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Abstract

All living organisms rely on the catalytic activity of enzymes to carry out most of
their biological functions. Enzymes catalyze, i.e. accelerate, the conversion of the
so-called substrates into products. The efficiency of enzymatic reactions depends on the
encounter rate between enzyme and substrate. This, in turn, is affected by the enzyme
and substrate motion and also by their spatial arrangement.

Typically, in cells, substrate molecules diffuse while being exposed to several loss
mechanisms. To intercept them and shorten their diffusive trajectories, enzymes can
be placed in proximity of substrate sources. For example, in cases in which the
substrate is imported into the cytoplasm from the external environment, enzymes
are sometimes localized at the external membrane. In contrast, when the substrate
is produced inside organelles and diffuses into the cytoplasm through the organelle
membrane, enzymes are found to be bound to the organelles. In this thesis, we derive
an optimal allocation principle for the static spatial arrangement of enzymes so as to
maximize the reaction flux of an enzymatic reaction. The allocation principle applies to
systems where substrate enters either through the external boundary or the boundary of
internal compartments. By drawing an analogy between the biophysical enzyme spatial
allocation problem and an economical portfolio optimization, we are able to solve for
the optimal strategy. The solution allows us to characterize a transition in the optimal
enzyme arrangement from a fully bound configuration into a more extended profile,
where enzymes are also present in the interior of the system. Moreover, the optimal
strategy permits us to derive a deterministic construction algorithm to systematically
build up the optimal enzyme arrangement as the amount of enzymes in the system
gradually increases. The construction algorithm can help in the design of optimal
synthetic bio-reactors. In fact, the amount of enzymes bound and their localization can
be controlled with the use of several techniques.

While substrate molecules undergo a diffusive motion, recent experiments suggest
that the motion of enzymes can be affected by the substrate concentration profile.
Different models have been proposed over the last decade to describe the enzyme
motion and try to explain the experimental results, which are at times contradictory.
These models study how enzymes move in response to pre-imposed substrate profiles.
They neglect the feedback from enzyme transport onto the substrate caused by the
reaction. In this thesis, we show that such a feedback leads to spontaneous spatial
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Abstract

pattern formation from initial homogeneous concentrations for one of the proposed
models. For this model, enzymes can move in response to substrate and product
gradients due to nonspecific interactions of the enzyme with the substrate and the
product. These interactions generate cross-diffusion terms in the enzyme motion that
can drive the accumulation of enzymes in regions of low substrate and high product
concentrations. In these regions, the reaction then amplifies local substrate and product
fluctuations, steepening the substrate and product gradients, hence further driving the
accumulation of enzymes. Experimental analysis of spontaneous pattern formation
can in principle determine whether or not nonspecific interactions play a role in the
enzyme motion.
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Zusammenfassung

Alle lebenden Organismen sind für die Erfüllung des Großteils ihrer biologischen Funk-
tionen auf die katalytische Aktivität von Enzymen angewiesen. Enzyme katalysieren,
d.h. sie beschleunigen die Umwandlung der so genannten Substrate in Produkte. Die
Effizienz enzymatischer Reaktionen hängt von der Begegnungsrate zwischen Enzym
und Substrat ab. Diese wiederum wird von der Bewegung der Enzyme und Substrate
sowie von deren räumlicher Anordnung beeinflusst.

Typischerweise diffundieren Substratmoleküle in Zellen, während sie verschiedenen
Verlustmechanismen ausgesetzt sind. Um sie abzufangen und ihre diffusiven Wege zu
verkürzen, können Enzyme in der Nähe von Substratquellen platziert werden. In Fällen,
in denen das Substrat aus der äußeren Umgebung in das Zytoplasma transportiert
wird, werden Enzyme beispielsweise manchmal an der äußeren Membran lokalisiert.
Wenn das Substrat dagegen innerhalb von Organellen produziert wird und durch die
Organellenmembran in das Zytoplasma diffundiert, werden Enzyme an den Organellen
gebunden. In dieser Arbeit leiten wir ein optimales Allokationsprinzip für die statische
räumliche Anordnung der Enzyme ab, um den Reaktionsfluss einer enzymatischen
Reaktion zu maximieren. Das Allokationsprinzip gilt für Systeme, bei denen das
Substrat entweder durch eine äußere Begrenzung oder durch die Begrenzungen innerer
Kompartimente eintritt. Indem wir eine Analogie zwischen dem biophysikalischen
räumlichen Allokationsproblem der Enzyme und einer ökonomischen Portfolioopti-
mierung ziehen, sind wir in der Lage, die optimale Strategie zu finden. Diese Lösung
erlaubt es uns, einen Übergang in der optimalen Enzymanordnung von einer voll-
ständig gebundenen Konfiguration in ein erweitertes Profil, in dem auch Enzyme im
Inneren des Systems vorhanden sind, zu charakterisieren. Darüber hinaus können
wir von der optimalen Strategie einen deterministischen Konstruktionsalgorithmus
ableiten, um bei allmählicher Zunahme der Menge der Enzyme im System systematisch
die optimale Enzymanordnung aufzubauen. Der Konstruktionsalgorithmus kann beim
Entwurf optimaler synthetischer Bioreaktoren helfen. Tatsächlich kann die Menge
der gebundenen Enzyme und ihre Lokalisierung mit Hilfe verschiedener Techniken
kontrolliert werden.

Während Substratmoleküle einer diffusiven Bewegung unterliegen, deuten neuere
Experimente darauf hin, dass die Bewegung der Enzyme durch das Substratkonzen-
trationsprofil beeinflusst werden kann. Im letzten Jahrzehnt wurden verschiedene
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Zusammenfassung

Modelle vorgeschlagen, um die Enzymbewegung zu beschreiben und zu versuchen, die
manchmal widersprüchlichen experimentellen Ergebnisse zu erklären. Diese Modelle
untersuchen, wie sich Enzyme als Reaktion auf vorgegebene Substratprofile bewegen,
vernachlässigen dabei aber die Rückkopplung des durch die Reaktion verursachten
Enzymtransports auf das Substrat. In dieser Arbeit zeigen wir, dass eine solche
Rückkopplung bei einem der vorgeschlagenen Modelle zur spontanen räumlichen
Musterbildung aus anfänglich homogenen Konzentrationen führt. Bei diesem Modell
können sich die Enzyme als Reaktion auf Substrat- und Produktgradienten aufgrund
unspezifischer Wechselwirkungen des Enzyms mit dem Substrat und dem Produkt
bewegen. Diese Interaktionen erzeugen Kreuzdiffusionsterme in der Enzymbewe-
gung, die die Akkumulation von Enzymen in Regionen mit niedrigen Substrat- und
hohen Produktkonzentrationen antreiben können. In diesen Regionen verstärkt die
Reaktion dann lokale Substrat- und Produktfluktuationen, wodurch die Substrat- und
Produktgradienten steiler werden und somit die Anreicherung von Enzymen weiter
vorangetrieben wird. Im Prinzip kann man über die experimentelle Untersuchung
der spontanen Musterbildung bestimmen, ob unspezifische Wechselwirkungen bei der
Enzymbewegung eine Rolle spielen oder nicht.
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1. What is an enzyme and how does it
work?

Enzymes are catalysts that accelerate biochemical reactions at fast enough rates to
sustain life. As catalysts, they have the role of lowering the energy barrier for chemical
reactions to proceed. They are mostly proteins and are used by all living cells to
catalyze the conversion of food to energy, the formation of building blocks and the
disposal of waste chemicals. The enzyme catalysis begins with the binding of the
enzyme to a certain molecule called substrate. In this bound state the enzyme and
the substrate form a temporary complex, the structure of which favors the conversion
of the substrate into a product. Once the reaction occurs, the product detaches from
the enzyme and the enzyme is again ready for another catalytic cycle. The enzymatic
activity of an ensemble of many enzymes can depend on the amount of substrate and
product available in the surroundings, or it can be inhibited by other chemicals. In this
chapter, we provide a more detailed description of enzyme catalysis from an energetic
and structural point of view. Moreover, we present different enzyme kinetic models
describing how the rate of product formation is affected by changes in the amount of
substrate, product and how it is affected in the presence of inhibitors.

1.1. Discovery of enzymes

The word ‘enzyme’ was first coined in 1876 by the German physiologist Wilhelm Kühne,
from Ancient Greek έν (en,"in") + ζν́µε (zúmē, "leavened" or "in yeast") [1]. It referred
to the substances used by alive yeast cells to carry out the fermentation of sugars to
alcohol. It was only in 1897 that Eduard Buchner discovered that fermentation could
take place with cell-free extracts [2]. From this moment on, the word enzyme started
to be used to refer to extracts and substances able to catalyze biochemical reactions.
However, the nature and the mechanism behind the enzyme catalysis were largely
unknown until mid 1900s. It was in 1926 that James B. Sumner crystallized the enzyme
urease (responsible for breaking down urine into ammonia and carbon dioxide) and
showed that it is a pure protein [3]. Similarly, John H. Northrop in 1929 showed that
the enzymes pepsin, trypsin and chymotrypsin (active in the digestive process) are
pure proteins as well [4, 5]. Since these discoveries, enzymes have been long thought

1



1. What is an enzyme and how does it work?

to be exclusively proteins, i.e. composed of long chains of amino acids. However in
1978 and 1982, respectively, Thomas R. Cech and Sidney Altman showed that folded
RNA molecules can also catalyze biochemical reactions [6, 7]. Such RNA molecules
have been named ‘ribozymes’ (ribonucleic acid enzymes) [7] and to date they are the
simplest form of enzymes. The discovery of ribozymes is important in the context of
the origin of life on Earth. A long standing question in evolutionary biology is: What
came first, the proteins needed for DNA replication or the DNA strands containing
information about the proteins? In the ‘RNA world hypothesis’ we have RNA strands
that are both capable of containing information in form of sequences of nucleic acids,
just like DNA, and also show catalytic activity [8]. Hence a likely scenario for early life
on Earth is an environment where RNA strands have the opportunity of self-replicate
and store information encoded as nucleic acids sequences.

Although ribozymes might have played a crucial role in the early life, most of the
known enzymes in current living organisms are proteins or a mixture of proteinaceous
structures and RNA sequences with catalytic activity. Hence the main focus of this and
the following chapters will be on protein enzymes.

1.2. Enzyme catalysis

1.2.1. Energetics of enzyme catalysis

Enzyme catalysis initiates when a certain molecule S called substrate binds to the
enzyme E, forming the enzyme-substrate complex ES. In the complexed form, the
enzyme-substrate interaction favors the formation of the biochemical product P. Once
the reaction is completed the product detaches from the enzyme, the enzyme reverts to
its original form and is able to bind another substrate molecule to repeat the catalysis [9].
An overview of the thermodynamics of enzyme catalysis can be seen in Fig. 1.1. The
figure shows how the Gibbs free energy changes as the reaction proceeds in the absence
(purple dashed line) and in the presence (orange line) of the enzyme. In the absence
of the enzyme the reaction can occur spontaneously if the difference in Gibbs free
energy between the substrate and the product is negative [10]. This implies that the
product is in a favorable, more stable energetic state than the substrate. However a
high energy barrier, known as activation energy, needs to be overcome for the reaction
to occur. The activation energy depends on the stability of the substrate molecule. The
more stable the substrate molecule, the higher the barrier and the longer it takes for
thermal fluctuations to push the reaction forward. The rate of the reaction strongly
depends on the rate at which the state corresponding to the top of the energy barrier
is reached. Such state is called transition state and once it is passed, the substrate
quickly transforms into the product. The presence of the enzyme has the overall effect
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Figure 1.1.: Thermodynamics of en-
zyme catalysis. The Gibbs free en-
ergy is plotted as the reaction of a
substrate S into a product P proceeds
from left to right. The purple dashed
line and the orange solid line repre-
sent the change in free energy in case
of a spontaneous reaction and a re-
action in presence of the enzyme E
respectively. The effect of catalysis is
to lower the activation energy of the
transition state, which corresponds to
the highest energetic state. First S and
E form the enzyme-substrate complex
ES. In the complexed form the transi-
tion state ES‡ is reached more easily.
Once the transition state is passed, the
product is quickly formed. Hence in
the presence of E, the rate of reaction
is increased. The most right hand side
of the reaction coordinate represents
the state where P is detached from E.

of lowering the activation energy needed for the reaction to occur. According to the
typical coarse-grained picture, the substrate and the enzyme first bind, forming the
ES complex, and then the real step of catalysis takes place. The enzyme-substrate
interaction favors the reaction and the new transition state ES‡ has a lower activation
energy as compared to the transition state of the spontaneous reaction. The transition
state is reached more easily and the rate of product formation is increased [11]. Once
the catalysis happens and the product is formed, the product detaches from the enzyme
leading us to the end of the catalytic cycle. In Fig. 1.1, this corresponds to the most
right hand side of the reaction coordinate, where enzyme and product are present
separately. The enzyme is now available for the binding of a new substrate molecule
and the catalytic cycle can start over.

How much faster can reactions be in presence of enzymes? One of the most proficient
enzymes is the arginine decarboxylase that catalyzes the conversion of L-arginine into
agmatine and carbon dioxide. The acceleration of such reaction is of 19 order of
magnitudes [12]. In this case, the spontaneous reaction would occur in a time almost as
long as the age of the Earth. Instead, the presence of the enzyme speeds up the reaction
rate to ≈ 103 reactions per second. Another example is the carbonic anhydrase which
is considered to be one of the fastest enzymes and it catalyzes the interconversion
of carbon dioxide and water to hydrogen protons and bicarbonate ions [13]. Carbon
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1. What is an enzyme and how does it work?

anhydrase speeds up the reaction rate by 7 order of magnitudes taking the rate from
≈ 10−1s−1 to ≈ 106s−1 [12]. These examples show the key role of enzymes in living
systems: although they do not alter the chemical equilibrium of a reaction [10], they
help biochemical reactions to be on relevant timescales.

1.2.2. Structural view of enzyme catalysis

Enzymes are usually much larger than their corresponding substrate. For example,
the to date smallest protein enzyme, the monomer of 4-Oxalocrotonate tautomerase
(4-OT), is a chain of 62 amino acids residues [14] catalyzing the isomerization of β,γ-
unsaturated enones to their α,β-isomers, which are organic compounds of ≈ 156Da
(hence comparable to the molecular weight of a single amino acid). Just 4 out of the 62
amino acids of the monomeric 4-OT enzyme are involved in the catalysis [15]. For a
generic enzyme this is often the case: only a small part of the enzyme is involved in the
catalysis, the so called ‘catalytic site’. The catalytic site is often adjacent to the binding
site, which is the site at which the substrate binds the enzyme. Together the binding
site and the catalytic site form the ‘active site’, which is the site where all the steps
of catalysis as depicted in Fig. 1.1 take place. In Fig. 1.2 the structure of the enzyme

Figure 1.2.: An example of enzymatic struc-
ture. In the figure we see the structure of the
enzyme lysozyme (white molecule), responsi-
ble for the breaking down of the cell wall of
gram positive bacteria. The substrate (black)
binds the enzyme at the binding site (blue
area). Adjacent to the binding site is the cat-
alytic site (red area), where the catalitic step of
the enzymatic reaction takes place. The bind-
ing site and the catalitic site constitute together
the active site. Figure adapted from Wikime-
dia Commons: ‘Enzyme structure’ by Thomas
Shafee under CC BY 4.0 License. The protein
structure original sources are PDB:9LYZ and
[16].

lysozyme is shown (white molecule). The lysozyme is an enzyme composed of 129
amino acids that plays an important role in the innate immune systems of animals. It is
responsible for breaking the bonds between residues of the cell wall of gram positive
bacteria, ultimately causing their lysis. More specifically, it catalyzes the hydrolysis of
1,4-beta-linkages between N-acetylmuramic acid and N-acetyl-D-glucosamine residues
in the peptidoglycan [16]. The peptidoglycan is the polymer consisting of sugars
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1. What is an enzyme and how does it work?

and amino acids that forms the cell wall. In Fig. 1.2, we can see how the active site,
composed of the binding site (blue) and the catalytic site (red) is only a small part of
the enzyme. Moreover, it is immediately visible that the substrate molecule (black) is
much smaller than the enzyme.

Now that we know how a typical enzyme looks like, we can analyze the molecular
mechanisms underlying the catalysis.

Substrate binding

The binding of substrate to the active site is highly specific [17]. To characterize this
binding, Emil Fisher proposed the so called ‘lock and key’ model in 1894. He suggested
that enzyme and substrate have complementary geometrical structures that fit just like a
key into a lock [18]. Although the model well explains the high specificity of binding, it
describes the enzyme and the substrate as rigid objects which is not the case. Moreover,
the model does not explain how the energy of the transition state can be lowered. A
more realistic view of substrate binding and catalysis in general is provided by the
‘induced fit’ model proposed by Daniel Koshman in 1958 [19]. According to the model,
after the substrate binds, the enzyme and especially its active site are continuously
reshaped by the interaction with the substrate in a way that the catalytic site of the
enzyme is properly aligned with the substrate. In this way the substrate gets tightly
bound to the enzyme and the interaction with the catalytic site favors the substrate
into its transition state, hence lowering the activation energy as illustrated in Fig. 1.1.
Moreover, the conformational changes of the induced fit model can contribute to a
conformational proofreading mechanism that helps the enzyme in selecting the right
substrate in noisy biochemical environments with many similar molecules [20].

In Fig. 1.3 we see an example of induced fit for the enzyme hexokinase. Hexokinase
catalyzes the addition of a phosphate group (phosphorylation) to six-carbon sugar
molecules (hexoses). The most important substrate of hexokinase is glucose. Its
phosphorylation is the first step of glycolysis, which is a very important metabolic
pathway that takes place in cells of all living organisms, and leads to the conversion
of sugar molecules into energy. More specifically, glycolysis converts glucose into
pyruvate acid and an hydrogen ion. The energy released during the different steps of
the pathway is stored in high-energy molecules, such as adenosine triphosphate (ATP)
and reduced nicotinamide adenine dinucleotide (NADH), which are the main sources
of energy in cells. In Fig. 1.3, we can see how the hexokinase changes structure upon
binding of adenosine diphosphate (ADP) and the sugar xylose. Note that upon binding
of glucose the structural change of hexokinase is very similar to the one induced by
the binding of xylose, see [21] for details. The substrates are shown in black and the
enzyme binding site is evidenced in blue. The yellow element represents the co-factor
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1. What is an enzyme and how does it work?

Figure 1.3.: An example of enzyme in-
duced fit structural change. In the fig-
ure we see the conformational changes
induced by subsrate binding onto the
enzyme hexokinase. The substrates
adenosine diphosphate and xylose are
shown in black, the binding site is
shown in blue. On the upper panel
the enzyme is free and it is in an open
conformation. In the lower panel the
substrate is bound and the enzyme
assumes a closed conformation. The
yellow particle represents the co-factor
Mg2+, which binds to the enzyme to
favor the reaction. The figure was
adapted from Wikimedia Commons:
‘Hexokinase induced fit’ by Thomas
Shafee under CC BY 4.0 License. The
protein structures original sources are
PDB:2E2N and PDB:2E2Q, both pub-
lished in [21].

Mg2+, which binds to the enzyme to help the reaction. Upon substrate binding the
enzyme passes from an open state (upper panel) into a closed configuration (lower
panel). The conformational change followed by the enzyme consists in a rotation of
about 25° of the small domain (right domain in the figure) relative to the large domain
(left domain in the figure) [21]. The closed conformation stabilizes the binding of
substrate and ensures efficient catalysis. The enzyme adenylate kinase (ADK), which
catalyzes the reversible conversion of ATP and AMP to two ADPs, follows a similar
mechanism. ADK has two substrate binding domains and once the substrates bind, the
enzyme appears to be preferably in a closed state with two flexible lid domains closing
the binding sites [22]. ADK presents a third energetically stable state in which the two
flexible lids are half-closed. This third state is the result of a trade-off between rapid
substrate exchange and tight closing that favor efficient catalysis [23].

Catalytic step

How does catalysis happen after the catalytic site of the enzyme is oriented towards
the substrate? One of the mechanism is via electrostatic forces [24]. The catalytic
site can have complementary charges to that of the substrate transition state, hence
favoring the substrate into the transition state, i.e. lowering the energy barrier for the
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reaction to occur. Alternatively the enzyme could participate in the reaction forming
covalent intermediates for which the energy barrier is lower. A typical example of
this is the digestion of peptide chains by the serine proteases. In this case, at the
active site of the enzyme, the protein polypeptide binds either via hydrophobic or ionic
interactions. Then a proton transfer, mediated by favorable electrostatic interactions,
causes the cleavage of the peptide bond and a part of the polypeptide is detached from
the enzyme. However the other part is still covalently attached to the enzyme, forming
an intermediate complex. A second proton transfer, favored by the presence of water,
frees the binding site from the remaining polypeptide [9]. The opposite process, where
a peptide bond is formed can also be favored by the presence of an enzyme. In this case
the enzyme just serves as a template where the two substrates are brought to contact
and oriented in a way to favor their reaction [9].

Generally, different enzymes follow different mechanisms, sometimes involving extra
cofactors [17] as for example shown in Fig. 1.3. However the underlying physical forces
in play are similar to the ones illustrated above. Non-covalent interactions, such as
hydrogen bonds, electrostatic interactions, steric, ionic and hydrophobic forces can all
contribute to the catalysis. Sometimes these can also trigger the formation of temporary
intermediates that have lower activation energies. Note that in this case the Gibbs free
energy of the reaction does not behave as in Fig. 1.1, but it presents more than two
peaks [25]. However the overall effect of the enzyme would still be the one of lowering
the activation energy barrier.

1.3. Enzyme kinetics

In the current section we are going to discuss different kinetics models used in the
characterization of enzymatic reactions. The different models describe the rate of
reaction, i.e. the rate at which products are formed, as the concentrations of substrate,
enzyme and product are varied.

1.3.1. Michaelis-Menten equation

In 1913 Leonor Michaelis and Maud Menten presented a model describing the kinetics
of an enzyme following the same steps of the catalysis illustrated in Fig. 1.1 [26]. First
the substrate and the enzyme form a complex, then the catalytic step of the reaction
takes place and the product is formed. They assumed the complex formation to be
a reversible process with forward and reverse rates k1 and k−1 respectively. However
they considered the catalytic step to be an irreversible process. This assumption is valid
if the dissociation of the enzyme-product complex is fast and if the amount of product
at the beginning of the reaction is low [25]. Hence, the reverse reaction of product and
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enzyme to the enzymatic complex can be neglected and the reaction scheme takes the
form

E + S
k1

k−1
ES

kcat E + P . (1.1)

Starting from this reaction scheme, Michaelis and Menten derived a formula character-
izing the velocity of reaction v as a function of substrate concentration s. The reaction
velocity corresponds to the rate of product formation, which according to the law of
mass action [27] takes the form

v =
dp
dt

= kcatc , (1.2)

where p and c are the concentrations of product and enzyme-substrate complex respec-
tively and t is time. Here we rederive the Michaelis-Menten formula by following the
derivation of Briggs and Haldane [28], i.e. by assuming that the concentration of the
enzyme-substrate complex does not change on the timescale of product formation. This
assumption, known as quasi-steady-state assumption, implies that the rate of complex
formation equals the rate of dissociation

k1e0s = k−1c + kcatc . (1.3)

Here e0 is the concentration of free enzymes which is equal to e0 = e− c, where e is the
total concentration of enzymes as given by the sum of free and complexed enzymes.
Note that since the enzyme is a catalyst, its total amount does not change over the
course of the reaction. From relation (1.3), we obtain

c =
e s

k−1+kcat
k1

+ s
:=

e s
KM + s

, (1.4)

where we defined the Michaelis-Menten constant KM = (k−1 + kcat)/k1. Finally, by
inserting the above expression for c into Eq. (1.2), we get the famous Michaelis-Menten
expression, describing the velocity of an enzymatic reaction as a function of the substrate
and enzyme concentration

v = kcat
e s

KM + s
. (1.5)

In Fig. 1.4 is shown the nonlinear behavior of the Michaelis-Menten relation as a
function of substrate concentration s, for a constant amount of enzymes e. We see
that we have a linear regime for s � KM and a saturated regime for s � KM, where
the reaction rate tends to its maximal value vmax = kcate. The value of KM represents
the value of substrate concentration for which the reaction rate is half of the maximal
value. In the linear regime (see Fig. 1.4) most of the enzymes are free. The reaction
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s

saturated regime

linear regime

Figure 1.4.: Michaelis-Menten kinet-
ics. The reaction rate v is plotted as a
function of the substrate concentration
s. For values of s � KM, most of the
enzymes are free and the reaction rate
v depends linearly on s (linear regime).
For values of s � KM most of the
enzymes are complexed with the sub-
strate; the reaction rate v tends to its
maximal value vmax = kcate (saturated
regime). The point at which s = KM
corresponds to the half-maximum of
the reaction rate with v = vmax/2.

proceeds as a second order chemical reaction with rate v = (kcat/KM)e s. The ratio
kcat/KM corresponds to the rate constant of the reaction and it is known as catalytic
efficiency. For example, one can use values of the catalytic efficiencies to analyze the
preferences of an enzyme for different substrates [29]. For a very efficient enzyme for
which kcat � k−1, the highest possible value of kcat/KM is given by the rate of formation
of the ES complex k1. In Sec. 2.1 we will see that for the so-called diffusion-limited
enzymes, the upper bound of k1 is k1 ≈ 109s−1M−1. The limit is set by the rate of
diffusive encounters between the enzymes and the substrates, assuming that each
encounter leads to the formation of an ES complex. Catalytic efficiencies are in the
range of 102-109s−1M−1 with a median at 105s−1M−1, meaning that many enzymes
operate far from the most efficient regime [30]. However, enzymes like fumarase
and carbonic anhydrase have efficiencies close to the upper limit, in the range of
108-109s−1M−1. In the saturated regime, most of the enzymes are in their complexed
form, i.e. occupied by the substrate. In this regime the reaction proceeds as a zeroth
order reaction with constant rate vmax = kcate. The Michaelis-Menten constant KM is an
approximate measure of the dissociation constant Kd of the enzyme-substrate complex.
For low values of KM the ES complex is very stable and enzymes saturate at relatively
low concentrations of substrate. For high values of KM, the ES complex is less stable,
hence substrate molecules detach more easily and higher concentrations of substrate
are needed to saturate the enzymes. Note that KM becomes exactly the dissociation
constant in the limit k−1 � kcat, KM → Kd = k−1/k1.

Surprisingly, the Michaelis-Menten Eq. (1.5) also holds at a single molecule level.
By looking at long time traces of a single enzyme, it has been shown that subsequent
enzyme turnovers tend to cluster and are not independent from each other. This
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is due to a ‘memory effect’ caused by slow conformational fluctuations of the ES
complex [31]. Nevertheless, the inverse of the waiting time for an enzymatic reaction to
occur still depends on s, as given by Eq. (1.5). However, the microscopic interpretations
of kcat and consequently KM are different [32]. During catalysis the enzyme-substrate
complex ES undergoes many conformations and instead of having a single value for
the catalytic rate kcat, there is a distribution of values. The prefactor of Eq. (1.5) becomes
the weighted harmonic mean of the kcat values corresponding to the catalytic rates of
the different enzyme-substrate complex conformations.

Overall, the Michaelis-Menten model provides a phenomenological law that describes
the kinetics of many different enzymes. However, there are enzymatic reactions for
which the model assumptions do not hold. For the reaction scheme followed by the
Michaelis-Menten model, Eq. (1.1), the catalytic step of the reaction is assumed to be
irreversible. This assumption holds in case product molecules are quickly released by
the enzymatic complex after their formation and we are at the beginning of the reaction,
when the product has not been yet accumulating in the system. Moreover enzymatic
reactions are often affected by the binding of other molecules. These usually alter the
enzyme activity by either inhibiting or increasing it. In the following sections, we will
discuss kinetic models that include some of these effects.

1.3.2. Reversible Michaelis-Menten equation

As mentioned in the previous section the Michaelis-Menten model assumes an irre-
versible catalytic step for the reaction. In case product molecules have accumulated
in the system, this assumption no longer holds and the reverse reaction needs to be
considered [25]. We can therefore consider a reaction scheme that is similar to Eq. (1.1)
but considers a fully reversible catalysis:

E + S
k1

k−1
ES

k2

k−2
E + P , (1.6)

where k2 and k−2 represent the forward and the reverse rate of the catalytic step of
the enzymatic reaction, respectively. The reaction rate v can be derived by proceeding
in a similar manner as done for the derivation of the Michaelis-Menten equation,
i.e. by assuming that the complex ES is at steady state. Note that since now the
process is totally reversible, it is possible to define a Michaelis-Menten constant for
product formation, KS

M = (k−1 + k2)/k1, but also one for substrate formation, KP
M =

(k−1 + k2)/k−2. By defining the catalytic rates for the forward and backward reaction
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as kS = k1k2/(k−1 + k2) and kP = k−1k−2/(k−1 + k2) respectively, we obtain

v =
kS s e− kP p e
1 + s

KS
M
+ p

KP
M

. (1.7)

Note that when p = 0, we get back the Michaelis-Menten equation: when no product is
present in the system, the reverse reaction can be neglected. However when product
accumulates, the reverse reaction becomes relevant and causes the reaction rate to
decrease.

For the reversible reaction scheme considered here, it is possible to relate the kinetic
parameters to the equilibrium constant. At the equilibrium v = 0, and

kSseqe = kP peqe , (1.8)

where with seq and peq we refer to the equilibrium concentrations of substrate and
product respectively. From Eq. (1.8), we can express the equilibrium constant Keq as a
function of the kinetic parameters,

Keq =
kS

kP
=

peq

seq
. (1.9)

This expression is known as the Haldane relationship. More complicated reaction
schemes, e.g. multiple substrates reacting on the same enzyme, lead to a set of several
more complex Haldane relationships; however there is at least one relationship between
the kinetic parameters and the equilibrium constant as given by Eq. (1.9).

1.3.3. A model for cooperativity: the Hill’s function

There are enzymes that do not follow the Michaelis-Menten kinetics Eq. (1.5), nor the
reversible Michaelis-Menten one Eq. (1.7). These enzymes show a more complicated
kinetics where the reaction rate v is a sigmoidal function of the substrate concentration
s, see Fig. 1.5. Typically these enzymes have sharper increases in the reaction rate
as the concentration s is varied as compared to the simple Michaelis-Menten kinet-
ics. One could say that such enzymes are more sensitive to perturbation in substrate
concentrations. The sharp increase in reaction rate upon small variations in s helps
in defining two different kinetic states, a saturated or active state and an inactive or
low activity state. This is used as a regulation mechanism for many enzymatic reac-
tions and metabolic processes. For these reasons such enzymes are called ‘regulatory
enzymes’ [25].

But how do regulatory enzymes work on a structural level? Many enzymes are
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vmax

Re
ac

tio
n 

ra
te

 v

h = 1 Michaelis-Menten
h = 4 Positive coop.
h = 0.5 Negative coop.

Figure 1.5.: Effects of cooperative
binding on enzyme kinetics. We
plot the reaction rate v as a func-
tion of the substrate concentration
s for different Hill functions. We can
see that for a Hill coefficient h = 1
the Hill function coincides with a
Michaelis-Menten kinetics. In case of
positive cooperative binding, h = 4,
the reacion rate rapidly shifts from a
low activity state where v ≈ 0 to a
state of high activity where v reaches
its maximal value vmax. For a neg-
ative cooperative effect, in a regime
where s > K, higher values of s are
needed to reach similar v values as
compared to the Michaelis-Menten
kinetics. The point at which s = K
corresponds to the half-maximum of
the reaction rate with v = vmax/2.

present in solution as oligomers, i.e. enzymes of the same type bind to form larger
structures composed of few units, each called a monomer. An example of this is the
mammalian hemoglobin, protein responsible for carrying oxygen in blood vessels, that
presents four monomers with four binding sites. The hemoglobin is therefore able to
bind up to four oxygen molecules. Once an oxygen molecule binds, it induces structural
changes in the oligomeric structure that further favor the biding of an other substrate
molecule [33]. This type of interactions, where the structure of an enzyme is affected
by the binding of a molecule to a site different than the substrate binding site, is called
‘allosteric interaction’ and the enzyme is called ‘allosteric enzyme’ [34]. The binding
kinetics shown by the hemoglobin also goes under the name of cooperative binding,
where the binding of one molecule favors the binding of a molecule of the same type.
Many allosteric enzymes are also cooperative, and vice versa. However the two terms
are not interchangeable as there can be enzymes that show allosteric interactions but
these do not necessarily lead to a cooperative effect, nor to a regulatory function [25].

Archibald Vivian Hill proposed a phenomenological model to describe the degree
of cooperativity of regulatory enzymes, now known as Hill equation [35]. The Hill
equation takes the form

v =
vmaxsh

Kh + sh , (1.10)

where K is the Hill constant and corresponds to the value of s at which v = vmax/2
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and h is called Hill coefficient, which is a measure for the degree of cooperativity of
the enzyme. For h = 1 the enzyme follows a Michaelis-Menten kinetics, see Fig. 1.5. If
h > 1 we have a positive cooperative effect. This is the case of hemoglobin that has a
Hill coefficient in the range of h = 1.7-3.2. In Fig. 1.5 we see how for h = 4 we have
a sigmoidal kinetics that steeply increases for values of s around K. The reaction rate
goes rapidly from a state of low activity where v ≈ 0 to a state of high activity where
v approaches its maximal value vmax. In general, it is also possible to have a negative
cooperative effect for h < 1. In this case the allosteric interactions are such to disfavor
the binding of further molecules. Note that the Hill equation could correspond to
the reaction scheme hS + E ESh, however such a reaction scheme is usually not
followed by enzymatic reactions. Moreover h is often a non-integer number, hence one
should interpret the Hill equation simply as a phenomenological law, rather than a
descriptive model for the reaction.

1.3.4. Enzyme inhibiton

The enzyme activity can often be reduced by the binding of specific molecules, which
are known as inhibitors. In this section we briefly describe different types of product
inhibition and we analyze how the enzyme kinetics is affected in the different cases. All
types of inhibition follow a Michaelis-Menten kinetics with apparent catalytic activity
vapp

max and apparent Michaelis-Menten constant Kapp
M [25], as given by the following

expression

v =
vapp

maxs
Kapp

M + s
. (1.11)

With I we will refer to the inhibitor species and with i to its concentration, as similarly
done so far for the other chemical species S, E and P.

• Competitive inhibition: A competitive inhibitor binds to the active site of the
enzyme, forming the inhibitor-enzyme complex EI and it therefore impedes the
binding of substrate molecules. Often in this case the inhibitor I is a molecule that
closely resembles the substrate S. However, I is not able to undergo catalysis. This
leads to an increase in apparent Michaelis-Menten constant Kapp

M but no change in
vapp

max. In fact, as compared to the case with no inhibitor, more substrate is required
to reach the same amount of substrate-enzyme complexes ES. The new Michaelis-
Menten constant takes the apparent value of Kapp

M = KM(1 + i/Kc
i ), where Kc

i
is called competitive inhibition constant. An example of competitive inhibition
can be seen in the reaction catalyzed by the enzyme succinate dehydrogenase,
which oxidizes succinate to fumarate. A competitive inhibitor for this reaction
is malonate, a very similar molecule as compared to succinate. The two differ
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simply by the fact that malonate presents just a single methylene group instead
of two.

• Pure non-competitive: A non-competitive inhibitor binds to a different site than
the substrate binding site. Hence the binding-unbinding of substrate is unaffected
and we have no change in KM. However, through allosteric interactions, the
binding of I reduces the catalytic activity to vapp

max = vmax/(1 + i/Ku
i ), where Ku

i is
known as uncompetitive inhibition constant. Typical non-competitive inhibitors
are heavy-metal ions and protons.

• Uncompetitive inhibition: An uncompetitive inhibitor can only bind to the ES
complex but not to the free enzyme. With its binding, the inhibitor inactivates
the ES complex. This mechanism affects both the apparent catalytic activity and
the apparent Michaelis-Menten constant. We have that vapp

max = vmax/(1 + i/Ku
i )

and Kapp
M = KM/(1 + i/Ku

i ). An example of uncompetitive inhibitor can be found
in the lithium used to treat manic depression, which inhibits the myo-inositol
monophosphatase, an enzyme that plays a key role in cell signaling [36].

• Mixed inhibition: A mixed inhibitor binds to a site on the enzyme that is not the
substrate binding site. However, allosteric interactions caused by the inhibitor
binding affect both the binding-unbinding of substrate and the catalytic activity
of the enzyme. This inhibition mechanism results in a mix of the competitive and
uncompetitive inhibitions and we have that vapp

max = vmax/(1 + i/Ku
i ) and Kapp

M =

KM(1 + i/Kc
i )/(1 + i/Ku

i ). Note that it depends on both inhibition constants Kc
i

and Ku
i .

• Irreversible inhibition: An irreversible inhibitor permanently binds and inac-
tivates the enzyme, usually by forming a covalent bond with the enzyme. An
important example of irreversible inhibitor is the penicillin, the first discovered
bacterial antibiotic, which acts as an inhibitor for an enzyme needed to keep the
balance between cell wall production and degradation in bacteria. Hence the use
of penicillin causes growing bacteria to rapidly die [37].

As we have already mentioned in Sec. 1.3.2, enzymes can also be inhibited by their
product [25]. By looking at the reaction rate of a reversible Michaelis-Menten kinetics,
Eq. (1.7), we can see how by increasing the amount of product in the system the
reaction rate decreases. This decrease is significant only if the reaction is reversible.
However, product inhibition is observed even in cases for which the reaction is basically
irreversible. In these cases, the product can bind to the enzyme without being further
processed back to substrate. In this way the product sequesters the enzyme from the
substrate, behaving like a competitive inhibitor.
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2. Spatial organization and dynamics of
enzymatic reactions

Enzymes speed up most of the biochemical reactions that take place in the cells of
living organisms. Often the product of an enzymatic reaction is further processed
by a different enzyme and, in turn, the product of this second reaction has to be
further processed to perform its biological function. This leads to chains of enzymatic
reactions, which are known as ‘metabolic pathways’. Different metabolic pathways can
be topologically linked to one another in case enzymes from the different pathways
target the same substrate. This leads to an intricate network of enzymatic reactions,
which is known as ‘metabolism’, responsible for the conversion of food to energy and
building blocks, and the elimination of metabolic waste. In each cell it is therefore
important that a substrate, which could also be the product of an enzymatic reaction,
finds the corresponding enzyme in an efficient way. The encounter rate between the
enzyme and the substrate depends on their motion and on their spatial arrangement.
In this chapter, we first analyze the role that a purely diffusive motion of the enzyme
and the substrate has in defining the kinetic rates of a single-step enzymatic reaction.
Then we discuss several examples of natural and synthetic strategies for the spatial
organization of metabolic pathways that facilitate the encounter rate. We also discuss
recent experimental findings showing that the enzyme motion can be coupled to the
substrate concentration profile, leading to effective equations describing the enzyme
dynamics that are more complex than a simple diffusion equation.

2.1. The role of diffusion on enzyme kinetics

The rate of an enzymatic reaction depends on the rate of encounter of the free enzyme
E with substrate molecules S. The higher is the rate of encounter, the higher are the
chances of forming the enzyme-substrate complex ES. The Michaelis-Menten kinetics
presented in Sec. 1.3.1 does not present a direct dependence on such encounter rate.
However, the binding rate k1 and the unbinding rate k−1 depend on it. In the following
we derive the dependencies of k1 and k−1 on the encounter rate, provided that the
substrate and the enzyme perform Brownian motion [38]. The Brownian motion is the
random motion of particles suspended in a fluid, driven by the collisions with the fluid
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molecules. Such a motion is described by the diffusion equation,

∂s(r, t)
∂t

= D∇2s(r, t) , (2.1)

where s(r, t) is the concentration of the suspended molecule at position r, at time t and
D is the diffusion constant of the suspended species. The kinetics of an association
process between diffusive molecules was first modeled by M. v. Smoluchowski [39]
and then extened by Collins and Kimball [40]. These models consider the association
process to be irreversible. However, to see how diffusion affects the kinetic rates of the
Michaelis-Menten equation, we need to consider a reversible association-dissociation
process as considered by M. Schurr [41] or D. Shoup and A. Szabo [42]. Here we follow
the derivation carried out by M. Schurr [41].

We start by considering the diffusion equation Eq. (2.1) to describe the dynamics of
substrate molecules around a free enzyme molecule, which we assume to be at the
origin of our reference frame. This implies that the substrate has an effective diffusion
coefficient D as given by the sum of the enzyme and substrate diffusion coefficients
D = De + Ds. The substrate and the enzyme can form a complex when they are in
direct contact, i.e. at a distance R = Re + Rs. The net reaction flux J of complex
formation is given by the rate of association between E and S into ES minus the rate of
dissociation from ES into E and S. Moreover, the net reaction flux J is also assumed
to be equal to the diffusive flux of substrate molecules entering in contact with the
enzymes, hence

J = 4πr2De0
∂s(r)

∂r

∣∣∣∣
r=R

= k̃1e0s(r)− k̃−1c0 , (2.2)

where e0 is the initial concentration of free enzymes, c0 the one of enzyme-substrate
complex and k̃1, k̃−1 are the so-called intrinsic rate constants of the forward and reverse
step respectively of the association-dissociation reaction upon contact of substrates
with enzymes. Eq. (2.2) provides a boundary condition to the second order diffusion
equation for the substrate. A second boundary condition is given by the assumption that
far away from the enzyme the concentration of substrate relaxes to the concentration s0,
i.e. s(r → ∞) = s0. By solving for the steady state of the diffusion equation Eq. (2.1)
with the above boundary conditions, we find that the net reaction flux of complex
formation is

J =
kDk̃1

k̃1 + kD︸ ︷︷ ︸
k1

e0s− kDk̃−1

k̃1 + kD︸ ︷︷ ︸
k−1

c0 , (2.3)

where kD is the Smoluchowski rate constant of diffusion-limited reactions kD =

4πRD = 4π(Rs + Re)(Ds + De) and it corresponds to the rate at which substrate
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and enzyme molecules of a certain size diffuse towards each other. The rates k1 and
k−1 correspond to the effective binding and unbinding rates, as given in the scheme of
a Michaelis-Menten enzymatic reaction Eq. (1.1). By substituting the above values of k1

and k−1 into the Michaelis-Menten equation (Eq. (1.5)), we obtain

v = kcat
e s

K̃M + kcat/kD + s
, (2.4)

where e and s are the enzyme and substrate concentrations respectively and K̃M =

(k̃−1 + kcat)/k̃1 is the intrinsic Michaelis-Menten constant. The catalytic efficiency,
defined as kcat/KM (see Sec. 1.3.1), fulfills the equality (kcat/KM)−1 = (kcat/K̃M)−1 +

(kD)
−1.

In the so-called ‘reaction-limited’ regime where kD � (kcat/K̃M), the limiting step of
the enzymatic reaction is the binding of the substrate to the enzyme. The diffusion is in
fact very fast and the transport of molecules is not a limiting factor. In this scenario,
the fast diffusion smooths out any concentration gradients that might form, i.e. we
are in a ‘well-mixed’ system. The assumption to be in a well-mixed system is implicit
in the Michaelis-Menten description. For this reason, in the reaction-limited regime
the kinetic rates of the Michaelis-Menten model equal the intrinsic rates, k1 = k̃1 and
k−1 = k̃−1.

In the regime where kD � kcat/K̃M, known as ‘diffusion-limited’ regime, the reaction
is limited by the rate of diffusive transport of substrates to the enzyme. We are not
anymore in a well-mixed system and concentration gradients emerge due to the fast
reaction around the enzymes. In the diffusion-limited regime the forward rate of
the Michaelis-Menten equation is solely determined by the rate of diffusive transport
k1 = kD and the reverse rate k−1 = kDk̃−1/k̃1. The catalytic efficiency kcat/KM, in
the extreme case of kcat/K̃M → ∞, becomes equal to kD, which sets an upper limit
for the enzymatic efficiency. This limit corresponds to the case of very fast enzymes
immediately converting any encountered substrate molecule, provided that the enzyme
and the substrate motion is described by the diffusion equation Eq. (2.1). By considering
D = 100µm2s−1 and R = Re + Rs = 1nm, we obtain the theoretical upper limit of the
catalytic efficiency to be kcat/KM ≈ 109M−1s−1. As already anticipated in Sec. 1.3.1,
catalytic efficiencies are in the range of 102-109s−1M−1, with a median at 105s−1M−1 [30].
This means that, although most of the enzymes operate far from the most efficient
regime, there are enzymes like fumarase and carbonic anhydrase that have enzymatic
efficiencies in the same order of magnitude as the theoretical upper limit of 109M−1s−1.

The model described here neglects some of the details of enzymatic reaction. For
instance, it assumes spherical symmetry and a uniform reaction on the enzyme surface,
cf. Eq. (2.2), whereas in real enzymes the reaction takes place only at the active site.
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Different extensions have been made to include the effects of rotational diffusion
together with the presence of an active site on the surface of the enzyme [43], or
to consider interaction potentials between the enzyme and the substrate [44]. Such
extensions are important to understand how the efficiency of some enzymatic reactions
can reach values that are up to one order of magnitude higher than the limit set by
diffusion. For example, electrostatic interactions cause the association rate between
the lac-repressor and the lac-operon to be 7 · 109M−1s−1 [45]. The lac-repressor is a
DNA binding protein that is positively charged and binds to the phosphate groups
(negatively charged) of the lac-operon, which is a portion of DNA responsible for the
expression of proteins needed for the digestion and transport of lactose in E.coli. The
attractive electrostatic interaction generates a drift in the motion of the lac-repressor
towards its binding site, hence favoring their encounter rate. Other examples are
given again by the enzymes fumarase and carbonic anhydrase that, in case electrostatic
interactions are not screened, can show catalytic efficiencies of up to 3 · 1010M−1s−1 and
1010M−1s−1, respectively. In the case of fumarase both electrostatic interactions and the
presence of an active site justify the incredibly high rate [46]. In the case of carbonic
anhydrase the substrate is assumed to first perform a 3-dimensional diffusion motion
to reach the enzyme, followed by a faster 2-dimensional diffusion on the surface of the
enzyme to reach the active site [47].

2.2. Metabolic channeling

Living organisms have evolved different strategies to make enzymatic reactions more
efficient. Some of them rely on an efficient transport of substrate molecules to the
corresponding enzymes. These strategies go under the name of ‘metabolic channeling’.
Historically, metabolic channeling was initially referring to the intermediate products
of metabolic pathways that are directly channeled from an enzyme of the pathway to
the next via structural features [48, 49], e.g. tunnels, swinging arms or electrostatic
guidance. However, other strategies that guarantee an efficient transport of substrates
and at the same time prevent its diffusion into the cytoplasm are nowadays also
referred to as metabolic channeling [50, 51]. These strategies include the colocalization
of multiple consecutive enzymes into large clusters known as ‘metabolons’ [52], or
simply having two consecutive enzymes in close proximity without being directly
linked. In this section, we consider the advantages of metabolic channeling and we
present some well-known examples.
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2.2.1. Advantages of metabolic channeling

Different mechanisms of metabolic channeling can lead to the same physiological
advantages [53]. Here we present a list of some of these advantages.

• Reduction of transient time: If a substrate is directly channeled to the active site
of the corresponding enzyme, or its diffusive motion is constrained, the overall
reaction velocity is increased. This implies that the catalytic efficiency of an
enzyme can be higher than the expected limit kD, as already discussed in Sec. 2.1.

• Processing of unstable or volatile substrates: Substrate molecules can leak
through the cell membrane [54, 55], or can be destabilized by entering in contact
with the solvent [56]. Metabolic channeling can protect the structure of such
molecules and prevent the loss of substrate.

• Protection from toxic substrates: Within a metabolic pathway, some of the in-
termediate products could be toxic for the cells if they were freely diffusing in
the cytoplasm. Hence, the compartmentalization of entire pathways [57] or the
direct transport of the intermediates to the enzyme [58] can protect the cells from
intoxication.

• Avoiding competing side reactions: Some substrates can be targeted by multiple
enzymes from different metabolic pathways. However, cells might want to direct
the metabolism in a preferred direction. By using metabolic channeling, the
substrate can be sequestered, i.e. isolated, from the unwanted enzymes [59].

• Making otherwise unfavorable reactions possible: Some reactions would not
spontaneously proceed if the enzyme and the substrate were well-mixed in the
cytoplasm. However via metabolic channeling the intermediate product can
be immediately transported to the active site of the next enzyme. This keeps
the concentration of the intermediate low at the active site of the first enzyme,
hence impeding the reverse reaction from occurring. In this way the reaction can
proceed, although this would be thermodynamically unfavored in a well-mixed
system [60].

• Enhancement of product flux: Metabolic channeling enhances the formation of
products for fixed amounts of enzymes and substrates as compared to a well-
mixed scenario. In fact, a channeled substrate is protected from the different loss
mechanisms it can undergo (e.g. side reactions, diffusive loss via the membrane,
spontaneous decay). Hence, a high product flux can be generated by keeping the
amount of substrate low. The enhancement of product flux strongly depends on
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the channeling strategy used. For example, it is under debate whether simply
having two consecutive enzymes in close proximity without being directly linked
(proximity channeling) can provide a measurable enhancement of product flux
or not [61, 62, 63, 64]. Proximity channeling corresponds to the case where an
intermediate simply diffuses from the active site of an enzyme to the active site of
the next enzyme. According to a purely diffusive model such channeling strategy
does not guarantee measurable enhancements in product flux unless the two
enzymes are at distances which are comparable to their sizes, i.e. < 10nm [65].
However this seem to depend on whether the enzymes are reaction or diffusion-
limited. For diffusion-limited enzymes, the advantages of proximity channeling
are more evident [66].

In the following we present more specific examples of natural and synthetic metabolic
channeling strategies and we will see how such strategies provide some of the above
listed advantages.

2.2.2. Metabolic channeling via structural features

Enzymes catalyzing the sequential reactions of a metabolic pathway are sometimes
found to assemble into multi-enzyme complexes [67]. Moreover, these complexes
evolved structural features that favor the channeling of the intermediates. In Fig. 2.1
we present an overview of such features.

In Fig. 2.1a we show the structure of the tryptophan synthase complex. This is
a bi-enzyme complex catalyzing the last two steps of the synthesis of L-tryptophan,
which is an amino acid and an important building block for protein synthesis. We
can see how an intramolecular tunnel of 25Å directly connects the two active sites of
the complex [68]. At the first active site indole-3-glycerol phosphate is converted into
indole and glyceraldehyde-3-phosphate. The intermediate indole is then transferred
through the molecular tunnel to the second active site where it reacts with L-serine to
form L-tryptophan and water. The intramolecular tunnel favors the rapid transport
of indole to the second active site [70] and plays a crucial role in isolating the highly
volatile indole molecules from the cytoplasm [54]. Another example of channeling
via an intramolecular tunnel is found in the carbamoyl phosphate synthetase (CPS)
complex. The CPS complex is responsible for catalyzing the synthesis of carbamoyl
phosphate from bicarbonate, glutamine, and two molecules of adenosine triphosphate
(ATP) [71]. Carbamoyl phosphate is an intermediate metabolite of the urea cycle, which
is responsible for nitrogen disposal. The CPS complex has a 96Å long tunnel connecting
three active sites [72]. The tunnel again provides a good sequestration mechanism for
the unstable intermediates produced.
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a b

c

Tunnel Electrostatic guidance

Swinging arms

Figure 2.1.: Substrate channeling via structural features. In this figure we illustrate different
channeling mechanisms that make use of structural features. a Tunnel. The structure of the
tryptophan synthase complex is shown. A tunnel of 25Å, highlighted in light blue, connects
the two active sites present in the complex. The figure is adapted with permission from [68]. b
Electrostatic guidance. The enzymes malate dehydrogenase (MDH) and citric synthase (CS)
form the MDH-CS complex. the two enzymes catalyze two consecutive steps of the citric acid
cycle (TCA cycle). A negatively charged intermediate, oxaloacetate, is produced at the active site
of MDH (location indicated by the orange arrow on the left). Once produced the intermediate’s
diffusion is confined onto the blue positively charged surface patch of the MDH-CS complex.
The intermediates diffuse on this surface patch until it reaches the second active site (CS active
site). The active site of CS is also present on the positively charged surface patch as indicated by
the right orange arrow. The intermediate is therefore channeled with the aid of an electrostatic
guidance. The figure is adapted with permission from [60]. c Swinging arms. The structure of
the fatty acid synthase (FAS) is shown. FAS is responsible for the synthesis of fatty acids. The
growing chain of a fatty acid covalently binds to the acyl carrier protein (ACP) of the complex.
Via a series of structural changes the ACP enters in contact with the different active sites of the
complex as indicated by the red arrows. We show a bottom and front view of such structural
changes. The figure is adapted with permission from [69].

In addition to molecular tunnels, channeling can be favored by an electrostatic
guidance mechanism (see Fig. 2.1b). In this case, the intermediate is guided to the next
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active site by electrostatic forces that confine its diffusion to a patch of the complex
surface presenting both active sites. The intermediate and the surface patch have
opposite electrostatic charges. An example of this can be seen in the citric acid
cycle (CAC or TCA cycle), where the enzyme malate dehydrogenase (MDH) and the
enzyme citric synthase (CS) form a complex [60], see Fig. 2.1b. The diffusion of the
negatively charged intermediate, oxaloacetate, is bound to a positively charged area
of the complex surface (blue) connecting the two active sites [73]. The formation of
the MDH-CS complex is remarkable because it pushes the reaction in the opposite
direction as compared to a well-mixed system. In fact, the equilibrium constant for the
reaction catalyzed by MDH is unfavourable in the forward direction of the TCA cycle
(Keq = (2.86± 0.12) · 10−5 [74]). However the intermediate oxaloacetate is efficiently
transported to the CS active site and its concentration is therefore kept low at the MDH
active site. This guidance mechanism, thus, favors the direction of the reaction to be the
one needed for the TCA cycle [50]. Another example of electrostatic guidance is given
by the bifunctional enzyme dihydrofolate reductase- thymidylate synthase (DHFR-TS),
catalyzing two steps of the thymidylate pathway, which supplies 2-deoxythymidylate
for DNA synthesis. Similarly to the MDH-CS case, a negatively charged intermediate
is bound to a positively charged patch on the surface of the complex that bridges the
two active sites [75].

As shown in Fig. 2.1c, the use of swinging arms can also be used for channeling
substrates [76]. An example of this is given by the fatty acid synthase (FAS), which is
one of the largest known multi-enzyme complex and is responsible for the synthesis of
fatty acids [69]. The growing chain of fatty acids is covalently bound to an acyl carrier
protein (ACP) that moves the intermediate between the active sites of ketoreductase
(KR), dehydratase (DH) and enoyl reductase (ER) in an assembly line fashion. After
the chain has reached the length of 16 units the fatty acid is released by the action
of thioesterase (TE). In Fig. 2.1c we can see how the carrier protein ACP enters in
close contact with the different active sites. Another well characterized example of
channeling via swinging arms is given by the pyruvate dehydrogenase complex (PDC)
that converts pyruvate to acetyl coenzyme A, linking glycolysis to the TCA cycle. The
PDC is formed by three different enzymes (called E1, E2 and E3 respectively) that
assemble in a remarkably symmetric complex [77, 78]. Here E2 enzymes form a core
to which E1 and E3 binds. After the first reaction is catalyzed by E1, the intermediate
is transferred to the lipoamide swinging arm of E2 which brings the intermediate
in contact with the active site of E2 where a second reaction takes place. E3 then
has the role of reactivating the swinging arm for the binding of another intermediate
molecule [50].
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2.2.3. Metabolon formation

Metabolons are clusters of consecutive metabolic enzymes held together by protein-
protein interactions (i.e. non-covalent forces such as electrostatic, hydrophobic or van
der Waals interactions) and interactions with structural elements of cells, e.g. the
cytoskeleton or integral membrane proteins [52]. Although the enzymes composing a
metabolon are not necessarily structurally linked, the fact that they are present in large
copy numbers and held in close proximity is enough to constrain the diffusion and
favor the channeling of intermediates. Metabolons are often dynamically assembled
and disassembled upon changes in the concentration of one of the metabolites that
they process. Typically, when cells are starved of a certain nutrient, metabolons are
assembled to process the low amount of nutrient in a more efficient way. Hence, they
often play a key upregulatory function in metabolic pathways [79].

A well characterized example is the case of the purinosome, a metabolon assembled
in human tumor cells (HeLa cells) to upregulate the de novo purine biosynthetic
pathway [80]. Six enzymes catalyze the 10-steps reactions of the pathway, converting
the phospho-ribosyl pyrophosphate (PRPP) into inosine monophos-phate (IMP), which
is the final product of the pathway. IMP is a precursor of adenosine and guanosine
nucleotides, which are building blocks of DNA and RNA. The six enzymes assemble
into the purinosome via protein-protein interactions [81] with the aid of heat shock
proteins [82]. G protein–coupled receptors (GPCRs), responsible for the transmission
of signals to the nucleus, might trigger the formation of the purinosomes [83]. Once
formed, the purinosomes can synthesize up to 3-fold higher amounts of IMP as
compared to cells not having the metabolons [84].

Recently, also enzymes catalyzing the glycolysis have been shown to assemble into
metabolons in different organisms. As already mentioned in Sec. 1.2.2, glycolisis is an
important pathway for extracting energy in form of ATP and NADH from the sugar
glucose. In yeast cells, glycolytic enzymes form aggregates to upregulate the conversion
of glucose under hypoxic stress [85, 86] and lack of glucose [87]. In C. Elegans neurons,
under energetic stress, glycolytic enzymes form metabolons in proximity of the synapses
to maintain high enough local levels of ATP. This is necessary for a normal synaptic
functioning [88]. Moreover, glycolytic enzymes are found to assemble on the membrane
of human red blood cells [89, 90]. Despite glycolytic enzymes form metabolons in many
different organisms, it is not yet clear whether there are common principles behind
the assembly process. An interesting observation has been recently presented by Zhao
et al. [91], who showed that glycolytic enzymes drift upstream gradients of their own
substrate. This can favor the contact among the sequential glycolytic enzymes. An
enzyme would drift towards high concentration of its substrate that is produced by a
previous enzyme of the pathway. By following the gradient, the enzyme would then
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swim towards the previous enzyme of the pathway. In Ch. 4, we will compare the
model for the enzyme motion suggested by Zhao et al. with other models and we will
see how spatial patterns can spontaneously form if the enzyme motion is driven by
nonspecific interactions with the substrate. Understanding how enzymes respond to
the presence of their own substrate can be key in better understanding the formation of
metabolons.

We conclude this subsection by noting that there exist many other cases of metabolon
formation. For example for the regulation of the TCA cycle [92], the formation of
defense and other types of compounds in plants [93, 94]; or the purine biosynthetic
pathway in yeast [87].

2.3. Organelles and microcompartments

The word organelles usually refers to compartments enclosed in lipid membranes
that are typical of eukaryotic cells. Eukaryotic cells are in fact well known for the
high degree of spatial organization of their enzymatic reactions. Confining reactions
and entire metabolic pathways into organelles can have the same benefits as the ones
obtained by metabolic channeling, cf. Sec. 2.2.1. Cells can concentrate enzymes and
substrates in a smaller volume, hence reducing the transient times of the reactions and
enhancing product fluxes, while keeping the amount of molecules relatively low as
compared to a well-mixed scenario. An example of this can be seen in the mitochondria,
which are subcellular compartments highly specialized in the production of energy
in form of ATP via the TCA cycle [95]. Moreover, compartmentalization allows the
isolation of substrates from competing reactions, or of toxic substrates. The enzymes
contained in the lysosome are a typical example of such a sequestration mechanism.
The lysosome is an organelle responsible for the digestion of proteins, lipids and
nucleic acids and if the enzymes contained in the lysosome were free to diffuse in
the cytoplasm, they would impair many functional activities [96]. Another example
is the peroxisome, an organelle that encapsulates oxidative enzymes involved in the
production and consumption of the toxic intermediate hydrogen peroxide [97]. The
peroxisome also provides a different microenvironment as compared to the cytoplasm,
presenting an unphysiological alkaline pH to favor the activity of the enzymes oxidase
and catalase by speeding up their reactions [98].

Organelles encapsulated by lipid membranes are a characteristic of eukaryotic cells.
However, also prokaryotes have been recently shown to present microcompartments
enclosed by proteinaceous shells. The best studied example of such microcompartments
is the carboxysome [99]. The carboxysome is used in cyanobacteria for the carbon
concentrating mechanism (CCM), which is crucial for efficient carbon fixation in the
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Calvin cycle of photosynthesis, i.e. the conversion of carbon dioxide (CO2) into glucose.
On the proteinaceous external shell of the carboxysome there are positively charged
pores that favor the access of the anion bicarbonate (HCO –

3 ). Inside the microcompart-
ment, the enzyme carbonic anhydrase converts the bicarbonate into the uncharged CO2.
The CO2 is then trapped inside the compartment because of its neutral charge. This
is very important for the carbon fixation process, because the cellular membranes are
very permeable to small uncharged molecules such as CO2 and in this way loss of
CO2 is prevented [100, 101]. In the carboxysome, CO2 is then fixed by the relatively
inefficient enzyme ribulose-1,5-biphosphate carboxylase oxygenase (RuBisCO). Given
the low efficiency of RuBisCO, the high concentration of CO2 in the compartment
helps the fixation process. Moreover, since RuBisCO also catalyzes the futile fixation
of oxygen, the sequestration of RuBisCO inside the carboxysome directs the fixation
process in the desired direction [99]. Overall, it has been recently shown that the
compartmentalization of the carbon fixation process in the carboxysome is optimal
given the properties of the protein shell of the compartment [102]. Other examples
of microcompartments in prokaryotes can be found in so-called Pdu and Eut micro-
compartments in enteric and gut bacteria respectively. The Pdu compartment are used
for the effective digestion of 1,2-propanediol, which is a product of the degradation
process of plant cell wall sugars and it is used as a carbon and energy source by the
enteric bacteria. The Eut microcompartments are similarly used in gut bacteria to digest
phosphatidyl ethanolamine, which serves as a carbon, energy and nitrogen source for
the bacteria. As already seen for the carboxysome, the function of the Pdu and Eut
microcompartments is to sequester volatile and toxic intermediates that are produced
by the enzymatic reactions therewithin [57, 103].

2.4. Membrane bound enzymes

Often, substrates are imported into the cytoplasm through the external membrane or the
membrane of internal organelles. The enzymes that catalyze reactions involving these
substrates can be found to be membrane bound, either directly or via transmembrane
proteins, i.e. proteins that span the entire membrane. As a consequence, the substrates
are directly intercepted by the enzymes and their diffusion into the cytoplasm is
hindered. This intercepting mechanism can present the same physiological advantages
of metabolic channeling presented in Sec. 2.2.1. An additional advantage can be
provided if enzymes colocalize with transmembrane transporters importing their
substrates. In this case, the substrate is immediately depleted from the enzyme and
this guarantees a steady gradient of substrate concentration across the membrane.
This steady gradient results in a reduction of the back-flux of substrates through the
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transporters and in an increased import rate [104].

a c Mitochondrial associated PurinosomesGlycolytic Enzymes in RBC

Cellulosomesb
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Figure 2.2.: Examples of spatial organization of enzymes on membranes. a In oxygenated red
blood cells (RBC), the enzymes responsible for glycolysis bind to the band 3 transport protein
on the membrane. As an example, here is shown the colocalization of band 3 (top, green) with
the enzyme aldolase (middle, red), which catalyzes the 4th step of glycolysis. Having glycolytic
enzymes at the membrane where glucose is imported, makes glycolysis more efficient. Figure
adapted with permission from [89]. b Cellulosomes at the surface of the bacteria Clostridium
thermocellum. Anchor proteins anchor the cellulosome to the membrane. The binding of two
proteins, dockerin and cohesin, maintains the non catalytic scaffold (scaffoldin) bound to the
anchor proteins and guarantee the attachment of enzymes onto the scaffoldin. Cellulose binding
domains are present on the scaffold and favor the binding of the bacteria to the cellulose present
on plant cell wall. The enzymes break the cellulose into smaller compounds that bacteria can
more easily import. Figure adapted with permission from [105]. c Mitochondrial associated
purinosomes. In magenta we see one of the core enzymes of the purinosome (FABS), responsible
for catalyzing the 4th step of the de novo purine biosynthesis. A protein present on the outer
membrane of the mitochondria has been tagged in green. The percentage of mitochondrial
associated purinosome is much higher than the percentage expected for a random distribution of
purinosomes. Having purinosomes bound to the mitochondrial membrane makes the synthesis
of purines more efficient as some of the intermediates needed for the pathway are directly
released at the mitochondrial membrane. Figure adapted with permission from [106].
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An example of this can be seen in the organization of the glycolytic enzymes of red
blood cells (RBC) [89]. In red blood cells, glycolysis is the only pathway responsible
for the storage of energy in form of ATP molecules. The role of red blood cells is in
fact to carry oxygen in blood vessels. The oxygen load cannot be used for the cellular
respiration that, in other type of cells, takes place in the mitochondria and uses oxygen
to form ATP molecules. When the red blood cell is oxygenated, glycolytic enzymes are
observed to bind at the cellular membrane, see Fig. 2.2a. Here, glucose is imported
and directly converted by the glycolytic enzymes into pyruvate and ATP molecules.
This causes the depletion of glucose in the vicinity of the glucose transporters, hence
impeding glucose backflux through the transporters themselves [104]. Moreover, the
ATP molecules are subsequently used by ion pumps, which are membrane bound
proteins that make use of the energy released by the ATP to pump ions in and out
of the cells [107]. Another example of enzymes active at the external cell membrane
is the multienzymatic complex ‘cellulosome’, used by several anaerobic bacteria to
digest the cellulose contained in the cell wall of plants [108, 109]. In this case, the
enzymes are secreted outside of the cell and a noncatalytic subunit called scaffoldin
secures the anchoring of the complex to the cell wall and the incorporation of the
various enzymatic subunits via the so-called cohesin-dockerin interaction (see Fig. 2.2b).
The cohesin-dockerin interaction consists of pairs of complementary protein domains
present on the scaffolds and on the different enzymes. Moreover, a cellulose binding
domain (CBD) guarantees the binding to cellulose [109]. The different enzymes then
breaks the cellulose into elemental subunits that can be more easily imported by the
bacteria [105].

Enzymes can also be localized at the membranes of internal organelles. They can
either favor the channeling of substrates inside the organelles or can intercept substrates
that are being released from the organelles into the cytoplasm. An example of the
first scenario is the binding of glycolytic enzymes to the mitochondrial membrane.
The increased level of membrane bound glycolitic enzymes is associated with an
increase in respiratory demand by cells of different species [110, 111]. The product
of the glycolysis is the acetyl-CoA, which is the starting point of the TCA cycle
taking place in the mitochondria. Hence, having glycolytic enzymes directly bound
at the mitochondrial membrane favors the formation and channeling of the TCA
precursor into the organelles. An example of the second scenario, where substrates are
intercepted while being secreted into the cytoplasm, can be seen in the purinosome,
see Fig 2.2c. As already mentioned in Sec. 2.2.3, the purinosome is responsible for
boosting the de-novo purine synthesis in human tumor cells under purine depleted
conditions. Purinosomes seem to form at nucleation sites that are located at the largest
filaments of proteins that compose the cytoskeleton, i.e. the microtubules [112]. Once
purinosomes are assembled on the microtubules, they seem to undergo a directed
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motion towards the mitochondrial membrane [113]. This causes the purinosomes to
be largely associated to the mitochondrial membrane [106]. This is thought to be
beneficial for the cells for two reasons. First, the de-novo purine biosynthesis provides
the nucleotide precursors necessary for the formation of mitochondrial ATP. Second,
the ATP produced in the mitochondria, together with other metabolites like glycine,
aspartate and formate, are used by the purinosome to carry out its reactions. This
corresponds to a case where a substrate secreted by an organelle, the mitochondrion, is
directly intercepted by enzymes located at the organelle’s membrane, the purinosomes.
In this way the turnover efficiency of the reactions carried out by the purinosome
increases as it has been recently shown with the use of gas cluster ion beam secondary
ion mass spectrometry (GCIB-SIMS) [114]. Other examples of active enzymes bound
to the membrane of organelles can be found in many pathways of the secondary
metabolism of plants, e.g. phenylpropanoid and flavonoid metabolism. The enzymes
catalyzing reactions for these pathways form large complexes on the membrane of the
endoplasmic reticulum (ER) [115, 116]. These complexes often form at cytochrome
P450 enzymes, which are localized at the ER membrane and provide an anchor for the
complexes [117, 118]. Their assembly is often reversible and enzymes switch from a
soluble cytoplasmatic state to a membrane bound state [94, 93].

The main focus of the next chapter of the thesis, Ch. 3, will be on models of systems
where a substrate is imported into the cytoplasm through the membrane of the cell
or of internal organelles. We will consider the enzyme catalyzing the reaction to be
both membrane bound or spatially arranged in the cytoplasm and we will study the
enzyme arrangement that maximizes the reaction flux. Surprisingly, we will see that
having all enzymes directly located at membranes is not always optimal. We will
characterize the strategy behind the optimal profile and the transition in the optimal
enzyme arrangement from a fully bound configuration into a more extended profile,
where enzymes are also present in the cytoplasm.

2.5. Synthetic strategies

Inspired by natural strategies for the spatial arrangement of metabolic pathways,
synthetic biologists developed several techniques to finely tune the spatial allocation
of enzymes in cells as well as in completely synthetic systems like protein or DNA
scaffolds [119].

To regulate the amount of enzymes bound to cell or organelles membranes, enzymes
could be fused to transmembrane proteins, either directly [120] or via a protein scaf-
folds [121]. In such systems, transgenic genes are inserted into the cells to encode for
modified version of the enzymes and/or transmembrane proteins. The genes encode
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extra information for the synthesis of peptide linkers and/or the formation of scaffolds
to which then the enzyme and the proteins can bind. Thomik et. al [121], for example,
showed that by fusing an endogeneous (i.e. native) sugar transporter to the heterolo-
gous (i.e. not native) enzyme xylose isomerase in yeast cells, can lead to a substrate
channeling mechanism, enhancing the conversion of the imported sugar xylose to
ethanol, see Fig. 2.3a. The channeling mechanism drives the conversion of xylose
into a precursor of ethanol, the xylulose. The reaction is carried out by the otherwise
inefficient enzyme xylose isomerase. Moreover, the presence of xylose isomerase in
proximity of the xylose transporter maintains a steep concentration gradient of xylose
across the membrane, causing an increase in the xylose import rate. Another technique
to enhance the presence of enzymes onto cell membranes is to exploit the orthogonal
dockerin-cohesin pairs of the cellulosomes of different species, cf. Sec. 2.4. This allows
for a rational design of mini-cellulosomes that can be expressed in bacteria [122] and
in yeast cells [123, 124, 125] to favor the anchoring of several enzymes to the cellular
membrane. In all of these cases, a reaction flux increased by 1.5 to 5-fold has been
observed as compared to the free wild-type enzymes [122, 125]. The synthetic design of
enzymatic assemblies onto intracellular lipid droplet membranes can also be achieved.
In yeast cells such assemblies have been achieved by recruiting upstream enzymes of
the ester biosynthetic pathway to the native location of the last enzymatic reaction that
takes place onto the membrane of intracellular lipid droplets [126], see Fig. 2.3b. The
recruitment has been obtained by expressing programmed protein scaffolds composed
of oleosin (a plant based lipid droplet protein) and cohesin-dockerins pairs. The as-
sembled enzymes show an increased reaction flux for the pathway of about 2-fold as
compared to the case of unstructured enzymes.

Enzymes localization can also be regulated in the cytoplasm or any membrane en-
closed space by folding programmed RNA assemblies into scaffolds. These predesigned
RNA sequences fold into programmed structures and exhibit binding sites for func-
tionalized enzymes presenting complementary RNA sequences to those of the binding
sites [127]. By assembling a hydrogen producing pathway in bacteria onto discrete,
one-dimensional and two-dimensional RNA scaffolds, the production of hydrogen
has been shown to increase by 4, 11 and 48-fold respectively. Instead of using RNA
scaffolds, protein scaffolds can also be used. It has been shown that an heterologous
three enzymes pathway used to convert acetyl-CoA into mevalonate, can be optimized
in bacteria to have a 77-fold increase in mevalonate production [128], see Fig. 2.4a. The
first of the three enzymes (AtoB) is endogenous, however the other two (HMGS and
HMGR) are expressed by genes taken from yeast. The enzymes are functionalized
with peptide linkers that allow the binding of the enzymes to protein scaffolds in a
similar manner as seen for the dockerin-cohesin interactions in the cellulosomes. The
proteins forming the scaffold (GBD, SH3 and PDZ) are expressed from heterologous
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Figure 2.3.: Synthetic strategies to regulate the amount of membrane bound enzymes. a
Scaffolds at the cellular membrane. Top-left: In genetically engineered yeast cells, the enzyme
xylose isomerase (XI) is fused to the xylose importer Gal2 via a protein scaffold. In this way,
the xylose is channeled directly to the xylose isomerase and it is efficiently converted into the
intermediate xylulose. Xylulose is then subsequently converted to ethanol in the yeast cell.
Top-right: We can see how Gal2 and XI are bound only in the presence of a scaffold. Bottom:
When Gal2 and XI are bound the production of ethanol is increased. Figure adapted with
permission from [121]. b Scaffolds onto intracellular Lipid Droplets. Example of sequential
enzymes arranged onto scaffolds on the intracellular lipid droplets of synthetic yeast cells.
Bottom-left: The scaffold is composed of a membrane bound protein oleisin (red) and cohesin-
dockerin interactions mediate the binding of the enzymes. Top: We can see how the enzymes
aldehyde dehydrogenase (Ald6), acetyl-coA synthetase (Acs1) and alcohol-O-acetyltransferase
(Atf1) all localize on the membrane of lipid droplets in presence of a scaffold. These enzymes
catalyze the conversion of acetaldehyde into ethyl acetate. Bottom-right: We can see how the
production of ethyl acetate is enhanced for different scaffold structures. For details about the
different structures we refer the reader to [126]. Figure adapted with permission from [126].

metazoan genes. The 77-fold increase in mevalonate production has been obtained by
optimizing the stoichiometry of the assembled enzymes. Enzymes can also be directly
fused via small peptide linkers. If the linkers do not impair the enzymatic activity, it
can be shown that fluxes of metabolic pathways can be increased with such a simple
technique. For example, in yeast cells an increase of 15-fold has been measured for
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the production of the defensive compound resveratrol [129]. Enzyme fusions can also
result in the formation of large enzymatic clusters used to regulate the direction of
metabolic fluxes at metabolic branch points. If two enzymes compete for an interme-
diate produced by an upstream enzyme, the latter can be fused with either one of
the competing enzymes. In this way the intermediate is channeled only to one of the
competing enzymes and the reaction flux is shunted [59]. Enzymes can also be linked
to DNA-binding proteins such as zinc fingers that very specifically target unique DNA
sequences with nanomolar dissociation constant. Hence, by expressing DNA scaffolds
in vivo, target sites for the zinc fingers can be designed to obtain a specific spatial
arrangement of the enzymes. Such strategy has been succesfully applied in E. coli cells
for three different pathways, all showing an enhanced product flux as compared to the
case of unassembled enzymes [130].

DNA scaffolds can also be used in vitro to arrange enzymes with nanometer precision.
Their application can be useful in synthetic devices such as microfluidic chips. In several
studies, the throughput of the reaction catalyzed by the two consecutive enzymes
glucose oxidase (GOx) and horseradish peroxidase (HRP) has been analyzed as the two
enzymes were tethered onto DNA scaffolds at different distances. The GOx catalyzes
the conversion of glucose and oxygen into a gluconic acid and hydrogen peroxide.
The HRP then uses the hydrogen peroxide to mediate the oxidation of 2,2’-azino-bis(3-
ethylbenzothiazoline-6-sulfonic acid), ABTS2–, to a colored product that can be easily
detected via spectrophotometry. The two enzymes were located onto two and four
hexagonal DNA scaffolds at a distance of 13nm and 33nm respectively. The product
flux resulting from the enzymatic cascade onto the two hexagons showed an increase
of 1.2-fold as compared to the flux produced by the enzymes on the four hexagonal
scaffold. This was justified by considering the different distances that the intermediate
hydrogen peroxide needs to cover via diffusion to reach the next enzyme [62]. A more
systematic study of the inter-enzyme distance has been carried out by tethering GOx
and HRP onto two-dimensional DNA origami tiles at varying distances in the range
of 10-65nm [63], see Fig. 2.4b. DNA origami tiles are different as compared to the
hexagonal scaffolds discussed before as they form from a long single strand of DNA
instead of the binding of different oligomers [131]. The reaction flux is enhanced by
20-fold at 10nm and just by 3-folds at distances higher than 20nm. In other studies
the enzyme pair has been enclosed into a DNA origami tunnel showing a further
enhancement in the enzyme activity [132, 133]. Furthermore, the introduction of
swinging arms has been shown to further increase the reaction flux for the GOx, HRP
pair [63] and also for two consecutive dehydrogenase enzymes [134]. Moreover, the
stoichiometry of the enzymes and of the swinging arms can be optimized, leading to a
further increase in the reaction flux that, in the case of the two dehydrogenase enzymes,
got up to almost 300-fold.
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Figure 2.4.: Protein and DNA scaffolds for the arrangement of enzymes in bulk. a Enzymes
on protein scaffolds. An heterologous three-enzymes pathway converting acetyl-CoA into
mevalonate can be inserted into bacteria. The enzymes AtoB, HMGS and HMGR bind to the
GBD, SH3 and PDZ scaffold proteins respectively (left). As the stoichiometry of the scaffold is
varied, the mevalonate production rate changes. For scaffolds composed of 1 GBD domain, 2
PDZ domains and 2 SH3 domains it is observed a 77-fold increase in the mevalonate production
as compared to the case with no scaffolds. Figure adapted with permission from [128]. b
Enzymes on DNA scaffolds. The consecutive enzymes GOx and HRP are arranged with
nanometer precision onto DNA origami tiles. On the left we can see the two-steps pathway
catalyzed by the enzymes (top) and the four different distances considered (bottom). On the
right the fold enhancement of the reaction compared to free enzyme in solution versus the
spacing distance is shown. The raw activity (grey) is given by both assembled enzymes and
enzymes present in solution. The assembled activity (orange) includes corrections accounting
for the percentage of enzymes correctly assembled onto the DNA origami tiles. Only at a
distance of 10nm we have a significant enhancement of ≈ 20-fold. At distances larger than 20nm
the fold enhancement quickly drops to a 3-fold enhancement. Figure adapted with permission
from [63].

All of the above techniques can be used to spatially allocate enzymes in cells and in
synthetic devices to maximize the formation of metabolites. In the next chapter, Ch. 3,
we will study a wide class of systems where a substrate is imported into the bulk of the
system via the external boundary or the boundaries of internal compartments. Once
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2. Spatial organization and dynamics of enzymatic reactions

in the system, the substrate undergoes diffusive motion and reacts with an enzyme
that is considered to be static and can be freely arranged, being also membrane bound,
and that catalyze the substrate conversion into a desired product. We ask: What is the
enzyme arrangement that maximizes the reaction flux? We will analyze in detail the
optimal strategy leading to the optimal enzyme profiles and characterize a transition
in the optimal configuration. Finally, we will derive a set of rules for the systematic
construction of the optimal enzyme arrangement that, in principle, could be achieved
by using the techniques presented in this section.

2.6. Enzyme motion

In Sec. 2.1, we have seen how the binding and unbinding rates of an enzymatic reaction
are affected by a purely diffusive motion of the enzyme and the substrate. However,
recent experiments suggest that the motion of enzymes can be influenced by the
concentration profile of the corresponding substrate [135]. Although some of these
experimental findings are still being debated, it seems that the motion of enzymes in
presence of their substrate is not always simply diffusive. In the following, we present
these experimental findings and the different effective equations proposed to describe
the enzyme motion.

2.6.1. Enhanced diffusion

Recent experiments suggest that several enzymes exhibit a higher diffusion coefficient
as the concentration of the corresponding substrate in solution increases [136, 137,
138, 139, 140, 141, 142, 91]. This phenomenon goes under the name of ‘enhanced
diffusion’ of enzymes. The enhanced diffusion turns out to be directly proportional
to the Michaelis-Menten reaction rate of the enzymatic reaction. Hence, the effective
diffusion coefficient of the enzyme De(s) can be written in terms of the diffusion
coefficient in absence of substrate D0

e as

De(s) = D0
e

(
1 + α

s
KM + s

)
, (2.5)

where α corresponds to the maximal relative increase (De(s)− D0
e)/D0

e , obtained for
s � KM. The maximal measured relative increases are in the range of α ≈ 0.15-0.80,
being usually ≈ 0.30. Most of these measurements were performed by using Fluores-
cence Correlation Spectroscopy (FCS). This technique is based on the measurement of
the correlations of fluctuations of the fluorescence intensity produced by the motion of
fluorescently labeled enzymes in a small volume. The resulting correlation function
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2. Spatial organization and dynamics of enzymatic reactions

is then fit to a model that assumes the diffusive motion of the labeled particles. Some
of the above experimental results have been proven to be due to artifacts affecting
the FCS measurements [143, 144]. For example the 0.80 relative increase in diffusion
coefficient of the enzyme alkaline phosphatase has been shown to be due to quenching
of the fluorophore caused by the substrate [143, 145]. Nevertheless, enzymes enhanced
diffusion is still observed in experiments using different techniques [137, 146, 147, 148].

It is still unknown what the cause of enhanced diffusion could be. On the one hand,
experiments suggest that catalysis plays a crucial role. In fact, the enhanced diffusion
seems to correlate with the energy released by the enzymatic reaction [140]. Different
mechanisms explaining how this energy release could speed up the enzyme diffusion
have been proposed. For example, the heat dissipated by a single enzymatic reaction
could generate a local temperature increase, which in turn would cause an increased
diffusion as given by the Einstein relation ∆D = µkb∆T, where µ is the enzyme
mobility, kb the Boltzmann constant and ∆T the temperature increase [38]. However,
the heat dissipated by a typical enzymatic reaction can cause increases that are at most
∆T < 1K [140]. Although these are too small to justify the experimental observations, it
has been suggested that the heat released by multiple synchronous reactions could lead
to global temperature increases ∆T ≈ 5-10K [149]. Nevertheless, these temperature
increases are not observed in experiments. Another model suggests that the energy
released could cause a “chemoacoustic” effect for which the center of mass of the
enzymes would be displaced by an asymmetric pressure wave propagating through the
enzyme [140]. However, the energy released by the reactions is not compatible with the
chemoacoustic effect [149, 150]. According to the latest measurements, it seems that the
enhanced diffusion can be determined by the Gibbs free energy release rate [148]. This
is consistent with super resolution experiments suggesting that the energy released
from the catalysis could be fueling a ballistic component of the enzyme motion over a
time interval of 1-10µs, for a distance of the order of tens of nm [142, 151]. For such
a model α ∼ kcatl2

B/D0
e , where lB is the distance covered by the enzyme due to the

energetic boost. Note that no microscopic models have been proposed to justify the
ballistic motion observed.

On the other hand, experiments performed with other enzymes suggest that the
catalytic step of the reaction might play a less relevant role. In fact, enhanced diffusion
of these enzymes is observed in presence of inhibitors that can bind and unbind to
the enzyme without reacting [136, 141, 152]. These experiments suggest that enhanced
diffusion could be the result of conformational changes of the enzyme upon substrate or
inhibitor binding. In Sec. 1.2.2, Fig. 1.3, we have seen how the binding of substrate can
induce changes in the enzyme structure. Usually the enzyme becomes more compact
and stiffer. This causes a reduction in the hydrodynamic radius and consequently an
increase in diffusion coefficient [141, 153]. For such models α = (Dc − D0

e)/D0
e , where
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2. Spatial organization and dynamics of enzymatic reactions

Dc corresponds to the diffusion coefficient of the enzyme-substrate or enzyme-inhibitor
complex and Dc > D0

e . Having Dc > D0
e has been confirmed by Brownian dynamics

simulation [154] and it has been measured for enzymes undergoing conformational
changes [155]. However, whether these changes can cause a relative increase of en-
hanced diffusion higher than 0.15 is still argued [154, 155]. Moreover, conformational
changes have also been suggested to generate hydrodynamic collective effects that
could be responsible for the enhanced diffusion [156, 157].

For some enzymes, the enhanced diffusion has been related to the dissociation of
enzyme oligomers into smaller subunits [158, 147]. As we have seen in Sec. 1.3.3 for
the hemoglobin, oligomers are structures composed of multiple copies of the same
enzyme. The oligomerization of enzyme complexes can depend on the concentration
of substrate or inhibitors around the complexes and it follows a Michaelis-Menten
equation of the same form of Eq. (2.5). The smaller subunits then show a higher
diffusion coefficient due to their size. Although such a dissociation process has been
shown to play a role for the enzymes F1-ATPase [158], hexokinase and aldolase [147],
it only plays a limited role for the enzyme acetylcholinesterase and urease [147, 146].
For instance, urease shows an enhanced diffusion that can be almost 3-fold higher than
in the absence of substrate in a viscous environment and not due to the dissociation
of the enzyme oligomers [146]. This increase has been assessed by looking at the
mean squared displacement of single enzyme molecules with total internal reflection
fluorescence (TIRF) microscopy. To favor the tracking, the enzyme motion has been
slowed down by the addition of methylcellulose as a viscous agent. The distribution
of urease oligomers, in the presence and absence of substrate, has been controlled by
single molecule photobleaching experiments.

In summary, the enhanced diffusion of enzymes can always be effectively described
using Eq. (2.5). However, the exact cause of the relative increase in diffusion coefficient
α depends on the specific model and the enzyme considered.

2.6.2. Directed motion in substrate gradients

Enzymes not only exhibit enhanced diffusion in the presence of their substrate but
also show directed motion in substrate gradients. However, whether this motion
is directed upstream or downstream depend on the experimental conditions. In
some experiments enzymes have been observed to drift upstream substrate gradients,
performing ‘chemotaxis’. In others enzymes appear to drift downstream substrate
gradients, performing ‘antichemotaxis’. In the following we discuss and compare the
two experimental scenarios together with the different models proposed to describe
the observed enzyme motion.
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Chemotaxis

The typical experimental setup used to analyze enzyme chemotaxis is shown in Fig. 2.5a.
A three-inlet one-outlet microfluidic channel is employed. A fluorescently tagged
enzyme (in this case urease) flows into the channel only through the middle inlet,
whereas an equal concentration of buffer solution is used in all of them. The only
element breaking the symmetry is the inflow of substrate (in this case urea) through
the bottom inlet. This generates a lateral concentration gradient of the substrate. By
using confocal microscopy is possible to analyze the enzyme profile further down
the microfluidic channel. In absence of substrate the enzymatic concentration profile
appears to be symmetric, see Fig. 2.5b. However, as substrate is added into the channel
we see a shift on one flank of the profile. This suggests that the enzyme molecules move
towards higher substrate concentrations. Moreover, the shift appears to be dependent
on the substrate concentration used, see Fig. 2.5c. Similar setups have been used to
characterize the chemotactic response of several enzymes. Besides urease, catalase [139],
RNA polymerase [137] and several glycolytic enzymes showed a similar response [91].
Remarkably, it has been shown that the consecutive enzymes of enzymatic cascades
can co-localize due to such chemotactic response [139, 91]. In fact, the intermediate
produced by an enzyme of the cascade (upstream enzyme) triggers the chemotactic
shift of the next enzyme in line (downstream enzyme). The downstream enzyme then
drifts towards high intermediate concentrations, hence co-localizing with the upstream
one.

The chemotactic response of the enzymes can be explained by considering a cross-
diffusion term in the equation describing the enzyme motion. Cross-diffusion describes
the response of the enzyme to forces generated by substrate gradients. Mathematically,
it corresponds to an off-diagonal element in the diffusion matrix describing the motion
of both the enzyme and the substrate. Such cross-diffusion has been suggested to
be due to the local, attractive, short-ranged interactions between the substrate and
the enzyme binding site [152, 159, 91]. Such interactions are usually referred to as
specific interactions [160]. In presence of substrate gradients, enzymes that are not
substrate bound would then be attracted to regions of high substrate concentration, see
F. Mohajerani et al. [152] for details. The equation describing the enzyme motion, which
considers both the effects of enhanced diffusion and cross-diffusion due to specific
interactions, takes the form:

∂te(x, t) = ∂xDe(s)∂xe + ∂x[Ds
xd(s, e)∂xs] , (2.6)
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a

b c

Experimental setup

Chemotactic shift Shift as a function of substrate

Figure 2.5.: Chemotaxis of enzymes in presence of substrate gradients. a Typical experimental
setup used to observe enzyme chemotaxis. A three-inlet one-outlet microfluidic channel is
employed. The enzyme (urease) enters the microfluidic channel through the middle inlet. The
substrate (urea) enters via the bottom inlet, while equal concentrations of buffer are used in
all the inlets. b A chemotactic shift in the enzyme profile is observed via confocal microscopy
along the channel. The shift shows the tendency of enzymes to move towards the side of the
channel where the concentration of substrate is the highest. c The chemotactic shift in the
enzyme profile increases with the substrate concentration used in the bottom inlet. The blue
bars are the experimental results and the red diamonds are the results of simulations that use
the equation Eq. (2.7) for the enzyme motion. This equation includes the effects of enzyme
enhanced diffusion and enzyme cross-diffusion generated by specific interactions with the
substrate. Figures adapted with permission from [152].

where De(s) = D0
e

(
1 + α s

KM+s

)
(same as Eq. (2.5)) and the cross-diffusion is given by

Ds
xd(s, e) = −D0

e
KM

KM + s
e

Kd + s
. (2.7)

Eq. (2.7) shows that both the Michaelis-Menten constant KM and the dissociation
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constant Kd = k−1/k1 of an enzyme are determining factors for the cross-diffusion
derived by F. Mohajerani et al. [152]. The first fraction in Eq. (2.7) is the fraction of free
enzymes. Only free enzymes are in fact subject to forces due to specific interactions.
The second fraction has to do with the magnitude of these forces. Their magnitude is
higher if the binding has a high rate k1 � k−1, i.e. for values of Kd → 0. The Eq. (2.7)
has been used in simulations of the setup shown in Fig.2.5c to measure the shift due to
chemotaxis in the enzyme profile. The results are the red diamonds shown in Fig.2.5c.

The chemotaxis of enzymes in substrate gradients would make enzymatic reactions
more efficient as free enzymes would swim towards higher substrate concentrations. It
could also be the mechanism behind spontaneous metabolon formation (cf. Sec. 2.2.3),
by driving the co-localization of consecutive enzymes. However, these findings are still
controversial and need to be further validated. In fact, another study has observed that
the same enzyme used in the experiment of Fig. 2.5, urease, does not chemotax but
rather antichemotax in a similar experimental setting.

Antichemotaxis

The enzyme urease that seems to chemotax in the experiment illustrated in Fig. 2.5,
shows antichemotaxis in the experimental setup considered by Jee et al. [142, 151] and
described in Fig. 2.6. A microfluidic channel is again employed for the analysis of the
enzyme motion, see Fig. 2.6a. Using sequential dilution from two parent reservoirs,
enzyme and substrate enters the channel with different profiles. The enzyme is uniform
across the channel, whereas the substrate (urea) forms a linear gradient. Downstream
the channel entry, urease concentration is measured by using FCS. In Fig. 2.6b, we can
see how the enzyme accumulates where substrate concentration is low. This suggests
that the enzyme is able to swim downstream substrate gradients, i.e. it antichemotaxes.
In contrast to chemotaxis, antichemotaxis can be justified exclusively by considering
enhanced diffusion. In Fig. 2.6c, we can see how the diffusion coefficient of the enzyme
urease (extracted via FCS measurements) decreases across the channel together with
the substrate concentration. The diffusion coefficient goes from being ≈ 20% higher
than the one in the absence of substrate on the left, to be approximately equal on the
right.

This type of enzyme motion can be described by the following equation of mo-
tion [142]:

∂te(x, t) = ∂2
x[De(s)e] , (2.8)

where the enhanced diffusion De(s) has the Michaelis-Menten form of Eq. (2.5). The
steady state response to a linear substrate gradient given by Eq. (2.8) is given by
e ∼ 1/De(s). Such a profile, fits very well the experimentally observed measurements

38



2. Spatial organization and dynamics of enzymatic reactions

e

a bExperimental setup Enzyme antichemotaxis

Spatially dependent diffusionc

Figure 2.6.: Antichemotaxis of enzymes in presence of substrate gradients. a Experimental
setup used in the experiments that observed enzyme antichemotaxis. A microfluidic channel is
employed. The solution enters the channel via a sequential dilution from two parents reservoirs.
Equal concentrations of the enzyme urease and buffer solution are employed in both reservoirs,
while the substrate urea is present only in the left reservoir. This generates a linear substrate
gradient at the entry of the channel as shown by the cyan shading. The enzyme and the buffer
instead have initial homogeneous concentrations. b Enzyme antichemotaxis. The enzyme
concentration is measured via FCS across the channel. The results are shown by the black solid
circles. The grey open circles represent the linear substrate gradient measured in the absence
of enzymes. The enzyme accumulates on the right, where the concentration of substrate is
low. c Spatially dependent diffusion coefficient. The diffusion coefficient of the enzyme is
measured via FCS across the channel with and without substrate. In presence of substrate, the
diffusion coefficient of the enzyme is higher for higher concentration of substrate. However, in
the absence of substrate, the diffusion coefficient is uniform across the channel. Figures adapted
with permission from [142].

as can be seen by looking at the dashed black line in Fig. 2.6b. By coupling a super
resolution microscopy technique (stimulated emission depletion microscopy, i.e. STED)
to FCS, Jee et al. [142, 151] observed a ballistic component of the enzyme motion over
distances lB of the order of tens of nanometers, with a transient time between 5 and
10µs. They suggested that such ballistic motion could be fueled by the realease of the
Gibbs free energy of the reaction (10-20kBT) over the observed time interval. As already
mentioned in Sec. 2.6.1, this would generate a maximal relative increase in diffusion
coefficient of α ∼ kcatl2

B/D0
e , where the prefactor would depend on whether or not the
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timescale of the boost is comparable to that of enzyme rotational diffusion [151].
Note that in Eq. (2.8), De(s) is inside the second spatial derivative; this is in contrast

with the model presented in the previous section where De(s) was outside the second
derivative, cf. Eq. (2.6). Both models consider a spatial dependence of the diffusion
coefficient. The difference among the two models accounts for different microscopic
mechanisms behind the spatial dependence [161]. Let us imagine to have discretized
space, the diffusion coefficient of the enzyme molecules is then proportional to the
hopping rate between adjacent positions. The description given by the enhanced
diffusion term of Eq. (2.6) corresponds to a case in which the hopping rate of enzymes
is symmetric with respect to the exchange of positions; whereas the model given by
Eq. (2.8) describes an enhanced diffusion whose hopping rates are asymmetric and
only depends on the starting position.

All possible mechanisms leading to an equation of motion for the enzymes as given
by Eq. (2.8) will result in enzyme antichemotaxis. An example is given by the de-
oligomerization of the enzyme urease observed for high substrate concentrations [147].
In such a regime, the enzyme urease seems to antichemotax, following a motion as
given by Eq. (2.8) [151].

A model capable of both chemotaxis and antichemotaxis

We have seen how specific interactions between enzyme and substrate can cause
cross-diffusion of enzymes in response to forces generated by substrate gradients,
see Eq. (2.7). However, the possible effects of nonspecific interactions have been
neglected. Nonspecific interactions refer to forces to which the substrate molecules
(in general any molecule) are subject to once they are in proximity of the enzyme
surface [160]. They are not specific to the binding site and they include interactions
such as steric, electrostatic, van der Waals, etc. Unlike the specific interactions, they
can be both attractive and repulsive. J. Agudo-Canalejo et al. [162] considered the
equation of motion for an enzyme subject to such interactions. Moreover, while the
model considered by F. Mohajerani et al. [152] leading to Eq. (2.7) is a thermodynamic
model, the one considered by J. Agudo-Canalejo et al. starts from a microscopic picture
where hydrodynamics effects are also taken into account.

The model is illustrated in Fig. 2.7. A single enzyme molecule is assumed to
be in a bath of substrate molecules with a fixed gradient. Depending on whether
the enzyme is free or complexed with the substrate, we assume it to have different
diffusion coefficients, D0

e and Dc respectively. Moreover, we assume that the nonspecific
interactions are also dependent on whether the enzyme is free or not. We denote the
potentials characterizing such interactions with φfs and φcs, respectively. As already
mentioned in Sec. 2.6.1, assuming two different diffusion coefficients, depending on
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substrate
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product

Figure 2.7.: Model for the enzyme motion driven by nonspecific interactions. The model
considers a single enzyme molecule in a bath of substrate. The substrate concentration is
assumed to have a fixed gradient as depicted by the purple shading. The model assumes
a different diffusion coefficient for the enzyme, depending on whether the enzyme is free
(orange) or it forms a complex with the substrate (brown). Moreover, the enzyme interacts with
the substrate molecules via nonspecific interactions. We indicate with φfs, φcs the interaction
potentials that are assumed to depend on whether the enzyme is free or not, respectively. The
enzyme is assumed to catalyze a Michaelis-Menten reaction. The substrate molecules bind and
unbind with rates k1 and k−1 and the catalysis has a catalytic rate kcat. Figure adapted with
permission from [162].

the enzyme form, implies that the enhanced diffusion takes the form

De(s) = D0
e

[
1 +

(Dc − D0
e)

D0
e

s
KM + s

]
, (2.9)

which is a Michaelis-Menten interpolation between the free enzyme diffusion coefficient
D0

e , obtained for low substrate concentration s� KM, and the diffusion coefficient of
the complex Dc obtained in the saturated regime s� KM.

The nonspecific interactions instead generate an effective cross-diffusion

Ds
xd = −NAkBT

η

[
λs 2

f + (λs 2
c − λs 2

f )
s

KM + s

]
e , (2.10)

where η is the viscosity of the fluid, kB the Boltzmann constant, NA the Avogadro
number, T the temperature and λs

c/f the Derjaguin lengths associated to the nonspecific
interactions. The Derjaguin length is a parameter capturing the lengthscale associated
to the nonspecific interactions. It is typically a few angstroms [163, 164] and can at most
be as large as the Debye length (screening length), which in typical buffer conditions
is about 1nm [155]. It is expressed via the integral λs 2

c/f =
∫ ∞

0 dhh(e−φcs/fs(h)(kBT)−1 − 1).
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λs 2
c/f is positive for attractive interactions and negative for repulsive ones [162]. Note

that the derivation of λs 2
c/f is similar to that of the second virial coefficient for a real

gas [165], but it also includes hydrodynamic effects and is computed by assuming
that the size of the enzyme is much larger than the interaction length. In the simple
case that λs 2

f and λs 2
c have the same sign, from Eq. (2.10), we can see that the sign of

λs 2
c/f determines the sign of the cross-diffusion. In presence of a substrate gradient the

enzyme will be pushed to the side of higher substrate concentration if the nonspecific
interactions are attractive (λs 2

c/f > 0 and Ds
xd < 0) and it will be pushed in the opposite

direction if the interactions are repulsive (λs 2
c/f < 0 and Ds

xd > 0).
The equation of motion of an enzyme subject to nonspecific interaction is therefore

given by
∂te(x, t) = ∂2

x[De(s)e] + ∂x[Ds
xd(s, e)∂xs] , (2.11)

where De(s) and Ds
xd(s) follow Eqs. (2.9), (2.10) respectively. The equation of motion

Eq. (2.11) is a mathematical generalization of the equation presented by Jee et al. [142,
151] (Eq. (2.8)). The only difference lies in the microscopic mechanisms behind the
enhanced diffusion and, therefore, the two models present different relative increases
in the diffusion coefficient α. Nevertheless, the two De(s) functions have the same
functional dependence on s. The equation of motion proposed by J. Agudo-Canalejo
et al. [162] generalizes also some of the models proposed in the literature to justify
enzyme chemotaxis [159, 91]. However, the model proposed by J. Agudo-Canalejo et
al. [162] and the one proposed by Mohajerani et al. [152] (given by Eq. (2.6)) present
some differences. The enhanced diffusion of Eq. (2.11) generates a drift in the enzyme
motion given by [∂sDe(s)]e = αD0

eKM/(KM + s)2 that is very similar in form to the one
suggested by Mohajerani et al. [152] and given by Eq. (2.7). Considering that often
KM ≈ Kd, the two differs only by a prefactor α and by having opposite signs.

Overall, we have seen that different models have been proposed to describe the
enzyme motion in presence of their substrate. These studies focused on the response
of the enzyme to pre-imposed substrate profiles. They did not consider the effects
that the enzymatic reaction has in shaping the substrate profile, which in turns has an
effect on the enzyme motion. In Ch. 4, we will show that a positive feedback between
enzyme accumulation due to nonspecific interactions and reaction can drive spatial
pattern formation starting from initial homogeneous concentrations. We will therefore
demonstrate that studying the effect that the reaction has on the substrate profile can
be important in selecting the correct model of enzyme motion. In fact, patterns can
only form for the model proposed by J. Agudo-Canalejo et al. [162], but not for the
other models.
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3. Design principles for the optimal spatial
arrangement of enzymes*

Due to evolutionary pressure and limited amount of resources, cells face numerous
allocation problems demanding decisions on how to distribute their resources. To
regulate enzymatic reactions, cells not only decide the amounts and types of enzymes
to be produced, but they also regulate their spatial arrangement (cf. Ch. 2). For
example, enzymes can be positioned to maximize the product flux of the reaction that
they catalyze. In this chapter, we derive an optimal allocation principle for the spatial
distribution of enzymes in a wide class of reaction-diffusion systems for which the
enzyme’s substrate is imported into the system through the external boundary or the
boundaries of internal compartments. So far, for systems presenting a single source of
substrate and spherical symmetry, these distributions have been analyzed by stochastic
optimization algorithms. However, these methods were unable to provide a systematic
construction of the optimal profile for systems without specific symmetries. To address
this issue, here we derive an optimal allocation principle demanding that the available
enzymes are distributed such that the marginal flux returns at each occupied position
are equal. This homogeneous marginal returns (HMR) principle generalizes the Kelly
criterion [166] (widely used for betting and portfolios optimization) to a case where
each bet globally feeds back onto all payoffs (see graphical abstract Fig. 3.1). The
HMR criterion allows us to analytically understand and characterize a localization-
delocalization transition in the optimal enzyme distribution with respect to the source
of substrate that was previously observed numerically [167, 168]. In particular, our
analysis reveals the generality of the transition, and produces an experimentally relevant
test for the optimality of enzyme localization at the substrate source, by comparing the
reaction flux to the influx of substrate. We also leverage the HMR criterion to devise
a deterministic construction algorithm to build up the optimal enzyme arrangements
systematically rather than by using stochastic algorithms. Taken together, our results
reveal a common principle in allocation problems from biology and economics, which
can also serve as a design principle for synthetic biomolecular systems.

*The chapter is adapted from the manuscript: “A generalized Kelly criterion for the optimal spatial
allocation of enzymes”, by G. Giunta, F. Tostevin, U. Gerland, which has been submitted for publication.
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Enzyme spatial allocation
problem

Portfolio optimization problem where
investments and returns are coupled 

Reaction-Diffusion System
with localized reactions

Portfolio of positions

What is the optimal localization strategy? What is the optimal bet-hedging strategy?
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Figure 3.1.: Graphical abstract: Design principles for the optimal spatial arrangement of
enzymes. We consider a class of reaction-diffusion systems where an enzyme E converts a
substrate S into a product P . The class of systems is such that S is imported into the system
either from the external boundary or the boundary of internal compartments. Once into the
system, S can be degraded, lost to competing reactions, or react with E , implying that S is not
uniformly distributed in the system at steady state. Moreover, while S diffuses, E is assumed
to be localized (static). We ask: What is the enzyme spatial arrangement that maximizes
the reaction flux? To answer the question we draw an analogy between the enzyme spatial
allocation problem and a portfolio optimization problem. The system can be interpreted as a
portfolio, where each position represents an asset generating a certain amount of returns in
terms of reaction flux. Enzymes are capital that can be invested in the system at the different
positions. As opposite to classical economical systems where investments and returns are
assumed to be independent, here the reaction-diffusion dynamics causes the returns in reaction
flux and the enzyme investments to be coupled. More specifically, since the reaction between
enzyme and substrate at a given location causes the substrate to be depleted, this generates a
diminishing returns effect for which the addition of extra enzymes at that position is gradually
less efficient. Moreover diffusion causes the different positions to be coupled. By generalizing a
widely used betting criterion (the Kelly criterion [166]) to include these couplings, we show
that the enzyme spatial allocation problem can be solved in terms of a bet-hedging strategy for
a portfolio optimization problem where investments and returns are coupled.
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3.1. Introduction

Living organisms have a limited amount of resources at their disposal that need to
be allocated among different molecular processes. To cope with such limitations,
organisms present a variety of bet-hedging strategies that allows them to efficiently
use their resources. Such strategies share the basic characteristics of other resource
allocation problems, where a given amount of a resource must be distributed among
competing alternatives to maximize the expected performance of the system [169].
On the cellular level, for example, cells of a colony of microbes can differentiate into
different cell types, each specialized in a task that contributes to the growth of the colony
as a whole [170]. This allows a more efficient enzymes usage as cells compartmentalize
metabolic pathways, avoiding cross-talk of toxic intermediates. On the molecular level,
enzymes are also efficiently allocated. For instance, a limited number of ribosomes
must produce different types of proteins in different ratios to achieve balanced cell-
growth [171, 172, 173]. Moreover, cells need to dynamically adjust these ratios to
support their growth under changes in environmental conditions [174, 175]. Besides
regulating production ratios, we have seen in Ch. 2 that cells are able to control the
spatial arrangement of enzymes to optimize or regulate metabolic fluxes [79, 176].
Sec. 2.2.2 showed how consecutive enzymes evolved structural features to directly
channel intermediates from one another. Sec. 2.2.3 showed how the formation of large
enzymatic clusters (metabolons) enhances the flux of the final product of a pathway and
reduces the transient times of reactions by constraining the diffusion of intermediates.
We have also seen that synthetic strategies can be used to regulate the spatial allocation
of enzymes, both in vivo and in vitro, see Sec. 2.5. Such strategies can be used to boost
the yields of useful products such as drug molecules [128, 177, 178] and biofuels [122,
123].

Here, we solve the spatial allocation problem where multiple copies of a single
type of enzyme E can be assigned to different spatial positions in a wide class of
reaction-diffusion systems, see Fig. 3.2. This class of systems applies to domains of
arbitrary shape, in which the substrate S is imported either from the external boundary
and/or the boundary of internal compartments. The enzyme catalyzes the conversion
of the substrate S into a product P . As a measure for the performance of the system,
we consider the total reaction flux, i.e. the overall rate at which product is generated.
We are interested in finding the optimal enzyme profile e∗(r). Why would the spatial
distribution e(r) of the enzymes E affect the total reaction flux? The rate at which an
enzyme catalyzes reactions depends on the local concentration of its substrate S . The S
molecules, in turn, are not necessarily uniformly distributed within cells: (i) As already
mentioned, they are often imported into the cytoplasm from the cell exterior or from
an internal organelle (see Sec. 2.4 and Fig. 3.2b-Import), or they may be produced by
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other non-uniformly distributed enzymes. (ii) They are subject to loss mechanisms,
e.g. leakage through a membrane [48], conversion by a competing enzyme [59], or
spontaneous decay of unstable molecules such as PRPP [179] (see Fig. 3.2b-Loss). (iii)
The enzyme E also affects the concentration profile of its substrate S by depleting it
locally. (iv) Substrate molecules are stochastically transported via diffusion and possibly
also actively transported by cytoplasmic streaming [180] or cargo-carrying molecular
motors [181] (see Fig. 3.2b-Transport). The interplay of these mechanisms can produce
stable non-uniform substrate profiles, as can be seen in a variety of different contexts,
including embryo-morphogenesis [182], cell mitosis [183], asymmetric division of
bacteria [184], virulence strength [185] and control of cell length in yeast [186]. Having
non-uniform substrate profiles implies that different spatial enzyme distributions e(r)
generate different total reaction fluxes. Note that potential co-localization of E with
other enzymes [65, 187, 59, 66] is incorporated in our model only to the extent that the
S influx at the boundaries may be caused by other, boundary-localized enzymes.

As we already discussed in Sec. 2.4 for cases where the substrate is produced inside
organelles (e.g. the mitochondria or endoplasmic reticulum), the enzymes tend to be
bound to the organelle membrane, or located in their proximity also being present in the
cytoplasm [115, 111, 106, 93], see Fig. 2.2c and Fig. 3.2a. In contrast, when the substrate
is imported into the cytoplasm from the external environment, some of the associated
metabolic enzymes are localized to the external membrane [89, 105], see Fig. 2.2a-b.
This intuitively guarantees an efficient substrate turnover as losses of substrate should
be prevented, cf. Sec. 2.4. Surprisingly, a previous study of a minimal one-dimensional
model within the class of systems illustrated in Fig. 3.2 observed a phase transition
in the optimal enzyme distribution e∗(r) as a function of a dimensionless reaction-
diffusion parameter [167]: When reactions are slow compared to diffusion, localizing
all E at the source boundary is optimal, while a more extended profile with enzymes
also in the interior is optimal for faster reactions. The existence of this transition was
subsequently found to be robust with respect to the spatial dimension and specific loss
mechanism and reaction kinetics considered [168]. However, the physical principles
governing the optimal configurations and the generality of the transition have remained
elusive, and a systematic way of constructing the optimal enzyme arrangement is
lacking.

The optimal allocation of limited resources is extensively studied in economics. Rules
such as Kelly’s criterion [166] are used to determine optimal betting strategies or
portfolios [188]. Kelly’s criterion specifies how to place bets to maximize the long-term
growth rate of a gambler’s capital when betting on several mutually exclusive events.
We draw an analogy between the biological problem of spatial enzyme allocation and
economical investment problems. Within this analogy, enzyme molecules represent
capital that can be invested at different positions within the system. Each position can
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be interpreted as an asset, generating a certain expected return in terms of reaction flux.
An important assumption of Kelly’s problem is that the gambler’s bets do not directly
affect the payoffs/returns of the different events. This is certainly not the case for the
enzyme allocation problem, where enzymes placed at different positions have direct
effects on the substrate profile and on the reaction flux. Drawing an analogy between
the two problems helps in better understanding the enzyme allocation problem and it
also helps in providing a generalization of the Kelly criterion for cases where payoffs
and bets are directly coupled. We can therefore ask: can we use strategies of the type of
Kelly’s one for the determination of the optimal enzyme arrangements? Moreover, the
localization-to-delocalization transition observed in the optimal enzyme arrangement
is reminiscent of a transition in investment strategy from investing everything on a
single asset to having a diversified portfolio where investments are partitioned among
multiple assets. Therefore we can also ask: Can we explain the generality of the
localization-to-delocalization transition through the analogy with a diversification
investment strategy? Lastly: just as Kelly’s criterion provides a set of rules for the
optimal repartition of bets, can we derive an algorithm for the construction of the
optimal arrangement of enzymes? To address these questions, we devise a variational
approach to characterize the optimal enzyme arrangements and reveal the underlying
investment diversification strategy.

3.2. Model

We consider catalytic reactions where a substrate S is converted into a product P by an
enzyme E (Fig. 3.2a). The substrate enters the system either from the exterior or from an
internal compartment (Fig. 3.2b-Import). Enzymes may be located both in the bulk of
the system and at the boundaries where the substrate is imported. The former fraction
is described by the concentration field e(r), with r denoting positions inside the system,
while eS(s) is the density of E on the boundary surface at position s. The concentration
of S at time t is ρ(r, t). We consider the distribution of E as stationary and explore all
possible spatial arrangements of the enzymes. We assume that the rate at which S is
converted into P is described by kcateF[ρ], where kcat is the enzyme turnover rate and
F[·] is a monotonically-increasing reaction function that can be chosen to represent a
particular reaction scheme, e.g. Michaelis-Menten kinetics, F[ρ] = ρ/(KM + ρ), or linear
mass-action kinetics, F[ρ] = ρ, or a Hill function F[ρ] = ρh/(Kh + ρh) (cf. Sec. 1.3.3).

Within the system, substrate molecules undergo diffusive transport with diffusion
coefficient D and may also be advected by a velocity field v(r) (Fig. 3.2b-Transport).
If the substrate is intrinsically unstable or subject to competing reaction pathways,
it decays with rate constant σ (Fig. 3.2b-Loss). Taking into account these different
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Figure 3.2.: Class of reaction-diffusion systems considered for the optimal spatial allocation
of enzymes. a We consider a single-step catalytic reaction where a substrate S is converted by
an enzyme E into product P . The enzyme molecules can be freely placed, being either bound
to the external or the internal boundaries or placed anywhere within the system. The substrate
has influx j and it is processed by the enzyme with a catalytic rate kcat. b-Import: S is either
imported from the exterior or produced within internal compartments. b-Transport: Once into
the cytoplasm the substrate can follow an advection-diffusion transport, where the advection
can be caused by the active transport of substrate molecules or cytoplasmic streaming. b-Loss:
During its transport the substrate can also be degraded with rate σ, leaked through the external
membrane or absorbed into an other organelle.

processes, the dynamics of S follows

∂tρ(r, t) = D∇2ρ(r, t)−∇ · [ρ(r, t)v(r)]− σρ(r, t)− kcate(r)F[ρ(r, t)] , (3.1)

where the first two terms on the right hand side describe the transport of S by diffusion
and advection, the third term describes decay, and the last describes the reaction
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of substrate with enzymes. In the following, we focus on steady-state conditions,
∂tρ(r, t) = 0, where ρ(r, t) = ρ(r).

We consider two types of boundaries for the system: boundaries at which substrate
is imported and absorbing boundaries. For the first type, by including the reaction
of substrate with the enzymes that may be located at such a boundary, we have a
boundary condition of the form

j(s) =
[

D
∂ρ

∂n(s)
− ρ(s)v(s) · n̂(s)

]
+ kcateS(s)F[ρ(s)], (3.2)

where j(s) is the influx of S at position s, n̂(s) is a unit vector normal to the boundary,
pointing outwards from the system, and ∂

∂n(s) represents the magnitude of the normal
component of the gradient. This condition enforces flux conservation at the boundary:
the influx j(s) must equal the sum of the local transport and reaction flux. We allow
for j(s) to be a discontinuous function of s as there could be regions on the boundary
without influx, j(s) = 0 (see Appendix A.1 for details on how such discontinuities are
treated). The second kind of boundaries we consider are absorbing boundaries with
ρ(s) = 0, from which substrate is rapidly lost (see Fig. 3.2b-Loss). For convenience, we
combine these two types of boundary condition

0 = k(s)
{

j(s)−
[

D
∂ρ

∂n(s)
− ρ(s)v(s) · n̂(s)

]
− kcateS(s)F[ρ(s)]

}
− h(s)ρ(s) , (3.3)

where k(s) and h(s) are set to represent absorbing boundaries (k = 0, h = 1) or
boundaries with influx of substrate (k = 1, h = 0).

The total flux JP , i.e. the rate at which the whole system produces P , has contribu-
tions from enzymes at the boundaries and within the bulk,

JP =
∫

S
kcateS(s)F[ρ(s)]ds +

∫
V

kcate(r)F[ρ(r)]dr , (3.4)

where the first integral is over all boundary surfaces S and the second is over the
volume V of the system. The question is: Given a fixed amount of available enzymes,
Etot =

∫
S eS(s)ds +

∫
V e(r)dr, how should these enzymes be positioned such as to

maximize the rate JP of product formation?
This optimization problem can be approached by defining a functional of the form
L = JP −∑i λiCi, where Ci represent different constraints with associated Lagrange
multipliers λi. For our model, these constraints are that (i) the total amount of enzymes
must equal Etot, (ii) ρ(r) and e(r) must jointly satisfy the reaction-diffusion-advection
equation, Eq. (3.1), at each point r, and (iii) ρ(s) and eS(s) must jointly satisfy the
boundary condition, Eq. (3.3), at each boundary point s. The resulting Lagrangian has
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the form

L = JP − λe

[∫
S

eS(s)ds +
∫

V
e(r)dr− Etot

]
+
∫

V
λV(r)D [e(r), ρ(r), r]dr +

∫
S

λS(s)B [ρ(s), eS(s), s]ds, (3.5)

where D [e(r), ρ(r), r] and B [ρ(s), eS(s), s] represent the right-hand side of Eqs. (3.1)
and (3.3) respectively, and the signs in front of the Lagrange multipliers have been
chosen such that they result to be positive. Maximizing L with respect to eS(s) and e(r)
while simultaneously minimizing with respect to all Lagrange multipliers yields the
optimal enzyme arrangements satisfying the constraints.

The optimal enzyme arrangement may consist of both regions with a finite density
of enzymes and regions with no enzymes. Indeed, previous numerical studies have
shown that optimal enzyme distributions are often discontinuous [167, 168, 59]. This
is generally incompatible with the Lagrangian optimization formalism, since the op-
timization is performed over the space of smooth functions. We work around this
restriction by splitting the volume V into different sub-spaces (and similarly for the
boundaries S); within each sub-space the enzyme density e(r) must be continuous,
but at the interfaces it need not be. The number of sub-spaces as well as the shape of
the interface between each pair of sub-spaces are then also variables to be optimized.
Except where specifically noted, this complication is not important for understanding
the following results (see Appendix A.1 for details).

We will see below that the variational approach is useful even when it is impossible
to solve for the optimal enzyme arrangement analytically. In cases where it is possible
to extract the exact functional form of the optimal profile, the problem can usually
be reduced to a low-dimensional optimization over a small number of parameters,
which is then easily performed numerically (see Appendix A.5 for an example and
Fig. 3.4, magenta lines). For systems where the functional form of e(r) cannot be
found analytically, such as those with complex geometries, we provide an algorithmic
procedure for constructing the optimal enzyme arrangement.

3.3. Results

Our optimization problem can be understood in terms of an optimal betting strategy
by drawing an analogy with the Kelly problem [166]. Before presenting the optimal
allocation principle for the enzyme arrangement, we discuss the optimal betting strategy
found by Kelly and we generalize it to a case where bets and payoffs are coupled.
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3.3.1. Generalization of Kelly criterion

Kelly found a criterion for the optimal allocation of bets that is widely used in betting
and portfolio theory [188]. He considered the case of a gambler who wants to maximize
the long-term growth rate G of his capital over a succession of repeated games. At
each game, the bets are placed on mutually exclusive events s. We indicate with b the
fraction of the gambler’s capital that is not invested in the game, with a(s) the fraction
invested on the event s and with αs the odds, i.e. the money payed back to the gambler
in case s is the winning event. Given an initial capital V0, after one game the gambler
capital becomes V1 = V0(b + a(s)αs) if s is the winning event. Note that the gambler
can go bankrupt if he bets all of his capital on the losing events, i.e. for b = 0 and
a(s) = 0. After a succession of N games, the gambler’s capital is

VN = V0 ∏
s
(b + a(s)αs)

Ws , (3.6)

where Ws is the number of times that s is the winning event. The long term capital
growth rate is given by

G := lim
N→∞

1
N

log
(

VN

V0

)
= lim

N→∞
∑

s

Ws

N
log [b + a(s)αs] = ∑

s
p(s) log [b + a(s)αs] , (3.7)

where p(s) = limN→∞ Ws/N is the probability for s to be the winning event.
Kelly’s aim was to determine the optimal way of partitioning the gambler’s capital

given that the gambler can neither borrow nor lend money, hence his aim was to
determine the optimal set of a(s) and b, under the constraint ∑s a(s) + b = 1. We can
therefore consider the functional

G = ∑
s

p(s) log [b + a(s)αs]− λ

[
∑

s
a(s) + b− 1

]
, (3.8)

where λ is the Lagrange multiplier associated with the constraint on the gambler’s
capital. To find the optimal set of a(s) and b we perform the following derivatives:

∂G
∂a(s)

=
p(s)αs

b + αsa(s)
− λ = 0 for s ∈ K (3.9)

∂G
∂b

= ∑
s

[
p(s)

b + αsa(s)

]
− λ = 0 (3.10)

∂G
∂a(s)

=
p(s)αs

b
− λ ≤ 0 for s ∈ K′ , (3.11)
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where we indicated with K the set of events for which it is optimal to bet and a(s) > 0,
and with K′ the set of events for which betting is suboptimal and a(s) = 0. The
derivatives above can be interpreted as the variation of the constrained capital growth
rate G per extra bet placed (3.9), (3.11) or per extra fraction of capital kept (3.10). The
first terms of the derivatives are the net marginal increases of G generated by either
placing the bets (3.9), (3.11) or by keeping an extra fraction of capital (3.10), if no
constraint is considered. The −λ terms correspond to the marginal cost of betting the
extra capital. The optimal strategy is to bet on those events s ∈ K up to the point for
which the marginal gain generated equals the marginal cost. Moreover the optimal
way of allocating the gambler’s capital, known as Kelly criterion, can be obtained by
solving for the above derivatives, together with the use of the constraint:

λ = 1 (3.12)

b =
1−∑s∈K p(s)
1−∑s∈K 1/αs

(3.13)

a(s) =
p(s)αs − b

αs
for s ∈ K . (3.14)

To understand how to determine the set K of events for which it is optimal to bet, we
refer the readers to Kelly’s original paper [166].

Here we ask: What would happen to Kelly’s optimization problem if a feedback
between the bets placed a(s) and the odds αs were to be considered? To answer the
question let us imagine that the odds are now functions of the bets placed αs = fs(a),
where a is the vector (a(1), a(2), ...). A new functional G can be considered:

G = ∑
s

p(s) log [b + a(s)αs]− λ

[
∑

s
a(s) + b− 1

]
−∑

s
λs [αs − fs(a)] , (3.15)

where λs are the Lagrange multipliers corresponding to the constraints on the odds
αs being functions fs(·) of the bets placed a. When we take the derivatives of G with
respect to a(s) we now have extra terms:

∂G
∂a(s)

=
p(s)αs

b + αsa(s)
+ ∑

s′

(
λs′

∂ fs′(a)
∂a(s)

)
− λ = 0 (3.16)

The contribution of the terms in the sum ∑s′(·) comes from the coupling between the
bets placed and the payoffs/returns generated. The exact form of fs(a) depends on the
details of the model considered for the game played by the gambler. For an optimal
allocation of capital the derivative ∂G

∂a(s) = 0, meaning that the addition of the first term
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with the sum ∑s′(·) again equal the marginal cost λ. Hence, we found that even in
the presence of feedback between the bets placed and the payoffs/returns generated it
results optimal to invest up to the point for which the net marginal gain expected from
our investment (including the contribution due to the feedback) equals the marginal
cost of betting extra capital λ.

3.3.2. Optimal allocation principle

In analogy to Kelly’s problem, the enzymes in our model can be considered to represent
capital that can be invested in the system at different positions. Each position can be
interpreted as an asset, generating a certain expected return in terms of reaction flux.
The optimization problem consists in determining the optimal fraction of enzymes to
be invested at the different locations such as to maximize the steady state reaction flux
JP .

Analogously to Kelly’s treatment we examine the variation of the Lagrangian,
Eq. (3.5), with respect to the resources to be invested in the system, i.e. with respect to
the enzyme density,

δL
δe(r)

= kcatF[ρ(r)]− λV(r)kcatF[ρ(r)]︸ ︷︷ ︸
≡ dJP

de(r) “marginal return”

− λe . (3.17)

This variation corresponds to the change in the constrained flux L as enzymes are
added at position r. Three different terms contribute to this change. The first is the
increase in flux that would be observed upon adding enzymes at position r if everything
else in the system were to remain unaffected, which corresponds mathematically to δJP

δe(r) .
However, changing e(r) also alters the substrate density profile ρ(r), thereby affecting
the rate of reactions at all positions. The reaction between enzyme and substrate at a
given location causes the substrate to be depleted, this generates a diminishing returns
effect for which the addition of extra enzymes at that position is gradually less efficient.
Moreover, the substrate motion, due to diffusion and possibly advection, couples the
enzyme and substrate profiles at the different positions of the system. The diminishing
returns effect and the couplings due to substrate transport are captured by the second
term in Eq. (3.17), where the Lagrange multiplier λV(r) ensures that ρ(r) and e(r)
satisfy the constraint of the reaction-diffusion equation. Thus the sum of the first two
terms is the total rate of change of the reaction flux as extra enzymes are added at
position r. In the following, we refer to this quantity as the “marginal return” on an
“investment” of enzymes, and denote it by dJP

de(r) . Finally, the third term, −λe = − ∂L
∂Etot

,
corresponds to a marginal cost of adding extra enzymes into the system. Note that this
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term can also be interpreted as the reduction in flux contributions from other positions
r′ 6= r in the optimal configuration, as enzymes are moved from these positions to r in
order to satisfy the constraint of constant total enzyme number.

A key difference between Kelly’s original problem and ours is that the payoffs for
each of Kelly’s events are fixed and independent of the bets placed. Thus, Kelly’s
original formalism lacks an equivalent of the second term in Eq. (3.17), which captures
how an investment of enzymes at one position affects the expected returns at this and
all other positions, cf. (3.9). We have seen in the previous section, Sec. 3.3.1 that the
Kelly criterion can be generalized to include a feedback between the bets placed and
the payoffs/returns, resulting in an expression for the marginal expected growth of
capital that has the same form as Eq. (3.17), cf. Eq. (3.16).

As similarly done in Sec. 3.3.1 for the optimal placement of bets, in the optimal
enzyme profile e∗(r), we must distinguish between regions where adding enzymes
is optimal (e∗(r) finite), and empty regions where adding enzymes is suboptimal
(e∗(r) = 0). Wherever e∗(r) > 0, the variation δL

δe(r)

∣∣
e∗ = 0. Importantly, the functional

derivative with respect to the surface density δL
δeS(s)

has the same form as Eq. (3.17).
Thus, the optimal profile follows a ‘homogeneous marginal returns criterion’ (HMR
criterion): it is such that at any position with enzymes, the marginal return on added
enzymes equals a constant value, namely dJP

de(r)

∣∣
e∗ = λe. By contrast, in empty regions,

the marginal flux gain from adding enzymes is less than the associated marginal cost,
dJP

de(r)

∣∣
e∗ < λe.

As an example of this balance between gain and cost that underlies the optimal
enzyme allocation strategy, we used our analytic formalism to solve exactly the case
of a linear reaction, F[ρ] = ρ/KM, with no advection or decay of S (|v| = σ = 0), in
a one-dimensional domain with a source of substrate at x = 0 (j(0) = j0, k(0) = 1,
h(0) = 0), and absorbing boundary at x = L (k(L) = 0, h(L) = 1). The resulting
optimal enzyme arrangement is (see Appendices A.2, A.3 for details)

e∗S(0) =

Etot√
Etot

α

e∗(x) =

{
0 αEtot ≤ 1
Etot

L Θ
( x0−x

L

)
αEtot > 1

(3.18)

where Θ(x) is the Heaviside step function, α = Lkcat/(KMD), x0 = L
[
1− (αEtot)

−1/2
]
.

Thus the optimal enzyme profile undergoes a transition from having all enzymes bound
at the boundary at x = 0 when αEtot < 1, to an extended profile with enzymes both at
the boundary and in the interior of the system when αEtot > 1. Our analytic calculation
confirms the phenomenology of the system that had previous been found numerically
[167].
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Figure 3.3.: Homogeneous Marginal Returns (HMR) criterion. a Different enzyme arrange-
ments (left) and the corresponding marginal returns (right). In all cases α = 10−2 and Etot = 400.
Top: Bound configuration e(x) = Etot

L δ(x/L). The marginal returns is peaked at x > 0, indi-
cating that enzymes should be moved away from the source. Middle: Optimal configuration.
The marginal return is constant over the domain where enzymes are present, i.e. the HMR
criterion is satisfied. Bottom: Extended profile. The marginal return is monotonically decreasing,
indicating that enzymes should be moved towards the source at x = 0. b Optimal enzyme
arrangement and the corresponding marginal return landscape for different values of Etot. The
dashed line represents the extension of the optimal profile, x0.

Fig. 3.3a demonstrates how the shape of the marginal returns landscape reflects the
behavior of the system. When the enzyme profile is optimal (Fig. 3.3a, middle), we
observe a plateau in dJP

de(x) across the entire extent of the enzyme profile, 0 ≤ x ≤ x0.
Beyond this region, x > x0, the marginal returns decrease. If the actual enzyme profile
deviates from the optimum by having a larger proportion of enzymes located at x = 0
(Fig. 3.3a, top), the marginal returns landscape becomes non-monotonic with a peak
at a position x > 0. The elevated enzyme density in this region depletes the substrate
locally, reducing the turnover by each enzyme and diminishing the returns from
adding additional enzymes. A higher flux could be achieved by moving some enzymes
away from the boundary, thereby allowing each enzyme to operate more efficiently.
In contrast, if we consider an overextended enzyme profile (Fig. 3.3a, bottom), the
marginal returns landscape has a maximum at x = 0. The flux could be increased
by moving enzymes from large-x regions, where the substrate density is low due to
proximity to the absorbing boundary at x = L, towards x = 0 where the substrate
concentration is high.

55



3. Design principles for the optimal spatial arrangement of enzymes

Figure 3.3b shows how the marginal returns landscape and the optimal enzyme
profile change as Etot is increased. Below the transition, Etot ≤ α−1, the marginal returns
decrease monotonically with distance from the source. The maximal value of dJP

de(x)

occurs only at x = 0. Above the transition, dJP
de(x) takes a constant value over the region

0 ≤ x ≤ x0 where enzymes are present. The level of this plateau, λe, decreases with
increasing Etot.

How relevant is the transition for biological systems? Given that the ratio kcat/KM

varies by several orders of magnitude: 102-1010(Ms)−1 [30], the corresponding α =

Lkcat/(KMD) for a system of L = 1µm, where D = 100µm2 s−1, is in the range 10−7-101,
where KM is measured in units of length µm−1 and where we consider an area of 1µm2

underlying the 1-D symmetry of the system. The transition then takes place for values
of enzyme numbers Et

tot in the range 10−1-107, largely overlapping with the range of
protein numbers per single cell found in S. Cerevisiae yeast cells, which is 1-106 [189],
suggesting that localization is optimal for only some of the enzymes.

3.3.3. General condition for transitions in the optimal enzyme arrangement

Transitions in the optimal enzyme arrangement of the above type, from a regime in
which enzymes are colocalized with the source of S to a regime where enzymes are
distributed within the system, have been observed in a range of reaction-diffusion mod-
els [168]. We therefore asked whether there was an underlying principle determining
when such transitions occur, and whether it can be generalized, e.g. to systems with
more complex geometries lacking symmetry.

Fig. 3.3b suggests that the marginal returns landscape leads to a general condition for
localization-delocalization transitions. For Etot below the transition value, the marginal
returns landscape is monotonically decreasing, with the position generating the highest
returns coinciding with the source of substrate. As the transition is reached and passed,
the landscape becomes flat as positions in the vicinity of the source begin to generate the
same returns as the source position. This behavior generalizes to higher dimensional
systems (see Appendix A.4 for details): Enzymes should be placed only at the source
on the surface and not in the interior, as long as

∂

∂n(s)
dJP

de
> 0 , (3.19)

corresponding to a negative slope of the marginal returns landscape from the boundary
at s into the interior of the system, as in Fig. 3.3b for Etot < α−1. By contrast, if Eq. (3.19)
evaluated at s becomes an equality, the positions adjacent to s generate the same returns
as s, so that the optimal enzyme profile features enzymes both at the boundary s and
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in the interior of the system adjacent to s.
The theoretical condition Eq. (3.19) can be turned into an experimentally meaningful

condition (see Appendix A.4) by expressing it as a comparison between the local net
diffusive flux jD(s) of S away from the surface, and the local flux jP (s) of product
formation due to surface enzymes,

jD(s) ≡ D
∂ρ

∂n(s)
> kcateS(s)F[ρ(s)] ≡ jP (s) . (3.20)

If this inequality holds, no enzymes should be placed in the interior of the system in
the vicinity of s. For low amounts of enzymes, the optimal strategy is to place enzymes
at position s to counter the diffusive flux jD(s). This is optimal up to the point at which
the diffusive flux jD(s) equals the reaction flux jP (s), which defines the transition point
of the localization-delocalization transition.

Further combining Eq. (3.20) with the boundary condition Eq. (3.2) yields jP (s) <
(j(s) − ρ(s)v(s) · n̂(s))/2, which simplifies in the case of no advection (v = 0) to
jP < j(s)/2. Thus, in systems with purely diffusive S transport, a localization-
delocalization transition occurs when the reaction flux equals exactly half the influx
of S . Note that Eq. (3.20) is general, independent of v and σ and other details of the
system in question. It is required only that the boundary with influx follows Eq. (3.2).
Other aspects of the model will affect ρ(r), but not the form of Eq. (3.20), showing that
the diffusive motion of S and the strength of the reaction are the crucial determinants of
the transition point. To demonstrate this generality we compared the fluxes jD(s) and
jP (s) as Etot was varied for a number of systems, including different spatial dimensions
as well as systems with and without decay and advection of S . As shown in Fig. 3.4,
in all cases both Eq. (3.20) below the transition value of Etot and equality above the
transition were satisfied.

The inequality condition Eq. (3.20) is a strictly local condition. In systems with
multiple or spatially varying sources of substrate there will in general not be a single
global transition but rather a sequence of local transitions at different positions s at
different Etot levels. We therefore investigated a system with two unequal sources of
S . In such a system the optimal enzyme profile typically undergoes three transitions
(see Appendix A.6, Fig. A.1). For small Etot, enzymes accumulate where the influx of
S is the highest. As Etot is increased, the marginal returns for placing enzymes in the
vicinity of the two sources of S become more similar, until at a threshold value of Etot

they become equal. Above this value of Etot, enzymes accumulate at both sources in a
configuration with two unequal clusters. Increasing Etot further, a second transition is
reached where the optimal enzyme profile begins to extend from the stronger source
into the system. Finally, at yet larger Etot, the optimal enzyme profile begins to extend
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Figure 3.4.: Transition from a fully bound to an extended optimal profile in terms of local
reaction and diffusion fluxes. The local reaction flux jP (s) and net diffusive flux jD(s), as
a fraction of S influx j(s), are plotted for different models against the amount of enzymes
in the system Etot, rescaled by the transition amount Et

tot. The various models differ in the
physical dimension and/or symmetry, reaction function, loss mechanism and transport of S .
The results for each model are plotted with a different color. Lines show analytical solutions of
the constrained optimization. Points show results of numerical optimizations computed either
by solving numerically an analytically-derived optimization condition (see Appendix A.5), or
using the construction algorithm derived in Sec. 3.3.5. The blue and the green lines refer to the
same two-source model, the two curves are plotted using the different values of Et

tot for the
corresponding source position. See Fig. A.1 for the corresponding plot using the same rescaling
of Etot. In all cases, jD > jP until they coincide at the transition point, as predicted by Eq. (3.20).
When v = 0, jP = jD = j/2 at and above the transition, whereas, when v 6= 0, the pink solid
and dashed lines still coincide but for values different than j/2.

also from the weaker source. For the latter two transitions, at which the optimal enzyme
arrangement changes from membrane-localized to extended, we confirmed that the
inequality Eq. (3.20) held below the transition point and equality above (Fig. 3.4 green
and blue).

3.3.4. Geometrical analysis

Our optimization problem can be interpreted geometrically, analogously to a model
of investment portfolio optimization introduced by Markowitz [190]. Markowitz
considered the problem of minimizing the variance of the returns of a portfolio (due to
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the unpredictability of the market) at a constant level of returns, finding that optimal
portfolios are points where lines of constant expected returns are tangent to lines of
constant variance. To see this, Markovitz plotted the lines of constant variance and
constant expected returns in the space of portfolios, i.e. the space determined by the
fraction of resources invested in different securities. Here we consider maximizing flux
at a constant level of enzymes. We can therefore plot lines of constant reaction flux and
lines of constant level of enzymes in the space of enzyme configurations, i.e. the space
determined by the amount of enzymes invested at different positions.

 

 

0 e1

e2

lines of constantlines of constant

optimal trajectory ( )

( )

Figure 3.5.: Geometrical analysis of the op-
timal enzyme configuration in a system
with two sites. Dashed black lines show
lines of constant Etot = e1 + e2 and dashed
green lines show lines of constant reac-
tion flux JP . The optimal configuration
e∗ = (e∗1 , e∗2) for each value of Etot forms an
optimal trajectory e∗(Etot) (orange). Green
arrows show the marginal returns vector
dJP
de . The tangent vector de∗

dEtot
(blue arrows)

shows how enzymes should be added at
each point.

Fig. 3.5 shows this schematically for a system where enzymes can be partitioned
between two positions. The dashed black lines are lines of constant Etot and the dashed
green curves are lines of constant JP . In the Markowitz model, variability in returns
is taken to be independent of the investment strategy, leading to lines of constant
variance that are ellipses in the space of investment portfolios. For our model, lines of
constant flux do not take such a simple form, since their shape is determined by the
reaction-diffusion dynamics of the substrate that couples the productivity of enzyme
investments at all positions. The constrained optimization problem corresponds to
maximizing JP along a given Etot line, which results in the solid orange line. For the
case illustrated in Fig. 3.5, above a threshold value of Etot in the region where the
optimal configuration has both e1, e2 > 0, the principle of equal returns means that the
marginal return vectors in the optimal configurations (Fig. 3.5, green arrows) point
in the (1, 1) direction, which is normal to the lines of constant Etot values. Since the
marginal returns vector is itself the gradient of the reaction flux, it is by definition
normal to lines of constant flux, implying that these lines are tangent to the lines of
constant Etot.
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3.3.5. Construction Algorithm

The above geometrical analysis leads us to an additive construction algorithm, which
generates the trajectory of optimal enzyme configurations by determining its tangent at
each point. We consider a system in which space is discretized into N sites, denoting
by ei = e(ri) the density of enzymes at position ri and by ρi = ρ(ri) the corresponding
density of S . For a given total enzyme level Etot, there will be an optimal enzyme
configuration e∗ = (e∗1 , e∗2 , . . . , e∗N) that maximizes JP on the (N − 1)-dimensional
manifold defined by Etot = ∑N

i=1 ei. As in Fig. 3.5, the optimal configurations at
different Etot values trace out a trajectory e∗(Etot) in e space. We seek a procedure to
construct e∗(Etot). We begin with no enzymes and iteratively add enzymes until the
target Etot value is reached. According to the optimization principle of equal marginal
returns, the largest components of dJP

de define the sites at which enzymes should be
added in the next step. Addition may initially be restricted to a single site, with further
“construction sites” being introduced gradually as different Etot thresholds are crossed.

Since enzymes should be added at all positions where the marginal returns take
on their maximal value, we must determine how to partition new enzymes between
these positions. This partitioning corresponds to the tangent vector de∗

dEtot
of the optimal

trajectory, which we determine by considering how the marginal returns change as
enzymes are added (see Appendix A.7),

d
dEtot

dJP

de
= H̃

de∗

dEtot
. (3.21)

Here, derivatives d
dEtot

are taken tangent to the line of optimal enzyme configurations

and H̃ is the N × N Hessian matrix of JP in the space of enzyme densities, Hij =
d2 JP
deidej

.
In the subspace of only those sites where enzymes should be added (sites at which
dJP
dei

= λe), the left hand side of Eq. (3.21) becomes

d
dEtot

dJP

de(n)
=

dλe

dEtot
1(n) , (3.22)

where with 1 we refer to a vector of 1s and the subscript (n) indicates that we are
considering only the n-dimensional subspace of sites with equal returns, yielding

H̃(n)

de∗(n)
dEtot

=
dλe

dEtot
1(n) . (3.23)

This n-dimensional linear system can be solved for the tangent
de∗(n)
dEtot

to the optimal

60



3. Design principles for the optimal spatial arrangement of enzymes

trajectory. In general we do not know dλe
dEtot

a priori. However, this scalar prefactor affects
only the length, and not the direction, of de∗

dEtot
. Hence it suffices to treat dλe

dEtot
as an

arbitrary constant, and subsequently to rescale the resulting de∗
dEtot

to unit length once
its direction is known. Taken together, we obtain the following additive construction
algorithm for the optimal enzyme arrangement:

1. Begin with e = 0.

2. For each site ri, evaluate the marginal returns, dJP
dei

, for adding enzymes at that
position.

3. Identify the subset of positions at which the returns are equal (within numerical
tolerance) to the maximal value.

4. For this subset of positions, evaluate the Hessian matrix of the flux with respect
to the enzyme densities, H̃(n).

5. Solve H̃(n)δe∗ = 1 for δe∗, and normalize such that the total change in the amount
of enzymes ∑i δe∗i = δEtot.

6. Update the optimal enzyme arrangement, e∗ → e∗ + δe∗.

7. Repeat from step 2 until Etot reaches the target amount of total enzymes.

Fig. 3.6 illustrates the algorithm for a two-dimensional system featuring multiple
sources of substrate (dashed rectangles) with uniform influx on their surfaces and an
absorbing outer boundary. Fig. 3.6a compares two optimal enzyme configurations
with different amount of enzymes. For low Etot, enzymes localize non-uniformly at
the boundaries of the sources. For higher Etot, the optimal enzyme profile extends
into the interior of the system. However, the highest densities of enzymes are found
in the regions between the sources and the outer boundary of the system, where the
gradient of substrate concentration is steepest. A significant fraction of enzymes are
thus devoted to substrates that, by the nature of where they are produced, are likely to
rapidly diffuse out of the system.

Remarkably, the sites with the highest enzyme densities at small Etot do not neces-
sarily retain the highest densities as Etot is increased. Fig. 3.6b compares the enzyme
densities as a function of Etot at three positions (marked by colored squares in Fig. 3.6a).
The blue location is the first at which enzymes are added. However, although enzymes
are added at the green and red position positions only later, the densities here become
higher, see Inset of Fig. 3.6b. Fig. 3.6c shows the respective ratios of the returns of the
red and green position to the returns from the blue position. Enzymes are added at the
green and red position only when the returns are equal and the ratios are one. At low
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Figure 3.6.: Construction Algorithm to determine the optimal enzyme arrangement in a 2-
dimensional system with multiple sources of substrate. The substrate enters the system from
the sources (dashed rectangles) and it is absorbed at the external boundary. The optimal
enzyme arrangement is determined by using the construction algorithm for which enzymes
are iteratively added, starting from a system with no enzymes. a Snapshots of the optimal
enzyme distribution at two Etot levels. b Optimal enzyme densities at the positions indicated
by the blue, red and green squares in a. Inset: Although the blue position is the first one at
which enzymes are added, for high enough Etot values the red and green positions get higher
optimal enzyme densities. c Ratio of the marginal returns at the red and green position over
the marginal return of the blue position, as indicated by colored squares in a. d The optimized
reaction flux relative to that produced by uniformly distributed enzymes, as a function of Etot.

enzyme amounts, the reaction flux of the optimal configuration is about 3-fold higher
than for the uniform configuration, whereas this advantage gradually decreases for
higher amounts of enzyme (Fig. 3.6d). This is consistent with previous studies showing
that in the limit of infinite amount of enzymes the uniform configuration becomes the
optimal one [167, 168].
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3.4. Methods for the computation of the marginal returns
vector and the Hessian for a discrete system

In this section we explicitly derive the expressions for the marginal returns vector and
the Hessian used in the simulations of the systems shown in Fig. 3.4 and Fig. 3.6.

3.4.1. Linear reactions

For a discrete reaction-diffusion system with linear reactions, following the dynamics
Eq. (3.1)

∂tρ(r, t) = D∇2ρ(r, t)−∇ · [ρ(r, t)v(r)]− σρ(r, t)− kcate(r)F[ρ(r, t)] , (3.24)

we can define a discrete diffusion operator D̃ and a discrete advection operator Ṽ. By
indicating with ρ the substrate density and A the substrate influx vector, the steady-state
equation for a linear reaction can be written in matrix form as

(D̃ + Ṽ)ρ− αe� ρ− σρ = A , (3.25)

with � denoting the element-wise (Hadamard) product. The reaction flux JP is given
by the scalar product JP = α e · ρ. Thus e enters JP both directly and through ρ, via
the solution to Eq. 3.25. These multiple dependencies of JP on e can be summarized by
the dependency graph shown in Fig. 3.7, where the matrix M̃ = D̃ + Ṽ− α diag(e)−
σ diag(1) is the operator that applied to ρ gives the substrate source vector M̃ρ = A,
diag(e) is the diagonal matrix with diagonal elements given by e and diag(1) is the
identity matrix.

The marginal returns vector dJP
de can be evaluated by back-propagating the derivative

of the reaction flux with respect to the enzyme vector through the dependency graph.
We find that

dJP

de
=

∂JP

∂e
+

(
dρ

de

)t ∂JP

∂ρ
(3.26)

=
∂JP

∂e
+

(
d(M̃−1A)

dM̃
dM̃
de

)t
∂JP

∂ρ
, (3.27)

where dρ
de is a matrix with (i, j)th element given by dρi

dej
, and t denotes the transpose. Each

of the derivatives appearing in Eq. 3.27 has a simple form, which we can substitute to
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Figure 3.7.: Dependency graph for a discrete
reaction-diffusion system with linear reac-
tion kinetics. The reaction flux is given by
the scalar product of the enzyme and the sub-
strate vector JP = α e · ρ. Moreover ρ and e
are coupled via the reaction-diffusion equation
Eq. (3.25). For a given enzyme arrangement,
there is an operator M̃ that, applied to the sub-
strate profile, gives the source vector M̃ρ = A.
The substrate profile corresponding to a cer-
tain enzyme arrangement can then be found
via ρ = M̃−1A.

obtain the marginal returns vector,

dJP

de
= αρ�

[
1 + α(M̃−1)

t
e
]

, (3.28)

where 1 is a vector of ones.
By taking a second derivative with respect to e, and again by back-propagating the

derivatives, we can determine the Hessian,

H̃ = α2
{ [

M̃−1 �
(
{1 + α(M̃−1)te} ⊗ ρ

)]
+
[
M̃−1 �

(
{1 + α(M̃−1)te} ⊗ ρ

)]t
}

,

(3.29)

where ⊗ indicates the outer product. The Hessian Eq. (3.29) is then used in step (4)
and (5) of the construction algorithm, presented in Sec. 3.3.5, to derive the optimal way
of allocating the extra enzymes added into the system.

3.4.2. Non-linear reactions

For non-linear reaction kinetics the reaction-diffusion equation becomes

(D̃ + Ṽ)ρ− αe� F− σρ = A , (3.30)

where F is the vector with Fi = F[ρi]. Since F[ρ] is non-linear, it is no longer possible to
write the reaction-diffusion equation as a linear system that can be solved for ρ. As a
result the dependency graph includes a loop, making it inconvenient to back-propagate
derivatives. Instead, taking derivatives of the reaction-diffusion equation with respect
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to e, we can directly solve for

dρ

de
= αÑ−1 diag(F), (3.31)

where Ñ = D̃+ Ṽ− α diag(e� F′)− σ diag(1) and F′i = F′[ρi]. We then take derivatives
of JP = αe · F with respect to e, to obtain the marginal returns vector,

dJP

de
= α

[
F +

(
dρ

de

)t

{e� F′}
]

= αF�
[
1 + α(Ñ−1)t{e� F′}

]
. (3.32)

By taking a further derivative of the returns vector with respect to e we find the
components of the Hessian,

H̃j,k = α2
{

Ñ−1
j,k

[
F⊗

(
F′ + α(Ñ−1)t{e� F′2}

)]
k,j

+Ñ−1
k,j

[
F⊗

(
F′ + α(Ñ−1)t{e� F′2}

)]
j,k

}
+α3FjFk ∑

i
Ñ−1

i,j eiF′′i Ñ−1
i,k

[
1 + α

[
(Ñ−1)t{e� F′}

]
i

]
, (3.33)

which simplifies to Eq. 3.29 for linear reactions with F′′ = 0.

3.5. Discussion

We provided a solution for the problem of optimally allocating enzymes in space, to
maximize the reaction flux of an enzymatic reaction. Our solution is valid for a wide
class of reaction diffusion systems with potentially complex geometries (Fig. 3.2). This
class of systems is characterized by the fact that the substrate enters the system via
internal or external boundaries, is transported via diffusion and possibly advection,
and can be lost by leakage or competing reactions. The solution is based on the concept
of a ‘marginal returns landscape’ (Fig. 3.3), defined as the derivative dJP

de(r) of the reaction
flux with respect to the local enzyme density (Eq. (3.17)). The optimal arrangement
is such that the marginal returns are spatially homogeneous over all positions with
enzymes. This Homogeneous Marginal Returns (HMR) criterion can be interpreted as a
generalization of the widely used Kelly criterion for optimal betting [166] to a scenario
where each bet globally feeds back onto all returns (cf. Sec. 3.3.1). In the enzyme
allocation problem, this feedback has two causes. First, enzymes locally deplete their
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substrate, causing a local diminishing returns effect. Second, the moving substrate
couples the reaction flux generated at different positions. The definition of marginal
return (Eq. (3.17)) captures these effects by incorporating the flux increase caused by
just adding enzymes, as well as the reaction-diffusion feedback between enzymes and
substrate.

The HMR criterion leads to a general local condition for the occurrence of a transition
in the optimal enzyme arrangement from a fully bound configuration into a more
extended profile where enzymes are also located in the interior of the system next to
the substrate source (Eqs. (3.19), (3.20)). Such transitions had previously been observed
numerically for systems with simple geometries and one source of substrate [167, 168].
The condition derived here applies locally in systems with complex geometries and
with multiple sources of substrate. It compares the local diffusive flux jD(s) to the local
reaction flux jP (s) at a source position s: Binding enzymes at the source is optimal
as long as jD(s) > jP (s), since the reaction counters the diffusive flux. In contrast,
above the transition point, the enzymes are optimally distributed also in the interior of
the system and the two fluxes are kept equal (Fig. 3.4). Notably, this condition is not
affected by any advective transport of the substrate. The reason ultimately is that the
advective transport is deterministic, whereas the HMR principle is fundamentally a
bet-hedging strategy to deal with the probabilistic nature of diffusive transport.

The same way the Kelly criterion provides rules for optimally placing bets or op-
timally constructing portfolios, the HMR criterion allows to derive an algorithm for
constructing optimal enzyme arrangements (Figs. 3.5, 3.6). The algorithm is obtained by
analyzing how the marginal returns change at every position as the amount of enzymes
in the system is increased (Eqs. (3.21), (3.23)). It constitutes a deterministic construction
principle, as opposed to the stochastic optimization algorithms that were previously
used [167, 168].

While we have presented here the simplest general form of this algorithm, various
modifications can be made to improve its efficiency in special cases. In particular,
using the system geometry as a guide it is often possible to limit the sites at which the
marginal returns need to be evaluated in each update step. For example, at low Etot

values the positions with the highest returns coincide with sources of S . Generally it
suffices to compute the marginal returns only at source positions, sites where enzymes
are already present, and connected lattice sites. Additionally, larger values of δEtot may
be enabled by more sophisticated update schemes for e∗, such as a Runge-Kutta-type
method [191, 192]. The value of δEtot could also be made adaptive to achieve a good
trade-off between accuracy and speed.

We explicitly considered absorbing and reflective boundaries, allowing for non
uniform and discontinuous influx profiles. However, our results can be extended to
systems with permeable boundaries through which substrate molecules are allowed
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to flow, corresponding to k(s) = 1 and h(s) = p(s) > 0 in Eq. (3.3), where p(s) is the
permeability. For such a system, the HMR principle still holds. Similarly, the condition
of Eq. (3.19) will still determine transitions in the optimal enzyme profile. However,
expressing this condition in term of substrate fluxes will lead to a more complicated
expression than Eq. (3.20). We have seen that a permeable boundary typically increases
the transition threshold Et

tot. For example, in the one-dimensional system in Fig. 3.3b,
a non-zero permeability at the origin shifts the threshold value of Etot from α−1 to
α−1(1 + p(0)L/D).

Our continuous reaction-diffusion model neglects the finite size of enzyme molecules
that limits the attainable enzyme density. Imposing a maximal density condition
e(r) ≤ emax at each point [59] could be incorporated into our analytical framework as
an additional constraint in the Lagrangian. This would introduce an effective position-
dependent cost in Eq. (3.17), resulting in a marginal return landscape that is a function
of position. Nevertheless, the construction algorithm presented here could still be
employed if the condition that enzymes cannot be added at positions where ei = emax

is imposed. Eq. (3.23) would then only hold at positions with sub-maximal enzyme
densities.

The construction algorithm presented in this chapter could be used for the design of
optimal synthetic bioreactors. In Sec. 2.5, we have seen how synthetic strategies can
be used to spatially arrange enzymes. For instance, the amount of enzymes bound to
the external membrane or to the membranes of internal organelles can be regulated by
fusing enzymes to transmembrane proteins [121, 120] or by using protein scaffolds [124,
126], see Fig. 2.3. We have also discussed how the arrangement of enzymes can be
regulated in the interior of membrane-bound systems and synthetic devices, see Fig. 2.4.
For example, in the interior of cells, enzyme positioning can be partially controlled
with RNA and DNA assemblies [127, 130], synthetic protein scaffolds [128], or fusion
proteins [59]. In synthetic devices, the arrangement of enzymes can be regulated
with nanometer precision via single-molecule cut-and-paste surface assembly [193,
194], or by arranging enzymes on programmed DNA scaffolds [61, 62, 63, 134]. The
experimental use of our construction algorithm to design optimal synthetic bioreactors
seem to be within technological reach. For example, it could be accomplished by
combining techniques regulating the amount of enzymes bound to membranes and at
the same time their positions in the interior of the system.
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4. Cross-diffusion induced patterns for a
single-step enzymatic reaction*

While in Ch. 2 we have studied how enzymes can be statically arranged in space to
maximize the reaction flux of an enzymatic reaction, in this chapter we focus on how
the motion of enzymes can be coupled to the substrate and the product concentrations
and how these couplings can lead to spontaneous pattern formation. In Sec. 2.6.1, we
have discussed the results of recent experiments showing that several different enzymes
display an apparent diffusion coefficient that increases with substrate concentration.
Moreover, in Sec. 2.6.2, we have seen how their motion becomes directed in the presence
of substrate gradients. Whether this motion is directed upstream or downstream
the substrate gradient seems to depend on the experimental conditions and several
competing models have been proposed to explain the observed phenomena. The
experiments and the models study the response of enzyme motion to fixed substrate
gradients, they do not consider the feedback from enzyme transport onto the substrate
profile. In this chapter, we show that such feedback can generate spontaneous spatial
patterns in enzyme, substrate and product distributions, with just a single-step catalytic
reaction (see graphical abstract Fig. 4.1). However, patterns form only for a subclass
of transport models. For these models, nonspecific repulsive interactions between the
enzyme and the substrate, or attractive interactions between the enzyme and the product
cause the enzyme to accumulate in regions of low substrate concentration. Reactions
then amplify local substrate and product fluctuations, steepening the substrate and
product gradients, hence causing enzymes to further accumulate where substrate is
low and product is high. Experimental analysis of this spontaneous pattern formation
process could discriminate between the different transport models proposed so far.

4.1. Introduction

Recent experiments found that at least eight different enzymes present a higher dif-
fusion coefficient when the concentration of the corresponding substrate in solution

*The chapter is adapted from the article: “Cross-diffusion induced patterns for a single-step enzymatic
reaction”, by G. Giunta, H. Seyed-Allaei, U. Gerland, published in Communications Physics 3, 167 (2020),
under CC BY 4.0 License. See Ref. [195].
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Figure 4.1.: Graphical abstract: Cross-diffusion induced patterns for a single-step enzymatic
reaction. Repulsive nonspecific interactions between substrate and enzyme, or attractive
nonspecific interactions between product and enzyme cause enzyme molecules to accumulate
in regions of low substrate concentrations. Here the enzyme reacts with the substrate. The
substrate is further depleted and more product is formed at these locations as compared to
locations with higher amount of substrate. Hence the reaction causes the substrate and product
gradients to get steeper. This in turn drives further accumulation of enzymes in regions of
low substrate. This feedback between reaction and enzyme accumulation amplifies small
fluctuations in the concentration profiles and drives spontaneous pattern formation.

is increased [136, 138, 140, 141, 142, 91, 137]. The increases were detected to be in the
range of 24-80% relative to the diffusion coefficients in absence of substrate. Most of
these measurements were performed by using Fluorescence Correlation Spectroscopy
(FCS). Although FCS has been shown to introduce possible artifacts [143, 144], recent
findings using other techniques validated the phenomenon [146, 147], which is often
referred to as “enhanced diffusion” of enzymes. As we have seen in Sec. 2.6.1, the
underlying mechanism is still under debate [155]. A question is whether the catalytic
step of the reaction plays a role or not. On the one hand, enhanced diffusion of some
enzymes has been shown to correlate with the degree of exothermicity of the enzymatic
reaction [140]. Moreover, super resolution experiments suggest that the energy released
from catalysis could be fueling a ballistic component of enzyme motion [142, 151]. On
the other hand, some experiments indicate that enzymes present enhanced diffusiv-
ity upon binding-unbinding of inhibitors, suggesting that catalysis might play a less
important role [136, 141, 152]. What contributes to enhanced diffusion could also be
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dependent on the enzyme considered. For example, according to the latest experiments
performed with the enzyme urease, it seems that both the binding and the catalysis
step of the enzymatic reaction contribute to the phenomenon [151, 146].

In Sec. 2.6.2, we have discussed the results of recent experiments showing that en-
zymes also perform directed motion in presence of substrate gradients. However, we
have seen that whether enzymes motion is directed upstream or downstream the gradi-
ents is still unclear. Some experiments suggest that enzymes drift downstream substrate
gradients, performing “antichemotaxis” [142, 151]. Others suggest that enzymes move
upstream substrate gradients, performing “chemotaxis” [91, 152, 137]. Antichemotaxis
can be explained just by considering the enhanced diffusivity [142, 196]. Enzymes
have a higher diffusion coefficient in regions with high substrate concentration and
accumulate in regions with low substrate, where they have a lower diffusion coefficient.
Chemotaxis instead cannot be generated by enhanced diffusion alone. A possible
cause for enzyme chemotaxis is cross-diffusion [91]. Cross-diffusion describes the
response of the enzyme to forces generated by substrate gradients. Mathematically, it
corresponds to an off-diagonal element in the diffusion matrix describing the combined
motion of enzyme and substrate. It has been suggested that cross-diffusion can be
due to specific interactions (ligand binding) between enzyme and substrate [152, 159,
91] or due to nonspecific interactions (e.g. steric, electrostatic, van der Waals) [162].
Specific interactions refer to the local, attractive, short-ranged interactions between
the substrate and the enzyme binding site, whereas nonspecific interactions refer to
forces to which substrate molecules are subject to once they are in proximity of the
enzyme surface [160]. Specific interactions only lead to chemotaxis, while nonspecific
interactions can cause enzymes to move both up- or downstream the substrate gradient,
depending on whether the interactions are attractive or repulsive, respectively. The
model including nonspecific interactions [162] can be considered as a mathematical
generalization of other existing models [142, 159, 91].

While the existing models and experiments study how enzymes move in pre-imposed
substrate gradients, they do not consider the feedback between enzyme motion and the
effect that reaction has on the substrate gradient. Here, we analyze the effects of this
feedback starting from the most general transport model [162]. We show that spatial pat-
terns can emerge in initially homogeneous systems if nonspecific interactions contribute
to the accumulation of the enzyme in regions where the concentration of substrate is
low. Enzymes accumulating in these regions further deplete the substrate, causing the
substrate gradient to become steeper, hence further increasing the accumulation of the
enzyme. We obtain a set of conditions for the parameter range in which patterns form.
We see that patterns arising from initial homogeneous concentrations can emerge only
for nonspecific interactions driving the enzyme away from the substrate, hence only for
the model proposed by Agudo-Canalejo et al. [162], but not for the models proposed by
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Zhao et al. [91], Mohajerani et al. [152] and Jee et al. [142], suggesting that the analysis
of spontaneous pattern formation experiments can be used to discriminate between the
different proposed models. Our findings imply that patterns can arise for a single-step
enzymatic reaction even in the absence of autocatalytic activity or allosteric regulation.
This is surprising given that the formation of conventional Turing patterns [197] with
such simple reaction schemes requires at least a reaction network of three states, where
forward and backward reactions are catalyzed by two different enzymes [198].

4.2. Model

Our starting model system is depicted in Fig. 4.2. We consider a single-step enzymatic
reaction in a narrow reaction chamber of length L connected via a permeable membrane
to a large substrate reservoir. We assume only substrate and product molecules can
diffuse through the permeable membrane, while enzymes are confined to the reaction
chamber. This is justified because enzymes are typically larger than their substrates
and products. We indicate with γs and γp the permeation rates of substrate and
product respectively, i.e. the rate at which substrate and product molecules diffuse
through the membrane. These rates are obtained by dividing the substrate and product
permeabilities by the reaction chamber thickness. The reservoir has a fixed concentration
of substrate sR and no products. For the reaction occurring in the bulk of this effectively
1D system we assume a Michaelis-Menten scheme (Fig. 4.2, inset). The substrate S
binds to the enzyme E with rate kon, forming a complex, and it can unbind with rate koff.
The catalytic step of the reaction has a rate constant kcat and catalysis is irreversible. This
leads to a turnover rate per enzyme kcatF(s) := kcats(KM + s)−1, where s is the substrate
concentration and KM = (koff + kcat)k−1

on . Following Agudo-Canalejo et al. [162] (cf.
Sec 2.6.2) we assume that the diffusion coefficient of the enzyme depends on whether
the enzyme is free, Df, or it is in its complexed form, Dc. In Sec. 1.2.2, we have seen
how the binding of substrate can induce changes in the enzyme conformation (see
Fig. 1.3). Typically, binding induces a reduction of the hydrodynamic radius and of the
conformational fluctuations of the enzyme, meaning that the enzyme becomes more
compact and stiffer [141, 153, 154]. This implies that Dc > Df, which is consistent
with the experimentally observed trend. We also assume that short-range nonspecific
interactions can either cause the enzyme to move towards or away from the substrate,
effectively generating a phoretic drift velocity that can also be interpreted as cross-
diffusion [162]. We denote these interactions via pairwise potentials φfs, φcs depending
on whether the enzyme is free or in the complexed form, respectively, as depicted in
Fig. 4.2 (inset).

Under the assumptions that (a) the enzyme is very dilute and (b) the system is locally
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substrate
enzyme

complex

Reservoir

Microfluidic channel

Membrane

x

product

Figure 4.2.: Model scenario considered for cross-diffusion induced patterns for a single-step
enzymatic reaction. A single-step enzymatic reaction takes place in a narrow reaction chamber
that extends in the x-direction and is coupled to a reservoir through a permeable membrane.
The membrane allows for the exchange of only substrates and products with permeation rates
γs, γp respectively, but no exchange of enzymes. Inset: Reaction scheme. The substrate S is
converted into a product P by an enzyme E . The reaction follows a Michaelis-Menten scheme
where substrate can bind to the free enzyme with rate kon, forming a complex, and unbind with
rate koff. The catalytic step of the reaction has a rate kcat. We assume that the enzyme has a
diffusion constant Df or Dc depending on whether the enzyme is free or in its complexed form.
Nonspecific pairwise interactions between enzyme and substrate φfs, φcs can depend on the
enzyme form. How nonspecific interactions between enzyme and product affect the results is
discussed in Sec.4.3.4.

in chemical equilibrium (i.e. the timescales of diffusion and cross-diffusion are slower
than the chemical reactions), one can derive an effective transport equation for the
enzymes [162],

∂te(x, t) = ∂2
x[De(s)e] + ∂x[Ds

xd(s, e)∂xs] , (4.1)

within the quasi-1D reaction chamber (Fig. 4.2) oriented along the x axis. Here, e(x, t)
denotes the local enzyme concentration (regardless of whether free or complexed) and
s(x, t) the substrate concentration. The effective diffusion coefficient of the enzyme,

De(s) = Df + (Dc − Df)F(s), (4.2)
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is a function of substrate concentration, interpolating between the diffusion coefficient
of the free enzyme and the complex, with F(s) as defined above. For s� KM, most of
the enzymes are free and De(s) ∼ Df, whereas for s � KM most of the enzymes are
bound to substrate and De(s) ∼ Dc. Note that the disassembly of enzyme oligomers
into monomers can also contribute to enhanced diffusion [158, 144, 147]. Eq. (4.1) would
then describe the enzyme motion irrespective of its oligomeric state. The cross-diffusion
term Ds

xd(s, e) of Eq. (4.1) describes how enzymes respond to substrate gradients due
to short-range nonspecific and hydrodynamic interactions,

Ds
xd(s, e) = − [Cs

f + (Cs
c − Cs

f )F(s)] e . (4.3)

Here we define what we will refer to as “cross-diffusion strength” Cs
c/f = NAkBTλs 2

c/fη
−1,

where η is the viscosity of the fluid, kB the Boltzmann constant, NA the Avogadro num-
ber, T the temperature and λs

c/f the Derjaguin length [199, 162]. The Derjaguin length
is a parameter capturing the effective short-range interaction between the complex/free
enzyme and the substrate. It is typically a few angstroms [163, 164] and can at most
be as large as the Debye length (screening length), which in typical buffer conditions
is about 1nm [155]. It is expressed via the integral λs 2

c/f =
∫ ∞

0 dhh(e−φcs/fs(h)(kBT)−1 − 1).
λs 2

c/f is positive (negative) when the interaction is attractive (repulsive) [162]. The deriva-
tion of λs 2

c/f is similar to that of the second virial coefficient for a real gas [165], but
also includes hydrodynamic effects and is computed by assuming that the size of the
enzyme is much larger than the interaction length. The sign of λs 2

c/f determines the sign
of Cs

c/f and it has the opposite sign of Ds
xd(s, e). For attractive interactions Ds

xd(s, e) < 0,
i.e. the enzyme drifts towards higher concentrations of substrate (chemotaxis). The en-
zyme performs antichemotaxis for repulsive interactions, for which Ds

xd(s, e) > 0. Note
that the effect of nonspecific interactions can also be written as a phoretic drift [162]
by swapping ∂xs in Eq. (4.1) with e in the definition (4.3), with a drift velocity directly
proportional to the substrate gradient vph(s, ∂xs) =

[
Cs

f + (Cs
c − Cs

f )F(s)
]

∂xs.
The enzyme dynamics as given by Eq. (4.1) is valid if short-range nonspecific interac-

tions between product and enzyme are neglected. We first neglect such interactions,
but will discuss their effects further below. This allows us to derive simple analytical
conditions for the determination of the relevant parameter ranges for the formation
of spontaneous patterns in the enzyme, substrate and product profiles. This approx-
imation is valid for γp � γs. In such a regime products quickly permeate out of
the reaction chamber, impeding the formation of large product gradients and causing
product-induced cross-diffusion to be negligible. Note that the values of γp and γs

can vary by several orders of magnitude. For a reaction chamber that is 1-10µm thick,
the permeation rates are in the range of γs,p ≈ 10−9-104s−1 [200]. In the regime where
the enzyme is dilute and Eq. (4.1) is valid, the cross-diffusion that enzyme molecules
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would induce on substrate and product molecules can be neglected. Moreover the
cross-diffusions related to the substrate-product interaction can also be neglected as
product and substrate molecules are typically much smaller than the enzyme and they
do not affect each other as much as they affect the enzyme motion. Hence, the reaction
chamber of Fig. 4.2 is described by the coupled reaction-transport equations

∂te(x, t) = ∂2
x[De(s)e] + ∂x[Ds

xd(s, e)∂xs]

∂ts(x, t) = Ds∂2
xs− kcateF(s)− γs[s− sR]

∂t p(x, t) = Dp∂2
x p + kcateF(s)− γp p ,

(4.4)

where p(x, t) denotes the product concentration. The dynamics of the system of Eq. (4.4)
is determined by the interplay of the different physical processes described above,
each associated with a different timescale. The diffusion processes have timescales
τdiff. = L2D−1

e,s,p. The cross-diffusion process has a timescale τxd = L2eh(Ds
xdsR)

−1 and
it represents the time it takes an enzyme to explore a length L, driven by a constant
gradient sRL−1, where sR is the maximal substrate concentration allowed in the system.
Equivalently, we can say that the nonspecific interactions cause the enzyme to drift
with velocity vph(s, ∂xs), with associated timescale τph. = Lv−1

ph = τxd. The reaction has

a timescale τreact. = k−1
cat and the permeations have timescales τperm. = γ−1

s,p .
Having the reaction chamber coupled to a reservoir avoids product accumulation

and substrate depletion, generating a nonzero homogeneous steady-state, with concen-
trations eh, sh, and ph for enzyme, substrate, and product, respectively. For simplicity,
we express eh and ph as functions of sh,

eh = γs
sR − sh

kcatF(sh)
, (4.5)

ph =
kcatehF(sh)

γp
. (4.6)

Since F(sh) is a monotonic increasing function of sh, it is possible to write sh and
ph in terms of eh, which can be directly tuned in experiments via the total enzyme
concentration (see Eqs. (B.4), (B.5) of Appendix B.1.1 and Fig. B.1).

4.3. Results

4.3.1. Instability driven by substrate-induced cross-diffusion

The homogeneous solution as given by Eqs. (4.5), (4.6) is stable for any positive values
of the parameters for a well-mixed system, i.e. a system with no diffusion and no
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Figure 4.3.: Pattern formation for varying nonspecific interaction between substrate and
enzyme. The concentration profiles for substrate s(x, t), enzyme e(x, t) and product p(x, t) are
plotted as a function of time and spatial coordinate for two different parameter sets, see Table B.1
for full parameter list. The homogeneous substrate concentration is fixed at sh = 104µM. By
varying the square of the Derjaguin length λ2

s , we affect the nonspecific interaction between
substrate and enzyme. a λ2

s = −1Å
2
: the interaction is repulsive and spatial patterns arise from

initial homogeneous concentrations with white Gaussian noise. We can see how the enzyme
accumulates in regions of low substrate concentration, as well as the product; the profiles reach
the steady-state after about ∼ 103 seconds, the same order of magnitude as the timescale of
diffusion, which is the slowest timescale for the parameters chosen, τdiff. = 103s. b λ2

s = 1Å
2
:

the interaction is attractive, the initial perturbation decays and the steady state profiles are
homogeneous.

cross-diffusion (see Appendix B.1.2). Fig. 4.3 shows the results of two simulations of
the full system of Eq. (4.4), with periodic boundary conditions and parameters as given
in Table B.1. In Fig. 4.3a we see that the homogeneous solution is unstable and patterns
form for a value of λs 2

f = λs 2
c = −1Å

2
. A steady-state is reached after about 103s,

corresponding to the timescale of enzyme diffusion that for the chosen parameters is the
slowest timescale τdiff. = L2D−1

f = 103s. In Fig. 4.3b we see that for λs 2
f = λs 2

c = 1Å
2

the homogeneous solution is stable. Hence, depending on the parameters, the system
will spontaneously form patterns.

To characterize the instability of the homogeneous steady state solution, vh =

(eh, sh, ph), we linearize Eqs. (4.4), v → vh + δv, and make the exponential ansatz
δv = v0 eσteiqx, with q the spatial frequency of the linear perturbation and σ the
perturbation growth rate. If σ > 0, the perturbation grows with a timescale as given
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by σ−1 and patterns form (see Appendix B.1.5 for the determination of σ−1 for the
patterns of Fig. 4.3a). Note that since the system of Eq. (4.4) is isotropic, the results
below will also be valid for systems of higher physical dimensions. A positive σ can be
found provided that (see Appendix B.1.3)[

D′e(sh)

De(sh)
− F′(sh)

F(sh)

]
+

Ds
xd(sh, eh)

ehDe(sh)
>

γs + Dsq2

kcatehF(sh)
, (4.7)

with D′e(sh) = ∂De(s)/∂s|sh
and F′(sh) = ∂F(s)/∂s|sh

. Using the functional form of De

in Eq. (4.7), the term given in square brackets equals −DfF′
DeF which is negative. Hence

for the homogeneous solution to be unstable we must have Ds
xd(sh, eh) > 0, i.e. enzyme

molecules drift downstream the substrate gradients, performing antichemotaxis. We
can have positive cross-diffusion if the nonspecific interactions between enzyme and
substrate molecules are repulsive, i.e. for negative cross-diffusion strengths Cs

c/f < 0.
However, how repulsive do these interactions need to be? By using the definitions
of De(s), F(s) and Ds

xd(s, e), it is possible to show (see Eqs. (B.20)-(B.25) in the Ap-
pendix B.1.3) that relation (4.7) is fulfilled if

0 < q <

√
−β[DfKM + sh(Cs

f KM + Cs
csh)]

Dssh(DfKM + Dcsh)
, (4.8)

Df + sh

(
Cs

f +
sh

KM
Cs

c

)
< 0 , (4.9)

with β = γssR. This result holds in the strong depletion regime (sh � sR), where the
effect of the reaction on the substrate dominates over the outflow to the reservoir. In this
regime, the expressions are simpler and it is easier to pinpoint the driving mechanism
behind the instability observed in Fig. 4.3. We refer the reader to Appendix B.1.3 for
the full analysis. The argument of the square root in inequality (4.8) is positive if
relation (4.9) is fulfilled. The instability is a type II instability [201] (see Appendix B.1.4),
meaning that σ = 0 at q = 0, see Fig. B.2. This is natural as the total amount of enzyme
in our system is conserved and homogeneously increasing or decreasing perturbations,
i.e. perturbations at q = 0, would correspond to changes in the total enzyme amount.
By looking at the inequalities (4.9), (4.8), we can see that negative cross-diffusion
strengths Cs

c/f < 0 are needed to have instabilities. Given that Cs
c/f := NAkBTλs 2

c/fη
−1,

this means that repulsive interactions (λs 2
c/f < 0) are necessary. Diffusion tends to

homogenize the concentration profiles and contributes with a positive term to the left
hand side of inequality (4.9). In the case where the enzyme-substrate interaction is
attractive, i.e. Cs

f > 0, also the second term on the left hand side of inequality (4.9) is
positive. Hence the interaction between enzyme and substrate would need to change
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sign upon substrate binding to have an instability (Cs
c < 0). This could happen if, upon

substrate binding, the electrostatic surface charge distribution of the enzyme changes
significantly, for instance due to a conformational transition. There can be cases in
which the change in nonspecific interactions is less abrupt and both Cs

f < 0 and Cs
c < 0.

Even in the case for which Cs
c = Cs

f = Cs, i.e. there is no change in interaction upon
substrate binding, it is possible to have an unstable homogeneous solution for

λ2
s < − 1

6πRfNA

KM

sh(sh + KM)
, (4.10)

where we rewrote relation (4.9) with the use of the Stokes-Einstein relation kBT =

6πηDfRf, and the definition of Cs.

Figure 4.4.: Phase diagram of pattern formation. We plot the instability curve of the full model
given by the system of Eq. (4.4) (light blue line) and the approximated curve valid in the strong
depletion regime, where the reservoir concentration sR is much larger than the homogeneous
substrate concentration sh, as given by relation (4.10) (green dashed line). The instability curves
are plotted in a diagram where on the abscissa we have sh and on the ordinate we have the
square of the Derjaguin length λ2

s that determines the cross-diffusion strength. As a proxy to
measure the presence of patterns, we use the ratio of the maximum and the minimum of the
steady state profile of the enzyme concentration ẽmax/ẽmin. Below the curve, the system of (4.4)
is unstable and patterns arise, the ratio ẽmax/ẽmin can be as high as 109. Above the curve, the
homogeneous solution is stable and the ratio ẽmax/ẽmin = 1. The white cross corresponds to the
simulation shown in Fig. 4.3a.

It is interesting to note how relations (4.9), (4.10) depend on the substrate concen-
tration. One could ask, given certain nonspecific interactions between enzyme and
substrate: at which substrate concentration s∗h should we begin to observe instabilities?
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From relations (4.9), (4.10), we find that

s∗h =
1
2

(
−KM +

√
K2

M +
4DfKM

|Cs|

)
=

1
2

(
−KM +

√
K2

M +
2KM

3πRf|λ2
s |NA

)
, (4.11)

with λ2
s < 0. The value of s∗h given by Eq. (4.11) is similar to the value of sh above which

the phoresis generated by the nonspecific interactions vph(s, ∂xs) dominates over the
drift induced by the enhanced diffusion vbi := −∂xDe(s) [162]. They differ only by a
prefactor (Dc − Df)/Df in the second term inside the square root of Eq. (4.11). Having
vph > vbi corresponds to Ds

xd(s, e) > eD′e(s). However, s∗h is not only determined
by this inequality, but also from inequality (4.7), where reaction also plays a role.
By considering biologically relevant ranges, such as Rf ∼ 1-10nm [202, 203], KM ∼
10−2-106µM [30], |λs| being smaller than the Debye length |λs| ≈ 10−2-10Å, we find
that s∗h . KM if |Cs|KM(4Df)

−1 � 1, or equivalently 3/2πRf|λ2
s |NAKM � 1. This can

happen only for enzymes for which KM = 0.1-1M, which is only a small fraction of
enzymes [30]. For the vast majority of enzymes |Cs|KM(4Df)

−1 � 1 and s∗h � KM,
meaning that we are in the saturated regime of the reaction, for which F(s) ≈ 1. In
such a regime we find that s∗h ≈

√
DfKM|Cs|−1 =

√
KM(6πRfNA|λ2∗

s |)−1.
In Fig. 4.4 we plot the phase diagram of the system of Eq. (4.4) where on the abscissa

we have sh and on the ordinate we have λ2
s . The green dashed line corresponds to the

instability curve (4.10) in the strong depletion regime (sh � sR) and the light blue line
represents the instability curve derived for any sh (see Eq. (B.23) in Appendix B.1.3).
As a proxy for the determination of patterns we plot the ratio of the maximum over
the minimum of the enzyme profile at steady-state. Above the instability lines the
homogeneous solution is stable. Below the line the system is unstable and patterns
similar to the one shown in Fig. 4.3a arise.

4.3.2. Positive feedback causing pattern formation

What is the physical mechanism underlying the instability given by the inequalities
(4.9),(4.8)? We illustrate the feedback mechanism generating the pattern in Fig. 4.5. We
have already seen that to have instabilities the cross-diffusion Ds

xd(s, e) must be positive,
see inequality (4.7). The enzymatic current induced by the cross-diffusion is given by
Je
xd = −Ds

xd(s, e)∂xs, which for a negative slope of substrate concentration generates
a positive current for the enzyme, i.e. the enzyme moves away from a high substrate
concentration. The current generated by the enhanced diffusion Je

D = −∂x[De(s)e]
also consists of a motion of the enzyme away from high substrate concentrations. In
Fig. 4.3a we can see how in a regime where patterns form, more product is generated
in locations where the substrate concentration is low and the enzyme concentration is
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high. Repulsive nonspecific interactions and enhanced diffusion cause the enzyme to
accumulate in such regions (Fig. 4.5 from (a) to (b)). This accumulation then generates
a higher reaction flux in these regions. Having a stronger reaction flux where substrate
is already low, compared to regions where substrate is abundant causes substrate
gradients to become steeper (Fig.4.5 from (b) to (c)). A steeper substrate gradient, in
turn, causes both Je

xd and Je
D to increase, hence generating a further accumulation of the

enzyme in substrate depleted regions (Fig. 4.5 from (c) to (d)). This positive feedback
between reaction and enzyme accumulation leads to the formation of patterns. The
feedback cycle halts when the substrate concentration is too low and the reaction is
balanced by the influx of substrate from the reservoir. Then the substrate gradient stops
getting steeper and the system approaches a steady-state.
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Figure 4.5.: Positive feedback mechanism behind the pattern forming process. a We start
with a substrate gradient and a homogeneous enzyme profile. b The enhanced diffusive current
Je
D and the cross-diffusive one Je

xd cause the enzyme to accumulate where substrate is low,
moving from left to right as indicated by the orange arrow. c The substrate is depleted at a
rate kcateF(s) and the enzyme accumulated in the region of low substrate cause the substrate
gradient to get steeper, as illustrated by the purple arrows. d This leads to a further increase
of Je

D and Je
xd causing further accumulation of the enzyme, as indicated by the thicker orange

arrow. This process repeats itself determining the patterns.
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4.3.3. The role of enhanced diffusion

The currents Je
D and Je

xd both contribute to the accumulation of enzymes in regions of
low substrate concentrations. However, the phase diagram of Fig. 4.4 suggests that for
given concentrations only the cross-diffusive strength characterize the instability of the
system. Hence, one could ask: What is the role played by the enhanced diffusion? To
answer the above question, we first consider the case of a constant De(s) in Eq. (4.4), i.e.
De = Dc. The inequality (4.9) characterizing the instability of the system is unaffected,
while the interval (4.8) for the unstable wave vector q slightly changes.

Why cannot patterns be generated simply by enhanced diffusion? By considering
the strong depletion regime (sh � sR) and Ds

xd(s, e) = 0, condition (4.7) becomes

D′e(sh)

De(sh)
− F′(sh)

F(sh)
>

q2Ds

β
. (4.12)

Both De(s) and F(s) have a Michaelis-Menten dependence on s for all models of enzyme
motion proposed so far. They differ only in the prefactors and a nonzero offset for De(s).
Inequality (4.12) is never fulfilled for such De(s) and F(s) and consequently any initial
perturbation of the concentrations is smoothed out by diffusion (see Appendix B.2.1).

However, inequality (4.12) will apply to any model with a spatially dependent
diffusion coefficient that is coupled to another diffusing and reacting species that
is being depleted. In case the diffusing species is being generated, the sign of the
above inequality is flipped. Systems of this type are used to study bacterial motion.
Interestingly synthetic bacterial populations show stripe patterns as they grow on
semi-solid agar plates [204]. These bacteria produce a certain signaling molecule
through which they sense their own concentration and regulate their mobility. If
we neglect bacterial growth, we have a system of equations similar to the equations
describing the enzyme and the substrate motion in Eq. (4.4). The enzyme would
correspond to the bacteria and the substrate to the signaling molecule. For this system
F(s) = const. < 0 and De(s) is a Hill function with D′e(s) < 0. Hence patterns can
form for D′e(s)De(s)−1 < q2Dsβ−1, where now β < 0. This shows that such synthetic
population of bacteria can form patterns even in the absence of growth. Inequality (4.12)
specifies the minimal ingredients for pattern formation for such systems. It implies
that, if F(s) > 0, patterns form whenever De(s) is more sensitive to perturbations
in the substrate concentration than F(s). Having a more sensitive De(s) than F(s)
causes a more sensitive response in the enzyme motion than depletion due to reaction.
Consider a local increase in substrate concentration and that both De(s) and F(s) are
monotonically increasing functions of s. Having a more sensitive De(s) than F(s)
implies a higher increase in the current Je

D due to enhanced diffusivity away from
the substrate, as compared to the depletion of substrate due to reaction. Molecules E
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4. Cross-diffusion induced patterns for a single-step enzymatic reaction

then migrate to regions with low substrate and if they do so with a high enough rate
they can cause substrate gradients to get steeper, as in step (c) of Fig 4.5. However,
for the enzyme model Eq. (4.4), De(s) and F(s) alone cannot generate instabilities
(see Appendix B.2.1). The accumulation of the enzyme in low substrate regions at a
high enough rate can be guaranteed only via the cross-diffusive term Ds

xd(s, e). This is
because De(s) and F(s) are Michaelis-Menten functions with the same KM and therefore
are equally sensitive to substrate perturbations. In Appendix B.2.3 we show that if the
Michaelis-Menten constant associated to De is much larger than the one associated
to F(s), relation (4.12) can be fulfilled, see also Fig. B.3. In this scenario, there can be
a range of sh concentrations for which De(sh) is in the linear regime and sensitive to
substrate perturbations, while F(sh) is in the saturated regime and therefore insensitive
to perturbations in s. In Appendix B.2.2 we also show that if De(s) is a Hill function
and F(s) a Michaelis-Menten reaction, we can have spontaneous pattern formation for
a Hill coefficient > 1.

4.3.4. Inclusion of enzyme-product interaction

Up to now we focused on the effects that short-range nonspecific interactions between
substrate and enzyme have on the enzyme motion. We neglected the product-enzyme
interaction. This approximation was helpful to derive relations (4.9)-(4.11) and check
the validity of pattern formation for biologically relevant parameter ranges.

Now we ask: How is pattern formation affected by the short-range interaction
between product and enzyme? The enzyme dynamics becomes affected by gradients of
product (see Appendix B.3) and instead of Eq. (4.1) we get

∂te(x, t) = ∂2
x[De(s)e] + ∂x[Ds

xd(s, e)∂xs] + ∂x[D
p
xd(s, e)∂x p] , (4.13)

where Dp
xd(s, e) is the cross-diffusion due to nonspecific short-range and hydrodynamic

interactions between product and enzyme. Similar to the substrate-induced cross-
diffusion, Dp

xd(s, e) = −[Cp
f + (Cp

c − Cp
f )F(s)]e, where Cp

c/f = NAkBTλ
p 2
c/fη

−1 is the
cross-diffusive strength corresponding to the product-enzyme interactions for the
complexed and free form respectively. The enzyme drifts upstream (downstream)
the product gradients for an attractive (repulsive) interaction, for which Dp

xd(s, e) < 0
(Dp

xd(s, e) > 0). Note that Dp
xd(s, e) depends on the substrate concentration, because the

fraction of enzymes in the complexed form is given by F(s).
It is possible to derive a condition characterizing the instability of the homogeneous

solution in the presence of product-induced cross-diffusion, similar to inequality (4.7)
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4. Cross-diffusion induced patterns for a single-step enzymatic reaction

Figure 4.6.: Pattern formation for varying nonspecific interaction between product and en-
zyme. The concentration profiles of substrate s(x, t), enzyme e(x, t), and product p(x, t) are
plotted as a function of time and spatial coordinate. By varying the square of the Derjaguin
length λ2

p, we affect the nonspecific interaction between enzyme and product. a λ2
p = 1Å

2
: the

interaction is attractive and patterns are more pronounced as compared to the case where no
interaction is present, cf. 4.3a. b λ2

p = λ2
s = −1Å

2
: the interaction is repulsive and equal in

strength to the repulsive interaction between substrate and enzyme, given by λ2
s ; we can see

that patterns are still present but less pronounced. c λ2
p = −10Å

2
: the interaction is so repulsive

that the homogeneous solution is stable.

(see Appendix B.3):[
D′e(sh)

De(sh)
− F′(sh)

F(sh)

]
+

Ds
xd(sh, eh)

ehDe(sh)
−
[

γs + Dsq2

γp + Dpq2

]
Dp

xd(sh, eh)

ehDe(sh)
>

γs + Dsq2

kcatehF(sh)
. (4.14)

As compared to inequality (4.7), in relation (4.14) there is an extra term that involves
the cross-diffusion Dp

xd(s, e). The prefactor of this term goes to zero in the limit of large
γp as expected. The product-induced cross-diffusion contributes to the instability with
opposite sign as compared to Ds

xd(s, e). We have seen in Fig. 4.5 that patterns form if
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4. Cross-diffusion induced patterns for a single-step enzymatic reaction

the interaction between substrate and enzyme is repulsive (transition from (a) to (b))
and Ds

xd(s, e) > 0. Then the reaction has the role of steepening pre-formed substrate
gradients (transition from (b) to (c)), i.e. more products are formed where substrate is
already low. This generates a product gradient that has opposite sign to the substrate
gradient, see Fig. 4.3a. Hence we can expect that patterns are favored by attractive
nonspecific interactions between product and enzyme, for which Dp

xd(s, e) < 0. This
favors the accumulation of enzymes in regions of low substrate, further steepening the
substrate gradient. In Fig. 4.6a we present the results of simulations where λ

p
f = λ

p
c =

λp. We vary λp and fix the other parameters to be the same as the ones considered for

Fig 4.3a, given in Table B.1. For λ2
p = 1Å

2
(Fig. 4.6a), i.e. for an attractive interaction

between product and enzyme (Dp
xd(s, e) < 0), we see that the steady-state pattern

is more pronounced as compared to the case in which Dp
xd = 0 (Fig. 4.3a). For

λ2
p = λ2

s = −1Å
2

(Fig. 4.6b) the pattern is still present, however less pronounced.
Note that we still get a pattern because we considered different permeation rates
γs = 1s−1 and γp = 10s−1. Finally, for λ2

p = −10Å
2

(Fig. 4.6c) the repulsion between
product and enzyme is so strong that the pattern disappears. In this case Dp

xd(s, e) > 0
and the cross-diffusive term induced by the product prevails over the cross-diffusive
term induced by the substrate. Therefore the inequality (4.14) is not fulfilled. Note
that the inequality (4.14) can also be fulfilled if both cross-diffusions are negative,
i.e. both substrate and product attract the enzyme. In this case, patterns form if
the product attraction is stronger than the substrate one. As a result, enzyme would
still antichemotax from the substrate and the intuitive mechanism leading to patterns
illustrated in Fig. 4.5 still holds. Note that one could think of the intuitive mechanism
leading to patterns in terms of the feedback between product-induced cross-diffusion
and product formation. Given an initial product gradient and a uniform enzyme profile,
the enzyme would chemotax to the region of high product. Having more enzymes
in this region would cause the formation of even more product. This would cause
the steepening of the product gradient and a further accumulation of enzymes. This
feedback mechanism is the “time reversal” mechanism of the one illustrated in Fig. 4.5.

4.4. Discussion

We have seen that spontaneous patterns arising from homogeneous concentration
profiles can form for a single-step catalytic reaction if cross-diffusive effects are present.
Patterns form given sufficiently strong repulsive nonspecific interactions between
enzyme and substrate, and/or sufficiently strong nonspecific attractive interactions
between enzyme and product as indicated by the inequality (4.14). These interactions
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cause the enzyme to move away from regions of high substrate concentrations and
accumulate in regions of low substrate, performing antichemotaxis. The accumulated
enzymes then deplete the substrate, steepening substrate and product gradients. Steeper
gradients further drive the accumulation of enzymes as illustrated in Fig. 4.5. This
positive feedback cycle between enzyme accumulation and reaction is what generates
the patterns.

The enzyme accumulation is driven by the antichemotaxis with respect to substrate
gradients due to nonspecific interactions. The enzyme chemotaxis considered in some
of the models [152, 159, 91] has a stabilizing effect. Enzymes accumulate in regions of
high substrate concentrations. Reactions then flatten substrate gradients, breaking the
feedback that leads to patterns. Hence for such systems spontaneous patterns cannot
form. Even in the absence of short-range nonspecific interactions, antichemotaxis exists
due to enhanced diffusivity [151, 142]. Nevertheless, we have seen that enhanced
diffusivity alone cannot generate spontaneous patterns for a simple enzymatic reaction.
Hence, among all models proposed so far for enzyme motion, only the model given by
Eq. (4.1), first proposed by Agudo-Canalejo et al. [162], can lead to spontaneous pattern
formation. Analysis of the patterns generated can shed light onto the microscopic
interactions between enzyme and substrate. In fact, we have seen in Fig. 4.4 how the
ratio of the maximum over the minimum of the steady-state enzyme profile is affected
by the Derjaguin length |λ2

s | and it does not depend on the substrate concentration sh.
The patterns observed in Fig. 4.3 are not generated via the common short-range

activation and long-range inhibition mechanism [205], as neither the enzyme nor the
substrate have autocatalytic activity. It is also not a motility-induced phase separation
(MIPS) mechanism [206], which relies on the slowing down of active particles in regions
of high particle concentrations. Here a positive feedback mechanism between particle
accumulation and reaction leads to the pattern formation. Note that for the system of
equations (4.4), patterns can form even if De ∼ Ds, because inequality (4.9) does not
depend on Ds, whereas for classical Turing patterns large differences in the diffusion
coefficients of the different species are required [197]. Moreover, it is surprising to see
that patterns can form for a single-step enzymatic reaction with no autocatalytic activity
nor allosteric regulation. In fact, for a system where species have a constant diffusion
coefficient and enzymatic reactions follow a simple Michaelis-Menten scheme, patterns
form for a minimal network of three states, where forward and backward reactions are
catalyzed by two different enzymes respectively [198]. In our system patterns form for
a single-step catalytic reaction because of cross-diffusion.

Our findings are consistent with recent studies analyzing the effects of cross-diffusion
in pattern formation [207]. Moreover it has been shown that phase separation, formation
of static or self-propelled aggregates can be observed in mixtures of cross-diffusive
species interacting via a fast diffusing chemical that can be produced or consumed [208].
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The scenario considered here corresponds to the case of a single cross-diffusive species,
i.e. the enzyme, that is able to consume the fast diffusing chemical, i.e. the substrate.
Here we considered the full nonlinear forms of enhanced diffusion and cross-diffusion
for the enzyme motion, whereas the other studies considered constant diffusion and
constant cross-diffusion [207, 208]. The nonlinear model permitted us to address the
question why enhanced diffusion alone is not able to generate patterns for a simple
enzymatic reaction. We found that enhanced diffusion would need to be more sensitive
to perturbations in substrate concentrations than the reaction, see the inequality (4.12).
Although this is not the case for enzymes, we believe that relation (4.12) can characterize
the pattern formation of species presenting different enhanced diffusion functions, such
as synthetic bacteria [204]. Moreover, the cross-diffusion terms characterizing the
dynamics of E in Eq. (4.13) can correspond to chemotactic responses of organisms to
gradients of S and P , which can be chemoattractants or chemorepellants [209, 210].
Hence the inequality (4.14) can be relevant in the characterization of spontaneous
pattern formation of species performing chemotaxis. As similarly shown in Fig. 4.5,
patterns can form if a chemotacting organism is repelled from a chemorepellent and
such chemorepellent is also depleted from the organism. Moreover, patterns can
also form if the organism is attracted to a chemoattractant and the chemoattractant
is produced by the organism. The latter scenario corresponds to the “time reversed”
mechanism of the one shown in Fig. 4.5 and is at the base of aggregation phenomena
in chemotacting Amoebae [211].
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The research presented in this thesis investigates two distinct aspects of the spatial and
temporal organization of a single-step enzymatic reaction.

The first one concerns the spatial organization of localized (static) enzymes so as to
maximize the steady-state reaction rate for a wide class of reaction-diffusion systems.
These systems are characterized by the fact that the substrate enters either through the
external boundary or the boundaries of internal compartments. Once in the system,
the substrate diffuses and can either react with the localized enzymes or is exposed
to different loss mechanisms. Systems of this type can be encountered in natural
systems or in synthetic bioreactors, e.g. microfluidic chambers and synthetic droplets.
Hence, understanding how enzymes can be spatially arranged to maximize the reaction
flux, is relevant not only for an improved understanding of natural strategies, but
also for the optimal design of synthetic bioreactors. In Ch. 3, we derive an optimal
enzyme allocation principle for the class of reaction-diffusion systems that we just
described. We show that the optimal allocation strategy consists in distributing enzymes
to have homogeneous marginal returns (HMR) in terms of reaction flux at all positions
where enzymes are placed. This HMR principle allows us to analytically characterize
transitions in the optimal enzyme profile from configurations where enzymes are all
bound to the boundaries where substrate is sourced, to configurations where enzymes
are also present in the interior of the system. Moreover, by using the HMR criterion
we derive a deterministic construction algorithm for the determination of the optimal
enzyme profile. Optimally arranged enzymes generate reaction fluxes that are several-
fold higher than the ones given by uniform enzyme concentrations. The construction
algorithm can be used for the design of transgenic cells and synthetic bioreactors. In fact,
different synthetic strategies can regulate the spatial arrangement of enzymes both in
vivo and in vitro (cf. Sec. 2.5). The above results apply to systems of any dimensionality
and geometry. The substrate can have advective motion, be subject to different loss
mechanisms and present nonlinear reaction functions, e.g. Michaelis-Menten or Hill
functions. Although the class of systems considered is quite general and also includes
the possibility of having multiple sources of substrate, it applies to the maximization
of a single-step enzymatic reaction. It remains interesting to study whether the HMR
criterion also applies to the maximization of the reaction flux of a product coming from
a multi-step enzymatic reaction. Moreover, the variational formalism used to derive the
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HMR criterion could use other “utility functions” having different regulatory purposes
than the one of maximizing the reaction flux. For example, these functions could aim
at keeping homeostatic concentration levels of metabolites or regulating the ratio of
different product fluxes at metabolic branch points.

While the first research project presented in this thesis deals with the spatial orga-
nization of enzymes, the second one focuses more on their motion. In fact, recent
experiments show that the enzyme motion can depend on the substrate concentration
profile. Several enzymes exhibit an apparent diffusion coefficient that increases with
substrate concentration. What causes this phenomenon, known as “enzyme enhanced
diffusion”, is still unclear. A first question is whether conformational changes of the
enzyme upon substrate or inhibitor binding can explain the phenomenon alone, or
whether catalysis also plays a role. Moreover, the enzyme motion appears to be directed
in substrate gradients. However, it is unclear whether enzymes drift upstream or
downstream the gradients and thus whether they perform “chemotaxis” or “antichemo-
taxis”. To explain the experimental results, different models of enzyme motion have
been proposed. Selecting the correct one is important for a better understanding of
enzymatic reactions and biological systems. For instance, the motion of enzymes in
response to substrate gradients has been shown to lead to spontaneous co-localization
of consecutive metabolic enzymes, providing a possible explanation for the sponta-
neous fromation of metabolons [91] (cf. Sec. 2.2.3). In Ch. 4, we show that spontaneous
pattern formation experiments can be used to discern between the different models
proposed. Patterns form for nonspecific repulsive interactions between the enzyme and
the substrate, or nonspecific attractive interactions between the enzyme and the product.
These nonspecific interactions drive the accumulation of the enzyme in regions of low
substrate or high product concentrations. In these regions, the enzymatic reaction
causes the further depletion of substrate and increase of product, i.e. the reaction
causes the substrate and the product gradients to get steeper. This further drives the
accumulation of the enzyme in such regions, causing the emergence of spontaneous
spatial patterns. Spontaneous patterns can only form for the model of enzyme motion
used in Ch. 4 that accounts for the effects of nonspecific interactions. Hence, if patterns
are detected experimentally, this model becomes the most likely one. However, in case
patterns do not form, different criteria are needed to further select for the correct model.
A possibility is to consider sets of varying initial configurations for the substrate and
the enzyme profiles. The different dynamics may then lead to significant differences in
the concentration profiles at given times, or in the transient times required to reach the
steady-state. Experiments can then be designed based on the set of initial configurations
that lead to the largest measurable differences in enzyme, substrate or product profile
to further select for the correct model of enzyme motion.

Overall, the work presented in this thesis provides two key results. The first is a
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spatial allocation strategy for the optimal arrangement of enzymes that can be used
in the design of synthetic bio-reactors. The second shows that spontaneous pattern
formation can be used to select for the correct model of enzyme motion among the
different ones proposed so far.
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A. Design principles for the optimal
spatial arrangement of enzymes

A.1. General Lagrangian with multiple subspaces

As noted in Ch. 3, the functional derivatives of the Lagrangian are only well-defined if
the function with respect to which the derivative is taken is continuous and smooth
across its entire domain. However, optimal enzyme distributions may feature disconti-
nuities. For example, there may be a finite enzyme density in one region of the system,
and no enzymes (zero density) in another region. This issue can be resolved by defining
separate subdomains within the system. The subdomains should be picked in the
proximities of the substrate sources. For example if we have patches of sources on
the surface domains, for each source patch we would consider a surface subdomain
around the patch and a correspondent volume subdomain in proximity of the source.
These are the regions where it is optimal to distribute the enzymes as diffusion does
not allow for peak of substrate concentration away from the sources. Within each
such subdomain i, the substrate and enzyme densities ρ(i)(r) and e(i)(r) are smooth
and their local gradients are well defined. However, at the interfaces between such
subdomains, e(r) need not be continuous (although ρ(r) still must be). The positions of
the interfaces, and therefore the extents of the different domains, should be optimized
over and as we have seen in Ch. 3 they depend on the Etot considered.

In this formulation, the total reaction flux can be written as a sum of contributions
from each surface and boundary domain, and the corresponding reaction-diffusion or
boundary condition acts as a constraint that must be satisfied within each domain. In
addition, we introduce explicit matching conditions on ρ(r) at the interfaces I. The
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resulting Lagrangian has the following form:

L =∑
i

∫
Si

kcate
(i)
S (s)F[ρ(i)(s)]ds + ∑

j

∫
Vj

kcate(j)(r)F[ρ(j)(r)]dr

− λe

[
∑

i

∫
Si

e(i)S (s)ds + ∑
j

∫
Vj

e(j)(r)dr− Etot

]

+ ∑
j

∫
Vj

λ
(j)
V (r)

{
D∇2ρ(j)(r)−∇ ·

[
ρ(j)(r)v(r)

]
− σρ(j)(r)− kcate(j)(r)F[ρ(j)(r)]

}
dr

+ ∑
i

∫
Si

λ
(i)
S (s)

{
k(s)

[
j(s)− D

∂ρ(l)

∂n(s)
+ ρ(l)(s)v(s) · n̂(s)− kcate

(i)
S (s)F[ρ(l)(s)]

]
− h(s)ρ(l)(s)

}
ds

+ ∑
k

∫
Ik

{
λ
(k)
I (r)

[
ρ(k1)(r)− ρ(k2)(r)

]
+ λ′(k)

I (r) ·
[
∇ρ(k1)(r)−∇ρ(k2)(r)

]}
dr.

(A.1)

where l represents the index of the volume domain adjacent to the boundary at s, and
k1, k2 represent the two domains on either side of the interface Ik. Here λI(r) is a
Lagrange multiplier that enforces smoothness of the density profile at each point r on an
interface between two domains, and λ′I(r) is a vector of Lagrangian multipliers where
each component enforces smoothness of ρ(r) along one of the system dimensions.

It is convenient to consider first some manipulations of the general Lagrangian,
Eq. (A.1). Using the vector identity ∇ · ( f a) = ∇ f · a + f∇ · a we can rearrange the
diffusive and advective transport terms to read

λV(r)∇2ρ(r) = ∇ · [λV(r)∇ρ(r)− ρ(r)∇λV(r)] + ρ(r)∇2λV(r), (A.2)

λV(r)∇ · [ρ(r)v(r)] = ∇ · [ρ(r)λV(r)v(r)]− ρ(r)v(r) · ∇λV(r) (A.3)
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Applying Gauss theorem (
∫

V ∇ · a dr =
∮

a · n̂(s)ds), Eq. (A.1) becomes

L =∑
i

∫
Si

kcate
(i)
S (s)F[ρ(i)(s)]ds + ∑

j

∫
Vj

kcate(j)(r)F[ρ(j)(r)]dr

− λe

[
∑

i

∫
Si

e(i)S (s)ds + ∑
j

∫
Vj

e(j)(r)dr− Etot

]

+ ∑
j

∫
Vj

{
ρ(j)(r)

[
D∇2λ

(j)
V (r) + v(r) · ∇λ

(j)
V (r)− σλ

(j)
V (r)

]
− kcatλ

(j)
V (r)e(j)(r)F[ρ(j)(r)]

}
dr

+ ∑
i

∫
Si

λ
(i)
S (s)

{
k(s)

[
j(s)− D

∂ρ(l)

∂n(s)
+ ρ(l)(s)v(s) · n̂(s)− kcate

(i)
S (s)F[ρ(l)(s)]

]
− h(s)ρ(l)(s)

}
ds

+ ∑
k

∫
Ik

{
λ
(k)
I (r)

[
ρ(k1)(r)− ρ(k2)(r)

]
+ λ′(k)

I (r) ·
[
∇ρ(k1)(r)−∇ρ(k2)(r)

]}
dr

+ ∑
i

∫
Si

{
Dλ

(l)
V (s)

∂ρ(l)

∂n(s)
− Dρ(l)(s)

∂λ
(l)
V

∂n(s)
− λ

(l)
V (s)ρ(l)(s)v(s) · n̂(s)

}
ds

+ ∑
k

∫
Ik

{
Dλ

(k1)
V (r)

∂ρ(k1)

∂n(r)
− Dρ(k1)(r)

∂λ
(k1)
V

∂n(r)
− Dλ

(k2)
V (r)

∂ρ(k2)

∂n(r)
+ Dρ(k2)(r)

∂λ
(k2)
V

∂n(r)

−
[
λ
(k1)
V (r)ρ(k1)(r)− λ

(k2)
V (r)ρ(k2)(r)

]
v(r) · n̂(r)

}
dr

(A.4)

Here the last three lines contain the contributions from the boundary integral.

A.2. Optimal enzyme arrangement in a one-dimensional
system

In this section we go through the full analytic optimization of the simplest exactly-
solvable model. We consider a one-dimensional system with a source of substrate at
one boundary at x = 0, (j(0) = j0, k(0) = 1, h(0) = 0) and an absorbing boundary at
x = L (j(L) = k(L) = 0, h(L) = 1). Further we assume a linear reaction functional, no
drift and no instability of S , i.e. F[ρ] = ρ/KM and v = σ = 0.

In our formalism we divide the system into two boundary domains (S1: x = 0
and S2: x = L) and two “volume” domains (V1: 0 ≤ x ≤ x0 and V2: x0 ≤ x ≤ L,
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with 0 ≤ x0 ≤ L a parameter to be optimized). For simplicity of presentation we
will assume that enzymes can be present at x = 0 or in the domain V1, while the
boundary at x = L and the domain V2 are free of enzymes. Whilst one can include
an arbitrary number of additional domains within the system, we found that such
domains turned out to be degenerate with the two specified above. Therefore, we will
not include these possibilities here. The effective enzyme profile is therefore of the
form eSδ(x) + e(x)Θ(x0 − x), where δ(x) is the Dirac delta function and Θ(x) is the
Heaviside function.

The Lagrangian for this specific model is

L = κeSρ(1)(0) +
∫ x0

0
κe(x)ρ(1)(x)dx− λe

(
eS +

∫ x0

0
e(x)dx− Etot

)
+
∫ x0

0
λ(1)(x)

[
D∂2

xρ(1)(x)− κe(x)ρ(1)(x)
]

dx−
∫ L

x0

λ(2)(x)D∂2
xρ(2)(x)dx

+ λ0

[
j0 + D∂xρ(1)(0)− κeSρ(1)(0)

]
− λLρ(2)(L)

+ λx0

[
ρ(1)(x0)− ρ(2)(x0)

]
+ λ′x0

[
∂xρ(1)(x0)− ∂xρ(2)(x0)

]
,

(A.5)

where we have introduced the catalytic efficiency κ = kcat/KM. Here λe is the Lagrange
multiplier corresponding to the constraint of having a fixed amount of enzymes Etot;
λ(1)(x) and λ(2)(x) those corresponding the constrained dynamics of the substrate
in the two domains; λ0 and λL to the boundary conditions; and λx0 and λ′x0

to the
continuity and smoothness that must be imposed on ρ(x) at the interface x0.

To calculate the optimal enzyme arrangement e∗S, e∗(x) we must compute the various
functional derivatives of L. Let us first consider the derivatives with respect to e(x)
and ρ(1)(x). From the form in Eq. (A.4) we find

δL
δe(x)

= 0 ⇔ ρ(1)(x) =
λe

κ[1− λ(1)(x)]
(A.6)

δL
δρ(1)(x)

= 0 ⇔ e(x) = − D∂2
xλ(1)(x)

κ[1− λ(1)(x)]
. (A.7)

We can compute the derivatives ∂xρ(1)(x) and ∂2
xρ(1)(x) starting from the expressions

above and we can substitute the results into the reaction-diffusion equation (given also
by δL

δλ(1)(x)
= 0) to obtain an ordinary differential equation for λ(1)(x):

∂2
xλ(1)(x)

∂xλ(1)(x)
= − ∂xλ(1)(x)

1− λ(1)(x)
. (A.8)
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The solution to Eq. (A.8) can be found by direct integration to be

λ(1)(x) = 1− A1eB1x, (A.9)

where A1 and B1 are constants of integration still to be determined. Using Eqs. (A.6)-
(A.7) we obtain

ρ(1)(x) =
λe

κA1
e−B1x (A.10)

e(x) =
DB2

1
κ

, (A.11)

Equation (A.11) immediately shows that the enzyme density in the region 0 ≤ x < x0

is constant, in agreement with previous numerical studies [167, 168].
Evaluating the functional derivative of L with respect to λ(2), we recover the diffusion

equation ∂2
xρ(2)(x) = 0 in the domain V2, from which

ρ(2)(x) = A2 + B2x, (A.12)

where A2 and B2 are again constants of integration.
The constants A1,2 and B1,2 can be evaluated using the boundary conditions at x = 0

and x = L, and the continuity and smoothness conditions at x = x0. Additionally, the
dependence on eS can be eliminated using δL

δλe
= 0, which is simply the constraint on

the total enzyme number. This leaves us with an expression for the Lagrangian that,
since all constraints have been satisfied equals the constrained reaction flux JP , in terms
of the single optimization variable x0,

L = JP = j0

[
1− 1− x0

L

1− 2 x0
L + αEtot(1− x0

L )
2 e−

x0
L−x0

]
(A.13)

where we define α = κL/D. Finally, we maximize over x0 to find

x∗0 =

0 αEtot ≤ 1

L
[
1− (αEtot)

−1/2
]

αEtot > 1
. (A.14)

By substitution we can then obtain expressions for the enzyme and substrate densities
as shown in Table A.1.
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Regime e∗S e∗(x) ρ(1)(x) ρ(2)(x) JP∗

αEtot ≤ 1 Etot 0 N/A j0(L−x)
D(1+αEtot)

j0
1+(αEtot)

−1

αEtot > 1
√

Etot
α

Etot
L

j0
2

L
D
√

αEtot
e−
√

αEtot
x
L

j0
2

L−x
D
√

αEtot
e−
√

αEtot
x0
L j0

(
1− 1

2 e1−√αEtot

)
Table A.1.: Optimal enzyme distribution and corresponding substrate profile and flux for a
one-dimensional system. Below the transition point αEtot ≤ 1, the optimal enzyme profile is
a fully bound configuration, where all the enzymes are placed at the source of substrate. For
αEtot > 1, the optimal profile is given by a fraction of enzymes located at the source of substrate
and by a constant profile in the domain [0, x∗0 ], see Eq.(A.14). The substrate profile is given by
ρ(1)(x), ρ(2)(x) in the domains [0, x∗0 ] and [x∗0 , L], respectively. The expressions for the optimal
reaction flux JP∗ are given in the last column.

A.3. Marginal returns landscape

Given a particular enzyme arrangement, the marginal returns as a function of position
can be calculated directly by considering the addition of an amount δe of enzymes at
position x′, and solving the new modified reaction-diffusion system. Here we present
an example of such a calculation. We consider the same one-dimensional system
analyzed above, and suppose that we are in the regime αEtot > 1 and the enzyme
profile is the optimal one of Table A.1. For other enzyme profiles, such as those shown
in Fig. 3.3a, the calculation proceeds in the same way.

We now have to consider two cases: 0 ≤ x′ ≤ x0 and x0 < x′ ≤ L.
If 0 ≤ x′ < x0, we solve the reaction-diffusion equation in the three domains:

0 ≤ x < x′, x′ < x ≤ x0, and x0 ≤ x ≤ L. The resulting density profiles are

ρ[0,x′](x) = a1e
√

Etotκ
DL x + b1e−

√
Etotκ
DL x (A.15)

ρ[x′,x0](x) = a2e
√

Etotκ
DL x + b2e−

√
Etotκ
DL x (A.16)

ρ[x0,L](x) = a3x + b3. (A.17)

To fix the constants of integration ai, bi, we make use of the boundary conditions at
x = 0 and x = L as well as matching conditions on ρ at x′ and x0. Specifically, we
require continuity of ρ at x′ and x0, and smoothness at x0,

ρ[0,x′](x′) = ρ[x′,x0](x′) (A.18)

ρ[x′,x0](x0) = ρ[x0,L](x0) (A.19)

∂xρ[x′,x0](x0) = ∂xρ[x0,L](x0). (A.20)
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Additionally, conservation of mass at x = x′ requires that

D∂xρ[x′,x0](x′)− D∂xρ[0,x′](x′) = κδeρ[x′,x0](x′). (A.21)

The total flux JP is then given by

JP (x′, δe) = κ

[
e∗Sρ(0) + δeρ(x′) +

∫ x0

0
e∗(x)ρ(x)dx

]
, (A.22)

into which we substitute the final density profile ρ(x) as well as e∗S and e∗(x) from
Table A.1. Finally, the marginal returns at position x′ can be calculated as

dJP

de(x′)
= lim

δe→0

∂JP

∂δe
=

j0
4

√
α

Etot
e1−√αEtot . (A.23)

Therefore, for 0 ≤ x′ ≤ x∗0 the marginal returns do not depend on x′, and all positions
at which we have enzymes give the same returns. It is straightforward to verify that
this agrees with the value of λe derived from the optimal reaction flux that appears in
Table A.1,

λe =
dJP∗

dEtot
=

j0
4

√
α

Etot
e1−√αEtot . (A.24)

In the case x0 ≤ x′ < L, the same procedure can be applied, except with the three
domains 0 ≤ x ≤ x0, x0 ≤ x ≤ x′, and x′ ≤ x ≤ L. We find that the marginal returns is
given by

dJP

de(x′)
=

j0α

4
e1−√αEtot

(
1− x′

L

)(
1 +
√

αEtot
x′ − x0

L

)
. (A.25)

As expected, this approaches Eq. (A.23) as x′ → x0 = L
[
1− (αEtot)

−1/2
]
.

A.4. Derivation of the transition condition

In this section we derive the inequality condition, Eq. (3.20) presented in Sec. 3.3.3,
that determines whether or not enzymes should be placed in the volume adjacent to
a boundary position s. We begin by examining the functional derivative of L with
respect to substrate profiles at the system boundary, ρ(s). In the vicinity of a reflecting
boundary (i.e. h(s) = 0, k(s) = 1) we obtain from Eq. (A.4)

δL
δρ(s)

= kcateS(s)
δF[ρ]

δρ
{1− λS(s)} − D

∂λV

∂n(s)
− [λV(s)− λS(s)] v(s) · n̂(s) = 0,

(A.26)
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where equality with zero assumes that the enzyme distribution is the optimal one. We
can also consider the functional derivative with respect to the gradient of ρ(r) at the
boundaries of the system,

δL
δ

∂ρ
∂n(s)

= D [λV(s)− λS(s)] = 0. (A.27)

Equation (A.27) requires λV(s) = λS(s), which simplifies Eq. (A.26) to

kcateS(s)F′[ρ(s)]{1− λV(s)} − D
∂λV

∂n(s)
= 0 , (A.28)

where F′[ρ(s)] = δF[ρ]
δρ .

We next examine variations of L with respect to the enzyme densities,

δL
δeS(s)

= kcatF[ρ(s)]{1− λS(s)} − λe ≤ 0 (A.29)

δL
δe(r)

= kcatF[ρ(r)]{1− λV(r)} − λe ≤ 0 . (A.30)

Both λV(r) and ρ(r) must be continuous, since they must both satisfy (generally non-
linear) diffusion equations. Therefore, it follows from Eq. (A.30) that δL

δe(r) is itself

continuous and that we can define the spatial gradient ∇ δL
δe(r) . At all points where it is

optimal to allocate a non-zero density of enzymes (both in the interior of the system
or on the boundaries) we have that δL

δeS(s)
= δL

δe(r) = 0, implying that ∇ δL
δe(r) = 0. In

regions where enzymes are not present because it is suboptimal to add them, we get
that δL

δe(r) < 0, and the gradient ∇ δL
δe(r) will in general be finite. Furthermore, since

ρ(r)→ ρ(s) and λV(r)→ λV(s) = λS(s) smoothly as r→ s, ∇ δL
δe(r) must remain well

defined as we approach the system boundaries.
If it is optimal to have enzymes at the boundaries of the system but not locally in

the interior, δL
δeS(s)

= 0 and δL
δe(r) < 0 for a small displacement r = s + ε. In this case,

evaluating the gradient of Eq. (A.30) and taking r→ s we find

∂

∂n(s)
δL

δe(r)
= kcat

[
F′[ρ(s)] (1− λV(s))

∂ρ

∂n(s)
− F[ρ(s)]

∂λV

∂n(s)

]
> 0 . (A.31)

Substituting for ∂λV
∂n(s) from Eq. (A.28), this inequality becomes

kcatF′[ρ(s)] (1− λV(s))
{

∂ρ

∂n(s)
− kcat

D
eS(s)F[ρ(s)]

}
> 0. (A.32)
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Since we assume that F[ρ] is monotonically increasing, F′[ρ] > 0. Furthermore, setting
Eq. (A.29) equal to zero implies that 1− λV(s) > 0, since λe > 0. Therefore, Eq. (A.32)
reduces to

D
∂ρ

∂n(s)
> kcateS(s)F[ρ(s)] , (A.33)

which corresponds to Eq. (3.20) of Sec. 3.3.3.

A.5. Reduction of numerical complexity in a one-dimensional
system with drift

In this section we demonstrate how, even in cases for which the full analytical solution
is not tractable, it is nevertheless possible to use the Lagrangian formalism to express
the optimization problem as a single equation, which can then be solved numerically.

We consider a one-dimensional system, similar to that considered in Sec. A.2 but
with the addition of a constant drift v. If v > 0 substrate molecules tend to flow away
from the source at the origin, whereas for v < 0 they tend to flow towards it. The
corresponding Lagrangian is

L = κeSρ(1)(0) +
∫ x0

0
κe(x)ρ(1)(x)dx− λe

(
eS +

∫ x0

0
e(x)dx− Etot

)
+
∫ x0

0
λ(1)(x)

[
D∂2

xρ(1)(x)− v∂xρ(1)(x)− κe(x)ρ(1)(x)
]

dx

−
∫ L

x0

λ(2)(x)
[

D∂2
xρ(2)(x)− v∂xρ(2)(x)

]
dx

+ λ0

[
j0 + D∂xρ(1)(0)− vρ(1)(0)− κeSρ(1)(0)

]
− λLρ(2)(L)

+ λx0

[
ρ(1)(x0)− ρ(2)(x0)

]
+ λ′x0

[
∂xρ(1)(x0)− ∂xρ(2)(x0)

]
.

(A.34)

The derivation proceeds in the same way as in Section A.2. We again use the
functional derivatives to find expressions for e(x) and ρ(1)(x) in terms of the Lagrange
multiplier λ(1)(x),

δL
δe(x)

= 0 ⇔ ρ(1)(x) =
λe

κ[1− λ(1)(x)]
(A.35)

δL
δρ(1)(x)

= 0 ⇔ e(x) = −D∂2
xλ(1)(x) + v∂xλ(1)(x)

κ[1− λ(1)(x)]
. (A.36)

Surprisingly, when we combine these expressions with the reaction-diffusion equation
with drift, we find that the resulting differential equation for λ(1)(x) is again exactly
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Eq. (A.8), which we can solve to find

λ(1)(x) = 1− Ã1eB̃1x, (A.37)

ρ(1)(x) =
λe

κÃ1
e−B̃1x (A.38)

e(x) =
DB̃2

1 + vB̃1

κ
. (A.39)

Notably the optimal enzyme density e(x) is again constant, but now depends on the
drift velocity v.

In the region with no enzymes, ρ(2)(x) obeys a diffusion equation with drift,
D∂2

xρ(2)(x)− v∂xρ(2)(x) = 0, which has the solution

ρ(2)(x) = Ã2 + B̃2ePe x/L , (A.40)

where Pe = vL/D is the Péclet number. As before, we evaluate the integration constants
Ã1,2, B̃1,2 using the boundary conditions at x = 0 and x = L, and the continuity and
smoothness conditions at x0. We again eliminate the dependence on eS by using the
constraint on the total enzyme number. We are left with an expression for JP in terms
of the single optimization variable x0,

L = JP = j0

{
1−

exp
{
−Pe x0

L

[
ePe(1−x0/L) − 1

]−1}
1 + αEtot

Pe

[
1− e−Pe(1−x0/L)

]
− Pe x0

L

[
ePe(1−x0/L) − 1

]−1

}
, (A.41)

where α is defined as in Sec. A.2. It can be shown that Eq. (A.41) reduces to Eq. (A.13)
in the limit Pe→ 0.

It is not possible to find the x∗0 that maximizes JP analytically. However, it is
straightforward solve dJP

dx0
= 0 numerically for specified values of the other parameters

appearing in Eq. (A.41). The results for the rescaled reaction flux and the rescaled net
diffusive flux at the origin are shown in Fig. 3.4 in Sec. 3.3.3.

A.6. One-dimensional system with two sources of substrate

Here we present an example of a scenario of multiple sources of substrate with different
strengths. We considered a one-dimensional system in the domain 0 ≤ x ≤ L, with
reflecting boundaries at both ends. At x = 0 we apply a source of substrate with
j(0) = 1, and at x = L we apply a source with j(L) = 0.3. Instead of at the boundary,
loss of substrate occurs via decay with rate σ. We again assume linear reactions,
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F[ρ] = ρ/KM. For this system we have identified a number of different regimes of the
optimal enzyme arrangement as a function of Etot, shown in Fig. A.1a.

jD/jjP/j σ vReaction
Geometry
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1D two sources
1D two sources

Linear
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t )/Et
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Figure A.1.: Transitions in the optimal enzyme arrangement for a one-dimensional system
with two sources of substrate. The system is defined by σ = 1, α = Lkcat/(KMD) = 1, v = 0
and boundary conditions j(0) = 1, k(0) = −1, h(0) = 0 and j(L) = 0.3, k(L) = −1, h(L) = 0. a
Examples of the optimal enzyme profiles for different values of Etot. b Diffusion and reaction
fluxes at x = 0 and x = L, normalized by the local influxes of substrate, are plotted as a function
of (Etot − Et2

tot)/Et2
tot. For both poles of the system, we confirm that jD > jP when the optimal

enzyme distribution consists of only a single boundary cluster at that pole, while jD = jP = j/2
when the optimal enzyme arrangement extends a finite distance away from the pole. Lines
show analytical solutions. Points show results of numerical optimization. Fig. 3.4 of the main
text shows the same data with the fluxes at x = L plotted against (Etot − Et3

tot)/Et3
tot.

At the lowest Etot values, the optimal arrangement consists of a single cluster at x = 0,
the site of strongest substrate influx. As Etot crosses a first transition level, Et1

tot, the
optimal configuration features clusters of enzymes at both ends of the system: a larger
one at x = 0 (the stronger source) and a smaller one at x = L (the weaker source). In
this regime the optimal distribution of enzymes between the two poles can be calculated
exactly by solving the reaction-diffusion equation with arbitrary cluster densities e0

and eL, and then optimizing over e0 and eL subject to the constraint e0 + eL = Etot. The
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transition position Et1
tot is then the value at which the resulting optimal e∗L = 0. However,

since the expressions are large and complex we do not include them here.
As Etot is increased further we reach a second transition at Et2

tot, with enzymes being
placed within the system in the vicinity of x = 0. This transition occurs when the
diffusive and reaction fluxes at x = 0 become equal, jD(0) = jP (0) = j(0)/2 (see
Fig. A.1b). At Et2

tot, the corresponding fluxes at x = L are not equal and still satisfy the
inequality condition Eq. (A.33) (Eq. (3.20) of Sec. 3.3.3). Therefore, around x = L the
optimal configuration is still purely clustered, with no enzymes at x < L. The transition
threshold Et2

tot can be determined exactly by calculating the fluxes jD(0) and jP (0) from
the full solution of the system with the two optimal polar clusters.

At a larger still transition value Et3
tot, the diffusive and reactive fluxes at x = L also

become equal, jD(L) = jP (L) = j(L)/2 (see Fig. A.1b). For Etot > Et3
tot, enzymes are

present away from the boundaries at both ends of the system. In the regime Etot > Et2
tot

it is not possible to solve for the form of the optimal profile e∗(x), or therefore to
calculate jD(L) and jP (L). The value of Et3

tot must therefore be determined numerically.
Finally, if Etot is increased further, the enzyme density profiles extending from the

two ends of the system will eventually coalesce, and enzymes will we present at all
positions 0 ≤ x ≤ L.

It is also possible for these transitions to occur in a different order for different
parameter combinations. For example, if j(L) � j(0), the order of the first two
transitions may be reversed. In this case, the condition jD(0) = jP (0) = j(0)/2 is
satisfied before the transition value Et1

tot is reached. The first transition will then be from
a single cluster at x = 0 to a regime in which there is a finite extension of enzymes
from x = 0, but no cluster at x = L. The appearance of the second cluster at x = L
may then occur subsequently, at larger Etot, resulting in an optimal enzyme profile than
resembles type III in Fig. A.1a.

A.7. Optimal enzyme allocation algorithm for discretized
systems

In this section we derive Eqs. (3.21), (3.23) of Sec. 3.3.5, which define the algorithm used
for the construction of the optimal enzyme profile as enzymes are iteratively added into
the system. We consider a system with discretized space. The densities of substrate and
enzyme change from functions of position to a discrete set of variables, {ei} = {e(ri)}
for i = 1..N, where N is the number of lattice sites. Instead of being a functional of
e(r), ρ(r), the corresponding discrete Lagrangian then becomes a function of {ei}, {ρi},
and functional derivatives δL

δ f (r) become normal derivatives ∂L
∂ fi

.
The derivative of L with respect to the enzyme density has an analogous form as in
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the continuous system,
∂L
∂ei

= kcatF[ρi]{1− λi} − λe, (A.42)

where λi is the Lagrange multiplier associated with the discrete reaction-diffusion equa-
tion at site i. We again denote the first term above by dJP

dei
, with the same interpretation

as in the continuous case. This quantity is generally easily accessible in any numerical
analysis: one simply increases the amount of enzymes at position i by a small amount,
solves the resulting modified reaction-diffusion system, and calculates the resulting
change in the total reaction flux. In the same way as for the continuous system, for the
optimal enzyme arrangement {e∗i } we must have that ∂L

∂ei
= 0 at all sites i where e∗i > 0,

and ∂L
∂ei
≤ 0 where e∗i = 0.

We now consider the optimal amount of enzymes at site i to be a function of Etot,
e∗i (Etot). That is, there is a line e∗(Etot) in the space of e = (e1, e2, . . . , eN), that we can
parameterize by the value of Etot, for which the reaction flux JP (e∗(Etot)) is the highest
that can be achieved for that value of Etot. We begin by considering the derivative of
dJP
dei

with respect to Etot along the line defined by e∗(Etot), d
dEtot

dJP
dei

. We now expand the
total derivative d

dEtot
in terms of derivatives with respect to the underlying variables

{ei},
d

dEtot

dJP

dei
=

N

∑
j=1

dej

dEtot

d
dej

dJP

dei
. (A.43)

Note that here d
de takes into account the changes in the flux both due directly to altering

the enzyme density, and the resulting change in the substrate density profile {ρi}. Since
dej

dEtot
is understood to be in the direction of the line of optimal profiles, it coincides with

de∗j
dEtot

. Writing the set of N equations Eq. (A.43) in vector form we have

d
dEtot

dJP

de
= H

de∗

dEtot
, (A.44)

where H is the Hessian of JP , Hij =
d2 JP
dejdei

.
From Eq. (A.42) we know that if there are 1 ≤ n ≤ N positions at which the optimal
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enzyme density is non-zero, then

dJP
de1
...

dJP
den
dJP

den+1
...

dJP
deN


= λe



1
...
1

cn+1
...

cN


, (A.45)

where all c’s lie in the range 0 < ci < 1, and we have numbered lattice sites in
descending order of marginal returns. Therefore, Eq. (A.44) becomes

H
de∗

dEtot
=

dλe

dEtot



1
...
1

cn+1 +
dcn+1
dEtot

λe
dλe

dEtot
...

cN + dcN
dEtot

λe
dλe

dEtot


. (A.46)

In general it is not possible to directly compute the right hand side of Eq. (A.46),
because without knowing the direction of the optimal line it is not possible to calculate
the derivatives dλe

dEtot
and dci

dEtot
. However, exploiting the fact that no enzymes should be

added to the system at positions where dJP
dei

< λe, the vector de∗
dEtot

must have zeros at
all positions i > n. Therefore, the N-dimensional system in Eq. (A.46) can be split into
two parts. Primarily, we have the n-dimensional system

H(n)

de∗(n)
dEtot

=
dλe

dEtot
1(n), (A.47)

where the subscript (n) denotes that only the first n positions of the lattice are con-
sidered. Importantly, in order to solve Eq. (A.47) it is not necessary to know dλe

dEtot
in

advance. Instead, one can solve for any constant prefactor, and then subsequently
use the normalization condition ∑n

i=1
de∗i

dEtot
= 1 to express dλe

dEtot
in terms of this con-

stant. For self-consistency, the solution to Eq. (A.47) must also solve the residual
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(N − n)-dimensional system


d2 JP

de1den+1

d2 JP
de2den+1

· · · d2 JP
denden+1

...
...

. . .
...

d2 JP
de1deN

d2 JP
de2deN

· · · d2 JP
dendeN

 de∗n
dEtot

=
dλe

dEtot


cn+1 +

dcn+1
dEtot

λe
dλe

dEtot
...

cN + dcN
dEtot

λe
dλe

dEtot

 , (A.48)

which can be interpreted as defining the evolution of the marginal returns at positions
without enzymes, dci

dEtot
.
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B. Cross-diffusion induced patterns for a
single-step enzymatic reaction

B.1. Linear instability analysis for enzyme interacting with
substrate only

In this section, we perform the linear instability analysis of the PDE system (4.4) of Ch. 4
to derive the condition for which patterns form for a single-step enzymatic reaction.
For this system, we assume that only substrate gradients are affecting enzyme motion.
We will include cross-diffusion caused by product gradients in Appendix B.3. As a
reminder, the starting model for our analysis (Eq. (4.4) of Ch. 4) is:

∂te(x, t) = ∂2
x[De(s)e(x, t)] + ∂x[Ds

xd(s, e)∂xs(x, t)]

∂ts(x, t) = Ds∂2
xs(x, t)− kcate(x, t)F(s)− γs(s− sR)

∂t p(x, t) = Dp∂2
x p(x, t) + kcate(x, t)F(s)− γp p ,

(B.1)

where Ds
xd(s, e) = −[Cs

f + (Cs
c − Cs

f )F(s)]e(x, t), with Cs
c/f = NAkBTλs 2

c/f/η, η is the
viscosity of the fluid, kB the Boltzmann constant, NA the Avogadro number, T the
temperature and λs

c/f is the Derjaguin length [199, 162].

B.1.1. Homogeneous steady state solution

The homogeneous steady state solution vh = (eh, sh, ph) of (B.1) is given by the follow-
ing expressions:

eh = γs
sR − sh

kcatF(sh)
, (B.2)

ph =
kcatehF(sh)

γp
, (B.3)

where eh, sh, and ph are the homogeneous concentrations of enzyme, substrate, and
product respectively. In this work for simplicity we consider eh and ph as functions of
sh but it is also possible to write sh and ph in terms of eh, which is a quantity directly
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tunable in the experiments:

sh =
1
2

sR − KM −
kcat

γs
eh +

√(
sR − KM −

kcat

γs
eh

)2

+ 4sRKM

 , (B.4)

ph =
γs

2γp

sR + KM +
kcat

γs
eh −

√(
sR − KM −

kcat

γs
eh

)2

+ 4sRKM

 , (B.5)

which for KM � sh < sR become

sh = sR −
kcat

γs
eh, (B.6)

and
ph =

kcat

γp
eh. (B.7)

In Fig. B.1, we plot eh versus sh for both the exact and the approximated relation. One
can use Fig. B.1 to read the enzyme concentration eh from the corresponding value of
the substrate concentration sh.
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Figure B.1.: The relation between the homogeneous enzyme concentration eh and the homo-
geneous substrate concentration sh. Exact curve is for Eqs. (B.2) or (B.4) and the curve for
sh � KM is for Eq. (B.7). Parameters are sR = 106µM and KM = 1µM.
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B.1.2. Instability of the well-mixed system

We first study the instability of the solution for the well-mixed system. In the well-
mixed system, the spatial derivatives and any spatial dependence of the concentrations
are neglected. The system of Eq. (B.1) becomes:

∂te(t) = 0

∂ts(t) = −kcate(t)F(s)− γs(s− sR)

∂t p(t) = kcate(t)F(s)− γp p .

(B.8)

The fixed-point of the system of Eq. (B.8) is still given by vh. To perform a linear
instability analysis, we perturb the system around its fixed point. Any perturbation
around vh can be written as e(t) = eh + δe(t), s(t) = sh + δs(t), p(t) = ph + δp(t)
or alternatively v(t) = vh + δv(t) where δv(t) = (δe(t), δs(t), δp(t)). The amount of
enzymes in the system is fixed and does not change over time because ∂te(t) = 0, hence
any perturbation δe(t) just shifts the total enzyme amount. The linearized system of
equations takes the form:

∂tδe(t) = 0

∂tδs(t) = −kcatehF′(sh)δs− kcatF(sh)δe(t)− γsδs(t)

∂tδp(t) = kcatehF′(sh)δs + kcatF(sh)δe(t)− γpδp(t) ,

(B.9)

where F′(sh) is the derivative of F(s) with respect to s at s = sh

F′(sh) =
∂F(s)

∂s

∣∣∣∣
s=sh

. (B.10)

We rewrite the linear system of equations (B.9) in matrix form

∂δv(t)
∂t

= J0 · δv(t), (B.11)

where

J0 =

 0 0 0
−kcatF(sh) −kcatehF′(sh)− γs 0
kcatF(sh) kcatehF′(sh) −γp

 . (B.12)

The eigenvalues of J0 determine the fate of the perturbations. The eigenvalues are
σ1 = 0, σ2 = −kcatehF′(sh) − γs and σ3 = −γp and all of them are non-positive.
This indicates that the perturbations do not grow with time. σ1 = 0 corresponds to
the perturbation in the total enzyme amount. Once the total amount of enzymes is
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perturbed, its level does not change over time because ∂te(t) = 0. The other eigenvalues
are negative, i.e. any perturbations δs(t), δp(t) decay over time as long as F′(sh) > 0.
Hence the homogeneous solution of a well-mixed system is stable against perturbations
for any value of the parameters.

B.1.3. Instability of the reaction-diffusion system

Similar to the well-mixed system, we again study the dynamics of small perturba-
tions around the homogeneous steady state solution but the perturbations are now
temporally and spatially dependent: e(x, t) = eh + δe(x, t), s(x, t) = sh + δs(x, t),
p(x, t) = ph + δp(x, t) or alternatively v(x, t) = vh + δv(x, t) where δv(x, t) =

(δe(x, t), δs(x, t), δp(x, t)). We insert the perturbed concentrations in Eq. (B.1) and
linearize the system by assuming that perturbations are small to find:

∂tδe(x, t) = De(sh)∂
2
xδe(x, t) +

[
ehD′e(sh) + Ds

xd(sh, eh)
]

∂2
xδs(x, t)

∂tδs(x, t) = Ds∂2
xδs(x, t)− kcatehF′(sh)δs− kcatF(sh)δe(x, t)− γsδs(x, t)

∂tδp(x, t) = Dp∂2
xδp(x, t) + kcatehF′(sh)δs + kcatF(sh)δe(x, t)− γpδp(x, t) ,

(B.13)

where D′e(sh), F′(sh) are the derivatives of De(s), F(s) with respect to s at s = sh

D′e(sh) =
∂De(s)

∂s

∣∣∣∣
s=sh

, (B.14)

F′(sh) =
∂F(s)

∂s

∣∣∣∣
s=sh

. (B.15)

We write the linear system of Eq. (B.13) in Fourier space to partially diagonalize the
equations. The result is that the dynamics of each Fourier mode is independent from
other modes and is governed by the following equation:

∂v(q, t)
∂t

= J(q) · δv(q, t), (B.16)

where

δv(q, t) =

δe(q, t)
δs(q, t)
δp(q, t)

 (B.17)
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and

J(q) =

−De(sh)q2 −[Ds
xd(sh, eh) + ehD′e(sh)]q2 0

−kcatF(sh) −kcatehF′(sh)− Dsq2 − γs 0
kcatF(sh) kcatehF′(sh) −Dpq2 − γp

 . (B.18)

It is not surprising that J(0) is the same as the Jacobian of the well-mixed system J0,
(B.12). At q = 0 we are neglecting all the effects due to diffusion and cross-diffusion, cf.
Eq. (B.12). Moreover perturbations with q = 0 correspond to homogeneous shifts in the
concentrations, which are the same as considered for the well-mixed system.

The stability of the homogeneous solution can be determined by the eigenvalues of
J(q). If the real part of all the eigenvalues of J(q) is negative, the homogeneous steady
state solution is linearly stable; otherwise it is unstable. One of the eigenvalues of J(q),
σ3 = −Dpq2 − γp, is always negative and corresponds to the relaxation rate of any
perturbation that only perturbs the product concentration. From Eq. (B.1) we can see
that the product dynamics has no feedback on the substrate and enzyme equations.
This implies that the instability is characterized by feedback in the (e, s) subspace. The
other two eigenvalues σ1 and σ2 are the solution of the following quadratic equation:

σ2 + σ
[
kcatehF′(sh) + Dsq2 + De(sh)q2 + γs

]
+ kcateh

[
De(sh)F′(sh)− D′e(sh)F(sh)

]
q2

− kcatF(sh)Ds
xd(sh, eh)q2 + γsDe(sh)q2 + DsDe(sh)q4 = 0 .

(B.19)

By rewriting the above expression as (σ− σ1)(σ− σ2) = 0, we see that the summation
of the eigenvalues is negative, therefore the smaller eigenvalue σ2 is always negative.
The larger eigenvalue σ1 can be positive if and only if the product of the two eigenvalues
is negative. Hence the following condition must be fulfilled:[

D′e(sh)

De(sh)
− F′(sh)

F(sh)

]
+

Ds
xd(sh, eh)

ehDe(sh)
>

γs + Dsq2

kcatehF(sh)
. (B.20)

Note that the above inequality corresponds to relation (4.7) of Ch. 4. Using the relations
for De and Ds

xd and Eq. (B.2), i.e. kcateh = γs(sR − sh)/F(sh), we obtain:

−DfF′(sh)− F(sh)[Cs
f + (Cs

c − Cs
f )F(sh)]

F(sh)[Df + (Dc − Df)F(sh)]
>

1
sR − sh

+
Dsq2

γs(sR − sh)
. (B.21)

Equation (B.21) is the condition for instability of the homogeneous solution with
a general reaction efficiency F(s). We can see that a Michaelis-Menten form is not
necessary for observing the instability. Generally a larger F(sh) and smaller F′(sh) favors
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the instability, implying that weaker nonspecific interactions can generate instabilities.
When F(sh) has a Michaelis-Menten form, a relatively strong repulsive interaction
between substrate and enzyme can produce patterns even if sh . KM.

If we implement the Michaelis-Menten form of F(sh) in Eq. (B.21) we can find a
threshold wave number q∗, for which any perturbation with smaller wave number
(q < q∗) is unstable:

q∗2 = −γs
[
KMsRDf + s2

hDc + sh(sR − sh)(KMCs
f + shCs

c)
]

Dssh[KMDf + shDc]
. (B.22)

In order to have a positive q∗2, it is required that

Df +

(
sh

KM

)(
sh

sR

)
Dc +

sh

KM

(
1− sh

sR

)
(KMCs

f + shCs
c) < 0. (B.23)

Equations (B.22) and (B.23) are the instability conditions for the system of equations (B.1)
(Eq. (4.4) of the main text). In the regime sh � sR, with β = γssR, we get

0 < q < q∗ =

√
−β

[
KMDf + sh(KMCs

f + shCs
c)
]

Dssh[KMDf + shDc]
, (B.24)

Df + sh

(
Cs

f +
sh

KM
Cs

c

)
< 0 , (B.25)

which are identical to relations (4.8) and (4.9) of the main text.
By substituting Df = kBT/6πηRf, where Rf is the hydrodynamic radius of the

free enzyme, and Cs
c/f = NAkBTλs 2

c/f/η into relation (B.25), we obtain the analogous
expression:

1
6πNARf

KM

s2
h

+
KM

sh
λs 2

f + λs 2
c < 0. (B.26)

In case λs 2
c = λs 2

f , by rearranging, we obtain the inequality (4.10) of Ch. 4

λ2 < − 1
6πRfNA

KM

sh(sh + KM)
. (B.27)

To be able to see the patterns, the size of the system needs to be large enough to
accommodate Fourier modes with q < q∗. Alternatively, the minimum system size to
see patterns Lmin = 2π/q∗ can be obtained from Eq. (B.22):

Lmin = 2π

√
− Dssh[KMDf + shDc]

γs
[
KMsRDf + s2

hDc + sh(sR − sh)(KMCs
f + shCs

c)
] , (B.28)
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where we considered the q∗ as given by Eq. (B.22). For the parameters given in Table B.1
(the same used for the simulation shown in Fig. 4.3a of Ch. 4), Lmin = 59.2µm.

B.1.4. Instability type II

In this section we determine the type of instability for the system of Eq. (4.4). As can
be seen by looking at inequality (B.26), we need repulsive nonspecific interactions to
have an unstable system. Let us consider for example Cs

c < 0, then the inequality (B.26)
is fulfilled when sh > s∗h where

s∗h =
−KMλs 2

f −
√

K2
Mλs 4

f − 2KMλs 2
c

3πRf NA

2λs 2
c

. (B.29)
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Figure B.2.: Largest eigenvalue of the Jacobian σ1 versus the wave vector q. The horizontal
black line corresponds to σ1 = 0. By increasing the initial homogeneous concentration of
substrate, sh, from below to above critical concentration, s∗h, the eigenvalues become positive.
The shape of the eigenvalue curves indicates that the instability is of type II. The parameters
for the graph are T = 300K, Df = 10µm2 s−1, Dc = 13µm2 s−1, Ds = 100µm2 s−1, KM = 1µM,
β = 106µM/s, λs 2

f = 1Å
2
, λs 2

c = −1Å
2
.

Fig. B.2 shows the largest eigenvalue of the linearized equations. When σ1 > 0, the
system of equations is linearly unstable with respect to perturbations of the homoge-
neous solution. Fig. B.2 indicates that the system becomes unstable by increasing sh
above its critical value, s∗h, which is related indirectly to the initial amount of enzymes
in the system. The form of curves in Fig. B.2 correspond to a type II instability [201].
A type II instability is typical of systems with conserved quantities. In our case the
total amount of enzymes is conserved, this implies that σ1 = 0 at q = 0, otherwise we
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would have homogeneous change in eh over time, corresponding to changes in the total
amount of enzymes.

B.1.5. Timescale of pattern formation

The timescale at which patterns form is determined by the inverse of the growth rate of
perturbations τσ = σ−1. From Eq. (B.19), we get:

σ = −1
2
(
kcatehF′(sh) + [Ds + De(sh)]q2 + γs

)
+

1
2

√
(kcatehF′(sh) + [Ds − De(sh)]q2 + γs)

2 + 4kcatF(sh)(Ds
xd + ehD′e(sh))q2 .

(B.30)

For simplicity we focus on the saturated regime where sh � KM, F(sh) ≈ 1, F′(sh) ≈ 0,
and D′e(sh) ≈ 0:

σ = −1
2
(
[Ds + Dc]q2 + γs

)
+

1
2

√
([Ds − Dc]q2 + γs)

2 + 4kcatDs
xdq2 . (B.31)

The wave number for a box with size L = 100µm is q ≈ 0.1µm−1 . According to the
parameters in Table B.1, the timescale of the increase of the perturbations is found to
be τσ = σ−1 ≈ 120s. However this is the timescale associated to a linear response. As
perturbations grow, the nonlinear effects become more and more important. This is the
reason why the system in Fig. 4.3a of Ch. 4 reaches the steady state after 103s.

B.2. No short-range interactions

In this section we consider Ds
xd(s, e) = 0. Substituting this assumption into Eq. (B.20)

and using Eq. (B.2), i.e. kcateh = γs(sR − sh)/F(sh), we get:[
D′e(sh)

De(sh)
− F′(sh)

F(sh)

]
>

1
sR − sh

+
Dsq2

γs(sR − sh)
. (B.32)

In the regime sh � sR, with β = γssR, we get:[
D′e(sh)

De(sh)
− F′(sh)

F(sh)

]
>

Dsq2

β
, (B.33)

which is the same as the inequality (4.12) of Ch. 4. We use the relation (B.33) in the
following subsections to show the possibility of pattern formation for three different
functional forms of De(sh).
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B.2.1. Michaelis Menten form

By using the definition of De(s) used by Agudo-Canalejo et al. [162], De = Df + (Dc −
Df)F(s), we find that the inequality (B.32) takes the form:

− DfF′(sh)

De(sh)F(sh)
(sR − sh) > 1 +

Dsq2

γs
. (B.34)

Because sh < sR and F′(sh) > 0, the left hand side of the inequality above is negative
and cannot be larger than the always positive right hand side. Therefore enhanced
diffusion alone cannot drive instabilities. The cross-diffusion generated by repulsive
interactions is key in this respect. This also holds in the simpler case of sh � sR, with
β = γssR.

Similarly it is possible to show that we cannot have instabilities for other enhanced
diffusion definitions [142, 152].

B.2.2. Hill function

A Hill function for De(s) has been considered to model enhanced diffusion in synthetic
bacterial populations [204]. Here we show that condition (B.33) can be satisfied when
De(s) is a Hill function:

De(s) = Df + (Dc − Df)
sn

sn + Kn
M

. (B.35)

By substituting this form of De(s) in (B.33), one can show that the instability is possible
with n > 1 under the following condition:

n(Dc − Df)

[(
sh

KM

)n
+
(

sh
KM

)n+1
]

Dc

(
sh

KM

)2n
+ (Df + Dc)

(
sh

KM

)n
+ Df

− 1 >
Dsq2

β
s(1 +

s
KM

). (B.36)

For example at sh = KM we find that for the instability

0 < q < q∗ =

√
β

2DsKM

√
n(Dc − Df)

Dc + Df
− 1, (B.37)

Dc >
n + 1
n− 1

Df, (B.38)
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which means that the closer n is to one, the larger Dc is required to be. In the limit of
the Michaelis-Menten function (n→ 1), the condition leads to Dc → ∞.

B.2.3. Different affinity constant

Another possible form of enhanced diffusion is assuming the Michaelis-Menten function
with a different constant, Kd, i.e. De(s) = Df +(Dc−Df)G(s), where G(s) = s/(s+Kd).
To obtain the condition for instability in the strong depletion regime, we substitute this
form of De(s) in (B.33) and find
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Figure B.3.: Instability measure as a function of sh/KM. Instability measure or the left hand
side of inequality (B.40) versus sh/KM. The parameters for the graph are Df = 10µm2 s−1,
Dc = 13µm2 s−1.

0 < q < q∗ =

√
β

Ds

 Kd
Df

(Dc−Df)
(sh + Kd)2 + (sh + Kd)sh

− KM

sh(sh + KM)

 1
2

, (B.39)

Kd/KM

Df
(Dc−Df)

(
sh

KM
+ Kd

KM

)2
+ sh

KM

(
sh

KM
+ Kd

KM

) − 1
sh

KM

(
sh

KM
+ 1
) > 0 . (B.40)

We define the left hand side of inequality (B.40) as “instability measure”. Fig. B.3
shows how the Instability Measure changes with respect to sh/KM for different ratios of
Kd/KM. We see that for large enough Kd/KM it is possible to fulfill the above condition.
Larger Kd/KM means slower saturation of De(sh) compared to F(sh) or alternatively
De(sh) is more sensitive than F(sh) to perturbations in the substrate concentration.
Interestingly it is also possible to observe instabilities in a regime where both De(s)
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and F(s) are saturated, i.e. for sh � Kd > KM. In this limit the instability measure can
be approximated with

(
Dc−Df

Dc

)
Kd
KM
− 1 > 0. From this approximated relation we see

that for the instability we must have

Kd

KM
>

Dc

Dc − Df
. (B.41)

B.3. Cross-diffusion of enzyme by product gradients

Here we add a cross diffusion term for enzymes in response to product gradients in
Eq. (B.1).

∂te(x, t) = ∂2
x[De(s)e(x, t)] + ∂x[Ds

xd(s, e)∂xs(x, t)] + ∂x[D
p
xd(s, e)∂x p(x, t)]

∂ts(x, t) = Ds∂2
xs(x, t)− kcate(x, t)F(s)− γs(s− sR)

∂t p(x, t) = Dp∂2
x p(x, t) + kcate(x, t)F(s)− γp p

, (B.42)

where Dp
xd(s, e) = −[Cp

f + (Cp
c − Cp

f )F(s)]e(x, t), with Cp
c/f = NAkBTλ

p 2
c/f/η, where λ

p
c/f

is the Derjaguin length of the interaction between enzyme and product.
The corresponding Jacobian of the linearized equations is the following:

J(q) =

−De(sh)q2 −[Ds
xd(sh, eh) + ehD′e(sh)]q2 −Dp

xd(sh, eh)q2

−kcatF(sh) −kcatehF′(sh)− Dsq2 − γs 0
kcatF(sh) kcatehF′(sh) −Dpq2 − γp

 , (B.43)

and the eigenvalue equation of the Jacobian is:

σ3 + σ2 [(De + Ds + Dp)q2 + γs + γp + kcatehF′(sh)
]

σ
[
− kcatF(sh)q2(Ds

xd − Dp
xd + ehD′e(sh)) + kcatehF′(sh)(Deq2 + Dpq2 + γp)

+ Deq2(Dsq2 + Dpq2 + γs + γp) + (Dpq2 + γp)(Dsq2 + γs)
]

− (Dpq2 + γp)
[
kcatFq2(Ds

xd + ehD′e)− Deq2(kcatehF′ + Dsq2 + γs)
]

+ kcatFDp
xdq2(Dsq2 + γs) = 0 .

(B.44)

According to the sign of the coefficients in the above polynomial only two scenarios
for the roots are possible. (i) All roots are negative, (ii) two roots are negative and one
is positive. Therefore the product of the three roots can be negative (i) or positive (ii).
If we rewrite Eq. (B.44) as (σ− σ1)(σ− σ2)(σ− σ3) then we see that the zeroth order
term (the term without σ) in Eq. (B.44) is equal to −σ1σ2σ3. Therefore the sign of this
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term determines whether the homogeneous solution is positive or negative:[
D′e(sh)

De(sh)
− F′(sh)

F(sh)

]
+

Ds
xd(sh, eh)

ehDe(sh)
−
[

γs + Dsq2

γp + Dpq2

]
Dp

xd(sh, eh)

ehDe(sh)
>

γs + Dsq2

kcatehF(sh)
. (B.45)

The inequality (B.45) corresponds to relation 4.14 of Ch. 4 and it is similar to the
inequality (B.20) but with a correction due to the product-induced cross-diffusion.
Consequently if Dp

xd = 0, relation (B.45) is the same as relation (B.20). The effect of
product interaction on the inequality reduces when γp increases.

B.4. Simulation parameters

The numerical simulations of the system of Eq. (4.4) have been carried out using COM-
SOL Multiphysics v5.3. We used the parameters listed in Table B.1 for the simulations
shown in Fig. 4.3. We used λs 2

f = λs 2
c = −1 Å

2
for the unstable homogeneous solution

(Fig. 4.3a) and λs 2
f = λs 2

c = 1 Å
2

for the stable homogeneous solution (Fig. 4.3b). The
initial homogeneous concentrations eh, sh, ph were perturbed by adding white Gaussian
noise with variance eh · 10−2, sh · 10−2, ph · 10−2 respectively. We considered periodic
boundary conditions and used the “time dependent” solver of COMSOL with a relative
tolerance of 10−6 and an element size of 0.01 µm, i.e. 104 lattice points.

For the results shown in Fig. 4.4 we again used the “time dependent” solver of
COMSOL. We considered a grid of 20× 20 values for λs 2

c = λs 2
f = λ2 in the interval

[−10, 3]Å
2

(evenly spaced), and sh in [101, 105]µM (evenly spaced on a log-scale). For
the COMSOL specific parameters, we used a relative tolerance of 10−6 and a maximum
element size of 0.02 µm, except when two peaks were observed as a final result of the
simulation. In these cases, we repeated the simulations with a finer grid (element size
of 0.01 µm) and again observed a single peak for the concentrations as the final result of
the simulations. All other parameters were the same as in Table B.1 and the boundary
conditions were periodic.

For the simulations shown in Fig. 4.6 we modified the dynamics of the enzyme,
following Eq. (4.13). We then considered the same simulation parameters as shown in
Table B.1, the same COMSOL specific parameters used for the simulations depicted in
Fig. 4.3 and we considered the λp values shown in Fig. 4.6.
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Par. Description Value

Df Diffusion constant of free enzyme 10µm2 s−1

Dc Diffusion constant of complexed enzyme 13µm2 s−1

Ds Diffusion constant of substrate 100µm2 s−1

Dp Diffusion constant of product 100µm2 s−1

kcat Catalytic rate 104s−1

KM KM of the enzyme 1µM

sh Homogeneous steady-state substrate concen-
tration

104µM

sR Substrate concentration in the reservoir 106µM

λs 2
f Derjaguin length of interaction between sub-

strate and free enzyme
homogeneous: 1Å

2

pattern: −1Å
2

λs 2
c Derjaguin length of interaction between sub-

strate and complexed enzyme
homogeneous: 1Å

2

pattern: −1Å
2

Cs
f Corresponding cross-diffusion strength be-

tween substrate and free enzyme
homogeneous: 28µm2 s−1M−1

pattern: −28µm2 s−1M−1

Cs
c Corresponding cross-diffusion strength be-

tween substrate and complexed enzyme
homogeneous: 28µm2 s−1M−1

pattern: −28µm2 s−1M−1

γs Substrate permeation rate 1s−1

γp Product permeation rate 10s−1

η Viscosity of the solution 8.9× 104Pa s

T Temperature of the system 300K

L Length of the reaction chamber 100µm

Table B.1.: Parameters used for the COMSOL simulations shown in Fig. 4.3 of the main text.
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