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Abstract

Liquid mixtures with a complex composition or liquid mixtures which cannot - or only

with great e�ort - be fully analyzed appear regularly in many �elds of process engi-

neering. Thermodynamic modeling of such mixtures is challenging. Such models are

needed in particular for process design and optimization. In the �rst part of the present

work, a novel approach - a perturbation scheme - is presented to model poorly speci�ed

liquid mixtures comprised of speci�ed and unknown components. Since the unknown

components can have a crucial impact on the thermodynamic behavior of the speci�ed

components in the mixture, it is necessary to consider the impact of the unknown com-

ponents in the thermodynamic model. The perturbation scheme models the e�ect of

the unknown components on the activities of the speci�ed components. As input, an

activity model of the subsystem of the speci�ed components and few experimental data

on the property of interest in the poorly speci�ed mixture are needed. The perturbation

scheme is applied successfully to several example systems to model the thermodynamic

behavior of the speci�ed components. The example systems are based on pseudo ex-

perimental data or experimental data obtained from the literature. Additionally, the

perturbation scheme is applied to di�erent example processes based on experimental

data from the literature. The last part of the present work reports experimental data of

the solubility of α-lactose in solutions of water-ethanol-NaCl and water-ethanol-CaCl2
at 298.15 K. The experimental solubility data are successfully modeled using two ap-

proaches, both of which are based on the UNIQUAC model. A modi�ed UNIQUAC

model extended by a Debye-Hückel term as well as a UNIQUAC model extended by the

perturbation scheme introduced in the �rst part of the present work are used.
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Kurzfassung

Flüssige Mischungen mit komplexer Zusammensetzung oder �üssige Mischungen, die

nicht - oder nur mit sehr groÿem Aufwand - vollständig analysiert werden können,

treten in vielen Bereichen der Verfahrenstechnik regelmäÿig auf. Die thermodynamis-

che Modellierung solcher Mischungen ist eine Herausforderung. Jedoch werden diese

Modelle insbesondere für Prozessauslegung und -optimierung benötigt. Im ersten Teil

der vorliegenden Arbeit wird ein neuer Ansatz - ein Störungs-Schema - zur Model-

lierung schlecht spezi�zierter, �üssiger Mischungen, bestehend aus bekannten Kompo-

nenten und unbekannten Komponenten, vorgestellt. Da die unbekannten Komponen-

ten einen entscheidenden Ein�uss auf das thermodynamische Verhalten der bekannten

Komponenten im Gemisch haben können, ist es notwendig, den Ein�uss der unbekan-

nten Komponenten im thermodynamischen Modell zu berücksichtigen. Das Störungs-

Schema modelliert den Ein�uss der unbekannten Komponenten auf die Aktivitäten

der bekannten Komponenten. Das Störungs-Schema benötigt ein Aktivitätsmodell für

das Teilsystem bestehend aus den bekannten Komponenten und einige wenige exper-

imentelle Daten der schlecht spezi�zierten Mischung zu der Gröÿe, die von Interesse

ist. Das Störungs-Schema wurde erfolgreich auf mehrere Beispielsysteme angewendet,

um das thermodynamische Verhalten der bekannten Komponenten zu modellieren. Die

Beispielsysteme basieren auf pseudo-experimentellen Daten oder experimentellen Daten

aus der Literatur. Zusätzlich wurde das Störungs-Schema auf verschiedene Beispiel-

prozesse angewandt, die ebenfalls auf experimentellen Daten aus der Literatur beruhen.

Im letzten Teil der vorliegenden Arbeit werden experimentelle Daten zur Löslichkeit von

α-Laktose in Lösungen bestehend aus Wasser-Ethanol-NaCl und Wasser-Ethanol-CaCl2
bei 298,15 K präsentiert. Die experimentellen Löslichkeitsdaten wurden anschlieÿend

erfolgreich mit zwei verschiedenen Ansätzen modelliert. Beide Ansätze basieren auf

dem UNIQUAC Modell. Zum einen wird ein modi�ziertes UNIQUAC Modell mit einer

Debye-Hückel-Term Erweiterung verwendet, zum anderen das UNIQUAC Modell kom-

biniert mit dem Störungs-Schema, das im ersten Teil der vorliegenden Arbeit vorgestellte

wurde.
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1 Introduction

Complex liquid mixtures of hundreds or thousands of components appear regularly in

the process industry, e.g. in the petrochemistry [1, 2], wastewater treatment [3, 4], or

biotechnology [5, 6]. Typically, these mixtures have one or a few speci�ed components

of main interest besides many unknown components that cannot - or only with great

e�ort - be analyzed qualitatively and/or quantitatively. In many cases, it is not even

known how many unknown components there are in the mixture. These poorly speci-

�ed mixtures are challenging in thermodynamic modeling and process simulation since

classical approaches [7, 8], e.g. gE-models such as NRTL (non-random two-liquid) [9] or

UNIQUAC (universal quasichemical) [10] or equations of state, require full speci�cation

of the mixture.

Although the chemical nature of the unknown components cannot be elucidated, they

can have a crucial impact on the performance of many process units by a�ecting the

properties and the behavior of the target components. Even though the impact of the

unknown components is often not understood physically, it can be quanti�ed in many

cases. For example, the freezing point depression of water in aqueous electrolyte so-

lutions can be measured [11�13]. To do so, it is not necessary to know the unknown

components and the composition of the electrolyte solution besides the speci�ed com-

ponent water. This ability to measure the impact of the unknown on the speci�ed part

of the mixture opens the door for many approaches to model poorly speci�ed mixtures.

The conceptually simplest form of modeling poorly speci�ed mixtures is well-known

under the term colligative properties [14, 15]. Thereby, the depression of a speci�ed

solvent's activity due to dilution by a speci�ed or unknown solute, often an electrolyte,

is considered. The activity of the speci�ed solvent in the poorly speci�ed mixture with

speci�ed or unknown solutes is modeled as the product of the pure solvent's activity

with some constant smaller than one, which is dependent on the mole number but not

on the chemical nature of the solute. In its core, a well-known property (the pure

solvent's activity) is perturbed (by the multiplication with the constant) to model the

same property in the complete (poorly speci�ed) mixture. The concept of colligative

properties is often applied to model freezing point depressions, melting point elevations,

and osmotic pressures with acceptable accuracy for rather diluted solutions with single
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1 Introduction

solvents [14]. Thereby, it is conceptually no di�erence whether the solutes are speci�ed

or unknown.

If not a single solvent but rather a mixture consisting of several speci�ed solvents and an

additional unknown part is considered, alternative approaches are required. The most

common approach to model such poorly speci�ed mixtures is the pseudo component

approach, mainly used in the �eld of petrochemical engineering [16�19]. Thereby, the

subsystem of speci�ed solvents is modeled with a standard thermodynamic model, e.g.

a gE-model [20�23] or an equation of state [24�30], and the unknown part is considered

by adding one or more pseudo components to the model. The pseudo components' pure

component properties and their interaction parameters are parameterized using assump-

tions or �ts to experimental data. The exact procedure and e�ort for this parameteri-

zation depend strongly on the chosen thermodynamic model. The pseudo components

approach can be also applied to process simulation [31]. However, usually no information

of the molecular structure of the pseudo components is available [32]. A workaround

to avoid this lack of information - in cases where necessary - the pseudo components

or the complete mixture can be substituted by real components that behave similarly.

This is done, for example, in process simulations in the �elds of petrochemistry [32�34]

or wastewater treatment [35, 36].

Although the pseudo-component approach is practically easy to implement, a challenge

remains in selecting and parameterizing the pseudo components, as there remains some

ambiguity in this step. Recently, the NEAT method (NMR spectroscopy for the esti-

mation of the activity coe�cients of target components in poorly speci�ed mixtures)

[6, 37�41] was introduced, which links the pseudo-component approach to experimental

spectroscopic analysis. The speci�ed components are modeled by the group contribution

method UNIFAC (Dortmund) [42, 43] or the COSMO-RS model [44, 45], and the un-

known pseudo components are selected automatically based on the unknown functional

groups of the NMR spectrum of the complete mixture.

When using pseudo components, a discrete or fraction-wise characterization of the un-

known part is applied. In contrast, continuous thermodynamics uses continuous func-

tions to describe poorly speci�ed mixtures. This approach is often applied to model

polymer systems [46�53]. Also machine learning is used to optimize processes or pre-

dict process properties of poorly speci�ed mixtures, in particular for petrochemistry, by

using experimental or process data [54�60].

The present work provides an alternative and novel method to model the thermodynamic

properties of poorly speci�ed liquid mixtures. The starting point is a thermodynamic

model of the subsystem consisting of all known and quanti�able components of the

2



1 Introduction

mixture, typically a gE-model or an equation of state of some sort. This subsystem and

this model are called speci�ed subsystem and base model, respectively, in the following.

Since the mixture consists of additional unknown components, a perturbation term is

added to the base model to consider the e�ect of the unknown components. This can be

seen as an extension of the colligative properties approach. An extension in that sense

that not only one speci�ed solvent but a speci�ed multicomponent subsystem serves as

starting point, and that interactions with the unknown part are explicitly considered

to overcome the limitation to highly diluted mixtures. The perturbation term that is

derived in the present work is general, can be applied to any type of thermodynamic

model, i.e. to gE-models or to equations of state, and has only a small number of model

parameters.

The idea to augment nominal thermodynamic models by perturbation terms in process

modeling and simulation is already described in the context of considering model un-

certainties of the base model [61�64]. Here we go one step further and capture even the

impact of unknown components on the speci�ed components.

The present work is structured as follows: In Chapter 2 the idea, the derivation, and the

characteristics of the perturbation scheme are introduced. Chapter 3 presents several

example systems to demonstrate the performance of the perturbation scheme. The

data of the studied systems are obtained from fully speci�ed thermodynamic models

(pseudo experimental data) and from the literature (experimental data). The systems

are comprised of organic and aqueous-organic mixtures as well as aqueous-electrolyte

mixtures. Chapter 4 gives a work�ow how to handle poorly speci�ed mixtures in process

simulation. Three di�erent example processes with poorly speci�ed mixtures are studied.

In Chapter 5 experimental solubility data of α-lactose in aqueous-organic-electrolyte

solvents are shown. Further, the solubility data are modeled using the UNIQUAC model

extended with a Debye-Hückel term [65] and using the UNIQUAC model extended with

the perturbation scheme of the present work. The �nal Chapter 6 summarizes the main

�ndings.
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2 Perturbation Scheme

2.1 Fundamentals

General

The perturbation scheme of the present work enables to model the thermodynamic

properties of speci�ed components in poorly speci�ed mixtures. The poorly speci�ed

mixture, i.e. the complete mixture, with the known mass m and i = 1 ...N components,

consists of two parts (cf. Figure 1): the speci�ed subsystem comprised of k = 1 ...K

(K < N) speci�ed, i.e. known, components and the unknown part comprised of v = 1 ...

(N −K) unknown components.

?

?

?

?

?

?

?

??

?

?

?

?

?

?

?

? ??Specified components Unknown part

p p

k kx k k ka x = 
k k ka x = 

p p

k k k kx x  =   

Thermodynamic 

model of specified 

subsystem

Multiply 

perturbation 

term

Thermodynamic 

model of poorly 

specified mixture

Figure 1: The proposed perturbation scheme of the present work. Top row: the ther-
modynamic model of the speci�ed subsystem multiplied with the perturba-
tion term gives the thermodynamic model of the complete poorly speci�ed
mixture. Middle row: hypothetical division of a poorly speci�ed mixture
into a speci�ed subsystem and an unknown part. Bottom row: structure of
the perturbation model.
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2 Perturbation Scheme

It is required that the mass mk or the molar amount nk and the molar mass Mk of every

component k in the speci�ed subsystem are known. For the unknown part, almost no

speci�c information is necessary. Neither the total number N of components in the

mixture nor the chemical nature of the unknown components has to be known. There is

one exception: the mass of the unknown part mu must be known. This is no limitation

since mu can be calculated from

mu =m −
K

∑
k=1

mk =m −
K

∑
k=1

nkMk. (1)

In liquid mixtures, the activity ak of a speci�ed component k is a key property. If

modeled accurately, the activity ak leads beside other thermodynamic properties of the

speci�ed components to quantitative descriptions of many process-relevant phenomena,

such as chemical equilibria or phase equilibria involving liquid phases. The activities

of speci�ed components in poorly speci�ed mixtures can be measured. This becomes

important later because the model parameters must be �tted to experimental data.

Here, the target is to model the activities ak of the speci�ed components in the complete

mixture. The activity ak and the activity coe�cient γk can be de�ned in several ways,

depending on the normalization of the chemical potential µk. Here, it is normalized

with respect to the pure liquid at temperature T and pressure p of interest according to

Raoult: [39]

µk = µ
pure,liquid
k (T ,p) +RT ln (xkγk (T ,p,x)) , (2)

where µpure liq
k is the reference chemical potential, x is the vector of the mole fractions,

and R is the universal gas constant. The corresponding activity ak is expressed as the

product of the mole fraction xk and the activity coe�cient γk of component k that

depends on the temperature T , the pressure p, and the mole fractions of all components

x.

ak = xkγk(T ,p,x) (3)

Let us, for now, focus on the conceptually isolated speci�ed subsystem, i.e. as if the

unknown part would be removed from the complete mixture. Additionally, we assume

that it is comprised of only non-electrolyte components. All symbols which refer to

properties of the conceptually isolated speci�ed subsystem are denoted with a tilde (∼).

As all mole numbers of the speci�ed subsystem are assumed to be known, the mole

fractions of all speci�ed components x̃k in the speci�ed subsystem can be calculated.

x̃k =
nk

∑
K
k=1 nk

(4)

6



2 Perturbation Scheme

It is assumed that an activity coe�cient model of the speci�ed subsystem - called base

model in the following - is given.

γ̃k = γ̃k(T ,p, x̃) (5)

Thus, the activities of all speci�ed components in the mixture comprised of only the

speci�ed subsystem are known.

ãk = x̃kγ̃k(T ,p, x̃) (6)

If the complete mixture is considered, the right hand side of Eq. (6) would clearly not

give the correct activity ak of component k. Therefore we introduce a multiplicative

perturbation on the right hand side of Eq. (6) to yield ak in the complete mixture.

ak = x̃kx
p
k

±
xk

⋅ γ̃kγ
p
k

±
γk

(7)

The perturbation has two terms: a colligative term xp
k and an interaction term γp

k . The

colligative term considers that the components' activities in the speci�ed subsystem

change due to dilution by adding the unknown part. The interaction term considers

additional perturbations due to interactions between the speci�ed components and the

unknown part.

The colligative e�ects are considered by the term

xp
k = (1 − xu). (8)

Therein, xu is the mole fraction of the whole unknown part. Since only the total mass

of the unknown part is known but not the mole number of unknown components, xu is

not known in most cases.

If the average molar mass M̄u
1 of the unknown part would be known, its mole fraction

xu could however be calculated from its mass mu.

xu =
nu

nu +∑
K
k=1 nk

=

mu

M̄u

mu

M̄u
+∑

K
k=1

mk

Mk

=

wu

M̄u

wu

M̄u
+∑

K
k=1

wk

Mk

(9)

1 In the present work, M̄u is considered as a model parameter of the perturbation, and it is �tted
to experimental data with one exception: Jirasek et al. [39] found for a similar approach, that for
aqueous systems the average molar mass of the unknown part M̄u has only a slight in�uence on
the quality of the results as long as the value is large enough. In the present work, Mu = 50 g/mol
was found to be su�ciently large and gave very good results in all studied cases. Hence, for all
aqueous speci�ed subsystems, the model parameter of the average molar mass of the unknown part
was set to that value and not �tted.

7



2 Perturbation Scheme

In the above equation, wu and wk are the mass fractions of the unknown part and the

speci�ed component k, respectively.

Inserting Eq. (8) into Eq. (7) leads to

ak = x̃k(1 − xu)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

xk

γ̃kγ
p
k

±
γk

. (10)

One important aspect of the perturbation scheme is that the activities of only the

speci�ed components are modeled. The in�uence of the unknown part on the speci�ed

components is nevertheless considered. In many cases, this is su�cient to model or

optimize processes. The perturbation scheme makes no predication about the activity

of the unknown part or the activity of single unknown components in the complete

mixture. This automatically leads to the thermodynamic consistency of the perturbation

scheme regarding the Gibbs-Duhem equation. The reason for this is as follows: Since no

information on the mole numbers and chemical potentials of the unknown components

is available, the Gibbs-Duhem equation can not be checked. On the contrary, if one

assumes that only one unknown component exists, one could gain information on its

chemical potential from the Gibbs-Duhem equation.

Electrolyte Systems

In the derivation of the structure of the perturbation scheme before, the chemical po-

tential µk of a speci�ed electrolyte k was normalized according to Raoult. This normal-

ization is used for non-electrolyte components. If the speci�ed subsystem is contains

electrolytes a di�erent normalization of the chemical potential µk is used. For elec-

trolytes, usually the chemical potential µk of a speci�ed electrolyte k is normalized with

respect to in�nite dilution according to Henry:[66]

µk = µ
ref,H
k (T ,p,x∗) +RT ln(

bk
b0
γ∗k(T ,p,x)) , (11)

where µref,H
k is the reference chemical potential, x∗ is the corresponding reference solution

composition, bk is the molality, i.e. the number of moles of the speci�ed component k

per kilogram of pure solvent (here: always water), and γ∗k is the activity coe�cient in

the molality scale. The constant b0 is de�ned as 1 mol kg−1 and used to get rid of the

units. The corresponding activity is given as the product of the molality bk and the

8



2 Perturbation Scheme

activity coe�cient γ∗k .

ak =
bk
b0
⋅ γ∗k(T ,p,x) (12)

For an electrolyte component k, Eq. (10) would be as follows:

ak =
bk
b0
⋅ γ̃∗kγ

p
k

±
γ∗
k

. (13)

Figure 2 shows the schematic structure of the perturbation scheme for poorly speci�ed

electrolyte mixtures in analogy to Figure 1. In Figure 1, the speci�ed subsystem is com-

prised of aqueous-organic components. In Figure 2, the speci�ed subsystem is comprised

of aqueous-electrolyte components. No details are given about the composition of the

unknown part in either case.

?

?

?

?

?

?

?

??

?

?

?

?

?

?

?

? ??Specified components Unknown part

p p

k kx 

Thermodynamic 

model of specified 

subsystem

Multiply 

perturbation 

term

Thermodynamic 

model of poorly 

specified mixture

*

0

k
k k

b
a

b
= 

( ) *

0k k ka b b = 

( ) * p

0k k kb b  =  

Figure 2: The proposed perturbation scheme of the present work for speci�ed elec-
trolyte subsystems. Top row: the thermodynamic model of the speci�ed
subsystem multiplied with the perturbation term gives the thermodynamic
model of the complete poorly speci�ed mixture. Middle row: hypothetical
division of a poorly speci�ed mixture into a speci�ed subsystem and an un-
known part. Bottom row: structure of the perturbation model for poorly
speci�ed electrolyte mixtures.
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2 Perturbation Scheme

Equations of State

In cases where the base model is an equation of state, chemical equilibria, and phase

equilibria are described rather with fugacities fk than with activities ak. The fugacity

is the product of the mole fraction xk and the fugacity coe�cient φk.

fk = xkφk (14)

It is assumed that the fugacity in the corresponding mixture consisting only of the

speci�ed components is known.

f̃k = x̃kφ̃k (15)

In full analogy to the activity, the perturbation is introduced as

fk = x̃kx
p
k

±
xk

⋅ φ̃kφ
p
k

²
φk

. (16)

For the colligative term xp
k, the same arguments hold as in the case of the activity, cf.

Eq. (8) and Eq. (9). To derive an expression for the interaction term φp
k of the pertur-

bation, we look at the chemical potential µk of component k in an arbitrary mixture,

using one time the standard state of the pure ideal gas (resulting in the de�nition of

φk) and the other time the standard state of the pure liquid (Raoult's standard state

resulting in the de�nition of γk).

µk(T ,p,x) = µ
pure,id.Gas
k (T ,p) +RT ln (xkφk(T ,p,x)) (17)

µk(T ,p,x) = µ
pure,liq.
k (T ,p) +RT ln (xkγk(T ,p,x)) (18)

Applying Eq. (17) to the state of the pure liquid k yields

µpure,liq.
k = µpure,id.Gas

k (T ,p) +RT ln(φpure,liq.
k (T ,p)). (19)

Inserting Eq. (19) into Eq. (18) and comparing with Eq. (17) yields

φk(T ,p,x) = φ
pure,liq.
k (T ,p)γk(T ,p,x). (20)

Eq. (20) holds for the poorly speci�ed mixture but also for the mixture consisting only

of the components of the speci�ed subsystem.

φ̃k(T ,p, x̃) = φ
pure,liq.
k (T ,p)γ̃k(T ,p, x̃) (21)

10



2 Perturbation Scheme

Division of Eq. (20) by Eq. (21) yields

φk(T ,p,x)

φ̃k(T ,p, x̃)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

φp
k

=
γk(T ,p,x)

γ̃k(T ,p, x̃)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

γp
k

. (22)

The left-hand side of Eq. (22) is by de�nition equal to the interaction term φp
k in the

perturbation scheme of the fugacity, the right hand side of Eq. (22) to the interaction

term γp
k in the perturbation scheme of the activity. Thus, any perturbation term for γp

k

can also be used straightforwardly for φp
k.

In full analogy to Eq. (10) one derives:

fk = x̃k(1 − xu)φ̃kγ
p
k . (23)

2.2 Speci�cation and Derivation of the Interaction

Term

In principle, the functional of the perturbation term γp
k (cf. Eq. (7) and Eq. (13)) is

almost arbitrary. One should however assure that the perturbation e�ect disappears

when the unknown part of the mixture disappears (i.e. γp
k → 1 when xu → 0). One

could use for example the functional

lnγp
k = Akux

2
u (24)

with Aku being an interaction parameter, which is �tted to experiments with the poorly

speci�ed mixture. We have tested the functional of Eq. (24) in several examples and

found that it yields unsatisfactory results when more than one speci�ed component is

considered. In these cases, the simple Eq. (24) does not take into account how the

presence of other speci�ed components in�uences the interactions between the speci�ed

component k and the unknown part. To consider these interactions, we derived a more

sophisticated interaction term γp
k .

The functional of the interaction term γp
k is based on the symmetric Margules-type

model for the molar excess Gibbs free energy gE [67]. For a binary mixture (i = 1, 2) the

term for gE in that case is
gE

RT
= A12x1x2. (25)

Therein, xi is the mole fraction of the component i in the mixture, Aij is the interaction

11



2 Perturbation Scheme

parameter between the component i and j, T is the temperature, and R the universal

gas constant. From Eq. (25) the activity coe�cients γi can be deduced. For component

1, the activity coe�cient is

RT lnγ1 = A12x2
2. (26)

For a ternary system (i = 1, 2, 3) the Margules-type equation for gE is [67]

gE

RT
= A12x1x2 +A13x1x3 +A23x2x3. (27)

For component 1, the activity coe�cient γ1 results in

RT lnγ1 = A12x2(1 − x1) +A13x3(1 − x1) −A23x2x3. (28)

To obtain the interaction term of the perturbation scheme, we assume for one moment

that the speci�ed subsystem consists of exactly two components (K = 2) and that the

unknown part consists of one additional component (Index: u) similar to the pseudo-

component approach. Analogous to Eq. (26), the activity coe�cient γ̃1 of component 1

in the mixture that consists of only the speci�ed subsystem is

RT ln γ̃1 = A12x̃2
2. (29)

Eq. (28) gives the activity coe�cient γ1 of component 1 in the complete mixture.

RT lnγ1 = A12x2(1 − x1) +A1uxu(1 − x1) −A2ux2xu (30)

From the de�nition of the perturbation scheme, cf. Eq. (7), we know that

γ1 = γ̃1γ
p
1 , (31)

or rearranged

RT lnγp
1 = RT lnγ1 −RT ln γ̃1. (32)

Inserting Eq. (30) in Eq. (32) and expanding the �rst term on the right hand side with
x2

x2
leads to

RT lnγp
1 = A12x2(1 − x1)

x2

x2

+A1uxu(1 − x1) −A2ux2xu −RT ln γ̃1. (33)

After replacing x2 with x̃2(1 − xu), cf. de�nition of the colligative e�ect Eq. (8), we

12



2 Perturbation Scheme

obtain:

RT lnγp
1 = A12x̃

2
2

²
=RT ln γ̃1

(1 − xu)
2(1 − x1)

x2

+A1uxu(1 − x1) −A2ux2xu −RT ln γ̃1. (34)

Inserting Eq. (29) and rearrangement leads to the expression of the interaction term of

the perturbation.

lnγp
1 = ln γ̃1 (

(1 − xu)
2(1 − x1)

x2

− 1) +
xu

RT
(A1u(1 − x1) −A2ux2) (35)

We suggest some empirical modi�cations to Eq. (35) to also consider a speci�ed subsys-

tem with more than two components, which leads to the �nal interaction term:

lnγp
k = ln γ̃k (

(1 − xu)
2(1 − xk)

1 − xu − xk

− 1) +
xu

RT
(Aku −

K

∑
i=1

Aiuxi) . (36)

For subsystems comprised of electrolyte components the function for lnγp
k is:

lnγp
k = ln γ̃

∗
k (
(1 − xu)

2(1 − xk)

1 − xu − xk

− 1) +
xu

RT
(Aku −

K

∑
i=1

Aiuxi) . (37)

Despite the empirical modi�cations the interaction term has still the following charac-

teristics: For one speci�ed component (K = 1) the term γp
k simpli�es to:

RT lnγp
1 = A1ux

2
u. (38)

So, the unknown part is considered as a second component. For two speci�ed compo-

nents (K = 2) the term γp
1 is equal to Eq. (35).

This interaction term (cf. Eq. (36) and Eq. (37)) overcomes the restrictions of the term

in Eq. (24). For negligible fractions of the unknown part (xu → 0, ∑K
j=1 xj → 1), it follows

that γp
k → 1. There is one interaction parameter Aku with the unknown part for every

speci�ed component. This parameter is a �tting parameter when applying the pertur-

bation scheme. Thus, the perturbation approach has the following �tting parameters:

One interaction parameter Aku for each speci�ed component and the average molar mass

M̄u of the unknown part.

Obviously, other terms for the interactions of the speci�ed components with the unknown

part are possible. For example, in the derivation, one could use a gE-model that is more

sophisticated than the Margules-type equation. This would eventually lead to more

parameters for the interactions with the unknown part. By studying examples, we
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2 Perturbation Scheme

found that Eq. (36) and Eq. (37) yielded quite good results.

The focus of the following chapters is to explore both the practical applications and lim-

itations of the presented perturbation scheme. Two aspects, however, shall be discussed

here already. First, the perturbation scheme's applicability relies on the prerequisite that

the composition and constitution (e.g. state of complexation, degree of dissociation) of

the unknown part does not change during application. This prerequisite involves that

the unknown part remains as a whole in the one liquid phase of interest. Most likely,

this leads to signi�cant limitations when liquid-liquid equilibria or vapor-liquid equilib-

ria with volatile unknown components are studied. However, when studying solid-liquid

equilibria, e.g. in crystallization or precipitation of a speci�ed component, these con-

straints on the unknown part might be well met.

Second, we want to discuss the challenge of parameter estimation from experimental

data. We assume that the poorly speci�ed liquid mixture is given as a sample, and

experiments such as solubility measurements can be done with it. If this is the case, one

can determine the activities of speci�ed components from the experiments. One could

dilute the samples of the poorly speci�ed mixture with known amounts of speci�ed com-

ponents and do additional experiments with the diluted samples to obtain experimental

values for the speci�ed components' activities at smaller mass fractions of the unknown

part. We selected the experimental points used in the �t of the case studies in the

following in this spirit.

2.3 Base Models

The perturbation scheme requires a base model to calculate the activity coe�cient

or the fugacity coe�cient, respectively, of each speci�ed component k in the speci�ed

subsystem. In the present work the gE-models NRTL [9], UNIQUAC [10], and Bromley

[68] are used as base models. In the following, the basics of these models are given.

NRTL Model

The gE-model NRTL (non-random two-liquid) published by Renon and Prausnitz [9]

gives a correlation between the activity coe�cients and the mole fractions in a liquid

aqueous-organic mixture. The equation for calculating the activity coe�cient of a com-

ponent k is:
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2 Perturbation Scheme

lnγk =
∑

K
k=1 τklGklxk

∑
K
m=1Gmkxm

+
K

∑
k=1

xkGkl

∑
K
m=1Gmkxm

(τlk −
∑

K
n=1 xnτnkGnk

∑
K
m=1Gmkxm

) . (39)

The coe�cient τkl is de�ned as:

τkl = akl +
bkl
T
, (40)

where akl and bkl are binary interaction parameters. The coe�cient Gkl is de�ned as:

Gkl = exp (−αklτkl) , (41)

where αkl is a constant nonrandomness parameter for binary interactions.

UNIQUAC Model

Abrams and Prausnitz [10] proposed the gE-model UNIQUAC (universal quasichemical)

to calculate activity coe�cients in aqueous-organic mixtures. There, the equation to

calculate the activity coe�cient γk of a component k consists of a combinatorial term

γC
k and a residual term γR

k .

lnγk = lnγ
C
k + lnγ

R
k (42)

The combinatorial term γC
k is calculated as

lnγC
k = ln

ϕk

xk

+ 1 −
ϕk

xk

−
z

2
qk (ln

ϕk

θk
+ 1 −

ϕk

θk
) , (43)

where qk is the surface-area parameter of the component k, and z is a constant with the

value 10. Moreover, θk is the surface-area fraction

θk =
xkqk

∑l xlql
, (44)

and ϕk is the volume fraction

ϕk =
xkrk

∑l xlrl
, (45)

where rk is the volume parameter of component k. The equation for the residual term

γR
k is:

lnγR
k = qk (1 − ln(∑

n

θnΨnk) −∑
l

θlΨkl

∑n θnΨnl

) . (46)

Therein, Ψkl is given by:

Ψkl = exp(−
ukl

T
) . (47)

ukl is the interaction parameter between components k and l.

15



2 Perturbation Scheme

Bromley Model

The Bromley equation [68] is used here to calculate the activity coe�cient of aqueous-

electrolyte mixtures. The equation to calculate the activity coe�cient γ∗± is: [68, 69]

log10 γ
∗
± = −Am ∣ zcza ∣

√
Im

1 + aca
√
Im
+
(0.06 + 0.6Bca

B0
) ∣ zcza ∣ Im

(1 + 1.5Im
∣zcza∣
)
2 +

Bca

B0

Im (48)

with

Im =
1

2
∑
i

bi
b0
z2i . (49)

zc, za, and zi are the charge number of the cation, anion and any ion i, respectively,

and bi is the molality of the ion i. The constants b0 and B0 are de�ned as 1 mol kg−1

and 1 kg mol−1, respectively. The parameter aca was set to the common value 1. In

the present work, the temperature dependency of the parameter Bca is neglected, so the

parameter Bca is considered constant. Furthermore, since all electrolyte systems of the

present work are aqueous mixtures, the Debye-Hückel constant Am was set to 0.5108

[69]. Further, in the considered temperature range, the temperature dependence of Am

is small and was hence neglected. Furthermore, this is consistent with neglecting the

temperature dependency of the parameter Bca.
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3 Thermodynamic Modeling of Poorly

Speci�ed Mixtures

3.1 Introduction

The general perturbation scheme from Eq. (10) with Eq. (36) or Eq. (13) with Eq. (37)

is applied to several example systems. Since experimental data of poorly speci�ed mix-

tures are rarely published in the literature, experimental data of fully speci�ed mixtures

are used, and we pretend that at least one component is unknown. No information

about these unknown components is used for the perturbation scheme, except for the

cumulative mass fraction of all unknown components.

First, example systems that contain non-electrolyte components in the speci�ed subsys-

tem are studied. Secondly, example systems with aqueous-electrolyte speci�ed subsys-

tems are studied. Here, a system means a set of speci�c components, while a mixture is

a set of components with a speci�c composition. A case study consists of several mix-

tures of one system. In this chapter, no experiments are done. Instead, two methods are

applied to supply data. On the one hand, pseudo-experimental data are generated with

fully speci�ed NRTL models [9]. The NRTL model parameters for these calculations are

given in Appendix A. On the other hand, experimental literature data are used. In both

cases, the components in the systems are divided afterward into a speci�ed subsystem

and an unknown part. The data of the components in the speci�ed subsystem are used

in the �t and in the evaluation of the models created with the perturbation scheme.

The information about the unknown part is discarded.

To create the perturbation models, a gE-model of the subsystem of the speci�ed com-

ponents, i.e. the base model, is taken from the literature. Either the NRTL model or

the UNIQUAC model [10] are used for the non-electrolyte subsystems, or the Bromley

model [68] is used for the aqueous-electrolyte subsystems, cf. Chapter 2.3 for details

about the models. The model parameters of the subsystems are given in Appendix A.

At this point, it is important to note that the base model can be any type of gE-model.

The parameters of the perturbation scheme, i.e. one interaction parameter Aku for every
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3 Thermodynamic Modeling of Poorly Speci�ed Mixtures

speci�ed component and for non-aqueous speci�ed subsystems the average molar mass

M̄u of the unknown part (for aqueous speci�ed subsystems the average molar mass was

always set to the �x value 50 g/mol (cf. Chapter 2.1)), are �tted to parts of the pseudo

experimental data or experimental literature data. The data points used for the �t were

always equally weighted.

3.2 Non-Electrolytes Systems

3.2.1 Pseudo Experimental Data

3.2.1.1 Example Systems

Table 1 gives the components of the systems and the compositions of the respective

speci�ed subsystem and unknown part of the mixtures of non-electrolyte systems based

on pseudo experimental data. In the case studies, the ratio of the speci�ed part and the

unknown part is varied, and thus this ratio is not given in Table 1. For all mixtures, it

was ensured with the help of the simulation that a stable and homogeneous mixture is

present, and no phase splitting occurs.

Table 1: Overview of the studied systems of non-electrolyte systems based on pseudo-
experimental data in the present work and the composition of the studied
mixtures. No information on the unknown part was used for the perturbation
approach.

System Speci�ed subsystem Unknown part Base model

Component k Mass fraction Component Mass fraction

I methanol 1.00 g/g water 0.80 g/g -

hexane 0.10 g/g

dodecanol 0.10 g/g

II methanol 0.40 g/g hexane 0.50 g/g UNIQUAC

dodecanol 0.60 g/g dodecane 0.50 g/g

III methanol 0.25 g/g water 1.00 g/g UNIQUAC

ethanol 0.50 g/g

butanol 0.25 g/g

IV hexane 0.25 g/g diethyl ether 0.80 g/g NRTL

cyclohexane 0.25 g/g acetonitril 0.20 g/g

benzene 0.25 g/g

acetone 0.25 g/g
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3.2.1.2 Parameter Estimation

For the non-electrolyte example systems, always activities data, i.e. the activities of

the speci�ed components in some mixtures of each system, are used for �tting. The

objective in the �t was to minimize the squared deviations in the activities between

data and model. Finally, the activities and the activity coe�cients of the speci�ed

components are calculated for all mixtures based on the pseudo experimental data using

the parameterized perturbation scheme.

Here, the speci�ed subsystems of all studied systems are non-aqueous systems. Hence,

one interaction parameter Aku for every speci�ed component as well as the average molar

mass M̄u of the unknown part must also be �tted to parts data points.

The quality of the predictions are judged using average absolute derivations (AAD) d̄Θ
calculated for quantities Θ of interest, e.g. Θ = amethanol. The deviation is the arithmetic

mean of the absolute di�erence of the values of the experimental data points Θq
exp and

the value obtained from the perturbed model Θq
model over all Q data points.

d̄Θ =
∑

Q
q=1 ∣ Θq

exp
−Θq

model
∣

Q
(50)

3.2.1.3 Results and Discussion

System I

Figure 3 shows the results for the case study of system I (cf. Table 1). The mixtures

contain only methanol as a speci�ed component and an unknown part, according to

Table 1. In the top panel, the activity of methanol is plotted over the mass fraction

wu of the unknown part in the mixture. In this study, a maximal mass fraction of the

unknown part of wu = 0.45 g/g was considered since the pseudo experiments showed

a liquid-liquid phase split at higher mass fractions. The symbols denote the pseudo-

experimental data. The perturbation scheme was �tted to the two data points indicated

by �lled squares and is shown as a solid line in the plot. In the �t, the interaction

parameter of methanol and the unknown part resulted in Amethanol,u = 552.05 J/mol,

and the average molar mass of the unknown part resulted in M̄u = 21.75 g/mol. The

latter is very sensitive in the �t because the average molar mass of the unknown part

scales the e�ect of dilution on the activity, which is dominating in this example. This

becomes clear when the activity coe�cient of methanol is considered in the bottom panel

of Figure 3. The activity coe�cient is quite close to 1, and the mixture is quite ideal.
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Figure 3: Activity amethanol (top) and activity coe�cient γmethanol (bottom) of methanol
(◻, ∎) in case study I (cf. Table 1) at 298.15 K. wu is the mass fraction of the
unknown part in the complete mixture. Open symbols: Pseudo experiments.
Filled symbols: Pseudo experiments used for �t. Solid Line: Perturbation
scheme with Amethanol,u = 552.05 J/mol and M̄u = 21.75 g/mol. AAD: Activity
d̄amethanol

= 3.13 ⋅ 10−4, activity coe�cient d̄γmethanol
= 1.20 ⋅ 10−3.

Considering the practical application of the perturbation scheme with real experimental

data of activities from phase equilibrium measurements, one would typically only look at

the plot of the activities (information on the mole fractions of the speci�ed components

and their activity coe�cients would not be available due to the unknown nature of the

unknown part). Thus we used only activity data in the �t. The results for activity

coe�cients are predictions. These predictions are expected to be the better, the closer

M̄u obtained in the �t is to the molar average of the molar mass of the unknown part.

The perturbation scheme can reproduce the data points for the activity coe�cient very

well in this case study. Thus, the term of the perturbation scheme that considers the
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interaction e�ects is reasonable. In the shown case, the perturbation scheme is able to

describe mixtures with more than one component in the unknown part well. Since the

perturbation scheme describes both the activity and the activity coe�cient of methanol

well, it is not surprising that the average molar mass of the unknown part found in the

�t (M̄u = 21.75 g/mol) is very close to the one obtained as the molar average of the

components of the unknown part in Table 1 (M̄∗
u = 21.69 g/mol).

System II

Figure 4 shows the results for the case study of system II (cf. Table 1). In this case

study, the speci�ed subsystem comprises two components: methanol (Index: 1) and

dodecanol (Index: 2). As stated before, the perturbation scheme, although derived with

the Margules-type equation, can be combined with any gE-model as the base model.

Here, the UNIQUAC model is used as the base model. The presentation of Figure 4 is in

full analogy to the one of Figure 3, with the only di�erence that two speci�ed components

are shown instead of one. The perturbation parameters were �tted to the activities of

both speci�ed components in the mixtures denoted with full symbols. The interaction

parameters result in A1u = 5.34 kJ/mol and A2u = 2.07 kJ/mol. The average molar mass

of the unknown part resulted in M̄u = 79.85 g/mol. This time, a strong in�uence of the

molecular interaction with the unknown part becomes apparent: the activity of methanol

remains almost constant, although the speci�ed subsystem is diluted with unknown

components. The perturbation scheme is again able to model the activity pro�les well.

Also, the activity coe�cients (which were not used in the �t) are predicted quite well.

The systematic deviations of the activity coe�cients (the perturbed model yields always

larger activity coe�cients) can be explained by the deviation of the average molar mass

of the unknown part in the perturbation model (M̄u = 79.85 g/mol) and the real one

obtained from information about the unknown part in Table 1 (M̄∗
u = 114.45 g/mol).
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Figure 4: Activities ak (top) and activity coe�cients γk (bottom) of methanol (Index:
1; ◻, ∎) and dodecanol (Index: 2; △, ▲) in case study II (cf. Table 1) at
298.15 K. wu is the mass fraction of the unknown part in the complete mix-
ture. Open symbols: Pseudo experiments. Filled symbols: Pseudo experi-
ments used for �t. Solid Line: Perturbation scheme with A1u = 5.34 kJ/mol,
A2u = 2.07 kJ/mol, and M̄u = 79.85 g/mol. AAD: Activity d̄a1 = 5.12 ⋅ 10

−3,
d̄a2 = 3.69 ⋅ 10

−3; activity coe�cient d̄γ1 = 1.44 ⋅ 10−1, d̄γ2 = 1.04 ⋅ 10−1.

System III

Figure 5 shows the results in analogous fashion for the case study of system III (cf.

Table 1). Here, the speci�ed subsystem is comprised of three components: methanol

(Index: 1), ethanol (Index: 2), and butanol (Index: 3). The speci�ed subsystem is

modeled with the UNIQUAC model. The four parameters of the perturbation scheme

were �tted to the six marked data points (full symbols in Figure 5's top panel). The

results are: A1u = 1.40 kJ/mol, A2u = 3.08 kJ/mol, A3u = 4.84 kJ/mol, and M̄u =
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Figure 5: Activities ak (top) and activity coe�cients γk (bottom) of methanol (In-
dex: 1; ◻, ∎), ethanol (Index: 2; △, ▲), and butanol (Index: 3; ○, ●) in
case study III (cf. Table 1) at 298.15 K. wu is the mass fraction of the un-
known part in the complete mixture. Open symbols: Pseudo experiments.
Filled symbols: Pseudo experiments used for �t. Solid Line: Perturbation
scheme with A1u = 1.40 kJ/mol, A2u = 3.08 kJ/mol, A3u = 4.84 kJ/mol,
M̄u = 16.64 g/mol. AAD: Activity d̄a1 = 3.46 ⋅ 10−3, d̄a2 = 8.07 ⋅ 10−3,
d̄a3 = 7.20 ⋅ 10−3; activity coe�cient d̄γ1 = 6.35 ⋅ 10−2, d̄γ2 = 6.79 ⋅ 10−2,
d̄γ3 = 1.43 ⋅ 10

−1.

16.64 g/mol. As indicated by activity coe�cients close to unity for wu = 0 g/g, the

speci�ed subsystem is almost an ideal mixture. By adding the unknown part, the

mixture deviates from ideal behavior. The model results for both the activities (used in

the �t) and the activity coe�cients (not used in the �t) agree very well with the pseudo-

experimental data. On the one hand, this is not too surprising since the unknown part

consists only of one component (water). On the other hand, this case study shows

that the interaction term of the perturbation scheme works well for more than two
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speci�ed components. The average molar mass of the unknown part found in the �t

(M̄u = 16.64 g/mol) is very similar to the one of pure water (M̄∗
u = 18.01 g/mol), which

is the unknown part in this case study.

System IV

Figure 6 shows the results for the case study of system IV (cf. Table 1) in full analogy

to the studies before. The speci�ed subsystem is comprised of four components: hexane

(Index: 1), cyclohexane (Index: 2), benzene (Index: 3), and acetone (Index: 4). Here,

the base model for the speci�ed subsystem is the NRTL model. The parameters of the

perturbation scheme were �tted to activities of all components of the speci�ed subsystem

denoted with full symbols (top panel of Figure 6). The results of the interaction param-

eters are: A1u = 2.45 kJ/mol, A2u = 1.92 kJ/mol, A3u = 0.21 kJ/mol, A4u = 0.29 kJ/mol.

The average molar mass of the unknown part resulted in M̄u = 73.95 g/mol. Again

the perturbation scheme is able to model the activity of all four components very well.

Also, the activity coe�cients are predicted acceptably. This case study shows that the

perturbation term can capture di�erent in�uences of the unknown part on the speci�ed

components. Here, benzene shows an almost ideal behavior for all mass fractions of

the unknown part, whereas the unknown part has stronger interactions with the other

speci�ed components. In addition, this example con�rms the previous �ndings that the

perturbation scheme with the interaction term here works well for more than two spec-

i�ed components and for more than one component in the unknown part. The activity

coe�cients are throughout under-predicted in Figure 6 (bottom). Accordingly, the pa-

rameter M̄u (73.95 g/mol) is larger than the average molar mass of the unknown part

(M̄∗
u = 53.63 g/mol), just opposite compared to the situation in case study of system II

and Figure 4.

In the results above, the interpolation abilities of the perturbation scheme are high-

lighted, i.e. the parameters are �tted to quite high fractions of the unknown part, and

the scheme's performance is checked for intermediate fractions of the unknown part.

Looking into possible practical applications, it is also crucial to look at the scheme's

extrapolation capabilities. Regarding the extrapolation to other compositions of the

speci�ed part, the perturbation models obtained in case studies of the systems II and IV

are taken, and the activities at di�erent compositions of the speci�ed components were

predicted (since the previous study showed that the speci�ed subsystem of system III

is an almost ideal mixture, this case is not considered here). During the variations, the

mass fraction of the unknown part is held constant at 0.5 g/g, and the composition of

the unknown part remains constant as given in Table 1. The results for the mixtures
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Figure 6: Activities ak (left) and activity coe�cients γk (right) of hexane (Index: 1;
◻, ∎), cyclohexane (Index: 2; △, ▲), benzene (Index: 3; ○, ●), and acetone
(Index: 4; ▽, ▼) in case study IV (cf. Table 1) at 298.15 K. wu is the
mass fraction of the unknown part in the complete mixture. Open symbols:
Pseudo experiments. Filled symbols: Pseudo experiments used for �t. Solid
Line: Perturbation scheme with A1u = 2.45 kJ/mol, A2u = 1.92 kJ/mol,
A3u = 0.21 kJ/mol, A4u = 0.29 kJ/mol, M̄u = 73.95 g/mol. AAD: Activity
d̄a1 = 1.63 ⋅ 10

−3, d̄a2 = 2.20 ⋅ 10−3, d̄a3 = 1.66 ⋅ 10−3, d̄a4 = 1.63 ⋅ 10−3; activity
coe�cient d̄γ1 = 8.64 ⋅ 10−2, d̄γ2 = 7.78 ⋅ 10−2, d̄γ3 = 4.65 ⋅ 10−2, d̄γ4 = 6.42 ⋅ 10−2.

corresponding to the case study of system II are shown in Figure 7. The composition

of the speci�ed part is varied between w̃methanol = 0 g/g - 0.45 g/g and accordingly

w̃dodecanol = 1 g/g - 0.55 g/g (the pseudo experiments showed that a liquid-liquid phase

split occurs at higher mass fractions of methanol). The perturbation scheme predicts

the activities of the di�erent compositions very well, even though only one composition

of the speci�ed subsystem was used in the �t.

25



3 Thermodynamic Modeling of Poorly Speci�ed Mixtures

0 0.1 0.2 0.3 0.4
w

methanol
/ g/g

0

0.2

0.4

0.6

0.8

1

a
k

Figure 7: Activities ak of methanol (Index: 1; ◻, ∎) and dodecanol (Index: 2; △,
▲) at di�erent compositions of the speci�ed subsystem at 298.15 K (see
caption of Figure 4 for more model details). w̃methanol is the mass fraction of
methanol in the subsystem comprised of the speci�ed components methanol
and dodecanol. The composition of the unknown part is as given in Table 1
for system II and its mass fraction is wu = 0.5 g/g. Open symbols: Pseudo
experiments. Filled symbols: Pseudo experiments used for �t. Solid line:
Perturbation scheme. AAD: d̄a1 = 2.81 ⋅ 10−2, d̄a2 = 7.25 ⋅ 10−3.

The results for the mixtures corresponding to the case study of system IV are shown in

Figure 8. To vary the composition of the speci�ed part, the speci�ed subsystem was ar-

bitrarily divided into two sub-subsystems: (1) hexane and cyclohexane, (2) benzene and

acetone. The mass fraction ratio of the two sub-subsystems was varied over the complete

range. However, the mass fraction ratio of the components within the sub-subsystems

remained constant at 1:1 for all mixtures. Again, the activities of all components are

predicted very well, even though the model parameters were obtained by �tting only to

one composition of the speci�ed subsystem. The results of both studies (cf. Figure 7

and 8) suggest that the perturbation scheme is able to describe the mixtures well even

when the composition of the speci�ed subsystem changes. However, it is crucial that

the composition of the unknown part must stay the same.
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Figure 8: Activities ak of hexane (Index: 1; ◻, ∎), cyclohexane (Index: 2; △, ▲),
benzene (Index: 3; ○, ●), and acetone (Index: 4; ▽, ▼) at di�erent compo-
sitions of the speci�ed subsystem at 298.15 K (see caption of Figure 6 for
more model details). w̃hexane, w̃cyclohexane are the mass fractions of hexane
and cyclohexane, respectively, in the subsystem comprised of the speci�ed
components hexane, cyclohexane, benzene, and acetone. The mass fraction
ratios of (hexane : cyclohexane) and (benzene : acetone), respectively, are
(1 : 1). The composition of the unknown part is as given in Table 1 for
system IV and its mass fraction is wu = 0.5 g/g. Open symbols: Pseudo
experiments. Filled symbols: Pseudo experiments used for �t. Solid line:
Perturbation scheme. AAD: d̄a1 = 6.68 ⋅10−3, d̄a2 = 1.66 ⋅10−3, d̄a3 = 5.45 ⋅10−3,
d̄a4 = 3.20 ⋅ 10

−3.

3.2.2 Experimental Data

3.2.2.1 Example Systems

In addition to the previously studied systems based on pseudo experimental data, two

systems based on real experimental data obtained from the literature are studied. Ta-

ble 2 gives an overview of the two systems. System V comprises the components water,

α-lactose (lactose) (assumed to be known), and ethanol (assumed to be unknown). Sys-

tem VI comprises the components acetone, methanol (assumed to be known), and the

ionic liquid [AMIM]Cl (assumed to be unknown).
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Table 2: Overview of the studied systems based on experimental data from the liter-
ature. No information on the unknown part was used for the perturbation
approach.

System Speci�ed subsystem Unknown part Base model Ref.

V water ethanol UNIQUAC [70]

α-lactose

VI acetone [AMIM]Cl NRTL [71]

methanol

3.2.2.2 Parameter Estimation

Here, the speci�ed subsystem of system V is an aqueous system. Hence, for the av-

erage molar mass M̄u of the unknown part the constant value 50 g/mol is chosen (cf.

Chapter 2.1). The interaction parameters Aku are �tted to parts of the experimental

literature data. The parameters of the perturbation scheme for system VI, i.e. both the

average molar mass M̄u of the unknown part and the interaction parameters Aku, are

�tted to parts of the experimental literature data.

Analog to the systems based on pseudo experimental data activities, data of the speci�ed

components in complete mixtures are used for �tting. The objective in the �t was to

minimize the squared deviations in the activities between data and model. Finally,

the solubility (system V) or the activities (system VI) of the speci�ed components are

calculated for all mixtures using the parameterized perturbation scheme. The quality

of the predictions are judged analog to the systems before using the average absolute

derivations (AAD) d̄Θ for quantities Θ of interest (cf. Eq. (50)).

3.2.2.3 Results and Discussion

System V - Experimental Solid-Liquid Equilibrium

Experimental data of the solid-liquid equilibrium (SLE) of mixtures of system V (cf.

Table 2), in which only lactose is present in the solid phase, are taken fromMachado et al.

[70]. The UNIQUAC model (cf. Chapter 2.3) is used as the base model for the speci�ed

subsystem lactose and water. The required UNIQUAC model parameters for the base

model are given in Appendix A. The composition of the unknown part must remain

the same during the application of the perturbation scheme. This prerequisite applies

here since the unknown part (ethanol) remains in the liquid phase. The procedure for

applying the perturbation scheme on the SLE of lactose in the poorly speci�ed aqueous
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mixture is as follows. To calculate the solubility of lactose, i.e. the solid-liquid phase

equilibrium, we assumed that the solid in the solid-liquid equilibrium is pure lactose.

The di�erence of the heat capacities of lactose in the solid and liquid state is neglected,

leading to the following phase equilibrium condition [72].

alactose = xlactoseγlactose = exp [
−∆hf

lactose

RT f
lactose

(
T f
lactose

T
− 1)] (51)

Therein, the enthalpy of fusion∆hf
lactose = 66416.39 J mol−1 and the melting temperature

T f
lactose = 498.027 K are adopted from Held et al. [73]. Using Eq. (51), the activity of

lactose alactose is determined for every mixture. The perturbation scheme is used to

predict the mass fraction of lactose in equilibrium at other mass fractions of unknown

part and other temperatures.

The experimental data for the solubility of lactose at 298.15 K, 313.15 K, and 333.15 K

are shown in Figure 9.
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Figure 9: Experimental data for the solubility of lactose in the poorly speci�ed aqueous
mixture at 298.15 K (◻), 313.15 K (△, ▲), and 333.15 K (○) [70]. wlactose is the
mass fraction of lactose in the saturated liquid phase. wu,lactose−free is the mass
fraction of the unknown part (here: ethanol) in the liquid phase on a lactose-
free basis. The perturbation scheme (solid lines) is only �tted to the data
points at 313.15 K marked with the �lled symbols. The perturbation parame-
ters are: Alactose,u = −14.44 kJ/mol, Awater,u = −26.71 kJ/mol, M̄u = 50 g/mol.
The AAD for the di�erent temperatures, respectively, are: d̄wlactose, 298.15K =

4.97 ⋅ 10−3, d̄wlactose, 313.15K = 2.56 ⋅ 10
−3, d̄wlactose, 333.15K = 1.04 ⋅ 10

−2

It is obvious that the unknown part strongly in�uences the solubility of lactose: the

solubility of lactose is high for pure water as solvent (left edge of the plot) and is
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reduced by the addition of the unknown part. The two data points at 313.15 K marked

with �lled symbols were used to �t the model parameters of the perturbation scheme.

The resulting parameters are: Alactose,u = −14.44 kJ/mol, Awater,u = −26.71 kJ/mol. The

average molar mass of the unknown part was set to the constant value M̄u = 50 g/mol

since the studied system is an aqueous system. The model parameters were also used

to predict the solubility of lactose at 298.15 K and 333.15 K. The perturbation scheme

predicts the experimental data well. The model parameters of the perturbation scheme

are not temperature-dependent. The temperature dependency results solely from the

base model comprised of the speci�ed components. In cases where the data indicate a

strong temperature dependency of the interactions of the speci�ed components with the

unknown part, temperature-dependent parameters in the perturbation scheme could be

used, i.e. Aku could be expressed e.g. as a simple polynomial: Aku = aku + bkuT .

System VI - Experimental Vapor-Liquid Equilibrium

Experimental data of the vapor-liquid equilibrium (VLE) for mixtures of system VI

(cf. Table 2) are taken from Li et al. [71] and are shown in a McCabe-Thiele plot in

Figure 10.

Figure 10: Experimental VLE data in the system (acetone + methanol + unknown
part) at 101.3 kPa [71]. wvapor

acetone is the vapor mass fraction of acetone.
w̃liquid

acetone is the liquid mass fraction of acetone on an unknown-free basis
within the speci�ed subsystem. The color code indicates the mass fraction
of the unknown part in the liquid phase data points. The marked data
points with the diamond symbol are used to �t the perturbation scheme.

The mass fractions of acetone in the speci�ed subsystem (acetone + methanol) are

shown. The color code gives the mass fraction of the unknown part in the liquid phase.
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The binary system (acetone + methanol) is azeotropic. The unknown part (the ionic

liquid [AMIM]Cl) clearly in�uences the VLE of the speci�ed subsystem. The composi-

tion of the azeotrope is shifted towards pure acetone by adding the unknown part. In

their original work, Li et al. even suggest that the azeotrope disappears if only enough

unknown component (ionic liquid) is added [71].

Extended Raoult's law is used as phase equilibrium condition for the speci�ed compo-

nents methanol and acetone (Assumption: Poynting correction is negligible).

ak = xkγk =
pyk
psk

k = {methanol, acetone} (52)

Where xk is the mole fraction of the liquid phase, yk is the mole fraction of the vapor, p

is the pressure, and psk the vapor pressure. The pressure p is here 101.3 kPa. The vapor

pressure psk is calculated with the Antoine equation and the corresponding parameters

from Botía et al. [74] as also used from Li et al. [71]. The Antonie equation and

the respective numerical values are given in Appendix A. Using Eq. (52), the liquid

activities of methanol and acetone are calculated for all experimental data points. The

perturbation scheme is used to predict the VLE for the experimental data points shown

in Figure 10. Here, the NRTL model is used as the base model for the speci�ed subsystem

(acetone + methanol). The model parameters are given in Appendix A.

The results are shown in Figure 11. The activity data of methanol and acetone of the

two experimental points marked with diamond symbols and circles in Figure 11 are used

for �tting the model parameters of the perturbation scheme. The values of the model

parameters obtained from the �t are: Aacetone,u = 3.45 kJ/mol, Amethanol,u = −7.03 kJ/mol,

M̄u = 115.7 g/mol. The parity plots in the top and bottom panels of Figure 11 show

that the activities calculated by the perturbation scheme match very well with the ones

obtained from the experimental data. The dashed lines indicate a deviation of ± 5 %.

The perturbation scheme is able to describe the VLE data very well.
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Figure 11: Parity plots for the activities of acetone (top) and methanol (bottom) calcu-
lated with the perturbation scheme and the activity obtained from the ex-
perimental data points. The dashed lines indicate a deviation of ± 5 %. The
model parameters of the perturbation scheme are: Aacetone,u = 3.45 kJ/mol,
Amethanol,u = −7.03 kJ/mol, M̄u = 115.7 g/mol. The color code indicates the
mass fraction of the unknown part in the liquid phase data points. The
marked data points with the diamond symbol are used to �t the perturba-
tion scheme. The AAD for acetone and methanol are: d̄aacetone = 5.75 ⋅ 10−3,
d̄amethanol

= 2.76 ⋅ 10−3.
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3.3 Electrolyte Systems

3.3.1 Example Systems

In the following, the systems comprised of speci�ed aqueous-electrolyte subsystems are

studied. For the electrolyte example systems, only experimental solubility data obtained

from the literature are used. The di�erent example systems are listed in Table 3.

Table 3: Overview of the studied electrolyte systems based on experimental literature
data. No information on the unknown part was used for the perturbation
approach.

System Speci�ed subsystem Unknown part Base model Ref.

E-I.a sodium chloride methanol Bromley [75]

water

E-I.b sodium chloride ethanol Bromley [75]

water

E-II.a potassium chloride methanol Bromley [75]

water

E-II.b potassium chloride ethanol Bromley [76]

water

E-III.a sodium bromide methanol Bromley [76]

water

E-III.b sodium bromide ethanol Bromley [76]

water

E-IV.a sodium chloride potassium chloride Bromley [76, 77]

water

E-IV.b sodium chloride calcium chloride Bromley [76, 77]

water

E-IV.a+b sodium chloride potassium chloride Bromley [76, 77]

water calcium chloride

The systems of type E-I, E-II, and E-III are solutions of a salt in water with an unknown

alcohol. The systems of type E-IV are solutions of sodium chloride in water and one or

two unknown salts. Along the systems of type E-IV the question is discussed, whether

the perturbation schemes of two poorly speci�ed systems can be combined to predict

the solubility in mixtures comprised of these two poorly speci�ed systems.

The Bromley electrolyte model [68] (systems E-I - E-IV) is used as the base model for

the speci�ed subsystems (cf. Chapter 2.3). The respective model parameters are given
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in Appendix A.

3.3.2 Parameter Estimation

For determining the model parameters of the perturbation scheme, a few experimental

data points of the solubility of sodium chloride (NaCl), potassium chloride (KCl), and

sodium bromide (NaBr) are used. The solubilities are modeled using activity-based

equilibrium constants Kk as follows:

KNaCl(T ) =
bNa+ ⋅ bCl−

b20
⋅ γ∗Na+(T ) ⋅ γ

∗
Cl−(T ), (53)

KKCl(T ) =
bK+ ⋅ bCl−

b20
⋅ γ∗K+(T ) ⋅ γ

∗
Cl−(T ), (54)

and

KNaBr(T ) =
bNa+ ⋅ bBr−

b20
⋅ γ∗Na+(T ) ⋅ γ

∗
Br−(T ). (55)

The values of the Kk are chosen carefully in accordance with the respective activity

model of the speci�ed subsystem, cf. Appendix A for details. The values of the Kk used

in the present work are given in Table 4.

Table 4: Natural logarithm of the equilibrium constants used in the SLE model of the
speci�ed subsystems.

Constant Value Ref.

lnKNaCl(T ) 4.629 − (303.474/(T /K)) cf. Appendix A and [76]

lnKKCl(298.15 K) 2.0585 cf. Appendix A and [75]

lnKNaBr(298.15 K) 5.8614 cf. Appendix A and [76]

In the experimental SLE data, the mass fractions of all speci�ed components in the liquid

phase are known (including the single component present as solid, i.e. the solubility).

To determine the parameters of the perturbation scheme, the deviation between the

respectiveKk values given in Table 4 and the one obtained from the perturbation scheme

with the experimental data is minimized using a nonlinear least-squares solver. The

number of experimental data points used for the �t was always equal to the number of

model parameters that were determined. The number of model parameters depends on

the number of speci�ed components. There is one binary interaction model parameter

Aku for each speci�ed component. Since only aqueous electrolyte systems (cf. Table 3)

are studied here, the average molar mass M̄u of the unknown part is not �tted to the
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3 Thermodynamic Modeling of Poorly Speci�ed Mixtures

experimental data but set to the constant value 50 g/mol (cf. Chapter 2.1). The

resulting model parameters are used to predict the solubility of the respective solute in

various mixtures with di�erent compositions and conditions.

3.3.3 Results and Discussion

The interaction parameters of the perturbation scheme for all electrolyte example sys-

tems of Table 3 are given in Table 5.

Table 5: Interaction parameters Aku of the perturbation scheme for the systems E-I.a -
E-IV.b. The model parameter for the average molar mass of the unknown
part M̄u is always set to 50 g/mol.

System Component k Aku / kJ mol−1

E-I.a, E-II.a, E-III.a NaCl 0.85

KCl 4.05

NaBr −4.44

water −5.59

E-I.b, E-II.b, E-III.b NaCl 3.53

KCl 6.21

NaBr 0.70

water −3.61

E-IV.a NaCl 33.01

water 22.69

E-IV.b NaCl 111.96

water 87.81

Systems E-I - E-III

The solubility of NaCl (systems E-I), KCl (systems E-II), and NaBr (systems E-III) in

water under the presence of two di�erent unknown parts (a = methanol, b = ethanol)

are considered. The results in Figure 12 indicate that the in�uence of the same unknown

part on the solubility of di�erent salts is di�erent. The top panel shows that the in�uence

of the unknown part a on the solubility of NaCl and KCl is very similar. In both cases,

the solubility decreases with an increasing mass fraction of the unknown part, while the

solubility of NaBr increases with higher mass fractions of the unknown part. In the

bottom panel, the presence of the unknown part b decreases the solubility of all three

salts, albeit to di�erent extents.
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Figure 12: Experimental solubility data [75, 76] (symbols) and results of the perturba-
tion model (lines) for i = NaCl (△,▲), KCl (◻,∎), or NaBr (◊,⧫) in poorly
speci�ed mixtures at 298.15 K plotted over the mass fraction of the un-
known part on a salt-free basis wu,free (top panel: unknown part = methanol,
systems E-I.a, E-II.a, E-III.a; bottom panel: unknown part = ethanol, sys-
tems E-I.b, E-II.b, E-III.b). The �lled symbols mark the data points used
to �t the interaction parameters of the perturbation scheme. The interac-
tion parameters are given in Table 5.

Each system has two interaction parameters for the interaction of the speci�ed com-

ponents with the unknown part: salt-unknown and water-unknown. The latter one is

assumed to be identical for the systems E-I.a, E-II.a and E-III.a and for the systems E-

I.b, E-II.b and E-III.b, respectively. Therefore, the four interaction parameters (Awater,u,

ANaCl,u, AKCl,u, and ANaBr,u) for all systems with unknown part a were received in a si-

multaneous �t to the four data points indicated by �lled symbols in the top panel of

Figure 12. The same holds for the unknown part b and the bottom panel of Figure 12.
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The results of the interaction parameters are given in Table 5. The Bromley electrolyte

model agrees perfectly with the experimental data of the mixtures of the speci�ed sub-

systems. Also, the perturbation model and the experimental data agree very well. When

inspecting the numerical values of the interaction parameters of the salts with the un-

known part, it can be seen that the interaction parameters for all salts have a positive

sign when the solubility decreases with an increase of the unknown part and a negative

sign when the solubility increases. Furthermore, it can be seen that the stronger the

in�uence on the solubility, the larger the values of the interaction parameters.

Systems E-IV

The solubility of NaCl in di�erent poorly speci�ed aqueous mixtures in the temperature

range between 290 - 340 K is modeled using the perturbation model. The experimental

data for these systems are taken from the literature, cf. Table 3. Figure 13 shows the

experimental data and the results of the perturbation model for the systems E-IV.a (top

panel, unknown part = KCl) and E-IV.b (bottom panel, unknown part = CaCl2). The

solubility of NaCl slightly increases with increasing temperature. Figure 13 shows that

both unknown parts clearly in�uence the solubility of NaCl. The solubility decreases

with increasing mass fractions of the respective unknown part. This trend is stronger

in the system with unknown part b (bottom panel) than in the system with unknown

part a (top panel).

The systems E-IV.a and E-IV.b have two interaction parameters for the perturbation

term, respectively, one for NaCl and one for water. The interaction parameters for

system E-IV.a were obtained from a �t to the two data points indicated by the �lled

symbols in the top panel of Figure 13. The interaction parameters for system E-IV.b

were obtained analogously. The results for the model parameters are given in Table 5.

It can be seen in Figure 13 that the agreement of the experimental data of the speci�ed

subsystem (denoted with crosses) with the Bromley electrolyte model as well as the

agreement of all further experimental data with the results from the perturbation model

are very good. Hence, a small extrapolation to higher mass fractions of the unknown

part is possible in both systems. Furthermore, a small extrapolation to higher or lower

temperatures works very well, even though the interaction parameters do not depend on

the temperature. This is not surprising since the temperature trend is already present

in the speci�ed subsystem and remains unchanged in the presence of unknowns. When

inspecting the values of the interaction parameters, it can be seen that - as expected -

the absolute values of the parameters of system E-IV.a are smaller than the values of

system E-IV.b.
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Figure 13: Experimental solubility data [76, 77] (symbols) and results of the per-
turbation model (lines) for NaCl in two di�erent poorly speci�ed mix-
tures plotted over the temperature (top panel: system E-IV.a, unknown
part = KCl; bottom panel: system E-IV.b, unknown part = CaCl2).
The di�erent types of symbols indicate di�erent mass fractions of the
unknown part on a salt free basis (top panel: wu,free = 0.00 g/g (×),
wu,free = 0.05 g/g (△), wu,free = 0.10 g/g (◻,∎), wu,free = 0.15 g/g (◊,⧫); bottom
panel: wu,free = 0.00 g/g (×), wu,free = 0.20 g/g (△,▲), wu,free = 0.70 g/g (◻,∎),
wu,free = 0.12 g/g (◊), wu,free = 0.17 g/g (▽)). The �lled symbols mark the
data points used to �t the model parameters of the perturbation scheme.
The interaction parameters are given in Table 5.

The �nal example, system E-IV.a+b, also consists of the speci�ed components NaCl

and water. The unknown part is a mixture of the unknown parts of systems E-IV.a

and E-IV.b. Poorly speci�ed mixtures in the system E-IV.a+b can thus be obtained by

mixing a poorly speci�ed mixture of system E-IV.a and a poorly speci�ed mixture of

system E-IV.b. Let us assume that perturbed models for system E-IV.a and E-IV.b are
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available (cf. Figure 13). The question arises whether those models can be combined

to yield a perturbed model for system E-IV.a+b. It is assumed that the mass fractions

wu,a and wu,b of both unknown parts a and b, respectively, in the combined mixture are

known. Let

χa =
wu,a

wu,a +wu,b

(56)

be the share of unknown part a in the combined unknown part. Then, the model

parameters of the system V.a+b can be estimated by

Aa+b
ku = χaA

a
ku + (1 − χa)A

b
ku. (57)

The results of these predictions compared to the respective experimental data are shown

in Figure 14 for four combinations of χa and wu,free that are speci�ed in Table 6 along

with the perturbation parameters obtained with the coming rule in Eq. (57).

Figure 14: Experimental solubility data [76, 77] (symbols) and results of the pertur-
bation model (lines) for NaCl in di�erent poorly speci�ed mixtures plotted
over the temperature (system E-IV.a+b). The unknown parts of all mea-
surement series are composed of the unknown parts of the systems E-IV.a
(KCl) and E-IV.b (CaCl2). The results of the perturbation model are a
prediction solely based on the results of the systems E-IV.a and E-IV.b.
The di�erent types of symbols indicate the di�erent measurement series,
cf. Table 6 (wu = 0.00 g/g (×), No. 1 (△), No. 2 (◻), No. 3 (◊), No. 4 (▽)).
The values for χa, wu,free, and the resulting interaction parameters of the
perturbation model are given in Table 6.

The perturbation model with the predicted interaction parameters yields a very good

agreement with the experimental data. This �nding is of general value whenever mix-

tures are considered that are combinations of several poorly speci�ed mixtures.
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Table 6: The values for χa, wu,free and the resulting interaction parameters of the mixing
study.

No. χa wu,free Aa+b
NaCl,u Aa+b

water,u M̄u

/ g g−1 / g g−1 / kJ mol−1 / kJ mol−1 / g mol−1

1 0.83 0.12 46.17 33.55 50

2 0.20 0.15 96.17 74.79 50

3 0.33 0.18 85.65 66.11 50

4 0.26 0.23 91.37 70.82 50

3.4 Conclusion

Poorly speci�ed liquid mixtures, which contain one or more speci�ed components besides

many unknown components, regularly appear in the process industry. Modeling and

predicting the thermodynamic properties of such poorly speci�ed liquid mixtures play

an important role in process design or optimization. A novel approach to model the

activities, and thus phase equilibria, of the speci�ed components in such poorly speci�ed

mixtures based on a perturbation scheme is applied to several example systems. The

scheme takes good thermodynamic models of the subsystem of speci�ed components,

which are often available, and applies a �exible perturbation term to consider the impact

of the unknown part of the mixture on the speci�ed components.

The perturbation scheme has one interaction parameter for each speci�ed component

and one parameter for the average molar mass of the unknown part. The results of

the present chapter show that the average molar mass of the unknown part is not

system speci�c for aqueous mixtures. The value 50 g/mol showed promising results

for all considered aqueous example systems. For non-aqueous example systems, the

average molar mass is handled as a model parameter that is �tted to experimental data.

The interaction parameters must always be �tted to a few experimental data of the

poorly speci�ed mixture. Only information about the speci�ed components and a few

experimental data points for the speci�ed components' activities in the poorly speci�ed

mixture are needed to regress and use the perturbation scheme. No analysis of the

unknown part is necessary.

The perturbation scheme can be combined with di�erent thermodynamic models; thus,

it is highly �exible. This �exibility was shown by combining it with di�erent gE-models

for non-electrolyte and electrolyte systems. It has been shown that the perturbation

scheme works well for many mixtures using several example systems based on pseudo-

experimental or real experimental data. Organic or aqueous-organic mixtures, as well
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as aqueous-electrolyte example systems, were studied. When using the perturbation

scheme, one obtains a model of the activities of all speci�ed components within a poorly

speci�ed mixture. As long as the composition and constitution of the unknown part

remain unchanged, this model can predict the activities well, even if the composition of

the speci�ed components changes. The results further indicate that the approach can

predict the behavior of poorly speci�ed mixtures that result from mixing two di�erent

poorly speci�ed mixtures for which perturbation models are available.
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4 Process Simulation of Poorly

Speci�ed Mixtures

4.1 Introduction

In the previous chapter, thermodynamic calculations of poorly speci�ed mixtures were

considered. However, if one goes one step further, the question arises, how to handle

these poorly speci�ed mixtures in process simulation for process design or optimization.

In this chapter, a general work�ow is presented to set up a process simulation for a

poorly speci�ed mixture. Here, this work�ow is combined with the perturbation scheme

of the present work.

The work�ow is applied to three di�erent example processes. The �rst two processes are

based on systems of the previous chapter (Chapter 3). In the �rst process, the crystal-

lization of α-lactose is studied, which is based on the SLE of lactose in a poorly speci�ed

mixture (cf. Table 2 system V). In the second process, the evaporation of ethanol and

methanol in an open still is studied, which is based on the VLE of ethanol and methanol

(cf. Table 2 system VI). The system of the last example process is introduced here and

deals with wood hydrolysate. As already mentioned in the chapter before, experimental

data of poorly speci�ed mixtures are rarely published in the literature. The studied

processes here are also based on fully speci�ed systems. However, no information of the

as unknown de�ned components are used for the process simulation.

4.2 Work�ow

The proposed work�ow to handle poorly speci�ed mixtures in process simulation is

shown in Figure 15. The starting point is a poorly speci�ed liquid mixture that is part

of a process. First (step I), a thermodynamic model must be chosen that describes the

thermodynamic behavior of poorly speci�ed mixtures. Here, we always use the pertur-

bation scheme of the present work. Next (step II), the chosen thermodynamic model is
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Thermodynamic model of 
poorly specified liquid 

mixture

I.

Poorly specified liquid mixture

Implementation of 
thermodynamic model in 

process simulation

II.

Experimental data and fit of 
parameters

III.

Simulation and 
optimization

IV.

Process simulation with poorly specified liquid 
mixture

Figure 15: Work�ow to handle poorly speci�ed mixtures in process simulation.

implemented in the process simulation. Usually, not all required model parameters are

known for poorly speci�ed mixtures in advance. Therefore, experimental data of the

poorly speci�ed mixture are required to �t the remaining parameters (step III). The type

and number of experimental data depend on the speci�c studied problem. Afterward

(step IV), simulation and optimization of the process are possible. If necessary, further

experimental data at other conditions can be used to adjust the parameters accordingly.

Finally, the process simulation that is able to handle a poorly speci�ed liquid mixture

is obtained.
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4.3 Example Processes

4.3.1 Crystallization of α-Lactose

The �rst studied process is the crystallization of α-lactose (lactose) in a poorly speci�ed

mixture. The process scheme for the crystallization is shown in Figure 16.

3

2

C1
1

Figure 16: Process scheme for lactose crystallization.

The feed (stream 1) is a poorly speci�ed mixture comprised of the speci�ed components

water and lactose, and the remaining unknown part u of the mixture (cf. Chapter 3.2.2,

Table 2, system V). It is assumed that the mixture in the feed is oversaturated with

lactose, and pure, solid lactose precipitates in the crystallizer (C1). Furthermore, the as-

sumption is made that the crystallizer is ideal and reaches equilibrium at the given tem-

perature. The pure, solid lactose in the crystallizer is separated by stream 3. Stream 2

is comprised of the remaining poorly speci�ed liquid mixture.

To set up a process simulation for this crystallization process, the proposed work�ow

described before is used (cf. Figure 15):

Step I.

The perturbation scheme is used to model the thermodynamic properties of the poorly

speci�ed liquid mixture. The gE-model UNIQUAC is chosen as the base model to model

the speci�ed subsystem comprised of lactose and water (cf. Chapter 3.2.2, Table 2,

system V). The in�uence of the unknown part on the thermodynamic properties of the

speci�ed components is covered by the perturbation scheme.
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Step II.

We did not use a commercial process simulation software here, but we set up the process

simulation in Matlab [78]. The process simulation in Matlab comprises calculating the

SLE of lactose in the crystallizer and calculating the resulting mass �ows of the single

components in stream 2 and stream 3. The SLE of lactose, i.e. the solubility of lactose,

is calculated using Eq. (51). The activity of lactose is calculated using the perturbation

scheme (cf. Eq. (7)). The UNIQUAC model is used as the base model for the speci�ed

subsystem comprised of water and lactose. The in�uence of the unknown part is covered

by the the perturbation terms xp (cf. Eq. (8)) and γp
k (cf. Eq. (36)). These two terms

a�ect the calculation of the activity only if an unknown part is present. If no unknown

part is present, Eq. (7) reduces to the original equation for calculating the activity. The

required mass �ow of lactose in stream 3 is obtained from the SLE calculation combined

with the mass balance for lactose. The mass �ows of water, and the unknown part u in

stream 2 is obtained from the respective mass balances.

Step III.

The model parameters of the base model UNIQUAC and the perturbation scheme are

required for the process simulation. The numerical values of the parameters are already

given in Appendix A and Chapter 3.2.2. The UNIQUAC model parameters are taken

from the literature, and the model parameters of the perturbation scheme are obtained

by �tting to experimental data from Machado et al. [70]. The exact procedure of �tting

the parameters is described in Chapter 3.2.2. The used experimental data points are

obtained from the literature on dedicated SLE experiments. However, these data could

also be obtained by process analytics in a real plant. Assuming that a poorly speci�ed

mixture with a high mass fraction of the unknown part is available, the solubility of

lactose could be measured by adding lactose till saturation is reached. By adding the

speci�ed component water, the mass fraction of the unknown part could be varied,

and the solubility of lactose could be measured again. Two data points describing

the solubility of lactose in mixtures with di�erent mass fractions are already su�cient

since only two interaction parameters (Alactose,u and Awater,u) must be �tted. The two

experimental data points used for the �t and the result for the solubility of lactose

obtained from the perturbation scheme are already shown in Figure 9.

Step IV.

In the �nal step, the process simulation of the crystallization process (cf. Figure 16) can

be run. The mass �ow of the feed (stream 1) is set to the constant value ṁ(1) = 1 kg/h.

The mass �ow of lactose in the feed is set to ṁ
(1)
lactose = 0.4 kg/h. In the �rst study, the

mass �ows of water and the unknown part in the feed is varied, and the temperature

TC1 of the crystallizer C1 is set to constant temperature 313.15 K. Figure 17 shows how
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the mass �ow ṁ
(2)
lactose of lactose in stream 2 changes depending on the mass �ow ṁ

(1)
u

of the unknown part in the feed (stream 1). Since the assumption is made that the

crystallizer C1 always reaches equilibrium, a comparison with experimental data for the

SLE of lactose in the poorly speci�ed mixture is possible.

Figure 17: Crystallization of lactose at 313.15 K. Change of the mass �ow ṁ
(2)
lactose of

lactose in stream 2 (cf. Figure 16) depending on the mass �ow ṁ
(1)
u of the

unknown part in the feed (stream 1). Solid line: result of the perturbation
scheme; Symbols: experimental data [70].

The mass �ow of lactose in stream 2 decreases with increasing mass �ow of the unknown

part in the feed (stream 1). Hence, more lactose precipitates in the crystallizer when

the mass fraction of the unknown part in the liquid mixture is higher. Furthermore, the

agreement of the experimental data with the simulation with the perturbation scheme

is very good. The experimental data shown in Figure 17 and used for �tting are no real

process data. The experimental data shown here are obtained from corresponding SLE

measurements given in the literature [70].

In the second study, the composition of the feed (stream 1) is kept constant (ṁ(1)lactose =

0.40 kg/h, ṁ(1)water = 0.42 kg/h, ṁ
(1)
u = 0.18 kg/h), but the temperature in the crystallizer

C1 is varied. Figure 18 shows how the mass �ow ṁ
(2)
lactose of lactose in stream 2 changes

depending on the temperature TC1 of the crystallizer C1.

As shown in Figure 18, the mass �ow ṁ
(2)
lactose of lactose in stream 2 increases with increas-

ing temperature. The solubility of lactose also increases with increasing temperature,

so less lactose precipitates at higher temperatures. The agreement of the experimen-

tal data and the result of the perturbation scheme is again very good, although the
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Figure 18: Crystallization of lactose with constant composition of the feed (stream 1)
(ṁ(1)lactose = 0.40 kg/h, ṁ(1)water = 0.42 kg/h, ṁ(1)u = 0.18 kg/h). Change of
the mass �ow ṁ

(2)
lactose of lactose in stream 2 depending on the temperature

TC1 of the crystallizer C1. Solid line: result of the perturbation scheme;
Symbols: experimental data [70].

model parameters of the perturbation scheme were solely �tted to experimental data at

313.15 K.

4.3.2 Residue Curve of Acetone and Methanol

In the second example process, the evaporation of the two speci�ed components, acetone

and methanol, is studied in an open still at 101.3 kPa. Figure 19 schematically shows

the evaporation in an open still.

The poorly speci�ed liquid mixture that comprises the two speci�ed components, ace-

tone and methanol, and the unknown part (cf. Chapter 3.2.2, Table 2, system VI) is

put in the open still S1 and evaporates (stream 1). It is assumed that the unknown part

is non-volatile and does not evaporate. For example, it could contain electrolytes. Due

to evaporation, the composition of the poorly speci�ed liquid phase changes. As shown

in Figure 10 (cf. Chapter 3.2.2), the speci�ed binary subsystem (acetone + methanol)

is azeotropic. However, the unknown part clearly in�uences the VLE of the speci�ed

subsystem. Therefore, the composition of the azeotrope is shifted towards pure acetone

by adding the unknown part. The proposed work�ow of Figure 15 is used to set up the

process simulation to obtain the residue curve of the studied system:
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Figure 19: Process scheme for the evaporation of acetone and methanol in an open
still.

Step I.

Analog to the example process before the perturbation scheme is used to model the ther-

modynamic properties of the poorly speci�ed liquid mixture. For the base model of the

speci�ed subsystem comprised of acetone and methanol, the gE-model NRTL is chosen

(cf. Chapter 3.2.2, Table 2, system VI). The perturbation scheme covers the in�uence

of the unknown part on the thermodynamic properties of the speci�ed components.

Step II.

The process simulation of the open still is set up in Matlab [78]. The Rayleigh equation

is used to calculate the residue curve, while the VLE of the poorly speci�ed liquid

mixture is calculated using the extended Raoult's law (cf. Eq. (52)) combined with the

perturbation scheme (cf. Eq. (7)) to cover the in�uence of the unknown part on the

speci�ed components. The perturbation terms xp (cf. Eq. (8)) and γp
k (cf. Eq. (36))

cover the in�uence of the unknown part on the speci�ed components and a�ect the

calculation of the activities only if the unknown part is present.

Step III.

Model parameters for the base model NRTL and the perturbation scheme are required.

The numerical values for this system are given in Appendix A and Chapter 3.2.2. The

model parameters for the base model NRTL are obtained from the literature, and the

model parameters of the perturbation scheme are determined by �tting to experimental

data from Li et al. [71]. The exact procedure of �tting the model parameters is described

in Chapter 3.2.2. Again, the experimental data used for �tting were taken from the

literature. However, the data could also be obtained for a real problem in the same

manner as described in the example process before. Assuming that a poorly speci�ed

mixture with a high mass fraction of the unknown part is available, the mass fractions
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of the two speci�ed components in the liquid and vapor phase at equilibrium could

be measured. Adding one of the speci�ed components changes the composition of the

speci�ed subsystem and the mass fraction of the unknown part in the liquid phase.

Again the mass fractions of the two speci�ed components in the liquid and vapor phase

at equilibrium could be measured. Consequently, the activities of the two speci�ed

components, methanol and acetone, in two mixtures with di�erent compositions can

be calculated from the experimental data. These four data points are su�cient to �t

the model parameters of the perturbation scheme (Aacetone,u, Amethanol,u, and M̄u). The

experimental data of the two mixtures used for the �t are already shown in Figure 10.

The result for the VLE of acetone and methanol obtained from the perturbation scheme

is shown in Figure 11.

Step IV.

In the �nal step, the residue curve of the evaporation in the open still (cf. Figure 19) can

be calculated. For demonstration, two process simulations are done with the process

simulation derived above: a) The evaporation of the fully speci�ed binary mixture

(0.9 g/g acetone + 0.1 g/g methanol) in an open still. b) Identical to case a, but the

initial composition of the mixture is diluted with the unknown part so that the mass

fraction of the unknown part is 0.05 g/g.

Figure 20 shows the liquid mass fraction of acetone in the subsystem acetone + methanol

in the residue when evaporating the two mixtures (case a and case b) in an open still,

the solid line excluding the unknown component, the dashed line including the unknown

component. In the speci�ed subsystem (acetone + methanol), the initial composition

is chosen on the acetone-rich side of the azeotrope. Consequently, methanol depletes in

the liquid phase faster than acetone upon evaporation when no unknown part is present.

As described before, the unknown part strongly in�uences in the liquid phase and shifts

the azeotropic point or even makes it disappear. At the selected mass fraction of the

unknown component, the azeotropic point is shifted so far that the initial composition is

now on the methanol-rich side of the azeotrope. Methanol is now heavy-boiling, and thus

acetone is depleting faster. This simple example shows that the perturbation scheme

can capture such important phenomena as the shift or disappearance of an azeotropic

point and that it can be used in process simulations. Therein it gives good results,

even if the unknown components have a tremendous in�uence on the thermodynamic

properties.
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Figure 20: Liquid mass fraction w̃liquid
acetone of acetone on an unknown-free basis within the

speci�ed subsystem (acetone + methanol) in the residue during evaporation
in an open still. χ gives the mass fraction of the initial mixture that is
already evaporated. Full line: initial binary mixture (case a). Dashed line:
initial mixture is poorly speci�ed with 0.05 g/g unknown part (case b).

4.3.3 Recovery of Furfural and Acetic Acid from Wood

Hydrolysates

In the last example process, furfural and acetic acid recovery from wood hydrolysates

are studied. The importance of processes for the production of chemicals from biomass

increases strongly [79]. One possible process to obtain ethanol from biomass is the fer-

mentation of hydrolysates of lignocellulosic biomass [80�82]. However, lignocellulosic

hydrolysate can not be used for fermentation directly. On the one hand, the sugar

concentration is to low, and on the other hand, the hydrolysate contains numerous in-

hibitors, which are toxic for microorganisms [83, 84]. Galeotti et al. [85] proposed a

process to combine the recovery of the valuable inhibitors acetic acid and furfural with

the increase of the sugar concentration. Galeotti et al. [85] used a model quaternary

mixture comprised of water, xylose, acetic acid, and furfural to represent the hydrolysate

in the process. We assume that the sugar xylose is not known in the following. Thus, we

model water, acetic acid, and furfural as the speci�ed subsystem and add a perturbation

term to cover the in�uence of the sugar. This approach is practical, as there is usually

a mixture of di�erent sugars and other unknown substances in the (real) hydrolysate.

De�ning the sugar part of the hydrolysate as a whole as the unknown part in the ther-

modynamic model makes it unnecessary to analyze the composition in detail. Figure 21

shows the process scheme proposed by Galeotti et al. [85].
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Figure 21: Process scheme for furfural and acetic acid recovery and increasing the
sugar concentration.

The feed (stream 1) is the hydrolysate. The sugar concentration is increased in the

evaporator E1 that operates at 20.0 kPa to avoid thermal degradation of the sugar.

The sugar-rich liquid stream is separated by stream 2. The gas stream (stream 3) is

directly fed to the bottom of the rectifying column C1 to recover acetic acid and furfural

by heteroazeotropic distillation. The column C1 also works at 20.0 kPa to avoid gas

compression. The heteroazeotrope in the system water and furfural is almost reached

at the top of column C1 (stream 5). Stream 5 is condensed in the decanter D1. The

water-rich phase is the re�ux of column C1 (stream 6), the furfural-rich phase is the

product (stream 7). The liquid phase at the bottom of the column C1 is a diluted
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aqueous mixture of acetic acid (stream 4).

In the following, the proposed work�ow of the present work is used again to run the

process simulation of the wood hydrolysate process (cf. Figure 15):

Step I.

The gE-model NRTL [9] is used as the base model for the speci�ed subsystem comprised

of water, furfural, and acetic acid. The perturbation scheme covers the in�uence of the

unknown part on the speci�ed components. The required values for the NRTL model

parameters are obtained from Galeotti et al. [86] and are given in Appendix B.

Step II.

The column C1 and the decander D1 (cf. Figure 21) were set up in the simulator Aspen

Plus [87]. To implement the perturbation scheme the calculation of the activity in the

evaporator E1 must be adjusted. Since we did not have the possibility to adjust the

calculation in Aspen Plus, we had to use a workaround. We set up the evaporator

E1 - the part of the process simulation that includes the poorly speci�ed mixture - in

Matlab [78]. So the VLE in the evaporator E1 and the respective mass �ows of stream 2

and stream 3 were calculated in Matlab. The obtained results were then transferred

to Aspen Plus using a COM (Component Object Model) server and the actxserver

function of Matlab. The VLE of the poorly speci�ed wood hydrolysate comprised of

water, furfural, acetic acid, and the unknown part in the evaporator E1 is schematically

shown in Figure 22.

W      AA      F      u

W      AA      F

AA + AA              (AA)2

KD

liquid

vapor

Figure 22: Scheme of the VLE of the system water (W), furfural (F), acetic acid (AA),
and the unknown part (u). The dimerization of acetic acid is considered
only in the vapor phase.

Analogous to the work of Galeotti et al. [88], it is assumed that acetic acid forms dimers

only in the vapor phase and that the dimerization reaction is an equilibrium reaction
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with the thermodynamic equilibrium constant KD [89]. The dimerization of acetic acid

in the vapor phase is described by the chemical theory [90, 91]. Detailed information on

the chemical theory is given in Appendix B. The extended Raoult's law (cf. Eq. (52))

is used to calculate the VLE (Assumption: Poynting correction is negligible).

ak =
ykp

psk
k = {water, acetic acid, furfural} (58)

Where ak is the activity of the speci�ed component k in the liquid phase, yk is the mole

fraction in the vapor phase, p is the pressure, and psk is the vapor pressure. The pressure

p is here 20.0 kPa. The vapor pressure psk is calculated using the Antoine equation.

The vapor pressure of acetic acid has to modi�ed because of the chemical theory, cf.

Appendix B. The Antoine equation and the corresponding parameters are given in

Appendix B. The perturbation scheme (cf. Eq. (7)) is used to model the activities ak of

the speci�ed components. The unknown part remains solely in the liquid phase of the

evaporator E1, so only mixtures comprised of speci�ed components are passed to Aspen

Plus to calculate the column C1 and the decanter D1.

To validate the results obtained from the process simulation with the perturbation

scheme, the complete process using the fully speci�ed mixture with the NRTL parame-

ters obtained from Galeotti et al. [85] was simulated in Aspen Plus. Twice the number

of NRTL model parameters is required to model the quaternary model mixture repre-

senting the wood hydrolysate with the fully speci�ed NRTL model, compared to the

NRTL model parameters required by the perturbation scheme for the same system.

Step III.

Here, three interaction parameters of the perturbation term are required (Awater,u,

Afurfural,u, Aacetic acid,u). The average molar mass of the unknown part M̄u is set to

the �xed value 50 g/mol since the speci�ed subsystem is an aqueous system. Since only

very few experimental data are available for the complete system water, furfural, acetic

acid, and the unknown part, the experimental phase equilibrium data of two subsystems

are studied. First, experimental data of the VLE of the system water, acetic acid, and

the unknown part u (here: xylose) from Galeotti et al. [88] are used to determine the

two interaction parameters Awater,u and Aacetic acid,u. The experimental data points give

the vapor-liquid partition coe�cients Pk,u−free of the speci�ed components acetic acid

and water. The vapor-liquid partition coe�cients Kk,u−free are de�ned as:

Pk,u−free =
wvapor

k

wk,u−free

k = {water, acetic acid} . (59)

Where wvapor
k is the mass fraction of the speci�ed component k in the vapor phase
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and wk,u−free is the mass fraction of the speci�ed component k in the u-free liquid phase.

Figure 23 shows the experimental data points obtained from Galeotti et al. [88], the two

data points used to �t the two interaction parameters (indicated by the �lled symbols),

and the results obtained from the perturbation scheme for the VLE of water, acetic

acid, and the unknown part.

Figure 23: Vapor-liquid partition coe�cients of acetic acid and water in the VLE acetic
acid, water, and the unknown part with di�erent mass fractions of the
unknown part: wu = 0 g/g ( ○ ), wu = 0.05 g/g (- -△- -), wu = 0.10 g/g
(-⋅◻-⋅,-⋅∎-⋅), wu = 0.20 g/g (⋅⋅◊⋅⋅). Symbols: Experimental data points [88];
Filled symbols: Used for �t; Lines: Perturbation scheme with Aacetic acid,u =

24.46 kJ/mol and Awater,u = 18.06 kJ/mol.

When comparing the results obtained from the perturbation scheme shown in Figure 23

with the results obtained from the NRTL model of the fully speci�ed mixture (unknown

part u = xylose) from Galeotti et al. [88] shown in Figure 24, a clear di�erence between

the two models can be observed.

The perturbation scheme describes the experimental data points very well, especially

when the mass fraction of acetic acid is higher than 0.2 g/g. Whereas, for high mass

fractions of the unknown part, deviations between the experimental data points and the

NRTL model of the fully speci�ed mixture can be observed. When using the NRTL

model for the fully speci�ed mixture two interaction parameters are required for the

interactions between acetic acid + water, acetic acid + xylose, and water + xylose,

respectively. Galeotti et al. [88] used binary experimental data (acetic acid + water) to

�t the two NRTL interaction parameters for acetic acid + water. Further, Galeotti et

al. [88] set the NRTL interaction parameters for acetic acid + xylose to zero since the
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Figure 24: Vapor-liquid partition coe�cients of acetic acid and water in the VLE acetic
acid, water, and the unknown part with di�erent mass fractions of the
unknown part: wu = 0 g/g ( ○ ), wu = 0.05 g/g (- -△- -), wu = 0.10 g/g
(-⋅◻-⋅,-⋅∎-⋅), wu = 0.20 g/g (⋅⋅◊⋅⋅). Symbols: Experimental data points [88];
Lines: NRTL model of the fully speci�ed mixture.

activity coe�cient of water in the binary systems with sugars are assumed to be close

to unity. The two NRTL interaction parameters for acetic acid + xylose was �tted to

the shown ternary experimental data. It seems that these two model parameters can

not in�uence the result of the model in the same way as the interaction parameters of

the perturbation scheme. Further, the restriction that no interaction between water and

the unknown part occurs is not made for the perturbation scheme.

Secondly, experimental data of the liquid-liquid equilibrium (LLE) of the system water,

furfural, and the unknown part obtained from Galeotti et al. [86] are used to determine

the remaining interaction parameter Afurfural,u. To calculate the LLE the isoactivity

criteria must be ful�lled:

a′k = a
′′
k = x

′
kγ
′
k = x

′′
kγ
′′
k , (60)

where a′k is the activity of the speci�ed component k in the liquid phase ′ and a′′k
is the activity of the speci�ed component k in the liquid phase ′′. Figure 25 shows

experimental data points obtained from Galeotti et al. [86] and the results obtained

from the perturbation scheme for the LLE of furfural, water, and unknown part.

The solid lines link the experimental data points obtained from Galeotti et al. [86]

indicated by symbols. The dashed lines link the symbols obtained from the perturbation

scheme. Only experimental data points, which where measured at 298.15 K and were no
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Figure 25: LLE of furfural, water, and unknown part. ○: Initial composition for ex-
perimental data points [86]; ◻ ◻: Experimental data points LLE [86];
△−−△: Perturbation scheme with Awater,u = 18.06 kJ/mol and Afurfural,u =

28.88 kJ/mol.

unknown part was present in the furfural-rich liquid phase, were used. All shown data

points were used to �t the remaining interaction parameter Afurfural,u. The numerical

value for the interaction parameter Awater,u was used from the �t before. For the LLE,

the perturbation scheme and the NRTL model of the fully speci�ed mixture (cf. Galeotti

et al. [86]) agree very well with the experimental data points.

Step IV.

In the �nal step, the process simulation of the wood hydrolysate process was run. In the

following, the mass fraction of the unknown part u in the feed (stream 1) was varied.

However, the composition of the speci�ed subsystem comprised of water, acetic acid,

and furfural was kept constant. Figure 26 shows how the mass �ows of the speci�ed

components water, acetic acid, and furfural and the mass �ow of the unknown part u

in the feed (stream 1) of the evaporator E1 change. The mass �ow of the complete feed

(stream 1) is always ṁ(1) = 2000 kg/h.

Figure 27 shows the result for the process simulation using the perturbation scheme and

using the fully speci�ed system for the four streams 2, 3, 4, and 7. The simulations using

the perturbation scheme and the fully speci�ed system only di�er in the calculation of
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Figure 26: Variation of the mass �ows ṁi
(1) of the speci�ed components (i = water,

acetic acid, and furfural) and the unknown part ṁu
(1) in the feed (stream 1)

of the evaporator. ◻ : water; △ : furfural; ○ : acetic
acid; ◊ : unknown part.

evaporator E1 since no unknown part is in stream 3 leading to the column C1. Hence,

no unknown part is in stream 4 and stream 7.

The result obtained from the simulation with the perturbation scheme and the sim-

ulation with the fully speci�ed system is very similar for the components acetic acid,

furfural, and the unknown part. However, solely for the component water, a di�erence

between the two simulations occurs in the streams 2, 3, and 4. The di�erence result

from the di�erent calculations of the vapor-liquid phase equilibrium in the evapora-

tor E1. This di�erence is not surprising. The model parameters of both approaches

- perturbation scheme and fully speci�ed NRTL model [85] - for calculating the VLE

in the evaporator were �tted to experimental data of the VLE acetic acid, water, and

the unknown part [88] and the LLE data of water, furfural, and the unknown part [86].

Comparing the results of the �ts already shows di�erent agreement of the experimental

data with the models.
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Figure 27: Mass �ows of the speci�ed components (i = water, acetic acid, and fur-
fural) and the unknown part (u) in the di�erent streams 2, 3, 4, and 7
(cf. Figure 21). Symbols: Perturbation scheme (◻ : water; △ : furfural;
○ : acetic acid; ◊ : unknown part); Lines: fully speci�ed NRTL model [85]
( : water; − ⋅ −⋅ : furfural; ⋅ ⋅ ⋅ : acetic acid; − − − : unknown part).
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4.4 Conclusion

A general work�ow is presented how to handle poorly speci�ed mixtures in process

simulations. The work�ow is combined with the perturbation scheme of the present

work and is applied to three example processes. The process simulations obtained at

the end of the work�ow worked well for all studied problems.

The studied crystallization process of lactose shows that only a few easy-to-measure

experimental data points are required to apply the perturbation scheme to the process

simulation. Furthermore, it is shown that an extrapolation of the process simulation

with the perturbation scheme regarding the temperature is possible here. Also, a varia-

tion of the mass �ow of the unknown part is unproblematic for the process simulation.

The simulation of the residue curve of acetone and methanol in a poorly speci�ed mix-

ture shows that the perturbation scheme can capture the shift or disappearance of an

azeotropic point caused by unknown components in process simulation. Moreover, the

studied wood hydrolysate process shows that it is even possible to �t the model param-

eters of the perturbation scheme to subsystems that are not comprised of all speci�ed

components of the poorly speci�ed mixture. This indicates that the perturbation scheme

can also cover a variation of the composition of the speci�ed components. So it is pos-

sible that the composition of the speci�ed components of the experimental data used to

�t the model parameters of the perturbation scheme is the same as used in the process

simulation.

All in all, the proposed work�ow combined with the perturbation scheme does have

the advantage that only a simple modi�cation in the calculation of the thermodynamic

properties of the speci�ed components of an existing process simulation would be nec-

essary to cover the in�uence of the unknown part of a poorly speci�ed mixture. The

modi�cation only a�ects the calculation of the speci�ed components if an unknown part

is present. Further advantages are that only a small number of easy-to-measure expe-

rimental data are needed to determine the required model parameters. However, the

obtained process simulations only provide information regarding the speci�ed compo-

nents of the poorly speci�ed mixture. Simulation and modeling of parameters where

detailed data of all components are required (e.g. heat demand) can consequently not

be calculated with the process simulations shown here.
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5 Measurement and Modeling of the

Solubility of α-Lactose

5.1 Introduction

Aqueous sugar solutions that contain additional organic components, electrolytes, or

even both frequently appear in the food, chemical, and pharmaceutical industries [70,

92]. These additional components can have a crucial in�uence on the thermodynamic

behavior of the solutions, e.g. the sugar solubility, and can thus have a signi�cant impact

on processes. Furthermore, reliable experimental data and thermodynamic models are

necessary for process design or optimization.

There are already several publications for general solubility data of sugars in water

or mixed water-alcohol solvents, e.g. [93�97], several publications for the solubility of

sugars in aqueous electrolyte or ionic liquids solutions, e.g. [98�100], and a few for the

solubility of sugars in mixed organic-electrolyte solvents, e.g. [101]. α-lactose - the sugar

of main interest in the present chapter - appears within systems containing alcohols

[70] and electrolytes [92] in the food and pharmaceutical industries. For subsystems,

some experimental data on the solubility of α-lactose are available in the literature.

Hudson [102] reports the solubility of α-lactose in pure water in the temperature range

0 ○C to 89 ○C. The solubility of α-lactose in binary mixtures of water and the anti-

solvent ethanol or other alcohols is reported by Machado et al. [70] and by Majd and

Nickerson [103]. The solubility of α-lactose in other aqueous mixtures, in whole milk

or aqueous sucrose solutions, is reported by Hunziker and Nissen [104]. Regarding the

solubility of α-lactose in aqueous electrolyte solutions, Bhargava and Jelen [105] report

values for the solubility of α-lactose in di�erent aqueous salt solutions (K2HPO4, CaCl2,

Ca lactate, MgSO4, and LiCl) and whey ultra�ltration permeate solutions at 30 ○C.

Choscz et al. [92] measured the α-lactose solubility in di�erent single salt solutions and,

additionally, in a milk-salt model and a whey permeate model, which comprise several

di�erent electrolytes, respectively, at temperatures from 20 ○C to 50 ○C. Herrington

[106] measured the solubility of lactose in CaCl2 and Ca (NO2)2 salt solutions at 32
○C.
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Jensen et al. [107] report the solubility of lactose in several salt solutions, mainly

sodium, calcium, and magnesium salts at 35 ○C. Smart and Smith [108] also measured

the solubility of lactose in phosphate and sulfate salt solutions, in solutions with two

salts, as well as in solutions with lactic acid and lactate at 35 ○C. In the present work,

the data basis is extended, and solubility data of α-lactose are reported for solutions of

water-ethanol-NaCl and water-ethanol-CaCl2 at 298.15 K. To our knowledge there are,

so far, no experimental data on the solubility of α-lactose in solutions of water-ethanol-

NaCl and water-ethanol-CaCl2 in the literature.

Thermodynamic models used to describe or predict the solubility of sugars in aqueous

solvents or mixed organic solvents are either gE-models, e.g. NRTL [9] or UNIQUAC

[10], or equations of state, e.g. PC-SAFT [73, 98, 109, 110]. If the solvent comprises

electrolytes, then modi�cations of these thermodynamic base models, i.e. the non-

electrolyte models, are necessary. Common approaches for mixed organic-electrolyte

solutions are e.g. electrolyte NRTL [111, 112], UNIQUAC extended with a Debye-Hückel

term (UNIQUAC-DH)[65] or ePC-SAFT [92, 113].

Here, the solubility data are correlated in two ways. On the one hand, the UNIQUAC-

DH model proposed by Sander et al. [65] is used. The required model and interaction

parameters for the subsystems water-ethanol-NaCl/CaCl2 are already available in the

literature. Nevertheless, the model still has many unknown interaction parameters when

lactose is added to the system. These parameters were �tted to the experimental data

of the present work. On the other hand, the usual non-electrolyte UNIQUAC model is

combined with the general perturbation scheme of the present work, called UNIQUAC-

PS, in the following. Actually, this perturbation scheme was developed for modeling

poorly speci�ed mixtures [114], but it can also be applied to fully speci�ed mixtures.

The idea of the perturbation scheme is to use an already well-known thermodynamic

model for a speci�ed subsystem as described in the chapters before. Here, the speci�ed

subsystem comprises all components except the electrolytes. The perturbation term

covers the in�uence of the remaining part of the mixture (here: the electrolytes) on the

thermodynamic behavior of the components of the speci�ed subsystem. The idea of

adding a perturbation term to a thermodynamic model is not new and has led to a large

number of models, including the UNIQUAC-DH mentioned before. The UNIQUAC-PS

approach is interesting because the applied perturbation term is general and can be

applied to any type of thermodynamic model of the liquid phase [114]. Further, it has

a small number of parameters.

Here, it is shown that both UNIQUAC-DH and UNIQUAC-PS can be successfully used

to model the solubility of α-lactose in mixed organic-electrolyte solvents. The advantages

62



5 Measurement and Modeling of the Solubility of α-Lactose

and disadvantages of both approaches are discussed at the end of this chapter.

5.2 Experimental Work

5.2.1 Chemicals

α-lactose monohydrate Ph.Eur. (C12H22O11 ⋅H2O, lactose) was acquired from Carl Roth

and ethanol ≥ 99.2 vol% (C2H5OH, ethanol) from ChemSolute. Sodium chloride ≥

99.5 wt% (NaCl) and calcium chloride dihydrate ≥ 99.0 wt% (CaCl2 ⋅ 2H2O) were pur-

chased from Merck. Table 7 gives an overview of the chemicals used in the present work.

Ultra-pure water was produced with an ELGA PURELAB Classic apparatus.

Table 7: Overview of the chemicals, the respective suppliers and purities of the chem-
icals used in this work.

Chemical name Supplier Puritya

α-lactose monohydrate (C12H22O11 ⋅H2O) Carl Roth 99.0 wt%

ethanol (C2H5OH) ChemSolute 99.2 vol%

sodium chloride (NaCl) Merck 99.5 wt%

calcium chloride dihydrate (CaCl2 ⋅ 2H2O) Merck 99.0 wt%
a Supplier speci�cation

5.2.2 Apparatus and Procedure

The solubility of lactose was measured in water-ethanol, water-ethanol-NaCl, and water-

ethanol-CaCl2 mixtures. For the water-ethanol system, �ve mixtures with di�erent

water/ethanol mass ratios were prepared in 100 ml Erlenmeyer �asks using an analytical

balance (Sartorius ENTRIS244I-1S). The volume of the mixtures in the Erlenmeyer

�ask was always about 20 ml. For both the water-ethanol-NaCl and the water-ethanol-

CaCl2 system, three stock solutions comprising water and the respective salt in three

di�erent concentrations were prepared �rst. Afterwards, all six stock solutions were

mixed in six dilution series with ethanol analogous to the procedure for the system

water-ethanol. Each dilution series was carried out three times. A total of 105 �asks

were obtained by this procedure for the 35 data points (cf. Table 12). To each �ask,

lactose was added in excess to yield a suspension. Added amounts are quanti�ed in more

detail in Appendix C. The �asks were placed in a tempered water bath at 298.15 K

at atmospheric pressure for equilibration for at least three days. Prior tests showed
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that three days are su�cient to reach equilibrium. The lactose concentration in the

liquid phase was measured over several days and did not signi�cantly change anymore

after two days. This is in line with an equilibration time of two days reported by

Machado et al. [70] in water-ethanol sytems. The temperature was measured with a

calibrated Pt100 thermometer connected to a digital multimeter (Keithley DAQ6510).

Each suspension was constantly stirred during the whole equilibration using a multi-

position magnetic stirrer. During the sample preparation and during equilibration, the

�asks were sealed tightly to avoid evaporation of water or ethanol. Figure 28 shows a

schematic representation of the experimental apparatus.

1

2

3

Figure 28: Schematic �gure of the experimental apparatus. 1 - Erlenmeyer �ask /
equilibrium cell; 2 - Multi-position magnetic stirrer; 3 - water at constant
temperature.

After equilibration, a sample was taken from the suspension in each �ask with a sy-

ringe. The samples in the syringe were immediately �ltrated using a disposal syringe

�lter (Macherey-Nagel CHROMAFIL® Xtra RC-10/25). Prior to use, the syringes and

syringe �lters were thermostatted to 298.15 K. The samples were gravimetrically diluted

(dilution factor approximately 5) with ultra-pure water using the analytical balance and

analyzed by High Performance Liquid Chromatography (HPLC; Detector: Refractive

Index Detector Shimadzu RID-10A, Column: Phenomenex Rezex ROA-Organic Acid

H+ (8%) 300 x 7.8 nm, Eluent: 0.245 g/L sulphuric acid Supra-quality 95% (H2SO4)

Carl Roth) for lactose. The analysis was calibrated and tested using samples of known

composition. The relative standard uncertainty ur(wlactose) of the analysis is estimated

to be less than 0.019 in the studied concentration range. The solubilities were deter-

mined as the mean of three samples. The standard deviation s of the solubility of lactose

is calculated with:

s =

√

∑
3
n=1(wlactose,n − w̄lactose)

2

2
, (61)

where w̄lactose is the mean lactose solubility. The ratio of the standard deviation and
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the mean was always less than 2.07 %. The mass fractions of water, ethanol and the

salts were determined as the mean of the three samples from the weight measured at

the preparation of the stock solutions. The weight of water includes the water from

the dissolved lactose, as lactose monohydrate was dissolved. The ratio of the standard

deviation and the mean of the mass fractions was here always less than 0.62 %.

Hydrates were used for sample preparation. Upon solution, these hydrates release water,

which has been considered explicitly in the calibration of the HPLC and the composi-

tions of the stock solutions containing CaCl2. In the liquid phase at equilibrium, lactose

is likely to be present in several forms depending on temperature and solvent compo-

sition, e.g, some of the α-lactose might have converted into β-lactose [70]. We do not

di�erentiate between these forms and report the overall, e�ective solubility. The solid

phase was not analyzed.

5.3 Modeling

5.3.1 Phase Equilibrium and Activity Coe�cient

Here, activity-based models are used to describe the solubility of lactose. The activity ak

of a non-electrolyte component k is normalized with respect to the pure liquid according

to Raoult (cf. Eq. (2)). Following Machado et al. [70] and Held et al. [73], we assumed

that the solid in the solid-liquid equilibrium is pure lactose. The di�erence of the heat

capacities of lactose in the solid and liquid state was neglected, leading to the following

phase equilibrium condition (see [72] for the derivation).

ln(xlactoseγlactose) = −
∆hf

lactose

RT f
lactose

(
T f
lactose

T
− 1) (62)

Therein, ∆hf
lactose is the enthalpy of fusion of lactose and T f

lactose is the melting tempera-

ture of lactose. The values used for ∆hf
lactose = 66416.39 J/mol and T f

lactose = 498.027 K

were obtained from Held et al. [73] who have �tted former on to experimental solubility

data of lactose at 298.15 K in water. While other sources, e.g. Machado et al. [70], are

available, we chose the values from Held et al. [73] since they gave the best modeling

results.

The concentrations of the salts were chosen well below their respective solubility in the

water-ethanol system. Thus, we assumed that the salts neither precipitate not form

peritectic compounds with the lactose.
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To calculate the activity coe�cient of lactose needed in Eq. (62) di�erent models can

be used. Here, the activity models are based on the UNIQUAC model proposed by

Abrams and Prausnitz [10]. There, the equation to calculate the activity coe�cient γk
of a component k consists of a combinatorial term γC

k and a residual term γR
k (cf. Sec-

tion 2.3). The UNIQUAC model is designed for organic or aqueous-organic mixtures.

To cope with electrolytes, the UNIQUAC model must be modi�ed. In the following, two

approaches (UNIQUAC-DH and UNIQUAC-PS) for extending the UNIQUAC model to

aqueous-organic-electrolyte mixtures are described. Later, both approaches are used for

modeling the experimental data of the present, which also reveals the advantages and

disadvantages of the two approaches.

5.3.2 UNIQUAC-Debye-Hückel (DH) Model

In the UNIQUAC-DH model proposed by Sander et al. [65] for organic-electrolyte

mixtures, two main modi�cations are made to the UNIQUAC model. First, Eq. (46)

for the residual term γR
k is modi�ed as follows:

lnγR
k = qk (1 − ln(∑

n

θnΨnk) −∑
l

θlΨkl

∑n θnΨnl

)

−
2qk
T
∑
i

∑
m

θ2i θm∑
j≠i

δij,mθj ⋅ (
Ψmi

∑n θnΨni

+
Ψim

∑n θnΨnm

) .

(63)

For the interaction parameters uim between the ion i and the solvent m, an addition

concentration dependency is introduced:

uim = u
∗
im + θi∑

j≠i

δij,mθj (64)

and

umi = u
∗
mi + θi∑

j≠i

δij,mθj, (65)

where u∗im and u∗mi are reference interaction parameters. The parameter δij,m is an

additional parameter that describes interactions between the ions i and j and the solvent

m. It is assumed that δij,m = δji,m. The summation is over all ionic species, except i.

Second, an additional Debye-Hückel term γDH
k is added to Eq. (42):

lnγk = lnγ
C
k + lnγ

R
k + lnγ

DH
k . (66)
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The Debye-Hückel term is as follows:

lnγDH
i =

Mi

B0

2Am

bm
3 (1 + bm

√
Im −

1

1 + bm
√
Im
− 2 ln (1 + bm

√
Im)) (67)

where Mi is the molar mass of ion i. The parameters A and b are set to the �xed values

Am = 2.0 and bm = 1.5 as suggested by Sander et al. [65]. The ionic strength Im is

calculated by

Im =
1

2
∑
i

bi
b0
z2i , (68)

where bi is the molality of the ion i and zi is the charge number of the ion i. The

constants b0 and B0 are de�ned as 1 mol kg−1 and 1 kg mol−1, respectively. For salt-free

mixture the Debye-Hückel term disappears and the model proposed by Sander et al.

[65] reduces to the usual UNIQUAC equation proposed by Abrams and Prausnitz [10].

5.3.3 UNIQUAC-Perturbation Scheme (PS) Model

The second model used here to calculate the solubility of lactose is based on the per-

turbation scheme where a poorly speci�ed mixture is hypothetically divided into two

parts as described in Chapter 2: the speci�ed subsystem, comprised of all speci�ed and

known components, and the remaining unknown part of the mixture. Here, this idea is

transfered to the studied systems of this chapter. Although there are no truly unknown

components in the studied systems, the mixtures can be regarded as consisting of two

parts: water, ethanol and lactose comprise the speci�ed subsystem, and the electrolyte

(either NaCl or CaCl2) is regarded as the unknown part. Separating the components

in these two categories allows to treat the speci�ed subsystem with the standard UNI-

QUAC model, while describing the in�uence of the electrolyte via the perturbation

scheme (PS). Hence, in this way, the perturbation scheme constitutes a simple possibil-

ity for extending UNIQUAC to electrolytes. The activity coe�cients and mole fractions

in the speci�ed subsystem are perturbed to cover the in�uence of the electrolyte part

and to yield their respective counterpart in the complete mixture. The structure and the

terms of the perturbation scheme are the same as described in Chapter 2. All symbols

which refer to properties of the conceptually isolated speci�ed subsystem are denoted

with a tilde (∼) over the symbol in the following. For the mole fraction of the component

k of the speci�ed subsystem, it holds

xk = x̃k ⋅ x
p
k = x̃k ⋅ (1 − xe) , (69)
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where xp
k is the colligative perturbation term of the mole fraction of component k, xe is

the cumulative mole fraction of all electrolyte components of the complete mixture.

The activity coe�cient is perturbed in similar way. For a non-electrolyte component k

of the speci�ed subsystem the equation for the activity coe�cient γk is (cf. Eq. (7)):

γk = γ̃k ⋅ γ
p
k . (70)

The activity coe�cient γ̃k for the non-electrolyte component k of the speci�ed subsystem

is obtained directly from the usual UNIQUAC model using the mole fractions within

the subsystem x̃. The perturbation term γp
k has to capture the molecular interactions

introduced by the electrolyte components. We use the term derived in Chapter 2.2:

lnγp
k = ln γ̃k (

(1 − xe)
2(1 − xk)

1 − xe − xk

− 1) +
xe

RT
(Ake −

Ns

∑
i=1

Aiexi) , (71)

where Ake is the binary interaction parameter of the non-electrolyte component k with

the electrolyte part e. There is one interaction parameter for every component of the

speci�ed subsystem. These interaction parameters are �tted to experimental data of

the complete mixture. The term lnγp
k disappears for negligible mole fractions of the

electrolyte part, i.e. γp
k → 1 for xe → 0.

5.3.4 Parameter Estimation

The geometric parameters for the volume rk and the surface-area qk are the same for both

models of the non-electrolyte components. For the UNIQUAC-DH model, geometric

parameters for all components are needed, whereas for the UNIQUAC-PS model no

additional geometric parameters for the electrolyte components are needed. As Achard

et al. [115] report, solvation e�ects might lead to non-constant geometric parameters for

aqueous electrolyte systems. However, we opted to keep the model simple with constant

geometric parameters that can be adopted from the literature. Possible deviations

caused by solvation e�ects are e�ectively captured by the interaction parameters in the

�tting procedure. The numerical values of all geometric parameters were taken from

the literature [65, 70] and are given in Table 8.

Also the binary interaction parameters ukl of the UNIQUAC model or reference inter-

action parameters u∗im of UNIQUAC-DH model are needed. Table 9 gives the numerical

values of all interaction parameters used here. The numerical values were partly taken

from the literature and partly determined by �tting to experimental data of the present
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Table 8: Surface-area parameter qk and volume parameter rk parameters of the UNI-
QUAC model for the components lactose, water, ethanol, Na+, Ca2+, and
Cl−. The gray marked parameters are used in both models, the remaining
parameters only in the UNIQUAC-DH model.

Component k qk rk Ref.

lactose 12.2280 12.5265 [70]

water 1.400 0.9200 [65]

ethanol 1.9720 2.1055 [65]

Na+ 3.0 3.0 [65]

Ca2+ 1.0 1.0 [65]

Cl− 0.9917 0.9861 [65]

Table 9: Binary interaction parameters ukl / K and binary reference interaction param-
eter u∗im / K of the UNIQUAC-DH model and the UNIQUAC-PS model. The
gray marked parameters are used in both models, the remaining parameters
only in the UNIQUAC-DH model.

Component l

Component k lactose water ethanol Na+ Ca2+ Cl−

lactose 0 −319.111a 2433.249a −314.501a −1428.630a −639.282a

water 493.914a 0 162.4b 330.6b −956.9b −190.2b

ethanol 101.936a −14.5b 0 116.9b −386.8b 374.8b

Na+ 378.022a −209.4b 86.0b 0 − 76.2b

Ca2+ −583.336a −593.7b 735.9b − 0 0b

Cl− −24.811a −524.9b 901.2b −11.2b 0b 0

Ref.: a: present work, b: [65]

work (cf. Table 12) and from the literature [65].

The interaction parameters for the non-electrolyte components are the same for the

UNIQUAC-DH and the UNIQUAC-PS model and are marked gray. The remaining in-

teraction parameters for the electrolyte components are needed only in the UNIQUAC-

DH model. The interaction parameters for lactose were not available in the literature

and were thus �tted to experimental data from the literature and to experimental data

of the present work. First, the interaction parameters uwater,lactose and ulactose,water were

determined by using experimental literature data and own experimental data of the sol-

ubility of lactose in pure water at several temperatures [70, 102]. The data points used

for the �t are shown in Appendix C. Second, the interaction parameters uethanol,lactose
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and ulactose,ethanol were determined using own experimental data of the solubility of lac-

tose in mixed water-ethanol solvents. The data points used for this �t are also shown

in Appendix C. In the �ts, the solvent's composition and the temperature were spec-

i�ed while the estimated parameters were varied to minimize the sum of least square

deviations in the experimental vs. calculated solubilities. Figure 30 and Figure 31 in

Appendix C show that the results from the UNIQUAC model agree very well with the

experimental data for the solubility of lactose in pure water at di�erent temperatures

and in mixed water-ethanol solvents [70, 102]. Lastly, the six reference interaction pa-

rameters of lactose and the three ions Na+, Ca2+, and Cl− that are necessary for the

UNIQUAC-DH model, were determined by using the experimental data for the solubil-

ity of lactose in mixed organic-electrolyte solvents of the present work (cf. Table 12).

In all cases, the deviation between the experimental solubility of lactose and the one

obtained from the model was minimized with a nonlinear least-square solver.

UNIQUAC-DH additionally requires the parameters δij,m. The parameters were taken

from Sander et al. for water, ethanol, and the electrolytes Na+, Ca2+, and Cl− [65].

The respective parameters δij,lactose for lactose were assumed to be 0. Table 10 gives the

numerical values of the parameters δij,m.

Table 10: Parameter δij,m / K (δij,m = δji,m) of the UNIQUAC-DH model [65].

m: water m: ethanol

i j: Cl− j: Cl−

Na+ 185 63557

Ca2+ 10946 1163

For the UNIQUAC-PS model, the additional interaction parameters Ake were deter-

mined by using the experimental data for the solubility of lactose in mixed organic-

electrolyte solvents of the present work (cf. Table 12). The numerical values of all

interaction parameters Ake are given in Table 11.

Table 11: Interaction parameters Ake of the UNIQUAC-PS model.

k AkNaCl / kJ mol−1 AkCaCl2 / kJ mol−1

lactose −190.147 −206.803

water −191.070 −205.809

ethanol 22.880 −35.557

70



5 Measurement and Modeling of the Solubility of α-Lactose

5.4 Results and Discussion

The experimental results of the lactose solubility are given in Table 12. Therein, the

mass fractions of ethanol and the salts are given in a reduced form, i.e. if all other

components but water are removed:

ŵi =
wi

wi +wwater

, (72)

wherein wi denotes the mass fraction of component i in the liquid phase. Since lactose

monohydrate was used in the preparation of the experiments, the reported composition

of the liquid phase includes the mass of water stemming from the dissolved monohydrate.

It cannot be ruled out that the excess solid also loses water into the liquid solution.

However, even in the worst case assuming all water is released from the solid excess, the

reported values of ŵethanol and ŵsalt in Table 12 would never change by more than 0.85%

(relative to the reported value).

As shown in Appendix C, the solubility data of lactose in water-ethanol mixtures ob-

tained in the present work agree well with literature data [70, 102]. The solubility of

lactose decreases with an increase of the ethanol mass fraction in all cases.

Figure 29 shows the experimental results as well as the results from the UNIQUAC-DH

model and the UNIQUAC-PS model. In the top panel the mixed organic-electrolyte

solvent comprises water, ethanol, and NaCl. In the bottom panel the solvent comprises

water, ethanol, and CaCl2. Because the di�erences in the experimental points are barely

discernible when plotted on an absolute scale, the solubility of lactose obtained from the

models is plotted normalized to the solubility of lactose in the respective electrolyte-free

subsystem (water-ethanol) as calculated by the UNIQUAC model. The experimental

data points are also normalized to the respective data point in the salt-free water-ethanol

system. The dotted lines indicate the results obtained from the UNIQUAC-DH model.

The dashed lines indicate the results obtained from the UNIQUAC-PS model. The use

of the normalized solubility emphasizes the in�uence of the salts on the solubility of

lactose in the water-ethanol-salt mixtures. Both NaCl and CaCl2 a�ect the solubility of

lactose. For low ethanol contents, the solubility of lactose decreases when salt is added.

By contrast, for high ethanol contents, the solubility of lactose increases when salt is

added. This e�ect is stronger in the system with NaCl compared to the system with

CaCl2. The reduction of solubility at low ethanol contents (or in pure water) can be

explained as follows: the water needed for the solvation of ions is no longer available

for the solvation of lactose. We have no simple explanation for the increase of solubility

at high ethanol contents. The cause might be a complex interplay of di�erent types
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Table 12: Experimental data of α-lactose solubility in water-ethanol, water-ethanol-
NaCl and water-ethanol-CaCl2 mixtures at 298.15 K and 101.3 kPa a. wlactose

is the mass fraction of lactose in the liquid and s the standard deviation.
ŵi = wi/(wi +wwater).
100 ŵethanol 100 ŵNaCl 100 ŵCaCl2 100 wlactose 100 s

/ g g−1 / g g−1 / g g−1 / g g−1 / g g−1

0.00 18.00 0.012

9.81 13.22 0.046

19.00 8.76 0.071

29.89 5.32 0.103

39.76 3.18 0.041

0.00 2.44 17.18 0.058

9.91 2.45 12.89 0.151

19.45 2.45 8.82 0.061

29.91 2.46 5.70 0.063

39.74 2.46 3.58 0.031

0.00 4.80 16.82 0.033

10.02 4.81 12.99 0.125

19.36 4.82 9.38 0.054

29.84 4.83 6.26 0.070

39.82 4.84 4.07 0.039

0.00 9.30 16.21 0.059

10.10 9.31 13.35 0.138

19.60 9.33 10.30 0.054

30.41 9.34 7.40 0.028

40.24 9.35 5.08 0.050

0.00 2.45 17.02 0.103

9.96 2.45 12.60 0.055

19.13 2.46 8.64 0.082

29.90 2.46 5.36 0.061

39.65 2.47 3.33 0.040

0.00 4.83 16.81 0.060

9.96 4.84 12.57 0.060

19.25 4.85 8.79 0.041

30.00 4.86 5.63 0.038

39.80 4.86 3.57 0.047

0.00 9.39 16.39 0.170

10.18 9.41 12.76 0.120

19.68 9.42 9.26 0.053

30.52 9.44 6.15 0.064

40.69 9.45 3.97 0.082
a Standard uncertainties u are u(T ) = 0.20 K, and u(p) = 2 kPa and the relative standard

uncertainties ur are ur(wlactose) = 0.019, ur(ŵethanol) = 0.011, ur(ŵNaCl) = 0.011, and
ur(ŵCaCl2) = 0.019. The uncertainties are derived in detail in Appendix C.
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Figure 29: Experimental solubility data (symbols) and results of the models (lines)
for lactose at 298.15 K. The solubility wlactose of lactose obtained from
the experiments and from the models is normalized to its respective value
w
(xsalt→0)
lactose in the electrolyte-free system and is plotted over the mass frac-

tion of ethanol ŵethanol in the mixture if all other components but wa-
ter are removed (top panel: NaCl; bottom panel: CaCl2). The di�erent
types of symbols indicate di�erent mass fractions of the salts, the dotted
lines indicate the respective result from the UNIQUAC-DH model, and the
dashed lines the respective result from the UNIQUAC-PS model (top panel:
ŵNaCl = 0.00 g/g (○, ), ŵNaCl = 0.0245 g/g (◊, −−, ⋅ ⋅ ⋅), ŵNaCl = 0.0482 g/g
(◻, −−, ⋅ ⋅ ⋅), ŵNaCl = 0.0933 g/g (△, −−, ⋅ ⋅ ⋅); bottom panel: ŵCaCl2 = 0.00 g/g
(○, ), ŵCaCl2 = 0.0246 g/g (◊, −−, ⋅ ⋅ ⋅), ŵCaCl2 = 0.0485 g/g (◻, −−, ⋅ ⋅ ⋅),
ŵCaCl2 = 0.0943 g/g (△, −−, ⋅ ⋅ ⋅)).
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of molecular interactions. Molecular simulations could provide a means to explore this

behavior in detail and possibly provide an explanation.

In both cases, the UNIQUAC-DH and the UNIQUAC-PS model describe the deviation

in the solubility of lactose caused by the respective salt well. However, for high ethanol

amounts in the mixtures with salts the deviation between the experimental data and the

results from both models increase. This e�ect is very similar for the UNIQUAC-PS and

UNIQUAC-DH model for the system with NaCl and slightly stronger in the UNIQUAC-

DH model for the system with CaCl2. The deviation between the experimental data and

the results from both models for high ethanol amounts is not too surprising since the

agreement between the experimental data and the results from the usual UNIQUAC

model for the solubility of lactose in the water-ethanol-lactose system is also low for

hight ethanol amounts (cf. Appendix C).

To model the solubility of lactose in a water-ethanol-NaCl mixture, 33 (10 geometric /

20 interaction / 3 DH) model parameters are necessary for the UNIQUAC-DH model. If

the salt NaCl is replaced by the salt CaCl2 in this system, 13 (2 geometric / 8 interaction

/ 3 DH) model parameters must be replaced. To model the solubility of lactose in a

water-ethanol-NaCl mixture with the UNIQUAC-PS model, only 15 (6 geometric / 6

interaction / 3 PS) parameters are necessary and only 3 (0 geometric / 0 interaction /

3 PS) model parameters must be replaced if the salt is CaCl2 instead.

This demonstrates the signi�cantly smaller e�ort to set up the perturbation model

(UNIQUAC-PS). This is possible because of the empirical way the electrolytes are

treated: they are treated as non-speci�c components and not divided into ions. Us-

ing such an approach it is also straightforward to model unknown electrolytes, unknown

organic components or even unknown mixture parts consisting of several components.

The drawback of the approach is its limited extrapolation capability. This is discussed

in more detail using the following example: the vapor-liquid equilibrium in the sys-

tems water-ethanol-NaCl/CaCl2 can also be described using the UNIQUAC-DH or

UNIQUAC-PS models. That the UNIQUAC-DH model describes the vapor-liquid equi-

librium very well was already shown by Sander et al. [65]. The good agreement of the

UNIQUAC model with experimental data in the mentioned systems is not surprising

since these experimental data were used to determine the respective model parameters.

By contrast, the predictability by the UNIQUAC-PS model is poor. This is also not

surprising since no information of the vapor-liquid equilibrium is used to determine the

interaction parameters Ake.

Both models can be used in practice for the description of precipitation processes of

lactose and a corresponding process design and simulation. While the UNIQUAC-
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DH model is expected to have a better extrapolation behavior to other types of data

beyond the solubility (e.g., for evaporation of such mixtures), the UNIQUAC-PS model is

slightly more accurate and can be readjusted more easily, if more data become available.

5.5 Conclusion

Reliable experimental data and viable thermodynamic models that can predict the prop-

erties of sugar solutions play an important role in the industry. This work provides

experimental data of the solubility of α-lactose in solutions of water-ethanol-NaCl and

water-ethanol-CaCl2 at 298.15 K. For low ethanol contents, the salts decrease lactose sol-

ubility, whereas the salts increase lactose solubility for high ethanol contents. This e�ect

is stronger for NaCl compared to CaCl2. Two di�erent models (UNIQUAC extended by

a Debye-Hückel term (DH) and UNIQUAC extended by a perturbation scheme (PS)) are

successfully used to correlate the experimental data. On the one hand, the UNIQAC-DH

model has a larger number of model parameters, so it needs many data for parametriza-

tion and has some extrapolation abilities. On the other hand, the UNIQUAC-PS model

is a simpler model with signi�cantly fewer parameters. It has its strength when only a

small number of experimental data is available, or parts of the mixture are unknown.
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Poorly speci�ed liquid mixtures containing one or more speci�ed components besides

many unknown components, and liquid mixtures with complex composition regularly

appear in the process industry. Modeling and predicting the thermodynamic properties

of the components of main interest in such liquid mixtures is often challenging. However,

reliable thermodynamic models are a prerequisite for process design or optimization. In

the present work, several poorly speci�ed liquid mixtures and mixtures with a complex

composition were studied, and a novel approach for modeling the activity of the speci�ed

components of main interest was developed. The idea of this novel approach - called

perturbation scheme - is to divide a poorly speci�ed mixture hypothetically into two

parts: the speci�ed subsystem, comprised of all speci�ed and known components, and the

remaining unknown part of the mixture. The speci�ed subsystem can be modeled using

well-known models. The perturbation terms cover the in�uence of the unknown part on

the speci�ed components. The idea of the perturbation scheme can also be transferred to

fully speci�ed liquid mixtures with complex composition, e.g. liquid mixtures comprised

of organic and electrolyte components can be divided into two parts: a) all organic

components, b) all electrolyte components. Separating the components in these two

categories allows treating the part with all organic components with a standard activity

model while describing the in�uence of the electrolyte via the perturbation scheme.

One general aspect of the perturbation scheme that should be kept in mind is that the

applicability relies on the prerequisite that the composition and constitution (e.g. state

of complexation, degree of dissociation) of the unknown part does not change during

application. This prerequisite involves that the unknown part remains as a whole in

the one liquid phase of interest. Most likely, this leads to signi�cant limitations when

liquid-liquid equilibria or vapor-liquid equilibria with volatile unknown components are

studied. When studying solid-liquid equilibria, e.g. in crystallization or precipitation of

a speci�ed component, these constraints on the unknown part might, however, be well

met.

However, under this restriction, the perturbation scheme shows very promising results.

The perturbation scheme takes good thermodynamic models of the subsystem of speci-

�ed components, which are often available, and applies a perturbation term to consider
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the impact of the unknown part of the mixture on the speci�ed components. The per-

turbation scheme can be combined with di�erent thermodynamic models. Thus it has

high �exibility. This �exibility was shown by combining it with di�erent gE-models for

non-electrolyte and aqueous-electrolyte systems. However, the suggested perturbation

terms can also be combined with equations of state. The perturbation scheme has only

a few parameters that must be �tted to experimental data. The parameters are the

average molar mass of the unknown part and one interaction parameter for each speci-

�ed component with the unknown part. However, the results of the present work show

that the average molar mass of the unknown part is not system-speci�c for aqueous

systems. The value 50 g/mol showed promising results for all considered aqueous ex-

ample systems. The interaction parameters must be �tted to few experimental data

for the speci�ed components' activities in the poorly speci�ed mixture. No analysis

of the unknown part is necessary. The approach was successfully applied to several

examples based on pseudo-experimental and real experimental data. Poorly speci�ed

organic mixtures, aqueous-organic mixtures as well as aqueous-electrolyte mixtures were

studied. When using the perturbation scheme, one obtains a model of the activities of

all speci�ed components within a poorly speci�ed mixture. As long as the composition

and constitution of the unknown part remain unchanged, this model can predict the

activities well, even if the composition of the speci�ed components changes or the un-

known components have a tremendous in�uence on the thermodynamic properties of the

mixture, such as the disappearance of azeotropes. The results further indicate that the

approach can predict the behavior of poorly speci�ed mixtures that result from mixing

two di�erent poorly speci�ed mixtures for which perturbation models are available.

In addition to modeling thermodynamic properties, the perturbation scheme can also be

used in process simulation. A general work�ow is presented to handle poorly speci�ed

liquid mixtures in process simulations. The work�ow is combined with the perturba-

tion scheme and applied to three example processes. Promising results were obtained

with these process simulations. The example processes show that extrapolation to other

conditions, e.g. change in temperature, pressure, or composition of the speci�ed compo-

nents, can be possible. Further, the chosen example processes show that the work�ow

combined with the perturbation scheme can be applied to di�erent processes or, rather,

phase equilibria. A crystallization process (solid-liquid equilibrium) and two evaporation

processes (vapor-liquid equilibrium) were studied.

Besides modeling poorly speci�ed mixtures, the perturbation scheme can also be used

to model liquid mixtures with complex compositions. Therefore, the approach is used

to model the solubility of lactose in aqueous-organic-electrolyte mixtures. The results

obtained from the perturbation scheme are compared with the results obtained from
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a common model for aqueous-organic-electrolyte mixtures. Reliable experimental data

and viable thermodynamic models that allow for new experimental data of the solubil-

ity of α-lactose in solutions of water-ethanol-NaCl and water-ethanol-CaCl2 at 298.15 K

were measured. For low ethanol contents, the salts decrease lactose solubility, whereas

the salts increase lactose solubility for high ethanol contents. This e�ect is stronger for

NaCl compared to CaCl2. Two di�erent models are successfully used to correlate the

experimental data. Both models are based on the UNIQUAC model: UNIQUAC model

extended with a Debye-Hückel term (UNIQAC-DH) and UNIQUAC model extended

with the perturbation scheme (UNIQAC-PS) of the present work. On the one hand,

the UNIQAC-DH model has more model parameters than the UNIQUAC-PS model.

Consequently, many data for parametrization are needed. However, it has some extrap-

olation abilities. On the other hand, the UNIQUAC-PS model is a simpler model with

signi�cantly fewer parameters. Therefore, it has its strength when only a small number

of experimental data is available or parts of the mixture are unknown.
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A Thermodynamic Modeling - Model

Parameters

A.1 NRTL Parameters

Table 13 gives all binary interaction parameters of the NRTL model that are used for the

pseudo experiments or as the base model for the speci�ed subsystem in the case study

of the system IV and the vapor-liquid equilibrium of methanol and acetone (system VI).

All parameters were taken from the database provided by Aspen Plus V8.8 [87].
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Table 13: Binary interaction parameters of the NRTL model, τij = aij + bij/T [87].

Component i Component j aij aji bij / K bji / K αij

methanol ethanol 4.7119 −2.3127 −1162.2949 483.8436 0.3

methanol butanol 2.22 −1.5165 −337.7124 242.6243 0.3

methanol dodecanol 0 0 718.6667 −251.344 0.3

methanol hexane −1.1544 −3.6511 734.5144 1507.1545 0.2

methanol dodecane −0.924624 −2.88168 1420.03 1566.64 0.368718

methanol water −0.693 2.7322 172.9871 −617.2687 0.3

methanol acetone 0 0 114.135 101.886 0.3

ethanol butanol 0 0 −85.2188 128.5015 0.3

ethanol water −0.8009 3.4578 246.18 −586.0809 0.3

butanol water −2.0405 13.1102 763.8692 −3338.9536 0.33

dodecanol hexane 0 0 −86.6008 698.42768 0.45

dodecanol dodecane 0 0 −179.3964 638.6587 0.3

dodecanol water −0.9927 2.2353 389.1094 2215.7415 0.2

hexane cyclohexane −0.9898 1.2637 167.9446 −202.3037 0.3

hexane benzene 0.4066 −1.554 −213.7349 797.572 0.3

hexane dodecane 0 0 129.7698 −138.3886 0.3

hexane diethyl ether 0 0 −223.2187 429.7714 0.3

hexane acetone 0 0 279.4613 319.3188 0.3

hexane acetonitrile 0 0 455.4867 587.9445 0.2

hexane water 0 0 1512 3040 0.2

cyclohexane benzene 0 0 −43.3406 182.7545 0.3

cyclohexane diethyl ether 0 0 85.0007 19.3546 0.3

cyclohexane acetone −3.5142 −0.1061 1485.3369 359.6793 0.47

cyclohexane acetonitrile 0 0 612.5075 464.6301 0.3

benzene diethyl ether −0.4759 0.0576 27.468 94.4718 0.3

benzene acetone 0.4224 −0.1015 −239.9009 306.0663 0.3

benzene acetonitrile 0 0 220.003 128.2503 0.3

diethyl ether acetonitrile 0 0 43.8872 292.9133 0.2982

acetone diethyl ether 0 0 28.8811 198.3507 0.3

acetone acetonitrile 0 0 −53.4595 53.2853 0.3
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A.2 UNIQUAC Parameters

Table 14 and Table 15 give all geometric and binary interaction parameters of the

UNIQUAC model that are used as base models for the speci�ed subsystems in the case

studies of the systems II and III. All parameters were taken from the database provided

by Aspen Plus V8.8 [87].

Table 14: Surface-area parameter qk and volume parameter rk of the UNIQUAC model.

Component k qk rk Ref.

methanol 1.432 1.43111 [87]

ethanol 1.972 2.10547 [87]

butanol 3.048 3.45419 [87]

dodecanol 7.372 8.84641 [87]

Table 15: Binary interaction parameters of the UNIQUAC model, ukl = − (aklT + bkl).

Component k Component l akl alk bkl / K blk / K Ref.

methanol ethanol −2.6509 1.2891 651.4882 −273.6917 [87]

methanol butanol −0.3136 0.2267 82.6364 −125.2875 [87]

methanol dodecanol 0 0 −3.6515 −254.1765 [87]

ethanol butanol 0 0 87.2629 −132.5787 [87]

The UNIQUAC model parameters for the speci�ed subsystem of system V were partly

taken from the literature and partly �tted to experimental data (cf. Chapter 5 for more

details). Table 16 and Table 17 give the numerical values of the geometric and binary

interaction parameters of lactose and water.

Table 16: Surface-area parameter qk and volume parameter rk of the UNIQUAC model.

Component k qk rk Ref.

lactose 12.2280 12.5265 [70]

water 1.400 0.9200 [65]

Table 17: Binary interaction parameters ukl of the UNIQUAC model (cf. Chapter 5).

Component k Component l ukl ulk

lactose water −319.111 493.914
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A.3 Antoine Equation and Parameters

To calculate the vapor pressures psk of the pure components k depending on the tempe-

rature T the following Antoine equation is used here [74]:

ln (psk/kPa) = Ak −
Bk

T /K +Ck

. (73)

The numerical values for the parameters were taken from Botía et al. [74]. Table 18

gives the numerical values for the components acetone and methanol.

Table 18: Parameters for the Antoine equation for the components acetone and
methanol.

Component k Ak Bk Ck Ref.

acetone 6.3565 1277.0 −35.920 [74]

methanol 7.0224 1474.1 −44.020 [74]

A.4 Bromley Parameters and Equilibrium Constants

Bromley Parameters

Table 19 gives all Bca parameters of the Bromley equation that is used as the base model

for the speci�ed subsystems in the case studies of the systems E-I - E-IV. All parameters

were taken from Luckas and Krissmann [69].

Table 19: Parameter Bca of the Bromley equation. The parameter Bca is assumed
constant in the temperature range considered in the present work.

Salt Bca / kg mol−1 Ref.

NaCl 0.0574 [69]

KCl 0.0240 [69]

NaBr 0.0749 [69]
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Equilibrium Constants

The equilibrium constants Kk of the salts potassium chloride (KCl) and sodium bromide

(NaBr) are calculated with (Eq. (54)) and (Eq. (55)). The required values for the

molalities of the ions at saturation were obtained from the experimental data of the

solubility in pure water at 298.15 K (KCl: Pinho and Macedo [75], NaBr: Pinho and

Macedo [76]). The values for the respective activity coe�cients were obtained from

Eq. (48). The procedure for the equilibrium constants for sodium chloride (NaCl) was

analogous, except for the fact that several measurement data at di�erent temperatures

were used [76]. The results were �tted to the general function lnKNaCl = C1 −
C2

(T /K) to

get a temperature dependent function for the equilibrium constant of NaCl.
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B.1 Chemical Theory

Analog to Galeotti et al. [88], the VLE with acetic acid (AA) is described using the

chemical theory [90, 91]. The chemical theory considers the dimerization of acetic acid

in the vapor phase.

AA + AA ⇌ (AA)2

Hence, the overall and true concentrations in the gas phase must be distinguished. The

overall mole fraction in the gas phase is denoted by yk, the true mole fraction by y∗k .

The correlation between these two mole fractions is:

yAA =
y∗AA + 2y

∗
(AA)2

1 + y∗
(AA)2

, (74)

yW =
y∗W

1 + y∗
(AA)2

. (75)

Furthermore, the chemical equilibrium constant KD of the dimerization of acetic acid in

the gas phase is required to calculate the true mole fraction. The chemical equilibrium

constant KD is taken from Büttner and Maurer [89].

KD =
p0y∗

(AA)2

py∗AA
2 = exp(−19.1001 +

7928.7

T /K
) (76)

Where p0 = 1 bar. Also, the calculation of the pure component vapor pressure of acetic

acid that is required in the extended Raoult's law must be adjusted:

ps∗AA =

√
1 + 4KDpsAA − 1

2KD
. (77)
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B.2 Antoine Equation and Parameters

To calculate the vapor pressures psk of the pure components k depending on the tempe-

rature T the following Antoine equation is used here:

ln (psk/kPa) = Ak +
Bk

T /K
+Ck ln (T /K) +Dk (T /K)

Ek . (78)

The numerical values for the parameters were taken from the database provided by

Aspen Plus V8.8 [87]. Table 20 gives the numerical values for the components acetic

acid, furfural, and water.

Table 20: Parameters for the Antoine equation [87].

Component k Ak Bk Ck Dk Ek

acetic acid 46.36224 −6304.5 −4.2985 0.88865E−17 6

furfural 87.6622 −8372.1 −11.13 0.008815 1

water 66.7412 −7258.2 −7.3037 0.41653E−05 2

B.3 Model Parameters

Table 21 gives the binary NRTL model parameters for the components acetic acid,

water, and furfural. The numerical values for the parameters were taken from Galeotti

et al. [86].

Table 21: Parameters of the NRTL model for the components acetic acid, water, and
furfural [86].

Component k + l akl alk bkl / K blk / K αkl = αlk

water + acetic acid −11.37710 7.29431 4318.650 −2532.240 0.47

water + furfural 3.75496 −3.21520 −55.438 1221.700 0.30

acetic acid + furfural 0.67716 0.00045 0.000 0.000 0.47
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Table 22 gives the interaction parameters of the perturbation scheme that are obtained

by step-wise �tting to the experimental data as described in Chapter 4.

Table 22: Interaction parameters Aku of the perturbation scheme.

Component k Aku / kJ mol−1

acetic acid 24.460

water 18.060

furfural 28.880
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C.1 Subsystems Modeled with the UNIQUAC Model

Figure 30 shows that the results from the UNIQUAC model for the solubility of lactose

in pure water at di�erent temperatures agree well with experimental data (Machado et

al. [70], Hudson [102], and experimental data of the present work). Furthermore, the

agreement of the results from the UNIQUAC model for the solubility of lactose in mixed

solvents comprised of water and ethanol with experimental data of the present work) is

also very good, as shown in Figure 31.
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Figure 30: Experimental data (△ [102], ◻ [70], ○ own experimental data of the present
work) and results from the UNIQUAC model (solid line) for the solubility
of lactose in pure water in the temperature range 270 - 360 K.
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Figure 31: Experimental data of the present work (○) and results from the UNIQUAC
model (solid line) for the solubility of lactose in solvents comprised of water
and ethanol with di�erent mass fractions of ethanol.

C.2 Literature Comparison of Solubility Data of

Lactose

In Figure 32 the good agreement of the experimental data of the present work with data

from the literature (Machado et al. [70] and Hudson [102]) for the solubility of lactose

in water-ethanol mixtures is shown.
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Figure 32: Comparison of the experimental data of the present work (○) and experi-
mental data from the literature (△ [102], ◻ [70]) for the solubility of lactose
in solvents comprised of water and ethanol with di�erent mass fractions of
ethanol.
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C.3 Deviations between Experimental and Modeled

Solubilities of Lactose

The following tables (cf. Table 23 - 25) give the numerical values of the solubility

of lactose obtained from the experiments and the two models (UNIQUAC-DH and

UNIQUAC-PS). Additionally, the relative deviations between the solubility of lactose

obtained from the experiments and the two models are given.

f =
wexp

lactose −w
model
lactose

wexp
lactose

(79)

Table 23: Solubility of lactose in water-ethanol mixtures obtained from the experi-
ments and the UNIQUAC model studied in Chapter 5 and relative deviation
between the experimental and modeled solubilities of lactose.

Experimental UNIQUAC

100 ŵethanol 100 wlactose 100 wlactose f

/ g g−1 / g g−1 / g g−1

0.00 18.00 18.22 0.012

9.81 13.22 13.47 0.019

19.00 8.76 9.45 0.079

29.89 5.32 5.26 0.011

39.76 3.18 2.31 0.274
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Table 24: Solubility of lactose in water-ethanol-NaCl mixtures obtained from the
experiments and the models studied in Chapter 5 (UNIQUAC-DH and
UNIQUAC-PS) and relative deviation between the experimental and mod-
eled solubilities of lactose.

Experimental UNIQUAC-DH UNIQUAC-PS
100 ŵethanol 100 ŵNaCl 100 wlactose 100 wlactose f 100 wlactose f

/ g g−1 / g g−1 / g g−1 / g g−1 / g g−1

0.00 2.44 17.18 17.11 0.004 17.17 0.001
9.91 2.45 12.89 12.87 0.001 12.99 0.008
19.45 2.45 8.82 9.09 0.031 9.22 0.046
29.91 2.46 5.70 5.31 0.068 5.41 0.050
39.74 2.46 3.58 2.43 0.322 2.48 0.306
0.00 4.80 16.82 16.52 0.018 16.51 0.019
10.02 4.81 12.99 12.66 0.025 12.79 0.016
19.36 4.82 9.38 9.22 0.017 9.38 0.000
29.84 4.83 6.26 5.56 0.111 5.69 0.091
39.82 4.84 4.07 2.62 0.357 2.69 0.339
0.00 9.30 16.21 16.36 0.009 16.21 0.000
10.10 9.31 13.35 13.19 0.012 13.15 0.015
19.60 9.33 10.30 10.07 0.022 10.03 0.026
30.41 9.34 7.40 6.44 0.130 6.33 0.145
40.24 9.35 5.08 3.36 0.339 3.21 0.368

Table 25: Solubility of lactose in water-ethanol-CaCl2 mixtures obtained from
the experiments and the models studied in Chapter 5 (UNIQUAC-DH and
UNIQUAC-PS) and relative deviation between the experimental and mod-
eled solubilities of lactose.

Experimental UNIQUAC-DH UNIQUAC-PS
100 ŵethanol 100 ŵCaCl2 100 wlactose 100 wlactose f 100 wlactose f

/ g g−1 / g g−1 / g g−1 / g g−1 / g g−1

0.00 2.45 17.02 16.89 0.008 17.38 0.021
9.96 2.45 12.60 12.74 0.011 12.97 0.030
19.13 2.46 8.64 9.12 0.055 9.23 0.069
29.90 2.46 5.36 5.22 0.027 5.26 0.019
39.65 2.47 3.33 2.38 0.286 2.37 0.287
0.00 4.83 16.81 16.21 0.036 16.81 0.000
9.96 4.84 12.57 12.46 0.008 12.74 0.013
19.25 4.85 8.79 9.02 0.026 9.14 0.040
30.00 4.86 5.63 5.27 0.064 5.29 0.060
39.80 4.86 3.57 2.46 0.312 2.41 0.325
0.00 9.39 16.39 16.39 0.000 16.39 0.000
10.18 9.41 12.76 12.85 0.007 12.69 0.005
19.68 9.42 9.26 9.46 0.021 9.25 0.001
30.52 9.44 6.15 5.69 0.074 5.45 0.114
40.69 9.45 3.97 2.69 0.321 2.44 0.386
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C.4 On the Hygroscopy of CaCl2 ⋅ 2H2O

CaCl2 ⋅ 2H2O is a hygroscopic salt, since the stable hydrate form of CaCl2 at ambient

conditions is the hexahydrate (CaCl2 ⋅ 6H2O). The hygroscopy is a potential error for

the gravimetric preparation of the stock solutions containing CaCl2. When weighing

the salt for the stock solutions, no drift of the scale was observed. To ensure that the

weighed solid was the dihydrate (CaCl2 ⋅ 2H2O), a veri�cation experiment was done as

follows.

13.1733 g of the CaCl2 ⋅ xH2O salt (from the same jar that was used in the solubility

measurement) were dissolved in 86.5534 g of ultra-pure water. The ratio of salt and

water is similar to the one in the stock solutions used for the solubility measurement.

The mass fraction of chloride in the solution was determined using ion cromatogra-

phy (IC) analysis (Metrohm 930 Compact IC Flex, Metrosep A Supp 5 250/4.0 with

an aqueous solution of 3.2 mmol/L sodium carbonate and 1.0 mmol/L sodium hydro-

gen carbonate as eluent). The IC was calibrated using independent chloride standard

solutions. The analysis of the CaCl2 solution was done twice and yielded 0.06607 and

0.06637 (g chloride)/(g solution), respectively. The avarage of 0.06622 (g chloride)/(g so-

lution) with a relative uncertainty of 1 % was used for the further calculation. Using

the material balance from the preparation of the solution, the hydrate number x of the

CaCl2 ⋅ xH2O was determined to 2.031 ± 0.083. The dihydrate from (CaCl2 ⋅ 2H2O) was

con�rmed. The uncertainty of the hydrate number results into a relative uncertainty of

1.4 % in the amount of CaCl2 added to the solutions.

C.5 Excess Solid in the Experiments and Calculation

of Uncertainties

This section derives the uncertainties given in Table 12. They are derived using Gauss'ian

error propation. The mass fraction wlactose of lactose in the liquid phase is measured

directly by HPLC analysis. Its relative uncertainty comes from the relative analyis un-

certainty (0.016; checked by analyzing gravimetrically prepared test solutions) and the

impurity of the used chemical material (relative uncertainty 0.01). The resulting relative

uncertainty of wlactose is:

u(wlactose)

wlactose

=
√
0.0162 + 0.012 = 0.019. (80)
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The uncertainties of the ŵethanol, ŵNaCl, and ŵCaCl2 were determined at every single

experimental point as follows.

ŵi =
mi

mi +mwater

(81)

∂ŵi

∂mi

=
mwater

(mi +mwater)
2

(82)

∂ŵi

∂mwater

=
−mi

(mi +mwater)
2

(83)

u(ŵi) =

¿
Á
ÁÀ
(
∂ŵi

∂mi

u(mi))

2

+ (
∂ŵi

∂mwater

u(mwater))

2

(84)

The uncertainty of the masses of ethanol, NaCl, and CaCl2 result from the weighing

uncertainty and the impurity of the used raw material. The weighing uncertainty of

CaCl2 is higher due to potential hygroscopy (cf. Section C.4).

u(methanol) =
√
(0.001 g)2 + (methanol ⋅ 0.008)2 (85)

u(mNaCl) =
√
(0.001 g)2 + (mNaCl ⋅ 0.005)2 (86)

u(mCaCl2) =mCaCl2

√
0.0142 + 0.012 (87)

The uncertainty of the mass mwater of water stems from the weighing uncertainty when

adding ultra-pure water and the uncertainty of water freed by dehydratization the excess

solid (lactose monohydrate) in the equilbrium cell. The mass mexcess
solid of excess solid

is calculated by substracting the the mass of lactose monohydrate that has dissolved

according to the anlalyzed mass fraction of lactose in the liquid phase from the initially

added mass of lactose monohydrate .

u(mwater) =
√
(0.001 g)2 + (mexcess

water )
2 (88)

mexcess
water =m

excess
solid ⋅ 18.015/360.3 (89)

The Tables 26 - 32 give the results of these calculations for all experimental points. They

also quantify the initially added solid lactose monohydrate and the amount of excess

solid (assuming it is lactose monohydrate) in equilibrium. The solid was not analyzed.

The resulting uncertainties of ŵethanol, ŵNaCl, and ŵCaCl2 are roughly constant on a

relative scale for all measurement points and do not exceed the following values.
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ur(ŵethanol) =
u(ŵethanol)

ŵethanol

= 0.011 (90)

ur(ŵNaCl) =
u(ŵNaCl)

ŵNaCl

= 0.011 (91)

ur(ŵCaCl2) =
u(ŵCaCl2)

ŵCaCl2

= 0.019 (92)

Table 26: Measured values and uncertainties for experiments in the system lac-

tose, water, ethanol without salt. Column meanings: A: mass
mlactose monohydrate / g of lactose monohydrate in cell; B: mass mwater / g of
water in cell; C: massmsalt / g of salt in cell; D: massmethanol / g of ethanol in
cell; E: measured mass fraction wlactose / g g−1 of lactose in the liquid phase;
F: mass mexcess

solid / g of excess solid; G: 100 ur(ŵsalt); H: 100 ur(ŵethanol).
A B C D E F G H

5.6618 19.8972 0 0 18.0 1.02 0
7.3075 19.8827 0 0 18.0 2.67 0
5.1112 19.8988 0 0 18.0 0.478 0
4.1519 17.9065 0 1.9668 13.2 0.963 0.76
3.9641 17.8895 0 1.9493 13.2 0.761 0.75
4.4081 17.8452 0 1.9595 13.3 1.21 0.78
3.3006 15.8795 0 3.7131 8.84 1.30 0.73
3.3058 15.8928 0 3.7137 8.74 1.33 0.73
3.4485 15.8380 0 3.8049 8.70 1.47 0.75
2.6225 13.8854 0 5.9874 5.25 1.46 0.67
2.7613 13.8779 0 5.9082 5.43 1.56 0.69
2.3469 13.8797 0 5.9227 5.27 1.19 0.64
1.5824 11.8956 0 7.9403 3.14 0.906 0.53
1.8070 11.9281 0 7.8641 3.22 1.11 0.56
2.2243 11.9152 0 7.8482 3.19 1.54 0.62

107



C Solubility of α-Lactose

Table 27: Measured values and uncertainties for experiments in the system lactose,

water, ethanol, NaCl with ŵNaCl ≈ 0.093 g g−1. Column meanings: A: mass
mlactose monohydrate / g of lactose monohydrate in cell; B: mass mwater / g of
water in cell; C: massmNaCl / g of NaCl in cell; D: massmethanol / g of ethanol
in cell; E: measured mass fraction wlactose / g g−1 of lactose in the liquid phase;
F: mass mexcess

solid / g of excess solid; G: 100ur(ŵNaCl); H: 100ur(ŵethanol).
A B C D E F G H

5.4279 19.3147 2.0018 0 16.2 1.07 0.52
5.5108 19.2669 1.9969 0 16.3 1.13 0.52
5.7330 19.2499 1.9951 0 16.2 1.38 0.56
5.0859 17.2843 1.7914 1.9905 13.2 1.70 0.63 0.84
4.9857 17.3108 1.7941 1.9396 13.5 1.52 0.60 0.82
4.3151 17.2947 1.7925 1.9556 13.4 0.876 0.51 0.75
4.3027 15.3330 1.5892 3.7693 10.2 1.81 0.70 0.80
4.6351 15.3540 1.5913 3.7713 10.3 2.12 0.77 0.85
4.2634 15.3277 1.5886 3.7614 10.3 1.74 0.68 0.79
2.4840 13.4176 1.3907 5.9434 7.37 0.744 0.52 0.59
2.8461 13.4078 1.3896 5.8635 7.41 1.10 0.59 0.63
2.3496 13.3311 1.3817 5.8518 7.42 0.612 0.50 0.58
2.4556 11.5323 1.1953 7.8675 5.04 1.30 0.68 0.58
2.7210 11.5603 1.1981 7.8024 5.06 1.57 0.76 0.63
3.3133 11.5242 1.1944 7.7496 5.14 2.15 0.95 0.73

Table 28: Measured values and uncertainties for experiments in the system lactose,

water, ethanol, NaCl with ŵNaCl ≈ 0.048 g g−1. Column meanings: A: mass
mlactose monohydrate / g of lactose monohydrate in cell; B: mass mwater / g of
water in cell; C: massmNaCl / g of NaCl in cell; D: massmethanol / g of ethanol
in cell; E: measured mass fraction wlactose / g g−1 of lactose in the liquid phase;
F: mass mexcess

solid / g of excess solid; G: 100ur(ŵNaCl); H: 100ur(ŵethanol).
A B C D E F G H

5.6925 19.6856 1.0043 0 16.8 1.25 0.56
6.9082 19.6198 1.0009 0 16.8 2.50 0.77
6.3427 19.6065 1.0003 0 16.8 1.92 0.66
5.0904 17.6405 0.9000 1.9842 13.0 1.85 0.69 0.86
4.9457 17.6373 0.8998 1.9705 13.1 1.67 0.65 0.84
5.1422 17.6276 0.8993 1.9896 12.9 1.94 0.70 0.87
2.9517 15.6957 0.8008 3.7914 9.41 0.728 0.52 0.67
3.2053 15.6717 0.7995 3.7882 9.41 0.98 0.56 0.69
3.0522 15.6917 0.8005 3.7924 9.32 0.85 0.54 0.68
3.6000 13.7000 0.6989 5.8018 6.31 2.17 0.89 0.79
3.5324 13.7054 0.6992 5.9348 6.18 2.12 0.87 0.78
2.7997 13.7033 0.6991 5.8377 6.29 1.37 0.67 0.66
3.4650 11.7494 0.5994 7.8806 4.02 2.57 1.14 0.81
1.9760 11.7901 0.6015 7.7922 4.09 1.07 0.64 0.55
2.5093 11.7869 0.6013 7.7843 4.08 1.61 0.80 0.63
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Table 29: Measured values and uncertainties for experiments in the system lactose,

water, ethanol, NaCl with ŵNaCl ≈ 0.024 g g−1. Column meanings: A: mass
mlactose monohydrate / g of lactose monohydrate in cell; B: mass mwater / g of
water in cell; C: massmNaCl / g of NaCl in cell; D: massmethanol / g of ethanol
in cell; E: measured mass fraction wlactose / g g−1 of lactose in the liquid phase;
F: mass mexcess

solid / g of excess solid; G: 100ur(ŵNaCl); H: 100ur(ŵethanol).
A B C D E F G H

5.5999 19.8162 0.5014 0 17.2 1.11 0.56
6.6210 19.7663 0.5002 0 17.2 2.16 0.72
6.3384 19.7573 0.4999 0 17.1 1.90 0.67
5.2129 17.7619 0.4495 1.9932 12.9 2.05 0.74 0.89
4.4714 17.7572 0.4493 1.9604 13.0 1.27 0.60 0.79
4.7947 17.7787 0.4499 1.9558 12.7 1.68 0.67 0.84
3.3871 15.7469 0.3985 3.7801 8.88 1.34 0.64 0.73
3.1347 15.7692 0.3990 3.8830 8.76 1.10 0.59 0.70
3.0937 15.7439 0.3984 3.8184 8.82 1.06 0.59 0.70
2.9909 13.7907 0.3490 5.9853 5.63 1.73 0.78 0.71
2.8560 13.8000 0.3492 5.8877 5.71 1.58 0.74 0.69
2.4590 13.7452 0.3478 5.8421 5.75 1.18 0.64 0.64
1.9761 11.7873 0.2983 7.8316 3.56 1.20 0.70 0.57
1.8835 11.8085 0.2988 7.8318 3.57 1.11 0.67 0.56
2.0080 11.8413 0.2996 7.7772 3.61 1.22 0.70 0.57

Table 30: Measured values and uncertainties for experiments in the system lactose,

water, ethanol, CaCl2with ŵCaCl2 ≈ 0.094 g g−1. Columnmeanings: A:mass
mlactose monohydrate / g of lactose monohydrate in cell; B: mass mwater / g of wa-
ter in cell; C: mass mCaCl2 / g of CaCl2 in cell; D: mass methanol / g of ethanol
in cell; E: measured mass fraction wlactose / g g−1 of lactose in the liquid phase;
F: mass mexcess

solid / g of excess solid; G: 100ur(ŵCaCl2); H: 100ur(ŵethanol).
A B C D E F G H

6.7869 19.2619 2.0180 0 16.5 2.34 1.65
5.9394 19.2484 2.0166 0 16.5 1.48 1.60
6.3657 19.2334 2.0150 0 16.2 2.01 1.63
4.8939 16.9935 1.7804 1.9827 12.6 1.71 1.62 0.85
4.3836 17.2451 1.8067 1.9476 12.9 1.10 1.58 0.77
4.2018 17.2511 1.8073 1.9561 12.7 0.958 1.58 0.76
3.2095 15.3014 1.6031 3.7514 9.22 1.00 1.59 0.69
3.4866 15.2813 1.6010 3.7622 9.32 1.25 1.60 0.72
3.5758 15.2974 1.6027 3.8078 9.23 1.35 1.61 0.73
3.3806 13.3135 1.3948 5.9480 6.07 1.97 1.70 0.75
3.2255 13.3523 1.3989 5.8528 6.17 1.80 1.67 0.73
3.0148 13.3541 1.3991 5.8675 6.19 1.58 1.65 0.69
2.7396 11.4716 1.2018 7.8753 4.00 1.84 1.72 0.67
2.9010 11.4900 1.2038 7.7832 4.03 2.00 1.74 0.70
3.3439 11.1872 1.1720 7.8559 3.88 2.49 1.85 0.80
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C Solubility of α-Lactose

Table 31: Measured values and uncertainties for experiments in the system lactose,

water, ethanol, CaCl2with ŵCaCl2 ≈ 0.048 g g−1. Columnmeanings:A:mass
mlactose monohydrate / g of lactose monohydrate in cell; B: mass mwater / g of wa-
ter in cell; C: mass mCaCl2 / g of CaCl2 in cell; D: mass methanol / g of ethanol
in cell; E: measured mass fraction wlactose / g g−1 of lactose in the liquid phase;
F: mass mexcess

solid / g of excess solid; G: 100ur(ŵCaCl2); H: 100ur(ŵethanol).
A B C D E F G H

6.8494 19.5472 1.0022 0 16.8 2.44 1.74
5.4727 19.5173 1.0007 0 16.7 1.10 1.66
5.5939 19.5583 1.0028 0 16.9 1.17 1.66
4.6114 17.5604 0.9003 1.9786 12.5 1.52 1.69 0.82
4.9832 17.5239 0.8985 1.9443 12.6 1.88 1.71 0.86
4.0317 17.5290 0.8987 1.9461 12.6 0.927 1.66 0.76
3.7466 15.5616 0.7979 3.7097 8.78 1.71 1.72 0.78
3.0979 15.5727 0.7984 3.7442 8.84 1.04 1.67 0.70
4.0526 15.5660 0.7981 3.7518 8.76 2.02 1.75 0.83
2.7052 13.5923 0.6969 5.9047 5.59 1.45 1.71 0.67
2.5211 13.6427 0.6995 5.8367 5.63 1.25 1.69 0.65
2.5401 13.6137 0.6980 5.8402 5.66 1.27 1.70 0.65
2.4474 11.7033 0.6000 7.7834 3.53 1.67 1.77 0.64
2.7461 11.6996 0.5998 7.7516 3.62 1.95 1.82 0.70
2.6082 11.6878 0.5992 7.7348 3.54 1.83 1.80 0.67

Table 32: Measured values and uncertainties for experiments in the system lactose,

water, ethanol, CaCl2with ŵCaCl2 ≈ 0.024 g g−1. Columnmeanings:A:mass
mlactose monohydrate / g of lactose monohydrate in cell; B: mass mwater / g of wa-
ter in cell; C: mass mCaCl2 / g of CaCl2 in cell; D: mass methanol / g of ethanol
in cell; E: measured mass fraction wlactose / g g−1 of lactose in the liquid phase;
F: mass mexcess

solid / g of excess solid; G: 100ur(ŵCaCl2); H: 100ur(ŵethanol).
A B C D E F G H

4.6970 19.7640 0.5014 0 16.9 0.325 1.68
5.9096 19.6887 0.4995 0 17.1 1.50 1.72
6.5941 19.6807 0.4993 0 17.1 2.19 1.76
4.5951 17.7063 0.4492 1.9884 12.5 1.54 1.73 0.82
5.6352 17.7435 0.4502 1.9971 12.6 2.55 1.82 0.96
6.1415 17.7211 0.4496 1.9473 12.6 3.06 1.87 1.06
3.4685 15.7140 0.3987 3.7794 8.55 1.51 1.74 0.75
3.7668 15.7064 0.3985 3.6931 8.69 1.78 1.77 0.79
3.9195 15.7345 0.3992 3.7459 8.70 1.92 1.78 0.81
3.8102 13.6839 0.3472 5.9277 5.31 2.63 1.92 0.87
3.2280 13.7010 0.3476 5.8537 5.35 2.04 1.83 0.77
3.1935 13.7558 0.3490 5.8405 5.43 1.99 1.82 0.76
2.5666 11.7842 0.2990 7.7945 3.28 1.86 1.84 0.68
2.6328 11.8032 0.2995 7.7596 3.33 1.91 1.85 0.69
2.3958 11.8246 0.3000 7.7832 3.36 1.67 1.81 0.64
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