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Abstract— Cyber-physical control systems typically consist of
two components: a clocked digital controller and a physical
plant evolving in continuous time. Clearly, the state and input
constraints must be satisfied not only at, but also between
sampling times of the controller. We address this issue by
proposing a robust output feedback model predictive control
approach for sampled-data systems, which are affected by
additive disturbances and measurement noise. To guarantee
robust constraint satisfaction for an infinite time horizon, we
present a scalable approach to compute safe terminal sets.
Based on these sets and using scalable reachability analysis
and convex optimization algorithms, we construct real-time
controllers that explicitly consider all online computation times.
We demonstrate the usefulness of our robust control approach
using a vehicle platooning benchmark from the literature.

I. I NTRODUCTION
Over the past few decades, model predictive control
(MPC) has established itself as a very successful approach
for controlling complex dynamical systems, both in academia
and industry [1], [2]. Its considerable popularity can be
attributed to its simple concept and ability to effectively
handle state and input constraints [3], [4]. This is achieved
by iteratively solving an optimal control problem on a
receding time horizon and by applying the optimized input
to the system until the next time step. When using MPC in
safety-critical applications, it is crucial to ensure robustness
against uncertainties. Therefore, robust MPC approaches that
guarantee robust constraint satisfaction despite unknown but
bounded uncertainties are required.
Initially, robust MPC has been applied to linear systems
with state feedback control. Because a min-max optimization over feedback policies easily becomes impractical due
to its computational complexity [5], [6], tube-based MPC
approaches have been proposed [7], [8]. The key idea is to
ensure that the state of the system remains within a tube
surrounding the nominal trajectory satisfying the constraints.
Thus, by tightening the constraints appropriately, only the
disturbance-free nominal prediction model is required for
online computations, whereas computationally expensive setbased operations are performed offline. As a result, tubebased MPC approaches have been successfully employed in
real-time [9], [10] and various extensions of these approaches
now exist [11], [12]. In addition to state feedback control, output feedback MPC approaches have been proposed
because the exact measurement of the state is typically
unavailable [13], [14], [15].
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Most literature on robust MPC deals with discrete-time
models. Thus, constraint satisfaction is only guaranteed at
discrete time steps while assuming that the solution of the optimal control problem can be obtained instantaneously. However, in most cyber-physical control systems, a continuoustime physical plant is controlled by a discrete-time digital
controller. Therefore, robust constraint satisfaction must also
be guaranteed between discrete sampling times. Sampleddata robust MPC approaches have recently gained popularity
due to their high practical relevance [16], [17]. For instance,
the approach in [8] has been extended to deal with sampleddata systems in [18]. However, the unknown but bounded
uncertainty is assumed to be constant between two sampling
times, which is unrealistic.
Because most robust MPC approaches suffer from high
computational complexity, centralized methods are typically
inapplicable when handling large systems. For instance,
the computation of a polytopic invariant terminal set is
difficult for large systems because performing the required
set operations of high-dimensional polytopes becomes intractable [19], [20]. Typically, these obstacles can only be
overcome if the control problem can be decomposed into
simpler ones, as in distributed MPC [21], [22]. Instead
of polytopes, ellipsoids are also widely used to analyze
the evolution of the uncertainty based on scalable ellipsoidal reachability analysis [23]. However, ellipsoids underapproximate typical box constraints in high dimensions very
poorly [24], [25], increasing conservatism.
This paper is based on our preliminary results presented in
[26], where state feedback control is considered and simple
safe terminal boxes are computed. In this paper, we
•
•
•
•
•

use zonotopes as an efficient set representation;
compute zonotopic safe terminal sets to guarantee robust constraint satisfaction for an infinite time horizon;
explicitly consider the computation time of the online
optimal control problem;
propose a real-time robust output feedback MPC approach for linear sampled-data systems; and
demonstrate the usefulness of our control approach
using a nine-dimensional benchmark from the literature
with a sampling time of 150 ms.

The rest of this paper is structured as follows: In Section II,
zonotopes as an efficient set representation are introduced
and the control problem is formulated. Based on our reachability analysis in Section III, our robust output feedback dualmode MPC approach is presented in Section IV, followed by
a numerical example in Section V. Conclusions and suggestions for future work are finally provided in Section VI.

II. P RELIMINARIES
In this section, we introduce zonotopes as an efficient set
representation. In addition, we state the control problem.

set W ⊂ Rnx , i.e., w(t) ∈ W at all times t. To use a more
concise notation, we write w(·) ∈ W. In addition, noisy
measurements
y(tk ) = CD x(tk ) + v(tk )

A. Set representation by zonotopes
A crucial aspect of reachability analysis is the choice of
the set representation, e.g., ellipsoids [23] or polytopes [27].
We use zonotopes as an efficient set representation because
typical box constraints can be exactly represented and the
computational complexity
of our reachability analysis re
duces to O n3x with nx ∈ N>0 denoting the state space
dimension [28], [29]. In addition, zonotopes can be stored
efficiently as matrices.
A zonotope Z ⊂ RnZ in generator representation is
defined by

Z = z ∈ RnZ z = c + Gλ, λ ∞ ≤ 1 ,

where c ∈ RnZ is the center, G ∈ RnZ ×η(Z) is the generator
matrix with η (Z) ∈ N denoting the number of generators,
and the infinity norm is defined as the maximum absolute row
sum. To use a more concise notation, we write Z = ⟨c, G⟩.
Based on this definition, it follows that zonotopes are convex,
closed, centrally symmetric polytopes.
According to [30], the Minkowski addition of two zonotopes Z1 = ⟨c1 , G1 ⟩ ⊂ RnZ and Z2 = ⟨c2 , G2 ⟩ ⊂ RnZ and
multiplication by a matrix M ∈ Rm×nZ are
Z1 ⊕ Z2 = {z1 + z2 | z1 ∈ Z1 , z2 ∈ Z2 }


= c1 + c2 , G1 G2 ,

are obtained at discrete sampling times tk = k∆t with k ∈ N
and ∆t ∈ R>0 . Similar to the state disturbance, the unknown
but bounded output disturbance v(tk ) is contained within the
output disturbance set V ⊂ Rny at all sampling times tk , i.e.,
v(·) ∈ V.
The disturbed system in (3) must satisfy hard constraints
on the state and input of the form
x(·) ∈ X

u(·) ∈ U,

(4a)
(4b)

where X ⊂ Rnx and U ⊂ Rnu are the state and input
constraint sets, respectively. Thus, the continuous-time state
and input trajectories must always remain within X and U,
respectively.
To formulate a meaningful sampled-data control problem,
we assume that (AD , BD , CD ) is Rstabilizable and detectable,
∆t
where AD = eA∆t and BD = 0 eAt dt B. In addition,
without loss of generality, we assume that W, V, X , and U
are zonotopes containing the origin. In this paper, the control
goal is to steer the system in (3) to a neighborhood of the
origin while minimizing a given cost function and satisfying
the constraints in (4).
III. R EACHABILITY ANALYSIS

M Z1 = {M z1 | z1 ∈ Z1 }
= ⟨M c1 , M G1 ⟩ .

The simple structure of these two fundamental operations
enables our reachability analysis to handle large linear systems [28], [29]. To determine whether Z1 is contained in
Z2 , i.e., if Z1 ⊆ Z2 , we check whether a matrix Γ ∈
Rη(Z2 )×η(Z1 ) and a vector γ ∈ Rη(Z2 ) exist such that [31]

In this section, we present a clocked digital state estimator
and controller. In addition, we propose an approach to
compute reachable sets for times tk + t with t ∈ [0, ∆t)
based on a noisy measurement obtained at tk . Subsequently,
we extend this approach to compute reachable sets for the
entire time horizon, i.e., for any t ∈ R≥0 .
A. State estimation and control

G1 = G2 Γ

(1a)

c2 − c1 = G2 γ


Γ γ ∞ ≤ 1.

(1b)

To obtain a discrete-time state estimator, we first exactly
discretize the dynamics in (3), resulting in

(1c)

x(tk+1 ) = AD x(tk ) + BD u(tk ) + wD (tk ),

The zonotope containment problem is also known to be coNP-complete [32]. In addition, we define the stacking of
Z1 = ⟨c1 , G1 ⟩ ⊂ RnZ1 and Z2 = ⟨c2 , G2 ⟩ ⊂ RnZ2 by
     
G
c1
Z1
(2)
, 1 ,
=
G2
c2
Z2
where the number of generators η (Z1 ) and η (Z2 ) is equal.
B. Problem statement
In this paper, we consider time-invariant physical plants
evolving in continuous time according to
ẋ(t) = Ax(t) + Bu(t) + w(t),

(3)

where x(t) ∈ Rnx is the state and u(t) ∈ Rnu is the
input at time t ∈ R≥0 . The additive state disturbance trajectory w(·) is unknown but bounded by the state disturbance

where the discretized state disturbance wD is bounded by
the zonotope WD ⊂ Rnx [28, Eq. (3.7)]. Instead of using
a computationally demanding set-membership or strip-based
observer [33], [34], we use a simple Luenberger state estimator

x̂(tk+1 ) = AD x̂(tk ) + BD u(tk ) + L y(tk ) − CD x̂(tk ) ,

where L ∈ Rnx ×ny is a user-defined stabilizing output
injection matrix such that all eigenvalues of AD − LCD are
contained in the open complex unit disc. As a result, the
dynamics of the state estimation error ϵ(tk ) = x(tk ) − x̂(tk )
and the corresponding error sets are

ϵ(tk+1 ) = AD − LCD ϵ(tk ) + wD (tk ) − Lv(tk )

E(tk+1 ) = AD − LCD E(tk ) ⊕ WD ⊕ (−LV),
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ū(t2 |tk )
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Fig. 1. Piecewise constant correction input trajectories ū(·|tk−1 ) and
ū(·|tk ) for the prediction horizon N = 3.

The solution of (6) at tk + t with t ∈ [0, ∆t) based
on the augmented initial state x̃(tk ) and state disturbance
trajectory w(·) is denoted by χ̃ t, x̃(tk ), w(·) ∈ Rnx +nu .
By considering an augmented initial state zonotope Zeinit ⊂
Rnx +nu and the state disturbance set W, the exact set of
augmented states reachable at tk + t is


e exact (t, Zeinit , W) = χ̃ t, x̃(tk ), w(·) x̃(tk ) ∈ Zeinit ,
R
w(·) ∈ W .

where the initial error ϵ(t0 ) lies within the zonotopic initial
error set E(t0 ) ⊆ X containing the origin. Thus, ϵ(tk ) ∈
E(tk ) for any k ∈ N, resulting
 in x(tk ) ∈ x̂(tk ) ⊕ E(tk ) and
x̂(tk ) ∈ x(tk ) ⊕ − E(tk ) . We also want to mention that
we do not require E(t0 ) to be a robust positively invariant
(RPI) set [19], [20], which would imply E(tk+1 ) ⊆ E(tk )
and significantly simplify the reachability analysis [13].
Based on the state estimate x̂(tk ) at tk , our sampled-data
controller provides a piecewise constant control signal [35].
Similar to [36], we use the simple, yet effective sampled-data
control law
u(t) = ū(tk ) + K x̂(tk )

for t ∈ [tk , tk+1 ),

(5)

where ū represents the piecewise constant correction input
that is optimized online, and K ∈ Rnu ×nx is a user-defined
stabilizing feedback matrix such that all eigenvalues of AD +
BD K are contained in the open complex unit disc.
In addition, ū(·|tk ) denotes the correction input trajectory
that is optimized online starting at tk based on x̂(tk ). In
Fig. 1, we illustrate the piecewise constant correction input
trajectories ū(·|tk−1 ) and ū(·|tk ). Analogous to the definition
of ū(·|tk ), we denote the predictions of the future state, state
estimate, and input trajectory based on x̂(tk ) by x(·|tk ),
x̂(·|tk ), and u(·|tk ).
B. First time interval
Based on the control law in (5), the input during [tk , tk+1 )
depends on the current state estimate x̂(tk ). To accommodate for the state-dependent control input in our set-based
reachability analysis [28], [37], we define an augmented
state x̃ ∈ Rnx +nu [25]. The corresponding dynamics is

 


 
ẋ(t)
w(t)
A B x(t)
+
,
(6)
=
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0
0 0 u(t)
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x̃(t)

e
A

x̃(t)
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e

where the piecewise constant control input u(t) is given by
(5). To project a zonotope of augmented states Ze ⊂ Rnx +nu
onto the space of nonaugmented states and inputs, we define
the two matrices


Πx = I 0 ∈ Rnx ×(nx +nu )


Πu = 0 I ∈ Rnu ×(nx +nu ) ,

where I denotes the identity matrix of appropriate dimension. For instance, the center and generator matrix of the
zonotope Πx cZe , GZe are obtained by deleting the last nu
rows of cZe and GZe , respectively.

Because reachable sets cannot be exactly computed for
general linear systems [38], [39], we compute tight zonotopic
e over ⊇ R
e exact according to [28]. Then,
over-approximations R
e over (t, Zeinit , W) for
x(t|tk ) is guaranteed to lie within Πx R
any t ∈ [0, ∆t) when choosing

 
 

0
x̂(tk )
E(tk )
Zeinit =
⊕
⊕
,
(7)
ū(t0 |tk )
K x̂(tk )
0

because of (2) and the following considerations: If the state
estimate of the nonaugmented system in (3) at tk is x̂(tk ), it
follows that x(tk ) ∈ x̂(tk ) ⊕ E(tk ). In addition, the sampleddata input is u(t|tk ) = ū(t0 |tk ) + K x̂(tk ) based on (5).
C. Entire time horizon
Based on x̂(tk ), ū(·|tk ), and the previous considerations
for tk + t with t ∈ [0, ∆t), the computation of the reachable
e hybrid for any tk +t with t ∈ R≥0 is presented in Alg. 1.
set R
Subsequently, this algorithm is briefly described.
Algorithm 1 Computation of the hybrid reachable set
e hybrid t, x̂(tk ), ū(·|tk ), W, E(·) for tk + t with t ∈ R≥0
R
Input: t, x̂(tk ), ū(·|tk ), W, E(·)
Output: Zefinal
1: i ← 0
einit ← apply ū(t0 |tk ), x̂(tk ), E(tk ) to (7)
2: Z
3: while ti+1 < t do
e over (∆t, Zeinit , W)
4:
Z x ← Πx R
5:
i ← i +
1
 
 

0
0
Zx
e
6:
Zinit ←
⊕
⊕
ū(ti |tk )
−KE(tk+i )
KZx
7: end while
efinal ← R
e over (t − ti , Zeinit , W)
8: Z

In line 2 of Alg. 1, we compute the augmented initial
state set Zeinit according to (7). In lines 3 to 7, we iteratively
compute reachable sets for steps of ∆t until the specified
time t is no longer greater than ti+1 for some i ∈ N.
The augmented initial state set Zeinit is updated in line 6
based on the following considerations:
x̂(ti |tk ) is contained

and u(ti |tk ) lies within ū(ti |tk ) ⊕
in x(ti |tk ) ⊕ − E(tk+i ) 
K x(ti |tk ) ⊕ − E(tk+i ) for i ∈ N>0 . Finally, in line 8,
the reachable set for the specified time t is obtained.
Thus far, we have only considered reachable sets at certain
points in time. Nonetheless, we must guarantee robust constraint satisfaction not only at, but also between two sampling
times. Therefore, we also compute reachable sets for entire

time intervals τi = [ti , ti+1 ) with i ∈ N. This set is given by

e hybrid τi , x̂(tk ), ū(·|tk ), W, E(·)
R
[

e hybrid t, x̂(tk ), ū(·|tk ), W, E(·)
R
=
t∈τi

and is computed according to [28, Sec. 3.2]. To use a more
concise notation, we write
e hybrid (. . .)
Rx (. . .) = Πx R
e hybrid (. . .).
Ru (. . .) = Πu R

In summary, we can efficiently compute the set of states
and inputs that are reachable at arbitrary points in time and
time intervals based on the state estimate x̂(tk ) at tk . In the
following section, we use these reachable set computations to
propose an efficient robust output feedback MPC approach.
IV. ROBUST OUTPUT FEEDBACK MPC
In this section, we present our robust output feedback dualmode MPC algorithm considering a finite prediction horizon
of N ∈ N>0 . In the first mode, we iteratively solve an
optimal control problem on a receding time horizon. We
switch to the second mode when the state of the system
is guaranteed to lie within a safe terminal set. In this
mode, a corresponding safe terminal controller ensures robust
constraint satisfaction at all future times.
First, we explicitly consider the computation time for
solving the optimal control problem online. Second, we
compute zonotopic safe terminal sets with corresponding
safe terminal controllers offline. Third, after introducing
terminal and contraction constraints, we state the optimal
control problem, which is solved online. Finally, we present
our robust output feedback dual-mode MPC algorithm and
propose simplifications for its implementation.
A. Computation time consideration
To ensure the satisfaction of the state and input constraints
in (4), we explicitly consider the nonzero computation time
for solving the optimal control problem online [40]. At the
sampling time tk = k∆t, the available computation time for
optimizing ū(·|tk−1 ) is used, as shown in Fig. 1. Then, we
set
ū(t|tk ) = ū(t + t1 |tk−1 ) for t ∈ [t0 , t1 ),
(8)
and apply the input ū(t1 |tk−1 ) + K x̂(tk ) to the system
during τk while we optimize ū(t|tk ) for t ∈ [t1 , tN ). If
the optimization solver requires a longer time than ∆t to
complete, we abort the optimization prematurely.
If the obtained correction input trajectory ū(·|tk ) is infeasible, we use the remainder of ū(·|tk−1 ) as a backup
solution under the common assumption that an initial feasible
solution ū(·|t0 ) exists. In this case, we set
(
ū(t + t1 |tk−1 ) for t ∈ [t0 , tN −1 )
ū(t|tk ) =
.
(9)
∅
for t ∈ [tN −1 , tN )
If ū(t1 |tkΩ −1 ) equals ∅ for some kΩ ∈ N, we apply the
inputs of the safe terminal control trajectory ūΩ (·|tkΩ ) that

guarantees robust constraint satisfaction at all times t ≥ tkΩ .
In the following subsection, we present the construction of
this safe terminal controller in more detail.
B. Safe terminal sets and controllers
Ensuring the satisfaction of the constraints in (4) is typically achieved using the terminal controller u(t) = K x̂(tk )
for t ∈ τk and constructing a polytopic terminal set that is an
RPI set [19], [20]. However, underlying Minkowski additions
and matrix transformations of polytopes become intractable
for large systems.
Instead of constructing an RPI set, we have proposed an
efficient state feedback control approach to compute large
zonotopic safe terminal sets [41]. A set Ω(tk ) ⊂ Rnx is
called a safe terminal set if a safe terminal control trajectory ūΩ (·|tk ) exists so that robust constraint satisfaction for
an infinite time horizon is guaranteed in case x(tk ) ∈ Ω(tk ).
Subsequently, we briefly present this two-step approach and
state the main modifications that are required to incorporate
output feedback control.
First, we compute a small safe terminal set Ω(tk ) containing the origin, which is typically not invariant but can be
safely steered into itself in finite time and is closely related
to the minimal RPI set [42]. In particular, we determine some
finite ik ∈ N>0 so that E(tk+ik ) ⊆ E(tk ) and

Rx tik , Ω(tk ) ⊕ (− E(tk )), 0, W, E(·) ⊆ Ω(tk ) (10a)

Rx τi , Ω(tk ) ⊕ (− E(tk )), 0, W, E(·) ⊆ X
(10b)

(10c)
Ru τi , Ω(tk ) ⊕ (− E(tk )), 0, W, E(·) ⊆ U,

where Ω(tk ) = Rx tik , X ⊕ (− E(tk )), 0, W, E(·) and i ∈
{0, 1, . . . , ik −1}. In contrast to RPI sets, x(tk+t) is allowed
to lie outside Ω(tk ) for some time t ∈ 0, tik . Nonetheless,
(10b) and (10c) ensure robust constraint satisfaction during
this period. Therefore, the state and input constraints in (4)
are satisfied if x(tk ) ∈ Ω(tk ) and x̂(tk ) ∈ Ω(tk )⊕(− E(tk )),
respectively.
Second, to increase the region of operation, we solve a
convex optimization problem whose solution ūΩ (·|tk ) safely
steers all states within the optimized large safe terminal
set Ω(tk ) into Ω(tk ). As a result, when using the safe terminal controller ūΩ in case x(tk ) ∈ Ω(tk ), the satisfaction of
the constraints in (4) is ensured. In the following subsections,
we use these safe terminal sets and controllers to define
terminal and contraction constraints.
C. Terminal constraint
Ideally, we want to add the terminal constraint

Rx tN , x̂(tk ), ū(·|tk ), W, E(·) ⊆ Ω(tk+N )

(11)

to the optimal control problem solved during τk . Although
the zonotope containment condition in (1) provides a way
to solve (11) for large systems, it is computationally too
expensive for most real-time applications. Thus, to speed
up online computations, we decompose (1) into two linear
programming problems. The first one is solved offline, and
the second one is added to the constraints of the optimal
control problem.

First, based on Ω(tk+N ) = cΩ(tk+N ) , GΩ(tk+N ) and the
reachable set Rx tN , 0, 0, W, E(·) = cRk+N,1 , GRk+N,1 ,
we solve the convex optimization problem
minimize
Γk+N

subject to

Γk+N

(12a)

∞

∞

By combining the presented constraints, the online optimal
control problem solved during the time interval τk is

minimize J x̂(tk ), ū(·|tk )
(17a)
ū(·|tk )

GRk+N,1 = GΩ(tk+N ) Γk+N
Γk+N

E. Optimal control problem

≤1

(12b)

subject to


Rx τi , x̂(tk ), ū(·|tk ), W, E(·) ⊆ X

Ru τi , x̂(tk ), ū(·|tk ), W, E(·) ⊆ U,

offline, where Γk+N is a matrix of appropriate dimensions.
Second, we add the terminal constraint
cΩ(tk+N ) − (cRk+N,1 + cRk+N,2 ) = GΩ(tk+N ) γk+N (13a)

 ∗
Γk+N γk+N ∞ ≤ 1
(13b)

to the optimal control problem,
where cRk+N,2 , 0 =

Rx tN , x̂(tk ), ū(·|tk ), 0, 0 , Γ∗k+N denotes the solution of
(12), and γk+N is an optimization vector of appropriate
dimension. Based on the superposition principle and (1),
it follows that the condition in (11) is satisfied if (13) is
feasible.
D. Contraction constraint
Inspired by [36], we introduce a simple contraction constraint such that convergence to a neighborhood of the origin
in finite time is ensured. Before we present this constraint,
we introduce the distance
∥Z∥ = min {δ ∈ R≥0 | Z ⊆ δ ⟨0, I⟩}

(14)

the origin and zonotope Z, where ⟨0, I⟩ is the
corresponding to the infinity norm. To account for
orders of magnitude of the state space dimensions,
also be weighted accordingly, e.g., using a suitable
matrix instead of I in (14).
on the contraction distances

d(ti |tk ) = α + Rx ti , x̂(tk ), ū(·|tk ), W, E(·) ,

between
unit ball
different
they can
diagonal
Based

where α ∈ R>0 is a user-defined contraction parameter that
is typically chosen close to zero, we add the contraction
constraint
N
−1
X
i=1

d(ti |tk ) −

N
−1
X
i=1

d(ti |tk−1 ) < −α

(8), (13), and (15) are satisfied

for i ∈ {0, 1, . . . , N − 1} :

(12c)

(17b)

(17c)
(17d)

where J is a convex cost function. Because (17) is a convex
optimization problem with linear constraints, it can be solved
efficiently by existing convex optimization algorithms [43].
To reduce online computational effort [7], [11], we tighten
the constraint sets X and U in (17c) and (17d) based on the
superposition principle because the time-invariant reachable
sets corresponding to W and E(·) can be computed offline.
F. Algorithm
Finally, we present our robust output feedback dual-mode
MPC approach in Alg. 2, where we iteratively solve the
optimal control problem in (17) in a moving horizon fashion
until the safe terminal controller ūΩ takes over. Subsequently,
we briefly describe this algorithm.
Algorithm 2 Robust output feedback dual-mode MPC
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:

k←1
while d(t1 |tk−1 ) ̸≤ α do
▷ 1. mode
u(t) ← ū(t1 |tk−1 ) + K x̂(t
)
for
t
∈
τ
k
 k
ū(·|tk ), d(·|tk ), rinfeasible ← solve (17)
if rinfeasible then
ū(·|tk ) ← apply ū(·|tk−1 ) to (9)
d(·|tk ) ← apply d(·|tk−1 ) to (16)
end if
k ←k+1
end while
kΩ ← k
while true do
▷ 2. mode
u(t) ← ūΩ (tk − tkΩ |tkΩ ) + K x̂(tk ) for t ∈ τk
k ←k+1
end while

(15)

to the optimal control
PN −1problem solved during τk . Thus,
(15) ensures that
i=1 d(ti |tk ) is a strictly decreasing
function with respect to consecutive time steps k, implying
the convergence of the state trajectory x(·) to the origin.
As stated in Section IV-A, we use the remainder of the
previous solution ū(·|tk−1 ) as a backup if the optimal control
problem is infeasible. To be consistent with the update of
ū(·|tk ) in (9), we set
(
d(ti+1 |tk−1 ) for i ∈ {1, 2, . . . , N − 2}
d(ti |tk ) =
0
for i = N − 1
(16)
if the optimal control problem solved during τk is infeasible.

In line 2 of Alg. 2, we check if the unknown state x(tk )
is guaranteed to lie within Ω(tk ) at tk . If this is the case,
we switch to the second mode and apply the inputs of the
safe terminal controller ūΩ to the system in lines 12 to 15.
Otherwise, the input that is applied to the system during τk
is updated in line 3 based on Section IV-A. In addition, the
optimal control problem in (17) is solved until tk+1 in line 4.
Its third return value rinfeasible is a Boolean flag that is true if
the optimal control problem was infeasible; otherwise, it is
false. In case of an infeasible solution, ū(·|tk ) and d(·|tk ) are
updated based on the feasible backup solution of the previous
time step in lines 6 and 7.
Theorem 1: If an initialPfeasible solution ū(·|t0 ) with
N −1
corresponding d(·|t0 ) and i=1 d(ti |t−1 ) = ∞ is given at

t1 , Alg. 2 steers the disturbed system in (3) to a neighborhood
of the origin while satisfying the constraints in (4).
□
Proof: We must show two things: (i) The constraints
in (4) are satisfied for an infinite time horizon, and (ii) the
system reaches a neighborhood of the origin in finite time.
(i) This part of the proof is mainly based on extending
the optimized correction input trajectory by the safe terminal
control trajectory and using the previous solution as a backup
in case of the infeasibility of (17). Because these ideas follow
standard robust dual-mode MPC approaches [36], this part
of the proof is omitted.
(ii) Based on Section IV-B, the safe terminal control
trajectory ūΩ (·|tk ) steers the system to a neighborhood of
the origin if x(tk ) ∈ Ω(tk ) with k ∈ N. If
d(t1 |tk−1 ) ≤ α,

(18)

which is the condition in Alg. 2 when we switch to use
ūΩ (·|tk ), x(tk ) is guaranteed to be the origin or lie within
Ω(tk ) based on (14), (16), and the terminal constraint in
Section IV-C. Thus, it remains to show that (18) is satisfied
for some finite k.
If the optimal control problem in (17) solved during τk is
feasible, we know that (15) is satisfied,
the contraction
PNi.e.,
−1
rate of at least α is guaranteed for i=1 d(ti |tk ). If it is
infeasible, d(·|tk ) is updated according to (16), i.e., it is set
equal to the remainder of the previous contraction distance
trajectory d(·|tk−1 ). As a result, the contraction constraint
in (15) is simplified to −d(t1 |tk−1 ) < −α. This inequality
holds because the condition in line 2 of Alg. 2 would have
shown that x(tk ) ∈ Ω(tk ). Thus, the contraction rate of α is
also guaranteed in case of the infeasibility of (17). Therefore,
(18) is satisfied for some finite k.
G. Simplifications
As mentioned in Section III-A, we do not require the initial
error set E(t0 ) to be an RPI set [19], [20], which would imply
E(ti+1 ) ⊆ E(ti ) for any i ∈ N [13]. To avoid computing an
infinite number of error sets, we exploit the fact that the set
sequence E(·) typically quickly converges to the minimal
RPI set E(t∞ ), which can be tightly over-approximated by
another RPI set E∞ [44]. Thus, we can use (1 + β)E∞ as
over-approximation for all E (tk+i ) with i ∈ N by computing
the smallest β ∈ R≥0 such that E (tk ) ⊆ (1+β)E∞ for some
given k ∈ N. Therefore, only a finite number of error sets
must be computed.
Similarly, it suffices to compute a finite number of safe
terminal sets. In particular, we replace Ω (tk+i ) with Ω (tk )
for all i ∈ N. It is sufficient to compute only Ω(tN ) when
choosing k = N and remaining in the first mode for the
first N time steps in Alg. 2. In the following section, we use
these simplifications to solve a benchmark problem from the
literature.
V. N UMERICAL EXAMPLE
With the next release of our MATLAB controller synthesis
toolbox AROC [45], which uses our reachability analysis
toolbox CORA [37] to compute reachable sets, we will

TABLE I
S TATE , INPUT, AND DISTURBANCE BOUNDS
e(1) , e(2) , e(3)
ė(1) , ė(2) , ė(3)
a(1) , a(2) , a(3)

[−10, 10] m
[5, 5] ms
[−8, 8] m2

u(1) , u(2) , u(3)

[−8, 8]

a(0)

[−1, 1]

v (1) , v (3) , v (5)
v (2) , v (4) , v (6)
ϵ(1) (t0 ), ϵ(4) (t0 ), ϵ(7) (t0 )
ϵ(2) (t0 ), ϵ(5) (t0 ), ϵ(8) (t0 )
ϵ(3) (t0 ), ϵ(6) (t0 ), ϵ(9) (t0 )

s
m
s2
m
s2

[−0.05, 0.05] m
[−0.05, 0.05] ms
[−0.5, 0.5] m
[−0.5, 0.5] ms
[−0.5, 0.5] m2
s

make our robust output feedback MPC algorithm public. All
optimization problems are modeled using YALMIP [46] with
the parameter “allownonconvex” set to 0 and solved using
MOSEK [47] with default parameters. All computations are
performed on a laptop with an Intel Core i7-1185G7 and
32 GB memory.
In this section, we show the effectiveness of our control
approach on the vehicle platooning benchmark in [48].
The dynamics corresponding to the relative motion of the
ith following vehicle with i ∈ {1, 2, 3} and its vehicle ahead
is
ë(i) = a(i−1) − a(i) ,
where the relative position error e(i) denotes the difference
between the two vehicles and a given safe reference distance.
In addition, a(i) corresponds to the ith effective acceleration
described by the drivetrain dynamics
ȧ(i) = −

1
1 (i)
a + u(i) ,
Ti
Ti

where Ti represents a time constant that is assumed to be
0.5 s for all i ∈ {1, 2, 3} and u(i) is the ith control input.
In addition, the acceleration of the leading vehicle a(0) is
assumed to be an unknown but bounded additive disturbance.
In summary, the state of the platoon is described by x =
T
 (1)
e
ė(1) a(1) e(2) ė(2) a(2) e(3) ė(3) a(3) ,
T

the control input is u = u(1) u(2) u(3) , and the

T
state disturbance is w = 0 a(0) 0 . . . 0 . Because
vehicle-to-vehicle communication is assumed, a central
controller with stabilizing state feedback matrix K can be
designed [48].
The output matrix CD ∈ R6×9 is chosen to be an
identity matrix, where every third row is eliminated, i.e.,
the effective accelerations of all three following vehicles
cannot be measured directly. Thus, the output disturbance is
T

v = v (1) v (2) . . . v (6) . In addition, the state, input,
disturbance, and initial state estimation error bounds are
shown in Table I.
To enable short solver computation
times, we use the
PN −1
quadratic cost
function
J
=
L
x̄(t
i=1

 i |tk ), ū(ti |tk ) +
V x̄(tN |tk ) in (17a), where L x̄, ū = x̄T x̄ + 10ūT ū,

V (x̄) = x̄T x̄, and x̄(ti |tk ) equals Rx ti , x̂(tk ), ū(·|tk ), 0, 0 .
Thus, the convex optimization problem in (17) is a quadratic

program [43]. The prediction horizon is N = 20, and the
sampling time is ∆t = 150 ms. The applied correction input
during τ0 is 0, the contraction parameter used in (15) is
α = 10−3 , and the stabilizing output injection matrix L
is obtained by [49, Eq. 16]. In addition, the unknown
nonaugmented initial system state is given by x(t0 ) =
T

−9 m 4 ms 7 sm2 9 m −4 ms 7 sm2 3 m 3 ms 0 .
In Fig. 2, we show projections of sets and random trajectories onto relative position and velocity error dimensions.
In addition, we visualize both trajectories ū(·) and u(·) in
Fig. 3. Because the maximum computation time for solving
the optimization problem in (17) is always less than ∆t, we
never have to abort the online optimization prematurely.
In comparison, more than 5 min are required to perform
a single Minkowski addition of two nine-dimensional axisaligned unit boxes represented in halfspace representation
using the toolbox MPT3 [50]. Since this computation corresponds to the simplest case possible, it is obvious that
polytopic methods are unsuitable for handling large systems.
VI. C ONCLUSIONS AND FUTURE WORK
We have proposed a robust output feedback dual-mode
MPC approach for linear sampled-data systems. Using scalable reachability analysis and convex optimization algorithms, zonotopic safe terminal sets that ensure robust constraint satisfaction at all times after they are entered are
obtained. Based on these sets, real-time controllers that
steer the system to a neighborhood of the origin despite
unknown but bounded disturbances are computed. In contrast
to existing work, a sampling time of 150 ms is achieved for
a nine-dimensional system without exploiting the sparsity of
the system matrix. In the future, we plan to apply our scalable
methods to learning-based MPC.
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Fig. 2. Projections of sets and trajectories onto relative position and velocity error dimensions. The initial reachable sets corresponding to ū(·|t0 ) for
all N time intervals and for the last time point are shown in blue and purple, respectively. In addition, 50 random trajectories for the initial solution are
shown in black, and the actual trajectory for t ∈ [0, 20] s is shown in red. Moreover, the red and green dots represent the unknown initial state x(t0 ) and
the state estimates along the actual trajectory, respectively. In addition, the orange and green zonotopes correspond to the initial error set E(t0 ) and the
safe terminal set Ω(tN ).
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