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Abstract

Magnetic confinement fusion is an attractive source of energy. The tokamak is close to net energy
production, but there remain difficulties preventing commercial use. Among the key design goals for
fusion reactors are manageable heat and particle exhaust at optimal confinement. It is determined by
transport across the magnetic field due to electromagnetic turbulence: multi-scale fluctuations of electric
and magnetic fields, triggered by microscopic instabilities. Turbulence is among the most intriguing
phenomena in nature. Therefore, its study is both interesting and crucial for the successful operation of
tokamaks. To this end, numerical simulations constitute a powerful tool.

This thesis, based on the publications [1–4], investigates turbulent transport from the edge of the
confined plasma to the tokamak wall. The transition region between closed field lines and those imping-
ing on material surfaces in the scrape-off layer (SOL) is of particular interest: harbouring the steepest
gradients, it largely determines the performance of the whole machine. But it also poses a number of
particular challenges: a complex geometry with a magnetic separatrix, large turbulent fluctuations, in-
teraction of the plasma with the wall, neutral gas and impurities. The GRILLIX code is developed to
tackle these challenges. It is built on a novel numerical scheme, the flux-coordinate independent (FCI)
approach, that allows efficient 3D edge turbulence simulations in realistic (diverted) tokamak geometry.
This thesis focuses on extensions of the physical model: the dynamics of the electron and ion tempera-
tures in the Braginskii equations, the plasma-wall interaction and neutral gas models. Arbitrarily large
fluctuation amplitudes are permitted and all non-linear parametric dependencies are considered. Neces-
sarily, model extensions are accompanied by optimisations of the numerical scheme, the computational
implementation and performance.

Results are obtained for the Alcator C-mod and ASDEX Upgrade tokamaks. Focusing on the latter,
a close match to a selected experimental discharge is achieved. Thereby, we emphasize the role of
the neutral gas: its ionization is the major plasma density source, it cools the SOL and increases the
collisionality there. Different turbulence driving instabilities are identified: drift waves, ballooning and
ion temperature gradient modes. On the microscopic sound Larmor radius scale, drift waves initiate
an inverse cascade of energy, generating machine scale zonal flows. Particular attention is put on the
interaction between turbulence generated and mean field flows. We show that the latter result from the
curvature of the toroidal magnetic field and inflow of toroidal momentum from the SOL, while poloidal
rotation is dissipated by ion viscosity. A non-trivial stationary radial electric field results. This in turn
leads to shearing of turbulence, particularly at the separatrix, regulating it.

Such realistic global turbulence simulations across the plasma edge and SOL of a diverted tokamak,
validated against a state-of-the-art experiment, have been performed for the first time. This paves the
road towards a more complete understanding of tokamaks and their optimisation. Yet we also emphasize
the restrictions of the used fluid model and steps for near future improvements.
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Zusammenfassung

Die Fusion mittels magnetischen Einschlusses ist eine attraktive Energiequelle. Der Tokamak ist kurz
davor, netto Energie produzieren zu können. Es verbleiben jedoch Probleme, die eine kommerzielle Nut-
zung bisher verhindern. Zu den wichtigsten Zielen eines Fusionsreaktors gehören beherrschbare Wärme-
und Teilchenabfuhr unter optimalem Einschlussverhalten. Dies wird durch den Transport senkrecht zum
Magnetfeld aufgrund von elektromagnetischer Turbulenz bestimmt: Fluktuationen elektrischer und ma-
gnetischer Felder auf vielen Skalen, verursacht durch mikroskopische Instabilitäten. Turbulenz gehört zu
den faszinierendsten Phänomenen in der Natur. Sie zu untersuchen ist daher sowohl interessant als auch
wichtig, um Tokamaks erfolgreich zu betreiben. Zu diesem Zweck stellen numerische Simulationen ein
mächtiges Werkzeug dar.

Die vorliegende Doktorarbeit, die auf den Publikationen [1–4] basiert, untersucht den turbulenten
Transport vom Rand des eingeschlossenen Plasmas zur Wand des Tokamaks. Der Übergangsbereich zwi-
schen geschlossenen Flussflächen und solchen die auf Materialoberflächen in der Abschälschicht treffen
ist von besonderem Interesse: da er die steilsten Gradienten beherbergt, bestimmt er zum großen Teil
die Leistung der gesamten Anlage. Dieser Bereich stellt jedoch auch eine Reihe von besonderen Her-
ausforderungen: eine komplexe Geometrie mit einer magnetischen Separatrix, große turbulente Fluktua-
tionen, die Interaktion des Plasmas mit der Wand, dem Neutralgas und den Verunreinigungen. Der Co-
de GRILLIX ist dazu entwickelt worden, diese Herausforderungen anzugehen. Er baut auf einem neu-
artigen numerischen Verfahren, dem Fluss-Koordinaten-unabhängigen Ansatz (FCI), der effiziente 3D
Randturbulenz-Simulationen in realistischer Divertorgeometrie eines Tokamaks ermöglicht. Die vorlie-
gende Arbeit richtet sich auf die Erweiterung des physikalischen Modells: die Dynamik der Elektronen-
und Ionentemperatur gemäß den Braginskii-Gleichungen, die Plasma-Wand-Wechselwirkung und das
Neutralgas-Modell. Fluktuationsamplituden beliebiger Größe sind zulässig und alle nicht-linearen Para-
meterabhängigkeiten sind berücksichtigt. Die Modellerweiterungen werden notwendigerweise begleitet
von Optimierungen des numerischen Schemas, der Computerimplementierung und der Performance.

Es wurden Resultate für die Tokamaks Alcator C-mod und ASDEX Upgrade erzielt. Für den letzteren
wurde eine weitgehende Übereinstimmung mit einer ausgewählten experimentellen Entladung erreicht.
Dabei heben wir insbesondere die Rolle des Neutralgases hervor: dessen Ionisation ist die dominante
Quelle der Plasmadichte, es kühlt die Abschälschicht und erhöht dort die Kollisionalität. Als Treiber
der Turbulenz wurden unterschiedliche Instabilitäten identifiziert: Driftwellen, Ballooning-Moden und
Ionen-Temperatur-Gradient-Moden. Auf der mikroskopischen Skala eines Schall-Larmor-Radius lösen
Driftwellen eine inverse Energiekaskade aus, die zu zonalen Strömungen auf der Maschinen-Skala führt.
Besondere Aufmerksamkeit wurde der Interaktion zwischen diesen Strömungen gewidmet, die durch
Turbulenz verursacht werden, und der mittleren Strömung. Wir zeigen, dass die mittlere Strömung zum
einen aus der Krümmung des toroidalen Magnetfeldes resultiert, und zum anderen aus dem Zufluss des
toroidalen Impulses aus der Abschälschicht, während die poloidale Rotation durch Ionenviskosität dissi-
piert wird. Dies führt zu einem nicht-trivialen stationären elektrischen Feld. Dieses wiederum verschert,
insbesondere an der Separatrix, die Turbulenz, wodurch sie reguliert wird.

Solche realistischen globalen Turbulenzsimulationen über den Plasmarand und die Abschälschicht
eines Divertor-Tokamaks, validiert gegen ein hochmodernes Experiment, wurden erstmalig durchge-
führt. Dies ebnet den Weg zu einem umfassenden Verständnis des Tokamaks und dessen Optimierung.
Wir betonen jedoch auch die Einschränkungen im angewendeten Fluid-Modell sowie Schritte zu Verbes-
serungen für die nahe Zukunft.
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Chapter 1

Introduction

While energy consumption in Europe stagnates due to efforts for higher energy efficiency, energy con-
sumption world wide grows, as depicted in figure 1.1. It is also expected to continue growing due to
developing countries, and because it is the natural way to improve ones standard of living. At the same
time, the usage of fossil fuels must be urgently reduced to limit the greenhouse gas emission and its
impact on climate change [5, Paris Agreement]. Therefore, more than ever it is due time for the develop-
ment of new energy sources complementing volatile renewable wind and sun energy, that have prospects
to provide unlimited, safe and clean energy on demand – such as nuclear fusion [6–8].

Figure 1.1: World electricity generation from 1971 to 2018 by fuel (TWh), IEA, Key World Energy Statistics
2020 [9]. Other renewables includes geothermal, solar, wind, tide/wave/ocean, biofuels, waste, heat and other.

The most successful concept to date for harnessing nuclear fusion for energy production is the toka-
mak [10]. The plasma is confined in a magnetic field created by means of toroidally symmetric external
coils, nowadays superconductors, as shown in figure 1.2. The toroidal magnetic field is strongest on
the inside of the tokamak, where toroidal field coils are closer together, and weaker on the outside. To
compensate the radially-outward drift of the plasma due to the curvature and gradient of the toroidal
magnetic field, a toroidal plasma current driven by a transformer and a vertical coils arrangement create
a helical twist of magnetic field lines, such that they trace out closed magnetic flux surfaces. Due to the
toroidal symmetry of the tokamak, a poloidal cross section of flux surfaces as shown on the right of fig-
ure 1.2 remains symmetric in toroidal direction (the plasma does not move toroidally but rather helically
though, following magnetic field lines). Closed red lines indicate closed magnetic flux surfaces. The
bold red line, the separatrix, indicates the boundary between closed and open field lines that intersect
device walls in the scrape-off layer (SOL). This geometry is called diverted. It is created on purpose by
additional external field coils to separate the plasma-wall interaction in the divertor chamber from the
confined plasma in the main chamber, thereby substantially improving the heat, particle and impurity
management of the device [11, 12].

Progress in magnetic confinement nuclear fusion has been remarkable in the last 50 years, as demon-
strated in figure 1.3. To start a nuclear fire, the fusion reaction, in a mixture of deuterium and tritium,
three criteria must be fulfilled: the plasma should be at least 100 million degrees hot, have a least 1020
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Figure 1.2: Schematic representation of a tokamak (left) and one poloidal cross section with flux surfaces in
diverted geometry (right), adapted from [13].

particles per cubic meter density and a confinement time of about two seconds, the time in which the
plasma stored energy diffuses outward. For the temperature, there is an optimum. Overall, the progress
towards a burning plasma is quantified in a triple product of these three quantities, known as the Law-
son criterion [14], and the European JET tokamak was already merely a factor 6 away from ignition in
1992 [15]. In the beginning of the 21st century the progress has stagnated because experiments have
reached a size that made it cumbersome for universities or individual public research institutions to make
progress, while economic prospects were still too thin to attract significant investments from the private
sector. However, the attractiveness of the approach has led to an unprecedented project – ITER [8] – a
collaboration of all major industrial nations in the quest for energy. With its size and complexity, ITER
is becoming one of the largest physics experiments to date. Its goal is to demonstrate the technological
feasibility of magnetic confinement fusion for energy production, specifically to reach an energy ampli-
fication factor of 10. Simultaneously, it turned out to be a global quest for peace, uniting nations to a
common goal.

Being a first of its kind, huge physics experiment, ITER has no economic relevance yet and will not
produce electricity for public usage. To demonstrate economic feasibility, yet another, even larger reactor
is envisaged – DEMO [16]. On the other hand, it is clear today that not all challenges towards commercial
fusion energy can be addressed in ITER, requiring further activity in both technology and physics [17].
One of the most urgent questions is how power loads on reactor walls can be maintained at manageable
levels (. 10 MW/m2) at steady state reactor conditions – i.e. at maximum fusion power gain [18]. A
great number of solutions to these questions have been proposed with varying complexity, for example
advanced divertor concepts (ADCs) [19], non-inductive current drive [20], tokamaks with a negative
triangularity [21] and non-axisymmetric devices (stellarators) [22]. However, the challenge is to assess
these proposals under reactor relevant conditions without building gigantic and costly experiments. To
this end, numerical simulations have become a very handy tool.

1.1 Motivation

To investigate remaining challenges towards commercial fusion, dedicated miniature experiments (com-
pared to DEMO) are being built, such as IFMIF for researching materials under heavy neutron irradia-
tion [23], the Divertor Tokamak Test (DTT) facility for improving the heat exhaust at the divertor [24] and
the SPARC tokamak for exploring higher magnetic fields with high-temperature superconductors [25].
Also existing experiments are being adapted, e.g. ASDEX Upgrade to investigate alternative divertor
concepts [26] and DIII-D to study the prospects of negative triangularity [21].

Additionally, numerical simulations have become an immensely useful tool: while experimental
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Figure 1.3: Fusion product [ kg
m·s ] = density [m−3] × energy confinement time [s] × kB temperature [J] versus

maximum achieved plasma temperature for different magnetic confinement fusion devices. The ignition diagram
shows the progress of fusion research (adapted from [13]).

validation of technological solutions remains indispensable, simulations allow to investigate new ideas
on general usage supercomputers before building dedicated machines. Naturally, to do so, simulation
software has to be “realistic enough”, i.e. ideally it should be validated on existing experiments. This
usually requires significant investments of work into the development of sufficiently complete physical
models, their numerical discretisation and computational implementation into software – which only
then becomes useful for the above mentioned goals. Examples of such widely used community codes
are SOLPS-ITER [27] for mean-field SOL and divertor exhaust modelling, JOREK [28] for non-linear
magnetohydrodynamic (MHD) modelling of the interaction between plasma flows and the self-consistent
magnetic field, and GENE [29, 30] for gyro-kinetic modelling of plasma turbulence.

Among the key challenges in understanding and predicting the performance of a tokamak is the
mechanism of radial particle and heat transport. The equilibrium magnetic field of a tokamak provides
a topology of closed flux surfaces such that single particle trajectories within are confined, i.e. do not
on average have any radial motion. Mean radial motion of the plasma can therefore only result as
a collective effect: either due to particle collisions, or due to electromagnetic fields generated by the
collective motion of the plasma and perturbing the equilibrium field. Collisional transport alone, studied
in neoclassical theory, is usually too low to explain experimentally observed radial fluxes [31]. Magnetic
perturbations studied by MHD, on the other hand, are often so large that they must be avoided for
steady state reactor operation [32]. It is therefore generally believed that the confinement in tokamaks
at steady-state operation is primarily limited by turbulence driven by micro-instabilities [33], primarily
electrostatic in nature but interacting with both collisional transport and electromagnetic fluctuations.

The academic aspect of tokamak turbulence simulations is also of significant interest. Turbulence
remains one of the big unsolved puzzles in modern physics, as even the existence of global solutions for
the Navier-Stokes equations is unproven [34]. For a long time, the only robust analytical prediction has
been the Kolmogorov power spectrum P(k) ∼ k−5/3 [35]. Recently, progress has been made by means
of information theory [36]: it is demonstrated that “the resolved scales carry significant information
about the unresolved scales”, which is good news for numerical simulations. Turbulence in magnetised
plasmas has the additional complexity that the variety of waves and interactions is much larger due to the
coupling to Maxwell’s equations. On the other hand, due to the strong guiding magnetic field turbulence
is essentially two dimensional (not 3D), lying in the so called drift plane (perpendicular to B), while
parallel dynamics remain laminar [37, 38].

The primary scope of this thesis are direct numerical simulations of turbulent transport across the
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edge (of the confined region) and SOL of tokamaks, by solving the global drift-reduced Braginskii equa-
tions in 3D diverted geometry. The transition between the edge and SOL, and particularly the character of
turbulence therein, is least explored and of major interest. For instance, under certain conditions a narrow
layer forms in the edge of the confined region where turbulence is strongly suppressed and a much larger
radial pressure gradient (‘pedestal’) can exist [39]. Plasma confinement can be twice as large in these
high confinement (H-mode) discharges, compared to low confinement (L-mode) ones. Experimentally,
it is known that divertor geometry is highly beneficial for the transition, the ion heat channel is more
important than the electron heat channel [40] and the radial electric field plays a crucial role [41]. The
H-mode confinement improvement and pedestal control are also crucial for ITER [42] and turbulence
therein is being explored [43]. Yet a definitive agreement on the mechanisms and predictive capability
are still missing. Among other things, the interaction between mean-field and turbulence generated zonal
flows is thought to be of high importance [44] and was explored in this thesis in chapter 5.

Another urgent issue for DEMO design is power load handling on the divertor [45], and power
and particle fluxes on device walls in general [46]. The issue is tightly coupled to the understanding
of improved confinement regimes, as those are the reactor relevant conditions in which the power and
particle loads have to be studied, and to the turbulent transport in the SOL. But a number of additional
processes become important, such as the interaction of the plasma with neutral gas in the SOL and
divertor chamber, and the interaction with device walls through the plasma-sheath boundary. The neutral
gas is of paramount importance for a number of reasons, in particular the pumping out of particles to
control the plasma core density and remove the helium ash [47], and also for heat load control, as the
extinguishment of the plasma near the device walls (ultimate detachment) provides the safest way of
operation [12]. The formation of a Debye sheath at the interface between the plasma and the tokamak
wall sustains a strong electric field between the plasma and the wall, confining the electrons to preserve
quasi-neutrality and accelerating the plasma (ions) towards the wall [48, 49]. In chapter 3 of this thesis
we studied the effect of the sheath on cooling the electrons in the SOL, and in chapter 5 we investigated
the sheath sustained E ×B rotation. The neutral gas leads to a higher collisionality in the SOL and
particularly towards the divertor plates, as plasma temperature is decreased and density is increased due
to electron impact collisions with neutral atoms [12]. This has been explored in chapter 6, finding as
a result much better agreement with the ASDEX Upgrade experiment. The validation against ASDEX
Upgrade builds the first step towards predictive turbulence and transport simulations across the plasma
edge, SOL and in the divertor, that might help to design DEMO and other fusion reactors.

1.2 Brief review of historical and cutting-edge research

We do not know exactly which physical model is optimal for tokamak simulations, in fact presumably
a framework of model hierarchies would be best – depending on the application in mind. For turbu-
lence simulations this question is even more treacherous as turbulence is naturally a multi-scale non-
linear phenomenon, and so approximations have to be made with great care. At the same time, simply
solving the most realistic model – fully kinetic (6D), coupled to Maxwell’s equations in 3D – is com-
putationally nearly impossible [50] (although progress is being made [51]). Therefore, it is impossible
to discuss appropriate physical models for plasma turbulence simulations without having an eye on the
computational aspect, and vice versa computational performance strongly depends on the model and its
assumptions. Gyrokinetic models [52, 53] in 5D are now established as a very good approximation of
tokamak dynamics at feasible cost – at least in the plasma core. However, these models remain extremely
computationally expensive, particularly at the plasma edge. Plasma edge turbulence is more expensive
to simulate because of the more complex magnetic geometry, as described in chapter 2.2. Further, lower
plasma temperature requires a higher resolution and makes Coulomb collisions more important. The
latter break the Hamiltonian structure of gyrokinetics and typically lead to significant computational cost
and/or complexity [54, 55]. At the same time, the velocity-space structure tends towards a Maxwellian
distribution function – hence why fluid models (in 3D) become attractive. Classical fluid models for
magnetised plasmas almost always go back to the work of Braginskii [56], introduced in chapter 2.1.
As the fluid closure is performed over the full kinetic equation, the resulting model (together with full
Maxwell’s equations) yet contains phenomena over too many orders of magnitude in time and in space,
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including light waves and electron cyclotron modes. We are interested in turbulent flows of guiding
center drifts on transport time scales, so fast dynamics such as cyclotron motion are eliminated from the
equations by the drift-reduction procedure [38, 57, 58], introduced in chapter 2.1.1, with the goal of not
having to resolve them numerically.

Codes based on sub-sets of drift-reduced Braginskii equations, partly linearised for small fluctu-
ation amplitudes, have been very popular since the 80s, after Hasegawa and Wakatani [59, 60] have
demonstrated in their pioneering work, among others, that plasmas exhibit two-dimensional (resistive)
drift-wave turbulence with Bohm type diffusion D ∼ T/eB. Additionally, the curvature of the tokamak
magnetic field leads to interchange (ballooning) modes [61]. Among the different types of interchange
modes, a prominent one is the ion temperature gradient (ITG) mode [62], since perturbations of the
ion temperature cannot be effectively balanced by the parallel electron current and therefore lead to
significant cross-field transport. Generally, non-linear drive and saturation are at least as important as
linear instabilities though, as drift-wave turbulence can be self-sustained even without a linear instabil-
ity [63–65]. Among other saturation processes, an interesting one is the absorption of turbulence into
a large scale stationary zonal flow, typical of 2D turbulence [44, 66, 67]. Braginskii models allowed to
characterise the parameter space of tokamaks, with first indications for the mechanisms behind the L-H
transition and the density limit [68].

However, it was also acknowledged that kinetic effects play a major role in actual tokamaks [69–71],
particularly as collisionality is never large enough for the particles to actually thermalize [72]. To date,
the work horse for tokamak core turbulence simulations is gyro-kinetic theory, whereby two principal ap-
proaches for the discretisation of the velocity space should be distinguished: grid based [29,30] and par-
ticle based (particle-in-cell, PIC) [73,74], as well as hybrids [75,76]. For example, recent focus is on the
interplay with neoclassical (collisional, mean-field) physics [77] and on fast particles [78], in tokamaks
and in stellarators [79]. To mimic kinetic effects with fluid equations (that are still numerically cheaper
to solve), the kinetic dispersion relation, i.e. linear response, was approximated [80–82]. This gyro-
fluid approach allows to approximate kinetic effects (in the collisionless limit) such as gyro-averaging,
pressure anisotropy, Landau damping and trapped particles. However, care has to be taken nonetheless
compared to the more rigorous gyro-kinetic theory in non-linear simulations [33]. In principle, even non-
linear kinetic dynamics can be approximated by a fluid closure [83], but the resulting equations become
arbitrarily complicated, loosing the computational advantage compared to gyro-kinetic codes. Naturally,
gyro-fluid models have been extended to the plasma edge by taking collisionality into account [84, 85],
with the exception of trapped particle effects [86].

In the plasma edge and particularly the SOL, however, fluctuation amplitudes can be up to 100% of
the background [87–89]. Further, coherent large-amplitude structures are observed [90–92], called blobs
or filaments. Therefore, small-amplitude approximations are not applicable, and all aforementioned
models are strictly speaking invalid. The existence of such large amplitude fluctuations means that no
separation between the (axisymmetric) background and turbulence can be made. Consequently, also the
interaction of turbulence with mean field effects such as neoclassical physics, neutral gas and impurities
becomes important. Because of that and, as discussed above, due to the more complex geometry and
lower temperature (requiring higher resolution), turbulence simulations of the plasma edge are more
challenging than in the tokamak core. But, on the other hand, the increased collisionality somewhat
reduces the importance of kinetic effects. This led to a renaissance of drift-reduced Braginskii models.

Historically, due to the complexity of the plasma edge, it was mostly studied with mean field codes
that approximate turbulent transport with diffusion coefficients but, on the other hand, take rigorously
into account the interaction of the plasma with neutral gas, impurities and the wall: SOLPS [27, 93, 94],
UEDGE [95], EDGE2D [96] and others in 2D, and EMC3 [26,97] and SOLEDGE [98] in 3D. Recently,
global drift-reduced Braginskii codes have emerged – in contrast to local codes used before – that evolve
turbulent fluctuations simultaneously with the background (taking no low amplitude approximations) and
usually simulate an extended radial domain, bridging the plasma edge of the confined region through the
SOL to the device wall. Examples of such codes are BOUT++ [99, 100], GBS [101, 102], GDB [103],
TOKAM3X [104,105] and GRILLIX [3,106,107]. The codes vary in the details of their plasma models,
taking successive steps in relaxing locality approximations towards fully global equations. They vary in
the method of treating diverted geometry: from fully non-field-aligned methods [102], over flux-surface
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aligned [104] to locally field aligned [103, 106] and fully aligned [99, 100]. And they take different
approaches in including e.g. neutral gas physics [3, 105, 108, 109]. Work continuous also on gyro-fluid
approaches, e.g. for relaxing the long-wavelength limit [110], as well as Landau closures for such global
codes [100]. But also gyro-kinetic models and codes are being extended into the plasma edge and SOL.
The most prominent example is the full− f PIC code XGC1 [111, 112], that employs unstructured grids
for diverted geometries, a multi-species grid-based collision operator [76] and a sophisticated neutral
gas model [113]. But also continuum gyro-kinetic codes are bridging the gap, such as COGENT [114],
Gkeyll [115] and GENE-X [116]. Thus, the field of plasma edge and SOL turbulence research is vivid
and exciting, and can be expected to complete our understanding of dynamics in tokamaks and improve
their predictability.

1.3 Outline of this thesis

The remainder of this publication based dissertation is organized as follows. Firstly, chapter 2 describes
the methodology behind the published results: the physical model, numerical methods and computational
implementation of the GRILLIX code. The focus thereby lies on a systematic overview of the concepts,
and on important and novel technical details underlying the published results.

The major publications at the basis of this dissertation are contained in part II, as well as in appendix
A in the original journals formatting. Chapter 3 describes the implementation of ion thermal dynamics
and an implicit solver for parabolic (diffusive) terms in GRILLIX. This is used to perform Alcator C-
mod simulations in circular geometry, similar to [117], finding among other things geodesic acoustic
modes and a dependence of temperature profiles not just on parallel heat conductivity, but also on sheath
heat transmission. Chapter 4 contains a corrigendum to that publication: a mistake in the handling of
input parameters, leading to a confusion of ion and electron heat conductivities, was corrected and their
distinct role was emphasized.

Building on these model extensions and the implementation of numerical equilibria [118], in chapter
5 we were able to simulate an ASDEX Upgrade L-mode discharge in the actual diverted geometry. In
this work, we particularly highlight the interplay between mean field (neoclassical) E × B flows and
turbulence driven (zonal) flows, their origin and impact on turbulence, transport and profiles.

Chapter 6 describes the latest, most complete simulations performed with GRILLIX. Starting from
the setup in chapter 5, a neutral gas model was included, allowing to bring the simulations much closer
to the actual experiment. A quantitative validation of GRILLIX simulations against experimental mea-
surements was performed, focusing on the role of the neutral gas in improving the agreement. Also,
prospects towards simulations of detached discharges were demonstrated.

A summary is given in chapter 7, particularly for the major publications building the cumulative
part of this thesis, but also including a list of all peer-reviewed publications (with short explanations)
and conference contributions of the author. Finally, the overall results are discussed in chapter 8, and
conclusions are drawn in chapter 9.
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Chapter 2

Methodology: physical model, numerical
discretisation and computational
implementation

In this chapter we establish the methodology for this thesis, which comprises the physical model, numer-
ical methods and computational implementation of the GRILLIX code. Due to the cumulative character
of this dissertation, the methods used to obtain the results in chapters 3-6 have been discussed therein
to some degree. This chapter serves to introduce the methodology in a somewhat more systematic way,
but is more illustrative than exhaustive. As this thesis is based on further developing the GRILLIX
code [106, 107], it is important to point out that it builds on two previous dissertations: GRILLIX was
written during the pioneering PhD thesis by Andreas Stegmeir [119], and further developed by Alexan-
der Ross [120]. The former has laid out the numerical and computational foundation of the code, which
will be discussed in chapters 2.2 and 2.3. The latter expanded the physical model from local Hasegawa-
Wakatani to global Braginskii [107, 121], introduced in chapter 2.1, but yet under the cold ion approxi-
mation. The present dissertation aimed at allowing first realistic tokamak simulations. To this end, the
plasma model was completed, a neutral gas model was implemented, but also numerical algorithms and
their computational implementation have been improved.

2.1 The physical model: Braginskii equations, neutrals and sheath

Classical fluid models for magnetised plasmas almost always go back to the work of Braginskii [56]. He
used the well known Chapman-Enskog procedure [122] to derive a set of plasma fluid equations from
the plasma kinetic equation – the Vlasov equation with a Coulomb collision operator [123]. In classical
(neutral) fluid mechanics this method is used to establish the connection between the microscopic kinetic
Boltzmann equation and macroscopic continuum Navier–Stokes equations. The basic structure of the
equations, the ideal part without dissipative terms Π, q, R and Q, can be directly derived from a fluid
Lagrangian, i.e. from conservation laws – see e.g. [38, chapter 2.II]. The full Braginskii set of equations
reads

∂tns +∇ · (nsvs) = 0, (2.1)

msns (∂t +vs ·∇)vs +∇ ·Πs =−∇ps± ens

(
E+

1
c

vs×B
)
∓R, (2.2)

3
2

ns (∂t +vs ·∇)Ts +∇ ·qs = ps∇ ·vs−Πs : ∇vs +Qs. (2.3)

These are (in cgs units) the equations for density n, velocity v and temperature T of the plasma species
s. The species are usually, as in the present work, electrons and ions. This is called a simple plasma, and
the Braginskii equations are limited in this regard [56]. However, extensions to plasmas with arbitrarily
many ion species exist [124] and are being applied [98, 125], but are not subject of the present work.
In eq. (2.2), we have +e and −R for ions, and the opposite sign for electrons. For ions in a higher
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charge state Z the charge becomes +Ze. ms is the species mass, e the elementary charge, c the light
speed and ps = nsTs the pressure. Although the equations look identical for electrons and ions, the
crucial difference are the species mass and charge in eq. (2.2), particularly as we have for a deuterium
plasma mi/me ≈ 3700. The principal complexity of describing plasma flows in comparison to neutral
fluids is the necessity to solve the above set of equations of motion coupled to Maxwell’s equations
for the electromagnetic fields, appearing in eq. (2.2). In section 2.1.1 below, we will introduce some
further approximations to this end, but the most common and robust one for the dynamics of interest is
quasi-neutrality n = ne ≈ Zni.

As for neutral fluids, constitutive relations must be added to describe the dynamics of the fluid pre-
cisely on the macroscopic level: the (viscous) stress tensor Π, the conducted heat flux density q, the
frictional / thermal force between electrons and ions R, and the collisional heat source Q. These can only
be derived from first principles via a so called closure from the kinetic equation. Importantly, they can
only be expressed as functions of the local (n,v,T ) if the velocity space distribution function is close to
a Maxwellian. This is usually only the case at very high collisionality, never quite reached in tokamaks
and estimated with the electron and ion collision times

τe =
3
√

meT 3/2
e

4
√

2πλe4Zn
=

3.5 ·104

λ/10
T 3/2

e /eV
Zn/cm−3 s, (2.4)

τi =
τe

Z2

(
Ti

Te

)3/2√2mi

me
. (2.5)

Here, λ is the Coulomb logarithm [126]. The closure is needed because the kinetic equation couples
each fluid moment to the next higher one. However, one can exploit the fact that collisions drive the
distribution of particles to a Maxwellian for an expansion in velocity space. The specific truncation
used by Braginskii results in the Braginskii equations, or more specifically the Braginskii closure terms.
For example, the parallel component of the force R, a projection on the direction of the magnetic field
b = B/B, is R‖ = b ·R = Rη +RT . It consists of the friction Rη = enη‖ j‖ and the thermal force RT =
−0.71n∇‖Te (the coefficients change for Z 6= 1). We have introduced the Spitzer-Härm resistivity η‖ =
0.51me/ne2τe, the parallel current j‖ = en(u‖− v‖) with u‖ = b · vi and v‖ = b · ve, and the parallel
gradient ∇‖ = b ·∇. Perpendicular resistivity and thermal force are negligible – a typical anisotropy in
magnetised plasmas.

As our scope are global simulations, capable of predicting turbulent transport from the confined re-
gion to the divertor target (where turbulent fluctuations can be up to 100%), we seek a model with a
minimal set of simplifying assumptions, yet it must be computationally feasible. The full set of Bra-
ginskii equations coupled to Maxwell’s equations contains waves spanning many different spatial and
temporal scales – some of which are far separated from the turbulence and hence not of interest. We
want to remove such waves – light, cyclotron and compressional Alfvén waves – from the system of
equations to avoid the necessity to resolve very short time scales in numerical computations. This is
discussed in the section below.

2.1.1 The drift reduction

The drift reduction has been detailed by numerous authors [38, 57, 58], so we try to be brief. On the
other hand, although Braginskii equations in their drift-reduced form were widely applied to plasma
turbulence simulations for decades [127], some strong approximations have been retained throughout
the literature. In particular, we seek to alleviate restrictions regarding fluctuation amplitudes and the
locality of turbulent saturation. This was initiated during the PhD thesis by Alexander Ross [120] and
continued in the present work.

Let us first discuss the assumptions. The fastest motion resulting from eq. (2.2) is from the subset
∂tvs =± e

msc
vs×B, which leads to gyration of the particles around field lines with the angular frequency

ωcs =
eB
msc

, s ∈ {e, i}. The cross product with B motivates separating the motion into a part along the
magnetic field, and a part perpendicular to it, called the drift plane. We are, however, interested in turbu-
lence on time scales ∂t ∼ ω ∼ cs/L⊥� ωci, caused by mean drifts of the particles – E×B, diamagnetic
and polarisation – not the periodic gyro-motion itself. This is why the equations are called drift-reduced.
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The sound velocity cs =
√

Te/mi is defined without ion temperature by convention, such that the theory
is applicable to cold ion conditions. L⊥ = p̄/ |∇⊥ p̄| is the scale length of the average pressure gradient
perpendicular to the magnetic field, with ∇⊥ =−b×b×∇. Equivalently, with the sound Larmor radius
ρs = c

√
Temi/eB = cs/ωci, we obtain the ordering parameter

δ = ρs/L⊥� 1. (2.6)

It is used in an expansion of the perpendicular ion momentum equation (2.2) to eliminate the gyro-motion
from the system.

A robust and strongly simplifying assumption in all plasma turbulence models is the flute mode
ordering

k⊥� k‖, (2.7)

which means that plasma quantities vary on spatial scales that are much larger along the magnetic field
than perpendicular to it due to the fast parallel dynamics, the perpendicular motion being restricted by
the Lorentz force. With the Alfvén velocity (in cgs units, replace 4π by µ0 for SI)

vA =
B√

4πnimi
, (2.8)

it follows for the frequencies ω that
ω ∼ k‖vA� k⊥vA, (2.9)

i.e. we keep (parallel) shear Alfvén waves in the system while we neglect (perpendicular) compressional
Alfvén waves. Condition (2.6) is sufficient for the time derivative in eq. (2.2) to be neglected to zeroth
order within the drift plane (but not along b). Condition (2.7) will rather be important for the numerical
discretisation.

The last, also rather robust assumption is that the plasma is strongly magnetised, i.e. has larger
magnetic than thermal pressure,

βe =
4π pe

B2 =
c2

s

v2
A
� 1. (2.10)

Note that the electron beta, not the total plasma beta is used here. This condition allows us to neglect
magnetic field perturbations within the drift plane, i.e. the perpendicular electric field is electrostatic. The
parallel electric field is not! Also, this allows us to commute the magnetic field through perpendicular
derivatives.

With this, we can proceed to manipulating the equations. The electric field is expressed in terms of
the potentials as

E‖ =−
1
c

∂A‖
∂ t
−∇‖ϕ, E⊥ =−∇⊥ϕ. (2.11)

The magnetic field is assumed to consist of a fixed background B, given by the magnetohydrodynamic
(Grad-Shafranov) equilibrium, and a perturbation given by A‖,

Btot = B+∇×A‖b. (2.12)

The key step in drift reduction is to solve approximately the momentum balance equation (2.2) in
the perpendicular plane. First, we simply rewrite it in terms of the velocity in the Lorentz force (crossed
with B),

B2 en
c

vs
⊥ =±∇ps×B+ enE×B±msn

dvs

dt
×B± (∇ ·Πs)×B, (2.13)

with + for electrons and − for ions. The first two terms on the right-hand side are the diamagnetic drift
v∗ and E×B drift vE . Under the above assumptions, they dominate the velocity of both plasma species,
i.e. to 0th order

ve,i
0⊥ =± c

enB2 ∇ps×B+
c

B2 E×B. (2.14)

For electrons, due to their small mass and hence gyro-radius, we completely ignore the other terms. For
ions, the next order correction is approximated via

vi
1⊥ = vi

⊥−vi
0⊥ ≈−

mic
eB2

dvi
0⊥

dt
×B− c

enB2

(
∇ ·Πi(vi

0⊥)
)
×B, (2.15)
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i.e. inserting the lower order velocity into the higher order terms. This correction is called a polarisation
velocity because it contains the time derivative of the electric field, but in fact it also contains other terms.
The reason for including this smaller velocity in the model is that its divergence is comparable in size to
that of the zeroth order drifts [38]. The d/dt term is non-linear, as it contains advection with vi

0⊥. Since
we assume the plasma to be quasi-neutral, ne = Zni, the electric field is determined not by Gauss’s law,
but by the quasi-neutrality condition ∇ · j = 0, where j⊥ is given by the drifts. In principle, the expansion
can be continued to higher order by inserting the 1st order solution again into the right-hand side of
(2.15), but the resulting system becomes horrible to solve, particularly due to the non-linearity. And, as
it is explained in Ref. [38, chapter 13.III] and we discuss in chapter 8.3.1, the Chapman-Enskog closure
itself poses limits on the expansion (for hot ions) as it assumes the smallness of k⊥ρi.

The remainder of the model is built by carefully inserting these perpendicular drifts into the rest of
the Braginskii equations. This procedure is detailed in [37, 38, 120] and illustrated below, together with
the resulting equations.

2.1.2 The global drift-reduced Braginskii equations

The drift reduction presented in the previous section is the main step from Braginskii to the drift-reduced
Braginskii equations. But some further steps are required. In this section, the equation are introduced
systematically. The full final set of equations is also presented in chapter 5.7, normalised according to
section 2.1.7. Importantly, the model is global because no assumptions are made on the size of fluctuation
amplitudes, and all parametric dependencies are retained.

Continuity equation

Let us first note that due to quasi-neutrality n = ne ≈ Zni, only one continuity equation is required. We
choose the equation for electrons, since polarisation can be fully neglected there. Throughout this work,
we assume Z = 1, except in the electron collision time. Simply inserting (2.14), we obtain

∂

∂ t
n+∇ ·n

(
vE +ve

∗+ v‖b
)
= 0. (2.16)

Importantly, the diamagnetic drift enters only in a non-homogeneous magnetic field, as well as the com-
pression of the E×B drift. Therefore, we define the curvature operator

C( f ) =−∇ ·
( c

B2 B×∇ f
)
=−

(
∇× cB

B2

)
·∇ f , (2.17)

and with

∇ ·vE =−C(ϕ), ∇ · (nve
∗) =

1
e

C(pe), ∇ ·
(
nvi
∗
)
=−1

e
C(pi), (2.18)

we obtain
∂

∂ t
n+vE ·∇n+∇ ·

(
nu‖b

)
= nC(ϕ)− 1

e
C(pe)+

1
e

∇ ·
(

j‖b
)
. (2.19)

Quasi-neutrality equation

Quasi-neutrality is not maintained automatically, but we have to enforce it by evolving e∂t(ni− ne) =
∇ · j = 0. Therefore, it is also called the charge conservation equation. Importantly, here the polarisation
velocity enters under the divergence. Inserting the drifts, we obtain

∇ ·
[

mic2

B2 n
di

dt

(
∇⊥ϕ +

∇⊥pi

en

)]
=−C(pe + pi)+∇ ·

(
j‖b
)
− 1

6
C(G). (2.20)

Here, we have introduced the material derivatives

de

dt
=

∂

∂ t
+
(
vE + v‖b

)
·∇, (2.21)

di

dt
=

∂

∂ t
+
(
vE +u‖b+upol

)
·∇. (2.22)
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The diamagnetic velocity does not appear in the material derivatives due to diamagnetic cancellation
with the stress tensor Πi [37, 38]. Although formally the polarisation velocity does appear, we will
henceforth neglect this additional non-linearity since upol� vE (but ∇ ·upol ∼∇ ·vE). The peculiarity of
the drift-reduction is that this material derivative appears under the divergence [120]. Further, following
Ref. [37], we have written the viscous part of the ion stress tensor with the viscous stress function [128]

G =−ηi

[
2

B3/2 ∇ ·
(

u‖B
3/2b

)
−C(ϕ)

2
−C(pi)

2en

]
, (2.23)

using the identity 3∇‖u‖−∇·u‖b = 2B−3/2∇ ·u‖B3/2b adopted from Ref. [94]. The parallel ion viscosity

coefficient is ηi = 0.96nTiτi ∝ T 5/2
i .

Parallel momentum equation

For the parallel momentum of the plasma, we add the parallel projections of equations (2.2) for electrons
and ions together. The Lorentz force and friction terms add up to zero. Due to the small electron mass,
we can neglect their inertia, hence the total plasma momentum is approximately carried exclusively by
the ions, miu‖+mev‖ ≈ miu‖. We then obtain

min
di

dt
u‖ =−∇‖(pe + pi)+

mi pi

e
C(u‖)−

2
3

B3/2
∇‖

G
B3/2 . (2.24)

The last two terms thereby stem from the ion viscosity.

Ohm’s and Ampère’s laws

Next, we derive an equation for the parallel current j‖ = en(u‖ − v‖). Due to their small mass, the
parallel current is mainly carried by the faster electrons. Scaling eq. (2.2) for ions by me/mi, we obtain
by subtracting the ion from the electron part

− me

e
de

dt
j‖
en

= η‖ j‖+
1
c

∂

∂ t
A‖+∇‖ϕ−

1
en

∇‖pe−0.71
1
e

∇‖Te. (2.25)

On the right-hand side, all terms of order me/mi have been neglected. The inertia term is important
to physically limit the wave propagation speed below light speed [129]*. The resistivity η‖ has been
introduced above. The equation is solved for A‖, connected to j‖ through Ampère’s law (see section
2.1.4)

∇
2
⊥A‖ =−

4π

c
j‖. (2.26)

Temperature equations

Finally, for the temperatures we follow the derivation by Ref. [37], except that we keep the collisional
heating terms, yielding

de

dt
Te =−

2
3

[
Te

en
C(pe)−TeC(ϕ)+

5
2

Te

e
C(Te)

]
− 2

3
Te∇ ·

(
v‖b
)
+

2
3

0.71
Te

en
∇ ·
(

j‖b
)

(2.27)

+
2
3

1
n

∇ ·
(

χ
e
‖∇‖Te

)
− 2me

miτe
(Te−Ti)+

2
3

η‖ j2
‖

n
,

di

dt
Ti =−

2
3

[
Ti

en
C(pe)−TiC(ϕ)− 5

2
Ti

e
C(Ti)

]
− 2

3
Ti∇ ·

(
u‖b
)
+

2
3

Ti

en
∇ ·
(

j‖b
)

(2.28)

+
2
3

1
n

∇ ·
(

χ
i
‖∇‖Ti

)
+

2me

miτe
(Te−Ti)+

2
9nηi

G2.

*Note that at arbitrarily low density (towards a vacuum), the Alfvén speed becomes arbitrarily large. For n≤ ε0B2/mi (in
SI units) it still surpasses the light speed. This occurs at 4× 1016 m−3 for B = 4 T, which is possible in far-SOL and private
flux regions of tokamaks. The reason is that the quasi-neutrality assumption breaks down, but this can be cured by including
vacuum permittivity (space charge) and the displacement current in the charge conservation equation [129].
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The parallel Braginskii electron and ion heat conductivities are defined as

χ
e
‖ = 3.16

nTeτe

me
∝ T 5/2

e , χ
i
‖ = 3.9

nTiτi

mi
∝ T 5/2

i . (2.29)

2.1.3 Thermal dynamics: hot ions

In their global form, the drift-reduced Braginskii equations are subject of current cutting-edge research
[99, 101, 104, 117]. Their understanding and implementation are not trivial, and proceed in consecutive
steps, some of which were performed in this dissertation. This section stresses a particular extension of
the model compared to its previous state [120] – the hot ions.

The basis for understanding turbulence in plasmas are the E×B flow dynamics and density fluctua-
tions [60, 66]. In the experimental reality, temperature dynamics plays a crucial role though: while the
plasma core has to be above 10 keV hot for ignition, the tokamak wall has to be at essentially 0 keV to
survive operation. The electron and ion temperature gradients are not only a source of free energy for
turbulence [29,130]. Due to heat conduction, temperatures are also involved in qualitatively different and
important dynamics [131], including Landau damping [70, 132]. Ion temperature plays a particular role:
it drives one of the most important instabilities, the ITG mode [62], and is crucial in flow regulation and
confinement mode transitions [40]. This is because the parallel current barely reacts to ion temperature
fluctuations, and because an increasing ion Larmor radius determines the plasma viscosity.

Electron thermal dynamics has been implemented during Alexander Ross’ thesis [120], but fully ex-
plicitly with the time step restrictions discussed in section 2.3.1. This has strongly limited the allowable
heat conduction [107], putting electron temperature unjustly on the same footing as density. This restric-
tion was resolved in the present dissertation, as discussed in chapters 2.2.3, 2.3.3 and 3. We also remark
that the Braginskii expressions for heat conductivities (and ion viscosity) are indeed overestimated, and
first kinetic corrections were implemented in chapter 6.3, as further discussed in section 8.3.1. Addition-
ally, while Ti = 0 was assumed previously [120], we have now implemented hot ion dynamics. In large
parts, the implementation proceeds identically to the electron temperature equation, as can be seen in
chapter 3.2. However, there are some noteworthy differences.

Diamagnetic polarisation

The ion pressure term on the left-hand side of eq. (2.20), the diamagnetic polarisation, appears due to
the ion diamagnetic drift in the polarisation velocity. ‘Diamagnetic cancellation’, the fact that the dia-
magnetic velocity does not cause any actual advection except due to the inhomogeneity of the magnetic
field, does not apply here as this term does not represent diamagnetic advection. Rather, as discussed in
chapter 5.2.2, this term is part of the diamagnetic vorticity. It can be understood as the lowest order finite
Larmor radius effect, i.e. the ions do not feel the local but rather the gyro-radius-averaged electrostatic
potential [37,72]. The main challenge in the implementation of this term is the time derivative acting on
it under the divergence, i.e. the consistent time discretisation without resorting to an implicit treatment,
as discussed in chapter 3.3.1. But also the E×B and parallel advection acting on it were implemented.

Electron-ion collisional heat exchange

Having now both electron and ion temperature, these two can differ due to different transport and/or
sources and sinks. However, the difference is limited by collisional equilibration

∂Te

∂ t
∼− 2me

miτe
(Te−Ti) , (2.30)

with the electron collision time τe [56]. The same term appears in the ion temperature equation with the
opposite sign. Although not difficult to implement, this term is often neglected in literature [101, 103]
because it is not crucial for turbulence itself (acting on longer time scales due to the me/mi dependence)
– but it is crucial for the correct maintenance of mean field profiles, which is key in a global code, and of
course it is important in the highly collisional divertor.
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Ion viscosity

Finally, due to their larger gyro-radius, viscosity is important for ions†: the collisional part of the stress
tensor Πi in equations (2.2) and (2.3). After drift reduction, it enters the vorticity (2.20), parallel mo-
mentum (2.24) and ion temperature (2.28) equations via the viscous stress function G (2.23). The role of
this term is also discussed in chapter 5, particularly with respect to neoclassical theory. The derivation
mostly follows Zeiler’s habilitation [37, chapter 2], with two differences: firstly, the viscous heating term
in the ion temperature equation is actually implemented (Zeiler derived but then dropped the term). It
did cause issues in chapter 5 due to the very low collisionality, but worked fine in chapter 6 as discussed
therein. Secondly, and perhaps more importantly, the expression for viscosity in the parallel momentum
equation (2.24) slightly differs. Following the argument by Bruce Scott [38], we do not commute b
through parallel derivatives, i.e. we carefully discriminate between parallel gradients and divergences.
This is because ∇‖ f = ∇ ·b f + f/LB‖, with the magnetic scale length 1/LB‖ =−∇‖B/B comparable to
k‖ from ∇‖ f . But also, this distinction is important in the FCI approach to keep the continuous properties
of the operators, see section 2.2.1. The final expression reads

∂u‖
∂ t

= ...+
B3/2

3min
∇‖

ηi

B3/2

[
4

B3/2 ∇ ·
(

u‖B
3/2b

)
−C(ϕ)− 1

en
C(pi)

]
. (2.31)

Physically, the magnetic field factors are important in toroidal geometry as they lead to the magnetic
pumping effect [133, chapter 14.3.3]: due to the radial variation of the toroidal magnetic field and the
resulting magnetic mirror, there is a constant competition between the anisotropy of the ion velocity
distribution due to trapping, and the isotropisation due to collisions. As a result, even a rigid parallel
rotation is damped due to the parallel gradient of the magnetic field, thereby heating the ions up. The
first term in the bracket constitutes a parabolic (diffusion) equation for the parallel velocity, and has to be
treated implicitly just like the electron and ion parallel heat conductivities, as discussed in section 2.2.3.

2.1.4 Electromagnetic effects

Electromagnetic fields are crucial in plasmas because they are tightly coupled to plasma flows, as dis-
cussed above and in chapter 5. Historically, the dynamics of the magnetic field was rather a topic of
MHD as it often leads to large scale phenomena. For micro-turbulence, on the other hand, the electric
field plays the crucial role. Naturally, no clear separation between small and large scales exists, and so
both the electric field and the magnetic field are important in reality. This is particularly true for global
turbulence simulations which naturally aim to study the interaction between small- and large-scale flows.

The electric field enters through the E×B drift and is solved for via the vorticity equation, as detailed
in chapter 5. The magnetic field enters all the drifts as well as parallel motion. It is determined by currents
via Ampère’s law (in cgs units),

∇×B =
1
c

(
4πj+

∂E
∂ t

)
, (2.32)

whereby the displacement current ∂tE is usually negligible [38]. Further, as tokamaks possess a strong
guiding background magnetic field (that needs to be in MHD equilibrium), we can assume that turbulent
fluctuations remain aligned to it – relying on the low beta assumption βe� 1 in (2.10). Magnetic field
perturbations are assumed to be small – but they are nonetheless important. The reason for this is the fast
parallel transport, that can lead to significant perpendicular flows on a small perpendicular magnetic field
perturbation. Therefore, the total magnetic field is given by Btot = B+∇×A‖b, with the background
field B and its unit vector b, and the perpendicular perturbation B̃⊥ ≈ ∇×A‖b. Even more importantly,
these small perturbations can strongly affect the parallel electric field via E‖ =−∇‖ϕ− c−1∂tA‖. In this
section, we will argue that the effect on E‖ is generally crucial, while B̃⊥ is less important in present
simulations. Therefore, we use b instead of btot = Btot/B for the remainder of this thesis, also for the
simplicity of notation.

†The Braginskii expression for the electron heat conductivity is 35 times larger than that of ions, primarily due to the mass
ratio. The ion viscosity has a similar magnitude as the ion heat conductivity – but in comparison to the electron viscosity, the
mass ratio enters inversely, such that the electron viscosity is roughly 60 times smaller – it is therefore typically neglected.
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Plugging Btot into Ampère’s law, and subtracting the background magnetic field and main plasma
current, we obtain

∇
2
⊥A‖ =−

4π

c
j‖. (2.33)

The parallel current j‖, on the other hand, is determined by Ohm’s law (2.25). This hyperbolic equation
has to be solved together with Ampère’s law (an elliptic equation), as detailed in Ref. [107]. The need
for an elliptic solver with time-varying coefficients (the density in the inertia) is the practical reason why
many codes neglect electromagnetic effects [102, 105, 134].

The practical reason for including A‖ in Ohm’s law, i.e. in E‖, is that it limits the fastest dynamics
in the system, the parallel electron dynamics, as discussed by various authors [38, 129, 135, 136]. The
kinetic shear Alfvén velocity is

V 2
a =

1+ k2
⊥ρ2

s

βe +µk2
⊥ρ2

s
c2

s =
1+ k2

⊥ρ2
s

1+ k2
⊥σ2

0
v2

A, (2.34)

with the collisionless skin depth σ2
0 = (µ/βe)ρ

2
s . This has two important limits: for large scales, k⊥→ 0,

we get the Alfvén velocity vA. For small scales, k⊥→∞, we get propagation at the thermal electron speed
ce

s =
√

Te/me. The latter consideration justifies why for small-scale simulations, βe ≈ 0 and equivalently
A‖ ≈ 0 can work. However, the small scales are never separated from the larger ones, and particularly
global simulations contain arbitrarily small k⊥. Neglecting βe hence leads to arbitrarily large propagation
velocities. To limit the current propagation velocity to physically meaningful values, it is sufficient to
include A‖ in Ohm’s law and solve it together with Ampère’s law as above. This was done during the
thesis by Alexander Ross [120] and published in Ref. [107]. The relevance of this to the performance of
current simulations is further discussed in section 2.3.1.

Nonetheless, the induced magnetic field perturbation B̃⊥ is generally small compared to the back-
ground magnetic field B due to the low beta condition βe� 1, in chapter 5.3.3 we found

∣∣B̃⊥
∣∣/B< 0.1%.

Therefore, one can still neglect the magnetic flutter B̃⊥ in parallel operators, i.e. neglect magnetic flutter
transport. This was done in all publications with GRILLIX before this thesis [107, 121]. However, the
fast parallel dynamics does not require large flutter to produce significant cross-field transport [137], so
one must proceed with care. In this thesis, we have investigated magnetic flutter transport more carefully.
We write

∇‖ f = btot ·∇ f =
1
B

(
B+∇×A‖b

)
·∇ f = ∇‖0 f +∇‖1 f +∇‖2 f . (2.35)

The zeroth term is just the unperturbed parallel gradient b ·∇ f . The first and second term are

∇‖1 f =
1
B

(
−b×∇A‖

)
·∇ f =− 1

B
b ·
(
∇A‖×∇ f

)
, (2.36)

∇‖2 f =
1
B

(
A‖∇×b

)
·∇ f = A‖

(
∇× B

B2

)
·∇ f − A‖

B2 b · (∇B×∇ f ) . (2.37)

The ∇‖1 term is the main perturbation [103], [37, eq. (2.78)], [38, eq. (14.7)]. The additional correction
∇‖2 is required to keep the total magnetic field divergence free, but it is typically neglected because it is
small and somewhat artificial: the vector potential A‖ appears without a derivative, although it is not a
physically observable quantity – only its derivative, the magnetic field, is. The reason for its appearance is
the approximation that the magnetic field perturbation is strictly orthogonal to the equilibrium magnetic
field, B̃⊥ ≈∇×A‖b. It is not a complicated expression: under the usual large aspect ratio approximation
B≈ B0

R0
R σbeφ , where eφ is the toroidal unit vector and σb =±1 is the direction of the toroidal magnetic

field, we obtain

∇‖2 f ≈−A‖
2c

C( f ). (2.38)

This term has been implemented and verified to be tiny.
The main perturbation ∇‖1 represents perpendicular advection due to A‖ and is written with the

Poisson bracket [g, f ]R,Z = ∂Rg∂Z f −∂Zg∂R f ≈−σbb · (∇g×∇ f ) as

∇‖1 f =
σb

B

[
A‖, f

]
R,Z . (2.39)
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We can now understand magnetic flutter transport. The flutter does not lead to a flow on its own:
it is rather a deformation of magnetic geometry which leads to an effective perpendicular flux due to
redirection of parallel flows. For example, the parallel density flow nv‖ (with electron parallel velocity
v‖) leads to

∂n
∂ t

= ∇ ·
(
btotnv‖

)
= ∇ ·

(
bnv‖

)
+
[
A‖,nv‖/B

]
= ∇ ·

(
bnv‖

)
+∇ ·

(
nvβ (v‖)

)
, (2.40)

with the magnetic flutter drift due to parallel electron flow

vβ (v‖) = v‖
B
B2 ×∇A‖. (2.41)

Comparing this expression to the E×B drift in eq. (2.14), we anticipate that at a comparable gradient of ϕ

and A‖ (which is not necessarily true!) the flutter drift is smaller by the ratio of parallel velocity to light
speed v‖/c. Indeed, in numerical simulations parallel advection typically does not lead to significant
flutter transport. For this reason, also the non-linearity in Ohm’s law, ∇‖1 j‖/n, seems not to play a
significant role in practice, compared to the electric field non-linearity in the vorticity equation.

By far the dominant magnetic flutter transport channel is due to the parallel diffusion terms from the
Braginskii closure, the parallel electron and ion heat conductivities as well as ion viscosity (the first term
in eq. (2.31)). For the former, an expression of the form

∂T
∂ t
∼ σb

[
A‖,

χ‖
B

(
∇‖0T +

σb

B

[
A‖,T

]
R,Z

)]

R,Z
(2.42)

is obtained, with the Braginskii heat conductivity χ‖ ∼ T 5/2. Note that due to magnetic flutter, parallel
diffusion becomes a 3D problem, and is solved implicitly as described in section 2.2.3.

The large heat conductivity is the reason why the small magnetic field perturbation can lead to sig-
nificant perpendicular heat transport [137]. Kinetically, the conductivity is due to supra-thermal particles
in the tail of the velocity distribution. However, unlike the Braginskii expressions suggests, the con-
ductivity does not become arbitrarily large at higher temperatures due to Landau damping, as discussed
in chapters 6.3 and 8.3.1. With the free-streaming limited heat conductivity, we have not yet observed
significant perpendicular heat flows (as noted also in chapter 5.3.3), corroborating also previous studies.
Therefore, the effect was switched off, saving a factor 2 in computing time (just evaluating the operator
in each iteration of the implicit solver is expensive) – for this reason, and for simplicity of notation, b is
used instead of btot in the remainder of this thesis. A larger impact is expected at higher beta, presum-
ably in H-mode simulations [43]. However, additionally, also the ion viscosity in eq. (2.31) is subject to
magnetic flutter and is comparable in magnitude to the ion heat conductivity, providing a perpendicular
transport mechanism for parallel momentum. Surprisingly, this completely suppresses turbulence in our
simulations. Together with the findings in chapters 6.5.2 and 6.5.5, this suggests that similarly as for
the Braginskii heat conductivity, the ion viscosity must be corrected in sufficiently collisionless regimes,
similarly as in [94]. The mechanism is different though: the ion viscosity is determined by the friction
between trapped and passing particles [31, 138], and should be corrected according to Ref. [139], as
further discussed in section 8.3.1.

2.1.5 Interaction with the neutral gas

An integral goal of this PhD thesis has been to move the GRILLIX code towards reactor relevant sim-
ulations, in particular of the plasma edge and SOL of diverted tokamaks. This includes the extension
of the plasma model, accompanied by numerical and computational developments. But also, it was an-
ticipated [12, 47] and shown in chapter 6 that the interaction of the plasma with the neutral gas is of
paramount importance. The primary effect thereby is on the mean plasma profiles [105], which is impor-
tant in a global turbulence code that develops the mean profiles together with turbulence. A still simple,
but impactful neutral gas model as described here and in chapter 6 has been implemented and indeed led
to a much better agreement between the simulations and the AUG experiment.
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A simple plasma consisting of one ion species and the corresponding neutral atoms are considered,
ignoring molecules. They interact via three reactions, electron impact ionization and recombination, and
charge exchange (CX),

e+D←→ 2e+D+, (2.43)

D++D←→ D+D+. (2.44)

In a homogeneous plasma, the dynamics of the ion-neutral reactions is described by the following set of
rate equations:

dne

dt
=

dni

dt
=−dN

dt
= kizNne− krecnine, (2.45)

dpi

dt
=−dpN

dt
= kizNneMvN− krecnineMvi + kcxNniM(vN−vi), (2.46)

dpe

dt
= kizNneme(2vN−ve)− krecninemeve + kenNneme(vN−ve), (2.47)

3
2

dpe

dt
=−WizNne−Wrecnine, (2.48)

3
2

dpi

dt
=−3

2
dpN

dt
=

3
2

kcxNni(TN−Ti)+
3
2

kizNneTN−
3
2

krecnineTi. (2.49)

The above equations can alternatively be derived from the integration of Krook collision operators [140].
We have used here the neutral gas density N, the momentum density ps = msnsvs and thermal energy
density 3

2 ps =
3
2 nsTs. The rate coefficients for ionization kiz and recombination krec are obtained from

collisional-radiative (CR) models, the results being available in public Amjuel [141] or OPEN-ADAS
[142] data bases. The same is true for electron cooling rate coefficients Wiz,Wrec [143, chap. 6], whereby
it must be noted that the recombination cooling rate becomes negative below 1 eV. This is because three-
body recombination heats up the plasma. Therefore, the database stores the always positive radiation
rate coefficient due to recombination instead, and we compute Wrec = Prad

rec − 13.6 eV · krec. For charge
exchange, the simple formula kcx = 2.93σcx

√
Ti/mi from reference [144] can be used, which makes the

rather robust assumption that the cross section σcx is constant, i.e. does not depend on impact energy –
but does not assume an exactly Maxwellian velocity distribution for the electrons, performing a more
elaborate closure.

In the momentum balance, we have applied the usual approximation me � mN = mi and assume
that momentum is exchanged similarly in both elastic and inelastic collisions. Therefore, momentum
is simply exchanged between ions and neutrals at each collision, while electrons are scattered from the
heavier species (including in elastic collisions with the rate coefficient ken). While electron scattering
in this approximation does not conserve energy, it is usually dissipative as ve � vi ∼ vN. However,
the process is very inefficient due to the small electron mass, and therefore it will be henceforth simply
neglected setting dpe/dt = 0, although this might require reconsideration in a detached divertor with
N & n.

Similarly, ion and neutral thermal energy is simply exchanged due to collisions. While momentum
dissipation is negligible for electrons, their thermal energy dissipation due to inelastic ionization and
recombination is important. Firstly, during ionization thermal energy of the electron fluid is depleted to
increase the bound electrons energy (internal atom energy) to the continuum level. Secondly, the neutral
atoms are constantly excited and emit energy by spontaneous emission due to electron impact, radiating
electron thermal energy away. Both is taken into account by the electron cooling rate coefficients.

In a non-homogeneous plasma, the rate equations (2.45)-(2.49) can be added to the right-hand side
of the Braginskii equations (2.1)-(2.3) as source terms. We employ the usual approximation n = ne = ni,
setting Z = 1 as we only consider pure deuterium reactions (6.1) and (6.2). Further, as detailed in chapter
6.2, the ion-neutrals momentum exchange is considered in the drift-reduction, yielding an additional ion
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drift term uiN, vi
⊥ ≈ vi

0⊥+upol +uiN. In summary, we obtain the following source terms:

Sn = kiznN− krecn2 =−SN , (2.50)

Su‖ = N (kiz + kcx)
(
vN‖−u‖

)
, (2.51)

STe =−
2
3
(WizN +Wrecn)− (kizN− krecn)Te, (2.52)

STi = (kiz + kcx)N(TN−Ti), (2.53)

STN = kcxn(Ti−TN)+ krec
n2

N
(Ti−TN), (2.54)

SΩ = ∇ · (nuiN) =−∇ ·
[

mic2nN
eB2 (kiz + kcx)

(
∇⊥ϕ +

∇⊥pi

en

)]
. (2.55)

It is instructive to compare the reaction rates at this point, depicted in figure 2.1. Firstly, we note that
the charge exchange rate is the largest one and has the weakest temperature dependence. Recombination
is essentially irrelevant above 2 eV, outweighed by ionization. Below 1 eV, it becomes important though.
Above 1 eV, the plasma is cooled by ionization, while it is heated up by three-body recombination below
1 eV. Above 20 eV, radiation becomes ineffective and the ionization cooling rate decreases again. At
kiz >

2
3Wiz/Te, the plasma is mainly cooled simply by dilution with cold electrons from ionization rather

than by energy dissipation.
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Figure 2.1: Reaction rate coefficients kiz for electron impact ionization, krec for recombination (including radiative)
and kcx for charge exchange as a function of temperature, at constant density n = 1019 m−3 (particularly recombi-
nation becomes more effective at higher density). Also shown are the electron cooling rates divided by Te, for both
ionization and recombination. For Wrec, the absolute value is plotted as it becomes negative below 1 eV.

It is a common approach to assume that the charge exchange reaction mixes the velocity space struc-
ture of ions and neutrals so efficiently that their temperature is essentially equal [144–146]. For simplic-
ity, we make the same assumption for the parallel velocity, as described in chapter 6.2. We then only
require an equation for the evolution of the neutrals density to complete the system, which we obtain
from Ref. [145, 146] as

∂N
∂ t

= ∇ · D̃N

Ti
∇NTi− kiznN + krecn2, (2.56)

with the diffusion coefficient

DN =
c2

s,N

νcx
=

Ti/mi

kcxn
, D̃N = min

(
DN ,

NTics,N

|∇NTi|

)
. (2.57)
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Thereby, cs,N =
√

Ti/mi is the neutral gas sound velocity, mN ≈ mi the neutrals mass and νcx = kcxn the
charge exchange frequency. The diffusivity is limited such that the resulting particle flux does not exceed
sound speed, which otherwise happens in low density regions far from the recycling area, like the top
of the device, see chapter 6.2 for more details. The numerical solution of this equation is discussed in
section 2.2.4.

2.1.6 The Debye sheath: a boundary layer between the plasma and the wall

The sheath is a tiny region (1-10 µm) of net space charge between the main quasi-neutral plasma and
the tokamak wall [49, chapter 2]: due to their small mass, the thermal motion of electrons is much faster
than that of ions. Without any confining force, their flux on the tokamak wall would therefore be larger
than that of ions, leading to a negative charge of the wall. This, in turn, leads to a build up of an electric
field towards the wall – the confining force – accelerating ions and repelling electrons. A stationary
state results with a thin layer at the device wall – the sheath – where electrons are less dense than ions,
sustaining a significant electric field between the main plasma and the wall that balances electron and
ion fluxes to the wall, as sketched in figure 2.2.

The Debye sheath is widely discussed in literature [48, 147–150], yet it remains a significant topic
of controversy [151–155]. This is because due to its smallness and breaking of quasi-neutrality, the
sheath cannot be directly resolved in codes describing the main plasma dynamics, particularly in 3D. Its
effect is therefore typically prescribed via analytical boundary conditions, relying on a number of strong
assumptions, but still rather complex and non-linear. Naturally, these assumptions are continuously re-
viewed and the boundary conditions are being refined. The GRILLIX code is based on a novel numerical
scheme, discussed in section 2.2.1, that poses special difficulties in the application of boundary condi-
tions, described in section 2.2.2. Therefore, the physical boundary conditions had to be reviewed, since
the numerical discretisation and computational implementation are tightly linked to the physical model.

Figure 2.2: A sketch of the classical 1D sheath model: on the scale of a Debye length near a solid wall, the
plasma quasi-neutrality is broken and a strong electric field is established to counter the non-ambipolar thermal
fluxes of electrons and ions to the wall, accelerating the ions to above sound speed and confining the electrons,
except the fast tail of their distribution function. The behaviour is more complicated in a magnetised plasma with
a non-orthogonally impinging magnetic field, see text.

The usual description of the sheath is based on a number of strong assumptions: the electric field is
assumed to be so strong that the dynamics essentially becomes one dimensional, which is equivalent to
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the case when a magnetic field is perpendicular to the wall surface (the transition to the magnetised main
plasma is discussed further below). The electric field is also assumed to be monotonic, stationary and
electrostatic. Since the sheath is so thin, collisions and sources are judged to be unimportant therein. At
the same time, at the interface to the collisional main plasma and due to the confining electric potential,
electrons are assumed to be essentially Maxwellian. In this case, their distribution function follows

vx
∂ f
∂x
− eE

me

∂ f
∂vx

= 0, (2.58)

with the electric field E =−∂xϕ . This equation is fulfilled by the solution f = f M exp
(

e(ϕ−ϕ0)
Te

)
, where

f M is the 1D Maxwellian distribution function

f M = n0

√
me

2πTe
exp
(
−mev2

x

2Te

)
, (2.59)

and ϕ0 is an arbitrary constant. Integrating f over vx, we obtain the relation between electron density
ne =

∫
f dvx and the electric potential ϕ ,

ne = n0 exp
(

e(ϕ−ϕ0)

Te

)
. (2.60)

Such electrons are called ‘adiabatic’. The same result can be obtained in the fluid picture when the
magnetic field, collisional terms and electron inertia are neglected in equation (2.2) or (5.28), in 1D,
leaving as the dominant parts

0 =−∂x pe + ene∂ϕ. (2.61)

Let us choose ϕ0 = ϕse, se meaning the sheath entrance, and n0 = nse.
We consider the ions next. For simplicity, we consider cold ions with Ti ≈ 0, but discuss the gen-

eralisation to Ti 6= 0 down below. At every point in the sheath, the steady state particle conservation
equation (2.1), ∂xnvi = 0, requires nivi = nsevse. Further, the momentum conservation equation (2.2),
minivi∂xvi = −eni∂xϕ , demands the conservation of kinetic energy, 1

2 miv2
i + eϕ = const. At a point far

enough from the sheath, we have vi = 0 and the potential ϕ∞, see figure 2.2. Therefore, we can write

1
2

miv2
i = e(ϕ∞−ϕ) . (2.62)

Combining these two conservation laws, we obtain

ni = nse
vse

vi
= nse

√
ϕ∞−ϕse

ϕ∞−ϕ
. (2.63)

Now, we can plug these expressions into Poisson’s equation (in SI units)

d2ϕ

dx2 =− e
ε0

(ni−ne) =
ense

ε0

(
exp
[

e(ϕ−ϕse)

Te

]
−
√

ϕ∞−ϕse

ϕ∞−ϕ

)
. (2.64)

We are interested in the sheath edge, and so we expand for ∆ = ϕse−ϕ > 0 around ∆≈ 0, i.e. just inside
the sheath,

d2∆

dx2 =−d2ϕ

dx2 ≈−
ense

ε0

(
1− e∆

Te
−1+

∆

2(ϕ∞−ϕ)

)
(2.65)

=
ense∆

ε0

(
e
Te
− 1

2(ϕ∞−ϕ)

)
=

∆

λ 2
Debye

(
1− Te

2e(ϕ∞−ϕ)

)
. (2.66)

We have introduced the Debye length λDebye =
√

ε0Te/e2n. The equation above describes a harmonic

oscillator and only has non-oscillatory solutions of the form ∆(x) =
(

1− Te
2eϕse

)
e−x/λDebye if the bracket

on the right-hand side is positive, 2e(ϕ∞−ϕ) = miv2
i ≥ Te. The decay of the potential with λDebye is the
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reason why the sheath has the size of the Debye length. The positivity of the bracket, i.e. monotonicity
condition, yields the well known Bohm criterion for the plasma (ions) exit velocity at the sheath edge,

vi
se ≥ cs =

√
Te

mi
, (2.67)

where cs is the cold ion sound speed. This means, under all the above assumptions – discussed in chapter
8.3.2 – a stationary and monotonic (non-oscillatory) sheath requires ions leaving the plasma at or above
sound speed.

As discussed in [49, chapter 2.4], the above result can be generalised to hot ions, requiring for their
distribution function ∫

∞

0

f i
se(v)dv

v2 ≤ mi

Te
. (2.68)

The distribution function is non-Maxwellian, as there can be no backward going ions and it is centred
around sound speed. Nevertheless, for their mean velocity one can derive

vi
se ≥

√
Te + γaTi

mi
. (2.69)

A debate remains about the adiabaticity constant γa. For a 1D adiabatic flow – which we have assumed
throughout the derivation – one should employ γa = 3. However, setting this as a boundary condition
for a 3D fluid code usually leads to instability, so in practice all codes including GRILLIX use γa = 1.
Experimental measurements of the ion exit velocity are available only at very low electron temperature
(3 eV) and even lower ion temperature (1 eV) [151], so a definitive decision can not be made on that
matter, experiments however at least do not contradict our choice.

Next, we wish to determine the sheath potential relative to the wall (the wall chosen to be at ϕw = 0).
Consider the flux of ions Γi

se = nsecs at the sheath entrance. Since ions are accelerated through the sheath,
the same flux reaches the wall, Γi

w = Γi
se. Electrons, on the other hand, are confined, and therefore have

a roughly Maxwellian velocity distribution. At the wall, all forward flowing electrons are absorbed, so
their mean flux is the one-sided Maxwellian flux

Γ
e
w =

∫
∞

0
f Mdvx =

1
4

nw

√
8Te

πme
=

1
4

nse exp
(
−eϕse

Te

)√
8Te

πme
. (2.70)

In the absence of a current through the wall, Γe
w = Γi

w, we obtain the floating potential

eϕse

Te
= Λ =−1

2
ln
[

2π
me

mi

(
1+ γa

Ti

Te

)]
≈ 3. (2.71)

This is used as the boundary condition for the electrostatic potential at sheath entrance throughout the
rest of this thesis.

But what happens if a current does flow through the sheath? And how large is the heat flux through
the sheath? To answer these questions, let us define more carefully the electron distribution function at
sheath entrance. As argued above, it is roughly a Maxwellian, as electrons find themselves in a confining
potential. However, fast enough electrons with vx >

√
2eϕse/me can escape the confining electric field,

conducting heat and current through the sheath. In the backward going tail of the distribution function,
these fast electrons are therefore missing, see figure 2.2. Hence, we have

f e
se(~v) =





1
I(
√

ηse)

(
me

2πTe

)3/2
exp
(
−me~v2

2Te

)
, if vx <−

√
2eφse

me
,

0 , else.

(2.72)

Note that this velocity distribution function is not normalised to 1, rather we have

I =
∫

∞

−∞

∫
∞

−∞

∫
∞

−∞

f e
se(~v)dvxdvydvz =

1+ erf
(√

eϕse
Te

)

2
, (2.73)
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where erf is the error function. For ϕse ≈ 3Te, I ≈ 1, but at a lower electric field it can matter. However,
normalising the distribution function by I would not fulfil the kinetic equation 2.58 any more, so this
approach is either way only consistent if ϕse is large – otherwise, the assumption of the Maxwellian is
not good. On the other hand, in Ref. [152] the normalization is used as a way to connect to the situation
with ϕse→ 0, where the Bohm condition does not apply and a large electron current to the wall results.
The treatment can even be extended to electron sheaths [153], which might in fact be relevant during
(turbulent) transient events. But in a steady state with a grounded wall, there should be no such large
currents on average, so ion sheaths are the typical situation and we will ignore the normalisation for now.

We can now compute moments over the above specified distribution function. For the mean electron
velocity, we obtain

ve
se =< vx >=

∫
∞

−
√

2eϕse
me

dvx

∫
∞

−∞

dvy

∫
∞

−∞

dvzvx f e
se(~v)

=

√
Te

2πme
exp
(
−eϕse

Te

)
= cse

Λ− eϕse
Te . (2.74)

With the current j = en(vi− ve), we can rewrite this as

eϕse = ΛTe−Teln
(

vi
se

cs
− jse

ensecs

)
. (2.75)

If the ion velocity is around sound speed and the current is zero at sheath entrance, the second term
vanishes and we recover the floating potential condition.

Taking the next moment, we obtain an expression for the heat flux

qe
se =

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞

(vxn)
1
2

me~v2 f e
se(~v)dvxdvydvz

= ncs exp
(

Λ− eϕse

Te

)
(2Te + eϕse) . (2.76)

At ϕ → ∞, the electron particle and heat flux through the sheath goes to zero. For eϕ = ΛTe, which is
used throughout this thesis, we obtain qe

se = 5Tencs. The physically important insight here is that even in
absence of a current, the sheath heat transmission significantly cools the main plasma electrons. A part
of this energy, 2Tencs, reaches the wall – the rest is the energy that sustains the electric field between the
sheath entrance and the wall, accelerating the ions.

To use this as a boundary condition, we need to relate this to the main plasma fluid heat flux. It
consists of two pieces, the ideal or Maxwellian part

qe
M =

(
5
2

Te +
1
2

mev2
e

)
nve ≈

5
2

Tencs, (2.77)

where we have used ve ∼ cs =
√

Te+γaTi
mi

and hence 1
2 mev2

e ∼ 1
2

me
mi
(Te + γaTi)� Te. The second piece is

the non-Maxwellian Braginskii heat flux

qe
B =−0.71

Te

e
j‖−χ‖∇‖Te ≈−χ‖∇‖Te. (2.78)

Here, we assume again that the (parallel) current through the sheath is zero. Note that we have used the
component of the Braginskii heat flux parallel to the magnetic field, as will be clarified below.

Putting these pieces together,
qe

M +qe
B = qe

se, (2.79)

we obtain a Robin boundary condition for the temperature, with γe = 2.5,

−χ‖∇‖Te = γeTencs, (2.80)

whereby the sign has to be flipped if the magnetic field points out of the wall. We note that a more
detailed investigation of the sheath would allow the coefficient γe to vary, depending for example on the
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sheath current and secondary electron emission [49, chapter 25.5]. For the ion sheath heat transmission,
the situation is more complicated because their distribution function is not Maxwellian. Therefore, for
the sake of simplicity, we take γi ≈ 0.

It remains to discuss how the 1D sheath model connects to the 3D plasma model, particularly in a
magnetic field that is more tangential than perpendicular to the wall surface. This has been first analysed
by Chodura [48] and summarised by Stangeby [49, chapter 2.10], as depicted in figure 2.3. It was found
that a new region forms between the sheath and the main plasma, the magnetic pre-sheath, that has the
thickness of a few ion Larmor radii and is quasi-neutral, but where the ion gyro-motion continuously
breaks down transitioning to the unmagnetised sheath.

Figure 2.3: Chodura’s analysis of the plasma-wall transition region for the case of B oblique to the surface [48], as
summarised by Stangeby [49, chapter 2.10]. Adapted from [49].

As a result, sheath boundary conditions are to be applied on the flow along the magnetic field at
the magnetic pre-sheath entrance, as it therein becomes the 1D sheath flow and the plasma upstream
essentially does not feel whether the wall is perpendicular or oblique to the magnetic field. At the same
time, the heat flux density incident on the wall can be reduced by a shallow magnetic field, hence this is
the standard situation in fusion experiments. We therefore have the Bohm-Chodura boundary condition
on the parallel ion flow

u‖b ·n≥ cs |b ·n| , (2.81)

with the unit magnetic field vector b and the surface normal vector n (pointing outside of the domain)
indicating the sign of the parallel velocity. Note that many authors, e.g. [150], require exactly sound
speed at the sheath entrance – but we do not, as this is only strictly necessary in an isothermal plasma
and in our experience rather leads to numerical problems.

The importance of the Bohm-Chodura condition for the main plasma is that the ion flow needs to
be above some threshold for a non-oscillatory sheath potential, as oscillations on the Debye length or
Larmor radius scale would be in strong contrast to the usual flute mode character of plasma fluctuations
k⊥� k‖. The floating potential boundary condition eϕse = ΛTe (2.71), with respect to the wall at ϕw = 0
and in absence of currents, is required to maintain the quasi-neutrality of the main plasma. And energetic
consistency requires a cooling effect on the electrons, ∓χ‖∇‖Te = γeTencs (2.80), which we already
formulated for the parallel flow. The implementation of these constrains as boundary conditions in
GRILLIX is discussed in section 2.2.2.

However, the exact numbers in these conditions are yet under debate [154]. Chodura himself [48]
concludes that the many approximations met in the derivation are likely too strong, and the reality is more
complex. In particular, he notes that so far only the 1D flow was considered (parallel to the magnetic
field), and elastic collisions as well as inelastic collisions with the neutral gas were neglected. Addi-
tionally, we have remarked some caveats in the derivation above. Therefore, the discussion of sheath
boundary conditions – outside the scope of the present thesis – is continued in chapter 8.3.2.
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2.1.7 Normalisation

Before we proceed to the discretisation, we have to discuss the normalization of our equations. Similar
as with the Reynolds number in Navier-Stokes equations, it serves to identify the minimal set of dimen-
sionless physical parameters governing the system. Normalising the equations eliminates unnecessary
variations in the magnitude of quantities, leaving only the actual physical disparity. Computationally,
this has the benefit that numerical rounding errors are minimized.

For the plasma, the normalisation has been discussed in previous publications, and lastly summarised
in chapter 5.7. Here, we will focus on the neutrals model, but it is not independent from the plasma.
Firstly, some reference values are chosen (in CGS units),

B = B0B̂, n = n0n̂, Te = Te0T̂e, Ti = Ti0T̂i. (2.82)

The hat indicates dimensionless quantities. The reference magnetic field B0 is typically chosen at the
magnetic axis, R0 is the machine major radius and reference temperature and densities are typically
chosen at the OMP separatrix. The reference values cancel out in most of the terms in the equations,
leaving only dimensionless quantities and some dimensionless parameters. Next, we define a reference
(sound) velocity, the reference sound Larmor radius, and with them the reference time and space scales:

cs0 =

√
Te0

mi
, ρs0 =

cs0

ωci
=

c
√

Te0mi

eB0
, t =

R0

cs0
t̂, x‖ = R0x̂‖, x⊥ = ρs0x̂⊥. (2.83)

Proceeding like this (also for the electromagnetic fields, see chapter 5.7) results in essentially six dimen-
sionless plasma parameters: the drift scale δ0 = R0/ρs0, the dynamical plasma beta β0 = 4πn0Te0/B2

0,
the electron to ion mass ratio µ = me/mi, the temperature ratio ζ = Ti0/Te0, and the electron and ion
collisionalities ν

e,i
0 = R0/(cs0τ

e,i
0 ). For the latter, the collision times τe defined in (2.4) and τi in (2.5) are

evaluated at reference temperature and density and normalised to R0/cs0.
Note that the choice of B0 and R0 is machine specific, and constitutes important input parameters. The

choice of a reference density and temperature, on the other hand, is arbitrary in a global code since the
non-linearity of all parameters is fully retained: dimentionless quantities simply change in accordance
with the dimentionless parameters. The only exception is the Coulomb logarithm, whose spatial and
temporal variation is not taken into account, but is usually very small. Nonetheless, a reasonable choice
of n0 and T0 usually helps with the simulation setup, as the calculated parameters point towards the
expected dynamics, and minimizes rounding errors.

For the neutrals, we adapt the normalization to the plasma. For instance, we choose the same refer-
ence density, N = n0N̂. The plasma-neutrals interaction terms are normalized as

σ =
σ̂

R0n0
, 〈σv〉= k = k0k̂ =

cs0

R0n0
k̂, W =W0Ŵ =

cs0

R0

T0

n0
Ŵ . (2.84)

Importantly, there are two peculiarities. Firstly, the atomic databases prescribe specific units for input
and output: density in cm−3 (cgs), temperature in eV and rate coefficients in cm3/s. Therefore, while
the equations inside GRILLIX are dimensionless, 4 inputs must be provided for the interface to the
databases: n0 [cm−3], Te0 [eV], k0 [cm3/s] and W0 [eV cm3/s]. Additionally, to facilitate future appli-
cations to other plasmas than deuterium, the CX cross section has to be provided – but in normalised
units, σ̂ = σR0n0. Lastly, for the calculation of the recombination cooling rate from the radiation rate,
Wrec = Prad

rec −Eiz · krec, the ionization energy Eiz must be provided in eV (13.6 for deuterium).
The second peculiarity is the fact that unlike the plasma, the neutral gas diffuses isotropically ac-

cording to equation (2.56), as it is not influenced by the magnetic field. However, the spatial directions
perpendicular and parallel to the magnetic field are normalized differently in GRILLIX. This is physi-
cally important: as explained in the following sections, due to the anisotropy in the plasma dynamics its
motion is highly field-aligned, facilitating a great grid sparsification in the parallel, respectively in GRIL-
LIX in the toroidal direction – while the perpendicular / poloidal grid has to resolve the Larmor radius
scale. Even though the neutrals are not field aligned, we expect them to follow the plasma to some de-
gree. Therefore, it is justified to treat them on the same grid, hence discriminating between the poloidal
and the toroidal directions. Nonetheless, since the motion is isotropic we only need to normalise the
diffusion coefficient to the parallel motion as DN = R0cs0D̂N . This is further discussed in section 2.2.4.
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2.2 The numerical discretisation

GRILLIX aims at global predictive turbulence simulations for fusion experiments and reactors in general,
and particularly for tokamaks. One of the key pathways for tokamak optimisation is the shaping of the
magnetic field B, and thus it is crucial to perform turbulence simulations in a faithful representation of
the experimental magnetic geometry. For simulations of the plasma boundary, this means in particular
that the magnetic separatrix between the confined plasma and open field lines must be respected.

At the same time, plasma dynamics is highly anisotropic due to the Lorentz force (v×B) in eq. (2.2).
Analytically, in section 2.1.1 we have taken advantage of the dominance of this term by drift-reduction,
approximately solving eq. (2.2) in the plane perpendicular to B. The flute mode character k⊥ � k‖ of
plasma turbulence, the fact that dynamics along the magnetic field is much faster than in the drift plane,
manifests in structures highly elongated along B. Numerically, this can be exploited by an anisotropic
grid: choosing coordinates such that one of the three spatial directions is aligned with the magnetic field,
the grid can remain sparse in that direction, since only small gradients are expected [156]. The advantage
in computational cost is at least quadratic in the parallel grid resolution, as will be shown below.

However, field alignment of the computational grid for general magnetic geometries is a non-trivial
task and requires some special numerical techniques. Luckily, we can build on the ground-breaking work
by Andreas Stegmeir [119], as explained in the following section 2.2.1. During the present dissertation,
the numerical tool kit of GRILLIX was extended by a general matrix-free 3D iterative solver, as detailed
in section 2.2.3 and chapter 3, allowing to treat parts of the parallel dynamics implicitly and computa-
tionally efficiently within the FCI approach. A persistent challenge in boundary plasma modelling in
general, and GRILLIX in particular, is the treatment of boundary conditions, as discussed in section
2.2.2. Finally, the numerical discretisation is verified via the method of manufactured solutions (MMS),
presented in section 2.2.5.

2.2.1 The FCI approach

Field-aligned simulations of turbulence in magnetised plasmas are being performed since the 90s [157,
158] and continuously refined [159]. However, only since the 2013 pioneering work by Hariri and Otta-
viani [160] the field-aligned approach could be extended to arbitrary magnetic geometries with X-points,
where the poloidal magnetic field becomes zero, called the flux-coordinate independent (FCI) field-
aligned approach. The basic idea is to choose the toroidal angle as the field-aligned coordinate instead
of the poloidal angle, that becomes ill defined if the poloidal magnetic field vanishes, i.e. sparsifying the
toroidal direction of the grid.

In detail though, as discussed in [119, appendix A], globally field-aligned coordinates must be aban-
doned because the safety factor q can not be computed at the separatrix. Instead, parallel derivatives in
GRILLIX are computed directly via a local field line map [161]: for every point in a poloidal plane k,
as shown in figure 2.4, its neighbours on adjacent planes are found via field-line tracing and derivatives
are computed via finite differences across these points. Abandoning globally field-aligned coordinates,
within the poloidal plane a simple Cartesian mesh can be used, the grid overall being cylindrical with
the toroidal angle ϕ . In general, neighbouring points along a field line do not lie on the Cartesian grid
though, requiring a combination of interpolation and integration techniques to map between field lines
and the grid. Spurious perpendicular diffusion is thereby suppressed by careful construction of adjoint
operators ∇

†
‖ =−∇ · [b◦], such that the eigenvalue spectrum of parallel diffusion is kept real [161, 162].

Importantly, diffusive stabilisation of parallel advection schemes must also be done explicitly via sup-
port operators. The field line map procedure is equivalent to choosing a locally field-aligned coordinate
system on plane k [116]. Note that the resulting coordinate system is not orthogonal, i.e. the poloidal
plane does not exactly correspond to the drift plane perpendicular to B. However, for Btor� Bpol this is
a good approximation that is kept throughout our work.

GRILLIX was one of the first codes that successfully adapted the FCI approach for efficient tur-
bulence simulations in diverted geometry. It is now able to treat arbitrary axisymmetric numerically
prescribed equilibria [118], and its physical model is continuously extended, allowing by now realistic
simulations of e.g. ASDEX Upgrade, see chapter 6. But the FCI approach is becoming more and more
popular, and is adapted in various other codes. The FELTOR code combines discontinuous Galerkin
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Figure 2.4: Illustration of the flux-coordinate independent (FCI) field-aligned discretisation, taken from [106].

methods with FCI parallel discretisation [163] for e.g. gyro-fluid blob propagation studies [164]. GDB
implements FCI only in circular geometry, but in return it has a very efficient computational implemen-
tation with 3D MPI decomposition, allowing highly resolved simulations [103]. Unlike for tokamaks,
axisymmetry cannot be assumed for stellarators, and indeed it must not be with FCI – this has been ex-
plored in BOUT++ with the extension BSTING [165]‡. Also continuum gyrokinetic codes are starting
to adapt FCI§. GENE-X is even built on the same framework as GRILLIX, sharing a lot of the code
structure, including e.g. parallel operators and elliptic solvers [116]. GYSELA is combining FCI with
semi-Lagrangian methods [166]. Finally, COGENT combines FCI with a flux surface aligned multiblock
grid, allowing to somewhat sparsify also the poloidal direction [114]. Therefore, we can conclude that
in recent years the FCI methods has evolved from a numerical experiment to the standard discretisation
method for continuum turbulence simulations in the plasma edge.

2.2.2 Boundary conditions

A set of partial differential equations describes the dynamics of a system within a spatial and temporal
domain, but requires additional constrains at the domain boundaries. The initial state, i.e. boundary
conditions in time, is described in chapter 5.3.1. In a code designed for dealing with arbitrarily complex
geometries, the enforcement of complex boundary conditions in space constitutes a particular challenge.
This section describes the boundary conditions we chose for GRILLIX simulations in chapters 3-6.

There is a number of difficulties in choosing the boundary conditions in space, probably the most
severe of which is that the set of partial differential equations we solve is non-linear and contains elliptic,
parabolic and hyperbolic parts, such that it is not even clear what the set of boundary conditions should
exactly comprise of, i.e. which quantities require boundary conditions and which do not. For example,
in linear advection problems there should be no boundary conditions at the domain boundary towards
which the flow velocity points, i.e. advective outflow of a fluid depends only on the fluid velocity itself.

The approach currently taken in GRILLIX is to prescribe boundary conditions on each dynamic
quantity, plus the quantities in elliptic equations: plasma density, vorticity, parallel velocity, parallel
current, electron and ion temperatures, electrostatic and parallel electromagnetic vector potentials, see
appendix 5.7 in chapter 5. In all three directions in space, i.e. parallel and perpendicular to the magnetic
field, either Dirichlet, Neumann or Robin (a combination of Dirichlet and Neumann) boundary conditions
are prescribed on these eight quantities.

‡It must be noted that for tokamak geometry, even in divertor configurations, BOUT++ continuous to employ standard
field-aligned grids [100], even though the X-point must be treated as an exceptional point.

§Field-alignment is less of an issue in particle-in-cell (PIC) simulations, where particle motion is discretised by statistical
sampling and a spatial grid is required only for the fields.
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A challenge in choosing boundary conditions at physical boundaries is that between the quasi-neutral
plasma our drift-reduced fluid equations describe and the device walls, we expect the existence of a De-
bye sheath, see section 2.1.6. There, all our assumptions on the main plasma dynamics break down.
Therefore, boundary conditions are in truth applied not at device walls, but at the entrance to the mag-
netic pre-sheath. The effect of the sheath on the confined plasma is described by non-linear boundary
conditions on parallel plasma velocity, current and electrostatic potential. But, as the physics of the
sheath is an open field of research, there remains room for experimentation and improvements, as dis-
cussed in section 8.3.2.

The second challenge lies in the complex geometry of a tokamak. In mean field modelling, significant
efforts are spent in a realistic wall shape representation [98, 167]. But in turbulence simulations, we
bypass this complexity for now by limiting the domain radially at some flux surface not touching the wall,
see figure 2.5. Radial boundary conditions are applied at that flux surface, but since it does not radially
intersect the wall, sheath boundary conditions are not exactly applicable (see also [49, chapter 25.2]).
Sheath boundary conditions are instead used where the grid intersects the wall in parallel direction, at
the divertor, that is assumed to be the main location of plasma-wall interaction. At the radial boundaries,
we simply want to avoid fluxes through it and redirect the plasma to the parallel boundary. But this is
not an easy task. A buffer zone with strong diffusion (near the CFL limit) is used near radial boundaries,
such that fluxes are mostly governed by this diffusion and can be set radially to zero by homogeneous
Neumann boundary conditions,

∂ρn =0, ∂ρTe,i =0, ∂ρu‖ =0, ∂ρ j‖ =0, A‖ =0, Ω =0. (2.85)

Vorticity is set to zero to damp turbulence.

Figure 2.5: The Cartesian poloidal grid in GRILLIX. The actual grid (blue) is obtained from the logical rectangular
grid (grey) by keeping only points within limiting flux surfaces (rhomin, rhomax). The perpendicular ghost grid
(green) surrounds the actual grid up to a certain depth (here, 2 points). Note that the grids also extend beyond
divertor plates as parallel boundaries are realized via the penalisation approach. Depicted by courtesy of Andreas
Stegmeir, personal communication, May 2021.

The electrostatic potential deserves a dedicated discussion. The largest velocity in the system is
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typically the E × B velocity, that can be still significant even in a buffer zone. Yet, physically, it is
not obvious what the potential should be at radial boundaries. A radial E ×B flux can be avoided if a
poloidally constant Dirichlet boundary condition is set on the potential. However, what should the value
be at the artificial core boundary? The self-consistent global evolution of the electric field is less inhibited
with a Neumann boundary condition, but this can lead in turn to spurious fluxes through the boundary.
The solution is a zonal Neumann boundary condition [103],

∂ρ 〈ϕ〉θ = 0 and ϕ = 〈ϕ〉
θ
. (2.86)

First, homogeneous Neumann boundary conditions are applied locally within the elliptic solve. The value
of the electrostatic potential is then averaged over the core boundary and used as a Dirichlet boundary
condition in a second solve. At the outer radial boundary, we assume that the flux surface is close enough
to the actual wall such that the potential is roughly given by sheath boundary conditions. The isolating
sheath floating potential ϕ = ΛTe is not necessarily exactly constant over the flux surface, but due to
the fast parallel electron heat conduction and buffer diffusion the resulting poloidal potential gradient is
typically small enough such that the E×B flux through the radial boundary can be neglected.

For parallel sheath boundary conditions at the divertor, recall figure 2.4: parallel operators are com-
puted via interpolation between poloidal grid points on neighbouring poloidal planes along the inter-
section of magnetic field lines. As discussed in the previous section, our goal is to use as few poloidal
planes as possible to save computational resources. However, the resulting grid anisotropy means that
the divertor is never locally intersected by parallel operators, but rather there is a significant jump of the
parallel stencil over the divertor location deeper into the divertor leg, where in reality the wall resides.

Generally, this is not a numerical problem because those points behind the divertor (in parallel di-
rection) could be used as ghost points, not physical points: they could be simply set such that certain
boundary conditions are fulfilled exactly at the divertor location. This implementation was indeed used
back in 2017 [162]. However, technically the implementation is rather cumbersome because parallel
stencils are usually computed via interpolation to the poloidal grid, i.e. involving multiple grid points,
and because the location of the divertor boundary between poloidal planes (in parallel direction) strongly
varies between grid points, often resulting in a small set of points with a badly balanced (too short) sten-
cil. An exceptional treatment is possible, but hard to generalise for automatic grid creation. Additionally,
the usage of staggered grids for parallel advection [106] leads to a decoupling between neighbouring field
lines depending on whether the divertor boundary is crossed between full and staggered, or staggered and
full grid. We will skip the details of these issues at this point and only present the applied solution: the
volume penalisation technique [103, 168].

Penalisation is applied in GRILLIX since 2019 and is described in detail in Ref. [107]. The evolution
equations of all dynamic quantities and potentials are modified according to

∂

∂ t
f = (1−χp)Ff +

χp

εp
( fp− f ) . (2.87)

Ff is thereby the original right-hand side of the equation and χp is a mask function that is 0 inside the
actual computational domain and 1 at the boundary, i.e. behind the divertor leg. εp is a small number,
hence strong damping is applied on f inside the penalisation region forcing it towards the penalisation
value fp. It is easy to apply Dirichlet boundary conditions in this way, but also Neumann boundary
conditions can be and are applied [107]. Using a smooth χp that transitions from 0 to 1 not across
one, but a few poloidal planes also solves the problem with staggered grids decoupling, but smears the
application of sheath boundary conditions out in the poloidal direction (see figure 5.1). The drawback
of the approach is that a numerical error of order O(∆s,∆t) is introduced in the application of boundary
conditions, i.e. linear in time and parallel grid resolution. The time error is decreased with εp, but a
finite time step is only stable with a finite εp. Further, at a finite χp width, a too small εp increases the
error as it forces f towards fp too early in front of the divertor. The space error is a severe issue for the
FCI approach, because it only goes down with a larger number of poloidal planes – exactly the opposite
of what we are trying to do with FCI. Nonetheless, considering also the inherent physical uncertainties
of sheath boundary conditions, a stable and satisfactory method is obtained that is flexible and simple,
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which allows to set sheath boundary conditions (in normalised form)

u‖ ≷
√

Te +Ti, j‖ = 0, ϕ = ΛTe, ∇‖Te =−
γe(

χ‖e0T 5/2
e

)Tenu‖, ∇‖Ti = 0, ∇‖n = 0, ∇‖Ω = 0.

(2.88)

In comparison to experimental measurements and other codes, our simulations produce rather satis-
fying results even close to the divertor targets [155], indicating that the numerical error introduced by the
penalisation method is reasonably small compared to other more important mechanisms.

2.2.3 Semi-implicit time discretisation for the parallel diffusion terms

As discussed in section 2.3.1, the parabolic part of the equations sets the most severe constrains on an
explicit time step. The strongest constraint comes from the electron heat conductivity in equation (2.27),

∂Te

∂ t
∼ 2

3
χ‖e0

n
∇ ·
(

T 5/2
e b∇‖Te

)
. (2.89)

Note that all quantities are normalised. However, a high temporal resolution of parallel diffusion is
unnecessary. Therefore, an efficient implicit treatment of these terms is attractive. Their discretisation
has been concisely discussed in chapter 3, while this chapter aims to provide a few more important
background and technical details.

The drift-reduced Braginskii set of equations is interesting and challenging to solve because it con-
tains hyperbolic, elliptic and parabolic terms. The parabolic terms results from the Braginskii fluid
closure rather than from the fluid Lagrangian. These are obviously the parallel electron and ion heat
conductivities and ion viscosity. But also, in the electrostatic limit (low β and electron inertia), the
Ohm’s law (2.25) inserted into the vorticity equation (2.20) gives a diffusion term for the electrostatic
potential due to resistivity. At finite β , this does not restrict the time step though. As parabolic operators
have some strong and important properties, such as a real eigenvalue spectrum, it is important to keep
these properties on the discrete level. While this is often automatically achieved in simple discretisation
schemes on regular domains, e.g. finite differences in a Cartesian slab, the FCI approach requires some
additional work – the support operator method [106, 161, 162].

Also the time discretisation must be chosen with care. GRILLIX employs the Karniadakis scheme
[169], a variant of Adams-Bashforth / BDF3. It evolves a quantity f , subject to ∂t f = F( f ), from time t
to t +1 according to

f t+1− 6
11

∆tF t+1
im =

6
11

∆t
(
3F t

ex−3F t−1
ex +F t−2

ex
)
+

18
11

f t − 9
11

f t−1 +
2

11
f t−2, (2.90)

The scheme was introduced to edge turbulence simulations by Naulin [170] and is suggested by Scott
[171] due to the very good conservation properties in combination with the Arakawa scheme for drift-
plane advection [172], having minimal intrinsic numerical dissipation and hence allowing precise control
of dissipation via hyper-diffusion. Being a third order multi-step scheme, it has a relatively high order
of convergence while requiring only one evaluation of the right-hand side (RHS) per time step, and the
multiple stored time steps provide a good initial guess for elliptic solvers by extrapolation. The scheme
is semi-implicit: hyperbolic parts of the equations can be advanced explicitly, while parabolic parts can
be solved implicitly (see also chapter 3.3). However, the scheme is less stable than e.g. 4th order Runge-
Kutta for the explicit part, requiring a factor 3-4 smaller time-step (balanced out computationally by a
factor 4 fewer RHS evaluations per time step). For the implicit part, the scheme is not A-stable, so only
small imaginary eigenvalues are tolerated. The real eigenvalue spectrum of the parabolic terms must be
therefore preserved, achieved via the support operator method.

Then, discretising the heat diffusion equation (2.89) essentially yields the linear system
[

1− 6
11

∆t
χ‖0
nt ∇ ·

(
T t)5/2 b∇‖

]
T t+1 =

18
11

T t − 9
11

T t−1 +
2

11
T t−2 +

6
11

∆t
[
3F t

ex−3F t−1
ex +F t−2

ex
]

(2.91)
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to be solved, as discussed in chapter 3.3. Furthermore, basically the same linear system is solved not just
for electron and ion parallel heat conduction, but also for parallel viscosity, the first part of the bracket in
eq. (2.31), except that the parallel gradient and parallel divergence are swapped and B3/2 factors appear.
The system can also be written as ATt+1 = R, with the vector Tt+1 containing discrete temperature
values at the next time step. A corresponds to the operator on the left-hand side of (2.91), R contains the
explicit RHS. However, additionally it is crucial to correctly enforce boundary conditions, which is not
trivial with FCI. As discussed in chapter 2.2.2 and Ref. [107], parallel boundary conditions at the sheath
entrance at the divertor are enforced via the penalisation method, eq. (2.87). The term (1− χp) enters
both the explicit and implicit RHS, χp

εp
Tp is absorbed in the explicit RHS Fmathrmext or R, and − χp

εp
T is

treated implicitly. Note that Tp for electrons non-linearly depends on T , which we take explicitly from
the previous time step. Also, the resulting steep parallel Te gradient tends to deteriorate the condition
number of A. Then, A becomes

A = 1+
6

11
∆t

χp

εp
− 6

11
∆t(1−χp)

χ‖0
nt ∇ · (Tt)5/2b∇‖. (2.92)

Additionally, ghost points must be set at perpendicular (poloidal) boundaries [106]. For a grid with k
inner points and m ghost points, A has dimension k× (k+m) and the k rows correspond to the discrete
linearised operator on the left-hand side of (2.91). The other m rows of the linear system are prescrib-
ing perpendicular boundary conditions, Dirichlet or Neumann, according to B(D,N)Tt+1

= T(0,1)
∂V , with

connectivity matrices B(D,N) of size m× (k+m) and Dirichlet values or Neumann gradients T(0,1)
∂V . To

simplify notation, we will use from here on A for the whole (k+m)× (k+m) system, including perpen-
dicular boundary conditions, and not just (2.92).

Note that unlike in field-aligned codes [100], with FCI the parallel diffusion problem (even with
fixed b) cannot be treated as a multi-1D problem, because the operators ∇‖ and ∇ · b◦ have a non-
trivial connectivity, so ATt+1 = R requires a 3D solve. With electromagnetic flutter, b→ b+ b̃, parallel
diffusion anyway becomes a 3D problem though. However, the matrix A is sparse, and the number
of toroidal planes and hence the problem size remain bounded thanks to FCI. Nonetheless, matrix-free
iterative methods as discussed in section 2.3.3 are preferable because the 3D matrix is very large even in
sparse formats.

2.2.4 Neutrals dynamics

Among the key extensions implemented in GRILLIX during this thesis is a neutral gas model and its
interaction with the plasma, as discussed in chapters 6 and 2.1.5. Compared to the plasma, there are a
few peculiarities in the discretisation of the neutrals due to their different behaviour, in particular due to
their insensitivity to electromagnetic fields. This becomes clear starting with the normalisation in section
2.1.7: although the neutrals diffusion equation is isotropic, due to the field aligned character of the
plasma motion the parallel and perpendicular directions, respectively poloidal and toroidal in GRILLIX,
are normalized differently. Therefore, the neutrals diffusion equation in dimensionless units, dropping
the hats for clarity, becomes

∂N
∂ t

=
δ 2

0
R

∇⊥ ·R
DN(n,Ti)

Ti
∇⊥NTi +

1
R2 ∂ϕ

DN(n,Ti)

Ti
∂ϕNTi− kiz(n,Te)nN + krec(n,Te)n2. (2.93)

We have introduced here the cylindrical coordinate system as depicted in figure 2.4: ∇⊥= eR∂R+eZ∂Z ≈
−b×b×∇ is the gradient in the poloidal plane, which for the plasma approximates the drift-plane gra-
dient perpendicular to the magnetic field. Correspondingly, ∂ϕ is the derivative in the toroidal direction
(it is in fact only implemented specifically for the neutrals). The factors of R, the radial coordinate nor-
malised to the major radius R0 (not ρs0), appear due to the Jacobian. The factor of δ 2

0 appears due to the
isotropic normalisation DN = R0cs0D̂N , but a different normalisation of ∇⊥ and ∂ϕ .

Internally, many perpendicular operators in GRILLIX in fact use only the normalisation to R0 (not
ρs0) due to the global geometry in R,Z. This is why the normalisation of DN to R0 is in fact sufficient.
However, physics wise the normalisation of perpendicular scales to ρs0, the appearance of the δ 2

0 factor
and the splitting between poloidal and toroidal dynamics is important: in plasma turbulence simulations,
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we need to resolve the ρs scale in the poloidal plane, but only the R0 scale toroidally. Therefore, the
δ 2

0 factor indicates that for the typically resolved scales, the effective diffusion is δ 2
0 times larger in the

poloidal plane than in the toroidal direction. Or without the normalisation, we realise that the isotropic
diffusion of neutrals acts on a much finer poloidal grid than toroidally. In chapter 6, we had δ0 = 2854.

This insight is important because the neutrals diffusion coefficient itself is rather large, modelling
ballistic motion of neutrals only inhibited by charge exchange collisions. As discussed in section 2.3.1,
diffusion leads to a CFL criterion quadratic in the grid resolution, limiting the explicit time step. In the
foregoing section 2.2.3, we have discussed that for the plasma, stiff diffusion terms appear in the parallel
direction, with the remedy of solving them implicitly. For the neutrals, the diffusion is isotropic and
large, but much smaller than parallel plasma diffusion. Therefore, an explicit discretisation is sufficient
in the toroidal direction – but due to the grid anisotropy, an implicit treatment is required within the
poloidal plane.

Note that only the diffusion of N has to be treated implicitly, while the Ti part can remain fully
explicit. Let us introduce the time discretisation and boundary conditions. Note that the neutrals do
not diffuse parallel to the magnetic field but toroidally, which is a periodic direction, hence boundary
conditions only need to be applied in the poloidal plane. Nonetheless, we treat them consistently with
the plasma, applying Dirichlet boundary conditions Np at the divertor plate via penalisation, and the
typical radial boundary conditions everywhere else. As described in chapter 2.2.3, equation (2.90), we
split the right-hand side in an explicit and an implicit part:

Fim = (1−χp)
δ 2

0
R

∇⊥ ·RDt
N∇⊥Nt+1− χp

εp
Nt+1, (2.94)

F t
ex = (1−χp)

{
δ 2

0
R

∇⊥ ·RDt
NNt

∇⊥ lnT t
i +

1
R2 ∂ϕ

Dt
N

T t
i

∂ϕNtT t
i − kt

izntNt + kt
rec(n

2)t
}
+

χp

εp
Np, (2.95)

where ln is the natural logarithm. The implicit part contains the neutrals density at the next time step
t + 1, the explicit part is evaluated at time step t. Then, we use the Karniadakis time-stepping scheme
(2.90), obtaining

(
1+
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χp

εp
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. (2.96)

Next, we identify in eq. (2.96)

λ = 1+
6
11

∆t
χp

εp
,

ξ =
6
11

∆t(1−χp)
δ 2

0
R
,

c = RDt
N ,

b =
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11

Nt − 9
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Nt−1 +
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Nt−2 +
6
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3F t

ex−3F t−1
ex +F t−2

ex
)
,

(2.97)

such that we can write (2.96) as the Helmholtz equation

λNt+1−ξ ∇⊥ ·
[
c∇⊥Nt+1]= b. (2.98)

This equation is solved by the same 2D multigrid algorithm [173] that is applied in GRILLIX for the
electromagnetic fields [107].

2.2.5 Verification via the method of manufactured solutions

Discretising and implementing a complex physical model in a computer code is prone to errors. Most
errors can be avoided by carefully verifying the implementation, i.e. ensuring that the equations are
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solved correctly, to the precision expected from the numerical method. However, complex models rarely
have analytical solutions for comparison, motivating the numerical approach in the first place.

The method of manufactured solutions (MMS) [174] provides a simply genius systematic verification
procedure, without relying on analytical solutions that can only be constructed in rare and extremely
simplified cases. It exploits the fact that while finding a solution is difficult, it is easy to verify some
given solution. Consider the equation

∂ f
∂ t

= F
(

f ,
∂ f
∂x
,
∂ f
∂y
,
∂ 2 f
∂x2 , ...

)
. (2.99)

The function F can be arbitrarily complex and non-linear. We can choose an arbitrary function fMMS
and compute analytically ∂t f and F , using e.g. Mathematica [175], finding that these two do not balance.
The difference we simply define as a source,

SMMS = ∂t fMMS−F( fMMS), (2.100)

and add it to the right-hand side of eq. (2.99). Thereby, we obtain analytical expressions for a solution
fMMS and a source SMMS for which eq. (2.99) is fulfilled.

Providing these expressions to GRILLIX, we can then test whether the actual implementation also
solves (2.99). Numerically, errors in the discretisation are expected, but they should reduce with in-
creasing space and time resolution at the expected order of convergence: e.g. third order in time for the
Karniadakis scheme, and second order in space for our centred finite differences. Note that this method
of verification is only as general as the chosen test function fMMS. So far, it was implemented for the
whole Braginskii set of equations in slab and in circular geometry. A typical convergence test in slab
geometry is shown in figure 2.6. The error between the analytical MMS and numerical solution is quan-
tified for all 8 dynamic fields, solved simultaneously, by the L2 and L∞ norms. Towards finer resolution,
the expected second order convergence is obtained.

Figure 2.6: Convergence results for the whole Braginskii system under the method of manufactured solutions in
slab geometry, in L2 and L∞ norms. The x-axis shows the number of poloidal planes, i.e. toroidal resolution is
increased – poloidal and time resolution are increased by the same amount simultaneously. The black lines show
precisely first order (upper line) and second order convergence (lower line) for reference.

2.3 The computational implementation and performance

Since turbulence is a complex multi-scale problem, computational efficiency naturally emerges as a
critical goal for resolving turbulence in numerical simulations. Computational efficiency can never be
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fully separated from the physical model and numerical discretisation: fluid models for instance can be
much cheaper to simulate than kinetic models due to the reduced dimensionality (from 5-6D to 3D).
Then, for a given model (fluid in our case), a smart and efficient numerical discretisation can be another
major cost factor: for example, taking into account the known property of drift wave turbulence to
develop flute mode structures with k‖� k⊥, while at the same time only locally aligning the operators
to the magnetic field with the FCI method, allows to greatly reduce the necessary resolution in one of
the three spatial dimensions, even in complex magnetic geometry, and as a result also increase the time
step. Still, taking advantage of all that, direct numerical simulations of turbulence in large fusion reactors
remain a very challenging task and require state-of-the-art computational methods. While the focus of
this thesis lies on extensions of the physical model and applications to relevant experimental scenarios,
this in turn can not be done separately from computational aspects of code development – essentially
trying to make it run as fast as possible – which we aim to highlight in this chapter.

We begin by discussing in section 2.3.1 the limitations on domain size, space and time resolution
due to the physical model and numerical discretisation. We highlight thereby the role of the FCI method
and illustrate the restrictions for the relevant cases from recent publications. For a given grid size and
time step, the computational challenge lies in executing each time step in a minimal amount of real
time. To this end, firstly one has to reduce the amount of arithmetic computations and memory accesses
to the bare minimum, and to structure them in an optimal way for a given computer architecture. For
example, arranging the computations over whole arrays without inter-element dependencies allows to
significantly reduce the arithmetic intensity by vectorisation, or single instruction, multiple data (SIMD)
operations [176].

Ultimately, even if optimally utilised, a single processing unit is rarely sufficient for relevant applica-
tions – rather, applications of interest tend to be arbitrarily complex and utilize the maximum of available
resources. To make more resources available, high-performance computing (HPC) substantially relies
on parallelisation, i.e. splitting of the computing task among as many processing units as possible. This
is discussed in section 2.3.2.

The optimisation of HPC software is complicated by the intricate entanglement between numerical
algorithms, their implementation and the available computer architecture. Different architectures prefer
different algorithms, depending on their implementation, and vice versa. An example for this are explicit
and implicit time discretisations: the latter offer a computational benefit by allowing much larger time
steps (provided these time steps are sufficient for resolving the physical dynamics), but they require a
(linear) system solver in every time step. There is a great variety of linear solver algorithms, but all of
them tend to become less efficient towards larger system sizes – in particular on parallel computers. This
challenge is discussed in section 2.3.3 on the example of the 3D solver for parallel heat conduction and
ion viscosity.

Finally, it is important to realize that scientific software has to be steadily evolving, to adapt to
improving physics models, numerical algorithms and computer architectures. It is therefore important to
write understandable, modular and extendable code – but also to re-write it from time to time. GRILLIX
is currently in the process of refactoring, with the author of this dissertation being involved, which we
discuss in section 2.3.4.

2.3.1 Space and time resolution

The boundaries for the computational performance of any computer simulation are set by physics and its
numerical discretisation: they define the domain of interest, space and time scales to be resolved and the
size of grid cells and time steps that provide the required resolution. Note that the drift approximation in
section 2.1.1 removes fast time scales that are not of interest, such as the cyclotron motion. A successful
execution of the program also requires stability in every time step, limiting its size. In this chapter, we
explore the resolution requirements and stability boundaries of our simulations, with particular attention
to the benefits of the FCI field-aligned approach.

We expect turbulence to take place on scales around or larger than the sound / ion gyro-radius in the
drift plane. It scales with temperature and magnetic field, but can be assumed rather similar across the
edge of devices of different size. The computational challenge stems from our goal to perform global
turbulence simulations on the scale of the actual machine R, so the drift-/poloidal plane resolution scales
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roughly like ρ/R. For comparison, for ASDEX we have R ≈ 1.65 m, B ≈ 2.5 T and at the separatrix
T ≈ 70 eV, resulting in ρ/R≈ 3×10−4. Resolving a box of the size R2 would require (R/ρ)2 ≈ 12×106

points per poloidal plane, but limiting the domain to the plasma edge as in chapter 5 and resolving only
2.5ρs reduced that number to ca. 500 000 points. Nonetheless, bigger devices are more expensive to
resolve: for ITER with B ≈ 3.4 T and R ≈ 3 m (and T ≈ 70 eV still), roughly 6 times more points
are required per poloidal plane, and even more for DEMO. Even if the actual computing time would
scale linearly with the number of points, considering that simulations in chapters 5 and 6 already took
3-6 month for ASDEX, that would make ITER size simulations prohibitive if no speed-up could be
achieved.

The above considerations lead us to the first quantitative estimate why field-alignment is beneficial:
in the worst case, a non-aligned code would have to resolve also the parallel / toroidal direction on gyro-
radius scale. For ASDEX, that would mean roughly 2π × 1.65 m/0.5 mm = 20000 points in toroidal
direction (or 8000 points at 2.5 ρs resolution) – for each poloidal grid point! This has to be compared to
16 toroidal planes used in chapters 5 and 6 thanks to the FCI approach and the flute mode character of
turbulence. This proportion becomes even worse for larger machines.

The second computational constraint is the time discretisation. As it was found in chapter 5, global
saturation is reached on time scales of around 3-4 ms – only then profiles and fluctuation levels can be
compared to the real world experiment at steady state conditions. The time step in an explicit algorithm,
on the other hand, is limited by the fastest dynamics in the system – in our case, the shear Alfvén waves
speed [38, 129] vA = B/

√
µ0nmi (in SI units). The Courant–Friedrichs–Lewy stability condition is

∆t ≤ min(∆s)
max(vA)

≈ 2πRmin

npolBmax

√
µ0minmin. (2.101)

The time step is limited by the smallest parallel grid distance in the system min(∆s), that can be estimated
by the (always smaller) toroidal grid distance with the number of poloidal planes npol and the inner torus
radius Rmin. It is also limited by the largest Alvén velocity in the system, estimated with maximum
magnetic field Bmax and the minimum density nmin. Note that Bmax and Rmin are both on the inner side of
the torus, so that is where the time step is usually limited rather than at the outboard mid-plane, except
if the density would be much smaller there. For the simulations in chapter 5 and 6, we have Rmin ≈ 1
m, Bmax ≈ 4 T, npol = 16, mi = 2mp (with the proton mass mp) and nmin = 3× 1017 m−3: this yields
∆t ≤ 3.5 ns or 15× 10−5 in normalised units. This means at least 106 time steps are required to even
reach the saturated state. In practice, in non-linear simulations the time step is chosen at least a factor 2
below the CFL limit, 5×10−5 in chapters 5 and 6¶.

Under the above considerations, the second benefit of field-alignment becomes apparent: as the shear
Alfvén dynamics takes place in the parallel direction to the magnetic field, the parallel or approximately
the toroidal grid distance enters the respective CFL limit (2.101). Therefore, keeping the parallel grid
distance large not only reduces the total number of grid points, but also increases the limit on the time
step. Hence, the benefit of field-alignment is in fact quadratic in the savings in parallel grid resolution,
that is (R/ρs)

2.
Finally, there is an additional strong stability / time step constraint stemming from the parabolic fluid

closure terms, heat conductivity and ion viscosity in equations (2.27), (2.28) and (2.24). It is essentially
parallel diffusion with diffusivity D = 2χ‖e0T 5/2

e /3n, resulting in the (explicit) time step restriction

∆t ≤ ∆s2

2D
=

3n∆s2

4χ‖e0T 5/2
e

≈ 3n(2πRmin)
2

4χ‖e0n2
polT

5/2
e

. (2.102)

Again, we notice that the problem becomes quadratically worse as the parallel resolution (npol) is in-
creased. But also, the restriction scales with the minimum density and maximum temperature, becoming
a problem in remote SOL regions with low density but high temperature, but even more so towards the

¶The time step is also limited by other numerical constrains, such as perpendicular hyper-diffusion ∂ f ∼ ν⊥∆3
⊥ f required

to dissipate turbulent energy at the grid scale, with the CFL limit ∆t . ∆x6/100ν⊥, ∆x being the grid distance in the poloidal
plane. The constant ν⊥ is usually reduced as ∼ ∆x6, so the relevant quantity is ν⊥/∆x6: it is ultimately determined by the
turbulent energy cascade to the grid scale and can exceed the Alfvén limit in some cases, but not typically.
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plasma core as the temperature dependence is non-linear. For example in chapter 5, with Rmin = 0.6 (nor-
malised to R0 = 1.65 m), npol = 16 and χ‖e0 = 940, we have at the plasma core boundary (ρpol = 0.9)
n = 2 [1019 m−3] and Te = 3.5 [100 eV], resulting in ∆t ≤ 4×10−6, an order of magnitude larger restric-
tion than the shear Alfvén waves. The restriction is more severe for the electron than ion heat conductivity
by χ‖e0/χ‖i0 ≈ 35, and for the G term in parallel momentum balance (ion viscosity) it is roughly a factor
2 smaller than for ion heat conductivity.

There is a major physical difference between these diffusive terms and Alfvén waves: the latter are
directly coupled to drift-wave turbulence [38], a hyperbolic non-linear wave system, so it is desirable to
resolve them in time. The parabolic (diffusive) heat conduction and viscosity are just damping mech-
anisms on parallel disturbances and can therefore be treated implicitly in time.|| This allows to ignore
the time step restrictions from these terms for the price of having to solve a system of (non-linear) equa-
tions in each (super-)time-step. The implementation of a 3D linear solver to this end is one of the major
technical achievements in this thesis, detailed in sections 2.2.3, 2.3.3 and 3.3.2.

2.3.2 Parallelisation strategy

At the restrictions discussed in the previous section, our goal is to execute each time step in a minimal
amount of real time. Beyond writing smart and efficient algorithms, this is primarily achieved by parallel
computing. The parallelisation strategy in GRILLIX is still the same as in the original implementation
by Andreas Stegmeir [119]: a combination of MPI [177] and OpenMP [178], written in modern Fortran.
Recall figure 2.4: each poloidal plane k consists of a 2D cartesian grid in (R,Z). The MPI domain
decomposition goes over these planes: each MPI process with rank k owns the data on one poloidal plane
k for all dynamic fields (density, potential etc.). Care has to be taken with toroidal staggering [106], as
for flux variables like parallel velocity and current the plane is actually shifted by π/Nk, with the number
of planes Nk. Each process k communicates with its neighbours at least once per time step, receiving data
from k+1 and k-1. This domain decomposition is simple due to toroidal symmetry, further decomposition
in (R,Z) on the other hand would involve complex communication patterns along magnetic field lines
between domains. The decomposition is fixed but also optimal, reducing the computational cost per
compute node and hence time for executing a time step for full torus computations by up to Nk if the
execution of the program is limited by arithmetic intensity, or Nk/3 if it is limited by memory storage
and access. It limits the execution of GRILLIX to parallel machines though, since at least Nk processes
are required, and prohibits strong scalability tests.

For each process of rank k, that can take a fraction or a whole compute node, the rest of the compu-
tation is parallelised over OpenMP threads. The data are stored in logically unstructured 1D arrays, so
most computations are done in single do loops. OpenMP allows to split the work in those loops over all
CPUs of a compute node (threads). All threads have the same main memory access, which makes pro-
gramming easier (but also more error prone), but CPUs also load data into their individual cache. Since
memory access is faster for the CPU cache than for the main memory, one route of OpenMP perfor-
mance optimisation lies in data layouts that reduce data loads between main memory and cache. Further,
it is important that organisation and splitting of work between threads involves latencies. Therefore, it is
important to arrange enough work for each parallel region (do loop) to make it worth. This requires both
a large enough problem size and a smart algorithm implementation that minimizes serial bits between do
loops.

Table 2.1: OpenMP scaling on Marconi A3 SKL. Benchmark was performed with 32 poloidal planes (= #MPI
processes) on 32 nodes, each having 48 CPUs, with ∼1.6 million points per plane.

threads 1 2 6 12 24 48
time (s) / ∆t 10.59 5.78 2.32 1.61 1.54 1.40
speed-up 1.00 1.83 4.56 6.58 6.88 7.56

||On the (gyro-)kinetic level, the Vlasov equation itself is purely hyperbolic (pure advection). The only parabolic part enters
due to the Coulomb collisions, a diffusion in velocity space. Indeed, this diffusion also needs to be treated implicitly [54, 76].
In the fluid closure, this diffusion translates to real space diffusion.
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As an example for the benefits and limitations of parallelisation, table 2.1 shows the OpenMP scaling
of a typical GRILLIX program on the Marconi A3 SKL supercomputer. The computer has 48 CPUs per
node, which gives the upper bound of threads as OpenMP requires a continuous memory access. The
ideal speed-up would be linear to the number of threads, which we do not achieve. With 12 threads, a
reasonable speed-up of a factor 6 is achieved, but a further increase of threads does not make sense. The
reasons behind this performance are discussed in section 2.3.4.

2.3.3 3D iterative matrix-free Krylov subspace solver

As we have discussed in section 2.3.1, one of the key technical achievements of this thesis is the im-
plementation of a 3D linear solver [179] for the parabolic (diffusive) terms in the Braginskii equations:
parallel heat conductivity and ion viscosity. On one hand, this allowed to run the Braginskii model in rel-
evant parameter regimes without restrictions on the size of the time step. On the other hand, however, the
solver itself can consume up to 95% of the total CPU time in each time step, becoming the major perfor-
mance bottleneck depending on the parameters. It is therefore important to discuss the implementation
in some more detail than in chapter 3.3.2, as well as the resulting performance in different regimes.

Recall section 2.2.3: the implicit parallel diffusion problem can be written as a “linear” system
ATt+1 = R. Importantly, the system is actually non-linear since the diffusion coefficient in A depends
on T 5/2, but it is linearised by treating this dependency explicitly, i.e. taking (T t)5/2. Still, this is the
main reason for the need of an iterative solver: the LU decomposition of a direct solver would need to be
re-computed in every time step due to the changing diffusivity. The iterative solver, on the other hand,
can converge relatively quickly as a good initial guess can be provided by T t . With the Karniadakis
time-stepping scheme, the previous two time steps are also stored, providing an even better initial guess
via Tguess = 3T t −3T t−1 +T t−2.

Next, we note that the parallel diffusion operator ∇ · (T t)5/2b∇‖ connects the whole 3D grid, but
sparsely. Therefore, a 3D solver is required that must respect the MPI domain decomposition and com-
munication. Let us visualise the connectivity of ATt+1 = R,
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Each entry Tk is a vector of all the temperature values (to be solved for) on poloidal plane k, owned by
MPI rank k. Each matrix Aml is in this sense 2D in (R,Z). The RHS, containing among other things the
explicit part of the system, is decomposed the same way. The parallel diffusion operator is local on plane
k, coupling it only to its neighbours k+1 and k-1. The full matrix A is therefore block tridiagonal, plus
the entries A1Nk and ANk1 appearing due to toroidal periodicity. Due to toroidal symmetry, all matrices
All , Al,l+1 and Al,l−1 are also identical. On each rank k we compute

k+1

∑
l=k−1

AklTt+1
l = Rk. (2.104)

The involved matrices (operators) are the same on each rank k. The data Tk−1 and Tk+1 need to be
communicated via MPI though. The 3D solve is required because (2.104) needs to be solved for each k
simultaneously. A block tridiagonal matrix algorithm with a series of 2D solves is also thinkable, though.

Although A is bloack tridiagonal, its elements Aml operating on Tl are not. Firstly, each poloidal
plane does not represent a full rectangular Cartesian plane but contains cuts at the limiting flux sur-
faces. At those cuts, the stencil is replaced by the application of perpendicular boundary conditions
via B(D,N)Tt+1

l = T(0,1)
∂V

**, changing the connectivity. Even more importantly, the connectivity is com-
plicated because it follows the intricate field line trajectory, plus interpolation due to the FCI method

**Due to toroidal symmetry, the matrices B(D,N) are the same in each plane k. Note that explicit application of perpendicular
boundary conditions rather involves the inverse problem. Parallel boundary conditions only concern the diagonal on All via
penalisation.
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[106, 161, 162], plus magnetic flutter ††. This is the reason why Tl is stored simply in a 1D unstructured
array. Therefore, the matrices Aml are significantly more complicated and more dense than a tridiagonal
matrix: each parallel operator, gradient and divergence, can be represented by a sparse matrix in our
discretisation – but their product, the diffusion operator, is more dense. All this motivates a matrix-free
method for the solution of the whole system.

Since ATt+1 = R constitutes an elliptic problem, Krylov subspace iterative methods [179] provide
a good solution, with the significant benefit of being applicable as a black box. Specifically, we use
the Parallel Iterative Methods (PIM 2.3) library [180] which offers a number of iterative methods at
choice. The implementation is matrix-free with a reverse communication interface: the matrix A is
never built, but the user has to implement the matrix-vector product (2.104). This is easily done with the
standard parallel operators in GRILLIX (with some care about boundary conditions). Additionally, the
user provides global MPI parallelised summation and norm routines.

The best Krylov subspace method is the conjugate gradient (CG) method, because it converges mono-
tonically and only applies one matrix-vector product per iteration. Unfortunately, it did not converge in
our case because the matrix seems to be not positive-definite. Both Bi-CGSTAB and GMRES worked
though, similarly well. Due to slightly better performance, the choice ultimately fell on the GMRES
method [181]. The method has the drawback that until convergence, each consecutive iteration n applies
n2 matrix-vector products (plus global reductions). The performance is significantly improved by restart-
ing the algorithm after a number of iterations – our choice is typically 10 – although this requires more
iterations overall.

The performance of the solver depends on the condition number of A and therefore varies. Primarily,
it is determined by the diffusivity D = 2χ‖0T 5/2/3n. The condition number is also impaired by a large
time step and small parallel grid distance, such that the solver benefits from the sparse toroidal resolu-
tion permitted by the FCI approach. Further, magnetic flutter adds connectivity and arithmetic intensity,
introducing new terms such as (2.42). This makes the solver generally more expensive, although conver-
gence and stability are not affected because one still solves a parabolic diffusion equation, just along a
perturbed magnetic field. Finally, boundary conditions matter: for instance, we observe that convergence
significantly deteriorates with increasing sheath heat transmission γe.

2.3.4 Performance and refactoring

Finally, we can discuss the overall performance of the code and prospects for improvement. A good
overview is achieved simply by timing individual routines. For the reference simulation in the latest
publication in chapter 6, AUG with neutrals, table 2.2 depicts the typical outcome for a total run time of
0.25 τ , or 6 µs of the simulation. The simulation ran in total to 440 τ , or 10.5 ms.

The table shows code regions, a total number of their calls during those 0.25 τ (or 6 µs), total time
spent in each region, time per number of calls and relative to the total time step. The first row shows
the most important information: the whole time step for the Braginskii model was executed 5000 times,
taking 0.99 s per time step on average. For 440 τ or 10.5 ms total simulation time, this results in 100
days of constant run time. 8 compute nodes on the Marconi A3 SKL supercomputer have been used,
with 48 CPUs each: having 16 poloidal planes, the absolute maximum was 16, but it did only provide a
10% speed-up due to limited OpenMP performance.

Next, we find 7 regions for the 8 fields evolved in time, with j‖ and A‖ timed together. This indicates
how the time stepping is organized: the quantities are evolved consecutively, one (equation) after the
other. Partly, this is due to the structure of the equations: for instance, as detailed in chapter 3.3.1, the
density has to be evolved first to provide nt+1 for the elliptic solver.

Comparing each region’s timings to the full time step, we find significant differences: while the
advancement of density takes only 5%, for the electron temperature it takes 30%. The reason for this is
the PIM solver for the 3D diffusion problem discussed above: it is applied for the parallel diffusion in the
Te, Ti and u‖ equations. The diffusion in Te is most stiff due to the large electron heat conductivity and
sheath heat transmission. The solver converges only after 1 restart, i.e. more than 10 iterations in total.

††In the electrostatic case, the 3D connectivity from the purely parallel operator results from the perpendicular interpolation
due to the FCI method – in a field aligned code, Aml would be trivial. However, since we generally must include electromagnetic
fluctuations b̃ in the parallel operators, the problem is generally 3D even without FCI interpolation.
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Table 2.2: Timings for the computational performance of GRILLIX in chapter 6 on the Marconi A3 SKL super-
computer.

region #calls time [s] time/#calls rel.time [%]
timestep 5000 4955.96692 0.99119 100.00000
density 5000 244.43333 0.04889 4.93210
Te 5000 1414.92344 0.28298 28.54990
Ti 5000 556.32924 0.11127 11.22544
u‖ 5000 580.37264 0.11607 11.71058
vorticity 5000 390.74477 0.07815 7.88433
potential 5000 467.13532 0.09343 9.42571
j‖, A‖ 5000 626.05418 0.12521 12.63233
PIM 15000 1530.13372 0.10201 30.87458
multigrid 25000 1095.48438 0.04382 22.10435
neutrals 5000 641.42264 0.12828 12.94243
diagnostics 25 87.78870 3.51155 1.77137
snapshot 1 0.40758 0.40758 0.00822

This is generally decent convergence, but it involves more than 400 matrix-vector computations AT,
including MPI communication in each step, hence the computational cost. For Ti and u‖, convergence
occurs before the first restart. Note that in this simulation, magnetic flutter was disabled and ion and
electron heat conduction was limited by the free-streaming flux according to chapter 6.3. With magnetic
flutter, the time step takes 1.25 s, primarily because the PIM solve for Te takes 0.47 s instead of 0.28 s.
The number of solver iterations remains similar, and also other parts of the code with parallel operators
(like the density equation) become more expensive by up to 50%, while the multigrid solver in (R,Z)
converges somewhat faster – we therefore conclude that rather than the MPI communication, the cost of
the repeated matrix-vector multiplications AmlTl within the solver is very expensive.

Finally, we find that the multigrid solver [107] for the 2D elliptic problem is invoked a total of 5
times: twice for the electrostatic potential due to zonal Neumann core boundary conditions, twice for A‖
due to penalisation and once for the neutrals. Overall, although the multigrid takes a significant fraction
of the compute time, but it is not dominating it. For the neutrals, the computational cost is dominated by
the multigrid but remains reasonable.

The physics problem studied in chapter 6 is typical and relevant, it is also by far not small – but
still much smaller than the most interesting cases for nuclear fusion reactors. Firstly, reactors must be
significantly larger than AUG, requiring a roughly 10 times larger simulation domain. Secondly, the grid
resolution in chapter 6 was barely sufficient, while there is significant interest in much smaller scales.
However, already these AUG simulations take each on the order of 100 days to complete, while we want
to be actually able to perform parameter scans quickly. Therefore, the improvement of computational
performance is among the top priorities.

There are multiple ways to proceed. Firstly, as 2D and 3D linear solvers play an important role
across the time step, improving their convergence is key – but this is already being done to the best
of our knowledge. Secondly, one can optimise the performance on current architectures, including the
improvement of the OpenMP scalability. The MPI scalability could be extended beyond the 1D toroidal
domain decomposition – this is however not trivial due to the arising complex communication patterns.
But also, taking advantage of recently developed accelerator machines, one could extend or replace the
OpenMP parallelisation by utilising graphics processing units (GPUs) via e.g. OpenACC [182].

The difficulty is that there is no single obvious bottleneck in the current code, with all the regions
performing similarly. Even if both solvers would be further optimised, the rest of the time step is still
taking already half of the computing time. This is owed, however, in parts to the chosen code structure
– evaluating the physical equations consecutively, instead of decomposing the code into different oper-
ators, communicators and parallel regions, and grouping them accordingly. Let us examine the system
of equations in chapter 5.7: we notice that many operators appear repeatedly throughout the equations,
for example ∇ · ( j‖b) and C(pe) appear 4 times. On the other hand, each equation contains a mixture
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of all kinds of operators. While perpendicular operators rely solely on OpenMP parallelisation, parallel
operators require MPI communication each time. As a results, the time step contains a vast number of
small but very different, alternating computing steps, including OpenMP regions and MPI communica-
tion. Not only are many operators computed more often than required, and MPI communication is often
redundant (data storage is thereby minimized though, but it is usually not the bottleneck). Each operator
also contains only a limited amount of work, making the overhead from barrier synchronisations and
latencies a significant factor. Partly, this code design emerged from GRILLIX originally implementing
the Hasegawa-Wakatani equations [119], where much fewer operators appear.

Therefore, it was decided that a major refactoring of the time step routine (and the whole code
around it) was required. The main goal is performance optimisation, but also maintainability is being
improved by making the code more readable, modular, and introducing automated unit and integration
tests. The preservation of functionality is ensured by MMS. For performance, the idea was to minimize
the amount of MPI and to improve the communication pattern, separating it from OpenMP regions as
far as possible. This allows more work to be done in the latter, avoids redundant operator evaluation and
simplifies their profiling. The minimisation of latencies is also thought to be a major prerequisite for a
reasonable GPU implementation, since they become even larger there due to the transfer between main
and device memory. A preliminary result from refactoring is shown in figure 2.7.

Figure 2.7: OpenMP scaling of the refactored GRILLIX version on the Cobra supercomputer of the Max-Planck
Computing and Data Facility (each node containing 40 Intel SkyLake Processors).

The test case is a circular C-mod simulation, similar to chapter 3, with 350000 grid points per poloidal
plane, but with a reduced heat conduction and no 3D solver. Even though the test case is not exactly
comparable to table 2.1, some improvement can be seen – in particular, we can now better diagnose what
is happening. Most importantly, the whole MPI communication now happens in only two places during
the time step: the 8 fields are simply exchanged and stored in halo data, with parallel derivatives operating
on these data without additional MPI communication. This allows to quantify the computational cost of
MPI communication separately. As one would expect, it becomes important towards larger number of
OpenMP threads, as the work per thread is reduced while the amount of communication stays the same.
The fluctuations in the MPI communication cost also indicate how large the latencies can become with
too much synchronisation.

The rest of the work is largely separated in one single OpenMP loop, containing all the operators for
all the equations, and the elliptic solver for the electromagnetic fields. Consequently, with so much work
the OpenMP loop scales perfectly to 40 threads, becoming irrelevant for the remaining computational
cost. The elliptic solver now remains as the clear bottleneck, which can be further optimised. The 3D
solver has also been just recently ported and was not yet benchmarked. With the code already being
slightly faster than the previous GRILLIX version, significant performance improvement for reactor
scale simulations seems feasible now.
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Abstract GRILLIX employs the flux-coordinate independent approach (FCI), which allows us to
study boundary plasma turbulence in realistic diverted configurations. Recently, the physical model in
GRILLIX has been extended to a global drift reduced Braginskii model, without any separation between
background and fluctuations. It includes electromagnetic and thermal dynamics with hot ions, relaxation
of the Boussinesq approximation and non-linear parametric dependencies. This contribution presents
solutions to associated issues, i.e. the ion diamagnetic polarisation and the stiff parallel heat conduction.
Simulations based on parameters characteristic for the Alcator C-Mod tokamak were carried out. In
circular geometry, the self-consistent electric field contains zonal flows and geodesic acoustic modes
in the confined region. In the scrape-off layer the electron parallel heat conduction and its boundary
condition determine the temperature and electric field, leading to sheared flows at the LCFS.

3.1 Introduction

A fundamental issue investigated with turbulence codes like GRILLIX [107] is the competition between
the turbulent perpendicular heat flux and the parallel one in the scrape-off layer (SOL), which determines
the SOL width and the survival of the wall components of future fusion power plants. A comprehensive
and self-consistent physical model is required that describes both effects in realistic and experimentally
relevant magnetic geometries. The latter is discussed in a separate contribution to these proceedings
[118], while the physical model and its implementation is discussed herein.
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The global drift reduced Braginskii model, described in section 3.2, does not separate between back-
ground and fluctuations, which is shown to be important for the edge plasma [99, 101, 104, 107, 117].
Alternatively, global gyrokinetic [183] or gyrofluid [149] models are being developed. In GRILLIX, we
recently implemented the crucial ion temperature dynamics and an implicit treatment of (electron) paral-
lel heat conductivity. The consistent time discretization with the 3rd order Karniadakis [169] scheme is
detailed in section 3.3, as well as the matrix-free parallelized solution of the resulting system of equations
by the PIM library [180].

We demonstarate the importance of the newly implemented thermal effects by performing Alcator
C-mod like L-mode simulations in circular geometry, illustrated in section 3.4. Compared to previous
work [117], we confirm that the turbulence is stabilized by higher temperature and destabilized by higher
density. The electric field in the confined region exceeds the ion pressure gradient and contains zonal flow
as well as geodesic acoustic mode (GAM) components. In the SOL, it follows the electron temperature
and its profile is strongly dependent on the electron parallel heat conductivity, while the ion conductivity
plays a minor role. A sheared electric field at the last closed flux surface (LCFS) results. This is also
summarized in section 3.5.

3.2 Physical model

The drift reduced Braginskii model [56, 57] describes edge and SOL turbulence in the low frequency
regime ω � eB

Mic
. In the following, time scales are normalised to R0/cs0, with R0 the major radius and

cs0 =
√

Te0/Mi the sound speed at reference electron temperature Te0. Perpendicular scales are nor-
malised to the sound Larmor radius ρs0 = c

√
Te0Mi/(eB0) and parallel scales to R0. The dynamical fields

evolved in GRILLIX are the density n normalised to a reference density n0, the electrostatic potential φ

normalised to Te0/e, the parallel ion velocity u‖ normalised to cs0, the electron and ion temperatures Te

and Ti normalised to reference values Te0 respectively Ti0, the parallel current j‖ normalised to en0cs0 and
the parallel component of the perturbed electromagnetic potential A‖ normalised to (β0B0ρs0)
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where we have introduced as auxiliary variables the parallel electron velocity v‖ = u‖− j‖/n and the
electron and ion pressures pe = nTe respectively pi = nTi, The parallel gradient is defined as ∇‖ := b ·∇
with b = B/B the unit vector of the static background magnetic field. The advective derivative is defined
as d

dt := ∂

∂ t + δ0
( B

B2 ×∇φ
)
·∇ and the curvature operator as C( f ) := −δ0

(
∇× B

B2

)
·∇ f . The dimen-

sionless parameters of the system are the drift scale δ0 := R0/ρs0, the dynamical plasma beta β0 defined
above, the electron to ion mass and temperature ratios µ := me/Mi respectively τ := Ti0/Te0, the nor-
malised parallel resistivity η‖0 := 0.51 R0

τe0cs0

me
Mi

and normalised parallel electron and ion heat conductiv-
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ities χ‖e0 := 3.15 τe0cs0
R0

Mi
me

respectively χ‖i0 := 3.9 τi0cs0
R0

Ti0
Te0

, where τe0 and τi0 are the electron respectively
ion collision times evaluated at reference. The equations are supplemented by sources for density, elec-
tron and ion temperature and by numerical dissipation terms.

Insulating Bohm sheath boundary conditions [49] are applied at the limiter/divertor target plates:

u‖ ≷
√

Te, j‖ = 0, φ = ΛTe, ∇‖Te =−
γe(

χ‖e0T 5/2
e

)Tenu‖, ∇‖Ti = 0, ∇‖n = 0, (3.7)

where Λ ≈ 0.5ln Mi
2πme

is the sheath floating potential and γe ≈ 2.5 is the electron sheath transmission
coefficient. Additionally, the simulation domain is bounded by inner and outer limiting flux surfaces,
where homogeneous Neumann boundary conditions are applied to n, Te, Ti, u‖ and homogeneos Dirich-
let boundary conditions to A‖. At the outer radial boundary φ is set to ΛTe, and in order to allow the
potential to float at the inner boundary a zonal homogeneous Neumann boundary condition is applied,
i.e. ∂ρ 〈φ〉θ = 0 and φ −〈φ〉

θ
= 0, with 〈〉θ denoting the flux surface average and ρ a coordinate perpen-

dicular to flux surfaces.
We note that the model is global, which is reflected in the fact that all parametric dependencies are

kept and the routinely employed Boussinesq approximation is not applied. In comparison to the previous
version [107], GRILLIX was extended by ion thermal dynamics. However, magnetic flutter terms, as
well as terms arising from the viscous part of the ion stress tensor, e.g. magnetic pumping terms, are not
yet implemented in the GRILLIX model.

3.3 Numerical implementation

GRILLIX is based on the flux-coordinate independent approach [160,161] (FCI), which avoids the com-
mon singularities of flux-coordinates [184] at the separatrix and X-point(s). A cylindrical grid is used,
where parallel operators are discretised via a field line map between adjacent poloidal planes. For a
comprehensive description of GRILLIX and the FCI implementation we refer to Stegmeir et al. [107],
and we discuss here numercal techniques of the most recent extensions, i.e. ion thermal dynamics and
the implicit treatment of the parallel heat conduction.

3.3.1 Ion diamagnetic polarisation

The main difficulty in the implementation of ion thermal dynamics is the calculation of the electrostatic
potential in presence of the ion diamagnetic polarisation term in Eq. (5.26), where one has to take into
account the time derivatives correctly. The time-stepping scheme in GRILLIX is based on a 3rd order
backward differentiation formula (BDF3), where a quantity f , subject to ∂t f = F( f ), is evolved in time
according to
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11
f t−2, (3.8)

with time-step ∆t and F t+1 = F( f t+1). BDF3 is an implicit scheme that modifies to an explicit scheme
(Karniadakis [169]) via approximating F t+1 ≈ 3F t − 3F t−1 +F t−2. For the temporal discretisation of
the vorticity equation we define the generalised vorticity at time-step t
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where the index j is only attached to quantities that the time derivative acts on. Integrator (3.8) applied
to (5.26) yields

Ω
t
+1 =

18
11

Ω
t
0−

9
11

Ω
t
−1 +

2
11

Ω
t
−2 +

6
11

∆t
(
3F t −3F t−1 +F t−2) , (3.10)

where the F terms contain advection and the right hand side terms of eq. (5.26), which can be computed
explicitely. We note that before this step the continuity equation (5.25) has already been advanced and
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therefore Ωt
0,−1,−2 can be computed directly as nt+1 is available. The electrostatic potential at time t +1

is finally obtained by solving

Ω
t
+1− τ∇ ·

(
1

B2 ∇⊥pt+1
i

)
= ∇ ·

(
nt+1

B2 ∇⊥φ
t+1
)
, (3.11)

where pt+1
i is also available due to the prior advancement of the ion thermal equation (5.30). Therefore,

eq. (3.11) is a two-dimensional elliptic equation for φ t+1 and is solved in GRILLIX via an efficient geo-
metric multigrid solver within each poloidal plane separately [107]. We note that the final implementa-
tion of the model with ion-thermal dynamics was verified successfully with the Method of Manufactured
Solutions [174], which is continuously integrated in GRILLIX.

3.3.2 Semi-implicit non-linear parallel heat conduction

With the Braginskii closure for the 3-moment fluid equations [56], the resulting parabolic heat conduction
term leads to a severe restriction on the allowed time step if treated with the same high order explicit
scheme as the hyperbolic rest of the system. In a global model this constraint depends on temperature
and density and therefore on space and time, so that either the time step or the heat conductivity have to be
significantly reduced [107]. However, due to its crucial role in setting the SOL temperature profile [107]
and symmetrizing the temperature profile on closed flux surfaces [117] a remedy had to be found.

A natural solution is to treat this term implicitly. This can be done consistently within the Karniadakis
time stepping scheme by splitting the equations into an explicit and an implicit part, F( f ) = Fex( f )+
Fim( f ), and approximating only the explicit part by F t+1

ex ≈ 3F t
ex − 3F t−1

ex + F t−2
ex . The implicit part

contains only the parabolic heat conduction terms for electrons and ions (as well as penalisation terms
[103, 107] for parallel boundary conditions, omitted here for brevity), while the rest of the system of
equations is treated explicitly. This results in two non-linear 3D elliptic problems (for Te and Ti) that
have to be solved at every time step,
[

1− 6
11

∆t
χ‖0
nt ∇ · (T ∗)5/2 b∇‖

]
T t+1 =

18
11

T t − 9
11

T t−1 +
2

11
T t−2 +

6
11

∆t
[
3F t

ex−3F t−1
ex +F t−2

ex
]
.

(3.12)

T ∗ in the brackets has to be T t+1 according to the Karniadakis scheme, requiring Newton iterations for
the solution of the non-linear system of equations. However, the O(∆t) linearisation T ∗ = T t (or higher
order approximations) can be used without impact on the stability of the scheme.

In FCI, the grid can be toroidally sparse, keeping the condition number of the linear system low. The
Karniadakis scheme (BDF3), however, is not A-stable, and therefore large enough imaginary eigenvalues
would make it unstable. The continuous diffusion operator is self-adjoint and has only real eigenvalues,
but this is not generally given on the discrete level in FCI - in GRILLIX, these properties are preserved
by the support operator method [106, 161].

To solve the linear system we use the Parallel Iterative Methods (PIM 2.3) library [180], particularly
the well scalable restarted GMRES algorithm [181], with a matrix-free implementation. This is useful
because the matrix for parallel operators is somewhat complex in FCI, has to be distributed among MPI
processes and recomputed every time step due to the non-linearity. With PIM, no matrix is ever built and
(3.12) is simply defined by existing operators, saving memory space, computational cost and effort.

3.4 C-mod L-mode in circular geometry

The setup is based on [117], although we use a very different implementation, most notably a fully non-
field-aligned grid. The normalization parameters are: major radius R0 = 68 cm, minor radius a = 22 cm,
equilibrium toroidal magnetic field B0 = 4.1 T, deuterium ion mass Mi = 2mp, density n0 = 8×1013 cm−3

and temperature T0 = 30 eV. For electron collisions, we use the effective charge state Z = 1.5. This results
in dimensionless parameters: δ = 3520, β0 = 2.88×10−5, µ = 2.72×10−4, τ = 1, η‖0 = 6.03×10−2,
χ‖e0 = 26.6, χ‖i0 = 1.15. We define the normalized radial coordinate ρ =

√
(R−R0)2 +Z2, then the

safety factor q(ρ) = 4/(1−3.71(ρ−0.305)) defines the poloidal magnetic field profile.
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Figure 3.1: Poloidal snapshot of a) density, b) potential, c) electron and d) ion temperature at t = 1.44 ms. The
horizontal coordinate is (R− R0)/R0. The average profiles are (nearly) up-down symmetric, hence only half
the plane is shown. The blue dashed line indicates the limiter location on the inboard midplane (parallel sheath
boundary region) and the LCFS.

The grid consists of 16 poloidal planes and a uniform poloidal resolution of 3×ρs0 ≈ 0.58 mm. The
time step is ∆t = 5× 10−5 R0

cs0
≈ 0.9 ns. The simulation domain is ρ ∈ (0.2412,0.3685), with LCFS at

ρ = 0.3235. In total, the grid consists of circa 5.4×106 points. In order to test the resolution a simulation
with 16× 106 points was run until t = 0.6 ms and showed no significant difference in the profiles. A
sixth order hyperviscosity 4000∇6

⊥ was applied in perpendicular direction on all fields to cut off turbulent
spectra on grid scale, as well as regular diffusion 0.05∇ · (b∇‖) on n,Ω and u‖ in parallel direction.

The reference simulation has as initial condition (n,Te,Ti) = (2,3,3) at the core boundary and n =
Te = Ti = 0.2 in the SOL, with a smooth transition in the edge region. The initial temperature profile
is shown in figure 3.2. An adaptive source keeps the profiles fixed at the core boundary and n > 0.03,
Te > 0.07 and Ti > 0.03. Otherwise they are free to evolve in the rest of the domain, with a sink given
by sheath boundary conditions at the limiter boundary. Other fields are set to stabilize the initial profile,
i.e. an electric field balances the ion diamagnetic polarisation and Pfirsch-Schlüter currents balance the
pressure gradient. Additionally, one simulation with n = 4 at the core (double density) and one with
Te = Ti = 6 (double temperature) were carried out, as well as scans with parallel heat conductivity χ‖0 at
reference core parameters.

Simulations were run until t = 80 R0
cs0
≈ 1.5 ms (for circa 9 days on the Marconi-A3 SKL partition, on

8 nodes with 2 MPI processes per node times 24 cores). The resulting poloidal profiles of n,φ ,Te and Ti

at t = 1.44 ms are displayed in figure 3.1. All profiles except Ti are saturated, with Ti still rising at t > 3
ms [117]. Averaged toroidally and in time over 10 R0

cs0
≈ 0.2 ms (40 snapshots), profiles and fluctuation

amplitudes σ2
f = 〈 f 2 〉−〈 f 〉2 at the outboard midplane are shown in figure 3.2.

With the updated voriticity equation, the electric field in the confined region is proportional to the ion
pressure gradient, exceeding it by circa 50%. On the other hand, due to sheath boundary conditions the
potential in the SOL is following φ = ΛTe. A potential maximum results at the separatrix, leading to a
jump in the electric field and consequently sheared E×B flows. The potential oscillations in the confined
region contain a strong poloidally and toroidally symmetric part at acoustic frequencies, indicating the
presence of GAMs [185]. Figure 4.2 shows the frequency spectrum. The radial profile of the acoustic
frequency f̂ ≈

√
2

2π

√
Te +Ti is shown as a reference, f = cs0

R0
f̂ = 56 kHz× f̂ in physical units.

We confirm the results by Zhu et al. [117] in that the turbulence is enhanced with increasing density
and suppressed with increasing temperature, most visible in Ti which is shown in figure 4.3. However,
investigating the different behaviour of electron and ion temperature, we find a surprising dependence on
parallel heat conductivity, discussed in the following section.
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Figure 3.2: Mean radial profiles (Ti,Te, T initial, n,−φ/Λ from top to bottom) at the outboard mid-plane at t ≈ 1.4
ms. Dotted lines indicate the±σ f fluctuation level. The negative potential−φ and its fluctuation level are devided
by Λ = 2.69. LCFS and source region are marked. Left: reference simulation with χ‖e0 = 26.6, χ‖i0 = 1.15,
γe = 2.5. Top right: χ‖e0 = χ‖i0 = 1.15 and γe = 0.1 (case 2); bottom right: χ‖e0 = 26.6, χ‖i0 = 1.15, γe = 0 (case
1, see section 3.4.1).

Figure 3.3: Frequency spectrum of poloidally and
toroidally averaged electrostatic potential fluctua-
tions.

Figure 3.4: Outboard mid-plane ion temperature snapshot
at 1.44 ms in: double density, reference, double tempera-
ture (left to right). Horizontal axis is (R−R0)/R0. LCFS
marked by blue dashed line.

3.4.1 Parallel heat conduction

To test the relevance and effect of the parallel heat conduction, four additional simulations were carried
out. Comparing to the reference (n|core = 2, T |core = 3) with χ‖e0 = 26.6, χ‖i0 = 1.15 and γe = 2.5 these
have

1. χ‖e0 = 26.6, χ‖i0 = 1.15, γe = 0

2. χ‖e0 = χ‖i0 = 1.15 and γe = 0.1

3. χ‖e0 = χ‖i0 = 0.1 and γe = 0.01

4. χ‖e0 = 26.6, χ‖i0 = 30, γe = 2.5

Te and Ti for cases 1 and 2 are shown in figure 3.2 on the right. In the reference run, and also double
n and double T , ions are hotter in the SOL then electrons, as expected from experiments. This is due
to the electron heat sheath transmission. Without this boundary condition (case 1), electrons are hotter.
This trend extends into the confined region. A lowered electron heat conductivity (case 2) also requires a
reduced γe to avoid unphysical gradients at the sheath, and hence also has the same effect. Additionally,
a reduced electron heat conductivity increases the Te and Ti fluctuation level and flattens profiles, likely
due to the lowered flux surface symmetrization and fluctuation damping.

Further reducing both heat conductivities (case 3) has no effect on neither the profiles nor fluctuation
levels at the outboard mid-plane. However, the up-down asymmetry becomes more visible, as in the
results of Zhu et al. [117].

The difference in heat conductivity between electrons and ions does not explain the different satu-
ration time of Te and Ti. In fact, setting χ‖i0 = 30 (case 4) or lowering it to 0.1 has barely any influence
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on the profiles at all. The electron heat conductivity has a much higher impact on both electron and ion
transport - only Te enters Ohm’s law and sheath boundary conditions, thereby setting the SOL potential
and currents.

3.5 Conclusion

The thermal model in GRILLIX was extended by ion temperature dynamics, including the ion diamag-
netic polarisation drift, leading to a self-consistent electric field with zonal flows and GAMs. In circular
geometry simulations, the electric field on closed field lines balances the ion pressure gradient, somewhat
exceeding it. In the SOL the electric potential follows the electron temperature due to sheath boundary
conditions and Ohm’s law. This leads to a maximum in the electrostatic potential at the LCFS and a jump
of the electric field. Turbulence is destabilized by higher density, while higher temperature is somewhat
stabilizing.

A 3D iterative implicit solver now allows for a realistically large parallel heat conductivity without
affecting the time step and hence simulation time. The electron parallel heat conductivity, together
with sheath heat transmission boundary conditions, largely determines the SOL temperature profile - for
both electrons and ions. In the confined region it leads to flux surface symmetrization and fluctuation
reduction. The ion heat conductivity, on the other hand, plays a much smaller role.
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We have discovered that one of the original articles [1] findings, that the actual choice of the dimen-
sionless parameter χ‖i0 for the ion heat conductivity* seemed to play no role for the simulation results,
was not physical. Instead, due to a mistake in the handling of input parameters, χ‖i0 was actually not
used in the code - the dimensionless electron heat conductivity χ‖e0 was used instead. Hence, the re-
sults in chapter 4 and the conclusions are correct only if χ‖i0 = χ‖e0. For the reference case, this means
χ‖i0 = χ‖e0 = 26.6 was used†, instead of what we thought was χ‖i0 = 1.15 and χ‖e0 = 26.6. The rest of
the code and model is correct.

We have fixed the error, verified the code and rerun all the simulations. The main conclusion is that
the dimensionless ion heat conductivity χ‖i0 plays as much of a role for the equilibrium ion temperature
profile Ti as the electron heat conductivity χ‖e0 for the electron profile Te. Further, with the correct heat
conductivity χ‖i0 = 1.15, Ti saturates faster - after t & 50 R0

cs0
≈ 0.9 ms - while it was still not saturated

at 1.5 ms with the wrong χ‖i0 = χ‖e0 = 26.6. The saturation time for the plasma density n and electron
temperature Te remain the same - t & 30 R0

cs0
≈ 0.5 ms.

Figure 4.1, left, shows the saturated radial profiles for the reference simulation. We find that in
comparison to the mistakenly used χ‖i0 = 26.6, the proper, lower ion heat conductivity χ‖i0 = 1.15
increases the stationary ion temperature gradient ∂rTi in the confined region, leading to Ti < Te at the
separatrix. The Ti profile and fluctuation level are now similar to those of the plasma density n. The
Te and n profiles remain unaffected. The stationary profile of the electrostatic potential φ flattens in

*χ‖i0 is obtained by normalizing the Braginskii ion parallel heat conductivity to χ i
‖ = χ‖i0n0cs0R0T̂ 5/2

i , with T̂i = Ti/Ti0.
†We have for deuterium χ‖i0/χ‖e0 = 23 6= 35 because the electron collision frequency was calculated with Zeff = 1.5.
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Figure 4.1: Mean radial profiles (Ti, Te, n,−φ/Λ) at the outboard mid-plane in saturated state. Dotted lines indicate
the ±σ f fluctuation level. The negative potential −φ and its fluctuation level are divided by Λ = 2.69. LCFS and
source region are marked. Left: reference case with Te = Ti = 90 eV at the core boundary, with additionally the
Te profile from the simulation with no sheath heat conduction (case 1 from chapter 4.1, γe = 0). Right: simulation
with double the temperature.

the confined region due to the lower Ti, while it remains the same in the SOL following Te. In the far
SOL, Ti > Te is found due to electron sheath heat transmission - unlike in the case without this boundary
condition (γe = 0). We note that the previously observed result, Ti > Te also at the separatrix, is recovered
again at higher temperature, see double temperature case in figure 4.1, right.

Figure 4.2: Frequency spectrum of poloidally and
toroidally averaged electrostatic potential fluctua-
tions.

Figure 4.3: Outboard mid-plane ion temperature snapshot
at 1.44 ms in: double density, reference, double tempera-
ture (left to right). Horizontal axis is (R−R0)/R0. LCFS
marked by blue dashed line.

Other results of the original article [1] hold true, at least qualitatively. The GAM frequency spectrum,
shown in 4.2, is somewhat different quantitatively. With the lower ion heat conductivity χ‖i0, the ion
temperature fluctuates more, but overall the turbulence is nonetheless enhanced with increasing density
and suppressed with increasing temperature, see figure 4.3. In cases 2 and 3 from chapter 4.1, we already
had χ‖i0 = χ‖e0 (and case 4 was actually nearly the same as the reference scenario), so the result holds
that reducing χ‖i0 and χ‖e0 below 0.1 has no impact on outboard midplane profiles.

We additionally remark that the Bohm sheath boundary conditions (7) for parallel velocity should
contain Ti, u‖ ≷

√
Te +Ti. Also, there is a mistake in the indexes in equation (9): instead of ∇⊥pi+ j, it

should read ∇⊥pt+ j
i .
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Abstract Turbulence simulations in diverted geometry across the edge and scrape-off layer (SOL)
of ASDEX Upgrade are performed with the GRILLIX code [107]. The underlying global (full- f ) drift-
reduced Braginskii model allows to concurrently study the self-consistent dynamics of the turbulence
and the background as well as the evolution of toroidal and zonal flows. Different contributions to the
radial electric field are identified. The dominant contribution on closed flux surfaces comes from the
ion pressure gradient, due to the diamagnetic drift in the curved magnetic field. Large deviations can be
induced, in particular, by the polarization particle flux, leading to zonal flows. The latter are driven by
small-scale eddies, but do not exhibit much impact on the overall transport which is driven by ballooning
modes at larger scales. Ion viscosity is found to be important in damping poloidal rotation through
adjusting of the parallel velocity profile, but not via direct vorticity damping. The zonal flow drive peaks
at the separatrix, where a strong shear layer forms due to the sheath-induced counter-propagating SOL
flow, allowing for the formation of a transport barrier. The temperature profile across the separatrix is
determined by the competition between cross-field transport and outflow in the SOL, the latter being
largely controlled by the parallel heat conductivity.

5.1 Introduction

The radial electric field and the resulting E×B flows are of central importance in determining magnetic
confinement properties of tokamaks [41, 186, 187]. In the confined region, the electric field consists
of mean-field (neoclassical) contributions as well as of zonal flows generated by the turbulence [44].
The latter result from the interaction of poloidal and radial fluctuations through the Reynolds stress
[66], but can also be amplified by the anomalous Stringer drive [188, 189]. A review of zonal flow
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experiments can be found in Ref. [67]. In the scrape-off layer (SOL), on the other hand, in the absence of
closed flux surfaces, the electric field is primarily determined by dynamics parallel to the magnetic field,
and particularly by the sheath boundary conditions [49, 150]. The interface between closed and open
field lines is of central interest. Different mechanisms act on the two sides of the separatrix, leading to
electric fields of different signs. Therefore, the electric field changes abruptly across a narrow region and
produces strongly sheared E×B flows [190]. This shearing is thought to act as a turbulence suppression
mechanism [191, 192], playing a key role in the transition to improved confinement regimes.

To study the formation of the electric field and its back-reaction on turbulent transport, involving
both mean and zonal flows, a global (full- f ) turbulence model is required. While gyrokinetic mod-
els [77, 193] can be more realistic if collisions and electromagnetic effects are taken into account, fluid
models are attractive due to their significantly lower computational cost. In the present work, we present
theoretical and computational results based on the global version of the drift-reduced Braginskii two-
fluid model [56, 57], which is widely used for both direct turbulence simulations [99, 102, 104, 194]
and simplified transport studies [94, 195]. Although restricted (strictly speaking) in its validity to suffi-
ciently collisional regimes, important insights can be gained. More refined studies may become possible
in the future with the help of gyrofluid models employing appropriate closure schemes [72, 196], with
full- f formulations currently still under development [110]. The study of the tokamak edge is further
complicated by the relatively complex magnetic geometry. As diverted geometry is beneficial for con-
finement [111, 197, 198] and impurity exhaust [11], theoretical and computational studies must adapt
to that geometry. A computationally feasible implementation is achieved through the flux-coordinate
independent (FCI) approach [160, 161], implemented in the code GRILLIX [107].

In the present study, we report on the first global turbulence simulations in diverted geometry across
the edge and SOL of ASDEX Upgrade (AUG), based on the L-mode discharge #36190. The results
illuminate many aspects of tokamak edge physics, such as high and intermittent fluctuation levels, up to
10% at the separatrix and of order unity in the SOL. Turbulent vortices in the confined region develop
a mean poloidal rotation in the electron diamagnetic drift direction, as the radial electric field balances
the ion pressure gradient. Due to the sheath at the divertor, the flow is in the ion diamagnetic drift
direction in the SOL. A shear layer develops at the separatrix in which vortices are strained out and
decorrelated. Zonal flows are driven by drift waves and damped by the geodesic acoustic mode. However,
this barely affects the ballooning driven transport. Ion viscosity is found to be important for damping
poloidal rotation. The competition between perpendicular and parallel transport leads to the formation
of a temperature pedestal due to the high parallel heat conduction. Nevertheless, we note that the validity
of our fluid model might be yet restricted due to the low collisionality in the plasma edge, and lack of
neutral gas recycling and impurities in the SOL.

The remainder of the manuscript is organized as follows. In Sec. 5.2 we illustrate the key components
of the model that lead to the formation of the multi-scale electric field (the full set of equations is detailed
in Appendix 5.7). Sec. 5.3 describes the performed ASDEX Upgrade simulations: the setup, saturation,
input power, equilibrium profiles, and fluctuation levels. The electric field is presented and analysed in
Sec. 5.4, with its determining contributions and its impact on the turbulence. A separate discussion on
the role of fluid closure terms – ion viscosity and heat conductivities – is presented in Sec. 5.5. Finally,
conclusions and an outlook are given in Sec. 5.6.

5.2 The electric field in drift-reduced Braginskii models

The radial electric field Er in a tokamak is commonly explained by the radial force balance. It is de-
rived from the Braginskii ion momentum conservation equation [56] by neglecting inertia, viscosity and
friction (electron momentum is assumed to be small in this regard). This yields in the SI unit system

Er =
∂r pi

en
− (v×B) · er =

∂r pi

en
+ vφ Bθ − vθ Bφ , (5.1)

where ∂r pi is the radial component of the ion pressure gradient, n the plasma density, e the elementary
charge and B the magnetic field. The fluid velocity v with its poloidal (vθ ) and toroidal (vφ ) component
is in this expression yet undetermined, but depends implicitly on the electric field and other parameters
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in a non-trivial way. Therefore, this force balance equation is illustrative, but insufficient to actually
determine the electric field. To do that we require additionally at least the ion particle balance equation,
and further charge and momentum balance equations.

Following the drift reduction procedure we assume that the dynamics of interest is slow compared to
the gyro-motion, ω�Ωi = eB/(Mic). Applying an ordering expansion to the perpendicular momentum
balance, plasma motion can be expressed via perpendicular drift velocities and parallel streaming u‖
along magnetic field lines. For ions, this reads

vi = vE +vi
∗+upol +u‖b, (5.2)

where b = B/B is the unit vector of the magnetic field. The perpendicular drifts are to leading order
the E×B velocity vE = E×B/B2 and the diamagnetic velocity vi

∗ = B×∇pi/(enB2), i.e. the inverse of
(5.1) in terms of v. The polarisation velocity upol includes the first order correction effects in the radial
force balance which have been neglected in eq. (5.1), namely inertia and viscosity. It is responsible for
the emergence of turbulence in our model, as detailed in section 5.2.2. The obtained expression for the
ion velocity (5.2) is inserted into the ion continuity equation yielding

∂n
∂ t

+∇ ·n
(
vE +vi

∗+upol +u‖b
)
= Sn, (5.3)

with Sn a source term.
The diamagnetic particle flux can be rewritten as

nvi
∗ =−∇×

( pi

eB2 B
)
+

pi

e
∇× B

B2 ≈−∇×
( pi

eB2 B
)
+

2pi

eB3 B×∇B, (5.4)

which due to ∇ ·∇×A = 0 shows that it is ‘nearly divergence-free’ [49, chapter 18.7], in the sense that
its divergence is non-zero only in a curved magnetic field. The last equality requires ∇×B� b×∇B.

It is convenient to introduce here the curvature operator

C( f ) =−∇ ·
(

B
B2 ×∇ f

)
=−

(
∇× B

B2

)
·∇ f , (5.5)

which represents advection of a field f along the magnetic field curvature.* It allows us to write

∇ · (nvE) = vE ·∇n−nC(ϕ), (5.6)

∇ · (nvi
∗) =−

1
e

C(pi), (5.7)

where we express the electric field component orthogonal to the magnetic field via the electrostatic
potential E⊥ = −∇⊥ϕ , neglecting electromagnetic effects in the drift plane. We notice that due to the
diamagnetic particle flux being ‘nearly divergence-free’, it does not cause any advection, an effect known
as ‘diamagnetic cancellation’. The pressure gradient enters only through magnetic curvature.

In quasi-steady state
〈

∂n
∂ t

〉
= 0, the ion particle balance equation (5.3) for the background profiles

becomes 〈
vE ·∇n−nC(ϕ)− 1

e
C(pi)+∇ · (nupol)+∇ · (nu‖b)−Sn

〉
= 0, (5.8)

where the brackets 〈. . .〉 denote a suitable ensemble average, either in time, in space, or both. This
equilibrium particle balance is central in determining the electric field on closed field lines.

It is sufficient to consider only the ion continuity equation as the electron particle balance is tied to
it by the quasi-neutrality condition e∂t(ne− ni) = ∇ · j = 0. We illustrate results using the ion particle
balance, but it is equivalent and in fact numerically advantageous to solve the electron continuity (5.25)
and the quasi-neutrality (5.26) equations instead, see also section 5.2.2 and appendix 5.7. However,
this approach constrains our model to a single ion species – for a drift-reduced multi-species model see
e.g. Ref. [125].

*Alternatively, one could replace the diamagnetic velocity by ṽi
∗ =

2Ti
eB3 B×∇B for a flux conservative formulation [104,

199].
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5.2.1 The equilibrium (static) electric field on closed flux surfaces

In the confined region, to lowest order, we can assume 〈vE ·∇n〉 = 0 since for the background we have
only a radial density gradient and no radial E ×B advection. For now, let us also neglect any flows,
i.e.
〈
∇ ·n(upol +u‖b)

〉
= 0. In absence of stationary sources Sn, the balance for the stationary fields

becomes
n∇ · (vE)+∇ · (nvi

∗) =−nC(ϕ)−C(pi)/e = 0. (5.9)

As there are no background poloidal gradients along closed flux surfaces, ∂θ f ≈ 0, the balance is fulfilled
by the static equilibrium radial electric field

Er =
∂r pi

en
. (5.10)

We expect the dominant contribution to the radial electric field on closed flux surfaces to be this
balance between E×B and diamagnetic compression of ion density along the curved magnetic field [41,
186]. Corrections, especially in L-mode, can be significant though – see section 5.4.1. It is worth pointing
out that under this equilibrium electric field, the background plasma is at rest (i.e. static), but fluctuations
are E×B advected. Deviations from eq. (5.9), on the other hand, also impact the background.

5.2.2 Anomalous electric field

Besides the lowest order equilibrium electric field (5.10), additional contributions arise from polarisation
and parallel particle fluxes contained in eq. (5.8). Obtaining closed form analytical expressions for their
stationary contributions is not possible. In this section we discuss the form and role of the ion polarisation
velocity and viscosity, while numerical simulation results will be presented in section 5.4.

As noted at eq. (5.2), the polarisation velocity is the correction to the perpendicular ion velocity which
contains inertia and viscosity. However, the latter depend themselves on the perpendicular ion velocity
in a non-trivial way. Therefore, in reduced fluid models, the polarisation velocity is approximated to
first order by inserting the zero order approximation vi

⊥0 = vE +vi
∗ into inertia and viscous stress. Since

the divergence of the zeroth order velocities is of the same order as the divergence of the polarisation
velocity, ∇ ·

(
nupol

)
∼ ∇ ·

(
nvi
⊥0

)
, it has to be retained for divergence terms [37, 38]. Explicitly, the

expression reads

∇ ·
(
nupol

)
= ∇ ·

[
−nMi

eB2

(
∂

∂ t
+vE ·∇+u‖∇‖

)(
∇⊥ϕ +

∇⊥pi

en

)]
− 1

6e
C(G), (5.11)

where the first term on the right hand side represents inertia, and the second viscosity. We can also write

∇ ·
(
nupol

)
= ∇ ·

(
nuin

pol
)
− 1

6e
C(G). (5.12)

The viscous stress function [128] is

G =−η
i
0

[
2

B3/2 ∇ ·
(

u‖B
3/2b

)
− 1

2

(
C(ϕ)+

1
en

C(pi)

)]
, (5.13)

with the dominant Braginskii viscosity coefficient η i
0 = 0.96piτi and ion collision time τi.

Due to the time derivative in the inertial part, the direct implementation of the ion continuity equation
is cumbersome. Instead, in drift-reduced Braginskii codes like GRILLIX, the electron continuity equa-
tion is used – where the polarisation velocity can be neglected due to the small electron mass – together
with the quasi-neutrality, or vorticity, equation e∂t(ne−ni) = ∇ · j = 0. The latter reads

e∇ ·
(
nupol

)
=C(pe + pi)−∇ · ( j‖b), (5.14)

with the parallel current j‖ = en(u‖− v‖) and parallel electron velocity v‖. If the right hand side of
(5.14) balances, i.e. the diamagnetic charge separation is balanced by a parallel current, we obtain the
Pfirsch-Schlüter current [138, chapter 8.4]. However, we will see in section 5.4 that the divergence of
the polarisation flux is not necessarily small.
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Equation (5.14) is typically called vorticity equation because under some (too) strong approxima-
tions, regarding the size of density fluctuations and homogeneity of the magnetic field, one can rewrite

∇ ·
[

n
B2

d
dt

(
∇⊥ϕ +

∇⊥pi

en

)]
∼ n0

B
d
dt

b ·∇×
(
vE +vi

∗
)
. (5.15)

The quantity on the right hand side is the 2D fluid vorticity ΩF = b ·∇×
(
vE +vi

∗
)
, not to be confused

with the generalised vorticity defined in appendix 5.7. Note that while the diamagnetic velocity is ‘nearly
divergence-free’, it is not rotation-free.

The inertial part of the vorticity equation is central to fluid plasma turbulence models, particularly
the non-linearity vE ·∇E⊥, as it is ultimately responsible for the turbulent inverse energy cascade [200].
This term also contains the Reynolds stress, responsible for zonal flow drive [66]. We note that a rig-
orous decomposition into mean field and fluctuating flows in a global model is quite complex, e.g. one
requires the Favre instead of the Reynolds average [201]. Further, a second Reynolds stress term con-
tained in u‖∇‖∇⊥ϕ couples 2D turbulence to parallel dynamics [202]. This decomposition will not be

further detailed here. In the steady-state, we must have
〈

∂t

(
∇⊥ϕ + ∇⊥pi

en

)〉
= 0. Therefore, we will use

〈
∇ ·
(

nuin
pol

)〉
as a measure of the stationary Reynolds stress.

5.2.3 The role of ion viscosity and poloidal rotation

In this section we summarize some key insights from neoclassical theory [138] for the confined plasma.
The main difference to our model is that inertia, and hence the polarisation velocity upol from the previous
chapter, is neglected. In this case it is then a good assumption that pressure and electrostatic potential are
constant along closed flux surfaces ψ . With ∂r f = RBp∂ψ f , one obtains the relation [138, chapter 8.5]

Er =
1
en

∂ pi

∂ r
+u‖Bθ

B
Bφ

− vθ

B2

Bφ

. (5.16)

vθ is the flux surface averaged poloidal rotation. An important result is then that according to the Bra-
ginskii fluid closure, poloidal rotation is damped to zero due to the ion viscosity [138, chapter 12.3].
The reason is that in a flux surface average over the parallel momentum equation (5.27), one finds the
condition

〈B ·∇ ·Πi〉S = 3η
i
0

〈(
∇‖B

)2
〉

S
vθ = 0. (5.17)

Πi is thereby the Braginskii ion viscous stress tensor. We will write this with the viscous stress function
G defined above in eq. (5.13),

B ·∇ ·Πi =
2
3

B5/2
∇‖

G
B3/2 . (5.18)

The situation is more complicated, however, when turbulent transport is considered (i.e. upol) – see
also [138, chapter 13.1] – as will be detailed in section 5.4.1 on the basis of numerical simulations.
Note, as the viscous stress function G appears in Braginskii’s ion temperature equation (5.30), this flow
damping acts as a heating mechanism for ions known as ‘magnetic pumping’.

5.2.4 The (simple) scrape-off layer electric field

In the SOL, due to the absence of closed flux surfaces, parallel dynamics and boundary conditions take a
more important role [49, 150]. The electrostatic Ohm’s law – used here for simplicity, although our full
model is electromagnetic, see appendix 5.7 – reads

η‖ j‖ =−∇‖ϕ +
∇‖pe

en
+

0.71
e

∇‖Te, (5.19)

with resistivity η‖. We have insulating sheath boundary conditions j‖ = 0 at the divertor. And in present
simulations, without any neutral particles or impurities, there are no significant sources or sinks for
any terms in the above equation. This results in flat parallel gradients (in an average over turbulent
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fluctuations). Therefore, Te is roughly equal at the outboard mid-plane and at the divertor, and resistivity
is negligibly small. At the divertor, the insulating sheath boundary condition

ϕ = ΛTe (5.20)

for the potential applies, with Λ =−1
2 ln
[(

2π
me
Mi

)(
1+ Ti

Te

)]
≈ 2.69. Hence, due to ∇‖ϕ ≈ 0, we expect

ϕ = ΛTe to also hold at the outboard mid-plane. Having Er ∼ ∂r pi/en in the confined region (5.10) and
Er ∼−Λ∂rTe in the SOL, we expect a jump of the electric field across the separatrix, and contra-rotating
poloidal flows inside and outside of it [190].

It should be noted that in reality, contrary to our yet simplified model, the presence of neutral gas and
impurities in the SOL leads to more complex parallel gradients, even in attached conditions. Furthermore,
the sheath can conduct significant currents. Therefore, the SOL dynamics itself can be much more
involved, particularly in detached plasmas [203].

5.3 ASDEX Upgrade simulations

It is not possible to solve analytically the full set of equations detailed in appendix 5.7, and particularly
the non-linear polarisation discussed in section 5.2.2. Therefore, we employ the code GRILLIX [107].
For the first time, global numerical simulations are performed in a diverted magnetic equilibrium and at
experimental parameters based on an ASDEX Upgrade discharge (#36190), without any down-scaling.
The setup is presented in Sec. 5.3.1 and results are summarized in subsequent sections. The reference
simulation can be seen in supplementary movie 1 (available online at (stacks.iop.org/PPCF/63/034001/mmedia)).
It shows the initial evolution of plasma density within the poloidal plane, as well as outboard mid-plane
pressure and radial electric field profiles. Further, supplementary movie 2 shows the dynamics of density
fluctuations relative to the background, in the saturated state of the simulation with increased poloidal
resolution (see text below).

We note that these simulations are very computationally demanding, consuming each between 0.4-2
MCPUh and 2-5 months of run time, as described in the next section.

5.3.1 The simulation setup

This section details the setup of the simulations – namely geometry, parameters, initial state, resolution
and computational cost – guided by the AUG discharge #36190 at time t = 2-4 s. In this discharge the
toroidal magnetic field was Btor =−2.5 T, i.e. in favourable configuration with B×∇B∼−êZ towards the
X-point. The plasma current was Ip = 0.8 MA† resulting in q95 = 4.4, and the average triangularity was
δ = 0.21. Further important inputs are the measured Te ≈ 350 eV and ne ≈ 2×1019 m−3 at ρpol = 0.9,
and Te ≈ 50− 80 eV and ne ≈ 1× 1019 m−3 at the separatrix. The total heating power in the discharge
was roughly 800 kW: 550 kW neutral beam injection, 500 kW ohmic heating and subtracting 250 kW
radiation losses.

The geometry is illustrated in figure 5.1 by the poloidal flux function Ψ. The separatrix and machine
walls are highlighted. The simulation domain extends beyond the divertor legs due to the implementation
of parallel boundary conditions via penalisation [107]. We define the normalized poloidal flux radius as

ρpol =
√

Ψ−Ψ0
ΨX−Ψ0

, with Ψ0 and ΨX the poloidal magnetic flux at magnetic axis and separatrix, respectively.
Simulations are performed for ρpol > 0.9, since our fluid model is not valid in the plasma core, and the
reduced domain saves computational cost. The outer most flux surface is chosen at the location where
the HFS main chamber wall acts as a plasma limiter, at ρpol = 1.05.

Our choice of reference values is guided by parameters and measurements in AUG discharge #36190:
major radius R0 = 1.65 m, magnetic field on axis B0 = 2.5 T, density n0 = 1019 m−3, electron and
ion temperatures Te0 = Ti0 = 100 eV, Zeff = 1.3 and deuterium ion mass Mi = 2mp. We note that in a

†One difference between experiment and simulation is the choice of the helicity of the poloidal magnetic field: in the
experiment, the plasma current flows in the opposite direction to the toroidal magnetic field, while we chose them to be parallel
in most of our simulations, i.e. the poloidal magnetic field rotates in the opposite direction. However, we have repeated the
reference simulation (defined below) with the correct helicity and found no physical difference except the direction of toroidal
rotation – within a poloidal plane, nothing changes at all.
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Figure 5.1: (Left) Flux surfaces of the equilibrium used
for the simulation. The red line marks the seperatrix.
The blue line gives the first wall and divertor. The sim-
ulation domain extends beyond the divertor legs due to
the implementation of parallel boundary conditions via
penalisation [107], with the penalisation transition area
bounded by the two green lines.
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Figure 5.2: Initial normalized outboard mid-plane (Z =
0) profiles in the reference simulation.

global model, reference density and temperature are only required for the normalization of the equations,
to write them in dimensionless form as in appendix 5.7, and have no physical relevance. They are
chosen only on the order of measured separatrix values, since their exact choice does not matter. Zeff
is considered only in the calculation of the electron collision frequency. The resulting dimensionless
collisionless parameters of the system – see appendix 5.7 for their definition – are δ = 2854.2, β0 =
3.227×10−5, µ = 2.723×10−4 and ζ = 1. The collisional parameters are νe0 = 12.30, η‖0 = 0.0017,
χ‖e0 = 940, χ‖i0 = 35.35 and ηi0 = 8.70. The Braginskii heat conductivity is known to be inappropriate
at low collisionality [94,204,205]. For instance, it becomes arbitrarily large as ∼ T 5/2 due to the lack of
kinetic flux limiting effects, such as Landau damping. In this work, we use a simple flux limiter which
reduces the stiffness and therefore computational expense of the parallel heat conduction: χ‖e,i0T 5/2

e,i ≤
940. For the chosen reference values, we obtain as reference drift scale and ion Larmor radius

ρs0 =

√
MiTe0

eB0
= ρi0 =

√
MiTi0

eB0
= 0.578 mm. (5.21)

Note that the local Larmor radius varies with magnetic field and temperature. E.g., at reference temper-
ature, it is larger by 25% at the outboard mid-plane due to the reduced local magnetic field of B≈ 2 T.

In diverted geometry and in absence of neutral gas ionization, we find that density can drop arbitrarily
low in the far SOL and private flux region. This contradicts the experimental observation that density
can even rise in the far SOL [206], i.e. the simulations are missing the necessary mechanism, e.g. neutral
gas ionization. It also makes the solution of the equations unnecessarily expensive, since in particular the
parabolic part becomes very stiff at low collisionality. As a simple solution we apply an adaptive source
to keep the density above 3×1017 m−3, and temperatures above 3 eV. This source does not hinder cross-
field inflow but limits parallel outflow in the far SOL, starting to act above ρpol = 1.02 in the reference
simulation, but e.g. only above ρpol = 1.04 in the simulation in section 5.5.2. For simplicity, respectively
due to the unphysical core boundary at ρpol = 0.9, simulations are adaptively flux driven: the heat and
particle sources at the core boundary are adapted in time such as to hold density and temperature fixed
there – while in the rest of the domain they evolve freely.

In a global code, background profiles are not chosen but rather evolve freely in accordance with
turbulent fluxes. Nonetheless, an initial state must be chosen for the simulation. The most trivial choice
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would be a flat, or even zero, background profile - which then evolves due to sources at the core boundary.
However, in our experience the saturated state is reached faster the closer the initial state is to the final.
We choose as initial state for density and temperatures the simple profile as function of ρpol

f (ρ) =





fped for: ρ < ρped,

−Asin(a ·ρ +b)+B for: ρped ≤ ρ ≤ ρsep,

fsep for: ρsep < ρ,

(5.22)

with

A =
fped− fsep

2
, B = fped−A, a =

π

ρsep−ρped
, b =−π

2
ρsep +ρped

ρsep−ρped
.

In present simulations, we chose ρped = 0.92 and ρsep = 0.999. The value fped is held constant between
ρ = 0.9 and ρ = 0.92 by an adaptive source. In the SOL, the initial profile is flat and equal to fsep.

The core boundary respectively pedestal top values are chosen in accordance to the experiment as
nped = 2× 1019 m−3 and T e,i

ped = 350 eV. The separatrix and SOL initial values are less relevant be-
cause they adapt in the course of the simulation. An important restriction comes from the choice of
flat SOL profiles: simulations saturate faster with fsep as low as possible, since it also initialises lower
far SOL values. On the other hand, ideal ballooning stability of the initial profiles prohibits large ra-
dial gradients in the confined region, which is correlated with the Greenwald density limit [207]. Our
choice for the reference case is nsep = 4× 1018 m−3, T e

sep = 40 eV and T i
sep = 50 eV. In the confined

region, electrostatic potential and current are chosen such that the initial pressure profile is stable:
∂rϕ = −∂r pi/(en) according to (5.10), resulting in upol = G = Ω = 0 (no vorticity and polarisation
velocity), and ∇ · ( j‖b) = eC(pe + pi) according to (5.14). The parallel velocity is chosen as zero. In
the SOL, the initial state is chosen such that it fulfils the Bohm boundary conditions (5.34). Particularly,
the parallel velocity is u‖ = ±

√
(Te +Ti)/Mi at each divertor plate, with a linear dependence on dis-

tance between the plates. The initial outboard mid-plane profiles are illustrated in figure 5.2. To trigger
an instability and consequent turbulence, random noise of magnitude 10−5 is added to the density and
temperature profiles.

For the reference simulation, we choose as poloidal resolution h f = 2.5ρs0 = 1.45 mm. Toroidally,
we resolve 16 planes. The time step is chosen slightly below the stability limit as ∆t = 5×10−5R0/cs0 =
1.2 ns. Due to the limited resolution, the turbulent spectrum must be cut at the poloidal grid scale. To
this end, third order hyperviscosity is applied as detailed in appendix 5.7, with ν⊥ = 3350 for all fields.
Being able to resolve even smaller scales is highly desirable, particularly in a global code. Eventually, our
choice of resolution is a compromise, restricted by the allowable computational expense. Nevertheless,
we also performed convergence tests with h f = 1.67ρs0, and a separate test with 24 planes at 2.5ρs0. For
the 1.67ρs0 simulation, hyperviscosity was reduced to 300. For the 24 planes simulation, the timestep
had to be reduced to 0.7 ns.

It is worth mentioning the computational cost of these simulations, and how it scales. The reference
case with 2.5ρs0 poloidal resolution and 16 toroidal planes (∼ 7 million points) required for simulating
1 ms of the discharge 9 days on 384 processor cores (8 nodes) of the Marconi-A3 SKL partition. As
we find saturation only after t & 5 ms, at least roughly 0.4 MCPUh and 2 months of patience were
required per simulation. Increasing poloidal resolution to 1.67ρs0 raised both the number of grid points
and the cost and duration of the simulation by a factor of 2. Increasing toroidal resolution raises the cost
quadratically with the number of planes as the maximum allowed timestep is inversly proportional to
toroidal resolution, i.e. 24 instead of 16 poloidal planes roughly doubles the cost.

We find no large differences in heat transport with increasing resolution, suggesting that it is mostly
captured by the reference case. In detail, however, ion heat transport slightly increases with toroidal
resolution, and zonal flows increase with poloidal resolution, as detailed in sections 5.3.2 and 5.4, re-
spectively.

5.3.2 Input power and saturation

In current simulations, fixed density and temperature are prescribed at an artificial core boundary at
ρpol = 0.9 – held constant by an adaptive heat and particle source. In figure 5.3 we show how the
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input power 〈Pe,i〉V = 3/2
〈
Te,iSn +nSTe,i

〉
V for the reference simulation varies in time – with particle

and temperature sources Sn and STe,i averaged over the whole volume. In the same plot, we show the
globally averaged electrostatic potential oscillations (in units of 25 V) – this is due to the geodesic
acoustic mode (GAM), which is always present in global edge simulations [111]. It is important that flux-
surface-symmetric potential oscillations like the GAM are permitted up to the core boundary through the
implementation of the zonal Neumann boundary condition (see appendix 5.7). But the GAM also leads
to an up-down asymmetric pressure oscillation [208], while the adaptive source acts to hold pressure
constant – and therefore follows the GAM with the same frequency, damping the pressure oscillation at
the core boundary. While the oscillation of the source is a numerical artifact, on average 〈Pe,i〉V saturates
at t & 5 ms on a reasonable level: 192±29 kW for electrons and 224±36 kW for ions, with one standard
deviation quantifying the oscillations. This is roughly half the input power in AUG discharge #36190.

Figure 5.3: Total electron and ion heating power input in
the simulation as a function of time. The globally aver-
aged potential in units of 25 V is also shown. The input
power oscillates following the GAM. At later times, it
saturates at 196 kW for electrons and 236 kW for ions.

Figure 5.4: Zonally averaged separatrix density, elec-
tron and ion temperatures, and electrostatic potential in
normalized units. The parallel velocity shown, averaged
over the whole domain, is a measure of toroidal rotation.

In figure 5.4, we show zonally averaged separatrix values for density, electron and ion temperatures
and electrostatic potential. As indicated by the input power, in the confined region turbulence, and largely
also profiles, saturate within 3 ms of simulation time. Further outside, however, time scales are longer
due to lower temperatures – particularly in the SOL, where the transit time is of the order 1 ms (as can
be estimated from ∼ 50 m connection length and 60 km/s flow velocity from figure 5.5). Turbulence at
this time is locally saturated, but globally profiles vary predominantly due to the outflow in the SOL, as
we started from flat profiles there. Therefore, for the confined region, the separatrix values are a good
criterion for saturation. In the following, we will use the data from t > 4 ms for our statistcal analysis,
although temperatures are still very slowly evolving. Additionally, the globally averaged parallel velocity
is shown which is a measure of toroidal rotation. It saturates at 13 km/s in the direction of the plasma
current – a reasonable value for ASDEX Upgrade [209].

In unfavourable configuration, i.e. with B×∇B ∼ +êZ away from the X-point, the input power is
slightly lower: 187±29 kW and 204±33 kW for electrons and ions, respectively. The simulation with
24 toroidal planes (higher toroidal resolution) has 176±26 kW for electrons and 221±32 kW for ions,
respectively. For the 1.67ρs0 simulation (higher poloidal resolution), we get 187± 13 kW for electrons
and 221± 17 kW for ions – i.e. no significant difference to the reference case with 2.5ρs0. This is re-
markable as zonal flows (a radial modulation of the electric field, pressure and parallel velocity) are much
more pronounced in the 1.67ρs0 simulation, as discussed in section 5.4, suggesting that overall thermal
transport seems to be barely affected by zonal flows. The reduced oscillation amplitude also indicates a
less pronounced GAM. There are no other qualitative differences between the reference simulation and
the simulations with higher poloidal or toroidal resolution, as profiles and fluctuation levels remain very
similar. Therefore, we conclude that thermal transport is largely resolved in the reference simulation.
Increasing resolution further is desirable, but requires a significant speed-up of the code.
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5.3.3 Quasi-steady state profiles, fluctuation levels and transport

Figure 5.5: a) 2D density profile in the poloidal cross section for the quasi-steady state at 7347 µs simulation time
for the reference case. The separatrix is shown with a dashed white line, the divertor boundary with a red line.
b) Outboard mid-plane (Z = 0) background profiles, averaged in time over 1 ms and toroidally over 16 planes.
‘wGTi = 1’ means with viscous ion heating in the confined region, see also text. c) OMP fluctuation level, with
mean f̄ = 〈 f 〉t and variance σ2

f =
〈

f 2
〉

t −〈 f 〉
2
t .

Figure 5.5a shows a snapshot of the plasma density in a poloidal plane, in quasi-steady state at
t = 308R0/cs0 ≈ 7 ms for the reference simulation. Figure 5.5b displays profiles at the outboard mid-
plane (Z = 0), averaged toroidally and in time over 1 ms, for density, temperature and parallel velocity.
While the density profile is rather flat, we see steep pedestals in temperatures around the separatrix− the
reason is high heat conductivity, as discussed in section 5.5.2. Experimentally, pedestals are observed in
L-mode at low density, particularly for Te [210].

We see some penetration of parallel velocity into the confined region, much less than without ion
viscosity in figure 5.11 though. ‘wGTi = 1’ stands for active viscous ion heating (in eq. (5.30)) in the
confined region − ions are significantly hotter in that case. It was not possible to run stable simulations
with this effect active also in the SOL, hence why the reference simulation is without viscous ion heating
− this is further discussed in section 5.5.1. If active also in the SOL, the heating is even stronger there,
leading to non-monotonous Ti profiles peaking in the SOL and unstable simulations.

Figure 5.5c shows fluctuation levels at the outboard mid-plane. The potential fluctuations are nor-
malised to background (mean) electron temperature, and are the largest in the system. As we have
σϕ/T̄e & 2σn/n̄ in the confined region, with Te and Ti fluctuations an order of magnitude smaller, this
indicates that turbulence in the confined region is ballooning driven [65, 211]. Around the separatrix,
there is a local minimum in σn/n̄ and σϕ/ϕ̄ , indicating some level of turbulence suppression due to the
sheared E×B flow. In the SOL, fluctuation amplitudes peak around ρpol ≈ 1.01− 1.02, at the bottom

62



of the steep gradients. We have here σϕ/T̄e � σn/n̄, roughly an order of magnitude, but also rather
high σTi/T̄i and a steep ion temperature gradient. This suggests a combination of the Kelvin-Helmholtz
instability [212, table I] and ITG drive.

The induction of a perturbed magnetic field, β0∂tA‖, is crucial for the dynamics of the parallel electric
field and current, and therefore electrostatic turbulent transport. The perturbation B̃ = ∇×A‖b does not
necessarily lead to significant additional electromagnetic transport, though: in current simulations, we
have

∣∣B̃
∣∣/B < 0.1%. In principle, the additional electromagnetic transport can be nonetheless large, de-

pending on the efficiency of parallel (heat) transport along the perturbed magnetic field [137]. However,
we have verified that the effect is small in present low-β simulations by additional tests that included
electromagnetic flutter (that is therefore otherwise disabled to save a factor 2 in computational time).

Figure 5.6: Density fluctuations at a snapshot in quasi-steady state state, at circa 7.3 ms simulation time. Left: n−
〈n〉 in units of 1019 m−3, right: normalized to the local mean density (n−〈n〉)/〈n〉. The separatrix is marked with a
dashed black line, the divertor with a red line and poloidal domain boundaries with a blue line. See supplementary
movie 2 for the dynamics.

Figure 5.6 shows the difference between one snapshot’s density and mean background density – in
absolute units of 1019 m−3 (left), as well as normalized to the local mean density (right). Fluctuations are
much more prominent on the LFS than on the HFS, which is typical for ballooning modes. In absolute
units, fluctuations are negligible in the SOL compared to the confined region – relative to the small local
background density, however, SOL fluctuations are much larger, reaching up to 100%, particularly in the
region around the X-point where the poloidal magnetic field is weak.

While figure 5.6 clearly demonstrates poloidal asymmetries in the transport, we can still compute
average radial diffusivities in quasi-steady state. For E×B particle and heat fluxes

Γr = 〈vE · ern〉 , Qe,i
r =

〈
3
2

vE · erTe,in
〉

(5.23)
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we define diffusivities as suggested by Ref. [213] via

D⊥ =
Γr

|〈∂rn〉|
, χ

e,i
⊥ =

Qe,i
r −1.5Te,iΓr

〈n〉 |〈∂rTe,i〉|
. (5.24)

In the global average 〈〉r,θ ,φ ,t we obtain for the confined region D⊥ = 0.18 m2/s, χe
⊥ = 0.27 m2/s and

χ i
⊥ = 0.46 m2/s − reasonable values for AUG experiments [94]. χ i

⊥ > χe
⊥ might imply the presence of

the ITG mode − scans of the parallel electron heat conductivity in section 5.5.2, however, show that this
is an effect from diffusive heat flux damping rather than linear instability drive. χe

⊥= 2/3D⊥ corroborates
the finding that turbulence is driven by ballooning modes [213, 214]. Further evidence could be gained
by Fourier analysis in field aligned coordinates, particularly from the parallel envelope and the relative
phase shifts between the potential, density and temperatures [65, 211] – but this analysis is complicated
for us due to the non-field-aligned grid, and will be deferred to future work.

The presented results also hold in the 1.5 times higher resolution simulations (even higher was not
yet computationally feasible, as explained in section 5.3.1). But it should be remarked, as detailed in the
next section, that at higher poloidal resolution the increased zonal flow leads to a radial modulation of
profiles and fluctuation levels – a staircase structure [215]. However, in present simulations, this has no
impact on overall transport (and profiles, disregarding the modulation) as described in section 5.3.2.

5.4 The radial electric field

According to our theory developed in section 5.2, in collisional drift-reduced Braginskii models the
equilibrium electric field is determined by the ion particle balance (5.8) in the confined region and by the
sheath boundary conditions (5.20) in the SOL. We begin by showing in figure 5.7 the simulated radial
electric field in comparison to the ion pressure gradient (and parallel rotation) at the outboard mid-plane
(Z = 0) in quasi-steady state. In the SOL, the electrostatic potential follows the electron temperature
profile, Er ∼ −Λ∂rTe, producing a positive electric field. In the confined region, the electric field is
negative, which produces counter-propagating flows at the separatrix.

Figure 5.7: Radial electric field profile vs. ion pressure gradient at the outboard mid-plane, in quasi-stationary
phase (t & 4 ms), averaged in time over 1 ms and toroidally over 16 planes. The 2.5ρs0 reference simulation is
shown on the left and the 1.67ρs0 simulation on the right.

The deviation from Er =
∂r pi
en indicates that the equilibrium balance from the diamagnetic compres-

sion (5.9) is accompanied by a contribution from toroidal or turbulence driven zonal flows. In the next
section we will show that poloidal rotation is small. If zonal flows are small, too, one can use equa-
tion (5.16), Er = ∂r pi/en + u‖Bθ , to understand the electric field. In a large aspect ratio tokamak,
B ≈ Bφ � Bθ , and so toroidal rotation is mostly given by the parallel velocity. In the left figure 5.7,
in the domain ρpol ∈ (0.94,0.98), this equality is indeed quite well fulfilled. The deviation, however, is
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caused by the zonal flow, which becomes even more pronounced with increased poloidal resolution in
the right figure.

Zonal flows [66, 208] are typically static in time, but can be overlaid by the geodesic acoustic mode
oscillation (discussed in sec. 5.3.2) and, naturally, turbulent oscillations. They are constant over flux
surfaces and have a typical mesoscale radial wavelength [67]. Importantly, we find that high poloidal
resolution is necessary to properly resolve the zonal flow production at ρs scale [208, 216] – which
is why results throughout this section are compared between the reference simulation at 2.5ρs0 and
1.67ρs0 resolution.‡ On the other hand, equilibrium profiles and input power are nearly identical at both
resolutions – see section 5.3.2. Thus the turbulent transport is barely affected by these zonal flows.

The zonal flow drive is very sensitive to adiabaticity. Only at high adiabaticity the zonal flow drive
is efficient [217]. The low wavenumber region responsible for the transport and driving the turbulence is
characterized by interchange turbulence, which is less adiabatic. Therefore, this region is less susceptible
to the zonal flow. The more drift-wave dominated region around k⊥ρs = 1 is responsible for the zonal
flow drive, but due to its higher adiabaticity it is not the main driver of the transport. In ASDEX Upgrade,
low-frequency zonal flows have been not observed so far, not even around the L-H transition [186]. With
respect to typical ASDEX Upgrade L-mode parameters the present simulations are at particularly low
densities and high electron temperatures. Under these conditions the plasma is highly adiabatic, which
is beneficial for the generation of zonal flows. However, as we have Ti > Te, finite Larmor radius effects
should stabilize the region around k⊥ρs = 1, which in drift-reduced Braginskii models is taken into
account only to lowest order. This might lead to an over-prediction of the zonal flow activity.

5.4.1 Particle, charge and momentum balance on closed field lines

In this section we want to investigate the composition of the mean radial electric field on closed flux sur-
faces. Zonal flows will be explained by the dominant contributions to the ion particle balance equation
(5.8), averaged in time and over the flux surface. Additionally, the dominant term in the parallel momen-
tum balance – the ion viscous stress (5.17) – will reveal a non-trivial contribution from the parallel flow.
It is important to note that at any single point in time and space, without averaging, ∂tn and vE ·∇n are by
far the dominant terms in the continuity equation (and similarly for u‖ in the parallel momentum equa-
tion), but become less important in a large enough ensemble average, consistent with the neoclassical
ordering.

Figure 5.8: Flux surface averaged dominant terms in the ion particle balance equation (black line and magenta
crosses) and in the parallel momentum balance equation (red line and blue circles), also averaged in time over
1 ms, in the 2.5ρs0 reference simulation on the left and 1.67ρs0 simulation on the right. Dominant terms in the ion
momentum balance are the parts of the stress tensor Πi, whereby B̂ = B/B0.

‡Note that in a global computation the local Larmor radius ρs changes strongly throughout the domain – refer to section
5.3.1 for a detailed description of the simulation setup for both cases.
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As pointed out in the previous section, the electric field is mostly negative in the confined region, as it
mainly follows the ion pressure gradient according to Er ∼ ∂r pi/en due to the static equilibrium balance
nC(ϕ)∼−C(pi)/e (see eq. (5.9)). We are interested in deviations from this balance, and so we show the
residue −C(pi)/e− nC(ϕ) by magenta crosses in figure 5.8. This residue has to be balanced by other
terms in the ion particle balance (5.8). In the flux surface average, parallel derivatives are annihilated,
i.e.
〈
∇ · (nu‖b)

〉
S = 0, and the E×B advection vE ·∇n is mostly small. Therefore, the residue is mostly

balanced by the black curve, which is the divergence of the polarisation particle flux ∇ ·nupol defined in
eq. (5.11). In the average, it is a measure of the Reynolds stress. We therefore conclude that the zonal
flow can be understood as the residue between E×B and diamagnetic compression which is sustained
by the ion polarisation flux (or equivalently the Reynolds stress),

〈enC(ϕ)+C(pi)〉S,t ≈
〈
∇ · (enupol)

〉
S,t .

As explained in the previous section, the zonal flow is driven by near-adiabatic drift waves on Larmor
radius scale, and is therefore more pronounced in the higher resolved simulation (but does not necessarily
impact overall transport).

The remaining deviation between the two curves is explained by hyperviscosity DΩ, which is the
grid scale numerical dissipation defined in appendix 5.7. It is, however, not just a numerical artifact.
As hyperviscosity only acts on grid scale (the value of ν⊥ is reduced from 3350 to 300 between the
2.5ρs0 and the 1.67ρs0 resolution simulations), it dissipates the energy arriving there due to the turbulent
cascade. This process is enhanced by shear layers, and so dissipation is even stronger in the higher
resolution simulation. The separatrix deserves particular attention in this regard, since the E×B shear
peaks there, as discussed in the next section. Close to to the separatrix, as marked by the yellow ellipse,
this results in a peak of ∇ · (nupol) as well as DΩ, and also vE ·∇n largely balanced by Dn.

It is interesting that the divergence of the polarisation particle flux can in fact be conveniently com-
puted from the quasi-neutrality equation (5.14). In the flux surface average,

〈
∇ · j‖b

〉
S = 0, hence〈

∇ ·
(
nupol

)〉
S,t = 〈C(pe + pi)/e−DΩ〉S,t . This means that the zonal flow results in < C(p) >S 6= 0,

i.e. a (predominantly up-down) pressure asymmetry [218]. Additionally, ballooned transport leads to an
inboard-outboard asymmetry [117, 218]. Therefore, neither pressure nor the electrostatic potential can
be assumed to be constant along a flux surface ψ (thereby C(pe)≈C(pi)).

Let us now discuss the role of ion viscosity. Strictly speaking, the Reynolds stress is only contained
in the inertial part of the polarisation particle flux ∇ · (nuin

pol) (see section 5.2.2). However, we find that
the viscous part C(G) is always more than two orders of magnitude smaller than the other contributions
in the particle balance, i.e. negligible. This means that in present simulations, viscosity does not directly
damp the zonal flow. It does, however, efficiently damp poloidal rotation. To see this, we multiply the
parallel momentum balance equation (5.27) by density n and the magnetic field strength B and average
it in time and over flux surfaces. By this, the parallel pressure gradient is annihilated,

〈
B∇‖p

〉
S = 0.

The remaining dominant contribution is from the viscous stress function G, or more precisely from its
constituents. We have defined the ion viscous stress tensor Πi in terms of G in section 5.2.3. We now
compare the part of it containing the parallel velocity, plotted in red in figure 5.8, with the remaining
part containing the static equilibrium balance C(ϕ)+C(pi)/en, plotted in blue. As the two parts mostly
balance, we conclude that poloidal rotation is near zero according to eq. (5.17),

〈B ·∇ ·Πi〉S,t = 3η
i
0

〈(
∇‖B

)2
〉

S,t
vθ ≈ 0.

A small deviation is sustained by nvE ·∇u‖ and piC(u‖). Importantly, this condition is fulfilled also in
spite of pronounced zonal flows in the high resolution simulation – both parts of the viscous stress tensor
are modulated, but cancel each other. This means that while viscosity does not directly damp the zonal
flow via C(G), it does damp the resulting mean poloidal rotation by adjusting the parallel velocity u‖!

An important observation is that in the lower resolution simulation (2.5ρs0), the zonal flow is small,
but on average over the radial domain constituents of the stress tensor in the parallel momentum balance
are the same. In fact, both simulations develop the same mean toroidal rotation (which is roughly the
same as parallel rotation in a large aspect ratio tokamak). Although not strictly valid due to the above
mentioned necessary asymmetries along a flux surface, eq. (5.16) suggests that parallel velocity also
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modifies the electric field locally, which seems to be more important than zonal flows in the low res-
olution case, figure 5.7 left, at ρpol ∈ (0.94,0.98). The generation, transport and saturation of toroidal
rotation are outside the scope of the present study, but a review can be found in Ref. [219]. Importantly,
in absence of momentum sources in the confined region, as in our present simulations, net toroidal rota-
tion can be only generated in the SOL (see Ref. [220]) and transported inward. This is indeed suggested
by the parallel velocity profile in figure 5.5. We point out that ion viscosity seems to be important also
for the saturation of this process, as discussed in section 5.5.1.

The same analysis as above can be performed in a different ensemble average, e.g. toroidal and time
(poloidally resolved), as was done in Ref. [117] – but more data are required, and results are less concise
(2D). A more detailed examination of the generation of mean flows can be found in Ref. [201, 221]. We
find, consistent with Ref. [117], that C(G) is negligible in the vorticity equation. Instead, zonal flows
are damped by the GAM oscillation which in turn loses energy through the coupling to Alfvén waves
and finally resistivity [208]. However, we find that this damping is not complete, perhaps because unlike
electron pressure, ion pressure does not enter Ohm’s law.

5.4.2 Transition to the SOL: vortex breaking and straining-out at the separatrix

We have shown that the electric field is governed by the ion particle balance in the confined region,
and by sheath boundary conditions in the SOL – at least in present simulations. The separatrix has
its own specific dynamics as it acts as a boundary between closed and open field lines. We can see
this by examining what happens to the turbulent eddies. Figure 5.9 shows the average shearing rate
vs. vortex-turn-over rate at the outboard mid-plane. The former is roughly given by ωs = |∂Rv̄θ | ≈∣∣∣B−1∂ 2

R 〈ϕ〉t,φ
∣∣∣. The latter is estimated by one standard deviation of vorticity Ωstd =

√〈
Ω2

F

〉
−〈ΩF〉2,

whereby the fluid vorticity is calculated from the generalised vorticity in GRILLIX via ΩF = ωci0B̂Ω̂/n̂,
with ωci0 = eB0/Mi.

Figure 5.9: Vortex turn-over rate Ωstd compared to the shearing rate ωs, see text for their definition, in the 2.5ρs0
reference simulation on the left and 1.67ρs0 simulation on the right.

Small vortices are elongated, thinned and finally absorbed by the shear flow [44, 216, 222] – driving
the zonal flow. Stronger vorticies survive. Importantly, as stated in the last section and visible in figure
5.8, this process extends up to and peaks at the separatrix. Even though larger zonal flows do lead to
somewhat higher shearing, we find that the average vortex-turn-over rate is larger than the shearing rate
in the confined region at both 2.5ρs0 and 1.67ρs0 resolution – explaining why they have barely any effect
on overall transport. At the separatrix additional shearing is provided externally due to sheath boundary
conditions and the fast SOL outflow, such that the shearing rate exceeds the vortex-turn-over rate and the
eddies can be torn apart. In figure 5.10, at the top of the device, the tilting of eddies is particularly visible.
We highlighted one exemplary vortex breaking event (see Ref. [223] for a similar experimental finding).
Ultimately, vortices are strained out by the shear flow, and dissipated at grid scale. In the particle balance
this manifests as a peaked E×B advection rate balanced by dissipation. Supplementary movie 2 shows
the dynamics of density fluctuations.
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Figure 5.10: Eddy tilting, straining-out, decorrelation and a single breaking event in the 2.5ρs0 reference simu-
lation, at the separatrix on top of the device (compare with figure 5.6). Colour scale shows density fluctuation
amplitudes relative to the background, (n−〈n〉)/〈n〉.

Note also how the far SOL structures appear to be nearly frozen in time in contrast - as temperature
in hitting ∼ 3 eV there, time scales are an order of magnitude slower. These structures, pronounced on
the scale relative to the background, are in fact tiny due to the very low background n̄ ≈ 3× 1017 m−3.
Nevertheless, as transport has to saturate globally including the far SOL, its slow dynamics restricts the
overall saturation of the simulations.

5.5 The role of fluid closure terms

Due to the low collisionality in fusion plasmas, the greatest limitation of our model is the collisional
fluid closure. In this section we show explicitly its role. This is particularly important as towards lower
collisionality, the discussed closure terms − ion viscosity and electron / ion heat conductivity − diverge
as ∼ T 5/2. For the current simulations, a 3D iterative solver [1] allowed us to treat these terms without
constraints on the allowed time step − consuming, however, already up to 50% of the computation time.
Towards less collisional, hotter regimes (H-mode) additional improvements will be therefore necessary.

5.5.1 The impact of ion viscosity

The viscosity of ions, represented by the viscous stress function G – see sections 5.2.2-5.2.3, is an
important dissipation mechanism. In section 5.4.1 we found that C(G), which enters the perpendicular
drifts as a higher order correction, is negligible in the polarisation velocity. On the other hand, ∇‖G,
which enters the parallel momentum balance at leading order, is crucial for damping poloidal rotation.
We have also seen in section 5.3.3 that this damping leads to significant ion heating.
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To closer investigate this, we have conducted a simulation without ion viscosity at all (G = 0). The
results at t = 2 ms simulation time are shown in figure 5.11: outboard mid-plane profiles of density,
temperature, parallel velocity and electric field. The density profile is very similar to the reference case
in figure 5.5. The electric field is much larger and almost throughout positive, though. The temperature
profiles are broader, fluctuations are larger (up to 15% in density in the confined region) and input power
is much larger in this simulation− 482± 118 kW for electrons and 525± 127 kW for ions, respectively
− suggesting increased turbulent transport. The larger fluctuation in input power also suggests stronger
geodesic acoustic mode oscillations.

Figure 5.11: Outboard mid-plane state variables profiles (left) and radial electric field (right) without ion viscosity
(G = 0) at t = 2 ms simulation time (saturated turbulence, but flows still evolving). Compare to fig. 5.5b and 5.7
(left).

The electric field is larger in the SOL due to the increased electron temperature gradient. In the
confined region, we have performed the same analysis as in section 5.4.1, finding only a very small con-
tribution from the zonal flow. Although viscosity was disabled in the simulation, we can still compute
what the contribution from viscous stress in the parallel momentum balance would have been. Natu-
rally, we find that the viscosity balance (5.17) is not fulfilled: in the reference simulation, figure 5.8
left, in an average also over the radial domain, we had

〈
B̂ ·∇ ·Π(u‖)

〉
S,t,r = −1.07× 1026 m−2s−2 and〈

B̂ ·∇ ·Π(ϕ, pi)
〉

S,t,r = 1.10× 1026 m−2s−2. In the simulation in this section, without viscosity, one

would get
〈
B̂ ·∇ ·Π(u‖)

〉
S,t,r =−16.38×1026 m−2s−2 and

〈
B̂ ·∇ ·Π(ϕ, pi)

〉
S,t,r = 5.23×1026 m−2s−2.

This means that without viscosity, the plasma obtains a significant poloidal rotation.
At this point, t = 2 ms, the simulation crashes as the electric field starts having large (machine

scale) oscillations. A possible reason is the Stringer instability [189, 224], which is expected at low –
or absent – viscosity. As the instability is also connected to parallel [218] and toroidal [224] rotation, it
is not surprising that we get

〈
−B̂ ·∇ ·Π(u‖)

〉
S,t,r >

〈
B̂ ·∇ ·Π(ϕ, pi)

〉
S,t,r. In fact, mean toroidal rotation

reaches 26 km/s already at t = 2 ms, compared to 13 km/s in the saturated reference simulation. However,
the inflow of momentum from the SOL [219, 220] and the non-linear Reynolds stress [202] could also
be important. At this point, we will not go more into details. But we can conclude that ion viscosity is
a crucial mechanism – particularly for damping of poloidal rotation, but also ion heating – and has to be
included in realistic tokamak simulations.

5.5.2 The impact of heat conductivity

The parallel heat conductivity largely determines the parallel heat flux in Braginskii models. Besides
obvious consequences for the SOL heat exhaust, circular C-mod simulations [1,2] have previously shown
that flattening of the parallel electron and ion temperature profiles in the confined region can also reduce
cross-field transport. To illustrate their impact in current computations, we have repeated the reference
simulation with the electron heat conduction lowered to the level of ions, i.e. χ‖e0 = 35.35 instead of 940,
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and sheath heat transmission factor γe = 0 instead of 2.5. The resulting saturated profiles are displayed
in figure 5.12 (unlike with zero ion viscosity, these simulations were running stably).

Figure 5.12: Saturated outboard mid-plane state variables profiles (left) and radial electric field (right) for χ‖e0 =
χ‖i0 = 35.35 and γe = 0.

The most prominent feature is that electron and ion temperature profiles become much broader,
including in the SOL, i.e. the pedestal disappears. This is because the profile around the separatrix is
determined by the competition of perpendicular transport and parallel outflow, and reducing the heat
conductivity and sheath heat transmission significantly hinders the latter. As a secondary effect, due to
the increased temperature the ion viscosity increases, damping the parallel flow more strongly. Further,
the electric field well deepens. Again, a similar analysis as in section 5.4.1 reveals that, in this case,
this is due to the increased polarisation flux, i.e. zonal flow. This can be either due to a change in
the linear instability drive [214], or due to an increased effective resolution: even though the nominal
resolution is still 2.5ρs0, the separatrix temperature has increased by roughly a factor 2, such that the
effective resolution in terms of the local Larmor radius has increased by

√
2. Similarly as with reduced

ion viscosity, the density fluctuation level increases up to ∼ 15% in the confined region, and input power
increases to 535 ± 232 kW for electrons and 463 ± 202 kW for ions, respectively. Noticeably, not only
the fluctuations increase, but also electrons are now transporting more heat than ions. This corroborates
the hypothesis that transport is driven by ballooning rather than ITG modes, except that for the reference
case (with high electron heat conduction) the electron heat flux is more suppressed than the ion heat flux
by parallel conductivity.

5.6 Conclusions

For the first time, global turbulence simulations (using the drift-reduced Braginskii model) have been
performed across the edge and SOL of ASDEX Upgrade, in diverted geometry and at realistic parame-
ters. Away from the inner boundary of the simulation in the core region of the plasma, the background
profiles evolve freely, together with the turbulence. A quasi-steady state is reached asymptotically after
about 3-4 ms. The saturated input power of about 400 kW is typical for low density AUG L-mode dis-
charges. At the separatrix, the plasma profiles are determined by a competition between perpendicular
transport and parallel outflow. A pedestal develops in the electron temperature due to high parallel heat
conductivity.

Particular attention was given to the electric field. On closed flux surfaces, the radial electric field is
predominantly determined by equilibrium compression, leading to Er =

∂r pi
en . Additionally, we find con-

tributions from toroidal rotation and (in particular) zonal flows. The latter absorb smaller eddies, leading
to an inverse energy cascade to larger scales. In the SOL, sheath boundary conditions dominate, forcing
the electric field to change sign across the separatrix. The resulting shear flow reinforces straining-out
and decorrelation of vortices, leading to intermittent outbursts of up to twice the magnitude compared to
the laminar background outflow in the SOL.
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The stationary zonal flow, a perturbation between the electric field and pressure with a mesoscale
radial wavelength, is driven by the Reynolds stress within the polarisation particle flux. A poloidal
resolution scan shows that the drive happens on Larmor radius scale by near-adiabatic drift waves which
do not significantly contribute to transport. On the other hand, fluctuation levels and average diffusivities
suggest that transport is driven by larger scale interchange modes, i.e., coarse simulations are able to
mostly capture the transport.

The role of the fluid closure terms – ion viscosity and heat conductivities – was explicitly examined.
We find that ion viscosity is negligible in damping vorticity, but highly effective in damping poloidal ro-
tation by adjusting of the parallel velocity profile, while also generating considerable ion heating through
magnetic pumping. The electron and ion heat conductivities, on the other hand, are important for parallel
heat fluxes, and they largely determine the pedestal and SOL temperature profiles. Both damping mech-
anisms, viscosity and heat conduction, affect the electric field and reduce the perpendicular transport.

A limiting factor for the simulations is their computational cost. MPI communication and OpenMP
performance are currently being optimized, which should allow for faster medium-sized tokamak simu-
lations, also including magnetic flutter (important at higher beta [43]). For larger devices like ITER and
DEMO, a larger speed-up or scalability is required, by means of GPU accelaration or 3D MPI domain
decomposition.

Further work is needed to extend the applicability of our model to H-mode conditions. Most pressing,
as the Braginskii fluid closure loses validity towards lower collisionality regimes, Knudsen corrections
[225] (modelling Landau damping [135]) will have to be introduced for heat conductivities. The ion
viscosity will have to be adapted to properly model the neoclassical electric field [94,226]. In this regard,
generation and damping of poloidal and toroidal rotation should be studied in more detail. Ways to
include the ion orbit loss effect [227,228] should be explored, as this might explain why so far we found
no significant difference between the favourable and unfavourable direction of the toroidal magnetic
field. Furthermore, even in attached L-mode regimes, the applicability of our model in the SOL is yet
limited. In our current simulations, the SOL electric field is determined by an isolating sheath, and the
pressure profile by the competition between turbulent cross-field transport and parallel outflow. In a
real SOL, the sheath can conduct significant currents, and neutral gas recycling and impurities lead to
complex density and temperature profiles and flows. The resulting strong gradients between the outboard
mid-plane and the divertor, and particularly plasma detachment, are of great interest for fusion reactors.
Correspondingly, the incorporation of the aforementioned effects is being urgently pursued.
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5.7 Appendix: Global drift-reduced Braginskii equations in GRILLIX

The current physical model in GRILLIX builds on its recent extension by hot ions [1]. The most impor-
tant newly added terms arise from the ion stress tensor [37], particularly its viscous part. Additionally,
collisional electron-ion heat exchange was added.

In the following, time scales are normalised to R0/cs0, with R0 the major radius and cs0 =
√

Te0/Mi
the sound speed at reference electron temperature Te0. Perpendicular scales are normalised to the sound
Larmor radius ρs0 = c

√
Te0Mi/(eB0) (in CGS units) and parallel scales to R0. The dynamical fields

evolved in GRILLIX are the density n normalised to a reference density n0, the electrostatic potential ϕ

normalised to Te0/e, the parallel ion velocity u‖ normalised to cs0, the electron and ion temperatures Te
and Ti normalised to reference values Te0 respectively Ti0, the parallel current j‖ normalised to en0cs0 and
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the parallel component of the perturbed electromagnetic potential A‖ normalised to (β0B0ρs0)
−1 with

β0 = 4πn0Te0/B2
0.

d
dt

n = nC(ϕ)−C(pe)+∇ ·
[(

j‖−nu‖
)

b
]
+Dn(n)+Sn, (5.25)

∇ ·
[

n
B2

(
d
dt

+u‖∇‖

)(
∇⊥ϕ +ζ

∇⊥pi

n

)]
=−C(pe +ζ pi)+∇ ·

(
j‖b
)
− ζ

6
C(G)+DΩ(Ω), (5.26)

(
d
dt

+u‖∇‖

)
u‖ =−

∇‖ (pe +ζ pi)

n
+ζ TiC(u‖)−

2
3

ζ
B3/2

n
∇‖

G
B3/2 +Du(u‖), (5.27)

β0
∂

∂ t
A‖+µ

(
d
dt

+ v‖∇‖

)
j‖
n

=−
(

η‖0

T 3/2
e

)
j‖−∇‖ϕ +

∇‖pe

n
+0.71∇‖Te +DΨ(Ψm), (5.28)

3
2

(
d
dt

+ v‖∇‖

)
Te = TeC(ϕ)− Te

n
C(pe)−

5
2

TeC(Te)−Te∇ ·
(
v‖b
)
+0.71

Te

n
∇ ·
(

j‖b
)

(5.29)

+
1
n

∇ ·
[(

χ‖e0T 5/2
e

)
b∇‖Te

]
−2νe0µ

(
n

T 3/2
e

)
(Te−ζ Ti)+

(
η‖0

T 3/2
e

)
j2
‖
n
+

3
2

(
DTe(Te)+STe

)
,

3
2

(
d
dt

+u‖∇‖

)
Ti = TiC(ϕ)− Ti

n
C(pe)+

5
2

ζ TiC(Ti)−Ti∇ ·
(
u‖b
)
+

Ti

n
∇ ·
(

j‖b
)

(5.30)

+
1
n

∇ ·
[(

χ‖i0T 5/2
i

)
b∇‖Ti

]
+2νe0µ

(
n

T 3/2
e

)(
1
ζ

Te−Ti

)
+

2wGTi

9ηi0

G2

nT 5/2
i

+
3
2

(
DTi(Ti)+STi

)
,

∇
2
⊥A‖ =− j‖. (5.31)

The normalized equations equations (5.25)-(5.31) represent electron continuity equation, vorticity
equation, parallel momentum balance, Ohm’s law, electron and ion temperature equations and Ampere’s
law. The advective derivative is defined as d

dt =
∂

∂ t + δ0
( B

B2 ×∇ϕ
)
·∇ and the curvature operator as

C( f ) = −δ0
(
∇× B

B2

)
·∇ f . The equation set requires a number of auxiliary quantities: The parallel

electron velocity v‖= u‖− j‖/n, the electron and ion pressures pe = nTe respectively pi = nTi, generalized

vorticity Ω=∇ ·
[

n
B2

(
∇⊥ϕ +ζ

∇⊥pi
n

)]
and generalised electromagnetic potential Ψm = β0A‖+µ

j‖
n . The

ion viscous stress function G was defined in eq. (5.13) and is normalized as G = n0Ti0Ĝ. The parallel
gradient is defined as ∇‖ = b ·∇, with b = B/B the unit vector of the background magnetic field. While
electromagnetic induction is taken into account in eq. (5.28), transport by electromagnetic fluctuations
(flutter) is implemented, but currently disabled due to significant additional computational cost.

The four dimensionless, collisionless parameters of the system are the drift scale δ0 = R0/ρs0, dy-
namical plasma beta β0 defined above, and electron to ion mass and temperature ratios µ = me/Mi re-
spectively ζ = Ti0/Te0. For the collisional parameters, we require τe0 and τi0 – the electron respectively
ion collision times evaluated at reference temperature and density and normalised to R0/cs0. Then,
the remaining five dimensionless collisional parameters of the system are the electron collisionality
νe0 = 1/τe0, normalised parallel resistivity η‖0 = 0.51µνe0, normalised parallel electron and ion heat
conductivities χ‖e0 = 3.15τe0/µ respectively χ‖i0 = 3.9τi0ζ , and normalized ion viscosity ηi0 = 0.96τi0.
Additionally, via the parameter wGTi, ion viscous heating which is usually dropped in literature [37] can
be switched on and off.

Sn, STe and STi are source functions driving the system with particles and energy. For numerical
reasons, respectively in order to cut the turbulent spectrum, a dissipation is added to all equations of the
form

D f = ν f⊥∇
2N
⊥ f +ν f‖∇ ·

(
b∇‖ f

)
+∇ ·

(
ν f ,buffer∇⊥ f

)
, (5.32)

with constants ν f⊥, ν f‖ for every field. ν f ,buffer is zero in most of the domain, but is high in the last few
grid points towards the radial boundaries. For hyperviscosity, N = 3 is chosen.

The system is energy conserving, with the exception of numerical dissipation, neglect of polarisation
velocity in perpendicular advection and boundary conditions. We note that parallel viscosity in eq. (5.27)
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is treated implicitly, similarly to electron and ion heat conduction [1], while all other terms are advanced
explicitly in time.

At the inner and outer limiting flux surfaces, the following homogeneous boundary conditions are
applied

∂ρn =0, ∂ρTe,i =0, ∂ρu‖ =0, Ω =0, A‖ =0, ∂ρ j‖ =0, (5.33)

to prevent particles and energy fluxes through the boundary. For the potential, the sheath boundary
condition φ |

ρmax
= ΛTe is applied at the outer wall boundary. At the inner (core) boundary ρmin, the zonal

homogeneous Neumann boundary condition ∂ρ 〈ϕ〉θ = 0 and ϕ−〈ϕ〉
θ
= 0 is applied, which allows the

potential to float but prevents net E×B flux through that boundary.
At the divertor, insulating Bohm sheath boundary conditions are applied

u‖ ≷
√

Te +Ti, j‖ = 0, φ = ΛTe, ∇‖Te =−
γe(

χ‖e0T 5/2
e

)Tenu‖, ∇‖Ti = 0, ∇‖n = 0, ∇‖Ω = 0,

(5.34)

where Λ = 2.69 and γe = 2.5.
For further numerical details on the implementation of the model in GRILLIX, e.g. the flux-coordinate

independent approach and the immersed boundary technique, we refer to previous publications [1, 106,
107, 118].
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Abstract To make predictions for and design fusion reactors, a multitude of physical processes must
be considered. In the edge and scrape-off layer (SOL), turbulent fluctuations intertwine with the plasma
background, which is largely determined by neutral gas, and magnetic geometry plays an important role.
A diffusive neutrals model has now been implemented in the global Braginskii edge turbulence code
GRILLIX. The code is based on the flux-coordinate independent (FCI) approach, which allows efficient
turbulence simulations in diverted equilibria. We validate simulations across the ASDEX Upgrade edge
and SOL against measurements in discharge #36190, and find much better agreement thanks to the
neutrals. Disentangling the effects of the neutral gas, we find that it affects the plasma in several ways.
Firstly, the ionization of neutrals modifies the radial profiles of plasma density and temperature, leading
to a transition of the turbulence drive from general ballooning type to ion temperature gradient (ITG)
type. Secondly, strong poloidal asymmetries can be induced due to divertor recycling, depending on the
ionization pattern. As ballooned perpendicular plasma transport is stronger at the low-field side, neutrals
penetrate deeper into the plasma at the high-field side, leading to significant ionization and radiation
there. With increasing divertor neutrals density, the targets cool down while plasma density increases,
more strongly at the high-field side. Much of the dynamics takes place directly around the X-point and
along the separatrix, which can be resolved by the FCI approach. Potential remains in extending the
model and the code, but our results build confidence that predictive capability is within reach for major
design questions for fusion reactors, such as the near SOL fall-off length.

6.1 Introduction

Among the key design goals for fusion reactors are manageable heat and particle exhaust at optimal
core confinement – which is only possible in divertor geometry [11]. Extrapolations from today’s ex-
periments to reactors unfortunately suggest that current solutions might not suffice [45], and advanced
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divertor [18, 19], detachment [229, 230] and confinement [21, 231] concepts are required. Yet, in de-
signing them, it is challenging to predict the complex nonlinear plasma response, and particularly the
turbulent transport. The most reliable way are direct numerical simulations [50], and recently various
methods have been developed in order to handle the complex diverted geometries [102,104,112,114] in
edge turbulence codes. Among them, GRILLIX [3, 106, 107] is able to perform turbulence simulations
in any axisymmetric magnetic equilibrium [118] at moderate computational cost, thanks to the flux-
coordinate independent (FCI), locally field-aligned discretisation [160, 161]. However, before reliable
predictions can be made, the code should be validated against present experiments. GRILLIX was previ-
ously validated against the linear large plasma device (LAPD) [121] and was recently validated against
diverted TCV experiments [155]. With the latest advances in the GRILLIX model, detailed below, we
now perform a validation against an attached L-mode discharge in the ASDEX Upgrade (AUG) diverted
tokamak.

It has long been recognised that at the plasma edge, recycling – i.e. neutralisation of the plasma at the
wall and re-ionization of the neutral gas – plays a major role in establishing the density and temperature
profiles [12]. Transport codes in 2D [94, 145, 195] and 3D [97] with sophisticated wall, neutral gas
and impurity models [93, 232, 233] are routinely used to interpret and design experiments. However,
the results substantially depend on the heuristic turbulent transport models. Due to large fluctuation
amplitudes in the SOL [50, 88, 89], background evolution and turbulent fluctuations can not be well
separated, prohibiting a straight-forward implementation of local turbulence models in those transport
codes. Global turbulence codes that solve for turbulence and transport simultaneously, on the other
hand, are complex and computationally expensive, and only recently began implementing neutral gas
models [105, 108, 113].

In this contribution, we report on the implementation of a neutral gas model in the global turbulence
code GRILLIX. Starting simple, the model defines source terms for plasma density, vorticity and electron
temperature due to charge exchange (CX), ionization and recombination reactions between the plasma
and one atomic neutrals species. The neutrals diffuse homogeneously, with their temperature assumed
to be equal to the ions, modelling their microscopically ballistic motion inhibited only by CX collisions
with the plasma. The plasma model consists of two-fluid drift-reduced [57] global Braginskii equations,
as was lastly summarized in Ref. [3]. The only advancement from the Braginskii equations so far is the
implementation of a limiter for the parallel heat conduction [49,132,135,204,205,225,234], the crudest
possible model for Landau damping of the parallel heat flux at low collisionality, where the original
Braginskii closure would break down.

With these extensions, GRILLIX is validated against AUG discharge #36190: we compare electron
density and temperature profiles at the outboard mid-plane and at the divertor, as well as the radial elec-
tric field at the outboard mid-plane. Along with the comparison to the experiment, we stress the role of
the neutral gas in these simulations. The primary effect is the plasma density source given by neutrals
ionization, which has a non-trivial profile in the SOL and reaching to the separatrix around the X-point,
particularly at the high-field side. The non-trivial source distribution leads to poloidal density asym-
metries in the plasma edge. Compared to simulations without neutrals, a much flatter density profile
results in the confined region. Consequently, the turbulence is driven not by general ballooning modes,
but predominantly by ion temperature gradient (ITG) modes – characterised by large ion temperature
fluctuations and larger ion than electron heat transport. Further, due to the dilution of the plasma by cold
electrons from neutrals ionization and the accompanying radiation, the electron fluid is cooled down sig-
nificantly towards the divertor plates. As plasma collisionality increases, its heat conduction is reduced
and parallel temperature gradients establish. With reduced parallel heat outflow, the perpendicular turbu-
lent transport flattens radial temperature profiles in the near SOL at the outboard mid-plane, resulting in
much more realistic fall-off lengths. With increasing divertor neutrals density, also the far SOL plasma
density rises, building ultimately a ‘density shoulder’ [235, 236].

The remainder of the manuscript is organized as follows. The neutral gas model is described in
section 6.2. The implementation of the parallel heat flux limiter is documented in section 6.3. The
simulation setup is summarised in section 6.4, recapitulating the basics from our previous work [3] and
focusing on novel aspects concerning the neutrals and the heat flux limiter. The central results of this
work – the validation of the simulations against ASDEX Upgrade and the role of neutral gas therein –
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are detailed in section 6.5. Section 6.6 discusses the high-recycling regime reached at higher divertor
neutrals density, and the necessary model extensions for turbulence simulations in detached conditions.
Finally, conclusions and an outlook are given in section 6.7.

6.2 Neutral gas model

We consider a single ion species plasma and the corresponding neutral atoms. Molecules are currently
ignored, as they are not so important in attached tokamak conditions due to the low dissociation energy
of 4.5 eV*. The plasma and neutral fluids interact via the electron impact ionization and recombination
reactions,

e−+D←→ 2e−+D+, (6.1)

and the charge exchange process
D++D←→ D+D+. (6.2)

Electron impact ionization and recombination result in density exchange between the neutral (N) and
ionized (n) fluids according to

Sn = kiznN− krecn2 =−SN . (6.3)

This source term is added to the right hand side of the plasma continuity equation (A1) in Ref. [3].
The rate coefficients are obtained from the publicly accessible Amjuel database [141]. Note that the
recombination rate is virtually irrelevant for Te > 2 eV.

Additionally, electron impact reactions affect the thermal energy of the electron fluid. For the pres-
sure, we can write

3
2

dpe

dt
∼−WiznN−Wrecn2 (6.4)

with electron cooling rates due to ionization Wiz and recombination Wrec. These contain both the thermal
energy dissipation through radiation, due to electron impact excitation and radiative de-excitation, as well
as the energy transfer of 13.6 eV between bound and free electrons. Note that the latter process cools the
plasma during ionization and radiative recombination, but heats it up during three-body recombination,
such that Wrec becomes negative at Te < 1 eV. For the electron temperature, we then obtain the source

STe =−
2
3
(WizN +Wrecn)− (kizN− krecn)Te. (6.5)

The second bracket results from ∂tTe = (∂t pe−Te∂tn)/n and inserting Sn. kizNTe is in fact the dominant
term at Te > 20 eV. It can be understood as dilution of the hot plasma by cold, newly ionized electrons.

Charge exchange involves no transfer of internal energy and is therefore elastic, mixing very ef-
ficiently the momentum and thermal energy of the neutral and ion fluids, while conserving density.
Therefore, and for simplicity, we will assume that ions and neutral atoms share the same temperature
Ti = TN (which is strictly valid only if the charge exchange mean free path is smaller than the Ti gradient
length [239]). The only exception to this is right at the divertor targets: the neutrals do not thermalise
instantaneously, having rather wall than plasma temperature there, TN ≈ 0 compared to attached plasma
conditions Ti & 10 eV. Modelling of the neutral gas temperature in more detail is complex, as the rich
chemistry (including the interaction with the wall) and the relatively large mean free path prohibit the
representation of the neutrals velocity space distribution by a simple local Maxwellian − usually, either
kinetic [93, 108] or multi-group fluid [240] treatments are required.

The primary importance of charge exchange in our model is that this scattering process is the only
one that efficiently inhibits the ballistic motion of the dilute neutrals. Similarly as in references [145,
146, 240], we describe the motion of the neutral gas as diffusion, with the diffusion coefficient

DN =
c2

s,N

νcx
=

Ti/mi

kcxn
. (6.6)

*Molecular assisted dissociation and ionization are the dominant processes [237] and should be considered as an electron
cooling effect [145], but are yet negligible compared to atomic ionization and dilution. They will become important for reaching
detached conditions however [12, 237, 238]: molecular assisted dissociation and ionization reduce the ionization length of
particles and can lead to an up to 100% higher upstream density required to reach detachment [237], while molecular assisted
recombination contributes only 10−20% to the total recombination rate, dominated by atoms [237, 238].
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Here, cs,N =
√

Ti/mi is the neutral gas sound velocity, mN ≈ mi the neutrals mass, νcx the charge
exchange frequency and kcx the charge exchange rate coefficient. The latter is estimated according
to Ref. [144, eq. (24)] via kcx = 2.93σcxcs,N, with the hydrogen charge exchange cross section be-
ing roughly 7× 10−19 m2. Additionally, as suggested by Ref. [146, 241], the diffusion coefficient is
limited to keep the neutrals flux below the sound limit (in low collisionality regions of the domain),
i.e. D̃N = min(DN ,NTics,N/ |∇NTi|).

The neutral particles conservation equation then becomes

∂N
∂ t

= ∇ · D̃N

Ti
∇NTi− kiznN + krecn2. (6.7)

It is important that neutrals diffuse also along the ion temperature gradient [145, 146], as they otherwise
penetrate too deep into the confined plasma. An exception to this is right at the divertor, where TN ≈ 0
– effectively ∇Ti|div = 0 in eq. (6.7) – prevents local trapping of neutral gas between the neutrals density
and ion temperature gradients.

Note that the motion of the neutral gas is isotropic, contrary to the strongly anisotropic plasma mo-
tion. The plasma flows very fast parallel to the magnetic field, but its motion in the perpendicular di-
rection is strongly inhibited and described by micro turbulence. To resolve this, GRILLIX uses the FCI
approach with a strongly anisotropic grid, very sparse toroidally but dense in the poloidal plane. As the
neutrals move fast also within the poloidal plane, this results in a stiff 2D diffusion problem. It is solved
by means of the same multigrid algorithm used for the electromagnetic fields [107], taking 5-10% of the
total computing time.

We remark that the current model has little influence on the plasma parallel velocity. Due to the
small electron mass, we ignore the impact of electron-neutral collisions on the momentum of the electron
fluid. For the ion and neutral fluids, we assume that CX collisions are frequent enough that their parallel
velocities are approximately equal and are determined by the plasma, like for the temperature. In effect,
this disregards transport of parallel velocity and temperature by the neutrals. Further, the dissipation of
the parallel momentum by neutrals viscosity [145], due to CX and neutral-neutral collisions, is assumed
to be negligible. We expect these assumptions to be reasonable in present simulations of an attached
AUG discharge, where N/n in the near-SOL does not exceed 5%. But this will need to be re-examined at
higher neutrals densities, towards detachment conditions. The only effect on parallel velocity currently
considered is indirect: as the temperature at the divertor drops due to the neutrals, the plasma parallel
velocity at the boundaries lowers due to the Bohm sheath boundary condition.

However, we do consider the dissipation of vorticity due to the transfer of perpendicular momen-
tum. Assuming that momentum is simply exchanged between ions and neutrals during ionization and
recombination, we find the local momentum density exchange rate

d
dt

minvi ∼ kizNnmivN− krecn2mivi + kcxNnmi(vN−vi). (6.8)

Rewriting this in terms of min d
dt vi, adding it to the Braginskii ion equation of motion [56] and crossing

it with ×B, we obtain for the perpendicular ion velocity (in cgs units)

B2 en
c

vi
⊥ = − ∇pi×B+ enE×B−min

dvi

dt
×B

− (∇ ·Πi)×B+(kiz + kcx)Nnmi (vN−vi)×B. (6.9)

We readily identify the first two terms on the right-hand side of the equation as diamagnetic vi
∗ and

E ×B velocity vE . The remaining terms depend themselves on vi
⊥ and are approximated in terms of

diamagnetic and E × B velocities following the drift-reduction procedure [57]. The third term then
becomes the polarisation velocity, crucial for turbulence, together with the fourth term, the ion stress-
tensor Πi [3]. The last term on the right-hand side is perpendicular velocity exchange between ions and
neutrals. Here we note that the neutrals mean free path λN = cs,N/νcx is much larger than the relevant
perpendicular scale for the plasma, the Larmor radius. Therefore, we have ∇ ·vN �∇ ·vi and can ignore
the neutrals velocity here, i.e. the vorticity source due to momentum gain from neutrals [108, 242].
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Finally, we obtain the vorticity sink due to momentum loss to neutrals as

SΩ =−∇ ·
[

mic2nN
eB2 (kiz + kcx)

(
∇⊥ϕ +

∇⊥pi

en

)]
. (6.10)

This sink is added to the right-hand side of the vorticity equation (A2), see [3, appendix]. Under a
Boussinesq type approximation – which we do not apply – this is roughly SΩ ≈ −νiz+νcx

ωci
NΩF, with

ωci = eB/mic, νiz = nkiz and the fluid vorticity ΩF = b ·∇×
(
vE +vi

∗
)
. This vorticity sink has been

found important in situations with high neutrals densities, e.g. in linear devices [243] and in detached
tokamak conditions [244]. But in our simulations so far, we have not observed a significant effect yet.

As a last point, the biggest limitation of the model are boundary conditions. We currently only
implement Dirichlet and homogeneous Neumann boundary conditions: zero flux at the main chamber
wall, zero neutrals density at the core boundary and a fixed neutrals density Ndiv at the divertor. With
this, Ndiv must be scanned to obtain global recycling, i.e. plasma density sourced to ∼ 99% by neutral
gas ionization, as detailed in section 6.4 (main chamber recycling is neglected, as suggested by transport
studies [245]). Local recycling boundary conditions [145] will be implemented in near future, demanding
adaptations to the code structure: the challenge here is that neutrals are much more mobile across flux
surfaces than the plasma, requiring boundary conditions on perpendicular rather than on parallel fluxes.
We note that the divertor neutrals density as a free parameter is likely to mask the general simplicity of
the current neutrals model, ignoring the effects of neutrals viscosity, details of their velocity distribution,
molecules and details of the plasma-wall-neutrals interaction (including gas puffing, pumping, outgassing
etc.). On one hand, this avoids the problem of possibly long saturation times due to local recycling
[246] and allows a relatively good match to the experiment with a very simple neutrals model, such that
qualitative effects can already be studied in relevant conditions. On the other hand, predictive simulations
will require a more complete model without free parameters.

6.3 Plasma model improvements

For the plasma, the global drift reduced Braginskii model is employed in GRILLIX. It can handle ar-
bitrary fluctuation levels (no δ f splitting), features electromagnetic effects and electron/ion thermal dy-
namics. The model has been comprehensively summarised in Ref. [3, appendix]. Here, some additional
improvements are outlined.

The Braginskii heat conductivities χe
‖ = 3.16nTeτe/me ∼ T 5/2

e and χ i
‖ = 3.9nTiτi/mi ∼ T 5/2

i [56] are
known to be inappropriate at low collisionality [94, 204, 205]. In this work, we will limit them by a

harmonic average between the Braginskii and the free streaming heat flux, q̃ =
(

1
|qBraginskii| +

1
qFS

)−1
, with

qFS = αn
√

T/mT [49, chapter 26.2]. For the heat conduction, this can be rewritten as

χ̃
e,i
‖ = χ

e,i
‖

(
1+
|qBraginskii|

qFS

)−1

= χ
e,i
‖


1+

χ
e,i
‖ |∇‖T |

αn
√

T/mT



−1

≈ χ
e,i
‖


1+

χ
e,i
‖

αe,in
√

Te,i/me,iR0q



−1

. (6.11)

In the last expression, we have approximated
∣∣∇‖Te,i

∣∣/Te,i ≈ 1/qR0 with the machine major radius
R0 and the safety factor q, to avoid the non-linearity in ∇‖T in the temperature equation. To avoid issues
with the diverging safety factor at the separatrix, it is set to constantly q = 4. Note that due to the mass
factor, the limiter is more severe for ions than for electrons. This Knudsen correction [225] is frequently
used in literature [135, 205, 234] and constitutes a first step towards a Landau fluid close [85, 132], but
similarly to previous work [205] we will find a significant dependence of simulation results on the free
parameter αe,i.

Besides changing the expression for the parallel heat flux according to (6.11), we also modify the
electron temperature boundary condition ∇‖ log(Te) = −γenu‖/χe

‖ at the divertor: taking into account a
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finite secondary electron emission coefficient [49] of roughly 0.75, we set γe = 1 (instead of 2.5). For the
ions, we keep ∇‖ log(Ti) = 0.

Finally, we note that unlike in our previous work, viscous ion heating is less pronounced and poses no
stability issues any more because of increased collisionality due to neutrals. Due to previous concerns [3],
the reference simulation in the present work has also been run without viscous ion heating. But we
have repeated the simulation with viscous ion heating on and found only a small effect, 7% higher ion
temperature at the OMP separatrix with an otherwise identical profile.

6.4 Simulation setup

We briefly recapitulate the simulation setup, detailed in Ref. [3, sec. 3.1], and then describe the additional
challenges in the present work due to the extensions discussed above. The simulations are based on and
compared to ASDEX Upgrade discharge #36190 (at 2-4 s), an attached L-mode with 800 kA plasma
current, q95 = 4.4 and average triangularity of δ = 0.21. The toroidal magnetic field is Btor =−2.5 T on
axis, i.e. in the favourable configuration with B×∇B ∼ −êZ towards the divertor X-point. The plasma
is heated by 550 kW neutral beam injection and 500 kW ohmic heating, whereby 300 kW are radiated
away by impurities.

The magnetic geometry is a lower single null diverted equilibrium, reconstructed from the AUG dis-
charge #36190 at 3.3 s. The simulated domain extends from the core boundary at ρpol = 0.9 and across
the separatrix to ρpol = 1.05. The outer radial boundary is at the last flux surface intersected by the
machine main chamber wall. The artificial core boundary is chosen to be far enough away from the sep-
aratrix to not pollute the dynamics there, but not too far into the collisionless plasma core where the fluid
model loses its validity. At the core boundary, an adaptive source keeps fixed density and temperature
values based on the experiment (nped = 2×1019 m−3 and T e,i

ped = 350 eV), but a zonal Neumann boundary
condition allows the potential to float [1] – in the rest of the domain, plasma profiles are free to evolve
self-consistently.

The difference to the previous setup is that the plasma model shown in the appendix of Ref. [3]
has been extended by the diffusive neutral gas model described in section 6.2. Additionally, we have
improved the limiter for the parallel conductive Braginskii heat flux, as explained in section 6.3. Both
additions introduce free parameters: the divertor neutrals density Ndiv, and the free streaming parallel heat
conduction limiters αe,i. The computational cost of 83 kCPUh per 1 ms simulation allows to roughly
adjust these parameters, and investigate their role. However, the simulations must run for at least 3-4
ms, which takes a few months due to the yet limited parallelizability of the code (in practice, 384 Intel
SkyLake CPU cores were used simultaneously per simulation). Therefore, fine tuning was not possible,
and we have limited ourselves to a relatively coarse resolution of 16 poloidal planes and a grid distance of
1.45 mm within each plane, totalling 7 million grid points. We have previously found this to be sufficient
to resolve the overall transport and profile evolution [3].

The neutral gas model has a major impact on the simulations. Most importantly, the dominant plasma
density source is now shifted from the core boundary at ρpol = 0.9 to the separatrix and SOL, where neu-
trals are ionized. The ionization source depends on the local neutrals density, which is not obtained
in a fully self-consistent way, as local recycling boundary conditions are not yet implemented: a fixed
neutrals density Ndiv must be prescribed via a Dirichlet boundary condition at the divertor, the neutrals
then expand into the interior domain according to the diffusion model described in section 6.2 and are
ionized according to Amjuel [141] reaction rate coefficients. Recycling is then obtained in a global sense
by scanning and adjusting the Ndiv parameter. Note that the adaptive source at the core boundary still
holds the plasma density fixed there at 2× 1019 m−3, but the goal is that the required source strength
saturates between 0-1% of the ionization source. Figure 6.1 shows the time evolution of the volume
integrated core particle source Sn compared to the integrated ionization source Siz in our reference sim-
ulation with Ndiv = 5× 1017 m−3. The initial spike in Siz is due to the initial condition on the neutrals
density N, which is constant in the whole domain and equal to Ndiv. After the initial transient phase, Siz
increases and Sn decreases as more heat is arriving at the divertor. After saturation at t ≈ 4 ms, we have
Sn/Siz ≈ 0.5%, i.e. 99.5% recycling. For comparison, the dashed line shows the evolution of the density
sources for Ndiv = 8×1017 m−3. Once Sn gets too close to zero, the separatrix density becomes too high
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and simulations become unstable due to resistive ballooning modes [68, 247].
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Figure 6.1: Time evolution of the volume integrated core particles source Sn magnified by 20 to be compared
with the ionization particle source Siz. Solid line: reference simulation with Ndiv = 5× 1017 m−3, dashed line:
Ndiv = 8×1017 m−3.

Figure 6.2 shows the input power at the core boundary of the simulation evolving in time, which
is required to maintain the fixed pressure there due to turbulent radial heat outflow. After 4 ms in the
reference simulation, it is at about 100 kW for electrons and 430 kW for ions, which is in reasonable
agreement with the 750 kW net heating in the experiment (after the subtraction of the 300 kW radiated
by impurities, as those are not present in the simulation). With varying divertor neutrals density, we were
able to change the input power by at most 5%. However, the input power is sensitive to the free streaming
limiter αe,i for the parallel conductive heat flux, introduced in section 6.3. In the reference simulation,
αe,i = 1 as suggested by [85, 135]. But choosing αe,i = 0.1 increases the total heat transport to about 2
MW, as shown by dashed lines in figure 6.2. On the other hand, only limiting the electron and ion heat
conductivities to χ

e,i
‖ ≤ 1027m−1s−1 as was done in simulations without neutrals [3] leads to barely 34

kW electron and 26 kW ion heat transport: as noted in section 6.3, the free streaming limiter is much
stronger for ions than for electrons – therefore, the simple limiter allows a particularly large parallel ion
heat flux (still smaller than for electrons, though), which suppresses ITG turbulence [214]. Hence, we
conclude that better agreement in net heat transport to the experiment – and potentially outboard mid-
plane temperature profiles shown in figure 6.3 – might be achieved by fine tuned αe,i, but reasonable
results are obtained already with αe,i = 1. Rather, in the future we consider further extending the fluid
closure to better approximate Landau damping, as e.g. in Ref. [100].

6.5 Validation of attached L-mode AUG simulations

After discussing the recent model extensions and the simulation setup, we can now present simulation
results. As in our previous work without neutrals [3], the simulations saturate after 4 ms in the sense that
mean profiles do not visibly change any more, at least over the next few ms (they might change on time
scales > 10 ms, but such long simulations are currently out of scope). At this stage, we can separate
the mean and the fluctuating parts of the fields by time and toroidal averaging and analyse them. In the
following sections, we will compare mean density, temperature and electric field profiles in the reference
simulation with Ndiv = 5× 1017 m−3 to experimental measurements, as well as to simulations without
neutrals and with higher divertor neutrals density. Besides analysing outboard mid-plane (OMP) and
divertor pressure profiles, we discuss the 2D density profile in a poloidal plane, its asymmetry due to the
ionization source distribution and consequences of the density profile on fluctuation amplitudes.
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Figure 6.2: Input power at the core boundary of the simulation as a function of time. Solid lines show the reference
simulation (αe,i = 1), dashed lines show the input power at αe,i = 0.1. The dotted lines show the input power
without a free-streaming flux limit, but with χ

e,i
‖ ≤ 1027m−1s−1 (see text).

6.5.1 Outboard mid-plane profiles

Figure 6.3 shows the comparison between simulated and experimentally measured density and elec-
tron temperature at the OMP. The measured data result from integrated data analysis [248] of electron
cyclotron emission, interferometry, Thomson scattering, lithium and helium beam spectroscopy at 3.25-
3.35 s of AUG discharge #36190. For the simulation, we average the profiles toroidally and in time over
200 µs. We show both the simulation profiles from Ref. [3] without neutrals (blue dashed lines), as well
as the new results with neutral gas ionization (in red). Although no reliable ion temperature measure-
ments are available for this discharge, we show the simulated Ti together with Te, as the ion heat channel
is important for the L-H transition [40].
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Figure 6.3: Validation of GRILLIX simulations against integrated data analysis from ASDEX Upgrade discharge
#36190 (3.25-3.35 s), at the outboard mid-plane, comparing the model with neutral gas ionization (Ndiv = 5×
1017 m−3) against core boundary density sourcing (i.e. without neutrals) from Ref. [3]. Reliable measurement are
available only for Te, but we also show the simulated Ti.

The main observation is that both the density and electron temperature profiles become much more
realistic with the neutral gas model. Without neutrals, with plasma density being sourced to 100% at
the core boundary, a steep density gradient builds up as plasma is flowing out in the SOL at the divertor.
With neutrals, the density source is localised around the separatrix, and a much more realistic profile
results. The radial oscillation on top of the profile – observed both experimentally and in simulations –
is stationary over many ms but slowly varying over hundreds of ms and explained in simulations by a
zonal flow [3].

82



For electron temperature, it turned out in the aftermath that we chose a slightly too high core bound-
ary temperature, 350 eV instead of 300 eV as measured experimentally. While this does result in a
somewhat steeper gradient in the confined region, the profile at the separatrix is actually close to the
experiment – and very different from the profile without neutrals. The reason is partly the different den-
sity profile, leading to a different turbulence drive as explained in section 6.5.4. But the neutral gas also
directly influences the temperature according to equation (6.5): while recombination is virtually absent
as Te does not fall below 1 eV, ionization is effectively cooling the plasma in regions of significant neu-
trals density – see section 6.5.2. The colder divertor, as detailed in section 6.5.3, reduces the parallel
heat conductivity, allowing for significant parallel gradients in the SOL and reducing the direct parallel
heat outflow at the OMP separatrix. As the OMP temperature profile is determined by the competition
between perpendicular turbulent transport and parallel conductive outflow, reducing the latter flattens the
radial Te profile and results in much more realistic SOL fall-off lengths.

6.5.2 Ionisation pattern and poloidal asymmetry

While the density profile agrees well with experimental measurements at the outboard mid-plane, it
exhibits a surprising amount of poloidal asymmetry, even in the confined region. The 2D density profile
in the poloidal cross section at 4 ms simulation time is displayed in figure 6.4. We see that density is
higher at the high-field side (HFS) and lower at the low-field side (LFS), peaking near the X-point at
the HFS. The reason for this is partly the density source distribution due to ionization: on the right of
figure 6.4, we show the mean deuterium radiation density around the X-point, which has the same spacial
distribution as the ionization rate. On the LFS, it peaks near the divertor target where the neutrals density
is highest, and has otherwise a broad distribution around the heat channel close to the separatrix. On the
HFS, ionization peaks further upstream, very close to the separatrix.

Figure 6.4: Left: 2D density snapshot in the poloidal cross section for the quasi-steady state at 4 ms of the reference
simulation. Right: mean deuterium radiation density.

The difference in radiation and ionization patterns between LFS and HFS is due to the ballooned
perpendicular turbulent transport being much stronger at the LFS, broadening the SOL profile there and
leading to significant fluxes to the LFS divertor. On the HFS, much less power crosses the separatrix at
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the inboard mid-plane, allowing the neutrals to penetrate deeper into the plasma. They are then ionized
slightly below the separatrix as the confined plasma is slightly shifted downwards due to the B×∇B drift.
This becomes particularly clear from a comparable simulation in unfavourable configuration, where the
plasma is shifted upward and barely any heat at all reaches the HFS divertor and the neutrals front extends
into the confined region.

The density profile is determined not only by the HFS-LFS and up-down asymmetric source dis-
tribution, but also by transport between sources and sinks. Around the X-point, the density gradient
in the confined region is reversed, i.e. ascending towards the separatrix, and a mean radial E ×B flow
brings density from the source region into the confined plasma. Plasma density peaks at the X-point,
accumulating there due to the long parallel connection length. As we discuss in section 6.5.5, the mean
poloidal E×B rotation in the anti-clockwise direction (enhanced by the poloidally asymmetric density
source from ionization) brings density from the X-point to the outboard mid-plane. Along the way, ITG
driven turbulent transport (see section 6.5.4) tends to eject density together with the heat again, resulting
in a descending density slope at the outboard mid-plane as shown in figure 6.3. In a zonal average, how-
ever, the outward transport is only as strong as to keep the zonal average density gradient flat, hence the
overall ITG transport. Overall, this results in a somewhat higher density at the HFS outboard mid-plane
than on the LFS. This asymmetry might be overestimated though, as the parallel ion flow might be too
strongly damped by the Braginskii ion viscosity [72]. Also, these results are not fully self-consistent yet,
as equal neutrals density is prescribed at both divertor plates. Therefore, while current simulations show
that poloidal asymmetries can arise from the ionization source distribution, the details must be more
closely investigated in future work. Nevertheless, the relatively good agreement between measured and
simulated density profiles at the OMP is encouraging.

6.5.3 Divertor target profiles

In section 6.5.1 we have seen relatively good agreement with the experiment at the outboard mid-plane
thanks to our neutrals model. However, recycling is implemented only in a global sense, with a constant
divertor neutrals density Ndiv across both divertor plates. Therefore, less good agreement is expected at
the target plates. Nevertheless, figure 6.5 generally shows a significant improvement with the neutrals
model.

Without neutrals the density is below 2×1018 m−3, and the parallel temperature profile in the SOL is
flat resulting in nearly identical radial profiles at HFS, LFS and OMP with a peak temperature of 70 eV.
With neutrals, due to dilution of the plasma and radiation, the divertor temperature decreases. At the
same time, the plasma density increases, sourced by neutrals ionization. The increased collisionality
and therefore decreased parallel heat conduction reduce the parallel heat flux and allow turbulence to
spread the heat further radially, broadening the temperature profile at both the divertor targets and OMP.
Remarkably, even at identical neutrals density of Ndiv = 5×1017 m−3 at both divertor plates, we find an
in-out asymmetry: as neutrals are ionized deeper in the plasma at the HFS, the plasma density increases
more strongly there, while electron temperature falls lower than at the LFS.

Experimentally, an even larger in-out asymmetry is observed, suggesting that neutrals should have
a higher density at the HFS than at the LFS divertor. The mismatch in the plasma density profiles
also indicates that the neutrals density might be inhomogeneous across the target plates, motivating the
implementation of local recycling boundary conditions. However, the profiles are closer to experimental
ones than without neutrals at all, most remarkably the peak density at the HFS and the temperature at
the LFS. Turbulent fluctuations of up to 40% in the simulations also partly explain the fluctuations in
experimental measurements, particularly close to the separatrix, while experimental uncertainties in the
far SOL might still be affected by noise.

A simulation with higher Ndiv = 3× 1018 m−3 improves the match in the HFS temperature profile,
corroborating that HFS divertor neutrals density should be higher than at the LFS, but it impairs the
LFS temperature comparison and produces too high plasma density. As discussed above, Ndiv had to be
scanned to achieve global recycling, but high neutrals density simulations were also an attempt to reach
detached conditions, though they did not run stable to saturation as will be discussed in section 6.6.
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Figure 6.5: GRILLIX divertor profiles, comparing the reference simulation with Ndiv = 5×1017 m−3 (red curve)
against core boundary density sourcing (i.e. without neutrals, blue dashed curve) from Ref. [3]. The dashed orange
line shows results from a simulation with increased divertor neutrals density, Ndiv = 3× 1018 m−3. Simulation
results are compared to Langmuir probe measurements [249] from ASDEX Upgrade discharge #36190 (3.3-3.4 s).
HFS profiles are on the left, LFS profiles are on the right. The error bars on experimental data points indicate two
standard deviations both due to turbulent fluctuations and diagnostic noise. The envelops around simulated profiles
show two standard deviations of turbulent fluctuations.

6.5.4 Fluctuation amplitudes and turbulence characterisation

After having investigated the mean density and temperature profiles, we should also discuss their fluc-
tuations. They are quantified by the standard deviation of an ensemble, here a time series and profiles
in toroidal direction, normalised to the mean. The fluctuations at the divertor have been indicated in
figure 6.5 in the previous section. Here we discuss fluctuation amplitudes at the outboard mid-plane,
shown in figure 6.6. For turbulence characterisation, fluctuations of the electrostatic potential are im-
portant. They are commonly normalised to the mean electron temperature [88, 89], because the mean
electrostatic potential becomes zero at some places.

The most remarkable observation is how different the fluctuation amplitudes are compared to sim-
ulations without neutrals [3, fig. 5c]. Electrostatic potential fluctuations are still the largest, indicating
that interchange modes are dominant. However, without neutrals, they were followed by density fluc-
tuations – while with neutrals, density fluctuations are the smallest in the confined region, compared to
temperature fluctuations. The reason is the shift of the density source from the core boundary to the
separatrix, which as we discussed in section 6.5.2 leads to a flat density gradient in the zonal average.
Instead, turbulence is now rather driven by the temperature gradients, of which the ion temperature gra-
dient is leading to the largest fluctuations due to the ηi mode [62, 130]. The mode is typically triggered
at ηi = Ln/LTi = ∂r lnTi/∂r lnn > 1. Without neutrals, we had ηi < 1 for ρpol < 0.997 at the OMP (0.5
on average). With neutrals, we have ηi > 1 in the whole confined region, reaching 4 at ρpol = 0.96 at
the OMP (2.2 on average). Therefore, together with the observation of the dominating Ti fluctuations,
we conclude that the ITG instability is now dominant in the confined region† [65, 211]. In the SOL,
ηi ∼ 1 and the fluctuation amplitudes for density and temperatures are comparable, so here all of them

†In the plasma edge, electrons are generally not adiabatic, which can lead to comparable electron and ion heat fluxes even
under ITG turbulence [149]. A difference in radial heat diffusivity of χe/χi = 1/4−1 is expected [213, table 1]. This fits with
the heat fluxes observed in figure 6.2, but the dependence on the parallel conduction limiter αe,i will require further studies.
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participate in the turbulence drive.

6.5.5 Radial electric field

One of the key mechanisms regulating turbulent transport are sheared poloidal E×B flows. Previously,
we have investigated theoretically which mechanisms contribute to the formation of a mean radial electric
field [3]. With the recent implementation of a neutral gas model, satisfactory agreement in OMP density
and temperature profiles with the experiment is obtained. Therefore, it is worthwhile to compare also the
mean radial electric field in the experiment and in the simulation (again with and without neutral gas)
– shown in figure 6.7. In the experiment, the edge Er ∝ ωD was measured using Doppler reflectometry
where the Doppler frequency shift ωD is obtained from tracer density fluctuations under the assumption
that the turbulence phase velocity (few hundred ms−1) is small compared to the main Er×B velocity
(few kms−1): i.e. vE×B� vph [190].
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Figure 6.7: Outboard mid-plane radial electric field in simulations with and without neutrals, in comparison to
Doppler reflectometry measurements at 2.235 to 2.635 s of the discharge.

Unlike for density and temperature profiles, the comparison of the electric field is not that satisfac-
tory. In the SOL, the radial electric field is determined by sheath boundary conditions at the divertor,
following Er|SOL ∼−3∂rTe|div, and parallel current dynamics described by Ohm’s law. With neutral gas,
the temperature at the divertor is reduced and its gradient flattens. Additionally, the increased resistivity
allows for the establishment of parallel gradients, including a parallel electric field [203]. As a result, a
much more realistic mean radial electric field at the outboard mid-plane is obtained than without neutrals,
but still a factor two larger than in the experiment. The remaining discrepancy is likely due to not yet
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fully realistic boundary conditions at the divertor plates.
In the confined region, without neutrals, we have previously found the time averaged radial electric

field to be determined by a combination of the ion pressure gradient, zonal flows and toroidal rotation [3]:
〈Er〉t ≈

〈
∂r pi
en

〉
t
+ mi

e 〈u ·∇u〉t · er +
〈
u‖Bθ

〉
t . These terms did not change significantly with the neutrals,

but the poloidally asymmetric density source from their ionization entering the ion continuity equation
does sustain an additional mean poloidal rotation [94]. The mean radial electric field stabilizes the
stationary plasma background, but leads to a poloidal E×B rotation of turbulent filaments in the anti-
clockwise direction in the confined region, and in the clockwise direction in the SOL, with the flow shear
peaking at the separatrix.

The discrepancy in the radial electric field between simulation and experiment suggests that a refine-
ment of the fluid model is required. Previously, we have seen that fluid closure terms have a huge impact:
the parallel ion viscosity by regulating poloidal rotation, and parallel ion and electron heat conductivities
by regulating the zonal flow [3]. Future work will therefore be directed towards an ion viscosity consis-
tent with neoclassical theory across all collisionality regimes [94, 138], and a more refined Landau fluid
closure for the parallel heat flows [100].

6.6 Towards high-recycling and plasma detachment

One of the main challenges for fusion reactors is to maintain manageable heat loads on the divertor. In
achieving this, it is unavoidable that a major part of the heat passing the separatrix has to be radiated
away before reaching the targets, and the remainder shall be spread across the target area as evenly and
widely as possible. As we see in figure 6.4, a fraction of the input power – 45 kW – is radiated away
by deuterium even in attached conditions. Bolometry measurements suggest that additionally, 300 kW
are radiated away by impurities (predominantly nitrogen), currently not contained in our simulation.
However, the majority of the heat (roughly 500 kW) still reaches the targets.

The radiation capability of neutral gas is limited above a few eV plasma temperature, as particles
are directly ionized away before emitting radiation. Nevertheless, ionization has a huge impact on the
plasma: although total pressure is largely maintained, by raising the density while reducing the temper-
ature the plasma collisionality is increased, as discussed in section 6.5.3. One of the consequences of
increased collisionality is a reduced parallel heat conduction, which as we have seen in figure 6.3 leads to
much more realistic (broader) OMP temperature profiles. Therefore, even in attached conditions, neutral
gas recycling has a major role on the plasma state. Notably, as assumed in this work and confirmed in
transport studies [245], main chamber recycling plays a negligible role compared to divertor recycling.

Is it possible to decrease the heat flux on the divertor targets further by increasing the divertor neu-
trals density Ndiv? Indeed, as we have shown in figure 6.5, for Ndiv = 3× 1018 m−3 the target electron
temperature can be decreased below 5 eV, with deuterium radiation increasing to 170 kW. However, fig-
ure 6.5 also shows that at the same time, plasma density is considerably increased. Not only does this
not reduce the total target heat flux significantly, as even at low temperature we must also consider the
energy released per ion recombining at the surface (13.6 eV). Increased density also has detrimental con-
sequences for the main chamber wall. As we have seen in section 6.5.2, the ionization source is localised
close to the separatrix, particularly at the HFS. At higher divertor neutrals density, not only the diver-
tor plasma density increases, but the density increase spreads through the whole domain. The density
profile at the outboard mid-plane is shown in figure 6.8. With increased neutrals recycling, the density
gradient flattens in both the confined region and in the far SOL, while the density gradient in the near
SOL remains similar. For the far SOL, this is known as density shoulder formation and is indeed found
in detached plasmas [235, 236]. Increased far SOL density leads to higher fluxes to the main chamber
wall, accelerating its erosion. Therefore, it is of interest to find exhaust solutions avoiding this.

An important constraint for turbulence simulations is that they are not unconditionally stable. In
the near SOL, we observe large fluctuation amplitudes in both density and temperatures, characteristic
of resistive-ballooning modes. With increasing separatrix density and collisionality, these modes can
become strongly unstable, leading to a density limit [68, 247]. For this reason, our simulations with
Ndiv > 1018 m−3 were not able to reach a saturated state – unless the ionization rate coefficient is also
decreased, as we found out incidentally. While the simulation with Ndiv = 3×1018 m−3 crashed after 1.5
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Figure 6.8: Outboard mid-plane plasma density as a function of divertor neutrals density. The reference simulation
validated against AUG #36190 had Ndiv = 5×1017 m−3, the simulations with increased Ndiv only run stable if also
the ionization rate is reduced.

ms, the simulation with Ndiv = 5×1018 m−3 and a three times lower ionization rate ran stable for more
than 3 ms. The reason is not fully clear, as it is difficult to distinguish between physical and numerical
stability in non-linear simulations. However, at lowered ionization rates the neutrals penetrate deeper
into the plasma, moving the ionization front. At the HFS, it moves deeper into the confined region,
flattening completely the density profile there (in fact, the core density source goes negative to hold the
fixed density). In this regime, radial heat transport in the confined region becomes carried exclusively by
the ions due to the ITG. At the LFS, the ionization front moves up and thereby more from the separatrix
to the far SOL (but remains close to the divertor). Physically, a lowered ionization rate can be achieved
by lowering the electron temperature in another way than by a density increase.

We conclude that further extensions are required for GRILLIX to be able to simulate detached con-
ditions, most notably impurity radiation: to avoid an excessive increase of plasma density, leading to a
density shoulder formation [235, 236] and the resistive-ballooning density limit [68, 247], the electron
temperature must be lowered by other means. Additionally, we expect that parallel momentum losses due
to ion-neutral friction/viscosity are required to allow plasma recombination to set in [145, 250], which
would reduce the plasma density and hence total heat flux arriving at divertor targets.

6.7 Conclusions

The global Braginskii turbulence code GRILLIX was coupled to a diffusive neutral gas model, taking
into account ionisation, recombination and charge exchange reactions. The neutrals become mainly
ionised along the separatrix in the proximity of the X-point and strongly affect the plasma dynamics in
various ways: The density profile in the confined region flattens while the temperature profile steepens,
which alters the turbulence drive mechanism from ballooning modes to the ion temperature gradient
mode. The ionization source distribution also leads to poloidal asymmetries. As the neutrals introduce a
cooling mechanism via dilution and radiation, plasma collisionality increases in the edge and SOL, and
parallel heat transport becomes less effective. In consequence, parallel temperature gradients arise in the
SOL, while radial temperature profiles are broadened, yielding a realistic SOL fall-off length. The radial
electric field in the SOL is significantly reduced due to a lowered electron temperature gradient at the
divertor. At increasing divertor neutrals density, the plasma density rises over the whole domain, further
flattening the density profile in the confined region and producing a density shoulder at the outboard
mid-plane, but these simulations also tend to become resistive-ballooning unstable.

The simulations were validated against the attached L-mode ASDEX Upgrade discharge #36190.
With the neutral gas model, a satisfactory match of outboard mid-plane density and electron temperature
profiles is obtained. At the divertor targets, the profiles become much more realistic as well, but a
discrepancy remains due to the use of a too simple neutrals boundary condition – a constant density
across both divertor plates. The most significant discrepancy with the experiment currently seems to be
in the radial electric field: its form matches very well – negative in the confined region, positive in the

88



SOL – but the amplitude is still a factor two too large.
For improving the agreement with the experiment, but most importantly for reliable and predictive

reactor simulations, the primary goal is the elimination of the remaining free model parameters: the
divertor neutrals density Ndiv and the free streaming limiters αe,i of the parallel heat conductivities. The
former will be overcome in a straight forward way by implementing local recycling boundary conditions.
For the latter, the implementation of a Landau-fluid closure could be a possible solution, as e.g. was done
in the BOUT++ code [100]. Further important extensions might be neoclassical corrections to the ion
viscosity [94, 138] as well as the consideration of ion orbit losses [227, 228], which can be expected
to result in a more realistic radial electric field. However, since these are inherently kinetic effects,
verification against gyrokinetic simulations will remain necessary [116]. Kinetic effects are important
not just for the plasma, but also for the neutrals: they can be implemented by either a fully kinetic
treatment [93, 108], or a hybrid fluid-kinetic model [251, 252]. Finally, for simulations in detached
conditions, impurities and parallel momentum dissipation by the neutral gas [250] must be considered.
Importantly, for reactor scale simulations, not only the physical model should be improved, but also the
computational performance.

Overall, we conclude that a remarkable degree of agreement with the experiment can already be
achieved, particularly in the outboard mid-plane profiles, and hence predictions for e.g. SOL fall-off
lengths are becoming possible. In near future, the validation should be extended into regimes with
improved confinement, such as the H- or I-mode – aiming to provide a better understanding of these
regimes. But also, using the geometric flexibility of GRILLIX, advanced divertor [19] and negative
triangularity [21] reactor concepts should be explored.
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Chapter 7

Summary of contributions

This chapter summarises the published contributions of the author of this Phd thesis. Table 7.1 lists all
peer-reviewed articles. The focus lies on the major publications [1], [3] and [4] that form the cumulative
content of the dissertation. These articles are given in full length in chapters 3, 5 and 6, and in the
journals style in appendix A. The major publications are summarized in sections 7.1.1, 7.1.2 and 7.1.3,
respectively, indicating the contribution of the author of this dissertation. Note that a corrigendum [2]
has been published to the paper [1] from chapter 3, which is referenced in the summary section 7.1.1 and
given in full length in chapter 4. Further publications are discussed in section 7.2. Additionally, table 7.2
lists the author’s conference contributions.

7.1 Major publications

The primary contributions to this cumulative dissertation constitute consecutive extensions of the GRIL-
LIX code [106,107] towards predictive simulations of turbulent transport in the edge and SOL of tokamak
fusion reactors. GRILLIX implements a unique numerical framework [160, 161] for efficient turbulence
simulations in realistic diverted 3D tokamak geometry. The focus of this thesis lies on an increasingly
realistic physical model that we ultimately were able to validate against the in-house experiment AS-
DEX Upgrade [254], which provides a large part of the physics base for ITER and DEMO. Among
other things, it was anticipated and confirmed that ion temperature dynamics and the interaction with the
neutral gas play an important role. Naturally, these state-of-the-art simulations provide unique insights
into the physical mechanisms at play. But also, these simulations are always on the edge of computa-
tional feasibility, in particular as tokamaks become increasingly reactor relevant with size. Therefore, the
contributions are accompanied by advanced numerical algorithms. While earlier contributions are more
technical, the later ones move closer to the anticipated applications.

7.1.1 Thermal dynamics in the flux-coordinate independent turbulence code GRILLIX

Temperature plays a crucial role in tokamak experiments: varying from above 10 keV in the plasma core
to essentially 0 keV at the walls, it is extremely inhomogeneous. Due to heat conduction, temperatures
are also involved in qualitatively different (compared to density) and important dynamics [131]. Since
thermonuclear ignition requires hot ions, not necessarily hot electrons, they are particularly important.
The ion temperature gradient (ITG) mode [62,130] is one of the main drivers of turbulence, as it cannot be
stabilized by drift waves. Further, the ions determine the background radial electric field (see also chapter
5 and Ref. [3]) and thus the turbulence suppression by E×B shearing in H-mode [40]. As discussed in
sections 2.1.5 and 6.2, ions also determine the propagation of neutral gas by charge exchange reactions.
Therefore, the first task in this PhD thesis was the extension of GRILLIX by ion temperature dynamics,
including parallel heat conduction, whereas previously only electron temperature was considered [120].

The first contribution published during this thesis, in chapter 3, focused on this extension, and in
particular on the solution of associated challenges. Special care in the numerical discretisation was
required for the ion diamagnetic polarisation in the vorticity equation. Further, a 3D solver has been
implemented for the solution of the stiff parallel ion and electron heat conductivities. This allowed
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Table 7.1: Complete list of peer-reviewed articles in chronological order that were published during this PhD
thesis. Three major publications that contribute to this cumulative dissertation are listed in black with references
to the respective chapters. Other papers are marked in gray and are not included in this thesis.

Synthetic helium beam diagnostic and underlying atomic data. Wladimir Zholobenko, Michael
Rack, Detlev Reiter, Motoshi Goto, Yühe Feng, Bettina Küppers, and Petra Börner. Published in:
W. Zholobenko et al., Nucl. Fusion 58, 126006 (2018). [253]

Global turbulence simulations of the tokamak edge region with GRILLIX. Andreas Stegmeir,
Alexander Ross, Thomas Body, Manaure Francisquez, Wladimir Zholobenko, David Coster, Omar Maj,
Peter Manz, Frank Jenko, Barrett N. Rogers, and Kab Seok Kang. Published in: A. Stegmeir et al., Phys.
Plasmas 26, 052517 (2019). [107].

On the nature of blob propagation and generation in the large plasma device: Global GRILLIX
studies. Alexander Ross, Andreas Stegmeir, Peter Manz, Daniel Groselj, Wladimir Zholobenko, David
Coster and Frank Jenko. Published in: A. Ross et al., Phys. Plasmas 26, 102308 (2019). [121].

Thermal dynamics in the flux-coordinate independent turbulence code GRILLIX. Wladimir
Zholobenko, Andreas Stegmeir, Thomas Body, Alexander Ross, Peter Manz, Omar Maj, David Coster,
Frank Jenko, Manaure Francisquez, Ben Zhu, and Barrett N. Rogers. Published in: W. Zholobenko et
al., Contributions to Plasma Physics 60, e201900131 (2020). [1] (Chapter 3)

Corrigendum: Thermal dynamics in the flux-coordinate independent turbulence code GRIL-
LIX. Wladimir Zholobenko, Andreas Stegmeir, Thomas Body, Alexander Ross, Peter Manz, Omar Maj,
David Coster, Frank Jenko, Manaure Francisquez, Ben Zhu, and Barrett N. Rogers. Published in:
W. Zholobenko et al., Contributions to Plasma Physics 60, e202000056 (2020). [2]

Treatment of advanced divertor configurations in the flux-coordinate independent turbulence code
GRILLIX. Thomas Body, Andreas Stegmeir, Wladimir Zholobenko, David Coster, and Frank Jenko.
Published in: T. Body et al., Contributions to Plasma Physics 60, e201900139 (2020). [118]

Electric field and turbulence in global Braginskii simulations across the ASDEX Upgrade edge and
scrape-off layer. Wladimir Zholobenko, Thomas Body, Peter Manz, Andreas Stegmeir, Ben Zhu, Michael
Griener, Garrard Conway, David Coster, Frank Jenko, and the ASDEX Upgrade Team. Published in: W.
Zholobenko et al., Plasma Phys. Control. Fusion 63, 034001 (2021). [3] (Chapter 5)

The role of neutral gas in validated global edge turbulence simulations. Wladimir Zholobenko,
Andreas Stegmeir, Michael Griener, Garrard Conway, Thomas Body, David Coster, Frank Jenko, and the
ASDEX Upgrade Team. Published in: W. Zholobenko et al., Nucl. Fusion, in press (2021). [4] (Chapter
6)

to use the Braginskii expressions in any parameter regime without time step limitations (previously,
parallel electron heat conduction had to be reduced by more than an order of magnitude [107]). Besides
the physical model for the interior plasma, also boundary conditions have been revisited: in particular
sheath heat transmission boundary conditions for electrons and ions, and electrostatic potential boundary
conditions both at the sheath and at the artificial core boundary.

These extensions have been guided by the pioneering work of the GDB group from the Dartmouth
College in the USA [117]. They also motivated the test case chosen for simulations in this first contri-
bution: an Alcator C-mod discharge in limited (circular) geometry. The relatively high density and low
temperature, and correspondingly high collisionality, facilitate the application of a fluid model. Compar-
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Table 7.2: List of conference contributions during this PhD thesis, in chronological order.

Development and evaluation of a synthetic helium beam diagnostic for Wendelstein 7-X. Wladimir
Zholobenko, Michael Rack, Detlev Reiter, Motoshi Goto, Bettina Küppers, Petra Börner. DPG-
Frühjahrstagung (DPG Spring Meeting) of the Atomic, Molecular, Plasma Physics and Quantum Optics
Section (SAMOP), Erlangen, Germany, 4-9 March 2018 (talk).

Detachment with the 3D turbulent transport code GRILLIX. Wladimir Zholobenko, Alexander
Ross, Andreas Stegmeir, Thomas Body, David Coster, Omar Maj, Peter Manz, Frank Jenko. DPG-
Frühjahrstagung (DPG Spring Meeting) of the Matter and Cosmos Section (SMuK), Munich, Germany,
17-22 March 2019 (poster).

Thermal dynamics and neutrals in the SOL of diverted tokamaks with GRILLIX. Wladimir
Zholobenko, Andreas Stegmeir, Alexander Ross, Thomas Body, David Coster, Peter Manz, Frank Jenko.
17th International Workshop on Plasma Edge Theory in Fusion Devices (PET2019), UCSD, La Jolla,
California, USA, 19-21 August 2019 (talk).

Global electromagnetic simulations of turbulence and profile evolution across the tokamak edge
and scrape-off layer. Wladimir Zholobenko, Thomas Body, Andreas Stegmeir, Ben Zhu, David Coster,
Peter Manz, Frank Jenko. Joint Varenna-Lausanne international workshop on theory of fusion plasmas,
Lausanne, Switzerland, 12-16 October 2020 (invited talk).

Global simulations of turbulence, transport and shear suppression across edge and SOL of diverted
tokamaks. Wladimir Zholobenko, Thomas Body, Peter Manz, Ben Zhu, Andreas Stegmeir, David Coster,
Frank Jenko, ASDEX Upgrade Team. 4th Asia Pacific Conference on Plasma Physics (AAPPS-DPP
2020), remote e-conference, 26-31 October 2020 (invited talk).

Simulations of turbulence, its suppression and profile evolution across the edge and scrape-off layer
of the ASDEX Upgrade tokamak. Wladimir Zholobenko, Thomas Body, Andreas Stegmeir, Michael
Griener, Ben Zhu, Peter Manz, David Coster, Frank Jenko, Elisabeth Wolfrum, Manaure Francisquez,
Barrett Roger, ASDEX Upgrade Team. 28th IAEA Fusion Energy Conference (FEC 2020), remote e-
conference, 10-15 May 2021 (invited talk).

ing to GDB, we were able to confirm that turbulence in this scenario is enhanced by increased collision-
ality, characteristic of resistive ballooning modes. Besides that, we could confirm that the background
radial electric field in the confined region follows the ion pressure gradient, while it is anti-parallel to the
electron temperature gradient in the SOL due to sheath boundary conditions, resulting in a sheared flow
at the last closed flux surface.

A novel result was the investigation of the dynamics of the electric field: it was visible from movies
of the simulations that besides small-scale turbulent fluctuations, there were also large scale oscillations.
Temporal Fourier analysis of the flux-surface averaged electrostatic potential confirmed that in the con-
fined region, the mean potential of the whole flux surface oscillates with a frequency spectrum in the
acoustic range, characteristic of geodesic acoustic modes [255]. GAMs are driven by the compression of
zonal flows, radially oscillating and stationary in time E×B flows sustained by the turbulence.

Further, it was emphasized that the electron and ion temperature profiles both in the confined re-
gion and in the SOL strongly depend on the parallel heat conduction, that could now be consistently
incorporated thanks to the new solver. However, a mistake in the analysis was reported in a subsequent
corrigendum contained in chapter 4: we have identified an error in the handling of input parameters due
to which the parallel ion heat conductivity was equal to the electron conductivity in the original sim-
ulations, instead of 23 times smaller. The description of the numerical algorithm, physical model and
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test case remain correct. Also most results remain true qualitatively. But some remarks had to be made
regarding the heat conductivity.

The principal observation is that a larger parallel heat conduction reduces turbulent fluctuation am-
plitudes. This does not mean a reduction of the turbulent power flux though, as cross-phases can increase
at the same time. Importantly, in a global code the background profiles can and do change significantly:
a larger heat conductivity leads to smaller gradients in the confined region, suggesting a rather increased
radial heat diffusivity. In the SOL, the sheath heat transmission plays an important role besides parallel
heat conduction, cooling the electrons down. Both effects are likely even more effective in circular than
in diverted geometry due to the immediate proximity of the confined region to the limiter.

As the first publication during this thesis, this work has relied on the guidance of the many co-authors.
Nonetheless, the author of this dissertation carried out the vast majority of the research and writing up of
the results, including problem definition, literature survey, code implementation, carrying out the simula-
tions, their evaluation and the preparation of the manuscript. Andreas Stegmeir and Alexander Ross have
implemented the diamagnetic polarization. Andreas Stegmeir has also supported the implementation of
other terms, writing the article, and suggested the PIM library for solving the parallel diffusion problem.
Thomas Body has helped with the implementation of parallel boundary conditions via penalisation. Peter
Manz suggested how to analyse the GAMs. Omar Maj supported the solution of some intricate issues
in the implementation of boundary conditions during the 3D solve, and critically reviewed the article.
David Coster and Frank Jenko have guided the project, in particular with the problem definition, solution
strategies and evaluation of results. Manaure Francisquez, Ben Zhu and Barrett Rogers advised with
some special problems, and in particular the simulation setup and evaluation.

7.1.2 Electric field and turbulence in global Braginskii simulations across the ASDEX
Upgrade edge and scrape-off layer

Motivated by the observations in the previous study as well as general interest, the second publication
during this PhD thesis focused on the formation of a mean radial electric field and its interaction with
turbulence. The general interest arises from the fact that sheared E×B flows are an important mechanism
for the regulation and even suppression of turbulence [41, 67, 187, 192, 256]. Of particular interest is the
turbulence suppression by E×B shear in the very edge of the confined region, the pedestal, in H-mode
operation [40, 190, 257–259], which is facilitated in diverted geometry [111, 197, 198]. The mean radial
electric field can be influenced by both mean background dynamics and turbulence [44, 186, 187], so
their interaction is thought to be important.

A global turbulence code like GRILLIX is well suited to study the interaction between mean and
turbulence driven flows. Further, owing to the newly implemented capability to treat numerically pre-
scribed, arbitrary axisymmetric magnetic equilibria [118], simulations could be performed in the actual
diverted equilibrium of ASDEX Upgrade. The goal was set to try to reproduce an actual AUG discharge.
However, there are a few limiting factors that prevented us from exploring the whole AUG parameter
space yet, as discussed in chapter 8. To establish the code and to study unsuppressed turbulence first, we
decided to simulate the attached L-mode discharge #36190.

The literature on neoclassical transport [31, 44, 138] suggests that ion viscosity plays a major role
in regulating the mean poloidal rotation, consisting of E ×B, diamagnetic and parallel rotation. This
term becomes increasingly important with ion temperature and was still neglected in the previous contri-
bution, but was implemented for this publication along with the collisional electron-ion heat exchange,
completing the Braginskii equations.

One major achievement of this publication is the careful investigation of all the processes that deter-
mine the mean radial electric field. The dominant contribution on closed flux surfaces stems from the
radial ion pressure gradient, which enters because the diamagnetic drift in a toroidal magnetic field leads
to vertical motion. The charge imbalance caused by the opposite drift directions of electrons and ions
is compensated by the Pfirsch-Schlüter current, mainly carried by the electrons. But the bulk plasma
motion is determined by the drift of the heavier ions. Therefore, for a static plasma, the ion pressure
gradient has to be balanced by a radial electric field such that the compression of the diamagnetic and
E×B drifts balances. In principle, the electric field could also be smaller or larger than the ion pressure
gradient: if the plasma is up-down symmetric, any poloidal rotation would even out the diamagnetic drift
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over the flux surface. However, this is inhibited as the parallel Braginskii ion viscosity damps any net
poloidal rotation. Toroidal momentum can enter from the SOL and saturate non-linearly at a finite value
though. As it is mainly carried by the parallel velocity, it leads simultaneously to poloidal motion which
is regulated by ion viscosity. Therefore, parallel velocity enters the balance for the radial electric field.

Additionally, at a sufficiently high grid resolution, we also find a contribution from zonal flows:
stationary counter-propagating layers of Er×B rotation with a mesoscale radial wavelength. These flows
are sustained by sheared turbulent fluctuations, most efficiently by drift waves on small (sound Larmor
radius) scales. They enter the radial force balance through the ion inertia, such that in total we obtain
in a time average 〈Er〉t = 〈∂r pi/en〉t +

〈
u‖Bθ

〉
t +

mi
e 〈u ·∇u〉t · er, with the poloidal magnetic field Bθ .

Importantly, the inertia term not only modifies the electric field, but also the ion pressure gradient and
the parallel velocity profiles. The zonal flows lead to an up-down pressure asymmetry, additionally to the
inboard-outboard asymmetry due to ballooned turbulent transport. The flow was identified as stationary
because it persists over multi-ms averages, but also the GAM sideband was observed in the 10 kHz range.

In the SOL, the electric field is determined by Ohm’s law and sheath boundary conditions, leading
to an E×B rotation opposite to the confined region. Therefore, the shearing rate peaks at the separatrix,
surpassing the vortex-turn-over rate and leading to enhanced turbulence dissipation, but also enhancing
the zonal flow drive. At the top of the device, vortex breaking is observed at the separatrix, feeding large
intermittent filaments into the SOL.

We also point out the impact of fluid closure terms. In a rough comparison to AUG experiments, the
results seemed reasonable – but as we show in the next contribution, a more detailed validation revealed
that corrections to the fluid closure and the interaction with neutral gas can not be neglected.

The vast majority of the work has been carried out by the author of this dissertation, including prob-
lem definition, literature survey, code implementation, carrying out the simulations, their evaluation and
the preparation of the manuscript. Yet we also want to acknowledge the contribution from the co-authors.
Thomas Body has set up the AUG equilibrium, allowing simulations in that geometry. Peter Manz and
Ben Zhu have motivated the study of the radial electric field and supported it significantly with valuable
discussions. Michael Griener and Garrard Conway (and the ASDEX team) provided experimental data
and guidance. Andreas Stegmeir, David Coster and Frank Jenko guided the project, discussed critical
issues and advised on the manuscript preparation.

7.1.3 The role of neutral gas in validated global edge turbulence simulations

The final publication during this dissertation extends previous AUG simulations by the interaction with
neutral gas. These simulations are validated quantitatively against measurements in the attached L-mode
AUG discharge #36190, pointing out in particular the role of the neutral gas.

Due to the large fluctuation amplitudes in the plasma edge and scrape-off layer [87–92], turbulence
cannot be separated from the evolution of the background. Background gradients therefore cannot be
fixed, but must evolve (and fluctuate) self-consistently with the turbulence. The plasma transport is then
determined by the turbulence, driven locally by instantaneous gradients, and globally by fluxes due to
sources and sinks.

The major role of the neutrals is to provide a particle source and a heat sink for the plasma due to
electron impact ionization. The particle source provides 99% of the plasma fuelling and has a non-trivial
distribution peaking in the near-SOL, close to the target plates at the LFS, and close to the confined region
at the HFS. Unlike in the previous simulations without neutrals, where plasma density was injected at
the core boundary of the simulation at ρpol = 0.9, a much more realistic flatter density gradient results
in the confined region. At the outboard mid-plane, the density profile matches well the experimental
measurements, including the SOL fall-off length. Poloidally, significant asymmetry is observed due to
the density source asymmetry, caused by ballooned turbulent transport. The density asymmetry between
the divertor plates is even larger in the experiment though, because a constant neutrals density was
assumed across both divertor plates in the simulations.

In attached conditions of the investigated discharge, the overall heat sink is still small compared to
the target heat flux. However, as density increases and electron temperature is dissipated by neutrals
ionization in the divertor, the collisionality increases. This in turn reduces the parallel heat conduction,
allowing parallel temperature gradients between the outboard mid-plane and divertor targets. As the par-
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allel heat outflow reduces compared to the perpendicular turbulent flux, the temperature profile broadens
radially, matching much better the experiment than without neutrals. We stress that in the (near) SOL, the
Braginskii expressions for parallel heat conduction are reasonable, such that parallel heat flux limiters
do not impact this result. They are rather important in the less collisional confined region.

The primary effect of the neutrals on turbulence in these simulations seems to be due to the modifi-
cation of the sources and sinks distribution, and therefore different background gradients. As the density
gradient flattens compared to the ion temperature gradient in the confined region, the turbulence drive
changes from (resistive or kinetic) ballooning modes to ITG modes. This leads to larger ion tempera-
ture fluctuations and larger ion than electron heat transport. Further, the colder divertor strongly reduces
the radial electric field in the SOL. The reduced E×B shear at the separatrix consequently has a lower
impact on turbulence propagation and saturation.

Lastly, the transition to high-recycling conditions is explored by significantly increasing the divertor
neutrals density. It is found that indeed, a far-SOL density shoulder is formed and the divertor tempera-
ture decreases. However, the increased density from ionization also drives the plasma unstable and still
leads to a significant target heat flux. Therefore, it is concluded that for simulations of detached con-
ditions, the effects of radiative cooling by impurities and momentum dissipation by the neutral gas still
have to be incorporated.

The vast majority of the work has been carried out by the author of this dissertation, including prob-
lem definition, literature survey, code implementation, carrying out the simulations, their evaluation and
the preparation of the manuscript. But it would not be possible without valuable contributions from the
co-authors. Andreas Stegmeir has supported the code implementation and preparation of the manuscript.
Michael Griener and Garrard Conway (and the ASDEX Upgrade team) provided experimental data and
guidance. Thomas Body supported the evaluation of the simulations. David Coster supported the litera-
ture survey on the fluid neutrals model, its implementation and interpretation of the results. Frank Jenko
guided the whole project.

7.2 Further publications

Other publications listed in table 7.1 are less crucial for this dissertation, but still noteworthy.
W. Zholobenko et al., Nucl. Fusion 58, 126006 (2018) [253] is a paper based on the authors master
thesis [143]. It investigates computationally the helium beam diagnostic [260], an important measure-
ment technique for electron density and temperature in the plasma edge and SOL including their turbu-
lent fluctuations [261,262]. Among others, this diagnostic is part of the key experimental measurements
against which our simulations in chapter 6 have been validated.

A. Stegmeir et al., Phys. Plasmas 26, 052517 (2019) [107] and A. Ross et al., Phys. Plasmas
26, 102308 (2019) [121] are the first applications of GRILLIX to experiments: the small COMPASS
tokamak [263] and the linear LAPD device [264]. The author of this dissertation has contributed by
reviewing the physical model, improving the boundary conditions and producing some simulations. The
former publication set the basis for all consequent tokamak simulations. The major contribution of
the latter is the discovery of the production mechanism of filaments in the linear device by analysing
simulations with the wavelet technique – as the source of filaments in the tokamak SOL is still unknown,
it is worthwhile to adapt this technique in near future also to out recent tokamak simulations.

T. Body et al., Contributions to Plasma Physics 60, e201900139 (2020) [118] extends and gener-
alises the capability of GRILLIX to perform simulations in arbitrary (diverted) axisymmetric magnetic
equilibria, primarily by allowing the prescription of the field by a discrete (numerical) representation and
improving the treatment of boundary conditions via penalisation. Here, the author of this disseration
(W. Zholobenko) has contributed by co-developing the code and the concepts, particularly the treatment
of boundaries, and applying the new capabilities to relevant test cases, thereby verifying the implemen-
tation.
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Part III

Discussion and Conclusions
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Chapter 8

Discussion across dissertation topics

Being a cumulative dissertation, the results of this thesis primarily consist of independent publications.
Each publication draws its conclusions. This chapter serves to tie them together by discussing the re-
sults across the topics. First, section 8.1 explains the motivation behind the specific setup selection for
the simulations. Additionally to the published conclusions, section 8.2 discusses some selected physics
results on the combined basis of all the contributions. Some plans for future model extensions are dis-
cussed in section 8.3, while section 8.4 stresses the need for the continuous optimisation of computational
performance.

Our goal is predictive modelling of turbulent transport in future magnetic fusion devices as well
as interpretative simulations of present machines, tokamaks in particular. Thereby, the plasma edge
and SOL are of extraordinary interest. Among the key optimisation routes for magnetic confinement
devices is the magnetic geometry [11,19,21,47], in particular of the divertor separating the main chamber
plasma from the region of plasma-wall interaction. To allow flexible and efficient turbulence simulations
in diverted geometry, GRILLIX is built on a novel numerical method, the flux-coordinate independent
field-aligned approach [160, 161], which allows flexible and efficient turbulence simulations in arbitrary
magnetic geometry [118].

The physical model also has to be chosen carefully. It is always a compromise between physi-
cal completeness and computational efficiency. In GRILLIX, a bottom up approach is taken: for the
plasma, we started [119] from a Hasegawa-Wakatani model [59, 60], then built the cold ions Braginskii
model [120] and finally, during this thesis, completed the Braginskii model with hot ions dynamics. The
extensions of the physical model are supplemented by numerical advances, such as the implementation
of a 3D solver for treating the Braginskii heat conductivities and ion viscosity (section 2.2.3), as well as
computational optimisation. All this allowed first simulations of actual tokamaks at relevant parameters:
C-mod in chapter 3, and ASDEX Upgrade (AUG) in chapter 5. First steps beyond the Braginskii model
have been taken as well (chapter 6.3), and more will follow: likely in the direction of gyro-fluid models,
investigating the effects of gyro-averaging, Landau damping and trapped particles (see section 8.3.1).
Simultaneously, a top down approach is taken as well with GENE-X implementing a gyro-kinetic model
with the FCI method [116].

Besides developing the plasma model, for plasma edge simulations – particularly global ones that
include background evolution – it is crucial to respect the interaction of the plasma with the wall, neutral
gas and impurities. To this end, the Debye sheath model has been revisited during this thesis (see chapter
2.1.6): as of now, a rather simple but robust set of boundary conditions is implemented (chapter 2.2.2),
and investigations into improvements are ongoing [155]. Further, a first and yet rather simple fluid
neutral gas model has been implemented and used in chapter 6, demonstrating clearly how essential it
is for realistic global turbulence and transport simulations in the plasma edge. An impurity model is
yet missing though, therefore simulations are preferably compared to pure deuterium discharges with a
minimal impurity content. Realistic neutral gas and impurity models will become increasingly important
in future work, because their control provides another crucial optimisation opportunity for magnetic
fusion devices.
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8.1 Selection of the simulation setup

The code development towards predictive capability is and must be supplemented by verification and
validation. While verification merely confirms the correct solution of the model equations (see section
2.2.5), validation is required to assess the suitability of the model for the description of the experimental
reality. This thesis documents the path towards validatable simulations, and this section discusses our
choices of the simulation setups.

The path began with circular Alcator C-mod simulations in chapter 3. The goal was to reproduce
some known and already quite challenging simulations from the GDB code from the Dartmouth College
in the USA [117], improving and verifying some features of the GRILLIX code. Although this is neither
a rigorous verification nor a validation scenario, some important insights could be gained and greatly
helped to set the stage for diverted AUG simulations.

The natural choice for validation are simulations of the renowned and nearby ASDEX Upgrade
(AUG) tokamak [254]. It provides a good diagnostics coverage and is highly relevant for ITER and
DEMO. These simulations are computationally already quite challenging, as AUG is not a small but
rather medium sized device. Nonetheless, first simulations have been successfully performed and show
promising results, and more are to come.

A useful guide for the selection of a simulation scenario was the recent classification of AUG dis-
charges in terms of the separatrix parameters, electron density and temperature, as shown in figure 8.1.
This overview provides a clear separation between L- and H-mode discharges, as well as stationary dis-
charges and those that ended with a disruption due to a density limit. In Ref. [247], this is explained
by different drivers of instabilities – e.g. resistive-ballooning, ideal ballooning and ITG modes – and
their stabilization or destabilization by electromagnetic effects, drift-waves, mean and zonal flows. In
near future, it is of high interest to study how GRILLIX behaves in this parameter space. However, to
begin with, we wanted to validate the code against one single discharge. We have selected the L-mode
discharge #36190, with nsep ≈ 1019 m−3 and Te,sep ≈ 50− 80 eV, for a number of reasons: primarily, a
relatively good coverage by diagnostics and low impurity content. Further, the plasma was attached so
that one could expect a limited impact of the details of plasma-neutrals-wall interaction. The discharge
is far enough from a density limit. The H-mode pedestal is an important but also controversially disputed
topic [42], which we wanted to avoid in the very first simulations, including phenomena like microtearing
turbulence [43] and edge localised modes [265, 266]. Also, H-modes are found at low collisionality and
high beta. The former complicates the usage of fluid models, while the latter requires the consideration
of magnetic flutter which was not yet explored in GRILLIX.

From the theory side, perhaps an even more interesting classification is in terms of dimensionless
physics parameters. In particular, in Ref. [267] the discharges were grouped in terms of the collisionality
and an MHD parameters at the separatrix, as shown in figure 8.2. The MHD parameter is defined as

αMHD = Rq2
cylβ/λp, (8.1)

with the machine major radius R, the local safety factor qcyl at the OMP separatrix, the pressure gradient
scale length λp and – most importantly – the plasma beta β , the ratio between plasma pressure and
magnetic pressure. The collisionality is defined as

ν
∗
e =

πqcylR
1.03×1016

ne

T 2
e

Zeff. (8.2)

Again, we notice the separation of discharges between L- and H-modes, as well as the density limit. The
discharge #36190 lies in the lower left of the diagram: this has the advantage that the risk of a density
limit is minimized, but to the price of a relatively low collisionality, challenging for the fluid model. A
more fluid friendly validation scenario has been developed at the TCV tokamak [155], in which GRILLIX
has recently participated. However, as improved confinement regimes are the reactor relevant ones and
are generally found at low edge collisionality, fluid model improvements have to be made either way.
As the pressure gradient scale length is not a control parameter, the αMHD dependence is basically a β

dependence. The low beta justifies the neglect of electromagnetic flutter transport in present simulations,
which as discussed in section 2.1.4 is either irrelevant or causes problems with the fluid closure terms.
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Figure 8.1: Separatrix operational space of ASDEX Upgrade in terms of electron density and temperature [247],
indicating boundaries between L- and H-modes, and density limits (see text and the original publication).

The path towards reactor relevant H-mode simulations thus becomes clear: at higher plasma beta,
the fluid closure terms must be corrected (see section 8.3.1) and magnetic flutter should be included.
But also, further parameter dependencies hidden in this diagram shall be explored, such as the magnetic
geometry shaping and plasma composition. Furthermore, the dependence on the machine size (compared
to the gyro-radius) should be explored by simulations of other tokamaks at otherwise similar parameters.

8.2 Physics results

The principal result of this thesis is the further development of the GRILLIX code towards reactor rele-
vant applications. For the first time, global simulations of turbulent transport across the edge and SOL
of the ASDEX Upgrade tokamak could be validated quantitatively in chapter 6, showing among other
things good agreement in outboard mid-plane density and temperature profiles. Although still further
development is required, as discussed in section 8.3.1, these simulations build confidence that predictive
turbulence simulations of the tokamak edge are feasible, for example for the SOL width. At the same
time, the analysis of these cutting edge simulations provides intriguing physical insights into the pro-
cesses in the plasma edge. The results from individual publications have been summarised in chapter 7.
This section discusses some additional key physics insights across the topics of this thesis.

8.2.1 Difference between limited and diverted simulations

In a divertor, a set of coils carrying an additional toroidal current to the plasma current creates a mag-
netic separatrix, as shown in figure 1.2. This creates space between the confined plasma and the region
of plasma-wall interaction by magnetically separating the main plasma from the divertor region. In a
limiter configuration, the magnetic geometry is simpler, consisting only of a set of nested flux surfaces.
The confined plasma impinges directly onto the wall, typically at a predetermined location, the limiter.
Therefore, the confined and open flux surfaces are more strongly coupled.

Due to the geometrical complexity of a diverted tokamak, many turbulence studies of the plasma
edge and SOL to date have been performed in a limiter configuration [101, 103, 105, 149, 265]. Indeed,
many qualitative effects are similar in either configuration, for example there is a scrape-off layer in
which the plasma flows out to the wall and is influenced by the Debye sheath. However, there are also
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Figure 8.2: Separatrix operational space of ASDEX Upgrade in terms of collisionality and the MHD parameter
αMHD [267], indicating boundaries between L- and H-modes, and density limits (DL, see text and the original
publication).

major differences, such as the much more severe shearing of structures [106,107,268] due to the divertor.
Magnetic shear generally leads to turbulence suppression, and so performing simulations at parameters
from chapter 5 but in circular geometry like in chapter 3 (instead of diverted AUG geometry) leads to
a factor 20 larger radial power flux, far from the AUG experiment. With the safety factor becoming
infinite at the separatrix, the divertor provides a much more abrupt radial transition (in ρpol) between
confined and open flux surfaces, which we see when comparing our limited and diverted simulations.
This abrupt transition and the resulting flow shear, together with magnetic shear, is thought among other
things to facilitate the formation of a transport barrier in H-mode operation [197, 198, 256, 269]. At the
same time, the divertor offers a significantly improved removal of particles and heat due to much better
control of the neutral gas and impurities [11, 47]. In our simulations in chapter 6, we find for instance
that the interaction between the confined plasma and neutral gas is localised around the X-point, a region
of strong flux expansion. Due to the separation by the X-point, significant neutral gas density can be
accumulated in the cold private flux region, facilitating its pumping without a major distortion of the
confined plasma. Therefore, experimentally the advantage of diverted geometry is undisputed, and many
groups besides GRILLIX have moved their simulations in this direction [99, 102].

Thus far, we have only began exploring the effects of diverted geometry on turbulence [107]. A
significant milestone thereby is the validation of simulations in diverted geometry against the ASDEX
Upgrade experiment in chapter 6, building confidence in the approach taken by GRILLIX. In future, this
exploration shall be intensified. But also, more complex geometries shall be explored, such as advanced
divertor concepts [18, 19, 26, 118].

8.2.2 The radial electric field

The radial electric field in a tokamak, leading to poloidal rotation of turbulent filaments by the E ×B
velocity, is of significant interest [41, 187]. In particular, a radial variation of Er is thought to suppress
turbulence by Er×B shear [192, 256]. At the same time, turbulence influences the mean radial electric
field through zonal flow formation [66, 67]. As mean field effects like viscous forces also influence
Er [44], a global code like GRILLIX is well suited to study this interaction. This was primarily the focus
of chapter 5, as summarised in section 7.1.2, but it was also discussed in chapters 3 and 6.

The electric field enters through the Lorentz force in the momentum equation (2.2). The ion radial
force balance, governing the mean Er on closed flux surfaces, is its radial projection. The radial friction
and viscous forces can be ignored. Since we are interested in mean fields, we average the equation in
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time, dropping the ∂t term. For ions, the result is

Er =
∂r pi

en
+ vφ Bθ − vθ Bφ +

mi

e
〈vi ·∇vr〉t . (8.3)

The time average 〈.〉t is written explicitly only for the inertia term, because here it is important to note
that it involves the whole quantity: even if there is no mean radial velocity, fluctuations can sustain a
finite Reynolds stress, which is exactly what sustains the zonal flows.

In our simulations, we find indeed significant zonal flows if the grid resolution is sufficient to resolve
the sound Larmor radius scale. In a flux surface average, the Reynolds stress oscillates around zero with a
meso-scale radial wavelength λZF∼

√
aρs [67], between the sound Larmor radius and the machine minor

radius. Importantly, entering eq. (8.3) it sustains not only an additional oscillating (radially, not in time)
radial electric field. Rather, all quantities in the radial force balance can be modified to different degrees,
leading to staircase structures [215]. Besides the electric field, this is most visible in the radial (stationary)
density profile, and also parallel velocity (toroidal rotation). In the ion temperature, the effect was less
pronounced in chapter 5, but became stronger with a free-streaming parallel heat flux limiter in chapter 6.
Also poloidal rotation can be modified beyond neoclassical estimates by the Reynolds stress [138, chapter
13.1], but in chapter 5 we found that the damping by the parallel Braginskii ion viscosity is too strong,
as also discussed in section 8.3.1. We note that the radial modulation of background profiles also leads
to a radial modulation of transport.

These staircase structures provide a way to experimentally observe the zonal flows [215]. Another
important feature of zonal flows in a toroidal magnetic field is that they necessarily lead to an up-down
pressure asymmetry [218]. This also leads to geodesic acoustic mode oscillations [255], as we have
analysed in chapters 3 and 5.

Chapter 5 mostly focused on the interplay between mean and zonal flows, turbulence and mean
profiles. Chapter 6 additionally introduced the effects of neutral gas. There is a number of ways how the
neutral gas influences the radial electric field: firstly and most obviously, by modifying the background
pressure profile. Secondly, by cooling the divertor, the sheath sustained radial electric field in the SOL
is significantly reduced. However, the particle source from neutrals ionization also directly enters the
particle conservation equation (5.8): therefore, in a stationary state the source must be balanced by a
non-divergence-free flow. In practise, we have found that the ionization source on closed flux surfaces
sustains a mean E×B poloidal rotation and a radial pinch that balance the poloidally asymmetric density
source. In chapter 6, we have not focused on this effect because it was not yet substantial – but it may play
an increasing role in detached regimes. Similarly, the direct vorticity damping by momentum exchange
with the neutral gas was implemented, but did not play a significant role yet – however, tests suggest that
with increasing neutrals density, this may be an effective mechanism for zonal flow suppression [244].

8.2.3 The turbulence drive

There is a number of possible turbulence driving instabilities. In chapter 3, we have performed limited
C-mod simulations at rather high collisionality. The turbulence drive in the plasma edge was therefore
clearly the resistive ballooning mode (RBM) [117]. However, this regime is far from the typical ones
in ASDEX Upgrade. In chapter 5, the collisionality was much lower. Therefore, in the confined region
the instability is rather driven by drift waves and/or kinetic ballooning modes [270]. A more detailed
distinction could be made by implementing further diagnostics, e.g. for phase shifts between fluctuating
quantities. In the SOL, both the ηi-mode [62,130] due to the steep ion temperature gradient (ITG) and the
Kelvin-Helmholtz instability [212, table I] due to the large E×B shear are possible. Finally, in chapter 6
the plasma density source shifts from the core boundary to the separatrix due to the ionization of neutral
gas. This results in a much flatter density gradient in the confined region, and turbulence being clearly
driven by the ITG mode. In the SOL, on the other hand, neutrals lead to increased collisionality, such
that resistive ballooning modes become relevant again [247].

8.2.4 The role of neutral gas

The primary effect of neutral gas is to provide the main plasma density source through its ionization,
whereby electrons are cooled down. This is particularly important in a global code which evolves not
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only turbulent fluxes but also the background profiles. Only with the neutral gas source, realistic density
and temperature profiles could be obtained in chapter 6. The source was implemented self-consistently
with a diffusive fluid neutrals model. Naturally, this influences the radial electric field and turbulence
drive, as discussed above. Previous publications with a simple core boundary density source are there-
fore, in comparison, more academic and less realistic.

The effect of turbulent fluctuations on the plasma-neutrals interaction was so far found to be small
[105]. For the mean field, in principle the density source and temperature sink for the neutral gas can be
mimicked by prescribed constant source terms [155, 271], but as we show in section 6.5.2 their poloidal
profiles in diverted geometry tend to be highly non-trivial, impossible to guess. Their choice can be
guided by a coupling to mean-field transport codes [26, 27], but for a consistent and predictive solution
this has to be iterated with the computation of transport coefficients by the turbulence code [246, 272],
which is not obviously beneficial compared to a direct implementation of a neutral gas model in the
global turbulence code. Nonetheless, pre-computing the sources from neutrals and impurities might
simplify interpretative simulations. Further, the direct impact of turbulent fluctuations on the plasma-
neutrals interaction can be expected to be more significant towards the reactor relevant detached divertor
conditions [105], and vice versa the direct impact of neutrals on the turbulence (e.g. via flow damping)
is expected to increase [243, 244]. Therefore, ultimately, a directly built-in neutral gas model will be
preferable – perhaps a hybrid fluid-kinetic solution [251, 252].

Currently, the largest limitation of our neutrals model is the lack of self-consistent local recycling
boundary conditions [145]. While this has to be improved in the near future, the constant divertor neutrals
density boundary condition can be expected to perform better in the TCV than in the AUG tokamak, as
the open geometry promotes neutral gas spreading around the plasma.

8.2.5 Parallel heat conduction and ion viscosity

A major technical achievement of this thesis is the efficient implementation of a solver for large parallel
diffusion terms. Correspondingly, this allowed to study their physical effects.

The terms arise as dissipative corrections to the ideal fluid equations due to deviations of the under-
lying particle velocity distribution from a Maxwellian, which increases with lower collisionality. The
heat conduction results from a larger fraction of fast particles in the distribution function, reacting faster
than the bulk plasma to temperature gradients. The viscosity results from the deviation of the distribution
function from spherical symmetry [56], an anisotropy between the pressure parallel and perpendicular to
the magnetic field [138].

The implementation was described in chapters 2 and 3. In the latter, the effect of parallel electron and
ion heat conductivities was studied, among other things. As a parallel diffusion term, the heat conduction
transports heat along parallel temperature gradients. In the SOL, the heat enters from the confined region
at the outboard mid-plane and flows towards the wall. If the heat flux across the LCFS is fixed, the parallel
heat conduction determines the parallel temperature gradients in the SOL that support the outflow, and
then the parallel outflow speed. The SOL width, the radial decay length of the temperature profile, is
then determined by the competition between parallel conductive outflow and perpendicular turbulent
transport.

The situation is complicated by the fact that the turbulent transport across the magnetic field also
depends on the parallel heat conduction (although less strongly than the parallel heat flux in the SOL).
The key finding is that temperature fluctuations are dissipated by an increasing parallel heat conductivity,
resulting in lower average fluctuation amplitudes. However, the heat conductivity also leads to a larger
phase shift between the temperature and the electrostatic potential, particularly for electrons as it com-
petes with the adiabatic current response [131]. Therefore, the parallel heat conductivity can both reduce
or increase turbulent heat transport, depending on the regime. In the RBM dominated regime in chapter
3, the perpendicular transport was rather slightly increased by parallel heat conduction, flattening the
radial temperature profile in the confined region. In chapters 5 and 6, on the other hand, the parallel heat
conduction suppressed the perpendicular turbulent heat flux – most significantly in the ITG dominated
regime in chapter 6.

The ion viscosity was first used in chapter 5. It is comparable in magnitude to the ion heat conductiv-
ity and shares some similar features, but being a tensor it is also somewhat more complex. For the parallel
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ion velocity, it also constitutes a diffusion term, damping parallel velocity fluctuations (sound waves).
Unlike the heat conduction for thermal energy, parallel viscosity dissipates kinetic energy though, and
even a constant parallel flow is damped by magnetic pumping. The reduced turbulent transport of parallel
momentum may explain the reduced toroidal spin-up in the reference simulation, compared to chapter
5.5.1. Viscosity also contributes to the damping of zonal flows [208]. But most important is its damping
of the mean poloidal rotation, familiar from neoclassical theory [31, 138]: as also perpendicular drifts
enter the tensor expression, and being the dominant term in the flux surface average of the parallel mo-
mentum equation, the parallel velocity is forced to balance the drifts such that the mean poloidal rotation
is damped, as we have shown in chapter 5.4.1. As discussed in section 8.2.2, this is important for the
mean radial electric field and the resulting rotation of turbulent filaments.

It is important to remark that towards the experimentally relevant regimes in chapters 5 and 6, the
Braginskii expressions for the electron and ion parallel heat conductivities had to be limited – otherwise
they diverge at the low collisionality deeper in the confined plasma, suppressing the turbulent transport
of heat too much. The ion viscosity has not been limited yet, but it is likely subject to similar issues.
This is further discussed in section 8.3.1.

8.3 Possible model extensions

The contributions published during this dissertation document novel findings from state-of-the-art com-
puter simulations. But as we aim to simulate tokamak reactors as realistically as possible, among the
most important results are insights into the still required future developments. This section discusses
some plasma model extensions that we believe to be important. The neutrals have been sufficiently
discussed in chapter 6.

8.3.1 Beyond Braginskii

The drift-reduced Braginskii model is built on various approximations. Some are robust, others are not.
The most obvious point at which the Braginskii model breaks down is the divergence of some fluid
closure terms at high temperature (low collisionality): the parallel electron and ion heat conductivities
and ion viscosity, as discussed in chapter 5. The basic role of collisionality in tokamaks is to inhibit the
fast parallel transport [138], faster than bulk motion, which is described by diffusion terms in our fluid
model. The induced perpendicular transport is mostly negligible compared to turbulent drift motion.
However, contrary to what the Braginskii expressions suggest, other mechanisms exist that limit parallel
flows even at vanishing collisionality.

The parallel heat flux is the highest fluid moment at which typically the closure is applied, and is
the first to break down. As heat is mostly carried by the fast tail of the particles velocity distribution,
the parallel heat flux is most sensitive to the distortion of the distribution function from a Maxwellian,
which occurs without collisional inhibition of the parallel flow. However, a kinetic collisionless wave-
particle resonance also limits this distortion – Landau damping [273]. The most simple approach to
incorporate this effect into fluid models is to limit the parallel heat flux by a fraction of the free-streaming
flux [205, 234], as we have done in chapter 6. However, this introduces free parameters, limiting the
codes predictive capability. An extensive amount of literature exists on the more proper incorporation
of Landau damping into fluid models [80, 81, 85, 274, 275]. In particular, recently a fast non-Fourier
method was developed [276] that seems to work well also at higher collisionality [132] and in complex
geometry [100], and shall be explored in GRILLIX in near future. In chapter 6 we have found that this
is especially important in regimes where turbulence is driven by the temperature gradients (like ITG).

Unlike the parallel heat flux, the ion viscosity can not be well understood by one-dimensional models
as it is due to the anisotropy of the distribution function [56]. In tokamaks, at sufficiently low collision-
ality, a particular anisotropy is of high interest: particles with large enough perpendicular to parallel ve-
locity ratios are trapped in the magnetic mirror of the toroidal magnetic field, on so called banana orbits.
These particles can not rotate poloidally, and they also slow down the passing particles via collisional
friction, limiting the parallel ion viscosity. This process has been intensively studied by neoclassical
theory [31,138]. Improved formulae for the ion viscosity have been derived [139], valid approximatively
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at arbitrary collisionality, and successfully incorporated in different fluid models [94,226]. As discussed
in section 2.1.4, reducing the ion viscosity at low collisionality is particularly important for simulations
with magnetic flutter.

Particle trapping has also other consequences than the effect on parallel viscosity: for example, an-
other important effect is the generation of the bootstrap current [277]. Of particular interest for plasma
turbulence are also trapped electrons: one of the key mechanisms for linear instability drive (at lower col-
lisionality) are the trapped electron modes (TEM) [71]. These modes are so prominent because particles
are trapped on the unfavourable curvature side of the tokamak, and because trapped electrons can not
participate in the adiabatic response to perturbations. Work exists for incorporating also TEMs into fluid
models [81, 86]. However, a general model valid also at increased collisonality is unavailable yet [85],
particularly for global (“full- f ”) simulations, requiring further research.

Finally, a subtle but important point is the proper incorporation of gyro-averaging. Recall the drift
reduction in section 2.1.1: we remove the fast gyration of particles from the equations, allowing us
to study turbulence due to the remaining drift motion of gyro-centres. However, what happens if the
resulting turbulent fluctuations appear on the spatial scale of the ion Larmor radius? As we have seen
in chapter 5, ions are typically somewhat hotter than the electrons, having therefore a Larmor radius
somewhat larger than the sound Larmor radius – a scale on which drift-wave turbulence indeed occurs
and is important, driving among other things the zonal flows. With a significant Larmor radius, ions
do not experience the local electric field, but the average over the variation along the gyro-orbit – and
an effectively reduced E × B velocity [278]. This stabilises the turbulence [279], and might reduce
the zonal flow drive as discussed in chapter 5.4. This effect is incorporated in the reduced Braginskii
equations to lowest order by the diamagnetic part of the polarisation velocity [37], see chapter 2.1.3.
However, as discussed in Ref. [38, chapter 13.III], “true gyroaveraging in the sense of the ions and
electrons having different drift velocities at small scales does not enter”. The Braginskii equations can
not yield gyro-averaging at a higher order in k⊥ρi, i.e. strictly they are valid only in the long-wavelength
limit. The solution comes in the form of gyro-fluid equations: instead of forming the fluid closure over
the kinetic equation and taking the drift approximation then, one forms the fluid closure over the gyro-
kinetic equation. It was shown that in the local approximation, gyro-fluid equations constitute a superset
of the Braginskii equations [72]. However, formulating a global gyro-fluid model is more challenging:
the gyro-motion can no longer be averaged out if larger fluctuations occur on the gyro-radius scale. We
have to at least postulate the smallness of εδ = k⊥ρi

eϕ1
Ti
� 1 [280], i.e. one requires either the fluctuation

amplitude on the gyro-scale to be small, or the scale of larger fluctuations has to be bigger. Recently,
progress on a full- f gyro-fluid model formulation has been made [110], paving the way for global fluid
simulations with proper gyro-averaging.

8.3.2 Sheath boundary conditions

Sheath boundary conditions remain a significant topic of controversy [151–155] and therefore deserve a
discussion. The most robust result regarding sheath physics is that there is a strong electric field between
the main quasi-neutral plasma and the machine wall, e(ϕse−ϕwall)≈ 3Te (2.71), on a rather small scale
between few Debye lengths or ion Larmor radii [48, 147–150]: due to the fast thermal electron motion
compared to the slow ions, a confining potential (for electrons) is necessary to keep the main plasma
quasi-neutral, i.e. to prevent a continuous charge out-flow, see chapter 2.1.6. The electrostatic potential
boundary condition is also the most important, because it is solved for via an elliptic boundary value
problem, which is very susceptible to boundary conditions. This electric field is sustained by thermal
energy loss of the electrons, cooling them via the respective boundary condition ∓χ‖∇‖Te = γeTencs

(2.80), with γe ≈ 2.5. This is the set of boundary conditions used throughout this thesis, see chapter 2.2.2
and the appendix of chapter 5.

However, our own experience with simulations in this thesis, as well as recent literature [152–155],
indicate that the reality is more complex and extensions are required. Firstly, as the plasma boundary is
at the sheath entrance, the electric field in the sheath is in fact never seen by the main plasma. Its effect
is rather that the electrostatic potential at the sheath entrance depends on the local temperatures and
current. Therefore, ϕse is different across the main plasma boundary and creates an electric field along
the boundary and a corresponding E×B drift through it. In simulations from chapter 5 we found that the
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E×B velocity through the divertor boundary near the separatrix can be of the order of sound speed. This
can create a total flux of particles and heat out of the wall, even if the parallel velocity is at sound speed
(we have verified that this was not quite the case in chapter 5, though). A simple solution to this problem
is a drift correction of the Bohm-Chodura boundary condition [148, 199]: u‖b · n+ vE · n ≥ cs|b · n|
instead of (2.81). It was indeed implemented in GRILLIX and successfully utilised in Ref. [155].

Secondly, non-zero parallel currents play an important role in the SOL [249]. Conducting sheath
boundary conditions on the parallel current are also often applied in simulations with simple geometry
[121, 150, 281]. However, in realistic tokamak geometry, this is difficult to implement consistently with
the boundary condition on the electrostatic potential. The latter is very important as it enters the elliptic
solver, while the parallel current in Ohm’s law in fact does not strictly require any boundary condition at
all. Therefore, in Ref. [155] the simple floating boundary condition ∇‖ j‖|se = 0 was implemented and
gave very good agreement with experimental measurements ( j‖|se = 0 did not). The agreement of the
plasma potential, set to the isolating sheath condition, was less ideal – but a better result can be expected
by setting the conducting sheath boundary condition (2.75) on the potential,

eϕse = Te|se

[
Λ− ln

(
u‖|se

cs
− j‖|se

ensecs

)]
. (8.4)

A strong negative current would lead to a negative potential though, contradicting the sheath assumptions.
This is not expected on average, but perhaps during fluctuations, requiring the implementation of electron
sheath conditions [153].

Further, some work remains to be done on the numerics. Firstly, the implementation with the penal-
isation method (see chapter 2.2.2) – particularly with a finite width mask – is unsatisfactory because it
converges with more poloidal planes, while FCI works best with fewer poloidal planes. Therefore, efforts
must be undertaken in the near future to reduce the mask function width (ideally to zero). Secondly, the
artificial boundary at an outer full flux surface must be relaxed to allow the actual physical plasma-wall
interaction to take place also along the main chamber wall. Allowing outer flux surfaces to intersect wall
elements will require to set parallel boundary conditions at intersection points, hence the issue with the
finite penalisation width must be resolved first. However, it can be anticipated that field lines will exist
that hit the wall at extremely shallow angles or are nearly parallel to the wall – in this case it is yet unclear
what boundary conditions are to be used [49, chapter 25.2]. Finally, as pointed out above, local recycling
boundary conditions for the neutrals are required.

8.4 Performance optimisation

Nature is complex, and so is turbulence, involving many spatial and temporal scales. A truly predictive
computation must not only solve an appropriate physical model, but also resolve all the relevant scales.
An appropriate numerical discretisation provides a good start, but the computational implementation
is also crucial. In this regard, the main factor is optimal parallelisation. Consider the simulations in
chapters 5 and 6: each running for 2-6 months, they were already quite challenging to perform. However,
they were not really computationally expensive, running merely on 8 nodes of the Marconi A3 SKL
supercomputer, consuming 0.4-1.5 MCPUh each. The supercomputer has 3188 nodes in total, meaning
that if the computation could be scaled effectively to its full size, it would run in less than a day.

Of course, such an effective scaling is not trivial. Firstly, as of now GRILLIX is only MPI [177]
parallelised over the sparse toroidal direction – many more compute nodes could be utilized if 3D do-
main decomposition was employed, but it is far less trivial to implement. But also, each Marconi A3
SKL compute node has 48 CPUs that can be utilized simultaneously with OpenMP [178], while MPI is
required to communicate across nodes. As we have detailed in chapter 2.3, GRILLIX achieved barely
a speed-up of 8 on 48 CPUs – meaning an additional speed-up of 6 was possible just by optimising the
OpenMP performance. The performance seemed to be deteriorated by the intertwined usage of OpenMP
and MPI, introducing many barriers and significant latencies. It was therefore unlikely that the 3D MPI
decomposition would perform well. Therefore, the first step was a code refactoring, whereby OpenMP
regions and MPI communication were largely separated, achieving much better OpenMP scalibility over
the majority of the code.
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While 2D and 3D solvers are still being optimised right now, these results encourage us that a factor
3-6 speed-up is possible in the very near future. Next, a 3D MPI decomposition should be implemented.
This was done in circular geometry in the FCI code GDB [103], achieving good scaling up to more
than 104 CPUs. But also, modern supercomputers increasingly utilize GPUs (graphics cards) rather than
CPUs – offering simpler processing units, but in greatly increased numbers. Not only is the utilisation of
GPUs, e.g. via OpenACC [182], unavoidable on modern supercomputers – it also provides a speed-up of
5-10 [282].

These computational advances are indeed required for ever more realistic tokamak simulations.
Firstly, already our current simulations could run faster and at a better resolution. Faster run times
would allow more parameters and regimes to be scanned, offering more insights and optimisation routes
for the experiments. Secondly, even though ASDEX Upgrade is not a small tokamak, actual fusion re-
actors can be expected to be much larger, and have stronger magnetic fields and hence smaller Larmor
radii – requiring more than 100 times larger poloidal grids compared to AUG. And lastly, our simula-
tions are among the first ones resolving ion scale turbulent transport over the whole machine size (adding
the plasma core to our domain does not significantly increase the simulated plasma volume) – but also
turbulence on the electron Larmor radius scale must be considered [29]. Recently, by means of massive
computational efforts, multi-scale simulations over electron and ion scales have been achieved [283,284],
demonstrating that their interaction indeed affects the overall transport. However, it remains even more
challenging to resolve the electron Larmor radius on the whole device scale. Therefore, we conclude that
computational optimisation remains among the key development goals for plasma turbulence codes.
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Chapter 9

Conclusions

During this thesis, the turbulence code GRILLIX has been significantly extended. The code is built on
state-of-the-art numerical methods which allow self-consistent and efficient simulations of edge turbu-
lence in diverted tokamaks. In particular, the now expanded physical model allowed first-of-their-kind
simulations in actual ASDEX Upgrade geometry, at realistic parameters of an attached L-mode dis-
charge, offering unique insights into turbulent transport across the edge and SOL of magnetic confine-
ment fusion devices.

To this end, the principal achievement of this thesis is the fusion of insights and methods from
local turbulence models and global mean-field transport models, together with cutting edge numerical
and computational techniques. The plasma model has been extended to the fully global, drift-reduced
Braginskii equations, including hot ions and electromagnetic effects. To enable the efficient solution of
these equations, a 3D linear solver for the implicit treatment of parallel diffusion terms was implemented,
such that the time step remains limited by shear Alfvén dynamics that we wish to resolve. The plasma-
wall interaction strongly impacts turbulence and transport in the SOL, and in turn the determination of
turbulent heat fluxes on machine walls is among the key objectives for predictive modelling. Therefore,
the model of the interface between the plasma and the wall, the plasma sheath, has been reviewed. A
major mechanism by which the wall influences the plasma is the release of neutral gas. Thus, a diffusive
neutral gas model was added and shown to dramatically influence the plasma density and temperature
profiles, allowing an adequate match to the experiment in chapter 6.

Our results emphasize the complexity of the plasma edge dynamics. Turbulent fluctuations range be-
tween 10% in the edge and 50% in the SOL, intertwining closely with the evolution of the background.
This evolution is determined on one hand by sources and sinks: while the heat source stems from the
plasma core, the density source is determined by neutral gas ionization in the X-point region and SOL,
and the sink is mainly given by fluxes through the plasma sheath. On the other hand, the transport be-
tween sources and sinks is determined by turbulence. It is shown to be driven by various instabilities:
drift waves, ballooning and ion temperature gradient modes. In the SOL, the neutral gas substantially
increases the collisionality, triggering resistive instabilities. Generally, ballooning modes seem to dom-
inate transport by large scale eddies, but small eddies driven by drift waves on the Larmor radius scale
are also important because they fuse into a large scale zonal flow due to an inverse energy cascade. The
E×B flow shear peaks at the separatrix, potentially breaking and decorrelating vortices, and increasing
their dissipation there. But even where the shear is not strong enough to suppress the turbulence, the flow
acts as an energy sink for vortices and modulates turbulent transport, leading to staircase structures.

The stationary radial electric field that determines E×B rotation is sustained by various mechanisms,
investigated in chapter 5. Turbulence driven zonal flows appear on top of mean field effects, such as the
balance between the ion diamagnetic and E×B compression on closed field lines. In the SOL, the sheath
sets the electric field in dependence of the divertor temperature. Additionally, toroidal rotation enters the
balance in the confined region, flowing in from the SOL.

This work demonstrates substantial progress towards predictive simulations of turbulent transport in
the plasma edge and SOL, but it also exposes various opportunities for improvement. For the plasma,
the fluid model has to be corrected for various kinetic effects such as Landau damping and trapped
particles. The neutral gas model has to be extended for momentum exchange and thermal dynamics,
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including also here low collisionality corrections. Impurities have to be considered. At the plasma-wall
interface, drifts and currents must be included in sheath boundary conditions, and a local balance between
plasma and neutrals fluxes due to recycling needs to be implemented. The numerical implementation
could be improved, particularly for the boundary conditions. But also, we foresee significant prospects
for the improvement of computational performance by better OpenMP parallelisation, 3D MPI domain
decomposition and utilisation of GPU accelerators.

Our current simulations were able to reach a satisfying agreement with a selected ASDEX Upgrade
experiment, yielding novel, intriguing and valuable discoveries about the physics at play. This was
achieved by faithfully matching the magnetic geometry and utilizing an increasingly realistic physical
model. Yet further extensions can be expected to improve the match and open up new and important
possibilities. Firstly, the operational space of ASDEX Upgrade should be further explored, focusing
in particular on regimes with improved confinement and exhaust. To make projections to reactors, the
simulations must be extended to other machines: while smaller or comparable size machines like Alcator
C-mod, COMPASS and TCV have already been simulated, larger machine simulations like JET or ITER
will rely on increased computational performance. Finally, the shaping of magnetic geometry provides a
key route for the optimisation of magnetic confinement fusion devices, while GRILLIX offers a unique
capability for flexible and efficient turbulence simulations in complex magnetic fields – it is therefore of
paramount interest to study advanced divertor, negative triangularity and stellarator reactor concepts.
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Appendix A

Original publications

This chapter contains the original publications [1–4] that contribute to this cumulative dissertation in the
respective journals format. In Chapters 3, 4, 5 and 6, these publications are included in a contiguous
format with the rest of the dissertation. Additionally, we provide here for each paper a copyright notice,
a publication summary and we indicate the individual contributions of the author of this thesis. The indi-
vidual contributions are divided in problem definition, literature survey, code implementation, carrying
out the simulations, their evaluation and manuscript preparation.
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A.1 Thermal dynamics in the flux-coordinate independent turbulence code
GRILLIX
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SUMMARY
GRILLIX employs the flux-coordinate independent approach (FCI), which allows us to study
boundary plasma turbulence in realistic diverted configurations. Recently, the physical model in
GRILLIX has been extended to a global drift reduced Braginskii model, without any separation
between background and fluctuations. It includes electromagnetic and thermal dynamics with
hot ions, relaxation of the Boussinesq approximation and non-linear parametric dependencies.
This contribution presents solutions to associated issues, i.e. the ion diamagnetic polarisation and
the stiff parallel heat conduction. Simulations based on parameters characteristic for the Alcator
C-Mod tokamak were carried out. In circular geometry, the self-consistent electric field contains
zonal flows and geodesic acoustic modes in the confined region. In the scrape-off layer the electron
parallel heat conduction and its boundary condition determine the temperature and electric field,
leading to sheared flows at the LCFS.

A corrigendum has been published to this article, see chapters 4 and A.2.
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Abstract
GRILLIX employs the flux-coordinate independent approach (FCI), which
allows us to study boundary plasma turbulence in realistic diverted configura-
tions. Recently, the physical model in GRILLIX has been extended to a global
drift-reduced Braginskii model, without any separation between background
and fluctuations. It includes electromagnetic and thermal dynamics with hot
ions, relaxation of the Boussinesq approximation and non-linear parametric
dependencies. This contribution presents solutions to associated issues, that is,
the ion diamagnetic polarization and the stiff parallel heat conduction. Simula-
tions based on parameters characteristic for the Alcator C-Mod tokamak were
carried out. In circular geometry, the self-consistent electric field contains zonal
flows and geodesic acoustic modes in the confined region. In the scrape-off layer,
the electron parallel heat conduction and its boundary condition determine the
temperature and electric field, leading to sheared flows at the last closed flux
surface.

K E Y W O R D S

drifts, edge, flux-coordinate independent, heat conduction, SOL, turbulence

1 INTRODUCTION

A fundamental issue investigated with turbulence codes like GRILLIX[1] is the competition between the turbulent
perpendicular heat flux and the parallel one in the scrape-off layer (SOL), which determines the SOL width and the
survival of the wall components of future fusion power plants. A comprehensive and self-consistent physical model
is required that describes both effects in realistic and experimentally relevant magnetic geometries. The latter is dis-
cussed in a separate contribution to these proceedings,[2] while the physical model and its implementation is discussed
herein.

The global drift-reduced Braginskii model, described in Section 2, does not separate between background and fluc-
tuations, which is shown to be important for the edge plasma.[1,3–6] Alternatively, global gyrokinetic[7] or gyrofluid[8]

models are being developed. In GRILLIX, we recently implemented the crucial ion temperature dynamics and an implicit

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
© 2019 The Authors. Contributions to Plasma Physics published by Wiley-VCH Verlag GmbH & Co. KGaA
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treatment of (electron) parallel heat conductivity. The consistent time discretization with the 3rd order Karniadakis[9]

scheme is detailed in Section 3, as well as the matrix-free parallelized solution of the resulting system of equations by the
PIM library.[10]

We demonstrate the importance of the newly implemented thermal effects by performing Alcator C-mod like L-mode
simulations in circular geometry, illustrated in Section 4. Compared to previous work,[6] we confirm that the turbulence
is stabilized by higher temperature and destabilized by higher density. The electric field in the confined region exceeds
the ion pressure gradient and contains zonal flow as well as geodesic acoustic mode (GAM) components. In the SOL, it
follows the electron temperature and its profile is strongly dependent on the electron parallel heat conductivity, while the
ion conductivity plays a minor role. This results in a sheared electric field at the last closed flux surface (LCFS). This is
also summarized in Section 5.

2 PHYSICAL MODEL

The drift-reduced Braginskii model[11,12] describes edge and SOL turbulence in the low-frequency regime 𝜔 ≪ 𝑒𝐵

Mic
. In

the following, time scales are normalized to R0/cs0, with R0 the major radius and cs0 =
√

Te0∕Mi the sound speed at ref-
erence electron temperature Te0. Perpendicular scales are normalized to the sound Larmor radius 𝜌s0 = c

√
Te0Mi∕(𝑒𝐵0)

and parallel scales to R0. The dynamical fields evolved in GRILLIX are the density n normalized to a reference den-
sity n0, the electrostatic potential 𝜙 normalized to Te0/e, the parallel ion velocity u‖ normalized to cs0, the electron
and ion temperatures Te and Ti normalized to reference values Te0, respectively Ti0, the parallel current j‖ normal-
ized to en0cs0 and the parallel component of the perturbed electromagnetic potential A‖ normalized to (𝛽0B0𝜌s0)−1 with
𝛽0 = 4𝜋n0Te0∕B2

0:

d
𝑑𝑡

n = 𝑛𝐶(𝜙) − C(pe) + ∇ ⋅ [(j‖ − 𝑛𝑢‖)b], (1)

∇ ⋅
[

n
B2

(
d
𝑑𝑡

+ u‖∇‖
)(

∇⊥𝜙 + 𝜏
∇⊥pi

n

)]
= −C(pe + 𝜏pi) + ∇ ⋅ (bj‖), (2)(

d
𝑑𝑡

+ u‖∇‖
)

u‖ = −
∇‖(pe + 𝜏pi)

n
, (3)

3
2

(
d
𝑑𝑡

+ v‖∇‖
)

Te = TeC(𝜙) − Te

n
C(pe) −

5
2

TeC(Te) + 0.71 Te

n
∇ ⋅ (bj‖) +

(
𝜂‖0

T3∕2
e

)
j2‖
n
+ 1

n
∇ ⋅ [(𝜒‖e0T5∕2

e )b∇‖Te], (4)

3
2

(
d
𝑑𝑡

+ u‖∇‖
)

Ti = TiC(𝜙) −
Ti

n
C(pe) +

5
2
𝜏TiC(Ti) − Ti∇ ⋅ (bv‖) + Ti

n2 j‖∇‖n + 1
n
∇ ⋅ [(𝜒‖i0T5∕2

i )b∇‖Ti], (5)

𝛽0
𝜕

𝜕t
A‖ + 𝜇

(
d
𝑑𝑡

+ v‖∇‖
) j‖

n
= −

(
𝜂‖0

T3∕2
e

)
j‖ − ∇‖𝜙 +

∇‖pe

n
+ 0.71∇‖Te, ∇2

⊥A‖ = −j‖, (6)

where we have introduced as auxiliary variables the parallel electron velocity v‖ = u‖ − j‖/n and the electron and ion
pressures pe = nTe, respectively, pi = nTi, The parallel gradient is defined as ∇‖ ≔b ⋅∇ with b = B/B the unit vector of
the static background magnetic field. The advective derivative is defined as d

𝑑𝑡
≔

𝜕

𝜕t
+ 𝛿0

(
B
B2 × ∇𝜙

)
⋅ ∇ and the curvature

operator as C(f ) ≔ −𝛿0

(
∇ × B

B2

)
⋅ ∇f . The dimensionless parameters of the system are the drift scale 𝛿0: = R0/𝜌s0, the

dynamical plasma beta 𝛽0 defined above, the electron to ion mass and temperature ratios 𝜇: = me/Mi respectively 𝜏:=
Ti0/Te0, the normalized parallel resistivity 𝜂‖0 ≔ 0.51 R0

𝜏e0cs0

me
Mi

, and normalized parallel electron and ion heat conductivities

𝜒‖e0 ≔ 3.15 𝜏e0cs0
R0

Mi
me

and 𝜒‖i0 ≔ 3.9 𝜏i0cs0
R0

Ti0
Te0

, respectively, where 𝜏e0 and 𝜏 i0 are the electron ion collision times evaluated
at reference. The equations are supplemented by sources for density, electron and ion temperature, and by numerical
dissipation terms.

Insulating Bohm sheath boundary conditions[13] are applied at the limiter/divertor target plates:

u‖ ≷ √
Te, j‖ = 0, 𝜙 = ΛTe, ∇‖Te = − 𝛾e

(𝜒‖e0T5∕2
e )

Te𝑛𝑢‖, ∇‖Ti = 0, ∇‖n = 0, (7)
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where Λ ≈ 0.5 ln Mi
2𝜋me

is the sheath floating potential and 𝛾e ≈ 2.5 is the electron sheath transmission coefficient. Addi-
tionally, the simulation domain is bounded by inner and outer limiting flux surfaces, where homogeneous Neumann
boundary conditions are applied to n,Te,Ti,u‖ and homogeneous Dirichlet boundary conditions to A‖. At the outer radial
boundary, 𝜙 is set to ΛTe, and in order to allow the potential to float at the inner boundary a zonal homogeneous Neu-
mann boundary condition is applied, that is, 𝜕𝜌⟨𝜙⟩𝜃 = 0 and 𝜙− ⟨𝜙⟩𝜃 = 0, with ⟨⟩𝜃 denoting the flux surface average and
𝜌 a coordinate perpendicular to flux surfaces.

We note that the model is global, which is reflected in the fact that all parametric dependencies are kept and
the routinely employed Boussinesq approximation is not applied. In comparison to the previous version,[1] GRILLIX
was extended by ion thermal dynamics. However, magnetic flutter terms, as well as terms arising from the vis-
cous part of the ion stress tensor, for example, magnetic pumping terms, are not yet implemented in the GRILLIX
model.

3 NUMERICAL IMPLEMENTATION

GRILLIX is based on the flux-coordinate independent approach[14,15] (FCI), which avoids the common singularities of
flux-coordinates[16] at the separatrix and X-point(s). A cylindrical grid is used, where parallel operators are discretised via
a field line map between adjacent poloidal planes. For a comprehensive description of GRILLIX and the FCI implemen-
tation, we refer to Stegmeir et al.,[1] and we discuss here numerical techniques of the most recent extensions, that is, ion
thermal dynamics and the implicit treatment of the parallel heat conduction.

3.1 Ion diamagnetic polarization

The main difficulty in the implementation of ion thermal dynamics is the calculation of the electrostatic potential in the
presence of the ion diamagnetic polarization term in Equation (2), where one has to take into account the time derivatives
correctly. The time-stepping scheme in GRILLIX is based on a 3rd order backward differentiation formula (BDF3), where
a quantity f , subject to 𝜕tf = F(f ), is evolved in time according to

f t+1 − 6
11

Δ𝑡𝐹 t+1 = 18
11

f t − 9
11

f t−1 + 2
11

f t−2, (8)

with time step Δt and Ft+1 = F(f t+1). BDF3 is an implicit scheme that modifies to an explicit scheme (Karniadakis[9])
via approximating Ft + 1 ≈ 3Ft − 3Ft − 1 +Ft − 2. For the temporal discretisation of the vorticity equation, we define the
generalized vorticity at time step t

Ωt
j ≔ ∇ ⋅

[
nt+1

B2

(
∇⊥𝜙

t+j + 𝜏
∇⊥pi+j

nt+j

)]
, (9)

where the index j is only attached to quantities that the time derivative acts on. Integrator (8) applied to (2) yields

Ωt
+1 = 18

11
Ωt

0 −
9

11
Ωt

−1 +
2

11
Ωt

−2 +
6

11
Δt(3Ft − 3Ft−1 + Ft−2), (10)

where the F terms contain advection and the right hand side terms of Equation (2), which can be computed explicitly. We
note that before this step, the continuity Equation (1) has already been advanced and therefore Ωt

0,−1,−2 can be computed
directly as nt+1 is available. The electrostatic potential at time t + 1 is finally obtained by solving

Ωt
+1 − 𝜏∇ ⋅

( 1
B2 ∇⊥pt+1

i

)
= ∇ ⋅

(
nt+1

B2 ∇⊥𝜙
t+1

)
, (11)

where pt+1
i is also available due to the prior advancement of the ion thermal Equation (5). Therefore, Equation (11) is a

two-dimensional elliptic equation for 𝜙t+1 and is solved in GRILLIX via an efficient geometric multigrid solver within
each poloidal plane separately.[1] We note that the final implementation of the model with ion thermal dynamics was
verified successfully with the Method of Manufactured Solutions,[17] which is continuously integrated in GRILLIX.
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3.2 Semi-implicit nonlinear parallel heat conduction

With the Braginskii closure for the 3-moment fluid equations,[11] the resulting parabolic heat conduction term leads to
a severe restriction on the allowed time step if treated with the same high-order explicit scheme as the hyperbolic rest
of the system. In a global model, this constraint depends on temperature and density and therefore on space and time,
so that either the time step or the heat conductivity has to be significantly reduced.[1] However, due to its crucial role in
setting the SOL temperature profile[1] and symmetrizing the temperature profile on closed flux surfaces,[6] a remedy had
to be found.

A natural solution is to treat this term implicitly. This can be performed consistently within the Karniadakis time
stepping scheme by splitting the equations into an explicit and an implicit part, F(f ) = Fex(f )+Fim(f ), and approximating
only the explicit part by Ft+1

ex ≈ 3Ft
ex − 3Ft−1

ex + Ft−2
ex . The implicit part contains only the parabolic heat conduction terms

for electrons and ions (as well as penalization terms[1,18] for parallel boundary conditions, omitted here for brevity), while
the rest of the system of equations is treated explicitly. This results in two nonlinear 3D elliptic problems (for Te and Ti)
that have to be solved at every time step,[

1 − 6
11

Δt
𝜒‖0

nt ∇ ⋅ (T∗)5∕2b∇‖]Tt+1 = 18
11

Tt − 9
11

Tt−1 + 2
11

Tt−2 + 6
11

Δt
[
3Ft

ex − 3Ft−1
ex + Ft−2

ex
]
. (12)

T* in the brackets has to be Tt+1 according to the Karniadakis scheme, requiring Newton iterations for the solution
of the nonlinear system of equations. However, the O(Δt) linearization T* = Tt (or higher order approximations) can be
used without impact on the stability of the scheme.

In FCI, the grid can be toroidally sparse, keeping the condition number of the linear system low. The Karniadakis
scheme (BDF3), however, is not A-stable, and therefore large enough imaginary eigenvalues would make it unstable. The
continuous diffusion operator is self-adjoint and has only real eigenvalues, but this is not generally given on the discrete
level in FCI - in GRILLIX, these properties are preserved by the support operator method.[15,19]

To solve the linear system, we use the Parallel Iterative Methods (PIM 2.3) library[10]; particularly, the well scalable
restarted GMRES algorithm,[20] with a matrix-free implementation. This is useful because the matrix for parallel operators
is somewhat complex in FCI, and has to be distributed among MPI processes and recomputed every time step due to the
nonlinearity. With PIM, no matrix is ever built and (12) is simply defined by existing operators, saving memory space,
computational cost, and effort.

4 C-MOD L-MODE IN CIRCULAR GEOMETRY

The setup is based on,[6] although we use a very different implementation, most notably a fully non-field-aligned grid.
The normalization parameters are major radius R0 = 68 cm, minor radius a = 22 cm, equilibrium toroidal magnetic
field B0 = 4.1 T, deuterium ion mass Mi = 2mp, density n0 = 8× 1013 cm−3 and temperature T0 = 30 eV. For electron
collisions, we use the effective charge state Z = 1.5. This results in dimensionless parameters: 𝛿 = 3,520, 𝛽0 = 2.88× 10−5,
𝜇 = 2.72× 10−4, 𝜏 = 1, 𝜂‖0 = 6.03× 10−2, 𝜒‖e0 = 26.6, 𝜒‖i0 = 1.15. We define the normalized radial coordinate
𝜌 =

√
(R − R0)2 + Z2, then the safety factor q(𝜌) = 4/(1− 3.71(𝜌− 0.305)) defines the poloidal magnetic field profile.

The grid consists of 16 poloidal planes and a uniform poloidal resolution of 3× 𝜌s0 ≈ 0.58 mm. The time step is Δt =
5 × 10−5 R0

cs0
≈ 0.9 ns. The simulation domain is 𝜌 ∈ (0.2412, 0.3685), with LCFS at 𝜌 = 0.3235. In total, the grid consists of

circa 5.4× 106 points. In order to test the resolution, a simulation with 16× 106 points was run until t = 0.6 ms and showed
no significant difference in the profiles. A sixth-order hyperviscosity 4,000∇6

⊥
was applied in perpendicular direction on all

fields to cut off turbulent spectra on grid scale, as well as regular diffusion 0.05∇ ⋅ (b∇‖) on n,Ω and u‖ in parallel direction.
The reference simulation has as initial condition (n,Te,Ti) = (2,3,3) at the core boundary and n = Te = Ti = 0.2 in the

SOL, with a smooth transition in the edge region. The initial temperature profile is shown in Figure 2. An adaptive source
keeps the profiles fixed at the core boundary and n> 0.03, Te > 0.07 and Ti > 0.03. Otherwise, they are free to evolve in the
rest of the domain, with a sink given by sheath boundary conditions at the limiter boundary. Other fields are set to stabilize
the initial profile, that is, an electric field balances the ion diamagnetic polarization, and Pfirsch-Schlüter currents balance
the pressure gradient. Additionally, one simulation with n = 4 at the core (double density) and one with Te = Ti = 6
(double temperature) were carried out, as well as scans with parallel heat conductivity 𝜒‖0 at reference core parameters.
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F I G U R E 1 Poloidal snapshot of (a) density, (b) potential, (c) electron, and (d) ion temperature at t = 1.44 ms. The horizontal
coordinate is (R−R0)/R0. The average profiles are (nearly) up-down symmetric, hence only half the plane is shown. The blue dashed line
indicates the limiter location on the inboard midplane (parallel sheath boundary region) and the last closed flux surface (LCFS)

F I G U R E 2 Mean radial profiles (Ti, Te, T initial, n,−𝜙/Λ from top to bottom) at the outboard midplane at t ≈ 1.4 ms. Dotted lines
indicate the ±𝜎f fluctuation level. The negative potential −𝜙 and its fluctuation level are divided by Λ = 2.69. Last closed flux surface (LCFS)
and source region are marked. Left: reference simulation with 𝜒‖e0 = 26.6, 𝜒‖i0 = 1.15, 𝛾e = 2.5. Top right: 𝜒‖e0 = 𝜒‖i0 = 1.15 and 𝛾e = 0.1 (case
2); bottom right: 𝜒‖e0 = 26.6, 𝜒‖i0 = 1.15, 𝛾e = 0 (case 1, see Section 4.1)

Simulations were run until t = 80 R0
cs0

≈ 1.5 ms (for circa 9 days on the Marconi-A3 SKL partition, on eight nodes with
2 MPI processes per node times 24 cores). The resulting poloidal profiles of n,𝜙,Te, and Ti at t = 1.44 ms are displayed
in Figure 1. All profiles except Ti are saturated, with Ti still rising at t > 3 ms.[6] Averaged toroidally and in time over
10 R0

cs0
≈ 0.2 ms (40 snapshots), profiles and fluctuation amplitudes 𝜎2

f = ⟨f 2⟩ − ⟨f ⟩2 at the outboard midplane are shown
in Figure 2.

With the updated voriticity equation, the electric field in the confined region is proportional to the ion pressure gradi-
ent, exceeding it by circa 50%. On the other hand, due to sheath boundary conditions the potential in the SOL is following
𝜙 = ΛTe. A potential maximum results at the separatrix, leading to a jump in the electric field and consequently sheared
E ×B flows. The potential oscillations in the confined region contain a strong poloidally and toroidally symmetric part at
acoustic frequencies, indicating the presence of GAMs.[21] Figure 3 shows the frequency spectrum. The radial profile of
the acoustic frequency f̂ ≈

√
2

2𝜋

√
Te + Ti is shown as a reference, f = cs0

R0
f̂ = 56kHz × f̂ in physical units.
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F I G U R E 3 Frequency spectrum of poloidally and toroidally
averaged electrostatic potential fluctuations

F I G U R E 4 Outboard midplane ion
temperature snapshot at 1.44 ms in: double
density, reference, and double temperature (left
to right). Horizontal axis is (R−R0)/R0. last
closed flux surface (LCFS) marked by blue
dashed line

We confirm the results by Zhu et al.[6] in that the turbulence is enhanced with increasing density and suppressed with
increasing temperature, most visible in Ti, which is shown in Figure 4. However, investigating the different behaviour of
electron and ion temperature, we find a surprising dependence on parallel heat conductivity, discussed in the following
section.

4.1 Parallel heat conduction

To test the relevance and effect of the parallel heat conduction, four additional simulations were carried out. Comparing
to the reference (n|core = 2, T|core = 3) with 𝜒‖e0 = 26.6, 𝜒‖i0 = 1.15 and 𝛾e = 2.5 these have

1. 𝜒‖e0 = 26.6, 𝜒‖i0 = 1.15, 𝛾e = 0
2. 𝜒‖e0 = 𝜒‖i0 = 1.15 and 𝛾e = 0.1
3. 𝜒‖e0 = 𝜒‖i0 = 0.1 and 𝛾e = 0.01
4. 𝜒‖e0 = 26.6, 𝜒‖i0 = 30, 𝛾e = 2.5

Te and Ti for cases 1 and 2 are shown in Figure 2 on the right. In the reference run, and also double n and double T, ions
are hotter in the SOL than electrons, as expected from experiments. This is due to the electron heat sheath transmission.
Without this boundary condition (case 1), electrons are hotter. This trend extends into the confined region. A lowered
electron heat conductivity (case 2) also requires a reduced 𝛾e to avoid unphysical gradients at the sheath, and hence
also has the same effect. Additionally, a reduced electron heat conductivity increases the Te and Ti fluctuation level and
flattens profiles, likely due to the lowered flux surface symmetrization and fluctuation damping.

Further reducing both heat conductivities (case 3) has no effect on neither the profiles nor fluctuation levels at the
outboard midplane. However, the up-down asymmetry becomes more visible, as in the results of Zhu et al.[6]

The difference in heat conductivity between electrons and ions does not explain the different saturation time of Te
and Ti. In fact, setting 𝜒‖i0 = 30 (case 4) or lowering it to 0.1 has barely any influence on the profiles at all. The electron
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heat conductivity has a much higher impact on both electron and ion transport –only Te enters Ohm's law and sheath
boundary conditions, thereby setting the SOL potential and currents.

5 CONCLUSION

The thermal model in GRILLIX was extended by ion temperature dynamics, including the ion diamagnetic polarization
drift, leading to a self-consistent electric field with zonal flows and GAMs. In circular geometry simulations, the electric
field on closed field lines balances the ion pressure gradient, somewhat exceeding it. In the SOL, the electric potential
follows the electron temperature due to sheath boundary conditions and Ohm's law. This leads to a maximum in the
electrostatic potential at the LCFS and a jump of the electric field. Turbulence is destabilized by higher density, while
higher temperature is somewhat stabilizing.

A 3D iterative implicit solver now allows for a realistically large parallel heat conductivity without affecting the time
step and hence simulation time. The electron-parallel heat conductivity, together with sheath heat transmission boundary
conditions, largely determines the SOL temperature profile – for both electrons and ions. In the confined region, it leads
to flux surface symmetrization and fluctuation reduction. The ion heat conductivity, on the other hand, plays a much
smaller role.
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We have discovered that one of the original articles [1] findings, that the actual choice of the dimensionless parameter
𝜒‖i0 for the ion heat conductivity* seemed to play no role for the simulation results, was not physical. Instead, due to
a mistake in the handling of input parameters, 𝜒‖i0 was actually not used in the code - the dimensionless electron heat
conductivity 𝜒‖e0 was used instead. Hence, the results in chapter 4 and the conclusions are correct only if 𝜒‖i0 = 𝜒‖e0. For
the reference case, this means 𝜒‖i0 = 𝜒‖e0 = 26.6 was used,† instead of what we thought was 𝜒‖i0 = 1.15 and 𝜒‖e0 = 26.6.
The rest of the code and model is correct.

We have fixed the error, verified the code and rerun all the simulations. The main conclusion is that the dimensionless
ion heat conductivity 𝜒‖i0 plays as much of a role for the equilibrium ion temperature profile Ti as the electron heat
conductivity 𝜒‖e0 for the electron profile Te. Further, with the correct heat conductivity 𝜒‖i0 = 1.15, Ti saturates faster -
after t ≳ 50 R0

cs0
≈ 0.9 ms - while it was still not saturated at 1.5 ms with the wrong 𝜒‖i0 = 𝜒‖e0 = 26.6. The saturation time

for the plasma density n and electron temperature Te remain the same - t ≳ 30 R0
cs0

≈ 0.5 ms.
Figure 1, left, shows the saturated radial profiles for the reference simulation. We find that in comparison to the

mistakenly used 𝜒‖i0 = 26.6, the proper, lower ion heat conductivity 𝜒‖i0 = 1.15 increases the stationary ion temperature
gradient 𝜕rTi in the confined region, leading to Ti <Te at the separatrix. The Ti profile and fluctuation level are now
similar to those of the plasma density n. The Te and n profiles remain unaffected. The stationary profile of the electrostatic
potential 𝜙 flattens in the confined region due to the lower Ti, while it remains the same in the SOL following Te. In the
far SOL, Ti >Te is found due to electron sheath heat transmission - unlike in the case without this boundary condition
(𝛾e = 0). We note that the previously observed result, Ti >Te also at the separatrix, is recovered again at higher temperature,
see double temperature case in Figure 1, right.

Other results of the original article [1] hold true, at least qualitatively. The GAM frequency spectrum, shown in
Figure 2, is somewhat different quantitatively. With the lower ion heat conductivity 𝜒‖i0, the ion temperature fluctuates
more, but overall the turbulence is nonetheless enhanced with increasing density and suppressed with increasing tem-
perature, see Figure 3. In cases 2 and 3 from chapter 4.1, we already had 𝜒‖i0 = 𝜒‖e0 (and case 4 was actually nearly the
same as the reference scenario), so the result holds that reducing 𝜒‖i0 and 𝜒‖e0 below 0.1 has no impact on outboard
midplane profiles.

*𝜒‖i0 is obtained by normalizing the Braginskii ion parallel heat conductivity to 𝜒 i
‖ = 𝜒‖i0n0cs0R0T̂5∕2

i , with T̂i = Ti∕Ti0.
†We have for deuterium 𝜒‖i0/𝜒‖e0 = 23≠ 35 because the electron collision frequency was calculated with Zeff = 1.5.
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F I G U R E 1 Mean radial profiles (Ti, Te, n, −𝜙/Λ) at the outboard mid-plane in saturated state. Dotted lines indicate the ±𝜎f

fluctuation level. The negative potential −𝜙 and its fluctuation level are divided by Λ = 2.69. LCFS and source region are marked. Left:
reference case with Te = Ti = 90 eV at the core boundary, with additionally the Te profile from the simulation with no sheath heat conduction
(case 1 from chapter 4.1, 𝛾e = 0). Right: simulation with double the temperature

F I G U R E 2 Frequency spectrum of
poloidally and toroidally averaged electrostatic
potential fluctuations

F I G U R E 3 Outboard mid-plane ion
temperature snapshot at 1.44 ms in: double
density, reference, double temperature (left to
right). Horizontal axis is (R−R0)/R0. LCFS
marked by blue dashed line



CORRIGENDUM 3 of 3

We additionally remark that the Bohm sheath boundary conditions (7) for parallel velocity should contain Ti, u‖ ≷√
Te + Ti. Also, there is a mistake in the indexes in Equation (9): instead of 𝛻⊥pi+ j, it should read 𝛻⊥pt+j

i .
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1. Introduction

The radial electric field and the resulting E×B flows are
of central importance in determining magnetic confinement
properties of tokamaks [1–3]. In the confined region, the elec-
tric field consists of mean-field (neoclassical) contributions as
well as of zonal flows generated by the turbulence [4]. The
latter result from the interaction of poloidal and radial fluctu-
ations through the Reynolds stress [5], but can also be ampli-
fied by the anomalous Stringer drive [6, 7]. A review of zonal
flow experiments can be found in [8]. In the scrape-off layer
(SOL), on the other hand, in the absence of closed flux sur-
faces, the electric field is primarily determined by dynamics
parallel to the magnetic field, and particularly by the sheath
boundary conditions [9, 10]. The interface between closed
and open field lines is of central interest. Different mechan-
isms act on the two sides of the separatrix, leading to electric
fields of different signs. Therefore, the electric field changes
abruptly across a narrow region and produces strongly sheared
E×B flows [11]. This shearing is thought to act as a turbu-
lence suppression mechanism [12, 13], playing a key role in
the transition to improved confinement regimes.

To study the formation of the electric field and its back-
reaction on turbulent transport, involving both mean and zonal
flows, a global (full-f ) turbulence model is required. While
gyrokinetic models [14, 15] can be more realistic if colli-
sions and electromagnetic effects are taken into account, fluid
models are attractive due to their significantly lower com-
putational cost. In the present work, we present theoretical
and computational results based on the global version of the
drift-reduced Braginskii two-fluid model [16, 17], which is
widely used for both direct turbulence simulations [18–21]
and simplified transport studies [22, 23]. Although restric-
ted (strictly speaking) in its validity to sufficiently colli-
sional regimes, important insights can be gained. More refined
studies may become possible in the future with the help
of gyrofluid models employing appropriate closure schemes
[24, 25], with full-f formulations currently still under devel-
opment [26]. The study of the tokamak edge is further com-
plicated by the relatively complex magnetic geometry. As
diverted geometry is beneficial for confinement [27–29] and
impurity exhaust [30], theoretical and computational stud-
ies must adapt to that geometry. A computationally feasible
implementation is achieved through the flux-coordinate inde-
pendent (FCI) approach [31, 32], implemented in the code
GRILLIX [33].

In the present study, we report on the first global turbulence
simulations in diverted geometry across the edge and SOL
of ASDEX Upgrade (AUG), based on the L-mode discharge
#36190. The results illuminate many aspects of tokamak edge
physics, such as high and intermittent fluctuation levels, up to
10% at the separatrix and of order unity in the SOL. Turbulent
vortices in the confined region develop a mean poloidal rota-
tion in the electron diamagnetic drift direction, as the radial
electric field balances the ion pressure gradient. Due to the
sheath at the divertor, the flow is in the ion diamagnetic drift
direction in the SOL. A shear layer develops at the separat-
rix in which vortices are strained out and decorrelated. Zonal

flows are driven by drift waves and damped by the geodesic
acoustic mode (GAM). However, this barely affects the bal-
looning driven transport. Ion viscosity is found to be import-
ant for damping poloidal rotation. The competition between
perpendicular and parallel transport leads to the formation of
a temperature pedestal due to the high parallel heat conduc-
tion. Nevertheless, we note that the validity of our fluid model
might be yet restricted due to the low collisionality in the
plasma edge, and lack of neutral gas recycling and impurities
in the SOL.

The remainder of the manuscript is organized as follows. In
section 2 we illustrate the key components of the model that
lead to the formation of the multi-scale electric field (the full
set of equations is detailed in appendix A). Section 3 describes
the performed AUG simulations: the setup, saturation, input
power, equilibrium profiles, and fluctuation levels. The electric
field is presented and analysed in section 4, with its determin-
ing contributions and its impact on the turbulence. A separ-
ate discussion on the role of fluid closure terms – ion viscos-
ity and heat conductivities – is presented in section 5. Finally,
conclusions and an outlook are given in section 6.

2. The electric field in drift-reduced Braginskii
models

The radial electric field Er in a tokamak is commonly
explained by the radial force balance. It is derived from the
Braginskii ion momentum conservation equation [16] by neg-
lecting inertia, viscosity and friction (electron momentum is
assumed to be small in this regard). This yields in the SI unit
system

Er =
∂rpi
en

− (v×B) · er =
∂rpi
en

+ vϕBθ − vθBϕ, (1)

where ∂rpi is the radial component of the ion pressure gradient,
n the plasma density, e the elementary charge and B the mag-
netic field. The fluid velocity v with its poloidal (vθ) and tor-
oidal (vϕ) component is in this expression yet undetermined,
but depends implicitly on the electric field and other paramet-
ers in a non-trivial way. Therefore, this force balance equation
is illustrative, but insufficient to actually determine the electric
field. To do that we require additionally at least the ion particle
balance equation, and further charge and momentum balance
equations.

Following the drift reduction procedure we assume that
the dynamics of interest is slow compared to the gyro-
motion, ω ≪ Ωi = eB/(Mic). Applying an ordering expansion
to the perpendicular momentum balance, plasma motion can
be expressed via perpendicular drift velocities and parallel
streaming u∥ along magnetic field lines. For ions, this reads

vi = vE + vi∗ +upol + u∥b, (2)

where b = B/B is the unit vector of the magnetic field.
The perpendicular drifts are to leading order the E×B
velocity vE = E×B/B2 and the diamagnetic velocity
vi∗ = B×∇pi/(enB2), i.e. the inverse of (1) in terms of v. The
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polarisation velocity upol includes the first order correction
effects in the radial force balance which have been neglected
in equation (1), namely inertia and viscosity. It is responsible
for the emergence of turbulence in our model, as detailed in
section 2.2. The obtained expression for the ion velocity (2) is
inserted into the ion continuity equation yielding

∂n
∂t

+ ∇· n
(
vE + vi∗ +upol + u∥b

)
= Sn, (3)

with Sn a source term.
The diamagnetic particle flux can be rewritten as

nvi∗ = −∇×
( pi
eB2

B
)

+
pi
e

∇× B
B2

≈ −∇×
( pi
eB2

B
)

+
2pi
eB3

B×∇B, (4)

which due to ∇· ∇ ×A = 0 shows that it is ‘nearly
divergence-free’ [9, chapter 18.7], in the sense that its diver-
gence is non-zero only in a curved magnetic field. The last
equality requires ∇×B ≪ b×∇B.

It is convenient to introduce here the curvature operator

C( f) = −∇ ·
(

B
B2

×∇f
)

= −
(

∇× B
B2

)
·∇f, (5)

which represents advection of a field f along the magnetic field
curvature4. It allows us to write

∇· (nvE) = vE ·∇n− nC(φ), (6)

∇· (nvi∗) = −1
e
C(pi), (7)

where we express the electric field component orthogonal
to the magnetic field via the electrostatic potential E⊥ =
−∇⊥φ, neglecting electromagnetic effects in the drift plane.
We notice that due to the diamagnetic particle flux being
‘nearly divergence-free’, it does not cause any advection,
an effect known as ‘diamagnetic cancellation’. The pressure
gradient enters only through magnetic curvature.

In quasi-steady state
〈
∂n
∂t

〉
= 0, the ion particle balance

equation (3) for the background profiles becomes

⟨
vE ·∇n− nC(φ)− 1

e
C(pi)+∇· (nupol)+∇· (nu∥b)− Sn

⟩
= 0, (8)

where the brackets ⟨. . .⟩ denote a suitable ensemble average,
either in time, in space, or both. This equilibrium particle bal-
ance is central in determining the electric field on closed field
lines.

It is sufficient to consider only the ion continuity equation
as the electron particle balance is tied to it by the quasi-
neutrality condition e∂t(ne − ni) = ∇· j = 0.We illustrate res-
ults using the ion particle balance, but it is equivalent and in
fact numerically advantageous to solve the electron continu-
ity (A1) and the quasi-neutrality (A2) equations instead, see
also section 2.2 and appendix A. However, this approach con-
strains our model to a single ion species – for a drift-reduced
multi-species model see e.g. [35].

2.1. The equilibrium (static) electric field on closed flux
surfaces

In the confined region, to lowest order, we can assume
⟨vE ·∇n⟩ = 0 since for the background we have only a radial
density gradient and no radial E×B advection. For now, let us
also neglect any flows, i.e.

〈
∇· n(upol + u∥b)

〉
= 0. In absence

of stationary sources Sn, the balance for the stationary fields
becomes

n∇· (vE)+ ∇· (nvi∗) = −nC(φ) −C(pi)/e= 0. (9)

4 Alternatively, one could replace the diamagnetic velocity by ṽi∗ = 2Ti
eB3 B×

∇B for a flux conservative formulation [18, 34].

As there are no background poloidal gradients along closed
flux surfaces, ∂θf≈ 0, the balance is fulfilled by the static equi-
librium radial electric field

Er =
∂rpi
en

. (10)

We expect the dominant contribution to the radial electric
field on closed flux surfaces to be this balance between E×B
and diamagnetic compression of ion density along the curved
magnetic field [1, 2]. Corrections, especially in L-mode, can
be significant though – see section 4.1. It is worth pointing
out that under this equilibrium electric field, the background
plasma is at rest (i.e. static), but fluctuations are E×B advec-
ted. Deviations from equation (9), on the other hand, also
impact the background.

2.2. Anomalous electric field

Besides the lowest order equilibrium electric field (10),
additional contributions arise from polarisation and parallel
particle fluxes contained in equation (8). Obtaining closed
form analytical expressions for their stationary contributions
is not possible. In this section we discuss the form and role
of the ion polarisation velocity and viscosity, while numerical
simulation results will be presented in section 4.

As noted at equation (2), the polarisation velocity is the cor-
rection to the perpendicular ion velocity which contains iner-
tia and viscosity. However, the latter depend themselves on
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the perpendicular ion velocity in a non-trivial way. Therefore,
in reduced fluid models, the polarisation velocity is approx-
imated to first order by inserting the zero order approxima-
tion vi⊥0 = vE + vi∗ into inertia and viscous stress. Since the
divergence of the zeroth order velocities is of the same order
as the divergence of the polarisation velocity, ∇· (nupol) ∼
∇ ·

(
nvi⊥0

)
, it has to be retained for divergence terms [36, 37].

Explicitly, the expression reads

∇· (nupol) = ∇·
[
−nMi

eB2

(
∂

∂t
+ vE ·∇ + u∥∇∥

)

×
(

∇⊥φ+
∇⊥pi
en

)]
− 1

6e
C(G), (11)

where the first term on the right hand side represents inertia,
and the second viscosity. We can also write

∇· (nupol) = ∇·
(
nuinpol

)
− 1

6e
C(G). (12)

The viscous stress function [38] is

G= −ηi0
[

2
B3/2

∇·
(
u∥B

3/2b
)

− 1
2

(
C(φ)+

1
en
C(pi)

)]
,

(13)
with the dominant Braginskii viscosity coefficient
ηi0 = 0.96piτi and ion collision time τi.

Due to the time derivative in the inertial part, the direct
implementation of the ion continuity equation is cumbersome.
Instead, in drift-reduced Braginskii codes like GRILLIX, the
electron continuity equation is used – where the polarisa-
tion velocity can be neglected due to the small electron mass
– together with the quasi-neutrality, or vorticity, equation
e∂t(ne − ni) = ∇· j = 0. The latter reads

e∇· (nupol) = C(pe + pi) −∇ · (j∥b), (14)

with the parallel current j∥ = en(u∥ − v∥) and parallel electron
velocity v∥. If the right hand side of (14) balances, i.e. the dia-
magnetic charge separation is balanced by a parallel current,
we obtain the Pfirsch–Schlüter current [39, chapter 8.4]. How-
ever, we will see in section 4 that the divergence of the polar-
isation flux is not necessarily small.

Equation (14) is typically called vorticity equation because
under some (too) strong approximations, regarding the size of
density fluctuations and homogeneity of the magnetic field,
one can rewrite

∇·
[
n
B2

d
dt

(
∇⊥φ+

∇⊥pi
en

)]
∼ n0

B
d
dt
b ·∇ ×

(
vE + vi∗

)
.

(15)
The quantity on the right hand side is the 2D fluid vorticity
ΩF = b ·∇ ×

(
vE + vi∗

)
, not to be confused with the general-

ised vorticity defined in appendix A. Note that while the dia-
magnetic velocity is ‘nearly divergence-free’, it is not rotation-
free.

The inertial part of the vorticity equation is central to
fluid plasma turbulence models, particularly the non-linearity

vE ·∇E⊥, as it is ultimately responsible for the turbulent
inverse energy cascade [40]. This term also contains the Reyn-
olds stress, responsible for zonal flow drive [5]. We note
that a rigorous decomposition into mean field and fluctuating
flows in a global model is quite complex, e.g. one requires
the Favre instead of the Reynolds average [41]. Further, a
second Reynolds stress term contained in u∥∇∥∇⊥φ couples
2D turbulence to parallel dynamics [42]. This decomposi-
tion will not be further detailed here. In the steady-state, we

must have
〈
∂t

(
∇⊥φ+ ∇⊥pi

en

)〉
= 0. Therefore, we will use

〈
∇·

(
nuinpol

)〉
as a measure of the stationary Reynolds stress.

2.3. The role of ion viscosity and poloidal rotation

In this section we summarize some key insights from neoclas-
sical theory [39] for the confined plasma. The main differ-
ence to our model is that inertia, and hence the polarisation
velocity upol from the previous chapter, is neglected. In this
case it is then a good assumption that pressure and electro-
static potential are constant along closed flux surfaces ψ. With
∂rf= RBp∂ψf, one obtains the relation [39, chapter 8.5]

Er =
1
en
∂pi
∂r

+ u∥Bθ
B
Bϕ

− vθ
B2

Bϕ
. (16)

vθ is the flux surface averaged poloidal rotation. An import-
ant result is then that according to the Braginskii fluid closure,
poloidal rotation is damped to zero due to the ion viscosity [39,
chapter 12.3]. The reason is that in a flux surface average over
the parallel momentum equation (A3), one finds the condition

⟨B ·∇ · Πi⟩S = 3ηi0
〈(

∇∥B
)2〉

S
vθ = 0. (17)

Πi is thereby the Braginskii ion viscous stress tensor. We will
write this with the viscous stress function G defined above in
equation (13),

B ·∇ · Πi =
2
3
B5/2∇∥

G

B3/2
. (18)

The situation is more complicated, however, when turbu-
lent transport is considered (i.e. upol) – see also [39, chapter
13.1] – as will be detailed in section 4.1 on the basis of numer-
ical simulations. Note, as the viscous stress functionG appears
in Braginskii’s ion temperature equation (A6), this flow damp-
ing acts as a heating mechanism for ions known as ‘magnetic
pumping’.

2.4. The (simple) SOL electric field

In the SOL, due to the absence of closed flux surfaces, par-
allel dynamics and boundary conditions take a more import-
ant role [9, 10]. The electrostatic Ohm’s law – used here for
simplicity, although our full model is electromagnetic, see
appendix A – reads

η∥j∥ = −∇∥φ+
∇∥pe
en

+
0.71
e

∇∥Te, (19)

4



Plasma Phys. Control. Fusion 63 (2021) 034001 W Zholobenko et al

with resistivity η∥. We have insulating sheath boundary
conditions j∥ = 0 at the divertor. And in present simulations,
without any neutral particles or impurities, there are no sig-
nificant sources or sinks for any terms in the above equation.
This results in flat parallel gradients (in an average over tur-
bulent fluctuations). Therefore, Te is roughly equal at the out-
board mid-plane and at the divertor, and resistivity is negli-
gibly small. At the divertor, the insulating sheath boundary
condition

φ= ΛTe (20)

for the potential applies, withΛ = − 1
2 ln

[(
2π me

Mi

)(
1+ Ti

Te

)]
≈

2.69. Hence, due to ∇∥φ≈ 0, we expect φ= ΛTe to also hold
at the outboard mid-plane. Having Er ∼ ∂rpi/en in the con-
fined region (10) and Er ∼ −Λ∂rTe in the SOL, we expect a
jump of the electric field across the separatrix, and contra-
rotating poloidal flows inside and outside of it [11].

It should be noted that in reality, contrary to our yet
simplified model, the presence of neutral gas and impurit-
ies in the SOL leads to more complex parallel gradients,
even in attached conditions. Furthermore, the sheath can
conduct significant currents. Therefore, the SOL dynamics
itself can be much more involved, particularly in detached
plasmas [43].

3. AUG simulations

It is not possible to solve analytically the full set of
equations detailed in appendix A, and particularly the non-
linear polarisation discussed in section 2.2. Therefore, we
employ the code GRILLIX [33]. For the first time, global
numerical simulations are performed in a diverted mag-
netic equilibrium and at experimental parameters based on
an AUG discharge (#36190), without any down-scaling.
The setup is presented in section 3.1 and results are sum-
marized in subsequent sections. The reference simulation
can be seen in supplementary movie 1 (available online at
(stacks.iop.org/PPCF/63/034001/mmedia)). It shows the ini-
tial evolution of plasma density within the poloidal plane, as
well as outboard mid-plane pressure and radial electric field
profiles. Further, supplementary movie 2 shows the dynamics
of density fluctuations relative to the background, in the satur-
ated state of the simulation with increased poloidal resolution
(see text below).

We note that these simulations are very computationally
demanding, consuming each between 0.4–2 MCPUh and 2–5
months of run time, as described in the next section.

3.1. The simulation setup

This section details the setup of the simulations – namely geo-
metry, parameters, initial state, resolution and computational
cost – guided by the AUG discharge #36190 at time t= 2–4 s.
In this discharge the toroidal magnetic field was Btor = −2.5 T,
i.e. in favourable configuration with B×∇B∼ −êZ towards

Figure 1. Flux surfaces of the equilibrium used for the simulation.
The red line marks the separatrix. The blue line gives the first wall
and divertor. The simulation domain extends beyond the divertor
legs due to the implementation of parallel boundary conditions via
penalisation [33], with the penalisation transition area bounded by
the two green lines.

the X-point. The plasma current was Ip = 0.8 MA5 resulting
in q95 = 4.4, and the average triangularity was δ= 0.21. Fur-
ther important inputs are the measured Te ≈ 350 eV and
ne ≈ 2× 1019 m−3 at ρpol = 0.9, and Te ≈ 50–80 eV and
ne ≈ 1× 1019 m−3 at the separatrix. The total heating power
in the discharge was roughly 800 kW: 550 kW neutral beam
injection, 500 kW ohmic heating and subtracting 250 kW radi-
ation losses.

The geometry is illustrated in figure 1 by the poloidal flux
function Ψ. The separatrix and machine walls are highlighted.
The simulation domain extends beyond the divertor legs due to
the implementation of parallel boundary conditions via penal-
isation [33]. We define the normalized poloidal flux radius as

5 One difference between experiment and simulation is the choice of the heli-
city of the poloidal magnetic field: in the experiment, the plasma current flows
in the opposite direction to the toroidal magnetic field, while we chose them to
be parallel in most of our simulations, i.e. the poloidal magnetic field rotates
in the opposite direction. However, we have repeated the reference simula-
tion (defined below) with the correct helicity and found no physical differ-
ence except the direction of toroidal rotation – within a poloidal plane, nothing
changes at all.
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ρpol =
√

Ψ−Ψ0
ΨX−Ψ0

, with Ψ0 and ΨX the poloidal magnetic flux

at magnetic axis and separatrix, respectively. Simulations are
performed for ρpol > 0.9, since our fluid model is not valid
in the plasma core, and the reduced domain saves computa-
tional cost. The outermost flux surface is chosen at the location
where the HFS main chamber wall acts as a plasma limiter, at
ρpol = 1.05.

Our choice of reference values is guided by parameters
and measurements in AUG discharge #36190: major radius
R0 = 1.65 m, magnetic field on axis B0 = 2.5 T, density n0 =
1019 m−3, electron and ion temperatures Te0 = Ti0 = 100 eV,
Zeff = 1.3 and deuterium ion mass Mi = 2mp. We note that in
a global model, reference density and temperature are only
required for the normalization of the equations, to write them
in dimensionless form as in appendix A, and have no phys-
ical relevance. They are chosen only on the order of meas-
ured separatrix values, since their exact choice does not mat-
ter. Zeff is considered only in the calculation of the electron
collision frequency. The resulting dimensionless collisionless
parameters of the system – see appendix A for their defini-
tion – are δ= 2854.2, β0 = 3.227× 10−5, µ= 2.723× 10−4

and ζ = 1. The collisional parameters are νe0 = 12.30, η∥0 =
0.0017, χ∥e0 = 940, χ∥i0 = 35.35 and ηi0 = 8.70. The Bragin-
skii heat conductivity is known to be inappropriate at low colli-
sionality [22, 44, 45]. For instance, it becomes arbitrarily large
as ∼T5/2 due to the lack of kinetic flux limiting effects, such
as Landau damping. In this work, we use a simple flux lim-
iter which reduces the stiffness and therefore computational
expense of the parallel heat conduction: χ∥e,i0T

5/2
e,i ⩽ 940. For

the chosen reference values, we obtain as reference drift scale
and ion Larmor radius

ρs0 =

√
MiTe0
eB0

= ρi0 =

√
MiTi0
eB0

= 0.578mm. (21)

Note that the local Larmor radius varies with magnetic field
and temperature. E.g. at reference temperature, it is larger
by 25% at the outboard mid-plane due to the reduced local
magnetic field of B≈ 2 T.

In diverted geometry and in absence of neutral gas ion-
ization, we find that density can drop arbitrarily low in the
far SOL and private flux region. This contradicts the exper-
imental observation that density can even rise in the far SOL
[46], i.e. the simulations aremissing the necessarymechanism,
e.g. neutral gas ionization. It also makes the solution of the
equations unnecessarily expensive, since in particular the para-
bolic part becomes very stiff at low collisionality. As a simple
solution we apply an adaptive source to keep the density above
3× 1017 m−3, and temperatures above 3 eV. This source does
not hinder cross-field inflow but limits parallel outflow in the
far SOL, starting to act above ρpol = 1.02 in the reference sim-
ulation, but e.g. only above ρpol = 1.04 in the simulation in
section 5.2. For simplicity, respectively, due to the unphysical
core boundary at ρpol = 0.9, simulations are adaptively flux
driven: the heat and particle sources at the core boundary are
adapted in time such as to hold density and temperature fixed
there – while in the rest of the domain they evolve freely.

Figure 2. Initial normalized outboard mid-plane (Z= 0) profiles in
the reference simulation.

In a global code, background profiles are not chosen but
rather evolve freely in accordance with turbulent fluxes. Non-
etheless, an initial state must be chosen for the simulation. The
most trivial choice would be a flat, or even zero, background
profile – which then evolves due to sources at the core bound-
ary. However, in our experience the saturated state is reached
faster the closer the initial state is to the final. We choose as
initial state for density and temperatures the simple profile as
function of ρpol

f(ρ) =





fped for: ρ < ρped,

−Asin(a · ρ+ b)+B for: ρped ⩽ ρ⩽ ρsep,

fsep for: ρsep < ρ,

(22)

with

A=
fped − fsep

2
, B= fped −A,

a=
π

ρsep − ρped
, b= −π

2
ρsep + ρped
ρsep − ρped

.

In present simulations, we chose ρped = 0.92 and ρsep = 0.999.
The value fped is held constant between ρ= 0.9 and ρ= 0.92
by an adaptive source. In the SOL, the initial profile is flat and
equal to fsep.

The core boundary, respectively, pedestal top val-
ues are chosen in accordance to the experiment as
nped = 2× 1019 m−3 and Te,i

ped = 350 eV. The separatrix and
SOL initial values are less relevant because they adapt in the
course of the simulation. An important restriction comes from
the choice of flat SOL profiles: simulations saturate faster with
fsep as low as possible, since it also initialises lower far SOL
values. On the other hand, ideal ballooning stability of the
initial profiles prohibits large radial gradients in the confined
region, which is correlated with the Greenwald density limit
[47]. Our choice for the reference case is nsep = 4× 1018m−3,
Te
sep = 40 eV and T i

sep = 50 eV. In the confined region,
electrostatic potential and current are chosen such that the
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initial pressure profile is stable: ∂rφ= −∂rpi/(en) accord-
ing to (10), resulting in upol = G= Ω = 0 (no vorticity and
polarisation velocity), and ∇· (j∥b) = eC(pe + pi) according
to (14). The parallel velocity is chosen as zero. In the SOL, the
initial state is chosen such that it fulfils the Bohm boundary
conditions (A10). Particularly, the parallel velocity is u∥ =

±
√

(Te +Ti)/Mi at each divertor plate, with a linear depend-
ence on distance between the plates. The initial outboard
mid-plane profiles are illustrated in figure 2. To trigger an
instability and consequent turbulence, random noise of mag-
nitude 10−5 is added to the density and temperature profiles.

For the reference simulation, we choose as poloidal res-
olution hf = 2.5ρs0 = 1.45 mm. Toroidally, we resolve 16
planes. The time step is chosen slightly below the stabil-
ity limit as ∆t= 5× 10−5R0/cs0 = 1.2 ns. Due to the lim-
ited resolution, the turbulent spectrum must be cut at the pol-
oidal grid scale. To this end, third order hyperviscosity is
applied as detailed in appendix A, with ν⊥ = 3350 for all
fields. Being able to resolve even smaller scales is highly
desirable, particularly in a global code. Eventually, our choice
of resolution is a compromise, restricted by the allowable
computational expense. Nevertheless, we also performed con-
vergence tests with hf = 1.67ρs0, and a separate test with 24
planes at 2.5ρs0. For the 1.67ρs0 simulation, hyperviscosity
was reduced to 300. For the 24 planes simulation, the timestep
had to be reduced to 0.7 ns.

It is worth mentioning the computational cost of these sim-
ulations, and how it scales. The reference case with 2.5ρs0
poloidal resolution and 16 toroidal planes (∼7 million points)
required for simulating 1 ms of the discharge 9 days on 384
processor cores (8 nodes) of the Marconi-A3 SKL partition.
As we find saturation only after t≳ 5 ms, at least roughly
0.4 MCPUh and 2 months of patience were required per simu-
lation. Increasing poloidal resolution to 1.67ρs0 raised both the
number of grid points and the cost and duration of the simula-
tion by a factor of 2. Increasing toroidal resolution raises the
cost quadratically with the number of planes as the maximum
allowed timestep is inversly proportional to toroidal resolu-
tion, i.e. 24 instead of 16 poloidal planes roughly doubles the
cost.

We find no large differences in heat transport with increas-
ing resolution, suggesting that it is mostly captured by the
reference case. In detail, however, ion heat transport slightly
increases with toroidal resolution, and zonal flows increase
with poloidal resolution, as detailed in sections 3.2 and 4,
respectively.

3.2. Input power and saturation

In current simulations, fixed density and temperature are pre-
scribed at an artificial core boundary at ρpol = 0.9 – held con-
stant by an adaptive heat and particle source. In figure 3 we
show how the input power ⟨Pe,i⟩V = 3/2

〈
Te,iSn + nSTe,i

〉
V
for

the reference simulation varies in time – with particle and
temperature sources Sn and STe,i averaged over the whole
volume. In the same plot, we show the globally averaged
electrostatic potential oscillations (in units of 25 V) – this
is due to the GAM, which is always present in global edge

Figure 3. Total electron and ion heating power input in the
simulation as a function of time. The globally averaged potential in
units of 25 V is also shown. The input power oscillates following
the GAM. At later times, it saturates at 196 kW for electrons and
236 kW for ions.

Figure 4. Zonally averaged separatrix density, electron and ion
temperatures, and electrostatic potential in normalized units. The
parallel velocity shown, averaged over the whole domain, is a
measure of toroidal rotation.

simulations [27]. It is important that flux-surface-symmetric
potential oscillations like theGAMare permitted up to the core
boundary through the implementation of the zonal Neumann
boundary condition (see appendix A). But the GAM also leads
to an up-down asymmetric pressure oscillation [48], while the
adaptive source acts to hold pressure constant – and therefore
follows the GAM with the same frequency, damping the pres-
sure oscillation at the core boundary. While the oscillation of
the source is a numerical artifact, on average ⟨Pe,i⟩V saturates
at t≳ 5 ms on a reasonable level: 192± 29 kW for electrons
and 224± 36 kW for ions, with one standard deviation quan-
tifying the oscillations. This is roughly half the input power in
AUG discharge #36190.

In figure 4, we show zonally averaged separatrix values
for density, electron and ion temperatures and electrostatic
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Figure 5. (a) 2D density profile in the poloidal cross section for the quasi-steady state at 7347 µs simulation time for the reference case.
The separatrix is shown with a dashed white line, the divertor boundary with a red line. (b) Outboard mid-plane (Z= 0) background profiles,
averaged in time over 1 ms and toroidally over 16 planes. ‘wGTi = 1’ means with viscous ion heating in the confined region, see also text. (c)
OMP fluctuation level, with mean f̄= ⟨ f ⟩t and variance σ2

f =
⟨
f2

⟩
t
−⟨ f ⟩2t .

potential. As indicated by the input power, in the confined
region turbulence, and largely also profiles, saturate within
3 ms of simulation time. Further outside, however, time scales
are longer due to lower temperatures – particularly in the SOL,
where the transit time is of the order 1 ms (as can be estimated
from ∼ 50 m connection length and 60 km s−1 flow velocity
from figure 5). Turbulence at this time is locally saturated, but
globally profiles vary predominantly due to the outflow in the
SOL, as we started from flat profiles there. Therefore, for the
confined region, the separatrix values are a good criterion for
saturation. In the following, we will use the data from t> 4 ms
for our statistical analysis, although temperatures are still very
slowly evolving. Additionally, the globally averaged parallel
velocity is shown which is a measure of toroidal rotation. It
saturates at 13 km s−1 in the direction of the plasma current –
a reasonable value for AUG [49].

In unfavourable configuration, i.e. with B×∇B∼ +êZ
away from the X-point, the input power is slightly lower:
187± 29 and 204± 33 kW for electrons and ions, respect-
ively. The simulation with 24 toroidal planes (higher toroidal
resolution) has 176± 26 kW for electrons and 221± 32 kW
for ions, respectively. For the 1.67ρs0 simulation (higher

poloidal resolution), we get 187± 13 kW for electrons and
221± 17 kW for ions – i.e. no significant difference to the
reference case with 2.5ρs0. This is remarkable as zonal flows
(a radial modulation of the electric field, pressure and parallel
velocity) aremuchmore pronounced in the 1.67ρs0 simulation,
as discussed in section 4, suggesting that overall thermal trans-
port seems to be barely affected by zonal flows. The reduced
oscillation amplitude also indicates a less pronounced GAM.
There are no other qualitative differences between the refer-
ence simulation and the simulations with higher poloidal or
toroidal resolution, as profiles and fluctuation levels remain
very similar. Therefore, we conclude that thermal transport is
largely resolved in the reference simulation. Increasing resol-
ution further is desirable, but requires a significant speed-up
of the code.

3.3. Quasi-steady state profiles, fluctuation levels and
transport

Figure 5(a) shows a snapshot of the plasma density in a pol-
oidal plane, in quasi-steady state at t= 308R0/cs0 ≈ 7 ms
for the reference simulation. Figure 5(b) displays profiles at
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Figure 6. Density fluctuations at a snapshot in quasi-steady state state, at circa 7.3 ms simulation time. Left: n−⟨n⟩ in units of 1019 m−3,
right: normalized to the local mean density (n−⟨n⟩)/⟨n⟩. The separatrix is marked with a dashed black line, the divertor with a red line and
poloidal domain boundaries with a blue line. See supplementary movie 2 for the dynamics.

the outboard mid-plane (Z= 0), averaged toroidally and in
time over 1 ms, for density, temperature and parallel velocity.
While the density profile is rather flat, we see steep pedestals
in temperatures around the separatrix – the reason is high heat
conductivity, as discussed in section 5.2. Experimentally, ped-
estals are observed in L-mode at low density, particularly for
Te [50].

We see some penetration of parallel velocity into the con-
fined region, much less than without ion viscosity in figure 11
though. ‘wGTi = 1’ stands for active viscous ion heating (in
equation (A6)) in the confined region – ions are significantly
hotter in that case. It was not possible to run stable simulations
with this effect active also in the SOL, hence why the reference
simulation is without viscous ion heating – this is further dis-
cussed in section 5.1. If active also in the SOL, the heating
is even stronger there, leading to non-monotonous Ti profiles
peaking in the SOL and unstable simulations.

Figure 5(c) shows fluctuation levels at the outboard mid-
plane. The potential fluctuations are normalised to background
(mean) electron temperature, and are the largest in the system.
As we have σφ/T̄e ≳ 2σn/n̄ in the confined region, with Te and
Ti fluctuations an order of magnitude smaller, this indicates
that turbulence in the confined region is ballooning driven
[51, 52]. Around the separatrix, there is a local minimum in

σn/n̄ and σφ/φ̄, indicating some level of turbulence suppres-
sion due to the sheared E×B flow. In the SOL, fluctuation
amplitudes peak around ρpol ≈ 1.01–1.02, at the bottom of
the steep gradients. We have here σφ/T̄e ≫ σn/n̄, roughly an
order of magnitude, but also rather high σTi/T̄i and a steep
ion temperature gradient. This suggests a combination of the
Kelvin–Helmholtz instability [53, table I] and ITG drive.

The induction of a perturbed magnetic field, β0∂tA∥, is cru-
cial for the dynamics of the parallel electric field and cur-
rent, and therefore electrostatic turbulent transport. The per-
turbation B̃ = ∇×A∥b does not necessarily lead to significant
additional electromagnetic transport, though: in current sim-
ulations, we have

∣∣B̃
∣∣/B< 0.1%. In principle, the additional

electromagnetic transport can be nonetheless large, depend-
ing on the efficiency of parallel (heat) transport along the
perturbed magnetic field [54]. However, we have verified that
the effect is small in present low-β simulations by additional
tests that included electromagnetic flutter (that is therefore oth-
erwise disabled to save a factor 2 in computational time).

Figure 6 shows the difference between one snapshot’s
density and mean background density – in absolute units of
1019 m−3 (left), as well as normalized to the local mean dens-
ity (right). Fluctuations are much more prominent on the LFS
than on the HFS, which is typical for ballooning modes. In
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Figure 7. Radial electric field profile vs. ion pressure gradient at the outboard mid-plane, in quasi-stationary phase (t≳ 4 ms), averaged in
time over 1 ms and toroidally over 16 planes. The 2.5ρs0 reference simulation is shown on the left and the 1.67ρs0 simulation on the right.

absolute units, fluctuations are negligible in the SOL compared
to the confined region – relative to the small local background
density, however, SOL fluctuations are much larger, reach-
ing up to 100%, particularly in the region around the X-point
where the poloidal magnetic field is weak.

While figure 6 clearly demonstrates poloidal asymmetries
in the transport, we can still compute average radial diffusiv-
ities in quasi-steady state. For E×B particle and heat fluxes

Γr = ⟨vE · ern⟩ , Qe,i
r =

〈
3
2
vE · erTe,in

〉
(23)

we define diffusivities as suggested by [55] via

D⊥ =
Γr

|⟨∂rn⟩|
, χe,i

⊥ =
Qe,i
r − 1.5Te,iΓr

⟨n⟩ |⟨∂rTe,i⟩|
. (24)

In the global average ⟨⟩r,θ,ϕ,t we obtain for the confined region
D⊥ = 0.18 m2 s−1, χe

⊥ = 0.27 m2 s−1 and χi
⊥ = 0.46 m2 s−1

– reasonable values for AUG experiments [22]. χi
⊥ > χe

⊥
might imply the presence of the ITG mode – scans of the
parallel electron heat conductivity in section 5.2, however,
show that this is an effect from diffusive heat flux damping
rather than linear instability drive. χe

⊥ = 2/3D⊥ corroborates
the finding that turbulence is driven by ballooning modes [55,
56]. Further evidence could be gained by Fourier analysis in
field aligned coordinates, particularly from the parallel envel-
ope and the relative phase shifts between the potential, density
and temperatures [51, 52] – but this analysis is complicated
for us due to the non-field-aligned grid, and will be deferred
to future work.

The presented results also hold in the 1.5 times higher res-
olution simulations (even higher was not yet computation-
ally feasible, as explained in section 3.1). But it should be
remarked, as detailed in the next section, that at higher pol-
oidal resolution the increased zonal flow leads to a radial mod-
ulation of profiles and fluctuation levels – a staircase structure
[57]. However, in present simulations, this has no impact on

overall transport (and profiles, disregarding the modulation) as
described in section 3.2.

4. The radial electric field

According to our theory developed in section 2, in collisional
drift-reduced Braginskii models the equilibrium electric field
is determined by the ion particle balance (8) in the confined
region and by the sheath boundary conditions (20) in the
SOL. We begin by showing in figure 7 the simulated radial
electric field in comparison to the ion pressure gradient (and
parallel rotation) at the outboard mid-plane (Z= 0) in quasi-
steady state. In the SOL, the electrostatic potential follows the
electron temperature profile, Er ∼ −Λ∂rTe, producing a pos-
itive electric field. In the confined region, the electric field
is negative, which produces counter-propagating flows at the
separatrix.

The deviation from Er = ∂rpi
en indicates that the equilibrium

balance from the diamagnetic compression (9) is accompan-
ied by a contribution from toroidal or turbulence driven zonal
flows. In the next section we will show that poloidal rotation is
small. If zonal flows are small, too, one can use equation (16),
Er = ∂rpi/en+ u∥Bθ, to understand the electric field. In a large
aspect ratio tokamak, B≈ Bϕ ≫ Bθ, and so toroidal rotation is
mostly given by the parallel velocity. In the left figure 7, in the
domain ρpol ∈ (0.94,0.98), this equality is indeed quite well
fulfilled. The deviation, however, is caused by the zonal flow,
which becomes evenmore pronouncedwith increased poloidal
resolution in the right figure.

Zonal flows [5, 48] are typically static in time, but can be
overlaid by the GAM oscillation (discussed in section 3.2)
and, naturally, turbulent oscillations. They are constant over
flux surfaces and have a typical mesoscale radial wavelength
[8]. Importantly, we find that high poloidal resolution is neces-
sary to properly resolve the zonal flow production at ρs scale
[48, 58] – which is why results throughout this section are
compared between the reference simulation at 2.5ρs0 and
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Figure 8. Flux surface averaged dominant terms in the ion particle balance equation (black line and magenta crosses) and in the parallel
momentum balance equation (red line and blue circles), also averaged in time over 1 ms, in the 2.5ρs0 reference simulation on the left and
1.67ρs0 simulation on the right. Dominant terms in the ion momentum balance are the parts of the stress tensor Πi, whereby B̂ = B/B0.

1.67ρs0 resolution6. On the other hand, equilibrium profiles
and input power are nearly identical at both resolutions – see
section 3.2. Thus the turbulent transport is barely affected by
these zonal flows.

The zonal flow drive is very sensitive to adiabaticity. Only
at high adiabaticity the zonal flow drive is efficient [59]. The
low wavenumber region responsible for the transport and driv-
ing the turbulence is characterized by interchange turbulence,
which is less adiabatic. Therefore, this region is less suscept-
ible to the zonal flow. The more drift-wave dominated region
around k⊥ρs = 1 is responsible for the zonal flow drive, but
due to its higher adiabaticity it is not the main driver of the
transport. In AUG, low-frequency zonal flows have been not
observed so far, not even around the L-H transition [2]. With
respect to typical AUGL-mode parameters the present simula-
tions are at particularly low densities and high electron temper-
atures. Under these conditions the plasma is highly adiabatic,
which is beneficial for the generation of zonal flows. However,
as we have Ti > Te, finite Larmor radius effects should stabil-
ize the region around k⊥ρs = 1, which in drift-reduced Brag-
inskii models is taken into account only to lowest order. This
might lead to an over-prediction of the zonal flow activity.

4.1. Particle, charge and momentum balance on closed field
lines

In this section we want to investigate the composition of the
mean radial electric field on closed flux surfaces. Zonal flows
will be explained by the dominant contributions to the ion
particle balance equation (8), averaged in time and over the
flux surface. Additionally, the dominant term in the paral-
lel momentum balance – the ion viscous stress (17) – will

6 Note that in a global computation the local Larmor radius ρs changes
strongly throughout the domain – refer to section 3.1 for a detailed description
of the simulation setup for both cases.

reveal a non-trivial contribution from the parallel flow. It is
important to note that at any single point in time and space,
without averaging, ∂tn and vE ·∇n are by far the dominant
terms in the continuity equation (and similarly for u∥ in the
parallel momentum equation), but become less important in a
large enough ensemble average, consistent with the neoclas-
sical ordering.

As pointed out in the previous section, the electric field
is mostly negative in the confined region, as it mainly fol-
lows the ion pressure gradient according to Er ∼ ∂rpi/en
due to the static equilibrium balance nC(φ) ∼ −C(pi)/e (see
equation (9)). We are interested in deviations from this bal-
ance, and so we show the residue −C(pi)/e− nC(φ) by
magenta crosses in figure 8. This residue has to be bal-
anced by other terms in the ion particle balance (8). In the
flux surface average, parallel derivatives are annihilated, i.e.〈
∇· (nu∥b)

〉
S
= 0, and the E×B advection vE ·∇n is mostly

small. Therefore, the residue is mostly balanced by the black
curve, which is the divergence of the polarisation particle flux
∇· nupol defined in equation (11). In the average, it is a meas-
ure of the Reynolds stress. We therefore conclude that the
zonal flow can be understood as the residue between E×B
and diamagnetic compression which is sustained by the ion
polarisation flux (or equivalently the Reynolds stress),

⟨enC(φ)+C(pi)⟩S,t ≈ ⟨∇ · (enupol)⟩S,t .

As explained in the previous section, the zonal flow is driven
by near-adiabatic drift waves on Larmor radius scale, and is
therefore more pronounced in the higher resolved simulation
(but does not necessarily impact overall transport).

The remaining deviation between the two curves is
explained by hyperviscosity DΩ, which is the grid scale
numerical dissipation defined in appendix A. It is, however,
not just a numerical artifact. As hyperviscosity only acts on
grid scale (the value of ν⊥ is reduced from 3350 to 300
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between the 2.5ρs0 and the 1.67ρs0 resolution simulations), it
dissipates the energy arriving there due to the turbulent cas-
cade. This process is enhanced by shear layers, and so dissip-
ation is even stronger in the higher resolution simulation. The
separatrix deserves particular attention in this regard, since the
E×B shear peaks there, as discussed in the next section. Close
to to the separatrix, as marked by the yellow ellipse, this res-
ults in a peak of ∇· (nupol) as well as DΩ, and also vE ·∇n
largely balanced by Dn.

It is interesting that the divergence of the polar-
isation particle flux can in fact be conveniently com-
puted from the quasi-neutrality equation (14). In the flux
surface average,

〈
∇· j∥b

〉
S
= 0, hence ⟨∇ · (nupol)⟩S,t =

⟨C(pe + pi)/e−DΩ⟩S,t. This means that the zonal flow results
in < C(p)>S ̸= 0, i.e. a (predominantly up-down) pressure
asymmetry [60]. Additionally, ballooned transport leads to
an inboard-outboard asymmetry [60, 61]. Therefore, neither
pressure nor the electrostatic potential can be assumed to be
constant along a flux surface ψ (thereby C(pe) ≈ C(pi)).

Let us now discuss the role of ion viscosity. Strictly speak-
ing, the Reynolds stress is only contained in the inertial part
of the polarisation particle flux ∇· (nuinpol) (see section 2.2).
However, we find that the viscous part C(G) is always more
than two orders of magnitude smaller than the other contribu-
tions in the particle balance, i.e. negligible. This means that in
present simulations, viscosity does not directly damp the zonal
flow. It does, however, efficiently damp poloidal rotation. To
see this, we multiply the parallel momentum balance equation
(A3) by density n and themagnetic field strengthB and average
it in time and over flux surfaces. By this, the parallel pressure
gradient is annihilated,

〈
B∇∥p

〉
S
= 0. The remaining domin-

ant contribution is from the viscous stress function G, or more
precisely from its constituents. We have defined the ion vis-
cous stress tensor Πi in terms of G in section 2.3. We now
compare the part of it containing the parallel velocity, plotted
in red in figure 8, with the remaining part containing the static
equilibrium balance C(φ)+C(pi)/en, plotted in blue. As the
two parts mostly balance, we conclude that poloidal rotation
is near zero according to equation (17),

⟨B ·∇ · Πi⟩S,t = 3ηi0
〈(

∇∥B
)2〉

S,t
vθ ≈ 0.

A small deviation is sustained by nvE ·∇u∥ and piC(u∥).
Importantly, this condition is fulfilled also in spite of pro-
nounced zonal flows in the high resolution simulation – both
parts of the viscous stress tensor are modulated, but can-
cel each other. This means that while viscosity does not
directly damp the zonal flow via C(G), it does damp the
resulting mean poloidal rotation by adjusting the parallel
velocity u∥!

An important observation is that in the lower resolution
simulation (2.5ρs0), the zonal flow is small, but on average over
the radial domain constituents of the stress tensor in the paral-
lel momentum balance are the same. In fact, both simulations
develop the same mean toroidal rotation (which is roughly
the same as parallel rotation in a large aspect ratio tokamak).

Although not strictly valid due to the above mentioned neces-
sary asymmetries along a flux surface, equation (16) suggests
that parallel velocity also modifies the electric field locally,
which seems to be more important than zonal flows in the low
resolution case, figure 7 left, at ρpol ∈ (0.94,0.98). The gener-
ation, transport and saturation of toroidal rotation are outside
the scope of the present study, but a review can be found in
[62]. Importantly, in absence of momentum sources in the con-
fined region, as in our present simulations, net toroidal rotation
can be only generated in the SOL (see [63]) and transported
inward. This is indeed suggested by the parallel velocity pro-
file in figure 5. We point out that ion viscosity seems to be
important also for the saturation of this process, as discussed
in section 5.1.

The same analysis as above can be performed in a dif-
ferent ensemble average, e.g. toroidal and time (poloidally
resolved), as was done in [61] – but more data are required,
and results are less concise (2D). A more detailed examin-
ation of the generation of mean flows can be found in [41,
64]. We find, consistent with [61], that C(G) is negligible
in the vorticity equation. Instead, zonal flows are damped
by the GAM oscillation which in turn loses energy through
the coupling to Alfvén waves and finally resistivity [48J].
However, we find that this damping is not complete, perhaps
because unlike electron pressure, ion pressure does not enter
Ohm’s law.

4.2. Transition to the SOL: vortex breaking and straining-out
at the separatrix

We have shown that the electric field is governed by the ion
particle balance in the confined region, and by sheath boundary
conditions in the SOL – at least in present simulations. The
separatrix has its own specific dynamics as it acts as a bound-
ary between closed and open field lines. We can see this by
examining what happens to the turbulent eddies. Figure 9
shows the average shearing rate vs. vortex-turn-over rate
at the outboard mid-plane. The former is roughly given by

ωs = |∂Rv̄θ| ≈
∣∣∣B−1∂2R ⟨φ⟩t,ϕ

∣∣∣. The latter is estimated by

one standard deviation of vorticity Ωstd =
√〈

Ω2
F

〉
−⟨ΩF⟩2,

whereby the fluid vorticity is calculated from the gen-

eralised vorticity in GRILLIX via ΩF = ωci0B̂Ω̂/n̂,
with ωci0 = eB0/Mi.

Small vortices are elongated, thinned and finally absorbed
by the shear flow [4, 58, 65] – driving the zonal flow. Stronger
vorticies survive. Importantly, as stated in the last section
and visible in figure 8, this process extends up to and peaks
at the separatrix. Even though larger zonal flows do lead to
somewhat higher shearing, we find that the average vortex-
turn-over rate is larger than the shearing rate in the con-
fined region at both 2.5ρs0 and 1.67ρs0 resolution – explain-
ing why they have barely any effect on overall transport. At
the separatrix additional shearing is provided externally due
to sheath boundary conditions and the fast SOL outflow, such
that the shearing rate exceeds the vortex-turn-over rate and
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Figure 9. Vortex turn-over rate Ωstd compared to the shearing rate ωs, see text for their definition, in the 2.5ρs0 reference simulation on the
left and 1.67ρs0 simulation on the right.

Figure 10. Eddy tilting, straining-out, decorrelation and a single breaking event in the 2.5ρs0 reference simulation, at the separatrix on top
of the device (compare with figure 6). Colour scale shows density fluctuation amplitudes relative to the background, (n−⟨n⟩)/⟨n⟩.

the eddies can be torn apart. In figure 10, at the top of the
device, the tilting of eddies is particularly visible. We high-
lighted one exemplary vortex breaking event (see [66] for a
similar experimental finding). Ultimately, vortices are strained
out by the shear flow, and dissipated at grid scale. In the
particle balance this manifests as a peaked E×B advection
rate balanced by dissipation. Supplementary movie 2 shows
the dynamics of density fluctuations.

Note also how the far SOL structures appear to be nearly
frozen in time in contrast – as temperature in hitting ∼3 eV
there, time scales are an order of magnitude slower. These
structures, pronounced on the scale relative to the back-
ground, are in fact tiny due to the very low background
n̄≈ 3× 1017 m−3. Nevertheless, as transport has to saturate
globally including the far SOL, its slow dynamics restricts the
overall saturation of the simulations.
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Figure 11. Outboard mid-plane state variables profiles (left) and radial electric field (right) without ion viscosity (G= 0) at t= 2 ms
simulation time (saturated turbulence, but flows still evolving). Compare to figures 5(b) and 7 (left).

5. The role of fluid closure terms

Due to the low collisionality in fusion plasmas, the greatest
limitation of our model is the collisional fluid closure. In this
section we show explicitly its role. This is particularly import-
ant as towards lower collisionality, the discussed closure terms
– ion viscosity and electron/ion heat conductivity – diverge
as ∼T5/2. For the current simulations, a 3D iterative solver
[67] allowed us to treat these terms without constraints on
the allowed time step – consuming, however, already up to
50% of the computation time. Towards less collisional, hotter
regimes (H-mode) additional improvements will be therefore
necessary.

5.1. The impact of ion viscosity

The viscosity of ions, represented by the viscous stress func-
tionG – see sections 2.2–2.3, is an important dissipationmech-
anism. In section 4.1 we found that C(G), which enters the
perpendicular drifts as a higher order correction, is negligible
in the polarisation velocity. On the other hand, ∇∥G, which
enters the parallel momentum balance at leading order, is
crucial for damping poloidal rotation. We have also seen in
section 3.3 that this damping leads to significant ion heating.

To closer investigate this, we have conducted a simulation
without ion viscosity at all (G= 0). The results at t= 2 ms
simulation time are shown in figure 11: outboard mid-plane
profiles of density, temperature, parallel velocity and electric
field. The density profile is very similar to the reference case in
figure 5. The electric field is much larger and almost through-
out positive, though. The temperature profiles are broader,
fluctuations are larger (up to 15% in density in the confined
region) and input power is much larger in this simulation –
482 ± 118 kW for electrons and 525 ± 127 kW for ions,
respectively – suggesting increased turbulent transport. The
larger fluctuation in input power also suggests stronger GAM
oscillations.

The electric field is larger in the SOL due to the increased
electron temperature gradient. In the confined region, we

have performed the same analysis as in section 4.1, finding
only a very small contribution from the zonal flow. Although
viscosity was disabled in the simulation, we can still com-
pute what the contribution from viscous stress in the parallel
momentum balance would have been. Naturally, we find that
the viscosity balance (17) is not fulfilled: in the reference
simulation, figure 8 left, in an average also over the radial

domain, we had
〈
B̂ ·∇ · Π(u∥)

〉
S,t,r

= −1.07× 1026m−2 s−2

and
〈
B̂ ·∇ · Π(φ,pi)

〉
S,t,r

= 1.10× 1026 m−2 s−2. In the

simulation in this section, without viscosity, one would

get
〈
B̂ ·∇ · Π(u∥)

〉
S,t,r

= −16.38× 1026 m−2s−2 and
〈
B̂ ·∇ · Π(φ,pi)

〉
S,t,r

= 5.23× 1026 m−2 s−2. This means that

without viscosity, the plasma obtains a significant poloidal
rotation.

At this point, t= 2 ms, the simulation crashes as the elec-
tric field starts having large (machine scale) oscillations. A
possible reason is the Stringer instability [7, 68], which is
expected at low – or absent – viscosity. As the instabil-
ity is also connected to parallel [60] and toroidal [68] rota-

tion, it is not surprising that we get
〈
−B̂ ·∇ · Π(u∥)

〉
S,t,r

>
〈
B̂ ·∇ · Π(φ,pi)

〉
S,t,r

. In fact, mean toroidal rotation reaches

26 km s−1 already at t= 2 ms, compared to 13 km s−1 in
the saturated reference simulation. However, the inflow of
momentum from the SOL [62, 63] and the non-linear Reynolds
stress [42] could also be important. At this point, we will not
go more into details. But we can conclude that ion viscosity
is a crucial mechanism – particularly for damping of poloidal
rotation, but also ion heating – and has to be included in real-
istic tokamak simulations.

5.2. The impact of heat conductivity

The parallel heat conductivity largely determines the parallel
heat flux in Braginskii models. Besides obvious consequences
for the SOL heat exhaust, circular C-mod simulations [67, 69]
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Figure 12. Saturated outboard mid-plane state variables profiles (left) and radial electric field (right) for χ∥e0 = χ∥i0 = 35.35 and γe = 0.

have previously shown that flattening of the parallel electron
and ion temperature profiles in the confined region can also
reduce cross-field transport. To illustrate their impact in cur-
rent computations, we have repeated the reference simulation
with the electron heat conduction lowered to the level of ions,
i.e. χ∥e0 = 35.35 instead of 940, and sheath heat transmission
factor γe = 0 instead of 2.5. The resulting saturated profiles
are displayed in figure 12 (unlike with zero ion viscosity, these
simulations were running stably).

The most prominent feature is that electron and ion tem-
perature profiles become much broader, including in the SOL,
i.e. the pedestal disappears. This is because the profile around
the separatrix is determined by the competition of perpendic-
ular transport and parallel outflow, and reducing the heat con-
ductivity and sheath heat transmission significantly hinders the
latter. As a secondary effect, due to the increased temperat-
ure the ion viscosity increases, damping the parallel flowmore
strongly. Further, the electric field well deepens. Again, a sim-
ilar analysis as in section 4.1 reveals that, in this case, this is
due to the increased polarisation flux, i.e. zonal flow. This can
be either due to a change in the linear instability drive [56],
or due to an increased effective resolution: even though the
nominal resolution is still 2.5ρs0, the separatrix temperature
has increased by roughly a factor 2, such that the effective res-
olution in terms of the local Larmor radius has increased by√
2. Similarly as with reduced ion viscosity, the density fluc-

tuation level increases up to ∼15% in the confined region, and
input power increases to 535 ± 232 kW for electrons and 463
± 202 kW for ions, respectively. Noticeably, not only the fluc-
tuations increase, but also electrons are now transporting more
heat than ions. This corroborates the hypothesis that transport
is driven by ballooning rather than ITG modes, except that
for the reference case (with high electron heat conduction) the
electron heat flux is more suppressed than the ion heat flux by
parallel conductivity.

6. Conclusions

For the first time, global turbulence simulations (using the
drift-reduced Braginskii model) have been performed across

the edge and SOL of AUG, in diverted geometry and at real-
istic parameters. Away from the inner boundary of the simu-
lation in the core region of the plasma, the background pro-
files evolve freely, together with the turbulence. A quasi-
steady state is reached asymptotically after about 3–4 ms.
The saturated input power of about 400 kW is typical for
low density AUG L-mode discharges. At the separatrix, the
plasma profiles are determined by a competition between
perpendicular transport and parallel outflow. A pedestal devel-
ops in the electron temperature due to high parallel heat con-
ductivity.

Particular attention was given to the electric field. On
closed flux surfaces, the radial electric field is predominantly
determined by equilibrium compression, leading to Er = ∂rpi

en .
Additionally, we find contributions from toroidal rotation and
(in particular) zonal flows. The latter absorb smaller eddies,
leading to an inverse energy cascade to larger scales. In
the SOL, sheath boundary conditions dominate, forcing the
electric field to change sign across the separatrix. The res-
ulting shear flow reinforces straining-out and decorrelation
of vortices, leading to intermittent outbursts of up to twice
the magnitude compared to the laminar background outflow
in the SOL.

The stationary zonal flow, a perturbation between the elec-
tric field and pressure with a mesoscale radial wavelength, is
driven by the Reynolds stress within the polarisation particle
flux. A poloidal resolution scan shows that the drive hap-
pens on Larmor radius scale by near-adiabatic drift waves
which do not significantly contribute to transport. On the
other hand, fluctuation levels and average diffusivities sug-
gest that transport is driven by larger scale interchange
modes, i.e. coarse simulations are able to mostly capture the
transport.

The role of the fluid closure terms – ion viscosity and heat
conductivities – was explicitly examined. We find that ion vis-
cosity is negligible in damping vorticity, but highly effective
in damping poloidal rotation by adjusting of the parallel velo-
city profile, while also generating considerable ion heating
throughmagnetic pumping. The electron and ion heat conduct-
ivities, on the other hand, are important for parallel heat fluxes,
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and they largely determine the pedestal and SOL temperature
profiles. Both damping mechanisms, viscosity and heat con-
duction, affect the electric field and reduce the perpendicular
transport.

A limiting factor for the simulations is their computa-
tional cost. MPI communication and OpenMP performance
are currently being optimized, which should allow for faster
medium-sized tokamak simulations, also including magnetic
flutter (important at higher beta [70]). For larger devices
like ITER and DEMO, a larger speed-up or scalability is
required, by means of GPU accelaration or 3D MPI domain
decomposition.

Further work is needed to extend the applicability of
our model to H-mode conditions. Most pressing, as the
Braginskii fluid closure loses validity towards lower col-
lisionality regimes, Knudsen corrections [71] (modelling
Landau damping [72]) will have to be introduced for heat
conductivities. The ion viscosity will have to be adap-
ted to properly model the neoclassical electric field [22,
73]. In this regard, generation and damping of poloidal
and toroidal rotation should be studied in more detail.
Ways to include the ion orbit loss effect [74, 75] should
be explored, as this might explain why so far we found
no significant difference between the favourable and unfa-
vourable direction of the toroidal magnetic field. Further-
more, even in attached L-mode regimes, the applicabil-
ity of our model in the SOL is yet limited. In our cur-
rent simulations, the SOL electric field is determined by
an isolating sheath, and the pressure profile by the com-
petition between turbulent cross-field transport and paral-
lel outflow. In a real SOL, the sheath can conduct signific-
ant currents, and neutral gas recycling and impurities lead
to complex density and temperature profiles and flows. The
resulting strong gradients between the outboard mid-plane
and the divertor, and particularly plasma detachment, are
of great interest for fusion reactors. Correspondingly, the
incorporation of the aforementioned effects is being urgently
pursued.
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Appendix A. Global drift-reduced Braginskii
equations in GRILLIX

The current physical model in GRILLIX builds on its recent
extension by hot ions [67]. The most important newly added
terms arise from the ion stress tensor [36], particularly its vis-
cous part. Additionally, collisional electron-ion heat exchange
was added.

In the following, time scales are normalised to R0/cs0, with
R0 the major radius and cs0 =

√
Te0/Mi the sound speed at

reference electron temperature Te0. Perpendicular scales are
normalised to the sound Larmor radius ρs0 = c

√
Te0Mi/(eB0)

(in CGS units) and parallel scales to R0. The dynamical fields
evolved in GRILLIX are the density n normalised to a ref-
erence density n0, the electrostatic potential φ normalised to
Te0/e, the parallel ion velocity u∥ normalised to cs0, the elec-
tron and ion temperatures Te and Ti normalised to reference
values Te0, respectively, Ti0, the parallel current j∥ normal-
ised to en0cs0 and the parallel component of the perturbed
electromagnetic potential A∥ normalised to (β0B0ρs0)

−1 with
β0 = 4πn0Te0/B2

0.
The normalized equations (A1)–(A7) represent elec-

tron continuity equation, vorticity equation, parallel
momentum balance, Ohm’s law, electron and ion temperature
equations and Ampere’s law. The advective derivative is
defined as d

dt = ∂
∂t + δ0

(
B
B2 ×∇φ

)
·∇ and the curvature

operator as C( f) = −δ0
(
∇× B

B2

)
·∇f. The equation set

requires a number of auxiliary quantities: The paral-
lel electron velocity v∥ = u∥ − j∥/n, the electron and ion
pressures pe = nTe, respectively, pi = nTi, generalized

vorticity Ω = ∇·
[
n
B2

(
∇⊥φ+ ζ∇⊥pi

n

)]
and generalised

electromagnetic potential Ψm = β0A∥ +µ
j∥
n . The ion viscous

stress function G was defined in equation (13) and is nor-

malized as G= n0Ti0Ĝ. The parallel gradient is defined as
∇∥ = b ·∇, with b = B/B the unit vector of the background
magnetic field. While electromagnetic induction is taken
into account in equation (A4), transport by electromagnetic
fluctuations (flutter) is implemented, but currently disabled
due to significant additional computational cost.

The four dimensionless, collisionless parameters of the sys-
tem are the drift scale δ0 = R0/ρs0, dynamical plasma beta β0

defined above, and electron to ion mass and temperature ratios
µ= me/Mi, respectively, ζ = Ti0/Te0. For the collisional para-
meters, we require τe0 and τi0 – the electron, respectively, ion
collision times evaluated at reference temperature and density
and normalised to R0/cs0. Then, the remaining five dimen-
sionless collisional parameters of the system are the elec-
tron collisionality νe0 = 1/τe0, normalised parallel resistivity
η∥0 = 0.51µνe0, normalised parallel electron and ion heat con-
ductivities χ∥e0 = 3.15τe0/µ, respectively, χ∥i0 = 3.9τi0ζ, and
normalized ion viscosity ηi0 = 0.96τi0. Additionally, via the
parameter wGTi, ion viscous heating which is usually dropped
in literature [36] can be switched on and off.
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d
dt
n= nC(φ) −C(pe)+ ∇·

[(
j∥ − nu∥

)
b
]
+ Dn(n)+ Sn, (A1)

∇·
[
n
B2

(
d
dt

+ u∥∇∥

)(
∇⊥φ+ ζ

∇⊥pi
n

)]
= −C(pe + ζpi)+ ∇·

(
j∥b

)
− ζ

6
C(G)+ DΩ(Ω), (A2)

(
d
dt

+ u∥∇∥

)
u∥ = −∇∥ (pe + ζpi)

n
+ ζTiC(u∥) − 2

3
ζ
B3/2

n
∇∥

G

B3/2
+ Du(u∥), (A3)

β0
∂

∂t
A∥ +µ

(
d
dt

+ v∥∇∥

)
j∥
n

= −
(
η∥0

T3/2e

)
j∥ −∇∥φ+

∇∥pe
n

+ 0.71∇∥Te + DΨ(Ψm), (A4)

3
2

(
d
dt

+ v∥∇∥

)
Te = TeC(φ) − Te

n
C(pe) − 5

2
TeC(Te) −Te∇·

(
v∥b

)
+ 0.71

Te
n

∇·
(
j∥b

)

+
1
n
∇·

[(
χ∥e0T

5/2
e

)
b∇∥Te

]
− 2νe0µ

(
n

T3/2e

)
(Te − ζTi)+

(
η∥0

T3/2e

) j2∥
n

+
3
2

(
DTe(Te)+ STe

)
, (A5)

3
2

(
d
dt

+ u∥∇∥

)
Ti = TiC(φ) − Ti

n
C(pe)+

5
2
ζTiC(Ti) −Ti∇·

(
u∥b

)
+
Ti
n

∇·
(
j∥b

)

+
1
n
∇·

[(
χ∥i0T

5/2
i

)
b∇∥Ti

]
+ 2νe0µ

(
n

T3/2e

)(
1
ζ
Te −Ti

)
+

2wGTi
9ηi0

G2

nT5/2i

+
3
2

(
DTi(Ti)+ STi

)
, (A6)

∇2
⊥A∥ = −j∥. (A7)

Sn, STe and STi are source functions driving the system with
particles and energy. For numerical reasons, respectively, in
order to cut the turbulent spectrum, a dissipation is added to
all equations of the form

Df = νf⊥∇2N
⊥ f+ νf∥∇·

(
b∇∥f

)
+ ∇· (νf,buffer∇⊥f) , (A8)

with constants νf⊥, νf∥ for every field. νf,buffer is zero in most
of the domain, but is high in the last few grid points towards
the radial boundaries. For hyperviscosity, N= 3 is chosen.

The system is energy conserving, with the exception of
numerical dissipation, neglect of polarisation velocity in per-
pendicular advection and boundary conditions. We note that
parallel viscosity in equation (A3) is treated implicitly, simil-
arly to electron and ion heat conduction [67], while all other
terms are advanced explicitly in time.

At the inner and outer limiting flux surfaces, the fol-
lowing homogeneous boundary conditions are applied

∂ρn= 0, ∂ρTe,i = 0, ∂ρu∥ = 0, Ω = 0,A∥ = 0, ∂ρj∥ = 0, (A9)

to prevent particles and energy fluxes through the boundary.
For the potential, the sheath boundary condition ϕ|ρmax

= ΛTe
is applied at the outer wall boundary. At the inner (core)
boundary ρmin, the zonal homogeneous Neumann boundary
condition ∂ρ ⟨φ⟩θ = 0 and φ−⟨φ⟩θ = 0 is applied, which

allows the potential to float but prevents net E×B flux through
that boundary.

At the divertor, insulating Bohm sheath boundary condi-
tions are applied

u∥ ≷
√
Te +Ti, j∥ = 0, ϕ= ΛTe, ∇∥Te = − γe(

χ∥e0T
5/2
e

)Tenu∥, ∇∥Ti = 0, ∇∥n= 0, ∇∥Ω = 0, (A10)
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where Λ= 2.69 and γe = 2.5.
For further numerical details on the implementation of

the model in GRILLIX, e.g. the FCI approach and the
immersed boundary technique, we refer to previous publica-
tions [33, 67, 76, 77].
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arbitrary wavelength polarization closures for full-F
gyro-kinetic and -fluid models Nucl. Fusion
60 066014

[27] Chang C et al 2017 Fast low-to-high confinement mode
bifurcation dynamics in a tokamak edge plasma gyrokinetic
simulation Phys. Rev. Lett. 118 175001

[28] Manz P et al 2018 Magnetic configuration effects on the
Reynolds stress in the plasma edge Phys. Plasmas
25 072508

[29] Galassi D et al 2019 Tokamak edge plasma turbulence
interaction with magnetic X-Point in 3D global simulations
Fluids 4 50

[30] Pitcher C S and Stangeby P C 1997 Experimental divertor
physics Plasma Phys. Control. Fusion 39 779

[31] Hariri F and Ottaviani M 2013 A flux-coordinate independent
field-aligned approach to plasma turbulence simulations
Comput. Phys. Commun. 184 2419

[32] Stegmeir A et al 2016 The field line map approach for
simulations of magnetically confined plasmas Comput.
Phys. Commun. 198 139

[33] Stegmeir A et al 2019 Global turbulence simulations of the
tokamak edge region with GRILLIX Phys. Plasmas
26 052517

[34] Rozhansky V et al 2001 Simulation of tokamak edge plasma
including self-consistent electric fields Nucl. Fusion
41 387

[35] Poulsen A et al 2020 Collisional multispecies drift fluid model
Phys. Plasmas 27 032305

[36] Zeiler A 1999 Tokamak edge turbulence IPP Report 5/88
(Garching: Max-Planck-Institut für Plasmaphysik)

[37] Scott B 2001 Low frequency fluid drift turbulence in
magnetised plasmas IPP Report 5/92 (Garching:
Max-Planck-Institut für Plasmaphysik)

[38] McCarthy D R et al 1993 Formation of the shear layer in
toroidal edge plasma Phys. Fluids B 5 1188

18



Plasma Phys. Control. Fusion 63 (2021) 034001 W Zholobenko et al

[39] Helander P and Sigmar D J 2002 Collisional Transport in
Magnetized Plasmas (Cambridge: Cambridge University
Press)

[40] Manz P, Ramisch M and Stroth U 2009 Experimental
estimation of the dual cascade in two-dimensional
drift-wave turbulence Plasma Phys. Control. Fusion
51 035008

[41] Held M et al 2018 Non-Oberbeck–Boussinesq zonal flow
generation Nucl. Fusion 58 104001

[42] Gürcan O D et al 2007 Intrinsic rotation and electric field
shear Phys. Plasmas 14 042306

[43] Wensing M et al 2020 X-point potential well formation in
diverted tokamaks with unfavorable magnetic field direction
Nucl. Fusion 60 054005

[44] Tskhakaya D et al 2008 On kinetic effects during parallel
transport in the SOL Contrib. Plasma Phys. 48 89

[45] Xia T Y and Xu X Q 2015 Nonlinear fluid simulation of
particle and heat fluxes during burst of ELMs on DIII-D
with BOUT++ code Nucl. Fusion 55 113030

[46] Meyer H et al 2017 Overview of progress in European
medium sized tokamaks towards an integrated
plasma-edge/wall solution Nucl. Fusion 57 102014

[47] Eich T et al 2018 Correlation of the tokamak H-mode density
limit with ballooning stability at the separatrix Nucl. Fusion
58 034001

[48] Scott B D 2005 Energetics of the interaction between
electromagnetic ExB turbulence and zonal flows New
J. Phys. 7 92

[49] Plank U et al 2020 H-mode power threshold studies in mixed
ion species plasmas at ASDEX Upgrade Nucl. Fusion
60 074001

[50] Sauter P et al 2011 L- to H-mode transitions at low density in
ASDEX Upgrade Nucl. Fusion 52 012001

[51] Scott B D 2002 The nonlinear drift wave instability and its role
in tokamak edge turbulence New J. Phys. 4 52

[52] Scott B D 2003 Computation of electromagnetic turbulence
and anomalous transport mechanisms in tokamak plasmas
Plasma Phys. Control. Fusion 45 A385

[53] Jassby D L 1972 Transverse velocity shear instabilities within
a magnetically confined plasma Phys. Fluids 15 1590

[54] Pueschel M J, Kammerer M and Jenko F 2008 Gyrokinetic
turbulence simulations at high plasma beta Phys. Plasmas
15 102310

[55] Kotschenreuther M et al 2019 Gyrokinetic analysis and
simulation of pedestals to identify the culprits for energy
losses using ‘fingerprints’ Nucl. Fusion 59 096001

[56] Hallatschek K and Zeiler A 2000 Nonlocal simulation of the
transition from ballooning to ion temperature gradient mode
turbulence in the tokamak edge Phys. Plasmas 7 2554

[57] Dif-Pradalier G et al 2015 Finding the elusive E × B staircase
in magnetized plasmas Phys. Rev. Lett. 114 085004

[58] Manz P, Ramisch M and Stroth U 2009 Physical mechanism
behind zonal-flow generation in drift-wave turbulence Phys.
Rev. Lett. 103 165004

[59] Schmid B et al 2017 Collisional scaling of the energy transfer
in drift-wave zonal flow turbulence Phys. Rev. Lett.
118 055001

[60] Manz P et al 2016 Poloidal asymmetric flow and current
relaxation of ballooned transport during I-phase in ASDEX
Upgrade Phys. Plasmas 23 052302

[61] Zhu B, Francisquez M and Rogers B N 2017 Global 3D
two-fluid simulations of the tokamak edge region:
turbulence, transport, profile evolution and spontaneous
E × B rotation Phys. Plasmas 24 055903

[62] Stoltzfus-Dueck T 2019 Intrinsic rotation in axisymmetric
devices Plasma Phys. Control. Fusion 61 124003

[63] Loizu J et al 2014 Intrinsic toroidal rotation in the scrape-off
layer of tokamaks Phys. Plasmas 21 062309

[64] Wiesenberger M and Held M 2020 Angular momentum and
rotational energy of mean flows in toroidal magnetic fields
(arXiv:2003.02707)

[65] Xu M et al 2011 Generation of a sheared plasma rotation by
emission, propagation and absorption of drift wave packets
Phys. Rev. Lett. 107 055003

[66] Shesterikov I et al 2012 Direct evidence of eddy breaking and
tilting by edge sheared flows observed in the TEXTOR
tokamak Nucl. Fusion 52 042004

[67] Zholobenko W et al 2020 Thermal dynamics in the
flux-coordinate independent turbulence code GRILLIX
Contrib. Plasma Phys. 60 e201900131

[68] Peeters A G 1998 Stringer spin up due to anomalous transport
Phys. Plasmas 5 2399

[69] Zholobenko W et al 2020 Corrigendum: thermal dynamics in
the flux-coordinate independent turbulence code GRILLIX
Contrib. Plasma Phys. 60 e202000056

[70] Hatch D et al 2016 Microtearing turbulence limiting the
JET-ILW pedestal Nucl. Fusion 56 104003

[71] Thyagaraja A, Haas F and Cook I 1980 Temperature
fluctuations and heat transfer in tokamaks Nucl. Fusion
20 611

[72] Scott B 1997 Three-dimensional computation of drift Alfvén
turbulence Plasma Phys. Control. Fusion 39 1635

[73] De Dominici G et al 2019 Flux driven pedestal formation in
tokamaks: turbulence simulations validated against the
isotope effect (arXiv:1912.09792)

[74] Chang C S, Kue S and Weitzner H 2002 X-transport: a
baseline nonambipolar transport in a diverted tokamak
plasma edge Phys. Plasmas 9 3884

[75] Brzozowski R W et al 2019 A geometric model of ion orbit
loss under the influence of a radial electric field Phys.
Plasmas 26 042511

[76] Stegmeir A et al 2018 GRILLIX: a 3D turbulence code based
on the flux-coordinate independent approach Plasma Phys.
Control. Fusion 16 035005

[77] Body T et al 2020 Treatment of advanced divertor
configurations in the flux-coordinate independent
turbulence code GRILLIX Contrib. Plasma Phys. 60
e201900139

19



A.4 The role of neutral gas in validated global edge turbulence simula-
tions

COPYRIGHT

Original Content from this work may be used under the terms of the Creative Commons
Attribution 4.0 licence. Any further distribution of this work must maintain attribution to the au-
thor(s) and the title of the work, journal citation and DOI.
©EURATOM 2021
Reprinted with permission from
Wladimir Zholobenko, Andreas Stegmeir, Michael Griener, Garrard Conway, Thomas Body, David
Coster, Frank Jenko, the ASDEX Upgrade Team
The role of neutral gas in validated global edge turbulence simulations
2021 Nuclear Fusion 61 116015
DOI: https://doi.org/10.1088/1741-4326/ac1e61

SUMMARY
To make predictions for and design fusion reactors, a multitude of physical processes must be con-
sidered. In the edge and scrape-off layer (SOL), turbulent fluctuations intertwine with the plasma
background, which is largely determined by neutral gas, and magnetic geometry plays an important
role. A diffusive neutrals model has now been implemented in the global Braginskii edge turbu-
lence code GRILLIX. The code is based on the flux-coordinate independent (FCI) approach, which
allows efficient turbulence simulations in diverted equilibria. We validate simulations across the
ASDEX Upgrade edge and SOL against measurements in discharge #36190, and find much better
agreement thanks to the neutrals. Disentangling the effects of the neutral gas, we find that it affects
the plasma in several ways. Firstly, the ionization of neutrals modifies the radial profiles of plasma
density and temperature, leading to a transition of the turbulence drive from general ballooning type
to ion temperature gradient (ITG) type. Secondly, strong poloidal asymmetries can be induced due
to divertor recycling, depending on the ionization pattern. As ballooned perpendicular plasma trans-
port is stronger at the low-field side, neutrals penetrate deeper into the plasma at the high-field side,
leading to significant ionization and radiation there. With increasing divertor neutrals density, the
targets cool down while plasma density increases, more strongly at the high-field side. Much of the
dynamics takes place directly around the X-point and along the separatrix, which can be resolved
by the FCI approach. Potential remains in extending the model and the code, but our results build
confidence that predictive capability is within reach for major design questions for fusion reactors,
such as the near SOL fall-off length.

INDIVIDUAL CONTRIBUTIONS

Leading role in realizing the scientific project.

Problem definition
Literature survey
Code implementation
Carrying out the simulations
Evaluation of the simulations
Manuscript preparation

significantly contributed
significantly contributed
significantly contributed
significantly contributed
significantly contributed
significantly contributed

147

https://creativecommons.org/licenses/by/3.0/
https://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1088/1741-4326/ac1e61


PAPER • OPEN ACCESS

The role of neutral gas in validated global edge
turbulence simulations
To cite this article: W. Zholobenko et al 2021 Nucl. Fusion 61 116015

 

View the article online for updates and enhancements.

You may also like
Overview of density pedestal structure:
role of fueling versus transport
S. Mordijck

-

Summary of 21st joint EU-US transport
task force workshop (Leysin, September
5–8, 2016)
P. Mantica, C. Bourdelle, Y. Camenen et
al.

-

Search for zonal flows in the edge
turbulence of Alcator C-Mod
S J Zweben, J L Terry, M Agostini et al.

-

This content was downloaded from IP address 95.91.250.102 on 08/12/2021 at 13:40



International Atomic Energy Agency Nuclear Fusion

Nucl. Fusion 61 (2021) 116015 (13pp) https://doi.org/10.1088/1741-4326/ac1e61

The role of neutral gas in validated global
edge turbulence simulations

W. Zholobenko∗ , A. Stegmeir , M. Griener , G.D. Conway, T. Body ,
D. Coster , F. Jenko and the ASDEX Upgrade Teama

Max-Planck-Institut für Plasmaphysik, Boltzmannstraße 2, 85748 Garching, Germany

E-mail: Wladimir.Zholobenko@ipp.mpg.de

Received 27 May 2021, revised 22 July 2021
Accepted for publication 17 August 2021
Published 7 October 2021

Abstract
To make predictions for and design fusion reactors, a multitude of physical processes must be
considered. In the edge and scrape-off layer (SOL), turbulent fluctuations intertwine with the
plasma background, which is largely determined by neutral gas, and magnetic geometry plays
an important role. A diffusive neutrals model has now been implemented in the global
Braginskii edge turbulence code GRILLIX. The code is based on the flux-coordinate
independent (FCI) approach, which allows efficient turbulence simulations in diverted
equilibria. We validate simulations across the ASDEX Upgrade edge and SOL against
measurements in discharge #36190, and find much better agreement thanks to the neutrals.
Disentangling the effects of the neutral gas, we find that it affects the plasma in several ways.
Firstly, the ionization of neutrals modifies the radial profiles of plasma density and
temperature, leading to a transition of the turbulence drive from the general ballooning type to
the ion temperature gradient type. Secondly, strong poloidal asymmetries can be induced due
to divertor recycling, depending on the ionization pattern. As ballooned perpendicular plasma
transport is stronger at the low-field side, neutrals penetrate deeper into the plasma at the
high-field side, leading to significant ionization and radiation there. With increasing divertor
neutrals density, the targets cool down while plasma density increases, more strongly at the
high-field side. Much of the dynamics take place directly around the X-point and along the
separatrix, which can be resolved by the FCI approach. Potential remains in extending the
model and the code, but our results build confidence that predictive capability is within reach
for major design questions for fusion reactors, such as the near SOL fall-off length.

Keywords: neutrals–plasma interaction, turbulence simulations, ASDEX Upgrade tokamak,
edge and scrape-off layer, validation, Braginskii

S Supplementary material for this article is available online

(Some figures may appear in colour only in the online journal)

∗ Author to whom any correspondence should be addressed.
a See Meyer et al 2019 (https://doi.org/10.1088/1741-4326/ab18b8) for the
ASDEX Upgrade Team.

Original content from this work may be used under the terms
of the Creative Commons Attribution 4.0 licence. Any further

distribution of this work must maintain attribution to the author(s) and the title
of the work, journal citation and DOI.

1741-4326/21/116015+13$33.00 1 © EURATOM 2021 Printed in the UK



Nucl. Fusion 61 (2021) 116015 W. Zholobenko et al

1. Introduction

Among the key design goals for fusion reactors are manage-
able heat and particle exhaust at optimal core confinement,
which is only possible in divertor geometry [1]. Extrapola-
tions from today’s experiments to reactors unfortunately sug-
gest that current solutions might not suffice [2], and advanced
divertor [3, 4], detachment [5, 6] and confinement [7, 8] con-
cepts are required. Yet, in designing them, it is challenging
to predict the complex nonlinear plasma response, and par-
ticularly the turbulent transport. The most reliable way is
direct numerical simulations [9], and recently various meth-
ods have been developed in order to handle complex diverted
geometries [10–13] in edge turbulence codes. Among them,
GRILLIX [14–16] is able to perform turbulence simulations
in any axisymmetric magnetic equilibrium [17] at moder-
ate computational cost, thanks to the flux-coordinate inde-
pendent (FCI), locally field-aligned discretisation [18, 19].
However, before reliable predictions can be made, the code
should be validated against present experiments. GRILLIX
was previously validated against the linear large plasma device
(LAPD) [20] and was recently validated against diverted TCV
experiments [21]. With the latest advances in the GRILLIX
model, detailed below, we now perform a validation against
an attached L-mode discharge in the ASDEX Upgrade (AUG)
diverted tokamak.

It has long been recognised that at the plasma edge,
recycling, i.e. neutralisation of the plasma at the wall and
re-ionization of the neutral gas, plays a major role in estab-
lishing the density and temperature profiles [22]. Transport
codes in 2D [23–25] and 3D [26] with sophisticated wall, neu-
tral gas and impurity models [27–29] are routinely used to
interpret and design experiments. However, the results sub-
stantially depend on heuristic turbulent transport models. Due
to large fluctuation amplitudes in the scrape-off layer (SOL)
[9, 30, 31], background evolution and turbulent fluctuations
cannot be well separated, prohibiting a straightforward imple-
mentation of local turbulence models in those transport codes.
Global turbulence codes that solve for turbulence and transport
simultaneously, on the other hand, are complex and compu-
tationally expensive, and only recently began implementing
neutral gas models [32–34].

In this contribution, we report on the implementation of
a neutral gas model in the global turbulence code GRIL-
LIX. Starting simple, the model defines source terms for
plasma density, vorticity and electron temperature due to
charge exchange (CX), ionization and recombination reactions
between the plasma and one atomic neutrals species. The neu-
trals diffuse homogeneously, with their temperature assumed
to be equal to the ions, modelling their microscopically ballis-
tic motion inhibited only by CX collisions with the plasma.
The plasma model consists of two-fluid drift-reduced [35]
global Braginskii equations, as was lastly summarized in [16].
The only advancement from the Braginskii equations so far is
the implementation of a limiter for the parallel heat conduc-
tion [36–42], the crudest possible model for Landau damping
of the parallel heat flux at low collisionality, where the original
Braginskii closure would break down.

With these extensions, GRILLIX is validated against AUG
discharge #36190: we compare electron density and temper-
ature profiles at the outboard mid-plane (OMP) and at the
divertor, as well as the radial electric field at the OMP. Along
with the comparison to the experiment, we stress the role of
the neutral gas in these simulations. The primary effect is
the plasma density source given by neutrals ionization, which
has a non-trivial profile in the SOL and reaching to the sep-
aratrix around the X-point, particularly at the high-field side
(HFS). The non-trivial source distribution leads to poloidal
density asymmetries in the plasma edge. Compared to simu-
lations without neutrals, a much flatter density profile results
in the confined region. Consequently, the turbulence is driven
not by general ballooning modes, but predominantly by ion
temperature gradient (ITG) modes—characterised by large
ion temperature fluctuations and larger ion than electron heat
transport. Further, due to the dilution of the plasma by cold
electrons from neutrals ionization and the accompanying radi-
ation, the electron fluid is cooled down significantly towards
the divertor plates. As plasma collisionality increases, its
heat conduction is reduced and parallel temperature gradients
establish. With reduced parallel heat outflow, the perpendicu-
lar turbulent transport flattens radial temperature profiles in the
near SOL at the OMP, resulting in much more realistic fall-
off lengths. With increasing divertor neutral density, the far
SOL plasma density also rises, ultimately building a ‘density
shoulder’ [43, 44].

The remainder of the manuscript is organized as follows.
The neutral gas model is described in section 2. The imple-
mentation of the parallel heat flux limiter is documented in
section 3. The simulation setup is summarised in section 4,
recapitulating the basics from our previous work [16] and
focusing on novel aspects concerning the neutrals and the
heat flux limiter. The central results of this work—the vali-
dation of the simulations against AUG and the role of neutral
gas therein—are detailed in section 5. Section 6 discusses the
high-recycling regime reached at higher divertor neutrals den-
sity, and the necessary model extensions for turbulence sim-
ulations in detached conditions. Finally, conclusions and an
outlook are given in section 7.

2. Neutral gas model

We consider a single ion species plasma and the corresponding
neutral atoms. Molecules are currently ignored, as they are not
as important in the attached tokamak conditions, due to the low
dissociation energy of 4.5 eV1. The plasma and neutral fluids
interact via the electron impact ionization and recombination
reactions,

e− + D ↔ 2e− + D+, (1)

1 Molecular assisted dissociation and ionization are the dominant processes
[45] and should be considered as an electron cooling effect [23], but are
yet negligible compared to atomic ionization and dilution. They will become
important for reaching detached conditions however [22, 45, 46]: molecular
assisted dissociation and ionization reduce the ionization length of particles
and can lead to an up to 100% higher upstream density required to reach
detachment [45], while molecular assisted recombination contributes only
10%–20% to the total recombination rate, dominated by atoms [45, 46].
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and the CX process

D+ + D ↔ D + D+. (2)

Electron impact ionization and recombination result in den-
sity exchange between the neutral (N) and ionized (n) fluids
according to

Sn = kiznN − krecn2 = −SN. (3)

This source term is added to the right-hand side of the plasma
continuity equation (A1) in [16]. The rate coefficients are
obtained from the publicly accessible Amjuel database [47].
Note that the recombination rate is virtually irrelevant for
Te > 2 eV.

Additionally, electron impact reactions affect the thermal
energy of the electron fluid. For the pressure, we can write

3
2

dpe

dt
∼ −WiznN − Wrecn2 (4)

with electron cooling rates due to ionization W iz and recombi-
nation W rec. These contain both the thermal energy dissipation
through radiation, due to electron impact excitation and radia-
tive de-excitation, as well as the energy transfer of 13.6 eV
between bound and free electrons. Note that the latter process
cools the plasma during ionization and radiative recombina-
tion, but heats it up during three-body recombination, such
that W rec becomes negative at Te < 1 eV. For the electron
temperature, we then obtain the source

STe = −2
3

(WizN + Wrecn) − (kizN − krecn) Te. (5)

The second bracket results from ∂tTe = (∂t pe − Te∂tn) /n and
inserting Sn. kizNTe is in fact the dominant term at Te > 20 eV.
It can be understood as a dilution of the hot plasma by cold,
newly ionized electrons.

Charge exchange involves no transfer of internal energy and
is therefore elastic, very efficiently mixing the momentum and
thermal energy of the neutral and ion fluids, while conserv-
ing density. Therefore, and for simplicity, we will assume that
ions and neutral atoms share the same temperature T i = TN

(which is strictly valid only if the CX mean free path is smaller
than the T i gradient length [48]). The only exception to this
is right at the divertor targets: the neutrals do not thermalise
instantaneously, rather having the temperature of the wall
there, TN ≈ 0 compared to the attached plasma conditions
T i � 10 eV. Modelling of the neutral gas temperature in
more detail is complex, as the rich chemistry (including the
interaction with the wall) and the relatively large mean free
path prohibit the representation of the neutrals velocity space
distribution by a simple local Maxwellian; usually either
kinetic [28, 32] or multi-group fluid [49] treatments are
required.

The primary importance of CX in our model is that this
scattering process is the only one that efficiently inhibits the
ballistic motion of the dilute neutrals. Similarly to [23, 49, 50],
we describe the motion of the neutral gas as diffusion, with the

diffusion coefficient

DN =
c2

s,N

νcx
=

Ti/mi

kcxn
. (6)

Here, cs,N =
√

Ti/mi is the neutral gas sound velocity,
mN ≈ mi the neutrals mass, νcx the CX frequency and kcx

the CX rate coefficient. The latter is estimated according
to equation (24) in [51] via kcx = 2.93σcxcs,N, with the
hydrogen CX cross section being roughly 7 × 10−19 m2.
Additionally, as suggested by [50, 52], the diffusion coef-
ficient is limited to keep the neutrals flux below the sound
limit (in low collisionality regions of the domain), i.e.
D̃N = min

(
DN, NTics,N/ |∇NTi|

)
.

The neutral particles conservation equation then becomes

∂N
∂t

= ∇ · D̃N

Ti
∇NTi − kiznN + krecn2. (7)

It is important that neutrals also diffuse along the ion tem-
perature gradient [23, 50], as they otherwise penetrate too
deep into the confined plasma. An exception to this is right
at the divertor, where TN ≈ 0—effectively ∇T i|div = 0 in
equation (7)—prevents local trapping of neutral gas between
the neutrals density and ion temperature gradients.

Note that the motion of the neutral gas is isotropic, con-
trary to the strongly anisotropic plasma motion. The plasma
flows very quickly parallel to the magnetic field, but its
motion in the perpendicular direction is strongly inhibited and
described by micro turbulence. To resolve this, GRILLIX uses
the FCI approach with a strongly anisotropic grid, very sparse
toroidally but dense in the poloidal plane. As the neutrals also
move fast within the poloidal plane, this results in a stiff 2D
diffusion problem. It is solved by means of the same multi-
grid algorithm used for the electromagnetic fields [15], taking
5%–10% of the total computing time.

We remark that the current model has little influence on
the plasma parallel velocity. Due to the small electron mass,
we ignore the impact of electron–neutral collisions on the
momentum of the electron fluid. For the ion and neutral flu-
ids, we assume that CX collisions are frequent enough that
their parallel velocities are approximately equal and are deter-
mined by the plasma, like for the temperature. In effect, this
disregards transport of parallel velocity and temperature by the
neutrals. Further, the dissipation of the parallel momentum by
neutrals viscosity [23], due to CX and neutral–neutral colli-
sions, is assumed to be negligible. We expect these assump-
tions to be reasonable in present simulations of an attached
AUG discharge, where N/n in the near-SOL does not exceed
5%. But this will need to be re-examined at higher neutrals
densities, towards detachment conditions. The only effect on
parallel velocity currently considered is indirect: as the tem-
perature at the divertor drops due to the neutrals, the plasma
parallel velocity at the boundaries lowers due to the Bohm
sheath boundary condition.

However, we do consider the dissipation of vorticity due
to the transfer of perpendicular momentum. Assuming that
momentum is simply exchanged between ions and neutrals

3
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during ionization and recombination,we find the local momen-
tum density exchange rate

d
dt

minvi ∼ kizNnmivN − krecn2mivi + kcxNnmi(vN − vi). (8)

Rewriting this in terms of min d
dt vi, adding it to the Braginskii

ion equation of motion [53] and crossing it with ×B, we obtain
for the perpendicular ion velocity (in cgs units)

B2 en
c

vi
⊥ = −∇pi × B + enE × B − min

dvi

dt
× B

− (∇ · Πi) × B + (kiz + kcx) Nnmi (vN − vi) × B.

(9)

We readily identify the first two terms on the right-hand
side of the equation as diamagnetic vi

∗ and E × B velocity
vE. The remaining terms themselves depend on vi

⊥ and are
approximated in terms of diamagnetic and E × B velocities
following the drift-reduction procedure [35]. The third term
then becomes the polarisation velocity, crucial for turbulence,
together with the fourth term, the ion stress-tensor Πi [16].
The last term on the right-hand side is perpendicular veloc-
ity exchange between ions and neutrals. Here, we note that the
neutrals mean free path λN = cs,N/νcx is much larger than the
relevant perpendicular scale for the plasma, the Larmor radius.
Therefore, we have ∇ · vN � ∇ · vi and can ignore the neu-
trals velocity here, i.e. the vorticity source due to momentum
gain from neutrals [32, 54]. Finally, we obtain the vorticity sink
due to momentum loss to neutrals as

SΩ = −∇ ·
[

mic2nN
eB2

(kiz + kcx)

(
∇⊥ϕ +

∇⊥ pi

en

)]
. (10)

This sink is added to the right-hand side of the vorticity
equation (A2); see the appendix in [16]. Under a Boussinesq
type approximation, which we do not apply, this is roughly
SΩ ≈ − νiz+νcx

ωci
NΩF, with ωci = eB/mic, ν iz = nkiz and the

fluid vorticity ΩF = b · ∇ ×
(
vE + vi

∗
)
. This vorticity sink has

been found to be important in situations with high neutrals
densities, e.g. in linear devices [55] and in detached tokamak
conditions [56]. But in our simulations so far, we have not
observed a significant effect yet.

As a last point, the biggest limitations of the model are the
boundary conditions. We currently only implement Dirichlet
and homogeneous Neumann boundary conditions: zero flux at
the main chamber wall, zero neutrals density at the core bound-
ary and a fixed neutrals density Ndiv at the divertor. With this,
Ndiv must be scanned to obtain global recycling, i.e. plasma
density sourced to ∼ 99% by neutral gas ionization, as detailed
in section 4 (main chamber recycling is neglected, as sug-
gested by transport studies [57]). Local recycling boundary
conditions [23] will be implemented in the near future,
demanding adaptations to the code structure: the challenge
here is that neutrals are much more mobile across flux surfaces
than the plasma, requiring boundary conditions on the per-
pendicular rather than on the parallel fluxes. We note that the
divertor neutrals density as a free parameter is likely to mask
the general simplicity of the current neutrals model, ignoring

the effects of neutrals viscosity, details of their velocity dis-
tribution, molecules and details of the plasma–wall–neutrals
interaction (including gas puffing, pumping, outgassing, etc).
On one hand, this avoids the problem of possibly long satura-
tion times due to local recycling [58] and allows a relatively
good match to the experiment with a very simple neutrals
model, such that qualitative effects can already be studied in
relevant conditions. On the other hand, predictive simulations
will require a more complete model without free parameters.

3. Plasma model improvements

For the plasma, the global drift reduced Braginskii model
is employed in GRILLIX. It can handle arbitrary fluctuation
levels (no δ f splitting), features electromagnetic effects and
electron/ion thermal dynamics. The model has been compre-
hensively summarised in the appendix of [16]. Here, some
additional improvements are outlined.

The Braginskii heat conductivities χe
‖ = 3.16nTeτe/me ∼

T5/2
e and χi

‖ = 3.9nTiτi/mi ∼ T5/2
i [53] are known to be inap-

propriate at low collisionality [24, 40, 41]. In this work, we
will limit them by a harmonic average between the Bragin-

skii and the free streaming heat flux, q̃ =
(

1
|qBraginskii| + 1

qFS

)−1
,

with qFS = αn
√

T/mT (see chapter 26.2 in [38]). For the heat
conduction, this can be rewritten as

χ̃e, i
‖ = χe, i

‖

(
1 +

|qBraginskii|
qFS

)−1

= χe, i
‖

(
1 +

χe, i
‖ |∇‖T|

αn
√

T/mT

)−1

≈ χe, i
‖

(
1 +

χe, i
‖

αe, in
√

Te, i/me, iR0q

)−1

. (11)

In the last expression, we have approximated∣∣∇‖Te, i

∣∣ /Te, i ≈ 1/qR0 with the machine major radius
R0 and the safety factor q, to avoid the non-linearity in ∇‖T in
the temperature equation. To avoid issues with the diverging
safety factor at the separatrix, it is set to constantly q = 4.
Note that due to the mass factor, the limiter is more severe
for ions than for electrons. This Knudsen correction [36] is
frequently used in literature [37, 39, 41] and constitutes a first
step towards a Landau fluid close [42, 59], but similarly to
previous work [41], we will find a significant dependence of
simulation results on the free parameter αe,i.

Besides changing the expression for the parallel heat flux
according to (11), we also modify the electron temperature
boundary condition ∇‖ log(Te) = −γenu‖/χe

‖ at the divertor:
taking into account a finite secondary electron emission coef-
ficient [38] of roughly 0.75, we set γe = 1 (instead of 2.5). For
the ions, we keep ∇‖ log(T i) = 0.

Finally, we note that unlike in our previous work, viscous
ion heating is less pronounced and poses no stability issues
any more because of increased collisionality due to neutrals.
Due to previous concerns [16], the reference simulation in the
present work has also been run without viscous ion heating.

4



Nucl. Fusion 61 (2021) 116015 W. Zholobenko et al

But we have repeated the simulation with viscous ion heating
on and found only a small effect, 7% higher ion temperature
at the OMP separatrix with an otherwise identical profile.

4. Simulation setup

We briefly recapitulate the simulation setup, detailed in
section 3.1 of [16], and then describe the additional challenges
in the present work due to the extensions discussed above.
The simulations are based on and compared to AUG discharge
#36190 (at 2–4 s), an attached L-mode with 800 kA plasma
current, q95 = 4.4 and average triangularity of δ = 0.21. The
toroidal magnetic field is Btor = −2.5 T on the axis, i.e. in
the favourable configuration with B × ∇B ∼ −êZ towards the
divertor X-point. The plasma is heated by 550 kW neutral beam
injection and 500 kW ohmic heating, whereby 300 kW are
radiated away by impurities.

The magnetic geometry is a lower single null diverted equi-
librium, reconstructed from the AUG discharge #36190 at
3.3 s. The simulated domain extends from the core boundary at
ρpol = 0.9 and across the separatrix to ρpol = 1.05. The outer
radial boundary is at the last flux surface intersected by the
machine main chamber wall. The artificial core boundary is
chosen to be far enough away from the separatrix to not pol-
lute the dynamics there, but not too far into the collisionless
plasma core where the fluid model loses its validity. At the
core boundary, an adaptive source keeps fixed density and tem-
perature values based on the experiment (nped = 2 × 1019 m−3

and Te, i
ped = 350 eV), but a zonal Neumann boundary condition

allows the potential to float [60]—in the rest of the domain,
plasma profiles are free to evolve self-consistently.

The difference to the previous setup is that the plasma
model shown in the appendix of [16] has been extended by
the diffusive neutral gas model described in section 2. Addi-
tionally, we have improved the limiter for the parallel conduc-
tive Braginskii heat flux, as explained in section 3. Both addi-
tions introduce free parameters: the divertor neutrals density
Ndiv, and the free streaming parallel heat conduction limiters
αe,i. The computational cost of 83 kCPUh per 1 ms simula-
tion allows us to roughly adjust these parameters, and investi-
gate their role. However, the simulations must run for at least
3–4 ms, which takes a few months due to the as yet limited par-
allelizability of the code (in practice, 384 Intel SkyLake CPU
cores were used simultaneously per simulation). Therefore,
fine tuning was not possible, and we have limited ourselves
to a relatively coarse resolution of 16 poloidal planes and a
grid distance of 1.45 mm within each plane, totalling 7 million
grid points. We have previously found this to be sufficient to
resolve the overall transport and profile evolution [16].

The neutral gas model has a major impact on the simula-
tions. Most importantly, the dominant plasma density source
is now shifted from the core boundary at ρpol = 0.9 to the
separatrix and SOL, where neutrals are ionized. The ioniza-
tion source depends on the local neutrals density, which is
not obtained in a fully self-consistent way, as local recycling
boundary conditions are not yet implemented: a fixed neu-
trals density Ndiv must be prescribed via a Dirichlet boundary

Figure 1. Time evolution of the volume integrated core particles
source Sn magnified by 20 to be compared with the ionization
particle source Siz. Solid line: reference simulation with
Ndiv = 5 × 1017 m−3, dashed line: Ndiv = 8 × 1017 m−3.

condition at the divertor, the neutrals then expand into the
interior domain according to the diffusion model described in
section 2 and are ionized according to Amjuel [47] reaction
rate coefficients. Recycling is then obtained in a global sense
by scanning and adjusting the Ndiv parameter. Note that the
adaptive source at the core boundary still holds the plasma
density fixed there at 2 × 1019 m−3, but the goal is that the
required source strength saturates between 0%–1% of the ion-
ization source. Figure 1 shows the time evolution of the vol-
ume integrated core particle source Sn compared to the inte-
grated ionization source Siz in our reference simulation with
Ndiv = 5 × 1017 m−3. The initial spike in Siz is due to the
initial condition on the neutrals density N, which is con-
stant in the whole domain and equal to Ndiv. After the ini-
tial transient phase, Siz increases and Sn decreases as more
heat is arriving at the divertor. After saturation at t ≈ 4 ms,
we have Sn/Siz ≈ 0.5%, i.e. 99.5% recycling. For compari-
son, the dashed line shows the evolution of the density sources
for Ndiv = 8 × 1017 m−3. Once Sn gets too close to zero, the
separatrix density becomes too high and simulations become
unstable due to resistive ballooning modes [61, 62].

Figure 2 shows the input power at the core boundary of the
simulation evolving in time, which is required to maintain the
fixed pressure there due to turbulent radial heat outflow. After
4 ms in the reference simulation, it is at about 100 kW for elec-
trons and 430 kW for ions, which is in reasonable agreement
with the 750 kW net heating in the experiment (after the sub-
traction of the 300 kW radiated by impurities, as those are not
present in the simulation). With varying divertor neutrals den-
sity, we were able to change the input power by at most 5%.
However, the input power is sensitive to the free streaming
limiter αe,i for the parallel conductive heat flux, introduced in
section 3. In the reference simulation, αe,i = 1 as suggested by
[37, 59]. But choosing αe,i = 0.1 increases the total heat trans-
port to about 2 MW, as shown by the dashed lines in figure 2.
On the other hand, only limiting the electron and ion heat
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Figure 2. Input power at the core boundary of the simulation as a
function of time. Solid lines show the reference simulation
(αe,i = 1), and dashed lines show the input power at αe,i = 0.1.
The dotted lines show the input power without a free-streaming flux
limit, but with χe, i

‖ � 1027m−1 s−1 (see text).

conductivities to χe, i
‖ � 1027 m−1 s−1 as was done in simula-

tions without neutrals [16] leads to barely 34 kW electron and
26 kW ion heat transport: as noted in section 3, the
free streaming limiter is much stronger for ions than for
electrons—therefore, the simple limiter allows a particu-
larly large parallel ion heat flux (still smaller than for elec-
trons, though), which suppresses ITG turbulence [63]. Hence,
we conclude that better agreement in net heat transport
to the experiment—and potentially OMP temperature pro-
files shown in figure 3—might be achieved by fine tuned
αe,i, but reasonable results have already been obtained with
αe,i = 1. Rather, in future, we will consider further extending
the fluid closure to better approximate Landau damping, e.g.
as in [64].

5. Validation of attached L-mode AUG simulations

After discussing the recent model extensions and the simu-
lation setup, we can now present simulation results. As in
our previous work without neutrals [16], the simulations sat-
urate after 4 ms in the sense that mean profiles do not vis-
ibly change any more, at least over the next few ms (they
might change on time scales > 10 ms, but such long sim-
ulations are currently out of scope). At this stage, we can
separate the mean and the fluctuating parts of the fields by
time and toroidal averaging and analyse them. In the fol-
lowing sections, we will compare mean density, temperature
and electric field profiles in the reference simulation with
Ndiv = 5 × 1017 m−3 to experimental measurements, as well
as to simulations without neutrals and with higher divertor
neutrals density. Besides analysing OMP and divertor pressure
profiles, we discuss the 2D density profile in a poloidal plane,
its asymmetry due to the ionization source distribution and the
consequences of the density profile on fluctuation amplitudes.
Additionally, for the reference simulation, supplementary
movie 1 https://stacks.iop.org/NF/61/116015/mmedia shows

the evolution of plasma density in a poloidal cross section,
as well as the radial electric field at the OMP. Supplementary
movie 2 shows the dynamics in high-recycling conditions, as
discussed in section 6.

5.1. Outboard mid-plane profiles

Figure 3 shows the comparison between the simulated and
experimentally measured density and electron temperature
at the OMP. The measured data result from integrated data
analysis [65] of electron cyclotron emission, interferometry,
Thomson scattering, lithium and helium beam spectroscopy at
3.25–3.35 s of AUG discharge #36190. For the simulation, we
average the profiles toroidally and in time over 200 μs. We
show both the simulation profiles from [16] without neutrals
(blue dashed lines), as well as the new results with neutral gas
ionization (in red). Although no reliable ion temperature mea-
surements are available for this discharge, we show the simu-
lated T i together with Te, as the ion heat channel is important
for the L–H transition [66].

The main observation is that both the density and elec-
tron temperature profiles become much more realistic with
the neutral gas model. Without neutrals, with plasma density
being sourced to 100% at the core boundary, a steep den-
sity gradient builds up as plasma is flowing out in the SOL
at the divertor. With neutrals, the density source is localised
around the separatrix, and a much more realistic profile results.
The radial oscillation on top of the profile—observed both
experimentally and in simulations—is stationary over many
ms but slowly varying over hundreds of ms and explained in
simulations by a zonal flow [16].

For electron temperature, it turned out in the aftermath
that we chose a slightly too high core boundary temperature,
350 eV instead of 300 eV as measured experimentally. While
this does result in a somewhat steeper gradient in the con-
fined region, the profile at the separatrix is actually close to the
experiment—and very different from the profile without neu-
trals. The reason is partly the different density profile, leading
to a different turbulence drive as explained in section 5.4. But
the neutral gas also directly influences the temperature accord-
ing to equation (5): while recombination is virtually absent
as Te does not fall below 1 eV, ionization is effectively cool-
ing the plasma in regions of significant neutrals density (see
section 5.2). The colder divertor, as detailed in section 5.3,
reduces the parallel heat conductivity, allowing for significant
parallel gradients in the SOL and reducing the direct parallel
heat outflow at the OMP separatrix. As the OMP temperature
profile is determined by the competition between perpendicu-
lar turbulent transport and parallel conductive outflow, reduc-
ing the latter flattens the radial Te profile and results in much
more realistic SOL fall-off lengths.

5.2. Ionisation pattern and poloidal asymmetry

While the density profile agrees well with experimental mea-
surements at the OMP, it exhibits a surprising amount of
poloidal asymmetry, even in the confined region. The 2D den-
sity profile in the poloidal cross section at 4 ms simulation time
is displayed in figure 4. We see that density is higher at the
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Figure 3. Validation of GRILLIX simulations against integrated data analysis from ASDEX Upgrade discharge #36190 (3.25–3.35 s), at the
outboard mid-plane, comparing the model with neutral gas ionization (Ndiv = 5 × 1017 m−3) against core boundary density sourcing (i.e.
without neutrals) from [16]. Reliable measurement are available only for Te, but we also show the simulated T i.

HFS and lower at the low-field side (LFS), peaking near the
X-point at the HFS. The reason for this is partly the density
source distribution due to ionization: on the right of figure 4,
we show the mean deuterium radiation density around the
X-point, which has the same spacial distribution as the ioniza-
tion rate. On the LFS, it peaks near the divertor target where
the neutrals density is highest, and otherwise has a broad dis-
tribution around the heat channel close to the separatrix. On
the HFS, ionization peaks further upstream, very close to the
separatrix.

The difference in radiation and ionization patterns between
LFS and HFS is due to the ballooned perpendicular turbu-
lent transport being much stronger at the LFS, broadening the
SOL profile there and leading to significant fluxes to the LFS
divertor. On the HFS, much less power crosses the separatrix
at the inboard mid-plane, allowing the neutrals to penetrate
deeper into the plasma. They are then ionized slightly below
the separatrix as the confined plasma is slightly shifted down-
wards due to the B × ∇B drift. This becomes particularly clear
from a comparable simulation in unfavourable configurations,
where the plasma is shifted upward and barely any heat at all
reaches the HFS divertor and the neutrals front extends into the
confined region.

The density profile is determined not only by the HFS–LFS
and up-down asymmetric source distribution, but also by trans-
port between sources and sinks. Around the X-point, the den-
sity gradient in the confined region is reversed, i.e. ascend-
ing towards the separatrix, and a mean radial E × B flow
brings density from the source region into the confined plasma.
Plasma density peaks at the X-point, accumulating there due
to the long parallel connection length. As we will discuss
in section 5.5, the mean poloidal E × B rotation in the anti-
clockwise direction (enhanced by the poloidally asymmetric
density source from ionization) brings the density from the
X-point to the OMP. Along the way, ITG driven turbulent trans-
port (see section 5.4) tends to eject density together with the
heat again, resulting in a descending density slope at the OMP
as shown in figure 3. In a zonal average, however, the out-
ward transport is only as strong as to keep the zonal average

density gradient flat, hence the overall ITG transport. Overall,
this results in a somewhat higher density at the HFS OMP than
on the LFS. This asymmetry might be overestimated though,
as the parallel ion flow might be too strongly damped by
the Braginskii ion viscosity [67]. Also, these results are not
fully self-consistent yet, as equal neutrals density is prescribed
at both divertor plates. Therefore, while current simulations
show that poloidal asymmetries can arise from the ionization
source distribution, the details must be more closely investi-
gated in future work. Nevertheless, the relatively good agree-
ment between measured and simulated density profiles at the
OMP is encouraging.

5.3. Divertor target profiles

In section 5.1, we have seen relatively good agreement with the
experiment at the OMP thanks to our neutrals model. How-
ever, recycling is implemented only in a global sense, with
a constant divertor neutrals density Ndiv across both divertor
plates. Therefore, less good agreement is expected at the tar-
get plates. Nevertheless, figure 5 generally shows a significant
improvement with the neutrals model.

Without neutrals the density is below 2 × 1018 m−3, and
the parallel temperature profile in the SOL is flat resulting in
nearly identical radial profiles at HFS, LFS and OMP with a
peak temperature of 70 eV. With neutrals, due to dilution of
the plasma and radiation, the divertor temperature decreases.
At the same time, the plasma density increases, sourced by
neutrals ionization. The increased collisionality and therefore
decreased parallel heat conduction reduce the parallel heat
flux and allow turbulence to spread the heat further radially,
broadening the temperature profile at both the divertor targets
and OMP. Remarkably, even at identical neutrals density of
Ndiv = 5 × 1017 m−3 at both divertor plates, we find an in-out
asymmetry: as neutrals are ionized deeper in the plasma at the
HFS, the plasma density increases more strongly there, while
electron temperature falls lower than at the LFS.

Experimentally, an even larger in-out asymmetry is
observed, suggesting that neutrals should have a higher
density at the HFS than at the LFS divertor. The mismatch
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Figure 4. (Left) 2D density snapshot in the poloidal cross section for the quasi-steady state at 4 ms of the reference simulation. See
supplementary movie 1 for the dynamics. (Right) Mean deuterium radiation density.

in the plasma density profiles also indicates that the neutrals
density might be inhomogeneousacross the target plates, moti-
vating the implementation of local recycling boundary condi-
tions. However, the profiles are closer to experimental ones
than without neutrals at all, most remarkably the peak density
at the HFS and the temperature at the LFS. Turbulent fluctu-
ations of up to 40% in the simulations also partly explain the
fluctuations in experimental measurements, particularly close
to the separatrix, while experimental uncertainties in the far
SOL might still be affected by noise.

A simulation with higher Ndiv = 3 × 1018 m−3 improves
the match in the HFS temperature profile, corroborating that
HFS divertor neutrals density should be higher than at the LFS,
but it impairs the LFS temperature comparison and produces
too high a plasma density. As discussed above, Ndiv had to be
scanned to achieve global recycling, but high neutrals density
simulations were also an attempt to reach detached conditions,
though they did not run stable to saturation as will be discussed
in section 6.

5.4. Fluctuation amplitudes and turbulence characterisation

After having investigated the mean density and temperature
profiles, we should also discuss their fluctuations. They are
quantified by the standard deviation of an ensemble, here a
time series and profiles in toroidal direction, normalised to
the mean. The fluctuations at the divertor have been indi-
cated in figure 5 in the previous section. Here, we discuss
fluctuation amplitudes at the OMP, shown in figure 6. For
turbulence characterisation, fluctuations of the electrostatic

potential are important. They are commonly normalised to
the mean electron temperature [30, 31], because the mean
electrostatic potential becomes zero in some places.

The most remarkable observation is how different the
fluctuation amplitudes are compared to simulations without
neutrals (see figure 5(c) in [16]). Electrostatic potential fluc-
tuations are still the largest, indicating that interchange modes
are dominant. However, without neutrals, they were fol-
lowed by density fluctuations, while with neutrals, density
fluctuations are the smallest in the confined region, com-
pared to temperature fluctuations. The reason is the shift
of the density source from the core boundary to the sep-
aratrix, which, as we discussed in section 5.2, leads to a
flat density gradient in the zonal average. Instead, turbu-
lence is now rather driven by the temperature gradients, of
which the ion temperature gradient leads to the largest fluc-
tuations due to the ηi mode [69, 70]. The mode is typi-
cally triggered at ηi = Ln/LTi = ∂r ln Ti/∂r ln n > 1. With-
out neutrals, we had ηi < 1 for ρpol < 0.997 at the OMP
(0.5 on average). With neutrals, we have ηi > 1 in the whole
confined region, reaching 4 at ρpol = 0.96 at the OMP (2.2 on
average). Therefore, together with the observation of the dom-
inating T i fluctuations, we conclude that the ITG instability is
now dominant in the confined region2 [73, 74]. In the SOL,

2 In the plasma edge, electrons are generally not adiabatic, which can lead
to comparable electron and ion heat fluxes even under ITG turbulence
[71]. A difference in radial heat diffusivity of χe/χi = 1/4 − 1 is expected
[72, table 1]. This fits with the heat fluxes observed in figure 2, but the
dependence on the parallel conduction limiter αe,i will require further studies.
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Figure 5. GRILLIX divertor profiles, comparing the reference simulation with Ndiv = 5 × 1017 m−3 (red curve) against core boundary
density sourcing (i.e. without neutrals, blue dashed curve) from [16]. The dashed orange line shows results from a simulation with increased
divertor neutrals density, Ndiv = 3 × 1018 m−3. Simulation results are compared to Langmuir probe measurements [68] from ASDEX
Upgrade discharge #36190 (3.3–3.4 s). HFS profiles are on the left, LFS profiles are on the right. The error bars on experimental data points
indicate two standard deviations both due to turbulent fluctuations and diagnostic noise. The envelops around simulated profiles show two
standard deviations of turbulent fluctuations.

Figure 6. Outboard mid-plane fluctuation amplitudes.
σ2

f =
〈

f 2
〉

− 〈 f 〉2, the average is performed toroidally and in time
over 200 μs.

ηi ∼ 1 and the fluctuation amplitudes for density and temper-
atures are comparable, so here all of them participate in the
turbulence drive.

5.5. Radial electric field

One of the key mechanisms regulating turbulent transport are
sheared poloidal E × B flows. Previously, we have investigated
theoretically which mechanisms contribute to the formation

of a mean radial electric field [16]. With the recent imple-
mentation of a neutral gas model, satisfactory agreement in
OMP density and temperature profiles with the experiment
is obtained. Therefore, it is worthwhile to also compare the
mean radial electric field in the experiment and in the sim-
ulation (again with and without neutral gas), as shown in
figure 7. In the experiment, the edge Er ∝ ωD was measured
using Doppler reflectometry where the Doppler frequency
shift ωD is obtained from tracer density fluctuations under the
assumption that the turbulence phase velocity (few hundred
ms−1) is small compared to the main Er × B velocity (few
kms−1), i.e. vE×B  vph [75].

Unlike for density and temperature profiles, the compari-
son of the electric field is not that satisfactory. In the SOL, the
radial electric field is determined by sheath boundary condi-
tions at the divertor, following Er|SOL ∼ −3∂rTe|div, and par-
allel current dynamics described by Ohm’s law. With neutral
gas, the temperature at the divertor is reduced and its gradient
flattens. Additionally, the increased resistivity allows for the
establishment of parallel gradients, including a parallel elec-
tric field [76]. As a result, a much more realistic mean radial
electric field at the OMP is obtained than without neutrals, but
still a factor of two larger than in the experiment. The remain-
ing discrepancy is likely due to not yet fully realistic boundary
conditions at the divertor plates.

In the confined region, without neutrals, we have previously
found the time averaged radial electric field to be determined
by a combination of the ion pressure gradient, zonal flows
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Figure 7. Outboard mid-plane radial electric field in simulations
with and without neutrals, in comparison to Doppler reflectometry
measurements at 2.235 to 2.635 s of the discharge.

and toroidal rotation [16]: 〈Er〉t ≈
〈

∂r pi
en

〉
t
+ me

e 〈u · ∇u〉t · er +〈
u‖Bθ

〉
t
. These terms did not change significantly with the

neutrals, but the poloidally asymmetric density source from
their ionization entering the ion continuity equation does sus-
tain an additional mean poloidal rotation [24]. The mean radial
electric field stabilizes the stationary plasma background, but
leads to a poloidal E × B rotation of turbulent filaments in the
anti-clockwise direction in the confined region, and in the
clockwise direction in the SOL, with the flow shear peaking
at the separatrix.

The discrepancy in the radial electric field between simu-
lation and experiment suggests that a refinement of the fluid
model is required. Previously, we have seen that fluid closure
terms have a huge impact: the parallel ion viscosity by reg-
ulating poloidal rotation, and parallel ion and electron heat
conductivities by regulating the zonal flow [16]. Future work
will therefore be directed towards an ion viscosity consis-
tent with neoclassical theory across all collisionality regimes
[24, 77], and a more refined Landau fluid closure for the
parallel heat flows [64].

6. Towards high-recycling and plasma detachment

One of the main challenges for fusion reactors is to maintain
manageable heat loads on the divertors. In achieving this, it is
unavoidable that a major part of the heat passing the separa-
trix has to be radiated away before reaching the targets, and
the remainder shall be spread across the target area as evenly
and widely as possible. As we see in figure 4, a fraction of the
input power—45 kW—is radiated away by deuterium, even
in attached conditions. Bolometry measurements suggest that,
additionally, 300 kW are radiated away by impurities (pre-
dominantly nitrogen), currently not contained in our simula-
tion. However, the majority of the heat (roughly 500 kW) still
reaches the targets.

The radiation capability of neutral gas is limited above a
few eV plasma temperature, as particles are directly ionized

Figure 8. Outboard mid-plane plasma density as a function of
divertor neutrals density. The reference simulation validated against
AUG #36190 had Ndiv = 5 × 1017 m−3, the simulations with
increased Ndiv only run stable if the ionization rate is also reduced.

away before emitting radiation. Nevertheless, ionization has a
huge impact on the plasma: although total pressure is largely
maintained, by raising the density while reducing the temper-
ature the plasma collisionality is increased, as discussed in
section 5.3. One of the consequences of increased collision-
ality is a reduced parallel heat conduction, which, as we have
seen in figure 3, leads to much more realistic (broader) OMP
temperature profiles. Therefore, even in attached conditions,
neutral gas recycling has a major role on the plasma state.
Notably, as assumed in this work and confirmed in transport
studies [57], main chamber recycling plays a negligible role
compared to divertor recycling.

Is it possible to decrease the heat flux on the divertor targets
further by increasing the divertor neutrals density Ndiv? Indeed,
as we have shown in figure 5, for Ndiv = 3 × 1018 m−3 the tar-
get electron temperature can be decreased below 5 eV, with
deuterium radiation increasing to 170 kW. However, figure 5
also shows that at the same time, plasma density is consider-
ably increased. Not only does this not reduce the total target
heat flux significantly, as even at low temperatures we must
also consider the energy released per ion recombining at the
surface (13.6 eV). Increased density also has detrimental con-
sequences for the main chamber wall. As we have seen in
section 5.2, the ionization source is localised close to the sep-
aratrix, particularly at the HFS. At higher divertor neutrals
density, not only does the divertor plasma density increase,
but the density increase spreads through the whole domain.
The density profile at the OMP is shown in figure 8. With
increased neutrals recycling, the density gradient flattens in
both the confined region and in the far SOL, while the density
gradient in the near SOL remains similar. For the far SOL, this
is known as density shoulder formation and is indeed found in
detached plasmas [43, 44]. Increased far SOL density leads
to higher fluxes to the main chamber wall, accelerating its
erosion. Therefore, it is of interest to find exhaust solutions
avoiding this.

An important constraint for turbulence simulations is that
they are not unconditionally stable. In the near SOL, we
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observe large fluctuation amplitudes in both density and tem-
peratures, characteristic of resistive-ballooning modes. With
increasing separatrix density and collisionality, these modes
can become strongly unstable, leading to a density limit
[61, 62]. For this reason, our simulations with Ndiv > 1018 m−3

were not able to reach a saturated state, unless the ion-
ization rate coefficient is also decreased, as we found out
incidentally. While the simulation with Ndiv = 3 × 1018 m−3

crashed after 1.5 ms, the simulation with Ndiv = 5 × 1018 m−3

and a three times lower ionization rate ran stable for more
than 3 ms. The reason is not fully clear, as it is difficult to
distinguish between physical and numerical stability in non-
linear simulations. However, at lowered ionization rates the
neutrals penetrate deeper into the plasma, moving the ion-
ization front. At the HFS, it moves deeper into the confined
region, flattening completely the density profile there (in fact,
the core density source goes negative to hold the fixed den-
sity). In this regime, radial heat transport in the confined region
becomes carried exclusively by the ions due to the ITG. At the
LFS, the ionization front moves up and thereby more from the
separatrix to the far SOL (but remains close to the divertor).
Physically, a lowered ionization rate can be achieved by low-
ering the electron temperature in another way than by a density
increase. The remarkably violent dynamics in this simulation
can be observed in supplementary movie 2.

We conclude that further extensions are required for GRIL-
LIX to be able to simulate detached conditions, most notably
impurity radiation: to avoid an excessive increase of plasma
density, leading to a density shoulder formation [43, 44] and
the resistive-ballooning density limit [61, 62], the electron
temperature must be lowered by other means. Additionally,
we expect that parallel momentum losses due to ion–neutral
friction/viscosity are required to allow plasma recombination
to set in [23, 78], which would reduce the plasma density and
hence the total heat flux arriving at divertor targets.

7. Conclusions

The global Braginskii turbulence code GRILLIX was coupled
to a diffusive neutral gas model, taking into account ionisa-
tion, recombination and CX reactions. The neutrals become
mainly ionised along the separatrix in the proximity of the X-
point and strongly affect the plasma dynamics in various ways:
the density profile in the confined region flattens, while the
temperature profile steepens, which alters the turbulence drive
mechanism from ballooning modes to the ITG mode. The ion-
ization source distribution also leads to poloidal asymmetries.
As the neutrals introduce a cooling mechanism via dilution and
radiation, plasma collisionality increases in the edge and SOL,
and parallel heat transport becomes less effective. In conse-
quence, parallel temperature gradients arise in the SOL, while
radial temperature profiles are broadened, yielding a realis-
tic SOL fall-off length. The radial electric field in the SOL
is significantly reduced due to a lowered electron temperature
gradient at the divertor. At increasing divertor neutrals density,
the plasma density rises over the whole domain, further flatten-
ing the density profile in the confined region and producing a

density shoulder at the OMP, but these simulations also tend
to become resistive-ballooning unstable.

The simulations were validated against the attached L-
mode AUG discharge #36190. With the neutral gas model, a
satisfactory match of OMP density and electron temperature
profiles is obtained. At the divertor targets, the profiles become
much more realistic as well, but a discrepancy remains due to
the use of a too simple neutral boundary condition—a con-
stant density across both divertor plates. The most significant
discrepancy with the experiment currently seems to be in the
radial electric field: its form matches very well—negative in
the confined region, positive in the SOL—but the amplitude is
still a factor of two too large.

For improving the agreement with the experiment, but
most importantly for reliable and predictive reactor simula-
tions, the primary goal is the elimination of the remaining free
model parameters: the divertor neutrals density Ndiv and the
free streaming limiters αe,i of the parallel heat conductivities.
The former will be overcome in a straight forward way by
implementing local recycling boundary conditions. For the lat-
ter, the implementation of a Landau-fluid closure could be a
possible solution, e.g. as was done in the BOUT++ code [64].
Further important extensions might be neoclassical corrections
to the ion viscosity [24, 77] as well as the consideration of
ion orbit losses [79, 80], which can be expected to result in
a more realistic radial electric field. However, since these are
inherently kinetic effects, verification against gyrokinetic sim-
ulations will remain necessary [81]. Kinetic effects are impor-
tant not just for the plasma, but also for the neutrals: they can
be implemented by either a fully kinetic treatment [28, 32],
or a hybrid fluid-kinetic model [82, 83]. Finally, for simula-
tions in detached conditions, impurities and parallel momen-
tum dissipation by the neutral gas [78] must be considered.
Importantly, for reactor scale simulations, not only should
the physical model be improved, but also the computational
performance.

Overall, we conclude that a remarkable degree of agree-
ment with the experiment can already be achieved, particularly
in the OMP profiles. Hence, predictions for important observ-
ables such as the SOL fall-off lengths are becoming possible.
In near future, the validation should be extended into regimes
with improved confinement, such as the H- or I-mode, aiming
to provide a better understanding of these regimes. But also,
using the geometric flexibility of GRILLIX, advanced diver-
tor [3] and negative triangularity [7] reactor concepts should
be explored.
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