536s, yielding a speed-up factor of 9.46.

A graphical representation of the polynomial degree templates is plotted in Figure 5.9. It can
be observed that high polynomial degrees occur at the largest element, whereas low polynomial
degrees are adaptively chosen for the small elements at the corner. The largest polynomial
degrees appear in thickness direction ζ at the boundary layer elements, since complex three
dimensional stress states have to be described at the clamped supports. Here, the high poly-
nomial degrees indicate that further mesh refinement of the boundary layers could improve
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Figure 5.8: Convergence of uniform and adaptive p-refinement using local explicit error indicator of
version 1 plotted versus CPU time (1.3 GHz standard PC)

the convergence of uniform p-version. Moreover, the symmetry of the polynomial degree tem-
plates in Figure 5.9 is noteworthy. The polynomial degree template pζ,uz is symmetric to
the bisecting line spanned by the clamped corner point and the center of the plate. When
mirroring the polynomial degree template pξ,ux with respect to the bisecting line, the resulting
template is pη,uy . The other pairs fulfilling this symmetry are {pη,ux, pξ,uy}, {pξ,uz , pη,uz} and
{pζ,ux, pζ,uy}.

5.4.2 Cylindrical shell

The p-adaptive approach has been proved to be efficient for a plate-like structure in Section
5.4.1. In the following section, the method is applied to shell-like structures. As a first exam-
ple, a cylindrical shell clamped at one boundary and loaded with a bending moment at the
opposite boundary will be considered, see Figure 5.10. The material is assumed to be linear
elastic with Young’s modulus E = 1.0 · 107 and ν = 0.3 being Poisson’s ratio. The mesh
consists of nine hexahedral elements that have been distorted in order to demonstrate the
robustness of the elements against locking, see Figure 5.10.

In order to account for a correct representation of the curved geometry, the blending func-
tion method is used for the mapping between the local coordinates of the standard hexahedral
element and the corresponding global coordinates, see Section 3.1.2. In this example, the refer-
ence solution was computed in advance using a sequence of solutions on a different, undistorted
mesh consisting of 121 hexahedral elements with refinements to the boundary. This was nec-
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Figure 5.9: Graphical representation of polynomial degree templates corresponding to iteration 9 of
adaptive procedure using the explicit error indicator of version 1 for plate
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Figure 5.10: System and hexahedral mesh of a cylindrical shell

essary in order to exclude a wrong reference solution due to poor convergence resulting from
a possibly bad resolution of boundary layer effects with the given nine-element-mesh.

In Figure 5.11 the relative errors in energy norm

• for uniform refinement,

• for anisotropic refinements with constant polynomial degree pζ = 1, 2, 3, 4 over thickness
and uniform refinement of in-plane polynomial degrees, only, and

• for adaptive refinement starting from initial polynomial degree p0 = 4

are plotted versus the corresponding number of equations.

Quasi horizontal asymptotic slope can be observed for the anisotropic curves corresponding
to the polynomial degrees pζ = 1, 2, 3 in thickness direction. This is due to the dominant dis-
cretization error resulting from the restriction to low polynomial degrees over the thickness,
which makes the corresponding sequences converge to the wrong solution. As already men-
tioned in Sections 2.7.3 and 4.4 such restrictions can be related to the model assumptions of
plate or shell theories where fixed kinematic behavior over the thickness is prescribed. Instead,
by using a transversal polynomial degree of pζ = 4 a very efficient discretization, showing a
clearly higher rate of convergence than the uniform sequence, is obtained.

However, the most efficient method is, again, the p-adaptive approach converging with a sig-
nificantly steeper slope than all other curves. Moreover, the adaptive sequence was found in
an automatic way without the need for ‘model decisions’ for a rational choice of the thickness



5.4. Numerical examples 101

 0.1

 1

 10

 100

 10  100  1000  10000  100000

re
l. 

er
ro

r 
in

 e
ne

rg
y 

no
rm

 [
%

]

PSfrag replacements

degrees of freedom N

uniform

pξη = 1, ..., 14, pζ = 1
pξη = 1, ..., 14, pζ = 2
pξη = 1, ..., 14, pζ = 3
pξη = 1, ..., 14, pζ = 4

p = 1, .., 14

adaptive, explicit version 1
rel. error in energy norm [%]

Clamped plate with surface load: 9 hexahedrals
trunk space

tensor product space

Figure 5.11: Convergence of uniform, anisotropic and adaptive p-refinements for a cylindrical shell

polynomial degree. For example, in the case of anisotropic refinement with constant thickness
polynomial degree, the choice of pζ = 3 would have resulted in convergence to an incorrect
solution, where the next polynomial degree step, pζ = 4, already performs very well. In other
words, a deeper insight into the behavior of the system is necessary in order to trust the results
using a fixed polynomial degree over the thickness, where the p-adaptive procedure suggests
an appropriate choice of P in an automatic and reliable way.

Another interesting aspect is that, although the mesh being used is not at all an optimally a
priori refined mesh resolving the singularities at the clamped boundary, the convergence rate
of the p-adaptive procedure towards the reference solution is highly satisfactory. Once more,
the p-adaptive approach seems to be an appropriate means to overcome the poor asymptotic
behavior of uniform p-version in the presence of singularities.

The graphical representation of the polynomial degree templates in Figure 5.12 shows large
polynomial degrees at the clamped boundary where a complex stress state is to be expected.
The lowest polynomial degrees were chosen for pζ,uz , since ζ corresponds to the thickness of the
shell, which is very small compared to the other dimensions and the displacement component
uz in cylinder axis direction is also small in relation to the components perpendicular to the
axis.
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Figure 5.12: Graphical representation of polynomial degree templates corresponding to iteration 11
of adaptive procedure using the explicit error indicator of version 1 for a cylindrical
shell
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5.4.3 Hemispherical shell with stiffener

Whereas the previous examples were dealing exclusively with thin-walled structures, the struc-
ture investigated in this section is a construction consisting of a hemispherical shell connected
to a stiffener, i.e. it is composed of thin-walled and compact parts, see Figure 5.13. This serves
to illustrate one major advantage of the entirely three-dimensional approach. A dimensionally
reduced theory for the thin-walled part of the structure would lead to a dimensional transition
at the joint between the two-dimensional shell and the stiffener which is obviously subjected
to an arbitrary three-dimensional stress state. Since only three-dimensional elements are used,
no dimensional transition elements are required at the connection, see also Rank et al. [114].
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Figure 5.13: Hemispherical shell with stiffener

In Figure 5.14 the relative errors in energy norm are plotted versus the number of degrees of
freedom for uniform and adaptive p-refinement using initial polynomial degrees p0 = 4, 5, 6.
Again, all adaptive curves are below the uniform curve, i.e. are clearly more efficient, and the
adaptive curves have similar slopes in the asymptotic range yielding a significantly higher rate
of convergence compared to the uniform refinement. A single run with adaptive discretization
(obtained with p0 = 4) resulting in less than 1% error in energy norm takes 154s on a 1.4 GHz
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PC, a corresponding uniform run needs 390s. In order to achieve an accuracy of approximately
0.75% in energy norm, an adaptive run takes 310s, a uniform run 1574s.
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Figure 5.14: Convergence of uniform and adaptive p-refinement using local explicit error indicator
of version 1 and different starting polynomial degrees for a hemispherical shell with
stiffener

The polynomial degree templates visualized in Figure 5.15 show graded polynomial degrees of
the shell-like elements, where the polynomial degrees of the elements close to the joint with
the stiffener reveal the largest degrees decaying with the distance to the joint. The polynomial
degrees of the ‘needle’ elements modeling the stiffener are depicted in Figure 5.16.

5.4.4 Spring-back analysis of thin metal sheet (S-rail)

The following example analyzes the spring-back properties of a thin metal sheet following the
deep drawing process. Figure 5.17 depicts a schematic sketch of the deep drawing process,
where a thin metal sheet clamped in the blank holder is pressed into a die by means of a
punch. After the deep-drawing process, as long as the sheet is clamped between the punch
and the die, the geometry of the sheet is approximately the same as that of the tool. Once
the punch is released and the blank has been removed from the tool, however, the residual
elastic stresses in the material cause an elastic spring-back. Since the geometry of the sheet
before and after the spring back may differ significantly, and due to the fact that the exact
final geometry is of interest, an accurate simulation of this effect is important.
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Figure 5.15: Graphical representation of polynomial degree templates corresponding to iteration 7
of adaptive procedure using the explicit error indicator of version 1 for a hemispherical
shell with stiffener
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Figure 5.16: Graphical representation of polynomial degree templates corresponding to iteration 7
of adaptive procedure using the explicit error indicator of version 1 for a hemispherical
shell with stiffener (zoom-in)
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Figure 5.17: Schematic sketch of deep-drawing process

The S-rail formed by deep drawing a thin aluminum sheet, as depicted in Figure 5.18, is a
benchmark problem introduced at the conference NUMISHEET 1996. The material behavior
governing the spring-back is assumed to be linear elastic with a Young’s modulus E = 70000
and ν = 0.33 being Poisson’s ratio. The kinematic behavior is assumed to be geometrically
linear.
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Figure 5.18: Hexahedral mesh of S-rail

The geometry of the S-rail is quite smooth except for the small radii which are accordingly re-
solved using thin stripes of elements. The S-rail is neither clamped nor otherwise constrained
in any way: only the rigid body modes are fixed. Thus, geometry, boundary conditions and
loading by elastic residual stresses lack singularities and therefore the system and mesh in
Figure 5.18 are more or less optimal.

It is, however, evident from Figure 5.19 that the p-adaptive approach is again clearly more
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efficient than the uniform p-refinement, and an (admittedly very slightly) different order of
convergence can be observed in the asymptotic range. The anisotropic curve pζ = 4 and
uniform refinement of the in-plane polynomial degrees pξ and pη, only, reveals how crucial a
‘good’ choice of the thickness polynomial degree pζ is. The anistropic discretization converges
to the wrong solution due to the dominant discretization error over the thickness. As already
mentioned in Section 5.4.2, this discretization error can be compared with the model error of
shell and plate theories with fixed kinematic assumptions.
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Figure 5.19: Convergence of uniform p-refinement, anisotropic p-refinement and adaptive p-
refinement using local explicit error indicator of version 1 for S-rail

Figure 5.20 illustrates the polynomial degree templates elementwise. It is apparent that the
in-plane polynomial degrees pξ and pη are of significantly higher order than the thickness
polynomial degrees pζ and distributed ‘relatively uniformly’. The thickness polynomial degrees
are minimal at the free boundaries, since the corresponding elements are less constrained
by residual stresses in connection with small radii in a doubly curved geometry than those
elements in the interior. Hence, a dimensional reduction might be allowed for these boundary
elements.

5.4.5 Remarks

In all the examples under consideration, the p-adaptive curves were clearly more efficient, i.e.
higher accuracy with the number of degrees of freedom in the same order of magnitude, than
those corresponding to uniform p-refinement. Moreover, in every example, a higher rate of
convergence was observed in the asymptotic range. Therefore, this method can be regarded as
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Figure 5.20: Graphical representation of polynomial degree templates corresponding to iteration 7
of adaptive procedure using the explicit error indicator of version 1 for S-rail
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a remedy for one basic problem of uniform p-version, i.e. the often poor asymptotic behavior,
particularly in the presence of irregularities in the solution.

This p-adaptive method controls the 3D-discretization error. However, for thin-walled struc-
tures, pζ corresponds to the model error of plate and shell theories. Therefore, this p-adaptive
method includes model adaptivity as it automatically chooses pζ which corresponds to the
kinematic model assumptions of dimensionally reduced theories.
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Chapter 6

An anisotropic p-adaptive method for
elastodynamic problems

The p-adaptive method for elastostatic problems proposed in Chapter 5 is extended to prob-
lems of linear elastodynamics below. Since both the basic principles and the notation adhere
closely to those conceived for the p-adaptivity for elastostatics, a knowledge of Chapter 5 is
recommended. The subject of this section is adaptivity in the spatial domain, whereas the
temporal domain is assumed to be discretized accurately enough. It is, however, possible to
apply time-step adaptivity in a fairly straightforward manner, as suggested in Section 4.2.

A time integration method is called for to solve time-dependent problems, as described in
Section 3.2. Time integration methods can be categorized into direct and indirect schemes.
When using direct time integration, the time-integration scheme is applied directly to the
semidiscrete, coupled system of ordinary differential equations

B(u,v) + C(u̇,v) + D(ü,v) = F(v), v ∈ S (6.1)

with S being the finite element space, or in matrix notation

Kd(t) + Cḋ(t) + Md̈(t) = F(t). (6.2)

Usually, direct time integration requires the solution of a linear equation system. For time
integration schemes of the Newmark family or related schemes, direct time integration re-
quires the solution of systems with the same number of degrees of freedom N at every timestep.

When the eigenvectors φk associated with the eigenfrequencies ωk of the system are not only
K- and M-orthogonal but also C-orthogonal, as in case of Rayleigh damping, or C = 0, the
system (6.2) can be completely decoupled using modal analysis. Integrating these decoupled,
ordinary differential equations is referred to as indirect time integration. This requires the
solution of the eigenvalue problem corresponding to (6.2) with F = 0

Kφk = ω2
kMφk, (6.3)
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see Section 2.7.2. The main computational effort in direct time integration involves the re-
peated solution of the linear equation system depending on the integration scheme, whereas in
the case of indirect time integration the predominant task is to solve the eigenvalue problem
(6.3).

In most applications, specific frequencies and corresponding eigenvectors dominate the solu-
tion of the time dependent problem, such as that resulting from a specific spatial distribution
of the load, a specific load frequency, resonance effects, etc. There are usually only a few
dominating frequencies compared to the number of spatial degrees of freedom of the system.
Moreover, for many practical problems only the lowest frequencies are of interest. Figure 6.1
(left) plots the internal energy Ekin + Estr of a clamped square plate subjected to a sudden,
uniform surface load, whereas Figure 6.1 (right) shows the decomposition of Ekin + Estr into
the proportions associated to the lowest five eigenfrequencies. It is evident that in this case
the first eigenfrequency clearly dominates the dynamic behavior of the plate. The plate ex-
ample will be investigated in further detail in Section 6.3. These facts can be exploited using
indirect time integration schemes by only computing those eigenfrequencies and eigenvectors
dominating the problem in an accurate and computationally economic way. In the case of
direct integration schemes, spatial discretizations are sought, which are able to represent these
dominating eigenfrequencies and eigenvectors efficiently.
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Figure 6.1: Internal energy Estr + Ekin of clamped plate subjected to sudden surface load over time
(left) and decomposition of Ekin +Estr into the proportions associated to the lowest five
eigenfrequencies

Regardless of which time integration method being used, direct or indirect, the objective is to
find an efficient spatial discretization for the solution of (6.3), which can be obtained by means
of an adaptive eigensolver that provides an accurate representation of the important eigenfre-
quencies and the corresponding eigenvectors with adaptive refinements to save computational
resources.
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6.1 An anisotropic p-adaptive hierarchic eigensolver

In analogy to the p-adaptivity for elastostatic problems described in Chapter 5, a p-adaptive
eigensolver adapts the finite element discretization determined by the polynomial degrees of
the shape functions P, the mesh ∆ and the mapping Q

S = S(P, ∆,Q), (6.4)

simply by varying the set of polynomial degree templates

P = {p1, ...,pnel
} (6.5)

with

pe =

ux uy uz

ξ p1,1
e p1,2

e p1,3
e

η

(

p2,1
e p2,2

e p2,3
e

)

ζ p3,1
e p3,2

e p3,3
e

. (6.6)

Therefore, for a fixed mesh and fixed mapping, the finite element discretization can be written
as

S = SP (6.7)

Similar to the approach in Chapter 5, the sensitivity of the solution of the eigenvalue problem
(6.3) has to be analyzed with respect to changes of the discretization SP in order to be in a
position to set up a p-adaptive procedure.

6.1.1 An anisotropic hierarchic error indicator

In Chapter 5, the change in strain energy was used for quantifying the sensitivity of the
solution to the change in a specific pī,j̄

ē . For the dynamic eigenvalue problem, a reasonable
measure has turned out to be the Rayleigh quotient ρ, which is related to the lowest circular
frequency ω1, as follows:

ω2
1 = min

u∈V
ρ(u) = min

u∈V

B(u,u)

D(u,u)
=

B(u1,u1)

D(u1,u1)
, (6.8)

i.e. the eigenfunction u1 corresponding to ω1 is that function u ∈ V minimizing the Rayleigh

quotient ρ. The higher frequencies ωk are obtained by searching for the eigenfunctions uk in the
space Vk⊥ restricted to being orthogonal to the eigenfunctions u1, ...,uk−1 that have already
been found



114 6. An anisotropic p-adaptive method for elastodynamic problems

ω2
k = min

u∈Vk⊥

ρ(u) = min
u∈Vk⊥

B(u,u)

D(u,u)
=

B(uk,uk)

D(uk,uk)
. (6.9)

Since only finite dimensional Ansatz spaces SP , SP
k⊥ are used rather than V, Vk⊥, respectively,

we obtain the approximations ωP
1 with

ω2
1 ≈ min

u∈SP

ρ(u) =
B(uP

1 ,uP
1 )

D(uP
1 ,uP

1 )
=
φT

1 Kφ1

φT
1 Mφ1

= (ωP
1 )2 (6.10)

and ωP
k with

ω2
k ≈ min

u∈SP
k⊥

ρ(u) =
B(uP

k ,uP
k )

D(uP
k ,uP

k )
=
φT

k Kφk

φT
k Mφk

= (ωP
k )2. (6.11)

A sequence of hierarchically nested finite element spaces

SP1 ⊂ SP2 ⊂ SP3 ⊂ ... (6.12)

results in the sequence of approximations

ωP1

k ≥ ωP2

k ≥ ωP3

k ≥ ..., (6.13)

see Section 3.1.4.3. In the same manner as that used for the p-adaptive approach for elas-
tostatic problems discussed in Chapter 5, two hierarchic spaces SP and SP−

are constructed
by varying one specific entry pī,j̄

ē in the set of polynomial degree templates in order to obtain
sensitivity information,

SP ⊃ SP−

= SP−∆P ī,j̄
ē (6.14)

with

∆P ī,j̄
ē =

{

∆pī,j̄
ē > 0

∆pi,j
e = 0 for {e, i, j} 6= {ē, ī, j̄} (6.15)

An anisotropic hierarchic error indicator for the entry pī,j̄
ē based on reduction can be written

as

λī,j̄
ē,k = ρ(uP−

) − ρ(uP) ≥ 0 (6.16)



6.1. An anisotropic p-adaptive hierarchic eigensolver 115

6.1.1.1 An anisotropic, hierarchic error indicator computed on element level

Since, as in the elastostatic case, the global computation of ρ(uP−

) for every combination of
{e, i, j} is prohibitively expensive, the costs are, again, reduced by an approximation, which
can be computed locally on element level and explicitly, i.e. without solving an equation sys-
tem.

The two assumptions for computing the local, explicit approximation of (6.16) are

• that the influence of varying pī,j̄
ē may be reduced to the domain of element ē, and

• that φP−
ē,k can be approximated by simply omitting those entries of φP

ē,k corresponding

to the difference template ∆P ī,j̄
ē

φ̃
P−

ē = πφP
ē , (6.17)

with π being the cut-off operator.

Based on these assumptions, the anisotropic, hierarchic error indicator computed on element
level can be written as

λī,j̄
ē = ρ(uP−

) − ρ(uP)

=
φ

P
−T

1,k
K1φ

P−

1,k + ... + φP−T

ē,k Kēφ
P−

ē,k + ... + φP−T

nel,k
Knel

φP−

nel,k

φ
P−T

1,k
M1φ

P−

1,k + ... + φP−T

ē,k Mēφ
P−

ē,k + ... + φP−T

nel,k
Mnel

φP−

nel,k

− ρ(uP)

≈

∣
∣
∣
∣
∣
∣

φ
P

T

1,k
K1φ

P
1,k2 + ... + φ̃

P−T

ē,k Kē,kφ̃
P−

ē,k + ... + φPT

nel,k
Knel

φP
nel,k

φ
PT

1,k
M1φ

P
1,k + ... + φ̃

P−T

ē,k Mēφ̃
P−

ē,k + ... + φPT

nel,k
Mnel

φP
nel,k

− ρ(uP)

∣
∣
∣
∣
∣
∣

.

(6.18)

In (6.18) the terms φPT

e,k Keφ
P
e,k and φPT

e,k Meφ
P
e,k are required for all elements e = 1, ..., nel

such that computations on all elements seem to be necessary for this approximation of λī,j̄
ē .

However, these element contributions have to be computed only once and may be stored
temporarily. Therefore, for all subsequent computations, only element level calculations are
needed.

6.1.2 A p-adaptive strategy for the eigenvalue problem

The strategy proposed here is analogous to that of Section 5.3. As a stopping criterion, again,
a hierarchic extrapolation may be used to compute a reference solution ωref

k to be compared
to a prescribed tolerance TOL. Alternatively, a maximum number of iterations may be stip-
ulated, or a maximum number of degrees of freedom Nmax, for instance, when an efficient
discretization for a time-stepping scheme is sought, where the transient problem is dominated
by specific frequencies, see Section 6.2, and computational time is limited. The number of
degrees of freedom in a direct time integration scheme is, of course, even more crucial than in
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the static case, since a system of order N equations has to be solved at every time step.

The error indicator used for obtaining the sensitivity of the frequency ωk to the variation of
a specific entry pī,j̄

ē is the explicit error indicator computed on element level (6.18), where a

‘look back’ difference polynomial degree ∆pī,j̄
ē = 2 is used, as in Section 5.3.

As in the static case, the error indicators λi,j
e,k corresponding to the entries pi,j

e are sorted and
fixed proportions are refined according to the same staggered scheme as in Section 5.3, see
algorithm A-2.

One difference between the algorithm in this section and that given in Section 5.3 is that,
since adaptation to more than one eigenfrequency, ωk, k = k1, ..., kn may be desired, where
k1, ..., kn do not necessarily have to be sequential integers, it is recommended to choose the
new polynomial degree template to be the maximum hull of the templates Piter+1,k suggested
for adaptation to all frequencies ωk

Piter+1 = max
k=k1,...,kn

pi,j
e,iter+1,k , (6.19)

see the inner loop over k in the following algorithm. Alternatively, an outer loop over the num-
ber of frequencies to be adapted to, n, could be used to call the eigensolver for every frequency
ωk separately. However, this might be less efficient depending on the eigensolver employed, for
example, the Lanczos based eigensolver used here computes all frequencies in one run much
more efficiently than in separate runs for every ωk, see Schwarz [127, 128] and Rabold [112].

6.2 A p-adaptive strategy for time-dependent problems

The p-adaptive strategy for solving time-dependent, elastodynamic problems suggested here
consists of the following, principle steps:

1. Find frequencies dominating the problem by initial computation of the transient problem
with coarse spatial discretization,

2. find discretization adapted to dominating frequencies and

3. recompute problem of interest using discretization found by adaptation.

The following section describes the task of identifying the dominating frequencies. The p-
adaptive eigensolver of Section 6.1 is used for an adaptive computation of the governing
frequencies. The initial time-dependent computation described below and the recomputation
with the adaptively chosen discretization may be computed using an arbitrary time integration
scheme. The numerical examples discussed in Section 6.3 were computed applying members
of the generalized-α-family of algorithms, see Section 3.2.1.
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Algorithm A-2 p-Adaptive strategy for eigenvalue problem

1: set iter = 0, Piter uniformly to pi,j
e,iter = 4

2: repeat
3: compute ωPiter

k , k = k1, ..., kn

4: for k = k1, ..., kn do
5: for all {e, i, j} compute λi,j

e,k using (6.18)

6: sort all λi,j
e,k and find λ70%, λ90%

7: set

∆Piter+1,k = ∆pi,j
e,iter+1,k =







0 for λ̌i,j
e < λ70%(1 − ε)

1 for λ70%(1 − ε) ≤ λ̌i,j
e < λ90%(1 − ε)

2 for λ90%(1 − ε) ≤ λ̌i,j
e

8: set Piter+1,k = Piter + ∆Piter+1,k

9: if (iter ≥ 2) then
10: compute ηk = ωPiter

k − ωref
k using hierarchic extrapolation for ωref

k

11: else
12: set ηk = TOL + ε (stopping criterion not fullfilled yet)
13: end if
14: end for
15: set

Piter+1 = max
k=k1,...,kn

pi,j
e,iter+1,k ,

η = max
k=k1,...,kn

ηk ,

iter = iter + 1

16: until (η < TOL) OR (iter > maxiter) OR (Niter > Nmax)
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In order to recognize the dominating frequencies, an initial solution of the structural dynamic
problem (6.2) is computed with an initial, uniform polynomial degree distribution pi,j

e = 4,
where d(t), ḋ(t) are subsequently needed to extract the prevailing frequencies. In addition,
the eigenvalue problem (6.3) has to be solved, yielding the eigenfrequencies ω1, ..., ωneigen

with
neigen � N , again using an initial uniform p-distribution pi,j

e = 4.

Once the approximations of eigenvectors φk are known, the approximations d(t), ḋ(t) can
be projected onto the corresponding eigenvector space spanned by φk. If all N eigenvectors
were known, the amplitudes x(t) associated with the eigenvectors φk would have to fulfill the
relation

d(t) = Φx(t) (6.20)

in order to fully describe the displacement vector d(t) with

Φ = [φ1, ...,φN ] (6.21)

and

x(t) = [x1(t), ..., xN(t)]T . (6.22)

Multiplying (6.20) with ΦTM from the left we obtain

ΦTMd(t) = ΦTMΦx(t) = x(t), (6.23)

using the M-orthogonality

φT
i Mφj = δij (6.24)

of the eigenvectors, or

xk(t) = φT
k Md(t). (6.25)

Accordingly, in order to project the velocity vector ḋ(t) onto the eigenvector space, we can
differentiate (6.25) with respect to time, to get

ẋk(t) = φT
k Mḋ(t). (6.26)

It is apparent that only the eigenvector φk is needed to compute (6.25) and (6.26), not the com-
plete set of N eigenvectors, as required first in Equation (6.20). Once xk, ẋk, k = 1, ..., neigen

are known, it is easy to compute the strain energy associated with eigenvector φk as



6.2. A p-adaptive strategy for time-dependent problems 119

Estr,k(t) =
1

2
(φkxk(t))

TKφkxk(t) (6.27)

=
1

2
x2

k(t)φ
T
k Kφk (6.28)

=
1

2
x2

k(t)ω
2
k (6.29)

using the K-orthogonality of eigenvectors

φT
i Kφj = δijω

2
i , (6.30)

and, again using (6.24), the kinetic energy associated with φk as

Ekin,k(t) =
1

2
(φkẋk(t))

TMφkẋk(t) (6.31)

=
1

2
ẋ2

k(t)φ
T
k Mφk (6.32)

=
1

2
ẋ2

k(t). (6.33)

Finally, a reasonable measure is needed to decide which eigenfrequencies dominate the solution
of the transient problem and, since only neigen eigenfrequencies are taken into consideration
instead of N eigenfrequencies existing for the spatially discrete system, whether this reduction
is justified, i.e. whether neigen is large enough.

To identify the prevailing frequencies, it is possible to use the mean internal energy of the
system

Ēint =
1

T

∫

T

Estr(t) + Ekin(t)dt (6.34)

to compare its proportions

Ēint,k =
1

T

∫

T

Estr,k(t) + Ekin,k(t)dt (6.35)

contributed by the different eigenfrequencies ωk. A frequency ωk can be regarded as dominant
when its proportion of the overall mean internal energy exceeds a certain limit

Ēint,k

Ēint

> r1, (6.36)
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where r1 can be chosen according to the accuracy desired, for example, r1=0.05.

In addition, care should be taken to ensure that energies of the chosen frequencies represent
a sufficient proportion of the overall mean internal energy, i.e.

∑kn

k=k1
Ēint,k

Ēint

> r2, (6.37)

with r2 again to be chosen to yield a desired accuracy, r2 = 0.95, for example. If this criterion
cannot be fulfilled, frequencies not satisfying (6.36) have to be included or the number of
computed eigenfrequencies neigen has to be increased.

It is accordingly possible to select the n dominant eigenfrequencies ωk, k = k1, ..., kn, where
the k1, ..., kn in increasing order do not necessarily have to be consecutive integers, and the
transient problem can be recomputed using the adapted p-discretization.

The proposed p-adaptive strategy is summarized in algorithm A-3. Of course, it is possible to
repeat algorithm A-3 if necessary.

6.3 Numerical examples

For all numerical examples in this section, the trunk space SP
ts is used for the spatial discretiza-

tion with hexahedral elements, see Section 3.1.1.

6.3.1 Clamped plate

As a first example, the clamped quadratic plate already discussed in Section 5.4.1, where it
is subjected to a static, i.e. an infinitely slowly applied load, is investigated. This section
proceeds to analyze the transient behavior. Thus, the uniform surface load will not be applied
statically, but suddenly at time t = t0 = 0, acting then at least until t = T = 0.05, the end
of the time period of interest, which is slightly larger than the maximum eigenperiod of the
system. The system, mesh and load function over time are depicted in Figure 6.2. The ma-
terial of the plate is assumed to be linear elastic described by Young’s modulus of elasticity
E = 30000000, Poisson’s ratio ν = 0.2 and density ρ = 1.0.

An initial solution of the transient problem 6.2 is computed using a uniform polynomial de-
gree pi,j

e = 4 (according to steps 1, 2 of algorithm A-3). As a time integration scheme, the
trapezoidal rule is used (αm = αf = 0, β = 0.25, γ = 0.5), see Section 3.2.1, and a time-step
size of ∆t = 0.001.

The strain and kinetic energies are evaluated at every time-step (necessary for step 3), as
depicted in Figure 6.3.
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Algorithm A-3 p-Adaptive strategy for transient problems

1: set pi,j
e = 4

2: solve transient problem

Kd(t) + Cḋ(t) + Md̈(t) = F(t) for t ∈ [0, T ]

3: compute

Ēint =
1

T

∫

T

Estr(t) + Ekin(t)dt

4: solve eigenvalue problem

Kφk = ω2
kMφk with k = 1, ..., neigen, neigen � N

5: project d, ḋ on eigenvectors φ1, ...,φneigen
:

xk(t) = φT
k Md(t)

ẋk(t) = φT
k Mḋ(t)

6: compute proportions of Ēint associated with ωk

Ēint,k =
1

T

∫

T

1

2
x2

k(t)ω
2
k +

1

2
ẋ2

k(t)dt

7: select dominant frequencies ωk, k = k1, ..., kn fulfilling

Ēint,k

Ēint

> r1

8: if (
Pkn

k=k1
Ēint,k

Ēint
≤ r2) then

9: include non-dominant frequencies until (
Pkn

k=k1
Ēint,k

Ēint
≥ r2) if possible

10: end if

11: if (
Pkn

k=k1
Ēint,k

Ēint
≤ r2) then

12: increase neigen

13: goto step 4
14: end if
15: apply p-adaptive eigensolver (Section 6.1) for ωk, k = k1, ..., kn

16: recompute transient problem (step 2) using adaptively selected discretization
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Figure 6.2: System of clamped plate (top left) and hexahedral mesh (top right) and load function
over time tz(t) (bottom)
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Figure 6.3: Strain energy Estr and kinetic energy Ekin of clamped plate subjected to sudden surface
load over time
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In order to find the dominant frequencies of the problem, the eigenvalue problem (6.3) is solved,
and neigen = 5 eigenfrequencies and eigenvectors are computed (step 4). Both here and in the
following adaptive iterations for specific eigenfrequencies, the Lanczos eigensolver is applied.
The displacement and velocity vectors d, ḋ are projected onto the eigenvector space (step 5)
and the strain and kinetic energies associated with the eigenvectors φ1, ...,φ5 are evaluated
(necessary for step 6). The decomposition is plotted in Figure 6.4 from which it is evident

that the dominant frequency is ω1. For ω1 we obtain
Ēint,1

Ēint
= 0.970, thus, using r1 = 0.05 and

r2 = 0.95 as suggested in Section 6.2, both criteria (6.36) and (6.37) are fulfilled (steps 7 and 8).

For ω1 the adaptive eigensolver is applied (step 15) with a stopping criterion Nmax = 2500
resulting in five adaptive runs, see Figure 6.5. A hierarchically refined, higher order solution
was used by way of a reference solution. As in the convergence surveys for elastostatic prob-
lems in Section 5.4, the adaptive convergence curve is always below the curve corresponding
to uniform p-refinement, i.e. it is more efficient, and, interestingly, also shows a clearly higher
rate of convergence in the asymptotic range, where uniform p-refinement shows poor behavior.

The set of polynomial degree templates P5 corresponding to the iteration iter = 5 is visualized
in Figure 6.6, revealing similar characteristics to those in the elastostatic case: large polyno-
mial degrees on the largest element, low polynomial degrees at the small, corner elements and
the largest polynomial degrees on the long, boundary layer elements around the clamped sup-
port, indicating that further mesh refinement would be reasonable for the uniform p-version.
The same symmetries can be observed as described in Section 5.4.1.

For analysis purposes, the discretizations of all the iterative steps of the p-adaptive eigensolver
are used for recomputing the transient problem (step 16). In order to compare the efficiency
of the adaptive and uniform p-discretizations, the error measure

η(t) =

( |∆Estr(t)| + |∆Ekin(t)|
Emax

) 1

2

(6.38)

is introduced. Figure 6.7 plots the maximum error and the mean error over time

ηmax = max
t

η(t), (6.39)

η̄ =

∫

∆t
η(t) dt

∆t
. (6.40)

From both plots it is obvious that the adaptive refinements show a markedly higher efficiency
than uniform p-refinements.

6.3.2 Cantilever

As a second example, a cantilever clamped at one side is investigated. Although subjected
to a loading similar to the plate in Section 6.3.1 and despite the fact that again only one —
the lowest — frequency is dominant, it is necessary to adjust the discretization to optimally
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Figure 6.4: Decomposition of strain energy Estr and kinetic energy Ekin into the proportions asso-
ciated with the lowest five eigenfrequencies
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Figure 6.5: Convergence of eigenfrequency ω1 for plate

represent two eigenmodes due to the multiplicity of the first eigenfrequency, as explained below.

For this example, Young’s modulus of elasticity has been chosen to be E = 2.1 · 1011, the
density to be ρ = 7.85 · 103 and Poisson’s ratio to be ν = 0.3. The face load is applied sud-
denly at time t0 = 0, acting until the end of the time period of interest T = 0.3, see Figure 6.8.

The time discretization using the generalized α-method with a numerical high frequency damp-
ing ρ∞ = 0.8 and a time-step size of ∆t = 0.005 is assumed to be sufficiently accurate.

The fixed mesh used for the p-adaptive spatial error control consists of 54 elements, composed
of six layers in length-, i.e. x-direction, where every layer consists of 3× 3 elements aligned to
give a refinement towards the corners of the cross-section. The different lengths of the layers
result in a refinement towards the clamped boundary, see Figure 6.8.

The following investigation is along the same lines as Algorithm A-3 or the example illus-
trated in Section 6.3.1, respectively. The initial coarse computation with uniform pi,j

e = 4 of
the time period of interest yields the strain and kinetic energies plotted over time in Figure 6.9.

The dominant eigenfrequency for this system is the multiple frequency ω1/2 = ω1 = ω2 ≈ 4.18,
once again approximated using pi,j

e = 4. The multiplicity of the eigenfrequency results directly
from the symmetry of the cross-section. In Figure 6.10 the dominant eigenvector is clearly the
second one, φ2. However, since φ1 and φ2 correspond to the same frequency, arbitrary linear
combinations of both are also potential eigenvectors, i.e. φ1 and φ2 are not uniquely defined.



6.3. Numerical examples 127

PSfrag replacements

pξ,ux pξ,uy pξ,uz

pη,ux pη,uy pη,uz

pζ,ux pζ,uy pζ,uz

Figure 6.6: Graphical representation of polynomial degree templates corresponding to iteration 5 of
the adaptive eigensolver using the explicit error indicator of version 1 for a 3D plate
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Thus, it makes no sense to adapt for either φ1 or φ2, since the result would be arbitrary.
One possible way of overcoming this problem is to make the p-adaptive eigensolver find a
discretization to optimally represent the space spanned by φ1 and φ2. Therefore, we adapt
both for φ1 and φ2 simultaneously, choosing the maximum entries of the polynomial degree
templates suggested by the adaptive procedure for either φ1 or φ2.

The convergence of the double eigenfrequency ω1/2 for uniform p-refinement is compared to
adaptive p-refinement with the goal of efficiently describing φ1 and φ2 in Figure 6.11. The
adaptive curve shows a considerably higher convergence rate, especially in the accuracy range
where poor asymptotic behavior can be observed for the uniform curve.

The recomputation of the time period in question using the discretizations found by adaptation
also represents the enormous gain in efficiency by p-adaptivity, which is evident from the
maximum error over time ηmax and the mean error over time η̄ according to Equations (6.38)–
(6.40) plotted in Figure 6.12.
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Chapter 7

Summary

Based on a high-order hexahedral element formulation allowing for the independent adjust-
ment of polynomial degrees for different local directions and displacement fields, this thesis
proposes an anisotropic p-adaptive method for linear elastostatic and linear elastodynamic
problems.

The p-adaptive method for static problems is driven by an anisotropic hierarchic error in-
dicator based on the idea of locally projecting the solution from a given Ansatz space to a
reduced, hierarchically nested space, minimizing the difference in strain energy. For all numer-
ical examples under consideration, the anisotropic p-adaptive discretizations are clearly more
efficient than a uniform p-refinement. In addition, a higher rate of convergence is observed in
the asymptotic range in each of the examples.

The p-adaptive method for dynamic problems is based on adjusting the polynomial degrees in
order to optimally represent the dominant eigenfrequencies, obtained from an initial transient
computation with a coarse discretization. The p-adaptive eigensolver required for this purpose
involves a similarly constructed, locally computed, anisotropic hierarchic error indicator, thus
minimizing the Rayleigh quotient. For the numerical examples investigated here, the p-
adaptive discretizations again show a markedly higher efficiency and higher asymptotic rates
of convergence for both the eigenfrequencies and the errors in the transient computations,
compared to the uniform p-refinement.

This method can therefore be regarded as a remedy for one basic problem encountered in uni-
form h- and p-versions, namely their possibly poor asymptotic behavior, especially in presence
of irregularities of the solution. This accordingly allows for an efficient, fully three-dimensional
discretization of both thin-walled and compact parts of structures.

These results offer several interesting options for future developments:

• Although the strict hierarchy of the finite element matrices is lost for nonlinear problems,
the approach presented here should also work for moderate nonlinear behavior. Modified
error indicators could be developed, taking nonlinear effects into account, which would
apply to a more general class of nonlinearities.

• An extension of the proposed method to adaptivity with respect to local quantities based
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on the solution of dual problems could be highly interesting. The user could be provided
with very intuitive error measures, like the errors in pointwise displacements or stresses
or in stress resultants over specified areas.

• For dynamic computations, the adaptation of the polynomial degrees during the tran-
sient computation seems to be a promising approach. Due to the strictly hierarchic
Ansatz spaces, no transfer error between two discretizations is introduced by refine-
ment. Only coarsening, i.e. the reduction of polynomial degrees related to cutting off
hierarchic modes, leads to transfer errors which, however, can readily be controlled by
observing the corresponding loss in energy.

• This thesis proposes an adaptive strategy for controlling the spatial error. Adaptive
methods could be applied for time integration as well. Moreover, a correlation of the
accuracy of time integration to that of the spatial discretization would be advantageous.
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Appendix A

Ansatz spaces for high order elements

A.1 The trunk space Spξ,pη,pζ

ts (Ωh
st) for hexahedral elements

8 nodal modes

NNi

1,1,1(ξ, η, ζ) = 1
8
(1 + ξi ξ)(1 + ηi η)(1 + ζiζ), i = 1, ..., 8 (A.1)

4((pξ − 1) + (pη − 1) + (pζ − 1)) edge modes

4(pξ − 1) edge modes in ξ-direction

NE1

i,1,1(ξ, η, ζ) = 1
4
(1 − η)(1 − ζ)φi(ξ) , i = 2, ..., pξ

NE3

i,1,1(ξ, η, ζ) = 1
4
(1 + η)(1 − ζ)φi(ξ) , i = 2, ..., pξ

NE9

i,1,1(ξ, η, ζ) = 1
4
(1 − η)(1 + ζ)φi(ξ) , i = 2, ..., pξ

NE11

i,1,1(ξ, η, ζ) = 1
4
(1 + η)(1 + ζ)φi(ξ) , i = 2, ..., pξ

(A.2)

4(pη − 1) edge modes in η-direction

NE2

1,j,1(ξ, η, ζ) = 1
4
(1 + ξ)(1 − ζ)φj(η) , j = 2, ..., pη

NE4

1,j,1(ξ, η, ζ) = 1
4
(1 − ξ)(1 − ζ)φj(η) , j = 2, ..., pη

NE10

1,j,1(ξ, η, ζ) = 1
4
(1 + ξ)(1 + ζ)φj(η) , j = 2, ..., pη

NE12

1,j,1(ξ, η, ζ) = 1
4
(1 − ξ)(1 + ζ)φj(η) , j = 2, ..., pη

(A.3)

4(pζ − 1) edge modes in ζ-direction

NE5

1,1,k(ξ, η, ζ) = 1
4
(1 − ξ)(1 − η)φk(ζ) , k = 2, ..., pζ

NE6

1,1,k(ξ, η, ζ) = 1
4
(1 + ξ)(1 − η)φk(ζ) , k = 2, ..., pζ

NE7

1,1,k(ξ, η, ζ) = 1
4
(1 + ξ)(1 + η)φk(ζ) , k = 2, ..., pζ

NE8

1,1,k(ξ, η, ζ) = 1
4
(1 − ξ)(1 + η)φk(ζ) , k = 2, ..., pζ

(A.4)
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face modes

NF1

i,j,1(ξ, η, ζ) =
1

2
(1 − ζ)φi(ξ)φj(η),

i = 2, ..., pξ − 2, j = 2, ..., pη − 2, i + j = 4, ..., max{pξ, pη}

NF2

i,1,k(ξ, η, ζ) =
1

2
(1 − η)φi(ξ)φk(ζ),

i = 2, ..., pξ − 2, k = 2, ..., pζ − 2, i + k = 4, ..., max{pξ, pζ}

NF3

1,j,k(ξ, η, ζ) =
1

2
(1 + ξ)φj(η)φk(ζ),

j = 2, ..., pη − 2, k = 2, ..., pζ − 2, j + k = 4, ..., max{pη, pζ}

continued

NF4

i,1,k(ξ, η, ζ) =
1

2
(1 + η)φi(ξ)φk(ζ), (A.5)

i = 2, ..., pξ − 2, k = 2, ..., pζ − 2, i + k = 4, ..., max{pξ, pζ}

NF5

1,j,k(ξ, η, ζ) =
1

2
(1 − ξ)φj(η)φk(ζ),

j = 2, ..., pη − 2, k = 2, ..., pζ − 2, j + k = 4, ..., max{pη, pζ}

NF6

i,j,1(ξ, η, ζ) =
1

2
(1 + ζ)φi(ξ)φj(η),

i = 2, ..., pξ − 2, j = 2, ..., pη − 2, i + j = 4, ..., max{pξ, pη}

internal modes

N int
i,j,k(ξ, η, ζ) = φi(ξ)φj(η)φk(ζ), (A.6)

i = 2, ..., pξ − 4, j = 2, ..., pη − 4, k = 2, ..., pζ − 4,

i + j + k = 6, ..., max{pξ, pη, pζ}

A.2 The tensor product space Spξ,pη,pζ
ps (Ωh

st) for hexahedral

elements

nodal and edge modes as in Equations (A.1)–(A.4)

2 [(pξ − 1)(pη − 1) + (pξ − 1)(pζ − 1) + (pη − 1)(pζ − 1)] face modes

NF1

i,j,1(ξ, η, ζ) = 1
2
(1 − ζ)φi(ξ)φj(η), i = 2, ..., pξ, j = 2, ..., pη

NF2

i,1,k(ξ, η, ζ) = 1
2
(1 − η)φi(ξ)φk(ζ), i = 2, ..., pξ, k = 2, ..., pζ

NF3

1,j,k(ξ, η, ζ) = 1
2
(1 + ξ)φj(η)φk(ζ), j = 2, ..., pη, k = 2, ..., pζ

NF4

i,1,k(ξ, η, ζ) = 1
2
(1 + η)φi(ξ)φk(ζ), i = 2, ..., pξ, k = 2, ..., pζ

NF5

1,j,k(ξ, η, ζ) = 1
2
(1 − ξ)φj(η)φk(ζ), j = 2, ..., pη, k = 2, ..., pζ

NF6

i,j,1(ξ, η, ζ) = 1
2
(1 + ζ)φi(ξ)φj(η), i = 2, ..., pξ, j = 2, ..., pη

(A.7)
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(pξ − 1)(pη − 1)(pζ − 1) internal modes

N int
i,j,k(ξ, η, ζ) = φi(ξ)φj(η)φk(ζ) , i = 2, ..., pξ, j = 2, ..., pη, k = 2, ..., pζ (A.8)

A.3 The anisotropic tensor product space Sp,p,q(Ωh
st) for

hexahedral elements

nodal modes as in (A.1)
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8(p-1) + 4(q-1) edge modes
8(p-1) edge modes in ξ-η plane

NE1

i,1,1(ξ, η, ζ) = 1
4
(1 − η)(1 − ζ)φi(ξ) i = 2, ..., p

NE2

1,j,1(ξ, η, ζ) = 1
4
(1 + ξ)(1 − ζ)φj(η) j = 2, ..., p

NE3

i,1,1(ξ, η, ζ) = 1
4
(1 + η)(1 − ζ)φi(ξ) i = 2, ..., p

NE4

1,j,1(ξ, η, ζ) = 1
4
(1 − ξ)(1 − ζ)φj(η) j = 2, ..., p

NE9

i,1,1(ξ, η, ζ) = 1
4
(1 − η)(1 + ζ)φi(ξ) i = 2, ..., p

NE10

1,j,1(ξ, η, ζ) = 1
4
(1 + ξ)(1 + ζ)φj(η) j = 2, ..., p

NE11

i,1,1(ξ, η, ζ) = 1
4
(1 + η)(1 + ζ)φi(ξ) i = 2, ..., p

NE12

1,j,1(ξ, η, ζ) = 1
4
(1 − ξ)(1 + ζ)φj(η) j = 2, ..., p

(A.9)

4(q-1) edge modes in ζ-direction

NE5

1,1,k(ξ, η, ζ) = 1
4
(1 − ξ)(1 − η)φk(ζ) k = 2, ..., q

NE6

1,1,k(ξ, η, ζ) = 1
4
(1 + ξ)(1 − η)φk(ζ) k = 2, ..., q

NE7

1,1,k(ξ, η, ζ) = 1
4
(1 + ξ)(1 + η)φk(ζ) k = 2, ..., q

NE8

1,1,k(ξ, η, ζ) = 1
4
(1 − ξ)(1 + η)φk(ζ) k = 2, ..., q

(A.10)

4(p-1)(q-1) + (p-2)(p-3) face modes
face modes in ξ-η plane

NF1

i,j,1(ξ, η, ζ) = 1
2
(1 − ζ)φi(ξ)φj(η), i, j = 2, ..., p − 2, i + j = 4, ..., p

NF6

i,j,1(ξ, η, ζ) = 1
2
(1 + ζ)φi(ξ)φj(η), i, j = 2, ..., p − 2, i + j = 4, ..., p

(A.11)

face modes in ξ-ζ and η-ζ plane

NF2

i,1,k(ξ, η, ζ) = 1
2
(1 − η)φi(ξ)φk(ζ), i = 2, ..., p, k = 2, ..., q

NF3

1,j,k(ξ, η, ζ) = 1
2
(1 + ξ)φj(η)φk(ζ), j = 2, ..., p, k = 2, ..., q

NF4

i,1,k(ξ, η, ζ) = 1
2
(1 + η)φi(ξ)φk(ζ), i = 2, ..., p, k = 2, ..., q

NF5

1,j,k(ξ, η, ζ) = 1
2
(1 − ξ)φj(η)φk(ζ), j = 2, ..., p, k = 2, ..., q

(A.12)

(p-3)(p-2)(q-1)/2 internal modes

N int
i,j,k(ξ, η, ζ) = φi(ξ)φj(η)φk(ζ), i, j = 2, ..., p − 2, i + j = 4, ..., p, k = 2, ..., q (A.13)
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Appendix B

The blending function method for
hexahedral elements

B.1 Edge blending (from [79])

e1(ξ, η, ζ) =

[

E1(ξ) −
(1 − ξ)X1 + (1 + ξ)X2

2

](
1 − η

2

)(
1 − ζ

2

)

e2(ξ, η, ζ) =

[

E2(η) − (1 − η)X2 + (1 + η)X3

2

](
1 + ξ

2

)(
1 − ζ

2

)

e3(ξ, η, ζ) =

[

E3(ξ) −
(1 − ξ)X4 + (1 + ξ)X3

2

](
1 + η

2

)(
1 − ζ

2

)

e4(ξ, η, ζ) =

[

E4(η) − (1 − η)X1 + (1 + η)X4

2

](
1 − ξ

2

)(
1 − ζ

2

)

e5(ξ, η, ζ) =

[

E5(ζ) − (1 − ζ)X1 + (1 + ζ)X5

2

](
1 − ξ

2

)(
1 − η

2

)

e6(ξ, η, ζ) =

[

E6(ζ) − (1 − ζ)X2 + (1 + ζ)X6

2

](
1 + ξ

2

)(
1 − η

2

)

e7(ξ, η, ζ) =

[

E7(ζ) − (1 − ζ)X3 + (1 + ζ)X7

2

](
1 + ξ

2

)(
1 + η

2

)

e8(ξ, η, ζ) =

[

E8(ζ) − (1 − ζ)X4 + (1 + ζ)X8

2

](
1 − ξ

2

)(
1 + η

2

)

e9(ξ, η, ζ) =

[

E9(ξ) −
(1 − ξ)X5 + (1 + ξ)X6

2

](
1 − η

2

)(
1 + ζ

2

)

(B.1)
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continued

e10(ξ, η, ζ) =

[

E10(η) − (1 − η)X6 + (1 + η)X7

2

](
1 + ξ

2

)(
1 + ζ

2

)

e11(ξ, η, ζ) =

[

E11(ξ) −
(1 − ξ)X8 + (1 + ξ)X7

2

](
1 + η

2

)(
1 + ζ

2

)

e12(ξ, η, ζ) =

[

E12(η) − (1 − η)X5 + (1 + η)X8

2

](
1 − ξ

2

)(
1 + ζ

2

)

B.2 Face blending (from [79])

f1(ξ, η, ζ) =

[

F1(ξ, η)− 1

4

[

(1 − ξ)(1 − η)X1 + (1 + ξ)(1 − η)X2+

(1 + ξ)(1 + η)X3 + (1 − ξ)(1 + η)X4

]](1 − ζ

2

)

f2(ξ, η, ζ) =

[

F2(ξ, ζ)− 1

4

[

(1 − ξ)(1 − ζ)X1 + (1 + ξ)(1 − ζ)X2+

(1 + ξ)(1 + ζ)X6 + (1 − ξ)(1 + ζ)X5

]](1 − η

2

)

f3(ξ, η, ζ) =

[

F3(η, ζ)− 1

4

[

(1 − η)(1 − ζ)X2 + (1 + η)(1 − ζ)X3+

(1 + η)(1 + ζ)X7 + (1 − η)(1 + ζ)X6

]](1 + ξ

2

)

f4(ξ, η, ζ) =

[

F4(ξ, ζ)− 1

4

[

(1 − ξ)(1 − ζ)X4 + (1 + ξ)(1 − ζ)X3+

(1 + ξ)(1 + ζ)X7 + (1 − ξ)(1 + ζ)X8)
]](1 + η

2

)

f5(ξ, η, ζ) =

[

F5(η, ζ)− 1

4

[

(1 − η)(1 − ζ)X1 + (1 + η)(1 − ζ)X4+

(1 + η)(1 + ζ)X8 + (1 − η)(1 + ζ)X5

]](1 − ξ

2

)

f6(ξ, η, ζ) =

[

F6(ξ, η)− 1

4

[

(1 − ξ)(1 − η)X5 + (1 + ξ)(1 − η)X6+

(1 + ξ)(1 + η)X7 + (1 − ξ)(1 + η)X8

]](1 + ζ

2

)

(B.2)



143

Appendix C

Definition of tangential and normal
vectors for hexahedral elements

The tangential vectors

t1 = [t1x, t1y, t1z]
T =

t∗1
‖t∗1‖

, t2 = [t2x, t2y, t2z]
T =

t∗2
‖t∗2‖

with t1 · t2 = 0 (C.1)

are defined for each separate face of the hexahedral element:
Face 3 and 5 (ξ = ±1)

t∗1 =

[
∂ x

∂ η
,
∂ y

∂ η
,
∂ z

∂ η

]T

, t∗2 =

[
∂ x

∂ ζ
,
∂ y

∂ ζ
,
∂ z

∂ ζ

]T

(C.2)

t∗1 =

[
∂ x

∂ ζ
,
∂ y

∂ ζ
,
∂ z

∂ ζ

]T

, t∗2 =

[
∂ x

∂ η
,
∂ y

∂ η
,
∂ z

∂ η

]T

Face 4 and 2 (η = ±1)

t∗1 =

[
∂ x

∂ ζ
,
∂ y

∂ ζ
,
∂ z

∂ ζ

]T

, t∗2 =

[
∂ x

∂ ξ
,
∂ y

∂ ξ
,
∂ z

∂ ξ

]T

(C.3)

t∗1 =

[
∂ x

∂ ξ
,
∂ y

∂ ξ
,
∂ z

∂ ξ

]T

, t∗2 =

[
∂ x

∂ ζ
,
∂ y

∂ ζ
,
∂ z

∂ ζ

]T

Face 6 and 1 (ζ = ±1)

t∗1 =

[
∂ x

∂ ξ
,
∂ y

∂ ξ
,
∂ z

∂ ξ

]T

, t∗2 =

[
∂ x

∂ η
,
∂ y

∂ η
,
∂ z

∂ η

]T

(C.4)

t∗1 =

[
∂ x

∂ η
,
∂ y

∂ η
,
∂ z

∂ η

]T

, t∗2 =

[
∂ x

∂ ξ
,
∂ y

∂ ξ
,
∂ z

∂ ξ

]T

The positive (outward) normal vector is computed via the cross-product:

n = [nx, ny, nz]
T =

t1 × t2

‖t1 × t2‖
(C.5)
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[54] A. Düster and M. Rücker. AdhoC 3 – User’s Guide. Lehrstuhl für Bauinformatik,
Technische Universität München, 2001.
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[61] W. Gui and I. Babuška. The h-, p- and hp-versions of the finite element method in
one dimension. Part I: The error analysis of the p-version. Numerische Mathematik,
49:577–612, 1986.
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shell structures. In S. Idelsohn, E. Oñate, and E. Dvorkin, editors, Comp. Mech. New
Trends & Applications, CIMNE, Barcelona, Spain, 1998.

[97] N.M. Newmark. A numerical method for structural dynamics. Journal of Engineering
Mechanics (ASCE), 85:67–94, 1959.

[98] K. Neymeyr. A posteriori error estimation for elliptic eigenproblems. Numerical Linear
Algebra with Applications, 9:263–279, 2002.

[99] A. Niggl. Ein Fehlerindikator für elastoplastische Materialprobleme bei Verwendung der
p-Version der FEM. Diploma thesis, Lehrstuhl für Bauinformatik, TU München, 2001.
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