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ABSTRACT

A turbulent methane–oxygen diffusion flame is studied using a direct numerical simulation setup. The operating regime and turbulence
characteristics are chosen to resemble those of a modern methane rocket combustor. Local flame characteristics and dimensionless numbers
are defined and evaluated, and their relationship with the turbulent kinetic energy transport budget is studied. Positive net turbulence
generation is observed in the reaction shear layer. It is found that the underlying mechanisms for these results are similar to those
encountered in premixed flames, with pressure terms acting as the primary turbulent kinetic energy sources. Models for predicting turbulent
transport through mean pressure gradients, fluctuating pressure gradients, and turbulent flux of turbulent kinetic energy are adapted. The
accuracy of the proposed formulations is assessed, and the involved challenges are discussed.

VC 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0087887

I. INTRODUCTION

Technical combustion applications operate nearly always in tur-
bulent conditions. The chemical changes associated with the reactants’
burning pose a significant challenge to the predictability of the flow
statistics. Changes in viscosity and density can be above one order of
magnitude. These variations activate additional vorticity and turbu-
lence transport mechanisms, which lead to significant deviations from
the standard models. Depending on the context, the integral result of
these effects can be the promotion or suppression of turbulence.

Karlovitz et al.1 noticed turbulence generation associated with
combustion in premixed regimes. Global creation of turbulence in pre-
mixed flames was repeatedly observed in subsequent experiments dur-
ing the following years.2–5 The overall generation/destruction of
turbulence originates from several individual processes that emerge
from the celebrated Navier–Stokes equations. Understanding their dis-
tinctive behavior is necessary to approach modeling of the combustion
influence on the turbulence statistics. Although global turbulence
transport can be evaluated experimentally in specific environments,
quantifying all the involved sources poses a prohibitively expensive
and complex challenge. Due to this limitation, the underlying physical

motivations behind turbulent transport in premixed combustion
remained veiled for several years.

Thanks to the increase in computational power, direct numerical
simulations (DNS) of turbulent flames with a reasonable number of
simplifications became affordable at the end of the 20th century. The
accuracy of these simulations is unrivaled, providing unique insights
that can be used to develop and validate statistical models. The pio-
neering work of Rutland and Cant6 paved the way to the detailed study
of turbulence transport in premixed flames resorting to numerical
simulations. DNS results have been used ever since as a tool to fathom
turbulence and vorticity transport processes in a combusting flow. The
ultimate goal of such research is to model the unknown terms in the
Reynolds-averaged conservation equations to achieve closure.
However, progress in modeling the coupling between turbulence and
chemistry in premixed flames is relatively moderate, as reviewed else-
where.7,8 Despite this lack of completeness, several consistent trends
have been observed, which are useful for understanding the ongoing
interactions. The relationship between chemical and turbulent scales
has proven to be a solid indicator of how combustion can influence
turbulence. In this frame, the Damk€ohler and Karlovitz numbers have
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been revealed as robust parameters to predict whether combustion will
annihilate or create turbulence. On a superficial level, it can be sum-
marized that if chemical processes are fast and small compared to tur-
bulence (high Da and low Ka), turbulence generation can be expected.
A more detailed explanation of these effects can be found in the works
by Chakraborty.9,10

Due to their conceptual simplicity, premixed flames are a suitable
foundation for addressing the question of in-flame turbulence genera-
tion. However, most engines operate under non-premixed conditions.
In such a context, fuel and oxidizer are injected separately, and they
must meet to enable the progress of chemical reactions. The develop-
ment of these flames is driven by mass and heat diffusion processes.
Non-premixed combustion introduces further levels of complexity com-
pared to their premixed counterparts. Chemical scales are no longer
static properties but vary in space depending on the local mixing. Non-
premixed flames depend on the injection setup, and the turbulence
statistics are transported in at least two directions. This implies a sub-
stantial complexity enhancement compared with the premixed flames,
whose development is essentially unidimensional. Consequently, simu-
lations must run over more extended periods of time to achieve ergodic-
ity in the flow statistics. Due to these challenges, the study of turbulent
transport in non-premixed combustion using DNS is rather scarce.

In high-pressure applications, such as the injection system of a
rocket engine, the chemical length scales experience extreme gradients
due to the complex chemistry and mixing processes. These intricate
phenomena can trigger a wide variety of unexplored flame-vortex
dynamics, which conventional models are unable to capture. The design
of rocket combustion chambers is constrained in one way or another by
the limited understanding of these processes. Enhancing knowledge in
this field is a critical step in developing more efficient systems, achieving
high characteristic velocities with minimal length.11–13 The present
work investigates turbulence transport in such a combustion context.
Direct numerical simulations are used to investigate the interactions
between chemistry and combustion in a co-flowmethane–oxygen diffu-
sion flame. The turbulence characteristics are chosen to resemble the
ones expected in the injection region of a rocket combustor. The charac-
teristic time and length scales of turbulence and combustion are evalu-
ated through the flame, and local Damk€ohler and Karlovitz numbers
are measured. These results are subsequently compared with the turbu-
lent kinetic energy budget to examine the different sources and sinks of
turbulence along with the flame.

The rest of the paper is structured as follows. Section II provides
the necessary theoretical background to evaluate the problem of turbu-
lent transport in the context of a diffusion flame. This introduction is
followed by a detailed description of the simulation setup and the
post-processing strategies. The simulation output will be subsequently
described, and the results of the flow’s statistical analysis discussed. In
the end, final remarks are provided, summarizing the identified phe-
nomena and further challenges.

II. THEORETICAL BACKGROUND

It is convenient to reprise certain basic concepts before discussing
in detail the simulation results. First, we shall present the characteristic
scales of turbulence. This introduction is followed by the presentation
of the turbulent kinetic energy transport equation, including a brief
discussion on the main sources and sinks, along with their physical
implications. The most relevant chemical parameters and scales are

subsequently introduced to enable the comparison with the turbulent
processes.

A. Turbulence characterization

Turbulent flows are chaotic by definition.14,15 Hence, it is unreal-
istic to attempt the exact calculation of properties and trajectories for
every point in the domain as a function of time. Instead, a stochastic
approach is deemed more suitable. The most relevant statistical
parameter of a quantity q is its time average q ¼ ð1=tendÞ

Ð tend
0 q tð Þdt.

This mean value is referred to as Reynolds average, and it is a central
concept in the characterization and modeling of turbulent flows. In
flows with relevant variations in specific volume, filtering instanta-
neous values with density provides a more compact formulation. This
notion leads to the Favre average,16 which is defined as follows:

~q ¼ 1
qtend

ðtend
0

q tð Þq tð Þdt: (1)

Taking this value as reference, it is possible to define a Favre fluctua-
tion q00 tð Þ as the instantaneous deviation from the expected mean
value, i.e., q00 tð Þ ¼ q tð Þ � ~q. The properties of fluctuations are essen-
tial in the characterization of the flow’s behavior. By definition, aver-
aged fluctuations are zero, i.e., eq00 ¼ 0. Hence, it is necessary to
consider higher-order statistics to address their analysis. The most
direct indicator is the second-order moment, i.e.,eq002, which is denoted
as the variance. The variance of velocity fluctuations is the basis for the
turbulent kinetic energy definition,

~ki ¼
qu00i ui 00

2q
: (2)

This parameter is of ultimate relevance since it is directly coupled with
average properties through the momentum conservation equations.
Isotropy in (2), i.e., ~k1 ¼ ~k2 ¼ ~k3; is a common assumption in classi-
cal turbulence theory. Nevertheless, turbulent flames are highly aniso-
tropic as most of the turbulent kinetic energy tends to concentrate in
the main flow propagation direction.17,18

The turbulent kinetic energy constitutes an integral quantity.
This value results from the superposition of a wide number of eddies
or vortexes, which are moving topologies whose turbulent fluctuations
exhibit a certain degree of coherence. These vortical structures are
characterized by their individual size or length scale. The different
eddy scales are central in understanding the interactions between tur-
bulence and combustion. Depending on their overlap with their chem-
ical counterparts, turbulent and combustion processes will influence
each other in one direction or another.19 The most relevant length
scales for understanding these interactions are presented in this
section.

The size of the largest eddies can be estimated as follows:20

~L ¼
ffiffiffiffiffi
~k
3

q
=~e ; (3)

where ~e is the Favre-averaged turbulent kinetic energy dissipation rate,
which is defined as follows:

~e ¼ l
@u00i
@xj

@u00i
@xj

 !,
q: (4)
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This parameter represents one of the leading turbulent kinetic energy
sinks, and it accounts for the dissipation of vortical structures due to
viscous effects. This parameter can be used to estimate the characteris-
tic timescale of the large eddies as follows:

tT ¼ ~k=~e : (5)

Finally, the size of the smallest eddies shall be commented. This length
is often referred to as the Kolmogorov scale, and it can be estimated as
a function of the viscosity and the dissipation rate,

~g ¼ ~l=qð Þ 3
~e

� �1=4

¼ ~�3

~e

� �1=4

: (6)

The discussed eddy sizes are particularly relevant in the frame of scale-
resolving simulations since they are tightly coupled with the resolution
requirements. The large-eddy scale provides a lower bound of the nec-
essary domain size to achieve statistical convergence. In particular, a
domain size Lp � 8~K � 4~L is recommended by Pope in DNS,21 with
~K being the integral eddy length. In addition, the Kolmogorov scale
determines the maximum cell grid size Dxmax � 2:1g:22 Larger cells
might require sub-grid scale models to account for the non-resolved
turbulent kinetic energy.

B. Transport of turbulent kinetic energy

Determining the spatial–temporal evolution of the turbulent
kinetic energy is a core problem in turbulent flows. The turbulence
development is governed by the turbulent kinetic energy transport
equation which originates from the Navier–Stokes conservation equa-
tions. For the case of Favre-averaged turbulent kinetic energy, it can be
expressed as follows:9,23,24

@q~k
@t
þ
@q ~uj~k

@xj
¼ �qu00i u

00
j
@~ui

@xj|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
T1

�u00i
@p
@xi|fflfflfflffl{zfflfflfflffl}

T2

þ p0
@u00k
@xk|fflffl{zfflffl}
T3

þ u00i
@sij
@xj|fflffl{zfflffl}
T4

� @p
0u00i
@xi|fflffl{zfflffl}
T5

� @

@xi

1
2
qu00i u

00
ku
00
k

� �
|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

T6

: (7)

Most of the elements on the right-hand side of (7) are unclosed, and
modeling is required for their determination. Predicting these terms
through the mean flame brush has been subject of intense research
during the last decades. The most unified approach is the procedure
proposed by Bray et al.,25 also called the Bray–Moss–Libby (BML)
method. In addition, several works have addressed the modeling of
single elements in (7) using empirical approaches. The challenges
involved in modeling each of these terms are briefly reviewed in the
text below.

The term T1 represents the turbulent production through mean
velocity gradients. This naming can be misleading in the present con-
text since it naturally tends to destroy turbulence. This behavior can be
easily elucidated if we consider a statistically planar flame that acceler-
ates in a main direction x1 as combustion progresses. Since qu001u

00
1 and

the velocity gradients along the mean flame brush are positive, T1

presents negative values overall. In the context of isotropic turbulence,
T1 is closed, and no modeling is required. This is not the case in turbu-
lent flames, which are highly anisotropic flows. In this sort of context,

the turbulent kinetic energy tends to concentrate in the main flow
propagation direction.17,18 Several approaches have been proposed to
model the anisotropic behavior of the Reynolds stress tensor (RST)
qu00i u

00
j . The simplest models are based on the kinematic eddy viscosity

�T :
26–28 The BML model allows to predict the Reynolds stress tensor

as well, and it can be used to close T1. Chakraborty et al.9 compared
the performance of these different methodologies over various
regimes. The BML method exhibited a better agreement with numeri-
cal simulations regardless of the combustion regime. Eddy viscosity
models performed fairly well at moderate to high Karlovitz numbers,
but the agreement with observed DNS statistics worsened as the
Karlovitz number decreased.

The term T2 represents the turbulence generation through mean
pressure gradients. This term was identified as one of the primary
sources of flame-generated turbulence.23,24 Nishiki et al.24 modeled the
unclosed part of this term, i.e., u00i in the frame of premixed flames.
Their model has presented excellent agreement with the observed
results,9,29 but it requires additional modeling of the turbulent scalar
flux qu00i c00 , which has been addressed in other research.30–34

The terms T3 and T5 are easier to approach if both are consid-
ered together as the pressure fluctuations gradients as follows:

TFPG ¼ T3 þ T5 ¼ u00k
@p0

@xk
: (8)

This term is one of the main turbulence sources in premixed turbulent
flames.9,23,24,29 Several empirical models have been proposed for
TFPG:

23,35,36 Nevertheless, their performance is susceptible to the dif-
ferent combustion regimes.9 Recent research indicates that it can be
possible to model TPFG through the flame curvature,37 although the
validity of this approach is conditioned to the dominant diffusion pro-
cesses ðLe � 1Þ.

The term T4 describes molecular diffusion and viscous dissipa-
tion, and it is primarily analogous to the concept of dissipation rate.
This term can be recast as follows:

T4 ¼ �q~e þ u00i
@

@xk
l
@uk
@xi

� �
� 2
3
u00i

@

@xj
l
@uk
@xk

� � !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

TV

þ @

@xj
l
@~k
@xj

 !
: (9)

In general, it can be taken T4 � �q~e since dissipation dominates the
other two terms in (9). The dissipation rate has its own transport equa-
tion in the frame of k� e modeling. The last term in (9), i.e.,r � ðlr~kÞ
represents the molecular viscous transport and is closed. Hence, TV is
the only term whose modeling shall be addressed. This term presents
mostly a negative value, although its influence in turbulent premixed
flames is negligible when compared with q~e. Efforts to model TV based
on empirical assumptions were conducted by Nishiki et al.24 and
Chakraborty et al.9 The proposed models are able to consistently capture
the overall behavior through the flame brush.

In turbulent premixed flames, the term T6 acts mainly as a
source, and it is among the main responsible sources for turbulence
generation in low Karlovitz number regimes. This element’s modeling
is rendered as complex since it depends on the statistic qu00i u

00
ku
00
k ,

which is challenging to address. This parameter can be estimated
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following the BML method as described by Chakraborty et al.9

Nevertheless, the prediction capabilities of this approach in terms in
turbulent transport are limited.

C. Chemistry characterization

The characterization of chemical processes requires the determina-
tion their length and time scales. These values enable a comparison with
the previously discussed turbulent quantities. The deduction of chemical
scales is particularly challenging in the frame of non-premixed combus-
tion.38 Most premixed flames can be considered stochastically planar,9

meaning that the statistical properties are constant in the surface, nor-
mal to the main flame propagation’s direction. In diffusion flames, how-
ever, the progress of chemistry is strongly conditioned to the local
mixing. This feature increases the problem’s complexity by adding addi-
tional degrees of freedom. Consequently, chemical scales must be stud-
ied as a function of space to capture local variations associated with the
mixing development. This section is devoted to discussing the most rele-
vant elements in the characterization of turbulent diffusion flames. One
of the main goals in the present work is to investigate the interactions
between combustion and the integral turbulence statistics. With this
aim in mind, the presented definitions were chosen to be dependent on
data that is usually accessible within the frame Reynolds-averaged
Navier–Stokes (RANS) models. This constraint will ease the applicabil-
ity of the derived expressions, although some preciseness might be lost.
The validity of these simplifications within the performed simulations is
briefly commented to justify its legitimacy.

1. Progress variable c

The progress variable c is a dimensionless indicator that repre-
sents the combustion process development ranging from zero to unity.
The most common definition of the progress variable has the follow-
ing form:39

c ¼ q� qR
qP � qR

; (10)

where q is a quantity representative of the overall combustion process
evolution. The subscripts R and P stand for “reactants” and “products,”
respectively. One core requirement of such a quantity is presenting a
monotonic trend through the flame.40 Temperature, species concentra-
tion, or density are common examples of quantities used to define the
progress variable in premixed combustion. In a diffusion flame, none of
these parameters alone suffices to assess the local flame evolution since
their value is not solely dependent on the combustion development. For
example, the temperature at a given point can be originated from the
exothermic chemical reactions or from the heat transfer of hot products
in the vicinity. Furthermore, the introduction of detailed chemistry can
alter the monotonic behavior of certain quantities40 or their linearity.41

To counter this sort of issues, more sophisticated definitions are
required. The expression in (10) can be written in a more generalized
way as proposed by Bray et al. as follows:42

c ¼ Yc

YEq
c Zð Þ

; (11)

where Yc is the reaction progress variable and Z is the mixture frac-
tion.43,44 The mixture fraction is a quantity denoting the combined

mass fractions of hydrogen and carbon atoms. Hence, it tends to unity
toward the fuel side and to zero in the oxidizer region. YEq

c Zð Þ denotes
the equilibrium reaction progress in a given mixture fraction. The
reaction progress Yc is an expression that aims at summarizing the
local development of the combustion process. This is often achieved
through the combination of species or relevant parameters. One com-
mon approach is to consider the addition of the most significant final
products. Pierce and Moin45 suggested the following formulations in
the frame of non-premixed Methane combustion:

Yc1 ¼ YCO2=MCO2 þ YCO =MCO; (12)

Yc2 ¼ YCO2=MCO2 þ YCO=MCO þ YH2O=MH2O þ YH2=MH2 : (13)

This sort of definition is widely applied, and it has been used in recent
works46 with similar setups as the present study. Despite the apparent
usefulness of (12) and (13), some shortcomings should be commented.
The current work addresses the combustion of methane–oxygen at
high pressures. In such a regime, the adiabatic flame temperatures can
be remarkably high, leading to a significant contribution of ionization
processes with the proliferation of free radicals.47 These phenomena
have direct consequences in terms of the relevant species presence.
The mass concentration of hydroxyl YOH can be considerably high
toward the reactants (over 10%).48 The mass fractions of oxygen and
hydrogen radicals can be significant as well. In addition, the hydrogen
mass concentration YH2 peaks at mid-flame positions, and it drops
before combustion ends.48 Due to this non-monotonic behavior, YH2

is an ambiguous indicator. To correct these issues, it is more conve-
nient to remove the contribution of hydrogen and replace it with prod-
ucts representative of high-temperature combustion. Hence, we
propose the following expression for the reaction progress:

Yc3 ¼ YCO2=MCO2 þ YCO=MCO þ YH2O=MH2O þ YO=MO

þ YH=MH þ YOH=MOH: (14)

2. Length and time scales

Diffusion flames are characterized by two principal length
scales:49

(a) The reaction zone thickness, which is marked here as dc, and it
corresponds to the space where chemical reactions take place.

(b) The diffusion layer thickness, denoted in this text as dD, and
it is the extent of the region where the mixture fraction Z
varies.

In the present work, dD and dc have been calculated considering
averaged local gradients of the mixture fraction and the progress vari-
able, respectively. The detailed procedure is described in the text
below. In the laminar flame theory, the simplest procedure to deter-
mine the chemical length scale is to calculate the laminar flame thick-
ness assuming linearity in the progress variable as follows:

dL ¼
1

max rcj jf g : (15)

This result provides a lower bound for the flame front thickness since
c gradients are smaller toward the extremes. The linear assumption
works reasonably well in the case of methane at mid-flame positions,
where the gradient of c is nearly constant.50 Hence, one simple way to
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assess the local flame thickness for intermediate values of c is as
follows:

dc x
*ð Þ ¼ 1

rc x
*ð Þ

�� �� : (16)

This definition provides accurate estimation for intermediate values of
c, i.e., 0:3 < c < 0:7. Using a DNS database, it is possible to determine
an average chemical length scale dc at a given position x

*
. Despite its

physically meaningful definition, the provided expression for dc poses
major challenges due to its complex determination outside the realm
of scale-resolving simulations. This circumstance significantly hinders
this parameter’s applicability. If the standard deviation of rcj j is small
compared to its mean value, it is possible to approximate the average
flame thickness as the inverse of the flame surface density R as follows:

dc � R�1 ¼ 1= rcj j: (17)

This approximation holds with an error below 20% throughout most
of the shear layer in the performed simulations. Unlike dc , the trans-
port of the flame surface density has already been approached,51–53

and existing models are available.
The diffusion thickness can be estimated using a similar proce-

dure, resorting to the mixture fraction gradient as follows:

dD x
*
; t

� �
� 1

rZ x* ; t
� ��� �� : (18)

To prevent the non-linear effects, the use of this expression should be
restricted to values close to stoichiometric conditions. Hence, the aver-
age diffusion thickness at a given position x

*
can be estimated as

follows:

�dD x
*ð Þ ¼ � 1

rZ x* ; t
� ��� ��

�����
Z¼Zst

�
ffiffiffiffiffiffiffiffiffi
2Dstevst

s
; (19)

where Dst and evst ¼ 2 qD rZj j2jZ¼Zst

	 

=q stand for the mass diffu-

sivity and the scalar dissipation rate at stoichiometric conditions.
Within the present work, the approximation in (19) holds with an
error below 5% throughout most of the shear layer and can therefore
be regarded as accurate. The scalar dissipation rate is a central concept
in non-premixed turbulent combustion, which requires further discus-
sion. This parameter represents the mixing intensity and estimates the
decay of mixture fraction fluctuations, playing a similar role as ~e for
the turbulent kinetic energy. From this notion, it is possible to define a
characteristic timescale for the fluctuations around the mean mixture

fraction tZ ¼eZ002=~v, which is often modeled to be proportional to the
turbulent timescale tT ;

tT ¼
~k
~e
� cv
eZ002
~v
; (20)

where cv is a model constant that varies from 1.5 to 3.43 A value
cv ¼ 2 is often used.43 The model in (20) presents several deficiencies,
as discussed in Sec. IV. The value ~v alone is not necessarily entirely
related to the combustion process. Hence, its conditional average at
stoichiometric conditions evst is often more interesting to measure
flame properties. The offset betweenevst and ~v can be used to quantify

how likely is. Hence, low ratios ~v=evst denote that high above-average
mixing is required for stoichiometric conditions to occur.

Using asymptotic theories,54 the flame Damk€ohler number can
be obtained by considering the introduced length scales as follows:

Dafl ¼
tD
tc
� dD

dc

 !a

� 2Dst

~vstR
2

� �a
2

; (21)

where a is a parameter dependent on the global chemical mechanism.
For the case of methane–oxygen combustion, this exponent can be
approximated as a � 2. The flame Damk€ohler number provides valu-
able information regarding the flame’s structure stability49,55,56 and
can be used to classify the regimes in non-premixed combustion.56 In
addition to these implications, the flame Damk€ohler number is rele-
vant due to its relationship with the turbulent Damk€ohler number,
which can be expressed as follows:

DaT ¼
tT
tc
¼ tT

tc

tD
tD
¼ tT

tD
Dafl: (22)

If the diffusion thickness can be assumed to be controlled by the small-
est vortical structures and it is possible to set tD � tg, yielding
DaT �

ffiffiffiffiffiffiffiffi
ReT
p

Dafl:
49 This is not the case in the current work since the

Kolmogorov eddies are expected to be significantly smaller than the
chemical length scales. To approach this problem, it is necessary to
find a suitable expression for the proportionality factor between both
Damk€ohler numbers, which corresponds to the ratio between vortical
timescales and diffusion timescales, i.e., tT=tD. The diffusion timescale
can be expressed as the inverse of the Favre-averaged stoichiometric
scalar dissipation rate, i.e., tD ¼ 1=evst :49 Hence, it is possible to recast
the proportionality factor between Damk€ohler numbers as follows:49

tT
tD
¼

~k
~e
evst: (23)

Inserting this expression in (22) yields

DaT ¼
~k
~e
evstDafl: (24)

One relevant aspect involving this definition is its conditionality to stoi-
chiometric conditions. Because of this particularity, this Damk€ohler
number is representative of the instants when a stabilized diffusion
flame is present. Therefore, this definition is able to capture the mix-
ing enhancement due to the flame’s thermal expansion but neglects
quenching events. Substituting evst by ~v in (24) provides a value
denoted in this text as Da�T , which is related to the complete flow sta-
tistics at a given position. This value shall be more suitable for
modeling the integral interactions between the flame’s turbulence
and combustion.

III. SIMULATION SETUP

This section is devoted to the simulation setup description. The
text is structured in two main parts. First, the overall simulation strat-
egy is discussed, including a brief description of the turbulence and
chemistry characteristics. Second, the primary resolution requirements
associated with DNS in turbulent combustion are discussed, and their
degree of achievement in the current work is studied.
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A. Simulation strategy

A standing non-premixed flame was simulated in a cuboid domain
with an aspect ratio of 5 using DNS. Periodicity is imposed in two direc-
tions (xy), perpendicular to the main flame’s propagation direction (z).
The performed computations can be divided into two main segments.
First, the unmixed flow develops into physically meaningful turbulence
in a precursor simulation. The resulting velocity fields are subsequently
used to feed the turbulent inlet of the main simulation. This setup is rep-
resented in Fig. 1. The main simulation’s domain comprises a cuboid
volume with dimensions 0.2 � 0. 2 � 1mm3, resolved with 144 � 144
� 720 uniform cubic cells. Oxygen and methane are injected at the inlet
with contiguous equal areas. This sort of arrangement implies a region
with an unusually steep concentration gradient. It is not clear if the
results observed in this part are relevant to actual diffusion flames. In an
actual combustor, a non-slip wall separates the oxidizer and fuel injec-
tion, creating a recirculation zone and preventing the high concentration
gradients that appear in the simulation performed for the current study.
Investigating this region’s fluid dynamics poses a formidable challenge,
which exceeds the present text’s scope. The results in this zone will be
displayed for the sake of completeness, but they should be taken with
care. As one moves downstream, the flow shortly recovers from the
steep inlet boundary condition. After roughly ten times the laminar
flame thickness z � 10dL0, the flow resembles a canonical reactive shear
layer, and the simulation’s results are entirely relevant. Zero gradient
boundary condition is applied at the domain’s outlet for every field.

Since velocity fluctuations are very small compared with mean velocities
in this region, backflows are not expected, ensuring the stability of the
chosen boundary condition.

Although the domain is three-dimensional, its statistics can be
significantly simplified. Since the boundary conditions are indepen-
dent of the Y-direction, it can be assumed that the turbulence statistics
are invariant in this direction. The symmetry of statistical properties
can be assumed following similar reasoning. Hence, the simulation
results are averaged in time, y, and symmetry. This is the default pro-
cedure for calculating all the presented statistical results in the follow-
ing unless otherwise stated.

In the precursor simulation, periodic synthetic turbulence is gen-
erated with the scheme described in Ref. 57, based on the strategy
devised by Shur et al.58 This method is based on the superposition of
randomized harmonics following a reference spectrum as originally
proposed by Kraichnan.59 The synthetically generated velocity field
develops with enough length to ensure convergence into a mature tur-
bulent flow. Species concentrations are enforced during this develop-
ment to disable mixing. The turbulent properties were chosen to
resemble the results obtained at RANS simulations for a scale methane
rocket combustor described in previous works.60 The mass diffusion
coefficients are set to zero in this segment to disable mixing. Due to
the different physical properties, the developed turbulent characteris-
tics of the methane and fuel sides are slightly different after conver-
gence. The plane where oxygen and methane meet constitutes a shear

FIG. 1. Overview of the simulation strat-
egy: simulation sequence (a), schematic
of the main simulation domain and bound-
ary conditions (b); cells with temperatures
below 340 are filtered out to maximize the
observability of the flame’s 3D structure.
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layer whose turbulent properties require commenting. The dissipation
rate of turbulent kinetic energy is remarkably enhanced in this region
due to the steep gradients in density and velocity. This effect leads to a
higher concentration of vorticity with lower eddy lifetime and length
scales. The most relevant turbulent characteristics were evaluated at the
end of the precursor segment at each relevant position, and the results
are displayed in Table I. The points where these parameters were evalu-
ated correspond to the ones signaled in Fig. 1(a). The developed turbu-
lent field presents similar characteristics at the fuel and oxidizer sides.
Nevertheless, the oxygen part exhibits slightly higher turbulence levels
due to its lower kinematic viscosity. The consequences of the enhanced
dissipation rate at the shear layer can be observed in the last column in
Table I. The relevant Reynolds numbers in this surface are remarkably
lower due to the smaller size of the largest eddies, which originated
from the breakup of larger vortical structures. This turbulent intensity
remains within the order of magnitude of the targeted study applica-
tion, although higher Reynolds numbers would be desirable to repro-
duce more representative scenarios. Such conditions were not
implemented due to the high associated computational cost.

The main simulations were conducted with the reactive solver
EBI (Engler-Bunte-Institut) — DNS,61–64 based on the open-source
software OpenFOAM,65,66 which solves the conservation equations for
mass, momentum, energy, and species in compressible flows using the
finite volume method (FVM).67,68 This solver has been applied and
validated over a wide variety of combustion-related problems.69–73

Detailed chemistry and transport properties are computed with
Cantera,74 using the mixture-averaged transport model as described
by Kee et al.75 The skeletal mechanism developed by Slavinskaya
et al.76 is used to compute methane combustion using finite rate. This
reaction mechanism consists of 21 species and 97 reactions, and it is
conceived for space propulsion applications at high pressures. The rel-
evant combustion parameters are summarized in Table II. The injec-
tion velocity si is chosen to be small enough to avoid flame quenching
and high enough to allow the development of an observable reactive
shear layer. This velocity is the same for both oxygen and methane to
ensure that mixing processes are entirely driven by turbulence, filtering
out the shear effect.

B. Resolution requirements

Direct numerical simulations come at the highest cost since they
require resolving all the relevant fluid and chemical processes scales.

From the standpoint of fluid mechanics, resolution requirements are
driven by the Kolmogorov scale and the integral size of the eddies.
More specifically, it is recommended to resolve the Kolmogorov eddies
with 1/2.1 cells22 and to make a domain large enough so that it can
contain at least eight eddies with the integral size K:21 These require-
ments can be formalized with the following performance indicators:

rg ¼ 2:1~g=Dx; (25)

rK ¼ Lp=8~K: (26)

These parameters present a value greater than unity if the requirement
is fulfilled.

The flame front resolution constitutes the main requirement
from the standpoint of chemistry. In the context of premixed flames,
10 to 20 cells per laminar thermal flame front thickness are usually
recommended.77 However, diffusion flames cannot be characterized
with a single length scale as previously discussed. To circumvent the
spatial variability, it is reasonable to consider the local reaction thick-
ness defined in (16) as reference parameter for the zonal chemical
length scale. Taking the lower bound of ten cells, it is possible to
express the normalized chemistry resolution achievement as follows:

rc ¼ 0:1dc=Dx: (27)

The degree of achievement of the three mentioned resolution require-
ments is summarized in Fig. 2. This illustration represents the cumula-
tive distribution function of the normalized resolution accomplishment.
The only indicators that are not being fulfilled at every cell are theTABLE I. Relevant turbulent scales and characteristics in the different unburnt

regions. Physical quantities are normalized with the laminar flame characteristics at
stoichiometric conditions, i.e., dL0 and sL0, which can be consulted in Table II.

Fuel side Oxidizer side Shear layer

g=dL0 0.175 0.175 0.2
k=dL0 1.99 2.1 1.72
K=dL0 4.3 5.31 2.06
L=dL0 7.9 9.77 3.78
u0=sL0 1.15 1.13 1.06
Rek 32.4 38 18
ReT 69.9 96.2 21.62
ReL 128.5 176.7 39.72

TABLE II. Main combustion parameters of the simulated flame.

P Pressure 20 bar
Tu Temperature of the unburnt reactants 300K
/ Global equivalence ratio 0:5
dL0 Laminar flame thickness at

stoichiometric conditions
5:505 lm

sL0 Laminar flame speed at
stoichiometric conditions

2:5735m=s

si=sL0 Normalized bulk velocity of the
unburnt gases

2:72

sb=sL0 Normalized velocity of the
combustion products

21:51

FIG. 2. Cumulative distribution function of the different resolution requirements
degree of achievement. Values are normalized so that lower than unity implies
unfulfillment and greater than one implies fulfillment.
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periodicity length and flame front resolution. The flame front is resolved
with less than ten cells at approximately 0.1% of the positions. The
domain is not large enough to contain eight integral eddies for approxi-
mately 2% of the cells. Hence, the regions at which resolution require-
ments are not attained represent a low fraction of the simulated volume.
Furthermore, the resolution at these locations is close to the target values
(over 90%). In addition, most of the cells lacking completeness in resolu-
tion requirements are placed at the near injection region (NIR), which is
of limited interest within the present work’s scope. Overall, it can be
concluded that the simulation setup fulfills the spatial DNS require-
ments well enough to ensure high fidelity in the observed statistics.

Regarding the necessary simulation time, it is necessary to repro-
duce the temporal evolution of enough vortical structures to achieve an
ergodic dataset. This is usually evaluated in terms of a reference eddy
turnover time. The properties of the unburnt oxygen side have been
taken as a reference since it presents the largest vortical timescales, con-
stituting the worst-case scenario. The present simulation has been run
for 32 times this reference eddy-turnover time. Field data for density,
pressure, temperature, velocity, and species were collected with a fre-
quency of roughly 18 times per eddy turnover time. The time step size
is adaptive, ensuring maximum local CFL (Courant–Friedrichs–Levy)
number below 0.4. An example of instantaneous results is displayed
in Fig. 3. This graph presents obtained solution and the normalized

second invariant Q ¼ kXijk2 � kSijk2
	 


;78 with Xij ¼ 1
2

@ui
@xj
� @uj

@xi

	 

,

and Sij ¼ 1
2

@ui
@xj
þ @uj

@xi

	 

representing enstrophy and shear stress rate.

The fields for oxygen and rho provide valuable information regarding
the flame’s development and Q=kXijk2 can be taken as an indicator of
the vortex presence.

Thanks to the symmetry of the turbulence statistics, twice the
amount of information can be obtained from each time step. In practi-
cal terms, this implies that the amount of available data effectively

adds up to 78 eddy turnover times. Such a number of observations is
large enough to ensure high confidence in the obtained statistics.

IV. RESULTS

This section is devoted to the discussion of the simulation out-
puts. The text is structured in two main parts. First, the development
of the diffusion flame is studied, and the relevant combustion parame-
ters are presented. Second, the transport of turbulence is analyzed.
Some previous remarks shall be stated to ease the understanding of the
upcoming discussion. The reader will observe gaps at certain graphs
where no results are plotted. These data holes originate from the lack
of observations in conditional analyses. For example, when calculating
the scalar dissipation at stoichiometric conditions, such a state may
never take place at certain locations, precluding this parameter’s calcu-
lation. During the result’s discussion, the adjectives inner and outer
will denote the oxygen- and fuel-rich regions, respectively. In addition,
the terminology radial and axial will be used to denote directions x
and z, respectively. This nomenclature is used since it is easy to relate
to the presented graphs and with actual coaxial injectors. Nevertheless,
it is important to remark that this terminology is not entirely accurate
from a physical standpoint.

A. Flame characteristics and development

The Favre-averaged mixture fraction and progress variable is pre-
sented in Fig. 4. The simulated flame’s structure resembles that of triple
flames.79,80 In particular, the non-premixed flame is located nearby the
region where ~Z � Zst � 0:2, with the lean and rich premixed branches
placed at ~Z < Zst and ~Z > Zst , respectively. Due to the symmetric con-
figuration, two triple points placed at z ¼ 0 and x � 610dL0 are pre-
sent. The progress of the reactive shear layer can be observed until the
position z � 60 dL0. Before this point, two shear layers are present, each
of them characterized with a fuel-rich and an oxygen-rich side.

FIG. 3. Example of instantaneous field results: oxygen concentration YO2 (top left), hydroxyl concentration YOH (top right), normalized specific volume q�1 (bottom left), and
normalized second invariant Q (bottom-right).
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Afterward, both layers merge into a single structure. The collision
between the shear layer occurs at the oxygen-rich side. This fact is moti-
vated by the higher agility of methane-related molecules, which can
reach the inner region before their oxygen counterparts arrive on the
fuel-rich side. Consequently, the chemical reactions following the shear
layer merging are restricted to the interface between the fuel-rich side
and the inner region. These remarkable differences in chemical pro-
cesses significantly influence the transport of turbulent properties, which
are discussed in more detail in Sec. IVB. Close to injection, at roughly
z � 20 dL0 a local maximum of the averaged progress variable can be
observed. This result is, in principle, counterintuitive since a gradual
increase in the progress variable in the axial direction shall be expected.
The region where this peak takes place coincides with a local maximum
of ~v=evst , which indicates that small mixing intensity is required to
achieve stoichiometric conditions. Hence, the presence of the local max-
imum of ~v=evst denotes a trend to shift away from stoichiometric condi-
tions as the flowmoves axially.

We hypothesize that these processes are motivated by the sudden
slow-down of chemical speed, illustrated by the different Damk€ohler
numbers in Fig. 5. The combustion in the near injection region (NIR)
is entirely driven by small-scale turbulence, which favors the fast

consumption of all available reactants nearby the mean reactive shear
layer. By z � 20 dL0, reactants are depleted at the center of the reactive
shear layer with the subsequent drop of the turbulent Damk€ohler
number DaT . This steep variation is caused by the sudden unavailabil-
ity of fresh reactants coupled with the fact that eddies have not yet
experienced significant accumulated decay. In such a context, material
advection is the dominating effect in species transport. This condition
explains the moderate decrease in the progress variable as the flame
advances axially. The fuel- and oxygen-rich sides of the shear layer
eventually experience a similar evolution, consuming the immediately
available reactants with the subsequent decrease in the Damk€ohler
number. By z � 70 dL0; the Damk€ohler number becomes homoge-
neously small through the shear layer. From this position, the large-
scale diffusion processes become the driving factor in the reactive
shear layer development and a consistent increase in the progress vari-
able in axial direction can be observed.

Another relevant output from the performed simulations is the
proportionality factor cv between eddy length scales and fluctuations
in the mixture fraction, which can be observed at the bottom of Fig. 6.
The observed values are close to the expected ones. Nevertheless, some
relevant discrepancies shall be addressed. First, the “constant” cv
presents a variable behavior through the flame’s domain, which indi-
cates that additional phenomena cannot be captured with this simple
model. Second, there is a significant variation between the fuel-rich
and the lean sides. We hypothesize that these variations are driven by
the intermittent behavior of the flame in the oxygen-rich region,
driven by flammability constraints. Due to the limited mobility of oxy-
gen molecules, the outer region’s reactive behavior is limited by the
oxidizer’s advection in radial direction. This effect, coupled with the
asymmetry in the flammability limits, precludes the constant presence
of a stable flame on the lean side. In the absence of combustion, mix-
ture fraction fluctuations are solely driven by mass diffusion processes,
filtering out the flame’s self-diffusion enhancement caused by thermal

FIG. 4. Favre-averaged mixture fraction and progress variable.

FIG. 5. Estimated Damk€ohler numbers at the simulation’s domain. Top: flame
Damk€ohler number. Bottom: turbulent Damk€ohler number.

FIG. 6. Scalar dissipation rate graphs. Top: ratio between scalar dissipation rate
and scalar dissipation rate at stoichiometric conditions. Bottom: model constant cv
relating vortical timescales to timescales in terms of mixing ratio fluctuations.
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expansions. Indeed, if the timescales of mixture fraction fluctuations
are conditionally averaged to stoichiometric conditions, a consistent
value through all the shear layer is obtained.

The turbulent Damk€ohler number was calculated both at stoi-
chiometric and general conditions. Regardless of the approach, the
Damk€ohler remains constant within the central region of the shear
layer. Nevertheless, remarkable differences can be observed in the
shear layer’s lean periphery. When only stoichiometric conditions are
considered, turbulent and chemical timescales appear to be in the
same order of magnitude. However, when properties are not condi-
tionally averaged, vortical structures outspeed the mean chemical
timescales. This behavior is motivated by the lower flame consistency
in the lean region, which was described previously.

B. Turbulence transport

The Favre-averaged turbulent kinetic energy and its dissipation
rate are represented in Fig. 7. Generation of turbulent kinetic energy
can be observed at specific locations of the mean flame. The first spot
of turbulence generation appears at the NIR, and it is associated with
high values of dissipation rate as well. This result is caused by the steep
gradients in species concentration, which generate abrupt dynamics
with short timescales. The turbulent kinetic energy decreases shorty
downstream, and it reaches a local minimum at roughly the same
position where the local maximum of ~c was observed. In addition, tur-
bulence is generated at the shear layer’s periphery, coinciding with the
progress variable progression. This evidence a combustion-driven tur-
bulence generation, which is commented. After the shear layers merge,
a rather constant spatial decay can be observed, leading to a monotoni-
cally decrease in turbulent kinetic energy. This behavior corresponds
to the second half of the simulation volume, where chemical reactions
are marginal, and the progress variable almost behaves like a passive
scalar. Hence, the coupling between chemistry and turbulence is weak-
ened, and viscous dissipation becomes the dominating mechanism of
turbulent transport.

The turbulent kinetic energy transport budget was studied in detail
to investigate the mechanisms responsible for the afore-described
behavior. The global turbulent transport is presented in Fig. 8, and it is
decomposed in its individual terms in Fig. 9. Turbulent transport
through mean pressure gradients (i.e., T2) is the main source of turbu-
lent kinetic energy together with the other two pressure terms (i.e., T3

and T5). These terms are able to counter the dissipative term ðT4) in the
first region of the flame. This overall result is very similar to what has
been observed in flames operating in the corrugated flamelet regime.9,23

Nevertheless, relevant radial variations, which do not take place in a sta-
tistically planar premixed flame, can be observed as well. These differ-
ences are commented on in detail in the following Secs. IV.B.1–IV.B.5.

1. Turbulence production through mean velocity
gradients T1

The turbulent production term T1 is usually negative in the con-
text of a statistically planar turbulent deflagration.9,10,23,24,29 Negative
values for T1 have also been reported in jet flames with low turbulent
intensity due to misalingments between the principal directions of the
Reynolds stress tensor (RST) and the flame normal direction.81 It is
important to remark that this is not the case within the flame studied
in the present paper as the principal directions of the local RST are
almost perfectly aligned with the mean flame propagation direction at
almost every position. Therefore, the preponderance of negative values
for T1 originates from the flow’s acceleration in the flame’s normal
direction. In addition to the predominance of negative production dis-
played in Fig. 9, positive values at certain regions near to injection can
be observed. To understand this behavior, it is necessary to discuss the
evolution of velocity gradients in all directions. The mean axial velocity
has a positive gradient everywhere, causing negative values of T1 for
most of the domain. The higher magnitude of these gradients occurs
at regions with good mixing due to the promotion of chemically
induced thermal expansions. In areas where the local mixture fraction
is outside the flammability limits, combustion cannot occur, and the
axial velocity gradient is small. This case corresponds to the zones
within the diffusive shear layer but outside the reactive shear layer,
where the mixture fraction tends to unity. In these cases, mass diffu-
sion and advection of reactants produces radial velocity gradients,
while axial velocity gradients are small since the chemistry is marginal
with Dafl � 0. In other words, mixing in the absence of combustion
takes place. Since thermal expansion is not the main driver of mean
velocity gradients, positive values for T1 become viable at these
locations.

FIG. 7. Normalized Favre-averaged turbulent kinetic energy and its dissipation rate. FIG. 8. Normalized global turbulent transport through the simulated diffusion flame.
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2. Turbulence production through mean pressure
gradients T2

In the frame of RANS, @p=@xi is closed, and hence modeling T2

only requires closing the averaged Favre velocity fluctuations, i.e., u00i .
For premixed flames, Nishiki et al.24 proposed the following model:

u00z ¼
sa

q0
qu00z c

00 : (28)

This expression provides excellent agreement with observations in
DNS of premixed flames.9,24,29 Nevertheless, some aspects should be
addressed. The derivation proposed by Nishiki et al. is based on a local

thin flame front assumption and linearizations, being valid for small
density ratios r ¼ qR=qP . In flames where air is used as oxidizer,
r < 5; this assumption can be rendered as valid. Nevertheless, in the
context of rocket engines combustion, the density ratio can easily rise
above 10. Another core requisite in the derivation of (28) is that c and
q are linearly correlated. This assumption is valid for premixed flames,
where variations in density are mainly associated with combustion
development. However, in non-premixed flames, mixing drives addi-
tional density variation processes in the absence of combustion, effec-
tively decorrelating c and q. Hence, it is first necessary to assess the
viability of Nishiki model for closing T2 in non-premixed combustion.
It is possible to adapt the original formulation by Nishiki et al. for
non-premixed combustion as follows:

u00z ¼ fs
�sa0

qfu;0 þ qox;0 � qfu;0ð Þ~Z
qu00z c

00 ; (29)

where fs is a correction coefficient, taking into account the fact that the
effective heat release parameter is below the one at stoichiometric con-
ditions, i.e., sa0. This adapted formulation was tested for the data
obtained in the performed simulations. The result is presented in
Fig. 10. A value fs � 0:84 was found to maximize the fitting with the
simulation’s output. As it can be seen, the agreement is excellent
through the shear layer and in the NIR. Hence, it is reasonable to use
(29) as a baseline for achieving closure of T2.

The following required step is modeling the turbulent scalar flux
qu00z c

00 . Traditionally, gradient transport assumptions have been used
to approach this sort of terms in turbulent combustion models.82–84

Nevertheless, the use of this methodology for modeling qu00z c
00 has

revealed extremely poor within the present work. The results are not
reproduced in this text for the sake of conciseness. In premixed flames,
it is possible to resort to the BML approach25 to obtain the following
expression for the required scalar flux:

qu00z c
00 � q~c 1� ~cð Þ uzP � uzRð Þ; (30)

where uzP and uzR denote the mean, i.e., bulk velocity of the products
and the reactants, respectively. This expression can be used as a depar-
ture point to build an analog formulation for non-premixed flames. In
particular, the following expression can be considered:

u00z ¼ sL0C2qCcZfcZ ~c; ~Z
� �

; (31)

where C2 is a model constant, fcZ ~c; ~Z
� �

is a shape-form function with

the form fcZ ~c; ~Z
� �

¼ ~cnc 1� ~cð Þmc ~Z
nZ 1� ~Zð ÞmZ

, and CcZ is a coeffi-

cient such that
Ð 1
0

Ð 1
0 fcZ ~c; ~Z

� �
d~cd~Z ¼ 1/36. The function fcZ performs

FIG. 9. Turbulent transport budget through the simulated diffusion flames.

FIG. 10. Observed and predicted values for the turbulence production by mean
pressure gradients T2 using the unclosed Nishiki model.
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an analog role as the expression ~c 1� ~cð Þ, with the coefficients nc and
mc, enabling skewed shape, which is a common result in non-
premixed combustion statistics. The effect of variable mixture fraction
is captured with the same sort of expression. The proposed model has
in total five degrees of freedom (nc;mc; nZ ;mZ ;C2). The values of
these coefficients were optimized to maximize the fitting with the cur-
rent simulation’s output. The model’s performance can be observed in
Fig. 11. As it can be seen, the agreement is rather good both qualita-
tively and quantitatively through most of the domain. Nevertheless,
the model’s prediction in the NIR is rather deficient, which is likely to
be related to the complex dynamics in this region.

The performance of the discussed models is illustrated in Fig. 12.
The data was axially averaged in this graph to simplify the comparison
between the different models as combustion evolves. As it can be seen,
Nishiki’s model remains very close to the observed data, especially
downstream, where the flow conditions are almost premixed. The pro-
posed closed model overpredicts turbulence generation at the NIR and
downstream, and it underpredicts turbulence transport at the reactive
shear layer. The main reason for the latter mismatch is the model’s
failing in the anticipation of high turbulence generation at premixed
branches of the triple flame. Overall, the proposed closed model exhib-
its a worse performance compared to the adapted version of Nishiki’s
model. This result is in principle expected, since it lacks access to the
turbulent scalar flux qu00z c

00 .

3. Fluctuating pressure terms T31T5

As mentioned in Sec. II, it is more convenient to study the terms
T3 and T5 in an aggregated way since the resulting mathematical
expression simplifies the object of study. An original formulation was
proposed by Launder et al.35 for non-reacting flows. Zhang and
Rutland23 conceived an alternative approach for premixed turbulent
flames. These two models can be combined, leading to the following
expression:

T3 þ T5 ¼ C35;RRs3L0qR~c 1� ~cð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
TR

þC35;PT1|fflfflfflffl{zfflfflfflffl}
TP

þC35;eq~e|fflfflffl{zfflfflffl}
Te

; (32)

where C35;R, C35;P; and C35;e are the model constants. The term TR

considered individually corresponds to the Zhang and Rutland model.
This term was originally derived assuming very thin local flame fronts
with pressure drops governed by the typical compressibility mecha-
nisms in weak deflagration. Hence, TR embeds information concern-
ing the combustion process, presenting non-negative values. The
terms TP and Te correspond to the model formulated by Launder

et al.35 and aim at predicting the behavior in the regions where com-
bustion is marginal. Within the frame of non-premixed combustion,
dissipative effects due to mixing should be considered in addition to
the introduced terms. This factor can be incorporated by defining an
additional term analogous to Te. Assuming that these effects scale with
the scalar dissipation rate and the thermal diffusivity and adding refer-
ence parameters to achieve consistency in units, the following expres-
sion can be obtained:

Tv ¼ C35;v
sL0
dL0

~v~aq; (33)

where C35;v is a model constant. Merging all the terms provides leads
to the following model:

T3 þ T5 ¼ TR þ TP þ Te þ Tv: (34)

This model presents four degrees of freedom, which must be deter-
mined by resorting to observations. These defining constants were cal-
culated to maximize the fitting with the performed simulations results.
The predicted and observed values for T3 þ T5 are displayed in
Fig. 13. The limitations of this approach are quite evident. The model
is able to capture some characteristics of the observed field, but the
overall performance is very poor. Accurate prediction of the fluctuat-
ing pressure gradients has been traditionally complex to model in past
research and remains as one of the main challenges to achieving clo-
sure in (7).

Despite the obvious limitations of the attempted modeling, some
relevant insights can be extracted. The term Tv, which is essentially
negative is the best predictor in (34). Since the value of TFPG varies
from negative to positive, the primary deficiency lies in finding an
appropriate source term. Overall, it can be concluded that closing

FIG. 11. Observed and predicted values for the turbulence production by mean
pressure gradients T2 using the closed method derived in this work.

FIG. 12. Radially averaged turbulent kinetic energy transport through mean pres-
sure gradients. The predicted value (blue continuous line) can be compared with
the one resulting with the adaption of Nishiki’s model to diffusion flames (red
dashed line) and the proposed closed model (yellow dotted line).

FIG. 13. Observed and predicted values for the pressure fluctuation gradients
T3 þ T5.
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TFPG in diffusion flames requires the incorporation of specific ele-
ments that have not yet been considered in the literature.

4. Dissipation term T4

The term T4 constitutes the principal turbulent kinetic energy sink
in the context of premixed flames. In this sort of environment, the dissi-
pation rate of turbulent kinetic energy represents the main contribution
and the approximation T4 � �q~e remains valid through all premixed
flame regimes due to the low values of TV and the molecular viscous
transport r lr~k

� �
in (9). To study the validity of this assumption, the

offset of the expression T4=� q~e with respect to unity was calculated.
The results are displayed in Fig. 14. As it can be observed, T4 � �q~e
does not hold through most of the domain. The dissipation of turbulent
kinetic energy is enhanced at the extreme sides of the shear layer,
whereas it is inhibited in the inner region. The reason behind this offset
is the molecular viscous transport, which can be approximated as
r lr~k
� �

� @ðlð@~k=@xÞÞ=@x. This component presents large values
due to the viscosity gradients perpendicular to the mean shear layer.
Since this term is closed, this behavior does not pose a challenge from
the standpoint of turbulence modeling. Although the term TV is
unclosed and technically requires modeling, it is of secondary impor-
tance. This value remains negligible through most of the domain and
the approximation T4 � �q~e � @ðlð@~k=@xÞÞ=@x holds almost per-
fectly through all points. More specifically, a relative error below 5% is
found through most of the reactive shear layer, with discrepancies on
the order of 10% at the NIR.

5. Turbulent transport through gradients of the
turbulent flux of kinetic energy T6

The term T6 represents the gradient of the triple correlation of
velocity fluctuations. In the shear layer of a diffusion flame, spatial deriv-
atives of properties tend to be significantly larger in the direction per-
pendicular to the shear layer, compared with the mean flow’s
propagation direction. Within the current simulation frame, this claim
implies that gradients in x are very large compared to gradients in z.
The output of the performed simulations supports this assumption for
the case of T6. Hence, it is possible to approximate this term as follows:

T6 �
�1
2
@

@x
qu00xu

002
k ¼

�1
2
@

@x
qu00xu

002
x þ qu00xu

002
y þ qu00xu

002
z

	 

: (35)

This expression embodies the gradient of the correlation between
the mass flux fluctuations perpendicular to the shear layer and
“instantaneous” turbulent kinetic energy u002k . Mass flux fluctuations
induce the advection of vortexes, whose turbulent kinetic energy scales

with the gradient of ~k in the direction opposite to the incoming flux
anomaly. This is the basis for the isotropic gradient model, which can
be written for the present case as follows:

T6 �
�1
2
@

@x
Clq

k2

e
@k
@x

� �
; (36)

where Cl is a constant parameter approximated as 0.09 in the most
extended models.28 Daly and Harlow85 proposed a generalized gradi-
ent model to cope with strongly non-isotropic flows. Departing from
their formulation, the following expression can be derived:

T6 �
�1
2
@

@x
Csq

k
e

u00xu
00
x
@k
@x
þ u00xu

00
z
@k
@z

� �� �
: (37)

Both models were tested against the performed simulation’s output.
The results are presented in Fig. 15. The performance is overall good
for both models. The anisotropic model is able to predict slightly better
the turbulent transport in the lean region of the shear layer, but it
exhibits a worse performance in the NIR. Both models overpredict the
thickness of the shear layer’s inner region where T6 > 0 and underes-
timate the values in this area. However, the main inconsistency pre-
sented by both models appear in the lean region right after injection,
where an inner region with T6 < 0 is observed but none of the models
foresees it. This region is meant to be challenging since it does not
belong to a consistent shear layer and partial recirculation can occur.

Regarding the optimal parameters, the values 0.0766 for Cl and
0.171 for Cs maximized the fitting of (36) and (37), respectively, which
is in good agreement with the constants found in the literature. If the
first section of the domain (z < 40dL) is excluded from the optimiza-
tion procedure, the optimal values result in 0.087 for Cl and 0.263 for
Cs are obtained, which provide an almost perfect match with the val-
ues suggested by the available scientific literature. A more detailed sta-
tistical analysis shows that the residuals at the shear layer can be
almost perfectly corrected using a global cubic polynomial expression
solely dependent on the progress variable ~c. This fact suggests that the
inconsistencies between the baselines models and the observed outputs
are mainly caused by chemical aspects. Since a physically motivated

FIG. 14. Offset between T4 and the dissipation rate.
FIG. 15. Observed and predicted values for the term T6 using the isotropic gradient
model in Eq. (36) (top) and the anisotropic gradient model in Eq. (37) (bottom).
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model was not found, the results are not reproduced here for the sake
of conciseness.

V. CONCLUSIONS

The transport of turbulent kinetic energy in the shear layer of a
turbulent diffusion flame has been studied using three-dimensional
unsteady direct numerical simulations. Characteristic flame parame-
ters were defined to facilitate the interpretation of flame-turbulence
interactions. Definitions for different Damk€ohler numbers and chemi-
cal length scales were proposed. These indicators proved useful to
understand the turbulent diffusion flame’s behavior. A significant
increase in turbulent kinetic energy and its dissipation rate was
observed at specific locations. The main contributors for this increase
are the turbulence production through mean pressure gradients and
the fluctuating pressure gradient terms, which are able to counter the
viscous decay throughout most of the reactive shear layer. These
mechanisms enhance turbulence through the same mechanisms
reported in the scientific literature for turbulent premixed flames at
similar conditions. Existing models for premixed combustion were
adapted to predict turbulent transport for the pressure-related terms.
However, only the novel model for the turbulent production through
mean pressure gradients [Eq. (31)] exhibited a good performance both
qualitatively and quantitatively. A model of the turbulent transport
through fluctuating pressure gradients was proposed as well [Eq. (34)],
although with very limited performance. The dissipation rate of turbu-
lent kinetic energy presented a similar behavior compared to what has
been observed in premixed flames. The main differences concerning
premixed flames were observed in the turbulent transport through
pressure gradients [i.e., qu00i u

00
j ð@~ui=@xiÞ], the turbulent molecular vis-

cous transport [i.e., r lr~k
� �

], and the turbulent transport through

gradients of the turbulent flux of kinetic energy (i.e., @qui 00u002k =@xi).
Classical gradient models [Eqs. (36) and (37)] were tested to predict
this term with moderate success. The inconsistencies of these models
are strongly correlated with the progress variable ~c. This suggests that
introducing the interaction between combustion and the shear layer

could significantly improve models for the term @qui00u002k =@xi.
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