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Abstract
In recent decades, scientists and engineers have benefited greatly from advances in computa-
tional mechanics. A key ingredient for the success of computational methods is the steadily in-
creasing computing power as well as the development of algorithms capable of exploiting it. The
simulation of complex mechanical systems’ behavior is currently possible with great accuracy,
which is especially valuable for systems hardly accessible by prototyping or experiments. The
need for larger computing power is also the motivation for rising computing power, this seems
to be a trivial statement. In other words however the statement reads: To date, the available com-
puting power has never been sufficient to address the complexity of all prevailing questions to
full satisfaction. As a result, approaches to generate approximate solutions to computationally
unaffordable models have increasingly gained attention in computational science and established
the field of reduced order modeling.

Starting from a full-order model (FOM), the so-called projection-based model order reduction
(MOR) generates a reduced-order model (ROM) by searching an approximation to the FOM
solution in a low-dimensional subspace. As a result, arising systems of equations throughout
the iterative solution process can contain several orders of magnitude fewer unknowns than the
high-dimensional FOM. A natural application of projection-based MOR arises for parametrized
models, which have to be solved for a large number of parameter variations in a many query
context, e.g. arising in uncertainty quantification or optimization. Although individual model
evaluations might be affordable, the computational burden here results from the combination of
large models and large number of requested model evaluations. Examples of such parametrized
systems arise in biomedical applications. Complex geometries and pronounced nonlinearities
require high spatial resolution. At the same time, uncertainties in model parameters due to im-
precise data on the object of interest as part of the (human) body require e.g. statistical analysis
or model calibration and establish the aforementioned many query context.

In this thesis, two biomedical models are investigated. The abdominal aortic aneurysm (AAA)
is a pathological dilatation of the abdominal aorta, which is prone to spontaneous rupture with
frequently a lethal outcome for the patient. The first computational model at hand returns a
spatially resolved state of the aortic stress and can serve to examine critical conditions, e.g. if
rupture is identified with material failure. Secondly, a cardiac mechanics model is investigated.
This model returns, besides material deformation throughout heart beats, temporally resolved
data on parameters related to cardiac performance such as ventricular pressures and volumes.
Consequently, the model can be used to investigate critical conditions for heart failure. The
application and adaption of projection-based MOR to these biomedical models is the subject
of this thesis. Recalling the many query context, reduced subspaces are constructed in a data-
driven approach from selected samples of the FOMs. Upon that, a so-called hyper reduction
is performed for fast assembly of nonlinear system components. Prestressing, multidimensional
parametrization, multiple nonlinear system components, large deformations and highly nonlinear
material behavior are examples of arising challenges in the aforementioned context.
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Zusammenfassung
Wissenschaftler und Ingenieure haben in den letzten Jahrzehnten in starker Ausprägung von
Fortschritten in der numerischen Mechanik profitiert. Wichtige Voraussetzungen dieses Erfolgs
waren die Verfügbarkeit stetig wachsender Rechenleistung sowie die Entwicklung von paral-
lelisierten Algorithmen, welche diese Rechenleistung ausnutzen können. Die akkurate Simula-
tion komplexer mechanischer Systeme ist derzeit möglich, was von besonders hohem Wert ist,
wenn das betrachtete System nur schwer oder gar nicht durch Prototypisierung oder Experimente
zugänglich ist. Die stetig wachsende Verfügbarkeit an Rechenleistung wird angetrieben durch
den stetig wachsenden Bedarf an Rechenleistung, diese Aussage scheint trivial. Mit anderen
Worten jedoch heißt das: Die verfügbare Rechenleistung war bisher nie ausreichend, um alle
numerischen Probleme zur vollen Zufriedenheit behandeln zu können. Als Folge haben Ansätze
zur Approximation von Lösungen komplexer Modelle zunehmend Aufmerksamkeit gewonnen
und den Wissenschaftsbereich der Modellordnungsreduktion (MOR) begründet.

Ausgehend von einem hochdimensionalen Modell (FOM, Abkürzung für englischen Begriff
“full-order model”) wird in der sogenannten projektionsbasierten MOR ein reduziertes Modell
(ROM, Abkürzung für englischen Begriff “reduced-order model”) durch Suche einer Approxi-
mation der FOM Lösung in einem niedrigdimensionalen Lösungsraum erzeugt. Folglich können
auftretende Gleichungssysteme im iterativen Lösungsprozess um Größenordnungen weniger
Unbekannte enthalten als das FOM. Ein natürliches Anwendungsgebiet für projektionsbasierte
MOR entspringt parametrisierten Systemen, welche für eine große Anzahl an Parametervariatio-
nen ausgewertet werden müssen. Ein solcher Kontext ergibt sich z.B. bei der Quantifizierung von
Unsicherheiten oder der Optimierung. Auch wenn individuelle Modellauswertungen bezahlbar
sein können, wird die verfügbare Rechenleistung zum Flaschenhals aufgrund der Kombination
von hochaufgelöstem Modell und der Anzahl an auszuführenden Modellauswertungen. Zahl-
reiche Beispiele solcher parametrisierter Systeme ergeben sich aus der Biomechanik. Komplexe
Geometrien und ausgeprägte Nichtlinearitäten setzen eine hohe räumliche Auflösung voraus.
Gleichzeitig erfordern Unsicherheiten in Modellparametern aufgrund einer Unschärfe der Daten-
lage und bedingtem Zugang zum Objekt als Teil des (menschlichen) Körpers die Anwendung
statistischer Analyse oder Modellkalibrierung und begründen daher den oben genannten Kon-
text vieler Modellauswertungen.

Im Fokus dieser Arbeit liegen zwei biomechanische Modelle. Das abdominale Aortenaneurys-
ma ist eine pathologische Aufweitung der abdominalen Aorta. Das erkrankte Aortensegment
kann spontan rupturieren, was in den meisten Fällen für den betroffenen Patienten tödlich endet.
Das erste biomechanische Modell liefert einen räumlich aufgelösten Zustand der Aneurysmen-
wandspannungen und kann zur Untersuchung kritischer Bedingungen herangezogen werden,
wenn Ruptur als mechanisches Materialversagen interpretiert wird. Das zweite biomechanis-
che Modell beschreibt die Mechanik des schlagenden Herzens. Dieses Modell liefert, neben
der Materialverformung während eines Herzschlags, zeitlich aufgelöste Daten (z.B. ventrikuläre
Drücke und Volumen) im Zusammenhang mit der Herzperformanz. Folglich kann dieses Modell
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für die Untersuchung kritischer Bedingungen mit Auswirkung auf Herzinsuffizienz herange-
zogen werden. Zielstellung der vorliegenden Arbeit ist die Adaption und Anwendung projek-
tionsbasierter MOR auf die beschriebenen biomechanischen Modelle. Im oben erwähnten Kon-
text vieler Modellauswertungen werden niedrigdimensionale Lösungsräume datengetrieben aus
Lösungen ausgewählter Parametersamples erzeugt. Zudem wird die sogenannte Hyperreduk-
tion für schnelle Assemblierung nichtlinearer Systemkomponenten verwendet. Vorgespannte
Geometrien, mehrdimensionale Parametrisierungen, mehrere nichtlineare Systemkomponenten,
große Deformationen und hochgradig nichtlineares Materialverhalten sind Beispiele sich ergeben-
der Herausforderungen im beschriebenen Kontext.
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Āj ECSW subsystem matrix for subdomain j
b̄j ECSW subsystem right hand side for subdomain j
E j element index set of subdomain j
Ns number of ECSW subdomains

Other symbols

I identity matrix
δu weighting function
δW virtual work
P parameter space
nP dimension of parameter space
nµ number of design points to distribute
Σt training grid
Σc chosen points (e.g. by a specific design)
ΣMm
c,nµ maximin design with nµ distributed points

ΣmM
c,nµ minimax design with nµ distributed points
µ parameter vector
θk subspace angle
Σsd tuple with training grid subdomains
θm maximum subspace angle
αincl subspace inclination angle
Ecycle cycle error criterion
Tcycle duration of one cardiac cycle
ξth singular value threshold ratio
EF ejection fraction
SV stroke volume
EDV end-diastolic volume
SW stroke work
CO cardiac output
ω heart rate

xxiii





1. Introduction

1.1. Motivation
Computational modeling for support of technical system design or general understanding of
physical processes has become a valuable instrument for scientists and engineers. Increasing
availability of high-performance computation clusters has been a key factor in development of
sophisticated algorithms with real world applications. Besides technical systems, biological sys-
tems emerged as challenging, but rewarding field of application for computational modeling with
great value for both physicians and patients. Examples are the application in understanding gen-
eral disease progression [130], risk assessment [81, 106] or interventional planing [52, 82, 104].
Frequently, spatially discretized models with high resolution are a prerequisite for reliable re-
sults. Additionally, multiple evaluations of the resulting large models have to be performed due
to the need for model calibration or statistical uncertainty in model parameters. Consequently, a
large demand on computing resources emerges.

This demand introduces a significant bottleneck towards clinical application and substantiates
the need for less computationally expensive models. As a result, model reduction with appli-
cation to biomedical models motivates the work in this thesis. The focus lies on computational
models of the cardiovascular system, in particular on cardiac and abdominal aortic aneurysm
mechanics.

This thesis takes the perspective of computational and engineering science. Nevertheless, a
certain amount of medical background is required for understanding the models at hand. The
remainder of this section is used to provide background on some aspects of the cardiovascular
system. In view of the applied models, emphasis is put on the abdominal aortic aneurysm and
the mechanics of the beating heart.

1.2. Cardiovascular system
The human cardiovascular system is the combination of a complex network of blood vessels as
well as the heart. At resting conditions, approximately five liters of blood are pumped by the
heart every minute. Blood provides nutrients and oxygen to tissue and removes waste products
and carbon dioxide from tissue, which makes a proper circulation of blood vitally important for
health.

Blood vessels are distinguished into three types: arteries, veins and capillaries. Arterial blood
flow is directed away from the heart, while venous blood flow is directed towards the heart.
Consequently, arterial blood pressure is significantly higher than venous pressure and arterial
wall structure must be mechanically stable to withstand the dynamic pressure load. Capillaries
allow an exchange of chemicals between tissue and transported blood through their thin walls
and can be found in arterial as well as venous parts of the blood vessel network.
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1. Introduction

The heart is located inside the pericardium, a sac built of the fibrous pericardium (outer layer)
and the serous pericardium (inner layer), which itself consists of two layers forming a cavity.
This so-called pericardial cavity contains lubricating fluid to avoid friction during heart con-
traction and expansion. The inner layer of the serous pericardium is called epicardium and is
simultaneously the outer layer of the heart. The epicardium covers the myocardium, which is the
muscle tissue actively contracting in the cardiac cycle. The innermost layer of the heart is called
endocardium. Having blood contact, the endocardium avoids formation of blood clots and blood
adhering to the walls of heart chambers [8].

In this thesis, the focus lies on two computational models in the context of the cardiovascular
system. The following two sections provide brief medical background and establish a basis for
an engineering understanding of the biomechanics models under consideration.

1.2.1. Abdominal aortic aneurysm
The aorta transports oxygenated blood from the left ventricle and is the biggest artery in the
human body. Morphologically, the aorta consists of an ascending part starting at the heart, the
aortic arch, the thoracic aorta as well as the abdominal aorta bifurcating into the common iliac
arteries, see Figure 1.1.

The pathology under consideration in this thesis is the abdominal aortic aneurysm (AAA).
An AAA corresponds to a permanent dilatation of the abdominal aorta as a consequence of
preceding degeneration of aortic wall properties [119]. Degenerated wall properties on the one
hand and increased blood pressure load due to increasing luminal surface on the other hand
turn AAAs prone to rupture, which is a severe medical emergency with lethal outcome in at
least 80% of incidences [36]. With age as a severe risk factor, the probability of developing
an AAA increases during the course of human life. Further exemplary risk factors are male
gender, comorbid cardiovascular diseases, hypertension, overweight as well as smoking history
and familiar predisposition [67].

Most AAAs are asymptomatic, such that diagnosis frequently happens accidentally [77].
Treatment is carried out depending on the progress of the disease. Recommendation for elec-
tive repair is given by the Society for vascular surgery in case of a size ≥ 5.5cm for fusiform
AAAs and independently of AAAs size in case of saccular shape [19]. One type of surgical
treatment is open repair, wherein a blood vessel prosthesis is introduced to replace the dilated
section of the aorta via transabdominal access. A further, minimally invasive and in modern days
more frequently applied type of surgical treatment is endovascular aneurysm repair, wherein a
so-called stent-graft is deployed into the aorta [126]. Function of the stent-graft is to remove
mechanical load from the diseased section of the aortic wall and prevent rupture.

Surgical intervention in AAA treatment is related to a variety of risks. The risk of death within
30 days of open repair intervention has been reported up to 8%, while endovascular aneurysm
repair, regardless of its classification as minimally invasive interference, has a mortality rate up to
1.6% [19]. Postoperative risks are e.g. bowel obstruction, incisional hernia or graft infection [71]
in case of open repair and e.g. endoleaks (blood leaking into the aneurysm), endograft migration
(relocation of stent-graft after deployment) as well as endograft infection in case of endovascular
aneurysm repair [32].

A central issue physicians face is opposing the risk of surgical intervention with the risk of
AAA rupture, depending on the individual situation of every single patient. At the same time,
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strict application of AAA size based criterion mentioned above might underestimate the com-
plexity of the disease [42, 107]. In this context, state-of-the-art computational models have the
potential to greatly support clinical decision making with a benefit for both physicians and pa-
tients. The computational model under consideration in this thesis consists of a 3D resolved
aortic section fully including the dilated segment. Recently, model applications have been pre-
sented in the context of rupture risk assessment [14, 91] and in-silico modeling of endovascular
aneurysm repair outcome [52, 53].

heart

common iliac artery

aorta

abdominal 

aortic aneurysm 

systemic 

veins

systemic 

arteries

pulmonary 

arteries

pulmonary 

veins

aortic arch

Figure 1.1.: Sketch of human cardiovascular system with infrarenal abdominal aortic aneurysm.
Adapted with permission from [1] (published under CC BY license [27]). Added
labeling, original image does not contain text.

1.2.2. Cardiac mechanics and heart failure

Figure 1.2 depicts a highly simplified sketch of the cardiovascular system including the heart
and blood circulation. The heart contains four chambers, namely the left atrium, left ventricle,
right atrium and right ventricle. Left and right heart chambers have been spatially separated
in Figure 1.2 in order to illustrate the closed-loop nature of the circulation. Inside the heart,
blood flows from atria to ventricles. Outside the heart, the left ventricle pumps blood through the
systemic part of the circulation to the right atrium, while the right ventricle pumps blood through
the pulmonary part of the circulation to the left atrium. Blood oxygenation takes place in the
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lung as part of the pulmonary circulation. Blood deoxygenation is the consequence of oxygen
consumption in e.g. the viscera, muscles, brain and skin as part of the systemic circulation [124].

The flow in Figure 1.2 is regulated by pressure gradients as well as four valves. All valves (in a
healthy heart) close in case of a positive pressure gradient in direction of the main circulation and
keep the flow unidirectional. The mitral valve is located between the left atrium and ventricle, the
tricuspid valve between the right atrium and ventricle. These valves avoid ventricular backflow
and are simultaneously referred to as atrioventricular valves. Semilunar valves simultaneously
refer to the aortic valve between the left ventricle and aorta and the pulmonary valve between
the right ventricle and pulmonary artery. Consequently, semilunar valves avoid arterial backflow.

right atrium

right ventricle

left atrium

left ventricle

pulmonary veinspulmonary artery

aortasystemic veins

pulmonary  
circulation

systemic 
circulation

aortic valve

tricuspid 

valve

pulmonary valve mitral 

valve

Figure 1.2.: Simplified scheme of the cardiovascular system. In order to highlight the closed loop
nature of blood circulation, left heart chambers have been spatially separated from
right heart chambers. The colors blue and red mark deoxygenated and oxygenated
blood, respectively.

In more detail, a single heart beat can be subdivided in five phases [124]. Figure 1.3 contains
a sketch of exemplary pressure and volume curves and serves for discussion of the five phases.
Atrial contraction (phase 1, atrioventricular valves open, semimular valves closed) takes place
in the timespan t0 - t1. Atrial contraction actively supports ventricular filling (ventricular volume
increases), which in turn is completed at time t1. Timespan t1 - t2 (phase 2, atrioventricular valves
closed, semimular valves closed) is referred to as isovolumetric ventricular contraction. Given
that all valves in this phase are closed, an increase of ventricular pressure at constant ventricu-
lar volume takes place. Ventricular ejection (phase 3, atrioventricular valves closed, semimular
valves open) takes place in the timespan t2 - t3. Blood is pumped into the aorta and pulmonary
artery. The consequence is a decrease of ventricular volume, left and right ventricular pressure
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curves align with aortic and pulmonary artery pressure curves, respectively. Isovolumetric re-
laxation (phase 4, atrioventricular valves closed, semimular valves closed) takes place in the
timespan t3 - t4. Ventricular pressure decreases at constant volume and the isovolumetric relax-
ation phase is completed with opening of atrioventricular valves at time t4. Finally, left and right
ventricles start to refill by receiving blood from the atria in the ventricular filling phase (phase
5, atrioventricular valves open, semimular valves closed). The cardiac cycle ends at time t5 and
the beginning atrial contraction initiates the next period.

Besides the presented five phases, the cardiac cycle is frequently partitioned in the systole and
the diastole. The systole comprises ventricular contraction and ejection, that is the timespan t1
- t3 in Figure 1.3. The rest of the cardiac cycle including ventricular relaxation and ventricu-
lar filling corresponds to the diastole. Important quantities in this context are the end-diastolic
ventricular volume (EDV) (i.e. ventricular volume at t1) and the end-systolic ventricular volume
(ESV) (i.e. ventricular volume at t3).
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Figure 1.3.: Sketch of heart chamber pressures and ventricular volumes. Five phases of the car-
diac cycle can be identified by t0 - t1: atrial contraction and active support of ventric-
ular filling, t1 - t2: isovolumetric ventricular contraction, t2 - t3: ventricular ejection,
t3 - t4: isovolumetric relaxation, t4 - t5: passive ventricular filling.

Individual changes in chamber pressures and volumes dependent on physical activity (e.g.
resting vs. physically exercising person) are normal and important to meet body needs on the
one hand. On the other hand, changes in pressure and volume characteristics over longer periods
of time might indicate heart dysfunctioning. The term heart failure is used to reference a state
at which the heart is unable to supply the body with sufficient blood circulation, which might
lead to symptoms such as shortness of breath, reduced exercise capacity or fatigue. Distinction is
made between systolic and diastolic dysfunction. In systolic dysfunction, the heart suffers from
a reduced contractility. In diastolic dysfunction, ventricular filling is impaired [72].
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1. Introduction

Prevalence estimation of heart failure is difficult due to the heterogeneity of the disease. A
recent review article [49] summarizes an adult population prevalence between 1% and 2% in
developed countries in case of recognized heart failure. Prevalence of unrecognized heart failure
(e.g. due to misclassification of symptoms) is estimated significantly higher. Besides prevalence,
high mortality after a diagnosis outlines the severeness of the disease. A recent meta-analysis
[65] of data from mainly Europe and North America states a 5-years survival rate of only 57%,
decreasing to 35% for the 10-years survival rate. In summary, heart failure severely diminishes
the quality of life by impairing heart performance. The computational model under consideration
in this thesis is able to rate patient-specific heart performance from data gained by simulation of
full cardiac cycles including a 3D resolved myocardium and a dimensionally reduced model for
the blood circulation network. Recently, model application has been presented in the context of
ventricular assist device development [59, 139].

1.3. Research objective
Referring back to Section 1.1, there is a high potential value of computational biomedical mod-
els in supporting clinical analysis and decision making, while at the same time, the demand on
computational resource of large biomedical models quickly becomes a bottleneck in applica-
tion. In view of this problematic nature, the objective of this thesis is the examination, adaption
and extension of state of the art projection-based model order reduction (MOR) techniques to
the cardiovascular system, in particular to abdominal aortic aneurysm and cardiac mechanics
models.

The so-called offline-stage in projection-based MOR aims at the construction of the reduced-
order model (ROM). The goal of the offline-stage is twofold: First, a low-dimensional subspace
is constructed from processing multiple full-order model (FOM) solutions at selected parameter
samples. Second, a small subset of finite elements of the FOM discretization is extracted and
stored. Having completed the offline-stage once, a ROM results from a dimensional reduction
by restriction of the solution to remain in the low-dimensional subspace and a nonlinear system
assembly by evaluation of the extracted subset of mesh elements. The online-stage refers to the
repeated evaluation of the ROM, which, once constructed, can be evaluated using significantly
less computing resources than the FOM.
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1.3. Research objective

Contributions in this work are:

• Model order reduction of prestressing: In biomedical screening, imaged structures are
frequently exposed to mechanical stress. From the viewpoint of structural continuum me-
chanics, this condition corresponds to a stressed reference configuration, significantly im-
pacting the material response in case of further loading of the nonlinear model. Prestress-
ing [46, 47], refers to the incorporation of the prevailing stress state into the fixed imaged
configuration, e.g. aortic and cardiac stress due to vascular and ventricular blood pres-
sure, respectively. The presented projection-based MOR framework consistently includes
prestressing.

• Full-order model sampling for reduced-order basis construction: Referring to the ex-
perience of preceding contributions [14, 83, 106], the AAA is modeled by a stationary
structural mechanics problem with the deformation under systolic pressure as the con-
figuration of interest. To capture a low-dimensional subspace capable of accurately repro-
ducing all parametrized deformation states, a sampling design based on a greedy maximin
distance criterion [122] is proposed.

• Consistent hyper reduction: Nonlinear system components in biomedical modeling might
be of different nature, requiring individual treatment in hyper reduction. Examples in struc-
tural mechanics are the internal force, which needs assembly over the entire mesh includ-
ing evaluation of constitutive equations, and a nonlinear pressure load, which requires as-
sembly over a surface mesh with exclusively information on the geometry of that surface.
In this thesis, consistent hyper reduction means the application of the same hyper reduction
algorithm (energy-conserving mesh sampling and weighting, see Section 3.2.2 for details)
on different portions of the FOM mesh for different nonlinear system components.

• Validation for AAA mechanics: AAAs possess mechanically complex behavior due to
phenomena such as nonlinear constitutive laws, prestressing, interaction of thrombus and
aortic wall or deformation dependent load (e.g. blood load increases with inflating aneurysm
due to increasing luminal surface even at constant pressure). Focusing on stress and strain
states in the aneurysm wall, the influence of the quality of selected low-dimensional sub-
spaces and the approximation accuracy of constructed ROMs is investigated.

• Validation in the context of impaired cardiac functionality: Heart failure mostly is
a consequence of preceding cardiovascular diseases. The model at hand can reproduce
pathological conditions by modification of model parameters. The influence of a disease
on overall functionality of the heart can be evaluated from heart performance related me-
chanical quantities such as stroke work or cardiac output. Constructed ROMs resemble
conditions in the functionally impaired heart and are evaluated with respect to their ability
of predicting heart performance.
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1. Introduction

1.4. Outline
The content of this thesis is organized as follows:

• Section 1 motivates the topic addressed in this thesis and gives medical background on
the cardiovascular system from an engineering perspective. Focus is laid on the abdomi-
nal aortic aneurysm and on cardiac mechanics. Research objective and thesis outline are
stated.

• Section 2 briefly introduces fundamentals of continuum mechanics with focus on 3D solid
mechanics as well as 0D (i.e. no resolution of fluid domain geometry) fluid mechanics.
In a second step, spatial and temporal discretization methods are addressed and iterative
solution techniques for nonlinear systems of equations are recalled.

• Section 3 initially deals with the general idea of discrete projection on low-dimensional
subspaces, which is then rigorously transferred to the application for dimensional reduc-
tion of discrete systems of equations. After addressing approaches for the construction of
low-dimensional subspaces, the general idea of hyper reduction following narrowed focus
on the energy-conserving mesh sampling and weighting method is presented. Both dimen-
sional reduction and hyper reduction are exemplified by simple computational examples.

• Section 4 deals with projection-based MOR of the AAA model. A discussion of the model
is presented first. Special attention is paid to the prestressing stage and a reformulation
of it in view of projection-based MOR. Next, the applied sampling algorithm for low-
dimensional subspace construction is motivated and stated. Subsequent numerical experi-
ments demonstrate application of the proposed sampling algorithm and hyper reduction to
patient-specific AAA models.

• Section 5 deals with projection-based MOR of the cardiac mechanics model. A discus-
sion of the computational model is presented first, including particularities as the self-
contracting myocardial tissue as well as the 0D vascular system. Next, the monolithic and
two-way coupled ROM is stated. Subsequent numerical experiments discuss dimensional
reducibility of the cardiac mechanics model, show ROM application to homeostatic state
estimation and resembling impaired conditions of cardiac performance.
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2. Fundamentals on continuum
mechanics and finite elements

Biomechanics models introduced in this thesis are based on continuum mechanics. Finite ele-
ment and finite difference methods are applied for discretization in space and time, respectively.
This section focuses on the fundamentals of continuum mechanics, spatial and temporal dis-
cretization schemes as well as solution strategies for the resulting nonlinear systems of equa-
tions.

2.1. Modeling in continuous space and time

Continuum mechanics is a mathematical formalism that deals with the response of a continuum
to environmental influences, whereas a continuum can be seen as a simplified model of matter.
The formalism combines general physical principles (such as conservation laws) with a great de-
gree of flexibility in modeling specific material behavior (constitutive laws), which explains the
wide application of continuum mechanics in science and engineering. This section gives a brief
introduction to continuum mechanics, specifically tailored to the needs of sections hereafter. For
a general and more complete overview, the reader is referred to the textbook [60].

2.1.1. Kinematics

Figure 2.1 depicts the general problem setting in continuum mechanics. Starting at time t = 0, a
body deforms continuously occupying different spatial domains. For the mathematical descrip-
tion of motion, a so-called deformation map

ϕ :

{
(Ω0, [0, tend])→ Ω
(x0, t) 7→ ϕ(x0, t) = x(x0, t)

(2.1)

is used. This function maps the non-deforming reference configuration Ω0 to the deforming
current configuration Ω in the time interval of interest t ∈ [0, tend]. Thereby, each material
element can be referenced by its constant position vector x0 in the reference configuration, while
the material element position vector in the current configuration is denoted by x.

The following first-order tensor fields are introduced for the description of continuum motion.
The displacement field

u(x0, t) = x(x0, t)− x0, (2.2)

the velocity field
v = u̇ (2.3)
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2. Fundamentals on continuum mechanics and finite elements

<latexit sha1_base64="lpDNSYxoB4+UUV8ZcfWFtJmKmBg="></latexit>

⌦0

<latexit sha1_base64="qufKhqvoYYqLTVDIOQyZ3xRl/+g="></latexit>

⌦(tend)

<latexit sha1_base64="lotSr98hUL3vjp1wsdg0HEq+7/4="></latexit>

P

<latexit sha1_base64="lotSr98hUL3vjp1wsdg0HEq+7/4="></latexit>

P

<latexit sha1_base64="lotSr98hUL3vjp1wsdg0HEq+7/4="></latexit>

P

<latexit sha1_base64="1vJB5p2KcmPDYGSUOI0D+DDXVcU="></latexit>

t = 0

<latexit sha1_base64="njn2iSqlQuEDpeBckT5H3G2jxLQ="></latexit>

t = tend

<latexit sha1_base64="ATOKvAc7X/dOv8r4mRitUUQaMUE="></latexit>e1

<latexit sha1_base64="KDKoSqWyXlMxLTEeFpkJvbhNlbI="></latexit>e2

<latexit sha1_base64="w9B7V5kDXMMnGanrJb8sRrzRw9Y="></latexit>e3
<latexit sha1_base64="gkFKiyitYIXJ99rrKN+qV4bDd2Y="></latexit>x0

<latexit sha1_base64="ivBeR+i2nSCwDu2f996+Q5s6X1c="></latexit>x

<latexit sha1_base64="C/VucKoMs1jXuGBq0IPJGRVUY+8="></latexit>u

<latexit sha1_base64="BOS7DCrENxMdJs13YrUbpbMh1G4="></latexit>'

Figure 2.1.: General setting of solid body deformation in continuum mechanics. Deformation
starts from the reference configuration Ω0 = Ω(0) at time t = 0 and ends at time
t = tend and configuration Ω(tend).

and the acceleration field
a = v̇ = ü. (2.4)

The dot ˙(•) denotes the material derivative, which evaluates the temporal rate of change at a
fixed material element

˙(•) =
d

dt
(•)
∣∣∣∣
x0=const

. (2.5)

For description of point-wise continuum deformation, the following quantities are of interest.
The deformation gradient

F =
∂ϕ(x0, t)

∂x0

(2.6)

is a second-order tensor field which maps material fibers of infinitesimal length from their unde-
formed configuration dx0 to their deformed configuration dx

dx = F dx0. (2.7)

Also the deformation of an infinitesimal surface element (da0 in reference configuration, da in
current configuration)

da = JF−Tda0 (2.8)

as well as infinitesimal volume elements (dv0 in reference configuration, dv in current configura-
tion)

dv = Jdv0 (2.9)

with
J = det(F ). (2.10)
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2.1. Modeling in continuous space and time

The right Cauchy-Green tensor results from

C = F TF . (2.11)

It returns the stretch λ of a material fiber dx0 = ‖dx0‖2n0 oriented in directionn0 with ‖n0‖2 =
1 by

λ =
‖dx‖2

‖dx0‖2

=
√
nT0Cn0. (2.12)

Based on the stretch λ, the Green-Lagrange strain is given by

εGL =
1

2
[λ2 − 1]. (2.13)

Using the Green-Lagrange strain tensor

E =
1

2
[C − I], (2.14)

the Green-Lagrange strain in reference configuration direction n0 can be computed by

εGL = nT0En0. (2.15)

Given a material fiber in current configuration dx = ‖dx‖2n with orientation n, the Euler-
Almansi strain results from

εEA =
1

2
[1− λ−2]. (2.16)

Using the Euler-Almansi strain tensor

e =
1

2
[I − F−TF−1] (2.17)

yields
εEA = nTen. (2.18)

2.1.2. Traction and stress

A traction corresponds to a force per surface area and can be introduced as a local quantity using
the force df acting on an infinitesimal surface element of the continuum. Figure 2.2 illustrates
the tractions which follow here; the first Piola-Kirchhoff traction t0 is defined if the surface
element da0 = da0n0 with ‖n0‖2 = 1 corresponds to the reference configuration

t0 =
df

da0

, (2.19)

while conversely a surface element da = dan on the current configuration in the denominator
returns the Cauchy traction

t =
df

da
. (2.20)
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2. Fundamentals on continuum mechanics and finite elements

Given the orientations n0 and n of the reference and current configuration surface elements,
respectively, the first Piola-Kirchhoff stress tensor P yields the first Piola-Kirchhoff traction by

t0 = Pn0, (2.21)

while the Cauchy stress tensor σ yields the Cauchy traction by

t = σn. (2.22)

The second Piola-Kirchhoff stress tensor S results from

S = F−1P . (2.23)

S can be interpreted as the work conjugate component to the Green-Lagrange strain tensor

Jσ : ∇xv = P : Ḟ = S : Ė. (2.24)
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Figure 2.2.: Visualization of traction and volumetric force as well as corresponding surface and
volume elements in reference and current configuration. The traction t0 and volu-
metric force fvol,0 are parallel to the traction t and volumetric force fvol, respec-
tively.

2.1.3. Constitutive modeling of a solid continuum

Constitutive modeling describes the stress response of a material, typically based on a strain mea-
sure and possibly additional internal variables. A well chosen constitutive law must on the one
hand reflect the phenomenological behavior of the specific material such as elasticity, plasticity
or viscosity and on the other hand be physically meaningful in that it satisfies thermodynamic
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2.1. Modeling in continuous space and time

principles. In this thesis, homogeneous hyperelasticity is used. This class of constitutive laws
can be modeled by a so-called strain energy density

Ψ = Ψ(I1, I2, I3), (2.25)

which can be expressed as a function of the three principal invariants of the right Cauchy-Green
tensor

I1 = tr(C), (2.26)

I2 =
1

2
[tr(C)2 − tr(C2)], (2.27)

I3 = det(C). (2.28)

The strain energy density maps a second-order tensor to a scalar and has units of energy per
volume [J/m3]. Given the relations for the principle invariants (2.26) - (2.28), Ψ can equivalently
be expressed as a function of C, or as a function of E or F , recalling relations (2.6), (2.11) and
(2.14). In the remainder of this thesis, an implicit conversion of the functional dependency of the
strain energy density function is assumed for notational convenience. For instance, the relation

Ψ(I1, I2, I3) = Ψ(C) = Ψ(E) = Ψ(F ) (2.29)

is assumed to hold by implicit conversion of functional dependencies. Following the Coleman-
Noll procedure [25], an entropy inequality returns a relation between the strain energy density
and the first Piola-Kirchhoff stress tensor

P =
∂Ψ(F )

∂F
. (2.30)

Using the definition of the Green-Lagrange strain tensor (2.14) together with equation (2.23),
constitutive relation (2.30) can be written in terms of the second Piola-Kirchhoff stress tensor

S =
∂Ψ(E)

∂E
. (2.31)

2.1.4. Balance equations
In this thesis, purely mechanical solids (i.e. neglecting effects such as internal heat transfer, inter-
action with magnetic fields, etc.) and an incompressible, dimensionally reduced fluid network
are under consideration. As a result, a mass balance as well as a momentum balance sufficiently
describe the physics for evaluation of numerical simulations. Mass balance in the reference con-
figuration reads

ρ̇0 = 0, (2.32)

while the mass balance in current configuration is given by

ρ̇+ ρ∇x · v = 0. (2.33)

The reference configuration density ρ0 is the ratio of a material element mass dm to its unde-
formed volume dv0

ρ0 =
dm

dv0

, (2.34)
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2. Fundamentals on continuum mechanics and finite elements

while the current configuration density ρ is the ratio of material element mass over its deformed
volume

ρ =
dm

dv
. (2.35)

The linear momentum balance in the reference configuration reads

ρ0v̇ = ∇x0 · P + fvol,0, (2.36)

while the linear momentum balance in current configuration is given by

ρv̇ = ∇x · σ + fvol. (2.37)

Analogous to the densities ρ0 and ρ, the volumetric forces fvol,0 and fvol (see Figure 2.2) corre-
spond to the material element force df over its undeformed volume

fvol,0 =
df

dv0

(2.38)

and the material element force over its deformed volume

fvol =
df

dv
. (2.39)

The angular momentum balance is satisfied by the symmetry of the Cauchy stress tensor, which
also entails the symmetry of the second Piola-Kirchhoff stress tensor

σ = σT , S = ST . (2.40)

In general, the first Piola-Kirchhoff stress tensor is not symmetric.

2.1.5. Dimensionally reduced modeling of fluid mechanics
In this thesis, a dimensionally reduced flow network is used for modeling blood flow in the vascu-
lar system. This network can be viewed as a circuit consisting of individual elements manipulat-
ing the flow, which in turn is modeled based on low-order 1D solutions of the full Navier-Stokes
equations for incompressible flow [90]

∇x · v = 0, (2.41)
ρv̇ = −∇xp+ 2νdyn∇x · τ + fvol, (2.42)

wherein νdyn is the (constant) dynamic viscosity (of dimension
[

kg
m s

]
) and τ is the symmetric

part of the velocity gradient

τ =
1

2
[∇xv + [∇xv]T ]. (2.43)

The presented Navier-Stokes equations correspond to the mass balance (2.33) (with ρ̇ = 0 due
to incompressibility) and the momentum balance (2.37) using the constitutive equation

σ = −pI + 2νdynτ (2.44)
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2.1. Modeling in continuous space and time

for Newtonian fluids [90]. Although blood in general is known to have non-Newtonian fluid
properties [96], the modeling of hemodynamics using Newtonian flow equations is supposed as
a valid approximation in this thesis [57].

For vascular system flows, so-called windkessel models have been developed and improved
over time [103, 125, 138]. These models are very much analogous to electric circuits and con-
sist of a combination of flow network elements such as resistances, capacitances and inertances.
In the following, the network components applied in this thesis for modeling the vascular sys-
tem in Section 5 are briefly introduced. A detailed derivation is shown in [57]. Following the
terminology in [57], the network and its components are characterized as 0D.

2.1.5.1. 0D flow network components

Pressure p and flow rate q (of dimension
[

m3

s

]
) are the two quantities of interest in 0D flow

networks. There is a clear relation to electric circuits, wherein voltage and electric current can
be seen as analogous to pressure and flow rate. In this section, several 0D flow elements, which
combined can model complex flow networks, are introduced.
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Figure 2.3.: Compartment element in 0D fluid flow.

Compartment: An elastic compartment (see Figure 2.3) corresponds to a volume that can
accumulate and release fluid. As such, a decrease in the flow rate is described by the rate of
volume change of the compartment

dV

dt
= qin − qout. (2.45)
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Figure 2.4.: Resistance element in 0D fluid flow.

Resistance: A resistance (see Figure 2.4) produces a pressure decrease which is proportional
to the flow rate

Rq = pin − pout. (2.46)
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Figure 2.5.: Inertance element in 0D fluid flow.

Inertance: An inertance (see Figure 2.5) produces a pressure decrease which is proportional
to the change of flow rate

L
dq

dt
= pin − pout. (2.47)
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Figure 2.6.: Capacitance element in 0D fluid flow.

Capacitance: A capacitance (see Figure 2.6) is able to accumulate and release fluid as a
reaction to a change in pressure

C
dp

dt
= qin − qout, (2.48)

qC = C
dp

dt
. (2.49)
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Figure 2.7.: Valve element in 0D fluid flow.

Valve: A valve (see Figure 2.7) yields a pressure decrease when a flow rate is present. In
contrast to the resistance, the proportionality constant R̃ changes with the pressure gradient
across the valve

R̃q = pin − pout, (2.50)

R̃ =

{
Rmax for pin < pout

Rmin for pin ≥ pout
. (2.51)
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2.2. Model discretization and solution

0D network demonstrator: An exemplary derivation of equations describing a 0D flow sys-
tem is presented in the following. The system is depicted in Figure 2.8, it combines two resis-
tances, one capacitance and one inertance. In more detail, a set of equations that will describe
the flow rate qout and pressure pout at the outlet given the quantities qin and pin at the inflow
is wanted. From the mass balance (2.48), the wanted flow rate qout is reduced by the flow rate
into the capacitance qC , which in turn following equation (2.49) depends on the rate of change
of capacitance pressure. This quantity can be expressed as combination of the rate of change of
inflow pressure as well the pressure decrease over the resistance, which reads

dpC
dt

=
dpin

dt
−R1

dqin

dt
. (2.52)

As a result, the equation for the flow rate at the outflow is

qout = qin − C
[

dpin

dt
−R1

dqin

dt

]
. (2.53)

The outflow pressure can be calculated from the inflow pressure and the accumulated pressure
decrease over the involved 0D flow elements. The pressure decrease due to resistance is given
in equation (2.46), while the pressure decrease due to inertance results from equation (2.47).
Combining everything, the outflow pressure reads

pout = pin −R1qin −R2qout − L
dqout

dt
. (2.54)

As a result, given the flow rate and pressure at the inlet as a function of time, the flow rate and
pressure at the outlet can be computed from equations (2.53) and (2.54).
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Figure 2.8.: Exemplary 0D flow system.

2.2. Model discretization and solution
The finite element method is well established for the spatial discretization of mathematical mod-
els. Starting from the weak form of the governing equations, the computational domain is ap-
proximated by a set of geometrically simple (e.g. tetrahedral, hexahedral, pyramid) shapes, the
so-called finite elements. Defining shape functions per finite element results in a spatially dis-
crete model as a result of approximating the solution by a weighted sum of all shape functions.
These steps are depicted briefly in Section 2.2.1 and 2.2.2; for a more detailed presentation of
the finite element method in the context of solid mechanics the reader is referred to the textbook
[143].

In case of dynamic simulations, temporal discretization is additionally required to receive a
numerically tractable computational model. The generalized-α (gen-α) method is applied for the
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2. Fundamentals on continuum mechanics and finite elements

second-order ordinary differential equation (ODE) of spatially discretized structural mechanics,
while a one-step-θ (OST) scheme is used for first-order ODEs. The time stepping methods are
discussed in Section 2.2.3. Finally, iterative techniques for solving the resulting nonlinear sys-
tems of equations are presented in Section 2.2.4.

2.2.1. Weak form momentum equation
The weak form of the balance of linear momentum in the reference configuration (2.36) is de-
rived by first contracting the momentum equation with an arbitrary weighting function δu. This
results in the scalar equation

[ρ0ü−∇x0 · P − fvol,0] · δu = 0 ∀δu. (2.55)

Integration over the reference computational domain Ω0 yields
∫

Ω0

[ρ0ü] · δudv0 −
∫

Ω0

[∇x0 · P ] · δudv0 −
∫

Ω0

fvol,0 · δudv0 = 0 ∀δu. (2.56)

Application of the divergence operator to the first Piola-Kirchhoff stress tensor is undesirable
and can be avoided using

∫

Ω0

[∇x0 · P ] · δudv0 =

∫

Ω0

(
∇x0 · [P T δu]− P : ∇x0δu

)
dv0 (2.57)

together with the Neumann boundary conditions in terms of a first Piola-Kirchhoff traction load
t0 ∫

Ω0

∇x0 · [P T δu]dv0 =

∫

∂Ω0

[Pn0] · δuda0 =

∫

∂Ω0

t0 · δuda0, (2.58)

wherein ∂Ω0 denotes the boundary of the computational domain. Finally, the weak form reads
∫

Ω0

[ρ0ü] ·δudv0 +

∫

Ω0

P : ∇x0δudv0−
∫

Ω0

fvol,0 ·δudv0−
∫

∂Ω0

t0 ·δuda0 = 0 ∀δu. (2.59)

For structural dynamics problems, the weak form of momentum equations implies the principle
of virtual work (PVW), if the weighing function δu is interpreted as a virtual displacement field.
The PVW states that the imbalance of internal δWint(u, δu) and external δWext(u, δu) virtual
work corresponds to the variation of momentum

∫

Ω0

[ρ0ü] · δudv0 + δWint(u, δu)− δWext(u, δu) = 0, (2.60)

wherein
δWint(u, δu) =

∫

Ω0

P : ∇x0δudv0 (2.61)

was used and
δWext(u, δu) =

∫

Ω0

fvol,0 · δudv0 +

∫

∂Ω0

t0 · δuda0. (2.62)

For the definition of appropriate function spaces for the displacement field u and weighting
function field δu in the weak form the reader is referred to [62].
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2.2. Model discretization and solution

2.2.2. Discretization in space

A brief review of the finite element method with a focus on structural mechanics problems
is provided in this Section. In a first step, an approximation of the computational domain is
subdivided into a set of Ne finite elements

Ω0 ≈ Ω̃0 =
Ne−1⋃

e=0

Ω
(e)
0 . (2.63)

Finite elements can differ in several properties; their main characteristics however are their shape
and order of interpolation, which in turn determines the number of element nodes nn (see Figure
2.9). Each node holds a set of degrees of freedom (DOFs), in our case the set of DOFs corre-
sponds to the nodal displacement in each of the three spatial directions. As a result, the number
of element DOFs ne results from ne = 3nn.
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Figure 2.9.: Tetrahedral finite element with distribution and enumeration of nodes. Red circles
indicate nodes of a linearly interpolating element. Blue dots indicate nodes of a
quadratically interpolating element.

From a mathematical viewpoint, element nodes have associated shape functions Ni(x0), i ∈
{0, . . . , nn−1}, which are unity at exactly one node and null at the remaining nodes. As a result,
element-wise displacement and virtual displacement field can be interpolated by

u(e) = Φ(e)d(e), (2.64)

δu(e) = Φ(e)δd(e), (2.65)
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2. Fundamentals on continuum mechanics and finite elements

using the element displacement DOF vector d(e) and virtual displacement DOF vector δd(e)

d(e) =




d
(e)
0,0

d
(e)
0,1

d
(e)
0,2
...

d
(e)
nn−1,0

d
(e)
nn−1,1

d
(e)
nn−1,2




∈ Rne , δd(e) =




δd
(e)
0,0

δd
(e)
0,1

δd
(e)
0,2
...

δd
(e)
nn−1,0

δd
(e)
nn−1,1

δd
(e)
nn−1,2




∈ Rne (2.66)

with d(e)
i,j , δd

(e)
i,j denoting the displacement and virtual displacement of node i in spatial direction

j, respectively. The element matrix Φ(e) contains the shape functions and is given by

Φ(e) =



N0(x0) 0 0 . . . Nnn−1(x0) 0 0

0 N0(x0) 0 . . . 0 Nnn−1(x0) 0
0 0 N0(x0) . . . 0 0 Nnn−1(x0)


 ∈ R3×ne .

(2.67)
Thereby, Φ(e) is designed such that the discrete fields (2.64) and (2.65) fulfill the requirements
on differentiability of the mentioned weak form function spaces.

Introducing the interpolation (2.64) and (2.65) into the principle of virtual work (2.59) yields
a sum over finite elements

Ne−1∑

e=0

[∫

Ω
(e)
0

[ρ
(e)
0 ü

(e)] · δu(e)dv0 +

∫

Ω
(e)
0

P (e) : ∇x0δu
(e)dv0 −

∫

Ω
(e)
0

f
(e)
vol,0 · δu(e)dv0

−
∫

∂Ω
(e)
0

t
(e)
0 · δu(e)da0

]
= 0 ∀δu(e), e ∈ {0, . . . , Ne − 1},

(2.68)

wherein the integral
∫
∂Ω

(e)
0
t

(e)
0 · δu(e)da0 is simply evaluated to 0, if the element (e) is not inter-

secting with the computational domain boundary or if no traction t0 (i.e. zero traction) is defined
on the corresponding element face. Equation (2.68) can be rewritten as

Ne−1∑

e=0

[M (e)d̈(e) + f
(e)
int − f (e)

ext] · δd(e) = 0 ∀δd(e), e ∈ {0, . . . , Ne − 1}. (2.69)

The element mass matrixM (e) fulfills
∫

Ω
(e)
0

[ρ
(e)
0 ü

(e)] · δu(e)dv0 = [M (e)d̈(e)] · δd(e), (2.70)

the element internal force vector f (e)
int fulfills

∫

Ω
(e)
0

P (e) : ∇x0δu
(e)dv0 = f

(e)
int · δd(e) (2.71)
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2.2. Model discretization and solution

and the element external force vector fulfills
∫

Ω
(e)
0

f
(e)
vol,0 · δu(e)dv0 +

∫

∂Ω
(e)
0

t
(e)
0 · δu(e)da0 = f

(e)
ext · δd(e), (2.72)

wherein again the boundary integral vanishes in case of domain-internal elements or in the ab-
sence of boundary traction.

Introducing the global mass matrix M ∈ RN×N , global displacement and virtual displace-
ment DOF vectors d, δd ∈ RN and global internal and external force vector fint,fext ∈ RN

(constructed by assembling the corresponding element quantities), equation (2.69) can be rewrit-
ten by including the summation implicitly into vector multiplication operations

[Md̈+ fint − fext] · δd = 0 ∀δd (2.73)

which means that the expression inside the brackets must vanish

Md̈+ fint(d, t)− fext(d, t) = 0. (2.74)

Equation (2.74) corresponds to a spatially discretized model of an undamped solid continuum.
Explicitly added were the internal and external force arguments (d, t) in order to highlight the
(potential) nonlinearity of the model. Damping is frequently added to the numerical model by
applying the so-called Rayleigh damping. The idea here is to construct a global damping matrix
from a weighted superposition of the mass matrix and referential internal force stiffness

D = cMM + cf
∂fint(d, t)

∂d

∣∣∣∣
d=0

(2.75)

with cM and cf as scalar factors. Including damping, the final spatially discretized computational
model for solid dynamics reads

Md̈+Dḋ+ fint(d, t)− fext(d, t) = 0. (2.76)

Equation (2.76) reduces to a steady-state expression, if inertial and damping effects are ne-
glected. The steady state equations read

fint(d)− fext(d) = 0. (2.77)

2.2.3. Discretization in (pseudo)time
In this thesis, several time integration schemes for solving first- and second-order ODEs are ap-
plied. Also, the steady state problem (2.77) is solved by applying pseudo time steps, which is
detailed in this section.

First-order ODE: For time integration of first-order ODEs of the form

q̇ = f(q) (2.78)

the one-step-θ (OST) scheme [128]

qn − qn−1

∆t
= θf(qn) + [1− θ]f(qn−1), (2.79)
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2. Fundamentals on continuum mechanics and finite elements

is used, wherein the superscript n denotes the time step and θ ∈ [0, 1] is a scalar parameter yield-
ing explicit time stepping for θ = 0.

Second-order ODE: Equation (2.76) corresponds to a second-order system of ODEs, which
requires a temporal discretization scheme for the numerical solution. The generalized-α (gen-α)
method [22] is used for the second-order ODE at hand. Thereby, the time-continuous system is
solved iteratively for every time step n. The residual reads

rn(dn) = 0 (2.80)

with
rn(dn) = Man−αm +Dvn−αf + f

n−αf
int (dn)− fn−αfext (dn). (2.81)

Velocity, acceleration and internal as well as external forces result from a weighted combination
of current and previous time step values

vn−αf = [1− αf ]vn + αfv
n−1, (2.82)

an−αm = [1− αm]an + αma
n−1, (2.83)

f
n−αf
int = [1− αf ]fint(d

n, tn) + αffint(d
n−1, tn−1), (2.84)

f
n−αf
ext = [1− αf ]fext(d

n, tn) + αffext(d
n−1, tn−1), (2.85)

wherein the constants αm ∈ [0, 1] and αf ∈ [0, 1] were introduced. In contrast to the displace-
ment field, the velocity and acceleration field are not primary variables. The reconstruction of
velocity and acceleration reads

vn =
γ

β∆t
[dn − dn−1]− γ − β

β
vn−1 − γ − 2β

2β
∆tan−1, (2.86)

an =
1

β∆t2
[dn − dn−1]− 1

β∆t
vn−1 − 1− 2β

2β
an−1 (2.87)

using the constants γ ∈ [0, 1] and β ∈ [0, 1
2
]. Numerical dissipation of the time integration

algorithm can be adjusted by the parameter ρ∞ ∈ [0, 1] and choosing the remaining parameters
as

αm =
2ρ∞ − 1

ρ∞ + 1
, (2.88)

αf =
ρ∞

ρ∞ + 1
, (2.89)

β =
1

4
(1− αm + αf )

2, (2.90)

γ =
1

2
− αm + αf . (2.91)

Steady-state system: The steady-state nonlinear system (2.77) typically arises from a problem
setup, wherein the external load fext is prescribed (e.g. directly or by a surface traction requiring
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2.2. Model discretization and solution

surface integration and linearization), while a displacement field is calculated such that internal
and external forces are in equilibrium. For large loads with pronounced continuum deformation,
the numerical model may not converge, if the entire load is applied immediately. Therefore,
pseudo time steps (which can be interpreted as load steps) are introduced for the steady-state
problem. The residual notation reads

rn(dn) = fnint(d
n)− fnext(d

n), (2.92)

wherein the superscript n specifies the load step.

2.2.4. Nonlinear solution techniques
The spatially and temporally discretized systems presented above can be iteratively solved for
the discretized displacement field dn via Newton-Raphson iterations

Jnr (dni )∆dni+1 = −rn(dni )

dni+1 = dni + ∆dni+1,
(2.93)

wherein the residual Jacobian

Jnr (dni ) :=
∂rn(dni )

∂d
(2.94)

was used. The iteration scheme (2.93) is terminated in case of a residual tolerance and a dis-
placement increment tolerance criterion

‖rn(dni )‖2 ≤ εr, ‖∆dni ‖2 ≤ εd. (2.95)

For an improvement of convergence properties, the Newton-Raphson iteration scheme can be
enhanced with the so-called pseudo-transient continuation (PTC) technique [43]. The basic idea
is to increase diagonal values of the Jacobian, which results in a regularization of the linearized
system of equations (2.93). Including PTC, the modified system (as compared to (2.93)) reads

[Jnr (dni ) + kptc
i I]∆dni+1 = −rn(dni ) (2.96)

dni+1 = dni + ∆dni+1, (2.97)

with the scalar

kptc
i+1 = kptc

i

∥∥rn(dni+1)
∥∥

2

‖rn(dni )‖2

. (2.98)

Please note, that the perturbation kptc
i I diminishes with decreasing residual, such that standard

Newton-Raphson iterations are recovered in proximity to a converged state at each time step.
The initial value kptc

0 is a method parameter set by the user.
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3. Projection-based model order
reduction and hyper reduction

Depending on the number of degrees of freedom (DOFs), resolution in time and the number
of desired model evaluations, the demand of computational resources for application of models
introduced in Chapter 2 may surpass its availability. To mitigate the demand, projection-based
model order reduction (MOR) has evolved to a powerful tool with a large community and many
successful applications in science and engineering. This section presents the main steps in a
typical MOR process in detail. Biomedical applications are presented in Section 4 and 5.

For substantial computational speedup of the reduced model, a two-step process is applied. In
the first step, the full-order model (FOM) is reduced in the number of its DOFs. This results in
a reduced-order model (ROM) (the term order can be understood as a synonym to dimension),
or in more detail to a dimensionally reduced order model (DROM). For nonlinear problems,
pure dimensional reduction does not decouple the resulting ROM from assembly of the FOM
residual and possibly the FOM Jacobian, depending on the solution technique of the nonlinear
system of equations. Therefore, a so called hyper reduction is required in a second step, which
will result in a dimensionally reduced as well as hyper reduced order model (DHROM). In the
following, ROM refers to both DROM and DHROM, a specification to DROM or DHROM is
done whenever necessary.

3.1. Dimensional reduction
This section focuses on dimensional reduction of a nonlinear system of equations. More details
can be found in the textbook [110].

3.1.1. Projection on low-dimensional subspaces
Discrete projection operators build a theoretical foundation for dimensional reduction and are
discussed in this section. The following additive decomposition of the vector space RN is as-
sumed to hold

RN = span(V )⊕ span(W )⊥. (3.1)

V ,W ∈ RN×p with N > p are full-rank matrices and the superscript ⊥ denotes the orthogonal
complement. For V ⊂ RN , the orthogonal complement is defined by the subspace

V⊥ := {d ∈ RN : dTy = 0 ∀y ∈ V}. (3.2)

A discrete projection operator PWV ∈ RN×N (in the following simply referred to as projector)
on the space span(V ) in direction orthogonal to the space span(W ) results from

PWV = V [W TV ]−1W T , (3.3)
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3. Projection-based model order reduction and hyper reduction

presuming invertibility of the product W TV . Figure 3.1 provides a geometrical interpretation
of the projection using 2D subspaces in a 3D space.

Figure 3.1.: Projection on span(V ) in direction orthogonal to span(W ).

Any square matrix P ∈ RN×N with the property PP = P represents a projector. In particu-
lar, this holds for (3.3)

PWV PWV = PWV , (3.4)

which trivially gives
PWV (PWV d) = PWV d (3.5)

for any d ∈ RN , stating that a projected vector will not change by re-application of the projec-
tion.

The special case of span(V ) = span(W ) corresponds to an orthogonal projection character-
ized by the property ∥∥d− PWV d

∥∥
2

= min
y∈span(V )

‖d− y‖2 , (3.6)

while the case span(V ) 6= span(W ) is referred to as oblique projection. Without loss of gener-
ality, the columns of V andW can be chosen as orthonormal bases for span(V ) and span(W ).
As a result, the orthogonal projector can be represented as

PVV = V V T . (3.7)

Figure 3.2 illustrates an orthogonal projection of a vector d in a high-dimensional (N = 3948)
space on a low-dimensional (p = 2) subspace. The components of d are interpreted as nodal
displacements of a reference shape in 3D space, such that elements of the space RN can be
interpreted and visualized as deformed shapes.

3.1.2. Projection-based dimensional reduction
Projection-based dimensional reduction aims at a decrease of the number of DOFs and achieves
its goal applying a projection to the vector of residual equations rn(dn) ∈ RN as well as to its
argument

PZY rn(PWV dn) = 0. (3.8)
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Figure 3.2.: Visualization of an orthogonal projection on a low-dimensional subspace. The ref-
erence shape d = 0 (drawn for better illustration, not part of the projection) is
depicted in light gray. The low-dimensional subspace is given by the span of two
shapes (green wires). The orthogonally projected mode (black wires) is an optimal
(in the sense of equation (3.6)) approximation to the light blue shape d = d∗ in the
given low-dimensional subspace.

For generality, equation (3.8) contains two different oblique projections, which resolve to

Y [ZTY ]−1ZTrn(V [W TV ]−1W Tdn) = 0. (3.9)

Recalling invertibility of [ZTY ] and the full-rank of Y , equation (3.9) states that the residual
vector must be in the kernel of ZT . At the same time, recalling invertibility of [W TV ] and the
full-rank of W T gives span([W TV ]−1W T ) = Rp, such that the product [W TV ]−1W Td with
d ∈ RN can be replaced by the generalized coordinates d̂with d̂ ∈ Rp. Equation (3.9) simplifies
to

ZTrn(V d̂n) = 0, (3.10)

which is referred to as the projected system of equations, even though projectors as introduced
in Section 3.1.1 do not show up explicitly. Equation (3.10) can be solved for the generalized
coordinates d̂n. In case of well chosen Z and V , a good approximation to the solution dn is
given by

dn ≈ d̃n := V d̂n. (3.11)

The matrices V and Z (or more precisely their column spans) are referred to as trial and
test space, respectively. The case of different trial and test space V 6= Z is called Petrov-
Galerkin projection. A specific example of a Petrov-Galerkin projection is the least-squares
Petrov-Galerkin projection [18]

V T
[
Jnr (V d̂n)

]T
rn(V d̂n) = 0 (3.12)

with the non-constant test space Z = Jnr (V d̂n)V and trial space V . The least-squares Petrov-
Galerkin projection (3.12) can be derived from the optimality condition of optimization problem

d̂n = arg min
ŷ∈Rp
‖rn(V ŷ)‖2 , (3.13)
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which explains the term “least-squares”.
The special case of V = Z gives

V Trn(V d̂n) = 0 (3.14)

and is called Galerkin projection [18]. This thesis makes use of the Galerkin projection exclu-
sively. Nonlinear system of equations (3.14) can be solved by the Newton-Raphson iteration
scheme (see equation (2.93) for the FOM) applying consistent linearization

V TJnr (V d̂ni )V ∆d̂ni+1 = −V Trn(V d̂ni )

d̂ni+1 = d̂ni + ∆d̂ni .
(3.15)

Iterating is stopped at a prescribed residual
∥∥∥V Trn(V d̂ni )

∥∥∥
2
< εr and increment

∥∥∥∆d̂ni

∥∥∥
2
< εd

tolerance.

3.1.3. Construction of low-dimensional subspaces
Recalling equation (3.11), span(V ) defines the low-dimensional subspace for approximation of
the high-dimensional solution for both Petrov-Galerkin and Galerkin projection. This motivates
the term reduced-order basis (ROB), which is frequently used for V besides trial space. For the
Galerkin projection applied in this thesis, the ROB is the only component needed to construct
a DROM from a given FOM. Construction of well-designed ROBs is motivated and detailed
in this section. Simulation-free and data-driven approaches are reviewed as opposed concepts
first. In the next step, focus is laid on the proper-orthogonal decomposition (POD) and greedy
algorithms as most prominent representatives of data-driven approaches.

Equation (3.11) motivates an intuitive design criteria for a ROB: The column span of the ROB
must be a good approximation to the space spanned by the solution dn, n ∈ {0, . . . , NT − 1},
with NT denoting the number of discrete time steps. This can be expressed by a low relative
projection error ∥∥dn − V V Tdn

∥∥
2
� ‖dn‖2 , n ∈ {0, . . . , NT − 1}. (3.16)

Several approaches to reach this goal can be found in literature. The class of simulation-free
approaches (see [118] for extensive overview) performs direct analysis of the system’s compo-
nents (e.g. mass and stiffness matrix for structural dynamics) in case of linear systems in order
to find a suitable trial space. Prominent method representatives are the balanced truncation [115]
and Krylov subspace reduction [5]. For nonlinear systems, simulation-free approaches attempt
to extend the linear system ROB by modes capturing the nonlinearity such as (static) modal
derivatives [137].

Data-driven approaches in contrast pursue another strategy. They appear in the context of
parametrized systems and a many query context. The basic idea is to compute the solutions of
selected points in the parameter domain and derive a ROB from these solutions. The assumption
thereby is that a low-dimensional subspace spanned by some selected solution vectors will catch
the system dynamics for the entire parameter domain in the sense of equation (3.16).

Depending on the context of application, data-driven approaches may require data-compression
for the ROM to become truly low-dimensional. Temporally resolved structures excited by a force
pulse are an example for a great benefit of data-compression. Only few modes may be sufficient
to represent the entire dynamics [76].
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3.1. Dimensional reduction

Proper orthogonal decomposition

A state of the art technique for data-compression widely applied in projection-based MOR is the
POD [113, 123]. POD is based on the concept of the singular value decomposition (SVD) [127],
which is reviewed in the following paragraph.

Assuming S ∈ RN×m with N ≥ m to be a matrix of rank r ≤ m, a thin SVD corresponds to
a decomposition of S in terms of

S = ΦΞΨT , (3.17)

with Φ = [φ0, . . . ,φm−1] ∈ RN×m, Ψ = [ψ0, . . . , ψm−1] ∈ Rm×m being orthonormal matrices
with left and right singular vectors as columns, respectively, while Ξ = diag(ξ) ∈ Rm×m is a
diagonal matrix holding singular values ξi, i ∈ {0, . . . ,m− 1} in descending order ξi ≥ ξj ≥ 0
for i ≤ j and ξi = 0 for i > r. Left and right singular vectors and singular values fulfill the
relation

Sφi = ξiψi, STψi = ξiφi for i, j ∈ {0 . . .m− 1}. (3.18)

Equation (3.17) can be equivalently rewritten using a sum of rank-1 matrices

S =
m−1∑

i=0

ξiφi ⊗ψi (3.19)

with the following interpretation: Given descending ordering of the singular values, a truncation
of the sum at p < m frequently gives a good low-rank approximation of S. In fact, the resulting
p-rank approximation is optimal [127] in the sense of

∥∥∥∥∥S −
p−1∑

i=0

ξiφi ⊗ψi
∥∥∥∥∥
F

= min
B∈RN×m, rank(B)≤p

‖S −B‖F , (3.20)

with ‖(•)‖F denoting the Frobenius norm.
POD makes use of the SVD optimality property to achieve data compression. Thereby the

ROB V is built by the first p left singular vectors while S ∈ RN×m corresponds to the so-called
snapshot matrix (same symbol as for the second Piola-Kirchhoff stress tensor (2.23), confusion
is precluded by the context) with columns containing solution modes gathered during FOM
sampling in the parameter domain. As a result, the orthogonal projection error of the snapshot
matrix S is minimized in the Frobenius norm

∥∥S − V V TS
∥∥
F

= min
W∈RN×p

∥∥S −WW TS
∥∥
F
, (3.21)

which is a consequence of optimal SVD low-rank approximation (3.20) and optimal orthogonal
projection approximation property (3.6).

In large problems, typically N � m holds, meaning that the number of model DOFs is much
larger then the number or accumulated snapshots. For this special case, an efficient algorithm
for computation of left singular vectors and singular values applying an eigendecomposition to a
m×m sized matrix [110] is reviewed. In a first step the so-called correlation-matrixC ∈ Rm×m

(same symbol as for the right Cauchy-Green tensor (2.11), confusion is precluded by the context)
is computed by

C = STS (3.22)
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3. Projection-based model order reduction and hyper reduction

and the singular value problem

Cψi = ξ2
iψi for i ∈ {0, . . . ,m− 1} (3.23)

is solved. As indicated by equation (3.23), the eigenvalues ofC correspond to the squared singu-
lar values and the eigenvectors coincide with the right singular vectors. The wanted left singular
vectors then (see equation (3.18)) can be computed from

φi =
1

ξi
Sψi for i ∈ {0, . . . ,m− 1}. (3.24)

Greedy algorithms

For parametrized models, greedy algorithms [79, 109, 117] are a prominent technique for the
construction of ROBs. In every iteration loop, greedy algorithms attempt to solve an optimization
problem, which explains the designation “greedy”. The optimization problem is performed over
an error estimator Y(V ,µ), which returns an upper bound for the ROM error

Y(V ,µ) ≥
∥∥SFOM(µ)− SROM(V ,µ)

∥∥
F
. (3.25)

SFOM(µ) denotes the FOM snapshot matrix at parametric configuration µ and SROM(V ,µ)
denotes the ROM snapshot matrix applying a ROB V at µ.

A basic greedy algorithm is depicted in Algorithm 1, while improvements and modifications
can be found in literature [63]. As can be seen from Algorithm 1, the idea is to extend the trial
space by FOM modes, which are represented worst as indicated by the error estimator using the
ROB accumulated up to this point (line 5:). The ROB itself is extended by orthogonalization of
FOM snapshots in every greedy iteration (line 4:).

Algorithm 1 GreedyAlgorithm(Σt, εg,µi) (ROB construction by greedy algorithm)
Input: training grid Σt ⊂ P , initial parametric configuration µi ∈ Σt, maximal error εg
Output: chosen grid points Σc, snapshot matrix S, reduced-order basis V

1: Σc = {µi}, S = [], V = [], emax = εg + 1, µmax = µi
2: while emax > εg do
3: S ← [S,SFOM(µmax)]
4: V ← Orthogonalize([V ,SFOM(µmax)])
5: µmax = arg maxµ∈Σt Y(V ,µ)
6: Σc ← Σc ∪ µmax, emax = Y(V ,µmax)
7: end while
8: return Σc, S, V

Computational feasibility of greedy algorithms relies on the error estimators (3.25), given that
the true error is inaccessible for every training grid point due to computational complexity of
the FOM. A well designed error estimator is sharp (close bounding of true error), asymptotically
correct (i.e. approach zero, when trial space is refined) and computationally inexpensive [110].
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3.1. Dimensional reduction

3.1.4. Computational example for dimensional reduction
An application of POD and data compression is presented in the following numerical example.
Figure 3.3 depicts the computational model. A beam with one clamped and one free end is
deformed by an oscillating pressure load p(t) = 50 Pa ∗ sin(ωt) with ω = 1 Hz at the free end.
Beam dimensions are given by l = 150 cm, h = 10 cm and w = 30 cm. A St. Venant-Kirchhoff
material model with strain energy density

Ψ =
Eν

2(1 + ν)(1− 2ν)
[tr(E)]2 +

E

2(1 + ν)
E : E (3.26)

is applied. Material parameters are the Young’s modulus E = 100 kPa, Poisson’s ratio ν = 0.3
and reference configuration density ρ0 = 100 kg

m3 , damping is not considered. The computational
model is spatially discretized using 828 linear, hexahedral finite elements with F-bar technology
[34] resulting in 3948 DOFs. Temporal discretization is done by the generalized-α method (see
Section 2.2.3) with parameters αm = 0.5, αf = 0.5, αβ = 0.25 and αγ = 0.5. NT = 300 time
steps at equal time step size ∆t = 0.025 are performed.

clamped end

loaded surface (pressure load)

<latexit sha1_base64="7rVbkH1rjM2JcvMGaDd1RhH5a1U="></latexit>

p(t)

<latexit sha1_base64="TOAr4ojdL06/LCmeLrwpCwa3SJQ="></latexit>

l

<latexit sha1_base64="yjTBAnxj9jaoWOpryDMUVWwFMUc="></latexit>w

<latexit sha1_base64="YDkycZulsiemaTUSd+WB+aH3Rn4="></latexit>

h

free end

Figure 3.3.: Computational domain for oscillating beam simulation. The surface loaded by a
pressure boundary condition at the free end is indicated by red coloring.

Figure 3.4 depicts selected deformation modes at several time steps of the oscillating beam.
All modes are gathered in a snapshot matrix SFOM ∈ R3948×300 and a ROB V ∈ R3948×p is
computed by a SVD. Next, multiple Galerkin projection (3.14) ROMs are solved with differ-
ent dimensions p, i.e. the ROB is truncated after the first p modes. Given the FOM and ROM
snapshot matrices

SFOM = [d0 . . . ,dNT−1],

SROM = [d̃0, . . . , d̃NT−1],
(3.27)

respectively, the relative error

RE(SFOM,SROM) :=

∥∥SFOM − SROM
∥∥
F

‖SFOM‖F
(3.28)
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Figure 3.4.: Oscillating beam at different time instances. The depicted modes result from a finite
element simulation with linear hexahedral elements and the gen-αmethod for spatial
and temporal discretization, respectively.

is defined for comparison of FOM and ROM solution. Figure 3.5 depicts all ROB singular val-
ues and several relative errors (3.28). The strong initial decay of singular values indicates that
significantly less modes are sufficient to span the FOM solution subspace with good accuracy.
This also reflects in the relative error, which drops by 6 orders of magnitude if 50 modes are
considered instead of 1. Further extension of the ROB yields a less effective improvement of the
relative error.

3.2. Hyper reduction

The introduced Galerkin projection (3.14) yields a low-dimensional system approximation, only
low-dimensional systems of equations have to be solved as can be seen from linearization (3.15).
For linear system residuals, dimensional reduction frequently is sufficient to gain substantial
computational speedup since FOM system components are linearly dependent on the solution
and ROM system components can be precomputed in the offline stage. This is different for
nonlinear systems, which require full re-assembly of some or all system components in every
Newton-Raphson iteration. In particular for structural dynamics problems under consideration
in this thesis, nonlinear system components are the internal force vector and potentially the
external force vector as well as the corresponding Jacobians.

This section introduces hyper reduction as a concept aiming at a fast approximation of system
nonlinearities. Section 3.2.1 qualitatively motivates the basic idea behind hyper reduction and
gives a literature overview. Section 3.2.2, presents the details of the so-called energy-conserving
mesh sampling and weighting (ECSW) hyper reduction method, which especially is tailored for
finite element structural dynamics problems.

32



3.2. Hyper reduction

0 50 100 150 200 250 300
index i / ROM dimension p

10−13

10−10

10−7

10−4

10−1

102

105

singular value ξi

RE(SFOM,SROM)

Figure 3.5.: Singular values and relative errors of snapshot matrix containing 300 displacement
modes of simulated oscillating beam. Selected displacement modes are depicted in
Figure 3.4.

3.2.1. General principle and overview of hyper reduction methods
Assembly of nonlinear systems of equations in the context of finite elements requires numerical
integration over every finite element. Hyper reduction poses the question, whether a computa-
tionally cheap approximation of residual and Jacobian

r̃n(V d̂n) ≈ rn(V d̂n), (3.29)

J̃nr (V d̂n) ≈ Jnr (V d̂n) (3.30)

or alternatively (in the context of Galerkin projection) an approximation of the projected residual
and Jacobian

V T r̃n(V d̂n) ≈ V Trn(V d̂n), (3.31)

V T J̃nr (V d̂n)V ≈ V TJnr (V d̂n)V (3.32)

can be found. Note that fulfillment of approximations (3.31), (3.32) does not mean that approxi-
mations (3.29), (3.30) hold.

Several approaches for hyper reduction have been presented to date. Based on the theory of
the empirical interpolation method [6], the discrete empirical interpolation method (DEIM) was
introduced in [21]. Recalling the time-continuous dynamical system (2.76), DEIM can be used
to assemble the nonlinear internal and/or external force evaluating only a small subset of mesh
elements. The idea thereby is to apply an oblique projection

fγ(V d̂, t) ≈ f̃γ(V d̂, t) = Yγ[Z
T
γ Yγ]

−1ZT
γ fγ(V d̂, t) γ ∈ {int, ext}, (3.33)

wherein Yγ ∈ RN×nγ with nγ � N is a basis for fγ(V d̂, t) and Zγ ∈ RN×nγ is a boolean
matrix with exactly a single 1 per column. The computational saving results from simultane-
ous assembly of ZT

γ fγ(V d̂, t), recalling that the boolean shape of Zγ will extract a subset of
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3. Projection-based model order reduction and hyper reduction

vector function rows, remaining vector entries do not have to be evaluated. The basis Yγ can
be computed from a POD on snapshots of internal/external force vectors, while the selection of
interpolation points resulting in Zγ is computed by a greedy sampling algorithm [21]. For in-
crease of efficiency in the finite element context, the so-called unassembled DEIM was proposed
in [131]. A variant extending the DEIM to matrix interpolation is presented in [99].

The Gauss-Newton with approximated tensors (GNAT) method applies to fully (i.e. spatially
and temporally) discretized systems [16, 17]. Hyper reduction is introduced inside the residual
minimization formulation (3.13), which can be solved applying Gauss-Newton iterations

∆d̂ni+1 = arg min
ŷ∈Rp

∥∥∥Jnr (V d̂ni )V ŷ + rn(V d̂ni )
∥∥∥

2
,

d̂ni+1 = d̂ni + ∆d̂ni+1.
(3.34)

Given a residual POD basis Yr ∈ RN×pr and a Jacobian POD basis YJ ∈ RN×pJ (see [16]
for details on construction of these bases) a gappy POD approach [39] is used to approximate
components of system (3.34) by∥∥∥Jnr (V d̂ni )V y + rn(V d̂ni )

∥∥∥
2
≈
∥∥∥AJZ

TJnr (V d̂ni )V y +ArZ
Trn(V d̂ni )

∥∥∥
2

(3.35)

with precomputable matrices AJ = YJ [ZTYJ ]+ and Ar = Yr[Z
TYr]

+ and + denoting the
Moore-Penrose pseudo-inverse given byA+ = [ATA]−1AT for a full rank matrixA. Similar to
DEIM, computational savings arise from the evaluation of ZTJnr (V d̂ni ) and ZTrn(V d̂ni ) with
the boolean matrixZ ∈ RN×pZ extracting individual matrix and vector rows. A greedy sampling
algorithm for the construction of Z is presented in [16].

The ECSW [40, 41] hyper reduction method aims at an approximation of projected force
vectors in structural dynamics problems by reduced cubature (= multidimensional quadrature).
For a set of displacement modes, a subset of mesh elements is selected such that a weighted
integration of the element subset yields a good approximation of the virtual work performed by
the force. This approach is modified by the so-called empirical cubature method (ECM) [54] to
Gauss point-wise cubature instead of element-wise cubature. The ECSW is structure preserving,
i.e. a positive definite force Jacobian will remain positive definite. This numerical favourability
together with its elegant combination with standard functionality of existing finite element code
make ECSW the method of choice for hyper reduction in this thesis. A detailed presentation is
given in Section 3.2.2.

In [73], a so-called semihyper reduction of nonlinear external forces is presented. The external
forces are assumed to result from a nonlinear system of equations, such as the Reynolds equation
describing the gap pressure in hydrodynamic lubrication. Starting from the standard ROB, a trial
space for the nonlinear external force referred to as stress modes is derived. The authors refer to
the method as “semihyper reduction”, given that it aims at a reduced evaluation of the system’s
nonlinearity, although full decoupling of the FOM DOFs is not given. In [74], the application of
stress modes is extended to a hyper reduction method in the conventional sense using the ECM.

3.2.2. Energy-conserving mesh sampling and weighting
In contrast to gappy data-reconstruction methods such as DEIM or GNAT, ECSW [40, 41] does
not attempt to approximate the FOM residual (3.29) and Jacobian (3.30). Instead, the ROM resid-
ual (3.31) and Jacobian (3.32) are approximated directly. As motivated above, hyper reduction
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is applied to the nonlinear part of the residual. For the structural dynamics system (2.76), this
corresponds to the internal and external force fγ with γ ∈ {int, ext}, resulting in the approxi-
mation

V T f̃γ(V d̂, t) ≈ V Tfγ(V d̂, t). (3.36)

Equation (3.36) can be derived from a virtual work approximation, which is discussed in the
following steps, closely to the presentation in [122]. Virtual work for a spatially discretized
force and corresponding displacement field can be written as

δWγ(d, δd, t) = δdTfγ(d, t) (3.37)

or after applying restriction to the ROB subspace d, δd ∈ span(V )

δŴγ(d̂, δd̂, t) = δd̂TV Tfγ(V d̂, t). (3.38)

Using element-wise internal force vectors f (e)
γ , virtual work (3.38) can be equivalently written

as a sum over the element index set E
δŴγ(d̂, δd̂, t) =

∑

e∈E
δd̂TV TL(e)f (e)

γ (L(e)TV d̂, t), (3.39)

wherein L(e) is the element-wise assembly operator towards the global system.
Starting point for building the ECSW hyper reduced system is an approximation of virtual

work (3.38) by a virtual work W̃γ(d̂, δd̂) resulting from a weighted sum over a small subset of
mesh elements Ẽ , that is

δW̃γ(d̂, δd̂, t) ≈ δŴγ(d̂, δd̂, t) (3.40)

with
δW̃γ(d̂, δd̂, t) =

∑

e∈Ẽ

w(e)δd̂TV TL(e)f (e)
γ (L(e)TV d̂, t) (3.41)

using positive element weights w(e) ∈ R+. Approximation (3.40) can be transformed into an
optimization problem by restriction to a predefined set of modes d̂ ∈ Ŝ = {d̂0, . . . d̂m−1}.
Recalling that the displacement field variation is arbitrary δd̂ ∈ Rp, approximation (3.40) holds
for the set of modes Ŝ, if

∑

e∈Ẽ

w(e)V TL(e)f (e)
γ (L(e)TV d̂, t) ≈

∑

e∈E
V TL(e)f (e)

γ (L(e)TV d̂, t) ∀d̂ ∈ Ŝ (3.42)

holds true. In order to keep the cardinality of the reduced element set |Ẽ | low, equation (3.42)
can be cast in a so-called sparse non-negative least-squares (SNNLS) optimization problem

minimize
w∈R|E|

‖w‖0

subject to ‖Aw − b‖2 ≤ εh ‖b‖2

min(w) ≥ 0

(3.43)

with system matrix

A =



a(0,0) . . . a(0,|E|−1)

... . . . ...
a(m−1,0) . . . a(m−1,|E|−1)


 ∈ Rp∗m×|E| (3.44)
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defined by its vector-valued entries

a(i,j) = V TL(j)f (j)
γ (L(j)TV d̂i, ti) (3.45)

and right-hand-side vector

b =



b0
...

bm−1


 ∈ Rp∗m (3.46)

defined by its vector-valued entries
bi =

∑

e∈E
a(i,e). (3.47)

The vector w ∈ R|E| holds element weights w(e) and the zero-norm ‖(•)‖0 returns the number
of non-zero elements. As a result, optimization problem (3.43) attempts to minimize the number
of non-zero element weights, which can be interpreted as minimization of the cardinality of the
reduced element set |Ẽ |, recalling that zero-weighted elements are not contained in the sum in
equation (3.42). The constraints in optimization problem (3.43) ensure fulfillment of approxima-
tion (3.42) up to the relative tolerance εh and exclusively positive weights in the reduced element
set Ẽ . The positivity of weights is important for structure preservation and by this for numerical
stability, see [41] for an in-depth discussion.

Algorithm 2 [40] returns a computationally affordable approximation to the solution of op-
timization problem (3.43). The algorithm is a variant of the non-negative least-squares solver
stated in [80]. A notation similar to the presentation of the algorithm as depicted in [118] is
used. At the core of Algorithm 2, a linear least-squares problem is solved (line 7:). Writing an
index set to the right of a vector (e.g. zẼ in line 7:) denotes the extraction of vector rows con-
tained in the index set, whereas an index set at the right of a matrix (e.g.AẼ in line 7:) denotes an
extraction of matrix columns contained in the index set. The least-squares problem is embedded
in two loops. The outer loop terminates at sufficient accuracy (line 2:), while the inner loop (line
5:) terminates (line 10:) at fulfillment of the positivity constraint (line 8:). On violation of the
positivity constraint, Algorithm 2 forces the solution back to a valid state (line 14:).

For computational speedup, mesh sampling by ECSW can be executed on Ns computational
subdomains (see [41] for derivation), wherein a computational subdomain defines a subset of
mesh elements E j ⊂ E , j ∈ {0, . . . , Ns − 1} with

∪Ns−1
j=0 E j = E , E i ∩i 6=j E j = ∅. (3.48)

The columns of system matrixA are divided into sub-matrices

Āj = AEj ∈ Rp∗n×|Ej | (3.49)

such that Āj holds columns of A with column index in E j . Likewise, a subdomain specific
right-hand-side vector b̄j is built by summation of selected columns ofA

b̄j =



b̄j0
...

b̄jm−1


 ∈ Rp∗m (3.50)
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Algorithm 2 SNNLSsolver(A, b, εh) (solution of sparse non-negative least-squares problem)
Input: system matrixA ∈ Rp∗m×|E|, right-hand-side vector b ∈ Rp∗m, tolerance εh
Output: solution vector w, index set Ẽ

1: Ẽ = {}, w = 0 ∈ R|E|, r = b
2: while ‖r‖2 > εh ‖b‖2 do
3: i = arg maxj∈{0...|E|−1}[ATr]{j}
4: Ẽ ← Ẽ ∪ {i}
5: while True do
6: z = 0 ∈ R|E|
7: zẼ = arg miny∈R|Ẽ| ‖AẼy − b‖2

8: if min(zẼ) > 0 then
9: w = z

10: break
11: end if
12: Z = {i ∈ Ẽ|z{i} < 0}
13: α = mini∈Z

{
w{i}

w{i}−z{i}

}

14: w ← w + α[z −w]
15: Ẽ = {i|w{i} 6= 0}
16: end while
17: r = b−AẼwẼ
18: end while
19: return Ẽ , w

with vector-values entries

b̄ji =
∑

e∈Ej
a(i,e). (3.51)

Algorithm 2 can now be executed in parallel on individual subdomains by replacing A and b
with Āj and b̄j , respectively. Subdomain specific tolerances can be computed by [41]

εjh =
‖b‖2

Ns

∥∥b̄j
∥∥

2

εh. (3.52)

This ensures the fulfillment of the global tolerance εh, as can be seen from

‖Aw − b‖2

‖b‖2

≤
∑Ns−1

j=0

∥∥Ājw̄j − b̄j
∥∥

2

‖b‖2

≤
∑Ns−1

j=0 εjh
∥∥b̄j
∥∥

2

‖b‖2

=

∑Ns−1
j=0 εh ‖b‖2

Ns ‖b‖2

=
Nsεh ‖b‖2

Ns ‖b‖2

= εh,

(3.53)

wherein w̄j = wEj ∈ R|Ej | was used to denote an extraction of vector rows corresponding to
subdomain E j .
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Having found a reduced element set Ẽ and the corresponding weights w(e) with e ∈ Ẽ , the
hyper reduced forces are assembled by

f̃γ(V d̂, t) =
∑

e∈Ẽ

w(e)L(e)f (e)
γ (L(e)TV d̂, t) (3.54)

with consistent Jacobians

J̃f,γ(V d̂, t) =
∑

e∈Ẽ

w(e)L(e)J
(e)
f,γ(L

(e)TV d̂, t)L(e)T . (3.55)

The hyper reduced residual r̃n(V d̂n) results from first replacing fγ by f̃γ in (2.76) for dynamic
and in (2.77) for steady state problems. Secondly, the Galerkin projection (3.14) is applied (after
time discretization for dynamic problems). A consistent Jacobian of the hyper reduced resid-
ual J̃nr (V d̂n) is built from the contributions in equation (3.55). The resulting DHROM system
solved by Newton-Raphson iterations reads (see FOM system (2.93) and DROM system (3.15))

V T J̃nr (V d̂ni )V ∆d̂ni+1 = −V T r̃n(V d̂ni )

d̂ni+1 = d̂ni + ∆d̂ni .
(3.56)

3.2.3. Computational example for hyper reduction
The same setup for the presented computational example as given in Section 3.1.4 is used.
Referring to Figure 3.5, 50 POD modes yield a sufficiently accurate ROM. Consequently, 50
POD modes for the ROB and every 10th displacement mode of the oscillating beam simulation
S = [d0,d9,d19, . . . ,d299] ∈ R3948×31 are selected to build the set Ŝ (cf. Section 3.2.2) by the
columns of matrix V TS. Algorithm 2 aiming at hyper reduction of internal force assembly is
executed with four different tolerances εh. As a result, four different reduced meshes emerge,
Figure 3.6 depicts an exemplary reduced mesh at the tolerance εh = 10−4. Table 3.1 depicts the
number of selected elements as well as the relative error (3.28), which is computed after evalu-
ating the four DHROMs. As expected, stricter tolerances result in more selected mesh elements,
while at the same time the relative error decreases.

Table 3.1.: Number of selected mesh elements and accuracy in terms of the relative error for
different ECSW tolerances εh, cf. Algorithm 2.

εh 10−1 10−2 10−3 10−4

|Ẽ | 96 137 174 224
RE(SFOM,SROM) 7.04 · 10−2 4.31 · 10−4 2.02 · 10−5 4.98 · 10−7
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3.2. Hyper reduction

Figure 3.6.: Element selection and weights resulting from Algorithm 2. Only colored elements
are evaluated in the assembly of the internal force vector. ECSW tolerance of the
depicted reduced mesh is εh = 10−4, which leads to a selection of 224 elements.
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4. Model reduction of the
aneurysmatic abdominal aorta

The abdominal aortic aneurysm (AAA) has been introduced as a central aspect for the motiva-
tion of this thesis in Section 1.1. If left untreated, dramatic outcomes in case of rupture are the
consequence. Aiming at a support of clinical decision making and treatment, the potential of
state-of-the-art computational analysis has been investigated recently [10, 14, 52, 81, 104, 106].

Computational modeling of AAA mechanics is subject to uncertainties as a consequence of
large intra- and inter-patient variability of material and geometric properties [112, 114] in com-
bination with the limited approachability of data. As a result, statistical methods aiming at the
quantification of model uncertainties have become a common factor in many works. This devel-
opment in turn introduces a computational bottleneck on the application of large and nonlinear
models, given that the number of model evaluations from statistical requirements quickly be-
comes unreachable. In this section, a projection-based model reduction framework for computa-
tional speedup of solid mechanics AAA analysis is developed. The content is a revised version
of the publication [122].

Addressing the computational bottleneck, several approaches have been presented to date in
the realm of AAA analysis. In [106, 111, 120], computationally cheap intermediate mappings
(inverse power-law function, polynomial chaos expansion, stochastic collocation) are built in
order to model quantities of interest (QOIs) without the need of evaluating the original full-order
model (FOM). A multi-fidelity approach is presented under Refs. [9, 10]. Therein, the used low-
fidelity model can be inaccurate in terms of the QOIs, the only prerequisite is a similar stochastic
structure compared to the FOM. A surrogate model replacing the FOM is not created.

Surrogates by the mentioned intermediate mappings are based on data from model evaluations,
the FOM residual is not directly incorporated within the surrogate. This is different in projection-
based model order reduction (MOR), wherein the relation between the FOM residual (and by
this the FOM physics) and the reduced-order model (ROM) residual is a projection operation.
Application of projection-based MOR to AAA hemodynamics is presented in the Refs. [20, 98].

This section introduces the computational AAA model used in this thesis at first. Next, em-
phasis is laid on a methodology for the construction of a reduced-order basis (ROB) as well as
gathering displacement modes for energy-conserving mesh sampling and weighting (ECSW).
Finally, computational experiments on ROM accuracy, application in a statistical context and
speedup are performed on three patient-specific AAAs.
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4. Model reduction of the aneurysmatic abdominal aorta

4.1. Computational modeling of abdominal aortic
aneurysms

Starting from the aorta inside the human body as the object of interest, several steps need to be
performed to receive a computational model. The following discussion comprises key points of
the entire modeling process from imaging and segmentation over continuum mechanics equa-
tions towards the final discrete model, which can be evaluated for the quantity of interest.

4.1.1. In silico model

A description of the AAA computational model is provided in this section, the model was orig-
inally developed in [92]. Governing equations are stated. Special emphasis is devoted to the
so-called prestressing stage, given that it poses a specific challenge to the snapshot collection
and subsequent dimensional reduction process for projection-based MOR. Finally, model pa-
rameters common to all AAA models investigated in this thesis are given.

Computational domain: The challenge of numerical computations performed on AAAs starts
with the identification of the computational domain. Several investigations using generic (i.e. not
generated from imaging data) AAA shapes for computational analysis can be found in literature
[4, 20]. Generic AAA models are independent from patient-specific data, which simply might
not be available or raising ethical issues when gathered on the one hand. On the other hand,
influence of AAA shape parametrizations can be investigated. Patient-specific aneurysm models
in contrast typically are subject to uncertainties. Therefore, they are frequently investigated in
combination with approaches for the quantification of these uncertainties [10, 14, 106].

Geometry data on patient-specific AAA models is obtained from medical screening such as
computed tomography (CT) or magnetic resonance imaging (MRI). Both technologies return
images of structures inside the body, while different physical principles are used. CT uses a
rotating X-rays source, while MRI applies a magnetic field and radio waves for image capturing.
A frequently named disadvantage of CT as compared to MRI scans are the exposure to harmful
radiation. MRI disadvantages in turn are unpleasant noise and long duration of screening.

Assuming available image data of a patient-specific AAA, segmentation is performed to re-
ceive a 3D model geometry, which finally can be used as the computational domain for the finite
element model [92]. Segmentation in medical context is the process of identifying anatomical
structures in a set of given images. In more detail, imaged AAAs can be segmented by extracting
the intraluminal thrombus (ILT) volume. The AAA wall can only be reconstructed in a second
step (e.g. by extrusion of abluminal ILT surface), given that image resolution is insufficient [35].
For consistent results of segmentation across operators, the segmentation protocol as presented
in [92] is followed in this thesis.

The mentioned ILT is prevailing in most AAAs and corresponds to a fibrin structure adhering
to the vessel wall [135]. ILT mechanics has been extensively examined in literature [45, 81, 136],
a non-negligible influence on AAA mechanics is found. As a consequence, AAA models in this
thesis contain both ILT and AAA wall.

Figure 4.1 depicts an exemplary patient-specific computational domain Ω0 on the left. The
domain consists of the aneurysm sac, a small segment of the healthy aorta on the top and the
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4.1. Computational modeling of abdominal aortic aneurysms

aortic bifurcation at the bottom. A cut through the AAA on the right reveals a separation into
vessel wall and the ILT. Several surfaces are introduced for convenient reference. Γc denotes the
proximal and distal cut surfaces, Γo is the outer AAA wall surface and Γl is the luminal ILT
surface.
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Figure 4.1.: Patient-specific AAA computational domain. The full domain is depicted on the left,
while a cut through the AAA exposing the vessel wall (in blue) and the ILT (in light
grey) is depicted on the right. Adapted with permission from [122] (published under
CC BY license [28]). Adapted labeling to match the nomenclature in this thesis.

Constitutive modeling: Both ILT and arterial wall material behavior are modeled using an
isochoric-volumetric split for the strain-energy density function

ΨILT(Ī1, Ī2, J) = ΨILT
iso (Ī1, Ī2) + ΨILT

vol (J), (4.1)

Ψwall(Ī1, J) = Ψwall
iso (Ī1) + Ψwall

vol (J) (4.2)

with the principal invariants

Ī1 = tr(C̄), (4.3)

Ī2 =
1

2
[tr(C̄)2 − tr(C̄2)] (4.4)

of the modified right Cauchy-Green tensor

C̄ = F T
isoFiso (4.5)

given
Fiso = J−

1
3F . (4.6)
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4. Model reduction of the aneurysmatic abdominal aorta

The isochoric part of the strain-energy density exclusively models volume preserving continuum
deformation, recalling equation (2.9) together with det(Fiso) = 1. The volumetric part in turn
models constitutive response exclusively from the change of material element volume. The iso-
choric ILT strain-energy density reads

ΨILT
iso (Ī1, Ī2) = c[Ī2

1 − 2Ī2 − 3]. (4.7)

The material parameter c refers to material stiffness, which is spatially varying across the ILT
[45]. To account for this spatial variation, c is interpolated linearly from a value at the luminal
ILT surface clum to a medial value cmed and from cmed to a value at the abluminal surface cabl.

The isochoric vessel wall contribution is given by

Ψwall
iso (Ī1) = α[Ī1 − 3] + β[Ī1 − 3]2 (4.8)

and depends on the two material parameters α and β. For only slight continuum deformation, the
contribution [Ī1 − 3] dominates over [Ī1 − 3]2, while the opposite occurs for large deformation.
As a result, α can be interpreted as low-strain range stiffness, while β refers to a high-strain
range stiffness. These parameters are referred to as α-stiffness and β-stiffness in the following.

Both volumetric strain-energy density contributions are modeled by the ansatz

Ψx
vol(J) =

κx

4
[J2 − 2ln(J)− 1] (4.9)

with x ∈ {ILT,wall}. The volumetric bulk modulus κx is chosen sufficiently large, such that the
strain-energy density mimics almost incompressible material behavior.

Governing equations: A finite element solution for the following set of equations is to be
found

∇x0 · P = 0 in Ω0, (4.10)
P · n0 = tp,0 on Γl, (4.11)

u = 0 on Γc. (4.12)

Referring to the balance of linear momentum (2.36), equation (4.10) corresponds to a steady-
state momentum balance without volumetric forces. Exerted blood pressure p on the luminal ILT
surface is modeled by the boundary condition (4.11), wherein the first Piola-Kirchhoff traction
t0 results from the pressure load

tp,0 = −pJF−T · n0. (4.13)

Prestressing: Patient-specific AAA geometries are reconstructed from medical screening. The
screening takes place in vivo, which means that the imaged geometry is under blood pressure.
From a continuum mechanics perspective, this corresponds to a non stress-free reference con-
figuration that needs special treatment in the simulation process and impacts results of AAA
finite element analysis [47, 89].

To appropriately account for the non stress-free reference configuration, a stress state has to
be evaluated for the spatially imaged configuration. This process is called prestressing. In liter-
ature, several approaches for aortic prestressing have been presented, such as the inverse design
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method [46, 89]. The idea therein is to find a stress-free reference configuration, which will trans-
form to the (imaged) known configuration after application of the load under consideration. In
inverse design, the finite element problem is reformulated such that a deformation from stressed
to stress-free configuration is retrieved. An alternative method for prestressing is the backward
incremental method [33]. It makes use of multiple forward simulations and iteratively updates
the stress-free configuration until convergence.

The modified updated Lagrangian formulation (MULF) [46, 47] is motivated by the need for
a computationally efficient and reliable AAA prestressing method. Using MULF, the load under
consideration is (incrementally) applied on the fixed imaged configuration, while a deformation
gradient is accumulated from all preceding load steps

Fp = F n−1F n−2 . . .F 0. (4.14)

Recalling relation (2.30), the accumulated deformation gradient results in a stress state imprinted
into the imaged configuration. By this, an approximation of the stress state in a fixed configura-
tion is computed without direct reconstruction of the stress-free configuration. When a defor-
mation stage (i.e. a simulation, wherein the geometry is deformed by the applied load) follows
the prestressing stage, the accumulated deformation gradient Fp is used to “lift” the deformation
stage displacement gradient Fd to the total deformation gradient F

F = FdFp. (4.15)

Due to its computational efficiency and robustness, MULF is the method of choice for pre-
stressing in this thesis. Given that the prestressing stage aims at computing a deformation gradi-
ent instead of a displacement field as primary variable, MULF prestressing in its original formu-
lation is not suited for snapshot collection in the offline-stage of projection-based MOR. Here, a
reformulation of the MULF prestressing stage motivated by the application in projection-based
MOR is discussed following the presentation of the original article in [122].

Given a spatial configuration Ω 3 x, a reference configuration Ω0 3 x0 and a virtual con-
figuration Ω̃0 3 x̃0, the relation

x = x̃0 + ũ = x0 + u (4.16)

holds, assuming that u and ũ denote the displacement fields from x0 and x̃0 to x, respectively.
Introducing the deformation gradient F = ∂x

∂x0
and a virtual deformation gradient F̃ = ∂x̃0

∂x0
, the

following kinematic relation can be stated

F = I +
∂u

∂x0

=
∂[x0 + u]

∂x0

=
∂[x̃0 + ũ]

∂x0

=
∂[x̃0 + ũ]

∂x̃0

∂x̃0

∂x0

=

[
I +

∂ũ

∂x̃0

]
· F̃ . (4.17)

Using equation (4.17), the identical first Piola-Kirchhoff stress field can be expressed in terms
of a deformation gradient, a displacement field or virtual displacement field and deformation
gradient

P = PF (F ), (4.18)
P = Pu(u), (4.19)

P = Pu,F (ũ, F̃ ), (4.20)
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wherein

PF : F 7→ ∂Ψ

∂F
(F ), (4.21)

Pu : u 7→ ∂Ψ

∂F

(
I +

∂u

∂x0

)
, (4.22)

Pu,F : (ũ, F̃ ) 7→ ∂Ψ

∂F

([
I +

∂ũ

∂x̃0

]
· F̃
)
. (4.23)

was defined. Recalling MULF prestressing, the virtual deformation gradient F̃ can be inter-
preted as the prestress deformation gradient Fp, while the bracket [I + ∂ũ

∂x̃0
] corresponds to the

deformation gradient from deformation stage. Using kinematic relation (4.17), the identical first
Piola-Kirchhoff stress field can be expressed by

P = Pu,F (ud,Fp) = Pu(ud + up), (4.24)

wherein up is a prestress displacement field which is consistent with the prestress deformation
gradient, that is

Fp = I +
∂up
∂x0

(4.25)

and ud is the deformation stage displacement field. Consequently, instead of multiplicatively
extending the deformation gradient (see equation (4.15)), the displacement field is extended
additively by the prestress displacement field up (see equation (4.24)). In analogy to the dis-
placement field, the prestress displacement field modes can be gathered in the offline-stage for
ROB construction, see Section 3.1.3.

Summed up, the set of equations (4.10) - (4.12) is solved during prestressing for up with a
first Piola-Kirchhoff traction load t0 evaluated on Ω0, given that the spatial configuration is as-
sumed fixed. Thereby, the pressure in equation (4.11) is increased up to diastolic blood pressure
p = pdia. In the subsequent deformation stage, the set of equations (4.10) - (4.12) is solved for
the deformation stage displacement field ud, using the known prestress displacement field up
for evaluation of the first Piola-Kirchhoff stress field (equation (4.24)). The boundary condition
traction t0 is evaluated on the deforming configuration Ω 3 x0 + u, while the load is increased
from diastolic pressure p = pdia to systolic pressure p = psys.

Model parameters, discretization and nonlinear solution: Data on model parameters and
the discretization common to all performed AAA simulations in this thesis is provided here. α-
and β-stiffness of the AAA wall together with the wall thickness tw are given in terms of prob-
ability distributions (see Section 4.3) with the purpose of modeling patient-specific uncertainty.
The ILT stiffness interpolation points are clum = 2.62 kPa, cmed = 1.98 kPa and cabl = 1.73 kPa
[45]. The diastolic blood pressure value is assumed as pdia = 87 mmHg (11.6 kPa), while the
systolic value is psys = 121 mmHg (16.1 kPa).

A discretization with linear hexahedral finite elements with F-bar technology [34] is used for
the AAA wall. The ILT is discretized with linear tetrahedral finite elements, while a layer of
pyramidal finite elements with F-bar technology is used for the transition between the hexahe-
dral and tetrahedral meshes. An exemplary mesh is depicted in Figure 4.2. The pressure load is
applied in 25 steps, wherein 15 load steps are used for the prestressing stage and 10 load steps
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for the deformation stage. Following the steps for spatial discretization as presented in Section
2, the finite element model residual reads

r :





RN → RN

for prestressing stage :
dp 7→ fint(dp)− fext(0, pdia)

for deformation stage (with given dp) :
dd 7→ fint(dd + dp)− fext(dd, psys)

, (4.26)

wherein fext(d, p) was introduced as external force assembled from a pressure load p on a con-
figuration following from displacement field d. The nonlinear system of equations reads

rn(dn) = 0, (4.27)

with n denoting the load step index (see Section 2.2.3).

Figure 4.2.: Finite element mesh of the patient-specific AAA computational model.

The nonlinear models are iteratively solved applying Newton-Raphson iterations. Arising lin-
ear systems of equations in case of the FOM are solved using a parallel GMRES solver including
an algebraic multigrid preconditioner from the software package Trilinos [55], while ROM linear
systems of equations are solved using a direct solver [31].

4.1.2. Exemplary computation

An exemplary model evaluation at the parametrization of α-stiffness α = 169.38 kPa, β-stiffness
β = 541.45 kPa and AAA wall thickness tw = 1.09 mm is presented. The model is discretized
by 140,019 finite elements with 109,587 degrees of freedom. Figure 4.3 depicts the prestress
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4. Model reduction of the aneurysmatic abdominal aorta

displacement field dp (i.e. the finite element approximation of up), the deformation stage dis-
placement field dd (i.e. the finite element approximation ofud) and the resulting von Mises stress
field at three different load levels.

Recalling that the prestressing stage is performed up to diastolic blood pressure load, the
prestress displacement field evolves until p = pdia. In the deformation stage performed for a
loading from diastolic to systolic blood pressure, the prestress displacement field remains un-
changed. The opposite observation occurs for the deformation stage displacement field, which
remains unchanged during prestressing and evolves during deformation stage. Finally, the von
Mises stress increases in both stages, wherein imprinting into the undeformed configuration takes
place in prestressing stage (given that dd = 0), while the systolic pressure load von Mises stress
is given in a deformed configuration (given that dd 6= 0).

4.2. Reduced-order basis construction

Referring to Section 3, projection-based dimensional reduction builds upon a low-dimensional
trial and test space for the nonlinear residual. Consequently, modes contained in the ROB must be
chosen carefully in order to represent the solution subspace. If data-driven approaches including
model evaluations in a parameter domain are used, the selection of ROB modes is directly related
to the selection of points in the parameter domain.

The AAA model under consideration is stationary and only returns two modes of interest,
namely the prestress displacement and the deformation stage displacement. In Section 4.2.3, a
sampling strategy based on a so-called greedy maximin distance design and subspace angles
as a termination criterion is presented. Maximin distance sampling and subspace angles are
introduced as individual concepts in Section 4.2.1 and 4.2.2 first.

4.2.1. Space-filling designs and maximin distance sampling

Maximin distance sampling corresponds to a space-filling design, wherein space-filling de-
signs are a topic in the research field “design of (computer) experiments (DOE)”, please refer
to [121] for a general DOE overview and space-filling designs in general. As the name sug-
gests, space-filling designs attempt to distribute points evenly throughout the parameter domain,
assuming that important features of the model output can be observed in the entire domain.
Thereby, the exact meaning of “distribute evenly” depends on the applied sampling algorithm.
At the same time, space-filling designs avoid model evaluations in close proximity to already
evaluated points, in practice, the same point will never be evaluated twice. This feature is espe-
cially valuable for computer experiments having full control of model inputs and noise, such that
replicated evaluation of a point will not reveal new information.

An intuitive example of a space filling design is the factorial design [26]. Given nP as the
dimension of the parameter spaceP ∈ RnP and nPi, i ∈ {0, . . . , nP−1}, as the number of values
taken by parameter i, a full factorial design claims ΠnP−1

i=0 nPi model evaluations. As a result,
whenever the number of model evaluations is limited, factorial designs might not be appropriate.
Alternatively, statistical sampling methods can be used to produce space-filling designs. Simple
random sampling is a popular choice, although a small number of samples frequently results in
an unsatisfactory point distribution in terms of space-filling. An alternative is stratified random

48



4.2. Reduced-order basis construction

4. Model reduction of the aneurysmatic abdominal aorta

Figure 4.3.: Simulation

4.2.3. Construction of low-dimensional solution subspaces by
greedy maximin distance sampling

• explanation of the method
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Figure 4.3.: Visualization of the prestressing stage displacement field (first row), deformation
stage displacement field (second row) and von Mises stress field (third row) at dif-
ferent pressure loads.
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sampling, wherein the parameter domain is first divided into subdomains, random sampling in
each subdomain is performed next. Stratified random sampling typically results in better space-
filling properties than simple random sampling [121].

Latin hypercube is another popular class of sampling designs. Assuming a P = [0, 1]nP pa-
rameter domain, P is divided into nnPa equal subdomains (or cells), with na ∈ N+ indicating the
number divisions for every parameter interval. A Latin hypercube design places na points in dif-
ferent cells. Thereby, the cells are selected in a way such that their midpoints result in equidistant
distributions, if projected on any of the parameter domain axes. In 2D, a Latin hypercube design
results in a point distribution with exactly one point in each row of cells and each column of
cells. A Latin hypercube design as described will not necessarily have good space-filling proper-
ties, an intuitive example (with bad space-filling properties) is the selection of diagonal cells in
2D. Consequently, extensions have been presented in order to improve the original formulation
[141].

The maximin distance design (MmD) under consideration in this thesis corresponds to the
class of distance based sampling designs. MmD as well as the minimax distance design (mMD)
have been introduced in [64], a recent review can be found in [108]. If given a training grid
Σt ⊂ [0, 1]nP and a set of nµ chosen points pi ∈ ΣMm

nµ ⊂ Σt, i ∈ {0, . . . , nµ − 1}, then ΣMm
nµ is a

MmD with respect to the euclidean norm if

min
pi,pj∈ΣMm

nµ

‖pi − pj‖2 = max
Σnµ⊂Σt

[
min

pi,pj∈Σnµ
‖pi − pj‖2

]

∀i, j ∈ {0, . . . , nµ − 1} with i 6= j

(4.28)

holds, wherein Σnµ denotes an arbitrary subset of Σt with nµ elements. In words, a MmD dis-
tributes points such that the minimal distance between any two selected points is maximized.
The mMD ΣmM

nµ ⊂ Σt in contrast distributes points such that

max
p∈Σt

[
min

pi∈ΣmM
nµ

‖p− pi‖2

]
= min

Σnµ⊂Σt

[
max
p∈Σt

[
min
pi∈Σnµ

‖p− pi‖2

]]

∀i ∈ {0, . . . , nµ − 1}
(4.29)

holds. Consequently, the mMD organizes points such that any training grid point p ∈ Σt is as
closely as possible to another point from the design ΣmM

nµ . For clear distinction between maximin
and minimax, please note that a MmD (4.28) results from a maximization over all possible
designs maxΣnµ⊂Σt , while a mMD (4.29) results from a minimization over possible designs
minΣnµ⊂Σt . General surrogate modeling by MmDs has been discussed broadly [29, 44, 132,
142]. Specific applications related to radial-basis-function surrogates can be found in e.g. [88]
using the maximin distance criterion to sample cut lines and planes and in [15] to place points in
Voronoi cells.

Both MmD as well as mMD are computationally demanding optimization problems, which
require initial knowledge about the number of points to distribute. In [95], a greedy version of a
MmD solving a local optimization problem in every iteration has been presented. Algorithm 3
depicts the selection of a single greedy maximin distance design (GMmD) point from an input
grid Σi ⊂ Σt ⊂ P , given a set of previously chosen points Σc ⊂ Σt ⊂ P . Thereby, the
maximin criterion is evaluated on a reference hypercube, which is possible after transformation
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Algorithm 1 MaxiMinPoint(⌃i,⌃c) (select a greedy MMD point)

Input: input grid ⌃i ⇢ P, previously chosen points ⌃c ⇢ P
Output: selected grid point µ

1: ⌃̃i = �(⌃i), ⌃̃c = �(⌃c) . transform grids to reference hypercube

2: µ = arg maxq2⌃̃i

⇣
minp̃2⌃̃c

kq � p̃k2
⌘

. get next point in reference hypercube

3: return ��1(µ) . return point in physical domain

Algorithm 2 MaxiMinDesign(⌃t, nµ) (construct greedy MMD design)

Input: training grid ⌃t ⇢ P, starting point µ 2 ⌃t, number of points to select nµ

Output: chosen points ⌃c

1: ⌃c = {µ}
2: for i 2 (1, . . . , nµ � 1) do
3: µ = MaxiMinPoint(⌃t,⌃c)
4: ⌃c  ⌃c [ µ

5: end for
6: return ⌃c
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Fig. 2: Greedy MMD design for a 2D parameter space with nµ points. The first point is chosen at random.

computation of subspace angles applying a singular value
decomposition.

In projection-based MOR, subspace angles have been

used for the purpose of interpolation and sampling. In
(Lieu and Lesoinne, 2004; Lieu et al., 2006; Lieu and
Farhat, 2007), the authors present and apply a subspace
angle interpolation of ROBs for flow problems. In (Ak-

man, 2015), subspace angle interpolation is performed
with respect to the di↵usion coe�cient for a Di↵usion-

Convection-Reaction problem. The application of sub-
space angles as a stopping criterion for sampling has
been presented in (Bazaz et al., 2015; Varona et al.,
2017; Kalra and Nabi, 2019).

Figure 4.4.: Exemplary GMmD design with first point chosen at random. Reproduced with per-
mission from [122] (published under CC BY license [28]).

by the map χ from physical domain to reference hypercube. Algorithm 4 depicts the steps for the
construction of a full GMmD, given a single initial point. Figure 4.4 visualizes several GMmD
designs at different nµ. The space-filling property together with an increased exploration of the
domain boundary can be observed.

Algorithm 3 MaxiMinPoint(Σi,Σc) (select a GMmD point)
Input: input grid Σi ⊂ Σt, previously chosen points Σc ⊂ Σt

Output: selected grid point µ
1: Σ̃i = χ(Σi), Σ̃c = χ(Σc) . transform grids to reference hypercube
2: µ̃ = arg maxq̃∈Σ̃i

(
minp̃∈Σ̃c

‖q̃ − p̃‖2

)
. get next point in reference hypercube

3: µ = χ−1(µ̃) . transform point to physical domain
4: return µ . return point in physical domain

4.2.2. Subspace angles
In this thesis, subspace angles (or principle angles) are used to quantify the difference between
subspaces. Subspace angles are known from matrix computations [48]. For subspaces given by
the column spans of two matrices Y ∈ RN×n and Z ∈ RN×m with n ≤ m, subspace angles can
be defined recursively by

θk = min
y∈Y ⊥k ,z∈Z⊥k

arccos(yTz) with k ∈ {0, . . . , n− 1}. (4.30)

51



4. Model reduction of the aneurysmatic abdominal aorta

Algorithm 4 MaxiMinDesign(Σt,µ, nµ) (construct GMmD design)
Input: training grid Σt ⊂ P , starting point µ ∈ Σt, number of points to select nµ
Output: chosen points Σc

1: Σc = {µ}
2: for i ∈ (0, . . . , nµ − 1) do
3: µ = MaxiMinPoint(Σt,Σc)
4: Σc ← Σc ∪ µ
5: end for
6: return Σc

The mentioned recursion becomes apparent when defining the complements

Y ⊥k = {y : y ∈ span(Y ), ‖y‖ = 1}
Z⊥k = {z : z ∈ span(Z), ‖z‖ = 1}

for k = 0

(4.31)

and

Y ⊥k = {y : y ∈ span(Y ), ‖y‖ = 1,yTyj = 0}
Z⊥k = {z : z ∈ span(Z), ‖z‖ = 1, zTzj = 0}

for j ∈ {0, . . . , k − 2}, k ∈ {1, . . . , n− 1},
(4.32)

which for k 6= 0 are defined in terms of the principle vectors yj, zj with j ∈ {0, . . . , k−2}. Def-
inition of the complements is completed by providing the principle vectors as the minimization
arguments of equation (4.30)

yk, zk = arg min
y∈Y ⊥k ,z∈Z⊥k

arccos(yTz) with k ∈ {0, . . . , n− 1}. (4.33)

Please note, that the arccos : [−1; 1] 7→ [0◦; 180◦] operation in (4.30) is valid given that
|yTz| ≤ 1, as can be seen from the definition of Y ⊥k and Z⊥k . Equation (4.30) also reveals why
the maximum subspace angle can be interpreted as a measure for difference of subspaces. A
maximum subspace angle of θn−1 = 90◦ indicates that there is at least one direction in span(Y )
orthogonal to span(Z). As a result, there are vectors in span(Y ) not representable by span(Z).
A maximum subspace angle of θn−1 = 0◦ indicates that span(Y ) ⊂ span(Z) and consequently
that any vector in span(Y ) is representable in span(Z). In the following, the maximum subspace
angle is referred to as the subspace angle distance (SAD). Figure 4.5 provides a geometrical
interpretation of subspace angles in 3D.

Projection-based MOR has seen multiple applications of subspace angles. An interpolation
of ROB subspace angles for flow problems is presented in [85–87]. Application of subspace
angle interpolation to a Diffusion-Convection-Reaction problem is presented in [2]. The use of
subspace angles as a stopping criterion has been demonstrated in [7, 66, 133] with focus on
linear time-invariant state-space systems [7, 133] and trajectory piecewise linear approximation
[66].

Numerical computation of subspace angles does not require the recursive solution of opti-
mization formulation (4.30). Instead, a singular value decomposition can be applied, as depicted
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4.2. Reduced-order basis construction

in Algorithm 5 [48]. The arccos operation in line 3 is valid, given that QY ,QZ are orthonormal
matrices, such that |ξi| ≤ 1 holds for the entries of the singular values vector ξ.

Algorithm 5 SSA(Y ,Z) (computation of subspace angles)
Input: Y ∈ RN×n, Z ∈ RN×m with n ≤ m
Output: subspace angles θ

1: Y = QYRY , Z = QZRZ . perform thin QR factorization [48]
2: QT

YQZ = Udiag(ξ)QT . perform thin singular value decomposition [48]
3: θ = arccos(ξ) . transform to angle
4: return θ

span(Y )

span(Z)

y1
θ1

θ0 = 0

y0, z0

z1

Figure 4.5.: Geometrical interpretation of subspace angles in 3D space between 2D subspaces.
The 2D subspaces are visualized by the red and blue plane and correspond to the
column span of Y ∈ R3×2 and Z ∈ R3×2, respectively. The principle vectors
y0,y1 ∈ span(Y ) and z0, z1 ∈ span(Z) enclose the corresponding subspace angles
θ0 and θ1. Reproduced with permission from [122] (published under CC BY license
[28]).

The application of the SAD is exemplified for quantifying the difference of subspaces us-
ing the package numpy (version 1.16.2) [51] from the Python programming language. For this,
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Figure 4.6.: Maximum subspace angle between matrices Y0 ∈ R100×20 and Y1 ∈ R100×20 over
perturbation factor η from equation (4.34) for ten different realizations. Large per-
turbations are indicated by large maximum subspace angles.

the matrices Y0,Z ∈ R100×20 are created. Both matrices contain uniformly distributed random
entries in the interval [0, 1]. A third random matrix Y1 is generated by

Y1 = Y0 + ηZ (4.34)

introducing a scalar η. By this, η gives control of the difference between Y0 and Y1 as well as
the subspaces spanned by the columns of Y0 and Y1 by scaling a normed perturbation Z. Figure
4.6 depicts the maximum subspace angle over the multiplication factor η for ten different real-
izations of Y0 and Z (Y1 follows from (4.34)). For every single realization, large perturbations
are indicated by a large maximum subspace angle.

4.2.3. Construction of low-dimensional solution subspaces by
greedy maximin distance sampling

The two concepts of GMmD sampling and subspace angles are combined to an efficient sampling
algorithm aiming at the construction of a ROB as well as a snapshot matrix with modes used for
subsequent hyper reduction by ECSW, see Section 3.2.2. Thereby, GMmD sampling is used to
scatter new points, while subspace angles are evaluated aiming at a termination criterion. In more
detail, the parameter domain is subdivided into nsd subdomains Σsd,i, i ∈ {0, . . . , nsd− 1} with
Σsd,i ∩i 6=j Σsd,j = ∅ for i, j ∈ {0, . . . , nsd − 1} and ∪nsd−1

i=0 Σsd,i = Σt, which are subsequently
excluded from sampling based on a subspace angle criterion. By introducing subdomains, the
sampling algorithm becomes adaptive. Feedback from the parametric domain in terms of sub-
space angles is processed and used for exclusion of subdomains, such that individual subdomains
might receive more detailed sampling than others.

Algorithm 6 depicts the individual steps. First, the FOM is evaluated at a starting parametric
configuration µ. The local snapshot matrix s(µ) is orthogonalized (line 1:) and used for the
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4.2. Reduced-order basis construction

Algorithm 6 SDMaxiMinSampling(Σsd,µ, θth) (GMmD sampling on subdomains)
Input: subdomain set Σsd = {Σsd,0 . . . ,Σsd,nsd−1}, starting point µ ∈ Σsd,0, threshold angle θth

Output: chosen grid points Σc = {µ0, . . . ,µnµ−1}, ROB V , snapshot matrix S
1: s(µ) = QR . thin QR factorization [48] of initial snapshot matrix
2: V = Q
3: S = s(µ)
4: Σc = {µ}
5: Σ = (Σsd,1, . . . ,Σsd,nsd−1,Σsd,0) . define subdomain tuple for iteration
6: while True do
7: for Σsd,i ∈ Σ do . iterate over subdomains
8: µ = MaxiMinPoint(Σsd,i,Σc)
9: Σc ← Σc ∪ µ

10: θ = SSA(V , s(µ))
11: θm = max(θ)
12: if θm < θth then . in case of small maximum subspace angle
13: Σ← Σ\Σsd,i . exclude subdomain from sampling
14: end if
15: V ← Orthogonalize([V , s(µ)]) . extend ROB
16: S ← [S, s(µ)] . extend snapshot matrix
17: end for
18: if Σ = ∅ then . if no subdomain left
19: break . stop algorithm
20: end if
21: end while
22: return Σc,V ,S
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4. Model reduction of the aneurysmatic abdominal aorta

initialization of the ROB (line 2:) and the snapshot matrix (line 3:). Looping through each active
subdomain (line 7:), a new point is set by a GMmD step (line 8). A local snapshot matrix s(µ)
is evaluated (line 10:) and used to extend the ROB (line 15:) and the global snapshot matrix (line
16:). Please note, that the ROB extension strategy ensures that span(Vi) ⊂ span(Vj) for j ≥ i,
assuming Vi and Vj to represent ROBs after GMmD iteration i and j, respectively. Additionally,
the maximum subspace angle θm (line 10:, 11:) is computed. A small θm indicates, that the
snapshot matrix is well representable within the accumulated ROB, see Section 4.2.2. If θm is
below a predefined threshold subspace angle θth (line 12:) the current subdomain is excluded
from sampling (line 13:). Sampling stops and the algorithm terminates, if all subdomains have
been excluded (line 18:, 19:).

The terminology used in [29] allows the following classification of the presented sampling
algorithm:

• global: A single ROB is built for the entire computational domain.

• sequential / adaptive: In contrast to one-shot designs (i.e. designs with point distributions
which can be determined before the first simulation), points are distributed iteratively in-
cluding analysis of data from previous simulations.

• fine-grained: Only one point is selected per iteration.

• explorative: Initial iterations over all subdomains ensure coverage of the entire domain.

• exploitive: With increasing number of excluded subdomains, the algorithm gains the prop-
erty of exploitation by concentrated sampling of domain regions of interest.

• collapsing: In a non-collapsing design, any two selected points will not take the same value
in any parameter domain axis. This property is not ensured by GMmD sampling.

4.3. Results and discussion
In this section, three patient-specific computational AAA models are investigated. GMmD is ap-
plied for construction of dimensionally reduced order models (DROMs) and ECSW for hyper re-
duction, which yields dimensionally reduced as well as hyper reduced order models (DHROMs).
Both ROMs are evaluated in terms of accuracy and speedup. Direct Monte Carlo sampling ap-
plied to the DHROMs is shown to be accurate in the estimation of AAA wall maximum von
Mises stress and maximum von Mises strain probability distributions.

4.3.1. Subspace inclination

In this introductory numerical experiment, the influence of the solution subspace inclination on
model accuracy is investigated, wherein model accuracy is assessed in terms of the final (i.e.
after fully performing prestressing stage and deformation stage) von Mises stress field and the
von Mises strain field in the AAA wall as quantity of interest. The evaluation of the presented
exemplary computation (see Section 4.1.2) is used as the baseline solution and a ROB V is built
from a subspace spanned by prestressing stage and deformation stage displacement field.
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(a) (b) (c)

Fig. 4: Patient 1 mesh (a), cut exposing the ILT (b), exemplary von Mises stress distribution (c).

(a) (b) (c)

Fig. 5: Patient 2 mesh (a), cut exposing the ILT (b), exemplary von Mises stress distribution (c).

Table 1: Number of degrees of freedom N and number of

elements Ne for patient-specific computational models

Patient 1 Patient 2 Patient 3

N [-] 109587 189504 479487

Ne [-] 140019 149499 776106

sti↵ness of c = 1.98 kPa and from the medial sti↵-
ness to an abluminal sti↵ness of c = 1.73 kPa (Gasser
et al., 2008). Together with the aortic wall thickness t

the model parametrization is given as

µ =

2
4
↵
�
t

3
5 2 P = [↵l;↵u]⇥ [�l;�u]⇥ [tl; tu] ⇢ R3, (68)

Figure 4.7.: Patient 2 mesh (a), cut exposing ILT (b), exemplary von Mises stress distribution
(c). Reproduced with permission from [122] (published under CC BY license [28]).14 Alexander Schein, Michael W. Gee

(a) (b) (c)

Fig. 6: Patient 3 mesh (a), cut exposing the ILT (b), exemplary von Mises stress distribution (c).

with the subscripts l and u denoting the lower and up-

per bound.

Table 2 exhibits parameter domain lower and upper

bounds for the three models. The bounds were com-

puted from patient-specific Log-normal probability dis-

tributions from (Biehler et al., 2017) for each entry of

the parameter vector µ. In more detail, the parameter

domain bounds are chosen as

(�l, �u) = (Qlog(0.025; µ� ,��), Qlog(0.975; µ� ,��))

for � 2 {↵,�, t}
(69)

with

Qlog(p; µ� ,��) = exp(µ� +
p

2��erf�1(2p� 1)) (70)

being the p-percentile value for a Log-normal distribu-

tion with expectation µ� and standard deviation �� .

erf denotes the error function. Consequently, the range

within the chosen parameter domain bounds covers 95%

of realizations of µ.

We perform 15 equally spaced load steps for the pre-

stressing stage and 10 equally spaced load steps for the

deformation stage. Multiple thousands of simulations

were performed and postprocessed for the results pre-

sented in the following sections. Individual unconverged

simulations were dropped from analysis.

For linear systems of equations arising in FOM sim-

ulations, we use an iterative, parallel GMRES solver

with algebraic multigrid preconditioning implemented

in Trilinos (Heroux and Willenbring, 2003). For the

ROM linear systems of equations we apply a direct

solver (Davis, 2004), given that arising linear systems

have less than 100 unknowns.

5.2 Application of greedy maximin distance sampling

In our first numerical experiment, we create a one-

shot (i. e. no adaptation) design distributing 200 points

in the parameter domain (Algorithm 4 with ⌃sd =

{⌃sd,0},↵m = 0.0 and stopping at |⌃c| = 200). If a sim-

ulation fails to converge, a neighboring point is taken

in the set of selected points ⌃c instead and the FOM

is recomputed. The parameter domain grid is created

from all combinations of 100 equidistantly placed points

in each direction of the parameter domain axes. The

initial point is chosen as the ”minimum-value” point

µ = [↵l,�l, tl]
T (see Table 2) for each patient-specific

example.

As a result, the greedy MMD design returns identical

points (except for few individually shifted points due to

convergence failure) in the reference cube for all three

computational examples. The corresponding MMD in

the reference cube is depicted in Figure 7d. Simultane-

ously, the SAD (Algorithm 4 (line 11:)) is depicted in

Figure 7a-7c, wherein we highlight SADs corresponding

to (� � �)-octant configurations of the parameter do-

main (i.e. ↵ < ↵m,� < �m, t < tm) in blue and SADs

corresponding to (+ + +)-octant configurations of the

parameter domain (i.e. ↵ > ↵m,� > �m, t > tm) in

Figure 4.8.: Patient 3 mesh (a), cut exposing ILT (b), exemplary von Mises stress distribution
(c). Reproduced with permission from [122] (published under CC BY license [28]).

The generated FOM solution subspace span(V ) can be interpreted as perfectly tailored for
the exemplary computation. This can be seen from the resulting DROM, which returns relative
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4. Model reduction of the aneurysmatic abdominal aorta

errors of RE(σ̃vM,σvM) = 1.5 · 10−11 and RE(ẽvM, evM) = 8.2 · 10−12. The relative (l2-norm)
error is defined by

RE(x̃,x) =
‖x̃− x‖2

‖x‖2

, RE(x̃, x) =
|x̃− x|
|x| (4.35)

with x, x representing FOM solution quantities and x̃, x̃ representing ROM solution approxima-
tions and usage of l2-norm ‖•‖2 in case of vector valued quantities and the absolute value | • |
for scalar valued quantities.

In this section, the perfectly tailored subspace is perturbed by inclination with a given angle
αincl. Consequently, the level of perturbation is controlled by the value of αincl. The other com-
ponent in subspace inclination are the directions of inclination, which are constructed as vectors
of unit length being orthogonal with respect to each other and to the perfectly tailored subspace,
see Figure 4.9 for an illustration.

<latexit sha1_base64="t7c6leFAZ8PHtKJE7hG/tI/G2EE="></latexit>

Vvector

<latexit sha1_base64="97Q5OCSGp4LxKMRP6EvN7EUl2dE="></latexit>

Qinclination direction

<latexit sha1_base64="60RxvQSOQ1r4yFgxr0Hw0Z+0mjc="></latexit>

Ṽ
<latexit sha1_base64="7EpgbTLAm/TvpFWC6M+53Ixe+v8="></latexit>

Ṽ = V + tan(↵incl)Q

inclined vector

with

<latexit sha1_base64="WreDXBmhnwF1eFrJ/PCt3U3FZRY="></latexit>↵inclinclination angle
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W

with

orthogonalized vector
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W = Orthogonalize(Ṽ )

Figure 4.9.: Inclination of a subspace represented by span(V ). The direction of inclination isQ
and the angle of inclination is αincl. The inclined subspace is span(W ). Following
relations hold: ‖V ‖2 = ‖Q‖2 = ‖W ‖2 = 1, V TQ = 0, V TW = cos(αincl).

Summed up, a set of inclined subspaces span(Wij) has been created by inclination of the
perfectly tailored ROB vectors with an angle αincl,i (index i) in directions given by matrix Qj

(same shape as V , index j)
Ṽij = V + tan(αincl,i)Qj (4.36)

and subsequent orthogonalization

Wij = Orthogonalize(Ṽij). (4.37)

10 exemplary inclination angles αincl ∈ {0.01◦ · 30, 0.01◦ · 31, . . . , 0.01◦ · 38, 90◦} and 100 in-
clination directions Qj, j ∈ {0, . . . , 99} are chosen. The Qj are created using random number
generated matrices (uniform distributions in the range [0,1]) with subsequent orthogonalization,
which ensures that the resulting inclination directions are orthogonal to the tailored ROB, i.e.
V TQj = 0, orthonormal to themselves, i.e. QT

j Qj = I and orthogonal to each other in order
to have independence in the sense of QT

j Qi = 0 for i 6= j. Additionally, inclination directions
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are modified to preserve zero value Dirichlet boundary conditions by setting the corresponding
values in theQj to zero.

Figure 4.10 depicts the resulting relative l2-errors for the quantities of interest over subspace
inclination angles. In more detail, a DROM simulation is evaluated for every point and the rela-
tive l2-error with respect to the FOM solution is calculated. Applied ROBs result from inclina-
tion of the FOM solution subspace in direction of Qj, j ∈ {0, . . . , 99} (each color corresponds
to one distinct inclination direction) by several angles (horizontal axes in Figure 4.10). Follow-
ing observations can be made. Small inclination angles result in small relative l2-errors and the
direction of inclination does not have a significant influence. The latter also applies to large
inclination angles. For moderate inclinations, the relative l2-error scatters over a pronounced
range. Obviously, inclining subspaces with a given angle in certain directions introduces signifi-
cantly more or less distortion in the quantities of interest than other inclination directions. Also,
this tendency is preserved over different inclination angles, which can be seen from the similar
stacking of colors for different angles. For instance, one of the randomly generated inclination
directions is significantly less distorting the solution than the remaining directions (one point
in light blue tends to smaller errors than all others points). This holds for the entire range of
moderate inclination angles.
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Figure 4.10.: AAA wall von Mises stress field (left plot) and von Mises strain field (right plot)
relative errors over an inclination of the FOM solution subspace using patient 1 as
computational example. Different colors indicate different directions of inclination,
in total 100 DROM model evaluations have been performed per inclination angle.
While low inclination and high inclination angles yield similar relative l2-errors
across different directions of inclination, pronounced differences in the l2-error
arise for the mid range, depending on the direction of inclination.

4.3.2. Patient-specific parametrization and computational models
The first patient-specific computational model has been presented in Section 4.1, see Figures 4.1,
4.2 and 4.3 for the computational domain, mesh and exemplary von Mises stress distributions.
Figures 4.7 and 4.8 depict the computational models for patient 2 and patient 3, respectively.
Table 4.1 provides quantitative data on spatial discretization per patient, please refer to Section
4.1.1 for further common information on AAA modeling.
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4. Model reduction of the aneurysmatic abdominal aorta

Table 4.1.: Number of degrees of freedom N and number of elements Ne for patient-specific
computational models

patient 1 patient 2 patient 3

N [-] 109,587 189,504 479,487
Ne [-] 140,019 149,499 776,106

The models are parametrized in their α-stiffness and β-stiffness material property as well as
their wall thickness tw

µ =



α
β
tw


 ∈ P = [αl;αu]× [βl; βu]× [tl; tu] ⊂ R3, (4.38)

wherein the subscripts l and u were used to denote lower and upper bounds, respectively. The
selected parametrization is motivated by typical model uncertainties given that neither exact data
on material parameters, nor wall thickness (due to restricted resolution [35]) can be identified
non-invasively by medical screening.

Parameter domain bounds are estimated from the 0.025-percentile and 0.975-percentile values

(γl, γu) = (Qlog(0.025;µγ, σγ), Qlog(0.975;µγ, σγ)) for γ ∈ {α, β, tw} (4.39)

of patient-specific Log-normal probability distributions for each parameter, wherein

Qlog(p;µγ, σγ) = exp(µγ +
√

2σγerf−1(2p− 1)) (4.40)

return the p-percentile value of a Log-normal probability distribution with expectation µγ , stan-
dard deviation σγ and erf denoting the error function. The bounds given in (4.39) consequently
represent the mid 95 % of realizations of parametric configurations µ. The patient-specific Log-
normal probability distributions result from the methodology presented in [11]. Table 4.2 depicts
the derived lower and upper bounds per patient.

Table 4.2.: Patient-specific bounds for the parameter domain

patient 1 patient 2 patient 3

[αl;αu] [kPa] [28.23; 345.22] [18.15; 344.07] [26.46; 503.16]

[βl; βu] [kPa] [541.46; 6164.14] [543.15; 9686.14] [450.97; 7986.08]

[tw,l; tw,u] [mm] [1.09; 2.66] [0.94; 2.46] [1.03; 2.73]

4.3.3. Full-order model greedy maximin distance sampling
Analysis of the GMmD sampling is started by distributing 200 points to each patient-specific
parameter domain as defined in Table 4.2. Only one subdomain (corresponding to the entire
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parameter domain) is used, such that the resulting point distributions can be classified as a one-
shot design and result from Algorithm 6 with inputs Σsd = {Σt}, θth = 0 together with a break
of the algorithm at |Σc| = 200. The training grid is a full factorial with 100 equidistant points per
parameter domain axis, while the initial point for each patient is chosen as µ = [αl, βl, tw,l]

T .
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Fig. 7: (a)-(c): Decay of the SAD. Dark red points correspond to parametric configurations in the (+ + +)-octant
of the parameter domain, while blue points correspond to parametric configurations in the (���)-octant of the

parameter domain. (d): Decay of MMD with every newly set point.

relative error is given as

RE(x̃, x) =
kx̃� xk2
kxk2

, (71)

wherein x 2 {�vM , evM} corresponds to FOM quanti-

ties and x̃ 2 {�̃vM , ẽvM} corresponds to ROM approx-
imations.
A validation grid with 1000 points in the parameter do-

main is used. The grid results from all combinations of
10 equidistantly placed points in each direction of the
parameter domain axes. Note that the resulting grid
corresponds to a full factorial design being created in-

dependently of the points used for the construction of
the ROB by greedy subdomain MMD sampling.
Figure 12 and 13 in the appendix depict the corre-

sponding errors. The majority (> 98%) of relative er-
rors are below 1%, while individual runs show a relative

error above 1%. We conclude, that DROM as well as
DHROM are accurate models for the von Mises stress
and von Mises strain field in the aortic wall in a statisti-

cal sense. Individual simulations might show increased
relative errors, caution is required when applying the
ROMs for the prediction of point estimates.

5.5 Monte Carlo sampling on the reduced-order model

To demonstrate applicability of the constructed ROMs
for approximation of probability distributions in the

quantities of interest, we compare the 99.9 percentile
aortic wall von Mises stress (referred to as maximum
von Mises stress in the following) and the 99.9 per-

centile aortic wall von Mises strain (referred to as max-
imum von Mises strain in the following) probability

Figure 4.11.: Decay of SADs for 200 points (one subdomain) distributed by GMmD is depicted
in subfigures (a)-(c) for each patient-specific computational model. The maximin
distance coincides for each patient (given that the design under consideration does
not contain adaptivity) and is depicted in subfigure (d). Blue markers in subfigures
(a)-(c) indicate parametric configurations in the (−−−)-octant, red markers indi-
cate parametric configurations in the (+ + +)-octant. Reproduced with permission
from [122] (published under CC BY license [28]).

For each point, the AAA computational model is evaluated, individual failed simulations are
shifted to neighboring points on the parameter domain grid. Additionally, the SAD (see Algo-
rithm 5) is calculated between solution snapshots and the accumulated ROB. Figure 4.11 depicts
the SADs in a scatter plot together with the euclidean maximin distance of points in the refer-
ence hypercube. Recalling that the point distributions correspond to a one-shot design, maximin
distances in the reference hypercube coincide for all patients.

The distribution of SADs is influenced by two contributions. First, the euclidean distance to
a neighboring point plays a significant role. For all patients, SADs show a pronounced decay
initially and begin to scatter with increasing number of samples. An initial decay can also be
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4. Model reduction of the aneurysmatic abdominal aorta

observed for the maximin distance, while scattering of SADs coincides with a stagnation of the
maximin distance. As will be demonstrated in the following, only the region of a pronounced
decay of subspace angles is of interest. Second, subspace angles depend on the sensitivity of
the parameter domain. For demonstration, blue markers were introduced to highlight parametric
configurations in the (− − −)-octant of the parameter domain and red markers for parametric
configurations in the (+++)-octant, wherein the (−−−)-octant is given by α < αmid, β < βmid

and tw < tw,mid and the (+ + +)-octant by α > αmid, β > βmid and tw > tw,mid with


αmid

βmid

tw,mid


 =

1

2





αl
βl
tw,l


+



αu
βu
tw,u




 (4.41)

as domain midpoints. Clearly, (− − −)-octant parametric configurations are predominantly as-
sociated with lower SADs as opposed to (+ + +)-octant parametric configurations.
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Fig. 8: Decay of SAD throughout parameter domain sampling. The parameter domain is subdivided into eight
subdomains. The stopping criterion is a SAD below 0.1 in each subdomain. Corresponding point distributions in

the parameter domain are depicted in Figure 9.

distributions retrieved from Monte Carlo sampling of
the FOM and Monte Carlo sampling of the DHROM.
Both models are evaluated on 10000 identical (per pa-

tient) parametric configurations drawn from the corre-
sponding patient-specific Log-normal probability distri-
butions.

Table 5 depicts mean and standard deviation of the
quantities of interest. As one can see, FOM and DHROM
results are very close, relative errors are < 1%. Figure
11 depicts kernel-density-estimated probability distri-

butions gained from FOM and DHROM samples. We
apply the Gaussian kernel-density-estimator scipy.stats.
gaussian kde available in the SciPy (Virtanen et al.,

2020) (version 1.3.0) ecosystem of the Python program-
ming language. The plots show negligible di↵erences be-

tween probability distributions gained from FOM and
DHROM sampling.

5.6 Timing

We report wall clock timings of the patient-specific com-
putational models as well as corresponding speedups in

Table 6. All simulations in this section were performed
on a workstation with Intel Xeon W-2133 (3.60GHz)
processors.

The values in Table 6 are mean values corresponding to
seven simulations (per patient) evaluated at face mid-
points as well as the mid-point of the patient-specific

parametric domains, compare with Table 2 for domain
lower and upper bounds.

Figure 4.12.: Decay of SADs for points distributed by GMmD on 8 subdomains. The green hor-
izontal line marks the threshold for the stopping criterion θth = 0.1. Point col-
ors indicate their domain correspondence. Reproduced with permission from [122]
(published under CC BY license [28]).

In our next design, the one-shot design is turned into an adaptive design by including eight
subdomains, which are equally shaped and correspond to the (ijk)-octants with i, j, k ∈ {−,+}
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Fig. 9: Parametric configurations selected throughout greedy subdomain maximin distance sampling. The param-
eter domain is subdivided into eight subdomains.

Table 5: Mean values µvMmax
x and standard deviations �vMmax

x with x 2 {stress, strain} for maximum von Mises
stress and maximum von Mises strain in the aortic wall computed from Monte Carlo sampling with 10000 identical
(per patient) samples. The corresponding parametric configurations are drawn from patient-specific probability

distributions.

value patient 1 patient 2 patient 3

MC FOM

µvMmax
stress [kPa] 205.57 276.84 302.49

�vMmax
stress [kPa] 44.950 65.926 71.761

µvMmax
strain [�] 0.17320 0.19404 0.19070

�vMmax
strain [�] 0.038272 0.052792 0.049465

MC DHROM

µvMmax
stress [kPa] 205.80 277.13 301.85

�vMmax
stress [kPa] 45.0518 65.9210 71.8432

µvMmax
strain [�] 0.17361 0.19413 0.18946

�vMmax
strain [�] 0.038483 0.052680 0.049128

As the reader can observe, only slight speedup can be

achieved with DROM models, given that the full-order
residual as well as its Jacobian need to be evaluated. A
rather substantial speedup can be achieved by DHROM

models, recalling that only a small portion of the com-

putational mesh is evaluated and assembled.

Figure 4.13.: Parametric configurations in the physical parameter domain gained from GMmD
sampling on 8 subdomains. Corresponding subspace angles are depicted in Figure
4.12. Reproduced with permission from [122] (published under CC BY license
[28]).

of the parameter domain. Algorithm 6 is consequently restarted with Σsd = {Σ0, . . . ,Σ7}, the
initial configuration remains µ = [αl, βl, tw,l]

T and the termination criterion is chosen as θm =
0.1. Figure 4.12 depicts the decay of SADs for each patient together with a green horizontal line
indicating the termination criterion. Sampling continues until the SAD is found below θm in each
subdomain. The parametric configurations themselves are depicted in Figure 4.13.

Table 4.3.: Number of points distributed in each subdomain by GMmD sampling. A visualization
of the parametric configurations in the physical domain is depicted in Figure 4.13.

subdomain 0 1 2 3 4 5 6 7

patient 1 4 4 4 4 3 3 3 2
patient 2 6 5 4 4 3 5 3 3
patient 3 6 4 4 4 3 3 2 2

Table 4.3 depicts the number of points distributed to each subdomain. For instance, subdomain
0 receives more points than subdomain 7 across all patients, the difference is especially promi-
nent for patient 3. Referring to Figure 4.13, subdomain 0 corresponds to the (− − −)-octant,
while subdomain 7 is the (+ + +)-octant, such that low-stiffness and thin walled AAAs receive

63



4. Model reduction of the aneurysmatic abdominal aorta

Table 4.4.: Number of degrees of freedom p for patient-specific ROMs, number of assembled
elements for internal force nint

e and number of assembled elements for the luminal
pressure force nlp

e .

patient 1 patient 2 patient 3

p [-] 54 66 56
nint
e [-] 945 1579 1482
nlp
e [-] 411 692 590

more samples than high-stiffness and thick walled. This is plausible from a physical perspective,
given that the low-stiffness and thin walled structures undergo larger deformation.

4.3.4. Reduced-order model accuracy and speedup
For all three patients under consideration a ROB is built from application of Algorithm 6 as
discussed in Section 4.3.3 (nsd = 8, θth = 0.1). For DHROM construction, hyper reduction
by ECSW is performed, see Section 3.2.2. Both nonlinear internal force as well as luminal
pressure force vectors are hyper reduced, the full model mesh as well as the luminal surface
mesh are sampled independently. The parallelization strategy based on domain decomposition
as presented in Section 3.2.2 is used and sampling is performed on 4 processors with global
tolerance εh = 10−3 for internal force sampling and εh = 10−4 for luminal pressure force
sampling. Figure A.2 depicts selected mesh elements for both the internal force as well as the
luminal pressure force assembly. Especially accurate sampling for internal force assembly is
performed in proximity to the vessel fixation and in regions of high wall curvature. Table 4.4
summarizes the number of DOFs and evaluated mesh elements for the patient-specific DROMs
and DHROMs.

DROM as well as DHROM accuracy is examined on a test grid including 1000 points from a
full factorial design with 10 equidistantly placed points in each domain axis. Consequently, the
test grid is built independently from the ROB construction points selected by the GMmD. The
quantities of interest are the von Mises stress field σvM and the von Mises strain field evM in the
AAA wall at the fully loaded state (i.e. completed prestressing and deformation stage).

Figures A.3 and A.4 show relative errors (4.35) for the three patients under consideration.
Individual samples have relative errors above 1%, while the majority (> 98% for DROM,> 97%
for DHROM) of samples is below 1%. Mean relative errors REσvM , REevM are reported in Table
4.5, wherein

REσvM =
1

nsim

nsim−1∑

i=0

REi(σ̃vM,σvM), REevM =
1

nsim

nsim−1∑

i=0

REi(ẽvM, evM) (4.42)

is used nsim as the number of drawn samples and REi as the relative error of sample i. The
conclusion is, that caution is required whenever DROM or DHROM are used for evaluations of
single point estimates, while both ROMs are accurate in a statistical sense.

Next, the threshold SAD θth and the ECSW tolerance εth are modified in order to demon-
strate the influence of these algorithmic parameters. In more detail, Algorithm 6 is performed
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4.3. Results and discussion

several times for patient 1 with θth ∈ {0.1, 0.5, 2, 5, 10, 20} and the DROM mean l2-error (4.42)
is evaluated over the test grid using the resulting ROBs. Furthermore, ECSW mesh sampling for
internal force assembly is performed several times for patient 1 choosing convergence tolerances
of εh ∈ {10−4, 1.5 · 10−4, 10−3, 1.5 · 10−3, 10−2, 1.5 · 10−2, 10−1}, while assemble of the luminal
pressure force is left without hyper reduction. Again, the DHROM l2-error is evaluated over the
test grid. Figure 4.14 depicts the result. As can be seen from the left plot, lowering the threshold
SAD termination criterion results in a monotonically decreasing mean relative l2-error, while the
number of selected ROB modes increases and reflects the extension of the low-dimensional so-
lution subspace. A similar behavior is depicted with respect to the ECSW convergence tolerance
εh in the right plot. The mean relative l2-error decreases with decreasing εh, while the number
of selected mesh elements increases and represents the more accurate mesh sampling.

Table 4.5.: Mean values of relative errors for von Mises stress and von Mises strain field in AAA
wall. FOM evaluations serve as reference. The test grid is built from a full factorial
design with 1000 points in the parameter domain.

value patient 1 patient 2 patient 3

DROM REσvM 2.2 · 10−4 9.9 · 10−4 1.1 · 10−3

REevM 1.5 · 10−4 6.1 · 10−4 6.2 · 10−4

DHROM REσvM 4.4 · 10−4 1.7 · 10−3 1.6 · 10−3

REevM 3.2 · 10−4 1.1 · 10−3 8.7 · 10−4

Computational speedup of the ROMs is evaluated next. In order to weaken dependency on
specific parameterizations, the speedup is computed as the mean value from seven simulations,
wherein the parameterization is chosen as the midpoint of the parameter domain (see Table 4.2)
together with the midpoints of the six parameter domain hypercube faces. All simulations are
performed on 4 cores (Intel Xeon W-2133 (3.60GHz)). As can be seen from Table 4.6, DROMs
yield only small computational savings, given that the system assembly is not accelerated. A
larger speedup is gained by DHROMs.

Table 4.6.: Speedup of DROM and DHROM with FOM timing as reference. The speedup is
calculated as the mean value of seven simulations per patient.

model speedup [-]

patient 1 DROM 1.6
DHROM 32.2

patient 2 DROM 1.5
DHROM 22.7

patient 3 DROM 1.8
DHROM 60.2
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Figure 4.14.: Influence of algorithmic parameters using patient 1 as computational example. The
left plot depicts mean relative l2-errors (evaluated on a full factorial design with
1000 points in the parameter domain) together with the corresponding number of
selected ROB modes over the threshold SAD θth. The right plot depicts mean rela-
tive l2-errors with the corresponding number of selected mesh elements for internal
force assembly over the ECSW tolerance εh. Adapted with permission from [122]
(published under CC BY license [28]). Adapted axes labeling to match the nomen-
clature in this thesis.

4.3.5. Application to Monte Carlo sampling
The DHROM described in Section 4.3.4 is now used for the estimation of stress and strain
probability distributions. In more detail, the quantity of interest is the 99.9-th percentile value
of the element-wise von Mises stress and von Mises strain field in the AAA wall, for simplicity
denoted as maximum von Mises stress and maximum von Mises strain in the following. For
this purpose, 10,000 randomly generated points are drawn per patient from the corresponding
parameter domains and FOM as well as DHROM are evaluated at these points.

Table 4.7 depicts mean values and standard deviations for maximum von Mises stress and
maximum von Mises strain per patient for both FOM and DHROM. Relative errors of all val-
ues are below 1%. Figure A.5 depicts probability distributions from Gaussian kernel-density-
estimations (scipy.stats.gaussian kde from SciPy [134] (version 1.3.0) package of the Python
programming language). Differences between reference solution and approximated probability
distributions are negligible.
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Table 4.7.: Mean values µvMmax
stress , µvMmax

strain and standard deviations σvMmax
stress , σvMmax

strain for reference
(FOM) and approximate (DHROM) probability distributions of maximum von Mises
stress and maximum von Mises strain. The statistical data is computed from 10,000
identical samples per individual patients.

value patient 1 patient 2 patient 3

FOM µvMmax
stress [kPa] 205.57 276.84 302.49
σvMmax

stress [kPa] 44.950 65.926 71.761
µvMmax

strain [−] 0.17320 0.19404 0.19070
σvMmax

strain [−] 0.038272 0.052792 0.049465

DHROM µvMmax
stress [kPa] 205.83 277.24 302.19
σvMmax

stress [kPa] 45.073 65.844 71.795
µvMmax

strain [−] 0.17358 0.19423 0.19063
σvMmax

strain [−] 0.038452 0.052746 0.049578

67





5. Model reduction of the beating
heart

As stated in Section 1.1, reduction of a computational cardiac mechanics model is one central
aspect for the motivation of this thesis. The cardiac mechanics model under consideration is a 3D
spatially resolved model including anisotropic as well as actively contracting material models.

Following the presentation in the review article in [101], studies on active muscle mechanics
can be traced back to an early article [56] in the year 1938. Computational models of the full
organ emerged later, an early ventricular model with focus on pressure-volume relations and
transmural distribution of sarcomere length can be found in [3] from the year 1979. In the fol-
lowing, geometrically or computationally enhanced models for ventricular mechanics have been
published [50, 69, 97, 129]. A further step towards model accuracy has been made with the appli-
cation of geometrically patient-specific computational models [30, 100, 140] and the application
of sophisticated boundary conditions such as closed-loop circulation models [58, 70] or fluid-
structure interaction [102, 116]. Also, the phenomenon of cardiac tissue growth and remodeling
has gained increasing attention in computational cardiac mechanics [38, 68, 75].

The cardiac mechanics model under consideration in this thesis is a full organ model devel-
oped in [57] with a geometry gained from medical screening. The solid mechanics part is cou-
pled to a system of ordinary differential equations modeling the closed-loop blood circulation
and returning dynamic pressure load boundary conditions for the cardiac chambers. Accurate
computational results require high resolution in both space and time, entailing large demand on
computational resources and motivating application of model reduction methods.

Although efficient and accurate reduced-order models (ROMs) in cardiac structural mechan-
ics are crucial for many applications such as uncertainty quantification or optimization, rela-
tively few publications on projection-based model reduction in this context exist. Application
of proper-orthogonal decomposition (POD) and the (matrix) discrete empirical interpolation
method (M)DEIM together with model reduction of idealized and patient-specific single ven-
tricle models is addressed in Refs. [13, 23, 93]. Extended focus on model reduction of cardiac
electromechanics can be found in [12], wherein again POD subspace reduction as well as hy-
per reduction by (M)DEIM or the Broyden method (Jacobian approximation by rank one matrix
updates) are used. Blood circulation mechanics is excluded from modeling. A Galerkin projec-
tion on POD subspaces in the context of optimization can be found in [57, 105]. Only the 3D
structural mechanics component of the 3D-0D cardiac models is dimensionally reduced, hyper
reduction is not included. Finally, a recent publication motivates the use of deep neural networks
for hyper reduction [24]. The idea therein is to learn the approximation of projected residuals
and Jacobians as a function of the parameter vector, the time step as well as the Newton-Raphson
iteration index.

In this thesis, model reduction of a prestressed, patient-specific, biventricular solid dynam-
ics model is presented. Thereby, blood circulation is taken into account by a two-way coupling

69



5. Model reduction of the beating heart

of the solid dynamics model to a closed-loop 0D fluid mechanics model. Hyper reduction by
the energy-conserving mesh sampling and weighting (ECSW) method is applied to all involved
forces requiring reassembly, i.e. the internal force, the ventricular pressure force and the em-
bedding tissue force. Both, prestressing stage as well as dynamic cycling stage are subject to
dimensional reduction and hyper reduction.

5.1. Computational modeling of cardiac mechanics

5.1.1. In silico model

In the following, the applied heart computational model is described. In more detail, the compu-
tational domain and constitutive as well as governing equations for the structural part together
with the system of ordinary differential equations (ODEs) for the vascular system are presented.
Coupling between the 3D structure and the 0D flow network is explained and finally model pa-
rameters are stated.

Computational domain: The challenge in the identification of the computational domain in
biomedical simulations has already been addressed in Section 4.1.1, the process from imaging
to simulation in case of the heart model under consideration can be found in [57]. In brief, the
heart geometry is extracted from a computed tomography scan of a porcine heart. The lumina of
cardiac chambers as well as the outermost layer of the heart muscle are segmented and a boolean
operation is performed to subtract the chamber lumina. Segmentation is performed at 80 % of
the diastolic phase time interval.

The atria are not part of the computational domain, only ventricular dynamics is simulated. To
extract the domain of interest, the geometry is truncated by the atrioventricular plane. This plane
cuts the posterior mitral valve leaflet and is orthogonal to the axis from the lowest left ventricular
point to the center of the aortic valve. Two artificial lids are introduced in order to create closed
ventricular volumes, which have been cut open by the atrioventricular plane. Additionally, bulk
material is extended 10 mm at the heart base.

Figure 5.1 depicts the full computational domain on the left and a cut exposing ventricular
lumina on the right. Several surfaces are introduced for convenient reference in following sec-
tions. Γb (heart base) refers to the top of the extended bulk material. Γe refers to the epicardial
surface and Γlid is the abluminal surface of the covering lids. Left and right ventricle surfaces are
denoted by Γ`v and Γrv, wherein the luminal surfaces of the covering lids are not part of Γ`v and Γrv.

Constitutive modeling: Myocardial tissue has orthotropic material behavior [61], wherefore
two families of fibers are generated and enter the constitutive equation. One fiber direction cor-
responds to the muscle fiber direction f0, the second direction is the sheet direction s0 [57],
which is orthogonal to the fiber direction and approximately in-plane with the wall. The mus-
cle fiber inclination starts with −60◦ measured from the circumferential ventricle directions on
the epicardium and varies continuously in transmural direction to an inclination of 60◦ at the
endocardium. Figure 5.2 illustrates fiber and sheet direction.
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Figure 5.1.: Porcine heart computational domain. The full domain is depicted on the left, while
a cut exposing the ventricular lumina is depicted on the right. Ventricles are closed
by artificial lids. Atria are not part of the solid mechanics computational domain.

Figure 5.2.: Visualization of fiber and sheet direction on epicardial surface (left) and on endo-
cardial surface (right). Black dashes correspond to fiber direction f0, white dashes
correspond to sheet direction s0.

The constitutive model for the myocardial tissue (i.e. the entire computational domain except
for the lids, see Figure 5.1) consists of the sum of passive material and active stress contribution

S =
∂Ψ

∂E
+ τa(t)f0 ⊗ f0. (5.1)

The strain energy density for the passive material behavior contains eight material constants
(a0, b0, κ, af , bf , as, bs, afs, bfs) and reads [61]

Ψ =
a0

2b0

[
eb0[Ī1−3] − 1

]
+
κ

2
[J − 1]2 +

af
2bf

[
ebf [fT0 Cf0−1]2 − 1

]

+
as
2bs

[
ebs[s

T
0 Cs0−1]2 − 1

]
+

afs
2bfs

[
ebfs[f

T
0 Cs0]2 − 1

]
.

(5.2)
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The first two summands model the isotropic part of material response under an isochoric-volumetric
split with Ī1 as the first principal invariant of the modified Cauchy-Green tensor (4.3). The re-
maining three summands model the anisotropic, passive material response.

The second summand in equation (5.1) models the force-generating behavior of the heart,
that is its property to contract. Thereby, a temporally varying active stress of magnitude τa(t) is
generated in fiber direction f0, whereby τa(t) is the solution of the ODE [57]

τ̇a(t) = −|u(t)|τa(t) + σ0 max(0, u(t)). (5.3)

The scalar σ0 adjusts the maximum of the active stress and is referred to as contractility. The
function u(t) is defined in terms of the upstroke rate αmax, relaxation rate αmin and an activation
function f̂(t)

u(t) = f̂(t) · αmax + [1− f̂(t)] · αmin (5.4)

with

f̂(t) =[K[t− c1] + 1] · H(K[t− c1] + 1)−K[t− c1]H(K[t− c1])

−K[t− c2] · H(K[t− c2]) + [K[t− c2]− 1] · H(K[t− c2]− 1)
(5.5)

using the Heaviside function

H :





R→ {0, 1}
x 7→

{
0 for x < 0
1 for x ≥ 0

. (5.6)

K, c1 and c2 are constants, wherein c1 and c2 are defined in terms of the time of active stress
initialization tcontr and relaxation trelax

c1 = tcontr +
αmax

K[αmax − αmin]
, (5.7)

c2 = trelax −
αmax

K[αmax − αmin]
. (5.8)

Figure 5.3 depicts an exemplary active stress curve over one cardiac cycle. The 10 mm bulk
material extension of the heart mentioned above is not subject to generation of active stress.

The covering lids are modeled using a Neo-Hookean material under a volumetric-isochoric
split

Ψ =
µlid

2
[Ī1 − 3] +

κlid

2
[J − 1]2, (5.9)

wherein the material parameters µlid and κlid were introduced.

Structural dynamics governing equations: Analogous to the abdominal aortic aneurysm
(AAA), the imaged heart configuration is under blood pressure and therefore not stress-free. As a
result, the heart simulation consists of a prestressing and a deformation stage. In the prestressing
stage, the heart is loaded at a fixed spatial configuration to the diastolic ventricle pressures. In
the deformation stage, a temporally discretized cardiac cycle is simulated with heart contraction
triggered by active stress ODE (5.3).
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Figure 5.3.: Exemplary active stress evolution over one cardiac cycle with period Tcycle = 1 s.
The curve is generated from an implicit Euler temporal discretization of equation
(5.3).

The following governing equations are solved in the prestressing stage

∇x0 · P = 0 in Ω0, (5.10)

P · n0 = tip,0 on Γiv, i ∈ {`, r}, (5.11)

P · n0 = tbk,0 + tb⊥k,0 on Γb, (5.12)

P · n0 = ti⊥k,0 on Γi, i ∈ {e, lid}. (5.13)

Boundary condition (5.11) corresponds to a diastolic blood pressure load exerted on endocardial
surfaces (see Figure 5.1) with first Piola-Kirchhoff traction introduced in equation (4.13). Bound-
ary conditions (5.12) and (5.13) model embedding tissue at the heart base as well as covering
lids and epicardial surface by introducing a traction that is locally proportional to displacement.
The traction is either a response to the full displacement

tbk,0 = −kbu (5.14)

or a response to the displacement in direction of the reference surface normal

ti⊥k,0 = −ki⊥(u · n0)n0, i ∈ {b, e, lid}. (5.15)

The proportionality constants ki⊥, i ∈ {b, e, lid} and kb can be interpreted as spring stiffness per
reference surface area and are of physical unit

[
kPa
mm

]
. In the prestressing stage, embedding tissue

boundary conditions are evaluated based on the prestress displacement field.
The deformation stage governing equations read

∇x0 · P = ρ0v̇ in Ω0, (5.16)

P · n0 = tip,0 on Γiv, i ∈ {`, r}, (5.17)

P · n0 = tbkc,0 + tb⊥kc,0 on Γb, (5.18)

P · n0 = ti⊥kc,0 on Γi, i ∈ {e, lid}. (5.19)
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5. Model reduction of the beating heart

When compared to the steady state equations (5.10) - (5.13), an additional inertia term can be
found in the momentum equation (5.16). The ventricle pressure load boundary condition (5.17) is
evaluated on the deformed geometry. The embedding tissue boundary conditions (5.17) - (5.19)
is extended with a velocity proportional contribution in velocity direction

tbkc,0 = −kbu− cbu̇ (5.20)

and in reference configuration normal direction

ti⊥kc,0 = −ki⊥(u · n0)n0 − ci⊥(u̇ · n0)n0, i ∈ {b, e, lid}. (5.21)

The constants ci⊥, i ∈ {b, e, lid} and cb can be interpreted as dashpot stiffness per unit reference
surface and are of physical unit

[
kPa s
mm

]
. In the deformation stage, embedding tissue boundary

conditions are evaluated on the sum of prestress and deformation stage displacement field, that
is the prestressing of embedding tissue is maintained. The velocity proportional contribution of
embedding tissue remains independent from prestressing, given that the prestressing stage dis-
placement field remains constant in the deformation stage.

Flow network governing equations: Simplified modeling of the vascular network has been
discussed in several contributions in literature [103, 125, 138], the approach followed in this
thesis is presented in [57]. The flow network is built from elements introduced in Section 2.1.5
and is depicted in Figure 5.4. The 16 equations (5.22) - (5.37) describe the system dynamics in
terms of 8 pressure states

p`at : left atrial pressure, prat : right atrial pressure,

p`v : left ventricular pressure, prv : right ventricular pressure,

psys
ar : systemic arterial pressure, ppul

ar : pulmonary arterial pressure,

psys
ven : systemic venous pressure, ppul

ven : pulmonary venous pressure

and 8 flow rates

q`v,in : inflow rate left ventricle, qrv,in : inflow rate right ventricle,

q`v,out : outflow rate left ventricle, qrv,out : outflow rate right ventricle,

qsys
ar : systemic arterial flow rate, qpul

ar : pulmonary arterial flow rate,

qsys
ven : systemic venous flow rate, qpul

ven : pulmonary venous flow rate.
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5.1. Computational modeling of cardiac mechanics

dV `
at

dt
− qpul

ven + q`v,in = 0, (5.22)

1

R̃`
v,in

[p`at − p`v]− q`v,in = 0, (5.23)

dV `
v

dt
− q`v,in + q`v,out = 0, (5.24)

1

R̃`
v,out

[p`v − psys
ar ]− q`v,out = 0, (5.25)

Csys
ar

[
dpsys

ar

dt
− Zsys

ar

dq`v,out

dt

]
− q`v,out + qsys

ar = 0, (5.26)

Lsys
ar

Rsys
ar

dqsys
ar

dt
+

1

Rsys
ar

[psys
ven − psys

ar + Zsys
ar q

`
v,out] + qsys

ar = 0, (5.27)

Csys
ven

dpsys
ven

dt
− qsys

ar + qsys
ven = 0, (5.28)

Lsys
ven

Rsys
ven

dqsys
ven

dt
+

1

Rsys
ven

[prar − psys
ven] + qsys

ven = 0, (5.29)

dV r
at

dt
− qsys

ven + qrv,in = 0, (5.30)

1

R̃r
v,in

[prat − prv]− qrv,in = 0, (5.31)

dV r
v

dt
− qrv,in + qrv,out = 0, (5.32)

1

R̃r
v,out

[prv − ppul
ar ]− qrv,out = 0, (5.33)

Cpul
ar

[
dppul

ar

dt
− Zpul

ar

dqrv,out

dt

]
− qrv,out + qpul

ar = 0, (5.34)

Lpul
ar

Rpul
ar

dqpul
ar

dt
+

1

Rpul
ar

[ppul
ven − ppul

ar + Zpul
ar q

r
v,out] + qpul

ar = 0, (5.35)

Cpul
ven

dppul
ven

dt
− qpul

ar + qpul
ven = 0, (5.36)

Lpul
ven

Rpul
ven

dqpul
ven

dt
+

1

Rpul
ven

[p`at − ppul
ven] + qpul

ven = 0. (5.37)

Additional time dependent system variables are the left atrium cavity volume V `
at, left ven-

tricle cavity volume V `
v , right atrium cavity volume V r

at and right ventricle cavity volume V r
v .

In contrast to the pressures and flow rates, cavity volumes are not regarded as primary vari-
ables of the system. The ventricle volumes are calculated from the 3D structure model, while the
atrial volumes are gained from elastance models. An atrial elastance

[
kPa
mm3

]
is the proportionality

value between the volume change with respect to an initial value V i
at,u, i ∈ {`, r} and the atrial

pressure
piat = Ei

at(t) · [V i
at − V i

at,u] i ∈ {`, r}. (5.38)
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Figure 5.4.: Dimensionally reduced vascular system network including pulmonary and systemic
circulation. The four heart chambers are modeled as compartments. Two-way coup-
ling to the 3D structural mechanics model is achieved via the ventricular compart-
ments (please refer to the main text for a detailed explanation). Atrial compartments
are modeled by an elastance model (5.38). Quantities highlighted in red correspond
to oxygenated blood flow, while quantities in blue correspond to deoxygenated blood
flow.

Atrial contraction and relaxation can be modeled by time varying elastances

Ei
at(t) = [Ei

at,max − Ei
at,min] · yiat(t) + Ei

at,min i ∈ {`, r} (5.39)

with the minimum and maximum elastance values Ei
at,min, E

i
at,max, i ∈ {`, r} and the activation

function

yiat :





R→ [0, 1]

t 7→
{

1
2

[
1− cos

(
2πt

∆tat,act

)]
for t ≤ ∆tat,act,

0 for t > ∆tat,act

i ∈ {`, r} (5.40)

using ∆tat,act as the duration of atrial activation. Figure 5.5 depicts an exemplary evolution of
atrial elastance.
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Figure 5.5.: Exemplary evolution of left and right atrial elastance over one cardiac cycle.

Several system constants have been introduced in the set of equations (5.22) - (5.37), see
Figure 5.4. Valve resistances R̃`

v,in, R̃`
v,out, R̃

r
v,in and R̃r

v,out model the influence of mitral, aortic,
tricuspid and pulmonary valve, respectively. The capacitances Cj

i , resistances Rj
i and inertances

Lji are given for systemic arterial, systemic venous, pulmonary arterial and pulmonary venous
flows with i ∈ {sys, pul} and j ∈ {ar, ven} indicating the corresponding value. Finally, the
resistances Zsys

ar and Zpul
ar can be found upstream of systemic and pulmonary arterial inertance-

resistance-capacitance combinations.
In the order given, equations (5.22) - (5.37) can be interpreted as (5.22): left atrial mass bal-

ance, (5.23): mitral valve momentum balance, (5.24): left ventricular mass balance, (5.25): aortic
valve momentum balance, (5.26): systemic arterial mass balance, (5.27): systemic arterial mo-
mentum balance, (5.28): systemic venous mass balance, (5.29): systemic venous momentum
balance, (5.30): right atrial mass balance, (5.31): tricuspid valve momentum balance, (5.32):
right ventricular mass balance, (5.33): pulmonary valve momentum balance, (5.34): pulmonary
arterial mass balance, (5.35): pulmonary arterial momentum balance, (5.36): pulmonary venous
mass balance and (5.37): pulmonary venous momentum balance.

Discretization, coupling and model parameters: The heart model under consideration is
discretized with linear, tetrahedral finite elements with an edge length of approximately 1.5mm,
Figure 5.6 depicts the discretization. In total, this results in 489,365 finite elements with 284,163
DOFs. As a model assumption, a cardiac cycle triggered by active stress generation lasts for
Tcycle = 1s. The temporal discretization of the structural model deformation stage is performed
by the generalized-α method (see Section 2.2.3) using 500 time steps of size 0.002 s and ρ∞ =
0.8. Temporal discretization of the flow network equations is done by one-step-θ (see Section
2.2.3) time integration using θ = 0.5. During prestressing of the full-order model (FOM), ven-
tricular pressure load is applied in 10 steps using a pseudo-transient continuation (PTC) en-
hanced Newton-Raphson nonlinear solver (see Section 2.2.4) with initial value kptc

0 = 3.33. For
ROM prestressing, 20 load steps with a pure Newton-Raphson nonlinear solver are applied.
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5. Model reduction of the beating heart

Coupling between structural dynamics (5.16) - (5.19) and flow network equations (5.22) -
(5.37) takes place at the luminal surfaces of the ventricles as given in equation (5.17). In words,
the ventricle pressures state variables of the flow network are applied as boundary condition
on the structural heart model. On the other hand, the structural heart model returns ventricle
volumes, which enter the flow network by the left and right ventricular mass balances (5.24) and
(5.32).

Figure 5.6.: Visualization of heart finite element discretization.

The fully discretized residual reads

rnsf(d
n, qn) =

[
rn(dn, qn)
gn(dn, qn)

]
∈ RN+z, (5.41)

wherein gn(dn, qn) denotes the temporally discretized residual of the z = 16 flow network
equations and

qn = [p`at, p
r
at, p

`
v, p

r
v, p

sys
ar , p

pul
ar , p

sys
ven, p

pul
ven,

q`v,in, q
r
v,in, q

`
v,out, q

r
v,out, q

sys
ar , q

pul
ar , q

sys
ven, q

pul
ven]n

(5.42)

denotes the DOF vector of the flow network state. Dependency of the structural residual on flow
network DOFs and vice versa follows from coupling of the two systems as explained above. The
full system is solved monolithically by Newton-Raphson iterations using a block Jacobian

[
Jnr,d(d

n
i , q

n
i ) Jnr,q(d

n
i , q

n
i )

Jng,d(d
n
i , q

n
i ) Jng,q(d

n
i , q

n
i )

] [
∆dni+1

∆qni+1

]
= −

[
rn(dni , q

n
i )

gn(dni , q
n
i )

]
(5.43)

[
dni+1

qni+1

]
=

[
dni
qni

]
+

[
∆dni+1

∆qni+1

]
(5.44)

wherein

Jnr,d(d
n, qn) :=

∂rn(dn, qn)

∂d
∈ RN×N , Jnr,q(d

n, qn) :=
∂rn(dn, qn)

∂q
∈ RN×z, (5.45)

Jng,d(d
n, qn) :=

∂gn(dn, qn)

∂d
∈ Rz×N , Jng,q(d

n, qn) :=
∂gn(dn, qn)

∂q
∈ Rz×z. (5.46)
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were introduced. For details on the evaluation of these Jacobians the reader is referred to [57].
The linear block systems are iteratively solved using a parallel GMRES solver implemented

in the software package Trilinos [55] in combination with SIMPLE type preconditioning [37]
for the full block system and algebraic multigrid preconditioning for the structural block.

Physical baseline parameters for the structural heart model and the flow network model are
given in Table 5.1 and 5.3, respectively, for detailed information on parameter estimation see
[57]. Flow network system resistances / inertances as well as capacitances are given in depen-
dency of the systemic arterial resistance Rsys

ar and the so-called systemic arterial windkessel time
constant τ sys

ar = 1.652 s and pulmonary arterial windkessel time constant τpul
ar = 0.3 s.

Table 5.1.: Baseline parameters for structural heart. See equations referenced in the first column
for interpretation of physical meaning.

equation symbol value
boundary conditions

(5.14), (5.20) kb 0.25 kPa
mm

(5.21), (5.15) kb⊥ 1.25 kPa
mm

(5.21), (5.15) ke⊥ 0.075 kPa
mm

(5.21), (5.15) klid⊥ 0.05 kPa
mm

(5.20) cb 0.0005 kPa
mm

(5.21) cb⊥ 0.0005 kPa
mm

(5.21) ce⊥ 0.0005 kPa
mm

(5.21) clid⊥ 0.0005 kPa
mm

active contraction

(5.3) σ0 70 kPa

(5.5), (5.7), (5.8) K 5

(5.4), (5.7), (5.8) αmax 10 1
s

(5.4), (5.7), (5.8) αmin −30 1
s

(5.7) tcontr 0.2 s

(5.8) trelax 0.53 s

equation symbol value
passive myocardial material

(5.2) a0 0.059 kPa

(5.2) af 18.472 kPa

(5.2) as 2.481 kPa

(5.2) afs 0.216 kPa

(5.2) b0 8.023

(5.2) bf 16.026

(5.2) bs 11.120

(5.2) bfs 11.436

(5.2) κ 103 kPa

(5.16) ρ0 10−6 kg
mm3

covering lids

(5.9) µlid 50 kPa

(5.9) κlid 10 kPa

(5.16) ρ0 10−6 kg
mm3

5.1.2. Exemplary computation

An exemplary computation of a FOM heart beat is presented together with a discussion on output
quantities of interest. The heart model as introduced in Section 5.1.1 is used for estimation of the
homeostatic state, that is, periodically steady conditions of the beating heart. In more detail, the
homeostatic state is assumed as given if the so-called cycle error criterion (CER) Ecycl is below
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Table 5.3.: Baseline parameters for flow network. See equations referenced in the first column
for interpretation of physical meaning.

equation symbol value
atrial models

(5.40) ∆tat,act 0.4 s

(5.39) E`
at,min 9 · 10−6 kPa

mm3

(5.39) E`
at,max 29 · 10−6 kPa

mm3

(5.39) Er
at,min 8 · 10−6 kPa

mm3

(5.39) Er
at,max 18 · 10−6 kPa

mm3

valve resistances

(2.51), (5.23) R`,min
v,in 10−6 kPa·s

mm3

(2.51), (5.23) R`,max
v,in 10 kPa·s

mm3

(2.51), (5.25) R`,min
v,out 10−6 kPa·s

mm3

(2.51), (5.25) R`,max
v,out 10 kPa·s

mm3

(2.51), (5.31) Rr,min
v,in 10−6 kPa·s

mm3

(2.51), (5.31) Rr,max
v,in 10 kPa·s

mm3

(2.51), (5.33) Rr,min
v,out 10−6 kPa·s

mm3

(2.51), (5.33) Rr,max
v,out 10 kPa·s

mm3

system inertances

(5.27) Lsys
ar 0.667 · 10−6 kPa·s2

mm3

(5.29) Lsys
ven 0 kPa·s2

mm3

(5.35) Lpul
ar 0 kPa·s2

mm3

(5.37) Lpul
ven 0 kPa·s2

mm3

equation symbol value
system resistance / impedances

(5.27) Rsys
ar 120 · 10−6 kPa·s

mm3

(5.29) Rsys
ven

1
5
Rsys

ar

(5.35) Rpul
ar

1
8
Rsys

ar

(5.37) Rpul
ven

1
8
Rsys

ar

(5.26), (5.27) Zsys
ar

1
20
Rsys

ar

(5.34), (5.35) Zpul
ar 0 kPa·s

mm3

system capacitances

(5.26) Csys
ar

τ sysar

Rsys
ar

(5.28) Csys
ven 30Csys

ar

(5.34) Cpul
ar

8τpular

Rsys
ar

(5.36) Cpul
ven 2.5Cpul

ar

a prescribed tolerance Ecycl ≤ εcycle with

Ecycl = max

(∣∣∣∣
psys

ar (Tcycl)− psys
ar (0)

psys
ar (0)

∣∣∣∣ ,
∣∣∣∣
ppul

ar (Tcycl)− ppul
ar (0)

ppul
ar (0)

∣∣∣∣ ,
∣∣∣∣
psys

ven(Tcycl)− psys
ven(0)

psys
ven(0)

∣∣∣∣ ,
∣∣∣∣
ppul

ven(Tcycl)− ppul
ven(0)

ppul
ven(0)

∣∣∣∣ ,
∣∣∣∣
V `

v (Tcycl)− V `
v (0)

V `
v (0)

∣∣∣∣ ,
∣∣∣∣
V r

v (Tcycl)− V r
v (0)

V r
v (0)

∣∣∣∣ ,
∣∣∣∣
SV`

v − SVr
v

SV`
v

∣∣∣∣
)
.

(5.47)

The ventricular stroke volume

SV i
v = EDV i

v − ESV i
v with i ∈ {`, r} (5.48)
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corresponds to the amount of ejected blood during one cardiac cycle and can be computed from
the difference between the end-diastolic volume EDV i

v and end-systolic volume ESV i
v , with

i ∈ {`, r}.
All quantities in equation (5.47) evaluated at time t = Tcycl result from the evaluation of one

cardiac cycle starting from given values at time t = 0. Consequently, the problem of identifying
the homeostatic state can be understood as finding a set of initial conditions q(t = 0) for the
flow network variables (5.42), such that the flow network state at the end of the cardiac cycle
q(t = Tcycl) fulfills the cycle error criterion (5.47).

A strategy to find such initial conditions is described in [57]. Therein, multiple cardiac cycles
are evaluated successively updating the initial conditions by q(t = 0) ← q(t = Tcycl), that
is, the flow network state at the end of the cardiac cycle is used as initial condition for the
following cardiac cycle, Figure 5.7 depicts the iterative process in a flow chart. A tolerance of
εcycle = 0.05 is used and convergence is received after 6 cardiac cycles. Table 5.5 reveals the
initially chosen flow network state variables, which also are used as initial conditions for all
presented simulations in the following, except explicitly stated otherwise.

CER

fulfilled

Start

Set IC

Stop

Yes

No

Update ICRun FOM

Figure 5.7.: Flow chart for homeostatic state computation of the beating heart. Abbreviations
included are IC: initial condition, CER: cycle error criterion, FOM: full-order model.

The homeostatic state flow network variables are depicted in Figure 5.8 together with pressure-
volume curves and volumes of left and right ventricle. Cardiac cycle phases described in Section
1.2.2 can be identified. Starting from t = 0 s, atrial contraction and final ventricular filling
proceeds until closing of atrioventricular valves, which can be seen from the separation of the
p`v-curve and the p`at-curve in Figure 5.8a at t = 0.2 s. Next, isovolumetric contraction takes place
until opening of semilunar valves entailing ventricular ejection, which starts with joining of the
psys

ar -curve with the p`v-curve at t = 0.27 s. Ventricular ejection ends with closing of semilunar

81



5. Model reduction of the beating heart

Table 5.5.: Baseline initial flow network state variables.

pressure [kPa] initial condition

p`at 0.606
p`v 0.6
psys

ar 12
psys

ven 2.266
prat 0.606
prv 0.6
ppul

ar 2.400
ppul

ven 1.6

flow rate
[

ml
s

]
initial condition

q`v,in 0
q`v,out 0
qsys

ar 0
qsys

ven 0
qrv,in 0
qrv,out 0
qpul

ar 0
qpul

ven 0

valves at diverging p`v-curve and psys
ar -curve at t = 0.54 s. Isovolumetric relaxation follows at

closed valves until joining of p`v-curve and p`at-curve at t = 0.65 s. Ventricular refilling claims
the remaining of the cardiac cycle until t = 1 s.

Figure 5.9 depicts 3D heart configurations at different instances in time, namely the initial
configuration at t = 0 s, the configuration prior to left ventricular ejection at t = 0.27 s (see
q`v,out in Figure 5.8c), the configuration prior to left ventricular filling (see q`v,in in Figure 5.8c)
at t = 0.65 s and the final configuration at t = 1 s. As a consequence of homeostasis, the initial
and final configurations are visually indistinguishable. The configurations prior to ventricular
ejection and filling clearly show differences in ventricular volumes and shapes.

5.2. Reduced-order model

The dimensionally reduced order model (DROM) and dimensionally reduced as well as hyper
reduced order model (DHROM) follow the principles of Section 3 applying a Galerkin projec-
tion as well ECSW hyper reduction. A specific feature of the given computational model is the
subdivision of the residual in a structural and a flow network part (5.41). Model reduction is
exclusively applied to the structural dynamics part, given that the flow network residual con-
sists of very few equation with low computational cost in comparison to the structural dynamics
residual. Arising linear problems are of small size and therefore solved using a direct solver [31].

Monolithic DROM equations: Pure dimensional reduction of the coupled model has been
presented in [57, 105]. In order to exclude the flow network residual from dimensional reduction,
the applied reduced-order basis (ROB) is of block-diagonal shape

Vsf =

[
V 0
0 I

]
∈ R(N+z)×(N+z) (5.49)

yielding the Galerkin projection

r̂nsf(d̂
n, qn) = V T

sf r
n
sf(V d̂

n, qn) (5.50)
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(a) Systemic and left heart chamber pressures
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(b) Pulmonary and right heart chamber pressures
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(d) Pulmonary and right ventricular fluxes
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(e) Ventricular pressure-volumes
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Figure 5.8.: Flow network state variables and ventricular volumes temporally resolved over one
cardiac cycle at homeostasis.

and consequently

r̂nsf(d̂
n, qn) =

[
V Trn(V d̂n, qn)
gn(dn, qn)

]
∈ Rp+z. (5.51)
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5. Model reduction of the beating heart

(a) t = 0 s (b) t = 0.27 s

(c) t = 0.65 s (d) t = 1 s

Figure 5.9.: Deformation stage displacement field of heart cycle at different time instances, in
more detail (a): configuration at 80% of the diastolic phase, (b): configuration prior
to left ventricular ejection, (c): configuration prior to left ventricular refilling, (d):
configuration at 80% of the diastolic phase of the upcoming heart beat. The heart is
at homeostasis.

The corresponding Newton-Raphson iterations result from linearization of residual (5.51) and
read
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5.2. Reduced-order model

[
V TJnr,d(V d̂

n
i , q

n
i )V V TJnr,q(V d̂

n
i , q

n
i )

Jng,d(V d̂
n
i , q

n
i )V Jng,q(V d̂

n
i , q

n
i )

] [
∆d̂ni+1

∆qni+1

]
= −

[
V Trn(V d̂ni , q

n
i )

gn(dni , q
n
i )

]

[
d̂ni+1

qni+1

]
=

[
d̂ni
qni

]
+

[
∆d̂ni+1

∆qni+1

]
,

(5.52)

wherein the Jacobian blocks have been defined in equation (5.45) and (5.46).

Monolithic DHROM equations: Hyper reduction is performed on top of the dimensional
reduction of the structural dynamics part. The hyper reduced residual reads

r̃nsf(d̂
n, qn) =

[
V T r̃n(V d̂n, qn)
gn(dn, qn)

]
∈ Rp+z, (5.53)

wherein r̃n(V d̂n, qn) denotes a residual gained from weighted assembly of a small subset of
computational mesh elements identified from ECSW, see Section 3.2.2. Consistent linearization
yields a Newton-Raphson iteration scheme

[
V T J̃nr,d(V d̂

n
i , q

n
i )V V T J̃nr,q(V d̂

n
i , q

n
i )

Jng,d(V d̂
n
i , q

n
i )V Jng,q(V d̂

n
i , q

n
i )

][
∆d̂ni+1

∆qni+1

]
= −

[
V T r̃n(V d̂ni , q

n
i )

gn(dni , q
n
i )

]

[
d̂ni+1

qni+1

]
=

[
d̂ni
qni

]
+

[
∆d̂ni+1

∆qni+1

] (5.54)

with Jacobians J̃nr,d(V d̂
n
i , q

n
i ) and J̃nr,q(V d̂

n
i , q

n
i ) assembled from weighted contributions of pre-

viously selected ECSW elements, see equation (3.55).
In more detail, equations (5.10) to (5.13) and (5.16) to (5.19) reveal three force contributions

which require re-assembly at every time step, namely the internal force vector, the ventricular
pressure (external) force vector and the embedding tissue (external) force vector. Each of these
residual contributions is independently sampled using ECSW. As a result, ECSW is performed
independently on first: the full computational mesh, second: the lumimal ventricular surface
mesh, and third: the epicardial, heart base and external lids surface mesh.

Selection of POD modes: ROBs for the heart model are constructed by POD of a snapshot
matrix containing displacement modes from FOM solutions. Since a cardiac cycle includes a
prestressing stage followed by a dynamic deformation stage, both prestessing and deformation
stage modes are gathered in the snapshot matrix. Referring to Section 3.1.3, only POD modes
with large singular values (relative to the spectrum of singular values) are of interest. As a result,
the POD basis is truncated after p modes. Recalling the descending ordering of singular values
ξi, p is selected such that [118]

ξth ≤
ξp
ξ1

and ξth >
ξp+1

ξ1

(5.55)

using a threshold ratio 0 < ξth < 1. Consequently, the significance of POD modes is weighted
relatively to the very first POD mode and adjusted by ξth.
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5. Model reduction of the beating heart

5.3. Results and discussion

5.3.1. Dimensional reducibility
The dimensional reducibility of a simulation can be assessed by the singular values of a solution
snapshot matrix, see Section 3.1.3. The exemplary computation from Section 5.1.2 is used and
the homeostatic state solution, that is the last cardiac cycle with fulfilled cycle error criterion
(5.47), is examined. One heart beat is assumed to last for 1 s, which is temporally discretized by
500 time steps. Consequently, 500 displacement stage deformation modes can be gathered. The
resulting snapshot matrix is decomposed by a singular value decomposition, see Section 3.1.3,
and the ordered singular values are depicted in Figure 5.10.

0 100 200 300 400 500
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104

ξ i
,
R
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ξth = 10−6

ξth = 10−5

ξth = 10−4

ξth = 10−3

ξth = 10−2

ξth = 10−1

singular value ξi

RE(S,V V TS)

Figure 5.10.: Decay of singular values (blue markers) for deformation stage displacement modes
for a homeostatic heart beat. The vertical lines indicate truncation of POD modes
controlled by the threshold ration ξth (see equation (5.55)). Additionally, relative
orthogonal projection errors (black markers) are depicted for several ROBs as in-
dicated by the ξth mode truncation criterion.

A pronounced initial decay of singular values indicates good dimensional reducibility. Addi-
tionally, vertical lines visualize the POD modes selection criterion (5.55) for different values of
the threshold ratio ξth. As a result, an initial decay of singular values of for instance three orders
of magnitude (ξth = 10−3) is achieved by only 29 modes.

In order to demonstrate the relation between singular values and the quality of the extracted
POD mode subspace, the relative orthogonal projection errors between snapshot matrix S and
ROB V , that is

RE(S,V V TS) =

∥∥S − V V TS
∥∥
F

‖S‖F
(5.56)

are also depicted in Figure 5.10. Thereby, several ROBs are constructed from POD modes using
a mode truncation as indicated by the threshold ratio ξth. As expected, the relative orthogonal
projection error decreases monotonically.
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5.3.2. Application to homeostatic state estimation

The exemplary computation in Section 5.1.2 presented a strategy for homeostatic state estima-
tion. The strategy included repeated computation of cardiac cycles together with adjustment of
initial conditions until fulfillment of the cycle error criterion (5.47), see Figure 5.7. In this sec-
tion, computational speedup of homeostatic state calculation by application of a DHROM is
demonstrated. Figure 5.11 depicts the proposed approach. Starting from the first guess of initial
conditions, one single cardiac cycle on the FOM is evaluated. Data from this cardiac cycle can
be used in a second step to build a DHROM (or a DROM, if hyper reduction is not implemented)
and to update the initial conditions. Finally, iterations until convergence similar to the original
flow chart in Figure 5.11 are performed on the DHROM.

In more detail, a snapshot matrix including prestressing load step 5 and 10 and each fifth dis-
placement mode from deformation stage is built, such that the snapshot matrix in total contains
102 modes. Using a threshold ratio of ξth = 10−4 (see Section 5.2) returns 61 POD modes,
which yield the ROB. The obtained ROB is used together with the snapshot matrix for ECSW
hyper reduction. Thereby, mesh sampling is performed independently for internal force vec-
tor, ventricular pressure load vector and embedding tissue load vector, see governing equations
(5.10) - (5.13) for prestressing stage and (5.16) - (5.19) for deformation stage. The domain de-
composition strategy described in Section 3.2.2 is used for parallelization and mesh sampling
is performed on 4 processors. Figure 5.12 depicts the reduced mesh. The internal force vector
is assembled as element subset of the full mesh, the ventricular load force vector as element
subset of the ventricular surface mesh and the embedding tissue force vector as element subset
of epicardial, heart base and abluminal surface of the covering lids. As a result, 1010 volume el-
ements (0.21% of the full mesh), 232 surface elements (1.18% of the full mesh) and 200 surface
elements (0.65% of the full mesh) are selected for internal force, ventricular pressure load and
embedding tissue force vector, respectively.

Figure A.6 depicts temporally resolved pressures, flow rates, ventricular volumes and ventric-
ular pressure-volume curves for both FOM and DHROM simulations. Qualitative, good coinci-
dence of reference FOM and DHROM curves can be seen. Most pronounced deviations arise in
proximity to peaks of the flow rate curves. Table 5.7 quantifies DHROM quality in terms of the
relative l2-error.

DHROM enhanced results as depicted in Figure A.6 (flow chart in Figure 5.11) are retrieved
with a speedup factor of 4.05 compared to pure FOM results (flow chart in Figure 5.7). All sim-
ulations as well as ECSW sampling were executed on 4 cores (Intel Xeon W-2133 (3.60GHz)).
Homeostasis for both FOM cycling and DHROM enhanced cycling is reached after 6 heart beats
(for DHROM enhanced cycling, the initial FOM cycle is included in the 6 cycles). Note that the
given statement on speedup in the current example does not compare a single FOM vs. DHROM
simulation, instead the entire Algorithm in Figure 5.11 is compared with the Algorithm in Figure
5.7. Thereby, the initial FOM simulation in Figure 5.11 takes 66.2 % of the full simulation time
until homeostasis.

5.3.3. Application to heart performance estimation

Referring to Section 1, heart failure is a life-threatening condition which should be diagnosed as
early as possible. Thereby, several heart performance related parameters can be used as indicators
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Start

Set IC

Run FOM

Extract ROB Extract reduced mesh

Set IC

Run DHROM

Update IC
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Yes
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Figure 5.11.: Flow chart for homeostatic state computation of the beating heart including
DHROM speedup. Abbreviations included are IC: initial condition, CER: cycle er-
ror criterion, FOM: full-order model, DHROM: dimensionally and hyper reduced-
order model, ROB: reduced-order basis.

for heart failure. The ejection fraction

EFv =
SVv

EDVv

(5.57)

relates ventricular stroke volume SVv = EDVv − ESVv (with the end-diastolic volume EDVv

and the end-systolic volume ESVv) to the end-diastolic volume EDVv. Normal ranges for left
ventricular ejection fraction have been reported as 0.52 - 0.72 (male) and 0.54 - 0.74 (female)
[78].

A further heart performance estimator including ventricular pressure is the stroke work

SWv =

∮
−pvdVv, (5.58)

which is frequently approximated in literature by the relation SWv = SVv · p̄ with p̄ as a pressure
mean value (e.g. mean arterial pressure). This computational experiment demonstrates that the
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(a) Element weightings for assembly of internal
force vector

(b) Element weightings for assembly of ven-
tricular pressure force

(c) Element weightings for assembly of embed-
ding tissue force

Figure 5.12.: Reduced mesh for structural part of heart model. The reduced mesh consists of an
element subset of the full computational mesh (internal force vector), an element
subset of the luminal ventricular surface mesh (ventricular pressure force vector)
and an element subset of the epicardial, heart base and covering lids surface (em-
bedding tissue force vector). Only colored elements are evaluated during assembly
of the individual residual contributions.

proposed DHROM is able to accurately estimate cardiac performance at various conditions of
the beating heart. In more detail, the condition of mitral valve stenosis and aortic valve stenosis
are examined at different states of afterload and contraction.

The mentioned conditions and states are generated by a model parameterization in terms of
the contractility, opened mitral and opened aortic valve resistance as well as systemic arterial
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5. Model reduction of the beating heart

Table 5.7.: Relative l2-errors of temporally resolved state variables and ventricular volumes for
DHROM homeostatic state estimation.

quantity relative l2-error

p`at 9.86 · 10−3

p`v 1.08 · 10−2

psys
ar 3.88 · 10−3

psys
ven 6.90 · 10−4

prat 1.29 · 10−2

prv 1.22 · 10−2

ppul
ar 6.69 · 10−3

ppul
ven 5.33 · 10−3

quantity relative l2-error

q`v,in 8.77 · 10−2

q`v,out 4.00 · 10−2

qsys
ar 2.27 · 10−3

qsys
ven 7.01 · 10−3

qrv,in 6.80 · 10−2

qrv,out 3.44 · 10−2

qpul
ar 1.01 · 10−2

qpul
ven 6.58 · 10−3

quantity relative l2-error

V `
v 8.33 · 10−3

V r
v 9.69 · 10−3

resistance

µ =




σ0

R`,min
v,in

R`,min
v,out

Rar
sys


 (5.59)

with a parameter domain (cf. [57]) given by σ0 ∈ [30, 100], R`,min
v,in ∈ {10−6, 2.5 · 10−6},

R`,min
v,out ∈ {10−6, 5 ·10−6} andRar

sys ∈ [40 ·10−6, 220 ·10−6]. Figure 5.13 exemplifies the simulated
influence of the introduced parametrization on left ventricular pressure-volume relations with re-
spect to a baseline state µbase = [70 kPa, 10−6, 10−6, 120 · 10−6], each subfigure corresponds to
a variation of one parameter. All subfigures show homeostatic states, which are retrieved by the
Algorithm in Figure 5.7 for variation of σ0 andRar

sys. Computation of homeostatic state in case of
modified valve resistances R`,min

v,in and R`,min
v,out is computed by a transition from the baseline state.

In more detail, the baseline homeostatic state is used as initial condition for the 0D circulation
and ventricular prestressing pressure, while the transition to homeostasis with impaired valve
resistance is computed without re-iterating the prestressing stage, see [57].

As depicted in Figure 5.13a, a change in contractility has significant influence on the stroke
work as well as stroke volume, while the end-diastolic volume is approximately preserved. Fig-
ure 5.13b mimics conditions of mitral stenosis, wherein opening of the mitral valve is impaired.
This complicates left ventricular filling and leads to an increased pressure gradient from left
atrium to left ventricle. End-diastolic volume decreases and yields a lower stroke volume. Next,
a condition of aortic valve stenosis is simulated by increased opened aortic valve resistance,
which can be found in Figure 5.13c. In this case, opening of the aortic valve is impaired which
leads to an increased pressure gradient from left ventricle to the aorta. As a result, the maximum
ventricular pressure increases significantly. Finally, Figure 5.13d depicts the pressure-volume
response for the variation of ventricular afterload, which is achieved by different values of the
systemic arterial resistance. At high values of systemic arterial resistance, the aortic pressure is
elevated, such that left ventricular pressure also has to increase in order to eject blood. Low sys-
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(a) Variation of contractility
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(b) Variation of mitral valve resistance
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(c) Variation of aortic valve resistance
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(d) Variation of system arterial resistance

Figure 5.13.: Effects of parameter variations on left ventricular pressure-volume curves. The ref-
erence state is assumed with a contractility σ0 = 70kPa, resistance for opened
mitral valve R`,min

v,in = 10−6, resistance for opened aortic valve R`,min
v,out = 10−6 and

resistance of systemic arterial circulation Rsys
ar = 120 · 10−6. Each (non-reference)

curve represents a deviation from the reference curve in one of the mentioned pa-
rameters.

temic arterial resistance yields lower left ventricular pressure during ejection. The stroke volume
decreases at an approximately preserved end-diastolic volume.

A DHROM is constructed as follows. A training set of 36 FOM simulations is evaluated on
all combinations of the parameters σ0 ∈ {30, 65, 100}, R`,min

v,in ∈ {10−6, 2.5 · 10−6}, R`,min
v,out ∈

{10−6, 5 · 10−6} and Rar
sys ∈ [40 · 10−6, 130 · 10−6, 220 · 10−6]. As a result, parameter domain

bounds as well as domain mid points of σ0 and Rar
sys are sampled. Iterations to homeostatic

conditions are stopped after 25 cycles or a cycle-error criterion (5.47) of Ecycl = 0.05.
Since heart performance at homeostasis is of interest, only simulation data of the last cycle

is stored and processed. As described in Section 5.1.1, each model yields one prestress dis-
placement field as well as 500 displacement fields from dynamic cycling. The ROB is sup-
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5.3. Results and discussion

Figure 5.15.: Random grid with 100 points in the parameters Rar
sys, �0, R̃`,min

v,in and R̃`,min
v,out . The

colors indicate all combinations of the discrete parameters R̃`,min
v,in and R̃`,min

v,out .
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Figure 5.16.: Relative DHROM errors in heart performance assessed by ejection fraction and
stroke work.

99

Figure 5.14.: Random grid with 100 points in the parameters Rar
sys, σ0, R`,min

v,in and R`,min
v,out . The

colors indicate all combinations of the discrete parameter values R`,min
v,in and R`,min

v,out .

Table 5.9.: Relative l2-error for DHROM estimated heart performance quantities.

quantity max. relative l2-error mean relative l2-error

EF `
v 1.18 · 10−2 0.22 · 10−2

EF r
v 0.72 · 10−2 0.24 · 10−2

SW `
v 1.13 · 10−2 0.47 · 10−2

SW r
v 2.46 · 10−2 0.72 · 10−2

posed to span an accurate subspace for the system dynamics. Given that POD is applied for
data-compression, a high sampling rate for displacement fields can be chosen (the initially cho-
sen sampling rate for displacement modes does not directly determine the dimension of the
ROM). A time interval of 0.01s is chosen. This results in 100 deformation stage displacement
modes per simulation. Together with one prestress displacement mode per simulation, in total
36 · 101 = 3636 displacement modes enter the snapshot matrix. Applying POD with a threshold
ratio (5.55) of ξth = 10−3 results in a subspace of dimension 57 spanned by the columns of the
ROB V .

Additionally, ECSW requires a set of displacement modes for mesh sampling. In contrast to
the snapshot matrix for ROB construction, ECSW displacement modes are used to reconstruct
specific states of the nonlinear system and are not subject to a data-compression step, each mode
directly enters into the optimization problem (3.43). A time interval of 0.05s is chosen, which
(together with the prestress displacement mode) results in 26 · 36 = 936 modes in total. ECSW
sampling is performed in parallel on 16 cores with a global tolerance of εh = 10−2 (see Algo-
rithm 2) and results in a selection of 4075 elements (0.83% of the full mesh) for internal force
assembly, 417 elements (2.11% of the full mesh) for ventricular pressure force assembly and
359 elements (1.16% of the full mesh) for embedding tissue force assembly. Both ROB as well
as ECSW mesh yield the DHROM with nonlinear iterations as given in equation (5.54).
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Figure 5.15.: Relative DHROM errors in heart performance assessed by ejection fraction and
stroke work.

Accuracy of the DHROM is tested by 100 samples from a random grid (uniform probability
distribution) in the parameter space. Figure 5.14 depicts the grid, recalling that valve diseases
are either present or not (i.e. R`,min

v,in and R`,min
v,out each can take the “normal” or “diseased” value),

while σ0 and Rar
sys can take any value in the parameter domain. Relative errors in the ejection

fraction as well as the stroke work are depicted in Figure 5.15. Most values are below 1%, Table
5.9 depicts maximum and mean relative l2-error for the quantities of interest.

For the assessment of computational speedup, the mean value of 7 simulations is taken at
randomly selected points (uniform probability distribution) in the parameter domain. Thereby,
one single cardiac cycle is taken into account. Table 5.10 depicts the selected points as well as
the speedup. For comparison, also the speedup of DROMs is stated. The DROMs result from
dimensional reduction without hyper reduction, the corresponding nonlinear iterations are given
in equation (5.52). A mean speedup of 3.28 and 14.69 is measured for the DROM and DHROM,
respectively.

Table 5.10.: Speedup for ROM and DHROM for one cardiac cycle at randomly selected samples.

sample speedup

σ0 [kPa] R`,min
v,in R`,min

v,out Rsys
ar DROM DHROM

93.95 2.50 · 10−5 5.00 · 10−5 1.94 · 10−4 3.18 14.36
91.88 1.00 · 10−6 5.00 · 10−5 1.71 · 10−4 3.20 14.26
87.01 2.50 · 10−5 1.00 · 10−6 1.31 · 10−4 3.39 15.10
61.10 1.00 · 10−6 5.00 · 10−5 1.80 · 10−4 3.27 14.63
98.89 2.50 · 10−5 1.00 · 10−6 9.66 · 10−5 3.41 15.20
59.16 1.00 · 10−6 1.00 · 10−6 7.18 · 10−5 3.28 14.77
53.40 1.00 · 10−6 5.00 · 10−5 1.40 · 10−4 3.24 14.49
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5. Model reduction of the beating heart

5.3.4. Application to simulation of functional impairment by
myocardial infarction

A heart attack is a medical emergency that mostly sets in as a consequence of sudden occlusion
of a coronary artery. Coronary arteries supply the heart muscle with oxygenated blood, which is
vitally important for functioning of myocardial tissue. If that supply is greatly restricted or even
interrupted, tissue cells die in the affected region. This damage is called myocardial infarction.
Exemplary risk factors for experiencing a heart attack are age, a lack of physical activity, hyper-
tension, diabetes, obesity and smoking. The occlusion of a coronary artery itself is frequently
initiated by atherosclerotic plaque [94].

Dead myocardial tissue following a heart attack becomes stiffer, impairs contraction as well
as cardiac output and eventually leads to growth and remodeling, which is an adaption process of
biological tissue in order to maintain blood circulation. Computational modeling of myocardial
infarction faces high complexity due to phenomena such as border zone (i.e. the region between
dead and healthy tissue) development, scar formation or the mentioned growth and remodeling
and consequently is currently subject to research [84]. For simplicity, infarct tissue is modeled
following the approach in [57] by assuming dead cells to loose the ability of active force gener-
ation. Consequently, infarct tissue resembles passive myocardial material.

(a) Infarct tissue (b) Contracted state at t = 0.54s

Figure 5.16.: Subfigure (a): Visualization of infarct tissue. Cyan region (apex) and blue region
correspond to 1cm and 6cm infarct radius, respectively. Healthy tissue is colored
in red. Subfigure (b): Contracted state after ventricular ejection (t = 0.54s, see
Section 5.1.2) during dynamic cycling for 1cm infarction (red) and 6cm infarction
(light green).

The heart model under consideration is extended with myocardial infarction, Figure 5.16a
depicts infarct tissue. In more detail, infarct cells are selected given a center point (located at
the apex) and a radius r. If all nodes of a cell (i.e. a finite element) are located within a sphere
with radius r, the cell is assumed as dead. The cyan and blue region correspond to infarct tissue
in case of r = 1cm and r = 6cm, respectively. Figure 5.16b depicts the contracted state after
ventricular ejection for r = 1cm (red) and r = 6cm (light green). The contracted shapes differ
significantly. The higher loss in contractility for r = 6cm manifests in a “weaker” heart beat,
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5.3. Results and discussion

the apex lifts significantly less. Also in the region of the heart base a lower contraction can be
identified.

In the focus of this computational experiment is the performance of a DHROM designed for
approximating functional impairment by infarction assuming an infarction radius r ∈ [1cm, 6cm].
In more detail, the homeostatic state as computed in the example from Section 5.1.2 is used
as starting point. Next, infarction is introduced by modifying material properties and the new
homeostatic state is computed as a transition from the healthy homeostatic state (analogous
to valve disease transition as described in Section 5.3.3). In the offline stage, five samples
r ∈ {1cm, 2.25cm, 3.50cm, 4.75cm, 6cm} are taken and (analogous to the computational ex-
periment presented in Section 5.3.3) 100 deformation state displacement modes (sampling time
interval of 0.01s) as well as one prestress displacement per simulation are organized in a snap-
shot matrix. Using POD with a threshold ratio of ξth = 10−3, 49 modes are extracted as optimal
low-dimensional subspace. For ECSW (analogous to the computational experiment presented in
Section 5.3.3), 20 deformation stage displacement modes (sampling time interval of 0.05s) as
well as one prestress displacement mode per simulation are extracted. Mesh sampling is per-
formed on 4 cores with a global tolerance of εh = 10−2. As a result, 1892 elements (0.39% of
the full mesh) for internal force assembly, 236 elements (1.20% of the full mesh) for ventricular
pressure force assembly and 218 elements (0.71% of the full mesh) for embedding tissue force
assembly are extracted.

For assessment of DHROM accuracy, 25 equidistantly placed points are sampled in the pa-
rameter domain for both FOM and DHROM. The ventricular cardiac output

COi
v = SV i

v · ω with i ∈ {`, r} (5.60)

is used as the quantity of interest, recalling that the reduced amount of contracting tissue reflects
in this quantity. The symbol ω denotes the heart rate, i.e. the number of heart beats per second.
In our case ω = 1Hz, see Section 5.1.1.
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Figure 5.17.: Sampled cardiac output and time resolved ventricular volumes for sample with
maximum cardiac output error.
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5. Model reduction of the beating heart

Table 5.11.: Speedup for DROM and DHROM for one cardiac cycle at randomly selected sam-
ples.

sample speedup

r [cm] DROM DHROM

5.71 3.44 16.59
2.24 3.35 15.95
3.94 3.34 15.93
3.54 3.41 16.30
3.80 3.43 16.39
3.07 3.46 16.38
4.93 3.49 16.34

Figure 5.17 depicts the cardiac output over infarction size as well as relative DHROM errors
(4.35). Starting discussion with FOM curves, the cardiac output decreases with increasing in-
farction size as expected. At the same time, left ventricular and right ventricular curves overlap,
which can also be expected, given that left and right stroke volume match in case of homeostasis.
The DHROM approximation resembles the FOM curve, a maximum relative error of 1.55% and
1.56% for the left and right ventricular cardiac output can be observed, respectively.

DROM and DHROM speedup is measured as the mean of 7 randomly selected samples (uni-
form probability distribution) for the infarct radius. Thereby, one cardiac cycle is evaluated,
starting from the healthy homeostatic state as described above. Table 5.11 depicts the individual
speedups and yields a mean speedup of 3.42 and 16.27 for the DROM and DHROM, respec-
tively.
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6. Summary and Outlook

The work presented in this thesis was motivated by medical applications of computational biome-
chanics models. Accurate results require fine spatial resolution, while at the same time a large
number of model evaluations in a parameter space frequently results in a bottleneck regarding
computing resources. To overcome this burden, methods for computationally inexpensive high-
dimensional model approximations were in the focus of this thesis.

More specifically, the application, adaption and extension of projection-based model order
reduction (MOR) techniques to large computational models of the cardiovascular system, in par-
ticular that of the abdominal aortic aneurysm and of cardiac mechanics, has been presented. The
patient-specific abdominal aortic aneurysm (AAA) model consisted of an imaged aortic segment
fully including the aneurysm as well as a non-dilated part at the proximal and the aortic bifurca-
tion at the distal ending. The intraluminal thrombus (ILT) and the aortic wall were both modeled
including individual constitutive behavior and blood load was applied as hydrostatic pressure on
the luminal surface of the ILT, wherein the mechanical state of interest corresponded to a sys-
tolic blood pressure load. The cardiac mechanics model consisted of a 3D resolved biventricular
structure and a 0D (i.e. no resolution of geometry) model for blood flow in the systemic and pul-
monary vascular system represented by a set of ordinary differential equations. The biventricular
structure was two-way coupled to the vascular system and the arising equations were monolith-
ically solved using consistent linearization. Pumping of the heart was triggered by the active
stress component of the applied material model, wherein a contracting force was generated in
direction of fibers placed in the reference configuration.

With prestressing (i.e. introduction of a stress state into a structure without deforming it) as
a relevant part for computational modeling in biomechanics, a consistent inclusion of a mod-
ified updated Lagrangian formulation prestressing stage into projection-based MOR was pre-
sented. Aiming at accurate reduced-order models (ROMs) in patient-specific parameter domains,
a greedy maximin distance design (GMmD) and a termination criterion based on subspace an-
gles for reduced-order basis construction was introduced. The effect of altering a perfectly tai-
lored subspace by increasing inclination has been discussed and investigated by computational
experiments in case of AAAs. The proposed GMmD has been applied to three patient-specific
AAA computational models achieving similar results in terms of dimensionality reduction. The
energy-conserving mesh sampling and weighting method has been applied for hyper reduction,
which has been used on system components requiring re-assembly during Newton-Raphson it-
erations (i.e. internal force, luminal pressure force, embedding tissue force). The hyper reduced
monolithic block system model for cardiac mechanics has been stated, wherein model reduction
has been applied to the 3D structure exclusively. Dimensional reducibility has been demon-
strated regarding singular values of heart beat deformation modes. The performance of several
ROMs has been investigated for homeostatic state estimation and impaired cardiac functionality
in terms of different states of contractility, afterload, valve diseases and myocardial infarction.
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6. Summary and Outlook

Future investigations on projection-based MOR and hyper reduction of cardiovascular system
models could include more detailed patient-specific models. For the AAA, examples are the in-
corporation of calcification or the distinction between “healthy” and “diseased” aortic wall in
terms of constitutive behavior. Likewise, the active stress generation of the presented cardiac
mechanics model was strongly simplified using an ordinary differential equation. Here, coup-
ling of the mechanical contraction to a spatially resolved propagation of the action potential
would better represent physiology. Another important extension would be cross-patient model
reduction, that has the ability to determine low-dimensional subspaces and hyper reduction com-
ponents while working simultaneously on different geometries. One decisive challenge here is
that finite element simulations rely on computational meshes, which would have to be related
across patients.
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A. Appendix

A.1. ECSW meshes of AAA models

(a) Patient 1: element weightings for assembly
of internal force vector

(b) Patient 1: element weightings for assembly
of luminal pressure force
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A. Appendix

(a) Patient 2: element weightings for assem-
bly of internal force vector

(b) Patient 2: element weightings for assem-
bly of luminal pressure force

(c) Patient 3: element weightings for assem-
bly of internal force vector

(d) Patient 3: element weightings for assem-
bly of luminal pressure force

Figure A.2.: Reduced mesh for patient-specific AAA models. Only colored elements are evalu-
ated during assembly of the nonlinear force contributions. Left column depicts the
subset of mesh elements for assembly of internal force, right column for assembly
of luminal pressure force.
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A.2. Relative DROM errors of AAA models

A.2. Relative DROM errors of AAA models
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(a) Patient 1: von Mises stress field relative er-
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(b) Patient 1: von Mises strain field relative er-
ror
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(c) Patient 2: von Mises stress field relative er-
ror
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(d) Patient 2: von Mises strain field relative er-
ror
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(e) Patient 3: von Mises stress field relative er-
ror
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(f) Patient 3: von Mises strain field relative er-
ror

Figure A.3.: Relative DROM errors for von Mises stress and von Mises strain fields in the AAA
wall. The test grid results from a full factorial design of 1000 points in the parameter
domain. Most samples (> 98%) have a relative error below 1%.
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A.3. Relative DHROM errors of AAA models
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(a) Patient 1: von Mises stress field relative
error
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(b) Patient 1: von Mises strain field relative
error
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(c) Patient 2: von Mises stress field relative
error
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(d) Patient 2: von Mises strain field relative
error
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(e) Patient 3: von Mises stress field relative
error
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(f) Patient 3: von Mises strain field relative
error

Figure A.4.: Relative DHROM errors for von Mises stress and von Mises strain fields in the
AAA wall. The test grid results from a full factorial design of 1000 points in the
parameter domain. Most samples (> 97%) have a relative error below 1%.
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A.4. Probability distribution approximation of AAA models

A.4. Probability distribution approximation of AAA
models
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(b) Patient 1: strain
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(c) Patient 2: stress
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(d) Patient 2: strain
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(e) Patient 3: stress
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(f) Patient 3: strain

Figure A.5.: Maximum von Mises stress and maximum von Mises strain probability distribu-
tions from kernel-density-estimation (Gaussian kernel). 104 identical (per patient)
samples have been evaluated for both FOM (reference solution) and DHROM (ap-
proximated solution). See Table 4.7 for quantitative data on the probability distri-
butions.
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A. Appendix

A.5. DHROM approximation of cardiac homeostasis
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(a) Systemic and left heart chamber pressures
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(b) Pulmonary and right heart pressures
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(c) Systemic and left ventricular fluxes
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(d) Pulmonary and right ventricular fluxes
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Ṽ `
v
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(e) Ventricular volume curves
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(f) Ventricular pressure-volumes

Figure A.6.: Temporally resolved state variables and ventricular volumes for FOM and DHROM
homeostatic state. Most pronounced deviations arise in proximity to peaks of flow
rates.
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