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Abstract

A stochastic PDE, describing mesoscopic fluctuations in systems of weakly interacting inertial particles
of finite volume, is proposed and analysed in any finite dimension d € N. It is a regularised and inertial
version of the Dean—Kawasaki model. A high-probability well-posedness theory for this model is devel-
oped. This theory improves significantly on the spatial scaling restrictions imposed in an earlier work of
the same authors, which applied only to significantly larger particles in one dimension. The well-posedness
theory now applies in d-dimensions when the particle-width € is proportional to N 1/ for 6 > 2d and
N is the number of particles. This scaling is optimal in a certain Sobolev norm. Key tools of the analysis
are fractional Sobolev spaces, sharp bounds on Bessel functions, separability of the regularisation in the
d-spatial dimensions, and use of the Faa di Bruno’s formula.
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1. Introduction

Fluctuating hydrodynamics is a class of models describing fluctuations around the hy-
drodynamic limit of a many-particle system; a particular example is the Dean—Kawasaki
model [10,17], which describes the evolution of finitely many particles governed by over-damped
Langevin dynamics. At its core, this model is a stochastic PDE for the empirical density, com-
prising a diffusion equation that is stochastically perturbed by a mass-preserving multiplicative
space-time white noise; see (6) below. Equations of fluctuating hydrodynamics are widely used in
physics and other sciences (e.g., in the description of active matter [24,5], thermal advection [19],
neural networks [22], and agent based models [11]), and are currently being investigated numeri-
cally [16]. Still, the mathematical analysis of these equations is in its infancy. A truly remarkable
recent result [ 18] shows that a solution for the original Dean—Kawasaki model (as derived in [10]
and given in (6) below) only exists when the initial datum is a superposition of a finite-number
N of Dirac delta functions and the diffusion coefficient is %N ; if such an initial datum is ever
so slightly mollified, then no solution exists. Given the numerous applications of equations of
fluctuating hydrodynamics, this apparent mathematical instability is particularly puzzling.

In light of this, several regularised Dean—Kawasaki models (featuring smooth noise coef-
ficient and coloured driving noise) have been proposed and studied [13,11,14,7,8]. In recent
work [7,8], the authors have derived and analysed stochastic PDE models for the empirical
density of N-particles following second-order Langevin dynamics and interacting weakly. The
models are derived from particles as entities of finite size rather than Dirac delta functions and
this regularisation is crucial for the mathematical theory. We refer to this PDE as the Regularised
Inertial Dean—Kawasaki (RIDK) model. In particular, we have established that RIDK has a well-
defined mild solution in one-dimension with probability converging to one in the limit as N — oo
and the particle width € — 0, subject to particles being wide enough (as given by the scaling con-
dition N €’ =1 for a given 6). In this paper, we establish well-posedness for RIDK in any finite
spatial dimension and significantly improve the scaling condition (relax conditions on 0) in the
one-dimensional case. To the best of our knowledge, this is the first proof of well-posedness for
RIDK or any Dean—Kawasaki model in several space dimensions.

1.1. Setting and main result

We consider N-weakly interacting particles on the d-dimensional torus T¢ := [0, 27)¢.
The particles are identified by position and momentum (g;, pi)lN: | € T? x R4, and satisfy the
stochastic differential equation

N
gi=pi,  Pi=-vypi—-N') VU@i—q)+ob, i=1,...N, (1)
j=1

where y, o are positive constants, U : T4 — R is a smooth pairwise interaction potential, and
{b;} lN: | is a family of independent standard d-dimensional Brownian motions. We work under the
key modelling assumption that the particles have a finite size. Specifically, we describe their spa-
tial occupancy by means of a kernel w: T — [0, o) indexed by € > 0, which may be thought
of as the particle width. We propose RIDK as a model for the particle density and momentum
density
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N N
(pe(x,1), je(x, 1) 1= (N—1 D we(x—q; ). N pi(t)welx — q,m)) :

i=1 i=1

where (x,1) € T x [0, T].
In particular, RIDK defines an approximate particle and momentum density (5, j.): T9 x
[0,7]— R x R4 by the stochastic PDE

0pe ==V " Je,
0Fe=—VJc— o @
Go=—yj -

€ € zy

Vi — (VU f)+o N7V (Vo P e o P2 ),
subject to (p¢ (-, 0), 7. (-, 0)) = (po, Jo) for initial densities pp and }'0, where {&; }?:1 are indepen-
dent space-time white noises, and P, is the convolution operator P : L>(T%) — L>(T%): f
P f() = de we(-—y) f(y)dy. The operator P. describes the spatial correlation of the
stochastic noise and is intrinsically linked to the spatial occupancy of the particles through the
regularising kernel w,. This model is of inertial type (meaning that it keeps track of both den-
sity and momentum density), and is a generalisation of the models studied in [7,8] to higher
dimensions. For w,, we choose the von Mises kernel

d -2 )

i g—d x| _ 2ot=1 80 (e/2) _ / _sin’(y/2)

We(x) 1= Z_“exp { 2/ } , Ze:= | exp ( ) ) dy. 3)
T

Any non-negative function w: [—m,7) — R can be written w(x) = exp(—V (sin(x/2))) for a
function V: [—1,1] — R.Forx ~ 0, V (sin(x /2)) ~ V(0) + V'(0) sin(x /2) + %V”(O) sin?(x/2).
Assuming V is symmetric for extending periodically, we find that

w(x) = exp(—V (0)) exp (—% V" (0) sin®(x /2)) .

The values of exp(—V(0)) = 1/Z, and V"(0) = 4/62 are chosen so that the moments agree
with N (0, €2) and there is convergence to the Dirac delta function. The periodic extension to T¢
defines the von Mises kernel we.

For regularity purposes which will become clear later, it is convenient to replace the square-
root in (2) with a smooth function /s: R — R such that hs(z) = +/|z] for |z| > 8/2, for some
small and fixed § > 0. Following this change, the RIDK equation (2) is rewritten in the abstract
stochastic PDE notation

: dXe,S(t) =A XE,S(I) dr + oy (Xe,8(t)) dr + BN,S(Xe,(S(t)) deer,ea (4)

Xe,5(0) = Xo,

where X¢ 5 = (0e.s, je’a), Xo = (o, Jo)» A is a linear operator describing the deterministic
drift excluding the interaction-potential term oy (X¢s), By s is the stochastic integrand as-
sociated with the introduction of hs, and Wper is a Q-Wiener representation of the noise

172 1/2 . . . .
(P 3 &,...,P e Ed). More details concerning (4), as well as a sketch of its derivation from

the Langevin particle dynamics (1), are given in Section 2.
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Throughout the paper, we work under the general scaling
Nel =1, 0>6p:=2d. (5)

From a modelling point of view, (5) imposes the particle size (comparatively to N), where
increasing 0 implies increasing particle size. If 6 is close to the limiting case 6y = 2d, the scal-
ing (5) is approximately only dependent on the volume v of each particle: specifically, since each
particle is roughly of size € in each direction, then (5) corresponds to Nv? ~ 1. The purpose
of the scaling is regularisation and smoothing of the densities, and it is necessary that particles
overlap in the limit so that conservation of volume is not possible. The condition (5) provides
sufficient regularity for the Sobolev space analysis in Theorem 1.1 and is optimal in that sense as
we show in Remark 1.2.

From an analytical perspective, (5) affects the spectral properties of the noise Wyer,e in (4)
through the operator Pe.

We state the main result of this paper.

Theorem 1.1 (Well-posedness of RIDK on T?). Let § > 0, hs € CI4/21T2(R), v € (0, 1), and
U e Cl. Fix 0 > 6y = 2d such that (6 — 6y)/2 < [(d + 1)/2] — d/2. Pick n € (0, min{(6 —
60)/2, C(d)}) for some small enough C(d) € (0,1/2) (see Lemma B.4). Set s :=d/2 + n. Let
(Po, Jo) be a deterministic initial condition belonging to the fractional Sobolev space W* :=
H*(T4) x [H*(T%)) such that min, .a fo(x) > 8.

There exists T =T (po), a large enough N, a unique VW’ -valued process Xe s = (De.s: J¢ 5)>
and a set F, of probability at least 1 — v such that min,cd ;ci0.7) Pe.s(X,5) > 8 on Fy, and
Xe.s solves (4) pathwise on F), in the sense of mild solutions [9, Chapter 7]. As a consequence,
Xe.s also solves the RIDK equations (2) pathwise on F, in the sense of mild solutions.

The proof exploits a small-noise analysis, by obtaining the solution to (4) as a small perturba-
tion of the strictly positive solution of the noise-free dynamics (i.e., the damped wave equation).
When the perturbations are small and the initial data is everywhere larger than §, the solu-
tion to (4) remains outside the regularisation regime (—oo, §/2) for hs and the regularisation
is bypassed, resulting in a well-defined solution of (2). The C%-norm is used to measure the per-
turbations and keep track of whether the solution falls into the regularisation region. To do this,
the parameter s is chosen so the mild solutions take values in the Sobolev space WW*, which is
embedded continuously in C 0% [C 0]d.

With this in mind, the proof of Theorem 1.1 (see Section 4) is built upon three conceptual
blocks, developed in Section 3. Firstly, A is proven to generate a Co-semigroup with respect
to the W*-norm (see Subsection 3.1, Lemma 3.1). Secondly, the stochastic integrand By s is
shown to be locally Lipschitz and sublinear (d = 1) or locally Lipschitz and locally bounded
(d > 1) with respect to the Hilbert—Schmidt Lg(WS)—norm (Subsection 3.3, Lemma 3.4). These
two blocks give rigour to the application of the mild solution theory. Thirdly, sharp bounds for
the trace of Wper,e with respect to the JV*-norm are provided via spectral analysis of P s, (see
Subsection 3.2, Lemma 3.2). In combination with Lemma 3.4, this guarantees the vanishing-
noise regime for (4) in the YW*-norm as N — oo.

Theorem 1.1 carries two significant contributions. Firstly, it provides a well-posedness theory
for the multi-dimensional RIDK model; to the best of our knowledge, this is the first paper to
give an existence and uniqueness theory for such a model. Secondly, it improves an analogous
one-dimensional result [7,8] by significantly relaxing the scaling threshold in (5) from 6y =7 to
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6o = 2. The more restrictive threshold for 6 resulted from a suboptimal analysis with respect to
the W! norm. The 6y = 7 scaling is inconveniently restrictive, as it only allows for rather large
particles (comparatively to N). Specifically, 0 is significantly away from the null value, which
formally corresponds to representing particles by Dirac delta functions.

The main technical novelties that we introduce in the proof of Theorem 1.1 are the following.
First, we deploy improved estimates for the spectral properties of P s, which rely on refined
bounds for modified Bessel functions of the first kind. Secondly, we set the analysis in the ‘least
restrictive’ Sobolev space VW’ that embeds continuously in the space of continuous functions, and
this corresponds to considering s = d /24 n for arbitrarily small positive 1. Thirdly, we extend the
analysis to higher dimensions by relying on the separability of the kernel w, in its d variables,
the boundedness and periodicity of the spatial domain, and the considerations from the one-
dimensional case. The boundedness of the spatial domain is crucially used also in the derivation
of technical tools related to fractional Sobolev spaces and Faa di Bruno’s formula, which are
deferred to Appendix B. Relevant elementary algebraic tools are summarised in Appendix A.
Additionally, the proof of Theorem 1.1 in Section 4 is finalised with a localisation procedure
argument. Crucially, the same techniques adopted to deal with the superlinear interaction oy
(analogous to those developed in [8, Section 4]) also allow to deal with the locally bounded
noise ind > 1.

Remark 1.2. The justification of the scaling assumptions of Theorem 1.1 is found in Lemma 3.2.
There, each index s is associated to a relevant value 6.(s) := 2s + d, and the trace of Wy, with
respect to the WW*-norm is bounded by € %) In combination with Lemma 3.4, this implies
that the WW¥-norm of the stochastic noise of (4) vanishes as N — oo for any 6 > 0.(s). As
our well-posedness theory relies on the embedding W* ¢ C° x [C?]¢, we require the equality
s=d/2+4n=(6.(s) —d)/2 to hold, giving 8 > 2d + 2n. As n may be chosen arbitrarily small,
we obtain the threshold 6y = 2d.

Furthermore, for each s, the value 6.(s) is optimal, in the sense that 8.(s) is also the min-
imum value for which E[||pc(-, 1)||3,:] (where, we recall, p. denotes the true particle density)
is uniformly bounded in N and €, at least in the case of independent particles given by U = 0.
Namely, it is easy to proceed as in [7] and argue that, under reasonable assumptions on the law
of the particle dynamics,

0<Ci< lim {N625+d]E[||,0e('»t)||%P]}<C2’

N—00,e—0

for some constants Cy, C, independent of N and €. Crucially, we obtain scaling agreement for
fluctuations on microscopic and mesoscopic scale; here microscopic means particle-level dynam-
ics, see (1) above, while mesoscopic means the Dean—Kawasaki dynamics (2). As a result, the
value 6y is also optimal, as limy_, 4,2 6.(s) = 6. We stress that this notion of scaling optimality
is only understood with respect to the evaluation of Sobolev norms for the densities p. and pe.

Remark 1.3. The RIDK model (2) may be regarded as the regularised inertial analogue of the
original over-damped Dean—Kawasaki model [10,17]

N
dpy = Doy + V- (VonE)  inRYx (0,00), 6)
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where & is a space-time white noise. As stated before, (6) admits nothing but an atomic
solution, and only in the integer regime N € N. In this case, the solution is py(x,?) =
N1 vazl 8(x — B;(1)), where (Bi),N= | are independent Brownian walkers.

We consider the RIDK model (2) instead of (6) for a number of reasons. Firstly, while both
models describe mesoscopic fluctuations in particle systems of physical relevance (such as those
treated, e.g., in the description of active matter [24,5] and thermal advection [19]), the RIDK
model does so while also capturing core inertial effects (i.e., Newton’s law of motion). Sec-
ondly, it bypasses any problematic interpretations arising from taking a formal divergence of the
stochastic noise. Finally, it allows to work with smooth rather than atomic solutions.

1.2. Comparison with classical over-damped Dean—Kawasaki model and open problems

A rigorous connection between (2) and (6) is, to the present day, still lacking. Firstly, it is not
at all clear if (6) can be recovered via an over-damped limit (i.e., by taking y — 00) in (2): to
the best of our knowledge, there are no known mathematical results in this context, and, addi-
tionally, (2) admits smooth solutions while (6) only admits atomic solutions. Secondly, we have
no clear indication as to how to recover the square root singularity in (2) (i.e., how to perform
the limit § — 0), even in the context of strictly positive solution to the noise-free dynamics of (2)
considered in the paper. The closest result on the subject is given in [13]. The macroscopic limit
N — oo (which, in the case of (2), also forces the removal of the regularisation € — 0 due to the
scaling (5)) is, on the contrary, better understood. The solution to (2) converges to the solution
of a noiseless wave equation as a consequence of Theorem 1.1; on the other hand, the solution
to (6) converges to the solution of a deterministic parabolic equation, at least for reasonable initial
configurations (this follows from the definition of py and the law of large numbers).

In the case 6 < 2d (currently out of the scope of our well-posedness theory), or indeed for any
other scaling of N and €, the over-damped limit in (2) is just as open a question as for the case
0 > 2d, while the macroscopic limit N — oo is unknown.

We now briefly turn to possible future improvements of our RIDK model. The derivation of
the RIDK model (2) heavily relies on boundedness and periodicity of the spatial domain T¢. In
this case, the spectrum of the convolution operator P. is known: as explained in Section 2, this is
a consequence of the one-dimensional analysis treated in [8], of suitable multiplication rules for
the kernel w,, and of its separability in the d variables on T,

The analysis of the RIDK model takes the spectral properties of P. merely as starting points,
and, therefore, is a relatively independent and self-contained argument. It is reasonable to expect
that it could be extended to general bounded domains (and, if applicable, to different boundary
conditions) by adapting the analysis of the spectrum of P.. Improvements on the scaling require-
ment (5) will likely come from using less restrictive notions of solutions. Questions such as the
long time behaviour of solutions and the invariant measures for (2) are hard to answer, and will
likely require a radically different approach.

1.3. Basic notation

We work with periodic functions on the d-dimensional torus T4 =[0,27)? for d € N. We
never specify the dependence of any function space on d, as this is always clear from the context.
Bold face characters always denote vectors. For m € Ng and p € [1, co], we denote by W7 the
standard Sobolev space of periodic functions on T¢ with derivatives up to order m belonging to
L? . For0<s ¢N and p € [1, o0), we define the fractional spaces W7 via the norm
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llullws.p := lullyisi.p + max dxdy, @)

lz|=Ls]

|0%u(x) — d%u(y)|?
Ix — y|d+(s—LsJ)P
’]1"{1 ’]I‘d

where |s] := max{n € Ng: n < s}. We also set [y] := min{n € N : y < n}. We consider the
fractional Hilbert spaces H* and H® := [H $ ]d identified by the Fourier-type inner products

(wovygs = Y o L+ 117 dje= (2n)_d/e_ij'xu(x)dx, u,veH"
jeZd Td

d
(u, v)gs 1=Z(W1Uz)1{s, u,ve H', (8)
=1

and we define the norm on W* := H* x H® as ||(u, v)|lyys := (|Jull3,, + ||v||%1x)1/2, for (u,v) €
W?. The norms || - || s and | - ||yys.2 are equivalent; see [3, Proposition 1.3]. We define the space
Vstl:={ve H*: V.v e H*}) D H**!, and recall the integration-by-parts formula

(=V v, u)gs = (v, Vu)gs, Vu e H vo e vt )

In dimension d = 1, we trivially have V! = H**!. We denote by L(W*) (respectively,
Lg(WS)) the set of continuous linear functionals mapping WV* into itself (respectively, the set of

Hilbert—Schmidt operators from P\l/;éws C W* into W*), with the convolution operator P /5,

as defined after (2).
For each o € N, we define

I1, := {set of partitions of {1, ..., a}},
B(r) := {set of blocks forming partition 7}, mell,,
|| ;= #B(;r) = number of blocks forming partition

where # denotes the number of elements in a set. Furthermore, for every partition 7 € I1,, we
set

Bi(m):=#beB@m: |bl=j}, jell.....a},
Je)y:={jefl,....a}: Bj(x) >0}

As an immediate consequence of the definitions, we have } ;) j B () = a.

We use C as a generic constant whose value may change from line to line (with dependence on
relevant parameters highlighted whenever necessary, for example C(s)). In addition, we denote
the embedding constant of H* C C° by K _, 0. Finally, we use the subscript notation to link
specific constants with the lemmas where they are defined; for example, K5 | is the constant
introduced in Lemma B. 1.
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2. Derivation of RIDK

We now derive the RIDK model (4) by following the methodology outlined in [8]. Con-
sider the second-order Langevin system (1), as well as the quantities (pe(x,1), j.(x,t)) =
(N1 ZlNzl we(x —q; (1)), N1 Z,NZI p; () we(x — q;(2))) defined via the kernel (3). Simple 1t6
computations imply that p. and j . satisfy the system

{ atpe(xat)z_v'je(xvt)a

hjex, ) ==y je(x,t) —jr.(x,t) +1y(x,t)+ ZN(x,t), (10)

where the £th component of terms on the right are defined by

N
L2, D10 :=N""D" pf(6) 0, we(x — g; (1))

i=1

N
FNTY N pei(®) pri®) dy we(x — g; (1)),
i=1 k£t

N

N
Uy e, 0)le:=—N""Y"N""> "0, Ug;(1) — q;() we(x — g; (1)),

i=1 j=1

N
[Znx, t)]z =N we(x — q;(1)) by

i=1

The terms j, ., Iy, and Zy are not closed in the leading quantities (p¢, j.), and approximations
are used to close the system of equations. We now sketch how the approximations in [7,8] extend
to the multi-dimensional case.

The term j, . is dealt with under a local-equilibrium assumption [12, Corollary 3.2]. In this
situation, the probability density function of (g, (¢), p;(¢)) is approximately separable in the posi-
tion variable ¢; (f) and momentum variable p;(¢) due to the structure of the Gibbs invariant mea-
sure. In addition, the momentum variable is distributed according to a Gaussian of mean zero and
diagonal covariance matrix (o-2/2y) I,. Furthermore, under the additional assumption o2 < 2y,
the approximation o2 /Q2y) = ]E[p%,l.(t)] ~ pf,i(t) is legitimate. All these considerations imply
that E[j, ]~ o2/(2y)E[Vp] and this motivates the replacement Jo.e ™ (02/2y) Vpe.

The interaction term Iy may be approximated as Iy & —pe (VU * pc), following the lines
of [8, Proposition 3.5].

Finally, one may substitute the noise Z ~N(x,t) with Y N (x, 1), where

[YN(x,z)LZ =0 N2 /o (x.1) Py;esg(x,z), (11)

where P, is the convolution operator P : Lz(Td) — LZ(Td): frPf()= de We(-—y) X
f(y)dy introdl%ced above, anfl where {E@}‘Zzl are independent space-time white noises. The
substitution of Zx (x,t) with ¥ y(x, t) relies on the two noises being approximately equivalent
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in distribution. This is a consequence of the following approximate multiplication rule for von
Mises kernels

X1 +x2

> —qi(t)> . 12)

we (X1 —q; (D))we(x2 —q,; (1) X w 5. (x1 = X)W, /5 (

where x1, x2 € T¢, which can be deduced from its one-dimensional analogue [8] thanks to the
crucial fact that the kernel wy is separable in its d variables on T¢.

In addition, the stochastic independence of the d components of each member of the family
{bi}lN: | is reflected in the stochastic independence of the {5@}21:]. Taking all into account, we
obtain our multi-dimensional RIDK system (2).

The noise ¥ y (x, ) can be explicitly expanded using the spectral properties of the operator P,
which, due to the separability of the kernel w,, are readily available from the one-dimensional
case [7, Section 4.2]. More specifically, with {e;} ;<7 being the trigonometric system

\/;cos(jx), if j >0,
ej(x) = J;gmpy if j <0,

Ve if j =0,

it is not difficult to see that the family {f; s} jez« defined as

d
—s5/2
fis®) :=c<d>{1"[eje<xe>}(1+|j|2) . Jezd (13)

=1

is, for some choice of normalisation constant C(d), an H*-orthonormal basis of eigenfunctions
for P /3¢ for any € > 0. Furthermore, the eigenvalue of P s corresponding to the eigenfunction

fj.sis

Mo =[] e (14)

where the eigenvalues from the one-dimensional case are given by

_ sinz(x/Z) . .
Z;i/} 2 cos(jx)dx = 1; ({26771 ) /o (12€3)7Y), if j #0,
Aje= 5 (15)

1, if j =0,

with /; denoting the modified Bessel function of first kind and order j [1, Eq. (9.6.19)]. As a
result, the stochastic process
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Woer,e = Z % s,e (0, fj,sv 0,...,0 ﬁl,j +---

jezd
o <12
+ ) Ve 0.0, fi ) Baj. @jsei=0+ 1 e (16)
jeZd

with iid families {8, j}Z: | of independent Brownian motions, is a V*-valued Q-Wiener pro-
cess representation of the R x R9-valued stochastic noise (0, Yy (x,1)). It follows that, upon
swapping Z y (x, t) with Y y (x, t), we can write (10) in the abstract stochastic PDE form

dXe(1) = AXc () dr + oy (Xe s(1)) df + By (Xe(1)) dWper.e, an
Xe(0) = Xo,
where X = (0, J.), A is the wave-type differential operator given by
AX:i=(=V-j. =y j=©*21)Vp).  X=(p.)).
the interaction potential is oy (X¢ s5) :== —pe (VU * p¢), and the stochastic integrand By is given

by

Bn(p, j)(a,b) =0 N2(0, \/pb1,...,/pba).

For some hs € C4/ 2H2(IR) regularising the square function in [0, §], we substitute By with the
smoothed stochastic integrand

Bn.s((p, j))(@,b) :=0 NV2(0, hs(p) b1, ..., hs(p) ba) (18)

in (17), and we finally obtain the following equation in X¢ s = (0c,5, J ¢ 5)

dXe,S(t) =A Xe,é(t) dr + oy (XE,S(I)) dr + BN,(S(XG,S(t)) deer,Ev
Xe5(0) = Xo,

which is exactly (4).
3. Main technical results for the proof of Theorem 1.1

We develop the three main technical tools upon which we base the main proof in Section 4.
We investigate the cases d = 1 and d > 1 separately.

3.1. Semigroup analysis of operator A in W?*

Lemma 3.1. Let D(A) := H'T! x VSt The operator A: D(A) € W& — W* defines a Cy-
semigroup of contractions.
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Proof of Lemma 3.1 in dimension d = 1. The proof is identical to the one provided in [7,
Lemma 4.2], simply with all relevant spaces H® being replaced by H*~!™5. We assume
02/(2y) := 1 for simplicity, even though the proof is analogous for the general case o2/(2y) >
0.

We verity the assumptions of the Hille—Yosida Theorem, as stated in [21, Theorem 3.1].

Step 1: A is a closed operator, and D(A) is dense in VWW*. This is easily checked.

Step 2: The resolvent set of A contains the positive half line. Let 1 > 0. We show that the
operator A, := A — A[ is injective. Assume that A, (p, j) = (0, 0). We take the H*-inner product
of the first component of A, (p, j) with p and of the second component of A, (p, j) with j, and
we obtain

0=(=j'=xp, p)us + (=Gt v)j =0/ s ==A ol — G4 1illGs,

where we have used (9). Since A, y > 0, we deduce that (p, j) = (0, 0). We now show that A;l
is a bounded operator. Consider A;l (a,b) = (p, j). This implies

Mw=—-a—j, 19)
A+y)j=-b—0p (20)

Taking the H*-inner product of (19) (respectively, of (20)) with p (respectively, with j), we get
MG Dy A lolTs + A4+ 1) 1l = (—a, p)us +(=b, j)as. @1
We use the Cauchy—Schwartz and Young inequalities to deduce ||A;1 lcovs wsy < A~!, hence

the boundedness of A;l. We now show that Dom(A)Tl) is dense in W¥. Let us fix (a,b) €
H® x H'*t!. The system of equations A; (p, j) = (a, b) reads

—j'=rp=a, —(+y)j—p =b,
which promptly gives
1 b/
—Ap=a-— € H®. (22)
Aty Aty

A Fourier series expansion argument provides existence of a unique solution p € H’*2 for (22).
From —(A + y) j = p/ + b, we immediately deduce that j € H**t!. We have shown that, for
every (a, b) in the dense subset H* x H* L c WS, the operator A;] is well-defined.

Step 3: Inequality [21, (3.1)] is satisfied: This is precisely ||A;1 lcovs wsy < A~ 1, which we
already proved. O

Proof of Lemma 3.1 in dimension d > 1. Steps 2 and 3 are readily adapted, as the Fourier anal-
ysis is unchanged. We only need to justify the validity of Step 1. As for the density of D(A) in
W, this is implied by the density of H**! into H* and H**! into H, as well as by the inclu-
sion H**! ¢ V5!, As for the closedness of the operator A, this follows from the consistency of
the first component of A and of the definition of V5!, More specifically, consider a sequence
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D(A) 3 (pn, j,) = (p, j) in W*, such that A (o, j,) — (x,y) in W*. This immediately im-
plies that V - j, converges in H*® ~1 to both —x and V - j, forcing them to agree. In particular,
j € V**1 Similarly, Vp, converges in H*~! to both Vp and —y j — y, forcing them to agree.
In particular, p € H**t!. Therefore, (p,j)eD(A)and A(p, j)=(x,y). O

3.2. Improved bounds on trace of Wper,e in W*-norm

Lemma 3.2. Let {ké,j}jezd be the eigenvalues of Pﬁe’ see (14) and (15). Let o € (0, 1) and
B €(0,1) such that o + B > 1, and let s > 0.

(i) The following bound holds

Z {)\] e}(l + |J'|2)S < C(S, d) {e—zﬂ(2S+l) +6—2a(23+1) + 6—20[—4/33}6—(07—1)‘
jezd
(23)
(ii) The right-hand side of (23) is minimised, among all admissible pairs (o, B), by choosing
(a, B) = (1/2, 1/2). In this case, the right-hand side of (23) is proportional to € %) where
0.(s) =2s + d was introduced in Remark 1.2.

Proof of Lemma 3.2 in dimension d = 1. We denote by [;(x) the j-th modified Bessel func-
tion of the first kind evaluated at x.

Step 1. There exists K > 0 such that, for any j and any e, it holds A ; < K. This follows
from (15) together with the monotonicity of {A¢, ;}; (see [20, Introduction]).

Step 2. Let x > 1. Picking k =2 and m = 0 in [20, Theorem 2, bound (a)], we have

I.
j+1(x) - X . (24)
Ij(x) j+1/2+x
We show that the inequality
1
— 0 =<1-= (25)
J+1/2+x x¢
holds when
j=CxP, (26)
x>x=x(a,p)>0, (27

for suitable x (o, ) > 0 and C > 0 to be discussed below. Simple algebraic rearrangements imply
that (25) is equivalent to

1 1
Ogj(x“—l)—}—zx“—x——

5 (28)

which is in turn satisfied (taking (26) into account), at least under the sufficient condition
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0<Cx*P —cxP + L (29)
2 2
Take C > 0 in (26) if ¢ + B > 1, otherwise take C > 1 if « + 8 = 1. Then, for x large enough
(i.e., for x large enough in (27)), inequality (29) is satisfied, and therefore so is inequality (25).
Step 3. By symmetry of A ; with respect to j, seen in (15), we only need consider non-
negative indexes j. We define A1 :={0,1,2,..., [Cxﬁ'|} and A := Ny \ A;. We split the sum
in the left-hand side of (23) over these two sets. We use Step I to deduce

[Cx# [Cxf [Cxf [Cxf
D e A+ <K Y (A4 <K Y (+[CxF1 <K Y (14 CxPD
=0 j=0 j=0 j=0

=K1+ [CxP>H < c)K(TCxPPHL, (30)

For the sum over A;, we use the geometric decay Ae j+1 < (1 — 1/x%)Ac j, which is implied
by (24) and (25) combined with (15). We use Step 1 to obtain

[e.e]

> e A+

j=TCxP1+1

o0 J—(CxP1+1)

<C()K Z <1—xia> i

j=[CxP1+1

1 J 2s
— 2 : i B
_C(s)Kj 0(1 x“) (]—l—{Cx ]—i—l)

00 1 J o J 5
<C(s)K Z <1 — —a) ¥+ C)K Z (1 — iﬂ) (rcxP1+ 1)2
=0 * =0 *
—(2s+1) ’
<C()K (7) +CEKx (TCxP1+1)7, 3D
X

where we have also used estimates on the polylogarithmic function Li, (z) := Z(f:l 7/ j7V for
the first term in the last line, namely

Liy () = €t (32)

_Z)*}/‘l’l ’

In our case, y = —2s. Inequality (32) applies for negative integers y as a simple consequence
of differentiation of the geometric power series. Furthermore, (32) also applies for negative non-
integers y, provided that z € (1 — v, 1) for some small v = v(s). This is a consequence of the
trivial bound Li, (z) < Z?O:O Z/(1+ j)~7, and of [15, (9.550) and (9.557)].

As in the case of [7, Lemma 4.3], we pick x := (262)’1, with € small enough so that (27)
holds (and that z = 1—1/x%* € (1 — v, 1), with this requirement only demanded if y = —2s ¢ Z).
Combining (30) and (31) gives (23).
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Finally, it is easy to see that the choice («, ) = (1/2, 1/2), which makes the right-hand
side of (23) proportional to € %) = ¢=25+d 4150 minimises it among all admissible pairs

(@,8). O

Proof of Lemma 3.2 in dimension d > 1. The result promptly follows from the bound

d d $
S A+ 1 =D [ Rie <1+ij2>
k=1

jezd jezd =1
d d d d
<COY Y [P+ =YD a0+ > [ tiee
k=1 jezd t=1 k=1 jyeZ JeE€Z, Uk €=1,0+#k
d—1
=C(s.d) (Z Aje(l +j2>f> (Z x,-,g>
JEZL JEZL

and the validity of (23) for d = 1. The optimality of the scaling under (¢, ) = (1/2, 1/2) has
already been dealt with in the one-dimensional case. O

Remark 3.3. For d = 1, we have improved the scaling of [7, Lemma 4.3] in two points. Firstly,
the bound on {A;}; is now uniform in € and j (i.e., we no longer bound A; . using e .
Secondly, the exponential decay of the eigenvalues ‘kicks in’ earlier, namely around Ce~%#
rather than around € 2. This leads to a sharper estimate concerning the sum on the region Aj.

These improvements bring the threshold 6y down from 7 to 3 for the suboptimal choice s = 1
(see [7, Lemma 4.3]). In addition, the switch to fractional Sobolev spaces, i.e., the choice s =
1/2 4+ n instead of s = 1 as in [7], where 1 can be chosen arbitrarily small, grants a further
decrease of 6y from 3 to 2.

3.3. Regularity of the stochastic integrand By s

Lemma 3.4. With the same notation as in Theorem 1.1, let s = d /2 4+ n, where n > 0 is such that
n < C(d) <1/2, where C(d) is small enough (see Lemma B.4). Then

(i) Bn.s is a map from W* to LOV®).
(ii) By s is locally Lipschitz with respect to the Lg(WS )-norm.
(iii) By s is sublinear with respect to the LS(WS)—norm if d =1, and locally bounded with
respect to the same norm if d > 1.

Proof of Lemma 3.4 for d = 1. We limit ourselves to proving Statements (ii) and (iii).
Statement (ii). Take (u1, v1), (uz, v2) € W?, such that ||(uy, v))llws <k, (w2, v2)llws <k.
From (16) and (18) we have that

| B.s (@t v1)) = Bys (w2, v2) ooy

= 3" e {Brsur v0) = By s((@a, va))} O, £ [

JEZ
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2
o 2
= 2 s [0 s un) = ks )} £5) [y 33)
JeZ
We use the fact that {f; ;}; are orthonormal in H*, the equivalence of the norms || - || zs and

| - llws2 (see Subsection 1.3), the boundedness of /%, and Lemma B.1 to write

10, thsur) = hs@2)} £i.5) |
< Cll{hs(ur) — hs @)} fisllyyso < CKG  Ihs(u1) — hs@a)|3,,

=CK} { / s (1 (x)) — hs (uz(x))dx
T

// |hs () (x)) — hsu2(x)) — {hs(u1(y) — hsa ()} *

+ dxdy
lx — y|t+2

TT

<C©®)K%, {/ |1 (x) — ua(x)|?dx
T

+// |hs(u1(x)) — hs(ua(x)) — {hsm1(y)) — hs(u2(y))} |

lx — y|t+2

2
dxdy} . (34)
T T

We bound the numerator of (34). If either u1 (x) = us(x) or u1(y) = uz(y), then simply

|7y (1 (X)) — s (2 (x)) — {hs (1 (9)) — hs(ua(y))} >
< C®)|u1(x) —ua(x) — {u1(y) — ua(y)} 1. (35)

Otherwise, we use the embedding H* C C 0 and write

hs (w1 (x)) — hs(ua(x)) — {hs (1 (9)) — hs (w2 (y))}
hs(u1(x)) — hs(ua(x))
ui(x) —uz(x)
hs(ui(x)) —hsua(x))  hs(u1(y)) — hs(ua(y))
uy(x) —uz(x) u1(y) —u2(y)
<2CS)|u1 (x) — ua(x) — {ur (y) — u2 (M}
hs(ui(x)) —hs(ua(x))  hs(ui(y)) — hs(u2(y)
uy(x) —uz(x) ui(y) —u2(y)
=T+ T. (36)

<2

2
' |1 (x) — ua(x) — {u1 (y) — u2 ()} 12

2
+2 ‘ |1 (y) — ua ()

2
+2K2

2
2
50 ‘ lur — u2llys

We now focus on 7>. We define the auxiliary function
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{hs () —hs(B)} /(e = B), ifa#p,

r(“’ﬁ)zlhg(a), ifo =g

We write

hs(1(x) = hsua () hs (1 () = hsua () |
ui(x) — ua(x) ui(y) —u2(y)

<210 @1 (x), ua(x)) — r(ur (y), uz (x))|?
+21r (i (), u2(x)) — r(ui (), ua(Y)? =T + T.

In the above, we perform a first-order Taylor expansion (with respect to the first variable of
only for T3, and with respect to the second variable of r only for 74). This is possible because
r has partial derivatives defined everywhere (as a consequence of is being C2(R)). In addition,
the partial derivatives of r are uniformly bounded by sup, g |/} (z)| < C(8). This implies

T3+ Ty < C(8)|u1 (x) — ur (0)|* + C(8)|uz(x) — ua(y)|*. (37)

We plug (35), (36) and (37) into (34) and take into account the assumption |[(u1, v1)[ws <
k., I(u2, v2)[lys <k to obtain

(0. thatun) = hs@2)) f5) s

< COKZ, / 1() — ua () Pdx
T

+f/ Iha(ul(X))—hs(uz(X))—{hs(ul(y))—ha(uz(y))}lzdxdy

Ix_y|1+2s
T T

< COK2, / 1 () — up () 2dx

T
+C(5)// Iul(x)—uz(x)—{Ml(y)—uz(y)}|2dxdy
T T

|x_y|1+2s

luy (x) — ur ()12 + |uz(x) — uz(y)Fd

|x _ y|1+2s xdy

+CO K, collur —ualgys f
T T

<COG,k, K1, Kpsco)llur — ualls

< C@.k, Kt K s co) |, v1) = (2, 02) [y
We can go back to (33) and deduce the local Lipschitz property
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| By.s (G, v0) = Bs((wa, v2) [ 100,

[\

o
= | 2o ise | €Ok Kt Kool vn) = @, v2) [y

J

Statement (iii). We write
2
” BN’(S((M, v)) “Lg(WA)

2
= 2 Ve Baw O .0 = 5 2 e [0 hs@ 1)y

JEZL JEZL
2 2
o 2 o
= | 2o s 5@ fis s | < K | Do s s @)l
JEZ JEZ
2 o’ 25+1 2
< COKG e @ (1 + I, v>||WJ) , (38)

where we have used Lemma B.1, the sublinearity of /s at infinity, the boundedness of hg and
Lemma 3.2. This completes the proof. O

Proof of Lemma 3.4 for d > 1. In this proof, we need to analyse quantities associated with
derivatives of the distinctive nonlinearity hs(u), u € H%/>*". For this purpose, we make heavy
use of the contents of Appendix B (integrability properties of the Faa di Bruno representation of
derivatives of hs(u)) and Appendix A (factorisation of differences of two distinct instances of
the same derivative).

We again focus on points (ii) and (iii) only.

Statement (ii). Take (uy, vy), (uz, v2) € W¥*, such that ||(ug, vi)llws <k, ||(u2, v2)|lyws <k.
In order to bound

|Bw.s((u1,v1)) — By s ((u2, vz))HZLg(W.Y)

we only need to bound

2
5 2 s [0 s ) = ks @2} £.5) [
JjezZ

Moreover, Lemma B.1 allows us to only focus on estimating ||hs(u1) — hs(u2) ||2HS . We introduce
the shorthand notations

dDu(x)
Pn,au(x) = 1_[ 1_[ ]_[78’ Pnu;:Pdemu
jeJ(w)beB(n): |b|=; 1 12€b Xe,
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for every N > o < |d/2] and 7 € I1y, and Py ou(x) := 1. Due to the Faa di Bruno formula
recalled in Lemma B.2 and the equivalence of the norms || - || s and || - ||yys.2, the term |5 (1) —
hs(uy) ”%1& can be controlled by providing a bound for

Ld/2]

2
Z hglﬂal)(ul)Pﬂa,aul —hg‘ﬂal)(uz)lpna,aMZ

L2
a=0

1
+ / f ey [ @ )P ) T ) Prnn ) +
TdTd

2
{1 @ 3 Prr () = BT a0 Priz ()| dxdyi= A+ A2 (39)
for any choice y € [y, o € {0, ..., [d/2]}, and 7w € T4 )2.
Upon adding and subtracting terms of the type hg”"‘) (u2)Pr, au1,fora €{0,..., [d/2]}, the

term A is bounded (up to a constant) by

Ld/2]

Ld/2]
2 2
Z H {hg\nal) (ul) _ h§|ﬂa|)(u2)} 'Pﬂmau2‘ 12 + Z th”a\)(uz) {,Pm,,aul _ ,Pﬂa‘aMZ}‘ L
a=0 a=0
Ld/2] 5 Ld/2] 5
<Cd,9) K[2.1s_>co||”1 - u2||%1s Z ”Pﬂa,(x“2 ”Lz + Z Hpna,aul - Pﬂa,au2i|L2
a=0 a=0
(40)
Ld/2] 5
<C(d, 8, 0K}, coKpslluy —ualgys +Cd.8) Y | Pryatts = Pryatiz] 72 (1)
a=0

where we have used a Taylor expansion for (and boundedness of) derivatives of hs and
the Sobolev embedding H® c C° in (40), and Lemma B.3 in (41). We may now apply
Lemma A.1-(i) to factorise Py, o1 — Py, o2 into a sum of terms, each of which can then
be dealt with using Lemma B.3. We obtain

AL <A SCWd, 8, K e, coKpsllun — uzl|Fys. (42)
More generally, each application of Lemma A.1 below is, at least conceptually, identical to the
one illustrated above. Namely, it is used to factorise a difference of objects into a sum of terms
which in turn can be estimated using either Lemma B.3 or Lemma B .4.

Following simple algebraic rewritings, the term A; can be bounded (up to a constant) by

2
1570 o) = 1P w20y = 1P e (9) = BV 2| 1P ()2
x — y[d+-1s)2 dxdy

Td T4
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2
/ 1570 @y (90) = 1P w2 || 1P () = Py ()P
+

X — y|dre-B02 dxdy
T4 T4
157D 2o | 1Pt (%) = Ptz (6) = (Pt (3) = Pz ()P
+ X — y[d o2 dxdy
Td T4
AL CD 2 p _p 2
(u2(x)) = hs™ " (W2(y))| [Pru1(y) = Prua(y)|
/ / |x — y|d+G—LsD2 dxdy
Td Td
::T] ++T4

(43)

Term T is dealt with using (36) and (37) (with h(‘m) replacing /), the embedding H® C co
and Lemma B.4—(i). Its bound reads

T1<C(5)// i1 (x) — uz(x) — {u1(y) —u2(y)}? IP,,ul(x)|2

e — yld+e—1sD2 dxdy

T4 T4

— 2 2
+C(8)K25—>C0||M1—M2||%1x/ 1 &) = w1 O [Pty ()]

dxd
1 x — y|d+G—Ls2 y
2 2
2 luz(x) —ua(P)I” [Pruy ()]
+C(6)K,, Co||u1—u2||Hs/f  y|dt6-bD2 dxdy
Td Td

<C@. 0K, coKpallur —ualzs.

The embedding H® C C 0 and Lemmas A.1—(i) and B.4—(ii) allow to bound 75 as

|Prtr (x) — Pruy ()
T2<C(5)KHcHC0||u1 “2||Hs/f - |d+(9n Ls)2 dxdy

TdTd
<CO.OK2, | oKpallur —uzllys.

Term T3 is dealt with by relying on the boundedness of hg‘”‘) and using Lemmas A.1-(ii)
and B.4—(ii), thus giving

|Prutr (x) — Pruz(x) — {Prui (y) — Pz (0}
I < C(5) / / |x _ y|d+(s—LsJ)2
Td Td

<C@,k)Kpallug —uzl%s.

Finally, term 74 is dealt with using a Taylor expansion on hglnl), and Lemmas A.1—(i) and B.4—(i)
Its bounds reads
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luz (x) — uz(p) 1> | Prutr (y) — Prua(y)|
T4 =C0) / f x — y[d+e-1s)2 dxdy

Td Td
<C@,k)Kpallug —uz%s.

Putting together the bounds obtained for (43) and (42) into (39), and using Lemma B.1 and
Lemma 3.2—(ii), we deduce

2
| Bw.s((u1,v1)) — By s ((ua, vz))HLg(W.Y)
<K ,CO.kd, Kpys_c0, Kp 3, Kp o> N™'e™ @HD [y, v1) — (w2, v2) [y - (44)

Statement (iii). The proof is similar to that of Statement (ii). Take (u, v) € W*, such that
I (u, v)|lyys < k. We only need to bound

Ld/2]

2
Z thnﬂ) (M)Pna,au )
a=0 L
2
157 @) P ) = 1™ @) Py
+ x — y[dTo-T12 dxdy := A3z + A4 45)
']I‘d ']I‘d

for any choice 7y € [y, a € {0, ..., |d/2]}, and = € I1|4/2. The term A3 is easily settled using

the boundedness of derivatives of hs and Lemma B.3. Furthermore, A4 is bounded (up to a
constant) by

2
17 ey = B @[ 1Pru?
|x — yld+G—ls])2 dedy

T4 T4

(I : 2
| 15 @en| 1Prute) = Prucy)l
_l’_

|x — yld+G—1sD2 dxdy :=T5 + Ts. 46)

TdTd

Term 75 is bounded using a Taylor expansion of hé”), and Lemma B.4—(i). Term T is bounded

relying on the boundedness of hgw) and using Lemmas A.1—(i) and B.4—(ii).
Putting the bounds obtained for (46) into (45) and using Lemmas B.1 and 3.2—(ii), we deduce

2
1o g = 5 3 e 10150530
jezd

2
o
SC@KG D s Ihs @l
jezd
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2
o 2(ld/2]+1
< K3 CO.d K Koy 3 e (1416wl 0)
jezd

2
o" _ 2(ld/2
< K3, C0.5.d, K Ko T @ (14 ) 57)).
@)

The assumption || (u, v) |lyys < k gives the desired local boundedness property. The proof is com-
plete. O

4. Proof of Theorem 1.1

This is an adaptation of [8, Theorem 4.4], and we heavily rely on the tools developed in
Section 3. The functional oy is locally Lipschitz and locally bounded in the WW*-norm. This is a
consequence of the following simple bound for u € H* and £ € {1, ..., d}

T T . P ZA 2 .
105U s ullhe = 3 @ U w00 U ;41D = 3 |G 0); | ] 1+ 171
jezd jeZd

~ |2 .
<CUWUler,d) Y [y A+ 1P =CUUler, d)llulls-
jezd

These properties of oy, together with Lemmas 3.1 and 3.4, allow us to use [23, Theorem 4.5]
and deduce the existence and uniqueness of a local YV/*-valued mild solution to (4) in the sense
of [9, Chapter 7]. Specifically, there is a stopping time 7 > 0 and a unique ¥V*-valued predictable
process X¢ 5 = (0e.5, J.5) defined on [0, 7] such that ]P’(fof IIXE,(;(Z)II%,Vsz < 00) =1, and sat-
isfying, for each r > 0

INT
Xes@AT)=8SEAT) X0+ f StAT—s)ay(Xes(s))ds
0

IAT
+ / St AT—15)Bys(Xes(s))dWe, P-as., (48)
0

where {S(#)};>0 is the Co-semigroup generated by A. Using [23, Theorem 4.5 and Remark 4.6],
the continuous embedding H* C C 0 and the assumption min, a4 po(x) > 8, we deduce that
there exists 7 = T (pp) and a unique deterministic YW*-valued mild solution Zs = (pz, j,) to
the noise-free equivalent of (4) up to 7', such that miny ca s¢[0, 77 0z (%, s) > 8. It is also obvious
that there is k > 0 such that max,c[o,77 [0z (-, s)|lws <k.

We compare X, s and Zs. As X s is a local mild solution, it is well-defined up to the first exit
time from the YW*-ball of radius k. In particular, X s and Z; are well-defined up to the stopping
time

ok :=inf{r>o:||xe,5(t)||wxzk}Ainf{z>0: min fes(r, 1) <8l AT (49)
xeT
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We consider the difference

INTs k

Xeat At = ZU A =[50 AT = 9)aw (Xes) - au (Z(5)]ds

0

INTS K

+ / St ANtsk—5) By s(Xes(s))dWe.
0

Letg > 2. For some C; =Cy (U,k,T,q,n,d, Kp1), we have

E [ sup || Xes(s Atsi) — Z(s A m)lms}
s€l0,z]

t
<CIE / 1Xes) — Z) | 1jo.zs (o)
0

s q

+E| sup /S(S ATsk — ) By s(Xe s()) 110,75 1 (u) dWe
selo.11 W

We use [9, Proposition 7.3] and Lemma 3.4-(iii), inequality (47), to provide the bound

t
G < C1/IE sup |[Xes(s Ats i) — Z(s Ats i) |y | du
o s€[0,u]

+C(0,6,T,q9,n.d,Kp1,Kp3, Kp4)

T

- a/2 d/2]+1
x (V1) g | (1 s ) Lo g 0
0

t
< C1/IE [ sup || Xes(s Atsk) — Z(s Ats i) |1 ] du
s€[0,u]

+C (N71€7(2s+d))w2 ,

(50)

(5D

(52)

for some Cr = C2(0,6,T,q,k,n,d, Kp.1, Kp3, Kpa). Crucially, the last inequality is not af-
fected by the superlinear nature of the noise for d > 1, as X¢ 5 lives on a bounded set of W* up

to 75 k. Applying the Gronwall Lemma to (51)—(52) gives

q/2
E [ Sup [ Xes(s ATsa) — Z(s A Ts) ||‘§VS} <G, (N*‘e*@”d)) eTCr,
s€[0,T]
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The choice of 6 for (5) given in the assumption and a Chebyshev-type argument imply that

lim P ( sup ”XE’,;(S ANTsk) —Z(S A 7,'(3,16)“1/\}.v > ,3) =1
N—oo  \se[0,T]

for any B € (0, 1). It is now a standard routine (see [8, Theorem 4.4]) to pick B small enough, N
big enough, and deduce the existence of a set F), such that P(F},) > 1 — v, on which 15, =T,
on which p. > §, and on which (4) is satisfied by X, s the sense of mild solutions. Going back
to (48), this implies

t t

Xes(t) =S5@) Xo + / St —s)ay(Xes(s))ds + / St —5) By,s(Xes(s)) dWe
0 0
t 1

=S(I)Xo-i-/s(t—S)OtU(Xs,a(S))dS-F/S(l—S)BN(Xe,g(S))dWs on F,
0 0

and this concludes the proof.
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Appendix A. Factorisation of products
We recall the following simple factorisation for differences of products.
Lemma A.1. Lera, b, c,d € RV,
(i) We have
N N N
[Tai =[]t =D brla —boass, (54)
i=1 i=1 k=1
where we have used the shorthand notations by := I—[Ij;ll bjand a-y = ]_[;-VZIH_] aj (with

the usual convention of the product over an empty set being unitary).
(ii) Foreachk =1, ..., N, consider the families

kK\N—1 ., kK\N—1 .
{a]}/zl = (bla"'abk—lvak—l—ls"' saN)a {ﬁj}/=1 = (dlv-"adk—lvck+lv"' ,CN)-
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We have

N N N N N
Haf—nbi—(nci—ndf) S st b (e — s
i=1 i=1 i=1 i=1

k=1
N—1

N
+D 0 (e —d (B s = phrak ). (55)

k=1 j=1

Proof. Point (i) is easily proven by induction. As for Point (ii), we use Point (i) twice and obtain
N N N N
[~ [T~ (T T14)
i=1 i=1 i=1 i=1

N
=Y {baklar — b)ask — di(cx — di)csi}
k=1

Mz

{b<i(ar — by — (ck — dp))asi + (ck — dp)(bgasi — d<pcsi)}

N N N-—
Z <k(ag — b — (cx — d)asi + ZZ (cx — do) (B (e — BHat ),
k=1 k=1 j=1

and the proof is complete. O
Appendix B. Technical lemmas on fractional Sobolev spaces

We recall a useful lemma about the multiplication of functions in fractional Sobolev spaces,
which is a direct consequence of the Sobolev embedding [3, Section 2.1] and of [4, Lemma 5,
inequality (25)].

Lemma B.1. Let u, v € H®, where s =d /2 + n, for some n > 0. Then uv € H® and there exists
Kp1=Kp.1(d,n) such that

luvllgs < Kp.illullaslvllas.

The following lemma is an adaptation of the classical multivariate Faa Di Bruno’s formula [6]
in the context of weak rather than classical derivatives. We derive it under some restrictive as-
sumptions, which are however satisfied by the nonlinearity 45 in our regularised Dean—Kawasaki
noise (4).

Lemma B.2. Let « € {1,..., |d/2]} and u € HY**™" for sufficiently small n > 0. Pick hs €
C21+ (R with all derivatives up to order |d /2| being bounded, and let (Xgys ..., %g,) be an

arbitrary element of {x1, ..., xq}%. Then
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3UPDy (x)
e =y T T g5 69
Xy rel, jeJ(m) beB(r): |bj=j 1 lzeb OX¢
where we recall the notations J(m) = {j € {1,...,a}: B;j(w) > 0} and B;(w) :=#{b €
B(r): |b| = j}. In particular, ZbeB(n) |b| = o for every w € I.

Proof. We only need to show that (56) holds in the sense of weak derivatives. Fix a test function
@ € C®(T?). Consider a standard sequence of mollifiers g, : T¢ — oo, and set u,, := 0, * u.
Asu, eC <>o(Td), we can apply the classical multivariate Faa Di Bruno’s formula [6] to As(u,)
and perform integration by parts to obtain

B} I
/ Yon™w,n T 1 l-[#a(x)w(x)dx
z€b

X
pa e jed(m)beB(): |bl=j &
()

——————p(x)dx. 57
alen_axchﬂ(JC) x (57

— (1) / s ()

’]I‘d

All we need to do is pass to the limit in (57) to replace u, with u. Since u is continuous on T,
we have u, — u uniformly as n — oo. Using the boundedness of Aj, it is immediate to pass in
the limit in the right-hand side of (57). Now fix 7 € I1,. The embedding H¢/>*"—/ c L4/G=m
(see [3, Corollary 1.2]) implies that, for all blocks b € B(xr) with length j,

(2
0w parG-m,
HZEb 8)%
and, as a result,
3(Ib\)un 56Dy, 9UbDy,

in LYU= a5 n — o0.

= QOp * —>
" nzeb a)ng l_[ZEb 8)6[2

Hzeb dx,
We can then settle the convergence of the left-hand side of (57) using the boundedness of deriva-
tives of ks and a multi-factor Holder inequality (for any fixed = € I1,) on the |7 | + 2 terms
making up the product. Specifically, the exponents we use are g; = g, = oo (for the first and
last term), g :=d/(j — n) for the each of the 8; terms associated with the product over the set
{be B(m): |b|=j},and g :=d/(d —a+n Zje] B;) for the remaining (identically unitary)
term. 0O

The following two lemmas are concerned with integrability properties closed related to the
product term appearing in the right-hand side of (56).

Lemma B.3. Fix 1 < o < |d/2]|. Fix some partition w € Iy, and abbreviate B;(r) = B; and
J(m)=J. Let {up}pepx) € [H2T17] for some 0 < 1 < 1/2. Let (x¢,, ..., xg,) be an arbitrary
element of {x1, ..., x4}*. Then
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. 2

oWy p(%)
HZEb B)ng

[T 11

pa i€l beB@): bl=j

de<Kps[] ]  lwlfanes  (58)

jeJ beB(m): |bl=j

holds for some Kp3 = Kp3(m,d,n) > 0.

Proof. We use a multi-factor Holder inequality on the || terms making up the product in the
left-hand side of (58). The exponents we use are g :=d /(2(j — n)) for the each of the §; terms
associated with the product over the set {b € B(rr): |b| = j},and g :=d/(d — 20 +2n Zjej Bj)
for the remaining (identically unitary) term. We obtain

1/q;
2q;
G <Cemdn][] ] dx

jeJ beB(n): |bl=j

/ 0V up(x)/ | [ oxe.

Td zeb

2
<kss[] [ lewlfapen

jed beB(): |bl=j

where we have used the Sobolev embeddings H d/24n-j < 124i (see [3, Corollary 1.2]) in the
final inequality. O

Lemma B.4. Fix some € I\ 42|, and abbreviate B; () = B; and J () = J. Let {up}pepx) €
[HA2+mI7l e HY2H ywhere 0 < n < C(d) < 1/2 for some small enough C(d). Let
(Xeysenns ngZJ) be an arbitrary element of {x1, ..., xd}td/zJ, and let 7 be an arbitrary element
of {x, y}I7l.

(i) The inequality

. 2
1 1 3 up(zp) v —vP dy
_ yld+(d/2—1d/2]+n)2
papa LicsbeB): 1bi=] [eep dxe | | 1 =yl !
<Kpa [T 1  sslFpasesn | 10030000 (59)

jeJ beB(n): |bl=j

holds for some p~0sitive Kp4=Kpa4(d,n).
(ii) Pick j € J andb e {be B(w):|b| = j}. Then we have the inequality

2 2

3V up(zp)
I—[ZEb 8‘x€z

3P up(zp)
Hzeb B.X(Z

[T 11

Tapa Lie/\FbeB@): Ibl=j

I

beB(n): |bl=Jj.,b#b

} ~ 2
) 109u;x)/ T.ejy 9xe, — 0P uz(9)/ T1,ej x|
|x — y|d+@/2—=1d/2]+n)2

dxdy
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<KpaJT] 1  lusliane |- (60)

jeJ beB(m): |bl=j

Proof. It is useful to remember » jes JBj = ld/2].
Point (i). We rewrite (59) as

M [ 2werflemel]  vw-ur

|x — y|d+2Wd/2=1d/2]+m)—y dxdy, (61)

-1
. . va;pB;
taga L€l beB): |bl=] lx —yl"/%

for some appropriate y > 0 and {o} ;s such that

wjel0,1] Vjel, Y a;=1 (62)
jeJ

to be chosen later. We use a multi-factor Holder inequality on the || 4 1 terms making up (61).
The exponents we use are q; :=d/(2(j — n)) for the each of the B; terms associated with
the product over the set {b € B(r): |b| = j}, and g :=d/(d — 2|d /2] + 21 Zjel B;) for the
remaining term. We obtain

1/q;
|0Dup(z5)/ [Toep dxe, |
oh=T] ] e —dxdy
JeTbeB@): Ibl=j |fafa lx —y|"/0
1/q
y @) —v@P
x — y|ldr2@2= a2 n—yig Y
T4 T4
1/q; 2 1/q;
1 , !
:]‘[ ]‘[ /771@ / B(J)Mb(x)/naxzz dx
Jj€J beB(m): Ibl=j |1a |J’|ya/ﬁj 4 Td z€b
1/q
5 o) —v@P
i — y|@r2@2=1a -l Y
Td Td

. 1/q; n1/4; 1/a
=11 I ¢'“pjy|xE™.

Jj€J beB(n): |b|l=j

We now impose conditions on 1 and y so that C;, D;, and E are suitably bounded. The integrals
C; may be dealt with using a standard change of variables in spherical coordinates, and they are
bounded if and only if —yajﬁ/flqj + (d — 1) > —1, or equivalently if
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2Bi(j —
o <PV iy (63)
Y
The terms Dl/ bqj are bounded, as in the case of Lemma B.3, by using the Sobolev embedding

HA4/2*n=i c %4 [3, Corollary 1.2]. We now turn to E. We rewrite the exponent of |x — y|
according to the notation of the space W24, for some r to be determined. More precisely, the
rewriting

{d+2(d/2—1d/2]+n) —ylg=d+r2q)

is solved in r, giving r = (d — y)/2 + n(1 — Zjej Bj). The restriction r € (0, 1) gives the
condition

d—2+2(1=) B <y <d+2(1=Y ). (64)

jeJ jeJ

The term E may be bounded using the Sobolev embedding W?/2+7:2 « W24 and this embed-
ding is true under the condition [2, Theorem 5.1]

d/2+n—-d/2>r—d/(2q),

which is equivalent to

y >2ld/2] —4n)_ B;. (65)

jeJ

If we pick y :=2[d/2] — 3n Zje] B; and n small enough, then (65) and (64) are satisfied.
Furthermore, summing the right-hand side of (63) over j, we obtain

(7 — 21d/2] -2 . i
Z 2,3](] ) _ ld/2] 772]61'3] -1 (66)

S20d/2] =30 e B 21d/2 =302, B
The above inequality implies that the o ;’s can be chosen so that (62) and (63) are satisfied. As a
result of the bounds for C;, D; p, E, the inequality (59) follows and Point (i) is settled.

Point (ii). The case Zjej Bj = 1 uniquely corresponds to having j = |d/2] and B; = 1.
Therefore, the only term surviving in the product of integrands in the left-hand side of (60) is the
last term, and the result is trivial.

We consider all the other cases, where necessarily } ;. ; B; > 1. We rewrite (60) as

1_[ 1_[ |a(j)ub(zb)/ l_[zeb 3)6@2 |2

p—1
x — y|7*Pi

Taga Lie/\jbeB@): 1bl=j

§ 1_[ |3(])Mb(Zb)/nzeb dxe, ’2

~(B:—1 —1
beB(n): |bl=Jj,bs#b e — y[resfih
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B _ 2
) 10 u;(x)/ T.ejy 0xe, — 0P uz(9)/ T1,ej 0% |
Ix — y|d+(d/2—Ld/2J+rl)2—)’

dxdy, (67)

where the second curly brackets is understood to be equal to 1 should 8; = 1, for some appro-
priate y > 0 and {o;} jey+ such that

wjel0.1] Vjes, > aj=1 (68)
jeJ*

to be chosen later, where J* = J if 87 > 1, and J * = J \ J otherwise. We use a multi-factor
Holder inequality on the |7 | terms making up (67). The exponents we use are g; :=d/(2(j — 1))
for the each of the 8; terms associated with the product over the set {b € B(7r): |b| = j} for j €
J\ j, then g5 :=d/(2(j — n)) for the each of the 87 — 1 terms associated with the product over
the set {b € B(w): |b|=J,b # b}, and finally ¢ :=d/(d —2|d/2] 4+ 2n Zjej Bj +2(j —mn)
for the remaining term. We obtain

1/q; 2 1/q;
1 ) /
67) < —  d 9\ 3 dx
N = H [ . / yap;a /‘ )/ [Joxe.
je\jbeB@): bl=j |gpa Y17 Td zeb
1/q5 2 1/q;
1 ) ’
——d 9t 9 dx
< I /|y|w.f<ﬂf—1>lq,- Y /‘ s/ [ ]9
beB(m): |b|l=],b#b |Td Td zeb
- - 2 1/q
y 0D uz(x)/ T1,ej 0xe. — 9Pup(y)/ [1,ej 0xe. ed
X — y[ldH2E2= 12 —7)q Y
T< T4
— 1/qj 1/4; 1/q5 . 1/45 1/g
=1 [1 [T ¢/'p/Y|x I1 c;/ "y, | xET.
jeJ\jbeB(m): |bl=j beB(r): |bl=j,b#b

Bounding the above involves similar discussions as per Point (i). More specifically, the bound-
edness of the spherical integrals (the C;’s above) is granted under the conditions

28—
o< ——

. ’ Vi \J. aj<2(/3j_1)(1_77)

14 14

, (69)

with the last condition only imposed if j € J*. The bound for the terms Djl.‘/bq 7 is settled exactly

as in Point (i). As for E, we solve the equation

{d+2(d/2—-1d/2] +n) —ylg=d +r2q)

in the variable r, thus getting  := (d — y)/2+n(1 — 3_;c; Bj) — (j — n). The constraint r €
(0, 1) results in the requirement
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d—2+2(1=) Bp—2—m<y<d+2(1=) Bp—2G—n. (70
jeJ jeJ

We control E using the embedding H?/>*" ¢ W/+"24which is valid under the constraint
d/2+n—-d/2>j+r—d/(2q),

which is equivalent to

y >20d/2) +4n(1 =) Bj)—2j. (71)

jeJ

If we take y :=2(d/2] +3n(1 — Zjej B;) —2j and n small enough, then (70) and (71) are
satisfied. Furthermore, summing all the right-hand sides in (69) gives

- 28; = DG =) 5 285G =)
Tld 2] I = B~ 2] S 21d /20 300 =, )~ 2]
_y 28 =) 2( =)

S 20d/2+30(0 =20, b)) 2] 20d/2+ 300~ X, B) ~ 2]

_2d/2+mA-Ye BN =2
S 20d/2)+3n(0 =Y, B)) —2]

’

where the last inequality is valid because ) jes Bj > 1. Therefore the «;’s can be chosen so
that (68) and (69) are satisfied. As a result of the bounds for C;, D; ;, E, the inequality (60)
follows and Point (ii) is settled. O
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