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Abstract

Potential interactions of new physics, which violate CP- and baryon-number conser-
vation, are investigated within an effective field theory approach. In particular, CP-
violating interactions involving the Higgs boson and gluons are studied, focusing on
new-physics scenarios with vanishing or strongly suppressed light-quark Yukawa coup-
lings. The CP-violating interactions lead to three- and four-gluon operators of Weinberg
type at low energies, which contribute to the electric dipole moment of the neutron. The
corresponding hadronic matrix elements are calculated with the help of sum-rule tech-
niques in QCD. Moreover, baryon-number-violating interactions that involve gravity are
studied in this thesis. In this context, the sensitivity of existing and next-generation
neutrino experiments in detecting a proton-decay signature with a pion, a positron and
a graviton in the final state is examined. The hadronic form factors that parametrise
the corresponding proton-to-pion transition are calculated by means of light-cone sum
rules. The validity of the sum-rule approach is verified on the basis of a matrix element

for a related but simpler decay channel which is known from lattice QCD.

Zusammenfassung

Im Rahmen einer effektiven Feldtheorie werden potenzielle Wechselwirkungen (WW)
neuer Physik untersucht, welche CP- und Baryonenzahlerhaltung verletzen. Im Fokus
stehen CP-verletzende WW zwischen dem Higgsboson und Gluonen, wobei insbeson-
dere Modelle mit sehr kleinen oder verschwindenden Yukawa-Kopplungen fiir leichte
Quarks untersucht werden. Die CP-verletzenden WW fiihren bei niedrigen Energien zu
Weinberg-Operatoren mit drei oder vier Gluonen, welche zum elektrischen Dipolmo-
ment des Neutrons beitragen. Die zugehotrigen hadronischen Matrixelemente werden
mithilfe von Summenregeln in der QCD berechnet. Aufilerdem werden in dieser Arbeit
gravitative WW untersucht, welche die Baryonenzahlerhaltung verletzen. Dabei wird
die Sensitivitéit von existierenden und zukiinftigen Neutrino-Experimenten beziiglich
Signaturen von Protonzerfillen mit einem Pion, einem Positron und einem Graviton
im Endzustand untersucht. Die hadronischen Formfaktoren, welche den Ubergang vom
Proton zum Pion parametrisieren, werden mithilfe von Light-Cone-Summenregeln be-
rechnet. Die Giiltigkeit des Summenregelansatzes wird anhand eines dhnlichen, aber
einfacheren Matrixelements verifiziert, welches bereits in der Gittereichtheorie berech-

net wurde.
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1 Introduction

The formulation of the Standard Model (SM) has been ground-breaking for modern
particle physics. The theory is celebrated for its grand success in describing the fun-
damental forces in nature (in combination with general relativity (GR)) and many of
its predictions have been verified ever since its proposal. In particular, collider exper-
iments of the pre-large hadron collider (LHC) era tested the electroweak interactions
of the SM at a very high degree of precision [1]. But it was not until the time of LHC
physics that the Higgs boson was directly measured [2,3] and the Yukawa interactions
of the Higgs field with the heavy generations of quarks and leptons in the SM could be

established experimentally [4].1

There is however ample of both theoretical and empirical motivation to hypothesise
the existence of new physics beyond the SM (BSM). For instance, it is well known that
gravity as described by GR, or rather the Einstein-Hilbert action, has to be augmented
at sufficiently high energies, at the latest at the Planck scale. Another issue that arises
in this context is the Hierarchy problem. The problem is given by the observation that
the physical Higgs mass is around the electroweak scale even though quantum correc-
tions would lead to contributions proportional to the scale of new physics, which might

be as high as the Planck scale if indeed no new dynamics arises at lower energies [5-8].

But also empirical evidence points towards new physics; well-known examples are the
lack of a dark matter candidate in the SM and the absence of neutrino masses which
are however required to explain neutrino oscillations [9,10]. The latter observation
provides evidence of lepton-flavour violation, which cannot occur in the SM due to a
global symmetry of the Lagrangian. Other symmetries of this kind exist in the SM, and
they also forbid or strongly suppress processes that violate lepton- or baryon-number
conservation. However, all these global symmetries arise accidentally, i.e. they are not
required to obtain a consistent model, so one might naturally expect that they are
broken by BSM physics at some level. But there is an even stronger motivation to look
for new physics that violates fundamental symmetries in the SM than is provided by

the mere possibility of its existence. In particular, baryon-number conservation and

'Details and references on the current experimental status of research on the Yukawa couplings of

lighter quark generations are provided in Section 5.1.
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discrete symmetries like parity (P) and charge conjugation (C) play an important role

in the discussion on the matter-antimatter asymmetry in the observable universe.

Today’s great dominance of baryons over anti-baryons is most likely a remnant of a
small imbalance in the early universe [11]. Models of baryogenesis describe a dynam-
ical mechanism that can explain the asymmetry at present. Sakharov established three
conditions that are required for successful baryogenesis [12]: First, baryon-number sym-
metry must be violated because otherwise the transition from a state with a net baryon
number of zero to a state with a non-zero baryon number is forbidden. Second, the
discrete symmetry C and the combination CP must be violated. If C and CP were ex-
actly preserved, the relevant processes of particles and anti-particles would occur at the
same rate, so no asymmetry could emerge if the initial state was C- or CP-symmetric.
Third, the system has to depart from thermal equilibrium because otherwise, the state
of the system would not change in time. These qualitative arguments are examined
more rigorously in the articles [11-13]. All three conditions are actually satisfied in the
SM and generic models of cosmology, but a quantitative analysis in this setup shows
that the observed asymmetry cannot be fully accounted for [13,14]. This is considered
yet another proof of the existence of BSM physics. Moreover, it can be concluded that
searches for new sources of CP and baryon-number violation are well motivated by the
observation of the matter-antimatter asymmetry.

While strong and electromagnetic (EM) interactions separately preserve P and C,
the electroweak theory violates both symmetries. But it turns out that the flavour
structure of quarks in the SM, as encoded in the Cabibbo—Kobayashi-Maskawa (CKM)
matrix, includes a single physical complex phase which leads to CP violation in flavour-
changing interactions. The Jarlskog invariant [15] is constructed from the complex
phase and other parameters of the CKM matrix, and it quantifies CP violation in a
basis-independent manner. The observable turns out to be suppressed by off-diagonal
CKM elements, so the amount of CP violation in the weak sector of the SM is actually
small. The only other possibility of CP violation in the SM may be given by a so-called
f term in the strong sector; however, it was experimentally established that this too

would have to be a small effect (cf. Section 2.2).

Since measurable effects of CP and baryon-number violation are strongly suppressed,
both symmetries can be considered to be approximately preserved in the SM. This of-
fers a great opportunity to search for BSM physics in rare or forbidden processes: No
detailed knowledge of the SM contributions is required because they are often negli-
gible. This means that even small contributions due to new physics can be detected if
the sensitivity of the experiment is high enough. In particular, low-energy experiments
searching for rare and forbidden processes are known to provide powerful constraints

on related BSM models [16]. Typical examples are searches for electric dipole mo-



ments (EDMs), sensitive to CP violation, and proton decay, which tests baryon-number
violation. In these experiments, however, only indirect effects of new physics are probed
by searching for deviations from the SM prediction in the properties of known particles.
So the details of the underlying physics may not be fully revealed. Hence, by searching
for such indirect effects often a wide range of BSM scenarios is tested instead of a par-
ticular model. The observation of the matter-antimatter asymmetry also provides little
information on the details of the new physics since it is parametrised by only a single
parameter. It is therefore very convenient to employ a model-independent approach to
parametrise the effects of new physics so that no strong assumptions on the details of
the underlying BSM theory are required.

A framework to study the effects of CP- and baryon-number-violating new physics
at low energies necessarily involves new interactions among the SM particles, i.e. new
operators, to capture virtual effects. The underlying assumption is that all new particles
that could be relevant are too heavy to be produced on-shell in the experiment and
they can be effectively decoupled from the particle spectrum. Then new physics either
modifies the SM parameters or leads to higher-dimensional operators in the Lagrangian,
i.e. operators of mass dimension larger than four, which are built from the SM fields [17].
If operators with arbitrarily high mass dimension are permitted in the Lagrangian, the
theory is called an effective field theory (EFT).

Since the scattering amplitudes obtained from operators of mass dimension n > 4
contain contributions that scale with energy to the power of n — 4, it is immediately
clear that a theory with higher-dimensional operators can only be valid up to a certain
cutoff scale. So the theory works effectively in a certain energy regime and requires
ultraviolet (UV) completion above this cutoff. A typical example is the 4-Fermi theory
or V — A theory of weak interactions, where four-fermion interactions are described by
dimension-six operators multiplied by inverse powers of the masses of the weak gauge
fields. The effective theory requires a UV completion (i.e. the theory of electroweak
interactions) as the energy approaches the mass of the W boson. In contrast, the
strong and electroweak interactions in the SM are renormalisable (cf. Chapter 2), and
in principle, they can be employed to derive predictions at any energy scale. In practice
however other subtleties may arise, e.g. at low energies where the strong interactions

of quantum chromodynamics (QCD) lead to confinement.

Another interesting example of an EFT is GR. Any field in the SM interacts grav-
itationally, and in this work, gravity in terms of GR as an EFT will be considered
to be part of the SM. It is well known that the effective quantum field theory (QFT)
of gravity is non-renormalisable and requires a UV completion at the Planck scale or
below. Therefore, the Planck mass naturally sets an upper limit on the validity of the

SM as a theory of fundamental interactions in nature. To date, no deviations from the
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predictions of GR have been observed; on the other hand, if the theory indeed holds for
energies up to the Planck scale one would not even expect to see large departures from
GR at low energies because all interactions due to BSM physics would be Planck-mass
suppressed. In other words, a very high experimental sensitivity would be required to
probe gravitational interactions at the particle level. Various constraints on the inter-
actions of gravitons and SM particles due to BSM physics can be derived in an EFT
framework [18], but proton decay searches are expected to set the nominally strongest
bounds on the associated new-physics couplings.

In order to probe new physics by means of e.g. the neutron EDM (nEDM) or pro-
ton decay searches, theory predictions for the associated low-energy observables are
required. But the coupling of partons in QCD becomes strong at hadronic scales, and
the parameters that can be measured are related to properties of hadrons rather than
elementary fields. The scale where the perturbative expansion in powers of the strong
coupling breaks down is called the QCD or confinement scale, which lies in the vicinity
of 300 MeV. Predictions for the nEDM or proton decay, which are probed at energies
close to the nucleon mass of about 1 GeV, rely on the knowledge of the associated
hadronic matrix elements of partonic operators. However, it is not possible to calculate
these matrix elements perturbatively because of large radiative corrections, i.e. non-
perturbative effects are important at energies close to the QCD scale. For many of
the scenarios discussed in this thesis, even numerical evaluations by means of lattice
QCD (LQCD) are not available at present. Thus, other methods to derive at least
estimates for the hadronic matrix elements are needed to study the effects of BSM
physics on the relevant low-energy observables. Sum-rule techniques in QCD can be
employed for this purpose. They permit a systematic separation of the leading perturb-
ative and non-perturbative effects so that eventually the form factors that parametrise

the hadronic matrix elements can be calculated approximately.

This work focuses on model-independent studies on new physics related to CP and
baryon-number violation. In particular, the hadronic matrix elements that parametrise
the BSM contributions to the nEDM as well as two- and three-body proton decay rates
are studied with the help of sum-rule techniques in QCD. The thesis is structured as
follows. The basics of EFTs are discussed in Chapter 2. Here, a suitable operator
basis for the analyses of the subsequent chapters is identified, and an overview of the

experimental probes of EDMs and proton decay modes is provided.

In Chapter 3, the methods of QCD sum rules are introduced. A simple example is
studied in Section 3.1 in order to illustrate important features of the sum-rule tech-
niques. Section 3.2 contains a more involved application. Here, the QCD sum rules are

presented that describe the contributions of CP-violating dimension-six and dimension-



eight gluon operators to the nEDM. The corresponding hadronic matrix elements rep-
resent one of the leading contributions to the nEDM in models that contain new sources
of CP violation in the strongly interacting sector. In Chapter 4, the hadronic matrix
elements of semi-leptonic two- and three-body proton decay modes are calculated with
the help of light-cone sum rules (LCSRs) in QCD. The focus is on transitions with a
neutral pion and a positron in the final state since the associated decay channels are
expected to be dominant in many BSM scenarios and they typically set the strongest
constraints on new-physics models. Section 4.1 is about a simple two-body proton
decay. The hadronic form factors that parametrise the matrix element of the corres-
ponding proton-to-pion transition have been extensively studied in literature by means
of LQCD. The LCSR predictions can thus be verified by LQCD results. Then, the
same techniques are employed in Section 4.2 to estimate the form factors that para-
metrise semi-leptonic proton decay involving an additional graviton in the final state.
These predictions are required to probe gravitational interactions of partons that violate
baryon-number conservation.

Eventually, phenomenological applications of the sum-rule results are discussed in
Chapter 5. In Section 5.1, CP-violating interactions of the Higgs boson and gluons
induced by a dimension-six operator are examined. The Higgs-gluon couplings gen-
erate self-interactions for gluons at low energies when the Higgs particle is integrated
out.? These gluonic interactions contribute to the nEDM through the hadronic matrix
elements that are calculated in Section 3.2. An example of baryon-number violation
due to BSM physics is discussed in Section 5.2. In particular, an effective interaction
is studied, which involves gravity and leads to semi-leptonic proton decay with a grav-
iton in the final state. Here, the LCSR results of Section 4.2 are needed to calculate
the relevant hadronic matrix element. A summary and discussion of the results of

Chapters 3, 4 and 5 are provided in Chapter 6.

2The role of other partonic operators, which are typically generated in this context, is also discussed

in Section 5.1.
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This thesis is based on the following publications by the author

[19] U. Haisch and A. Hala, Sum rules for CP-violating operators of Weinberg type,
JHEP 11 (2019) 154 [1909.08955],

[20] U. Haisch and A. Hala, Bounds on CP-violating Higgs-gluon interactions: the case
of vanishing light-quark Yukaewa couplings, JHEP 11 (2019) 117 [1909.09373],

[21] U. Haisch and A. Hala, Light-cone sum rules for proton decay, JHEP 05 (2021)
258 [2103.13928],

[22] U. Haisch and A. Hala, Semi-leptonic three-body proton decay modes from light-
cone sum rules, prepared for submission to JHEP (2021) [2108.06111].

In particular, the results of Chapters 3, 4 and 5 were originally published in the above

references, which is also indicated at the beginning of the respective sections.
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2 An EFT perspective on fundamental

symmetries

At the heart of EFTs in particle physics is the idea of describing a physical phenomenon
that involves two or more scales with the help of a simple, effective theory by utilising
the ratio of well-separated scales as an expansion parameter. The intuitive idea is that
physical effects at very small length scales should not affect the dynamics at large dis-
tances — at least at a certain level of accuracy. Following this reasoning, an effective
theory can be considered an approximation of an exact theory at a given scale, and
in this sense, any theory can be regarded as an effective theory. Moreover, EFTs can
even be employed if not all the details of an underlying theory are known. The lack
of information about the exact theory then is reflected in the fact that free, unknown
parameters occur in the expansion of the effective theory. The EFT method is particu-
larly convenient for studying the effects of BSM physics in a bottom-up approach. The
SM is then considered to be an approximation to a more fundamental theory which

additionally includes new particles or new interactions or both.

All of the strong and electroweak interactions in the SM are given by renormalis-
able operators, i.e. operators with mass dimension smaller than or equal to four. In
a renormalisable QFT, only a finite number of counterterms are needed to cure all
UV divergences of loop effects. What seems to be a technical remark has, however,
profound implications on the applicability of the theory. In a renormalisable theory,
in principle, infinitely many predictions can be derived from a finite number of meas-
urements, which fix the coefficients of the operators. If the Lagrangian contained non-
renormalisable interactions, then all higher-dimensional operators that are allowed by
the specified symmetries and field content need to be included in the theory to cancel
all UV divergences (see e.g. Refs. [23,24] for details). An EFT in particle physics by
definition allows for terms of arbitrarily high mass dimension, so it contains infinitely
many coefficients (parameters). Under certain conditions however, only a finite num-
ber of operators, i.e. also a finite number of coefficients, are ever relevant to obtain a
prediction at the desired level of accuracy.

As an example, consider the V' — A theory mentioned in Chapter 1, where the massive

W boson is integrated out. Here, the dimension-six four-fermion operators of the theory
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are only the leading-order (LO) low-energy approximation to an expansion in powers
of momenta divided by the heavy W mass. Similarly, the effects of BSM physics on
an experimental observable, which is measured at some energy F, can typically be
incorporated in terms of an expansion in powers of the ratio E/m, or possibly v/m,
for experiments performed below the electroweak scale v ~ 246 GeV. Here, m, is the
energy scale where the dynamics of the theory change due to new physics, e.g. the mass
of a heavy new particle. Hence, a separation between the new physics scale and the
other relevant energy scales is required to ensure the convergence of the expansion. In
other words, if the energy scale of the experiment is well below the new physics scale,
only a finite number of operators is required to obtain a prediction at finite accuracy.
Often, only the leading terms of the operator expansion are needed. If the EFT is
obtained by integrating out heavy resonances from the particle spectrum, the theory
is only valid up to energies of the lowest-lying mass scale where new particles can be
produced on-shell in the experiment (see Refs. [23-25] and references therein for further
reading).

An EFT description of new physics crucially relies on the concept of locality, which
matches the intuition that long-distance effects can be separated from the short-range
dynamics of the UV completion of the theory. Namely, the effects of heavy new physics
are incorporated in the infrared (IR) regime by augmenting the Lagrangian by a series
of local, higher-dimensional operators that are built from the field content of the low-
energy theory. The coefficients of these higher-dimensional operators, which are referred
to as Wilson coefficients, encode the short-distance effects and are a priori unknown
unless they are measured or specified by the details of the underlying UV completion. In
the V' — A theory these can be computed from the parameters of the electroweak sector
of the SM, which is the UV completion of the theory. The higher-dimensional operators
themselves, or rather the scattering amplitudes computed from them, describe the long-
range dynamics since they are constructed from the field content of the low energy

theory.

Often, the scale dependence of amplitudes related to higher-dimensional operators is
made explicit by factoring out inverse powers of an energy scale A such that the Wilson
coeflicients are dimensionless. Note that only the product of the dimensionless Wilson
coefficient and 1/A™ with an appropriate power n can be extracted from experimental
data, i.e. only the coefficients of the operators as a whole can be measured. The scale A
is then proportional to the new physics scale m,, but additional factors of SM coupling
constants as well as new couplings and possibly loop factors may be hidden in the

Wilson coefficients and the scale A.

The EFT approach also allows the systematic treatment of problems that involve

multiple scales. Many of the observables studied in this thesis are extracted from



low-energy measurements performed at hadronic scales, i.e. around the nucleon mass
mpy ~ 1 GeV. So between the scale of new physics m, and the energy scale of the
experiment many thresholds might occur, below which a certain particle cannot be
produced on-shell. Starting from a suitable operator basis at high energies that cap-
tures the effects of new physics and contains unknown Wilson coefficients, an EFT of
light fields at low energies can be obtained by making successive use of a matching
procedure at each mass threshold [25]. Here, the Wilson coefficients of a low-energy
theory that excludes a certain heavy particle are expressed in terms of the coefficients of
the respective high-energy EFT that includes this particle. The matching is performed
at the renormalisation group (RG) scale u, which is usually chosen near the respective
mass threshold, and with the help of the RG equations (RGEs) the coefficients can be
evolved down to lower energies. Hence, this approach enables us to study the effects of
physics beyond the SM within the EFT framework at low energies — without detailed
knowledge of the underlying UV-complete theory.

The SM EFT (SMEFT) includes all operators that can be constructed from the SM
field content and that preserve the SM gauge symmetries as well as Lorentz symmetry.
The main focus of this thesis concerns low-energy probes of rare and forbidden processes
related to CP and baryon-number violation, where only a small subset of SMEFT
operators is relevant. The experiments that test the corresponding conservation laws
are sensitive enough to probe even strongly suppressed contributions of BSM scenarios.
In particular, the non-conservation of baryon number is strongly constrained by state-
of-the-art proton decay searches provided by the Super-Kamiokande (SK) experiment
[26,27]. Therefore, even the highly suppressed contributions of operators involving
gravity can be probed in principle [18]. Although gravity can be considered to be part
of the SM, gravitational effects are typically not taken into account in the construction
of the SMEFT because they are suppressed by powers of the gravitational coupling
and therefore often negligible. Studying gravity-associated proton decay, therefore,
requires an extension of the SMEFT with couplings involving the graviton, which leads
to the so-called GRSMEFT [28,29]. The latter theory includes possible departures
from GR, which can be systematically studied in the EFT approach. The EFT of
gravity breaks down at the Planck mass Mp; = 1/v/Gxn ~ 1.22 - 10! GeV, where
Gy ~ 6.71-1073% GeV~2 [30] denotes the gravitational constant; however, modifications
of gravity may arise well below the Planck mass.

The goal of this chapter is to establish a systematic framework for model-independent
studies of new physics related to CP violation in Higgs-gauge boson interactions on the
one hand and baryon-number-violating new physics on the other hand. The chapter is
structured as follows. The general idea behind the SMEFT is presented in Section 2.1.
Section 2.2 is devoted to the basics of low-energy probes of CP violation and the nEDM
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in particular. In Section 2.3, baryon-number violation and proton decay are discussed.
In particular, the set of operators in the SMEFT that is needed to study the possible
effects of new physics is identified in these sections. Finally, the basic features of the
EFT of GR as well as the GRSMEFT are outlined in Section 2.4.

2.1 The idea of the SMEFT

The most general EFT constructed out of the SM fields that preserves the gauge sym-
metries SU(3)c x SU(2)r, x U(1)y is provided by the SMEFT, where effects of BSM
physics are described by higher-dimensional operators while the four-dimensional part

corresponds to the SM Lagrangian. Schematically, the Lagrangian reads
Lsyerr = Lom + L8 +£0 (2.1)

where the ellipsis denotes operators of mass dimension higher than six. Each of the
higher-dimensional parts of the Lagrangian is composed of a finite set of operators O;

and powers of the expansion parameter A according to the mass dimension n,
m -5 Ci o
E - Z An74 O’L ) (22)
K]

where the C; denote dimensionless Wilson coefficients. Note that only the combinations
C;/A"* can be measured, and hence the parameters may be combined into Wilson
coefficients with negative mass dimension,
C.
Cz' = ! .
An—4

This notation will be employed in later chapters of this thesis. By limiting the field
content to that of the SM, electroweak symmetry breaking (EWSB) by the SM Higgs

mechanism is assumed; possible relaxations of this assumption are not discussed in

(2.3)

this thesis (for further reading see Ref. [31] and references therein). At the dimension-
five level only two operators exist in the SMEFT [32], which consist of two lepton
doublets and two insertions of the Higgs doublet and which generate a Majorana mass

L Most scenarios of BSM physics discussed in this thesis rely on the

for neutrinos.
dimension-six basis of the SMEFT, which already comprises 84 independent operators
[32-36] (a discussion on the systematic construction of the operator basis is provided in

the Refs. [37,38]).2 However, only a subset of the operators in the SMEFT is relevant

Note that equivalent operators for different fermion generations are counted as one here. However,
operators that are related by hermitian conjugation are counted separately. In parts of the literature,
fewer operators are quoted at the various levels of mass dimension because hermitian conjugates of

operators are not counted separately.
®Note that the list provided in Ref. [35] contains redundant operators, which are removed in Ref. [36].

10
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for a specific process. The power of the SMEFT lies in the fact that it systematically
encodes the effects of new physics on observables in terms of the Wilson coefficients. As
the EFT works without detailed knowledge of the new physics, a large number of new
theories can be explored by studying once the effects of those operators that contain
the relevant field content and have appropriate symmetry properties. Moreover, the
relative significance of different experimental probes for the underlying new-physics
model can be efficiently assessed with the help of the SMEFT.

Some of the Wilson coefficients in the EFT may however contribute to the same
observable. Then only a combination of the coefficients can be constrained by measuring
the observable but not each of them individually. The parameter space is said to have
a flat or weakly bound direction in this case, and certain details of the UV physics
cannot be resolved. This happens for instance when studying CP-violating interactions
between the SM Higgs and gauge fields with the help of an EFT approach. As a solution
in this particular case, low-energy probes can be combined with collider searches [39],
which respectively probe different combinations of the relevant Wilson coefficients. A

more detailed discussion on this topic is provided in Section 5.1 of this thesis.

2.2 CP violation in the SM and beyond

The CPT theorem states that any operator in a local and Lorentz invariant QFT is
invariant under the combined transformation of charge conjugation C, parity P and
time reversal T [40,41]; see Section 4.3 of Ref. [42] for a proof. The theorem agrees
with all observations at present, and it directly follows that CP is actually equivalent
to time reversal, since CPT = 1. In the SM, CP is violated by the complex phase
of the CKM matrix, which also parametrises non-diagonal, i.e. flavour-changing, weak
interactions among the quarks after EWSB. But there is another source of CP violation
that is permitted by the SM symmetries, which is the strong CP phase # in QCD. In

particular, the SM Lagrangian admits a bare 6 term,

2
g v
Lo =07 5" GGy (2.4)
where Gﬁu denotes the gluon field-strength tensor, gs is the strong coupling constant

0123 — 11. The bare 6 term can however

and e*P? is the Levi-Civita symbol with €
receive an additional contribution from the phase of chiral rotations in the up- and
down-quark Yukawa sector due to the axial anomaly. Only a combination of the latter
phase and the bare 6 parameter that is invariant under chiral rotations can be physical;

such a combination is provided by

0 = 0 + Argdet (YgYa,) , (2.5)

11
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where Y, and Y; denote the up- and down-quark Yukawa matrices. It should be noted
at this point that one can also write down bare 6-like terms for the electroweak gauge
fields. These, however, can be removed by chiral rotations, and thus they are basis-
dependent and therefore unphysical. The strong CP phase is severely constrained by
searches for the nEDM d,,. By naive dimensional analysis (NDA) one obtains the
estimate [43]

5 Mred
=~ 0=, (2.6)
€ Aﬁad

where e is the elementary charge, Ap.q ~ 1 GeV denotes the hadronic scale and myeq =
mymq/(my +mg) is the reduced quark mass with m,, and mg the up- and down-quark
masses. By employing the numerical values for the light-quark masses evaluated at
1 GeV in the MS-scheme provided in Ref. [30], the reduced mass is given by myeq ~
2 MeV.

Experimentally, the strongest bounds on the magnitude of the nEDM come from
measurements with ultracold neutrons, which are exposed to an electric and a magnetic
field [44-47]. While the magnetic field is fixed, the electric field is alternated between
a parallel and an anti-parallel orientation compared to the magnetic field. The shift
in the frequency of the Larmor precession of the neutron spin polarisation about the
direction of the external fields is proportional to the EDM and can be determined
experimentally. This yields an upper bound on the magnitude of the nEDM of [44-46]

||

< 2.2-107%% cm (2.7)
(&

at 95% confidence level (CL). The SM prediction for the nEDM due to the complex
phase in the Yukawa sector is CKM and loop suppressed, which yields a tiny value
of about dS¥M /e ~ 10732 cm [48]. This contribution can be neglected and thus the
experimental constraint can be readily translated into a bound on the strong CP phase
of || < 6-10710. This requires a strong tuning in the combination (2.5), which is
surprising — even more so if potentially large corrections due to yet unknown additional
sources of CP violation at high scales are taken into consideration. This constitutes
the strong CP problem. The tuning in § may arise accidentally, but one might expect
a more natural explanation where this parameter is dynamically turned to zero, e.g.
by a mechanism of the Peccei-Quinn type [49-51] (for further reading see Refs. [43,52]
and references therein).

The discussion on the strong CP phase nicely illustrates the power of experimental
low-energy searches for EDMs in testing flavour-diagonal CP violation. In general,
together with the nEDM constraint (2.7), the strongest EDM limits at present are set
by measurements of the electron spin precession in thorium monoxide [53,54] and the

mercury atom [55,56]. These searches are known to place stringent constraints on a

12



2.2 CP violation in the SM and beyond

wide range of BSM scenarios with additional sources of CP violation (see also [39,43,52,
57-76] for reviews and recent discussions). For systematic, model-independent studies

the EFT approach can be employed.

The largest contributions to the EDMs from higher-dimensional operators in the
SMEFT are expected to arise at the dimension-six level (before EWSB). But EDMs
are typically measured at low energies so that it is often more convenient to work with
an EFT where also the massive gauge fields, the Higgs field and the heavy fermions of
the SM have been integrated out. In this case one can distinguish between operators

including and excluding fermions; the former read [43]

Lcp-odd D —% Y dpdoupd - % > Ay oGP+ Lap,  (2.8)
Y=u,d,s,e,1 Y=u,d,s

where o = i/2 (y#v" — 4Y4#), F* denotes the EM field strength tensor and G, =
G;‘VTA with T4 the SU(3) generators. The parameters dy, with ¢ = u,d, s, e, pu respect-
ively denote the EDMs of the up-quark u, down-quark d, strange-quark s, the electron
e and the muon p. The chromo-electric dipole moments (CEDMs) of the light quarks
are given by cid,, and L4r denotes numerous four-fermion operators of mass dimension
six constructed out of the light fermions. The latter operators are often neglected be-
cause they require two flips of chirality which typically originates from dimension-eight
operators [43]. At the dimension-six level, also a pure gauge operator exists, the so-
called Weinberg operator, and even dimension-eight operators of Weinberg type may
be relevant in certain applications (cf. Sections 3.2 and 5.1 as well as Refs. [19,20]).

The relevant interactions are [77-82]
g ~
Lepoda D — 5 Coa fAPC G, GPYPGSH

3

92 3 (29)
A ~A

I S G PP GG GGG,

m=1

where GAM = 1/2eHvP) G;‘/\ denotes the dual of the gluon field strength tensor and
fABC are the fully anti-symmetric structure constants of SU(3)¢. The colour structure

of the dimension-eight operators is given by

cABCD — {5AB§CD’ é‘z‘lC'(sBD7 dABEdCDE} , (210)

m

where
d*P¢ = 2Tr [T4{T?,T“}] (2.11)
denotes totally symmetric constants.

At energies close to the QCD scale Agcp ~ 300 MeV, hadrons populate the particle
spectrum. When studying the EDMs of atoms or molecules, atomic and nuclear inter-

actions need to be taken into account in addition to partonic EDM contributions; see

13
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Refs. [70,83,84] for reviews. The nEDM however allows direct access to CP violation
at the parton level. One of the main goals of this thesis is to explore the contributions

of pure-gluon operators to the nEDM,
Z’ = 74
Lhadronic O _an napu75nFM s (212)

where n is the neutron field. The contributions of pure-gluon as well as quark-gluon op-
erators to the nEDM involve non-perturbative physics because the typical energy scale
of the problem is given by the neutron mass of about 1 GeV. While the thorium monox-
ide measurements can be interpreted as a probe of the electron EDM (eEDM) with small
theoretical uncertainties [85,86], nucleon, nuclear and diamagnetic EDMs receive con-
tributions from several effective operators that are plagued by theoretical uncertainties
of different sizes. For instance, the EDM contributions from down and up quarks to
the nEDM have been calculated with an accuracy of O(5%) using LQCD [87-89], while
sum-rule calculations [90-92] can be used to determine the nEDM contributions from
the down-quark and up-quark CEDMs with uncertainties of O(50%). To date, only
estimates of the hadronic matrix element of the leading operator of Weinberg type ex-
ist. These rely on either NDA [77], the vacuum insertion approximation (VIA) [93] or
sum rules [94]. The resulting uncertainties are hard to quantify but are commonly said
to be of O(100%). LQCD computations of the contributions of the CEDMs and the
leading Weinberg operator have gained significant momentum in recent years [95-102],
and considering the ongoing efforts by several LQCD groups, calculations with uncer-
tainties similar to those of the sum-rule estimates may be achievable within the next
five years [103,104]. To fully exploit the expected increase in sensitivity of future EDM
searches (see for instance [105-107] for discussions), improved calculations of the had-
ronic matrix elements of CEDMs and Weinberg-type operators are direly needed. This

is the subject of Section 3.2.

2.3 Baryon-number violation and proton decay

The idea of a symmetry that ensures the stability of the proton has a rather long history,
and it was referenced already in the first half of the 20th century [108,109]. Baryon
number is preserved at the classical level in the SM, where baryon-number conservation
accidentally arises in the form a global symmetry. Baryon number as well as lepton
number are however anomalous, and they are broken by non-perturbative effects [110].
While instanton-like transitions between degenerate vacua are suppressed by the tun-
nelling amplitude, which is proportional to exp (—87r2 / gQ) ~ 1078 with ¢ ~ 0.64 the
SU(2)r gauge coupling constant, sphaleron processes may have occurred frequently in

the early universe, and they play an important role in models of baryogenesis [11-13].

14



2.3 Baryon-number violation and proton decay

Baryon and lepton number both change by three units in anomaly-related processes in
the SM [110] so that the proton is stable (and the difference between baryon and lepton

number is preserved).

Considering baryon-number violation at the perturbative level, however, is well
motivated by theories of grand unification (GUTs) [111,112], supersymmetric theor-
ies [113-115], models of baryogenesis [11,12] and more generally in theories of quantum
gravity, where the global symmetries of the SM are expected to be broken at some
level [116,117]. In the case of GUTs, baryon number is typically violated by tree-level
interactions, and proton decay is mediated by the massive gauge fields of the spontan-
eously broken unified gauge group [118-121]. On the experimental side, searches for
simple proton decay channels, such as decays into a pseudoscalar meson and an anti-
lepton, provide very strong constraints on the proton lifetime of 7, > 1034 years [122].
These bounds can be used to probe theories that predict proton decay up to extremely

high energy scales, thereby putting severe constraints on the scale of unification.

The discussion of proton decay can be put on a more systematic footing in a model-
independent manner by using the relevant set of lowest-dimensional operators of the
SMEFT. There are four types of operators at the dimension-six level that violate baryon
number and lead to proton decay [32-34]. GUTSs provide a variety of predictions for
decay widths that involve flavour-changing interactions, but the following discussion is
restricted to the first generation of quarks and leptons because the decay channel of a
proton (p) into a neutral pion (7°) and a positron (eT) is expected to be dominant in
many scenarios (compared to processes involving heavier mesons and neutrinos) [118—
121], and the most stringent bounds on the proton lifetime arise from probes of this

channel [123-125]. The relevant low-energy effective Lagrangian reads

ﬁsg) = Z crr Orpr = Z crre € (dL CPrug) (" CProue) | (2.13)

r,r r,r

where C' is the charge conjugation matrix, 7" denotes the transpose of the Dirac or spinor
index, the symbols Pr s denote the left- and right-chiral projectors Pr, and Pg such
that T' (I'") denotes the chirality of the first (second) fermion bilinear, ¢ is the fully
antisymmetric Levi-Civita symbol and a, b, ¢ are colour indices. We consider all possible
chirality combinations of the interaction (2.13) in order to provide a model-independent
analysis. Note that the Wilson coefficients crrv, which encode short-distance physics,

have a mass dimension of —2.

The strongest bound on the proton lifetime 7, is set by the SK experiment [26,27]
for the decay channel p — 7% et which is given by [122]

Tp

P 594.10* 2.14
B(p— w0et) . (2.14)
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at the 90% CL, where B (p — 70 e+) denotes the branching ratio of the channel. The
SK water Cherenkov detector is located underground in Japan for shielding against
cosmic ray muons. The water tank of SK is covered with inward- and outward-facing
arrays of photomultiplier tubes. The inner detector can measure the Cherenkov light
produced within the detector, and events from particles entering the detector from the
outside can be discriminated with the help of the outer detector; for details see Ref. [26].
The most dominant source of background for the pion-positron channel comes from
interactions of atmospheric neutrinos with the water molecules inside the detector [126].
Information on the underlying event is extracted from the size, shape and orientation
of the Cherenkov light pattern. The Cherenkov light-cone of highly energetic particles
produces a signal of ring-like shape on the array of photomultiplier tubes of the inner
detector. Low-mass particles like electrons and photons produce EM showers while
heavier particles like the muon do not so that all of the detected Cherenkov light comes
from the original particle in the latter case. Therefore, muons produce sharper rings
which allows us to distinguish between e-like and p-like events [126,127]. The final
state pion decays into two photons in about 99% of the cases [30] and hence can be

measured by the same means.

Deriving constraints on models that predict proton decay induced by the operat-
ors (2.13) requires a theoretical prediction for the widths of semi-leptonic proton decay
channels such as p — 7%e™, which in turn relies on the knowledge of the hadronic
matrix element of the underlying proton-to-meson transition. Experiments such as SK
attempt to measure the decay products of protons that are approximately at rest, and
thus the relevant energy scale for the hadronic transition is given by the proton mass.
A perturbative description of the relevant hadronic matrix elements in QCD is not pos-
sible at this energy scale because of large radiative corrections due to the exchange of
soft gluons. A prediction for the hadronic matrix elements by other means is therefore
required to probe baryon-number-violating new physics with the help of experimental

data from proton decay searches.

Moreover, experimental bounds are today available for a broad range of baryon-
number-violating processes [123-125]. In particular, inclusive proton decay searches
for processes like p — 7% 4% 4+ X might be of interest if baryon-number violation does
not become manifest in a simple two-body decay. For example, the case where X is a
graviton may provide relevant constraints on theories where baryon-number violation
occurs in connection with gravity such as in the GRSMEFT. LQCD results are not
available for processes of this kind, which raises the question: how can one obtain
estimates of the proton lifetime in such cases? This issue is addressed in Chapter 4
with the help of LCSR techniques. A short description of an EFT framework including

gravitational effects is provided in the following section.
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2.4 EF'T of gravity

2.4 EFT of gravity

An effective description of the classical phenomena as well as the quantum effects of
gravity at low energies is naturally provided by the EFT framework [128]. Gravity as
an EFT should reproduce GR in the classical limit, and therefore a convenient way to
construct such an EFT is by quantising GR for weak gravitational fields. This topic
has been reviewed many times, see e.g. [129-133], so only some key features will be
presented in the following in order to clarify the terminology and conventions. Possible

extensions due to BSM physics are discussed later on in this section.

The starting point for the EFT of gravity is the action of GR, that is the Einstein-

Hilbert term augmented by a matter Lagrangian L,,,
2
5= 2 /d‘{mﬁ—g R+ L] (2.15)

where g is the determinant of the metric tensor g,,,,, R is the Ricci scalar and k = 2/ Mp;
with Mp, = 1//8nG N ~ 2.435 - 10'® GeV the reduced Planck mass. Here and in the
following, the cosmological constant term is neglected. The equations of motion for

this choice of the action correspond to the Einstein field equations,
1
R,uzz - §Q;WR = _87TGNT,LLU ) (2'16)

where R, is the Ricci tensor and the energy-momentum tensor 7, is defined by the

variation of the matter action S,, = 2/x? fd4a: —g L,

5, = f% o/ —g(2) T (2) 5y () (2.17)

The graviton field operator h,, (x) is obtained by quantising linear perturbations around

Minkowski spacetime n = diag(+1, —1,—1, —1) for a weak gravitational field,
Gu(T) = N + Khyp (x),  ¢"(x) =" — kW + O (K/th) . (2.18)

The hence obtained EFT of gravity has a gauge symmetry under which the graviton

field in the weak field limit transforms as
h;w(x) — hiw(xl) = huu(x) - 8u§u - augu, (2'19>

with 2/# = ¥ + kéH(x) and &*(z) infinitesimal. The gauge is fixed in the following by

choosing the de Donder or harmonic gauge,
1
ouhly = §8yh, (2.20)

where h = hl,. Quantising GR leads to a non-renormalisable theory because quantum

corrections give rise to higher-dimensional operators in pure gravity [134-137] but also
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for gravity-matter couplings [134, 135, 138-140]. Hence it is a natural example of an
EFT, which breaks down at 1/k, so a UV completion of GR is required to describe
gravity at and beyond the Planck scale.

But departures from GR may arise at energies well below the Planck mass; in par-
ticular, little is known about gravitational interactions at the particle level because
direct experimental probes are typically not sensitive enough to measure Planck-mass
suppressed interactions. In order to study the imprints of possible deviations from
GR due to new physics, the LO terms in the Einstein-Hilbert action (2.15) need to
be augmented by higher-dimensional interactions in the EFT. The most general EFT
of gravitons and SM fields including pure gravity terms as well as all potential matter
couplings, which can be generated by BSM physics, is called GRSMEFT [28,29]. It can
be used to systematically study departures from GR in a bottom-up approach, i.e. in a
model-independent fashion. In order to construct the GRSMEFT, it suffices to consider
higher-dimensional operators that involve the Weyl tensor, which transforms in an ir-
reducible representation of the Lorentz group (in contrast to the Riemann tensor R, o
which is reducible). All occurrences of the Ricci scalar and the Ricci tensor can be re-
moved by field redefinitions of the metric [28]. Corrections to the Lagrangian (2.15) due
to higher-dimensional operators arise at mass dimension six and higher. The phenomen-
ology of all matter interactions at the dimension-six level as well some dimension-eight
operators in the GRSMEFT is studied in Ref. [18].

A promising attempt to probe some of the gravitational interactions at the particle
level is to study rare and forbidden processes. Particularly strong experimental con-
straints on the new-physics couplings of the GRSMEFT come from proton decay
searches [18,22]. The most relevant proton decay channel that involves a graviton G
is p — 7% et G.3 Phenomenologically, this decay mode would lead to a final state with
a positron, two photons from the decaying pion and missing energy because the grav-
iton escapes undetected, but no experimental searches for this kind of signature exist.
Nevertheless, constraints for related signatures can be employed to test the relevant op-
erator in the GRSMEFT; and a detailed discussion of the corresponding experimental
searches is postponed to Section 5.2.

Considering the case of one generation of fermions, baryon-number violation is in-
duced by only a single dimension-eight operator in the GRSMEFT [28,29]. We write

this operator in the following way

55,98) =cp cabe (dZCO./wPRub) (CTCUPUPRUC) C/ng +h.c., (2.21)

3Note that the two-body transition p — e™ G is forbidden by angular momentum conservation.
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where the notation is similar to the previous sections. Here, C},, s represents the Weyl

tensor which is the traceless part of the Riemann tensor R, .. It takes the form

1
Cy,upa = R;wpo - (g/,L[pRO']l/ - gy[pRcr],u) + gg,u[pgcr]lea (2'22)

where the brackets denote index anti-symmetrisation, i.e. X},Y,) = (XY, — X,Y},)/2.

Notice that the Wilson coefficient cj entering (2.21) carries mass dimension —4.

The challenge when computing decay rates due to the interaction (2.21) is once again
given by the fact that the hadronic transition for the semi-leptonic decay involves non-
perturbative effects. As mentioned at the end of the previous section, LCSR techniques
can be employed to derive estimates on the form factors that parametrise the matrix
element. The computation follows the procedure that is employed for the two-body
proton decay, and the details are spelled out in Chapter 4 and in particular Section 4.2.
Eventually, these results are applied in Section 5.2 for studying the phenomenology of
proton decay in the GRSMEFT.
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3 QCD at hadronic scales: sum-rule
techniques

The effects of new physics on hadronic properties in low-energy experiments can be
systematically studied with the help of the EFT approach. But how do the new inter-
actions, that are introduced in Chapter 2 in terms of higher-dimensional operators, con-
tribute to observables at hadronic energy scales? The problem is that non-perturbative
effects become important in QCD at energies of a few GeV, i.e. close to the confine-
ment scale Aqcp. Sum-rule techniques in QCD address this issue, and they enable us
to encode a systematic separation of the short-range quark-gluon interactions and soft,
non-perturbative effects. The former can be calculated perturbatively in QCD while
the latter have to be determined by other means.

The central objects in sum-rule calculations are correlation functions of hadronic
currents. These currents interpolate between the asymptotic incoming and outgoing
states of the hadrons. The correlation functions or correlators are chosen such that they
can be related to the relevant hadronic matrix element of a physical process, but they
are evaluated at large virtualities. Formally the separation of long- and short-distance
effects is implemented with the help of an operator product expansion (OPE). The
short-range interactions are computed in QCD while the long-range interactions are
captured in terms of vacuum condensates or light-cone distribution amplitudes (DAs).
These non-perturbative objects must be provided as external input to the sum rules,
which typically comes from either other sum-rule calculations, LQCD computations or
experimental results. The hence obtained QCD result is then matched on a sum over
hadronic states that provides an alternative description of the correlation function.
This matching leads to sum rules that relate the contributions of partonic operators to
hadronic properties.

The advantage of the sum rules is that the non-perturbative interactions inside the
hadrons do not need to be modelled explicitly because the OPE systematically encodes
them in terms of known objects (at large virtualities). The accuracy of the sum-
rule approach is however limited because of two reasons. First, the sum rules can
be computed only up to a finite order in the OPE as well as in the «s expansion.

Radiative corrections may be particularly significant in applications for the nucleon

21



3 QCD at hadronic scales: sum-rule techniques

where the renormalisation scale is often close to the confinement scale. Second, the
sum over hadronic states contains not just the ground state of a hadronic resonance
but also heavier excited and multiparticle states with the same quantum numbers as
the ground state. The sum rules are constructed such that heavier states are typically
suppressed, but their contributions can be modelled only approximately. These two
sources of uncertainty are typically reflected in the fact that the sum rules depend
on certain unphysical parameters that are introduced in the calculation. Therefore,
one usually tries to minimise the dependence on such parameters as described in the
following sections, but in general this constitutes a source of systematic uncertainty,

and the size of the corresponding error can only be estimated.

Despite these restrictions, many fruitful applications exist which employ one of the
two common versions of the sum rules: QCD sum rules (aka SVZ sum rules), which were
introduced by Shifman, Vainshtein and Zakharov [141], and LCSRs [142-147] which also
incorporate the concepts of hard exclusive processes [148-154]. In the following section,
basic concepts of QCD sum rules are introduced, and a more involved application is
discussed in Section 3.2 where the contributions of pure-gluon operators to the nEDM
are discussed. The results that are presented in Section 3.2 were originally published
in the article [19]. Applications of the LCSR approach are discussed separately in
Chapter 4.

3.1 QCD sum rules for baryons: loffe’s formula

Before discussing a more involved application in the following section, Ioffe’s formula
for the nucleon mass [155] is derived in order to illustrate some of the basic features
of sum-rule techniques. The nucleon mass my can be extracted from the propagator,

which is related to the two-point correlation function I,

Moy = i/d4xe’m (0| T [nn ()7 (0)] |0) . (3.1)

Here T denotes the time-ordering operator, ny(z) denotes an interpolating current
for the nucleon evaluated at the spacetime point x, p is the nucleon’s momentum and
|0) represents the QCD vacuum. The exact partonic structure of the nucleon is not
known, but the current ny is chosen such that it overlaps with the physical nucleon
state [N (p)),

(0l (2) IN(p)) = Av un(p)e ™" (3.2)

where Ay quantifies the coupling strength between the current and the physical state,
un (p) is the polarisation spinor of the nucleon and the spin of the nucleon is left implicit.

Next, a complete set of intermediate states is inserted into the correlator by making
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use of the completeness relation

1= ;Yf N (V] (3.3)
i

where the sum extends over all single and multi-particle states that have the quantum
numbers of the nucleon N including a summation over their spin and the integra-
tion is over the momenta k of the particles. Factors of the integration measure,
d®k/(2k°(27)3), are not denoted explicitly in the above formula. Note that excita-
tions of the nucleon with both positive and negative parity occur in the sum. By
separating the ground state from contributions of the heavier excited states and the

continuum one obtains

&k
HZ—pt = Z)\?V /d4$ Tk‘o €lpx
(3.4)

X [9(1«0) (F +my) e — 0(—20) (f — my) e“ff] to,

where dk = dk/(27) and the ellipsis denotes the contributions of heavier states. The
Heaviside step functions #(z") and 6(—2") arise due to time ordering; the standard
treatment of these functions is outlined e.g. in Section 10.2 of Ref. [156] or Sec-
tion 3.6 of [157]. The procedure is nevertheless summarised in the following because it
can be applied to the non-standard applications in the following sections, as well. The

basic idea is to use the integral representation of the Heaviside function,

0

o dT eZTfE
0(2°) = lim o
e—0+ J_oo 2mi T — 1€

(3.5)

and to use d°k/(2k°)exp(ikz) = 27 d*ko(k?* — m2%;) 0(k°) exp(ikx). For a function
F(KO, k) of the momentum k = (k°, k)T one obtains

d‘Sk. —ikx 0 0 1

950 € (") f(k", k) =

—ikx

_ —z’/d“k dr § ((ko NIy m?v) o(k" + mN)Te_ —f(+F)  (3.6)

—ikx

. - (&
— z/d“kf(Ek,/f)QEk(ko — By + ie)

where the shift kX — k% + 7 is applied to remove 7 from the exponent in the first step,
the Dirac delta function and the remaining Heaviside function are used to perform the
T integration in the second step and Ej = (EQ + m?\,)(l/ 2) . Similarly, the second term
is written as

—ikx

/dgkeikfa(—xo)f(ko k) = —i/d‘*kf(—E —k) c (3.7)
210 )= P MK + By + de) '

23



3 QCD at hadronic scales: sum-rule techniques

Hence one arrives at N

Moy = —A%% . (3.8)
where the pole of the ground state is now explicit. Excited and multi-particle states,
which are denoted by the ellipsis, lead to additional poles and branch cuts at larger
values of p?. Ideally, the sum rules are constructed such that the contributions of
heavier states are small compared to the contribution of the ground state. This topic

will be addressed later.

When studying correlators related to proton decay in the context of LCSRs in
Chapter 4, only the positive energy solutions contribute to the hadronic representa-
tion. In this case, the ground-state contribution can be parametrised by employing the
fact that the momentum integral in equation (3.6) is dominated by the pole contribution
at k¥ = E), where the following replacement holds

1 kY 4+ B, —ie 0=p, 2F

_ =B 2Bk 3.9
kO — B, + e kOQ—E,%+ie k% —m% +ie’ (3.9)

so that the pole of the ground-state contribution is recovered.

Equation (3.8) constitutes the hadronic or phenomenological side of the sum rules.
The next step is to derive a result for the correlation function (3.8) in QCD. To this
end an explicit form of the interpolating current ny(z) is required. The current of a

proton can be parametrised by the following two independent terms

m(@) = 26 (u (2)Crsdo(o)) uele) . malr) = 26 (u (2)Cdy () stel).
(3.10)
The corresponding currents for a neutron are obtained from that of the proton by the
replacement u <> d. In literature, often an alternative set of currents is employed,
ny (x) and np(z), which can be obtained from the two above ones by means of Fierz

transformations as follows(see for instance [158,159])

v () = n2(x) — m(z) = € (ul (2)Crypup(x)) V57" uc()
(3.11)

nr(x) = m(@) + m(z) = e (uq (2) Couwuy(@)) 150" uc(z) -

The combination ny (z) is sometimes referred to as Ioffe’s current, which was used in
his original work [155]. Moreover, it can be argued that from these two currents, ny ()
is more pertinent than np(z) as the sum rules derived for the latter choice are plagued
by large contributions from heavier states [155,160]. The ideal choice of the current
depends on the application; while physical predictions must be independent of this
choice (to a certain extent), technical features like the convergence of the OPE and
the size of the contributions of heavier states typically depend on the choice of the

current. Consider the linear combination 72 4+ 51 with some real-valued number /.
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3.1 QCD sum rules for baryons: Ioffe’s formula

The parameter 8 is unphysical and the less a prediction for an observable depends
on this parameter the closer it should be to the true, physical result. For a certain
regime of values for § the prediction may be approximately independent of 3, i.e. a flat
function of the parameter. In this regime, the accuracy of the sum rules is expected to
be better than if the dependence was strong. So by finding the right regime for 3 the
accuracy can be improved. In the following though the sum rules are presented for the
historical choice ny(x) = ny(z), i.e. 8 = —1, for simplicity.

The time-ordered product in the correlator (3.1) can be expanded in terms of com-
posite, local operators O,,(0) with increasing mass dimension which are built from the

quark fields,

i v (@) (0)] = 3 Cu(@)04(0), (3.12)

where the C),, denote Wilson coefficients, which contain the information on the z-
dependence. The OPE converges for space-like and small z, 22 < 0 and = ~ 0 [161].
By taking the vacuum expectation value and the Fourier transform, an expansion in
terms of local condensates and momentum-dependent functions Cy,(p) is obtained. The
operators and coefficients of the OPE are defined at a specific scale ;1 — the renormalisa-
tion scale. Long- and short-range interactions are characterised by energies below and
above p, respectively. While the condensates capture the long-distance (or IR) physics
in terms of condensates, the Wilson coefficients are determined by short-range (or UV)
interactions. Thus, the integration over momenta of radiative corrections should in
principle be divided into the domains of k¥ < p and k > p, which then respectively
contribute to the condensates and the Wilson coefficients. In practice, it is however
assumed that perturbative corrections are subtracted from the condensates, which are
thus considered to be purely non-perturbative objects, so that loop-integrals for cor-
rections to the Wilson coefficients extend over the whole domain of momenta [162,163].
Hence, the OPE systematically separates long- and short-range interactions, where the

factorisation scale is given by the renormalisation scale .

Since radiative corrections are computed only up to a finite order, the terms of the
OPE depend on the renormalisation scale p even though physical quantities are of
course independent of this scale. The UV divergences that occur in the calculation of
the perturbative part can be handled by applying a Borel transformation with respect
to P2 = —p? on both sides of the sum rules, which for a function F'(P?) is defined by

2\n n
B[F(P?)] = PQ’lTiLrioo (T(LP—)l)! <—d;‘i2> F(P?), (3.13)

P?/n = M? = const.
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3 QCD at hadronic scales: sum-rule techniques

where M denotes the so-called Borel mass.! All poles and constants from the regu-
larisation occur as factors of polynomials in P2, so they vanish after taking the Borel
transform. Furthermore, the Borel transformation eventually turns the OPE into an
expansion in powers of the QCD scale Aqcp ~ 300 MeV over the Borel mass M, or
rather (AéCD /M?)™ with n > 0, because the condensates are expected to scale like
some power of Aqcp. Radiative corrections are typically evaluated at the Borel mass

as well, i.e. u ~ M, because it is related to the momentum flow through the correlator.

On the hadronic side of the sum rules, the Borel transform effectively exponenti-
ates the denominators, e.g. the masses of the resonances. A collection of useful Borel

transforms can be found for instance in [164-166] and reads

B|(P)"] =0,
(7 | =t ()
(i) | =t (i)

B[(P?)*1n (P?)] = (~1FHT(k + 1)(M2)*,
() (2(5)) ] = (o) (=(32))
140 ((m (i)))] .

Here k£ € Ny and I'(z) denotes the Euler gamma function. From (3.14) it is clear

B

(3.14)

B

X

that heavier states exhibit a stronger suppression than the ground state after Borel

transformation, which is another advantage of this approach.

Section 3.2 contains many details on the calculation of local OPEs, so for the cor-
relation function (3.1) with the current 7y (z) in (3.11) only the results, which can be
found in the Refs. [155,167,168], are presented here. In particular, there are two sum
rules that can be extracted from this correlator, one for each of the structures in (3.8),
i.e. for p and 1. By matching the QCD result on the hadronic expression (3.8), the

following result is obtained after Borel transformation

A2 e mR/ME = MO
o (3.15)
Aemy e ™M L = 8a? (qg) M+ ..

'Note that the OPE converges only if P? > 0 and in particular P* > A3 cp.
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3.1 QCD sum rules for baryons: Ioffe’s formula

where condensates of mass dimension higher than 3, radiative corrections and contri-
butions from heavier states are neglected as indicated by the ellipses. The Borel mass
M is expected to be in the ballpark of the nucleon mass, which is well above Agcp and
well below the lightest excitation in the nucleon spectrum with a mass of approximately
1.44 GeV [30]. A crude estimate for the nucleon mass is hence obtained by taking the
ratio of the two sum rules and setting the Borel mass to M ~ 1 GeV,

N~ —877@ ~ 1.2 GeV (3.16)

M? '

where the numerical value (gq) ~ —(0.25 GeV)? has been used. This estimate repro-
duces the physical value of the nucleon mass within a deviation of about 30%. This
result is however accidental to some extent, because large radiative corrections at the
order o occur in the first sum rule which are then partially cancelled by ags-corrections
for the second sum rule. For a more rigorous analysis of QCD sum rules for the nucleon

mass see Section 6.7 of Ref. [169] and references therein.

The above discussion clearly illustrates the limitations of the sum-rule techniques
for nucleons. Working at the LO in the OPE and in the «s expansion often leads
to large uncertainties due to the occurrence of unphysical parameters, and often it is
difficult to determine the size of the related uncertainty. One way to fix the Borel mass
and to estimate part of the uncertainties is to determine a window, where M is large
enough so that the OPE converges sufficiently fast and small enough so that heavier
states are sufficiently suppressed. Then M can be varied within the Borel window
to assess how strongly the final prediction for a physical parameter depends on the
choice of this parameter. In addition, one can try to model the contributions of heavier
states explicitly so that their contribution can be subtracted from the sum rules. The
most common model approximates the sum over hadronic states (3.8) by the pole of
the ground state plus a continuous distribution covering smeared heavier resonances
and multi-particle states, or in short: pole 4+ continuum. The continuum part is then
estimated by the QCD result of the sum rules, which should hold at sufficiently large
virtualities because the OPE becomes exact in the limit P2 — co. This approximation
is known as quark-hadron duality [170] (see also [171] for a review). The method will
be applied in Chapter 4 in the context of LCSRs, where technical details are explained.

With these improvements, the systematic uncertainties that are intrinsic to all sum
rules can be somewhat reduced. The applications that are discussed in Sections 3.2 and
Chapter 4 are technically more involved and the uncertainties range from 25% to 100%;
however, in typical applications of these results, as for instance presented in Chapter 5,

estimates at the correct order of magnitude are desirable.
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3 QCD at hadronic scales: sum-rule techniques

3.2 Sum rules for CP-violating operators of Weinberg type

The goal of this section is to determine the contributions of the hadronic matrix ele-
ments of effective operators of Weinberg type defined in (2.9) to the nEDM from (2.12).
The operators of interest are dubbed Og and Osg,

O = fAPCGAL,GP G Oy = APOP G GBI GG (3.17)

In the case of the dimension-six contribution Og such a calculation has already been
performed in [94], but this publication does not provide details on the actual com-
putation making an independent re-evaluation worthwhile. The determination of the
hadronic matrix elements of the dimension-eight term Og is instead new. Both results
are used in Section 5.1, where model-independent bounds on CP-violating Higgs-gluon
interactions in BSM scenarios with vanishing or highly suppressed light-quark Yukawa
couplings are derived.

The central object for the derivation of the sum-rule estimates for the hadronic matrix

elements is the following correlation function

(¢*) = i/d4x e (0T [17a () 71 (0)]] 0) g, 0, » (3.18)

where 1, (x) is the interpolating field of the neutron, |0) represents the vacuum on a
CP-conserving background and the subscripts EM and Oy, imply that the correlator is
evaluated in the presence of a constant external EM source and one of the operators
introduced in (3.17). The basic idea is to calculate (3.18) using two different approaches
(as outlined in the introduction of this chapter) and to match the results to obtain an
analytic expression for the nEDM. In the first approach, one defines a phenomenolo-
gical form II pe, of the correlator, which incorporates the wave function of the neutron,
its EDM and other parameters. The second approach relies instead on an OPE of the
correlator leading to the object Ilopg that depends on the expectation values of effect-
ive operators, such as the three-gluon and four-gluon interactions introduced in (3.17).
Matching the expressions for Il nen and Ilopg then yields the contribution of the ef-
fective operators of interest to the nEDM. To improve the accuracy of the sum rules,
the correlators are, however, not matched themselves but their Borel transforms are
considered in order to remove higher-order polynomial terms and to suppress excited

states.

The analysis is structured as follows. In Section 3.2.1 the phenomenological side of
the sum rules is derived. The OPE computation of the dimension-six and dimension-
eight contributions is described in Section 3.2.2 and Section 3.2.3, respectively. The
matching and the numerical analysis of the sum rules are performed in Section 3.2.4.

Technical details are relegated to the appendices.
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3.2 Sum rules for CP-violating operators of Weinberg type

3.2.1 Phenomenological side of the sum rules

The parametrisation of the correlation function (3.18) is derived in two steps. Since
we are eventually interested in the electric dipole interactions of the neutron with the
background, first the relevant EM interactions of the correlator are decomposed in
Section 3.2.1.1. After the structures of the EM dipole interactions are identified, a

representation suitable for the sum-rule calculations is derived in Section 3.2.1.2.

3.2.1.1 Hadronic representation

In this section, the phenomenological form Il pe, of the correlator (3.18) is derived
following the argument presented in [90,92,172,173]. An often considered approach
for the phenomenological side of two-point correlators is the use of dispersion rela-
tions [141, 164, 165, 168, 174-176]. Since we are interested in the correlator of two
nucleon currents 7, in an external EM field, we are, however, effectively dealing with
a three-point correlation function. Dispersion relations for three-point correlators are
less constraining than those of two-point correlators due to the lack of positivity con-
straints [173]. Therefore, we relate the correlator (3.18) to a perturbative expansion of

the nucleon propagator in a non-zero and constant EM background. We write
0 1
Iy (¢?) = T (¢?) + el (¢%) + ... (3.19)

where e is the electron charge magnitude that serves as the expansion parameter. The
first non-trivial term in (3.19) describes the response of the nucleon states to the weak

external perturbation and arises from a single insertion of the EM interactions

Lem(z) = J,(x) A¥(x), Ju(z) =e Z Qqq(x)vuq(z) . (3.20)

q=d,u

It takes the form
eV (g?) = i / dhx dy 9 (0 |T [na(2) 7n (0) it ()] 0) - (3.21)

Here J, denotes the EM current, A* is the photon field and @), is the fractional electric
charge of the relevant quark. Note that the EM field is a non-dynamical, classical field
in this approach.

In order to evaluate the first-order contribution to (3.19), we insert a complete set of
hadronic states N and N” with the quantum numbers of the neutron into (3.21), i.e. we
make use of the identity 1 = ¥, [N’) (N'| twice. Working in the so-called fixed-point
gauge (see Appendix A), which allows us to express the photon field through the QED
field strength tensor employing A,(y) = —1/2y"F,,(0) (cf. (A.5)), one obtains the
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3 QCD at hadronic scales: sum-rule techniques

following expression for the first non-trivial term in the Taylor expansion (3.19) of the

nucleon propagator Iy (¢?):

1

@) = 3 [dwatye s olan - ) 0u0) " Fru 0
N',N" (3.22)

X (O] () [N) (N'| Ju () IN") (N"[ 7 (0) [0) + ... .

Here the ellipses represent the different combinations due to time ordering. The double
sum in (3.22) involves three types of matrix elements of the EM current. These cor-
respond to nucleon transitions of (7) ground state to ground state, (i) ground state to
excited states and vice versa, and (iii) excited states to excited states.

Let us first focus on the ground-state contributions, i.e. the terms of the hadronic
sums that involve only neutron states |n). Up to an arbitrary chiral phase y the matrix
elements involving |n) can be parametrised by the coupling A, between the physical

neutron and the interpolating current 7, as follows

;X

Ol () In) = A U(X) un(p,s),  Ulx) =e27". (3.23)

Here u,, is the neutron spinor which satisfies
(p —mn) un(p,s) =0, Z Un (P, 8) Un(p, 8) = P+ M, (3.24)
S

with p = p,v*, m, denoting the neutron mass and @, (p, s) = u,];(p, $)70. Notice that

for our correlator (3.22) a spin summation is implicit in the sum over all hadronic
states.
The product of the matrix element involving the EM current and the photon field

can be reduced to a set of four neutron form factors (see for instance [177])

/ dz €17 (n] J,(x) [n) AP = 21)4 6@ (g — (p2 — p1))

(3.25)
X U (p2,52) Tu(p1, p2) un(p1, s1) A¥(q) ,
with
7 2 I 2 oy .y T
Tyu(p1, p2) A*(q) = FL(@°) v A" = (Fa(q) + F3(q) ivs) = —
n (3.26)

+ Fu(q) yuys O FH

Here ¢ = py — p1 is the outgoing momentum carried by the photon. At ¢*> = 0, the form
factors in (3.26) can be identified with the fractional electric charge @, the magnetic

moment p,, the EDM d,, and the anapole moment a,, of the neutron. Since the electric
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3.2 Sum rules for CP-violating operators of Weinberg type

charge of the neutron is zero and its anapole moment, as a result of the constant EM
background, vanishes as well, one has explicitly
F35(0)

F»(0)
d, = . 2
om, 2mny, (3.27)

Hn =

It then follows that the tensor structures in (3.26) associated with p,, and d,, only differ

by a factor iys, meaning that at zero-momentum transfer one can write

n dy . 1 .
T,(p1,p2) A*(9) | o = —% (1 + wg,> o F=—3 (,una F—dyo- F) . (3.28)

with o - F' = 0, F'*" etc. and we have used that y50 - F' =io - F.
Inserting (3.23), (3.25) and (3.28) into (3.22) and using (3.24), one obtains for the
|n) contributions to the first-order correction (3.22) of the nucleon correlation function

the following expression

2
M) = g UROPUG) +o (3:29)

with
P:(g[—i—mn) (una-F—dna-F) (g—l—mn) . (3.30)

Here the ellipsis denotes contributions due to excited states and other operators that
turn out to be suppressed in the course of our analysis. Up to O(x) the Lorentz

structure in (3.29) behaves under chiral transformations as
UX)PU(x) = P+ {P,ig'vs} +0(x*)
=m, {una-F—dna-F,g} —I—m?1 {una-F— (dn—l—xun)a-lﬂ (3.31)
+4q [,una'F—(dn—X,un)a-F} 514—0()(2).
This result implies that the anti-commutators {a - F, g} and {a . F, g} are the only
structures that are invariant under chiral rotations.

3.2.1.2 Phenomenological parametrisation

In calculating d,, it should then be clear from the above discussion that one should
study the operator {U~F, g} as this structure is the unique choice with an unambiguous
coefficient for what concerns the EDM. We thus make the following ansatz [90,92,172,
173]

my(¢%) = 5 fa®) {o- Fg} (3.32)
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with

X2 my,d, fi
[P = F—F5+ -
(q% —m3)? Nz;n (q% —m3)(q* — m3y)

n Z NONG _—

N',N"#n q _mN/)(q _mN”)

(3.33)

for the first-order contribution to the nucleon propagator (3.19). The first term in (3.33)
corresponds to the ground-state contribution. It matches the result that we have
already derived in (3.29). The second and third term describe transitions of the ground
state to excited states and vice versa and transitions of excited states to excited states,
respectively. The corresponding form factors are called fns and fyny». They do not
have definite signs due to the lack of positivity constraints of the considered correl-
ator [173].

Applying the Borel transformation defined in Section 3.1, one finds that the numeric-
ally leading contributions of the Borel transforms of the three terms in (3.33) are given
by

r 2 2 m2
cn =28 é”mncinQ] = )\nmzdn e M2

_(q - mn) M
[ Y } Y _my

CN!' = B >~ (& M2 ) 334
L(@® —mi)(? —m3) | M2 (m%, —m2) (3.34)
[ fN/N// :| fN/N// 7m?\l’

CN'N!" = B ~ e M2

L(¢® = m%)(@* — mi) M4

Here we have exploited that empirically my:s > m, and my» ~ my~». Compared to
the ground-state contribution the mixed ground-state and excited-state contributions

and the excited-states only contributions are hence of approximate size

2

/ / M o\? I N T
N g IN R G e (3.35)
Cn A2my,d, \ 0.6 GeV Cn A2 myd,

where we have used the values m,, ~ 0.94 GeV and my ~ 1.44 GeV [178] for the mass of
the neutron and its lightest excitation to obtain the quoted numerical prefactor. Under
the assumption that |fx/| ~ |fynr| =~ A2m,d, and setting M = 2Aqcp ~ 0.6 GeV
with Aqcp the QCD scale, the mixed ground-state and excited-state (excited-states

only) contributions therefore naively amount to relative corrections of the order of
30% (5%). In the following, we only include the ground-state contribution to (3.32)
in our sum-rule calculation, and estimate the uncertainties that are associated to this
simplification by a variation of the Borel mass M (cf. Section 3.2.4).

The appropriate form of the phenomenological side of our sum rule can be established
by realising that the contributions to the nEDM induced by CP-violating Weinberg-
type operators (3.17) have a simple pictorial interpretation [93]. As illustrated in
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3.2 Sum rules for CP-violating operators of Weinberg type

AP—é—P—O—k — - L ® L

Figure 3.1: Contributions to the neutron EDM induced by CP-violating Weinberg-type oper-

ators. The dotted vertices indicate operator insertions and the solid lines represent propagators

of the neutron n or the excited states N’ and N”. See text for further explanations.

Figure 3.1, there are two types of graphs that one needs to consider in general. The
first type of diagrams (left and middle) factorises into a propagator with a CP-violating
mass insertion proportional to ¢y5 and into a part that couples to the external photon
field. The effect of Weinberg-type operators in this context is to rotate the nucleon wave
function by an amount proportional to d,, /iy, as in (3.28). The second type of diagrams
(right) only exists if either an insertion of an operator is considered that couples several
gluons to a single photon or if at least one of the external legs corresponds to an excited
state [93]. The former possibility is not viable at the dimension-six level, because there
is no gauge-invariant operator that couples two gluons to a single photon. In the
approximation that neglects the contributions of vertex diagrams and excitations, one
can therefore use the following parameterisation
AL fin

thcn(q2) = _m (1 -+ T‘(qz) i’Y5) , (3.36)

where the coefficient function r(¢?) has to be determined by matching the phenomen-
ological side of the sum rule to the corresponding OPE calculation. Since from (3.28)
we know that the EDM and the magnetic moment of the neutron are simply related

by a chiral rotation with iv5 though, the following relation holds
dn = pnr(q?). (3.37)

In physical terms this result means that the Weinberg-type contributions to d,, can be
approximated by calculating the iv5 rotation of the nucleon wave function and relating
it to the corresponding chiral rotation of y,, [93,94]. In Section 3.2.2 and Section 3.2.3
we will use (3.36) and (3.37) to extract the hadronic matrix elements of Og and Os,

respectively.

3.2.2 OPE calculation for the dimension-six operator

The QCD calculation for the correlation function is carried out in several steps. First,
the appropriate choice for the interpolating current of the neutron is discussed in Sec-

tion 3.2.2.1. In Section 3.2.2.2, the contribution of the dimension-six Weinberg operator
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to the quark propagator on a CP-conserving background is described, which directly
contributes to the OPE of the correlation function as outlined in Section 3.2.2.3. Even-
tually, the matching of the QCD result and the phenomenological representation of the

correlator is discussed in Section 3.2.2.4.

3.2.2.1 Interpolating current

We parameterise the interpolating current introduced in (3.18) as follows

() = j1(x) + Bja(x), (3.38)

where the real parameter § is kept arbitrary throughout our calculations. The two

currents

J1(2) = 2€ape (dy () Crsup(x)) de(z) , J2(x) = 2¢qpe (dg () Cup(@)) y5de(2)
(3.39)
form a basis for projection onto the neutron state in the case of a CP-conserving
background. The current ji(z) is often used in LQCD simulations to describe the
neutron wave function (see for instance [179-181]). While ja(z) vanishes in the non-
relativistic limit, it should be included in the interpolating field since we are dealing
with light quarks. In (3.39) C is the charge conjugation matrix, which satisfies C' =
C*=-Ct=-CT=—-Cc1, CyI'C = —v5 and Cty? =40C.

Notice that in contrast to the publications [90,92,172,173], we do not need to consider
the two additional currents i1(x) = 75j2(x) and ia(z) = ~v571(x), because in our case
the only source of CP violation is provided by the Weinberg-type operators (3.17).
The vacuum |0) appearing in correlators such as (3.18) is instead taken to be CP-
conserving, which in particular means that we assume that the QCD 6 term 6 éﬁVGA i
vanishes either accidentally or dynamically due to a Peccei-Quinn mechanism [49] (cf.
Section 2.2).

3.2.2.2 Weinberg contribution to the quark propagator

In the presence of a non-trivial EM background and the dimension-six operator Og, the

OPE of the correlator (3.18) can be formally written as
Nors(s") =1 [ ' ¢4 (01T In(x) 10 O 0, = 3 il (3.40)

where C}, are the Wilson coefficients and (Oy) = (0|O|0) are vacuum matrix elements

or condensates of the operator Oy, (cf. Section 3.1).

One important ingredient to evaluate (3.40) is the quark propagator on the CP-

conserving background including insertions of the EM field and Og. In position space
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3.2 Sum rules for CP-violating operators of Weinberg type

Figure 3.2: Contribution of the dimension-six Weinberg operator to the quark propagator.
The dotted vertex represents the operator insertion, the crosses indicate interactions with the

background and the solid lines depict quark propagators.

and suppressing colour and spinor indices the sought propagator reads
S(z) = 8 (z) + SU(x) + S%(), (3.41)

where the first term is the free propagator for a massless quark and the second term
describes non-perturbative interactions with background quark fields. As shown in
Appendix B at LO in the OPE these two quantities take the following form

0y _ 1
SO = 80 Sy = o Gaa) (3.42)
with (gq) ~ —(0.25GeV)3 [175,176,182] the quark condensate.

The effective operator Og can be perturbatively inserted into the quark propag-
ator [94]. The corresponding Feynman diagram is shown in Figure 3.2. It follows that

the Weinberg-induced contribution to (3.41) can be written as

amp

SO5 () = / B 1d 2 SO (5 — 21189 (21 — 25)SO(z,), (3.43)

where the amputated two-point function Sgrgp(z) is given by

SQup(2) = ig, Tkl (T ak (2) DGS AP (2) 44(0) | ) igs T
(3.44)
=~ TATEAAY (T [aE0) DO AP (2) dh(0)] ) + ...

Here we have expanded the quark wave function to zeroth order using (A.7) to obtain
the final result. The object Dgl? 4B(2) entering (3.44) represents the Weinberg-induced

correction of the gluon propagator. Pictorially, one has

DY AB(z) = + .., (3.45)

where the dotted vertex represents the insertion of the operator Og and the cross

indicates interactions with the classic background.
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3 QCD at hadronic scales: sum-rule techniques

In order to determine the form of (3.45) we rely on standard background-field tech-
niques. We start by writing the dimension-six Weinberg operator of (3.17) in a more

convenient form, namely as (see for instance [79, 80, 82])

00 = £ A5 TP GGG, (340
where THPA?T denotes the following trace
THYPAOT — %Tr (J“”ap)‘a”%) . (3.47)

Notice that this tensor is anti-symmetric under p <> v, etc. as well as puv < pA etc.

By splitting the original gluon field Gﬁ‘ = @l‘j‘ + Clﬁ into a classical field @l‘? and

A
"o

classical configuration to obtain

quantum field G4, one can then expand the QCD field strength tensor around its

GA, = G+ DG — DG + g, fABCGEEC |
o A o (3.48)
DGy = 0,Gy + g fPCGIGY

When one now expands (3.46) using (3.48), one is only interested in terms that are

linear in C?ﬁ and bilinear in CA?;‘ Using the anti-symmetric properties of fA5¢ and that

of (3.47), we find that the relevant terms are

O = _% fABC T/wp)\a‘r 8Méfapéfaaég + ... (349)

Employing the result (3.49) one can now calculate the Weinberg-induced corrections
(3.45) to the gluon propagator. By performing all possible contractions of the time-

ordered product, we obtain the expression
D) = [ty (T [Gh)GE0)i0uw)])

3 b _
= reveresor [ty {orS ) (1D (= - norn@PE()

+ LD (= — y) DY (y)| } :

(3.50)

where Dl(f,),)AB(x) denotes the free gluon propagator in position space. In Feynman

gauge it takes the following simple form

. , 1
P = [atpe ot ] < o, e

a result that can be gleaned by inspection of (C.3).
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3.2 Sum rules for CP-violating operators of Weinberg type

In order to simplify (3.50) we use the following two relations

e —ipz P
0,GH(e) = G0 +.ooy QDY) = ~5"Pn,, [atpe e (352

which follow from the expansion (A.6) and the explicit form (3.51) of the free gluon

propagator in momentum space, respectively. Using (3.52) yields

DO(’ AB( ) fABCGC ( )

« /d4yd4pd4qeip(zy) —iqy [Taﬁww qu%O _ Tabywen pquv
pq? pq?

3 .
5 fABCGaCB (0) Taﬂfy,ugoy /d 4pe—zpz p;}icp

3

1 U]
= g GO T 5 [m12, = T2

(3.53)
where in the last step we have employed the Fourier integral given in (C.6).

Plugging this into (3.44) we find

3ig ~ _ 1 n
Sin(2) = = 5 FPOTLRT AL (62 (095G (0)ga(0)) T — [ZVZW_ =04

ng fABC' (TA TC TB)ab (’7”0-04,37 ) Tocﬁ’y/upl/

512 51272
1 The 2] /=

X =1 |22 — 572 } (Ggso - Gq)
z 2

_ 3ig Oub B

= 3523 Vi (950 - Ga) -

(3.54)

Here we have used that the non-perturbative quark-gluon condensate appearing in the

first line simplifies as follows (see for instance [166, 181])

(A 0)9,GSH0)0)) = —155 055 TS {ags0 - Ga) (3.59)

with 0 - G = o, GAr A Furthermore, the colour factor in the second line evaluates
to .
7

fAPCTATOTE) gy = =5 CaClria, (3.56)

with the Casimir operators given by Cy = 3 and Cr = 4/3 for SU(3).

From (C.9) one sees that the Fourier transform of (3.54) reads

39s _
Sep(P) = 8799275 (@950 - Gq) , (3.57)
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3 QCD at hadronic scales: sum-rule techniques

where we have dropped colour and spinor indices. Inserting this result into (3.43) leads

to

3 . . )
SQ (x) = °9s (qgso - Gq) d*zid zed *pdtqd tr ei(a=p)z1 gi(p—r)z2 o —iqu drst
3 p2r2

39s = 4 _ipe L 39s . _ M%Rx2
=— (qgso - Gq) /d pe "? 7 = Tagg2 10 (Ggso - Gq) In (— . .

(3.58)

To arrive at the final result we have made use of the Fourier integral (C.4) dropping
infrared (IR) poles and constant pieces, because such terms vanish after Borel trans-
formation. The appearance of the scale ur signals that the Og contribution to (3.40)
will depend logarithmically on an IR cut-off. Notice finally that the second result
in (3.58) implies that the Weinberg-induced correction to the quark propagator takes

the following form in momentum space

39s
§%(p) = —879)4 V5 (qgs0 - Gq) (3.59)

This result agrees up to a factor of ¢ with the corresponding expression reported in [94]
after taking into account that the definition of Og used in this paper differs from the
one employed in (3.17) by a factor of 1/3.

3.2.2.3 OPE including the Weinberg operator
In terms of (3.41) and
S(z) = CST(x)C = SO (z) — $9(z) — S9(x), (3.60)
the general form of the correlator (3.40) can be written as
Mopr(q®) = 244 /d49€ e’ { Tr (S°y5S875) S + 575555
+ B [Tr (5°S75) 755 + 755755°S + Tr (595.5) Svs + SS“557s]
+ 8% [ Tr (S°S) v5575 + 7555°57s) } :

(3.61)

where we have performed all possible Wick contractions. Here [ is the real parameter

that appears in our definiton (3.38) of the interpolating current for the neutron.

We are only interested in the LO result of the OPE, in other words in terms that are
linear either in the quark condensate (3.42) or the Weinberg-induced correction (3.58) to

the quark propagator. The relevant contributions are given by the following expression

Mopr(q?) = —24i / dwe® [sO@)| [1,(8) 5@) + fo() 5%@)] . (3.62)
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3.2 Sum rules for CP-violating operators of Weinberg type

Figure 3.3: One-loop and two-loop contributions to the OPE correlation function (3.62).
Insertions of the interpolating currents 7, (x) or 7, (0) are denoted by circled crosses. The lower
quark lines correspond to the free propagator S (z) of a massless quark, while the crosses
indicate interactions with either quark or gluon background fields. In the right graph the

dotted vertex represents the insertion of the Weinberg-type operator Og.

with
fo(B)=T7-28-55, fo(B)=5+28—-15%. (3.63)

This result can be interpreted in terms of the two Feynman diagrams depicted in
Figure 3.3. The left graph shows the S%(x) part of (3.62) which corresponds to a
one-loop diagram because the background quark fields are non-dynamical. The right
diagram has instead a dynamical and perturbative gluon that closes the second loop. In

the case of the SY6 () correction one therefore has to deal with a two-loop contribution.

To evaluate (3.62) we now parameterise the mixed quark-gluon condensate as [167]

(@950 - Gg) = m§ (qq) (3.64)

where m2 ~ 0.8 GeV? is a QCD parameter. Inserting (3.42) and (3.58) into (3.62), we
then find

2 {a 2 2 .2
o) = P80 [t o 1 [ D) umbio) (Lo
’ t 99.m3 fo(5) i .
_ 1 _Huv - _99smp Jo MR
- 1671'2 fq(ﬁ) h’l ( q2 ) <qq> |:1 3271'2 fq(ﬁ) h’l ( q2 > Z’Y5:| .

Here we have used the Fourier integrals given in (C.10) and (C.12), respectively, to

obtain the second line.

3.2.2.4 Matching and discussion

In order to derive the sum rules for the Og contribution to the nEDM, we match the

phenomenological and the OPE correlators, i.e. we set (3.36) and (3.65) equal and
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3 QCD at hadronic scales: sum-rule techniques

determine the coefficient r(g?) that appears in front of the ivs term in Ippen(¢®). After
Borel transformation and identifying the IR cut-off with the QCD scale, we obtain

9gsmg M?
-5 ()

A(Qg . (3.66)

With this result at hand, we now discuss the appropriate choice for the mixing
parameter [ introduced in (3.38) for our sum rule. There are two commonly used
ways for fixing this parameter: (i) at a value where the leading terms of the OPE are
stationary under variations of 8 or (i7) at a point that maintains a balance between
OPE convergence and contributions of excited states (cf. the discussion presented in
Section 3.1). Both methods are not applicable in our case, because (i) the result (3.66)
does not possess an extremum and (i7) contributions of excited states have been ignored
in our sum rule (cf. Section 3.2.1.1). The procedure advocated in [90,92,172,173] where
B is chosen such that subleading IR logarithms are cancelled in the QCD 6 term and
CEDM contributions to the nEDM is also not useful, since on the OPE side (3.65) of

our sum rule IR logarithms appear already at LO.
Our choice of 3 is instead based on the observation that the function f,(3) introduced
in (3.63) appears in the numerator of Ioffe’s formula [155], which for arbitrary 5 takes
the following form [181]
7—28—56% 4(27)°
my = — 2 2 <QQ> :
5428+5682 M

This relation connects the neutron mass m,, to the quark condensate (gq). While

(3.67)

it is not an exact relationship, one observes that for § = 1, Ioffe’s formula (3.67)

predicts m,, = 0 in gross disagreement with observation. For the second standard

choice of the mixing parameter, i.e. the loffe interpolating current with 5 = —1, one
instead has m, ~ 1.2GeV3/M? if the numerical value (Gq) ~ —(0.25GeV)? for the
quark condensate is used (cf. Section 3.1). For f = —1 and a Borel mass of M =~

1GeV, the formula (3.67) thus predicts a neutron mass that is in the ballpark of
the experimental value m,, ~ 0.94 GeV. We conclude from this that the appropriate
choice for the mixing parameter in the case of our sum rule (3.65) is § = —1. In
fact, this choice is the one that has been employed in essentially all CP-even sum
rules [155, 160, 167], including the sum-rule calculations of the anomalous magnetic
moment f, of the neutron [168,174,183,184]. We believe that the Ioffe interpolating

current has also been used in [94].

3.2.3 OPE calculation for the dimension-eight operators

The procedure for the dimension-eight Weinberg-type operators follows the steps taken

for the dimension-six operator, which was outlined in Section 3.2.2. After the con-
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3.2 Sum rules for CP-violating operators of Weinberg type

tributions of the gluonic self-interactions to the quark-propagator are determined in
Section 3.2.3.1, the OPE derived in the previous section is employed to perform the

matching on the hadronic form of the correlation function in Section 3.2.3.2.

3.2.3.1 Weinberg contribution to the quark propagator

In this section, we derive the contribution to the nEDM from the dimension-eight
Weinberg operator Og introduced in (3.17). Like in Section 3.2.2.2 we will treat the
CP-violating four-gluon operator as a perturbative insertion into the quark propagator.
The corresponding Feynman graph is shown in Figure 3.4. In analogy to (3.41), (3.43)
and (3.44) we write

S(x) = SO (x) + 8U(z) + SO (x), (3.68)

and
SO5 () — / oyd' 2 SO (2 — 21) 598 (21 — 22) SO (22) (3.69)

with
S%up(2) = —2 T At (T b () DR AP () ah(0)| ) + ... (3.70)

The explicit LO expressions for S (z) and S9(z) can be found in (3.42). The function
foﬁ 4B(2) in (3.70) corresponds to the correction of the gluon propagator due to an

insertion of Og, namely

DY AB(z) = + ... (3.71)

To determine the analytic expression corresponding to (3.71), we proceed as in Sec-

tion 3.2.2.2 and write the operator Og in the more convenient form

1

Og = » ABCD T{w/\pTQaBMS Gﬁy@?pgg BG’%’ (3.72)
with ) .
Tiul/)\p _ %TI‘ (O_,uuo_)\p> , TQOéﬁ’Y‘; — %TI‘ (0.0!50-'7575> . (373)

These traces are anti-symmetric under the exchanges p <+ v etc. but symmetric under
the exchanges uv <+ Ap etc. The effective operator Og is then expanded in terms of
partial derivatives and gluon fields using (3.48). Picking out the terms that are bilinear
in both the background field G;‘ and the quantum field Gﬁ, we obtain

Os =i ABCL TN 1, GLONGE0.GE0,GF + 0,610\ GE0.GG 0,GF

S (3.74)
+ .+ GLONGE0.GF0,GY | + ..,
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3 QCD at hadronic scales: sum-rule techniques

Figure 3.4: Contribution of the dimension-eight Weinberg operator to the quark propagator.
The operator insertion corresponds to the dotted vertex, interactions with the background are

represented by crosses and quark propagators are depicted by solid lines.

where the ellipsis in the bracket represents the other three terms that are quadratic in
~A A
G, and G;,.

With the expression (3.74) at hand it is a matter of simple algebra to calculate (3.71).
Using the relations in (3.52) we find

DB = [aty (7 [G1EE10sw)])

1
i

_ —4iCCDEF/d4p€ ipz
p

(3.75)
x [(6AD53FG§AGSP+6AF53DGEAGEP) PP+

. % (649 6BD 4 6AD §BCY GE . GF (ppy, — UWPQ)} :

Here we have used the shorthand notation G4 - GF = GA GB and all field strength

tensors and duals are evaluated at 0. The ellipsis represents three additional terms that

have a structure that is similar to that of the contribution proportional to p*p?.
Inserting (3.75) into (3.70) it then turns out that to obtain the amputated two-point

function Sggp( ), one has to calculate objects of the form

M = TATE A XOP (ah(0) g2GEA(0) G(0)34(0)) | -
3.76
Nt = TATE A A XOP (ah(0)g2GE(0) - GP(0)g}(0) )

XCD

where is a symmetric matrix in colour space. To achieve this we expand the quark

current in terms of the set of basis matrices,

. 1
r,= {177&7047@’75'7&’ \/anﬁ} (377)

using the Fierz identity (see for instance [158,159])

i =l dad il TaC;i il (=C
02 = —fF (aTng) = =54 T (@TTng) - (3.78)
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3.2 Sum rules for CP-violating operators of Weinberg type

In the case of the structure M ;303, we obtain

AB TAT? _op 2 AC D
M)xp = YTy |: - 19 X <qrnqgs GHAGup>
o (3.79)
TATET i _
T oo (qronag it

where a sum over the five different Lorentz structures in (3.77) is implicit.

Recalling from (3.54) that we are only interested in the pieces of SO (z) that are

amp

proportional to 75 it is readily seen that these contributions all arise from the term
1
V57 ==+ S eV o, (3.80)

in the above expression for M fPB . The colour factors appearing in (3.79) can be de-

composed in the following way
1 1 ]
TATB _ Z §AB |~ JABCpC | ! (ABCC
6 * 2 + 2 / ’

TATCTB _ %dABC B 112 FABC | édBCTA (3.81)

i % (dBCD _ Z-fBCD) (dADE 4 Z»fADE) TE
Realising that only the structures that are proportional to 647 and d4B¢ in (3.81) can

lead to SU(3) invariant condensates, we find that the terms relevant for our sum-rule

calculation of the Og contributions are

M{P = —i 5 [— CZZBXCD <675qg§éfofp>
JABE ~
— TXCD <(jTE75qg§GSAG{?p>] + ... (3.82)
e e d*PE op ) ECD
= M5 [%SX (Q >+WX (Q >]+
Here we have used the identity
XABéﬁ)\GB“p = inApXABCNJA -G8, (3.83)

that holds for any symmetric X4? and introduced the following shorthand notation
(@) = (1sagtG*-GP) . (@) = (aT" eGP -G%)  (384)

for the two types of condensates appearing in (3.82). A calculation similar to the one
detailed above leads to
AB JABE

NP =" s [572 XPAQP) + =5 X <QECD>} o (3.85)
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To determine the expression (3.70), we the employ colour structures ¢A2¢P defined
in (2.10), which appear in the definition (3.17) of Os. Notice that these coefficients

are symmetric under the simultaneous exchange of A <+ B and C <« D and the

pairwise exchange AB < CD. Using (3.82), (3.85) and the properties of cAPCP | we
find that (3.70) can be written as follows
1
Samp(2) = =35 15 | 1P (QA) + QM) | (3.86)
with the new colour structures
CAB — CACBC + CACCB + 3CABCC’,
3.87
ABC 340 (CADBE | (ADEB | 3CABDE) ' (3.87)
In fact, using the identities (see for instance [185])
C% -4 C% —12
dacpdpep = ACA 6aB,  dapedpprdcer = gT dapc, (3.88)

it is a matter of simple algebra to show that for the three colour structures in (2.10)
the coefficients (3.87) take the explicit form

1
AP = ¢ 648 ' = {26, 12, 30} . ABC = qABC cy =4{6,12,12} .
(3.89)
A comparison of (3.86) with (3.54) and (3.58) then implies that the Weinberg-induced

correction (3.69) to the quark propagator in position space can be written as

1 1 2
598 (1) = 532 L1 In <— HZ )

x |:Cl <qi75qgié : G> + e <qTAi'ysqg§dABc@B : GC>] :

(3.90)

with the coefficients ¢; and ¢y given in (3.89). Notice that the dimension-seven condens-
ates appearing in (3.90) are the only non-zero matrix elements that can be constructed
out of two quark fields, a QCD field strength tensor and its dual [186,187]. This finding

provides a sanity check of the calculations leading to S (z).

3.2.3.2 OPE correlator, matching and discussion

To determine the OPE correlator (3.40) which corresponds to the dimension-eight
Weinberg-type operator Og, we also need values for the two condensates in (3.90).
The only estimates that exist at present are based on the instanton liquid model [176,
188-191]. One obtains [187]

- 64 . 32
_. 24 _ 0% - A 2 B . ~C\ _ _
<q175qgsG G> 550 (qq) <qT i75q9;dapcG” - G > 550 (qq) - (3.91)
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3.2 Sum rules for CP-violating operators of Weinberg type

In the diluted instanton gas model, the quark condensate is given by

(qq) = —Lmqg : (3.92)

272 p
where mq ~ Aqcp ~ 0.3 GeV denotes the constituent quark mass and p ~ 1/(0.6 GeV)
is the average instanton size. Notice that for the quoted values of m, and p one finds
(qq) ~ —(0.25GeV)? in agreement with the standard value for the quark condens-
ate [175,176,182].

Noticing that after employing the relations (3.91) the structures of (3.90) and (3.58)
are precisely the same, the derivation of Ilopg(¢?) and the matching of the phenomen-
ological and the OPE correlators for Og proceeds as in Sections 3.2.2.3 and 3.2.2.4, re-
spectively. In particular, for the coefficient r(g?) that multiplies the iy5 term in (3.36),

we obtain

_ 4(6c1+ ) fo(B) m( M? ) ’ (3.93)

r8(B) = 525t [,(B) \A

with the functions f,(8) and fo(B) defined in (3.63). Like in the case of Og, we

will employ 5 = —1 in our numerical analysis of the Og matrix elements, since this

2
QCD

is the appropriate choice for our sum-rule calculations (cf. the discussion at the end
of Section 3.2.2.4).

3.2.4 Numerical analysis

In this section, the final numerical results of the sum-rule calculations are presented,

which are then used in the phenomenological application that is discussed in Section 5.1.

3.2.4.1 Dimension-six contribution

Using 8 = —1 and inserting (3.66) into (3.37), we obtain the following expression for

the contribution of the dimension-six Weinberg operator to the nEDM

_ 9gsm2 M?
(dn) oy = —Hn 55" In ( : (3.94)

which differs from the analytic result given in [94] by a sign.

In our numerical analysis we use

= —1.91 -5 = 1,02 -5 gs = VAT, = 2.13+0.03
2my, GeV
Y (3.95)
m = (0.840.2) GeV?, eVv2[1,2],
Aqcp
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where the input values and errors of u,,, m,, gs and mg are taken from [175,176,178,182]
and the strong coupling constant corresponds to a LO ag evaluated at a renormalisa-
tion scale of 1 GeV. We note that our choice M € v/2 [1,2] Aqcp =~ [0.42,0.85] GeV
covers the full range of Borel masses that has been considered in the related sum-rule
calculations of the QCD 6 term and CEDM contributions to the nEDM [90,92,172,173].

With the input given in (3.95) we find from (3.94) the following numerical result

(‘2‘) ~74(1 4 0.5) MeV | (3.96)
Og

where the individual uncertainties have been added in quadrature to obtain the final
relative error of 50%. The dominant source of uncertainty in our prediction for (d,/e)o,
arises from the variation of the scale ratio M/Aqcp and amounts to almost 90% of the
total error given above. We add that the quoted total uncertainty in (3.94) is larger
than the naive expectation of the size of the sum-rule contributions due to excited states
(cf. the discussion at the end of Section 3.2.1.2) and that the sum-rule predictions
for the down-quark and up-quark CEDMs [90, 92] are also accurate to about 50%.
Notice that the central value of our prediction (3.94) differs by a factor of roughly 1/3
from the numerical result presented in [94]. Here a factor of 1/3 is accounted for by
the different normalisation of the effective operator Og, while the flipped overall sign
in (3.94) is compensated by the fact that in the latter article the incorrect relation

pn, = 1.91e/(2my) has been used to obtain a numerical result.

3.2.4.2 Dimension-eight contributions

Inserting (3.93) into (3.37), we find for the loffe interpolating current, ie. § = —1,

the following expression for the nEDM contribution of the dimension-eight Weinberg

m 72 M? 14 16
d,)" = —u, — 1 1, —,— &, 3.97
( )Og 2 57T2p4 H<A(2QCD> { 27 81} ( )

where the numbers in the curly bracket correspond to the three different colour struc-
tures in (2.10).

operators

The average instanton size that enters (3.97) can be determined in various ways.
Including the value of p that allows us to reproduce the phenomenological values of the
quark and gluon condensates [188], that is obtained through variational techniques and
the mean field approximation [189] and that is found in LQCD calculations [192-197],
we arrive at the combination

1
0.58 +0.09) GeV
This prediction has an uncertainty of 15%, which we believe to be a rather conservative
error in view of the results given in [188,189,192-197].

=1 (3.98)
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3.2 Sum rules for CP-violating operators of Weinberg type

In order to obtain a numerical result for the Og contribution to the nEDM, we use
the input given in (3.95) and (3.98). Adding individual uncertainties in quadrature we
find

dp\™ )
<> =25-10"1 (1£0.8) GeV3 {1, 0.5, 0.2} . (3.99)
(& O8

Here the dominant source of uncertainty stems again from the variation of M/Aqcp

and amounts close to 60% of the quoted total error of 80%.
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4 LCSRs for proton decay

Many concepts of QCD sum rules that were presented in Chapter 3 and in particular
in Section 3.1 can be found again in LCSR calculations [142-147] for proton decay
channels of the type p — 7%¢* 4+ X, where ¢t denotes an anti-lepton and X can be
anything. The main difference compared to SVZ sum rules is that instead of employing
an expansion around short distances, LCSRs utilise an expansion in small transverse
separations among partons in the infinite momentum frame [198]. The approach ef-
fectively combines the methods of QCD sum rules and the theory of hard exclusive
processes [148-154]. Eventually, this enables the separation of the hard scattering from
soft interactions. While the hard-scattering kernel can be computed perturbatively in
QCD, the soft contributions are parametrised in terms of DAs of the final-state pion.
Moreover, the approximate conformal symmetry of QCD permits a decomposition of
the DAs in terms of partial waves or conformal spin so that transverse and longitud-
inal variables in the pion wave function can be separated [199,200]. This leads to an
expansion of the DAs in terms of a converging series of orthogonal polynomials of the
momentum fraction carried by one of the partons in the pion (cf. Appendix D). The

coefficients of the expansion are hadronic parameters which enter the LCSRs as input.

In Sections 4.1 and 4.2, the LCSR approach is employed to estimate the form factors
that parametrise the hadronic matrix elements of proton-to-pion transitions which are
relevant for semi-leptonic proton decay channels. The framework for this endeavour is
developed in Section 4.1 where a simple two-body decay is studied. The contents of this
section were originally published in the article [21], and the results could be verified
by comparing them to recent lattice computations. By employing the same methods,
the hadronic form factors for proton decay in GRSMEFT can be calculated, which is
shown in Section 4.2; this part is based on the contents of Ref. [22].

1Some of the condensates that were introduced in Chapter 3 also occur in the LCSRs when a naive

factorisation approach is used for higher-order DAs; see Section 4.1.2 for details.
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4 LCSRs for proton decay

4.1 Semi-leptonic two-body proton decay modes

Early attempts to compute the hadronic matrix elements of semi-leptonic proton decays
date back to the ’80s and employed non-relativistic quark models, often based on the
approximate SU(6) flavour-spin symmetry of the partons [201-205], bag models which
allow for relativistic partons [206-211], or QCD sum rules [212]. An effective chiral
theory was also proposed in the articles [213-216], which can be used to derive relations
among the various two-body decay widths but still contains a priori unknown low-
energy constants. As a result, the latter approach cannot predict the absolute value of
the proton decay width without further input. The methods mentioned above have also
been applied to estimate these low-energy constants, in which case the final predictions
for the hadronic matrix elements suffer from additional systematic uncertainties due
to the approximate nature of the effective chiral theory. Moreover, the results of these
model calculations differ by up to an order of magnitude from each other (see Table VI
in [217] for a summary and comparison). On the other hand, LQCD groups have by now
achieved to directly compute the needed hadronic matrix elements within uncertainties
of (10 — 15)% [217-224]. These results cover all two-body decays into pseudoscalar
mesons and light anti-leptons, which are relevant for GUTs.

In this section, a method to estimate the hadronic matrix elements that enter pro-
cesses of the type p — 7%/ (+ X) is established. As a proof-of-principle the general
approach is applied to the simple two-body case p — 7%e® with eT a positron, while
the application to three-body proton decay processes such as transitions involving an
additional graviton is discussed in Section 4.2. In fact, studying the simple decay mode
p — 7’ et allows us to make a thorough comparison with the latest LQCD results [223].
In this way, we are not only able to validate our method but can also assess the sys-
tematic uncertainties that plague our estimates. Our method employs the techniques
of LCSRs in QCD. The light-cone expansion works well if the momentum transfer ¢
from the proton to the pion is large in magnitude and space-like, i.e. ¢> < 0. We there-
fore cannot directly compute the hadronic matrix elements at the physical point of the
two-body decay kinematics, where ¢? is fixed and equal to the square of the positron
mass. However, we are able to find values in the space-like regime at ¢2 ~ —0.5 GeV?,
which are close enough to the physical regime to provide an estimate of the hadronic
matrix elements at the physical point by means of suitable extrapolations. Albeit this
approach does not achieve the same level of accuracy as the state-of-the-art LQCD
calculation [223], the results of this work are promising, because the obtained precision
is better than the methods that have been developed in the ’80s to estimate proton
decay rates. Furthermore, the LCSR approach developed in this section should be able

to at least provide order-of-magnitude estimates for hadronic matrix elements that
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4.1 Semi-leptonic two-body proton decay modes

enter certain three-body proton decay processes. Such decays could be phenomenolo-
gically relevant (see for instance [124]) but only model estimations exist for selected
modes [225], making three-body final-state proton decay processes an interesting target
of future LQCD studies [104].

This section is organised is as follows. In Section 4.1.1 the framework for studying
hadronic matrix elements for the p — 7%et decay is explained. In particular, all of
the dimension-six operators in the SMEFT that are relevant for this decay, which are
presented in (2.13), are considered so that the analysis is model-independent. These
operators are typically generated by baryon-number-violating new physics that can be
integrated out below a certain (large) energy scale. As a next step, the hadronic matrix
elements are decomposed into form factors. These form factors enter a correlation
function that is computed with the help of LCSR techniques in Section 4.1.2, which
allows us to derive the LCSRs for the form factors relevant for proton decay in GUTs.
In Section 4.1.3 we turn to the numerical evaluation of the LCSRs and compute the
form factors in the regime of virtual momentum transfer. Eventually, these findings are
compared to the results of the latest LQCD computation [223] and the uncertainties
that enter the final estimates are discussed in detail. Technical details are relegated to

the appendices.

4.1.1 Phenomenological parametrisation

The transition matrix element of the proton decay p — 7" et induced by an insertion
of an operator entering (2.13) can be factorised into a hadronic and leptonic part (up

to electroweak corrections),

(7 (pr)e™ (@)|Orr [p(pp)) = V() Hrr (Pps q)up(py) - (4.1)

Here u,(pp) denotes the spinor of the proton with momentum p,, and v¢(q) is the charge
conjugate anti-spinor of the electron with momentum ¢ = p, —p,. The main goal of the
following analysis is to calculate the hadronic matrix element Hrr(py, q) of the p — 70

transition,

Hrri (pp, ¢)up(pp) = <7T0(p7r)| eobe (d:}FCPFUb) Prouc|p(pp)) (4.2)

where all the quark fields are evaluated at the space-time point x = 0. For an on-shell

proton the above matrix element can be decomposed into two form factors as follows,

Hrr (pp, @)up(pp) = iPr <W19F’(q2) + sz W%F/(q2)> up(pp) » (4.3)

with m, = 938 MeV the proton mass. Notice that the form factors are related due to

parity, which is conserved in QCD. Specifically, one has

Whr(@®) = Wir(@®),  Wig(d?) = Wi, (4.4)
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4 LCSRs for proton decay

with n = 0,1. In this work we calculate the combinations I'T = RR, LR explicitly,
which covers all chirality combinations due to the above relations.
The starting point for evaluating the form factors WI’J‘F,(qZ) in LCSRs is the correla-

tion function
rr (pp, q) = i/d4w e (7°(p)| T [Qrr ()77,(0)]0) (4.5)
T

where the current 1, (77, = 1757°) is a combination of three quark fields that interpolates

the proton,
(0l (0)[p(Pp)) = mpAptip(pp) - (4.6)

Here )\, denotes the couplings strength of the current 7, to the physical proton state.?

The strongly-interacting parts of the dimension-six operators (2.13) are represented by
Qrr () = e* (d (z)CPruy(z)) Prouc(z) . (4.7)

In order to derive a parametrisation of the hadronic matrix elements Hrr(pp, q) we
insert a complete set of intermediate states that have the same quantum numbers as
the proton into (4.5) (cf. equation (3.3)) and isolate the pole contribution of the ground

state to obtain the hadronic representation of the correlation function:

had _ Mp
I (pp, q) = _m )\pHrr/(p@ q) (pp + mp) + ...

(4.8)

y 7Ppd
nads  Pp o hadp . 4 hedq | 00 had, T
= P <HFF’ L Hpr + m Hpr ™ + 2 U )
P P p

with € > 0 and infinitesimal, 0?7 = 0, p"¢”, and the ellipsis denotes contributions
from heavier states, i.e. excited states and the continuum. The four independent Dirac
structures in (4.8) can be used to derive LCSRs for the form factors Wik, (¢?) or com-

binations of them. The corresponding scalar functions H??S"Y depend only on the square

of the proton momentum pg and on the square of the momentum transfer Q> = —¢°.
They are conveniently parametrised in terms of dispersion integrals,
o] had,y 2
had, prr’ (5,Q7)
I (v, Q%) = [ ds TH—"57%, (4.9)
my S=Pp
where v = 5, P,Q,T and we have introduced the spectral densities
had, _ 1 had, ;
pro (5, Q%) = - Im TIpy 7 (s + i€, Q%) . (4.10)

2Note the difference in the normalisation compared to the conventions used in the previous sections,
i.e. equations (3.2) and (3.23).
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4.1 Semi-leptonic two-body proton decay modes

Separating the ground-state contribution from the contribution of heavy states de-

noted by p%‘}%w( ,Q?), the four spectral densities appearing in (4.8) can be cast into
the form

PR (5,Q2) = iAym2 8 (s — m2) Wi (s, Q%) + pi (s, Q%) (4.11)
where

s—Q?— m?r
Wik (s, Q%) = Win (s, Q%) + T R Wiri (s, Q%)
Z (4.12)
WII‘}"(‘S? QQ) = WFOF’(Sv QZ) ) FF/( QQ) WITF’(S7 QQ) = Wlll“’(sv Q2) )

and m; = 135MeV is the pion mass. We stress that the relations (4.12) only hold on-
shell, i.e. if s = mg. This is however guaranteed by the § (5 — mIQ,) function appearing
n (4.11). Under the assumption of a global quark-hadron duality [170] (see also [171]

for a review) the contributions of heavy states can be approximated by

00 cont,y 2 0 QCD,y 2
/ d pl"l’" ( Q ) / d pl"l"’ ( 7Q ) (413)

_ _n2
0 s — D} 0 s —Dj

where pFF, 7(s5,Q?) are the spectral densities in QCD and we will explain how to
compute them in the next section. The approximation (4.13) is expected to work well
for a sufficiently large continuum threshold sy, which is a free parameter and has to be
determined within the LCSR calculation. A more detailed discussion on how to fix sg is
provided in Section 4.1.3, but ideally it is chosen low enough to cover even the lightest

excitation, which is the Roper resonance with a mass of 1.44 GeV.

4.1.2 LCSR calculation

The basic idea of the LCSRs is to derive a result for Irr (pp, ¢) in QCD while paramet-
rising unknown soft contributions in terms of quantities that can be determined by other
means. It can be shown that for large virtualities Q2 > AéCD and PI? = —p% > AéCD
with Aqep ~ 300 MeV the QCD scale, the integrand of the correlator (4.5) can be ap-
proximated by an expansion on the light-cone 22 ~ 1/Q? ~ 0 (see [175] and references

therein). Schematically, this light-cone expansion takes the form

T [Qrr (x Z Ci(x (4.14)

where the Wilson coefficients C}, encode the hard scattering process and the objects Oy
are composite operators of twist k. The matrix elements of these composite operators
correspond to the light-cone DAs of the pion which are non-perturbative objects. Per-

forming a Borel transformation with respect to PI? then yields an expansion in inverse
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4 LCSRs for proton decay

powers of the two scales that enter our calculation, i.e. it leads to a power expan-
sion in AQQCD /M? and A?QCD /Q?, where M denotes the Borel mass associated to P?
(cf. (3.13)). In the following analysis we will provide explicit LCSR expressions that
include the leading contributions in this expansion, namely the twist-2 and twist-3 DAs.
We will however also comment on the possible impact of twist-4 contributions in all

cases where such terms could be phenomenologically relevant (cf. Section 4.1.3).

In order to carry out the light-cone expansion, we need to choose an explicit form for
the proton current 7,. The most general choice with the appropriate quantum numbers
(at lowest order in derivatives and spin) can be written as a linear combination of the

two currents introduced in equation (3.10) [160]:

m(z) = 2e2% (uf(m)C’vg,db(az)) ue(x), no(z) = 2e9¢ (uaT(m)Cdb(w)) Ysue(x) .
(4.15)
The current 7; excites the ground state as well as heavier states, while 72 almost
exclusively excites heavier states [180]. As a result the coupling strength of 7; (cf. (4.6))
to the proton state is larger by a factor of about 100 than that of 3. Due to its weak
coupling to the proton state, the contribution of the current 7 is expected to be very

small in the case at hand, and we therefore choose for simplicity

p(z) = m(x), (4.16)

neglecting a possible admixture of 72. This choice of the proton current also corresponds
to the interpolator usually used in LQCD calculations. Note that the proton current
enters the correlator linearly in the case at hand. In contrast to that, the applications
discussed in Sections 3.1 and 3.2 rely on correlation functions with two powers of the
current, so that also mixed contributions of the form 7; x 72 contribute there (see also

the discussion of Section 3.2.2.4.

The expansion of the time-ordered product that occurs in the twist expansion (4.14)
is carried out by partially contracting the quark fields,

T [Qrr (2)7,(0)] = — 1Gz'jk €abe Prv { (a*(0)L 4’ ()

2
x [SEe(@)15 5 (@) PrT + S5(a) Tr (149550 (@) Pr )
+ T 49582 () PrSke(z) + TA Tr (sgc(x)%ggb(x)zar) }

+ (d*(0)Tad'(z)) [sﬁc(x)%fAPpsgb(x) + Ske() Tr (sgb(x)%fAPp) } } .

(4.17)
Here we have employed the following basis of gamma matrices
1
s =<1,75,9",iv"vs, —=0"7 ¢, 4.18
A { V5, YUY Y5 /2 } ( )
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4.1 Semi-leptonic two-body proton decay modes

and we use the notation T'y = CTLC with C = i7?¢° and a summation over the
index A is implicit. The pairwise contraction of up (down) quark fields is denoted by
Si () (Sflj ()), i,4,k are colour indices and Tr denotes a trace over Dirac matrices.
Hereafter we will work in the isospin limit and will therefore drop the flavour index of

the contraction.

With the help of (4.18) it is possible to derive the following completeness relation:
u(z)u(0) = —= (@(0) qu(z)) T4, (4.19)

The contracted fields need to be expanded for light-like distances (including single-gluon

emission), which reads [226]

. . 1
ij L ij t9s ij - v v
S (x) = 2772¢x4 oY — 16m222 /0 du G, (uz) [ugo" +uct ] + ..., (4.20)

where the ellipsis represents terms that lead to contributions of twist higher than three,
we have employed the short-hand notation Gf{,, = Gﬁ‘yTj{ for the gluon field strength
tensor and defined @ = 1—u. We neglect contributions proportional to the quark masses
because they are numerically negligible. In the following we consider only single-gluon
interactions which is consistent with truncating the expansion (4.14) after the leading-
twist contribution [199]. This leads to the two types of one-loop diagrams that are
displayed in the top row of Figure 4.1.

In addition to these LO terms factorised contributions of higher twist and multiplicity
turn out to be numerically relevant in the case at hand. Such contributions originate
from operators with four quark fields or four quark fields and one gluon, such that only
one pair of quarks is contracted in the time-ordered product. Part of the respective
amplitudes can be approximated by a factorisation into two- or three-particle DAs (of
twist two and three) and vacuum condensates of the remaining quark and gluon fields.
Such contributions scale with a smaller power of 1/Q? than genuine, non-factorisable
terms of higher twist (as one might naively expect from the light-cone expansion (4.14))
and instead are suppressed by powers of 1/M? [227,228]. Effectively, these factorised
contributions can be taken into account by replacing one of the contractions S%(x)
in the expression (4.17) by the appropriate local terms and condensates as encoded
by [181]

— 2 2 .
ij 99) ij moT t9s ij v v
ASY(z) = _<12> 54 (1 + 106 ) ~ 33,27 GL(0) [fo™™ + o™ ¢ + ... (4.21)

The ellipsis denotes higher-dimensional condensates and terms with additional gluons,
which are neglected in our work because they are numerically small. The parameter myg

entering (4.21) is associated with the mixed condensate

(a9sG - o) = mi (qa) (4.22)

95



4 LCSRs for proton decay

Figure 4.1: Feynman diagrams contributing to the light-cone expansion of (4.14) at the twist-
2 and twist-3 level including factorised higher-twist contributions. The two vertices with a
circled cross denote insertions of the currents Qrr/(z) and 7,(0). The external proton and
positron lines are attached for illustration even though they do not enter the LCSR computation.
The diagrams shown in the top row result from the light-cone expansion (4.20). The diagrams in
the middle and bottom row instead originate from factorised higher-twist contributions, which
involve the condensates (Gq) and (GgsG - oq) of (4.21) and (4.22) (crosses on the bottom of the

diagram). See text for further details.

where G - 0 = G, 0"”. The diagrams resulting from the local expansion (4.21) of the
contraction are displayed in the middle and bottom row of Figure 4.1.

The uncontracted quark bilinears in (4.17) form a pion and still need to be expanded
around light-like distances to obtain the light-cone DAs. The pion DAs have been
extensively studied in the literature (see [229] for a state-of-the-art discussion), and they
have definite twist. The only twist-2 pion DA is given by (cf. for instance [200,230])

F e aOn 7l = T2 | e Oy, (123)
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4.1 Semi-leptonic two-body proton decay modes

where ¢ = (u d)? and 7 = 0%/2 with ¢® = diag(1,—1) the third Pauli matrix,
while f, denotes the pion decay constant given by fr = (130.2 £ 0.8) MeV [231].3 The
parameters u and @ correspond to the momentum fractions of the two quarks that form
the pion. The renormalisation scale p that appears in the twist-2 pion DA gz§(2) (u, @)
is set equal to 1 GeV for most of this work. Higher-order contributions to the matrix
element (4.23) arise at the twist-4 level. There are two two-particle twist-3 DAs called
qﬁég)(u, w) and ¢£,3) (u, ). These are defined by [200,230]

1
(7% (px)|7(0)ivs57°q(2)]0) = fir/%ﬂ /0 du ™" ¢ (u, ), (4.24)
_ifwﬂw

(7°(pr)]2(0)0" 157> q () |0) = 6v2 (1 - p7) (Pha” — plat)
(4.25)

1
< [ due ™ o0 ().
0

We also include the only twist-3 three-particle DA called T®)(ag, as,, ayg, it), which
depends on the momentum fractions oy, o, and o4 of the down quark, up quark and

gluon, respectively, as well as on p. This object is defined as follows [200, 230]

(7 ()1 2(0)0" 759sG*° (uw)>q () |0) =

ifﬂ'Mﬂ'
V2

(pﬁpéﬁn”ﬁ — p2pint® + plpuner — pﬁp#n‘“’) (4.26)

1
X / dagday dog0(1 — og — ay — ) elloutuag)pez 73) (0 o, Qg [b) -
0

The normalisation of the twist-3 DAs contains the sum of the up- and down-quark
mass, which fixes the values of the parameters u, and p, as well as the quark condensate
via the Gell-Mann-Oakes-Renner (GMOR) relation m2 ~ —2 (m, + my) (Gq) /f? first
derived in the article [232]. One obtains

mu‘i'md_i f7% ’ pm = ez N 2<QQ>

Iin (4.27)

The DAs can be obtained by a conformal expansion [200]. Explicit formulas for the
DAs appearing in our work are provided in Appendix D.
Summing up all the contributions of Figure 4.1, using (4.23) to (4.26) and performing
a Fourier integration allows us to derive an analytic expression for the QCD correlation
function
N8P ) = Ao (DS 4 22 maepe 3 Lpacpe 100 gaen ) (g
m m

2
P P my

3We employ the Fock-Schwinger gauge, i.e. x“Gﬁ = 0 with Gﬁ‘ the gluon field, such that the Wilson
lines which enter the definition of the DAs are equal to 1.
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4 LCSRs for proton decay

The analytic expressions for the results of HIQFC,D’7 (pf,, QQ) are somewhat lengthy and

therefore provided in Appendix E. In the derivation of these results integrals of the
following type are encountered

/d4x ethe /‘xi” /d4x eifo® W , (4.29)

where the relevant momenta P = g + up, and Py = q + ap, with a = o, + uay arise
from combining the exponential factor in (4.5) with those of (4.23) to (4.26). The

momentum dependence can be rewritten in terms of Q? = —¢? and Pg = —pg using
P? = (upy + uq)® = —uP? — u (Q* + um?) , (4.30)
P2 = (app + aq)° = —aP? —a (Q* + am?) | (4.31)

where we employ the notation z = 1 — 2z for the momentum fractions z = u and

z = . The UV divergent Fourier integrals are carried out in dimensional regularisation
(cf. Appendix C). In this step of the sum-rule calculation, the poles and the scheme-
dependent constants can be dropped as long as we perform a Borel transformation in
the end (cf. Section 3.1). Only inverse powers of the momenta, arising from finite

integrals, and logarithms from the divergent integrals contribute to our sum rules.

For the matching with the hadronic representation (4.8), we also introduce QCD
spectral densities like it was done in (4.9) and (4.10) for the hadronic case. The match-
ing conditions for the LCSRs (y = S, P,Q,T) then read

M (v, Q%) = OFE"7 (97, Q°) - (4:32)

Using the quark-hadron duality in the form (4.13), we can subtract the unknown
contributions of heavy states from the LCSRs. Effectively, this procedure cuts off
the spectral integral computed in QCD at the continuum threshold sg. Applying a
Borel transformation with respect to Pg to both sides of the sum rules suppresses
heavy contributions exponentially and generically improves the accuracy of the LCSR
approach — the accuracy of our LCSRs will be investigated in Section 4.1.3. The
Borel transformations also remove all terms that are polynomial in PI?, which sets all
divergent contributions of the dispersion integrals as well as the UV divergences of the
diagrams in Figure 4.1 to zero; cf. Section 3.1. Moreover, only the imaginary parts of
the correlation functions HI(;QFC,D’V(S + i€, Q%) enter the dispersion integrals (4.13), and

eventually the s-integration has to be performed.

All the steps described above can be translated into replacement rules for the integrals

over the momentum fraction. For the logarithmic terms we find

1 _p2 A
/ du f(u) (Pz)nln< f; > — —n!/o du f(u) (aM*)" e(3) Eni1(3), (4.33)

0
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4.1 Semi-leptonic two-body proton decay modes

with g the renormalisation scale and f(u) some function which depends on the mo-

mentum fraction u. Here we have introduced

s + Q% + m? 4m?2 s
A= — T 1 —4/1— x 4.34
om2 (ot QR +m2) )" (4.34)
- 3 - S0 — S e Yo o2
= ¢ E.s)=E, 222} =2 2) 4.35
(=i BO=6 (M5 s=i@rm). 0w
where
nflxk
En(a:)zl—e*ng. (4.36)
k=0

The upper limit of the integration over u satisfies A(Q? = 0) = 1 = A(sp — 00) and

A <1, and it arises because the dispersion integral only has support if sy > 3.

For terms involving three-particle DAs one furthermore has

/Dafuau,ag)(P2) ln( g) —TL'/ Dat (a —Ay) f(u, ay, ag) (4.37)
x (a?)" e(5g) Enp1 (S¢)

where f(u, o, aq) now depends on u, o, and oy, and we have eliminated oy = 1 —

oy, — ag. We have furthermore used the abbreviation
Do = dudoy, dag§(1 — oy, — o) (4.38)

for the integration measure. The integration boundaries are now modified by the Heav-

iside step function 6(z),

2 2 4 22
A, —8°+Q2 Mr [ )1+ mgQ ——1], &=
2m2 (so+ Q% —m2)

where Ay (Q? = 0) = 0= A(sp — o) and A, > 0. For the non-divergent contributions
appearing in our LCSRs, we find

(Q* +am?) , (4.39)

Q| Qi

! 1 1 (2 flu) .
/0 du f(u) 57 —]\/[2/0 du p e(s), (4.40)
L1 A ) f(8)
/0 du f(u ) Yo M4/ du?e(s) + M2 QP + APn2) e(so), (4.41)
1 1 12 fu) . f(A)
) s = g | T €O gz (@ + &tm2) “) »
A? ) £(A) 42

T (@ 1 a2 Y GA RGP + Aty

99



4 LCSRs for proton decay

and for the three-particle integrals:

[ Do) gy s [P0 8 S elsy), (043
i o fu, oy, o 72 ) o a 9) Fu, o, ag) e(3g), )
! 1 1 ['Da
D wg) 57— 551 | —o5 fla—A ; Oty S
/0 a fu, oy, o) Pg4 — M), a2 (« g) f(u, o, ag) e(3q)
1 !
+W/o dudog 0 (1 —uag — Ag)e(so) (4.44)

fu, Ay —uay, ag)
Q2+ AZm?

Finally, the matching conditions (4.32) take the form

2

. 2 _p 2 50 ——5 QCD,y 2
iApmze” % Wi, (s0, Q ):/ dse” 2 pin7 (s,Q7) (4.45)
0

where the expressions for the form factors Wi, (so, Q%) can be found in (4.12) and the
right-hand sides are given by the expressions of Appendix E when the replacement rules
as described above are employed. By an appropriate combination of the four independ-
ent relations (4.45) one can derive two LCSRs for each of the two form factors appearing
in (4.3). Hereafter we will refer to these combinations as ngif,)(so, Q?), W€f€+T(so, Q?),
Wllif’,g(so, Q?) and Wéfj;(so, @Q?). Notice that the LCSRs (4.45) depend on two unphys-
ical parameters, namely the continuum threshold sy and the Borel mass M. However,
the results of a LCSR calculation can only be trusted if the final predictions are to a
certain extent independent of the exact choice of sg and M. In Section 4.1.3 we will
provide criteria that allow us to assess the convergence properties of (4.45), which we
will then use to estimate the uncertainties that plague our LCSR results for the form
factors Wit (Q2).

The coupling A, in (4.45) is in principle known from LQCD calculations (see [181]
and references therein), but it can as well be extracted from local QCD sum rules of

the two-point correlator

i [dze O\ T @m0 = -2 LTI )

p* —m2 +ie

where the ellipsis denotes the contributions of heavier states. Using A, from sum rules
has the salient advantage that in this way the uncertainties of the form factors due to the
input parameters such as the quark condensate (gq) or m% are reduced.® We therefore

choose to fix A, with the help of sum-rule techniques rather than to take A\, from LQCD

4In B-meson to light-meson transitions this procedure even leads to a partial cancellation of perturb-

ative corrections, which improves the convergence of the sum rules [230].
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4.1 Semi-leptonic two-body proton decay modes

computations. The sum rule derived from the structure p of the correlator (4.46)
is typically disregarded due to uncontrollably large radiative corrections as well as
large contributions from heavier states [181]; see also the discussion in Section 3.1 and
references provided there for details. We thus extract A, from the sum rule for the
mass term. As outlined in Section 3.1, the QCD result for the correlator (4.46) can be
expressed in terms of an expansion in condensates with increasing mass dimension. In
the following, contributions including condensates up to dimension seven are included
but no perturbative QCD corrections. Using the proton current (4.16) yields [181]

_ 2 _ —
L p— — 1972 /a
oo N9 gk [, (20 - sm2arze, (20 <i02>
P T 16mm3 2\arz) M0 P Grz) s \n
(4.47)

with a5 = ¢2/(47), G* = GﬁVGA’“V, where the definition of E,(x) can be found
in (4.36). The parameters 39 and M denote the continuum threshold and the Borel

mass of the local sum rule (4.47). These parameters can be related to the corresponding
parameters of the LCSRs, because the Borel mass is connected to the momentum flow
through the proton current. However, we assume for simplicity that 59 and M are
independent parameters and determine them such that the value of A, does not depend
too strongly on the specific choice.

Notice finally that the sign of A, is not fixed by (4.47). More generally, the sign of
Ap depends on the (unphysical) phase of the nucleon wave function. The same holds
for the overall sign of the form factors W) (s, Q*) that are determined from (4.45).
The relative sign between W2, (Q?) and Wi, (Q?) is however fixed by our sum rules.
In the following, we will choose a negative sign for the coupling strength of the proton

current, i.e. we will use A\, < 0.

4.1.3 Numerical analysis

To derive physical predictions from (4.45), we need to find regions where the LCSRs
converge sufficiently fast as an expansion in AéCD /Q?% and AéCD /M? and where the
sum rules are to a certain extent insensitive to the choice of the continuum threshold
so and the Borel mass M. Therefore, the Borel mass M has to be chosen well above
the QCD scale Agcp but at the same time below the mass of the lightest excitation.
These conditions are formulated more precisely in the following, and they lead to a set
of requirements which are then applied to each of the four LCSRs (4.45) as well as the
local sum rule (4.47).

In order to eliminate contributions other than the proton in our sum-rule calcula-
tions [141], we use so = 30 = (1.44GeV)? as a central value in all cases. This value
of the continuum threshold sy corresponds to the mass of the lightest excited state in

the nucleon spectrum, i.e. the Roper resonance. We then vary so (and 3y) between
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(1.4GeV)? and (1.5GeV)? to estimate the uncertainty related to the choice of the
continuum threshold. A similar procedure has been adopted in [233,234], and our
choice can be further motivated by the observation that for values in this interval,
the sum rule (4.47) leads to a good agreement with the LQCD results for A, (see for
instance [218,235-237]).

A lower bound on M is determined by demanding sufficient suppression of higher
powers in the OPE. In particular, we require that the contribution of the highest
dimensional condensate in each LCSR does not amount to more than approximately
30% of the total QCD result. An upper limit on M is instead obtained by demanding
that the ground-state contribution in the hadronic representation constitutes at least
50% of the dispersion integral. In other words the contributions of the heavy states,
which we model by the QCD result, are smaller or equal than approximately 50% of
the total result,

PI(‘QP(;D’7 (s0, OO)‘
och <0.5, (4.48)
‘PFF’ 77(0700)‘
with QCD
S92 s 2
p / SaQ
PRSP (51, 9) :/ as P (@) : ) (4.49)
S1 s — pp

We then vary the Borel mass M in this so obtained Borel window to estimate the

systematic uncertainty related to the variation of this unphysical parameter.

The physical values of the form factors do not depend on the choice of the con-
tinuum threshold sg or the Borel mass M. The residual dependence of the form factors
extracted from the LCSRs on these parameters originates from the truncation of the
expansion in A(QQCD /M? at a finite order and the effective description of the a priori
unknown contributions of heavy states. Therefore, the predictions of the sum rules are
reliable if the dependence on the unphysical parameters is weak, and thus the uncer-
tainties related to the variation of these parameters also quantifies the validity of the
predictions.

In order to illustrate the latter statements we show in Figure 4.2 and Figure 4.3 the
dependence of the form factors ng’]}%T(so, @Q?) and Wi’g(so, @Q?) on the Borel mass M,
respectively. In each panel predictions are displayed for the following three different val-
ues of the continuum threshold sg = (1.4 GeV)? (dashed lines), so = (1.44 GeV)? (solid
lines) and sp = (1.5GeV)? (dotted lines), and each figure contains results where the
form factors are evaluated at Q2 = 0.5GeV? (left panels) and Q? = 2GeV? (right
panels). The shown predictions have been obtained for the central values of the input
parameters as given in (4.50) to (4.52) and (D.5) to (D.7). One sees that for very small
values of M the form factors steeply increase because the power suppression in 1/M?

becomes ineffective. On the other hand, for large values of M the exponential suppres-

62



4.1 Semi-leptonic two-body proton decay modes

2 2 2 2
=0.5GeV =2GeV
0.08 'Q , , , 0.030 , 9 , , ,
=== 0= (1.4 GeV)? === 50 = (1.4 GeV)?
(g 0.07F — 50 = (1.44 GeV)? ‘g 0.025F — s0 = (1.44 GeV)?
[P o
<) - 50 = (1.5 GeV)? <) - 50 = (1.5 GeV)?
S 0.06f S 0.020f ]
g s ;
&~ e i B A
Jaaz Jﬁx ¢¢¢¢¢¢¢
§< 0.05 ? 0.015p e
0.04 b 0,01 Q bt
0.6 0.7 0.8 09 1.0 1.1 1.2 1.3 0.6 0.7 0.8 09 1.0 1.1 1.2 1.3
M [GeV] M [GeV]

Figure 4.2: Form factor Wg’g+T(so, Q?) as a function of the Borel mass M for three values
of the continuum threshold so. The left (right) plot shows the results at Q% = 0.5 GeV? (Q2 =
2 GeVQ) .

sion of heavier states due to the factor e=*/M* in the dispersion integrals (4.45) is not
present. This in turn leads to a stronger sensitivity on M such that the form factors
increase again for larger Borel masses. The sensitivity to the continuum threshold is
also more pronounced if M gets closer to sg, as indicated by the widening of the col-
oured bands in Figures 4.2 and 4.3. One can furthermore observe that the sensitivity
on the unphysical parameters becomes stronger for larger values of Q2. We remark
that for Q? > 2 GeV this effect saturates such that the plots on the right-hand side of
Figures 4.2 and 4.3 represent in a sense worst-case scenarios. The results of the other
LCSRs behave similarly to W]%’EJFT(SO, Q?) and Wi’RQ(so, Q?), so we do not show their

dependence on M explicitly.

By considering the momentum range 0.5GeV? < Q2 < 2.5GeV?, we find the
Borel windows 0.7 GeV < M < 1.1 GeV for the LCSRs with v = 5,Q,T and I'T' = RR
and 0.7GeV < M < 1GeV for the LCSRs with v = S,Q,T and I'TY = LR. The
LCSRs for the structure v = P do not meet the above requirements in the Q? region
of interest, because the contributions of heavy states are large and even dominate the
sum rules for certain values of Q?. In order to have one common Borel window for each
chirality combination, we also choose in the case v = P either 0.7GeV < M < 1.1 GeV
or 0.7GeV < M < 1GeV as our Borel window when studying the Q? dependence of
Wi (Q2).

In our numerical analysis of the LCSRs we make use of (m, + mg)/2 = (3.410 +
0.043) MeV [231] which corresponds to the MS value at 2 GeV. Using the two-loop RG
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Figure 4.3: As Figure 4.2 but for the form factor WiRQ (50, @?).

running and the one-loop threshold corrections as implemented in RunDec [238,239],
we obtain at 1 GeV the value m, + my = (8.60 & 0.11) MeV. Employing the GMOR

relation this value leads to
(@) = —((256 £ 2) MeV)?, (4.50)

if the LO chiral corrections of [240] are included and uncertainties are added in quad-

rature. For the non-perturbative parameters defined in (4.27) we then find
pr = (1.98 £ 0.05) GeV, pr = 0.068 £ 0.002. (4.51)

The parameter mg for the mixed condensate as well as the pure-gluon condensate
are known from sum-rule estimates evaluated at 1 GeV. We will use the values and

uncertainties from [241] which are widely accepted. The relevant numbers read
mg = (0.8 £0.2) GeV?, <%G2> = (0.009 £ 0.009) GeV*. (4.52)

We remark that using (4.52) the local QCD sum rule (4.47) agrees with the LQCD
results for \, within uncertainties (cf. Table I of [181]). The corresponding Borel window
is 0.7GeV < M < 1GeV. The central values and uncertainties of the parameters that
enter the definitions of the twist-2 and twist-3 pion DAs can be found in (D.5), (D.6)
and (D.7).

After having explained how we choose the continuum thresholds and the Borel mass
windows and having specified the numerical values of the input parameters, we are
in a position to present the results of our LCSR analysis. Our results for the form
factors Wi (Q?) and W7 (Q?) are shown in Figure 4.4 and Figure 4.5 as coloured
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lines and bands, respectively. The predictions in the range 0.5 GeV? < Q? < 2.5 GeV?
result from a direct evaluation of (4.45). The solid curves correspond to the results
obtained for the central values of the unphysical and physical parameters, while the
bands represent the corresponding theoretical uncertainties. The latter are determined
by varying all input parameters independently within their allowed ranges and adding
individual uncertainties in quadrature.® For Q% < 0.5GeV? we instead rely on an ex-
trapolation. Specifically, we consider both a linear and a quadratic fit in Q2 to the
LCSR form factors W;LQ(QQ) evaluated in the vicinity of Q% = 0.6 GeV?, and take the
smallest and largest values of the fits at each Q? to obtain the displayed uncertainty
bands. The results of the quadratic fit to our central form-factor predictions are indic-
ated as dashed lines. For comparison we also show the values of W%, (Q?) determined
in the recent LQCD study [223]. The numbers given in this article correspond to the
MS form factors evaluated at 2 GeV and we use the two-loop RG running (cf. [217,242])
of (2.13) to evolve the form factors down to 1 GeV. The shown single (double) error
bars represent the statistical (total) uncertainties of the LQCD predictions. Notice that
the LQCD uncertainties at the physical point, i.e. @ ~ 0, are dominantly of systematic
origin.

As explained before, based on our study of the Borel windows we expect the LCSR
prediction for ngif,)(QQ) to be less reliable than the other results because of the large
contributions of heavy states. Indeed, when comparing the results of ngflf(QQ) and
WIQfS;JrT(QQ) as shown in Figures 4.4 and 4.5, one finds that WIQ’FS;JFT(QQ) is closer
to the LQCD predictions than WIQfI,D(QQ) for both chirality combinations, and that
WLO}§+T(Q2) itself agrees well with the LQCD calculation within uncertainties. One
also observes from Figure 4.4 that the LCSR predictions for the modulus of Wi7 (Q?)
tend to undershoot the LQCD results. An exhaustive comparison to the shown LQCD
results for Q2 > 0.5 GeV? would require knowledge about the systematic uncertainties
of the LQCD calculations for non-zero Q2. A full error budget is in Tables 4 and 5
of the work [223] however provided only for Q2 ~ 0. Notice that if the systematic
uncertainties at @2 > 0.5GeV? were comparable to the systematic uncertainties at
Q? ~ 0, our LCSR results might in fact overlap with the displayed LQCD predictions
for Q@ > 0.5 GeV>.

The observed differences between the LCSR and the LQCD results may be related
to higher-twist effects. In order to examine this issue, we have calculated the twist-
4 corrections to (4.23), which is the only two-particle twist-4 correction [199], using
the hadronic input parameters provided in [243]. We find that for Q% = 0.5GeV?

the relative corrections to the values of the form factors shown in Figure 4.4 amount

5Since we use the pion decay constant f, and the condensate (gg) as input parameters the uncertainties

of pr and pr (cf. (4.51)) are not separately included when calculating the total uncertainties.
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Figure 4.4: Form factors W7 (Q?) as a function of Q2. The coloured curves and bands cor-
respond to the central values and uncertainties of the four independent LCSRs (4.45). The
predictions for 0.5GeV? < Q2 < 2.5GeV? are obtained by a direct calculation (solid lines),
while the predictions for Q2 < 0.5 GeV? are obtained by an extrapolation (dashed lines). The
black dots display the central values of the form factors calculated in LQCD [223]. The associ-

ated single (double) error bars represent statistical (total) uncertainties. Consult the main text

for further information.

to 38% for W, 5% for Was ™ 51% for WES and 26% for Whi. Other twist-4
corrections to the LCSRs arise from additional three-particle DAs (see [200,230] for
details), and depending on their size and sign the actual effect of twist-4 corrections
may be notably different from the numbers quoted here. Nevertheless, the corrections
we have computed are larger for the vectorial structures than for the scalar and tensor
structure. This could explain why our LCSR calculation of Wy (Q?) seems to work

better for v = S 4+ T,T than for v = P,Q. As a comparison, the two-particle twist-4
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Figure 4.5: As Figure 4.4 but for the form factors W}'5 (Q?).

contributions to the form factor values shown in Figure 4.5 amount to 22% for WLO’;,
7% for W2§+T, 12% for Wng and 31% for Wig at Q2 = 0.5GeV?. In this case the
tensor structure receives a larger correction than the vectorial structures, but overall the
twist-4 corrections seem to be better under control for I'T” = LR than for I'T' = RR.
This may explain why the LCSR predictions for W3 (Q?) are in general in good
agreement with the LQCD results. In conclusion, we expect that uncertainties due to
higher twist are minor for Q% > 1 GeV?, while in the range 0.5 GeV? < Q? < 1GeV?,
twist-4 corrections may in the case I'TY = RR account for the differences between
our LCSR predictions and the corresponding LQCD results. Notice that on general
grounds one would expect that the total uncertainties of the LCSRs become larger for
decreasing values of 2, because the power suppression in A?QCD /Q? of the light-cone
expansion (4.14) starts to become ineffective. In the plots of Figures 4.4 and 4.5 this
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Figure 4.6: Comparison between the physical form factors Wi, (left) and W}, (right) ob-
tained by our LCSRs (red squares and error bars) and the state-of-the-art LQCD calculation
(black dots and error bars) [223]. The shown results correspond to the MS scheme renormalised
at 2GeV. See main text for additional details.

effect is mimicked by our extrapolation procedure that leads to larger total uncertainties
for Q% < 0.5GeV2.

The physical form factors W = W (Q* ~ 0) can be extracted from both the LC-
SRs for ngif,j(QQ) and W§f€+T(Q2), while in the case of Wip, = Wi (Q* ~ 0) one
can consider the two independent combinations WIE’FC?(QQ) and WI}fT,(QQ). Since we
believe that the LCSR for WIE)fI,D(QQ) is unreliable, we determine W, from the full
range of solutions for ngfs,JrT(()). The prediction for the form factor Wi, is instead
obtained from the extrapolations leading to WFIFQ,)(O) and Wllfj;(O), because in this case
the different LCSR estimates result in quite similar numerical predictions (see Fig-
ures 4.4 and 4.5). At a renormalisation scale of 1GeV, we obtain in this way the

following central values and uncertainties:

W95, = (0.084 +0.021) GeV?, Wiy = (—0.068 4 0.023) GeV?, (4.53)
W2p = (—0.118 £0.030) GeV?, W}y = (0.14 % 0.06) GeV?2. (4.54)

Our LCSR predictions have total uncertainties of around (25 — 40)%. In Figure 4.6
we compare the results (4.53) and (4.54) evolved to 2 GeV to the corresponding LQCD
predictions [223]. Notice that two-loop RG effects (see [217,242]) lead to an enhance-
ment of the LCSR results by 8.9% and 9.9%, respectively. From the two panels it is
evident that while the LCSR approach does not achieve the (10 — 15)% accuracy of the
latest LQCD computations of the form factors WY, the overall agreement between

our LCSR predictions and the latest LQCD results is quite compelling.
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4.2 Semi-leptonic three-body proton decay modes

While for all two-body proton decays into anti-leptons and pseudoscalar mesons, LQCD
techniques nowadays enable direct computations of the relevant hadronic matrix ele-
ments within uncertainties of (10 — 15)% [217-224], LQCD calculations of three-body
decay modes do not exist at present although the formalism and methodologies are in
principle known [104]. Model estimates of three-body final-state proton decay rates are
therefore available only for selected modes [225] or rely on NDA and phase-space argu-
ments [124,125]. In Section 4.1 it was shown that by employing LCSRs it is possible
to reproduce the LQCD results for the hadronic matrix elements relevant for GUT-like
proton decay. The goal of this Section is to extend the LCSR formalism developed in
the previous Section to the case of semi-leptonic three-body proton decay processes.
In particular, we will describe in detail the calculation of all form factors needed to
compute the differential decay rate for the process p — eTn%G with G denoting a
graviton. This decay mode is the leading proton decay channel in the effective theory
that describes the interactions of gravitons and SM particles aka GRSMEFT [28,29].
Of all possible laboratory probes of the GRSMEFT proton decay measurements are
expected to set the nominally strongest bound on the effective mass scale that sup-
presses the GRSMEFT interactions. While this work focuses on obtaining predictions
for p — eT7G, the provided analytic expressions and numerical results allow compu-
tations of the differential decay rates of other semi-leptonic three-body proton decay

modes as well.

This Section is structured as follows. In Section 4.2.1 the calculation of the relevant
hadronic matrix elements using LCSR techniques is outlined, while the structure of
the resulting LCSRs is discussed in Section 4.2.2. We turn to the numerical evaluation
of the LCSRs in Section 4.2.3, providing predictions and uncertainty estimates for
the proton-to-pion form factors in the physical region. Section 4.2.4 provides a cross-
check on the LCSR results for the form factors; the hadronic form factors derived for
the matrix element of the semi-leptonic three-body decay p — et7%G can actually
be related to the two form factors that parametrise the two-body decay p — etn?
if only right-handed fields are considered at the partonic level. Since the results for
the latter channel agreed with state-of-the-art lattice computations (cf. Section 4.1.3),
the comparison presented in Section 4.2.4 validates the LCSR results presented in the

following. Analytical expressions for the LCSRs are displayed in Appendix F.

4.2.1 Hadronic form factors

In what follows we discuss the necessary steps to calculate the hadronic part of the
p — 70t G amplitude with the help of LCSRs in QCD. We employ the notation and
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conventions introduced in Section 4.1. The starting point for the sum rules is the

correlation function

Wy (Pps @) = i/d49c e (1 (pr)| T [Qpu ()775(0)] [0) (4.55)

where the proton current 7, and the coupling strength A, of the current to the phys-
ical proton state are defined in equation (4.6). The strongly-interacting part of the

dimension-eight operator (2.21) is encoded by
Quv(z) = €¥* (d;{(:c)C’JWPRub(:U)) Pruc(x). (4.56)

By following the standard procedure the hadronic representation of the sum rules

can be cast into the form

m
Hhad — _ P
g (pp7 Q) p% - mg + ic

Mo Hyu (s a) (B, + ) + . (4.57)
with € > 0 and infinitesimal, and the ellipsis denotes contributions from heavier states,
i.e. excited states states and the continuum. The hadronic tensor H,,, (pp, ¢) that char-
acterises the p — 70 transition can be parameterised by four independent form factors

w, with n = 1,2, 3,4 in the following way

H" (pp, q) up(pp) = (1°(pr)| € (dg Co™ Pruy) Pruc |p(py))

= P (%“Vppq +2 IZ l/]) —— + joPrd (Zeuuppq +9 [ 1/]) w2

19 <p}[0uau]q _ q[#gV]Pp) % + ia’“”m] up(pp) -
p

Here the proton spinor is understood to be on-shell, the fully antisymmetric Levi-

0123 — 41 and we have introduced the

Civita tensor is defined with the convention e
abbreviations o/? = o p,, o1 = oM p,q, and e"P1 = e'P p,q,.

The decomposition (4.58) can be derived in the following way. One first notices that
only three types of Lorentz structures can occur in the square brackets of (4.58), namely
scalar, vector and tensor structures which are proportional to the Dirac matrices 1, v*
and o”?. With the help of the Dirac equation all vector structures can be turned into
scalar or tensor ones because one can always insert a factor of P, /m,, in front of the on-
shell spinor uy(pp). The only available objects for constructing Lorentz tensors which
are antisymmetric under the exchange of 1 and v are therefore n”?, ph, ¢”, P78 and
0P where the metric tensor 7 here is only used to contract the indices of the other

building blocks. The hadronic tensor furthermore has to fulfil the duality relation

= %EWPUHW — H™ (4.59)
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which the first line of (4.58) satisfies because
Yot = %e‘“’pgapa. (4.60)

Regarding the scalar structures, the only combination of pp, ¢” and €P7P that satisfies
the constraint (4.59) is the one in (4.58) that is multiplied by the form factor w;. Notice
that for constructing all possible tensor structures one can remove any occurrence of the
Levi-Civita tensor because with the help of (4.60) one can always generate a second
Levi-Civita tensor. The product of the two Levi-Civita tensors furthermore can be
reduced to factors of the metric tensor. This implies that all possible tensor structures
can be constructed entirely from ¢”° and the two four-momenta pj and ¢°. Exhausting
all possibilities, one finds six Lorentz structures with the appropriate transformation

property under the exchange of the two Lorentz indices:
(X = {q[uav}q ’ pz[?uJV}pp 7 q[uGV]pp ’ p][)u(,V]q7 pz[aqu]Uppq’ O—MV} . (4.61)

where the square brackets around the Lorentz indices denote anti-symmetrisation (cf.
Section 2.4). The last of the above structures satisfies PR)ng = PrX[" and thus it can
be chosen as one of the basis elements in the tensor decomposition (4.58). This leads

to the form factor wy. Now, the only remaining task is to find a linear combination

5
XM =" am XY, (4.62)
m=1

of the first five structures of (4.61) that satisfies the duality condition (4.59). This leads
to relations among the coefficients a,, but leaves two linear combinations unconstrained,
implying the existence of two more independent form factors. The actual expressions
are somewhat lengthy, but a much more compact form can be obtained by noting that
X1 and X5” occur as a combination that can be replaced by a sum of e#*PrgPr? and
the structures X}, with m # 1,2. In this way one ends up with two more independent
Lorentz structures in (4.58) which define the form factors wy and ws. We add that after
making use of the Dirac equation and algebraic identities the result (4.58) matches the

decomposition provided in [244, 245].
With the help of the decomposition (4.58) the hadronic representation of the correl-

ation function (4.57) can be written as

1 /. .
11224 (p,, q) = Pr Lng (ze“”p”q + 2pL“q"]> g + % (26“’””” - 2pL“q”]> 1d
p p

o (. had | 1 (. had
+ m—% <16“”qu + 219;[)“(1”]> I3+ my <Z’Yp€“w)q + 27[“qy]> I

1
+ — (iper o + 29yl ) I+ o T
P
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21 ioPrd ;o )
+ m (pz[)llo.u]q _ q[MO.V]pp> H}’Jl“gd + W (ZEM Prq 4 QPLMQ ]) Hl%id:| ,
p D

(4.63)

where e"PP = e""P? p,. The eight Dirac structures in (4.63) can be used to derive
LCSRs for the four form factors w, or combinations of them. The corresponding scalar
functions "4 with o = S, Ay, Ao, A3, Ay, T1, Tz, T3 depend only on the square p}% of the
proton four-momentum and on the square Q?> = —¢? of the four-momentum transfer

between the proton and the neutral pion. They can be expressed as dispersive integrals

as follows had )
oo au 57 Q
5 (p, Q%) = / ds pas(_ . ) (4.64)
m3 P
where )
pa’ (5, Q") = — Im I (s + ie, Q%) (4.65)

are spectral densities. In this way the ground-state contribution can be separated from

the contributions due to heavier states collectively denoted by pSo™(s, Q?):

P (s, Q%) = Apmi 8(s — my) Wals, Q%) + pi™ (5, Q%) - (4.66)
On-shell, i.e. for s = m% , the functions W, (Q?) = Wa(m%, Q?) take the following form
w
Ws(@) =wr, Wa (@) =w2, Wa Q) =wi+uws— g 75 (my—Q*—m3)
P

w
Way(Q%) = w3, Wa, Q%) = ~wat 55 (my — Q° —m3) |
p

Wr (Q*) =wy, Wn(Q%) =ws, Wp(Q*) =uws,
(4.67)

with m,; ~ 135 MeV denoting the mass of the neutral pion.

4.2.2 Structure of the LCSRs

The derivation of the QCD results for the LCSRs proceeds in full analogy to Sec-
tion 4.1.2, which contains many technical details. The analytic expressions for the QCD
correlation functions relevant for this section can be found in Appendix F. Rather than
repeating the necessary steps to derive them, let us discuss the structure of the eer

functions. A striking feature of the results for the QCD correlation function is that
P =0 (4.68)

at the lowest order in the twist expansion. The first non-zero correction to the QCD

function H%CD schematically takes the form

18P ~ (qq) - (%] G(0)7" iga G (uz)7q(x) |0) - (4.69)
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Here we have defined G*% = eo‘ﬁ“”GﬁyTA /2. The contribution (4.69) corresponds to
a three-particle pion distribution amplitude (DA) of twist 4 with the fields evaluated
at 0, ux and z. See for instance [200,230] for details. Being of higher twist the
correction (4.69) is expected to be small compared to the values predicted for the form
factor we by the LCSRs for 114, and T4, — cf. (4.67). This implies that there has
to be a cancellation among the contributions of the ground state and that of heavier
states in the hadronic sum leading to Hl}gd ~ (. Similar cancellations are also observed
in certain QCD sum rules for the nucleon mass [155,160]. In this case, for a specific
choice of the nucleon interpolating current, one of the sum rules starts at higher order
in the OPE, which numerically yields a very small value for the QCD side of the sum
rule. In this example, on the hadronic side excitations of the nucleon with even and odd
parity contribute with opposite signs leading to a cancellation. In the case of (4.68) the
contributions of excited states are not sign-definite, but in principle cancellations may
occur if the contributions from heavier states are sizeable. Sum rules that have this
feature cannot be used to extract the form factors related to the ground state because
the corrections of excited states are just as important as the formally leading ground-
state contributions. The LCSR for the correlation function Iz, is thus disregarded in

our work.

Convergence criteria are now applied to the remaining LCSRs in order to determine
the Borel window for each II,. Notice that compared to the correlator studied for
GUT-like proton decay in Section 4.1 the hadronic representation of the correlation
function (4.63) comprises a larger number of independent Lorentz structures. This
feature leads to simpler analytic LCSR expressions for the correlation functions I,
but it also renders the numerical impact of the dimension-five condensate (ggsG - oq)
with G-0 = G, 0" larger than in the GUT case. As a result the LCSRs analysed below
will have larger uncertainties than those that have been studied in Section 4.1. In the
following, we will use the LCSRs for Ilg, I14,, II4, and II7, to extract the form factors
w, because they are the most well behaved with regard to the power suppression of
higher-dimensional condensates and the dominance of the ground-state contributions.
We add that the LCSR for I 4, also fulfils the convergence criteria but one would need
to combine it with the result for Il7, to extract the form factor ws and it turns out

that the Borel windows of these two LCRSs do not overlap.

In the case of the LCSRs for IIg and II4, we find the window 1.1 GeV < M <
1.5 GeV with M the Borel mass, while for Il7; we obtain 0.7 GeV < M < 1.1 GeV.
In all three cases the Borel analysis has been restricted to 0.6 GeV? < Q2 < 2.5 GeV2.
The lower limits are obtained by demanding that the mixed condensate (7g;G - o¢) does
not account for more than 50% of the total QCD result and as an absolute minimum

of the Borel mass we choose 0.7 GeV. The upper limits arise from the requirement
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that heavier states constitute less than 50% of the total dispersion integrals (4.64)
and that the Borel mass should not considerably exceed the continuum threshold sg =
1.44 GeV?. The latter is chosen as the square of the mass of the Roper resonance [30]
which is the lightest excitation in the nucleon spectrum. The Borel transformation
ensures that heavier states with a mass my are exponentially suppressed by a factor
of exp (—(m?\,, - m%) /M 2), but the dispersion integral over heavier states, which starts
at sg, can be modelled as an integral over the QCD result assuming quark-hadron
duality [170,171].

In order to determine all four form factors w,, one also needs to evaluate II4,, where
the power suppression turns out to be less effective than in the other cases. Therefore
the use of this LCSR is restricted to Q% > 0.9GeV? because the power suppression
becomes more effective for larger values of Q2. For Borel masses of 1.1 GeV < M <
1.5 GeV the relative contribution of the dimension-five condensate (GgsG - oq) to the
LCSR lies between 60% and 100%. The form factor wy can therefore only be estimated
within systematic uncertainties of the order of 100%. The result of wo also enters
the prediction for ws through the LCSR for II4, but the contribution is suppressed
by a kinematical factor of about 0.1 for Q%> ~ 1 GeV? (cf. (4.67)). As a result the
uncertainties plaguing ws represent only a subleading part of the uncertainty in ws. In
fact, it turns out that the differential decay width of p — eT7G receives the dominant
contributions from the form factors w; and ws, meaning that the uncertainty due to
wo plays only a minor role in the proton decay phenomenology in the GRSMEFT.

If one could resum the expansion of the QCD side to all orders and exactly model
the contributions of heavier states on the hadronic side, the dependence on M and sg
of the form factors would vanish. Truncating the expansion at some finite order leaves
a residual dependence on these parameters, but ideally the results for the form factors
w, do not depend too strongly on the exact choice of these unphysical parameters.
Figure 4.7 displays the dependence of the form factors on the Borel mass M and the
continuum threshold sg, where sq is varied between (1.4 GeV)? and (1.5GeV)2. The
broader the obtained band the stronger is the dependence of the form factor on sy, and
the steeper the curves the stronger is the dependence on M. By varying the Borel mass
within the corresponding window and the continuum threshold between (1.4 GeV)? and

(1.5 GeV)? one can obtain an uncertainty estimate for the relevant form factor w,.

4.2.3 Numerical analysis

Using the numerical input and the definitions of the pion DAs of Sections 4.1.2 and 4.1.3
and Appendix D we obtain the results for the form factors w, shown in Figure 4.8.
The displayed central values of w,, correspond to M = 1.3 GeV for Ilg, 114, and Il4,,

while in the case of II7y we use M = 0.9GeV. All central predictions employ sy =
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Figure 4.7: Form factors w,(sg, @?) as a function of the Borel mass M for three different
values of the continuum threshold sg. All plots show the results at Q2 = 1 GeV?.

(1.44 GeV)?. The total theoretical uncertainties receive contributions from variations of
M and sq as described above but also from variations of the numerical input parameters
within their uncertainties. Each parameter is varied independently while the remaining
parameters are kept fixed at their central values. The total uncertainty is then obtained
by adding individual uncertainties in quadrature. The values of the form factors w1 (Q?)
and w4(Q?) are computed with the help of the LCSRs for Q? > 0.6 GeV? while for
Q? < 0.6 GeV? the values are obtained by a naive extrapolation. Similarly, the form
factors we(Q?) and ws3(Q?) are predicted by the LCSRs for Q2 > 0.9 GeV? and by
the extrapolation for Q% < 0.9GeV2. A linear and a quadratic function in Q? is

taken to extrapolate the form factors which are then fitted to the results of the values
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Figure 4.8: Form factors w,(Q?) as a function of Q?. The coloured curves and bands cor-
respond to the central values and uncertainties of the LCSRs. In the case of wi(Q?) and
w4(Q?) (w2(Q?) and w3(Q?)) the predictions for 0.6GeV? < Q% < 1.5GeV? (0.9GeV? <
Q? < 1.5GeV?) are obtained by a direct calculation (solid lines), while the predictions for
Q? < 0.6GeV? (Q% < 0.9CGeV?) are obtained by an extrapolation (dashed lines). Consult the

main text for further explanations.

obtained from the LCSRs in the vicinity of Q* = 0.6 GeV? for w;(Q?) and w4(Q?)
and Q% = 0.9GeV? for wy(Q?) and w3(Q?).

fit is chosen to obtain the central value for w,, while the maximum and minimum of

For a given form factor the quadratic

all extrapolations determine the uncertainty band. We remark that the same fitting
approach has been successfully used in the LCSR calculation of Section 4.1 to reproduce
the results from LQCD in the case of a GUT-like proton decay.

The fit formulas for the form factors w,, that we obtain in the physical region, i.e. in

the four-momentum range —0.65 GeV? ~ —(my — my)? < Q% <0, take the following
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(4.70)

(4.71)

(4.72)

(4.73)

Here the upper (lower) line in each formula corresponds to the upper (lower) border of

the corresponding envelope shown in Figure 4.8, while the middle line represents the

central value of our LCSR form factor prediction. We add that the form factors w, are

related to the off-shell form factors of the decomposition of the more general matrix

element (7 0|eabcdaub ul|p) [244,245], where a, 8 and 7 are Dirac indices.

Certain

combinations of the form factors w,, therefore yield the form factors W{% r With £ =0,1

that are relevant for GUT-like proton decay. In Section 4.2.4 we show that using the

results (4.70) to (4.73) allows reproducing the physical values of the form factors Wk,
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4 LCSRs for proton decay

calculated in Section 4.1 within uncertainties. This gives reason to believe that the
naive extrapolation used to obtain the above expressions for w,, approximates the true

scaling in the relevant four-momentum regime.

4.2.4 GUT-like form factors

The hadronic form factors w, with n = 1,2, 3,4 of the process p — et7%G are related
to the form factors W}% r With k£ = 0,1 of the GUT-like decay p — etnY. The subscript
RR for the latter process denotes the chiralities of the quark fields in the associated
dimension-six operator (2.13), which leads to the hadronic transition Hrg(pp, ¢) defined
in equations (4.2) and (4.3). Other transitions due to operators of the type (2.13) with
different chiralities for the quark fields exist and contribute to GUT-like proton decay.
But only the matrix element Hrr(pp,q), where all quarks are right-handed, is related
to the decay induced by the GRSMEFT operator (2.21).

The hadronic matrix elements of both scenarios of proton decay, mediated by either
the dimension-six term (2.13) or the dimension-eight term (2.21), are related to the

more general matrix element

H (py,q) = (7 (pe) [ duf ) [p(py)) (4.74)

where all fields are evaluated at zero. In particular, the following relations hold
(CPR)yg (Pr)sy H* (pp,a) = [HRr(Pp: a) up(pp)]5 + (4.75)
(Co" Pr)og (Pr)sy H(pp,q) = [H" (pp, @) up(pp)ls (4.76)

where H* (p,, q) is defined in (4.58).

The most general decomposition of H O‘ﬁ”(pp, q) in terms of a set of form factors for
an off-shell proton is provided in [244,245] — see in particular (4.64) of the first arXiv
version of [245]. Hence, both sets of on-shell form factors w, and WE r can be related
to these off-shell form factors upon using the equations of motion for the proton. In
this way it is possible to relate the on-shell form factors for both scenarios of proton

decay among each other. We find

m2 — Q% — m2

Whr(Q%) = 3wy (Q?) — 2 ~ (2w3(Q?) — wi(Q?))

2m12)
) (4.77)
2 2 A2 .2
— 7?11% + i fmg mz) w(Q?),
Whr(Q?) = 2w3(Q%) — w1 (Q?). (4.78)

Numerical results for W& -(Q?) were computed in Section 4.1.3, where our findings

were also shown to be in agreement with the results of the state-of-the-art LQCD

78



4.2 Semi-leptonic three-body proton decay modes

0.30— T T T T 0.05
0.25¢ — direct
o 0.00r
— indirect
~ 020f o
> >
O 0.15F o —0.05f
S o.10f S
3 0 = —0.10p
= gosf S
_0.15F — direct
0.00¢ — indirect
—0.05% : : . : —-0.20~ : : . :
-0.5 0.0 0.5 1.0 1.5 2.0 -05 00 0.5 1.0 1.5 2.0
O [GeV?] O [GeV?]

Figure 4.9: Comparison of the form factors W5, (Q?) (left panel) and W} (Q?) (right panel)
obtained by the direct calculation and the indirect method based on the relations (4.77) and
(4.78). The results of the direct (indirect) computation are indicated in red (blue) and the
coloured envelopes include all possible solutions found in [21] and (4.70) to (4.73), respectively.

Further explanations can be found in the main text.

calculation [223] at @? = 0. The form factors w, (Q?) are derived in the same way in
this work. One can therefore employ the relations (4.77) and (4.78) to directly assess the
validity of first the numerical results presented in Figure 4.8 for large virtualities (Q? >
A(QQCD with Aqcp =~ 300 MeV the QCD scale) and second the extrapolations (4.70)
to (4.73) for physical momenta (Q? < 0). We find that the relations (4.77) and (4.78)
hold numerically within uncertainties in the relevant regime —(m, — m,)? < Q* <
(2 GeV)?, even though the uncertainties of the combinations on the right-hand sides
of (4.77) and (4.78) are rather large and the results tend to undershoot the more
accurate results for W3,(Q?) and W} ,(Q?) obtained by a direct calculation of the
corresponding left-hand sides. This feature is illustrated by the two panels in Figure 4.9.
Although the agreement is not perfect, the shown results validate to a certain extent
the LCSR approach employed in this section as well as the extrapolation procedure
used to obtain (4.70) to (4.73).
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5 Low-energy probes of CP and

baryon-number violation

Indirect probes of new-physics contributions to processes that are rare or forbidden
in the SM provide an excellent opportunity to search for physics beyond the SM [16]
(see also Chapter 1 for more details). However, it was established in the previous
chapters that the theory predictions for the corresponding BSM effects often rely on the
knowledge of the associated hadronic transition matrix elements. Estimates for various
matrix elements related to the nEDM and proton decay are derived in Chapters 3 and 4
with the help of sum-rule techniques in QCD. These results are applied in the following
for the purpose of studying certain aspects of the associated BSM phenomenology. As
advertised in Chapter 2, the following discussions are model-independent to a large
extent; nevertheless, references on practical scenarios are provided in the following

sections.

Section 5.1 is about BSM theories that generate effective, CP-violating Higgs-gluon
interactions. Experimentally, the CP structure of Higgs-gauge boson interactions can
be probed by measurements of the kinematic properties of the Higgs boson and the
associated jet spectra [246,247]. In the context of the SMEFT (cf. Section 2.1) one CP-
violating dimension-six operator, that has been constrained using LHC data [248-251],
is

Lyo=—059"0 GG C . (5.1)

Here, ¢ is the SM Higgs doublet and ny the QCD field strength tensor, where the
conventions of the previous chapters are employed. Notice that the Wilson coeffi-
cient C e introduced in (5.1) carries mass dimension —2. Higgs-gauge boson interac-
tions of the type (5.1) have been studied in Ref. [39], where also operators involving
electroweak gauge fields are considered. This reference provides a global picture of high-
and low-energy constraints on Higgs-gauge boson interactions and the authors discuss
how different probes can be interfaced to constrain the parameter space spanned by
the relevant Wilson coefficients. The purpose of the analysis presented in Section 5.1
is to extend the study [39] with regard to Higgs-gluon interactions as given by (5.1)
and in particular to examine those contributions to the nEDM that are independent

of the light-quark Yukawa interactions. The Yukawa couplings of light quarks are ex-
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perimentally unknown, raising the question, which effects on the nEDM remain if the
Higgs boson does not couple to the light quarks inside the neutron in an SM-like fash-
ion. This issue is explained in more detail in Section 5.1. The results of this section

were originally published in Ref. [20].

Section 5.2 is dedicated to a particular scenario of proton decay, namely p — eT7% G,
which is described by the effective interactions of the GRSMEFT introduced in Sec-
tion 2.4. Such a transition is induced by the operator (2.21) which constitutes a source
of baryon-number violation beyond the SM and a possible departure from GR — both
effects are to some extent required by theoretical and empirical observations as dis-
cussed in Chapter 1 (see also Sections 2.3 and 2.4 for related discussions). The content

of Section 5.2 is largely based on the article [22].

5.1 CP-violating Higgs-gluon interactions in the limit of

vanishing light-quark Yukawa couplings

Searches for EDMs are known to place stringent constraints on many new-physics
scenario with additional sources of CP violation (see [43,52,57,60,62-65,67-72,75, 76]
for reviews and recent discussions). In particular, the low-energy constraints on effective
operators of the form (5.1) have been considered in Refs. [39,58,59,61,66,73,74]. In
fact, the recent article [39] performed a comprehensive study of the relative strengths
and complementarity of collider and low-energy measurements in probing CP violation
in Higgs-gauge boson interactions. Employing a SMEFT description and working in
the context of so-called universal theories [252-254], i.e. theories in which mainly the
couplings between the SM Higgs and gauge bosons are modified by new dynamics,
it was found that in a single-operator analysis the existing EDM limits leave very
little room for observing CP violation in the Higgs sector at the LHC. Including all
relevant dimension-six CP-violating operators, it was furthermore established that the
EDM searches enforce strong correlations among Higgs-gauge boson couplings, which
barring intricate cancellations lead again to stringent bounds on the individual Wilson
coefficients. Similar conclusions were drawn in [74] where only the limits arising from
the eEDM have been studied.

In the following a simple way of how-to relax the constraints obtained in [39, 74] is
pointed out. In contrast to the these articles, it is not assumed here that the new-
physics modifications are confined to the Higgs-gauge boson sector, but also allow for

effects in the Yukawa sector. Specifically, we will consider the following dimension-six
SMEFT terms

Log=-Y10'¢Qrodr Coa — Yy d'¢ Qrour Cyy + hoc., (5.2)
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where we have employed the shorthand notation ¢ = €ij (qu )* with €;; totally anti-
symmetric and €19 = +1. The Yukawa couplings Y; and Y, are matrices in flavour
space and a sum over flavour indices is implicit in (5.2). Finally, Q1 denote left-handed
quark doublets, while dr and upr are right-handed fermion singlets of down-quark and
up-quark type, respectively.

After EWSB the dimension-six operators in (5.2) modify the couplings of the Higgs
boson to quarks. Assuming that new-physics is minimally flavour violating [255] and
that the Wilson coefficients Cy, and Cypq are real,! each SM quark Yukawa coupling

gets rescaled by an independent factor
kg~ 1+ 02 Cyy, (5.3)

where ¢ = t,b,¢,s,d,u and v ~ 246 GeV denotes the electroweak vacuum expectation
value. The coupling modifiers x4 or equivalently the Wilson coefficients Cy, can be con-
strained by LHC Higgs physics. In the case of the top and bottom quark, our knowledge
of Yukawa interactions has undergone a revolution in recent years, since the ATLAS
and CMS collaborations have independently observed pp — tth production [256,257]
and the h — bb decay [258,259]. Combining direct and indirect information on the
Higgs properties into a global fit ATLAS [260] finds the following 68% CL limits?

ke =1.027000, Ky =1.061010. (5.4)

The quoted results are in full agreement with the bounds obtained by CMS [261], and
yield clear and model-independent evidence for the existence of non-zero top-quark
and bottom-quark Yukawa couplings in nature. Despite significant experimental and
theoretical effort [262-282] only very weak (no relevant) bounds exist at present in the
case of the second-generation (first-generation) quarks. Whether the Higgs mechanism
is responsible for the generation of the masses of the charm, strange, down and up
quark is thus an open question, and new-physics scenarios (see e.g. [283]) that predict
a significant reduction of the couplings of the observed Higgs boson to the first two
generation of quarks, i.e. K¢ g4, =~ 0, are from the phenomenological point of view a
viable option.

A question that one therefore may want to ask is how sensitively the LHC limits [248—
251] and the EDM constraints [39, 74] depend on the assumption that the observed
Higgs boson has couplings to the light fermions. In the case of the operator (5.1) this

question can be answered immediately by looking at the Feynman diagrams depicted in

LCP-violating diagonal [62,75] and flavour-changing Higgs-fermion [64] couplings involving the third
generation would be subject to stringent EDM constraints.
2Tn the considered benchmark model no new-physics contributions to Higgs-boson decays are assumed

to exist and Higgs-boson vertices involving loops are resolved in terms of their SM content.
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Figure 5.1: Left: Tree-level graphs that give rise to pp — h + 2j production at the LHC.
Right: Example one-loop diagram that contributes to the nEDM. The black squares indicate

insertions of the CP-violating dimension-six operator (5.1).

Figure 5.1. The two tree-level diagrams on the left-hand side give a correction to Higgs
plus two jet production pp — h+2j, while the one-loop graph shown on the right induces
CEDMs for light quarks, which in turn generate non-zero contributions to the nEDM
and all other hadronic EDMs. Since the diagrams that lead to the LHC signal do not
involve a vertex where the Higgs couples to a light quark, the constraints on C e that
can be obtained from kinematic properties of pp — h + 25 are obviously independent
of the size of the k, parameters. The amplitude of the chromoelectric dipole transition
g — qg instead depends linearly on x4, and hence tends to zero in the limit of vanishing
light-quark Yukawa couplings. In consequence, if the down-quark and up-quark Yukawa
couplings are identical to zero, no bound on the Wilson coefficient C' s can be obtained
from hadronic EDM searches at the one-loop level. The same statement can be shown
to hold for the Wilson coeflicients of the dimension-six operators which encode the CP-
violating couplings between the Higgs and electroweak gauge bosons and contribute to
the eEDM. Since in [39,74] it is assumed that the Yukawa couplings of light fermions
are exactly SM-like, it follows that the limits derived in these papers do not directly
apply in the case that the light-fermion Yukawa couplings vanish exactly or are strongly
suppressed.

Motivated by the above observation, the leading contributions to the nEDM that
involve an insertion of (5.1) and that survive in the limit of vanishing light-quark
Yukawa couplings are computed in Section 5.1.1. Based on these results, the bounds
on the Wilson coefficient of the CP-violating dimension-six operator (5.1) from current
and future nEDM searches are then derived in Section 5.1.2 and compared to existing

LHC limits as well as their projections.

5.1.1 Calculation

Before describing the basic steps of the calculation, it should be mentioned that after
EWSB the operator (5.1) shifts the QCD € term (2.4) by a finite amount, i.e. 6 —
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0 —8n%v? C et Since based on the current experimental nEDM results the (physical) 6
parameter has to be tiny (cf. equations (2.6) and (2.7)), it is assumed in the following
that the total # term vanishes dynamically due to a Peccei-Quinn mechanism [49].
Under this assumption there is no direct bound on (5.1), and the Wilson coefficient C e
can be treated as a free parameter in the SMEFT as done in the analyses [39,248-251].

As explained previously, the goal of this work is it to calculate the numerically
most relevant contributions to the nEDM that are proportional to the Wilson coeffi-
cient C' e and that involve the Yukawa couplings of the third-generation quarks. It
turns out that at the matching scale the relevant loop graphs give rise to two CP-
violating higher-dimensional operators of Weinberg type, namely the terms associated
to the Wilson coefficients C35 and Cj  of (2.9). Since the bottom-quark contri-
butions can be shown to be suppressed relative to the top-quark effects by a factor
of mZ/m3 In? (mg /m}%) ~ 5%, we neglect corrections that are proportional to the
bottom-quark Yukawa coupling in what follows. The top-quark effects are all linearly
dependent on the coupling modifier x;. In view of the observed SM-like nature (5.4) of
the top-quark Yukawa coupling, we will simply employ x; = 1 in our calculations. Al-
lowing for O(10%) variations of x; would, however, not qualitatively change the results

of the numerical analysis performed in Section 5.1.2.

5.1.1.1 Dimension-six contribution

The LO matching correction to the Wilson coefficient Css proportional to C 5C: arises
from two-loop Feynman diagrams like the ones displayed on the left-hand side in Fig-
ure 5.2. Employing a hard mass procedure (see [284] for a review) to obtain systematic
expansions of the relevant two-loop diagrams in powers of the external momenta and
the ratio x = m?/mj with m; ~ 163GeV and mj, ~ 125GeV the top-quark and
Higgs-boson mass, we find the following analytic result

2

as(my) [65 1 /383 2
Cya(my) :8(7r2 [6—1—21113:4—3: @—1-1—5111;16 Cya(mn), (5.5)

where as = g2/(47). The expression given above corresponds to the MS scheme with
the renormalisation scale set to u = my.2 The actual calculation was performed in a R
background field gauge for the gluon [286,287] keeping an arbitrary gauge parameter.
The Levi-Civita tensor €,,,) was treated as an external four-dimensional object. Our
computations made use of the in-house codes that were developed in the context of [288,

289], except for the tensor reduction of two-point and three-point one-loop integrals

3The sum of the bare two-loop Feynman diagrams that contributes to (5.5) is not UV finite. The
remaining UV pole is cancelled by taking into account the one-loop mixing of the operator ¢ ¢ GﬁyéA [
into Qro" T ur QBGZ,‘V +h.c.. We have calculated the relevant one-loop mixing finding agreement with

the result given in [285].
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which relied on Package-X [290]. We add that we have calculated higher-order terms
in the 1/z expansion of Cyz(my) and found that these corrections shift the numerical
value of the matching correction (5.5) by less than a permille.* Such an accuracy is

more than sufficient for our purpose.

The RG flow from the electroweak to the hadronic scale ug = 1 GeV does not only
change the value of the Wilson coefficient C,, but also induces non-zero contributions
for the EDMs d, and the CEDMs ciq of the down and up quarks defined in equation (2.8)
with ¢ = d, u. In the basis 66 = (dq, czq, CSG)T, the one-loop anomalous dimension (AD)
matrix takes the following form [79,80,291]

32
= 0
3
A= 32 28 0 : (5.6)

—6 34+2Np+20

where Sy = 11 — 2/3 Np is the LO QCD beta function and Ng denotes the number of
active quark flavours. Resumming leading-logarithmic corrections in the five-flavour,

four-flavour and three-flavour theory, we obtain
dy(prr) ~ —5.6 - 107% eQqmy(pir) Cyz(mn)
dy(um) = 1.2-10™ mg(upr) Cag(mn) (5.7)
Coalpm) = 1.3-1071 Cyn(my,) .

Here Q,, is the fractional electric charge of the relevant quark and mg () is its MS mass
at the hadronic scale. The numerical factors in (5.7) correspond to the values as(mp) ~
0.11, as(mp) ~ 0.21, as(m.) ~ 0.32 and as(ppr) ~ 0.36 of the QCD coupling constant.
Notice that the Wilson coefficient C,= of the dimension-six Weinberg operator gets
strongly suppressed by one-loop RG running in QCD.?

The hadronic matrix elements of the dimension-six operators corresponding to the
Wilson coefficients d, Jq and Cy5 in (5.7) are known with varying levels of theoretical

uncertainties. The EDM contributions from down and up quarks have been calculated

“The analytic expressions for the O(1/2?) and O(1/2*) terms can be found in the ITEX source code
of the article [20].
5The two-loop and three-loop Nr-independent contributions to the AD of the dimension-six Weinberg

operator have been calculated very recently [292]. Due to cancellations between the next-to-leading-
logarithmic and the next-to-next-to-leading-logarithmic QCD corrections, the total three-loop result is
numerically close to the one-loop result for Cys(pm) reported in (5.7). In view of this and given the
sizeable uncertainties of the hadronic matrix element of the dimension-six Weinberg operator (cf. (5.8))
using only the leading-logarithmic RG evolution is fully justified. In the same spirit, the two-loop and
three-loop mixing of the quark EDMs and CEDMs [291, 293-295] is also neglected in (5.7).
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5.1 CP-violating Higgs-gluon interactions
g MWW g
h |

t t

t

Figure 5.2: Left: Example diagrams of two-loop corrections to U5 arising from the insertion
of C el Right: A one-loop correction to C4G,1 arising from the insertion of C' oG- The operator

insertions are indicated by black squares.

with an accuracy of 5% using LQCD [87-89], while QCD sum-rule calculations [43,
90-92] can be used to determine the contributions from the down-quark and up-quark
CEDMSs with uncertainties of 50%. At present only estimates of the hadronic matrix
element of the dimension-six Weinberg operator exist that rely on either QCD sum
rules [19,94], the VIA [93] or NDA [77]. Since only the QCD sum-rule calculations allow
the systematic analysis of theoretical uncertainties, we will in the following rely on them.
Adopting the QCD sum-rule estimate of Section 3.2, which is plagued by an uncertainty
of 50%, and employing mg(pug) = 5.4 - 1073 GeV and m,(uy) = 2.5- 1072 GeV [178],
we obtain

w"e)?@ — [1_0 (1£0.05) +8.8 (1 £0.5) — 66.6 (1 £ 0.5)] Ca(mp) 1071 GeV, (5.8)

where the first, second and third term corresponds to the dg, Jq and Cy contribution
in (5.7), respectively. It should be emphasised that in the case that new physics enters
only through the matching correction Cy=(my,) the relative signs in (5.8) are all fixed,
meaning that the contribution from the dimension-six Weinberg operator necessarily
interferes destructively with both the EDM and CEDM contribution.

5.1.1.2 Dimension-eight contribution

At LO the matching correction to the Wilson coefficient C,= ; proportional to C oG
arises from one-loop graphs of the type shown on the right in Figure 5.2. A straight-

forward calculation gives

as(mp) 1 7 1

Cagalmn) = =00 |1+ To0p T Toaaz) Cecm)- (5.9

at the matching scale p = my,. Higher-order terms in the 1/x expansion change the
matching correction C=(my) by less than a permille, and they are therefore not
included in (5.9).5

The results for the O(1/2*) and O(1/z*) terms of (5.9) can be found in the XTEX source code of the
paper [20].
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5 Low-energy probes of CP and baryon-number violation

At the dimension-eight level there are three independent CP-violating operators that
can be built from QCD field strength tensors (see equations (2.9) and (2.10) as well as
Refs. [78,81,82] for details). While only the operator associated with Cyq y receives a
one-loop matching correction proportional to C e all three dimension-eight operators
mix under QCD. The two additional CP-violating four-gluon operators correspond to
the Wilson coefficients 046,2 and 045;73 in (2.9). In the basis Cy = (C4é,1’ Cyéos 045;73)T
the one-loop AD matrix then reads [78,81,82]

8
—56+§NF+2,30 24 —36
N 8
V8= —38 56 + gNF + 28 —42 . (5.10)
—14 12 —14—|—§NF—|—2ﬁ0

Working in the five, four and three flavour theory and using the values of the QCD

coupling constant given earlier leads to the leading-logarithmic approximations
C4G‘,1(,“H) = 6-6C4é,1(mh) )
04@’2(/1H) ~_-19 C'4é,1(mh) , (5.11)

C4é,3(MH) ~ 3.9 C4é’1(mh) .

Notice that in contrast to (5.7) the Wilson coefficient Cyp ; of the dimension-eight
Weinberg operator that is generated at the matching scale gets enhanced by RG run-
ning.

Estimates of the hadronic matrix elements of the dimension-eight CP-violating four-
gluon operators were obtained in Section 3.2 with the help of QCD sum rules. Employ-

ing these results we find

dn)
(@ = —6.1(1+0.8) Cyp,(mp) - 107! GeV?, (5.12)

e

which has a theoretical uncertainty of 80%. Note that the sign in (d,),s/e is predicted
in the QCD sum-rule approach and that neglecting all contributions from the two
additional dimension-eight operators in (2.9) would lead to a numerical result that
deviates from (5.12) by less than 5%.

5.1.2 Discussion

To discuss the constraints that nEDM measurements can impose on the CP-violating
dimension-six Higgs-gluon interactions appearing in (2.9), we introduce the dimension-
less Wilson coefficient

C¢é(mh) =02 Cd)é(mh) . (5.13)
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5.1 CP-violating Higgs-gluon interactions

Combining (5.8) and (5.12) we then find in terms of the new Wilson coefficient the

following expression

dn

= | (1£0.05) +8.6 (14 0.5) — 65.1 (1 +0.5) — 7.5 (1 +0.8) |

(5.14)
X 6.2 ‘é¢é(mh)( -10~% cm,

where the contributions associated to the terms dg, Jq, Cya and the dimension-eight

Weinberg operators have been kept distinct.

In view of the sizeable hadronic uncertainties of the matrix elements of the operat-
ors of CEDM and Weinberg type and the relative overall sign of the Weinberg-type

contributions, we combine the errors in (5.14) in such a way that our prediction

dn

(&

provides a lower absolute limit on the actual size of the C' e corrections to d,,. Because
our error treatment assumes a cancellation among the numerically dominant contribu-
tions associated to Cys, czq and the dimension-eight terms, it is conservative. Notice
that if such a cancellation is not at work in practice, predictions for }dn / e| can be
obtained that are larger by a factor of about 5 than the upper limit (5.15) but still
consistent within the individual uncertainties quoted in (5.14).

The experimental result presented in equation (2.7) imposes a 95% CL bound on the
magnitude of the nEDM, which, using the lower limit of the only quark EDMs case
in (5.15) translates into

(éw(mh)‘ <18-1072. (5.16)

This result should be compared to the bounds obtained in the case of universal
theories which assume that the light-quark Yukawa couplings are SM-like [39] (i.e. k4 =
1). For such theories the one-loop diagram on the right-hand side in Figure 5.1 induces
a CEDM for the down and up quark. In agreement with [39], we find the following
expression for the one-loop correction to the CEDMs

5 . 3as(mh)
dymn),,,, = =5
at the matching scale = my. Including the contribution (5.17) in the evaluation of
the nEDM, the formula (5.8) turns into
(dn) 4, 36

e

almy), (5.17)

= | (6:9dy(mn) +1.0Cy5(m) ) (140.05)

Kq=1

+ (36.7dq<mh) 488 cgé(mh>) (1£0.5) (5.18)

~ 6.6 Cy(mi) (14£05) | 1074 Gev.,
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5 Low-energy probes of CP and baryon-number violation

Adding the new dimension-six contribution (5.18) to the dimension-eight piece (5.12)

we then obtain the formula

d
— = 6.2|190.6 (1 £ 0.05) + 1016.6 (1 £ 0.5)

€ _
o (5.19)
~ 65.1(1%0.5) = 75 (14 0.8) | |Cg(mp)| - 1072 em,

In view of the sizeable hadronic uncertainties of the matrix elements in (5.19) and the
relative overall sign of the Weinberg-type contributions, we again combine the errors
in !dn / e’ in such a way that the final prediction provides a lower absolute limit on the
actual size of the C' e corrections to the nEDM. We find

dn

e

— 3.6 ‘é¢@(mh)( 10"B em. (5.20)

Kg=1

Numerically, the result (5.20) implies that

<6.1-1071. (5.21)

Kg=1

‘C’¢@(mh)

Notice that the constraint on |C sc(ma)| for kg =1 as given in (5.21) is comparable
to the bounds that have been derived in [39] by using the so-called Rfit strategy, in
which all hadronic matrix elements entering the prediction for the nEDM are varied
within their allowed ranges. This shows that the bound (5.16) obtained in the limit
of vanishing light-quark Yukawa couplings is weaker by a factor of almost 30 than the
95% CL exclusion limit in universal theories with SM-like Yukawa couplings of the light

quarks.

The constraint (5.16) can also be compared to the 95% CL limit

Cya(my) € [-0.13,0.83] - 1072 (5.22)
on the dimensionless Wilson coefficient (5.13) that has been obtained in [251] from an
analysis of the azimuthal angle difference A¢;; between the two jets in h + 25 LHC
events. A comparison of the limits (5.16) and (5.22) on the CP-violating interactions
involving the Higgs boson and gluons in the limit of vanishing light-quark Yukawa
couplings shows that at present the sensitivity of nEDM searches is by roughly an
order of magnitude weaker than the constraining power of the LHC. This is mainly
a result of the conservative treatment of the hadronic uncertainties in (5.14) that led
to (5.15).

In order to obtain an idea of the prospects of the low-energy constraints, one can

assume that a lower bound of

dn

<1.0-107* cm (5.23)
e
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5.1 CP-violating Higgs-gluon interactions

can be set at the proposed PSI and LANL nEDM experiments [106,107]. In such a

case, one arrives at the limit
(@é(mh)’ <8.0-1074, (5.24)

if one assumes that (5.15) provides a lower absolute limit on the C s¢; corrections to dp,

and one obtains

‘C¢@(mh) <28:107° (5.25)

Kq=
in the case of SM-like Yukawa couplings, i.e. if (5.20) holds.

The sensitivity study [251] of the pp — h + 2j process finds on the other hand that
the high-luminosity LHC (HL-LHC) should be able to set a bound of

‘C’¢G(mh)’ <92.107%. (5.26)

From (5.24), which in a sense represents the worst-case scenario for next-generation
EDM bounds, and (5.26) it is evident that in the future the sensitivity of nEDM
searches can reach the LHC level even if the accuracy of the hadronic matrix elements
is not improved. First-principle calculations of the matrix elements of the CEDMs and
the dimension-six Weinberg operator are possible using existing LQCD methodology,
and considering the efforts by several LQCD groups [95-102], it seems possible that
estimates with uncertainties similar to the current ones can be obtained within the
next five years [103,104]. It remains to be seen which accuracy such computations can
achieve in the next 20 years of LHC running, but it seems to be very likely that the
bound (5.24) can be improved by the end of the HL-LHC run.
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5 Low-energy probes of CP and baryon-number violation
5.2 Proton decay in the GRSMEFT

Most of the existing proton decay searches focus on two-body decay channels. However,
the null results provided by these experiments (cf. [123-125] for comprehensive sum-
maries of the available experimental results) together with the observation that many
higher-dimensional operators violating baryon number by one unit induce multi-body
proton decay modes, make proton decay processes with more complicated final states
interesting search targets for existing and next-generation neutrino experiments like
SK [26], Hyper-Kamiokande (HK) [296], JUNO [297] and DUNE [298]. In this section,
the decay mode p — 7°et G with G a graviton is examined. This proton decay chan-
nel is the most relevant mode induced by the dimension-eight interaction (2.21) in the
GRSMEFT (cf. Section 2.4). In the following, the differential decay rate of p — e™7°G
is computed and the sensitivity of existing and next-generation neutrino experiments

to this proton decay mode is discussed.

The amplitude for the decay p(p,) — €T (pe)m (pr)G(p) can be written as a suitable

product of a leptonic and hadronic part,

A(p = e"m'G) = =2kcp e, (p, N) Db U (pe) Pro® H™ (pp, Q) up(pp) - (5:27)

Here, 5zp(p, A) denotes the conjugate of the polarisation tensor of the graviton with
four-momentum p and polarisation A\. The variable ¢ = p,—pr = p+p. denotes the four-
momentum transfer from the proton to the neutral pion, and enters A (p — e+7r0G)
through the hadronic tensor H,,(pp,q). Notice that in order to obtain (5.27) the
gauge of the graviton is chosen such that the polarisation tensor is transverse and
traceless, i.e. the following terms can be omitted in the decomposition of the decay
amplitude (5.27)
pte,,(p, ) =0, e, (p,\) =0. (5.28)
The LCSR results for the hadronic form factors, which are defined in (4.58) and
parametrise H*(p,,q), are presented in Section 4.2.3. With the help of the expres-
sions (4.70) to (4.73) the p — e*7°G decay amplitude (5.27) can be calculated. One
first notices that after making use of the on-shell conditions for the graviton (cf. (5.28))
the contribution of w4 vanishes. This feature can be understood by means of the soft
pion theorem [299,300]. In fact, in the soft pion limit and recalling that ¢ = p, — px

one finds that all terms but the contribution of w4 vanish in the hadronic tensor:

phglo H" (pp,q) = H" (pp, pp) = iws Pro" up(pp) - (5.29)
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5.2 Proton decay in the GRSMEFT

However, in the limit p, — 0 the pion can be removed from the decay amplitude giving

rise to the following relation

lim (e*Gr®(p.)|LS) (0)[p) =

Jim, (e GILE (0)lp)

_ 7
V2fn

+ lim Qp“ /d4m P (e*G\T[J/‘:‘(x)L’S)(O)] Ip) ,

pr—0 f7r T

(5.30)

where J;f(x) = [a(z)yysu(z) — d(x)y,v5d(x)] /2 denotes the axial current and the
pion field is related to this current by 7°(x) = V/20".J /’f (x)/(fxm2). The second term
in (5.30) vanishes unless there are additional poles in the soft pion limit. Such poles
occur if the pion is attached to one of the external lines [300] in the p — e G amplitude,
which is formally described by inserting a complete set of intermediate states between
the operators in the time-ordered product. The pion however can only couple to the
external proton line, so pole contributions arise only when the pion is emitted from
the incoming proton. This type of correction thus leads again to the matrix element
of the p — e'G transition, which however satisfies <e+G\£§;)(O)\p> = 0, because the
transition is forbidden by angular momentum conservation. As a result the right-hand
side of (5.30) vanishes identically:

lim ("G (p)| L) (0)[p) = 0. (5.31)

pr—0
Since the form factor wy itself is non-vanishing it then follows that the associated
Lorentz structure (5.29) does not contribute to the proton decay channel p — e*7°G
at all.

By squaring the amplitude, summing over spins and polarisations and calculating
the phase space integrals the differential decay width can be computed. Note that the
transversality of the graviton (see (5.28)) has been used to drop unphysical contribu-
tions which violates the gauge symmetry of gravity in the weak field limit as defined
by the transformation (2.19). The gauge symmetry ensures that negative-norm states
cancel out in the sum over polarisations. Therefore the sum has to be constrained to

physical polarisations only by employing [301]

. 1
> e N es (0 A) = 5 (s, + Moiss = Maplhys) - (5.32)
A
with
Dubv + Pup.
M = Ty — ’;”3” ~, (5.33)

and p = (p°, —p) such that p? = 0.
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5 Low-energy probes of CP and baryon-number violation

Neglecting the mass of the positron but keeping the mass of the neutral pion, the
p — et70G width corresponding to the fiducial region of the three-particle phase space
defined by an upper cut on the graviton energy can be written as
7 2 :
m ‘CB| Yfid z1
I'(p—etn'G :p/ d/dzq:+ +z—yz—1
(p )d 128202, Jy v (zr+y yz—1)
X (zr+y+2—1)° [11 (w1 4 w3)* + law3 + l3ws (wy + w3)
(5.34)

Here we have defined y = 2Eg/m, and z = 2E./m, with Eg (E.) the graviton

2

»» the boundaries for

(positron) energy in the rest frame of the proton, x, = m2/m

the integral over z are given by

1 — 2, —
20:1—$7r—y, Zl:#’ (535)

and
h=-4y, Lb=y[e.—(y+2-2)°], Is=—420.—(y+2)(y—2)—2]. (5.36)

When expressed through the integration variables of (5.34) the scale Q? that enters the

form factors w,, finally takes the following form
Q=-¢=-m)(rz+ty+z-1). (5.37)

The GRSMEFT proton decay mode p — et 7%G experimentally leads to events that
contain a positron, two photons arising from the decay of the neutral pion and missing
energy (E™%) because the graviton escapes the detector undetected. Such a signature
has to our knowledge not been searched for directly in experiments that study the
possible decays of the proton. As we will show, existing searches that are however
sensitive to p — et 7’G are the inclusive search p — et X with X an arbitrary final
state and the exclusive search for p — et7?. The total inclusive rate p — et X can be

obtained by employing ygq = 1 — 2 in (5.34). Numerically, we find that

my Aplepl”

= ernc) = 256730 E,

Ap = (99 £ 13)MeV. (5.38)
Here we have introduced the hadronic parameter A,, and the normalisation factor
1/(25673) takes into account the phase-space suppression for a three-body decay. The
uncertainty on A, is obtained by calculating the minimal and maximal decay width that
can be achieved by considering all possible combinations of the form factor paramet-
erisations (4.70) to (4.73). Notice that since A, appears in (5.38) to the fourth power
the LCSR prediction for I’ (p — e*woG) has an uncertainty of order 50%. The the-
ory uncertainties of I’ (p — €+7TOG) are therefore significantly larger than those that
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5.2 Proton decay in the GRSMEFT

plague the GUT predictions for T’ (p — e+7r0) obtained in both LQCD [217-224] and
LCSRs [21].

Searches for the two-body decay mode p — et
on the GRSMEFT interaction (2.21), because the cuts that experiments such as SK

impose do not fully eliminate the contributions that arise from p — eT7%G. The

0 can also be used to set a bound

relevant requirements in these experiments are selections on the invariant mass mer
and the magnitude of the three-momentum p., of the e™7” system. In the rest frame
of the proton these quantities can be expressed in terms of the graviton energy as
Mer = \/mp (mp, —2E¢) and per = Eg. In the latest SK search [122] the definition
of the signal region involves the requirements me, > 800 MeV and pe, < 250 MeV,

meaning that all p — eT79G events that satisfy the m., selection also pass the per cut.

cut
efm

To quantify by how much a lower cut me; > mS reduces the observed p — et70G

decay width we introduce the acceptance

T (p — 6+7T0G)ﬁd

cut) __
A(mi) = ['(p—etndG) ’

em

(5.39)

where T (p — eT7YG) aq 18 the fiducial decay width (5.34) evaluated setting ysq =
1 - (mcut/mp)2 and I (p — e™7%G) is the total inclusive width given in (5.38). In

emn

cut

¢2t) in the range of mZ4* that is relevant for

Figure 5.3 we show our predictions for A (m
searches for the two-body proton decay mode p — eT7¥ at existing and next-generation
water Cherenkov detectors.

We are now in a position to derive bounds on the Wilson coefficient c¢j that multiplies
the dimension-eight operator in (2.21). We begin with the inclusive p — e* X decay.
The currently best proton lifetime limit from p — e™X is unfortunately more than

40 years old. It reads [302]
7 (p— et X) >0.6-100yr, (5.40)
and together with (5.38) leads to
lepl < (104 GeV) ™ (5.41)

at the 90% CL. It has been pointed out in [124] that with existing data from water
Cherenkov detectors it should be possible to set a significantly better limit on p —
et X compared to the proton lifetime limit reported in (5.40). An estimate of such
an improved limit can be obtained from the limit of 1.7 - 1032 yr at 90% CL on the
p — e + E™SS channel [303] since the latter decay bears close resemblance to the
inclusive p — et X mode. In fact, the authors of [124] estimated that with the available
SK data it should be possible to improve (5.40) by around two orders of magnitude.
Note that a factor of 100 improvement on 7, (p — e™X) would push the bound (5.41)
up to (186 GeV) ™.
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Figure 5.3: Acceptance (5.39) as a function of the cut me, > m
the et 7% system. The red curve indicates the central prediction, while the red band illustrates
the maximal variations that result from considering all possible combinations of the form factor
parameterisations (4.70) to (4.73) in the fiducial decay width keeping the inclusive decay width

fixed at the central value. See text for further details.

In order to determine the SK sensitivity to the p — e*7°G signature that derives from
the measurement [303], we need to compute the acceptance (5.39) for m&i* = 800 MeV.

Using the central value of the hadronic parameter A, as given in (5.38) we find
A(800MeV) = 2.7-1073 (1 £ 0.40) . (5.42)

The smallness of the acceptance is compensated by the fact that the 90% CL lower limit
on the lifetime of the proton in p — et7Y is by more than five orders of magnitude
better than (5.40) since one has [122] (cf. also Section 2.3)

™ (p — e+7r0) >2.4-10%yr. (5.43)
Combining (5.38) for A, = 99MeV with (5.42) and (5.43) one obtains
lepl < (185GeV) ™ (5.44)

at the 90% CL. Notice that this bound is very close to the limit that has been quoted
above by assuming a factor of 100 improvement of 7, (p — e™X) compared to (5.40)

based on the estimate presented in [124].

It is also straightforward to estimate the sensitivity of HK to the Wilson coefficient

cp- Running HK for eight years it should be possible to set the following 90% CL
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5.2 Proton decay in the GRSMEFT

bound
™ (p— e+7r0) >1.0-10%yr. (5.45)

This limit has been obtained in [296] by considering the same signal region for p — et r?
as the latest SK search [122]. Consequently, we can again use (5.38) and (5.42) as well

as (5.45) to arrive at
lcpl < (222GeV) ™. (5.46)

This bound on the Wilson coefficient of the dimension-eight baryon-number violating
operator (2.21) is probably the ultimate limit that can be set with the help of data from
next-generation neutrino detectors, because both JUNO and DUNE are not expected
to reach the HK sensitivity to the p — e*n® mode (cf. [297,298]).
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6 Conclusions

The matter-antimatter asymmetry of the observable universe implies, under certain
assumptions (cf. Chapter 1), the existence of new physics that violates the conservation
of CP and baryon number. In fact, many theoretical models for BSM physics admit
new sources of CP and baryon-number violation. A wide range of the BSM landscape
related to these fundamental symmetries can be constrained by experimental data with
the help of a suitable EFT, i.e. in a bottom-up approach. If new particles are too heavy
to be produced on-shell in an experiment, their effects on observables at low energies
can be systematically taken into account by effective, higher-dimensional operators that
augment the SM interactions.

This feature was employed in the work at hand to study the implications of cer-
tain CP- and baryon-number-violating interactions in a model-independent way. The
observable consequences of these new interactions — contributions to the nEDM and
proton decay — can be probed experimentally with high sensitivity. An overview of
the relevant operator basis in the EFT approach as well as the corresponding experi-
mental probes was provided in Chapter 2. In particular, it was pointed out that the
theory predictions for the relevant observables rely on the knowledge of the associated
hadronic matrix elements, which cannot be computed perturbatively in QCD. Thus,
predictions for the hadronic parts of the relevant scattering amplitudes by other means
are required. This was addressed subsequently in Chapters 3 and 4 where in particular
the nEDM and proton-decay searches were examined. The results of these two chapters
were used in Chapter 5 to explore the phenomenology of CP-violating Higgs-gluon in-
teractions as well as baryon-number-violating interactions involving gravity. The latter
arise in the GRSMEFT and augment not only the strong and electroweak interactions
of the SM but also GR. The results of Sections 3.2, 4.1, 4.2, 5.1 and 5.2 represent the
main achievements of this work, which were originally presented in [19-22], and they

are now discussed in turn.

First, in Section 3.2, the hadronic matrix elements of dimension-six and dimension-
eight operators of Weinberg type (3.17) that contribute to the nEDM d,, were calcu-
lated with the help of QCD sum-rule techniques. Calculations along the same line
of the dimension-four and dimension-five contributions to the nEDM, i.e. the QCD 0

term and CEDMs, were performed in [90-92,172,173]. A sum-rule estimate of the
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dimension-six Weinberg operator Og also exists in literature [94], but this article does
not provide details on the actual computation, which motivates the independent eval-
uation presented in this work. The determination of the hadronic matrix elements of
the dimension-eight term Oy is instead new and provides the first systematic study of
contributions to d,, due to CP-violating four-gluon operators. The main results are the
numerical expressions (3.96) and (3.99).

The sum-rule estimates are based on the observation [93,94] that the Weinberg-type
contributions to the nEDM can be obtained by calculating the iys rotation of the nuc-
leon wave function induced by (3.17) and relating it to the corresponding rotation of
the neutron anomalous magnetic moment pu,. In this approximation only those dia-
grams are included that factorise into a propagator with a CP-violating mass insertion
and into a part that couples to the external photon field, while non-factorisable ver-
tex corrections are neglected (see Figure 3.1). In addition, contributions from excited
neutron-like states were neglected. These simplifications lead to uncertainties in the
predictions that can be estimated to be of the order of 35% using Borel techniques.
The OPE computation of the dimension-six and dimension-eight sum rules is described
in detail, and includes a discussion of the matching and the appropriate choice of the
neutron-interpolating current. The final analytic expressions for the Og and Og contri-
butions to d,, are reported in (3.94) and (3.97), respectively, and the result for ’(dn)06|
agrees with the findings given in [94]. The hadronic matrix elements of the Weinberg-
type operators turn out to be logarithmically sensitive to the ratio M/Aqcp of the
Borel mass and the QCD scale. This IR sensitivity provides the dominant theoretical
uncertainty of the final predictions. By varying M/Aqcp in the range v/2 - [1,2] one
finds uncertainties close to 45%, which exceeds the size of the expected effects from
vertex diagrams and excited states. Adding individual errors in quadrature the total
uncertainties of the numerical predictions for (d,/e)o, and (d,/e)o, are 50% and 80%.
Sum-rule studies of the f-term and CEDM contributions to the nEDM [90-92,172,173]

have found uncertainties of a similar magnitude.

While the sum-rule estimates of the d,, contributions due to the dimension-six and
dimension-eight operators of Weinberg type (3.17) have sizeable uncertainties, they can
be considered to be more robust than other existing determinations that are based on
NDA [77] or the VIA [93]. In particular, in the sum-rule approach there is no sign
ambiguity between the prediction for d,, and the hadronic matrix elements of Og and
Og — see for instance [60,67,69,72,75] for EDM studies that allow for both signs of the
Og contribution. To find out whether the sum-rule estimates are reliable would require
first-principle calculations of the nEDM, which are in principle possible using existing
LQCD methodology. While such calculations have gained significant momentum [95—
102], LQCD simulations involving Weinberg-type operators are challenging [103, 104],
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and it remains to be seen which accuracy such computations can achieve in the near
future. Till then phenomenological studies of hadronic EDMs have to rely on the
predictions (3.96) and (3.99) despite all their limitations.

The sum-rule estimates for the nEDM were employed in Section 5.1 to study the phe-
nomenology of CP-violating Higgs-gluon interactions in BSM scenarios with vanishing
light-quark Yukawa couplings. From the discussion presented in Section 5.1.2 it be can
be concluded that future nEDM searches and LHC measurements are complementary to
each other even in the specific class of new-physics models where the Yukawa couplings
of light quarks are zero. This is an interesting finding because such new-physics real-
isations represent in some sense the worst-case scenario for the low-energy constraints
considered here. The results show furthermore that in a global SMEFT analysis, EDM
constraints can have additional flat or weakly bound directions (cf. Section 2.1) that do
not appear in the case of universal theories considered in [39,74]. As already emphas-
ised in [39], to resolve unbounded directions in the multi-dimensional space of Wilson
coefficients, high-pr and low-energy constraints on CP-violating couplings between the
Higgs and gauge bosons should be combined into global fits. The nEDM results presen-

ted in this work can be readily used for such a purpose.

Another important result of this work is the prediction for the hadronic matrix ele-
ments of the full set of baryon-number violating dimension-six SMEFT operators (2.13)
from LCSR techniques, which is presented in Section 4.1. These hadronic matrix ele-
ments are needed to predict the rates of the main proton decay modes in GUTs, where
a proton decays into a pseudoscalar meson and an anti-lepton. Specifically, the focus
in this work lies on the decay p — n%e™, and the explicit LCSR expressions for the
relevant form factors are presented in Appendix E, which include the leading contri-
butions in the light-cone expansion, namely the twist-2 and twist-3 pion DAs. We
performed a detailed study of the dependence of the LCSRs on both the unphysical
(i.e. the continuum threshold and the Borel mass) and the physical (i.e. the condens-
ates and the pion DAs) parameters, and discussed the possible impact of twist-4 effects.
This can be used to provide results and estimate uncertainties for the form factors in
the kinematical regime where the momentum transfer ¢ from the proton to the pion
is space-like, i.e. Q> = —¢? > 0, and lies in the range 0.5GeV? < Q? < 2.5GeV?.
The LCSR results were then extrapolated to the physical point Q? ~ 0 by means of
both a linear and a quadratic fit, including the spread of predictions in the uncertainty
estimates. The analysis indicates that one of the four sum rules is not reliable, and
therefore only the other three are considered when determining the final predictions
for the physical form factors Wi, with n = 0,1 and I'T" = RR, LR from the range of

different solutions shown in Figures 4.4 and 4.5.
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6 Conclusions

The final results for W}, can be found in (4.53) and (4.54), and the LCSR results
are compared to the state-of-the-art LQCD predictions [223] in Figure 4.6. The un-
certainties of the LCSR results amount to (25 — 40)%, while the total accuracy of the
LQCD form factors is (10 — 15)%. In view of the inherent systematic uncertainties of
LCSRs, it is not clear to which extent possible refinements of the calculations such as
including higher-twist contributions or perturbative corrections would increase the pre-
cision of (4.53) and (4.54). The observed overall agreement between these results and
the latest LQCD form factors demonstrates however that LCSRs can be successfully
applied to the calculations of proton decay matrix elements, and that such computa-
tions can achieve a precision that is better than the alternative methods to estimate
proton decay rates which were developed in the ’80s.

Even LQCD calculations of three-body proton decay processes at arbitrary kinemat-
ics seem to be in reach in the coming years (see [104] for a discussion), but it remains to
be seen which accuracy such computations can initially achieve. Therefore, the LCSR
techniques presented in this work are presently the only available tool for calculating the
form factors that parametrise the hadronic matrix elements of semi-leptonic three-body
proton decays, which is discussed in Section 4.2. While the presented formalism and
the obtained results are general, this work specifically focused on the computation of
the differential decay rate for the process p — et7%G with G a graviton. This channel
is the dominant proton decay mode in the GRSMEFT, since the two-body transition
p — eT@G is forbidden by angular momentum conservation. Like in Section 4.1 the
LCSR study includes the leading contributions in the light-cone expansion, namely the
twist-2 and twist-3 pion DAs — the explicit expressions can be found in Appendix F
— and a detailed study of the dependence of the obtained LCSRs on all unphysical and
physical parameters was performed. In this way, the uncertainties of the final results
for the form factors were obtained in the kinematical regime where the momentum
transfer ¢ from the proton to the pion is space-like. The LCSR results were then again
extrapolated to the physical regime 0 < ¢? < (m, — m,)? by means of both a linear
and a quadratic fit, including the spread of predictions in the uncertainty estimates.
The resulting uncertainties turned out to be significantly larger than those that plague

the hadronic matrix elements that are relevant in the GUT case (cf. Section 4.1.3).

The LCSR results for the form factors were used in Section 5.2 to study the sensitivity
of existing and next-generation water Cherenkov detectors in looking for the p — et 7°G
signature. To this purpose, the rate for p — eT7%G was calculated differentially in the
energies of the final state particles. Next, the bounds on the amount of dimension-eight
baryon-number violation in the GRSMEFT were derived considering both the inclusive
search for p — et X [124,302] and the exclusive search for p — et7C. It turned out

that the best constraint arises at the moment from the latest SK search for the two-
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body decay mode p — et7® [122]. In fact, this search is able to set a 90% CL lower
limit of 185 GeV on the effective mass scale that suppresses the relevant baryon-number
violating GRSMEFT interactions. HK measurements are expected to be able to push
this limit up to 222 GeV.
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A Fixed-point gauge

In the case of QCD the fixed-point or Fock-Schwinger gauge [304,305] can be defined

without loss of generality for gauge-invariant quantities by
A
G (z) =0, (A.1)

where it is sufficient to restrict this choice of gauge to classical gluon fields.

For the gauge choice (A.1) it is easy to show that it is possible to express the
gluon field through the QCD field strength tensor G;‘l,(az) = 0,G2(z) — 8,,Gﬁ(ﬂs) +
Js fABCGE ()GS (z) evaluated at z = 0. To derive the sought relation, one notices
first that

Gﬁ(:v) =0y (.I‘VGVA(I')) — 279,G ()
= —a" (Gi () + 0,G(z) — go f PO G () GY (x) (A.2)
= x”Gfu(m) — x”&,G;‘(x) ,

where we have employed the gauge condition (A.1) twice and used the anti-symmetry
of Gﬁu to obtain the final result. Setting ¥ = ay” with an arbitrary parameter «, one

can then write

2" Gl (x) = ay’ G, (ay) = G (ay) + ay”

8(021/) Gﬁ(ay) = % (aGf}(ay)) . (A.3)

Now if one integrates both sides of the above relation over « € [0, 1] and assumes that

Gﬁ(a:) is non-singular at z = 0, one finds

1
/0 do ay”Gfu(ay) = Gﬁ(y) . (A4)

Using a similar assumption for the QCD field strength, one can Taylor expand Gfu(ay)

around ay = 0 and perform the integration on the left-hand side of (A.4). It follows
that

1 14 1 v
Gi(z) = 37 G5, (0) + 37 2°9,G,(0) + ..., (A.5)

where we have switched back from the variable y to the variable x.
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A Fixed-point gauge

The latter expression can be further simplified by noting that as a result of (A.1),
the partial derivatives in (A.5) can be promoted to covariant derivatives D, = 0, —
igSGﬁTA. In consequence, one has

1 v 1 v
Gﬁ(:v) =5 Gfu(()) + 3¢ x”DprM(O) +..., (A.6)

in the fixed-point gauge of QCD. The same result also holds in the case of EM fields
with Gﬁ replaced by A, and Gﬁy replaced by Fj,,.
Finally, notice that due to (A.1) the Taylor expansion of the classical quark field ¢

can also be formulated in terms of covariant rather than partial derivatives. One has

q(x) = q(0) + 2" D, q(0) + %x“x”Duqu(O) +.... (A.7)
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B OPE for the quark propagator

The free position-space propagator S© (z) of a massless quark is easily derived by

taking the Fourier transform of the well-known momentum-space representation

5O (z) = / dipeive ;32 (277) - (—idp) / d*pg e”;’;’f, (B.1)

where colour indices are implicit and we have applied a Wick rotation to Euclidean
space using z? — —a:2E and p? — —pQE. The four-dimensional integration measure can
be written as d*pg = p>dpd§ls, where the magnitude of the four-dimensional Euclidean
momentum vector has been denoted by p = |pg|. The differential solid angle is given
by

2 T
/ dQy = / do / df1dfs sin by sin? Oy . (B.2)
0 0

It follows that dy = d23sin?f, and (B.1) hence takes the form

SO (z) = e (—idp) / dpp / dfy sin? gy ¢'PTcosb2
0 0
B.3
— ks i) [ P L i) L= Y
a3 OE PP 5z T am2 V0P 3 T gpzt

Here = |zg|, Ji1(z) denotes the Bessel function of first kind with index 1 and in the
final step we have rotated back from Euclidean to Minkowski space noting that %, — #.

In order to determine the non-perturbative contributions S%(x) to the quark propag-
ator, one needs to evaluate the correlator (0T [qé(x)q’i(O)] |0). Using the expansion of

the classical quark field (A.7), one obtains

OIT[gh () F0)]10) = (G OFO) + .. =~ 807 (G0) +....  (BA)

where the fields of the condensate (Gq) are evaluated at x = 0. Notice that the minus
sign in the final result comes from the exchange of the fermion fields and the numerical
prefactor can be determined by contracting the expression in the middle and on the
right with §%°6;;. Ignoring colour and spinor indices, the expansion (B.4) thus leads to

the expression for S9(z) as given in (3.42).
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C Fourier transforms

We define the Fourier transform of a function F'(p) by

Flew] = () [arrmpe e re), 1)

4dmeVE

where we performed the integration in d = 4 + 2¢1g space-time dimensions with ey > 0
to regulate the IR divergences that appear in some of the Fourier integrals that were
encountered in Sections 3.2.2.3 and 3.2.3.1. The symbol g denotes Euler’s constant

and pr is a mass scale needed to restore the correct dimensionality of (C.1).

In the case that F(p) is polynomial in 1/p?, a simple calculation along the lines of

the computation performed in Appendix B leads to

L] i iR\ D@kt ear) (QEQ)H (C.2)
(p2)F | 4km? 4erE I (k) ’ '
where k € Ny. The Fourier transforms of type (C.2) relevant for this work are
1 i
= C.3
7[5 = ©9

L I I G
P A= s [ (] e

Tensor Fourier integrals with a polynomial denominator of the form (p?)¥ can be

obtained from (C.2) by taking derivatives

- [pupu“'] _ (i0,) (i0)) - F [( 1 ] , (C.5)

()" )"
This procedure allows us to derive for example
Pubv | ? Juv 9
d [ pt ] T Ax2gt (xuzn,, B ) ’ (C.6)

a relation that has been used in Sections 3.2.2.3 and 3.2.3.1.

In the sum-rule calculations we also encountered UV divergent Fourier transform-
ations of a function F(x). To regulate UV divergences we work in d = 4 — 2epy

space-time dimensions with eyy > 0, introduce the mass scale pyv and define

F[F(z)} - (‘W) o / d4=2e0v g P P (7). (C.7)
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C Fourier transforms

If F(z) is a polynomial in 1/z2, it is straightforward to evaluate (C.7). For k € N

we obtain

1 im? 20BN VT (2—k—e -
g sz)k] - () et e

The Fourier integrals of the form (C.8) that occur in this thesis are

1 4im?
1 in?p? [ 1 F‘%v

We also encountered Fourier transforms that are both IR and UV divergent. They
are of the type }"[1/((932)1) f[l/((pQ)k)” with k,l € Ni. Using the result given
in (C.2) and (C.8) these double integrals are readily computed. We find

0 U S S B S T U T T T
@) [ 4\ pree p?

F'2—k+er)T(k—1—er—evv) ()"
T ()T (2—k+1+em) '

(C.11)

The only Fourier integral of the form (C.11) that is necessary to compute the two-loop

contributions to the OPE correlation functions considered in this work is

1 111 »p? litR By
PP () e () e

where the ellipsis represents terms that vanish after Borel transformation (cf. Sec-
tion 3.1), meaning that these contributions do not enter the analytic expressions (3.94)
and (3.97).
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D Pion DAs

We use the following expressions for the pion DAs including terms proportional to the
pion mass, which have been derived in [200] (and [199] in the chiral limit) with the help

of a conformal expansion. One has

6 (u, 1) = 6uit |1+ az(1) 57 () + as (W) PP ()] (D.1)
65 (u, ) =1+ (30n3(u) - 2/}3) (¢
(D.2)
+ <—3n3(u)w3(u) - %pi - fém%cm(u)) 20,
689 ) = 60 1+ (500 = Foli)en() = 52 = 2 e )] 420)
(D.3)
T (g, o, ag, 1) = 360n3(u)adaua§ [1 + %wg(,u) (Tag — 3)} , (D.4)

where the expansion in terms of the Gegenbauer polynomials C’,(lm) (¢) with { =2u—1
is truncated after n = 4. The hadronic parameters that enter the above definitions
depend on the renormalisation scale u which we set equal to 1 GeV in our numerical

analysis.

We adopt the numerical values of the two Gegenbauer moments presented in [306],
az(1GeV) =0.17+0.08, as(1GeV) = 0.06 +0.10, (D.5)

where the moments are obtained by fitting sum rules for the EM pion form factor to
the experimental data of [307]. For the numerical values of the other parameters we

rely on the sum rules estimates of [243]:
f3r(1GeV) = (0.45+£0.15) - 1072 GeV?,  w3(1GeV)=—1.5+0.7. (D.6)
Using the definition f3. (1) = frurn3(p) together with (4.51) we then find
113(1GeV) = 0.017 = 0.006, (D.7)

where the individual uncertainties are added in quadrature.
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E Analytic results of the LCSRs for
two-body proton decay

In this appendix, we provide the analytic expressions for the QCD correlation functions
that appear on the right-hand side of the LCSRs (4.45) for the two proton decay

p — meT — the integrations over the momentum fractions have to be calculated
numerically. The hat on the functions nglg "7 indicates that we have subtracted the

contributions of heavy states before taking the Borel transform of the QCD results. We

obtain
~qep.s _ ifx | md(qq) / I () 2 9
[H 3 —32\@{ 3 ; du SV ()(Q +um uM)

(E.1)
@) o : 3
g 0] - [Cauadp e )

. A
ﬂ%}c%D,P _ ifamy {é‘iz/o du ¢ (u) e(3 )[(Q2+u m2) E1(8) — 13@M2E2(§)]

12v/2
2 ,(3)
Mﬂ—mo qq / d AM ¢ (A) 6(50)
4M? Q? + A2m?2

- A By
+“§]\<jg> (1-p2) {/0 PR )6(5)

e(8) +

u3
m2 m2
X [2u2M2 (1 — 12;\)42> —u (Q* + u’m?) <1 — 6uz\042) ]
z Am3M? 9]
- MZ(ZS((TS)(A) 6(80) <1 B 623?42) + 6 (Q2T—OA2’H’L2) 6( 0) aA¢03)(A)}

x [2aQ? — 2uaM? + (1 — 4u)a’m?]

TO (1 —day, — Ay Ay — ucg, ay)
Ag (@ +Afm3)

1
+ M2e(so)/ dudagy 0 (1 —day — Ay)
0
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E Analytic results of the LCSRs for two-body proton decay

x [20Q% + (1 — du)AZm?] ] } :

. ; 2 A (2)
H%ED’Q — Zfﬂ'mp ]\42/ du ¢) (U) 6(5)
122 | 872 J,

X [u(QQ +@2m2) By (5) + a(14 — 13u)M2E2(§)}

+ e(8) +

it (d) /A by udy (W)
4M? 0 u?

AM265(A)
rAm o)

= A G
4 br (a9) (1 —pzr) {/0 du U_i )6(5)

3M2 0
i 2 14 ; . 0
oo ) - 5
AM26P) (A) mg AmgM? 9 (3
— T 6(50) 1- 6AM2 6 (Q2 T Agm%) 6(80) aj@a (A)}

_ 1 (3) _ _
tr (Gq T (1= ay — ag, 0, 0g)
+ ]é[? ) [/0 Daf (o — Ay) ( 3 J 92 e(3g)

x [2aQ* — 2uaM? + a (1 + 2u + (1 — du)a) m2] +

1 3 _
TG (1 — ey — Ay, Ay — uayy, org)
M? /dd 0(1— oy — A 9999
+ 6(80) 0 U Olg ( UOég g) Ag (Q2+A§m72r)

x [20Q% + Ay (14 2u + (1 — 4u)Ay) m2] ] } ,

AQCD,T_ifTsz (aq) [ A @) B m3
Hpp ™ = 2\/57’ {3[ /Odu - e(s)(l 6uM2>

m3s®(a)
6 (Q2 + A2m2

(E.4)
71']\42 A .
) 8(80)] - H167r2 (1- PZ)/O du ¢ (u) e(8) El(s)},

[QCD,S _ ifx {mg (q9) [/Adu ¢ (u) e(3) (Qz +a2m? — fLMQ)
0

LR 392 3 ud M2
@(A Ape MA (A NP
40 A( )e(so)}ﬂu “WQ /0 du ¢ (u) e(3) Es(3)

(E.5)
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N mrM2

/ Daf (o — )7-(5) (1 =y — ag, au, ag) e(3g)

2

(@ + a?m2)’

S — 6m2 E1(3,)

X

12y/2 | 4n?

m2 (G A (3) AM268) (A
HnMp 199) Z\[}ng [/0 du pﬁ( )6(5) + —Q2 +¢£27(n$r) 6(80):|+

Cpela) oy A 0P )
32 (1 p,r){/o du ———= e(3)

ﬂ%gD,P _ ifwmp{3M4 / dua¢(2)(u) 6(5) E2(§)+

_|_

1 (3) _ _
Q> |:/ DO[@(O[ - Ag) T (1 Oy, Oég,Oéu,Olg) 6(§g)
0

a3

x [(1—4u)Q* — (1 — du)aM? + (5 — Su)a’m?2]

1
+ MQe(so)/ dudag (1 — w0y — Ay)
0

T (1 — oy — Ay, Ay — uay, ay) 2 2 2
A, (Q2+Agm%) [(1—4U)Q +(5—8u)Agmﬂ]} )

A
ﬂ%}gDQ wamp { _ 3M4/ duﬂ¢(2)(u) 6(§) Eg(g)
0

12¢/2 472
| 1=t {g) / L OIS S EN .
4M?2 0 u? Q? + A2m?2 0

_ A By
_ f‘;]fj? (1—p2) {/O du ‘ﬁ"ﬂi )e(g)

™Tm2 1+u Tm3
L . 0 o (N2 L 52,2 . 0
x [QCU <1 48M?2 ¢ ) 2ut (Q “ mw) (1 4811M2) ]
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E Analytic results of the LCSRs for two-body proton decay

72AM2?5L(,3)(A) (50) <1 Tm2 ) TAmM2M?
24 (

0
_ Z 43)
A 48AM2 QQ _i_AQm?T) 6(50) 6A¢U (A)}

q ! G (1 — ay — ag, a, _
- MT]\;%@ [/0 Daf(a—Ay) LAdc o3 ! ) e(5g)
x [(1— 4u)Q* — (1 — 4u)aM? — (4a — (5 — Su)) amfr]

T (1 —aay, — Ay, Ay — uay, ay)
Ay (Q2 + Agmg)

1
+ M?e(s0) / dudog 0 (1 — uayg — Ay)
0

x [(1 - 4u)Q* — (4u — (5 — 8u)Ay) Agm?Z] ] } ,

~qepr if=my flaa) [, (2, 6P () . Tm2
™" = 2\/;{3[2/0 du ———= ¢(3) <1 0 >

N Tmie?(A) }
24 (Q2 + A2m%) e(50)

<M A o

- Mmﬁ (1—-p2) /0 du ¢P (u) e(3) E1(3)

(E.8)

T(3) (1 — Oy, — Qig, Oy, ag)

o?

1
U B ~
16#2/0 Da b (a—Ay) e(5y)

x (Q2 +a2m72r) } .

Recall that ¢ = 2u—1 and notice that we have used the definitions (4.34), (4.35), (4.38)
and (4.39) to write the QCD correlation functions in a compact form. We have further-
more suppressed the renormalisation scale dependence of the pion DAs. The analytic
expressions for the DAs are collected in Appendix D. Notice that since we have neg-
lected quark-mass effects in (4.20) and (4.21), it would be consistent to set to zero all
terms proportional to m?2 in the formulas (E.1) to (E.8). While these contributions are
in fact numerically small, it turns out that they always improve the agreement between
the LCSR form factors calculated here and the LQCD form factors computed in [223].

We therefore included the m2 terms in the expressions provided above.
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F Analytic results of the LCSRs for
three-body proton decay

The analytic expressions for the QCD correlation functions that are relevant for the
process p — et 7’G in the GRSMEFT are provided below. The hat on the functions
ﬂgCD indicates that the contributions of heavy states were subtracted before taking

the Borel transform of the QCD results. One obtains

QCD _ frmi {@D [/Adu A ) e(8) <18ﬂ — 5m%> 5mo ™) (A) 6(80)}
0

ST 36v2 | M2 a2 M2 ) Q%+ A?m2
(F.1)
3t : N
S ) [ e<s>El<s>} ,
. fﬂ_m?’ = . A 53) ~ ~ 7 2
g - ot e o [ [ o (o )
(3) 2 A3 2 A2 12
o (A) — 1Am2 (T4 14A)Am2 + TAQ*) mj
T3 (Q%+ A?m2) (o) <24AA oM? (@ + A2m72r)2 >
TAAMZ 0 9 [A ~
_ 9 @Ay - 2L ) () e(3) B (5
@+ A?n(;%)z e(s0) 5 %s (A)] 7T2/0 duu (W) e3) B1(() (F-2)

72(qq) pix ! aT® (1—ay *agaauaag) ~
+ M2 /0 Daf(a—Ay) 22 e(3q)
1

_ a TG (1 —aa, — Ay, Ay — ucy, agy)
+e(so)/0 dudag 0 (1 — aag — Ay) Q2Q+A§m72rg g g:| 7

3 - A 3) 2
cqcp _ Jamy | {Gq) pix 2 / $o (u) . __ Img
i = 108\/5{ ar (Lmee) | ) T <®) (- g

05" (8) Tmd UARmEm2
g a0 (18- 5 - @ Azmaf)

7A2m% 0 (3) 9 A ) o
_ m 6(50) 87A¢0' (A):| - 7T2/0 du ¢ (u) €(S)E1(S) (F3)

117



F Analytic results of the LCSRs for three-body proton decay

72 C]C] 72(4q) px T() 1—ay — a4y,
[/ Doaf(a—A ( 22 5 ) € (34)
aT® (1 -ty — Ag, Ay — uay, ay)
feeo _ fxmp Jq@px | / du 7 (u e(3)
A 108v2 | M2
6ut (Q* + u?m?2) + (9 — 1du + 5u?) m3
_ 2 ul
x(u(9—15u+6u)— WE
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Including the leading pion DAs, i.e. the twist-2 and twist-3 contributions, one further-

more finds that H%C = 0 as already discussed in Section 4.2.2. Furthermore, the same
shorthand notations as in Appendix E were employed here
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