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Abstract

5 e %
The multinormal integral is evaiuatad by appliulti;;”ét.;:;gc‘njg
asymptotic formula for the probability aont'ni : ;f ?q;;;flif
intersections in the standard normal space together with a
recursive scheme proposed earlier by Hohenbichler. It is qvikghll-
for arbitrary correlations and computationally efficient even for

higher dimensions. It is very accurate for small probabilities.
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Introduction

ltinormal

integral is required

Y problems of statistics and,

recently, turned out to be 3

key problem in structural rel rabality [1]. For example, an euent
tree-type of analysis of redundant structural systems requires the
evaluation of the probability of the intersection of e
componental dependent state change events along a given path to
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ral collapse [2]. Other mcre eneral
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applications may

Je
in 3. Let U = aLij iy \_rn} be an independent standard
m
wecior and a domain V be given as V = N { 9. (U} 2 O) with
g=1 -4
0 for at least one J and the g. at least

lifferentis

approximat ion

1s given

or further reference:

> g B) (dex(I - D)) = ¢, (e; R) C (1)

Q»R is the k-dimensional standard normal integral, c = BTEh,
- : b et 17 4
» € = {det (I D)) a2 second-order correction term, and
int defined by
m
= min {(llull} for {(u : N g {(u) < 0) (2)
J=1 ¥

k 2 m) is the size of the index set J for "active®

ints, i. e. for which qJ (E-) = 0. A collects as columns the

LN
Yy independent, normalized gradients (Hgiﬂ = ligrad qJ(g =

of the active constraints. For simplicity of notation, an orthogo-

T "
u may be performed such that L

nal transformation w

" T ® v

w 0 and hl = T'a., b = 0 for 1 i k and k + | ¢ m. The

n ol | 1)

first column of T 18 formed by any of the a., 1 € J. The other
1

columns are f ound by o suitable orthogonalisation algorithm.

) to be determined from

Further, a negative vector ¥ YRy
i

k
" -
W' =2EhY 3 B (h_l) (1 i k) 1)
:x1sts. Then, the elements of the matrix D, Fodl g e e L E)rare
fm-K )ju{m-kj
given by
k a t;t(u )
d z L e H k+1 Lk 1 B
rs . t db_ ab
t=] I

Formula (1) provides high numerical accuracy for sufficiently large

*

a0 [1,4].

For the multinormal integral in eq. (1)

n

an asymptotiec formula given in [5] and some approximations [8] as

well as numerical integration schemes [7] have been proposed.

Another computationally efficient approximation is derived in [8].
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Derivation of main result

Rosenblatt-transformation [9] as follows:

In this paper the multinormal integral is aApproximated by

applying 5 "'71[|M 2 U
‘ the f 1 1t (1) ¢ 1 Ay, )
} oregoin enera resu ( : >
{ g 9 q (1) or the probability content qf
tntersections to the evaluation of eq. {S) on the basis gof a
{ Hence, the g-functions in eq. (7) are:
: - H .
; recursive scheme suggested in [8]. Without lass of generality letg
be a standard normal vector with correlation matrix R = (p ) It
&gt 1 s
U) = $(c $(U r | paa (9)
can be represented in terms of an independent standard Ronual g; (U) =T ¢ [3‘F1) b(l|)] . ,i; a J‘J c {(9)
vector
It s seen that the dimension of the intersection in eq. (5) is
a2 i reduced by one in eq. (7). Let the point u” defined by eq, {2) be
A, = T a R (1 £ 1 5 n) i6)
i i i J
J=1 found by some suitable search algorithm. An approximation for the
second factor in eq. (7) then is by using eq. (1)
h J‘l = 1 and the othker ccefficients determined such that the
¥ ieft-hand and the right-hand side have the same correlation matrix, n T
; [ | "
P{ N 1gltg} 0}) Py N IS PR T M IR 0 5 N {(10)
i T by Cholesky’'s triangularisation procedure for positive i=2 jéd2 T *
definite matrices [6]. Now, the multinormal integral can be
i rewritten as where, as before, J2 € {2,...,n} is the subset of k £ n -1 active
L
constraints at u and C2 the correction factor as in eq. (1).
n
T f .
P(X < c) = P(X S 1Pl (w0 TR T herefore, eq. (7) can be rewritten as
I = 1 1 i i 1 1
i=2
T "
P(E ¢ c) =¢'(cl)C2 B0 (a(u - u') s 0)) (11)
n i o = F T
i 1€J
= ¢(:1} BN (dll | I a, . 0. - c; ¢ 0}) 2
i=2 = Jj=2 =

which is the main improvement as compared to [8].

n
= ¥le;) P( N (g (U) ¢ 0)) {(7)
i=2
For the last factor one, 1in turn, proceeds as described in eq. {?7)
o with new X. in eq. (6) given by X. = QT U being standard normal
where the variable Xi is again standard normal but truncated at c, i i : ’ T o
with correlations Pod = 8, ij and the new €; defined by g —Aa
and independent of the other U's. X can be represented by its
= » 1 P Repeated at most (n-1)-fold application of this scheme finally

yields the result.




Technicalities

The computation of the correction § b
n factors Ct(t -2} ds facilitated

by the following observations. Eq. (9) shows that the

g-functions

are non-linear only in the first variables. Their gradients K

‘ ave
! the elements:
E

4 g {u) a
‘ S
; = ll ¢(c1) flu, )

3w, (=) ' ke

1
¢ g, {u)
= a 2 ¢ <
3 u, i . e (12b)

The Hessian matrix of second derivatives has only one non-ze
=zero

entry, i.e.:
e? g, (u) #(u,)
1 _;j_;:_- =a;, ${c;) . ey [ dle,)x, Plu) - u »(x) ] (13)
‘ 1

In particular, the {directional) second-order derivatives at

E
g o

in the directions orthogonal to the active gradients to

be wsed in eg. {4) can be given analytically as:

9 (vw") a? g, (u™)

ir 1s 2
6§r ags a a, ey

The directional Hessian matrix in the directions (gu’i,...,gﬂ) is

El ¥ 2

with

-
nxE>
—
o

T
: (16)

a? ql(g') n 2
A e e A b {17a}
L k+l 62 u, Fuk o1 1J
= e - = ‘: -’ %
N ke2 A"n 0 (17b}
Further, if there are several active constraints qi(E] w0
fi= 2y P o it is according to eq. (4) with the vl‘s determined
from eq. (3)
k a? qi(E*) n
A e o A L - IR {18a)
e R L L fakbd o9
kk+2 = An s, 0 {18b)
Therefore, the asymptotic correction factor in eq. (10) becomes:
-1/72
C2 = (1 Ah#l} (19)

L
It can be shown that for smaller llu I the correction factor can be
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prahab;[lgleu

infoermation

triangular

for large Hu“H

where q_(U) parabolic approximation to g.(u)
b

our application multinormal the principal form

=
m
=

araboloid
parabo i since the Eigenvalues

['~]

the Hessian h
a The paraboloid can be

probability content of the prarboloid is:

' | 2
2 | & Hu' Au” )P (x)du

& ha' )

The integral needs to be determined numerically. In eq. (10}
the inactive constrainte Are omitted and similarly in all
consecutive steps. It is possible to retain those constraints
1 £ )ne can justify reasonable expansion points The i lest
"
choice i1s to use u but better results are likely to be
obtained by determining points def ined
n
1 m i 4 3 oid i O 1 { { \ 0}
Hua™ Nl min{ Hull) tor (u:{ N g.{(u) <0}y N (g.{u)y = 0}))
= J B
j=2
J2i

wvhere i runs over all indices not contained in J2.

A crucial assumption for the foregoing results to hold is that

the coordinate origin is not contained in V. If, however, O €EV

{0) ¢ O for all i which implies that V is a “large”

or g.
probability domain it is proposed to wuse the so-called

equivalent plane concept outlined in [1,8,11].

Another assumption is the linear independence of the active

”
gradients a (i€J) at u . In the case of the multinormal

integral this can be achieved by checking in each step of the

procedure whether there are “components™ in the intersection

(see eq. 11) for which FPLJ' a )

with mln(ci,c ) is omitted; if P1J=-l' there is ¢n(...}=® for

= For le=+1 the component
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1 J
components in a P
independent gradients provided
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least as good as the best approximat
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