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Abstract
Boundary handling is an important aspect of fluid simulation, and several
boundary handling approaches exist in smoothed particle hydrodynamics
(SPH), which have individual strengths and weaknesses. However, comparing
different boundary handling approaches is challenging as there is no common
basis for evaluations, that is, no universal set of experiments with quantita-
tive evaluation across different methods, especially within computer animation
where many evaluations rely mainly on visual perception. This article pro-
poses a set of experiments to aid the evaluation of the main categories of
fluid-boundary interactions that are important in computer animation, that is,
no motion (resting) fluid, tangential and normal motion of a fluid with respect
to the boundary, and a fluid impacting a corner. We propose ten experiments,
comprising experimental setup and quantitative evaluation with optional visual
inspections, that are arranged in four groups which focus on one of the main
category of fluid-boundary interactions. We use these experiments to evaluate
three particle-based boundary handling methods, that is, pressure mirroring,
pressure boundaries, and moving least squares pressure extrapolation, in com-
bination with two incompressible SPH fluid simulation methods, namely IISPH
and DFSPH, to establish a quantifiable relation between different combinations
of boundary handling with simulation approaches and the main categories of
fluid-boundary interactions. Finally, we summarize all results in a rating table
and show how our experiments can be used to determine the promising method
for specific requirements regarding a given constellation of fluid-boundary
interaction.
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1 INTRODUCTION

Along with the growing importance of fluid simulations within computer animation and computational fluid dynam-
ics, various methods have been developed for boundary handling. In this article, we focus on smoothed particle
hydrodynamics (SPH), one of the most popular methods for fluid simulation in computer animation. Initially, boundary
handling methods predominantly focused on solving the basic issues of fluid-boundary coupling in SPH, for example,
fluid particles penetrating boundaries1,2 and uncontrollable adherence to boundary surfaces.3-5 More recent research
focuses on solving more nuanced, additional, fluid-boundary interactions problems, for example, ensuring that pres-
sure gradient around boundaries are smooth.6,7 However, the evaluation of each individual method generally only
focuses on the effect under consideration. While some experiments are frequently used for comparisons, such as the
dam break experiment, they are applied in a non-uniform way, for example, using different scales or fluid parameters.8,9

Furthermore, specific experiments are often difficult to reproduce due to a lack of precise geometric and parametric
definitions,7,10 a utilization of a variety of additional simulation components such as fluid-air interactions,11 and a gen-
eral lack of freely availability of reference implementations.6-8,10-13 Consequently, comparing approaches across a broad
range of experiments is hardly possible as each individual method’s set of evaluations is designed to highlight the spe-
cific method’s benefits, although the method may exhibit shortcomings in other experiments that highlight other fluid
effects. In contrast, computational fluid dynamics regularly utilizes standardized experiment test cases, for example,
those provided by SPHERIC,14 for a quantifiable comparison of the overall fluid behavior based either on analytical
models or experimental data. However, these experiments generally involve complex setups15,16 with interdependent
fluid effects, which makes it difficult to evaluate individual fluid-boundary effects in isolation, for example, unwanted
boundary resistance may be superimposed by fluid-boundary adhesion. Moreover, experimental data is commonly very
limited in terms of spatial or temporal resolution, that is, fluid quantities are captured only in very few locations.17

Another source of methods for evaluating fluid simulations is survey papers.18,19 The evaluation provided in such
papers usually includes only qualitative assessments of strengths and weaknesses of the methods, without quantitative
analysis.

In our article, each individual experiment contains a comprehensive description of the experimental setup, includ-
ing a definition of all relevant fluid parameters, and is based on a set of quantifiable metrics, for example, kinetic
energy, velocity, and pressure distribution, with additional visual evaluation for some experiments. We use each of
our experiment to evaluate three boundary handling approaches: (i) pressure mirroring (PM),3 (II) pressure bound-
aries (PB),7 and (iii) moving least squares pressure interpolation (MLS).6 Furthermore, for each boundary handling
approach we utilize two different SPH simulation techniques: (i) implicit incompressible SPH (IISPH),20 and (ii)
divergence-free SPH (DFSPH).21 Finally, we utilize our set of experiments to establish a clear and quantifiable rela-
tionship between the quantities measured in each experiment and fluid-boundary interactions relevant in computer
animation to provide a clear basis for the comparison of different fluid boundary handling methods. Our contribution
in brief:

• A set of well-defined experiments for four constellations of fluid-boundary interactions.
• A set of quantitative evaluation protocols for our experiments.
• An application of experiments and evaluation protocols to three boundary handling methods, each using two

incompressible SPH techniques.
• A quantifiable process to determine the most well-suited method for the simulation of fluid-boundary effects under

specific conditions.

2 RELATED WORK

Smoothed particles hydrodynamics (SPH) is a Lagrangian fluid simulation approach that was initially proposed by
Gingold and Monaghan22 for astrophysical phenomena. Boundary interaction in SPH is handled by either discretizing
the boundary objects into Lagrangian particle-based representations,3 or by using non-Lagrangian models directly, for
example, integrating over signed distance fields.23 While there are frequently used evaluation experiments applied in dif-
ferent papers, the evaluation of boundary handling methods in computer animation mainly relies on visual inspection,
and often uses experiments specifically designed to assess the main benefits of the proposed method. Examples are the
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filling of a vase6 or complex boundary geometries like canyons24,25 or boats.3 Moreover, the frequently used experiments
are not well standardized across different papers, and use, for example, different experiment scales, boundary sampling,
or fluid parameters (surface tension, viscosity, or time stepping). For example, the dambreak experiment17 is utilized by
Crespo et al.26 using a global CFL-based time-stepping scheme proposed by Monaghan and Kos,27 while Lee et al.28 use
the method proposed by Morris et al.29

In the following, we briefly discuss the main purpose of some prominent, commonly used experiments. The widely
used dambreak experiment6,7,10,12,13,23,25,30-33 involves an initial fluid volume flowing into a larger simulation domain and
potentially interacting with obstacles placed within the simulation. It is used for both the evaluation of fluid simulation
techniques1,8 and boundary handling methods.13,25 This experiment is evaluated as a visual assessment of the overall
fluid behavior,12,32 for visual and quantitative comparisons8,11 and for quantitative comparison33 involving experimen-
tal SPHERIC data.14 However, the setup of the experiment is altered in many ways. There are, for example, different
sizes on the basin from 3 m long till tens of meters long6,34 and of the initial fluid volume, for example, different shape
and size of the fluid volume,6,7,13 varying fluid parameters, for example, particle spacing and viscosity term,23,31 and a
varying number of obstacles, that is, no,7,8,31 one,12 or multiple/complex objects.13 Another widely used experiment is
the still water experiment3,7,12,35-37 used to investigate the fluid behavior in a steady state. In this experiment, a fluid vol-
ume is generally placed in a simple simulation domain in a state that should not exhibit any fluid motions, for example,
oscillations in the fluid surface. Different properties are analyzed in this experiment, for example, the average pressure,7
the kinetic energy7 or the pressure/velocity profile at the boundary/in bulk.3,7,12 The geometric setup of the experi-
ment differs significantly between different methods, for example, the simulation domain may be 2D12,32 or 3D,23,36 and
use an orthogonal7 or cylindrical6 container. A third commonly used experiment is the sliding plane experiment, which
is used to assess the fluid-boundary interaction in SPH, where a set of fluid particles is sliding down a tilted planar
boundary surface.3,13,21,25 The angle of the tilt3,13 as well as the initial fluid configuration3,21 vary significantly, and the
overall evaluation usually involves assessing particle trajectories or any potential adhesion of particles to the boundary
surface.

There are some prior publications that compare different fluid simulation techniques quantitatively and qualitatively
with different objectives,8,9,11,38,39 they do not explicitly evaluate the fluid-boundary interaction.

There are few prior works that provide explicit evaluations schemes for boundary-handling. Liu et al.31 compare
two fluid-boundary coupling methods originating from a CFD context, which are conceptually different from current
state-of-the-art approaches used in computer animation. This evaluation is performed using a two-dimensional dambreak
experiment and by investigating three different visual and quantitative evaluation approaches, that is, the fluid flow near
the boundary, the fluid surface profile and back wave propagation. Sheikh et al.40 consider boundary handling approaches
used for simulating granular materials using SPH. They analyze numerous quantifiable aspects of experiments, for
example, normal force, frictional force, and final deposit profiles of granular material.

In this article, we propose a set of experiments and quantitative as well as qualitative evaluation protocols specifi-
cally tuned for one-way coupled fluid-boundary interactions within a computer animation context. We, therefore, extend
existing and introduce novel experiments and quantitative evaluation techniques. We provide full information of all
experiments and quantitative evaluation protocols to ensure reproducibility. Specific differences between our proposed
experiments and prior experiments, if applicable, are explained in more detail in corresponding experiment setup in
Section 4.

3 SPH BOUNDARY HANDLING METHODS

Boundary geometries in SPH are either treated directly, for example, using integral based formulations, or they are
discretized into a Lagrangian form, yielding particle-based boundary handling approaches.

In this article, we focus on particle-based approaches, as this type of boundary handling is the most popular used
in SPH. Due to consistent discretization of fluid and boundary geometry, integrating the fluid and the fluid-boundary
solvers as well as solvers for external effects, for example, adhesion, is relatively easy and straightforward. However,
this choice of discretization does not restrict the use of the proposed set of experiments to particle-based boundary han-
dling methods, and it is possible to use our experiments and evaluation protocols for any non particle-based method
as well.

Particle-based boundary handling methods either utilize surface sampled particles3 or dense volume sampling of the
boundary object,1 where both samplings face several challenges regarding the placement of particles. Several approaches
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have been developed to improve the generation of surface sampled particles,41,42 however, all sampling strategies exhibit
some artifacts, for example, non-perfectly smooth surfaces or fluid particle penetration due to inhomogeneous sampling.
Due to their wide usage within computer animation, we focus on surface-sampled approaches. Moreover, we restrict
the set of experiments to regularly shaped boundary objects without applying any sampling optimization for the sake of
simplicity of implementation. The incorporation of boundary particles into the standard discretized SPH interpolation
scheme to evaluate a quantity A at position x yields:3

A(x) =
∑

j

mj

𝜌j
AjW(x − xj, h) +

∑

b

𝜓b

𝜌b
AbW(x − xb, h), (1)

where xj is the position of particle j, mj is the mass of particle j, 𝜌 being the density, and𝜓b = 𝜌0Vb is the volume dependent
mass factor, with 𝜌0 being the rest density of the boundary, and Vb being the rest volume of the boundary particle b.3

Evaluating pressure forces is achieved by computing the pressure gradient,∇p, using a standard SPH formulation for
the gradient,7 which yields

Fp
i = −

mf

𝜌f

(
∑

j

mj

𝜌j
(pf + pj)∇Wfj +

∑

b

𝜓b

𝜌b
(pf + pb)∇Wfb

)
, (2)

where Fp
i is the pressure force enacted upon the fluid particle i, which contains a summation over neighboring fluid

particles j and neighboring boundary particles b.
Several approaches exist to evaluate the pressure values for boundary particles, where we evaluate three approaches

due to their wide utilization in computer animation: pressure mirroring, pressure boundaries, and moving least squares
pressure extrapolation (see Figure 1).

Pressure mirroring (PM) The underlying concept of PM is to set the pressure for a boundary particle to the pressure of
the interacting fluid particle.3 The pressure for all boundary particles is assumed to be equal
to the fluid particle’s pressure that is currently evaluating its pressure force, and, in general,
every fluid particle evaluates a different pressure value for the same boundary particle (see
Figure 1a).

Pressure boundaries (PB) Band et al.7 apply an implicit SPH-like formulation to estimate unique pressure values for
boundary particles within the SPH simulation process. They use a discretization of the
pressure Poisson equation, resulting in a system of equations that is solved using a relaxed
Jacobi method.

(a) (b)

F I G U R E 1 Boundary pressure methods involving boundary samples (gray) and fluid samples (blue). Pressure mirroring leads to
different boundary pressure values, as different fluid particles project their pressure value to the same boundary sample, for example, in (a)
the central boundary particle has pressure values p1 or p2, depending on whether it is evaluated from particle 1 or 2, respectively. Pressure
boundaries and moving least squares pressure interpolation estimates a unique pressure value for each boundary particle using a pressure
Poisson equation or extrapolates fluid particles’ pressure onto boundary particles, respectively (b). (a) Pressure mirroring; (b) pressure
boundaries, MLS
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Moving least squares pressure extrapolation (MLS) This approach employs a moving least squares technique to
calculate the pressure at boundary particles.6 The moving least
squares method is used to compute hyperplanes in the
spatial-pressure domain that is used to estimate the pressure field
at the considered boundary particle. The resulting pressure
distribution extrapolates pressure to boundary particles, and the
obtained pressure gradients are continuous.

4 TESTING EXPERIMENTS AND RESULTS

We propose a set of ten experiments to examine specific boundary handling aspects. The schematic structures of the
experiments are presented in Figure 2. Our ten experiments are arranged in four groups that evaluate four different
categories of fluid-boundary interactions that are relevant to computer animation:

No motion: Even in the case of a resting fluid, any inconsistent or volatile physical quantities delivered
by the boundary handling has an effect on the fluid that may lead to an unsteady fluid and
residual fluid motion. This is mainly evaluated in Section 4.2.

Tangential motion: The boundary representation and handling has a significant impact on the behavior of a
fluid under tangential motion.
One aspect refers to artificial surface roughness, also referred to as bumpiness, that
describes the deviation of the perfect linear motion of the fluid along a planar surface by
introducing motion in Z-direction. The artificial surface roughness mainly relates to the
boundary discretization using particles,6,13,23,25 which yields visible artifacts, such as
particles moving along deflected paths.
A second aspect refers to artificial boundary anisotropy, that is, tangential motion of the
fluid that directionally depends on underlying boundary representation. For instance, this
effect may result in fluid particles moving preferably along the cardinal directions of a
regularly sampled boundary.
A third aspect refers to an unwanted artificial resistance that occurs during interaction
between particles due to underlying numerical effects and surface geometry. While this
effect may correlate with artificial surface roughness, it results from a combination of
fluid-fluid and fluid-boundary interaction and affects motion in XY-direction only. It is
important to note that this effect works in addition to any boundary conditions, that is,
no-slip or free-slip boundaries, and is significantly more apparent for free-slip boundaries,
which are commonly used in computer animation.
These aspects are mainly evaluated in Section 4.3.

(a) (b) (c) (d)

(e) (f) (g) (h) (i)

F I G U R E 2 Schematic structure of the ten experiments used for four SPH experiments
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Normal motion and impact: The boundary handling affects the fluid’s behavior in vertical direction and may lead to an
artificial boundary elasticity, where fluid particles impacting the boundary are bouncing
away from the boundary surface instead of having no orthogonal velocity relative to the
boundary normal. This is mainly evaluated in Section 4.4.

Corner motion and impact: Due to the smoothing property of SPH, the fluid-boundary interaction at sharp corners,
where tangential and normal fluid components highly interact might lead to a corner
smoothing effect. This effect is inherent to SPH and applies to smaller features as well.25 It,
however, also depends on the boundary representation, which is mainly evaluated in
Section 4.5.

Our proposed experiments are constructed to investigate these categories in an as isolated way as possible, utilizing
specific quantifiable evaluations. Some of the experiments are inspired by prior work. These aspects will be detailed in
the specific experiment sections. After introducing technical preliminaries in Section 4.1, we describe in detail the four
groups of experiments comprising ten experiments and the quantitative evaluation protocols. We evaluate the results
obtained from our experiments in the aggregated rating Table 8.

4.1 Technical preliminaries

4.1.1 Simulation environment

As the environment for the evaluation we use the GPU-based open source SPH framework openMaelstrom.43 Artificial
viscosity to ensure stable fluid-fluid interaction is modeled based on the XSPH approach by Monaghan,44 with viscos-
ity coefficient 𝛼 = .05. Surface tension effects are modeled using the method by Akinci,45 with a tension coefficient
of 𝜅 = .125. As kernel function we utilize the cubic spline kernel44 for all SPH evaluations besides the pressure gradi-
ent terms, where we use the spiky kernel2 to avoid particle pairing instabilities. The gravity is set to (0, 0,−9.8)⊤ m/s2,
unless otherwise specified. Fluid particles and rigid particles have a radius of .05 m. Boundary sampling is regu-
lar rectangular with the spacing of .08 m. The density of the fluid and the rigid objects is set to 1000 kg/m3. The
time step during simulations is fixed at 1 ms, which satisfies the CFL condition for any simulation performed dur-
ing our experiments. The stopping criteria for fluid solvers in all experiments is a average density error of .01%, for
IISPH and DFSPH, and a average divergence error of .1% for DFSPH. For our comparisons, we implemented the
boundary pressure terms PM,3 PB,7 and MLS,6 and combine them with the IISPH20 and DFSPH21 fluid pressure
solvers.

4.1.2 Relaxation stopping criterion

Setting up an initial, relaxed fluid volume is a crucial aspect that strictly depends on a relaxation stopping criterion. We
employ a relaxation stopping criterion purely based on the velocity magnitude vi(t) of particle i at simulation time t with
time steps ofΔt = 1 ms. We define the average velocity magnitude per simulation time step vavg(t), and the average velocity
magnitude over five seconds of simulation v5s

avg(t).

vavg(t) =
1
n

n∑

i=1
vi(t), v5s

avg(t) =
1

5000

4999∑

j=0
vavg(t − j ⋅ Δt),

where n is the number of fluid particles. The stopping criterion relates to the relative change of average velocity over 5 s
simulation time within 1 s, that is:

v5s
avg(t) = (v5s

avg(t) − v5s
avg(t − 1))∕v5s

avg(t − 1). (3)

Now we define the criteria to stop the relaxation at time t0 if

v5s
avg(t0 − 𝜏) < 𝛿,∀𝜏 ∈ [0, 5] s, (4)
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where 𝛿 is threshold, which in all our simulations is set to .05. In rare cases of high unsteadiness of the fluid, we stop at
t0 = 300 s.

We use the stopping criteria in all experiments where a relaxation of the fluid is necessary prior to executing the actual
experiment and/or prior to measuring the quantitative values.

4.1.3 Simulation hardware

All evaluations have been performed on an Intel Core i7-7700 CPU with 16 GB of RAM and an NVIDIA 2080ti GPU with
11 GB of VRAM.

4.2 No motion experiments

In this group of experiments, we focus on the no motion category of fluid-boundary interactions.
This group of experiments consists of a fluid placed on a boundary plane or in a container in order to relax, that is, get

to a resting state (see Figure 2a). Investigating resting fluid volumes has been done in prior work by Akinci et al.,3 Band
et al.,7 Monaghan et al.,35 and Mayrhofer et al.36 Within this prior work there is no unified evaluation strategy, for example,
Monaghan and Kajtar35 measure pressure at the middle point of the container, while Band et al.7 measure average pressure
of the overall fluid and the total kinetic energy. We extend this approach by using additional fluid configurations, that is,
a single particle and fluid sheets, and by having more versatile evaluations.

4.2.1 Simulation setup

This group of experiments comprises two distinct experiments. The first experiment has three variants of fluid particle
configurations, that is, a single fluid particle and a single layer fluid sheet comprising a single fluid particle surrounded
by a hexagonal ring of 6 fluid particles or surrounded by two hexagonal rings of fluid particles with 18 fluid particles
(see Figure 3). The fluid is placed onto a horizontal boundary plane (see Figure 2b) and is simulated until it fulfills
the stopping criterion in Equation (4). The evaluation uses the simulation results up until the fluid fulfills the stopping
criterion.

The second experiment consists of a boundary container with interior size of 1.0 × 1.0 × 20.0 m3 and a .75 × .75 ×
10.0 m3 fluid volume placed inside consisting of 1478 fluid particles. With a particle volume of (2r)3,7 the volume of
the fluid amounts to 1.478 m3. In this experiment, we use the maximum pressure, defined by the hydrostatic pressure,
in the given container pmax = 𝜌 ⋅ g ⋅ h = 1000 ⋅ 9.8 ⋅ 1.478 = 14484.4 Pa46 as a reference, and the pressure should ideally
be uniformly distributed over [0, 14484.4] Pa. In this experiment, initially, the fluid volume is positioned 5 particle radii

F I G U R E 3 No motion experiments, planar particle sets. A single fluid particle (dark blue), a single fluid particle with one ring of
neighbors (blue), and a single fluid particle with two rings of neighbors (light blue).
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away from the container’s bottom and side, that is, the fluid volume initially drops into the container without any initial
fluid-boundary interaction. The fluid is simulated until the stopping criterion in Equation (4) is fulfilled. After the stopping
criterion is met, the fluid is simulated for a further 10 s. Accordingly, any measurements for the second experiment include
a residual influence of the initialization process, and we observe this residual influence and overall behavior for the last
10 s of the simulation.

4.2.2 Evaluation protocol

In the first experiment, all tracked values are used as a measure for residual fluid motion. We track the average relative
tangential displacement:

Drel(t) = 1
n

n∑

i=0

|||
|||p

xy
i (t) − pxy

i (0)
|||
||| , (5)

where pxy
i (t) is a tangential position of the fluid particle i at time t, pxy

c is the initial center of gravity of the fluid particles,
and n is the number of particles in the configuration. Note, that Drel(t) would be 0 for an ideal surface. We also track the
average relative fluid height:

Hrel(t) =

( n∑

i=0
(pz

i (t))∕n

)
− z0, (6)

where pz
i is Z-coordinate of the fluid particle i and z0 is the average particle height over all particles and time frames.

Finally, we track the average kinetic energy:

Eavg
k (t) =

( n∑

i=0

miv2
i (t)

2

)
∕n, (7)

where mi and vi is mass and the velocity magnitude of the fluid particle i, respectively.
The property assessed in the second experiment is the same residual fluid motion, but here we investigate a bulk

fluid. For this purpose, we track the velocity and the pressure of all fluid particles over time to capture the detailed
spatial-temporal fluid behavior. To get an overview, we aggregate this data in 2D histograms, showing the distribution of
each quantity over time during the evaluation period. We evaluate these 2D histograms separately for particles in close
proximity to the boundary, that is, particles that are less than 1.5× support radii away from the boundary, and for particles
in the fluid’s bulk. However, we also use aggregated values for a cumulative comparison between methods. To this extent,
we calculate standard deviation of the 95% percentile over time for pressure and velocity. We also use the Wasserstein
distance47 to calculate the deviation of the pressure distribution from the ideal one, which is the linear increase from 0 to
pmax proportional to fluid depth.

4.2.3 Results

The results for the first experiment are presented in Figure 4 and Table 1 (the table is used in our rating scheme; see
Table 8). The first, second, and third row in Figure 4 show the relative average tangential displacement, the relative
average height, and the average kinetic energy for 0, 1, and 2 neighbors, respectively. The values for the relative height
are presented in log-scale to show variations at lower scales. To prevent none-positive values for the log-scale, the results
were shifted by overall minimum of the relative height plus a threshold. The results for MLS and PM for the single particle
configuration are identical. The reason is that MLS for single particle degenerates to PM in its formulation (see Appendix
Section 2). Although there are differences between PM and MLS for multi particle configurations, both methods tend to
produce very similar measures.

For the single particle configuration, PM and MLS exhibit notable oscillations of the relative displacement (see
Figure 4). Frequency and amplitude of the oscillation changes significantly, that is, the frequency decreases while the
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F I G U R E 4 No motion experiments, planar particle sets. The relative fluid height and relative kinetic energy.

T A B L E 1 No motion set of experiments, planar sets of fluid particles.

Par. Neigb. Stats. PM+IISPH PM+DFSPH PB+IISPH PB+DFSPH MLS+IISPH MLS+DFSPH

Rel. displacement 0 𝜇

𝜎

1.83e+00
2.15e-02

1.83e+00
2.15e-02

3.00e-02
9.11e-09

3.00e-02
9.11e-09

1.84e+00
2.17e-02

1.84e+00
2.17e-02

1 𝜇

𝜎

2.09e-02
9.11e-06

7.20e-02
3.73e-05

5.22e-02
5.66e-09

5.92e-02
1.28e-08

2.00e-02
9.81e-06

2.02e-02
2.10e-04

2 𝜇

𝜎

3.99e-02
1.53e-06

7.11e-02
7.38e-07

6.59e-02
4.53e-09

4.55e-02
1.82e-08

3.81e-02
2.08e-07

7.56e-02
2.79e-06

Rel. height 0 𝜇

𝜎

2.70e-04
1.27e-04

2.70e-04
1.27e-04

4.90e-09
3.73e-09

4.90e-09
3.73e-09

2.68e-04
1.26e-04

2.68e-04
1.26e-04

1 𝜇

𝜎

1.72e-08
1.29e-08

5.74e-08
2.58e-08

2.04e-09
1.51e-09

6.60e-09
4.27e-09

1.95e-07
1.55e-07

4.70e-07
3.65e-07

2 𝜇

𝜎

3.90e-08
3.11e-08

6.37e-08
4.67e-08

2.10e-09
1.58e-09

1.83e-09
1.43e-09

4.05e-09
3.08e-09

9.03e-08
4.39e-08

Kin. energy 0 𝜇

𝜎

2.59e-03
2.18e-03

2.59e-03
2.18e-03

1.34e-10
1.07e-10

1.34e-10
1.07e-10

2.56e-03
2.13e-03

2.56e-03
2.13e-03

1 𝜇

𝜎

7.14e-09
4.40e-09

6.26e-08
4.36e-08

7.90e-11
3.92e-11

1.63e-10
4.66e-11

2.41e-08
1.25e-08

2.89e-06
1.94e-06

2 𝜇

𝜎

1.81e-09
1.02e-09

1.63e-10
1.08e-10

1.26e-10
2.80e-11

1.15e-10
2.23e-11

2.77e-11
9.54e-12

3.16e-10
1.57e-10

Note: Mean and standard deviation of the relative displacement, relative height and the kinetic energy. Blue colored values are the best values in current row.
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amplitude increases over time. Over the full 160 s simulation sequence presented in Figure 4 the frequency and the ampli-
tude of the oscillation change significantly three times. For all other particle settings the oscillations disappear after some
time. Moreover, the standard deviation decreases with increase of particle number (see Table 1). Unlike PM and MLS, PB
shows the least oscillations for the relative displacement for all particle configurations and unlike PM and MLS reaches
its equilibrium quickly.

Similar to the relative displacement, the relative height oscillates noticeably and at high frequency for the single par-
ticle configuration for PM and MLS (see Figure 4). For the multi particle configurations there are only minor height
oscillations after the relaxation. For PB we have a low level of oscillation which is also reflected in the low standard devi-
ation in Table 1. As an additional note, for DFSPH the relative height is larger than for IISPH when combined with PM
and MLS. For PB the relative height is very similar for all particle configurations and for both solvers, that is, DFSPH and
IISPH.

For all methods and all particles configurations notable kinetic energy oscillations occur. However, PB shows the least
oscillation amplitudes and the least variance of the kinetic energy level for all particle settings, see Table 1. Unlike PB,
PM and MLS exhibit a decrease of the kinetic energy in average with increasing number of fluid particles.

For all methods, an increasing number of particles in the setting usually produces less standard deviation and a lower
mean values in all three fluid measures (see Table 1).

The results for the second experiment are presented in Figure 5 and Table 2 (the table is used in our rating scheme
8). MLS for both IISPH and DFSPH shows the smoothest and most uniform pressure for both, in bulk and at the bound-
ary. The average Wasserstein distance between the ideal uniform distribution and the MLS pressure distribution is the

F I G U R E 5 No motion experiments. Residual pressure and residual velocity in bulk and at boundary of the fluid.
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T A B L E 2 No motion experiments. The average Wasserstein distance (2(p)) for all fluid particles over time, the standard deviation
of the max. pressure 𝜎p in bulk and at the boundary, and the standard deviation of the max. velocity 𝜎v in bulk and at the boundary.

Stats. Location PM+IISPH PM+DFSPH PB+IISPH PB+DFSPH MLS+IISPH MLS+DFSPH

+2(p) Whole 3.75e+03 3.57e+03 3.48e+03 3.53e+03 3.19e+03 3.08e+03

𝜎p Boundary
Bulk

6.75e+03
2.79e+03

1.33e+03
1.08e+03

2.69e+01
1.83e+02

5.31e+01
1.36e+02

8.89e+01
1.06e+02

2.48e+01
2.02e+01

𝜎v Boundary
Bulk

3.45e-01
3.71e-02

3.05e-02
2.02e-02

2.54e-03
7.21e-04

1.58e-03
1.51e-03

8.24e-03
7.19e-03

2.66e-03
3.14e-03

Note: Blue colored values are the best values in current row.

least among all given methods. The largest average Wasserstein distance for the pressure distribution is produced by
PM+IISPH. The highest standard deviation for pressure is shown by PM+IISPH and the lowest is shown by MLS+DFSPH.
For MLS, the lowest pressure deviation is expected due to definition of MLS, where boundary pressure continues pres-
sure gradients smoothly, which is also declared in original work.6 The standard deviation of velocity is the lowest for
PB+DFSPH and the highest for PM+IISPH.

Conclusions
In the first experiment the ideal case is minor residual motion after relaxation, however MLS and PM preserve notable
residual motion after relaxation and behave identical for the single-particle configuration and similar for the multi-particle
configurations. PB shows better consistency with the ideal case.

For the second experiment, in the ideal case, the pressure distribution is uniform, as defined by the hydrostatic pres-
sure. Overall, that is, considering the bulk and the boundary region, MLS for both IISPH and DFSPH shows the closest
distribution to the ideal distribution. Similarly, MLS shows the smallest pressure standard deviation. However, for the
velocity the lowest standard deviation is shown by PB. Comparing IISPH and DFSPH, DFSPH usually exhibits lower pres-
sure and velocity errors, even though there are some exceptions, for example, Wasserstein distance for PB and standard
deviation for PB in bulk.

4.3 Tangential motion experiments

This group of experiments investigates the tangential motion of the fluid along a planar boundary surface. The main goal
of the experiment presented here is to measure the unwanted artificial resistance, the artificial surface roughness, and the
artificial boundary anisotropy that affects the fluid flow across the boundary surface.

This group of experiments comprises a boundary plane and different fluid particle configurations flowing over the
plane (see Figure 2b,c). The group of experiments consists of two experiments with different setups and purposes:

1. The first experiment focuses on the boundary surface roughness and unwanted artificial resistance. The principal idea
is based on works by Akinci et al.,3 Koschier et al.,23 Band et al.,13 and Bender et al.30 It comprises a regularly sampled
plane and a moving configuration of fluid particles. Contrary to the prior works, we utilize a horizontal plane where
we artificially accelerate the fluid particles instead of relying on gravity.

2. The second experiment focuses on the artificial boundary surface roughness and boundary isotropy, where the principal
idea is based on works by Band et al.6 and Bahman and Tong.40 It comprises a fluid cylinder released on a regularly
sampled plane. However, we utilize fluid instead of granular materials,40 and do not place an obstacle in the path of
the spreading liquid6 to prevent additional fluid-boundary effects.

4.3.1 Simulation setup

The first experiment consists of a horizontal boundary plane and a planar set of fluid particles (see Figure 2b). We use the
same three variants of fluid particle configurations as from Section 4.2.

Prior to the measurement, the initial fluid particle configuration is simulated until the relaxation stopping criterion (4)
is met. Afterwards, the fluid particles are accelerated until the fluid reaches an average velocity of 1 ± .01 m/s using a
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tangential acceleration of 10 m/s2. Then the acceleration is stopped, and the measurements begins for the next 5 s of
simulation.

The second experiment comprises 3876 fluid particles initially forming a fluid volume shaped in the form of a cylinder
with radius 1 m (see Figure 2c). The fluid cylinder is released after the fluid meets the relaxation stopping criteria (4).

4.3.2 Evaluation protocol

In the first experiment, we measure the unwanted artificial roughness by tracking the average relative fluid height Hrel(t) (6)
and we measure unwanted artificial resistance by tracking the average kinetic energy Eavg

k (t) (7) of the fluid. For ranking
purpose, we fit data for average kinetic energy to the exponential decay function a exp(b ⋅ t) and calculate the b coefficient
while setting a = .25. We assign a constant value to a to be consistent with theoretical kinetic energy for the given set of
particles.

In the second experiment, we assess the distribution of the fluid particles within the first 2 s after releasing the fluid
cylinder. We evaluate the particle distribution over the boundary surface to assess the artificial boundary surface resistance
and the artificial boundary anisotropy by measuring the polar angle distribution after 2 s in a 1D histogram and the polar
radius distribution of the fluid particles for the full evaluation period of 2 s in a 2D histogram. The polar angle distribution
is built using 200 bins. This distribution is expected to be uniform with probability of .005 for each bin. We therefore
calculate the standard deviation of the probabilities from angular distribution obtained in simulation with respect to ideal
uniform probability of .005. We refer to this distribution as angular probability distribution.

4.3.3 Results

The results of the the first experiment are presented in Figure 6 and Table 3, the latter showing the measures for a fitted
exponential decay function for the kinetic energy.

F I G U R E 6 Tangential motion experiments, planar particle sets. The fluid relative height and average kinetic energy.
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T A B L E 3 Tangential motion experiments, planar sets of fluid particles.

Neihg. Exp-fitting PM+IISPH PM+DFSPH PB+IISPH PB+DFSPH MLS+IISPH MLS+DFSPH

0 b +3.39e-02 +3.39e-02 -1.40e+00 -1.40e+00 +3.15e-02 +3.15e-02

1 b -2.03e-03 -2.46e-03 -1.84e+00 -2.49e+01 +3.61e-03 +1.17e-03

2 b -4.90e-03 -3.86e-03 -1.21e-01 -5.82e+00 -1.65e-03 +3.13e-03

Note: Coefficient b of the fitting exponential decay function a exp(b ⋅ t) for the kinetic energy.

F I G U R E 7 Tangential motion experiments, fluid cylinder. Polar angle distribution after 2 s of simulation (top row) and the polar
radius distribution over 2 s after the cylinder barrel is released (bottom row).

Besides numerical variations, MLS and PM exhibit identical results for the single particle configuration, that is, the
fluid particle accelerates even without external force. A similar anomaly, that is, a positive coefficient of the exponential
function, occurs for MLS+IISPH with 1 ring of neighbors and MLS+DFSPH with 2 rings of neighbors (see Table 3). The
highest deceleration occurs for PB, especially for combination with DFSPH, which is physically reasonable but unwanted
because causes high artificial resistance. For higher numbers of fluid particles, the value of the fluid deceleration decreases
for PB.

The results for the second experiment (fluid cylinder) are presented in Figures 7 and Table 4. Furthermore, we
present a visual comparison of the fluid’s shape after 2 s after the fluid cylinder barrel has been released in Figure 8.
We observe that the fluid propagates much farther and quicker for the MLS and the PM method than for PB, which
corresponds to the first experiment, where PB shows a high deceleration. Comparing MLS and PM, MLS exhibits a
slightly farther particle propagation. According to Figure 7 and Table 4, PM and MLS in combination with DFSPH
have a more uniform distribution and less standard deviation of the angular probability distribution (𝜎prob) compared
to the other combinations. PB exhibits a comparably strong anisotropy, that is, an angular dependency of motion,
with a clear preference aligned with the boundary particles’ grid axes when combined with DFSPH. However, the
standard deviation of the angular probability distribution (𝜎prob) for PB+IISPH is higher than for PB+DFSPH, which
mainly results from clustering effects, that is, fluid particles unite in multiple clusters during the fluid spread. Addi-
tionally, cross-checking with the visual results in Figure 8, we can clearly see the lower artificial resistance for PM and
MLS compared to PB. Moreover, we observe a difference regarding the fluid distribution between DFSPH and IISPH
for PB.
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T A B L E 4 Tangential motion experiments, fluid cylinder.

Measure Stats. PM+IISPH PM+DFSPH PB+IISPH PB+DFSPH MLS+IISPH MLS+DFSPH

Angular distr. 𝜎prob 2.73e-03 2.35e-03 5.63e-03 4.13e-03 3.31e-03 2.34e-03

Radial distr. 𝜇

𝜎

5.57e+00
5.74e-02

5.62e+00
5.86e-02

4.37e+00
9.98e-02

4.30e+00
1.96e-01

5.94e+00
8.55e-02

6.07e+00
8.59e-02

Note: Geometric distribution measures at 2 s of simulation. 𝜎prob is the standard deviation of the angular probability distribution. Blue colored values are the
best values in current row.

F I G U R E 8 Tangential motion experiments, fluid cylinder. Top view 2 s after the cylinder is released.

Conclusions
PM and MLS show very similar behavior. They both show low artificial resistance or nonphysical artificial resistance for
all particle configurations, as indicated by the the exponential decay b in Table 3. Consequently, in complex experiment,
like the fluid cylinder, fluid particles are propagated further when using PM and MLS. The opposite result occurs for PB
where the artificial resistance is very high, which stops the fluid quickly. This is good for the relaxation, but unwanted for
the fluid flows.

4.4 Normal motion experiments

In this group of experiments we investigate the normal motion and impact of fluid-boundary interactions by hitting a fluid
with a planar boundary. The main goal of this experiment is to investigate artificial boundary elasticity, artificial boundary
anisotropy, and artificial boundary surface roughness for varying fluid configurations. This group of experiments consists
of a boundary plane aligned with the XY-plane and different fluid configurations perpendicularly impacting the boundary
plane without the influence of gravity (see Figure 2d–f).

This group of experiments includes three experiments with different fluid configurations: a single fluid particle, a
fluid sheet one particle thick, and a ball-shaped fluid volume.
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4.4.1 Simulation setup

Within the first experiment, we evaluate how a single particle impacts a boundary plane at different XY-positions and
how this XY-position influences the particle-surface interaction. We place a single fluid particle initially at a distance of
.3 m from the boundary plane in Z-direction and vary its XY-position. These positions are chosen to form a regular grid
with 31 × 31 XY-positions that fully cover an area of 1 × 1 boundary particles, that is, the distance between neighboring
XY-positions is 1∕31 times the sampling distance of the boundary particles (see Figure 9a). The initial velocity of the fluid
particle is set to 10 m/s towards the boundary plane. In this experiment, we track Z-component and XY-component of
the fluid velocity. Moreover, we evaluate the velocity after boundary interaction as function of the XY-impact location,
that is, we capture the particle velocity after there is no further interaction with any boundary particle, or 1 s after the
simulation started, if the particle stays in interaction distance to the boundary plane. The ideal result would be that the
particle stops at the location of impact.

In the second experiment, a fluid sheet aligned with the boundary plane is utilized that is .7 × .525 m2 in size and
has a hexagonal grid structure with 37 fluid particles (see Figure 9b). The initial distance between the fluid sheet and the
boundary plane is .3 m and its initial velocity is 10 m/s towards the boundary plane.

Finally, in the third experiment a fluid ball of radius of .5 m, consisting of 359 fluid particles in a hexagonal grid
structure located at a distance of 1.3 m above the plane is utilized with an initial velocity of 10 m/s towards the boundary
plane.

4.4.2 Evaluation protocol

In the first experiment with a single fluid particle, we track the Z-velocity and the XY-velocity direction and magnitude.
We visualize the XY-velocity and the Z-velocity magnitudes after boundary impact in a joint 2D visualization. Moreover,
we extract aggregated values from the data: mean of |vz|, max of |vz|, mean of |vxy|, max of |vxy| and average divergence48

of |vxy| for all particle impacts. The mean and max of |vz| are evaluating the artificial boundary elasticity, mean and max
|vxy| are used for evaluating the artificial boundary isotropy and artificial boundary surface roughness.

In the second and the third experiment, we track the average fluid Z-velocity and the average XY-velocity magnitudes
of the fluid particles. For the evaluation of the artificial boundary elasticity, we use aggregated value of mean |vz| after
impact.

4.4.3 Results

The first experiment with a single fluid particle shows that the amplitude and the XY-direction of the particle’s velocity
after boundary interaction highly depends on the point of impact with the boundary, as well as on the boundary handling

(a) (b)

F I G U R E 9 Normal motion experiments, single particle. The grid (a) of fluid particle locations along XY-plane for the first experiment,
that is, the single particle-boundary impact experiment. The large orange circles are boundary particle, the small blue circles are XY-locations
at which the fluid particle impacts the boundary. And the configuration of the fluid sheet (b) used in the second experiment of the same
experiment
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F I G U R E 10 Normal motion experiments, single particle. Reflected particle velocity for the first experiment, that is, the single
particle-boundary impact experiment. The color and the arrows encode the Z- the XY-component of the particle’s velocity after boundary
interaction, respectively.

T A B L E 5 Normal motion experiments. Statistics of the single fluid particle-boundary impact experiment.

Stats. PM PB MLS

𝜇(vz) 1.16e-02 6.83e-01 1.16e-02

max vz 2.49e-02 1.28e+00 2.49e-02

𝜇(|vxy|) 5.46e-01 1.29e+00 5.46e-01

max |vxy| 8.53e-01 2.30e+00 8.53e-01

Avg. div(|vxy|) 2.39e-01 2.16e+00 2.39e-01

Note: Blue colored values are the best values in current row.

F I G U R E 11 Normal motion experiments, fluid sheet. XY-vector and Z-components of the average fluid velocity for the fluid
sheet-boundary impact experiment.

approach (see Figure 10). The results for PM and MLS are identical due to reasons described in the previous experiment
(see Section 4.3). For some points, the reflection in Z-direction is almost zero and the maximal Z-velocity is 1.28 m/s (see
Table 5). The highest magnitudes for the Z-velocity as well as for the XY-velocity are shown by PB. Similarly, the average
divergence computed for the XY-velocity is significantly higher for PB than for PM and MLS.

The second experiment results are presented in Figure 11 and Table 6. After impact, the Z-component of the average
velocity for PM and MLS is slightly higher than for PB. This result is not consistent with the result obtained for the single
particle experiment, where PM and MLS show significantly lower Z-velocity, while PB exhibits a significant Z-velocity
after impact. Interestingly, compared to PM and MLS, PB shows the least Z-velocity, while it exhibits the highest Z-velocity
for the single particle experiment. The fluid simulation methods DFSPH and IISPH exhibit nearly identical results with
a small difference in the mean Z-velocity for PB (see Table 6).
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T A B L E 6 Normal motion experiments. Mean vz after impact for the sheet and the ball experiments

Experiment Stats. PM+IISPH PM+DFSPH PB+IISPH PB+DFSPH MLS+IISPH MLS+DFSPH

Sheet 𝜇(vz) .26 .26 .22 .20 .36 .36

Ball 𝜇(vz) .55 .50 .93 1.00 .43 .43

Note: Blue colored values are the best values in current row.

F I G U R E 12 Normal motion experiments, fluid ball. XY-vector and Z-components of the average fluid velocity for the fluid
ball-boundary impact experiment.

The fluid ball experiment’s results are presented in Figure 12 and Table 6. In this experiment, PM and MLS show lower
Z-velocities, which coincides with the results obtained single particle-boundary impact experiment. From Figure 12 we
see that the average XY-velocity magnitudes for PM and MLS are slightly higher than for PB. Similar to the fluid sheet
experiment, there is a small difference in the mean Z-velocity between IISPH and DFSPH in the fluid ball experiment
(see Table 6), while there is a noticeable difference in the XY-velocity for PM and MLS.

Conclusions
Overall, PM and MLS deliver the lowest Z-velocity magnitudes for all experiments. For the single particle experiment, PM
and MLS also exhibit a very uniform behavior compared to PB. Regarding the XY-velocity magnitudes, the PM and the
MLS method also show the lowest values for the single particle experiment, while they exhibit the highest XY-velocity
magnitudes for the fluid ball boundary impact. For the fluid sheet all three method show similar results. In general, we
do not observe much difference between IISPH and DFSPH.

4.5 Corner motion and impact experiments

We use this group of experiments to investigate the corner motion and impact of the fluid, focusing on the corner smoothing
effect. We, therefore, simulate the impact of various fluid configurations with an orthogonal boundary concave corner
(see Figure 2g–i), which has some experimental similarity to the well-known dambreak experiment.17 Our experiment,
however, quantitatively evaluates the behavior of various fluid configurations interacting with a boundary corner.

4.5.1 Simulation setup

This group of experiments consists of three experiments. In the first experiment a single fluid particle is accelerated
and impacts the orthogonal corner, where an XY- and a YZ-plane meet. The particle is initially located on the XY-plane
and approaches the corner by moving in X-direction. The particle is accelerated until it reaches an average velocity of
1 ± .01 m/s before the impact. The analysed data is taken for .5 s before and .5 s during the time of impact. Ideally,
the particle stops at the corner. The second experiment is a corner impact of a fluid sheet with 122 fluid particles that
are accelerated and impact the corner. The impact takes place in the container with area of 1 × 2 m2. The container is
divided into two sections, each 1 × 1 m2. The fluid sheet is placed in one of the sections and after fulfilling of the stopping
criterion (4) the wall between sections is removed and the fluid sheet is accelerated to an average fluid particle velocity of
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1 m/s with ±5 % precision with an acceleration of 10 m/s2. We evaluate data for 2 s after the first impact of the sheet. The
third experiment is a classical dambreak. The container used for this experiment has a ground plane of 4 × 12 m2 which
is divided into two sections with 4 × 4 m2 and 4 × 8 m2. The number of fluid particles is 113,189. Initially, the fluid stays
in the smaller section of the container until it fulfills stopping criterion (4). Afterwards, the separating wall is removed
and the released fluid flows towards the opposite wall. We evaluate 11 s after the dam release.

4.5.2 Evaluation protocol

Evaluating the first experiment is done using 2D histograms for X- and Z-velocities. We also evaluate X- and Z-position
over time. We take maximum vz velocity due to the corner impact as indicator for the corner smoothing effect. For the
second experiment the analysis of the obtained data is done using 2D time histograms for each velocity component. While
we assess the corner impact (simulation time 1 − 3 s), we also include .25 s before acceleration and .75 s of acceleration
for completeness. In the graphs, the corner impact occurs at 1 s. For the evaluation of the corner smoothing effect we use
the 95% percentile of vz during corner impact. For the same simulation time we also calculate standard deviation of vx and
vy. For the third experiment the analysis of the obtained data is done in 2D time histograms for each velocity component
and includes 1 s before release and 11 s after release of the removal of the separating wall. For the evaluation we use the
95% percentile of vz and vx during whole simulation after dam release, the standard deviation of vy and the vx decay. The
latter is calculated as ratio decay = vx1∕vx3, where vx1 is maximum vx velocity before first impact and vx3 the maximum
vx velocity between second and third impacts.

4.5.3 Results

The result for the first experiment is presented in Figure 13. The particle behaves identically for PM and MLS as for
previous single particle experiments Section 4.2. For PM and MLS, the velocity’s X-component partially converts to a

F I G U R E 13 Corner motion and impact experiments, single particle. The X and Z components of the velocity (top row) and of the
particle position over time (bottom row).
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motion upward Z-velocity during the impact. After reaching the maximum height the fluid particle falls back but instead
of sticking to the corner it moves backwards in X-direction. Visually it appears as if the corner is rounded. The maximum
Z-velocity for PM and MLS is .482 m/s. For PB the velocity behaves differently. After the impact the fluid particle sticks
close to the corner and oscillates for some time. The maximum Z-velocity for PB is .319 m/s, that is, smaller than for PM
and MLS.

The second experiment’s results are presented in Figure 14 and Table 7. The results are consistent with the results for
the experiment with a single fluid particle, that is, PM and MLS show higher Z-velocity magnitudes than PB. This can be
seen both, in Figure 14, last row, and in Table 7 for the 95% percentile vz after the corner impact. The standard deviation
of vx during impact is higher for PM and MLS, whereas PB exhibits a lower deviation (see Table 7). The average standard
deviation of vy does not exhibit large differences for IISPH, however, for DFSPH, although PM and MLS have very similar
values, PB shows lower variation.

The results for the last experiment, that is, the dambreak, are presented in Figures 15–17, as well as in Table 7.
The first impact has the maximum X-velocity and happens around 2.5 s. The results include three wave impacts: first
forward wave after dam release (happens at about 2.25 s), first backward wave (happens at about 4.5 s) and the sec-
ond forward wave (happens at about 10 s). The 2D histogram in Figure 15 and the per-frame statistics in Figure 16,
as well as the visual results in Figure 17 and the values in Table 7 exhibit, that, consistent with the prior experiments,

F I G U R E 14 Corner motion and impact experiments, fluid sheet. 2D histograms for all three velocity components of all fluid particles.
The simulation comprises four stages, relaxation ([0,∼ .25] s), acceleration ([∼ .25, 1] s), and corner impact including some backflow of
particles ([1, 3] s).
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T A B L E 7 Corner motion and impact experiments, sheet and dambreak experiments.

Experiment Param PM+IISPH PM+DFSPH PB+IISPH PB+DFSPH MLS+IISPH MLS+DFSPH

Sheet max95%
[1,3]s vz 9.80e-01 1.14e+00 5.40e-01 3.80e-01 1.02e+00 9.60e-01

𝜎[1,3]s; vx
2.39E-01 2.39E-01 1.28E-01 9.90E-02 2.47E-01 2.21E-01

𝜎[1,3]s; vy
7.32E-02 1.14E-01 6.43E-02 4.92E-02 6.44E-02 9.87E-02

Dambreak max95% vz 1.67e+01 1.61e+01 1.63e+01 1.59e+01 1.70e+01 1.65e+01

max95% vx 9.86e+00 9.88e+00 9.66e+00 9.63e+00 9.92e+00 9.93e+00

decay vx 3.32e+00 3.77e+00 4.14e+00 4.62e+00 3.44e+00 3.78e+00

𝜎vy
2.32e-01 1.33e-01 1.19e-01 1.36e-01 1.38e-01 1.21e-01

Note: The measures max95%, max95%
[1,3]s, and stddev[1,3]s refer to the 95% percentile over the full simulation sequence, the 95% percentile over the simulation

sequence [1, 3] s, and the average standard deviation over the simulation sequence [1, 3] s, respectively. For the dambreak experiment, the decay is computed
as the ratio of the 95% percentile maximum X-velocity peaks of the first and the third reflection at simulation time ∼ 2.5 and ∼ 10 s. Blue colored values are
the best values in current row.

F I G U R E 15 Corner motion and impact experiments, dam break experiment. 2D histograms for all three velocity components of all
fluid particles.



AKHUNOV et al. 21 of 26

F I G U R E 16 Corner motion and impact experiments, dam break experiment. Per-frame statistics for the absolute X, Y, and Z velocity
components over time.

F I G U R E 17 Corner motion and impact experiments, dam break experiment. Screenshot of the simulation 5∕6 s after dam release.
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PM and MLS show the highest velocity magnitudes, which is especially visible in the Z-component at the first impact.
Comparing DFSPH and IISPH as fluid solvers, we observe that they behave pretty similar with minor differences. In
accordance with the planar boundary experiment, PB shows a high artificial resistance, which is expressed by the decay
of vx. Here, we see higher values of the decay for PB, as well as when the boundary handling method is combined with
DFSPH.

From the visual comparison in Figure 17 it is noticeable that PM and MLS have show higher edge of the wave than
PB which means that more energy conserved during fluid flow before the impact. In all other visual aspects, all three
methods look very alike.

Conclusions
For single particles and fluid sheets, PM and MLS show apparent corner rounding effects for the corner impact experi-
ments, that are, at least for the single particle setting, physically not plausible. PB does not exhibit this effect for a single
particle and a fluid sheet to the same extent. Still, looking at more complex experiments, such as the dambreak, the effect
is less prominent as it is superimposed by other effects.

5 RATING SCHEME FOR METHODS

As a result of all performed experiments we accumulate all evaluations for all investigated methods for the dif-
ferent fluid-boundary interaction categories, that is, no motion, tangential motion, normal motion, and corner
motion. For each experiment and each measure used in the evaluation, we assign a score. Before assigning the
score, we divide the values of the evaluation measures into two ranges: physically reasonable values and physi-
cally unreasonable values. For reasonable values we assign positive score and for unreasonable we assign negative
score. The range of the score depends on the number of methods compared in the set of experiments. In our
case, we investigated six methods and therefore, we score the six methods in the range of [1, 6] (worse to best)
for reasonable values and in the range of [−6,−1] (worse to best) for unreasonable values. In our case, the only
experiment with unreasonable values is tangential motion experiment for single fluid particle and for fluid sheet
(Section 4.3).

Table 8 give the resulting score values for all fluid-boundary interaction categories and fluid configurations. Note,
that several experiments contribute to more than one row. The details of the composition of this table and thorough
explanations of the ranking procedure are given in the supplementary material.

T A B L E 8 Rating table for all methods with weights from 1 to 6.

Motion Config. PM+IISPH PM+DFSPH PB+IISPH PB+DFSPH MLS+IISPH MLS+DFSPH

No Single 1.00 1.00 6.00 6.00 1.00 1.00

Sheet 2.88 2.88 5.00 5.00 4.13 2.63

Bulk 1.00 2.00 5.00 4.60 4.60 5.60

Tangential Single −6.00 −6.00 3.00 3.00 −6.00 −6.00

Sheet 6.00 6.00 6.00 3.00 2.50 2.50

Bulk 4.33 4.67 3.67 3.33 3.33 4.00

Normal Single 6.00 6.00 1.00 1.00 6.00 6.00

Sheet 4.00 4.00 6.00 6.00 1.00 1.00

Bulk 5.00 6.00 1.00 1.00 6.00 6.00

Corner Single 1.00 1.00 6.00 6.00 1.00 1.00

Sheet 2.00 1.00 5.00 6.00 2.33 1.33

Bulk 3.50 3.25 4.25 3.25 4.50 3.75

Note: Blue colored values are the best values in current row.
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T A B L E 9 Shallow water use case.

Motion Config. Weight PM+IISPH PM+DFSPH PB+IISPH PB+DFSPH MLS+IISPH MLS+DFSPH

Tangential Sheet 60% 6.00 6.00 6.00 3.00 2.50 2.50

Corner Sheet 40% 2.00 1.00 5.00 6.00 2.33 1.33

Total score - - 4.40 4.00 5.60 4.20 2.43 2.03

Note: Blue colored values are the best values in current row.

T A B L E 10 Pouring water in a glass use case

Motion Config. Weight PM+IISPH PM+DFSPH PB+IISPH PB+DFSPH MLS+IISPH MLS+DFSPH

Normal Bulk 30% 5.00 6.00 1.00 1.00 6.00 6.00

No Bulk 70% 1.00 2.00 5.00 4.60 4.60 5.60

Total score - - 2.20 3.20 3.80 3.52 5.02 5.72

Note: Blue colored values are the best values in current row.

Table 8 is designed to support the decision for a suitable boundary handling method for a given experiment setup. To
demonstrate the usage of the ranking table, we consider the following two use cases.

Shallow water: Here, we consider an experiment where we have a shallow water moving back and forth in a
closed boundary container. In this case, the fluid in predominantly in a sheet-like
configuration, and the fluid motion is mainly tangential and also comprises corner impacts.
Consequently, tangential motion is most important in this setting it is weighted with 60%
importance, while 40% importance is assigned to corner impact. The “no motion” and
“normal motion” situation as well as single particle and bulk configuration are of minor
importance (0%). The resulting assessment of all methods yields the highest score for
PB+IISPH with 5.60 points (see Table 9). It means in this particular experiment, this
methods’ configuration would be the best choice.

Pouring water in a glass: In the second use case, a glass is being filled with a bulk of water, where the pouring process
and the subsequent relaxation phase of the water is of most interest. We, therefore, weight
the normal motion with 30% and the no motion with 70%. In this use case, the highest score
is gained by MLS+DFSPH methods’ combination with 5.72 points, and MLS is the overall
best boundary handling method (see Table 10).

6 CONCLUSIONS

In this article, we propose an evaluation approach for boundary handling methods in fluid simulation. While our approach
is conceptually generic, we mainly address SPH-based fluid simulation and particle-based boundary representation. Our
set of 4 experiments presented in 10 experiments is designed to assess all boundary-fluid interaction categories, that is, no
motion, tangential motion, normal motion, and corner motion. For each experiment, we describe the simulation setup
and the evaluation protocol in detail, and we apply each experiments to three boundary handling methods in SPH, namely
PM, PB, and MLS. Our evaluation approach can easily be applied to other boundary handling methods.

We combine all experimental results into a consistent score table and demonstrate how this can be used to identify
the most suited boundary handling method for a given simulation setting.
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