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Abstract

A vector of bankruptcy times with Marshall–Olkin multivariate exponential distri-
bution implies a simple, yet reasonable, continuous-time dynamic model for depen-
dent credit-risky assets with an appealing trade-off between tractability and real-
ism. Within this framework the maximization of expected power utility of terminal
wealth requires the maximization of a concave function on a polygon, a numerical
problem whose complexity grows exponentially in the number of considered assets.
We demonstrate how to solve this seemingly impractical numerical problem reliably
and efficiently in order to prepare the model for practical use cases. To this end, we
resort to a specifically designed factor construction for the Marshall–Olkin distribu-
tion that separates dependence parameters from idiosyncratic parameters, and we
develop a tailor-made stochastic gradient descent algorithm with random constraint
projections for the model’s numerical implementation.

Keywords: portfolio selection; power utility maximization; credit-risk modeling; stochas-
tic gradient descent algorithm; Marshall–Olkin distribution

1 Introduction

Throughout, we take the viewpoint of a credit-portfolio manager who seeks an optimal
asset allocation strategy among a universe of d credit-risky assets. A holistic framework
to solve her task encompasses many challenges, with regards to practical model design,
rigorous justification of optimality, as well as numerical feasibility. This results in a
list of minimal requirements provided in the following Remark 1.1, many of which are
heavily competing, and it is thus difficult to meet all of them in one approach.

Remark 1.1 (Requirements for a holistic credit-portfolio model)
1. Idiosyncratic return distributions respect the bi-modality that is naturally present

due to the dichotomic case distinction ‘default / no-default.’
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1 Introduction

2. Practical key metrics, such as default intensities, yields, and recovery rates, are
used to describe the idiosyncratic assets.

3. On the portfolio level, the idiosyncratic assets are coupled in a reasonable and
viable way. From the perspective of a financial engineer, being able to separate
marginals from dependence structure and allowing for a firm economic interpreta-
tion of the latter are desirable properties.

4. There is a reasonable and intuitive optimality criterion, balancing upside potential
with risk. This allows to be adjusted to the specific risk appetite / risk aversion
of the investor applying it.

5. One can rigorously prove the existence of an optimal portfolio strategy within a
reasonable time-dynamic framework.

6. It is possible to include reasonable trading constraints and / or transaction costs
into the optimization process.

7. It is possible to algebraically or numerically compute the existing optimal solution
with reasonable computational resources.

8. The dimension d is allowed to be large, as often hundreds of credit-risky assets are
considered as investment universe.

At this point, we invite the reader to verify that the popular paradigm for equity port-
folio selection by H. Markowitz [17, 18] satisfies all the above desiderata, except for the
credit-specific requirements 1 and 2. Recall that Markowitz relies on mean µ and stan-
dard deviation σ as key metrics for the return distribution. This induces a partial order
and thus paves the way to the well known optimality criterion. R.C. Merton [21, 22] later
accomplished to prove that this paradigm is optimal in the sense of power-utility maxi-
mization within the multivariate Samuelson/Black–Scholes setting, i.e. lifting everything
into a dynamic framework that implies the return distribution to be multivariate normal.
Finally, since the apparatus of linear algebra gets along well with means and variances,
the numerical implementation is feasible even in large dimensions and under additional
trading constraints. In this light, it is not surprising that this model is heavily used ever
since and still in the focus of academic research.

It is one contribution of the present article to provide convincing arguments in favor
of the fact that the modeling requirements in Remark 1.1 naturally lead to a credit-
portfolio model in which the multivariate default indicator process is Markovian and
the vector of default times has a Marshall–Olkin multivariate exponential distribution.
The theoretical gap between Markowitz/Merton for equity selection and the model we
discuss here for credit selection is bridged in [23], who generalizes the justification of the
Markowitz/Merton paradigm in [21, 22] from the underlying Samuelson/Black–Scholes
model assumption to arbitrary exponential Lévy models. A particular instance of this
generalization is shown in [16] to constitute a reasonable credit-risk model and we fur-
ther develop and investigate it. In the latter reference, this model is introduced and
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studied from a theoretical perspective, prepared for the use in small dimensions, and
the existence of an optimal solution is proven with the help of [23]. However, the ar-
ticle lacks methodological advice on interpretation and practical parameterization, and
completely missing is a numerical solution for the computation of optimal portfolios in
dimensions d� 2. This numerical solution is the second innovation of the present work,
achieved via a tailor-made stochastic gradient descent algorithm.

According to our assessment, the existing literature on credit-portfolio optimization
can be classified in two strands. On one hand, the more practically oriented works,
many of which inspired by best-practice in the financial industry. They often simplify
the portfolio selection process by proposing heuristic or intuitive trading strategies,
for which the numerical implementation is feasible. In many cases, optimality is not
formally proven and empirical back-checks are used instead to demonstrate the quality
of a developed strategy. Popular examples are, e.g., [30, 1, 25, 9, 27, 24], some of which
put specific focus on the numerical implementation and some even on the particular
situation when d is large. In contrast, many papers from theoretical finance justify
optimality rigorously in a mathematically well-defined model, typically via the concept
of utility maximization. They provide convincing arguments in favor of theoretical model
properties and in particular allow for quite some generality with regards to realistic
model design. They do, however, typically fall short of being ready to use in practical
applications; especially for large investment universes. Well-known papers in this strand
of literature are, e.g., [4, 5, 11, 12, 16]. In contrast, we aim at providing the first model
for credit-portfolio selection that satisfies all of the aforementioned desiderata and can
thus be accepted by both the theoretical and practical community. To achieve this,
we resort to the model introduced and theoretically justified in [16], which to date,
however, is not ready for real-world applications. We first enhance this article’s list of
arguments claiming that the chosen approach is reasonable in light of the requirements
in Remark 1.1. Observing that both the practical parameter design and the numerical
implementation is still not straightforward, thus unsolved in [16], we put emphasis on
exactly these remaining challenges and provide concrete advice in order to prepare the
model for practical use.

One of our key messages is that the distributional characteristics of credit-risky assets,
involving a natural bi-modality, is fundamentally incompatible with the assumption of
uni-modal asset return distributions. In our opinion, this fact makes it questionable to
apply the mean-variance approach by H. Markowitz [17, 18] to credit risks. Starting
from the default / non-default dichotomy (at a given maturity) and generalizing this to
a dynamic model involving a default indicator process, the most basic and commonly ap-
plied model for the time of default is the exponential distribution. It undeniably occupies
a commanding role in credit-risk modeling that is as central as the role of the normal
distribution in equity market modeling. Having the Markowitz/Merton paradigm in
mind, we thus consider it natural to replace the multivariate normal distribution as
reasonable basis for an equity-return model with the simplest reasonable multivariate
exponential distribution as basis for a portfolio credit-risk model. In our view, there are
striking arguments in favor of the Marshall–Olkin multivariate exponential distribution
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1.1 Introduction of the framework and the presented contribution

of [19] to claim this role as being the most natural generalization of the exponential law
in higher dimensions and thus serving as model for the default times, see [16, Section
2] and / or the main body of the present article. This opinion follows the arguments
of [13, 8, 6, 3, 28], all applying the Marshall–Olkin distribution in credit risk modeling
because of its appealing trade-off between tractability and realism. The consequence
of altering the distributional assumption in the aforementioned optimality justification
result by R.C. Merton [21, 22] is a technical one; but conceptually the philosophy of opti-
mizing an expected utility can still be used, accomplished in [16]. While being simple in
a theoretical sense, unfortunately the Marshall–Olkin distribution suffers from the curse
of dimensionality for moderate to large asset universes, so that it is not as simple as the
multivariate normal distribution from a practical perspective, i.e. the implementation is
not solved satisfactorily in [16]. The present article fills this gap.

After a formal introduction of the main notations in the following subsection, the re-
maining article is organized as follows. Section 2 introduces our model and provides
methodological advice on how to set the Marshall–Olkin model into action for moderate
to large asset universes d� 2. Section 3 introduces a dedicated stochastic gradient de-
scent algorithm to compute the optimal portfolio allocation within the presented model.
Section 4 briefly discusses several related aspects of the model, like the influence of
the risk aversion parameter, a variant of the presented numerical optimization with a
focus on risk minimization, the inclusion of transaction costs, and a first idea of how
to specify the model parameters in a practical situation. We conclude in Section 5 by
outlining potential further research directions and open questions. Finally, an elaborate
Appendix contains additional material that helps the interested reader to deepen his or
her understanding of the presented model, organized in the following subsections:

(A.1) Proofs that are removed from the main body of the article.

(A.2) A detailed investigation of the effect of the dependence model parameters.

(A.3) Advice on how to implement some projections in Euclidean space that are required
in the stochastic gradient descent algorithm.

(A.4) Elaborate examples of optimal portfolios within the presented framework for some
simple special cases.

(A.5) A table with tractable jump-size distributions that can be used as dependence-
inducing factors within our framework.

1.1 Introduction of the framework and the presented contribution

The digital nature of credit-risky assets translates into returns that are fundamentally
different to stock returns, for which the commanding baseline description is in terms of
their mean µ and a random noise σ around it. Simplifying credit returns in a similar way,
the most fundamental metric involves yields, recovery rates, and default probabilities.
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We now recite a model, recently presented in [16], to specify this metric in detail. The
log-return Ri(t) of asset i over the period [0, t] is modeled as

Ri(t) := ηi t 1{τi>t} + (ηi τi + κi − 1) 1{τi≤t}, i ∈ [d] := {1, . . . , d}, t ≥ 0, (1)

where the yield ηi ∈ R and the recovery rate κi ∈ [0, 1] are natural model parameters
that describe the return on the investment in dependence on whether or not the random
variable τi takes place after or before the time horizon t. Intuitively, τi denotes the
(random) future time point of a credit event with respect to asset i. On the univariate
level, the simplest reasonable model for the default time τi is an exponential distribution
whose rate we denote by Λ{i} > 0, which controls the default timing. Moving to the
portfolio level, the random vector τ = (τ1, . . . , τd) is assumed to follow a Marshall–
Olkin distribution; as this constitutes a very natural extension of the exponential law to
dimensions d ≥ 2, introduced originally in [19] and described in detail in Subsection 2.2.
Since the vector of log-returns R(t) =

(
R1(t), . . . , Rd(t)

)
is a component-wise increasing

transformation of τ , it has different one-dimensional marginals but the same copula
(hence dependence structure) as τ , see [7, Theorem 2.6]. The random variable Ri(t)
takes values in (κi−1, κi−1+ηi t]∪{ηi t}, which is naturally a bi-modal distribution.

The definition of the stochastic process R(t) as function of a single random vector τ is
desired in order to keep the model simple. On the first glimpse, one might believe that
the probability distribution of the vector τ is arbitrary, but the choice of the Marshall–
Olkin distribution is a well-deliberated trade-off between tractability and realism. The
main features in this regard can roughly be summarized as follows:

• The univariate random variables τi are exponential, as desired in order to be
consistent with the commanding baseline credit-risk model for single-name assets.
The dependence structure of τ is intuitive to grasp, but a priori not that simple to
work with. Luckily, there has been substantial research on it during the last decade,
including the present reference, showing that the Marshall–Olkin distribution is
numerically feasible, when constructed smartly. This makes the model tractable.

• The natural filtration of the stochastic process R(t) is Markovian. In particu-
lar, the Marshall–Olkin model for the static vector τ is compatible with well-
established and reasonable dynamic log-return process models for R(t) from the
theoretical finance literature. There is no undesired “predictability” involved,
which implicitly bedevils many copula-based models for τ used in practice. This
makes the model reasonable.

We denote by x = (x1, . . . , xd) ∈ Rd our wealth allocation, i.e. xi denotes the proportion
of wealth that we invest in asset i, with negative xi representing a short position. If
τi happens, we loose the proportion (1 − κi)xi of our wealth. It is intuitive to seek
portfolios that are not exposed to the first observed defaults. Within the Marshall–Olkin
framework that we promote it is well possible that several defaults occur simultaneously.
In order to formally take this possibility into account, we denote by

S :=
{
i ∈ [d] : τi = min{τ1, . . . , τd}

}
(2)
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the random subset of assets that default simultaneously together with the first defaulting
asset. Then the (random) portfolio recovery rate

K(x, S) := 1−
∑
i∈S

(1− κi)xi

is the remaining proportion of wealth after the first observed defaults. If K(x, S) is
smaller (larger) than one, we suffer (profit) from the defaulting assets indexed by S. We
denote by Up(x) = (xp− 1)/p the power utility function, which for p = 0 is well-defined3

by continuous extension with the logarithmic utility U0(x) = log(x). With a given risk
aversion parameter p < 1 we introduce the

expected pain on first default := E
[1−K(x, S)p

p

]
.

The function K 7→ (1−Kp)/p = −Up(K) is convex, bounded from below by the portfolio
loss 1 − K (which arises in the limiting case p = 1), decreasing, and changes sign at
K = 1. This behavior is depicted in Figure 1. Intuitively, the parameter p controls the
severity of the suffering (profiting) from a portfolio recovery smaller (larger) than one.
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portfolio recovery K
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Fig. 1 The function K 7→ −Up(K) for different values of K.

It is shown in [16] that a self-financing trading strategy that maximizes power utility
from terminal wealth keeps proportional asset allocations identically constant between

3For the sake of a unified and simple notation without case distinctions we write Up(x) = (xp − 1)/p
for all p < 1, interpreting this expression as a limit in the logarithmic case p = 0.
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observed defaults. After the first observed defaults at min{τ1, . . . , τd}, the reduced
vector of default times (τi)i∈[d]\S has another Marshall–Olkin distribution, so that the
algebraic structure of the model remains unaltered. This convenient lack-of-memory
property is another argument in favor of the presented Marshall–Olkin model. As a
consequence, it is sufficient to understand how to compute the initial optimal portfolio
allocation x∗ at inception, since re-allocations after observed defaults are conceptually
analogous in reduced dimension. The vector x∗ equals the unique maximizer of the
concave function

gp(x) = 〈x,η〉 − Λ[d] E
[1−K(x, S)p

p

]
, (3)

on a certain polygon, where Λ[d] denotes the rate of the exponential random variable
min{τ1, . . . , τd}, which itself is a function of the Λ{i} and the Marshall–Olkin parameters,
to be explained in Subsection 2.2. In words, maximization of gp corresponds to a trade-
off between maximization of the portfolio yield 〈x, η〉 and minimization of the expected
pain on first default. The risk aversion parameter p governs the preference between
these two conflicting goals, since the expected pain on first default increases as p→ −∞
(the investor becomes more risk averse).

While this result justifies optimality of x∗ in a well-defined and meaningful sense, the
practical use of it is limited by the following aspects, both of which stemming from the
fact that S in (2) is a random variable with 2d−1 non-empty subsets I ⊂ [d] as potential
values, whose respective probabilities we will denote by λI/Λ[d]:

• Model design: Intuitively, λI represents the rate of a random future time point
with exponential distribution at which an economic event occurs that causes all
assets in set I to default. It is clear that consideration of all potential subsets, in
general there are 2d − 1 of them, is infeasible in practice already for moderate d.
Instead, as already proposed but not further outlined in [16], we develop a conve-
nient method to define the parameters λI = f(I, θ1, . . . , θm) as functions of only
m� 2d−1 risk factors, whose respective distributions are specified by parameters
θ1, . . . , θm. As a result, each exponential rate Λ{i} is naturally decomposed into
the sum of an idiosyncratic part and weighted contributions from m risk factors.
This ansatz is outlined in Section 2.

• Numerical implementation: The expected pain on first default in Equation (3)
is a sum with O(2d) terms. This renders numerical evaluation, and thus maximiza-
tion, of gp practically impossible if d is large, say larger than d ≈ 15. This is a
serious issue, as practical use cases easily require to be able to deal with asset
universes in the hundreds. An additional numerical obstacle is the fact that the
domain of gp is a very complicated polygon. We overcome these problems by
maximizing gp with a newly developed stochastic gradient descent algorithm with
random constraint projections, whose convergence is shown with the help of [29].
This algorithm is reliable and efficient in arbitrarily large dimension, makes use
of the stochastic representation (3) of gp, and exploits the possibility to efficiently
simulate the random subset S, see Section 3.
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2 Model design

2 Model design

The economic rationale behind the metric

(Λ{i}, ηi, κi) = (default intensity, yield, recovery rate)

for the description of the i-th asset’s log-return is discussed in more detail in Subsec-
tion 2.1. We argue why this is a natural basis for the credit traders’ investment decision
and how it relates to the more popular (mean, variance)-metric that is traditionally
applied for stock returns. Given this univariate view, Subsections 2.2 and 2.3 formally
introduce the Marshall–Olkin model and provide a detailed blueprint for the design
of a dependence structure between given log-returns that is based on its relationship
with compound Poisson subordinators. Subsection 2.4 interprets the optimal solution
regarding portfolio selection based on power-utility maximization in the model and, fi-
nally, Subsection 2.5 discusses the relationship between the presented credit-paradigm
and the commonly known mean-variance paradigm.

2.1 The single-asset case

Among the most tractable models for the computation of optimal portfolios is the
Markowitz/Merton paradigm. Each asset is represented by the core metrics ‘average
return µ’ and ‘standard deviation σ’; the latter measuring deviations from the mean.
Dependence among the returns is described via a correlation matrix. An equity trader
has a certain expectation about the return, represented by µ, and he believes that the
return will most likely be located somewhere near his expectation with the width of a
confidence band quantified by σ. Heavy tails or skewness in the return distribution may
be additional stylized facts to consider, but in comparison to the first two moments they
are typically regarded of secondary importance and considered as ‘fine-tuning’ rather
than ‘core metrics.’

In case of credit investments, the situation is fundamentally different, as the correspond-
ing returns have a natural skewness induced by the finite maturity of the investment. If
the maturity of a bond or credit default swap (CDS) is taken as investment horizon t,
the return R(t) in case of no default is exactly known. In the opposite case, i.e. when a
default occurs prior to maturity, the return R(t) will usually be strongly negative. Bi-
modality in the probability distribution of R(t) is thus natural. Whereas this argument
relies on a hold-to-maturity perspective, its qualitative nature is also true for considered
time horizons shorter than maturity. This is because a fixed maturity debt investment
has a natural cap on the return, while a potential mark-to-market downward fluctua-
tion can either be temporary or, in case of default, totally devastating. Since a credit
investor often has the possibility to sit out temporary downward fluctuations, it is very
natural to center her quantitative investment analysis around the digital nature arising
from the uncertainty whether or not the asset defaults. The quantitative assessment of
temporary market fluctuations often plays a subordinate role in such an analysis. Long
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2.1 The single-asset case

story short, a typical credit investor focuses on the tails rather than on the average
of the return distribution, so naturally bases her investment decision on the following
metric.

Definition 2.1 (The metric (Λ, η, κ) for credit-risky investments)
• Λ ∈ (0,∞) controls the likelihood of default. It relates to the exponential law, which

is the baseline model in survival analysis for a default time τ , and is parameterized
via the rate parameter Λ > 0.

• The yield η ∈ [0,∞) equals the annualized return in case no default happens prior
to maturity. In case of a bond investment, this naturally equals the conventional
bond yield, explaining the nomenclature. Intuitively, it is a proxy for the expected
return under the assumption of unchanged credit-quality within the considered
time horizon.

• κ ∈ [0, 1] serves as a measurement for the severity of the loss in case of default. In
our context this is typically modeled via the recovery rate. Such recovery rates,
aka one minus the loss given default, are commonly used and natural quantities
for bond and CDS traders.

Summing up our model for the log-returns R(t) =
(
R1(t), . . . , Rd(t)

)
, we describe each

individual asset by a triplet (Λ{i}, ηi, κi). The default time of asset i is denoted τi and
it is assumed to follow the exponential law with rate Λ{i}, and

Ri(t) = ηi t 1{τi>t} + (ηi τi + κi − 1) 1{τi≤t}, t ≥ 0, i ∈ [d].

If {Bi(t)}t≥0 denotes the price process of asset i, we assume that

Bi(t) = Bi(0) E(Ri)t = Bi(0)
(
eηi t 1{τi>t} + κi e

ηi τi 1{τi≤t}

)
, t ≥ 0, (4)

where E(X) denotes the stochastic exponential of a stochastic process X.

Remark 2.2 (Extensions to finer metrics / additional stylized facts)
The (µ, σ)-view on equity returns can be generalized in various ways. Similarly, the
(Λ, η, κ)-approach could be enhanced with additional quantifications of the uncertainty
about κ or η (in case of a shorter investment horizon than maturity) or more sophis-
ticated default models than the exponential distribution for τ . But the crucial fact to
acknowledge is that in our view such enhancements are refinements for, rather than
replacements of, the core metrics (Λ, η, κ). There is no way a rational credit investor
would not consider these quantities when making her investment decision.

Remark 2.3 (Why is a (µ, σ)-view inadequate for bond markets?)
Generally speaking, an ‘average’ credit return typically lies somewhere between the yield
η and the minimal return κ−1, but in most situations would not even be in the support
of R(t). In fact, an intuitive rule of thumb for the average annualized return µ in terms
of our simple credit metrics would be

µ ≈ η − Λ (1− κ) = (1− Λ) η + Λ (κ− 1 + η), (5)
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2.2 Introducing dependence: The Marshall–Olkin law

where Λ ≈ 1 − exp(−Λ) is a proxy for the one-year default probability, η equals the
return in case no default happens within the next year, and κ− 1 + η is a proxy for the
return in case a default happens. In [16], the distinction between yield η and average
return µ is not pointed out in detail, and we seek to improve this with the present work.
If a credit portfolio manager quantifies single assets according to (Λ, η, κ), since this is
natural for her, but if she would then resort to classical Markowitz/Merton optimization
for portfolio selection, she would certainly use something similar to formula (5) to define
the required average return parameter µ. The goal of the present article, however, is
to supersede such an unnatural detour via the parameters (µ, σ) and instead provide
a direct approach to credit selection, starting from the core metrics (Λ, η, κ) but then
using a compatible dependence structure.

Remark 2.4 (Yield versus average return technically)
Defining µi := ηi−Λ{i} (1−κi), according to the proxy from (5), the asset-price process
(4) can be written as

Bi(t) = Bi(0) eµi min{t,τi}
(
eΛ{i} (1−κi) t 1{τi>t} + κi e

Λ{i} (1−κi) τi 1{τi≤t}

)
.

The stochastic process in (.)-brackets is a martingale and, in particular, has constant
expectation identical to one. This means that on average the asset increases until the
end of its lifetime τi if and only if µi > 0. Consequently, it is intuitive to conjecture
that a distinction between the cases µi > 0 and µi < 0 plays an important role with
regards to the question whether to go long or short the asset in an optimal portfolio.
Furthermore, assume that asset i is interpreted as selling CDS protection on some name.
It is then well-known from the ‘credit triangle formula’ that the fair CDS par spread
is given by Λ{i} (1 − κi). If ηi equals precisely this value, then the CDS is priced fair
and consequently µi = 0. Other values for µi can model the trader’s subjective opinion
on whether the CDS protection is too cheap (if µi > Λ{i} (1 − κi)) or too expensive (if
µi < Λ{i} (1− κi)).

2.2 Introducing dependence: The Marshall–Olkin law

Markowitz’s seminal paper [17] does not explicitly specify a multivariate distribution.
The focus on pairwise correlations as a measure of dependence, however, points towards
the use of the multivariate normal distribution, and also Merton’s optimality proof in
[21, 22] relies on the multivariate normal distribution of log-returns. The multivariate
normal law is the most natural way to lift the one-dimensional normal distribution to
higher dimensions, and a very convenient aspect is the separation of parameters into the
marginal metrics (µi, σi) for i ∈ [d] and a correlation matrix specifying the dependence
structure.4 Whereas there are many arguments in favor of the fact that the normal

4As a dependence model can be a very complicated object in general, for practical implementations
the absence of interrelations between marginal return distributions –for which traders usually have
confident estimates– and dependence structure is an invaluable advantage. Indeed, many practical
problems regarding the implementation of the Markowitz/Merton paradigm result from difficulties
regarding the estimation and / or the lack of interpretability of the correlation matrix.
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2.2 Introducing dependence: The Marshall–Olkin law

distribution is a simple and reasonable uni-modal probability law on the real line, and
thus an obvious candidate for an equity return distribution, in the context of default-
time modeling the exponential law on the positive half-line is the prevailing baseline
approach. It thus suggests itself to search for intuitive multivariate extensions of the
exponential distribution when seeking a simple and reasonable modeling approach for
multiple default times, in particular taking care of the fact that the one-dimensional
marginal distributions are exponential. For this task, there are many well-established
arguments in favor of the Marshall–Olkin law, listed e.g. in [3] and [16, Section 2].
The original philosophy in [19] is to lift the lack-of-memory property of the univariate
exponential distribution to larger dimensions, characterizing the Marshall–Olkin distri-
bution. A stochastic model is more illustrative than an analytical characterization, so
we introduce the Marshall–Olkin law directly via its construction as a fatal-shock model,
which is already explained in the original reference [19].

Definition 2.5 (The Marshall–Olkin distribution)
For each ∅ 6= I ⊂ [d] let λI ≥ 0 be a parameter and assume that Λ{i} :=

∑
I : i∈I λI > 0

for each i ∈ [d]. Let {EI}I be a collection of 2d − 1 independent exponential random
variables with respective rates {λI}I . The probability distribution of the random vector
τ = (τ1, . . . , τd) is called Marshall–Olkin distribution, where

τi := min{EI : i ∈ I}, i ∈ [d]. (6)

Remark 2.6 (Interpretation of the Marshall–Olkin model)
For each non-empty subset of firms I ⊂ [d], EI is interpreted as the future time point of
a shock to the economy that causes all assets with indices i ∈ I to default. Consequently,
τi is defined as the first time point at which any of the shocks affects it; implying the
definition as minimum in (6). Given that all shock arrival times EI are assumed to be
independent and exponentially distributed and the minimum of such random variables is
again exponentially distributed, τi has an exponential distribution with rate Λ{i} and this
precisely matches our univariate view. In general, unless λI = 0 for all I with cardinality
|I| ≥ 2, the random variables τi are dependent as a result of shocks affecting them jointly.
The d-variate lack-of-memory property of the Marshall–Olkin distribution guarantees
that the natural filtration of the survival indicator process t 7→ (1{τ1>t}, . . . , 1{τd>t}) is
a simple, yet reasonable credit-risk model, see [3, 16]. Replacing τ in this indicator
process with some other random vector can lead to undesired effects, which is one of
the major criticisms of so-called static copula-based approaches in credit risk modeling,
rendering them unreasonable.

Remark 2.7 (Stability under taking margins)
It is important to mention that each sub-vector of τ has a Marshall–Olkin distribution
as well. Concretely, if we consider the sub-vector consisting of all components τi with
indices i within a given subset I ⊂ [d], then the random vector (τi)i∈I has an |I|-
dimensional Marshall–Olkin distribution with parameters λJ :I , ∅ 6= J ⊂ I, which are
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2.3 Compound Poisson subordinators and the Marshall–Olkin law

given by

λJ :I =
∑

∅6=K⊂[d]

λK 1{J⊂K} 1{K∩(I\J)=∅}, ∅ 6= J ⊂ I.

In words, the intensity λJ :I equals the sum of all intensities λK corresponding to subsets
K ⊂ [d] that contain J but have no intersection with the complement of J within I.
In particular, we have λI:[d] = λI for non-empty I ⊂ [d], since in this case the two
conditions I ⊂ K and K ∩ ([d] \ I) = ∅ imply that K = I.

Remark 2.8 (Extremal dependence in the bivariate Marshall–Olkin model)
To strengthen intuition and to highlight the extremal cases for the dependence within
the model, let us consider the bivariate case with two companies having exponentially
distributed default times τi with rates Λ{i} > 0, i = 1, 2. Taking these as given input
for the marginal laws, we have to set the non-negative parameters λ{1}, λ{2}, and λ{1,2}
of the Marshall–Olkin distribution such that the marginal laws are met, i.e.

λ{1} + λ{1,2} = Λ{1}, λ{2} + λ{1,2} = Λ{2}.

A meaningful measure of dependence in the Marshall–Olkin framework is

P(τ1 = τ2) = P
(
E{1,2} < min

{
E{1}, E{2}

})
=

λ{1,2}

λ{1} + λ{2} + λ{1,2}
.

This measure is maximized (resp. minimized) if λ{1,2} is taken to the biggest (resp.
smallest) possible value not violating the marginal constraints. The extremal cases can
now be investigated. The minimum P(τ1 = τ2) = 0 is obtained for λ{1,2} = 0 and
λ{i} = Λ{i}, i = 1, 2. This corresponds to independence between the default times. For
the maximum, let us assume w.l.o.g. that Λ{1} ≥ Λ{2}. The maximum is found for
λ{1,2} = Λ{2}, λ{2} = 0, and λ{1} = Λ{1} − Λ{2}. This gives P(τ1 = τ2) = Λ{2}/Λ{1}. If
the marginal rates are identical, this corresponds to a certain joint default. Otherwise,
we see that the strongest possible dependence (given the pre-determined individual rates)
decreases when the individual rates become more different.

2.3 Compound Poisson subordinators and the Marshall–Olkin law

The beauty of the multivariate normal distribution lies in its stability under affine trans-
formations and the resulting fact that many probabilistic operations can be translated
to matrix algebra; recall for instance the simple solution to the unconstrained Markowitz
problem. Despite being very intuitive, the Marshall–Olkin distribution is a priori not
a very tractable object. Defined in terms of 2d − 1 parameters λI ≥ 0, ∅ 6= I ⊂ [d],
this exponentially growing number makes a concrete practical implementation infeasi-
ble even for moderate d. In addition, the marginal distributions are exponential with
rates Λ{i} =

∑
I : i∈I λI that depend on all parameters in a non-trivial way. Thus, when

changing the parameter λI , this automatically affects all marginal rates Λ{i} with i ∈ I.

12



2.3 Compound Poisson subordinators and the Marshall–Olkin law

Required is thus an ingenious way to overcome these issues and one approach to do so is
the use of an alternative construction of the Marshall–Olkin distribution via compound
Poisson subordinators. This ansatz was originally invented in [14] with the intention to
construct an efficient simulation algorithm for the Marshall–Olkin distribution, partic-
ularly for large dimensions d � 2. It has already been used and developed further in
[28] in the context of portfolio credit-risk modeling. From a theoretical point of view,
we consider a special case of this construction to overcome the problems of the present
application. Our contribution in this particular manner consists of two practical as-
pects. On the one hand, we make sure that the (a priori fixed) exponential rates Λ{i}
are invariant under the choice of dependence structure. On the other hand, we provide
methodological advice on how to interpret and design the dependence structure in prac-
tice. The applied construction of the Marshall–Olkin distribution relies on the notion
of compound Poisson subordinators, which are now formally introduced.

Definition 2.9 (Compound Poisson subordinator)
Let {Ek}k∈N be a sequence of iid exponential random variables with rate β > 0. In-
dependent of {Ek}k∈N, let {Jk}k∈N be an iid sequence of positive random variables,
described in analytic terms via their Laplace transform ϕJ(x) := E

[
exp(−xJ1)

]
, x ≥ 0.

The non-decreasing stochastic process L = {Lt}t≥0, defined by

Lt :=
∑
k≥1

Jk 1{E1+...+Ek≤t}, t ≥ 0,

is called compound Poisson subordinator with intensity β and jump size distribution
specified by ϕJ . The function

Ψ(x) := − log
(
E
[
e−L1

])
= β

(
1− ϕJ(x)

)
, x ≥ 0,

is called the Laplace exponent of L.

Remark 2.10 (Intuition about compound Poisson subordinators)
Compound Poisson subordinators are members of the family of Lévy subordinators,
which are non-decreasing processes with independent and stationary increments. The
Laplace exponent of a compound Poisson subordinator specifies its distribution uniquely.
Intuitively, Lt is identically zero for t ∈ [0, E1), then jumps up to J1 and remains there
for t ∈ [E1, E1 +E2), then jumps up to J1 +J2 and remains there for t ∈ [E1 +E2, E1 +
E2 + E3), and so on; eventually increasing to infinity as a random step function. A
battery of parametric examples, obtained by specifying the distribution of the jumps, is
provided in Table 4 in Appendix A.5.

Let us now introduce our factor model for the dependence structure. Assume as given
from the univariate metrics (Λ{i}, ηi, κi) the exponential rate of τi for each i ∈ [d]. We

use m ∈ N independent compound Poisson subordinators L(j) to introduce dependence
to the assets, denoting their Laplace exponents by Ψj = βj (1 − ϕj), with intensities
βj > 0 and Laplace transforms ϕj of the respective jump size distributions. For the

13



2.3 Compound Poisson subordinators and the Marshall–Olkin law

intuition, one might associate each compound Poisson subordinator with some economic
risk factor, and a jump of L(j) could potentially cause a default of all assets i ∈ [d] that
are exposed to risk factor j. For each firm i ∈ [d] we consider probability weights

w(i) = (w
(i)
0 , w

(i)
1 , . . . , w

(i)
m ) ∈ [0, 1]m+1 with w

(i)
0 +w

(i)
1 + . . .+w

(i)
m = 1. Intuitively, w(i)

determines an attribution of Λ{i} onto the different risk factors, with w
(i)
0 denoting an

idiosyncratic part. Notice that w
(i)
j = 0 means that asset i is not exposed to risk factor

j at all. By construction, the L(j) will have a pure dependence effect, while we control
the marginal exponential rates of the default times separately via the pre-determined
rates Λ{i}. We need one technical constraint on the dependence parameters Ψj to match
these marginal laws, namely

βj > w
(i)
j Λ{i}, for all j ∈ [m], i ∈ [d]. (A)

Given these parameters and assumption (A), we define auxiliary constants

v
(i)
0 := w

(i)
0 Λ{i}, v

(i)
j := Ψ−1

j

(
w

(i)
j Λ{i}

)
= ϕ−1

j

(
1−

w
(i)
j Λ{i}

βj

)
, j ∈ [m], i ∈ [d]. (7)

With these numbers we define the default times in an alternative way, i.e.

τi = inf
{
t > 0 : v

(i)
0 t+

m∑
j=1

v
(i)
j L

(j)
t > εi

}
, i ∈ [d], (8)

where ε1, . . . , εd are iid unit exponentials, independent of all compound Poisson subor-
dinators. By construction, and as desired, τi has an exponential distribution with rate
Λ{i}, since

P(τi > t)
(8)
= P

(
v

(i)
0 t+

m∑
j=1

v
(i)
j L

(j)
t < εi

)
= E

[
e−
(
v
(i)
0 t+

∑m
j=1 v

(i)
j L

(j)
t

)]
= e−v

(i)
0 t

m∏
j=1

E
[
e−v

(i)
j L

(j)
t

]
= e−v

(i)
0 t

m∏
j=1

e−tΨj(v
(i)
j ) = e−t

(
v
(i)
0 +

∑m
j=1 Ψj(v

(i)
j )
)

(7)
= e−tΛ{i}

(
w

(i)
0 +

∑m
j=1 w

(i)
j

)
= e−tΛ{i} , t ≥ 0.

The following lemma states that (each subvector of ) τ has a Marshall–Olkin distribu-
tion. The presented method of constructing the Marshall–Olkin distribution via com-
pound Poisson subordinators has first been found in [14] and was further developed by
[28]. The following lemma is an application of these known results and, in addition,
provides a new intuitive stochastic representation for the Marshall–Olkin parameters
λJ :I of the subvector (τi)i∈I . Notice that the special case I = [d] gives the parameters
of τ .
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2.3 Compound Poisson subordinators and the Marshall–Olkin law

Lemma 2.11 (τ has a Marshall–Olkin distribution)
For each given non-empty I ⊂ [d] the random vector (τi)i∈I has a Marshall–Olkin
distribution with parameters {λJ :I}∅6=J⊂I given by

λJ :I = v
(`)
0 1{J={`} for some `∈[d]} +

∑
K :K⊂J

(−1)|J |−|K|+1
m∑
j=1

Ψj

( ∑
i∈Kc\Ic

v
(i)
j

)

= v
(`)
0 1{J={`} for some `∈[d]} +

m∑
j=1

βj E
[ ∏
i∈Jc\Ic

e−J
(j) v

(i)
j

∏
i∈J

(
1− e−v

(i)
j J(j)

)]
,

where J (j) denotes a random variable with Laplace transform ϕj , j ∈ [m]. It is important
to mention that the summation in the first formula includes the empty set K = ∅.

Proof
See Appendix A.1. �

Remark 2.12 (Connection to Archimedean copulas)
We recall that for a given Laplace transform ϕ, the function

Cϕ(u1, . . . , ud) := ϕ
(
ϕ−1(u1) + . . .+ ϕ−1(ud)

)
, u1, . . . , ud ∈ (0, 1),

is a so-called Archimedean copula with generator ϕ, see [20] for background on the
matter. The function Cϕ equals the distribution function of the random vector

U = (U1, . . . , Ud) :=

(
ϕ
(E1

J

)
, . . . , ϕ

(Ed
J

))
,

where E1, . . . , Ed are iid unit exponential random variables and J is an independent
positive random variable with Laplace transform ϕ. From Lemma 2.11 and the definition

of the v
(i)
j , we obtain for |J | ≥ 2 that

λJ :I =
m∑
j=1

βj P
( ⋂
i∈Jc\Ic

{
U

(j)
i < 1−

w
(i)
j Λ{i}

βj

}
∩
⋂
i∈J

{
U

(j)
i > 1−

w
(i)
j Λ{i}

βj

})
,

where for each j ∈ [m] the random vector U (j) = (U
(j)
1 , . . . , U

(j)
d ) is assumed to have

the Archimedean copula Cϕj as distribution function. Since the theory on Archimedean
copulas is well developed, this connection can be used to obtain a better understanding

for the effect of the model parameters w
(i)
j , βj , ϕj on the strength of dependence, see

Appendix A.2 for an elaborate investigation in this regard.

Remark 2.13 (What are the important practical aspects of the model?)
In Section 3 we present a numerical algorithm that is based on a simulation and evalua-
tion of parts of the presented model. Properties (a), (b), and (c) listed below highlight
the essential properties of our framework that render the practical implementation pos-
sible. For the choice of L(j) we use compound Poisson subordinators with jump-size
distribution satisfying two features:
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2.4 Power utility maximization

(a) The jump sizes J (j) can be simulated efficiently and exactly.

(b) The Laplace transforms ϕj and their inverses ϕ−1
j can be evaluated exactly.

Both properties (a) and (b) are mild restrictions from a practical perspective and we still
have a large repertoire of modeling freedom; some parametric examples are presented
in Table 4 in Appendix A.5. Property (a) is essential for numerical reasons. It allows
to simulate random gradients of the objective function gp, on which the computation
of optimal portfolios relies. Property (b) is essential for methodological reasons. Our

construction of the v
(i)
j in (7) via the inverses of the Laplace transforms allows to sep-

arate the marginal exponential distributions specified by the Λ{i} from the dependence

parameters
(
βj , ϕj , w

(i)
j

)
. A further important numerical property that is required in

order to implement Algorithm 2 below is the following:

(c) The constant Λ[d] =
∑

I⊂[d] λI can be computed efficiently.

While in general this equals a sum with 2d − 1 summands that can be impossible to
evaluate for large d, property (c) is satisfied for the usual case m � 2d − 1 in the
presented framework, as one can show that

Λ[d] =
d∑
i=1

v
(i)
0 +

m∑
j=1

Ψj

( d∑
i=1

v
(i)
j

)
. (9)

Formula (9) is actually not immediate from Lemma 2.11, but can be observed from the
fact that Λ[d] equals the rate of the exponential random variable min{τ1, . . . , τd} and
the computation

e−Λ[d] = P
(
τi > 1 , ∀i ∈ [d]

)
= P

(
v

(i)
0 +

m∑
j=1

v
(i)
j L

(j)
1 < εi , ∀i ∈ [d]

)
= E

[ ∏
i∈[d]

e−
(
v
(i)
0 +

∑m
j=1 v

(i)
j L

(j)
1

)]
= e−

∑d
i=1 v

(i)
0

∏
j∈[m]

E
[
e−

∑
i∈[d] v

(i)
j L

(j)
1

]
= e−

(∑d
i=1 v

(i)
0 +

∑
j∈[m] Ψj

(∑
i∈[d] v

(i)
j

))
.

2.4 Power utility maximization

The portfolio optimization problem is formally introduced in a concise way in the fol-
lowing, further details can be looked up in [23, 16].

We consider an initial wealth x0 > 0 and a self-financing trading strategy x = x(t),
and seek to maximize the expected power utility from terminal wealth at maturity T ,
defined by

up(x0,x) := E
[
Up
(
V

(x0,x)
T

)]
, V

(x0,x)
T := x0 E

( d∑
i=1

∫ .

0
xi(s) dRi(s)

)
T
,
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2.4 Power utility maximization

where E(X)t still denotes the stochastic exponential of a stochastic processX = {Xt}t≥0.
Intuitively, the number xi(t) equals the percentage of portfolio wealth allocated in asset i

at time t, and V
(x0,x)
T denotes the portfolio wealth at time T , when starting with initial

wealth x0 and following the trading strategy x. Thus, up(x0,x) equals the expected
value of the utility of terminal portfolio wealth. We further restrict the values of x(t)
to lie in the domain5

C0 :=
⋂

I :λI>0

HI , HI :=
{
x ∈ Rd : K(x, I) ≥ 0

}
. (10)

Remark 2.14 (Intuition for C0)
The rationale behind the restriction defined in Equation (10) stems from [23, Lemma

2.1], showing that the portfolio process V (x0,x) is non-negative if and only if x(t) takes
values in C0 at all times t ∈ [0, T ]. Intuitively, if the defining condition x(t) ∈ C0 is
violated, it might happen that a default triggers losses that exceed the current portfolio
value, which is an inadmissible leverage. In many practical applications, however, it
is required to slightly generalize the domain by restricting the values of x to the even
smaller set C0

`,u := C0 ∩ [`,u] for a d-box with ` ≤ u. But we explicitly allow for all
components of ` (resp. u) to equal −∞ (resp. +∞), so that the unrestricted case is a
valid special case as well.

Remark 2.15 (Additional safety cushion to prevent total losses)
It is important to stress that a portfolio x lying at the boundary of some HI satisfies∑

i∈I(1 − κi)xi = 1. In words, this means that if min{τ1, . . . , τd} = EJ happens for
some I ⊂ J , the credit investor experiences a total loss. A prudent investment strategy
would thus introduce a cushion to avoid such a scenario. A cushion may be introduced
with an additional threshold parameter ε ∈ [0, 1) by defining the slight generalization

C0
ε :=

⋂
I :λI>0

HI,ε, HI,ε :=
{
x ∈ Rd : K(x, I) ≥ ε

}
,

as well as C0
`,u,ε := C0

ε ∩ [`,u]. Intuitively, this means that the worst-case scenario is that
the portfolio looses the percentage 1 − ε of its value at min{τ1, . . . , τd}. It is not only
natural to choose positive ε in practical use cases, this is also important for numerical
estimates later on in Section 3.2. Finally, we like to remark that by allowing for ε = 0
our introduction of the cushion ε is formally not a loss of generality compared to (10).

In [16] the quantity up(x0,x) is shown to be maximized by some strategy x = {x(t)}t≥0

that is identically constant x(t) ≡ x∗ ∈ C0
`,u,ε for all t < min{τ1, . . . , τd}, i.e. until the

first default is observed. The portfolio allocation x∗ is further shown to equal the unique
maximizer of the concave function gp on the domain C0

`,u,ε.

5Note that the definition of C0 in the present work differs from the one in [16]. This is a mistake in
[16] that we correct with the present reference.
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2.5 Comparison with Markowitz/Merton paradigm

Lemma 2.16 (Optimal portfolio allocation)
Let x∗ be a maximizer for the function gp in (3) on the set C0

`,u,ε. Then an optimal self-
financing trading strategy that maximizes x 7→ up(x0,x) keeps its proportional asset
allocations identically equal to x∗ until min{τ1, . . . , τd} happens.

Proof
In [16], whose proof essentially boils down to a special case of the findings in [23]. �

As already mentioned and explained in [16], the characterizing lack-of-memory property
of the Marshall–Olkin law implies that after min{τ1, . . . , τd} the remaining return model(
Ri(t)

)
i∈[d]\S, t≥min{τ1,...,τd}

is of the same algebraic structure; with the remaining default

times (τi)i∈[d]\S having again a Marshall–Olkin law conditioned on the first defaults in
S having already been observed. Consequently, Lemma 2.16 can be applied iteratively
with decreasing dimension d to compute the optimal asset allocation after observed
defaults. For practical use, it is thus sufficient to be able to compute x∗ in Lemma 2.16.
However, a main obstacle remains: The optimal solution needs to be computed, which
is non-trivial especially for large d. Section 3 presents a numerically feasible method to
explicitly compute x∗.

2.5 Comparison with Markowitz/Merton paradigm

On the one hand, the presented Marshall–Olkin paradigm for credit-portfolio selection
essentially arises as a specific parametric example of [23], who studies power utility max-
imization in general exponential Lévy models. On the other hand, R.C. Merton shows
in [21, 22] that Markowitz’s (µ, σ)-paradigm for portfolio selection also accomplishes
power utility maximization, and it constitutes another specific parametric example of
the framework in [23]. Table 2.5 below summarizes the differences between both ap-
proaches.

To further illustrate the common grounds of both methodologies, it is instructive to
re-write the objective function gp(x). First, we recall that the optimal portfolio in the
Markowitz/Merton paradigm equals the maximizer of the function

x 7→ 〈x, µ〉 − 1− p
2
〈x, Σx〉, (11)

where µ = (µ1, . . . , µd) denotes the mean vector and Σ the covariance matrix of the
annualized log-returns. We recall the definition µi := ηi − Λ{i} (1 − κi) for the average
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2.5 Comparison with Markowitz/Merton paradigm

log-returns in the present setting from (5), and we observe

gp(x) = 〈x,η〉 − Λ[d] E
[1−K(x, S)p

p

]
= 〈x,µ〉+

∑
i∈[d]

xi Λ{i} (1− κi)︸ ︷︷ ︸
=Λ[d] E

[
1−K(x,S)

]
−Λ[d] E

[1−K(x, S)p

p

]

= 〈x,µ〉 − Λ[d] E
[1−K(x, S)p

p
−
(
1−K(x, S)

)]
.

It is obvious from Figure 1 that the function K 7→ (1 − Kp)/p − (1 − K) under the
expectation in the last formula is non-negative, convex, and attains zero precisely at
K = 1. Up to the influence of the risk aversion parameter p and the scalar Λ[d], the
function

ρp(x) := E
[1−K(x, S)p

p
−
(
1−K(x, S)

)]
(12)

thus plays the analogous role as a portfolio risk measurement in the presented paradigm
as does the portfolio variance 〈x,Σx〉 in the Markowitz/Merton approach. In analogy
to the so-called minimum variance portfolio in the Markowitz/Merton approach, this
enables us to consider the non-trivial problem of minimizing the risk measurement ρp(x)
of a fully invested portfolio, i.e. satisfying the constraint 〈x,1〉 = 1. This approach
is totally independent of the (subjective) yields η and intuitively corresponds to the
situation µi = 0 for each i ∈ [d]. This means that all assets are considered fairly priced,
i.e. the asset processes are martingales. Whereas under this assumption x∗ = 0 is
trivially the optimal portfolio in the unrestricted case, there is a non-trivial minimum
of ρp(x) on the set of all fully invested portfolios x, i.e. under the constraint 〈x,1〉 = 1.
In intuitive terms, this situation is interesting in practice if a credit portfolio manager
considers all assets in her investment universe fairly priced, i.e. she has no preferences
specified in terms of some µi 6= 0, but by mandate she is forced to invest the money
in trust. The numerical aspects when computing the minimum of ρp(x) under the side
constraint 〈x,1〉 = 1 are further discussed in Section 4.2. In the special case d = 2,
p = 0, the minimal risk portfolio can even be computed in closed form, as Example A.3
in Appendix A.4 demonstrates.
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arad
igm

Markowitz/Merton Marshall–Olkin

model properties

designed for equity portfolios credit portfolios
single asset return distributions uni-modal bi-modal
skewness no yes, typically 1− κ� η
heavy tails no yes, loss on default explicitly modeled

parameterization

single assets (µ, σ)=(mean, standard deviation) (Λ, η, κ)=(def. intens., yield, recovery rate)
dependence correlation matrix D(1/σ) ΣD(1/σ) λI , I ⊂ [d], subject to Λ{i} =

∑
I : i∈I λI

factor model factor structure for D(1/σ) ΣD(1/σ) comp. Poisson factors w
(i)
j , βj , ϕj , j ∈ [m]

portfolio optimization

(1) maximize return expected portfolio return 〈x, µ〉 portfolio yield 〈x, η〉
(2) minimize risk portfolio variance 〈x, Σx〉 expected pain on first default E

[
1−K(x,S)p

p

]
risk aversion p linear trade-off between (1) and (2) non-linear trade-off between (1) and (2)
optimal portfolio x∗ p-linear comb. of cash and market portfolio non-linear dependence on p
fully invested optimization minimize variance 〈x, Σx〉 minimize ρp(x) in (12)

numerical implementation

without constraints closed formula, matrix inversion GD (very small d), SGD (arbitrary d)
linear and simple constraints quadratic problem (e.g. GD) GD (very small d), SGD (arbitrary d)

Table 1 Overview of the differences between the Markowitz/Merton paradigm for optimal equity-portfolio selection and
the presented Marshall–Olkin paradigm for optimal credit-portfolio selection. Recall that both approaches fall
under the identical umbrella of power utility maximization from terminal wealth. Here, GD stands for gradient
descent and SGD for stochastic gradient descent, D(1/σ) denotes a d × d diagonal matrix with diagonal entries
1/σ = (1/σ1, . . . , 1/σd), so that the d× d matrix Σ denotes the covariance matrix of the annualized log-returns.
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3 Numerical implementation

3 Numerical implementation

The computation of the optimal portfolio x∗ in Lemma 2.16 requires a numerical algo-
rithm. Since the objective function gp is strictly concave, see Subsection 3.1, and the
domain C0

`,u,ε is convex, the optimization problem is theoretically well-behaved and can
be solved by gradient-descent methods. [16] proposes a restricted Newton algorithm
for its solution, but only includes an example for d = 2. Unfortunately, however, there
are two major difficulties that complicate the practical implementation of this approach
for large dimensions d � 2. Both difficulties are related to the huge number 2d − 1 of
potential values of the random set S in (2). To make this clear, we point out that the

gradient ∇gp(x) =
(

∂
∂x1

gp(x), . . . , ∂
∂xd

gp(x)
)

of gp is given by

∂

∂xi
gp(x) = ηi − (1− κi)

∑
I : i∈I

λI K(x, I)p−1, i ∈ [d].

By concavity of gp existence of a critical point in the interior of C0 implies a maximum,
which equals x∗ in the unrestricted case ε = 0 and [`,u] = [−∞,∞]. However, the
equation system ∇gp(x) = 0 cannot be solved in closed form in general. Even worse, in
the more important case with domain C0

`,u,ε consisting of proper restrictions, there is not
even an equation system that can be written down. Instead, it is required to perform an
iterative gradient descent scheme, and in each iteration step one has to project the next
iterate back into the domain in order to eventually approach the optimum x∗. There
are two major numerical challenges:

(P1) The evaluation of ∇gp (and of gp as well) involves a sum over O(2d) terms, each
corresponding to a potential outcome of the random set S. This is infeasible
or even practically impossible for asset universes larger than, say d ≈ 15. This
problem will be resolved by resorting to a stochastic gradient descent algorithm
that makes use of the stochastic representation (3) of gp. It relies on the possibility
to simulate the set S in (2) efficiently, which is outlined in Subsection 3.3.

(P2) There are possibly O(2d) many hyperplane constraints in the definition of C0
`,u,ε,

and numerical algorithms that rely on gradient descent techniques require a projec-
tion onto this complicated polygon in each iteration step. In the special case when
`i ≥ 0 for each i ∈ [d], the set C0

`,u,ε boils down to the intersection H[d],ε ∩ [`,u] of

a box with just one half space.6 But in the general case it equals the intersection
of a box with possibly exponentially many half spaces, so that the required pro-
jection is infeasible to compute. Our stochastic gradient descent algorithm relies
on the technique presented in [29] that offers an elegant and feasible solution to
this problem via random constraint projections, outlined in Subsection 3.2.

Finally, it is educational to remark at this point that already the evaluation of the
constant Λ[d] =

∑
∅6=I⊂[d] λI that appears in the definition (3) of gp can be critical in

6Note that this is the important special case where short-selling is not allowed.
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3.1 Analytical properties of gp

general, since it equals the sum over O(2d) numbers. However, we have already seen in
(9) that this problem is overcome when using our construction via compound Poisson
subordinators.

The remaining section is organized as follows. Subsection 3.1 collects important smooth-
ness properties of the objective function gp, constituting that the optimization problem
is theoretically well-behaved. Subsection 3.2 presents a stochastic gradient descent al-
gorithm specifically designed towards maximizing gp over C0

`,u,ε. As important building
components, this algorithm requires a simulation algorithm for the set S, presented in
Subsection 3.3, as well as a simulation algorithm for another random set S̃ that specifies
a random hyperplane constraint HS̃,ε, presented in Subsection 3.4.

3.1 Analytical properties of gp

The following lemma can help to understand how many iterations are required in order
to achieve convergence of the stochastic gradient descent algorithm, see [26, Theorem
14.11, p. 195].

Lemma 3.1 (Lipschitz continuity of gp on C0`,u,ε)
Let ε > 0. The function gp is Lipschitz continuous on C0

`,u,ε with Lipschitz constant

equal to ρ := ‖η‖+ εp−1 ‖1− κ‖ Λ[d].

Proof
See Appendix A.1. �

Being a utility function, Up is concave and non-decreasing. Since for each I ⊂ [d] the

function x 7→ 1−
∑

i∈I(1−κi)xi is linear and, hence, concave, just like x 7→
∑d

i=1 ηi xi,
and since the sum of concave functions is concave, the function gp is concave. Under
suitable conditions one can even show that gp is strongly concave with constant c > 0,
which means that the function gp(x)+c/2 ‖x‖2 is concave for some c > 0. We recall that
this is equivalent to proving that 〈gp(x)−gp(y),x−y〉 ≤ −c ‖x− y‖2 for arbitrary x,y
in the considered domain. There is no chance of having gp strongly concave in general. To
see this, consider x,y ∈ C0

`,u,ε with the property that
∑

i∈[d](1−κi)xi =
∑

i∈[d](1−κi)yi,
but x 6= y. If we further assume that λI = 0 for all I 6= [d] and λ[d] > 0, then ∇gp(x) =
∇gp(y). Consequently, we observe that 〈∇gp(x) − ∇gp(y), x − y〉 = 0, contradicting
strong concavity. However, the following lemma provides a sufficient condition that
guarantees strong concavity, and which is mild enough to be relevant in typical practical
cases.

Lemma 3.2 (Strong concavity of gp)
Assume7 `i > −∞ as well as λ{i} > 0 and κi < 1 for each i ∈ [d]. Then the function gp

7This assumption means that each single asset has a positive probability to induce a loss by an isolated
default.
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3.2 Stochastic gradient descent algorithm

is strongly concave on C0
`,u,ε with constant

(1− p) min
i∈[d]

{
min{1, (1− `i (1− κi))p−2}λ{i} (1− κi)2

}
.

Proof
See Appendix A.1. �

For numerical reasons it is required to define the objective function, respectively its
stochastic gradient, also for x ∈ [`,u] \ C0

`,u,ε. For this purpose, we assume ε > 0,
introduce an additional numerical parameter δ ∈ (0, ε], and with a given realization of
the random set S in (2) define the random vector

F (x, S) :=
(
F1(x, S), . . . , Fd(x, S)

)
via

Fi(x, S) :=

{
ηi − Λ[d] (1− κi) 1{i∈S}K(x, S)p−1 , if x ∈ C0

`,u,ε

ηi − Λ[d] (1− κi) 1{i∈S} δ
p−1 , if x ∈ [`,u] \ C0

`,u,ε

, i ∈ [d]. (13)

It is not difficult to verify that E[F (x, S)] equals the gradient of a concave function on
all of [`,u] that coincides with gp(x) on the convex subset C0

`,u,ε.

Lemma 3.3 (Concave extension of gp)
There is a concave function Gp : [`,u] → R which is equal to gp on the convex subset
C0
`,u,ε and which satisfies E[F (x, S)] = ∇Gp(x) for each x ∈ [`,u], when the vector
F (x, S) is defined component-wise as in (13).

Proof
See Appendix A.1. �

3.2 Stochastic gradient descent algorithm

We denote by S the random subset of [d] defined by (2) that is simulated according to
Algorithm 2 in Subsection 3.3 below. For a given x ∈ [`,u] we consider the random
vector F (x, S) defined in (13), which for x ∈ C0

`,u,ε has expected value equal to ∇gp(x)
by Lemma 3.3. The crucial point is, however, that evaluation and simulation of F (x, S)
is efficient for arbitrarily large d, unlike the evaluation of ∇gp(x), which has exponential
complexity in d and is thus practically impossible for large d. We apply the stochastic
gradient descent (SGD) algorithm described in [29] to our specific problem in order to
maximize gp on C0

`,u,ε. This is a first-order iterative stochastic descent algorithm with

random projections and starts with some x(0) ∈ C0
`,u,ε, e.g. x(0) = 0 if admissible by the

trading constraints, which is a typical situation. In each iteration step, x(n) is updated to
x(n+1) by first walking a bit into the direction of steepest ascent and second by projecting
the obtained value back into the domain C0

`,u,ε, if required. There are two ideas involved,
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3.2 Stochastic gradient descent algorithm

which solve the two major numerical problems (P1) and (P2) mentioned in the first
paragraph of Section 3. The first idea is to replace the true gradient ∇gp(x), which
equals the direction of steepest ascent but which is intractable, with the tractable but
random gradient F (x, S) in each iteration step. This solves problem (P1). Intuitively,
in each step we walk into a random direction, which might not be the optimal direction
but which is guaranteed to be optimal on average. The second idea is to replace the
projection back to the intersection C0

`,u,ε = ∩∅6=I⊂[d](HI,ε ∩ [`,u]), which is difficult to
compute, by the simple-to-compute projection to the single hyperplane HS̃,ε ∩ [`,u],

where S̃ is a randomly simulated non-empty subset of [d], discussed in Subsection 3.4
below. This solves problem (P2). Since this random projection might sometimes fail
to project back into the domain C0

`,u,ε, we need to allow the iterates to take values in
all of [`,u], which explains our need for the concave extension Gp of Lemma 3.3. The
algorithm is designed in such a way that the iterations converge to the unique optimal
solution x∗ ∈ C0

`,u,ε.

Regarding the choice of step widths, one needs to make sure that the steps decrease to
zero in order to guarantee convergence, but do not decrease too fast so that the algorithm
does not converge before reaching the optimum. According to [29, Assumption 2] we
choose a step width sequence (∆n)n≥0 that satisfies∑

n≥0

∆n =∞,
∑
n≥0

∆2
n <∞, (14)

for example ∆n = c/(n + 1) with some constant c > 0. A pseudo-code for the SGD is
given in Algorithm 1. The results of [29] can be appplied to formally prove convergence
of the iterates of Algorithm 1.

Theorem 3.4 (Convergence of the SGD)
If we denote by (x(n))n≥0 the iterates produced by Algorithm 1, then limn→∞ x

(n) = x∗
almost surely.

Proof
See Appendix A.1. �

We provide a list of explaining remarks, implementation advice and practical enhance-
ments for the different steps of Algorithm 1 in the following.

• Checking whether iterates are in the domain:
Lemma 3.6 below can be utilized in order to check efficiently whether x(n+ 1

2
) ∈

C0
`,u,ε in Line 7.

• Variance reduction addendum:
The simulation of S and computation of F (x(n), S) in Lines 4 and 5 may be re-
peated several times to compute an arithmetic average of iid samples of F (x(n), S),
which is also an unbiased stochastic gradient of Gp. Such an arithmetic average
reduces the variance of the stochastic gradient. Since the simulation of S is very
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3.2 Stochastic gradient descent algorithm

Algorithm 1 Stochastic gradient descent algorithm to compute x∗ in Lemma 2.16.

1: procedure SGD((ηi, κi), (v
(i)
j , θj), N , (∆n)n≥0, x(0))

2: Compute Λ[d] according to (9), required for F (x(n), S) below
3: for n = 0, . . . , N do

4: S ←SimulateS(v
(i)
j , θj) via Algorithm 2 in Subsection 3.3

5: Compute F (x(n), S), which requires (ηi, κi) and Λ[d]

6: x(n+ 1
2

) ← x(n) + ∆n F (x(n), S)

7: if x(n+ 1
2

) ∈ C0
`,u,ε then

8: x(n+1) ← x(n+ 1
2

)

9: else
10: S̃ ←SimulateS̃(v

(i)
j , θj) via Algorithm 3 in Subsection 3.4

11: x(n+1) ← projection of x(n+ 1
2

) onto HS̃,ε ∩ [`,u]

12: return x(N+1)

quick with Algorithm 2, this variance reduction addendum comes at little effort
and significantly improves the convergence of the algorithm according to our ex-
periments.

• The choice of step-width:
If one chooses ∆n := c/(n + 1) with a positive constant c, [26, Theorem 14.11,
p. 195] may be used together with Lemmata 3.1 and 3.2 in order to choose the
constant c and the number of iterations N such that the distance between the value
of Gp at the average over all N iterates and the maximal value of Gp on C0

`,u,ε is
smaller than some given threshold. However, on the one hand it is unclear a priori
how small this threshold should be chosen, since the range of Gp would need to
be analyzed for that, and on the other hand the resulting required number N of
iterations according to this strategy is often too large in practice according to our
experiments, especially for large d. Another practical alternative to a decreasing
step-width sequence is to choose a constant step-width ∆n = ∆ for all n. This
makes sure that one reaches the optimum quickly (if the step-width is not chosen
too small), but comes at the price of losing the convergence stated in Theorem 3.4,
since (14) is violated. However, if instead of returning x(N+1) in Algorithm 1, one
returns the arithmetic average of all (but the first few) iterates, convergence can
be guaranteed again, see [26, Theorem 14.8, p. 192] for details. The intuition is
that one walks towards the optimum in constant step-widths, and once there the
algorithm ‘jumps around’ the optimum all the time. Returning the average over
the last iterates, which are all expected to be somewhere near the optimum, then
yields a good approximation. According to our experiments, this strategy works
pretty well, so that we recommend it. A third alternative is to keep ∆n constant
for an initial phase, hoping that one is near the optimum, and only then start to
decrease ∆n according to c/n with a reasonably sized constant c.
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3.3 Simulation of S, specifying the random gradient

• Projection to intersection of half space with a box:
The projection to HS̃,ε∩[`,u] in Line 11 can be implemented efficiently with a one-
dimensional root search, as explained in Appendix A.3. A practical alternative to
this numerical root search is to replace this projection with the concatenation of
two even simpler projections, first a projection to HS̃,ε and followed by a projection
to the box [`,u]. Even though not accurate in general, this has the advantage
that the latter two projections do not even need a root search but are known in
exact closed form, also given in Appendix A.3. Consequently, this speeds up the
algorithm even further at the cost of some accuracy. According to our experiments,
this can be an advantageous trade-off in some practical use cases.

• The effect of the numerical parameter δ:
The effect of the tuning parameter δ ∈ (0, ε] in the definition of the stochastic
gradient (13) is as follows: The smaller δ, the stronger is an iterate outside of
the domain pushed back into the domain (if pushed back at all, depending on the
random projection). According to our experiments, the effect of δ on the output
of the algorithm is negligible, so we recommend to select δ = ε as a default choice.

The four plots in Figure 2 visualize the convergence of the SGD in a bivariate toy
example. The optimal value lies at the boundary of the domain in this example, so
that the effect of the random projections can be demonstrated. Indeed, it is observed
in all four graphs that some iterates can lie outside the domain. The two plots in
the first column apply δ = ε, whereas the two plots in the right column apply δ < ε.
One can observe that a smaller choice of δ forces the iterates to walk back into the
domain a little further than larger δ. Furthermore, the two figures in the top row
simulate the stochastic gradients without variance reduction step, whereas the two plots
in the bottom row compute the stochastic gradient as an arithmetic average of 20 iid
samples. The reduced variance of the stochastic gradient is clearly visible and considered
advantageous.

3.3 Simulation of S, specifying the random gradient

The random subset S has the probability distribution P(S = I) = λI/Λ[d] with exponen-
tially many parameters λI and values ∅ 6= I ⊂ [d]. The crucial aspect of our stochastic
model in terms of compound Poisson subordinators is that it does not require exponen-
tial effort in d to simulate S, as pointed out in what follows. We denote by

(
E(j), J (j)

)
the pair of first jump time and jump size of the compound Poisson subordinator L(j).
Algorithm 2 provides a pseudo code for exact and efficient simulation of S. The core
idea is to loop over the consecutive jump times of the compound Poisson subordinators,
until the first time when at least one default happens. The first jump time equals the
minimum EL := min{E(j) : j ∈ [m]} of the first jump times E(j) of the m compound
Poisson subordinators. If we do not observe any default until this time point, then the
next jump time can be simulated by adding an independent copy of EL to the existing
EL, and so on. This is possible because of the lack-of-memory property implicit in our
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3.3 Simulation of S, specifying the random gradient

Fig. 2 Visualization of the SGD algorithm with constant step width ∆ = 0.05 for
parameters d = 2, p = 0, η = (0.038, 0.065), κ = (0.3, 0.15), λ{1} = 0.021, λ{2} =
0.041, λ{1,2} = 0.009. The domain is specified by ` = (0, 0), u = (0.35, 0.35), and
ε = 0.8. Here, the arithmetic average of the last mA = 100 iterates is returned.
Further, the stochastic gradient in each iteration is computed as the arithmetic
average over mS iid simulations of F (x(n), S) in step n. Top left: δ = ε = 0.8,
mS = 1. Top right: δ = 0.2, mS = 1. Bottom left: δ = 0.8, mS = 20. Bottom
right: δ = 0.2, mS = 20.
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3.3 Simulation of S, specifying the random gradient

model. In each loop, we first have to check whether we have an idiosyncratic default
before the currently considered jump time, and second have to check whether we have
a (possibly joint) default due to the currently considered jump time.

Algorithm 2 Simulation of S.

1: procedure SimulateS(v
(i)
j , θj)

2: Simulate ε1, . . . , εd
3: S ← ∅, (H1, . . . ,Hd)← (0, . . . , 0)
4: while S = ∅ do
5: Simulate (E(j), J (j)) for all j ∈ [m] (this step requires the arguments θj)
6: EL ← min{E(j) : j ∈ [m]}, Z ← argmin{E(j) : j ∈ [m]}
7: x← min

{
εi−Hi
v
(i)
0

: i ∈ [d]
}

, y ← argmin
{
εi−Hi
v
(i)
0

: i ∈ [d]
}

8: if x < EL then
9: S ← S ∪ {y}

10: else
11: for i ∈ [d] do

12: if Hi + v
(i)
0 EL + v

(i)
Z J (Z) > εi then

13: S ← S ∪ {i}
14: Hi ← Hi + v

(i)
0 EL + v

(i)
Z J (Z)

15: return S

Remark 3.5 (Explanation of the single steps in Algorithm 2)
The single steps of Algorithm 2 are described in the following:

• Line 2 simulates the iid standard exponential trigger variables εi.

• Line 3 initializes the set S = ∅, as well as the cumulative hazard processes Hi,
which are defined as

Hi(t) := v
(i)
0 t+

m∑
j=1

v
(i)
j L

(j)
t , i ∈ [d].

Notice that τi is defined as the first time when Hi crosses εi.

• As explained before, the idea is to loop over the consecutive jumps of the multi-
variate compound Poisson process L = (L(1), . . . , L(m)), until the first time when
at least one trigger variable is crossed by some cumulative hazard process.

• Line 5 simulates all potential next jumps of L, which is one of E(j) for j ∈ [m],
not yet knowing which one is really the minimum.

• Line 6 computes the next jump time EL of L as the minimum over the possible
times, and Z ∈ [m] denotes the component of L that jumps.
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3.4 Simulation of S̃, specifying the projection constraint

• Lines 7 to 9 check whether there is some idiosyncratic default before T +EL. This
is the case if and only if x < EL, in which case S = {y}, as implemented in Lines
8 and 9.

• If instead the next default is caused by a jump (necessarily of the component L(Z) of
L), then Lines 10 to 14 collect all components i whose cumulative hazard processes
Hi cross their trigger level εi due to the jump J (Z). Finally, Line 14 updates the
cumulative hazard process levels in case another while loop is required (since no
trigger variable is crossed at all).

3.4 Simulation of S̃, specifying the projection constraint

We recall that C0
`,u,ε =

⋂
I :λI>0HI,ε ∩ [`,u]. In particular, the set of all subsets I in the

support of S, i.e. with λI > 0, can be huge for large d, which is why Algorithm 1 only
projects to a single randomly simulated hyperplane constraint in Line 11, specified by
the random set S̃. In theory, for the simulation of S̃ the only requirement for convergence
of Algorithm 1 is that the support of S̃ equals the support of S, which consists of all
sets I with λI > 0. It is thus one possibility to simulate S̃ with Algorithm 2. If one
does this, however, especially for large d one faces the problem that the projection of
x(n+ 1

2
) in Line 11 misses its mark very often, since the simulation of S̃ ∼ S selects a

hyperplane that is not relevant at x(n+ 1
2

) with high likelihood. It may thus occur that
the iterates walk away pretty far from the domain C0

`,u,ε. Theorem 3.4 still holds true in
this case, but in practice the convergence speed can be very slow, and we now propose
an alternative simulation algorithm for S̃ that massively speeds up convergence.

We denote by I(x) := {i ∈ [d] : xi > 0} the subsets of assets that have positive weight

in a portfolio x. For j ∈ [m] we further introduce the notation I(j) := {i ∈ [d] : v
(i)
j > 0}

for the set of assets that may possibly be wiped out by an economy shock of factor j,
and let J (x) := {j ∈ [m] : I(x)∩I(j) 6= ∅} denote the set of factors that may negatively
affect at least one asset in the portfolio x. To check whether a given point x lies in
the domain C0

`,u,ε or not, as required in Line 7 of Algorithm 1, can be accomplished
efficiently with the help of the following lemma.

Lemma 3.6 (The check whether x ∈ C0`,u,ε)
The support {I ⊂ [d] : I 6= ∅, λI > 0} of S equals{

I ⊂ [d] : I 6= ∅, ∃ j ∈ [m] with I ⊂ I(j)
}
∪
{
{i} : i ∈ [d], w

(i)
0 = 1

}
.

Furthermore, we have for x ∈ [`,u] that

x ∈ C0
`,u,ε ⇔ x ∈ HI(x)∩I(j),ε for all j ∈ J (x),

and x ∈ H{i},ε for all i ∈ I(x) with w
(i)
0 = 1.

Proof
See Appendix A.1. �

29



4 Discussion of related topics and enhancements

Since HI∩I(x),ε ⊂ HI,ε for an arbitrary non-empty subset I ⊂ [d], the most stringent

hyperplane constraint at x is obtained for the realization S̃ = I(x), provided λI(x) > 0.

Consequently, it makes sense to put higher probability mass on realizations of S̃ that are
subsets of I(x), while respecting the support. This idea is implemented in the following
Algorithm 3 for the simulation of S̃.

Algorithm 3 Simulation of S̃ (Importance Sampling).

1: procedure SimulateS̃((w
(i)
0 , v

(i)
j , θj), I(x), α)

2: if J (x) ∪ {i ∈ I(x) : w
(i)
0 = 1} 6= ∅ and Bernoulli(α) = 1 then

3: S̃ ← random from {I(j) ∩ I(x) : j ∈ J (x)} ∪
{
{i} : i ∈ I(x), w

(i)
0 = 1

}
4: else
5: S̃ ←SimulateS(v

(i)
j , θj)

6: return S̃

The simulation of S̃ in Line 3 is straightforward, since the set of potential values has
at most m + d elements. In principle, a discrete uniform distribution is possible, but
we propose to assign higher probabilities to sets I(j) that have larger intersection with
I(x), as follows:

P
(
S̃ = I(j) ∩ I(x)

)
= c |I(j) ∩ I(x)| for j ∈ J (x),

P
(
S̃ = {i}

)
= c for i ∈ I(x) with w

(i)
0 = 1,

with normalizing constant

c =

∣∣{{i} : i ∈ I(x), w
(i)
0 = 1

}∣∣+
∑

k∈J (x)

|I(k) ∩ I(x)|

−1

.

In Line 2 the subroutine Bernoulli(α) returns a simulation of a Bernoulli random
variable with user-specified success probability α ∈ (0, 1), which we recommend to choose
large, e.g. α ≥ 0.8.

4 Discussion of related topics and enhancements

This section is organized as follows. Subsection 4.1 discusses the influence of the risk
aversion parameter p. Subsection 4.2 shows how to adapt the presented stochastic
gradient descent algorithm to the situation when minimizing the risk measurement ρp
in (12) on fully invested portfolios. Subsection 4.3 explains how to include transaction
costs into the model and its implementation. Subsection 4.4 provides one simple idea to

define the dependence parameters
(
βj , ϕj , w

(i)
j

)
of the model in a practical situation.
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4.1 The influence of the risk aversion parameter

4.1 The influence of the risk aversion parameter

One of the striking differences between the Markowitz/Merton paradigm for equities
and the presented Marshall–Olkin paradigm for credit is the influence of the risk aver-
sion parameter p on optimal portfolios. In the Markowitz/Merton paradigm the optimal
portfolio (in the unrestricted case) is given by x∗ = 1

1−p Σ−1µ. This implies two obser-
vations:

(i) The optimal risk exposure |xi| of each asset i increases with p.

(ii) The relative weights xi/xj are invariant with respect to p.

Statement (ii) implies that there is a so-called market portfolio that every investor seeks
to hold, and the risk aversion parameter p only controls one’s strength of exposure to this
portfolio. In algebraic terms, this is mainly due to the symmetry of the involved normal
distribution and its close relationship with linear algebra. In the presented Marshall–
Olkin paradigm for credit risks, statement (i) is also true, whereas statement (ii) is no
longer true due to the asymmetries in the considered return distributions. We briefly
explain this in some more depth, and we further refer to the analysis around Figure 5
in the following Subsection 4.4 for an example of the impact of p in a real-world use
case:

(i) We observe that a critical point x∗ of gp satisfies

0 =
∂

∂xi
gp(x∗) = ηi − Λ[d] E

[ 1{i∈S}

K(x∗, S)1−p

]
, i ∈ [d]. (15)

This implies the following qualitative statements (depending on the realization of
the random set S):

K(x∗, S) < 1 ⇔ xi > 0 for many i ∈ S ⇔ right-hand side of (15) increases in p,

K(x∗, S) > 1 ⇔ xi < 0 for many i ∈ S ⇔ right-hand side of (15) decreases in p.

Both statements make intuitively clear that the risk exposures |xi| need to be
increased in order to satisfy the critical point equality of (15) after an increase of
risk affinity p.

(ii) We demonstrate the effect of p in a simple example, namely the case of independent

assets, i.e. assume λI = 0 for all subset I ⊂ [d] with |I| ≥ 2 (or w
(i)
0 = 1 for all

i ∈ [d] in our parameterization). In Appendix A.4 it is shown that the optimum
in the unrestricted case is then given by

x∗ =

1−
(Λ{1} (1−κ1)

η1

) 1
1−p

1− κ1
, . . . ,

1−
(Λ{d} (1−κd)

ηd

) 1
1−p

1− κd

 .

Apparently, the impact of p on x∗ is not scalar. An increase of p, which corresponds
to increasing the risk appetite, increases each exposure |xi|, either short or long,
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4.2 The minimum risk portfolio

as heuristically explained already in the general case in (i). However, the strength
of this increase is not scalar in p but depends heavily on the attractiveness of the
assets measured in terms of a comparison between yield η and par CDS spread
Λ (1− κ). In particular, more risk averse investors tend to be more diversified. If
we abbreviate by i ≺ j the situation when asset j is preferred over asset i according
to the criterion ηi

Λ{i} (1−κi) <
ηj

Λ{j} (1−κj) , the following observation can readily be

verified:

j ≺ i, µi, µj > 0 or i ≺ j, µi, µj < 0 ⇒ xi
xj

increasing in p,

j ≺ i, µi, µj < 0 or i ≺ j, µi, µj > 0 ⇒ xi
xj

decreasing in p.

For instance, the first statement in words means that with increasing risk affinity
the relative weight of asset i with respect to asset j increases, if one is either
long both assets and asset i is higher-yielding or short both assets and asset i is
lower-yielding.

4.2 The minimum risk portfolio

In the Markowitz/Merton framework, it is popular to minimize the portfolio variance
〈x, Σx〉 under the side constraint 〈x,1〉 = 1, i.e. a fully invested portfolio. The resulting
minimizer is called the ‘minimum variance portfolio’ and has the specific appeal that
it is independent of the subjective parameter µ. An analogous strategy is also possible
in the presented Marshall–Olkin framework, with variance replaced by the risk measure
ρp(x) in (12), which intuitively equals the difference between expected pain on first
default and portfolio CDS spread. Notice that ρp(x) is bounded from below by zero,
which is attained (irrespective of x) in the limit as p → 1. Apparently, restricting to
fully invested portfolios is achieved by re-defining xd(x1, . . . , xd−1) := 1 −

∑d−1
i=1 xi and

minimizing the function

hp(x1, . . . , xd−1) := ρp
(
x1, . . . , xd−1, xd(x1, . . . , xd−1)

)
.

For i ∈ [d−1], the i-th component of an unbiased stochastic gradient H(x1, . . . , xd−1, S)
for hp is easily seen to equal

Hi(x1, . . . , xd−1, S) = Λ{i} (1− κi)− Λ{d} (1− κd)

− Λ[d]K
((
x1, . . . , xd−1, xd(x1, . . . , xd−1)

)
, S
)p−1(

(1− κi) 1{i∈S} − (1− κd) 1{d∈S}

)
.

We assume ` = −∞ and u =∞ for the sake of simplicity. The domain ∩I :λI>0HI,ε ⊂
Rd of the original problem needs to be transformed to a domain in the reduced variables
(x1, . . . , xd−1) ⊂ Rd−1. To this end, it is obvious that HI,ε remains unaffected for subsets
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4.2 The minimum risk portfolio

I that do not contain asset d. If I is a non-empty subset of [d] with d ∈ I, the hyperplane
constraint HI,ε in terms of the reduced variables x1, . . . , xd−1 becomes∑

i∈I\{d}

xi (κd − κi) + (κd − 1)
∑
i∈Ic

xi ≤ κd − ε. (16)

With H(x, S) replacing F (x, S), and with the constraint (16) replacing the respective
halfspace constraint of HS̃,ε for subsets S̃ that contain d, Algorithm 1 can be used to
minimize hp(x1, . . . , xd−1), which gives the portfolio with minimal risk measurement ρp.
Figure 3 visualizes the convergence of the resulting stochastic gradient descent algorithm
for minimization of ρp in a toy example with three assets d = 3 and logarithmic utility
p = 0. In this particular example, the equally-weighted portfolio x(0) = (1/3, 1/3, 1/3)
is chosen as starting value, but lies outside the domain. In the depicted realization of
the SGD already the next iterate x(1) is inside the domain due to a random projection
step, which is visualized.

Fig. 3 Demonstration of the SGD algorithm in an example with d = 3 assets for the
minimization of ρ0 on fully invested portfolios, i.e. x3 = x3(x1, x2) = 1 − x1 −
x2. The recovery parameters are κ = (0.3, 0.15, 0.25), which together with ε =
0.3 specify the visualized polygon that forms the domain of h0. Rounded to
the fourth digit, the Marshall–Olkin parameters are given by λ{1} = 0.0210,
λ{2} = 0.0408, λ{3} = 0.0320, λ{1,2} = 0.0012, λ{1,3} = 0.0000, λ{2,3} = 0.0002,

λ{1,2,3} = 0.0078.
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4.3 Inclusion of transaction costs

4.3 Inclusion of transaction costs

Unlike the situation in equity markets, transaction costs play a critical role for credit
portfolio managers, since a huge part of an asset’s yield is often explained by a liq-
uidity spread. Consequently, higher-yielding assets typically come equipped with non-
negligible bid-ask spreads that have a major influence on the investment decision. This
needs to be incorporated by assuming that the yield ηi depends on the sign of xi, which
can easily be done at minimal extra cost. To this end, we formally split each asset i ∈ [d]
into two assets indexed (i,+) and (i,−). Intuitively, the asset (i,+) corresponds to a
long investment in asset i, while the asset (i,−) corresponds to a short investment in
asset i, i.e. we impose the restrictions xi,+ ≥ 0 and xi,− ≤ 0, with the pair of variables
(xi,+, xi,−) replacing xi. The yield ηi,+ of asset (i,+) is strictly smaller than the yield
ηi,− of asset (i,−), and ηi,+ < ηi < ηi,−. Intuitively, this difference between the yields of
a long and short investment stems from the bid-ask spread, with the original ηi corre-
sponding to mid prices. Since both (i,+) and (i,−) correspond to a different direction
of investment in the same asset i, we consistently assume κi,+ = κi,− = κi as well as
τi,+ = τi,− = τi. Table 2 summarizes the parameter changes.

old asset i new asset (i,+) new asset (i,−)

default intensity Λ{i} Λ{(i,+)} = Λ{i} Λ{(i,−)} = Λ{i}
recovery rate κi κi,+ = κi κi,− = κi

factor weight w
(i)
j w

(i,+)
j = w

(i)
j w

(i,−)
j = w

(i)
j

yield ηi ηi,+ < ηi ηi,− > ηi
lower restriction `i `i,+ = max{`i, 0} ≥ 0 `i,− = min{`i, 0} ≤ 0

upper restriction ui ui,+ = max{ui, 0} ≥ 0 ui,− = min{ui, 0} ≤ 0

Table 2 Enhanced parameters when transaction costs are taken into account.

It might be illuminating to consider the situation of just one asset d = 1, and we drop the
index i = 1 for the sake of simplicity. The objective function is then two-dimensional:

gp(x+, x−) = η+ x+ + η− x− − Λ
1−

(
1− {(1− κ) (x+ + x−)}

)p
p

,

which is easily seen to have no critical point, as η+ 6= η−. This implies that the maximum
lies at the boundary. For simplicity, we assume ` = −∞ and u = ∞, and boundary
solution then means that it can only be optimal to either go long the asset (x− = 0)
or short the asset (x+ = 0), but not both long and short. Considering these cases
separately, we obtain

gp(x+, 0) = η+ x+ − Λ
1− (1− {(1− κ)x+})p

p
, x+ ≥ 0,

gp(0, x−) = η− x− − Λ
1− (1− {(1− κ)x−})p

p
, x− ≤ 0.
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4.3 Inclusion of transaction costs

We know the optimal points of these one-dimensional concave functions, to wit

x∗,+ = max


1−

(
Λ (1−κ)
η+

) 1
1−p

1− κ
, 0

 , x∗,− = min


1−

(
Λ (1−κ)
η−

) 1
1−p

1− κ
, 0

 .

Since η+ < η− we necessarily have that at least one of the variables x∗,+, x∗,− is equal
to zero. It is furthermore optimal to have no investment at all, i.e. x∗,+ = x∗,− = 0, if
and only if η− ≥ Λ (1− κ) ≥ η+. In other words, only if the CDS spread Λ (1− κ) lies
outside the interval [η+, η−] it makes sense to invest in the asset at all. Otherwise the
bid-ask spread of the asset, which manifests itself in the difference of the yields η+ and
η−, is too wide.

Regarding the implementation, Algorithm 1 can be applied as it stands in dimension
2 d with the parameters of Table 2. The random set S in Algorithm 1 is replaced with
{(i,+), (i,−) : i ∈ S}, and likewise also the set S̃, so their simulations are not affected
at all. The hyperplane HS̃,ε consequently becomes the (2 d)-dimensional hyperplane
defined by the constraint ∑

i∈S̃

(1− κi) (xi,+ + xi,−) ≤ 1− ε,

the portfolio x = (x1,+, x1,−, . . . , xd,+, xd,−) is (2 d)-dimensional, and the newly imposed
restrictions ` and u of Table 2 make sure that (xi,+, xi,−) ∈ [0,∞) × (−∞, 0] for each
i ∈ [d]. Furthermore, it is not difficult to see that an optimum of the objective function
is necessarily such that one component of (xi,+, xi,−) equals zero for each i ∈ [d], i.e.
lies at the (2 d)-dimensional boundary, like in the one-asset example above. To see this
in the multi-asset case, assume the opposite, i.e. consider some asset i with portfolio
weights that satisfy xi,+ > 0 > xi,−. Then we let x := min{xi,+, |xi,−|} > 0 and claim
that a replacement of (xi,+, xi,−) with (xi,+ − x, x + xi,−) certainly increases the value
of gp. This is because, on the one hand, the portfolio yield certainly increases, since

(xi,+ − x) ηi,+ + (x+ xi,−) ηi,− = xi,+ ηi,+ + xi,− ηi,− + x (ηi,− − ηi,+)︸ ︷︷ ︸
>0

.

On the other hand, the expected pain on first default apparently remains totally un-
affected by this replacement. Summarizing, the SGD algorithm with transaction costs
may ultimately return the d-dimensional vector x defined by xi := xi,+ +xi,−, i ∈ [d].

Figure 4 depicts the outputs of the SGD algorithm with transaction costs in a toy
example for d = 2. To this end, it is assumed that ηi,+ = ηi (1 − c/2) < ηi (1 + c/2) =
ηi,− for different values of c ∈ [0, 1/2], which are given in the plot. Up to negligible
randomness, for c = 0 the enhanced algorithm with transaction costs returns the same
optimum as does the regular SGD without transaction costs, as desired. When c is
increased, the investment ratio decreases, and for c ≥ 1/4 it is observed that asset 2 is
not even in the optimal portfolio anymore, because the assumed transaction costs make
an investment unattractive.
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4.4 Practical heuristic for the specification of dependence
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Fig. 4 Optimal portfolios computed via the SGD algorithm in an example with d = 2,
p = −1 and ε = 0.1. The model parameters are η = (0.018, 0.025), κ = (0.3, 0),
λ{1} ≈ 0.0199, λ{2} ≈ 0.0099, λ{1,2} ≈ 0.0201. In the cases with transaction costs
it is assumed that ηi,± = ηi (1±c/2) for c ∈ {0, 0.025, 0.05, 0.075, 0.125, 0.25, 0.5},
as depicted in the plot.

4.4 Practical heuristic for the specification of dependence

The dependence structure of the model, given in terms of the parameters (βj , ϕj , w
(i)
j ),

is obviously very flexible. Generally speaking, these parameters can be specified by
expert judgment and / or some kind of estimation procedure based on historical data.
It is the subject of further research to refine techniques to accomplish this task, but
the present article establishes the basis to enable such data research at all. While an
elaborate investigation is outside the scope of the present article, we still present a first
idea how to specify the dependence structure from historical data, and also the marginal
parameters (Λ{i}, ηi, κi), in a simple but meaningful way.

To this end, we assume that each asset corresponds to selling CDS protection with
standard maturity of five years on some reference entity i ∈ [d], and for each i ∈ [d]

we have a historical time series s
(i)
t0
, . . . , s

(i)
tn of CDS par spreads available at a time

point tn. Under the assumption that the observed spread s
(i)
tn at time tn is fair it is

consistent with our modeling assumption of exponential distributions to assume that

s
(i)
tn = Λ{i} (1 − κi). A common assumption in practice is to choose κi according to
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4.4 Practical heuristic for the specification of dependence

standard ISDA conventions, which means that κi ∈ {0.20, 0.25, 0.35, 0.40}, depending
on seniority and / or country. This implies that the exponential rate Λ{i} is given by

Λ{i} = s
(i)
tn /(1 − κi) according to the credit triangle. The remaining yield parameter ηi

is subjective in principle and reflects the portfolio manager’s preference for a specific

CDS. The choice ηi = s
(i)
tn corresponds to µi = 0 and means that the portfolio manager

is neutral with respect to an isolated investment in CDS i. If she finds the observed

spread s
(i)
tn too cheap (resp. too expensive) she would opt for a choice ηi < s

(i)
tn (resp.

ηi > s
(i)
tn ) at time tn. One popular rule-of-thumb is to define ηi as the difference between

the 5-year CDS upfront price and the 4-year CDS upfront price plus the CDS premium.
This corresponds to a feasible approximation of the one-year return of selling 5-year CDS
protection under the assumption that the currently observed CDS-curve shape remains
unchanged within the next year.

Now we sketch a first idea to specify the dependence parameters based on the given
time series. Generally speaking, it is tempting to believe that common spikes in the
observed par CDS spread time series indicate a positive correlation also between the
respective default times. This is the essential idea that justifies the following heuristic
strategy. If the asset universe consists of some standard CDS index (or several indices),
then the data is typically equipped with some industry sector classification, e.g. like
“Energy”, “Consumer Cyclical”, “Consumer non-cyclical”, “Financial” etc. For each
single sector j, we may specify some ϕj , which essentially boils down to the choice of
an Archimedean copula for sector j according to Remark 2.12. E.g. the choice ϕj(x) =
exp(−x1−θj ) corresponds to stable jump sizes of L(j) and interpolates between weakest
possible dependence (for θ = 0) and strongest possible dependence (in the limit as

θ → 1). The following heuristic procedure specifies βj , θj , and w
(i)
j for each factor

j ∈ [m]. The heuristic intuition is that earlier jumps of L(j) before time tn have not
wiped out any of the assets yet, but have induced a spread widening in the observed
CDS spread time series.

• Define what a factor jump at a time tk is, e.g. ‘at least one CDS par spread in the
sector widens more than 5% from tk−1 to tk’ or ‘the arithmetic average of all CDS
spread changes in the sector from tk−1 to tk exceeds 5%’.

• Define what a CDS jump of asset i ∈ [d] at a time tk is, e.g. ‘the CDS par spread
of asset i widens more than 5% from tk−1 to tk’.

• Define the weights w
(i)
j as the observed jump frequencies according to these defi-
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4.4 Practical heuristic for the specification of dependence

nitions, meaning that

w
(i)
j =

#(i, j)

#(i)
, i ∈ [d], where

#(i, j) =

n∑
k=1

1{
factor j jumps at tk

} 1{
CDS jump of asset i at tk

}
#(i) =

n∑
k=1

1{
CDS jump of asset i at tk

},
with w

(i)
0 = 1−

∑
j∈[m]w

(i)
j for i ∈ [d].

• Choose βj = #(j) · maxi∈[d]

{
Λ{i}/#(i)

}
with

#(j) =
n∑
k=1

1{
factor j jumps at tk

}, j ∈ [m],

where the maximum in this definition guarantees that the technical requirement
(A) is satisfied, since for arbitrary i ∈ [d] we see

βj ≥
#(j)

#(i)
Λ{i} ≥

#(i, j)

#(i)
Λ{i} = w

(i)
j Λ{i}.

• The dependence strength parameter θj may be retrieved by some intuitive heuris-
tic from the observed CDS jumps of the assets that happen simultaneously with
jumps of the current factor j. For instance, one may define θj by a monotone
transformation of the arithmetic average of the corresponding CDS jump sizes to
the interval [0, 1].

We have implemented this procedure in a real-world example with the investment uni-
verse consisting of all names in the four major CDS indices on June 28, 2021 that have at
least a one-year history available. The indices are the CDX IG and the CDX HY (Series
36) for the USA, and the European indices iTraxx Main and iTraxx XOVER (Series
35), summing up to d = 410 assets in our analysis. The price data is received from ICE
Data Services and, according to the presented heuristic above, includes industry sector
categorizations for each CDS. In addition to these sectors we consider one ‘global’ factor
that each asset is potentially exposed to. When the global factor jumps at a time tk, we
assume that no sector-specific factor jumps simultaneously, affecting the definitions of

#(j) and #(i, j) accordingly, so that the aforementioned heuristic definition of the w
(i)
j

is still valid also with the overlapping ‘global sector’ being present.

We have implemented the SGD algorithm with transaction costs, constant step width
∆ = 25 bps, N = 10, 000 steps, ε = δ = 0.6, and `i = −5% and ui = 10% for each
i ∈ [d]. We return the arithmetic average of the last mA = 100 iterates and computed
random gradients defined as the arithmetic average over mS = 100 iid simulations per
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4.4 Practical heuristic for the specification of dependence

step. The code is implemented in Matlab on a standard PC and the algorithm takes
around seven minutes to execute all tasks. The arithmetic average over the idiosyncratic

weights w
(i)
0 , i ∈ [d], equals 0.6038, and the maximal value of λ{i,k}:{i,k} over all i, k ∈ [d]

equals 0.0269. Apparently, the choice of the yields plays an important role with regards
to optimal portfolio allocation. In this regard, we define

ηi,+ = 5-year bid upfront− 4-year ask upfront + premium,

ηi,− = 5-year ask upfront− 4-year bid upfront + premium.

On the one hand, this reflects our situation that asset (i,+) corresponds to selling 5-
year CDS protection (‘long default risk’), while asset (i,−) corresponds to buying 5-year
CDS protection (‘short default risk’). On the other hand, this definition is subjective in
the sense that it relies on the base case scenario assumption that the currently observed
CDS upfront prices for 4-year and 5-year maturities are identical in one year from now.
The left graph in Figure 5 visualizes a histogram of the corresponding average returns
µi,± = ηi,± − Λ{i} (1 − κi), i ∈ [d]. It is clearly visible that the bid-ask spreads are
significant. For instance, a short position for every asset in the universe is assumed to
cost something on average, i.e. µi,− > 0 for all assets i ∈ [d], and many long positions
are assumed to perform negative on average, i.e. µi,+ < 0 for many i ∈ [d]. The largest
µi,+ lies slightly above 3%. The right graph in Figure 5 depicts the investment ratio
and the top 15 holdings of the optimal portfolio for different levels of the risk aversion
parameter p. As expected, the investment ratio decreases with increasing risk aversion
(i.e. decreasing p). Furthermore, for logarithmic utility p = 0 the optimal portfolio has
a short exposure of −2.19% and the top 15 holdings essentially determine the portfolio.
The five top holdings even have the maximal possible portfolio weight of 10%. In
the slightly more risk averse situation p = −2 the investor opts for a more diversified
portfolio, with only the single top holding obtaining the maximal possible weight. The
investment ratio is only slightly lower, but the short exposure of the portfolio is with
7.67% larger, and the top 15 holdings now add up to a portfolio weight of 66.07%. In
the most risk averse situation p = −5 the investment ratio is significantly lower, the
portfolio is a lot more diversified, and the short exposure of the portfolio is the largest
among the three considered cases with 27.146%. This explains why the depicted weights
of the 15 top holdings add up to a portfolio weight of 57.43% that even exceeds the total
investment ratio of 37.14% by far. Having in mind that any short investment in the
asset universe costs something as long as the asset is not defaulting (i.e. µi,− > 0 for
each i ∈ [d]), it is interesting to observe that a risk averse investor is willing to spend
a significant amount of money to reduce default risk, whereas the more risk averse
investors spend almost no money on short positions, but instead concentrate on a few
long investments.
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5 Enhancements and potential further research directions
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Fig. 5 Left: Histogram of the values µi,± = ηi,± − Λ{i} (1 − κi), i ∈ [d]; but only such
µi,+ ≥ −2% and only such µi,− ≤ 2%. Right: Portfolio weights of the top
15 holdings in the optimal portfolio x∗ for different risk aversion parameters
p ∈ {0,−2,−5}.

5 Enhancements and potential further research directions

One practical research direction to develop further is to construct different parameter
specification techniques and compare the resulting performances based on real data via
empirical back-checks. Whereas it was one of our main goals to enable such data research
at all, it falls outside the present artcile’s scope because it has more empirical flavor and
would easily fill another 20 pages. But there might also be some more theoretical
questions or enhancements within the realm of the presented framework that could be
addressed in future work. The following list contains some ideas that might be worth
pursuing in our opinion:

• Uncertainty about the yields η:
It is possible to enhance the framework by generalizing the log-return definition
(1) to

Ri(t) := ηi t 1{τi>t} + (ηi τi + κi − 1) 1{τi≤t} + σiWi(t),

with additional uncertainty parameters σi > 0 and (possibly correlated) Brownian
motions W1, . . . ,Wd independent of τ . This enhanced model remains within the
framework of the model in [16] and the sole difference is that the objective function
gp(x) includes an additional term −(1−p)/2 〈x, Σx〉, where Σ denotes the covari-
ance matrix of

(
W1(1), . . . ,Wd(1)

)
. Algorithm 1 remains unaltered except for the

additional term −(1 − p) Σx in the stochastic gradient F (x, S). Intuitively, this
enhancement might be a practical solution for a situation in which the portfolio
manager wishes to introduce some uncertainty about her opinions about η and κ
in a simple and tractable way.

• Random recovery sizes κ:
It is clear from the derivation in [16], relying on the general Lévy framework in
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[23], that a generalization from constant recovery rates κi to a random vector κ =
(κ1, . . . , κd) with values in [0, 1]d is feasible. If one is able to simulate this random
recovery vector exactly and efficiently, it is tempting to believe that Algorithm
1 can be applied exactly as it stands, only replacing the occurrences of κ by iid
samples in each iteration. The only change in the methodology should be a change
in the domain C0, which intuitively should be such that in the definition of HI,ε

the appearing (constant) κi are replaced by the left end points of the supports of
the (now random) κi. Such enhancement might be of interest in order to model
uncertainty intervals about the estimated recovery rates.

• Other utility functions:
By Lemma 2.16 the expected utility of terminal wealth in the presented framework,
measured by power utility Up, corresponds to the maximization of gp(x) = 〈η,x〉+
Λ[d] E

[
Up
(
K(x, S)

)]
. Replacing Up by another utility function U in the objective

function, does its maximization again correspond to maximization of the expected
utility of terminal wealth, when measured in terms of U? Or is this a special
property of power utility?

• Stochastic gradient descent for exponential Lévy models:
The results of [23] prove that when the log-return process R = {R(t)}t≥0 of
some d-variate asset price is modeled with a Lévy process, then a constant wealth
allocation x∗ ∈ Rd at all time points maximizes power utility of terminal wealth.
Furthermore, this value x∗ is determined as the unique maximum of a concave
function which involves an integral with respect to the d-dimensional Lévy measure
associated with R. If R is of compound Poisson type, i.e. the associated Lévy
measure is finite, then the essential idea of the present work can readily also be
applied to compute x∗ with a stochastic gradient descent algorithm. One has to
normalize the finite Lévy measure to a probability measure via multiplication with
a constant, and it is required to be able to simulate efficiently and exactly from this
probability distribution. This is expected to be much easier than evaluating the d-
dimensional integral in general. On a high level, this is exactly what we have done
here for a particular parametric model in which the d-dimensional integral happens
to be a sum with O(2d) many terms. Even if the Lévy measure is non-finite, it
might still be possible to multiply the integrand with a truncation function that
turns the Lévy measure into a probability measure that can be simulated from.
The presented stochastic gradient descent algorithm idea can thus help to render
utility maximization for very general exponential Lévy models truly practical, and
is subject to further research.



A Appendix

A.1 Proofs

Proofs of Section 2.2

Proof (of Lemma 2.11)
It follows immediately from [16, Formula (7)] that (τi)i∈I has a Marshall–Olkin distri-
bution with parameters

λJ :I =
∑

K :K⊂J
(−1)|J |−|K|+1

( m∑
j=1

Ψj

( ∑
i∈Kc\Ic

v
(i)
j

)
+

∑
i∈Kc\Ic

v
(i)
0

)
.

We furthermore observe∑
K :K⊂J

(−1)|J |−|K|+1
∑

i∈Kc\Ic
v

(i)
0

(∗)
= −

∑
i∈J

v
(i)
0

∑
K :K⊂J

(−1)|J |−|K| 1{i∈Kc\Ic}

= −
∑
i∈J

v
(i)
0

∑
K :K⊂J, i/∈K

(−1)|J |−|K| = −
∑
i∈J

v
(i)
0

|J |−1∑
k=0

(
|J | − 1

k

)
(−1)|I|−k

= −
∑
i∈J

v
(i)
0 (−1)|J | (1− 1)|J |−1 =

{
v

(`)
0 , if J = {`} for some ` ∈ [d]

0 , else
,

where (∗) uses that i ∈ Jc\Ic and K ⊂ J imply i ∈ Kc\Ic, and
∑

K :K⊂J(−1)|J |−|K| = 0
(see also (17) below). Recalling that

Ψj(x) = βj E
[
1− e−x J(j)

]
, j ∈ [m], x ≥ 0,

we observe for arbitrary ∅ 6= J ⊂ [d] that

∑
K :K⊂J

(−1)|J |−|K|+1
m∑
j=1

Ψj

( ∑
i∈Kc\Ic

v
(i)
j

)

=

m∑
j=1

βj E
[ ∑
K :K⊂J

(−1)|J |−|K|+1
{

1− e−J
(j)

∑
i∈Kc\Ic v

(i)
j

}]
,

and we may now simplify the remaining alternating sum with the principle of inclusion
and exclusion. First, we observe with a summation over the cardinality k of K that

∑
K :K⊂J

(−1)|J |−|K|+1 =

|J |∑
k=0

(
|J |
k

)
(−1)|J |−k+1 = −(1− 1)|J | = 0. (17)



Second, we observe∑
K :K⊂J

(−1)|J |−|K| e−J
(j)

∑
i∈Kc\Ic v

(i)
j

= e−J
(j)
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(−1)|L| e−J
(j)

∑
i∈L v

(i)
j

= e−J
(j)

∑
i∈Jc\Ic v

(i)
j

(
1 +

∑
L : ∅6=L⊂J

(−1)|L| e−J
(j)

∑
i∈L v

(i)
j

︸ ︷︷ ︸
=(∗)

)
,

where the complement of K in J (that is Kc \ Jc) is substituted with the new variable
L, which runs through all subsets of J . If, for a second, we fix the value J (j) = x
and imagine iid exponential random variables Ei with rate x for i ∈ J , we define sets

Ai := {Ei > v
(i)
j } for i ∈ J , the inclusion exclusion principle gives

(∗) = 1−
∑

L : ∅6=L⊂J

(−1)|L|+1 P
(
∩i∈L Ai

)
= 1− P

(
∪i∈J Ai

)
= P

((
∪i∈J Ai

)c)
= P

(
∩i∈J Aci

)
=
∏
i∈J

(
1− e−v

(i)
j x
)
,

which finishes the argument. �

Proofs of Section 3.1

Proof (of Lemma 3.1)
If two functions f1 and f2 are Lipschitz continuous with Lipschitz constants equal to ρ1

and ρ2, then f1 +f2 is Lipschitz continuous with Lipschitz constant equal to ρ1 +ρ2. We
apply this statement to f1(x) :=

∑d
i=1 ηi xi and f2(x) :=

∑
I⊂[d] λI Up

(
1−

∑
i∈I xi (1−

κi)
)
. Apparently, f1 is Lipschitz continuous with Lipschitz constant equal to ‖η‖, since

|f1(x)− f1(y)| =

∣∣∣∣∣
d∑
i=1

ηi (xi − yi)

∣∣∣∣∣ ≤ ‖η‖ ‖x− y‖ ,
which follows from the Cauchy–Schwarz inequality. f2 is the sum of functions of the
form f2,I(x) := λI Up

(
1 −

∑
i∈I xi (1 − κi)

)
. As Up is Lipschitz continuous on [ε,∞)

with Lipschitz constant εp−1, this implies that f2,I is Lipschitz continuous on C0
`,u,ε with

Lipschitz constant εp−1 λI ‖1− κ‖. Finally, f2 is Lipschitz continuous with Lipschitz
constant equal to εp−1 ‖1− κ‖ Λ[d]. �



Proof (of Lemma 3.2)
We first notice that if f1 is strongly concave with constant c > 0 and f2 is concave, then
also f1 + f2 is strongly concave with constant c. Since the functions x 7→ λI Up

(
1 −∑

i∈I xi (1 − κi)
)

are concave for each I ⊂ [d] just like x 7→
∑d

i=1 xi ηi, to prove strong
concavity of gp it is thus sufficient to prove that

f1(x) =
d∑
i=1

λ{i} Up
(
1− xi (1− κi)

)
is strongly concave. To this end, we first fix i ∈ [d] and prove strong concavity of
f1,i(x) := λ{i} Up

(
1− x (1− κi)

)
on [−`i, (1− ε)/(1− κi)]. Consider the non-decreasing

function hi(x) := (1− x (1− κi))p−1, so that f
′
1,i(x) = −λ{i} (1− κi)hi(x). We observe

that

h
′
i(x) =

∑
k≥0

ak x
k, `i ≤ x ≤

1− ε
1− κi

,

where ak := (−1)k (p−1) (p−2) . . . (p−k) (1−κi)k are positive constants (since p < 1).
The series representation is obtained with a Taylor expansion around x = 0. If x ≥ y,
a Taylor expansion around y yields similarly that

hi(x)− hi(y) =
∑
k≥1

ak
(
1− y (1− κi)

)p−1−k︸ ︷︷ ︸
≥min{1,(1−`i (1−κi))p−2} for k=1

(x− y)k︸ ︷︷ ︸
≥0

≥ min{1, (1− `i (1− κi))p−2} a1 (x− y).

If y ≥ x, then x < 0 and a Taylor expansion around x yields

hi(y)− hi(x) =
∑
k≥1

ak
(
1− x (1− κi)

)p−1−k︸ ︷︷ ︸
≥min{1,(1−`i (1−κi))p−2} for k=1

(y − x)k︸ ︷︷ ︸
≥0

≥ min{1, (1− `i (1− κi))p−2} a1 (y − x).

In both cases, we thus obtain(
hi(x)− hi(y)

)
(x− y) ≥ min{1, (1− `i (1− κi))p−2} (1− p) (1− κi) (x− y)2.

This, in turn, implies in both cases that(
f
′
1,i(x)− f ′1,i(y)

)
(x− y) = −λ{i} (1− κi)

(
hi(x)− hi(y)

)
(x− y)

≤ −min{1, (1− `i (1− κi))p−2}λ{i} (1− κi)2 (1− p).

We have established strong concavity of f1,i on (−∞, (1 − ε)/(1 − κi)] with constant
min{1, (1 − `i (1 − κi))

p−2}λ{i} (1 − κi)
2 (1 − p). Now we prove the claimed strong

concavity of f1. To this end, we observe that x,y ∈ C0
`,u,ε by assumption satisfy `i ≤



xi, yi ≤ (1 − ε)/(1 − κi), since H{i},ε ⊂ C0
`,u,ε, so that the strong concavity of the f1,i

yields

〈∇f1(x)−∇f1(y),x− y〉 =

d∑
i=1

(
f
′
1,i(xi)− f

′
1,i(yi)

)
(xi − yi)

≤ −
d∑
i=1

min{1, (1− `i (1− κi))p−2}λ{i} (1− κi)2 (1− p) (xi − yi)2

≤ −(1− p) min
i∈[d]

{
min{1, (1− `i (1− κi))p−2}λ{i} (1− κi)2

}
‖x− y‖2 .

This verifies the claim. �

Proof (of Lemma 3.3)
First of all, the decisive property E[F (x, S)] = ∇gp(x) holds by construction and is
readily verified. With the given numerical parameters 0 < δ ≤ ε and fixed risk aversion
parameter p < 1, we consider the one-dimensional function

fδ,ε,p(x) :=

{
−1−xp

p , if x ≥ ε
δp−1 (x− ε)− 1−εp

p , if x < ε
, x ∈ R.

By construction, fδ,ε,p is continuous. It is also concave, since it is linear on (−∞, ε] and
easily verified to be concave on [ε,∞), and since for arbitrary y < ε < x we see

f
′
δ,ε,p(x) = xp−1 ≤ εp−1 ≤ δp−1 = f

′
δ,ε,p(y).

Furthermore, fδ,ε,p is non-decreasing, since it is easily seen to be non-decreasing on both
parts (−∞, ε) and (ε,∞).

For an arbitrary concave function h : D → R on some domain D ⊂ Rd these properties
imply that fδ,ε,p ◦ h is concave as well. In particular, we may apply this statement to
the function h = hI of the form

hI : [`,u]→ R, h(x) = K(x, I), ∅ 6= I ⊂ [d],

since this is linear (hence concave). We define the function Gp : [`,u]→ R by

Gp(x) := 〈x,η〉+
∑
∅6=I⊂[d]

λI fδ,ε,p
(
K(x, I)

)
,

which is well-defined and concave as sum of concave functions. By construction, Gp = gp
on the subset C0

`,u,ε, as desired. The gradient of fδ,ε,p ◦ hI at x ∈ [`,u] \HI,ε is given by

∂

∂xi
fδ,ε,p ◦ hI(x) = −1{i∈I} (1− κi) δp−1.

This ultimately verifies that (13) actually defines a random vector whose expectation
equals ∇Gp(x), as claimed, since P(S = I) = λI/Λ[d] for ∅ 6= I ⊂ [d]. �



Proofs of Section 3.2

Proof (of Theorem 3.4)
We apply [29, Theorem 1]. To this end, we need to check [29, Assumptions 1 and 2],
as well as Assumptions (i) and (ii) in [29, Theorem 1]. Since gp is Lipschitz continuous
by Lemma 3.1, so is Gp. Consequently, [29, Assumption 1] is satisfied. The step width
condition (14) satisfies [29, Assumption 2]. Since C0

`,u,ε is a polygon, [29, Assumption 3]

holds, and since P(S̃ = I) > 0 for arbitrary non-empty I ⊂ [d] with the property λI > 0
by construction, [29, Assumption 4] is also satisfied. [29, Proposition 1] consequently
implies that Assumption (ii) of [29, Theorem 1] holds. Finally, our stochastic gradient
simulation engine is unbiased and satisfies [29, Assumption 8], so that [29, Proposition
5] implies that Assumption (i) of [29, Theorem 1] also holds. �

Proofs of Section 3.4

Proof (of Lemma 3.6)
The representation of the support of S is intuitively clear and can also be verified
immediately from the stochastic representation of λI = λI:[d] in Lemma 2.11.

Let x ∈ C0
`,u,ε, then x ∈ HI,ε for all subsets I with λI > 0. Considering the subset

I = I(x) ∩ I(j) for some j ∈ J (x) in particular, we only need to verify that λI > 0.

Since I ⊂ I(j) by definition, this is trivially satisfied. Finally, let i ∈ I(x) with w
(i)
0 = 1,

meaning that i is not exposed to any factor j ∈ [m]. Then obviously λ{i} > 0 and thus
x ∈ H{i},ε.

Conversely, assume that x ∈ HI(x)∩I(j),ε for all j ∈ J (x), as well as x ∈ H{i},ε for

all i ∈ I(x) with w
(i)
0 = 1. Let I ⊂ [d] arbitrary such that λI > 0. Recalling the

representation of the support of S, this implies that either I = {i} for some i ∈ [d] with

w
(0)
i = 1 and / or I ⊂ I(j) for some j ∈ [m]. In the first case, if i ∈ I(x) we obtain that
x ∈ HI,ε = H{i},ε, as desired, and if i /∈ I(x) then xi ≤ 0 and thus x ∈ H{i},ε trivially.

In the second case, we have x ∈ HI(x)∩I(j) for some j with I ⊂ I(j). The definition of
I(x) implies

K(x, I) ≥ K
(
x, I ∩ I(x)

)
= K

(
x, I ∩ I(x) ∩ I(j)

)
≥ K

(
x, I(x) ∩ I(j)

)
≥ ε,

hence x ∈ HI,ε. Since I was arbitrary, the claim is established. �

A.2 Investigating the pairwise dependence in detail

We study how the compound Poisson factors affect the dependence structure of the
model. To this end, we consider bivariate pairs for simplicity, say consider a pair (τi, τj)



for i 6= j. According to Remark 2.8, dependence between the two assets is induced solely
by the parameter

λ{i,j}:{i,j} = Λ{i}
(
1− w(i)

0

)
+ Λ{j}

(
1− w(j)

0

)
−

m∑
k=1

βk

[
1− ϕk

{
ϕ−1
k

(
1−

w
(i)
k Λ{i}

βk

)
+ ϕ−1

k

(
1−

w
(j)
k Λ{j}

βk

)}]
, (18)

an expression that follows from Lemma 2.11. If we denote by
(
U

(1)
1 , U

(1)
2

)
, . . .,

(
U

(m)
1 , U

(m)
2

)
random vectors whose distribution functions equal the bivariate Archimedean copulas
with generators ϕ1, . . . , ϕm, respectively, we observe

λ{i,j}:{i,j} = Λ{i}
(
1− w(i)

0

)
+ Λ{j}

(
1− w(j)

0

)
−

m∑
k=1

βk P
(
Xk <

1

βk

)
,

where the positive random variables Xk are defined as

Xk := min
{1− U (k)

1

w
(i)
k Λ{i}

,
1− U (k)

2

w
(j)
k Λ{j}

}
, k ∈ [m]. (19)

Recalling that λ{i,j}:{i,j} governs the strength of dependence between τi and τj , we now
study the effects of the parameters βk (factor jump intensity), ϕk (factor jump-size

distribution), and w
(i)
k , w

(j)
k (factor loadings) on λ{i,j}:{i,j} separately.

Factor intensity

We consider the derivative of λ{i,j}:{i,j} with respect to βk for some fixed factor k.
We seek to prove that λ{i,j}:{i,j} is decreasing in βk. Intuitively, increasing βk means
increasing the jump intensity of factor k, but decreasing the average jump size of factor
k, so that the overall dependence effect is a priori unclear.

Lemma A.1 (Dependence effect of the intensities)
The parameter λ{i,j}:{i,j} is monotonically decreasing in the parameter βk for k ∈ [m],
provided the jump distribution satisfies one of the following conditions:

• Constant jumps: There is θk > 0 such that ϕk(x) = exp(−θk x), x ≥ 0.

• Exponential jumps: There is θk > 0 such that ϕk(x) = θk/(θk + x), x ≥ 0.

In both cases, the jump height parameter θk > 0 has no influence on the model, so may
without loss of generality be set to θk = 1.

Proof
With Fk denoting the distribution function of Xk in (19), λ{i,j}:{i,j} is decreasing in βk

if and only if the mapping x 7→ xFk(1/x) is increasing in x > max{w(i)
k Λ{i}, w

(j)
k Λ{j}},

while noticing that βk is restricted from below by Assumption (A). A necessary and



sufficient criterion for this to be true is that the density fk of Xk satisfies Fk(x) ≥ x fk(x)

for x < 1/max{w(i)
k Λ{i}, w

(j)
k Λ{j}}. The distribution function Fk and density fk are

computed to be

Fk(x) = 1− ϕk
(
ϕ−1
k (1− xw(i)

k Λ{i}) + ϕ−1
k (1− xw(j)

k Λ{j})
)
,

fk(x) = ϕ
′
k

(
ϕ−1
k (1− xw(i)

k Λ{i}) + ϕ−1
k (1− xw(j)

k Λ{j})
)

×
( w

(i)
k Λ{i}

ϕ
′
k

(
ϕ−1
k (1− xw(i)

k Λ{i})
) +

w
(j)
k Λ{j}

ϕ
′
k

(
ϕ−1
k (1− xw(j)

k Λ{j})
)).

In the case of constant jump sizes, it is not difficult to compute that, irrespective of the
choice of the jump sizes θk > 0,

f
′
k(x) = −2w

(i)
k Λ{i}w

(j)
k Λ{j} < 0,

so that fk is decreasing. Consequently,

Fk(x) =

∫ x

0
fk(y) dy ≥ x fk(x), x > 0,

as desired. In the case of exponential jump sizes, introducing the abbreviations ak,` :=

w
(`)
k Λ{`} for ` ∈ {i, j}, we compute, irrespective of the choice of the exponential rates

θk > 0,

Fk(x) =
ak,i x+ ak,j x− 2 ak,i ak,j x

2

1− ak,i ak,j x2
, fk(x) =

ak,i (1− ak,j x)2 + ak,j (1− ak,i x)2

(1− ak,i ak,j x2)2
.

A further computation then shows that Fk(x) < xfk(x) is equivalent to x lying be-
tween the two values 1/ak,i and 1/ak,j . Since we are interested in the situation x <
min{1/ak,i, 1/ak,j}, the claim is established. �

Jump-size distributions

We study the effect of a change in the jump-size distributions. Given two Laplace trans-
forms ϕ and ϕ̃, we recall from [10, p. 89] that Archimedean copulas satisfy Cϕ(u1, u2) ≤
Cϕ̃(u1, u2) for all u1, u2 ∈ (0, 1) if and only if the composition ω := ϕ̃−1 ◦ ϕ is super-
additive, meaning ω(x + y) ≥ ω(x) + ω(y) for arbitrary x, y. With this in mind, it is
apparent from (18) that changing from the jump-size distribution ϕk to the jump-size
distribution ϕ̃k increases the strength of dependence measured in terms of λ{i,j}:{i,j}.
In particular, we have three special cases that are worth discussing with respect to the
present investigation.

First, if ϕ(x) = exp(−θ x) for some θ > 0, then irrespective of the value of θ we see
Cϕ(u1, u2) = u1 u2 and ω = ϕ̃−1 ◦ ϕ is super-additive for arbitrary Laplace transform



ϕ̃. This implies in particular that the model ϕk(x) = exp(−θk x), corresponding to non-
random (constant) jump sizes θk > 0 of the m compound Poisson factors, implies the
minimal dependence among all possible jump-size distribution specifications. In other
words, truly random jump-size distributions, no matter which probability distributions
are chosen for them, always induce more dependence than constant jump sizes. In the
model specification with constant jump sizes, i.e. ϕk(x) = exp(−θk x) for k ∈ [m], we
may without loss of generality choose θ1 = . . . = θm = 1, since the θk cancel in the

definition (7) of the v
(i)
k . Then Formula (18) simplifies to

λ{i,j}:{i,j} = Λ{i} Λ{j}

m∑
k=1

w
(i)
k w

(j)
k

βk
.

It is apparent from this formula that λ{i,j}:{i,j} is decreasing in each βk, as we know from
the preceding section. In particular, as all intensities βk tend to infinity, we approach
independence λ{i,j}:{i,j} = 0.

Second, it is pointed out in [10, p. 90] that ω = ϕ̃−1 ◦ ϕ is super-additive if ϕ̃ = ϕ ◦ Ψ
for some arbitrary so-called Bernstein function Ψ. Formally, a Bernstein function is
a mapping Ψ : (0,∞) → (0,∞) which is infinitely often differentiable and satisfies
(−1)k+1 Ψ(k)(x) ≥ 0 for all x > 0 and k ≥ 1. In particular, a Bernstein function
is bounded if and only if it equals the Laplace exponent of some compound Poisson
subordinator like in Definition 2.9, that is Ψ(x) = βΨ

(
1 − ϕΨ(x)

)
for some constant

βΨ > 0 and Laplace transform ϕΨ. If we denote by J (k) a random variable with Laplace

transform ϕk and {L(Ψ)
t }t≥0 denotes an independent compound Poisson subordinator

associated with Ψ according to Definition 2.9, then ϕ̃k = ϕk ◦ Ψ equals the Laplace

transform of the random variable L
(Ψ)

J(k) . Furthermore, since ω = ϕ̃−1◦ϕ is super-additive,
it follows from (18) that dependence is increased when changing from the jump size
model ϕk to ϕ̃k in the k-th compound Poisson factor. Apparently, this construction may
even be iterated by considering ϕk ◦Ψ1 ◦ . . .◦Ψn with n Bernstein functions Ψ1, . . . ,Ψn.
Finally, we like to remark that there exist some quite tractable unbounded Bernstein
functions as well, which do not correspond to compound Poisson subordinators. For the
sake of completeness, the following table provides two prominent examples:

Ψ(x) name θ ∈ simulation from ϕ ◦Ψ

xθ stable (0, 1) J
1
θ sin(θ π U)

(
cos
(
π U (1−θ)−π/2

)
E cos

(
π(U−1/2)

)1/(1−θ)) 1−θ
θ

θ log(1 + x) gamma (0,∞) Γ(θ J, 1), see [15, p. 240 ff]

Table 3 The random variables J , U , and E are independent, J has Laplace transform
ϕ, U ∼ U(0, 1), and E is unit exponential.

Third, for arbitrary Laplace transform ϕ the upper Fréchet–Hoeffding bound implies
Cϕ(u1, u2) ≤ min{u1, u2} for all u1, u2 ∈ (0, 1). It is not difficult to construct a sequence



of Laplace transforms ϕ(1), ϕ(2), . . . such that this upper bound is actually attained
within the model. One possibility for this is ϕ(n)(x) = exp(−x1/n). The value λ{i,j}:{i,j}
that is obtained in the limit as n→∞ is given by

λ{i,j}:{i,j} = Λ{i} (1− w(i)
0 ) + Λ{j} (1− w(j)

0 )−
m∑
k=1

max{w(i)
k Λ{i}, w

(j)
k Λ{j}},

which is independent of all intensities. In a certain sense, this means that the choice of
the jump size distribution is more crucial than the choice of intensities. In particular,

if w
(i)
k = w

(j)
k = 1 for exactly one k ∈ [m] (then necessarily w

(i)
0 = w

(j)
0 = 0), we obtain

the theoretical maximum λ{i,j}:{i,j} = min{Λ{i},Λ{j}} according to Remark 2.8.

Factor loadings

We study the effect of varying the factor weights w
(i)
k , w

(j)
k . To this end, for k ∈ [m] and

` ∈ {i, j} first define w̃
(`)
k := w

(`)
k /(1 − w(`)

0 ), so that w̃
(`)
1 + . . . + w̃

(`)
m = 1 for ` = i, j.

We observe that

Xk := min
{(1− U (k)

1 ) (1− w(i)
0 )

w̃
(i)
k Λ{i}

,
(1− U (k)

2 ) (1− w(j)
0 )

w̃
(j)
k Λ{j}

}
, k ∈ [m].

It is then immediately clear that increasing w
(`)
0 makes λ{i,j}:{i,j} smaller. This is quite

intuitive, since an increase of w
(`)
0 implies a shift towards idiosyncratic risk and thus

lowers the strength of dependence. More difficult is an investigation of the effect of

varying the weights w̃(`) = (w̃
(`)
1 , . . . , w̃

(`)
m ) on the m-dimensional unit simplex. To this

end, let D be a discrete random variable, independent of the Xk, with distribution given
by

P(D = k) =
βk

β1 + . . .+ βm
, k ∈ [m].

It follows that

λ{i,j}:{i,j} = Λ{i}
(
1− w(i)

0

)
+ Λ{j}

(
1− w(j)

0

)
− (β1 + . . .+ βm)P(XD βD < 1).

Apparently, a change in the unit simplex weights w̃(i), w̃(j) only has an effect on the
expression P(XD βD < 1). In particular, maximizing the strength of dependence is
tantamount to maximizing the probability P(XD βD ≥ 1). We observe that

P(XD βD ≥ 1) =
m∑
k=1

P(D = k)Cϕk

(
1−

Λ{i}

1− w(i)
0

w̃
(i)
k

βk
, 1−

Λ{j}

1− w(j)
0

w̃
(i)
k

βk

)
.

If both assets i and j are not influenced by factor k, meaning that w̃
(i)
k = w̃

(j)
k = 0,

then the value of the respective copula Cϕk in the last sum is maximal and equals one.



Consequently, we would expect to maximize the sum if we decide for just one factor,

say k, and then put w̃
(i)
k = w̃

(j)
k = 1, because this maximizes the remaining m− 1 terms

in the sum. Intuitively, we should choose the factor k whose pair (βk, ϕk) induces the
largest dependence according to the preceding paragraphs. This guarantees that also
the k-th term in the sum is not too small. Conversely, distributing the weights on several
factors implies that P(XD βD ≥ 1) equals an average of several numbers smaller than
one, and it is intuitive to believe that this results in a smaller value.

A.3 Some required projections

Algorithm 1 involves a number of projections to half spaces. These are easy to implement
and presented here for the sake of convenience.

• Projection to the box [`,u]:
The projection y of a point x ∈ Rd to the box [`,u] is simply given by y =
min{max{x, `}, u}, where the operators min and max are considered component-
wise.

• Projection to a half space:
For a ∈ Rd and α ∈ R we denote Ha,α := {x ∈ Rd : 〈x, a〉 ≤ α}. The projection
y of a point x ∈ Rd to the half space Ha,α is given by

y = x− max{〈x, a〉 − α, 0}
‖a‖2

a.

The required projection to the hyperplane HS̃,ε in Algorithm 1 is obtained for
α := 1− ε and ai := 1{i∈S̃} (1− κi), i ∈ [d].

• Projection to the intersection of a box with a half space:
Like in the previous bullet point we denote by Ha,α a half space, and we denote by
[`,u] some box. The projection y of some point x to the intersection Ha,α ∩ [`,u]
is computed as follows:

– Compute the projection z of x to the box [`,u].

– If 〈a, z〉 ≤ α, return y = z. Otherwise do the following:

∗ Compute the positive root r∗ > 0 of the non-increasing function

r 7→ 〈a, min{max{x− r a, `}, u}〉 − α.

∗ Return y = min{max{x− r∗ a, `}, u}.



A.4 Closed solutions in special cases

In general, optimal portfolios within the presented framework need to be computed
numerically, except for a few simple situations. The present section contains a few such
cases in order to improve the readers’ understanding of the presented Marshall–Olkin
framework.

The single-asset case

If we consider just a single asset, i.e. d = 1, then with Λ{1} = λ{1} the optimal asset
allocation is given by

x1 =
1−

(Λ{1} (1−κ1)

η1

) 1
1−p

1− κ1
.

The essential qualitative behavior of this optimum depends on whether or not the average
return µ1 = η1 − Λ{1} (1− κ1) is positive or negative:

• µ1 = 0: No investment in the asset is made.

• µ1 > 0: It is optimal to go long the asset. Furthermore, the optimal holding x1 of
the asset increases in p and the cash ratio decreases in p, reflecting the fact that
higher p corresponds to a less risk-averse investor.

• µ1 < 0: It is optimal to short the asset. Furthermore, an increase of p increases
the short exposure |x1| in the asset and decreases the cash ratio, again reflecting
the fact that higher p corresponds to a more risk-affine investor.

Clearly, in the general case d ∈ N under the independence assumption λI = 0 for all I
with cardinality |I| ≥ 2, which implies Λ{i} = λ{i} for each i ∈ [d], we obtain the same
asset weight

xi =
1−

(Λ{i} (1−κi)
ηi

) 1
1−p

1− κi
, ∀ i ∈ [d].

Senior and subordinate bond issued by the same company

We consider one firm that has issued debt with different seniority. Hence, we consider
a situation where d = 2 and λ{1} = λ{2} = 0, which means that Λ{1} = Λ{2} = λ{1,2}.
We further assume that η1 < η2 as well as κ1 > κ2.8 Intuitively, such a situation
occurs if we consider two bonds with different seniority issued by the same company.
Asset 1 is the more senior bond with lower yield and higher recovery, while asset 2 is a

8It is obvious that (η1 − η2)(κ1 − κ2) > 0 makes one of the bonds dominating the other one and we
rule out this scenario to avoid arbitrage.



subordinate bond with larger yield and lower recovery. A critical point x∗ of gp satisfies
the relationship

(1− κ1)x1 + (1− κ2)x2 = 1−
(Λ{1} (1− κ1)

η1

) 1
1−p

= 1−
(Λ{2} (1− κ2)

η2

) 1
1−p

.

We distinguish two cases:

• η1/(1− κ1) 6= η2/(1− κ2) (⇒ preference for one asset):
There is no critical point of gp. Consequently, the maximum lies at the boundary.
Assuming ` = −∞ and u =∞, the boundary of C0

`,u,ε is given by the equation
(1 − κ1)x1 + (1 − κ2)x2 = 1 − ε. For ε = 0, any point on this line has infinite
utility. For ε > 0, we solve for x2 = x2(x1) and observe

gp
(
x1, x2(x1)

)
=
(
η1 − η2

1− κ1

1− κ2

)
x1 +

(1− ε) η2

1− κ2
+ λ{1,2} Up(ε),

so that it is optimal to allocate as much wealth as possible into x1 (resp. x2) if and
only if η1/(1− κ1) > η2/(1− κ2) (resp. η1/(1− κ1) < η2/(1− κ2)). Concretely, if
we have u <∞ (but no restriction on short-selling), this means

x∗ =


(
u1,

1−ε−(1−κ1)u1
1−κ2

)
, if η1

1−κ1 >
η2

1−κ2(
1−ε−(1−κ2)u2

1−κ1 , u2

)
, if η1

1−κ1 <
η2

1−κ2

.

In particular, without investment limitations (i.e. large u) it is optimal to finance
a leveraged investment in the preferred bond by short-selling the other one. In
case a default happens, the maximal proportion 1 − ε of wealth is lost and only
the cushion ε remains.

• η1/(1− κ1) = η2/(1− κ2) (⇒ indifference between the assets):
There is a whole critical line of gp, namely the one specified by the linear equation

(1− κ1)x1 + (1− κ2)x2 = 1−
(Λ{1} (1− κ1)

η1

) 1
1−p

=: αp.

If we assume that αp ≤ 1− ε, points on this critical line are admissible portfolios,
and any point on this line provides the same expected utility, since solving for
x2 = x2(x1) gives

gp
(
x1, x2(x1)

)
=

αη2

1− κ2
+ λ{1,2} Up(1− αp),

a constant. Formally, with arbitrary x1 such that (1− κ1)x1 + (1− κ2)x2 = αp ≤
1− ε we obtain an optimal portfolio

x∗ =

(
x1,

αp − (1− κ1)x1

1− κ2

)
.

Intuitively, αp equals the amount of wealth at stake, which is lost in case of a
credit event. It is intuitive that this amount αp increases with p, since lower p
corresponds to a more risk-averse investor.



An interesting aspect of these considerations is that the risk aversion parameter p plays
no role regarding a preference for one of the two assets. Intuitively, one might expect that
a more risk-averse investor prefers the senior bond 1 over the subordinate bond 2. But
this is not the case. Instead, the comparison of yield ηi with credit spread Λ{i} (1− κi)
is what determines the preference for one of the two assets i ∈ [2], irrespective of p.

Example A.2 (Senior and subordinate bond: A numeric example)
Consider a senior bond with yield η1 = 1% and estimated recovery rate κ1 = 80%, as
well as a subordinate bond with yield 4% and estimated recovery rate κ2 = 20%. The
default intensity is estimated to be λ{1,2} = Λ{1} = Λ{2} = 2%. We observe that

η1

1− κ1
=

1

20
=

η2

1− κ2
,

i.e. there is no preference for one of the two assets. The risk aversion parameter p
thus controls the investment ratio, e.g. α0 = 60% and α−1 ≈ 36.75%. According to
the critical line of gp we are free to distribute our wealth between the two assets, for
instance with logarithmic utility p = 0 opting for x1 = 0.2 and then computing x2 =
(α0− 0.2 · x1)/0.8 = 0.7. While we lose α0 = 60% of our wealth in case of a default, the
generated yield of the investment equals x1 · η1 + x2 · η2 = 3%, which would have been
identical for any other choice of x1 6= 0.2 to begin with.

The general case of two assets

Consider the case of two assets, i.e. d = 2. Let us assume there is a critical point of gp
in C0. Then x∗ satisfies the equation system

ηi
1− κi

= λ{i}
(
1− (1− κi)xi

)p−1
+ λ{1,2}

(
1− (1− κ1)x1 − (1− κ2)x2

)p−1
, i ∈ [2].

(20)

This implies that independent of i ∈ [2] we have

ηi
1− κi

− λ{i}
(
1− (1− κi)xi

)p−1
= λ{1,2}

(
1− (1− κ1)x1 − (1− κ2)x2

)p−1
.

By definition of C0 the last expression is positive whenever λ{1,2} is positive, and we
thus obtain the necessary restriction

xi ≤
1−

(λ{i} (1−κi)
ηi

) 1
1−p

1− κi
, i ∈ [d].

We already know from the single-asset case that for λ{1,2} = 0 (and thus λ{i} = Λ{i}) it
is optimal to have equality in the last inequalities. Whenever, we have positive λ{1,2},
and thus positive dependence between the two assets, it is optimal to reduce the asset
weights compared to the independent case. The interesting question is: How much



should the asset weights be reduced, or should we even short one of the assets? To
this end, we now assume without loss of generality (since we know the solution in the
opposite case) that λ{1,2} > 0. We already did discuss the case λ{1} = λ{2} = 0 in the
preceding paragraph, so we may without loss of generality assume that at least one of
the two λ{i} is positive. Consider first the simpler case when one of the two is indeed
equal to zero, say (without loss of generality up to re-labeling) λ{1} = 0. Then we
obtain

η1

1− κ1
− η2

1− κ2
+ λ{2}

(
1− (1− κ2)x2

)p−1
= λ{1}

(
1− (1− κ1)x1

)p−1
= 0,

from which we conclude that there is no critical point unless η2/(1− κ2) > η1/(1− κ1).
This is intuitive, since the assumption λ{1} = 0 together with η1/(1− κ1) ≥ η2/(1− κ2)
implies an obvious preference for asset 1, is hence less interesting / trivial. Consequently,
under the assumption η2/(1− κ2) > η1/(1− κ1) we obtain

x∗ =


(

λ{2}
η2

1−κ2
− η1

1−κ1

) 1
1−p
−
(
λ{1,2} (1−κ1)

η1

) 1
1−p

1− κ1
,

1−
(

λ{2}
η2

1−κ2
− η1

1−κ1

) 1
1−p

1− κ2

 .

In particular, we observe that the optimal portfolio recovery rate K(x∗, {1, 2}) in case
of a joint default S = {1, 2}, which is the only possible way of a default for asset 1 in
this case, equals

K(x∗, {1, 2}) = 1−
(
(1− κ1)x1 + (1− κ2)x2

)
=

(
λ{1,2} (1− κ1)

η1

) 1
1−p

.

Finally, assume that λ{1} and λ{2} are both positive. The assumption of a critical point
x∗ implies that the expression

η1

1− κ1
− η2

1− κ2
+ λ{2}

(
1− (1− κ2)x2

)p−1
= λ{1}

(
1− (1− κ1)x1

)p−1

is positive at the critical point, so that we obtain

x1 =

1−

(
λ{1}

η1
1−κ1

− η2
1−κ2

+λ{2}

(
1−(1−κ2)x2

)p−1

) 1
1−p

1− κ1
, (21)

and by a symmetry argument the same formula also holds with indices 1 and 2 replaced.
Plugging this expression for x1 into (20) for i = 2 we obtain an equation for x2 that can
only be solved numerically, namely

η2

1− κ2
= λ{2}

(
1− (1− κ2)x2

)p−1

+ λ{1,2}

( λ{1}
η1

1−κ1 −
η2

1−κ2 + λ{2}
(
1− (1− κ2)x2

)p−1

) 1
1−p

− (1− κ2)x2

p−1

.



Regarding the question of the signs of the optimal x1, x2, we observe for {i, j} = {1, 2}
that

xi > 0 ⇔ ηi
1− κi

− ηj
1− κj

> λ{i} − λ{j}
(
1− (1− κj)xj

)p−1
.

The right-hand side of the last inequality is decreasing in xj , so that an increase of
xj makes the inequality less likely to hold. In other words, an increase in xj is likely
to decrease xi (and vice versa by the symmetrical argument). Since we know that
the random vector (τ1, τ2) is positively associated, see [10, Theorem 6.7, p. 177], this
is a quite intuitive observation: the positive correlation makes it attractive to achieve
diversification effects by shorting one asset and going long the other. A comparison
of the recovery-adjusted yields η1/(1 − κ1) and η2/(1 − κ2) apparently has a decisive
impact on the signs of the optimal allocations x1 and x2. Figure 6 depicts two parameter
constellations, for which it is optimal to short asset 1 and go long asset 2. In the left
example we have µ1, µ2 > 0 and in the right example we have µ1, µ2 < 0. This shows
that it is well possible that it can be optimal to go short (long) an asset, despite its
average return being positive (negative).

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

x
1

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

x 2

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

x
1

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

x 2

Fig. 6 Contour plots of g−1 in dimension d = 2. The black cross denotes the optimal
portfolio. Left: parameters λ{1} = λ{2} = λ{1,2} = 0.01, κ1 = 0.4, κ2 = 0.2,
η1 = 0.017, η2 = 0.036. Right: parameters λ{2} = 0.01, λ{1} = λ{1,2} = 0.02,

κ1 = 0.3, κ2 = 0, η1 = 0.018, η2 = 0.025.

Finally, if we assume that (η1, κ1,Λ{1}) = (η2, κ2,Λ{2}) = (η, κ,Λ), the optimal x∗ is
easily seen to be an equally-weighted portfolio, i.e. x1 = x2 = x, and the weight x is
positive if and only if η > Λ (1− κ). An increase of λ{1,2} then pushes x closer to zero,
i.e. reduces |x|.

A closed solution for the minimal risk portfolio in d = 2

The following example shows that the minimization of the risk measurement ρ0 in (12)
on fully invested portfolios is possible in closed form for d = 2.



Example A.3 (Minimal risk portfolio for d = 2 and logarithmic utility)
We assume d = 2 and p = 0, and postulate a fully invested portfolio x1 + x2 = 1. We
denote (x1, x2) = (x, 1−x) in order to reduce the dimension of the problem. In analytical
terms, the optimization boils down to finding a minimum of the one-dimensional convex
function

x 7→ Λ[d] ρp(x, 1− x) = λ{1}

(
− log

(
1− x (1− κ1)

)
− x (1− κ1)

)
+ λ{2}

(
− log

(
κ2 + x (1− κ2)

)
− (1− x) (1− κ2)

)
+ λ{1,2}

(
− log

(
κ2 − x (κ2 − κ1)

)
− x (1− κ1)− (1− x) (1− κ2)

)
on the interval x ∈

(
−κ2/(1−κ2), 1/(1−κ1)

)
. Notice that the latter domain originates

from the definition of the trading restrictions in C0. Taking the derivative, the unique
critical point x satisfies

0
!

= λ{1} (1− κ1)
( 1

1− x (1− κ1)
− 1
)

+ λ{2} (1− κ2)
(

1− 1

κ2 + x (1− κ2)

)
+ λ{1,2} (κ2 − κ1)

( 1

κ2 − x (κ2 − κ1)
− 1
)
.

This leads to a cubic equation that can be solved in closed form (which is not done
here). A typical practical situation when interpreting the assets as credit default swaps
is κ := κ1 = κ2, in which case the last equation even simplifies further to the quadratic
equation

(1− κ) (λ{1} − λ{2})x2 +
(
κλ{1} + (2− κ)λ{2}

)
x− λ{2}

!
= 0.

With the notation λ̄(κ) := λ{1} κ+λ{2} (1−κ) it is not difficult to see that the function
x 7→ ρ0(x, 1− x) is minimized by

x∗ =

 1
2 (1−κ)

∣∣∣∣√κ2 +
4λ{2}

(λ{1}−λ{2})2
λ̄(κ)−

√
κ2 +

4λ{2}
(λ{1}−λ{2})2

λ{1}

∣∣∣∣ , if λ{1} 6= λ{2}

1
2 , otherwise

on its domain x ∈
(
− κ/(1 − κ), 1/(1 − κ)

)
. The optimum x∗ is totally independent

of λ{1,2}, which is an immediate consequence of the assumption κ1 = κ2. It is further
interesting to observe that the optimum x∗ lies strictly within (0, 1), meaning that
shorting one of the two assets is not optimal, not even in the situation λ{1} � λ{2}.
Figure 7 further shows that x∗ > 0.5 if and only if λ{2} > λ{1}, and that it satisfies the
symmetry property x∗

(
κ, λ{1}, λ{2}

)
= 1− x∗

(
κ, λ{2}, λ{1}

)
.
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Fig. 7 Visualization of the function x 7→ Λ[d] ρ0(x, 1− x) for κ = 0.4 and λ{1,2} = 0.01
in two cases with λ{1} and λ{2} as depicted in the legend. The vertical dotted

lines visualize the respective minima x∗.



A.5 List of tractable jump-size distributions

Name ϕ(x) θ ∈ ϕ−1(y) J ∼
constant e−θ x (0,∞) − log(y)/θ θ

exponential θ
x+θ (0,∞) θ 1−y

y E/θ

stable e−x
θ

(0, 1) (− log(y))
1
θ sin(θ π U)

(
cos
(
π U (1−θ)−π/2

)
E cos

(
π(U−1/2)

)1/(1−θ)) 1−θ
θ

gamma (1 + x)−θ (0,∞) y−
1
θ − 1 Γ(θ, 1), see [15, p. 240 ff]

inv. Gauss 1 e−θ (
√

2x+1−1) (0,∞) 1
2

{(
1− log(y)

θ

)2
− 1
}

IG(θ, 1), see [15, p. 245]

inv. Gauss 2 e−(
√

2x+θ2−θ) (0,∞) 1
2

{(
θ − log(y)

)2 − θ2
}

IG(1, θ), see [15, p. 245]

Table 4 One-parametric families of Laplace transforms ϕ. The column “J ∼” indicates how the jump distribution is simulated
efficiently. We denote by U ∼ U(0, 1) a random variable that is uniform on (0, 1), and by E an independent standard
exponential random variable.
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