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Abstract

In this thesis, we investigate corrections to the QCD factorization approach in exclusive,
charmless B decays and study their relevance for future precision analyses. Using the
framework of Heavy Quark Effective Theory and Soft-Collinear Effective Theory, we
derive factorization formulas for two types of decays. For the radiative B — v/v decay,
we extend the factorization analysis to the case of an off-shell hard-collinear photon
and scalar interpolating currents with space-like separation. We estimate subleading
power corrections in an operator product expansion that includes B-meson light-cone
distribution amplitudes (LCDASs) of higher twist. Moreover, we employ sum rules using
dispersion relations to obtain soft corrections induced by the leading power factoriza-
tion and the 1/E.- and, 1/my-suppressed effects. The results provide constraints on
exclusive matrix elements of the B meson from future lattice QCD calculations. For
non-leptonic B — M; M, decays into light mesons, we show that the QCD factor-
ization of the leading power amplitude can be generalized to include electromagnetic
corrections. To this end, we consistently define the associated form factors and LCDAs
in QCDxQED. These objects are infrared divergent so that the non-radiative ampli-
tude needs to be dressed with an ultrasoft function, accounting for the real emission
of photons. For both radiative and non-leptonic decays, we use renormalization group
techniques to resum large logarithms involving different scales. To complete our anal-
ysis, we provide numerical estimates for the subleading effects and QED corrections in
the respective cases.






Zusammenfassung

In dieser Arbeit untersuchen wir Korrekturen zur QCD Faktorisierung in exklusiven,
charmlosen B-Zerfillen und deren Relevanz fiir zukiinftige Prézisionsanalysen. Mithilfe
der effektiven Theorien schwerer Quarks und soft-kollinearer Moden leiten wir Fak-
torisierungsformeln fiir zwei Zerfallsarten her. Fiir den radiativen Zerfall B — v{v er-
weitern wir den Faktorisierungsansatz um den Fall von off-shell Photonen und skalaren
interpolierenden Strémen mit raumartigem Abstand. Wir schéitzen potenz-unterdriick-
te Korrekturen in einer Operatorproduktentwicklung ab, welche Lichtkegelverteilungs-
amplituden (LCDAs) des B Mesons zu hoherer Twist-Ordnung beinhalten. Dartiber
hinaus nutzen wir Summenregeln aus Dispersionsrelationen, um weiche Korrekturen
zu erhalten, die durch die Faktorisierung in fiihrender Potenz und 1/E.- und 1/my-
unterdriickte Terme induziert werden. Die Ergebnisse werden exklusive Matrixelemente
des B Mesons durch zukiinftige QCD Gitterrechnungen eingrenzen. Fiir nichtleptoni-
sche B — MM, Zerfille in leichte Endzustinde zeigen wir, dass die QCD Fak-
torisierung der Amplitude um elektromagnetische Korrekturen erweitert werden kann.
Hierfiir definieren wir konsistent die assoziierten Formfaktoren und LCDAs in der
vollen QCDxQED Theorie. Diese Objekte sind infrarot-divergent, sodass die nicht-
radiative Amplitude mit einer ultraweichen Funktion ausgestattet werden muss, welche
die Emission reeller Photonen einschliefst. Fiir sowohl den radiativen als auch den
nicht-leptonischen Zerfall 16sen wir die Renormierungsgruppengleichungen, um grofte
Logarithmen verschiedener Skalen zu resummieren. Zuletzt liefern wir numerische Ab-
schitzungen fiir die potenz-unterdriickten Terme und die QED Korrekturen in den
entsprechenden Szenarien.
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Chapter 1

Introduction

In 2012, the ATLAS [1] and CMS [2] experiments confirmed the existence of the Higgs
boson, which was the last missing piece of the Standard Model (SM) of particle physics.
These measurements completed the model built up by earlier works and discoveries,
see [3-14] for some of the central publications and [15] for a review. Up to date, the
SM is one of the most accurate theories that describes the fundamental interactions
of matter, even though it is incomplete by several means. First of all, gravitation
is not part of the SM and hence gravity-related phenomena like recently detected
gravitational waves [16]| or the nature of dark matter [17] are not explained. Moreover,
the observation of neutrino oscillations [18,[19] which require neutrinos to be massive
does not match the assumption of the model. In addition, the sources of CP-violation
in the SM are not sufficient to create the observed matter-antimatter asymmetry in
the universe. We could continue this list to include more unexplained phenomena, but
apart from these rather obvious mismatches between the model and the real world,
there are also more subtle tensions regarding measured quantities predicted by the SM.
A paradigm in this context is the anomalous magnetic moment of the muon (g — 2),
which describes the coupling to an external magnetic field and differs by 4.2¢ to the SM
prediction according to the findings in [20|. These kind of discrepancies may ultimately
be related to effects of New Physics (NP).

The search for NP drives both theoretical and experimental physics towards increas-
ing precision analyses in different branches of high energy physics. Generally, we expect
to find NP effects in two ways: either directly or indirectly. A direct detection could be
achieved by producing a new particle due to an increase of the center-of-mass energy
in a (future) collider [21-23]. In contrast to the discovery of the Higgs boson, there
is no further symmetry or guiding principle like the violation of perturbative unitarity
(cured by the Higgs mechanism) which would indicate the existence of new phenomena
between the electroweak and the Planck scale. Instead, the second promising strategy
to find NP is to focus on methods allowing for a possible indirect detection based on a
precise comparison between theoretical prediction and experimental measurement. The
area of Flavour Physics represents an encouraging field where theory and experiment
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have provided striking insights to the SM. Experiments at B factories like BaBar or
Belle have shown that the decays of b-quark hadrons are especially suitable for precision
studies [24]. From the theory side, this is supplemented by the fact that the B-meson
mass is comparably large, so that perturbative calculations are possible and yield re-
liable results. Within the next decade, collider experiments like LHCb and Belle 11
increase their luminosity and detector efficiency and are thus expected to reach higher
precision in various B-decay channels, see e.g. [25]. Therefore, it becomes even more
desirable to study these decays and push theoretical calculations to the next frontier.

Charmless B decays in particular offer a broad variety of SM checks. In the past,
there have been a couple of discrepancies and anomalies drawing attention due to
their large tension compared to the SM theory prediction. One famous example in
this regard is the discrepancy between the exclusive and inclusive determination of the
CKM matrix element V,;, that deviates by 3.30 [26|.EI Generally, we aim to resolve
whether these tensions are real by sharpen theoretical calculations in specific decay
channels. In this work, we focus on exclusive radiative B — )¢ and non-leptonic
B — mn,mK decays. While the radiative decay can be used to measure V,; and
hadronic properties of the B meson, the non-leptonic decays are particularly sensitive
to CP-violating strong and weak phases, required to constrain SM model parameters.
We explain the aim of our analysis for both decay types in Sec. and Sec. [1.2

For precise theoretical calculations, it is necessary to disentangle all parameters
and scales in the SM. Since we are interested in measurements much below the elec-
troweak scale, fields with masses of O(my) or greater appear only virtually within
Feynman diagrams. Their effects can be integrated out in an operator product ex-
pansion (OPE) and stored in Wilson coefficients, multiplying the operators of a low
energy, non-renormalizable effective field theory (EFT) [29,30]. The coefficient func-
tions and coupling constants obey a renormalization group equation (RGE) that needs
to be solved to resum large logarithms of the the b-quark and W-boson mass ratio
my/my =~ 5%. In practice, this improves the theoretical prediction since these log-
arithms could otherwise spoil the perturbative expansion when the strong coupling
becomes large so that o, Inmi/m?, ~ O(1). We refer to this as renormalization group
(RG) improved perturbation theory.

At low energies, the nature of the strong interaction generally leads to the confine-
ment of bound states like the B meson. This implies that hadronic matrix elements of
EFT operators at the b-quark scale cannot be calculated perturbatively a priori. In-
stead, we parametrize the matrix elements by form factors that have to be determined
experimentally or by lattice calculations in Quantum Chromodynamics (QCD). Due to
scale evolution, the strong coupling o, becomes smaller than unity and thus perturba-
tive at scales above a few times AQCDE] In the range up to my, we can use further EFT

IThe anomalies in B — K(*)¢t¢~ decays, parametrized by the branching fractions R(K) and R(K*),
provide a counter example. They were intensively studied over the last decade and hinted towards
a violation of lepton flavour universality. However, the tensions have been eliminated by the newest
results from LHCbD in December 2022 [27],28|.

2AQCD ~ 200 — 300 MeV defines the scale at which ay is formally infinite.
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methods to compute the amplitudes of B-meson decays in a heavy-quark expansion. As
a result, we obtain universal hadronic matrix elements that enter process-independently
in different decay channels and are “multiplied” by process-dependent perturbative co-
efficients. Physically, these coefficients have to be understood as short-distance inter-
actions of the partonic meson constituents that decouple in the heavy-quark limit from
the non-perturtabive, long-distance fluctuations. We refer to this as the “factorization”
of long- and short-distance physics.

In the following, we present the central ingredients and applications of the QCD
factorization approach in the radiative B — /v as well as non-leptonic B — M; M,
decays. The aim of this thesis is to extend the leading power factorization formalism
for both cases. For the first decay type, we consider more general correlation func-
tions and estimate subleading power corrections in the heavy-quark expansion using
an OPE and a dispersion relation. For the second type, we consider effects of Quantum
Electrodynamics (QED) and develop a generalized QCDxQED factorization formula.

1.1 QCD factorization in B — /(v

In experimental measurements, exclusive B — (v and B — ~/fv decays have been
analyzed to determine the CKM matrix element V,;,. When the photon in the final
state becomes soft, the latter process cannot always be distinguished from a purely
leptonic final state, so that it has to be viewed as a background process [31|. For an
energetic photon with energy F, ~ my > Aqcp, however, the B — ~lv decay probes
the intrinsic structure of the B meson. In this context, it is one of the simplest cases
to analyze hadronic matrix elements and study QCD factorization as the process only
involves one hadron.

The general idea of factorization is to decompose the amplitude (or cross section)
of a process into more fundamental objects using a power expansion. In this way, one
decouples long- from short-distance physics and achieves a separation of the scales by
consequently applying EFT techniques. The natural scale of B decays is defined by the
heavy b-quark mass Aqcp < my, < myy that determines the “hard” scale in the process.
As we discussed in the introduction, fields with masses of order of the electroweak scale
O(mw) appear only virtually at the scale my. After integrating out these fields, we
arrive at the electroweak Hamiltonian containing four-fermion interactions [32]. In the
SM, the semi-leptonic b — u transition is mediated by the operator

Ho= 00000, Qu=[an(l— W1l (L)
7
where G is the Fermi constant and Cy the Wilson coefficient that contains the UV
physics of the electroweak scale. In QCD-only, we have Cy = 1 to all orders in pertur-
bation theory. The B, meson decays weakly through the interaction in (1.1)) and the
amplitude for this decay is given by

A(By, — v vy) = Gf/‘—;"b (Vv [y (1 = ys) v [ty (1 — )b Bu(p +q)) . (1.2)
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Figure 1.1: Tree level emission of the hard-collinear photon from (a) the light u-quark
(b) the heavy b-quark and (c) the lepton. The box indicates the insertion

of Qsl in " :

where a time-ordered product with an arbitrary number of QCD and QED current
interactions is implicitly understood but no further insertions of weak operators are
considered. Note that the B-meson momentum is displayed as the sum of the outgoing
photon momentum p and the momentum ¢ of the lepton pair fv. In the present context,
we restrict ourselves to leading order (LO) in the electromagnetic coupling and focus
on QCD-only effects. At LO, the photon can either be emitted from the final state
lepton or the quarks of the B meson, see Fig. [I.Il We can decompose these three
contributions according to [33]. The emission from the B-meson quarks are contained
in the hadronic tensor

T (p,q) = /d“l‘ e (0| T {75 (), 77°(0) } [ Bu(p + ) - (1.3)
The electromagnetic and the weak current are given by
G () = eQevuq(x) ,  §ye(0) = Ty (1 —45)b(0) , (1.4)
q#t

where the electromagnetic coupling is e? = 4mae, and the electric charge of the up-
type and down-type quarks @, = 2/3 and Q4 = —1/3 are factored out. Note that we
focus on the hadronic part only since the sum over all spin and polarization states of
the leptonic fields can be done trivially. The hadronic tensor in can be further
decomposed into the Lorentz structures

. ) U,
T (p.) = ung 0 Fo(E,) + [=i0p) gy + 0,0 o) = 172

+ terms with p, . (1.5)

/B

The third term, proportional to v,v,, is fixed by the Ward identity of the amplitude
and originates from the photon emission of the lepton. It involves the B-meson decay
constant in QCD

(0]ay, (1 = 75)b(0)| Bu(p + q)) = ifs(p + @) , (1.6)
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which has to be determined non-perturbatively. In principle, also the form factors Fy
and F4 defined by have to be determined in this way. However, these objects
can be decomposed (factorized) further into a product of perturbative coefficients and
universal hadronic matrix elements (functions). Using the heavy-quark expansion, one
finds [34,[35]

Fy(E,) = Fa(E,) = eQufpmp C(Ey; p) /oo dw
0

mJ@EwJ; 1) op(w; 1)

+ power corrections . (1.7)

Power corrections to this formula are of order Aqen/E, ~ Aqep/my < 1. The short-
distance physics is contained within the hard and hard-collinear functions C' and J.
Their natural scales are F., ~ my and 2E,w ~ / AQCDm], at which the strong coupling
is much smaller than unity and hence these objects can be calculated in perturbation
theory. The remaining long-distance (“soft”) physics of O(Aqcp) is parametrized by
the non-perturbative matrix element

(Ofa(z) [z, 01#45b(0)| B(p + q)) = it fpmp /0 " e (i) | (1.8)

where 22 = 0 is a light-like reference vector aligned with the direction of the photon.
The meson velocity is defined by p + ¢ = mpv and the implicit prescription on the
Fourier transformation variable ¢ = vx — i0 is induced by the analytic structure of
the operator on the left-hand side in (1.§)). [z,0] is a finite distance gauge-link that
ensures gauge invariance of this operator. Its definition and origin will be explained in
Chapter

The function ¢p(w; p) is the leading-twist light-cone distribution amplitude (LCDA)
of the B-meson defined in QCD. It is a process-independent matrix element that cap-
tures the two-particle contributions of the B-meson, approximately viewed as a b- and
u-quark valence state, and was initially introduced in |36]. The first application of this
function states back to the QCD factorization of the spectator scattering interactions
in non-leptonic B decays, which is discussed in the next section . Although
reflects the light-like correlation between these valence states, the matrix element cap-
tures the entire soft fluctuations of the bound state. For this reason, it is traditionally
defined in the framework Heavy Quark Effective Theory (HQET) rather than in QCD,
which will be introduced in Chapter 2] The B LCDA enters in almost every exclusive
decay involving the B meson and is convoluted with a hard-collinear function, which
behaves like 1/w at tree-level. A central object that appearing on the amplitude level
and eventually appearing in observable is therefore the first inverse moment [37|

1 * dw
i / LPWEE (1.9)

$We count w ~ Aqcp even though we integrate w in to infinity. The variable w can be associated
with the typical momentum of the light u-quark that is of order O(Aqcp). We expect the B LCDA
to favour this momentum configuration, so that ¢p(w) ~ O(1) for w ~ Agep and is relatively
suppressed otherwise.
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Corrections at next-to-leading order (NLO) in the strong coupling introduce logarith-
mic modifications to this object that are discussed in later chapters. The value of
inverse moment is typically given by Ag(1 GeV) = 460 + 160 MeV [38,39].

The inverse moment Ag suffers from large uncertainties in experimental and lattice
determinations and so far it has been a challenging task to obtain reliable constraints.
Since lattice QCD simulations require space-like (Euclidean) separated correlation func-
tions to implement sampling methods, the main difficulty is to find suitable objects
that are eventually related to the time-like operator in . Recent works proposed
several methods to match Euclidean correlators to the B-meson LCDA using EFTs
and factorization [40,41]. The current perspectives of lattice QCD in [42-44] motivate
the application of corresponding techniques to correlation functions of the form .
To this end, we consider the outgoing momentum in to be off-shell with p? < 0,
which provides a natural generalization to B — ~*fv. A complete factorization of
in this case has already been derived for the four-lepton decay [45,46|. In the
context of lattice calculations, we view the resulting object as an arbitrary correlation
function without an explicit embedding into a physical process. With this in mind and
in addition to the electromagnetic vector and the weak axialvector current in (|1.4)), we
analyze the correlation function for (pseudo-)scalar currents. We further include
power corrections to the leading power factorization result for both scalar and vector
case based on the methods in [47]. This paves the way for precise future predictions of
non-perturbative quantities in B decays such as ¢p and Ap.

1.2 QED effects in non-leptonic B — M; M, decays

In the second part of this thesis, we consider the factorization of charmless, non-leptonic
B — MM, decays into two light final-state mesons. The QCD factorization formula
for these decays has been etablished in [37,/48| and reads schematically

(MiMs|Qi| B) = FPM X T s fa,dar, + T far,Oar, * fa,0an, * foobs . (1.10)

The “x”-symbol denotes a convolution of the matching coefficients TZ-I/ " with the meson
LCDAs ¢, ¢ar, and ¢p. Usually, we refer to the first term in the formula (1.10)) as
the “form-factor term” and to the second one as the “hard spectator-scattering term.”
The formula holds in general for every operator (); of the electroweak Hamiltonian
that mediates b — ¢ transitions into light quarks ¢ = wu,d,s. On the left hand side
of , the hard scattering kernels TZ-I/ ' can be calculated in perturbation theory
since they contain physics at the scale m; and \/Aqcpm,. The kernel T}' can be
further factorized into a hard and hard-collinear function, so that this term can be
associated with a generalization of in the case of two hadronic final states. Both
short-distance kernels 7' are known up to O(a?) (NNLO) in QCD [4956]. The
form factor FEM1 is “located” at zero momentum transfer towards the meson M, and
contains information about the soft interactions between the B-meson and M;, where
the latter is defined to be the meson that picks up the light “spectator” quark of the

B meson.
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YN AN

(T) (©) (P) (EW)

Figure 1.2: Different decay topologies for non-leptonic B decays with one weak effec-
tive b — ¢ transition: We refer to the diagrams as (T) colour-allowed, (C)
the colour-suppressed tree amplitudes, (P) colour-allowed QCD penguin
and (EW) colour-suppressed electroweak penguin. The spectator quark
line and annihilation topologies are not displayed.

Opposed to the radiative B — yfv decay, the decay of a B-meson into QCD final
states is much more complex since we require non-perturbative information about three
hadrons and their interactions. As such, we expect larger uncertainties for the predic-
tion of these decays. Nevertheless, they are interesting to study since the theoretical
structure involves many topologies, see Fig. [I.2] motivating different phenomenological
analyses. For instance, one finds that the colour-suppressed electroweak penguin con-
tribution dominantly affects the direct CP-asymmetries of different modes in B — 7K
decays. The SM prediction turns out to be incompatible with the corresponding exper-
imental data, leading to puzzling inconsistencies [57,58|. In principle, NP models can
be used to explain this tension to the SM. However, we observe that electroweak pen-
guin amplitudes indirectly break the isospin symmetry, which holds between the u- and
d-quark in QCD, and enter linearly in the asymmetries. QED can mimic these effects
as it breaks isospin explicitly due to the different electric charges @), and Q4. Hence
one should properly include QED corrections in the SM predictions, before tailoring
NP models to explain the tensions.

In general, the inclusion of QED effects may also become relevant beyond O(a?),
which has been shown in numerous publications [59-65]. As an example, we observe
in the analysis of By — p™p~ that leading QED effects can be power-enhanced with
respect to the QCD amplitude by a factor of mp/Aqcp, where mp > Aqep is the B-
meson mass. Even though this is not the case for non-leptonic decays, it still displays
the importance of these effects. Many of the recent works consider QED effects only
as point-like up to the scale mp, even though photons with energy above a few times
Aqcp can resolve the inner partonic structure of the B-meson. In a proper framework,
one has to deal with these structure-dependent terms by explicitly calculating them in
a perturbative framework between the scale mp and a few times Agcp.

In this thesis, we show that the QCD factorization formula ([1.10)) can be extended
to include QED effects using Soft-Collinear Effective Theory (SCET). The derivation
follows our analysis in [66] and involves a two-step matching from the full weak ef-
fective theory onto SCET; and SCETy. We find that the QCDxQED factorization
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formula takes the same form as in , even though it differs in complexity from
its QCD analogue. The QED-generalized LCDA of the B-meson in particular acquires
new phenomenological properties as it retains information about the charge and flight
direction of the outgoing mesons through soft, light-like Wilson lines. The Wilson lines
originate from the non-decoupling of soft photons when the external states are elec-
trically charged. This is opposed to QCD-only, where soft gluons decouple since the
external mesons are colour neutral. As a consequence, the hadronic matrix element
of the B meson in QCDxQED contains soft rescattering phases, so that the function
should rather be viewed as a “soft function” for the process. Therefore, we strictly omit
the term “LCDA” in this context. Generally, matrix elements (M;M;|Q;|B) become
infrared (IR) divergent in the presence of virtual QED effects. A peculiar point lies
in the inclusion of low-energetic (“ultrasoft”) photons accounting for the IR behaviour
of the hadronic matrix elements in the factorization formula. The IR-finite observable
measured in the experiment is the branching fraction B — M;My(v), with an arbi-
trary number of ultrasoft photons in the final state. On a technical level, this requires
that the non-radiative amplitude must be dressed with ultrasoft exponentiation fac-
tors, resumming logarithms below the scale of a few times Aqcp and above a threshold
AE < Agep for the photon energy, which is for theory and experiment convenient to
be AE =~ 60 MeV. In our computations, we calculate the first order QED corrections
to the short-distance kernels for the current-current operators in the weak effective
Hamiltonian and the scale evolution of the QED-generalized LCDAs. The latter anal-
ysis is based on the results of [67,/68]. In the numerical evaluation of QED effects, we
restrict ourselves to the case of 7 and K mesons.

1.2.1 Comment on hadronic input

The decay constants, form factors and distribution amplitudes introduced in Sec.
and can be determined from experimental measurements or lattice QCD calcula-
tions. For a review of lattice data, we refer to the most recent summary [69] and the
references therein. Regarding the experimental side, the decay constants fy; of light
and heavy pseudoscalar mesons M = B, 7, K are determined from their leptonic decays
M — (v |15]. The B — M, form factors and the B-meson LCDA can be calculated by
light-cone sum rules (LCSR), see [70-76] for a review of the method and their results.
The determination of the light-meson LCDAs of pions and kaons uses similar meth-
ods [77H79]. We note that the information about the pion distribution function is much
more precise due to the excellent data for the m — y~* form factor from the BaBar and
Belle experiment [80,81]. The distribution amplitudes are in general model-dependent.
We discuss specific models for the case of light and heavy mesons in the main text
alongside with numerical results.



1.3 Outline

1.3 Outline

The outline of this thesis is as follows. In Chapter [2| we review the formalism of the
effective theories HQET and SCET to prove factorization in exclusive decays. We
recapitulate that the effective theory approach traces back to a method of regions
analysis in QCD. We use a scalar correlation function similar to B — v/v as a prime
example for our computations. The basic results of this chapter build the bridge
towards the calculation of subleading effects in Chapter 8] The 1/my- and 1/E,-
suppressed terms can be calculated with a sum rule from a light-cone expansion of
the hadronic correlation functions that is derived in [3.2l The results displayed in
Sec. are only valid in the tree-level approximation of the higher-twist LCDAs since
we encounter endpoint-divergent integrals otherwise. In Chapter [ we derive the
QCD xQED factorization formula for B — M; M, decays. We consecutively match the
full theory onto SECT] in Sec. 1.2 and SCETy; in Sec. [4.3] The inclusion of ultrasoft
effects is considered in Sec. [£.5] The resummation of logarithms due to QED effects is
subject of Chapter|s, We analytically solve the renormalization group equations for the
light-meson LCDAs and the soft functions to all orders in the strong and to first order
in the electromagnetic coupling. The scale evolution for the light LCDASs, the soft and
ultrasoft function are treated separately in Sec. [5.IH5.3] In the numerical analysis of
Chapter [6] we compare the dispersive treatment of (pseudo-)scalar and (axial-)vector
cases for the subleading corrections and discuss the model dependence of the results to
some extent. We further provide numerical estimates of QED effects in B — 77 and
B — wK observables that enter through different terms in the factorization formula.
We conclude in Chapter [/} The appendices [AHF] provide supplementary material for
the renormalization and scale evolution of the collinear and soft functions.






Chapter 2

Basic concepts of QCD factorization

In this chapter, we review some of the basic methods to prove QCD factorization in
hard-exclusive processes. To this end, we apply the framework to the specific case of
the scalar correlation function

T(p,q) = /d“x@im@}T{jem(ﬁf),jweak(O))}!B(p+Q)> = —upFs(vp,p?) . (2.1)

We define the scalar form factor Fg by this equation for later convenience. The outgoing
momentum p is chosen to be off-shell with p? < 0 and the scalar currents are, similar

to , given by
J™ (@) = eqq(x)g(x) ,  77(0) = a(0)(1 = 75)b(0) . (2.2)

a7t

The kinematics of this decay dictate that the correlation function can only depend on
two kinematic invariants, that we choose to be the off-shellness p? and the “photon”
energy F, = vp, which is of order of the hard scale m;. Note that E. is related to the
variable ¢* by momentum conservation (p — mpv)? = ¢°.

The example is chosen in strong analogy to the introductory B — ~{v decay in
Sec. [I.1] since there are several motivations to consider scalar currents. In general, the
inclusion of scalar currents as well as tensor operators in the weak effective Hamiltonian
is a typical way to account model-independently for NP effects at low energies, see
e.g. [82] for an application in A decays. The main motivation to study the correlator
in (2.1) was already mentioned in the introduction, namely that we can relate the
Euclidean correlator to the light-like operator using factorization. By applying
the same methods to and including power corrections, we can extract further
information about hadronic matrix elements of the B meson. In the following, we stick
to the analysis of scalar currents as it provides a simple playground for the application
of basic QCD factorization techniques. A generalized factorization of the (axial-)vector
case in ([1.3)) will be discussed in Chapter 3]

11



2. Basic concepts of QCD factorization

2.1 Heavy-quark expansion

The scalar form factor (2.1)) can be factorized into more fundamental objects using
the heavy quark expansion. The soft scale in this process is set by the scale Aqcp.
Since the momentum component F., ~ my is large, there are two expansion parameters
Agep/my < 1 and Aqep/E, < 1. For the remainder of this section, we expand our
results in the counting parameter A\ = Agcp/myp. Since the photon energy cannot
be larger than my, the 1/E, -corrections are strictly smaller than A and thus we have
Aqep/E, < X and treat the latter as an O(\) correction for simplicity.

We highlight that the evaluation of the hadronic correlation function depends on
the chosen reference frame in the intermediate steps of the calculation. The simplest
and most convenient choice is to consider the B-meson rest frame, where the meson
momentum is given by ply = mpv* with v* = (1,0,0,0). In good approximation, we
can assume the b-quark to carry almost all of the momentum of the entire meson while
the light quark momentum only fluctuates on scales of O(Agep). To define a suitable
reference frame accounting for the large momentum transfer of the photon, we choose
two light-like reference vectors

ny =(1,0,0,1), n" =(1,0,0,-1), (2.3)
with n, -n_ = 2. Any given momentum of the process can be decomposed in terms of
these reference vectors

n'y n”
P = (np)5- + (nep) o + 01 (24)

where the latter component is transverse with respect to the two vectors n4 - p; = 0.
Note that we can rotate the frame such that the transverse component of the photon
momentum p; = 0 vanishes. The large momentum transfer is chosen to be in the
n_-direction, so that n.p ~ m;. We further assume the photon to be off-shell by order
p? ~ Am?, which allows for a perturbative treatment in the following. This implies
that the plus-component scales as n_p ~ Amy,.

To establish a factorization formula for (2.1)), we apply the power counting of the
momenta to the amplitude and expand to leading power (LP) in A. The LP expression
can be matched onto a simplified hadronic matrix element. Since perturbation theory is
only valid above a few times Aqcp and the physics at this scale should be independent
of the low-energetic, soft structure, we replace the hadronic state |B (p+ q)> with its
leading partonic Fock state |b(pb)ﬂ(l)>. Throughout our calculations, we take the
heavy quark momentum to be on-shell p)’ = myv*. The light quark momentum scales
soft as [* ~ Am,;, and is taken to be off-shell in order to regulate IR divergences. Note
that we cannot rotate the transverse component [, to zero since we already chose

In general, we need to consider states involving more than two partons, e.g. |bﬂg> or |bﬂq(j>, since
the B meson is a bound state consisting of a sea of soft particles fluctuating at O(Aqcep). These
contributions turn out to be power-suppressed due to additional internal propagators.

12



2.1 Heavy-quark expansion

p1 = 0. At LO, the correlator in (2.1)) is then given by
i(p—1)
(p—10)2+1i0

e
~ 2(n_p —n_I +10)

Z(pb — ,’? + mb)
(pp — p)? — mi +10

B (1 — 5 )u(p) (1 n oum))

T = 5(1)eQ, (1 =9s)ulps) +0()(1 = s) eQaqu(ps)

=70 (1 + O()\l/2)> , (2.5)

where, in the first line, the first term corresponds to the photon emission from the light
quark and the second term to the emission from the heavy quark shown in Fig. [1.1a
and b. Without knowing the A-scaling of the spinors in , it is easy to see that the
second term is relatively power-suppressed to the emission from the u-quark.

The central idea of factorization is now that the non-perturbative, soft physics can
be stored in a universal, gauge invariant function. In Sec. we already introduced
the B-meson LCDA in that fulfills this purpose. Note that we replace z = tn_ in
this section. The finite distance Wilson line is defined by

t
[tn_,0] = Pexp {igs/ ds n_GS(sn_)} (2.6)
0
and equals unity at tree-level. The operator P denotes the path-ordering of the ex-
ponential. To higher orders, its analytic structure enforces the position space LCDA
® 5 to have only poles in the upper half-plane of ¢. This implies that the momentum
variable after Fourier transformation only has support for w > 0. More precisely, we
have

ontin) = [ 5L dult— ivip) . .1
Dt 1) = / oo € o 11 (2.8)

We can calculate the LO contribution from the soft function by analyzing the tree-
level matrix element with external partons. We find in the hadron and parton picture
respectively

/s—;ew%o\a(m)7i_75b(0)|B(va)> = ifpmpop(w; ), (2.9)
/j—;eiwt<0}u(tn_)7ﬁ_75b(0)|b(pb)u(l)> = (5(&] — n_l)@(l)¢_75u(pb) ) (210)

The matrix element of (0|a@(tn_)t_b(0)|B) vanishes since the B-meson is a pseu-
doscalar state. Hence the operator has no overlap with the corresponding parity quan-
tum number and partonic contributions of the form o(l)7%_u(py) can be neglected. By

13



2. Basic concepts of QCD factorization

comparing the two expressions in ([2.9)) and ([2.10)), we conclude that we need to replace

51— 1s)u(p) — —ifsmp / " dw dlwi ) (2.11)

n_l=w

in the amplitude , where we set the spectator quark component n_l — w be-
fore performing the w integration. This is a greatly simplified version of the mo-
mentum space projector method [83] which generally involves a second function ¢_
to parametrize the hadronic matrix element of entirelyﬂ We find for the LO
amplitude

T = eQ, femp /OOO dw % (1 + O()\W)) : (212)

For the form factor, we obtain

FSOE,,p*) = €QumeB/0 dw 2Ej;B(_ ];;u)_ 0 (2.13)
where the power corrections have been neglected. We emphasize that respresents
the LO factorization formula for the correlator defined in . We derived this result
only by using power counting arguments for the momenta. The result can be extended
to include radiative corrections, which is however more complicated due to the appear-
ance of loop integrals. Generally, we expect at LP in the heavy quark expansion that
the formula takes the form

Pp(w; )
2E,w — p? —i0

FS(E'wpz) = eQufpmp OS<E'Y;,U) / dw JS(QE’ywap2§U> (2'14>
0
to all orders in perturbation theory. We prove this result in Sec. by matching QCD

onto a combined HQET xSCET effective theory and determine the coefficient functions
Cs and Jg at NLO.

2.2 Method of regions

Before introducing the HQET XSCET framework in the next section, we calculate
the O(as) corrections to the hadronic correlator that can be used to determine
the NLO coefficient functions. The corresponding one-loop diagrams are depicted in
Fig. 2.1 We analyze the loop integrals using the method of regions [384,[85], which
corresponds to an asymptotic expansion of the integrand based on a certain momentum
scaling. In this approach, every loop momentum can be thought of as a sum of different
modes induced by the power counting of the external momenta. We then compute the
loop integrals for the distinct modes and add the results together, which is oftentimes
simpler than calculating the entire integral at once. The method reveals the underlying

2The common definition follows from (3.9) in the limit 22 — 0.

14



2.2 Method of regions

— — —
myv mpv myv

— — — — — —
p p p

(a) (b) (c) (d)

Figure 2.1: One-loop diagrams contributing to the correlator . The black box
indicates the insertion of the weak b — w transition. We refer to (a) as
the weak vertex correction, (b) the electromagnetic vertex correction, (c)
the self-energy graph and (d) the box diagram.

structure of the factorization proof in terms of effective theories, which motivates a
further discussion of the momentum modes and their field variables afterwards.

At LP in our scenario, there exist three relevant momentum regions which are classi-
fied by the A-scaling of the loop momentum components k ~ (k,k_, k) according to
the decomposition in (2.4]). Note that we define k_ = nyk and ky = n_k. The regions
are defined by the scalings

1. hard (h) k& ~ (1,1, 1)my,
2. hard-collinear (hc) k ~ (X, 1,vV/X)my,
3. soft (s) k ~ (A, A, X)my,.

In the following, we drop the factor of m, in our notation, which can be always restored
by dimensional analysis. Using these terms, we highlight that the b-quark momentum
mypv scales hard, the photon momentum p hard-collinear and the spectator quark mo-
mentum [ soft. In general, this list needs to be extended to other cases that can have
different scalings, as we discuss in Sec. 2.3l We split up the correlation function in

) as

OéSCF

T =70 £ 7®OLO) L — 7O 4
47

T + 0(a?), (2.15)

where we drop the power corrections of O()) relative to the leading terms in T'©)
and 7. We emphasize that the full NLO result may contain IR divergences due to
the non-perturbative nature of the matrix element at low-energies. The divergences
appear in the soft region and are regulated by choosing the light quark momentum to
be off-shell 12 # 0. Throughout this thesis, we consider 75 in the naive dimensional
regularization (NDR) scheme.

15



2. Basic concepts of QCD factorization

2.2.1 Hard region

In the hard region, the loop momentum scales as k ~ (1,1,1). At LP, mainly the
hard region of Fig. [2.1|(a) contributes since other contributions from Fig. 2.1(b)-(d) are
scaleless or even power-suppressed. The complete, non-expanded integral of diagram

2.1|(a) reads

T = 167%eQ, (2.16)

s / d'k v = D+ K = D = 35) (mg + F + me)y"u(ps)
a (2m) [(p — 1)2 +40][(p + k — 1)% + i0][(mpv + k)? — m? + i0][k2 + 0]
We expand every term in the integrand to LP in A. For the hard-collinear u-quark
propagator, this implies
prk-1 ()5
(p+k—=0%2+i0 K2+ (nyp)(n_k)+10
when the loop momentum & counts hard. In total, the hard region at LP is given by
812eQ,

[n_p—mn_l+1i0]
y ~26/ d’k (D (P + F) (1 —v5) (g + my + K)y ulps)

a (2m)? [k2 + i0][k2 + 2mpv - k + i0][k% + (nyp)(n_k) + 0]

This integral can be calculated with conventional methods by introducing Feynman
parameters. We obtain the leading power result

+O\V?) (2.17)

T}Ela) _

(2.18)

4 1 2 2
YA L O TR § IS W IS SRS S Py | s
cuv €2 € nyp 12 mp mp
2 2 2 M . 1
+ Inr+In"r—2In"—+4+2Li, (1 — - +O(\), (2.19)
1—7r nyp r

where we defined the ratio r = nyp/m,. In the hard region, we distinguish between
the scale v that originates from the UV divergence and the IR scale . Both types
can easily be separated within the calculation. The IR divergences will be cancelled
by the corresponding UV divergences in the hard-collinear and soft region while the
UV divergence has to be renormalized in the full theory. An important observation for
this mechanism to work is that the Dirac structure in the numerator can be reduced to
the LO object T in , which we have shown to be equivalent to the soft matrix
element at tree-level.

For completeness, we remark that the hard region of the box diagram is power
suppressed while the hard region of the electromagnetic vertex and the self-energy
graph are scaleless. More precisely, we have

4 4 2
T}Elb) — 70 (_ — Z4+4ln l/_2> ’ (2.20)
€uv € K
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2.2 Method of regions

2
o —qpo( _ L L v (2.21)
€uv € p?

which is required for later purposes. Note that for axial-vector currents in (|1.3]), these
contributions cancel exactly since the poles of both hard regions agree up to a relative
sign.

2.2.2 Hard-collinear region

The hard-collinear region with k& ~ (X, 1,v/A) contributes in all cases except the box
diagram from Fig. 2.1)(d), which is again power-suppressed. For the weak vertex cor-
rection, the hard-collinear region is given by

T = 3272 (—i) T

X ~26/ d'k (n4p + nik)
") ) R 0[(np+ nk —n ) (nyp+ nik) — K2+ 0][nyk + i0)
2 2 /JJ2 7T2
=TO(Z 4 2]1+1 4——
<€2+€{ " n(mp)(n—l—n_p)} T
2 2
K 2 %
+2In o ) _ 299
(n4p)(n-l —n_p) (nyp)(n_l —n_p) ( )

For the electromagnetic vertex correction, we obtain
T = 1672 T (2.23)

Lo / d'k (k= 1)* + 2(n4p)(n_1 = n_k) + (d = 2)(n_p) (n.l — n,k)
(2m)2 [k2 + i0][(k — )2 + i0)] [(nep + nsk)(n_p + n_k — n_1) + i0]

2 2n_ _p—n_l 2
:T<°>(———”p1n”p t 4244 a
e en_l n_p (nyp)(n_l —n_p)
2 _ p—n_l 2 p—n_l
—2In a +nplnnp n —2ln#2+1nnp n ])
(nyp)(n-l —n_p)  n_l n-p —p n_p

For the self-energy graph of the hard-collinear propagator, we have

T = 327 (—i) T

y ~2€/ dik (2—d)((1 - %’;)@ —1)? + (nyk) (n_p — n_l) + (n_k)(nyp))
(2m)d [(p — )2 + i0][k2 + i0][(p + k — 1) + 0]

— 70 ( N " - 1) . (2.24)

e M np)ni—np
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2. Basic concepts of QCD factorization

2.2.3 Soft region

For soft momentum k ~ (A, A, \), the self-energy graph in Fig. 2.1j(c) is scaleless since
the u-quark line is hard-collinear. In all other cases, the soft region leads at least to
finite results of the integration. For the weak vertex, we have

d?k 1
T(la) — 39 2( -~ T(O) ~25/
s 3277 (i) H (2m)d [k2 +i0][2v - k + i0][n_p + n_k — n_l + 0]
1 2 1 3 1 >
=79 - = - Zlp—" 2T ) 2.2
< e € nn_p—n_l 4" T (n_p—n_I)? (2:25)

For the electromagnetic vertex we find

dk (n_k—mn_l)
T(lb) — 32 2~ T(O) ~2€/
s (=) T fa (2m)d [k2 4 40][(k — 1)2 4+ i0][n_p + n_k — n_I + i0]
2 2. n—n_l 2 B 2 n—=n_l
RO R S M L 'S M LRI LA ) M W L
e en_l n_p —[? n_l —I? n_p
_ p—n_l - _
T A IS VY (L (2.26)
n_l n_p n_l n_p—n_l
The box graph contributes with the finite integral
T = 167%eQ, (2.27)

. / Ak (nip) 0(DP(K — Dp_(1 — v5)u(ps)
(2m)* [k2 + i0][20 - k + 10)[(k — )% + i0][(nsp)(n_k — n_1) + p? + 0]

The explicit result of this integration involves generically complicated hypergeometric
functions [86/,87]. For this reason, we refrain from a detailed analysis and point towards
and , where we show that this integral cancels exactly after matching onto
the effective theory.

We note that the IR divergences in the soft region are entirely regulated by the
off-shell spectator momentum /2 # 0, so that the results — are IR-finite. All
divergences therefore arise from the UV region of the integration. For instance, the UV
double pole in is a combination of the limits n,k,k; — oo in the integration.
The single pole in originates from n,k — oo. In the hard-collinear region,
divergences can arise from both the UV and the IR. The results in particular contain
divergencs from n, k,k; — 0 that cancel the UV divergences of the soft region. The
sum of divergences in the soft and hard-collinear region together exactly correspond to
the IR divergences of the hard region. In this way, we reproduce the full theory result
from the sum of all regions

7O _ 0 ) 7 (2.28)
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2.3 Heavy Quark and Soft-Collinear Effective Theory

This decomposition is exact to all orders in A. In ([2.28]), we refer to the leading power
integrals given by -. A more detailed, pictorial analysis of the divergent
structure and interplay between different regions can be found in Fig. 2 of [88] for the
case of heavy-to-light form factors. The pole cancellation between the different regions
allows for a systematic renormalization of each sector, which is properly done in the
framework of effective theories.

2.3 Heavy Quark and Soft-Collinear Effective Theory

The loop momentum virtuality k&> ~ \* < A < 1 introduces a hierarchy of scales,
which corresponds to Aqep < /Aqepmy <K my. At the scales my, and /Aqcepme,
the strong interaction still lies in the perturbative regime, so that the hard and hard-
collinear contributions in — yield an accurate result for the correlator in
this region. Together with the explicit results from the last section, this motivates to
integrate out the high-oscillating modes of the quark and gluon fields so that only the
soft region is reproduced by an effective theory. The perturbative results then enter
with the corresponding matching coefficients. Technically, this is done by splitting
the fields into different variables that contain the hard(-collinear) and soft modes in
an EFT framework. In the following, we distinguish between two effective theories.
While Heavy Quark Effective Theory (HQET) deals with the modes of the massive,
heavy b-quark, Soft-Collinear Effective Theory (SCET) focuses on soft and energetic
light degrees of freedom that are assumed to be massless. The large scale in SCET
refers to the momentum transfer in a distinct direction which is typically O(m;). We
integrate out the hard modes for both light and heavy quark fields at the scale my
and the hard-collinear modes at the scale \/Aqcpmy. Even though these EFTs have
different characteristics, we treat them on equal ground in the matching calculation,
so that we generally need to consider interactions between the light and heavy quark
fields via hard(-collinear) and soft gluons.

To review the fundamental properties of HQET and SCET, we consider the QCD
Lagrangian containing the heavy quark field @ and a light quark field ¢

Lacp = Q(il) — mq)Q + qilpg (2.29)

where the Yang-Mills Lagrangian accompanied with gauge-fixing and ghost terms is
implicitly understood. The heavy quark inside a meson carries almost all of the mo-
mentum and can therefore be parametrized by pg = mqv + kyes, Where the residual
momentum is O(Aqep). We define two components of the heavy quark field

o) =eres (1200w mw =emer (S ow, )

which in sum yield Q(z) = exp(—imgv - z)(h, + H,)(x). The scaling of the two fields
in (2.30) can be inferred from the analysis of the propagators

oo 0) = (152 [t Wi (1Y)

2m)4 p? —mg +i0
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2. Basic concepts of QCD factorization

_ (ﬂ) / (d4k i(k + moy +mq) em(ﬂ)

2 2m)4 k2 + 2mgu - k + 140 2

e,

(0|T{H,(z), H,(0)}|0) = —is™ () (#) +0O(\?). (2.32)

In the second line, we substituted the momentum p — mgv + k, where the remaining
loop momentum k* ~ X scales soft. From the second to third line, we expanded in the
expression to leading power in A, so that we find

(0|T{ho(z), hy(0)}]0) ~ A*. (2.33)

We conclude that the small field component scales as h, ~ A%2. Equivalently, we find
H, ~ \? from since §®(z) ~ A* for soft fluctuations, which implies that the
field variable H, is power-suppressed. This fact can also be observed on the level of
the Lagrangian: Plugging in into the Lagrangian , we find that the field h,
propagates as a massless degree of freedom while H, propagates with a mass of 2mg.
We can integrate out the heavy mode at tree level by deriving the formal solution to
the equation of motion

where ﬁL = [) —yv - D. After replacing (2.34) in the Lagrangian, we obtain

T o 1 o 0) 1
Luqur = hyiv - Dhy + hyil), —————il) hy = LShur + O — ) . (2.35
HQET Dy 2mg + 1w - D b, HQET mo ( )
The replacement in (2.34) strictly corresponds to field redefinition that leads to the
appearance of a Jacobian in the path integral. However, it can be shown by gauge
invariance that the Jacobian is just an irrelevant constant. The HQET Lagrangian
E%%ET = hytv - Dh,, contains the leading interactions between the heavy quark and
hard-collinear and soft gluon fields. Note that the covariant derivative v - D only
contains the soft gluon field since the hard-collinear part vanishes due to momentum
conservation. Furthermore, we assume a mass term dmh,h, to be absent. In pertur-
bative calculations, the Feynman rules of HQET are given by
i(1+9) :
, 19, 0T 2.36
20 - k + i0 g (2:36)
for the heavy quark propagator in (2.31) and the quark-gluon interaction, respectively.
For a complete review of the EFT formalism, we refer to original publications and
lectures of HQET [90-93].

3In a proper framework, the residual mass term dm ~ Aqcp must be included in order to cancel UV
renormalons from HQET operator matrix elements, see [89] for a detailed discussion.
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2.3 Heavy Quark and Soft-Collinear Effective Theory

Momentum modes and scaling
hard (h) p~(1,1,1)
hard-collinear (hc) | p~ (A, 1,v/A) | hard-anti-collinear (hc) | p~ (1,A,v})
collinear (c) p~ (A2,1,\) | anti-collinear (c) p~ (1,22 )
soft (s) P~ (AN A)

Table 2.1: Momentum scaling p ~ (py,p_,p1) according to the light-cone decom-
position in . We define A = Aqep/my and neglect an overall factor
of my in our notation. The anti-collinear modes are not relevant to the
present context of this Chapter, but will appear in B — M;M, decays
involving an additional direction of large momentum transfer. We use the
label C = hc, ¢ as a generalized index that contains both (hard-)collinear
modes.

SCET was developed by a series of publications addressing heavy quark decays into
light, energetic particles [88,094H99]. Tt is deeply connected to the method of regions
approach presented in the last section. The treatment of the light quark fields in SCET
is more subtle compared to heavy quark fields in HQET as we deal with additional
modes. In general, the light quark field can be decomposed into different components

q(z) = &c(x) + ne(z) + gs() , (2.37)

such that the collinear fields have collinear momentum scaling and the soft field soft
scaling. Note that the label C = (hc,c) may include an additional collinear mode
scaling as p ~ (A%, 1, \), which is relevant in the context of Chapter 4l A complete list
of the momentum labels and their light-cone components can be found in Table [2.1]
For the remainder of this section, we assume C to have hard-collinear scaling, i.e.
p~ (A1, \/X) Similar to the heavy quark case, the two components (- and n¢ are
defined by projections on the light-cone

g 1 g 1

(), no(x) = Pg(z) = () - (2.38)

éo(2) = Pra(z) =
The projectors fulfill standard relations P = Py, P.Pr = 0 and P, + P. = 1.
Following the same analysis as in (2.31]), we find that the propagators of these fields
scale as

4 7 ny ﬂ__ .
(0]T{¢0(x), €c(0)}|0) = / (;if; (k, f)ﬁi e~ O (2.39)
oo k)E
R e S )
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2. Basic concepts of QCD factorization

(01T, 60 H0) = [ st ~ 0. (2.41)

2m)* k2 + 140
Note that we assume the loop momentum to have hard-collinear and soft scaling,
respectively. We conclude that & ~ A2, ne ~ X and ¢ ~ A2, This analysis can
be extended to the gauge sector, yielding a power counting for the collinear and soft

gluon fields, shown in Table 2.2 Analogously to HQET, we proceed by deriving the
equations of motion at tree level to eliminate the power-suppressed collinear field

1
n+D

<wL¢*gc<> !

() = g 2.4

The leading term in this expression is proportional to ¢ since ¢4 is power-suppressed.
After integrating out the field operator ¢ in (2.29)), we obtain the leading power SCET
Lagrangian

‘C(S(QET =& (m D+ ZlDCJ_ lDCL) %EC + qsilPys - (2.43)

in+De

The subleading terms to this Lagrangian have been derived in [99,|100]. It can be
shown that the tree-level SCET Lagrangian is exact and requires no renormalization,
see e.g. [97]. The renormalization is therefore fully contained in the operator matching.
Furthermore, we emphasize that the derivative in_D in ([2.43)) still contains soft gauge
fields, so that collinear fields interact with soft gluons at LP. This interaction can be
removed by a decoupling transformation discussed in Sec. 2.4.1 When both collinear
modes in C are present, we usually refer to as the SCET| Lagrangian. After
integrating out the hard-collinear mode, we refer to the theory as SCET}; which only
involves the remaining collinear and soft fields (c,s). Finally, we note that one can
trivially extend the Lagrangian to include several collinear directions n; with n; -
n_; = 20;; by adding copies of the Lagrangian to the effective theory.

2.3.1 Gauge invariance

The leading power HQET xSCET Lagrangian given by and admits a
set of fundamental symmetries. First and foremost, the effective theory respects gauge
invariance inherited from QCD. In the effective theory, each field transforms separately
under the gauge group, which can be viewed as a direct sum of collinear and soft gauge
transformations

a

Vo(z) = eee@T® Vi(z) = elos@T (2.44)
The transformations act on fields as

Ec — Vobe, G — G %%%%@+5ﬂ%%ﬂ Gl — Gt (245)
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2.3 Heavy Quark and Soft-Collinear Effective Theory

Scaling of field components
Heavy quark soft hy ~ X320 Hy ~ )2
hard-collinar Ehe ~ A2 e ~ A
Light quark collinear Eo~v A, Mo~ A
soft gs ~ N3/?
hard-collinear n_Gpe~ X, N Ghe~1, Gpe ~ A2
Gauge field collinear n_Ge~XN, n,Ge~1, Goi~ A\
soft Gt ~ A

Table 2.2: Scaling of field variables for different momentum modes, which follows from
the analysis of the respective propagators. For the quark fields, we explic-
itly derived the counting in (2.31)),(2.32)) and (2.40)—(2.41). The scaling of
the gauge field components can be inferred by the same arguments [101].

fo— Vibe, ¢ — Vigs, GE—=V.GEVI ) G — V.GHVI + givs[aﬂ,v;] . (2.46)

where D! = 0" — igsG" only contains the soft gauge field. The collinear fields trans-
form under both collinear and soft gauge transformations since they interact with the
soft modes via the leading power Lagrangian. The soft fields on the other hand do not
transform under the collinear gauge transformation. For this reason, the field decom-
position and redefinition in and is only valid at tree-level as it does not
respect gauge symmetry at NLO. To maintain gauge invariance, we have to account
for a consistent transformation by replacing the soft field according to

Gs(x) = W(z)gs() (2.47)

where we construct the object W such that the full theory field ¢ transforms homoge-
neously under the entire gauge group. For details of the precise construction based on
the properties of Wilson lines, we refer to [102].@ For our purposes, it is sufficient to
introduce the semi-infinite collinear and soft Wilson lines

We(z) = Pexp {z’gs /_iods nyGe(x + sn+)} ) (2.48)
Sn_(z) =Pexp {igs /_iods n_Gs(x + Sn_)} . (2.49)

At LP, the Wilson line in (2.47)) is given by W = W. The soft Wilson line carries the
label of the collinear direction. The label distinguishes the soft Wilson line originating

4In [102] the Wilson line W is written as a product W Z involving the full gauge field and its soft
part, which ensures the correct transformation properties.
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2. Basic concepts of QCD factorization

from collinear lines to the ones associated to the anti-collinear direction n, that will
appear in Chapter [4l Note that we can construct finite distance Wilson lines from a
product of two semi-infinite lines

[z, y] = Su_(2)S]_(v) , (2.50)

which appeared in the definition of the B-meson LCDA in (1.8) and (2.6). The advan-
tage of using (2.48)) and (2.49) is their simple transformation under the collinear and
soft gauge group

We = VeWe, Sp. — S, and  We— VWV, S, — VS, . (2.51)

This implies for the finite distance Wilson line to transform as [z, y] — Vi(z)[x, y]VJ (y).
We emphasize that the transformations for the collinear Wilson line only hold at LP
and are more complicated otherwise.

We can use the collinear Wilson lines to define gauge-invariant building blocks in
the effective theory and construct operators that respect gauge symmetry ad hoc. We
define

Xe = Wl(@)ée(x),  Gh(x) = Wi(x)[iDEWC)(x) | (2.52)

which are clearly invariant under the collinear gauge transformations but still transform
under the soft gauge group. This allows for a simple construction of invariant operators,
for instance

JBY(s1,50;0) ~ Xc(s1n1)@ ¢ (s2m4)Thy(0) (2.53)

that reflects three-particle interactions between a heavy quark, a collinear quark and a
gluon field with an arbitrary Dirac structure I'. We shifted the position space variable
of the heavy quark field to zero, which can always be done after multipole expand-
ing the field operator and using translational invariance, so that the operator counts
homogeneously of order O(\3?). The precise origin and definition of A- and B-type
operators will be clarified in the next section.

2.3.2 Reparametrization invariance

The definition of HQET xSCET strictly depends on the choice of the reference vectors
v* and n{. We can reparametrize these vectors by explicit transformations that leave
the scaling of momenta and fields invariant [103H105]. More precisely, the effective
theory stays separately invariant under the transformations

vt — P+ S ny — (1+a)nk, nly = ni £, (2.54)

when a ~ O(1), ¢/ ~ O(A\?) and the normalization (v + dv)? = 1 is maintained.
This reparametrization invariance imposes contraints on subleading operators. As a
consequence, we can use the invariance to construct a suitable basis of HQET xSCET
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2.3 Heavy Quark and Soft-Collinear Effective Theory

operators that are fixed up to next-to-leading power (NLP) and simplify matching
calculations in QCD.

A concrete example where this symmetry applies is the matching of the QCD heavy-
to-light current onto HQET xSCET, which is frequently used to parametrize matrix
elements in decays of heavy mesons into light particles. The matching equation readd’]

T xb(0) = / ds C0% (3: 1) T8V (5;0) + / dd1dss C PV (51, 803 1) JEV (51, 52, 0)
TR (2.55)

where § = (nyp)s is the large component of the energetic light quark or gluon and
Ix = {1, 75,7, v*7s5, 0"} an arbitrary Dirac matrix. The A-type and B-type operators
label whether the operator contains two-particle or three-particle contributions. A
complete matching of the heavy-to-light current for all possible Dirac matrices up to
NNLO can be found in [49,/105-107|. Since we restrict ourselves to scalar operators,
we consider the two currents

quAO)(S, 0) = Xc(sng ) (1 —75) (1 - iniéiéL) h,(0) , (2.56)
JéBl)(sl, S9,0) = mibic(51n+)gc,¢(52n+)<1 +75)h(0) (2.57)

—

which are of O(\?) and O(A\*/?) respectively. Note that the term proportional to ¢
in is fixed by reparametrization invariance, but power-suppressed as it counts
as O(N\*/?). This is an explicit example how the form of the operators on the right
hand side of is dictated by symmetry arguments. The Wilson coefficient C’éAO)
in momentum space depends on the large component n,p and is obtained by Fourier
transformation

C’éAO) (nyp; p) = /déeismpéém)(é;u) : (2.58)

We refrain from giving more details about the (B1) operator as it will drop out by
power counting arguments in the following.

Contrary to the heavy-to-light case, the matching of the electromagnetic current in
onto SCET differs slightly in its computation. We replace u — &¢ + nc + Wegs
together with at LP, which is correct up to O(A*?). For the scalar current, we
find that two terms in the expansion are relevant:

da(z) = jii'?(x) + 2 (x) + O(N/?) . (2.59)

5Here, we do not distinguish between the UV and IR scale dependence, which is however explicitly

done in Sec. W
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2. Basic concepts of QCD factorization

The effective currents are given by

he

32 =z L
Jee = Lo 5PL5 e+ he. (2.60)
3D = Goxe + hec. (2.61)

We do not express the current jg(g/ ? in terms of the gauge invariant building blocks

(2.52)) for later convenience.
Lastly, we note that HQET admits the heavy-quark spin-symmetry at LP in 1/m.
However, this symmetry has no direct application in our context.

2.4 Factorization

The effective theory description from Sec. allows us to systematically derive and
prove factorization for the scalar correlator . In the following, we use and
to match the currents from QCD to SCET and express the correlator in terms
of SCET fields. We further replace the QCD B-meson state by its HQET equivalent

|B(p+q)) — /mp|B(v))[] At LP, we find

T(p,v) = eQuy/mpCs(Ey; 1) / d‘*xe@%o\T{ (47 + 5 ) (@), I 0 o>}|B<v>>
+O()N), (2.62)

where we redefined the matching coefficient C’éAO) — (s to account for the renormal-
ization of the scalar electromagnetic current in QCD. In , the collinear and soft
fields in the currents (2.60]) and (2.61)) carry an implicit u-quark flavour label since the
contribution from the heavy-quark current is power-suppressed. Note that we used the
translation invariance ¢(z) = ¢*P¢(0)e~P for the collinear field of J&*” to perform
the s-integral from ([2.58)).

In order to explain the structure of , several comments must be made. The first
observation is that the LP correlator counts as 7' ~ A2 and hence power-corrections
are O(A) as indicated. The counting can be inferred from the tree-level expression,
where the two light u-quark fields are contracted to a hard-collinear propagator

T(p,v) /d4xeipz<0‘a(a:) Une (@) Tnc(0) b(0)|B(v))

- % AB/2 L \L/2 L1232 % A2 (2.63)

6The additional factor of /mpg accounts for a mass-independent normalization of the B-meson state
in HQET, (B(v')|B(v)) = (27)20°6®) (7 — ). We conclude that |B) ~ A73/2 since the delta-
distribution counts as 1/ A%CD with the spatial momentum only fluctuating at O(Aqcep)-
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2.4 Factorization

The external u-quark and b-quark fields overlap with the B-meson state and therefore
have the soft scaling of A%2. We anticipate that the exponential e?* ~ O(1), so that
the position variable scales as z# ~ (1,1/X,1/v/\) since p is hard-collinear. Hence,
the integral measure counts as d*x ~ A~2. On the EFT side, we consequently need
to collect all effective operators such that the entire object contributes at O(\/2)
or, equivalently, the product of operators within the time-ordered product scales as
T{...} ~ \*. Simultaneously, we have to match the quantum numbers of the external
state. From these requirements, we immediately conclude that contributions with the
B-type current quBl) ~ A2 in (2.57) are absent, since the product 3(3/ 2) Jg (B L A\ but
has no light quark field ¢ to overlap with the B-meson. To add further soft fields in
an expression containing only collinear fields, we require an insertion of the subleading
Lagrangian

[,(1/2 = qSWCzlﬂL{C + h.c. (2.64)

that adds another power of \/2. For the B-type currents, this implies that their
contribution can be at least of O(\) so that they are subleading. The situation for

the A- type current is different as the product 353/ 2 é ~ \7/2 allows for an insertion
f (2.64). Hence, this term contributes at leading power, in addition to the tree-level

term qu)J A0 U M. Note that the term @, in the A-type current - ) does not
contribute due to its additional power suppression. In the following, we define the two
contributions arising from this analysis separately

! = /d4xeipx<0’T{j€(§)(x ,X( v (1 —5)h HB > (2.65)

= z/d4 /d4xew<o]T{£“/2 3P (@), X (1 = )R (0)}|B(v)) ,  (2.66)
where we factored out the coefficient T' = eQ),/m BCST in front.

2.4.1 Decoupling transformation

We emphasize that the collinear fields in the correlator as well as in the reduced
objects and still interact with soft gluons via the leading power SCET
Lagrangian ([2.43]). The soft-collinear interaction appears in the derivative term in_D
and can be removed by the decoupling transformation

fo(@) = S (z)EP(x),  Gh(w) = Su (22)GI"(2)S]_(2-) . (2.67)

This transformation decouples the soft from the collinear modes, so that in_ D¢ only
contains the collinear gauge field at LP, see [101] for details. In the remainder of this

section, we assume that this decoupling has been done and we drop the index (0) for
the collinear fields. The reduced correlator (2.65)) takes the form

T (p,v) = / d*ze (0| T{g(" S (z-)x & (2), X (1 — 75)S]_hy(0)}| B(v))

27



2. Basic concepts of QCD factorization

= [t 0T XG0} 1= ],
x {0|T{qWS,_(z_)S}_hu (0)|B(v)) , (2.68)

where we can now factorize the collinear and soft matrix elements at LP due to the
absence of soft-collinear interactions. The indices a, 3, refer to the Dirac algebra
while the colour structure is implicitly understood. We multipole expanded the position
space argument of the soft function since factors of z_0 ~ X and ;0 ~ A\'/? yield an
additional power-suppression when acting on soft fields. Therefore, the soft function
depends only on one variable x_ = tn_, where t = vz.

In ([1.8) we defined the B-LCDA (soft function) in QCD. In the framework of HQET,
the leading-twist LCDA is defined by

(0]t 1, O (O B0)) = — Z'FB(“)K”’”)%Lawt—io;m

2 2
+... (2.69)

The omitted terms are proportional to 7%_ and annihilated by the properties of the
collinear function (0|/7{xc,Xc}|0). Therefore, they are not relevant in the present
context. However, these terms need to be included for NLP computations in Chapter
more precisely in . Note that we combined the two semi-infinite Wilson lines into
[tn_,0] = S,_(tn_)SI (0) introduced in (2.6). The difference to the QCD definition
lies in the presence of the heavy quark field h, and the mass-independent state ‘B (v)>,
changing the scale dependence of the function ¢, compared to ¢. This further implies
that the static decay constant Fp(r) in HQET defined by the local matrix element

(0]gs(0)st_~5hu (0)| B(v)) = iFp (1) (2.70)

is scale dependent. It can be related to the QCD decay constant via [91]

my

Falo) = fo /T ) = fu/5 |1+ S (3025 1 2) 1 0@d)] . (2)

The HQET operator on the right hand side of (2.69)) retains the analytical structure
compared to QCD, so that the Fourier transformation is, analogously to (2.7]) and ({2.8]),
given by

dt

Or(wip) = [ o€ @u(t=i0p),  @y(tip) = /0 dwe™ ¢y (wip)  (2.72)

and the function in momentum space is supported for w > 0. We emphasize that the
local limit ¢t — 0 in does not commute in general with the inclusion of radiative
corrections [38|. The normalization ¢, (0; 1) = 1 induced by and therefore
only holds at tree level.
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2.4 Factorization

Employing (2.69) and ([2.72)), the first contribution to the correlator in (2.65)) takes
the form
. 1Fg(p) [ 1+
T (p.q) = — 32( >/ dw ¢ (w; ) {(1—75)< 5 7&)%}
0 Ba

/ dzel @ (0| T ) (), 9 }0) . (2.73)

The matrix element in the second line involves only fermion fields living at the hard-
collinear scale. Therefore, this object can be identified with a hard-collinear (jet)
function. We define

/d4xel(p woy) <O|T{XCa ng }|O> —ZZO[%] ﬁJl(w,p;u), (2.74)

where v} = n;#/2 is inherited from the Fourier transform of the LCDA. Note that the
matrix element has to be proportional to [1t_/2],s due to the intrinsic structure of the
hard-collinear propagator (2.39) in SCET. The prefactor —i/(w — n_p — i0) is chosen

for convenience. In total, the first contribution can be written as

_FB(#) /Oo dw

2 w—n_p—10

T (p,q) = Ji(w, p; ) o (w; ) (2.75)

which admits the structure of the factorization formula in (1.7). We can derive an
equivalent form for the second term (2.66))

) F o0 d
T%(p,q) = — Bz(u) /0 w_ n_u; 2@ P ) (wi ) (2.76)

In this case, the jet function is defined by
i/d4y6_iw”+y/d4xe’px<0’{ WCZlDJ_g(U)]a< ), jé§/2)($>ang(0)}’0>

—i e
=—|—| J QL) 2.77
) e 2.77)
Again, the intrinsic structure of the fields including their projectors lead to the fact that
the matrix element on the right hand side of (2.77)) is proportional to #_/2. Finally, we
combine (2.74)) (2.77) together with the definition 7" = —vpFg to obtain the complete
factorization formula

<
Fs(E,,p’) ZGQumeBK‘l(u)Cs(Ev;u)/o = sJ(2E,w, % 1) ds (wi )

2E,w —p ( )
2.78

where J = J; + J5. Note that the hard-collinear function only depends on the hard-
collinear scales 2E,w and p?, where ¢, is assumed to be dominated by the support

from w ~ Aqcp. This completes the formal derivation of the QCD factorization for
(2.1) at LP.
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2. Basic concepts of QCD factorization

2.4.2 Renormalization

In order to derive the NLO expressions for the hard and hard-collinear matching coef-
ficients C' and J in (2.78]), we properly match the full onto the effective theory. This
matching is deeply connected to the method of regions computation in QCD from
Sec. [2.2] but requires renormalization on both the QCD and the HQETXSCET side.
We renormalize the UV divergences on the QCD side by first multiplying the correlator
with the external on-shell quark field renormalization factors for the b- and the u-quark
at one-loop

1/ 1 2 2 2
Zb<1>:__(—+—+1n”—2+21n”—2+4) : (2.79)
2\evv € my my
171 1 V2
J A P L N 2.80
“ 2<€UV e’ HMZ) ’ 250

where Z; = 1 + ZZ-(I)ozSCF /4. Even though the on-shell renormalization factor of the
light quark field vanishes, we separate UV and IR scales to track the origin of the
divergences. In fact, the on-shell factors correspond to the hard region of the external
field renormalization. After adding these factors, the full theory result still contains
a UV divergence that needs to be subtracted by an additional renormalization factor,
corresponding to the MS renormalization of the scalar heavy-to-light currents in QCD
m _ 6

Z6¢p p— (2.81)
In this way, the product Z&éDZquT ultimately becomes UV finite. We emphasize
that the UV divergences from the hard region in (2.19)—(2.21)) match the ones from the
complete QCD result, which are removed by the renormalization. Hence, the remaining
divergences in the combination 73, + Zél) +zM - ZS()JD are of infrared nature. They are
cancelled by the sum of all hard-collinear and soft contributions. On the HQET xSCET
side, we therefore introduce the counter term in the MS scheme

1 5 2
e (2.82)
€ 2¢ € nup
which renders the hard region finite. Hence, we find that the hard matching coefficient
equals the renormalized hard region and obtain

a,Cp v uoom?
Cq(E.,; =1 2In——-11ln— — —
S( "/’M) V) + 47T ( nmb nmb 12

I ) 1 9 2
—2In® —— +2Liy (1 — =) +1
n2E+ 12( r)+nr+1—r

o

In r) . (2.83)

The scale v corresponds to the UV renormalization scale in QCD while the scale p is

associated with the factorization scale appearing in the hard-collinear and soft region.
The result agrees with [106,108|.
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2.5 Resummation

Using the same arguments, we renormalize the sum of all hard-collinear contributions

[2:22), ([2.23) and (2.24) in the MS scheme and remove the UV and IR divergences

that cancel with the hard and soft region respectively. We obtain the hard-collinear
matching coefficient

OésCF ﬂQ ,UZ ’/T2
Js(2F ) =1 n>—"—  43lh—"——— — — 45
s(2Ew, p*; 1) * Am < . 2E.w — p? ol 2Ew—p* 6 *
2 2 _op 2 2
S A W el (S PSP R . (2.84)
2E w p? —p? 2E w — p?

As a crosscheck, this result can also be obtained by calculating the object directly
from the SCET definitions in and . The derivation together with the
corresponding SCET Feynman rules can be found in Appendix [A] In this context, we
also discuss the cancellation of the soft region on both sides of the matching equation.

2.5 Resummation

The hard matching coefficient contains logarithms involving the scale ratios p/my
and p/n.p, that become large when g is chosen to be of order of the hard-collinear or
soft scale. The same is true for logarithms of the jet function, evaluated at the hard
or soft scale and vice versa. These logarithms spoil the convergence of the fixed-order
perturbative expansion when agIn pu/my ~ oz ln p/nyp ~ O(1).

We can resum large logarithms by solving the renormalization group (RG) of the
hard, jet and the soft function, to which we refer as RG improved perturbation theory.
In this way, the coefficients in are evaluated at their natural hard(-collinear) or
soft scale and then evolved to a common reference scale. In the following, we restrict
ourselves to the renormalization of the hard and soft function and choose p to be of
order of the hard-collinear scale. This approach simplifies the treatment of the jet
function as it does not contain large logarithms at the hard-collinear scale and hence
resummation is not required. A proper treatment, including the resummation of hard-
collinear logarithms, can be found for instance in [109] for the case of deep-inelastic
scattering.

The RGE for the hard coefficient C's can be derived from the counter term ([2.82))
using the running of the strong coupling in QCD, given by da,/dInp = —2ec,. We
find at one-loop

d asCr L 11
E.; = — In — + — E.;
le/LCS< ,Y,,LL,I/) T |:n2E7+ 4:|CS< 'yv,LLaV)u
d ?)OéSCF .
dlnng(Ew V) = - Cs(Ey; p,v) . (2.85)
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2. Basic concepts of QCD factorization

The distinction between the scales p and v is used to separate effects from the QCD
and SCET renormalization. Since the result should be overall independent with respect
to the chosen reference scales, we often use one common scale in practice. For y = v,
the RGE can be expressed more generally to any loop-order as

d
dln

1
CS(E’Y; ,U) = |: - 1—Wcusp(a/s) In E

; v(as)] Os(Eyip).  (2.86)

The scale evolution is determined by the functions

rcusp<as>:n§:%rn(g)m, w<a3>:2%(j—;)n+l. (2.87)

The former term is called the cusp anomalous dimension and appears as a universal
feature of heavy-to-light currents in HQET, related to the finite distance Wilson line
[tn_,0] in [110,[111]. The latter anomalous dimension 7 in involves two
contributions from the running coupling at five and four flavours respectively. The
NNLO results for I'c,sp and 7 are given in [107]. The evolution of the strong coupling
a is determined by the beta function

dag s\
0 = e = () 259
The coefficients QP are known up to the five-loop order [112]. As discussed in
the introduction, we have 8P (a,) < 0 for the flavour content of the SM such that
the strong coupling becomes large at lower energies and formally infinite at the scale
Aqep =~ 200 — 300 MeV depending on the number of active flavours. Technically, the
effective theory contains four active flavours so that as(n; = 5) needs to be matched
to as(ng = 4) at the scale my. Starting at two-loop, this matching is discontinuous.
The matching relations can be found in [113}/114].
The RGE can be solved by the simple ansatz

Cs(Ey; 1) = Ur(Ey; ) Cs(Ey; pm)

B m) = oo ([ D]~ gl n 2 4 a(a)]) - (259

The evolution function Uy (Ey; i, fu,) evolves the coefficient from an arbitrary hard scale
wn ~ O(my) to another reference scale pu. Note that we assume that the decoupling of
the b-quark flavour in v has been done. The derivation for the anomalous dimension of
the B-meson decay constant in HQET and the LCDA follows an equivalent derivation.
We obtain the resummed expressions

Fp(p) = Uz, in) (1) (2.90)
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2.5 Resummation

O (wi ) = /0 dw' Us(w, w's 1, pts) ¢4 (w's s) (2.91)

where the evolution function U, is obtained from the factor U; by sending I'cysp — 0
and replacing v according to Appendix A of [33]. In general, the hard reference scale of
the decay constant and the matching coefficient can be different. However, we choose
them to be equal for convenience. At one-loop, the evolution factor of the B-meson
LCDA from a soft scale ps ~ O(Aqep) is given in (5.92). We present more details
about the derivation and properties of the soft function evolution in Chapter fl We
emphasize that the p-dependence between the evolution functions cancels in the form

factor (2.78]), so that

d
dln p

Fs(E,,p*)=0. (2.92)

Hence, the complete result does not depend on the factorization scale . We refrain
from verifying explicitly and instead refer to [115] where this has been done for
the case of the (axial-)vector form factors. Nevertheless, this observation justifies to
choose the factorization scale p arbitrarily.

In RG-improved perturbation theory, we distinguish between different approxima-
tions depending on their accuracy. The leading-logarithmic (LL) resummation cor-
responds to the solution of with the one-loop expressions for I'c,s, and the
tree-level for 7. The next-to-leading logarithmic (NLL) resummation uses two-loop
I'cusp and one-loop 7 etc., see Table 1 in [101].
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Chapter 3

Subleading effects in B-meson correlators

In the last chapter we derived the QCD factorization for the scalar form factor
at LP in the heavy-quark expansion. We expect the power corrections to the factor-
ization formula to be of order O(5 — 10%). In general, it turns out to be conceptually
difficult to access these corrections in the traditional SCET framework due to the ap-
pearance of endpoint divergences. Based on the discussion for the scalar form factor in
Chapter [2], the central problem can be paraphrased as follows: In a naive attempt, one
would calculate NLP corrections by expanding the tree-level expression and the
integrands in the method of regions computation from Sec. up to the next order
in A. However, this approach fails since convolution integrals at NLP in SCET gen-
erally become divergent at the boundary of the integration range. A simple example
in this context is the evaluation of the heavy-quark emission in Fig. [I.Ip. Using the
momentum space projector method, we find that this contribution can be matched to

2 oo
gb) _ egzjfi::B (1 _ #) /0 dw ¢y (w; ) - (3.1)
Y

5

Even though ¢, vanishes linearly for w — 0, the behaviour for w — oo dictated by the
RGE leads to ¢, (w) oc w™'7® with —1 < a < 0 and hence diverges beyond tree-
level. Physically, the divergence originates from an overlap with a region of different
virtuality. Up to date, there exists no formal EFT framework to consistently handle
endpoint divergences. Instead, the general strategy is to reshuffle the divergences from
the different regions by introducing refactorization conditions, so that each region again
only contains its natural scale. This analysis requires a careful case-by-case study
and is not pursued in this work. For an overview of the recent research activity see
e.g. [116-122].

Our aim is to estimate power corrections by a complementary approach. More
precisely, we want to compute corrections to the scalar form factor Fs(E,,p?) in (2.1
as well as for the vector form factors Fy (E,,p?) and F4(E,,p?) in (1.5]) with a small
off-shellness p* ~ —A{cp where p* < 0. These can be used for a comparison with
future lattice QCD calculations which serves as our motivation. The main results for

35



3. Subleading effects in B-meson correlators

the (axial)-vector form factors appearing in this chapter already exist in the literature.
They can be inferred from [46,47] and are not discussed in detail.

To access the 1/E, and 1/m;, power corrections, we use a dispersion relation for
the correlation functions in and . The correlators are dominated by hard-
collinear z* ~ 1//myAqep and soft 2 ~ 1/Agcp region. The former can be accessed
by an OPE and involves higher-twist functions of the B-meson LCDA. The latter
contains long-distance physics and cannot be calculated in perturbation theory, but
the dispersion relation allows us to estimate the soft correction to the form factors by
a sum rule. We can show that both contributions describe the subleading effects to a
sufficient accuracy. In what follows, we parametrize the NLP corrections to the form
factors by

o eQumeBRS(Ewp2; ;u)

2 2
Fs(By,p7) = 2E \p(E., p*; 1) tesEnr), (32)
o €QufsmpR(Ey,p*; 1) 2 2
FV(E’WP ) - QEW/\B(E'W];;/JJ) +£(E’Yap ) + A£<E'Yap ) ) (33)
FA(Eme) _ eQumeBR(E’WPQ;:u) + f(Ey,pz) _ Af(EmPZ) ) (34)

QEV/\B(E’W p27 H’)

The factor Rysy contains the radiative corrections at LP. For the scalar case, the factor
is determined at NLO through the expressions in (2.83) and (2.84). We define the

generalized inverse moment as

1 o dw
W =2, Wt o
All NLP effects such as are absorbed into g, £ and A&, Based on the above
discussion about endpoint divergences, we emphasize that we do not consider radiative
corrections to the subleading terms. For the vectorial form factors, the decomposition
into symmetry-preserving and symmetry-breaking parts ¢ and A has originally been
introduced in [33]. In the following, we develop the fundamental ideas to calculate g,
¢ and A¢ with the scalar case at hand.

3.1 Higher-twist corrections

For 2? ~ 1/y/myAqcp, the hard-collinear propagator can be expanded in an OPE
according to the heavy quark limit 22 — 0. The NLP terms in this expansion yield the
hard-collinear corrections to the form factors. For the scalar correlator, the 1/E,- and
1/my-corrections to at tree-level can be obtained from the identity b = h, + H,
and the equation of motion for the heavy mode H, in in HQET. We obtain two

separate terms

18 i [ e QT 5 - O} B . (30
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3.1 Higher-twist corrections

TVm = \/_ d*ze® (0| T{j*™ (x), u(1 — v5)ilPh,(0) }| B(v)) . (3.7)

In the first expression, the corrections are associated with the 1/E., terms originating
from an expansion of the hard-collinear propagator up to NLP. The second term is
already 1/my-suppressed so that the hard-collinear propagator only enters at tree level.
In both cases, we consider the expansion in a soft gluon background since the inclusion
of hard-collinear gluons would correspond to loop corrections beyond our accuracy, and
actually lead to divergent integrals. The propagator of the hard-collinear quark fields
can be expanded as [123]

<O‘T{th th }| > =

1
/ d’U/{?:gSG)\p(U,LU)x)\’)/p’}/g;
0

27rx4 822
+ (2u — 1)gsGap(uz)z™y} + ..., (3.8)

where the dual field strength tensor is defined by G A = EAPQBGQB /2. We emphasize
once more that the gluon fields in only contain soft modes. In addition to the
expansion of the hard-collinear propagator, we need to include the next-to-leading
terms in the two-particle LCDA

(0]gs (@) [z, 0T R, (0)| B(v)) = iFZ(M) {’YEI( +¢){¢+(t;u)+$2G+(t;u)

— 5= [(@4 = @) (tp) +2%(Gy = Go)(t )] H , (3.9)

2ux

for the leading term in . For the remaining chapter, we omit the soft index ¢, for
the light quark field. Due to the analytic structure of the operator on the left-hand
side of , the functions ®_ and G inherit the same ¢0-prescription as the function
¢,. The Fourier transformed functions ¢_ and g4 are equivalently obtained by .
At tree-level, the limits x — 0 and vx — 0 imply the normalization

/000 dw di(w;p) =1, /000 dw [¢py — d_](w; ) =0, (3.10)

where the latter also holds true for the distribution functions G'.. For the subleading
terms in (3.8]), the appearance of soft gluon tensors requires the introduction of three-
particle LCDAs which are defined by [124]

(0]q(x)gsGrp(uz)z T hy (0)| B(v)) = FBT(’”‘)tr {%F(#) (3.11)

X {(¢v,\ —nvx)(Va — Uy) —ioy,2" Uy — 23 X4 + IA£YA}(1)$, UvL; ,u)] ,

37



3. Subleading effects in B-meson correlators

(Olata)ig.Gas(ue)a T O] () = 2 e ar (52 (312

X {(;év,\ - ’y,\vx)(\TlA — \TIV) — ia,\p.r”\f'v — X4+ a:,\%?A}(vx,uvx; u)] .

The Fourier transformation to momentum space is generically given by

d d
wl,wg, / xl/ L2 72w1w1 zw2x2\Ij(fl?1,.T2;/,L) . (313)

We emphasize that the functions defined by , and differ in their
power counting which is usually referred to as twist in this context. We present further
details on the twist expansion in Appendix [B] including the analysis of the small w-
behaviour for the LCDAs. In our case, four combinations of the three-particle LCDAs
are relevant

Py =Wy — Uy,
Oy =Uy+0,, U,=Uy—Xyu, Uy=-U,u+Xy4, (3.14)

which are of twist-3 and twist-4, respectively. After using (3.8) and applying the
higher-twist definitions (3.9)(3.12)), the 1/E, term (3.6) in position space becomes

/ey CQufBms /d4 e% - (vx)

272
2

W{Qhr(vx) —®_(vz)}

X {<I>+(m:) + 2°G4 (vx) —
. :cZ? /1 " [2u<I>3 4 (2u— 2)y + (2u — 1)Uy — @4} (v, uv:z:)} . (3.15)

We perform the Fourier transformation using the integrals in Appendix [B.I} For the
1/E, contribution to g, we find

. Quf °  AEZdw
JE(E ) = %{/ﬂ @E%U——W[w2¢+(w) —4g4 (w)] (3.16)

* 2E dw R ,
+2/0 m(—w¢+(w)+/o dw[q§+—¢_](w))

/ o / dw( 4E2[w4 +>z(/124 ;ﬁ%ﬁ;ﬁzﬂ)

9 2E, 1 2B, (w4 ws) — p?
JE— - _1 ’Y :
+ s [¢3 + ¢4 + wﬁl] (wb w2) {2Ey(w1 + w2) o . 2E7w1 —
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3.1 Higher-twist corrections

Opposed to the real photon limit p? — 0, the denominator is regularized by the off-
shellness p? < 0, so that all integrals are endpoint finite. To our accuracy, we assume
the tree-level normalization in and neglect four-particle contributions like ¢GGh,
or qqqh,. The latter implies that we can further simplify the above expressions using
the equation of motion for the light fields, commonly referred to as Wandzura-Wilczek
(WW) relations, see [124]. Imposing the relations from Appendix [B.2] the result in

(3.17) drastically simplifies to

1/E o €Qufpmp { A / > 2B,dw / v /
(E,,p°) = + —_— dw' oy — o] (w
s (B ) AE? As(Ey,p?) )y 2Bw—p2 J, [+ I

+ [ [ o) - 100 (0) — o +0-1(0)

2E w — p?
< 2E,dw, /oo 2F. dws ~
* ) . T Pat2 , : 3.17
/; 2E’Yw1 - p2 0 QEC,Y (Cdl + LLJQ) — p2 [w w4 ¢4] <w1 WQ)} ( )

To calculate the 1/m;-corrections, we only require the leading term of the propaga-
tor in since the corresponding term already enters with a factor 1/my from the
equation of motion of the heavy quark field h,. We eliminate the derivative acting on
h, in by using the HQET operator identity [125]

AT DA(0) = aIT(0)] ~ (5500 ) Thu(0)
- i/o duuq(x)gsGap(ux)zTh,(0) , (3.18)

where 4 = 1 — u. Note that the derivative in the first term on the right-hand side acts
on the entire operator [§(z)['h,(0)]. Taking the B to vacuum matrix, this contribution
equals

(0feslate)Thu(0)]| ) = lim 57 Olata + p)Chu(w)| B)

y—0

. 0 —iAv = B
= lim o e (0]q(e)Th (0)|B)

= —iAvA(0]g(2)Th, (0)| B(v)) . (3.19)

Similar to the 1/E, case, we evaluate the matrix element together with the latter two
terms of (3.18)) by applying the LCDA definitions above. In total, we obtain

ipT _
Tl/mb :M—Bw/d4ze_4vw{]\q)+(vw) — Z(I),_i_(vl’)

42my, x
7

— E(@Jr — ®_)(vw) + 2ivx /01 duu®s(vz, uvx)} , (3.20)
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3. Subleading effects in B-meson correlators

where the prime in the first line denotes the derivative with respect to the position
space variable vz. After performing Fourier transformation and applying the WW
relations, the contribution to the scalar form factor reads

1/my (E p2) _ eQumeB A _ /OO o 2E¢A)[¢+ + ¢—](w)
s v dmy B, As(E,, p?) ) 2E w — PP
*2E, dw, > 2F. dw;
e ; / ; Jws) - 3.21
/0 2E’le - p2 0 QEV(wl —+ w2> — p2 ¢3(UJ1 wQ) ( )

Note that we neglected the photon emission from the b-quark in (3.20) and (3.21]),
which we compute separately. In this case, the correlation function can be matched to

2m

7o) — _Qafsms (0 2m 22
oo (op) (1) (3.22)
®) oy _ €Qafpmp ([ 2my

S (E'77 >_ 2E»Ymb (1 E»Y . (323)

Without the tree-level approximation, this result was already stated in (3.1)).

3.1.1 Results for the (axial-)vector case

The derivation for the NLP contributions for the vector form factors in and
follows the same arguments as for the scalar case. Rather than giving a precise
derivation, we summarize the results which in part have been presented in [47]. In
position space, we obtain

TI/E'Y — eQumeB /'dll.r 6ipx
%

52 por [ — €upo V7 + i(vx)gw]

x {q)+(v:v) + 212G (vz) — %2 /0 ' [(2u 1), — {174] (v:z:,mm)} . (3.24)

m eQufpmp e'r . - .
Tl% b= i /d4x pr [€uurpt 0 — z(vx)gu,,]{ — AD, (vz) + 1D’ (va)
: 1
+ L(CDJF —d_)(vz) — 2@'(1}95)/ duaq)g(vx,uvx)} , (3.25)
v 0
eQafpms .
T = iy Ll + i(0P)9 )24 (0110 (3.26)

where we neglected terms proportional to p, since they do not contribute to the form

factors Fy and F4. We find the symmetry-preserving contribution & and symmetry-
breaking part A¢ defined in (3.3)) and (3.4) by performing the Fourier transformation
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3.1 Higher-twist corrections

and compare the result with the definition in (1.3). For the tree-level and WW ap-
proximation, we find

gl/E'v — —4EBQ B{ — 2+/0 mwgb—’—(W) +2/0 dw In <a} °F ) ¢t3( )
5 vy

® 9B, dw, [ 2F,dw, ~ P’
— ———r- e 1—
| e B [ sp ) )

(3.27)
o0 2F. dw
AeV/Ey — eQumeB/ s i 2
$ 4E2 0 du 2E w — p? W) (329
and
é.l/mb _ gl/mb Afl/mb -0 g(b) =0 Aé’(b) — ec?df—BTnB (329)
S ) ’ ! 2E7mb

We emphasize that the 1/m,, corrections in (3.29) agree to the previous scalar result
(3.21). Within our approximation, we observe that no endpoint-divergent convolutions
appear in the results for the scalar and vector form factors.

3.1.2 Twist-5 and twist-6 contributions

In addition to the twist-3 and twist-4 contributions, there are some terms of twist-5
and twist-6 that give rise to 1/ E,? corrections entering &g, & and A&. The correspond-
ing tree-level diagrams are depicted in Fig. and involve the insertion of the (uu)
vacuum condensate. In diagrams (a)—(d), the exchanged gluon has hard-collinear vir-
tuality. Hence, we can calculate these contributions using standard methods, such as
the projector method discussed in Appendix [C.2] Out of the four diagrams, we find
that only diagram (a) contributes at O(1/E2) with

. _ eQ. fempgiCr (i) /Oo dw WW
€5,ows6 = —Etwse = 22, Y o (w) . (3.30)

At this accuracy, we neglect the twist-3 contribution of ¢_, so that only the WW part
appears in the above results. The gluon exchanged in diagrams (e) and (f) is soft and
thus, we can not extract the condensate term perturbatively. Instead, we again use
the expansion of the hard-collinear propagator in a soft background. For diagram (e),
there are two relevant terms in this expansion. In d space-time dimensions, they read

r(-1

87T2(—x2)%_1

(01T { gne (), g () }10) > /0 duutifgs(DAGY) (uz)z,

G- (e L .
+167r2( o= 2/ du (uu 2) 9s(DXG™)(uz)y, . (3.31)
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3. Subleading effects in B-meson correlators

Ny ¢

(a) ®) (9)

LA

(d) (e) (f)

Figure 3.1: O(«;) corrections with one insertion of the vacuum condensate (au).

After using the equation of motion (DyG*)* = —g,qy*T%q, we obtain four-quark
operators of the form [au][ub], in which we replace u,tis — —dap(tuu)/12. Performing
the Fourier transformation with the help of Appendix [B.I] we find

(e) eQumeBQECF@W /OO dw WW
E—_— .32
£S,tW56 12p2E'y 0 QE»YCL) _ p2 [¢+ + ¢— ](w) ) (3 3 )
© _eQumengCF(aw /°° dw WW
gtw56 - 24p2E7 0 2E7w N p2 gb— <O(}) ) (333)
2Cp(uu)y [ dw
Ac® eQufsmpg’Cr / . 34
é-tW56 24p2E’Y 0 2E’YCU . p2 ¢+ (w) (3 3 )

Diagram (f) can be obtained in a hybrid approach using the O(1/x?) terms in and
inserting one QCD interaction vertex for the b-quark, which produces a hard-collinear
heavy-quark propagator. This procedure ensures that the exchanged gluon is soft, but
does not provide an explicit condensate contribution. In fact, the corresponding term
is part of the twist-5 amplitude g_ and hence at least O(1/E2).

3.2 Dispersion relation

For soft contributions from z* ~ 1/A3p, the hadronic matrix elements cannot be
evaluated by an OPE in the heavy quark limit. However, we can relate the form
factors at negative p?> < 0 to the physical spectrum using a dispersion relation. This
approach has been introduced for the yy* — 7 form factor in [126] and applied to the
B — ~lv decay in [47,[127]. Again, we only consider the analysis of the scalar form
factor to keep the discussion simple as the results for the vector case follow by simple
replacements.
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3.2 Dispersion relation

The physical spectrum contains cuts and poles along the positive real p? axis cor-
responding to single particle and bound states. To factor out these contributions, we
insert a complete set of states between the currents in (2.1) so that

T(pg) = [ atze Y {0 0] @] X) (X]4(0)| B+ )

0= 0] 0] X) (X )] B+ )

i(2m)0™) (5 — pix) - ~weak B
= : 07™(0)| X HY{(X|7%*(0)|B(p + +..., (335
X X0 B ) (639
where the Heaviside functions §(42") originates from the time-ordered product [128].
In the second line, we performed the position space integral after using translational
invariance. The omitted term corresponds to the second integration for 2° < 0 and
contains a factor of p®+p% —40 in the denominator. Since p°, p% > 0, this term will not
contribute to the dispersion relation. We take the imaginary part of (3.35)) to obtain
the spectral representation

2, 17)

= QZE 2(2@45(4) (p— pX)<0|jem(0>|X><X‘jweak(0)|é(p . q)>

= 7 foFpoo(Ey,p%) 6(p° —m2) + 0(p* — so)ImFg*(E,,p*) . (3.36)

We singled out the lowest-lying scalar resonance o, sometimes referred to as f,(500),
with mass m, in the narrow-width approximation [15|. The parameter s, defines an
effective continuum threshold. To find the last line, we further defined the scalar meson
decay constant and the B — o form factor by

(0] (0)]o(p)) = ~ifoms , (3.37)
(o(p)|7"(0)|B(p+q)) = ::l_pFB—m(E»y,]f) . (3.38)

(e

Note that the additional factor of i ensures that the matrix element i(0|7°™|c) is real.
The spectral representation (3.36)) shows that there are no hadronic contributions for
p? < 0. We can therefore relate the form factor for negative p* to the physical spectrum
using Cauchy’s integral theorem and deforming the contour to enclose the discontinu-
ities on the positive real p?-axis. We find

fsFpso(Ey, p* = m2) + 1 /oo ds ImFg(E,, 5)
mg - p2 ™ S0 s = p2 .

Fgd(E,,p*) = (3.39)

We neglect the m2 dependence in the factor Fp_,,(E,,p* = m2) = Fp_,,(E,) in the
following. In Chapter [2| we calculated the scalar form factor for hard-collinear photon
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3. Subleading effects in B-meson correlators

momentum using QCD factorization. Above the threshold sy;, we assume that the
continuum can be approximated by the partonic model ImFEd = ImF ?CDF, to which
we refer as quark-hadron duality. For p? < 0, we observe that the jet function
does not contain imaginary parts from the hard-collinear logarithms. Therefore, we
obtain a similar dispersion relation to (3.39)

1 [  ImFSPY(E
p2)=—/ gs s (Bys) (3.40)
0

QCDF
FS (E T S — p2

Yo

where ImF'(s) = (F(s +i0) — F(s —i0)/(2i). We emphasize that no subtraction
term in the dispersion relation appears due to the asymptotic behaviour of the QCD
factorization result for p> — oo. Both the hadronic and the perturbative form factor
can be related by a Borel transformation in the variable p?. This transformation acts
on an arbitrary function F(p?) as [129)

) (_p2)n+1 d n
_pg/’n:]\/p

For p? — oo, we assume that the hadronic correlator coincides with the QCD factor-
ization due to the absence of particle poles and continuum cuts. Hence, we equate the

Borel transformed expressions for (3.39) and (3.40))
B FEY(E,, p?) = By FEOPY (B, p?) . (3.42)

The transformation (3.41)) acts on the form factor denominators as

1 B 1 exp (—ﬁ)
s () = G o e )

for n > 1 and thus trades the variable p? for the Borel parameter M. Physically,
the Borel parameter exponentially suppresses contributions from higher states in the
continuum. It therefore improves the theoretical prediction as it reduces the error of
the quark-hadron duality assumption. In practice, the parameter is chosen to be of
the order of the hard-collinear scale and varied in a small numerical window to ensure
the independence of the result on M. We discuss the choice of the Borel parameter

in Chapter [6] After subtracting the continuum contribution from the left-hand side of
(B47), we find

1 [
foFiso(By) = — /0 ds e~ =M M 1y pROPF () (3.44)

We insert (3.44]) into (3.39) and obtain

1 [ ds
Fy(E, p?) = = Im FECPY(E
5’( Wup) 7T_/SO S_pQ mfg ( 778>
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3.3 Soft corrections

1 50 dS QCDF —(s—mQ)/MQ
+; ; mImFS (EW,S)G g

= FFPR (B, p?) + &5M(E, 7). (3.45)

In the last line, we added and subtracted the integral foso to recover the QCD factor-
ization result in (3.40). We conclude that the remaining term &% entirely originates
from soft interactions. The definition

1 50 ds S — p2 2 2
soft 2 —(s—m3)/M QCDF
S (E’va ) - /0 s 3 |:mg 26 ( )/ — 1] Im ! S (E,y, S) (346)

S0

L[ dw 2E.w' —p? e~ By =ma) /M _ | ol (1 )
_ TR - m2 — S e
0 gl p o~ P

holds for arbitrary p? < 0, while the imaginary part of the QCD factorization form
factor F ?CDF(EW,S) is calculated for hard-collinear s > 0. For later purposes, we
parametrized the integral in the second line in terms of the variable ' = s/2E,. We
defined the effective function

2F
(W) = 7” Im FEPH (B, 2B.W') | (3.47)

which turns out to be equivalent to the B-meson LCDA at LO in the factorization
approach. At NLO, the LCDA gets modified due to hard-collinear corrections from
the jet function.

We remark that represents the soft correction to the scalar form factor Fg.
For the (axial-)vector case, the derivation follows almost the exact same steps. The
main difference is the appearance of vector currents in , so that the vector meson
resonances p and w instead of o contribute as the lowest-lying resonance. We combine
both contributions into one generalized form factor with equal mass m, ~ m,. The
corresponding formula reads

0

80 2B dw, 2F w/ - p2 — w' —m?2 2 e
€t (5,27 = / 2B,w" — p? [ TfZQ - e - 1] Wy (W' )
0 o D

2F
Oy (W) = Tﬁ Im F{(%,?EF(EV, 2E.W') (3.48)

where the indices refer to the contributions from V' and A that have to be matched
onto the £ and A parametrization in and . Note that can be obtained
from (3.46|) upon replacing m, — m, and sy — ry. The latter accounts for a different
continuum threshold in the physical spectrum of scalar and vector mesons.

3.3 Soft corrections

In this section, we present the result for the soft corrections induced by the LP factor-
ization formula and the higher-twist results in Sec. 3.1/ for both scalar and (axial-)vector
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3. Subleading effects in B-meson correlators

case. For the latter, we require the generalization to (1.7)) for an off-shell photon with
p? < 0. We restrict ourselves to the transverse part of the correlation function TMLV,
in which the currents are given by vi- ® v:-(1 — 75). The corresponding factorization

theorem acquires a similar form to (2.78)):

- > dw
Fyay(Ey, p?) = eQufpmpK 1(/1)0‘(/A0)(E7;u)/ mJ(2E7w,p2;u)¢+(w;u) :
0 v

(3.49)

We remark that the coefficient C"(/AO) in this formula in fact refers to the matching
coefficient of the heavy-to-light current from QCD to SCET since the electromagnetic
and weak vector currents do not require UV renormalization in QCD. Both matching
coefficients can be found in the literature [108}|115] and are given by

o,C . 1 2
CANE ) =1+ 47TF(—5logmﬁb —QIOgQ%%—QLQ (1— ;) -

R 12
2-3
+log?r + 0 r log r) : (3.50)
—r
asCr e 2
J2E,w,p*p) =1 In’ — -1
(2B, p%5 1) * 47 ( t 2E.w—p* 6
2 2 2 2
p p*—2BEw 7 P
3 =23 (m st T 3)) . (3.51)

For the longitudinal components, the formula (|1.7)) admits a more complicated struc-
ture which we do not consider, see [46].

3.3.1 LP contributions

To calculate the soft corrections from the LP factorization up to NLO in (2.78)) and
(13.49), we use the identities from Appendix . In both cases, the soft form factor
takes the form

xLo (B, p?) = eQufempK (1) Cs(Ey; p) (3.52)
50
y /2E'y dw/ 2E,Yw/ . p2 e—(ZE’yw/_mg)/MQ . 1 eﬁ(w,- M)
o 2EBw —p*| m2—p? ST
SO _ A0
(B, p%) = eQufsmpK ™ (1) O (B ) (3.53)
o
" /2E7 dw’ QEWW/ — p2 e—(2E7w/—m%)/M2 1 gbeﬁ (w,. ,u)
o 2E.w — p? mg — p? T
A& (B, p?) = 0. (3.54)
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3.3 Soft corrections

For convenience, we redefined (3.47)) to @4 = eQ,, fpmpK 1 C ¢, For the scalar case,
the effective function is given by

eff (, / as(1)Cr ( ) M 1 m > /

) . R Inf —E— 1+ 31 +—+5 ;
oG (W) = o (W) + ym { n 2F, -+ r12E7 TG O (W' 1)
w2 /CO w—w d ¢p(w;p)

dww'l
2F.w' ww W' dw w

vy
2 w’ /
I w—w d
— (21 3) [ dwl =y (w

( n2E7w’+ /0 YT dw¢+<w"u)

+21In

UJ/

w’ ’ d /
—l—/o dwin? & — Y [%¢+(W;M) + ¢+(W§HJ)}} : (3.55)

W' dw

For the vector case, we have
e (&P C 2 s
¢ﬂ@ﬂu)=¢4du0+—iﬂL£{<m”J%;+~——1)¢4Wu0

2 o) /
f o w—w d gy (w;p)
21 3) dwe'1 £
* < " 2E W - /w/ CORT T A w

2 W’ o
) / dwin 2 wi(bJr(w;,u)
0 w

2EW W d
w’ ) W — wi ﬂ/ . ‘
+ /0 dwtn® =2 =20 (wip) + 6 (wi )| } (3.56)

Generally, we consider the hard matching coefficients Cg,Cy, and K as well as the
B-meson LCDA in (3.52) and to include the resummed evolution factors up
to NLL accuracy based on the discussion in Sec. 2.5] To this end, we recall that
the RGE for the scalar coefficient slightly differs from [107] due to the additional UV
renormalization of the scalar electromagnetic current in QCD in the correlation function
(2.1)). The corresponding p-dependence is compensated by the single-logarithmic term

in the scalar jet function (2.84)).

3.3.2 NLP contributions

The higher-twist contributions correct the QCD factorization result at NLP and there-
fore enter the soft form factor through the dispersion relation. Up to twist-4, we define

S0

u 2By dw'’ 2E. W — p? /
soft (E'ya 2) _ 6@ meB v W |: ad p ef(ZEn,w -m2)/M? 1:| ES,l(w/)

S,tw34 2Eﬁ{ 0 ZEWUJ, _ pQ mg _ p2
S0
eQufsmp [2By dw’ QE,YQ)’ —p? — (2B —m2) /M2 _ ,
" 2my /0 2Ew' —p? | m2 —p? e 7 — 1| Zg2(w) - (3.57)
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3. Subleading effects in B-meson correlators

An analogous definition holds for the vector case upon replacing sy — ro, m, — m,

o

soft 9 eQufpmp (2B duw’ 2E,w — p? o~ 2B/ —m2) /M —
E = R - 1 =

tw3a (B, D7) 28, /0 2B, —p? | m2— p2 ! 1 (W)

_To_

L Qufpmp [ Ao 2B D Gpwemiiae ] g, () (3.58)

9 2E. W — 12 2 2 =2 : :
my 0 ’Yw p mp P

The coefficient functions are calculated from the results in Sec. where we again use
the relations from the Appendices and [D.1] From (3.17), (3.21)), (3.27) and (3.29),

we obtain

Es1(w) = (A = w)$4(w) — 2wo™Y (W) + we(w) — /0 " 6B (W) (3.59)

[ e i 20 () = [ 2t i+ 20— ),

Zsa(e) = (- w)on(e) ~wo-@)+2 [ ntwn) 2 [ 2on(w - ).
Z1(0) = =2 | d08w) = 20V ) + 00, () (3.60)
* dwy 0 * dwy 0O
([ [T P [T D Y i)
(W) = Zga(w) . (3.61)

For the symmetry-breaking term (3.28]), we find

B do 2E. W' — p? ,
Agslt eQumeB/ g w { S 4 o~ (2B —m2)/M? _ 1} Wy (W) .
0

fwsd 2F, 2E,W" —p* [ m2 — p?
(3.62)
The twist-5 and twist-6 terms in (3.30) and (3.32))—(3.34]) sum up to
soft, _Nu QEOV dw' 2E7w/ — p2 67(2Ewo./7m(2,)/M2 1
S twh6 12p2E7 0 QE,Y(,U' _ p2 mg _ p2
X o4 + 2¢V_VW] (@), (3.63)

w56 24p?EL Jy 2B W' — p? m2 p2

N, B dw 2E.w' — p? 'y 2
A soft _ u (2E7w —m2)/M?* 1 / 3.65
twb6 24p2E'y / QE,YCU/ . pQ |: m2 p2 e ¢+ (W ) ) ( )

R | VW), (36

where we introduced the normalization constant N, = eQ.,, fpmpg?Cr(uu) for conve-
nience. This completes our calculation of the NLP corrections at O(1/ E,%) We present
first qualitative numerical estimates in Chapter [6]
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Chapter 4

QCD xQED Factorization

The QCD factorization framework as it was presented in Chapter [2] is the state-of-
the-art tool to parametrize and calculate precision observables of non-leptonic decays.
Although its technical difficulties at NLP, the results compete up to now with the ex-
perimental precision from LHCb and Belle II. However, to obtain profound predictions
in the future, it is necessary to improve the theoretical calculations beyond the LP
accuracy in QCD-only. As discussed at the beginning of Chapter [3| there are ongoing
efforts to derive a consistent framework for QCD factorization at NLP in the heavy-
quark expansion which is accompanied by higher-order perturbative calculations for
the matching coefficient functions at LP.

So far, QED corrections in B decays have barely been investigated even though they
could be of similar size as NLP and O(a?) corrections. In non-leptonic B decays, QED
effects are usually taken into account by dressing the QCD-only amplitude with Bloch-
Nordsieck factors below the scale Aqcp that resum collinear and soft logarithms up to
the B-meson mass scale mpg. This approach assumes the B meson to be point-like up
to distances of order 1/mpg, which is conceptually wrong above the scale Aqgep. In this
regime, photons can resolve the partonic substructure of hadrons that are typically
confined to a size of order 1/Aqcp. Beyond the scale mp, one furthermore needs to
include QED effects as well as their running in the Wilson coefficients of the weak
effective operators.

In this chapter, we address the incomplete treatment of QED effects in charmless,
non-leptonic B — M; M, decays into light final-state mesons M; = 7, K. Note that the
meson M is specifically defined to pick up the spectator quark. Our analysis is based
on [66] and the follow-up publications [68,[130] that consider the renormalization of
LCDAs for light and heavy mesons. For decays into heavy (charmed) mesons, we refer
to [67]. We consider the following three separate aspects depending on their energy
range:

i) Above the scale mpg, QED effects can be added to the Wilson coefficients of the
weak effective operators in a standard manner by using the results of [131].
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4. QCDxQED Factorization

ii) Between the scale mp and Aqep, we can extend the QCD factorization approach,
schematically given in (1.10)), to a combined QCDxQED factorization formula
that takes a similar form as in QCD-only

1
(M M>|Q;| B) = imQB{}"BQMl(O) / duT; o, fri, P, (w) (4.1)
0

1 [e’s)
[ s [ Tl 0, fn @ ()0 Fas ) |
0 —00

(Q; denotes an operator of the weak effective Hamiltonian, mediating a b — ¢
transition. Here, the mesons M; and M, are strictly assumed to be massless and
hence carry the energy of mp/2 each while flying in back-to-back directions.

iii) Below the scale Aqcep, the meson masses cannot be neglected. We further include
an arbitrary number of ultrasoft photons in the final state of B — M; My () with
total energy AE < Aqcp. This is necessary to render the entire process IR finite
in QED since the non-radiative amplitude <M1M2‘QZ~|B > becomes IR divergent
once virtual QED corrections are considered. The energy difference allows for
perturbative calculations in a theory of point-like mesons [62].

We emphasize that the above statements are valid at the corresponding scales up
to a small window below and above a few times Aqcp. In this energy range, QED
interacts with a strongly coupled system that requires a non-perturbative matching to
the effective theory environment.

The second point ii), accounting for the structure-dependent contributions, turns
out to be the most difficult and novel part which will be the main focus of this chapter.
The formula describes factorization for the four possible final-state charge combi-
nations ® = (Q1,Q2) = (0,0),(—,0), (0, —), (+,—). The flipped combinations can be
obtained by CP invariance of the full QCDxQED theory. Compared to QCD-only, the
essential difference is that the form factor 72 and the hard scattering kernels 7!
depend on the electric charge () and implicitly on the direction of flight of the second
meson M, that is produced by the weak interaction. The QED-generalized definitions
of the light and heavy meson LCDAs ®,; and ®p g inherit the same attributes but
require an additional modification depending on the charge combination of the exter-
nal states. While for light mesons these generalizations are quite natural, the B-meson
LCDA becomes a rather complicated object that contains soft physics at the scale
Aqcp. Almost every modification in this context is related to the non-decoupling of
soft photons from electrically charged mesons. For the heavy meson LCDA, this leads
to the appearance of soft rescattering phases and it therefore should rather be viewed
as a soft function to the process so that we omit the term “LCDA” in the following. To
this end, we conclude that the non-perturbative objects become process-dependent.

To prove the factorization formula , we derive the hard scattering kernels at
O(a’aem) by consecutively matching the full QCDxQED theory onto HQET x SCETy
and HQETxSCETy;. Opposed to the radiative B — /v decay discussed in Chapter ,
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4.1 Matching equation

the external states are collinear objects, such that we need to distinguish between hard-
collinear and collinear modes in the process. SCET] therefore refers to a theory of light
fields including soft, collinear and hard-collinear scaling while SCET; only contains the
soft and collinear modes. We introduce the operator basis for both EFTs in Sec.
and discuss the SCET] matching in Sec. alongside with the renormalization of
QED-generalized heavy-to-light currents and light-meson LCDAs. The matching onto
SCETY; in Sec. integrates out the hard-collinear modes and factorizes the spectator
scattering term in . We introduce soft rearrangement factors to consistently sep-
arate soft and collinear scales. The case of () # 0 is particularly interesting since soft
photons do not decouple from the B — M; transition, which contains soft spectator
scattering contributions. In this case, the QED-generalized form factor FZM: in SCET
can be replaced by a QCDxQED form factor of the semi-leptonic B — M/~ 7, decay.
We present the precise formalism for this replacement in Sec[4.2.4]

To address point iii), we introduce the ultrasoft function below Agcp in Sec.
that accounts for the real emission of an arbitrary number of ultrasoft photons with
total energy AE < Agcp. For photons at this scale, perturbative calculations can be
done in an effective theory where mesons have point-like QED coupling. In a standard
framework, the IR singularities of virtual QED effects cancel with the corresponding
divergences from the phase space integration after calculating the decay width. This is
qualitatively different in QED where the non-perturbative objects entering retain
the IR divergences of the non-radiative amplitude. In practice, we therefore consider
the form factors and LCDAs as well as the ultrasoft function as separately IR/UV
regularized objects. The resummation of the collinear and soft logarithms my, /Aqcp

and AE/Aqep is subject of Chapter .

4.1 Matching equation

The B meson decays weakly into light final states through b — w transitions in the
effective Hamiltonian. Generally, there are many operators and topologies that con-
tribute to the decay into (non-leptonic) pseudoscalars, some of which we presented
in Fig. [[.2l We restrict ourselves to the case of current-current operators @y in the
Hamiltonian

Heog = %“ V5 Vi (C1(1)Q1 + Ca(1)Q2) + hec. (4.2)

The generalization to other operators may follow in future works. We choose to work
within the CMM operator basis [132] where

Q1 = [uy"T*(1 — 45)b][Dy, T*(1 — 75 )u] ,
Qo = [ay"(1 — v5)0][Dy, (1 — y5)u] - (4.3)

T denotes the SU(3) colour generator in the fundamental representation and D = d, s
the down-type quark flavour. At tree level, the operator (), is generated after inte-
grating out the W boson and the operator () is induced by renormalization. The
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4. QCDxQED Factorization

D U U U
b e b D

aQQb

Figure 4.1: “Right” and “wrong” insertions of the operator @)y, respectively. The
indices a and b denote the colour flow.

Wilson coeflicients C1 2(v) include the QED corrections from the electroweak field con-
tent. Depending on the flavour structure, the insertion of an operator @); is referred to
as “right” or “wrong” insertion corresponding to colour-allowed and colour-suppressed
amplitudes respectively, see Fig. .1l For neutral @y, = 0, only the wrong insertion
contributes to the decay while for charged M, the right insertion enters. At tree level,
the Dirac structure for the wrong insertion can be rearranged using (colour) Fierz
transformations, see equation (24) of [133].

4.1.1 SCET; operator basis

Both right and wrong insertions of ); can be matched onto operators in the effective
theory. In Chapter [2] we presented the fundamental steps of this procedure in the sim-
ple framework of scalar currents. For the case at hand, the operators in HQET xSCET;
side are given by a combination of AO- and B1-type heavy-to-light currents and an anti-
collinear operaton]

i
2

O (t,s) = mib[x?)](m_)%(l - v5>xg“<o>][xé?%)%xtm(sm)(l +75)hu (0)]
(4.5)

O (t) =[x () (1 = 4s)x 2 (0)] (XS (0)h, (1 — 75)h (0)] (4.4)

The gluon operator O'8 is obtained upon replacing A, — ¢ | o, where the latter was
defined in ([2.52). In the anti-collinear fermion fields, the u-quark flavour of the outgoing
anti-quark is fixed while ¢ » = u, d, s are not restricted. The collinear Wilson line W
in QCD-only from ([2.48]) gets multiplied by the corresponding QED exponential

0

W (x) = exp {que /

—00

dsnyAc(z + sn+)} We(x), (4.6)

n [66] we distinguished between two operator types, depending on the total electric charge of the
meson Ms,. Here, we use a compact notation and only separate the results for the hard-scattering
kernels.
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4.1 Matching equation

where @), = 2/3, —1/3 labels the up- and down-type electric quark charge. The fields
xao and A | o are the gauge-invariant building blocks defined in (2.52)) with QED

Zain+Ac:|

O

(4.7)
Note that the photon field is just the abelian version of the gluon field. For the anti-
collinear fields, analogous definitions and conventions with the replacements C' — C
and ny — n_ apply. We recall that the labels C and C refer to both collinear and
hard-collinear scalings given in Table [2.1] The labels ¢ and ¢ solely correspond to the
(anti-)collinear A-scaling.

The matching equation for each operator (); is given by

Q:(0) = / at fl o, (1) O\(t) + / dids L (F,3) O\ (¢, 5) (4.8)

We emphasize that the right and wrong insertions of both operators (); of the full
theory can be matched onto the same O operators. The wrong insertion applies for
the case of ()2 = 0 and the right insertion for () = —1. The difference is encoded in the
hard matching coefficients H'/"' obtained from a partonic calculation. Their Fourier
transformation is given by

H(u) = / GH D™, H (u,0) = / didsFIN(E, §)e™ 5 (1.9)

where 0 < u,v < 1 and t = mpgt and § = mps are the rescaled variables that involve
the hard scale associated to the large energy transfer. We omit the charge label ()5 in
the following until we present the final results.

A standard power counting analysis shows that the operators scale as O' ~ A3 and
O™ ~ \7/2 when pure hard-collinear scaling for the fields is assumed. Hence, we would
naively expect the second operator to be power-suppressed. However, we require an
additional insertion of subleading L., Lagrangians with different powers to match the
quantum numbers of the external states

i / I T{ONt), LD (2)} ~ i / FT{ON(, ), £/ (2)} ~ A* (4.10)

This is related to the fact that the operator O can be associated with the transverse
photon polarizations only as discussed in Appendix We conclude that both oper-
ators contribute at the same power. Note that after matching onto SCETy;, the four
external light quarks of the outgoing mesons have collinear scalings .z ~ A so that
the power is reduced by another factor of A\? in total and the operators count as O(\%)
effectively. Furthermore, the external states scaling as A=%/2 for the B meson and \~2
for the light mesons contribute to the power countingE] Altogether, the LP amplitude
therefore is of order O(A\%/?), consistent with QCD-only.

2This property follows from the normalization of light meson states. The light-meson mass introduces
an additional factor of A compared to the heavy meson, see ([2.62)).
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4. QCDxQED Factorization

q1 U q1 U q1 U q1 U
bM@ bﬁ% bM% bﬁ%

q1 U q1 U
bﬁ% b—%—fh

Figure 4.2: One-loop corrections to the four-point transition amplitude b — giugs.

The box denotes a right or wrong insertion of the operators ); and Q)5
in (4.3)).

4.1.2 Hard region computation

The factorization in SCET] is based on integrating out the hard region in a method of
regions approach we discussed in Sec. [2.2] To calculate the hard region, we proceed in
complete analogy to the derivation in Chapter [2f and replace the external states in the
non-radiative matrix element in the partonic picture

(M (p)Ms(q)|Q:|B(p + q)) — {(@(1g)a2(pg,) 01 (dg, ) 1(qu) | Qi |b(mpv)gs(1)) . (4.11)

We work in the B-meson rest frame where pg = mpv, such that the momenta of
the two outgoing mesons are parametrized by p* = Ey,n” and ¢* = Ep,n'l, where

Ey, = Ey, = mp/2 and n/ defined in (2.3). Most generally, the momenta of the
leading valence quark states can be parametrized by

n'y n”
i = mpot + kR l“:w7++li+l—7_a
kg, n" i K2 ont
b = uBunl kv g S B R T
2 2
w M ke o
2 —
]{752 = UEMlni + kggL + m7 ) kg = UEMlni + kﬁﬁ + m7 (4.12)
1 1

In what follows, we can typically neglect the residual momentum k% of the b-quark as
well as the transverse component of the (anti-)collinear quarks that are all of O(Agcep).
The off-shellness kg for the light quarks has to be kept to regulate the soft and collinear
IR divergences in the soft and collinear matrix elements, even though they are of
subleading order O(Agcp)-

The O(Qem) corrections to (4.11]) can arise from i) one-loop (form factor) and ii) tree-
level (spectator scattering) interactions, which have hard and hard-collinear virtualities
respectively. The spectator quark momentum [ ~ (A, A\, \) scales soft and appears

only in the spectator scattering term since it requires a hard-collinear interaction to
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4.1 Matching equation

turn collinear in the M; final state. In this section, we focus on the hard one-loop
effects of the form factor terms i) and calculate the one-loop corrections to the four-
point amplitude b — ¢ uqy. The corresponding Feynman diagrams are depicted in
Fig. [4.2] The hard-collinear spectator-scattering is computed in Sec. 4.4 To explain
the fundamental steps of the calculation, we restrict ourselves to the computation of
the hard region of the first diagram in Fig. for the right insertion of the operator
(). For this particular case, the partonic calculation yields

dk 1
R(la) 52 “’26/
b Q™ | o [ 5 eg )2 + 0] + 2ok + 0] + 10]

(4.13)

X (kg )Y (1 = ) (g + my + Ky, )y ups) [@(Egy )7 (B + Ky )7 (1 = y5)v(ka)]

om 11 1 2 >, 2-3
_“ Qqul{( ————(Q—I—lnu 21nu)—2—7r—+ uan—1n2u

— =

47 euv €2 € my 12 U
2 2 2 1 2 o 3
- lny—2 — 21nu—2 + 21nuln'u—2 — ~In? M—2 + 2Ly <—E> ) (O + — (&N .
myg myg my 2 my u deyy

The results for the wrong insertion including the remaining diagrams can be found in
Appendix [C.I} At LP, we do not distinguish between the b-quark pole mass m;, and
the B-meson mass mp since the difference is O(\'/2). We treat 5 in the NDR scheme
and define the tree-level matrix elements in (4.13)

(01) = [alln) -

(1) = (k)

Note that the external spinors refer to the LP momentum components in and
therefore coincide in QCDxQED and HQET xSCET]. Hence, we conclude that the
hard region can be reduced to two operator structures. The first term corresponds to
the operator O! defined in , while the second operator originates from an evanes-
cent contribution that was not present at tree level. At the one-loop order in d # 4, it
cannot be removed by a Fierz transformation. Instead, we extend the operator basis
to include evanescent operators that account for “Fierz related” expressions. These
operators enter with a UV pole that requires renormalization and generally can enter
matrix elements (Q);) with finite terms of the form O(¢)/eyy. On the QCDx QED-side,
we therefore define the evanescent operators

B = ay"y" 7T (1 = 35)b DYy, T (1 = 35)u — 1601,

By = ay"5"7(1 = 75)b Dy (1 = 95)u — 160 (4.16)

which vanish in d = 4 space-time dimensions. In the following, we show that the
renormalization of these operators removes the UV pole proportional to (£!) appearing

in the last line of (4.13)).

(1 = ys)vka)]t(kg, )ns (1 =75 )ulpo)] , (4.14)

(1 =)y iy v(ka)] (kg )ne (1 = 75) Y10y (Po)] - (4.15)
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4. QCDxQED Factorization

4.1.3 Renormalization of the hard region

In Chapter 2, we observed that the hard matching coefficient corresponds to the renor-
malized hard region, which included the external field and current renormalization. In
the present context, we additionally encounter UV divergent as well as finite terms
from the evanescent operators. To consistently renormalize the hard region, we follow
the procedure in [53]. The matrix element of an operator @); takes the general form

aem

<Qz>—{ AP 4 S A0+ 20 A + 2 AP + 0o }<(’)I/H>(O) (4.17)

where (O)(© denotes HQET xSCET} operator at tree-level. At the one-loop order, the
tree-level factor AEO) is multiplied with the on-shell MS factors

9 2 2
zZ = %<—+ +4+1n—+21n“ ) (4.18)
2 €UV € mb mb
2 2
1 1 v
A NL Y 4.19
! 2 (GUV € " nﬂg) (419

The light quark factor is strlctly included for every q¢ = ¢, u, g2, so that the external
factor Ze(Xt =z" 4+ > Z ) consists of four contributions in total. The remaining UV
divergences are absorbed into the current renormalization

A

v

1 [6QuQa 0 Q2+ Q3+2QuQ) 0 (4.20)
cuv 0 6Q.Q, 0 2+ Q3+2Q.Q4) )

where the coloumn index j refers to the extended operator basis (Q1, @2, E{l), Egl)). We

emphasize that Zi(-l) includes the renormalization for the evanescent operators defined
in (4.16). From (4.17)), we can read off the hard matching coefficients

/O _ 40

7 ]

(4.21)

HO = AD 4 (2

! a—vW) A 4z A (4.22)
In the second line, we subtracted the factor Y that removes the IR divergences in hard
region corresponding to the UV renormalization for the operator O' in HQET x SCET}.
We remark that (4.17)) and (4.22)) hold for both right and wrong insertion of the oper-
ators Q; and in particular for O' and O simultaneously. Since the latter operator is
a tree-level contribution, we omitted the corresponding index in . In principle,
the evanescent contributions also need to be included for the wrong insertion on the
EFT side. However, the difference Y™ — Y™ turns out to be O(¢) and can thus be

neglected since we renormalize the difference O' — O! to zero.
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4.2 SCET]; factorization

4.2 SCET; factorization

To renormalize the hard region consistently, we need to determine the UV renormal-
ization in SCET; and therefore derive the operator renormalization YM) of OV, We
recall that at LP soft and (anti)-collinear modes interact separately through the leading
SCET Lagrangian . On the EFT side, both operators involve the anti-collinear
building block ¥ (tn_)p_(1 — ~5)x™ /2 that is multiplied to the AO- and Bl-type
currents. We factorize both structures in and by applying the decoupling
transformation to the anti-collinear fields

6 (@) = S @)EL (@), Go(r) = S, (1)GE (2)S], (x) (4.23)

The QED-generalized soft Wilson line is defined by

ST(L‘Q (x) =exp {—que /Oods nyAgs(z + sni)} Sy (), (4.24)
0

where S, refers to the QCD definition in (2.49) with one exception: The decoupling
corresponds to outgoing (anti-)particles such that the i0-prescription must be adjusted.
Hence, we use

Sp.(x) = Pexp { — igs/ dsnyGs(z + sni)} . (4.25)
0

Note that the QCD part of the Wilson line (4.24)) for the decoupling of A7, combines
to unity. Since U(1) is abelian, the anti-collinear photon field requires no decoupling
transformation. As a consequence, the anti-collinear building block factorizes from the
heavy-to-light currents. After decoupling, the SCET| operators read

e

O'(t) = [ (in-) 5 (1 = 35X O)XE Ok, (1 = 1) 505" 1, (0)] . (4.26)

oM (¢, s) = L[X((;h)](tn_)%(l —75)xe(0)]

05 Ase(oma) (14 95)SE2 "y (0)] (1.27

The soft Wilson line SZ&QM” = S;rl(fl)Sfﬁ) is the combination from the decoupling of the
anti-collinear fields and is located at the origin. The QCD part of this Wilson line can-
cels and the position space argument ¢n_ in the first field has been multipole expanded.
Due to the factorization of the anti-collinear sector, we can split the renormalization
factor into two contributions

YO (u,0) = ZM6(u —v) + 25 (u, v) . (4.28)

In QCD-only, the renormalization kernel (4.28]) corresponds to the serparate divergent
parts of the soft-collinear and anti-collinear building blocks. As we see in the following,
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4. QCDxQED Factorization

U U U
q1 q1 q1

Figure 4.3: One-loop diagrams at O(aen) that contribute to the anomalous dimen-
sions of the operator (4.29)).

this will not be the case for QED a priori since soft photons between the meson M, and
the B — M, transition do not decouple when M5 is electrically charged. Nevertheless,
the meson M; can be already factorized at the scale m;, due to the soft rearrangement

presented in [4.2.3

4.2.1 Anti-collinear kernel

We first address the calculation of Zél), that is the renormalization of the anti-collinear
operator

Octu) = [ e K8 n ) (1 - 0] (1.20

where { = 2E),t. The QED corrections involve three diagrams, depicted in Fig. [4.3]
We calculate the matrix elements with the external quark momenta in and
neglect the transverse component. The off-shellness serves as a regulator for soft and
collinear IR divergences and has to be kept. Hence all poles are of UV nature. The
renormalization factor including the external MS field renormalization is defined by

1
O () = / dv Ze(u, v; ) OF(v) . (4.30)
0
The bare diagrams are given by

dk (1—€) k2 6(u—v—n_k/2Ey,)
(27m)2 [k2 + 0] [(k — kg, )% +40][(k + Fy)? + 40]

Oc)') = 2ie*Q, Qu{O0) V™
q

_ —“em@ql@ug{ew )+ 0~ U)E}<OC>(O) +0(") (4.31)

47 € ]
(Oc)M) = 2ie*Q,, (Oc)”

" ~26/ A n_(k+ky) (Qud(u—v—n_k/2Ey,) — Qg d(u — v))
] ery k2 + i0][n_k + i0)[(k + kg, )2 + 70]
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4.2 SCET]; factorization

_ {aequlQu o () (4@2)6 O(v — u)0(u) (1 - E>_1_e (g)H

A7 — kgl v

_ aezlfm 2P(6)1?((;i)1;£)2 — ) <4_7rk[§1) 5 — v)}<0c>(0) O, (4.32)

(0c)1) = 2ie*Q, (Oc)”

" ~26/ d n_(k+k,) (Qqud(u—v+n_k/2Ey,) — Qué(u —v))
] eny (k2 + 0] [n_k + i0][(k + Ky )2 + i0]

— aemQtﬂQu 47T,1~LZ EH(u—v) u—v\ 1T a1
(e o () 2 (1) ()

_ aezfu zr<e>§(<2—i>g£)2—e> (4_7?2) 5<u_v)}<oc>(0) LOW). (433)

In the results above, the variable u refers to the Fourier-conjugate variable ¢ of the anti-
collinear operator while v is the variable of the external momenta. To avoid confusion,
we note that we used u for the anti-collinear momenta before in the parametrization
(4.12)).

The non-local terms proportional to #(u — v) in and may contain ad-
ditional divergences, which can arise in the limit v — v from the convolution with the
operator Og(u). We extract the true UV behaviour by introducing the plus-distribution
(in the variable u)

/Oldu [...}(j)f(u) E/Oldu [...](f(u)—f(y)), (4.34)

which regulates divergences from the limit v — v. Then, the total result from (4.31))—
(4.33) including the light quark renormalization takes the form

) ST v)} v (4.35)

1—w n

V(u,v) = Qp Q. Kl+ ! ) Yo —u) + (1+

v—Uu/ v u—v

1 3 2 2
+ Z) +(Qq — Qu) (an ln%; —Quln_'u—kg)) .

u

o —0) (@ - (

€
For convenience, we defined

29 (u,v) = —g Vi, 0) . (4.36)

For ¢; = u, the meson is electrically neutral and the first line of vanishes. In this
case, we obtain the ERBL evolution kernel [134-136] that describes the scale evolution
of light-meson LCDAs. From the neutral case, the QCD limit can be obtained by
sending aem@? — a,Cp. For q; = d,s when the meson is electrically charged, the
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4. QCDxQED Factorization

renormalization factor contains a 1/¢* pole and depends on the off-shellness k:gl and
k%. The former implies that the LCDA kernel has a cusp logarithm. From the latter
follows that the anomalous dimension a priori is ill-defined since it depends on the IR
regulators. The corresponding logarithmic terms in and originate from
the limit where the photon momentum becomes soft. Hence, it can be interpreted as
a soft overlap with the remaining heavy-to-light operator. We discuss the cancellation
of the soft overlap contribution between the (anti-)collinear operators in Sec. [4.2.3]

4.2.2 Generalized heavy-to-light current

After the decoupling of the anti-collinear sector, the operator O! contains the QED-
generalized heavy-to-light current that we define as

TA9(0,0) = x& (0)h, (1 — 75) She> 1, (0) . (4.37)

The operator renormalizes locally with J*" = Zf,”j bare A5 discussed below ,
the soft Wilson line with charge @),/ originates from the anti-collinear ¢;- and u-quark
fields. It inherits the off-shellness of the external quark momenta, which can be seen
from a simple analysis of an outgoing anti-collinear propagator with incoming soft
momentum k&

kth —¥ ~ n*k‘h%
(kql — k)Q + ZO n,kql (n+]€ — 65) '

Consequently, we need to replace n,k — 10 — n,k — d: for the Feynman rule in the
soft Wilson line

(4.38)

—eQunt g kg K
s (k) T k)

+1i0), (4.39)

which arises from the first-order expansion SngAlQ)(O) ~1— Z:Qg@ n+A ( ) + O(e?).
This was already discussed in Appendix A of [60]. The definition of ¢ in 9) imposes
a relation between the off-shellness of the ¢;- and the u-quark of the meson MQ. At first
sight, those should be independent, however, we require equality in so that the
identity ST@m2 = §1(@1) S is maintained. In addition, we introduce an off-shellness for
the light quark ¢, according to . Including the MS renormalization factors for h,

and ., we obtain

ZM = Qd{ 1[L+§”+2QM2Q(1{€%+%[L+;+m]}

_5C) +m] : (4.40)

where we defined

L=In (“-2) . (4.41)
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4.2 SCET]; factorization

° S S
by L & hey %i &e

by —t €e
Cc

hy W &e

S

Figure 4.4: O(aey) corrections to the generalized heavy-to-light current (4.37) in

SCET]. The black dot represents the soft Wilson line S:L(+QMQ). Diagrams
for the external field renormalization are not shown.

We recover the QCD result [53] for the renormalization of the heavy-to-light current
from the neutral case @y, = 0 together with the replacement Q% — Cr. At one-loop
in QED-only, the renormalization of the second heavy-to-light current

0,50 = KO A clon )1 08I O] (142

agrees with Z; in (£.40) due to the absence of photon self-interactionsf| Both (A0)-
and (B1)-type currents are multiplied with the same anti-collinear operator Og. Hence
the operator O renormalizes in the same way as O! at this order.

4.2.3 Soft rearrangement

From the one-loop counter terms (2.82)) with (4.35)) and (4.40|), we obtain the operator

renormalization for the SCET; operator

YW (u,v) = §(u —v) (— Qfl{éjL% |:L+g:|}+2QM2Qu{€lQ+% [L+g+i7r]}

+ %QMQ [Qd Inu—Qyln (1 — u)} > (4.43)

v—u/) v

_gQu(QquQMQ) Kl+ 1 )Ee(v—u)+ (1+uiv) ge(u—v)L.

An important observation is that the result does not depend on the off-shellness of
the external quarks, more precisely the IR regularization. For an electrically charged
meson with @y, # 0, the IR regulators appear in each of the separate sectors and
prevent a consistent factorization. We can restore factorization of the anti-collinear

3Furthermore, the renormalization of the current operator does not depend on the Dirac structure
between the soft and collinear fields.
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4. QCDxQED Factorization

sector and the B — M, transition by introducing a soft rearrangement that removes
the overlap between those two. To this end, we consider similar to [60] the vacuum
matrix elementf]

(0l |12 12| 0) 0y | =

that defines the two rearrangement factors R, and R:. In dimensional regularization,
the on-shell vacuum matrix element vanishes to all orders in the electromagnetic
coupling as soft Wilson lines only produce scaleless integrals. However, we recall that
the soft Wilson lines still inherit the off-shellness from the (anti-)collinear momenta
after the soft decoupling. For the collinear direction n_, we this implies a similar
replacement to (4.38]) and for the Feynman rule with incoming momentum £,
that is

1 1 R
n,k—ioén,k—éc’ C:nﬂcﬂ—ﬂ 7n+k

We expand the Wilson lines up to one-loop order and find

QM ) oT(@nsy) ~2¢ dik —2i eQMg eQMg
0 S 2)(0)]0) =1
(015 JO)10) =1+7 /(2w)dk2+i0nk+5cnk—5e

+i0 . (4.45)

(4.46)

ozem 2 W 2 W 2i7r
+ -1
QM LQ e —(5C —be €
7

poooT
—5 —5 —5 5 2 —5. 5 '

In the calculation, we assumed Re(d.:) < 0, which can be done since the UV renor-
malization of the entire effective operator does not depend on the IR regulators. The
imaginary parts in the last line arise from logarithmic terms of the form In(u/d;) =
In(p/(—0d:)) —im due to the i0-prescription of the regulators. To avoid the introduction
of spurious rescattering phases in the (anti-)collinear sector, we take the absolute value

of (4.46]) and obtain

2

2
(@ny) a’em < T
c = QM1 [62 ; In 5 5 _5 n— 1 } , (4.47)
@my) _ 4 ozem 2 1 oo 7r_2

R: =1 QM2 [62 ; —In _5_ s 5 5 1 ] . (4.48)

We emphasize that we defined the factor R. such that the divergent part only contains
the collinear off-shell regulator é.. In the same way, the divergent contribution of R:
only depends on ;. The finite terms are symmetric and hence R. can be obtained
from R: by interchanging n, <+ n_ and d. < 555 To conveniently define the collinear

4In our convention n*, defines the direction of the positively charged M; meson in contrast to the
direction chosen for £~ in [60]. Moreover, the absolute value was not considered in this publication
and the factors R, and R: were defined to include the same §. and &z dependence.

5The deﬁnltlon of R. and R; in |66| leaves an ambiguity for the finite terms. This is resolved by the

choice in and ( -
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4.2 SCET]; factorization

sector, we label the factor R. with the charge Qn, = —Qns,-
For the generalized heavy-to-light current, a division by the factor R in (4.48)) yields

(1) (@)1 _ o 1 1 5 I 1 3
ZJ +RE 2 = —Qd{€—2+z|:[/+§ +2QM2Qd 6—24—2 L—|—§+Z7T
1 1 3
2 .
_QM2{6—2+E{L+§+Z7T]}. (4.49)

Indeed, we find that the total renormalization factor of the current does not contain
the IR regulator dg.

Light-meson LCDA

The soft rearrangement removes the IR regulator dependence in the renormalization
factor of the anti-collinear kernel in (4.35)). Hence, we multiply the operator Og in

(4.29) by the factor Rz from (4.48) and define

#e
2

m_p

(1 — )X (0)]0) = 5

(My(p)| RO ) ()

1
/ du ew(n*p)thg@Mz(U; 1) -
0
(4.50)
This is the operator definition of the leading-twist QED-generalized light-meson LCDA

for the meson M. The function @y, (u;p) follows an RGE that describes its scale
evolution. The anomalous dimension is defined by the equation

d

1
m%@(wm = —/O dv D(u, v; ) oy (v 1) - (4.51)

The evolution kernel is a combination of the counter term and the rearrangement factor

dZg(u, w; 1)
dlnp

Zj1<w> U3 :u’) -

C (4.52)

1
D(u,v;pu) = —/ dw
0

The one-loop renormalization factor in (4.35)), (2.82)) and the factor R from (4.48])

yield the one-loop anomalous dimension in QED

dlnp

T 2F 4

— —O‘emim@“ [(1 + L) g6’(1) —u) + (1 + ! > gﬁ(u - v)] v :

vV—Uu (% u—v (Y +

'Y (u,v; ) = _ Qem@uy (QM2 (ln sy §) —QuInu+Q,n u> d(u—v) (4.53)

which does not depend on d.: anymore. Hence, the UV divergences of the operator in
(4.50) have been renormalized consistently. As mentioned below (4.35)), we recover the
QCD result by sending Qpr, — 0 and aem@q, Qu — asCr. We emphasize that (4.53)
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4. QCDxQED Factorization

defines the scale evolution for both neutral and charged mesons @5, = 0, —1. Note
that we have Réo) = 1 by definition. We discuss the solution of including the
QCD kernel in Sec. 5.1}

The function ®yy, (u; @) in (4.50)) is normalized with respect to the QCD decay con-
stant fus,, that is defined by the local matrix element ¢ — 0 in the absence of QED.
Since fys, does not evolve under the renormalization group, all QED effects are there-
fore absorbed into the evolution of ®,,,. This is a convenient choice since the local
operator in QED would mix into higher logarithmic moments by scale evolution. In
contrast to QCD-only, this implies that the normalization fol du®(u; ) # 1 will be
violated when QED effects are considered.

We furthermore emphasize that the definition is universal. Hence it also
applies to the collinear meson M after factorization in SCETY;. Note that the choice of
the anti-collinear direction n for the operator required a corresponding collinear vector
n_ and vice versa. More generally, we can define for any light-like vector n;_ another
back-to-back direction n;, that fulfill n;,n; = 2. Note that a specific (anti-)collinear
direction does not necessarily need to correspond to a real particle in the process.
The soft rearrangement then defines a pair R., and R; computed from the
corresponding soft Wilson lines for the i-th reference vectors. In this way, we can
employ an arbitrary number of light-meson LCDAs after factorizing the soft-collinear
interactions. For an n-jet SCET operator, we have

" RoR.,.. R

n

Ot = 05 x 0,0, ... O, X (ReyOc, )(Re,Ocy) - .. (R, O¢,)

(4.54)

where each collinear sector is individually renormalized. Since the complete operator
Oe has to be renormalizable in a consistent effective theory, the same argument applies
to the remaining soft operator. Based on this discussion, we conclude that the QED-
generalized light-meson LCDA remains a relevant universal object for exclusive multi-
body processes.

We finally remark that the boost invariance of the LCDA is broken due to the large
energy dependence Fy, = mp/2 in . Hence, the definition enforces the
choice of a “soft reference frame” which is naturally given by the B-meson rest frame
for this decay. Moreover, we note that the neutral 7 meson needs to be described
by two distinct quark LCDAs since QED breaks the isospin symmetry between the u-
and d-quarks. We can choose between the pair <I>§:é) and @f:f)) or the SU(2) singlet and
triplet representation. The LCDAs generally mix under renormalization which requires
the definition of an additional two-gluon LCDA. In the following, we focus on the case
of electrically charged mesons.

B — M, form factors

Since we multiplied the factor R: in the anti-collinear sector, we subtract it in the soft-
collinear building blocks. We therefore modify both SCET; operators OV according
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4.2 SCET]; factorization

to (4.54) and obtain

1 Ny _
(M ()| gy X (O (1 1550 ()| B(v)) = 4B (5N (Bar) . (4.55)
M)~ D (0) 2 A ()1 -+ 795) 52 0 (0)| B(w))

RéQMQ) my ¢ 2 ) + v

1
= —2Fu, / dre s Y EMY (B ) (4.56)
0

which defines the generalized SCET; B — M; form factors (®M: and YPM in the
presence of QED. The gluon form factor definition can be obtained from (4.56)) upon
replacing A — G and Tgi‘/fl(EMl, T) = Zgi\/h(EMl, 7). For vanishing mass my;, = 0,
the energy of the meson M; in the B-meson rest frame is given by Ey, = nyp'/2 =
(m% —q*)/(2mp). In the QCD-only limit, cep — 0 the form factors (¢, 3, T) turn into
(¢€,=2,0) in the convention of [49).

The discussion below implies that the form factors (4.55) and (4.56)) are well-
SIL(_‘_QMQ)

defined. Due to the non-decoupling of the Wilson line and the soft rearrange-
ment, these factors depend on the direction of flight n, and the charge @y, of the
outgoing anti-collinear meson through soft interactions. Finally, with the refinements

in (4.55)), (4.56) and (4.50), we find the SCET] factorization formula

1
(M M>|Q;| B) = img{ggfl /O du H} o, (w) far, P, (1) (4.57)

1

1
-3 /O du dz [H%Q(u, )TN —2) + Hi (u, 2) S5 (1 — z)] Far, s, (1) } .

Note that we dropped the energy argument Fj;, = mpg/2 in the form factors. This
completes the factorization proof in SCET;. For the results of the hard matching
coefficients H/™, we refer to Sec.

4.2.4 Semi-leptonic QED factorization

The QED-generalized form factor Cg QMl exclusively contains fields and states defined in
the effective theory and is therefore a pure HQET xSCET] quantity. In the following,
we substitute this object by the full theory QCDxQED form factor

M (B, =mp/2) = FM(* =0),  Hg,(u) = T, (u), (4.58)

which can typically be determined with lattice or LCSR methods and hence represents a
more suitable object in the factorization formula. The replacement uses a corresponding
factorization for the full theory form factor and in general modifies the hard matching
coefficient that we define to be 7' [83]. For neutral Ms, the form factor (FM' can
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4. QCDxQED Factorization

be expressed in terms of standard local heavy-to-light currents. For charged M,, the
additional soft Wilson lines however prevent the matching to local currents as it inherits
the electrical charge and direction of flight of M;. Nevertheless, we can relate the form
factor to the semi-leptonic B — M;¢~ 7 amplitude, in the kinematic limit where the
neutrino becomes soft and the lepton carries almost everything of the momentum so
that ¢> = 0 and E;, = mp/2. In SCET}, the non-radiative amplitude of B — M; M,
contains the same IR behaviour after decoupling the anti-collinear sector, so that we
can trade ¢PM for FPM a5 discussed below.

The semi-leptonic b — wu transition is mediated by the Hamiltonian in . We
emphasize that in QED the Wilson coefficient Cy(v) # 1 is generally scale-dependent
due to short-distance corrections from the electroweak scale. We refer to [131] for the
one-loop result of Cy in QED and use it to resum large logarithms o, In™(my /my)
with m < n between my, and m; by evolving the scale downwards to v ~ O(m;). The
semi-leptonic amplitude is

< G
Anlon_rad \/}j uszl <M1€ V€|QSI|B>
_ Gp b SLM,
= EVub 4By, [u(pe) 7(1 — V5) U, (P)] Ave - (4.59)

We define Ai’éw ' in the second line as the “form factor” of this transition. Note that
the factor does not depend on the renormalization scale v since the product Cy Qy is
v-independent. We follow the same arguments for the factorization of the operators @);
in the non-leptonic decay to obtain a factorization formula for Qg

<M1£_Ijg|Qsl|B> = 4EM1 [ﬂ(pg)ﬁ—_

(= v (0] 2 HY(ED ¢ B (1.60)

1
— 5 | e [E ) Y B - )+ (B 5P (B 1 - )] |

In fact, we observe that the same SCET; form factors appear in for the charged
meson @, = —1. Contrary to the meson M, in the non-leptonic decay, the lepton in
the semi-leptonic decay is a point-like particle subject to QED-only interactions such
that we can factor out the spinor structure in front. This simplifies the analysis of
the anti-collinear sector compared to the convolution and renormalization of the light-
meson LCDA defined by - The anti-collinear lepton can be parametrized by a 0
— ¢ matrix element of the lepton field X( [W(e ]Tf defining the renormalization
factor Z; in - [60]. We regulate the IR dlvergences off-shell with momentum p?
for the lepton and calculate

(= (po)[xE) (0)[0) = alpe)

¢_47ﬁ+ { Cem

g [2 2+ 2 2 o]}
(4.61)

66



4.2 SCET]; factorization

Once again, we observe that the UV structure depends on the IR regularization, which
could be anticipated since the same form factors appear on the right-hand side of
and . We remove this dependence by multiplying with the soft rearrag-
nement factor B9 that is obtained from ({.48) with Qu, — Q¢ and §: — p?/n_py,
where n_p, = 2F,. Note that a corresponding factor is subtracted in the form factor
definitions of . The UV renormalization factor for the on-shell matrix element

(0~ (pg)‘RéQe))_(ée (O)‘O> is then given by the sum of (4.61)) and (4.48)), that is

em 3 2
Zpe = 1+O‘ Q; L—2+—+—1n (n“m) +O(60)]- (4.62)

We emphasize that (4.62)) is the point-like analogue to the QED-generalized ERBL

kernel -
BM

Finally, the above results can be used to eliminate the SCET; form factor in
favour of QCDxQED quantities. As mentioned beforehand, we use the traditional
QCD treatment [106] for the neutral @y, = 0 case. For @y, = —1, we define

1
CSIZZ

FBMi(2 =) = A (2 =0, By =mpg/2) . (4.63)

Using ([4.60]), we exchange the SCET] form factor in the non-leptonic decay and obtain
1
(M1 B) = iniy {75 0) [ tuTh ) st (4.64)
0

I 5
- 5 duds (Al 0 OB = ) 4 A 0SB (- )] )}

which parametrizes the first term in factorization formula (4.57) in terms of general
QCDxQED form factors. The modifications for the hard-scattering kernels are given
by

H; o (u) Hi_(u)
T (u) = =2~ T' (u E) = == 4.65

In addition, the previously defined coefficients H. gl in (4.8) change according to

ﬁgl(u,z;Eg) — H;IV (u,z) — TQ{ (u; Eg)th( ),
H3(u, z) = CpHyg = Hyg(u, z) — T o(u) H 7 (2) . (4.66)

Note that H HW does not require a redefinition and therefore equals H; H“’ The coeffi-

cients H and H 7(z) appearing in (4.65) and (4.66) originate from the factorization
of the full theory form factors. We can infer them from the semi-leptonic matching
coefficients in (4.60)) by setting @, = 0. Finally, we indicated an explicit dependence
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4. QCDxQED Factorization

on the lepton energy E, for the hard-scattering kernels when M, is charged. In fact,
we can choose E; ~ O(mp/2) arbitrarily since the matching onto the semi-leptonic
B — M;{v amplitude only requires ¢*> = 0 to hold exactly. In the following, we drop
this argument and calculate the kernels for £, = mp/2. The generalization follows
directly from the results in Sec. [£.4]

4.3 SCET; factorization
In Sec.[4.2] we integrated out the hard modes and obtained formula (4.57) that describes

the factorization of the anti-collinear sector from the B — M, transition, where the
form factor .7-"5 2Ml contains the soft spectator scattering interactions. The form factors
TBMi and ¥PMi on the other hand can be further factorized into separate B — 0
and 0 — M; matrix elements in SCETy. The corresponding matching coefficient
encodes the hard-collinear spectator interactions and is represented by a jet function
that convolutes the soft and collinear functions in the process. For QCD-only, one-loop
computations have shown that the convolution integrals converge to all orders in the
strong coupling [49[88.,[106]. For QED, we expect the same to hold true at O(en) and
thus perform the tree-level matching using generalized definitions for the LCDAs. The
SCET; — SCET|; matching equation reads

1 0o 1
Tgé\/h(l —z)= Z/ dw/ dv Jg(1 — z; U7W)fB¢)B,®(W)fM1CDM1(U) , (4.67)
—00 0

where ®p o, @)y, and Jg are the soft, collinear and jet function respectivelyﬁ
Formally, we obtain by first decoupling the collinear from the soft modes us-
ing the transformation for the collinear fields with the soft S\ Wilson line.
Moreover, we integrate out the hard-collinear modes which can be trivially done on
the Lagran%i)an level by sending £ — &.. Since spectator-scattering requires a sub-

leading ‘ng interaction, the decoupling transformation leads to the appearance of

Sk (tn_)Sl(fD)(O), where t = vx. The tn_-dependence enters from the multipole ex-

pansion of the position argument in the L¢, interaction. Alongside with an additional

rearrangement factor RL9M) accounting for the light-meson LCDA, we absorb the soft

contributions into the definition

imB/ dw e_i“’thCDB@(w; 1)
1 _ 1(@Qny) o1 (@) | 5
= W<O|q§q) (tn_)[tn_, O](q) %7')/5}1@(0)5 _ M Sn+ M ‘B> . (468)

SEquivalently to (4.50]), the LCDA for the meson M is defined by

N % in ' ! iv(nyp')s
()[R 505 (5m) B (1 = 39 @ (0)0) = 2 [ o0 o, (i)
0

obtained by the trivial replacements n_ — ny and R? My RgQMl).
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4.4 Matching coefficients

Note that we inserted unity (SIL@ ST(Lq,))(O) to obtain a QCD-like finite distance Wilson
line [tn_,0]@ = S\ (tn_)SH? in analogy to and the soft M, Wilson line Sj

similar to the anti-collinear case. Hence for electrlcally charged final states, the B—
meson LCDA is fundamentally modified and we refer to it as soft function. Most
generally, we distinguish in between the four possible charge combinations ® =
{(0,0),(—,0), (0, =), (+,—)} that define four soft functions in total. The two distinct
cases of electrically charged and neutral M, differ in particular. For Qs # 0, the
functions entail major phenomenological differences to the neutral case, namely that
it contains soft-rescattering phases and the support has to be extended to w < 0 in
contrast to QCD-only. We discuss the origin and the implications of these modifications
in Chapter

We refrain from giving an operator definition for the jet function Jg that contains
the hard-collinear modes. In this regard, one might follow the discussion in Sec.
for a derivation. Instead, we compute the coefficient directly at tree level using a Fierz
transformation for the four-quark operator

AmoemQsp 1
N, mpwv

Jo(Z;v,w) = — iz —0). (4.69)
The spectator quark charge is given by Qsp = Qq — Qar, — Q- The interplay between
different photon polarizations to the operators O' and O ensures that the jet function
is purely determined from hard-collinear transverse photon exchange. Appendix
shows the cancellation of the longitudinal polarization for the particular case of ® =
<+7 _) :

After inserting (4.67) into the SCET] factorization formula (4.57), we obtain the
final QCDxQED factorization

1
(MM QB) = i, {fBMl() [ auTio, i)

/ dw/ du dv TII (w,v,w) far, Pory (V) far, Py (0) fBP B o (W) } . (4.70)

which completes the separation of hard, hard-collinear, (anti-)collinear and soft modes
in non-leptonic B — MM, decays. We expressed the convolution of the hard coef-
ficient with the jet function in terms of one the spectator-scattering term 7' in the
second line

1
Ti, (w, u,v) = ~3 /0 dz H 0.1, 2) e (1 — z;0,w). (4.71)

4.4 Matching coefficients

We completed the formal derivation of the QCDxQED factorization and the results
for the matching coefficients have yet to be listed. The computation for the form factor
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term follows the arguments of the previous sections. We present the results at tree-level
and one-loop separately. Moreover, we present the results for the kernels H/ as well
as for the refinements 7.

4.4.1 Hard-scattering kernels H;, and H;BQ

At tree-level, the matching of the operators @; onto O yields the coefficients HiI’(Cg)Q

whose expressions are

C
I(0 I(0 F
Hl’(f)(U) =0, ngo)(u) =N (4.72)
1
I(0 I(0
() =1, Hy0) (u) = 5 - (4.73)

The factors with @y, = 0, —1 arise from the right and wrong insertion, respectively.
As expected, these results agree with QCD-only. We emphasize that the contribution
from the color-octet operator (), vanishes for the charged M; case at LO in QCD and
to all orders in QED. The same holds true for the relative factor Cr in the neutral case
so that the identities are exact

Hi (u)=0,  Hiy(u)=CpHjy(u). (4.74)
At the one-loop order, we evaluate the hard region of the diagrams in Fig. £.2] which

corresponds to the on-shell matrix elements Agl defined in (4.17)). We consider the
general operator for the right insertion

(@27 (1 = 75)0][q1yu(1 = 75 )u] . (4.75)
Including the corresponding renormalization factors, we find from (4.22)
7 2
HI2(1_)(u) = Qy Qu (L2 — 4L, + L (4 +2im — 2Inu) + In®u — 2irInu — % + 1)
2 . _ _ . _ 77T2 )
—QuQqp | L — L, + L (44 2imr —2Inu) —Inu (3 + 2ir —Ina) — 7+3z7r—|—6
12

1 2 2
+ Quu (§L2 — 4L, — 2L (=1 +1na) +2In*a — = Ina + 2Liy (u) + T —3)
u

Loy 2 Inu o
— QaQq §L —L,+L(2—-2Inu) +2In*u — 3Inu+ — + 2Liy(a) + — + 2
u

12

_3(Qq1+Qu) (qu"‘Qd)
Le oo™y 2 (L o) S lo o
—QuQa(5L7 =Ly +2L+ 5 +4) = Qi Lo+ L+2) = 5Q, (L — L)
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1

- 5 ( 21 + Qi - QQthh) (LV - L) . (4'76>

We abbreviate the logarithm of the UV scale v as

1 1%
LV = 1n 9 4.‘;

B

which is distinguished from the factorization scale p in L and matches to the scale
evolution of the Wilson coefficients C;(v). Hence, the v-dependence cancels with the
QED corrections from the electroweak scale. On the other hand, the scale u correlates
to the scale dependence of the form factors in the SCET] factorization formula (4.57)).
In , the first four lines correspond to the first four diagrams in Fig. , which
can be identified from the quark charges. The fifth line originates from the finite terms
of the evanescent operators as discussed in Sec. [4.1] The sixth line is a combination
of the last diagram in Fig. [£.2] and the external quark field renormalization. The last
line corresponds to the virtual corrections in between the anti-collinear ¢;- and u-quark
that are scaleless when UV and IR are not distinguished. We recover the QCD-only
result by setting all charge factors to unity. In particular, the sixth line reproduces the
renormalization factor Crp/CFr in the notation of [53|. For the wrong insertion, we use
the colour Fierz relation to obtain
Y () = - A ()

v (Qu= Q) (@~ Q) (4.78)

1

N,
Finally, the all-order statement in determines the coefficients Hi(i) and Hi%).

At this point, we emphasize that the results (4.76]) and (4.78) arising from the opera-
tor are gauge-dependent due to the generalized quark charges. Our results have
been computed in Feynman gauge. Once we insert the physical values for a specific
process, the gauge dependence cancels. For an electrically charged meson M, with
q1 = d and g = u, we set the up- and down-type charges in to Qy = Qa=—1/3
and @, = @, = 2/3 and find

1312 4 Al din 4 2
AWy = B A (R A A g s
2 (u) 8 3 RT3 “zhl-w-ghu
C2f(w)+4f(Q-w) (2-wu)ln(u)  8a* dir 19 (4.79)
9 31— u) 108 3  9° ‘

For the neutral case with ¢; = w and ¢» = d, we set Q;, = Q, = 2/3 and Q,, = Qq =

—1/3. Using (4.78)), we have

1 4 5 2 72 29
HOW) = —— 124+ 2L — 2L~ Z o) — = 4+ 22 4.
20 () = =gt gl = gk = gpol) = g9 + o7 (4.80)
To compactify our notation, we introduced the function
) 9 , Inu
f(u) =Lis(1 —u) +2In"u — (34 2im) Inu — 1 (4.81)
—u
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q1 u q1 u q1 u q1 u
b a2 b 0 b %—4 a2 b % @
A A A A

Figure 4.5: Five-point diagrams S7-S; in the full theory that are matched onto the
operator O in spectator scattering. The index numbers are assigned
to the order in which the diagrams are shown. The transverse photon
carries outgoing momentum k.

as well as
1—-2 21
g(u) =3 ( 1 ulnu—iw) + [QLiQ(u) —In%u+ nu (3+2im)Inu
—u —
— (u— 1—u)] (4.82)

To calculate the hard matching coefficients of the tree-level spectator-scattering, we
follow the arguments in [50]. Using the momentum prescription in (4.12]), we compute
the on-shell five-point amplitude

(g1 (g, )tu(ka) g2 (kg )y (K)[Qilb(po)) (4.83)

that describes the b — qu ¢oy transition, where the outgoing photon gets connected to
the spectator quark line. The matrix element (4.83]) has to be equivalently considered
for the SCET| operators which results in a matching equation similar to (4.8))

4
(Qy) = Z S, = H;:vcg(;) © (OHO 4 Hggg(zo) © (OO (4.84)
=1

where ® denotes the convolution in the momentum variables v and v and the angle
brackets correspond to the partonic matrix element in . At LO in agy, there are
four diagrams S; shown in Fig. that have to be considered. Based on the discussion
in Appendix[C.2] we recall that the longitudinal polarizations enter the hard coefficient
H' so that we assume the photon to be transversely polarized with one subtlety for
diagram S;. In this case, we need to distinguish between long- and short-distance
effects arising from the go-propagator. When the momentum of the photon becomes
soft, the go-propagator runs through its pole corresponding to a non-local long-distance
contribution. On the SCET side, this contribution appears as a time-ordered product
of the operator O' with subleading Lagrangian insertions [102]. Hence, these long-
distance effects cancel on both sides of the matching equation. Therefore, only the
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4.4 Matching coefficients

local short-distance contribution Sy|sp enters the matching coefficient, which can be
extracted by the replacement [50]

i(kg, +§) i h

— . 4.85
(hyy 12 (g 1) 2 (489)
For the right insertion of ()5, we find
S1 =0,
2 /B \ *
S = 22 (1) (all 20+ 29 )
5= 290 (TN k) (Ut ) ul)] €]
me 2 o q2/ I L o
Salsp =0, (4.86)

where we defined

(%) =lati) 0 =)ot (487
c

The momenta in refer to their LP expressions in . Note that QCDxQED
and SCET spinors from contractions of {- ¢ and h, fields are then equivalent. For
transverse photons, we have n..-¢ = 0 and the matrix element (O")() just corresponds to
the long-distance contribution of Sy since the coupling of the photon to (anti-)collinear
Wilson lines vanishes. We already extracted the short-distance part Sy|sp, so that we
can neglect the former term on the right-hand side of . The spinor structure of
Sy and Ss matches the tree-level matrix element of the operator O™, We can therefore
read off the coefficients

2
HYY (u,v) = N, Hy g (u,v) = =Qu + 2Qy - (4.88)
’ ’ u

The factor N, accounts for the wrong insertion of (). For the operator )i, we find

similar to (4.74))
) = Colly, A ) =0 (150

We remark that QED effects to the gluonic coefficient H® are O(asem) and hence
not considered to our accuracy.

Finally, we emphasize that in pure QCD only the diagrams S; and S5 enter the
hard-scattering coefficient H'®. Since longitudinal gluon polarizations cancel among
the diagrams, there is no need to assume a transverse polarization for the gluon in the
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4. QCDxQED Factorization

matching equation. In QED however, an equivalent computation would turn out to
be too naive since the projection of Sy onto the anti-collinear LCDA yields an integral
of the form fol du ¢, (u)/u that is endpoint-divergent. As we discussed earlier and
demonstrate in Appendix [C.2], this contribution originates from longitudinal photons
which are part of the generalized SCET; form factor (#M! defined in (4.55)).

4.4.2 Hard(-collinear)-scattering kernels T}, and Tf&

In this section, we derive the physical hard-scattering kernels 7% of the QCDxQED
factorization formula . In order to trade the SCET] for the full theory form factor,
we require the semi-leptonic coefficients in (4.60). We obtain the both coefficients from
the general result H' in (£.76) and H' in (4.88) upon sending Q,, — Q¢, @, — 0 and
u— 2E,/mp. For E;, = mp/2, we drop the lepton-energy argument in the coefficients
and find

HY” =1

sl )

= QuQu (L2—3LV+(3+2m)L_7_”2_2)
5 O 2
—Qd< L +2L+E+6>
Hy"(2) = 2Qu. (4.90)

The matching coefficients for the full theory QCDxQED form factor can be obtained
by setting (), = 0 in the abowﬂ

2
I(l) L2 5L -
-Q3 [ +oL+ o+ 6}
HO(2) = 204 (4.91)

The hard-scattering kernels for the form factor term follow from (4.65)) and the results
in (4.79)), (4.80]), (4.90) and (4.91). We find

T (w) =0,
- 2 2
T, (u) = —§L,, + §L (2In(1 —u) + Inwu)
C2f(w)+4f1-v) (2-—w)n(u) 4dimr 25
9 31— ) 3 9
16 8 140
190 = CrTi ) = 21, - B gty + 10 (4.92)

"Compared to [106], our convention differs by a factor —1/2 in the spectator-scattering terms. Hence,
we identify HJIc17 — —20}?1) in the QCD-only limit @4 — 1.
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where f(u) and g(u) were defined in (4.81]) and (4.82]). Since the form factor renormal-

ization enters at one-loop, the tree-level terms remain the same 7 (u) =H 10 (u).
Z7Q2 Z7Q2

For the spectator-scattering terms, the shift in (4.66]) implies

20k
- N.a

- Qu - (4.93)

~ 2 ~ ~
H;I"’ (u, z; Ey) = aQu, Hfg(u, z) = C’FHgg(u, 2)

The right insertion of the octet operator (); still vanishes, so that I:I{IZ (u,z) =0. To
obtain the entire kernel including the contribution from the jet function, we perform
the integral together with the expressions from (4.93) and (4.69). The results
at O(aem) are given by

N T QuQy 1
11 — 11 _ ¢ Il o em&spWu
T2,(Q1,—)(wa u, U) - NCTQ,(Q1,U) - C«_FTL(QLO) - Nc MBWD ’ (494)

while 77, _y(w,u,v) = 0 for an arbitrary charge of the meson M.

We conclude the analysis of the hard-scattering kernels with some important re-
marks. First, we emphasize that the double-logarithmic terms L? appearing in H'™
are absent in the result for TQI’(P (u) in (4.92). This is a consequence of the matching onto
the semi-leptonic amplitude and the full theory form factors. The remaining single log-
arithm L corresponds to the scale dependence of the light-meson LCDA normalization
appearing as a new feature in QED. The latter can be related to specific terms in the
anomalous dimension as we discuss in Sec. [5.1] More precisely, the IR p-dependence
in T;(i)(u) matches to the UV dependence of fur, ®ar,(uw)/Zs in the convolution (4.64)).
For @y, = —1, this follows explicitly from (4.35)), (4.48) and due to the form
factor replacement in . We have

1

RéQMZ)(l) + % / dv V (u, U)|Qq1:Qd — Zél) = —%QM2 [Qalnu — Q,In(1 —u)], (4.95)
0

which exactly agrees to the coefficient of L in . The v-dependence on the other

hand is related to the renormalization of (); and )y which cancels against the depen-

dence of the Wilson coefficients C;(v) and Cgy(v) respectively.

As a second remark, we emphasize that the non-radiative B — M; M, amplitude
contains IR poles within the SCET form factors and LCDAs after matching on the
EFT. These objects are defined as non-radiative hadronic matrix elements in presence
of QCD and QED and correspond to non-perturbative but IR divergent quantities. At
first sight, we might conclude that this renders the non-perturbative input ill-defined
since the finite scale Aqcp may not serve as an IR regulator for soft QED divergences.
However, one should regard these matrix elements as short-distance coefficients of a
low-energy theory below a few times Aqcp obtained from SCET};, where photons cou-
ple to point-like mesons. At this energy scale, we are free to choose a matching scale
r at which the IR divergences cancel in the matching procedure. The scale ug differs
from the renormalization scale p that corresponds to the UV renormalization of the
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4. QCDxQED Factorization

non-perturbative matrix elements which we calculated explicitly in perturbation the-
ory by introducing off-shell IR regulators. Formally, the matching of SCET}; onto the
effective theory of point-like mesons must be performed non-perturbatively at pr. This
leaves a hole in our ability to compute QED effects between scales above and below a
few times Aqcp. Nevertheless, we can view the non-perturbative quantities in presence
of QED as properly IR subtracted matching coeflicients leaving a certain scheme de-
pendence. Hence, the discussion justifies considering the form factors, LCDAs and the
soft function in the conventional framework, in which experimental or lattice input, as
well as general distribution models, can be used.

To demonstrate the central points listed above, we consider the anti-collinear leptonic
matrix element

hothy

(¢~ (po)| Rz QZ)XC (0)|0) = Zoui(p) 1

(4.96)

as a concrete example which we already used to define the UV renormalization factor
Z; in Sec. [£.2.4] The matrix element represents the point-particle equivalent to
a hadronic LCDA that can be calculated perturbatively due to the absence of QCD
at LO in O(aen). The result for the bare UV coefficient ZP*° was given in (4.62)).
To extract the IR dependence, we calculate the on-shell matrix element including the
leptonic on-shell renormalization factor obtained from by replacing Qg — @
and m;, — my. From the result, we subtract the UV pole given by the divergent part
of ZPae and find

1 2 2
zM = — <1+1n ) —1 1 2—+2+— (4.97)
€IR mB mg 12
1 W m?2 3. u? 1 2 1 2
:—(—+ln IR) (1+1n—§) + -l =S+ oI 28— S In? +2+—
€IR m? mpg 2 mi 2 m%L 2 m% 12

which corresponds to the UV-renormalized but IR-divergent matrix element. In the
second line of ([£.98)), we separated the UV and IR scales pyy = ur = p. The lepton
mass my acts as a regulator for the collinear divergences and hence the 1/eg pole
originates from a soft singularity. Moreover, the large logarithm lnm,/mp reflects
the relative boost between the external particle rest frames. While puyy gets canceled
against the scale dependence of the hard-scattering kernel and the light-meson LCDA,
see ([£.99)), the IR scale pug is removed after matching onto the theory of point-like
objects. In particular, we can relate g to the scale dependence of the ultrasoft function
introduced in the next section that is associated with real soft photon emission much
below AQCD'

4.5 Ultrasoft photons

Throughout the analyses of the previous sections, we highlighted several times that the
non-radiative amplitude of the exclusive B — M; M, decay contains IR singularities
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4.5 Ultrasoft photons

arising from virtual QED corrections. To construct an IR finite observable, we must
account for the emission of an arbitrary number of soft photons once the external states
are electrically charged. In fact, experiments can not measure the difference between
a charged final state and one that is accompanied by soft photons or electron-positron
pairs below a certain energy threshold. Therefore, the relevant physical observable is
the inclusive decay width

T[B — MMy (AE) =T[B — MM, + X, (4.98)

HEXSSAE )

where X denotes all possible soft particle combinations with energy Ex.. The total
energy has to be smaller or equal to some energy cut AE < Aqcp in the experiment.
We refer to AFE as the “ultrasoft” scale in the process and use AE ~ 60 MeV for the
soft emission. At leading power in AE/Aqcp, the inclusive B — M, M,+ X, amplitude
factorizes into the non-radiative part and an ultrasoft matrix element

A(B — MMy + X,) = A(B — M M,) (X,|(S@2) 819 gl @)y )10y (4.99)

The outgoing time-like Wilson lines Sl(,?Mi) are given by (4.24) with the replacement
n+ — v;, where v; is the velocity label of the meson M; obeying v? = 1. On the other
hand, the incoming B meson gives rise to the Wilson line |60]

0
S@8) (1) = exp {—l—ieQB/ dsv - Ays(z + SU)} ) (4.100)

where the electric B-meson charge is fixed by conservation Qp = Qs + Qs €nsuring
gauge invariance of the ultrasoft function. We emphasize that the meson masses of
order my;, ~ O(Aqep) cannot be set to zero in the ultrasoft regime like we did in the
hard(-collinear) matching. Hence, the ultrasoft function does not contain collinear di-
vergences but large logarithms of the scale ratios AE/Aqcp and myy, /Aqep. Formally,
the factorization formula can be derived from a non-perturbative matching at
Aqcp on the EFT of mesons with point-like QED interactions [137]. We skip a precise
derivation but note that each meson is treated in a (boosted) HQET framework. For a
review of the theoretical concepts, we refer to [138-H140|. In this approach, the Wilson
lines in (4.99) ultimately arise from the decoupling of ultrasoft photons.

By squaring (4.99), we obtain the decay width
['[B — M, M)(AE) = |A(B — M, M,)]* Sg({v;}, AE), (4.101)
where the ultrasoft function is given by

Sol{vid, AE) = 3 [(X|(SRP S i) 0)|0) PO(AE — Ex,) . (4.102)
Xs

This function appears generally in the ultrasoft regime of cross sections and can be
calculated perturbatively [141]. We expand the O(cey) corrections to leading power
in may,/mp < 1 and obtain

1 1, m3 m m2 m3 2
SV =8(s+-In—2)1 (2420 )20 g
(+-) 2 T2 ) "aAE LR e U
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+ (man, = mag,) | (4.103)
2 2 2

1. m 1 mi, miy, 2
SW —8(14+-In—2) — (241 L)\ n Mg 222 (4104
(—.0) —1—2 n m23 H2AE + In mQB n QB + 37r ( )

We find S((é,)o) = 0 trivially and the result for 8537)_) can be inferred from the last line

by sending mp;, — myy,. Our result for S((_R_) agrees with [141].

The IR scale dependence of the non-radiative amplitude A(B — M; M,) matches the
p-dependence of the ultrasoft function for the different charge cases. We choose p ~ ¢
of order of the hadronic scale Aqcp and derive the resummation of large logarithms in
AFE/u in Sec. . Finally, we emphasize once again that we are not able to determine
QED corrections between the ultrasoft theory and SCETy; perturbatively in a small
window around Aqcp || We further note that the exclusive matrix element defining the
light-meson LCDA in (4.50)) uses a frame in which the meson M, is ultrarelativistic with
respect to the emitted radiation. Hence, the consistency of the factorization approach
requires AE < Aqep for the applicability of the LCDA.

8The non-perturbative matching onto an EFT between the ultrasoft region and SCETy; which contains
light-like operators, is generally challenging for lattice QCD/QED simulations. In recent years,
different studies regarding this issue advanced in the context of (semi-)leptonic decays, see [142}{145].
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Chapter 5

Resummation of QED effects

The QCDxQED factorization formula obtained in Chapter {4| connects physics of dif-
ferent scales. In Sec. [2.5] we showed in a simplified environment how this affects
the evaluation of matching coefficients and the non-perturbative input. For the non-
leptonic B — M; M, decay, we encounter multi-layered scales that are more precisely
associated to the hard, hard-collinear, (anti-)collinear, soft and ultrasoft region. Each
object entering the factorization formula is naturally evaluated at its respective scale
using a certain model, experimental/lattice input or theoretical calculation. For the
calculation of observables, we use the factorization scale independence to choose a com-
mon reference scale, which typically has hard-collinear virtuality. A priori, the scale
hierarchy introduces large logarithms involving the different scale ratios, which are then
resummed by solving the RG. In what follows, we consider the scale evolution of the
QED-generalized light and heavy meson LCDAs as well as the ultrasoft function. Since
the jet function enters at tree-level, we do not require any RG improvement beyond the
running of aey,. For the hard-matching coefficients that encode the structure-dependent
logarithms between mp and Aqcp, we disregard the resummation, leaving it for fu-
ture work. The fixed-order expressions already yield a good approximation since QED
logarithms (Qver, In® 3/ Aqep)™ are expected to be small.

We recall that the QED-generalized LCDAs for charged light and heavy mesons
acquire phenomenological modifications due to the non-decoupling of soft photons in
the factorization approach. In the first place, this is related to an overlap of the soft
and collinear region, which was discussed and removed in Sec. For the light meson
LCDA, the anomalous dimension in QED contains additional local logarithmic
terms that change the endpoint behaviour and renders the well-known scale evolution
in terms of Gegenbauer coefficients non-diagonal. As a consequence, the LCDA loses
its interpretation as probability distribution since its normalization becomes scale-
dependent in contrast to QCD-only. For the heavy meson LCDA, the generalizations
in QED are even more drastic. Due to the soft Wilson lines in the definition , the
position space function develops singularities in the entire complex plane and hence
acquires support for w < 0. Moreover, the Wilson line product introduces imaginary
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soft rescattering phases. We therefore strictly refer to the QED-generalized heavy
meson LCDA as soft function since the name “LCDA” is no longer justified. We remark
that both hadronic matrix elements for light and heavy pseudoscalar mesons are chosen
to be normalized with respect to the u-independent QCD decay constant fp in absence
of QED, which implies that all QED effects are part of the wave functions.

To explain the fundamental new features, we proceed as follows: In Sec. 5.1 we
focus on the endpoint behaviour and the solution in terms of Gegenbauer moments
for the light meson LCDA. The latter can be only solved analytically to first order
in aem on top of an all-order resummation for «g. For the soft function discussed in
Sec. [5.2] we first derive the renormalization factors and the corresponding anomalous
dimension. Along these lines, we introduce the first inverse (logarithmic) moments
of these functions that acquire a much simpler RGE. We further discuss the solution
to the RGE and the phenomenological implications. Lastly, we derive the ultrasoft
exponentiation factors in Sec. 5.3

5.1 Light-meson LCDA

We defined the prototype for the light-meson LCDA in the case of the outgoing anti-
collinear meson M, in Sec. [£.2] Including the soft rearrangement, we observed that
the matrix element has a well-defined UV anomalous dimension in QED. This
generalizes the pure QCD twist-2 distribution amplitude as an essential and universal
object in various exclusive processes accounting for an arbitrary number of virtual
gluon and photon exchanges. To point out the differences between the pure QCD
and the generalized QED behaviour, we first recall some of the basic properties of the
light-meson LCDA in presence of QCD-only. In this case, the LCDA is defined by the
non-local matrix element

- 1
<M(p)|cjl(tn+)[tn+,0]%(l — 75)q2(0)]0) = m;p/o du ew(””)th(bM(u;,u) . (5.1)
where [tn,, 0] = W (tn)WT(0) is a finite distance collinear Wilson lind! and ¢; are ar-
bitrary quark flavours. Generally, the momentum p* = En" + m3,/(4F) n’, expressed
in terms of light-like reference vectors, indicates the direction of large momentum trans-
fer £ > my, in the process. We note that the function ¢,, itself is boost-invariant and
the scale-independent decay constant fj; defined in the local limit ¢ — 0, which yields
the normalization fol du ¢pr(u; ) = 1 at every scale.

In the neutral meson case, the QED generalization of ¢; corresponds to the trivial
replacement W — W@ for each quark ¢; = ¢ = ¢. For a charged meson with
q¢1 =D =d,s and ¢ = u, we observed that the gauge-invariant operator

Dltn WO (i) (1 = 30 Wi 0)u(0) (5.2

YW (z) corresponds to Wg(z) in (2.48)) without the collinear label for the gauge field, so that W
represents the full QCD Wilson line. The same relation holds for W (@ obtained from Wéq) in (4.6).
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corresponding to in SCET retains soft IR divergences in collinear QED loops.
The soft rearrangement cures this ill-definedness by multiplication with a factor of
R 1p fact, there must always exist such a factor and a corresponding soft function
so that the complete process is IR finite, which justifies the possibility to rearrange
the overlap as discussed in Sec. £.2.3] Hence, we conclude that the LCDA remains
universal to any exclusive decay when electromagnetic effects are included. In terms
of QCDxQED fields, we define the charged light-meson LCDA generally as

- 1
T [ e i) (5.3)
0

— (I IRE (BWO)tn) 2 (1 = 25) (W90 0)10).

Note that we can express the collinear Wilson line product in terms of a QED gener-
alized finite distance and a semi-infinite line W@ (tn, )W T®(0) = [tn, 0] W (@) (0).
The latter Wilson line depends on the total electric charge Q) = Q4 — @, = —1 of the
meson and shows that the operator is not localized on a finite interval once the meson
is charged. We remark that the QCD term in W(@)(z) cancels exactly as the meson
is colour-neutral. Hence, this effect is intrinsically related to QED.

In general, the LCDA follows equivalently to the RGE

d

m(I)M(u§,U) = —/0 dv I'(u, v; 1) @ar(v; ) - (5.4)

We explicitly derived the QED anomalous dimension in (4.53) from the one-loop

counter term (4.35) and the rearrangement factor RéQMQ) in (4.48)). We do not re-
capitulate these arguments here and simply replace @), — @4, upon adding the QCD
limit |134-136], so that the complete QCDxQED anomalous dimension at one-loop
reads

[(u,v;p) = _a;mg(u —0)Qu (QM (ln % + Z) —QuInu+Q,In ﬂ) (5.5)

_ (u)
B OésCF + OCequthh |:(1 + 1 ) EQ(U _ U,) + (1 + 1 ) g@(u — ’U):| .
. u—v/) v

v—u/) v +

The definition of the evolution kernel applies to the charged as well as the neutral
case. For a charged meson, the local logarithmic terms in the first line of lead to
a violation of the normalization fol du @y (u; ) # 1 Moreover, the LCDA becomes
asymmetric under the exchange of u <+ u due to the different quark charges which
reflects the explicit isospin-symmetry breaking in QED. Thee logarithmic terms in

2The logarithmic corrections are entirely related to one-loop QED effects. Since the LCDA is nor-
malized with respect to the p-independent decay constant fjs, these are part of the dimensionless
function &, itself.
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5. Resummation of QED effects

particular contain a dependence on the energy E of the meson that is of order of the
hard scale, such that boost-invariance is explicitly broken. The latter is a remnant of the
soft rearrangement and represents an example of the factorization (collinear) anomaly
[146,/147| since the energy E implicitly defines the soft modes in the ultrarelativistic
frame of the meson. We observe that the energy dependence is a global feature as it
enters with the meson charge Q%,. The corresponding logarithmic term similarly arises
in the point-like limit for the leptonic matrix element in that is renormalized by
Zp(p) in with Qg, £, <+ Qur, E. The scale evolution is given by

=t (g +5) 2. (5:6)

which has a multiplicative solution Z,(u) = Up(p, o) Ze(110) determined by the “local”
evolution factorf]

Ue(ps pro) = exp{ u: CZL e >Qe( 2’2 + i)} (5.7)

d Olem

Z —
dlnp elp) =

Since U, # 1 for any two distinct scales, we directly observe that the normalization is
no longer conserved. Motivated by the factorization theorem (4.70)) which includes the
semi-leptonic amplitude alongside with 1/7,, we redefine the LCDA to Oy = Py /Z.
Note that the logarithmic terms still change the overall normalization of D

In QCD-only, the kernel can be diagonalized in terms of Gegenbauer polynomi-
als. The local logarithmic terms in QED produce non-diagonal coefficients that prevent
us from finding a simple solution. Nevertheless, we can study the analytic structure
of the evolution kernel to identify the endpoint behaviour of the all-order solution ®,,
compared to the asymptotic form of ¢y = 6uw for 4 — oo in QCD. In Sec. [5.1.2] we
derive a fixed-order O(aey) solution to the RGE that resums QCD logarithms
together with an a.p, expansion. We recall that the light-meson LCDA in presence of
QED naturally has to be understood as a matching coefficient of a low-energy effective
theory and thus contains IR divergences that are minimally subtracted in dimensional
regularization. The analytical and numerical results therefore apply to this particular
scheme.

5.1.1 Endpoint behaviour

In QCD-only, the light-meson LCDA vanishes linearly at both endpoints u,u — 0,
which is a consequence of conformal symmetry in QCD [148]. In Appendix [B] we
provided an explicit example of how the twist counting naturally constructs higher-twist
operators of the B LCDA and determines their asymptotic behaviour. The general
arguments apply to both heavy and light mesons and restrict the functional shape of
the anomalous dimension. They are based on an OPE in terms of conformal operators

3We recall that the double-logarithmic expression in Uy is a universal feature of the radiative amplitude
including ultrasoft photons introduced in Sec.
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5.1 Light-meson LCDA

in QCD at the RG fixed pointlﬂ in d = 4 — 2¢ spacetime dimensions [149]. The running
in QCDxQED depends however on both couplings (s, ) such that there is no
related fixed point to the RG. Hence, we do not expect conformal symmetry arguments
to apply. We further note that QED becomes strongly coupled at scales of order 10'?
GeV, which are physically irrelevant to the application range of the light meson LCDA.
Nevertheless, this implies that the arguments below strictly apply to the one-loop RGE
only and may be corrected by higher-loop orders.

The kernel acts as a distribution in the variable u since it is convoluted with a
hard function in exclusive processes. However, to analyze the behaviour of the function
®,; under the RG, we rewrite the kernel to act in the variable @E]

[...}(“) — [...}(0) + <u1na+a1nu+ §) S(u—v). (5.8)
+ + 2
In this way, the RGE becomes self-consistent, meaning that for any initial function
s (u; po) the infinitesimal evolution d®,,/dIn p can be computed from the distribution
in integral over v. In what follows, we construct an asymptotic expansion for ®,(u; )
in the endpoint regions v — 0 and u — 1. We restrict ourselves to the analysis
of the u — 0 case since u — 1 can be inferred from @, < @, and consequently
Qr — —Qr. Near the endpoint © — 0, the evolution equation is generally dominated
by two momentum regions in which v ~ v < 1 (soft region) and v ~ 1,u < 1 (“true”

collinear region). We approximate the distributions according to the power counting
in a method of regions approach [84], see Sec.

! (v) td 1
Collinear region: / dv [ : } — u/ = (1 + —) ; (5.9)
0 + o U v

1 (v) o0 _ — )@
Soft region: / dv[. } — u/ dv [9(1) v) + blu = 0) . (5.10)
0 0

+ viv—u)  ulu—ov)lt

In the first line, we neglected the plus-distribution as the additional term is power-
suppressed. The soft region in the second line now acts as a distribution on functions
with extended support [0,00). Depending on the convoluted function ®,;(v;u), both
regions may diverge at v — 0 and v — oo respectively so that the integrals need to be
regularized [

In the following, we assume that the light meson LCDA near the endpoint u — 0
exhibits the form @y, (u; pg) ~ u® for some initial scale pig. There are four distinct cases
for the exponent b for which either one or both regions and dominate.

4The RG fixed point in QCD is sometimes referred to as the “Wilson-Fisher critical point”. To any
loop order, it is defined by the dimensional regulator €* at which the QCD beta function vanishes,
i.e. BRCP(ay, ) = 0.

5To show the equality in terms of distributions, we integrate both sides with respect to two test

. 1 1

functions [ du [ dvf(u)g(v).

6The method of regions approach yields an accurate power expansion in which power-suppressed terms
can be disregarded even when they are divergent.
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5. Resummation of QED effects

i) For b > 1, the collinear region dominates and the integral counts in total
as u'. We neglect the local terms and the soft region that scales as u® < u'.
As a consequence, the collinear RGE instantaneously reproduces linear endpoint
behaviour for any b > 1 since after an infinitesimal evolution step pg — o + dp

the leading term @, (u; po + du) ~ u! supersedes the u® initial condition.

ii) For b = 1, both regions and the local terms have the same power counting so
that the full kernel contributes to the RGE. The asymptotic behaviour can be
inferred as a limiting case from the soft approximation as discussed below.

iii) For b < 1, the soft region and the local terms both scale as u® and dominate.
In this case, the simplification allows us to analytically solve the RGE in Mellin
space. Note that the result strictly depends on the initial condition @/ (u; ).

iv) For b < —1, the evolution equation becomes ill-defined since the distribution
integral in ([5.4) always diverges. The local terms in QED drive the LCDA un-
avoidably towards this regime when we evolve the function to exceptionally large
scales.

Without further assumptions, only case iii) can be analytically solved to a satisfactory
extent. We therefore focus on this case and assume b < 1 at the initial scale py. To
provide the basic ideas of the derivation for the asymptotic behaviour, we first recall
some of the fundamental steps in QCD-only. In this case, the RGE in the soft region

becomes
Z(::o _ _OésfF { [?29((:_—;)) . 9((;__:))} v +6(u—v) <lnu + g)} ;

' (5.11)

I(u, v; )

which exactly coincides with the kernel governing the evolution of the B LCDA ¢, up
to a constant in the local term. Physically, this configuration is in fact equivalent to a
heavy-light system since for u — 0, the ¢;-quark in the light meson is restricted to soft
momenta while the ¢o-quark has a comparably large and relatively fixed momentum
component nky,. The solution to therefore involves the standard hypergeomet-
ric oF) convolution given in [150|. We rederive this result in a slightly different form
following the analyses in [35,|151]. The endpoint behaviour can be analyzed using a
Mellin transformation for the LCDA

c+ioco

@M(n;u)z/ duu™ "Dy (u; ) ‘PM(U;M):/ Q_ZUni)MWQM)a (5.12)
0 c—100

where c is a real parameter[] A posteriori, the function itself takes the form ®; (u; p) ~
ub for u — 0 with some scale-dependent exponent b,,. Hence, we must choose ¢ < b, in

"Note that we use the transformation prescription also for the LCDA ¢y (u; 1) in QCD-only.
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5.1 Light-meson LCDA

order for the Mellin transform to converge (the latter requires Re(n) < b,). Restricting
to QCD-only, the RGE (j5.11)) in Mellin-space reads

d OZSCF ~ ] _ _asOF _§ B ‘
{dln,u + e 377] om(m; ) = g (H77 +H_, 2> S (m; ) (5.13)

in which H,, = vg + ¢¥(n + 1) and ¢(n) = I"(n)/I'(n) are the harmonic number and
the digamma function respectively. The solution to this equation is given by [150|

2vg—3/2)a F(l - 77)F(1 +n+ CL) ~ ‘
3 T+l =7 —a) On(n+ a; o) - (5.14)

The differential operator on the left-hand side of ([5.13)) leads to a shift in the n-variable
of the Gamma functions and the initial condition. We define

Gt (s 1) = e

“diioy(@) 20k g
—C —_ = lIl + O g, 515
F " it T (()QCD Qs (MO) ( ) ( )

a = a(p, po) =

where 2P is the QCD f function given in (2.88)). At one-loop, the relevant coefficient
for ny active quark flavours is

11 2
D 5 Ne—3ny, (5.16)
with N. = 3. Since 2P < 0 for ny < 6, the evolution variable is strictly
negative when evolving to higher scales > p. In fact, it turns out that the evolution
factor is restricted to —1 < a < 0 in pure QCD.

The solution holds to all orders in the strong coupling. In principle, we can
obtain an analytic form in u-space by performing the inverse Mellin transformation.
This is however not the goal of our analysis, since the soft approximation has no
concrete application in the present context.ﬂ Instead, we determine the asymptotic
behaviour from the analytic properties of the solution in Mellin space. To this end, we
observe that (5.12)) and (5.14]) restrict the contour parameter ¢ to the strip —1 —a <
c < b, =b—a(u, o) so that the inverse transformation exists. We then deform the
integration contour to enclose all singularities in the right half-plane of 7. Note that
the initial condition ¢(u; uy) ~ u’ leads to a pole at n = b, for the shifted function
in Mellin space. The left-most pole on the real axis for Re(n) > ¢ in ({5.14])
dictates the asymptotic form of ¢ (u; p) for u — 0. In our analysis, we strictly assume
power-like behaviour for the initial condition without logarithmic Inw corrections that
are only produced once QED is included. For b, < 1, the contour picks up the pole of
dar(n+a; j1p) and the asymptotic behaviour of the solution is given by ¢ (u; p1) ~ us.
We present the precise analytic derivation in Appendix [E.Il When p is large enough,
we generate linear behaviour b, = 1 at which the I'(1 — 1) term becomes relevant.
We neglect the b, > 1 case since the collinear kernel automatically reproduces the

8The solution to these kinds of equations is discussed in more detail in Sec.
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5. Resummation of QED effects

linear endpoint behaviour. For b, = 1, one might be tempted to directly extrapolate
énr(u; ) ~ ut. However, we emphasize that the collinear kernel enters at this
power. Nevertheless, the soft approximation determines the asymptotic behaviour
of the LCDA since the collinear region does not provide Inu enhanced terms that
generate a different form. This is different to the soft region in which the
integral [ %y (v; p) for ¢ar(v; ) ~ v' does produce these terms.

For QCD, the above analysis is pictured in the left plot of Fig. [5.1} which shows
the RG flow of the exponent b, = b — a(y, 1o) for given b to the scale p1 > 9. While
b, < 1, the evolved function turns into ¢us(u;p) ~ ubs irrespective of the initial
behaviour ¢y (u; o) ~ ub. As soon as we reach b, = 1, the scale evolution does not
change the asymptotic behaviour anymore which is consistent with the asymptotic form
¢ar(u; pp — 00) — 6uu. Lastly, we note that b > 1 immediately becomes linear again.
In the case of neutral mesons in QED, the same arguments apply since the evolution
kernel just enters with the prefactor a,Cr — a,Cr + Oéeng. A more sophisticated
discussion in terms of Gegenbauer moments can be found below . In contrast
to QCD-only, the one-loop results are not viable at extremely high scales when ey,
eventually tends to infinity and perturbation theory breaks down.

For charged mesons in QCDxQED, the analysis of the asymptotic behaviour be-
comes slightly more complicated due to the logarithmic terms in but follows the
same lines above. The small u behaviour is independent of the overall normalization
and thus we redefine the LCDA

O (us p) = Zo(p) Por (u; ) (5.17)

which subtracts the point-like limit (5.6). The Mellin-space RGE for o v (w; ) in the
soft approximation reads

d OésCF + aequl (qu - QM) Y
P .
dln I + T 877 M(/r” H’)
O-’sC + O4emc2 1Q 2 3\ Z
= —F - i (Hn +H_y— 5) Por(n; 1) s (5.18)

where we adapted the Mellin transform (5.12)) to the normalized LCDA &)M(n; ).

Following [151], we write down the ansatz

P e F(l—n)F(l—i—n—l—a)
d : — eZ’yEa 3a/2
w71 1) T(1+ 71— —a)

. d,LL, Oécm(,u,)Q QM
X exp {_/ o == (Hyvatupey + Honaguan)) | (5.19)
I

/
) H m

@M(n + a; f1o)

which provides a solution to ([5.18) with the generalized evolution variable

a = aly, po) = — /M %QS(Q)CF + O‘em</jr)Qq1<Qq2 — Qum) . (5.20)
Ho
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Figure 5.1: Instructive example of the RG flow for the exponent b, in the limit
u — 0: The left plot shows QCD-only, while the right plot pictures
full QCDxQED. In a simplified model with one quark and lepton gen-
eration, we choose unphysical couplings ag(po) = 47, Qem (o) = 7/4 at
the initial scale g = 1 GeV. The running is determined by @?CD =29/3
and B(?ED = —32/9. In the right plot, the solid vertical red line displays
the QED Landau pole at u; ~ 9.5 GeV while the dashed vertical red line
marks the critical scale defined by at pu. =~ 2.8 GeV. The red curve
shows the evolution of b, = 1 at . towards the ill-defined, gray-shaded
region with b, = —1.

We additionally defined another global variable in the prefactor of the solution

Pdioags(n)C om (1) Qg Qu
'E(z(,u,,uo):_/ 7’“‘0‘ (2) F+‘jr (1)Qq, Q ‘
Ko

(5.21)

The second line in (5.19) originates from the additional derivative term on the left-
hand side of which is related to the local logarithmic terms in the RGE. Its non-
trivial analytic structure modifies the asymptotic behaviour of the evolved function.
We discuss these properties including the full scale dependence in Appendix[E.2] In the
present context, we focus on two particular scenarios in which the analytic structure
of the harmonic number exponential becomes “simple”. We first consider i) the QED-
only case with scale-dependent ey, (1) and second ii) the case of scale-independent

couplings a and aey, in QCDXQED. In both scenarios, we can perform the integral
in the second line of (5.19) exactly and obtain

5 g [P =)l +n+a)]""7
P p) = e*rea—3a/2 D (n+ a; po), 5.22
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5. Resummation of QED effects

where, compared to the QCD solution , the Gamma functions are exponenti-
ated by the non-integer p = aem@q, Qnr/(sCr + Aem@Qq, (Qg, — Qar)). The asymptotic
behaviour then depends on the initial condition and the value of the exponent.

In case i), the exponent simplifies for QED-only to p = Qun/(Q4 — Qum) = —3/5

with @y = —1. Furthermore, the evolution variable
2 O‘em(/v‘)
a=Q4u(Qup — Q) In + O(em 5.23)
q ( q M (()QED aem(ﬂo> ( ) (

turns out to be positive for pu > g due to the sign of the quark charges and the QED
[ function at one-loop

dOéem ng QED QED 4 9 9 )
dlnpg 270 0 = —3 [Ne(nuQq +1aQq) +meQg] <0. (524

Above, n,(ng) and n, are the number of active up (down) quark and lepton flavours
respectively. In this case, we find the power-like behaviour for small u to be ®(u; 1) ~
ub for b < 1, and @y (u; p) ~ u'=*#o) for b > 1. Since a > 0, the endpoint behaviour
is generally pulled towards smaller values of the exponent and eventually to b, = —1
when g becomes large enough. As a consequence, the LCDA becomes divergent when
going below b, = 0. Furthermore, the evolution equation becomes ill-defined as
breaks down for b, < —1. In the real world, this effect appears only at unphysically
high scales and is prohibited by the strong interaction at low energies.
For ii) scale-independent couplings in QCDxQED, the evolution variable reads

_CYSCF + aemQ(h(QQQ - QM) In H
T Ho

a = (5.25)
and hence, QCD and QED effects in general compete due to the different relative
signs induced by the electric charges of the meson and its constituents. The global
sign of then determines the asymptotic behaviour of the solution (|5.22)). For
asCp+aem@Qq (Qq —Qum) < 0, we have a > 0 so that b, decreases with increasing p and
the endpoint behaviour equals to the QED-only case 1). For asCr+aemQq (Qg— Q) >
0, we have a < 0 and b, increases with p, which is the phenomelogically relevant case
comparable with QCD-only. The endpoint behaviour of the LCDA is ®;(u; p) ~ ube
for b, < 1 and hence driven towards linear dependence so that we definitely reach
b, = 1 for a finite pt < co. At b, = 1, the analytic properties of the solution are more
complicated, since the Gamma function I'’?(1—n) in not only has a pole at n = 1,
but also an attached branch cut extending to Re(n) — oo. The integration along this
cut yields

Dy (u;p) ~u(—Inwu)?. (5.26)

We conclude that at b, = 1, the linear asymptotics of the light meson LCDA are
enhanced by the logarithmic term (—Inu)?. For ae, — 0, we restore the QCD-only
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5.1 Light-meson LCDA

solution as the exponent p becomes zero. These relations can also be observed in an
Qe €xpansion since the first-order term enters with aepuln (— Inw).

The two special cases above provide the discussion ground for the full QCDxQED
theory, including running of the gauge couplings at one-loop. The exponent p intro-

duced below (5.22)) implicitly defines a critical scale through (5.20) given by

as(te) CF + Qem (pe) Qgy (Qgy — Qur) = 0. (5.27)

For the critical scale, the power p has a singularity p(u. F 0) = £oo with an opposite
sign on both sides that marks the change from a QCD-like to a QED-like endpoint
behaviour. The RG flow in terms of the asymptotic exponent b, is displayed in the
right plot of Fig.[5.1] On a mathematical level, we conveniently distinguish between the
cases fio > ftc and p < p.. In the former, we find a;Cr+ aem @y, (Qq, —@ar) < 0 so that
the solution behaves like ® s (u; p) ~ u’, where b, < 1 decreases as in QED-only, and
we reach the ill-defined region of the RGE at a finite p; > po. This only happens some
orders of magnitude before entering the strong coupling regime in QED and hence,
it is irrelevant for practical applications.ﬂ For u < p., we find again @y (u; p) ~ u
but for increasing b, < 1. Interestingly, we observe for b, = 1 that our result
also applies in this case even though it was derived for fixed couplings only. This fact
emerges from the full scale-dependent discussion in Appendix The special case
o < pe < pis not listed since we can always split the evolution into smaller pieces.

In general, we conclude that the linear endpoint behaviour in physical scenarios is
modified by an additional (— In«)? term. Hence, inverse moments like fol du® s (u; 1) /u
appearing in the factorization theorem exist at realistic scales. In Fig. we
present the new qualitative features of the light meson LCDA involving the scale-
dependent normalization, asymmetry as well as divergent endpoint behaviour for large
artificial ai. The plot is generated by discretization of the RGE , for which we
refer to Chapter [6] providing more insights on the method.

5.1.2 Gegenbauer moments and analytic O(a.,,) solution

For realistic applications, we assume low scales at which a.p, is small. In this case, the
first-order O(a ) solution to the RGE already provides an excellent approximation of
the resummed result. This corresponds more precisely to a resummation of logarithms

of amIn™tF p/po with & = 0,1. Hence, QCD logarithms are summed on top of a

fixed-order expansion in the electromagnetic coupling. We recall that in QCD-only,
the kernel (5.5) can be diagonalized in terms of Gegenbauer polynomials. For this

reason, we express the LCDA in (5.4)) as

Oy (us p) = 6u Y ap! () CFP (2u—1) (5.28)
n=0

9In a theory with other quark and lepton flavours, the coefficient B(?ED could be large enough to render

the RGE for ®,/(u; ) inconsistent much below the scale where QED becomes strongly coupled.
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1Of_aem=
[T Oem =2

Figure 5.2: The plot shows a numerical solution to for the LCDA of a negatively
charged m—. We discretize the u-interval [0, 1] to N = 1001 points that
are logarithmically distributed and use lattice QCD results for the initial
condition - (u: pae) = 6uti(1+a3 (at)CS? (2u—1)) (black solid curve)
at fiar = 2 GeV with a(puia) from Table [6.3] The strong coupling o (4)
runs at one-loop while the ag, is fixed to three different, artificially large
values. We evolve the LCDA to p = 10 GeV (dotted curves) and observe
that i) the normalization is not conserved, the LCDA ii) gets asymmetric
in u <> @ and iii) begins to diverge at u = 1 for large aen,. The latter is a
consequence of the larger charge ), leading to momentum configuration
in which the u-quark is preferred to carry a higher momentum fraction in
the meson.

which results in an infinite dimensional system of coupled ordinary differential equa-
tions for a (i), where c/ 2)(2u — 1) and a*(u) are the n-th Gegenbauer polyno-

n
mial /moment respectively. Note that we subtracted the universal factor Z, according

to (5.17). For the n-th coefficient in the expansion (5.28), the RGE is given by

d s C em 1 2 em -
dlnuaff(u) _ O ¥ ;ﬂ (1)@, Tnaty! (11) — QTW)@M D Faman (1)

m=0

(5.29)
where the coefficients in the last term are given by

4(2n + 3)
(n+2)(n+1

1
Jom = ) / du (Qy I — Qg @) ui G (2u — 1O/ (2u — 1)
0
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( (2n +3) « (m+1)(m +2) N
(n—m)(n+m+3) " (n+1)(n+2) n>m
= (qu (-1) Qq1> X (m—n)(n+m+3) n<m
\2n];|_3+H”+1/2_Hn+2+1H4 n—m.

(5.30)

The non-diagonal terms f,,, originate from the local logarithmic terms in the RGE
so that Gegenbauer moments with different coefficients in general mix under scale
evolution.

In the neutral case Q) = 0 with @, = @, = @, we find that (5.29) becomes

diagonal and the solution is similar to the LL solution in QCD-only

CF’Yn/ﬁ(?CD QQ'Yn//B(()QED
as (1 Qem () ) 1
anli) = (2540 )

as(po) Com (}10) an(Ho) (5.31)
with
2 n+1 1 5

is the anomalous dimension |134] that asymptotically behaves like 7,, ~ 41n(n) at large
n. For the neutral case as well as in QCD-only the factors in ([5.31]) suppress the Gegen-
bauer moments for an upward scale evolution since () < as(10), Cryn/BE" > 0
and Qem (1) > Qem (o), Qovn/ BIEP < 0. Therefore, we can truncate the Gegenbauer
expansion at some n = ng which is oftentimes chosen to be ny = 2 due to constraints
from lattice QCD. Note that we argued before that QED in general prevents a trun-
cation of the series, but only for charged mesons. Since 7y = 0, the zeroth moment is
scale-independent so that the normalization fol du ®pr(u; 1) = ap = 1 is maintained for
Qu = 0.

In the case of Q) # 0, the first term in proportional to (g, Qg < 0 comes
with the opposite sign compared to the QCD contribution and enhances the Gegenbauer
moments with increasing p. Nevertheless, we truncate the series at ng = 2 since we
restrict ourselves to low scales at which cem(pt) stays small in contrast to as(u)]
Furthermore, the coefficients f,,, lead to a mixing of lower into higher Gegenbauer
moments and vice versa. We especially emphasize that ag receives corrections from
higher moments as fy,, # 0 such that the normalization of the LCDA is no longer
conserved. For large n, the diagonal contribution f,,, = Qs In4 becomes constant and
thus irrelevant with respect to the former logarithmically enhanced ~, term in (5.29).
The non-diagonal terms on the other hand fall off like f,, ~ 1/ n3 for n > m and

00nly at extremely large scales QED would turn the overall sign of the first term so that higher
Gegenbauer moments get increasingly relevant.
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5. Resummation of QED effects

fom ~ 1/m? for m > n. When n ~ m are of the same order, the off-diagonal terms
drop as 1/n. We conclude that, independent of the QED coupling, the mixing between
distant Gegenbauer moments gets strongly suppressed by the mixing matrix. Together
with the truncation argument, this motivates to solve the resulting finite-dimensional
coupled system ([5.29) iteratively to first-order in cy,.

In the approximation where QED is small, we now solve the RGE analytically to
O(ern) which sums the leading logarithms of a?L"* with k = 0,1 with L = In 1/ .
The resummation of QCD logarithms is in fact necessary since a; x L ~ O(1) while
Qem X L < 1 justifies the first-order expansion in the electromagnetic CouplingH We

expand the Gegenbauer moments to first order according to

an(p) = a2y + 22 0 4 002, | (5.33)

T n

where we count the QCD moments as aS°P(u) ~ O(1) and the QED moments as
ag)(,u) ~ O(In(u/ o), as(po) /cs(p)). Technically, one could expand also the initial
condition a,(uo) in the form of (5.33). This would however correspond to a resumma-
tion beyond the LL accuracy in QED. After inserting ([5.33]) into (5.29)), we obtain the
two differential equations

d as(pn)Cr
_ @ qcpg,y %O F_ qep 4
o (1) o Tnln (H) (5.34)
and
d as(u)Cr
_O gy~ _GsWWCE )y
I (1) 5 Ynn (1) — Ln(p) (5.35)

where the inhomogeneous part is given by

L () = %qu Qu g (1) + Qur Y fuma2 P () . (5.36)
m=0

For convenience, we neglected the index M of the Gegenbauer moments. The RGEs
and correspond to the zeroth and first-order equations in ae,. We em-
phasize that the inhomogeneity involves all QCD Gegenbauer moments. As
expected, we recover from the LL QCD solution

Crn/ B3 "
aQCP () = (“8(“) ) aQ% (1) - 5.37
n (M) Ofs(ﬂ/()) n (,uo) ( )
For the QED corrections at O(cem ), we obtain
Crm /B30
@, — as () (1) 1 QCD( ) In F-
o) = (20 A1) — 500 Qa0 ) n £ (5:3)

UFor the universal factor Z;, we keep the double-logarithmic accuracy to all orders in arem.
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5.2 Soft functions

ot Qe QoD . Crrn/BFP
_QMZ o — { (n) _a w(a(m) }

o+ (m — s () as(po)  \ as(po)

We recall that agll)(uo) represents the QED initial condition whose inclusion is beyond
LL. In principle, this correction could be accessed by a future lattice simulation in the
full QCDXQED theory. Nevertheless, the expansion of the initial condition according
to seems to be unnatural and we therefore send af; (,uo) — 0 in the numerical

analysw of -

5.2 Soft functions

We defined the soft functions in the framework of SCETY; factorization for the
heavy B-meson decay into two light particles flying back-to-back. The precise definition
depends on the soft rearrangement done in Sec. and in particular the product of
two soft Wilson lines from the decoupling of the two collinear sectors. As we will see
in the following, the latter introduces imaginary parts, i.e. soft rescattering phases.
We emphasize that the definition still contained the B-meson decay constant in
QCD to match the well-known factorization formula . It is however convenient
to treat the soft functions entirely in HQET so that their natural definition becomes

iFp (1) / dw e P (w; 1)
1 —
- - - ( (9) Q) ot (Qary)
= @0 p@) <O‘qq (tn_)[tn_, 0] gh_~5h,(0)Sn"""" S | B(v)), (5.39)

where the HQET decay constant is given in (2.71). Since Fp(u) is defined in the
absence of QED, the entire electromagnetic corrections are contained in ®p g.
Generally, the soft functions produce large logarithms when evaluated much above
the soft scale Aqcp that require resummation. To this end, we analyze the behaviour
under renormalization of these functions. We define the UV renormalization factor by

O (win) = [ ! Zo(ow'i) OF°W), (5.40)

[e.e]

where Og represents the Fourier-transformed operator with respect to the variable ¢
on the right-hand side of . In , we include the MS factors of the external
quark fields as well as the soft rearrangement factors R.:. The one-loop diagrams
contributing to the renormalization are depicted in Fig.[5.3] As for the light meson case,
the w'-convolution in indicates a mixing of operators with different momentum
variables. However, in the present context, one additional modification arises: Contrary
to QCD-only, where the function is supported for w > 0 [152], the integration range for
w’ extends to negative infinity for @y, # 0. Hence, we most generally need to consider
support for —oo < w < 0o. The anomalous dimension for ®p g (w; ) is then defined
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5. Resummation of QED effects

Ry hy Iy
qs ds qs
(a) (b) (c)
hru hv h’U ,:: : j
qs qs qs

(d) (e) ()

Figure 5.3: One-loop diagrams at O(aey) for the soft function. The finite-distance
Wilson line [tn_,0]@ corresponds to the black square. An insertion of
the product S:L(_QMl)SILiQMQ) is indicated by a black dot. We do not display
the vertex correction since it is UV finite as we see from QCD in (A.14]).

d o0
T ol ) = = [ T )Pna(esn). (5.41)

—0o0

where the kernel can be computed from the Zg-factor and the scale-dependent decay
constant Fp(u) in (2.71))

< dZg(w,wip) . dFp(p)
’. — QN ™ 1 I, / )
Fe(w,w'sp) = / dw 1 Zg (0, w5 p) + 0w —w') In

—0o0

(5.42)

In the following, we calculate the renormalization factor and the anomalous dimen-
sion for ®p s in Sec. [5.2.1] and [5.2.2] respectively. Moreover, we introduce their first
inverse (logarithmic) moments in [5.2.3|that play an essential role in factorization theo-
rems like or . The solution to the RGE of the soft functions alongside with
the asymptotic behaviour and in terms of inverse moments is discussed in Sec. [5.2.5-
We highlight that we obtain an all-order solution in both cases, even though
the Laplace space solution for ®p g is only formal without concrete application. In the
last Sec. [5.2.7], we therefore approximate the solution for the soft function again to first
order in ap,, for which we find an analytic form in w-space.

5.2.1 Renormalization of ¢3¢

We find the renormalization factor ([5.40|) by calculating the partonic matrix elements
of the operator (0|Og(w)|qs(w’)h,) in momentum space. The variable w’ = n_I always
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5.2 Soft functions

denotes the momentum variable of the incoming soft momentum [ from the light spec-
tator quark. We strictly assign w to be the Fourier conjugate to the position space
variable ¢ on the right-hand side of . For convenience, we split the QCD from
QED corrections and denote the counter term as

Zg(w,w'sp) = 6w —w') + %ZQCD(w,w’, w) + aﬂZgED(w,w',u) : (5.43)
41 41
Without further notation, we identify Zg and I'g with the one-loop expressions given
below.

The computation of ZgED from the diagrams in Fig. varies in multiple steps
compared to the QCD calculation [152]. First and foremost, the extended support
on the entire real axis for w and w’ requires the introduction of two modified plus-
distributions that mix the momentum variables w’ > 0 into w < 0 and vice versa.
To give a precise example, we derive the contribution for diagram (a). We use off-
shell regularization for the spectator quark momentum /2 # 0. As before, the soft
Wilson lines in the operator definition carry the off-shell regulators .z in and
after the decoupling from the collinear propagators. In addition to previous
computations, we derive the Feynman rule for the finite-distance Wilson line [tn_, 0](@
which is defined below (4.68]). For outgoing photon momentum k&, we have

Qspen’t

g s, O@tnk—u) —dlw—u)), (5.44)

where the w’ denotes the incoming anti-quark momentum variable and 0. arises from
the Wilson line in the collinear decoupling. For (a), the finite-distance Wilson line only
contributes together with the Wilson line of ), to the UV divergent terms. Dropping
the charge factors Qs,Qs,, we find for diagram (a)

ddk —2Z e e
~2¢€ e N - p
: /(27r)dk2+i0nk+6cn+k—5c (O(w+n-k —u)=d(w—u)) (5.45)

_2aem ~9 o d(n_k) / dd_2kJ_ , /
- 6 0 k=) — §(w —
(27r)d—2'u /0 n_k+0o.) —k2 —om_k (O(w+n w') (w—uw)

5 () o [ () e —r-se

-2 (A ro {5 () oo (-}

We recall our choice Re(d.:) < 0 and note that we decomposed the loop momentum
k* = (n_k)(ny k) + k% into light-cone components. We first integrated n, k with the
residue theorem enforcing n_k > 0. We ultimately find two contributions that are
proportional to d(w — w’) (local) and #(w" — w) (non-local). The Heaviside function
originates from the former §(w + n_k — w’) term since n_k must be positive. It con-
tributes for w < w’ where, most importantly, w is not necessarily positive in contrast
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5. Resummation of QED effects

/]

l T)p qs

Figure 5.4: The two diagrams provide an example of how diagram (a) of Fig. in
the EFT arises from a full theory diagram in QCDxQED. The soft pho-
ton (wavy) line connects external (anti-)collinear fermions and internal
hard(anti-)collinear propagators, where the latter gets contracted to the
finite distance Wilson line in HQET xSCET};. In terms of momentum
components, the difference ¢ — k — vp’ flows through the hard-collinear
(curly) gluon line. At LP, the corresponding propagator turns into 1/w
with w =n_({—k) = w' —n_k. Even though the soft photon momentum
counts formally as Aqcp, it can become of order of the large component
n_k ~ O(un_q) ~ O(my — oc0). Hence, we always generate w > 0 from
w’ > 0 since n_k has no upper bound in the heavy-quark limit.

to QCD-only. In fact, we require the w < 0 part of the diagram in order to obtain
a consistent local limit ¢ — 0 of the operator (5.39). The local limit corresponds to
an w-integration of over the entire real axis, which has to be performed before
renormalizing the UV divergences.H Since the finite-distance line vanishes in this limit,
diagram (a) should collapse to zero which is only the case by integrating —oo < w < oc.
As a consequence, any initial w’ > 0 will eventually result in w < 0 by scale evolution.
This is an effect of diagram (a) only, so that we conclude —oco < w < oo is generated
only for Qs # 0.

Similar to the light meson case in (5.8]), we can understand the renormalization
factor as a distribution in both variables w and w’. In w, the soft functions act as an
operator-valued distribution on the jet function . For w’ on the other hand, the
RGE for the soft operators becomes self-consistent and Zg as well as 'y has to be
viewed as a kernel integrated against a test function ¢(w’ )E To reveal the true UV
structure of , we recast the non-local term into a generalized plus-distribution.
We distinguish between i) w > 0 and 7i) w < 0 and expand the result in both cases in
terms of the regulators d.; that will drop out after all diagrams have been summed.

i) For w > 0, we have w’ > 0 imposed by §(w’ —w) and thus we can use the standard

12\We discussed in Chapter [2] that the local limit does not commute with the operator renormalization
according to [38|.
13We provide the results for distributions in w in Appendix
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5.2 Soft functions

plus-distribution

/_Oo do'[...] o) = /oo d'[...](6(&) — pw)) . (5.46)

[e.e] —00

The non-local term becomes

9(@/% o 2 =) ( L )Eezﬁ(w’)

o W mwH I \W—w
—o) [~ s [ A ] oyoien) [T a0
— o) [~ s | S ) = B0 % 0.0, (5.47)

We assume that the test function behaves like ¢(w’) ~ 1/w’ and hence we do not
obtain UV divergences from the w’ integration. Up to logarithmic corrections induced
by higher loop orders, this behaviour can be inferred from the jet function in (4.69)).
Consequently, we can expand up to O(e) that gives rise to an irrelevant constant
for ¢ — 0. Since the plus-distribution including 1/(w’ — w + §.) produces IR finite
results for 6. — 0, we can set the regulator in this term to zero up to vanishing linear
corrections O(d.).

i1) For w < 0, the variable w’ can either be positive or negative. In this case, the
region for w’ > 0 requires no regularization while for w’ < 0 we introduce the modified
plus-distributions (comparable with the +a distribution in [153])

/00 dw'] .. ’}@/e d(w') = /OO dw'[ .. ] (o) — 6(2w)p(w)) . (5.48)

For the case at hand, the ©-distribution regulates the 1/(w’ — w) pole in (5.45) when
w < 0 and w’ < 0. We thus find for the w < 0 contribution of diagram (a)

o) [ T s (w/ . w)e )

—ota) [ [ S s voaet) [ a0
=0 [ [T ) —opplom 2 4 0ea) . a9

We require the second @-distribution in for the regularization of diagram (e)
in case of w > 0 and w’ > 0. All other diagrams involve the standard plus-distribution
and are not explicitly calculated. For diagram (e), we follow the same procedure
above. Without giving specific details, this diagram evaluates to

it 5 () - reara-a () -}
(5.50)
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5. Resummation of QED effects

where we stripped off the charge prefactor (Q;Qsp. Again, we consider the two distinct
cases 1) and 77) and rewrite the non-local term accordingly. For w > 0, we require the
@-distribution since w’ can be either positive or negative. We obtain

0(w) /OO duy 2@ =) ( L 5C)26¢(w’)

o W—w =0 \w—w-—

W

—5,

=0(w h W' M W' w)p(w) In €
—o) [ | | o)+ oppm S roes). o

/
o Ww—w

For w < 0, the standard distribution suffices in order to find

6(—w) /Oo o 2 =) ( L 5C)2€¢(w’)

o wW—w =0 \w—w-—

Y 10,8,  (5.52)

o w(w—w) —0c

o0 /
= 9(—w)/ dw' ' [M] H(W') + 0(—w)p(w) In
— +

where we introduced a factor of 1/w’ in the distribution to ensure convergence of the
integration. We conclude by that any w’ < 0 can be pushed by diagram (e) to a
positive w up to infinity. Therefore, on the level of the anomalous dimension, diagrams
(a) and (e) of Fig. can mix positive into negative support and vice versa while the
remaining contributions retain the sign of the initial momentum variable w’.

Our findings are in fact consistent with the physical picture: In QCD-only, the static
HQET field A, provides an infinite source of momentum in the light-like directions n
and n_. Hence, the spectator quark momentum w’ = n_/¢ can absorb an arbitrary
amount of this momentum and extends to infinity in the heavy quark limit m;, — oo,
which is reflected by diagram (e) that principally takes any w’ to infinity. In QED,
the effect gets reversed since the spectator quark still couples to the outgoing charged
mesons through soft photons. The spectator in particular couples to the outgoing anti-
collinear meson M, whose constituents carry away large momentum n_q ~ O(my) in
the n -direction. For m;, — oo, this implies that the light quark loses momentum
and w’ eventually extends to negative infinity. We present the latter scenario resulting
from diagram (a) in Fig. . Altogether, we summarize that the soft functions have
particularly distinguished to the B LCDA in QCD once M; is charged.

To obtain the final result for the renormalization factor of diagram (a), we insert

the results from (5.47) and (5.49) corresponding to w > 0 and w < 0 into (5.45). We

obtain the UV counter term

£ _ QSPQMQ{%g(w)w’ {M} E 20— lML

W' (W — w) € W —w

C

n_
€2 w

_ (Z N %m /f; + %9(@))1 e %9(—@ In L) 5w — w’)}, (5.53)
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5.2 Soft functions

where the regulator d. drops out in the local terms. We give the results for diagrams
(b)-(d) without further details. Diagram (b) only contains local terms that are given

by

12 ) 12 /
ZgED’(b) = QdQM1 (6—2 + Ehl _N(Js ) (S(W —W)_'_QdQMz <€_2 + Eln _IL:')-_> 5(&) —W) :

(5.54)

For both diagrams (c) and (d) we find non-local terms with support for w > 0 and
w < 0 that originate from the integral

/

/Ow din_k)f(n_k)d(w+n_k —uw') = f(w —w) [fw)f(w —w) — O(—w)B(w — )] .
(5.55)

We emphasize that the contributions from this integral do not mix positive into negative
momentum variables and vice versa. In pure QCD, the last term in ([5.55)) vanishes as
the heavy meson LCDA supports w > 0 exclusively. In QCD xQED however, this term
needs to be included since diagram a) generates w < 0 after an infinitesimal evolution
step. In total, we find the one-loop expressions

+1n (wfio) 5(w_w')_1n(_*;c) 5(w—w')}, (5.56)

ZEa %pr{ ~ Bl Lf((z—_—iﬁ))} e {ﬁz—__i)ﬂ T “’()5} 5.7)

The UV divergent terms of diagram (c¢) do not mix positive into negative support.
However, this contribution enters similar to diagram (a) in Fig. |5.4| with a coupling of
the soft spectator quark to the collinear line next to the interaction vertex. Therefore,
the meson M; may carry an infinite amount of momentum away so that w < 0 is
generated through finite terms of the diagram. Diagram (e) is obtained by adding
together ([5.48)|)

790 _ QdQsp{ B gg(w) {9(00_—@} - 20— { B(w — o) L

w—w € w'(w — ')

The remaining diagram (f) contracts the soft Wilson lines of M; and M, and contributes
when both mesons are charged. We find

2 2
ZgED,(f) = Qur, Qur, (—6—2 — In _/j;,

2 29
S ﬂ) d(w—w'). (5.59)
€ —0, €
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5. Resummation of QED effects

Lastly, we include the external renormalization factors

2

2
ZED — —%5@) -, ZJD = 2—?’5(w — W' (5.60)

Most of the above results contain the IR regulators d.z. After including the rearrange-

ment factors from (4.47) and (4.48) in (5.39)), this dependence cancels and we obtain

a well-defined UV renormalized matrix element. We recall that these factors were in-
troduced through together with the absolute value to avoid spurious imaginary
parts in the collinear sector. Irrespective of the particular choice, the soft functions
generally are complex-valued due to soft rescattering of the external states. We discuss
the QCD limit of these expressions in the next step.

5.2.2 Anomalous dimension for ¢ g

Depending on the electric charge, the standard and generalized plus-distributions ap-
pear in certain linear combinations after adding the renormalization factors of each
diagram together. To this end, we define ZFP:

anwq:w[“”—wq++{“w—”q@,

W (w — w)

e[ [,

- :/) / v (5.61)
G (w, W) = (w+w) {—w/(é:},__u;))} —imd(w —w')
O(w—uw)

6<(uf) = (04 |

m} X +imo(w — w') .

We indicate the w > 0 (w < 0) support by the superscript > (<). For convenience in
later computations, the G-distributions are defined with an additional imaginary part.
Note that these distributions do not mix positive and negative momentum variables.
Instead, only the distributions F~ and F< contain the & and © distributions that
cause a transition from w’ < 0 to w > 0 and from w’ > 0 to w < 0 respectively. We
further combine the distributions into

Hi(w,w') = 0(xw)F> N (w, ") + 0(Fw)G<P) (w,w') . (5.62)

with the upper (lower) sign corresponding to > (<). Adding the contributions from
(5.53)—(5.60) and (4.47)) as well as (4.48)), we receive

1 2
ZgED(w,w') _ |:( zp + 2QspQM1) (6_2 + E In w 520)

+ 2 (170G + Qui)Qus — 303 - 302 [ - o)

100



5.2 Soft functions

- %Qsp [QdH+<w’ wl) - QMQH* (w7w/)} ) (563)

where we used charge conservation Qq — Qsp = @1, + Q s, and recombined In (p1/[w —
i0]) = In (u/[—w]) + im for w < 0. As mentioned before, the IR regulators cancel in
the sum of all diagrams. We find QCD limit of ([5.63)) by setting the meson charges to

zero and QZ,, Q7 — Cp:

ZQCD((JJ,(JJ,) — CF{ (—2 + - ln
€

_ _) 5w — o) - §H+<w,w’>} . (564)

We remark that this renormalization factor also contains terms for w < 0. In pure
QCD, this contribution vanishes since we assume positive support due to the analytic
structure of the position space operator defining the LCDA. Once QED effects are
included, we generate negative support that then obtains a response from the QCD
terms in ([5.64)). The traditional QCD expression in absence of QED can be obtained
when restricting to test functions and integration for w,w’ > 0 so that the distribution
reduces to the well-known QCD result [152] H; — F with

Plw,!) = w {M} " [M} . (5.65)

W' (W — w) w—w

Finally, we obtain the anomalous dimension for ®5 g by plugging (5.63) and ((5.64))
into ((5.42)) together with ([2.71])

Fofunss) = 8| (1o = 3) 60 - of) = Hafos)

m w—10 2

aem
+

K( 22000 202 203 (5.66)

w —10
+ iﬂ-(QSp + QM1)QM2>5(W - w,) - QsdeH+(W7 W/) + QSPQMQH— (Wa W/) ) e

We recall that every distribution acts in the variable w’ and refer to the result in
as the distributions in w. In what follows, we present the anomalous dimension for
each charge combination explicitly.

B° — MM (® = (0,0))

For the neutral case Qu, = Qum, = 0, we have @)y, = @4 and only diagrams (d) and (e)
from Fig. [5.3] enter the anomalous dimension. Moreover, we can drop the w < 0 part
of the @-distribution and thus £~ collapses to F'in (5.65). The anomalous dimension
becomes

F[)O (w, w’) =

@[(lng - %) §(w—w') = F(w,w)
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™ W

| Qen(1)Qs { (m £ 2) S(w—w') — Flw,o)| (5.67)

which provides a trivial extension to the QCD result. Note that the QCD differs from
the QED kernel by constant in the local term arising from Fp(u) in the definition
(15.42).

B~ — My M3 (® = (—,0))

For charged @y, = —1 but still neutral @5, = 0 implying Qg, = @, the diagrams from
Fig. [5.3(b)—(e) contribute. In this case, the soft function contains the rearrangement
factor 1/R,. that cancels the IR regulator J.. We again neglect the w < 0 terms since
M, is neutral and obtain

I o(w,w) = a:(1)Cr { <1nﬁ -~ 1) S(w—w') — F(W,w')}

™

#2202+ 2uQu)m ™ - 302 - 53 ot~ )

- (Qi + QUQM1)F(W7 w/>:| : (568)

In fact, we restore the expression for I'gg in upon sending @y, — 0 and Q,, — Qq,
where the latter refers to the spectator quark charge. We remark that the charge
coefficients of the In(u/w) term and the —F' distribution differ by @,Q s, in contrast
to QCD which turns out to be important for the solution of the corresponding RGE.

B~ — MYM;(® = (0,-))

Once @y, = —1, we have to include the terms for w < 0 since the support will be
generated for any initial condition. For @), = 0 the spectator charge is Qsp = Q.. We
divide the anomalous dimension in the two regions w > 0 and w < 0 by

Ig(w,w') =0(w)'g(w,w') + 0(—w)T'g(w,w’) . (5.69)

For w < 0, we use In p/(w —i0) = In pu/(—w) + im to make the imaginary contributions
explicit. In total, we find

Io_(w,w') = % { (lng — %) 5w —w') — F>(w,w')]
+ 2 (@i - 302 - a2) ot - )

- (Qi + QuQMz)F> (Wv W,) + QuQMz (G> (w’ w,) + iﬂd(w - w/)):| ’ (570)
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™ —w 2

15 (/) = 2] (10 22— 2 60— ) - G + im0 o)

em 3 1 ’
+ 22 0 (i 22— 202 - S0 ) 8w - o)

— (@2 + QuQup,) (G~ (w, ) —im6(w — ') + QuQrp, F~(w, w')} . (5.71)

Note that we can relate I'S to ' by exchanging F~ <> G< — iw and G~ +im < F<

respectively. The imaginary parts in particular match the ones from the G-distributions
in (5.61). We conclude that I';_ and therefore ®;_(w; ut) remains real-valued.

B —» M M; (® = (+,-))

For ® = (4, —), every aspect of the previous calculation applies. In addition, we
have Qsp = Qa, Qr, = —Qur,. We observe that the off-shell regulators Fig. |5.3{(a)—
(e) already cancel amongst themselves. The real part of the remaining diagram f)
is removed by 1/R. and 1/R;, leaving an explicit imaginary phase proportional to
@, Qur,- According to the decomposition (5.69)), we obtain

> (w,w) = as(1)Cr [ (mﬁ _ %) 5w — o) — F>(w,w’)}

. i
4 Jemlt [ ((Q§ = 2Qu@un) n &+ Qs Qi ZQE) B(w — w)
- QI () + QuQu, (67 () imdl — ) | (.72
05 (o) = 2CE ] (10 2 2 b =) = G () + b = )
+ Qenl) { ((Qz = 2QuQus) In =+ im(Qur, — Qu)Qw, — Z@z) (e — )
- QG ) = i~ ) + QuuraF ()| (5.73)

The soft function for ® = (4, —) turns out to be complex-valued due to soft rescattering
of the final state mesons, reflected by the imaginary phase. Based on our discussion
for diagram a) in the previous section, we observe that @y, = 0 would remove the
distribution F'< in (5.73). In this case, we restore (5.67) and (5.68) depending on the
charge of M; when positive support is assumed. Finally, we remark that Qu, — Q¢
leads to the corresponding anomalous dimension for the soft function in the leptonic
decay B, — pu~ [60].
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5. Resummation of QED effects

5.2.3 RGE of the first inverse (logarithmic) moments

In (4.70), we found that the soft functions ® 5 ¢ are part of the LP factorization theorem
in QCD xQED. As such, they are part of a convolution with a hard-collinear jet function
that behaves like 1/w—10 up to logarithmic corrections from higher loop orders. Rather
than solving the RGE for the soft functions themselves, it is oftentimes convenient to
study the scale evolution of the inverse moments instead. To this end, we define for

n >0
1 * dw
:/ ¢B,®(W§M)>

Ag (1) o w — 10
o) =xala) [ STt () maten. (5.74)

We emphasize that this definition differs to QCD in the sense that we generally integrate
over the entire real axis, and in particular the origin so that the i0-prescription has to
be included. Note that the 0 prescription arises from the hard-collinear propagator and
is therefore inherited in the logarithmic terms. We normalize the logarithmic moments
to /\;1 (u), where fi serves as an arbitrary but fixed reference scale. Hence, the scale
evolution only enters through the functions @ g g (w; p).

The existence of for w > 0 in QCD can be inferred from the asymptotic
behaviour ¢ (w) o w that follows from the conformal symmetry arguments in Ap-
pendix [B] In the case of Qs = 0, the soft functions are still restricted to w > 0 and
the inverse moments are well-defined in QCDxQED due to their behaviour similar to
the light meson LCDA that is discussed in Appendix [E.3] When M, becomes charged,
the soft function develops a non-zero value and potentially diverges logarithmically for
w — 0 in which case the i0-prescription in ([5.74)) is required to perform the integral
consistently. We argue below that the inverse-logarithmic moments remain finite, but
the analytic structure near w = 0 implies that higher inverse moments like 1/(w — ¢0)?
cannot exist.lE] Note that the integration in (5.74)) over the origin provides an ad-
ditional source of imaginary rescattering phases compared to QCD-only, where these
arise through hard or hard-collinear loops.

The RGE for the inverse-logarithmic moments (|5.74)) corresponds to a coupled system
obtained by calculating the In u-derivative of

d on(it) /OO dw i /00 ) / /
= - In" dw' T )P :
dlnp ()\B(u)) o w—10 o= o W' Pg(w, w's ) @pe(w'sp)
(5.75)

using the scale evolution of the soft functions (5.66). In the further derivation, we
exchange the integral order and perform the w integration in advance. To this end,

“Contrary to QCD, where 1/w? moments do not exist due to the linear endpoint behaviour, the
existence 1/(w — i0)? moments are forbidden by a different reason in QED: The analytic properties
of the soft function are designed such that these moments diverge.
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5.2 Soft functions

we conveniently view the plus-distributions Hy as distributions in the variable w. We
denote these distributions with a superscript w. The corresponding expressions for F'«)
and G are provided in (D.11]). Both distributions equivalently define HE_Lw) according
to . Interestingly, we find for the integration over w for n > 0

o B oy /2 -

/ dwo—="2 {9 (w,u') = > —WCQ_’“*;]C)! In"~? = ﬁ ik (5.76)
where (11 denotes the Riemann zeta function of odd numbers. This result agrees
with the QCD result when restricting to positive support. In fact, the same equation
holds true for F,, with only w > 0. In , we find that the imaginary part defined
in the distribution G recombines to the final logarithmic term which was the original
motivation to include the local ird(w — w') piece in (5.61). We further observe that

(5.76|) with H ) evaluates to the same expression and thus conclude that

oW ®
/ dw T“’Z(”) (HJr (w,w') — HY (w,w’)) =0. (5.77)

—00

In other words, the distributions Hj(tw) coincide on the function space of inverse mo-
ments including their logarithmic correctionsﬁ From follows directly that the
w-integral in over F-(w,w') — G (w,w') and G5(w,w’) — F5(w,w') vanishes
for w > 0 and W' < 0, respectively. By using we can therefore eliminate the
distribution H_ which generates negative support in favour of H,. As an important
consequence, the RGE (5.66]) greatly simplifies and allows us to construct an auxiliary
function that produces the solution for the inverse moments in Sec. [5.2.5]

We obtain the RGE for the inverse moments by plugging and into
(5.75). For n = 0, the plus-distributions do not contribute and the equation for the
first inverse moment reads
d _OéSOF ]_:| A

L _aCr[ Ll
Tt 00 =2 o+

5 (1)
+ o [( T 2Q9Qu) (—al (1) +1n g) + ZQSP + %QZ

- Z‘7]-(625p + QM1)QM2:| )\E;l (,U) . (578)
For n > 1, we find the RGE of the logarithmic moments

do, _OésCF Cokt1

mw}

— Opy1 + 0po1 + 2n! Z
k=1

Ln/2]
dlnpy  w [

5The relation does not apply to more general moments that are discussed in the conclusion of Sec-

tion @
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5. Resummation of QED effects

aem
+

{( zp + 2QspQn, ) (—0p41 + 0,01)

Ln/2] ¢
2k+1 } (5.79)

+ (sz + QspQMl) 2n! Z mgn—%

k=1

Our results match in QCD limit aey, — 0 the results in [154] up to an extra term of
the form no,_; that appears due to the renormalization scale p instead of i in the
definition of . The RGEs for the inverse moments differ in two aspects from the
QCD result: First, the charge factor between the logarithmic terms and the summation
in do not agree, which only causes minor modifications. Second, the imaginary
term in the last line immediately produces a complex phase that can in principle
be extracted by redefining

A2 (1) — exp { — i7(Qsp + Q) Qs ' d?’flo‘em(“,) } A () - (5.80)

Ho T

The imaginary contributions are absent in the evolution of the logarithmic moments
on(1). Hence, these moments stay real when choosing entirely real o,,(110) at the initial
scale since the first inverse moment does not mix into higher terms.

5.2.4 Evolution equation in Laplace space

In order to solve the RGE for the soft functions, we follow a similar yet more com-
plex procedure as for the light meson LCDA in Sec. [5.1.1] In particular, we orientate
ourselves at [150,/155] which uses a Mellin, or more generally Laplace transform to
turn the evolution equation local in the conjugate n-space, allowing us to find a solu-
tion therein. We apply the method to the soft function by splitting it similar to the
anomalous dimension in into its respective support regions

Dp(w; p) = O(w) P> (w; p) + O(—w) P (w; 1) - (5.81)

In what follows, we neglect the charge index ® for better readability. We consider the
Laplace transform in the variable In y1/w separately for w > 0 and w < 0. In the first
case similar to QCD-only, we have

O (n;p) = /OOO o (ﬁ)n O (w; p)

w \w
c+i00 d —
N\
O (w; ) Z/ o (;) O (1) (5.82)

For the negatively supported part, we define

O (n;p) = /Ooo = (g)n O (—w; )

w
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5.2 Soft functions

O (—w;p) = /CCHOO o (ﬁ>_n<f><(n;u) : (5.83)

o 2T \w

These transformations are connected to the inverse moment integration

qT>B('rz;u)=/m d < 2 )n%(wm=<T>>(77;u)—6””§><(77;u)- (5.84)

oo W — 10 \w —10

Note that the integral over w defines the function @5 on the left-hand side which cannot
be viewed as an integral transformation. Besides, it is impossible to recover @z from
® . Nevertheless, we can use to derive the inverse-logarithmic moments in the
limit n — 0, for which we refer and the follow-up arguments.

The evolution equation in Laplace space becomes a coupled differential equation
for the two functions @~ and ®.. In the derivation, we can either use the results as
distributions in w or w’. We explicitly list the results for integration against pure powers
w in Appendix . The RGEs are then commonly defined in the strip —1 < Re(n) < 0
and we obtain

d ~ . _asCF 1 S .
(dln#—n>@>(n,u)— - { H,—-H_, 6’n+§}¢>(n,u>

BCF D1+ ) (1)

™

Qem 3 1 :
+ T |: - ( fp + QQSPQMH)@W + Zsz + 5@?1 - ZT‘-QM1QM2

— QpQa(Hy + H_y) + QspQur, (H—py + H—1—77>:| O (n; 1)

+ 2 QuQul (—m)T (1 + )P 1) (5.85)

d = asCF A
<d1nu_">®<(”;“): ™ [_H‘”_H‘l‘"_aﬁ?}@(mm

em 3 1 )
+ aﬂ_ |: - ( gp + QQSPQMl)an + ZQS}) + 5@3 - Zﬂ-(Cgsp + QMQ)QMl

- QSde(an + Hflfn) + QspQMz (Hn + HT])‘| (i)< (777 ,u)
— 2 QuQu T (=)D (L 4+ ) (: 1) (5.86)

We combine the two equations to find the RGE for ®p, that is

d = OJSCF 1] =
—n)Ds(n:u) = —H —H_ — —|dga(n:
(dlnu 77) B(M; 1) = " " 877‘}'2} B(1; 1)
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Qem
+ T QspQMl (Hn + H*ﬁ) - ( gp + 2C?sp62M1) (Hﬁ + an + 877)

QL im(Qup + Q) Q| () (587)

Note that we implemented the relation I'(—n)I'(1 +n) = e"™(iw + H, — H_;_,)) which
implies H_y,+H_,_,, = H,+ H_,. We could have obtained also differently by
recalling that the distributions H, coincide for inverse (logarithmic) moments. In
fact, we can enlarge this statement to include pure powers as we show in Appendix [D.3]
In conclusion, we do not require the partition in to arrive at the RGE ((5.87)),
which is valid for —1 < Re(n) < 1 since only H, and H_, appear.

Before deriving the all-order solution of the soft functions and their inverse moments,
we review the calculation of the QCD solution ¢.. The RGE for QCD is defined by

d o0 ,
dln,u(bJr(W;M) = —/0 dw’ TP (w, W' 1) i (W5 1) (5.88)

where we set TP = T'g|,. —o in (5.66). In QCD-only, we consider only positive
support for ¢, (w; i) so that the Laplace transform ([5.82)) applies and the QCD kernel
QD collapses to its conventional form [152] with the distribution F in (5.65). We
find the RGE in Laplace space

d 7 SC 11 ~
(dlnp - 77) o+(m; 1) = aﬂ - [_Hn —H -0+ 5} G+ (m; 1) (5.89)

where —1 < Re(n) < 1. The analytical solution of this equation can be expressed in
terms of the evolution variables

VA ) = [ A liICr [mi’ - 1}

140 :u, ™ o 2
Bdu as(p)C

R (5.90)
po M T

We generally neglect the dependence of ;1 and i in these expressions. Together with
the inverse transformation, the general solution becomes [150]

. "I(1— )0(1 _

by (1 ) = eV H2e0 (%) FE1 - Zgrgl J_F Z J_r Z; 4 (0 + a; o) (5.91)
% d a

R A G R G LA (5.92)

which holds for any initial function. Note that we omit the QCD superscript above
and in (5.93) to focus on the structure of the solution. The analytic structure of ((5.91))
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5.2 Soft functions

restricts the real contour parameter to the interval —1 < ¢ < 1. For convenience, we
express the kernel of the convolution in (5.92)) in terms of the Meijer-G function

w\ _ q1f—a,l—a w
GG<J):GM( o ) (5.93)

(JJ/

I['(2+a) W * min(w,w") min(w,w’)
= (1 2 12— | .
['(—a) <max(w,w’)) max(w,w’) > ta, et 0 max(w, w’)

Albeit these functions are more complicated and untypical to use, they allow us to
cast results into compact expressions. We present the exact definition and some of the
fundamental properties of Meijer-G functions in Appendix [F] For QCD, we note that
(Go(2) has an integrable singularity for z — 1 so that the integral in (5.92)) exists.

5.2.5 Solution for inverse moments

The coupled evolution equations for the inverse-logarithmic moments in ((5.78) and
5.79) can be solved exactly. We infer the solution from ([5.84)) which fulfills the RGE
5.87) so that we can calculate the moments by

Ag' () = lim @ (5 1) = limy {@ (s 1) — €™ @ ()} (5.94)

o) =ty a0 (3, ~ ) ). (595)

While the limit » — 0 corresponds to the first inverse moment, the limit n — 1
produces the second inverse moment with 1/(w — i0)?, etc.
To provide a solution to (5.87)), we introduce the QCDxQED evolution variables

Hodp cvom (1! "3 1
V = VQCD - / i (” ) ( gp + 2QspQM1> In i - _QSp - _Qg
I po 4 2

o M
+Z.7T(Qsp + QM1)QM2:| )
 dp a4
a = qQCP _/ i, (:u)( zp + QQSpQMl) 7 (596)
w W

with the QCD expressions V9P and a?°P from (5.90)) and the p-dependence neglected.
Note that we still expect —1 < a < 0 in practical applications since QED effects are
small. We further define two evolution functions

. d,u/ aem(,u/)Qs QM1
F (5 s o) = exp { / 7 T - (H”Jra(#vﬂ’) + H—n—a(u,u’)) ) (5.97)
Ho

. d,u/ Oéem(,u/)Qs QM1
G107 o, o) = exp { / 7 T - (H—ﬂ—a(uw) + H—l—n—a(u,u’)) . (5.98)
Ho
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5. Resummation of QED effects

In the same manner of ([5.19)), we find the solution of ((5.87)) to be

bp(n;p) = e (ﬁ) ?8 - Z; ?8 - Z - Z;f(n; p10)Pp(n+ a; po) . (5.99)

Using ((5.95)), we compute the first inverse moment at n =0

* dw Ho
o W — 10 \w —10

R e T |

) p(wino) . (5.100)
To obtain o7, we similarly calculate the first derivative for n — 0 with (5.95)) and (5.99))

and find™
* dw mo O\ Ho
| 0] :
[l /Oow—z'() (w—iO) N0 5(w; o)

01(1) = Hy + H_o +1In = 4 202 :
Ho / dw Ho ® 5 (w: j10)
ww—i0 \w—i0) PVHY

4 /'u d_,U,aem(HJl)QspQ]\ﬁ ( ! o H/
m

Loy — H i) -
. 1 T (") (p,”)

(5.101)

By proceeding with this method, we can construct the solution to any inverse logarith-
mic moment. In the QCD limit ., — 0, we recover the results of Ag and oy in [154]
up to the earlier mentioned difference regarding the reference scale. We emphasize
and are the all-order solutions in both QCD and QED couplings. Their
existence is tied to the asymptotic behaviour of &5 for w — 0 and w — 4oo that
ensures the convergence of the w integral. We derive the details of this behaviour from
the all-order statements for the soft functions in Sec. [£.2.6

We remark that the simple form of the RGE and its solution (5.99) emerges
from the fact that the distributions H, = H_ agree on the function space of inverse
moments. In a complementary approach, we may assume this equality directly on
the level of the anomalous dimension to eliminate the w < 0 support and obtain the
solutions and thereafter. The soft function then has to be viewed as
some auxiliary function ®%9 that obeys the RGE for w > 0 only

dlnﬂﬁd(w;u) = —/0 do’ T (w,w's ) P w5 p) - (5.102)

The anomalous dimension reduces to

o) = 208 | (- 2o - o) = Flow)

s w 2

16 Alternatively, the RGE (5.78)) fixes the expression of o once the solution to )\gl is known. With
the result for o1, we then obtain o9 by (5.79)) for n = 1. This allows us to build the complete tower
of solutions.
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5.2 Soft functions

Gem 2

(1@ 2000 m " - 303 - 03

W

_|_

+im(Qsp + QMl)QM2>5(W — ') = (QZ, + QupQur ) Fw,w') |, (5.103)

where we defined the QCD distribution F' in ([5.65]).

The solutions to the inverse moments and can be calculated in the
same way from but using the solution for CTDTE?@(U). In addition, we trade the
integral expressions involving the soft function at the scale py for the sum over all
initial inverse moments by

Fdw (0N 0 cred, o\ -1 0\ (7Y 1k Ho o @l aia(io)
/0 w (w) In w 5" (Witto) = A (1) [ ; (k:)ln fi lz:; il ’
(5.104)

which holds for w > 0 and n > 0. We find the same equation when extending to
w < 0, so that both approaches coincide. Let us emphasize that there is no physical
interpretation of the reduced function ®%¢ itself and hence it becomes most natural to
use Ag(uo) and o, (o) instead.

The above discussion holds only true for the particular moments defined in ([5.74]).
In general factorization theorems like and (3.49)), the inverse moment 1/(w —
n_p — 10) obtains a shift from the virtual photon momentum component. For these
translated moments, the equality of distributions does not apply and thus the
evolution equation does not simplify. In this case, we require a proper all-order solution
for @- and . to calculate the inverse moments.

5.2.6 All-order solution for ¢z s

The complete RGE (5.41) can be solved in Laplace space to all orders in the strong
and electromagnetic coupling upon taking linear combinations of the previous results.
To begin with, we express the Laplace transformed function for the negative support

via (5.84) as
d_(n;p) = e ™ (Do (s 1) — P p) (5.105)

where ® B is the solution (5.99)) that determines the first inverse moments. Then, the
RGE for @ given by ([5.85) decouples and can be solved on its own. We find

d z asCF , ¥
(dln#_n>¢>(n;ﬂ): . [—H_,]—H_l_n—an+z7r+§ & (0 1)

Qlem
+

[( 90w )(—Hoy— Hory— )

+ QSPQMl (H—n + H—l—n) + ZQSp + %QZ - iW(QSP + QMl)QMQ
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+im(QspQa + QspQiry) | P (15 1)

SC em s —3 e
- QO E el mimnp (1 4 )by a(p) . (5.106)

The system (<i>>, o p) strictly corresponds to two differential equations with an upper
triangular form. It remains to find the solution for ®- that solves (5.106) with the
inhomogeneous function ®5. We solve the RGE by using variation of constants. To
this end, we introduce a modified evolution variable

d(,u, MO) —_ /N d_//as(M/>CF + Oéem(lu’,)<QSde + QSPQMQ) .

/
) K m

(5.107)

The solution becomes

; ev+2m< " )” lF(_F(—n)F(l — )

O (m; 1) = o G p—

e~ ™G (n; py 110) @< (0 + a; o)

PP =)l +nta) - i _

I(1—7n—a) F(n; i, po)e ™M@ (n + a; po) (5.108)

x / " dji as(A)CF + Qe () QspQd il )= ()
1o ﬂ ™

f‘lg)(n;u,ﬂ)} ,

where the combination F~'G simplifies to

/

(F'G)(n; p, 1) = exp { [ﬂ CL—/fOéem(ul)QspQMl cot m(n + a(p, u’))} (5.109)

due to the identity H y_, — H, = mcotmn. Again, we restore the QCD result @
for e — 0. The solution for ®. can be constructed from ((5.99), (5.105) and ([5.10§
and is not given explicitly. Afterwards, the inverse Laplace transform from and
(5.83)) allows us to calculate the entire function ®p(w; u) numerically. We circumvent
the numerical calculation by deriving analytical results at O(qem) in Sec. which
already provide an accurate estimate for soft QED effects.

The analytic structure of the all-order solution dictates the asymptotic be-
haviour of the soft function ®5 in momentum (w) space. In the following, we study the
behaviour for the two relevant cases i) w — 0 and i7) w — +00. We require knowledge
about both limits to determine the convergence of the inverse moment integral in .
While for i) we observe that the soft function develops a distinct w — i0 prescription
for the leading term, we find for 7i) that the power law dependence already ensures
the convergence of the integration. We restrict ourselves to realistic scenarios in which
the evolution variable is —1 < a < 0 due to the choice of u, g < pr. Moreover, we
assume the exponential model ® p(w; 11y) = w/wg e~“/“0 f(w) at the initial scale po. In
Laplace space, this corresponds to

. 1 nta .
O (n + a; o) :w—O(Z—(;) r'l—n-—a), O (n+a;pu) =0. (5.110)
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5.2 Soft functions

Up to the pole at n = 1 — a, the functional form of ®p(w;u) is then completely
determined by the poles of the Gamma functions and the Harmonic numbers from
the F'- and G-distributions defined in . To extract the asymptotic behaviour, we
perform the inverse transformation for both cases and apply the same arguments
of the previous discussion for the soft region v — 0 in the light meson case from
Sec. and Appendix [E]

i) For w — 0, we shift the straight integration line c4ioc0 of the inverse transformation
to a curve enclosing all poles and branch cuts of the right half-plane with respect to
Re(n) = ¢. The contour parameter is chosen to lie in the strip —1 —a < ¢ < 0 for which
the contour integration converges. The left-most singular term in the right half-plane
dominates and arises from 17 — 0 through I'(—7) and G(n) in (5.108)). Expanding these
contributions in the limit n — 0, we obtain

o ( 0 ) 1 / d77 w n 1 1+p(p) 1 1 | w ()
w—=0p)~— [ —(—] |— - —-In— .
> H wo Jo 2mi \wo —n wo T'(1 4 p(p)) wo

We choose the same contour C' as in [E.2] and defined

_aem<u)QSpQM1
s (1) Cr + cem (1) ( gp +2QpQu1y) '

p(p) = (5.112)

Note that p(u) can easily be related to the result for the light meson LCDA by replacing
Qy — Qsp and Q,, — Q,, in the definition below identifying Qur, = Q4 — Qsp
which was Qn = @, — @y, before. The solution d_ uses the same contour parameter
¢ and acquires an equivalent behaviour due to (5.105). The exponential prefactor
in the latter equation recombines for w < 0 into e ™ (—w)" = (w — i0)", so that the
leading term becomes an analytic function of w—140. In total, we obtain the asymptotic
behaviour in the w — 0 limit

1 K w —i0\ "W w
@B(W%O,M):w—om<—ln o ) +O<w—0) , (5113)

with the dimensionless constants k. According to , the difference between the
w > 0 and w < 0 functions in Laplace space is given by the solution for @5 in (5.99).
The relevant branch cut for w — 0 advances from the left-most pole Re(n) = 1 to the
right. Thus, it can only contribute to the O(w/wy) terms in (5.113). Consequently,
the linear corrections do not inherit the ¢0-prescription from the leading term in the
asymptotic expansion. Overall, we observe that the soft function becomes finite at
w=0forp=0(®=(0,—)) while for p > 0 (& = (+, —)) it logarithmically diverges.
This conclusion is validated by the numerical results in Fig. X. We emphasize that
the result in (5.113) only applies to the case of @z, # 0 for which negative support is
generated. For )y, = 0, the support is restricted to w > 0 and the solution boils down
to a product of Gamma functions multiplied with an exponential of Harmonic numbers
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5. Resummation of QED effects

as shown in Appendix For w — 0, the soft function then vanishes linearly up to
logarithmic corrections.

ii) For w — +o00, the integration contour after deformation encircles all poles and
cuts in the left half-plane with respect to Re(n) = ¢. In this case, the right-most
singular term located at 7 — —1 — a determines the asymptotic behaviour. We find
the leading contribution

1 (+w) 7 +
Pp(w — +oo; 1) ~ w—0<w—:’) I (o) (w—t)”) . (5.114)

The power law behaviour w™!'7® remains analogous to the QCD result [152] with the
difference that a includes the QED corrections according to . We remark that the
form of and strictly originates from the exponential model. However,
the asymptotic behaviour in particular arises from the model-independent analytic
structure of the solution . Therefore, different initial conditions will result in
similar conclusions, up to exotic choices that collide with the relevant singular terms
in Laplace space.

Existence of inverse moments

From the results in (5.113]) and (5.114]), we can infer the existence of the first inverse-
logarithmic moments defined in . For comparison, we summarize that in QCD-
only scale evolution generates a behaviour of the form ¢, (w;pu) « w for w — 0 and
by (wip) o< w9 for w — oco. The former implies that the second and higher
inverse moments proportional to 1/w™ with n > 2 do not exist. Since —1 < a®“P < 0,
the latter renders all non-negative moments w™ with m > 0 divergent. Hence, only
the 1/w-moment including logarithmic corrections is well-defined in pure QCD. Even
though QED effects are more complicated, they should retain the convergence of the
inverse moment integrals in QCDxQED. In fact, the behaviour w — 4 agrees to the
QCD-only result up to the trivial replacement a®“P — @ yielding the same consequence.
For w — 0, the arguments become more subtle: The leading term in the asymptotic
expansion is an analytic function in the variable w — 0 and thus it can be shifted away
from the origin such that the inverse moment integrals converge. Along these lines,
the linear terms of order O(w/wy) give rise to finite corrections. For the 1/(w — i0)"
moments, however, the linear and higher order terms spoil the convergence of the
integration at w = 0 since they are non-analytic in w — 0. As we discussed previously,
this consequence emerges from the analytic structure in Laplace space, more specifically
from the branch cuts beginning at n = 1,2,3,... in the solution of Py in that
makes up the difference between the two support regimes w > 0 and w < 0.

Finally, we note that the second inverse moment can be rewritten in terms of the
derivative with respect to the first argument of the soft function using integration by
parts

T dw © dw
/ (w—i0)2®B(W;”):/ g0 ®slwin) (5.115)
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where the boundary terms vanish due to the w — Z£oo behaviour in (5.114)). For
® = (0,—), we found that the soft function is continuous so that we can directly
conclude from that it cannot be differentiable since the left-hand side diverges.
For the general charge case ® = (+,—) this has no further implications as the soft
function becomes logarithmically divergent with p(x) > 0 in (5.113)).

5.2.7 Analytic solution for ®5 3 to O(aem)

Once again, we recall that QED effects are assumed to be small. In Sec. 5.1.2] we
introduced the first-order solution to O(ey) in terms of Gegenbauer moments of the
light meson LCDA that sums QCD logarithms (aL)™ to all orders on top of a fixed-
order expansion in a,,. We apply the same arguments to the soft function and expand
the evolution equation linearly in the electromagnetic Coupling.ﬂ For the soft function,
this implies

p(wsp) = ¢4 (wip) + 2V (ws p) + OfaZ,) | (5.116)

where we expand around the QCD LCDA ¢, (w; ) with w > 0. As before, the QED
corrections are entirely contained in ®M(w;u) ~ O(In*(u/po), as(pto)/as(p)).  The
expansion (5.116]) motivates to divide the one-loop kernel into the corresponding QCD
and QED terms

T (w, s 1) = TP (w, ', ) + BT (o o) (5.117)
7r

Furthermore, we split the support of the first-order QED function according to (5.81])
D (w; 1) = O(w) DL (w; 1) + 0(—w) L (w; ) (5.118)

The RGE at zeroth order in aey, is then given by (/5.88]). At first order, we obtain

d oo
dlnuq)(l)(w; p) =— /oo dw’ TP (w, w'; ) @ (W' 1)
- [ TP 6 ) (5.119)
0

We emphasize that the QED anomalous dimension generates w < 0 support for the
function M from «’ > 0 in ¢,. Hence, we have to consider the full kernel T'QCP
opposed to QCD-only and thus conclude that both convolutions on the right-hand side
of contribute to the negative support of the soft function. Using the decom-

position (5.118)) together with (5.61)) and (5.65)), we again find two coupled differential

equations, but this time for the first order functions <I>(>1 ) and (I>(<1), reading

Cr [ b1
oW (w;p) = 2 F/ N -mE 4= — W)+ Flw,w) | % (W
n < (ws ) /. dw nw+2 d(w—w) 4+ Fw,w)| 03 (w's p)

7In principle, we can derive the first-order term from the formal all-order solution (5.108)). Yet it
seems convenient to restart from the evolution equations since this approach directly leads to a
simpler result.
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Qg C(F

0 fe’e)
28 [ a0 + [ (@ + Quu) o)

™ —0o0 0

+ QuQun(F) = G (0) = (@ + 200 Q) n
3
i
d W (w; p) = ozSWCF /0 dw’{ (—lni —am + %) d(w—w)

dln p o —W

i (Qup + Qu) Qo — Q% — %Qi)é(w - w’)] 6+ (i) (5.120)

+ G= (w,w')} W (s p) — Qsp Qs /00 dw' F=(w,w") oy (w5 1) . (5.121)
0

Note that these equations are separately defined for w > 0 and w < 0 respectively.
After applying the Laplace transformation (5.82)) and (5.83)) in both cases, we find

d = (1) OéSCF 1 = (1)
- 0} . = - |—= - H - — .
<dlnu 77) > (5 ) - [ Hy—H_y—0,+ 2} L (n; 1)

OéSCF

(1 — m)®Y ;) + {@sp@M(Hn +H,)

™

+ QspQMz(Hflfn B Hn) - ( gp + QQspQMl)(Hn + an + (977)

d F(1 OéSCF 17 - .
(i =) 500 = S [ty = o0 =00 |

with —1 < Re(n) < 0[% Most importantly, we observe that the evolution equation for
(I>(<1) does not depend on <I>(>1 ). Asa consequence, we can obtain a self-consistent solution
to alone and insert the result into to find a solution for thereafter.

Mathematically, we obtain the solution for by a variation of constants which
was already used to find (5.108). The general solution acquires a similar form to [151]
and reads

5D (. ) = oVi2ziea | H T TA =0l (-n) = (1) o
W) =" () iy 2+

— QepQupl'(—n — )T (1 +n+a)p(n + a; o) In ﬁ} . (5.124)

18The convergence strip is based on the analytic structure induced by the distribution relations in
Appendix and restricts the contour parameter to the interval —1 < ¢ < 0 for both transforma-
tions.
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5.2 Soft functions

Inserting ((5.124]) into (5.122), we find for <i)(>1) the solution

oW (; p) = eV +2ee (ﬂ)n LA -nlA+n+a)
po) T +n)l(1—n—a)

N /“ dp' as(1')Cr T?(=n — alp, p")T*(1 + 1 + alp, 1))
uo M T M(—n—a)l(1+n+a)

q)(>1)(77 + a; f1o)

{@S)(n + a; f1o)

— QuQuil (= — )T (141 + a)d4(n + a o) In ”—}

Ho

oy
+ o {QSPQMl( 77+a/w)+an a(uu))
o

0

+ QspQMz(Hflfnfa(u,u’) - Hn+a(u,u’))}

(@4 200 Qu) {31 L 4 (ot Hoye 00 2
Ho Ho

+ |30 + 303 - Qunun ln%)¢+(n+auo)]~ (5.129

For practlcal purposes, we did not perform the integral in the second line when it enters
with <I> (77 + a; 11p), even though it momentarily results in a simpler form. To recover
ol )(w, w), we take the inverse transformation of (5.125) and (5.124). In doing so, we
recast the harmonic numbers in terms of their plus-distribution expression

1 1 1
Hn:—/ dx[ } x":—/ @1y (5.126)
0 l—z], 0o 1—=x

In this way, we evaluate the p'-integrals in ([5.125)) which then generally produce the
function

o / %lnm
h(l‘) = d_'ul'a(/’tvﬂ) 27T [ 1 _ 1 ( OCS(IU/> ) ’80 ] ,

uo M QCD—}-QClex as(p)  as(po) \as(po)
(5.127)

and come along with several convolutions. Finally, we obtain

o0 d !/ a
o0 = [T (1) () 0
0

w' \w!

[ - va () - o () fotl

117
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D) ra(s) )w

! 1
+/o du {1—x}+{( §p+2QSpQM1)(I G,

Tw

Qw0 <h(x)Ga (U) v h(afl)Ga< ~ )

xw'

(
)
- Qo )G () + o a6 (25) ) bon i

1
+{ - @+ 2000u) (G0t £ om0 L)
0

2 W Ho
3 2 1 2 . % w /.
+ Z sp + §Qd - ZWQMlQMz In % Ga(;) ¢+(W ,Mo) s (5128)
MWy, — V427yEa - d_wl HoN* | ~20( —% Y\ 50/ .
<D< (w”u) € /0 W' (w/> |:Ga (w/)q)<( w?MO)
— Q@ Gl (_—C,u) g () Mo)} - (5.129)
w Ho

For shorthand notation, we introduced

mn W\ _ ~mn —a, 1—a
Ga’(J)ZG”( 1,0

W
w' )’

Gm,n (2) — ymyn —CL(,LL,,UI)7 —a(/l,l/)7 —a, l—a
(1) w’ N 4 _a(lu’alu,)a —G(M7M/), ]-7 0

w
J) : (5.130)
based on the general Meijer-G functions G defined in (F.1). The first-order solu-
tions (5.128)) and ((5.129)) provide the QED corrections to the QCD evolved function in
(-116). In practice, these O(Qem) terms sufficiently describe the soft photon exchange
in the exclusive B — M; M, decays.

5.3 Ultrasoft QED effects

On top of the RGE evolution for the collinear and soft functions, we consider the resum-
mation of QED logarithms in the ultrasoft regime. Opposed to the structure-dependent
logarithms between Aqcp and mp, these might result in percent level corrections to
the decay rate (4.101)). The ultrasoft logarithms can be universally obtained from an
ultrasoft effective theory of point-like mesons or, equivalently, from scalar QED with
point-like meson interaction vertices, see [137]. The RGE running from the hard scale
iy ~ my, to the collinear scale . ~ Aqgep in these objects produces universal Sudakov
factors of the form

™

2 o
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5.3 Ultrasoft QED effects

plus a term defining the difference between leading double and the structure-dependent
QED logarithms according to [60]. We introduce to factor out the contributions
from the two final states in the exponentiated ultrasoft function. As discussed in
Chapter[4], the ultrasoft logarithms are related to the IR dependence of the form factors
and LCDAs appearing in the factorized amplitude. For u = p., the scale dependence
therefore cancels in the combined expression

2 g

|eSM1 (Mb7NC)+S]\{2 (,Uab,,uc) e

2

em m m2
= exp {aﬂ (QQB + Q3 {1 +1In m—Aj] + Qi {1 +1In m{jD In 272%} , (5.132)
B B

where Sg ) is given in (4.103). Even though we consider the Sudakov factors e™: in
the double logarithmic approximation, we include the complete logarithmic dependence
for AF in (4.103). We observe that the scale dependence in the ultrasoft logarithm
of has been promoted up to the hard scale mpg. At the level of the ultrasoft-

inclusive decay rate (4.101]), we obtain
I'[B — M M,|(AE) = TO[B — M, M,] U(M,M,), (5.133)
with the all-order resummed ultrasoft function

2 2
2 2 ™M 2 M.
2AE\ " (QBWMl [Hln 2 | T, |1 5
mpg '

U(MyM,) = ( (5.134)

The factor I'? in contains the squared virtual amplitude ’<M1M2’Qi‘3>’2
modulo the Sudakov factors , which we reshuffled into the ultrasoft function.
We emphasize that this choice is not unique. In the above approach however, the
ultrasoft function turns out to be universal and independent of the factorization
scale in the logarithmic AE corrections. Hence, we most naturally refer to I'® as the
non-radiative decay width.

By comparison to [137], we find agreement when setting ;1 = mp in (4.103) and
(5.134)) while neglecting virtual contributions as well as power corrections in my, /mg.
From an EFT perspective, choosing the hard scale in the ultrasoft function is wrong a
priori since the ultrasoft theory is only valid up to Aqcp. However, the SCET analysis
in Chapter [4 allows us to neglect the stucture-dependent terms in the reorganization
of the Sudakov factors above, such that mp appears in the final result. Below Aqcp,
our treatment of ultrasoft QED effects relies on the factorization in including
the static Wilson lines that contain ultrasoft flucations of O(AFE) in a similar manner
to HQET. In the corresponding ultrasoft EFT, the logarithms of m3, /m% appear due
to the large boost between the light and heavy meson rest frames. In contrast, the
analysis in [137] keeps the point-like mesons as dynamical degrees of freedom, which
eventually leads to unphysical multipole couplings in virtual corrections of O(Aqcep).
These contributions do not enter the radiation factor (5.134)) and may be understood
as part of an unspecified non-radiative decay rate.
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Chapter 6
Numerical results

In the previous chapters, we considered two cases for which we improved the QCD
factorization analysis in the context of exclusive processes. The first one involved the
computation of subleading power corrections to the Euclidean correlation functions
and in an 1/E,- and 1/my-expansion. More precisely, we included hard-
collinear as well as induced soft corrections to the LP factorization formula, where
the latter have been obtained from a dispersive treatment. The second improvement
regards the inclusion of QED effects in a combined QCD x QED factorization approach
for non-leptonic B decays with light final states.

In a first numerical analysis, we present qualitative estimates for the respective cases.
For the corrections to the B-meson correlators, we are mainly interested in the relative
size of LP and NLP contributions, which are discussed in the first section. For the QED
effects, we consider concrete applications to B — 7K observables. We separately dis-
cuss the various effects that enter the factorization formula, which involve electroweak
QED effects, structure-dependent and ultrasoft contributions including their behaviour
under scale evolution.

6.1 Subleading effects in QCD factorization

To estimate the magnitude of the subleading corrections, we consider the relative size
of the LP and NLP contributions to the correlators and that enter the form
factors in , and . At LP, we use the factorization results from (2.78) and
as well as the one-loop resummation for the hard coefficients and the B LCDA.
At NLP, we approximate the leading and subleading twist LCDAs by their tree-level
matrix elements. Here and in what follows, we assume an exponential model for the B
LCDAs, which is one of the simplest choices according to [36|.E] Within our analysis,
we consider the combined model based on [124]. For the two-particle LCDAs, we use

b (w) = el (6.1)

'We postpone a more in-depth analysis involving different models to an upcoming publication [156).
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6. Numerical results

Masses, decay constant and model parameters

my = 4.8 GeV mpg = 5.3GeV A=mg—my
fB=0.19GeV A% = 0.03 GeV? A2 = 0.06 GeV?
Resonances, Borel parameter and condensate
m, = 0.500 GeV 5o = 1.0 GeV? M? = 1.25 GeV?
m, = 0.775 GeV ro = 1.5 GeV? (au)(po) = —0.24 GeV

Table 6.1: Standard input values. We run the strong coupling at three-loop accuracy
with ny = 4 below my,. For scale evolution from the initial scale py = 1 GeV
to p = 1.5GeV, we find a,(pn) = 0.348929. The reference value at the
electroweak scale is ais(myz) = 0.118. We estimate the continuum threshold
for the scalar mesons based on [15]. The model parameters of the three-
particle LCDAs have been taken from [157].

Np = N

oW (w) = w—oe_w/wo , ¢%(w) = 6 €79l (—w? + dwwy — 2wd) | (6.2)
— )\QE ; w —w/wo w —w/wo
gi(w) = _6_(,08{@ — 2wp)Ei (_w_0> + (w+2wp)e (hl o + 7E> — 2we }
el I 2
+ o Y {1 — ng()\,; — )\H)} : (6.3)

where the exponential integral is defined by Ei(—z) = [ e "dx/z. For the three-
particle LCDAs, we use

Mo = Al o (i) A (w1+w2)/
P3(wr,ws) = 6 wiwy €~ TR0y (W, wa) = B Wiwg e~ W1tw2)/o
Ga(wr,we) = %w%e (witwz)/wo ha(wy,ws) = —H4w1w26 (wWitwa)/wo (6 4)
Wy 3wy

In the following, we consider scale evolution from pg = 1GeV to p = 1.5GeV and
use three-loop running of a,. When not specified otherwise, we employ the numerical

values of Table [6.1]

6.1.1 LO-+LP analysis

We first analyze the impact of different choices for p* to LO at LP. To this end, we
recall that all form factors agree at this accuracy in the factorization approach, but
differ in the soft correction due to different scalar and vector meson masses and effective
continuum thresholds. We have

(LO) _ (LO) _ (LO) o dw
Fo =kl =Fy = eQumeB/O m¢+(w) ; (6.5)
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6.1 Subleading effects in QCD factorization
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Figure 6.1: LO results for the soft correction f = ¢/F for different values of p*>. We

use the reference value wg = 0.35 GeV.

50

soft  __ 2By
55,1,0 = eQ.fpmp
0

dw’ 2E.W' — D% op 2y g2
2E,w" — p? [ 77;2 P e 1] #+(w), (66)
Y o

)

“© Ey dw' 2E.W —p* o om2) /M2

628 = cQuimn [ 0 |E e om0 (67
p

and AGYE = 0. We present the relative size of the LO result with respect to the soft
correction in Fig. [6.1]for different values of E,. The results for the scalar and vector case
differ qualitatively, but show the largest variation in the low-p? region. In the following,
we adopt the choice of p* = —0.1GeV? ~ A% which is a realistic value for lattice
QCD simulations. For this particular value, we find at LO that the soft correction
can be of order O(5%) for the vector case, while the scalar corrections amount to an
O(20%) effect. Hence, we also expect the NLO contributions to be comparably large
for the scalar case.

As mentioned beforehand, the expressions in and depend on the reso-
nance masses, the continuum threshold and the Borel parameter. Due to the smaller
parameter values in the scalar sector, we expect the dispersion relation to be less robust
against variations of the Borel parameter M. Indeed, we observe from Fig. that
the choice of the parameter in the range of M? = (1.25 + 0.25) GeV? affects the scalar
result at LO up to O(5%). The vector form factors, on the other hand, vary with less
than one percent.

Lastly, we remark that the limit p?> — 0 is not smooth in general. For p* = 0, some
convolution integrals of the twist-5 and twist-6 contributions become divergent and
require a special treatment according to [47]. In this case, Fig. [3.1|(c) is promoted to
an O(1/E2) correction.

6.1.2 NLO-+NLP analysis

The aim of an advanced analysis [156] is to extract information about the leading-twist
LCDA ¢, , in particular Ag. In our model, this object can be naively related to the
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6. Numerical results

FUO) 4 ol

wolGeV]

Figure 6.2: Dependence on the Borel parameter M? = (1.25 + 0.25) GeV for the LO
contributions plus the dispersive (soft) part for the scalar (S) and axial-
vector (V,A) case. The central line in each region corresponds to the
exact LO result.

input parameter wy. To obtain first numerical estimates, we consider three different
values of this parameter, shown in Fig. We include the complete results at NLP
in our analysis and compare the NLO contributions from the LP factorization to the
higher-twist effects. The resummation for the hard coefficients as well as the leading-
twist LCDA is considered at LL accuracy. In this approximation, the evolved function

¢4 (w; ) is given by

Opw; ) = L vizisa (ﬁ) F, (i) , (6.8)

Wo Wo Wo

which follows from (5.92) with F,(z) = 2I'(2 + a) 1F; (2 + a,2, —2) ] We combine the
higher-twist corrections from the OPE into

S==&" 1™ 1] s . (69
B9 (3:21) (3:23) B30)+([3-32)
ght = — gl/E“/ + é‘l/mb + gtw56 , (610)
(3:27) (3:21) (3:30)+(3-33)
AN = = ALY P + Ae® + Awss (6.11)
B28) B29) (3-34)

In total, the subleading terms can be represented by the sum of these higher-twist parts
and the soft corrections from the dispersive improvement

+ € twse (6.12)

ht ft ft
§s = &3 + &5NLo + S twaa

(6-9)
2The evolution factors refer to the QCD definition in (5.90)).

(3.52) (3.63)
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6.1 Subleading effects in QCD factorization
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Figure 6.3: Form factors Fg and (Fyy £ Fa)/2 as a function of E, for different values
of the parameter wy. We choose p?> = —0.1 GeV2. The solid line refers
to the NLO and its soft contribution, while the dashed curve includes all
terms up to and including twist-5 and twist-6.

£ = ¢t + &850 + &8, + &R : (6.13)
(16.10) (13.53)) (13.58)) (13.64))
A= A" FASR| + AL (6.14)
(16.11) (13.62) (3.65))

We list three form factor combinations in Fig. [6.3] in which the NLO-only terms and
the complete higher-twist results are displayed separately. The vector combinations
(Fy £ F4)/2 eliminate the dependence on A¢ and £ respectively and thus entirely
reflect each correction at once. For both cases, the higher-twist contributions modify
the NLO results by at least 20%. In the scalar sector, we expect a larger deviation to
the NLO result due to the enhancement of the soft correction. We observe that the
form factors depend only weakly on the value of E,. Furthermore, we find that the
higher-twist contributions in A{ decrease the value of the LP result while £ overall
increases the contribution.

In Fig. [6.3] we did not include uncertainties from the theoretical /experimental input.
In this regard, the results only display a first estimate on the relative size of the LP
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6. Numerical results

compared to NLP contributions. To obtain a proper estimate for Ag, one has to
incorporate these uncertainties and improve the resummation up to NLL, at which the
dependence on the first logarithmic moment oy becomes relevant, see [47]. For this
analysis, we again refer to [156].

6.2 QED corrections in B — 7K observables

The analysis of QED corrections involves three major regimes, discussed in Chapter
and [5] To display their numerical relevance, we specifically consider the QED effects
in context of B — wK observables entering from i) the electroweak (above mp), ii)
the structure-dependent (between mp and uf’) and the iii) ultrasoft region (below
Aqep). The structure-dependent part in particular contains the contributions from
the light-meson LCDA and the soft functions, which are treated separately.

As the structure-dependent terms ii) arise from weak operator insertions (2, we
can view these corrections as modifications to the colour-allowed and colour-suppressed
tree-amplitudes ay (M;Ms) and as(M;M,) in the notation of [158]. In QCD-only, the
amplitudes are defined with respect to an overall factor

G 1
AMle = ZT;mQBFOBM (0>fM2 ) (615)

subtracting the non-perturbative dependence on the QCD form factor Ff M1 and decay
constant fys,. In QCDxQED, we generally define

2

A(MM,) = i%m%}"BMl (0)far, (6.16)

which now depends on the electric charges @)y, and @5y, through the QED-generalized
form factor ]-"52]\41 (0). We normalized the LCDAs with respect to the pure QCD decay
constants, such that fj;, appears in . The product of Acq; generally does not
factorize due to soft interactions. Therefore, we do not need to retain the QCD-like
separation of A and «;. Instead, we define

A(M1M2>O./7;(M1M2) = AM1M2 (O[?CD(MlMQ) + 5&Z(M1M2)> s (617)

to directly compare QCD and QED contributions, where the latter are entirely con-
tained within day (M Ms). At O(aen), we decompose the various QED effects according
to

Soi (My M) = 6oV (My My) + X (M My) + st Y (My My) + dal (M M,) . (6.18)

The term (WC) refers to the electroweak Wilson coefficients, (K) to the hard and
hard-collinear scattering kernels, (F,V) to the vertex and (F,sp) to the spectator terms

3The collinear scale fi. of order of a few times Aqcp has been introduced in Sec. to factor out the
Sudakov factors for M; and Ms into the ultrasoft function.
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6.2 QED corrections in B — 7K observables

Coupling constants and masses [GeV]
Qem(myz) = 1/127.96  ay(my) = 0.118 mp = 5.207 my = 91.19

Decay constants [MeV] and form factors
fr =130 fx = 160 fz =190 FP™=0.25 FPK =0.34

CKM parameters and R, g
Au/Ae| = VsV /Va ViE] = 0.0206 Reor = [ FPE ) fx FP™ =1.11

Wilson coefficients and coupling constants at v = 4.8 GeV
CRP = —0.26 CIP =101 e = 1/132.24 a, = 0.216

Parameters of distributions amplitudes at y =1 GeV
af = 0.138 af = 0.061 ak =0.124 Ap = 250 MeV

Coupling constants and a5 at p =1 GeV
Qe = 1/134.05 ag = —0.104 — 0.015¢

Table 6.2: Numerical values for the evaluation of QED effects. To obtain the Gegen-
bauer moments at 1 GeV, we consider downward scale evolution for the

lattice results from [159] in the QCD LL approximation. We consider the
Wilson coefficients in QCD-only at NNLL.

from the form factor and LCDAs. We neglect the spectator part since it is of order
O(aemas). Moreover, we do not consider QED corrections to the form factor in this
work. When M, is charged, we replace 2" with the semi-leptonic factor (£.63). In
this case, the Wilson coefficient Cy will enter our analysis via 6a™C. Note that the
point-like factor Z, is part of daV.

We consider the QED corrections to the light-meson LCDA and soft functions enter-
ing the factorization formula separately. Both function types obey a first-order
integro-differential equation that determines their scale evolution. On top of the eval-
uation of the analytical results in Chapter [5 we solve these equations numerically by
discretizing the corresponding function domain. We discuss this procedure in more

detail in Sec. and Sec. [6.2.71

6.2.1 Electroweak corrections

In the downward scale evolution of the QED-generalized Wilson coefficients from the
electroweak scale, we sum the QCD but not the QED logarithms according to [160)].
The results can be expressed in terms of two expansion parameters o and K = Qe / ozs.ﬁ

4We expect the resummation of QED effects between mp and the electroweak scale to be even less
important than the resummation for the hard-scattering kernels, which we assumed to be negligible.
Since we resum the large QCD logarithms c¢; = L, the QED logarithms aey, L = kcs will be pro-

127



6. Numerical results

We restrict ourselves to O(k, ko) and to NLL accuracy. This implies the inclusion of
QED corrections in C;(p) at the electroweak scale as well as O(k, kay) terms in the
anomalous dimension, see also [161] for comparison. We consider three-loop running
for as and ey and include four-loop contributions from QCD as in Sec. 3.3 of [160].
We obtain the solution to the RGE for the Wilson coefficients from [160] with

- éQEDa/em(IUO) W= QBQCD s (Ho) (6.19)
B aul) "

where ﬁ(()QCD = 23/3 and B(?ED = 80/9 for ny = 5. Similar to (6.17), we split the QCD
and QED contributions as

Ci(v) = C2P(w) + 6Ci(v) . (6.20)

For the Wilson coefficients in QCD at NNLL as well as the value of the gauge couplings
in the MS scheme, we refer to Table . We choose the Z-boson mass m as the initial
scale for the downward scale evolution to v = 4.8 GeV with ny = 5. For the QED
corrections at the lower scale, we obtain

Qo (V)

6C1(v) = —1.66 L — 100 1072, (6.21)
O‘em(V) -3
6Co(v) = 5.68— — =3.42-107". (6.22)
s

On the level of the tree amplitudes «;, we find in consequence

Qe (V)

5V (M My) = 6Cy = 5.68 =3.42-107%, (6.23)
T
WC 4 1 aem(y) _3
s
For Qy, = —1, we need to include the semi-leptonic coefficient Cy due to the normal-

ization onto the semi-leptonic amplitude in the factorization formula. In this case, we
use the fixed-order result at one-loop [131]
5Ca(v) = Qem¥) M2 gy pg@enV) 7o g8 (6.25)
us v 47
In our specific analysis for B — 7K, this modification only enters through the colour-
allowed tree amplitude, for which we find

60V ( My My) = 6Cy — 6Cy C*° = —3.88 - 1073 (6.26)

Uniformly ignoring O(asey) contributions, we employ C§¢(v) = 1.03. Compared to
(6.23), we find that the QED contribution enters with an opposite sign but equivalent
size after the SCET; — QCDxQED form factor replacement.

moted to kf(cs), where f(cs) is the resummed QCD expression from the solution of the corresponding
RGE in [160].
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6.2 QED corrections in B — 7K observables

6.2.2 Hard-scattering kernels

In the second step, we consider the hard-scattering corrections to the amplitudes oy
and as which are given by

Sl (M M) = O‘Z—fr") > P w) [%}”(MQ) + H;EQ(MlMg)] . (6.27)
j=1,2

The former contribution defines the convolution appearing in the form factor term

KOt = [ du Tl () a0, (6.29)

while the second involves the hard-collinear spectator scattering. In the present con-
text, we use the naive lattice estimates from Table for the Gegenbauer moments
of ¢, in QCD and truncate the Gegenbauer expansion after the second moment. For
Q= 0, this implies

21

2 11
[—6Ly — 18 — 3im + (7 - 3m> al? — —aMQ] : (6.29)

7/(1) MO - _ -

and % (M9) = Cp ;M (MY). For Qyy, = 1, we have

_ 5 2L, 97 22im 7w
RO e S i

1133 am\ . (3. 184 2im\
(2 T e (2 222 ET) 6.30
(2+72+3)“1 (5+75+5)“2}’ (6:30)

and ”//1(1)(M2_ ) = 0. The normalization to the semi-leptonic amplitude removes some
double logarithms of H, {_(u) in (4.79), which shrinks the magnitude of the QED ef-
fect. The v-dependent logarithms L, in the above results cancel against the corre-
sponding electroweak coefficients, which corresponds to the cancellation of UV and
IR divergences in the EFT picture. The p dependence in L, on the other hand,
matches the QED factorization scale in fy, Py, /Ze which we treat separately such
that ”//2(1)(M2) stays p-dependent. In the following, we choose p = 1GeV for the
collinear scale. We run the electromagnetic coupling at one-loop with flavour thresh-
olds at 4.8 GeV (ny = 4),1.2GeV (ny = 3) for the b- and c-quark and at p, = 1.78 GeV
for the tau.

Finally, we note that the spectator-scattering term can be expressed as a sum of
Gegenbauer moments

4 M) [*
HE™ (M My) = — ?VSPQ“TSP(Q ) /O du dv —¢M2(“2fMl(“) , (6.31)
47T2Qsp@ursp(M1) My M-
— N > alal® (6.32)
(2%
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6. Numerical results

multiplied with
9B S

7’7”LB)\B}70B‘]M1 (O) ‘

We use (4.94) applied to H3™ (M; M) in order to transition between different charge
combinations. More precisely, we have

Tsp(M)

(6.33)

C
H{™ (M My) =0, HYF(MiMy) = CrHS (M, My) = =

[

HE™ (M M) . (6.34)

6.2.3 Penguin-dominated B — 7K decays

We parametrize the penguin-dominated B — 7w K decays by the four amplitudes [15§]

I ~AD
AB*%W*KO - AﬁKa4 )

. 3 .
\/§'AB_—>7TOK_ = Aﬂ-K [5pu041 + Oéi] —+ AKﬂ- [527”052 + 5p65a3,EW:| ,

Aposrri- = Ark [Gpuca + &)
3
\/EABO—MrOR'O = Aﬂ-K [—di}] + 14[(7T |:6pua2 + 5p05ag,EW:| . (635)

The coefficients a;(M;Ms) denote the various topologies of the decay modes. In addi-
tion to the first two amplitudes we introduced earlier, &4 and of gy refer to the QCD
(electroweak) penguin amplitudes based on the notation in [158|. Every term in
further contains a multiplicative CKM factor V;,V,, with a sum over p = u,c. The
corrections from the hard-scattering kernels are

o (mtK) = O‘ez—;‘%&c’) [#5(K™) + Hg™ (" K7)] (6.36)
5K ('K ™) = 6aX(nt K ) + 0‘6275“) AK, (6.37)
ok (ROx0) = O‘“LE“) (CRO2P 1 CRCP) [#5(x°) + HEw(K x°)] (6.38)
bok (K~ n%) = 6ok (KOn°) + 0‘2“75“) A (6.39)

which can be read off from the right and wrong insertions of the operators ); 2. For
two of these contributions, only the differences of the spectator scattering terms enter

K _ ~QCD em ( 07—\ _ pyem [+ j~— _ Tsp(ﬂ-)
AK = 090D (;)) (Hz,,(w K™)— Hg™ (r" K )) = 8.03 22 (6.40)
em — em 1o T's K
AF = (CrCRPw) + CEPw)) (Heh (K 7°) — H5a(K°7)) = 1.59 —of)ém) , (6.41)
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6.2 QED corrections in B — 7K observables

which is related to the fact that the vertex terms 7; are independent of (5. The
evaluation of these expressions yields

K +K— — aem(:“) -_ _ . 92 TSP( ) 212 — 4 DN -1 -3
daq (T ) I | 0.89 — 7.961 — 2.68 0.674 = (- 731) - 1077,
sak (k) = Lm0 [0 g0~ 796i +5.36 2| _ (965 — 4.73i) - 10-2

! 4| 0 674 ’

I em S K - —
Sas (K1) = 0‘4—75’” 0.83 + 0.46: — 0.53 ropém)} = (0.18 +0.274) - 1073,

(K
083+046z+106”(

6 KK— 0 —
oy (K7 = — 0.610

)] = (1.12+0.279) - 107, (6.42)

We observe that all QED corrections at this level are per mille effects. The choice of the
factorization scale merely affects the numerical results above. To give an example, the
first term in the square brackets change by O(1) when choosing the collinear scale to be
1 = 1.5GeV rather than 1 GeV. Note that the factorization scale dependence cancels
explicitly in the branching fractions and direct CP asymmetries considered below.

6.2.4 Ultrasoft factors

We defined the resummed ultrasoft exponentiation factor U(M;Ms) in that
multiplies the non-radiative decay rate to render the entire process IR finite. This
requires a choice for AFE,| which refers in our case to the signal region of the 7 K invariant
mass around mp. The factorization approach relies on the hierarchy AE < Agcep, so
that we choose AE = 60MeV in analogy to the treatment of B, — uTu~ in [60|.|E|
Compared to the previously investigated QED effects, the ultrasoft contributions turn
out to be quite sizeable

UrtK™)=0.914,
UK ) =U(K 7% =0.976 ,
U(r K") = 0.954 ,
U(K°7%) = (6.43)
For Qu, = —1, the form factor replacement including the normalization to the semi-
leptonic amplitude modifies the branching ratio to
Br(ntK~) oc [ AN o (nt KO U(RTKT) (6.44)

50n the experimental side, the invariant mass spectrum including soft photon emission is currently

generated by the PHOTOS algorithm which only uses an upper cutoff at 5GeV, see [162,/163].
Based on our framework, we suggest to focus on the signal window around mp without additional
extrapolations.
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6. Numerical results

equivalently for Br(7°/K ™), where we receive the non-radiative part from

Br(M6~) = U(My~) |ASM 2 (6.45)

non—

The factor U(M;{¢~) can be obtained from U(M;K ™) in by replacing the mass
dependence myx — my. We multiply the ultrasoft function in to the semi-leptonic
decay rate such that our determination of Afll(;ll\f_lrad is indeed given by the non-radiative
part of the non-leptonic amplitude.

6.2.5 Branching ratios, isospin sum rule and direct CP asymmetries

The individual QED corrections studied so far only yield small corrections to the QCD
results. This might be different for certain branching fractions in which QED effects
are relatively enhanced compared to QCD. To this end, we introduce the ratio

_ 2Br(a°K°) + 2Br(n°K ")

Ry = _ = RP 4R 6.46
g Br(n=K°) + Br(ntK~) Lo ol (6.46)

where the pure QCD term is
RIP =1 4 |rgw|? — cosy Re (roriy) + - - - (6.47)

The factors rgw and rp denote the ratios of electroweak penguin agpw and tree co-
efficients «; divided by the QCD penguin &5. These ratios are O(0.1), so that
may be understood as an expansion in terms of rgw and rr. While QCD corrections to
unity enter quadratically in , we find that the QED effects provide linear terms

dR; = cosvy Re (0g) + 0u , (6.48)

where 0 arises from the Wilson coefficients and hard-scattering kernels and éy from the
ultrasoft function. In @ , only the differences of the spectator-scattering corrections
AK defined in and (6.41)) enter the coefficient J5 at LO due to the dependence on
the charge Q7. As a consequence, the ratio Ry does not depend on the factorization
scale p in contrast to the individual corrections daX. Since the electroweak Wilson
coefficients are also independent of @)y, they do not appear in the coeflicient dg.
Numerically, we obtain

5 ~ Qem() [N A¥ + AXR
P74 |a| a5(nK)
Qem (1)

= (—1.89 + 0.27i) = (-1.1240.16i) - 107, (6.49)

using the CKM coefficient A\, /A, the QCD penguin amplitude &§ and the form-factor
ratio R, in Table[6.3] Hence, QED again reduces to a per mille effect that is further
suppressed by the CKM angle cos~y. The ultrasoft coefficient is

14+ U(r°K™)
U(r= K9+ U(rtK~)

Sy = —1=5.8%. (6.50)
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6.2 QED corrections in B — 7K observables

We recall that this number is obtained for AE = 60 MeV and thus implicitly depends
on the experimental analysis. Adding both results, we find with v = 70°

SRy = 5.7%, (6.51)

where the ultrasoft QED corrections make up almost the entire value. In this case,
QED exceeds the corresponding QCD contribution R¥“P — 1 = 0.01 +0.02 [158].

In addition to these kinds of ratios, direct CP asymmetries are frequently considered
observables where QED might become relevant. Based on isospin relations, we find a
sum rule

(7~ K°) 2T (YK ™)

—~

AT = Acr (K + ey Acr (KD = ey Acr ()
- ?;W(—ZO[[((O)) Acp(m°K?) = A(rK)P + SA(nK) (6.52)

involving different asymmetries in B — 7K that sum up to zero apart from small
corrections [164,/165]. In the expansion of small amplitude ratios, we find for QCD-
only

A(rK)P = 2siny [Im (reriw) + 2Im (rerpw)] + - -+ (6.53)

where r¢ is the ratio of the colour-suppressed amplitude. Due to aj gy ~ a1, we neglect
the first term in (6.53|) and thus the interference between r¢c and rgw determines the
QCD part A(7K)®CP = (0.5 4+ 1.1)% [55]. The QED effects are given by

IA(mK) = —=2sinyIm (0g) + 0Ay (6.54)

with the imaginary part of dg in and a corresponding ultrasoft correction dA.
The former term is O(r°) but dominated by the imaginary part of &5 since the spectator-
scattering terms AK are real at O(aeny). Hence, this contribution is much smaller
compared to the ultrasoft part

dAy =2siny [Im (rp—rr)+Im(rp) u

= —0.39% , (6.55)

+Im(TT+Tc—Tp) U(WOK_) IHlETP—i-Tc)]

UrtK-) U(@tK-)
which first appears at O(r). The amplitude ratios given in [158] are r¢ = 0.06 —0.0164,
rp = 0.01840.0038¢ and r7 = 0.18 — 0.030:. The ultrasoft contribution (6.55)) depends
in particular on imaginary parts of the r-ratios in QCD and inherits large uncertainties

as the determination of imaginary phases from experimental data turns out to be
challenging. In total, we find

SA(TK) = —0.42% . (6.56)

133



6. Numerical results

This result shows that QED only provides a small correction to the isospin sum rule
in . According to [164], the same statement is true for QCD, such that larger
deviations can not be explained in QCD x QED and may ultimately hint towards NP. To
complete our analysis, we list each direct CP asymmetry for the amplitudes in (6.35]).
QED again enters linearly through a term d Acp, but the ultrasoft factors cancel in the
ratio of CP-conjugated expressions. We obtain

_ . A day (T K ™)
+ _ Au oom )

dAcp(mTK™) = 2sinvy ‘ N Im A (75 0.14%, (6.57)
(5Acp(71’7[_(0> =0,

_ ‘ u Sorg (KO0
§Acp(r°K%) = —2siny " Rk Im &E((WK)) =0.01%,

- /0.0
§Acp(m°K ™) = 2siny | |<%| Im don(r" K >A+ Rricdas(K7m) + Imdg | =0.16%.
A a5(rK)

Here, the corrections da; o include both daX and 5a™VC. For M, = K~, we consider
the difference

5(7TK) = ACP(WOK_) — ACP<7T+K—) s (658)

for which we only find a tiny QED correction

2sin -y (‘%

All in all, the CP asymmetries do not contain sizeable QED corrections, in contrast to
the ratio Ry. In fact, each term is strictly smaller than the QCD uncertainty from the
experimental input.

5&2([_(07T0)

Rl
K TR (7 K)

+Im 5E> = 0.02% . (6.59)

6.2.6 Light-meson LCDA

For the light-meson LCDA, we discussed the phenomenological modifications of QED
in Sec. by solving the RGE in to first order in aey (to all orders in the soft
approximation near u,u — 0). Since we do not obtain analytical all-order results on
the entire domain of the QED-generalized LCDAs, we focus on the first-order results of
the Gegenbauer moments. In addition, we present the numerical solution of the RGE
from which we calculated the graphs in Fig. [5.2l We remark that the results refer to
the properly IR-subtracted matrix elements.

For the discretization of the RGE ([5.4]), we choose N points u; that split the u € [0, 1]
interval into N — 1 sub-intervals, where ¢ = 1,..., N. Taking N large, we replace the
v-integral in the differential equation by a finite (Riemann) sum. In this way, we obtain
N coupled differential equations that can be solved numerically. Regarding the precise
summation, we implement the trapezoidal rule to decrease the error of the numerical
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6.2 QED corrections in B — 7K observables

methodﬂ At given u;, we approximate the first distribution of (4.53|) according to

d® s (ug; ) /1 1 U,
ZEMATL ) —u) 1 2P .
71 X i dv (v —u;) | 1+ v —w ) a(wis )

1 1

R 3 (—;(I)M(ui;,u) + Por(Uigr; pt) — ch(ui;W)

N-1 oo 1 i
+ Z (U]+12 u;) <1 + - uz) [Z—jCI)M(uj;,u) — @M(ui;u)} , (6.60)
where in the second line, for the limit w; — wu;, we replaced the function with its
discretized derivative. The same treatment applies to the second distribution and the
local terms. In our calculation, we formally exclude the endpoint u = 0 and u = 1
by reducing the entire interval u € [e, 1 — €] for small € < 1 since the evolution kernel
becomes divergent at these points. In practice, we choose € = 107! and distribute the
number of points u; of the interval logarithmically increased towards both endpoints.
For N = 1001 points, the numerical evaluation agrees with the LL result in QCD up
to an error of less than 0.04%[] We calibrate this error in QCD-only, for which we
know the analytical solution. Hence, it merely provides an estimate for the QED case,
which is dominated by the endpoint contributions from the local terms at unrealistic
high scales.

To parametrize the QED corrections for the light LCDA, we recall the decomposition
in terms of Gegenbauer polynomials

oy (u; 1) = Zo(p) 6u Y an' () CF? (2u—1) (6.61)

where Z, is the point-like evolution factor defined in . In the following, we present
the results for the evolved Gegenbauer moments based on the discussion in Sec. [5.1.2]
At the initial scale p, we use results obtained from lattice QCD ., = 2 GeV evolved
downwards in QCD-only at LL accuracy, given in Table [6.3] We emphasize that the
initial function should be viewed as an IR-subtracted (scheme-dependent) model for
the LCDA, for which we calculate the UV evolution numerically. In QCDxQED, we
evolve the function to higher scales p alongside with the gauge couplings, including
the decoupling of the bottom and charm quark as well as the tau lepton at the flavour
thresholds p = mb,mﬁ In our analysis, we consider the scale evolution separately at LL,
NLL and NNLL accuracy in QCD while keeping the LL evolution for QED by using the
first-order results in H To be consistent, we implement the NLO (NNLO) anoma-
lous dimension and two-loop (three-loop) running for a; at NLL (NNLL). We choose to

6The estimated error is proportional to (Au)?, where Au refers to the difference of two neighboring
points.

"The error refers to the initial function and scales chosen in Fig.

8The decoupling of the tau is only required for the electromagnetic coupling cvem (1t).

9We neglect corrections at the threshold m; induced by matching relations for the Gegenbauer mo-
ments at NNLL in QCD since they are expected to be small.
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6. Numerical results

Quark and lepton masses

my = 4.78 GeV m. = 1.67 GeV m, = 1.78 GeV
Gegenbauer moments at i, = 2 GeV

af =1 af =0 aj = 0.11675)

ak =1 af = 0.0525%31 ak¥ =0.106%1

Gegenbauer moments at pg =1 GeV
ag =1 aj =0 aj = 0.14073}

af =1 al =0.0593+% ak =0.128+18

Table 6.3: Numerical values of the (two-loop pole) quark masses in the running of
aem and Gegenbauer coefficients at the initial scale g = 1 GeV obtained
from lattice QCD results at .. = 2GeV in [159]. We neglect the four-
loop QCD contribution in the strong coupling and increase one digit of
precision, so that some values differ from Table[6.2] The value of m,. refers
to the charm-quark pole mass.

evolve our results to = 5.3GeV =~ mp and pu = 80.4 GeV ~ My, respectively. While
the first value is chosen to obtain estimates in the environment of exclusive B decays,
the evolution to the electroweak scale eventually becomes important in rare decays like
W= — 7= |166].

The lattice QCD calculations provide results for the first three Gegenbauer moments
ap12(p). Generally, the moments a,, (1) with n > 2 mix into these first moments under
QED evolution. In the initial model, we choose a, (1) = 0 for n > 0, since we expect
those contributions to be small. The QED evolution then again produces these higher
coefficients in the upward scale evolution, which is also the case for pure QCD beyond
LL. As we discussed earlier, we further neglect QED corrections at the initial scale
which are currently not accessible.

At the scale p = 5.3 GeV, we find the moments of a negatively charged pion 7~ (du)
to be

ag = 1|qep +0.0035| 5

af = 0|qep +0.0006] 1

az = 0.0951]  — 0.0084|g  + 0.0001| +0.0010] . (6.62)
For the kaon K~ (su), we have

ay = 1gep +0.0035] 4y

ap = 0.0462|;; —0.0023|  +0.0001 g+ 0.0009| .,
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6.2 QED corrections in B — 7K observables

ay = 0.0869|  —0.0078| —0.0000|y, +0.0010], (6.63)
At the scale yu = 80.4 GeV, we find for the pion

ag = 1|g0p +0-0094| g

ai = 0]qep +0.0015|

az = 0.0657 ; —0.0098| +0.0002[y, +0.0021] (6.64)
and for the kaon

.

ay = 1gep +0.0095] 5

ap = 0.0365],; —0.0030], +0.0002( g+ 0.0020|

ay = 0.0601[ ; —0.0091]y +0.0002| gy +0.0021| - (6.65)

In the above results, we do not provide uncertainties for our results since the QCD NLL
contributions are typically larger than O(15%), which is the order of the lattice error
at the input scale p,y = 2GeV. Generally, we observe that the QED corrections are
strictly below the NLL QCD evolution but one order of magnitude above the NNLL
corrections. Depending on the high scale, the size of the relative QED correction in af
ranges between 1% and 4% compared to the LL and between 12% to 21% with respect
to the NLL contributions. In the upward scale evolution, the QCD coupling decreases
while the QED coupling increases so that naturally QED effects get more relevant. In
contrast to QCD-only, the Gegenbauer moments do however not necessarily tend to zero
which would asymptotically lead to ¢n(u;u — o0) = 6uu. Nevertheless, we expect
the higher moments to be small at realistic scales where QCD still dominates. Since
QED breaks the normalization condition and the isospin symmetry, the scale evolution
changes QCD-fixed Gegenbauer moments such as a}!|qcp = 0 and af |qep = 0.

The light-meson LCDA appears in the factorization theorem through convo-
lutions with a hard-collinear function. In earlier chapters of this thesis, we already
stressed the importance of inverse moments for the soft function, appearing in these
kinds of factorization theorems. The same discussion applies to the case of light mesons,
for which the hard-collinear function typically behaves like u~* or 2~!. Hence, we define
the inverse moments as

@y, / M i (s 1) = Zo(p) <33l (). (6.66)

1—u

(™, (u / () = Zu) % 3D (-1l () (6.67)

which are given in terms of infinite sums over Gegenbauer moments. For the numerical
values based on the previous analysis for the moments, we obtain for the 7= at the
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scale p = 5.3 GeV

——1 _ QED 0.05 QED
<U >7r* o 0'9997|pointCharge(3'2851r0~05‘LL o 0'020|NLL +0.017 partonic) )
_ QED . QED
(u™) = = 0.9997| "1 e (32857002 | —0.020] g +0.012| 7 ) (6.68)
and at 80.4 GeV
1 _ QED 0.03 QED
<U, >71'— - 0'985}pointcharge(3'197i_0-03|LL o 0'022}NLL +0.042 partonic) ’
—1 _ QED 0.03 QED
<U' >Tl’_ o 0'985‘p0intcharge(3'197ir0~03|LL - 0'022‘NLL + 0'031|part0nic) ’ (669)
For the kaon K ~, we obtain at u = 5.3 GeV
1 . QED 0.05 QED
<u >K— - 0'9997’pointcharge(3'399t0-05‘LL B 0'026’NLL +0.018 partonic) ’
-1 _ QED 0.03 QED
<U >K* - 0'9997‘p0intcharge(3'122i0-03‘LL - O'Oll‘NLL + 0.011 partonic) ) (670)
and at 80.4 GeV
1 QED 0.03 QED
<U >K* = 0.985 pointcharge(3'290t0-03‘LL o O'029|NLL +0.044 partonic> ’
-1 _ QED 0.02 QED
<U >K— - 0'985|p0intcharge<3'07li_0-02’LL o O'010|NLL +0.029 partonic) ' (671)

In the above expressions, we explicitly factored out the point-like limit Z(1), to which
we refer as “point charge”. The label “partonic” refers to the structure-dependent
corrections, purely contained in the evolution of the Gegenbauer moments. In terms
of precision, we use the evolution factor for Z,(1) that resums the point-like
logarithmic corrections to all orders while treating the Gegenbauer moments ([5.38)) to
first order in c,. At the initial scale, we impose Z,(p9) = 1. Moreover, we choose the
hard scale E = 11/2 of two-body decays for the energy dependence entering Z,(1). The
results in — are obtained from the first ny., = 100 Gegenbauer moments,
which are produced by QED as well as QCD NLL corrections. The convergence of the
infinite sum in and differs for these two effects. For QCD NLL, we require a
rather high truncation of the series to obtain reliable results while QED effects converge
relatively fast so that we typically generate the given values already at np., = 10. We
do not consider the uncertainties from the lattice QCD input regarding the unknown
coefficients a,,(fuat) for n > 2. The results solely correspond to a comparison between
different QCD and QED contributions for a particular model evolved to higher scales.

Compared to the analysis of the Gegenbauer moments in 7, the relative
size of QCD and QED effects differs in the prediction for the inverse moments. Both
QCD NLL and QED corrections are O(1%), which is the same order of the lattice
uncertainty of the input in Table . The uncertainties in 6.68— refer only
to the QCD LL effects based on these input values. Beyond O(10 GeV), the QED
contributions exceed the QCD NLL results whereas at 80.4 GeV they also become
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6.2 QED corrections in B — 7K observables

larger than the lattice uncertainty of the LL contribution. In contrast to QCD, QED
in particular evolves the zeroth Gegenbauer moment a}!, which corresponds to the
normalization in QCD of O(1) and explains the magnitude of this effect[/] The isospin
breaking effects caused by QED in (@' —u™')__ turn out to be a few permille to 1%
level.

Finally, we remark that the point-like and structure-dependent QED contributions
have opposite effects on the Gegenbauer moments. The first one diminishes and the
second one enhances the value of these objects. We still separate both effects since we
shifted the point-like limit to the ultrasoft function in Sec. [5.3] which is by definition
not contained in the non-radiative amplitude.

6.2.7 Soft functions

For the soft functions, we analyze the effects of the one-loop evolution in ([5.66[). The
phenomenological modifications are generally more complicated compared to the light
meson case. Nevertheless, some arguments of the discussion remain similar. At the
low scale 1 = po, we separate the QED effects from the QCD initial condition in the

spirit of ([5.116)|)
aem

p0(wi o) = (w5 o) + — Pyl (wi o) + Ol (6.72)

where we fix @1 (w; o) = O. Here, we again choose the exponential model with
wo = 0.3 GeV for the initial function which carries an implicit §(w) to indicate the
domain. For the gauge couplings, we set qem(p) = 1/134 and ai(pg) = 0.48. In the
present context, we evolve a; at one-loop for ny = 4 flavours and neglect threshold
effects.

We solve the RGE ([5.41)) in a similar manner to the previous section by discretizing
the domain and distributions according to . The main difference is that the soft
function support extends to the entire real axis w € [—00, 00]. We introduce an upper
and lower cutoff for w and spare out a small window around the origin that regulates
possible divergences from the distributions for w — 0. The discretization procedure
then applies to the two separate intervals [—e, —Q] and [e, Q)] for which we choose
e = 1077 and Q = 10* GeV. For each interval, we use N + 1 points logarithmically
concentrated towards the boundary at |w;| = €. In total, we obtain 2(N + 1) coupled
first-order differential equations that we solve numerically. For the case of @), = 0, the
support of the soft functions stays positive, so that we only encounter N + 1 equations
from the interval [e,§2]. As a benchmark, we recover the analytic QCD LL solution
to a precision of 0.02% when evolving from o = 1 GeV to u = 2 GeV. Since QED

0At u = 80.4 GeV, QED corrections change aj = 1 by O(1%). On the other hand, QCD NLL

effects produce an O(15%) variation on the LL result for a = 0.0657. Thus, the QED effects are
relatively enhanced.

HWe consider the QCD-only function for the initial condition since QED effects correspond to higher
order corrections compared to our accuracy.
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effects on this level are tiny, we choose the electromagnetic coupling fictitiously large
to aem = 0.5 and present the qualitative implications in Fig. for both combinations
® = (0,—) and ® = (+,—). The red dots show the imaginary part produced in the
latter scenario whereas the blue dots represent the real part in both cases. In addition,
we depict the unevolved exponential model (grey) and the QCD LL result, given in
(6-8)-

In Sec. , we derived the analytic solution and to first order in

the QED coupling. We compare this result to the numerical solution by inserting (/6. 1))
together with @) (w; yg) = 0 into these expressions. We then perform the correspond-
ing w’-integrals by applying the fundamental properties of Meijer-G functions, some of

which are presented in Appendix We find

1 a ud / < /C /
e G [—@spczm e
n

Wo Wo o Wo Ko

of e[, (Foan e (5) wrena ()}

+QSPQM2{h(x)Fa<%) - wlh(xl)F“(wa) }

+(Q% +2Qu,Qur, ) 2" F, (@) In ﬂ)

wo Ho

1 e’YE
+{—< zpmczsp@Ml)(—1n2ﬂ+1n“0_1nﬂ)

2 Ho Wo Ho

3 1
+ (Z gp + EQCZZ - iTrQ]VhQMz) In Mﬂ}Fa (i> ] 5 (673)

0 Wo

CI)E%)(W,[L) = —Mevﬂwa (@) M1+ a)l'(2+ a) U(l +a,0, —i> 2

Wo Wo

We recall that V' and a in the first-order solution are given by the QCD factors in
(5.90). In the first line, we defined the short-hand notation

z) , (6.75)

G33(5) = 3 —a(p, 1), —alp, i), —a
%) 34<—a(u,u’), —a(p, i), 1, 0

while in the last line we introduced the Tricomi confluent hypergeometric function

(1 b)

rb-1)
I'(a—0b+1)

U(a,b,z) = I(a)

A Fi(a—b+1,2—b,2)+ 1Fi(a,b,z) . (6.76)

12The result is most easily obtained by a calculation in Laplace space.
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6.2 QED corrections in B — 7K observables

—exp. model at g = 1GeV
myu=2GeV, agy =0
mu=2GeV, agy, = 0.5

Do (w; 1)

yyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyy

—exp. model at pg = 1GeV

mu=2GeV, aepn =0

» m=2GeV, aen = 0.5, Re () |
B =2GeV, qey = 0.5, Im ()

Dy (wip)

0.0 |%,
-1.0 -0.5 0.0 0.5 1.0 1.5 20 2.5
w[GeV]

Figure 6.4: Upward scale evolution of the exponential model (gray curve) for
wo = 0.3 GeV from py = 1 GeV to p = 2 GeV. The QCD-only LL solution
is represented by the black line. The upper and lower panel show
the evolution of ®g_(w;p) and P, _(w;p) respectively for aey, = 0.5. In
QCDxQED, the first-order O(aey) corrections (6.73)) and (6.74) generate
real (blue curve) and imaginary (red curve) parts. The dotted curves are
obtained from the discretization method applied to the full kernel (5.66).
Note that ®y_(w; p) does not contain imaginary contributions due to the
absence of soft rescattering.
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6. Numerical results

initial QCD (0,0) (—,0) (0, —) (+,—)
)\Egl 3.3333 2.7922 2.7918 2.8018 | 2.7900 + 0.00967 | 2.7977 + 0.00967
ozl 0 —0.2125 | —0.2129 | —0.2099 —0.2139 —0.2108

Table 6.4: Numerical results for A\5' (in GeV~!) and ;. We choose the reference scale
to be i = wpe™ 2 and wy = 0.3 GeV for the exponential model. The initial
value refers to the scale pg = 1GeV while all other values represent the
results at the high scale = 2 GeV.

In Fig.[6.4] the real and imaginary parts of the solution (6.73) and (6.74)) correspond to
the solid blue and red line respectively. We find excellent agreement to the numerical

solution, even though we considered a., = 0.5 to be large. From our analysis about
the asymptotic behaviour in (5.113]), we recall that the soft function for ® = (+, —)
becomes log-divergent in the limit w — 0. This divergence is absent in the first-order
solution above since it enters at O(a2,)).

The realistic value of the electromagnetic coupling at 1 — 2 GeV is ae, = 1/134. In
this case, we consider the evolution of the first inverse-logarithmic moments defined in
(5-74). At o =1 GeV, the moments initially take the form

M=o o) =3 () (U@ L e

W
k=0 0

with T®)(1) = 8§F(z)|z:1. In what follows, we focus on the evolution of the first
two moments Ap and ;. To this end, we set i = wpe ?E according to [47] which

implies o1(pp) = 0. From the all-order solutions ((5.100) and (5.101)), we find for the
exponential model

I'(1 @
)\él(ﬂ) :€V+27Ea¥ (@) .F(O, :LL?/J/O) , (678)
0 Wo
f mdp! O4ern<,u,)Qs Qu,
o1(n) =Ho +7p +1n— + / — — {Hiuy = Heaguyn } - (6.79)
0 Ho H

Here, a and V' denote the QED-generalized variables in (5.96). The evolution function
F is defined in (5.97). We list the numerical results for the scale evolution to p = 2
GeV in Table [6.4] Comparing these results to the discretization method, we achieve
agreement at the permille level (equivalent to the numerical error). We find that
the QED contributions maximally give rise to an 1.2% effect, which is less than the
expected contribution from the two-loop QCD evolution [167].
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Chapter 7

Conclusion

In this thesis, we investigated two different improvements to the QCD factorization
framework in exclusive particle decays. Our main goal was to increase the accuracy of
theoretical calculations in precision observables of charmless B decays. To this end, we
considered generalized correlation functions related to the radiative B — v/v decay and
derived a combined QCDxQED factorization approach for non-leptonic B — M; M,
decays with light meson final states.

In the first part, we constructed the factorization theorem for a B to vacuum ma-
trix element with space-like separated (pseudo-)scalar currents at LP in a 1/E.,- and
1/my- expansion. We included NLP contributions by expanding the QCD fields in a
soft background and derived sum rules to estimate the soft corrections. The results
contain generalized inverse-logarithmic moments of the leading- and higher-twist B-
meson LCDAs. We applied the same procedure to the transverse part of the B — ~*/v
correlator with (axial-)vector currents. A first numerical analysis shows the qualita-
tive dependence of the results on the off-shellness p? and the model parameter Ag. In
view of current perspectives for lattice QCD, we expect that these kinds of correlation
functions can be calculated in the near future. From this, we can eventually extract
more precise information about hadronic matrix elements of the B meson that enter
various observables in exclusive decays.

The second and main part of this work focused on the development of a unified
QCDxQED factorization framework in non-leptonic B decays. For the case of current-
current operators (); in the weak effective Hamiltonian, we derived a consistent fac-
torization theorem incorporating virtual QCD and QED corrections between scales of
a few times Aqcp and mp. Most notably, the formula retains the form of pure QCD
regarding the appearance of form factors and hard(-collinear) matching coefficients
convoluted with QED-generalized versions of the light and heavy meson LCDAs. To
prove factorization, we calculated the hard-scattering kernels T; at O(aaey). The
hadronic matrix elements entering the factorization formula generally become process-
dependent as they retain information on the electric charge and direction of flight of
the outgoing mesons through soft photon exchange. The light-meson LCDA, however,
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7. Conclusion

remains universal in most of its aspects. Compared to pure QCD, we find that the
normalization and the UV-fixed linear endpoint behaviour of the LCDA are modified
by QED effects. Moreover, the definition of the LCDA is not boost-invariant and re-
quires the choice of a soft reference frame. For charged 7 mesons in particular, QED
generates an asymmetric distribution due to the breaking of isospin-symmetry. On
the other hand, the heavy-meson LCDA involves soft rescattering physics and should
rather be viewed as a soft function for a specific two-body back-to-back process with
one of the four distinct charge combinations ® = {(0,0), (—,0), (0, =), (+, —)}. In the
heavy-quark limit, soft photons coupling to M, can carry an infinite amount of energy
away from the spectator quark. As a consequence, the soft function support in terms
of the momentum variable w extends over the entire real axis when M, is charged.

In presence of QED, the non-perturbative objects appearing in the factorization for-
mula contain IR divergences. To construct IR-finite observables, we included ultrasoft
photon emission with energy AE < Aqcp and calculated the ultrasoft exponentiation
factor that multiplies the non-radiative decay rate. In practice, we understand the IR
divergences of the hadronic matrix elements in the factorization theorem as minimally
[R-subtracted matching coefficients to an effective theory at scales below the validity
of the factorization formula. Above the scale mpg, we employed QED effects from the
electroweak scale within the Wilson coefficients of the weak effective theory. We solved
the evolution equations of the Wilson coefficients, light-meson LCDA, the soft and ul-
trasoft function, which resums large logarithms of different scale ratios. The analytical
results mostly refer to the resummation of QCD logarithms to all orders in the strong
coupling, while QED effects are treated in a fixed-order expansion up to O(@en). An
exception to this are the inverse-logarithmic moments of the soft functions, for which
we obtain an all-order solution in both gauge couplings, as well as the ultrasoft function
that is resummed to all orders in oy,

In the numerical analysis, we considered QED corrections to branching fractions,
CP asymmetries and hadronic functions appearing in B — 7K decays. We observe
that the individual QED corrections in almost every case are smaller than the QCD
uncertainties obtained from the experimental/lattice data. In two scenarios, we find
sizable QED corrections: For the ratio Ry, the QED contributions sum up to an O(5%)
effect, which are dominated by ultrasoft effects. When evolving the light-meson LCDA
to scales of order O(my ), we also reach percent level corrections that may become
relevant for electroweak precision observables.

The QCDxQED factorization approach has already been extended to the case of
heavy-light final states in [67]. From a conceptional point of view, it might be interest-
ing to include the remaining operators of the weak effective theory and the resumma-
tion of structure-dependent QED logarithms in future works. Finally, we note that our
framework leaves a small window around Aqcp, in which we are not able determine
QED effects perturbatively. The corresponding matching corrections can potentially
be determined from lattice calculations in the future.
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Appendix A
Renormalization in HQET xSCET

In Sec. 2.4.2] we derived the one-loop expressions for the matching coefficients C's and
Js in the factorization formula (2.78)). Based on the structure of divergences in the one-
loop results from Sec. we argued that only the respectively renormalized hard and
hard-collinear regions contribute to these coefficients. In the following, we prove this
fact by calculating the hard-collinear and soft matrix elements on the HQET xSCET
side. This finally shows how the hard-collinear and soft regions in the effective theory
are reproduced and how they cancel on both sides of the matching equation.

A.1 Jet function in SCET

We defined the scalar jet function Jg by the two matrix elements and .
Now, we calculate the expressions J; and J; in SCET at one-loop using the Feynman
rules in the effective theory, which can be derived from the leading power Lagrangian
and its subleading term . For an extensive review of SCET Feynman rules,
we refer to Appendix A of [168]. Note that the collinear Wilson lines at any loop order
can be replaced by inverse derivatives using

0 .
]
/_OO dSTlJrGC(ZU + sn+) = mn+Gc(l’) . (Al)

The computation of the function .J; involves three diagrams, depicted in Fig. [A.Tp-c.
We note that the two contributions from diagram (b) and (c) are identical. The one-
loop results are

CF 1 /ﬁ
JY0F 2y s ———In—-—1 A2
Cr/(2 2 2 > w2
JOQEw p?) =B[22 2) ——+4
1 (2B, p) 4\ €2 e+6n2EA,w—p2 6+
2 2
H 2 H
21 A3
* n2E7w—p2 2E7w—p2)’ (4.3)
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A. Renormalization in HQET xSCET

Figure A.1: One-loop contributions to the operators and (2.77). (a)-(c) con-
tribute to J; while (d)-(g) display corrections to J,. Interactions at the
edge of the fermion lines indicate the insertion of a hard-collinear Wilson
line from the field y¢ or the insertion of ﬁééz. The electromagnetic cur-

rent /2 in SCET is defined in (2.60). Diagrams (d), (e) and (g) vanish
in dimensional regularization.

JORE,w p?) = JPY2Ew, p?) . (A.4)

The 1/e divergences originate from both UV and IR and are renormalized in MS. In
total, we obtain the renormalized function by the sum of (A.2)-(A.4))

asCF ,u2 :u2 71—2
T (2B w, %) = 1 om?— " ygm— P T 7). (A5
12Ew, ) = 14 = ( Y e P 3 (A.5)

The computation of the function J; is generically more complicated due to the struc-
ture of the current jg(g/ ?) defined in . In principle, we can emit an arbitrary number
of collinear gluons from this current. At one-loop, there are four diagrams which could
contribute to the function Js, see Fig. [A.1|(d)-(g). As it turns out, only diagram (f)
has a non-vanishing contribution. For simplicity, we concentrate on this diagram only.
The Feynman rule for the subleading Lagrangian Eg/ ? in (2.64) is known to be

. nh \ 1
o (ot - 25) % (A6)

where [ denotes the momentum of the incoming soft anti-quark. The Feynman rule for

the jg/ ?) can be derived from two external quark fields with momentum £" and &

/ d4xeim<q(k’)yT{g‘c

1Dilp¢%fc - gcisz

in+

%fo}‘CI(k?»

mny D
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A.2 Soft region in HQET

ol L e e e e e X
= /d4x6ipw+ik’x—ik:c (k )( kL ¥y )kﬁ/ﬁ (k)

n+k ny k'
- eSO — kil p) | - M T (a)
nyk(nik —nip)
We conclude that the Feynman rule is given by
n4p 7ﬁ+
— —=. A8
nik(nyk —nyp) by 2 (A8)
The calculation of Fig. [A.1|(f) yields
C 2 2 2 2 p? 2F. w — p? 72
J(f)2E 2. :as Fr_ 2 _ 2 - - 1 i -2+ —
2 (2B, p 1) 47 e € DQEww —p?> €2EBw " —p? + 6
2 2 2 2 2
— In? a + L1 a -2 ) (A.9)
2Ew—p?* 2BEw  2Ew-p* 2Ew —p?
Hence, the renormalized jet function is
a,Cr 2 2
Jo(2E w, p%; 1) = ) DAL M S
2 2 2 2
p 2 H p 2 M
1 — 1 . A.10
+ 2E.w t 2E.w—p* 2Bw 1 —pQ) ( )

In sum, J; and Js reproduce the hard-collinear region of the full theory and in particular
the hard-collinear matching coefficient Jg in ([2.84)).

A.2 Soft region in HQET

To complete the QCD — QET xSCET matching, it remains to show that the soft region
is reproduced on both sides of the matching equation by calculating the matrix element
2.69 at NLO. There are three diagrams shown in Fig]A.2]in the effective theory. The
Feynman rule for the soft operator is derived similarly to (A.7). For the two-particle
case, it is only proportional to #t_750(w — w'). For the three-particle case, we obtain

(5@ W) = S(w—w n_kz)) "oy (A.11)

where k denotes the momentum of the incoming/outgoing gluon from the finite distance
Wilson line [tn_,0]. Using the HQET Feynman rule for the heavy quark propagator,
we obtain the contributions from the three diagrams

1) e 2~ o dk (§(w—n_l)—6(w—n_l+n_k))
S = ~2igiCru(l)_su(v) j / (2r)d " [k2 + i0)[2vk + i0][n_k — i0]
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A. Renormalization in HQET xSCET

> o F

(a) (b) (c)

Figure A.2: NLO diagrams for the operator defined in (2.69)). The double fermion
line represents the heavy quark field. The finite distance Wilson line is
denoted by the black square.

asCp _ O(w—n_l) 47 ‘
= o()ph_ysu(v)2T (€) T <(n_l —w)2) : (A.12)
S = —2ig2Crv(1)h_vsu(v)
e [ A% (n_k—n_0)(0(w—n_l)—d(w-—n_l+n_k))
“H / (2m)d &2 1 i0][(k — ) T 20] n_k — i0]
OéSOF7 AT ¢ )F(Q — 6)
= o(D)h_ysu(v ( a ) 21 (e { T2 =20 d(w —n_l)
wl(n_l —w) [ w
* n_l(n_l —w) (n_l n_l2) } ’ (A.13)
d'k o(1)pkrh_vsu(v)

(A.14)

SUe) — 2zgSCp/(

In order to compare the soft matrix element to the soft region from ([2.25)), (2.26]) and
(2.27), we integrate the results together with the tree-level jet function. We observe

that each diagram (A.12)—(A.14)) separately reproduces the soft region in (2.25)—(2.27]).
In total, we obtain

2m)* (k2 +i0)[(k + )2+ i0]2v - k 4+ 2v - 1 4+40] ’

T = / [ — O (A.15)
® 0o w—n_p—10

We conclude that the soft region in the full theory exactly corresponds to the soft
matrix element in the effective theory and hence cancels on both sides of the matching
equation.
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Appendix B
Twist expansion in QCD

Factorization theorems and NLP effects in exclusive B decays as discussed in Chapter 2]
and [3| involve hadronic matrix elements of heavy-to-light operators on or near the
light-cone 22 — 0. In pure QCD, the counting of the corresponding operators can be
conveniently organised in terms of conformal (geometric) twist [148]|. This allows in
particular for a systematic parametrization of the bi- and trilocal operators

Gs(x)Chy(0) , Gs(1) G (22)T7 1y (0) - (B.1)

To this end, one constructs the conformal spin and twist for each light field of the
operator defined by

1
j=5+s),  t=i-s, (B.2)

where [ refers to the canonical mass-dimension of the field and s to its spin projection
on the light—coneE] We present a list for some field projections in Table . The total
twist of an operator is defined by the sum of the light field twist plus one, following
the convention in [124]. To give an example, the operator

(0]gs(zin-)h_G 1y (22n-)hy(0)| B) = 2Fp (1) ®3(21, 22) (B.3)

with G|+ = v/n” G, contributes in total at twist-3. The conformal spin of the light
fields dictates the behaviour of the LCDA for small arguments in momentum space
according to f(w;) ~ w¥i~1. Since the quark field has conformal spin j = 1 while the
gluon field strength has j = 3/2, we find ¢3(wy,ws) ~ wiw?. In the same way, the
remaining operators are constructed up to a given twist counting. We refrain from
giving the precise operator definitions but summarize the endpoint behaviour of each
function in the main text. For the two-particle LCDAs, we find

Srw) ~w, bW~ g~ (W)~ w. (B.4)

!More precisely, s is defined to be the eigenvalue of the operator ¥, _ = n" n4 ¥, where the spin
operator acts on the quark and gluon field as ¥, ¢ = i0,, /4, with c" = i[y*,7"]/2 and £,,Gx =

(gl/)\Gp, - gu/\Gu)/Q-
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. Twist expansion in QCD

Fields b Gt Gy G._/GL. G
l 3/2 2
s 1/2 —1/2 1 0 ~1
¢ 1 2 1 2

2j — 1 1 0 2 1

Table B.1: Values of the canonical dimension [, the light-cone spin projection s and
twist ¢ for the light fields of bi- and trilocal heavy-to-light operators. The
conformal spin j dictates the small w-behaviour of the LCDAs in the light
quark field argument f(w) ~ w? 1.

For the three-particle LCDAs, we have

2

¢4(W1,W2) ~ W?WQ s &4(&)1,&]2) ~ Wiy . (B5)

At LP in the heavy-quark expansion, we only expect the leading twist-2 amplitude
¢+ to contribute in physical processes. However, with increasing power of A, the
higher-twist LCDAs above generally appear in subleading terms. In fact, we observe
that lower-twist amplitudes also enter in NLP corrections, which is a general feature
of the twist expansion [169,170]. In the physical picture, the meson can be viewed as a
multi-parton state, in which these different contributions are related by the equations of
motions in QCD. For our purposes, we summarize some of the implications in Sec. [B.2]

¢4(w1,w2) ~ WiWs ,

B.1 Fourier integrals

In Chapter [3], we perform several Fourier integrals from position to momentum space,
for which we require some general identities. For p? < 0, we have most generally in d

dimensions that
iz I'(¢—n) [ 4 el
d? e v ) B.

/ o (—z2 +1i0)" v I'(n) (—p2> (B.6)

Taking suitable derivatives, we find explicitly

d
2

ipT 8 4 2
/ g€ tray = — (4prpp = P°95)
( r(—1)

22 4 Z-O)g—1 b
ipe 647
/ddx c — ) = d_mp_;\ : (B.7)
T N (R
For d = 4, we perform the Fourier transformation according to
ipx A ipx 2 A
/ Q2 — o2t / diz g = T (e PP
4 P2 o 2 2
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B.2 Wandzura-Wilczek relations

ipT A ipr 4 2
/d4xe o =82l /d4:p6 =Tt (B.8)

22 pt’
We furthermore require
00 ei(p—wv)x 0o (p _ wv)/\ w
dw ¢(w /d4:1:—93’\ :87r22'/ dw—/ dw'¢(w') | B.9
| st [y o Mlp—wp fy WO (B

which we obtain after integrating by parts. Note that the boundary term vanishes
since the exponential factor e =) inherits the i0-prescription from the analytic
structure of the LCDAs.

B.2 Wandzura-Wilczek relations

Under the assumption that we can neglect four-particle contributions like }(jbgg> or
|cjbch>, the equations of motion for the light fields impose connections between LCDAs
of different twist, also known as Wandzura-Wilczek (WW) relations [171]. For the two-
particle LCDA ¢_, this implies a decomposition of the form ¢_ = ¢WW 4 ¢'3, where
the WW part can be written as

@) = [T ), (5.10)

which provides a solution to the equation of motion in the absence of the three-particle
content while ¢ represents the remaining twist-3 corrections [83]. The same separation

applies to gy = g\ + gf+t4, even though it is less relevant in our context. A simple
application of (B.10]) yields
| alor - o)) = [ o) - wo™ ). (B.11)
0 0

This combination typically appears under the integral

~ 2Fdw [¥ L 2B p?
[ i [ oot == [ aom (B oo

9] 2 2 0 2
p P dw 2FE. w —p

where we stripped of constant factors in the first term since [¢; — ¢_] and therefore
@' are normalized to zero in the tree-level approximation according to .

The relations between two- and three-particle LCDAs in position space can be found
in [47,/124]. For our purposes, we list some relevant equations in momentum space.
The two-particle LCDA ¢, can be related to ¢, via

> 494 (w) /°° 2E dw -
AF? dyw——"—"—— = — = (A — B.13
2] g = | g - @) (B.13)
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B. Twist expansion in QCD

> 2E,dw R ,
_/o myﬁ/o dw'[¢+ — -](w')

2U77Z)4 w1 (,OQ)
— 4E? d d d i .
/ wl/ w2/ Y (2E, (w1 + uwy) — p?)?

We note that the sum of the LCDAs [¢4 + 12;4] is purely twist-4 whereas the difference
[1g — 14]"3 7™ contains both twist-3 and twist-4 terms. The latter twist-3 contribution
can be expressed in terms of ¢% as

2 ¢4 — ¢4]t3(wlvw2) _ [ < _ p_2> t3
4F / dwl/ sz/ B (o + wn) — p2P? —/O doln [ w 2, o= (w) .
(B.14)

For the twist-4 part, we find

Vo / dun / dws / du w4_¢4]t4(“1’“2> (B.15)

S(wr + uws) — p?)?

[ ¢WW@@+-%/dew%+@ﬂ-F?/wmdﬁi—WU¢NW3)

2B w — p? dw 0 0

—4E2/ dwl/ dwz/ du( [th + P) (w1, w2) n [th + Pa) (w1, w2) )

S(wr +uws) —p?)? (2B, (uwy 4+ wp) — p?)?

In the case of scalar currents, the subleading terms additionally contain a dependence
on the LCDAs ¢3 and ¢4. These functions fulfill respectively

o [ [ [ S
*© 2FE.d
:/0 R J_w 2 (W’—(‘*’) +/0 dw'py — ¢>—](W’)) : (B.16)
u¢4 + 204] (wl, (,UQ)
4E2/ dwl/ de/ B (w1 + uws) — p2)?

:Amﬂg%ﬁgQﬂ—w¢mw—ﬁﬂm%+—¢KMQ. (B.17)
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Appendix C

Diagrammatic results for B — MM, decays

C.1 \Vertex corrections

The hard matching coefficients of Sec. [4.4] are computed from the hard region of the
diagrams depicted in Fig. 4.2l We presented the results of the right insertion for
diagram (a) in . In the following, we complete the list for the wrong insertion
and the remaining diagrams [1.2(b)-(e). We have

11 1 12 2
W(la):thQu = = _ 294 4 C.1
b N, cuv €2 € * og u?m% 12 og”u (C.1)
23 2 2 iy \ | ~
+ ulogu—l—ZlogulogM_Z—logu_Q_—log2 " —|—2L12< u))(OI)
mp my 2 m% u

For the second diagram, we find

4 1 1 2 72 2
= QuQa ——+—+— 2+ln_'u2 —3+——|—ln u——lnu
e e u?m 12

—21n711n'u—2—21 —+11 2—2—2L12 (—5>><OI) 5 <5I>}, (C.2)

mp m%L 2 m% deyy

ap)  QuQa 4 1 1 %
W, = — ot st 2+1 +——|—1 ——1 :
h N, { ( oy | € " u*m3 -0 2 u e (C3)

2

H 2 . u Al I

Comal X ol o (-2)

n nt nt—i- mZB s )((’)) 4€UV<5)}
For the third diagram, we have

4 2 2 p i ) I

:quQq2{(———|— 2—|— (2+1H_um2)+1—g+1n “am <O>

€Euv €

>en}. (C.4)

4EUV
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C. Diagrammatic results for B — M; M, decays

4 2 9 2 ? * \ip
W}Slc) _ th QQZ _ +—=—4+—-(2+1n H 5 —1- 7T_ + 1I12 a b) <OI>
N, cov € € —ump 0 —Us

F @ (€5)

The fourth diagram yields

1 2 2 2 2 2
Rflld)—QuQ@{( ——2—‘(2+1n flz>—6+7r__3ln —

v € € —ums% 6 —umgpg
2 2
% 1 aQu 3 I
— In2 & C.6
" —ung)< '+ 4m 4€UV< >}’ o
. 1 2 2 2 ’ ’
W}Eld)_Q]\?QQ(E __2__(2_111_:“2)_84_?—311&_'“2
c uv € € ump ump
2
2 oL C.7
. —ﬂmQB)< ) 7

The fifth’s diagram yields

111 2 ’ TN
Rﬁle) :Qqu2(_____ (24—111”—) _4_7T__1n’u_2__1n2’u_)<(91>7
€UV m

For the wrong insertion, we additionally defined the matrix elements

(O") = [alkg Vi (1 = 75)ulo)][@(key )y 1u(1 = 75)v(ka)] (C.10)

(") = [k )V (1 = v5)u(po))[a(kgy ) VLYo yia (1 — v5)v(ka)] - (C.11)

Comparing right and wrong insertion, the result proportional to the Fierz equivalent
operators O! and O! only differs by a constant. We remark that the last contribution
of diagram [£.2{(e) is often referred to as “non-factorizable” since the results cancel with
the corresponding renormalization of the full QCDxQED form factor.

C.2 Photon polarization and spectator scattering

According to the discussion in Sec. the spectator scattering kernels HiI " receive
contributions from the first three diagrams S;—S3 that correspond to Fig. (a)f(c)
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C.2 Photon polarization and spectator scattering

q1 U q1 U q1 U q1 U
b q2 b q2 b q2 b q2
s s s s s s s ds
(a) (b) (c) (d)
q1 U q1 U
O! O!

b q2 b q2

[ /L

s s s ds

) (i) (i)

Figure C.1: Spectator scattering at tree-level in the QCDxQED (first line) compared
to HQET xSCET] (second line).

respectively. In the matching calculation, we assumed the photon to be transversely
polarized. In a more precise treatment, the cancellation between different polariza-
tions ensures the absence of endpoint divergences in the factorization formula (4.70)).
The longitudinal polarization states are in fact entirely contained in the time-ordered
products of the operator O' in SCET}.

To prove these statements, we calculate the full theory and EFT diagrams in Fig. [C.]]
using the LCDA projector method [37,48|. The method simplifies the computation in
terms of hadronic matrix elements since it projects the on-shell spinors directly onto
the light- and heavy-meson LCDAs. From the EFT viewpoint, this corresponds to a
simultaneous elimination of hard and hard-collinear scales and thus a straightforward
matching onto SCETy;. In what follows, we neglect the three-particle LCDAs in the
Wandzura-Wilcek approximation and only include two-particle contributions up to
twist-3. The B-meson projector generalizes and acts on the partonic amplitude
with stripped off spinor (colour) indices S (ba). We have [83]

_ifpmp da
4 N,

B
M(Xﬁ -

1?{&@) hy + 02 ()

= [ (8 - 62 w) w%}%] S )
0 1 of

For the case of light pseudoscalar mesons, we apply the projector [15§]

ML, = % % [ﬁ% op(x)
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C. Diagrammatic results for B — M; M, decays

w=vo A

s (¢p(x) o, 7; .pﬁ %T(:U) i %T(x) %)] . (Ca13)
where p denotes the total momentum of the meson and the spatial components of the
light-like vector p are aligned in the opposite direction of p. For both kinds of projectors,
the transverse derivatives are taken with respect to the quark momenta parametrized
by , with the refinement k, | = —kz1 = ki for light mesons. Note that the
definition of the LCDAs in and refers to their QCD-only expressions.
For simplicity, we omit the QED generalization in this context, which would yield
equivalent results. Moreover, we include the light and heavy LCDAs up to twist-3 to
track the endpoint-divergent convolutions. These terms involve in particular ¢_, ¢,
and ¢, and appear at LP in the heavy-to-light form factors in [83|. The convolutions
arise more precisely form time-ordered products with O' which is not matched further

onto SCET; as mentioned above.
We separate the polarization states of the hard-collinear photon in Fig. [C.1|by decom-
posing the metric tensor according to g"* = (nf{n” +n"n’)/2 + ¢/" into longitudinal
and transverse components. At LP, we obtain for diagrams (a) — (d) in Feynman gauge

(@) = —QuQsp (772, (w™) . (@1 =0,

Q)P = QuQo (172, (), Q)Y =QuQu (57, (a7, (07,
<Q2>|(IC) = QdQsp <@_2>M1 <w—1>_ 7 <Q2>Si3) :QdQsp <2—)—1>M1 <w—1>+ 7

<Q2>|(|d) = QuQsp% <T)_2>al <w_2>+ )

(@) = QuQu (1), (wh)_+ QuQsp% (o), (W), . (C14)

We used Q,, = Q4 and Q, = @, for the general case ® = (+,—) in which the
spectator quark charge is ), = ()4 and normalized the results by subtracting the
factor of N' = iwafar, far, fsms/N.. The angle brackets define the convolutions

= [ wros), @ [ el (©15)

In total, all contributions in are summed to obtain the left-hand side of the
matching equation (4.84)).

From the RG evolution of the different LCDAs we conclude that the convolutions
(07%) 4 (072),, (w™?),, (w')_ are endpoint-divergent. We observe that diagrams
(a) — (c) are individually ill-defined only when the photon is longitudinally polarized.
For diagram d), both polarizations lead to divergent convolutions. In QCD-only, the
spectator scattering diagrams (c) and (d) enter the B — M form factor while (a) and
(b) cancel amongst each other. This differs to QED since longitudinal terms of (a) and
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C.2 Photon polarization and spectator scattering

(b) sum up to a divergent contribution proportional to @y, = Q, — Qq, which naively
would spoil factorization. However, as we show in the following, this term originates
from the hard-collinear Wilson line in O' that connects to the spectator quark and
cancels in the matching equation.

We verify the cancellation by calculating the SCET| matrix elements on the right-
hand side of the matching equation (4.84). For O, this involves the computation of
diagrams (i) and (ii) in Fig. and for O™ the corresponding diagram (iii). Using
the same methods as above, we find

2m
= NQuQu o) () _ (7 407 + 550 (07072), (072), ]

Oy = [ &0 (€10

<(5I,I7(u,v)) = gj ;1; —i(ut+(1-v)3) <O£I’Y( )) N =52 QSP ¢M1( ) ¢M2 < _1>

We implicitly used Hy _(u) = 1 + O(a, te) that can be inferred from the matching
of four-point matrix elements of O'. The second line exactly reproduces the divergent
contributions we obtained in ((C.14]). Hence, all endpoint-divergent convolutions are
part of the form factor CBMI. From the last line of - we recover the matching

coefficient ( -

2Qy
H2Y () = 2

(C.17)

which we already found from the matching in (4.84) assuming only transverse photon
polarizations. The precise combinations between the full-theory and SCET diagrams
are given by

@I = [ @'y,
0

Q)" +(Q) = [ du ()0 (w) ™,

0

1
<@WHW@=/dww@wmwwmme% (C.18)

0

which finally justifies to consider only transversely polarized photons in the derivation
of H;fz (u,v).
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Appendix D

Relations for distribution amplitudes

D.1 Dispersive integrals

The dispersive treatment for the soft form factor in (3.46) requires the calculation of
imaginary parts from the QCD factorization results. In the simplest case, the imaginary
part is picked up from the hard-collinear propagator

1

Im——————— = md(w — ' D.1
which follows from the Sokhotksi-Plemelj theorem involving the principal value for the
real part. For higher integer powers 1/(w — w’ — i0)" we generally integrate by parts
to reduce the expression to (D.1]). For non-integer powers or logarithmic corrections,

we rewrite

1 r_ d 1 —w—1
— In" ! d - d = ——In" u (D.2)
w—w —10 w dwn w
d 1 W —w w—w . "
=3 (G(w' —w)ln ——* Ow — ') (111 ——+ ZW) )

and again integrate by parts. For the NLO corrections of the LP factorization formula

in (2.78)) and (3.49)) to the soft form factor, we use the following identities

Im [ dw u?

i In? .
7r /0 W—w —i0 QEW(w—w’)(bJr(w"u)
2

/

2 w /I d
Ao Wi 2l [ e o i)
0

2B, 2B dw
2 w’ /
T , oW —w d
- — ; dwl — ; D.3
3 ¢+(w aM) + /0 w in W' dw¢+(wa M) ) ( )
Im [ dw Woow—w 2
— B | 1 ' )
0 /0 bW 0w W ( HZE,Yw/+Z7T)¢+(w’M>
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D. Relations for distribution amplitudes

2 [e8) ! / 2
L w—w dw 7 ,
— 1 dwl LY (i) — =, (o
1 W—-—wd W L[> w—w dw
— = | dwln? ——¢(wip)— = [ dwln? — = ¢ (w; D.4
2/0 ot 2 i) =5 [ o G ), (D)
Im [ dw woow—w u? w—w
— adl 1 ~1 :
T Jo w—w—-ilw P <H2E7w’ P >¢+(w,u)

w o d o' 0o — ' d o
- —/ dwin? P — 2 22 () + —/ doln® “ =2 226 (i), (D.5)
0 w

, W dw w

w—w dJ
o | ) = — [ dwl LY (). (D6
2w e / oL () (D)

Note that the logarithm in the first line of the third equation corresponds to the term
Inp?/2E. (w — W) appearing in the jet functions (2.84]) and (3.51).

D.2 Distributions in w

For the self-consistent treatment of the soft function RGE, it appeared natural to
introduce the plus-distributions and in the variable w’. To obtain the
evolution equations for the first inverse-logarithmic moments and , we
conveniently consider the distributions to act in the variable w instead. Here, we
present the corresponding alternative results from Sec. for the distributions and
the anomalous dimension.

The fundamental linear combinations of w’-distributions are displayed in . To
let these distributions act in w, we define analogous plus-distributions

[l 950 = [ ol 0w - )

—00 o0

/_OO dol.. %) f(w) = /_OO dwl. .. ](f(w) = 6(£w) f()) . (D.7)

By integrating against test functions [ dwdw'¢(w)i(w’), we find the relations:

0(w)w’ {% = 0(w') { il e,
0(—w) {% - 0(—w')w B((c:’/:z))} <:> N 0(;%9550,) 7
oo [ SE=0] oo [P
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D.2 Distributions in w

woon[ S]]
=] v =] -1
e R = =

The terms proportional to §(—w)f(w’) or 6(w)f(—w’) disappear after taking the linear
combinations according to (5.61) so that every diagram of Fig. and consequently
the anomalous dimension can entirely be written in terms of the w-distributions in
(oK)

Using 7 we obtain the anomalous dimension equivalent to ([5.66)

I (w,w') = asCr { <ln a 1) 0w —w') — H (w, ')

T w—i0 2
4 Qlem ( 2 + 2Qs QM )hl % . §Q2 . 1@2 (D9>
T s Pty —i0 4 9

+im(Qep + @MJ@MQ) 0w — ') = QupQuHY (W, ) + QupQurr, H (w, ") |

but with the distributions in w as can be indicated by the replacement H — H®).
Equivalently to (5.62)), we define

Hj([w) (w, ) = 9(iw’)F5(<)(w,w') + G(IFw')Gj(>)(w,w’) , (D.10)

where the F' and G distributions that mimic (5.61]) in w are given by

F (o) = w %}”w LGJ((CZ—:Z))]() |
sti) = [N o= o). o

Note that the superscript > (<) indicates the support w’ > 0 (W' < 0) respectively.
In contrast to the F'~ and F'< distributions in «’, the distributions G and G cause
the mixing between different support regimes in this representation. We thus obtain

161



D. Relations for distribution amplitudes

D.10) by sending 0(+tw)F>(<) — 9(iw’)F5(<) and 0(+w)G><) — G(j:w’)GiK) in
@. This implies furthermore that the results in f for the explicit charge
four charge cases can be inferred from the replacement F° — F,, and G — G,,. Then
for @z, # 0, the subscripts > and < on the anomalous dimension separate w’ > 0 and
w' < 0, contrary to (5.69)).

D.3 Distributions acting on pure powers

In Sec. , we translate the evolution equation to Laplace space in order to find
analytic solutions thereafter. There are two ways to obtain the form of the RGEs in
Laplace space using the transformation . In the first approach, we integrate the
RGE by [ % (£)7 and therefore use the representation in terms of w-distributions. The
second way uses distributions in w’ that affect factors (£;)~"7 that enter by expressing
the soft function directly in terms of its Laplace transform for w’ > 0 and W’ < 0
respectively. Both strategies lead to the same final results. However, the intermediate
steps differ by the outcome of the distributions when they act on pure powers. For

distributions in w, we have

o) [ (S )”F5<<><w,w'>=e<iw'>(“i"°)n<—ﬂn—ﬂn>,

oo W — 10 \w — 10 w' — 10

o) [~ () @) = o) )y ). o)

o W — 120 \w — 10 w' —10

where —1 < Re(n) < 1. Note that we implemented H, — H_;_, + m cot(mn) = 0, which
altogether yields

/oo & < : )nHiw)<WaW')=(‘”iM(—Hn—H_n). (D.13)

oo W — 10 \w —10 w' —10

Hence, the difference HJ(rw) — HY integrated against pure powers vanishes, which gen-
eralizes and . In fact, we recover the latter two equations by taking the
n-derivative in and setting n — 0. As an equivalent observation, we state that
F> —GZ and G5 — F vanish for the two respective support regimes w’ > 0 and w’ < 0.

For the separate transformations that enter with factors of (£-)" for w < 0, we

consider the combined expressions for the distributions G,, which yield

|2 o (B) + o) (L2 ) ozanezOww)

o W w —w
0(£w’ K ,
=B () (o~ Hoacy = Tl ) F i),

(D.14)
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D.3 Distributions acting on pure powers

that converges in the strip —1 < Re(n) < 0. The term the F-distributions in (D.12])
remains equivalent and is therefore not listed. To complete our summary, we present
the analogous results for the distributions in w’, that are given by

[ o (2" ot (25) ot

0o —W

= 0(tw)
_>—77 +6(—w)

—Ww

P
8
Q.
E\
=
E\
N
&=

(ﬁ) (—Hy— H_y+ T(=n)T(1+ 7)), (D.15)
(L) Jocrcm o)

— f(+w) ﬁ>_ (—H_, — H_,_, Fin) . (D.16)
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Appendix E
Asymptotic behaviour of hadronic functions

In QCD-only, the asymptotic behaviour of LCDAs can be inferred from conformal
symmetry at the critical point of the QCD g function. For the B-LCDA, we explic-
itly made use of the implications in Appendix [B] However, once QED gets involved,
we cannot rely on these arguments anymore as we already discussed in Sec. [5.1.1} In
that case, we need to study the evolution equations of the hadronic objects analyti-
cally and develop different solution strategies. Throughout Chapter [5 we performed
Mellin/Laplace transformations to extract the analytic structure of the RGEs and their
solutions. Most notably, we found that the asymptotic behaviour for the light meson
LCDA and the soft functions receive logarithmic modifications near the “endpoints”
u,u =0 and w = 0, w — F00 respectively.

We derived these modifications for the first time in in the case of scale-
independent strong and electromagnetic couplings. In the following sections, we provide
more details on the derivation of these results and in particular show that the analysis
even applies when the one-loop running for the gauge couplings as(p) and aem () is
included. For the light meson LCDA, we first consider the inverse Mellin transform in
QCD-only to illustrate the strategy of the derivation. For the soft function, we present
additional special cases in which we can solve the RGE analytically to all orders in
both couplings.

E.1 Inverse Mellin transform in QCD

Before turning to the solution in QCD-only, we begin with some general remarks: The
central result of Sec. shows that the light meson LCDA for u — 0 approaches its
asymptotic form @y (u; p) ~ u(—Inu)?, where the logarithm gets exponentiated with
the non-integer power p = e @y Qa1 /(sCr + AemQqy (Qqy, — @ar)). We obtained this
expression from the soft approximation of the evolution kernel in and stated
that the collinear region of the RGE does not alter this result even with an initial
condition of the form @,/ (u;u) ~ u® and b = 1, for which the soft region diverges in
the UV. To this end, we recall that the method of regions relies on the expansion of
the integrand irrespective of the fact whether the individual separation converges or
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E. Asymptotic behaviour of hadronic functions

not. In consequence, we introduce an upper cut-off A ~ O(1) for the initial function
s (u; pio) = O(A —u)ub that regulates the UV divergence in the soft region and cancels
after the collinear approximation has been added to the result. Since the latter may
only supply subleading logarithms In u, we conclude that the soft approximation already
determines the complete asymptotic behaviour for small u. For this particular initial
condition, the computation of the small-u behaviour becomes simple since the Mellin
transform corresponds to a simple pole at n = b given by
P AT E
: = ) 1

Note that the Mellin transform converges for Re(n) < b and hence we choose ¢ < b
for the integration contour of the inverse transformation. We remark that the choice
captures all important implications for the asymptotic behaviour and can be used
without loss of generality.

Now for QCD-only, the above discussion implies that the Mellin space solution for
the soft approximation (5.14) including becomes

C+i°°ﬁ<u>n r1—nl(1+n+a) 1

1) = Abe e2ve=3/2)a / u .
Pualuip) = A DL+ )T =y —a) by—n

c—100

E.2
X (B:2)
We defined the QCD evolution variable a in (5.15) and b, = b — a(u, po), where the
renormalization-scale dependence has been neglected. The integrand of (E.2|) is an
analytic function in the complex n-plane, except for the points where the numerator
Gamma functions and the initial condition is singular. More precisely, there are two

21

strings of poles that are associated to the Gamma functions with n = —1 —a —n
and 7 = 1 + n extending to the left and right respectively for non-negative integers
n=20,1,2,.... The single pole of the initial condition is located at n = b,. For u — 0,

we assume u < A so that the factor (u/A)" provides an exponential suppression for
the integrand in the limit Re(n) — oo. We can then deform the integration contour
¢t 00 to a curve enclosing the poles in the right-half plane with respect to ¢. Due to the
asymptotic behaviour of the Gamma functions for Re(n) — —oo, the contour parameter
c must be chosen in the strip —1 — a < ¢ < min(1,b,), which constrains b > —1 and
a > —2 that avoids an overlap between the two sets of Gamma function polesH From
the analyticity, we thus conclude that the contour can be further divided into small
circles enclosing the poles at n = b,,, 1 +n in mathematically negative direction. Hence,
the integral in evaluates to the sum of all residues corresponding to these poles.
The leading contribution in the limit v — 0 is given by the left-most pole with respect
to Re(n) > ¢. We find

SN L (27E—3/2)a A by _ uNTT(1=pl(l+n+a) 1
dutsg) = et 52 me| (3 G e 5

n=by,14+n

LAt unrealistically high scales, we eventually encounter a > —2. In this scenario, we divide the
evolution into smaller steps and glue the solutions together in order to obtain an analytic continuation
for the entire scale domain.
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E.2 Inverse Mellin transform in QCDxQED

2v5—3/2)a I'(1+0)I'(1 = b,) " A1 T(2+a) 2
= ¢ /2 (F(l—b)f‘(1+bu) ub + by —1 T(—a) u+ O(u )) . (E.3)

Note that the former term does not depend on the UV regulator A, which can be
anticipated since it yields the asymptotic behaviour for b, < 1 for which the collinear
region does not contribute. In this case, the small-u behaviour is entirely dictated
by the pole of the initial condition at py. For b, — 1, the regulator A cancels after
adding the previously suppressed collinear region and the result collapses to a
finite constant multiplied with u, reflecting the linear endpoint behaviour.

Finally, we summarize that the endpoint behaviour for u — 0 is determined by the
exponent b,. When the exponent is smaller or larger than one, the solution becomes
proportional to u% or linear, respectively. In QCD-only, the evolution variable a < 0
is negative such that b, always tends to the linear solution. The same arguments apply
for the soft approximation in the limit © — 1, which matches the asymptotic form
o (u; p — 00) — 6uu found by conformal symmetry.

E.2 Inverse Mellin transform in QCDxQED

For the general analysis in QCD xQED, we now prove how the inverse transformations
generates the logarithmic modifications of Inu for the light meson LCDA in ([5.26]).
The derivation directly carries over to the soft functions for which we omit the detailed
derivation in the following sections. We separate our discussion into two different
cases with respect to the evolution below and above the critical scale . The
phenomenologically relevant case is p < p. whereas o > . entails only conceptually
interesting corrections. We focus on the former, for which py < p < p. and the
evolution variable a(u, po) < 0 is strictly negative. For the QED-generalized solution
of the soft region in Mellin space together with the initial condition (E.1)), we
have

CI:)M(”- N) — 62’yEa—3(z/2 ( )F(l +n+ a) Abu—n
| TA+mI(1—n—a)b,—n
: d:u aem(M/)Q QM
o {_/ ' m - <Hn+a(“#') - H—n—a(mu’)) : (E.4)
#o

Here, the definition of b, = b—a contains the QCD x QED evolution variable ([5.20)). The
evaluation of the inverse transformation of becomes more difficult in the present
context due to the non-trivial analytical structure of the exponential containing an
additional integration over harmonic numbers in the second line. For negative integers,
the harmonic numbers acquire simple pole and thus the p’ integration generates branch
cuts along the real n-axis. We recall that for QCD-only, the contour parameters must
lie in the strip —1 — a < ¢ < min(1,b,) that divides the non-analytic poles and cuts
into strings extending to the left and right, where H,_ 4, /) and H_,_4(, ) contribute
to each region respectively. The asymptotic expansion H, ~ Inn for || — oo justifies
that we can shift the contour to encircle the discontinuities on the right-hand side of
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E. Asymptotic behaviour of hadronic functions

Re(n) = ¢ in the small-u limit as in QCD. In complete analogy, the left-most pole
or cut for Re(n) > c yields the dominant contribution to the asymptotic expansion
of ®pr(u;p). As long as b, < 1, the residue for n = b, defines the leading term and
thus the LCDA at y is proportional to u®. For b, = 1 or better b = lﬂ the structure
of the harmonic numbers becomes relevant. More precisely, the exponential factor
in develops a branch point for n — 1 through the simple pole of H_,_ 4.,/ =
—1/(1—=n—a(u, p')) +. .. The omitted terms correspond to regular terms and poles/cuts
advancing further to the right. We thus expand the ' integral according to

_/‘u d_,u’ Oéem(:u/)Q(hQMH () = /,u d_,u’/ aem(:u/)@(hQM 1
o M ™ s o M ™ 1 —n—a(p, )

+ regular terms and poles/cuts to the right . (E.5)

The domain of i corresponds to the interval [a, 0] for the evolution variable a(u, '),
where a = a(u, pip) < 0, and hence the entire branch cut in the left-most term acquires
a finite length from n =1 to n = 1 — a. In general, the exponential of generates
cuts along the intervals [14n, 1 — a+ n| for non-negative integers n = 0, 1,2, .... Since
the left-most part for n — 1 dominates the asymptotic behaviour, which corresponds
to i’ — u, we further expand the integrand denominator in to

s (L) CF + dem (1) Qg (Qgy — Q) 2 + (E.6)
. R .

a(p, 1) = —

Note that we also expanded Qe (1t') = Qem () up to logarithmic corrections from the
QED running. Altogether, the integration inside the exponential boils down to

td ! em ! 1
_/ _/f Otem (1) Qg @t H_\yagupy = p(i)In :
) 1% ™ -7
+ regular terms and poles/cuts further to the right, (E.7)

which formally equals to the scale-independent result in the first term but with one-
loop dependence p() = Aem (1) Qq, @ /(s (1) Cp + Qom (1) Qg (Qg, — @ar)). Note that
for 1 < fic, the exponent p(u) > 0 is strictly positive. In addition to (E.7)), the Laurent
expansion I'(1 — 1) contributes with another singular term in (E.4). The remaining
terms do not affect the endpoint behaviour for u — 1. Hence, we absorb these terms
into a dimensionless constant x and find for the inverse Mellin transform

. dn 1 1+p(p) )
Dpy(usp) = — (| —— (@) : E.8
i = [ S (1) 4 o) (B.5)
Based on [172], the choice of the contour C' that encircles the discontinuity for Re(n) > 1
requires a “careful” decomposition. We divide the contour into a small circle C, around
1n = 1 and two straight lines C.,; along the real axis, with a small positive and negative

2The initial condition for b = 1 below s, reflects a stable point of the evolution equation.
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E.3 Soft function for @)y, =0

imaginary part. More precisely, we parametrize the circle of radius € by n = 1 + e’
with ¢ € (2m,0) and the straight lines by a linear function from 1 + ¢ to oo and vice
versa. For these separate contributions, we obtain

. < dn : 1\ u(—Inwu)?
Pleut (y; 1) = 5/ —u" dlSC{ (—) =K ['(=p,—elnu),
A (154 14e 2mi 1—1n I(1+p)(=p) ( )

o0

u(—Inwu)?

(=1)"(—elnu)™?
I'(1+p)I'(=p) '

HCs (s 1) —

(E.9)

n=0

In the above, we defined the discontinuity of a function f as disc(f(n)) = f(n +1i0) —
f(n—1i0) and I'(—p, —e Inu) as the incomplete gamma function

(=1)"(—elnu)™?
nlln—p)

I'(—=p,—elnu) =I'(-p) - i

n=0

(E.10)

Note that the first n < p terms with p(u) > 0 diverge for ¢ — 0 due to €""P. However,
these terms cancel in the sum of both results in (E.9|) so that we ultimately find

K

— (= Inu)P® u?).
T+ po "I O

(E.11)

Par(us 1) = DT (s 1) + O (us ) + O(u®) =

Finally, this result proves our claim for running couplings in QCDxQED.

Lastly, we remark that the above analysis differs for a scale evolution beyond the
critical scale with o > g > pe. In this case, the evolution variable a(pu, po) < 0 turns
negative and thus the left-most branch cut of the harmonic number H_, 4, /) in
begins at n = 1 —a. Hence, depending on the initial condition, the endpoint behaviour
for u — 0 either becomes u’* or u'~¢. For the latter, logarithmic enhancements from
17 — 1 may be generated even though they will not play a physical role, since any evolu-
tion at these scale instantaneously produces a behaviour proportional to wu!~(#Ho+dio)
where 1 — a(uo + du, p19) < 1. We conclude that only the power-like behaviour is rele-
vant, and we can safely assume b < 1 for the initial function such that b, <1 —-a <1
and the endpoint behaviour is dictated by the single pole at n = b,. Hence, above
the critical scale in QED, the LCDA always behaves like u’+, and eventually the RGE
will reach u~! at some finite p > ., where the evolution equation becomes ill-defined
since the convolution with the anomalous dimension diverges.

E.3 Soft function for @y, =0

In the case of QQ3;, = 0, the negative supported part of the anomalous dimension ([5.66))
decouples so that we consider only positive support for each soft function ® 5 (¢, o) (w; ).
This is in fact dictated by the analytic structure of the position space matrix element,
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E. Asymptotic behaviour of hadronic functions

which again allows to consider ¢t — 0 and w > 0 as in QCD—only.H The kernel (5.66))
then collapses to QCD-like expressions, and we find for the RGE in Laplace space

d o~ OéSCF 11~
(dlnp - 77) P @uoy (1 1) = — {— ), —H ) =0+ 5} D5.(Q1,0) (15 1)

Oéem
+

[ Q2+ 200 Qun) (Hy + H oy + )

3 1 ~
+ QspQum, (Hy + H-y) + ZQgp + 5@3} D510 (M5 1)
(E.12)

which agrees to (5.87)) for @y, = 0. Therefore, we obtain an equivalent solution to
(5.99)), namely

~ "T(1—n)T1+n+a)
& ; _ 6V+2'YE¢1 (ﬂ)
By(@u.0) (M3 11) o) TA+n) (1l —n—a)

F(n; 1, MO)éB,(Ql,O)(T] + a; fio) -
(E.13)

Alternatively, we obtain this result by sending ®. — 0 in (5.108). As a crosscheck, we
recover the O(ey,) solution by expanding and the initial condition with
to first order in a.,, upon replacing (Qy;, — 0.

For the rather simple solution , we can derive the asymptotic behaviour similar
to the light meson LCDA. However, in this context, we are interested in two different
limites, that are i) w — 0 and 1) w — oo. We restrict ourselves to the analysis of the
exponential model @ (g, 0)(w; fio) = w/wie /0 f(w) at the initial scale, for which the
inverse transformation of the solution reads

oV+2ypa /c+ioo ﬁ <@)a (w )?7 F(l _ n)f‘(l +n+ a)

F(n; p1s o)
(E.14)

@ . — -
5.(Q1.0) (Wi ) Wo 211 \ wo Wo ['(14n)

—100

where —1 < a < 0 and —1 —a < ¢ < 1+ a. The function acquires the same
form as in for the soft region of the light meson LCDA. We therefore apply the
same procedure of the previous section to the two cases above sparing out particular
details.

i) The contour for w — 0 encloses the pole and branch cuts to the right of Re(n) = c.
For n — 1, the leading contribution comes from I'(1—7) and F(n; i, o) given in ((5.97)).
We find

W w \ P
CpQuo(w = Oipu) ~ = (— In w—o) , (E.15)
0

3The soft Wilson line proportional to Qpz, in the n-direction enters with a different relative sign
of the ¢0-prescription in the denominator of diagram (a) in (5.45). Hence, the operator acquires
singularities in the entire complex plane of the position space variable.
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E.4 Soft function for Qy;, > Q.4

with p(p) defined in (5.112). Similar to QCD-only, the soft function for Qu, = 0
becomes linear near the origin, but with a logarithmic modification as in the light
LCDA case . Note that the pole at n = 0 from the all-order solution does not
contribute in this case, so that the results differs to ((5.113)).

1) The contour for w — oo encloses the poles and cuts on the left-hand side of
Re(n) = c. In this limit, we obtain

1 w —1—a W
Pp,(Qi,0) (W = 00 p1) ~ o (w_o) InP(#o) (w_o) : (E.16)

that matches the asymptotic expansion of the all-order result in ([5.114) since the
evolution variable only contains the charge of Q.

E.4 Soft function for @y, > Q.4

To understand the structure of the evolution equation for the soft functions, it is
instructive to consider a specific unphysical limit, in which the electric quark charges
are assumed to be small with respect to the meson charges. For ® = (+,—), this
implies that we can neglect the Qgp and QspQq terms in the anomalous dimension so
that the kernel becomes

aem

F((E;I)—(C) (w’ W' M) ~ |:(2QspQM1 In a 0 + iﬂ-(QSp + QM1)QM2> 5(("} - w/)

™ W —

T QuQun (. w’>] , (£.17)

We further neglect the QCD terms proportional to a, and thus the kernel
effectively corresponds to diagrams (a)—(c) of Fig. in QED-only. Hence, the ©-
distribution of diagram (a) generates negative support for the soft function, but there
is no opposite effect since the @-distribution of diagram (e) does not appear. As a
consequence, the RGE for &~ decouples (in Laplace space), which is the opposite
effect of the decoupling from ®_. in the case of 3, = 0. In detail, the evolution
equations are

d 5 Olem
_ D (n:u) =
( Y n) > (15 1) -

T QuQuis (Hoy+ Hory) — m@MIQMQ] So(n), (EIS)

{2QSPQM1(_877 - H*n o Hflfn)

d T aem
(dlnlu B 77) D (n;p) = - |:2QSpQM1(_an - H,-H_,)

- QuQun (Hy + H ) — im(Qu + QM2>QM1} B(n; )
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E. Asymptotic behaviour of hadronic functions

aem

2 QuQui T (=n)T (1+n)®s(n; ) - (E.19)

To solve these equations, we proceed with the methods developed in Sec. by first
solving the first equation on its own and infer the latter by variation of constants. For
simplicity, we further consider the electromagnetic coupling to be scale independent.
We define the two evolution variables

Olem .
yamn e {Qsp@Ml In? £ 4+ irQus, Qus, In ﬂ} ,
m Ho Ho

a®P = _ o0 Ouy In - (E.20)
n Ho

for which we drop the QED label in the following. We find the particular solution as
a limiting case of ([5.108). More precisely, we have

PR A S R N )L N ) B R
O (n; ) = (%) {F(—n—a)F(l—n—a)} O (n+ a, o) , (E.21)

s ooy v ) [EA =l +n+a)
elmip) = (u) [F(Hn) f—n—a)
)

+ CVeszpQMl (I)> (77 + a, Ho
7r [12(—n —a)TY2(1 + 1+ a)

1z d / . . /
x / TED3/2(—y — alp, f))T¥2(1+ 1+ apa, o)) e em@orQan I /m}
1
Bo

}1/2 {‘I’ (n+ a. po)

= () [ o
Pl

The exponent of 1/2 arises through the Harmonic number exponential that can be
calculated exactly for the case of fixed gauge couplings:
Qem Qsp@ /“ du/ 1. TA=—nI'l+n+a)
———2 | —(Hpsa(uuy + H_p_a(uuy) = —27pa — =1 .
T w1 (Hyta(up) + Hon-aum)) TEG 9 nI‘(l +)(1—n—a)
(E.23)

The scale independence of «.,, further allows to perform the p/-integral in the third
line of explicitly. Rather than in the precise form of the general solution, we are
interested in the asymptotic behaviour near the origin. For this purpose, we assume
the exponential model for which ®_(, 110) = 0 and

~ 1 L nta
.+ ) = T -0 () (B.24)
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E.4 Soft function for Qy;, > Q.4

Applying the inverse transformation to (E.21)) and (E.22) with (E.24)), we have
v @ [etico g "IT(=p)L(1 =1 —n—a)]"?
®>(w;u)=€—(@> / _?7(3) { (=)L =1 —n a)} |

wo \ Wo Ciso 21\ wo ['(—n —a)
Do) = (10" [ dn (=" iy [LEDO =0T~ 5~ a) i
iy = (e D (=)
wo \ W oo 2T\ wo I'(—n—a)

X {1 _ mima/? lr(_" — o)l 40+ a)} . } . (E.25)

L(=n)T'(1 +n)

For QED-only, we have a > 0 such that the contour must be chosen in the interval
—1—a < n < —a based on the analytic structure of the Gamma functions. In the limit
w — 0, we deform the contour to enclose the cuts extending to the right of Re(n) = c.
The left-most contributions starts at the branch-point » = —a and determines the
asymptotic expansion near the origin

—a —3/2
w w
1% aP1/2(\T1/2(1 (w_> [_ In w_] w>0
w2 ey ) 17
wo \ Wo I'(—1/2) N I B
— e —In— +im w<0
Wo wWo
eV o\ "TVA(@TY2 (1 + a) (w—i0) @0 *3@ (E.26)
wo \ Wo I'(—1/2) Wo Wo

In another toy world, we could even change the sign of the quark charges such that

a < 0. For this case, the pole at n = 0 dominates the asymptotic expansion and we
find

o) = (%) arlf;(/i(al);(% R U e

which implies a logarithmic vanishing of the soft function for w — 0.

We remark that both results in and show that the leading term in an
asymptotic expansion around the origin for the soft function with @, # 0 retains the
10-prescription of the first inverse-logarithmic moments. Moreover, we can directly ob-
serve from that the linear term proportional to I'(1—n) differs for the negatively
supported solution ®_. Hence, the i0-prescription is broken explicitly at O(w/wg) as
expected such that the second inverse moment does not exist in QCDxQED.
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Appendix F
Meijer-G functions

The results of Sec. are represented most generally in terms of convolution integrals
over the so-called Meijer-G functions. These functions arise through complex line
integrals of the inverse Laplace transformation in . To supplement our analysis,
we present some fundamental features of the Meijer-G functions based on [173|. For
integers 0 < m < q and 0 < n < p, we define a Meijer-G function via the complex
contour integral

d " Db — " T(1—aj+
Gglén<a Z) :/lzn qHJA (bj —n) HJA p( j+n) ’ (F.1)
’ b C 2mi Hj:m+1 F(l - bj + 77) Hj:nJrl F(aj o 77)
with arbitrary coefficients a = (ay,...,a,) and b = (by,...,b,). In general, there are

three possibilities for the choice of the contour C determined by the analytic properties
of the Gamma functions that appear in the integrand. For our studies, we only regard
one specific type, that is a straight line from ¢ — ico to ¢ 4+ 100 with the real contour
parameter c. The latter is chosen such that the chains of Gamma function poles in the
numerator get separated. Then, the contour integral yields a finite result as long
as p+q < 2(n+m) and |arg(z)] < (n+m — (p+ ¢)/2)7r. To discuss the asymptotic
behaviour, we consider the two relevant limits 2 — 0 and z — oco. In the former, we
can deform the contour C to a line beginning and ending at Re(n) = oo enclosing all
poles of I'(b; — n) in the mathematically negative direction. In the latter, we enclose
the string of poles from I'(1 — a; +n) in the positive direction with start and end at
Re(n) = —oo. Note that for large integers n, m, p,q, the numerical evaluation of the
complex contour integral in (F.1|) generally becomes difficult.
In our calculations, we used two relevant identities

& a c
dz G Az | G*Y
/0 * Tra (b Z) . <d wz)

_ lGTH—Mm—HJ( _b17 T bmaca _bm+17 BRI _bq

q+o,p+7
A —Q1, ..., —0p, d, —Qpi1, ..., —0ap

“
)\ )
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F. Meijer-G functions

1) . (F.2)

z

a 1—a
e (nl) =a (i s
We refer to the first one as the closure property under integration over positive valued

arguments. The latter serves as an inversion formula. From the first identity, we can
infer from the Laplace transformation that

A

—) . (F.3)

o
_ a P 1 —&, a
dz 2%e G Az ) =w T TG '
0 4\ b ' b |w

The above relations were implicitly used for the numerical evaluation of the first-
order solution (5.128) and in Sec. [6.2.7] for which the exponential model was
implemented as the initial condition. One peculiarity is that the Meijer-G functions
depending on their coefficients may acquire a singular behaviour at the point z = 1.
This is in fact already the case in the QCD-only scenario for the function G,(z) that
is defined in . Since the singularity for z — 1 appears in a convolution, we have
to prove on a technical level that the integral exists for any regular initial condition so
that the singular term remains integrable. According to [151], we can derive this from
an asymptotic expansion of around z = 1 for which we obtain

. 1,1 —aQ, 1—a
llfi%Q( 1,0

+0O(1) . (F.4)

sinma I'(1 + 2a)
z | =-
T |1 _ z|1+2a

Note that for realistic cases, we consider —1 < a < 0 such that the singular term be-
comes integrable. We neglect the explicit analysis for the remaining Meijer-G functions
in the main text since it is generally more complicated. However, from the coefficients
that enter these functions, we conclude that the singular terms behave like |1 — z|~172¢
such that we only encounter integrable singularities and hence @g?@) in ((5.128]) and
(5.129) remains finite at any point.

176



1]

2l

13l

4]

5]

(6]

17l

8]
19]

[10]

11

[12]

[13]

Bibliography

ATLAS collaboration, Observation of a new particle in the search for the
Standard Model Higgs boson with the ATLAS detector at the LHC, |Phys. Lett.
B 716 (2012) 1] [1207.7214].

CMS collaboration, Observation of a New Boson at a Mass of 125 GeV with
the CMS Ezperiment at the LHC, Phys. Lett. B 716 (2012) 30 [1207.7235].

S. L. Glashow, Partial Symmetries of Weak Interactions, Nucl. Phys. 22 (1961)
579.

N. Cabibbo, Unitary Symmetry and Leptonic Decays, Phys. Rev. Lett. 10
(1963) 531.

A. Salam and J. C. Ward, Electromagnetic and weak interactions, |[Phys. Lett.
13 (1964) 168.

F. Englert and R. Brout, Broken Symmetry and the Mass of Gauge Vector
Mesons, Phys. Rev. Lett. 13 (1964) 321.

P. W. Higgs, Broken Symmetries and the Masses of Gauge Bosons, Phys. Reuv.
Lett. 13 (1964) 508.

S. Weinberg, A Model of Leptons, Phys. Rev. Lett. 19 (1967) 1264.

M. Kobayashi and T. Maskawa, CP Violation in the Renormalizable Theory of
Weak Interaction, Prog. Theor. Phys. 49 (1973) 652.

H. Fritzsch, M. Gell-Mann and H. Leutwyler, Advantages of the Color Octet
Gluon Picture, Phys. Lett. B 47 (1973) 365.

SLAC-SP-017 collaboration, Discovery of a Narrow Resonance in ete™
Annihilation, Phys. Rev. Lett. 33 (1974) 1406.

E598 collaboration, Fxperimental Observation of a Heavy Particle J, Phys.
Rev. Lett. 33 (1974) 1404,

E288 collaboration, Observation of a Dimuon Resonance at 9.5-GeV in
400-GeV Proton-Nucleus Collisions, Phys. Rev. Lett. 39 (1977) 252.

177


https://doi.org/10.1016/j.physletb.2012.08.020
https://doi.org/10.1016/j.physletb.2012.08.020
https://arxiv.org/abs/1207.7214
https://doi.org/10.1016/j.physletb.2012.08.021
https://arxiv.org/abs/1207.7235
https://doi.org/10.1016/0029-5582(61)90469-2
https://doi.org/10.1016/0029-5582(61)90469-2
https://doi.org/10.1103/PhysRevLett.10.531
https://doi.org/10.1103/PhysRevLett.10.531
https://doi.org/10.1016/0031-9163(64)90711-5
https://doi.org/10.1016/0031-9163(64)90711-5
https://doi.org/10.1103/PhysRevLett.13.321
https://doi.org/10.1103/PhysRevLett.13.508
https://doi.org/10.1103/PhysRevLett.13.508
https://doi.org/10.1103/PhysRevLett.19.1264
https://doi.org/10.1143/PTP.49.652
https://doi.org/10.1016/0370-2693(73)90625-4
https://doi.org/10.1103/PhysRevLett.33.1406
https://doi.org/10.1103/PhysRevLett.33.1404
https://doi.org/10.1103/PhysRevLett.33.1404
https://doi.org/10.1103/PhysRevLett.39.252

Bibliography

[14]

[15]

[16]

[17]

18]

[19]

[20]

21]

22]

23]

[24]

178

CDF collaboration, Observation of top quark production in pp collisions, |Phys.
Rev. Lett. 74 (1995) 2626/ |hep-ex/9503002].

PARTICLE DATA GROUP collaboration, Review of Particle Physics, PTEP
2022 (2022) 083C01.

LIGO SCIENTIFIC, VIRGO collaboration, Observation of Gravitational Waves
from a Binary Black Hole Merger, Phys. Rev. Lett. 116 (2016) 061102
[1602.03837|.

D. Clowe, M. Bradac, A. H. Gonzalez, M. Markevitch, S. W. Randall, C. Jones
et al., A direct empirical proof of the existence of dark matter, Astrophys. J.
Lett. 648 (2006) L109 |astro-ph/0608407]|.

B. T. Cleveland, T. Daily, R. Davis, Jr., J. R. Distel, K. Lande, C. K. Lee
et al., Measurement of the solar electron neutrino flux with the Homestake
chlorine detector, Astrophys. J. 496 (1998) 505.

SUPER-KAMIOKANDE collaboration, Measurements of the solar neutrino flux
from Super-Kamiokande’s first 300 days, Phys. Rev. Lett. 81 (1998) 1158
|hep-ex/9805021].

T. Aoyama et al., The anomalous magnetic moment of the muon in the
Standard Model, Phys. Rept. 887 (2020) 1 [2006.04822|.

FCC collaboration, FCC' Physics Opportunities: Future Circular Collider
Conceptual Design Report Volume 1, Eur. Phys. J. C'79 (2019) 474.

FCC collaboration, FC'C-ee: The Lepton Collider: Future Circular Collider
Conceptual Design Report Volume 2, Eur. Phys. J. ST 228 (2019) 261.

FCC collaboration, FCC-hh: The Hadron Collider: Future Circular Collider
Conceptual Design Report Volume 3, Eur. Phys. J. ST 228 (2019) 755.

BABAR, BELLE collaboration, The Physics of the B Factories, Fur. Phys. J. C
74 (2014) 3026 [1406.6311].

BELLE-II collaboration, The Belle II Physics Book, PTEP 2019 (2019) 123C01
[1808.10567].

HFLAV collaboration, Averages of b-hadron, c-hadron, and T-lepton properties
as of 2021,2206.07501.

LHCB collaboration, Test of lepton universality in b — s~ decays,
2212.09152.

LHCB collaboration, Measurement of lepton universality parameters in
Bt — K*t0~ and B® — K*°¢0*(~ decays, 2212.09153.


https://doi.org/10.1103/PhysRevLett.74.2626
https://doi.org/10.1103/PhysRevLett.74.2626
https://arxiv.org/abs/hep-ex/9503002
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1103/PhysRevLett.116.061102
https://arxiv.org/abs/1602.03837
https://doi.org/10.1086/508162
https://doi.org/10.1086/508162
https://arxiv.org/abs/astro-ph/0608407
https://doi.org/10.1086/305343
https://doi.org/10.1103/PhysRevLett.81.1158
https://arxiv.org/abs/hep-ex/9805021
https://doi.org/10.1016/j.physrep.2020.07.006
https://arxiv.org/abs/2006.04822
https://doi.org/10.1140/epjc/s10052-019-6904-3
https://doi.org/10.1140/epjst/e2019-900045-4
https://doi.org/10.1140/epjst/e2019-900087-0
https://doi.org/10.1140/epjc/s10052-014-3026-9
https://doi.org/10.1140/epjc/s10052-014-3026-9
https://arxiv.org/abs/1406.6311
https://doi.org/10.1093/ptep/ptz106
https://arxiv.org/abs/1808.10567
https://arxiv.org/abs/2206.07501
https://arxiv.org/abs/2212.09152
https://arxiv.org/abs/2212.09153

Bibliography

[29]

130]

[31]

32|

33

[34]

[35]

36]

137]

38

139]

[40]

[41]

42|

K. G. Wilson, Nonlagrangian models of current algebra, Phys. Rev. 179 (1969)
1499.

K. G. Wilson and W. Zimmermann, Operator product expansions and composite
field operators in the general framework of quantum field theory, Commun.
Math. Phys. 24 (1972) 87.

D. Becirevic, B. Haas and E. Kou, Soft Photon Problem in Leptonic B-decays,
Phys. Lett. B 681 (2009) 257 [0907 . 1845|.

A. J. Buras, Weak Hamiltonian, CP violation and rare decays, in Les Houches
Summer School in Theoretical Physics, Session 68: Probing the Standard Model
of Particle Interactions, pp. 281-539, 6, 1998, hep-ph/9806471.

M. Beneke and J. Rohrwild, B meson distribution amplitude from B — vylv,
Fur. Phys. J. C''71 (2011) 1818 [1110.3228].

E. Lunghi, D. Pirjol and D. Wyler, Factorization in leptonic radiative B — yev
decays, |Nucl. Phys. B 649 (2003) 349 |hep-ph/0210091].

S. W. Bosch, R. J. Hill, B. O. Lange and M. Neubert, Factorization and
Sudakov resummation in leptonic radiative B decay, Phys. Rev. D 67 (2003)
094014 |hep-ph/0301123|.

A. G. Grozin and M. Neubert, Asymptotics of heavy meson form-factors, Phys.
Rev. D 55 (1997) 272 [hep-ph/9607366|.

M. Beneke, G. Buchalla, M. Neubert and C. T. Sachrajda, QCD factorization
for B — m decays: Strong phases and CP wviolation in the heavy quark limat,
Phys. Rev. Lett. 83 (1999) 1914 [hep-ph/9905312].

V. M. Braun, D. Y. Ivanov and G. P. Korchemsky, The B meson distribution
amplitude in QCD, Phys. Rev. D 69 (2004) 034014 [hep-ph/0309330|.

V. Pilipp, Matching of lambdag onto HQET, hep-ph/0703180.

W. Wang, Y.-M. Wang, J. Xu and S. Zhao, B-meson light-cone distribution
amplitude from Euclidean quantities, Phys. Rev. D 102 (2020) 011502
[1908.09933].

S. Zhao and A. V. Radyushkin, B-meson loffe-time distribution amplitude at
short distances, Phys. Rev. D 103 (2021) 054022 [2006.05663).

C. Kane, D. Giusti, C. Lehner, S. Meinel and A. Soni, Controlling unwanted
exponentials in lattice calculations of radiative leptonic decays, PoS
LATTICE2021 (2022) 162 [2110.13196|.

179


https://doi.org/10.1103/PhysRev.179.1499
https://doi.org/10.1103/PhysRev.179.1499
https://doi.org/10.1007/BF01878448
https://doi.org/10.1007/BF01878448
https://doi.org/10.1016/j.physletb.2009.10.017
https://arxiv.org/abs/0907.1845
https://arxiv.org/abs/hep-ph/9806471
https://doi.org/10.1140/epjc/s10052-011-1818-8
https://arxiv.org/abs/1110.3228
https://doi.org/10.1016/S0550-3213(02)01032-5
https://arxiv.org/abs/hep-ph/0210091
https://doi.org/10.1103/PhysRevD.67.094014
https://doi.org/10.1103/PhysRevD.67.094014
https://arxiv.org/abs/hep-ph/0301123
https://doi.org/10.1103/PhysRevD.55.272
https://doi.org/10.1103/PhysRevD.55.272
https://arxiv.org/abs/hep-ph/9607366
https://doi.org/10.1103/PhysRevLett.83.1914
https://arxiv.org/abs/hep-ph/9905312
https://doi.org/10.1103/PhysRevD.69.034014
https://arxiv.org/abs/hep-ph/0309330
https://arxiv.org/abs/hep-ph/0703180
https://doi.org/10.1103/PhysRevD.102.011502
https://arxiv.org/abs/1908.09933
https://doi.org/10.1103/PhysRevD.103.054022
https://arxiv.org/abs/2006.05663
https://doi.org/10.22323/1.396.0162
https://doi.org/10.22323/1.396.0162
https://arxiv.org/abs/2110.13196

Bibliography

[43]

[44]

[45]

|46]

[47]

48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

180

P. A. Boyle et al., A lattice QCD perspective on weak decays of b and ¢ quarks
Snowmass 2022 White Paper, in 2022 Snowmass Summer Study, 5, 2022,
2205.15373.

D. Giusti, C. F. Kane, C. Lehner, S. Meinel and A. Soni, High-precision
determination of radiative-leptonic-decay form factors using lattice QCD: a
study of methods, 2302.01298.

M. Beneke, P. Béer, P. Rigatos and K. K. Vos, QCD factorization of the
four-lepton decay B~ — (p,0" 0" | Eur. Phys. J. C 81 (2021) 638 [2102.10060].

C. Wang, Y.-M. Wang and Y.-B. Wei, QCD factorization for the four-body
leptonic B-meson decays, JHEP 02 (2022) 141 |2111.11811].

M. Beneke, V. M. Braun, Y. Ji and Y.-B. Wei, Radiative leptonic decay
B — ~ly, with subleading power corrections, JHEP 07 (2018) 154/ [1804.04962].

M. Beneke, G. Buchalla, M. Neubert and C. T. Sachrajda, QCD factorization
for exclusive, nonleptonic B meson decays: General arguments and the case of
heavy light final states, Nucl. Phys. B 591 (2000) 313/ |hep-ph/0006124|.

M. Beneke and S. Jager, Spectator scattering at NLO in non-leptonic b decays:
Tree amplitudes, Nucl. Phys. B 751 (2006) 160 [hep-ph/0512351].

M. Beneke and S. Jager, Spectator scattering at NLO in non-leptonic B decays:
Leading penguin amplitudes, Nucl. Phys. B 768 (2007) 51 |hep-ph/0610322|.

G. Bell, NNLO wvertez corrections in charmless hadronic B decays: Imaginary
part, |Nucl. Phys. B 795 (2008) 1 [0705.3127|.

G. Bell, NNLO wvertex corrections in charmless hadronic B decays: Real part,
Nucl. Phys. B 822 (2009) 172/|0902.1915].

M. Beneke, T. Huber and X.-Q. Li, NNLO wvertex corrections to non-leptonic B
decays: Tree amplitudes, Nucl. Phys. B 832 (2010) 109 [0911.3655|.

C. S. Kim and Y. W. Yoon, Order o magnetic penguin correction for B decay
to light mesons, JHEP 11 (2011) 003/ [1107.1601].

G. Bell, M. Beneke, T. Huber and X.-Q. Li, Two-loop current—current operator
contribution to the non-leptonic QCD penguin amplitude, Phys. Lett. B 750
(2015) 348 [1507.03700).

G. Bell, M. Beneke, T. Huber and X.-Q. Li, Two-loop non-leptonic penguin
amplitude in QCD factorization, JHEP 04 (2020) 055 [2002.03262|.


https://arxiv.org/abs/2205.15373
https://arxiv.org/abs/2302.01298
https://doi.org/10.1140/epjc/s10052-021-09388-y
https://arxiv.org/abs/2102.10060
https://doi.org/10.1007/JHEP02(2022)141
https://arxiv.org/abs/2111.11811
https://doi.org/10.1007/JHEP07(2018)154
https://arxiv.org/abs/1804.04962
https://doi.org/10.1016/S0550-3213(00)00559-9
https://arxiv.org/abs/hep-ph/0006124
https://doi.org/10.1016/j.nuclphysb.2006.06.010
https://arxiv.org/abs/hep-ph/0512351
https://doi.org/10.1016/j.nuclphysb.2007.01.016
https://arxiv.org/abs/hep-ph/0610322
https://doi.org/10.1016/j.nuclphysb.2007.09.006
https://arxiv.org/abs/0705.3127
https://doi.org/10.1016/j.nuclphysb.2009.07.012
https://arxiv.org/abs/0902.1915
https://doi.org/10.1016/j.nuclphysb.2010.02.002
https://arxiv.org/abs/0911.3655
https://doi.org/10.1007/JHEP11(2011)003
https://arxiv.org/abs/1107.1601
https://doi.org/10.1016/j.physletb.2015.09.037
https://doi.org/10.1016/j.physletb.2015.09.037
https://arxiv.org/abs/1507.03700
https://doi.org/10.1007/JHEP04(2020)055
https://arxiv.org/abs/2002.03262

Bibliography

[57]

58]

[59]

[60]

61

62]

63]

|64]

[65]

[66]

167]

68

[69]

[70]

A. J. Buras, R. Fleischer, S. Recksiegel and F. Schwab, Anatomy of prominent
B and K decays and signatures of CP wiolating new physics in the electroweak
penguin sector, Nucl. Phys. B 697 (2004) 133/ |hep-ph/0402112|.

N. B. Beaudry, A. Datta, D. London, A. Rashed and J.-S. Roux, The B — n K
puzzle revisited, JHEP 01 (2018) 074/ [1709.07142].

M. Beneke, C. Bobeth and R. Szafron, Enhanced electromagnetic correction to
the rare B-meson decay Bsq — ptu~, Phys. Rev. Lett. 120 (2018) 011801
[1708.09152].

M. Beneke, C. Bobeth and R. Szafron, Power-enhanced leading-logarithmic
QED corrections to By — pu~, JHEP 10 (2019) 232 [1908.07011].

M. Bordone, G. Isidori and A. Pattori, On the Standard Model predictions for
Rk and Rk«, Fur. Phys. J. C' 76 (2016) 440 [1605.07633|.

G. Isidori, S. Nabeebaccus and R. Zwicky, QED corrections in B — K{T(~ at
the double-differential level, JHEP 12 (2020) 104 [2009.00929].

D. Mishra and N. Mahajan, Impact of soft photons on B — K{*{~, Phys. Rev.
D 103 (2021) 056022/ [2010.10853).

G. Isidori, D. Lancierini, S. Nabeebaccus and R. Zwicky, Qed in B — K1/~
Ifu ratios: theory versus experiment, a monte carlo study, JHEP 10 (2022) 146
[2205 . 08635

T. Feldmann, N. Gubernari, T. Huber and N. Seitz, On the contribution of the
electromagnetic dipole operator Oy to the Bs — up~ decay amplitude,
2211.04209.

M. Beneke, P. Boer, J.-N. Toelstede and K. K. Vos, QED factorization of
non-leptonic B decays, JHEP 11 (2020) 081 [2008.10615|.

M. Beneke, P. Boer, G. Finauri and K. K. Vos, QED factorization of two-body
non-leptonic and semi-leptonic B to charm decays, 2107 .03819.

M. Beneke, P. Boer, J.-N. Toelstede and K. K. Vos, Light-cone distribution
amplitudes of heavy mesons with QED effects, JHEP 08 (2022) 020
[2204.09091].

FLAVOUR LATTICE AVERAGING GROUP (FLAG) collaboration, FLAG Review
2021, Eur. Phys. J. C 82 (2022) 869 [2111.09849|.

P. Ball and R. Zwicky, New results on B — w, K,n decay formfactors from
light-cone sum rules, Phys. Rev. D 71 (2005) 014015/ |hep-ph/0406232).

181


https://doi.org/10.1016/j.nuclphysb.2004.07.009
https://arxiv.org/abs/hep-ph/0402112
https://doi.org/10.1007/JHEP01(2018)074
https://arxiv.org/abs/1709.07142
https://doi.org/10.1103/PhysRevLett.120.011801
https://arxiv.org/abs/1708.09152
https://doi.org/10.1007/JHEP10(2019)232
https://arxiv.org/abs/1908.07011
https://doi.org/10.1140/epjc/s10052-016-4274-7
https://arxiv.org/abs/1605.07633
https://doi.org/10.1007/JHEP12(2020)104
https://arxiv.org/abs/2009.00929
https://doi.org/10.1103/PhysRevD.103.056022
https://doi.org/10.1103/PhysRevD.103.056022
https://arxiv.org/abs/2010.10853
https://doi.org/10.1007/JHEP10(2022)146
https://arxiv.org/abs/2205.08635
https://arxiv.org/abs/2211.04209
https://doi.org/10.1007/JHEP11(2020)081
https://arxiv.org/abs/2008.10615
https://arxiv.org/abs/2107.03819
https://doi.org/10.1007/JHEP08(2022)020
https://arxiv.org/abs/2204.09091
https://doi.org/10.1140/epjc/s10052-022-10536-1
https://arxiv.org/abs/2111.09849
https://doi.org/10.1103/PhysRevD.71.014015
https://arxiv.org/abs/hep-ph/0406232

Bibliography

[71]

72|

73]

[74]

[75]

[76]

7]

78]

[79]

[30]

[81]

[82]

83

182

F. De Fazio, T. Feldmann and T. Hurth, Light-cone sum rules in soft-collinear
effective theory, Nucl. Phys. B 733 (2006) 1 |hep-ph/0504088].

A. Khodjamirian, T. Mannel and N. Offen, B-meson distribution amplitude
from the B — m form-factor, Phys. Lett. B 620 (2005) 52 |hep-ph/0504091]|.

T. Hurth, F. De Fazio and T. Feldmann, The B — 7 form-factor from
light-cone sum rules in soft-collinear effective theory, PoS HEP2005 (2006)
215 |hep-ph/0509167|.

Y.-M. Wang and Y.-L. Shen, QCD corrections to B — 7 form factors from
light-cone sum rules, Nucl. Phys. B 898 (2015) 563 [1506.00667|.

N. Gubernari, A. Kokulu and D. van Dyk, B — P and B — V Form Factors
from B-Meson Light-Cone Sum Rules beyond Leading Twist, JHEP 01 (2019)
150 [1811.00983].

J. Gao, C.-D. Lii, Y.-L. Shen, Y.-M. Wang and Y.-B. Wei, Precision
calculations of B — V' form factors from soft-collinear effective theory sum
rules on the light-cone, Phys. Rev. D 101 (2020) 074035 [1907.11092].

A. Khodjamirian, T. Mannel and M. Melcher, Kaon distribution amplitude from
QCD sum rules, Phys. Rev. D 70 (2004) 094002 |hep-ph/0407226].

S. S. Agaev, V. M. Braun, N. Offen and F. A. Porkert, Light Cone Sum Rules
for the ™ — ~7 Form Factor Revisited, Phys. Rev. D 83 (2011) 054020
[1012.4671].

S. Cheng, A. Khodjamirian and A. V. Rusov, Pion light-cone distribution
amplitude from the pion electromagnetic form factor, Phys. Rev. D 102 (2020)
074022, [2007 . 05550

BABAR collaboration, Precise Measurement of the ete™ — mrm~ () Cross
Section with the Initial-State Radiation Method at BABAR, Phys. Rev. D 86
(2012) 032013 [1205.2228|.

S. S. Agaev, V. M. Braun, N. Offen and F. A. Porkert, BELLE Data on the
7%v*y Form Factor: A Game Changer?, Phys. Rev. D 86 (2012) 077504
[1206.3968).

P. Boer, A. Kokulu, J.-N. Toelstede and D. van Dyk, Angular Analysis of
Ay — Ao(— Am)lw, [JHEP 12 (2019) 082 [1907 . 12554].

M. Beneke and T. Feldmann, Symmetry breaking corrections to heavy to light B
meson form-factors at large recoil, Nucl. Phys. B 592 (2001) 3
|hep-ph/0008255|.


https://doi.org/10.1016/j.nuclphysb.2008.03.022
https://arxiv.org/abs/hep-ph/0504088
https://doi.org/10.1016/j.physletb.2005.06.021
https://arxiv.org/abs/hep-ph/0504091
https://doi.org/10.22323/1.021.0215
https://doi.org/10.22323/1.021.0215
https://arxiv.org/abs/hep-ph/0509167
https://doi.org/10.1016/j.nuclphysb.2015.07.016
https://arxiv.org/abs/1506.00667
https://doi.org/10.1007/JHEP01(2019)150
https://doi.org/10.1007/JHEP01(2019)150
https://arxiv.org/abs/1811.00983
https://doi.org/10.1103/PhysRevD.101.074035
https://arxiv.org/abs/1907.11092
https://doi.org/10.1103/PhysRevD.70.094002
https://arxiv.org/abs/hep-ph/0407226
https://doi.org/10.1103/PhysRevD.83.054020
https://arxiv.org/abs/1012.4671
https://doi.org/10.1103/PhysRevD.102.074022
https://doi.org/10.1103/PhysRevD.102.074022
https://arxiv.org/abs/2007.05550
https://doi.org/10.1103/PhysRevD.86.032013
https://doi.org/10.1103/PhysRevD.86.032013
https://arxiv.org/abs/1205.2228
https://doi.org/10.1103/PhysRevD.86.077504
https://arxiv.org/abs/1206.3968
https://doi.org/10.1007/JHEP12(2019)082
https://arxiv.org/abs/1907.12554
https://doi.org/10.1016/S0550-3213(00)00585-X
https://arxiv.org/abs/hep-ph/0008255

Bibliography

[84]

[85]

[36]

187]

38

[89]

[90]

[91]

192]

193]

[94]

195]

196]

197]

M. Beneke and V. A. Smirnov, Asymptotic expansion of Feynman integrals near
threshold, Nucl. Phys. B 522 (1998) 321 [hep-ph/9711391].

V. A. Smirnov, Applied asymptotic expansions in momenta and masses,
Springer Tracts Mod. Phys. 177 (2002) 1.

K. H. Phan and T. Riemann, Scalar 1-loop Feynman integrals as meromorphic
functions in space-time dimension d, Phys. Lett. B 791 (2019) 257
[1812.10975].

J. Bliimlein, M. Saragnese and C. Schneider, Hypergeometric Structures in
Feynman Integrals, 2111.15501.

M. Beneke and T. Feldmann, Factorization of heavy to light form-factors in soft
collinear effective theory, Nucl. Phys. B 685 (2004) 249 |hep-ph/0311335|.

M. Beneke and V. M. Braun, Heavy quark effective theory beyond perturbation
theory: Renormalons, the pole mass and the residual mass term, Nucl. Phys. B
426 (1994) 301 [hep-ph/9402364|.

H. Georgi, An Effective Field Theory for Heavy Quarks at Low-energies, Phys.
Lett. B 240 (1990) 447.

M. Neubert, Heavy quark symmetry, Phys. Rept. 245 (1994) 259
[hep-ph/9306320)].

M. Neubert, Reparametrization invariance and the expansion of currents in the
heavy quark effective theory, Phys. Lett. B 306 (1993) 357 [hep-ph/9302269|.

A. G. Grozin, Heavy quark effective theory, Springer Tracts Mod. Phys. 201
(2004) 1.

C. W. Bauer, S. Fleming and M. E. Luke, Summing Sudakov logarithms in
B — X in effective field theory, |Phys. Rev. D 63 (2000) 014006
[hep-ph/0005275|.

C. W. Bauer, D. Pirjol and I. W. Stewart, Soft collinear factorization in
effective field theory, Phys. Rev. D 65 (2002) 054022 [hep-ph/0109045|.

C. W. Bauer and I. W. Stewart, Invariant operators in collinear effective
theory, |Phys. Lett. B 516 (2001) 134 [hep-ph/0107001].

M. Beneke, A. P. Chapovsky, M. Diehl and T. Feldmann, Soft collinear effective
theory and heavy to light currents beyond leading power, Nucl. Phys. B 643
(2002) 431 [hep-ph/0206152).

183


https://doi.org/10.1016/S0550-3213(98)00138-2
https://arxiv.org/abs/hep-ph/9711391
https://doi.org/10.1016/j.physletb.2019.02.044
https://arxiv.org/abs/1812.10975
https://arxiv.org/abs/2111.15501
https://doi.org/10.1016/j.nuclphysb.2004.02.033
https://arxiv.org/abs/hep-ph/0311335
https://doi.org/10.1016/0550-3213(94)90314-X
https://doi.org/10.1016/0550-3213(94)90314-X
https://arxiv.org/abs/hep-ph/9402364
https://doi.org/10.1016/0370-2693(90)91128-X
https://doi.org/10.1016/0370-2693(90)91128-X
https://doi.org/10.1016/0370-1573(94)90091-4
https://arxiv.org/abs/hep-ph/9306320
https://doi.org/10.1016/0370-2693(93)90091-U
https://arxiv.org/abs/hep-ph/9302269
https://doi.org/10.1007/b79301
https://doi.org/10.1007/b79301
https://doi.org/10.1103/PhysRevD.63.014006
https://arxiv.org/abs/hep-ph/0005275
https://doi.org/10.1103/PhysRevD.65.054022
https://arxiv.org/abs/hep-ph/0109045
https://doi.org/10.1016/S0370-2693(01)00902-9
https://arxiv.org/abs/hep-ph/0107001
https://doi.org/10.1016/S0550-3213(02)00687-9
https://doi.org/10.1016/S0550-3213(02)00687-9
https://arxiv.org/abs/hep-ph/0206152

Bibliography

[98] C. W. Bauer, D. Pirjol and I. W. Stewart, Factorization and endpoint
singularities in heavy to light decays, |Phys. Rev. D 67 (2003) 071502
|hep-ph/0211069).

[99] M. Beneke and T. Feldmann, Multipole expanded soft collinear effective theory
with non Abelian gauge symmetry, Phys. Lett. B 553 (2003) 267
|hep-ph/0211358|.

[100] C. W. Bauer, D. Pirjol and I. W. Stewart, On Power suppressed operators and
gauge invariance in SCET, Phys. Rev. D 68 (2003) 034021 [hep-ph/0303156.

[101] T. Becher, A. Broggio and A. Ferroglia, Introduction to Soft-Collinear Effective
Theory, vol. 896. Springer, 2015, 10.1007,/978-3-319-14848-9, [1410.1892|.

[102] M. Beneke, Y. Kiyo and D. s. Yang, Loop corrections to subleading heavy quark
currents in SCET, Nucl. Phys. B 692 (2004) 232 |hep-ph/0402241].

[103] M. E. Luke and A. V. Manohar, Reparametrization invariance constraints on
heavy particle effective field theories, Phys. Lett. B 286 (1992) 348
|hep-ph/9205228|.

[104] A. V. Manohar, T. Mehen, D. Pirjol and I. W. Stewart, Reparameterization
invariance for collinear operators, Phys. Lett. B 539 (2002) 59
[hep-ph/0204229].

[105] R. J. Hill, T. Becher, S. J. Lee and M. Neubert, Sudakov resummation for
subleading SCET currents and heavy-to-light form-factors, JHEP 07 (2004) 081
|hep-ph/0404217|.

[106] M. Beneke and D. Yang, Heavy-to-light B meson form-factors at large recoil
energy: Spectator-scattering corrections, Nucl. Phys. B 736 (2006) 34
[hep-ph/0508250)].

[107] G. Bell, M. Beneke, T. Huber and X.-Q. Li, Heavy-to-light currents at NNLO in
SCET and semi-inclusive B — X 1~ decay, Nucl. Phys. B 843 (2011) 143
[1007 .3758].

[108] C. W. Bauer, S. Fleming, D. Pirjol and I. W. Stewart, An Effective field theory
for collinear and soft gluons: Heavy to light decays, Phys. Rev. D 63 (2001)
114020| [hep-ph/0011336].

[109] T. Becher, M. Neubert and B. D. Pecjak, Factorization and Momentum-Space
Resummation in Deep-Inelastic Scattering, JHEP 01 (2007) 076
|hep-ph/0607228|.

[110] A. M. Polyakov, Gauge Fields as Rings of Glue, Nucl. Phys. B 164 (1980) 171.

184


https://doi.org/10.1103/PhysRevD.67.071502
https://arxiv.org/abs/hep-ph/0211069
https://doi.org/10.1016/S0370-2693(02)03204-5
https://arxiv.org/abs/hep-ph/0211358
https://doi.org/10.1103/PhysRevD.68.034021
https://arxiv.org/abs/hep-ph/0303156
https://doi.org/10.1007/978-3-319-14848-9
https://arxiv.org/abs/1410.1892
https://doi.org/10.1016/j.nuclphysb.2004.05.018
https://arxiv.org/abs/hep-ph/0402241
https://doi.org/10.1016/0370-2693(92)91786-9
https://arxiv.org/abs/hep-ph/9205228
https://doi.org/10.1016/S0370-2693(02)02029-4
https://arxiv.org/abs/hep-ph/0204229
https://doi.org/10.1088/1126-6708/2004/07/081
https://arxiv.org/abs/hep-ph/0404217
https://doi.org/10.1016/j.nuclphysb.2005.11.027
https://arxiv.org/abs/hep-ph/0508250
https://doi.org/10.1016/j.nuclphysb.2010.09.022
https://arxiv.org/abs/1007.3758
https://doi.org/10.1103/PhysRevD.63.114020
https://doi.org/10.1103/PhysRevD.63.114020
https://arxiv.org/abs/hep-ph/0011336
https://doi.org/10.1088/1126-6708/2007/01/076
https://arxiv.org/abs/hep-ph/0607228
https://doi.org/10.1016/0550-3213(80)90507-6

Bibliography

[111]

112]

[113]

114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

G. P. Korchemsky and A. V. Radyushkin, Loop Space Formalism and
Renormalization Group for the Infrared Asymptotics of QCD, Phys. Lett. B
171 (1986) 459.

P. A. Baikov, K. G. Chetyrkin and J. H. Kiihn, Five-Loop Running of the QCD
coupling constant, Phys. Rev. Lett. 118 (2017) 082002 [1606.08659).

Y. Schroder and M. Steinhauser, Four-loop decoupling relations for the strong
coupling, JHEP 01 (2006) 051/ [hep-ph/0512058|.

K. G. Chetyrkin, J. H. Kuhn and C. Sturm, QCD decoupling at four loops,
Nucl. Phys. B 744 (2006) 121 [hep-ph/0512060].

Y.-M. Wang, Factorization and dispersion relations for radiative leptonic B
decay, JHEP 09 (2016) 159 [1606.03080].

M. A. Ebert, I. Moult, I. W. Stewart, F. J. Tackmann, G. Vita and H. X. Zhu,
Subleading power rapidity divergences and power corrections for qr, JHEP 04
(2019) 123/ [1812.08189)].

P. Béer, QCD Factorisation in Fxclusive Semileptonic B Decays New
Applications and Resummation of Rapidity Logarithms, Ph.D. thesis, Siegen U.,
2018.

M. Beneke, M. Garny, R. Szafron and J. Wang, Violation of the
Kluberg-Stern-Zuber theorem in SCET, JHEP 09 (2019) 101 [1907.05463|.

7. L. Liu, B. Mecaj, M. Neubert and X. Wang, Factorization at subleading
power and endpoint divergences in h — 7y decay. Part II. Renormalization and
scale evolution, JHEP 01 (2021) 077 [2009.06779|.

7. L. Liu, B. Mecaj, M. Neubert and X. Wang, Factorization at subleading
power, Sudakov resummation, and endpoint divergences in soft-collinear
effective theory, Phys. Rev. D 104 (2021) 014004 [2009.04456].

G. Bell, P. Boer and T. Feldmann, Muon-electron backward scattering: a prime
example for endpoint singularities in SCET, JHEP 09 (2022) 183 |2205.06021].

M. Beneke, M. Garny, S. Jaskiewicz, J. Strohm, R. Szafron, L. Vernazza et al.,
Next-to-leading power endpoint factorization and resummation for off-diagonal
“gluon” thrust, JHEP 07 (2022) 144/ |2205.04479).

I. I. Balitsky and V. M. Braun, Evolution Equations for QCD String Operators,
Nucl. Phys. B 311 (1989) 541.

V. M. Braun, Y. Ji and A. N. Manashov, Higher-twist B-meson Distribution
Amplitudes in HQET, JHEP 05 (2017) 022 [1703.02446].

185


https://doi.org/10.1016/0370-2693(86)91439-5
https://doi.org/10.1016/0370-2693(86)91439-5
https://doi.org/10.1103/PhysRevLett.118.082002
https://arxiv.org/abs/1606.08659
https://doi.org/10.1088/1126-6708/2006/01/051
https://arxiv.org/abs/hep-ph/0512058
https://doi.org/10.1016/j.nuclphysb.2006.03.020
https://arxiv.org/abs/hep-ph/0512060
https://doi.org/10.1007/JHEP09(2016)159
https://arxiv.org/abs/1606.03080
https://doi.org/10.1007/JHEP04(2019)123
https://doi.org/10.1007/JHEP04(2019)123
https://arxiv.org/abs/1812.08189
https://doi.org/10.1007/JHEP09(2019)101
https://arxiv.org/abs/1907.05463
https://doi.org/10.1007/JHEP01(2021)077
https://arxiv.org/abs/2009.06779
https://doi.org/10.1103/PhysRevD.104.014004
https://arxiv.org/abs/2009.04456
https://doi.org/10.1007/JHEP09(2022)183
https://arxiv.org/abs/2205.06021
https://doi.org/10.1007/JHEP07(2022)144
https://arxiv.org/abs/2205.04479
https://doi.org/10.1016/0550-3213(89)90168-5
https://doi.org/10.1007/JHEP05(2017)022
https://arxiv.org/abs/1703.02446

Bibliography

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

138

186

H. Kawamura, J. Kodaira, C.-F. Qiao and K. Tanaka, B-meson light cone
distribution amplitudes in the heavy quark limit, Phys. Lett. B 523 (2001) 111
[hep-ph/0109181].

A. Khodjamirian, Form-factors of v*p — m and v*y — 7° transitions and light
cone sum rules, Fur. Phys. J. C' 6 (1999) 477 [hep-ph/9712451|.

V. M. Braun and A. Khodjamirian, Soft contribution to B — vylv, and the
B-meson distribution amplitude, |Phys. Lett. B 718 (2013) 1014 [1210.4453|.

T. Muta, Foundations of Quantum Chromodynamics: An Introduction to
Perturbative Methods in Gauge Theories, (3rd ed.), vol. 78 of World scientific
Lecture Notes in Physics. World Scientific, Hackensack, N.J.. 3rd ed., 2010.

P. Colangelo and A. Khodjamirian, QCD sum rules, a modern perspective,
hep-ph/0010175!

M. Beneke, P. Boer, J.-N. Toelstede and K. K. Vos, Light-cone distribution
amplitudes of light mesons with QED effects, JHEP 11 (2021) 059
[2108.05589).

A. Sirlin, Large my,, myz Behavior of the Oalpha, Corrections to Semileptonic
Processes Mediated by W, |Nucl. Phys. B 196 (1982) 83.

K. G. Chetyrkin, M. Misiak and M. Munz, |AF| = 1 nonleptonic effective
Hamiltonian in a simpler scheme, Nucl. Phys. B520 (1998) 279
[hep-ph/9711280].

B. O. Lange and M. Neubert, Factorization and the soft overlap contribution to
heavy to light form-factors, Nucl. Phys. B 690 (2004) 249 |hep-ph/0311345].

G. P. Lepage and S. J. Brodsky, Ezclusive Processes in Quantum
Chromodynamics: FEvolution Equations for Hadronic Wave Functions and the
Form-Factors of Mesons, |Phys. Lett. 87B (1979) 359.

G. P. Lepage and S. J. Brodsky, Ezclusive Processes in Perturbative Quantum
Chromodynamics, Phys. Rev. D22 (1980) 2157.

A. V. Efremov and A. V. Radyushkin, Factorization and Asymptotical Behavior
of Pion Form-Factor in QCD, Phys. Lett. 94B (1980) 245.

E. Baracchini and G. Isidori, Electromagnetic corrections to non-leptonic
two-body B and D decays, Phys. Lett. B 633 (2006) 309 [hep-ph/0508071].

S. Fleming, A. H. Hoang, S. Mantry and I. W. Stewart, Jets from massive
unstable particles: Top-mass determination, |Phys. Rev. D 77 (2008) 074010
[hep-ph/0703207].


https://doi.org/10.1016/S0370-2693(01)01299-0
https://arxiv.org/abs/hep-ph/0109181
https://doi.org/10.1007/s100520050357
https://arxiv.org/abs/hep-ph/9712451
https://doi.org/10.1016/j.physletb.2012.11.047
https://arxiv.org/abs/1210.4453
https://arxiv.org/abs/hep-ph/0010175
https://doi.org/10.1007/JHEP11(2021)059
https://arxiv.org/abs/2108.05589
https://doi.org/10.1016/0550-3213(82)90303-0
https://doi.org/10.1016/S0550-3213(98)00131-X
https://arxiv.org/abs/hep-ph/9711280
https://doi.org/10.1016/j.nuclphysb.2005.06.019
https://arxiv.org/abs/hep-ph/0311345
https://doi.org/10.1016/0370-2693(79)90554-9
https://doi.org/10.1103/PhysRevD.22.2157
https://doi.org/10.1016/0370-2693(80)90869-2
https://doi.org/10.1016/j.physletb.2005.11.072
https://arxiv.org/abs/hep-ph/0508071
https://doi.org/10.1103/PhysRevD.77.074010
https://arxiv.org/abs/hep-ph/0703207

Bibliography

[139]

[140]

[141]

142]

[143]

[144]
[145]

[146]

[147]

[148]

[149]

[150]

[151]

[152]

C. Lee, P. Shrivastava and V. Vaidya, Predictions for energy correlators probing
substructure of groomed heavy quark jets, JHEP 09 (2019) 045 [1901.09095].

L. Dai, C. Kim and A. K. Leibovich, Heavy quark jet production near threshold,
JHEP 09 (2021) 148/ |2104.14707].

A. von Manteuffel, R. M. Schabinger and H. X. Zhu, The two-loop soft function
for heavy quark pair production at future linear colliders, Phys. Rev. D 92
(2015) 045034/ [1408.5134].

D. Giusti, V. Lubicz, G. Martinelli, C. T. Sachrajda, F. Sanfilippo, S. Simula
et al., First lattice calculation of the QED corrections to leptonic decay rates,
Phys. Rev. Lett. 120 (2018) 072001 [1711.06537|.

C. T. Sachrajda, M. Di Carlo, G. Martinelli, D. Giusti, V. Lubicz, F. Sanfilippo
et al., Radiative corrections to semileptonic decay rates, PoS LATTICE2019
(2019) 162 [1910.07342].

G. M. de Divitiis et al., Real photon emissions in leptonic decays, 1908.10160.

C. Kane, C. Lehner, S. Meinel and A. Soni, Radiative leptonic decays on the
lattice, PoS LATTICE2019 (2019) 134/ [1907.00279|.

M. Beneke, Helmholtz International Summer School on “Heavy Quark Physics”,
Lectures on Soft-Collinear Effective Theory, Dubna (2005) .

T. Becher and M. Neubert, Drell-Yan Production at Small g7, Transverse
Parton Distributions and the Collinear Anomaly, Fur. Phys. J. C' 71 (2011)
1665 [1007 .4005].

V. M. Braun, G. P. Korchemsky and D. Miiller, The Uses of Conformal
Symmetry in QCD, Prog. Part. Nucl. Phys. 51 (2003) 311 |[hep-ph/0306057].

V. M. Braun, A. N. Manashov, S. O. Moch and M. Strohmaier, Conformal
symmetry of QCD in d-dimensions, Phys. Lett. B 793 (2019) 78/ [1810.04993].

G. Bell, T. Feldmann, Y.-M. Wang and M. W. Y. Yip, Light-Cone Distribution
Amplitudes for Heavy-Quark Hadrons, JHEP 11 (2013) 191/ [1308.6114].

7. L. Liu, B. Mecaj, M. Neubert, X. Wang and S. Fleming, Renormalization
and Scale Evolution of the Soft-Quark Soft Function, JHEP 07 (2020) 104
[2005.03013|.

B. O. Lange and M. Neubert, Renormalization-Group Fvolution of the B-Meson
Light-Cone Distribution Amplitude, |Phys. Rev. Lett. 91 (2003) 102001
[hep-ph/0303082].

187


https://doi.org/10.1007/JHEP09(2019)045
https://arxiv.org/abs/1901.09095
https://doi.org/10.1007/JHEP09(2021)148
https://arxiv.org/abs/2104.14707
https://doi.org/10.1103/PhysRevD.92.045034
https://doi.org/10.1103/PhysRevD.92.045034
https://arxiv.org/abs/1408.5134
https://doi.org/10.1103/PhysRevLett.120.072001
https://arxiv.org/abs/1711.06537
https://doi.org/10.22323/1.363.0162
https://doi.org/10.22323/1.363.0162
https://arxiv.org/abs/1910.07342
https://arxiv.org/abs/1908.10160
https://doi.org/10.22323/1.363.0134
https://arxiv.org/abs/1907.00279
https://doi.org/10.1140/epjc/s10052-011-1665-7
https://doi.org/10.1140/epjc/s10052-011-1665-7
https://arxiv.org/abs/1007.4005
https://doi.org/10.1016/S0146-6410(03)90004-4
https://arxiv.org/abs/hep-ph/0306057
https://doi.org/10.1016/j.physletb.2019.04.027
https://arxiv.org/abs/1810.04993
https://doi.org/10.1007/JHEP11(2013)191
https://arxiv.org/abs/1308.6114
https://doi.org/10.1007/JHEP07(2020)104
https://arxiv.org/abs/2005.03013
https://doi.org/10.1103/PhysRevLett.91.102001
https://arxiv.org/abs/hep-ph/0303082

Bibliography

[153]

[154]

[155]

[156]

157]

[158]

159

[160]

[161]

[162]

[163]

[164]

[165]

[166]

167

188

S. Actis, M. Beneke, P. Falgari and C. Schwinn, Dominant NNLO corrections to
four-fermion production near the W-pair production threshold, Nucl. Phys. B
807 (2009) 1 [0807.0102].

G. Bell and T. Feldmann, Modelling light-cone distribution amplitudes from
non-relativistic bound states, JHEP 04 (2008) 061 [0802.2221].

V. M. Braun and A. N. Manashov, Conformal symmetry of the Lange-Neubert
evolution equation, Phys. Lett. B 731 (2014) 316/ |1402.5822|.

M. Beneke, P. Boeer, Y. Ji and J.-N. Toelstede, Euclidean QCD correlators with

subleading power corrections, in preparation (2023) .

T. Nishikawa and K. Tanaka, QCD Sum Rules for Quark-Gluon Three-Body
Components in the B Meson, Nucl. Phys. B 879 (2014) 110 [1109.6786.

M. Beneke and M. Neubert, QCD factorization for B — PP and B — PV
decays, |Nucl. Phys. B675 (2003) 333 [hep-ph/0308039].

RQCD collaboration, Light-cone distribution amplitudes of pseudoscalar
mesons from lattice QCD, |JHEP 08 (2019) 065 [1903.08038].

T. Huber, E. Lunghi, M. Misiak and D. Wyler, Electromagnetic logarithms in
B — X "1~ Nucl. Phys. B 740 (2006) 105 [hep-ph/0512066).

C. Bobeth, P. Gambino, M. Gorbahn and U. Haisch, Complete NNLO (QCD
analysis of B — X0~ and higher order electroweak effects, |JHEP 04 (2004)
071/ [hep-ph/0312090).

A. Carbone, D. Galli, U. Marconi, S. Perazzini, A. Sarti, V. Vagnoni et al.,
Invariant mass line shape of B — PP decays at LHCb, .

LHCB collaboration, Measurement of CP asymmetries in two-body B?S)—meson

decays to charged pions and kaons, Phys. Rev. D 98 (2018) 032004
[1805.06759].

M. Gronau and J. L. Rosner, Rate and CP-asymmetry sum rules in B — K,
Phys. Rev. D 74 (2006) 057503/ [hep-ph/0608040]|.

M. Gronau, A Precise sum rule among four B — Kn CP asymmetries, Phys.
Lett. B 627 (2005) 82 |hep-ph/0508047].

Y. Grossman, M. Konig and M. Neubert, Exclusive Radiative Decays of W and
Z Bosons in QCD Factorization, JHEP 04 (2015) 101 [1501.06569|.

V. M. Braun, Y. Ji and A. N. Manashov, Two-loop evolution equation for the
B-meson distribution amplitude, Phys. Rev. D 100 (2019) 014023 [1905.04498].


https://doi.org/10.1016/j.nuclphysb.2008.08.006
https://doi.org/10.1016/j.nuclphysb.2008.08.006
https://arxiv.org/abs/0807.0102
https://doi.org/10.1088/1126-6708/2008/04/061
https://arxiv.org/abs/0802.2221
https://doi.org/10.1016/j.physletb.2014.02.051
https://arxiv.org/abs/1402.5822
https://doi.org/10.1016/j.nuclphysb.2013.12.007
https://arxiv.org/abs/1109.6786
https://doi.org/10.1016/j.nuclphysb.2003.09.026
https://arxiv.org/abs/hep-ph/0308039
https://doi.org/10.1007/JHEP08(2019)065
https://arxiv.org/abs/1903.08038
https://doi.org/10.1016/j.nuclphysb.2006.01.037
https://arxiv.org/abs/hep-ph/0512066
https://doi.org/10.1088/1126-6708/2004/04/071
https://doi.org/10.1088/1126-6708/2004/04/071
https://arxiv.org/abs/hep-ph/0312090
https://doi.org/10.1103/PhysRevD.98.032004
https://arxiv.org/abs/1805.06759
https://doi.org/10.1103/PhysRevD.74.057503
https://arxiv.org/abs/hep-ph/0608040
https://doi.org/10.1016/j.physletb.2005.09.014
https://doi.org/10.1016/j.physletb.2005.09.014
https://arxiv.org/abs/hep-ph/0508047
https://doi.org/10.1007/JHEP04(2015)101
https://arxiv.org/abs/1501.06569
https://doi.org/10.3204/PUBDB-2019-02451
https://arxiv.org/abs/1905.04498

Bibliography

[168] M. Beneke, M. Garny, R. Szafron and J. Wang, Anomalous dimension of
subleading-power N-jet operators. Part II, JHEP 11 (2018) 112 [1808.04742)|.

[169] R. L. Jaffe, Spin, twist and hadron structure in deep inelastic processes, in
Ettore Majorana International School of Nucleon Structure: 1st Course: The
Spin Structure of the Nucleon, pp. 42-129, 1, 1996, hep-ph/9602236.

[170] C. W. Bauer, D. Pirjol and I. W. Stewart, Power counting in the soft collinear
effective theory, Phys. Rev. D 66 (2002) 054005/ [hep-ph/0205289).

[171] S. Wandzura and F. Wilczek, Sum Rules for Spin Dependent Electroproduction:
Test of Relativistic Constituent Quarks, Phys. Lett. B 72 (1977) 195.

[172] M. Beneke and P. Ruiz-Femenia, Threshold singularities, dispersion relations
and fized-order perturbative calculations, JHEP 08 (2016) 145 [1606.02434].

[173] Y. L. Luke, The Special Functions and Their Approzimations, New York:
Academic Press (1969) .

189


https://doi.org/10.1007/JHEP11(2018)112
https://arxiv.org/abs/1808.04742
https://arxiv.org/abs/hep-ph/9602236
https://doi.org/10.1103/PhysRevD.66.054005
https://arxiv.org/abs/hep-ph/0205289
https://doi.org/10.1016/0370-2693(77)90700-6
https://doi.org/10.1007/JHEP08(2016)145
https://arxiv.org/abs/1606.02434




Acknowledgements

First of all, I would like to thank my advisor Prof. Dr. Martin Beneke, who instructed
me over the past years. From our meetings and discussions, I substantially learned novel
and valuable methods to tackle conceptually interesting problems. Along the way, this
guided me to turn proper TMP math into actual phenomenological relevance, for which
I am highly grateful. The second person I want to thank is Dr. Philipp Boer, for his day-
to-day supervision up to the very end. This includes all the feedback on calculations,
presentations, drafts, and in particular many text messages over the weekends. In a
similar manner, I am grateful to Prof. Dr. Keri Vos, who sometimes motivated me
to leave the calculation machine deck and take a view on the precision horizon. For
her administrative support and efforts, especially during the application phase, I thank
Elke Hutsteiner. At the beginning of my work, Prof. Dr. Danny van Dyk provided me
the opportunity to participate in an additional project and different theory workshops,
for which I owe him a special thanks.

For financial support, I thank Studienstiftung des deutschen Volkes for their Ph.D.
scholarship and the possibility to extend my research within the Marianne Plehn pro-
gram. The Max Planck Institute for Physics and the IMPRS program, supervised by
Dr. Frank Steffen, supported me in particular during my first year. In this context,
I would like to thank Prof. Dr. Gerhard Buchalla for mentoring my progress in the
IMPRS program.

Special thanks also go to Dr. Matthias Konig, with whom I had many enlightening
and joyful discussions about the fundamental concepts of HQET and SCET over the
last months of my Ph.D. Furthermore, I would like to thank Dr. Kai Urban, who
has been my long-term office mate, as well as Gael Finauri and Andrea Sanfilippo
for relaxing coffee and lunch breaks. I am thankful to Dr. Yao Ji for his help and
comments about LCDAs and their evolution, and to Dr. Lennart Laude and Mathias
Geiger for feedback on language style. Finally, I would like to thank my mother and
my father for their endless support.






	Introduction
	QCD factorization in B to gamma ell nu
	QED effects in non-leptonic B to M1 M2 decays
	Comment on hadronic input

	Outline

	Basic concepts of QCD factorization
	Heavy-quark expansion
	Method of regions
	Hard region
	Hard-collinear region
	Soft region

	Heavy Quark and Soft-Collinear Effective Theory
	Gauge invariance
	Reparametrization invariance

	Factorization
	Decoupling transformation
	Renormalization

	Resummation

	Subleading effects in B-meson correlators
	Higher-twist corrections
	Results for the (axial-)vector case
	Twist-5 and twist-6 contributions

	Dispersion relation
	Soft corrections
	LP contributions
	NLP contributions


	QCDxQED Factorization
	Matching equation
	SCET I operator basis
	Hard region computation
	Renormalization of the hard region

	SCET I factorization
	Anti-collinear kernel
	Generalized heavy-to-light current
	Soft rearrangement
	Semi-leptonic QED factorization

	SCET II factorization
	Matching coefficients
	Hard-scattering kernels HI and TI
	Hard-scattering kernels HII and TII

	Ultrasoft photons

	Resummation of QED effects
	Light-meson LCDA
	Endpoint behaviour
	Gegenbauer coefficients and analytic O(alphaEM) solution

	Soft functions
	Renormalization of PhiB
	Anomalous dimension for PhiB
	RGE of the first inverse (logarithmic) moments
	Evolution equation in Laplace space
	Solution for inverse moments
	All-order solution for PhiB
	Analytic solution for PhiB to alphaEM

	Ultrasoft QED effects

	Numerical results
	Subleading effects in QCD factorization
	LO+LP analysis
	NLO+NLP analysis

	QED corrections in BtoPiK observables
	Electroweak corrections
	Hard-scattering kernels
	Penguin-dominated BtopiK decays
	Ultrasoft factors
	Branching ratios, isospin sum rule and direct CP asymmetries
	Light-meson LCDA
	Soft functions


	Conclusion
	Renormalization in HQETxSCET
	Jet function in SCET
	Soft region in HQET

	Twist expansion in QCD
	Fourier integrals
	Wandzura-Wilczek relations

	Diagrammatic results for B to M1M2 decays
	Vertex corrections
	Photon polarization and spectator scattering

	Relations for distribution amplitudes
	Dispersive integrals
	Distributions in w
	Distributions acting on pure powers

	Asymptotic behaviour of hadronic functions
	Inverse Mellin transform in QCD
	Inverse Mellin transform in QCDxQED
	Soft function for QM20
	Soft function for QM>>Qud

	Meijer-G functions

