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Summary

In this dissertation, we tackle both theoretical challenges within the field of stochastic partial
differential equations as well as statistical inference problems based on high-frequency estimation
for a new class of stochastic processes.

In Chapter|1] given a sequence L¢ of Lévy noises, we derive necessary and sufficient conditions
in terms of their variances o(¢) such that the solution to the stochastic heat equation with noise
o(g) "' L converges in law to the solution to the same equation with Gaussian noise. This normal
approximation result applies to both equations with additive and multiplicative noise and hence
lifts the findings of S. Asmussen and J. Rosinski [J. Appl. Probab. 38 (2001) 482-493] and S.
Cohen and J. Rosinski [Bernoulli 13 (2007) 195-210] for finite-dimensional Lévy processes to
the infinite-dimensional setting without making distributional assumptions on the solutions such
as infinite divisibility. One important ingredient of our proof is to characterize the solution to
the limit equation by a sequence of martingale problems. To this end, it is crucial to view the
solution processes both as random fields and as cadlag processes with values in a Sobolev space
of negative real order.

In Chapter [2| we prove the normal approximation for the solution u® to the stochastic wave
equation driven by the Lévy noise 0(6)*1L€ and thus extend the result of Chapter|l|to the class
of hyperbolic stochastic PDEs. Furthermore, u® is shown to have a space—time version with a
cadlag property determined by the wave kernel, and its derivative d,u® a cadlag version when
viewed as a distribution-valued process. These two path properties are essential to our proof of
the normal approximation as the limit is characterized by martingale problems that necessitate
both random elements. Our results apply to additive as well as to multiplicative noises.

In Chapter |3 we consider the problem of estimating volatility for high-frequency data when
the observed process is the sum of a continuous Itd semimartingale and a noise process that
locally behaves like fractional Brownian motion with Hurst parameter H. The resulting class
of processes, which we call mixed semimartingales, generalizes the mixed fractional Brownian
motion introduced by P. Cheridito [Bernoulli 7 (2001) 913-934] to time-dependent and stochas-
tic volatility. Based on central limit theorems for variation functionals, we derive consistent
estimators and asymptotic confidence intervals for H and the integrated volatilities of both the
semimartingale and the noise part, in all cases where these quantities are identifiable. When ap-
plied to recent stock price data, we find strong empirical evidence for the presence of fractional
noise, with Hurst parameters H that vary considerably over time and between assets.

Finally, Chapter [4] consists of a supplementary material that gives in detail all proofs of the
theoretical results of Chapter
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Zusammenfassung

In dieser Dissertation gehen wir sowohl an theoretische Herausforderungen im Bereich stochastis-
che partielle Differentialgleichungen als auch an statistische Inferenzprobleme basierend auf
Hochfrequenzschétzung fiir eine neue Klasse von stochastischen Prozessen heran.

In Kapitel gegeben eine Folge L¢ von Lévy Noises leiten wir notwendige und hinre-
ichende Bedingungen fiir deren Varianzen o%(e) her, sodass die Losung der stochastischen
Waiérmeleitungsgleichung mit Noise a(s)_II.F in Verteilung gegen die Losung der gleichen stochas-
tichen PDEs mit Gauss’schem Noise konvergiert. Diese normale Approzimation gilt fir Gle-
ichungen sowohl mit additivem als auch mit multiplikativem Noise. Sie hebt damit die Be-
funde von S. Asmussen und J. Rosinski [J. Appl. Probab. 38 (2001) 482-493] und S. Cohen
and J. Rosinski [Bernoulli 13 (2007) 195-210] fiir endlich-dimensionale Lévy Prozesse auf ein
unendlich-dimensionales Setting hoch, ohne Verteilungsannahmen iiber die Lésungen zu machen
wie unendliche Teilbarkeit. Ein wichtiger Bestandteil unseres Beweises besteht darin, die Losung
der Grenzwertgleichung durch eine Folge von Martingalproblemen zu charakterisieren. Dazu ist
es entscheidend, die Losungsprozesse sowohl als Zufallsfelder als auch als cadlag-Prozesse mit
Werten in einem Sobolev-Raum negativer reeller Ordnung zu betrachten.

In Kapitel [2] weisen wir die normale Approximation fiir die Losung u® der stochastischen
Wellengleichung angetrieben durch den Lévy Noise o(¢)~! L nach und erweitern damit die Re-
sultate von Kapitel [I] auf die Klasse der hyperbolischen stochastischen PDEs. Auflerdem wird
gezeigt, dass u® als Zufallsfeld in Raum und Zeit eine Version mit einer cadlag-Eigenschaft hat,
welche durch den Wellenkern bestimmt wird, und seine Ableitung 0;u® eine cadlag-Version,
wenn sie als distributionswertiger Prozess betrachtet wird. Diese beiden Pfadeigenschaften sind
flir unseren Beweis der normalen Approximation wesentlich, da der Grenzwert durch Martingal-
probleme charakterisiert ist, welche beide Zufallselemente erfordern. Unsere Ergebnisse gelten
sowohl fir additiven als auch fiir multiplikativen Noise.

In Kapitel [3] betrachten wir das Problem der Volatilitdtsschiatzung fiir hochfrequente Daten,
wenn der beobachtete Prozess die Summe eines kontinuierlichen It6 Semimartingals und eines
Noise-Prozesses ist, welcher sich lokal wie eine fraktioniale Brownsche Bewegung mit Hurst-
Parameter H verhélt. Die resultierende Klasse von Prozessen, die wir gemischte Semimartingale
nennen, verallgemeinert die von P. Cheridito [Bernoulli 7 (2001) 913-934] eingefiihrte gemischte
fraktionelle Brownsche Bewegung auf zeitabhéngige und stochastische Volatilitéat . Basierend auf
zentralen Grenzwertsitzen fiir Variationsfunktionale leiten wir konsistente Schétzer und asymp-
totische Konfidenzintervalle fiir H und die integrierten Volatilitdten sowohl des Semimartingal-
als auch des Noiseanteils in allen Féllen ab, in denen diese Groflen identifizierbar sind. Bei der
Anwendung auf aktuelle Aktienkursdaten finden wir starke empirische Beweise fiir das Vorhan-
densein von fraktionalem Noise.

Kapitel [4] schliefSlich besteht aus einem ergénzenden Material, das im Detail alle Beweise der
theoretischen Ergebnisse von Kapitel |3 liefert.
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Introduction

In this thesis, we develop functional central limit theorems for the solutions to stochastic par-
tial differential equations (stochastic PDEs) driven by a pure-jump Lévy space-time white
noise as well as for a new model within financial statistics that we call mixed semimartingale,
in which stock prices observed at high frequency are contaminated by a fractional microstructure
noise. We further develop estimation procedures for the volatility of price processes and perform
an extensive simulation study and data analysis based on high-frequency financial data.

The motivation for the first part of this thesis is the normal (or Gaussian) approximation for
Lévy processes. If we consider a family L§ = [ [ z (4 —v°)(ds, dz) of Lévy processes consisting
of compensated jumps (u° is a Poisson random measure on Rt x R, v°(ds,dz) = dsQ¢(dz) its
intensity measure and Q°(dz) a Lévy measure on R) such that the variance of the jumps is finite
(that is, 0%(¢) = [ 22 Q°(dz) < c0), then it holds that

o(e) 1 IF LW, as e—0, I

where W is a standard Brownian motion, if and only if the following analytical condition on the
Lévy measure Q°(dz) holds:

1
m 7/ 22Q°(dz) =0  forall x>0. (II)
|z|>ko(g)

e a?(g)

In (I), the convergence takes place in the Skorokhod space D([0,00),R). This is a well-known
weak convergence result which has been proven in [36] in its full generality. An important
special case of this normal approximation is the so-called small jumps approximation of Lévy
processes; see [9]. In that situation, we have a single Lévy process L with a Lévy measure Q(dz)
and we consider the processes L that arise from setting p°(ds,dz) = 1y, j<.3u(ds,dz) and
Q(dz) = 1{|Z|§5}Q(dz), € > 0. Then, provided holds, the normal approximation has
the following interpretation: As the amplitude ¢ decreases, the Lévy process o(¢) ™! L consisting
only of normalized jumps of amplitude < o(g) !¢ tends to look more and more like the Brownian
motion W.

Investigating the condition for prominent examples of Lévy processes, [9] obtains the
following: The normal approximation neither holds for the compound Poisson process (hence,
an infinite activity of jumps is necessary for ), nor for the gamma process. It does, however,
for any stable process of index « € (0,2) and for the normal inverse Gaussian process.

From this starting point, we investigate convergence in law of stochastic PDEs for which the
driving noise is L*. More precisely, we consider the stochastic heat equation

LE(t, x)

o(e)

Opus (t, x) = Oppus (t, ) + f(u®(t, x)) (t,z) € 0,T) x [0, 7], (III)
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and the stochastic wave equation

LE(t, x)
o(e) ’

the prototypes of parabolic and hyperbolic stochastic PDEs, respectively. In these two equations,
L#(t,x) is a pure-jump Lévy space-time white noise with a representation

Opu® (t,x) = Opau(t,x) + f(u(t,z)) (t,z) € [0,T] x R, (IV)

LF(A) = / / Ta(t,x)z (u° — v°)(dt, dzx, dz), A € By(RT x R). (V)
R+ xR JR

The components defining L® are similar to the purely temporal situation: u° is a Poisson random
measure on RT x R? with intensity measure v°(ds, dz,dz) = dsdzQ(dz), and Q°(dz) is a Lévy
measure with 02(¢) = [ 22 Q°(dz) < co. It is important to note that we consider equations with
multiplicative noise f(u®(t,z))o(e)~ L?(t, z), that is, the perturbation of the system considered
is modeled as the product of the noise and (some function of) the solution itself.

We then raise the question: Do we have u®(t, z) 4, u(t,x) where u solves

Opu(t, x) = Oppu(t, x) + f(ult,z))W(t,x), (t,x) € [0,T] x [0, 7], (VI)

or

Opu(t, ) = Oppu(t, ) + f(ult,z))W(t,z), (t,z) € [0,T] x R, (VII)
depending on the stochastic PDE considered? In the equations above, W(t,a:) is a Gaussian
space-time white noise, that is, a centered Gaussian random measure {W(A) | A € B(RT x R)}
with covariance structure E[W(A)W (B)] = Lebg+yr(A N B) for bounded Borel sets A, B C
RT x R. In Chapter [1]and Chapter [2, which led to the papers [32] and [43], respectively, we give
a positive answer to that question.

As a first step toward our results, it is necessary to find suitable function spaces that support
the solution u* to and to . In particular, we need some sort of cadlag path regularity for
u® because our proofs are based on the general semimartingale theory. First of all, throughout
this thesis we work with the concept of mild solutions to stochastic PDEs, an approach that
traces back to a seminal work by J. B. Walsh; see [99]. In our setting, this is a predictable
random field u® satisfying for each space—time point (¢, x),

o F(s,y))
wita)= [ [ Gusla ) = S L (A5, ).

The kernel G is the Green’s function of the heat operator on [0,7] x [0,7] or of the wave
operator on [0,7] x R. Recent results guarantee the existence and uniqueness of u®; see [2§],
for instance. In the two equations considered, u® is locally square-integrable. Furthermore, for
the heat equation, one issue is that G is singular at the origin, whence each time a jump from
L#(ds,dy) occurs, it creates an explosion of the solution. So u® cannot have any path regularity
jointly in space and time. An alternative is to view u® as a process with only a time variable
and values in a space of distributions. In doing so it was shown in[31] that the solution has a
cadlag version @° in the fractional Sobolev space of negative order denoted by H_, ([0, 7]), for
any r > 1/2. Drawing upon this result, instead of u® only, we consider for the stochastic heat
equation, the pairs

(uf, @) € L2([0,T] x [0,7]) x D([0,T], H_,.([0,7])). (VIII)
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In the main result of Chapter |1, Theorem we then prove that (u®,u®) LN (u, ), where u
is the continuous mild solution to and @ its continuous version in H_, ([0, 7]), if and only if
the condition is satisfied. It is remarkable that, comparing with the purely temporal case,
no additional assumption on the noise L¢ is required for that result.

By contrast, the wave kernel in one space dimension has no singularity as it is the indicator
function is the backward light cone. Hence, we can expect the solution to the wave equation to
exhibit some path regularity in space—time. In fact, we show that it has a version u® with a two-
dimensional cadlag property denoted by < that fits the shape of the wave kernel. In addition, we
also need the (distributional) time derivative dyu®. We show that there exists a cadlag process
¢ with values in a distribution space H_,(R) defined similarly as H_,([0,7]) that completely
characterizes 0;u®. We then prove for the wave equation, in Theorem that the pair

(@, 7°) € (D=([0,T] x [0, L)) N L2(10,T) x [0, L])) x D([0, T}, H_(R)) (IX)

converges weakly to the pair (u,v), where u is the continuous mild solution to and T a
continuous H_,(R)-valued process that characterizes dyu. This is the main result of Chapter
We see that the functional setting is different for both equations and, consequently, many
aspects in the proof of the normal approximation differ in the two chapters. However, the general
idea of the proof is the same. It is important to note that because we consider stochastic PDEs
with multiplicative noise, which is a major contribution of our results, the proof is much more
challenging than in the case of additive noise (f constant). For instance, we cannot make use of
weak convergence results for infinitely divisible distributions since we have stochastic integrands.
First, we show tightness of each random element within the function space that supports it.
To that aim, we use various tightness criteria (in particular, the Aldous condition and general-
ization thereof to multi-indexed processes). Next, the identification step of the limit is based on
the fact that we can find a characterization of mild solutions in terms of semimartingales with
known characteristics. For the heat equation, we have for all test functions ¢ € C2°((0, 7)),

(u, o // (s,7)¢"( dsd:z—l—// f (s, 2) ()Le(ds,dx). (X)

And for the wave equation, for all ¢1, 2 € C°(R),
| T (t.2)on (@) do+ . 62)
_// (5, @)l () dzds + (D (2, ), 1) +/ /¢2 ) JWAS2) peas, da).

By well-known results in [65], the semimartingales in and are completely character-
ized by martingale problems involving certain complex-valued martingales Mg and Mg,
respectively. We then construct further processes Mygar and Mwavg in such a way that if
Mygar and Mwavg are shown to be martingales as well, then the random field w (obtained
from weak converging subsequences) necessarily is the mild solution to and , respec-
tively. But under the condition on the Lévy measure, we can show that Mgz — MHuEAT
and Myavy — Mwavr as € — 0 in the Skorokhod topology, from which the desired martin-
gale property of Mygar and Mwave can be inferred, hereby yielding our normal approximation
results.

It is important to note the intricate interplay of the different random elements at hand in
and : The semimartingale characteristics of the processes on the left-hand sides do not
directly depend on the processes themselves but on the random field solution u* (and also on

(XT)



Opu’ for the wave equation). In particular, they are not deterministic. This is precisely the reason
why we need to consider pairs in and .

The normal approximation of stochastic PDEs has applications, for instance, in neurophysiol-
ogy: There, the stochastic cable equation is used to describe the propagation of action potentials
within one neuron, from the site of initiation to the end of its axon, which is viewed as a thin
cylinder. We then have for the potential Y&,

BYE(t, 1) = Dy Yo(t, @) — YE(t, @) + o (YE(t, ) L5 (¢, x)

where Ls(t, x) describes the electrical impulses arriving at time ¢ and position z. By our results,
this stochastic PDE can be approximated after appropriate normalization by

OY (t,x) = 02Y (t, ) =Y (t,2) + o(Y (¢, 2))W(t,x)

with a Gaussian white noise W, an equation far easier to simulate in practice.

We now turn to the second part of this thesis, that is, Chapter [3] and Chapter [@ Here, we
introduce a new statistical model that we call mixed semimartingale and that we define (in
a somewhat simplified version) as follows:

1

t ¢ ¢

Y, =Xi+Z, Xi= /0 as ds+/0 osdB,, Z; = /0 g(t—s)ps AWy, g(t) = K772 (XII)
where 0 < H < 1/2. The process (X;)¢>0 is a continuous [to0 semimartingale and the process
(Z¢)¢>0 a continuous moving-average. o and p are volatility processes (possibly dependent), B
and W are independent Brownian motions. Furthermore, if p = 1, one sees that Z; is, up to
a process of finite variation, the Mandelbrot—van Ness representation of fractional Brownian
motion (fBM) with a Hurst index H € (0,1/2). Note that if both ¢ and p in are constant,
we obtain a special class of models called mixed fractional Brownian motion (mfBM) that was
first introduced by P. Cheridito in [25].

The mixed semimartingale model is motivated by empirical observations in financial data.
Consider the realized volatility 170’?75 = ZEZA"} IYia, — Y- A, > where V; in is now an
observed asset price process, A, is a sampling frequency and T a finite time horizon. For each
stock of the DJIA index (log of the mid-quote data) and for each trading day in 2019, we
calculated ‘70’} for several sampling frequencies A,. From this, we observed that 170”@ diverges
as A, — 0 at a rate of A% with a € (—1,0) in most cases. The reason for this blow-up is the
so-called market microstructure noise. It can be viewed as the difference between the observed
price process Y; and the efficient price, which is the continuous-time process X; in that
arises as a scaling limit of prices when transactions occur more and more frequently.

We propose to model the microstructure noise by the fractional component Z; in .
This is interesting for the following reasons. First, as shown by our theoretical results, under

this model we have AL=2H ‘A/OT’LT RN fOT p2ds. Since H < 1/2, all scaling exponents between
(—1,0) can be reproduced via the Hurst index. An analogous observation was made for the
sample variance of price increments. Furthermore, it is a continuous-time model, whereas most
existing microstructure noise models are discrete time series. In a discrete setting, as soon as
the variance of the noise variables goes to 0 as A, — 0 (shrinking noise), compatibility issues
between sampling frequencies appear. On the other hand, if the variance of the noise remains
constant when increasing the sampling frequency (non-shrinking noise, i.i.d. noise for example),
then theoretical results show that YA/OTfT explodes as A, — 0 at a rate of A, which was observed
empirically only in few cases. Our continuous-time model also has the desirable feature that
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the process t — Z; is Lebesgue-measurable. Finally, it allows for serial dependence, since the
increments of fBM are negative correlated (for H < 1/2), or dependence with the price process
X, via the noise volatility p.

With the statistical model at hand, we pursue a theoretical investigation of the asymp-

totic properties of variation functionals A;fT = ZEZA”} ATY ALY where ATY = Yin, —Yi_1)a,
is an increment and r € Ny, in order to develop statistical procedures for estimating parame-
ters of interest: The integrated price volatility fOT 02 ds, the integrated noise volatility fOT ptds
and the Hurst parameter H € (0,1/2) of the noise. Our theoretical findings include a law
of large numbers (LLN) and a central limit theorem (CLT) for these functionals: If we set

Vit = (Vg4 ..., Vi) with R € Ny, then we have for all H € (0, 3),

_1 . t t
A2 {A};QH vr—1H / p2ds — e / o2ds AL2H LT (H)} =z (XIII)

0 0 2
where =% denotes stable convergence in law, Z; = fg ¢, dW ¢ with a standard Brownian motion
W € R (independent of all previous processes) and ¢y € RUFEIXU+R) gatisfies cocl = CH pl
and CH further describes the covariance structure of Z;. The numbers (')~ appearing in

(XILI)) are
=1, TH=(r+1)* -2 L (r—1)*/2, r>1, TH=(0l . .. TH

T

and correspond exactly to the autocorrelation function of the increments of an fBM with Hurst
index H. In fact, both the LLN limit and the CLT limit come from the fractional part Z;. Setting
o = 0 would thus lead to a CLT for fBM with the same form as in [I4], for instance. In the
general situation, however, X; produces an asymptotic bias term equal to the integrated price
volatility at the rate of AL=2# for the realized volatility and only if H > 1/4. This is in line
with the results of [96] stating that if H < 1/4, the processes Y; and Z; have equivalent laws
and, thus, the price volatility cannot be estimated consistently. Note also that the knowledge
of the fluctuation process Z; in will allow us to construct feasible estimators that are
asymptotically normal. Indeed, one crucial benefit of stable convergence in law is the ability to
combine it with other converging random variables:

Zo 7, Y, DY = (Z,,Y,) =% (2,Y).

A central limit theorem for much more general variation functionals than f/t", and that are
normalized, constitutes the main result of Chapter [3} see Theorem [3.2.1] It exhibits additional

asymptotic bias terms with a convergence rate of Aﬁl(l_zH) with j = 1,...,N(H) (so they

are negligible in the LLN but not in the CLT due to the rate of A%/ 2) and their number
N(H) = [1/(2 — 4H)] can be arbitrarily large depending on the value of the Hurst index.
This shows that a CLT for functionals of a mixed semimartingale is not just the sum of the
purely semimartingale model and the purely fractional model, which are both well studied in
the literature. The proof of our main CLT revolves around two main steps: First, the CLT as
such based on a centering with appropriate conditional expectations and second, the convergence
of the latter to the LLN limit after removing the asymptotic bias terms. Regarding the first part,
it turns out that the semimartingale part X; is asymptotically negligible and does not play a
role in the shape of the CLT. So the fractional part Z; dominates and in order to analyze it,
we based our approach on martingale approximations for fractional processes and martingale
CLTs as conducted in [27], 29]. We also use constantly size estimates based on the structure of
the mixed semimartingale model and on important regularity assumptions that are commonly
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encountered in the literature: First, o has the same regularity as Brownian motion, and second,
p is the sum of a process with a regularity strictly greater than 1/2 and of an It6 semimartingale.

Based on the CLT , we construct consistent, asymptotically mixed normal and, hence,
bias-free estimators for the aforementioned parameters of interest. As a matter of fact, the Hurst
index H must be estimated first, which is thus our first focus. Our basic estimator is

= 1 [ (e V) . (a,T)
H" = ~ with H)= 7
(o o) = .1
for some weight vectors a = (ag,...,ag), b = (by,...,bg) in R (and (.,-) the standard

inner product on R1+R). In order to deal with the bias term in (XIII)), we follow two strategies
that lead to two different estimators. First, we do not consider the realized volatility V' in

the estimator for H. In that case, it is straightforward to find feasible estimators H n0 6’;’0
and H”’O for H, the price and noise volatility, respectively (Theorem . For instance, we

obtain ap, 1/2A51/2(f["’0 H) =% N(0,1) as well as B, 1/2 1/2_2Hn’0(C~'§3’0 —Cp) =5 N(0,1)

if H € (1/4,1/2) where
o~ -1
= (i ) (1)
) <C, FHn,0> <C, FHn,O>

and ¢ € R'™ is another weight vector. The random variables &, and En are known normalization
terms.

However, H™? above suffers from a serious drawback: If H = 1 /2 (which amounts to saying
there is no fractional noise), since XA/&F is excluded from the computations, it can be shown

that (a, V;*)/(b, V%) converges stably in law to a Cauchy distribution. So H™? is not consistent
anymore because with positive probability, it can take values on any nonempty open interval.
Therefore, it is necessary to construct an alternate estimator that performs well for high values
of the true parameter H. We can achieve that by including the realized volatility in . But
then, it turns out that the asymptotic bias term in produces further bias terms: The basic
CLT for H" becomes

Ap

N

_ N (H) T j
H”—H+Z¢y</ a?ds> P (Xe)
j=1 0

where N(H) = [1/(2 — 4H)], the random variables ®'' are higher order terms coming from a
Taylor expansion and C' > 0. So in order to obtain a bias-free estimator for H, we need to
estimate the price volatility. But as mentioned previously, to estimate fOT 02ds we first need
an estimate for H. This leads to a complex iterated estimation procedure for both H and the
price volatility, which ultimately yields feasible estimators for the three quantities of interest
(Theorem . It is important to note that in practice, it becomes increasingly challenging
to compute the terms ®7 for high values of j as they are higher order derivatives. Hence, for
practical computations N(H) must be fixed. To the value N(H) = 3 we associate the feasible
estimators H .3 6’;3 and ﬁ}l?’ (this is the highest value that we compute in this dissertation
and it yields the best numerical results).

With these estimators at hand, we perform a simulation study in R, hereby comparing them
with estimators already existing in the literature. Regarding the Hurst index, we consider a
regressmn estimator H{}S based on a volatility signature plot, the autocorrelation estimator
(1 4 logy(V}" 4/Voy +1))/2 and a change-of-frequency estimator H\ s developed in [47],

acf =
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which was originally constructed for the mfBM model and has an optimal convergence rate of
Al/ Regarding the price volatility, we consider the two-scale realized variance estimator CTSRV
introduced in [I00] as well as the preaveraging estimator Cgreave of [56]. Both are well-known
noise robust estimators in the field of financial econometrics and are already implemented in the
R package highfrequency.

We generate paths corresponding to 20 trading days for the (mfBM) process Y = 0B + pB!
with BH an fBM, for several values of H ranging from 0 to 1/2. Here, H = 0 means that instead
of BY, we generate i.i.d. standard normal variables, and H = 1/2 means that we set p = 0.
The simulation results show that our estimators for H outperform the existing estimators in
the whole range (0,1/2) in terms of root-mean-squared-error (RMSE). The best estimator in
the range H < 0.35 is by far H"™Y. However, for the reason explained before, H"™ has an ever
increasing standard error for higher values of H (the same goes for I;TBMS as it can be shown
that it is equal to H™0 with special weight vectors a,b). But for H € (0.4,0.5), our estimator
H™3 has a lower RMSE than H{}S, H vp and HDMS Moreover, we conjecture that computing the
estimator for H with realized Volatllity and an increasing number of corrected bias terms (that
is, greater than 3) will gradually bring down the sample bias while maintaining the standard
error at a low level, ultimately yielding better estimators for H. Regarding the price volatility,
it turns out that 5’%’0 performs better than 6’;3, both in terms of bias and standard error.
Furthermore, 6;3’0 is better than G%SRV and C’preave in the range H € (0.15,0.35) in terms of
RMSE (sometimes exhibiting an RMSE half so big as the other two estimators). However, due
to larger standard errors, 5’;’0 performs worse than both standard noise-robust estimators for
lower and higher values of H.

Using these findings, we conclude with an empirical analysis. Based on the log mid-quote
data of the 29 companies that were constituents of the DJIA index for the whole year of 2019
and using a sampling frequency A,, of one second, we produce a daily estimate of H using H™0
and H™3 as well as a daily estimate of the price volatility using CN';’O and 6‘;3 (and similarly
for the noise volatility). For each estimate of H, we also compute a 95%-confidence interval.
Our results for the Hurst index exhibit values varying within the interval (0,1/2) from one
trading day to the other and differing between companies. Most of the time, the estimate of
H is significantly above 0 and beneath 1/2. This constitutes a strong empirical evidence for
asset- and time-dependent values of H. Moreover, in many cases our estimates of the price
volatility exhibit a similar behavior to the standard noise-robust estimators CTSRV and Cpreave
For concrete examples, we refer to Section [3.5] of Chapter [3|

The theoretical results regarding our mixed semimartingale model as well as the simulation
study and the empirical analysis are exposed in Chapter |3, which led to the paper [33]. For
the sake of clarity, all proofs related to that chapter were put separately in Chapter [4 which
constitute the supplementary material [34] of the paper [33].

To conclude, we briefly present possible directions of future research that might further
develop/enhance the mixed semimartingale model. First, we can allow the semimartingale part
X in to exhibit jumps and the observed process Y; to be sampled at irregular (random)
observation times. These two topics were analyzed extensively in [64] in the semimartingale
setting. Furthermore, an important component of market microstructure noise is the rounding
error due to the discreteness of the price. In reality, transactions are usually executed up to
the nearest cent, so that prices are often unchanged over several observations. This is not quite
compatible with the continuity of the fractional component Z;. Hence, the rounding error should
be included in the modeling of the observed price Y;.
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Chapter 1

Normal approximation of the
solution to the stochastic heat
equation with Lévy noise

1.1 Introduction

The importance of the Gaussian distribution in probability theory and its popularity in appli-
cations are manifested in the central limit theorem: The total effect of a large number of small
independent contributions is approximately normal. Therefore, when physical systems governed
by one or several equations are perturbed by white noise (where “white” means stationary and
uncorrelated), it is frequently assumed that the noise is Gaussian.

For example, in his Saint-Flour lecture notes [99], J. B. Walsh discusses an application of
parabolic stochastic PDEs to the modeling of neuron potentials. Subject to impulses arriving
according to a marked Poisson point process (with mean 0 and atoms of size L(t,x) at time ¢
and position x), the electrical potential u(¢, ) of the neuron, viewed as a thin cylinder of length,
say, m, is then well described by the stochastic cable equation

Opu(t, x) = Oppu(t,z) — u(t,z) + L(t,x), (t,x) € [0,T] x [0, 7], (1.1.1)

with suitable boundary and initial conditions. Arguing that “the impulses are generally small,
and there are many of them, so that in fact L is very nearly a white noise” ([99], p. 311), the

author then approximates (1.1.1)) by
Oyu(t, ) = Opzu(t,x) — u(t,z) + W(t,z), (t,x)€[0,T]x [0,7], (1.1.2)

where W is a Gaussian space-time white noise.

But of course, the central limit theorem has limitations. In the absence of finite second
moments, stable limits may arise; and if there are rare but large contributions, we may have
a Poisson limit. In general, any infinitely divisible distribution can arise as a possible limit of
compound Poisson laws; see Corollary 3.8 in [91]. This leads us to the following question: If we
have a sequence of noises L¢ as above where the atom sizes of L converge to 0 as ¢ — 0, and if
u® denotes the solution to with noise o(¢) 1L (where o(¢) is the variance of L¢), do we
have convergence in distribution of u® to the solution u of with the Gaussian noise W?
A positive answer for this normal approzimation is given in Theorem 7.10 in [99]: If the atoms
of L are locally summable and the jump measure Q of L¢ satisfies

1
(%/R|z\2+6625(dz)—>0 as €—0 (1.1.3)

1
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for some & > 0, then u® converges in distribution to wu.
The purpose of this work is to substantially generalize this result in two aspects. Given that

(1.1.3)) is sufficient but not necessary for u® Lyu (see Remark below), our first contribution
is to show that the necessary and sufficient condition for the normal approximation is

li L
50 02(c)

/ 22Q°(dz) =0 (1.1.4)
|z|>ko(g)

for all kK > 0. In fact, if L® (resp., W) is a Lévy process (resp., Brownian motion), the same

condition was found to be necessary and sufficient for o(e)~1L® 4 W in [36]. Somewhat sur-
prisingly, in the special case of small jump approzimation, that is, where Q°(dz) = 1y);<<} Q(dz)
and @ is a given Lévy measure, it was shown in [9] that condition fails for prominent
examples such as the compound Poisson or the gamma distribution. So in these cases, the small
jump approximation is not true for Lévy processes and by our results, not true for stochastic
PDEs, either.

Our second contribution is to consider equations with multiplicative noise. To our best knowl-
edge, previous works on the normal approximation of stochastic PDEs with jumps have only
considered the situation of additive noise; see, besides the mentioned results in [99], also [70, O8]
(there is, of course, literature concerning approximation of multiplicative Gaussian white noise
by smoother noises [13] [54], but these problems are very different in nature than the one con-
sidered here). The proofs in [70, 08, 99] (as well as those of [9, [36]) are based on characteristic
functions and the Lévy—Khintchine formula for infinitely divisible distributions, which obviously
do not generalize to the situation of multiplicative noise.

Instead, our approach will be to show that u® satisfies martingale problems which, assuming
(1.1.4)) only and not the stronger condition , have a limit with a unique solution. But
this leads to several complications. In order to prove convergence of the associated martingales,
we need some sort of uniformity in the time variable (as given, for example, by convergence in
the Skorokhod topology). So taking simply the space L?([0,7T] x [0, 7]) to support the solutions
u® and w will not be sufficient. This is why we will draw upon the results of [3I] and view the
solution u® (and also u) as a cadlag process on [0, 7] with values in the Sobolev space H_, for
some 1 > % (see Section for a definition). In order to show tightness in that space with the
Aldous criterion [7], we will use the factorization method from [39, [90] to obtain uniform bounds
in time without taking moments of order higher than two. Another subtlety that arises in the
analysis of the (semi-)martingales mentioned above is that their predictable characteristics are
not given by a function of the former, which distinguishes our proof from the corresponding ones
for (finite- or infinite-dimensional) stochastic differential equations in [48] [75 [76].

We shall also mention that the initial motivation in [9} 36] to study the normal approximation
of Lévy processes comes from numerical simulation. Indeed, for stochastic PDEs as in with
multiplicative Lévy noise, the rate of convergence of a numerical scheme obtained by removing
the small jumps of the noise is slower for noises with a high intensity of small jumps; see [24].
However, the results in [73] and [94] show that in the case of SDEs, an additional Gaussian
approximation of the otherwise neglected small jumps improves the rate of convergence. We
leave it to future research to examine to what extent this also holds for stochastic PDEs.

The remaining paper is organized as follows. In Section we first describe in detail the
considered equations and recall the definition of Sobolev spaces of real order in Section [1.2.1
before we state our main result, Theorem [1.2.1] in Section [1.2.2] Here we also explain the main
steps and ideas behind the proof, whereas the details are given in Section
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1.2 Results

1.2.1 Preliminaries

Let T' > 0 and consider on a filtered probability space (Q, F, F = (F;)i<7, P) that satisfies the
usual conditions, for any ¢ > 0, the stochastic heat equation on [0,T] x [0, 7] with Dirichlet
boundary conditions:

L5, 2)

us(t,0) = uf(t,m) =0, for all ¢t € [0,T7, (1.2.1)
u(0,z) =0, for all z € [0, 7].

The function f: R — R in equation ((1.2.1)) describes the multiplicative part of the noise and
will be assumed to be a Lipschitz continuous function. Concerning the driving noise o () 1L?,
we assume that L is a pure-jump Lévy space—time white noise on [0,7] x [0, 7] given by

_ /[)T/Oﬂ/R]lA(t,aj)z (4 — v5)(dt, dz, dz) (1.2.2)

for all A € B([0,T]x [0, x]). In this representation, u° is a homogeneous Poisson random measure
on [0,T] x [0, 7] X R relative to the filtration F', with intensity measure v = Lebg 17x[0,x ® Q°-
Here Q¢ is a Lévy measure on R, that is, Q°({0}) = 0 and (1 A 2?) Q°(dz) < co. We refer
to Chapter II in [65] for the definition of stochastic integrals with respect to Poisson random
measures. Furthermore, we assume that for all € > 0,

0<o?(e) = /RZQ Q°(dz) < 0. (1.2.3)

Note that this integral is the variance of L#(]0, 1] x [0,1]). In the special case where we have a
single Poisson random measure p having intensity measure v = Lebjy 1)x[0,x] ® @, setting

Q°(A) = /| (), AcB®), <>0, (1.2.4)

leads us to the case of small jump approximation considered in [9].
A predictable random field v® = {u®(t,z) | (t,x) € [0,T] x [0, 7]} is called a mild solution

to if for all (¢,z) € [0,T] x [0, 7],

() (1.2.5)
_///Gy u(s, >>*><;f—u6><ds,dy,dz>

P-almost surely, where

Gi(x,y) Zsm (kx)sin(ky)e™ t]l{tzo}, (1.2.6)
=1

for (t,x,y) € [0,7T] x [0, 7]?, is the Dirichlet Green’s function of the heat operator on [0, ).



4 CONTENTS

The existence of a mild solution u® to (1.2.1) is guaranteed by Theorem 3.1 in [2§] and
condition (|1.2.3) on the Lévy measure Q° and it is, up to modifications, unique among all
predictable random fields satisfying

sup E [|u®(t, z)|"] < oo (1.2.7)
(t,z)€[0,T]x[0,7]
forany 0 < p <2 and e > 0.
In this paper, we want to examine when the normal approrimation holds for u¢, that is, when
u® can be approximated in law by the mild solution u to the same stochastic heat equation as
above, but driven by a Gaussian space-time white noise on [0, 7] x [0, 7]:

pu(t,z) = Ogzult, z) + f(u(t,z))W(t,z), (t,x) € [0,T]x [0,7],
u(t,0) = u(t,m) =0, for all t € [0, 77, (1.2.8)
u(0,z) =0, for all z € [0, 7.

The driving noise W is now a centered Gaussian random field {W (A) | A € B([0,T] x [0,7])}
with covariance structure E[W (A)W (B)] = Leb 11x (0,7 (AN B) for any measurable sets A, B C
[0,T] x [0, 7]. It is well-known (see, for example, Theorem 3.2 in [99]) that, up to modifications,
equation has a unique mild solution u satisfying the corresponding bound in for
all p > 0.

Throughout this work, we will look at the mild solutions u® and u from two different points
of view. First, they are random elements in the function space L?([0, T] x [0, 7]) as the uniform
bound shows. But then, as mentioned in the introduction, we will need stronger path
regularity in the time variable for our proofs. This is why we shall consider u® and u also as
stochastic processes with values in an infinite dimensional space, which we will describe in the
following.

Consider for any r > 0, the fractional Sobolev space

Hr([Om])z{cbeLQ ([0, ) \f:wk? ¢¢>k>2<oo},

where ¢p(x) = \/2/msin(kx), k € N, form an orthonormal basis of L?([0,x]). This is a Hilbert
space with scalar product

i LR G e, de), fog € Ho((0,7)),

and norm (9], = /() for ¢ € Hy ([0, 7))
The topological dual H_,([0, 7]) of H,([0,7]) is also a Hilbert space, whose dual norm || - || _,.

can be expressed, by the Riesz representation theorem, as

1612, = S 066 = S (L4 K6 a0 & € Ho(om). (12,9
k=1 k=1

(Note that if @1, s are elements of the same L2-space, then (@1, o) will always denote the
standard scalar product of that space. If ¢ is an element of a Hilbert space and ¢’ an element
of its topological dual, then (¢', ¢) will always denote the dual pairing of ¢’ with ¢.)

Coming back to the mild solution to , if we identify u® with the process (uf),, where

ui (0 — Ry 6 (0(6).6) = [t o) dy (1.2.10)
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for all ¢ < T, then by Theorem 2.5 in [3I], v® has a cadlag modification in H_,([0,n]) for
any r > 1/2, which will be denoted by ©® = (uj):<r throughout this work. Similarly, by the

identification (1.2.10)) and Corollary 3.4 in [99], the mild solution u to (1.2.8]) has a continuous
modification @ in H_, ([0, 7]) for each r > 1/2.

1.2.2 Main result
We now introduce the Cartesian product
QO = Lz([O,T] x [0,7]) x D([0,T], H--([0, 7])), (1.2.11)

with r > 1/2. Let d; denote the metric induced by the L?-norm on L?([0, 7] x [0, 7]) and d3 be
the Skorokhod metric on D([0,T], H_,([0,7])). We then equip Q* with the product metric

T((f1,21), (f2, 22)) = di(f1, f2) + da(x1, 22) (1.2.12)

for any f1, fo € L%*([0,T] x [0,7]) and 1,22 € D([0,T], H_([0,7])). The main result of this
paper is the following limit theorem.

Theorem 1.2.1. Assume that L is given by with a variance o®(g) that satisfies
for all e > 0. Let u® be the L*([0,T] x [0, 7])-valued mild solution to the stochastic heat equa-
tion driven by L /o(e) and T be its cadlag modification in H_,([0,7]). Similarly, let u
be the L*([0,T] x [0, 7])-valued mild solution to the stochastic heat equation driven by W
and @ be its continuous modification in H_,([0,x]).

Suppose also that the Lipschitz function f in satisfies f(0) # 0. Then, as e — 0,

*

(W, w) % (u,m) in (O
for all r > 1/2 if and only if holds for all k > 0.

Remark 1.2.2. We can generalize Theorem to nonzero initial conditions. Assume that in
both equations (|1.2.1)) and (1.2.8) we now have u°(0,2) = u(0,z) = wp(x) for all z € [0, ],

where ug: [0,7] — R is a bounded continuous function with u(0) = ug(7w) = 0. Define

) (1.2.13)

wolt,z) = /07r G, )uo(y) dy,  (t,2) € [0,T] x [0, 7].

Then Theorem [1.2.1] can be shown in a completely analogous manner if we assume that there
exists (tg, o) € [0,T] x [0,7] such that f(ug(to,z0)) # O (instead of f(0) # 0), and this as-
sumption is only needed for showing the necessity of . To be more precise, since the mild
solution to now satisfies

t pm
u(t,2) = wolt.) + [ [ Giosl@y) fluls ) W ds, dy)
P-almost surely, a similar argument as in Remark [1.3.14| shows that P(f(u(t1,21)) # 0) > 0 for

some (t1,21) € [0,T] x [0, 7] and hence, the expectation in ([1.3.70]) is nonzero.

Remark 1.2.3. Let us relate the two conditions (1.1.3)) and (1.1.4)) to each other. Using Hoélder’s
and Chebyshev’s inequalities, we see from the estimate

1 2 e 1 015 e 25 _ "
o2(z) /|Z|>W(E)Z Q°(dz) < o2(¢) (/R\Z| Q (dz)> Q°({|z| > ro(e)})

1 €
< M/RIZIQMQ (dz)
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that (T13) implies (L1.4).

The other implication is not true in general. For example, assume that Q¢ has density

2
z € R,

1 €
-1 1
%(2) 2|z|? {lz1<e} + 2023 log(1 + |2])? {lz1>1}

where C' = [° 27 log(1 + 2)~2dz. Then [ |2|**° Q°(dz) = oo for every £, d > 0, so condition
(T.1.3) does not hold. But a direct calculation shows that o?(e ) =c + 2. So given xk > 0, we
have 1 > ko(e) > ky/e > ¢ for small values of e, which implies ((1.1.4]) because

2

/ 22 Q°(dz) = lim R
|z|>e

e—0¢ 4 €2

1/ 22 Q°(dz) = lim
|z|>ko(g)

50 a?(g) e—0 ¢+ g2

Proof of Theorem We begin by showing that (1.1.4)) implies the weak convergence ((1.2.13)).
Since Q* is a metric space, we follow the classical scheme of first showing tightness and then

uniqueness of the limiting distribution.

In Theorem we show that {u® | ¢ > 0} is tight in L?([0, T] x [0, 7]) and in Theorem
that {w® | ¢ > 0} is tight in D([0, T, H_, ([0, 7])). By the subsequence principle, this immediately
implies that the random elements {(u®,%®) | € > 0} are tight in (Q* 7). As it turns out, no
assumptions on the Lévy noise L¢ other than the ones specified in 1.2.2)) and ([1.2.3)) are needed
for this tightness property.

As a consequence, we can apply Prokhorov’s theorem, which provides for any sequence
(€k)pen With ex — 0, a subsequence (&g, ),y such that (u™ 1, ),y converges weakly to some
distribution on (Q2*,7) as | — oo. For notational simplicity, we will assume without loss of
generality that the whole sequence (u®*, U )rcy converges weakly.

Since (2%, 7) is a complete separable metric space, we can further apply Skorokhod’s repre-
sentation theorem (see Theorem 4.30 in [69]) and obtain random elements

(", 7), (v,0): (O, F,P) — (Q*,7), (1.2.14)
defined on a possibly different probability space (2, F,P), satisfying the following properties:

(v*,7") 4 (u*,w*) forall k€N and

k kY ( N , - (1.2.15)
(", %) (@) — (v,0)(w) in (Q°,7) as k—oo forall we.

We will show that
(v,7) £ (u,7),

which in turn implies (1.2.13). To do this, we first define a filtration F = (F;)i<r on Q by
setting
.Tt:ﬂa(v(s,x),ﬁsmgxgw,sgu), t<T. (1.2.16)
u>t

We further define for £ € R, ¢ € C°((0,7)) and ¢t < T,

t t pm
Pt:/o (v(s,"),¢") ds, a:/o /0 F(u(s,2))¢” (x) ds da, Zt:igﬁt_%ga (1.2.17)

as well as .
T, = ei€Ee) _ / i€:.9) Z(ds). (1.2.18)
0
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We will then show in Theorem that, under assumption , the pair (v,v) satisfies
the following martingale problem. For all £ € R and ¢ € CZ°((0,7)), the process (My)i<r
is a martingale With respect to (0, F,F,P). Note that we are able to obtain this property
only because in , we have w-wise convergence both in the Skorokhod topology and in
L2([0,T] x [0,7]), Wthh is the reason why we view the solutions to ( and ( as pairs
in %,

Next, we will show in Theorem [I.3.13] that this martingale property in turn implies that

there exists a Gaussian space—time white noise W on [0, T] x [0, 7], possibly defined on a filtered

extension (Q, F, F,P) of (Q, F, F,P) such that, with probability one, the random field v is equal
in L2([0,T] x [0,7]) to the mild solution v to the stochastic heat equation

B,5(t, 7) = Dnd(t, ) + f(@(t,2))W(t,z), (t )€ [0,T]x [0,7],
5(t,0) = o(t, ) = 0, for all t € [0,7T], (1.2.19)
0(0,z) =0, for all z € [0, 7],

and such that v is indistinguishable from the continuous version in H_,([0,7]) of v, which
concludes the first part of the proof.
For the second part, under the assumption f(0) # 0, Theorem|1.3.15|directly shows that ((1.2.13])
O

implies ((1.1.4)).

1.3 Details of the proof

In the remainder of this work, the letter C' will always denote a strictly positive constant whose
value may change from line to line. Furthermore, by the Lipschitz continuity of the function f,
there exists a positive constant K that we hold fixed from now on such that |f(x)| < K|x|+]|f(0)]
for all x € R.

1.3.1 Tightness

We start with three lemmas that will provide uniform bounds in € > 0 for the second moments
of u®, which will be crucial for proving tightness of {(v®,@®) | ¢ > 0} in (2%, 7).

Lemma 1.3.1. The family {u® | e > 0} of mild solutions to satisfies

sup sup E [|u€(t7l’)|2} < 00 (13.1)
>0 (t,2)€[0,T]x[0,7]

and this uniform bound only depends on the Lipschitz function f.

Proof. Using Ito’s isometry and the definition (1.2.5)) of u®, we have for fixed ¢ > 0 and
(t,) € [0,T] x [0, 7],

Uu (t,x)|"| = [// /Gt s(z,y) fA(u Ez)y)) Vs(ds,dy,dz)l

5[ [[et wareem ] (LG [2ew)
= [ [ Gt wE [0 to,)] ds
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Using the Lipschitz continuity of f and the elementary inequality (a + b)? < 2a? + 2b?, we then
obtain for ¢ > 0 and (¢,z) € [0,T] x [0, 7],

[[u (t,z)| <C’// G?_(z,y)E {|u (sy)|}dsdy+0// G? (z,y)dsdy. (1.3.2)

Now in order to find a bound for E[|uf (¢, z)[?] uniformly in ¢, z and ¢, we will use a comparison
principle for deterministic Volterra equations. By (B.5) in [I0], there exists a constant C' > 0
such that |Gy(x,y)| < Cgi(x —y) on [0,T] x [0, 7]?, where

1 z|?
gt(z) = N exp ( |4t ) Ty>0) (1.3.3)

is the heat kernel on R. Since fOT Jr |g¢(x)|*dt dz < oo for all ¢ < 3, we obtain

t rm T
sup / / G? (x,y)dsdy < C/ / g2 (x)dtdz < oo.
(t,z)€l0,T]x[0,7] O JO 0 R

Recall from (1.2.7) that E[|uf(¢,z)|?] is uniformly bounded in (¢, ) for fixed € > 0. Therefore,
by Lemma 6.4 (2) and (3) in [28], the mild solution u® satisfies

E [[uf(t, )] < v(t, )

for all (t,z) € [0,7] x [0,7] and ¢ > 0, where v is the unique nonnegative solution of the
deterministic Volterra equation

t
v(t,w)ZC// Gi_(z,y)v(s,y) dsdy
0 Jo
t rm
+0 [ [ G@pdsdy, (o) € 0,7)x [0,7),
0 Jo
and satisfies sup; ,)cjo,r)x (0,7 V(¢ ) < 0. O

The next lemma gives an alternative integral representation of u° and is an extension of the
factorization method in [39] and [90].

Lemma 1.3.2. For § € (0,1/4) define

/ / Gi_s x y ( ,y)) Lg(ds,dy), (t,a:) c [07T] X [O,ﬂ'].

(t—s)° 0(5)

We then have

sup sup E []Yf(t, x)ﬂ < 00 (1.3.4)
e>0 (t,z)€[0,T]x[0,n]

and for all (t,x) € [0,T] x [0, 7], the representation

_ sin(d Gi—s(z,y)
u(t,x / / tt—s 5 Y5 (s,y)dsdy (1.3.5)

holds P-almost surely.
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Proof. First, using [to’s isometry, the Lipschitz continuity of f and Lemma [1.3.1] we have

E [[Y§(t, )] V / G;_s;v ) pa E(S,y))dsdy] ( 21(5)/Z2Qs(dz))

G? G?
—// tsxy {fQ( “(s,y)) dsdy<0// tswydsdy

t—525

The last integral on the right-hand side is finite if 6 < 1/4. Indeed, by (B.5) in [I0], it can be
bounded by

£ —y|2 1 —26+1/2
C'// 26+1 Xp(— = dsdy—C'/ mdS:Ct /2.

The identity (1.3.5]) follows in the same way as Lemma 5 in [90]. O

Lemma 1.3.3. The family {u® | e > 0} of mild solutions to satisfies

EEIO)E [(/OT (/07r lus(t, x)\Qda;>pdt> l/p] < 00 (1.3.6)

for allp € (1,4/3).

Proof. We will use the integral representation ((1.3.5) of Lemma Fix § € (0,1/4) and
t € [0,T]. Using Fubini’s theorem, we have

/ s (¢, 2)| da
0

_C’/ (// // Cj:ssxlyaats(ﬂiy)}%(sy)i%(s y)dydsdyds) dz.

By the semigroup property of the Green’s function, the integral on the right-hand side is equal

to
GQ s—s' y y)
/ / / / t_stl 6 s 5Y5€(5’y)Y5€(Slay,)dy’ds/dyds
=9 GQtssy)y) YE( )Ys(/ /)d/d/dd
(t—s)1=0(¢ )1555,3/55,3/ y ds dyds.
Using (B.5) in [I0] and (1.3.3)), we obtain

/|u tm|2dm<0//// thss y y)) Y5 (s,9)Y5 (s', /)| dy ds’ dy ds.

Now let p € (1,4/3), take the || - HLP([O,T})'HOHH of t — [ [u®(t,z)|* dz and apply Minkowski’s
integral inequality to obtain

(£ (o)
<[ LLL </ (thtSs;(g{?ztg/)jé??)pdt>1/p’W(vams’,y’ndy’ds’dyds.
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Take expectation, use the Cauchy—Schwarz inequality and ((1.3.4)) to further obtain

T s p 1/p
(/ </ |u€(t,x)|2dm> dt)
0 0
T rn ps pm T / P 1/p
92t-s—s (Y —Y') ) '
<C dt dy’ ds’ dy ds.
= /0 /0 /0 /0 </ ((t—s)1—5<t—s'>1—6 ) vy ee
Note that the right-hand side of (|1.3.7) does not depend on & anymore. We now consider the

integrand
/T < got—s—s' (y - y/) >p dt — /T—s ggt-l—s—s’ (y - y/) dt
s (t _ 8)175@ _ 5/)176 0 t(l—E)p(t L5 8/)(1—6)}) ’
For fixed z € R, the maximum of the function ¢t — g;(x) is C/|z| for some C that is independent
of z. Let n € (0,1) and consider the estimate

E

(1.3.7)

ge(x) = ge(x) gy(x)" < -

Since s’ < s, we obtain
1
/T_S ggt—i—s—s’(y - y/) dt /p
o tA-0p(t 45— g)(1-0)p
1 T 1 1/p
¢ / dt
ly —y/|'7 ( o tA=0P(t 45— ) A=P(2f + 5 — /)P1/2 )

1 T 1 1/p
¢ ly — /|1 (/0 t((A1=0)+n/2)p (¢ 4 5 — /) (1=0)p dt) ’

Moreover, the integral [T [T |y — 9/|"~'dy’ dy is finite because n > 0, and the expectation in
0 Jo

(1.3.7)) is now bounded by

T s T 1 1/p
/
O/O /0 </0 t((1_5)+77/2)p(t 15— 8’)(1_5)1) dt) ds'ds (1.3.8)

for any § € (0,1/4) and n € (0,1). By assumption, 3/4 < 1/p < land 3/4 < (1-9)+n/2 < 3/2.
Hence, we can choose § and 7 such that (1 —d) +7/2 < 1/p. As a consequence, by Lemma 2 of
Chapter 1 in [49], the estimate

T 1
/0 t((1—5)+n/2)p(t +5— sf)(1—5)p

holds for 0 < & < s < T. We have assumed that ((1 —46)+n/2)p+ (1 —3§)p > 1 since otherwise,
the last integral is bounded by some constant, which immediately implies that the expectation

in (1.3.7)) is uniformly bounded in e.
Therefore, we further estimate the integral in ((1.3.8) by

C/T /8(5 B S/)l/p*2(175)*77/2 dSl ds — C/T /S rl/p72(17§)7,7/2 dT‘dS,
0 0 0 0

dt < C(s — &)1~ ((=0)+n/2)p=(1=0)p

which is finite because our choice of ¢ and 7 implies 2(1 — d) +7/2 — 1/p < 1. This concludes
the proof. O
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We can now proceed to showing tightness.
Theorem 1.3.4. The family {u® | € > 0} of mild solutions to is tight in the Hilbert
space L2([0,T] x [0,7]).

Proof. It is easy to see that the functions

%’j(ﬂ@ = az(t)(b](x)? (t’x) € [O’T] X [077[']7

where ¢;(t) = \/2/T sin(itr/T) and ¢;(x) = \/2/msin(jz) for all i,j € N, form an orthonormal
basis of L?([0,T] x [0, 7]).

First, using the stochastic Fubini theorem (see, for example, Theorem 2.6 in [99]), we have
for all 7,5 € N,

(i) :/OT/OW (/ / Gisl E ) ) reas, dy)) s (b ) dt de
—0(18) /0 /0 F(s,9)) (/ /0 Gts<x,y>wij<t,x>dtdx> LF(ds, dy).

Define for all 4,5 € N,

(1.3.9)

Hii(s,y) / / Crs(, y)ij (t,2) At da,  (s,y) € [0,T] x [0, 7).

Using Fubini’s theorem, the expression ([1.2.6) of the Green’s function G and the orthogonal
properties of ¢;, we obtain for all (s,y) € [0,T] x [0, 7],

Hij(s,y) = / T%(t) ( /O " G, ) () dx) dt = / Tai(t)qﬁj(y)e—fQ(t—S) dt.  (1.3.10)

Using the integral formula [ (sin az)e?® dz = (bsin ax — a cos ax) €’ /(a?4b?)+C, we can further
calculate

o T '
Hij(s,y) = \/7%(1/)6]23 sin (z?t) eIt qt
—2(T—s); T qyitl | 2 [T ) ™ (7r ))
\/>¢J 7r/T (e ZT( D™+ Sln(lT + iz cos (i

2 1
<CO|5—s+52—|<C—F5 forall i,jeN
’L-i-j i2 + g4 (Al

For the L?-norm of H;;, we then have

1
// sydsdy<C 71

1 % oo ] % arctan y?
Zﬁﬁ/ / ﬁdxdyz/ S dy <o,
=944 g 1 J1 Tty 1 Y

1,j=2

we obtain from Lemma [[.3.1]

ZsupE[ ,ww <C’Z// sydsdy<oo

INES 1>0 7,0=1

for all 4,7 € N. Since
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which implies that

sup P ( Z (ua,wij) > 5) < 5 Z supE [(ua,wmﬂ —0 as N — o0

e>0 ij>N i,j>N e>0

for all § > 0. Moreover, again by Lemma [1.3.1] we have

1 1 s
supP | Y (uf, 1) > 6 g UPE > wh y)?| < < 5 Sup upE | > (uf, ;)
>0 \ij<N ij<N =0 L=t

1 T pm . 9 C
= —supE / / u®(t,x)*dtde| < — —0
de>0 [Jo Jo 5
as 0 — oo for all N € N. Therefore, we can conclude from Theorem 1 in [93] that {u® | € > 0}
is tight in L2([0, 7] x [0, 7]). O
The next two propositions will imply that {u® | ¢ > 0} is tight in D([0,T], H_([0,7])).

Proposition 1.3.5. The cadlag processes {u® | e > 0} satisfy the Aldous condition: Let (€p,)nen
and (hy)nen be sequences of positive numbers with €, — 0 and h, — 0 as n — oco. For each
n € N, further let 7, € [0,T] be a stopping time with respect to the filtration generated by the
stochastic process (u;™)i<r. Then we have for any r > 1/2,

[\|uTn+h iZHZ,T} —0 as n— oc.

Proof. Recall the expression of the dual norm | - ||_,. in (1.2.9). We have

oo

1 o, — TP = S ) (2, 00) — @) (1.3.11)

k=1

We will find a convenient semimartingale decomposition for the real-valued stochastic process
(@, ¢r) = (W, dk));<p for any € > 0 and k € N that will then allow us to estimate the
expectation of the terms appearing in (1.3.11)).

First, proceeding as in (1.3.9) and (1.3.10)), we have for all ¢t < T,

<u5<t,->,¢k>:/ (/ / Gis(z,y) E ; W) re(as, dy>) or(x) da

= / | r s iantwye ) Lo(ds,dy).

If we define A
xpe = [ (s p)ont) L(ds,dy), <1,
for all k € N and € > 0, then

t
/ / (5,))b(y)e ¥ (=9 L#(ds, dy) = 7/ e (=) xhe(ds)

o(e) Jo
for all ¢ < T, where the last term is the Ito integral of the deterministic function s e~k (t=s)
against the square-integrable martingale X*¢. Because the integrand is a C*°-function, the

integration by parts formula for semimartingales yields

t t
/ e~k (t=9) Xk’e(ds) = Xf’a - / X§’€k2efk2(t75) ds.
0 0



Normal approximation of the solution to the stochastic heat equation with Lévy noise 13

Altogether we obtain the semimartingale decomposition

)
hou = [ [ RS o) 1 (ds )

- /ot (/OS /0” W%(y) L#(dr, dy)) k2K (=) ds

forallt <T, ke Nande>0.
Now the process (u®,¢y) is the cadlag version of ((u®(t,-), ¢r))i<r, SO we can infer that
(u®, ¢r) and the right-hand side of (1.3.12) are indistinguishable since the latter is also cadlag.

Coming back to ([1.3.11]), we can now decompose

(1.3.12)

<ﬂf—:+hn7 ¢k’> - <Hf—27 ¢k> = Ik,n + Jl%,n + Jl?,n?

where

T f(yén s, )
T :/0 /o W¢k(y)ﬂ(7n,rn+hn](S)L " (ds,dy),

Jém _ /Tn (/s /7T Mﬁbk(y) Lo (dr, dy)) 2 <e—k2(7n—s) o e_kQ(Tn""hn_s)) ds,

Tn+hn 5n
J;?,n = / (/ / f r y or(y) Lo (dr, dy)) f2e R (mthn—s) 4

for all k,n € N. We now gather some moment estimates for these three terms. First, for the
martingale term I, ,,, we have by Ito’s isometry,

22
] = V I R O T P )dsdycfn(dz)]
(1.3.13)
~E [ [ [ £ 6,001 g 6) dy] .
Using the Lipschitz continuity of f, we can bound the last term in ((1.3.13)) by

+ CE [/ / 1 Tnmﬁhn]( s)ds dy]

for any k£ € N. The second term equals Cwh,,, which converges to 0 as n — oo.
For the first term, choose p € (1,4/3). Using Holder’s inequality and Lemma we obtain

T T
E [/0 (/0 uen(&y)? dy) 1(7n77'n+hn](8) dsl
T p Ve s 1-1/p
=" </ </ w9y dy) ds) (/ Liry rthan] (5) ds)
0 0 )
T ™ p 1/p
< h}l—l/p supE </ </ UE(S,y)2dy> ds) 0w ms e
e>0 0 0

Altogether, this implies E[I,zn] — 0 asn — oo for all k € N.

CE [/ / (s y Tn Tn—l—hn}( s)dsdy
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Next, we have

/OT" 12 <e—k2(7-n—s) B e—k2(7n+hn—s)) ds — (1 B €—k2hn) /OT" 120K (m—9) 45

= (1 — e—k2hn) (1 _ e—k2m) <1—e K

and by Ito’s isometry as well as Lemma

[(/ / fu™(s,y)) snsy ()Landsdy>] // f2 ansy))}dﬁ(y)dsdygc

for all k,n € N. Therefore, by Doob’s inequality, E[(J,;n)z] is bounded by

2 2
/ / f 09D g ) Lo (dr, dy) ( / B Gl B ) dsﬂ
0

[T ) oy ]

§C(1—e*kh”> —0 as n— o

sup
s<T

< (1 ek h" sup
s<T

for all £k € N.
Finally, with fTT:Jrhn k2e K (mthn=s) 4g = 1 — ¢"F*hn and similar calculations, E[(Jlgn)Q] is
bounded by
f en ( 2 o h 2 )
[sup / / ér(y) L (dr, dy) (/ E2e— K (Tnthn—s) ds) ]
s<T -

|

for all k& € N. As a consequence, recalling that 7 > 1/2 and thus >3, (1 + k%) < oo, we
obtain by (|1.3.11)) and dominated convergence,

_ (1) liﬁ%’ [ [ D) ) o ar,ay

SC(I—e_th") —0 as n— o

B[54, ~ T2 l2] = 3014 ) (@000 — (2 600) ]
k=1
i 1467 (B [1,] + E[(J4)%] + E[(J2,)%]) — 0

as n — oo, which is the assertion of the proposition. O

Proposition 1.3.6. For any fivred t < T and r > 1/2, the random elements {u; | € > 0} are
tight in H_,(]0, 7).

Proof. Proceeding as in the proof of Proposition [1.3.5 and using Lemma [1.3.1] we have

B[, 007] = [ [T [P .0)] e asay < 0 (1 )
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for any £ € N and ¢ <T'. Hence, we have for all ¢ < 1/2,¢ < T and € > 0,
B [Jml] = 300+ #%)E [, 00)°) < z (1 4+ k)75 < o,

and thus w; € Hy([0, w]) P-almost surely.
Because the penultimate term in the inequality above does not depend on &, by Markov’s
inequality, we can further deduce

hm supIP’(HutH > 5) 0

—0 >0

for all ¢ < 1/2 and t < T Since the embeddings
Hy([0,7]) = L*([0,7]) = H_.([0,])

are compact for 0 < ¢ < 1/2 < r by Theorem 4.58 in [44], it follows that {uf | ¢ > 0} is tight in
H_,(]0,7]) for any fixed ¢t <T and r > 1/2. O

Theorem 1.3.7. For any r > 1/2, the cadlag modifications {u® | € > 0} are tight in the
Skorokhod space D([0,T), H-([0, 7])).

Proof. By Theorem 6.8 in [99], this is a direct consequence of Propositions and O

1.3.2 Characterization of the limit

After proving tightness in Section [1.3.1] our next goal is to characterize the limit distribution of
weakly converging subsequences. Following the outline of the proof of Theorem [1.2.1] the first
step is to show that under condition on the Lévy measure ¢, the process M in
is a martingale with respect to the filtration F defined in . In order to achieve this
result, which is Theorem below, we prove that the pairs (u®,u®) satisfy related martingale
problems (Theorem and that these “converge” as e — 0 (Theorem [1.3.9).

Recall that for all test functions ¢ € C2°((0, 7)) and fixed t < T,

/0 u(t, x dx—// (s,2)¢"( dsdx—l—// f ()Ls(ds,dx) (1.3.14)

P-almost surely. This follows, in a similar way to Theorem 3.2 in [99], from the fact that in our
situation, we may apply the stochastic Fubini theorem; see, for example, Theorem 2.6 in [99].

Theorem 1.3.8. For each ¢ > 0, the pair (uf,7°) where u¢ € L*([0,T] x [0,7]) is the mild
solution to the stochastic heat equation and w® is its cadlag modification in H_,([0,7]),
with r > 1/2, satisfies the following martingale problem. For all £ € R and ¢ € C°((0,7)), the
complex-valued stochastic process

M = (€T 9) _ zf/ (T (u (s, ), ¢") ds

(o R (1.3.15)
L ( ettt g — gl g2 dsarila)
o(e) ’
with t <T, is a square-integrable F-martingale with the uniform bound
supsup E “Mfﬂ < 0. (1.3.16)

e>0 t<T
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Proof. First, since u° is the cadlag version of u®, the stochastic process (u®, ) is indistin-
guishable from the right-hand side of for any ¢ € C2°((0,7)). This directly implies that
(u®, ¢) is an F-semimartingale without continuous martingale part. Furthermore, one can easily
verify that the F-compensator of the jump measure pg of (u°, ¢) (on [0,T] x R) is given by

N f(us(t, ) c
u¢(A)f/0 /0 /RnA (t,a(s)qﬁ(x)z) dtdz Q°(dz), AeB(0,T]xR).  (13.17)

As a consequence, using Ito’s formula (see, for example, Theorem 1.4.57 in [65]), (1.3.14) and
the fact that u®(0,x) = 0, we have

et ¢) —1+z§/ (@52 (42 (s, ), ¢") d8+z§/ / E(S,):E))qg(x) LF(ds, dx)
/ / T0) (e — 1 — igx) p (ds, dx),
and therefore, by (T:3.15),
Mg = 1—|—z§/ / 8(3’)‘"”))¢(x) °(ds, dz)
(1.3.18)

+/ / T (€ 1 — igx) (15 — v5)(ds, da)

for all £ < T'. The two integral processes on the right-hand side of (|1.3.18)) are square-integrable
F-martingales (for the second, this is implied by the elementary inequalities (cos(z) — 1)? < 22
and (sin(z) — z)? < 422 for all z € R, together with Lemma [1.3.1)) and hence, this is also the

case for M¢. By Ito’s isometry, we further obtain
2 t
] | [ [" .00 dsda
0 Jo
(79 (i€ 1 — igar) (45, — v5)(ds, da)

7
=E [/0 /]R T — 1 — jgx|? vg(ds, dx)]

as well as
_E [ /0 t /R ((cos(gx) — 1)? + (sin(ee) - &x)?) V;(ds,dx)]

(@) f ;x)) () L¥(ds, dz)

for all t < T'. We estimate the last expectation, using the elementary inequalities given above as
well as the definition of v, by

5¢°E U /g: v5(ds dx] = 5¢%E l/ot /OW W(bQ(x)zz dsde‘f(dz)]
= 5¢°R [/Ot /07r 2(uf(s, x))¢%(x) ds dx} , t<T.

Altogether, we obtain (|1.3.16) from (|1.3.18]), the Lipschitz continuity of f and Lemma O
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We now switch to the probability space (2, F, F, P) from the Skorokhod construction in (1.2.14])
and define the process M" in the same way as M€ in (1.3.15), but with (u,7®) and Q° replaced
by (v*,7*) in (1.2.15) and Q°*, respectively.

Theorem 1.3.9. Under (1.1.4), we have pointwise on Q for any £ € R and ¢ € C°((0,m)),
MM as koo
in the Skorokhod space D([0,T],C), where M is the process in (1.2.18)).

In order to prove this result, we first rewrite " in a more convenient form. For any fixed

kEeN,¢eRand ¢ € C((0,7)), let

/ / /]1,4( )))qﬁ(:v)z) dt dz Q% (dz),
B! —/ (Wh(s, ), &) ds—/ /a:]l{‘xbl}l/ (ds, d), (1.3.19)

A =3 +/ / e 1 — zfx]lﬂx‘q}) vF(ds, dz)

for all A € B(]0, 7] xR) and ¢t < T'. Note that (Ek, 0,7") are the predictable characteristics of the
F-semimartingale (7%, ¢) and that they are functions of the random field v* and not of (7%, #)
itself (which is another reason why we have adopted a dual view on the solutions to (1.2.1])

and (1.2.8)) as elements of 2*). The process " introduced above can thus be written as
g to _
My = €9 —/ S5O A (ds), t< T (1.3.20)
0
Define the truncation functions

on: R— R, x+— w]l{mgh}, h > 0. (1.3.21)

The key idea of the proof of Theorem is to see that for fixed @ € Q, t < T and ¢ €
C2°((0,7)), the function Zf in (1.3.19) (resp., A; in (1.2.17)) is the Lévy exponent of the

infinitely divisible distribution 7y (resp., n) with characteristics (Ef ,0,7([0,1] x dx)) (resp.,
(By,Cy,0)) with respect to p1. Then we can make use of the following result, which is the only
place in this work where ([1.1.4)) will actually be needed.

Theorem 1.3.10. If (1.1.4) holds, then for any ¢ € C=°((0,)), t € [0,T] and w € Q, we have

m —n as k— oo.

Proof. As in the proof of Theorem 2.2 in [36] (see also Theorem 2.1 in [9]), it suffices to show
that

(4) / 22 74((0,1] x dz) —s C,
|z|<h

i) BB, (1.3.22)

(iii)  T*([0,4] x {|z] > 1}) — 0
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as k — oo for all h > 0. Starting with (i), we have

/| a7 ([0,] x da)
- t 7 1
:/0/0 fQ(Uk(va))¢2(x)02(€k)/RZz]l{|z|§(h/|f(vk(s,ac))¢>(x)|)U(sk)} Q7 (dz) dsda.

We can ignore all points in the domain of integration where | f(v¥(s,x))¢(z)| = 0. So if we let

1
k _ 2
Tl 2) = 5y [ st} @F(E7) and
1 (1.3.23)
k _ k _ 2
Ei(sx) = 1= Ii(s.2) = g /RZ Lrtais (h/17 0k (sa)o@))o (e} @ (d2)

for any (s,z) € [0,T] x [0,7], h > 0 and k € N, then, using the triangle inequality and the fact
that 0 < IF(s,x) < 1, we obtain

‘/ O t >< diL’) Ct
\x|<h

[ [ (£ — Pt ) R @1, ) ds o

[ [ s, 0)6%@) (10, - 1) dsa

< /Ot /OW‘fQ(U"?(S,iv)) _fz(v(s,a:))‘¢2(x) dsdx+/0t /07r fz(v(s,x))¢2(x)21fb(s,x) ds da.
(1.3.24)

By the Lipschitz continuity of f and Holder’s inequality, we have for the first integral on the
right-hand side of (1.3.24)),

/ot /0 P2 (s, 2) f“‘(v(s,x»\«ﬁ?(x) ds da
Sc/t/ﬂ‘f(vk(s,fv)) (s, ) Hf x)) + f(v(s, ))’dsdx

<C(// — (s, x) dsdx)l/2(// + flv (S,x)))2dsdx)l/2,

(1.3.25)

By (L.2.15), v* — v in L%([0,T] x [0, 7r]) pointwise on €. Hence, the sequence (v*), oy is bounded
in L%([0,T] x [0,7]) and we have

// )+ Fo(s,a) dsda
<1+i1€1§// (s, ) dsdx—l—// S8, ) dsdx><oo

which implies [§ [T |f2(v(s,2)) — f2(v(s, x))|$?(x) dsdz — 0 as k — oc.

(1.3.26)
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The second integral in (|1.3.24) is more difficult to handle. We decompose it into If ot

15 M M where

t T
1= [ () S50 s sy dsda
kyn, M P k
I :/o./o T2 (w(s,2))ZR (8, @) Lok (s.2) >0} L{| £ (v(s,2))) <M} A8 A,
k,n,M Em o k
I3 :/0/0 f2 (s, 2)) 25 (8, @)L g1k (s,0) 50} L £ (0(s,2)) >0y dS dz

for all k,n, M € N.
Again we will study each of these three integrals separately. On the set {|v¥(s,x)| < n}, we
have | f(v"(s, 2))¢(x)| < (Kn +[f(0)])]|¢]l, and therefore

Lo s (w15 @ s)e@ o} < Lzl (h/ (a7 D16l o)}
Thus,

ns // s 02( )/221{Iz|>(h/<Kn+f<o>|>||¢m)o(sk)}QE’“(dZ)dsdx.

Because the term h/(Kn + |f(0)])||¢| ., does not depend on k, we can use condition (1.1.4),

whence
1

2
o) L e sl oo} @4(82) 50 as ko0

for all n € N and h > 0. Since v € L?([0,T] x [0, 7]), we obtain by dominated convergence that
If’n—>0ask:—>oof0ralln€N.
Next, we have by Chebyshev’s inequality,

t
k,n,M 2
_[2 S M /0 /0 ]]'{\vk(s,x)|>n} dsdx < Milelg/ / dS dﬂf

which tends to 0 as n — oo, uniformly in k.
Finally, we have by dominated convergence,

t
Iéc,n,M S/O A fQ(U(S,x))]l{|f(v(s,z))|>M} dsdz — 0 as M — o,

uniformly in n and k. Altogether, we have just shown that the left-hand side of ([1.3.24]) converges
to 0 as k — oo, which is condition (7) in (1.3.22]).
The two other conditions will follow from our last calculations. Indeed, we have

t
Ly 7 (ds, dz)|,
/D/Rx {||>1}V(8 x)

Bl B < [ [0h(s,,6") — fuls, ), ds +

where the first term vanishes because

/l l/
/ ‘ 5 7 US?

ds<//’ sac—vsx‘]qb" )| dsdx

<C’<// — (s, l‘)) dsdw>1/2—>0

(1.3.27)
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as k — oo. Furthermore,

t t
/ / a:]l{|x‘>1} Pk(ds,dm) < / / x2]l{|z|>1} ?k(ds,dx)
0 JR 0 JR

:/Ot/OWfQ(Uk(va)WQ(ﬂf)Elf(S,ﬂ:)dsdx
é/0 /07r|f2(vk(s,a:))_f2( o(s, 2))[¢(z) ds dz
t T ) ) .
+/0 /0 f(v(s, 2))¢" (2) X1 (s, z) ds dx.

(1.3.28)

These integrals are exactly the same as in the last line of (|1.3.24)), so we obtain ‘E,’f —§t| — 0,
which is condition (i7). From this, condition (ii7) immediately follows since

7 ([0,4] x {|z] > 1}) / /]1{|I‘>1}y (ds, dz) / /xnﬂxbl}y (ds,dz).  (1.3.29)
O

The following technical lemma is a direct consequence of Theorem [I.3.10] and will be crucial
for proving Theorem afterwards.

If t — A; is a function of locally finite variation, we denote by Var(A); the total variation
of the function A on the interval [0,¢]. If A is complex-valued, we have Var(A) = Var(Re A) +
Var(Im A).

Lemma 1.3.11. If (1.1.4)) holds, then we have pointwise on €,
Zf — Ay and Var(zlg — Ay —0 as k— oo

forany £ €R, ¢ € CX((0,7)) and t < T, where the processes A" and A are defined in ([1.3.19)

and (1.2.17)), respectively.

Proof. For fixed ¢ € C°((0,7)), t € [0,T] and @ € Q, the infinitely divisible distributions 7
and 7, defined before Theorem have Lévy exponents Zf and Ay, respectively. By that
theorem, 7, — 1 as k — oo. This immediately implies the first claim of the proposition (see,
for example, Equation VIL.2.6 in [65]).

For the second claim, we will need the truncation function

-1, =< -1,
He)=q = |z[<1,
1, x> 1.

The main difference between the function g;(x) = xlyjz<1}, used so far, and ¥ is that the latter
is continuous. Since this property will be needed for technical reasons, we replace o1 by ¥ in the

expression of Zf in (1.3.19) and thus obtain

Af—i§</t<k yelyds [[ [ o ) i)
/ / (e =1~ igd(x)) 7*(ds, dx).

(1.3.30)
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With ([1.3.30) and (1.2.17]), we then calculate

Re(Zf —A) = %&2 /Ot /07r f(v(s,z))p*(x) ds dx + /R (cos(éx) — 1) 7*([0,1] x dz),
(4} - ) = ¢ ( | (oF (s, ), 87 ds — / {o(s, ), ¢") ds — [ (&= 9(a)) (0.4 x o))
+ /]R (sin(éx) — £0(x)) 7*((0, 1] x d).

(1.3.31)
Consequently,
™ vk (s, x
Var(Re(@* - ) < 26 [ [| P 0ts,0)8%@) - [ 07 (Wm)z) Q*(d2)| d ds
+ /]R [cos () —1+ %&192(90)\#([0@ « dz).
(1.3.32)

We will show that the two integrals above converge to 0 as k — oo.
The function |cos(éx) — 1 + 16209%(z)| is bounded, continuous (because ¥ is) and o(z?) as
x — 0. Hence, by condition [d; 3] of Theorem VIIL.2.9 in [65], we can infer

/ ’cos(gm) -1+ %52192(1")’?]“([0,75] xdr) — 0 as k— o0
R

from Theorem [1.3.10)
Consider now the first integral in (|1.3.32)), and notice that

92 (z) = $2]l{|x|§1} + >y forall zeR.
Using the triangle inequality, we can therefore estimate this integral by
t o
I

+-/R]l{‘x|>1}§k([0,t] X dl‘)

2
P20l a)d*@) = [ (F0H5.0)0@)2/7(E0) T st emyotorsofonyr) @ (d2)| dads

The second integral above converges to 0 as shown in ([1.3.29]), while the same holds for the first
integral by ([1.3.24)) (set h = 1). Together with ([1.3.32)), we conclude that Var(Re(Zk—Z))t —0
as k — oo.

It remains to show that Var(Im(Zk — A)); — 0 as k — oo, which will be done in a similar
manner as before. From ([1.3.31]), we have

Var(im(@* = ) < ¢l [ [ (045, = {o(s, ),
+ /R [sin(gx) — £0(x)| 74(0.1] x dz).

ds+|£|/R|m—ﬁ(m)}ﬁk([0,t] x dz)

The first integral on the right-hand side above converges to 0 by (|1.3.27)). Furthermore, since

/R & — 9(x)| 7*([0, 8] x d) < 2/R 2L ey 7((0, 1] x da),
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also the second integral vanishes by (1.3.28). Finally, the function |sin(éz) — £9(x)| is bounded,
continuous and o(x?) as x — 0. Hence, we can again apply Theorem VII.2.9 in [65] in order to
obtain

/R ‘sin({x) - 519($)’Uk([0,t] xdr) — 0 as k — oo.

We conclude that Var(Im(Zk — A)); — 0, and altogether Var(Zk — Ay —0ask —oo. O

Proof of Theorem According to Proposition VI.1.23 in [65], because the function

t = [ exp (i€(Ts, ¢)) A(ds) is continuous, " converges to M in the Skorokhod topology for
fixed w € Q if

GET D) L@ ang / ) TR (ds) —» / 6059 A (ds)
0 0

in D([0,T],C) as k — oc.
Using the definition of the Skorokhod topology, we can easily infer from the convergence of
() en to @ in D([0,T], H-([0,7])) given in (T.2:15) that
(0", ¢) — (v,6) in D([0,T,R) and
W50y i) iy D([0,T],C)

as k — oo for all ¢ € H,(]0,7]).
Next, we have

to _ to
/ 1E(T5.0) Ak(ds)—/ e€(=9) A (ds)
0 0

sup
t<T

to _ _ t o —
< sup / 6 (TS .0) (Ak — A)(ds) / (€Z€<v'§7¢>> — ez£(vs,d>)> A(ds)
0 0

t<T

+ sup
t<T

T . _
< Var(zk —A)p+ / ‘e’ﬂ”?"w — 09| Var(A4)(ds).
0

Lemma then immediately gives us Var(4" — A)r — 0 as k — oo. In addition, the Sko-
rokhod convergence of i€T9) towards (@) implies 9y i€(T09) for all continuity
points of €®("9); see, for example, VI.2.3 of [65]. Since a cadlag function has at most count-
ably many discontinuities, we have e®€@:®) — ¢#€{®9) for almost all ¢ € [0,7]. So dominated
convergence implies that also the last term of the previous display converges to 0 as k — co. [

We have now gathered all the intermediate results needed for the following theorem.

Theorem 1.3.12. If (1.1.4)) holds, then (v,v) in (1.2.15)) satisfies the following martingale prob-
lem. For all £ € R and ¢ € C°((0,7)), the process (My)i<7 defined in (1.2.18)) is a martingale

with respect to the filtration F in (1.2.16)).

Furthermore, v has an F-predictable modification and

esssup E [|U(t, x)ﬂ < 0. (1.3.33)
(t,x)€[0,T]x[0,]

Finally, for almost all t € [0,T], 5; = (v(t,-),-) as well as vy = 0 holds with probability one.
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Proof. By Theorem for any £ € R, ¢ € C°((0,7)) and k € N, the process M defined

in (1.3.15)) is a square-integrable F-martingale.
Now define for each k € N, the filtration 7= (?f )t<T on Q by setting

Fr= m(j(vk(s’x)’@’;‘ogxgﬂ, sgu), t<T. (1.3.34)

u>t

Since 7* and v* in (1.2.15)) are adapted to the filtration Fk, the same holds for 7" from (1.3.20)).
Similarly, 7, v and M are F-adapted. Since M" has the same distribution as M by (1.2.15)),

standard arguments now show that M is an ?k—martingale for all £ € R, ¢ € C°((0,7)) and
k € N. This is the martingale problem satisfied by the pair (v¥, 7).
Using Theorem [I.3.9] we have

M @) — M@) in D(0,T],C) (1.3.35)

as k — oo for all w € Q. This implies Mf (w) — M(w) almost everywhere on [0,7] for all

w € Q. Furthermore,

E[|M; ] = E [|M7+]"] < oo (1.3.36)

uniformly in ¥ € N and ¢t < T by Theorem [I.3.8

Moreover, the convergence in implies convergence in measure (with respect to the
Lebesgue measure on [0,7] x [0,7]) of v*(©) towards v(@) for all @ € Q. Hence, we have by
dominated convergence,

o T rm
P® Leb[O,T]X[O,W] (|Uk' —v| > z—:) =E l/o /0 ]l{|vk(w,t,x)—v(w,t,x)\26} dtdx| — 0

as k — oo, and thus, v* converges to v in P ® Lebyg 1)x[0,r]-measure. Therefore, there exists a

subsequence (k;);en such that
v P® Lebjo, 77x[0,7]-almost everywhere as [ — oo, (1.3.37)

and we will assume without loss of generality that (1.3.37) holds for the whole sequence. In
turn, this implies v¥ — v P-almost surely as k — oo for almost all (t,2) € [0,T] x [0, 7). Using
Fatou’s lemma, we obtain

E [|v(t,m)|2} < lign inf E [|vk(t,aj)\2} Lebjo,77x [0,7-almost everywhere. (1.3.38)
—00

Furthermore,

oF (L, x) Lyt (t,z) Lebp 17x[0,x-almost everywhere, (1.3.39)

for all £ € N, so (1.3.33]) follows from Lemma m (In order to show (1.3.39)), consider for

a > 0 the mollified random fields J,v* and J,u* on [0, 7] x [0, 7], defined exactly as in (1.8) of
Chapter 10 in [49]. Then (1.2.15)) implies

(Ja0F)(t, 2) £ (Jou*)(t, ) (1.3.40)

for all (¢,x) € [0,T] x [0, 7], @ > 0 and k € N. In addition, using Lemma 3 of Chapter 10 in [49],
we have

J*(@) — vf@) and  JautF(w) — uF(w) in L2([0,T] x [0,7]) as a — 0,
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forall k € N, w € Q and w € Q. As a consequence, we can find a sequence (o) converging to
0 such that

Jo0* (@) — vM(@) and  Jaut*(w) — vt (w) Lebjo, 77x[0,7-almost everywhere (1.3.41)

as| — oo forall ke N, we Qandwe N So follows from ((1.3.40) and (1.3.41]).)

Finally, since we have v* — © in D([0,T], H_.([0,7])) for all @ € Q, we also infer that
vy — 7, P-almost surely in H_,.([0,7]) for almost all t < T.

Choose continuous bounded functions h: H_,([0,7]) — R and h: RY — R with M, N € N.
Using the Fk—martingale property of Mk, as well as Vitali convergence theorem, we
now obtain the following: For almost all 0 < s <t < T, s1,...,8p < 8, r1,...,rny < s and
Z1,...,xN € [0,7], we have as k — oo,

0=E [(M = M) @k, ..., 0% b (r1, 1), . oF (v, 2n)]

s S17 s

R (1.3.42)
— B [(My = M) B(Os,, - Tsy Jh(0(r1,21), ., 0(rw, 2x)]
Next, u® is L?-continuous by Theorem 4.7 in [28] and Lemma B.1 in [10]. This and
imply that vF is also L%-continuous. Since v¥ satisfies the uniform bound and with
Vitali convergence theorem, we can infer that the random field v is L'-continuous. Therefore,
by a density argument, we can further deduce that the right-hand side of is 0 for even
all choices 0 < s <t < T, s;,r; < sand z; € [0,7] withi =1,...,M, j=1,...,N. Hence,
again by standard arguments, we can deduce that M is an F-martingale for any ¢ € R and
¢ € C2°((0,)).

Finally, by a straightforward extension of Proposition 3.21 in [83] to two-parameter processes
and since v is stochastically continuous, v has a predictable modification.

The last statement of the theorem is easy and we leave the details to the reader. O

We can now finish the proof of the weak convergence . Indeed, the martingale problem
stated in Theorem and satisfied by (v,?) in will allow us to identify uniquely the
distribution of (v,v) (from now on we may and will assume that v is predictable).

Note that the next theorem holds independently of all our previous results.

Theorem 1.3.13. On a filtered probability space (0, F, F,P), let v = {v(t,z) | (t,x) € [0,T] x
[0, 7]} be an F-predictable random field and © an F-adapted cadlag process in H_.([0,7]), with
r > 1/2. Assume that for almost all t € [0,T], vy = (v(t,-),-) as well as vy = 0 holds P-almost
surely and that

esssup E [|v(t, x)ﬂ < 0. (1.3.43)
(t,2)€[0,T)x[0,m]

In addition, assume that the pair (v,T) satisfies the following martingale problem. For all
£ € R and ¢ € C((0,7)), the process (My)i<r defined via and is a local
F-martingale.

Then there exists a Gaussian space—time white noise W on [0,T] x [0, 7], possibly defined
on a filtered extension ((2,]-:, F,Iﬁ) of (Q,F,F,P) such that, with probability one, v is equal
in L?([0,T] x [0,7]) to the mild solution to the stochastic heat equation with noise W.

Furthermore, © is indistinguishable from the modification of the latter that is continuous in
H_p([0, ).
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Proof. The proof is inspired by Lemma 2.4 in [74]. First, Theorem I1.2.42 in [65] shows that for
any ¢ € C°((0, 7)), the stochastic process (v, ¢) is an F-semimartingale with first and second
characteristic given by

t»—>/0t<v(s,-),qb">ds and t»—)/Ot/oﬂfQ(v(s,x))ng(x)dsde‘,

respectively. Furthermore, the third characteristic of (7, ¢) equals 0, which implies that (7, ¢) is
continuous. As 7y = 0 P-almost surely, its canonical decomposition is

@sz@@%M®+@@ﬁ

where (v, ¢)¢ denotes the continuous martingale part of (v, ¢). Since

E [/OT /Oﬂ 2(v(s, x))¢*(z) ds dz

<C ( esssup | {\v(s,x)ﬂ + 1) ,
(s,z)€[0,T]x[0,7]

which is finite by assumption, the quadratic variation of (7, ¢)¢ is integrable, so

M) = @) = [ {ols,), 6" ds, ¢<T, (1.3.44)

is a continuous square-integrable F-martingale with quadratic variation process
t
t +—>/ / 2(v(s, x))¢*(x) ds dz, (1.3.45)
0 Jo

for all ¢ € C2°((0,7)). The specifications ((1.3.44]) and (1.3.45)) define an orthogonal martingale
measure {M;(A), t € [0,T], A € B([0,7])} relative to (Q, F, F,P), in the sense of Chapter 2 in
[99], with covariation measure

Onr(A x B x [s,4]) = /: [ Pta)drds (1.3.46)

for all A, B € B([0,]).
Now let (£, F', F',”") be another filtered probability space on which a Gaussian space—time
white noise W’ on [0, 7] x [0, 7] is defined. Set

Q=0xQ, F=FeF, F=(\FeF, P=PaP,

s>t

and extend the random measures M and W' as well as the random elements ¥ and v to  in the
standard way so that on ((NZ,]? , F,IAP"), W' is independent of (7,v) and thus of M. In addition,
on this extension, M is still an orthogonal martingale measure satisfying and
by Lemma I1.7.3 in [65]. Define

— t T 1
(@) :/0 /0 mﬂ{fz’(v(s7x))¢0}¢(a:) M (ds, dz)
t prm ,

+/0/0 L p2(o(s,0)) =0y 2(@) W(ds, d)

for all t < T and ¢ € C((0,7)). As before, this defines a martingale measure {Wi(A), t €
[0,T], A € B([0,7])} relative to (2, F, F,P).
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Since M and W' are independent, we have from ([1.3.46]),
A x B x [s,t]) // 1 e 2(o(r. 2)) dr da
it anp f2(o(r, ) P00 anzoypf”(v(r )

+// 1 2o oy dr-d
] Loy dr de

t
:// drdx
s JANB

for all A, B € B([0,n]). Therefore, it follows from Proposition 2.1 in [99] that W is orthogonal
and from Proposition 2.10 in [99] that the martingale measure W is a Gaussian space—time white
noise on [0,7] x [0, 7] with respect to (€, F, F,P). Moreover, we have

/ot/oﬁf(v(S,x)) W (ds, dz) // flu(s,x) ( ))]1{f2(v(sx#o}¢() M(ds,dz)
+// (s, 2) ]l{fZ(v S,x)):0}¢($)W/(dS,dx)

:/0/0 ]l{f2('u(s7l‘));£0}(b($)M(ds)dx)‘
(1.3.47)

Since, by (|1.3.46)),

E [( /OT /Oﬂﬂ{f%v(s,x))#ow( M(ds, dz) / / o(x) M(ds dx)>2]
=K (/ / L g p2(0(s,0))=0} 2() (dSadﬂﬂ))]

=E /0 /0 /0 ¢(x>1{f2(v(s,x))0}¢(y)]1{f2(v(s,y))O}QM(dsadxvdy)‘|

[T
:E_/O / ¢2<x>n{fz(v(s,x))0}f2<v<s,x>>dxds]:o,

the F-martingales t — [ [T Lgp2(0(s,2))20y0(x) M(ds,dz) and ¢ +— I5 JT é(x) M(ds,dz) are
indistinguishable. This implies, together with (|1.3.44]) and (1.3.47)), that we have for any ¢ €
e ((0,m)),

/ [ #o(s)() Wds,da) = Mi(é) = (51,) - /Ot<v<5,.),¢~>d5, L<T,  (1.3.48)

P-almost surely. By assumption, the equality in (1.3.48)) holds also P-almost surely for almost
all ¢ < T if we replace (U, ¢) with (v(¢,-),®). This and the assumption ([1.3.43]) imply, by the
proof of Theorem 3.2 in [99], that we have

- /t /7r Gis(z,y)f(v(s,y)) W(ds,dy) P-almost surely (1.3.49)
0 Jo

for almost all (¢t,z) € [0,T] x [0, ], i.e., v satisfies the mild formulation of (1.2.19) almost
everywhere. Now let ¥ be a mild solution to (1.2.19). Again by Theorem 3.2 in [99] and its
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proof, we can infer that P-almost surely, v and v are equal almost everywhere and hence, in
L2([0,T] x [0,7]).

Finally, let © be the continuous modification in H_,([0,7]) of ¥, which we obtain from
Corollary 3.4 in [99]. By (1.3.49), 0, = (v(t,-),) =, P-almost surely for almost all ¢ < T', and
therefore, because v is continuous and 7 cadlag, these two processes are indistinguishable. [

1.3.3 Necessity of the condition (|1.1.4]

Remark 1.3.14. Suppose that the Lipschitz function f satisfies f(0) # 0. Then there must be
(t1,21) € [0, T] x [0, 7] such that P(f(u(t1,z1)) # 0) > 0, where u is the mild solution to (1.2.8).
Indeed, if we had f(u(t,z)) = 0 P-almost surely for all (¢, ), it would imply u = 0 everywhere
on [0,T] x [0, 7] by equation (1.2.8). This in turn would imply f(0) = 0, which contradicts the

assumption.

Theorem 1.3.15. Assume that f(0) # 0. In the setting of Theorem |1.2.1], if (1.2.13) holds,
then we have (1.1.4) for all k > 0.

Proof. If (1.2.13)) holds, we can use Skorokhod’s representation theorem as in the first part
of the proof of Theorem and obtain for any sequence (e)ren converging to 0, random
elements

(W*, %), (v,7): (Q, F,P) — (Q*,7)
on a probability space (2, F,P) possibly different from (Q, F,P) that satisfy (1.2.15]). Of course,

we now have

(v,7) £ (u,7). (1.3.50)

Consider the same filtrations F = (F;);<r and F = (71]?)th on  as defined in (1.2.16) and
(1.3.34)), respectively. For fixed ¢ € C2°((0, 7)), define the processes

Wk, ¢ // (z)dsdex,
(U, & // (s,2)¢"(x) dsdx

for all K € N and ¢t < T. It is straightforward to infer from ([1.2.15)) that pointwise on €,

(1.3.51)

X' X in D(0,T,R) as k— oo. (1.3.52)

Furthermore, by (1.2.15)), (1.3.50) and (1.3.51), X" and X have the same distribution as the
square-integrable F-martingales

b fur(s,z)) °t(ds,dz) an Y u(s, T s, dx
tHAAa@>¢@L@ﬁ> dtHAAﬂ(,WUWw@%

respectively, and therefore, by standard arguments, we can deduce that Yk, resp. X, is an

Fk—martingale, resp. F-martingale, and that X is continuous.
Recall the truncation function g introduced in (1.3.21)). Using Theorem I1.2.21 in [65], we

can further infer that the semimartingale characteristics of X" and X with respect to F" and

F, respectively, and relative to g for a fixed but arbitrary h > 0, are given by (Ek’h, O,ﬁk) and
(0,C,0), respectively, where 7* is defined as in (1.3.19), C' is defined as in (1.2.17) and

t
—/ /x]l{‘xbh}?k(ds,dx), t<T. (1.3.53)
0 JR



28 CONTENTS

Define Y’C(gh) = X" - dos<. AX'1 for all k¥ € N. Then we have, by definition of the

$ {IAX >h)
first characteristic,

X"(op) = M + B, (1.3.54)
where 77" is a local F-martingale.
Now since X is continuous, Proposition VI.2.7 in [65] and (1.3.52)) imply that w-wise,
X (on) — X in D(0,T],R) as k — oo. (1.3.55)
We also have 3
7(0,4] x {|z| > a}) =50 as k— oo (1.3.56)

for any t < T and a > 0 by Proposition VI.3.26 and Lemma VI.4.22 in [65]. Therefore, there
exists a subsequence of (7*([0,T] x {|z| > h}))ren converging P-almost surely to 0. For the sake
of clarity, assume without loss of generality that this holds for the whole sequence. Applying the

Cauchy—Schwarz inequality to B"" in (1.3.53)), we further deduce that

_ T m 2(vk(t, x - _
suprf’th(/o [ w¢2<x>z2dtm (dz)>v’“([0,T]><{lw|>h})

t<T

< C7*([0,T) x {|=| > h}) <1 +i1€11N3/0T /Orr vk(t,x)thdzv>

and the last term converges P-almost surely to 0 (note that the supremum is finite because
v* — v in L2([0,T] x [0,7])). This implies

B 50 in D(0,T],R) as k— oo (1.3.57)

P-almost surely. Using Proposition VI.1.23 in [65], (1.3.54), (1.3.55) and (1.3.57)), we obtain

M —X in D([0,T],R) as k— o0

as well as

A", =20 (M)?) — (X, —2X.X%) i D(0.T,R?) as k—oo  (1.358)

P-almost surely. Since the jumps of MM are uniformly bounded by h, we can apply Proposition

VI1.6.13 in [65] on the sequence (Mk’h)keN and then Theorem VI.6.22 (c¢) in [65] on the processes

in (1.3.58) in order to obtain
(Mk’h,—QMk’h7(Mk’h)2,—2 / Mf’th’h(ds)> &, (X, _9X, X%, -2 / XSX(ds)>
0 0

in D([0,T],R%) as k — oo. By definition of the quadratic variation, we can therefore deduce

that

——k,h
|

ar", ;prth 3ty 25 (X,0) i D(0,T),R?) as k — oo (1.3.59)

. . . ~k . —k,h . .
Denoting by 7i¥ the jump measure of X ', we have, since B is continuous,

—kh =k, t 9 K
(M™ M), = ; Rx Lyp<py 7 (ds,dz), t<T. (1.3.60)
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Now denote for any k € N,

_ t
Cf:/ /x2]1{|x|<h}ﬁk(ds,dx) and
0 JR -

t (1.3.61)
—k kb =k ~ Tk
Yr = art it - ek :/D /Rm{mgh} (7" — 7%)(ds, dx).

Then Y is a square-integrable Fk—martingale with |A7k| < h, and for any bounded stopping
time 7', we have, by the optional stopping theorem, E[(?’%)Q] < E[[?k,Yk]T]. Therefore, by
Lenglart’s inequality (see Lemma 1.3.30 in [65]), we obtain for all § > 0 and 1 > 0,

— 1
P (supl7t =) < 3 (s
s<t 0

h R
< 2% + <5 + 1) P(Y", 7", > n).

sup A[Y", ?k]s
s<t

) +P(Y*, 7", > n)
(1.3.62)

By (|1.3.60]), we have

. t
[Yk,Yk]t:/O /Rx4]1{|m|§h}ﬁk(ds,dx) < (sup}AM M >
M

s<t

Moreover, because [Mk’h,ﬂk’h] £, Cy by (1.3.59) and sup,<; |A[M | Fo0 by Propo-

"
sition VI.3.26 (iii) in [65], we deduce from the inequality above that [?k,? s £, 0 and,

by (1.3.62), that

sup \7];] 550 as k— oo (1.3.63)
s<t

for all t <T'. Finally, combine (1.3.59)), (1.3.61]) and (1.3.63) to see that

_ t F o
CcF = / / 1:2]l{|$|<h} 7k (ds, dz) T, as ko oo (1.3.64)
0 JR -

for all t < T and h > 0. Taking a subsequence if necessary, we will from now on assume that
the convergence in holds even P-almost surely.

Recall now the definition of % (s,z) in and that, because v¥ — v in L%([0,T] x
[0, 7)), we have [§ [T f2(v"(s,2)) — f2(v(s,x))|$*(z) dsdz — 0 as k — oo; see the calculations

in (1.3.25) and ([1.3.26)). Together with (1.3.64)) this implies P-almost surely,
T rm
/ / 2 (v(s, ) (2) Sk (s, x)dsdz — 0 as k — oo (1.3.65)
0o Jo

for all A > 0 and ¢ € C°((0,7)) by a similar calculation as in (1.3.24]) (note that the first
inequality there becomes an equality if | - | is replaced by (-) throughout).
Now on the set {|f(v*(s,z))¢(x)| > §}, where § > 0, we have

Lo (h/1£ 0k (s 6@ o)} = LIz (0/0)0(0)}

and thus
1

Si(s,z) > =T /RZQ]lﬂz\z(h/(S)a(sk)} Q*(dz).
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Therefore, as a consequence of ((1.3.65)), we obtain P-almost surely,

1 2 €
o2 /RZ L2/} Q7 (d2)
. (1.3.66)
x /0 /0 (s 2)6™ @)Ly 0k (50)0(0) 26 F(u(s))(o)]>6) 48 42— 0
as k — oo for all h >0, 6 > 0 and ¢ € C°((0,7)).
We have seen in ([1.3.37)) that we can assume (perhaps for a subsequence) that
v oas k—oo P® Leb(o, 77 [0,x]-2lmost everywhere,
which implies, by dominated convergence and continuity of f,
T rm 9 9
E /0 /0 P (s, 2) % (@)L pok (5,2)0(@)] 28, 1 (w(s.2))p(@)] >5) A5 42
o (1.3.67)
— K [/0 /0 fg(v(s,x))¢2(:L‘)]l{‘f(v(sw))qs(x)b(g} ds dx] as k — oo.
So from ((1.2.15]), (1.3.66]) and (1.3.67), we deduce that
1
T / L= (h/8)o ()} @ (42)
(1.3.68)

x E [/0 /0 fQ(U(S;33))¢2($)]1{|f(u(s,x))¢(x)|>5} ds dl‘] —0 as k— o0

forallh > 0,0 > 0 and ¢ € C°((0,7)). Moreover,

(C,z(lgk)/z]lﬂwh/a (ex)} @7 ( ) [//f2 s, ) ()dsdx]

< (02(1%)/ 115 (0/8)0(er)) @ (d )) (1.3.69)

XEV) /0 F2(u(s,2)) > (X)L fu(s,2)) ()| >} A8 A

So if we choose h = k6 with k > 0 arbitrary, then by ([1.3.68)), the first term on the right-hand
side of (|1.3.69) converges to 0 as k — oo for all kK > 0 and § > 0. The second term does not
depend on k nor h and converges to 0 as 6 — 0. This implies

(ff?(lm/zn{z'>“”k)}Q ) V / F(uls,z) ()dsdx] —0  (1.3.70)

as k — oo for all k > 0. Since f(0) # 0, there exists (t1,21) € [0,7] x [0,7] such that
E[f?(u(t1,71))] > 0 by Remark|1.3.14l Moreover, the mild solution u is continuous in L?(Q2, F,P),
which follows from the proof of Corollary 3.4 in [99]. We can thus infer that the expectation

in (|1.3.70)) is not 0 and we obtain
1
o (ex)

for all K > 0, which is exactly (1.1.4]). O

+ Trd2.

/ 221{|z\>ncr(sk)} Qek(dz) — 0 as k—
R 2



Chapter 2

Normal approximation of the
solution to the stochastic wave
equation with Lévy noise

2.1 Introduction

The wave equation is the prototype of an hyperbolic PDE, widely used e.g. in acoustics and
signal processing ([46]). In the literature of stochastic PDEs, the corresponding equation with
random perturbation has been extensively studied, especially when the driving noise is Gaussian:
See e.g. [99] for the case of a space—time white noise and Chapter 2 of [40] for a noise that is
white in time but spatially correlated. In this paper, we consider the stochastic wave equation

Owu(t,x) = Opeu(t, ) + f(u(t,x))L(t,x), (t,z) € RT xR, (2.1.1)

where L is a Lévy space-time white noise. We investigate the normal approzimation on [0,T] x
[0, L] of solutions to (2.1.1) when L has a finite second moment and no Gaussian component,
that is, when can they be approximated in law on compact domains by the solution to

Ouu(t, r) = Oppu(t,z) + f(u(t,z))W(t,x), (t,z) € RT xR, (2.1.2)

with a Gaussian space-time white noise W. The purpose of this work is to show that the
necessary and sufficient condition for this functional convergence is

: 1 2 Ne
il_r}(l) 72(2) /|Z|>m(€) 2Q°(dz) =0 (2.1.3)
where o2 (¢) is the variance of a homogeneous Lévy noise L with Lévy measure QE for all k > 0.
Intuitively, to make such an approximation plausible, L# should be close to W in distribution.
For Lévy processes having jumps decreasing in size to 0, this was made rigorous in [9] and
more generally in [36], where condition was first introduced. The passage to an infinite-
dimensional setting has been addressed in such generality, to our best knowledge, only in the case
of parabolic stochastic PDEs like the stochastic heat equation, see [32] and references therein.
We substantially generalize these results to the category of hyperbolic stochastic PDEs. Our
second contribution is that we consider throughout equations with multiplicative noise. As an
application, in the situation of small jumps approximation of [9], if the impulses of the noise Lf
decrease too fast to 0 (such as for a gamma noise), then the corresponding stochastic PDE will
not admit a normal approximation, but it will, for instance, if L¢ is a-stable for any a € (0,2).

31
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The strategy of proof of our main result, Theorem is identical to [32]: We show tightness
of the solutions to via a generalization of the Aldous criterion [59] and then identify
uniquely the limit. Here classical methods relying on the Lévy—Khintchine formula do not apply
due to the multiplicative noise, so we resort to martingale problems that correspond to the
solutions and whose associated martingales converge under condition to a limit that we
link to the solution to . However, their predictable characteristics do not depend on the
martingale process itself, which makes other well-established techniques, see e.g. Chapter IX
of [65], inapplicable as well. Instead, we prove convergence by hand, so to say, in Skorokhod’s
representation. To this end, we show that all solution processes considered belong to a suitable
Skorokhod space (and to an L?-space as well), a fact we will extensively utilize because, in our
setting, convergence in Skorokhod topology preserves the martingale property.

The random field solution u to will exhibit a cadlag property jointly in space and
time, as we show in Theorem [2.3.2] that is directly linked to the shape of the wave kernel.
Now it turns out that to show our normal approximation result, we will need to investigate
two different processes simultaneously: u and its time derivative J;u, because both appear in
the weak formulation of the stochastic wave equation that we consider in this work and, hence,
in the aforementioned martingale problems, see Section for details. This is a substantial
difference with [32] where two different representations of the same process needed to be adopted
due to the singularities of the heat kernel. We show in Theorem that we can view Jyu as
a cadlag process taking values on a space of distributions constructed via Hermite expansions.
We also mention that u becomes a strong martingale after an appropriate change of coordinate
system, a crucial property that we will use to show tightness and the path properties above in
place of the factorization method from [39] [90] (applied in [32]).

As in [9, 32, B6], our motivation comes from numerical simulation: An additional normal
approximation of the small jumps of the noise in might improve the rate of convergence
of numerical schemes, as suggested by the results in [73] for SDEs and in [24] for SPDEs.

This paper is organized as follows. In Section we describe in detail equations and
. In Section we introduce all function spaces needed and show existence of the random
elements that will be studied in Section [2.4] which contains our main result as well as the main
ideas of its proof. The details as well as the proofs for Section [2.3] are postponed to Section [2.5]

2.2 Preliminaries

Consider on a filtered probability space (Q2, F, F' = (F3):<T, P) that satisfies the usual conditions,
for any € > 0, the stochastic wave equation on RT x R with vanishing initial conditions:

€ _ € € Lg(tvx) +
attu (t,l‘) - azxu (t733) + f(u (tv ZL‘)) U(E) ) (tv Zl?) € R™ X Ra (221)
u®(0,z) = Opuf(0,2) =0, for all x € R,

where L¢ (t,x) is a pure-jump Lévy space-time white noise on R x R given by
LF(A) = / / Ta(t,x)z (p° —v°)(dt, dx, dz) (2.2.2)
R+ xR JR

for all bounded Borel sets A € B,(R™ x R). In this representation, x° is a homogeneous Poisson
random measure on (RT x R) x R relative to the filtration F, with intensity measure v =
Lebg+ g ® Q°. Here Q° is a Lévy measure on R, that is, Q°({0}) = 0 and [(1A2?) Q°(d2) < oo,
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see e.g. Chapter IT in [65] for the definition of stochastic integrals with respect to Poisson random
measures. Furthermore, we assume that for all € > 0,

0 < o(e) = /}R 22 Q5(d2) < oo, (2.2.3)

which is the variance of L?(]0,1] x [0, 1]). The special case
Q°(A) = /| (@), AcB®), <>0,
z|<e

for a single Poisson random measure u having intensity measure v = Lebp+ g ® @, corresponds
to the small jump approximation in [9].

The function f: R — R in equation will be assumed to be Lipschitz continuous
throughout this work.

We are interested in the notion of mild solution to . It is defined as an F-predictable
random field u® = {u(t, z) | (t,a:) € Rt x R} satisfying for all (t,z) € RT x R,

/ /Gt 5 (S y)) La(ds,dy)
(5) (2.2.4)

—/ /Gt s(z,y)f(u®(s,y)) —— (u° — v°)(ds,dy,dz) P-almost surely.
04xR JR ( )

In this equation, G denotes the Green’s function of the wave operator 9y — 0., and has the
following expression:

1
Gt—s(xay) = G(t7$;3ay) = §1A+(t,r)(say) (225)

for any (¢,z,s,y) € (Rt x R)?, where
At(t,x) = {(s,y) ERT xR||y—z| §t—s} (2.2.6)

denotes the backward light cone with apex (¢, z) restricted to Rt x R. In particular, G is bounded
and not differentiable. By Theorem 3.1 in [2§], there exists a unique mild solution u° to
satisfying
sup E {|u€(t,x)|p] < oo (2.2.7)
(t,x)€[0,T] xR

for all T'> 0, 0 < p <2 and ¢ > 0. Indeed, from (2.2.3) and

¢
sup / / G(t,z;s,9)Pdsdy = (1/2)P T? < o0 (2.2.8)
(t,x)€[0,T]xR R
for all T > 0 and p > 0, Assumption A in [2§] is easily seen to be satisfied for p = 2.
We will investigate the normal approximation of u® and for this, we also consider the solution
to the same stochastic PDE as above, but now driven by a Gaussian space—time white noise:

[ Oupu(t, x) = Opgu(t,x) + f(ult,z))W(t,z), (t,z) € Rt xR,

U(O,IE) = 3tu(0, Jj) — O7 for all = c R. (229)

The driving noise W in is a centered Gaussian random field {W(A) | A € B,(RT x R)}
with covariance structure E[W (A)W (B)] = Lebgr+yr(A N B) for bounded Borel sets A, B C
RT x R. As is well-known (see e.g. Exercise 3.7 of Chapter 3 in [99]), equation has a
(unique) continuous mild solution u that satisfies the corresponding bound in for all
p> 0.
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2.3 Functional setting

In this work, the letter C will always denote a strictly positive constant whose value may change

from line to line. Note that |f(x)| < C|z|+ |f(0)| for all x € R by the Lipschitz continuity of f.
If 1, @2 are elements of the same L?-space, we will always use the notation (1, ) for the

standard scalar product of that space and || - || for the induced norm. If ¢ is an element of a

topological vector space and ¢ an element of its topological dual, then (¢, ¢) will always denote

the dual pairing of ¢’ with ¢.

2.3.1 Path property of mild solutions

Consider the partial order < on R?:
(t,7) = (t,x) = t<t and |T—x|<t—1 (2.3.1)
introduced in Section 5 of [84]. We define a space—time cadlag property corresponding to <.

Definition 2.3.1. A function ¢: M — R with M C R? is called <-cadldg if for every (t,z) € M,

Clim ¢t ), ~ lim #(t,%) and ~ lim #(t,7) all exist.
(t,2)—(t,x) (t,2)—(t,x) (t,2)—(t,x)
t<t,|i—z|<t—t >z, r—i<i—t<i—zx i<z, i—r<i—t<z—i

We further denote the space of all <-cadlag functions on M by D<(M).
We have the following result.

Theorem 2.3.2. For any ¢ > 0, let u® be a mild solution to the stochastic wave equation (2.2.1)
with noise 0~ (e)L°. Then u® has a modification u® in D<(RT x R).

We will investigate the functional convergence of the <-cadlag version u® of Theorem [2.3.2]
towards u and to this end, we need a suitable Skorokhod topology for <-cadlag functions.

Consider the order-preserving change of basis in R? obtained by rotating the standard basis
vectors clockwise by 45 degrees

H: (R%, <) — (R, <), (;) - \}i G _11> (;) (2.3.2)

as well as a shifting in R? by ug = (—3/2,1/2) composed with H and then rescaled
2
J: (R?, %) — (R%, <), ur— {H(u—uo). (2.3.3)
We set u* = (3/2,1/2) and use the following notation for closed rectangles with respect to =<:

(2, (G = {(s.9) € B[ (.8) S () 2 (b))} for (@3) 2 (o). (234)

We then have [0,1]®> C [ug,u*]< and J builds a bijection between [ug,u*]< and [0, 1]?. This
particular choice of the vectors ug and u* is for simplicity only, it guarantees that the processes
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we consider in the proofs of Theorem (and Theorem [2.5.1)) vanish on the axes, a technical
requirement of strong martingales often seen in the literature.

Now let D([0,1]%) be the usual Skorokhod space of cadlag functions on [0, 1]? with respect
to the partial order < where (#,%) < (t,z) if and only if # <t and & < z, see e.g. Section 2 in
[58] for a definition. Consider the well-defined bijective transformation

@ : D([0,1)*) — D=<([ug,u*]<), x> x0.J. (2.3.5)
We now draw upon the results of [92] on general Skorokhod spaces to obtain the following.

Lemma 2.3.3. There exists a Skorokhod metric, that will be denoted by T throughout this work,
that makes D<([0,1]?) and D<([ug,u*]<) complete and separable metric spaces and with respect
to which the composition

D([0,1]%) -+ D<([ug, u*)<) <> D<([0,1]?), (2.3.6)

with ® as in (2.3.5) and ¢ the restriction map, is continuous. Furthermore, <-cdadldg functions
are continuous except on at most countably many lines and bounded. If x,, — x with z,,x €
D<([0,1]?), then m,(u) — z(u) at all continuity points u of x.

An immediate consequence of Lemma [2.3.3] is that tightness of probability measures in
D([0,1]?), for which there exist criteria in the literature, implies tightness of the transformed
measures (according to ([2.3.6)) in D<([0,1]?). This will be of crucial importance for the proof
of Theorem 2.5.11

A straightforward extension of Lemma [2.3-3] in the proof of which a definition of 7 is given,
yields a Skorokhod topology on D<([0,7] x I) with "> 0 and I C R a finite closed interval.

2.3.2 Weak formulation

The martingale problem approach mentioned in the introduction relies on a suitable weak for-
mulation of the stochastic wave equation on RT x R that we formally compute from in
this section. It is inspired by Section 13.1 (together with Definition 9.11) of [83].

Let ¢1,¢2 € C°(R) and £ > 0. Take the scalar multiplication of both sides of with
¢2 and integrate over [0,¢] x R. Use the initial condition of d;u® as well as partial integration
twice to obtain

I'F(s, 7) dsdzx.

o(e)
(2.3.7)
Now add the equation [p u(t, z)¢1(z) dz = [jg g Ou®(s, x)d1(z) ds dz, which readily follows
from the initial condition of u®, to in order to obtain for all ¢ > 0,

[ ot on@yar= [ (sl asde+ | [ bawrsa s,

/Ru’f(t7x)¢1(x) d$+/IRatu5(t7x)¢2(m) dz
- /Ot (/R u (s, z) ¢y (x) da +/R@tu€(s,x)¢1(x) d:c) ds +/0tA¢2(x)f(u5(s’x))LE(3,$)

dsdzx.
() sdx

(2.3.8)

It turns out that using equation (2.3.7) alone is enough to prove the necessity of (2.1.3) for
TN u, but not its sufficiency. For the latter, it is really equation (2.3.8]) that will be needed
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in because it yields an equivalence of weak and mild solution to (and analogously for
2-2.9)).

Note that in [99], page 309, the author develops a different weak formulation for .
However, it does not yield an equality of stochastic processes by fixed test function (because the
latter must satisfy a condition that depends on the current time point), which is required for
martingale problems.

Because uf is locally integrable on R* x R by , it is a distribution on R* x R and so,
Opuf = Quf /Ot in will be the time derivative of u® in the sense of distributions. The aim
of the next section is to find a convenient representation of du®/0t by means of a distribution-
valued cadlag process, that we can insert into equation and thereby use for showing our
normal approximation result.

2.3.3 Distributional time derivative and path property

For simplicity, we write in this paper 6, (;—s)(dz) = 61 (1—s)(dz) + 0 (1—s)(dz) and we use this
notation for functions as well. Let ¥ € C°(R* x R) and fix (s,y) € RT x R. Straightforward
computations yield for the Green’s function G,

1
/ G(t,z;s,y)0¥(t,x)dt doe = 7/ Lyy—g)<t—s} 0¥ (t, z) dt dx
R+ xR 2 Jr Jr+ -

:—;/R\Il(s%—|y—x|,x)dm:—; (/:O\If(t,y+(t—s))dt+/soo\ll(t,y—(t—s))dt)

1 foc
== v 1 _
92 /0 /]R (t, :C) 5yi(t—s) (dx> {s<t} dt

Hence, the distributional time derivative of G(-,-;s,y) on RT x R is a measure on R* x R that
we will henceforth denote by 0G/0t (dt,dx; s,y) and such that

oG 1 dG
ot = iéy:t(t—s) (dx)]l{sgt} dt = a(ta da; s, y)]l{sgt} de (2.3.9)

where dG/dz (t,dz; s, y) denotes the distributional derivative of G(t, -; s, y) for fixed t, s,y, which
is readily seen to be equal to (1/2)d,+ ;) (dz) whenever ¢ > s and to 0 otherwise.

Using the expression of u®, the stochastic Fubini theorem (see, for example, Theorem
2.6 in [99]) and (2.3.9)), we further have

/ u(t,2)0 W (t,x) dt do
Rt xR

(dt,dx; s, y)

_ | P9 Jey
= i (/RerR G(t,x;s,y)0 ¥ (t,x) dtdx) @) L#(ds, dy)

= /RerR (/ / (t,z) t dx; s y)]l{sq} dt) f(u;Ez’)y))LE(ds,dy)

/ (/ / (/ (t, ) dG (t,dx; s y)) flu E ) u) L*(ds, dy)) dt P-as.

Recall now that the Schwartz space S(R) consists of all C*°(R)-functions with rapid decrease, see
e.g. Definition 4.1 in [44]. It has a natural topology induced by the seminorms sup,cp |#7¢®* (z)|
with j,k € N and ¢ € S(R). We define for each € > 0, an S’'(R)-valued stochastic process

Rt — S'(R)

L [¢'—>/ / </ Pz t dz; s y)> Wﬁ(ds,dy) _ (2.3.11)

(2.3.10)
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This stochastic integral is well-defined because by (2.2.7]), the Lipschitz continuity of f and

£39).

o[ Lo (Lo G o) £ v
= Z/0 /Rgbz(y + (t —s))E [fQ(uE(s,y))} dsdy <U21(€) /RZ2 Qa(dz)>

SC/t/Cbg(yj:(t—S))dsdy§C’/¢2(:B)dx<oo forall ¢ € S(R) and ¢t >0.
o ) (2.3.12)

Combining the definition of distributions and of v*, and with (2.3.10)), we obtain the following
representation for ou®/ot:

<8“,\11> :/ (WS, () dE forall W e CX(RT x R). (2.3.13)
ot R+

Furthermore, using v®, we can now derive mathematically a weak formulation of corre-
sponding to equation , see Proposition m

Actually, v§ is not yet a random distribution: We only have for all Schwartz functions ¢q,
¢2 and scalars oy, ag, (V5,101 + aadae) = a1 (vf, ¢1) + a(v§, o) P-almost surely, so v§ is not a
linear functional but rather a random linear functional as defined in [99] on page 332. However,
we can show that the random field {(v§, ¢) | ¢ € S(R)} has a version with values in S’(R). For
this, we first recall a few facts on S(R). For ¢ € N, let h, denote the gth Hermite function

(—1)¢ 22 d? _ 2
(2(1q!\/7?)1/2 d:cqe , x€R.

As is well-known, h; € S(R) and a possible orthonormal basis of L?(R) is given by {h, | ¢ € N}.
Define now for each r > 0, the function space

hg(z) =

H,(R) = {¢ € I*(R) | ia +29)" (¢, hg)? < oo} . (2.3.14)
q=0

Note that this is not the fractional Sobolev space on R of order r which is usually defined via the
Fourier transform. It is a Hilbert space whose topology is induced by the norm ||@||, = \/{¢, @)
with the scalar product

<¢7 30>7“ = Z(l + 2Q)T<¢7 hq><807 hq> fOI‘ all d)v ® € H?“(R) (2315)
q=0
We denote the topological dual of H,(R) by H_,(R) with dual norm || - ||_,. For each > 0 and

g € N, consider the continuous and linear functional
eqr: Hi(R) — R, ¢ (14 29)7%(p, hy)s- (2.3.16)

By the Riesz representation theorem, the duality (¢, e, ) = (14 2¢q)""/?(#', hy) holds, the
set {eq,—r | ¢ € N} forms an orthonormal basis of H_,(R) and for all ¢’ € H_,(R), we have

e}

¢ = (1+29) 7X@ hoeg—r in H_p(R) and [¢/]2, =D (1+29) (¢, hg). (2.3.17)

q=0 q=0
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By Example 2 in Chapter 4 of [99], S(R) is then a nuclear space, see e.g. pages 330—-332
of that chapter for a definition. In particular, S(R) C H,(R) for all » > 0 and the injection
(S®R), | - [l5) = (S(R),]| - |,) is a Hilbert-Schmidt operator if r < s 41 (and not r < s41/2 as
indicated in that example, which is a typo). We then obtain the following regularization.

Proposition 2.3.4. For anyr > 1, ¢ >0 and t > 0, the random field {{v§,¢) | ¢ € S(R)} has
a version which is in H_.(R) and hence, in S'(R) as well.

Proof. This is a direct application of Theorem 4.1 in [99]: By the calculation in ([2.3.12)),

2 2
E||f.9) - 0.0 | <€ [ @) - etz forall o, € S®),
so vf is continuous in probability in the norm || - ||, for any » > 0. O

As a consequence, we may and will assume from now on that v € H_,(R) for arbitrary
r > 1. We then obtain the following path property.

Theorem 2.3.5. For any r > 2 and € > 0, the process v° introduced in (2.3.11)) has a version
v in D(RT, H_.(R)), the Skorokhod space of H_.(R)-valued cadlag functions on R .

In the remainder of this paper, we will work with the cadlag process v° obtained in Theo-
rem instead of 0u®/Jt. Here we point out that even though we will investigate in Sectlon
convergence in distribution on finite intervals, for technical reasons only (e.g. to avoid tedious
calculations related to the boundaries of the interval), we chose in this work a space of distribu-
tions on the whole of R.

Finally, we follow the same scheme for the continuous mild solution u to and by the
proofs of Proposition [2.3.4] and Theorem [2.3.5] for any r > 2, there exists a unique continuous
process U with values in H_,(R) such that for all ¢ € S(R) and t > 0,

(U, ¢ / / (/ o(x t da; s y)) flu(s,y)) W(ds,dy)

(2.3.18)
- 5/0 /R(b(y £ (t—))f(u(s,y)) W(ds,dy) P-almost surely.

2.4 Main result

In this section, we fix T' > 0 as well as L > 0. Consider the Cartesian space
Qf = (D«((0,7) x [0, L}) N L2([0,T] x [0, L])) x D([0, T}, R).

Let o be defined as the sum of the metrics 7 and dy, where 7 is the Skorokhod metric on
D<([0,7] x [0, L]), see Lemma and d; the metric induced by the standard L?-norm on
L%([0,T] x [0, L]). Let also 77 denote the usual Skorokhod metric on D([0,T],R). We equip QF
with the product metric

X' ((f1,91), (f2, 92)) = o(f1, f2) + TV (g1, 92) = (7(f1, f2) + di(f1, f2)) + 71 (g1, g2) (2.4.1)

for all (f1,91), (f2,92) € QF. The main result of this paper is the following limit theorem.
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Theorem 2.4.1. Let L be as in ([2.2.2) with variance o%(g) as in for all e > 0. Further
let u® be a mild solution to the stochastic wave equation driven by 0*1(6)['/5, ut its -
cadlag version given by Theorem and v° the cadlag H_,(R)-valued process obtained in
Theorem for an arbitrary fived r > 2.

In addition, let u be the continuous mild solution to the stochastic wave equation
driven by W and v the continuous H_,(R)-valued process satisfying .

Suppose the Lipschitz function f satisfies f(0) # 0. We then have

(T, (v°, 9)) LN (u, (U, 0)) in (QT,XT) as €—0 forall ¢ CZ((0,L)) (2.4.2)

if and only if condition (2.1.3) holds for each k > 0.

Remark 2.4.2. The weak convergence of ((u°(t,-), ¢), (0%, ¢) )<t for all ¢ € C°((0, L)), is needed
to show the necessity of (2.1.3). That is why the distribution-valued processes ¢ and T were
added to the actual normal approximation of w® by wu.

Proof of Theorem [2.4.1. In a first part, we show that (2.1.3]) implies (2.4.2)). For any fixed ¢ €

C°((0,L)), we will show convergence in distribution of subsequences of {(@®, (v°,¢)) | € > 0}
toward the limit distribution (u, (7, ¢)). To this end, we need to consider @ on the larger domain
[0,T] x [=T, L+ T). This is due to the Green’s function G (recall (2.2.5)): The value of u(t, z)
for any (t,z) € [0,T] x [0, L] depends on values taken by u on {(s,z) € RT xR | 0 < s <
t, dist(x,[0,L]) <t —s} C [0,T] x [T, L + T]. This larger domain will be necessary for the
proof of Theorem Since we also need to work with o, in order to prove , we shall
work with the second Cartesian space

Q* = (D< (10, 7] x [T, L+ T]) N L*([0,T] x [T, L + T})) 043
x (D([0,T], H_(R) N L*(0, T], H_+(R))) . B

Let p be the sum of the usual Skorokhod metric 7* on D([0,7], H_,(R)) and of the standard
L2-metric dy on L?([0,T], H_.(R)). We then equip Q* with the product metric

X ((f1,91)s (f2,92)) = o(f1, f2) + p(g1, 92) = (7(f1, f2) + di(f1, f2)) + (77 (91, 92) + d2(g1, g2))

for all (f1,91), (f2,92) € Q*.

By Theorem and Theorem u® is tight both in D<([0,T] x [-T,L + T]) and in
L*([0,T] x [T, L +TY). This readily implies that u° is also tight in (D<([0,T] x [T, L+ T]) N
L%([0,T] x [T, L +T)), 0) (it is easy to see that if K; and K, are compact sets, one in each
function space, then K7 N K3 is compact in the intersection space considered). Analogously, v°
is tight in (D([0,T], H_.(R)) N L3([0,T], H_.(R)), p) as a consequence of Theorem and
Corollary Since the product of compact spaces is compact, we draw the crucial conclusion
that {(u®,7°) | € > 0} is tight in (2%, x*). Note that no assumptions other than and
on the Lévy noise are needed for this result.

Subsequently, apply Prokhorov’s theorem and let without loss of generality (ex)ren be a
sequence with e — 0 such that (T, 7% )en converges weakly to some distribution on (2%, x*)
as k — oo. Then we may further apply Skorokhod’s representation theorem, see e.g. Section 1
in [68], and obtain random elements

(", 0%), (w, 0): (U, F,P) — (", x"), (2.4.4)
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defined on a common probability space (Q, F,P), and satisfying the following properties:

(wk, %) 4 (w,7°%) forall keN and

- (2.4.5)
(w®, 0%) (@) — (w,0)(@) in (QF,x*) as k—oo forall we .
We will show in the following that for any ¢ € C°((0, L)),
d _ :
(w, (0,9)) = (u, (0,¢)) i (QF,xF), (2.4.6)

which together with (2.4.5) implies
(@, (7, 8) <= (u, (7,6)) i (QhxT) as koo

by the continuous mapping theorem, and altogether, (2.4.2). In this identification step of the
distribution of (w, (8, ¢)), we will refer to the parts of [32] that are identical.
First, define a filtration F' = (F)i<r on (2, F):

Fi= (o (w(s,2),0s |s<u, ~T<az<L+T)VNF, 0<t<T, (2.4.7)
u>t

where NP is the set of all P-null sets of F (we assume that F is P-complete), as well as

B = /Ot </Rw(s,a:) () dr + <93,¢1>> ds and C;= /Ot/RqS%(:L‘)fQ(w(s,x))dsdx (2.4.8)

for ¢1,¢2 € C°((—T,L+T)) and t <T.
Assume now for the time being that the pair (w, 8) satisfies the following martingale problem:
The complex-valued cadlag process

W, = gtivedantioned) _ [1 (i) 0000 A(ds) with &, = igBy — €Ty, 1< T
2 ) - )

’ (2.4.9)
is a martingale with respect to (0, F, F,P) for all £ € R and ¢, ¢ € C°((—=T, L +T)). (Note
that because w is <-cadlag, the process ((w(t,-), ¢1))i<7 is cadlag, and that by a limit argument,
w, § as well as M are F-adapted.) Using , we also have

ess sup E Uw(t,m)ﬂ <oo and forall zeR, w(0,z)=60y=0 P-as.
(t,m)G[O,T] X [_T)LJ"T]
(2.4.10)
Indeed, the Skorokhod convergence of w* implies for almost all (¢,z) € [0,T] x [T, L + T,

w”(t, ) — w(t, z) P-almost surely and because the projection maps T(t,2) - D=<([0, T]x [T, L+

T]) — R, f + f(t,x) are measurable, we also have w*(t, ) L (t,z) for all (t,z). Now the
random fields {u® | € > 0} satisfy the uniform bound

sup sup E [|u5(t,x)|2} < 00, (2.4.11)
e>0 (¢,2)€[0,T]xR

which only depends on the Lipschitz function f. With (2.2.8)) and (2.2.7)), the proof of (2.4.11)
goes as Lemma 3.1 in [32]. (Note that (2.4.11)) is also crucial for proving the existence of @ and

tightness of {(@®,7%) | ¢ > 0} in (%, x*).) Apply then Fatou’s lemma to obtain (2.4.10).
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Assumption (2.4.9) enables us, together with (2.4.10)), to show that there exists a Gaussian
space—time white noise W on [0, 7] x [-T, L+ T/, possibly defined on a complete stochastic basis

(Q,F, F,P) extending (Q, F, F,P) such that for all ¢, ¢y € C°((=T,L +T)),
[ wt. )61 @) da+ (61, 62)
t —
_/ (/ 5, 2)l(z )dx—l—(@s,qﬁl)) ds+/0 /Rtbg(x)f(w_(s,x))W(ds,dx) w<T

(2.4.12)

holds P-almost surely, where we have set w_(s, ) = lim,_,5 r<sw(r, z). As a consequence, apply
Theorem to deduce that w is on [0, 7] x [0, L] the continuous mild solution to the stochastic
wave equation

(2.4.13)
w(0,z) = dw(0,x) =0, for all = €R,

{ Buw(t, z) = Bppw(t, ) + f(w(t,2))W(tz), (f,2)€RY xR,
of which (2.4.12) is the weak formulation (on [0,7] x [-T, L + T1]), and that 6 satisfies for all
¢ € CX((0,L)) and t < T,

(o) / / (/ o(x t dz; s y)) flw(s,y)) W(ds,dy) P-almost surely. (2.4.14)

Recalling , we then infer that holds.

Now we show how to obtain . Note that C in only depends on gbg, so fix
¢1 € CX((-T,L+T)) and apply Theorem 11.2.42 of [65] on the process (My)<7 in (2.4.9) to first
see that (B, C,0), with B in , are the predictable characteristics of the F- semlmartlngale
((w(t,-), 1) + (Or, p2) )< Observe that they do not directly depend on the process itself, but
on w and €, which also explains why we are working on the space (Q*, x*). Consequently,

M@ﬁ=éw@@%@ﬂw+@@ﬁ—3,t§ﬂ

is a continuous square-integrable F-martingale with quadratic variation process C for all ¢y €
C>®((=T,L + T)). This induces, relative to (Q,F, F,P), an orthogonal martingale measure
{M(A),t€[0,T], Ae B([-T,L +T))} (see Chapter 2 in [99] for a definition) with covariation
measure Qr(A x B x [s,t]) = [} [ 45 F2(w(r,z))drdz for all A, B € B([-T, L+ TJ). Now use
the proof of Theorem 3.13 in [32] to define, possibly on a complete filtered extension (Q, F, F, P),

t
Wi( / / L2 (w(s,)) 7&0}]3((1)22:6))) M(ds, dx) +/0 /R]l{ﬁ(w,(s,x)):o}@(x) W'(ds, dx)

(2.4.15)
where W' is a Gaussian white noise on [0, 7] x [T, L + T] independent of M, for all ¢ < T and
¢p2 € CX((-T,L+1T)), and to further deduce that defines a Gaussian white noise W
on [0,T] x [-T, L + T] with respect to (€, F, F',P) such that for all ¢y, ¢ € C((=T, L +T)),
holds P-almost surely.

Of course, it remains to show that M in is an F-martingale. To this end, consider
first on  the cadlag process ((@(t,), $1) + (U5, ¢2))e<r with ¢1,¢2 € C°((=T,L + T')) and
e >0.By Propositionm it is indistinguishable from the right-hand side of . Replicate
the proof of Theorem 3.8 in [32] and use to see that for each € > 0, the pair (u®,v°)
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satisfies the following martingale problem: For all £ € R and ¢1,¢2 € C((=T,L + T)), the
complex-valued process

Aﬁ:emww&wwwwwt4s/ZﬁWﬂ&wvH@@”«w@f»z»+@f@»ds

S

R e o PR | Ol CF )] .
+/ /]12{2 <e ©) 1—14& @) <Z>2(ac)z> dsdz Q°(dz)
(2.4.16)

is a square-integrable F-martingale satisfying sup..qsup;<y E[|M{|?] < .
Define now on ! the filtration F* = (?f)tggr with

Fo=o(w(s,2),0f|s<u, -T<a<L+T)VAN?, 0<t<T, (2.4.17)
u>t

for each k € N, as well as the Fk—adapted process (Mf)th in the same way as M€ in (2.4.16), but
with (7°,7°) and Q¢ replaced by (w*, 0%) of and Q°*, respectively. Furthermore, because
" has the same distribution as Me by , by standard arguments, M s a square-
integrable fk—martingale satisfying supen sup;<p E[\M?\Q] < oo for all € € R and ¢1,¢2 €
C®((=T,L +T)). This is the martingale problem satisfied by the pair (w*,6*). For any fixed
¢ €Rand ¢y, ¢ € C°((—T, L+T)), we can infer that M is an F-martingale, again by standard
arguments, if we have:

for almost all ¢ < T, Mf — M; as k— oo P-almost surely. (2.4.18)

Indeed, with this convergence result and the cadlag properties of M, 6 and w, we can infer that
E {(Mt — HS) h(Os,, .., 0s,, ) h(w(ry,x1),...,w(ry, a;N))} =0 (2.4.19)

for all continuous bounded functions h: H_.(R)¥ — R, h: RN — R with M, N € N and all

0<s<t<T,sj,rj<sandz; € [-T,L+T)withi=1,...,M,j=1,...,N.
Now in order to show (2.4.18]), which is the final step, first set for each k € N,

“(4) —/ / ( ( Fw62)) 4 @)z ) dt dz Q% (d2),

R2 k)

B—A(<<>¢>< o0 ds— [ [ ooy s, a0), (2.4.20)

_ _ t ‘

Af = Zng +/ / (61590 -1 sz]l{|z|§1}> v (ds,dx)
0 JR

for all A € B([0,7] x R) and ¢t < T, so that M can be written as
MF = (W (o)1) +062)) _ / ! (W (5,),01)+ (0% 62)) A*ds), t<T (2.4.21)
0

Now replicate the proofs of Theorem 3.9, Theorem 3.10 and Lemma 3.11 in [32] to see that the
assumption (2.1.3)) on the Lévy measure Q° and ([2.4.5)) imply

sup

/t 6i£(<wk(57')7¢1>+(6§7¢2>) Zk(ds) _ /t ei&((w(s,-),¢>1)+(95,¢>2)) Z(ds) —0 as k— o
t<T | J0

0

(2.4.22)
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pointwise on Q. Note that it is the only place in our proof where (2.1.3)) is actually needed. For
the proofs of the aforementioned theorems to actually hold here, we need the extra convergence
J5(05, 61) ds — [3(0s, ¢1) ds. But this readily follows from 6% — @ in L2([0,T], H-.(R)) in

(2.4.5). Recalling the expression of M in (2.4.9)), resp. of M in (2.4.21)), it is now easy to see
that (2.4.18) follows from ([2.4.22)), the Skorokhod convergence of 6* and the L?-convergence of

wk.

For the second part of the proof, assume (2.4.2) and fix a sequence (gx)ren converging to
0. We apply again Skorokhod’s representation theorem and obtain for each ¢ € C2°((0, L)),
random elements

(w®, 979), (w,9%): (2, F,P) — (QF, )

on a probability space (€2, F,P) possibly different from (2, F,P) but that does not depend on
¢, satisfying

(wh, 99) L @ (@ ¢)) forall k€N, (w,9%) 2L (u, (7,¢) and

- (2.4.23)
(wk, 95?) (@) — (w,9)(@) in (QF,x") as k— oo forall weQ.
We then define filtrations " = (7? Je<r and F = (Fy)i<r on (Q, F,P) by setting
Fr= (o (wh(s,2),05 | s <u,0< < L éeCX((0,L) VAT,
=t (2.4.24)

i= o (w(s2),92 |s<u,0<e <L, ¢eCR((0,L)) VAT, 0<t<T,

u>t

as well as for arbitrary fixed ¢ € C2°((0, L)), the cadlag processes

XY=l // (z) da ds,
(2.4.25)

Yt:ﬁf—/o /0 w(s,z)¢" (z) dz ds

for all k € N and ¢ < T'. Since ¥ is continuous, this is also the case for the real-valued process

92 by ([2.4.23), hence X is continuous. Now (2.4.23)) readily implies

X" X in D(0,T,R) as k— oo

pointwise on Q. Furthermore, by (the proof of) Proposition (12.4.23) and (2.4.25)), the
processes X" and X have the same distribution as the square-integrable F-martingales

t»—>// o(x )))Lsk(ds dz) and tr—>// o(x ,x)) W(ds,dz),

respectively. By standard arguments, we can thus deduce that Yk, resp. X, is an Fk—martingale,
resp. F-martingale.
Consider the truncation functions

op: R— R, z+— ‘T]l{|:p\§h}7 h >0,
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and apply Theorem I1.2.21 in [65] to see that the semimartingale characteristics of X" and X,

relative to g, for a fixed but arbitrary kA > 0, are given by (Ek’h, 0,7%) and (0, C, 0), respectively,
where 7* is defined as in (2.4.20)) and C as in ([2.4.8)) (with ¢o replaced by ¢), and

t
E?’h = —/ / x]l{‘x|>h} ﬁk(ds,dx), t<T.
0 JR

The remainder of the proof now goes exactly as the proof of Theorem 3.15 in [32] (where
the remaining assumption f(0) # 0 of the theorem is then needed). O

2.5 Proofs

2.5.1 Proofs for Section and for tightness
We begin by showing that each u® has a <-cadlag version.

Proof of Theorem[2.3.3. Fix e > 0 for the whole proof. For each n € N, we introduce a truncated
Lévy space-time white noise L*" on RT x R by setting

Ls’n(A) = /R+X]R/R]1A(t’x)]l{‘x|§"} Z]l{|z|>1/n} (/f - l/e)(dt,dﬂi,dz) (2.5.1)

for all A € ZS’(,.(]RJr x R). Now let u=" be a mild solution to the stochastic wave equation (2.2.1)
when o71(¢)L¢ is replaced by o~ !(g)L*". Because L°" generates on [0,¢] x R finitely many
jumps only, we can write for all (¢,x) € RT x R and n € N,

u"(t,x) =

1 o0
— D Geom (@, Xp) f(u™" (Tho, Xi) ) L% <) ZiL{)1 25 1/m)
Ot

zQF(dz) rt
- f|zl>1/n ( )/ / Gi—s(z,y) f(u®"(s,y))dsdy P-almost surely
o(e) 0 Jlyl<n
where the T}, indicate the jump times of u° and X}, (resp. Zj) the space locations (resp. ampli-
tudes) of the jumps of pc.
The random field on the right-hand side of (2.5.2)) is a =<-cadlag version of u®". Indeed,

through the reformulation of the Green’s function

(2.5.2)

1
ths(x’y) = §1A—(s,y)(ta .’E), (t,CC, S’y) € (R+ x R)Qv

where
A_(s,y):{(t,x) ERT xR ||y —z| St—s} (2.5.3)

denotes the forward light cone with apex (s,y), one sees that (¢,z) — Gi_7, (v, Xj) is already
=-cadlag and, hence, the finite sum as well as the integral in are P-almost surely <-cadlag.

We will show that u5" converges uniformly on compact sets of RT x R in probability to u®
as n — oo. For this, assume first without loss of generality using Theorem 2 in Chapter 3, § 2
n [52], that v and u®"™ are separable random fields. The first step is to obtain the maximal
inequality

2 2
E sup [ (s, ) =" (5,)| ] SE[ sup  [u(s,y) — u""(s,y)| 1

(s)€lE8),(ta)) < (sy)€AT(t,2) (2.5.4)

< sup EUUE(S’?J)ue’”(s,y)‘z}zﬂﬂ{

2
us(t,z) — ue’"(t,x)‘ ]
(s,y)€AT (t,x)
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for all (£,%) < (t,z) in R* x R. Choose for simplicity (t,%) = 0 as well as = 0 and fix t > 0.
Recall the change of coordinates H introduced in and define K (u) = H(u — ug) on R?
with ug = (—¢,0). Then K builds a bijection of [uo, ]5 onto [0, v/2t]? with u* = (0,t). Define
also a two-parameter filtration F° on R? with respect to the partial order < by setting

Fop= N o(LF(A) | AeBAYE9)) VAT for (s,y) €R* xR, (2.5.5)
(5,9)=2(5,9)

with ¥ the set of all P null-sets of F (and Fisy) = 10,0} for all (s,y) with s < 0). We further

define @€ (v, ve) = uf(K (v, v7)) for all v = (vl,vg) [0, v/2t]? (extending u® to 0 whenever

v1 +vo < V/2t) as well as a filtration F° on [0,1/2t]? with respect to < by .7-"(7}1 ve) = = Fi- K1 (v1,09)"

With the stochastic integration theory of Cairoli and Walsh in [23], we now show that @° is a

two-parameter strong martingale with respect to F° , see e.g. page 115 there for a definition.
Consider on [0,1/2t]? the two-parameter process

= LF (AT (K (v1,v2))), if w1 +wve > /2t
£ _ ) ) = )
L¥ (v, v) = { 0, otherwise.

By the properties of the Lévy noise LF, L¢ is a Lévy sheet as well as an Fg—strong mar-
tingale (the latter follows exactly as in the proof of Lemma 6.2 in [84]) and F~ satisfies
the commuting condition F4 of [23], see pp. 113-114. Choose the filtration F' on [0,t] to be
Fr=N>s>r0 (LF(A) | A € B(AT(s,0))) VNT for all 0 < r <t (note that on A*(s,0) the mild
solution u depends on the values of LF on A (s,0) only). Then % is a valid integrand (see also
page 121 of [23]) and L¢ a valid integrator for Theorem 2.2 in [23] to apply, whence

v1 v2 ~
/ / f(@® (21, 22)) Lf(d21,d22) = / L gt (k=1 (01,00)) f (W5 (8,9)) L (ds, dy) = u®(v1, v2)
0 Jo R+ xR

is an F E—strong martingale on [0, v/2t]2. Analogously, @°" = u®" oK ! defines an Fg—strong mar-
tingale on [0, \/§t]2 for each n € N. As a consequence, apply Cairoli’s strong maximal inequality,
see e.g. Corollary 2.3.1 of Chapter 7 in [72] (note that u® and u®™ are also orthomartingales by
Proposition 1.1 in [07] and L2-continuous by Theorem 4.7 in [28]) to obtain

sup

2
E l sup ’ﬂs(vl,vg) — ﬂs’"(vl,vg)‘ 1 <E
(v1,v2) (v1,v2)€[0,v/21)2

€K ([0,(t,0)]<)

2
u(vy,vg) — ﬂs’"(vl,m)‘ ]

2
< sup E Uﬂs(vi,w) - ﬂs’n(vi,vz)‘ } =E {776

2
. (V2t,V/2t) — @"(V2L, V/28)| ]
v1,v2)€[0,v2t

By bijectivity, the terms in these inequalities agree exactly with the corresponding ones in .
In a second step, we show that
s (t,x) — u(t,z) in LA(Q,F,P) as n—oo forall (tz)€R"T xR, (2.5.6)
Write
o) (00 = [ [ G LG IO D)

—I—//Gtsxy ( PO Y) (1o pemy(ds, dy) = Lo(t,2) + Jon(t, 2).
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Fix T > 0. Using Ito’s isometry and the Lipschitz continuity of f, we estimate

E [Is,n(t,$)2:| < C/Ot/R]lAﬂt@)(s,y)E “ua(s,y) — ua’"(s,y)ﬂ dsdy (2.5.7)

as well as

E {J&n(t,x)ﬂ <C <1 +  sup sup E Uua’”(s, y)ﬂ)
(s,y)€[0,T]xR £>0,neEN

t 2
X 0_2(5)/0 /}R2 Lt (1,0 (5,)2° (1 - ]1{|y|gn,|z\>1/n}) dsdy Q°(dz)
(2.5.8)

for all (t,z) € [0,7] x R and n € N. Since the uniform bound (2.4.11)) also applies to all u*=" and
noting that 1 — ]l{|y\§n,|z\>1/n} = ]l{|y\>n} + ]l{\y|§n,\z|§1/n} pointwise on RZ, the right-hand side
of (2.5.8) can further be estimated by C times the function

t
fen(t,x) = /0 /R11A+(t,m)(5,y)]1{|y|>n} dsdy
t
+ 0_2(6) /R Z2]1{|z\§1/n} Qa(d2>/0 /RHAJF(t,z)(say) dsdy, (t,(l?) € [OvT] X R,
which together with (2.5.7)) yields:
2 t
E [ us(t,z) — ua’n(t,i’?)‘ } < C/ / L g+ (t,2) (5, 9)E {
0 JR
for all (¢,z) € [0,7] x R and n € N.
Set ve pn(t, x) = E [|[uf(t, x) — u®"(t,x)|?] and hold from now on C in (2.5.9) fixed. Let t; > 0
such that 2 < 2/C and set t;, = kt; with k¥ € N. We now show by induction that for all k£ € N,

Ven(t,x) — 0 as n — oo for any (¢,z) € [0, AT] x R, which altogether implies (2.5.6). First,
(2.2.5), (2.5.9) and dominated convergence yield for ¢ < t;,

wS(s,) = 0" (s,9)] | dsdy + Cfon(t,)
(2.5.9)

C
sup  Ven(s,y) < ——5= fen(t,z) — 0 as n — oo. (2.5.10)
() =(t2) 1-Cty/2

Next, let k > 2 and assume ¢ <t < tg1 < T. We have
t tr
/O /R]lm(t,x)(s, Y)ven(s,y) dsdy < /0 /R]lAm,x)(s, Y)ven(s,y) dsdy

t
+ sup vs,n(t,f)/ / T g+ (t2)(s,y) dsdy.
(£,3)=X(t,x) tp JR
tk<£
Combine this inequality with (2.5.9)), note that fttk Jo Las 2y (s,y) dsdy = (t—t)? < ] and use
similar calculations as for (2.5.10)) to conclude that

- C 23
2 w8 < s ([ T meen(e,0) dsdy + fontto)) —0
t,2)=X(t,x 1

tx <t

as n — oo by induction hypothesis and dominated convergence.

We infer, using and , that ™ — u® converges uniformly on compacts in prob-
ability to 0 as n — oo for any € > 0 and therefore, by standard arguments, the existence of a
=<-cadlag version € of u® on RT x R. O
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We now turn to the Skorokhod topology for <-cadlag functions.

Proof of Lemma[2.3.3. We first recall a few facts on the usual Skorokhod topology on D([0,1]?)
that can all be found in Section 5 of [92]. It is induced by the Skorokhod metric

8 (x,y) = inf su
( y) AEAgXAg (vG[OEP

z(v) — y(A(v))‘ v HM!S> . x,y € D([0,1)?), (2.5.11)
where Ag is the set of all homeomorphisms of [0,1] onto itself which have 0 as a fixed point,
Ag x Ag the set of all homeomorphisms A of the form

A (0,17 — 0,13, v = (v1,v2) = (A1(v1), A2(v2))

with A1, A2 € As, and [|A[|; = supg<,<; (max;=12 |Ai(p) —p|) for A € As x Ag. There exists a
Skorokhod metric § that is equivalent to ¢’ and makes D([0, 1]?) a complete and separable metric
space.

Now recall (2.3.3), (2.3.5) and give D<([0, 1]?) the topology induced by the metric
m'(z,y) = 0@ (2), 7 (y), .y € Dx([uo, u']x).

This is a Skorokhod distance in the sense of [92], see (3.14) of Section 3. Indeed, consider the
group of homeomorphisms from [ug, u*]< onto itself Og := {J1oXoJ | X € As x As} equipped
with the induced norm || J=to X o J|, := ||A|l,, see Section 3 in [92]. Then we can rewrite

T'<x,y>—inf( sup \x(u)—y(ﬂu))\vueus), 2,y € D<([uo, u"]<).

0€0s u€[uo,u*]<

Defining 7 on D<([ug, u*]<) analogously to 7/, but with ¢ instead of ¢’, yields an equivalent
Skorokhod metric to 7/ that makes D<([ug, u*]<) a complete and separable metric space.

Definition of D<([up, u*]<) coincides exactly with the construction (3.15) in Section 3
of [92] of the Skorokhod space on the set [ug,u*]< relative to the group O, (in order to see
this, consider all preimages under J of the partitions used in (5.5) and (5.6) of that paper to
construct D([0, 1]?), define the Skorokhod space and use Theorem 5.1 in [92]).

At last, use the exact same procedure to obtain a Skorokhod topology on D< ([0, 1}2) as well
as Skorokhod metrics, denoted by the same letters as before. The map & of is now a
homeomorphic transformation between D(J([0,1]?)) and D< ([0, 1]?). For the definition of the
Skorokhod metric on D(J([0,1]?)), we now use the subgroup I's = {\ € Ay x Ay | A(J([0,1]?)) =
J([0,1]*)} equipped with the norm ||A||, = SUD (4, v9)eJ([0,1]2) (MaXi=1,2 [Ai(v;) — v;|). As a conse-
quence, it is easy to see that the restriction map ¢ : D< ([ug, u*]<) < D<([0,1]?) is continuous.

The remaining assertions readily follow from Section 3 and 5 of [92]. O

V1,V2

Next, we proceed to show that the <-cadlag version u® is tight.

Theorem 2.5.1. The random fields {T® | ¢ > 0} where T is the <-cadlag version of u® obtained
n Theorem are tight in the Skorokhod space D< ([0,T] x I) for any T > 0 and finite closed
interval I C R.

Proof. Without loss of generality, assume that ' = 1 and I = [0, 1] and recall the transformation
J in (2.3.3)). Set u®(t,z) = u®(t,z) = 0 whenever ¢ < 0. By Lemma it suffices to show that
the random elements {u° o J=! | ¢ > 0} are tight in D([0, 1]?).
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By , all random variables @ o J~!(vq,v2) are tight. Furthermore, by the same argu-
ments as in the proof of Theorem the processes u€oJ ! and uo.J ! are strong martingales
in [0, 1]? with respect to the push-forward of filtration through J for each € > 0.

We will apply a generalization of Aldous condition for tightness to strong martingales. First
of all, fix £ > 0 and note that if 7 is a natural 1-stopping time for 7°o.J~! with 7 € [0, 1], see page
112 in [59)] for a definition, then the processes (o J~1(7,v))o<v<1 and (ufo JJ~(7,v))o<y<1 are
versions of one another. To see this, approximate 7 from above by a sequence (7, )nen of natural
1-stopping times taking on finitely many values only. Then for all 0 < v < 1, @ o J~!(7,,v) =
u® o J~ (7, v) P-almost surely. Now since @ o J~! is cadlag and (7,v) < (7,,v), by dominated
convergence, U o J~(7,,v) — @ o J-(r,v) in LY (2, F,P) as n — oo for any 0 < v < 1.
Finally, by Ito’s isometry, the Lipschitz continuity of f and with 1y =0,

2

E {(u6 o J N (rp,v) —ufo J_I(T,U)) }
(2.5.12)

<CE [/RWR L4t (71 ()N A+ (T2 (r0)) (55 Y) <|U€(S,y)|2 + 1) ds dy}

for all 0 < v < 1 and n € N. We infer v o J~1(7,,v) — u o J~1(7,v) in L3(Q, F,P) as n — oo
for any 0 < v < 1, again by dominated convergence (1 4+ (7-1(r, v))\A+(J~1(rp)) — 0 pointwise
on @ x R* x R as n — oo and the integrand above may be approximated by the integrable
function ]1A+(u*)(]u5]2 +1) with u* = (3/2,1/2)).

Now we assume that each uf is separable and let (£, )nen, (An)nen be sequences of positive
numbers with ¢, — 0 and h,, — 0 as n — oo. Let also (T},)nen be a sequence of natural

1-stopping times for w" o J~1 with T,, € [0,1]. As for (2.5.12) and using (2.4.11]), we obtain

d

2
T o JTH Ty + hy,v) — T 0 J (T, v)’ ] —E

2
u o JTNTy 4 hp,v) — U o J—l(va)‘ }

< CE 8n,2+1/117 , e (s, y) dsd

< Ch, (E [ sup |u€”(3,y)]2
(5,y)€AT (u*)

+ 1) < Ch, ( sup E []uan(s,yﬂz} + 1) < Chy,
(s,y)eAT (u¥)

(2.5.13)

which goes to 0 as n — oo for all 0 < v < 1. We used the inverse mapping of H to see that
whenever T,, + v > 1, the surface integral inside the third expectation in (2.5.13]) equals

9 1\2 9 1 \2 hy, 1
2 ( Y \/i) 2 ( Y \/§> ) ( o TV \/§>( Chn)

Plus, the maximal inequality on the last line of (2.5.13]) is a consequence of (2.5.4). Analogously,
if (T},)nen is a sequence of natural 2-stopping times for 7" o J~! with T}, € [0, 1],

sup IE[

0<v<1

2
HE”ojfl(v,Tn—i—hn)—%”oJfl(v,Tn)’ ] <Ch, —0 as n— cc.

Therefore, the random fields u¢ o J~! satisfy all conditions for Theorem 4.1 in [59] to apply. [

We now state a tightness result for u° and u° in L%-space.

Theorem 2.5.2. The family {u® | € > 0} of mild solutions to (2.2.1)) is tight in the Hilbert space
L%([0,T] x I) for any T > 0 and finite interval I C R.
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Proof. Let {U}, | k € N} be a countable orthonormal basis of L%([0,7] x I). By the stochastic
Fubini theorem (see e.g. Theorem 2.6 in [99]), for all ¢ > 0 and k € N,

(u®, Up) / /(/ /Gtw $,Y) E) ))La(ds dy)) Uy (t, ) dt dz

_/ / (/ /G (t,z;8,y)Vk(t, x) dtdx) WLE(ds dy) P-almost surely.

Using (2.4.11)), Parseval’s identity and Fubini’s theorem, we infer

,;)iggEku L) <C’/ /R< 372!),‘I’k>2> ds dy
B /0 /R </0 /IGQ(t’m;S’y) dtdx) dedy = /oT/I (/OT/RGQ(M;S,y) dsdy> dt dz,

which is finite since the last inner integral equals ¢2/4. This implies by Markov’s inequality,

[ee) o
sup]P’(Z(u \I/k ) 12 upE[u,\Pk>2}—>0 as N — oo
>0 \g=nN 0 Xe

for all 6 > 0 as well as

N
Sup]P’(Z(us,\Ilk>2 ) ZsupE[u \Ilk>}—>0 as 0 — 00

e>0 k=0 _0&>0
for all N € N. So we can apply Theorem 1 in [93] and conclude the proof. O

We turn to the H_,(R)-valued process v® in (2.3.11) and first show that it has a cadlag

version.

Proof of Theorem[2.3.5 The proof relies on the Hilbert space structure of H_,(R). First, we
show that for any ¢ € S(R) and ¢ > 0, the real-valued process ((vf, ¢)):>0 has a cadlag modifi-
cation. Use (2.3.9), (2.3.11]) and the fundamental theorem of calculus to rewrite for all £ > 0,

wio) = [ [ ot! )) 15(ds, dy)

2//(/ & (y+(r—s) dr—/ ¢ (y r—s)dr) f(ujgj’)y))La(ds,dy)

P-almost surely, and then the stochastic Fubini theorem on the last double integral to obtain

(vi, ¢ / /¢ )) Lf(ds,dy) + = / J:(¢)dr P-almost surely (2.5.14)
where we have set

0= [ [@u+e-9-d6- - s, rzo

o(e

The semimartingale on the right-hand side of (2.5.14)), that we will denote by X¢(¢), is cadlag.
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Next, fix an arbitrary 7' > 0 and € > 0. Doob’s inequality, 1to’s isometry and (2.2.7)) yield

2 T T r
lsup ‘Xt < C/ / *(y) ds dy + C/ </ / ¢ (y+ (r—s))?ds dy> dr (2.5.15)
t<T o Jr 0 0o JR
for all € S(R). Now the Hermite functions h, satisfy the recursion relation hy(z) = \/q/2hq—1(
V(g +1)/2hgi1(x) for all ¢ € N and = € R, from which we obtain by orthogonahty,

q+1 1
/Rh;(x 2/h x)dz +7/hq+1 x:q+§. (2.5.16)

We carry forward the estimation in (2.5.15) for ¢ = hy, whence

2
E [sup Xf(hq)’
t<T

<C (1 + / hiy(x)? dx) <C(1+2q) forall geN. (2.5.17)
R

Fix r > 2. It is easy to see that for each N € N, the H_, (R)-valued process

N
ST (1 +29) 72X (hy)eg—r (2.5.18)
q=0

with e, as in (2.3.16)), is cadlag. Recall the Fourier expansion ([2.3.17) and use (2.5.17)) to

obtain

2
M M 2
El|sup| S (1+20)72X{(h)eq—r| | < 3 (1+29)"E lsup‘Xf(hq)‘ 1
t<T q=N+1 _r q=N+1 t<T

(2.5.19)

<C Z 14297 —0
q=N+1

as N, M — oo since r > 2. Consequently, standard arguments show that there exists a process
v¢ € D([0,T], H--(R)) such that P-almost surely,

[e.e]

7 =Y (1+2¢) "2X;(hy)eq—r in H_,(R) forall t<T. (2.5.20)
q=0

By ([2.5.14]), this process is a version of (vf):<7 in H_,(R).

Next, we show tightness of the cadlag version v°.

Theorem 2.5.3. The family of processes {v° | € > 0} where T° is the cdadlag version of v°
obtained in Theorem is tight in the Skorokhod space D([0,T], H_.(R)) for any r > 2 and
T > 0.

Proof. We first check that {v° | ¢ > 0} satisfies the Aldous condition for tightness. To this end,
let (en)nen and (h,)nen be sequences of positive numbers with &, — 0 and h,, — 0 as n — oc.
In addition, for each n € N, let 7, € [0, 7] be a stopping time with respect to the filtration
generated by the process (U7 )i<7. We will show

E [0, — 05 0°,] —0 as n— oo (2.5.21)
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Recall the series representation (2.5.20) of 7°, where X°"(h,) is the right-hand side of (2.5.14))
with ¢ = hy. We have for each ¢ € N,

€ £ Tnthn En S y)) c 1 Tn+hn -
XE (hg) — X2 (hy) = / / 5 Lo @, dy) + / T (hy) dr

= Iyn + Jym-
(2.5.22)

We estimate the second moment of each of these two terms. For the first one, by Ito’s isometry
and the Lipschitz continuity of f,

E[12,] =E [ [ [ B0 ) 61720 5, dy]

T T
< CE [/0 / hg(y)ﬂ(Tan_th](sﬂugn (S’y)|2 dsdy| + CE [/0 ﬂ(Tn’Tn_th](S) dS]

:C/Rhg l/ L7, i) (8) |0 (s, y)|? ds| dy + Ch,.

(2.5.23)

Furthermore, by the maximal inequality (2.5.4)) (assuming separability),

<E Uua(T, m)ﬂ forall zeR and &>0. (2.5.24)

E [ sup ‘u‘g(s, y)‘2
( ,y)E[(O,:L’),(T,(JE)]j

Hence, the remaining integral on the right-hand side of (2.5.23)) can further be estimated by

T
/ hg(y)El sup lun (s, 2)[° / 11(Tm+hn}(s)ds] dy
R (S,Z)E[(O,y),(T,y)]< 0

_h/h2 l sup |u" (s, y<h/h |u€"Ty)]]dy
(5,2)€[(0,y),(T;y)]<

< Ch,, / he(y)dy = Chy, for all ¢,n €N,
R

(2.5.25)

where was used for the last inequality. Note a significant difference here with the stochas-
tic heat equation addressed in [32]: The mild solution to that equation is not a multiparameter
martingale, so instead of maximal inequalities as , the factorization method from [39] [90]
was used to prove the Aldous condition, see in particular Lemma 3.3 and (3.13) in [32].

Next, by the same calculations as in (2.5.15) (but using (2.4.11)) instead of (2.2.7))) and
[2.5.17), sup.~o E [|JZ(hg)|?] < C(1 +2q) for all ¢ € N and 7 < T, so using Hélder’s inequality,

2 1 T En ’
E [Jq,n} = EE /0 ]l(Tn,TnJrhn]Jr (hq)dr

for all n,q € N. Combine this with (2.5.22)), (2.5.23) and (2.5.25) to obtain altogether

B[I05s, ~ 722, ] = S0+ 2078 (X5, (h) - X2200)]

q=0

< Chn(1+29)

T
< CE [hn/ | T (hg) |2 dr
0

<9 i(l +29)7" (B |12, +E[J2,]) < haC iu +2¢9)7" — 0
q=0 q=0
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as n — oo since r > 2, which is .

In addition, Y02 (1 + 2¢) " sup,~o E[XF (he)?] < co by ([2.4.11), (2.5.17) and since r > 2, so
we can readily deduce, as in the proof of Theorem that the random elements {v5 | ¢ > 0}
are tight in H_,(R) for any fixed ¢t <T.

The claim of the theorem now directly follows from Theorem 6.8 in [99]. O

We end this section with a tightness result for v* and ©° in L?-space.

Theorem 2.5.4. The distribution-valued processes {v® | ¢ > 0} with v¢ as in (2.3.11)), are tight
in the Hilbert space L?([0,T], H_.(R)) for each r > 1 and T > 0.

Proof. First, each v¢ is an element of L2([0,T], H_.(R)) as is seen from

o] T o0
[ [ i, ]zzqu)—f | E[in)dt <oy (14207 <
q=0 0 q=0

which follows from (2.3.12)) and r > 1.
The scalar product in L2([0,T], H_.(R)) is given by (f, g) = fOT (ft,9¢)_, dt and it is easy to

see that an orthonormal basis is formed by {¢ieq—r | i,q € N} with ¢;(t) = /2/T sin(itw/T)
and eq _, as in (2.3.16). By (2.3.11)) and the stochastic Fubini theorem, for all i,¢ € Nand € > 0,

/0T<vt7 )oi(t) 2/ /(/ g(y £ (t—s))¢i(t)d )WLE(d&dy) P-a.s.

Therefore, by duality, Ito’s isometry and (2.4.11)), we have

2
E [(v%, dieq, )] < C(1+29)7 /OT/R (/T hy(y = (t — 8))éi(t) dt) ds dy.

Using Parseval’s identity relative to the orthonormal basis of L%([0,T]), we obtain altogether

00 00 2
S supE [(v%, dieq )] ey /OT /| ZO( /th(yﬂt—s))«bi(t)dt) ds dy

iq= 0&>0
oo T T [e.e]
=C> (1+ 2q)—’“/ / / hi(y+(t—s))dtdyds <C> (142¢)"
7=0 0 RJs q=0
(2.5.26)

which is finite since r > 1. We can now conclude analogously to the proof of Theorem O

Corollary 2.5.5. The distribution-valued processes {v° | € > 0} where T° is the cadlig version

of v¢ in Theorem are tight in L*([0,T), H_.(R)) for any r > 2 and T > 0.

Proof. Since 5 lives in H_,(R) for r > 2 only, this is a direct consequence of Theorem O

2.5.2 Proofs for Section [2.4]
We first show that a mild solution to (2.2.1)) satisfies equation ([2.3.8) with d;u® replaced by v=.
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Proposition 2.5.6. Let u® be a mild solution to (2.2.1) and v° the process defined in (2.3.11]).
For each € > 0, the pair (u®,v®) satisfies the following weak formulation of the stochastic wave

equation on RT x R: For any ¢1,¢2 € C°(R) and t > 0, we have

[t )01 (@) da + (o7, 02)
R

_/ (/ 2(x) do + (uF, ) )ds—l—/ /¢2 WLE(ds,dx) P-a.s.

(2.5.27)

Proof. Recall first (2.3.9) and apply the stochastic Fubini theorem in order to obtain

/Ot/Rue(s,x)dQ’(:c)dxds:/t/ (/t/ G(s,z;7m,9)P5(x) dsdx> f(ujér)))[ﬁ(dr dy) and
/ vs, ¢1) ds—/ / (/ / (s,dx; ry)ds) (;E v) LE(dr, dy).

(2.5.28)
We further calculate for both inner integrals in ([2.5.28]) and fixed 0 < r <t and y € R,

//Gs 257, y) Py (T )dde—fqug(y:t(t—r /¢2 75 dz;ry) — ¢2(y) and

//¢1 sdxryds-/G ,zyry)d1(2) dz

Now insert the last integral accordingly in (2.5.28]) and apply again the stochastic Fubini theo-
rem. ]

The next theorem is a converse of Proposition [2.5.6in the following sense: If a random field
on [0,7T] x [-T, L+T] satisfies (together with an auxiliary distribution-valued process) the weak
formulation of the stochastic wave equation (on R* x R) driven by Gaussian noise "restricted"
to [0,T] x [T, L + T, then it is a mild solution to (2.2.9) on [0,T] x [0, L].

Theorem 2.5.7. On a complete stochastic basis (Q,JE, I:",I?’), let W be a Gaussian space—time
white noise on [0,T] x [=T,L + T| for some T > 0 and L > 0. Assume we have a =-cadlig
random field w = {w(t,z) | (t,x) € [0,T] x [T, L + T} satisfying

ess sup E [|w(t,x)]2] < 00 (2.5.29)
(t,z)€[0,T|x[-T,L+T)

and a H_(R)-valued cadlag process (0¢)i<r for some r > 2. Assume for any x € [T, L + T,
w(0,z) = 0y = 0 P-a.s. and that for all p1, p2 € C°((=T, L+T)), the pair (w,0) satisfies (2.4.12))
with probability one. Then w is on [0,T] x [0, L] the continuous mild solution to the stochastic

wave equation (2.4.13) driven by W, and 0 satisfies [2.4.14) for allt < T and ¢ € Cc((0,L)).

For the proof of this theorem, we need the following technical lemma.

Lemma 2.5.8. Let T > 0 and I C R be a finite open interval. The tensor product C*°([0,T]) ®

C(I) ds dense in C([0,T] x I) with respect to each norm 3= g <n || * ||lo0.o with N € N and
Illsoa =15Vl = sup  [F(t,2) (2.5.30)
(t,2)€[0,T)x I

and f(®) = 9922 f with multi-index o = (o1, an) € N2.
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Proof. Assume for simplicity I = (0,1), fix f € C°([0,7] x I) and a compact set A C I such
that supp f C [0,7] x A. Furthermore, let b be a C°(R)-function such that 0 <b<1,b=1on
Aand A Csuppb C I. Set K = suppb.

The set of all polynomials on [0, 7] x K is dense in C*°(]0, 7] x K') with respect to each norm
Ylaj<N | llso.o (with the obvious restriction of domain of definition). We prove this by induction
on the differentiation order N: If N = 0, it is a direct consequence of the Stone—Weierstrass
theorem and if the claim holds for N — 1, choose g € C*([0,T] x K) and write g(t,x) =
fg drg(s,x)ds+ [ 0,9(0,vy) dy + g(a,0) (assuming K = [a, b] for simplicity). By assumption, we
can find polynomials Ay, resp. By, that converge in 3-,j<y_1 || * |0 o t© Otg, resp. zg. Then the
polynomial C),(t,z) = fg O Ay (s, ) ds+ [ Bp(0,y) dy+g(a,0) converges to g in Dlal<N | lso.a

Now fix N € N and choose a sequence of polynomials P, (t,z) = Zsz:l Qi nBjntic? with

Qin, Bjn € Rand N, € Nsuch that Pr(La) converges to f(® uniformly on [0, T]x K for all |a| < N.
We can write b(x)P,(t,z) = Zﬁ\,jfzo i nBint'(b(z)x?), so each bP, lies in C*°([0,T]) ® C°(I)
since b € C°(I). We now make the following calculations on [0,7] x I. By the Leibniz rule,

I(f = bP) 0P| o < || O — bPr(LO’k)Hoo +CYF, Hb(l)Pr(Ll’k_l)Hoo for any k € N. The first term
on the right-hand side can further be estimated by

sup ‘f(o’k) (t,x) — Péo’k) (t, :c)’ + sup ‘P,(Lo’k) (t,z)],
(t,2)€[0,T]x A (t,2)€[0,T]x (K\A)

which goes to 0 for each k¥ < N by assumption on P,. On the other hand,
k

k
S IBOPMD < (max [601) > swp (RO,
=1

1., =1 (t,2)€[0,T]x (K\A)

which also goes to zero for all k < N. Hence, ||(f — bP,)®|| . — 0 as n — oo and the same
holds for multi-indices (k,0) with £ < N as b is time independent. This concludes the proof. [J

Proof of Theorem[2.5.7. The proof is inspired by Theorem 9.15 in [83]. The key idea is that we
can extend ( m ) to test functions with a space and a time variable. To be precise, for any
Y1, € C2([0,T] x (=T, L +T)), we will show that P-almost surely,

/Rw(t,:c)l/}l(t, ) da + (B, Pa(t, )

:/Ot/Rw(s,x) <a§:(s,x)+ 552(5 x)) dsd:c+/ < s (s, ) + 831652(57 )> ds

+/0 /R¢2(S,JU)f(w,(s,aJ))W(ds,dx) forall ¢t<T.

(2.5.31)
First, we show (2.5.31)) for special functions
U(t,x) = p(t)pi(x) with ¢ € C([0,T]) and ¢; € C°((-T,L+1T)). (2.5.32)

Using the integration by parts formula for cadlag functions of Proposition 9.16 in [83] and taking
into account the initial conditions of w and 8, we compute for all t < T,

[ wtt.o)n(tn) o+ @ alt ) = o(0) [ wit.o)r(e) o+ (016) )

—/ 9 (fw 3$)¢1()dw+(37¢2)d5+/@ a( [ wlsapin(@rds+ (602))

(2.5.33)
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Now the last integral process in (2.5.33) is indistinguishable from the process

¢
tl—>/ (/wsm d:r—l—(s,qbl)ds—i—//gp Vo () fw_(s,z)) W(ds,dz),

" (2.5.34)
since its integrator equals the right-hand side of by assumption. Inserting into
and recombining the functions v; as well as their derivatives yields exactly .

Next, we prove for general ¢; € C°([0,T] x (=T, L+T)) by a density argument. Let
Ny € N to be determined later in the proof. Using Lemma choose sequences (¢} )nen €
C*([0, T))@Ce°((—=T, L+T)) such that ¢} converges to ¢; in 374 <y, | * [0 o With each || - | ,,
as in . This implies uniform convergence in [0, 7] of each of the corresponding terms in
as we show in the following. (Note that by linearity, readily holds for linear
combinations of special functions )

Since w is <-cadlag, and 6 is cadlag in H_,(R), both processes are bounded and therefore,

sup
t<T

/ w(t, )b (¢, ) de — / w(t, 2) e (¢, x) da
R R

< Clwlllr = ¢T o — 0 as n— o0

as well as

sup (61, () — (61,038, )] < <sup ||et||_r> sup [ (t, ) — 45 (8., <o (25.35)
t<T t<T t<T

We now show that for any r > 0, ¢ — ¢; in all || - || , with [a] < Ny and sufficiently large
No implies ¥ — 9; and 0yp§ — Oyp in sup,<p || - ||, (thus convergence to 0 of all terms in
(2.5.35))). For this, we use the well-known differential equation satisfied by the Hermite functions

hg(x) + (1+2q — 2 hy(r) =0 for z€R and ¢eN. (2.5.36)

Let go € N be such that \/T +2¢ > L+ T for all ¢ > go. Then 1/|z? — (1 +2¢)| < 1/((1+2q) —
(L+T)?) on [-T,L+T)] for all ¢ > qo. Let ¢ € C((—T,L +T)). Insert into (¢, hq)
and use integration by parts twice, repeat k times this procedure, apply then Hoélder’s inequality
and the elementary inequality above to see that for all ¢ > ¢y and k € N,

A (’;HT o (Z||¢”|| ) /. Y Pa) do (2.5.37)

with a polynomial Py of degree 4k (the remaining details of these calculations are left to the
reader). Now choose Ny such that r — Ny < —3 and infer from (2.5.37)) that

102 (¢, ) — i (t, )|I2
a0 > r N2 2.5.38
gc(zawqw > 1+ 29) ) Y ok — vt O
=0

N,
4=0 a1 (1+29) = (L+T)2)072

for all ¢t < T and n € N. The series in (2.5.38) is finite since r — Ny < —3 and the last sum
converges to 0 as n — oo by assumption on ('), which proves the desired convergences.
Finally, by Doob’s inequality, Ito’s isometry, the Lipschitz continuity of f and (2.5.29),

sup
t<T

< /0 /}R(%(s,x) — (s, z))’E [f(w_(sja:))ﬂ dsdz < C|[thg — 3|2, — 0 as n — oo.

/ /wg s,x) f(w_(s,z)) W(ds,dz) / /wz s,2) f(w_(s,z)) W(ds,dz)
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Analogous arguments for the remaining terms of (2.5.31)) finishes the density argument.
We now choose two particular functions to be inserted in (2.5.31). Fix ¢ € C°((0,L)) as
well as t < T, and define

1 1 [fyt+(t—s)
o) = ok =9) and vals) =3 [7 " o@ar 253
y—(t—s
with (s,y) € [0,T] x (=T, L+T). Then 91,13 € C([0,T]x (=T, L+T)). In addition, ¢;(t,y) =
o(y) and ¥9(t,y) = 0 for all y € R, and straightforward calculus yields

W80 (s,y) = —di(s,y) and 80 (s,y) = 68 (s,9). (2.5.40)

The freedom we have to choose two different functions in (2.5.39) is another reason why we
considered the weak formulation (2.3.8)) of the stochastic wave equation in this work: By ([2.5.40)),
the first two integrals on the right-hand side of (2.5.31)) vanish, and (2.5.31)) yields at time point

t N -
[ty de = [ [ vals.y)fw(s.9) W(ds.dy) P-almost surely,
R 0 JR
which, recalling (2.3.9) and using the stochastic Fubini theorem, has the equivalent form

/]R (fw(t,:c) - /Ot/RG(t,x; s,y) fw_(s,y)) W(ds,dy)) ¢(x)dz =0 P-almost surely, (2.5.41)

and this holds for all ¢ € C°((0, L)) and ¢t < T. We can now infer the first claim of the theorem.
Denote by Z;(x) the random field in parenthesis in with (¢,z) € [0,T] x [0, L]. It is easy
to see that implies Z; € L2([0, L]) for all t < T. For any ¢ > 0 and ¢ < T, consider
the mollified random field J.(Z;) on [0, L] defined exactly as in (1.8) of Chapter 10 in [49]. By
Lemma 3 of that chapter, J.(Z;) — Z; in L*([0, L]) as ¢ — 0. Consequently, we can choose a
sequence (€;);en converging to 0 such that w-wise,

Je(Zt) — Zy  Lebyg )-almost everywhere as [ — oo. (2.5.42)

Now for any fixed y € (0, L), the support of the function p((y — -)/€;)/€f used to mollify Z
will be contained in (0, L) if ¢ is sufficiently small and, hence, applies to J¢,(Z;)(y) for
those €, with ¢ being chosen as p((y — -)/€;)/€;. Combining this with has the following
outcome: For all t < T and almost all y € (0, L), Z;(y) = 0 P-almost surely. We deduce that w_
satisfies the mild formulation of almost everywhere on [0,7] x [0, L].

Let u be the continuous mild solution to (2.4.13)) on (2, F, F',P). We have

2 T 2
E Uﬁ(t,x) - w,(t,m)’ } < / / G%(t,x;5,9)E Uﬂ(s,y) - w,(s,y)’ } dsdy a.e.
o Jr
and by Lemma 6.4 (3) in [28], E [|u(t, z) — w—(t,z)[>] = 0 for almost all (t,x) € [0,T] x [0, L].
It follows that P-almost surely, w and u agree almost everywhere on [0, 7] x [0, L] and therefore,

since w is <-cadlag, they are indistinguishable and w is actually continuous on [0,7] x [0, L].
Finally, by the usual computations, we obtain for all (¢,z) € [0,7T] x [0, L],

wlta) = tt.) = [ [ Gomsla) fGs,0) Wds,dy) = [ [ Go-slarsy) fluwts, ) W s, )

P-almost surely.
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For the second claim of the theorem, we define new functions 1, Y9 by
1
2
with fixed ¢ € C°((0,L)) and t < T, for all (s,y) € [0,7] x (=T,L + T'). Again we have
P1,109 € C([0,T] x (=T, L+ T)). Since w_ = w, by straightforward calculus and again with

(2.3.9), inserting 11,12 into (2.5.31]) yields at time point ¢t exactly (2.4.14)). This concludes the
proof. O

Uils,9) = 5 G+ (=) —Fly—(t—9) and 4as,y) = 56y & (t — 5)
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Chapter 3

Mixed semimartingales: Volatility
estimation in the presence of
fractional noise

3.1 Introduction

Over the last two decades, a large amount of work has been dedicated to the problem of esti-
mating volatility for a continuous It6 semimartingale X based on high-frequency observations.
Motivated by financial applications, sophisticated methods have been employed to construct
volatility estimators that are robust to, for example, jumps, irregular observation schemes and/or
the presence of market microstructure noise ([3,64]). Concerning the last point, the type of noises
considered in the literature is usually one of the following two (or a combination thereof): round-
ing errors due to the discreteness of prices ([41 [60} [77), 88, 89]) or additive noise due to data
errors, informational asymmetries, transaction costs etc. In the latter case, one assumes that
observations at high frequency are only available for

Y, = X, + Z,, (3.1.1)

where (X;);>0 is the efficient price process and (Z;);>0 is a noise process, both of which are
unobservable. A common approach in the literature is to model (Z;)¢>0 at the observation times

(say, iA, for i =1,...,[T/A,] where A, is a small step size and T > 0 is a finite time horizon)
as

Zin, = €8, (3.12)
where for each n, (5?)2[1/1A"] is a discrete time series. Examples for €] include i.i.d. noise [11]

15], 16, 35, [85) 87, 100], AR- or ARCH-type noise [5, [95], and nonparametric variants thereof
[56, 61, 162, 63, 67, [78, [79]. We also refer to [12, [5I] for overviews of and comparisons between
the estimators developed in the mentioned works.

In these non-shrinking noise models where the (conditional) variance of €] is bounded away
from 0 as A,, — 0, it is known that under mild assumptions on €7, the realized variance (RV) of
the noisy process Y, defined as A[fT = Zg/lA"](Ymn — Y(z‘—l)An)Q, diverges at a rate of Al as
A, — 0. While this behavior was empirically confirmed in previous studiesﬂ examining quotes

'For example, [5] found that the average RV estimator of the 30 Dow Jones Industrial Average (DJIA) stocks
during the last ten trading days of April 2004 exploded as A, — 0, with a slope coefficient of 1.02 on a log-log
scale.

99
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Figure 3.1: Top row: Histograms of slope estimates obtained in a linear regression of log ‘Z{LT (left)

and log S2 (right) on log A,, (where A,, expressed in seconds). Both 1707}T and S2 are computed
for the logarithmic mid-quote data of 29 DJIA stocks on all trading days in 2019. Each data
point corresponds to one company and day. Bottom row: One particular asset and day (IBM on
September 16, 2019) including least-square estimates.

data for the individual DJTA stocks in 2019, we found a substantial deviation of the regression
coefficient of log 170% on log A,, from the theoretical value of —1 implied by non-shrinking noise
models. In fact, for over 90% of the examined assets and days, the estimated slope coefficient
was larger than —0.3; cf. the left histogram depicted in Figure [3.1] This indicates that while the
RV estimator explodes as A, — 0, in general, the rate of explosion need not be A-! and, in
particular, may be asset- and/or time-dependent. Similarly, if we compute the sample variance
S2 of increments at different frequencies A,, for the same data set, again in over 90% of the
cases, the slope estimate in a regression of log S? on log A,, was larger than 0.6 (see the right
histogram in Figure , whereas non-shrinking noise models would predict stabilization of the
variance for small A,, (i.e., zero slope).

Shrinking noise models, in which the variance of the noise decreases as A, — 0, are much
less studied in the literature. In [3, Chapter 7], the noise variables ¢’ are allowed to have
vanishing variances as A,, — 0, but conditionally on the filtration generated by ingredients
of X, they are assumed to be independent of each other for different values of i. In [71], the
noise model is (essentially) A%? times 1.i.d. variables, where « € [0, %), which can only explain
scaling exponents of log XA/O’?T (resp., log S2) in the range [—1, —%) (resp., [0, %)) In [6], noises
with a variance proportional to A? with v > % are considered, but this cannot explain the slope
distribution in the top-right panel of Figure Moreover, in these three works, the noise is white
and admits no serial dependence, conditionally on the price process. In particular, the increments
of the observed price process are asymptotically uncorrelated at lags 2 or higher. However, in
line with the results of [5], we find a significant second-order autocorrelation coefficient for the
majority of companies and days in our sample; see Figure (3.2

A considerably more general treatment of shrinking noises with (conditional) serial depen-
dence is found in the recent paper [38], where the authors essentially assume that

Zin, = A)pin,eis (3.1.3)

where p is a noise volatility process, €' is a discrete-time infinite moving-average process and 7 is
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Figure 3.2: Left: Histogram of second-order autocorrelation coefficients of 1s increments for 29
DJIA stocks and all trading days in 2019. Right: Autocorrelation function for one particular
asset and day (IBM on September 16, 2019).

parameter that determines the speed at which the noise variance shrinks. As noted in [3, Chap-
ter 7.1], a typical issue of discrete-time noise processes with shrinking variance is compatibility
between different frequencies: in (3.1.3)), if iA,, = jA,,, we typically do not have Zin, = Z;a,,
because the variances are of order A and A | respectivelyﬂ Let us also mention that |38, As-
sumption 5] essentially requires the autocovariances of the noise at lag r decay faster than r—3.
In another recent paper [79], a decay rate of more than 72 is needed. As we explain below, this,
in fact, cannot hold for a large class of noise models as soon as a natural compatibility condition
between frequencies is assumed.
In view of the previous observations, we will introduce a noise model that

(a) captures market microstructure noise in continuous time without compatibility issues be-
tween different sampling frequencies;

(b) reproduces scaling exponents of log 170% as a function of log A, in the full range of (—1,0);
(c) reproduces decay rates of S2 in the full range of (0,1); and

(d) retains desirable features of existing noise models such as serial dependence, dependence on
the price process, cross-sectional dependence between assets and diurnal heteroscedasticity.

3.1.1 Model

On a filtered probability space (2, F,F = (F¢)t>0,P) satisfying the usual conditions, we assume
that the latent efficient price process X is a d-dimensional continuous It6 semimartingale

t t
X = Xy +/ asds +/ 05 dBs, t>0, (3.1.4)
0 0

where B is a standard F-Brownian motion in R? and a and ¢ are F-adapted locally bounded
R?- and R%*9_valued processes, respectively. Our assumption on the noise is as follows:

Assumption (Z). The process (Z;)i>0 is given by

t
Zt:Zg—i—/ gt — s)ps dWs,  £>0, (3.1.5)
0

2In the white noise case, to ensure compatibility, (Zi)t>0 must be a collection of independent variables. But

then a quantity like % fOT Zy dt, the average observational error on [0,7], though meaningful from a practical
point of view, cannot be defined anymore because ¢t — Z; is non-measurable.
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where W is another d-dimensional standard F-Brownian motion, independent of B, and (p¢):>0
is an F-adapted locally bounded R?*“-valued process. The kernel g: (0,00) — R is of the form

g(t) = K5't"=% + go(t) (3.1.6)

where H € (0, 3),

Ku= g+ [0 o) = U e, (317

is a normalizing constant (the second identity can be found in [8I, Theorem 1.3.1]) and the
function gp: [0,00) — R is smooth (including at ¢t = 0) with go(0) = 0.

In other words, we assume that the noise process is a continuous-time moving average process
(with p representing diurnal features of the noise) for which the kernel behaves as t1=1/2 as t — 0.
If H € (0, %), then our results show that ‘A/OT’LT diverges at a rate of A27~1. Hence, the exponent
covers the whole interval (—1,0). Moreover, the increments of Z over a time interval of length
A, have variances of order A2H so the exponent can be any value in (0,1). If H = %, then Z
itself is a semimartingale and there is no way to discern Z from the efficient price process X; if
H > %, then Z is smoother than X and XA/O’?T converges to fg 02 ds, as in the noise-free case. This
is why we exclude the case H > % in Assumption Note that X and Z may be dependent
through p.

In the special case where gg = 0 and ps = p is a constant, Z is—up to a term of finite
variation—simply a multiple of a fractional Brownian motion (fBM). If further X; = o B; with
constant volatility o, then the resulting observed process Y; = 0B + pZ; is a mized fractional
Brownian motion (mfBM) as introduced by [25]. Our model for Y, as the sum of X in and
Z in , can be viewed as a nonparametric generalization of mfBM that allows for stochastic
volatility in both its Brownian and its fractional component. We do keep the parameter H,
though, which we call the Hurst index in analogy with fBM. This is why we refer to our model
for the observation process

t t t
Yt:Xt—i-Zt:Xg—k/ a5d8+/ Usst+Zo+/ g(t — s)ps AWy, t>0, (3.1.8)
0 0 0

as a mixzed semimartingale.

To our best knowledge, the mixed semimartingale hypothesis also leads to the first continuous-
time microstructure noise model in which ¢ — Z; is a measurable process and, at the same time,
the divergence of the RV estimator as A, — 0 can be explainedﬁ The condition on
the kernel g implies that Z locally resembles an fBM with Hurst index H. At first sight, this
might seem restrictive, but actually it is not: Suppose that (Z;);>0 is a measurable stationary
noise process. Under mild assumptions, Z' admits a continuous-time moving average represen-
tation Z, = [*__g(t — s)psdBy for some g € L?((0,00)) and stationary p; see, for example,
[45, Chapter XII, Theorem 5.3]. If we ignore p (i.e., take p = 1) and assume that the auto-
correlation functions (ACFs) of the increments of Z’ are compatible between frequencies, that

is, Fy(nn) = Corr( ;An - ZEi—l)A,ﬂ ZZi-ﬁ-r)An - ZEHT_l)An) converges to some I, for all » > 0 as

3In [4, [55], continuous-time noise models are considered for which the noise increments are of the same order as
the efficient price increments. Thus, the RV estimator does not explode at high frequency in these models. In [55],
a moving-average noise model with finite dependence is briefly mentioned in Section 4.1, but only unbiasedness
of an associated estimator is shown subsequently.
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n — oo, then, as explained in [T4, Remark 7], we necessarily have I, = 'Y for some H € (0,1)
where

1
I =1 and Ty'=7 (12 =22 4 (r—127) r> 1 (3.1.9)
This is exactly the ACF of the increments of fractional Brownian motion and, if H € (0, %) and

p = 1, the limiting ACF of the increments of Z in as A, — 0. We conclude that Z from
(3.1.5)) captures the behavior of a large class of “compatible” stationary noise processes in the
high-frequency limit. Since r + I'Y decays like r27=2 as r — oo, which is slower than =2 for
any H € (0,1), the assumptions imposed on the serial dependence of the noise in [38|, [62] [79]
are not satisfied.

Note that fractional Brownian motion and other fractional models were also considered as
asset price models in the mathematical finance literature, often in the context of long-range
dependence; see the seminal work of [80] but also [I8| 19} 20], for example. In those works, it is
typically the behavior of the kernel g at ¢ = oo that is of primary interest, as this determines
whether the resulting process has short or long memory. Our concern, by contrast, is the behavior
of this kernel around ¢ = 0, which governs the local regularity, or roughness, of the high-frequency
increments of Z. In fact, on a finite time interval [0, T], there is no way to distinguish between
short- and long-range dependence. Therefore, the Hurst parameter H should really be viewed
as a measure of roughness in this work.

Let us finally mention that mixed semimartingale models are in line with no-arbitrage con-
cepts in mathematical finance. Clearly, as non-semimartingales, they admit arbitrage in the
FLVR sense [42]. However, as shown in [26], 53], mixed fractional Brownian motion does not admit
arbitrage in the presence of transaction costs, which are exactly one of the market inefficiencies
that microstructure noise models are supposed to capture. Also, in the mixed semimartingale
model, the efficient price process is still assumed to follow a continuous semimartingale; it is
only the noise process that exhibits fractional and hence non-semimartingale behavior.

3.1.2 Identifiability

Before we describe the main results in next Section, let us comment on the identifiability of the
involved parameters and processes. The following result, due to [96] (see also [22 25]), puts a
constraint on estimating volatility in a mixed semimartingale model:

Proposition 3.1.1. Assume that Y is an mfBM, that is, Y = X + Z where X = 0B and
Z = pBH and p,o € (0,00), B is a Brownian motion and BY s an independent fBM with
Hurst parameter H € (0, 3). For any T > 0, the laws of (Yo)ieo,r) and (Zt)iepo,r) are mutually
equivalent if H € (0, %) and mutually singular if H € [%, %)

In other words, if H € (0, %), there is no way to consistently estimate ¢ in the presence of Z
on a finite time interval. Against this background, we will first establish a central limit theorem
(CLT) for variation functionals of mixed semimartingales in Section and then use this CLT
in Section to derive consistent and asymptotically mixed normal estimators for H, fOT o2ds

and fOT p2ds if H € (%, 3) and for H and fOT p2ds if H € (0, §). Sections [3.4) and H contain a

simulation study and an empirical application of our results, respectively. Section [3.6| concludes.

3.2 Central limit theorem for variation functionals

As with most estimators in high-frequency statistics, ours are based on limit theorems for power
variations and related functionals. For semimartingales, this is well studied topic by now; see
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[3, 64] for in-depth treatments of this subject. For fractional Brownian motion or moving-average
processes as in , the theory is similarly well understood; see [14, 21}, 37, 50] and the
references therein. Surprisingly, it turns out that the mixed case is more complicated than the
“union” of the purely semimartingale and the purely fractional case. A first instance of this are
additional bias terms that already appear in the central limit theorem for power variations.

3.2.1 The result

Given L, M € N and a test function f: R**L — RM our goal is to establish a CLT for normalized
variation functionals of the form

[t/An]—L+1 n
e =an 3 f(Gr)
i=1 n

where
ATY =Yia, ~ Yina, €RYL  ATY = (ATY, A7, Y. AL, Y) e ROE (3.2.1)
This will be achieved under the following set of assumptions:

Assumption (CLT). Let || - || denote the Euclidean norm (in R™ if applied to vectors and in
R™™ if applied to a matrix in R™*"). We assume that the observation process Y is given by the
sum of X from (3.1.4) and Z from (3.1.5)) with the following specifications:

(1) The function f: R¥>L — RM is even and infinitely differentiable. Moreover, all its derivatives
(including f itself) have at most polynomial growth.

(2) The process a is d-dimensional, locally bounded and F-adapted.

(3) The volatility process o is an F-adapted locally bounded R%*%-valued process. Moreover, for
every T > 0, there is K7 € (0,00) such that for all s,t € [0, 7],

E[1A [l — oill] < Kt — s> (3.2.2)
(4) The noise volatility process p takes the form

t t _
pr=pi +/ bs d8+/ ps dWs, =0, (3.2.3)
0 0

where

Rdxd

(a) p(o) is an F-adapted locally bounded -valued process such that for all T > 0,

E[1A[pf” = o] < Kolt =7, s,t€ 0,7, (3.2.4)

for some 7 € (3,1] and K, € (0, 00);

(b) bis d x d-dimensional, locally bounded and F-adapted;

(c) pis an F-adapted locally bounded R¥*?*?_valued process (for example, the (ij)th com-

ponent of the stochastic integral in (3.2.3)) equals >°¢_, fot 5k AWE) such that for all
T > 0 there are € > 0 and K3 € (0, 00) with

E[1A |70~ poll] < Kslt—sl*, st €[0,7). (3.2.5)
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(d) W is a d-dimensional F-Brownian motion that is jointly Gaussian with (B, W).
(5) The kernel g takes the form (3.1.6) with H € (0, ) and some gy € C*°([0, 00)) with go(0) = 0.

To describe the CLT for Vf”(Y, t), we need some more notation. Define u; as the RM-
valued function that maps v = (vgepe) € (R>E)2 to E[f(Z)] where Z € (R¥*L)?2 follows
a multivariate normal distribution with mean 0 and Cov(Zy, Zi¢) = Vi we. Note that gy
is infinitely differentiable because f is. Furthermore, if 2’ € (R?1)?2 is such that Z and Z’
are jointly Gaussian with mean 0, covariances Cov(Zys, Zire) = Cov(ZL,, Zl1p) = Vke e and
cross-covariances Cov(Zys, Z11p) = qre e, we define

"Yfml,me (U,Q) = Cov (fml(Z),me(Z/)) s my,m2 = 17 s 7M'

We further introduce a multi-index notation adapted to the definition of yy. For x = (Xke’klzl) €

NédXL)X(dXL) and v as above, we let

d L d L d L
Xl= > > xwewe, X= I I xwewe, o= I T veeweXeere

kok'=10,0/=1 kok'=10,0/=1 k=1 0,0/=1
and »
X
Oy = 0%y
1274 JuILIT g XdL dL
V11,11 YaL,dL

Finally, recalling (3.1.9)), we define for all k, k" € {1,...,d}, ¢,¢' € {1,..., L} and r € Ny,

m(kewe = (PP e Tl ey (Skewrer = (0500w Ly

and, as a special case,
m(s) = mo(s). (3.2.6)

The following CLT is our first main result. We use == (resp., Lzl) to denote functional
stable convergence in law (resp., convergence in L') in the space of cadlag functions [0, 00) — R
equipped with the local uniform topology. In the special case where Y follows the parametric
model of an mfBM and the test function is f(x) = 22, the CLT was already obtained by [47]E|

Theorem 3.2.1. Grant Assumption|(CLT) and let N(H) = [1/(2 —4H)|. Then we have that

1 t N(H) X t
Am{vf"mt) S TCOTTED SRS Sy <w<s>>c<s>><ds} = Z,
j=1 Ixl=7

(3.2.7)

where Z = (Z4)¢>0 i an RM _valued continuous process defined on a very good filtered exten-
sion (Q, F, (Ft)t>0,P) of the original probability space (2, F, (Ft)i>0, P) which, conditionally on
the o-field F, is a centered Gaussian process with independent increments and such that the

covariance function C;"'"™?* = E[Z]" Z]"* | F|, for m1,me =1,..., M, is given by

C;nlmz _ /Ot {/yfml7fm2 (71'(5),7‘(‘(8)) + ; (,yfmpme —+ r}/fm27fm1) (77(5), 7['7"(5))} ds. (3.2.8)

4The authors also considered f (z) = z* but only obtained a law of large numbers without a CLT.
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Let us make a few comments on the assumptions and the structure of this CLT.

Remark 3.2.2. From the proofs, one can see that it suffices to require f be 2(N(H) + 1)-times
continuously differentiable with derivatives of at most polynomial growth. A decomposition as
in is standard for CLTs in high-frequency statistics. But here we need it for p (instead
of o) as the noise process dominates the efficient price process in the limit A, — 0. Condition
on o is satisfied if, for example, o is itself a continuous It6 semimartingale. Finally, it
should be possible to allow for an additional slowly varying (at 0) function as a factor in front
of tH-1/2 i (cf. [14, B7]), but to simplify the exposition, we do not pursue this extra bit
of generality.

Remark 3.2.3. Both the law of large numbers (LLN) limit

Vi(Y, 1) = /Ot 1y (m(s)) ds (3.2.9)

and the fluctuation process Z originate from the moving-average process Z. In other words, if
o = 0 (i.e., in the pure fractional case), we would have (3.2.7) without the Z;y:({{)-expression;

cf. [14, 37]. Even if o # 0, in the case where H < i, no additional terms are present because
N(H) = 0. This is in line with Proposition [3.1.1] which states that it is impossible to consistently
estimate Cy = [3 02ds if H < 1. 1f H € (1, 1), the “mixed” terms in the ij:(f)—expression will
allow us to estimate Cj;.

Remark 3.2.4. Let us consider the special case where d = 1 and f(x) = 2" for some p € N.

Then (3.2.7) reads
_1 N(H) . P 3 . . £
M{Vf‘(x - ViV = 3 A, ( j) | oo ds} ot g,
j=1 0

where (19, is the moment of order 2p of a standard normal variable. Typically, one is interested

in estimating only one of the terms in the sum Z;V:({{ ) at a time (e.g., fot o2P ds corresponding to
j = p). All other terms (e.g., 7 # p) have to be considered as higher-order bias terms in this case.
The appearance of (potentially many, if N(H) is large) bias terms for test functions as simple
as powers of even order neither happens in the pure semimartingale nor in the pure fractional
setting.

Remark 3.2.5. The following values for H are special:

11 135 7
T 1| S . O 2.
H {2 4n ”—1} {4’8’12’16’ } (3.2.10)

Indeed, if H € H, then N(H) = 1/(2 — 4H). In particular, the term in (3.2.7) that corresponds

to j = N(H) is exactly of order AY?.So in this case, (3.2.7) can also be viewed as convergence
to a non-central mixed normal distribution.

3.2.2 Overview of the proof

In the following, we describe the main steps of the proof of Theorem [3.2.1]and defer the details to
the supplementary material in [34]. By a standard localization argument (cf. [64, Lemma 4.4.9]),
we may and will assume a strengthened version of Assumption [(CLT)|
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Assumption (CLT’). In addition to Assumption |(CLT)| there is a constant C' > 0 such that

o2 ){ratw)\+Hm(w)ﬂ+umw)u+up§°><w>||+u’6t<w>u+||ﬁt<w>u}<c. (3.2.11)
w, % 0,00

Moreover, for every p > 0, there is C}, > 0 such that for all s, > 0,

1 1 0 1 - . 1 c
Ello; — os|P]7 < Cplt — 5|2, E[[lp\” — pO|P]e < Cylt — 57, E[|l5 — psl|P]¥ < Cplt — s|°.
(3.2.12)

Proof of Theorem[3.2.1 Except for (3.2.17) below, we may and will assume that M = 1. Re-
calling the decomposition (3.1.6)), since gg is smooth with gg(0) = 0, we can use the stochastic
Fubini theorem (see [86, Chapter IV, Theorem 65]) to write

/Otgo(t—r)ﬂrdWr = /Ot (/:96(8 —) ds) pr AW, = /Ot (/Osg{)(s —r)prdW,,) ds.

This is a finite variation process and can be incorporated in the drift process in (3.1.8). So
without loss of generality, we may assume gop = 0 and g(t) = KﬁltH ~1/2 in the following. Then

t t
Y, = A, + M, + 2, At:/ 0. ds, Mt:/ o, dB,,
0 0

and we have ATY = ATA+ A’ M + A'Z in the notation of (3.2.1)). Writing g(¢) = 0 for ¢ < 0,
we also define for all s, > 0 and i,n € N,

Afg(s) = g(iAn —5) —g((i = DAy —s),  Afg(s) = (Afg(s),..., Ay 19(s)), (3.2.13)

such that, in matrix notation,

817 = ([ arg(e)pe W, [T AL g(p W) = [T o alg(s)

As with most CLTs in high-frequency statistics (cf. [64, Chapters 5.2 and 5.3]), our proof is
divided into two parts: a CLT based on centering with appropriate conditional expectations and
the convergence of the latter to the LLN limit after removing the asymptotic bias terms
given by the sum over j in . The second part showcases how the mixed setting is different
from both the pure fractional and pure semimartingale framework (in which no asymptotic bias
terms are present). The first part is dominated by the fractional component in the sense that the
contribution from the semimartingale part is asymptotically negligible. This, in fact, is rather
surprising: if H is close to %, X is only slightly smoother than Z, so one would expect X to have a
non-negligible contribution even if we center by conditional expectations. However, this is not the
case and is related to the special structure of semimartingales. To deal with the fractional part,
we could, in principle, use the methods employed by [14], [37], which involve Malliavin calculus
and fractional calculus. However, one important hypothesis in both works is that p, the volatility
of the noise, be strictly smoother than a continuous semimartingale. In order to accommodate
the possibility of modeling p by a semimartingale (as in [3, B8, [62] [79], for example), we shall
use an approach developed in [29] 27], which relies on martingale approximations for fractional
processes and martingale CLTs. As the method was developed in the context of stochastic partial
differential equations, we will give most details in the supplement for the reader’s convenience.

The first step in our proof is to shrink the domain of integration for each A!'Z. Let

1
m <l < 5, (3214)
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which is always possible for H € (0, 3), and set 6,, = [A;?]. Further define

(i+L—-1)Ap,
ATV ArA+AIM g, &= podWV, Allg(s). (3:2.15)
(i=6n)An
Lemma 3.2.6. If 0 is chosen according to (3.2.14)), then
1 [t/An]_L“’l Anytr 1
1 JAY; L
A2<Vf(Yt) An > f<AH> = 0.
i=0p+1 n

The sum involving the truncated increments can be further decomposed into three parts:

1 [t/An]*LJFl Anytr 1 [t/An}*L+1 Anytr
Ai Y f (AH ) =V + UM +A; Y E [f( ) ’fﬁe ] (3.2.16)

=641 =641
where
by R SN AR AT
= oy S = = An Al Al i—0n | )
L [t/An]—L+1 ny tr n ny tr n
ro=st 5w () (G) =l () G )

1
Lemma 3.2.7. For all H < %, we have that U™ == 0.

In other words, in the limit A, — 0, the impact of the semimartingale component is negli-
gible, except for its contributions to the conditional expectations in . As we mentioned
above, this is somewhat surprising: It is true that L?-norm of the semimartingale increment
AA+ A M, divided by AX | converges to 0. But the rate A}/ 27H 2t which this takes place can
be arbitrarily slow if H is close to 1 . So Lemma implies that there is a big gain in conver-
gence rate if one considers the sum of the centered differences f(APYY™/AH) — f(&r/AH). In
the proof, we will need for the first time that f has at least 2(IN(H)+ 1) continuous derivatives.

The process V™ only contains the fractional part and is responsible for the limit Z in .
For the sake of brevity, we borrow a result from [29]: For each m € N, consider the sums

Jmm () M6,

n,m, 1 n,m n,m __ —_n
v Z 4k Vi = Y B (me ) L1k

k=1
Jm m( ) Op+L—1

n,m, 2

v Z Z J 1) ((m+1)0n+L—1)+mbn+k>
7j=1
[t/An]—L—i-l

V3 (g) = 3 =,

J=((mA+1)0n+L—1)Jm (1)+1

where J™(t) = [([t/An] — L +1)/((m + 1)8,, + L — 1)]. We then have V"(t) = S3_, V™4 (t).
This is very similar to the decomposition in [29, Section 3.2, p. 1161]. With only minimal changes
(cf. Lemma 3.9, Lemma 3.10 and Proposition 3.11 in [29]), we infer that V" (t) = Z and, hence,

[t/An)—L+1 n [t/An)—L+1 nyte
AMY ATY .
{An > f(AH>_An S E[f( )’Fnel}:%z, (3.2.17)

i=1 1=0,+1

Ay

[N
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where Z is exactly as in (3.2.7)). Therefore, in order to complete the proof of Theorem it
remains to show that (recall N(H) = [1/(2 —4H)))

[t/An]—L+1 ny tr t
{An > E[f(A d )|m]— [ us(n() ds

if@n—s—l

Ay

N

- Z AJ(—2H) Z X'/ Npg (m (s)xds} L. 0.

To that end, we will discretize (“freeze”) the volatility processes o and p in A'Y'". The proof is
technical and will be divided into further smaller steps in the supplement.

Lemma 3.2.8. Assuming (3.2.14)), we have that
[t/Ap]—L+1 p—
1 ATY
AR {E[f( )‘ern
i=0n—+1
where Y™ € (R¥*1)2 s defined by
(Y™ Verer = (i — D) Ap)ere Ay 2

1

ufor“)} L0,

(HL=DAn A? ,g(s)A”, 1 g(s) (3.2.18)
T i+0—1 i+0—1
+ (P(iq)AnP(i_nAn)kk, /(i—Gn)An AZH ds.

The last part of the proof consists of evaluating

1 [t/An]—L+1 .
Ai > ug(X).
i=0n+1

This is the place where the asymptotic bias terms arise and which is different from the pure
(semimartingale or fractional) cases. Roughly speaking, the additional terms are due to fact
that in the LLN limit (3.2.9), there is a contribution of magnitude AL"*7¢(s) coming from
the semimartingale part that is negligible on first order but not at a rate of \/A,. Expanding
pf(T™) in a Taylor sum around the point 7w((1 — 1)A,) up to order N(H), we obtain

(X7 = pug(((i = 1)A)) + Z ) faxuf (= 1)A)) (X" — (i = 1)A,))X

J=1 x| J
+ ) faxpaf( B~ w((i — 1)An))X,
Ix|=N(H)+1

where v is a point between Y™ and 7((i — 1)A,). The next lemma shows two things: first,
the term of order N(H) + 1 is negligible, and second, for j = 1,..., N(H), we may replace
T — (i — 1)Ay) by AL2He((i — 1)A,).

Lemma 3.2.9. Recall that N(H) = [1/(2 — 4H)]. We have that X} L. 0 and Xy L, 0, where
| [t/An—L+1 N(H)

Xt =a; Y ¥ fax (i — 1)Ap))

i=0p+1  j=1 \xI—J
x {(W — (i — 1)AR))X — ATA=2H) (5 — 1)An)><} , (3.2.19)

L [t/An]—L+1

B =28 Y Y @) - a((i- DA

i=0,+1  [x|=N(H)+1
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In a final step, we remove the discretization of ¢ and p.

Lemma 3.2.10. If 0 is chosen according to (3.2.14)), then

1 [t/An]—L+1
Agz{An S (i -1)A /Mf } =0 (3.2.20)
i=Ap+1
and
L [t/An]—L+1 N(H)
An? {An S A N fax (i —1)A)) (i — 1) Ap)X
i=0p+1 j=1 \X|_j

(3.2.21)
/ Z 3 fax (5)) ALI=21) (s )de} Lo,
=1 = X

By the properties of stable convergence in law (see, for example, [64, Equation (2.2.5)]), the
CLT in (3.2.7)) follows by combining Lemmas [3.2.6{{3.2.10 O]

3.3 Estimating Hurst index and integrated volatility

In this section, we assume d = 1 for simplicity. We will develop an estimation procedure for H
and the integrated volatilities of the efficient price (if H > %) and of the noise process, that is,

for . .
Ct:/ o2ds, Ht:/ p2ds.
0 0

To avoid additional bias terms (cf. Remark , we use quadratic functionals only, that is, we
consider
fr(x) = 212041, == (1,...,%41) ER™ e N,
and the associated variation functionals
[t/An]—r AnyAn
k+r

Note that V;} is not a statistic as it depends on the unknown Hurst parameter H. Therefore,

we introduce \7;” = (170@, RN Vﬁyt), a non-normalized version of V' that is a statistic:
t/Ap)—r
VE=VE(Y.t)= >  ARYAR,Y, reN.
k=1

Clearly, AL=2H ‘Z"t = V"4, so our main CLT (Theorem ) immediately yields:
Corollary 3.3.1. Let V" = (Vo’:‘t, cee V]{t) for a fized but arbitrary R € Ny. For all H € (0, 3),

42

_1 t S
A2 {Al 2y _ /p§d5—61/ o2ds AL, 1)(H)}é>z, (3.3.1)
0

where TH = (T,... ., TH), e1 = (1,0,...,0) € RYE and Z is as in (3.2.7). The covariance
process CH(t) = (Cg(t))iyjzoymﬁ in (3.2.8) is given by

t
—cll [ plas,
0
0 (3.3.2)

H H H
Cjj =iy + 17T} +Z(F AT A B b R N
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As we can see, if H € (4, 1), only RV (r = 0) contains information about C; = J3o?ds. But
to first order, V', = = AL=2H Vo A estlmates IT; = fo p?ds, the integrated noise volatility. In order
to obtain Ci, our strategy is to use V} for 7 > 1 to remove the first-order limit of VOt . But
here is a problem: both the factor ALX=2# and the vector T'¥! contain the unknown Hurst index
H, so we need to estimate H first.

The most obvious estimator for H is the one obtained from regressing log A, on log XA/O’}t.
This is, in fact, what we did in Figure and what volatility signature plots (i.e., plots of YA/O’:‘t
as a function of A,; see [5 [8]) are based on. We also refer to [89] for a more general but related
concept. However, as noted by [47, Remark 3.1], already in an mfBM model, this regression
based estimator only has a logarithmic rate of convergence. Indeed, as our simulation study in
Sectlon 4| shows, this estimator systematically overestimates H unless H is very close to 0 or
5. In the pure fractional case, better and sometimes even rate-optimal estimators are given by
the so-called change-of-frequency estimators or autocorrelation estimators (see [14, 37] and the
references therein as well as [29] [47]). Both types of estimators extract information about H by
considering the ratio of (different combinations of) Aﬁft for different values of r. For example,
the simplest autocorrelation estimator is

n
1+ logy (Yl’t )
Vo

which is based on the fact that f/{ft / V(ft = V% / Vi £ ' = 22H=1 _ 1 While this estimator
converges faster than logarithmically, the convergence rate is still not optimal because of the
bias term that appears in when r = 0. The first rate-optimal estimator for H in the case
of mfBM was constructed in [47 Theorem 3.2] by using a variant of (3.3.3] - ) that cancels out the
contribution from VO ,. However, this estimator suffers from a potentially large constant in the
asymptotic variance. For example, in [47, Remark 3.2], the authors do not recommend using it
in practice even though it has a better convergence rate than the regression-based estimator.
This point is further confirmed in the simulations in Section

I

acf — )

(3.3.3)

To do better, our strategy is to use linear combinations of " for multiple values of r. To
this end, we choose two weight vectors a = a(R) = (ag,...,aR) and b=">b(R) = (bo,...,br) in
R and consider the statistic

~ o (a, V) ) {a,TH)
H'=¢! <7J with  ¢(H) = ~-2—, 3.3.4
<<b, 7 U=, (334

where (-,-) denotes the standard inner product on R'*# and a and b are assumed to be such
that ¢ is invertible. The further analysis is now dependent on whether H € (0, 1) or H € (5, 3)
and, in the latter case, whether ag = by = 0 or at least one of a¢ and by is not zero.

3.3.1 Estimation without quadratic variation or if H € (0, 1)

If ag = by = 0, we exclude quadratic variation frorn our estimation procedure for H. This has the
advantage that the term e; fg o2ds AL in , which is only nonzero for r = 0, disappears.
The same holds true (even for r = 0) if H < ;: there is no asymptotic drift term in (3.3.1)).

Theorem 3.3.2. Assume that H € (0, 7) and choose R € N and a,b € R*™ % such that ¢ from
is invertible. If H € (4, 2) further assume that ag = by = 0.
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(1) The estimator H™ introduced in (3.3.4)) satisfies
1 - thtds
AGZ(H™ — H) =% A [0, Var Jopsds , 3.3.5
( ) < (e pdsy? (335
where Z is the same as in (3.3.1)) and
—1y/ H 2
Vatiz = Vatio(R,a,b, H) = (W) o — G(HWTICH fa - o(H)D). (3:3.6)

2) If H € (1, 1), choose c € RYE and define
12

S -1
cr = {170@ - W} (1 -9 > . (3.3.7)
" e, TH™) (e, TH™)
Then ) .
Az {6’? - C’t} Y <(),Varc/ pl ds) , (3.3.8)
0
where

Varg = Var¢(R,a,b,c, H) = u'cty,

c ¢, g™ (o1 (p(H c -1 (3.3.9)
" (e“ Tt ))(a‘¢(H)b)> (1- %)

and the vector OgTH = (8HF51, e ,3Hfg) s given by
O =0, ouTH =log(r+1)(r+1)2 —2log(r)r?" +log(r—1)(r—1)2", r>1. (3.3.10)

(8) The estimator

fip = AL-2H" <<a F‘EI”>> (3.3.11)
a
satisfies
A;% = st t

Remark 3.3.3. To construct the estimator CA’[”, we allow for the possibility of choosing a new
weight vector c¢. Therefore, a and b should be thought of as weights that one can choose to, for
example, minimize Vary o(R, a,b, H), while ¢ can then be chosen to minimize Varc(R, a,b,c, H).
Alternatively, one may decide to choose a, b and ¢ to minimize Varc(R,a,b,c, H) directly (if
H> 1.

In order to obtain feasible CLTs, we replace the unknown quantities in Varg o and Varg by
consistent estimators thereof. To this end, consider f () = 2* and

[t/An] AnY N [t/An]
QF =VF(Y,1) LQr= Y (At
i=1
By Theorem we have the LLN
Lt t 4
Qr L 3/ ptds. (3.3.13)
0

Therefore, the following theorem is a direct consequence of Theorem and well-known prop-
erties of stable convergence in law (see [64, Equation (2.2.5)]).
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Theorem 3.3.4. Grant the assumptions of Theorem . For (3.3.13)) below, further assume

that H € (%,3). Then
1 30, (V)2 .
An?(H" - H) Vo) =4 N (0, 1), (3.3.14)
Varg o(R, a, b, H") QY
1_ofjn 3A%}~1n—1 .
AR 2 (Cyr—Cy) —— 5 N0, 1), (3.3.15)
Varg(R,a,b,c, H*) QY
1
ALZ AL -1 .
=0 ([ —1I) ——NV/'EY (3.3.16)
log Ay | 4Varg o (R,a,b, H™)QY

3.3.2 Estimation with quadratic variation if H € (3, 1)

The estimators based on weight vectors ¢ and b with ag = by = 0 were easy to construct but
suffer from a serious shortcoming: Let us consider the simple case where Y = oB for some
constant o > 0 (i.e., there is no noise). Then, by standard CLTs for Brownian motion, the ratio
{a, V™) / (b, V;*) converges stably in law to the ratio Z;/Zs of two centered (possibly correlated)
normals that are independent of B. In particular, because Z;/Z5 has a density supported on
R, the asymptotic probability that the estimator H" from falls into any nonempty open
subinterval of (0,1) is nonzero. Therefore, based on H" only, it is impossible to tell whether
there is evidence for the presence of fractional noise or whether an estimate produced by H" is
simply the result of chance!

To solve this problem, we have to include lag 0 in our estimation of H. If H € (%, 3), this
significantly complicates the estimation procedure: By the discussion at the beginning of Sec-
tion[3.3] in order to estimate Ct, we need to estimate H first. At the same time, as Corollary-
shows, using VOt to estimate H induces an asymptotic bias term coming from the fo o2 ds term,
which can only be corrected with an estimator of C;. In other words, in order to estimate Ct,
we need to first estimate H, but in order to (precisely) estimate H, we need to estimate C.
Resolving this circular dependence necessitates a complex iterated estimation procedure for H
and C} that we describe in the following. In particular, as H 1 %, even though there is only
one intermediate limit elCtA}L_zH between the LLN limit I'*II; and the CLT, we obtain an
increasing number of higher-order bias terms as a result of the interdependence between the H-
and the Cy-estimators.

A consistent but not asymptotically normal estimator of H

To simplify the exposition, we assume that at least one of ag and by is zero. By symmetry, we
shall consider the case where

ag 75 O, bo = 0. (3317)

Also, again to simplify the argument and because this is not really a severe restriction from a
statistical point of view, we shall assume that the true value of H satisfies

He (1,5)\H, (3.3.18)

where H is the set from (3.2.10)).
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Proposition 3.3.5. Let H € (%, %) \ H and suppose that a,b € R satisfy (3.3.17) and are
such that ¢ from (3.3.4) is invertible. Recalling that N(H) = [1/(2 — 4H)], we further define

n __ &n n ny _ (_l)j —1N\(9) rTn CL% -
(I)j - q)j (Raaab7‘/t 7H ) - .7' ((b )] (¢(H )) <b7‘//\;”>j’ J = 177N(H) (3319)

Then H™, as defined in (3.3.4)), satisfies

. Nf’f) ) . 5,04 ds
Ap?2{H" — H + e Y N <O,VarH70$> ) (3.3.20)
j=1 o (fg p3 ds)?

where Vary o is defined in (3.3.6]).

For each j, the term @7 is of order AZ(I_QH). As a result, while H™ is consistent for H , it is
affected by many higher-order asymptotic bias terms that depend on C;. So our next goal is to
find consistent estimators of C; that we can use to correct H.

A consistent but not asymptotically normal estimator of C;

With a first estimator of H at hand, we can now construct an estimator of Cy by removing the
first-order limit of %’ft, hereby replacing H by H" throughout. Doing so, we have to employ an
estimator of Iy, the integrated noise volatility. To avoid even more higher-order bias terms, we
need one with convergence rate v/A,,. One possibility is to use the estimator from Theoremm
constructed from an additional pair of weights a® and b with aj = b3 = 0. Note that even in
the case where p = 0, the estimator ﬁ? from Theorem in contrast to H", converges to the
desired limit (i.e., 0) in probability.

Proposition 3.3.6. In addition to a,b € R'E satisfying ([3.3.17)), choose a®,b° € RITE with
ad = b3 =0 and let

R 0 n _ 0 {/n
Pr = M, H™ =1 (W) : (3.3.21)
(a0, ) W, 07
Further define
- ~ v o~
G = {v - H} oV, i, i) (3:3.22
C i)

where

a B ao!(¢(H")
{a,TH™) <ba‘7;tn> (a,TH")
(3.3.23)

Oy, 1", [10) = (R, a,b,a®, 4, V", H", FI"0) = 1 -

and
Y(y) = (@, T ®),  yeR (3.3.24)

Then, under the assumptions made in Proposition|3.35.

L - N(H) . .
Az {ct"’l G+ Y q/ycg} LNV, (O,VarQl /0 p ds) , (3.3.25)

=2
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where
U = U(R,a,b,a’,b", V", H", H™O)
_1)J J pr P 3.3.26
et oy m— YA Y U 3:520)
J: <(1,F > <b7 th>]

forj=2,...,N(H) and

Varc; = Varc (R, a,b, H) = uj TeHy,, (3.3.27)

_ a V' (¢(H)) a V' (p(H)) -
u = (el " T T (o riy, oy @ oA )b)) (1 " 13H> T T, rH>“°> :

and C* s the matriz in (3.3.2).
Note that W7 is of magnitude A=

estimator éf ! is consistent but has higher-order bias terms.

1-2H), Thus, just as for the initial estimator of H, the

The first asymptotically normal estimators of H and C}

What is different between the two initial estlmators of H and C} is that in m 3.3.25)) the bias terms
only hinge on (Y}, the quantity that Ct is supposed to estimate in the first place. Therefore,
we can set up an iteration procedure and use C 1 to correct itself.

Proposition 3.3.7. Recall that N(H) = [1/(2 —4H)] and define

/+1

o L1 _ — oy Z o ( = J+2) ’ (>0, (3.3.28)
7j=2
and .
6«;1,1 _ é:vN(H”)‘ (3.3.29)
Then we have that
1_op 1 N(HT) nN( ) —j4+1 5—2H
AR Cil = Cy+ Zﬁ/”( - ) aE- (e
7j=2

t
S—%N(O,V&rg;/ pl ds)
0
with the same Varc, as in (3.3.27).

The corrected estimator CAm’1 is our first consistent and asymptotically mixed normal esti-
mator for Cy and has a convergence rate of AzH 1/2 . According to work in progress by F. Mie
this rate is optimal. With a bias-free estimator of C} at hand, we can now proceed to correcting

the initial estimator H™ of H.
Proposition 3.3.8. Recall H" in (3.3.4) and define

. N@#HMY o
Ay =H"+ Y @7 () (3.3.30)
j=1

SPrivate communication.
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with ®% as in (3.3.19). We have the central limit theorem
1 st f ptds
Ap?(HY —H) — N | 0, Vary 1 —3——— 5 ;
(Jo p%ds)?
where

(6~ (o(H))
(b, T)

and the vector uy is exactly as in (3.3.27) and the matriz C as in (3.3.2)).

Varg 1 = Varg (R, a,b, H) = w; TeHy,, wy = {a — ¢(H)b — apu }

A multi-step algorithm

Even though 6’ and H? ' from Propositions |3 - and n are rate-optimal and asymptotlcally
bias-free estimators of Cy and H, respectlvely, we can still do better: The estimator C" is based
on the initial estimator Cn ! from , which in turn is based on the initial estimator H™ of
H. Now that we have a better estimator of H, namely H ', the idea is to use H ' to construct
an updated estimator, say, C’t , of Cy. And with this updated estimator of (Y, we next update
H? T to, say, H2 , which we can then use again to update C’ and so on. A related approach was
used in [7§].

Proposition 3.3.9. For k =2,...,m where m > 2 is an integer, we define iteratively
~ -1
N N v
CPl =LV, M 1-—20 (3.3.31)
<(I, FHk71> <a7FHk71>
and
N(H!_,)
Hy=am+ Y o (Cp ’“) (3.3.32)
7j=1
Then
—% >n st f pfsl ds
Ap?(Hp —H) — N |0, Vary ,———— > , (3.3.33)
(Jo P2 ds)?
L—2H  Ank st by
A2 (O - C) = N (O,Varc,k/ Ps ds) , (3.3.34)
0
where, for each k=2,...,m,
Vary p = Varg (R, a,b, H) = w,{CHwk, Varc = Varg (R, a,b, H) = quHuk,
and

B a (a,0gTH) a -1
“k“<elw»rH>* (a,T') wk”) <1«u;H>> ’

—1\/ H
wkzwxgﬁg)ﬁa—MHw—awm.
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Our final estimator of H is
H" = H". (3.3.35)

For later references, let us define
Varg = Varg (R, a,b, H) = Varg m (R, a,b, H). (3.3.36)
The next theorem exhibits our final estimators for C; and II;

Theorem 3.3.10. Choose c € R'TE and define

S 1
Cn = {‘7& - W} (1 - ) (3.3.37)
" e, TH™) (e, TH™)

and R
i :{ (. Vi) a0 ép}A};ﬁ”. (3.3.38)
(a,TH™)  {a,TH™)
Then
AT @ — o) S N (O,Varc /Ot Pl ds) : (3.3.39)
AR? o ‘
|logAn|(Ht —1L;) —>N(O,4VarH/O s ds), (3.3.40)
where

Varc = Varg(R, a,b, ¢, H) = u? Cu,

Y (¢, 0nT™) o 7! (3.3.41)
u—<e1 <C,FH>+ (e, TH) wm> (1 <C,FH>> .

Feasible CLTs

Finally, we replace unknown parameters that appear in Vary and Vare by consistent estimators
to obtain feasible CLTs. The following theorem is a direct consequence of (3.3.13]), Proposi-
tion B.3.9 and Theorem B.3.10l

Theorem 3.3.11. Assume that H € (i,%) Choose R > 0, m > 2 and a,b,c € R such
that ([3.3.17)) is satisfied and ¢ from (3.3.4) is invertible. Further choose a®,0° € R as in
Proposition [3.3.6. Then

1 30, (V)2 s
H" — H) Vow)” = N(0,1), (3.3.42)
Varg (R, a,b, H")QY

1_ofn . 3A%ﬁn—1 .
A Cr - @) 5 N0, 1), (3.3.43)
Varc(R,a,b,c, H*) QY

R 3A4f‘\[”71 ¢
(1T — II;) L ZN(0,1). (3.3.44)
4Varg (R, a,b, H™)QY
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3.4 Simulation study

All results reported in this Section are based on 5,000 simulations from the mfBM
Yi=X;+Z=0B, +pBll,  te0,T],

where o = 0.01, p = 0.001, B and B¥ are independent and T = 1 or T' = 20 trading days, each
consisting of 6.5 hours or n = 23,400 seconds. Accordingly, we choose A, = 1/n = 1/23,400.
The values of H will be taken from the set

H € {0.05,0.1,0.15,0.2,0.25,0.275,0.3,0.325, 0.35, 0.4, 0.45}. (3.4.1)

We additionally consider the cases “H = 0.5”, which means p = 0, and “H = 0”7, which means
that (B?)te[o,T] is a collection of i.i.d. standard normal noise Variablesﬂ

3.4.1 Choosing the tuning parameters

We fix the number of iterations in the multi-step algorithm of Section [3.3.2] at m = 50. In fact,
for an overwhelming majority of estimates obtained in the simulation and the empirical analysis
of Section a precision of 107> was attained after fewer than 50 steps. We further make the
choice R = 60, which corresponds to considering quadratic variations with time lags up to one
minute. In order to tune the remaining parameters, we want to choose the vectors a, b, c € R1TE
in such a way that (a,b,c) — Varg(R,a,b,c, H) is as small as possible. Due to the complexity
of how Varc depends on a, b and ¢, we were not able to find (and doubt there is) an analytical
expression for the minimizers. In addition, Varc depends on H, which is unknown. Pretending
we knew H for the moment and H € (% I ;) in order to resolve the first issue, we choosﬂ

2 —(TH by - ogTH

— 4.2
[T — (077, 5o 05T (3:4.2)

a = C—=

as initial values and run the R function fminsearch() from the package pracma to find (local)
minimizers a(H), b(H) and c¢(H) of (a,b,c) — Varc(R,a,b,c, H) from . Similarly, we
obtain a’(H), b°(H) and c”(H) as minimizers of (a, b,c) — VarC(R,a, b,c, H) from by
taking the same initial weights b and ¢ from for bO and ¢ and the vector obtained
by substituting 0 for the first component of a from ) for a®. As H is unknown in this
process, one could, in principle, plug in a consistent estlmator of H (e.g., H " computed for
some initial choice of a, b and ¢), determine the minimizing vectors, use them to construct an
update of H "™ and repeat this procedure. However, such an adaptive scheme of constructing
H"™ makes the weight vectors dependent on the latest estimator of H and therefore changes
its asymptotic variance in every step. Unfortunately, we see no way of keeping track of those
changes, in particular because we do not know the precise form of how a(H), b(H) and ¢(H)
depend on H. Instead, we take the minimizers at Hy = 0.35, that is, we let

a® = a%(0.35), % = 1°(0.35), & = %(0.35), (3.4.3)
a = a(0.35), b =0(0.35), c = ¢(0.35). (3.4.4)

SCaution: The law of B does not tend to that of i.i.d. noise as H — 0. We formally set H = 0 only because
the variance of i.i.d. noise is non-shrinking, which is what the order A2¥ of fBM increments yields when H is set
to 0.

"This is a heuristic choice: with these vectors, (¢, dgT*) = 0 in (3.3.41) and (u, ') = 0. Consequently, if Cé{l
and C{’y denote the two zeroth-order terms in (3.3.2), then u”"C{u = 0 and, in " C{Hu = Efj:O wiug (CE)ij,
the part of the sum where i = j is 0.
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Figure 3.3: RMSE, bias and standard error of f[”’i, 1=0,1,2,3 and H™O.

The resulting variances Varc (R, a®(Hy), b°(Hy), c°(Hy), H) and Varc(R, a(Hy), b(Hy), c(Ho), H)
at other values of H turn out to be reasonably close to the H-dependent minimal values given by
Varc(R,a’(H),b°(H),°(H), H) and Varc(R,a(H),b(H),c(H), H), respectively (no more than
2.1% larger in the former case; no more than 8.1% larger in the latter case for all H in
except for H = 0.45, where the variance based on is 2.6 times larger).

3.4.2 Performance of estimators and comparison with existing estimators

For H, we first compare our estimator H™Y = H" from ,Aconstructed with a” and b° from
, with four variants of H™ froAm , denoted by H™ for i = 0,1,2,3. For each 1,
H™" is defined in the same way as H" in [constructecl with a and b from and,
in step (3-3:22), with a° and v° from (3.4.3)] except that N(H") in and and
N(H}_,) in (3.3.32) are replaced by the fixed number 4. In particular, if n is large, then with
high probability,
H™0 if H € (0,0.25),
n,l
S liI , %f H e (0.25,0.3751, (3.4.5)
H™= if H € (0.375,0.416),
(

H™3 if H € (0.416,0.4375).

We do not include four or more correction terms as it becomes increasingly intractable to com-
pute higher-order derivatives of composite functions like =1 and ¢ in (3.3.19)) or (3.3.26) by
hand.

As Figure shows, H™3 has a lower root-mean-square error (RMSE) than H™ for any
1 =0, 1,2, although, according to the theory in Section it suffices for asymptotic normality
to only include ¢ corrections and consider H™ in the ranges of H specified in . In fact,
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Figure 3.4: RMSE, bias and standard error of }AI”’?’, H™O, I;T\”,S, FIBMS and ﬁgcf‘

taking ¢ = 3 decreases the finite sample bias considerably compared to ¢ = 0, 1, 2, while increasing
the standard error only moderately, so that, in total, ¢ = 3 is best in terms of RMSE among the
four variants in . Moreover, if T =1 (resp., T = 20), H™ is superior to H™3 in terms
of RMSE if H < 0.3 (resp., H < 0.35) and inferior to H™? if H > 0.325 (resp., H > 0.4).
The better/worse performance of H™0 on the respective range of H is due to a considerably
smaller bias / larger standard error. Also, taking 7' = 20 instead of T' = 1 significantly reduces
the RMSE of H™? for H < 0.35, but the RMSE of H™ is largely unaffected. Extrapolating
from these results, we conjecture that including an even higher number of correction terms in
(3.4.5) would gradually bring down the finite sample bias while keeping the standard error low.
As we mentioned, computing higher-order correction terms is computationally challenging, so
examining this conjecture is beyond the scope of the current paper.
In Figure we further compare H™3 and H™ with

e the regression estimator .FNI{}S based on a volatility signature plot, that is,
His = 5(Bys + 1),
where B{}S is the slope estimate in a linear regression of log ‘A/Ont/ " on logi fort=1,...,10;

o the rate-optimal estimator from [47, Theorem 3.2] given by (logy,, = logy x if z > 0 and
log,, x = 0 otherwise)

1 n/4 "}—n/2
~ . ot — You )
Hpus = 5 (10g2+ M + 1>7

e the autocorrelation estimator H™; from (8.3.3) (cf. [47, Proposition 3.1]).

C
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Figure 3.5: RMSE, bias and standard error of (a) cn3, Cn0, CN’%SRV and C™ and (b) of 3

preave’

and II0. Negative volatility estimates were replaced by 0 in the evaluation.

Comparing the values for RMSE for T' = 1, we see that Hn3 performs better than HVS, HDMS
and H” o ¢ for all values of H except when there is no noise (“H = 0.5”). When T' = 20, H™3
still better than H”S and H' . but is not as good as HDMS when H € {0.25,...,0.35}. When
T = 20, the best estimator in the range H < 0.35 is H™Y; but if H > 0.4, just hke Hpj\ g which
does not use quadratic variation, either, the RMSE of H ™0 becomes large.

Finally, we study the performance of our volatlhty estlmators To this end, we implement

om0 = 6’20 Cty and ™0 =TI, — from and on the last simulated day,
using the estimator H™O = H™ from that is based on the Whole simulated period of 20
days. Similarly, we consider o3 = 020 C’19 and I1"3 = H20 1 from (3.3.37)) and (3.3.38)),

using, instead of H" , the estimator H™3 from above computed agam based on the whole period
of 20 simulated days. We further compare C™° and C™3 with the two-scale realized variance
estimator Cfggry of [I00] and the pre-averaging estimator C’greave of [56], as implemented by the

functions rTSCov() and rMRC() in the R package highfrequency.

From Figure we find that C™0 (resp., II"?) performs better than CA”j?’ (resp., ﬁ”’3),
both in terms of bias and standard error. Furthermore, in terms of RMSE, C™9 outperforms
both Clpy and C7 for H € {0.15,...,0.35}, but is inferior to the latter two when H is

preave

small (H € {0,0.05,0.1}) or large (H € {0 4 0.45,0.5}). Interestingly, the poorer performance of
CTSRV and C" in the range H € {0.15,...,0.35} is due to larger biases, while C™° performs

preave

worse for H € {0,0.05,0.1,0.4,0.45,0.5} due to larger standard errors.
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Figure 3.6: Histogram of estimates for H and boxplot of signal-to—noise ratios. Each data point
corresponds to one company and day. Signal-to—noise ratios where the volatility or the noise
volatility estimate is negative are omitted. Outliers in the boxplot are not shown.

3.5 Empirical analysis

We apply the estimators from Theorems |3.3.2 and [3.3.11| to (logarithmic) mid-quote data for
each of the 29 stocks that were constituents of the DJIA index for the whole year of 2019. The
data source is the TAQ database. For each trading day in 2019, we collect all quotesﬁ on the
NYSE or NASDAQ from 9:00 am until 4:00 pm Eastern Time and preprocess them using the
quotesCleanup() function from the R package highfrequency. We sample in calendar time
every second.

To reduce the variability of the resulting estimates, we calculate, for each trading day from
January 31 to December 31, the estimators H™3 and H™ based on the previous 20 trading
days. Afterwards, based on the insights from the simulation study of Section we calculate
an estimate of H using H™3 if its asymptotic 95%-confidence interval contains 0.5 or is a subset
of (0.4,0.5); otherwise, we report the estimate produced by H™O. Correspondingly, we either
take 0”3 or C™0 (resp., II"3 or II") to estimate the daily integrated volatility (resp., noise
volatility). Flgureshows the empirical distribution of the daily estimators of H and a boxplot
of the daily signal-to-noise ratios (i.e., of 6‘"’3/ﬁ”’3 or C™9/TI™%). The top row of Figure
shows the daily H-estimates for the two individual stocks, American Express (AXP) and IBM,
including 95%-confidence intervals. In the second and third row, we show the daily volatility and
noise volatility estimates for the month of May (AXP) and September (IBM). In these months,
the respective H-estimates are all above 0.25.

3.6 Discussion

In this paper, we introduced mixed semimartingales as a natural class of microstructure noise
models for high-frequency financial data. Defined as a sum of a continuous semimartingale and
a continuous-time moving average process that locally resembles fractional Brownian motion,
mixed semimartingales are nonparametric extensions of the mixed fractional Brownian motion of
[25] that include (possibly dependent) stochastic volatility and noise volatility. From a modeling
point of view, mixed semimartingales can capture microstructure noise in continuous time and,

8We also examined transaction data for the same stocks in 2019. But sampled at five seconds, many daily
estimators for H were not significantly different from % at the 5% level. This is in line with other research (see,

for example, [6]) demonstrating that transaction data of DJIA stocks have become less and less noisy over the
recent years.
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Figure 3.7: Top row: Estimates of H with asymptotic 95%-confidence intervals. Middle and
bottom row: Volatility and noise volatility estimates for May 2019 (AXP) and September 2019
(IBM).

at the same time, allow for varying rates at which the variance of price increments shrinks or at
which realized variance explodes as the sampling frequency increases.

Based on central limit theorems for variation functionals, we constructed consistent and
asymptotically (mixed) normal estimators for the Hurst parameter, the integrated volatility
and the integrated noise volatility—in all cases where these quantities are identifiable. Our
analysis showed profound differences to the pure semimartingale or fractional process setting:
the interplay between the two gives rise to a possibly large number of intermediate limits (or
higher-order bias terms), whose removal is intricate and necessitates an iteration procedure. In a
simulation study, we found that our estimators of the Hurst index H outperform existing ones in
the literature, for all considered values of H. Our volatility estimators perform best in the region
H € (0.15,0.35) and are superior to standard noise-robust volatility estimators in this range in
terms of RMSE. For smaller and higher values of H, even though one of our volatility estimators
shows almost no bias, they suffer from large standard errors. How to tackle these problems and
perhaps combine them with existing techniques such as pre-averaging remain open problems.
Also, in this first paper, we did not examine the effect of, for example, jumps [I, 2, 66] or
irregular observation times [17, 57, [62] on our estimators. While our estimators of H and noise
volatility from Theorem might not be affected by jumps too much, as they do not use
quadratic variation, certainly the volatility estimators and all estimators from Theorem
are. We leave it to future research to develop estimators that are fully robust to jumps and
asynchronous sampling.

We further applied our estimators to 2019 quote data of DJIA stocks. We found strong
empirical evidence for asset- and time-dependent values of H, which further underpins the
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need to model the roughness of noise in a flexible manner. Allowing for time-dependent and/or
stochastic Hurst parameters (“multifractality”) is yet another challenge to be explored in the
future.



Chapter 4

Supplement to: “Mixed
semimartingales: Volatility
estimation in the presence of
fractional noise”

We gather some frequently used moment estimates in Section before moving in Section
to the details of proof of the main result of Chapter [3] which is Theorem Section
contains the proofs of the results announced in Section of Chapter [3] and Section lists
some estimates on fractional kernels needed in the proofs.

We use the notation from Chapter |3, In addition, we write A < B if there is a constant C'
that is independent of any quantity of interest such that A < CB.

4.1 Size estimates

In the following, we repeatedly make use of so-called standard size estimates (cf. [30, Ap-
pendix D]). Under the strengthened hypotheses of Assumption consider for fixed indices
Jyke{l,...,d} and ¢ € {1,..., L} an expression like

ey AF 1 lre-1nA,
E H—E 1 L ki k] Bj
i=0 +1h ) ( Al " Al /(z'+€—2)An (US T(i—0) A, ) dBg

(4.1.1)
l g . - .
+ / ” 7 (P's” ~ A0 a) L0086 () AWV )

where 6, = [A;9], 0/, = [A;7], 07 = [A;?"] and —co < #,6" < 6 < oo. In addition, h is a
function such that \h( | S 1+ ||z||P for some p > 1, and (* are random variables with

sup  sup  E[|C7] < .
neNi=1,...,[T/An]

For any ¢ > 1, because a is uniformly bounded by (3.2.11]), Minkowski’s integral inequality yields

1
Ar o AlY Y 1 DA,
: HXHl - AH/< —2)An E (a7 ds S AL, (4.1.2)

85
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Similarly, using the Burkholder-Davis—Gundy (BDG) inequality and (3.2.11)) and (3.2.12), we
obtain

1
qa|gq

E <(0/A) AT (4.1.3)

] (4.1.4)

1 (Zfefln.)An 9 2 1 9/(1_H)
AQH/ Ale19(s)"ds | S (0nA0)2 Ay :
27 Jo

1 DAL y ‘
— J_ gk j
Af /(i+£2)An <Js U(i*GZ)An) dB;

Combining ([3.2.11)) and ([3.2.12) with Lemma we deduce that
E [

Finally, using Holder’s inequality to separate h((") from the subsequent expression in (4.1.1)),
we have shown that

© AN 190) (ki kg j
/0 = (0 = pila,) L0080 (5) AW

[

S (6nAn)

[T/An]
3 i
E [SUP Sn(t)‘ SAR DY {A};H + A3 1 (0,A,)2 Az(l—H)}
= st (4.1.5)
< AE_H + Aé_H_%H + A0 (1-H)—0

The upshot of this example is that the absolute moments of sums and products of more or
less complicated expressions can always be bounded term by term: for example, in (4.1.1), the
terms

[t/An] k (i+-1)A, ; kj _ ki
D o T Y AN SR LI S S P
i=0n+1 (i+=2)An '
((=00)An A™ ,g(s) , P kj
/0 MAi,%’(. L) AW, P — P60

have sizes (i.e., their LI9-moments, for any ¢, can be uniformly bounded by a constant times)
AL L A VAL (A, AT (0,4,)3,

respectively. The final estimate is then obtained by combining these bounds. Clearly, size
estimates can be estimated to variants of , too, for example, when the stochastic integral
in is squared, when we have products of integrals, when .S, (¢) is matrix-valued, etc.

Even though size estimates are optimal in general, better estimates may be available in
specific cases. One such case occurs when sums have a martingale structure. To illustrate this,
let ' = F;a, and consider

1 [t/An]—L+1
Spty=4a2 Y @
i=1
with random variables @] that are F;-measurable and satisfy E[w] | F" 5] = 0, where 0]/ =

[A-?"] for some 0 < 6" < 1. Suppose that E[|ew?|?]'/? < A% uniformly in 7 and n for some
w > 0. Writing

o , (E/An]-L+1)/07!

Sp(t) =5, (1), Sp.;(t) = AR > D4 (b—1)010>
j=1 k=1
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we observe that each S, nj is a martingale in ¢ (albeit relative to different filtrations), so the BDG
inequality (applied to S}, ;) and Minkowski’s inequality (applied to the sum over j) yields

< (0)2A7. (4.1.6)
t<T

E lsup |5 ()]

Very often, w;' will actually only be F}' ; ;-measurable. However, a shift by L increments will
not change the value of the above estimate. Following [27, Section 4], we refer to (4.1.6) as a
martingale size estimate.

4.2 Details for the proof of Theorem [3.2.1

This section is devoted to proving the lemmas that appear in Section Assumption |(CLT")|
is in force throughout.

Proof of Lemma[3.2.6, By the calculations in ([#.1.2)), (.1.3)) and ([@.1.4)), we have E[|| ATY/AH||P]1/P <
1 for all p > 1. As f grows at most polynomially, we see that E[| f(A'"Y/AH)|] is of size 1. Hence,

E[|A) S0, F(A7Y/AD] < A7, which implies
S5 (A) 2o

since 6 < % by (3.2.14)). As a result, omitting the first 6,, terms in the definition of VJZ‘(Y7 t) does
no harm asymptotically. Next, defining

we consider the decomposition

1 [t/An]—L+1 A"Y Anytr
3 G- (5]
i=0p,+1 n n
4.2.2
L /AL L [t/An]=L41 ( )
=AY A +AR E[AY|Fig,]-
i=6,+1 i=0p+1
By our choice (3.2.14)) of § and since H < %, the lemma is proved once
L [t/An)=L+1 L
E |sup |A? Z K;n S AZ(Q H)v
t<T i=6,+1 |
L [t/An]—L+1 T ol H )] (4.2.3)
E |[sup|A2 Z E[AY|F g 11| S An(ﬁi )+An( ~Hms
t<T i=0p+1 !

are established. To this end, let

ATY — APyt /W’n)An . Aigls)
0
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By Assumption we have |f(2) — f(2))] S (1 + ||z]|P~ + ||Z[[P~1)]|2 — #/||. In addition,
E[|f(A'Y/AH)|] is of size 1, so

E[(A7)%] S EI(A})?) S E[IAIP) < A2,

where we used (4.1.4) for the last estimation. By construction, K is F}' ;_;-measurable and
has conditional expectation 0 given F;' 4, . Therefore, we can further use an estimate of the kind

(4.1.6) to derive

1 [t/An]—L+1 1 1
E |sup |AZ Z < /B, AP0-H) < AZ(I—H)_§9 _ Afl(i_H)
tST 7’:971,4’1 ~ " ~ )

which is the first property in (4.2.3).

Next, we define the following random matrices

(i+L—-1)A, n

Since f is smooth by Assumption |(CLT), we can apply Taylor’s theorem twice to obtain the
following decomposition:

A= " 0% (Anytr> PYLES ;ax m ) (A7 )X

Ix|=1 Ix|=2
nytr _ gn\ X
- Yo (Fr) o0t X o )(W) CORNED BTN
Ix|=1 IxLx/|=1 " Ixl=2 ™

= AP AP AT

where x, X’ € N&*F are multi-indices and 7} (resp., 7*) is a point on the line between ATY/AH
and AY"/AH (vesp., AMYY /AL and 7 /AH). Accordingly, we split
, [t/AR]-L+1 3 3 [t/An]—L+1 A
Ar Y EATFL, =) L), Ly =A% Y EAY [,
i=0n+1 j=1 i=0n+1

As \! is ﬁign-measurable,
Ui\ (yn n v
B|0*f (1 ) OO | 7o, | = 0¥E |00 (17 ) [ 70, | =0
because 1} is centered normal given F* 5 and f has odd partial derivatives of first orders (since
f is even). It follows that L} (¢) = 0.

Writing 17(s) = (L((i—1)Aan,ia0) (5); - - > L((i4L—2)An,(i+L—1)An) (8)), We further have that

(i+L—1)A,,

t
APy = A A+ [0 = 00, B+ [T 00— o) 4 Alg(s).

By a standard size estimate, it follows that

_ _ ) )
E [sup [L3(1)]| < (AZAY) (A}:H +OR A, + (m&) AOC—H)
t<T |

< A;%Az(l—H)(enAn)% _ Az(%*H)’

i " ; -
E [sup [L5(t)]| S An® (AZ(I_H)) _ A0

[t<T

proving the second property in (4.2.3) and thus the lemma. O
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Proof of Lemma[3.2.7. Recall the definition of £ in (3.2.15]) and let

n,dis +L-DA n
&= /(~_9 )A P(i—0,)0, AWs Af'g(s).

In a first step, we shall show that U" can be approximated by

L [t/Ap]-L+1 o0 A"B + gﬁ,dis n,dis
—n 5 i—1)Apn =4 i 51
ORI {f(( SAT >—f<AH)

i=0n+1
. nAnB-{—gndlS ndls .
_E[f<( DA o >_f< ‘Flgn .

By (3.2.12] and a size estimate as in ({.1.4)), the difference &' — & S g of size (0, A,)V2.
Together Wlth and , we further have that A'Y''™ — o)A, A B — ﬁf’dls is of size
Ay, + VA, + (OnAn)l/ 2, By the mean-value theorem, these size bounds imply that

n,dis n,dis 1/
Ay o A AIB + N[ | e g\ 1
f AH - f AH 1/ AH -/ AH

for any p > 0. Moreover, the ith term in the definition of U (t) is F2 [ 1—measurable Wrth zero
mean conditionally on F}* 5 . Therefore, employing a martingale size estimate as in , we
obtain

E

—0

E[sup‘U"( ~T")]| £ Von(0nA, %SAé ;

t<T

which converges to 0 by (3.2.14] m
Next, because B and W are independent, we can apply Itd’s formula with &~

point and write

U(i_l)Ané?B + f?’dis f?’dis

di .
S as starting

d L z+€ 1)A a Ayn,diS(S) ‘
=AH / =5 kj dBJ
" Jz::uz:; i+—2) Ay, 8Zk€f< AH ) KGRI s (4.2.4)
d (i+0—1)A 52 Ayn,diS(S)
A 21 / aY TV g
/ﬂglf 1 i+0—2)A, 8zkg82k/£f< AnH > (UJ )(Z—I)An S,

where é}/;n’dis(s) = f(i—l)An OG-1)A, B 17 (r)+&" dis | Clearly, the stochastic integral is Flr_i-
measurable and conditionally centered given F;* ;. Therefore, by a martingale size estimate, its

contribution to U (t) is of magnitude AV H, which is negligible because H < L. For the
Lebesgue integral, we need to apply Itd’s formula again and write

2
82 f AYimdiS (S) B 82 f é?,dis
8Zkgazk/g AH N 82’]%82]4[ ATI;I

d sA(i+L2—1)A 93 AY.”’diS(r) . A
+A_H / 1 O_kgjg dB]2
' yz,kzz: 142 17 (H-2)A 5Zkzazk/zazk252f< AH ) (i—1)An, =77
di
A 2H Z / (i+2-1)A o s AY () (UJT)]“?% "
ko fa=1 7 ((HE2=2) B 8zk583k£82k25282k/242 AH (i—1)An
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By the same reason as before, the stochastic integral [even after we plug it into the drift in
(4.2.4)] is FJ' ;_,-measurable with zero Fj’ -conditional mean and therefore negligible. The
Lebesgue integral is essentially of the form as the one from . Because f is smooth, we
can repeat this procedure as often as we want. What is important, is that we gain a net factor
of AL=2H in each step (we have A, 2H times a Lebesgue integral over an interval of length at
most A,,). After N applications of It6’s formula, the final drift term yields a contribution of size
VO AN ¢ U"(t). As 0 < 4, it suffices to take N = N(H) + 1 to make this convergent to
0. O

Proof of Lemma[3.2.8. We begin by discretizing p on a finer scale and let

. G+L-1)A, [ 9 .
o :/cenmn kz::lp(i—efﬂ*”mn]l«i—esﬂ*“mn,<i—e(nq>>An)(S) AW Aig(s), (4.25)

where 95;1) = [A;g(q)} forg=0,...,Q0—1, 0,(1@) = —(L—1) and the numbers 0@ ¢g=0,...,Q0—1
for some Q € N, are chosen such that 8 = 00 > 9@ > ... > 9(@-1) > 9@ — ( and

1
IORS 1_7 gla—1) _ 17_;1 g=1,...,0, (4.2.6)

where v describes the regularity of the volatility process p(© in (3.2.12). Because H < % and

we can make y arbitrarily close to 5 if we want, there is no loss of generality to assume that

v/(1 — H) < 1. In this case, the fact that a choice as in (4.2.6]) is possible can be verified by

solving the associated linear recurrence equation. Defining
APYY =0 1)a,A] B + 67,

we will show in Lemma [£.2.1] below that

L [t/ An]—L+1 ny tr ny dis 1
AR {E[f(A Yt)‘th]—Elf&Y )'I‘”Qn]}éo. (4.2.7)

1=0p+1

Next, we define another matrix T?’O € (R™*1)2 by

Q
(T?vo)ké’k/[/ = C((Z — 1)An)A;72H + Z <p(’i—97(1q1))Anp,(1;95;1_1))An)

q=1 Kk’
(’L+L l)A A g( )An , g(S)
i+0—1 0 —1
. /(ien)An A2H ]1((i*H;q_U)An,(ifeilq))An)(8) ds.
(4.2.8)

Observe that this is the covariance matrix of ATY*™/AM if all discretized values of ¢ and p are
deterministic. Also notice that the only difference to Y}' are the discretization points for p. The
next step is to show the convergence

| [t/An]—L+1 nvy dis 1
AR Y {Elf(A Yd)‘flal—uf(uz[r" yf;ta})}éo, (4.2.9)

i=0p+1
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where pi7 is the mapping defined after Assumption This will be achieved through suc-
cessive conditioning in Lemma Finally, as we show in Lemma [4.2.3] we have

L [t/An)-L+1
3 0 0
E|sup|ai > {us (BIYPOIFL,]) — (X7 )}‘ —0 (4.2.10)
t<T i=0n+1
and
L [t/8n]-L+1 ‘
ElsuplAi >0 {ur(T70) =iy (X)) =0, (42.11)
t<T i=0n+1
which completes the proof of the current lemma. O

Lemma 4.2.1. The convergence (4.2.7)) holds true.

Proof. Denote the left-hand side by Q"(¢). By Taylor’s theorem, we can write Q" (¢) = Q}(¢) +
Q2(t) with

1 [t/An] L+1 Anydls

Gw-a S YE [ax.f( ) (k)

=01 [x|=1
L[t/ An]—L+1

Qz(t) = N >y *E [OXf(RD) (k)X | Fitg, 1,

i=0p+1  |x|=2 X

f?—&;| )

where k7' = (APYY — A?Y48) /AH and &7 is some point on the line between ATY"™/AH and
AMYdis /A By definition,

AP, AR 1 DA, & , )
n i+—1 ke k' ¢
ny, = ket 2 _ dB"
(e i Afl " Al /(i+é—2)An = <05 I(i-nA )
@ f(i+L-1)An AP (s) d
i+0—19\8 ke 7 v
Z/@-e )A AH L -0 A (=020 (&) 2 (ps ~ Pl )dWS'
qg=1 nj=n n /=1

(4.2.12)

Using Hoélder’s inequality, the estimates (4.1.2), (4.1.3) and (4.1.4)) and polynomial growth as-
sumption on X f, we see that A?Y 4 /AM is of size one and, therefore, that

Q
<AE (Agum LA Y AS"(‘””’”G(WlH)) —0  (4.213)
q=1

= up 50
t<T

as n — oo since 0 < 89 < %

Next, we further split Q7 (t) = QF;(t) + Qf5(t) + Qf(?) into three terms according to the
decomposition . Using again the estimates and , we see that both QF; (¢) and
QT4y(t) are of size A VFOH) - AN2H e now tackle the term Q75(t), which requires a more
careful analysis. Here we need assumption on the noise volatility process p. First, since
the process t — fg bs ds satisfies a better regularity condition than , we may incorporate
the drift term in p(®) for the remainder of the proof. Then we further decompose Ql4(t) into
R} (t) + R (t) where R} (¢) and R%(t) correspond to taking only p(®) and ¢ — [f ps AW, instead
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of p, respectively. Using the estimate and taking into account the regularity condition of
P, we find that R} (t) is of size

ZQ: — 2 4+y(1-01=1)40(@ (1-H) (4.2.14)
=1
which goes to 0 as 89, ¢ =0,...,Q, are chosen according to the recursion formula (14.2.6]).

Concerning R%(t), we fix x € NI such that |y| = 1 and yg¢ = 1 for some k and £. We then
resolve to a final decomposition:

[t/An]—L+1 nydis\ @ s(i+L—1)A,
Aé Z E[@Xf(Aly )Z/ Al 19()]1
g=17(

=6 +1 Al i—61) Al ((i—(%ﬁq‘”)An,(z‘—e,ﬁ‘”)An)(3)

8 Z / oy PO AW AW | F g | = Ry () + Ry (1) + Ryg (1)
o0 =1 —0p, )A
where
, t/An]-L+1 4 ny dis\ @ (a)
p1 A'Y (=0n")An AR - 19()
Rg’f‘(t) — A% Z Z ]Elax]v (z > Z/ ) i+
=0,+1 Z’,Z”:l ATLH q:1 (ife'flq 1))An AT}i[
~k g/ g’/ ,\,k e [ sy} V4
X i~0 A, < i “)m) W, dw, fz'n—en]’
[t/A |-L+1 Q d ny dis ny dis
s 58 £ o () ()
=041 q=1¢"=1 n n
(i—05)A, AP (s) [ o
i+e—19 e 0 4 L o
8 /(z o, A /(ieiﬁ‘”)an Pli-el=)a, AW, dWs | Fits,
[t/An]-L+1 Q@ 4 nrdis (@)
1 ANy dis,g (i—6y) A A, 1g(s)
R5*(t) = A2 >y E[@Xf <Z>/ ) Sire-19\5)
i=0p+1 q=1¢0'=1 AnH (05" A, AnH
s N Y
/(z 9 A p(z o)A AW, dw 'Engn‘|
and
ny dis,q (i+L=1)An n
A= /(ieﬁf‘”)An Pli—oir=1)a, W Aig(s),

We now use the BDG and Minkowski’s integral inequality alternatingly to obtain for any
p=2

AH ]1((z’—eﬁﬂ‘”)An,a—eé‘”mm<3>

S
~k ZI K// ~k El g// NZ// Z’
X L _ gt aw?" ) d
(Ai—QSqu))An <p7' p(l—efq,qU)An> Wr ) WS

< (H—L 1)A A.t,_é 19( )2 ( )
~ \ J-0,)An AZH ((Z 0 ) A (i=0) )

H/HL 1A, AM 19()
(i—6

==

pl
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5 L Z/ Z” ~k gl Z" NZ// b
“F ’/(i—eﬁﬁ”mn <p a _p<5—;)£“‘1>>An> W ds)
i+ L— 2
o U Al g(s) (5)
~ \ -2, AZH (=017 A (i=00) An)
O WAV L N N i

s p 2 %
- (/(i—eg“))AnE [pT (=0 A, } dT) ds)

1
i— (a) n 2 2 ’ _
< (DA, 2052 (/ o Sigle) ds) < A0 00 )
(

)

n Z,_G%qﬂ))An A%H
where €’ is as in (3.2.5). We thus infer that R5;*(t) is of size

zQ:An§+(§+a’)(19<q1))+9<q>(1H).
q=1

This is almost the same as (4.2.14]); the only difference is that v is replaced by % + ¢’. Since we
can assume without loss of generality that % + &’ < 7, the formula (4.2.6) implies that we have
1+ (G +eN1 -0y +0@D(1 ~ H) >0 forall ¢ = 1,...,Q, which means that Ry;*(¢) is
asymptotically negligible.

Next, using Lemma (3) and a similar estimate to the previous display, we see that

. (a—=1)(1— —gla—1)

(On — ArYdisa) /AH is of size AYTTTOSH) L AQET/2 Hence, with the two estimates (4.1.2))
and (4.1.3) at hand, we deduce that R53*(¢) is of size

Q _ _
S AR (AR 4 ASTVA-H) | AZOTT) ARSI (00
q=1

n

Q
<> (Aé‘H—W—%ﬂl—W”) L AL ) Aew(l_HH(;_WH)) .
q=1

The last term clearly goes to 0 because (0~ < 9 < % by (3.2.14)). Without loss of generality,
we can assume that v > % is sufficiently close to % such that the first term is negligible as well.
With this particular value, we then make sure that
1 1
’71—5 <9(Q—1)<7_§7
Y+ —H Y

which, on the one hand, is in line with (4.2.6) and, on the other hand, guarantees that the second
term in the preceding display tends to 0 for all ¢ =1,...,Q.
Finally, to compute R53¥(¢), we first condition on ]-7_9@,1). Because f is even and APY disa/AH
has a centered normal distribution given F"' ,_y, if follows that OXf (©"7/A) is an element
1—=Un

of the direct sum of all odd-order Wiener chaoses. At the same time, the double stochastic in-
tegrals in R3¥(¢) belongs to the second Wiener chaos; see [82, Proposition 1.1.4]. Since Wiener
chaoses are mutually orthogonal, we obtain R33¥(¢f) = 0. Because this reasoning is valid for all
multi-indices with |x| = 1, we have shown that R%(¢) is asymptotically negligible. O

Lemma 4.2.2. The convergence (4.2.9)) holds true.
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Proof. For r =0,...,Q (where @ is as in Lemma , define

g [UTETDA [T Afg(s)
Yi = \/( ((Izp(i_egg1))An]l((i_9£:11))An7(i_9$:1))A )( )) dW A ;

n

Q
TZ}W =c((i — I)An)A}L—QH + ZH '0(1'7051‘1_1))Aan;—egq’I))An
q=r
(HL=DAn Afg(s)" AT g(s)
X SH 1 . a(g—1) . n(q)
(i—0n)An AZ ((i=0n"" ") An,(i—0n" ) Ar)

(s)ds

Note that Y™ € R Y7 ¢ RExL)x(AxL) and that Y”Q or/AH from . In order to
show (4.2.9)), we need the following approximation result foreachr=1,..., Q — 1

L [t/An]—L+1

DS E[Mf(Y?”+~> (Bl
1=0p+1

i—eﬁf)]) — BT (E[T?’r ]:i—eﬁfl)]) ‘ }T—en} £ 0.

(4.2.15)
Let us proceed with the proof of (4.2.9)), taking the previous statement for granted. Defining

Q

DA,

=1

Ai'g(s)
P00 L ((5-0) Am 1020 (8 )> AWs =xm

n

we can use the tower property of conditional expectation to derive

(57 ] e (5 ) e

=By (C((i ~DAATH
(I+L=D)An ATg(s)TATg(s
T 2,9
T P—0 @A 0@ D)A, /(i—l)An AZH ) ‘ T ]

(i+L-1)A, Alg(s )TAn
+p(i—GiQfl))Aan'*GiQ*1))An /(i—l)A AZH ) ’]: o 1)1 ’J: o ]

=E[uyqna-iyy (17977) | Fica|

Thanks to (4.2.15) and in view of (£.2.9), we can replace Tn’Qfl = ]E[Tn’Qf1 | F, _ple- y] in

the last line by E[T”Q ! | .7-" e 2], because the error resulting from this approximation is
asymptotically negligible. We can then further compute

E B[y, (BP9 F o)) | Fyea] | Fis]
=E {“f(vf@*%r.) (E [T?’Q_2 | ]:i_egfz—m]) ‘ fi_en] (4.2.16)

e e liapeey (817971 7 oa]) | 7 gora] | 7n]
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Again by (4.2.15]), we may replace ]E[TT-L’Q*2 | 7, 0(@4)] by IE[T@’Q*2 | ‘7-"2._9%373)] in (4.2.16)). Re-
peating this procedure Q times, we obtain at the end Hpeymo )( [0 | .7:1.79510)]) = uf(E[T?’O |
Fi—o,]), which shows ([£.2.9).

So it remains to prove (4.2.15)). For the function (u,v) uf(u+.)(v), we use OX to denote
differentiation with respect to u (where x’ € NSXL ) and 9X" to denote differentiation with respect
to v (where X" € NngL)X(dXL)). A Taylor expansion of fiyyrr g (E[X7" | ‘Fi—eﬁf)]) around the

point (Y;*", E[Y;"" | F, ,-1]) decomposes the difference inside E[- | 7" | in (4.2.15) into

L [t/An]-L+1

A?L Z Z E[ax ILLf Yn 'r+)( [T?’T‘ ‘ fi_GT(‘erl)]>
=t |y |=1

1

X
X {E[T?’T | fii‘gg)] — E[T?’T | f‘ieg_l)]} ‘ fl'n_gn‘|

(4.2.17)
[t/ An]-L+1
+ A2 Z Z //| E|o* 'uf(Y?’r-i-‘)(@?)
i=0p+1 |x'|= 2 X
X//
X {E[T?’r ‘ -};—Gﬁf)] — E[T?’T | -F;—G,Elrl)]} ‘ ‘Fin_gn‘|
with some T} between E[Y]" [ F. g(r)] and E[T}"" [ F, - 1)} Write
E [p(iegq_l))Anpz’;—e,(@ql))An ‘ J_'.Zn_eglr):l —E |:p( 9(‘1 U)A p( e(q 1)) An ‘ ‘/_-Zl_egrl)]
_ T T
=k [p (1= )AL -0l A, T Pa-60 ) a0 -0 DA, ‘ 7, :6)&”} (4.2.18)
—-E |:p(z (q 1>)A p( 9(q 1))A _p( g(T U)A p( 9(7“ 1))A "F;ngy—l)]v
and note that, because of (3.2.11), (3.2.12) and the identity
Ty — 2oYo = Yo(T — T0) + Zo(y — yo) + (z — 20)(y — %o), (4.2.19)

the two conditional expectations on the right-hand side of (4.2.18]) are both of size (05{"*1>An)1/2.
The same holds true if we replace Pli—gla=D)A by o(;_1)a,,- Therefore, we deduce that

1

H g < (BTDA,)3. (4.2.20)

Fig]

E|[E11}" | 7, 0] - B2

_ _ _p(r—=1)
As a consequence, the second expression in (4.2.17)) is of size A, 1/2((0,(f 1)An)1/2)2 =AY
which goes to 0 as n — oo since all numbers 6(") are chosen to be smaller than 3; see ([£.26)).

Next, we expand axuf(y?,r+_)(E[T?’T | .7:1.792“1)]) around (0, E[Y"" | ,7:2.79;“1)]) and write
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the first expression in (4.2.17)) as ST(t) + S5(¢t) + S§(¢), where
L [t/An]—L+1

St(t) = AZ Z Z Elaxllﬂf(E[T?’r | ./Ti_agq)])

=041 |x|=1

XI/
X {]E[T'var ’ fi_gy)] - ]E[T:L’T ‘ ‘F;‘_@g'l)]} ‘ ‘Finen‘|7

1 [t/An]—L+1 y
S5 = AR > > E[@X O g (B[T]" | F,_yo-v])
i=0n+1  |x/|=1,[x"|=1

X//
X (Y?’T)x {E[T?’T | ‘7:1'70,(1’")] —E[Y" | ]:Z-Gif_l)]} ‘ ]:;n_gn],

L [t/8n]-L+1 1 o
sty =A2 Y 3 X”Elax Ot pep ) (BT | F, o))
i=0n+1  |x'|=2, [x"[=1 "

X
x (Y"")X {E[T?’T | ‘Fi—eﬁf)] —E[T" | ]:i_egl)]} ‘ f?_gn],

and ¢ is a point between 0 and Y}"". Observe that 0X" s (E[Y]" | Fo ge-n]) I8 F,_je-n-

measurable and that the F" H(T,l)—conditional expectation of E[T;"" | F o] —E[Y" F, =]
1—Up —Un —Un
is 0. Hence,
" r 7 r x"
E |0 1y (BIY1 | 7,y {BIX | 7, yo) =B | 7 yonl} | 72, | =0

and it follows that ST(¢) vanishes.
By [30, Equation (D.46)], given |x/| = |x"| = 1, we can find o, 8,7 € {1,...,d} x {1,...,L}

such that
a:uf(u-i-~) _ 1

X/ X// o
IOty (v) = DurOvy 3 )= Stz

18,5, f (ut-) (V)-

If u = 0, since f has odd third derivatives, we have that g, r(v) = 0. Therefore, the X ox" -
expression in S5 (¢) is equal to 0 and S5 (t) vanishes as well. Finally, we use the generalized Holder
inequality as well as the estimates (4.2.20) and (4.1.4)) to see that
1
‘4:| 1

, [T/8n]- 141 ,
sai Y B[R [T I F, ] - BT | F, e
i=0,+1

E [sup s5o)
t<T

< AREAZOO-H) (gD A )3

This converges to 0 as n — oo if 29(T)(1 —H)— %9(7’_1) >0forallr=1,...,Q — 1, which is

equivalent to (") > 4(1i H)H(’"_l). Because ﬁ < 1, this condition means that #(") must not

decrease to 0 too fast. By adding more intermediate 8’s between 6(9) and #(@—1 if necessary,
which does no harm to (4.2.6)), we can make sure that this is satisfied. O

Lemma 4.2.3. The convergences (4.2.10) and (4.2.11)) hold true.
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Proof. We perform a Taylor expansion of ji;(T}%) around ]E[T?’O | Fi'p, ] and we write

pp (T30 = BP0 | Frg ) = S0 0%up (BT | Fig,]) (070 — BT | Fp,])
[x|=1
1 ~ n n
+ 3 o) (070 - BP0 | Fr,, )
=2 X*
(4.2.21)

with some ¥/ on the line between T** and E[Y!"* | F , _]. The expression ;" Vg0 Filo]
contains the difference

T
Pli-0la=) A0 (=0l DA, [p( -6 A, P( oA, ‘f?—en]

and a similar one with Plipl=D)A replaced by o;_1)a, - Inserting ppT or ool at (i — 0,)Ap

artificially [cf. (4.2.18)], we can use (4.2.19) and the assumptions (3.2.11)) and (3.2.12) on both p

and o to find that the term in the display above is of size at most (9 A )2, This immediately
leads to the bound E[| Y] — E[YM | F7, ][]V < (6,A,)"2, which in turn shows that

the second-order term in (4.2.21)) is op(v/Ay) by (3.2.14). Therefore, in (4.2.10)), it remains to

consider
[t/Ap]—L+1

VALY oy (B | )) (T - B | F, )

i=0n+1  |x|=1
For each i, the ZM 1-expression is J;'-measurable and has a vanishing condltlonal expectation
given F' , . We can therefore use a martingale size estimate of the type (4.1.6) to show that
VA, Y (B[O | 7y 1) (000 — 'Y | 7y, 1)
Sup Z Za:“f( | N i —E[X | Fil,]
1= 9n+1 ‘Xl 1

which tends to 0 by (3.2.14])). This proves (4.2.10)).
For (4.2.11)), recall Y™ in (3.2.18)) and define A?Y = T — T:L’O. Then

Q

[t/An]—L+1

] < V0 (6n,A)2,

(AT ) e = 221 (p(il)Anp%;_l)An - ”(i—e,&q—”mn”?;_e;q1>>An)kk,
q:
(+L=1)An AT, g(s)A” ,_,9(8)
i+4—1 i+ —1
. /( RN Azl L o) -0 a0 (9) 45
for all k,k' =1,...,dand ¢,¢' = 1,..., L. By Taylor’s theorem,
L /A= L41 | )
Ar Y () = (170}
i=0p+1
L [#/An]—L+1 ‘ L [#/AR]—-L+1 <4'2'22)
= A2 Z Z 8Xuf(T””)(A?T)X+A2 Z Z —8Xuf (O (AFT)X,
i=0n+1  |x|=1 =01 |x=2 X

where 07 is some point between Y™ and T?’O. Holder’s inequality together with the identity
(4.2.19) as well as the moment and regularity assumptions on p show that the last sum in the
above display is of size

w\»—'

AL Z A49(Q>(1 H)
q=1
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which goes to 0 as n — oo [compare with m Next, recall the decomposmon of
the noise volatility process p. As before, we incorporate the drift ¢t — fo bs ds into ,0(0 SO that

p=p® + p with p{") = [! 5, dW,. By (@E219),

/

P?f—nanpl&flmn - Pfﬂe(q—nmnﬂéfg&q—n)An
_ [ ke (0),k"¢ (0),k"¢ K'e (0),k¢ (0),k¢
= <p(i_e£;1”)An {'0(Z DA p(i_eﬁfl))an} TP )A, {p(il)An B p(i—eff”)An})
ke (1),k"¢ (1),k'¢ (1),kt (1),k¢
T (p(i—eiﬁ”)An {p(i—I)An - p(i_e;‘?”)an} * p( 9<q N, { Pli-1)A p(i_e;‘?”)an})

Kt ke k'e k't
+ (p(i—l)An - p(iaﬁﬁl))An) (P(i—1)An - p(ieﬁﬁl)mn) )

The remaining term AP ZEZQA?;]_ILH > lxl=1 X (Y™)(APY)X in (4.2.22) can thus be written
as TT(t)+ T4 (t)+T%(t) according to this decomposition. By Hélder’s inequality and the moment
and regularity assumptions on p, we see that T%(t) is of size at most

Q
1
AR 2309 DA,) A2, (4.2.23)
q=1

which goes to 0 as n — oo as we saw in (4.2.13]). Similarly, thanks to the regularity property

[B-212) of p(@, we further obtain

Elsupmgl( <Ay 52 (11 A, )Y AZW (1= H),

t<T

and this also goes to 0 as n — oo by our choice (4.2.6]) of the numbers 9,(5171). Finally,

L [/80 =L+ Q

ORI D SHED S SR e w)

i=0n+1  q=1|y|=1

. (i+L—-1)A, A?Q S Té?g 3 X
" {Wq 1/( (i%’ ( )]l<(i—6£q*”mn,(z‘—9£ﬁ))An)(S) ds} 7

1—0n)An n

where

n,t

_ (1) (1) (1) (1) T
Tg" = P @)A, (Pu—mn T Puseya, > + (P(z DA, P(Mgpmn) Pli—o@)A,

Let T%(t) be defined in the same way as T}(t) except that in the previous display, T is

replaced by TZ zl, obtained from Y™ by substituting (i — Héq_l))An for (i — 1)A,, everywhere.

By the generalized Hélder inequality and the regularity assumptions on p and o, the difference
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T2 (t) — TH(t) is of the same size ([£.2.23)) as T4 (t) and hence asymptotically negligible. Next,

Q , [/An]-L+1 ,
T” ) = Z A1’2L Z Z 8 Hf T’ﬂ K { ( ;Lll E |:7T7q%_11 f;ne(q—l):|>
g=1 i=0n+1  |x|=1 "
(HL=DAn Alg(s)TATg(s) *
8 /(i_gn)An A2 L(amof)a, -oi)a,) (#) 48

(4.2.24)
[t/A —L+1 Q

+A2 Z Z Z Mg ’I‘nl { [ gfl ’ff_eﬁql)]

i=6,+1 q= 1|X| 1

(L2 Afg(s)T Aflg(s) '
g /u_enmn A RN IO

For fixed ¢, the first term on the right-hand side of (4.2.24)) is a sum where the ith summand is

Fy ;_1-measurable and has, by construction, a zero .7-"z (a- 1)—cond1tlonal mean. By a martingale

size estimate of the type (4.1.6} , that first term is therefore of size

Q Q _
Z /ev(zq_l)(eﬁlq_l)An)%Aie(q)(l_H) _ ZA%—G&Q 1)+26(c)(1—H) 0
q=1

q=1

(9)

as n — oo since all 0" < % Since stochastic integrals have mean 0,

d
(1),ke (1),ke n _
E [(p(il)ﬁn B p(i—oﬁff*“mn) ‘ }—z‘—eif”} =2 B

m=1

(i—1)An
[0 a2 o
(-0 ) A o

which means that, in fact,

7‘ 1 1
E [W:;_Zl }-21_95:11)} = p(iig;q—l))AnE {(pgizl)An — péig(qﬂ) )T ‘ ]:in_gﬁlql)}
(1) (1)
+E |:(p(i—1)An - p(ifeﬁf 1) ‘ .7: g(q 1) P( e(q D)A
=0.
Therefore, T4 (t) is asymptotically negligible and the proof of (4.2.11]) is complete. O

Proof of Lemma Recall the expressions X7'(¢) and X5(¢) defined in (3.2.19). For a given

multi-index x € N(dXL) (dXL), let

Qy(x) = 2%,  xeRE@DXExL) (4.2.25)

which is a polynomial of degree |x|. By Taylor’s theorem,

[t/An)-L+1 N(H : AU—R)(1-20)
X =a7 Y Z > *5’% (=DA)) Y D ————
i=On+1 =1 |x]=j X k=1 |/ |=k X (4.2.26)

X O Qu(e((i = 1)A) {1 = 7((1 = )AR) = AT e((i = 1A}
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The key term in (4.2.26]) is the expression in braces and we have [recall (3.2.6) and (3.1.9)]

T — (i —1)A,) — AL (1 = 1)A,)

(i+L-1)An AR (s)TA’? (3) L,L
_ T 2,9 2,9 H
= PE-1D)APGE—1)A, {/(iBn)An A%H ds — (F\f €/|)g7z/:1 (4.2.27)

(i=0n)An ATg(5)T Alg(s)
_p(ifl)Anp:(_[;_l)A" /—OO A%H d37

=4 220 AL g(s)AL, 4g(s)ds by ([.4.2). The last integral is < AZ0-H) by

because I'

Z
Lemma 1| (3). Consequently, if we apply the generalized Holder inequality to (4.2.26) and
take into account the moment conditions ([3.2.11)) on p and o, we obtain

, NH)

<A, Z ZA; B)(1-2H) AR20(1-H) < A §+0(1—H)H0

B [sup X7
t<T j=1 k=1

by (3.2.14)). Using (4.2.27) as well as (3.2.11]), we further see that the magnitude of Y™ — 7 ((i —
DA,) is S AL 4 A —H) Thus, again by the generalized Holder inequality, we deduce that

E [sup ]Xg(t)]] < A;% {A;N(H)-H)(l—ZH) i A%N(H)-H)ze(l_H)} =0
t<T

by the definition of N(H). O

Proof of Lemma [3.2.10. The first convergence (3.2.20]) can be shown analogously to [64, Equa-
tion (5.3.24)] and is omitted. For (3.2.21)), we write the left-hand side as Z;V:({{) 73 (t) — Z"(t)

where

| o [t/A L+1
Zy(t) = A7 /( s {aXuf (r((i = 1An) e((i = 1)An)*

vl
i= 9n+1 x| ]X

Oy (n(5)) c(s)X} ds,
., N(H) .
Z"(t) = An / Lio<s<t,n,y + L{t/a0+L-1)A, <s<t}) Z Z ;8’( g (m (s)) AL =2 e(5)X ds,
=1 |x|=j

Using the moment assumptions on o and p, since t — ([t/A,] — L+ 1)A,, < LA,,, we readily see
that

[un

_1 _ 1
<AL (0 An + LA S AZ T+ AZ 0.

E lsup Z"(t)|
t<T

Let j = 1,...,N(H) (in particular, everything in the following can be skipped if H < %)
and consider, for y € N((]dXL)X(dXL), again the polynomial @), introduced in (4.2.25)). Using the

mean-value theorem, we can write

[t /An] L+1

n —14+j(1-2H) L )
Z3() = ATV DY RN SRS GR RN R

i= 9n+1 Ix|=J ™ Ix1+xz2|=1

< (i = DAL — 7() P {e((i — 1)A,) — e(s)}2 ds
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for some matrices C}L’i and C?H By the generalized Holder inequality as well as the moment and
regularity assumptions on o and p, we deduce that

E [sup |Z§P(t)’ < A;%ﬂ(l_QH)A;lAnAé _ A%(I—QH) 0

t<T

for any H < % This concludes the proof of the lemma. O

4.3 Proofs for Section [3.3

Proof of Theorem [3.3.3, Since ¢ is invertible, we can write

H=¢! (MH)Ht> = G({a, T™II,, (b,T7)IT,),

(b, TH)II, (4.3.1)
H" = G((a, V"), (0, V1)) = G((@. V"), (0. V)"),  Gloy)=¢ (5) '

As G is infinitely differentiable on R x (R \ {0}), we can expand H" in a Taylor sum around
({a, THYIT;, (b, TH)IT;) and obtain

H" — H =Y 9*G({a, D)L, (b, D")TL,) ((a, V") = (a, DT)TL, (b, V") = (b, FH>Ht)X +H",

Ix|=1
= 5 A () — (L 0,7 - 0.0 )
Ix|=2 '

(4.3.2)

where ¥ € N2 and a" is a random vector between ({a, V;*), (b, V/*)) and ((a, ¥, (b, TH)I1).
By straightforward computations,

OMOG(,y) = (p71) (33)

an (0,1) x = (1Y z ﬁ. 3.
; 4 90VG(x,y) (90)<>2 (4.3.3)

Y,y

< | =

Therefore, (4.3.2) becomes

~ a.TH
H" — H = (@71)/ (ib:£H>>> <b’ F]H>Ht (<a” ‘/tn> - <a7FH>Ht>

_ (90—1)/ <<(I, FH>> <CL,FH>Ht <<b, ‘/tn> . <b,FH>Ht) +H

(b, T ) ({b, TH)IIL;)2

_ (@) (e(H))

g, L@V = @ T — () (8, V7) = (0,111} B

(4.3.4)

Because H € (0,%) or ag = by = 0, the first expression on the right-hand side of ({#.3.4) can
further be written as

W{QT_@(H)I)T} {th—FH/Ot,ogds—el /OtagdsA,ll_QH]l i’é)(H)}’
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Moreover, by Corollary the term H" is of magnitude A,, and hence,

1 -1y
Ap?(H" — H) = ((P<b )ng(li)) {a —p(HW"}

_1 t t -1
X Ap? {‘/t”—FH/ pgds—el/ JgdsA}fﬂ{]l[i %)(H)}—i—AnQ]HI”
0 0 ’

st, (971 ((H)) Jo pids
=, ﬁ {a = (HWT} 2~ N (0,VarH,0(f0t°p’éW> ,

which proves (3.3.5]).
We now turn to the convergence stated in (3.3.7) when H > 1. We decompose

(e, V) 1 H 11 ar H
VORI GRSV S S G SRS (100 P G 3 {<c7r )~ (T >}
Y eriny i 1Y b
<C, 8H1“ﬁ”) ~
={V§, — 11} — — v - THIL ) + 1 {H™ — H} + V",
ot (c,0HMy " ¢, TH")
1 8"y -
= Lyp, (6 0unl7) >{H” ~ HY?,
2" (e,

(4.3.5)
where Oy T is the second derivative of H + (T4, ... ,Fg ) evaluated at H and 8" is somewhere

between H™ and H. Since ¢y # 0, the first two terms in the second line of (4.3.5)) are of magnitude

AL=2H <yhile the third is of magnitude ATIL/ 2 by our first result (3.3.5)). Finally, V" is of magnitude
A, so using Corollary we deduce

2H—1 n o (¢, Vi) P . 1 _ ( _ 1 >

Reusing the Taylor expansion of H" from (4.3.4) and recalling that ag = by = 0, we further have

that
_1 n 1
ATL 2 {V*Ont _ <C’ V:)i > o (1 _ _ CO) Ct A}/L—QH}
" Ae,TH™) (e, TH™)
_1
An ZCT{‘/tn — PHHt — elCt A71172H}
(e, TH")

_1
= A2V, = — Ce A2} —

(c.onT")
(e.T11")

_ (elT - SECL e Ca (U w(H)bT})

1 - _1

¢, TH™) (c,DH™y (b, TH)IIL,

1 1 o FI:}"
x An 2 {V = THI, — e1C ALY 4 A2 (HtWH” + V")
c?

ot T ¢, OgTH) (™YY (p(H
- ('”T T R s (et G “’(H)bT}> Z’“
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It remains to normalize the left-hand side of (4.3.6)) in order to obtain (3.3.7)):
yreem | (o (e V) 1 B
ATL2 %7?5—7% 1— = CO _Ct
(c, TH") (e, IH")
st 1 ot (e oul) (07N (e(H)) ¢ 7 T
_ — —@(H)b Z
= (1= o) < T R o L i v e Gl B

¢
NN(O,VarC/ pl ds).
0

Finally, we tackle (3.3.12)). We use the mean-value theorem to decompose

_— 1 1L, -3 I
= st {le v e - At {wr ™) ) s
~ iy (W T - o™ - )

where B” is between H™ and H and therefore satisfies B” B H. As before, because % < H<K< %
or ag = by = 0, we prefer to write

LA {vr =1t} = _a A (Vi =18, — G AL 1 0 (H) )
n t t _<a Fﬁn> n t t t =n i3) :

v
(@, TH")

Using Corollary and our first result (3.3.5]), we infer that A;lm((a, Vi /(a, Fﬁn> —1II;) con-
verges stably in distribution. Applying again the mean-value theorem, this time on the function

H — A72H and recalling the identity AL-2HV ~y = Vi, we further obtain

AL —T1) = AL <<a’ v Ht> Rz {Al—ﬂ?” - AHH}
(a,TH™) (a,TH"y U" "

_1 n =n _1 -

=A,?2 < <Q7VE> _Ht> o \B VT <a V;t > Al 2H1 (An)A%(HfB )An2 {Hn—H}
(a, TH") {a, ")

and B" is again some point between H™ and H. Observe that by (3.3.5), 3" converges to H at

a rate of Ay 12 . Therefore, Ay 2(H—F") — 1 as n — oo. Normalizing by log(A,,), we conclude from

(3.3.5) that

A’:L% n Ai% <CL, ‘/tn> _ . <a V;‘/ > 2(H—- 3" ) 2 ~n o
log(An)(H ~ )= log(Ay,) <<a,rﬁ") Ht) (a rH”>A An { H}

t 4 t

d

—2IL; N O,VaerM ~N<O,4VarH,o/ p‘sl ds).
(Jo p2ds)? 0
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Proof of Proposition[3.3.5, Starting from (4.3.1)), we expand

N(H)

A;% (Ef” ) le l);] 8XG a V;§<> <ba V;fn>)(_1)j
x A7 (V) — 0, T, 0,V — (0, T — 17,

OXG(a™
x!

™= Z
IX|=N(H)+1
(4.3.8)

where x € N2 and @" is a point between ((a, ['*)T1;, (b, T*)T1;) and ({a, V;"), (b, V;*)). In contrast
to the proof of (3.3.5)), we expanded H™ around ({a, TH)IL,, (b, TH)IL,) and not ((a, V;*), (b, V;*)).
We consider the terms where y = (j,0) for some j = 1,..., N(H) or x = (0,1) separately. In
the first case, 9XG takes a simple form, namely

N\ 1
8XGCE,y = 9071 () ()7 X = jaoa .7217
@) =09 (2) 2 x =G0
in the second case, 0XG(z,y) was computed in (4.3.3]). With that in mind, and recalling (3.3.19)),

we have that

s N(H)
Ay |H'—H+ Y &7c]

7=1

= (Y (BU") gy {0 — UMY} A7 (V= D1, — G, AL

N(H) . |
(_1)]+ —hHl H" 1 ~3 J C
+ 2 7l (¢ 1)(1)(¢(H ))WAn {(<a V") — (a, FH>Ht) _Q%CtJA%(l 2H)}
N(H) . : 1
_ aXG(<a7Vt‘>7<b,V; >)(—1)JA;§(<Q, VY — (0, THYIL,, (b, V) — <b,FH>Ht>X
7=2 x#(5,0) X
o (4.3.9)

By the mean-value theorem and Corollary one can easily see that A, Y 2{(<a,Vt”> -
{a, THYIT,)T — angA%(kZH } is of magmtude A i~/ Thus, the second term on the right-
hand side of is asymptotically negligible. And so are the third term in and I™:
For any x = (j —4,i) € N3, Corollary and assumption @ imply that A;1/2(<a, Vi) —
{a, THYIT,, (b, V") — (b,TH)I;)X is of magnitude AYTIO=2HH2712 0 g therefore asymptoti-
cally negligible as soon as ¢ > 1 and j—i¢ > 1. Similarly, I" is of magnitude at most A(N(H)H)(l_zH)
which goes to 0 by the definition of N(H). Altogether, we obtain by Corollary |3.3.1] -,

s NGy
AP |H'—H+ > @30

j=1

t 4 s
67 ) i {7 A} 2 7 0V B

which concludes the proof. O

DM AT (V) — (0, DT 0,97 — 6, 7),

~1/2
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Proof of Proposition[3.3.6, We start similarly to the proof of (3.3.8)) and decompose

vy - Y vy - — () - a0
<CL, F > <Cl,r > (4 3 10)
Ht or H e
F o (e -

We further analyze the last term in the above display and write

~

(a, ") = K ((a, V), (0, V) = K ((a, Vi), (b, Vi),
<a7 FH) = K((a, FH>’ <b7 FH)) = K(<av FH>Ht7 <b’ FH>Ht)7

where K(z,y) = ¢ (z/y) and 1 is the function from (3.3.24)). The following derivatives will be
needed in the course of the proof:

. . 1
OWOK (,y) = 1 (;) S izl

VK (z,y) = — /<$> Sy
(z,y) = —¢ )

We now expand (a, ') in a Taylor sum around the point ({(a, V;*), (b, V;*)) up to order N(H),
singling out the two first-order derivatives as well as the derivatives 9U-0):

(a,T"y — (a,TH)

Y I 1 a. V™ — (a.TH _ rn n\ __ H
= VO gy ({60 V) = @ DO =6 {0, V) = 0T}) o
(—1)] j =~ 1 n n
-X 5 D ($(H ))<b,Vt">J‘ {<a,v; ) — <a,I‘H>Ht}J — ",
where
N(H) n n 1
7 Z Z aXK(<a,%‘>7 <bth >)(—1)jA;§ <<a’ th> N (a,FH>Ht, <b, V;n) _ <b, FH>Ht)X
7=2 x#(j,0) X
oy PR A (v - 0, 0.7 - 6.0)

=N+ X

and @" is between ((a, T, (b, TF)IL;) and ({a, V;*), (b, V;*)). Using (4.3.10) for the first and
(4.3.11)) for the second equality, we find that

A3 ( {ngt _ {a V) } B (1 - aw_ I aoW(éf)(ﬁn))) C, AL-21

(a, TH™) a, TH")  (a,TH") (0, V{")
N(H) [ j
11 (=17 Gy, ap j '12H>
& : H" ) AJ(1-2H)
iy & gt O g G
1 1

1 1
= A2 { Ve =10 — G — A {(@, V) = (@, D)L - a0y AL}

(a,TH")
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I s NED (1 al
+t~AT_L?{<a FH Z 1/}(3 ))<b‘/;> C]A(l 2H)}

_ {6{ B < CLT~ 4 Ht; ¢ (@b({n))(aT _ ¢(f_jn)bT)} A;% {th —FHHt _ elctA}@iQH}
a,

II : - 1 _1 . ; o
_< F%"> ;! W9 (o(H ))<b ‘/}”)jAn2 {{(a,V; ) — <a,I’H)Ht} —alcinIt 2H)}
a, e ! ,
T (4.3.12)
(a, TH")

For the exact same reasons as explained after , the term involving J" is asymptotically
negligible: ((a, V;*) —{a, THIL,, (b, V;*) — (b, TH)II;)X is of magnitude A2 2 o AB/2-20
if [x| =2,...,N(H) and x # (j,0), and it is of magnitude < ANUEDFDA=2H) ¢ x| =N(H)+1,
in both cases, the exponent is strictly bigger than % Moreover, by Corollary

A2 (0, V) — <a,FH>Ht> iy
which implies that the second term on the right-hand side of (4.3.12)) is of magnitude A%’”W

for j =2,...,N(H). Thus, by Corollary the left-hand side of (4.3.12]) converges stably in
law to

CLT t !
2 {e? - T+ T e - qs(H)bT)} z. (13.13)

Next, we replace IlI; in the first two lines of (#.3.12)) by AL=2H ]3,5”, where 13t” was introduced
in (3.3.21)). The resulting difference is given by

N(H j j

1
A;§ Al—QHPn I n a X 1
{4, i} Z o(H ))<b Von>jcg AJA—2H), (4.3.14)
! Vi

(a,TH")

By the proof of Theorem [3.3.2| [see (4.3.7) in particular], the term AEI/Q{A}L’QHE” —II;} con-
verges stably in distribution. As a consequence, the expression in the previous display converges
to 0 in probability as n — oo. By (3.3.23)), (3.3.26|) and (4.3.13)), it follows that

14 N(H) A
An2+(1 2H)<{V0nt _ <CL V;; > }AQH 1@(Vn Hn HnO) —C+ Z W?Cg)
© {a,0H") =2
~ ~ ~ _1 n ~ ~ ~
— Q(Wn,Hn,Hn’O)_lAn 2 ( {V()?,lt _ W} _ @(V;n,Hn,HnD)Ct ATIL_ZH
) (4.3.15)

Al pp N (<1

(a,TH™) 2,

= !

; v (o(H o :
N (1 - <a7aIC3H> + <a,I‘§{>(<b,)IzH)ao> Z, NN(O,Varc,l/O pl ds> .

WO () Cinfl‘w))

The CLT stated in (3.3.25)) is proved. [
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Proof of Proposition[3.3.7, We first prove by induction that for £ =0, ..., N(H) — 2, the differ-

ence C" ¢ converges in probability with a convergence rate of A(HZ)(I 2H) 1f¢ = 0, then

CnZJrl _ Cnl so by m,

1 (i e w'<¢<H>>> )C

~ 1

A2H-1 (@nl _ P 2@ (h(H -
oy (Ct Ct> — 2¢ (¢( )) <a,FH> <b,FH>2 CL,FH> + <a7FH><vaH ap

Suppose now that Cn e+l — (' converges at a rate of A(HZ)(I 2H) for ¢ = 0,...,¢ — 1. Decom-
posing

o 241 0+1 )

CZ’L,E +1 Ct _ Cn 1 Ct + Z \I’TLCJ + Z \Ifn{ né ]+2) Ctj}a (4316)

j=2 Jj=2

we note that the first term on the right-hand side converges at a rate of A%/+1)(1_2H) by (4.3.15).
The second term can be rewritten as

0+1 041 j j
Sowp{(@rry —cf = Z Z CJ e ettt oyt (43.7)

Jj=2

By assumption, 6’? (E=5+D+ —C} is of magnitude A% —i2)(A-2H) Furthermore, by the definition
3.3.26) of W7, the product \IWA(PJ J(1-2H) converges in the probability. Thus, U7 is of magni-
tude AV~ 1)(1 1) and we conclude that \I’”(Cn AR —C%)™ is of magnitude AYImE=i+2)(-2H)
A%,H)(l 2H) . Altogether, we have shown that C” b+ — C} is of magnitude A(Z FOA-2H),

We can now complete the proof of the proposition. By an analogous decomposition to (4.3.16])
with ¢/ = N(H) — 1,

<

N(H) . N(H) ~ L ,
Gt - o= {cf’l—mqu;cf}*zw{<c:“N<H>‘ﬂ“v—0#}- (4319
j=2 j=2

We know that CN'f NUH)=G+1 _ C; is of magnitude AgN(H)fj H(A-2H) Therefore, proceeding ex-

actly as in (4.3.17)), we see that the right-hand side of (4.3.18) times A,ll/2_2H is of magnitude
A(N(H)+1)(1—21LI)—]'/2
n

which goes to 0 as n — oo since the exponent is positive by the defini-
tion of N(H). Therefore, AY 2_2H{6'f NH) _ Cy} converges stably to the same distribution as
AYFHLEMY ) does.

Finally,

Sl 1 o
Ap 2{0217N(H ) _ Ciy = A, z{Ctn,N(H) O+ A, Q{Ctn,N(H ) Ct"’N(H)},

Since H " is a consistent estimator for H and H ¢ H, for small enough ¢ > 0 (such that the
event {|H" — H| <e} C{N(H") = N(H)}), we have

_l ~ ~7L ~ ~
P(A, 2 |GV _enNED | S oy < p(H" — H| > ) = 0 (4.3.19)

as n — o0o. Thus, the CLT of {6’?’N(H)—C’t} is not affected when N (H) is replaced by N(H"). [
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Proof of Proposition[3.3.8 We first decompose

H
y N()
—AE - H Y ®C] b apa, (G g,

7j=1
Ry nA~3 [ (FALNHENG b gl w5 (NG AN
+ 3 oA {(CPNIY — ol Y eraLr (G — (e
j=2 j=1

I N(H) . i N(H)
A2 {H" —H+ Y ®C) b +O1A2 O = C+ > TRCF 3 + 17,
j=1 k=2

(4.3.20)

where

N(H) L - |
_ 2:2: (I’?\IIZAnQ {(Cf, N (H)— k+1 } 2 : (I,nA 2{ N(H ))J_Cg}
NG ;
£y onart {(C,?’N(H )> ~ (e }

J=1

By the proof of Proposition [3.3.7| and the mean-value theorem, (éf’N(H)_kH)k — CF is of size

ANEZDA=2H) g (C~'t"’N n )7 —CY is of size A2 Furthermore, recalling the definition
of 7, we see that @?A;j(l_Q ) converges in probability. Hence, ®7{(C; N )) — oy
is of size AY/*TUZDA=2H), Also, W} is of size A0 QH), so PTURA, 1/2{(021 N(H)fkﬂ)k -
CF} of size ANEDFDU=2M=1/2 pecall also that A;1/2{C~'S’N(Hn) - 5’?’N(H)} is asymptotically
negligible by the last part of the proof of Proposition Altogether, we obtain that I} is
asymptotically negligible.

Now recall the precise definition (3.3.22)) of étnl as well as that of @(IZ”, H", ﬁn,ﬂ) and U}
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given in (3.3.23]) and (3.3.26)), respectively. With those definitions at hand, we can decompose

R N(H)
AZ CPt—Ci+ Y wrer
k=2
1 n ~ ~ ~
= ai e a0 vy, - VL pzin o, i im0
El <a,1—1Hn>
ARy R (-1

>

<a, Fﬁn> j=2 .]‘
D R Py
— AnQQ(VYL,H”,H”’O) {{ A a Vt }

>
Y 0 aoy'(¢ C,AL-2H
(a,TH") * (q,TH") (b, Vt

(J % (j-1)(1-2H)
VO (U)1AY }

N(H) i
1 ~1)/
+—= )

<CL, FHn> j=2 ‘7'

YD (G(H™) it -Cz’A%(”H)}

1
=N _ . AT_LE A1—2H]3n —_1I
+ @(‘/tn,Hn7Hn,0)fl { t t}

> Oy (am) By agi-2,
(4.3.21)

The last term in the above display is asymptotically negligible as already seen in the discus-
sion follovvlng , while the first term on the right- hand 51de of was analyzed
in the Comblmng this with the Taylor expansion ( of H ”, we can continue the
computations started in . We have

L N(H)
it o Yo @)
= (¢‘1)’(¢(ﬁ"))

(b, Vi") @ el o (v =1, - erCy AL

n A2H-1 N L 0 D a” 1 W(@f’(ﬁn)) ol — b(H" T}
+ (@FAZIYO (Vs 7, H) { o ey G @ )

_1 ~
x Ag 7 {V = THIL, — 1 QALY 4T

~ ~ _1 =
= wy(H", B, V)AL {V = PP, — e AL ) 4T, (4.3.22)
where

wl(ﬁn’ﬁn,O,V;n) _ ((bil)/(qﬁ(ﬁn))

T _ FI” bT _ ﬁn ﬁn,O v
<b, Vvtn> {CL d)( ) aoul( 5 s Vi ) )

[

w (H", H™0, V") = (6{_< < + ' (p(H™))

al — rrn\p T )
a,TH") <b,vtn><a,rff">( o )>

(4.3.23)

@(‘/}tn’ ﬁn7 ]LNIn,O)

In ﬁ’f, we have incorporated the last three terms on the right-hand side of (4.3.9)), the last
two terms on the right-hand side of (4.3.12)), the last expression in (4.3.21)) as well as [} from
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(4.3.20). By the discussions following these equations, we know that f’f is asymptotically negli-
gible. Therefore, we obtain

_1 N(H) 1 U)ir 0,0 ds
AZ{H"—H+ o (C S Lz N[0, Varg 205" )
le ey m ( (K zds>>

To conclude, it remains to observe that this CLT is not affected when N(H) is replaced by
N(H™) because H ¢ H; cf. the argument used to show (4.3.19). dJ

Proof of Proposition[3.53.9, For k =2,...,m, define

N ~ T I N -
uk(Hl?—laHn7V;fn) = 6? - a/\n + ’En <a76HFH>wk—1(H/?—27Hn"/tn)
<a7 FHk71> <a¢ FHk71>

(=) ($(H™))

wk(ﬁgflﬂﬁmvtn) = <b V;n)

{GT — ¢(H™! — agup(HP_1, H, V;n)}.

In the definition of ug(ﬁ,?_l, H", Vi), the term wl(ﬁ,’g_l, H", V") is replaced by wy (I;T”, H™O, Vi)
from (4.3.23)). By induction over k, we are going to show for all k =1,..., m that

1 ~ ~ _1 ~
An? (H = H) = wi(B_y, " V)AL VP =TT, — e CGAL2T L+ T (4.3.24)
for some asymptotically negligible expression ﬁz and

Pwk

uk(ﬁg—l’ﬁnvmn) _P) Ufa (Hk 17Hn Vt ) Ht

(4.3.25)

where, for k = 1, we take the expressions in (4.3.23]) instead. Since (4.3.24]) was already shown

in (4.3.22) and (4.3.25]) is obvious for £ = 1, we may consider k > 2 now and assume (4.3.24])
and (4.3.25)) for k — 1. In particular,

NM—A

s, Wiy ft s d
An {Hk 1 H} — Hﬁ th./\/'<O,VarH7k1 ) )

It is straightforward to see that
we(HE B VY Bl and  wp(HP HY VM S Qﬁ : (4.3.26)

so we can proceed to showing (4.3.24) for k. Expanding (a, FH’?—1> around H and using the
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induction hypothesis, we can find 8}/_; between }AI,?_I and H such that

_1 1 1
= A7 {V3, — 11— ALY e )Aﬁ {{a, V") = (@, D)L, — agC AL
a, k—1
1 5
b A {(a,I‘Hk1> (a rH>}
<a7FHk71>
_ _% {Vn — I, — CAI*ZH} o 1 A% < Vn> _< FH>H o CA172H
= n (]’t t t n < Fﬁ? 1> n (L, t CL7 t aO t=n
a, -
11 H n Tn {/mn _% n H 1-2H T™n
+ ————(a,0uT!) Swp (Hf_p, H, VA, {Vt —THTI, — e,C,AL }+]1k_1
<a,F k71>
1 11 ORI SN 2
+ giin@,aHHﬁ )AL {Hp, 1}
) <(I, FHk71>
. ~ _1
:uk<H£1,H",m">(1— < - ))Am (Vi =T, — e AL} + 37,
a, k—1
(4.3.27)
where J}! is given by
II = 1 II n S IPN 2
#m,aﬂ’ﬂ no4 5#@, OpnT-1)A, 2 {H;;,1 - H} .
<a71—‘ k_1> ‘<CL,F k_1>

Because f,:}_l is asymptotically negligible by induction hypothesis and ﬁ,’g_l — H is of size Ayl/ 2,

we see that J} 2 0. Recall the definition of CA’t"k given in (|3.3.31f). From (4.3.27)) and (4.3.26)),

we infer that

—2H(

1 . ¢
AZ M) Sulz ~ N <O,Varc,k/ pl ds) ,
0

which (3.3.34). Now recall the definitions (3.3.31) and (3.3.32). Using (4.3.9) and the formula
P17 = —AL2H (¢~ Y (p(H™))ag/ (b, V") for the second equality and (4.3.27) for the third, we

obtain

1 N N(ﬁ’?‘l) : Lo
aot{fp iy = A a3 @pc] s eran {6t - o
j=1
N(H!_,) S |
+ > @?AHQ{(C;”“) _cg}
= (4.3.28)
—1\/ Hn _ R ~
— W{QT _ qb(Hn)bT _ aOUk(H]?_l,Hn,‘/tn)}
(b, Vi)

_1 ~
x Ag 2 {V =TI, — 1AL} 4T

~ ~ _1 ~
= wp (g, B VA7 {V =T, — e G AL 4T
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In the last line, ﬁg contains the last three terms on the right-hand side of (4.3.9)) as well as

N(H)\/N(Hg 1)

-1 N - e
Ik (1 - <a§n> + Zz I, {(C’f”“)j - cg} L AT 3 a7 (Gp) .
a j=

, T7k-1) J=N(H)AN(H?_,)

The term @?A;UQ{(CA'ZZ”“V —CJ} is of size A2 b cause @7 is of size A2 Also, the
last sum goes to 0 in probability by a similar argument to (4.3.19)). Therefore, ﬁz is asymptotically
negligible. This together with (4.3.28) implies (4.3.24)) and our induction argument is complete.

From (4.3.24), we immediately obtain (3.3.33)). O

Proof of Theorem [3.3.10, The proof of (3.3.39) is completely analogous to that for (3.3.34))
in Theorem while the proof of (3.3.40|) follows the same steps as that for (3.3.12) in

Theorem [3.3.2 O

4.4 Estimates for fractional kernels

Here we gather some useful results about the kernel g(t) = KgltH ~1/2 introduced in (3.1.6) [we
consider the case gy = 0 here].

Lemma 4.4.1. Recall the notation A} g introduced in (3.2.13)). Also recall the constant Kg in
(3.1.7) and the numbers (TH),>q in (3.1.9).
(1) For any k,n € N,

X N2 =2 ) L Moomoi o H-1)2 2H 2H
n(t)2dt = Ky + [ (PR = )E) drp AT < A2 (44)
0 2H 1
(2) For any k,¢,n € N with k < ¢,
_1
/ Alg(t)ARg(t) dt = A2H K, / (Hé—(r—nf 2)
x (=BT 3 = (r+ (0= k) = 1)73) dr,  (442)
| Argarg(tde = AL S A2TY,

where 1
=H . =H _ H
r, = —(r — 1)2(1_H), r>2, ry =ry. (4.4.3)

(8) For any 6 € (0,1), setting 0, = [A,%], we have for any i > 0,, and r € N,
(i—0n)Ap
/ AP g(s) A}, g(s)ds S AT AR, (4.4.4)
— 00

Proof. Let k < /£. By direct calculation,
| Atavazgta

K /kA (H : (S—An)f‘5> <(s+(f—k)An)H—é—(s+(e—k)An—An)’j‘5> ds

) dr,

l\)\»—‘

-zt [ <rH—%—(r—1)f‘5> ((r+(e B)HE (- k) — 1)
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which is the first equality in (4.4.2). If further £ = ¢, then

(3] 1 k 1 N2
JARSTIORTEIN L (/ Pt [ (71 = (- 1)) dr),
0 0 1

which shows (4.4.1)).
Now let (Bf);>0 be a fractional Brownian motion with Hurst index H. Then B has the
Mandelbrot—van Ness representation

_1 _1 _
Bl = K;II/ ((t—s)f 2 (=)} 2) dB,, t>0,
R
where B is a two-sided standard Brownian motion. Then
ATBH = / Alg(s) dB,
R

for any i. Therefore, by well-known properties of fractional Brownian motion,

[e.e]

/ ARg(s)Afg(s)ds = E[ALBY Ap B
—00

=E [BgnA?—k—HBH} =E [Bgntka)An] —E {BgnB{Lk)An}

| =

{A?ﬁ +((—k+DA) — (1 —=k)A,)*H

— A (= k)AL 4 (- K — 1)An)2H}
= AT,

which is the second equality in (4.4.2]). Next, use the mean value theorem twice on T'Z in order
to obtain for all r > 2,

ri = é ({(r—i—l)QH—TZH} - {T’ZH —(r— 1)2H}) <

< H(2H —1)(r — 1)?472,

(2H) ((r+ 1) = (r = 1))

N

which completes the proof of (4.4.3)). Finally,

(i—6n)An
[ args)azas) ds
(o.¢]
= AZTKE [T (#1E = = DT ()R (- D) e
S A [T (- - iE) ar g A [T (- 1S ar 5 AAYEE),
On O

which yields (4.4.4)). O
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